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In the past few decades the field of cosmology has entered a new era, where specific

models for the dynamics of our universe on the largest scales can be tested against a diverse

set of precision astronomical surveys, that map out the distribution of matter and energy

in our Universe at different stages in its evolution. This revolution in the field was mostly

driven by very precise observations of the Cosmic Microwave Background (CMB) radiation,

a relic of the early universe from the time when free electrons and protons first combined

to form neutral hydrogen. At this point the universe was very homogeneous and isotropic,

with deviations from homogeneity of the order of one part in a hundred thousand.

Over the course of the subsequent billions of years, the anisotropies slowly increased due to

the instability associated to gravitational attraction, resulting in an intricate pattern for the

large-scale distribution of matter known as the cosmic web, where galaxies eventually formed.

The next frontier in observational cosmology consists in mapping out the distribution of

galaxies in our observable Universe, an effort which is already underway. Such a comprehesive

map of the cosmos carries a lot of information about the initial conditions of our Universe,

its matter and energy contents, and the nature of gravitational interactions.

The prospect of extracting fundamental physics from large-scale structure probes will only

be fully realized if this rich experimental program is matched with both accurate theoretical

models and efficient computational tools. This dissertation develops novel methods in both



directions, which help to maximize the scientific return from ongoing and upcoming surveys,

and to ensure that the unprecedented amounts of data to be collected in the near future can

be efficiently analyzed. Most of these new developments focus on the goal of using cosmology

to extract the neutrino mass scale, which in many ways is the best motivated science target

of upcoming astronomical surveys. At least two of the three neutrino species are known to

be massive due to terrestrial neutrino oscillation experiments, but the mechanism underlying

their mass generation is yet unknown, and is likely to be a key piece of the puzzle to reveal

new physics beyond the standard model.

We examine the implementation of massive neutrinos in Newtonian simulations of non-

linear structure formation, particularly emphasizing the systematic bias introduced by ne-

glecting special relativistic effects. We show that such simulations necessarily overestimate

the total distance traversed by neutrino particles, and one must carefully choose the initial

conditions to mitigate this effect.

We propose a novel numerical implementation of massive neutrinos in state-of-the-art

Boltzmann surveys, the Generalized Boltzmann Hierarchy (GBH), suitable for the linear

regime of structure formation. The GBH integrates out the momentum dependence of the

neutrino distribution function from the outset, producing a system of ordinary differential

equations which are much simpler and faster to solve than the traditional Boltzmann hier-

archy. We also introduce a novel fluid approximation for the dynamics of massive neutrino

perturbations, which is much more accurate than previously introduced fluid approximation

schemes and nicely complements the GBH in solving for the dynamics across all relevant

physical scales.

We make significant advancements in the theoretical modeling of neutrino wakes, a new

signature of neutrino masses in the large-scale structure, which refers to the preferential

accumulation of neutrino particles downstream of moving cold dark matter structures, and

results in the emergence of a dipole distortion to the neutrino density field. We derive



the effect from first principles, allowing for a better characterization of its observational

signatures, and to forecast the capability of future surveys in detecting this effect.

We finally explore perturbative methods for the nonlinear evolution of cosmological per-

turbations in the late Universe. We develop a phase-space approach which circumvents the

need to assume a perfect fluid from the outset, but show how to recover the results of Stan-

dard Perturbation Theory (SPT). We further explain how a key ingredient of the Effective

Field Theory approach to Large Scale Structure (EFTofLSS), the sound speed counterterm,

naturally emerges within our framework. However, we argue for the necessity of the full

EFTofLSS framework to self-consistently model the departures from an ideal fluid. We also

provide a novel analytic calculation to estimate the numerical value of the sound speed coun-

terterm, based on separate universe techniques. This calculation is in good agreement with

the measurements from full N-body simulations, and provides valuable information about

the cosmology dependence of the sound speed and what types of nonlinear structures shape

its value.
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Chapter 1

INTRODUCTION

1.1 The standard cosmological model

Over the past few decades the Lambda Cold Dark Matter (ΛCDM) model has prevailed as the

leading theory to describe the dynamics of our Universe on the largest physical scales. With

just a few free parameters, this standard cosmological model has been shown to agree with

a wide variety of astrophysical observations spanning billions of years of cosmic evolution

(see Fig. 1.1 for a visual representation of the cosmic timeline), from galactic scales to the

entire observable Universe. This striking success is a great triumph of modern physics, since

the ΛCDM model follows as a consequence of combining General Relativity (GR) with the

Standard Model of particle physics 1.

The standard model of cosmology is based on the cosmological principle, which states

that the Universe is homogeneous and isotropic on sufficiently large scales, and is widely

supported by astronomical observations. Under this assumption, Einstein’s field equations

of GR can be exactly solved when the different sources of mass and energy are accounted for

[5]. The resulting Friedmann–Lemâıtre–Robertson–Walker (FLRW) solution describes the

spacetime structure of the Universe on very large scales.

All the stable constituents of the standard model of particle physics contribute to the

mass and energy budget of the Universe, including baryons, photons and neutrinos. Ad-

ditionally, the ΛCDM model also features a cold dark matter species which only interacts

gravitationally with all the other degrees of freedom, and a dark energy component in the

form of a cosmological constant. The microphysical description of both ingredients are yet

1With the addition of two important phenomenological ingredients, i.e. a dark matter abudance and a
fine-tuned cosmological constant.
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Figure 1.1: Schematic representation of the cosmic timeline, showing important events in the

history of the Universe. The most popular model for the very first stage of evolution is cosmic

inflation, where the Universe goes through a period of exponential expansion, generating the

initial conditions for the subsequent standard big bang evolution. Then a period of radiation

domination follows which eventually ends, marking the beginning of matter domination.

At recombination free electrons and protons first combine to form neutral hydrogen, and

light is allowed to free stream towards us at the present time, forming the so-called Cosmic

Microwave Background (CMB) radiation. After millions of years the first galaxies start to

form, and they emit ultraviolet radiation which slowly ionize the universe once again during

the period of reionization. The peak of star formation activity is denoted cosmic noon, and

finally dark energy starts to dominate when the universe is already about ten billion years

old. This wonderful diagram is a combination of images from [1–4], and was created by John

Franklin Crenshaw.

unknown, and are major scientific drivers of most ongoing efforts in the field.

Many models have been proposed to explain the fundamental nature of dark matter,

including weakly interacting massive particles [6], axion-like particles [7] and even primordial

black holes [8]. There is a plethora of ongoing investigations, applying both direct and
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indirect search strategies, to detect the dark matter whatever it may be. On the dark

energy side, quantum mechanics dictates that the vacuum energy should contribute to the

cosmological constant. However, quantum field theory calculations overestimate the size of

the cosmological constant by at least several tens of orders of magnitude, as the cosmological

constant we measure experimentally is fine-tuned to almost (but not exactly) zero. We have

yet to understand why the vacuum energy does not contribute to the cosmological constant

as dictated by quantum mechanics, and what exactly sets its specific value [9].

The expansion of the Universe is controlled by a single function of cosmic time t, the

scale factor a(t). Physical distances are given by r = a(t)x, where x represents comoving

distances that are agnostic to the expansion. The Hubble rate, H = ȧ/a, parametrizes the

rate at which the Universe is expanding, and it satisfies the Friedmann equation

H2 =
8πG

3
ρ̄tot ≡

8πG

3

∑
i

ρ̄i , (1.1)

where G is the Newtonian constant of gravitation, ρ̄tot is the total background (or average)

energy density of the Universe, the sum in the second equality runs over all species contribut-

ing to the energy density, and time dependencies are omitted for simplicity of notation.

The scaling of each ρ̄i with scale factor are as follows. Both baryons and cold dark

matter are nonrelativistic species, and hence satisfy ρ̄cb ∝ a−3 due to three dimensional

volume dilation. On top of that, the wavelength of radiation is stretched due to gravitational

redshift, and hence ρ̄r ∝ a−4. This includes both photons and neutrinos, assuming for now

that neutrinos are massless particles. The massive neutrino case will be discussed in detail

in Sec. 1.3. Within the ΛCDM model, dark energy takes the form of a cosmological constant

with ρ̄de ∝ a0. If we allow dark energy to evolve with time, its energy density can be

parametrized as follows

fde(a) =
ρ̄de(a)

ρ̄de,0
= exp

{
3

∫ 1

a

da′

a′
[1 + w(a′)]

}
, (1.2)

where we employ the standard convention of setting a(t0) = 1 at the present time t0 (measur-

ing comoving distances in terms of physical distances evaluated at the present time), and set



4

ρ̄de,0 = ρ̄de(a = 1) ≡ ρ̄de(t = t0)
2. In Eq. (1.2), w(a) is the so-called equation of state. The

case of w = −1 corresponds to a cosmological constant. When w > −1 the energy density

decreases with time, while it increases with time when w < −1, known in the literature as

the phantom regime.

There is one additional contribution to the right-hand side of Eq. (1.1) coming from the

curvature of three-dimensional space, scaling like ρ̄k ∼ a−2. It will be convenient to define the

present-day fractional contribution of each species to the total energy density, Ωi = ρ̄i,0/ρ̄tot,0,

in terms of which Eq. (1.1) reads

H = H0

√
Ωra−4 + Ωcba−3 + Ωka−2 + Ωdefde(a) , (1.3)

where Ωcb = Ωc + Ωb. Evaluating Eq. (1.3) at the present time yields the constraint Ωde =

1 − Ωr − Ωcb − Ωk. A comparison of the theoretical model against various cosmological

probes can constrain the parameters Ωr, Ωk, Ωc, Ωb and H0 [assuming a known fde(a), as

in the ΛCDM model where fde(a) = 1]. Measurements of the blackbody spectrum of the

Cosmic Microwave Background (CMB), to extract its average temperature, directly provide

Ωr when coupled to an understanding of the neutrino decoupling process with standard

model interactions [10]. Additionally, observations are consistent with the assumption of a

flat universe, so we set Ωk = 0 3.

At the end, we need three free parameters to fix the background expansion history in

the ΛCDM model: Ωc, Ωb and H0. This is not, however, the full story as the universe

we live in is not exactly homogeneous nor isotropic. We will now discuss the origin of

cosmological perturbations before diving into how astronomical observations can be used to

infer the remaining free parameters of the ΛCDM model, including the ones characterizing

the primordial fluctuations.

2A similar notation will also be adopted for other quantities evaluated at the present time.

3This parameter is constrained by observations to |Ωk| ≲ 10−3 [11], and Ωk → 0 is a generic prediction of
inflationary models [12]. However, there are hints of nonzero spatial curvature in specific data combinations
[13, 14].
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1.2 Growth of cosmological perturbations

Thus far our discussion was based on the assumption of homogeneity and isotropy, ignoring

the presence of cosmological perturbations without which galaxies and planets would never be

able to form. The Universe today has large fluctuations on small scales, with regions of mostly

empty space, the so-called cosmic voids, contrasting with the high density environments in

galaxy clusters. The situation was different, however, at early times. The CMB radiation

offers a glimpse of the Universe from the time of recombination, when it was only around

370.000 years old (see Fig. 1.1). The CMB temperature map, shown in Fig. 1.2, reveals a

photon distribution that is extremely homogeneous, with anisotropies of the order of one

part in a hundred thousand.

Figure 1.2: Map of temperature anisotropies in the Cosmic Microwave Background radiation.

One in a hundred thousand is the typical size of the fluctuations, revealing an early universe

that is very homogeneous and isotropic.

Over the course of billions of years of cosmic evolution these small anisotropies grew to

become the large fluctuations we now observe, as shown in Fig. 1.3. This is due to the

unstable nature of gravitational interactions, which tends to pull things together and build

even larger structures over time.
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Figure 1.3: Map of the distribution of galaxies in the nearby Universe, produced with the

Sloan Digital Sky Survey (SDDS), which traces the underlying distribution of dark matter

in the cosmic web. The large fluctuations observed today grew from quantum fluctuations

during inflation over billions of years of gravitational evolution.

We can also consider the time-reversal of the previous discussion, and conceive of an even

earlier period in the history of the Universe, compared to the time of recombination, when

deviations from homogeneity were incredibly tiny. In fact, we now believe that all cosmo-

logical perturbations were generated via quantum fluctuations in the very early Universe,

during a period of inflation [15] (see Fig. 1.1). The inflationary mechanism not only provides

the seeds to all structures in the universe, it also explains the homogeneity of the CMB

when different patches of the sky were never in causal contact during the standard big bang

evolution [16].
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The patterns of anisotropies seen in the CMB and large-scale distribution of galaxies,

illustrated in Figs. (1.2) and (1.3) respectively, contain a lot of information about both the

inflationary initial conditions of the Universe and its dynamics, which is sensitive to the

energy content in the various species and their interactions. To access this information it

is convenient to first compress the data into statistics that are easier to handle, i.e. the

so-called summary statistics 4. Then we also need to develop robust theoretical models for

these summary statistics, to allow for the interpretation of experimental results in terms of

fundamental physics.

We will now briefly explore the theoretical tools we have in our disposal to model the

growth of cosmological perturbation in the Universe, focusing on perturbative techniques

that solve for the fluctuations in powers of (small) deviations from homogeneity. Along

the way we will also mention some of the summary statistics usually adopted to extract

cosmological information out of CMB and galaxy survey datasets.

1.2.1 Linear evolution

In the early Universe deviations from homogeneity were quite small, as illustrated in Fig. 1.2.

This means that the growth of cosmological perturbations at early times can be understood

within a framework that adds linear perturbations to the FLRW solution of GR 5.

In an isotropic universe the different sources of matter and energy can be modeled as

ideal fluids due to the extended symmetry, but this description becomes insufficient as soon

as perturbations are turned on. In this case, one generically needs to track the particles

trajectories on the perturbed spacetime in phase-space by solving the Boltzmann equation.

Since the different species backreact into the spacetime geometry, in reality one needs to solve

a couple system of Boltzmann and Einstein equations [19]. A more detailed quantitative

analysis of the linear theory of cosmological perturbations will be given in Chapters 3 and

4Although it is also possible, and sometimes advantageous, to work directly at the field level [17, 18].

5The Universe is still quite homogeneous today when smoothed over sufficiently large scales, such that
linear theory can be directly applied even at late times in certain regimes.
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4, particularly within the context of implementing massive neutrino species.

We will now focus on a simple description of the main CMB observable, the temperature

power spectrum. What is directly measurable from the CMB radiation is the energy flux at

a given frequency, coming from a given direction n̂ on the sky. One then fits the spectrum

to a blackbody template to extract the temperature T (n̂) 6. Averaging over the different

directions produces the CMB monopole, T̄ = ⟨T (n̂)⟩ ≈ 2.725K. The anisotropies, on the

other hand, are captured by

Θ(η) =
T (η)− T̄

T̄
. (1.4)

The typical value for this quantity is Θ ∼ 10−5, and ⟨Θ(η)⟩ = 0 by definition. The most

useful summary statistic of the CMB is the two-point correlation function

⟨Θ(n̂)Θ(n̂′)⟩ =
∑
ℓ

2ℓ+ 1

4π
CℓPℓ(cos θ) , (1.5)

which is only a function of n̂ · n̂′ = cos θ due to the underlying statistical isotropy, and

can hence be expanded into Legendre polynomials Pℓ(cos θ), with coefficients Cℓ. Since the

anisotropies in the early Universe are so small, the assumption of linear evolution holds to

an excellent degree. This means that the observed Cℓ is related to the initial conditions,

i.e. the spectrum of perturbations in the curvature ζ at the end of inflation, by a linear

transformation. More concretely

Cℓ =
4π

(2ℓ+ 1)2

∫
d log k T 2

ℓ (k)∆
2
ζ(k) , (1.6)

where Tℓ(k) are transfer functions encapsulating the linear dynamics from the end of infla-

tion to the observed temperature in the celestial sphere [23], and ∆2
ζ(k) is the primordial

(dimensionless) power spectrum of curvature perturbations. The latter ingredient is often

parametrized as a generic power-law

∆2
ζ(k) = As

(
k

kpiv

)ns−1

, (1.7)

6The CMB radiation is the most perfect blackbody spectrum ever observed. The search for deviations
from a blackbody template is very well motivated theoretically, and is the science case of many planned
experiments [20, 21] and ongoing research [22].
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which is agnostic to the inflationary model. In Eq. (1.7), the amplitude As and spectral

index ns are free parameters of the ΛCDM model, while the pivot scale kpiv = 0.05Mpc−1

can be chosen arbitrarily.

The two-point correlation function in Eq. (1.5) carries all of the information contained in

the CMB map (see Fig. 1.2) under the assumption of a Gaussian distribution. There are two

different categories of non-Gaussianities in the CMB. The first would be of primordial origin,

in the spectrum of curvature perturbations ζ at the end of inflation. There are upper bounds

on the amplitude of primordial non-Gaussianities, but no detections thus far [24, 25]. The

second type of non-Gaussianities are sourced by CMB secondaries, which refer to physical

effects that are not intrinsic to the state of the Universe at the time of recombination, but

are rather imprinted as the CMB photons travel towards us 7.

There is one final free parameter of the ΛCDM model yet to be introduced, that needs

to be included when fitting to CMB observations. As illustrated in Fig. 1.1, the period of

reionization was triggered by the UV radiation emitted by the first galaxies to be formed in

the Universe. As a consequence, some of the CMB photons traveling towards us from the

period of recombination end up scattering off free electrons along the line-of-sight, reducing

the amplitude of the CMB. This effect is theoretically calculable from first principles, but in

reality the physics of galaxy formation and subsequent reionization is too complex and not

yet understood. This is mitigated by adopting the the so-called optical depth to reionization,

τ , as a free parameter.

Putting it all together, there are six free parameters of the ΛCDM model: Ωc, Ωb, H0,

As, ns and τ . These are to be found by matching the model to cosmological observations.

Starting with the CMB, the quantity

Dℓ =
ℓ(ℓ+ 1)

2π
Cℓ , (1.8)

is plotted in Fig. 1.4 from the Planck satellite. There is excellent agreement between the

7Some examples of CMB secondaries are weak gravitational lensing [26], Sunyaev–Zeldovich effects [27]
and the integrated Sachs-Wolfe effect [28].
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theory fit (solid blue curve) and experimental data points (in red), fixing the cosmological

parameters with percent level uncertainties [11] 8.

Figure 1.4: Plot of the angular power spectrum of the CMB temperature, with a ΛCDM

theoretical fit shown as the solid blue curve, and experimental data points (from the Planck

satellite) in red. Residuals between theory and experiment are plotted in the bottom panel.

The excellent agreement between theory and experiment highlights the success of the ΛCDM

model in describing the large-scale dynamics of the Universe, fixing the six cosmological

parameters with percent level uncertainties. Figure extracted from [11].

The different features present in the angular power spectrum in Fig. 1.4 carry a lot of

physical content. For example, the wiggles are due to Baryon Acoustic Oscillations (BAO).

8The reader may have noticed that some of the data points at low ℓ, such as ℓ = 2 and ℓ ∼ 20, lie below
the theoretical expectation. These are just a few examples of the so-called CMB anomalies [29]. They are
likely the result of random statistical fluctuations, but may also be pointing to new physics beyond the
ΛCDM model.
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In the pre-recombination universe the Baryons are tightly coupled to photons via Thomson

scattering, and the dynamics of the resulting photon-baryon fluid is governed by a competi-

tion between gravity and pressure support, generating the oscillations. Also, the exponential

damping of the CMB at l ≳ 1000 is due to photon diffusion.

We will now move on to describe how we can model the emergence of nonlinear gravita-

tional effects at late times. This is crucial because significant deviations from homogeneity

start to appear, at small scales, around the time of galaxy formation. By the time we reach

cosmic noon, it is already important to model the effects of nonlinearities even on cosmologi-

cal scales. More importantly, the interpretation of maps such as the one illustrated in Fig. 1.3

require nonlinear models to obtain unbiased measurements of cosmological parameters.

1.2.2 Nonlinear evolution at late times

There are various complementary approaches to model the effects of nonlinear evolution in

the growth of cosmological perturbations at late times. Perhaps the most reliable of them are

numerical simulations, where most employ the N-body technique with Newtonian equations

of motion, and Newtonian gravity, in an expanding cosmological background [30] 9.

The disadvantages of numerical simulations are the high computational cost [37], the

difficulty in interpreting the results in terms of the underlying physical processes and the

lack of flexibility to implement extensions of the standard cosmological model, which require

dedicated efforts for each specific case. On the other hand, analytical methods are designed

to precisely overcome these difficulties, but are however limited in their range of applicabil-

ity [38]. For these reasons, numerical and analytical methods offer highly complementary

approaches to study the nonlinear growth of cosmological perturbations.

Analytical methods can be further subdivided into two categories. The first attempts

to describe the dynamics in the fully nonperturbative regime, producing a model that is

9Some simulations of nonlinear structure formation attempt to tackle the problem using a fully relativistic
approach [31–33]. However, it is possible to incorporate most relativistic effects in Newtonian N-body
simulations by post-processing the simulation outputs [34–36].
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not limited by the range of scales where it can be applied. However, to accomplish this

one needs to make many simplifying approximations, which results in a lack of control over

the accuracy of modeling. A successful example of such a nonperturbative approach is the

halo model [39], which is based on excursion set theory [40]. We will focus on a second

category of analytical methods, based on perturbation theory. The idea is to systematically

expand around small deviations from isotropy and homogeneity, which in one hand enables

precise control over theoretical errors, but on the other hand can only be applied on large

perturbative scales.

A detailed account on the perturbation theory approach to large scale structure formation

will be given in Chapters 6 and 7. For now we will briefly describe the theoretical model,

which is based on the Standard Perturbation Theory (SPT). It relies on the assumption that

the nonlinear gravitational evolution is driven by a perfect dark matter fluid, with negligible

stress. In that case the dynamics is governed by the continuity and Euler equations (coupled

to the Poisson equation), which can be solved in a perturbative expansion in powers of the

fluid density and velocity fields [41].

A shortcoming of SPT is that it does not account for the emergence of dissipative effects

on mildly nonlinear scales. This is cured within the framework of the Effective Field Theory

of Large Scale Structure (EFTofLSS), which integrates out the effects of short-wavelength

fluctuations backreacting on mildly nonlinear scales, while remaining agnostic to the detailed

dynamics on small scales [42, 43]. This is accomplished by writing the most general expan-

sion for the effective stress tensor with all symmetry allowed operators, multiplied by free

coefficients to be marginalized over.

The directly measurable quantities from a map of the Universe, such as in Fig. 1.3,

are the statistical properties of the galaxy number density, which can be related to the

statistical properties of the underlying matter density field, ρm(x⃗), via a bias expansion [44].

The average matter density can be defined as ⟨ρm(x⃗)⟩ = ρ̄m, and the two-point correlation

function ξ(r) is given by

⟨ρm(⃗0)ρm(r⃗)⟩ = ρ̄2m [1 + ξ(r)] , (1.9)
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and its Fourier transform,

P (k) = 4π

∫ ∞

0

drr2ξ(r)
sin(kr)

kr
, (1.10)

the matter power spectrum. Just as in the CMB case, the matter power spectrum carries

all of the statistical information in the matter density field, for a Gaussian distribution.

Any primordial non-Gaussianities imprinted in the CMB would also appear in the maps of

large-scale structure, but now there are also non-Gaussianities due to nonlinear gravitational

evolution.

The matter power spectrum is plotted in Fig. 1.5, for varying theoretical models, at the

present time and assuming the cosmology adopted in the Farpoint simulation [45]. The

nonlinear prediction is computed with EuclidEmulator2 (EE2), which interpolates the out-

puts of high-resolution N-body simulations [46]. The linear result is derived under the same

framework used to produce the solid blue curve in Fig. 1.4 for the CMB temperature power

spectrum, using the Cosmic Linear Anisotropy Solving System (CLASS) [47]. The SPT

calculation is carried out to next to leading order, at one-loop precision. Finally, the EFT

adds one extra free parameter to one-loop SPT, the so-called effective sound speed, which is

obtained by matching the EFT theoretical template to the nonlinear result from EE2.

Residuals with respect to the nonlinear power spectrum from EE2 are plotted in Fig. 1.6.

The EFTofLSS provides an accurate model for the clustering of matter (and biased tracers)

at mildly noninear scales, with percent level errors out to k ∼ 0.2Mpc−1 10, and it is by now

a key component of the theory modeling applied in the interpretation of real data [52–55].

1.3 Neutrino mass signatures

We have assumed thus far that neutrinos are massless, in accordance with the standard model

of particle physics. However, we now know from neutrino flavor oscillation experiments that

10An inspection of Figs. 1.5 and 1.6 reveals that the EFT model adopted here does not properly account
for the oscillatory features in the matter power spectrum due to BAO (which is also responsible for the
wiggles in the two-point function of the CMB as showed in Fig. 1.4). This is because some infrared
contributions to the loop integrals need to be resummed to all orders in perturbation theory, after which
the EFT model nicely reproduces the wiggly component of the nonlinear power spectrum [48–51].
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Figure 1.5: Matter power spectrum evaluated with various theoretical models. The solid

black curve is the fully nonlinear result from EuclidEmulator2 (EE2), designed to match

high-resolution N-body simulations [46]. The dashed gray, blue and pink curves correspond

to results from linear perturbation theory, one-loop SPT and one-loop EFT, respectively.

The EFT accurately models the matter power spectrum at mildly nonlinear scales, at the

cost of adding one free parameter to SPT.

at least two of the three neutrino states are massive, with a lower bound on the sum of the

masses ofMν =
∑

ν mν ≳ 0.06eV [56]. The tightest upper bound to a weighted mass average

with terrestrial experiments has been obtained by the KATRIN collaboration, mν,β < 0.45eV

at 90% confidence level [57], with measurements of beta decay.

On the other hand, the existence of nonzero neutrino masses leave distinctive signatures

on cosmological observables, which have been exploited to produce tight upper bounds to

the sum of neutrino masses, of order Mν ≲ (0.1 − 0.2)eV [11, 58]. Near term surveys will
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Figure 1.6: Same as in Fig. 1.5, but now showing residuals with respect to the fully nonlinear

result from EE2. The EFT accurately models the matter power spectrum at mildly nonlinear

scales, with percent level errors out to k ∼ 0.2Mpc−1.

have enough sensitivity to measure the neutrino mass scale for the first time ever in the

upcoming decade [59–62]. We will now briefly describe the effects of neutrino masses on the

expansion history of the universe and the growth of structure, and summarize the current

status of neutrino mass constraints with cosmological observations.

In the very early Universe neutrinos were in thermal equilibrium with the primordial

plasma, sustained by weak interactions. This changed when the Universe was about a second

old, and the weak interaction rate was no longer sufficient to maintain thermal equilibrium

against the opposition of Hubble expansion. At this point all neutrinos of a given species were

ultra relativistic particles traveling at the speed of light, following a Fermi-Dirac distribution
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in phase-space

f̄(aini, p) = gν

[
1 + e

p
Tν (aini)

]−1

, (1.11)

where gν = 2 counts the number of degrees of freedom in both left-handed neutrinos and

right-handed antineutrinos, Tν(aini) is the neutrino temperature at some early time aini and

p is the physical momentum. After decoupling (when they drop out of thermal equilibrium),

neutrino particles free-stream following geodesics of the FLRW universe, with the momentum

redshifting away like p ∝ a−1. As a result, the neutrino species keeps the relativistic profile

of Eq. (1.11) with a time-dependent temperature of Tν = Tν,0/a
11, where Tν,0 = 1.95K ≈

1.7 × 10−4eV is the present-day value of the neutrino temperature. For a massive neutrino

species, the transition to the nonrelativistic regime happens when mν ∼ 3Tν , and hence

atr ∼ 3Tν,0/mν . This is about z ∼ 200 for mν = 0.1eV, where z ∼ 1/a is the redshift.

From the discussion around Eq. (1.11), the background neutrino energy density can be

written as

ρ̄ν(a) =

∫
d3p⃗

(2π)3
f̄(a, p)E(p) , (1.12)

where E(p) =
√
p2 +m2

ν is the energy of a neutrino particle with momentum p. In the

relativistic regime p ≫ mν , such that E(p) ≈ p, and Eq. (1.12) scales like ρ̄ν ∝ T 4
ν ∝ a−4.

We then recover the expected scaling of radiation [see lines of text above Eq. (1.2)]. On

the other hand, in the nonrelativistic regime p≪ mν , such that E(p) ≈ mν , and Eq. (1.12)

scales as ρ̄ν ∝ mνT
3
ν ∝ a−3, like matter.

When neutrinos are still relativistic in the early Universe, they make a significant frac-

tional contribution to the total energy density of about

3T 4
ν

3T 4
ν + T 4

γ

∼ 40% , (1.13)

where the factor of 3 accounts for the three different neutrino states, and Tγ = Tγ,0/a is the

photon temperature with Tγ,0 = 2.725K the CMB monopole. The existence of three neutrino

species can be inferred from probes of the early universe expansion history, such as Big Bang

11This remains true even if the neutrinos are massive, and eventually become nonrelativistic.
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Nucleosynthesis (BBN) via measurements of the primordial abundance of light chemical

elements, and the CMB. These two observables constrain the so-called effective number of

relativistic degrees of freedom Neff, which roughly counts the number of relativistic species

in the early universe (besides the photon), to be Neff ∼ 3± 0.3 [11] 12.

Any signatures of neutrino masses in cosmology, on the other hand, necessarily involve

probing neutrinos after they transition to the nonrelativistic regime, at late times. In this

case, they contribute to the background expansion rate of the universe as a matter species as

we showed above, such that the late-time expansion history is sensitive to the combination

Ωm = Ωcb + Ων , with [64]

Ων =
ρ̄ν,0
ρ̄tot,0

=
Mν

93.14h2eV
, (1.14)

the (massive) neutrino contribution to the total energy density today, where h is defined by

H0 = 100h km/s/Mpc. The fractional contribution of neutrinos to the total matter density

is given by fν = Ων/Ωm. For h = 0.7 and Ωm = 0.3, a neutrino mass sum of Mν = 0.1eV

implies fν ≈ 0.007, and hence a sub-percent contribution to the total density of matter.

The presence of nonzero neutrino masses also imprints distinctive signatures in the per-

turbed Universe. This is because massive neutrinos, while being nonrelativistic at late-times,

differ from cold dark matter by its significant thermal velocities of about σν ∼ Tν/mν (for an

individual neutrino mass of mν = 0.05eV, σν,0 ∼ 1000km/s). This significant thermal mo-

tion prevents neutrino particles from falling into the gravitational potential wells of cold dark

matter, washing out anisotropies below the free-streaming scale λfs ∼ σν/H (λfs,0 ∼ 15Mpc

for mν = 0.05eV and h = 0.7).

This manifests itself in the matter power spectrum as a small-scale suppression. In

order to separate this effect of neutrino masses on cosmological fluctuations from changes

to the background expansion caused by massive neutrinos, one usually computes fractional

differences in the matter power spectrum caused by varying the total neutrino mass Mν ,

12In reality, Neff parametrizes contributions to the total energy density from light relics during radiation
domination. This quantity is sensitive to the decoupling time of the light species, and it does not need to
be an integer. Any departures from the standard model prediction of Neff ≈ 3 would point to new physics
beyond the standard model (see Figure 1 in [63]).
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while keeping Ωm fixed. As we explained above, this ensures that the late-time expansion

history of the Universe is held fixed as the neutrino mass is varied. The quantity of interest

δP (k) =
1

fν

P (k|Mν)− P (k|Mν = 0)

P (k|Mν = 0)
, (1.15)

is plotted in Fig. 1.7 for a total neutrino mass Mν = 0.1eV, in the present day Universe

and assuming the same cosmological parameters as in Fig. 1.5. The dashed gray curve is

the linear theory prediction from CLASS, while the solid black curve is the fully nonlinear

result from EE2, showing the characteristic “spoon-like” feature observed from simulations

[65]. Many of the technical aspects involved in the implementation of massive neutrinos in

simulations of nonlinear structure formation will be addressed in Chapter 2.

The existing cosmological constraints on the total neutrino mass scale are driven by both

background and perturbation effects of massive neutrinos alike [66]. The CMB is sensitive to

the background effects of neutrino masses via its modulation of the time of matter-radiation

equality, and distance to recombination. It is also sensitive to the perturbation effects of

massive neutrinos primarily via the weak gravitational lensing of the CMB, whereby the

trajectory of CMB photons coming from recombination are distorted due to the intervening

large-scale structure. Similar statements also apply for the clustering of galaxies, which

are sensitive to cosmological distances that depend on the background effects of massive

neutrinos, but also directly probe the nonlinear structures at late-time, which are suppressed

in the presence of nonzero neutrino masses as shown in Fig. 1.7.

Combinations of the most recent CMB and galaxy clustering datasets place tight upper

bounds on the neutrino mass scale, Mν ≲ (0.06 − 0.08)eV, under the minimal ΛCDM +

Mν cosmological model [67–69]. These constraints are starting to dangerously approach the

lower bound from oscillation experiments, of Mν ≳ 0.06eV. However, the significance of

this emerging “neutrino mass tension” is not yet clear. Both CMB and galaxy clustering

datasets are separately consistent with a ΛCDM cosmology, but with different best fit values

for Ωm [70] 13. The tension between these two probes can be resolved with the introduction

13There are other such discrepancies reported in the literature. The one attracting the most atten-
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Figure 1.7: Fractional difference in the matter power spectrum (in units of the fractional

contribution of neutrinos to the total matter density), between cosmologies with and without

massive neutrinos, as given by Eq. 1.15. The dashed gray curve is the linear theory expec-

tation, while solid black is the fully nonlinear result with the characteristic “spoon-shaped”

suppression.

of new ingredients, such as neutrino masses, in which case it reflects itself as a preference for

negative neutrino masses [74], which pushes the upper bounds on the neutrino mass scale

closer towards zero.

Other alternative scenarios can bring these two probes back into agreement, such as a

dynamical dark energy [75], a high optical depth to reionization [76, 77] and negative spatial

curvature [14]. It is not yet clear whether the discrepancy between recent CMB and galaxy

surveys is due to systematics in the data, the manifestation of one (or more) of the new

tion currently is the H0 tension [71], which refers to the more than 5σ deviation between values of the
Hubble constant extracted from early-universe probes (based on the ΛCDM model), and direct late-time
measurements via the distance ladder [72, 73].



20

ingredients discussed above, or something else entirely. Upcoming experiments will play a

crucial role in addressing this issue. For now there is a high priority in developing the science

case for new signatures of neutrino masses in the large-scale structure, an example of which

will be discussed in Chapter 5.

1.4 Structure of the thesis

This thesis consists of my PhD work dedicated to advancing our theoretical and computa-

tional models on the formation of structures on cosmological scales, and their underlying

signatures of neutrino masses. These efforts are crucial to ensure that the maximal amount

of information on fundamental physics will be extracted from ongoing and upcoming astro-

nomical observations, including a robust measurement of the neutrino mass scale which may

happen in the upcoming decade.

In Chapter 2, originally published in Phys. Rev. D 104, 043512 [78], we investigate

the feasibility of including massive neutrinos in N-body simulations of nonlinear structure

formation at late times. We carry out a systematic study of potential biases induced by

neglecting special relativistic effects (due to the Newtonian nature of the simulations), and

discuss the proper setting of initial conditions to ensure that such biases are mitigated.

In Chapters 3 and 4, originally published in Phys. Rev. D 104, 083535 [79] and Phys.

Rev. D 108, 023505 [80] respectively, we propose novel methods to solve for the dynamics

of linear cosmological perturbations of massive neutrino species, with the aim of improving

the accuracy and reducing the computational cost of standard methods. Chapter 3 intro-

duces a reformulation of the exact system of equations in terms of the so-called Generalized

Boltzmann hierarchy, which is much simpler and potentially faster than the traditional Boltz-

mann hierarchy. This is achieved by integrating out the momentum dependence from the

outset, to arrive at a system of equations in configuration space (as opposed to phase-space

in standard methods). In Chapter 4, we significantly improve on the fluid approximation for

massive neutrinos by accounting for the dispersive nature of the neutrino fluid, i.e. adding

a scale dependence to the sound speed of the neutrino fluid based on properties of analytic
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solutions that can be obtain in certain regimes. This provides an accurate and inexpensive

approach to solve the dynamics of cosmological neutrino fluctuations in the linear regime of

structure formation.

In Chapter 5, originally published in JCAP 11 (2023) 036 [81], we advance on the theory

modeling and complete characterization of observables associated to a new signature of

neutrino masses in the nonlinear regime of large scale structure, the so-called neutrino wakes.

This refers to the preferential accumulation of massive neutrino particles downstream of

moving cold dark matter structures, which leaves observable signatures on three-point cross

correlations of matter and galaxies. We show that a detection of this effect is potentially

achievable with future experiments.

Finally, in Chapters 6 and 7, originally published in JCAP 06 (2025) 002 [82] and JCAP 02

(2025) 023 [83] respectively, we explore the foundations of perturbative methods for nonlinear

structure formation on large scales. In Chapter 6 we show that the Standard Perturbation

Theory (SPT) framework, which originally assumes a perfect fluid description of the cold dark

matter, actually follows from perturbatively solving the coupled system of Vlasov-Poisson

equations in full phase space. We also use our framework to shed new light on the emergence

of deviations from an ideal fluid, parametrized via the sound speed counterterm introduced in

the Effective Field Theory for Large Scale Structure (EFTofLSS). In Chapter 7 we provide an

analytical estimate for the sound speed counterterm, which is usually extracted by matching

the theory model to full simulations. This calculation reveals the physical content of the

sound speed, and its dependence on cosmological parameters. These efforts play a key role

in ensuring that the theoretical models applied in the interpretation of ongoing and future

experiments are robust, and are optimal in the sense that the extraction of fundamental

physics is maximized.
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Chapter 2

NEUTRINOS IN N-BODY SIMULATIONS

2.1 Abstract

In the next decade, cosmological surveys will have the statistical power to detect the absolute

neutrino mass scale. N-body simulations of large-scale structure formation play a central role

in interpreting data from such surveys. Yet these simulations are Newtonian in nature. We

provide a quantitative study of the limitations to treating neutrinos, implemented as N-body

particles, in N-body codes, focusing on the error introduced by neglecting special relativistic

effects. Special relativistic effects are potentially important due to the large thermal velocities

of neutrino particles in the simulation box. We derive a self-consistent theory of linear

perturbations in Newtonian and non-relativistic neutrinos and use this to demonstrate that

N-body simulations overestimate the neutrino free-streaming scale, and cause errors in the

matter power spectrum that depend on the initial redshift of the simulations. For zi ≲

100, and neutrino masses within the currently allowed range, this error is ≲ 0.5%, though

represents an up to ∼ 10% correction to the shape of the neutrino-induced suppression to

the cold dark matter power spectrum. We argue that the simulations accurately model

non-linear clustering of neutrinos so that the error is confined to linear scales.

2.2 Introduction

Neutrino oscillation experiments have established that at least two of the neutrino mass

eigenstates have a non-zero mass, giving a lower bound on the sum of all three masses

as
∑
mν ≳ 0.06 eV, 0.1 eV for the normal and inverted hierarchies, respectively (see, e.g.

[84, 85]). At present, it is very hard to determine the neutrino mass scale at these lower limits

with laboratory experiments. The current constraints from the KATRIN experiment, based
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on measurements of β-decay, aremν,i < 1.1 eV at 90% confidence [86]. Tighter constraints on

the upper bound to the sum of neutrino mass eigenvalues come from cosmological datasets,

providing
∑
mν ≲ (0.11 − 0.24) eV [11, 87, 88], depending on the specific choice of data.

Furthermore, cosmological observations point to a universe that is today dominated by dark

energy and dark matter: all the evidence suggests the presence of physics beyond the standard

model (see, for instance, [89] for a review).

Current and future large-scale structure surveys [90–96] will shed some light on the nature

of this, as of now, mysterious new physics. Concretely, we expect for example, to be able

to determine the absolute mass scale of neutrinos (and potentially the hierarchy) [97–99],

further constrain the dark energy equation of state [100], and number of effective neutrino

species [101]. Large-scale structure surveys will probe small scales where nonlinear gravita-

tional evolution is important. This adds one additional degree of complexity to the mission,

as we need to rely on simulations of nonlinear structure formation, typically executed by run-

ning N-body codes such as [102–108], to accurately interpret the cosmological observables.

The simulations are, however, Newtonian in nature, though large-scale general relativistic

(GR) effects can be fully recovered in the case of a dark-matter-only universe [34, 35, 109].

Developing a fully-relativistic N-body code is an active area of research [32, 110, 111].

In this work we will consider limitations to treating neutrinos, implemented as N-body

particles, in Newtonian codes. Our analysis relies solely on individual particles evolving

with the Newtonian equation of motion. An example of this in the literature would be the

codes described in [112–116], all based on GADGET-3, which is itself an improved version

of GADGET-2 [117, 118]. The discussion in this paper is restricted to simulations that treat

neutrinos as N-body particles, as opposed to a hydrodynamic approach, e.g. [103, 119].

We will be interested in special relativistic (SR) effects that are neglected in a Newtonian

treatment of neutrinos. To illustrate the necessity of considering SR effects for neutrinos,

consider an individual neutrino of mass mν = 0.05eV, the minimum value required for at

least one state by neutrino oscillation data, and a value just below that set by current

limits on the sum of neutrino mass states [85, 87]. For a simulation starting at redshift
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of zi ≈ 100, the mass-to-temperature ratio at the initial redshift is mν/(1 + zi)Tν,0 ≈ 3,

where Tν,0 ≈ 1.95K ≈ 1.7 × 10−4eV is the temperature of relic neutrinos today. In this

circumstance, one should worry that evolving neutrinos with the Newtonian limit of the

geodesic equation, equivalent to suppressing both GR and order (v/c)2 corrections (what we

call, from now on, Newtonian neutrinos), can introduce significant systematic error in the

output of N-body simulations.

As we shall see, particles with large thermal velocities evolved with non-relativistic equa-

tions of motion will travel faster and further than they would if evolved with the correct,

relativistic equations of motion. Consequently, N-body simulations with neutrinos will over-

estimate the neutrino free-streaming scale, λfs ∼ vν/(aH), where vν is the neutrino velocity

dispersion and H is the Hubble rate. This overestimation disappears at late times, as z → 0,

but the neutrino horizon, λh =
∫
zi
d(ln a)λfs, which depends on the entire history of the

free-streaming scale, will be significantly overestimated, even as z → 0. This shift on the

free-streaming scale could have a perceptible impact on the usual neutrino-induced suppres-

sion to the growth of structure [64].

To study the impact of these errors on the evolution of matter perturbations, we develop

the exact linear-theory evolution of inhomogeneities in the distribution of Newtonian neu-

trinos. We derive the usual fluid-approximation for Newtonian neutrinos (FA) achieved by

introducing an effective sound speed, as well as leading-order corrections that include the

effects of a non-zero shear stress. For z ≲ 100, these effects impact only the small-scale

oscillations in the neutrino transfer functions, and can hence be safely neglected when ob-

taining matter perturbations. The FA can be used to generate initial conditions for N-body

simulations [120], through rescaling of the power spectrum from z = 0 to the simulation

initial redshift zi.

The FA is missing both SR and GR corrections. In order to isolate the SR effects,

which are only important for fast moving particles such as neutrinos, we also develop a non-

relativistic fluid approximation that ignores only SR terms that are missing for neutrinos, but

keeps GR terms, and therefore produces the correct evolution of both cold dark matter and
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non-relativistic neutrino perturbations on large-scales, by default. By comparing our non-

relativistic fluid approximation to the correct fully-relativistic one, we quantify the errors

in the usual neutrino-induced suppression to the growth of structure, caused by treating

neutrinos as non-relativistic particles.

In Newtonian simulations of a dark-matter-only universe, these GR effects we are in-

cluding can be obtained with an adjustment of initial and final displacements of particles

[34, 109]. In [35], it was realized that this is no coincidence: As long as the output of the

simulations is understood in terms of the so-called N-body gauge, GR effects can be fully

recovered, i.e. they can be accommodated into a gauge transformation (also see [121]). In

this scenario, one can further include the effect of light neutrinos and photons, assuming a

linear evolution for these components [122–124]. The N-body gauge approach can also be

generalized to cosmologies with massive neutrinos, where the CDM+ν center-of-mass mo-

tion is followed by N-body simulations [125]. Relativistic corrections can also be studied in

beyond ΛCDM scenarios [126].

This paper is organized as follows. In 2.3, we review the Newtonian limit of the geodesic

equation in an isotropic universe, and present expressions for the background energy density

and pressure of both Newtonian and relativistic relic neutrinos. In 2.4, we present self-

consistent linear perturbation theories of neutrino and cold dark matter (CDM) particles

evolved according to the Newtonian and non-relativistic ((v/c)2 ≪ 1) equations of motion.

In 2.5, we present numerical results using the linear theories from 2.4, to compare the CDM

transfer functions in the presence of non-relativistic neutrinos, to the same quantities evolved

with the fully-relativistic equations of motion. We also compare the linear theories from

2.4 with the cosmic linear anisotropy solving system (CLASS), in order to illustrate the

additional sources of systematic error, in N-body simulations, that are not being accounted

for in our analysis (such as radiation). In 2.6 we discuss the implications of our results

for N-body simulations with neutrinos implemented as particles, and in 2.7 we summarize

our findings. In an appendix 2.8, we present the complete derivation of fluid equations

for Newtonian and non-relativistic neutrino components. While our study is motivated by
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neutrinos co-evolving with cold dark matter (CDM) and baryons (b), the analysis makes

no assumptions about the particle nature of either component, only that they are non-

interacting. In what follows we may therefore refer to the cold non-relativistic component as

dust and the non-cold dark matter component as NCDM (following the notation of CLASS

[127]).

2.3 Dynamics of Newtonian neutrinos: Background

Let us start our analysis at the level of background. The relativistic dynamics follows from

the geodesic equation in a Friedmann-Robertson-Walker universe with line element

ds2 = −dt2 + a2(t)dx⃗2 , (2.1)

= a2(τ)
(
−dτ 2 + dx⃗2

)
. (2.2)

The geodesic equation is given by

dv⃗

dt
+
(
H +

1

γ

dγ

dt

)
v⃗ = 0 , (2.3)

where v⃗ = adx⃗/dt is the peculiar velocity, x⃗ is the comoving position vector, 1/γ2 = 1− v2,

and H = a−1da/dt is the Hubble rate. The evolution of a Newtonian component arises from

the assumption H ≫ γ−1dγ/dt = γ2v⃗ · dv⃗/dt, and reads,

dv⃗

dt
+Hv⃗ = 0 . (2.4)

This implies v ∝ a−1. In contrast, the correct equation of motion for a relativistic particle,

Eq. (2.3), will produce p = γmv ∝ a−1, where p is the momentum, so that the evolution of

v is more complicated.

In Newtonian N-body simulations, neutrinos are given a thermal velocity that is obtained

by sampling from a Fermi-Dirac distribution,

f0(p) =
2

(2π)3
1

e
p
Ti + 1

, (2.5)
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at the initial redshift zi, where p = mv is the nonrelativistic expression for the physical

momentum, and Tν,i = (1 + zi)Tν,0 is the neutrino temperature at zi
1. Then, under the

Newtonian dynamics p = mv ∝ a−1, as it would if the correct relativistic expression were

used, and the distribution retains the form of a Fermi-Dirac distribution, with a temperature

that scales as Tν ∝ a−1.
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Figure 2.1: Evolution of the velocity distribution function, for mν = 0.05eV and varying

redshift. A significant portion of particles, in the simulation box, are superluminal for

z ≳ 50. The differences in the velocity distribution function shown above do not depend on

zi, the initial redshift of the simulations.

1Note that in converting the exact momentum distribution in Eq. (2.5) into a velocity distribution
function at zi, one could use p = mv, as we have assumed, or solve for v in the equation p = γmv. We
assume the choice p = mv, since it is the one made in (at least some) Newtonian codes, e.g. [128]. As shown
in Figure 2.1, this leads to a velocity distribution function that deviates from its relativistic counterpart
at the initial redshift, while agreeing with the latter today, i.e. as z → 0. If the choice p = γmv was made,
then there would be no difference at the initial redshift, by construction, at the expense of getting the
z → 0 limit wrong, given the Newtonian evolution.
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Figure 2.2: The velocity distribution function at z = 100 for different values of mν . The two

distributions approach one another for mν ≳ 0.2eV.

In Figures 2.1 and 2.2 we plot the velocity distribution function, and compare to its fully

relativistic counterpart where p = γmv is used to define the physical momentum. A few

comments are in order. First notice that, for a neutrino mass of mν = 0.05eV and z ≳ 50, a

significant portion of the particles in the simulation box will be superluminal. This happens

at any redshift for which mν/3Tν ≲ 2. On the other hand, for mν ≳ 0.2eV, the difference

in the distributions is rather small already at z = 100, so we expect the Newtonian limit of

the geodesic equation to be a good approximation. This remains true for mν/3Tν ≳ 4. As

we shall see, the difference in the velocity distribution functions, shown in Figures 2.1 and

2.2, can potentially introduce errors in both linear and nonlinear clustering of neutrinos.

It is also clear, from Figures 2.1 and 2.2, that the velocity dispersion vν of Newtonian

neutrinos,

v2ν,New =

∫∞
0
dqq2f0(q)

(
q
ma

)2∫∞
0
dqq2f0(q)

(2.6)

will be bigger than that of relativistic neutrinos,

v2ν,rel =

∫∞
0
dqq2f0(q)

(
q
ma

)2
1

1+
(

q
ma

)2∫∞
0
dqq2f0(q)

(2.7)

We now consider a fluid description of both Newtonian and relativistic neutrinos. For
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three relativistic neutrinos of equal mass, the energy density and pressure are given by,

ρrel = 4πNνma
−3

∫ ∞

0

dqq2f0(q)

√
1 +

( q

ma

)2
, (2.8)

Prel =
4πNν

3
ma−3

∫ ∞

0

dqq2f0(q)
( q

ma

)2 1√
1 +

(
q
ma

)2 , (2.9)

where q = pa, and Nν = 3 is the degeneracy factor. For a Newtonian component we have,

ρNew = 4πNνma
−3

∫ ∞

0

dqq2f0(q) , (2.10)

PNew =
4πNν

3
ma−3

∫ ∞

0

dqq2f0(q)
( q

ma

)2
. (2.11)

In order to define the free-streaming scale, we also introduce the adiabatic sound speed,

c2g =
Ṗ

ρ̇
, (2.12)

where Ṗ is the time-derivative of the neutrino fluid pressure, and ρ̇ the time-derivative of

the energy density. The relative difference in the Newtonian and relativistic adiabatic sound

speeds is presented in Figure 2.3. From this it follows at once that the instantaneous free-

streaming scale 2

λfs ≡
cg
aH

, (2.13)

is overestimated for Newtonian neutrinos and therefore kfs = 2π/λfs is underestimated in

the simulations. Since cg,New → cg,rel as z → 0, the free-streaming is correctly reproduced

at late times. This difference in free-streaming scales is important, as λfs defines the length

scale below which neutrino perturbations get completely washed out. Also relevant is the

neutrino (fluid) horizon,

λh =

∫
zi

dt

a
cg(a) =

∫
zi

d(log a)λfs , (2.14)

or in k-space kh = 2π/λh. This integral is dominated by its lower limit, where Newtonian

and relativistic free-streaming scales are most different, so the underestimation in the horizon

2In order to define the free-streaming scale, the (adiabatic) sound speed should be used instead of the

velocity dispersion. Note that cg,New =
√
5
3 vν,New, while cg,rel ≈

√
5
3 vν,rel in the non-relativistic regime (see

e.g. the appendix A of [129]).
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scale persists in the limit z → 0. This defines the length scale above which free-streaming is

no longer relevant, with the neutrino component behaving like cold matter. See [130, 131]

for short reviews on the effect of neutrinos in cosmology.
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Figure 2.3: Relative difference between Newtonian and relativistic adiabatic sound speeds

for a neutrino mass of mν = 0.05eV.

It is clear from the above that the Newtonian neutrino energy density will not have the

correct evolution with time. This can potentially impact the evolution of the Hubble rate

as a function of time through the Friedmann equation as well. But, in N-body simulations,

the background energy densities, and therefore the Hubble rate, are not computed from the

dynamics of N-body particles. Moreover, one can straightforwardly provide a tabulated set

of values for H(a) computed from the correct relativistic dynamics [120, 132], i.e.( H
H0

)2
= Ωr,0a

−4 + Ωd,0a
−3 + ΩΛ,0 +

ρrel(a)

3M2
plH

2
0

. (2.15)

where M2
pl = 1/8πG, H0 = 100h km/s/Mpc is the Hubble parameter today, Ωr,0 is the

radiation density today, Ωd,0 is the energy density in cold dark matter and baryons today,
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ΩΛ,0 is the energy density in vacuum, and ρrel is the relativistic energy density of the relic

neutrinos, as computed from Eq. (2.8).

The differences in the Newtonian and correct relativistic neutrino velocity dispersions,

established in Figures 2.1-2.3, will impact the evolution of neutrino perturbations in N-body

simulations. This could limit the accuracy to which N-body simulations can model neutrinos,

at both the linear and non-linear regimes.

2.4 Dynamics of Newtonian neutrinos: Linear perturbations

In this section we will present a self-consistent theory of linear perturbations of neutrinos

and dust evolved according to non-relativistic equations of motion. As we shall see, this

will amount to taking two independent limits of the fully relativistic equations for linear

perturbations. First, as in the last section, we will take the limit (v/c)2 ≪ 1 in the equation

of motion for neutrinos, as well as for sources to the Poisson equation. Second, to make

contact with N-body simulations and the formalism used to generate their initial conditions,

we present in Sec. 2.4.2 evolution equations ignoring time derivatives of metric perturbations

that appear in the linearized geodesic equation, but are not included in N-body codes.

These dropped terms are referred to as GR-terms, and their particular form depends on the

choice of gauge for the perturbed metric. In the N-body gauge they disappear entirely for a

universe comprised of only dust and Λ, but cannot be completely eliminated in the presence

of relativistic particles [35]. Since our primary interest is to study the impact of SR effects

(v/c ∼ 1), we will work in the Newtonian gauge, where the interpretation of variables is

more straightforward, and present final results that include the GR terms.

2.4.1 Framework

The full details of our calculations of linear perturbations of neutrinos and dust are left to

Appendix 2.8, but we shall outline our approach here before proceeding. To study the evolu-

tion of linear perturbations in dust and neutrinos we start from the collisionless Boltzmann
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Equation3,

df

dτ
=
∂f

∂τ
+
dxi

dτ

∂f

∂xi
+
dqi

dτ

∂f

∂qi
= 0 , (2.16)

which governs the dynamics of the distribution function in phase space. In the above, q⃗ = ap⃗,

with p⃗ the proper momentum and τ the conformal time. The distinction between neutrinos

and dust evolved as Newtonian particles, as is done in N-body codes, or as particles subject to

non-relativistic or fully-relativistic dynamics, amounts to implementing different definitions

of particle momentum and equations of motion (that is, different expressions for dqi/dτ

and dxi/dτ in Eq. (2.16)). These differences will lead to different evolution equations for

f(x, q, τ) that capture how a distribution of particles would evolve, subject to Newtonian,

non-relativistic, or relativistic dynamics.

In the following subsections we will use this approach to derive several different systems

of equations for the linear evolution of neutrinos and dust. While it is a bit cumbersome, we

will use subscripts to distinguish between the quantities that satisfy the different evolution

equations. We will first consider strict Newtonian evolution, as implemented in N-body

codes, these quantities being identified by the subscript N-body. Subsequently, we will impose

a fluid approximation to the Newtonian N-body equations, and these quantities are denoted

by FA. In Sec. 2.4.4, we present a fluid approximation that ignores SR terms for neutrinos,

but keeps GR terms for both neutrinos and dust. We refer to this as the non-relativistic fluid

approximation, and identify variables solving those equations with NRF. Finally, we show

the usual CLASS relativistic fluid approximation for the coevolution of neutrinos and dust

in Sec. 2.4.5. The variables solving these equations will be identified by a subscript RFE.

Table 2.1 shows a list of all subscripts with their underlying assumptions.

3For dust, of course, one does not need the full Boltzmann equation and can start directly with the
equations for a pressureless, shearless fluid.
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Subscript Assumptions

N-body Newtonian evolution

FA
Newtonian evolution

+ fluid approximation

NRF

Newtonian evolution

+ GR corrections

+ fluid approximation

RFE
Relativistic evolution

+ fluid approximation

Table 2.1: Different subscripts with their associated underlying assumptions. Note that

Newtonian evolution + GR corrections is equivalent to dropping the SR terms (taking the

(v/c)2 ≪ 1 limit) of the fully relativistic expressions.

2.4.2 Linear Perturbations in N-body Fluids

In N-body simulations particles evolve according to the Newtonian equation of motion,

dv⃗N-body

dt
+Hv⃗N-body = −

1

a
∇⃗ψN-body (2.17)

where

v⃗N-body = a
dx⃗

dt
(2.18)

is the peculiar velocity, and ψN-body is the gravitational potential, sourced only by the rest

mass of the particles in the simulation,

k2ψN-body = −
1

2M2
pl

a2
∑
i

δρN-body,i (2.19)

where δρN-body,i is the perturbation to the mass density of species i, further ignoring the

inhomogeneities in the local volume. As shown in Appendix 2.8, one can derive exact fluid
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equations for a system of non-interacting particles evolving according to Eq. (2.17) and

Eq. (2.19).

For Newtonian neutrinos in N-body simulations we have,

δ′ν,N-body = −θν,N-body , (2.20a)

θ′ν,N-body = −Hθν,N-body +
δPν,N-body

δρν,N-body

k2δν,N-body − k2σν,N-body + k2ψN-body ,

along with other evolution equations for higher order multipole moments of the perturbed

distribution function. Here ′ = d/dτ , δν,N-body = δρν,N-body/ρν,New, with δρν,N-body the per-

turbation to the neutrino mass density, θν,N-body is the velocity divergence, δPν,N-body the

perturbation to the pressure, σν,N-body the anisotropic stress.

The dust component evolves according to the same equations in the limit of no anistropic

stress and no pressure,

δ′d,N-body = −θd,N-body , (2.21a)

θ′d,N-body = −Hθd,N-body + k2ψN-body . (2.21b)

In Eq. (2.20) and Eq. (2.21), ψN-body is the potential computed from the Poisson equation

sourced by the N-body fluids,

k2ψN-body = −
1

2M2
pl

a2(ρdδd,N-body + ρν,Newδν,N-body) . (2.22)

Notice that this is sourced by the Newtonian expression for the neutrino energy density,

Eq.(2.10), i.e. it just includes the rest mass of neutrino particles.

As described in Appendix 2.8, each of these quantities is computed self-consistently as-

suming a Newtonian treatment of each of the neutrino properties. This system of equations

should therefore describe the exact linear evolution of neutrinos and dust within N-body

simulations. To proceed, of course, one needs additional expressions for δPν,N-body/δρν,N-body

and σν,N-body to close the system of equations.
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2.4.3 Two-fluid approximation (FA) for N-body neutrinos and dust

The standard two-fluid approximation for neutrinos and dust is obtained from the N-body

equations, in Sec. 2.4.2, by setting the anisotropic stress to zero, σν,N-body ≈ 0, and ratio

of the pressure and energy perturbations to the Newtonian adiabatic sound speed squared,

δPν,N-body/δρν,N-body ≈ c2g,New, obtained from Eqs. (2.10) and (2.11). This yields,

δ′ν,FA = −θν,FA , (2.23a)

θ′ν,FA = −Hθν,FA + c2g,Newk
2δν,FA + k2ψFA . (2.23b)

This is precisely the fluid approximation, used to generate initial conditions for N-body sim-

ulations, by rescaling of the matter power spectrum from z = 0 to the initial simulation

redshift zi [120]. Initial particle positions and velocities are obtained with the Zeldovich

approximation [133], or the more accurate higher-order Lagrangian perturbation theory

schemes [134, 135]. Note that our derived sound speed, as follows from Eq. (2.5), Eq. (2.12),

Eq. (2.10), and Eq. (2.11),

c2g,New =
25

3

ζ(5)

ζ(3)

(T0,ν
mν

)2
(1 + z)2 ≈ 7.19

(T0,ν
mν

)2
(1 + z)2 (2.24)

is the expression used in [120, 136]. The dust component in Eq. (2.21) is already treated like

a presureless fluid, so the FA equations are identical to the N-body ones

δ′d,FA = −θd,FA , (2.25a)

θ′d,FA = −Hθd,FA + k2ψFA . (2.25b)

Similarly, the only modification to the Poisson equation in Eq. (2.22) is to change the source

terms to the expressions obtained from the FA,

k2ψFA = − 1

2M2
pl

a2(ρdδd,FA + ρν,Newδν,FA) . (2.26)

The system of Eqs. (2.23), (2.25) and (2.26) is the so-called two fluid approximation. What

we have then is a first principles derivation of the two-fluid approximation, starting from

the Boltzmann equation, and assuming the Newtonian evolution, given by Eq. (2.17), of

individual dust and neutrino particles.
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2.4.4 Non-relativistic fluid (NRF) equations for neutrinos and dust

To study the impact of treating fast-moving neutrinos as non-relativistic particles, we will

go beyond the two-fluid approximation in two ways. First, we will include the anisotropic

stress, which should physically be present for a neutrino fluid modeled by N-body particles

and allows us to obtain a non-relativistic analog of the CLASS fluid approximation [127].

Including anisotropic stress also enables us to check that neutrino shear stress has a negligible

impact on matter perturbations at late times, which validates the use of the FA to generate

initial conditions for the simulations. Second, since our concern here is on SR effects, we will

keep all GR terms that are missing in the two-fluid approximation of Sec. 2.4.3. This second

choice allows the expressions in this section to correctly reproduce the relativistic dynamics

on large scales, as z → 0 (see 2.5). This is in contrast to the FA equations in Sec. 2.4.3,

which disagree with the exact linear theory expressions, on the large scales, even for dust

[120].

We will work with the Newtonian gauge metric,

ds2 = −(1 + 2ψ)dt2 + a2(t)(1− 2ϕ)dx⃗2 ,

= a2(τ)
[
−(1 + 2ψ)dτ 2 + (1− 2ϕ)dx⃗2

]
. (2.27)

In the non-relativistic (NR) limit ((v/c)2 ≪ 1), the particle equation of motion (i.e. the

geodesic equation) is,

dv⃗

dt
+
(
H − ϕ̇

)
v⃗ +

1

a
∇ψ = 0 . (2.28)

where the peculiar velocity is now given by,

v⃗ = a(1− ϕ− ψ)dx⃗
dt
. (2.29)

and includes local inhomogeneities in both time and length intervals. Working with the above

equation of motion, along with the Newtonian expressions for the energy density and pressure

in Eq. (2.10) and Eq. (2.11), produces the following fluid approximation for non-relativistic
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neutrinos,

δ′ν,NRF = −θν,NRF + 3ϕ′
NRF , (2.30a)

θ′ν,NRF = −Hθν,NRF + c2g,Newk
2δν,NRF − k2σν,NRF + k2ψNRF , (2.30b)

σ′
ν,NRF = −

(
2H +

3

τ

)
σν,NRF + 8

wNew

1 + wNew

c2g,Newθν,NRF , (2.30c)

where wNew and cg,New are the equation of state and adiabatic sound speed, as computed

using the Newtonian expressions for pressure and energy density in Eqs. (2.10) and (2.11).

The dust component evolves according to

δ′d,NRF = −θd,NRF + 3ϕ′
NRF , (2.31a)

θ′d,NRF = −Hθd,NRF + k2ψNRF . (2.31b)

And finally, the gravitational potentials are subject to,

k2ϕNRF + 3H(ϕ′
NRF +HψNRF) = −

1

2M2
pl

a2(ρdδd,NRF + ρν,Newδν,NRF) , (2.32a)

k2(ϕNRF − ψNRF) =
3

2M2
pl

a2ρν,Newσν,NRF . (2.32b)

For z ≲ 100, it suffices to apply the approximation ϕNRF ≈ ψNRF, instead of using

Eq. (2.32b) 4 Let us call Eqs. (2.30), (2.31) and (2.32) the non-relativistic fluid (NRF)

equations. To summarize, the NRF equations describe co-evolution of dust and neutrinos

evolving according to the non-relativistic limit ((v/c)2 ≪ 1) of both the geodesic and Einstein

equations.

4Setting ϕ = ψ at late times is a simplifying approximation that is implictly made in N-body codes.
Indeed, we can argue that the relative difference between ϕ and ψ is negligible: On the small scales,
we can combine Eqs. (2.32) and (2.32b) to arrive at 1 − ψ/ϕ ∝ (ρν/ρtotal)(σν/δtotal), i.e. the relative
difference is a product of two small quantities, and is vanishingly small. For Mν = 0.15eV, we found that
|1 − ψCLASS/ϕCLASS| ≲ O(10−4) for k ≳ 0.01 Mpc−1, for all redshift. On the large scales, the neutrino
anisotropic stress is vanishing at low redshift, and indeed we find that the error associated to having
ϕ ̸= ψ is subleading in comparison to the systematic error associated to neglecting radiation perturbations
at z ∼ 100. This argument can be applied in both cases of non-relativistic and relativistic neutrinos.
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2.4.5 Relativistic fluid equations (RFE) for neutrinos and dust

The equations in Sec. 2.4.4 can be compared with the fully-relativistic CLASS non-cold dark

matter (NCDM) fluid approximation [127]. These expressions continue to use the Newtonian

gauge metric, Eq. (2.27), but keep all terms O((v/c)2). In this case the particle equation of

motion is,
1

γ

d

dt
(γv⃗) +

(
H − ϕ̇

)
v⃗ +

1

a
∇ψ +

1

a
v⃗ × (∇ϕ× v⃗) = 0 , (2.33)

where v continues to be defined through Eq. (2.29). The neutrino fluid equations are,

δ′ν,RFE = −(1 + wrel)(θν,RFE − 3ϕ′
RFE)− 3H(c2g,rel − wrel)δν,RFE , (2.34a)

θ′ν,RFE = −
[
H(1− 3wrel) +

w′
rel

1 + wrel

]
θν,RFE +

c2g,rel
1 + wrel

k2δν,RFE − k2σν,RFE + k2ψRFE ,

(2.34b)

σ′
ν,RFE = −

{[
(2− 3wrel)−

Prel

Prel

]
H +

w′
rel

1 + wrel

+
3

τ

}
σν,RFE + 8

wrel

1 + wrel

c2g,relθν,RFE , (2.34c)

where wrel = Prel/ρrel,

Prel =
4π

3
ma−3

∫ ∞

0

q2f0(q)dq
( q

ma

)4 1[
1 +

(
q
ma

)2] 3
2

, (2.35)

is a higher velocity weight background pressure, and

c2g,rel =
5

3

wrel

1 + wrel

(
1− 1

5

Prel

Prel

)
, (2.36)

is the relativistic expression for the adiabatic sound speed squared, as follows from Eq. (2.12),

Eq. (2.8), Eq. (2.9), and Eq. (2.35). We will refer to this as the relativistic fluid equations

(RFE).

The dust RFE are identical to those in Eq. (2.31), with the potentials replaced by the

ones sourced by the full (kinetic plus rest mass) energy density of neutrinos,

δ′d,RFE = −θd,RFE + 3ϕ′
RFE , (2.37a)

θ′d,RFE = −Hθd,RFE + k2ψRFE . (2.37b)
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where ϕRFE, ψRFE are subject to,

k2ϕRFE + 3H(ϕ′
RFE +HψRFE) = −

1

2M2
pl

a2(ρdδd,RFE + ρν,relδν,RFE) , (2.38a)

k2(ϕRFE − ψRFE) =
3

2M2
pl

a2(ρν,rel + Pν,rel)σν,RFE . (2.38b)

That is, including the relativistic kinetic energy of neutrinos as a source to the gravitational

potential. Also, and again for z ≲ 100, it suffices to set ϕRFE ≈ ψRFE, instead of using

Eq. (2.38b).

2.5 Numerical results

The overall difference between the output of Boltzmann codes, and the two-fluid approx-

imation presented in Sec. 2.4.3, is described in [120]. Here we study the errors induced

specifically from neglecting special relativistic corrections, by comparing our non-relativistic

fluid equations, of Sec. 2.4.4, to the relativistic fluid equations described in Sec. 2.4.5. As

discussed in Sec. 2.3, we expect errors in the NRF associated to the overestimation in the

neutrino free-streaming scale λfs, and corresponding to an overestimation in the suppression

to the growth of structure, caused by particles moving too fast in the simulation box, as seen

in Figures 2.1-2.3.

We consider the specific example of a flat νΛCDM universe, with three neutrino compo-

nents in the degenerate case of equals masses, with total massMν . Our choice of cosmological

parameters is defined by: h = 0.67, ωd = Ωd,0h
2 = 0.1424, TCMB,0 = 2.725K, Tν,0 = 1.95K.

The neutrino masses are left as free parameters and ΩΛ,0 is determined from the constraint

equation
∑

I ΩI,0 = 1.

We will be interested in a redshift range of z ≲ 100, relevant for the study of structure

formation. In this case, both CDM and baryons can be treated as a single dust component,

and radiation may be ignored. This last assumption leads to the introduction of significant

systematic errors in the computation of observables for larger values of redshift, and on

the largest scales. In order to avoid this, along with other sources of systematic error on
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the large scales, initial conditions are often set in N-body simulations from the rescaling of

the matter power spectrum at z = 0, to the simulation initial redshift zi. This procedure

enforces recovery of the predictions of the linear theory on linear scales, and low redshift,

at the expense of predictivity at high redshift [120]. However, it has been argued that this

rescaling is not feasible in some cases [137], including the example of cosmologies with massive

neutrinos, though one is still able to choose the initial conditions in a suitable way [138].

Taking this into account, and since our goal is to compare non-relativistic with relativistic

neutrinos, and not necessarily reproduce the output of a Boltzmann code (so we don’t need

to worry about the contribution from radiation or lack thereof), we here choose the initial

conditions for the transfer functions at zi = 100 or zi = 60. Notwithstanding, we will

comment on how a rescaling procedure (or other suitable methods to generate the initial

conditions) would impact our results.

The initial conditions for dust and gravitational potential ϕ are generated in the same

way for both the RFE and NRF systems, i.e. directly from the output of CLASS, at the

initial redshift (the dust transfer functions, at the initial time, are set to be a weighted

average of CDM and baryon transfer functions). We do the same for neutrinos in the RFE,

that is

δν,RFE(zi) = δν,CLASS(zi) , (2.39a)

θν,RFE(zi) = θν,CLASS(zi) , (2.39b)

σν,RFE(zi) = σν,CLASS(zi) . (2.39c)

For neutrinos in the NRF, however, we have to be more careful. This is because the non-

relativistic fluid equations are solving for a different set of variables, e.g. the neutrino mass

density as opposed to the energy density. For adiabatic initial conditions, the large-scale

super-horizon initial conditions satisfy δν,RFE ≈ (1+wrel)δd,RFE. On the other hand, the cor-

rect evolution of the mass density on large scales would be given by δν,NRF ≈ δd,NRF. On sub-

horizon scales the neutrino perturbations are no longer adiabatic. For the examples in this

paper, however, we find that the solutions for neutrino perturbations on sub-horizon scales
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quickly lose sensitivity to the initial conditions once the neutrinos become non-relativistic

[129]. The initial conditions for the neutrino fluid then have a negligible impact on the

evolution of matter perturbations on small scales.

This allows us to choose the initial conditions for neutrinos in the NRF system as follows,

δν,NRF(zi) =
δν,CLASS(zi)

1 + wrel(zi)
, (2.40a)

θν,NRF(zi) =
θν,CLASS(zi)

1 + wrel(zi)
, (2.40b)

σν,NRF(zi) =
σν,CLASS(zi)

1 + wrel(zi)
, (2.40c)

where we apply the same procedure for θν,NRF and σν,NRF in order to correct for the fact

that their definition differs from the relativistic expression by a factor of (1 + wrel) (see the

appendix 2.8).

We are now ready to state our results. In Fig. 2.4 we compare the dust power spec-

tra in universes where SR terms for neutrinos are included or ignored, computed using the

RFE (Sec. 2.4.5) and NRF (Sec. 2.4.4), respectively. These plots deserve careful explana-

tion. Since NRF neutrinos move faster, they wash-out power on larger scales than neutrinos

evolved with the RFE, and hence we expect to see an overestimation in the suppression

to the growth of structure. In terms of our curves, this implies that they should be above

zero up to the horizon of Newtonian neutrinos, with a peak in between the Newtonian and

relativistic horizons. In fact, notice that the peaks in the curves shift only slightly towards

lower k as z → 0, following the trend expected from the neutrino particle horizon, since its

integral is dominated by early times when cg,New is most different from cg,rel. Furthermore,

the position of the peak shifts towards smaller scales as we increase the neutrino mass, as

expected. Also notice that, at the initial redshift, the differences are zero by construction,

while at later times the free-streaming scales of Newtonian and relativistic neutrinos ap-

proach one another. That explains why we see no feature on scales where both NRF and

RFE neutrino perturbations get completely washed-out, and the neutrino component has no
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Figure 2.4: Relative difference in the dust (CDM+b) power spectrum, P = |δd|2, between the

NRF and RFE, corresponding to Newtonian and relativistic neutrinos, respectively. The six

plots are obtained combining two possible values for the initial redshift, zi = 60 or zi = 100,

along with three possible choices for the total neutrino mass Mν = 0.09eV, Mν = 0.15eV

or Mν = 0.30eV, ranging from (approximately) the smallest to the largest possible value,

according to constraints from cosmology and neutrino oscillations. The shift in the neutrino

free-streaming scale induces a ≲0.5% error in the linear matter power spectrum, in all cases,

at around the neutrino horizon scale.

effect on dust.

The plots in Fig. 2.4 also show significant disagreement on large scales and for higher

values of redshift. This is because the RFE and NRF system are solving for different vari-

ables, i.e. neutrino energy density including or ignoring the kinetic energy, respectively. On

the large scales, this introduces a ∝ (1 + wrel) disagreement on the neutrino density con-

trast transfer function, as previously discussed, which impacts the evolution of dust through

gravitational coupling. This difference disappears as wrel → 0 at late times.

Another interesting feature observed in Fig. 2.4 is how the error in the matter power
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spectrum depends on the neutrino mass scale and the initial redshift of the simulation (for

our exercise, this amounts to the redshift at which we start solving the NRF). In agreement

with intuition, the error is larger for earlier starting redshifts zi, since the temperature is

larger in comparison to the mass at the initial redshift, and hence the NR approximation

becomes worse. On the other hand, for zi = 100, varying the mass seems to leave the size of

the peak (approximately) unaltered. We attribute this to two competing effects: for smaller

masses the NR approximation is worse, but the overall effects of neutrinos on the power

spectrum are also smaller. These two effects don’t always cancel each other out, as one can

see from the plots with the initial redshift of zi = 60.

The errors in the linear power spectrum illustrated in Fig. 2.4 are ≲ 0.5% for the masses

and initial redshifts values we consider, and are associated to an overestimation in the neu-

trino horizon. The effects of neutrino masses in cosmology are traditionally illustrated in the

ratio of matter power spectra between cosmologies with and without neutrino masses. For

scales above the neutrino horizon, k < kh, it assumes the value 1, while on small scales for

which k ≫ kh, below the free-streaming scale, it can be approximated as follows,

Pd(Mν)

Pd(Mν = 0)
≈ 1− 6fν , k ≫ kh (2.41)

where Ωm = Ωd+Ων is kept fixed, and fν = Ων/Ωm. This is the neutrino-induced suppression

to the growth of structure, and it is actually enhanced by non-linear effects [65]. Notice that

massless neutrinos behave like photons, with their contribution to the energy budget of the

universe becoming negligible at late times. In this case it suffices to simply concentrate all of

the matter in the dust component, i.e. to set Ωm = Ωd in the model with massless neutrinos.

The ratio of power spectra between cosmologies with and without neutrino masses at

z = 0, and simulation initial redshift of zi = 100, is plotted in Fig. 2.5 for the neutrino mass

scales of Mν = 0.09eV and Mν = 0.15eV. The model with massive neutrinos is computed

with both the RFE and NRF systems, while the model with massless neutrinos is computed

using only the RFE. As can be seen in Fig. 2.5, the neutrino horizon is overestimated when

using non-relativistic equations of motion, in agreement with Fig. 2.4. For the smallest
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neutrino mass we consider, Mν = 0.09eV, this causes an up to ∼ 10% correction to the

shape of the neutrino-induced suppression to the cold dark matter power spectrum. For

heavier masses the correction to the shape is smaller. We see no shift in the location of

the transition to the constant suppression of the linear power spectrum at high k. This is

because this feature is set by the free-streaming scale, and its overestimation disappears in

the limit z → 0.

Mν=0.09eV
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Figure 2.5: Ratio of matter (cdm+b) power spectra between models with massive and mass-

less neutrinos, at z = 0, for the neutrino mass scales of Mν = 0.09eV and Mν = 0.15eV. The

solid lines corresponds to massive neutrinos evolved with the RFE, while dashed lines are

computed with the NRF. This also illustrates the overestimation in the neutrino sound hori-

zon, while emphasizing that the neutrino-induced suppression to the growth of structure, in

the small scales, is correctly reproduced. The overestimation in the neutrino horizon causes,

however, an up to ∼ 10% correction to the shape of the neutrino-induced suppression of the

cold dark matter power spectrum, with the largest errors occurring for the lowest values of

Mν .
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Finally, a direct comparison of the NRF and RFE with CLASS is illuminating, for it shows

the impact of other sources of systematic error in N-body simulations, that are neglected in

our analysis. This is presented in Fig. 2.6, for a neutrino mass scale of Mν = 0.15eV and

simulation initial redshift zi = 100.

For k1 = 3× 10−4Mpc−1 < kh, the difference between the RFE and CLASS is dominated

by the contribution from radiation (with a subleading effect coming from the fact that

ϕ ̸= ψ), while the additional difference between the RFE and NRF is associated to having

different definitions of neutrino energy densities, i.e. including or not the kinetic energy. For

k2 = 3×10−3Mpc−1 ≈ kh, the difference between the RFE and CLASS is again dominated by

the contribution from radiation, while the difference between the RFE and NRF is now due

to the differences in definitions of fluid properties, as before (this dominates at z ≫ 1), but

also from the overestimation of the neutrino horizon (this dominates at z → 0). This explains

the intersection of NRF and RFE curves as the transition between these two regimes. For

k3 = 3× 10−2Mpc−1 > kh, both the NRF and RFE reproduce CLASS exactly, in agreement

with our previous results. The differences between the NRF and RFE with CLASS, found to

be significant for k ≲ kh (at linear scales), can be alleviated for all redshifts when interpreting

the output of the simulations in a suitable gauge [125]. An alternative procedure would be to

rescale the power spectrum from z = 0 to the simulation initial redshift zi [120], to generate

initial conditions for the simulations. This alleviates the errors at z → 0, but increase the

errors at high redshift z ≫ 1.

2.6 Implications for N-body simulations with massive neutrinos

The systematic errors associated to the overestimation of the free-streaming scale, at higher

redshifts, are only present at around the scale of neutrino horizon as z → 0, safely within

the regime of applicability of the linear theory, as can be seen in Figs. 2.4 and 2.5. This

is in agreement with the results of [124], where the authors add the effects of neutrinos in

linear theory through a post-processing after running the simulations. There is, however, a

procedure that enforces that the outputs of N-body simulations will match the linear theory
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Figure 2.6: Relative difference between dust (cdm+b) power spectra, computed with the

RFE (solid lines) or NRF (dashed lines), and CLASS. We consider three fixed values of k:

k1 = 3 × 10−4Mpc−1 < kh (blue), above the neutrino horizon, k2 = 3 × 10−3Mpc−1 ≈ kh

(cyan), and k3 = 3 × 10−2Mpc−1 > kh (black). The neutrino mass scale is fixed at Mν =

0.15eV, the simulation initial redshift at zi = 100, and the relative differences are plotted as

functions of redshift. For k > kh, both the RFE and NRF exactly reproduce CLASS, while

for k ≲ kh, the difference between RFE and CLASS is dominated by the contribution from

radiation, which we have neglected.

results on linear scales (with non-linear corrections on top), i.e. the rescaling of the power

spectrum, from z = 0 to zi, to generate initial conditions for the simulations [120, 138]

(see the discussion in Sec. 2.5). Note that this procedure can only force agreement with

linear theory at single redshift, typically chosen to be z = 0. An alternative scenario is to

interpret the outputs of the simulation in a suitable gauge, which allows N-body simulations

to approximate the dynamics of both dust and neutrinos to high accuracy [125].

There is still the question of to what extent the non-linear corrections, generated by

N-body simulations, are accurate. This is because the changes to the neutrino velocity
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distribution, shown in Figs. 2.1 and 2.2, can also potentially cause errors in nonlinear

clustering of neutrinos. However, since the relativistic and Newtonian velocity distributions

match in the low-velocity end, we expect these errors to be negligible. While this is hard to

compute analytically, one can get a simple estimate of the neutrinos that end up nonlinearly

clustered (i.e. bound) in dark matter halos as follows. Consider a halo of mass M . Only

neutrinos with v < vesc, where vesc is the escape velocity of the halo, will end up bound. It

then follows that out of all the neutrinos that encounter the halo, only a fraction

fbound(vesc) ∝
∫ pesc

0

dp p2f0(p) (2.42)

will end up bound to the halo (see, e.g. [139]). For a halo of mass M (comprised of

dust), the total neutrino mass in the vicinity of the halo is Mν = (4/3)πR3
Lρν,New, where

RL = (M/(4/3πρd))
1/3 is the Lagrangian radius of the halo. An estimate of the neutrino

mass bound to a halo of mass M is then

Mν,bound = fbound(vesc)
4

3
πR3

Lρν,New (2.43)

= fbound(vesc)
ρν,New

ρd
M (2.44)

The escape velocity can be estimated by v2esc ∼ GM/RL ∼ M/M2
plRL. The ratio of

relativistic and Newtonian neutrino masses bound to a halo then reads

Mrel−ν,bound

MNew−ν,bound

=
frel,bound(vesc)

fNew,bound(vesc)
(2.45)

where pesc = γescmνvesc or pesc = mνvesc in Eq. (2.42) for relativistic and Newtonian neutrinos,

respectively. The relative difference in Eq. (2.45) is plotted as a function of the escape

velocity in Fig. 2.7, for redshifts of z = 0 and z = 5, and a neutrino mass of mν = 0.05eV.

As expected, the error in non-linear clustering of neutrinos is negligible. Therefore, particle-

based N-body simulations accurately model the physics of non-linear structure formation in

the presence of massive neutrinos, while the overestimation in the neutrino horizon, along

with other soucers of systematic error on linear scales, can be alleviated by either using

the rescaling procedure to generate initial conditions for the simulations, or interpreting
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the outcome of the simulations in a suitable gauge. For smaller neutrino masses, the sound

horizon is pushed to even larger scales where the linear theory produces more accurate results,

while for larger masses the non-relativistic approximation becomes better, and the error in

the power spectrum smaller. Hence, our results hold for any simulation initial redshift of

zi ≲ 100, and degenerate neutrino masses in the allowed range from neutrino oscillation

experiments and constraints from cosmology. For the lightest neutrino mass states with

nonzero mass (mν ≈ 0.01 eV for the minimal mass normal ordering), the errors due to

neglecting SR effects on the neutrino evolution are more severe, but these light neutrinos

would also comprise a smaller fraction of the neutrino energy density and so the overall errors

on the perturbations of dust should be smaller.
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Figure 2.7: Relative difference between relativistic and Newtonian neutrino masses bound

to a dark matter halo, as follows from the relativistic or Newtonian velocity distribution

functions, for mν = 0.05eV. Particle-based Newtonian N-body simulations accurately model

non-linear clustering effects of neutrinos.
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2.7 Conclusions

We have argued that particles with large thermal velocities, such as neutrinos, evolving with

the Newtonian equation of motion travel faster and further than they would if evolved with

the correct, relativistic equation of motion. This causes an overestimation in the neutrino

free-streaming scale, and could potentially introduce errors in both linear and nonlinear

clustering of neutrinos, in particle-based N-body simulations of structure formation. This is

a special relativistic effect of neutrinos, that is neglected in N-body simulations, and has not

been systematically studied.

In order to determine the impact of this on the evolution of matter perturbations, we

developed the exact linear-theory evolution of inhomogeneities in the distribution of both

Newtonian and non-relativistic neutrinos, where the non-relativistic equation of motion adds

large scale general relativistic corrections to the Newtonian equation of motion. We apply

our findings to derive the usual two-fluid approximation, that is used to generate initial

conditions for N-body simulations by rescaling of the matter power spectrum from z = 0 to

the initial simulation redshift zi [120], along with a fluid approximation for non-relativistic

neutrinos that is analogous to its fully-relativistic counterpart used in the code CLASS [127].

It was found that the overestimation in the neutrino free-streaming scale has a sub-

percent impact on the linear matter (i.e. CDM +baryon) power spectrum, for neutrino

mass scales in the allowed range from neutrino oscillation experiments and constraints from

cosmology, and for an initial simulation redshift of zi ≲ 100. This error is at around the scale

of neutrino horizon, safely within the regime of applicability of the linear theory. On the

other hand, the free-streaming scale approaches the non-linear regime for higher masses and

smaller redshifts, in which case the non-relativistic dynamics becomes a good approximation,

and the shift in the free-streaming scale disappears in the limit z → 0. As a consequence,

N-body simulations accurately model non-linear clustering of neutrinos. Approaches to limit

errors on the linear scales are to rescale the power spectrum from z = 0 to the simulation

initial redshift zi [120, 138], to generate initial conditions for the simulations that give the
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correct z = 0 power spectrum, while having some errors at z ≫ 1. Alternatively, one may

also interpret the output of the simulations in a suitable gauge that allows the simulations

to approximate the evolution of both neutrinos and CDM [125].

Particle-based implementations of neutrinos in N-body simulations are then powerful

tools to accurately model the non-linear formation of structure in our universe. Including

neutrinos as N-body particles has the advantage of accounting for neutrino non-linear clus-

tering effects, with the shortcoming of having to deal with the well-known problem of shot

noise, due to large thermal velocities (however, there are ways around it, e.g. [112, 125]).

The other possibility, to include neutrinos as a linear component, completely misses effects

of non-linear clustering of neutrinos [122]. However, such effects might be negligible for the

small neutrino masses constrained by cosmology, though it has been argued that the slow tail

in the distribution of neutrinos cluster strongly enough to warrant a non-linear treatment

[140].

2.8 Appendix: Anisotropies of Newtonian and non-relativistic NCDM com-
ponents

We are interested in scalar perturbations of FRW, working in the Newtonian gauge. The

metric reads

ds2 = a2(τ)[−(1 + 2ψ)dτ 2 + (1− 2ϕ)dx⃗2] (2.46)

= −(1 + 2ψ)dt2 + a2(t)(1− 2ϕ)dx⃗2 (2.47)

The geodesic equation gives the equation of motion for a point particle as,

1

γ

d

dt
(γv⃗) +

(
H − ϕ̇

)
v⃗ +

1

a
∇ψ +

1

a
v⃗ × (∇ϕ× v⃗) = 0 (2.48)

where the peculiar velocity is given by

v⃗ = a(1− ϕ− ψ)dx⃗
dt

(2.49)

and 1/γ2 = 1− v2. In the Non-relativistic (NR) limit ((v/c)2 ≪ 1), this reduces to

dv⃗

dt
+
(
H − ϕ̇

)
v⃗ +

1

a
∇ψ = 0 . (2.50)
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Let us contrast Eq. (2.50) with Newton’s second law, in the presence of a peculiar gravi-

tational field ψ. It reads, in terms of comoving coordinates x⃗(t),

dv⃗

dt
+Hv⃗ = −1

a
∇⃗ψ . (2.51)

where proper (physical) coordinates are given by r⃗(t) = a(t)x⃗(t), and here we define the

peculiar velocity

v⃗ = a
dx⃗

dt
(2.52)

This is the equation of motion used in particle-based N-body simulations. It can be ob-

tained from Eq. (2.50), after dropping the GR term ϕ̇, along with the factor of (1− ϕ− ψ)

in Eq. (2.49), that accounts for inhomogeneities in both position and time intervals. It con-

tributes to Eq. (2.50) with further derivatives of the potential and order (v/c)2 terms. From

this we conclude that Eq. (2.50) and Eq. (2.51) agree on small scales inside the horizon, in

the NR limit we are considering.

We will first consider the linear-theory evolution of a Newtonian NCDM component,

according to Eq. (2.51) and Eq. (2.52). The equation of motion can be derived from the

action

SNew =

∫
dtLNew

= m

∫
dt

[
1

2
a2
(
dx⃗

dt

)2

− ψ

]
(2.53)

The canonical momentum associated to this is

Π⃗New =
∂LNew

∂ ˙⃗x
= ma2

dx⃗

dt
= mav⃗ = q⃗ (2.54)

where q⃗ = ap⃗, p⃗ is the proper momentum, and spatial indices are raised and lowered with

the kronecker delta. We may now find the Hamiltonian associated to Eq. (2.53), and from

it Hamilton’s equation of motion. It yields

dq⃗

dτ
= −ma∇⃗ψ . (2.55)
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The dynamics of the distribution function follows from the collisionless Boltzmann equa-

tion
df

dτ
=
∂f

∂τ
+
dxi

dτ

∂f

∂xi
+
dqi

dτ

∂f

∂qi
= 0 (2.56)

Splitting the distribution function as f = f0(q)(1 + Ψ(τ, x⃗, q⃗)), working to leading order

on perturbations (e.g. Ψ, ϕ, ψ), and moving to momentum space (∂i → iki)

Ψ′ + i
qk

ma
(n̂ · k̂)Ψ = i

mak

q
(n̂ · k̂)ψd ln f0

d ln q
, (2.57)

where n̂ = q⃗/q and ′ denotes partial derivative with respect to conformal time. Next we

make the usual assumption of axial symmetry of Ψ around k̂, at the initial redshift. This

allows one to write the usual multipole expansion

Ψ(τ, k⃗, q, n̂) =
∞∑
l=0

(−i)l(2l + 1)Ψl(τ, k, q)Pl(n̂ · k̂) (2.58)

where Pℓ are the Legendre polynomials. Substitution of Eq. (2.58) into Eq. (2.57) yields a

hierarchy of evolution equations for the multipoles

Ψ′
0 +

qk

ma
Ψ1 = 0 (2.59a)

Ψ′
1 −

qk

3ma
(Ψ0 − 2Ψ2) = −

mak

3q
ψ
d ln f0
d ln q

(2.59b)

Ψ′
l −

qk

(2l + 1)ma
[lΨl−1 − (l + 1)Ψl+1] = 0 (2.59c)

In principle, this is all one needs to study the evolution of linear perturbations of a Newto-

nian NCDM component. It is, however, convenient to rephrase this as a set of fluid equations

for some suitably defined fluid properties. The starting point for this is the expression for

the mass density

ρ(1 + δ) = a−3

∫
dΩ

∫ ∞

0

dΠNewΠ
2
Newf0(1 + Ψ)m

= ma−3

∫
dΩ

∫ ∞

0

dqq2f0(q)(1 + Ψ) (2.60)

This definition of Newtonian energy density is motivated by how it is computed in N-body

simulations, i.e. where only the rest mass of particles, as opposed to the total energy E = γm,
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contributes as a source to the gravitational potential. The factor of (1 + 3ϕ), to account for

inhomogeneities in the local spatial volume, is also neglected. One can think of choosing a

differente gauge, where there are no inhomogeneities in the local spatial volume, e.g. the

N-body gauge [35]. This is a GR correction that will be included in the non-relativistic case.

Substitution of Eq. (2.58) into Eq. (2.60) gives, also defining other relevant fluid prop-

erties

δρ = ρδ = 4πma−3

∫ ∞

0

dq q2f0(q) Ψ0 (2.61a)

δP =
4π

3
ma−3

∫ ∞

0

dq q2f0(q)
( q

ma

)2
Ψ0 (2.61b)

ρθ = 4πka−4

∫ ∞

0

dq q2f0(q) q Ψ1 (2.61c)

ρσ =
8π

3
ma−3

∫ ∞

0

dq q2f0(q)
( q

ma

)2
Ψ2 (2.61d)

To derive fluid equations, take derivatives of Eq. (2.61) with respect to conformal time,

and use Eq. (2.59) to arrive at

δ′ = −θ (2.62a)

θ′ = −Hθ + δP

δρ
k2δ − k2σ + k2ψ (2.62b)

σ′ = −2Hσ +
4

15
Θ− kF3 , (2.62c)

where H = a′/a and the additional variables Θ, F3 are given by,

ρF3 =
8π

5
ma−3

∫ ∞

0

q2f0(q)dq
( q

ma

)3
Ψ3 (2.63a)

ρΘ = 4πka−4

∫ ∞

0

q2f0(q)dqq
( q

ma

)2
Ψ1 (2.63b)

In order to close the system of Eqs. (2.62), we first write the approximation

Ψ3 ≈
5ma

qkτ
Ψ2 −Ψ1 (2.64)

This is a straightforward generalization, suitable to the Newtonian evolution (i.e. let

ϵ =
√
q2 + a2m2 → am), of the truncation scheme found in [19]. This implies

kF3 ≈
3

τ
σ − 2

5
Θ (2.65)
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Finally, the approximation for the higher velocity weight fluid properties follows [127].

This amounts to

c2eff =
δP

δρ
≈ c2g =

P ′

ρ′
=

5

3
w =

25

3

ζ(5)

ζ(3)

(T0
m

)2
(1 + z)2 (2.66a)

Θ ≈ 12
w

1 + w
c2gθ (2.66b)

For the sound speed and equation of state, we have used the Newtonian expressions for the

background pressure and energy density in Eqs. (2.10) and (2.11), along with Eq. (2.5).

Substitution of Eq. (2.66) into Eq. (2.62) yields

δ′ = −θ (2.67a)

θ′ = −Hθ + c2gk
2δ − k2σ + k2ψ (2.67b)

σ′ = −
(
2H +

3

τ

)
σ + 8

w

1 + w
c2gθ (2.67c)

As one can see from Eq. (2.67), this is missing GR corrections, as expected of a Newtonian

limit. In this work we concentrate on an SR effect, the shift in the neutrino free-streaming

scale, and its impact on the matter power spectrum. Hence, we would like to include GR cor-

rections in our fluid equations. We do so in a self-consistent way by considering the dynamics

of a non-relativistic NCDM component, i.e. as follows from Eq. (2.50) and Eq. (2.49).

The equation of motion is obtained from the action

SNR =

∫
dtLNR

= m

∫
dt

[
1

2
a2 (1− 2ϕ− ψ)

(
dx⃗

dt

)2

− ψ

]
(2.68)

in the NR limit. This action follows from −m
∫ √
−ds2, after expanding to leading order in

metric perturbations and taking the NR limit. The canonical momentum associated to this

is

Π⃗NR =
∂LNR

∂ ˙⃗x
= ma2 (1− 2ϕ− ψ) dx⃗

dt
= (1− ϕ)q⃗ (2.69)

The analog of Eq. (2.55) is now, again in the NR limit

dq⃗

dτ
= −ma∇⃗ψ + ϕ′q⃗ (2.70)
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The rest of the procedure to derive fluid equations follows closely what is done in the

Newtonian case. The only difference is that we now include the factor of (1+3ϕ) to account

for inhomogeneities in the local spatial volume, in the definition of the mass density. That

is,

ρ(1 + δ) = (1 + 3ϕ)a−3

∫
dΩ

∫ ∞

0

dΠNRΠ
2
NRf0(1 + Ψ)m

= ma−3

∫
dΩ

∫ ∞

0

dqq2f0(q)(1 + Ψ) (2.71)

Note that this is formally identical to Eq. (2.60). The only difference in the fluid equations

will then come from the additional GR term in the right hand side of Eq. (2.70), contributing

to the evolution equation of the zeroth multipole of the distribution function, and thus we

will arrive at

δ′ = −θ + 3ϕ′ (2.72a)

θ′ = −Hθ + c2gk
2δ − k2σ + k2ψ (2.72b)

σ′ = −
(
2H +

3

τ

)
σ + 8

w

1 + w
c2gθ . (2.72c)
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Chapter 3

GENERALIZED BOLTZMANN HIERARCHY FOR MASSIVE
NEUTRINOS IN COSMOLOGY

3.1 Abstract

Boltzmann solvers are an important tool for the computation of cosmological observables in

the linear regime. In the presence of massive neutrinos, they involve solving the Boltzmann

equation followed by an integration in momentum space to arrive at the desired fluid prop-

erties, a procedure which is known to be computationally slow. In this work we introduce

the so-called generalized Boltzmann hierarchy (GBH) for massive neutrinos in cosmology,

an alternative to the usual Boltzmann hierarchy, where the momentum dependence is in-

tegrated out leaving us with a two-parameter infinite set of ordinary differential equations.

Along with the usual expansion in multipoles, there is now also an expansion in higher

velocity weight integrals of the distribution function. Using a toy code, we show that the

GBH produces the density contrast neutrino transfer function to a ≲ 0.5% accuracy at both

large and intermediate scales compared to the neutrino free-streaming scale, thus providing

a proof-of-principle for the GBH. We comment on the implementation of the GBH in a state

of the art Boltzmann solver.

3.2 Introduction

Neutrino oscillation experiments have established that neutrinos are massive particles (at

least two eigenstates), with a lower bound, in the sum of all neutrino masses, of
∑
mν ≥

0.06eV, 0.1eV for normal and inverted hierarchies, respectively [84, 85]. The large-scale

structure of our Universe gives a sensitive probe of neutrino masses [64, 130]. This allows

us to use cosmological data to constrain the sum of neutrino mass eigenstates:
∑
mν ≲
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(0.1−0.3)eV, e.g. [11, 88], depending on the choice of used datasets. Current and future large-

scale structure surveys [90–96] will be used to determine the mass scale of neutrinos [97, 98],

but also to constraint beyond-ΛCDM scenarios [100, 101]. It is then of paramount importance

that cosmological observables, such as the matter power spectrum, can be computed to a

subpercent level accuracy, in both linear and nonlinear scales.

The study of structure formation in the nonlinear regime relies on N-body simulations

[118, 141]. On the other hand, the linear theory is much simpler, and there are publicly

available codes, such as the code for anisotropies in the microwave background (CAMB)

[142] and the cosmic linear anisotropy solving system (CLASS) [127], that can be used to

compute the observables. The implementation of neutrinos in the linear theory is somewhat

cumbersome, since it involves solving a Boltzmann hierarchy of equations in momentum

space. The reason for this can be traced back to the usual statement that the momentum

dependence in the distribution function cannot be integrated out [19]. For this reason, fluid

approximations have been developed in the past, and incorporated as an optional tool in the

Boltzmann solvers [127, 143, 144].

In this work we show that the momentum dependence in the distribution function can, in

fact, be exactly integrated out, at the expense of introducing a new countable parameter n,

along with the parameter l associated with the multipole expansion, to the infinite system of

ordinary differential equations that need to be solved to determine the dynamics, in Fourier

space ([144, 145] being examples of this in the literature). This leads us to a novel two-

parameter infinite set of equations that determine the evolution of noncold dark matter

(or ncdm, borrowing notation from CLASS [127]) perturbations in a flat universe: The

generalized Boltzmann hierarchy (GBH). Along with the usual multipole expansion, there is

now also an expansion in higher velocity weight integrals of the distribution function 1. The

GBH is simpler than the usual approach, as implemented in Boltzmann solvers, in the sense

1An expansion in higher velocity weights is used in CAMB to approximate the evolution of the pertur-
bations in massive neutrinos once already in the non-relativistic regime [144], while in our approach we
obtain the exact evolution, starting from initial conditions while still in the relativistic regime.
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that it does not require the numerical computation of momentum integrals, after solving the

dynamical equations.

The paper is organized as follows: In Sec. 3.3, we introduce the generalized Boltzmann

hierarchy for ncdm perturbations, and compare it to the usual approach of evolving the

distribution function in phase space. In Sec. 3.4, we implement the equations numerically

for a single massive neutrino component, with varying mass m and scale k, obtaining ≲ 0.5%

agreement with the Boltzmann solver CLASS in high precision settings, for all redshift. We

also discuss the dependence of our framework on the neutrino mass m and scale k, and show

that when switching to a fluid approximation on the small scales, i.e. once a given mode

becomes smaller than the free-streaming scale (hereafter named GBH+FA), we can produce

the neutrino transfer function, at z = 0, with the same accuracy as CLASS in its default

precision settings (or CLASS-DPS), over all scales. We also found that CAMB, when also

in its default precision settings (CAMB-DPS), yields more accurate results than both the

GBH+FA and CLASS-DPS on the small scales. In Sec. 3.5, we conclude and comment on

the implementation of the GBH in Boltzmann solvers, along with its current limitations. In

Appendix 3.6, we give a detailed account of the truncation scheme for the GBH. Finally,

in Appendix 3.7 we investigate the GBH in the simple case of lmax = 2 and nmax = 0, i.e.

a viscous fluid approximation (FA). We compare the truncation scheme developed for the

GBH with the one employed in CLASS.

3.3 Generalized Boltzmann Hierarchy

We start by introducing the additional expansion in higher velocity weight integrals of the dis-

tribution function, followed by a derivation of their associated dynamical equations. We will

be considering scalar (linear) perturbations to a flat Friedmann-Robertson-Walker (FRW)

universe, in the Newtonian gauge

ds2 = a(τ)2[−(1 + 2ψ)dτ 2 + (1− 2ϕ)dx⃗2] (3.1)
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Conventions and notation follow [19]. Let us first define suitable generalized fluid properties,

at the level of background

Pn = ρωn
def
=

4π

3
a−4

∫ ∞

0

dqq2f0(q)ϵ
(q
ϵ

)2n
∀n ≥ 0 (3.2)

where f0(q) = (2/(2π)3)(1 + e
q
T0 )−1 is the Fermi-Dirac distribution written in terms of co-

moving momentum q⃗ = ap⃗, with p⃗ the proper momentum and T0 ≈ 1.95K the temperature

of relic neutrinos today. Also ϵ =
√
q2 + a2m2 = aE, with m the neutrino mass and E the

proper energy. Then P0 = (1/3)ρ is a third of the background energy density, P1 = P is the

pressure, P2 ≡ P , and in general Pn+2 ≡ P(n), n ≥ 0 are higher velocity weight pressures.

Similarly, ω0 = 1/3, ω1 = ω is the equation of state parameter, and ωn+2, n ≥ 0 are higher

velocity weight equation of state parameters.

Taking the derivative of Eq. (3.2) with respect to conformal time gives the following

hierarchy of equations

ω′
n =− (2n+ 3)Hωn + (2n− 1)Hωn+1 −

ρ′

ρ
ωn ∀n ≥ 0 (3.3)

where H = a′/a, and ′ denotes derivative with respect to conformal time. Notice that

q/ϵ = v ∼ T0/ma is the physical velocity of an individual neutrino particle, such that the

additional factors of (q/ϵ)2 in the integrals in Eq. (3.2) effectively shift the peak of the

distribution function to higher particle velocities. In the relativistic regime, all particles

travel at the speed of light, and one only needs to consider the n = 0 equation. The same

holds in the nonrelativistic regime, where O(v2) corrections become negligible. During the

transition, however, the higher velocity weight fluid properties need to be taken into account,

in order to probe the whole spectrum of neutrino particle velocities.

Setting n = 0 in Eq. (3.3) yields the familiar equation ρ′ + 3H(ρ + P ) = 0. At this

level, it is easier to simply determine the evolution of the distribution function, and then

integrate Eq. (3.2) directly, than to approach the infinite set of Eqs. (3.3). This is because

the background distribution function admits a simple, analytic solution (e.g. the Fermi-Dirac

distribution). However, this is no longer true when inhomogeneities are introduced.
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In this case we have, along with the expansion in higher velocity weight integrals of the

distribution function, parametrized by n, the usual expansion in multipoles, parametrized

by l. To obtain it, split the distribution function as f = f0(q)(1 + Ψ), and expand Ψ in a

Legendre series

Ψ(k⃗, n̂, q, τ) =
∞∑
l=0

(−i)l(2l + 1)Ψl(k, q, τ)Pl(k̂ · n̂) (3.4)

where we are working in Fourier space (set ∇⃗ → i⃗k), and define n̂ = q⃗/q.

In terms of the multipole expansion in Eq. (3.4), the fluid properties directly sourcing

the gravitational field, i.e. in the energy momentum tensor, are [19]

δρ = ρδ = 4πa−4

∫ ∞

0

dqq2f0(q)ϵΨ0 (3.5a)

δP =
4π

3
a−4

∫ ∞

0

dqq2f0(q)ϵ
(q
ϵ

)2
Ψ0 (3.5b)

(ρ+ P )θ = 4πka−4

∫ ∞

0

dqq2f0(q)qΨ1 (3.5c)

(ρ+ P )σ =
8π

3
a−4

∫ ∞

0

dqq2f0(q)ϵ
(q
ϵ

)2
Ψ2 (3.5d)

We now wish to generalize this to higher multipoles, and also include higher velocity

weight integrals of the distribution function, in analogy to Eq. (3.2), to make sure that

the whole spectrum of particle velocities is being probed during the transition from the

relativistic to nonrelativistic regimes. The following is then a natural choice of dynamical

variables:

δPn = ρδn
def
=

4π

3
a−4

∫ ∞

0

dqq2f0(q)ϵ
(q
ϵ

)2n
Ψ0 (3.6a)

(ρ+ P )θn
def
= 4πka−4

∫ ∞

0

dqq2f0(q)ϵ
(q
ϵ

)2n+1

Ψ1 (3.6b)

(ρ+ P )fl,n
def
= 4π

l!

(2l − 1)!!
a−4

∫ ∞

0

dqq2f0(q)ϵ
(q
ϵ

)2n+l

Ψl ∀ l ≥ 1 (3.6c)

and n ≥ 0 everywhere. Notice that δ0 = 1
3
δ is a third of the density contrast, ρδ1 = δP is

the perturbation to the pressure, ρδ2 ≡ δP , and ρδn+2 ≡ δP(n), n ≥ 0 are the perturbations

to the higher velocity weight pressures. Also θ0 = θ is the divergence of the velocity, θ1 ≡ Θ
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and θn+1 ≡ Θ(n), n ≥ 0 are its higher velocity weight counterparts. We also define f2,n ≡ σn,

the anisotropic shear stress, with a similar notation for its higher velocity weight integrals

(i.e. Σ(n)), and set θn ≡ kf1,n, when it is convenient to do so. In order to derive a set of

equations for the variables in Eq. (3.6), we need the time evolution of the multipoles. It

follows from the substitution of Eq. (3.4) into the Boltzmann equation, and reads [19]

Ψ′
0 = −

qk

ϵ
Ψ1 − ϕ′d ln f0

d ln q
(3.7a)

Ψ′
1 =

qk

3ϵ
(Ψ0 − 2Ψ2)−

ϵk

3q
ψ
d ln f0
d ln q

(3.7b)

Ψ′
l =

qk

(2l + 1)ϵ
[lΨl−1 − (l + 1)Ψl+1] ∀ l ≥ 2 (3.7c)

Now take the derivative of each expression in Eq. (3.6) with respect to conformal time, and

use Eqs. (3.2), (3.3), (3.6) and (3.7) to arrive at

δ′n = −(2n− 3w)Hδn + (2n− 1)Hδn+1 −
1

3
(1 + w)θn + [(2n+ 3)ωn − (2n− 1)ωn+1]ϕ

′ (3.8a)

θ′n = −
[
(2n+ 1− 3w)H+

w′

1 + w

]
θn + 2nHθn+1 +

1

1 + w
k2δn+1 − k2σn (3.8b)

+
1

1 + w
[(2n+ 3)ωn − (2n− 1)ωn+1]k

2ψ

f ′l,n = −
[
(2n+ l − 3w)H+

w′

1 + w

]
fl,n + (2n+ l − 1)Hfl,n+1 +

l2

4l2 − 1
kfl−1,n+1 (3.8c)

− kfl+1,n ∀l ≥ 2

with n ≥ 0. This is the generalized Boltzmann hierarchy (GBH) for a ncdm component.

Setting n = 0 in Eq. (3.8), one recovers the usual ncdm fluid equations (and up to l = 2,

including only dynamical equations for the fluid properties that directly source the gravita-

tional field)

δ′ = −(1 + w)(θ − 3ϕ′)− 3H
(δP
δρ
− w

)
δ (3.9a)

θ′ = −
[
(1− 3w)H +

w′

1 + w

]
θ +

δP/δρ

1 + w
k2δ − k2σ + k2ψ (3.9b)

σ′ = −
[
(2− 3w)H +

w′

1 + w

]
σ +HΣ +

4

15
Θ− kf3 (3.9c)
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As is well known, Eq. (3.9) involves variables, i.e. δP/δρ, Σ, Θ and kf3, that need to be

somehow approximated, in terms of the dynamical variables in the system, in order to close

the equations. On the other hand, the two-parameter hierarchy of Eqs. (3.8) is closed as it is,

and we have achieved our goal: To get rid of the momentum integrals altogether. Of course,

any practical implementation of the GBH requires a good truncation scheme: A choice of

a given number of multipoles, lmax + 1, and higher velocity weight variables, nmax + 1, to

dynamically evolve, together with a recipe for approximating higher order quantities. The

resulting system of equations is of dimension (lmax + 1) × (nmax + 1). We discuss this at

length in Appendix 3.6. Here we will just spell out the recipe. The truncation in multipoles

is done with the approximation

flmax+1,n ≈ (lmax + 1)
( 1

kτ
flmax,n −

lmax

4l2max − 1
flmax−1,n+1

)
(3.10)

while the truncation in higher velocity weight integrals is handled with

δnmax+1

δnmax

≈ 2nmax + 5

2nmax + 3

ωnmax+1

ωnmax

1− 2nmax+1
2nmax+5

ωnmax+2

ωnmax+1

1− 2nmax−1
2nmax+3

ωnmax+1

ωnmax

(3.11a)

fl,nmax+1

fl,nmax

≈ 2(nmax + l) + 3

2(nmax + l) + 1

ωnmax+l

ωnmax+l−1

1− 2(nmax+l)−1
2(nmax+l)+3

ωnmax+l+1

ωnmax+l

1− 2(nmax+l)−3
2(nmax+l)+1

ωnmax+l

ωnmax+l−1

∀ l ≥ 1 (3.11b)

Furthermore, as explained in Appendix 3.6, both the l and n expansions are controlled by

the parameter x = kT, with T the neutrino horizon (average comoving distance traveled by

neutrino particles through cosmic history, see Eq. (3.19) and comments below Eq. (3.25),

along with the plot in Fig. 3.1). Specifically, if one wishes to follow the neutrino transfer

function up to a time x, we found that

lmax ≈
x

2
(3.12a)

nmax ≈
x1.6

5
(3.12b)

are approximately sufficient for convergence, up to x = 30. These are plotted in Fig. 3.2.

This concludes our discussion on the truncation scheme.
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Figure 3.1: Evolution of the neutrino horizon, i.e. T for q/T0 = 3, and m = 0.1eV. It

grows like the conformal time τ up to the time of transition, when it effectively freezes

as it approaches the nonrelativistic regime. The significant difference between T and τ in

the nonrelativistic regime explains why one needs a much higher lmax for radiation than for

massive neutrinos [19].

Now we move on to setting the initial conditions for the GBH, starting at early times when

all the individual neutrinos still move at the speed of light. Notice that in the relativistic

regime q
ϵ
→ 1 and all higher velocity weight integrals approach one another: We recover

the usual hierarchy of equations for radiation. One can then set the (say adiabatic) initial

conditions for the n = 0 fluid properties as usual [19]

δ = −2ψ (3.13a)

θ =
1

2
(k2τ)ψ (3.13b)

σ =
1

15
(kτ)2ψ (3.13c)

fl,0 = 0 ∀l > 2. (3.13d)
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Figure 3.2: Choices of lmax and nmax as a function of x, as given by Eq. (3.12), to approxi-

mately ensure convergence, up to x = 30. Note that nmax grows faster than linearly with x.

Along with fl,n = fl,0 ∀n > 0 to set the initial condition for the remaining higher velocity

weight fluid properties.

In the nonrelativistic regime, these variables get suppressed by powers of (q/ϵ)2 = v2 ∼

(T0/ma)
2, and similarly n = 0 should suffice for most applications. During the transition,

however, higher order contributions become important, and must be included for an accurate

computation of the ncdm transfer functions.

In the standard approach for including massive neutrinos in the computation of cosmo-

logical observables in linear theory, Eq. (3.7) are solved for a given number Nq of momentum

bins, and up to some lmax, i.e. a system of dimensionality Nq × (lmax + 1). The solution

is then used to perform the q integrals in Eq. (3.5) for the neutrino fluid properties, which

in turn are coupled to the perturbations to the other components in the universe via the

Einstein equations. This is known to be a computationally slow procedure [19, 144]. Orig-
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inally, these q integrals were evaluated with a fixed grid of many equally spaced samples.

A significant acceleration in the integration procedure was achieved once a kernel-weighted

sampling scheme was introduced, allowing for a much smaller number of momentum bins Nq

(now employed in both CLASS and CAMB [127, 146]).

The GBH is simpler than the standard approach in that it removes the intermediate step

of performing the q integrals, i.e. the neutrino fluid properties are directly coupled to the

perturbations to the other species in the universe. It is then plausible that the GBH may

be faster than the standard approach (a performance comparison between the GBH and

the standard approach is left to future work, see Sec. 3.5). However, it could be the case

that the dimensionality of the GBH, i.e. (lmax + 1)× (nmax + 1) is significantly bigger than

Nq× (lmax+1) (and it is actually what happens on the small scales, given the rapid increase

of nmax with x, as seen in Fig. 3.2), for the same achieved accuracy. Notwithstanding, in

some cases a very large number of momentum bins is actually necessary, e.g. to accurately

obtain the effective sound speed [147]. The GBH is not plagued with the same issue since

all momentum dependence is integrated out of the dynamical equations.

We now have everything we need, i.e. a closed system of dynamical equations plus suitable

initial conditions, to consider the numerical implementation of the GBH. This will allow us

to compare it with the Boltzmann solvers CLASS and CAMB.

3.4 Numerical implementation

As an example of the numerical implementation of the GBH, we will first consider an indi-

vidual neutrino component, with varying mass: m = 0.02eV, m = 0.1eV and m = 0.5eV.

Also, we implement the GBH at intermediate scales compared to the neutrino horizon today,

i.e. k = x/T with x = 15 and x = 30. On larger scales (x ≲ 1), neutrino velocities are

unimportant and a simple viscous fluid approximation suffices i.e. lmax = 2, nmax = 0 should

be enough, while on smaller scales (say x > 30) accurately obtaining the neutrino transfer

functions is not so important because of free-streaming: Neutrino perturbations get washed

out and have a negligible impact on matter perturbations. Nonlinear effects also start to kick
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in. Furthermore, because of the rapid increase of nmax with x found in Fig. 3.2, integration

time also rapidly increases with x.

The neutrino density contrast transfer function, as a function of the scale factor, obtained

from the GBH is compared to the output from CLASS. Boltzmann solvers do not produce

accurate neutrino transfer functions at their default precision settings, as the codes are

tailored to accurately produce the matter power spectrum, and relic neutrinos only have a

subleading impact on this observable. To obtain accurate results, we follow the improved

settings found in Appendix B of [147]: Turn off the CLASS ncdm fluid approximation, use

a quadrature strategy to perform the q-integrals, with Nq = 30 momentum bins, and set

lmax = 30, i.e. a system of 930 equations. We then expect to get subpercent level accuracy

for all redshifts and scales of interest. Note that CAMB does not provide the option of

outputting neutrino transfer functions as a function of redshift, for a given fixed scale. This

is why a direct comparison of the GBH with CAMB is not included at this stage. However,

in high precision settings the neutrino transfer functions from CLASS and CAMB are known

to agree to a percent level [147].

We develop a toy code, where the sources ϕ(a) and ψ(a), as given by CLASS, are used to

evolve the GBH. In that way, we do not need to solve the Einstein equations, i.e. we do not

need to consider the dynamics of perturbations to the other components in the universe, and

can evolve the neutrino perturbations alone. The full problem of implementing the GBH in

a Boltzmann code, followed by a comparison of performance with the standard method, is

beyond the scope of this paper, and is left to future work. This is discussed in Sec. 3.5. Our

goal here is to demonstrate that the GBH indeed can be used to produce accurate neutrino

transfer functions, i.e. to provide a proof-of-principle for the GBH.

The initial conditions are set, according to Eq. (3.13), at some arbitrary early time, when

all modes of interest are in superhorizon scales, and neutrinos are relativistic. Our choices

of lmax and nmax are guided by Eq. (3.12). For x = 15, we set lmax = 8 and nmax = 16, while

for x = 30, we choose lmax = 15 and nmax = 49.

The relative difference in the transfer functions generated from CLASS and the GBH are
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shown in Fig. 3.3: There is ≲ 0.5% agreement for all redshift, so the GBH is accurately

producing neutrino transfer functions.
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Figure 3.3: Relative difference in the density contrast neutrino transfer function from the

GBH and CLASS (in high precision settings) for neutrino masses of m = 0.02eV, m = 0.1eV,

andm = 0.5eV, and at intermediate scales defined by k = x/T, with x = 15 (top) and x = 30

(bottom). The agreement is in the ≲ 0.5% level for all redshift. We conclude that the GBH

is accurately producing neutrino transfer functions.

The case x > 30 requires a much larger system of equations to obtain subpercent level

agreement with CLASS, with the n expansion converging rather slowly on the small scales.

There are also some technical issues with the truncation scheme for the GBH in this regime

(see the discussion at the end of Appendix 3.6), so going beyond x = 30 requires a more

efficient numerical implementation.

Notwithstanding, and as pointed out before, on the small scales neutrinos free-stream, so

it no longer becomes important that neutrino transfer functions are obtained very accurately

(nonlinearities also start to kick in). In fact, we find that when switching to a viscous
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fluid approximation once a given mode is sufficiently inside the horizon (GBH+FA), we

produce the density contrast neutrino transfer function as accurately as CLASS in its default

precision settings (CLASS-DPS, where a similar switch to a viscous fluid approximation is

also employed), over all scales of interest, and at redshift z = 0. We also find that CAMB in

its default precision settings (CAMB-DPS) is as accurate as CLASS-DPS and the GBH+FA

at intermediate and large scales, but more accurate on the small scales, where both the

GBH+FA and CLASS-DPS are in the FA regime, and hence not producing neutrino transfer

functions very accurately. Finally, CAMB in its high-precision settings (CAMB-HPS) 2 is

found to closely agree with CLASS in its high-precision settings (CLASS-HPS), according

to expectation. These results are illustrated in Fig. 3.4.

Finally, as derived in Appendix 3.6, T ∼
√
T0/m in the nonrelativistic regime. It implies

that, and for a given fixed scale k, one needs higher lmax and nmax for smaller neutrino masses

(assuming that m is big enough for the transition to the nonrelativistic regime to happen

before today). In Fig. 3.5, we plot both lmax and nmax, as given by Eq. (3.12), as a function

of scale for varying mass.

3.5 Conclusion

We introduced the so-called generalized Boltzmann hierarchy (GBH) for noncold dark matter

cosmological perturbations in a flat universe, an alternative to the usual Boltzmann hierarchy

for accurately producing neutrino transfer functions in the linear regime. It was determined

that the GBH agrees with Boltzmann solvers in high precision settings, to a ≲ 0.5% level

accuracy, in both large and intermediate scales compared to the neutrino free-streaming

scale.

On the small scales one needs to choose a very high nmax in order to produce accurate

neutrino transfer functions, and the numerical integration of the GBH becomes computa-

tionally expensive. However, one should keep in mind that on small scales free-streaming

2CAMB-HPS is defined by the following choice of precision settings: massive nu approx=0, accu-
rate massive neutrino transfers = T, accuracy boost=3 and l accuracy boost=3.
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Figure 3.4: Density contrast neutrino transfer functions, as a function of scale and at redshift

z = 0, from the GBH while switching to a fluid approximation at xmax = 15 (GBH + FA),

CLASS in both default (CLASS-DPS) and high (CLASS-HPS) precision settings, and CAMB

in both default (CAMB-DPS) and high (CAMB-HPS) precision settings as well. Here we

set the neutrino mass to m = 0.1eV. We verified that choosing a value of xmax = 30 for the

turning point between the GBH and the FA produced very similar results for the black dots.

Also, the neutrino transfer function from CAMB is originally in the synchronous gauge, so

we had to perform a gauge transformation to the Newtonian gauge to produce the curves in

cyan.

effects, and nonlinearities, start to kick in, and hence the less important it becomes that the

neutrino transfer functions are produced very accurately, which enables a switch to a fluid

approximation once a given mode becomes smaller than the free-streaming scale (GBH+FA).

For a given scale and accuracy goal, the GBH approach involves solving at least roughly

the same number of equations as a standard Boltzmann solver would, but completely avoids

the inconvenience, and computational challenges, associated with solving the hierarchy to
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Figure 3.5: Choices of lmax and nmax, as given by Eq. (3.12) to approximately ensure conver-

gence of the GBH, as a function of scale for varying neutrino mass, and up to x = 30. For

a given fixed scale, the dimension of the GBH increases for smaller neutrino mass. In fact,

since T ∼ 1/
√
m, we can use Eq. (3.12) to conclude that lmax ∼ 1/

√
m, while nmax ∼ 1/m0.8.

later integrate over momentum space, a procedure which is known to be computationally

slow, since the momentum integrals are performed to compute neutrino fluid properties,

which in turn are coupled to the perturbations to the other components in the universe via

the Einstein equations. This feature makes it plausible that the GBH may be faster than

the standard approach.

In this work, we considered the numerical implementation of the GBH in a simplified

scenario, where the sources ϕ(a) and ψ(a) are obtained directly from CLASS. In this way,

we do not need to solve the Einstein equations, and can evolve neutrino perturbations alone,

with the goal of providing a proof-of-principle for the GBH. The full problem of implementing

the GBH in a Boltzmann solver (allowing for a comparison of performance between the GBH
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and the standard approach), is left for future work.

Being a novel approach to the inclusion of massive neutrinos in the computation of

cosmological perturbations in linear theory, the GBH is interesting in its own right. It

can provide some insight, and serve as cross check for the standard approach. Moreover,

while both CLASS and CAMB are now greatly optimized for speed and performance, it is

always worthwhile to explore new numerical approaches. 3 This is because cosmological

analyses often employ Markov chain Monte Carlo (MCMC) methods to map the likelihood

in a multidimensional parameter space, requiring Boltzmann codes to be run multiple times,

and thus demanding significant computational resources.

In future work, we plan to implement the GBH+FA in the Boltzmann solver CLASS.

Based in our findings, we expect to obtain similar accuracy as in the standard approach

in default precision settings, and, we surmise, reduced computational time. Furthermore,

with a more efficient numerical implementation of the GBH, we will be able to assess its

applicability to produce accurate neutrino transfer functions on the small scales, i.e. for

x > 30. This is a current limitation of the GBH, that stops it from producing neutrino

transfer functions as accurately as existing Boltzmann solvers in high precision settings, on

the small scales (see Fig. 3.4). However, we reinforce that because of neutrino free-streaming,

the accuracy currently achieved with the GBH+FA is good enough for the vast majority of

projects that involve massive neutrinos.

3.6 Appendix: Truncation scheme

We now look for a well-defined truncation scheme for the GBH: For a given neutrino mass m

and scale k, we must be able to find values of lmax and nmax for which the GBH accurately

produces the neutrino transfer functions, and becomes insensitive to a further increase in

these parameters. This is, of course, just the statement of convergence. From our experience

with the Boltzmann hierarchy, we expect that convergence with respect to lmax is not hard

3This is especially true for the implementation of massive neutrinos, one of the most time-consuming
tasks of Boltzmann codes.
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to achieve. In fact, we found that the following truncation, suggested in [19]:

Ψlmax+1 ≈
(2lmax + 1)ϵ

qkτ
Ψlmax −Ψlmax−1 (3.14)

is compatible with the structure of the GBH, and produces good results. Substitution of

Eq. (3.14) into Eq. (3.6) yields

flmax+1,n ≈ (lmax + 1)
( 1

kτ
flmax,n −

lmax

4l2max − 1
flmax−1,n+1

)
(3.15)

for lmax > 1. Next we move on to the truncation with respect to nmax. First notice that

fl,nmax+1 − fl,nmax ∼
∫ ∞

0

dqq2f0(q)ϵ
(q
ϵ

)2nmax+l[
1−

(q
ϵ

)2]
Ψl (3.16)

This integrand contains a term with the form f(y) = yk(1− y2), for y → q/ϵ. This goes to

zero in both the relativistic and nonrelativistic regimes, with a peak in between that goes as

1/k for k ≫ 1. If our truncation scheme is based on finding an approximate expression for

Eq. (3.16), it seems reasonable to assume that convergence will be achieved for high enough

nmax. We proceed in analogy to what is done in [127]: Find an approximate expression to

Λ0
def
=
δnmax+1

δnmax

=

∫∞
0
dqq2f0(q)ϵ

(
q
ϵ

)2nmax+2

Ψ0∫∞
0
dqq2f0(q)ϵ

(
q
ϵ

)2nmax

Ψ0

(3.17a)

Λl
def
=
fl,nmax+1

fl,nmax

=

∫∞
0
dqq2f0(q)ϵ

(
q
ϵ

)2nmax+l+2

Ψl∫∞
0
dqq2f0(q)ϵ

(
q
ϵ

)2nmax+l

Ψl

∀ l ≥ 1 (3.17b)

based on an educated guess on the q/ϵ dependence of the multipoles Ψl. In order to investi-

gate this carefully, let us go back to the Boltzmann hierarchy in Eq. (3.7). After setting

Ψl = −
d ln f0
d ln q

Ψ̃l (3.18)

and introducing a new (q-dependent) time variable,

T =

∫
i

dτ
q

ϵ
(3.19)
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along with x = kT, the Boltzmann hierarchy reads

dΨ̃0

dx
= −Ψ̃1 +

dϕ

dx
(3.20a)

dΨ̃1

dx
=

1

3
(Ψ̃0 − 2Ψ̃2) +

1

3
ψ̃ (3.20b)

dΨ̃l

dx
=

1

2l + 1
[lΨ̃l−1 − (l + 1)Ψ̃l+1] (3.20c)

This is the same set of equations one would find for radiation, but in terms of the time

parameter T, and a (q-dependent) effective gravitational potential ψ̃ = (ϵ/q)2ψ. This has

two important consequences: First, all dependence on scales is actually encoded in x = kT,

i.e. horizon crossing is effectively defined by the condition that kT ∼ 1. Second, the mass

dependence is encoded in x, but also in the effective gravitational potential, and in the

nonrelativistic limit it dominates the right-hand side of the evolution equation for Ψ̃1: This

is just the well-known decoupling of l < 2 from higher multipoles in the nonrelativistic

regime. It is then true that

Ψ̃1 ∼
∫
dx ψ̃ ∼

∫
dτ
ϵ

q
ψ (3.21)

and hence Ψ̃1 ∝ ϵ/q to leading order, where we think of expanding Ψ̃l in a power series on

q/ϵ around the nonrelativistic regime. Substitution of this into Eq. (3.20) now implies that

Ψ̃0 ∝ 1 and Ψ̃l ∝ (q/ϵ)l−2 for l ≥ 1, to leading order. This, combined with Eq. (3.18), are

used on Eq. (3.11)

Λ0 ≈

∫∞
0
dqq2f0(q)ϵ

d ln f0
d ln q

(
q
ϵ

)2(nmax+1)

∫∞
0
dqq2f0(q)ϵ

d ln f0
d ln q

(
q
ϵ

)2nmax
(3.22a)

Λl ≈

∫∞
0
dqq2f0(q)ϵ

d ln f0
d ln q

(
q
ϵ

)2(nmax+l)

∫∞
0
dqq2f0(q)ϵ

d ln f0
d ln q

(
q
ϵ

)2(nmax+l−1)
l ≥ 1. (3.22b)

After integration by parts, this can be written solely in terms of the background pressures
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Pn (or equation of state parameters ωn) as follows:

Λ0 ≈
2nmax + 5

2nmax + 3

ωnmax+1

ωnmax

1− 2nmax+1
2nmax+5

ωnmax+2

ωnmax+1

1− 2nmax−1
2nmax+3

ωnmax+1

ωnmax

(3.23a)

Λl ≈
2(nmax + l) + 3

2(nmax + l) + 1

ωnmax+l

ωnmax+l−1

1− 2(nmax+l)−1
2(nmax+l)+3

ωnmax+l+1

ωnmax+l

1− 2(nmax+l)−3
2(nmax+l)+1

ωnmax+l

ωnmax+l−1

(3.23b)

There is only one final piece of information that needs to be specified in order to complete

the truncation scheme: How to choose the values of lmax and nmax. We know that higher

multipoles and higher velocity weight fluid properties contribute as small scale effects, acting

as viscosity, since on large scales a simple fluid approximation suffices. Based on this, and

the observations made following Eq. (3.20), we expect that higher values of lmax and nmax

are needed as x = kT increases.

Due to its importance, let us stop for a moment to study the time variable T, defined in

Eq. (3.19). During the relativistic regime, it is identical to τ . Let us now see what happens

in the nonrelativistic regime, assuming that the time of transition atr ∼ q/m, happens during

matter domination, as is the case for massive neutrinos. We may then write the following

approximation:

T ≈ τtr +

∫
tr

da

a

1

aH

q

ma
(3.24)

where we split the integral from the initial time to the transition, and from the transition to

the final time, use dτ = da
a

1
aH

, with H = H
a
is the Hubble rate, and approximate ϵ ≈ ma in

the nonrelativistic regime, along with ϵ ≈ q up to the transition. Further using H ∼ a−3/2

during matter domination, one obtains for the integral in the right-hand side of Eq. (3.24)∫
tr

da

a

1

aH

q

ma
∼ q

m

∫
tr

da

a
a−

1
2 ∼ q

m
a
− 1

2
tr ∼

√
q

m
, (3.25)

where we use the fact that the integral is dominated by its lower limit, and use atr ∼ q/m.

Further notice that during matter domination τtr ∼ a
1/2
tr ∼

√
q
m

as well, so T ∼
√

T0

m

approaches a time-independent constant, as opposed to τ , which grows indefinitely. In other

words, T grows like τ up to the time of transition, effectively freezing as one approaches

the nonrelativistic regime. Indeed, since q/ϵ = v is the neutrino velocity, T is the comoving
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distance traveled by a neutrino particle through cosmic history. When evaluated at the peak

of the Fermi-Dirac distribution (say q/T0 = 3), this is roughly the neutrino horizon, or the

free-streaming scale (integrated over e-folds). From this point forward, when used as a time

variable, it is implicitly assumed that T is evaluated at q/T0 = 3, and hence corresponds to

the neutrino horizon (plotted in Fig. 3.1).

On the large scales, i.e. x = kT ≲ 1, a simple viscous fluid approximation with lmax = 2

and nmax = 0 suffices, and we discuss this in detail in Appendix 3.7.

As x ≫ 1, we expect that higher values of both lmax and nmax are needed. A naive as-

sumption would then be that lmax, nmax ∝ x. Indeed, our experience with the GBH indicates

that it converges for lmax ≈ x/2, with the difference between T and τ explaining why one

needs a much higher lmax for radiation than for massive neutrinos [19]. Unfortunately, the

same cannot be said about the n expansion, with nmax, and hence the dimensionality of the

system, growing very rapidly for modes inside the horizon. This can be explained as follows:

The higher velocity weight variables are effectively accounting for the dynamics of neutrinos

with higher particle velocities. This means that T, as defined by Eq. (3.19), should not be

evaluated at the peak of the Fermi-Dirac distribution q/T0 ≈ 3, but rather at a larger value

q = qnmax , that we choose to be the peak of the integrand in Eq. (3.2), for the corresponding

value of n = nmax. This is to make sure that T(qnmax) is the comoving distance traveled

by the neutrino particles that are actually being probed by the higher-velocity weight fluid

properties. We then expect that

nmax

x
∼ kT(qnmax)

x
=

T(qnmax)

T
(3.26)

We evaluated Eq. (3.26) numerically for many values of nmax, to find that nmax ∼ x1.6 up

to x = 30. From our experience with the GBH, nmax ≈ x1.6/5 is approximately sufficient for

convergence.

Before moving on to the viscous fluid approximation, we should point out that our trunca-

tion scheme in Eq. 3.23 requires accurate numerical evaluation of quotients involving higher-

velocity weight equations of state, which according to Eq. (3.2), become really small numbers
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in the nonrelativistic regime. The numerical computation of Λl can then be very time con-

suming, especially for high nmax. However, as it is clear from Eq. (3.2), ωn is a function of

just a single variable y = ma/T0, and hence can be easily tabulated.

3.7 Appendix: Fluid approximation

On large scales for which x = kT ≲ 1, a simple viscous fluid approximation with lmax = 2

and nmax = 0 should suffice. Since in the nonrelativistic regime T basically freezes at τtr,

the value of conformal time evaluated at the transition atr ∼ q
m
∼ T0

m
, this can be rephrased

as to say that the mode has to be superhorizon at the transition, i.e. in enters the horizon

during the nonrelativistic regime. This is exactly what was found in [129], from comparing

the exact solution with a simple fluid approximation.

Furthermore, on the small scales x ≫ 1, free-streaming and nonlinear effects start to

kick in and it no longer becomes important that the neutrino transfer function is produced

very accurately. One can then choose a xmax above which a simple fluid approximation can

be used once again. Let us then stop for a moment to carefully study the case lmax = 2

and nmax = 0. The fluid equations are given by Eq. (3.9). Our truncation scheme (TS),

developed in Appendix 3.6, provides approximations for the quantities δP/δρ, Σ, Θ and kf3,

in terms of the dynamical variables in the system.

Setting lmax = 2 and nmax = 0 in Eq. (3.15) (which is known not to be a particularly

good approximation for lmax = 2 [148]), one obtains

kf3 ≈
3

τ
σ − 2

5
Θ (3.27)

Both sides of this equation can be accurately determined at intermediate scales, from the

GBH. A comparison can be found in Fig. 3.6.
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kf3(GBH)

kf3(TS)
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Figure 3.6: Left (GBH) and right-hand (TS) sides of Eq. (3.27) as obtained from the GBH.

Here x = 15, or k = 0.008Mpc−1, m = 0.1eV, lmax = 8, and nmax = 16. The approximation

reproduces the right features, but is not accurate.

Furthermore, set nmax = 0 into Eq. (3.23) to arrive at

1

3
Λ0 =

δP

δρ
≈ 5

3

ω

1 + ω

(
1− 1

5

ω2

ω1

)
= c2g (3.28a)

Λ1 =
Θ

θ
≈ 3c2g ⇐⇒ c2vis =

3

4
(1 + ω)c2g (3.28b)

Λ2 =
Σ

σ
≈ 7

5

ω2

ω1

1− 1
7
ω3

ω2

1− 1
5
ω2

ω1

(3.28c)

where a fluid viscosity speed cvis, was introduced as a different parametrization to Λ1, using

notation from [143]

c2vis =
1

4
(1 + ω)

Θ

θ
(3.29)

In the CLASS ncdm fluid approximation, the truncation in the multipole is done in the

exact same way as in Eq. (3.27), while for the higher velocity weight quantities, the authors
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of [127] apply a bit of trial and error to arrive at the following ad hoc approximations

1

3
Λ0 =

δP

δρ
≈ 5

3

ω

1 + ω

(
1− 1

5

ω2

ω1

)
= c2g (3.30a)

Λ1 =
Θ

θ
≈ 12

ω

1 + ω
c2g ⇐⇒ c2vis = 3ωc2g (3.30b)

Λ2 =
Σ

σ
≈ ω2

ω1

(3.30c)

The Eqs. (3.28) and (3.30) differ slightly on the expressions for Θ/θ and Σ/σ.

In Fig. 3.7 we compare the adiabatic sound speed squared to the exact solutions coming

from both CLASS and the GBH: The GBH and CLASS agree to a subpercent level, with both

differing from the assumption of adiabaticity when approaching the nonrelativistic regime.
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Figure 3.7: Relative difference between sound speeds squared, coming from the GBH and the

assumption of adiabaticity, when compared to the exact solution from CLASS. Here x = 15,

or k = 0.008Mpc−1, m = 0.1eV, lmax = 8, and nmax = 16.

In Fig. 3.8, we compare the Λ1’s from CLASS and GBH truncation schemes for the FA

with the exact solution from the GBH: There is an overall 10% level error in both cases, but

the GBH truncation scheme is an order of magnitude better in the nonrelativistic regime.
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In Fig. 3.9, we compare Λ2’s from CLASS and GBH truncation schemes for the FA

with the exact solution from the GBH: there is a 10% level error in both cases, with the

CLASS truncation scheme being an order of magnitude better in the nonrelativistic regime.

However, we found that the accuracy of the FA is insensitive to the specific choice of Λ2.

Finally, in Fig. 3.10 we compare fluid approximations, with GBH and CLASS truncation

schemes, with the exact solution from CLASS: there is also an overall 10% level error in

the neutrino density contrast transfer function, but the CLASS fluid approximation works

better at late times. Indeed, this is possible because the CLASS truncation scheme is tuned

to produce the best outcome, even though all the individual approximations are in a similar

level of accuracy as in the truncation scheme for the GBH, which was motivated from first

principles. Because of this, the CLASS fluid approximation works better overall, and should

be the one used in the regime x > xmax, as discussed.
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Figure 3.8: Relative difference between Λ1’s, coming from CLASS and GBH trunca-

tion schemes, when compared to the exact solution from the GBH. Here x = 15, or

k = 0.008Mpc−1, m = 0.1eV, lmax = 8, and nmax = 16.
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Figure 3.9: Relative difference between Λ2’s, coming from CLASS and GBH trunca-

tion schemes, when compared to the exact solution from the GBH. Here x = 15, or

k = 0.008Mpc−1, m = 0.1eV, lmax = 8, and nmax = 16.
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Figure 3.10: Relative difference between density contrast neutrino transfer functions coming

from the fluid approximation with GBH and CLASS truncation schemes, when compared to

the exact solution from CLASS. Here x = 15, or k = 0.008Mpc−1, and m = 0.1eV.
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Chapter 4

ACCURATE FLUID APPROXIMATION FOR MASSIVE
NEUTRINOS IN COSMOLOGY

4.1 Abstract

A measurement of the neutrino mass scale will be achieved with cosmological probes in the

upcoming decade. On one hand, the inclusion of massive neutrinos in the linear perturbation

theory of cosmological structure formation is well understood and can be done accurately

with state of the art Boltzmann solvers. On the other hand, the numerical implementation

of the Boltzmann equation is computationally expensive and is a bottleneck in those codes.

This has motivated the development of more efficient fluid approximations, despite their

limited accuracy over all scales of interest, k ∼ (10−3 − 10)Mpc−1. In this work we account

for the dispersive nature of the neutrino fluid, i.e., the scale dependence in the sound speed,

leading to an improved fluid approximation. We show that overall ≲ 5% errors can be

achieved for the neutrino density and velocity transfer functions at redshift z ≲ 5, which

corresponds to an order of magnitude improvement over previous approximation schemes

that can be discrepant by as much as a factor of two.

4.2 Introduction

The observation of neutrino oscillations has established that at least two of the neutrino

mass eigenstates have a non-zero mass, with an associated lower bound on the sum of the

masses of
∑

ν mν ≳ 0.06 and 0.1eV for the normal and inverted hierarchies respectively

[149–151]. Complementary information comes from beta decay experiments, which set an

upper bound to a weighted sum of the masses mν,β < 0.8eV [152]. Additionally, massive

neutrinos suppress cosmological structure formation at small scales [64], leading to the most
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stringent upper bound on the sum of neutrino masses to date, i.e.,
∑

ν mν < 0.12eV [11].

1 It is expected that future cosmological surveys in the upcoming decade will be sensitive

to the lower bound from oscillation experiments and hence will allow for a detection of the

neutrino mass scale [156–158]. This is a crucial measurement since it sets a clear target

for laboratory experiments and serves as a cross-check of the consistency between particle

physics and cosmology [159].

The inclusion of massive neutrinos in linear cosmological perturbation theory has a long

history (see [19] and references therein). Due to the large velocity dispersion of massive

neutrinos, one must go beyond a simple fluid treatment and solve a hierarchy of Boltzmann

equations in phase space. At each time step the neutrino distribution function is then inte-

grated over momenta to obtain the neutrino stress-energy tensor, which in turn contributes

to the right hand side of Einstein’s equations and sets the coupling of neutrinos to the other

species in the universe. This is a cumbersome procedure and a computational bottleneck in

state of the art Boltzmann solvers, such as the Cosmic Linear Anisotropy Solving System

(CLASS) [127] and the Code for Anisotropies in the Microwave Background (CAMB) [160].

As a consequence, the search for more efficient alternative approaches to the inclusion

of massive neutrinos in linear cosmological perturbation theory remains a well motivated

direction of research since modern cosmological parameter inference techniques require these

codes to be run tens or hundreds of thousands of times. For instance, [161] formulates the

problem as an integral equation and proposes an iterative solution, while [79] integrates out

the momentum dependence at the cost of a significant increase in the dimensionality of the

resulting system of ordinary differential equations.

An alternative approach consists of a simple fluid approximation for the exact neutrino

dynamics. This is a viable option whenever the neutrinos only give a small contribution

to the total matter energy density, since we can then afford for some inaccuracies in the

neutrino density provided we are only interested in the total matter (or cold dark matter)

1This upper bound can be relaxed with nonstandard scenarios such as an unstable neutrino species and
dynamical dark energy [153–155].
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field. This is especially true on small scales where the neutrino density is suppressed due to

free-streaming and the cold dark matter evolution basically decouples from the neutrinos,

the same circumstances in which the Boltzmann hierarchy needs to be truncated at a large

multipole and becomes computationally expensive. Indeed, a fluid approximation is used in

CLASS to evolve the neutrino component on scales that are much smaller than the cosmo-

logical horizon [127]. Another fluid approximation for massive neutrinos follows from the

generalized dark matter approach of [143].

What all fluid approximations have in common is that they become inaccurate at suffi-

ciently small scales [129], exactly in the regime where the approximation is the most useful

since the exact dynamics is more (computationally) expansive as we discussed above. In

this work we show that this failure of the fluid approximation at small scales is mostly a

result of not accounting for the dispersive nature of the neutrino fluid, i.e., the sound speed

is scale dependent [162]. In previous works much of the focus was directed towards modeling

the evolution of the neutrino shear stress implicitly presuming that the assumption of an

adiabatic sound speed does not dominate the total error [127]. Instead, we find that the

assumption of an adiabatic sound speed leads to a significant overestimation of the sound

speed on small scales that dominates the error in the fluid approximation.

We obtain a simple analytic expression for the sound speed at small scales and use it to

introduce a scale dependent approximation to this quantity that interpolates between the

small and large scale regimes. This, in combination with a scale dependent approximate

expression to the anisotropic stress, leads to a resulting fluid approximation for massive

neutrinos with ≲ 5% errors for the neutrino density and velocity transfer functions at redshift

z ≲ 5 and over scales k = (10−3 − 10)Mpc−1, which corresponds to an order of magnitude

improvement over previous approximation schemes that can be as much as a factor of two

wrong.

We consider neutrino masses in the range 0.02eV ≤ mν ≤ 0.5eV, for which a ≲ 5%

error in the neutrino component is sufficient to produce the total matter power spectrum to

sub-percent level accuracy. This fluid approximation is then a powerful alternative to the
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full Boltzmann hierarchy for most projects, allowing for a significant reduction in computing

time.

The paper is organized as follows: In Section 4.3 we introduce the fluid equations and

the approximate expressions for the sound speed and anisotropic stress in the Newtonian

gauge. In Section 4.4 we compare our fluid approximation with the results from CLASS

in both high and default precision settings, along with the fluid approximation used in

CLASS. In Section 4.5 we summarize our results. Details of calculations that motivate the

approximations employed can be found in Appendix 4.6, and in Appendix 4.7 we extend

our fluid approximation to alternative gauges (other than the Newtonian gauge), showing

explicit expressions in the synchronous gauge.

4.3 Fluid equations

The fluid equations satisfied by massive neutrinos are quite generic as they follow from

energy-momentum conservation laws. In this section we first introduce the relevant equa-

tions (referring the reader to [19] for further details). Then we briefly motivate and write

down formulas that approximate the scale dependent sound speed and anisotropic stress.

Derivations and details can be found in Appendix 4.6.

We consider scalar perturbations to the Friedmann-Lemâıtre-Robertson-Walker (FLRW)

universe in the (conformal) Newtonian gauge, where the metric reads

ds2 = a2(τ)
[
−(1 + 2ψ)dτ 2 + (1− 2ϕ)dx⃗2

]
, (4.1)

and where a(τ) is the scale factor, τ is the conformal time (related to the cosmic time t

via the expression dt = adτ), x⃗ are comoving spatial coordinates, ϕ(τ, x⃗) and ψ(τ, x⃗) are

gravitational potentials that we treat as (small) linear perturbations. We also define the

conformal Hubble rate H = a′/a, where throughout a prime denotes derivative with respect

to conformal time τ .

At the level of background the neutrinos are distributed in phase-space with the rela-
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tivistic Fermi-Dirac profile, f0(q) = fFD(q/Tν,0), where

fFD(x) =
gν

ex + 1
, (4.2)

with q the magnitude of the comoving momentum q⃗, Tν,0 ≈ 1.95K ≈ 1.7 × 10−4eV is the

neutrino temperature today, x = q/Tν,0 and gν = 2 to account for both left-handed neutri-

nos and right-handed antineutrinos. From the condition of isotropy the only non-vanishing

components of the neutrino stress-energy tensor are its energy density and pressure. They

can be obtained from Eq. (4.2) as follows:

ρ(a) = a−4

∫ ∞

0

dq

2π2
q2ϵ(q, a)f0(q) , (4.3)

P (a) =
1

3
a−4

∫ ∞

0

dq

2π2
q2ϵ(q, a)

[
q

ϵ(q, a)

]2
f0(q) . (4.4)

Here ϵ(q, a) =
√
q2 +m2

νa
2 is the comoving energy. Note that these are not the total energy

density and pressure of the Universe, as they refer only to the neutrino species.

It will also prove useful to define the equation of state as:

w(a) =
P (a)

ρ(a)
. (4.5)

In the presence of non-vanishing gravitational potentials in Eq. (4.1), the neutrino density

and pressure also acquire perturbations, δρ(τ, x⃗) and δP (τ, x⃗), that are time and position

dependent. Additionally, there is a net bulk flow that we parameterize by the divergence in

the velocity field θ(τ, x⃗), and an anisotropic (shear) stress σ(τ, x⃗). We follow the standard

practice of working in terms of a density contrast δ(τ, x⃗) = δρ(τ, x⃗)/ρ(a), and define the

sound speed as

c2s (τ, x⃗) =
δP (τ, x⃗)

δρ(τ, x⃗)
. (4.6)

We now have all the ingredients to write down the fluid equations which are exact and
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follow from the conservation of the neutrino stress-energy tensor 2,

δ′ = −(1 + w)(θ − 3ϕ′)− 3H(c2s − w)δ , (4.7)

θ′ = −H(1− 3w)θ − w′

1 + w
θ +

c2s
1 + w

k2δ − k2σ + k2ψ . (4.8)

In order to close the system of equations we need approximate expressions for both the

sound speed c2s and the anisotropic stress k2σ (in the full Boltzmann hierarchy they can be

obtained from the distribution function after an integration over momentum). A complete

discussion on the motivations for our approximations (with relevant derivations) can be found

in Appendix 4.6. Here we will just introduce the main ideas. At sufficiently large scales c2s

approaches the so-called adiabatic sound speed,

c2g(a) =
P ′(a)

ρ′(a)
. (4.9)

This follows from separate universe arguments: At sufficiently large scales the neutrino

anisotropies can be absorbed into a local shift of the neutrino temperature, Tν → Tν(1+Nν),

with Nν = δTν/Tν a constant. It then follows from Eq. (4.2) that the total distribution

function reads,

f(q) = fFD

(
q

Tν,0(1 +Nν)

)
= f0(q)

(
1− d ln f0

d ln q
Nν

)
=⇒ δf = −qdf0

dq
Nν , (4.10)

where from the second to the third line we expanded to leading order in Nν = δTν/Tν .

Eq. (4.9) can now be obtained upon integration over the comoving momentum to produce

the neutrino density and pressure perturbations. Similarly, at sufficiently small scales c2s

approaches what we call the asymptotic (asp) sound speed,

c2asp(a) =
1

3

1 + w(a)

1 + λ(a)
, (4.11)

where the quantity λ(a) is defined by,

ρ(a)λ(a) =
1

3
a−4

∫ ∞

0

dq

2π2
q2ϵ(q, a)

[
ϵ(q, a)

q

]2
f0(q) . (4.12)

2Moving forward we work in Fourier space ∇⃗ → ik⃗ and often omit time and scale dependences of fluid
properties for simplicity of notation.
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Eq. (4.11) can be extracted from the static limit of the Boltzmann equation leveraging on

the following observation: Neutrinos have a velocity v ≡ q/ϵ so that neutrino fluctuations

with a (comoving) wavenumber k have a characteristic time scale, t ∼ a/kv, which is much

smaller than a Hubble time at scales k ≫ H/v. We can then consider the static limit

where the expansion of the universe can be taken as slow and the general solution to the

Boltzmann equation is an arbitrary function of the (adiabatic invariant) total comoving

energy. At the background level this is ϵtot = ϵ =
√
q2 +m2

νa
2, and the distribution function

is f(q) = f0(
√
ϵ2 −m2

νa
2) as given by Eq. (4.2). However, in the presence of a gravitational

potential ψ the total comoving energy reads ϵtot = ϵ(1 + ψ). The total distribution function

then becomes,

f = f0(
√
ϵ2(1 + ψ)2 −m2

νa
2) = f0(q)

[
1 +

d ln f0
d ln q

(
ϵ

q

)2

ψ

]
=⇒ δf = q

df0
dq

(
ϵ

q

)2

ψ (4.13)

where we expand to leading order in ψ. Eq. ( 4.11) can then be derived by integrating over

the comoving momenta to obtain the neutrino fluid properties. More details can be found

in Appendix 4.6, where we systematically derive the Eqs. (4.9) and (4.13) as the large and

small scale limits of the Boltzmann equation.

Our strategy will now be to interpolate between these two regimes in order to write an

approximate expression for the sound speed that accounts for its scale dependence. We

similarly also want to introduce a scale dependent approximate expression to the anisotropic

stress. To accomplish these goals we first need to understand what are the characteristic

scales associated to the neutrino thermal motion. Indeed, there are two time dependent

scales. One is the (instantaneous) free-streaming scale kfs(a) defined by,

kfs(a) =

√
3

2
Ωm(a)

H(a)
casp(a)

, (4.14)

which is proportional to the (comoving) distance that neutrinos travel over the course of one

expansion time τ ∼ 1/H, i.e., λfs = 2π/kfs ∼ casp/H ∼ caspt, with Ωm(a) the fractional con-

tribution of matter (including neutrinos) to the total energy budget. Notice from Eqs. (4.3),

(4.4), (4.5), (4.11) and (4.12) that in the nonrelativistic regime, where ϵ ≈ ma≫ q, we have
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that λ≫ 1 and w ≪ 1 such that,

casp(a) ≈
1√
3λ(a)

≈ σν(a) (4.15)

where we have used Eq. (4.2), and introduce the neutrino velocity dispersion, 3

σν(a) =

√
3ζ(3)

ln 4

Tν,0
mνa

. (4.16)

The other scale associated to the neutrino thermal motion is the neutrino horizon, λhor(a),

defined by:

λhor(a) =

∫ a

0

d ln a′λfs(a
′) , (4.17)

or its wavenumber khor(a) = 2π/λhor(a), where similarly λfs(a) = 2π/kfs(a). The neutrino

horizon is proportional to the total distance traveled by neutrinos over the entire expansion

history. In fact, at late times kfs ≫ khor and both scales play a role in the dynamics

of massive neutrinos: khor is the scale below which (k ≤ khor) neutrino velocities can be

ignored, and hence neutrinos cluster like cold dark matter, while kfs is the scale above which

(k ≥ kfs) the neutrino pressure dominates over the gravitational potential leading to the

suppression of neutrino structure. This is illustrated in Fig.4.1 for an individual neutrino

mass of mν = 0.1eV. While the neutrino horizon grows with the expansion of the universe,

the free-streaming scale peaks when the neutrinos first become nonrelativistic due to the

subsequent decrease in the thermal velocity. This produces a large separation of scales at

late times, which is the reason why galaxy surveys cannot directly probe the scale dependence

of the neutrino suppression.

We are finally ready to write down the approximations we use, after which we compare

to previous approximation schemes and explain the different terms involved. More details

can be found in Appendix 4.6. The approximations are:

c2s (a, k) = c2g(a) +
[
c2asp(a)− c2g(a)

]
e−

4
3

kfs(a)

k , (4.18)

k2σ(a, k) = −2

5

khor(a)

k
e−

khor(a)

k
c2s (a, k)

1 + w(a)
k2δ(a, k) +

k

kfs(a)
e−5

kfs(a)

k w2(a)θ(a, k) . (4.19)

3In Appendix 4.6 we motivate our choice of Eq. (4.16) for the neutrino velocity dispersion, and hence
the appearance of casp(a) in the definition of the free-streaming scale as in Eq. (4.14).
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Figure 4.1: Neutrino free-streaming (black curve) and neutrino horizon (blue curve) scales

as a function of the scale factor, for an individual neutrino mass of mν = 0.1eV. The black

dashed region corresponds to sub free-streaming scales where pressure dominates over the

gravitational field washing out structure, and the blue shaded region corresponds to scales

above the neutrino horizon where neutrinos cluster like cold matter.

Eq. (4.18) is a simple interpolation between the two regimes given by Eqs. (4.9) and (4.11)

4. It improves on previous approximation schemes in the literature that generally assume an

adiabatic sound speed, since we account for deviations from adiabaticity on the small scales

(which can be phrased as the presence of an entropy perturbation). This is illustrated by

Fig. 4.2, where we compare both the adiabatic and asymptotic expressions [Eqs. (4.9) and

(4.11) respectively] to the exact sound speed extracted from the Boltzmann code CLASS in

high precision settings 5 at three different scales and for a neutrino mass mν = 0.1eV. As

4The precise numerical factors in the exponents of Eqs. (4.18) and (4.19) are adjusted in such a way as
to optimize the fluid approximation.

5These are the high precision settings we employed in CLASS: ncdm fluid approximation = 3 (this
turns off the CLASS fluid approximation), Quadrature strategy = 3, Maximum q = 15, Number of
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we move from larger to smaller scales the exact sound speed shifts from the adiabatic to the

asymptotic formulas. Note that the adiabatic sound speed overestimates the exact sound

speed (a result that holds true in both Newtonian and synchronous gauges).
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Figure 4.2: A comparison of both adiabatic and asymptotic sound speeds, as given by

Eqs. (4.9) and (4.11), with the exact sound speed from the Boltzmann code CLASS in

high precision settings (and in the Newtonian gauge) at three different scales and as a

function of the scale factor. Here we choose mν = 0.1eV. The green and purple solid curves

correspond to the adiabatic and asymptotic sound speeds, respectively. The blue, red and

black dashed curves correspond to the exact solutions for k = 10−3Mpc−1, k = 10−2Mpc−1,

and k = 5.6× 10−2Mpc−1 respectively.

Next we move on to the anisotropic stress. As we argue in Appendix 4.6, we expect it

to mostly give an additional contribution to the sound speed at scales that are around the

neutrino horizon k ∼ khor. This is accomplished by the first term in the right-hand side

of Eq. (4.19). However, we generally also expect it to give a viscosity type contribution

momentum bins = 30, l max ncdm = 30.
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proportional to the divergence of the velocity at small sub-free streaming scales, that turns

out to be important for the numerical stability of the fluid equations. This leads to the second

term in the right-hand size of Eq. (4.19); the precise time dependence is not important, but

we choose the equation of state squared because it produces good results. The standard

approach in the literature consists in modeling the evolution equation for the shear stress

(see [127] for a summary) while we introduce an algebraic relation to directly approximate

the shear stress in terms of the neutrino density and velocity fields.

It is important to point out that the approximation in Eq. (4.19) is heuristic in the

sense that it is only loosely motivated and we do not expect it to accurately reproduce the

anisotropic stress. However, the approximation in Eq. (4.18) is much more robust and plays

a central role in the fluid equations, while Eq. (4.19) at least qualitatively accounts for the

subtle effects of shear stress on the scales where they are needed. In other words, the precise

modeling of the shear stress is not important as long as one is only interested in the neutrino

density and velocity fields in the nonrelativistic regime. As we will see in the next section,

the fluid approximation benefits from a dramatic increase in accuracy when the dispersive

nature of the neutrino fluid is accounted for.

The approximations in Eqs. (4.18) and (4.19) are tailored to the Newtonian gauge. An

extension to alternative gauges is presented in Appendix 4.7, where we show explicit formulas

in the synchronous gauge.

4.4 Numerical results

We consider the standard fluid equations for the evolution of cosmological perturbations in

massive neutrinos species, i.e., Eqs. (4.7) and (4.8), but now with novel scale dependent

approximate expressions for the sound speed and shear stress, Eqs. (4.18) and (4.19) respec-

tively. We are left with a simple closed system of two ordinary differential equations that we

refer to as the modified fluid approximation (Modified FA), and solve numerically.

We extract the Hubble expansion rate and gravitational potentials directly from CLASS
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so we can just focus on the neutrino species 6. We consider three distinct values for the

individual neutrino mass,mν = 0.02eV,mν = 0.1eV andmν = 0.5eV, and solve the evolution

equations for 17 wavenumbers ranging from kmin = 10−3 Mpc−1 to kmax = 10 Mpc−1, equally

spaced logarithmically. We set the standard adiabatic initial conditions at super horizon

scales, extracting the initial values of neutrino transfer functions directly from CLASS. We

similarly evolve the neutrino transfer functions with the CLASS fluid approximation for

comparison [127].

In Fig.4.3 we plot the neutrino density contrast as a function of the scale factor for varying

neutrino mass and scale. As one can see from the plot, the Modified FA produces the late-

time neutrino growth at intermediate and small scales much more accurately than the CLASS

FA. Also, the errors in both fluid approximations can be large in the relativistic regime where

the effects of shear stress are significant. In Fig.4.4 we plot the relative differences in the

neutrino density contrast, comparing the exact solution to the fluid approximations, as a

function of redshift for z ≤ 30. At large scales the two fluid approximations have a similar

performance, but errors are much smaller in the Modified FA when compared to the CLASS

FA at intermediate and small scales. Note that, for the Modified FA, the errors are always

below a ≲ 30% for redshift z ≲ 30 and ≲ 5% for redshift z ≲ 5. On the other hand, the

CLASS FA can be as much as a factor of two wrong even at z = 0. We also point out

that the fluid approximations are more accurate for larger neutrino masses, which is to be

expected since a larger mass implies neutrinos are deeper in the nonrelativistic regime where

the contributions from the shear stress can be neglected.

In Fig.4.5 we plot the divergence of the neutrino velocity as a function of the scale factor

for varying neutrino mass and scale, and in Fig.4.6 we plot the relative differences in the

divergence of the neutrino velocity, comparing the exact solution to the fluid approximations,

as a function of redshift for z ≤ 30. The divergence of the neutrino velocity displays fast

6In a Boltzmann solver the neutrino species is coupled to all the other species in the universe via the
Einstein equations, and so there are additional evolution equations for the Hubble expansion rate (the
Friedmann equation) and the gravitational potentials.
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Figure 4.3: Neutrino density contrast (normalized by its initial value δν(aI), and in the New-

tonian gauge) as a function of the scale factor and for varying neutrino mass and scale. The

plot compares the modified and CLASS fluid approximations (FA) with the exact solution

from CLASS in high precision settings. The solid green curves corresponds to CLASS in

high precision settings, black dashed curves to the CLASS FA, and red dotted curves to the

Modified FA.



94

CLASS FA

Modified FA

0 5 10 15 20 25 30
0.0

0.5

1.0

1.5

2.0

0 5 10 15 20 25 30
0

10

20

30

40

50

60

0 5 10 15 20 25 30
0

50

100

150

200

0 5 10 15 20 25 30
0.0

0.2

0.4

0.6

0.8

0 5 10 15 20 25 30
0

10

20

30

40

50

0 5 10 15 20 25 30
0

10

20

30

40

50

60

0 5 10 15 20 25 30
0.00
0.01
0.02
0.03
0.04
0.05
0.06
0.07

0 5 10 15 20 25 30
0

5

10

15

20

25

0 5 10 15 20 25 30
0

10

20

30

40

50

60

Figure 4.4: Per cent relative differences in the neutrino density contrast between the exact

solution and fluid approximations (in the Newtonian gauge) as a function of redshift (with

z ≤ 30) for varying neutrino mass and scale. The plot compares the modified and CLASS

fluid approximations (FA) with the exact solution from CLASS in high precision settings.

The solid black curves corresponds to the CLASS FA and red solid curves to the Modified

FA.
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oscillations around zero at the smallest scale and at late times, as can be seen in Fig.4.5, in

which case small phase shifts lead to large relative differences that are insignificant. This is

why we choose not to include the k = 10Mpc−1 plots in Fig.4.6. Once again the Modified

FA is significantly more accurate than the CLASS FA at intermediate and small scales, and

overall the errors in the divergence of the neutrino velocity are of the same size as the errors

in the neutrino density contrast.

Finally, in Fig.4.7 we plot the neutrino density contrast as a function of scale for varying

neutrino mass and for two values of redshift, z = 0 and z = 3. The neutrino density contrast

from the Modified FA is in very good agreement with the exact solution from CLASS in high

precision settings, with a ≲ 5% agreement at redshifts z ≲ 5 at all scales. We expect linear

perturbation theory to break down at sufficiently small scales, k ≳ kNL, with kNL the scale of

nonlinearities, 7 which is included as a vertical dashed line in Fig.4.7. One can then see from

the plot that, and specially for smaller neutrino masses, the Modified FA leads to significant

improvements when compared to previous approximations schemes at scales where the linear

perturbation theory can be safely applied.

Since in high precision settings CLASS and CAMB agree to a percent level [147], we

can also conclude that the Modified FA agrees with the Boltzmann solver CAMB as well.

Additionally, in Appendix 4.7 we argue that the fluid approximation is as accurate in the

synchronous gauge as it is in the Newtonian gauge. Furthermore, from Fig.4.7 the Modified

FA is visibly superior to both the CLASS FA and CLASS in default precision settings,

specially at scales comparable to, and smaller than, the neutrino free-streaming scale 8. The

Modified FA is then a simple system of two ordinary differential equations that can accurately

7We adopt the definition for the scale of nonlinearities based on the root-mean-square linear theory
displacement, i.e., k−2

NL = f2
∫
(dk/2π2)P (k), with f = d logDL/d log a the liner growth rate [in terms of

the linear growth factor DL(a)] and P (k) the matter power spectrum. This leads to the numerical values
of kNL ≈ 0.12Mpc−1 at z = 0, and kNL ≈ 0.21Mpc−1 at z = 3, in our reference Planck 2018 cosmology
[11]. An alternative definition is given by the scale where the dimensionless power spectrum becomes unity,
which leads to similar numerical values.

8In Fig.4.7, the fact that the CLASS FA aligns with CLASS in default precision settings is not a
coincidence, since in default precision settings CLASS switches from the Boltzmann hierarchy to the
CLASS FA after horizon crossing (at kτ = 15).
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Figure 4.5: Divergence of the neutrino velocity (normalized by its initial value θν(aI), and

in the Newtonian gauge) as a function of the scale factor and for varying neutrino mass

and scale. The plot compares the modified and CLASS fluid approximations (FA) with the

exact solution from CLASS in high precision settings. The solid green curves corresponds

to CLASS in high precision settings, black dashed curves to the CLASS FA, and red dotted

curves to the Modified FA.
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Figure 4.6: Per cent relative differences in the divergence of the neutrino velocity between the

exact solution and fluid approximations (in the Newtonian gauge) as a function of redshift

(with z ≤ 30) for varying neutrino mass and scale. The plot compares the modified and

CLASS fluid approximations (FA) with the exact solution from CLASS in high precision

settings. The solid black curves corresponds to the CLASS FA and red solid curves to the

Modified FA.
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predict the evolution of linear cosmological neutrino anisotropies at late times.
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Figure 4.7: Neutrino density contrast (normalized by its value at the largest scale we consider,

kmin = 10−3Mpc−1, and in the Newtonian gauge) as a function of scale and for varying

neutrino mass and redshift. The plot compares the modified and CLASS fluid approximations

(FA) with the solution from CLASS in both high and default precision settings. The green

solid curves corresponds to CLASS in high precision settings, and the dashed purple curves

to CLASS in default precision settings. The black round data points are obtained with the

CLASS FA and red square data points are obtained with the Modified FA. The black dashed

vertical line sits at the scale of nonlinearities kNL ≈ 0.12Mpc−1, beyond which the linear

perturbation theory is expected to break down.

4.5 Conclusion

We revisited the fluid approximation for massive neutrinos in linear cosmological perturba-

tion theory, but now accounting for the dispersive nature of the neutrino fluid. In Sec.4.3

we introduced the analytic expressions in Eqs. (4.9) and (4.11) for the large and small scales
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limits of the sound speed respectively (see Fig.4.2), leading to the novel approximations in

Eqs. (4.18) and (4.19) that can be used to close the fluid Eqs. (4.7) and (4.8).

In Sec. 4.4 we showed that the resulting modified fluid approximation produces a neutrino

transfer function that is in very good agreement with the exact solution from CLASS in high

precision settings, achieving a ≲ 5% errors for redshifts z ≲ 5, and over scales (at least) in

the range k = (10−3 − 10)Mpc−1. Furthermore, Figs. 4.4, 4.6 and 4.7 show the superiority

of the modified fluid approximation when compared to both the Boltzmann solver CLASS

in default precision settings and the CLASS fluid approximation, which corresponds to an

order of magnitude improvement over previous approximation schemes that can be as much

as a factor of two wrong even at z = 0.

The modified fluid approximation we propose then offers a simple implementation of

massive neutrinos in linear cosmological perturbation theory, being much faster and more

versatile than the full Boltzmann hierarchy while delivering accurate neutrino transfer func-

tions at late times. In terms of the sum of neutrino massesMν =
∑

ν mν , the contribution of

nonrelativistic neutrinos to the energy density in the Universe is Ωνh
2 ≈ Mν/93.14eV [64].

For Mν ≲ 1eV and Ωmh
2 = 0.1424 [11], this leads to a fractional contribution of neutrinos

to the total matter of fν ≲ 7%. As a consequence, ≲ 5% errors in the neutrino clustering

lead to a matter power spectrum that is accurate to the sub-percent level. This estimate

is conservative as the effect of neutrino masses in the matter power spectrum comes mostly

from the absence of neutrino perturbations at small scales, and not from the clustering of

neutrinos itself. We conclude that the Modified FA is sufficient for most applications, with

the Boltzmann hierarchy being needed only if one is interested in the neutrino anisotropies

at redshift z > 5, or if the warm dark matter component (neutrinos) has a significant contri-

bution to the total matter. We tested the modified fluid approximation for neutrino masses

in the range mν = (0.02− 0.5)eV, but we expect it to remain accurate outside of this range

(provided the neutrino mass is large enough for it to become non-relativistic at sufficiently

early times and otherwise can be treated as a radiation component).

In a future work we plan on investigating a reformulation of how massive neutrinos are
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implemented in the Boltzmann solver CLASS, based on the generalized Boltzmann hierarchy

[79], a novel alternative approach to the exact massive neutrino dynamics that can reach sub-

percent level accuracy at large and intermediate scales, coupled to our fluid approximation

for the small scale dynamics. We will then perform a thorough comparison with standard

methods and approximation schemes, and we expect to achieve significant improvements in

both accuracy and computation time. Finally, another possible direction of future research

is to investigate potential implications of this work to the clustering of neutrinos in the

nonlinear regime on the basis of a fluid approach.

4.6 Appendix: Analytic calculations and approximations

We investigate analytically the evolution of cosmological linear perturbations in a massive

neutrino species, with the goal of extracting both the large and small scale limits of the

sound speed and the qualitative behavior of the anisotropic stress. This study motivates the

approximations in Eqs. (4.18) and (4.19).

We follow [129] and write evolution equations for the phase-space distribution of massive

neutrinos. The first step is to split it into a background and perturbation components

(working in Fourier space),

f(k, q, µ, τ) = f0(q)[1 + Ψ(k, q, µ, τ)] , (4.20)

where k the magnitude of the wavevector k⃗, q the magnitude of the comoving momentum q⃗,

µ = k̂ · q̂ is the cosine of the angle between these two vectors, and τ is the conformal time.

Furthermore, the background is a relativistic Fermi-Dirac distribution:

f0(q) =
gν

e
q

Tν,0 + 1
, (4.21)

with gν = 2 to account for both left-handed neutrinos and right-handed antineutrinos, and

Tν,0 ≈ 1.95K ≈ 1.7× 10−4eV is the neutrino temperature today. We remind the reader that

we are working in the Newtonian gauge:

ds2 = a2(τ)
[
−(1 + 2ψ)dτ 2 + (1− 2ϕ)dx⃗2

]
. (4.22)
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The evolution equation for the perturbation to the phase-space distribution follows from the

collisionless Boltzmann equation, and reads 9,

Ψ′ + i
kq

ϵ
µΨ =

d ln f0
d ln q

(
i
kϵ

q
µψ − ϕ′

)
, (4.23)

where ϵ(q, τ) =
√
q2 +m2

νa(τ)
2 is the comoving energy. It is convenient to perform a de-

composition of Ψ(k, q, µ, τ) into Legendre polynomials, Pl(µ), as follows:

Ψ(k, q, µ, τ) =
∞∑
l=0

(−i)l(2l + 1)Ψl(k, q, τ)Pl(µ) , (4.24)

where the Ψl(k, q, τ) are called the multipoles of the distribution function. The substitution

of Eq. (4.24) into Eq. (4.23) yields, after using Legendre polynomial identities,

Ψ′
0 = −

q

ϵ
Ψ1 −

d ln f0
d ln q

ϕ′ , (4.25)

Ψ′
1 =

q

3ϵ
(Ψ0 − 2Ψ2)−

ϵ

3q

d ln f0
d ln q

ψ , (4.26)

Ψ′
l =

q

(2l + 1)ϵ
[lΨl−1 − (l + 1)Ψl+1] ∀l ≥ 2 . (4.27)

Once the solution to this set of equations is obtained, one can integrate over momenta to

get the neutrino stress-energy tensor, and hence the fluid properties involved in the fluid

equations (see Eqs. (4.7) and (4.8)), as follows 10,

δρ(k, τ) = a(τ)−4

∫ ∞

0

dq

2π2
q2ϵ(q, τ)f0(q)Ψ0(k, q, τ) , (4.28)

δP (k, τ) =
1

3
a(τ)−4

∫ ∞

0

dq

2π2
q2ϵ(q, τ)

[
q

ϵ(q, τ)

]2
f0(q)Ψ0(k, q, τ) , (4.29)

ρ(1 + w)θ(k, τ) = ka(τ)−4

∫ ∞

0

dq

2π2
q3f0(q)Ψ1(k, q, τ) , (4.30)

ρ(1 + w)σ(k, τ) =
2

3
a(τ)−4

∫ ∞

0

dq

2π2
q2ϵ(q, τ)

[
q

ϵ(q, τ)

]2
f0(q)Ψ2(k, q, τ) . (4.31)

9From this point forward we omit scale, momentum and time dependences when it is convenient to do
so. Also, prime denotes a derivative with respect to conformal time.

10We remind the reader that we do not employ a ν subscript when referring to neutrino fluid properties.
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Here ρ = ρ(a) is the neutrino background energy density as given by Eq. (4.3), and

w = w(a) is the equation of state parameter from Eq. (4.5). Furthermore, δρ(k, τ) is the

perturbation to the neutrino energy density, δP (k, τ) the perturbation to the pressure, θ(k, τ)

is the divergence of the velocity field, and σ(k, τ) is the anisotropic (shear) stress. This sets

the stage for an analytic investigation of the sound speed and anisotropic stress.

4.6.1 The sound speed

The sound speed is defined by:

c2s (k, τ) =
δP (k, τ)

δρ(k, τ)
, (4.32)

and it is both time and scale dependent. From Eqs. (4.28) and (4.29), one finds that it can

be determined from the momentum dependence in the zeroth multipole Ψ0, so this is what

we investigate next.

From the structure of Eq. (4.23) it is convenient to introduce a momentum dependent

time variable 11,

dz =
q

ϵ
dτ =⇒ z(τ, q) =

∫ τ

0

q

ϵ(q, τ ′)
dτ ′ . (4.33)

Since v ≡ q/ϵ is the peculiar velocity, this is just the distance traveled by the neutrino

particles over the entire expansion history. When evaluated at around the peak of the

Fermi-Dirac distribution, q = 3Tν,0, we denote it by z̄ = z(q = 3Tν,0). This is analogous to

the neutrino horizon scale introduced in Eq. (4.17). We further define y = kz, in terms of

which the Eq. (4.23) reads,

∂Ψ

∂y
+ iµΨ =

d ln f0
d ln q

(
ik
ϵ

q
µψ − ϕ′

)
, (4.34)

is a first-order ordinary differential equation, whose solution is straightforward to write down:

Ψ =
d ln f0
d ln q

∫ y

0

dy′
ϵ̂

kq

(
ik
ϵ̂

q
µψ̂ − ϕ̂′

)
e−iµ(y−y′) , (4.35)

11Not to be confused with redshift. Everywhere in the Appendix 4.6, the variable z will stand for the
distance traveled by neutrino particles over the expansion history as given by Eq. (4.33).
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where we use the hat notation (exemplified by ϕ̂) to denote time-dependent quantities eval-

uated at the intermediate time y′ = kz′ begin integrated. Additionally, we drop the initial

condition terms and send the initial time to zero, i.e., yi → 0, for simplicity. In the regime

y ≫ 1 this is inconsequential as the solution is dominated by the source term and becomes

insensitive to the initial conditions. However, this is no longer true in the regime y ≪ 1

which corresponds to the largest scales. This does not pose a significant problem for us since

we expect the adiabatic sound speed to be recovered on the largest scales (and we will see

why that is). A much more important issue is to accurately obtain the small scale limit

y ≫ 1 of the sound speed for which we can safely drop the initial values of the multipoles.

From the multipole expansion in Eq. (4.24) and the orthogonality relations of Legendre

polynomlias, we can write:

Ψl =
1

2(−i)l

∫ 1

−1

dµ ΨPl(µ) . (4.36)

This can be evaluated using Eq. (4.35), the identity

e−iµ(y−y′) =
∞∑
l=0

(−i)l(2l + 1)jl(y − y′)Pl(µ) , (4.37)

where jl(y) are the spherical Bessel functions of the first kind, and the orthogonality relations

of Legendre polynomials, to yield:

Ψl =
d ln f0
d ln q

∫ y

0

dy′

{(
ϵ̂

q

)2

ψ̂

[
l + 1

2l + 1
jl+1(y − y′)−

l

2l + 1
jl−1(y − y′)

]
− ϵ̂

kq
ϕ̂′jl(y − y′)

}
.

(4.38)

We now use the recurrence relation

lfl−1(y)− (l + 1)fl+1(y) = (2l + 1)f ′
l (y) , (4.39)

and integrate the first term in the right-hand side of Eq. (4.38) by parts to arrive at:

Ψl =
d ln f0
d ln q

{
jl(0)

(
ϵ

q

)2

ψ − jl(y)ψi −
∫ y

0

dy′
ϵ̂

kq

[(
ϵ̂

q

)2

ψ̂ + ϕ̂

]′
jl(y − y′)

}
. (4.40)
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Now the crucial observation is that this greatly simplifies in the limit y ≫ 1 for l = 0,

since then j0(y−y′) peaks at ∆y = y−y′ = 0, and goes to zero in the limit ∆y = k(z−z′) =

k∆z = y∆z/z ≫ 1, and hence ∆z/z ≫ 1/y is a small number. As a consequence, simply

evaluating the integrand at the final time should give a very good approximation and indeed

eventually approach the exact solution in the asymptotic regime x → ∞. Indeed, this has

been previously investigated and exploited to generate a fluid approximation, in the special

case of the massless limit, i.e., for a radiation component [47]. Using j0(0) = 1 and j0(y) ≈ 0

for y ≫ 1 leads to,

Ψ0 ≈
d ln f0
d ln q

{(
ϵ

q

)2

ψ − ϵ

kq

[(
ϵ

q

)2

ψ + ϕ

]′ ∫ y

0

dy′j0(y − y′)

}

≈ d ln f0
d ln q

{(
ϵ

q

)2

ψ +
π

2

ϵ

kq

[(
ϵ

q

)2

ψ + ϕ

]′}

≈ d ln f0
d ln q

(
ϵ

q

)2

ψ ,

(4.41)

where we used, ∫ y

0

dy′j0(y − y′) ≈ −
∫ ∞

0

dyj0(y) = −
π

2
, (4.42)

and from the second to the third line in Eq. (4.41) we dropped a term that scales like 1/k

and hence becomes negligible in the limit y → ∞. Indeed, that term is the next to leading

order correction to the asymptotic formula.

The final formula in the third line of Eq. (4.41) has a straightforward interpretation.

Neutrino fluctuations with (comoving) wavenumber k have a characteristic time scale, t ∼

a/kσν ∼ (kfs/k)H
−1, which is much smaller than a Hubble time ∼ 1/H, at sub-free streaming

scales (k ≫ kfs). We can then consider a static limit of the Boltzmann equation where the

expansion of the universe can be taken as slow. In fact, one can check that simply dropping

the derivative terms in Eq. (4.23) immediately leads to our final formula in the third line of

Eq. (4.41).

It is now straightforward to obtain the asymptotic formula for the sound speed, using

Eqs. (4.28),(4.29) and (4.32). We first explicitly evaluate the perturbation to the energy



105

density, using Eq. (4.41),

δρ ≈ a−4ψ

∫ ∞

0

dq

2π2
q3ϵ(q, a)

[
ϵ(q, a)

q

]2
df0(q)

dq

= −3ρ(a)[1 + λ(a)]ψ =⇒ δ ≈ −3[1 + λ(a)]ψ ,

(4.43)

where from the first to the second line we integrate by parts and introduce the quantity λ(a)

as:

ρ(a)λ(a) =
1

3
a−4

∫ ∞

0

dq

2π2
q2ϵ(q, a)

[
ϵ(q, a)

q

]2
f0(q) . (4.44)

We can obtain the asymptotic expression for the neutrino pressure in a way that is completely

analogous to the density and leads to a sound speed of, using the Eq. (4.32),

c2asp(a) =
1

3

1 + w(a)

1 + λ(a)
. (4.45)

Before moving on to the opposite large scale regime of the sound speed, it is instructive

to investigate the non-relativistic limit of Eq. (4.43) where ϵ ≈ ma and λ≫ 1, such that,

δ ≈ −3λ(a)ψ ≈ −1

ρ

ln 4

2π2

m3
νTν,0
a

ψ , (4.46)

after using the Eq. (4.21). In a universe with matter background energy density ρm(a) and

matter density contrast δm(a), the Poisson equation reads:

k2ψ = −4πGa2ρmδm , (4.47)

where G is Newton’s gravitational constant. Using this, the Friedmann equation,

H2 =
8πG

3
a2
ρm
Ωm

, (4.48)

with Ωm(a) the fractional contribution of matter to the total energy density and also evaluat-

ing explicitly the Eq. (4.3) for ρ(a) in the non-relativistic regime, we can write the Eq. (4.46)

as:

δ =

(
kfs
k

)2

δm , (4.49)

where,

kfs(a) =

√
3

2
Ωm(a)

H(a)
σν(a)

, (4.50)
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is (proportional to) the distance that neutrinos travel over the course of one expansion time

t ∼ 1/H, i.e., λfs ∼ 1/kfs ∼ σνt ∼ σν/H, with,

σν(a) =

√
3ζ(3)

ln 4

Tν,0
mνa

, (4.51)

the expression for the neutrino velocity dispersion, chosen in such a way as to produce the

Eq. (4.49) with no additional coefficients. Indeed, the small scale result in Eq. (4.49) is

well-known in the literature [163] and the next to leading order correction in the second line

of Eq. (4.41) leads to a contribution that scales as ∼ (kfs/k)
3.

We are now ready to obtain an expression for the sound speed in the large scale regime

k ≪ kfs. For this we go back to the Eq. (4.40) in the case of l = 0, but now assume

∆y ≤ y ≪ 1 such that j0(∆y) ≈ 1 and we obtain,∫ y

0

dy′
ϵ̂

kq

[(
ϵ̂

q

)2

ψ̂ + ϕ̂

]′
j0(y − y′) ≈

(
ϵ

q

)2

ψ + ϕ− ψi − ϕi , (4.52)

upon using dτ ′ = dy′(ϵ̂/kq) and assuming the neutrinos to be relativistic at the initial time.

This yields:

Ψ0 ≈ (ϕi − ϕ)
d ln f0
d ln q

. (4.53)

As we argued previously, we do not necessarily expect the Eq. (4.53) to give an accurate

approximation to the zeroth multipole on the large scales, since we dropped the initial values

of the multipoles that play a role in this regime. However, the statement that the momentum

dependence of Ψ0 is set by the log derivative of the background distribution function (the so-

called separable ansatz), still holds true at sufficiently large scales as it follows from separate

universe arguments (see [164, 165]). We may now proceed to obtain an expression for the

sound speed as before, using Eqs. (4.28), (4.29), (4.32) and (4.53). We get the so-called

adiabatic sound speed,

c2g(a) =
P ′(a)

ρ′(a)
, (4.54)

after using the Eqs. (4.3) and (4.4) for the neutrino energy density ρ(a), and pressure P (a),

respectively. Also, the derivatives with respect to conformal time can be obtained via the

relation ϵ′ = Hϵ[1− (q/ϵ)2].



107

Now equipped with both k ≫ kfs and k ≪ kfs limits of the sound speed in the Newtonian

gauge, as given by Eqs. (4.45) and (4.54) respectively, we see that an interpolation such as

the one provided by the Eq. (4.18) should yield a good approximation to the scale-dependent

sound speed.

4.6.2 Anisotropic stress

After obtaining an expression for the sound speed in both the k/kfs ≫ 1 and k/kfs ≪

1 regimes, we would like to develop a qualitative understanding on the behavior of the

anisotropic stress following the discussion in [129].

Combining the Eqs. (4.25) and (4.27) for l = 2, we obtain,(
Ψ2 +

2

5
Ψ0 +

2

5
ϕ
d ln f0
d ln q

)′

= −3

5

q

ϵ
Ψ3 . (4.55)

Since our goal is to build intuition about the anisotropic stress we can make some simplifying

approximations. The first is to set ϕ′ ≈ 0, which is always a good approximation on small

scales, and exact in a matter dominated universe. The second will be to drop the initial

values of the multipoles, which is the same approximation we applied in the last subsection.

This leads to,

Ψ2 ≈ −
2

5
Ψ0 −

3

5

∫ y

0

dy′
Ψ̂3

k
, (4.56)

where we used the Eq. (4.33), y = kz, and the hat notation to denote time-dependent

quantities evaluated at the intermediate time y′ to be integrated. Using the Eqs. (4.29) and

(4.31), we conclude that the first term in the right-hand side of Eq. (4.56) generates the

following contribution to the anisotropic stress,

σ ⊃ −4

5

c2s
1 + w

δ , (4.57)

which in the fluid equations looks like an additional contribution to the sound speed. How-

ever, we expect that setting Ψ3 = 0, which is equivalent to dropping the second term in the

right-hand side of Eq. (4.56), is only a reasonable approximation when y = kz ≲ 3 such that

the shear acts like a contribution to the sound speed at scales that are around the horizon
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k ∼ 1/z̄ ∼ khor. In the regime y ≫ 1 we expect the second term in the right-hand side of

Eq. (4.56) to dominate, generally giving a viscosity-type contribution to the shear stress at

scales that are comparable to, or smaller than, the free-streaming scale (k ≳ kfs). These

considerations motivate the heuristic approximate expression in Eq. (4.19).

4.7 Appendix: Alternative gauges

In the main text we work solely in the conformal Newtonian gauge for simplicity. In this

section we extend our fluid approximation to a general alternative gauge under the example

of the synchronous gauge due to its usage in Boltzmann solvers, for concreteness. We follow

[19] where more details can be found.

Small scalar perturbations to the FLRW universe are given by, in the synchronous gauge:

ds2 = a2(τ)[−dτ 2 + (δij + hij)dx
idxj] , (4.58)

where δij is the Kronecker symbol, and hij(τ, x⃗) can be decomposed (in Fourier space), in

terms of two metric perturbations h(τ, k⃗) and η(τ, k⃗), as follows:

hij(τ, x⃗) =

∫
d3k⃗

(2π)3
eik⃗·x⃗

[
k̂ik̂jh(τ, k⃗) + (k̂ik̂j −

1

3
δij)6η(τ, k⃗)

]
, (4.59)

with k̂i = k⃗i/ki normalized to unit length. In other gauges the metric will similarly be

written in terms of two other scalar metric perturbations (such as ψ and ϕ in the Newtonian

gauge).

In the synchronous gauge the fluid equations that follow from stress-energy conservation

read,

δ̃′ = −(1 + w)

(
θ̃ +

h′

2

)
− 3H(c̃2s − w)δ̃ , (4.60)

θ̃′ = −H(1− 3w)θ̃ − w′

1 + w
θ̃ +

c̃2s
1 + w

k2δ̃ − k2σ̃ . (4.61)

Here δ̃ is the neutrino density contrast, θ̃ is the divergence of the velocity field, σ̃ is the

anisotropic stress, and the pressure perturbation term δP̃ is parameterized by the sound
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speed c̃2s as in the main text,

δP̃

ρ
=
δP̃

δρ̃
δ̃ = c̃2s δ̃ , (4.62)

where from now on tilded quantities are in the alternative gauge (which in our example is

the synchronous gauge) and untilded quantities are in the Newtonian gauge. These are the

neutrino fluid properties that are involved in the fluid equations. Also ρ(a) and P (a) are the

background density and pressure respectively, and w = P/ρ is the equation of state.

Starting from Newtonian gauge coordinates xµ, we can apply a gauge transformation

xµ → x̃µ = xµ + dµ(xν) in order to arrive at an arbitrary gauge. For scalar perturbations,

the dµ can be decomposed into time and spatial components as,

d0(x0, x⃗) = α(τ, x⃗) , (4.63)

d⃗(x0, x⃗) = ∇⃗β(τ, x⃗) . (4.64)

In the example of the synchronous gauge, these are given by (in Fourier space),

β =
1

2k2
(h+ 6η) , (4.65)

α = β′ . (4.66)

In general, α and β will be given in terms of the two metric perturbations in the alternative

gauge. The transformation laws for the fluid properties in the Eqs. (4.60) and (4.61) (in any

gauge, here illustrated in the synchronous gauge) follow from the covariant transformation

law satisfied by the energy-momentum tensor, and read

δ̃ = δ − αρ
′

ρ
, (4.67)

θ̃ = θ − β′k2 , (4.68)

δP̃ = δP − αP ′ , (4.69)

σ̃ = σ . (4.70)

Our approximations in Eqs. (4.18) and (4.19), suitable to the Newtonian gauge, can then be
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straightforwardly mapped into an arbitrary alternative gauge as follows:

δP̃

ρ
= c2s δ̃ + α(c2s − c2g)

ρ′

ρ
, (4.71)

k2σ̃ = −2

5

khor
k
e−

khor
k

c2s
1 + w

k2
(
δ̃ + α

ρ′

ρ

)
+

k

kfs
e−5

kfs
k w2

(
θ̃ + β′k2

)
, (4.72)

where,

c2s = c2g + (c2asp − c2g)e−
4
3

kfs
k , (4.73)

is the approximate expression for the scale-dependent sound speed in the Newtonian gauge.

Also, the adiabatic c2g and asymptotic c2asp sound speeds are given by Eqs. (4.9) and (4.11) re-

spectively, and the neutrino free-streaming kfs and horizon khor scales are given by Eqs. (4.14)

and (4.17), respectively.

We were not able to directly test the fluid Eqs. (4.60) and (4.61), with the approximations

in Eqs. (4.71) and (4.72) in the synchronous gauge, due to the fact that the Boltzmann solver

CLASS does not output the synchronous gauge metric perturbations h and η as a function

of the scale factor for a given scale k. However, we were able to extract the function α,

applying the Eq. (4.67) with both the Newtonian and synchronous gauge exact solutions

(obtained from CLASS in high precision settings). This allowed us to use the fluid equations

to obtain the approximate solution in the Newtonian gauge and then transform that into

the synchronous gauge, which is mathematically equivalent to solving the fluid equations in

the synchronous gauge. When comparing to the exact synchronous gauge transfer functions

we obtain a level of accuracy which is the same as observed in the Newtonian gauge, hence

verifying that the fluid approximation works as well in the synchronous gauge as it does in

the Newtonian gauge.
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Chapter 5

NEUTRINO WINDS ON THE SKY

5.1 Abstract

We develop a first-principles formalism to compute the distortion to the relic neutrino den-

sity field caused by the peculiar motions of large-scale structures. This distortion slows

halos down due to dynamical friction, causes a local anisotropy in the neutrino-CDM cross-

correlation, and reduces the global cross-correlation between neutrinos and CDM. The lo-

cal anisotropy in the neutrino-CDM cross-spectrum is imprinted in the three point cross-

correlations of matter and galaxies, or the bispectrum in Fourier space, producing a signal

peaking at squeezed triangle configurations. This bispectrum signature of neutrino masses

is not limited by cosmic variance or potential inaccuracies in the modeling of complicated

nonlinear and galaxy formation physics, and it is not degenerate with the optical depth

to reionization. We show that future surveys have the potential to detect the distortion

bispectrum.

5.2 Introduction

Neutrino oscillation experiments have established that at least two of the neutrino mass

eigenstates have a non-zero mass. Two squared mass differences are known from atmospheric

and solar neutrino oscillations, which leads to a lower bound on the sum of the masses of∑
ν mν ≳ 0.06, 0.1eV for the normal and inverted hierarchies respectively [149, 151, 166].

Additionally, terrestrial beta decay experiments set an upper bound to a weighted sum of

the masses of mν,β < 0.8eV at 90% confidence level [152]. Tighter constraints are obtained

from the neutrino-induced suppression of cosmological structure formation at small scales,

leading to the bound
∑

ν mν ≲ 0.12eV at 95% confidence [11], depending on the dataset.
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Future cosmological surveys will reach the required sensitivity to detect the neutrino mass

scale at the lower limits imposed by oscillation data. This highly anticipated measurement

will place tight constraints on sub-percent components of the matter density that can alter

the power spectrum, and put the synergy between particle physics and cosmology to the test

[159].

Relic neutrinos are nonrelativistic at late times but even today still have a nonnegligible

(thermal) velocity dispersion of σν ∼ 3Tν,0/mν ≈ 1500 km/s for a neutrino massmν = 0.1eV,

and temperature Tν,0 ≈ 1.95K ≈ 1.7× 10−4eV. We can define the free-streaming scale as the

distance traveled by neutrinos over the course of one expansion time, i.e., λfs ∼ σν/H0 ∼

20 Mpc when evaluated at the present time, where H0 ≈ 70 km/s/Mpc is the Hubble

expansion rate. At scales below the free-streaming length (k > kfs) pressure dominates over

the gravitational potential and neutrino anisotropies are washed out creating a homogeneous

sea of neutrinos with a characteristic size L ∼ λfs. At the present time cold dark matter

(CDM) halos have a typical peculiar velocity vH ∼ 500 km/s. We will show that the peculiar

motion of halos causes neutrino particles to accumulate behind the moving halo, generating

wakes that slow the halo down due to dynamical friction, and reducing the cross-correlation

between neutrinos and CDM. Some previous studies of neutrino wake effects can be found

in [167–169] (also see [170] for cosmic string wakes), we will comment on similarities and

differences between our approaches and those throughout this text. As we will see, the

neutrino wake effects are also directly related to the CDM-ν dipole distortion produced by

the relative velocity between CDM and neutrinos [171–173].

In this work we develop an analytic approach to offsets in neutrino and CDM clustering

on small scales. To do this, we leverage the fact that the physics of neutrino clustering

simplifies in the limit that the neutrino free-streaming scale is large in comparison with the

scale of nonlinearities. The CDM bulk flow produces a distortion in the neutrino density

field that naturally emerges in nonlinear structure formation with massive neutrinos. This

distortion can be explicitly extracted from the solution to the Boltzmann equation for the

neutrino distribution function in the background of a nonlinear dark matter structure, while
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remaining completely agnostic about the nonlinear dynamics of CDM. In contrast, previous

approaches to neutrino wakes are anchored on the introduction of an ad-hoc effective relative

displacement between CDM and neutrino fluids, from which the observational signals are

obtained.1 This framework is effective on scales below a relative velocity coherence length

but it breaks down at sufficiently large scales. Our approach improves on the analytical

understanding of neutrino wakes in an expanding universe and allows for a more complete

treatment of observables.

In general, the problem of including massive neutrinos in nonlinear structure formation

is rather challenging and has been investigated in the literature using different approaches.

That includes simulations that directly implement the neutrinos as N-body particles [65, 104,

106, 111, 113–116, 175, 176], but also (the computationally less expensive) simulations that

assume massive neutrinos remain linearly clustered up to late times [122, 123, 126, 132, 148,

177, 178], and analytic approaches as well [136, 179–183]. The peculiar motion of halos and

the associated distortion to the neutrino density field should, in principle, be included in some

of these methods and indeed the existence of a CDM-ν dipole distortion has been explicitly

verified in the TianNu simulations using a real space three point function correlating the

CDM and neutrino densities with their relative velocity field [184]. Additionally, signatures

of neutrino wakes were also observed in simulations that directly integrate the six-dimensional

Boltzmann (Vlasov)-Poisson equations in phase space [185].

Our novel theoretical framework enables a throughout investigation of potential obser-

vational signatures of this dipole distortion effect; it slows halos down due to dynamical

friction, decreases the cross correlation between CDM and neutrinos, and leaves an imprint

in three point cross correlations of matter and galaxies, or the bispectrum in Fourier space,

peaking at squeezed triangle configurations. As we shall see, this observable benefits from

cosmic variance cancellation: it is proportional to the particular realization of the CDM

power spectrum on small scales. Furthermore, it is not limited by the (lack of) knowledge of

1This is analogous to the moving background perturbation theory approach to modeling the effects of
the relative bulk motion between CDM and baryons on the formation of the first structures [174].
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optical depth to reionization,2 and only has a small degeneracy with additional contributions

to the bispectrum from standard nonlinear structure formation. This is then a promising

additional independent signature of neutrino masses in the large-scale structure that can

be probed in future surveys and complement the standard method based on the small-scale

matter power suppression in the presence of massive neutrinos. While the suppression in

the matter power spectrum from neutrinos is expected to provide the most stringent limits

on the neutrino mass, the power spectrum method is limited by the knowledge of optical

depth to reionization as probed by the cosmic microwave background (CMB), uncertainties

associated with modeling complex nonlinear structure and galaxy formation physics, and

degeneracies with other new physics such as a dynamical dark energy component (see e.g.

[98, 191–193]). The neutrino wake effects discussed in this paper are free from some of these

limitations.

Our analysis of wakes only assumes generic features of a thermally produced collisionless

non-cold dark species and could therefore apply to other sources of hot dark matter. Nev-

ertheless, we work with neutrinos for definiteness. In numerical calculations throughout the

paper we assume a reference flat ΛCDM cosmology, with Ωm,0 = Ωc,0 + Ωb,0 + Ων,0 = 0.32,

Ωb,0 = 0.05, ΩΛ,0 = 0.68 and h = 0.67. We emphasize that the neutrino effects considered in

this paper scale with powers of the individual neutrino masses, rather than the total energy

density in neutrinos. This is in contrast to the linear-theory suppression of the matter power

spectrum, which scales with the total energy density in neutrinos as
∑

imνi. For simplicity

we will work with a single massive species with mass mν and consider the dynamical fric-

tion and neutrino distortions produced by that mass state. The net effects of three massive

neutrinos can be computed straightforwardly. For a given neutrino mass mν we adjust the

fractional contribution of CDM to the energy density Ωc,0 in such a way as to keep the total

matter fraction Ωm,0 fixed. Linear transfer functions are obtained with the Cosmic Linear

Anisotropy Solving System (CLASS) [47], and we compute power spectra assuming an almost

2Indeed, both of these qualities are common to multi-tracer approaches to measuring the neutrino mass
with large-scale structure [186–190].
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scale invariant primordial power defined by a tilt ns = 0.96 and amplitude As = 2.2× 10−9

at the pivot scale kpiv = 0.05Mpc−1. Throughout this paper we treat baryons and CDM

identically and henceforth CDM refers both.

The paper is organized as follows: In Section 5.3 we review the formalism necessary

to study the distortion in the neutrino density field produced by the peculiar motion of

halos. In Section 5.4 we apply it to the simple case of a moving point mass halo that

approximates the distribution of CDM structure at sufficiently small scales. We also derive

the 1-halo contribution to the dynamical friction effect, and discuss the limitations associated

to neglecting the large-scale gravitational potential. In Section 5.5 we apply our formalism

to a general nonlinear CDM distribution where we only impose kinematic relations and

hence remain agnostic about the nonlinear dynamics of CDM. We then revisit the dynamical

friction effect and comment on large-scale structure observables. In Section 5.6 we carry

out some numerical calculations using the halo model to derive the 2-halo contribution to

the dynamical friction effect, and standard perturbation theory (SPT) to compute two and

three point cross correlations of neutrinos and CDM. The latter are used to forecast the

detectability of neutrino wakes effect in future surveys combining two tracers of the matter

distribution. In 5.7 we summarize our findings. Finally, in Appendix 5.8 we present the

details of signal-to-noise calculations.

5.3 Basic formalism

We follow the standard approach to study how neutrinos are distributed around CDM,

i.e., to solve for the neutrino phase space distribution function fν(t, x⃗, q⃗), where t is the

Friedmann-Lemâıtre-Robertson-Walker (FLRW) cosmic time, x⃗ the comoving position, and

q⃗ = mνa
2(t)dx⃗/dt the comoving momentum in the cosmic frame. Here mν is the neutrino

mass and a(t) is the scale factor. We work with one neutrino mass eigenstate at a time. The

collisionless Boltzmann equation reads [19],

∂fν
∂t

+
dx⃗

dt
· ∂fν
∂x⃗

+
dq⃗

dt
· ∂fν
∂q⃗

= 0 . (5.1)
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The neutrinos move in the gravitational potential ϕ(t, x⃗) of CDM, from where it follows that,

dq⃗

dt
= −mν

∂ϕ

∂x⃗
. (5.2)

Three approximations are being made here. First, we consider the motion of neutrinos in

the external gravitational potential of CDM, ignoring the back reaction of neutrinos on the

gravitational potential. This is a good approximation as long as the fractional contribution

of neutrinos to the matter density is small. We also neglect large-scale general relativistic

corrections, such as dilation effects via ϕ′ terms. These do not contribute to the physics on

the sub-horizon scales we consider. Finally, we assume that neutrinos are nonrelativistic, so

our equations apply at sufficiently late times. Note that for a neutrino mass mν ∼ 0.1eV,

the transition between relativistic and nonrelativistic regimes happens at a redshift ztr ∼

mν/3Tν,0 ∼ 200, much earlier than the onset of nonlinear structure formation.

The Boltzmann Eq. (5.1) can then be written as:

∂fν
∂t

+
q⃗

mνa2
· ∂fν
∂x⃗
−mν

∂ϕ

∂x⃗
· ∂fν
∂q⃗

= 0 . (5.3)

We split the neutrino phase-space distribution function as follows: fν = fν,0 + fν,1, where

fν,0 is a solution to the case ϕ = 0, and fν,1 represents a response to the gravitational field

of dark matter. Setting ϕ = 0 in Eq. (5.3) gives,

∂fν,0
∂t

+
q⃗

mνa2
· ∂fν,0
∂x⃗

= 0 . (5.4)

A general solution to Eq. (5.4), which is also isotropic in the cosmic frame, is an arbitrary

function of the magnitude of the comoving momentum fν,0 = fν,0(q). Since we are considering

the distribution of a single relic neutrino species, we set this to be the relativistic Fermi-Dirac

distribution fν,0(q) = fFD(q/Tν,0), with Tν,0 ≈ 1.95K the neutrino temperature today, and:

fFD(x) =
gν

ex + 1
, (5.5)

with gν = 2 to account for both left-handed neutrinos and right-handed antineutrinos. Going

back to the general case of a nonvanishing CDM potential, we arrive at

∂fν,1
∂t

+
q⃗

mνa2
· ∂fν,1
∂x⃗

= mν
∂ϕ

∂x⃗
· ∂fν,0
∂q⃗

+mν
∂ϕ

∂x⃗
· ∂fν,1
∂q⃗

. (5.6)
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We now make the Brandenberger-Kaiser-Turok (BKT) approximation which consists in drop-

ping the second term in the right-hand side of Eq. (5.6) [194]. This can be phrased as the

statement that we compute the linear response of the neutrino distribution to the (nonlinear)

gravitational potential of CDM. We expect the approximation to break down at sufficiently

small scales, or in close encounters of neutrinos with very massive halos, in which case one

can proceed to solve the Eq. (5.6) iteratively [183]. We are interested in the perturbative

quasi-linear regime where the BKT approximation should be adequate.

The Boltzmann Eq. (5.6) then greatly simplifies to:

∂fν,1
∂η

+
q⃗

mν

· ∂fν,1
∂x⃗

= mνa
2(η)

∂ϕ

∂x⃗
· ∂fν,0
∂q⃗

, (5.7)

where we also introduced a new time coordinate η via dt/dη = a2(η), proportional to the

comoving distance traveled by a nonrelativistic particle throughout cosmic history. In the

remainder of this manuscript we will study how the solution to Eq. (5.7) captures the dis-

tortion in the neutrino density field induced by the peculiar motion of halos. As a warm-up,

in Sec. 5.4 we will first solve it for the simple case that ϕ is the potential for a single moving

point mass halo that works as a toy model for the distribution of CDM at sufficiently small

scales. The single-halo approach neglects the clustering of nearby halos and the overall in-

coherence of the velocity field of nearby structures. In Sec. 5.5 we will consider Eq. (5.7) in

the context of the full large-scale CDM density field. Our approach will be to use the Poisson

equation and the fully nonlinear continuity equation to develop a systematic expansion for

perturbations to the neutrino density in terms of derivatives of the CDM density field. In this

sense, our predictions for the neutrino wakes do not rely on any particular implementation

of non-linear gravitational evolution.

5.4 A warm-up exercise: Neutrino wakes around a single moving halo

Our goal in this section is to determine the late-time clustering of relic neutrinos around

a moving point mass halo with a given mass M , following the comoving trajectory x⃗H(η).

We first compute the neutrino energy density and then proceed to determine the resulting
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dynamical friction force. The section ends with a discussion on the limitations associated

to neglecting the large-scale gravitational potential which provides intuition for some of the

calculations that are carried out in Section 5.5.

5.4.1 Anisotropic neutrino density profile

As a first step we solve Eq. (5.7) for the gravitational potential of a moving point mass halo.

In general, the solution to Eq. (5.7) reads

fν,1(η, x⃗, q⃗) =

∫
dη′
∫
d3x⃗′ G(η − η′, x⃗− x⃗′)mνa

2(η′)
∂ϕ

∂x⃗′
· ∂fν,0
∂q⃗

, (5.8)

where:

G(η, x⃗) = Θ(η)δ(3)
(
x⃗− q⃗

mν

η

)
, (5.9)

is the causal Green’s function of Eq. (5.7), with Θ(η) the Heaviside step function. The

substitution of Eq. (5.9) into Eq. (5.8) gives, after some algebra,

fν,1(η, x⃗, q⃗) = mν

∫ η

0

dη′a2(η′)
∂ϕ

∂y⃗
· ∂fν,0
∂q⃗

, (5.10)

where we set η = 0 corresponding to the arbitrary initial integration time and

y⃗ = x⃗− q⃗

mν

(η − η′) . (5.11)

It is now straightforward to compute the perturbation to the neutrino energy density as

follows:

δρν(η, x⃗) = mνa
−3(η)

∫
d3q⃗

(2π)3
fν,1(η, x⃗, q⃗) ,

= m2
νa

−3(η)

∫ η

0

dη′a2(η′)

∫
d3q⃗

(2π)3
∂ϕ

∂y⃗
· ∂fν,0
∂q⃗

.

(5.12)

After integration by parts, and using Eq. (5.11), this becomes

δρν(η, x⃗) = mνa
−3(η)

∫ η

0

dη′(η − η′)a2(η′)
∫

d3q⃗

(2π)3
fν,0(q)∇2

yϕ(η
′, y⃗) . (5.13)

For a point mass halo with a given mass M and following the comoving trajectory x⃗H(η),

∇2
yϕ(η

′, y⃗) =
4πGM

a(η′)
δ(3)(y⃗ − x⃗H(η′)) , (5.14)
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with Newton’s gravitational constant G. The substitution of Eq. (5.14) into Eq. (5.13) yields,

after integrating over the comoving momentum to eliminate the delta function,

δρν(η, x⃗) =
GMm4

ν

2π2
a−3(η)

∫ η

0

dη′
a(η′)

(η − η′)2
fFD

(
mν

Tν,0

|x⃗− x⃗H(η′)|
η − η′

)
, (5.15)

where we used the relation fν,0(q) = fFD(q/Tν,0), along with Eq. (5.5) (with gν = 2). This

is the expression for the mass density perturbation of relic neutrinos in the presence of a

moving point mass halo, that we will apply in the next section in order to study the dynamical

friction effect.

For now, let us build some intuition on the physics at hand by considering the case of

a halo moving with constant velocity v⃗H in a static universe, i.e., a(t) = 1 and x⃗H(t) =

x⃗H(0) + v⃗Ht with η = t. In this case, the Eq. (5.15) reads in the halo frame

δρHν (t, x⃗) = δρν(t, x⃗+ x⃗H(t)) =
t→∞

GMm3
νTν,0

2π2

∫ ∞

0

du fFD(|ux⃗+ α⃗|) , (5.16)

where we introduce the vector

α⃗ =
mνa

Tν,0
v⃗H , (5.17)

which points in the direction of the halo motion and whose magnitude is proportional to

the ratio of halo to thermal neutrino velocities, and also changed the integration variable

to u = (mν/Tν,0)(1/t − t′) before taking the static limit t → ∞. Equation (5.16) is plotted

in Fig. 5.1 for a neutrino mass mν = 0.1eV, and a halo with mass M = 1013M⊙ moving

with a velocity vH = 500km/s along the x-axis. Note that the halo peculiar velocity creates

a distortion in the neutrino density field, which clusters anisotropically behind the moving

halo.

5.4.2 Dynamical friction on a single halo

We now have an expression for the anisotropic clustering of neutrinos around moving point

mass halos in an expanding universe, i.e., Eq. (5.15). We expect this to generate dynamical

friction that slows the halo down and this is what we compute next. Using Newton’s third
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Figure 5.1: Anisotropic clustering of massive neutrinos behind a point mass halo with a

constant velocity in a static universe. Here mν = 0.1eV is the neutrino mass, M = 1013M⊙

is the halo mass and vH = 500km/s is the halo velocity along the x-axis as illustrated by the

white arrow. The plot shows the neutrino density contrast in a frame of reference comoving

with the halo, which diverges at the origin (the point mass halo position) and hence we

introduce a cutoff at an arbitrary maximum density contrast which here corresponds to the

value of δHν,max = 0.2.

law, the force acting on the halo can be obtained by integrating the neutrino mass density
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over the gravitational field of the halo

F⃗ (η) = −a3(η)
∫
d3x⃗ δρν(η, x⃗)g⃗H(η, x⃗) , (5.18)

where for a moving point mass halo in an expanding universe the gravitational field reads

g⃗H(η, x⃗) = −
∇⃗xϕ(η, x⃗)

a(η)
= − GM

a2(η)

x⃗− x⃗H(η)
|x⃗− x⃗H(η)|3

. (5.19)

Substituting Eqs. (5.15) and (5.19) into Eq. (5.18) gives

F⃗ (η) =
G2M2m4

ν

2π2

∫ η

0

dη′

(η − η′)2
a(η′)

a2(η)

∫
d3x⃗ fFD

(
mν

Tν,0

|x⃗− x⃗H(η′)|
η − η′

)
x⃗− x⃗H(η)
|x⃗− x⃗H(η)|3

, (5.20)

we now change the integration variable in the second integral in the right hand side of

Eq. (5.20). In terms of y⃗ = (mν/Tν,0)(x⃗− x⃗H(η′))/(η− η′) the integral is formally equivalent

to the problem of calculating the gravitational field generated by the isotropic mass density

fFD(y). Applying Gauss’s law we find

F⃗ (η) = − 2

π
G2M2m4

ν

(
Tν,0
mν

)3 ∫ η

0

dη′

η − η′
a(η′)

a2(η)

x⃗H(η)−x⃗H(η′)
η−η′

| x⃗H(η)−x⃗H(η′)
η−η′

|3

∫ mν
Tν,0

| x⃗H(η)−x⃗H(η′)
η−η′ |

0

dy y2fFD(y) .

(5.21)

In the limit η′ → η we have that (x⃗H(η)− x⃗H(η′))/(η−η′)→ a(η)v⃗H(η), where v⃗H = adx⃗H/dt

is the halo peculiar velocity, and the integral is singular due to the factor of (η − η′) in

the denominator. To regularize it we introduce the dimensionless time integration variable

∆ = η/(η − η′) in terms of which the Eq. (5.21) becomes

F⃗ (η) = − 2

π
G2M2m4

ν

(
Tν,0
mν

)3 ∫ ∞

1

d∆

∆

a(η′)

a2(η)

x⃗H(η)−x⃗H(η′)
η−η′

| x⃗H(η)−x⃗H(η′)
η−η′

|3

∫ mν
Tν,0

| x⃗H(η)−x⃗H(η′)
η−η′ |

0

dy y2fFD(y) ,

(5.22)

with η′ = η(1 − 1/∆) implicit on Eq. (5.22). The limit η′ → η is mapped into ∆ → ∞

where the integrand approaches ∼ d∆/∆, i.e., we encounter a logarithmic divergence. This

is to be expected in our simple model of a point mass halo since gravity is a long range

force and hence neutrinos coming towards the halo with arbitrarily large impact parameter

give a nonvanishing contribution [195]. However, in realistic scenarios one has to account for
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the large-scale gravitational potential which sets a cutoff Λ for the integral. We postpone a

discussion of this to the next subsection and for now simply introduce the cutoff by hand.

The expression in Eq. (5.22) greatly simplifies in the limit Λ ≫ 1, which motivates the

following regularization scheme:

F⃗ (η) = − 2

π
log ΛG2M2m4

ν

(
Tν,0
mν

)3

lim
Λ→∞

1

log Λ

∫ Λ

1

d∆

∆

a(η′)

a2(η)

x⃗H(η)−x⃗H(η′)
η−η′

| x⃗H(η)−x⃗H(η′)
η−η′

|3

∫ mν
Tν,0

| x⃗H(η)−x⃗H(η′)
η−η′ |

0

dy y2fFD(y) .

(5.23)

the integral is now dominated by its contribution from ∆≫ 1 so we arrive at,

F⃗ = − 2

π
log ΛG2M2m4

ν

(
Tν,0
mνa

)3
v⃗H
v3H

∫ α

0

dy y2fFD(y) , (5.24)

where the time dependence is now implicit in Eq. (5.24), and α = |α⃗| is the magnitude of

the vector defined in Eq. (5.17). This is the Chandrasekhar dynamical friction formula [196]

as used, for instance, in the pioneering paper [167]. Before moving forward, let us stop for

a moment to investigate the explicit dependence of Eq. (5.22) on the cutoff Λ in the simple

scenario where the halo is only subject to Hubble drag, that is, assuming vH ∼ a−1 and

hence dx⃗/dη = av⃗H is constant. In this case when evaluating Eq. (5.22) at redshift z = 0 (or

a = 1) we reproduce Eq. (5.24) but now with an additional factor of:

F

FΛ→∞
=

1

log Λ

∫ Λ

1

d∆

∆
a

(
η

(
1− 1

∆

))
. (5.25)

This can be calculated in our reference ΛCDM cosmology for any given initial redshift zi

associated to the halo formation time (where we set ηi = 0) and is plotted in Fig. 5.2. One

can see the trend of F/FΛ→∞ → 1 in the limit Λ → ∞, with Chandrasekhar’s formula in

Eq. (5.24) being suppressed for any finite value of the cutoff Λ (also note that the suppression

is larger for earlier forming halos which move faster at higher redshift and hence probe larger

distance scales). We will give a physical interpretation for this result in the next subsection

where we discuss the limitations associated to ignoring the large-scale gravitational potential

in our simple single halo model.

We are primarily interested in the small halo velocity regime α≪ 1 of Eq. (5.24), suitable

for realistic neutrino masses as constrained by cosmology. In this case the dynamical friction
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Figure 5.2: Suppression of Chandrasekhar’s formula for the dynamical friction force F/FΛ→∞

for finite values of the cutoff Λ in the simple case of a halo subject to Hubble drag. The solid

black curve corresponds to a choice of halo formation redshift of zi = 1, and the dashed blue

curve to zi = 2. In realistic applications we might expect Λ ≈ λcoh/Rhalo ≈ 10− 1000 as we

will see in Sec. 5.6.

force is proportional to the halo velocity,

F⃗ ≈ − 2

3π
log ΛG2M2m4

ν v⃗H , (5.26)

and scales like m4
ν such that the dynamical friction effect is dominated by the most massive

neutrino eigenstate. We may then assume a single neutrino species for simplicity, or explicitly

write the total dynamical friction force as a sum of individual contribution from different

eigenstates.

In order to connect Eq. (5.26) with the results of future sections, it is convenient to

rewrite it in terms of a quantity with dimension of inverse time. Since F = MdvH/dt, we
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can define:

τ−1 = − F⃗ · v⃗H
Mv2H

=
2

3π
log ΛG2Mm4

ν = 3.4× 10−5 log Λ

log 100

M

1013M⊙
( mν

0.1eV

)4
H0 , (5.27)

which is the characteristic time scale for an order one fractional decrease in the halo velocity

due to the dynamical friction effect. Note that 1/τH0 = ∆v/v is the overall relative decrease

in the halo velocity over the age of the Universe t ∼ 1/H0. We obtain a numerical value of

∆v/v = 3.4× 10−5 for a halo mass M = 1013M⊙ and individual neutrino mass mν = 0.1eV,

when also assuming Λ = 100. This already suggests that the dynamical friction effect is

quite small, although it can pick up some significant contributions from the clustering of

nearby halos as we will see in Sec. 5.6.

5.4.3 Limitations to the 1-halo approach

Thus far we have determined the anisotropic clustering of massive neutrinos behind moving

point mass halos and the corresponding dynamical friction force. A more realistic calculation

would have to account for both the finite extent of the halo and the presence of large-scale

structure. Indeed, the Eq. (5.27) involves an unknown Coulomb logarithm, log Λ, where in

typical applications of the dynamical friction formula the cutoff Λ can be estimated as the

ratio of maximum and minimum impact parameters, Λ ∼ bmax/bmin [195]. Here bmin ∼ Rhalo

is the halo radius, and bmax ∼ λcoh ∼ 0.1 Mpc−1 is the CDM velocity coherence scale. The

CDM bulk flow is only coherent over sufficiently small scales and hence our analysis based on

a single moving halo is expected to break down at scales λ ≳ λcoh.
3 This point will be made

more clear in the next section, where we also provide a precise definition for the velocity

coherence scale.

3We should also impose a cutoff corresponding to the distance traveled by free-streaming neutrinos,
which sets the scale where neutrino inhomogeneities are coherent with CDM. As we shall see the neutrino
free-streaming scale is much larger than the CDM velocity coherence length λcoh. Relatedly, since our
formalism assumes neutrinos are non-relativistic, one might also expect that we should impose a cutoff
corresponding to the distance neutrinos have traveled while non-relativistic. Yet this scale is much larger
than the free-streaming scale and, of course, the CDM velocity coherence length λcoh and is therefore
irrelevant.



125

When accounting for the large-scale structure, the halo velocity vH is replaced by the

root mean square CDM velocity dispersion σ given by,

σ2 = ⟨v2⟩ =

∫
dk

2π2
Pθθ(z, k) , (5.28)

with Pθθ(z, k) the power spectrum of the divergence of the CDM velocity field θ = ∇⃗ · v⃗

(note that the velocity dispersion depends on redshift). This can be used to define the scale

associated to the CDM bulk flow, which is also known as the scale of nonlinearities4

kNL =
aH

σ
, (5.29)

where a is the scale factor and H = ȧ/a is the Hubble rate, with dot denoting a derivative

with respect to cosmic time t. We evaluate the Eq. (5.28) numerically in our reference

ΛCDM cosmology and in linear perturbation theory, using Pθθ(z, k) = (faH)2[DL(z)/DL(z =

0)]2Pδδ(z = 0, k), where Pδδ(z = 0, k) is the CDM power spectrum evaluated at z = 0. The

linear growth factor DL and linear growth rate f = d logDL/d log a are obtained with the

approximate formulas in [197].

In our calculations thus far we have implicitly assumed a large-scale homogeneous distri-

bution of neutrinos. In general, neutrinos have a large velocity dispersion5,

σν =

√
3ζ(3)

log 4

Tν,0
mνa

, (5.30)

and hence free-stream over cosmological distances with a characteristic scale kfs of,

k2fs =
4πGa2ρ̄(a)

σ2
ν

=
3

2
Ωm(a)

(
aH

σν

)2

, (5.31)

4In the literature one often finds alternative definitions for the scale of nonlinearities, such as the scale
at which the dimensionless power is unity, which we will here denote by k̃NL. In our reference ΛCDM
cosmology one finds k̃NL ∼ 0.15Mpc−1 ∼ kNL at z = 0 so the two definitions produce numerically equivalent
results. However, their time evolution is different and this can produce significant differences at higher
redshift. For example, k̃NL ≈ 0.5Mpc−1 at z = 1, while kNL changes only slightly when compared to its
z = 0 value, as depicted in Fig. 5.3.

5In later sections we provide the motivation for this particular definition of the neutrino velocity disper-
sion.
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where ρ̄(a) is the background matter energy density and we used the Friedmann equation.

In Fig. 5.3 we plot the scale of nonlinearities, kNL, and the neutrino free-streaming scale, kfs,

as a function of redshift in our reference ΛCDM cosmology for three values of the neutrino

mass: mν = 0.05eV, mν = 0.1eV and mν = 0.15eV.
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Figure 5.3: Scale of nonlinearities, kNL, and neutrino free-streaming scale, kfs, as a function of

redshift and for varying neutrino mass. The black dashed curve is the scale of nonlinearities

and blue, green and pink solid curves correspond to the free-streaming scale for neutrino

masses of mν = 0.05eV,mν = 0.1eV and mν = 0.15eV respectively.

At scales smaller than the free-streaming scale (k ≳ kfs), pressure dominates over the

gravitational field and neutrino anisotropies are washed-out. On the other hand, at larger

scales (k ≪ kfs) neutrinos cluster like cold matter and there are significant anisotropies in

the neutrino fluid.6 As a consequence we expect our previous analysis, which assumes a

6In practice the transition at the free-streaming scale is rather smooth, with the neutrino species fully
behaving like CDM only at scales above the neutrino horizon scale which is approximately set by the
free-streaming scale when evaluated at the moment when neutrinos first became nonrelativistic and lies
at much larger scales. See Fig. 1 in [80] for more details.
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homogeneous distribution of neutrinos, to break down when the CDM flows over scales that

are larger than λfs ∼ 1/kfs, i.e., when kfs ≳ kNL. From Fig. 5.3 we conclude that for the

small neutrino masses as constrained by cosmology, kfs < kNL and hence our assumptions

are consistent.

Note that since kfs ∼ aH/σν and kNL ∼ aH/σ, we have that kfs/kNL ∼ σ/σν is analogous

to the parameter α introduced in Eq. (5.17) and this has two important consequences. First,

as we showed before, the limit α≪ 1 allowed for a significant simplification of the dynamical

friction effect, leading to the simple formula in Eq. (5.27). In an approach that accounts for

the large-scale structure, we expect a similar simplification to happen in the limit kfs/kNL ≪

1, and indeed we will use this as a guiding principle in future sections. Second, due to the

breakdown of our framework in the regime kfs/kNL ∼ σ/σν ≳ 1, the Chandrasekhar formula

in Eq. (5.24) can no longer be applied when α ≳ 1. If we try to ignore this and proceed to

extract the α≫ 1 limit in Eq. (5.24) we would (erroneously) arrive at,

F⃗ ≈ − 6

π
ζ(3) log ΛG2M2m4

ν

(
Tν,0
mνa

)3
v⃗H
v3H

, (5.32)

where we used Eq. (5.5) with gν = 2. For a given fixed neutrino temperature today Tν,0,

one would then conclude that F ∼ mν and hence the dynamical friction effect can be made

arbitrarily large by increasing mν , which in turn would enable us to place an upper bound

on the neutrino mass scale based solely on the observation that galaxies have some nonzero

peculiar velocities today and hence the dynamical friction effect cannot be too large [167].

This argument completely ignores the cutoff at the free-streaming scale and is hence incorrect.

Indeed, we can get some valuable intuition from considering the limit kfs/kNL ∼ σ/σν ≫ 1

(analogous to α≫ 1), which corresponds to a neutrino mass so large that the neutrinos are

no longer streaming over cosmological distances and hence effectively behave just like a cold

matter component. Then neutrinos will cluster along with the CDM and there no longer

exists a homogeneous sea of neutrinos around the halo. Another way to think about it is

that in this limit, neutrinos are comoving with CDM and then, in the frame of the halo,

the situation is equivalent to a halo at rest in a homogeneous sea of neutrinos. In that case,
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neutrino clustering is isotropic in the halo frame and there are no wakes and no dynamical

friction.

In later sections we will see precisely how the free-streaming scale comes into play when

generalizing the approach of this section to a more realistic dark matter distribution. Another

limitation to Eq. (5.27) is that it neglects the effects of clustering between nearby halos. In

studying neutrino wakes and dynamical friction in large-scale structure, we then expect to

see some corrections accounting for the fact that nearby halos will share neutrino wakes.

The two-halo term was studied in detail in [168] under the assumption of a static universe,

as seen from the frame of reference of a moving halo. This approach implicitly assumes

that all of the CDM moves coherently, and hence breaks down at scales above the CDM

velocity coherence scale. In the next section, we will develop a framework that incorporates

the expansion of the Universe and also allows us to work with CDM structures that have a

velocity dispersion, allowing us to push the regime of validity of the calculations all the way

up to the free-streaming scale.

5.5 Neutrino wakes in large-scale structure

In the previous section we determined that the peculiar motion of halos generates anisotropic

neutrino wakes that slow halos down due to dynamical friction. Our goal now is to extended

the analysis of neutrino wakes to a general CDM distribution (in an expanding universe) in

order to account for the large scale structure. This improves on several limitations of the

previous approach: The cutoffs at both the free-streaming and CDM coherence scale will

naturally emerge from the formalism, as opposed to being introduced by hand to regularize

divergent integrals. We will also derive a 2-halo term to the dynamical friction formula and

naturally account for the CDM velocity dispersion, as opposed to introducing an ad-hoc halo

peculiar velocity. Finally, this approach allows us to derive corrections to the matter power

spectrum from neutrino wakes and compute the matter-neutrino cross-bispectrum generated

by the distortions to the neutrino field.

Based on our intuition from the previous section, we expect the problem to significantly
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simplify in the limit kfs/kNL ≪ 1. As we will see, by working in this regime we are able

to address the problem analytically. Our strategy is to solve the Boltzmann Eq. (5.7) in

Fourier space, integrate the solution over comoving momenta to obtain the neutrino density

perturbation, and then consider a Taylor expansion in the small parameter kfs/kNL ≪ 1. We

will then calculate both the zeroth and first order terms. The latter will correspond to the

distortion in the neutrino density field that we are looking for. In our calculations we remain

agnostic about the nonlinear evolution of CDM perturbations, imposing only the continuity

and Poisson equations. Our final expressions in this section will be written in terms of CDM

power spectra and bispectra without assuming a particular model for their computation.

5.5.1 Solution to the Boltzmann equation for an arbitrary CDM density field

Going back to the problem at hand, we need to consider Eq. (5.7) in its full generality. In

Fourier space (let ∇⃗ → i⃗k), it reads:

∂fν,1
∂η

+ i
k⃗ · q⃗
mν

fν,1 = imνa
2(η)ϕ(η, k⃗)k⃗ · ∂fν,0

∂q⃗
, (5.33)

where we remind the reader that fν,0(q) corresponds to the background neutrino distribution

function, while fν,1(η, k⃗, q⃗) is the linear response to the CDM gravitational potential ϕ(η, k⃗).

Furthermore, q⃗ is the comoving momentum, and we are working in the time coordinate η

defined by dt/dη = a2(η). This is a first-order ordinary differential equation whose solution

is straightforward to write down 7

fν,1(η, k⃗, q⃗) = imν k⃗ ·
∂fν,0
∂q⃗

∫ η

0

dη′a2(η′)ϕ(η′, k⃗)e−i k⃗·q⃗
mν

(η−η′) , (5.34)

and hence the perturbation to the neutrino mass density is,

δρν(η, k⃗) = mνa
−3(η)

∫
d3q⃗

(2π)3
fν,1(η, k⃗, q⃗) ,

= im2
νa

−3k⃗ ·
∫ η

0

dη′a2(η′)ϕ(η′, k⃗)

∫
d3q⃗

(2π)3
∂fν,0
∂q⃗

e−i k⃗·q⃗
mν

(η−η′) ,

(5.35)

7The distribution function quickly loses sensitivity to the initial conditions at sub-horizon scales, hence
we set ϕ(0, k⃗) = 0.
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now integrate the second integral by parts, followed by integration over the solid angle, to

arrive at:

δρν(η, k⃗) = −
m2

νk

2π2
a−3(η)

∫ η

0

dη′a2(η′)ϕ(η′, k⃗)

∫ ∞

0

dq qfν,0(q) sin

[
kq

mν

(η − η′)
]
. (5.36)

To proceed use Poisson’s equation k2ϕ(η, k⃗) = −4πGa2δρ(η, k⃗) with δρ(η, k⃗) the CDM den-

sity in excess of the average ρ̄(η), i.e., ρ(η, x⃗) = ρ̄(η)+δρ(η, x⃗) ≡ ρ̄(η)[1+δ(η, x⃗)] in real space,

with δ(η, x⃗) the CDM density contrast. We also change the integration variable in the inte-

gral over comoving momenta to x = q/Tν,0, using the relation fν,0(q) = fFD(q/Tν,0) = fFD(x).

Equation (5.36) now reads,

δν(η, k⃗) =
δρν(η, k⃗)

ρ̄ν(η)
=

4πGρ̄0
3ζ(3)

∫ ∞

0

dx x2fFD(x)

∫ η

0

dη′(η−η′)a(η′)δ(η′, k⃗)j0
[
k
Tν,0
mν

x(η − η′)
]
,

(5.37)

with ρ̄0 the comoving background matter energy density (or the matter density when evalu-

ated at the present time), δν(η, k⃗) the neutrino density contrast, j0(x) = sinx/x the spherical

Bessel function of zeroth order and the background neutrino energy density ρ̄ν(η) is given

by

ρ̄ν(η) = mνa
−3(η)

∫
d3q⃗

(2π)3
fν,0(q⃗) =

3ζ(3)

2π2
a(η)−3mνT

3
ν,0 , (5.38)

where we used fν,0(q) = fFD(q/Tν,0) and Eq. (5.5) with gν = 2. Also note that 3ζ(3) =∫∞
0
dx x2fFD(x) sets the numerical factor in the denominator of Eq. (5.37). Equation 5.37

is a key equation from which we will derive several observables. We emphasize that when

referring to the CDM density or gravitational potential we add no subscripts, while the

corresponding neutrino quantities always carry the subscript ν. In this work we always

assume a small fractional contribution of neutrinos to the total matter, fν = ρ̄ν/ρ̄≪ 1.

We first consider scales that are above the Jeans length, kTν,0η/mν ≪ 1. In this case we

can work under the approximation j0(x) ≈ 1 for x ≪ 1, and assume a linear evolution for

the CDM field (since we are interested in neutrino masses for which kNL > kfs)

δ(η′, k⃗) =
DL(η

′)

DL(η)
δ(η, k⃗) , (5.39)
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with DL(η) the linear growth factor, which satisfies the following differential equation:

d2

dη2
DL(η) = 4πGρ̄0a(η)DL(η) . (5.40)

It then follows from Eq. (5.37) that, for kTν,0η/mν ≪ 1,

δν(η, k⃗) =
k≪kfs

4πGρ̄0
δ(η, k⃗)

DL(η)

∫ η

0

dη′(η − η′)a(η′)DL(η
′) , (5.41)

where we used Eq. (5.39). Substituting Eq. (5.40) into Eq. (5.41) yields after integrating by

parts,

δν(η, k⃗) =
k≪kfs

δ(η, k⃗)

[
1− ηD

′
L(0)

DL(η)
− DL(0)

DL(η)

]
≈ δ(η, k⃗) , (5.42)

where in the second equality we use the fact that the additional terms in the square brackets

can be made negligible by setting the initial conditions at sufficiently early times (which

is equivalent to just keeping the growing mode). This is the standard result that at scales

above the neutrino horizon the neutrino species exactly traces the cold dark matter. In our

derivation we had to assume a linear evolution for the CDM component at scales above the

neutrino horizon, with the linear growth factor satisfying Eq. (5.40), in order to be consistent

within our framework of a linear neutrino response. However, the final result is general as it

is essentially the statement of causality and hence holds in any nonlinear approach, as long

as one consistently accounts for the nonlinearities in both neutrinos and CDM.

Let us now investigate the opposite regime, kTν,0η/mν ≫ 1, in Eq. (5.37). The spherical

Bessel function peaks at ∆η = η − η′ = 0 and becomes vanishing when,

k
Tν,0
mν

η
∆η

η
≫ 1 ⇐⇒ ∆η

η
≫ 1

k Tν,0

mν
η
, (5.43)

so the time integral in Eq. (5.37) becomes dominated by its contribution from ∆η/η ≪

1, which suggests a Taylor series expansion of the integrand around η′ = η. To leading

order we can simply evaluate the integrand at η′ = η, which implies that the clustering of

neutrinos only depends on a snapshot of the CDM distribution at the final time. This can

be interpreted as follows: Neutrino fluctuations with a (comoving) wavenumber k have a
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characteristic time scale, t ∼ a/kσν ∼ (kfs/k)H
−1, which is much smaller than a Hubble

time at sub-free streaming scales. We can then effectively consider a quasi-static space in

terms of comoving quantities. However, since our goal in this paper is to study the effects

of halo peculiar velocities, we need to go beyond the leading order term. Indeed, as long as

kfs/kNL ∼ σ/σν ≪ 1, it suffices to consider the next to leading order term in the Taylor series

expansion since the CDM bulk flow is slow when compared to the neutrino time scale. In

what follows we compute the contributions from zeroth and first order terms in the expansion.

Zeroth order: The static limit

We begin with the zeroth-order term which corresponds to approximating a(η′)δ(η′, k⃗) ≈

a(η)δ(η, k⃗) when evaluating the time integral in Eq. (5.37). As previously discussed, this is

justified since the integral is dominated by its contribution from η′ = η in the limit where

kTν,0η/mν ≫ 1. This yields

δ(0)ν (η, k⃗) =
4πGρ̄0
3ζ(3)

a(η)δ(η, k⃗)

∫ ∞

0

dx x2fFD(x)

∫ η

0

dη′(η − η′)j0
[
k
Tν,0
mν

x(η − η′)
]

=
4πGρ̄0
3ζ(3)

a(η)δ(η, k⃗)

(
mν

kTν,0

)2 ∫ ∞

0

dxfFD(x)

[
1− cos

(
k
Tν,0
mν

xη

)]
=

(
kfs
k

)2

δ(η, k⃗) ,

(5.44)

where we used Eqs. (5.5), (5.30), (5.31), the Friedmann equation Ωm(a) = (8πGρ̄0/3a
3H2),

and from the second to the third line we dropped the cosine term since kTν,0η/mν ≫ 1.

Note that our definition of the neutrino velocity dispersion, as given by Eq. (5.30), produces

the result in the last line of Eq. (5.44) with no extra coefficients. Equation (5.44) is a well-

known result at sub free-streaming scales, but also under the assumption that halos are static

[163]. Ultimately, it is just the statement of neutrino free-streaming: The neutrino density

perturbation is suppressed with respect to CDM at sub free-streaming scales.

In this work, however, we are interested in the effect produced by the peculiar motion of

halos. That means we need to consider the leading order correction to Eq. (5.44), i.e., the

first order term.
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First order: Accounting for CDM bulk flows

Going back to Eq. (5.37), we now need to expand a(η′)δ(η′, k⃗) to first order in ∆η = η − η′.

On one hand,

a(η′) = a(η)
[
1− a2(η)H(η)(η − η′) + . . .

]
. (5.45)

Since only ∆η ≲ mν/kTν,0 contributes to the integral, and kfs ∼ (mν/Tν,0)a
2H from Eqs. (5.30)

and (5.31), we find that the first order term in the right hand side of Eq. (5.45) scales like

∼ kfs/k with respect to the zeroth order term and can hence be neglected at sufficiently

small scales. We also need to consider:

δ(η′, k⃗) = δ(η, k⃗)− a2(η)δ̇(η, k⃗)(η − η′) + . . . (5.46)

where dot denotes a derivative with respect to cosmic time t. To proceed we assume the

continuity equation for the CDM fluid in an expanding universe

δ̇ = −1

a
∇⃗ · P⃗ , (5.47)

when written in position space with P⃗ = (1+δ)v⃗ the CDM momentum (density) field, where

v⃗(η, x⃗) is the CDM velocity. The ratio of first to zeroth order terms in Eq. (5.46) is then,

after using Eq. (5.47) in Fourier space,

a(i⃗k · P⃗ )∆η
δ

≲
1

σν

P

δ
, (5.48)

where once again only ∆η ≲ mν/kTν,0 contributes to the integral, σν ∼ Tν,0/mνa from

Eq. (5.30), and we introduce the notation kP = i⃗k · P⃗ for the divergence of the momentum

field. In the linear regime we have P = v = (faH)δ/k is the linear CDM velocity field, a

tracer of the CDM density field [with f = d logDL/d log a the linear growth rate]. The ratio

of first to zeroth order terms in Eq. (5.48) then becomes ∼ aH/σνk ∼ kfs/k once again. We

reproduce a well-known important result: In linear perturbation theory the leading order

correction to Eq. (5.44) is negligible at sufficiently small scales.

However, we now argue that the nonlinearities in the CDM momentum field, parameter-

ized by p⃗ = P⃗ − v⃗, or p⃗ = δv⃗ in position space (we also use the notation kp = i⃗k · p⃗ for
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its divergence) yield a nonnegligible contribution to next to leading order which has to be

accounted for. The reason for this is as follows: At small enough scales the CDM moves

coherently, with v ∼ σ the CDM velocity dispersion as defined in Eq. (5.28) in which case

p ∼ σδ. This gives a contribution to the ratio of first to zeroth order terms as given in

Eq. (5.48) of size ∼ σ/σν ∼ kfs/kNL, which is independent of k. At scales k ≳ kNL this

becomes larger than the contributions scaling like ∼ kfs/k which we have neglected before,

and it persists down to arbitrarily small scales. Such contributions cannot be neglected when

studying nonlinear effects which turn on at scales k ≳ kNL.

The ratio kfs/kNL is analogous to the parameter α we required to be small in Sec. 5.4.3 as

a consistency condition for our framework in terms of halos moving through a homogeneous

sea of neutrinos. Here, the smallness of σ/σν ∼ kfs/kNL is required in order to have a well-

defined expansion in Eq. (5.46), with the physical interpretation that we can truncate the

expansion at next to leading order when the typical halo motions are slow with respect to

the characteristic time scale associated to the neutrino dynamics. We reinforce that this is

consistent with current bounds on the sum of neutrino mass eigenstates from cosmological

observations, as can be seen from Fig. 5.3.

We are now ready to compute the leading order correction to Eq. (5.44), i.e., to first

order in kfs/kNL. We substitute Eq. (5.47) into the second term in the right hand side of

Eq. (5.46). It then follows from Eq. (5.37), after dropping contributions that are negligible

at sub-free streaming scale as discussed above:

δ(1)ν (η, k⃗) =
4πGρ̄0
3ζ(3)

a2(η)kp(η, k⃗)

∫ ∞

0

dx x2fFD(x)

∫ η

0

dη′(η − η′)2j0
[
k
Tν,0
mν

x(η − η′)
]

=
4πGρ̄0
3ζ(3)

a2(η)kp(η, k⃗)

∫ ∞

0

dx x2fFD(x)

(
mν

kTν,0x

)3 [
sin

(
k
Tν,0
mν

xη

)
− kTν,0

mν

xη cos

(
k
Tν,0
mν

xη

)]
= γ

(
kfs
k

)2
p(η, k⃗)

σν
,

(5.49)

where we used Eqs. (5.5), (5.30), (5.31), the Friedmann equation Ωm(a) = (8πGρ̄0/3a
3H2),

and from the second to the third line we dropped the cosine term since kTν,0η/mν ≫ 1. We
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also introduced a numerical factor set by the (relativistic) Fermi-Dirac profile

γ =
π

6ζ(3)

(
3ζ(3)

log 4

) 3
2

≈ 1.83 . (5.50)

We can now combine Eqs. (5.44) and (5.49) into an expression for the neutrino density

contrast at sub-free streaming scales

δν(k⃗) =
k≫kfs

(
kfs
k

)2
[
δ(k⃗) + γ

p(k⃗)

σν
+O

(
kfs
kNL

)2
]
. (5.51)

Where the reader is reminded that p⃗ is the non-linear contribution to the CDM momentum,

p⃗ = P⃗ − v⃗, or p⃗ = δv⃗. Henceforth we omit the time dependence for simplicity of notation. At

scales much larger than the free-streaming length the neutrinos exactly trace the cold dark

matter as given by Eq. (5.42). On the other hand, at scales below the free-streaming length

the neutrino density contrast is mostly proportional to the CDM density contrast with a

scale dependent factor, but it also traces the CDM (nonlinear) momentum through a term

that scales like ∼ kfs/kNL ≪ 1 which produces a distortion in the neutrino density field due

to the CDM bulk flow, i.e., the peculiar motion of halos. This is a nonlinear effect at sub-free

streaming scales and hence is not accounted for in linear perturbation theory. However, it

is principle accounted for in implementations of massive neutrinos in nonlinear structure

formation that consistently evolves neutrino perturbations in the nonlinear gravitational

potential of CDM (such as N-body simulations).

It is important to point out that in our calculations we have remained agnostic about

the nonlinear gravitational evolution, imposing only kinematic relations. We would need to

consider explicit models for the nonlinear dynamics of CDM, such as N-body simulations or

perturbative methods, in order to evaluate the higher order terms in Eq. (5.51) since they

would involve a derivative of the velocity which requires the equations of motion. Addition-

ally, in our approach we do not have a handle on the neutrino density contrast at scales

that are comparable to the free-streaming scale as that would require evaluating the time

integrals in Eq. (5.37), which also requires a model for the nonlinear dynamics of CDM.
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In this work we adopt two strategies to go around those issues. The first is to assume

that kfs/kNL ≪ 1. As depicted in Fig. 5.3, this a very good approximation for an individual

neutrino mass of mν = 0.05eV. However, in the case of a large individual neutrino mass of

mν = 0.15eV (corresponding to
∑
mνi ≈ 0.45eV), this small parameter can be as large as

kfs/kNL ∼ 2/3 producing (2/3)2 ∼ 40% level corrections to our calculations so that we can

still confidently predict the overall magnitude of distortion effects, even for such high values

for the individual neutrino mass. Our second strategy is to introduce a simple interpolation

between Eqs. (5.42) and (5.51) to ensure that our final formula for the neutrino density

contrast can be applied at all scales. For example, under the approximation that the neutrino

density contrast is proportional to the CDM density contrast with a scale dependent factor

[which is equivalent to dropping the second p(k⃗) term in the right-hand side of Eq. (5.51)],

the following formula is known to give a good approximation at all scales [132]:

δν(k⃗) ≈
1

(1 + k
kfs
)2
δ(k⃗) =

(
kfs
k

)2
(1 + kfs

k
)2
δ(k⃗) . (5.52)

Note that this reduces to both Eqs. (5.42) and (5.51) in the appropriate limits, as it must.

We now slightly generalize this prescription to account for the additional second p(k⃗) term

in the right-hand side of Eq. (5.51). Since this contribution must not be present at scales

k ≪ kfs, we simply add an additional power in the denominator,

δν(k⃗) ≈
(
kfs
k

)2
(1 + kfs

k
)2
δ(k⃗) + γ

(
kfs
k

)2
(1 + kfs

k
)3
p(k⃗)

σν

=

(
kfs
k

)2
(1 + kfs

k
)2

[
δ(k⃗) + γ

prel(k⃗)

σν

]
,

(5.53)

where we introduce the relative (nonlinear) momentum,

prel(k⃗) =
p(k⃗)

1 + kfs
k

, (5.54)

which is just a high-pass filtered nonlinear contribution to the CDM momentum field with

a cutoff at the free-streaming scale. In that sense the distortion in the neutrino density field

is sensitive to the relative bulk flow between CDM and neutrinos and not just the CDM
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bulk flow, or in other words, we have to remember to impose the cutoff at the free-streaming

scale as we did here (also see the discussion in Sec. 5.4.3 for a physical interpretation).

In the limit kfs/kNL ≪ 1 any nonlinear physics happens on scales where Eq. (5.51) safely

applies and hence our interpolation is not really needed. However, as discussed above we

will consider applications with mν somewhat larger than the current cosmological bounds

where kfs/kNL ≲ 2/3 for which the interpolation can play an important role, i.e., to cutoff

the distortion effect at the free-streaming scale. We then expect some inaccuracies in our

modeling that nevertheless allow for an estimation of the size of the distortion effect in

potential observables.

We can gain some intuition on Eq. (5.53) by considering what it looks like in case one

simply introduces a constant (position independent) relative velocity between the neutrino

and CDM fluids v⃗rel = σrelẑ (say along the z direction); this is a good approximation at scales

below the velocity coherence length (which is also at sub-free streaming scales) and is indeed

the approach taken in previous works [168, 169, 171, 172]. In that case prel(k⃗) = i(k̂·ẑ)σrelδ(k⃗)

and Eq. (5.51) reads

δν(k⃗) =

(
kfs
k

)2 [
1 + iγ(k̂ · ẑ)σrel

σν

]
δ(k⃗) . (5.55)

An imaginary term appears, which corresponds to a dipole distortion of the neutrino density

field along the direction of the relative velocity. Furthermore, we are working in the regime

σrel/σν ≪ 1, where

eiγ(k̂·ẑ)
σrel
σν ≈ 1 + iγ(k̂ · ẑ)σrel

σν
, (5.56)

and hence we can absorb the distortion in a phase that corresponds to a shift in coordinates

in position space, i.e., going to the neutrino rest frame. To briefly elaborate on this point,

if the CDM velocity field is completely coherent, then one can study the problem in the

rest frame of CDM, where the neutrino momentum distribution appears to have a dipole

component. In this situation the Fourier-space momentum field p(k⃗) is simply proportional

to the density δ(k⃗), as opposed to related via a convolution over the velocity field. Our

Equation 5.53 is more general in that it accounts for the fact that the relative bulk flow is
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not coherent over arbitrarily large scales, so one cannot generally boost to a frame where

all the CDM is at rest. This approach therefore allows for a more complete treatment of

potential observational signatures which henceforth will be the focus of our attention.

5.5.2 Dynamical friction revisited

We have investigated the solution to the Boltzmann equation for the neutrino distribution

function in the background of a general nonlinear CDM distribution, and we showed how

one can extract the distortion in the neutrino density field produced by the CDM bulk flow,

building up to our central result in Eq. (5.53). Our next step is to estimate the impact of

this on the CDM dynamics. The motivation for doing so is two fold: First, we want to

connect the formalism described in the previous section with our 1-halo results, or more

specifically Eq. (5.27). This will enable us to derive the 2-halo term, and to confirm that the

second term in the right-hand side of Eq. (5.53), the nonlinear momentum term, is indeed

producing the dynamical friction effect. Second, if the impact of dynamical friction on the

CDM is found to be large, i.e., halos are slowing down significantly due to the anisotropic

neutrino wakes then we may use that as an avenue for detection of the dynamical friction

effect, through a halo velocity bias or direct measurements of galaxy peculiar velocities, e.g.,

via the kinetic Sunyaev Zeldovich (kSZ) effect. Otherwise, we should focus on potential

signatures of Eq. (5.53) on the large-scale structure as observables.

The additional clustering of neutrinos as given by the second term in the right-hand

side of Eq. (5.53) translates into a contribution to the large-scale gravitational field, using

Poisson’s equation,

g⃗(k⃗) = 4πGa
ik̂

k
δρ(1)ν (k⃗) =

4πm4
νG

2ρ̄0

(1 + kfs
k
)3
p(k⃗)

ik̂

k3
, (5.57)

where δρ
(1)
ν (k⃗) = ρ̄νδ

(1)
ν (k⃗) is the distortion in the neutrino density perturbation produced

by the CDM bulk flow and we used Eqs. (5.30), (5.31), (5.38), (5.50) and (5.53). Note

that time dependences are implicit in our equations. We wish to compute the large-scale

structure analog of the characteristic time scale in Eq. (5.27). In this case the force per unit
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mass acting on the CDM structure is given by δg⃗, since the integral of the density times

the gravitational field produces the overall force on the CDM within a given region of space.

Additionally, due to the stochastic nature of cosmological fields we need to take the average

such that we arrive at:

τ−1 = −⟨ v⃗ · δ g⃗ ⟩
⟨v2⟩

= − 1

σ2
⟨ p⃗ · g⃗ ⟩

=
2

π

G2m4
ν

σ2
ρ̄0

∫
d log k

Ppp(k)

(1 + kfs
k
)3
,

(5.58)

where in the first line we used Eq. (5.28) in combination with p⃗ = δv⃗, and Eq. (5.57) to

arrive at the second line.8 In order to make progress in Eq. (5.58) we need an expression

for the power spectrum of the (nonlinear) momentum field Ppp(k). This is what we discuss

next, following the work of [199]. We are interested in the divergence p(k⃗) = ik̂ · p⃗(k⃗). In

position space p⃗ = δv⃗ so we need to evaluate the convolution to obtain,

p(k⃗) = σ
kNL

k

∫
d3k⃗1
(2π)3

∫
d3k⃗2
(2π)3

(2π)3δ(3)(k⃗ − k⃗12)α(k⃗1, k⃗2)δ(k⃗1)
θ(k⃗2)

aH
, (5.59)

where k⃗12 = k⃗1 + k⃗2, α(k⃗1, k⃗2) = (k⃗12 · k⃗2)/k22, δ(3)(k⃗) stands for the Dirac delta function and

for future convenience we have inserted a factor of σkNL/aH = 1. It is now straightforward

to compute the two-point function. We find:

⟨p(k⃗)p(k⃗′)⟩ = (2π)3δ(3)(k⃗ + k⃗′)Ppp(k) , (5.60)

where,

Ppp(k) = σ2

∫
d3k⃗′

(2π)3

(
kNL

k′

)2

(k̂·k̂′)

{
(k̂·k̂′)Pδδ(|⃗k−k⃗′|)

Pθθ(k
′)

(aH)2
+
kk′
[
1− k′

k
(k̂ · k̂′)

]
|⃗k − k⃗′|2

Pδθ(|⃗k − k⃗′|)
aH

Pδθ(k
′)

aH

}
.

(5.61)

For wavelengths below the velocity coherence scale, k ≫ kcoh, we can expand the integrand

to leading order in k′/k to obtain [200]

Ppp(k) =
k≫kcoh

σ2Pδδ(k)

∫
d3k⃗′

(2π)3

(
kNL

k′

)2

(k̂ · k̂′)2Pθθ(k
′)

(aH)2
=
σ2

3
Pδδ(k) , (5.62)

8We assume that the CDM nonlinear momentum can be written as the gradient of a potential. We do
not expect vorticity to contribute at the large quasilinear scales of our interest ∼ kNL ∼ 0.1Mpc−1, e.g.,
see Fig.4 in [198].
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where we have used Eqs. (5.28) and (5.29). In words, the CDM bulk flow is coherent on

scales k ≫ kcoh, with velocity v = σ/
√
3. On the other hand, at larger scales this is no

longer the case causing a suppression in the momentum power spectrum when compared

to Eq. (5.62). This can be parameterized as follows: On large perturbative scales we can

set θ(k⃗) = faHδ(k⃗) into Eq. (5.61), with f = d logDL/d log a the linear growth rate, and

evaluate the ratio

β(k) =
Ppp(k)

σ2

3
Pδδ(k)

∣∣∣∣∣
linear theory

= 3f 2

∫
d3k⃗′

(2π)3

(
kNL

k′

)2

(k̂ · k̂′)

(k̂ · k̂′) +
kk′
[
1− k′

k
(k̂ · k̂′)

]
|⃗k − k⃗′|2

 P L
δδ(|⃗k − k⃗′|)P L

δδ(k
′)

P L
δδ(k)

,

(5.63)

with P L
δδ(k) the linear power spectrum. Note that β(k) = 1 for k ≫ kcoh as we have

demonstrated above, and this can be used as a definition of the velocity coherence scale.

From P L
δδ ∼ D2

L(a), Eqs. (5.28) and (5.29) it follows that β(k) is independent of redshift, and

hence so is the velocity coherence scale. This function is plotted in Fig. 5.4 for our reference

ΛCDM cosmology from where we can read off kcoh ∼ 0.1Mpc−1. At scales above the velocity

coherence scale, k < kcoh, the momentum field, and hence the distortion effect, is suppressed.

Our model for the momentum power spectrum at all scales now reads,

Ppp(k) =
σ2

3
β(k)Pδδ(k) , (5.64)

with Pδδ(k) the nonlinear power spectrum. Substituting Eq. (5.64) into Eq. (5.58) yields

τ−1(a) =
2

3π
G2m4

ν ρ̄0

∫
d log k

β(k)[
1 + kfs(a)

k

]3Pδδ(a, k) . (5.65)

Note that for clarity we insert the time dependences in this final formula, which are the

ones implicit through Pδδ(a, k) and kfs(a). This can be readily evaluated with a nonlinear

power spectrum for the neutrino masses and redshifts of interest. We use the Boltzmann

code CLASS to produce the nonlinear power spectrum with the HMcode prescription [201].
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Figure 5.4: The function β(k) as given by Eq. (5.63), which captures the coherence of the

CDM velocity field as a function of k. The CDM bulk flow is coherent on scales k ≫ kcoh,

with velocity v = σ/
√
3. On the other hand, at larger scales this is no longer the case causing

a suppression in the momentum power spectrum relative to σ2Pδδ/3. From the plot above

we read off kcoh ∼ 0.1Mpc−1 for our reference ΛCDM cosmology.

It turns out that the integral in Eq. (5.65) is dominated by its contribution from large

quasilinear scales where the nonlinear corrections are small, and in fact we explicitly verified

that simply using the linear power spectrum produces the same numerical results.9 We then

substitute Pδδ(a, k) = [DL(a)/DL(a = 1)]2P L
δδ(a = 1, k) into Eq. (5.65) to obtain (using the

approximate formula in [197] for the linear growth factor),

(τH)−1 ≈
∑
mν

2.2× 10−4
( mν

0.1eV

)2.8
(1 + z)−1.83 , (5.66)

where we assume our reference ΛCDM cosmology and add a sum over neutrino mass eigen-

states. The reader is reminded that dynamical friction only occurs for neutrino masses small

9In the next section we will use the halo model to interpret this result as the statement that the 2-halo
term dominates over the 1-halo term on average.
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enough that the free-streaming scale is larger than the non-linear scale (roughlymν ≲ 0.2eV).

The power law approximation in Eq. (5.66) reproduces the numerical results of Eq. (5.65)

with errors that can be as large as tens of percents, for neutrino masses in the range 0.05eV

≤ mν ≤ 0.15eV, and redshifts z ≤ 2. Note that ∆v/v ∼ 1/τH is the net average fractional

decrease in the velocity of halos due to the dynamical friction over the age of the universe

∼ 1/H.

Increasing the neutrino mass causes a dramatic increase in the effect, but there is a

significant deviation from the naive scaling from ∼ m4
ν to ∼ m2.8

ν . Recall that our framework

assumes kfs/kNL ≪ 1, while kfs/kNL ∼ 2/3 already for mν = 0.15eV. At that point the

suppression at the free-streaming scale is playing an important role, with the effect vanishing

in the limit kfs/kNL ≫ 1. This is relevant since a scenario where kfs/kNL > 1 has been ruled

out by cosmological observations as we discussed previously, but laboratory experiments

based on measurements of beta decay only set an upper bound to a weighted sum of the

masses mν,β < 0.8eV [152]. Furthermore, nonstandard scenarios such as dynamical dark

energy and unstable neutrino species allow for less stringent bounds on the neutrino mass

scale from cosmological probes [153–155, 202, 203]. Finally, at higher redshift the effect is

smaller due to both linear growth of structure and the smaller age of the universe ∼ 1/H.

The overall amplitude in Eq. (5.66) is quite small, indicating that the decrease in the

velocity of halos due to the dynamical friction effect produced by anisotropic neutrino wakes

are unlikely to be detected in the foreseeable future. That includes measurements of galaxy

peculiar velocities via redshift space distortions, the kSZ effect, or a large-scale velocity bias

that deviates from unity. In the absence of massive neutrinos, a large scale velocity bias of

bv ≡ 1 follows from the equivalence principle [204] (and any initial nonzero |bv − 1| decays

away [205]). In [115] a ≳ 0.5% deviation from unity in the large scale velocity bias was not

found in simulations with massive neutrinos, which is consistent with our results. Previous

work has found a more pronounced dynamical friction effect [168], but there the cutoffs at

the velocity coherence and free-streaming scales were not consistently accounted for.

We are still left with the task of connecting Eq. (5.65), our result for the velocity de-
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cay time, to the results of Sec. 5.4, specifically our 1−halo calculation of that quantity in

Eq. (5.27). We will postpone this discussion to Sec. 5.6 where we carry out numerical calcu-

lations using the halo model. There we will see that the 1-halo term will naturally reemerge,

but now together with a 2-halo term accounting for the clustering of nearby halos.

5.5.3 Large-scale structure observables

We calculated the average fractional decrease in halo velocities due to dynamical friction

and found that it is too small to allow for a detection of the anisotropic neutrino wakes.

We then take the alternative route of searching for potential observational signatures in the

large scale structure. For instance, we can use Eq. (5.53) to evaluate the CDM-ν cross power

spectrum,

Pδνδ(k) =

(
kfs
k

)2
(1 + kfs

k
)2

[
Pδδ(k) +

γ

1 + kfs
k

Ppδ(k)

σν

]
. (5.67)

The additional second term in the right-hand side of Eq. (5.67) is the contribution from the

distortion effect that we expect to be small, due to its scaling with ∼ kfs/kNL, and negative

since the relative bulk flow between neutrinos and CDM should reduce their cross correlation.

We postpone some numerical calculations, using standard perturbartion theory (SPT) as our

model for the nonlinear dynamics of CDM, to Sec. 5.6. For now we simply point out that

the signature of the distortion effect in the two-point function is small and very degenerate

with standard nonlinear structure formation.

Instead, we will argue that three-point cross-correlations allow for a separation of the

distortion effect from standard gravitational nonlinearities, and that the resulting signal can

be potentially measured in upcoming large scale structure surveys. We can use Eq. (5.53)

to compute the neutrino-CDM-CDM bispectrum:

⟨δν(k⃗1)δ(k⃗2)δ(k⃗3)⟩ = (2π)3δ(3)(k⃗1 + k⃗2 + k⃗3)B(k1, k2, k3) , (5.68)
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where10

B(k1, k2, k3) =

(
kfs
k1

)2
(1 + kfs

k1
)2

[
⟨δ(k⃗1)δ(k⃗2)δ(k⃗3)⟩′ +

γ

1 + kfs
k1

⟨p(k⃗1)
σν

δ(k⃗2)δ(k⃗3)⟩′
]
, (5.69)

is written in terms of CDM-only bispectra.11 Note that the first term inside the brackets

in the right-hand side of Eq. (5.69) is symmetric under the exchange k⃗i ↔ k⃗j for any pair

of wavevectors, while the second term is only symmetric under k⃗2 ↔ k⃗3. Because of this it

is straightforward to obtain a smoking gun of the distortion effect: Take the antisymmetric

combination of Eq. (5.69) under k⃗1 ↔ k⃗3 and consider the squeezed limit where k1 ≈ k3 ≫ k2.

We postpone explicit calculations using SPT as our model for the nonlinear dynamics of CDM

to Section 5.6, and for now we provide some intuition on this observable. In the presence of

a long-wavelength velocity potential ϕ(K⃗), the (local) ν-CDM cross correlation picks up a

dipole,

⟨δν(k⃗1)δ(k⃗2)⟩ϕ(K⃗) ∼
k⃗1 · K⃗
k1

PMON
δδν (k1)ϕ(K⃗) , (5.70)

due to neutrinos clustering behind the moving CDM, where K⃗ = k⃗1 + k⃗2.
12 This is qualita-

tively similar to the picture in Fig. 5.1 for the clustering of neutrinos around a moving point

mass halo. Due to isotropy of the background, the CDM bulk velocity points in different

directions in disparate regions of space so that the dipole averages out to zero, and the net

effect in the two-point function is a small suppression in cross power as we pointed out be-

low Eq. (5.67). On the other hand, the presence of a long-wavelength mode K⃗ provides a

preferred direction which allows the signal to be extracted from three-point correlations.

Additionally, note from Eq. (5.70) that the dipole is proportional to the ν-CDM monopole

which is related to the CDM power spectrum by a known scale-dependent transfer function.

10Note that these are only functions of the magnitude of the wave vectors since the angles between them
are constrained by the requirement that they fit into a triangle configuration, i.e., k⃗1 + k⃗2 + k⃗3 = 0. For
example, k̂1 · k̂2 = (k23 − k21 − k22)/2k1k2.
11A prime in correlation functions indicates that the ever present factor of (2π)3δ(3)(

∑
k⃗i) is to be omitted.

12Indeed, this is the signature obtained in previous studies that investigated this effect using simplified
models at scales below the velocity coherence scale, in two different but related languages: Dynamical
friction [168] and large-scale relative flow [171].
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This implies that a measurement of the distortion effect is not limited by cosmic variance

since one can reconstruct the potential ϕ(K⃗) from measurements of both the monopole and

dipole, regardless of the specific realization of the small scale CDM power. In the next section

we will see that a multi-tracer approach involving measurements of both the matter field and

galaxies can be applied to extract this signal since galaxies only trace the CDM, while the

matter field traces neutrinos as well. This benefits from cosmic variance cancellation, which

makes it possible for this faint signal of neutrino masses to be potentially detectable in

upcoming surveys.

5.6 Numerical calculations of large-scale structure observables

In the previous section we extracted the distortion in the neutrino density field, due to the

peculiar motion of halos, from the Boltzmann Eq. (5.7). Our approach assumes a rather

general CDM distribution on large scales while remaining agnostic about the details of the

nonlinear gravitational evolution. We were able to determine the size of the dynamical

friction effect and potential observational signatures on the large scale structure. However,

it will prove useful to assume specific models for the nonlinear structure formation in order to

carry out numerical calculations of interest. Specifically, in Sec. 5.6.1 we use the halo model

to derive how halos of different masses contribute to the average in Eqs. (5.58) and (5.65).

This will enable us to reproduce the results of Sec. 5.4 [specifically Eq. (5.27)] but also to

derive the 2-halo term. In Sec. 5.6.2 and Sec. 5.6.3, we will apply the standard perturbation

theory (SPT) to compute the power spectra and bispectra in Eq. (5.67) and (5.69) to study

the observational signatures of the distortion effect in the large scale structure, and use it to

forecast its observability in future surveys.

5.6.1 The 2-halo contribution to dynamical friction

We start with the halo model [39], which asserts that cold dark matter halos are the basic

building blocks of CDM structure. We assume the NFW profile for the halos as suggested by

numerical simulations [206, 207], and we use the expression in [208] for the halo concentration
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[see Eqs. (8), (10) and (11) in this reference] which is calibrated from simulations. We adopt

the convention that halos are defined as spherical regions with an average density of ∆ = 200

times the critical density. In order to write down the halo model expression for the power

spectrum, we need two additional ingredients: the halo mass function dn/dM that gives

the (comoving) number density of halos in a given halo mass window dM , and the linear

halo bias b(M) that fixes the correlation between nearby halos in terms of matter two-point

correlations. As we will see, we will not need their explicit expressions as it will suffice to

enforce the usual requirement that the mean bias of halos is unity, that is,

1

ρ̄0

∫
dM

dn

dM
Mb(M) = 1 , (5.71)

where ρ̄0 is the comoving matter density (or matter density evaluated at z = 0) as in previous

sections. According to the halo model:

Pδδ(k) =

∫
dM

dn

dM

(
M

ρ̄0

)2

|u(k|M)|2+

+

∫
dM

dn

dM

∫
dM ′ dn

dM ′
MM ′

ρ̄20
u(k|M)u(k|M ′)b(M)b(M ′)PL

δδ(k) ,

(5.72)

where u(k|M) is the Fourier transform of the normalized NFW profile, PL
δδ(k) is the linear

theory power spectrum and time dependences are implicit. Now substituting Eq. (5.72) into

Eq. (5.65) gives

τ−1 =
1

ρ̄0

∫
dM

dn

dM
M

{
2

3π
G2m4

νM

∫
d log k

g(k)(
1 + kfs

k

)3
[
|u(k|M)|2+

+

∫
dM ′ dn

dM ′
M ′

M
u(k|M)u(k|M ′)b(M)b(M ′)PL

δδ(k)

]}
.

(5.73)

This can be interpreted as an average over halos, from which one can read off the expression

for the inverse characteristic velocity decay time for a halo of mass M :

τ−1(M) =
2

3π
G2m4

νM

∫
d log k

g(k)(
1 + kfs

k

)3
[
|u(k|M)|2+

∫
dM ′ dn

dM ′
M ′

M
u(k|M)u(k|M ′)b(M)b(M ′)PL

δδ(k)

]
.

(5.74)
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A comparison of Eq. (5.74) with Eq. (5.27), when ignoring the second term in the right-hand

side of Eq. (5.74) which is the 2-halo term, suggests the identification

log Λ(M) =

∫
d log k

g(k)(
1 + kfs

k

)3 |u(k|M)|2 . (5.75)

Let us stop for a moment to compare this expression with the estimate made in Sec. 5.4,

i.e., Λ ∼ λcoh/R with λcoh the CDM velocity coherence scale and R the halo radius. The

normalized NFW profile is such that u(k|M) ≈ 1 for k ≲ 1/R and drops to zero at smaller

scales (see Fig.9 in [39]). Based on Fig. 5.4, it is also true that g(k)/(1+kfs/k)
3 ≈ 1 at scales

k ≳ kcoh and drops to zero at larger scales (assuming kcoh ≫ kfs, which is approximately true

for the neutrino masses we consider). We then conclude that the integrand in Eq. (5.75) is

approximately a step function that assumes the value unity between the scales kcoh and 1/R

and drops to zero outside this range, when assuming the hierarchy of scales kfs ≪ kcoh ≪ 1/R.

In that case,

log Λ(M) =

∫ 1/R

kcoh

dk

k
∼ log(1/kcohR) =⇒ Λ ∼ λcoh/R , (5.76)

which is in agreement with our previous estimate. More generally Eq. (5.75) can be well fit

by a power law:

Λ(M) ≈ KΛ

(
1013M⊙
M

)χ

, (5.77)

with KΛ = Λ(1013M⊙) a numerical coefficient that depends on the neutrino mass and

redshift, and we find χ ≈ 0.35 to be robust against changes in the neutrino mass and redshift

for the values we consider. We present numerical values for the coefficient KΛ in Tab. 5.1.

The free-streaming length 2π/kfs, which is smaller for higher values of the neutrino mass and

lower redshifts as can be seen in Fig. 5.3, acts as a cutoff to the integral in Eq. (5.75). This

(mostly) sets the dependence of KΛ on the neutrino mass and redshift.

After having carefully investigated the 1-halo term, we now proceed to study the contri-

bution to Eq. (5.74) from the clustering of nearby halos which can be parameterized by

Σ(M) =
1

log Λ(M)

∫
d log k

g(k)(
1 + kfs

k

)3 ∫ dM ′ dn

dM ′
M ′

M
u(k|M)u(k|M ′)b(M ′)PL

δδ(k)

=
1

log Λ(M)

∫
d log k I(k|M)Γ(k) ,

(5.78)
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KΛ = Λ(1013M⊙) mν = 0.05eV mν = 0.1eV mν = 0.15eV

z = 0 60 28 18

z = 1 79 38 24

Table 5.1: Numerical values for KΛ = Λ(1013M⊙) involved in the power-law fit of Eq. (5.77)

to the 1-halo cutoff Λ.

where:

I(k|M) =
ρ̄0
M

g(k)(
1 + kfs

k

)3u(k|M)PL
δδ(k) ,

Γ(k) =
1

ρ̄0

∫
dM

dn

dM
Mb(M)u(k|M) ,

(5.79)

are dimensionless functions. Since u(k|M) ≈ 1 at scales k ≲ 1/R while dropping to zero

as k ≫ 1/R, we conclude that Γ(k) is unity at sufficiently large scales and drops to zero at

small scales, using Eq. (5.71). The transition between the two regimes happen at the scale

ktr ∼ 2π/Rpeak, where Rpeak is the radius of the halo whose mass Mpeak gives the largest

contribution to the integral that defines the function Γ(k), which is in general dominated

by larger halos so we choose Mpeak ∼ 1015M⊙ with the associated ktr ∼ 2Mpc−1. On the

other hand, the function I(k|M) peaks at scales much larger than this transition scale and

hence it suffices to set Γ(k) ≈ 1 in Eq. (5.78).13 This greatly simplifies the calculation (note

that it is unnecessary to introduce the halo mass function or halo bias), and it shows that

dynamical friction is mostly insensitive to the specifics of the halo model parameters. We

arrive at

Σ(M) =
1

log Λ(M)

ρ̄0
M

∫
d log k

g(k)(
1 + kfs

k

)3u(k|M)PL
δδ(k) ,

≈ 1

log Λ(M)

ρ̄0
M

∫
d log k

g(k)(
1 + kfs

k

)3PL
δδ(k) =⇒ Σ(M) ≈ KΣ

log Λ(M)

1013M⊙
M

,

(5.80)

13We verified this explicitly with the halo mass function from [209], and halo bias from [210]. Note that
this approximation is analogous to setting P 2h

δδ (k) = PL
δδ(k) in the halo model and is made in, e.g., the

halo reaction approach for the nonlinear power spectrum [211] in beyond ΛCDM cosmologies.
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where,

KΣ =
ρ̄0

1013M⊙
∫
d log k

g(k)(
1 + kfs

k

)3PL
δδ(k) , (5.81)

is a dimensionless number, and in order to go from the first to second line in Eq. (5.80) we

used the fact that u(k|M) ≈ 1 at scales that contribute to the integral for the range of halo

masses we are considering, i.e., (109− 1016)M⊙. In Tab. 5.2 we present numerical values for

the coefficient KΣ. It decreases with neutrino mass due to the cutoff at the free-streaming

scale, and it decreases with redshift due to the linear growth of matter power.

KΣ mν = 0.05eV mν = 0.1eV mν = 0.15eV

z = 0 60 28 17

z = 1 30 15 10

Table 5.2: Numerical values for the coefficient KΣ defined in Eq. (5.81), involved in the

contribution to the dynamical friction effect from the clustering of halos.

We can finally substitute Eqs. (5.75)-(5.81) into Eq. (5.74) to obtain

τ−1(M) =
2

3π
log Λ(M)G2Mm4

ν [1 + b(M)Σ(M)] . (5.82)

The function Σ(M) gives the ratio of two to one halo contributions to the inverse character-

istic time, up to the halo bias b(M). From Eqs. (5.77), (5.80) and the numerical values in

Tables 5.1 and 5.2, we conclude that the 2-halo term dominates for halo massesM ≲ 1014M⊙

while the 1-halo term dominates for halo masses M ≳ 1014M⊙ [when assuming b(M) ≈ 1].

The inverse characteristic time in Eq. (5.82) is plotted in Fig. 5.5 under the assumption

that b(M) = 1 for simplicity. It asymptotically approaches a constant for small halo masses,

as determined by the numerical values in Eqs. (5.65) and (5.66). This follows from a compar-

ison between Eqs. (5.80-(5.82) and (5.65), in the regime where the 2-halo term dominates.

This result can be interpreted as follows: Halos of sufficiently low mass can be thought of as

surfing on the neutrino wakes produced by larger halos. On the other extreme of Fig. 5.5,
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the dynamical friction experienced by larger halos is due to their own (strong) wakes leading

to a more pronounced effect. This, in combination with the fact that the halo bias b(M)

increases at the high mass end (and can reach values as high as ∼ 10) indicates that neutrino

wakes can lead to a percent-level decrease in halo velocities.14

1011 1014

10-5

10-4

0.001

0.010

Figure 5.5: The inverse characteristic velocity decay time, due to neutrino dynamical friction,

in units of the Hubble expansion rate, as given by Eq. (5.82). This also corresponds to the

fractional decrease in the velocity of halos due to the dynamical friction over the age of the

universe. The individual neutrino mass varies from mν = 0.15eV to mν = 0.05eV from top

to bottom. Solid curves correspond to z = 0, and dashed curves to z = 1.

We have accomplished our goal of comparing our simplified framework in Sec. 5.4, culmi-

nating on Eq. (5.27), with the more general approach of Sec. 5.5 leading to Eq. (5.82), that

solves both issues with the Chandrasekhar dynamical friction formula as previously pointed

14However, such high mass halos are rare and hence have limited statistics.
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out: arbitrariness in the choice of a cutoff Λ, and lack of halo clustering effects.

5.6.2 Distortions to the neutrino-CDM cross power spectrum

In the previous section we have explicitly checked that the distortion in the neutrino density

field due to the peculiar motion of halos, as given by the second term in the right-hand

side of Eq. (5.53), is connected to the dynamical friction effect. We are now finally read

to apply SPT to explore its potential signatures on the large scale structure, offering new

opportunities for a cosmological measurement of the neutrino masses.

We start with the CDM-ν two-point cross-correlation, or the cross-power spectrum in

Fourier space. We repeat Eq. (5.67) for convenience,

Pδνδ(k) =

(
kfs
k

)2
(1 + kfs

k
)2

[
Pδδ(k) +

γ

1 + kfs
k

Ppδ(k)

σν

]
, (5.83)

and Eq. (5.59) for the nonlinear contribution to the CDM momentum field,

p(k⃗) = σ
kNL

k

∫
d3k⃗1
(2π)3

∫
d3k⃗2
(2π)3

(2π)3δ(3)(k⃗ − k⃗12)α(k⃗1, k⃗2)δ(k⃗1)
θ(k⃗2)

aH
. (5.84)

To leading order in perturbation theory [41],

δ(k⃗) = δL(k⃗) +

∫
d3k⃗1
(2π)3

∫
d3k⃗2
(2π)3

(2π)3δ(3)(k⃗ − k⃗12)F2(k⃗1, k⃗2)δL(k⃗1)δL(k⃗2) ,

θ(k⃗) = −faH

[
δL(k⃗) +

∫
d3k⃗1
(2π)3

∫
d3k⃗2
(2π)3

(2π)3δ(3)(k⃗ − k⃗12)G2(k⃗1, k⃗2)δL(k⃗1)δL(k⃗2)

]
,

(5.85)

with δL(k⃗) the CDM linear fluctuation field, and perturbation theory kernels

F2(k⃗1, k⃗2) =
5

7
+

1

2

k⃗1 · k⃗2
k1k2

(
k1
k2

+
k2
k1

)
+

2

7

(k⃗1 · k⃗2)2

k21k
2
2

,

G2(k⃗1, k⃗2) =
3

7
+

1

2

k⃗1 · k⃗2
k1k2

(
k1
k2

+
k2
k1

)
+

4

7

(k⃗1 · k⃗2)2

k21k
2
2

.

(5.86)

Combining Eqs. (5.83)-(5.86), we arrive at the one-loop expression to the CDM-ν cross-power
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spectrum15

P 1-loop
δδν

(k) = PL
δδν (k)

[
1 +

∆P 1-loop
δδν

(k)

PL
δδν

(k)

∣∣∣∣∣
SPT

+
∆P 1-loop

δδν
(k)

PL
δδν

(k)

∣∣∣∣∣
Dist

]
, (5.87)

with,

PL
δδν (k) =

(
kfs
k

)2
(1 + kfs

k
)2
PL
δδ(k) , (5.88)

the linear theory cross power spectrum and

∆P 1-loop
δδν

(k)

PL
δδν

(k)

∣∣∣∣∣
SPT

= 2

∫
d3k⃗′

(2π)3

{[
F2(k⃗

′, k⃗ − k⃗′)
]2 PL

δδ(|⃗k − k⃗′|)
PL
δδ(k)

+ 3F3(k⃗, k⃗
′,−k⃗′)

}
PL
δδ(k

′) ,

∆P 1-loop
δδν

(k)

PL
δδν

(k)

∣∣∣∣∣
Distortion

= −f σ
σν

γ

1 + kfs
k

∫
d3k⃗′

(2π)3
kNL

k′
(k̂ · k̂′)×

×

[
F2(k⃗

′,−k⃗)PL
δδ(k

′) +G2(k⃗
′ − k⃗, k⃗)PL

δδ(|⃗k − k⃗′|) + F2(k⃗ − k⃗′, k⃗′)
PL
δδ(|⃗k − k⃗′|)PL

δδ(k
′)

PL
δδ(k)

]
.

(5.89)

In Eq. (5.87), the second term in the right hand side gives the SPT one-loop correction to

the power spectrum, while the third term represents the contribution from the distortion in

neutrino density field due to the peculiar motion of halos, whose effect is to slightly suppress

the cross power. In Fig. 5.6 we plot the one-loop expression to the CDM-ν cross power

spectrum, as given by Eq. (5.87), for the reference values mν = 0.1eV and z = 0. We

can see that in principle one needs to properly account for the distortion effect in order to

produce accurate predictions for the nonlinear corrections to the cross power spectrum at

scales around kNL ≈ 0.1Mpc−1, but the effect is quite small.

Note that, in principle, two-point cross correlations of CDM and ν are sensitive to the

distortion effect above. However, this small signal is degenerate with the much larger con-

tribution from standard structure formation, and hence analysis involving two-point correla-

tions cannot isolate the distortion effect. However, we expect three-point cross correlations

15The one-loop power spectrum requires a next to leading order calculation in perturbation theory, i.e.,
we will also need the kernel F3(k⃗1, k⃗2, k⃗3). An expression for it can be found in [41].
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Figure 5.6: Contributions to the CDM-ν cross power spectrum, for the reference values

mν = 0.1eV and z = 0. The black solid curve is the linear spectrum produced by CLASS,

while the blue dashed curve is the one-loop expression from Eq. (5.87). In the pink dashed

curve we also show the SPT one-loop result when not including the contribution from the

distortion effect, i.e., dropping the third term in the right hand side of Eq. (5.87). Finally,

the solid green curve isolates the distortion contribution to the one-loop result in blue (in

absolute value, since the contribution is negative).

of CDM and ν to reveal the distortion effect. For instance, as we argued in Sec. 5.5, in the

presence of a long wavelength CDM velocity field, a dipole appears in the local CDM-ν cross

power. In a different language, the presence of a specific nonzero squeezed limit bispectrum

involving CDM and ν correlations would be a smoking gun of the distortion effect.
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5.6.3 Neutrino distortion to the bispectrum

We are interested in three-point correlations of the form ⟨δν(k⃗1)δ(k⃗2)δ(k⃗3)⟩. Our starting

point is Eq. (5.69) for the bispectrum, which we repeat here for convenience:

B(k1, k2, k3) =

(
kfs
k1

)2
(1 + kfs

k1
)2

[
⟨δ(k⃗1)δ(k⃗2)δ(k⃗3)⟩′ +

γ

1 + kfs
k1

⟨p(k⃗1)
σν

δ(k⃗2)δ(k⃗3)⟩′
]
. (5.90)

This is written in terms of CDM-only bispectra that can be readily evaluated to tree level

in SPT using Eqs. (5.84)-(5.86)

⟨δ(k⃗1)δ(k⃗2)δ(k⃗3)⟩′ = 2
[
F2(k⃗2, k⃗3)P

L
δδ(k2)P

L
δδ(k3) + F2(k⃗1, k⃗3)P

L
δδ(k1)P

L
δδ(k3) + F2(k⃗1, k⃗2)P

L
δδ(k1)P

L
δδ(k2)

]
,

(5.91)

and,

⟨q(k⃗1)
σν

δ(k⃗2)δ(k⃗3)⟩′ = −f
σ

σν

kNL

k1

[
α(k⃗2, k⃗3) + α(k⃗3, k⃗2)

]
PL
δδ(k2)P

L
δδ(k3) . (5.92)

We can then write Eq. (5.90) as a sum of SPT and distortion (dist) contributions,

B(k1, k2, k3) = BSPT(k1, k2, k3) +Bdist(k1, k2, k3) , (5.93)

with,

BSPT(k1, k2, k3) = 2

(
kfs
k1

)2
(1 + kfs

k1
)2

[
F2(k⃗2, k⃗3)P

L
δδ(k2)P

L
δδ(k3) + F2(k⃗1, k⃗3)P

L
δδ(k1)P

L
δδ(k3) + F2(k⃗1, k⃗2)P

L
δδ(k1)P

L
δδ(k2)

]
,

Bdist(k1, k2, k3) = γf
σ

σν

(
kfs
k1

)2
(1 + kfs

k1
)3

(
kNL

k3
µ13 +

kNL

k2
µ12

)
PL
δδ(k2)P

L
δδ(k3) ,

(5.94)

where we used the relations α(k⃗1, k⃗2) = (k⃗12 · k⃗2)/k22 and k⃗1 + k⃗2 + k⃗3 = 0, and introduce the

notation µij = k̂i · k̂j.

We are interested in the contribution from the distortion effect, captured by Bdist, which

we will see can be isolated from BSPT . The distortion term, Bdist(k1, k2, k3), is symmetric
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under the exchange k2 ↔ k3, so we can assume without loss of generality that k3 ≤ k2 and

parameterize different triangle configurations by the values of k2, x3 = k3/k2 ≤ 1 and x1 =

k1/k2. From the requirement that three wavevectors must fit into a triangle configuration,

it follows that 1 − x3 ≤ x1 ≤ 1 + x3. In Fig. 5.7 we plot the triangle shape dependence

of the bispectrum for a choice of k2 = 0.05Mpc−1 and our fiducial values mν = 0.1eV and

z = 0. The bispectrum peaks at squeezed configurations for which k1 ≈ k2 ≫ k3. The

difference in sign between the x1 = 1 + x3 and x1 = 1 − x3 cases is due to the fact that

the bispectrum is proportional to the angle between wavevectors and hence depends on

their relative orientations. In Fig. 5.8 we plot the same bispectrum along elongated triangle

configurations for which x1 = 1 + x3.

We can provide a physical interpretation for this bispectrum. For this consider the

squeezed limit with k1 ≈ k2 ≫ k3 in the second line of Eq. (5.94), and use Eq. (5.88). We

arrive at

Bdist(k1, k2, k3) ≈ γf
σ

σν

kNL

k3
µ13

PL
δδν

(k1)

1 + kfs
k1

PL
δδ(k3) . (5.95)

In order to interpret Eq. (5.95), note that:

v⃗(k⃗3)

σν
= −ik̂3

k3

θ(k⃗3)

σν
= ik̂3f

σ

σν

kNL

k3
δ(k⃗3) , (5.96)

where we used the relation θ(k⃗3) = −(faH)δ(k⃗3) and insert the identity σkNL/aH = 1. We

may then write,

Bdist(k1, k2, k3) ≈
〈
⟨δν(k⃗1)δ(k⃗2)⟩ϕ(K⃗)δ(k⃗3)

〉
, (5.97)

with K⃗ = −k⃗3 = k⃗1 + k⃗2 and,

⟨δν(k⃗1)δ(k⃗2)⟩ϕ(K⃗) =
k⃗1 · K⃗
k1

PL
δδν

(k1)

1 + kfs
k1

ϕ(K⃗) , (5.98)

is a dipole contribution to the local CDM-ν cross correlation in the presence of a long

wavelength velocity potential ϕ(K⃗) defined as, in position space,

γ
v⃗

σν
= ∇⃗ϕ . (5.99)



156

Out[ ]=

-20

-10

0

10

20

Figure 5.7: Contribution to the bispectrum from the neutrino distortion effect as given by

the second line in Eq. (5.94), normalized by its value at the equilateral triangle configuration

Bdist(x1 = 1, x3 = 1), as a function of the triangle shape parameterized by x1 = k1/k2 and

x3 = k3/k2. We fix k2 = 0.05Mpc−1, and assume our fiducial values of a single neutrino mass

state with mν = 0.1eV and z = 0. The left corner of the triangle corresponds to the squeezed

limit k3 ≪ k1, k2. The upper boundary of the triangle corresponds to the “flattened” triangle

configuration with k⃗3 aligned with k⃗2, and k⃗1 pointing in the exact opposite direction of k⃗2,

k⃗3. The lower boundary of the triangle corresponds to the opposite limit of k⃗1 parallel with k⃗3

and k⃗2 antiparallel to k⃗1, k⃗3. The change in sign of Bdist along these flattened configurations

in the limit k3 ≪ k1, k2 illustrates the anisotropy in the bispectrum under the exchange of

k⃗1 and k⃗2 or equivalently, under exchanging CDM and ν density fields in ⟨δν(k⃗1)δ(k⃗2)δ(k⃗3)⟩.
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Figure 5.8: Contribution to the bispectrum from the neutrino distortion effect as given by

the second line in Eq. (5.94), normalized by its value at the equilateral triangle configuration

Bdist(x1 = 1, x3 = 1), as a function of x3 = k3/k2 and for elongated configurations for which

x1 = 1 + x3. We fix k2 = 0.05Mpc−1, and assume our fiducial values of a single neutrino

mass state mν = 0.1eV and z = 0.

We expect Eq. (5.98) to be robust against higher order perturbation theory corrections,

provided one applies the replacement PL
δδν

(k1) → PMON
δδν

(k1) = ((kfs
k
)2/(1 + kfs

k
)2)Pδδ(k1) to

the monopole contribution to the local CDM-ν cross power spectrum, where Pδδ(k1) is the

nonlinear CDM power spectrum.

Note from Eq. (5.98) that the dipole is proportional to both the large-scale displacement

field ϕ(K⃗) and the short scale monopole contribution to the cross power spectrum PMON
δδν

(k1).

A measurement of the squeezed limit bispectrum can then be phrased as a reconstruction of

the displacement field ϕ(K⃗), independent of the specific realization of the small scale CDM

power. As a consequence, such a measurement is not limited by cosmic variance but rather
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by the finite number of galaxies in the survey as we will see in the next subsection.

Equation (5.98) is in qualitative agreement with the results obtained in [172] in a simpli-

fied model where the authors introduce an effective relative displacement between CDM and

neutrino fluid elements to show that shift nonlinearities arise in the neutrino density field,

which is exactly what we find in a explicit investigation of the solution to the Boltzmann

equation for the distribution function of relic neutrinos around nonlinear CDM structure, i.e.,

from first principles. This novel approach provides some additional insight into the distortion

effect and its potential observational signatures; it is now clear how the neutrino thermal

velocity enters the picture, and that the dipole distortion is indeed directly connected to the

dynamical friction effect. Additionally, and from a more practical point of view, we now

have an explicit expression for the effective displacement potential as given by Eq. (5.99).

We also have an expression for the bispectrum that goes beyond the squeezed limit as given

by the second line in Eq. (5.94), and that is important for two reasons. First, it opens up the

opportunity to check if the squeezed limit indeed dominates the contribution to the signal-

to-noise and to account for additional information in other triangle configurations. Second,

it allows us to quantitatively assess the degeneracy between the distortion contribution and

standard nonlinear structure formation.

To elaborate further in the latter point, we now argue that the distortion contribution

can in principle be separated from the SPT contribution. For this, the key observation

is that the expression in Eq. (5.91) is symmetric under the exchange k⃗1 ←→ k⃗2, while the

expression in Eq. (5.92), i.e., the contribution from the distortion effect, does not share the

same symmetry. In order to exploit this, we consider (where the superscript A denotes an

antisymmetrization),

BA(k1, k2, k3) =
1

2
[B(k1, k2, k3)−B(k2, k1, k3)] ,

= BA
SPT(k1, k2, k3) +BA

dist(k1, k2, k3) ,

(5.100)

which once again can be written as a sum of SPT and distortion (dist) contributions. The
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first reads,

BA
SPT(k1, k2, k3) =


(

kfs
k1

)2
(1 + kfs

k1
)2
−

(
kfs
k2

)2
(1 + kfs

k2
)2

[F2(k⃗2, k⃗3)P
L
δδ(k2)P

L
δδ(k3) + F2(k⃗1, k⃗3)P

L
δδ(k1)P

L
δδ(k3)+

F2(k⃗1, k⃗2)P
L
δδ(k1)P

L
δδ(k2)

]
,

(5.101)

and the second,

BA
dist(k1, k2, k3) =

γ

2
f
σ

σν

{ (
kfs
k1

)2
(1 + kfs

k1
)3

(
kNL

k3
µ13 +

kNL

k2
µ12

)
PL
δδ(k2)P

L
δδ(k3)−(

kfs
k2

)2
(1 + kfs

k2
)3

(
kNL

k3
µ23 +

kNL

k1
µ21

)
PL
δδ(k1)P

L
δδ(k3)

}
,

(5.102)

where we combined Eqs. (5.94) and (5.100). In the squeezed limit where k1 ≈ k2 ≫ k3

we then obtain BA
SPT(k1, k2, k3) ≈ 0 and BA

dist(k1, k2, k3) ≈ Bdist(k1, k2, k3) such that the

antisymmetrization procedure cleans out the SPT contribution and hence provides a smoking

gun for the distortion effect. This argument assumes that all the information from the

distortion effect in the bispectrum comes from the squeezed limit, which at this point is a

reasonable assumption based on Figs. 5.7 and 5.8.

In the next section we extend our analysis with a calculation of the signal-to-noise ratio

based on a multi-tracer approach. In order to build intuition on the size of the distortion

effect, let us first compare our squeezed limit bispectrum in Eq. (5.95), which we repeat here

in simpler notation for convenience,

Bdist = fνγf
σ

σν

kNL

kL
µ

(
kfs
kS

)2
(
1 + kfs

kS

)3Pδδ(kS)Pδδ(kL) , (5.103)

with the familiar squeezed limit bispectrum (of the late-time matter density contrast) gen-
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erated by the presence of local primordial non-Gaussianity [212],

Blocal =
6Ωm(a)

g(a)
(aH)2fNL

1

k2LT (kL)
Pδδ(kS)Pδδ(kL) . (5.104)

In Eq. (5.103), kS = k1 ≈ k2, kL = k3, µ is the cosine of the angle between short and long

wave vectors and we used Eq. (5.52). We also inserted a factor of the fractional contribution

of neutrinos to the matter density fν which always multiplies the neutrino density contrast

δν extracted from a measurement of the total mass fluctuation δm = (1 − fν)δ + fνδν . In

Eq. (5.104), Ωm(a) is the fractional contribution of matter to the critical density, g(a) =

DL(a)/a with DL(a) the linear growth factor and T (k) is the matter transfer function. The

shape and scale dependence of the two bispectra are different, but both peak at squeezed

triangle configurations and we can formally compare Eqs. (5.103) and (5.104) to define an

effective non-Gaussian parameter to the distortion bispectrum:

f eff
NL =

fν
σ2
ν

γ
fg

6Ωm

√
3

2
Ωm

(
kL
kS

)
µT (kL)

(
kfs
kS

)2
(
1 + kfs

kS

)3 , (5.105)

where we used Eqs. (5.29) and (5.31). For a numerical estimate we evaluate this quantity at

redshift z = 0, with Ωm = 0.32, f = Ω
4/7
m and g = 1. We also set kS = kfs, kL/kS = 0.1, µ = 1

and T (kL) ≈ 1. We the obtain f eff
NL ≈ 0.5 for an individual neutrino mass mν = 0.05eV,

f eff
NL ≈ 4 for mν = 0.1eV and f eff

NL ≈ 14 for mν = 0.15eV. In the case of three neutrino mass

eigenstates, the net effective non-Gaussian parameter is given by the sum of the individual

contributions to f eff
NL. For comparison, the current best constraints on local non-Gaussianity

from galaxy surveys are fNL = −33 ± 28 at 95% confidence, though this comparison is not

straightforward since those measurements come from joint analysis of the power spectrum

and bispectrum, including scale-dependent bias and loop-corrections. Yet, near-term surveys

target σ(fNL) = 0.2 − 0.5, with significant constraining power coming from bispectrum

measurements analogous to those proposed here [213, 214]. Of course, the signal shapes and

scalings of neutrinos and fNL are different but this comparison nevertheless provides a rough

estimate of the survey needs to use the bispectrum to study neutrino wakes.
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5.6.4 Multi-tracer bispectrum forecast

In the previous section we studied the contribution to the bispectrum from the distortion

effect, and used the fact that the signal peaks at squeezed triangle configurations to argue

that it can be separated from the contributions to the bispectrum from standard nonlinear

structure formation [the SPT term in Eq. (5.94)]. There are two more ingredients we need to

account for: The intrinsic noise from cosmic variance, and the number of modes for a given

triangle configuration. This will enable us to forecast the observability of the distortion effect

in future surveys and to quantitatively assess how degenerate the distortion signal is with

standard nonlinear structure formation.

In order to isolate the distortion contribution to the bispectrum in Eq. (5.94) we adopt

the antissymetrization strategy of Eq. (5.100), as argued in the previous section. For this

we need a probe of the total matter field δm = (1 − fν)δ + fνδν and also a galaxy data,

δg = bδ, with b the linear bias, fν = ρ̄ν/ρ̄ the fractional contribution of neutrinos to the

matter budget. Note that we follow the standard practice of assuming the galaxy field to

trace CDM and baryons, excluding neutrinos [106, 114, 115, 215–219].

It follows that, schematically

BA
obs =

1

2
⟨(δmδg − δgδm)δm⟩ ≈

1

2
fνb⟨(δνδ − δδν)δ⟩ , (5.106)

is the bispectrum we wish to extract from the surveys, when combined with Eqs. (5.100)-

(5.102), where we work to leading order in the neutrino fraction fν ≪ 1 16. This includes our

signal of the distortion in the neutrino density field due to the peculiar motion of halos but

also a background contribution from standard nonlinear structure formation. We are then

left with the problem of forecasting the observability of our effect in future surveys, when

also accounting for potential degeneracies with the physics of standard small scale structure

formation.

16One could also choose BA
obs =

1
2 ⟨(δmδg−δgδm)δg⟩, with a galaxy density contrast on the long-wavelength

mode as opposed to a matter density contrast. To leading order in fν this produces the same observable
(up to a factor of the linear bias b), with some additional (shot) noise due to the finite sampling of the
galaxy density field.
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In Appendix 5.8 we derive an optimal estimator for the bispectrum in Eq. (5.106). The

following formula for the cumulative signal-to-noise ratio per galaxy (or the fisher matrix F )

is obtained for our signal, which corresponds to the contribution to the bispectrum from the

distortion effect as given by Eq. (5.102):

SNR2

Ng

= FBdistBdist
= 2f 2

ν b
2

∫
d3k⃗1
(2π)3

∫
d3k⃗2
(2π)3

∫
d3k⃗3
(2π)3

(2π)3δ(3)(k⃗123)
[BA

dist(k1, k2, k3)]
2

Pδδ(k3)[Pδδ(k1) + Pδδ(k2) + Pδδ(k3)]
,

(5.107)

where SNR2 is the cumulative signal-to-noise ratio squared, Ng is the total number of galaxies

in the galaxy survey, and Pδδ(k) stands for the (linear) power spectrum. We can now use

Eq. (5.100) to rewrite this expression as follows:

FBdistBdist
=
f 2
ν b

2

2

∫
d3k⃗1
(2π)3

∫
d3k⃗2
(2π)3

∫
d3k⃗3
(2π)3

(2π)3δ(3)(k⃗123)
Bdist(k1, k2, k3)

Pδδ(k2)Pδδ(k3)[Pδδ(k1) + Pδδ(k2) + Pδδ(k3)]
×

× {[Pδδ(k2) + Pδδ(k3)]Bdist(k1, k2, k3)− Pδδ(k2)Bdist(k2, k1, k3)− Pδδ(k3)Bdist(k3, k1, k2)} .

(5.108)

Due to the Dirac delta enforcing the requirement that the wavevectors fit into a triangle

configuration, we can immediately integrate over k⃗1 such that we are left with integrals over

k2, k3 and µ23 = k̂2 · k̂3. First, we replace the variable k3 by x3 = k3/k2. Since the integrand

in Eq. (5.108) is symmetric under the exchange k2 ↔ k3, we can assume x3 ≤ 1 without loss

of generality. Second, we replace µ23 with x1 = k1/k2 according to:

µ23 = k̂2 · k̂3 =
x21 − 1− x23

2x3
=⇒ dµ23 =

x1
x3
dx1 , (5.109)

and the range of integration is 1 − x3 ≤ x1 ≤ 1 + x3. Implementing these changes in the

integration variables leads to:∫
d3k⃗1
(2π)3

∫
d3k⃗2
(2π)3

∫
d3k⃗3
(2π)3

(2π)3δ(3)(k⃗123) =
1

4π4

∫ ∞

0

dk2
k2

∫ 1

0

dx3

∫ 1+x3

1−x3

dx1 k
6
2x1x3 , (5.110)

and hence to our final formula for the Fisher matrix,

FBdistBdist
=
f 2
ν b

2

8π4

∫ ∞

0

dk2
k2

∫ 1

0

dx3

∫ 1+x3

1−x3

dx1 k
6
2x1x3

Bdist(k1, k2, k3)

Pδδ(k2)Pδδ(k3)[Pδδ(k1) + Pδδ(k2) + Pδδ(k3)]
×

× {[Pδδ(k2) + Pδδ(k3)]Bdist(k1, k2, k3)− Pδδ(k2)Bdist(k2, k1, k3)− Pδδ(k3)Bdist(k3, k1, k2)} .

(5.111)
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We can integrate over x1 and x3 (the triangle shape), for a given fixed k2, to investigate the

scale dependence of the signal-to-noise. This is plotted in Fig. 5.9 for our reference values

mν = 0.1eV and z = 0. It peaks at large quasi-linear scales, as set by the neutrino free-

streaming scale, and hence one does not enhance the signal-to-noise by adding more modes.

This means, in particular, that we are not limited by the precise modeling of complicated

nonlinear and galaxy formation physics (and a linear halo bias should be sufficient). The

measurement is also not degenerate with the optical depth to reionization since it is inde-

pendent from the total matter power spectrum, and it is not cosmic variance limited either

since the signal-to-noise can be made arbitrarily large by taking the limit Ng →∞. Indeed,

cosmic variance cancellation is a common theme of multi-tracer approaches [186, 189].

To elaborate on this, let us briefly make a comparison to the more familiar case of how

cosmic variance cancellation applies to measuring a linear galaxy bias factor b in δg = bδ (e.g.

[220]). The linear bias factor can be measured without cosmic variance because it represents

the linear response of the fluctuation in the galaxy density field δg to a fluctuation in the

matter density field δ and one only needs a single realization of δ and δg to determine this

response b. Moreover, the particular amplitude or shape of Pδδ is, in principle, unimportant

for this so long as Pgδ = bPδδ and one measures both Pgδ and Pδδ. In our case, the distortion

to the neutrino density field is a linear response of the neutrino field δν to the local realization

of the small-scale CDM momentum field p = δv. One similarly only needs a single realization

of δv to determine this response [also see the discussion below Eq. (5.70)].

Returning to Eq. (5.111), we can also integrate over k2 and x1, for a given fixed x3. This

is plotted in Fig. 5.10, again for mν = 0.1eV and z = 0. It peaks at a small but nonzero

value of x3 ∼ 0.1 due to a combination of two effects: The bispectrum prefers the x3 → 0

limit as can be seen in Figs. 5.7 and 5.8, but the number of modes is suppressed in this limit.

As a consequence, real surveys need to have a sufficiently large volume in order to probe the

distortion bispectrum close to the squeezed limit. For our reference value mν = 0.1eV, we

need kmin ≲ kL ∼ x3kS ≈ 0.005Mpc−1, from Figs. 5.9 and 5.10.

We finally proceed to evaluate Eq. (5.111) numerically, for the individual neutrino masses
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Figure 5.9: Cumulative distortion bispectrum signal-to-noise ratio squared per galaxy, di-

vided by the galaxy bias squared, as a function of scale k2 after integrating Eq. (5.111)

over the triangle shape. We choose the reference values of a single neutrino mass state

with mν = 0.1eV and measure the bispectrum at z = 0. With this choice, consistency

with oscillation data requires three neutrino mass states each with mνi ≈ 0.1eV and the net

signal-to-noise squared would increase by roughly a factor of three.

and redshifts of interest, in order to forecast the observability of the effect in future surveys.

The results are presented in Tab. 5.3. At z = 0 we find that SNR2/b2Ng ≈ (2.5×10−9−1.6×

10−6) for individual neutrino masses in the range mν = (0.05− 0.15)eV. 17 This corresponds

to (setting b = 1 for the galaxy bias) a range of Ng ≳ (4 × 109 − 6 × 106) for the minimal

number of galaxies in the survey in order to reach a 3σ detection of the distortion effect.

The signal-to-noise increases with the neutrino mass and decreases with redshift, as expected

from our intuition from the dynamical friction effect [see Eq(5.66)]. However, we should keep

17The total signal-to-noise for all three neutrino mass eingenstates can then be obtained by summing the
individual contributions in quadrature, i.e., SNR2

tot =
∑

mν
SNR2

tot|mν
.
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Figure 5.10: Cumulative distortion bispectrum signal-to-noise ratio squared per galaxy, di-

vided by the galaxy bias squared, as a function of the long-wavelength mode x3 = k3/k2

after integrating Eq. (5.111) over k2 and x1 = k1/k3. We choose the reference values of a

single neutrino mass state with mν = 0.1eV and measure the bispectrum at z = 0. With

this choice, consistency with oscillation data requires three neutrino mass states each with

mνi ≈ 0.1eV and the net signal-to-noise squared would be increased by roughly a factor of

three.

in mind that we work under the assumption that kfs/kNL ≪ 1 (see Fig. 5.3). For a sufficiently

large neutrino mass kfs ∼ kNL, and hence we expect the signal-to-noise to eventually decrease

due to the cutoff at the free-streaming scale.

When accounting for the cosmological upper bound
∑

ν mν ≤ 0.12eV, together with

oscillation experiments, we are led to the optimistic scenario of two neutrino eigenstates

with mass mν ≈ 0.05eV under the inverted hierarchy. This yields a total number of galaxies

Ng ≈ 8× 108 in order to reach a 2-σ detection, which may be possible with future surveys.

This specific choice of neutrino mass splittings produces the highest possible signal-to-noise

ratio while saturating the current cosmological upper bound in the sum of mass eigenstates.
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SNR2/b2Ng mν = 0.05eV mν = 0.1eV mν = 0.15eV

z = 0 2.5× 10−9 1.6× 10−7 1.6× 10−6

z = 1 8.6× 10−11 6.3× 10−9 6.8× 10−8

Table 5.3: Numerical values for the cumulative distortion bispectrum signal-to-noise ratio

squared per galaxy, divided by the galaxy bias squared, for the (individual) neutrino masses

and redshifts of interest. For three massive neutrino states, the net signal-to-noise squared

is roughly the sum of the signal-to-noise squared for each state.

Our estimates for the signal-to-noise ratio in Tab. 5.3 are more pessimistic than previous

estimates found in the literature for the observability of the CDM-ν relative flow effect in the

large-scale structure [168, 171, 172]. We attribute this to the fact that previous approaches to

study the effect of CDM-ν dynamical friction/relative flow are based on the introduction of an

ad-hoc effective displacement between CDM and ν fluids, and hence do not fully account for

the cutoff at the velocity coherence and free-streaming scales. Our first-principles approach,

based on an explicit extraction of the distortion effect from the solution to the Boltzmann

equation for the neutrino distribution function in the background of the nonlinear CDM

structure, does not suffer from this problem. The cutoffs at both the velocity coherence and

free-streaming scale are naturally accounted for. Yet, the presence of these cutoffs reduces

the amplitude of the signal.

We previously made the observation that standard nonlinear structure formation also

gives a contribution to the bispectrum of interest, as given by Eq. (5.101). We also argued

that the antisymmetrization effectively separates it from the distortion contribution, provided

that all the information comes from the squeezed limit x3 → 0. However, the signal-to-noise

ratio peaks at some small but nonzero value of x3, as indicated in Fig. 5.10. One may

then worry that this can lead to a significant degeneracy between the distortion and SPT
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contributions to the bispectrum, effectively erasing our signal. To quantitatively investigate

this possibility, we first proceed to define a Fisher matrix FBSPTBSPT
exactly as before in

Eq. (5.107), by simply replacing Bdist → BSPT. The next step is to introduce:

FBdistBSPT
= 2f 2

ν b
2

∫
d3k⃗1
(2π)3

∫
d3k⃗2
(2π)3

∫
d3k⃗3
(2π)3

(2π)3δ(3)(k⃗123)
Bdist(k1, k2, k3)BSPT(k1, k2, k3)

Pδδ(k3)[Pδδ(k1) + Pδδ(k2) + Pδδ(k3)]
,

(5.112)

in terms of which we can define the cosine of an angle between the two bispectra as follows,

µ =
FBdistBSPT√

FBdistBdist
FBSPTBSPT

(5.113)

with |µ| ≤ 1, |µ| = 1 corresponding to the case of perfect degeneracy and |µ| = 0 to no

degeneracy between the two bispectra. For all individual neutrino masses and redshifts of

interest, we find |µ| ≤ 0.23 when choosing kmax = 0.3Mpc−1, further reducing to |µ| ≤ 0.13

for kmax = 1Mpc−1. Of course, such a choice of maximum wavenumber actually requires a

better handle into nonlinear structure formation and galaxy formation physics in order to

accurately model the nonlinear dynamics. However, a naive application of SPT combined

with a simple linear galaxy bias already illustrates the point that one can best disentangle

the signal from the background by pushing to smaller scales. This is to be expected since

these two effects mostly operate at different scales: The distortion contribution peaks at large

quasi-linear scales (see Fig. 5.9), while we expect the contributions from standard nonlinear

structure formation to show up at smaller nonlinear scales. However, even for a choice of

kmax = 0.3Mpc−1 the degeneracy is already small. This is because the distortion signal is

dominated by triangle configurations that are close to the squeezed limit (see Fig. 5.10), while

we expect the contribution from standard nonlinear structure formation to be suppressed in

the squeezed limit [221]. We expect similar arguments to also hold for the contributions to

the bispectrum from local galaxy formation physics, or, for instance higher-order terms in a

bias expansion (e.g. [44]), which would justify our use of a simple linear bias. On the other

hand, these terms would add additional sources of stochasticity to the noise, analogous to

higher-order terms we have already dropped in the calculation of the covariance matrix in

Appendix 5.8. We leave detailed investigations of these considerations to future work.
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5.7 Conclusion

At late times relic neutrinos become nonrelativistic and cluster anisotropically behind moving

cold dark matter structures, which generates a distortion in the neutrino density field. This

effect gets imprinted into cosmological observables and can potentially be detected with

upcoming surveys via its signature on three-point cross correlations of matter and galaxies.

In Sec. 5.4 we first considered a CDM distribution consisting of a single moving point mass

halo, which leads to the anisotropic clustering of neutrinos as shown in Fig. 5.1. This in turn

produces a dynamical friction effect that slows the halo down according to Chandrasekhar’s

formula, Eq. (5.24).

In Sec. 5.5 we moved on to a more general (and hence realistic) nonlinear cold dark matter

(CDM) distribution, relying solely on the validity of the continuity and Poisson’s equation,

and hence remaining agnostic about the nonlinear gravitational evolution. We showed how to

extract the distortion in the neutrino density field produced by the peculiar motion of halos

from the solution to the Boltzmann equation for the neutrino distribution function, as given

by Eqs. (5.51) and (5.53). This enabled us to greatly improve on, and solve a few problems

with, our previous framework based on a single moving point mass halo. The consistency of

our approach required a hierarchy of scales between the neutrino free-streaming scale kfs, and

the scale of nonlinearities kNL, i.e., kfs ≪ kNL, which is consistent with current cosmological

upper bounds on the neutrino mass scale as illustrated in Fig. 5.3.

We determined that the average decrease of halo peculiar velocities due to the dynam-

ical friction effect is small and hence future experiments based on measurements of galaxy

velocities will likely remain insensitive to the distortion effect in the foreseeable future [see

Eq. (5.66)]. However, the distortion effect also gets imprinted in the large scale structure,

and one has to account for it in order to accurately model the nonlinear corrections to the

CDM-ν cross power spectrum, see Eq. (5.67). We also argued that a clean probe of the

distortion effect is to be found in three-point cross correlations of CDM and neutrinos, or

its Fourier transform the bispectrum, as given by Eq. (5.69). We emphasize that Eqs. (5.67)
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and (5.69) are agnostic about the nonlinear dynamics of CDM and can be evaluated with

any given model for the CDM power spectrum and bispectrum. This fact can also be used to

make inferences about neutrino wakes from data that are also agnostic about the nonlinear

dynamics of CDM, that is, they will depend only on the snapshot of CDM field in a given

region.

In Sec. 5.6 we considered simplified models for the nonlinear gravitational evolution in or-

der to make some numerical calculations, building upon the framework developed in Sec. 5.5.

The halo model is applied to extend the results of Sec. 5.4 based on a single moving halo,

now accounting for the clustering of nearby halos and its contribution to the dynamical fric-

tion effect. We calculate the decrease in halo peculiar velocities as a function of halo mass,

see Fig. 5.5. Next we introduce 1-loop standard perturbation theory (SPT) to extract the

distortion contribution to the CDM-ν cross power spectrum, as shown in Fig. 5.6. We find it

to be a small decrease in power, which is also degenerate with standard nonlinear structure

formation. Finally, we compute the bispectrum to tree-level in SPT. The contribution from

the distortion effect peaks at squeezed triangle configurations, see Figs. 5.7 and 5.8. This

has a simple physical interpretation: The local CDM-ν cross power acquires a dipole in the

presence of a long-wavelength displacement potential, as given by Eq. (5.98). We show that

this signal can be extracted using three-point cross correlations of matter and galaxies, i.e.,

in a multi-tracer approach.

In Eq. (5.98) the dipole is proportional to the monopole and hence one can extract the

displacement potential from the ratio between the bispectrum and the power spectrum [172],

independently of the specific realization of the small scale CDM power. This implies that

the signal is not limited by cosmic variance or potential inaccuracies in the modeling of

complicated nonlinear structure and galaxy formation physics (this can also be seen from

the fact that the signal-to-noise ratio peaks at large quasi-linear scales as illustrated in

Fig. 5.9). This signature of neutrino masses on the large-scale structure has some other

desirable features; it is not degenerate with the optical depth to reionization, and is also

model independent in the sense that a dynamical dark energy component cannot reproduce
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the effect.18 Finally, it is not directly proportional to the neutrino mass. The dynamical

friction effect and distortion contributions to the bispectrum have an approximate scaling of

∼ m4
ν and ∼ m3

ν for sufficiently small neutrino masses,19 respectively. These effects are hence

dominated by the most massive neutrino eigenstate (see Eq. (5.66) and Tab. 5.3). This could,

in principle, provide a cosmological window into the neutrino mass splittings [98, 222, 223].

In practice, a detection of the distortion in the neutrino density field due the peculiar

motion of halos will be challenging, and ultimately depends on the neutrino mass scale that

is actually realized in nature. We estimate Ng ≳ (4× 109 − 6× 106) [for individual neutrino

masses in the range mν = (0.05−0.15)eV] for the minimum number of galaxies in the survey

in order to reach a 3σ detection (in the optimistic scenario where all the galaxies sit at low

redshifts z ≈ 0, see Tab. 5.3). In the optimistic scenario of two neutrino eigenstates with

mass mν ≈ 0.05eV under the inverted hierarchy, which saturates the cosmological upper

bound
∑

ν mν ≤ 0.12eV and is consistent with oscillation experiments, a total number of

galaxies Ng ≈ 8×108 is required in order to reach a 2-σ detection. For reference, the Baryon

Oscillation spectroscopic survey (BOSS) completed spectroscopy on Ng ∼ 106 galaxies [224],

and the ongoing Dark Energy Spectroscopic Instrument (DESI) will reach Ng ∼ 4 × 107

[225]. A futuristic spectroscopy survey may reach Ng ∼ 109 [226]. Also, a more realistic

forecast will have to take into account that the matter field is only probed indirectly via the

gravitational deflection it causes on the trajectory of light rays, i.e., via weak lensing. Hence,

what we actually probe is the projected matter field along the line-of-sight. We can then

consider photometric surveys since the exact knowledge about the redshift of galaxies is no

longer essential. In one hand we expect this leads to a degradation on the signal due to the

mixing of scales in projection, while on the other hand it allows for a much larger number

of galaxies. For example, the Dark Energy Survey catalogs include hundreds of millions

18Here we assume a standard dynamical dark energy component that changes the expansion history, and
hence the linear growth of structure, but does not cluster.

19These approximate scalings assume the hierarchy kfs ≪ kNL. For a neutrino mass sufficiently large such
that kfs ∼ kNL, the free-streaming scales starts acting as a cutoff which reduces the amplitude of distortion
effects, see Eq. (5.66) and comments below.
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of galaxies [227, 228] while the upcoming Vera C. Rubin Observatory (LSST) will extract

photometric redshifts of Ng ∼ 4× 109 galaxies at z ≲ 1 [229]. It would be interesting to do

a detailed exploration of prospects for constraining this signal with photometric surveys, we

leave this for future work. In summary, it appears that future cosmological surveys have the

statistical power to detect the distortion effect and further investigation is warranted.

It would be interesting to directly extract the distortion signal in the bispectrum from

N-body simulations with massive neutrinos, and compare to our calculations [184]. In the

theory side, we plan on improving our modeling to relax the necessity of a hierarchy of scales,

kfs ≪ kNL. This requires one to assume a specific model for the nonlinear dynamics of CDM,

and we speculate that an approach along the lines of the Renormalized Perturbation Theory

(RPT) [230] can provide the necessary ingredients to account for the effects of CDM bulk

flows in the neutrino field to all orders in perturbation theory. Also, it seems likely that

our analysis can be extended to a more general warm dark matter component, as all we had

to assume is that the background distribution functions peaks at some finite characteristic

momentum (the temperature). For instance, it has been previously suggested that the CDM-

baryon relative velocity leads to a unique signature in the galaxy bispectrum [231–233]. We

leave an investigation of the connection between these two effects to later work.

5.8 Appendix: Signal-to-noise derivation

We carry out the derivation of the optimal estimator for the bispectrum in Eq. (5.106),

1

2
⟨[δm(k⃗1)δg(k⃗2)− δg(k⃗1)δm(k⃗2)]δm(k⃗3)⟩ = (2π)3δ(3)(k⃗1 + k⃗2 + k⃗3)B

A
obs(k1, k2, k3) , (5.114)

following the approach in [234]. Here δ(3)(k⃗) stands for the Dirac delta. Let us start with

the most general three-point estimator for the bispectrum amplitude:

Ê =
1

2V F

∫
d3k⃗1
(2π)3

∫
d3k⃗2
(2π)3

∫
d3k⃗3
(2π)3

(2π)3δ(3)(k⃗123)W (k1, k2, k3)
[
δm(k⃗1)δg(k⃗2)− δg(k⃗1)δm(k⃗2)

]
δm(k⃗3)

=
1

V F

∫
{k⃗}

δ(k⃗123)W (k1, k2, k3)δm(k⃗1)δg(k⃗2)δm(k⃗3) ,

(5.115)
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with V the survey volume, and W (k1, k2, k3) a weight function to be found in such a way

as to minimize the noise. We take it to satisfy the condition W (k1, k2, k3) = −W (k2, k1, k3)

without loss of generality, since a symmetric part would give a vanishing contribution to the

estimator. We also introduced, for simplicity of notation:∫
{k⃗}

δ(k⃗123) ≡
∫

d3k⃗1
(2π)3

∫
d3k⃗2
(2π)3

∫
d3k⃗3
(2π)3

(2π)3δ(3)(k⃗123) . (5.116)

Finally, the Fisher matrix F is a normalization coefficient that we fix by requiring that

⟨Ê⟩ = 1, which implies

F =

∫
{k⃗}

δ(k⃗123)W (k1, k2, k3)B
A
obs(k1, k2, k3) , (5.117)

after taking the expectation value of Eq. (5.115), using Eq. (5.114), and letting (2π)3δ(3)(0)→

V as usual. We now proceed to compute the leading order Gaussian contribution to the noise

⟨Ê2⟩, which effectively means only keeping terms in the resulting six-point function that can

be written as a product of three two-point functions, i.e., the PPP contributions. We obtain

after a straightforward calculation:

⟨Ê2⟩ = 1

V F 2

∫
{k⃗}
δ(k⃗123)W (k1, k2, k3)

{
W (k1, k2, k3) [Pmm(k1)Pgg(k2)− Pmg(k1)Pmg(k2)]Pmm(k3)+

+W (k1, k3, k2) [Pmm(k1)Pmg(k3)− Pmg(k1)Pmm(k3)]Pmg(k2)+

+W (k3, k2, k1) [Pgg(k2)Pmm(k3)− Pmg(k2)Pmg(k3)]Pmm(k1)

}
.

(5.118)

We now make use of,

Pmm(k) ≈ Pδδ(k) ,

Pgg(k) ≈ b2Pδδ(k) +
1

ng

,

Pmg(k) ≈ bPδδ(k) ,

(5.119)

where we work to leading order in the fractional contribution of neutrinos to the energy

density fν ≪ 1, Pδδ(k) the power spectrum including a shot-noise contribution to the power
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spectrum of galaxies, 1/ng, with ng the number density of galaxies in the survey, and for

simplicity we assume a constant bias factor b 20. We arrive at

⟨Ê2⟩ = 1

2NgF 2

∫
{k⃗}

δ(k⃗123)W (k1, k2, k3)

{
[W (k1, k2, k3) +W (k3, k2, k1)]Pδδ(k1)Pδδ(k3)−

− [W (k2, k1, k3) +W (k3, k1, k2)]Pδδ(k2)Pδδ(k3)

}
,

(5.120)

where Ng = ngV the total number of galaxies in the survey volume V . The Eq. (5.120) can

be conveniently written as follows

⟨Ê2⟩ = 1

NgV F 2

∫
{k⃗}

δ(k⃗123)

∫
{k⃗′}

δ(k⃗′123)W (k1, k2, k3)Cov(k⃗1, k⃗2, k⃗3; k⃗
′
1, k⃗

′
2, k⃗

′
3)W (k′1, k

′
2, k

′
3) ,

(5.121)

in terms of a covariance matrix:

Cov(k⃗1, k⃗2, k⃗3; k⃗
′
1, k⃗

′
2, k⃗

′
3) =

1

2

[
δ(k⃗′1 − k⃗1)δ(k⃗′2 − k⃗2)δ(k⃗′3 − k⃗3)Pδδ(k1)Pδδ(k3)+

+ δ(k⃗′1 − k⃗3)δ(k⃗′2 − k⃗2)δ(k⃗′3 − k⃗1)Pδδ(k1)Pδδ(k3)− δ(k⃗′1 − k⃗2)δ(k⃗′2 − k⃗1)δ(k⃗′3 − k⃗3)Pδδ(k2)Pδδ(k3)−

− δ(k⃗′1 − k⃗3)δ(k⃗′2 − k⃗1)δ(k⃗′3 − k⃗2)Pδδ(k2)Pδδ(k3)
]
.

(5.122)

We now have an optimization problem, where we would like to minimize the noise ⟨Ê2⟩, as

given by Eq. (5.121), when subject to the constraint Eq. (5.117). By taking the variation of

the noise with respect to the weight function and setting it to zero, we obtain the following

equation:∫
{k⃗′}

δ(k⃗′123)Cov(k⃗1, k⃗2, k⃗3; k⃗
′
1, k⃗

′
2, k⃗

′
3)W (k′1, k

′
2, k

′
3) = δ(k⃗123)Bobs(k1, k2, k3) , (5.123)

up to an arbitrary normalization constant. The solution to Eq. (5.123) can be parameterized

as follows,

W (k1, k2, k3) =

∫
{k⃗′}

δ(k⃗′123)Σ(k⃗1, k⃗2, k⃗3; k⃗
′
1, k⃗

′
2, k⃗

′
3)Bobs(k

′
1, k

′
2, k

′
3) , (5.124)

20This assumption can be relaxed to accommodate a scale dependent bias which is more realistic at the
scales we are considering, and it does not lead to qualitatively different results. We stick to a constant
bias for simplicity.
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in terms of a precision matrix Σ(k⃗1, k⃗2, k⃗3; k⃗
′
1, k⃗

′
2, k⃗

′
3). The substitution of Eq. (5.124) into

Eq. (5.123) now yields∫
{k⃗′}

δ(k⃗′123)Cov(k⃗1, k⃗2, k⃗3; k⃗
′
1, k⃗

′
2, k⃗

′
3)Σ(k⃗

′
1, k⃗

′
2, k⃗

′
3; k⃗

′′
1 , k⃗

′′
2 , k⃗

′′
3) = δ(k⃗′′1 − k⃗1)δ(k⃗′′2 − k⃗2)δ(k⃗′′3 − k⃗3) ,

(5.125)

such that the precision matrix is the inverse of the covariance matrix of Eq. (5.122). As we

will see, in practice it is more convenient to directly solve Eq. (5.123) for the weight function

instead of solving for the precision matrix. The substitution of Eq. (5.122) into Eq. (5.123)

leads to:

[Pδδ(k1) + Pδδ(k2)]Pδδ(k3)W (k1, k2, k3) + Pδδ(k1)Pδδ(k3)W (k3, k2, k1)−

− Pδδ(k2)Pδδ(k3)W (k3, k1, k2) = 2Bobs(k1, k2, k3) .
(5.126)

It is now straightforward to check that

W (k1, k2, k3) =
2Bobs(k1, k2, k3)

Pδδ(k3) [Pδδ(k1) + Pδδ(k2) + Pδδ(k3)]
, (5.127)

is the solution we are looking for, after using the identity

Bobs(k1, k2, k3) +Bobs(k3, k1, k2) +Bobs(k2, k3, k1) = 0 (5.128)

which follows from Eq. (5.114). Alternatively, the Eq. (5.127) can be derived after considering

the Eq. (5.126) in combination with the same equation when written in terms of a different

permutation of the wavenumbers. We now have all the ingredients necessary to determine

the cumulative signal-to-noise ratio. First note from Eqs. (5.117),(5.121) and (5.123) that

SNR2 =
1

⟨Ê2⟩
= NgF =⇒ F =

SNR2

Ng

, (5.129)

is given by, when substituting the Eq. (5.127) into Eq. (5.117):

F = 2

∫
d3k⃗1
(2π)3

∫
d3k⃗2
(2π)3

∫
d3k⃗3
(2π)3

(2π)3δ(3)(k⃗123)
[Bobs(k1, k2, k3)]

2

Pδδ(k3) [Pδδ(k1) + Pδδ(k2) + Pδδ(k3)]
,

(5.130)

when also writing the integration variables in full, according to Eq. (5.116). This, in combi-

nation with Eq. (5.129), is the formula we need for the cumulative signal-to-noise ratio.
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Chapter 6

COSMOLOGICAL PERTURBATION THEORY FOR LARGE
SCALE STRUCTURE IN PHASE SPACE

6.1 Abstract

We develop a framework for Large Scale Structure (LSS) perturbation theory, that solves

the Vlasov-Poisson system of equations for the distribution function in full phase space.

This approach relaxes the usual apriori assumption of negligible velocity dispersion under-

lying the Standard Perturbation Theory (SPT). We apply the new method to rederive the

usual SPT kernels up to third order in the perturbative expansion. We also show that

a counterterm, identical to the one introduced by standard Effective Field Theory (EFT)

methods, naturally arises within our framework. We finish by making a precise connection

to EFT techniques, which reveals the necessity of the EFTofLSS to self-consistently model

the long-wavelength fluid, and illustrates the importance of having theoretical control over

short distance fluctuations.

6.2 Introduction

Perturbation theory methods for the evolution of large-scale structure in the universe play

a central role in our understanding of gravitational instability in the nonlinear regime

[41, 133, 235–238]. In one hand, they provide flexibility to go beyond standard scenarios

[239–243] and valuable intuition on the nonlinear gravitational evolution. They also do not

require expensive computational resources, contrary to simulations [37]. On the other hand,

perturbation theory methods have a limited range of applicability as N-body simulations are

required to accurately model the dynamics on sufficiently small scales [244].

The collective dynamics of N-body particles in an expanding background, interacting
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solely via gravity, is encoded in the collisionless Boltzmann (or Vlasov) equation in phase

space coupled to the Poisson equation, the Vlasov-Poisson system. The standard perturba-

tion theory (SPT) approach is then based on a truncation of the Boltzmann hierarchy in its

first two moments, which corresponds to the assumption of an ideal pressureless fluid [41].

An alternative but equivalent approach to model the dynamics of late time cosmological fluc-

tuations perturbatively is Lagrangian Perturbation Theory (LPT), where one solves for the

displacement field connecting the initial (Lagrangian) and final (Eulerian) particle positions

[134, 245, 246] 1.

Over the years many improvements to SPT and LPT have been proposed, and some of

them are now a central piece of the theory modeling involved in the analysis of real data

[52–54, 248–261]. Such improvements can be broadly divided into two classes. The first

corresponds to the set of tools that do not attempt to describe an imperfect fluid, but are

rather based on a reorganization of the perturbative expansion and resummations of certain

classes of diagrams to all orders in perturbation theory. Examples of such methods are

Renormalized Perturbartion Theory (RPT) [230, 262–265] and Infrared Resummation (IR)

schemes [48, 51, 266–272].

In this work our goal will be to shed light on the second class of improvements to SPT,

i.e. those that accommodate the inevitable deviations from a pressureless fluid that arise

during nonlinear structure formation. In this class the leading framework is the Effective

Field Theory of Large Scale Structure (EFTofLSS) [42, 43, 273–278], which also addresses

the issue of sensitivity to uncontrolled short distance physics 2, and has been very successful

in pushing the regime of validity of perturbation theory methods towards smaller scales

[279–281]. It does so, however, at the cost of introducing new nuisance parameters to the

theoretical model.

We will be focusing on the simplest case of perturbation theory to one-loop, describing the

1It can be shown that LPT matches SPT order by order in the perturbative expansion (e.g. [247]). See
[50] for a thorough comparison between these two approaches.

2As can be seen from the fact that modes with arbitrarily high frequencies are running on the loops in
SPT.
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two-point clustering of matter in real space (as opposed to redshift space). In that case only

a single new parameter is needed, the effective sound speed, which can be determined either

by observations or through matching to N-body simulations. Additional free parameters

become necessary when considering higher order terms in the perturbative expansion [282],

when modeling biased tracers [44] and for higher point correlation functions [283–285] as

well.

On the other hand, gravity-only N-body simulations have no free parameters, and we

are entering a new era where efficient emulators are available to interpolate the predictions

from simulations in broad regions of parameter (and even theory) space [46, 286–295]. This

motivates the search for a theoretical framework which does not introduce new nuisance

parameters. The starting point of SPT is the assumption of vanishing velocity dispersion

(which corresponds to an ideal fluid), and this leaves open the possibility that one can account

for the dissipative terms in a fully perturbative framework that truncates the Boltzmann

hierarchy at a higher than second moment [296–306].

In what follows we will pursue the question of how far one can go with old-fashioned

cosmological perturbation theory methods, without using Effective Field Theory (EFT) in-

gredients, in terms of accurately predicting observables of interest. To accomplish this we will

develop a framework to perturbatively solve the Vlasov-Poisson system of equations directly

in phase space, expanding upon ideas first introduced in [307]. This framework circumvents

the need to artificially truncate the Boltzmann hierarchy and hence relaxes the usual apriori

assumptions of negligible vorticity and velocity dispersion (see [308, 309] for other previous

approaches to nonlinear structure formation in phase space).

We will first use this framework to rederive the familiar SPT kernels. This exercise

underscores the fact that a vanishing vorticity and velocity dispersion should be seen as a

consequence of the perturbative expansion, rather than an assumption (in accordance with

the results obtained in [307]). This is consistent with the expectation that these effects are

of intrinsically nonperturbative nature. An important outcome of our formalism will be the

fact that nonlinearities backreact into the background distribution function. That is, even
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if our starting point is a background distribution function consistent with the assumption of

cold dark matter (proportional to a Dirac delta function at zero momentum), gravitational

nonlinearities will introduce some additional time-dependent contributions. In fact, we will

see that the Boltzmann equation can be rephrased as a coupled set of equations, one for the

background distribution function and another for its fluctuations.

This suggests a natural procedure to improve on SPT: To use the (apriori unknown)

fully nonlinear background distribution function as a source term to solve for the fluctuation

in the distribution function perturbatively. This effectively enables one to account for a

nonzero average velocity dispersion, and introduces an additional contribution to the one-

loop power spectrum with the exact same form as the effective sound speed counterterm

in the EFTofLSS. While this reveals the possibility to arrive at the right ingredients from

a purely old-fashioned perturbation theory approach, we will show that the framework is

necessarily incomplete for reasons that are related to the lack of theoretical control over

short distance fluctuations. This problem can be cured by standard EFT methods, which

emerge as a necessary ingredient to self-consistently model a nonzero velocity dispersion.

We will be focusing on the minimal scenario of a ΛCDM universe, particularly its late time

dynamics (redshifts z ≲ 100) on subhorizon scales k ≫ aH (where a(t) is the cosmological

scale factor, H = d log a/dt is the Hubble expansion rate and t is cosmic time) 3. All

numerical calculations assume a fiducial ΛCDM cosmology with Ωm,0 = 0.3, ΩΛ,0 = 0.7 and

h = 0.7, where H0 = 100hkm/s/Mpc is the Hubble expansion rate today.

We structure this paper as follows: In Sec.6.3 we review the framework underlying Stan-

dard Perturbation Theory (SPT), to establish notation and for later comparison with our

new perturbation theory scheme based directly on the Vlasov-Poisson system of equations

in phase space, developed in Sec.6.4. In Sec.6.5 we first show how an EFT-like counterterm

naturally emerges within our framework, and then proceed to make the connection to EFT

methods more precise, which underscores the necessity of the EFTofLSS to self-consistently

3We do however wish to consider time scales that go beyond a Hubble time t ≳ tH ∼ 1/H.
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model a nonzero velocity dispersion. Our main results are summarized in Sec.6.6. Addi-

tionally, Appendices 6.7, 6.8 and 6.9 derive important equations which are used in the main

text. Appendices 6.10 and 6.11 contain explicit formulas for the one-loop power spectrum

and tree-level bispectrum in SPT, to aid the reader with numerical calculations involving

the full time dependencies of perturbation theory kernels in ΛCDM.

6.3 Standard Perturbation Theory

The collective behavior of particles interacting only gravitationally in an expanding universe

is governed by the collisionless Boltzmann, or Vlasov, equation

∂f

∂η
+
dx⃗

dη
· ∂f
∂x⃗

+
dq⃗

dη
· ∂f
∂q⃗

= 0 , (6.1)

for the phase space distribution function f(η, x⃗, q⃗). We work with the superconformal time

defined by dη = dt/a2(t). Additionally, x⃗ are comoving coordinates and q⃗ is the comoving

momentum such that (dx⃗/dη) = a2(dx⃗/dt) = (q⃗/m), with m the particle mass. We then

have (dq⃗/dη) = −ma2∇⃗ϕ, with ϕ(η, x⃗) the gravitational potential. Eq. (6.1) now reads,

∂f

∂η
+

q⃗

m
· ∂f
∂x⃗
−ma2(η)∂ϕ

∂x⃗
· ∂f
∂q⃗

= 0 . (6.2)

Next we take moments of Eq. (6.2) to arrive at fluid equations, following standard procedure

[41]. First define the energy density

ρ(η, x⃗) = ma−3(η)

∫
d3q⃗

(2π)3
f(η, x⃗, q⃗) . (6.3)

The derivative of Eq. (6.3) with respect to η, which we here denote by a prime, yields using

Eq. (6.2)

ρ′ + 3Hρ+ a∇⃗ · Π⃗ = 0 , (6.4)

where H = d log a/dη = a2H and

Π⃗(η, x⃗) = ma−4(η)

∫
d3q⃗

(2π)3
q⃗ f(η, x⃗, q⃗) , (6.5)
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is the fluid momentum. We once again take a derivative of Eq. (6.5) with respect to super-

conformal time, and use Eq. (6.2) to arrive at

Π′
i + 4HΠi + 2a∂jKij + aρ∂iϕ = 0 , (6.6)

when written in terms of a kinetic energy density tensor

Kij(η, x⃗) =
1

2m
a−5(η)

∫
d3q⃗

(2π)3
qiqj f(η, x⃗, q⃗) . (6.7)

Eqs. (6.4) and (6.6) are called the first and second moments of the Boltzmann equation,

corresponding to the continuity and Euler equations respectively. Note that these moments

do not depend explicitly on the particle mass m, which in fact can be absorbed into suitable

redefinitions of the comoving momentum q⃗ and distribution function f as follows: q⃗ → mq⃗

and f → f/m4. For this reason we simply set m = 1 moving forward.

Both Eqs. (6.4) and (6.6) pick-up corrections that are sizable on horizon scales and for

large thermal velocities that can appear, for example, in warm dark matter models. For

instance, note that the energy density in Eq. (6.3) is in reality a mass density since it

only includes the rest mass contribution to the particle proper energy. Such corrections are

negligible for cold dark matter and at sub-horizon scales.

In principle we can continue by taking the derivative of Eq. (6.7) with respect to super-

conformal time, to arrive at an equation of motion for the second moment, involving the

third moment of the Boltzmann equation. Repeating this procedure indefinitely generates

coupled equations of motion for even higher moments, the so-called Boltzmann hierarchy.

Instead, the starting point of SPT is to truncate the resulting Boltzmann hierarchy at its

second moment. To see how this works let us first introduce the field velocity v⃗(η, x⃗) as

follows,

Π⃗(η, x⃗) = ρ(η, x⃗)v⃗(η, x⃗) , (6.8)

in terms of which the Euler Eq. (6.6) becomes

v′i +Hvi + avj∂
jvi + a∂iϕ+

a

ρ
∂jτij = 0 , (6.9)
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after substituting Eq. (6.8) into Eq. (6.6) and dividing by the energy density. This involves

the stress tensor

τij(η, x⃗) = 2Kij(η, x⃗)− ρ(η, x⃗)vi(η, x⃗)vj(η, x⃗)

= a−5(η)

∫
d3q⃗

(2π)3
[qi − a(η)vi(η, x⃗)] [qj − a(η)vj(η, x⃗)] f(η, x⃗, q⃗) .

(6.10)

Note from its definition in the second line of Eq. (6.10) that the stress tensor is sourced by

velocity dispersion at a fixed comoving position (dispersion with respect to averaging over

momentum at a given point in configuration space), and hence can only be nonvanishing at

the onset of shell-crossing when particle trajectories intersect.

In order to turn Eqs. (6.4) and (6.9) into a closed system, we first need to introduce the

Poisson equation satisfied by the gravitational potential:

∇2ϕ = 4πGa2(ρ− ρ̄) , (6.11)

where only the fluctuations around the average density ρ̄(η) = ⟨ρ(η, x⃗)⟩ ∝ a−3(η) contribute

to the gravitational potential. Eq. (6.11) also picks-up corrections on large scales and for

large thermal velocities, but they are negligible for cold dark matter on sub-horizon scales.

One next proceeds with the standard assumption of a negligible stress tensor: τij ≈ 0.

Under this assumption the velocity field is fully specified by its divergence, i.e., the vorticity

degrees of freedom are negligible. To see why that is, define w(η, x⃗) = ∇⃗ × v⃗(η, x⃗), and take

the curl of Eq. (6.9) to obtain

w′
i +Hwi − a[∇⃗ × (v⃗ × w⃗)]i = −aϵjki ∂j

(
1

ρ
∂lτkl

)
. (6.12)

The source term in the right-hand side of Eq. (6.12) vanishes when τij ≈ 0, such that vorticity

can be neglected if it is not present in the initial conditions. This latter assumption is justified

since the vorticity decays with the expansion of the universe in linear perturbation theory

[41]. We can even relax the assumption of τij ≈ 0, and consider a diagonal stress tensor of

the form τij = pδi,j, where p = p(η, x⃗) is the pressure. In this case

−ϵjki ∂j
(
1

ρ
∂lτkl

)
=

(
∇⃗ρ
ρ2
× ∇⃗p

)
i

, (6.13)
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which vanishes whenever the pressure is an arbitrary function of the density, p = p(ρ), as in

an adiabatic fluid. We then once again reach the conclusion that vorticity can be neglected

[310].

Once both the stress tensor and vorticity are neglected, the continuity and Euler Eqs. (6.4)

and (6.9) can be solved perturbatively in fluctuations around the homogeneous background,

see [41]. SPT accurately describes the clustering of matter in single-stream regions (often

denoted by voids) where particle trajectories do not intersect. In such regions the stress

tensor vanishes. However, at sufficiently small scales the gravitational evolution becomes

strongly coupled, leading to shell-crossing and the subsequent formation of bound structures

via gravitational collapse where particle trajectories do intersect [133, 311]. This is signaled

by the emergence of a nonzero stress tensor.

While on large scales isotropy is a good approximate symmetry of the perturbations,

the local process of gravitational collapse is anisotropic and happens at different rates along

different axes, as determined by the engenvectors of the tidal tensor ∂i∂jϕ
4. The gravitational

collapse then proceeds in a hierarchical triaxial way: First into cosmic sheets, followed by

cosmic filaments until the remaining axis finally collapses and dark matter halos form. The

outcome is an intricate cosmic web where dark matter halos can be found within filaments

which themselves can be found within sheets [313–317].

Cosmic sheets, filaments and halos all correspond to multi-stream regions where the stress

tensor does not vanish [318], and hence SPT breaks down. Note that although τij = 0 is an

apriori assumption of the standard perturbative framework, we expect the emergence of a

nonzero stress to be an intrinsically nonperturbative phenomena in nonlinear gravitational

evolution 5. Indeed, in the next section we will see that the Vlasov-Poisson system of

Eqs. (6.2) and (6.11) can be solved perturbatively in full phase space, allowing us to relax

the apriori assumption of a vanishing stress tensor.

4The recent paper [312] argues for an energy shear tensor criteria.

5A nonzero vorticity is also generated by nonperturbative effects [319, 320], and we can think of it as
contributing to the effective stress tensor.



183

6.4 Cosmological perturbations in phase space

In this section we will develop a framework to directly solve the Vlasov-Poisson system of

equations perturbatively in full phase space. It will then become clear that a negligible stress

is a consequence of the perturbative expansion, rather than an assumption. We will also show

that small scale nonlinearities backreact into the background distribution function, which

enables one to naturally account for a nonzero average velocity dispersion by introducing the

unknown fully nonlinear background distribution function into the formalism. This adds a

new term to the nonlinear power spectrum which has the exact same form as the effective

sound speed counterterm in the EFTofLSS.

6.4.1 An iterative solution to Vlasov-Poisson

We first present a derivation of SPT based on a perturbative solution to the Vlasov-Poisson

system of equations in full phase space, extending upon the work of [307]. Let us repeat here

for convenience the collisionless Boltzmann (or Vlasov) Eq. (6.2)

∂f

∂η
+ q⃗ · ∂f

∂x⃗
= a2(η)

∂ϕ

∂x⃗
· ∂f
∂q⃗

, (6.14)

where we set m = 16, and moved the nonlinear term to the right-hand side for future con-

venience. At first we will remain agnostic about what is sourcing the gravitational potential

ϕ(η, x⃗), so we will delay writing down the Poisson Eq. (6.11).

Next we split Eq. (6.14) into a coupled set of equations, one for the background distri-

bution function f̄(η, q) = ⟨f(η, x⃗, q⃗)⟩ defined by an ensemble average 7, and another for its

fluctuations δf = f − f̄ . This procedure is not strictly necessary as Eq. (6.14) can be solved

perturbatively as is, but it will prove useful for later developments. The ensemble average

of Eq. (6.14) reads
∂f̄

∂η
= a2(η)

〈∂ϕ
∂x⃗
· ∂f
∂q⃗

〉
, (6.15)

6A justification for this choice can be found in Sec. 6.3, in the discussion below Eq. (6.7).

7This can also be thought of as a volume average. A precise operational definition will be given later in
this section.
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where we used the fact that f̄(η, q) is position independent to drop the term proportional

to its spatial gradient 8. Note that the right-hand side of Eq. (6.15) includes the ensemble

average of a term quadratic in fluctuations and is hence nonvanishing. For this reason small

scale nonlinearities will backreact into the background distribution function. Subtracting

Eq. (6.15) from Eq. (6.14) produces the equation for the fluctuation to the distribution

function δf(η, x⃗, q⃗):
∂δf

∂η
+ q⃗ · ∂δf

∂x⃗
= a2(η) :

∂ϕ

∂x⃗
· ∂f
∂q⃗

: , (6.16)

where we introduced the normal ordering symbol as subtracting ensemble averages, that is,

:
∂ϕ

∂x⃗
· ∂f
∂q⃗

: =
∂ϕ

∂x⃗
· ∂f
∂q⃗
−
〈∂ϕ
∂x⃗
· ∂f
∂q⃗

〉
. (6.17)

Since f = f̄+δf appears on the right-hand side of Eqs. (6.15) and (6.16) these are a coupled

set of equations, which we will now write in their integral forms. For Eq. (6.15) this is

straightforward and follows from an integration over superconformal time

f̄(η, q) = f̄ (0)(q) +

∫ η

0

dη′a2(η′)
〈∂ϕ
∂x⃗
· ∂f
∂q⃗

〉∣∣∣
η′
, (6.18)

where f̄ (0)(q) is the background distribution function before picking up nonlinear corrections.

For a cold dark matter species, f̄ (0)(q) ∝ δ(3)(q⃗).

In Fourier space 9 Eq. (6.16) becomes a first order ODE and it is then a straightforward

exercise to rephrase it as an integral equation:

δf(η, k⃗, q⃗) =

∫ η

0

dη′a2(η′)e−ik⃗·q⃗(η−η′)

[
:
∂ϕ

∂x⃗
· ∂f
∂q⃗

:

] ∣∣∣∣∣
η′ ,⃗k

, (6.19)

where 10[
:
∂ϕ

∂x⃗
· ∂f
∂q⃗

:

] ∣∣∣∣∣
η′ ,⃗k

=

∫
d3k⃗1
(2π)3

d3k⃗2
(2π)3

(2π)3δ(3)(k⃗ − k⃗1 − k⃗2) :ϕ(η′, k⃗1)ik⃗1 ·
∂f

∂q⃗

∣∣∣
η′ ,⃗k2,q⃗

: , (6.20)

8Or thinking in terms of a volume average, that term becomes a total derivative and hence leads to a
surface contribution, which we assume vanishes at spatial infinity with suitable boundary conditions.

9Let ∇⃗ → ik⃗.

10Note that we also set δf(η = 0, k⃗, q⃗) = 0. This is justified here since the initial conditions only play a
role at horizon scales while at the subhorizon scales of interest the source term completely dominates.
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denotes a convolution. These are the ingredients we need to start solving this coupled set of

Boltzmann equations in phase space.

We are now ready to consider an iterative solution to Eqs. (6.18) and (6.19) in the form

of

f̄(η, q) = f̄ (0th)(η, q) + f̄ (1st)(η, q) + f̄ (2nd)(η, q) + · · ·

δf(η, k⃗, q⃗) = δf (0th)(η, k⃗, q⃗) + δf (1st)(η, k⃗, q⃗) + δf (2nd)(η, k⃗, q⃗) + · · · ,
(6.21)

for a given external gravitational potential ϕ(η, k⃗). This can be represented diagrammatically

using circles connected by a horizontal line, with the number of circles denoting the order in

the iterative expansion. Additionally, we use a solid horizontal line to denote a term in the

iterative expansion for the fluctuation in the distribution function, and a dashed horizontal

line is used for the background distribution function.

For example, the zeroth order term for the background distribution function, f̄ (0th)(η, q),

corresponds to the diagram shown in Fig.6.1. On the other hand, the third order term in the

iterative expansion for the distribution function fluctuation, δf (3rd)(η, k⃗, q⃗), is represented by

the diagram drawn in Fig.6.2.

Figure 6.1: Diagram for the zeroth order term in the iterative expansion for the background

distribution function.

Figure 6.2: Diagram for the third order term in the iterative expansion for the fluctuation

in the distribution function.

An iterative solution of this form was considered previously in [183] (without the background-

fluctuation split) in the context of massive neutrinos, and can be interpreted as a reconstruc-

tion of particle trajectories in powers of the gradient of the gravitational potential in units
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of the Hubble scale, i.e., ∼ ∇2ϕ/H2 is the effective expansion parameter (we will further

comment on this at the end of this subsection). To zeroth order we simply have,

f̄ (0th)(η, q) = f̄ (0)(q)

δf (0th)(η, k⃗, q⃗) = 0 ,
(6.22)

corresponding to the unperturbed trajectory. We now substitute this zeroth order solution

into the right-hand side of Eqs. (6.18) and (6.19) to obtain the first order solutions. To

evaluate the ensemble averages all one needs to know are the statistical properties of the

external gravitational potential, which we take as a given. We arrive at,

f̄ (1st)(η, q) = 0 ,

δf (1st)(η, k⃗, q⃗) = i⃗k · ∂f̄
(0)

∂q⃗

∫ η

0

dη′a2(η′)e−ik⃗·q⃗(η−η′)ϕ(η′, k⃗) ,
(6.23)

where we assume ⟨ϕ(η, k⃗)⟩ = 0. We can now repeat this procedure and substitute Eq. (6.23)

into the right-hand side of Eqs. (6.18) and (6.19). Let us first stop for a moment to introduce

notation which will be used throughout the manuscript,∫
d3k⃗1
(2π)3

· · · d
3k⃗N

(2π)3
(2π)3δ(3)(k⃗ − k⃗1 − · · · − k⃗N) ≡

∫ k⃗

{k⃗1,··· ,⃗kN}
, (6.24)

and in terms of which the second order solutions are

f̄ (2nd)(η, q) =

∫ η

0

dη′a2(η′)

∫ k⃗

{k⃗1 ,⃗k2}
⟨ϕ(η′, k⃗1)i⃗k1 ·

∂δf (1st)

∂q⃗

∣∣∣
η′ ,⃗k2,q⃗

⟩

δf (2nd)(η, k⃗, q⃗) =

∫ η

0

dη′a2(η′)e−ik⃗·q⃗(η−η′)

∫ k⃗

{k⃗1 ,⃗k2}
:ϕ(η′, k⃗1)i⃗k1 ·

∂δf (1st)

∂q⃗

∣∣∣
η′ ,⃗k2,q⃗

: ,

(6.25)

after plugging in the second line of Eq. (6.23) into Eq. (6.25). Here we do want to go up to

third order since this is required for a one-loop calculation of the power spectrum. For that we

substitute Eq. (6.25) into the right-hand side of Eqs. (6.18) and (6.19), which involves some

additional terms when compared to the second order solution because f (2nd) = f̄ (2nd)+δf (2nd)

is the quantity that appears as a source, and now f̄ (2nd) ̸= 0 (as opposed to f̄ (1st) = 0 so that
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the background term does not contribute at second order). We arrive at,

f̄ (3rd)(η, q) =

∫ η

0

dη′a2(η′)

∫ k⃗

{k⃗1 ,⃗k2}
⟨ϕ(η′, k⃗1)i⃗k1 ·

∂f̄ (2nd)

∂q⃗

∣∣∣
η′ ,⃗k2,q⃗

⟩

+

∫ η

0

dη′a2(η′)

∫ k⃗

{k⃗1 ,⃗k2}
⟨ϕ(η′, k⃗1)i⃗k1 ·

∂δf (2nd)

∂q⃗

∣∣∣
η′ ,⃗k2,q⃗

⟩ ,
(6.26)

and

δf (3rd)(η, k⃗, q⃗) =

∫ η

0

dη′a2(η′)e−ik⃗·q⃗(η−η′)

∫ k⃗

{k⃗1 ,⃗k2}
:ϕ(η′, k⃗1)i⃗k1 ·

∂f̄ (2nd)

∂q⃗

∣∣∣
η′ ,⃗k2,q⃗

:

+

∫ η

0

dη′a2(η′)e−ik⃗·q⃗(η−η′)

∫ k⃗

{k⃗1 ,⃗k2}
:ϕ(η′, k⃗1)i⃗k1 ·

∂δf (2nd)

∂q⃗

∣∣∣
η′ ,⃗k2,q⃗

: .

(6.27)

Note that it is only at third order in this expansion that the background distribution function

backreacts into the fluctuations (this will be important later). The recursion relations found

in Eqs. (6.26) and (6.27) can be straightforwardly generalized to higher orders in the iterative

expansion, and for a known external gravitational potential this is the full story (and this

is the extent to which the iterative solution was considered in [183], since one can safely

ignore the backreaction of neutrino fluctuations to the total gravitational potential which is

dominated by cold dark matter).

However, in practice we know that the Poisson equation relates the gravitational potential

to the density field, which is itself obtained from the distribution function via a momentum

integration as in Eq. (6.3). What this means is that the iterative solution we wrote down

is, in reality, an integral equation that we will solve perturbatively in what follows. As

mentioned previously, the effective expansion parameter is ∼ ∇2ϕ/H2. From the Poisson

Eq. (6.11) and the Friedmann equation

H2 =
8πG

3
ρcri =

8πG

3

ρ̄

Ωm(a)
, (6.28)

with Ωm(a) = ρ̄(a)/ρcrit(a) the fractional contribution of matter to the energy budget, the

effective expansion parameter is of order ∇2ϕ/H2 ∼ δ = (ρ − ρ̄)/ρ̄ the matter density

contrast. Our framework is then an old-fashioned cosmological perturbation theory scheme,
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in the sense that we can expect it to share the same limitations as traditional methods

associated to the fact that the density contrast becomes large at the onset of nonlinearities,

signaling the breakdown of the perturbative expansion [244, 321]. In Sec.6.5 we will have

more to say about the implications of this observation.

6.4.2 The perturbative expansion

When coupled to the Poisson Eq. (6.11), which we here rewrite (in Fourier space) in terms

of the Friedmann Eq. (6.28) evaluated at the present time 11

k2ϕ = −3

2
Ωm,0H

2
0

δ

a
, (6.29)

the iterative (formal) solution we studied before becomes an integral equation that we will

here solve in a perturbative expansion. Since the matter density contrast acts as the effective

expansion parameter, we look for a solution in the form:

δ(η, k⃗) = δ(1)(η, k⃗) + δ(2)(η, k⃗) + · · · , (6.30)

which in view of Eq. (6.29) translates to a similar expansion for the gravitational potential,

ϕ(η, k⃗) = ϕ(1)(η, k⃗) + ϕ(2)(η, k⃗) + · · · . (6.31)

Let us now investigate how the perturbative expansion works explicitly. To leading order

the only contribution comes from a single insertion of ϕ(1) into the expression for the first

order iterative solution in Eq. (6.23). We represent this by the diagram in Fig.6.3, where the

number N of wiggly lines connecting to a given circle (in this case N = 1) determines the

order ϕ(N) of that insertion 12. This diagram evaluates to,

δf (1)(η, k⃗, q⃗) = i⃗k · ∂f̄
(0)

∂q⃗

∫ η

0

dη′a2(η′)e−ik⃗·q⃗(η−η′)ϕ(1)(η′, k⃗) . (6.32)

11Quantities evaluated at the present time carry a subscript 0. For example, H0 is the present day value
of the Hubble expansion rate.

12In general there needs to be at least one wiggly line connecting to any given circle, and the order in
perturbation theory can be read from the total number of wiggly lines in a diagram.
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Figure 6.3: The only diagram contributing to leading order in the perturbative expansion.

Also recall that f̄ (1st)(η, q) = 0 from Eq. (6.23), so the same diagram with a dashed horizontal

line vanishes. Now we use the Poisson Eq. (6.29) to write this as

δf (1)(η, k⃗, q⃗) = − i⃗k
k2
· ∂f̄

(0)

∂q⃗

3

2
Ωm,0H

2
0

∫ η

0

dη′a(η′)e−ik⃗·q⃗(η−η′)δ(1)(η′, k⃗) . (6.33)

Next integrate Eq. (6.33) with respect to momentum, using Eq. (6.3) and the fact that

f̄ (0)(q) ∝ δ(3)(q⃗) 13, to arrive at an integral equation for δ(1)(η, k⃗). One obtains,

δ(1)(η, k⃗) =
3

2
Ωm,0H

2
0

∫ η

0

dη′a(η′)δ(1)(η′, k⃗)(η − η′) . (6.34)

As expected the linear theory evolution does not couple different wavenumbers, and in fact

a separable solution of the form

δ(1)(η, k⃗) = DL(η)δL(k⃗) , (6.35)

can be found, where DL(η) is the linear growth factor (normalized to unity when evaluated

today) and δL(k⃗) is the present day linear density field. The latter quantity represents

the initial conditions for the matter density contrast, when rescaled to the present time

under the assumption of linear evolution. It is a Gaussian stochastic random field whose

power spectrum can be extracted from linear Boltzmann solvers (we use the Cosmic Linear

Anisotropy Solving System, CLASS [47]). This provides a precise operational definition for

the ensemble averages in our formalism, as they can always be decomposed in terms of the

two-point function of the linear density field,

⟨δL(k⃗)δL(k⃗′)⟩ = (2π)3δ(3)(k⃗ + k⃗′)PL(k) , (6.36)

13This allows for a straightforward integration over momentum after an integration by parts.
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with PL(k) the linear theory power spectrum at redshift z = 0. As we will see, a generic

term in the perturbative expansion for the density contrast, in Eq. (6.30), scales as δ(n) ∼

(δ(1))n = (DLδL)
n and so organizes itself in powers of the initial condition for the density

contrast.

The evolution equation satisfied by the linear growth factor, Eq. (6.34), can be recast as a

second order ODE by taking two derivatives of this equation with respect to superconformal

time
d2DL

dη2
− 3

2
Ωm,0H

2
0a(η)DL(η) = 0 , (6.37)

and this looks more familiar when written in terms of the scale factor,

d2DL

da2
+

1

a

(
3 +

d logH

d log a

)
dDL

da
− 3

2
Ωm,0H

2
0

DL(a)

a5H(a)2
= 0 . (6.38)

In Appendix 6.7 we derive the well-known analytic solution to this equation, as a special

case of the more general scenario involving the presence of a source term on the right-hand

side of Eq. (6.38). There are two independent solutions to this second order ODE

D+
L (a) = H(a)

∫ a

0

da′

(a′)3H3(a′)

D−
L (a) = H(a) .

(6.39)

The mode D−
L (a) decays with the expansion of the universe, and it quickly becomes negligible

in comparison to the growing mode D+
L (a). We then drop the decaying mode, and arrive at

DL(a) =
H(a)

H0

[∫ 1

0

da′

(a′)3H3(a′)

]−1 ∫ a

0

da′

(a′)3H3(a′)
, (6.40)

where we fix the normalization by imposing DL(a = 1) = 1. We also introduce the linear

growth rate, f(a) = d logDL/d log a. Accurate fitting functions for the numerical evaluation

of these quantities can be found in [322].

To second order in perturbation theory two diagrams contribute to the distribution func-

tion fluctuation as shown in Fig. 6.4. The diagram on the left represents a single insertion of

ϕ(2) into the first order iterative solution Eq. (6.23), and the diagram on the right represents
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two insertions of ϕ(1) into the second order iterative solution Eq. (6.25). For the background

distribution function at second order in perturbation theory only a single diagram, as de-

picted in Fig.6.5, gives a nonzero contribution.

Figure 6.4: Two diagrams contribute to the distribution function fluctuation at second order

in perturbation theory. The total number of wiggly lines reveals the order in perturbation

theory.

Figure 6.5: The only diagram contributing to the background distribution function at second

order in perturbation theory.

In Appendix 6.8 we include detailed calculations of diagrams to second order in perturba-

tion theory, while in the main text we focus on summarizing the main results. The diagram

in Fig.6.5 evaluates to

f̄ (2)(η, q) = −
(
3

2
Ωm,0H

2
0

)2 ∫ η

0

dη′a(η′)DL(η
′)

∫ η′

0

dη′′a(η′′)DL(η
′′)×

×
∫

d3k⃗′

(2π)3
PL(k

′)

(k′)4
i⃗k′ · ∂

∂q⃗

[
i⃗k′ · ∂f̄

(0)

∂q⃗
eik⃗

′·q⃗(η′−η′′)

]
.

(6.41)

Note that this is a total derivative with respect to momentum. We then see from Eq. (6.3)

that this does not lead to a renormalization of the background mass density, which is the

statement of particle number conservation. It is also straightforward to check, from Eqs. (6.5)
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and (6.41), that the fluid momentum (and hence the fluid velocity) does not pick up a back-

ground renormalization either since f̄ (2)(η, q) is only a function of the absolute value of

comoving momentum, due to statistical isotropy. As a consequence, any perturbative frame-

work based solely on the density and velocity fields necessarily misses this renormalization

of the background distribution function. We expect this to remain true at higher orders in

the perturbative expansion since particle number conservation and statistical isotropy should

hold to all orders.

That being said, it is straightforward to argue that the background distribution function

needs to be renormalized even within SPT. Taking the ensemble average of the stress tensor

using Eq. (6.7) and the first line of Eq. (6.10) yields

τ(η) ≡ ⟨τ ii ⟩
∣∣
η
= a−5(η)

∫
d3q⃗

(2π)3
q2f̄(η, q)− ⟨ρv2⟩

∣∣
η
, (6.42)

where only the trace can be nonvanishing (upon averaging) due to statistical isotropy. Since

the stress tensor vanishes in SPT by construction, the background distribution functions

needs to pick up backreactions beyond f̄ (0)(q) ∝ δ(3)(q⃗) in order to cancel the contribution

from ⟨ρv2⟩ ≠ 0. Indeed, we show in Appendix 6.8 that Eq. (6.41) implies (where we suppress

the time dependence for simplicity of notation when it is convenient to do so),

a−5

∫
d3q⃗

(2π)3
q2f̄ (2)(q) = ρ̄ a2H2f 2D2

L

∫ ∞

0

dk′

2π2
PL(k

′) . (6.43)

This corresponds to the bulk flow (or to be more precise, the linear theory mean square

velocity), and exactly cancels the leading contribution to ⟨ρv2⟩ in a perturbative expansion, to

produce a vanishing averaged stress tensor 14. This is the first indication that our framework

based on a perturbative solution to the Vlasov-Poisson system of equations in phase space

is reproducing nothing other than SPT.

Moving on to the distribution function fluctuations, a calculation of the two diagrams

in Fig.6.4 (carried out explicitly in Appendix 6.8) leads to a second order density contrast

14Within SPT our expectation is that higher loop corrections to the background distribution function
(of which f̄ (4)(η, q) is the next to leading order term as we will see shortly) will exactly cancel the higher
order contributions to ⟨ρv2⟩ such that the consistency relation τ(η) = 0 is satisfied.
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which admits a decomposition into a sum of separable terms as follows

δ(2)(a, k⃗) = c
(2)
1 (a)h

(2)
1 (k⃗) + c

(2)
2 (a)h

(2)
2 (k⃗) , (6.44)

where the scale dependent functions h
(2)
i (k⃗) are given by

h
(2)
1 (k⃗) =

∫ k⃗

{k⃗1 ,⃗k2}
α(s)(k⃗1, k⃗2) :δL(k⃗1)δL(k⃗2):

h
(2)
2 (k⃗) =

∫ k⃗

{k⃗1 ,⃗k2}
β(k⃗1, k⃗2) :δL(k⃗1)δL(k⃗2): ,

(6.45)

with α(k⃗1, k⃗2) = (k⃗1 · k⃗12)/k21 and β(k⃗1, k⃗2) = k212(k⃗1 · k⃗2)/2k21k22. Here k⃗12 = k⃗1 + k⃗2 and

α(s)(k⃗1, k⃗2) = [α(k⃗1, k⃗2) + α(k⃗2, k⃗1)]/2 stands for the symmetric combination. We derive

explicit analytic expressions for the time-dependent coefficients, c
(2)
i (a), in Appendix 6.7.

Let us now move on to the third order in the perturbative expansion. The background dis-

tribution function picks up no third order contributions, or to any odd order in perturbation

theory more generally, due to the assumption of a Gaussian linear random field. In pictorial

language, all diagrams with a horizontal dashed line and an odd number of wiggly lines

vanish. There are, however, four distinct diagrams contributing to the distribution function

fluctuation at third order in perturbation theory, as illustrated in Fig.6.6. After evaluating

these diagrams, we find that the third order density contrast can also be decomposed as a

sum of separable terms 15

Figure 6.6: Four diagrams contribute to the distribution function fluctuation at third order

in perturbation theory.

15One can organize such a decomposition into a proper basis of scale dependent functions [323], but we
are not going to worry about this here.
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δ(3)(a, k⃗) =
6∑

i=1

c
(3)
i (a)h

(3)
i (k⃗) . (6.46)

The scale dependent functions are,

h
(3)
1 (k⃗) =

∫ k⃗

{k⃗1 ,⃗k2 ,⃗k3}
α(k⃗1, k⃗23)α

(s)(k⃗2, k⃗3) δL(k⃗1) :δL(k⃗2)δL(k⃗3):

h
(3)
2 (k⃗) =

∫ k⃗

{k⃗1 ,⃗k2 ,⃗k3}
α(k⃗1, k⃗23)β(k⃗2, k⃗3) δL(k⃗1) :δL(k⃗2)δL(k⃗3):

h
(3)
3 (k⃗) =

∫ k⃗

{k⃗1 ,⃗k2 ,⃗k3}
α(k⃗23, k⃗1)α

(s)(k⃗2, k⃗3) δL(k⃗1) :δL(k⃗2)δL(k⃗3):

h
(3)
4 (k⃗) =

∫ k⃗

{k⃗1 ,⃗k2 ,⃗k3}
α(k⃗23, k⃗1)β(k⃗2, k⃗3) δL(k⃗1) :δL(k⃗2)δL(k⃗3):

h
(3)
5 (k⃗) =

∫ k⃗

{k⃗1 ,⃗k2 ,⃗k3}
β(k⃗1, k⃗23)α

(s)(k⃗2, k⃗3) δL(k⃗1) :δL(k⃗2)δL(k⃗3):

h
(3)
6 (k⃗) =

∫ k⃗

{k⃗1 ,⃗k2 ,⃗k3}
β(k⃗1, k⃗23)β(k⃗2, k⃗3) δL(k⃗1) :δL(k⃗2)δL(k⃗3): ,

(6.47)

and analytic formulas for the time-dependent coefficients, c
(3)
i (a), are provided in Appendix

6.8.

Our results in this section are in exact agreement with the SPT predictions for the

density contrast, obtained following the traditional approach outlined in Sec.6.3 (see, e.g.,

[323–334])16. However, let us stress that at no point in our framework did we have to

assume a vanishing stress tensor or vorticity. Instead, an ideal pressureless fluid follows

as a consequence of the perturbative solution to the Vlasov-Poisson system of equations

in phase space. This is consistent with the intuition that dissipative effects are due to

intrisically nonperturbative effects in nonlinear gravitational evolution. We attribute the

following physical interpretation to this result: Our perturbative expansion is based on

16Note that normal ordering symbols appear in Eqs. (6.45) and (6.47) for the perturbation theory kernels.
However, in SPT one obtains the same kernels without any normal ordering symbols. This is inconsequen-
tial as the forbidden contractions would lead to a vanishing contribution. The normal ordering symbols
then simply organize for us which of the contractions lead to a nonvanishing contribution and hence need
to be evaluated in the first place.



195

the iterative approach developed in Sec.6.4.1, which reconstructs particle trajectories in an

expansion in powers of the gradient of the gravitational field, as first showed in [183]. Now,

the shell-crossing singularity occurs when particles start to accumulate in small regions of

space, which require particle trajectories to turn around. This happens when the gradient

of the gravitational field becomes sufficiently large, likely beyond the convergence radius

of the iterative solution. This is why the perturbative expansion does not account for the

shell-crossing singularity.

This result is consistent with the findings of [307], where the author offers the following

explanation as to why the perturbative expansion based on the Vlasov-Poisson system re-

produces SPT: At early times, before the onset of shell-crossing, the fluid description of the

system holds exactly and hence must match what is obtained from the Boltzmann equation.

Since the structure of the perturbative expansion at all times is set in terms of powers of

the initial conditions via δL(k), there is no room to accommodate for shell-crossing at late

times once it first occurs. Beyond this simple argument, there are no definitive proofs that

the perturbative expansion based on the Vlasov-Poisson system exactly reproduces SPT to

all orders in perturbation theory 17.

The formalism we develop in this paper is an improvement over the one introduced in

[307], mainly for the added clarity on how the nonlinearities in gravitational evolution renor-

malize the background distribution function. This feature enables us to make a connection

between the cosmological perturbation theory in phase space and the EFTofLSS, which will

be the subject of our attention in the next section.

We intend Sec.6.4 to be a useful pedagogical reference for numerical calculations in SPT

with the full ΛCDM time-dependent kernels, up to third order in the perturbative expansion.

For this reason, we supplement the main text with explicit analytic formulas for the time-

dependent coefficients in Appendix 6.7, one-loop power spectrum in Appendix 6.10 and

17In particular, we were not able to find a symmetry argument which manifestly forbids the generation
of a nonzero average stress tensor, i.e., which explains the exact cancellation of diagrams identified in
Eqs. (6.42) and (6.43).
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tree-level bispectrum in Appendix 6.11.

6.5 Connection to EFT methods

In Sec. 6.4 we showed that the Boltzmann equation can be recast as a coupled set of equations,

one for the background distribution function, Eq. (6.15), and another for its fluctuations,

Eq. (6.16). We then solved these two coupled set of equations perturbatively in full phase

space, while also imposing the Poisson Eq. (6.29). We saw that the outcome of this procedure

is identical to SPT, in the sense that both frameworks lead to the same density contrast at

second and third order in perturbation theory.

The key difference is that our perturbative framework based on the Vlasov-Poisson system

of equations in phase space is based solely on the most fundamental object, the distribu-

tion function. In fact, one important outcome of our study was the observation that the

background distribution function picks up backreactions from gravitational nonlinearities, a

feature that is not transparent in the traditional approach based on the density and velocity

fields alone since these quantities do not get renormalized. We expect such backreactions

into the background distribution function to arise not only from perturbative scales, but

also from nonperturbative ones. For example, within halos the average distribution function

was found to have a Gaussian core with exponential wings due to virial velocities [335, 336].

This observation suggests a natural path towards improving on SPT: To insert the apriori

unknown fully nonlinear background distribution function into Eq. (6.16) for its fluctuations,

which should then be solved perturbatively as before.

We begin this section by exploring that idea, which will naturally point at a connection

to EFT methods. We will see that the sound speed counterterm naturally emerges from

the theory even without EFT ingredients, but we will ultimately argue that EFT methods

are strictly necessary to account for a nonzero velocity dispersion in a fully self-consistent

framework.
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6.5.1 Emergence of the counterterm

Consider a split of the fully nonlinear background distribution function,

f̄(η, q) = f̄P(η, q) + f̄ctr(η, q) , (6.48)

into a perturbative piece, f̄P(η, q), which we calculated to third order in perturbation theory

in Sec.6.4 [see Eq. (6.41), and recall that odd order terms vanish]

f̄P(η, q) = f̄
(0)
P (q) + f̄

(2)
P (η, q) + · · · , (6.49)

and another one which we refer to as a counterterm piece, f̄ctr(η, q), with the benefit of

hindsight. It accounts for the backreactions from short distance scales that are not under

perturbative control,

f̄ctr(η, q) = f̄
(2)
ctr (η, q) + · · · . (6.50)

We take the leading contribution to f̄ctr(η, q) as a second order quantity in perturbation

theory since it is sourced by quadratic nonlinearities 18.

We now proceed to investigate the contribution from the new counterterm piece of the

background distribution function to the perturbative expansion of the fluctuation δf(η, k⃗, q⃗).

As we have shown in the previous section, it is only at third order in perturbation theory that

the background distribution function backreacts into the fluctuations as given by the first line

in Eq. (6.27), and due to the presence of f̄
(2)
ctr (η, q) there will be a new term contributing to

the integral equation that needs to be solved at third order. Its diagrammatic representation

can be found in Fig.6.7, and it evaluates to

δf (3)(η, k⃗, q⃗) =

∫ η

0

dη′a2(η′)e−ik⃗·q⃗(η−η′)ϕ(1)(η′, k⃗)i⃗k · ∂f̄
(2)
ctr

∂q⃗

∣∣∣∣∣
η′,q

+ · · · , (6.51)

18This is not strictly necessary as one can remain agnostic about the size of f̄ctr(η, q), which can be
thought of as resuming the dissipative effects associated to a nonzero average velocity dispersion to all
orders. In that case, deviations from an ideal pressureless fluid appear already at the linear theory level.
This choice is made, for instance, in [296–298]. On the other hand, the standard EFTofLSS assumes its
counterterms to have a leading second order contribution as in our framework, so that linear theory is not
modified.
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Figure 6.7: Diagram for the counterterm background distribution function contribution to

fluctuations at third order in perturbation theory.

where the ellipsis represent all perturbative contributions which were accounted for in the

previous subsection. Using the Poisson Eq. (6.29), Eq. (6.35) and integrating over momentum

to obtain the density perturbation as in Eq. (6.3) yields

δ(3)(η, k⃗, q⃗) =
1

a3ρ̄
δL(k⃗)

3

2
Ωm,0H

2
0

∫ η

0

dη′a(η′)DL(η
′)(η − η′)×

×
∫

d3q⃗

(2π)3
e−ik⃗·q⃗(η−η′)f̄

(2)
ctr (η

′, q) + · · · .
(6.52)

Let us take a closer look into the integral over momentum in the second line of Eq. (6.52).

First recall that the comoving momentum is defined by q⃗ = a2(dx⃗/dt) and hence q
∫
dt/a2 ∼

qη is the comoving distance traveled by cold dark matter particles, which is known to be of

order ∼ 1/kNL with kNL the scale of nonlinearities. This is the physical scale above which one

expects SPT to break down, and as a consequence perturbative methods efficiently model

the dynamics on scales k ≪ kNL. Now note that the argument of the exponent in the second

line of Eq. (6.52) scales like ∼ k/kNL ≪ 1, which justifies a Taylor series expansion

e−ik⃗·q⃗(η−η′) = 1− i⃗k · q⃗(η − η′)− 1

2
(k⃗ · q⃗)2(η − η′)2 + · · · . (6.53)

Here the zeroth order term corresponds to a renormalization of the background mass density,

which we know does not occur in perturbation theory from Sec. 6.4.2 (we will show this

explicitly for the counterterm piece as well in Sec. 6.5.2, within the context of EFT methods).

Also, the first order term is proportional to ∼ (k̂ · q̂) which vanishes after integrating over

the solid angle. We are then left with∫
d3q⃗

(2π)3
e−ik⃗·q⃗(η−η′)f̄

(2)
ctr (η

′, q) ≈ −1

2
(η − η′)2

∫
d3q⃗

(2π)3
(k⃗ · q⃗)2f̄ (2)

ctr (η
′, q) , (6.54)
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After integrating over the solid angle, the substitution of Eq. (6.54) into Eq. (6.52) gives

δ(3)(η, k⃗, q⃗) = −1

6
k2δL(k⃗)×

3

2
Ωm,0H

2
0

∫ η

0
dη′a3(η′)DL(η

′)(η − η′)3σ2dis(η′) + · · · , (6.55)

where we introduced the average velocity dispersion squared

ρ̄(η)σ2
dis(η) = a−5(η)

∫
d3q⃗

(2π)3
q2f̄

(2)
ctr (η, q) , (6.56)

and used the relation a3(η)ρ̄(η) = a3(η′)ρ̄(η′) to bring this quantity inside the time integral.

Before moving forward, let us stop for a moment to see explicitly that Eq. (6.56) indeed

corresponds to the average velocity dispersion, a quantity directly related to the averaged

stress tensor τ(η), which reads from Eq. (6.42)

ρ̄(η)σ2
dis(η) ≡ τ(η) = a−5(η)

∫
d3q⃗

(2π)3
q2f̄(η, q)− ⟨ρv2⟩

∣∣
η
. (6.57)

However, from Eq. (6.48) we have that f̄(η, q) = f̄P(η, q) + f̄ctr(η, q), and the contributions

from f̄P(η, q) exactly cancel those from ⟨ρv2⟩
∣∣
η
according to the arguments made around

Eq. (6.43) in Sec. 6.4.2 (also see a discussion about this result at the end of that section).

We are then left with Eq. (6.56).

The diagram in Fig. 6.7, which evaluates to Eq. (6.55), introduces an extra contribution,

c
(3)
ctr(a)h

(3)
ctr(k⃗), to the decomposition of the third order density contrast into a sum of separable

terms, Eq. (6.46). The scale dependent part can be read off to be,

hctr(k⃗) = −
1

2
k2δL(k⃗) . (6.58)

The time-dependent coefficient, c
(3)
ctr(a), can be computed using the machinery developed in

Appendices 6.7 and 6.8. We summarize here the steps involved for completeness. We first

need to compute the source function s
(3)
ctr(a), associated to c

(3)
ctr(a) via Eq. (6.87). As explained

in Appendix 6.8, this can be obtained from Eq. (6.55) by differentiating it twice with respect

to superconformal time followed by a division of the result by a factor of a6H2. This reads

[also factoring out h
(3)
ctr(k⃗) from Eq. (6.55)]:

s
(3)
ctr =

2

a6H2

3

2
Ωm,0H

2
0

∫ η

0

dη′a3(η′)DL(η
′)(η − η′)σ2

dis(η
′) . (6.59)
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The time-dependent coefficient c
(3)
ctr(a) can then be computed from Eq. (6.93) with the source

term Eq. (6.59), assuming knowledge of f̄
(2)
ctr (q, η) and hence of σ2

dis(η). It then follows from

Eq. (6.58) that this new contribution to the density contrast at third order, coming from the

backreaction of the counterterm background distribution function into its fluctuations, adds

a new term to the one-loop power spectrum

∆P (a, k) = P1-loop(a, k)− P1-loop,SPT(a, k) = −DL(a)c
(3)
ctr(a)k

2PL(k) . (6.60)

This accounts for a nonzero average velocity dispersion, and it has the exact same form as

the effective sound speed counterterm in the EFTofLSS. In fact, our framework qualitatively

captures the same physical effects as the EFT: The backreation of short distance fluctuations

into the background, and its impact on the dynamics of long-wavelength fluctuations [42, 43].

Since f̄
(2)
ctr (q, η) is not a priori known, the same is true of σ2

dis(η) and hence of c
(3)
ctr(a) as

well. Instead, one can think of it as a free parameter to be determined by matching to either

N-body simulations or observations. This is analogous to the case of chiral perturbation

theory in QCD [337], where a nonzero quark condensate emerges due to nonperturbative

effects (i.e. confinement) and the underlying EFT is build from an apriori unknown value

for this quantity. Also note that the scale dependence in Eq. (6.60) is just right so that

the free coefficient c
(3)
ctr(a) can absorb UV divergences present in the perturbation theory

loop integrals, as is well-known in the EFTofLSS 19. One can then proceed to renormalize

cosmological perturbation theory in the exact same way one would any other field theory,

for cosmologies that suffer from those UV divergences [338].

So long as we think of c
(3)
ctr(a) as a free parameter, our formalism leads to a model for the

one-loop power spectrum witch is identical to the EFTofLSS in its simplest form. This is not,

however, the end of the story. The reason for this is the fact that we do happen to have a

really good handle on the nonperturbative gravitational dynamics from first principles via N-

body simulations (as opposed to the more traditional EFT approach to parametrize unknown

19Stochastic terms are also required to absorb all divergences. We will have more to say about stochastic
terms in the next section.
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physics), so we should be able to extract the counterterm from simulations and, crucially,

have a physical interpretation for what it represents. The analogy to chiral perturbation

theory, which has the pion decay constant as a free parameter, makes sense here as well.

This quantity can be extracted from first principles using QCD lattice simulations [339–342]

and has a clear physical interpretation.

Previous works have pointed out that SPT can be improved by incorporating a nonzero

average velocity dispersion in the formalism. It was argued in [299, 310] that a nonzero av-

erage velocity dispersion can regulate the shell-crossing singularity, and our setup is similar

to the approaches taken in both [296–298] and [305], where a nonzero average velocity dis-

persion is incorporated in the perturbative expansion, leading to the emergence of EFT-like

counterterms. We reproduce these results within a framework that solves the Vlasov-Poisson

system of equations directly in phase space, and hence does not require a truncation of the

Boltzmann hierarchy from the outset.

The results obtained in this section seem to provide a physical interpretation for the

counterterm in terms of an average velocity dispersion. In what follows we show, however,

that this is necessarily incomplete due to short distance fluctuations which are not under

perturbative control. To be concrete, we will see that a nonzero average velocity dispersion

is directly sourced by a short-scale gravitational binding energy which is not accounted for

in our framework, but it should contribute to the counterterm. On top of that, it is not

the averaged quantities that source the EFT counterterm, but rather their response to the

presence of a long-wavelength mode (see [83] for a concrete realization of this within the

separate universe picture). For these reasons, the EFT approach is strictly necessary to

account for a nonzero velocity dispersion within a fully self-consistent framework.

6.5.2 EFTofLSS framework

We now introduce standard EFT techniques to make the connection between the formalism

developed in Sec. 6.5.1 and the EFTofLSS more precise. As a starting point, let us repeat
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here the collisionless Boltzmann (Vlasov) Eq. (6.14),

∂f

∂η
+ q⃗ · ∂f

∂x⃗
= a2(η)

∂ϕ

∂x⃗
· ∂f
∂q⃗

. (6.61)

The nonlinear term on the right-hand side of Eq. (6.61) is a contact term 20, being sensitive

to nonlinearities in gravitational dynamics at arbitrarily small scales. In order to have

theoretical control over scales that cannot be treated perturbatively, we adopt standard

EFT techniques and split the distribution function into a long-wavelength piece, defined by

smoothing over a (distance) scale 1/Λ,

fl(η, x⃗, q⃗) =

∫
d3x⃗′WΛ(|x⃗− x⃗′|)f(η, x⃗′, q⃗) , (6.62)

and a short-wavelength piece fs = f − fl 21. The evolution equation for the long-wavelength

distribution function follows from Eqs. (6.61) and (6.62)

∂fl
∂η

+ q⃗ · ∂fl
∂x⃗

= a2(η)

∫
d3x⃗′WΛ(|x⃗− x⃗′|)

∂ϕ(η, x⃗′, q⃗)

∂x⃗′
· ∂f(η, x⃗

′, q⃗)

∂q⃗
. (6.63)

By following standard methods (e.g., see [42]) one obtains the result that mixed terms

involving a product of long and short modes are suppressed by powers of (k/Λ)2 ≪ 1, and

we arrive at

∂fl
∂η

+ q⃗ · ∂fl
∂x⃗

= a2(η)
∂ϕl

∂x⃗
· ∂fl
∂q⃗

+ a2(η)

[
∂ϕs

∂x⃗
· ∂fs
∂q⃗

]
Λ

+O

(
k2

Λ2

)
, (6.64)

where, [
∂ϕs

∂x⃗
· ∂fs
∂q⃗

]
Λ

=

∫
d3x⃗′WΛ(|x⃗− x⃗′|)

∂ϕs(η, x⃗
′, q⃗)

∂x⃗′
· ∂fs(η, x⃗

′, q⃗)

∂q⃗
. (6.65)

To make direct contact with the formalism developed in Sec. 6.4 we first split the Boltz-

mann equation into two coupled set of equations, one for the background distribution function

and another for its fluctuation. The first term on the right-hand side of Eq. (6.64) can be

decomposed as before

a2(η)
∂ϕl

∂x⃗
· ∂fl
∂q⃗

= a2(η) :
∂ϕl

∂x⃗
· ∂fl
∂q⃗

: + a2(η)

〈
∂ϕl

∂x⃗
· ∂fl
∂q⃗

〉
, (6.66)

20A product of two fields evaluated at the same point in space.

21A similar decomposition, ϕ = ϕl + ϕs, also follows for the gravitational potential, since it is linearly
related to the distribution function by Eqs. (6.3) and (6.11).
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where the normal ordering symbol subtracts averages as defined in Eq. (6.17). A similar

expression holds for the second term on the right-hand side of Eq. (6.64)

a2(η)

[
∂ϕs

∂x⃗
· ∂fs
∂q⃗

]
Λ

= a2(η) :

[
∂ϕs

∂x⃗
· ∂fs
∂q⃗

]
Λ

: +a2(η)

〈[
∂ϕs

∂x⃗
· ∂fs
∂q⃗

]
Λ

〉
. (6.67)

From Eq. (6.65), the second term on the right-hand side of Eq. (6.67) simplifies to〈[
∂ϕs

∂x⃗
· ∂fs
∂q⃗

]
Λ

〉
=

〈
∂ϕs

∂x⃗
· ∂fs
∂q⃗

〉
. (6.68)

We can also rewrite the first term on the right-hand side of Eq. (6.67) as follows. First define

the stochastic term,

ϵΛ ≡
[
∂ϕs

∂x⃗
· ∂fs
∂q⃗

]
Λ

−
〈[

∂ϕs

∂x⃗
· ∂fs
∂q⃗

]
Λ

〉
δfl(η,x⃗,q⃗)

(6.69)

where the subscript δfl(η, x⃗, q⃗) on the second term in the previous expression indicates that

the average is to be taken on the presence of a long-wavelength fluctuation to the distribution

function. The quantity ϵΛ is entirely analogous to the stochastic term usually introduced in

the context of the standard EFTofLSS framework [42, 43]. Upon expanding the short scale

fluctuations in terms of the long-wavelength mode, we obtain〈[
∂ϕs

∂x⃗
· ∂fs
∂q⃗

]
Λ

〉
δfl(η,x⃗,q⃗)

−
〈
∂ϕs

∂x⃗
· ∂fs
∂q⃗

〉
=

∂

∂δfl

〈[
∂ϕs

∂x⃗
· ∂fs
∂q⃗

]
Λ

〉
δfl

∣∣∣∣∣
δfl=0

δfl(η, x⃗, q⃗) + · · · ,

(6.70)

where the ellipsis represent terms of higher order in δfl and derivatives thereof. Combining

Eqs. (6.67), (6.69) and (6.70) now yields

:

[
∂ϕs

∂x⃗
· ∂fs
∂q⃗

]
Λ

: =
∂

∂δfl

〈[
∂ϕs

∂x⃗
· ∂fs
∂q⃗

]
Λ

〉
δfl

∣∣∣∣∣
δfl=0

δfl(η, x⃗, q⃗) + · · ·+ ϵΛ (6.71)

Going back to the Vlasov Eq. (6.64), its ensemble average reads 22

∂f̄l
∂η

= a2(η)

〈
∂ϕl

∂x⃗
· ∂fl
∂q⃗

〉
+ a2(η)

〈
∂ϕs

∂x⃗
· ∂fs
∂q⃗

〉
, (6.72)

22Note that we drop higher derivative terms of O(k2/Λ2) from now on. However, it is important to keep
in mind that such terms are necessary to accurately model the nonlinear power spectrum for any finite
value of the cutoff Λ [42, 43].
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and subtracting Eq. (6.72) from Eq. (6.64) leads to

∂δfl
∂η

+ q⃗ · ∂δfl
∂x⃗

= a2(η)

:∂ϕl

∂x⃗
· ∂fl
∂q⃗

: +
∂

∂δfl

〈[
∂ϕs

∂x⃗
· ∂fs
∂q⃗

]
Λ

〉
δfl

∣∣∣∣∣
δfl=0

δfl(η, x⃗, q⃗) + · · ·+ ϵΛ

 .

(6.73)

Let us reinforce that since fl = f̄l + δfl appears on the right-hand side of Eqs. (6.72) and

(6.73), these are two coupled set of equations. Note that Eq. (6.73) contains additional terms

when compared to Eq. (6.16). They parametrize the dependence of short-wavelength fluctu-

ations on the presence of a long mode and the effects of stochasticity, and were completely

ignored in Sec. 6.4. From this we can already see that the framework developed in Sec. 6.4

is necessarily incomplete, but we will come back to this point in Sec. 6.5.3. However, in

Eq. (6.72) short-scale fluctuations act as an additional source to the background distribu-

tion function f̄l(η, q), which was exactly the basis for including a nonzero average velocity

dispersion in Sec. 6.5.1, and naturally arises in the EFT framework.

Let us recall from Sec. 6.4 that at zeroth order in the perturbative expansion f̄
(0)
l (η, q) ∝

δ(3)(q⃗) for cold dark matter, and δf
(0)
l (η, k⃗, q⃗) = 0. Also, it is only at second order that the

background distribution function picks up corrections (the first order contribution vanishes),

in which case we can split as before

f̄
(2)
l (η, q) = f̄

(2)
l,P (η, q) + f̄

(2)
l,ctr(η, q) , (6.74)

where the perturbative piece satisfies the equation we solved in Sec. 6.4.2

∂f̄
(2)
l,P

∂η
= a2(η)

〈
∂ϕ

(1)
l

∂x⃗
· ∂δf

(1)
l

∂q⃗

〉
, (6.75)

and the counterterm piece is sourced by short-scale fluctuations

∂f̄
(2)
l,ctr

∂η
= a2(η)

〈
∂ϕs

∂x⃗
· ∂fs
∂q⃗

〉
, (6.76)

where we treat the right-hand side in Eq. (6.76) as an external source with leading contribu-

tion to second order in the expansion (see 18 for additional comments on this). We can then
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immediately write

f̄
(2)
l,ctr(η, q; Λ) =

∫ η

0

dη′a2(η′)

〈
∂ϕs(η

′, x⃗)

∂x⃗
· ∂fs(η

′, x⃗, q⃗)

∂q⃗

〉
, (6.77)

where here we include explicitly the cutoff dependence of the counterterm contribution to the

long-wavelength background distribution function, which will be omitted in what follows to

simplify the notation. Note that Eq. (6.77) is a total derivative with respect to momentum,

and hence it does not renormalize the background (mass) density, according to Eq. (6.3).

We previously used this result without proof in Eq. (6.54), and it also holds true for the

perturbative piece of the background distribution function as we showed in Eq. (6.41).

We are now ready to obtain an expression for the average velocity dispersion squared in

terms of short scale fluctuations. It will be convenient to first rephrase it as a short scale

kinetic energy per unit mass, κ(η), where [essentially repeating Eq. (6.56)]

ρ̄(η)κ(η) ≡ 1

2
ρ̄(η)σ2

dis(η) =
1

2
a−5(η)

∫
d3q⃗

(2π)3
q2f̄

(2)
l,ctr(η, q) . (6.78)

This can be obtained from Eq. (6.77) after multiplying it by q2 followed by an integration

over momentum. A detailed derivation can be found in Appendix 6.9, but the final result is

κ(η) = −a−2(η)

∫ η

0

dη′a(η′)
d

dη′
[a(η′)u(η′)] , (6.79)

where

ρ̄(η)u(η) =
1

2
⟨ϕs(η, x⃗)ρs(η, x⃗)⟩ , (6.80)

defines the short scale gravitational binding energy per unit mass, u(η). A more familiar

form of Eq. (6.79) can be obtained by differentiating it with respect to superconformal time

d

dη
(κ+ u) +H(2κ+ u) = 0 , (6.81)

where we recall that H = d log a/dη = a2H. This is nothing but the Layzer-Irvine equation

[343], which generalizes the notion of energy conservation to an expanding background 23.

23The expansion breaks time-translation symmetry, so energy is not conserved in general. From Eq. (6.81)
we see that energy is conserved only for virialized scales, for which 2κ+ u = 0.
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Let us also emphasize that both κ and u appearing in Eq. (6.81) are short-scale quantities

as defined in Eqs. (6.78) and (6.80), while the Layzer-Irvine equation is often phrased in terms

of the total kinetic and potential energies with contributions from all scales. We present a

derivation of Eq. (6.79), and hence of Eq. (6.81), from the Boltzmann equation in Appendix

6.7, which holds true because contributions from long-wavelengths separately satisfy the very

same equation, and can hence be subtracted.

The integral form of the cosmic energy Eq. (6.79) shows that a nonzero average velocity

dispersion is effectively sourced by a short-scale gravitational binding energy, which is not

accounted for in perturbation theory, and in fact should contribute to the counterterm as we

will now argue in Sec. 6.5.3.

6.5.3 The inevitableness of EFT methods

In Sec. 6.5.1 we have seen that an EFT-like counterterm, Eq. (6.60), naturally arises within

an old-fashioned cosmological perturbation theory approach based directly on a perturbative

expansion for the distribution function fluctuations in full phase space. In that framework

the counterterm is sourced by a nonzero average velocity dispersion, which is itself linked to

the short-scale gravitational binding energy via the Layzer-Irvine Eq. (6.79) as we showed

in Sec. 6.5.2.

We will now argue that this short-scale gravitational binding energy should directly con-

tribute to the counterterm as well to ensure the self-consistency of the theory. This implies

that the framework developed in Sec. 6.5.1 is not self-consistent since only the velocity dis-

persion directly contributes to the counterterm, although it is formally identical to the EFT

as long as one takes the counterterm to be a free parameter. Another way of phrasing this is

to say that the value obtained for the counterterm c
(3)
ctr(a), from directly matching Eq. (6.60)

to simulations or observations, would not agree with the one calculated via Eqs. (6.59) and

(6.93), with an average velocity dispersion squared σ2
dis(a) equally extracted from simulations

or observations.

The statement that the short-scale gravitational binding energy should also contribute to
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the counterterm can be seen from the well-understood decoupling of virialized scales [344].

For convenience, let us repeat here the Euler Eq. (6.6)

Π′
i + 4HΠi + 2a∂jKij + aρ∂iϕ = 0 , (6.82)

where

Kij =
1

2
a−5

∫
d3q⃗

(2π)3
qiqj f , (6.83)

is the kinetic energy density tensor. But we can write from the Poisson Eq. (6.11),

ρ∂iϕ = (ρ− ρ̄)∂iϕ+ ρ̄∂iϕ =
∇2ϕ∂iϕ

4πGa2
+ ρ̄∂iϕ = ∂jWij + ρ̄∂iϕ , (6.84)

where

Wij =
1

4πGa2

[
∂iϕ∂jϕ−

1

2
δij(∇⃗ϕ)2

]
, (6.85)

is the potential energy density tensor. The Euler Eq. (6.82) can then be written in the

following form

Π′
i + 4HΠi + aρ̄∂iϕ+ a∂j(2Kij +Wij) = 0 . (6.86)

Note that K = ⟨Ki
i⟩ is just the kinetic energy density, and similarly from Eq. (6.85), W =

⟨W i
i ⟩ = ⟨ϕρ⟩/2 is the gravitational binding energy density, where we integrate by parts inside

the spatial average 24, use Eq. (6.11) once again and assume ⟨ϕ⟩ = 0. For virialized scales,

2K + W = 0 and all nonlinear terms in the Euler Eq. (6.86) vanish exactly. Of course

this simplified argument ignores the tensor structure of these quantities, but a full tensorial

virial decoupling theorem can be derived from the collisionless Boltzmann equation (see [345]

for example). It is important to emphasize that the decoupling of virialized scales is exact

[42]. This contrasts with, being significantly more constraining than, the expectation that

contributions from virialized scales are parametrically suppressed but not exactly vanishing.

It is now straightforward to argue that the old-fashioned cosmological perturbation the-

ory framework developed in Sec. 6.5.1 is necessarily incomplete, since the average velocity

24The ensemble average can also be thought of as a volume average, which involves integrating over
position. This allows an integration by parts under the average sign.
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dispersion in Eq. (6.57) is the quantity that sources the counterterm c
(3)
ctr(a) [see Eq. (6.60)]

via Eqs. (6.59) and (6.93). However, we also know that virial velocities within halos [335, 336]

give a significant (if not dominant) contribution to the average velocity dispersion, and hence

to the counterterm as well. This is inconsistent with the decoupling of virialized scales.

The resolution to this paradox comes from the realization that the short scale gravita-

tional binding energy should also directly contribute to the counterterm, in such a way that

it vanishes whenever 2K +W = 0. Additionally, just averages of the short-scale kinetic and

potential energies are not sufficient to accurately model the sound speed counterterm. In-

stead, one needs to consider how such averages respond to the presence of a long-wavelength

fluctuation [42, 43, 83]. We can explicitly identify the origin of the deficiencies in the frame-

work developed in Sections 6.4.2 and 6.5.1 by comparing Eqs. (6.16) and (6.73) . The lat-

ter equation includes additional terms that are neglected in the former, which parametrize

stochasticity and the response of short-wavelength fluctuations to the presence of a long

mode. This shows that short scale nonlinearities directly backreact into the background and

fluctuations to the distribution function alike, and it is not self-consistent to only model the

backreactions to the background distribution function. We can overcome these deficiencies

by keeping the effective sound speed counterterm as a free parameter in the model, to be

fitted by observations or full cosmological simulations. In that sense, EFT methods emerge

as a necessary framework to self-consistently model a non-zero velocity dispersion.

All of that being said, one way in which one may be able to improve on the standard

EFTofLSS framework is to solve Eq. (6.73) perturbatively for the distribution function fluc-

tuations while assuming knowledge of the fully nonlinear background distribution function,

which can be measured from simulations. This is equivalent to resumming the effects of

the background distribution function backreacting into its fluctuations to all orders in per-

turbation theory, while working with an EFT perturbative expansion for the fluctuations.

In practice, this would look a lot like the standard EFTofLSS framework augmented with

modified perturbation theory kernels. A similar idea was proposed recently in [298].
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6.6 Conclusion

Effective field theory methods for large scale structure significantly improve on Standard

Perturbation Theory (SPT) techniques by modeling deviations from an ideal fluid [42, 43,

273–281], and are now ubiquitous in analysis pipelines of large scale structure surveys [52–

54, 248–261].

In its simplest form 25, the EFTofLSS comes at the cost of adding one free nuisance

parameter, the effective sound speed. This is arguably not a desirable feature, after all N-

body simulations have no free parameters, and we are entering a new era where efficient

emulators are available to interpolate the predictions from simulations in broad regions of

parameter (and even theory) space [46, 286–295]. This naturally raises the question of

whether or not the additional free parameter is really necessary (and this becomes even more

relevant in light of recent studies on prior volume effects in the EFTofLSS [53, 346–352]).

The starting point of Standard Perturbation Theory (SPT) methods for large scale struc-

ture is the assumption of negligible stress tensor [41]. This leaves open the possibility that a

perturbative approach can account for these effects by avoiding to truncate the Boltzmann

hierarchy at the level of the Euler equation [296–305, 308, 309]. In this work we revisit this

issue in light of a framework for large scale structure perturbation theory, that directly solves

for the distribution function in full phase space, expanding upon earlier work [307]. This

approach circumvents the need to artificially truncate the Boltzmann hierarchy and hence

relaxes the usual apriori assumption of a negligible velocity dispersion.

In Sec. 6.4 we introduce the framework underlying the cosmological perturbation theory

in phase space. It is based on the coupled set of Boltzmann Eqs. (6.15) and (6.16) for the

(ensemble) average distribution function and its fluctuations, respectively. We show that

perturbatively solving this coupled set of equations directly in phase space reproduces the

familiar SPT kernels, which underscores the statement that a negligible velocity dispersion

25Modeling the power spectrum of the matter field, in real space (as opposed to redshift space), at one-loop
in perturbation theory. This is assumed in the discussion that follows.
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and vorticity should be viewed as a consequence of the perturbative expansion, rather than

an assumption [307].

We begin Sec. 6.5 by showing that a nonzero average velocity dispersion can be easily

incorporated in the framework by perturbatively solving for the fluctuations in the distri-

bution function, while assuming knowledge of its fully nonlinear ensemble average. This

leads to a new contribution to the one-loop power spectrum with the exact same form as the

effective sound speed counterterm in the EFTofLSS [see Eq. (6.60)]. This result corroborates

similar previous findings in the literature [297, 304, 305]. We then proceed to make a direct

connection to EFT methods, and argue that our framework is necessarily incomplete because

it misses contributions to the counterterm from the short-scale gravitational binding energy,

and the response of short-wavelength fluctuations to the presence of a long mode. EFT

methods then arise as an inevitable framework to self-consistently model a nonzero velocity

dispersion. This is a practical example of the importance in having theoretical control over

short distance fluctuations, in order to write a sensible theory.

Beyond the results summarized above, we intend this manuscript to be used as a useful

pedagogical reference for numerical calculations in SPT with the full time-dependence of

ΛCDM kernels, up to third order in the perturbative expansion. For that purpose, simple

analytic formulas for the calculation of time-dependent coefficients can be found in Ap-

pendix 6.7. We also include explicit formulas for the one-loop power spectrum and tree-level

bispectrum in Appendices 6.10 and 6.11, respectively.

To conclude, we land at a picture of the microphysics behind the EFTofLSS that sug-

gests a close analogy to chiral perturbartion theory in QCD [337]: The stress tensor acts like

an order parameter (analogous to the quark condensate) which vanishes in the perturbative

regime, but picks up a nonzero value in the strongly coupled regime which follows after gravi-

tational collapse (corresponding to the QCD phase transition). Moreover, the triaxial nature

of gravitational collapse implies that an approximate symmetry of the perturbative regime,

i.e. isotropy, is spontaneously broken as gravitational collapse first happens along a given

axis. This is analogous to the breakdown of the approximate chiral symmetry in QCD. Fur-
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thermore, just as in QCD lattice simulations [339] are available to compute nonperturbative

processes of interest without the need to introduce any additional free parameters, the same

is true in LSS with N-body simulations. Nonetheless, in the same way that chiral perturba-

tion theory has proved itself to be a very valuable tool in QCD, recent progress over the past

decade or so has established the EFTofLSS as a great framework to interpret both simulated

and real data pertaining the evolution of LSS within an analytic perturbative framework. In

this context, the additional free parameter is simply the price one needs to pay in order to

parametrize intrinsically nonperturbative effects within a perturbative framework.

6.7 Appendix: Analytic solution to time-dependent coefficients

In this section we derive analytic formulas for the time-dependent coefficients in SPT, en-

tering Eqs. (6.44) and (6.46), within the full ΛCDM cosmology. To accomplish this, we will

first need to find an analytic solution to the differential equation

d2c

da2
+

1

a

(
3 +

d logH

d log a

)
dc

da
− 3

2
Ωm,0H

2
0

c(a)

a5H(a)2
= s(a) , (6.87)

for the coefficient c(a), given some source function s(a). To achieve this, we apply the same

trick that works in the s(a) = 0 case. The first step is to note that the Hubble expansion rate

H(a) satisfies the homogeneous equation in ΛCDM (one can even add a nonzero curvature),

that is:

d2H

da2
+

1

a

(
3 +

d logH

d log a

)
dH

da
− 3

2
Ωm,0H

2
0

1

a5H(a)
= 0 . (6.88)

To take advantage of this, we define a new function g(a) = c(a)/H(a), and combine

Eqs. (6.87) and (6.88) to arrive at

d

da

[
dg

da
a3H3(a)

]
= a3H2(a)s(a) , (6.89)

and the solution to this can be simply obtained by integrating the equation twice with respect
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to the scale factor, which reads in terms of c(a) = H(a)g(a)

c(a) =H(a)

[
g(ai) + g′(ai)a

3
iH

3(ai)

∫ a

ai

da′

(a′)3H3(a′)
+

+

∫ a

ai

da′

(a′)3H3(a′)

∫ a′

ai

da′′(a′′)3H2(a′′)s(a′′)

]
.

(6.90)

In the case of s(a) = 0, Eq. (6.87) reduces to Eq. (6.38) satisfied by the linear growth factor.

According to Eq. (6.90), the general solution is then a linear combination of the growing and

decaying modes, c+(a) and c−(a) respectively, where

c+(a) = H(a)

∫ a

0

da′

(a′)3H3(a′)

c−(a) = H(a) ,

(6.91)

and we set ai = 0. If we drop the decaying mode and normalize the linear growth according

to DL(a = 1) = 1, we arrive at:

DL(a) =
H(a)

H0

[∫ 1

0

da′

(a′)3H3(a′)

]−1 ∫ a

0

da′

(a′)3H3(a′)
, (6.92)

hence reproducing a familiar result, which we used in Sec. 6.4. However, in the more general

case of a nonzero source the particular solution typically grows faster than the homogeneous

solutions and eventually dominates. We then obtain

c(a) = H(a)

∫ a

0

da′

(a′)3H3(a′)

∫ a′

0

da′′(a′′)3H2(a′′)s(a′′) . (6.93)

With this basic ingredient we can write down formulas for the time-dependent coefficients

in SPT. Starting at second order in the perturbative expansion, we show in Appendix 6.8

that the coefficients c
(2)
i (a) are solutions to the differential Eq. (6.87), with source functions

s
(2)
1 =

D2
Lf

a2

[
2(1 + f) +

d logH

d log a
+
d log f

d log a

]
s
(2)
2 =

D2
Lf

2

a2
,

(6.94)

where the dependence on scale factor is implicit in Eq. (6.94). The solutions are then obtained

from a direct application of Eq. (6.93), which can be easily evaluated numerically. For an
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Einstein-de Sitter (EdS) universe with Ωm(a) = 1, DL(a) = a which implies f(a) = 1. In this

case the source terms in Eq. (6.94) simplify to s
(2)
1 (a) = 5/2 and s

(2)
2 (a) = 1, and it becomes

straightforward to derive the time-dependent coefficients: c
(2)
1 (a) = 5a2/7 and c

(2)
2 (a) =

2a2/7. This motivates the familiar EdS approximation to time-dependent coefficients in the

general ΛCDM cosmology:

c
(2)
1,EdS(a) ≈

5

7
D2

L(a)

c
(2)
2,EdS(a) ≈

2

7
D2

L(a) .
(6.95)

In Fig. 6.8 we plot these time-dependent coefficients in our fiducial cosmology. The exact

solutions from Eqs. (6.93) and (6.94) are shown as solid lines, and the approximated ones

from Eq. (6.95) as dashed lines. The EdS approximation works extremely well, with < 1%

errors.

The third order time-dependent coefficients also satisfy the same differential Eq. (6.87),

with new source functions

s
(3)
1 =

fDL

a

dc
(2)
1

da
+
fDL

a2

(
2 + f +

d logH

d log a
+
d log f

d log a

)
c
(2)
1

s
(3)
2 =

fDL

a

dc
(2)
2

da
+
fDL

a2

(
2 + f +

d logH

d log a
+
d log f

d log a

)
c
(2)
2

s
(3)
3 =

3

2
Ωm,0H

2
0

DLc
(2)
1

a5H2
+
fDL

a

dc
(2)
1

da
− f 2D3

L

a2

s
(3)
4 =

3

2
Ωm,0H

2
0

DLc
(2)
2

a5H2
+
fDL

a

dc
(2)
2

da
+
f 2D3

L

a2

s
(3)
5 = 2

fDL

a

dc
(2)
1

da
− 2

f 2D3
L

a2

s
(3)
6 = 2

fDL

a

dc
(2)
2

da
.

(6.96)

As before, solutions are obtained from a direct application of Eq. (6.93). One can derive

the EdS approximation to the third order coefficients in the exact same way as done in the
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Figure 6.8: Time-dependent coefficients for the second order perturbation theory kernels,

in our fiducial cosmology, as a function of the scale factor. Solid and dashed lines (almost

indistinguishable) correspond to exact solutions from Eqs. (6.93) and (6.94), and the EdS

approximation in Eq. (6.95), respectively. The lower plot shows the relative difference be-

tween the two, which is always at the sub-percent level.

previous case of second order coefficients. This reads

c
(3)
1,EdS(a) ≈

5

18
D3

L(a)

c
(3)
2,EdS(a) ≈

1

9
D3

L(a)

c
(3)
3,EdS(a) ≈

1

6
D3

L(a)

c
(3)
4,EdS(a) ≈

2

9
D3

L(a)

c
(3)
5,EdS(a) ≈

2

21
D3

L(a)

c
(3)
6,EdS(a) ≈

8

63
D3

L(a) .

(6.97)
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In Fig. 6.9 we plot the time-dependent coefficients for the third order perturbation theory

kernels, c
(3)
i (a) with i = 1, 6. The exact solutions from Eqs. (6.93) and (6.96) are shown as

solid lines, and the approximated ones from Eq. (6.97) as dashed lines. The EdS approxima-

tion still works quite well, but slightly worse than in the second order case shown in Fig.6.8,

with ≲ 1.5% errors overall.
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Figure 6.9: Time-dependent coefficients for the third order perturbation theory kernels, in

our fiducial cosmology, as a function of the scale factor. Solid and dashed lines (almost

indistinguishable) correspond to exact solutions from Eqs. (6.93) and (6.96), and the EdS

approximation in Eq. (6.97), respectively. The lower plot shows the relative difference be-

tween the two, which is at the percent level.

The formulas presented here are fully equivalent to the many different approaches to
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computing time-dependent coefficients in SPT, that can be found on the extensive literature

on this subject (see, e.g., [323–334]). Nevertheless, we find Eq. (6.93) to be particularly

simple and easy to implement in practice.

6.8 Appendix: Computing second order diagrams

We will now compute all relevant diagrams at second order in perturbation theory, starting

with the diagram in Fig. 6.5 for the background distribution function at second order in the

perturbative expansion. It represents two insertions of ϕ(1) into the second order iterative

solution. To compute this, we first substitute the second line of Eq. (6.23) into the first line

of Eq. (6.25). This yields

f̄ (2nd)(η, q) =

∫ η

0

dη′a2(η′)

∫ η′

0

dη′′a2(η′′)

∫ k⃗

{k⃗1 ,⃗k2}
⟨ϕ(η′, k⃗1)ϕ(η′′, k⃗2)⟩ ×

× i⃗k1 ·
∂

∂q⃗

[
i⃗k2 ·

∂f̄ (0)

∂q⃗
e−ik⃗2·q⃗(η′−η′′)

]
.

(6.98)

We now insert two copies of ϕ(1), using Eqs. (6.29), (6.35) and (6.36) to obtain

f̄ (2)(η, q) = −
(
3

2
Ωm,0H

2
0

)2 ∫ η

0

dη′a(η′)DL(η
′)

∫ η′

0

dη′′a(η′′)DL(η
′′)×

×
∫

d3k⃗′

(2π)3
PL(k

′)

(k′)4
i⃗k′ · ∂

∂q⃗

[
i⃗k′ · ∂f̄

(0)

∂q⃗
eik⃗

′·q⃗(η′−η′′)

]
.

(6.99)

In what follows we omit time dependencies for simplicity. We evaluate next

a−5

∫
d3q⃗

(2π)3
q2f̄ (2)(q) =

= −
(
3

2
Ωm,0H

2
0

)2 ∫ η

0

dη′a(η′)DL(η
′)

∫ η′

0

dη′′a(η′′)DL(η
′′) ×

×
∫

d3k⃗′

(2π)3
PL(k

′)

(k′)4

∫
d3q⃗

(2π)3
q2 i⃗k′ · ∂

∂q⃗

[
i⃗k′ · ∂f̄

(0)

∂q⃗
eik⃗

′·q⃗(η′−η′′)

]
.

(6.100)

The integral over momentum can be simplified via integrating by parts twice, after which

we can use f̄ (0)(q) ∝ δ(3)(q⃗) and Eq. (6.3) to arrive at

a−5

∫
d3q⃗

(2π)3
q2f̄ (2)(q) =

= 2a−2ρ̄

∫ ∞

0

dk′

2π2
PL(k

′)×
(
3

2
Ωm,0H

2
0

)2 ∫ η

0

dη′a(η′)DL(η
′)

∫ η′

0

dη′′a(η′′)DL(η
′′) .

(6.101)
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The final step is to evaluate the time integrals. This is straightforward to do using Eq. (6.37)

since the integrands can be written as total derivatives, and the final result reads:

a−5

∫
d3q⃗

(2π)3
q2f̄ (2)(q) = ρ̄ a2H2f 2D2

L

∫ ∞

0

dk′

2π2
PL(k

′) . (6.102)

This equation was used in the main text to show that the averaged stress tensor indeed

vanishes as a result of the perturbative expansion.

We next compute the two diagrams in Fig. 6.4, for the distribution function fluctuation at

second order in perturbation theory, to derive Eqs. (6.87) and (6.94). Denoting the diagram

on the left of Fig. 6.4 by D1, and the diagram on the right by D2, we have:

δf (2) = D1 +D2 . (6.103)

We start with D1, where we need to insert one ϕ(2) into the first order iterative solution,

i.e., the second line in Eq. (6.23). This reads using Eq. (6.29),

D1 = −
3

2
Ωm,0H

2
0

∫ η

0

dη′a2(η′)e−ik⃗·q⃗(η−η′)δ(2)(η′, k⃗)
i⃗k

k2
· ∂f̄

(0)

∂q⃗
. (6.104)

For D2, we need two insertions of ϕ(1) into the second order iterative solution for the distri-

bution function fluctuation, i.e., second line in Eq. (6.25). Combining it with Eqs. (6.23),

(6.29) and (6.35) we obtain

D2 =

(
3

2
Ωm,0H

2
0

)2 ∫ η

0

dη′a(η′)DL(η
′)

∫ η′

0

dη′′a(η′′)DL(η
′′)×

×
∫ k⃗

{k⃗1 ,⃗k2}

1

k21k
2
2

:δL(k⃗1)δL(k⃗2): e
−ik⃗·q⃗(η−η′)i⃗k1 ·

∂

∂q⃗

[
i⃗k2 ·

∂f̄ (0)

∂q⃗
e−ik⃗2·q⃗(η′−η′′)

]
.

(6.105)

To arrive at an integral equation for the density contrast, we need to integrate over momen-

tum according to Eq. (6.3). That is,

δ(2) = D̂1 + D̂2 , (6.106)

where

D̂i =
1

a3ρ̄

∫
d3q⃗

(2π)3
Di . (6.107)
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Since f̄ (0)(q) ∝ δ(3)(q⃗), the momentum integrals can be easily evaluated upon integrating by

parts a few times to obtain

D̂1 =
3

2
Ωm,0H

2
0

∫ η

0

dη′a(η′)(η − η′)δ(2)(η′, k⃗) , (6.108)

and

D̂2 =

(
3

2
Ωm,0H

2
0

)2 ∫ η

0

dη′a(η′)DL(η
′)(η − η′)

∫ η′

0

dη′′a(η′′)DL(η
′′)(η − η′′)× h(2)1 (k⃗)

+

(
3

2
Ωm,0H

2
0

)2 ∫ η

0

dη′a(η′)DL(η
′)(η − η′)2

∫ η′

0

dη′′a(η′′)DL(η
′′)× h(2)2 (k⃗) ,

(6.109)

where the scale dependent functions h
(2)
i (k⃗) are defined in Eq. (6.45). The time integrals in

Eq. (6.109) can be greatly simplified by using Eq. (6.37), followed by a few integration by

parts. The final result is

D̂2 =
1

2
D2

L(η) h
(2)
1 (k⃗) +

∫ η

0

dη′
(
dDL

dη′

)2

(η − η′) h(2)2 (k⃗) . (6.110)

We are now ready to combine Eqs. (6.106), (6.108) and (6.110) to write down the integral

equation satisfied by the second order density contrast:

δ(2)(η, k⃗) =
3

2
Ωm,0H

2
0

∫ η

0

dη′a(η′)(η − η′)δ(2)(η′, k⃗) + 1

2
D2

L(η) h
(2)
1 (k⃗)

+

∫ η

0

dη′
(
dDL

dη′

)2

(η − η′) h(2)2 (k⃗) .

(6.111)

This can be mapped into a second order differential equation by taking two derivatives with

respect to superconformal time,

d2δ(2)

dη2
− 3

2
Ωm,0H

2
0a(η)δ

(2)(η, k⃗) =
1

2

d2

dη2
D2

L(η) h
(2)
1 (k⃗) +

(
dDL

dη

)2

h
(2)
2 (k⃗) . (6.112)

The final step is to change the time variable from superconformal time η to the scale factor

a, to arrive at the differential Eq. (6.87). In terms of the separable ansatz of Eq. (6.44), the

source terms are found to be

s
(2)
1 =

1

a6H2

1

2

d2

dη2
D2

L =
D2

Lf

a2

[
2(1 + f) +

d logH

d log a
+
d log f

d log a

]
s
(2)
2 =

1

a6H2

(
dDL

dη

)2

=
D2

Lf
2

a2
.

(6.113)
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The steps involved in this calculation can be summarized as follows: First integrate over

momentum to obtain D̂, according to Eq. (6.107), from a given diagramD. Then differentiate

it twice with respect to superconformal time followed by a division by a6H2 to obtain the

source term upon factoring out the scale dependent piece. This prescription was used in

the main text to derive Eq. (6.59). However, note that this recipe cannot be applied to

diagrams such as the leftmost ones in Figs. 6.4 and 6.6, i.e. with all wiggly lines attached to

a single circle, because they contribute to the homogeneous part of the differential equation

[for example the left-hand side of Eq. (6.112)], and do not appear as source terms.

We omit explicit calculations of the third order diagrams in Fig. 6.6 since they rely on

the exact same tools, but are more tedious to write down as one would expect from a higher

order calculation. There are two basic tricks one has to keep in mind, which appeared already

at the second order level. First, to integrate by parts over momentum to leverage the fact

that f̄ (0)(q) ∝ δ(3)(q⃗). Second, to simplify the integrals over superconformal time by using

Eq. (6.37) followed by a few integration by parts.

6.9 Appendix: Layzer-Irvine equation

Here we present a derivation of the cosmic energy Eq. (6.79). Our starting point is Eq. (6.77)

for the counterterm contribution to the background distribution function, sourced by short-

wavelength fluctuations,

f̄l,ctr(η, q) =

∫ η

0

dη′a2(η′)

〈
∂ϕs(η

′, x⃗)

∂x⃗
· ∂fs(η

′, x⃗, q⃗)

∂q⃗

〉
, (6.114)

The first step is to multiply Eq. (6.114) by q2 and integrate over momentum∫
d3q⃗

(2π)3
q2f̄

(2)
l,ctr(η, q) = −2

∫ η

0

dη′a6(η′)

〈
∂ϕs

∂x⃗

∣∣∣
η′
· Π⃗s(η

′, x⃗)

〉
, (6.115)

where we integrated by parts once and used Eq. (6.5). Next we integrate by parts inside the

spatial average (see 24), and use Eqs. (6.4) and (6.11) to obtain 26∫
d3q⃗

(2π)3
q2f̄

(2)
l,ctr(η, q) = −2

∫ η

0

dη′a2(η′)

〈
ϕs(η

′, x⃗)
∂

∂η

[
a(η′)

∇2ϕs(η
′, x⃗)

4πG

]〉
. (6.116)

26All equations which are linear in the distribution function are satisfied separately by both long and
short-wavelength pieces.
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Integrating by parts inside the spatial average once again leads to,

∫
d3q⃗

(2π)3
q2f̄

(2)
l,ctr(η, q) =

∫ η

0

dη′a(η′)
d

dη′

a2(η′)
〈[
∇⃗ϕs(η

′, x⃗)

4πG

]2〉 . (6.117)

Now note that, using Eqs. (6.11) and (6.80),〈[
∇⃗ϕs(η

′, x⃗)

4πG

]2〉
= −

〈
ϕs(η

′, x⃗)∇2ϕs(η
′, x⃗)

4πG

〉
= −2a2(η′)ρ̄(η′)u(η′) , (6.118)

which yields ∫
d3q⃗

(2π)3
q2f̄

(2)
l,ctr(η, q) = −2a

3(η)ρ̄(η)

∫ η

0

dη′a(η′)
d

dη′
[a(η′)u(η′)] , (6.119)

where we used the relation a3(η′)ρ̄(η′) = a3(η)ρ̄(η) to bring this quantity out of the integral.

This may now be combined with the definition for the short scale kinetic energy per unit

mass, Eq. (6.78), to produce the desired result

κ(η) = −a−2(η)

∫ η

0

dη′a(η′)
d

dη′
[a(η′)u(η′)] . (6.120)

6.10 Appendix: One-loop power spectrum

In Appendix 6.7 we include explicit formulas for the full time-dependent coefficients enter-

ing SPT kernels in ΛCDM. These can be combined with the scale dependencies shown in

Eqs. (6.44) and (6.45) at second order, and Eqs. (6.46) and (6.47) at third order, to compute

perturbative predictions for cosmological observables of interest. Here we provide explicit

formulas, for the one-loop power spectrum, for the reader’s convenience.

The (equal-time) power spectrum, P (a, k) is defined by:

⟨δ(a, k⃗)δ(a, k⃗′)⟩ = (2π)3δ(3)(k⃗ + k⃗′)P (a, k) . (6.121)

From the perturbative expansion Eq. (6.30), the one-loop power spectrum in SPT reads,

P1-loop(a, k) = D2
L(a)PL(k) + P13(a, k) + P22(a, k) . (6.122)
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We recall that PL(k) is the linear power spectrum today and DL(a = 1) = 1 sets the linear

growth factor normalization [see Eq. (6.40)]. The other two contributions will be flashed out

in what follows. We first have, from Eqs. (6.35) and (6.46),

P13(a, k) = 2DL(a)
6∑

i=1

c
(3)
i (a)⟨δL(k⃗)h(3)i (−k⃗)⟩′ ≡ 2DL(a)

6∑
i=1

c
(3)
i (a)Γi(k) , (6.123)

where Γi(k) = ⟨δL(k⃗)h(3)i (−k⃗)⟩′ and the primed correlation function has the momentum

conserving Dirac delta stripped off, following standard convention. Formulas for the time-

dependent coefficients c
(3)
i (a) can be found in Appendix 6.7, and from Eq. (6.47) we obtain:

Γ1(k) = Γ2(k) = −
1

3
k3PL(k)

∫ ∞

0

dx

2π2
PL(kx)(1 + x2)

Γ3(k) = −
1

8
k3PL(k)

∫ ∞

0

dx

2π2
PL(kx)

[
2(x4 − 4x2 − 1) +

(x2 − 1)3

x
log

∣∣∣∣x− 1

x+ 1

∣∣∣∣]
Γ4(k) =

1

3
k3PL(k)

∫ ∞

0

dx

2π2
PL(kx)x

2

Γ5(k) = −
1

16
k3PL(k)

∫ ∞

0

dx

2π2
PL(kx)

1

x3

[
2x(x4 + 4x2 − 1) + (x2 − 1)3 log

∣∣∣∣x− 1

x+ 1

∣∣∣∣]
Γ6(k) = −

1

6
k3PL(k)

∫ ∞

0

dx

2π2
PL(kx) .

(6.124)

In the EdS approximation the time-dependent coefficients simplify to Eq. (6.97), and

from Eq. (6.123) we arrive at

P13(a, k) ≈
1

84π2
D4

L(a)k
3PL(k)

∫ ∞

0

dx
PL(kx)

x2

[
1− 79

6
x2 +

25

3
x4

− 7

2
x6 − 1

2x
(x2 − 1)3(1 +

7

2
x2) log

∣∣∣∣x− 1

x+ 1

∣∣∣∣
]
.

(6.125)

We similarly need, from Eq. (6.44),

P22(a, k) =
2∑

i=1

2∑
j=1

c
(2)
i (a)c

(2)
j (a)⟨h(2)i (k⃗)h

(2)
j (−k⃗)⟩′ ≡

2∑
i=1

2∑
j=1

c
(2)
i (a)c

(2)
j (a)Σij(k) , (6.126)

where Σij(k) = ⟨h(2)i (k⃗)h
(2)
j (−k⃗)⟩′ [see Appendix 6.7 for the time-dependent coefficients
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c
(2)
i (a)]. We obtain from Eq. (6.45)

Σ11(k) =
1

2
k3
∫ ∞

0

dx

2π2

∫ 1

−1

dt

2

(t+ x− 2xt2)2

(1− 2xt+ x2)2
PL(kx)PL

(
k
√
1− 2xt+ x2

)
Σ12(k) = Σ21(k) =

1

2
k3
∫ ∞

0

dx

2π2

∫ 1

−1

dt

2

(t+ x− 2xt2)(t− x)
(1− 2xt+ x2)2

PL(kx)PL

(
k
√
1− 2xt+ x2

)
Σ22(k) =

1

2
k3
∫ ∞

0

dx

2π2

∫ 1

−1

dt

2

(t− x)2

(1− 2xt+ x2)2
PL(kx)PL

(
k
√
1− 2xt+ x2

)
.

(6.127)

In the EdS approximation the time-dependent coefficients simplify to Eq. (6.95), and

from Eq. (6.126) we arrive at

P22(a, k) ≈
1

392π2
D4

L(a)k
3

∫ ∞

0

dx

∫ 1

−1

dt
(7t+ 3x− 10t2x)2

(1− 2xt+ x2)2
PL(kx)PL

(
k
√
1− 2xt+ x2

)
.

(6.128)

6.11 Appendix: Tree-level bispectrum

In this section we explicitly write down the relevant formulas for the tree-level bispectrum

in SPT, with the full time dependencies of ΛCDM kernels. The bispectrum B(k1, k2, k3) is

defined by

⟨δ(k⃗1)δ(k⃗2)δ(k⃗3)⟩ = (2π)3δ(3)(k⃗1 + k⃗2 + k⃗3)B(k1, k2, k3) . (6.129)

From Eqs. (6.30), (6.35), and (6.44) the tree-level bispectrum in SPT reads

B(k1, k2, k3) = D2
L(a)

2∑
i=1

c2i (a)⟨h
(2)
i (k⃗1)δL(k⃗2)δL(k⃗3)⟩′ + . . . , (6.130)

where the ellipsis represent two additional terms corresponding to permutations of the

three wavenumbers. The scale dependent part ⟨h(2)i (k⃗1)δL(k⃗2)δL(k⃗3)⟩′ can be computed from

Eq. (6.45), and Eq. (6.130) becomes

B(k1, k2, k3) = 2D2
L(a)

[
c
(2)
1 (a)α(s)(k⃗1, k⃗2) + c

(2)
2 (a)β(k⃗1, k⃗2)

]
PL(k1)PL(k2) + . . . , (6.131)
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where

α(s)(k⃗1, k⃗2) =
1

2

k⃗1 · k⃗12
k21

+
1

2

k⃗2 · k⃗12
k22

β(k⃗1, k⃗2) =
k212(k⃗1 · k⃗2)

2k21k
2
2

,

(6.132)

with k⃗12 = k⃗1 + k⃗2, and formulas for the time-dependent coefficients c
(2)
i (a) can be found in

Appendix 6.7. In the EdS approximation they simplify to Eq. (6.95), and from Eq. (6.131)

we arrive at

B(k1, k2, k3) ≈ 2D4
L(a)F2(k⃗1, k⃗2)PL(k1)PL(k2) + . . . , (6.133)

where

F2(k⃗1, k⃗2) =
5

7
α(s)(k⃗1, k⃗2) +

2

7
β(k⃗1, k⃗2)

=
5

7
+

1

2

k⃗1 · k⃗2
k1k2

(
k1
k2

+
k2
k1

)
+

2

7

(k⃗1 · k⃗2)2

k21k
2
2

.

(6.134)
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Chapter 7

A SEMI-ANALYTIC ESTIMATE FOR THE EFFECTIVE
SOUND SPEED COUNTERTERM IN THE EFTOFLSS

7.1 Abstract

The Effective Field Theory of Large Scale Structure (EFTofLSS) has found tremendous

success as a perturbative framework for the evolution of large scale structure, and it is now

routinely used to compare theoretical predictions against cosmological observations. The

model for the total matter field includes one nuisance parameter at 1-loop order, the effective

sound speed, which can be extracted by matching the EFT to full N-body simulations. In this

work we first leverage the Layzer-Irvine cosmic energy equation to show that the equation of

state can be exactly computed with knowledge of the fully nonlinear power spectrum. When

augmented with separate universe methods, we show one can estimate the effective sound

speed. This estimate is in good agreement with simulation results, with errors at the few

tens of percent level. We apply our method to investigate the cosmology dependence of the

effective sound speed and to shed light on what cosmic structures shape its value.

7.2 Introduction

In the past fifteen years the Effective Field Theory of Large Scale Structure (EFTofLSS)

[42, 43, 273–276] has proved itself to be a very powerful framework, enabling one to push the

regime of validity of standard perturbation theory (SPT) methods [41, 133, 235–238] for the

large-scale structure evolution to smaller scales [279–281]. The EFTofLSS is now an integral

part of theory modeling involved in the analysis of real data [53, 248–256].

While cosmological simulations are strictly necessary to ensure accuracy of modeling on

sufficiently small scales [244] where the nonlinear gravitational evolution becomes strongly
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coupled, perturbative methods offer a number of advantages and are thus complementary to

simulations. They provide the kind of intuition that only an analytic model can offer, with

flexibility to go beyond standard scenarios [239–243], and circumvent the need for extensive

computational resources that simulations require [37]. Additionally, semi-analytic methods

can provide insights on the nonperturbative regime of nonlinear structure formation as well

(e.g. [353–357]).

The EFTofLSS was created to fix two major shortcomings of SPT: To accommodate

deviations from the assumption of a pressureless fluid 1 and to address the issue of sensitivity

to uncontrolled short distance physics 2. At one-loop, this comes at the cost of introducing a

new free parameter, the effective sound speed counterterm, which is to be determined either

by observations or through a matching to N-body simulations. The one-loop power spectrum

in the EFT reads

P1-loop(a, k; Λ) = P1-loop,SPT(a, k; Λ)−DL(a)cctr(a; Λ)k
2W 2

Λ(k)PL(k) , (7.1)

where P1-loop,SPT(a, k; Λ) is the one-loop power spectrum in SPT, DL(a) is the linear growth

factor, PL(k) is the linear theory power spectrum, WΛ(k) is a window function introduced

to smooth the density field over some distance scale Λ−1, and cctr(a; Λ) is the counterterm

[which is directly related to the effective sound speed of dark matter when treated as a fluid,

c2eff(a; Λ), as detailed in Appendix 7.8, see Eq. (7.63)]. One eventually takes the Λ → ∞

limit, which removes the sensitivity to a choice of window function.

In this paper we focus on the effective sound speed parameter, which enters in all ap-

plications of the EFTofLSS. However, additional free parameters become necessary when

considering higher order terms in the perturbative expansion [282], when modeling biased

tracers [44] and also for higher point correlation functions (at the same loop precision) [283–

285]. We will consider the simplest case of one-loop perturbation theory to describe the

1Even collisionless systems have a nonzero pressure induced by short-wavelength fluctuations. This is
exactly the subject of study in this manuscript.

2As can be seen from the fact that modes with arbitrarily high frequencies are running on the loops in
SPT.
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two-point clustering of matter. This is sufficient as a perturbative description of weak grav-

itational lensing on sufficiently large scales, but not of galaxy clustering which also requires

modeling of galaxy formation physics (even on large scales via a bias expansion). We will

also work in real space, i.e., ignoring redshift space distortions [358].

The effective sound speed is expected to account for the backreaction on large scales of

nonlinear effects associated to gravitational collapse and the subsequent formation of the

cosmic web in the form of cosmic sheets, filaments and halos [310, 317, 318, 359]. The

counterterm has been successfully extracted from matching EFT predictions to simulations

in a number of previous works [43, 49, 356, 360–367], but such measurements do not offer

any clear physical interpretation for the underlying microphysics responsible for the effective

sound speed. In particular, a simple estimate of the numerical value of that quantity from

some semi-analytic model for the short scale fluctuations is still lacking (beyond just dimen-

sional analysis, e.g. see [359]). This illustrates the point that the microphysics associated to

the EFT counterterm is yet to be fully understood. Such an understanding would shed light

on the cosmology dependence of the sound speed parameter, and on what cosmic structures

shape its value.

In this work we will make progress in that direction by providing a simple semi-analytic

estimate for the effective sound speed, which we show is in very good agreement with simu-

lation results. We first show that we can leverage the Layzer-Irvine cosmic energy equation

to exactly compute the equation of state, i.e. the ratio between background pressure and

energy density, assuming knowledge of the fully nonlinear matter power spectrum. Since the

sound speed is related to the response of the equation of state to the presence of a long-

wavelength mode, this introduces the necessary ingredients to estimate the effective sound

speed using separate universe techniques. The estimate reproduces the results from high

resolution simulations with errors at the tens of percent level.

We will work with a ΛCDM universe, particularly its late time dynamics (redshifts z ≲

100) on subhorizon scales k ≫ aH [where a(t) is the cosmological scale factor, H = d log a/dt

is the Hubble expansion rate and t is cosmic time]. In this regime one can write Newtonian
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equations of motion in an expanding cosmological background, and the collective dynamics

of cold dark matter particles is encoded in the collisionless Boltzmann equation coupled to

the Poisson equation, the so-called Vlasov-Poisson system.

Unless explicitly stated otherwise, for numerical calculations we assume a fiducial cos-

mology ΛCDMDarkSky with Ωm = 0.295, ΩΛ = 0.705, h = 0.688, ns = 0.9676 and σ8 = 0.835,

matching the choice made in [360], which adopts the Dark Sky simulations [368]. All power

spectra are computed using the Boltzmann solver CLASS [47], in combination with HMcode

[201] for the nonlinear power spectrum when needed (without baryonic feedback effects),

at 16 equally spaced redshift values in the interval 0 ≤ z ≤ 5. We interpolate in-between

and for z > 5 assume a linear-theory evolution in all cases, i.e., P (z, k) = [DL(z)/DL(z =

5)]2P (z = 5, k), where DL(a) is the linear growth factor (we use the fitting formula provided

in [322]) 3. Although we only numerically compute quantities of interest at z ≲ 2, integrals

over the scale factor appear that require the nonlinear power spectrum out to arbitrarily

high redshift. However, we have checked that when computing the equation of state and the

effective sound speed, contributions from z > 5 are essentially negligible, which justifies our

simple linear-theory scaling.

The paper is organized as follows: In Sec. 7.3 we review the standard EFTofLSS frame-

work to set notation and collect some important results. In Sec. 7.4 we use the Layzer-Irvine

equation to compute the equation of state assuming knowledge of the fully nonlinear power

spectrum. In Sec. 7.5 we apply the tools developed in the previous section, in combination

with separate universe methods, to derive an estimate for the effective sound speed which

we compare to simulation results. In Sec. 7.6 we summarize our findings. Appendices 7.7,

7.8 and 7.9 supplement the main text with relevant discussions and derivations.

3HMcode is calibrated against simulations at z ≤ 2. In that redshift range, it is accurate out to
k = 10hMpc−1 at the few percent level [201]. We also used the EuclidEmulator2 (EE2), which is accurate
at the percent level in the same range of scales and redshifts [46], to cross-check our results. We obtained
nearly identical results using either HMcode or EE2.
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7.3 EFTofLSS framework

In this section we review the EFTofLSS framework, mostly following the phase-space ap-

proach of [43], to establish notation and recollect some well-known results that will be used

in later sections.

The collective behavior of particles interacting only via the gravitational force in an

expanding universe is governed by the collisionless Boltzmann (or Vlasov) equation:

∂f

∂η
+
dx⃗

dη
· ∂f
∂x⃗

+
dq⃗

dη
· ∂f
∂q⃗

= 0 , (7.2)

for the phase space distribution function f(η, x⃗, q⃗). We work with the superconformal time

defined by dη = dt/a2(t) (sometimes we also use the scale factor as the time variable).

Additionally, x⃗ are comoving coordinates and q⃗ is the comoving momentum such that

(dx⃗/dη) = a2(dx⃗/dt) = (q⃗/m) ≡ q⃗, with m the cold dark matter (CDM) particle mass

which we set to unity from this point forward. We then have (dq⃗/dη) = −ma2∇⃗ϕ = −a2∇⃗ϕ,

with ϕ(η, x⃗) the Newtonian gravitational potential. Eq. (7.2) now reads,

∂f

∂η
+ q⃗ · ∂f

∂x⃗
= a2(η)

∂ϕ

∂x⃗
· ∂f
∂q⃗

. (7.3)

The gravitational potential is not independent from the distribution function, but rather

determined by the Poisson equation

∇2ϕ = 4πGa2(ρ− ρ̄) , (7.4)

where

ρ(η, x⃗) = a−3(η)

∫
d3q⃗

(2π)3
f(η, x⃗, q⃗) , (7.5)

is the energy density. 4 Note that only the fluctuations around the (ensemble) average

density, ρ̄(η) = ⟨ρ(η, x⃗)⟩ ∝ a−3(η), contribute to the gravitational potential.

The nonlinear term on the right-hand side of Eq. (7.3) is a contact term, 5 being sensitive

to nonlinearities in gravitational dynamics at arbitrarily small scales. In order to have

4In our convention of unity CDM particle mass, this becomes the number density. Similar statements
can be made on the other fluid quantities as well.

5By contact term we mean a product of two fields evaluated at the same point in space.
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theoretical control over the backreaction from the uncertain short scale modes, we follow

the standard EFT approach and split the distribution function into a long-wavelength piece

defined by smoothing over some (distance) scale 1/Λ

fl(η, x⃗, q⃗) =

∫
d3x⃗′WΛ(|x⃗− x⃗′|)f(η, x⃗′, q⃗) , (7.6)

and a short-wavelength piece fs = f − fl, via a window function WΛ(x)
6. A similar decom-

position, ϕ = ϕl + ϕs, also follows for the gravitational potential since it is linearly related

to the distribution function by Eqs. (7.4) and (7.5).

The evolution equation for the long-wavelength piece now follows from Eqs. (7.3) and

(7.6)

∂fl
∂η

+ q⃗ · ∂fl
∂x⃗

= a2(η)

∫
d3x⃗′WΛ(|x⃗− x⃗′|)

∂ϕ(η, x⃗′)

∂x⃗′
· ∂f(η, x⃗

′, q⃗)

∂q⃗
. (7.7)

Following standard methods (e.g., see [42]) one obtains the result that mixed terms involving

a product of long and short modes are suppressed, and hence

∂fl
∂η

+ q⃗ · ∂fl
∂x⃗

= a2(η)
∂ϕl

∂x⃗
· ∂fl
∂q⃗

+ a2(η)

[
∂ϕs

∂x⃗
· ∂fs
∂q⃗

]
Λ

+O
( k2
Λ2

)
, (7.8)

where, [
∂ϕs

∂x⃗
· ∂fs
∂q⃗

]
Λ

=

∫
d3x⃗′WΛ(|x⃗− x⃗′|)

∂ϕs(η, x⃗
′)

∂x⃗′
· ∂fs(η, x⃗

′, q⃗)

∂q⃗
. (7.9)

From this point forward we will drop the higher derivative corrections of order O(k2/Λ2).

They vanish in the Λ→∞ limit, and do not contribute to the effective sound speed even at

finite Λ. However, it is important to keep in mind that their presence become necessary to

accurately model the nonlinear power spectrum for any finite value of the cutoff [42, 43]. In

the remainder of this section we delve into the effective stress tensor in the EFTofLSS.

6For numerical calculations we follow the standard convention in the EFTofLSS literature and consider a
Gaussian filter, i.e., WΛ(k) = e−k2/2Λ2

in Fourier space. We assume a time-independent filter. One could
think of working with a time-dependent filter, since more modes are perturbative at higher redshift, as
follows from the time-dependence of the scale of nonlinearities. However, this adds unnecessary technical
complications to the model since the ultimate goal is to take the Λ→∞ limit.
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7.3.1 Effective stress tensor

By taking the first two moments of Eq. (7.8), one can derive the dynamical equations for

the long-wavelength effective fluid. This calculation can be found in the literature [43, 365]

and leads to the continuity and Euler equations. The former corresponds to conservation of

mass, and reads

ρ′l + 3Hρl + a∇⃗ · Π⃗l = 0 , (7.10)

where prime denotes a derivative with respect to superconformal time, H = d log a/dη =

a2H, and

Π⃗l(η, x⃗) = a−4(η)

∫
d3q⃗

(2π)3
q⃗ fl(η, x⃗, q⃗) , (7.11)

is the fluid momentum. The Euler equation is

v′l,i +Hvl,i + avl,j∂
jvl,i + a∂iϕl +

a

ρl
∂jτ effij = 0 , (7.12)

where

Π⃗l(η, x⃗) = ρl(η, x⃗)v⃗l(η, x⃗) , (7.13)

defines the long-wavelength velocity field v⃗l(η, x⃗). The effective stress tensor is a sum of

kinetic and potential terms:

τ effij (η, x⃗) = 2Kij(η, x⃗) + Uij(η, x⃗) . (7.14)

The kinetic part is

Kij(η, x⃗) =
1

2
a−5(η)

∫
d3q⃗

(2π)3
fl(η, x⃗, q⃗) [qi − a(η)vli(η, x⃗)] [qj − a(η)vlj(η, x⃗)]

=
1

2

[
a−5(η)

∫
d3q⃗

(2π)3
fl(η, x⃗, q⃗)qiqj − ρl(η, x⃗)vli(η, x⃗)vlj(η, x⃗)

]
,

(7.15)

where the second equality follows from Eqs. (7.11) and (7.13). The potential part reads

Uij(η, x⃗) =
1

4πGa2(η)

{
[∂iϕs∂jϕs]Λ −

1

2

[
∂kϕs∂

kϕs

]
Λ
δij

}
. (7.16)

The kinetic contribution in Eq. (7.15) is sourced by the velocity dispersion while the poten-

tial contribution in Eq. (7.16) derives from the short scale gravitational potential. Let us
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introduce some notation for the average of these quantities. The short-scale kinetic energy

per unit mass, κ(η), is defined as

ρ̄(η)κ(η) ≡ ⟨Ki
i(η, x⃗)⟩ . (7.17)

Similarly the short-scale gravitational binding energy per unit mass, u(η), is defined as

ρ̄(η)u(η) ≡ ⟨U i
i (η, x⃗)⟩ , (7.18)

in terms of ensemble averages of kinetic and potential contributions to the effective stress.

The traceless parts ofKij(η, x⃗) and Uij(η, x⃗) vanish upon averaging due to statistical isotropy.

Note from the second line in Eq. (7.15), as well as Eq. (7.17), that the kinetic energy from

the bulk flow is subtracted from the total kinetic energy in the definition of κ(η), with only

the contribution from velocity dispersion remaining, hence we refer to it as the short-scale

kinetic energy per unit mass. Similarly, from Eqs. (7.16) and (7.18) it follows that

ρ̄u = − 1

8πGa2
⟨∇⃗ϕs · ∇⃗ϕs⟩ =

1

2
⟨ϕsρs⟩ =⇒ u =

1

2
⟨ϕsδs⟩ , (7.19)

where we integrate by parts inside the ensemble average 7, using the Poisson Eq. (7.4), and

from now on we often omit time and scale dependencies to simplify the notation. This

shows that u(η) is indeed the short-scale gravitational binding energy. Before showing how

to compute this quantity we first introduce the Friedmann equation:

H2 =
8πG

3
ρcri =

8πG

3

ρ̄

Ωm(a)
, (7.20)

where Ωm(a) = ρ̄(a)/ρcri(a) is the fractional contribution of matter to the total (critical)

energy density. Evaluating Eq. (7.20) at the present time, and combining it with Eq. (7.4),

allows us to write the Poisson equation in the following form in Fourier space (∇⃗ → i⃗k)

k2ϕ = −3

2
Ωm,0H

2
0

δ

a
, (7.21)

7The ensemble average can always be thought of as a volume average, which involves integrating over
position. This justifies an integration by parts under the average sign. Also note that since these are
global averages, the integral over positions are defined over the entire volume and hence boundary terms
can be assumed negligible with appropriate boundary conditions at spatial infinity.
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where we used ρ̄ ∝ a−3, and quantities evaluated at the present time carry a subscript 0,

such as the Hubble expansion rate today H0 = 100h(km/s)/Mpc. We can now substitute

Eq. (7.21) into Eq. (7.19) to arrive at

u(a) = −3

4
Ωm,0H

2
0

1

a

∫
dk

2π2
P (a, k) [1−WΛ(k)]

2 , (7.22)

where

⟨δ(a, k⃗)δ(a, k⃗′)⟩ = (2π)3δ(3)(k⃗ + k⃗′)P (a, k) , (7.23)

defines the fully nonlinear matter power spectrum P (a, k), which Eq. (7.22) shows is all one

needs to compute the short-scale gravitational binding energy per unit mass. In Fig. 7.1 we

plot kP (k), which is integrated over log k in Eq. (7.22), for a few redshift values. Solid and

dashed lines correspond to the fully nonlinear and linear theory power spectra, respectively.

It is clear that at z = 0, kP (k) has a second peak at a small scale of k ∼ 2hMpc−1 in

the nonlinear case. This second peak is less pronounced at higher redshift and eventually

disappears as the linear and nonlinear power spectra start to converge toward one another.

For that reason, the integral in Eq. (7.22) picks up significant contributions from scales of

a few ∼ hMpc−1 at low redshift. This shows that the gravitational binding energy picks-up

large contributions from virialized halos.

In Fig. 7.2 we plot the short-scale gravitational binding energy as a function of the

smoothing scale R = Λ−1, for a few redshift values. The round data points were extracted

from averaging the two phase-reversed runs of the dark-matter-only MilleniumTNG simula-

tions [369]. The simulations contain 21603 dark matter particles in a Lbox = 500 Mpc h−1

box 8. Since we do not have access to many realizations of the simulation, we do not include

errors bars due to cosmic variance (which is a source of uncertainty on the largest scales,

but is mitigated by averaging over the two phase-reversed runs). Solid lines are the theory

8We compute the binding energies from the simulation snapshots using an Eulerian density mesh on
high-resolution 3D grid of 20483 voxels, constructed using the cubic spline assignment scheme. We Fourier
transform the density field, solve the Poisson equation for the modes of the potential, and inverse Fourier
transform the potential modes back to real space. Then we smooth both the original density field and the
Newtonian potential with Gaussian filters. By subtracting the smoothed fields from the original fields, we
can compute the mean binding energy by averaging over the grid, using Eq. (7.19).
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Figure 7.1: Plot of kP (k), which is integrated over log k in Eq. (7.22), as a function of the

comoving wavenumber k. Solid lines show the fully nonlinear matter power spectrum and

dashed lines correspond to the linear theory matter power spectrum. Note the presence of a

second peak at k ∼ 1hMpc−1, which causes the short-scale gravitational binding energy in

Eq. (7.22) to pick up sizable contributions from very small scales of a few ∼ hMpc−1, typical

of virialized halos.

predictions, from Eq. (7.22), using HMcode to compute the nonlinear power spectrum, and

also adding a hard infrared cutoff at the fundamental mode of the simulation kF = 2π/Lbox.

The dashed line is the theory prediction integrated over all wavenumber, and the dot-dashed

line uses Halofit [370] to compute the nonlinear power spectrum, and also adds a hard cutoff

at the fundamental mode. The theory and simulation results are in excellent agreement,

with Halofit perfoming slightly better than HMcode.

We will see next that the short-scale kinetic energy can be computed from u(a), which

is hence the basic ingredient needed in the calculation of the average effective stress tensor,

and also of the effective sound speed as we will see in Sec.7.5.
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Figure 7.2: Short-scale gravitational binding energy per unit mass as a function of the

smoothing scale R = Λ−1, for varying redshift. Round data points correspond to results

from the dark-matter-only runs of the MilleniumTNG simulations [369]. Solid, dashed and

dot-dashed lines correspond to different theory predictions from Eq. (7.22), differing on the

choice of code used to model the nonlinear power spectrum and whether or not a hard

cutoff is introduced at the fundamental mode of the simulation (as indicated in the legends).

There is excellent agreement between theory and simulation results, with Halofit performing

slightly better than HMcode.

7.3.2 Cosmic energy equation

In the previous section we established that the short-scale gravitational binding energy can

be straightforwardly calculated assuming knowledge of the fully nonlinear power spectrum.

On the other hand, one could apriori suspect that the short-scale kinetic energy is much

harder to extract and requires simulations. However, by using energy conservation arguments

we can expect to relate the kinetic and potential terms [371, 372]. This is achieved by the
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Layzer-Irvine cosmic energy equation [42, 343]:

d

dη
(κ+ u) +H(2κ+ u) = 0 , (7.24)

which generalizes the concept of energy conservation to an expanding space that breaks

time-translation symmetry, so that energy is not conserved in general. From Eq. (7.24) we

see that energy conservation applies only for virialized scales for which 2κ+ u = 0.

Let us also emphasize that both κ and u appearing in Eq. (7.24) are short-scale quantities

as defined in Eqs. (7.17) and (7.18), while the Layzer-Irvine equation is often phrased in terms

of the total kinetic and potential energies with contributions from all scales. We present a

derivation of Eq. (7.24) from the Boltzmann equation in Appendix 7.7, which holds true

because contributions from long-wavelengths separately satisfy the very same equation, and

can hence be subtracted.

We will be primarily interested in the integral form of Eq. (7.24) 9,

κ(η) = −a−2(η)

∫ η

0

dη′a(η′)
d

dη′
[a(η′)u(η′)] . (7.25)

This formula shows that a nonzero average velocity dispersion is effectively sourced by a

short-scale gravitational binding energy, and is hence a short-wavelength quantity (also see

Appendix A in [43]).

Integrating Eq. (7.25) by parts leads to

κ(a) = −u(a) + a−2

∫ a

0

da′a′u(a′) , (7.26)

where we now use the scale factor as our clock. This can be applied to compute the short-

scale kinetic energy per unit mass from Eq. (7.22), and hence also the root mean square

velocity dispersion σdis =
√
2κ.

At this point it is instructive to see how Eq. (7.26) simplifies in the case where we use the

linear theory power spectrum, P (a, k) = D2
L(a)PL(k), to evaluate the gravitational binding

9We drop integration constants since they can be made negligible by choosing the initial time to be
sufficiently early, and simply set ηi = 0. The resulting integral is dominated by its upper limit.



236

energy in Eq. (7.22). In this case, Eq. (7.22) becomes

u = −3

4
Ωm,0H

2
0

D2
L

a

∫
dk

2π2
PL(k) [1−WΛ(k)]

2 . (7.27)

Substituting Eq. (7.27) into Eq. (7.25) yields

κ =

∫
dk

2π2
PL(k) [1−WΛ(k)]

2 × 3

2
Ωm,0H

2
0a

−2

∫ η

0

dη′a(η′)DL(η
′)
dDL

dη′

=
1

2
a2H2f 2D2

L

∫
dk

2π2
PL(k) [1−WΛ(k)]

2 ,

(7.28)

where we introduced the linear growth rate f(a) = d logDL/d log a, and to arrive at the

second line in Eq. (7.28) we used the differential equation satisfied by the linear growth

factor
d2DL

dη2
=

3

2
Ωm,0H

2
0a(η)DL(η) , (7.29)

to do the remaining time integral in the first line of Eq. (7.28). The final formula Eq. (7.28)

corresponds to the linear theory velocity field integrated over short scales k > Λ, precisely

as one would expect.

To verify the validity of the cosmic energy equation in the nonlinear regime we extract the

root mean square velocity dispersion, smoothed on scales R = Λ−1, from averaging the two

phase-reserved runs of the dark-matter-only MilleniumTNG simulations (something similar

was previously done in [373] as well). In Fig. 7.3 we plot the short-scale kinetic energy as a

function of the smoothing scale R = Λ−1, for varying redshift. Simulation results are shown

as round data points 10. Solid lines correspond to the theoretical expectation based on the

Layzer-Irvine Eq. (7.26), computed using HMcode for the nonlinear power spectrum and

also adding a hard cutoff at the fundamental mode of the simulation kF = 2π/Lbox. The

10We computed the N-body velocity dispersion by taking the particle-wise root-mean-square (RMS) of
the simulation velocities. To subtract the long-range contribution, we first estimate the momentum field
by distributing the particle velocities to a high-resolution 3D grid of 20483 voxels using the cubic spline
assignment scheme. We also construct the density field the same way. We then divide the momentum
field by the density field to obtain the velocities on the grid. After applying a Gaussian filter of radius R,
we interpolate the smoothed velocities back to the N-body particles and subtract the smoothed velocities
from the original particle velocities. Note, the particle-wise average is automatically density weighted.
Finally, the short-scale kinetic energy follows from κ = σ2

dis/2.



237

dashed line is the theory prediction integrated over all wavenumber, and the dot-dashed line

uses Halofit to compute the nonlinear power spectrum, and also adds a hard cutoff at the

fundamental mode.

There is good agreement between theory and simulation results, confirming the validity of

the cosmic energy Eq. (7.26). Once again Halofit perfoms slightly better than HMcode, but

there are residual differences to the simulation results, which prefer slightly larger velocity

dispersion, and increase on the smaller scales at later times. We were unable to pinpoint

what is causing the discrepancies. Shot noise would increase the simulation measurements,

but this leads to the question of why velocities are more sensitive to the shot noise than

the densities, and we would expect it to be worse at early times. Another potential source

of systematics are empty cells, which are problematic since we need to divide by density to

get the velocities 11. It is important to emphasize that cosmic variance cannot explain any

discrepancies on the largest scales, since Fig. 7.2 shows excellent agreement even on such

scales, and the actual realization of the kinetic energy (i.e. the round data points) can be

reconstructed exactly from the actual realization of the gravitational energy.

7.4 The equation of state

In Sec. 7.3.1 we reviewed that short-wavelength fluctuations, which are not under pertur-

bative control, contribute to the dynamics of long-wavelength fluctuations via an effective

stress tensor. In this section we compute its ensemble average, which is fully specified by the

pressure due to statistical isotropy. After dividing by the background density this produces

the equation of state, ω(a), defined as follows

ω(a) ≡ 1

3ρ̄(a)
⟨δijτ effij (a, x⃗)⟩ =

1

3
[2κ(a) + u(a)] , (7.30)

11This is dealt with by averaging an empty cell with all of its nearest neighbors. This smooths out the
density and velocity fields only for these underdense cells. This could potentially slightly over-predict their
velocities, and the effect would be more significant at later times and at smaller scales since a stronger
clustering implies a larger abundance of empty cells.
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Figure 7.3: Short-scale kinetic energy per unit mass as a function of the smoothing scale

R = Λ−1, for varying redshift. Round data points correspond to results from the dark-

matter-only runs of the MilleniumTNG simulations [369]. Solid, dashed and dot-dashed lines

correspond to different theory predictions based on the Lyzer-Irvine Eq. (7.26), differing on

the choice of code used to model the nonlinear power spectrum and whether or not a hard

cutoff is introduced at the fundamental mode of the simulation (as indicated in the legends).

There is good agreement between theory and simulation results, with Halofit performing

slightly better than HMcode (see discussion on the main text for comments on the small

discrepancies). This confirms the validity of the cosmic energy equation.

where we combined Eqs. (7.14),(7.17) and (7.18). Note that with this definition the cosmic

energy Eq. (7.24) can be written in a more familiar form:

ρ̄′total + 3Hρ̄total(1 + ω) = 0 , (7.31)

where ρ̄total = ρ̄(1 + κ + u) is the total background energy density, including contributions

from the backreaction of short distance fluctuations, and we used ρ̄ ∝ a−3.

From Eq. (7.30) we also see that virialized scales, for which 2κ+ u = 0, exactly decouple
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and do not contribute to the averaged effective stress [344]. This is much stronger than

the statement that contributions from virialized structures are parametrically suppressed,

which perhaps would be more natural from an EFT point of view. Instead, the decoupling

of virialized scales should be thought of as a non-renormalization theorem [42].

With the ingredients developed in Sec. 7.3, particularly Eqs. (7.22) and (7.26), we can

now easily compute the equation of state. This is plotted in Fig. 7.4, as a function of the

cutoff scale Λ, in our fiducial ΛCDMDarkSky cosmology.

Note that the value of ω ≈ 2 × 10−7, at R = Λ−1 = 10h−1Mpc and z = 0, translates

to a velocity of
√
2ω ≈ 190km/s, which is about a factor of two smaller than the value of

σdis ≈ 450km/s observed in Fig. 7.3 at the same scale and redshift. This is due to (aside

from the small difference in cosmologies) a partial cancellation between kinetic and potential

contributions to the equation of state, which is exact for virialized scales.

z=0

z=1

z=2

0.2 0.4 0.6 0.8 1.0

5.×10-8

1.×10-7

1.5×10-7

2.×10-7

Figure 7.4: Equation of state as a function of the cutoff scale Λ in our fiducial cosmology.

Let us emphasize that our simple calculation for the equation of state makes no approxi-

mations, and only assumes accurate knowledge of the fully nonlinear matter power spectrum
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as a function of redshift 12. This is possible due to the fact that at this level all one needs to

compute is the averaged effective stress tensor, which reduces to its trace due to statistical

isotropy and its two contributions, i.e. kinetic and potential, are actually tied together by

the cosmic energy Eq. (7.24). The situation is more complicated for the effective sound

speed (the only 1-loop EFTofLSS free parameter), since in that case what matters is how

the averaged stress responds to the presence of a long-wavelength mode. However, we will

now see that it is still possible to meaningfully estimate the effective sound speed based on

separate universe techniques.

7.5 Effective sound speed

In Sec.7.3 we wrote down Eqs. (7.14)-(7.16) for the effective stress tensor, τ effij (a, x⃗), in

the EFTofLSS. In principle this fully specifies the effective sound speed in terms of short-

wavelength fluctuations, but in practice one traditionally follows a bottom-up approach that

consists in writing down an expansion including all operators made of long-wavelength fluctu-

ations that are consistent with the symmetries [374–376], and with arbitrary time-dependent

coefficients. This reads 13

τ effij
ρ̄

= ωδij +

(
c2sδl −

c2bv
aH
∇⃗ · v⃗l

)
δij−

3

4

c2sv
aH

(
∂jvli + ∂ivlj −

2

3
δij∇⃗ · v⃗l

)
+∆τij + . . . , (7.32)

where ω is the equation of state calculated in Sec.7.4, c2s(a) is the speed of sound, c2bv(a) and

c2sv(a) are the coefficients of bulk and shear viscosity respectively, ∆τij represents stochastic

terms and there are additional contributions of higher order in long-wavelength fields and

derivatives thereof.

The relevant quantity, which appears in the Euler Eq. (7.12) (the divergence of that

12To compute the equation of state at z = 0 one only needs to know the matter power spectrum out to
z ≲ 2. This is because the time integral in Eq. (7.26) is dominated by its contributions from z ≪ 1.

13This expansion is local in time, which is sufficient at 1-loop order. See [377] for the more general
case of time non-locality, and references therein for recent discussions on the role of time non-locality in
cosmological perturbation theory [378].
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equation to more precise), is

∂i
(
1

ρl
∂jτ effij

)
=

1

ρ̄
∂i∂jτ effij + · · · = c2s∇2δl −

c2bv + c2sv
aH

∇2(∇⃗ · v⃗l) = c2eff∇2δl , (7.33)

where

c2eff(a) = c2s(a) + f(a)
[
c2bv(a) + c2sv(a)

]
, (7.34)

is the effective sound speed. In the second equality in Eq. (7.33) we dropped higher order and

stochastic terms, and used Eq. (7.32), and finally the third equality holds at one-loop level

in perturbation theory since in that case we can apply the linear theory relation ∇⃗ · v⃗l/aH =

−fδl, with f(a) = d logDL/d log a the linear growth rate.

The effective sound speed is then to be determined by matching the EFT perturbative

power spectrum to the fully nonlinear power spectrum from simulations or observations.

However, we will now show that the effective sound speed can be estimated directly from

Eqs. (7.14)-(7.16) using tools developed to compute the equation of state in Sec.7.4, and in

combination with separate universe methods. Let us also mention that the sound speed has

been computed exactly from Eqs. (7.14)-(7.16) via cross correlations using N-body simula-

tions through a much more complicated procedure (see Section 2.4 in [43]).

Now it no longer suffices to consider the average effective stress tensor since the quantity

of interest, the left-hand side of Eq. (7.33), is proportional to derivatives of that tensor

(i.e., these are tidal effects). To proceed, we exploit the separation of scales between long-

wavelength and short-wavelength fluctuations to consider a local average of the effective

stress tensor in the presence of a long-wavelength fluctuation δl(a, x⃗), ⟨τ effij ⟩δl(a,x⃗). This can

be estimated using standard separate universe techniques that take the limit of an infinitely

long-wavelength homogeneous fluctuation δl(a), which can be absorbed in the background

expansion [379, 380]. This implicitly makes the assumption of a large separation of scales,

with ks > Λ ≫ kl. This is equivalent to dropping higher derivative corrections, which are

not the subject of our investigation in any case.

The averaged stress tensor will only have a trace component in the separate universe due

to statistical isotropy (i.e. δl is spherically symmetric). We will have more to say about this
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at the end of this section, but for now we simply consider the trace’s contribution to the

effective stress

⟨τ effij ⟩SU =
1

3
δij⟨τ eff⟩SU . (7.35)

where we introduce the notation τ eff ≡ (τ eff)kk, and quantities evaluated on the separate

universe will carry a SU subscript, such as ⟨τ eff⟩SU . The first step to compute this is to

expand in the long-wavelength fluctuation

⟨τ eff⟩SU = ⟨τ eff⟩+ ∂⟨τ eff⟩SU
∂δl

∣∣∣
δl=0

δl +O(δ2l ) , (7.36)

It will prove useful to define the equation of state in the presence of a homogeneous fluctu-

ation, generalizing Eq. (7.30). That is,

ωSU =
⟨τ eff⟩SU
3ρ̄SU

. (7.37)

The background evolution in the separate universe differs from the original cosmology.

We review some results that will be needed shortly, and refer the reader to [379, 381] for

additional details. The matter density in the separate universe is given by ρ̄SU = ρ̄(1 + δl).

From ρ̄SU ∝ a−3
SU with aSU the scale factor in the separate universe, and the Friedmann

Eq. (7.20) evaluated at the present time, it follows that

Ωm,0H
2
0

a3
(1 + δl) =

ΩSU
m,0(H

SU
0 )2

a3SU
. (7.38)

If at sufficiently early times we switch off the homogeneous fluctuation, δl → 0, while also

demanding that aSU → a in the same limit, it then follows that Ωm,0H
2
0 = ΩSU

m,0(H
SU
0 )2. This

implies

aSU = a(1 + δl)
− 1

3 =⇒ daSU
dδl

∣∣∣
δl=0

= −1

3
a . (7.39)

These are all the results we need, and we are ready to substitute Eq. (7.37) into Eq. (7.36)

to obtain

⟨τ eff⟩SU = 3ρ̄

[
ω +

(
ω +

dωSU

dδl

∣∣∣
δl=0

)
δl +O(δ2l )

]
, (7.40)
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where ω is the equation of state in the original cosmology, and we used the relation ρ̄SU =

ρ̄(1 + δl). Combining Eqs. (7.33), (7.35) and (7.40) finally yields

c2eff = ω +
dωSU

dδl

∣∣∣
δl=0

. (7.41)

We can now use the results of Sec.7.4 for the equation of state to estimate the effective sound

speed. From Eq. (7.30),

dωSU

dδl

∣∣∣
δl=0

=
1

3

(
2
dκSU
dδl

∣∣∣
δl=0

+
duSU
dδl

∣∣∣
δl=0

)
. (7.42)

Taking a derivative of Eqs. (7.22) and (7.26) with respect to δl gives
14,

duSU
dδl

∣∣∣
δl=0

= −3

4
Ωm,0H

2
0

1

a

∫
dk

2π2
P (a, k)

[
1

3
+R(a, k)

]
[1−WΛ(k)]

2 , (7.43)

and
dκSU
dδl

∣∣∣
δl=0

= −1

3
u− duSU

dδl

∣∣∣
δl=0

+ a−2

∫ a

0

da′a′
[
duSU
dδl

∣∣∣
δl=0

+
2

3
u(a′)

]
, (7.44)

respectively, where

R(a, k) =
d logPSU(a, k)

dδl

∣∣∣
δl=0

, (7.45)

is the response function. This quantity is directly related to the angle-averaged squeezed

limit bispectrum [382–384], and was extracted from separate universe simulations in [380,

381, 385]. Here we use the semi-analytic halo model (HM) [39] to calculate the response, with

explicit formulas provided in Appendix 7.9. Despite the limitations of the halo model, its

predictions for the response function are in excellent agreement with the simulation results

(see Fig.4 in [385] for a comparison at redshifts z = 0 and z = 2).

We now have all the ingredients needed to compute the estimated effective sound speed

from separate universe techniques using Eq. (7.41), and we do so for two distinct cosmologies,

matching the different choices made in a couple of previous independent measurements of

the effective sound speed from N-body simulations. The first cosmology, here denoted by

14The combination Ωm,0H
2
0 is independent of the long mode as we showed above, but the scale factor is

not, and we need to use Eq. (7.39) when taking derivatives with respect to the long mode.
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ΛCDMConsuelo, is defined by: Ωm = 0.25, ΩΛ = 0.75, h = 0.7, σ8 = 0.8 and ns = 1, matching

the choice made in [43] which uses the Consuelo simulations [386]. The second one is our

fiducial cosmology, ΛCDMDarkSky: Ωm = 0.295, ΩΛ = 0.705, h = 0.688, σ8 = 0.835 and

ns = 0.9676, matching the choice made in [360] which uses the Dark Sky simulations [368].

In Fig. 7.5 we plot the effective sound speed as a function of the cutoff scale Λ, at redshift

z = 0. Solid lines show the separate universe estimate and dashed lines are obtained from

matching to simulations in the renormalized limit of Λ→∞, with a cutoff dependence fixed

by the Renormalization Group (RG) flow (see Appendix 7.8 for details). The left and right

panels compare our estimate to the simulation results of [43] and [360] respectively, 15 with

details on these comparisons regarding different conventions in the literature explained in

Appendix 7.8.

It is important to note that [43] was one of the very first efforts to measure the effective

sound speed, using low resolution simulations and matching at a high renormalized scale of

kren = 0.16hMpc−1. On the other hand, the follow-up work of [360] used higher resolution

simulations and aimed for precision, managing to match at much lower scales of kren ≲

0.05hMpc−1. One of the conclusions reached in [361] was precisely that the effective sound

speed can be overestimated by as much as a factor of two when matching at a high scale of

kren ≈ 0.2hMpc−1. This is apparent in the left plot of Fig. 7.5, where the estimated effective

sound speed is about a factor of two lower than the low resolution simulation result, which is

likely overestimated by the aforementioned reasons. On the other hand, as shown in the right

panel in Fig. 7.5, there is a much better agreement between estimated and higher resolution

simulation effective sound speeds.

When interpreting Fig. 7.5 it is important to keep in mind, as we will expand upon at

the end of this section, that our framework is limited in that it does not account for the

traceless part of the effective stress tensor. We expect its contribution to be comparable in

15Many other works have measured the sound speed counterterm in different scenarios, including a scaling
universe [362], simplified initial conditions in Einstein-de Sitter [363], Lagrangian perturbation theory [364],
in 1+1 dimensions [365] and with an IR resummed theoretical template [49, 356]. Also see [366, 367] and
some works on the EFT at the field level, e.g. [332, 387–390].
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Figure 7.5: Effective sound speed as a function of the cutoff scale Λ, at redshift z = 0.

Solid lines correspond to the estimate from separate universe techniques, and dashed lines

are obtained from matching to simulations with a cutoff dependence fixed by the RG flow.

Lower plots show the relative difference between estimated and simulation results. Left and

right panels compare our estimate to the simulation results of [43] and [360]. There is better

agreement (with differences at the few tens of percent level) between the estimated sound

speed and the higher resolution simulation result of [360] (right panel), when compared

to the lower resolution simulation result of [43] (left panel). Additional comments on the

discrepancy between estimated and lower resolution simulation results, as seen on the left

panel, can be found in the main text.

size to the one from the trace, and hence the estimates provided to be correct up to a factor

of two. In particular, we do not expect the contribution from the trace to separately track
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the RG flow.

In Fig. 7.6 we plot the estimated and simulation effective sound speeds as a function of the

scale factor in our fiducial cosmology, for two different values of the cutoff, Λ = (1/6)hMpc−1

and Λ = (1/3)hMpc−1. Let us mention that the interpretation of simulation results (here

from [360]) require an assumption about the time dependence of the renormalized effective

sound speed counterterm, which we take to be that expected from a scaling universe [338]

(and has been found to be consistent with the time dependence from N-body simulations

[283, 367]). We elaborate on this in Appendix 7.8. Fig. 7.6 shows that the time dependence

of the estimated sound speed is approximately consistent with the assumption of a scaling

universe.

Let us stop for a moment to address a potential source of confusion related to the com-

parison of our semi-analytic estimate to simulation results. A naive direct application of our

formalism in the limit Λ→∞ produces a vanishing effective sound speed, since in that limit

there are no short modes contributing to the counterterm, while one does find a nonzero

value for the renormalized counterterm from simulations in the same limit. The reason for

this is that in our approach it does not make sense to directly push the cutoff far beyond

the scale of nonlinearities, since then one would lose the perturbative control over the long-

wavelength modes. On the other hand, theoretical control over all scales can be achieved

with simulations, so a similar issue does not arise in this case 16.

More concretely, in the EFTofLSS the sound speed counterterm accomplishes two things

at the same time. It accounts for the backreactions of short-distance fluctuations into the

long modes, but it also absorbs the UV dependence of perturbation theory loop integrals. By

working with a finite cutoff, which is below the scale of nonlinearities, one can ensure that

the latter contributions to the counterterm are effectively vanishing since only perturbative

modes are running in the loops. Then we only need to account for the former, physical

16In reality simulations have a finite resolution and make approximations such as force softening, so
theoretical control can only be achieved up to some cutoff scale Λsim. This is of no practical importance
as long as the observables of interest are well converged with respect to this cutoff.
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Figure 7.6: Effective sound speed as a function of the scale factor in our fiducial cosmology.

Solid lines show the separate universe estimate while dashed lines correspond to the simula-

tion results of [360] when augmented with the RG flow plus a scaling universe ansatz for the

time dependence of the renormalized counterterm (see Appendix 7.8 for more details). Black

and orange lines show results for Λ = (1/6)hMpc−1 and Λ = (1/3)hMpc−1, respectively. The

time dependence of the estimated sound speed is approximately consistent with the assump-

tion of a scaling universe, which was verified to accurately capture the time-dependence from

full simulations.
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contribution due to the coupling of short and long wavelength modes which is exactly the

quantity we aim to estimate in this work. Afterwards, the unphysical contribution from the

spurious UV behavior of loop integrals can be encapsulated by RG flowing towards Λ =∞.

Note that due to the arguments made in the previous paragraph, in Fig. 7.5 we choose

to compare the estimated and simulation sound speeds at a finite cutoff. An alternative

approach would be to RG flow the estimated sound speed towards Λ = ∞, to compare

with the renormalized counterterms directly extracted from simulations. However, since the

estimates do not exactly follow the RG flow as shown in Fig. 7.5, this procedure would

result in an estimated renormalized sound speed that depends on a spurious reference scale

Λini (the inital scale one is running from, towards Λ → ∞). For example, in the Dark Sky

cosmology at z = 0, the choices of Λini,1 = 0.3hMpc−1 and Λini,2 = 0.5hMpc−1 produce

c2eff,1(Λ = ∞) ≈ 1.4 × 10−7 and c2eff,2(Λ = ∞) ≈ 2 × 10−7. We avoid this ambiguity by RG

flowing the simulation results to finite Λ to compare with our estimates.

We find it remarkable that a semi-analytic calculation can reproduce the effective sound

speed extracted from simulations so well. Let us emphasize that the short scale gravitational

binding energy in the separate universe is the basic ingredient that goes into estimating the

effective sound speed, or exactly computing the equation of state, and hence these calcula-

tions facilitate the interpretability of the EFT counterterm. For example, let us introduce

the quantity dc2eff/d log k according to

c2eff =

∫
k>Λ

d log k
dc2eff
d log k

, (7.46)

which carries information about what scales contribute the most to the effective sound speed,

and can be easily extracted by differentiating the latter with respect to the cutoff. This is

plotted in Fig. 7.7. The features in the plot directly trace the shape of the power spectrum

times the response function, i.e. the derivative of the power spectrum with respect to a long

mode evaluated at δl = 0. The curves for dc2eff/d log k show a peak at typical scales of sheets

and filaments, k ∼ (0.5 − 1)hMpc−1. This suggests that these are the cosmic structures

which contribute the most to the effective sound speed. While we expect the contributions
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from the traceless part of the stress tensor to make quantitative changes to the shape of the

curves in Fig. 7.7 (for example, it may somewhat shift the peak locations), we expect the

overall qualitative features to remain the same.

z=0

z=1

z=2

0.1 0.5 1 5 10

0

5.×10-8

1.×10-7

1.5×10-7

2.×10-7

2.5×10-7

3.×10-7

Figure 7.7: Derivative of the effective sound speed with respect to wavenumber, as defined

in Eq. (7.46). The features in the plot directly trace the shape of the derivative of the power

spectrum with respect to a long mode evaluated at δl = 0, and show that scales as small as

a few ∼ hMpc−1 have a sizable contribution to the effective sound speed. Additionally, the

peaks at k ∼ (0.5 − 1)hMpc−1 suggest that cosmic sheets and filaments are the structures

which contribute the most to the effective sound speed.

Additionally, the EFT counterterm carries information about the short scale gravitational

dynamics, and is hence sensitive to the cosmology. This can be easily investigated within

our semi-analytic framework. In Fig. 7.8 we show the response of the effective sound speed

to varying σ8, which corresponds roughly to a scaling of c2eff ∼ σ2.2−2.5
8 . Fig. 7.9 shows the

response of the effective sound speed to varying Ωm,0, corresponding roughly to a scaling of

c2eff ∼ Ω1.1−1.2
m,0 .
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σ8=0.7515 (-10%)
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Figure 7.8: Effective sound speed as a function of the cutoff scale for varying σ8. Here z = 0

and we consider 10% variations on σ8 away from its value in our fiducial cosmology. This

corresponds to an approximate scaling of c2eff ∼ σ2.2−2.5
8 .

A strong dependence on σ8 was previously pointed out in [367] based on simulations,

where they report a cctr ∼ σ3.5
8 scaling for the counterterm (see footnote 13 in that reference).

However, their comparison is not done while holding the other cosmological parameters fixed

(for example, the cosmology with higher σ8 also has a value of Ωm,0 which is ∼ 5% larger).

Additionally, they extract the counterterm in the renormalized limit (Λ → ∞) while we

compute the sound speed at a finite cutoff, so a direct comparison is not appropriate.

We finish this section with a discussion on the main limitations of the separate universe

approach pursued here. It cannot account for higher derivative corrections due to the un-

derlying assumption of a large separation of scales, i.e., ks > Λ≫ kl. It does not account for

stochastic terms either since it is only upon averaging that we can connect the kinetic and

potential terms of the effective stress tensor, via the cosmic energy equation. These are not

relevant limitations if one is only interested in the effective sound speed.
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Ωm,0=0.3245 (+10%)

Ωm,0=0.295

Ωm,0=0.2655 (-10%)
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Figure 7.9: Effective sound speed as a function of the cutoff scale for varying Ωm,0. Here

z = 0 and we consider 10% variations on Ωm,0 away from its value in our fiducial cosmology.

This corresponds to an approximate scaling of c2eff ∼ Ω1.1−1.2
m,0 .

Most importantly, our approach misses contributions from the traceless part of the ef-

fective stress tensor, see Eq. (7.35). The local averaged traceless stress is nonzero precisely

because at each point in space the preferred vector ∇⃗δl locally breaks isotropy. In fact, pre-

vious measurements from simulations [43] and analytic estimates from perturbation theory

considerations (see Appendix D in [42]) indicate the contribution from the traceless part of

the effective stress tensor and from its trace to be of the same order of magnitude. We can

then expect errors that may be as large as order unity, which is reflected in Figs. 7.5 and

7.6. This issue can potentially be addressed with anisotropic separate universe simulations,

which account for the presence of a large-scale tidal field [391–394], and may allow for an

exact calculation of the effective sound speed using separate universe techniques (as first

suggested in [395]).
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7.6 Conclusion

Effective field theory methods for large-scale structure have proven themselves to be ex-

tremely powerful in pushing the regime of applicability of cosmological perturbation theory

to smaller scales, and are now a central piece of the theory modeling involved in the analysis

of real data. Even in its simplest form 17, the EFTofLSS comes at the cost of adding a

new nuisance parameter to the theory, the effective sound speed, which can be extracted

from cosmological simulations by matching EFT predictions to the fully nonlinear power

spectrum.

While very effective, this procedure does not provide a clear physical interpretation for the

counterterm in that it does not shed light on the microphysics that is ultimately responsible

for the effective sound speed. This is to be contrasted, for example, with Chiral perturbation

theory in QCD [337] which has the pion decay constant as a free parameter (a quantity that

has a physical interpretation). In this work we fill that gap by providing a semi-analytic

estimate of the effective sound speed from a simplified model of the short scale fluctuations

based on separate universe techniques. Our method reproduces the results from simulations

with errors at the few tens of percent level at redshifts z ≲ 2, and across a range of cutoffs

0.1hMpc−1 ≤ Λ ≤ 1hMpc−1. This is summarized in Figs. 7.5 and 7.6.

In Sec.7.3 we review the EFT approach to large scale structure and emphasize the power

of the Layzer-Irvine Eq. (7.24), which enables a calculation of the average velocity dispersion,

smoothed on a given scale, assuming knowledge of the fully nonlinear power spectrum, see

Fig. 7.3. We build upon this to first compute the equation of state in Sec.7.4, as summarized

in Fig. 7.4. Finally, in Sec.7.5 we use the separate universe approach to semi-analytically

estimate the effective sound speed. The basic ingredient needed in that calculation is the

short-scale gravitational binding energy in a separate universe, which provides a physical

interpretation for the counterterm. The effective sound speed carries information about

17In the context of modeling the power spectrum of the matter field, in real space, at 1-loop in perturbation
theory. This set-up is assumed in the discussion that follows.
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the nonlinear gravitational dynamics of short-scale fluctuations, revealed for example by its

dependence on cosmological parameters, see Figs. 7.8 and 7.9. This is underscored in our

approach which is ultimately based on integrals of the fully nonlinear power spectrum with

contributions from very small scales, as illustrated in Fig. 7.1 and 7.7.

In a broader note, methods that shed light on and/or constrain nuisance parameters in

our EFT based perturbartive models of large scale structure can be helpful in providing well

informed theoretical priors for such parameters. This improves the extraction of cosmological

parameters [396–398], and helps to alleviate prior volume effects in Bayesian analyses [53,

346–352].

We have some ideas for future directions of investigation. It would be interesting to

further elucidate the physical interpretation of the equation of state and effective sound speed.

A field level analysis could help to provide a visual picture of what type of nonlinear structures

contribute the most to these two quantities, such as sheets or filaments 18, and directly reveal

the decoupling of fully virialized structures in an instructive way. Additionally, it would be

worthwhile to test the limits of our approach in a thorough comparison against different

methods to extract the sound speed from simulations in different cosmologies, potentially

even beyond ΛCDM. Such investigations hold the potential to reveal interesting aspects of

the short scale gravitational dynamics underlying the EFTofLSS.

7.7 Appendix: A derivation of the Layzer-Irvine equation

Our goal is to derive the Layzer-Irvine Eq. (7.24) directly from the Boltzmann Eq. (7.8),

which we repeat here for convenience

∂fl
∂η

+ q⃗ · ∂fl
∂x⃗

= a2(η)
∂ϕl

∂x⃗
· ∂fl
∂q⃗

+ a2(η)

[
∂ϕs

∂x⃗
· ∂fs
∂q⃗

]
Λ

+O
( k2
Λ2

)
. (7.47)

We first introduce the background long-wavelength distribution function, defined by f̄l(η, q) =

⟨fl(η, x⃗, q⃗)⟩, and its fluctuations δfl = fl − f̄l. Now take the ensemble average of Eq. (7.47)

18This type of analysis may however be hindered by the fact that differentiating these kinds of structures
is still an open area of research (see, e.g., [399–405] for a few recent papers on the subject).
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to obtain
∂f̄l
∂η

= a2
〈
∂ϕl

∂x⃗
· ∂δfl
∂q⃗

〉
+ a2

〈
∂ϕs

∂x⃗
· ∂fs
∂q⃗

〉
+ . . . , (7.48)

where we omit cutoff and time dependences for simplicity of notation, and the ellipsis denote

higher derivative corrections. Each term on the right-hand side of Eq. (7.48) act as a source

term, whose contribution to f̄l can be found by integrating it over superconformal time. This

leads to a solution of the form

f̄l(η, q) = f̄l,pt(η, q) + f̄l,ctr(η, q) + . . . , (7.49)

where f̄l,pt(η, q) and f̄l,ctr(η, q) are sourced by the long and short wavelength fluctuations

respectively, as given by the first and second terms on the right-hand side of Eq. (7.48). The

mixed long-short terms, i.e. higher derivative corrections, vanish in the renormalized limit of

Λ→∞ but are otherwise necessary to accurately model observables of interest [42, 43]. We

neglect higher derivative corrections, but note that averages of such terms are always small

due to the separation of scales implied by the EFT 19.

The first equation we need to solve is then,

∂f̄l,pt
∂η

= a2
〈
∂ϕl

∂x⃗
· ∂δfl
∂q⃗

〉
. (7.50)

Since this only involves long-wavelength fluctuations, Eq. (7.50) can be solved perturbatively

when coupled to the Boltzmann equation for the distribution function fluctuations as well.

A subset of us pursue this in detail elsewhere [82], and we find that Standard Perturbation

Theory (SPT) can be formulated directly at the distribution function level in phase-space,

circumventing the need to truncate the Boltzmann hierarchy. Here we only need the following

result

a−5

∫
d3q⃗

(2π)3
q2f̄l,pt = ⟨ρlv2l ⟩ , (7.51)

which can be understood as follows: SPT does not account for velocity dispersion, hence

Eq. (7.51) must hold to ensure that the ensemble average of Eq. (7.15) vanishes when there

are no contributions from short-wavelength fluctuations.

19For example, ⟨ϕlϕs⟩ is given by an integral over wavenumber which contains a factor ofWΛ(k)[1−WΛ(k)]
in the integrand. This is zero when both k ≪ Λ and k ≫ Λ.
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Moving on to the counterterm contribution to the long-wavelength background distribu-

tion function, we need to solve the following equation,

∂f̄l,ctr
∂η

= a2
〈
∂ϕs

∂x⃗
· ∂fs
∂q⃗

〉
. (7.52)

Now multiply Eq. (7.52) by q2, followed by integrating over momentum q⃗. The left-hand

side of Eq. (7.52) becomes∫
d3q⃗

(2π)3
q2
∂f̄l,ctr
∂η

=
d

dη

∫
d3q⃗

(2π)3
q2f̄l,ctr = 2

d

dη

(
a5ρ̄κ

)
, (7.53)

where the third equality follows from taking the ensemble average of Eq. (7.15), using

Eqs. (7.17), (7.49) and (7.51). The right-hand side of Eq. (7.52) leads to∫
d3q⃗

(2π)3
q2a2

〈
∂ϕs

∂x⃗
· ∂fs
∂q⃗

〉
= a2

〈
∂ϕs

∂x⃗
·
∫

d3q⃗

(2π)3
q2
∂fs
∂q⃗

〉
= −2a6

〈
∂ϕs

∂x⃗
· Π⃗s

〉
, (7.54)

where after integrating by parts we used the short-wavelength analogue of Eq. (7.11). One

can now use the short-wavelength analogs of Eqs. (7.4) and (7.10) 20 to derive the following

result, through a series of integration by parts under the average sign (see 7)

−2a6
〈
∂ϕs

∂x⃗
· Π⃗s

〉
= −2a d

dη

(
a4ρ̄ω

)
, (7.55)

where the short scale gravitational binding energy, v(η), is defined in Eq. (7.19). It is now

straightforward to show that combining Eqs. (7.53) and (7.55) leads to the desired result:

d

dη
(κ+ v) +H(2κ+ v) = 0 , (7.56)

using ρ̄ ∝ a−3 and H = d log a/dη.

7.8 Appendix: The renormalization group flow

In Figs. 7.5 and 7.6 we compare the semi-analytic estimate for the effective sound speed,

based on separate universe methods, to the results obtained from matching the EFT to full

20All equations which are linear in the distribution function are satisfied separately for both long and
short wavelength parts.



256

N-body simulations. In the latter case we read off the renormalized effective sound speed,

corresponding to the Λ→∞ limit, directly from the literature [43, 360, 361] and the cutoff

dependence is fixed by the RG flow which we now review.

Our first step will be to use the fluid equations in the EFTofLSS to make the connection

between the effective sound speed and the EFT counterterm 21. In terms of ρl = ρ̄(1 + δl),

and Π⃗l = ρlv⃗l = ρ̄(1 + δl)v⃗l, the continuity Eq. (7.10) reads

δ′l + aθl = −a∇⃗ · (δlv⃗l) , (7.57)

where we used the relation ρ̄ ∝ a−3, and defined θl = ∇⃗ · v⃗l. Time, scale and cutoff

dependencies are implicit for simplicity of notation. Next we want to take the divergence of

the Euler Eq. (7.12), which yields

θ′l +Hθl +
3

2
Ωm,0H

2
0δl = −a∂i

(
vl,j∂

jvl,i
)
− a∂i

(
1

ρl
∂jτ effij

)
, (7.58)

where we used the Poisson Eq. (7.21). Here we will focus on the contribution to the density

contrast coming from the effective stress. Let us first repeat here Eq. (7.33) defining the

effective sound speed:

∂i
(
1

ρl
∂jτ effij

)
= c2eff∇2δl . (7.59)

The coefficient c2eff(a) is generated by short-wavelength quadratic nonlinearities and hence

should be thought of as a second order quantity in perturbation theory to leading order. At

one-loop precision we can then substitute δl → δ
(1)
l in Eq. (7.59). Keeping that in mind, and

dropping all other nonlinear source terms in Eqs. (7.57) and (7.58), we arrive at the following

system of equations

d

dη
δl,ctr + aθl,ctr = 0

d

dη
θl,ctr +Hθl,ctr +

3

2
Ωm,0H

2
0δl,ctr = ac2effk

2δ
(1)
l .

(7.60)

21It is often the case in the literature that the EFT counterterm directly defines the effective sound speed.
We are following the conventions of [43] where these two quantities are interconnected, but are not the
same. This will be made more clear in what follows.
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We can now eliminate the divergence of the velocity field to arrive at

d2

dη2
δl,ctr −

3

2
Ωm,0H

2
0a(η)δl,ctr = 2a2(η)DL(η)c

2
eff(η)hctr(k⃗) , (7.61)

where δ
(1)
l (η, k⃗) = DL(η)WΛ(k)δL(k⃗), and we define

hctr(k⃗) = −
1

2
k2WΛ(k)δL(k⃗) . (7.62)

In [82] we show that Eq. (7.61) admits an analytic solution of the form δl,ctr(a, k⃗) =

cctr(a)hctr(k⃗), where:

cctr(a; Λ) = 2H(a)

∫ a

0

da′

(a′)3H3(a′)

∫ a′

0

da′′
DL(a

′′)

a′′
c2eff(a

′; Λ) . (7.63)

Here we switch from superconformal time to the scale factor and restore the cutoff depen-

dence. The counterterm contribution to the one-loop power spectrum is then

P1-loop(a, k; Λ) = P1-loop,SPT(a, k; Λ)−DL(a)cctr(a; Λ)k
2W 2

Λ(k)PL(k) . (7.64)

The 1-loop power spectrum in SPT has the following structure

P1-loop,SPT(a, k; Λ) = D2
L(a)W

2
Λ(k)PL(k) + P22(a, k; Λ) + P13(a, k; Λ) , (7.65)

where

P13(a, k → 0; Λ) ≈ − 61

315
D4

L(a)k
2W 2

Λ(k)PL(k)

∫ ∞

0

dq

2π2
W 2

Λ(q)PL(q) , (7.66)

in the EdS approximation to perturbation theory kernels [41]. The soft limit of P22(a, k; Λ)

is subdominant, with a wavenumber scaling ∼ O(k4) as k → 0.

Self-consistency of the EFT requires that the soft limit of the total 1-loop power spectrum

in Eq. (7.64) has to be cutoff independent, up to an overall multiplicative factor of W 2
Λ(k).

This ensures that UV contributions to perturbation theory loop integrals can be absorbed

by the EFT counterterm, and implies 22

c
(3)
ctr(a; Λ) = c

(3)
ctr(a; Λ =∞) +

61

315
D3

L(a)

∫ ∞

0

dq

2π2
PL(q)

[
1−W 2

Λ(q)
]
. (7.67)

22The subdominant UV contributions from P22(a, k; Λ) are absorbed by stochastic terms.
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This is the Renormalization Group (RG) flow, which entirely fixes the counterterm as a

function of the cutoff as soon as the renormalized coefficient, c
(3)
ctr(a; Λ =∞), is specified (see

[406–408] for recent papers on the RG flow in the context of biased tracers).

For us this is not the end of the story, as we are interested in working at the level of the

effective sound speed, which is related to the counterterm via Eq. (7.63). This equation can

be inverted:

c2eff(a
′; Λ) =

a

DL(a)

d

da

{
a3H3(a)

d

da

[
cctr(a; Λ)

2H(a)

]}
=
a4H2

2DL

{
d2cctr
da2

+
1

a

(
3 +

d logH

d log a

)
dcctr
da
− 1

a2

[
3
d logH

d log a
+

(
d logH

d log a

)2

+
a2

H

d2H

da2

]
cctr

}
,

(7.68)

where in the second line we omit time and cutoff dependencies. The substitution of Eq. (7.67)

into Eq. (7.68) yields

c2eff(Λ) = c2eff(Λ =∞) +
61

630
a2D2

LH
2

{
3f

(
3f − 1 +

d log f

d log a

)
+ 3f

(
3 +

d logH

d log a

)

−

[
3
d logH

d log a
+

(
d logH

d log a

)2

+
a2

H

d2H

da2

]}∫ ∞

0

dq

2π2
PL(q)

[
1−W 2

Λ(k)
]
.

(7.69)

This is the RG flow for the effective sound speed, where f(a) = d logDL/d log a is the linear

growth rate. Note that Eq. (7.69) was derived while remaining completely agnostic about

the time dependence of the renormalized effective sound speed. This improves upon the

considerations made in [43] (while remaining consistent with it), which assume a perturbative

time dependence for this quantity in order to derive its RG flow.

In the main text we directly compare our semi-analytic estimate for the effective sound

speed, based on separate universe methods, with two previous measurements of the same

quantity based on matching the EFT to full N-body simulations. In [43] the authors directly

quote the value for the renormalized effective sound speed c2eff(Λ =∞) ≈ 0.6×10−6 at z = 0,

so that Eq. (7.69) can be applied as is to compute the effective sound speed as a function of

the cutoff scale.
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On the other hand, in [360] the authors only extract numerical values for the renormal-

ized counterterm cctr(Λ = ∞). It is important to keep in mind that they assume different

conventions than the ones adopted here. In [360], Eq. (7.64) should be replaced by

P1-loop(a, k; Λ) = P1-loop,SPT(a, k; Λ)− 2(2π)c2s(a; Λ)D
2
L(a)

k2

k2NL

W 2
Λ(k)PL(k) , (7.70)

with for instance c2s(Λ → ∞) ≈ 0.53 (kNL/(2hMpc−1))2 at z = 0 extracted from N-body

simulations. A direct comparison of Eq. (7.70) with Eq. (7.64) allows us to obtain numerical

values for cctr(Λ =∞). Note that [360] denote by the sound speed what we have defined as

the EFT counterterm, up to overall multiplicative factors. We then need to apply Eq. (7.63)

to obtain numerical values for c2eff(Λ = ∞), and this entails making assumptions about the

time dependence of the renormalized effective sound speed.

We assume the time dependence expected of a scaling universe [338], P (k) ∝ kn, with

n = −1.5 following [356]. This is a good approximation in our fiducial cosmology for the

range of scales relevant for the EFT [366, 409]. This leads to

cctr(a,Λ =∞) = cctr(a = 1,Λ =∞) [DL(a)]
α , (7.71)

with α = 4/(n + 3). We checked explicitly that Eq. (7.71) is in good agreement with the

results of Table 2 in [360] from matching the EFT to N-body simulations at redshifts z = 0,

z = 1 and z = 2. The substitution of Eq. (7.71) into Eq. (7.68) yields

c2eff(a,Λ =∞) = cctr(a = 1,Λ =∞)
a4H2

2DL

Dα
L

a2
×

×

{
αf

(
αf − 1 +

d log f

d log a

)
+ αf

(
3 +

d logH

d log a

)
−

[
3
d logH

d log a
+

(
d logH

d log a

)2

+
a2

H

d2H

da2

]}
.

(7.72)

This can now be combined with Eq. (7.69) to generate the effective sound speed as a function

of the cutoff scale from reference [360], at any given redshift.
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7.9 Appendix: Halo model response

The expression for the response function in the halo model is

RHM(a, k) =

(
1 + 26

21
− 1

3
d logPL

d log k

)
[I11 (a, k)]

2
D2

L(a)PL(k) + I12 (a, k)

[I11 (a, k)]
2
D2

L(a)PL(k) + I02 (a, k)
, (7.73)

where

Ikm(a, k) =

∫
dM

dn

dM

∣∣∣
a,M

(
M

ρ̄0

)m

[b(a,M)]k[u(M |k)]m . (7.74)

Here dn/dM |a,M is the halo mass function, b(a,M) is the halo bias and u(M |k) is the

normalized halo density profile in Fourier space. We assume universality and adopt the halo

mass function from Appendix C in [410], halo bias from [210] and a Navarro-Frenk-White

(NFW) halo profile [206].

Note that the first line of Eq. (2.33) in [385] contains a typo, since it misses the denomi-

nator in Eq. (7.73) that is just the halo model expression for the power spectrum.
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Chapter 8

CONCLUSION

The era of precision cosmology is upon us, as evidenced by the wealth of high quality data

already available from previous and ongoing astronomical surveys [411–419]. The future of

the field is also very bright, with a number of missions planned to launch in the upcoming

decade [60, 420–423]. A key component of this program consists in mapping out the distri-

bution of structures on large scales, via various tracers of the underlying dark matter field

such as galaxies, weak gravitational lensing and line intensity mapping.

The ultimate goal is to use these unprecedented amounts of data to learn about funda-

mental physics. For instance, this may result in the discovery of the nature of dark matter

and dark energy, or new ingredients at play in the very early Universe. Another very well

motivated science case of cosmological surveys is to measure the sum of neutrino masses,

which leaves distinctive signatures on the Universe’s expansion history and its cosmological

perturbations.

The success of this enterprise relies on the development of robust and accurate theoretical

models for the cosmological observables, to be paired with efficient computational techniques

that enable extensive data analysis. This thesis detailed many of the contributions I made

to different aspects of this program as a grad student, which we now summarize.

8.1 Summary of the thesis

� Chapter 2 addressed the question of to what extent Newtonian N-body simulations of

nonlinear structure formation can be applied to model the dynamics of perturbations

in massive neutrino species. Massive neutrinos have significant thermal velocities at

sufficiently early times, where special relativistic corrections to the equations of motion
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need to be incorporated. We found that the total distance neutrino particles travel in

the simulation box, the neutrino horizon, is overestimated by the Newtonian evolution

(when compared to the more accurate relativistic dynamics). This produces biases on

cosmological observables at large linear scales, that can be mitigated by a proper choice

of initial conditions for the simulations.

� Chapter 3 introduced a novel approach to solve the exact dynamics of massive neutrino

perturbations in the linear regime, the Generalized Boltzamnn Hierarchy (GBH). It

effectively integrates out the momentum dependence of the system of equations, which

is now defined in configuration space instead of in full phase space. We argued that

the GBH is much simpler and easier to solve numerically than the standard Boltzmann

hierarchy.

� Chapter 4 significantly improved the fluid approximation for massive neutrinos, by

properly accounting for the scale dependence of the sound speed, which can be derived

analytically in the limit of both large and small scales, when compared to the neutrino

free-streaming scale. We showed that the new fluid approximation models neutrino

density and velocity transfer functions with errors < 5% at resdshifts z ≲ 5, for all

relevant scales, k ∼ (10−3 − 10)hMpc−1.

� Chapter 5 develops the theoretical model for neutrino wakes, a new signature of neu-

trino masses in the large scale structure, that emerges due to the preferential accu-

mulation of neutrino particles downstream of moving cold dark matter structures. We

provide a first principles derivation of this effect starting from the Vlasov equation for

massive neutrinos around a known cold dark matter profile, which allows a more com-

plete characterization of its imprints on cosmological observables. We show that this

signal can potentially be detected in future survey via three-point cross correlations

of matter and galaxies, and it may open a window to distinguish the mass splittings

(individual neutrino masses).
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� Chapter 6 advanced a perturbative approach to nonlinear structure formation at late

times, which directly solves the coupled system of Vlasov-Poisson equations in full

phase space. In this framework one does not need to assume an ideal fluid from the

outset, which is the starting point of the Standard Perturbation Theory (SPT) method.

We rederived the SPT kernels from this new framework, and also applied it to shed

new light on the emergence of EFT-like counterterms.

� Chapter 7 demonstrates that the sound speed counterterm, introduced in the Effective

Field Theory of Large Scale Structure (EFTofLSS), can be estimated analytically via

a combination of the separate universe technique and the halo model. We showed

that this estimate is in very good agreement with the values extracted by matching

the theory to full numerical simulations, and it carries valuable information about the

microphysics underlying the sound speed, and its dependence on cosmological param-

eters.

8.2 Future directions

There are many natural extensions to the works summarized in Sec. 8.1, some of which I am

currently pursuing with collaborators, and some others I plan to investigate at a later time.

I now list a few of these directions.

� We are currently working on a reformulation of how massive neutrinos are implemented

in the Boltzmann solver CLASS, based on a combination of the Generalized Boltzmann

Hierarchy (described in Chapter 3) and the improved fluid approximation (described in

Chapter 4). Preliminary results show improvement in both accuracy and speed when

compared to existing methods.

� We are in final stages of preparing a publication that further develops the theoretical

modeling of neutrino wakes, extending the work presented in Chapter 5, while also

rephrasing it in terms of a general warm sub-component of the dark matter. In this
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work we also perform more realistic forecasts for the observability of these warm dark

matter wakes. We are also pursuing the measurement of neutrino wakes effects from

simulations of nonlinear structure formation.

� I plan on extending the methodology developed in Chapter 7, to promote the analytic

estimate of the sound speed into a complete calculation that accounts for all relevant

physical effects. This would be valuable to produce priors for nuisance parameters in

analysis of weak gravitational lensing, which result in further tightening of cosmological

constraints. Additionally, there are some interesting follow-ups to the work described

in Chapter 6. In the case of just one spatial dimension it is likely that the cosmological

perturbation theory for large scale structure in phase space can be summed to all

orders in perturbation theory. Also, explicitly working out the Effective Field Theory

of Vlasov-Poisson may result in new important insights to the structure of perturbation

theory methods.

� Finally, there are a few ongoing efforts which are related to, but are not direct exten-

sions of, the work presented in this thesis. We are studying the potential of recent

developments in the path-integral formulation of large scale structure [356, 424], which

account for nonperturbative effects, to improve the modeling of cosmological observ-

ables. Another direction of ongoing investigation is an extension of ideas introduced in

[66], to carefully assess the information content of neutrino mass constraints in galaxy

clustering surveys via redshift space distortions.

The efforts detailed in this thesis, and of future investigations, are key to ensure an

efficient and robust extraction of fundamental physics (including but not limited to the sum

of neutrino masses) with the large number of ongoing and upcoming cosmological surveys.

I hope to keep making meaningful contributions to this exciting scientific discipline in the

next few decades.
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