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Abstract

Accurate and Stable Reduction of RLC Networks

Using Split Congruence Transformations

by Kevin J. Kemns

Chairperson of the Supervisory Committee: Professor Andrew T. Yang
Department of Electrical Engineering

RLC (resistor, inductor, capacitor) network reduction refers to the formulation of small networks
whose port behavior is similar to that of large RLC networks. The motivation for this research is
that circuits are switching faster so that layout and package parasitics associated with very large
scale integrated (VLSI) circuits become more important and require simulation before fabrication.
Parasitic effects are often modeled using lumped linear RLC networks which are extracted from
the geometry of the layout and package, but these networks are so large that subsequent simulation
is impractical or impossible. As a result, it is necessary to reduce these networks after extraction
and before simulation. Several network reduction algorithms have been developed in the last few
years, but none exist which guarantee both accuracy and passivity (most guarantee only accuracy).
If the reduced networks are not accurate then the results of the simulation will probably be wrong,
but if the reduced networks are not passive then the subsequent simulation may not work at all.
This thesis presents a set of transformations called Split Congruence Transformations (SCT’s)
which can be used to accurately reduce a network while preserving passivity. Several examples,
including a prototype SPICE-in SPICE-out network reduction tool are given which show the util-
ity of SCT’s.
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Chapter 1
Introduction

RLC (resistor, inductor, capacitor) network reduction refers to the formulation of small net-
works whose port behavior is similar to that of large RLC networks. Several reduction algorithms
currently exist, but none of these preserve both passivity and accuracy for general RLC networks.
This thesis presents a set of transformations called Split Congruence Transformations (SCT’s)
which can be used to reduce RLC networks accurately while preserving passivity. The following
sections provide motivation for this research, the basic requirements for network reduction algo-

rithms, and an overview of the proposal.

1.1 Motivation for Network Reduction

Very large scale integrated (VLSI) circuits are being designed to run faster and to use less
power. To do this, designs are more aggressive, device sizes are shrinking, and power supplies are
lower voltage. In conservative digital designs, it is simple to ensure that a circuit will work without
considering the impact of the actual layout by using a clock which is sufficiently slow that signals
have plenty of slack, or time to reach their destination, before they are required. More aggressive
designs reduce the amount of the slack so that the circuit will run faster, but less slack makes sig-
nal delays caused by physical layout of the circuit more significant. Because the chip dimensions
are typically smaller than the wavelength of a signal, on-chip RLC parasitics tend to behave like
thermal diffusion, while off-chip parasitics, which correspond to dimensions that are large com-
pared to signal wavelengths, tend to exhibit wavelike behavior, e.g. reflection and ringing. In order
to ensure that the layout of an aggressive design will work, parasitic effects must be included in
simulations of the circuit.

In addition to more aggressive designs, shrinking device sizes make on-chip and off-chip par-
asitics more significant. Smaller devices have output impedances similar to those of larger devices,

but they have smaller loading and self capacitance. These devices are faster since the time required



for a digital circuit to transition is on the order of the output impedance times the total capacitance.
As device sizes decrease, so do wire widths, but average wire lengths, which scale with chip size,
remain the same, and the result is that the resistance of signal and power paths is increasing.
Smaller devices require that supply voltages be lowered to ensure that electric fields do not cause
breakdown, but lower voltages make circuits more sensitive to fluctuations in the supply which
become proportionally larger. These fluctuations, known as “ground bounce,” occur because digi-
tal devices do not smoothly draw current. Instead, peak current is drawn during signal transitions,
and little current is drawn at other times. The resistance of the line causes a voltage drop propor-
tional to the magnitude of the current, and the inductance of the line causes a drop proportional to
the change in current. Therefore, high currents or sudden changes cause voltage spikes in the sup-
ply. In summary, not only do shrinking device sizes increase the sensitivity to parasitics, but they
can actually make the parasitics worse.

The majority of the power consumed by a digital VLSI circuit occurs during transitions of the
logic gates. In reality, these gates do not always transition smoothly during a clock cycle, but may
fluctuate rapidly as different inputs independently change state. Although these glitches have a
minor effect on circuit performance (provided they stabilize by the time the signal is needed), they
can have a dramatic effect on the power consumed by the circuit. Glitches can be very sensitive to
minor changes in signal delay, so that the individual line delays must be accurately modeled for
analysis of the effect of layout on power consumption.

In mixed signal designs, more integration of analog and digital devices are being made on the
same chip. Here, the rapid transition of digital circuits can couple to the analog devices through
several means. First, ground bounce can cause fluctuations in the power supply. Second, current is
injected into the chip substrate during transitions in the digital devices. This current causes fluctu-
ations in the substrate voltage which can couple to the analog devices through changes in the
threshold voltage.

All of these effects have encouraged research to model on-chip and off-chip parasitics, and
many of these models can be expressed as lumped RLC networks, (e.g. [11[2][3]1{4](5]). These net-
works form macromodels which are included in circuit simulations in order to assess the effect of
the parasitics. Unfortunately, these models are so large that subsequent simulations become
impractical or impossible, so the models must be reduced before the circuits can be simulated. In

the next section, the requirements for a useful reduction algorithm are presented.



1.2 Requirements for Network Reduction

To ensure the veracity of subsequent circuit simulations, reduced networks must be accurate.
The user of the reduction tool must have confidence that the behavior at the ports of a derived
netlist accurately approximates that of the original netlist. In addition the user should be able to
specify the error tolerance and frequency range for which accuracy is maintained. This allows the
user to make a trade off between simulation speed and accuracy, and increases the flexibility of the
tool. Specification of the size of the reduced networks is not an adequate means of expressing
accuracy since one part of a network may require only a few terms to fit behavior while others may
require many.

Reduced networks must be passive. A passive network is one which cannot generate more
energy than it absorbs, and thus is absolutely stable. If a reduced network is not passive, simula-
tions which use it may exhibit artificial oscillations or exponential growth which render them use-
less. One way to ensure passivity is to synthesize an RLC network with the same behavior as the
reduced network and then drop all negative elements — this technique can cause an unacceptable
loss of accuracy and should not be used. Asymptotic stability implies that the real part of the poles
of the transfer function are less than or equal to zero. Such a network is stable provided nothing is
hooked to the ports, but if it is not passive, a passive linear termination to the ports exists which
will make the system unstable. Examples of this are provided in Chapters 2 and 7.

Most commercial circuit simulators model networks using a modified admittance formulation
[6], and the majority of the state variables represent network nodal voltage. In order to make the
reduced models compatible with these simulators, the behavior of the reduced networks must be
specified as admittance. RLC elements are extracted from a netlist, and the voltage nodes of the
netlist which are shared by both RLC and non-RLC elements become the ports. Admittance
parameters allow the reduced netlist to be added to the non-RLC element netlist for simulation
without the use of a transformer.

The reduced networks must be efficient —they should be as small as possible so that subse-
quent circuit simulations require minimal time and memory. In general, network reduction takes
much less time than does simulation of the reduced networks so more emphasis should be placed

on making the networks small, rather than on speeding the reduction process.



1.3 Overview

This thesis is organized as follows. First, previous work on network reduction is reviewed in
Chapter 2. Here, a common formulation is used which highlights the key features of the different
algorithms, and it is shown that the algorithms do not preserve passivity. Chapter 3 derives the for-
mulation of the matrices which represent the network using modified nodal analysis, and Chapter
4 presents congruence transforms which can be used to reduced the size of these matrices via
direct admittance-to-admittance transformations which preserve selected network behavior. Chap-
ter 5 shows how the transforms presented in the previous chapter are used to reduce RC networks
while preserving network passivity and bounding accuracy in an algorithm called Pole Analysis
via Congruence Transformations (PACT). Chapter 6 shows why the PACT formulation cannot be
applied to general RLC networks, and it shows that SCT’s preserve passivity by preserving the
“passive form” of the network. Chapter 7 presents several examples of network reduction using
SCT’s, and concluding remarks are made in Chapter 8.

Math conventions are used in this thesis which are consistent with Golub and Van Loan [7].
Unless otherwise stated, all variables are real with the exception of {i...n, r, p, g} which are inte-
gers, and s which is complex frequency. Using this convention, x is a scalar, x is a vector, X is a
matrix, XT is the transpose of X, X~T is the inverse transpose of X, and x;j is the element in the ith
row and jth column of X. All vectors are column vectors except where noted, and the identity and

zero matrices are represented as I and 0 respectively.



Chapter 2
Related Work

This chapter reviews the well known network reduction algorithms. Here, the different tech-
niques are derived such that they all extend from a common formulation in order to simplify com-
parisons of the methods. The key point of this chapter is that the techniques are nonsymmetric and
can be applied to any voltage transfer function, and that none presented here preserves the passiv-
ity of general RLC networks.

The first well know network reduction technique was applied to signal delay and was pre-
sented by Elmore in 1948 [8]. The voltage transfer function between an input signal and an output

signal is derived for a network, and the delay is approximated as

T, = L @1

where h and h; are the first two moments (offset and slope) of the voltage transfer function in the
Laplace domain at s = 0. This technique requires that the source impedance and load capacitance
be approximated with linear elements so that the voltage transfer function can be expressed as a
linear equation. The next section presents the common formulation that is used in the derivation of
the more advanced techniques which reduce not only voltage transfer functions, but admittance,

impedance, and any other input-output relationship.

2.1 Common Formulation

The formulation here is used by all of the techniques in the following sections of this chapter,
and is used to simplify comparisons of the methods presented in these sections. Given a linear net-
work with n independent voltages and currents, the Laplace domain relationship between the volt-
ages of the voltage nodes (currents of the current nodes) versus the current injected into the

voltage nodes (voltage applied to the current nodes) can be expressed as



(G+sC)x = b. (22)
The nxn matrices G and C represent the frequency independent and frequency dependent parts of

the network respectively, the vector X represents the n values of the voltage and current nodes, and
the vector b represents the n currents and voltages injected into these nodes. The transfer function
of this network in the Laplace domain, which relates the m inputs contained in the vector u to the p
outputs contained in the vector 1, can be expressed as

I(s) = H(s)u(s). 2.3)
The transfer function is related to the network as

H(s) = LT (G+sC)7'B. 2.4)
Here, the excitation matrix B contains m columns, each of which corresponds to excitation of one

of the input ports, and the observation matrix L contains p columns, each of which corresponds to
observation of one of the output ports. If p = m, all input elements are port voltages, and all output
elements are current flowing into the corresponding ports, then H(s) describes the multiport admit-
tance, Y(s).

A simplifying transformation can be made to (2.4) without changing the behavior at the ports.

H(s+sy) = L' (I-s4)7'R, 2.5)

where

A==(G+s,0)'C

(2.6)
R= (G+5,C)"'B
Here s is a constant, and the Taylor series expansion of (2.5) about sy is
H(s+sp) = LT(1+sa+s2a%+ . R, @7

This constant is often set to zero since, for most networks, the low frequency behavior is more
important than that at high frequencies. Equations (2.4)...(2.7) are used as a starting point for the
derivations in each of the following sections. Because A is nonsymmetric and R # L, the algo-
rithms using this formulation do not generally preserves symmetry so that the reduced networks

are nonsymmetric.



2.2 Asymptotic Waveform Evaluation (AWE)

The simplest general technique for network reduction, called “Asymptotic Waveform Evalua-
tion” (AWE), was developed in the late 1980’s by Pillage and Rohrer [9]. Here, the size of the net-
work is reduced by approximating (2.4) with a Taylor series expanded about s = sy as shown in
(2.7). A recursive method of calculating the moments of the transfer function is revealed by writ-
ing (2.7) as

T 2
H(s+s) = L'(X g +5Xp) +5K 5 + .. ) @8)
where
X, =R
0 i 2.9)
X =AX;1)
The individual terms of H(s) are represented as the Taylor series
2
hk,(s-i-so) = hkl(O) +Shkl(l) +s hkl(2) +..., 2.10)
and
T
By = e @.11)

where I and x; are the kth and /th columns of L and X respectively.

Equation (2.10) is not a useful representation of the transfer function since the Taylor series
will not converge for |s—sg| 2 p where p is the absolute distance between sy and its closest pole.
The poles occur at values of s for which (G + sC) of (2.4) is singular. Because all transfer func-
tions of linear networks containing discrete elements can be completely described by rational

polynomials, it is appropriate to fit (2.10) to an equation of the form

q
az+sa +...+s°a

- 9 (2.12)
1+sbl+...+s b’_

hy (s +59) =

via the Padé approximation. The integers r and q are less than or equal to n, and ¢ = r — 1 (usually).
The values of the coefficients in (2.12) are selected such that the first g+r+1 moments expanded
about s = sg of the rational polynomial are equal to those given by (2.11).

In perfect math, (2.12) exactly represents the behavior of the transfer function when r = n.
Unfortunately, solving for the values of the coefficients in the denominator becomes ill condi-

tioned as r becomes large, and only the poles closest to s are correctly identified. As a result, cal-



culation of more moments does not guarantee a better fit to the data. Furthermore, poles of the
reduced network (i.e. values of s for which the denominator of (2.12) is zero) may occur for
Re(s) > 0 so that the network is unstable. While asymptotic stability can be ensured by dropping

such poles, passivity is not easily ensured.

2.3 Complex Frequency Hopping (CFH)

An extension to AWE was proposed by Huang in 1990 by which stiff systems could be more
accurately approximated by including a second moment expansion point on the real axis (i.e. the
first sq is zero and the second is real and negative) [10]. This analysis was refined by Chiprout and
Nakhla in 1995 who developed a method called “Complex Frequency Hopping” (CFH) [11]. In
this technique, the moment expansions presented for AWE are carried out at several locations on
the imaginary axis (i.e. Re(sg) = 0). It is shown that, when r is fixed and g grows large in the Padé
approximation for (2.12), the r roots of the denominator converge to the r poles closest to s5. CFH
uses this property to identify all of the poles which are close to the imaginary axis in a specified
frequency range. The numerator of (2.12) is then determined using a selected set of low-order
moments generated at the various expansion points which are referred to as “hops”.

Of the r poles found from a hop, those which are furthest from the expansion point may not be
accurately identified. In order to verify the accuracy of a pole, overlap of poles found from two
adjacent hops is evaluated. If overlap occurs (i.e. they have approximately the same value), ali
poles found within the radius of the overlapped pole are assumed to be accurate and poles outside
of this radius are rejected. Fig. 2.1 illustrates the selection of poles for two hops. Four poles are
identified in the first hop, and three in the second. The radius of accuracy is estimated by using the
largest radius for which common poles are found, and poles outside of that radius are rejected.
Enough hops are used that accuracy of all of the poles in the region of interest can be verified, and
poles in the lower half of the s-plane are automatically identified since all poles occur as complex
pairs.

The advantage of CFH is that it is more accurate than AWE. It is not a Padé approximation
because it preserves the poles rather than the moments of the transfer function. The major disad-
vantage of CFH is that multiple expansion points must be used, each of which requires its own
(expensive) LU factorization. Furthermore, CFH must factorize complex matrices whereas AWE

uses real matrices.
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Figure 2.1. Ilustration of CFH pole selection in the complex s plane (adapted from [11]).

It can be shown that the poles of the transfer function are the eigenvalues of the generalized
eigenvalue problem
det(G+AC) =0, (2.13)
and that the CFH pole analysis is simply a form of shifted inverse iteration (with a block size of r)
to identify selected eigenvalues of (2.13) (e.g. see Section 7.3 of [7] and references therein).
Because CFH identifies the actual poles, all poles in the reduced network will be on the left hand
side of the complex plane (Re(s) < 0) and asymptotic stability will be ensured. Unfortunately,
asymptotic stability does not imply that the reduced network is passive, and active networks may

still be created.

2.4 Matrix Padé Via a Lanczos-type Process (MPVL)

The form of (2.4) is similar to that used to model flexible structures in control theory. Here, it
was demonstrated in the mid-1980’s that Krylov subspace techniques, which include the Lanczos
[12] and Amoldi [13] processes, can be applied to the problem of linear model reduction in order
to obtain models in a well-conditioned manner (e.g. [14] and [15]). A Krylov subspace of the

matrix A and the column vectors contained in V is defined as

K,(A,V) = span{V,AV, .., AT vy, 2.14)
In 1994, Gallivan et. al [16] pointed out that the Lanczos process could be applied to the problem

of network reduction, and at nearly the same time, Feldmann and Freund [17][18] published an
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algorithm called “Padé via Lanczos” (PVL) which did so. PVL could only be applied to one-port
networks, but the following year a multiport version called “Matrix Padé via a Lanczos-type Pro-
cess” (MPVL) was introduced by the same authors [19]. This algorithm was shown to implicitly
find an efficient Padé approximation of linear networks in a well-conditioned manner. The follow-
ing derivation of MPVL has been simplified in order to show how moments are implicitly matched
in a well-conditioned manner without delving into the details of the algorithm or the Lanczos pro-
cess.

Given two nonsingular square biorthonormal matrices V and W (biorthonormal means that
WTV = I), insertion of VV~! on the left side of the denominator in (2.5) and W~YW? on the right

transforms the network without changing the port behavior,

H(s+sp = LTV(1-swTAv] ' W'R. @.15)
If V and W are nxk matrices with k < n, then the size of the network will be reduced because
WTAYV is a kxk matrix. However, H(s + so) will not be preserved since the products of V and W
with their generalized inverses do not equal the identity matrix. Fortunately, Theorem 2.1 shows
that it is possible to formulate these matrices such that the moments of the transfer function found
from (2.7) and given by

2
H(s+s,) =H,+sH,+sH, +...
( 0) 0 1 2 (2.16)

H,=L"AR

are preserved.

Theorem 2.1. Given A e R™" L e R™*P, R e R™*™ V e Rk W eR"™* WIv=I k<n,

m<n, p<n,
i . ’
span(A R);span ), (ie {O0,1,....m" -1}), 2.17)
and
span((AT)‘L)gspan(W), (i€ {0,1,...p" = 1}), 2.18)
then
LTAR = LTV(WTAV)'WTR, (ie {0,1,...p°+m'~1}). (2.19)

Proof: Equation (2.17) and (2.18) imply
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there exists ( o € K™ | such that A'R = Va, (i€ {0, 1, .. m'~1}) (220)

and

there exists (B‘.e ikaP) such that ((AT)'L) =WB, (ie {0,1,...,p ~1}) 2.21)
respectively. From (2.20) and (2.21) and because wliv=l,

VWIAR =VW'Va, = Vo, = AR, (ie {0,1,...m"-1}), (2.22)
and
LTaAvwT =T wivw' = pTw' =LTA’, (ie {0,1,...,p'~1}). (2.23)
Finally, it is easy to show by recursively using the equalities given in (2.22) and (2.23) that (2.19)
is true.
QED.

The nonsymmetric “look-ahead” Lanczos algorithm [20] has been designed to derive V and
W which meet the requirements of Theorem 2.1 in a well-conditioned manner. This algorithm
derives these two sets of vectors such that T = WTAV in (2.15) is banded with p superdiagonals
and m subdiagonals. In actual implementations, WTV forms a block diagonal matrix instead of the
identity matrix so that breakdown can be avoided. Breakdown results when corresponding vectors
in V and W are nearly orthogonal. Since this algorithm provides WTV 1, the actual formulation
of MPVL is somewhat more complex than is presented here.

The advantage of MPVL over AWE is that by implicitly matching moments via the Lanczos
process, MPVL is well conditioned. But, like AWE, MPVL does not ensure that reduced RLC net-
works are passive or even asymptotically stable. An example of this is illustrated by the network in

Fig. 2.2 which shows the termination of the one-port RLC network listed in Appendix A by a

' 1

10 nH
Unit ? RLC

Impulse 5nF network

- . I
Figure 2.2, A one-port RLC network is probed by a unit impulse. The simulation is conducted
with and without termination by an LC shunt.
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15 1 o ¥ T L

—— unterm. original network
- — term. original network

-=~- - unterm. reduced network
o | term. reduced network .

impulse response, mV

-5 [ i ! ! 1
50 100 150 200 250 300

time, ns

Figure 2.3. Example showing 8th-order MPVL approximation of the network in Fig. 2.2.
Although the reduced network is asymptotically stable, it is not passive, and in this case, the
terminated reduced system is unstable.

series LC shunt. This network is reduced using an 8th-order MPVL reduction (16 moments
matched), and Fig. 2.3 shows a transient simulation, using backward Euler integration, of the ter-
minated and unterminated original and reduced networks. The vertical axis is the port voltage
response to a unit impulse current. Both the admittance and impedance of the reduced network are
asymptotically stable (no poles with positive real values), but the network is not passive. The
unterminated reduced network is stable because there are no impedance poles with positive real
components. As can be seen in Fig. 2.3, termination of the network by the LC shunt has a small
effect on the original network, but it causes the system which includes the reduced network to

become unstable.
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2.5 Arnoldi’s Method

Armoldi’s algorithm [13] provides an alternative to the look-ahead Lanczos algorithm for a
well-conditioned solution to the span requirement of (2.20). This technique was presented for the
reduction of RL networks by Silveira er. al. in 1995 [21], but it is easily extended to RLC net-
works. Instead of using two separate sets of biorthonormal projection vectors, V and W, as does
MPVL, this technique uses a single set of vectors, V, which are orthonormal (VIV =I). The for-

mulation corresponding to (2.15) is

-1
H(s+sy) = LTV(I-sVTAV) V'R, 2.24)

and the span requirement for V is

span(AiR)gspan V), (ie {0,1,...,m —1}) . (2.25)

The constant p’ is equal to zero in (2.18) so that only m” moments are matched instead of

m’ +p” moments which are matched by MPVL because span(L) & span(R) implies that
span(L) & span(V). It is interesting to note that since this technique was proposed for the reduc-
tion of RL networks, the matrix G in (2.4) is definite and R = L (ignoring negative signs). As a
result, the Cholesky factorization, DTD = G, exists. An alternate formulation of (2.5) for sy = 0 as

H(s) = PT (1+sE)"'P (2.26)
where
-T -1
P=D'B

allows as many moments to be matched as does MPVL while using Arnoldi’s method. The reason
is that matching the span requirement of V for the left hand side of (2.26) also matches it for the
right hand side. Unfortunately, this formulation breaks down for general RLC networks because G
is indefinite. In Chapter 3, a symmetric formulation is presented which allows both the Arnoldi-
and Lanczos- derived transforms to fit two moments per iteration for general RLC networks.

In summary, MPVL and the Arnoldi-based technique solve the ill conditioning problem of
AWE, but do not ensure passivity or even asymptotic stability. CFH does preserve asymptotic sta-
bility by preserving the poles of the network, but it does not ensure that passivity is preserved.
Finally, none of the techniques preserve symmetry, or provide a direct admittance-to-admittance

conversion of the network.



Chapter 3
Formulation of Multiport Admittance Using Modified Nodal Analysis

The algorithms presented in Chapter 2 are general algorithms which are useful for any transfer
function between voltage and current (e.g. admittance, impedance, voltage gain, etc.), and this is
why the generic transfer function “H(s)” is used in (2.4). Using these algorithms, an admittance
formulation of the reduced networks requires that the inputs to the corresponding nodes of the
original network be voltage. Therefore, these techniques require that one voltage source corre-
sponding to each port be included in the original network. In other words, to probe the admittance
of a network, the voltages of the ports are set using voltage sources and the resulting currents into
the ports are equal to the currents flowing through these sources.

Since it is desired that both the original and reduced networks be represented as admittance, an
alternative formulation based on partitioning Modified Nodal Analysis (MNA) [6] network matri-
ces is used which allows a direct admittance-to-admittance conversion via congruence transforma-
tions of the network matrices. Section 3.1 reviews how MNA network matrices are formulated for
RLC networks, and Section 3.2 derives the multiport admittance, Y(s), by using a partitioning of
these networks. Transforms are derived in the next chapter to reduce the size of the network matri-

ces presented in Section 3.1 while preserving properties of Y(s) derived in Section 3.2.

3.1 Modified Nodal Analysis

MNA is used to formulate symmetric matrices which relate network voltages and currents to

the inputs in the frequency domain as
(G+sC)x = b. 3.1
The time independent elements are represented by G and the time dependent elements are repre-
sented by C. MNA uses two types of variables to represent the state of the network — type 1 and
type 2 state variables are nodal voltages and branch currents respectively. Corresponding to this

definition, type 1 branch elements are those which can be represented as admittances (i.e. branch
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currents can be related to branch voltages) such as nonzero resistors (conductors) and capacitors.
Type 2 elements are those which can be represented as impedances (i.e. branch voltages can be
related to branch currents) such as resistors and inductors. Each type 2 element requires one state
variable to represent branch current, and as a result, resistors are usually stamped as type 1 in order
to minimize the number of unknowns.

Equation (3.1) can be partitioned into type 1 and type 2 components as

Gy Gy, 4|C1 O] | M - [bl] (3.2)
G, G, 0 G,/ [*2 0
by ordering the nodal voltages (type 1) before the branch currents (type 2). The subscript 1 repre-
sents type 1 matrices, 2 represents type 2 matrices, and 3 represents the connecting matrices
between the type 1 and type 2 components. The vector x; represents the nodal voltages of the sys-
tem, and X, represents the currents through the type 2 branches. The excitation vector by repre-
sents the currents injected into the nodes of the network, and by definition b, is zero because the
branch voltages of the type 2 elements cannot be exterally excited. For simplicity, the time inde-
pendent matrix, G, will be referred to as the conductance matrix even though the type 2 conduc-
tance matrix, G, has units of impedance, and the type 1 to type 2 connecting matrix, G3, is
unitless. In the same way, the time dependent matrix, C, is referred to as the susceptance matrix.
Each element of the network can be represented as a simple matrix, as is shown in Fig. 3.1. If
one of the branch nodes is 0 (the common node) then the corresponding row and column is elimi-
nated from the matrix. The conductance matrix, G, is formed by the sum of the individual conduc-
tance matrices, G, and the susceptance matrix, C, is formed by the sum of the individual
susceptance matrices, C. Itis easy to see that G, is formed solely by the individual type 1 resis-
tance matrices (Fig. 3.1.a), and, because each is symmetric nonnegative definite (i.e. none of the
eigenvalues are less than zero), G4 is symmetric nonnegative definite. In the same way, C,, which
is formed solely by the individual capacitance matrices (Fig. 3.1.b), is also symmetric nonnegative
definite. The type 2 susceptance matrix, C,, which is formed from the sum of the inductors (Fig.
3.1.c) and coupled inductors (Fig. 3.1.d) is symmetric nonpositive definite (no eigenvalues are
greater than zero) because each of the individual element matrices has the same property. The type
2 conductance matrix, G,, is diagonal with zeros (or negative values if some resistors are stamped

as type 2 as is shown if Fig. 3.1.e) on the diagonal. The definiteness of the partitions of the net-
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i i j i i j
1] g -gf ilc -c;
g —~ : amgen C - :
G= 118 ¢&. C= Jl}j<¢ ¢,
i : i :
a. conductor (type 1 resistor) b. capacitor
i i j k i j k
i i1 i '
k l - . : - . '
G: J .'1 C: J '
. - 1] l-l
i kj1 -1; k :
c. inductor
I, I .kl k2 i i j k
L] . L} l
ki \kz ) s s, . :
C= kl :'ll m G= 1 '-1
k Rl 'm 4 , k|1 -1:-r
m =kl 1, . J
<1  d.coupled inductors e. type 2 resistor

Figure 3.1. Formation of individual RLC elements into matrices using MNA. Each matrix is
zero except where shown. The indices i and j represent voltage nodes, and k is the index to the
type 2 branch currents. The dotted lines separate the type 1 (upper left) from the type 2 (lower
right) portions of the matrices. The conductance matrix for (d) stamps as two individual induc-
tors as shown in (c).

works assumes that all element values are positive with the exception of the inductance coupling
coefficients (k) whose absolute values must be less than or equal to 1. The symmetry and definite-
ness of the network matrix partitions are key to the derivations of passivity which are shown in

Chapters 5 and 6.

3.2 Formulation of Multiport Admittance

Given a network, which is represented using MNA by the matrices in (3.2), with m ports, n
internal voltage nodes, and [ type 2 elements, the multiport admittance can by found by partition-
ing the network into port nodes and internal nodes. The type 1 (voltage) nodes are ordered so that
the common port node is 0, the remaining port nodes are in the first m rows, and the n internal voit-

age nodes are in the next n rows. The type 1 matrices are then partitioned as
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T T T
Gp G Gcz Cp Ccp Of [|*p

bp

Gey Gy G'Il; *+5|Cey Cyy O [I*1a| = | 0] (3.3)

Gez 63 6 0 0 Cyjixaf LO
The m port node voltages are represented by x,, the n internal node voltages are represented by
X1, and the / branch currents are represented by x,. The currents injected into the m ports are given
by by, The type 1 internal excitation vector is zero because no current can be injected into an inter-
nal node, and the type 2 excitation vector is zero by definition. The mxm port conductance and sus-
ceptance matrices are given by Gp and Cp respectively, and the (/+n)xm connection conductance

and susceptance matrices are given by

G
G = [GCIJ and C¢. = [CCI]. (34)
c2 0

Finally, the ({+n)x({+n) intemal conductance and susceptance matrices are

T
C,, 0
G, = |®1 %8 and = [Jl c} (3.5)
Gy G, 2

To formulate the multiport admittance, Y(s), (3.3) is simplified by using the identities given in
(3.4) and (3.5).

T T
Gp Gc | 44/Cr Cc {x"} - ["P] (3.6)

Equation (3.6) provides two equations with two unknowns, xp and xy. Using the definition of

admittance,
Y (s) Xp (s) = bp (s), 3.7
and eliminating xy gives
Y(s) = Gp+5Cp= (G +5Cg) T (Gy+5Cp ™ (G +5Ce) - 3.9)
The poles of Y (s) occur where (Gy+sCy) is singular, and these are found from the solution to the

generalized eigenvalue problem
Gix = ACx (3.9)

where s = —A is a pole of the system.
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It is desirable to simplify (3.8) by zeroing either G¢ or Cc, and to reduce the size of the net-
work while preserving some behavior of Y (s). Both of these operations are performed by trans-
forming the network using specific congruence transforms which are presented in the next chapter,

and the formulation of those transforms is based on that which is presented here.



Chapter 4
Network Reduction Using Congruence Transformations

In this chapter, congruence transforms are used to reduce the size of RLC networks by
decreasing the size of the internal matrices, Gy and Cj, in the derivation of the multiport admit-
tance, Y(s), given by (3.8). A congruence transformation of a square matrix A is defined as the
transformation B = XTAX (note that A and B are not those which were defined in Chapter 2). X is
referred to as a congruence transform. An important property of these transforms is that they pre-
serve symmetry and definiteness as is shown in Theorem 4.1. This property is used in Chapters 5
and 6 to show how passivity can be preserved. Application of a transform with fewer columns than
rows to the conductance and susceptance matrices of (3.1) reduces the size of the network by
decreasing the number of rows (and thus network nodes). In general, nonsquare transforms cause
information to be lost so that the network behavior is not preserved (Section 4.4 shows one excep-
tion), but some can be formulated which retain desired behavior such as an admittance poles or
mornents.

This chapter is written using a “cookbook” approach in the sense that several transforms are
independently presented which are needed in subsequent chapters. Theses transforms are used to
zero the conductance or susceptance connection matrices without changing the network behavior
(Section 4.1), and to match a selected set of poles (Section 4.2) or moments (Section 4.3) of the
multiport admittance while reducing network size. Section 4.4 shows how to eliminate singulari-

ties caused by current loops or floating nodes without affecting the network behavior.

Theorem 4.1. If A is a symmetric nonnegative definite matrix, then B = XTAX isalso a sym-
metric nonnegative definite matrix, where X is any real matrix with the appropriate number of
rows.

Proof: Because A is symmetric nonnegative definite, it can be written as

A = UAUT @.1)
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where U is the real, orthonormal matrix containing the eigenvectors of A, and A is the diagonal
matrix containing the real nonnegative eigenvalues of A. Since each element of A is greater than

or equal to zero, A can be written as

A= WW' where W = UAY2. 42)
Because the product of a real matrix and its transpose is symmetric and nonnegative definite,
T
B = X'AX = (wa) (wa) 4.3)
is symmetric and nonnegative definite.

QED.

4.1 Transformation to Zero Connection Matrices

It is possible to apply a transformation to the network given by (3.6) which will cause either

the connection susceptance or the connection conductance matrix to be zero while preserving the

10
X = . 4.4
[v I] @)

the transformation of the network matrices in (3.6) is

port behavior. Given the transform

T T T T T - ~T
G = xTGX = Gp+V G +GcV+V GV Gc+V Gy _ [Gp G¢ 4.5)
Go+GV G, Gc G
and
T T T T T ~ =T
¢ = xTex = Cp+V Co+CV+V CV Cct+V G _|CpCc ' 4.6)

Co+CV ¢ éC é[
A straightforward substitution of the partitions of G and C into (3.8) shows that the multiport

admittance, Y(s), is unchanged.
If

4.7
then (4.5) simplifies to
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T -1
G = [Gp~GcGr 6 O (4.8)
0 G,

and the connection conductance is zeroed. Likewise, if the transform uses

-1
vV =-C Cg., 4.9
then (4.6) simplifies to
T -1
0 (o
and the connection susceptance is zeroed. It is not always possible to use V given in (4.7) unless
some assurance can be made that the internal conductance matrix is nonsingular. On the other
hand, Theorem 4.2 shows that, if the network capacitors are positive, it is always possible to zero

the connection susceptance matrix.

Theorem 4.2. If all of the elements of an RLC network are positive, then V can always be for-
mulated such that

Cc+CV=0, 4.11)
where C¢ and Cj are the partitions of the network matrices defined in (3.6).

Proof: As shown by (3.4) and (3.5), Cj is block diagonal with type 1 and 2 blocks, and the
type 2 connection susceptance matrix is zero. Therefore, (4.11) is satisfied for the type 2 rows if
the corresponding rows of V are zero. If the type 1 block of Cy is permuted so that it is block diag-
onal, then each block is by definition irreducible (this is the mathematical definition, and should
not to be confused with “network not able to be reduced”). As can be seen from Fig. 3.1.b, each
diagonal element is greater than or equal to the absolute sum of the off diagonals if all of the
capacitors are positive, and diagonals are greater than the sums at locations for which the corre-
sponding rows of C¢ are nonzero. From the corollary of Theorem 1.8 in [22}, each block of the
type 1 partition of Cj is nonsingular if there is a nonzero in at least one of the corresponding rows
of Cc, and thus a solution to (4.9) exists for these blocks. The remaining singular blocks of Cy
have zeros in the corresponding rows of C¢, so (4.11) is satisfied for these rows by setting the cor-
responding rows of V to zero.

QED.
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4.2 Preservation of Admittance Poles

If a congruence transform of the form

X = [I 0] (4.12)
0V

is applied to the network represented by (3.6), the multiport admittance of transformed network is

given by

Y(s) = Gp+5Cp- (G +5C) TV(VTGIV + svTcIv)'lvT (Ge+5Co)  (4.13)
It is easy to show that if V is square and of full rank then the multiport admittance of the network
is unchanged. If V has fewer columns than rows, then the size of the network is reduced, but the
multiport admittance of the network is not preserved because V is not invertible. Theorem 4.3
shows that even if V is not square or is less than full rank, if the columns of V span an eigenvector,
x, which is given by (3.9) and which is associated with a pole of the system, then the multiport
admittance of the reduced network also contains that pole. If V spans x then x is equal to some lin-
ear combination of the columns of V. Theorem 4.3 is useful if a selected set of poles need to be

retained.

Theorem 4.3. A congruence transformation of a symmetric network of the form

I:I 01:} Gp Ggl , | Cp Ce [1 o] @1
0V I\|Ge G| |Cc GOV
where Gp and Cp € R™™, Gpand Cy e R™", Gc eR™™, and V e R™*X, preserves the ith pole of
the multiport admittance of the network as defined by (3.6) and (3.8) if the columns of V are lin-
early independent, Gy and Cy are symmetric, and
span (x,.) ¢ span (V) 4.15
where X; is the complex eigenvector associated with the ith solution of the generalized symmetric
eigenvalue problem given by
Gx; = L,Cx,. (4.16)
Proof: The poles of the multiport admittance given in (3.8) are equal to —A where A comes
from (4.16), and preserving A; preserves the ith pole of the multiport admittance. Let X be a com-

plex square matrix whose n columns are the n eigenvalues, X;, from (4.16). Because the two matri-



ces in (4.16) are symmetric

T . . §;
X" (G;~-AC)X = diag(g,...g,) —A-diag(c,...c;) and A= E: ) 4.17)
Because V is full rank and spans x;, from (4.17) there exists a nonsingular square complex matrix

B and a complex rectangular matrix X such that

~~

R =[x, %] = VBad [ CX = G X = 0. (4.18)

One of the eigenvalues of

g: 0 C. 0

T —
det(X (GI—XCI)X) =det| | o f[-Al" . [|=0 (4.19)
0X CcXl [0XGX

is A;. Because congruence transforms preserve eigenvalues of the generalized eigenvalue problem,
-ToT o=l T
det{ B X (G;-AC)XP |=det| V (G- AC)V | =0, (4.20)

also preserves A;, and (4.14) preserves the ith pole of the admittance.
QED.

4.3 Preservation of Admittance Moments

When reducing networks, it is often desirable to preserve a selected set of the moments of Y(s)
as defined in (4.29). Because it is always possible to zero out the connection susceptance as is
shown by Theorem 4.2, C¢ is assumed to be zero so that the derivation of Theorem 4.4 is simpler.
This theorem shows that to match 2q moments of the multiport admittance expanded about s = sq,

the span requirements for V in the transform given by (4.12) form a Krylov subspace

Kq( A™'c, A"GC) =span[A”'Go A7 C AT G e (A“cl)q— 'Ale v @an
where

A = Gy+5,C;. (4.22)

This span requirement is similar to that derived for MPVL and the Amoldi based methods. One

difference, however, is that since both the Amoldi and Lanczos methods form a matrix V with the

span requirements given by (4.21), either method can be used to generate a transform which pre-

serves 2g moments. In contrast, the Amoldi-based method reviewed in Section 2.5 only preserves
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half as many moments. The difference results because the algorithms presented in Chapter 2 are

nonsymmetric, whereas congruence transformations are symmetric.

Theorem 4.4. A congruence transformation of a symmetric network of the form

T
I OT Gp G|, ;|G © [‘ 0] (4.23)
ov G GI 0 CI 0V

where Gp and Cp € R™™, Gy and C{ e R, Gc eRV™, VeR™, and A = G +5,Cy, pre-
serves the first 2p moments expanded at s = s of the multiport admittance of the network as
defined by (3.6) and (3.8) if A is nonsingular, the columns of V are linearly independent, Gy and

C| are symmetric, and

span [(A_ICI)'A—IGC] cspan(V), (ie {0,1,...,p-1}). (4.24)
Proof: Equation (4.24) implies that

there exists (ai e m"""‘) such that (A“CI)'A“GC =Va, (i {0,1,..,p=1}) . (4.25)

Because A is nonsingular, it follows that

-1V}

(CIA )GC = AVa,. (4.26)

Therefore, because the columns of V are linearly independent and A is nonsingular,

-1 A -1
v(viav) v c,a Vo= v(viav)"(viav)e, . @27
-1, ), -1 .
=Vai=(A C,)A G, (ie {0, 1,...,p-1}
From (3.8),

Y(s+55) = (Gp+s5,Cp) +5Cp-G(A+sCp)~ G, 4.28)

and the Taylor series expansion at s = sg is

Y(s+so) = (GP+s0CP) +sCP—Y0-sY[-...

,. (4.29)

Y. = GT(-A“C )A“G
i~ °C ) | C

Substitution of the partitions of the transformed network from (4.23) into (4.29) gives
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Y (s +s0) = (GP +s0CP) + sCP—{WO—s{WI -
_ = i -1 '
Y,=GLV [-( VTAV) viev] (VTAV) viG,

and a straightforward recursion using the equality given in (4.27) as well as its transpose (which is

(4.30)

allowed because Gy and Cy are symmetric) shows

Y; = Y, (ie {0,1,...,2p-1}), (4.31)
and the first 2p moments of the multiport admittance at s = s are matched.
QED.

In some cases, it is desirable to zero the connection conductance matrix instead of the suscep-
tance. This is done for both RC networks in Chapter 5 and LC networks in Chapter 7. Theorem 4.5
is similar to the previous theorem except that it shows the span requirements to preserve moments

when Gy=0atsy=0.

Theorem 4.5. A congruence transformation of a symmetric network of the form

G, 0 T
! 07 P 7 14s|C Cc [‘ 0] 4.32)
oV 0 GI CC C[ 0V

where Gp and Cp € R™™, Gy and C; e R™", Cc e R¥*™, and V e R, preserves the first 2p+2
moments expanded at s = 0 of the multiport admittance of the network as defined by (3.6) and (3.8)
if Gy is nonsingular, the columns of V are linearly independent, Gy and Cy are symmetric, and

span [(GI"CI)'GI"CC] cspan(V), (ie {0,1,..,p-1}). (4.33)
Proof: Equation (4.33) implies that

there exists (a‘.e ®* ""’) such that (GI"CI)'GI"‘CC =Va, (i€ {0,1,....p~1}) .(434)

Because Gy is nonsingular, it follows that

1}
(CIGI )CC = GIVot,.. (4.35)
Therefore, because V is linearly independent and Gy is nonsingular,
T -loT -1} T T
V(V GlV) v (C.IGI ) CC = V(V GIV) (V GIV)ai . (4.36)
-1 L, .
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From (3.8),

T -
Y(s) = Gp+sCp —s2Cc (Gy+sCp) lCC , 4.37

and the Taylor series expansion at s = 0 is

Y(s) = Gp+5sCp—sYa-5 Y, — ...

) . (4.38)
Y —CT( G, 'c )‘_ZG e, (iz2
i=Cc 61 G 1 Co (i22)
Substitution of the partitions of the transformed network from (4.32) into (4.38) gives
- 2 - 3 -
Y(s5) =Gp+sCp-5sYy-5Y;—...
4.39)

- -1 i -1

¥;=Cgv [—(VTGIV) viev](viev) vice (22
Inspection of (4.39) shows that the first two moments are always preserved, and a straightforward
recursion using the equality given in (4.36) as well as its transpose (which is allowed because Gy

and Cj are symmetric) shows
Y; = Y,(ie {2,3,....2p+1}), (4.40)

and the first 2p+2 moments of the multiport admittance at s = 0 are matched.
QED.

4.4 Elimination of Singular Current Loops and Floating Voltage Nodes

A network which has floating nodes or current loops has a valid solution to the multiport
admittance at the ports, but the internal conductance matrix is singular. Floating nodes cause sin-
gularities because there is no DC path to these nodes, so that they can support nonzero voltages
even when the input currents are zero. When inductors form a loop, a singularity is created
because a DC current can be sustained through the loop even when all voltages are zero.

Most singularities can be removed from a network without affecting the port behavior as is
demonstrated for two simple networks in Fig. 4.1. Singularities which cannot be removed corre-
spond to inductor loops which are formed when the port nodes are shorted together. For example,

the one-port network formed by a single inductor has the MNA conductance matrix
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Oy Ommnr
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==p= 2pF

a. b.

Figure 4.1. Simple examples of network reduction which eliminate DC singularities due to (a)
floating nodes, and (b) current loops.

T
G=|%Cc|-= [0 1] (4.41)

G G 10

and the internal matrix, Gy = 0, is singular. The singularity exists because the inductor forms a

loop when its two terminals are shorted. As a result, current can flow into the port even when the
port voltage is zero, and by definition, the network has an admittance pole at s = 0.

A general technique for the elimination of singularities without changing network behavior

uses the null and spanning spaces of the internal conductance matrix Gy. Let Xy be an orthonor-

mal basis for the null space of Gy such that

T
G Xy = 0 and X\ X\ =1, (4.42)
and let Xg be an orthonormal basis for the spanning space of Gy such that
span(Gy) = span(Xg) , XgXg = I, and XyXg = 0. (4.43)
The total number of columns in Xy and X is equal to the number of rows in Gy. Application of
the full rank square transform
10 0
X = 4.44
o, s

to the network in (3.6) gives
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i N
T S Oc¥s GcXN | 6p Geg Gey
G =X'GX = X5G. X6Xg 0 | =|Geg Grgg O (4439
XxGe 0 0 Gew 0 0
and
i ) E

o T oT T .
C =X CX = |X;Cc XgCXg XgC Xyl = |Ccs Crss Csnl (4.46)

XNCe XnCrXs XnCiXy|  LCon Cins Gy
This transformation does not affect the port behavior of the network.

Now that the internal matrices of G are zero in the bottom and right columns and rows, isola-
tion of the bottom right block of C allows the nodes corresponding to that block to be removed
from the network. The isolation is achieved by zeroing the off-diagonal blocks on the bottom and
right sides of the susceptance matrix. For simplicity, the following derivation assumes that Cpyy is
nonsingular. This is a reasonable assumption if all inductances are greater than zero. Because the

third row and column matrices of G are zero, it is easy to show that the transform

I 0|
X = 0 I 0 (4.47)
-1 -1
~CinnCen ~CINNCins L

results in a network of the form

T T
Gp G¢s Gen

T-

G=XGX= 4.

Gey 0 O
and
T

C=XCX= .

Ces Crss 0 (4.49)
0 0 Cpy

without changing the port behavior of the system. Even if Cpyy is singular, a transform exists
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which zeros the off-diagonal susceptance matrices for reasons related to those given in Theorem
42.

Once the lower right diagonal block is isolated from the other network internal nodes, the net-
work can be split into two separate networks which are added in parallel at the ports. These are

T T
Gp Gcs Cp Ccs,

and C' =
Ges Gigs Ces Ciss

G = 4.50)

and

g-| 0 Cen and6=|:0 0]. @.51)
Gen O 0 Crnn
The network in (4.50) contains no DC singularities. The network in (4.51) contains all of the DC
singularities of the system, and Gy is nonzero if the network has any poles at DC which are
observable through the ports. These poles must be extracted from (4.51) and included in the
reduced network if the DC behavior of the network is to be preserved.

The transforms presented in the previous sections can be used to reduce any RLC networks.
DC singularities can be eliminated using the transform in Section 4.4, and one of the connection
matrices can be zeroed using that in Section 4.1. The size of the network can then be reduced using
a transform which preserve moments and/or poles of the multiport admittance as given in Sections
4.2 and 4.3. The next chapter shows that this set of transforms can be used to passively reduce RC
networks, and the following chapter provides modifications which preserve passivity during the

reduction of general RLC networks.



Chapter 5
RC Network Reduction Using Pole Analysis via Congruence
Transformations (PACT)

The algorithm called “Pole Analysis via Congruence Transformations” (PACT) was created
for the reduction of RC substrate networks [23][24][25][26]. Wemple and Yang [5] developed a
technique to extract large 3-D mesh RC network models of the substrate from a VLSI layout.
These models are used to simulate coupling between digital devices (which inject current into the
substrate) and analog devices (which are sensitive to the substrate voltage fluctuations resulting
from these currents) on the same chip. The networks are so large that the circuits containing sub-
strate macromodels cannot be simulated by HSPICE [27], and they must be reduced before simu-
lation. The motivation for PACT is that AWE is ill-conditioned, and the number of ports is large
enough that MPVL and the Arnoldi technique are inefficient.

PACT places an absolute bound on error (without testing the reduced network against the orig-
inal) and provides a guarantee of passivity (without synthesizing a reduced network and throwing
away all negative elements) for general RC networks. The technique is not a Padé approximation
as the low frequency poles of the network are retained rather than the low-order moments. The

theorems and examples presented here are taken from [26].

5.1 Formulation
The RC networks are partitioned according to (3.6) as
T T
Gp Gc |45 Cc [x"] = [bl’], 5.1)
Ge G Ce G |/ 0

and have m ports and n internal nodes. Because there are no type 2 elements (inductors),
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T T
Gp G¢ =G and C = Cp Cc
Ge Gy Cc G

G = = Cl’ (5-2)

and the network admittance matrices, as well as the diagonal partitions, are symmetric and nonne-
gative definite. These properties affect both the passivity and accuracy of the reduction as is shown
in the subsequent sections. The matrix Gy is nonsingular if a DC path exists to all internal nodes,
and, because the transforms presented in Section 4.4 can be used to eliminate the singular nodes
before the network reduction is performed, it is assumed to be nonsingular. Two separate congru-
ence transforms are used to reduce the size of the network. The first transformation zeros the con-
nection conductance matrix so that the first two moments of Y(s) (slope and offset) at DC (i.e.
expanded at s = 0) are preserved regardless of the selection of the poles of the network. The sec-
ond transformation uses eigenvectors to diagonalize the internal susceptarice matrix so that each
pole is associated with a single internal node, and unwanted poles are dropped by cutting the cor-
responding internal nodes.

The first congruence transform, which is based on that presented in Section 4.1, converts the
internal conductance matrix, Gy, into the identity matrix and eliminates the connection conduc-
tance matrix, G¢. From Theorem 4.2.3 of [7], the Cholesky factorization, LLT = Gy (L is a lower
triangular matrix and is not that defined in Chapter 2), exists because Gy is positive definite. The

transform based on L is

I 0

X = , (5.3)
-1 -T

and the corresponding transformation of the network is

T
G.-G.TA 0 ,
¢’ =X'gx=| P 7C = [GP 0] (5.4)
0 e L0 L
and

T, T T, -T T

c.-B¥a-ATcC BTL f et
C=Xcx=|P7 ¢ = |G Cc' |, (5.5

L'B L'cL™ G C

where A = Gy! G¢ and B = C¢-CjA, are intermediate variables. Equation (3.8) is rewritten
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using the partitions of G" and C” as

Y(s5) = GP' + sCP' - .s'ZCC"r (I+ sCI’) -1 C.’, (5.6)
and a straightforward, but tedious, substitution of variables shows that Y (s) in (5.6) is identical to
that in (3.8). The right-most term in (5.6) contains the poles of the network at s = A~ where A is
an eigenvalue of Cj’". Because it is multiplied by 52, this term makes no contribution to the first two
moments of Y(s).

The second transformation, which is based on that presented in Section 4.2, isolates and drops
unwanted poles of the network. Since these poles occur where (I+sCy”) is singular, they can be
isolated by diagonalizing Cy” using the symmetric eigendecomposition, C;” = UAUT. The diago-
nal matrix, A, contains the eigenvalues of Cy’, and U is the square matrix whose columns are the
corresponding eigenvectors. The matrix U is orthonormal, meaning UTU = L. The eigenvectors

diagonalize C;” through the transformations

I 0|(Gy Gy 0 ’
6= Gp” 0 [1 0] =P = |G’ 0 eX)
outflo 1xloU 0 UlU 0 I
and
I 0 C , C ’T C ’ C ITU C ’ C "T
cr = |1 0| Ce [I]= P Cc VI |GCT| sy
0uU CC' CI/ 00U UTCC, UTCI,U CC” CI”

so that Cy”= A is the diagonal matrix containing the eigenvalues of Cy”. The admittance Y (s) is
preserved if U is square and nonsingular, and this is true when U contains the complete set of

eigenvectors. Now that both internal matrices are diagonal, (5.6) can be written as

2T 2 T
Y(s) = Gy +5Cyp’ *hh * Inln 59
e i S oy R T )

where r; is the ith row of C¢"and A, is the ith diagonal of Cy ™.

The size of the network is reduced by dropping terms from (5.9) for which A, is less than some
cutoff value, A (Section 5.3 shows how an appropriate value for A, is selected to preserve the
desired accuracy). Terms are dropped by eliminating rows and columns of G” and C”, and these
are removed by deleting the corresponding eigenvectors (columns) in U before the transformation

given by (5.7) and (5.8) is performed. The benefit here is that a full eigendecomposition of Cy” is
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not required — the eigendecomposition routine needs only to find those eigenvalues (and associ-
ated eigenvectors) greater than A.. When n is small, Cy” can be decomposed efficiently with stan-
dard symmetric real eigendecomposition techniques such as those provided by EISPACK [28].
When n is large, Cy” should be left as the product of sparse matrices L C[L“T. and a sparse
eigenvalue technique, such as those reviewed in [7], should be used. PACT can use any algorithm
to perform the decomposition because that tool is used as a “black box” which is simply passed the
matrix Cy” and the range of eigenvalues to be found. However, a poor choice could result in an
inaccurate or inefficient system.

In this implementation of PACT, the Lanczos Algorithm with Selective Orthogonalization
(LASO) [29] is used when n is large. The technique has a simple interface, requires no modifica-
tion of the matrix being analyzed, retumns eigenvectors as well as eigenvalues, and finds only those
(large) eigenvalues in a specified range. In addition, the technique avoids loss of orthogonality in
the Lanczos vectors which slows convergence of the less dominant eigenvalues and creates
“ghosts” of the dominant eigenvalues. Furthermore, LASO allows closely spaced or multiple
occurrences of eigenvalues to be found, and it avoids breakdown, which is the failure to identify
an eigenvalue because the associated eigenvector is orthogonal to the random seed vector that is

used to start the Lanczos iteration.

5.2 Preservation of Passivity

Because the RC network admittance matrices are symmetric nonnegative definite, and PACT
uses congruence transformations to reduce the network, the reduced network matrices are also
symmetric nonnegative definite as shown by Theorem 4.1. Theorem 5.1, given below, shows that a
necessary and sufficient condition for RC networks to be passive is that the conductance and sus-
ceptance matrices representing the networks be nonnegative definite. As a result, any passive RC
network which is reduced by congruence transformations remains passive (and thus absolutely

stable).

Theorem 5.1. A necessary and sufficient condition for RC networks to be passive is that the
conductance and susceptance matrices representing the networks be nonnegative definite.
Proof: Let the admittance of an arbitrary RC network can be represented by (3.6), and let

5 =0 + jo be complex frequency where 6 and ® are real, and j = =1 . The theorem is proven by
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showing that the admittance of the network, W(s) = (G + sC), is positive real (and therefore pas-
sive) if the admittance matrices are nonnegative definite, and by showing that W(s) is not positive
real if one of the admittance matrices is indefinite. Necessary and sufficient conditions for W(s) to
be positive real are [30]:

1. Each element of W(s) is analytic (no poles) for ¢ > 0.

2. W(s") = W'(s) where * is the complex conjugate operator.

3. W'(s) = 5 [WT(s") + W()] = G + oC is a nonnegative definite matrix for ¢ > 0.
Requirements 1 and 2 are always met because wy(s) = g + s¢i;, and g and c;; are real scalars.
W?(s) is equal to the sum of two symmetric nonnegative definite matrices when ¢ > 0, and thus
requirement 3 is met since such a sum is also symmetric and nonnegative definite. Sufficiency is
proven.

Necessity can be shown by letting at least one eigenvalue of G or C be negative. If G contains
a negative eigenvalue, then for sufficiently small 6, W*(s) = G has a negative eigenvalue, and
requirement 3 is violated. In the same way, if C contains a negative eigenvalue, then W*(s) has a
negative eigenvalue for sufficiently large 6, and requirement 3 is violated.
QED.

5.3 Preservation of Accuracy

Theorem 5.2 shows that if the terms associated with A; in (5.9) are dropped when ;<A the
relative error of each of the individual elements of Y(s) is bounded on the imaginary axis for

ol €. byes<e,if
e Oy c

g, = OA + mzl: . (5.10)
Here, € is defined as the maximum error in any term of Y(jo) relative to the average of the diago-
nals of Y(jo) which are in the same row and column (i.e. the error in the /th row and kth column is
divided by the average of the ith and kth diagonals). The value of A, is determined by inserting the
user-specified error, €., and maximum frequency, @, in (5.10). The analysis of the theorem relies

on the fact that the conductance and susceptance matrices are nonnegative definite.

Theorem 5.2. If all terms associated with A; < A are dropped from Equation (5.9) to form the

reduced multiport admittance Y (s) . the relative error of each of the individual terms of the
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admittance is bounded by
eSmcchn:lz 5.11)

where the relative error is defined as
1 . N
e] 5|Ykk (jo) +Y, (jo)|

and where k and | are indices to the individual terms of Y(s), ® is frequency on the j® axis, and

(5.12)

€ =MaXy 1 [1..m],0= [-Qg---©

®.>0.

Proof: The theorem can be proven true for two reasons. The first is that the residues associated
with dropped poles in (5.9) cannot be arbitrarily large because the susceptance matrix is nonnega-
tive definite, and the second is that all of the diagonal values of conductance and susceptance
matrices are greater than or equal to zero.

Because C” given by (5.8) is nonnegative definite, the matrix

n T
, ]
B = CP - Z - (5.13)
i=1 1t
is nonnegative definite where r; is the ith row of C¢”and A; is the ith diagonal of Cy™ (refer to the
proof of Theorem 4.2.6 in [7}). It is assumed that the internal nodes are permuted so that A;2A,,.

Equation (5.9) can be rewritten by using (5.13) to substitute for Cp” as

ST (1 s
Y =G, +5B y r.rl—- ) .
(s) pts +S,-=1r' rl(l‘_ 1+s7L,.) (5.14)

and the reduced response is given by

’

S < T (1 K} o T 1
Y(s) = GP'+sB+s'z r; ri():-m)i-s. 2 r; ri-x (5.159)

i=1 ! ] i=n"+1 i

where A;>A for i=1...n"and A;<A. for i=n"+1...n.
Using (5.14) and (5.15), the numerator of (5.12) is
- 2| & 1
¥y (o) -YyGo)| =07 X Wi Tan] (5.16)
i=n"+1 [

where r;; is the kth column of r;, and therefore
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n
. =~ . 2 1
Y, (o) -Yy(o) o™ Y |rrl- . (5.17)
kl kl kil -
| I i=n'+1|' 'I [ +jwA,
The right most term in (5.17) is less than or equal to one so that
-~ 2 n
Y (o) -YyGo)|se” T |ourn)l- (5.18)

i=n"+1

Using (5.14), the denominator of (5.12) is

1 . : 1 . (2 2 0327\;“'1'0)
i=1 Al 1+@7A;

Because the matrices in (5.7), (5.8) and (5.13) are nonnegative definite, the scalars gy, gy, bry, by

and A; are nonnegative so that

2, .
Lo : | & (2 2) @A+jo
s (@) +Y, (o) |25 X (Gt 53| - (5.20)
i=n"+1 All+@A;

Dropping the real term in the numerator further decreases the size of the right side of the equation

to give
Ly (o) +¥, Gy |2} 5 (2 2) oo 52
il e J@) + llUm)I-i >\ttt AR (5.21)
i=n'+1 All+@'A;
and because A;<A, A; can be replaced by A, to give
1 | & (2 2 o]
§|Ykk(-'“’) +Y”(_|co)|2-2- p (rik+ri,)- RAL (5.22)
i=n'+1 All+o A

Equations (5.18) and (5.22) are substituted back into (5.12) to show the bound

n
2. Z Ir‘.kr‘.,| -
£<; ‘:” +1 -Icolkc(l+m lc). (5.23)
2 2
) (fik”il)
i=n"+1
Because
2 2
T+ Ty 2 20yl (5.24)

the ratio of the two summations is less than one, and (5.23) reduces to
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e<lofr, + 0’2, (5.25)
Finally, the right hand side of (5.25) is a monotonically increasing function of the frequency,
so that (5.11) is true for any [0 < @, .
QED.

5.4 Substrate Mesh Reduction Example

This example shows the reduction of a 3-D RC mesh used to simulate voltage fluctuations in
the substrate which result from current injected by switching activity in a nearby CMOS one-bit
full adder. The adder contains 22 MOSFETS, and each body terminal node is a port of the substrate
macromodel. Two port nodes are also used for the Vdd and Vss well and substrate contacts, and an
additional node is included to monitor the substrate voitage at a point near the adder. Therefore,
the total number of port nodes is 25. The total number of transistors in the circuit is 28 as the three
inputs to the adder are driven by separate CMOS inverters.

Fig. 5.1 shows the results of an HSPICE transient simulation of the one-bit full adder circuit.
Substrate voltage fluctuations are compared for simulations with the original substrate mesh and
with the reduced mesh using mc‘l =1 ns and &; = 5%. As can be seen, the reduced network gives a

very good approximation to the behavior of the original network. Table 5.1 provides statistics on

1 L | L ! 1 | | |
40 o
20 H —
2 0 g B
2 20- -
& 40- o
-60 - ——original [~
- = = - reduced

-80 T T T T | T T T |

0.0 2.0 4.0 6.0 8.0 10.0 12.0 14.0 16.0 18.0 20.0

nanoseconds

Figure 5.1. Simulation of substrate voltage fluctuations resulting from activity in a one-bit full
adder.
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Table 5.1. Reduction and transient simulation statistics of the one-bit full adder circuit.

Total Total RCFIT Reduction HSPICE Simulation
Substrate Network Nodes | Elements
Time (sec) | Memory (Mb) | Time (sec) | Memory (Mb)
original 1540 5256 _ —_ 12511.6 449
reduced, 1 ns 41 431 6.2 14 40.0 04

the reduction and simulation of the network, and shows that use of the reduced network speeds the

simulation by a factor exceeding 300 while reducing the memory required by two orders of magni-

tude.



Chapter 6
Preservation of Passivity Using Split Congruence Transformations

Congruence transformations preserve passivity in RC networks, as is shown in Section 5.2,
because the network admittance matrices, G and C, are symmetric and nonnegative definite.
Unfortunately, the introduction of type 2 elements (inductors) causes a loss of definiteness,
because the type 2 blocks are nonpositive definite as is shown in Section 3.1. As a result, congru-
ence transformations do not generally preserve passivity, or even asymptotic stability. This chapter
provides a class of congruence transformations call “Split Congruence Transformations” (SCT’s)
which preserve passivity, by preserving the “passive form” of the network. Split versions of the
transforms given in Chapter 4 are provided which zero the connection matrices, preserve moments
and poles, and eliminate DC singularities. It is shown that the transforms used in the previous
chapter for RC networks are a special case of SCT’s. Examples of network reduction using the

SCT’s provided in this chapter are given in the Chapter 7.

6.1 The Passive Form of an RLC Network

RC networks (with positive elements) can be shown to be passive because the network matri-
ces are symmetric nonnegative definite as is shown in Theorem 5.1. This theorem does not apply
to RLC networks, because these contain type 2 elements which form a nonpositive definite type 2
block. If it is assumed that only the type 1 nodes of the network can be externally excited (which is
consistent with MNA), then an alternate set of conditions can be used which are sufficient, but not
necessary, for passivity through the ports. A network is said to be in passive form when it meets
the conditions given in Theorem 6.1. As is shown in Section 3.1, all RLC networks which contain
only positive elements and inductive coupling coefficients of magnitude less than or equal to 1,

meet the conditions of Theorem 6.1, and thus are in passive form.
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Theorem 6.1. Conditions sufficient for a network to be passive are:
1) The type 1 conductance and susceptance matrices are symmetric nonnegative definite.
2) The type 2 conductance and susceptance matrices are symmetric nonpositive definite.
3) The susceptance matrices which connect type I to type 2 elements is zero.
4) The type 2 ports are not excitable.

Proof: A partitioning of the MNA network matrix into type 1 and type 2 elements can be

formed as

G, Gy ool O = [le (6.1)
G, G, 0 C,j)|X2 0
as is shown in Section 3.1. Here, x; represents the n; nodal voltages, and x, represents the n,
branch currents flowing through the type 2 elements. The second partition of b is zero by defini-
tion, as the voltage across inductive elements and resistors comes solely from the current through
these elements, and not from outside sources.
Because the second partition of b is zero, the second row of (6.1) can be multiplied by -1

without changing the voltage-current relationship at the n; network nodes to give

T
Gy G|, (G O ||™| 2 H. 6.2)
-G; -G, 0 -C, Xy 0 )
——e—— et
G ¢

The conditions from Theorem 5.1 are now applied to W (s) = G +sC. Necessary and sufficient
conditions for W(s) to be positive real are [30]:

1. Each element of W(s) is analytic (no poles) for Re(s) > 0.

2. W(s") = W'(s) where * is the complex conjugate operator.

3.Wi(s)= % [WT(s‘) + W(s)] is a nonnegative definite matrix for Re(s) > 0.
Requirements 1 and 2 are always met because wy/(s) = gi; + sCy, and g and ¢y are real scalars.
To show requirement 3, let s = G + j® be complex frequency where 6 and ® are real, and j = J-T.
Because the diagonal blocks of both matrices are symmetric and the off-diagonal blocks of the

susceptance matrix are zero,
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G, 0 c, 0
W' (s) = +0 (6.3)

Since the type 1 blocks are nonnegative definite, the type 2 blocks are nonpositive definite, and
G > 0, then W’(s) is the sum of two symmetric nonnegative definite matrices, and such a sum is
also symmetric nonnegative definite. All three requirements are met, and the network is passive.
QED.

6.2 Preservation of the Passive Form

The passivity of the reduced networks can be ensured by preserving the passive form during
the network reduction transformations, and Theorem 6.2 presents a class of congruence transforms
which preserve the passive form. These are referred to as “Split Congruence Transforms™ because
they are split into type 1 and type 2 diagonal blocks (i.e. there are no nonzero elements in the off-
diagonal blocks between the type 1 and type 2 partitions of the transform). The transforms used in
Chapter 5 are a special case of SCT’s because the dimension of the type 2 partition of RC networks
is zero. As a result, all of the transforms are implicitly “split” into type 1 and type 2 parts, since the
entire transform is partitioned into a type 1 block. The requirements for splitting the transforms
can be combined with the span requirements presented in Chapter 4 in order to provide transfor-
mations which perform a number of different types of network reduction operations. Split versions

of these transforms are given in the following sections.

Theorem 6.2. If a congruence transform is applied to an RLC network of the form specified by
Theorem 6.1, and the transform has zeros in the off-diagonal elements which correspond to con-
nections between the type 1 and type 2 nodes, the resulting network is passive.

Proof: Given a network of the form in (6.1), the corresponding transformation of this system is

G’ = X'GX =

T T T T, T
X; 0flg, 6] [xl 0} _|x[eX, X365X, 6

T 0 X T T
0 X,[|Gs G, 4 1X,G,X, X,G,X,

and
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o - xox - %1 © [cl o] [xl o] S ©5)
0 x3[L0 Cf[0 X, 0 X,CX,

Because the diagonal type 1 and type 2 blocks are symmetric nonnegative and symmetric nonpos-
itive definite respectively, Theorem 4.1 shows that the corresponding blocks of the reduced net-
work are also symmetric and semidefinite. In addition, the off-diagonal blocks of the transformed
susceptance matrix are zero, and from Theorem 6.1, these conditions are sufficient to ensure the

passivity of the transformed network.
QED.

6.3 Zeroing Connection Matrices Using Split Congruence Transforms

It can be shown that the transform presented in Section 4.1 to zero the susceptance connection
matrix is a split transform. That which zeros the conductance connection matrix is not split for
general RLC networks because the type 2 portion of the matrix in (4.7) is not necessarily zero, but
it can be shown that it is split for LC networks.

To show that the transform to zero Cg is split, it is noted that the type 2 connection suscep-
tance is zero and the internal susceptance matrix is block diagonal. Therefore, the type 2 portion of

the matrix in (4.9) is zero, and (4.4) can be written in split form as

I 0: 0

= | ! ; (6.6)
X=-CuCe I} 0
0 0: I

The dotted lines separate the type 1 (upper left) and type 2 (low right) portions of the network.

The transform to zero G in LC networks is split because there are no resistors. As a result,
the diagonal blocks of the internal conductance matrix are zero, and its partition into type 1 and
type 2 parts from (3.5) is

T
0 Gyl
Gp 0

G = 6.7

Likewise the partition of the connection conductance matrix is
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0
G, = . (6.8)
C
As aresult, (4.4) and (4.7) can be written in split form as

I 0 0
- -1 X 6.9)

X =166y 10

0 0 I

6.4 Preservation of Poles and Moments Using Split Congruence Transforms

Selected poles and moments of a general RLC network can be preserved during network
reduction by using SCT’s. For a general RLC network, the transforms presented in Sections 4.2
and 4.3 can be explicitly split into SCT’s. The impact of this splitting is that the resulting transform
has more columns than does the non-split transform, and the reduced network is larger. The trans-
forms of LC networks are naturally split so no extra columns need to be added to preserve passiv-
ity.

To show how a general RLC transform is split, let the matrix V contain a span which is suffi-
cient to preserve a desired set of poles and moments of the multiport admittance as is presented in

Sections 4.2 and 4.3. This matrix can be partitioned into type 1 and type 2 parts as

Vi
V = . (6.10)
Vv,
Given the matrix
- [V, 0
v=|1 7|, (6.11)
0V,
if
span (Vl) G span (\7[) and span (Vz) < span (\72) (6.12)
then
span (V) cspan(V), (6.13)

and the split congruence transform



X=[0V;:0 (6.14)

preserves the desired set of admittance poles and moments. The matrices, \71 and \-’2 , can be built
from orthonormal bases of V, and V,, using a technique, such as Gram-Schmidt orthonormaliza-
tion, that ensures that the matrix columns are linearly independent so that (6.14) is well-condi-
tioned.

The spans necessary to preserve selected poles and moments of LC networks are naturally
split. The reason for this is that, because there are no resistors, the internal admittance matrices
have the form

T C, 0
0 63l andcy = | 1 (6.15)

GI= c
Gy 0 0 C,

where C;, is symmetric nonnegative definite and C, is symmetric nonpositive definite. To show
that the span to preserve poles is split, Theorem 6.3 proves that the poles of the system are imagi-

nary and occur in conjugate pairs and that the eigenvectors associated with the poles at s = £j can

x = ¥ £ ?]. (6.16)
0 X2

The vectors x; and x; are real and correspond to the type 1 and type 2 partitions of the internal

be written as the sum

matrix. The space which spans the two eigenvectors of the conjugate poles is

x, 0
. 6.17)

0 x,
Therefore, the transform which includes this space is naturally split into type 1 and type 2 compo-
nents. The span preserving the moments is split because the type 1 connection conductance is zero,
and internal matrices have the form in (6.15). The inverse of Gy times G is therefore purely type
1. On following iterations, it is easy to see that the span requirement swaps between having the

type 1 and 2 components equal to zero.
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OAT X, =xB‘ 0 ||x, (6.18)
A 0]]x 0 -B, X,

where B, and B, are symmetric nonnegative definite, all solutions are of the form

Theorem 6.3. Given

xl-
(6.19)

A =tjwandx =
x

2
where © and x; are real, and X, is imaginary.
Proof: For simplicity, it is assumed that B, is nonsingular. Two separate equations can be

written from (6.18)

T
A'x, = llel (6.20)
and
Ax, = -XBzxz. 6.21)
Since B, is nonsingular, (6.21) gives
x, = ~\"'B; Ax,. (6.22)
Substitution of (6.22) into (6.20) gives
T,-1 2
A'B, Ax, = -A Bx,. (6.23)

Equation (6.23) forms the generalized eigenvalue problem where both matrices are symmetric
semidefinite and at least one is nonsingular. From Theorem 8.7.1 of [7], the solution to A2 is real
and negative, and the vector x| is real. From this,
A = jo. (6.24)

Insertion of (6.24) into (6.20) or (6.21) shows that x, is imaginary, and its sign depends on the sign
of A. The conditions of (6.19) are satisfied.

If B, is singular, then a similar proof can be made which inverts B, . If this matrix is singular
as well, then a more complicated proof can be made by eliminating the singularities in A in (6.18)
via congruence transforms, and inverting the nonsingular matrix which results.
QED.
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Figure 6.1. Relationship between null space vectors of the internal conductance matrix and the
network topology in a simple one-port network. Nodes 1...5 are internal voltage nodes, and
6...11 are inductor branch currents. The solid arrows define the direction of positive current
flow through the inductors. Vectors a and b are type 1 vectors which result from internal nodes
which are DC isolated from the port nodes. Vectors c, d, and e are type two vectors which result
from the three independent singular current loops through the inductors. The dotted lines in
the null space vectors separate the type 1 and type 2 variables.

6.5 Elimination of DC Singularities Using Split Congruence Transforms

The transforms presented in Section 4.4 can be split into type 1 and type 2 blocks because the
null space of the internal conductance matrix is naturally split. The reason for this is that there is a
direct physical relationship between the null space vectors of the internal conductance matrix and
the topology of the network. The null space is defined as type 1 or type 2 depending on which set
of state variables is singular. A type 1 null space vector exists for each DC-connected group of
internal voltage nodes which is DC-isolated from the port nodes (including the common node).
These nodes can sustain a nonzero voltage when there are zero inputs to the ports, and by defini-
tion, these make the multiport admittance of the network singular. An example of this is shown by
vectors a and b of Fig. 6.1. A type 2 null space vector exists for each independent DC current loop
formed by the inductors when the port nodes are shorted together. These inductors can sustain a
current at DC even when no node of the network has a nonzero voltage, and by definition these
make the multiport admittance of the network singular. An example of type 2 null space vectors is
given by vectors ¢, d, and e in Fig. 6.1.

Because the null space vectors can be split, the congruence transform used in (4.44) can be

split as
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X = [0Xg X0 0 0 (6.25)

070 0 iXg, Xy,
where the subscripts “1” and *“2” indicate the type 1 and type 2 partitions from the type 1 and type
2 null and spanning spaces. As a result, the network shown in (4.45) and (4.46) can be written in
passive form. The transform used in (4.47) can also be split because the type 1 and type 2 internal
susceptance matrices are block diagonal and because the type 2 susceptance connection matrix is

zero. Partitioning the internal and connection matrices into type 1 and type 2 blocks results in the

split transform

[ 0: 0 0 |

0 I 0. 0 0
-1 -1 '
X = [CmwniCovi  “Cownilrvsr LD 0 0 (6.26)
0 0 0 I 0
. -1
I 0 0 0: -Cnn2Cins2 I

which isolates the susceptance blocks which correspond to singular nodes in the conductance

matrices. Therefore, the final network shown in (4.50) and (4.51) can be written in passive form.
The SCT’s given in this chapter can be used to reduce general RLC networks while preserving

passivity. Examples of passive network reduction using these transforms are provided in Chapter

7.



Chapter 7
Examples of Network Reduction Using Split Congruence Transformations

Several examples of examples of RLC network reduction are provided which employ the
SCT’s introduced in Chapter 6. An LC network is reduced using both moment matching and pole
analysis in Section 7.1, and a more general RLC network is reduced in Section 7.2. Section 7.3
shows sparse reduction of an industry network using a prototype reduction tool based on SCT’s.
All simulations are performed using HSPICE [27] on a SUN SPARC 20 workstation, and network
reductions in the first two examples are implemented in MATLAB [31].

7.1 LC Network Reduction Using DC Moment Matching and Pole Analysis

In this example, an ideal 50 Q lossless transmission line is modeled by the 100 segment LC
ladder shown in Fig. 7.1, and the LC network inside of the dotted lines is reduced two separate
times. The first reduction uses SCT’s based on pole analysis, and second uses those based on
moment matching. Because there is an inductive path between the input and output ports, the inter-
nal conductance matrix is singular, and the first step of the reduction is to remove the singularity
using the transform presented in Section 6.5. Since the singularity is seen by the ports (there is an
inductive path between Vin and Vout), it is added back to the reduced network at the end of the

process. The transform given in Section 6.3 is used to zero the connection conductance matrix —

:
:
i
:

)
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Figure 7.1. Lumped LC model of ideal transmission line using 100 segments. The total capaci-
tance and inductance is 10 pF and 25 nH respectively, and the network is terminated at each
end with 50 ohm resistors. The portion of the network inside the dotted lines is reduced.
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this is always possible for LC networks.

Two different reductions are then performed. The first reduction finds the eigenvalues associ-
ated with the four pole pairs whose frequency is less than 4 GHz, and it creates a transform which
spans these eigenvectors in order to preserve the poles according to Theorem 4.3. The second
reduction generates a matrix which spans the Krylov subspace specified in Theorem 4.5 by using
the Arnoldi process. As is discussed in Section 6.4, both the pole and moment matching trans-
forms are naturally split for LC networks so the moment-matched network is a Padé approxima-
tion.

The sizes of the original and reduced networks are given in Table 7.1. The original network
has 199 internal nodes (100 are current nodes for the inductors, and 99 are internal voltage nodes).
The reduced networks are represented by symmetric admittance matrices, and in order to stamp
these matrices into HSPICE, the set of resistors and capacitors is found which has admittance
matrices identical to those of the reduced networks. The number of moments matched (10), and
the number of pole pairs retained (4) are chosen so that the two reduced networks have the same
number of internal nodes, and are thus of comparable accuracy.

The frequency response of the original and reduced networks to a unit input voltage is shown
in Fig. 7.2. A properly terminated LC line has a flat frequency response of 0.5 volts for both Vin
and Vout, and the reduced networks deviate from this ideal behavior between 3 and 4 GHz. The
Padé approximation starts to deviate at a lower frequency, and the pole analysis has a larger devia-
tion at higher frequencies.

The unit step response of the networks is shown in Fig. 7.3. For an ideal transmission line, Vin
is a 0.5 volt step, and Vout is a delayed 0.5 volt step. There is some high frequency structure to the
response of the original network since it is a lumped approximation and is not ideal. The lower fre-
quency oscillations exhibited by the reduced networks have a dominant frequency component of 3

to 4 GHz which is the frequency at which the reduced networks begin to deviate from ideal.

Table 7.1. Network statistics for LC transmission line and its reduced equivalents.

Network Ports Internal Nodes Network Elements
original 2 199 201
pole analysis (4 pole pairs) 2 9 36
Padé¢ approximation (10 moments) 2 9 42
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Figure 7.2. Frequency response of the circuit in Fig. 7.1 when Vsrc is a unit input voltage. The
LC circuit is replaced by reduced networks based on pole analysis and Padé approximation.

If the input voltage, Vsrc, is limited in frequency (a realistic assumption for circuit simula-

tion), then the reduced networks behave very much like the original. This is demonstrated in Fig.

7.4 which shows the network response when the unit step input is passed through a 3 GHz 4th-

order Chebyshev low pass filter with a ripple factor of € = 0.51 (taken from Example 2.9 in [32]).

As can be seen, there is very little deviation between the response of the original and reduced net-
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Figure 7.3. Unit step response of the network in Fig. 7.1.
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Figure 7.4. Response of the network in Fig. 7.1 to an input step which is passed through a 3
GHz low pass filter.

works. There is no deviation if a filter frequency of 2 GHz is used.

7.2 RLC Network Reduction Using DC Moment Matching

This section shows the reduction of a general RLC network by matching moments at DC, and
demonstrates that SCT’s preserve absolute stability while providing accuracy which is comparable
to the non-split techniques. A random two-port RLC test network is generated which has enough
structure in the multiport admittance that the reduce network must match a large number of
moments in order to retain accuracy over the entire frequency range. The network is listed in
Appendix B, and the number of elements contained in the network is given in Table 7.2. The net-
work has 79 singularities at DC, two of which are seen through the ports. The first step in the
reduction is to eliminate the DC singularities as is done for the previous example by using the
transform given in Section 6.5. Next, the susceptance connection matrix is zeroed using the trans-

form given in Section 6.3, and the span given by Theorem 4.4 to preserve the DC moments is cal-

Table 7.2. Statistics for RLC test network listed in Appendix B.

Mutual

Internal Nodes
Inductors

Ports Resistors Capacitors Inductors

2 159 (41 are voltage) 38 38 118 524
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culated using the Amoldi process.

Two separate reductions are performed. The first uses the transform without splitting to give a
reduced network which is a Padé approximation because 2g moments are matched when there are
qm internal nodes, where m = 2 is the number of ports. The second reduction splits the transform
so that passivity is preserved, and as a result, only one moment per m internal nodes is preserved.
For this example, two of the internal nodes in the reduced networks are required to preserve the
DC poles seen through the ports.

Table 7.3 provides the statistics on the reduced networks used in this example. The SCT net-
works match half as many moments as do the Padé approximations of the same size. On the other
hand, SCT reduced networks never have unstable poles (i.e. poles whose real part is greater than
zero) because asymptotic stability is a requirement of passivity and passivity is always preserved.
In this example, two of the Padé approximations create unstable poles which make the reduced
networks useless for transient circuit simulation unless the poles are dropped (at the expense of
accuracy). Once enough moments are preserved that the reduced network behaves like the original
over the entire frequency range, these poles disappear (e.g. 60 moments matched in this example).

The number of elements in the reduced network increases as the square of the number of inter-
nal nodes because the reduced matrices are dense, and this is shown in the second column from the
right in the table. This superlinearity can be eliminated by applying a non-split, well-conditioned
square congruence transform which block diagonalizes the internal conductance matrix and diago-
nalizes the internal susceptance matrix. In the resulting network, the element count increases lin-
early with the number of nodes, and although it is not in passive form, passivity is preserved

because the transform exactly preserves the reduced network’s port behavior. The right-most col-

Table 7.3. Statistics for RL.C network reduced using SCT’s and Padé approximation.

Moments Internal Unstable Elements Elements
Matched Nodes Poles (no diagonalizing) (diagonalizing)
10 22 0 330 102
3 20 42 0 1145 191
30 62 0 2460 279
20 22 2 475 102
% 40 42 2 1735 192
60 62 0 3795 280
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Figure 7.5. Port 1 self admittance of the RLC networks given in Tables 7.2 and 7.3.

umn of the table shows the element count after the networks are block diagonalized.

The accuracy of the reductions can be seen in Fig. 7.5 which shows that the fit improves as the
number of matched moments is increased. An ill-conditioned technique such as AWE would not
be able to provide accuracy over the entire frequency range shown in the figure without resorting
to frequency hopping. The behavior of the network is almost perfectly matched over the entire fre-
quency range when 30 moments are matched using the SCT’s or 60 moments are matched using
Padé approximations. The Padé approximations are more accurate for the same number of internal
nodes since they match more moments, but the increase in accuracy versus network size is at the

expense of creating reduced networks which are active.

7.3 Sparse RLC Reduction Using Split Congruence Transformations

This final example demonstrates the sparse implementation of SCT’s in a prototype network
reduction tool which is passed a network and a frequency range and error tolerance for which
accuracy must be preserved. The tool is created solely to demonstrate the use of the different
SCT’s and is not created with the intent of making a general purpose network reduction tool suit-
able for industry — to support this point, the tool has not been given a name and is subsequently
referred to as “the tool.” However, the sparse transforms used by the tool are the same which

would be needed by an industry tool. Sparse matrix inversions are performed by Sparse [33], and
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dense linear algebra functions such as eigendecomposition and matrix inversion are performed by
LAPACK [34].

The basic operation of the tool is as follows. First, a SPICE netlist is parsed, the RLC and K
branch elements are extracted, and the port nodes are identified. Graph theory is used to find the
null space of the internal conductance network using the concepts illustrated in Fig. 6.1. The null
space is stored as a sparse rectangular matrix, and a sparse version of modified Gram-Schmidt
orthonormalization is used to make the vectors linearly independent. The transform given by Sec-
tion 6.5 to eliminate DC singularities is implemented in a sparse manner that does not require the
explicit formation of the spanning space of the internal conductance matrix or of the transformed
network given in (4.48) and (4.49). Next, poles in the frequency range of interest which lie on the
imaginary axis are identified using a technique similar to CFH — this has the same disadvantage
of CFH, i.e. multiple complex LU factorizations need to be performed, but it works well for dem-
onstration purposes since it allows different types of span requirements (eigenvectors as well as
moments expanded at different frequencies) to be calculated and combined in a single SCT. The
eigenvectors associated with complex poles are found and are added to the SCT matrix which is
used to reduce the network. The span required to preserve the first two moments at DC is found
using Theorem 4.4, and this is split and added to the SCT matrix as well. A series of hops are then
taken at frequencies on the imaginary axis, and if the error in the reduced network exceeds the
error tolerance at the hop’s frequency, then some or all of the span required to match the first two
moments at that frequency is added to the SCT matrix. The additional span causes the relative
error to drop below the specified error tolerance at that frequency since the slope and offset of the
reduced network are identical to the original when the entire span is added to the transform. The
process is continued until the error of the reduced network is less than the error tolerance over the
entire frequency range. The final step of the reduction is to block diagonalize the reduced network
matrix and to form an equivalent RC network as is done in the previous example.

In this example, the network to be reduced is a PEEC model [1], and it has a topology similar
to that shown in Fig. 7.6. Two lossless metal plates or lines are floating over a ground plane. The
plates are modeled using an inductor mesh containing 42 closed loops (DC singularities), and
these are coupled via mutual inductance and capacitance. In addition, the mesh voltage nodes have
capacitance to ground. The two-port network is driven by a Thevenin voltage source for simula-

tion, and a 100 MQ resistor is added between one of the voltage node terminals and ground. The
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Figure 7.6. Topology of PEEC model and driving circuit.

number of elements in the original model is given in Table 7.4. The inductors are given a resis-
tance of 10~ Q for the HSPICE simulations so that the simulator does not fail due to singularities
encountered during the DC operating point calculation.

The network is reduced four different times. The first two reductions are performed on the LC
elements only (LC reduction) with a specified accuracy of 5% between DC and 1 GHz and
between DC and 3 GHz respectively. The second two reductions are performed on the network
which includes the Thevenin resistance (RLC reduction) for the same two maximum frequencies.
The tool uses a pole analysis in the first two cases since the poles are on the complex axis, and it
uses moment expansions at multiple frequencies in the second case. The statistics on the network
reductions and HSPICE simulations are given in Table 7.5. The reductions take an order of magni-

tude less time than the simulations and speed the simulations by several orders of magnitude. The

Table 7.4. Network statistics for PEEC model.

Mutual

Ports Internal Nodes Resistors Capacitors Inductors
Inductors

2 302 (130 are voltage) 0 2100 172 6990
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Table 7.5. PEEC model reduction and simulation statistics.

Internal Reduction HSPICE Simulation
Network Nodes Elements
CPU sec MBytes CPU sec MBytes

original 302 9264 — —_ 753.9 10.2
LC, 1 GHz 15 59 932 2.8 0.2 0.2
LC,3GHz 46 165 211.6 3.0 0.9 0.2
RLC, 1 GHz 14 75 91.7 34 0.2 0.2
RLC, 3 GHz 48 586 232.2 4.0 1.9 04

HSPICE simulations are AC frequency sweeps of the voltage source, and the output is the current
through the voltage source. The results of these simulations are given in Fig. 7.7, and it can be seen

that for both cases, the reduced networks are accurate over the specified ranges of frequency.
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Figure 7.7. AC sweep to measure current through the voltage source as a function of frequency.
The plot on the left shows the results using the PEEC model with only the LC elements
reduced, and that on the right shows the results when all RLC elements are reduced.



Chapter 8
Concluding Remarks

The main concept presented in this thesis is that the MNA matrices which represent positive
RLC networks have a passive form, and network reduction based on split congruence transforma-
tions (SCT’s) preserves the passive form so that the reduced networks remain passive. It is shown
that SCT’s can be used to provide well-conditioned admittance-to-admittance transformations of a
general RLC network which preserve selected poles and moments of the network multiport admit-
tance while reducing the size of the network. All congruence transforms of RC networks and those
which preserve poles and moments of LC networks are naturally split, and therefore always pre-
serve passivity. Several examples of reduction using SCT’s demonstrate the stability of the SCT-

derived networks and show that a sparse implementation using these transforms can be achieved.
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Appendix A. RLC SPICE Netlist used for Fig. 2.3

.subckt RLC 0 1

R1 29 30 1.433e-01
R2 26 38 1.187e+05
R3 0 21 1.566e-01
R4 16 37 2.225e+02
R5 26 28 2.134e-01
R6 1 9 1.721e-01

R7 3 11 2.398e+03
R8 7 29 8.186e+01
R9 11 18 1.417e+00
R10 12 22 2.56l1le-01
R11 13 36 5.674e+02
R12 13 14 3.321e+00
R13 6 29 1.642e+05
R14 0 14 2.133e+01
R15 2 3 1.310e+05
R16 6 21 7.981e+03
R17 3 13 5.906e+04
R18 15 16 1.589%e+02
R19 S5 19 2.038e+01
R20 29 33 9.598e+00
R21 10 12 1.571le+00
R22 26 27 6.199e+03
R23 0 2 3.250e+04
R24 9 35 3.713e-01
R25 21 35 7.246e+00
R26 24 31 4.100e+05
R27 20 21 8.756e-01
R28 9 13 7.570e+03
R29 3 13 5.940e+03
R30 22 34 2.673e+05
R31 2 25 3.320e+01
R32 10 21 2.575e+02
R33 26 37 1.993e+00
R34 7 22 2.984e+04
R35 7 17 1.274e+05
R36 5 26 5.125e+00
R37 20 32 1.199e+05
R38 12 21 2.720e+05
R39 18 24 1.597e+02
R40 0 20 1.482e+00
R41 5 7 2.076e+05



R42
R43
R44
R45
R46
R47
R48
R49
R50
R51
R52
R53
RS54
R55
R56
R57
R58
R59
R60
R61
R62
R63
R64
R65
R66
R67
R68
R69
R70
R71
R72
R73
R74
R7S5
R76
R77
R78
R79
R8O
RB1
R82
R83
R84
R8BS
R86
R87
R88
R89
R90
R91
R92

26 35 8.890e+02
11 28 4.673e+00
31 36 8.754e+01
1 3 2.652e+05
19 39 4.441e+03
12 16 5.865e+02
19 22 5.400e-01
11 32 1.172e+05
2 23 1.481le-01
23 27 1.652e+05
19 23 2.687e+00
20 34 9.662e+01
9 38 4.918e+05
5 32 1.947e+05
3 23 9.011e+00
24 39 1.544e+01
0 4 5.234e+01
32 37 1.127e-01
4 31 4.316e+05
12 30 2.672e-01
13 16 4.940e+05
10 34 1.864e+02
12 23 3.843e+02
12 23 1.051e+05
9 18 4.269e+03
6 7 1.533e-01

5 20 1.557e+04
21 33 4.315e+02
0 30 9.513e+01

24 32 3.648e+03
26 36 1.022e+03
11 35 7.720e-01
14 22 3.444e-01
13 33 5.427e+0S5
29 39 6.116e+00
33 36 4.084e+00

6 37 9.708e+02
1 31 1.828e+01
14 38 3.006e+01
0 24 1.143e+02
9 10 2.303e+00
7 13 5.683e+05
3 6 1.448e+05
19 20 6.916e+05
7 9 2.197e+01

9 31 3.125e+03
9 27 4.798e+00
2 33 2.695e+05
12 27 7.473e+01
28 38 4.783e+02
34 38 2.03%e+04



R393

R94

RS5

R96

R97

R98

R99

R100
R101
R102
R103
R104
R105
R106
R107
R108
R109
R110
R111
R112
R113
R114
R115
R116
R117
R118
R119
R120
R121
R122
R123
R124
R125
R126
R127
R128
R129
R130
R131
R132
R133
R134
R135
R136
R137
R138
R139
R140
R141
R142
R143

32 34 8.906e+03
18 30 3.71l1le+02
17 32 4.184e+04
30 39 1.015e+02
22 38 2.208e+02
9 29 1.453e+04
3 38 7.95%e+03
12 32 1.616e+05
3 7 1.052e+01
24 31 8.282e+05
5 14 2.557e+00
13 16 2.227e+04
4 37 1.169e+02
21 34 4.445e+04
7 27 1.672e-01
2 6 1.259%e-01
8 34 8.636e-01
11 14 8.825e+00
21 31 3.362e+02
1 23 1.638e+00
11 23 3.094e+05
9 31 1.441le+03
13 23 7.836e+04
18 37 1.268e+03
7 17 1.765e+04
25 38 4.415e-01
19 1.949%e+02
39 1.745e+00
18 1.289%e+01
5 2.072e-01
17 7.322e+05
14 1.474e+00
38 2.076e+01
21 25 4.310e-01
34 36 7.380e-01
S 13 1.817e+04
29 36 7.423e+01
1 13 4.870e+05
20 29 3.729e+02
21 31 1.347e+05
11 34 3.044e+04
14 32 2.143e+00
9 28 6.924e+05
33 38 5.735e+04
2 18 1.150e+01
22 36 1.756e+04
3 33 2.499%e+02
0 31 2.742e+03
18 38 4.501e+05
6 14 1.180e-01
12 36 1.651e-01

N WwdHaN
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R144
R145
R146
R147
R148
R149
R150
R151
R152
R153
R154
R155
R156
R157
R158
R159
R160
R161
R162
R163
R164
R165
R166
R167
R168
R169
R170
R171
R172
R173
R174
R175
R176
R177
R178
R179
R180
R181
R182
R183
R184
R185
R186
R187
R188
R189
R190
R191
R192
R193
R194

24 33 1.375e+05
1 10 1.808e+05
16 18 6.910e+05
5 32 3.682e+05
13 18 7.313e-01
3 38 5.372e+01
20 26 1.106e+04
30 33 6.204e+01
2 18 5.731e+04
18 38 1.126e+02
14 22 3.283e+02
0 18 3.655e+02
26 32 7.178e+01
7 29 2.293e-01
10 21 4.466e+03
3 9 4.602e+03
11 13 6.327e+03
2 33 7.203e+00
8 38 1.637e+01
12 24 3.091e+00
8 24 2.518e+01
0 27 9.876e+00
2 17 4.101e+05
10 35 1.037e+01
2 13 8.760e+01
17 28 7.411le+01
30 33 1.349%e+04
3 20 2.677e+02
0 35 1.642e+02
11 33 3.719e+00
26 39 5.156e+03
20 37 9.890e-01
17 27 1.725e+03
0 5 1.372e+00
11 34 3.053e+01
20 33 1.677e+04
18 26 7.395e+02
4 28 7.535e+00
9 27 3.215e-01
13 36 1.942e+05
2 15 2.787e+04
7 26 6.291e+0S
24 28 4.108e+00
0 1 2.337e+01

9 14 8.033e+03
2 10 1.601e+03
32 36 2.181e+00
2 11 4.145e+02
1 23 8.735e+02
17 34 1.589e+05
13 23 9.899%e+04



R195 4 9 6.581e+02
R196 11 28 2.882e+03
*

Cl 8 32 1.707e-11
C2 15 33 1.194e-12
C3 17 19 5.780e-10
C4 2 23 2.031le-089
CS 6 35 1.835e-14
C6 15 35 2.264e-09
C7 4 36 9.26le-14
C8 4 34 2.570e-08
C9 27 37 3.064e-09
C10 4 14 1.002e-08
Cl1 11 28 3.705e-09
Cl2 2 9 2.405e-09%9
Cl3 6 17 1.920e-08
Cl4 2 18 3.377e-08
Cl5 0 8 1.449%e-13
Cl6 23 29 1.114e-13
C1l7 15 26 1.154e-12
Cc18 27 32 1.273e-10
Cl19 9 30 2.062e-10

C20 10 31 1.21le-12
C21 24 25 3.233e-13
C22 32 35 2.525e-09

C24 10 25 6.207e-09
€25 29 35 2.321e-10
C26 9 32 4.629e-09
€27 7 17 5.709e-13
C28 13 34 3.656e-11
C29 8 24 9.428e-13
C30 33 36 8.005e-08
C31 30 38 9.874e-09
C32 9 14 4.52le-12
C33 19 22 6.870e-08
C34 13 38 1.069e-09
C35 3 23 2.222e-08
C36 12 16 1.162e-09
C37 1 14 1.319%e-11
C38 10 24 1.433e-10
C39 33 34 2.14l1le-14
C40 12 32 6.600e-14
C41 3 21 1.532e-08
C42 6 16 9.897e-12
C43 5 15 7.494e-09
C44 20 38 5.254e-10
C45 18 36 2.221e-12
C46 23 36 1.049e-09
C47 35 37 1.153e-13
C48 6 15 2.044e-11

1
3
2
C23 22 39 7.936e-11
6
2



c4s
C50
C51
C52
C53
C54
C55
C56
C57
Cc58
C59
C60
c61
c62
C63
ce4
C65
Cc66
ce7
cé6s8
Cc69
Cc70
Cc71
c72
c73
Cc74
Cc75
c76
c1?
c78
c78
c80
c8l
c82
c83
c84
Cc85
Cc86
c87
css
Cc83
Cc90
CcI91
c92
Cc93
C94
C95
c96
c97
c98
Cc99

10 33 1.403e-09
13 33 3.079e-11
0 33 1.169%e-11
S 34 3.975e-12
27 33 3.079%e-11
27 34 1.595e-09
5 13 2.300e-08
2 7 2.150e-12
22 23 1.299%e-14
6 10 1.388e-10
5 25 3.828e-11
7 33 8.980e-09
18 35 7.554e-13
9 20 3.378e-14
30 37 1.218e-11
0 9 2.053e-10
19 39 1.339%e-10
30 32 6.728e-11
0 24 2.599e-12
9 25 3.363e-10
15 27 6.177e-10
1 25 1.270e-10
2 25 2.451e-12
25 26 4.777e-12
17 20 2.347e-14
19 25 3.318e-09
10 19 3.288e-11
23 29 7.432e-14
7 38 3.176e-11
15 17 8.985e-13
7 35 4.719e-13
2 24 1.162e-11
9 32 4.565e-09
28 34 4.417e-13
27 34 3.464e-10
9 30 1.734e-13
7 30 1.057e-09
25 38 1.430e-14
2 38 2.574e-09
15 21 5.858e-11
19 25 1.194e-11
23 27 7.672e-14
0 21 6.963e-11
13 19 6.461le-14
9 25 1.933e-10
24 28 3.233e-11
23 24 3.744e-08
17 24 5.682e-09
17 35 1.170e-14
25 34 4.562e-08
1 14 3.161e-08
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C100
C1l01
C102
C103
C104
C105
C106
c107
Cc108
C109
C110
Clil
Cl12
Cl13
Cli4
C115
Cl116
C117
Cc118
Cl19
C120
Cl21
cl22
Cl23
Cl24
C125
Cl126
C127
c128
Cl29
C130
Cl31
C132
C133
Cl34
Cl35
Cl36
Cc137
C138
Cl39
Cl140
Cl41
Cl42
Cl43
Cl44
Cl145
Cl46
c147
Cl148
Cl49
C150

7 17 1.644e-11
21 24 1.012e-11
4 7 7.544e-09
29 37 7.950e-14
7 26 4.722e-12
14 20 3.276e-11
5 32 6.905e-11
4 28 1.955e-12
6 10 5.141le-10
6 10 6.103e-13
1 11 1.898e-14
2 39 1.429e-08
22 35 1.101e-13
7 20 1.358e-11
19 36 8.731e-08
4 16 1.567e-11
21 28 1.737e-12
10 19 3.827e-08
20 31 4.324e-11
7 32 1.592e-11
1 14 3.553e-08
22 35 6.872e-09
20 29 1.072e-11
3 30 9.551e-13
15 18 1.915e-09
34 39 2.409e-12
21 28 7.881le-10
6 29 3.730e-12
8 21 3.329%e-11
9 38 1.456e-09
18 20 2.595e-10
13 26 3.69%4e-14
17 31 1.994e-09
29 34 1.433e-09
4 14 3.030e-14
15 27 9.483e-09
5 26 1.329%e-13
14 15 1.698e-13
11 39 9.682e-11
4 14 9.262e-10
11 16 2.436e-08
2 14 4.657e-11
5 39 1.122e-11
0 24 1.191e-08
3 21 1.070e-11
22 33 9.837e-09
14 21 3.480e-10
4 25 3.535e-08
0 37 1.901le-08
29 32 8.783e-14
14 15 1.948e-12
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C151
C152
C153
C154
C155
Cl156
C157
C158
C159
Cl60
Clel
cle2
Cl63
Cl64
Cl65
Cl66
C167
Cl68
C169
C170
C171
Cl172
C173
Cl174
C175
Cl76
cinm
Cl178
C179
Cc180
Cl181
Ccl182
C183
cl84
C185
C186
c187
Cc188
C189
Cl190
Cl91
Cl92
C193
C194
C195
C196
C197
cl198
C199
C200
Cc201

26 27 1.975e-10
26 34 3.127e-13
0 16 7.704e-09
4 13 4.621le-12
8 31 9.515e-12
24 27 4.615e-09
13 37 7.517e-09
17 39 2.46le-11
23 25 5.510e-11
4 23 8.517e-11
17 19 8.84%e-12
2 11 5.839%e-09
23 38 5.505e-09
18 37 6.393e-14
12 30 3.242e-09
16 24 1.367e-13
12 27 2.563e-14
17 27 2.570e-11
24 36 4.960e-08
14 17 2.959%e-10
5 35 1.260e-13
9 23 9.030e-14
8 34 1.83le-11
0 35 8.333e-11
25 28 1.670e-10
3 15 3.138e-09
21 28 4.125e-11
17 20 9.472e-13
13 25 1.330e-13
22 35 6.800e-14
6 21 3.196e-12
17 27 5.875e-11
15 38 3.585e-12
1 3 4.418e-08
21 37 2.241le-09
0 3 6.091e-12
14 19 2.553e-14
30 38 2.463e-11
0 35 5.795e-11
1 3 8.463e-11
21 31 2.140e-13
7 21 2.558e-09
24 25 3.208e-09
6 9 9.888e-10
20 26 2.467e-14
21 23 1.359%e-14
18 33 4.773e-13
24 39 7.800e-08
0 3 2.275e-13

2 11 8.644e-09
6 32 9.180e-14
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€202
C203
C204
€205
C206
c207
c208
Cc209
Cc210
c211
c212
€213
C214
€215
c216
cz217
c218
c219
€220
cz21
c222
c223
C224
c225
Cc226
c227

* ->

L1 19 23 1.900e-10 R=1.127e-1
L2 23 39 1.294e-07 R=1.127e-1
L3 38 20 8.168e-11 R=1.127e-1
L4 8 21 8.949e-09 R=1.127e-1
L5 30 8 7.724e-11 R=1.127e-1
L6 38 25 2.516e-08 R=1.127e-1
L7 29 34 4.602e-09 R=1.127e-1
L8 31 8 4.421e-07 R=1.127e-1
L9 23 26 3.631le-07 R=1.127e-1
L10 18 26 5.606e-09 R=1.127e-1
L11 36 3 3.982e-09 R=1.127e-1
L12 18 14 1.217e-09 R=1.127e-1
L13 5 29 6.967e-12 R=1.127e-1
L14 10 9 6.040e-12 R=1.127e-1
L15 23 34 1.344e-08 R=1.127e-1
L16 19 30 4.128e-08 R=1.127e-1
L17 12 37 4.077e-11 R=1.127e-1
31 1.976e-09 R=1.127e-1
16 1.527e-09 R=1.127e-1

L18 0
L19 8

K1l L3
K2 L4
K3 L4
K4 L6

4 28 7.106e-13
13 28 1.888e-08
20 21 1.017e-11
35 38 1.874e-09
10 23 2.58le-12
129 1.100e-13
5 31 2.844e-09
6 15 2.245e-13
12 22 3.80le-10
12 34 8.413e-08
129 3.670e-12
24 27 3.012e-14
6 8 1.441e-08
30 35 2.118e-10
10 27 3.912e-10
22 23 3.029%e-10
24 32 1.501e-08
24 26 1.243e-11
5 8 1.406e-13

1 14 1.454e-12
8 14 1.060e-11
8 33 1.122e-10
15 16 4.690e-12
12 32 2.533e-13
5 26 2.285e-14
3 39 1.993e-08
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The inductors are lossy: R is the series resistance in Ohms.

L7 8.124e-01
L16 6.502e-02
L17 -2.898e-01
L14 -3.203e-01



KS L6 L19 -4.183e-01
K6 L9 L15 2.179%e-01
K7 L9 L16 4.072e-01
K8 L12 L15 1.100e-01
K9 L15 L17 -2.171le-01
K10 L16 L19 -1.026e-01

.ends
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Appendix B. RLC SPICE Netlist Used for Section 7.2

.subckt RLC 0 1 2
R1 5 29 3.747e+02
R2 29 36 1.942e-01
R3 3 22 7.752e+03
R4 10 22 4.859%e-01
RS 11 25 3.984e-01
R6 26 32 3.014e+04
R7 17 25 2.865e+01
R8 3 9 1.413e+02

R9 31 41 5.969%e-01
R10 5 16 1.339e+02
R11 18 29 3.249e+04
R12 30 36 1.135e+05
R13 9 27 7.973e+00
R14 26 41 4.509e+00
R15 6 19 4.417e+03
R16 10 16 2.923e+01
R17 14 36 1.412e+03
R18 25 41 2.964e+01
R19 1 13 7.306e-01
R20 1 32 9.053e+05
R21 34 38 5.440e+03
R22 7 19 8.275e+05

R23 13 36 2.181le-01
R24 11 13 1.503e+02
R25 17 38 1.433e+00
R26 16 21 1.657e+03
R27 18 21 5.334e+02
R28 27 36 7.358e+04

R29 15 39 2.306e+04
R30 7 12 1.257e+03

R31 28 37 2.471le+04
R32 0 33 1.303e+00

R33 11 15 2.130e+02
R34 13 41 4.040e-01
R35 21 30 7.403e+04
R36 4 26 4.069%e+01
R37 23 31 1.727e+00
R38 5 7 7.384e+05

*

Cl 20 31 3.770e-13

C2 22 27 9.721e-11



C3
C4
C5
Ccé
oy
c8
C9
C10
Clil
Cl2
cl13
Cl4
C15
Cle
Ccl17
Cc18
C19
c20
c21
c22
c23
Cc24
Cc25
c26
c27
c28
c29
c30
c31
c32
C33
C34
C35
C36
c37
c38
*
Ll
L2
L3
L4
L5
L6
L7
L8
L9
L10
L1l
L12
L13
L14

20 34 4.880e-08
3 8 5.784e-13
16 37 2.422e-13
33 35 1.885e-14
0 4 2.029e-09
2 30 2.764e-11
6 37 1.542e-12
59 2.717e-08
0 19 5.814e-09
13 41 1.112e-08
9 32 7.958e-09
22 32 1.133e-10
4 26 6.427e-09
12 18 9.027e-13
31 41 4.760e-14
15 25 3.172e-12
19 33 1.893e-11
9 26 2.118e-13
115 2.087e-10
19 25 6.357e-11
10 11 2.304e-09
4 38 1.900e-11
1 31 1.108e-12
16 17 3.504e-11

25 35 2.566e-11
24 31 1.812e-08
8 32 8.08le-13
14 40 4.388e-12
14 34 2.038e-14
25 31 6.903e-10
20 21 9.195e-09
30 38 8.105e-10
4 24 3.323e-12
2 40 2.012e-12
2 13 3.045e-14
9 14 8.762e-11

24 38 4.16le-11
6 5 6.022e-08
28 31 5.506e-10
11 23 3.285e-06
24 17 3.521e-08
4 23 8.052e-10
38 6 1.073e-12
41 9 B8.569%e-09
40 4 1.894e-07
2 14 1.301e-09
12 39 1.327e-12
29 1 2.002e-10
0 18 6.433e-12
37 21 4.723e-09
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L15
L1l6
L17
Ll8
L19
L20
L21
L22
L23
L24
L25
L26
L27
L28
L29
L30
L31
L32
L33
L34
L35
L36
L37
L38
L39
L40
L41
L42
L43
L44
L45
L46
L47
L48
L49
L50
L51
L52
L53
L54
L55
L56
L57
L58
L59
L60
L61
L62
L63
L64
L65S

15 18 4.124e-06
1 12 1.573e-10
22 17 1.820e-11
39 32 7.615e-06
26 16 5.390e-12
7 10 4.560e-11
24 39 2.112e-07
9 7 8.932e-12

3 2 3.326e-08
36 24 4.889e-09
24 28 2.561le-07
29 30 1.328e-06
8 28 4.355e-06
3 19 5.476e-08
28 41 8.666e-08
7 3 8.280e-11
20 15 8.891e-07
36 39 4.291e-09
3 27 3.892e-12
5 41 7.839e-08
15 27 5.006e-12
28 25 4.571le-06
10 17 1.763e-07
38 5 2.905e-12
35 25 1.854e-06
18 6 2.094e-07
29 18 3.422e-06
S 38 4.577e-12
24 3 2.596e-06
28 9 2.16le-12
7 34 2.461e-06
29 40 1.720e-07
23 29 9.528e-12
2 8 4.507e-09
40 33 2.238e-06
30 35 6.918e-10
9 3 5.897e-09
17 22 1.271e-10
25 5 4.883e-09
1 10 2.730e-12
0 3 1.339%e-06
35 15 3.053e-09
14 35 1.349%e-10
S 6 2.073e-11
26 32 3.559%e-11
14 19 5.137e-08
4 6 1.436e-08
27 17 2.420e-10
22 17 9.347e-10
32 36 6.839%e-10
11 24 2.504e-12
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L66
L67
L68
L69
L70
L71
L72
L73
L74
L75
L76
L77
L78
L79
L80
L81
L82
L83
L84
L85
L86
L87
L8838
L83
L90
LSl
L92
L93
L94
L95
L96
L97
L98
L99
L100
L1011
L102
L103
L104
L105
L106
L107
L108
L109S
L110
L11ll
Ll1l2
L113
L1114
L115
L116

3 27 2.617e-10
18 40 1.750e-09
3 9 4.422e-12
34 15 1.179%e-06
27 16 3.07%e-09
4 21 1.698e-10
28 35 2.220e-09
20 34 5.995e-10
38 41 7.733e-09
24 25 2.186e-10
13 20 6.319%e-11
25 9 1.950e-11
26 13 5.612e-07
6 3 7.654e-11
25 35 1.587e-08
7 19 5.959e-06
23 21 1.392e-12
39 2 4.572e-12
31 21 3.966e-07
9 32 7.401e-11
22 10 2.207e-08
38 24 3.118e-09
29 12 1.517e-12
29 8 3.079%e-12
41 9 1.145e-06
33 21 4.764e-11
0 10 9.138e-11
15 37 4.583e-06
41 25 3.539%e-06
39 2 3.629%e-08
9 3 8.304e-09
17 0 2.431e-11
14 6 3.378e-06
1 36 2.123e-09
29 24 4.974e-06
31 19 1.044e-06
19 5 1.740e-12
32 9 2.833e-07
12 33 3.779e-08
1 37 1.997e-06
32 20 6.328e-07
37 9 6.582e-06
38 21 7.073e-10
39 0 1.270e-11
10 18 1.597e-11
16 13 4.744e-10
7 15 1.291e-12
15 5 4.640e-12
41 26 6.48%e-09
37 27 5.376e-06
6 31 1.290e-07
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L117 40 3 2.109%e-11
L118 7 41 5.367e-10

*

Kl

K2

K3

K4

K5

K6

K7

K8

K9

K10
K11
K12
K13
K14
K15
K16
K17
K18
K19
K20
K21
K22
K23
K24
K25
K26
K27
K28
K29
K30
K31
K32
K33
K34
K35
K36
K37
K38
K39
K40
K41
K42
K43
K44
K45
K46
K47
K48

Ll
Ll
Ll
Ll
L1
L1
Ll
Ll
Ll
L2
L2
L2
L2
L2
L2
L3
L3
L3
L3
L3
L3
L4
L4
L4
L4
L4
LS
LS
L5
L5
LS
L5
L5
L5
LS
LS
LS
L6
L6
Lé
L6
L6
L6
L6
L7
L7
L7
L7

L3 -1.104e-02
L6 9.052e-04

L8 -5.449e-02
L13 -3.475e-02
L14 3.388e-02
L48 2.227e-02
L68 -9.135e-02
L78 -2.021e-02
L113 6.911le-02
L3 1.34l1e-02
L7 1.299e-01
L12 1.312e-01
L21 1.321e-02
L33 -3.981le-02
L116 -7.594e-02
L32 -9.705e-03
L39 7.299%e-02
L68 1.390e-02
L70 -1.302e-02
L74 -1.042e-01
L102 -8.106e-03
L39 -5.017e-02
L47 1.227e-01
L89 3.645e-02
L103 -5.295e-02
L118 -2.126e-01
L7 7.434e-02
L13 6.374e-02
L21 -6.781le-02
L28 -4.805e-03
L36 2.203e-02
L60 8.318e-02
L81 1.058e-02
L92 6.592e-02
L104 7.226e-02
L105 5.272e-02
L112 -6.60%e-02
L7 1.121e-01
L35 -3.771le-02
L50 3.779e-02
L76 -2.849e-02
L98 5.780e-02
L110 -4.62%e-02
L118 1.28le-01
L10 1.102e-01
L43 -1.178e-01
L65 -6.341le-02
L70 6.604e-02
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K49 L7 L71 8.861le-02
K50 L7 L89 -1.247e-01
K51 L8 L48 -9.839e-02
K52 L8 L52 7.769%9e-02
K53 L8 LS54 6.239e-02
K54 L8 LS5 -2.089e-02
K55 L8 L79 8.390e-02
K56 L8 L1102 5.434e-02
K57 L8 L108 -3.036e~03
K58 L8 L109 -9.203e-02
K59 L8 L113 -4.976e-03
K60 L9 L24 -6.479e-02
K61 L9 L27 4.512e-02
K62 L9 L30 -2.635e-02
K63 L9 L50 3.98le-02
K64 L9 L57 4.754e-02
K65 L9 L63 3.817e-02
K66 L9 L93 5.324e-02
K67 L9 L102 -B8.162e-02
K68 L9 L104 2.631le-02
K69 L10 L39 5.393e-02
K70 L10 L66 -5.325e-02
K71 L10 L67 -8.531le-02
K72 L10 L68 2.856e-03
K73 L10 L113 2.910e-03
K74 L10 L117 4.140e-02
K75 L11 L23 1.294e-02
K76 L11 L26 2.850e-03
K77 L11 L46 9.808e-02
K78 L11 L55 9.289e-02
K79 L11 L67 -7.104e-02
K80 L11 L69 -2.805e-02
K81 L1l LS5 1.139e-03
K82 L11 L104 -8.185e-02
K83 L12 L21 8.055e-02
K84 L12 L35 -2.416e-02
K85 L12 L58 -1.928e-03
K86 L12 L65 7.465e-02
K87 L12 L93 -5.807e-02
K88 L12 L95 -5.832e-02
K89 L12 L116 8.565e-02
K90 L13 L19 -5.344e-02
K91 L13 L24 -6.417e-02
K92 L13 L27 -2.839e-02
K93 L13 L45 7.492e-02
K94 L13 L47 -1.031le-02
K95 L13 L59 1.913e-02
K96 L13 L73 -6.336e-02
K97 L13 L78 7.651le-02
K98 L13 L96 2.442e-02
K99 L13 L102 -4.13%9e-02



K100
K101
K102
K103
K104
K105
K106
K107
K108
K109
K110
K111
K112
K113
K114
K115
K116
K117
K118
K119
K120
K121
K122
K123
K124
K125
K126
K127
K128
K129
K130
K131
K132
K133
K134
K135
K136
K137
K138
K139
K140
K141
K142
K143
K144
K145
K146
K147
K148
K149
K150

L13
L13
L14
L14
L14
L14
L14
L14
L14
L1l4
Ll4
L15S
L15
L15
L15
L15
L15
L16
L16
L16
L16
L16
L16
L1l6
L17
L17
L17
L17
L17
L17
L18
L18
L18
L18
L18
L18
L18
L18
L18
L18
L18
L19
L19
L19
L19
L19
L19
L19
L19
L20
L20

L103 4.975e-02
L107 -4.683e-02
L32 6.517e-02
L42 8.319e-02
L44 6.373e-02
L59 5.933e-02
L65 -2.075e-02
L69 -1.113e-01
L71 -1.368e-02
L77 2.065e-02
L114 -8.563e-02
L16 -4.573e-02
L21 -8.338e-02
L49 4.041le-02
L66 1.080e-01
L110 1.333e-02
L116 -4.589e-03
L25 4.100e-02
L48 -1.755e-01
L67 5.824e-02
L71 1.251e-02
L77 -9.28le-04
L78 2.469%e-03
L91 -2.169e-03
L32 1.174e-01
L58 -8.325e-03
L60 -6.352e-02
L65 7.295e-02
L83 9.046e-02
L101 -1.035e-01
L32 -7.673e-02
L37 1.014e-01
L42 5.300e-02
L44 1.716e-02
L46 -6.764e-02
L52 -5.682e-02
L54 -5.178e-02
L56 2.844e-02
L75 6.328e-02
L97 -2.236e-02
L103 5.187e-02
L20 -2.183e-02
L50 -4.275e-03
L54 -5.095e-03
L55 -6.044e-02
L58 -5.624e-02
L74 6.241le-02
L83 -5.576e-02
L98 -6.061le-02
L32 1.668e-02
L73 -1.071e-02
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K151
K152
K153
K154
K155
K156
K157
K158
K159
K160
K161
K162
K163
K164
K165
K166
K167
K168
K169
K170
K171
K172
K173
K174
K175
K176
K177
K178
K179
K180
K181
K182
K183
K184
K185
K186
K187
K188
K189
K190
K191
K192
K193
K194
K195
K196
K197
K198
K199
K200
K201

L20
L20
L20
L21
L21
L21
L21
L21
L21
L21
L21
L22
L22
L22
L22
L23
L23
L23
L23
L23
L23
L23
L23
L23
L23
L23
L24
L24
L24
L24
L24
L24
L24
L24
L25
L25
L25
L25
L25
L25
L25
L26
L26
L26
L26
L26
L26
L27
L27
L27
L27

L79 -3.949e-02
L97 1.188e-01
L112 6.027e-03
L22 8.368e-03
L44 3.138e-02
L52 -5.748e-02
L54 -1.862e-02
L88 -2.952e-02
L100 3.517e-02
L102 -2.24%9e-02
L113 -5.358e-02
L41 -9.492e-02
L44 -3.466e-02
L59 -2.749e-03
L83 -2.855e-02
L30 1.489e-02
L52 -6.770e-02
L62 5.906e-02
L63 -8.709e-02
164 7.431e-02
L73 2.286e-02
L91 -4.472e-02
L95 6.578e-02
L99 -3.00l1le-03
L114 -4.040e-02
L115 1.503e-02
L25 -7.745e-02
L26 -1.835e-02
L30 -6.247e-04
L42 -2.515e-02
L61 9.840e-02
L110 -3.428e-02
L111l -3.270e-02
L113 5.006e-02
L30 -6.540e-02
L34 5.078e-02
L72 -1.316e-01
L76 1.023e-01
L77 -2.750e-02
L88 6.600e-02
L103 -1.289e-02
L39 2.484e-02
L50 9.401e-02
L64 4.131e-02
L66 -6.600e-02
L68 9.731e-03
L93 -7.309e-02
L30 -6.094e-02
L33 -5.750e-03
L45 1.384e-02
L68 7.919e-02
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K202
K203
K204
K205
K206
K207
K208
K209
K210
K211
K212
K213
K214
K215
K216
K217
K218
K219
K220
K221
K222
K223
K224
K225
K226
K227
K228
K229
K230
K231
K232
K233
K234
K235
K236
K237
K238
K239
K240
K241
K242
K243
K244
K245
K246
K247
K248
K249
K250
K251
K252

L27
L27
L27
L27
L27
L27
L28
L28
L28
L28
L28
L28
L28
L28
L28
L29
L29
L29
L29
L29
L29
L29
L29
L29
L30
L30
L30
L30
L30
L30
L30
L30
L30
L30
L31
L31
L31
L31
L31
L31
L31
L31
L32
L32
L32
L32
L32
L33
L33
L33
L34

L71 7.023e-02
L97 2.406e-02
L100 -2.375e-03
L102 4.460e-02
L109 1.841e-02
L114 2.122e-02
L3% 6.925e-03
L44 -9.61le-02
L53 1.018e-01
L69 4.003e-02
L73 -7.290e-02
L101 -8.884e-03
L105 6.486e-02
L112 4.968e-02
L117 9.503e-02
L40 -5.459%e-02
L44 9.149e-02
L46 4.714e-02
L51 9.947e-02
L64 -5.487e-03
L81 -8.032e-02
L85 5.454e-02
L102 1.818e-02
L112 -1.667e-02
L37 9.123e-02
L50 1.770e-02
L54 9.845e-03
L68 -4.235e-02
L79 -8.947e-02
L81 -5.660e-02
L86 5.661le~-02
L35 5.383e-02
L100 2.985e~02
L101 2.875e-03
LS1 -7.549e-02
L56 9.848e-02
L6l -1.061le-01
L73 -2.940e-02
L78 -6.062e-02
L81 -4.240e-02
L92 1.407e-01
L116 -3.152e-02
L39 -6.082e-02
L40 2.026e-02
L49 -7.549e-02
L65 6.860e-02
L106 6.830e-03
L52 -6.808e-02
L57 8.307e-02
L72 -7.621e-03
L39 5.843e-03
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K253
K254
K255
K256
K257
K258
K259
K260
K261
K262
K263
K264
K265
K266
K267
K268
K269
K270
K271
K272
K273
K274
K275
K276
K277
K278
K279
K280
K281
K282
K283
K284
K285
K286
K287
K288
K289
K290
K291
K292
K293
K294
K295
K296
K297
K298
K299
K300
K301
K302
K303

L34
L34
L34
L34
L34
L34
L34
L34
L35
L35
L35
L35
L35
L36
L36
L36
L36
L36
L36
L36
L37
L37
L37
L37
L37
L37
L38
L38
L38
L38
L38
L38
L38
L39
L39
L39
L39
L39
L39
L39
L39
L39
L39
L40
L40
L40
L40
L40
L40
L40
L40

L47 1.083e-01
L78 -1.12%e-02
L82 -7.293e-02
L86 -5.085e-02
L97 -1.210e-02
L107 1.974e-02
L109 6.411e-02
L112 4.542e-02
L63 1.246e-01
L81 -9.467e-02
L82 6.068e~02
L102 -4.531e-02
L116 -6.948e-02
L38 -5.947e-02
L50 -9.789%e-02
L57 -7.392e-02
L59 3.234e-02
L99 5.942e-02
L104 3.23%e-04
L117 -1.095e-01
L39 4.371e-02
L40 6.975e-02
L42 1.873e-03
L74 -3.240e-02
L103 6.114e-02
L111 1.705e-02
L47 -1.036e-01
L59 -4.135e-02
L67 -7.662e-02
L85 -1.105e-01
L91 -9.160e-02
L95 8.242e-02
L114 1.076e-01
LS54 3.078e-02
L59 8.415e-03
L67 3.413e-02
L73 1.640e-02
L74 -2.309e-02
L91 -3.537e-02
L95 3.781e-02
L97 -5.520e-02
L98 7.131e-02
L112 -6.898e-02
L54 6.538e-02
L55 1.444e-02
L82 -6.982e-02
L83 1.302e-03
L84 -3.703e-02
L89 7.250e-02
L93 -6.172e-02
L95 3.578e-02
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K304 L40 L96 5.955e-02
K305 L40 L101 2.288e-02
K306 L40 L109 -3.319%e-02
K307 L41 L60 -6.454e-02
K308 L41 L83 -1.155e-01
K309 L42 L45 -9.460e-02
K310 L42 L56 6.059e-02
K311 L42 L59 -4.790e-02
K312 L42 L83 -2.386e-02
K313 L42 L114 -4.442e-02
K314 L42 L117 5.646e-02
K315 L43 L82 -1.887e-02
K316 L44 L49 -9.058e-04
K317 L44 LS7 ~4.535e-02
K318 L44 L115 6.085e-02
K319 L44 L117 8.164e-02
K320 L45 L62 -3.965e-02
K321 L45 L75 -7.702e-02
K322 L45 L76 5.051e-02
K323 L45 L78 9.400e-02
K324 L45 L79 2.122e-02
K325 L45 L102 -4.277e-02
K326 L45 L103 -5.399e-02
K327 L46 LS50 -4.579e-02
K328 L46 L52 -5.235e-02
K329 L46 L60 -5.962e-02
K330 L46 L81 -7.68le-02
K331 L46 L82 -4.91le-03
K332 L46 L86 -4.295e-02
K333 L46 L93 -1.086e-01
K334 L47 LS57 9.576e-02
K335 L47 L101 -5.962e-02
K336 L47 L108 1.193e-01
K337 L48 L93 6.812e-02
K338 L49 L56 -6.678e-02
K339 L49 L67 7.200e-02
K340 L49 L86 -1.030e-01
K341 L49 L107 4.413e-02
K342 L49 L111 3.747e-02
K343 L50 L58 8.152e-02
K344 LS50 L66 6.390e-02
K345 LS50 L89 -5.968e-02
K346 L50 L96 3.950e-02
K347 L50 L104 3.857e-02
K348 L51 L58 5.340e-02
K349 L51 L67 -1.237e-02
K350 L51 L70 2.074e-02
K351 L51 L89 1.086e-01
K352 L52 L58 5.184e-02
K353 L52 L60 4.796e-02
K354 L52 L63 -6.885e-02



K355
K356
K357
K358
K359
K360
K361
K362
K363
K364
K365
K366
K367
K368
K369
K370
K371
K372
K373
K374
K375
K376
K377
K378
K379
K380
K381
K382
K383
K384
K385
K386
K387
K388
K389
K390
K391
K392
K393
K394
K395
K396
K397
K398
K399
K400
K401
K402
K403
K404
K405

L52
L52
L52
L52
L53
L53
L53
L54
L54
L54
L54
L55
L55
L55
L55
L55
L56
L56
L56
L56
L56
L56
L56
L57
L57
L57
L58
L58
L58
L58
L59
L59
L59
L60
L60
L60
L60
L60
L60
L60
L61
L6l
L6l
L6l
L6l
L6l
L61
L62
L62
L62
L62

L77 -6.126e-02
L87 1.126e-01
L89 -4.255e-02
L101 1.848e-02
L110 -1.189e-01
L113 8.972e-02
L115 5.259%e-02
L95 -4.617e-02
L101 3.232e-02
L106 -2.228e-02
L107 -7.462e-02
L58 5.445e-02
L90 -1.203e-01
L92 4.274e-03
L105 -2.118e-02
L108 -1.11lle-01
L62 6.766e-02
L69 -1.974e-02
L73 8.190e-02
L94 2.571e-03
L98 4.655e-02
L111 3.175e-02
L115 -1.722e-02
L60 4.648e-02
L72 -1.275e-01
L98 1.157e-01
L59 2.03%e-02
L75 -4.377e-03
L85 -8.303e-02
L103 -7.783e-02
L85 -8.116e-02
L95 -7.98le-02
L118 -5.254e-02
L61 6.603e-02
L63 -6.234e-02
L73 -1.833e-02
L77 -4.931e-02
L86 2.497e-02
L91 -8.008e-02
L114 -4.456e-02
L64 7.965e-02
L67 1.553e-02
L74 -1.752e-02
L78 -6.426e-02
L102 8.208e-02
L105 -8.934e-03
L112 2.523e-02
L74 -1.06le-01
L90 -1.271le-01
L100 7.220e-02
L111 -5.460e-02
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K406
K407
K408
K409
K410
K411
K412
K413
K414
K415
K416
K417
K418
K419
K420
K421
K422
K423
K424
K425
K426
K427
K428
K429
K430
K431
K432
K433
K434
K435
K436
K437
K438
K439
K440
K441
K442
K443
K444
K445
K446
K447
K448
K449
K450
K451
K452
K453
K454
K455
K456

L63
L63
L63
L63
L64
L64
L64
L64
L65
L65
L65
L65
L66
L66
Le7
Le7
L68
L68
Les
L68
L68
L69
L69
L70
L70
L70
L70
L70
L70
L70
L70
L71
L71
L71
L71
L72
L72
L73
L73
L73
L73
L74
L74
L74
L75
L75
L75
L75
L75
L75
L75

L74 2.077e-02
L104 4.931le-02
L108 -3.033e-02
L114 8.602e-02
L75 9.126e-02
L96 2.142e-02
L97 -9.331e-02
L109 -2.946e-02
L66 1.16Se-01
L75 6.218e-02
L104 -1.529%e-02
L105 -3.470e-02
L89 1.34le-01
L106 9.960e-02
L102 -1.580e-02
L106 2.918e-02
L70 6.876e-02
L75 -8.137e-02
L81 7.568e-02
L94 1.49%4e-01
L103 -2.548e-02
L92 -1.183e-01
L101 -9.903e-02
L74 4.771e-02
L77 7.488e-02
L86 5.091le-02
L101 5.045e-02
L107 1.992e-02
L108 4.556e-02
L110 -2.022e-02
L11l1 -3.569e-03
L82 -4.717e-02
L103 -9.579%e-02
L106 -6.333e-02
L11S -9.559e-02
L79 1.198e-01
L11l1 -1.015e-01
LB86 4.667e-02
L101 4.050e-02
L112 -2.86le-02
L115 6.58le-02
L96 1.00l1le-01
L111 -7.519e-02
L115 9.013e-02
L90 3.049e-02
L92 7.807e-02
L98 1.946e-02
L105 -3.734e-03
L107 4.878e-02
L109 3.722e-02
L116 -3.112e-02
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K457
K458
K459
K460
K461
K462
K463
K464
K465
K466
K467
K468
K469
K470
K471
K472
K473
K474
K475
K476
K477
K478
K479
K480
K481
K482
K483
K484
K485
K486
K487
K488
K489
K490
K491
K492
K493
K494
K495
K496
K497
K498
K499
K500
K501
K502
K503
K504
K505
K506
K507

L76
L76
L76
L76
L76
L77
L78
L78
L78
L78
L79
L79
L79
L80
L81
L81
L81
L81
L81
L81
L82
L82
L82
L83
L83
L83
L83
L83
L84
L84
L85
L85
L85
L85
L86
L87
L87
L88
L88
L88
LSO
L3S0
L90
L91
LS1
L93
L94
L95
LS5
L95
L97

L82 2.183e-02
L85 -6.563e-02
L87 1.151le-01
L101 9.542e-02
L112 1.724e-02
L82 -1.547e-02
L82 2.613e-02
L88 1.135e-01
L90 6.420e-02
L110 -6.466e-02
L84 3.419e-02
L104 -2.891e-02
L105 -3.595e-02
L105 2.049e-01
L88 4.974e-02
L97 -6.344e-02
L101 -7.541e-02
L109 7.971le-02
L110 1.881le-02
L113 6.130e-02
L85 -2.003e-02
L97 4.004e-02
L104 -6.996e-02
L86 3.069e-02
L95 -1.474e-02
L96 -4.829e-02
L10S -3.493e-02
L113 -6.146e-02
L105 5.834e-02
L106 -1.582e-01
L99 4.893e-02
L104 1.802e-03
L110 2.682e-02
L114 3.416e-02
L1039 4.869e-03
L93 -1.167e-01
L96 -1.704e-01
L92 9.495e-02
L106 1.322e-01
L112 2.203e-03
L94 -7.823e-02
L97 4.314e-02
L112 ~-6.494e-02
L11ll 1.051e-01
L117 9.863e-02
L105 -1.702e-02
L113 ~1.477e-01
L98 -4.657e-02
L105 -9.461le-03
L11l1l -5.695e-02
L110 -1.914e-03
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K508
K509
K510
K511
K512
K513
K514
K515
K516
K517
K518
K519
K520
K521
K522
K523
K524

.ends

L97 L115 -5.523e-02
L98 L104 6.539e-02
L99 L104 -5.726e-02
L[99 L113 9.723e-02

L101
L102
L102
L104
L104
L105
L106
L107
L108
L113
L114
L115
L115

L103
L109
L117
L107
L118
L108
L107
L116
L110
L115
L116
L116
L117

2.117e-02
-8.753e-02
~-1.782e-02
-4.808e-02
1.323e-01
-6.126e-02
-7.924e-02
-5.145e-02
8.817e-02
8.111e-02
-3.657e-02
-9.063e-02
7.306e-02
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