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University of Washington

Abstract

The topology of graph homomorphisms

Anton Dochtermann

Chair of the Supervisory Committee:
Professor Isabella Novik
Mathematics

In this thesis we consider topological aspects of graph homomorphisms. Our main object
of study is the Hom complex of graphs, a space first introduced by Lovész to obtain lower
bounds on chromatic number, and more recently studied by Babson and Kozlov and others
in a series of papers. We prove structural results regarding the interaction of the Hom
complex with several graph theoretical operations, including arbitrary products and expo-
nentials. We introduce a notion of homotopy of graphs based on the right adjoint to the
categorical product, and show that notions of graph homotopy equivalence are characterized
' by topological properties of the Hom complex. We relate graph homotopy to the notion of
graph folding and in the process reprove a theorem of Kozlov regarding foldings preserving
the homotopy type of Hom complexes.

We show that Hom complexes are ‘universal’ in the sense that for all connected graphs
T, one can obtain an arbitrary homotopy type as Hom(T, G) for some graph G; this extends
work of Csorba for T' = K3. We consider notions of discrete homotopy groups and show
that they can be recovered as ordinary homotopy groups of a pointed version of the Hom
complex. This is related to A-theory of graphs, where one seeks a space to encode similarly
defined homotopy groups based on the Cartesian product of graphs. Finally, we combine
these results with work of Schultz to provide a method of constructing new ‘test graphs’
for bounds on chromatic number. This extends work of Schultz, who showed that the Hom

complexes involving the test graphs Ko and the odd cycles Cs,.4.1 were related in a nice way.
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Chapter 1
INTRODUCTION

In this thesis we discuss some applications of topology to the study of graph homo-
morphisms. Our main tool will be a poset enrichment of the category of graphs known
as the Hom complex, a functorial way to associate a poset (and hence topological space)
Hom(G, H) to a pair of graphs G and H. Spaces of this kind were first introduced in by
Lészlo Lovész [Lov78] in his seminal 1978 paper proving the Kneser conjecture. In the
eyes of many (see [dL03]) this paper marked the advent of ‘topological combinatorics’ as a
branch of mathematics.

Although graphs certainly form a significant object of study in combinatorics with con-
nections to many other branches of mathematics, the systematic study of graph homomor-
phisms has only recently begun to gain the attention of mathematicians (this according to
the authors of [HN04]). One exception is of course the interest in the chromatic number x(G)
of a graph G (graph homomorphism to complete graphs), where numerous tools, devices,
and generalizations have been developed to incorporate methods from algebra, geometry,
and topology.

Interest in the chromatic number of a graph has enjoyed a long history, with several
well-known solved and unsolved problems dating back over one hundred years. The famous
Four-Color Theorem was first suggested by F. Guthrie in 1852, first published as a conjecture
by Cayley in 1878, and finally proved in 1976 by Appel and Haken in a computer assisted
case by case analysis. In 1943, Hadwiger stated his famous conjecture that every graph
contains a K, (g) minor. (Here K, is the complete graph on n vertices, and a minor of a
graph G is by definition obtained by contracting and edges G/e, deleting edges G\e, and
deleting isolated vertices). In 1937 it was shown by Wagner that the x(G) = 5 case is

equivalent to the Four Color Theorem.



A significant amount of research has addressed the complexity of graph colorings. The
problem of computing the chromatic number of a graph in general is NP-complete (in the
number of vertices); this holds true even for determining whether a given planar graph is
3-colorable. For this reason, many mathematicians and theoretical computer scientists are
interested in bounds on chromatic number that are fast to compute.

One of the most famous gadgets for encoding the colorings of a graph G is via the
chromatic polynomial Cg(t), a specialization of the Tutte polynomial. By definition, Cg(t)
is the real-valued function whose value at an integer n is the number of n-colorings of the
graph G. This turns out to be a polynomial in ¢ by virtue of the contraction/deletion
property: Cg\¢(t) = Ca(t) + Cg/e(t). Stanley showed that Cg(—1) is equal to the number
of acyclic orientations of the graph G.

For our purposes, we view a coloring of a graph with n vertices as a particular graph
homomorphism G — K, to the complete graph on n vertices. Although colorings and
chromatic number will be important examples and applications of our constructions and
results, we will be more interested in the structure of the category in general. Interestingly,
many applications to bounding chromatic number arise only when one considers the entire
category.

One such example is the Hom complexes themselves. We will see that Hom(T, G) is
a space that parametrizes the graph maps from T to G (definitions are given in the next
chapter). In his original paper, Lovdsz showed that the chromatic number of a graph is
bounded below by the connectivity of (a complex later shown to be homotopy equivalent

to) the space Hom(K3, G).
Theorem 1.0.1 (Lovasz). If the space Hom(Kj, G) is k-connected, then x(G) > k + 3.

Some 25 years later, answering a conjecture of Lovész, Babson and Kozlov were able
to show that the connectivity of Hom(Cyr+1,G) provided the next natural bound on the

chromatic number of G (here Cy,41 is an odd cycle).

Theorem 1.0.2 (Babson and Kozlov). If the space Hom(Cary1,G) is k-connected, then
x(G) > k + 4.



We will discuss the relevant definitions and proofs of these facts in the next chapter. For
now, we would like to point out that bounds on chromatic number x(G) are obtained from
a consideration of the maps from a ‘test graph’ T to the graph G, with no mention of maps
to complete graphs.

In fact, the Hom complex can be seen as a certain example of a general method of
reducing the question of what (graphs) G maps into (in this case the complete graph Kj)
to one of what maps into G. We write G — H if G admits a map to H, and G -» H
if no such map exists. This consideration has some interesting consequences in terms of
notions of duality in the category of graphs and other relational structures (see [NT00]). It
turns out this question is also related to ‘density’ of the category of graphs (see [Ne§99]): if
x(H) > 3 and G — H but G « H, then there exists a graph G’ such that G - G' - H
but G «+ G’ and G’ «+ H. In terms of complexity issues, this is related to the fact that it is
N P-complete to determine whether a graph admits a homomorphism to a fixed graph H if
and only if H is not bipartite (see [HN90]).

The study of graph homomorphisms naturally leads to considerations of products and
other monoidal structures. The two most popular such structures, the ‘categorical’ and the
‘cartesian’ product, will both be discussed in this thesis in relation to the Hom complex
and other topological methods of study. We mention here a relevant (still open) question

regarding the connection between the (categorical) product and colorings.

Conjecture 1.0.3 (Hedetniemi). If G and H are graphs, then
x(G x H) = min{x(G), x(H)}-

The inequality x(G x H) < min{x(G),x(H)} is clear, and hence one must show that
whenever G x H —» K, then either G — K, or H — K,. This is of course reminiscent
of our discussion regarding duality, as the product G x H is an object that admits maps
from other graphs. Another favorite conjecture of ours describes the chromatic number of

a certain amalgamation of cliques (complete graphs).

Conjecture 1.0.4 (Erdos-Faber-Lovész). If a graph G is the union of k copies of k-

cliques intersecting in at most one vertex pairwise, then x(G) = k.



The application of topological methods to the study of graph homomorphisms will rely
heavily on equivariant (mostly Z;) methods. In fact, the original Lovédsz bound came
from a Borsuk-Ulam type obstruction to equivariant maps between Zs-antipodal spheres.
Although the original statements of bounds on x(G) were in terms of the connectivity of
the Hom(T, G) complexes, a more careful consideration of the relevant group action has
become an important aspect the study of Hom complexes.

It turns out that when G is a loopless graph (as is the case when we consider the
chromatic number), and T carries a Zg-action that flips an edge, the space Hom(T, G)
is a free Zo-spaces, and one can consider a list of numerical invariants that measure the
complexity of this action. As a way to take advantage of this Z,-topology, Babson and
Kozlov introduced the use of characteristic classes into the study of Hom complexees.
They proposed and partially (according to the parity of x(G)) proved the following result

incorporating the Zs-action on the Hom complex.
Theorem 1.0.5 (Babson and Kozlov, Schultz). For any graph G we have
htZZHom(Czr.H, G) < X(G) - 3.

Here, for a free Zj-space X, htz,(X) is the highest nonvanishing power of the first
Stiefel-Whitney class of X/Zy (definitions to be given below). Since the connectivity of X,
denoted conn(X), satisfies conn(X) + 1 < htz,X, this implies the connectivity bound that
they did succeed in proving completely. This statement is not only strictly stronger than
that of Theorem 1.0.2 but also represents (at least in theory) a computable criterion, in the
sense that the Stiefel Whitney class is an element of the simplicial cohomology and hence
amenable to techniques from linear algebra.

Since the original papers of Babson and Kozlov regarding the structural theory of the
Hom complexes and ultimately the proof of the Lovész conjecture (see [BK06], [BK03], and
[BKO07]), several others have investigated the Hom complexes from a variety of perspectives.
These include [Koz06a], [Kozal], and [Scha] regarding further understanding of odd cycle
complexes and short proofs of the Lovédsdz conjecture, [CLSWO04] and [MZ04] regarding
other notions of the original Lovész complex, [CKO05] and [Eng06] regarding connections to

maximum degree of the ‘test graph’, [Cso] and [Docc| regarding homotopy types of Hom



complexes, [Docal, [Docb], and [Schb] regarding connections to discrete homotopy, [Kah07]
incorporating random graphs, [Koz06c] and [Koz06b] with an in depth discussion of ‘foldings’
in the context of Hom complexes, [Kozb] regarding homology test complexes, [CL] and [Schc]
regarding ‘graph coloring manifolds’, [Pfe07] regarding connections to triangulations and the
‘Cayley trick’, [LZ] regarding hypergraphs, and [Ziv05], [Ziva], and [Zivb] with a discussion
of generalizations.

We also would like to mention that the Hom complex is one example of several ap-
proaches to incorporate the methods of other branches of mathematics into the study of
graph homomorphisms (especially colorings). For example, in [Bre98], Brenti conjectured
that the chromatic polynomial of a graph G could be realized as the Hilbert polynomial of
some associated graded algebra,; the first explicit construction of such an object was given
by Steingrimsson in [Ste01]. Here the author constructs a monomial ideal I in the Stanley-
Reisner ring A of the order complex of the Boolean poset on |V (G)|, whose monomials are
in one-to-one correspondence with the proper colorings of G. The ideal is generated by
square-free monomials, and hence A/I; is the Stanley-Reisner ring of a simplicial com-
plex Cg which Steingrimsson calls the ‘coloring complex’ of the graph G. In related work,
the authors of [HGRO5] and [Sto06] seek a ‘categorization’ of the chromatic polynomial by
constructing a chain complex of graded modules over the ring of polynomials whose Euler
characteristic is equal to the chromatic number of a given graph. This is similar in spirit to
work of Khovanov [Kho00] regarding the categorization of the Jones polynomial.

We now say a few words about the organization of this thesis. In chapter 2 we collect
together some of the basic objects of study from the theory of graph homomorphism and
topological combinatorics. Here we discuss foundational aspects of the category of graphs,
some definitions and tools from poset topology, as well as the basics of equivariant topology.
We end the chapter with a discussion of an alternative approach to the category of graphs,
as well as notions of group objects in the category. Although these last two sections are not
used in the subsequent chapters of the thesis, we have not found them in the literature and
have decided to include them here.

In Chapter 3 we introduce the main object of our study, the Hom complex, and discuss

some of its properties relevant to our study. Along the way, we also establish several results



that describe the interaction of the Hom complex with certain graph theoretical operations,
including exponentials and arbitrary products. We also include a brief historical account
of the origins and development of the Hom complex, including sketches of the Lovész and
Babson-Kozlov results regarding bounds on chromatic number. We end this chapter with a
discussion regarding the Hom complex associated with a more general notion of graphs.

Much of the material in Chapter 4 is taken from [Doca]. Here we investigate a notion of
x-homotopy of graph maps that is based on the internal hom associated to the categorical
product in the category of graphs. It is shown that graph x-homotopy is characterized by
the topological properties of the Hom complex. Graph x-homotopy naturally leads us to
a notion of homotopy. equivalence which we show has several equivalent characterizations.
Here we see the importance of ‘foldings’ of graphs in the context of Hom complexes. We
apply the notions of homotopy equivalence to the class of dismantlable graphs to get a list
of conditions that again characterize these. We end with a discussion of graph homotopies
arising from other internal homs, including the construction of the ‘A-theory’ associated to
the cartesian product in the category of reflexive graphs.

In Chapter 5 we prove that Hom complexes are ‘universal’ in the sense that given a
connected nontrivial graph T and an arbitrary finite simplicial complex X, there is a graph
G such that the complex Hom(T, G) is homotopy equivalent to X. The proof is constructive,
and uses a nerve lemma. Along the way we discuss connections between foldings of graphs
and subdivisions of Hom complexes. Material in this chapter is taken from [Docc].

Chapter 6 is based on material from [Docb]. Here the notion of x-homotopy from
Chapter 4 is investigated in the context of the category of pointed graphs. The main
result is a long exact sequence that relates the higher homotopy groups of the space
Hom,(G, H) with the homotopy groups of Hom,(G, H!). As a corollary it is shown that
m;(Hom.(G, H)) =~ [G, Q' H|x, where QH is the graph of closed paths in H; hence the (usual)
homotopy groups of a pointed version of the Hom complex can be identified with the graph
theoretically defined objects of discrete homotopy. This is similar in spirit to the results
of [BBALLO6], where the authors seek a space whose homotopy groups encode a similarly
defined homotopy theory for graphs. The categorical connections to those constructions are

discussed.



Chapter 7 represents joint work with Carsten Schultz. Here we use some constructions in
equivariant topology to produce new ‘test graphs’ for bounds on chromatic number. Bounds
obtained from these new graphs are related to the original Lovédsz bounds in much the same
way as the odd cycle results demonstrate. We discuss these connections and why we view

our graphs as higher dimensional analogues of odd cycles.



Chapter 2
THE CATEGORY OF GRAPHS AND BASIC OBJECTS OF STUDY

2.1 The category of graphs

We will work in the category of graphs. A graph G = (V(G), E(G)) consists of a vertex set
V(G) and an edge set E(G) C V(G) x V(G) such that if (v,w) € E(G) then (w,v) € E(G).
Hence our graphs are undirected and do not have multiple edges, but may have loops (if
(v,v) € E(G)). If (v,w) € E(G) we will often say that v and w are adjacent and denote
this as v ~ w. Given a pair of graphs G and H, a graph homomorphism (or graph map) is
a map of the vertex set f : V(G) — V(H) that preserves adjacency: if v ~ w in G, then
f(v) ~ f(w) in H (equivalently (v,w) € E(G) implies (f(v), f(w)) € E(H)). With these
as our objects and morphisms we obtain a category of graphs which we will denote G. If G
and H are graphs, we will use G(G, H) to denote the set of graph maps between them.

In this section, we record some of the structure of G. Of particular importance for us
will be the existence of an internal hom associated to the categorical product. We start
by reviewing related constructions (for undefined categorical terms, see [ML98]; for more

about graph homomorphisms and the category of graphs, see [HN04] and [GRO1]).

Definition 2.1.1. If G and H are graphs, then the categorical coproduct G II H is the
graph with vertexr set V(G) L1 V(H) and with adjacency given by (z,z') € E(GU H) if
(z,2') € E(G) or (z,2') € E(H).

Definition 2.1.2. If G and H are graphs, then the categorical product G x H is a graph
with vertez set V(G) x V(H) and adjacency given by (g,h) ~ (¢',h') in Gx H if both g ~ ¢’
in G and h ~ k' in H (see Figure 2.1).

Definition 2.1.3. For graphs G and H, the categorical exponential graph HC is a graph
with vertex set {f : V(G) — V(H)}, the collection of all vertex set maps, with adjacency
gwen by f ~ f' if whenever v ~v' in G we have f(v) ~ f'(v') in H (see Figure 2.2).



A 0A 1A
@ o B 0B 1B
0 1
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oC 1C

Figure 2.1: The graphs G, H, and G x H.
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Figure 2.2: The graphs G, H, and HC.

The next lemma shows that the exponential graph construction provides a right adjoint

to the categorical product. This gives the category of graphs the structure of an internal

hom associated with the (monoidal) categorical product.

Lemma 2.1.4. For graphs A, B and C, we have a natural isomorphism of sets
¢ :G(A x B,C) - G(A,CP)

given by (o(f)(v))(w) = f(v,w) for all f € G(Ax B,C), ve V(A), w e V(B).

Proof. Let f: A x B — C be an element of G(A x B,C). To see that p(f) € G(A,CB),
suppose that a ~ a are adjacent vertices in A. We need ¢(f)(a) and ¢(f)(a’) to be adjacent
vertices in CZ. To check this, suppose b ~ b’ in B. Then we have ¢(f)(a)(b) = f(a,b) and
o(f)d)() = f(a', V'), which are adjacent vertices of C since f is a graph map.

To check naturality, suppose f : A — A’ and g : C — C’ are graph maps. We need to

verify that the following diagram commutes:
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g(4 x B,0)L2%w x B, ©)

‘| E

G(4,0) =55 G4, (C)?)

For this, let a € G(A’ x B,C). Then on the one hand we have (o(f x B, g))(a){a)(b) =
(f X B,g)(a)(a,b) = g(a(f(a),b)). In the other direction, we have ((f, g%)(¢))(a)(a)(b) =
g(e(a)(f(a))(b)) = g(a(f(a),b)). Hence the diagram commutes, and so the isomorphism ¢

is natural. O

The category G is also closed under taking limits and colimits.
Lemma 2.1.5. The category G has all finite limits and colimits.

Proof. It suffices to show that the category G has equalizers and coequalizers, and finite
products and coproducts.

We have seen that graphs have products and coproducts. For the others, suppose we
have a pair of maps f,g: G — H. Then the equalizer will be the inclusion ¢ : X — G, where
X C @ is the induced subgraph of G on the vertex set V(X) = {v € V(G) : f(z) = g(z)}.

The coequalizer will be the projection p : H — Y. Here, Y is defined to be the graph
with vertex set V(Y) = V(H)/ ~, where ~ is the equivalence relation on V(H) generated
by f(z) = g(x) for some z € V(G). Adjacency in Y is given by [y] ~ [¢/] if y ~ ¢/ for some

representatives of the equivalence classes. O

We close this section with a few additional definitions. The terminal object in G is the
graph consisting of a single vertex and a single (looped) edge, a graph we will denote as 1.
The initial object is the empty graph, which we denote as 0.

A reflerive graph G is a graph with loops on all its vertices (v ~ v for all v € V(G)).
A map of reflexive graphs will be a graph map on the underlying graph. We will use G° to
denote the category of reflexive graphs.

We see that G° is a subcategory of G, and we let ¢ : G° — G denote the inclusion functor.
Let § : G — G° denote the functor given by taking the subgraph induced by looped vertices,

and L : § — G° denote the functor given by adding loops to all vertices (see Figure 2.3).
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One can check that ¢ is a left adjoint to S, whereas ¢ is a right adjoint to L. As functors
G — G, one can check that L (strictly speaking iL) is a left adjoint to S (strictly speaking

iS). We will make some use of these facts in a later section.

¢ )

Figure 2.3: The graph G, and the reflexive graphs S(G) and L(G).

If v and w are vertices of a graph G, the distance d(v,w) is the length of the shortest
path in G from v to w. The diameter of a finite connected graph G, denoted diam(G) is
the maximum distance between two vertices of G. The neighborhood of a vertex v, denoted
Ng(v) (or N(v) if the context is clear), is the set of vertices that are adjacent to v (so that
v € N(v) if and only if v has a loop).

There are several simplicial complexes one can associate with a given graph G. One such
construction is the cliqgue complez A(G), a simplicial complex (a notion defined in Section
2.2.1) with vertices given by all looped vertices of G, and with faces given by all cliques

(complete subgraphs) on the looped vertices of G.

2.2 Some poset topology

In this section we briefly review some basics of poset topology that will be used throughout
the thesis. Our main source will be Bjérner’s excellent survey [Bjo95], as well as the topology
texts [Spa66], [May99], and [Hat02]. Readers familiar with the material are invited to skip

this section.

2.2.1 Basic objects

An (abstract) simplicial complez A = (V,A) is a set V of vertices, together with a collection

of finite subsets of V' (called simplicies of faces) with the property that v € A forallve V
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and also ¢ C 7 € A implies 7 € A. The face poset F(A) of a simplicial complex (or more
generally a regular cell complex) A is the set of faces ordered by inclusion.

If P =(P,<) is a poset (partially ordered set), a totally ordered subset 29 < z1 < -+ <
zk is called a chain of length k. If ¢ € P, we use P<, (respectively P>;) to denote the
subposet induced by elements y such that y < z (respectively y > ). The collection of all
chains of P forms a simplicial complex, called the order complez of P, denoted A(P). We
use |P| to denote the geometric realization of this simplicial complex, or sometimes simply
P if the context is clear. A poset map f: P — @ (which is by definition an order-preserving
map on the underlying sets) induces a simplicial map on the order complexes, and hence
a topological (continuous) map |f| : |P| — |Q|. Again, we will often denote this map as
simply f: P — Q.

For a complex A, we let bd(A) := A(F(A)) denote the (first) barycentric subdivision of
A. This process can be iterated, and we let bd*(A) denote the k™ barycentric subdivision
of A. A basic fact is that A and bd(A) are homeomorphic.

For completeness, we mention one other functorial way to assign a topological space to
a poset P (this notion will not be used in the thesis): we let the order-ideals (by definition,
subsets A C P with the property that £ < y € A implies z € A) define open sets of
a topological space T'(P). This gives the ideal topology on P, which has a surprisingly
rich homotopy theory (see for instance [McC66]) and has relevance to the study of sheaf
cohomology on posets.

The direct product P x @ of two posets is defined to be the Cartesian product of the
underlying sets with the relation (z,y) < (¢/,y/) if £ <2/ in P and y < ¢/ in Q. The join
P x Q of two posets is their disjoint union with the relation given by making each element
of P less than each element of @ and otherwise maintaining the given ordering within P
and Q. It is a basic fact (see [Qui78] and [Wal88]) that if P and @ are posets, there exist

the following homeomorphisms:
[P x Q[ ~ |P| x|Ql,
[P xQ| = |P|*|Q|.

If P and @ are posets, the poset of maps Poset(P, Q) is defined to be the poset whose
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elements are all order preserving (poset) maps P — @, and with the relation f < g if
f(z) < g(z) for all z € P. If P and Q are posets with actions by some group I', then we let
Posetr (P, @) denote the subposet of Poset(P, Q) given by all I-equivariant poset maps.

We refer to [Hat02] for the definitions of homotopy and homology in the category of
topological spaces. A space X is called k-connected if for all 0 < ¢ < k, every map from
the i-sphere f : S — X can be extended to a map from the (¢ + 1)-ball f: B! — X. We
define (—1) — connected to mean ‘nonempty’. We will use the notation conn(X) to denote
the maximum integer k for which X is k-connected. We point out that a simplicial complex
A is contractible (homotopy equivalent to a point) if and only if A is k-connected for every
k > 0, and is k-connected if and only if its (k + 1)-skeleton is k-connected. For ¢ > 0, we let
mi(X) = m(X,z) denote the ith homotopy group of X (with basepoint x), and let my(X)
denote the set of path components of X.

We let H;(X; G) (respectively H*(X;G)) denote the ith (co)homology group of the space
X with coefficients in the abelian group G, and use H;(X) := H;(X,Z). The notation
H (X; G) will denote the reduced homology groups. We say a complex A is k-acyclic over
G if Hy(X ;G) = 0 for all ¢ < k. We list several useful relations between homotopy and

homology properties, some of which hold only for a simplicial complex A.
e A is k-connected if and only if A is k-acyclic and simply connected.
e A is contractible if and only if A is Z-acyclic and simply connected.

e If A is simply connected, H;(A) = 0 for i # d > 1, and Hy(A) ~ ZF, then A is

homotopy equivalent to a wedge of k& d-spheres.

e Ifdim A =d >0, then A is (d — 1)-connected if and only if A is homotopy equivalent
to a wedge of d-spheres.
2.2.2 Tools

In this section, we collect some tools from poset topology that will be useful for our sub-

sequent work. Again, these will be taken from [Bj695] and [Qui73]; one can refer to those
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references for proofs.

Theorem 2.2.1 (Quillen, 1978). Let f : P — Q be a poset map. If for ally <y’ € Q, the
induced inclusion map f~1(Q<y) — f‘l(QSy/) is a homotopy equivalence, then for every

x € f~1(y) one obtains the following long exact sequence

e — 7Ti+1(Q, y) —5> ﬂ'i(f_l(QSy)’m)

Lx

(P, 2) Ly (@) —— -

Corollary 2.2.2. Let f: P — Q be a poset map.

o If all fibers f‘l(QSy), y € Q, are contractible, then f induces a homotopy equivalence
between P and Q.

o If all fibers f‘l(sz, y € Q, are k-connected, then Q is k-connected if and only if P

s k-connected.

Recall that the nerve of a family of sets (A;);es is the simplicial complex N(A4;) defined

on the vertex set I such that ¢ € N(A;) whenever [,., A; # 0. The following result is

i€o
often called the ‘Nerve Theorem’; we use the formulation given in [Bj695].

Theorem 2.2.3 (Borsuk 1948, Bjorner et al. 1985). Let A be a simplicial complex
and (A)ier a collection of subcomplezes such that A = J;c; Ai.

o If every nonempty finite intersection A;, N --- N A, is contractible then A and the

nerve N(A;) are homotopy equivalent.

o If every nonempty finite intersection Ay, N+ NA;, is (k—t+ 1)-connected then A is
k-connected if and only if N(A;) is k-connected.

The next theorem, also due to Quillen, is sometimes called the ‘Order Homotopy Theo-

b

rem-.
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Theorem 2.2.4 (Quillen). Let f,g: P — Q be maps of posets. If f(x) < g(z) for every
x € P then f and g are homotopic.

Corollary 2.2.5. If f : P — P is a poset map such that f(z) > = for all x € P then f
induces a homotopy equivalence between P and f(P). If in addition f2(z) = f(z) for all
z € P, (in which case f is called a closure map on P) then f(P) is a strong deformation

retract of P.

2.2.8 Collapsing and simple homotopy type

Certain combinatorial notions of homotopy (of posets and simplicial complexes) will also
be used in parts of this thesis. We review these concepts next.

Let A be a simplicial complex (or more generally a regular cell complex) and suppose
that o € A is a proper face of precisely one face 7 € A. Then the complex A’ := A\{o, 7}
is obtained from A by an elementary collapse. In this case A ~ A’ and is said to be simple
homotopy equivalent. It turns out that two simply connected finite complexes A and A’
are homotopy equivalent if and only if one can find a sequence of elementary collapses and
anticollapses that transforms A into A’ (see [Coh73]). More generally, two complexes X and
Y are simple homotopy equivalent if and only if there exists a homotopy equivalence f : X —
Y whose Whitehead torsion (an element of the Whitehead group of 71(Y)) vanishes; this
provides an interesting connection between simple homotopy theory and higher algebraic
K-theory.

One can define other recursive structures on simplicial complexes such as shellablity,
vertex-decomposability, etc.; these are often natural ways to determine high connectivity of

the space in question. For the most part these notions will not be used in the thesis.
2.3 Free Zs-spaces and Stiefel-Whitney classes

In this section we review some basics of group actions and equivariant topology. We will
focus our attention on the group Z, (the group of order 2), although many of these con-
structions make sense for arbitrary groups. The primary references here will be [Koza] and

the textbooks [MS74] [May99], and [tD87]. Once again, readers familiar with these notions
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are invited to skip this section.

Our basic setup will be a simplicial complex (or regular cell complex) X with a given
cellular action by some group I' (usually Zs). In the case that ' acts freely, X will be
called a I'-space. By the general theory of I'-bundles, there exists a [-equivariant map
f X — ET that fits into the appropriate pullback square; the induced map on the quotient
X/T' — ET/T := BT is unique up to homotopy and is called the classifying map for this
action. Here ET is a contractible I'-space, and BT is the classifying space for I'.

Passing to cohomology, we see that the induced map f* : H*(BI') — H*(X/I') does not
depend on the choice of f, and hence any element z € H*(BI") has a well defined image
f*(z) = X(z) in H*(X/T), called the characteristic class associated to z. If g: X — Y
is an equivariant map of I'-spaces, then the above discussion implies the very important
naturality of the characteristic classes: X(z) = g*(Y(2)).

We next specialize to the case when X is a free Zs-space. In this case we can take
EZ, = S%°, the infinite-dimensional sphere with the antipodal action, and in the above
discussion we get a map f : X/Zy — S®/Zy ~ RP®. We take cohomology with Z
coefficients and get an algebra map f* : Zg[z] ~ H*(RP%®;Zs) — H*(X/Z3;Z,) which
is completely determined by the image of z. The element f*(z) is called the first Stiefel-
Whitney class of X and will be denoted w;(X).

Stiefel-Whitney classes can be used to provide obstructions to the existence of equivariant
maps between Zs-spaces. Consideration of Stiefel Whitney classes of spheres with the

antipodal action can be used to prove the famous Borsuk-Ulam Theorem.

Theorem 2.3.1 (Borsuk-Ulam). If f : ST* — S? is an equivariant map of spheres with

antipodal actions, then m < n.

There are several numerical invariants one can associate to Zs-space X. The height of X,
denoted htz, (X) is defined to be the highest nonvanishing power of w;(X) in H*(X/Zg; Zs).
We define the indez, denoted indgz,(X), to be the minimum integer n for which there exists
an equivariant map X — S?. The coindez, denoted coindz,(X), is the maximum integer

m such that S* — X. One can check that these values satisfy the following string of
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inequalities:

conn(X) + 1 < coindz, (X) < htz,(X) < indz,(X).

One can also check that if X — Y is an equivariant map of Zs-spaces, then a(X) <
a(Y), where a(?7) is any of the numerical invariant listed above. These inequalities will be

important in our discussion of topological bounds on chromatic number.

2.4 Other approaches to the graph category

We take a bit of a detour in this section to discuss an alternative approach to the construction
of the category of graphs. This section is not required for the main chapters of this thesis;
it will only come up again in the last section of the next chapter. In fact one can turn to
Chapter 3 of the thesis at this point and not sacrifice any continuity. We include this section
here because we feel it is an important perspective that inspired many of our constructions.

Our basic viewpoint here will be that a graph object is a (contravariant) functor from
a category C that is a certain truncation of the simplex category. Again, the important
difference is that the category C is missing the analogous degeneracy maps; this provides
a significant restriction on the collection of graph morphisms. To make our graphs ‘undi-
rected’, we introduce an additional involution on the edge set. The restriction on the
morphisms is that the edge maps must be equivariant.

Although this approach seems to complicate matters, there are in fact several advantages.
First, the representation of graphs as a diagram category leads to immediate conclusions
regarding its structure. Secondly, the similarity to the well-developed category of simplicial
(sets) suggests constructions that one is familiar with in that context. Finally, as a functor
from C we are naturality led to graphs in other categories. These will play some role in later
chapters.

We let DG denote the category with two objects V' = {0} and E = {0,1}, and with two
non-identity morphisms h,t: V — E.

Definition 2.4.1. Let C be a category. A directed graph on C is a contravariant functor

G : DG — C. A directed graph is a directed graph on SET, the category of sets.
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More concretely, a directed graph G = (E(G),V(G), hg,tg) on C is a pair of objects
E(G),V(G) € Ob(C) together with a pair of morphisms hg,tg : E(G) — V(G) € Mor(C).
ha

E(G) —33V(G)

7]

A map f = (f,f) : G —» H between directed graphs G = (E(G),V(QG), hg,tc) and
H = (E(H),V(H),hy,ty) (on the same category) is a pair of morphisms f : V(G) — V(H)
and f : E(G) — E(H) such that the left and right squares commute in the following
diagram:

E@G) -1 B(r)

| [pe o] [

V(G) — V(H)
This defines a category, which we call DIGRAPH(C).
Next, we let G denote the category with the same objects and morphisms of DG, with

the additional morphism o : E — E such that 02 = idg, and ch = t.

Definition 2.4.2. An undirected graph on a category C is a contravariant functor G : G —

C.

More concretely, this means that an undirected graph G = (E(G), V(G), hg,tg,06) onC
is a directed graph (E(G), V(G), hg,tc) on C together with a morphism o¢ : E(G) — E(G)

such that o o 0¢ = idg(g) and such that the following diagram commutes:

E(G)— V(G)

lac

ha
idy,
E(G) 25V (G)

A map f = (f, f) : G — H between undirected graphs is a map between the under-
lying directed graphs, with the extra condition that oy f = fog. This defines a category
GRAPH(C). The category GRAPH will denote the category of undirected graphs on SET.
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A graph will be an object in this category. If G and H are graphs, we will denote the set of
maps between them as GRAPH (G, H).
This definition of the graph category is more along the lines of Serre’s use in [Ser80], as

well as that of Stallings in [Sta83].

2.4.1 Useful terminology

An edge in a graph G is a pair {E,0¢(E)} C E(G). A loop is an edge {E,0c(E)} C E(G)
such that hg(E) = tg(E) (so that hg(og(E)) = tg(c(E))). A semiloop in a graph G is a
single element E € E(G) such that o(E) = E (so that hg(F) = tg(E)). The semiloops are
precisely the fixed points of og.

We will often refer to an edge (loop, semiloop) of a graph G as a single element of the
set E(G). The following simple observation justifies this practice, and will be useful in our

calculations.

Lemma 2.4.3. Suppose G = (V(G), E(G), hg,tg,0¢) is a graph. If E € E(QG), then there
is an element F' € E(G) such that hg(F) = tg(E) and tg(F) = hg(E).

Proof. Recall the following diagram

E(G) —L-v(G)
g ldv
E(G) —5V(G)
If o(E) = F, then we have h(E) = to(E) = t(F) and h(F) = h(co(E)) = to?(E) = t(E).
Note that if o(E) = E, then we get F' = E (and hence F is a semiloop). O

If G is a graph and u,v € V(G), we will say that u and v are adjacent in G (also
sometimes notated u ~ v or (u,v) € E(Q)) if we have some E € E(G) such that hg(E) = u
and tg(E) = v.

Definition 2.4.4. Let G = (E(G),V(G), hg,te,0c) be a graph, and let v € V(G). The
neighborhood of v, denoted N(v), is the collection of vertices adjacent to v. More symboli-

cally, N(v) = ha(t5' (v)).
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Note that if f = (f,f) : G — H is a graph map, then f(N(v)) C N(f(v)) for all
v € V(G). To see this, let z € f(N(v)) = f(ha(tz (). If t5' = 0, then the claim is clear,
otherwise take E € E(G) such that t¢(F) = v and such that ¢ = f(hg(E)). Then we have
z = f(hc(E)) = hu(f(B)) € hulty tu(f(B)) = hu(ty' (f(tc(E)) = hu(ty (f(v) =
N(f(v)).

2.5 Group objects and actions

We end this chapter with a somewhat tangential discussion of group objects in the category
G. Again, this section is more or less self-contained, and is not required for the rest of the

thesis. We point out that our approach here is similar to the discussion in [Bro94].

2.5.1 Graph structures on groups

Definition 2.5.1. Let G be a group. A graph structure on G is a graph (G, E) with elements
of G as vertices, and a set E of edges including a loop on the identity vertez, and such that
the multiplication m : G x G — G and inversion i : G — G are both graph maps. With this
assignment of edges, we will call G a graphed group.

If the resulting graph is simple (no more than a single edge between a pair of vertices),

then we will have a simple graph structure on the graphed group G.

" Note that giving a graph structure on a group is the same as specifying a group object
in the category of graphs (with 1 as the terminal object 1, and product as above) with
m : G X G — G the given group multiplication, e : 1 — G the inclusion of the identity, and
1 : G — G the given inversion map. Given a group object G in the category of graphs, we

get a group object in the category of sets (i.e. a group) via a forgetful functor.

Examples

e We can give any group G the trivial graph structure by including only the single edge
(e,e) € E(G).

e We can give G the discrete graph structure by placing loops on each vertex. In this

case each edge in G x G is of the form ((g,9),(g,g)); this maps to (g%, g2) under m
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so that m is indeed a graph map. Also, each edge (g,9) € G gets sent to (g71,¢7%)

under 4, and hence 1 is also a graph map.

e We can give G the complete graph structure by giving G all possible edges (including

loops). In this case there are no obstructions to maps.

Note that if H is a subgroup of G then a graph structure on H can be extended to a
graph structure on G via (9,¢’) € E(G) if and only if g,¢' € H and (g,¢') € E(H).

2.5.2 Graph structures on the automorphism group of a graph

For a graph G, we can use the exponential graph construction to associate a graph structure

to the group of permutations of the vertices of G.

Definition 2.5.2. For a graph G, AUT(G) is defined to be the induced subgraph of G¢ with
vertices given by the vertex bijections of V(G).

Note that this AUT(G) is not the typical automorphism group Aut(G) associated to
graph G, whose elements are given by the invertible graph maps ¢ : G — G. However, we

will see that Aut(G) naturally sits inside AUT(G) as a sub graphed group.

Lemma 2.5.3. AUT(G) gives a natural graph structure on the group Sy(q) (here Sy is the

symmetric group on n letters).

Proof. Since the vertices of AUT(G) are indexed by vertex bijections, we have a natu-
ral way to associate the vertices of AUT(G) to elements of the group Sy(g). We first
note that since the identity map G — G is a graph map, we get a loop on the vertex
of AUT(G) that corresponds to the identity in Sy (gy. To check the multiplication, sup-
pose ((o, B), (7,6)) € E(AUT(G) x AUT(G)) so that (a,v), (8,d) € E(AUT(G)). We need
to show that (af3,vd) € E(AUT(G)). For this suppose (v,w) € E(G). Since (3,6) €
E(AUT(QG)), we see that (8(v),d(w)) is an edge in G. But then since (a,v) € E(AUT(G)),
we also have (a(B(v)),v(d(w))) an edge in G, as desired. The inversion map is treated

similarly. O
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For example, if G = K, is the complete graph on n vertices, then AUT(G) is the
symmetric group S, with the discrete graph structure.

Note that if ¢ : G — G is an invertible graph map (an element of the usual automorphism
group), then ¢ is a bijection on the vertices of G and hence naturally a vertex of AUT(G).
Since ¢ is a graph map, ¢ has a loop as a vertex of AUT(G). We then recover a discrete

graph structure on Aut(G) as a sub grouped graph of AUT(G).

Lemma 2.5.4. Let F denote the forgetful functor F: GRAPH(GROUP) — GRAPH. If
G = (E,V,h,t,0) is an object in GRAPH(GROUP) (i.e., an undirected graph on GROUP),
then F(G) is a group object in GRAPH (more specifically a graph structure on the group

V). Conversely, if H is a group with a graph structure, then there exists an object G =

(E,H,h,t,0) € GRAPH(GROUP) such that F(G) = H.

Proof. For the first statement, suppose G = (E,V,h,t,0) € GRAPH(GROUP). V has a
loop on the identity since if e € E' is the identity we have h(e) = t(e). Next we check the
multiplication map on V x V. Suppose (u, v) is adjacent to (v/,v’) € V x V; we want uv and
u'v’ to be adjacent in V. Since (u,v) and (u/,v') are both edges in V we have some e, f € E
such that h(e) = u,t(e) = «’ and h(f) = v,t(f) = v'. Hence we have h(ef) = h(e)h(f) = uv
and t(ef) = t(e)t(f) = v+’ so that uv and v+’ are adjacent, as desired. For the inversion
map, suppose u and v are adjacent in V. Again we have some e € E such that h(e) = u
and t(e) = v. But then h(e™!) = (h(e))™! = u~! and t(e™!) = (t(e))~! = v~1, so that u?
and v~! are adjacent in V/, as desired.

For the other direction, let H be a group with a graph structure. We define E C H x H
(group product) according to (h,h’) € E if and only if h and A’ are adjacent in H. We
claim that E is a group (a subgroup of H x H). To see this, first note that (e,e) € E since
e has a loop in H. Next, if (a,a'), (b,V') € E, then (a,a’)(b,t') = (ab,a't’) € E since (a,b)
and (a’,b') are adjacent in H X H (graph product) and m : H x H — H is a graph map.
Finally, if (a,b) € E, then (a,b)"! = (a™*,b7!) € E since i : H — H is a graph map.

For the maps, we define h : E — H by h(a,b) = a, t : E — H by t(a,b) = b, and
o:E — E byo(a,b) =(ba). We take G = (E,H,h,t,0) and get G € GRAPH(GROUP)
with F(G) = H. O



23

Example: If G is a group with the discrete graph structure, we can consider the object I
in GRAPH(GROUP) given by E =V =G, h=t=id: E—-V,ando=id: £ — E.
Then F(T') = G.

2.5.3 Graph structures on Zy

Definition 2.5.5. If G is a group, the horizontal graph on G is the graph (also written G)
with vertices V(G) = G and edges given by (g,h) € E(G) if and only if h = g~ 1.

Lemma 2.5.6. If G is an abelian group, then the horizontal graph on G is a graph structure

on G.

Proof. First note that the identity e € G has a loop. Next, suppose (a,b) is adjacent to
(¢,d) in G x G, so that (a,c) and (b,d) are edges in G, and hence c = a™! and d = b7 *.
We have cd = a~1b7! = (ba)~! = (ab)~! and hence ab is adjacent to cd, as desired. For the
inversion map, suppose (a,b) = (a,a7!) is an edge in G. Then i(a) = o™} is adjacent to

i(a™!) = a and hence i is also a graph map. O

Note that the horizontal graph on the symmetric group S; is not a graph structure.

Lemma 2.5.7. If G = Z, is a cyclic group of prime order, then the only simple graph

structures on G are trivial, discrete, complete, and horizontal.

Proof. We have seen that these give graph structures on G. To see that these are all possible
structures, suppose G has some graph structure and let (E, G, h,t,0) be the corresponding
element in GRAPH(GROUP). The group maps h,t : E — G determine a map h Xt : E —
G x G such that m o (h x t) = h and mp o (h x t) = t. This map must be injective since
the graph is simple. Hence E is a subgroup of G x G and so the only possibilities are
E~0,F~7ZpE ~7Z,xZ.

If E ~ Zy x Zy then the projection maps give the complete graph structure. For the
case £ ~ Z,, we claim that the only possible maps for 0 : E — E are the maps z — =
(the identity, id) and z — x~! (call this inv). To see this, note that every automorphism

8 : Zp — Zy is of the form z* — 27 for some fixed integer j (where z is some fixed generator).
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Since we require 02 = id this means that z! = 0%(2?) = 29* 5o that j2 = (mod p). We
conclude that j = 1,—1 as claimed. For ¢ = id, the projection maps give the discrete
graph structure on G. For ¢ = inv the projection maps give the horizontal graph structure.

Finally, if E = 0 then the projection maps give the trivial graph structure. a

2.5.4 Extensions of graphed groups

Lemma 2.5.8. Let A and B be graphed groups. If there is a split central ertension of
groups: 1 = A — G — B — 1. (ie., G is a semi-direct product of B and A), then the
graph A x B determines a graph structure on the group G.

Proof. Since the sequence splits, G has a subgroup B isomorphic to B such that every
element g € G is uniquely expressible in the form g = i(a)(b), with a € A,b € B. With
this factorization we identify each element (vertex) of G with an element (vertex) (a,b) of
A x B and give the group G the graph structure of the graph 4 x B.

First note that the identity e has a loop in G, since eg = esep. Also, with this edge
assignment, the multiplication G x G — G is a graph map. To see this, suppose (g1, g2) is
adjacent to (g3, g4) in G x G, so that (g1, g3) and (g2, g4) are both edges in G. We need
to show that (g192,9394) is an edge in G. For this, express each g; as a;b; for 1 <4 < 4.
Then we have (a1b1,asbs), (a2b2,asbs) € E(G) and hence (a1,as3), (az,a4) € E(A) and
(b1,b3), (ba,bs) € E(B). Since both A and B are groups with graph structures, this means
that (ajaq,a3a4) € E(A) and (b1ba, b3bs) € E(B). But then

E(G) = E(A x B) 5 (aja2b1bs, azasbsbs) = (a1biazbs, azbsasbs) = (9192, 9394)

as desired. The penultimate equality from above follows from the fact that A C Z(G).

The inversion map is treated similarly. O

The lemma does not hold for split non-central extensions. For example, the dihedral
group Dy is given as the noncentral split extension: e — Zy — Dy — Zs.
If we take the horizontal graph structure on Z4 :=< « > and the complete graph structure
on Zg :=< T >, then the induced product structure on Dy is not a graph structure. Indeed,

we have (1,7) € E(Z3) and (a2, a?), (a®, @) € E(Z4) and hence (o2, a?7), (a3, a7) € E(Dy).
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So then (a?,a®) and (a?7, ar) are adjacent in Dy x Dy. However, (a°, a?7ar) = (o, a) is

not an edge (loop) in Dy since o does not have a loop in Zs.
For a graph G with |V (G)| = n, we have seen that AUT(G) gives a graph structure on

Sp. It would be interesting to know which graph structures arise in this way.

Question 2.5.9. Which graph structures on S, can be realized as AUT(G) for some graph
G with |[V(G)| =n?

In Figure 2.4, we provide a complete list of (simple) graph structures on the groups S3

and Zg (hence all groupgraphs with 6 elements).

2.5.5 Graphed group actions on graphs and quotients

Definition 2.5.10. Let H be a graph and G a graphed group. We say that G acts on H
(on the left) if we there is a graph map o« : G x H — H such that the following diagrams

commaute.

H(idZGxH GxGxHid—Xc—Y-)GxH
Nl e
H GxH———H
The graphed group G = AUT(H) (as defined above) with o : G x H — H given
by (p,h) — @(h) provides an example of such an action. Another example comes from
G = Aut(H), the group of all invertible graph maps ¢ : H — H. With the discrete graph
structure, restricting this action gives the familiar action Aut(H)x H — H of the ‘ordinary’
automorphism group of H.
Given an action o : G x H — H we can now define @, the quotient of H by the action
of G, as the colimit of the diagram:

GxHa—>_>H

™2

This broadens the notion of a group action on a graph.
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Figure 2.4: The graph structures on S3 and Zg.
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Chapter 3
HOM COMPLEXES

3.0.6 Introduction

In this chapter we introduce our main object of study, the Hom complex. We begin with
some definitions, and then turn to a discussion of several important properties of the Hom
complex. We describe its interaction with the exponential graph construction and also show
that as a functor Hom(7,7) preserves limits. We next turn to a discussion of ‘foldings’ of
graphs, and describe how these relate to the Hom complexes. Much of this material is taken
from the preprint [Docal.

(Versions of) the Hom complex were originally used by Lovész, Babson and Kozlov, and
others to provide topological lower bounds on the chromatic numbers of graphs. We include
a brief review of this history, in which we place these various results in a common ‘modern’
context.

Finally, we end the chapter with a discussion of (a candidate for) a notion of the Hom
complex for general graphs (in the sense of the penultimate section of the previous chapter);
the basic issue is how to deal with multiple edges. We show that the functor which takes
a graph to its simplified version (collapsing edges) induces a homotopy equivalence of the

relevant Hom complexes.

3.1 The Hom complex

We begin by recalling the construction of the Hom complex associated to a pair of graphs.
We would like to think of this as an enrichment of the category of graphs over the category

of posets, and hence offer the following definition.

Definition 3.1.1. For graphs G, H, we define Hom(G, H) to be the poset whose elements are
given by all functions n : V(G) — 2VEN{B}, such that if (z,y) € E(G), then (&,7) € E(H)
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for all Z € n(z) and § € n(y). The relation is given by containment, so that n < 7' if
n(z) Cn'(z) for allz € V (see Figure 3.1).

Figure 3.1: The graphs G and H, and the poset Hom(G, H)

We will often refer to Hom(G, H) as a topological space; by this we mean the geometric
realization of (the order complex of) the poset (see Figure 3.2). We refer to Chapter 2 of

this thesis for all the relevant definitions.

Figure 3.2: The realization of the poset Hom(G, H) (up to barycentric subdivision)

Note that if G and H are both finite, then (the geometric realization of the order
complex of) this Hom(G, H) yields a simplicial complex that is isomorphic to the barycentric
subdivision of the polyhedral Hom complex as defined in [BK06].

Fixing one of the coordinates of the Hom complexes provides a covariant functor Hom(T', 7),
and a contravariant functor Hom(?,T'), from G to the category of posets. If f : G — H is a

graph map, we have in the first case an induced poset map fr : Hom(T,G) — Hom(T, H)
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given by fr(a)(t) = {f(g9) : g € a(t)} for a € Hom(T,G) and ¢t € V(T). In the other case,
we have fT : Hom(H,T) — Hom(G,T) given by f7(8)(g) = B8(f(g)) for 8 € Hom(H,T)
and ¢ € V(G). Hence if Aut(G) and Aut(H) denote the automorphism groups of the
respective graphs, we see that Hom(G, H) carries a natural (Aut(G) x Aut(H))-action.

A graph map f : G — H induces a natural transformation f : Hom(?,G) — Hom(?, H)
in the following way. For every T € Ob(G), we have fr : Hom(T,G) — Hom(T, H) given
by (fr(a))(t) = {f(g) : g € a(t)} for each a € Hom(T,G) and t € V(T). If g: S —> T is a
graph map, the diagram

Hom(S, G) +—— Hom(T, G)

2 ’ E

Hom(S, H) «—— Hom(T, H)

commutes since if @ € Hom(T,G) and s € V(S) then on the one hand ((fsg%)(a))(s) =

{f(2) 1z € (g°(@)(s)} = {f(z) : = € a(g(s))}, and on the other hand ((¢” fr)(@))(s) =
((fr)(@))(g(s)) = {f(z) : = € a(g(s))}.

The function induced by composition Hom(G, H) x Hom(H, K) — Hom(G, K) is a poset
map; see [Koza] for the details.

Many operations in the category of graphs interact nicely with the topology of the Hom
complexes. We now gather together some of these results. The first observation comes from

the paper of [BKO06).
Lemma 3.1.2. For graphs A, B,C there is an isomorphism of posets
Hom(A U B, C) = Hom(A4, C) x Hom(B, C).
Also, if A is connected and not a single vertex, then
Hom(A, B I C) = Hom(A, B) Il Hom(A4, C).

As we will see, other graph operations are preserved by the Hom complexes up to

homotopy type.
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3.2 Adjunctions and Limits

For graphs A, B, and C the exponential graph construction provides the adjunction G(A x
B,C) = G(A,CP), an isomorphism of sets. The next proposition shows that there is a

homotopy equivalence of the associated Hom complexes.

Proposition 3.2.1. For graphs A, B,C, Hom(A x B,C) can be included in Hom(A, CB)
so that Hom(A x B,C) is the image of a closure map on Hom(A,CB). In particular, we

have the inclusion of a strong deformation retract
|Hom(A x B,C)|— |Hom(4, C?)|.

Proof. Let P = Hom(A x B, C) and Q = Hom(4, CP) be the respective posets. Our plan is
to define an inclusion map j : P — @ and a closure map ¢ : @ — @ such that Im(j) = Im(c),
from which the result would follow.

We define the map of posets j : P — @ according to
j(e)(a) ={f: V(B) = V(C)|f(b) € a(a,b)¥b € B}

for every vertex a € V(A) and o € P. To show that j(a) is in fact an element of @, we need
to verify that if (a,a’) € E(A) then we (f, /') € E(CB) for all f € j(a)(a), f € j(a)(a’).
For this, consider (b,b') € E(B). Then ((a,b),(a’,t')) € E(A x B). Hence (¢,c') € E(C)
for all ¢ € a(a,b) and all ¢ € a(a’,¥’). In particular, (f(b), f(V')) € E(C), and we conclude
that (f, f') € E(CP) so that j(a) is indeed an element of Hom(4, C5).

We claim that j is injective. To see this, let o # o' be distinct elements of the poset
P, with a(a,b) # o¢/(a,b) for some (a,b) € V(A x B). Without loss of generality, suppose
¢ € a(a,b)\d'(a,b). Then we have f € j(a)(a) such that f(b) = ¢, and yet f ¢ j(a')(a).
We conclude that j(a) # j(a'), and hence j is injective.

Next we define the closure operator ¢: Q@ — Q. If v : V(A) — 2V(CB)\{®} is an element
of Q@ = Hom(A4, C?), define c(v) € Q as follows: fix some a € V(A), and for every b € V(B)
let CJ, = {f(b) € V(C): f € v(a)}. Then define ¢(y) according to

c(v)(a) ={g: V(B) = V(C)lg(b) € Cg, 7 € B}.
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We first verify that ¢ maps into @, i.e. c(y) € Hom(4, CF). Suppose (a,a’) € E(A) are
adjacent vertices in A, and let f € ¢(v)(a) and g € c(y)(a’). To show that (f,g) € E(C?B),
consider (b,b') € E(B). Then by construction there is some f’' € v(a), ¢’ € v(a’) such that
f(b) = f/(b) and g(b') = ¢'(¥'). Hence (f(b),g(t')) € E(C), as desired.

It is clear that c(q) > ¢ and (coc)(g) = c(g) for all ¢ € Q. Thus c is a closure map.

Next we claim that ¢(Q) C j(P). To see this, suppose ¥ € ¢(Q). We define « :
V(4 x B) — 2V(O\{0} by a(a,b) = CJ,, where v € Hom(4,C?) is such that ¢(v) = 4 and
CJ, € V(O) is as above. We claim that a € Hom(A x B, C). Let ((a,b), (d’,b')) € E(Ax B)
and ¢ € a(a,b) = C),,c € a(d’,b') = C),,,. Since (a,a’) € E(A) we have (f, f') € E(C?)
for all f € v(a), f’ € y(a’), and hence since (b,¥’) € E(B) we get (f(b), f'(¥))) € E(C). In
particular we obtain (¢, ¢') € E(C) as desired.

Finally, j(P) C ¢(Q) since j(P) C @ and ¢(j(P)) = j(P). Thus j(P) = ¢(Q), implying
that Hom(A x B,C) ~ Hom(A, C?) via this inclusion. a

Remark 3.2.2. As a result of the proposition, for all graphs G and H, there is a homotopy

equivalence

Hom(G, H) = Hom(1 x G, H) ~ Hom(1, HE),

where 1 denotes a single looped vertex. The last of these posets is the face poset of the
cliqgue compler on the looped vertices of HY, and hence its realization is the barycentric
subdivision of the clique complez. Since the looped vertices in HE are precisely the graph
homomorphisms G — H, we see that Hom(G, H) can be realized up to homotopy type as
the clique complez of the subgraph of HC induced by the graph homomorphisms.

By a diagram of graphs D = {D;}, we mean a collection of graphs {D;} with a specified
collection of maps between them (the image of a category D under some functor to G). For
a graph T', any such diagram of graphs gives rise to a diagram of posets Hom(7T', D) obtained
by applying the functor Hom(7, 7) to each object and each morphism (see Figure 3.3).

We can combine the facts from Lemma 2.1.4 and Proposition 3.2.1 to see that Hom

complexes preserve (up to homotopy type) limits of such diagrams.
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. Dy Hom(T, D)
l lf lfT
' ' D3 —— Dy Hom(T, D3) —— Hom(T, D»)

Figure 3.3: A category D, a diagram of graphs, and the induced diagram of posets

Proposition 3.2.3. Let D be a diagram of graphs with im(D) the limit. Then for every

graph T we have a homotopy equivalence:

|Hom (7, lim(D))| =~ | lim (Hom(T, D))|.

Proof. Let T be a graph. We will express the functor Hom(T, 7) as a composition of functors
that each preserve limits. First we note that the functor ()T : G — G given by G — GT
preserves limits since it has the left adjoint given by the functor ? x T'; this was the content

of Proposition 3.2.1. Hence for any diagram of graphs D, we obtain (lim(D))T = lim(D7).

Next we note that the functor L : § — G° that takes the induced subgraph on the

looped vertices (described above) also preserves limits since it has the left adjoint given by

the inclusion functor G° — G. Thus L(lim(D)) = lim(L(D)).

Now we claim that the functor Hom(1, ?) preserves limits up to homotopy type. To see
this, we recall that Hom(1,7?), as a functor from the category of reflexive graphs, associates
to a given (reflexive) graph G the face poset of its clique complez, A(G). Hence, taking
geometric realization, we get |[Hom(1, G)| ~ |A(G)|, for a reflexive graph G. As a functor to
flag simplicial complexes, the clique complex A has an inverse functor given by taking the
1-skeleton and adding loops to each vertex. In particular, this shows that A(?) preserves

limits, and so A(lim D) = lim(A(D)) for any diagram of reflexive graphs D.

Finally, we put these observations together to obtain the following string of homotopy
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equivalences:

|Hom (T, lim(D)) | =~ |Hom(1, (lim(D))7)|
= [Hom (1, lim(DT))| = |Hom(1,L(1im(DT)))| - 'Hom(l,lim (L(DT))N
~ }z_\.(lim (L(DT)))} - 'hm (A(L(DT)))' ~ llim (Hom(l,L(DT))>l

= [tim ((Hom (1, (D)) )| = | im (Hom(T, D))
The first and last homotopy equivalences here are as in Proposition 3.2.1. O

Recall that the product G x H is a limit (pullback) of the diagram G — 1 «— H. Since
Hom(T,1) is a point for every graph T, this implies that |Hom(T,G)| x [Hom(T, H)| is
homotopy equivalent to [Hom(T,G x H)|, for graphs T, G, and H. In fact we can prove

the following stronger result.

Proposition 3.2.4. For graphs T,G, and H, the poset Hom(T,G) x Hom(T, H) can be
included into Hom(T', G x H) so that Hom(T, G) x Hom(T, H) is the image of a closure map

on Hom(T,G x H). In particular, we have the inclusion of a strong deformation retract
|Hom(T, G)| x [Hom(T, H)|“— [Hom(T', G x H)|.

Proof. We let Q = Hom(T,G) x Hom(T, H) and P = Hom(T,G x H) be the respective
posets. Once again, our plan is to define an inclusion ¢ : @ — P and a closure map c : P — P
such that Im(3) = Im(c).

We define the map ¢ : @ — P according to i(a, 8)(v) = (a(v) x B(v)), for a vertex v €
V(T'). Note that if v,w are adjacent vertices of T' then (9,%) € E(G) and (v/,w’) € E(H)
for all ¥ € a(v), @ € a(w)), v € B(v), and w' € B(w). Hence ((7,w), (v',w')) € E(G x H),
so that i(a, 8) is indeed an element of Hom(7T,G x H). Clearly, i is injective.

Next, we define the closure operator ¢ : P — P, whose image will coincide with that
of the map 7. If 4+ € P is an element of the poset, we define c¢(y) € Hom(7,G x H) as
follows: for every v € T' we have minimal vertex subsets A, C V(G), B, C V(H) such that
v(v) € {(a,b) : a € Ay,b € By}; define ¢(v)(v) = {(a,b)} = Ay X B, to be this minimal set

of vertices of G x H.
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We first verify that ¢ maps into P, i.e. ¢(v) € Hom(7T,G x H). Suppose (v,w) € E(T)
are adjacent vertices. If (&,b) € c(v)(v) and (a/,b') € c(v)(w) then we have (&,3), (&,0) €
v(v) and (a,y'), (&',b') € v(w) for some Z,2’ € G and 7,3y € H. Hence