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In this dissertation, we study three problems: oracle inequality in high-dimensional statis-
tics theory, graphical models, and surrogate measures in clinical trials. First, we introduce a
general slow rate bound for maximum regularized likelihood estimators in Kullback-Leibler
divergence. The result applies to a wide variety of models and estimators where the densities
have a convex parametrization, and the regularization is definite and positively homogenous.
Next, we introduce a general framework, the so-called exponential trace models, for undi-
rected graphical models. We employ a sampling-based approximation algorithm to compute
the maximum likelihood estimator. The models apply to a wide range of data, such as
continuous, discrete, and different combinations of those. Finally, we review the primary
frameworks of surrogate measures and propose two new ones, the population surrogacy frac-
tion of treatment effect and time-varying F-measure. The new measures complement the

existing statistical framework and apply to the HIV Prevention Trial Network 052 Study.
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Chapter 1

INTRODUCTION

In this chapter, we introduce the background and motivation of the three problems studied
in the dissertation: oracle inequality for high-dimensional statistics theory, graphical models,

and surrogate measure in clinical trials.

1.1 Oracle Inequality in High-dimensional Statistics Theory

Advances in information technology have led us into the era of high-dimensional data. A
distinguishing feature of high-dimensional data is that the number of features far exceeds the
number of observations. This type of data brings new opportunities and challenges to the field
of statistics. In particular, the massive number of features are filled with noise and low-quality
signal. Distinguishing between sufficient information and redundant information challenges
traditional low-dimensional methods. Applying prior scientific belief facilitates these tasks.
One particular way is to add a penalty (for example, a sparsity penalty) to usual (goodness-
of-fit) loss functions employed in low dimensional statistical estimation. The penalty usually
comes with a tuning parameter (also known as regularization parameter) that balances the
two parts: Goodness-of-fit and penalization. Maximum regularized likelihood estimators
(MRLES) are arguably the most established class of estimators in high-dimensional statistics.
They have a penalized negative log-likelihood as the loss function. They are prevalent in
generalized linear regression, tensor response regression, and graphical modeling with high-
dimensional data.

To understand the finite sample performance for high-dimensional methods, statisticians
formulate oracle inequalities to bound the distance of interest between the estimator and

the truth. There are two main types of oracle inequality bounds: fast rate bounds and



slow rate bounds. There are two main differences between these bounds. First, fast rate
bounds are proportional to the square of the tuning parameter, while slow rate bounds are
proportional to the tuning parameter. Second, fast rate bounds invoke restricted eigenvalue-
type conditions while slow rate bounds hold without questionable assumptions. Fast rate
bounds are popular in the community of high-dimensional statistics. They are optimal in
the sense of matching minimax rates (Verzelen, 2012). However, the assumptions that fast
rate bounds rely on involve the true value of the unknown parameter. The assumptions are
not only stringent but also unverifiable in practice (Bunea et al., 2007a; Dalalyan and Tsy-
bakov, 2007; Rigollet and Tsybakov, 2011; Dalalyan and Tsybakov, 2012a,b). In addition,
the formulation of the assumptions is motivated by the process of proof. The assumptions
are not always necessary for prediction performance guarantees. For example, restricted
eigenvalue-type conditions in regression basically require that covariates are not too corre-
lated. However, even perfectly colinear covariates do not necessarily hurt prediction (Hebiri
and Lederer, 2013; Dalalyan et al., 2017). On the other hand, slow rate bound does not
involve questionable assumptions and is optimal in the assumptionless setting (Foygel and
Srebro, 2011; Zhang et al., 2017; Dalalyan et al., 2017).

We are particularly interested in slow rate bounds for prediction in high-dimensional
statistics. Slow rate bounds have been derived for lasso-type estimators (Greenshtein and
Ritov, 2004; Rigollet and Tsybakov, 2011; Massart and Meynet, 2011; Koltchinskii et al.,
2011; Huang and Zhang, 2012; Chatterjee, 2013; Biihlmann, 2013; Chatterjee, 2014; Lederer
et al., 2016; Dalalyan et al., 2017). However, many other examples still lack such guarantees,
and a broadly applicable slow rate bound is still needed. We are thus motivated to work on

general theory and provide support for the encompassed examples.
1.2 Graphical Models

Dependencies in multivariate measurements are vital for uncovering relationships among the
underlying processes. Microbiologists, for example, collect data about the number of bacteria

in stool samples. The data for each stool sample can be summarized in a measurement



vector, where each coordinate contains the number of a given type of bacteria in the sample.
It is expected that the dependencies among the coordinates can provide insights into the
microbiological environment of the human gut. Graphical modeling is a popular approach to
model and visualize dependencies in multivariate data (Drton and Maathuis, 2017; Lauritzen,

1996a; Wainwright and Jordan, 2008).

Graphical models combine graph theory and probability theory. They use graphs to rep-
resent the dependence structure among random variables (Lauritzen, 1996a). There are two
main types: directed and undirected graphical models. Directed graphical models emphasize
the directional parent-child relationship, while undirected models are concerned about the
symmetric local relationship. In this dissertation, we only cover undirected graphical mod-
els (which are also called Markov random fields). Consider an undirected graph G(V, E),
where V' is the set of nodes, and E is the set of undirected edges. Specifically, suppose there
is a one-to-one bijective mapping between a set of random variables and the nodes in set
V. There is an edge between node i and j if and only if (,5) € E and (j,7) € E. The
graph represents a family of joint probability distributions sharing the same (conditional)
(in)dependence structure. In the following, we discuss the conditional independence property
of undirected graphical models using a toy example in Figure 1.1. In the graph, X4, X5, X¢
are node sets for index subsets A, B, and C. If blocking all the nodes of Xz disconnects all the
paths connecting a node in X4 and a node in X¢, then we have conditional independence:

X4 L X¢ | Xp. Otherwise, conditional independence does not hold.

The exponential trace framework (Zhuang et al., 2016) unifies a variety of known classes
of graphical models, such as Gaussian graphical models, Ising models (Brush, 1967) and
multivariate extensions of it (Loh and Wainwright, 2012). It also allows for very different
kinds of other discrete and continuous data — and even combinations of different types of
data. Exponential trace models consider arbitrary (non-empty) finite or continuous domains

D C RP and random vectors x € D that have densities of the form

fu(x) = exp (= (M, T(x))us +£(x) —a(M)) (M e M)



Xa
Xc

Figure 1.1: An example of undirected graphical model from Jordan et al. (1999). X4, X5, X¢
represent node sets for index subsets A, B, and C.

with respect to some o-finite measure v on RP. Here, the matrix-valued parameter M encodes
the dependence structure of the random vector X, the matrix-valued function T'(-) on D
determines how the data enters the model, a(M) is the partition or normalization function,
and 9N is a convex set of matrices M with finite normalization. Given i.i.d. observations

(X1, ..., X™), the maximum likelihood estimator is of the form
M € argmin {(M, T + a(M)},
M

where T := Y7 | T(X")/n, a(M) = log [ exp ( — (M, T(x))tr + §(X))dx. In general, the
normalization term lacks a closed-form expression.

The framework is amenable to theoretically efficient estimation and inference based on
maximum likelihood. However, the normalization term of the likelihood function is not
tractable, and hence, the computation of the maximum likelihood estimators is challenging.
In Chapter 3, we use a sampling-based approximation method to tackle this problem and
uncover the corresponding graphs. This technique is also applicable to other problems where

there is difficulty in computing the exact objective function.



1.3 Surrogate Measure in Medical Research

Large, long-term randomized clinical trials can be very resource-demanding and time-consuming.
Investigators are hence often motivated to find appropriate surrogate endpoints to substitute
for rare or distal clinically meaningful endpoints to compare specific interventions or treat-
ments in trials (Ellenberg and Hamilton, 1989; Temple, 1995; Fleming and DeMets, 1996).
The term “surrogate endpoint” generally refers to a biomarker that is expected to predict
clinical benefit or harm reliably (Colburn et al., 2001). Hence, the terms “surrogate marker”
and “surrogate endpoint” are used interchangeably in the literature. When measured early
and conveniently, surrogate markers are expected to reduce the sample size and shorten the
overall trial duration, which improves the trials’ financial efficiency and feasibility (Wittes

et al., 1989; Benjamin et al., 2016).

The use of surrogate markers is controversial. On the one hand, it is recommended to be
conservative when substituting surrogate markers for clinically meaningful endpoints (Grimes
and Schulz, 2005; Fleming and Powers, 2012). The relationship among surrogate markers,
clinical endpoints, and interventions is usually so complicated that the surrogates may fail
to provide reliable evidence about the benefit-to-risk profile of interventions (Fleming and
DeMets, 1996; Temple, 1999; Fleming and Powers, 2012). In addition, the reliability and
validity of surrogate markers are usually context-specific (Fleming and Powers, 2012). There
are many examples where results based on inappropriate surrogate markers may provide
misleading information (Landau, 1990; Gallin et al., 1991; Echt et al., 1991). On the other
hand, realistic and ethical issues, for example, the difficulty of studying the clinically mean-
ingful endpoints and seriousness of various medical conditions, oblige people to use surrogate
markers at times (Chakravarty, 2005; Temple, 1999). With limited resources, the use of sur-
rogate makers allows for more studies to be conducted: This accelerates the early screening
of new interventions (Cook and DeMets, 2007). A recent review showed that pivotal trials
using surrogate end points as their primary endpoint formed the exclusive basis of FDA ap-

provals for 91 of 206 (44%) indications for novel therapeutic agents between 2005 and 2012



(Downing et al., 2014). Beyond substituting for clinically meaningful endpoints, surrogate
makers play an indispensable role in secondary analyses that facilitate our understanding
of pathogenic processes and pharmacological responses to therapeutic intervention (Lonn,
2001; Buhr, 2012; Colburn et al., 2001). This information is especially valuable for public
health research and policy-making for disease prevention. Consequently, it is crucial to iden-
tify and validate appropriate surrogate markers. Surrogate markers are usually proposed
by their “biological relevance” (Ellenberg and Hamilton, 1989). In particular, markers on
the intermediate pathway between the interventions and the clinically meaningful endpoints
are good candidates (Ellenberg and Hamilton, 1989; Hillis and Seigel, 1989; Wittes et al.,
1989). However, due to our often limited understand of the mechanisms behind diseases
and treatments, this biological rationale does not always guarantee the validity and reliabil-
ity of surrogate markers (Schatzkin, 2000). It is essential to develop statistical methods as
auxiliary tools for validating surrogate markers.

Although there is a long history of development of statistical methods for validating
surrogate endpoints, there are still many open challenges. In particular, there is no unified
robust statistical validation or consensus on processes for pragmatic evaluation and adoption

of surrogate endpoints (Buyse et al., 2010).
1.4 Summary of Our Contributions

In Chapter 2, we derive guarantees for MRLESs in Kullback-Leibler divergence, a general mea-
sure of prediction accuracy. We assume only that the densities have a convex parametrization
and that the regularization is definite and positively homogenous. The results thus apply
to a wide variety of models and estimators, such as tensor regression and graphical models
with convex and non-convex regularized methods. The main results show that MRLEs are
broadly consistent in prediction — regardless of whether the restricted eigenvalue condition
holds (or other similar conditions). The contribution of this work is two-fold. First, the
main result provides a general prediction guarantee for MRLEs in terms of the Kullback-

Leibler loss. In addition to being the first assumptionless bound in such a broad setting, the



result specializes correctly to known results, such as for lasso, where the corresponding rates
are optimal up to log-factors. Second, we show that applications of the general theorem
to specific examples lead to new guarantees in tensor response regression, generalized linear
tensor regression, and graphical modeling. The theory thus also establishes new insights into
individual cases of MRLEs.

In Chapter 3, we introduce a general framework for characterizing undirected graphical
models. This framework generalizes Gaussian graphical models to a wide range of continuous,
discrete, and combinations of different types of data. The models in the framework, called
exponential trace models, are amenable to estimation based on maximum likelihood. We
introduce a sampling-based approximation algorithm for computing the maximum likelihood
estimator, and we apply this pipeline to learn simultaneous neural activity from spike data.

In Chapter 4, we consider the statistical challenges involved in measuring and ranking
surrogate markers quantitatively. We review the main methodology frameworks for validat-
ing surrogate markers in clinical trails and link them to the problem of mediation analysis
in Public Health. Motivated by the concept of population attributable fraction, we propose
a new measure, the so-called treatment surrogacy fraction, in the setting of clinical trials.
The new measure carries an appealing population impact interpretation and supplements the
existing statistical surrogate measures by providing absolute information. In addition, we
define the time-varying F-measure, a model-free surrogate measure for time-varying internal
markers and time-to-event outcomes in survival settings. The measures are illustrated using

the HIV Prevention Trial Network 052 Study, a landmark HIV/AIDS prevention trial.



Chapter 2

MAXIMUM REGULARIZED LIKELIHOOD ESTIMATORS:
A GENERAL PREDICTION THEORY AND APPLICATIONS

This chapter is a slightly revised version of my work published in Stat (Zhuang and
Lederer, 2018).

2.1 Introduction

2.1.1 Owerview

Maximum regularized likelihood estimators (MRLEs) are widely used in generalized linear
regression, tensor response regression, and graphical modeling with high-dimensional data.
It is thus of major interest to develop theory for this class of estimators.

Our specific goal is a general finite sample theory for prediction. Existing results are typ-
ically derived on a case-by-case basis. Moreover, many of these results also invoke restricted
eigenvalues-type conditions (Biithlmann and van de Geer, 2011, Section 6). Such conditions
are not only stringent and unverifiable in practice but also unsuitable for prediction. For
example, restricted eigenvalue conditions in regression limit the correlations among the co-
variates. However, although correlations can affect the identifiability of the parameters, for
prediction, even perfectly collinear covariates do not necessarily have a negative impact; in
contrast, collinearity can even be beneficial (Hebiri and Lederer, 2013; Dalalyan et al., 2017).
We are thus interested in a theory that does not involve additional assumptions and pro-
vides bounds for a general class of MRLEs. Besides its abstract value, such a general theory
can also provide support for specific examples of MRLESs, such as the recently introduced
approaches to tensor regression (Zhou et al., 2013; Li et al., 2013; Sun and Li, 2016), whose

prediction properties have not been fully grasped.



In this work, we establish a general oracle inequality in terms of the Kullback-Leibler
divergence. Oracle inequalities are a standard way to formulate finite sample bounds in
high-dimensional statistics. The Kullback-Leibler divergence is a standard way to quantify
prediction accuracies; it applies to any model and yet specializes to well-established and
interpretable notions of prediction performance. Our proofs invoke only the convexity of
the parametrization and the definiteness and positive homogeneity of the regularizers. This
makes the result applicable to a variety of parametric and non-parametric models and allows
for a broad class of convex and non-convex regularizers.

The remainder of this work is organized as follows. We introduce the framework and the
general result in Section 2.2. We then provide examples in Section 2.3. We finally conclude
with a brief discussion in Section 2.4. All proofs are deferred to the supplementary materials:
proofs for the main result to Section 2.5.1, proofs for the examples to Section 2.5.2, and proofs
for the bounds of the empirical process terms in Section 2.5.3. In addition, Section 2.5.4

contains notation and properties of tensors.

2.1.2 Related Literature

There are two types of oracle inequalities in the literature: so-called “fast rate bounds”
and so-called “slow rate bounds.” “Fast rate bounds” are proportional to the square of
the regularization parameter. Many representatives of this type of bounds are found in the
literature, such as Bunea et al. (2007b); Raskutti et al. (2015) for regression, Ravikumar
et al. (2011) for graphical models, and more generally, Bithlmann and van de Geer (2011);
van de Geer (2016) and references therein. For example, the corresponding bounds for lasso
prediction are of the form slogp/(w?n), where s is the number of non-zero elements in
the true regression vector, p is the number of parameters, w is the restricted eigenvalue,
and n is the number of observations. These bounds are typically considered fast, because
they can match minimax rates, see Verzelen (2012) and references therein. However, they
rely on sparsity, and more importantly, they invoke restricted eigenvalue-type conditions or

concern computationally challenging estimators instead (Bunea et al., 2007a; Dalalyan and
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Tsybakov, 2007; Rigollet and Tsybakov, 2011; Dalalyan and Tsybakov, 2012a,b). Moreover,
these eigenvalue-type assumptions are unverifiable and often unrealistic in practice, and even
if they hold, the additional factors (such as s and 1/w? for lasso) can be large.

On the other hand, oracle inequalities for prediction have be derived without sparsity
or restricted eigenvalue conditions for lasso-type estimators (Greenshtein and Ritov, 2004;
Rigollet and Tsybakov, 2011; Massart and Meynet, 2011; Koltchinskii et al., 2011; Huang
and Zhang, 2012; Chatterjee, 2013; Biithlmann, 2013; Chatterjee, 2014; Lederer et al., 2016;
Dalalyan et al., 2017). For example, the corresponding bounds for lasso prediction are of
the form +/log p/n| 3|1, where 3* is the true regression vector. Such bounds are typically
referred to as “slow rate bounds,” because on a high level, the rates are 1/4/n rather than
1/n. However, there are no questionable assumptions involved, and for regression, it has even
been shown that 1/4/n is the optimal rate in the absence of further assumptions (Foygel and
Srebro, 2011; Zhang et al., 2017; Dalalyan et al., 2017). Overall, this means that “fast rate
bounds” are not necessarily fast and “slow rate bounds” are not necessarily slow. To correct
the misleading nomenclature, Lederer et al. (2016) suggested replacing the term “fast rate
bound” with “sparsity bound’ and “slow rate bound” with “penalty bound.”

Although some examples of MRLEs have been equipped with assumptionless bounds,
many other examples still lack such guarantees (or any prediction guarantees altogether).

More generally, a broadly applicable prediction theory for MRLEs is still in need.

2.1.3 Our Contribution

The contribution of this work is two-fold. First, Theorem 2.2.1 provides a general prediction
guarantee for MRLEs in terms of the Kullback-Leibler loss. Besides being the first assump-
tionless bound in such a broad setting, the result specializes correctly to known results, such
as for lasso, where the corresponding rates have been shown to be optimal up to log-factors.
Second, we show that applications of the general theorem to specific examples lead to new
guarantees in tensor response regression, generalized linear tensor regression, and graphical

modeling. The theory thus also establishes new insights into individual cases of MRLEs.
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2.2 General Theory

In this section, we present the general theory comprising the model classes, estimators, and
the main result. The theory applies to an extremely wide range of data and methods; we
discuss many important examples in Section 2.3. As for the models, we consider random
vectors X € X in a non-empty set X distributed according to a density f € F in a general
class F. We assume that the densities in F can be parametrized as fy; with parameter M € 9
that belongs to a convex, non-empty set 91 in a real Hilbert space H and log fyr — Eyr log fum
is convex in M for fixed M’ € 9. A classical example for this setup is the case of exponential
families in the natural form (Berk, 1972, Lemma 2.1), see also Johansen (1979); Brown
(1986). In general, however, the parametrization can be arbitrary as long as the convexity
condition is fulfilled, and the parameter space can well be infinite-dimensional. In view
of this very general framework, with the convexity of the parametrization being the only

requirement on the models, the following theory applies to a large class of data.

The targets of our study are MRLESs in the described setup. Maximum likelihood estima-
tion is one of the most widely accepted approaches to understand data, and regularization
is a standard technique to incorporate additional structure or information. A contempo-
rary playground for MRLEs is high-dimensional statistics, where a tremendous amount of
research centers around regularization based on sparsity structures (Biithlmann and van de
Geer, 2011; Giraud, 2014; Hastie et al., 2015). Given data X, we consider MRLEs of the

form (assumed to exist)

M e argmin { — log fu(X) + ru(M)}, (2.1)
Mem

where 7 > 0 is a regularization parameter and u : H — [0,00] is a regularization with
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properties

uM)=0 < M=0, (2.2)

u(tM) = tu(M) VM #£0,t > 0. (2.3)

These two properties allow us to formulate dual functions that generalize the classical notion
of dual norms and the corresponding Hélder-like inequalities, see the definition of u below
and Lemma 2.5.1 in Section 2.5.1. Indeed, one can check readily that the properties are
met by norms, including the weighted norm penalities considered in Zou (2006); van de Geer
(2008); Gramfort et al. (2012); Bu and Lederer (2017) and others. However, the properties
are also satisfied by the more general concept of gauges, which requires convexity in addition
to (2.2) and (2.3), and which has become an increasingly popular subject of optimization
theory (Friedlander and Macédo, 2016; Aravkin et al., 2017). Furthermore, we allow for
non-convex functions: for example, the category of regularizers covers ¢,-operators, £,(M) :=
>2F, |M,|7)1/4 for M € RP, even in the non-convex case ¢ € (0,1); we refer to Foucart and
Lai (2009) for corresponding optimization techniques. More generally, it covers Minkowski
functionals u(M) := inf{a > 0 : M € aK} with level set K that is bounded and contains an
open set around the origin, but is potentially non-symmetric and non-convex. Altogether,

we consider a very general class of estimators.

A standard measure to assess the accuracy of estimators is the Kullback-Leibler diver-
gence (Huntsberger and Billingsley, 1981). This measure is particularly suited for our theory,
because it can be formulated independently of the model class at hand and yet specifies to
established measures in applications. For given M, M’ € 91, the Kullback-Leibler divergence

from fy to fyr is defined as

d(M; M) = ]EM/log(J}T/[/((j((>)> .
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Given data X, the empirical version of d(M;M’) is then

AV M | X) = 1og(%’((§;). (2.4)

For ease of notation, we assume in the following X ~ fy« for the “true” parameter M* € 9

~ ~

and set d(M) := d(M; M*) and d(M) := d(M; M* | X).
We can now formulate an oracle inequality for the MRLE given in (2.1). For this, the
function u at M € H is defined as the dual of u by

a(M) :=sup {(M, M) | M' € H,u(M') < 1},

~

where (-, -) is the inner product on H. Moreover, V(d — d)g € H denotes any subgradient

~

of d(M) — d(M) at M. We then find the following.

Theorem 2.2.1 (oracle inequality). For all r > a(V(d — 67)1\7[), it holds that
d(M) < ru(M*) + ru(—M?).

The bound has three building blocks. First, the Kullback-Leibler loss is used as a measure
of the accuracy of the MRLEs. In many examples, this loss equals a classical prediction loss.
Second, the “noise term” ﬂ(V(d—@M) forms a lower bound on the regularization parameter.
This term can typically be controlled by using bounds from empirical process theory. Finally,
the (symmetrized) size of the true model u(M*) 4+ u(—M*) scales the accuracy bounds. The
size is measured in terms of u, which reflects the rationale for choosing u in the first place.
Theorem 2.2.1 is in the form of an oracle inequality, which is a standard way to capture
the performance of regularized estimators (Biihlmann and van de Geer, 2011). Importantly,
oracle inequalities provide finite sample guarantees and are thus, as opposed to asymptotic
results, of direct relevance in practice. However, the inequality also entails upper bounds on
the rates of convergence. Note first that the size of the true model can be considered as a

basically constant factor; indeed, in view of the motivation of regularization being that there
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is a true model with reasonable size in u, largely inflating values of u(+M*) would indicate an
inappropriate choice of the regularization function. As a conclusion, one can derive bounds

for the rates of convergence essentially by looking at the regularization parameter r.

An immediate question is whether the bounds in Theorem 2.2.1 are optimal. To answer
this question, we first recall that for specific examples that fit our general framework, “fast
rate” bounds proportional to r? rather than r have been derived, but despite the inaccurate
nomenclature, their rates are not necessarily fast. In particular, bounds proportional to
r? contain additional factors that can slow down the rates, and more directly for scalable
estimators, the known bounds rely on strong additional assumptions. Instead, it has been
shown that bounds proportional to r are optimal in lasso-type regression in the absence of

further assumptions, which means that the bounds in Theorem 2.2.1 are indeed optimal in

the sense that they cannot be improved in general — see Sections 2.1.2 and 2.3.1 for details.

In summary, Theorem 2.2.1 provides bounds for a wide range of models and corresponding
MRLESs. Therefore, the theorem is an umbrella for bounds linear in r that have been derived
for specific examples previously. The proof, however, differs from the previous ones in the way
that it uses convexity arguments, Holder-type inequalities, and connections between the log-
likelihood and the Kullback-Leibler loss. Furthermore, and more importantly, Theorem 2.2.1
also entails guarantees for models and estimators that have not yet been equipped with

assumptionless bounds - or any bounds at all.

2.3 Examples

We now give explicit bounds for high-dimensional tensor response regression, generalized
linear tensor regression, and graphical models. The bounds are the first ones to provide
assumptionless Kullback-Leibler guarantees for MRLEs in these models. An exception is
linear regression with lasso-type regularization, where assumptionless guarantees have been

derived before. We show that we recover the known bounds in this case.
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2.3.1 Tensor Response Regression

Our first example is tensor response regression. In a standard notation (see Kolda (2006) or

our Section 2.5.4 for details), tensor response regression is based on models of the form
YVi=M*x;z' +E° (i€{l,...,n}),

where Y € R?2* %% i5 a (p — 1)th order tensor response, M* € 9 C R»**b is a pth order
tensor coefficient, z' € R is a fixed or random row-vector of covariates, and E? € RP2**b»
is random (p — 1)th order tensor noise. The operation M* x; z’ denotes the mode-1 product
of M* and z°.

Our goal is to estimate the predictive structure of the above model. Assuming that the

noise tensors E¢ are mutually independent, the MRLEs in (2.1) are of the form

M e argmin { — Zlog fa(Y" ] 2') + ru(M)}.
Mem
For computational ease, 9t is usually chosen as a set of low-rank tensors (Rabusseau and
Kadri, 2016; Sun and Li, 2016). In any case, if the conditional density fu(Y? | z%) is
parametrized such that M — log fyr — Ey« log fr is convex, we can derive statistical guaran-
tees in conditional Kullback-Leibler loss from Theorem 2.2.1. Importantly, we do not impose
any additional restriction on the covariates or the noise; for example, we allow the covariates
to be correlated with the noise. Typical regularizers for third order tensors, for example, in-
clude the sparsity-inducing regularizer at the entry level u(M) := S0 ... 213 1 IMiy i, at

i1=1

the fiber level u(M) =30 to—1 [MLigis |2, and at the slice level u(M) := 213 LML =

i9=1

D i \/Z“ 1 2 ine1 [Miyiyi5|* and the low-rank inducing regularizer u(M) := [M]. with | -.
the tensor nuclear norm defined in Raskutti et al. (2015). Our framework covers all these
examples.

For illustration, we consider tensor response regression with zero-mean array normal

noise (Akdemir and Gupta, 2011; Hoff, 2011), the most widely-used representative of the
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above model class. The conditional Lebesgue density of Y given by (Hoff, 2011) is

p
) ) 1 . )
MYz = 2m) (T TISs ) - exp (-~ IV =M, 2') x =R,

k=2
where | - |? is the array norm, b := [["_,b;, % = ARA] € R with non-singular real
matrix A, € R0 $71/2 = 1A ,A;l}, and x denotes the tensor product. One can

check readily that log fu(Y" | z') — Ey-log fm(Y? | 2%) is linear in M. Hence our theory

applies; in particular, Theorem 2.2.1 specializes to array normal models as follows.

Lemma 2.3.1 (tensor response regression with array normal noise). For allr > ﬁ( Yoy (EZ X

X%y (2)7)), where ST ={X51, ... 51}, it holds that
d(M) < ru(M*) + ru(—M*),

with Kullback-Leibler loss

d(M) = =3 (M = M) x; 27 x 2|2,

i=1

This bound entails that MRLEs for tensor response regression with array normal noise are
consistent in average conditional Kullback-Leiber loss under minimal assumptions. Our
results thus complement the known consistency guarantees, which hold for specific tensor
regressions with additional constraints on the covariates (Raskutti et al., 2015; Sun and Li,
2016). In addition, Lemma 2.3.1 elucidates the interpretation of the conditional Kullback-

Leibler loss as a prediction loss.

For an instantiation of the bound, assume 7, (z)?/n = 1,5 € {1,..., b1}, and ()i, =
hi, hi, > 0, k € {2,...,p}, ir. € {1,...,b}. Consider the sparsity-inducing regularizer at
the entry level w(M) := S0 ... 5% M,

=1 i1 |. Then, the tuning parameter r can be

..... ip



17

calibrated such that with probability at least 1 — 2 exp(—t?), it holds that

P P by bp
M) <2([Thw) (|20 +10e([00)) D> ML
k=2 j=1 i1=1 ip=1

This concrete bound follows from Lemma 2.5.2. That lemma and its proof — as well as all
other technical derivations — are deferred to the supplementary materials.

While the above results for tensor regression are novel, assumptionless bounds for simple
regression with lasso-type estimators such as lasso (Tibshirani, 1996), group lasso (Yuan and
Lin, 2006), sparse group lasso (Simon et al., 2013), and slope estimator (Bogdan et al., 2015)
have been derived before. Simple linear regression is thus an ideal test case to confirm that
our results specialize correctly. To this end, we first observe that for p = 2 and b, = 1, tensor

response regression with array normal noise reduces to ordinary linear regression of the form
y =2+ (ie{l,....n}),

where 7' € R is a scalar response, z' € R is a row-vector of covariates, 3* € R" is the
regression vector, and &’ € R is noise distributed as A'(0,02). For u(8) := 8], :== S0, |6il,
the MRLE (2.1) becomes

1 n

= argmm{ Z(yi—ziﬁ)Q%—T”ﬁ”l},

2
BERM 20 i—1

which, setting r = r'/(20?), can be written in the standard lasso-form

B € argmin Z y' — 278 —|—7“||5|| }.

BERDI

If ' > 2| 3" (z') "€, Lemma 2.3.1 now implies the bound

n

> (#8—2B)" < 2B

=1
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This result equals the classical penalty bound for lasso prediction, see Hebiri and Lederer
(2013, Equation 3) for example. It has been shown that these bounds are essentially optimal
in the absence of other assumptions (Foygel and Srebro, 2011; Zhang et al., 2017; Dalalyan
et al., 2017). Along the same lines, one can also show that our bounds specify correctly
for the other lasso-type estimators mentioned above (Lederer et al., 2016, Section 3), and

similarly, for trace regression (Koltchinskii et al., 2011, Theorem 1).

2.3.2  Generalized Linear Tensor Regression

Our second example is generalized linear tensor regression. The corresponding models consist
of two components (Zhou et al., 2013; Li et al., 2013): an exponential family distribution
and a link function. The exponential family distribution reads

fy' 16" =exp( +cy, ) (ie{l,...,n}),

where y° € R is a scalar response, #° € R is the natural parameter, o > 0 is the overdispersion
factor, and b, c are known real-valued functions. The link function ¢ : R — R, assumed
strictly increasing, provides a linear connection between the mean functions E(y* | %) and

tensor predictors z' € R *b according to
9(E(y' | 07) = (M", 2°),

where M* € 9 C R®**% and (-, -) is the tensor inner product. One can check that
V(6 = E(y' | 6°). With canonical link g := (¥)7!, it holds that #° = (M*, z') and the

distribution of the response y* conditioned on z’ has density

(M, 27) — b((M”, 27))

fe (9" | 2) = exp (7 -

+ c(yi,oz)).

Further, by introducing basis functions in the mean models, it is straightforward to extend

this parametric setting to non-parametric frameworks. In sum, generalized linear tensor
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regression provides very flexible model classes for scalar responses.

We can now turn to the corresponding MRLEs. Given n independent observations (y*, z')

and considering the canonical link, the MRLEs in (2.1) become
v . 1 i i i
M € argmin {az (—y"(M, z') + b((M, z))) + ru(M)}.
i=1

Similarly to tensor response regression, optimization over the full set R?***% is computa-
tionally challenging due to high-dimensionality of the problem. Thus, 9 is typically chosen
considerably smaller, with the belief that the true parameter has some additional struc-
ture. For example, a choice proposed in Zhou et al. (2013) is M := {M € R > b | M =
S ﬁfi) 0--:0 ﬁz(f)}, where m is a fixed integer, BJ(»i) € R%, and o denotes the outer product.

Let us now apply Theorem 2.2.1 to equip MRLEs in generalized linear tensor regression
with theoretical guarantees. For this, note that the log-parametrization here is again linear,
so that the main theorem indeed applies and yields the following results.

n 1)

Lemma 2.3.2 (generalized linear tensor regression with canonical link). For allr > ﬁ(é Yo (y —
En-(y'))z"), it holds that
d(M) < ru(M*) + ru(—M*),

with Kullback-Leibler loss

and Ey-(y') denotes the conditional expectation of y' on z' here.

To the best of our knowledge, this is the first oracle inequality for regularized generalized
linear tensor regression.
As a special case, Lemma 2.3.2 applies to ordinary logistic regression, where p = 1, the

canonical link is g(z) = log (z/(1 — z)), and the MRLEs with a general regularizer are in
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the form of

M € argmin { Z (—y"(M, z') +1og (1 + 6<M’Zi))) + ru(M)}.

MeRb1 i=1
Lemma 2.3.2 then implies the bound

~

dM) < ru(M*) + ru(—M")

forr > a( >0, (v —6<M*’zi>/(1 +6<M*’zi>))zi). For /,-regularization, the tuning parameter r
can be calibrated such that with probability at least 1 — 2 exp(—t?), it holds that

- - b1
~ 1+ 2max;{p*(1 — p* %
d(M) < 2\/ §p< P} 2 4+ 1og by) 3,

Jj=1

where p' := Ey;(y'). We refer to Lemma 2.5.3 in Section 2.5.3 for details. The bound
complements results for (weighted) ¢;-regularized logistic regression that have been derived

under additional assumptions, see van de Geer (2008) and van de Geer (2016, Chapter 12.4).

2.3.8  Graphical Models

Standard types of graphical models, such as Gaussian graphical models (Yuan and Lin,
2007; Friedman et al., 2008), non-paranormal graphical models (Gu et al., 2015), and Ising
models (Lenz, 1920; Brush, 1967)

Exponential trace models are based on densities of the form
fu(x) =exp ( — (M, T(x)) — a(M)) (M € zm)

with respect to some o-finite measure v on RP. Here, the matrix-valued parameter M encodes
the dependence structure of the random vector X € X C RP, the matrix-valued function

T(-) on X determines how the data enters the model, a(M) is the normalization, and 9%
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is a convex set of matrices M with finite normalization. Given independent observations

X1 ..., X" of X, the MRLEs in (2.1) are of the form

M € argmin { > (M, T(X")) + na(M) + ru(M)}.

Mem S

Since the function log fy; — Ey« log fy is linear in M, we can then apply Theorem 2.2.1 to

derive the following bound.

Lemma 2.3.3 (graphical models). For allr > a( Y1, (ExT(X?) — T(X"))), it holds that
d(M) < ru(M*) 4 ru(—M?),
with Kullback-Leibler loss
d(M) = Qn: Ea- T(X?), M — M*) — na(M*) + na(M).
i=1

The Kullback-Leibler loss is a standard predictive risk for graphical models (Yuan and Lin,
2007; Shevlyakova and Morgenthaler, 2013) and has a geometric interpretation as the differ-
ence between a(l\A/I) and the tangent approximation of a(l\A/I) at M* (Wainwright and Jordan,
2008, Chapter 5.2.2).

As a special case, Lemma 2.3.3 applies to the graphical lasso for multivariate Gaussian

data. Recall that the graphical lasso (Yuan and Lin, 2007; Friedman et al., 2008) is formu-

lated as
. 1 — .
M € argmin {— Z tr (X*(X*)"M) — logdet M + 7/ |vec(M)]; },
Mest TV D
where S% | is the set of positive definite p x p matrices and X', ..., X" are i.i.d. samples from

a centered Gaussian distribution with unknown covariance matrix (M*)~™'. The Kullback-

Leibler loss of M reads

(<1\7[7 (M)~ — logdet1\7[ + log det M* —p)7



22

which is equivalent (up to the factor 1/2) to Stein’s loss of the centered multivariate Gaus-
sian distribution with covariance matrix (M)~! (James and Stein, 1961). Thus, if 1/ >

Jvec((M*)™t = L 57" | X*(X*)7)|s, Lemma 2.3.3 yields
(M, (M*)™") — log det M + log det M* — p < 27/ |vec(M*)];.

Following Lemma 2.5.4 in Section 2.5.3, the tuning parameter 7’ can be calibrated such that

with probability at least 1 — 4 exp(—t?), it holds that

ld(l\A/[) < 160 max ((M*)‘l)kk\/1 (2 + log (p Z Z M, |

n ked{l,...,p} Tlimt

for all ¢ such that 0 < ¢ < \/n/4 —log (p(p — 1)). Our theory thus establishes the rate \/log p/n

for the graphical lasso in Kullback-Leibler loss. This prediction rate complements the known

estimation rates y/logp/n in vectorized-matrix f.,-norm and y/min{s + p,d?}logp/n in
spectral norm (Ravikumar et al., 2011), where s is the number of non-zero elements in M*
and d is the maximum node degree. However, those results additionally require the mu-

tual incoherence condition. Our prediction rate also complements the known estimation

rate /(s + p) log p/n in Frobenius norm and spectral norm (Rothman et al., 2008), which

requires only mild assumptions on the population covariance matrix.

2.4 Summary

We have established assumptionless oracle inequalities for a general class of maximum regu-
larized likelihood estimators. For regression, the inequalities match known lower bounds up
to log-factors. We conjecture that the same is true more generally; in particular, we believe
that general counter-examples to “fast rates” can be generated similarly as in the regression

case.



23

2.5 Supplementary Materials

2.5.1 Proof of Theorem 2.2.1

Before proving Theorem 2.2.1, we first introduce a lemma about the regularizer. Throughout,

we use the convention 0 - co := 0.

Lemma 2.5.1 (inner product inequality). Let M, M' € H. It holds that

(M, M) < a(M)u(M). (2.5)

Proof of Lemma 2.5.1. The proof consists of two steps. First, we show that Inequality (2.5)
holds in the case u(M’) = 0. Second, we show that Inequality (2.5) holds in the case

u(M’) # 0. In view of the mentioned convention, we can assume that u(M’) < oo.

Case 1. If u(M') = 0, we have M" = 0 since u(M') = 0 if and only if M’ = 0 by condition
(2). Then,
(M, M)y = a(M)u(M') = 0.

In particular, (M, M’) < a(M)u(M’), as desired.

Case 2. If u(M’) # 0, we rewrite

M) Mo
wom = M a0

<M> Ml) = <M’ M/> ) U(M’)

Next we show that (M, %@) < a(M) by two observations. The first observation is that
since H is a real vector space,
M/
— c H.
u(M/)

The second observation is that u(M’) € (0,00) in Case 2, and therefore for regularizers that
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are positive homogeneous of degree one as specified in Condition (2.3),

u(%@) :M:L

Combining the two observations, we have

) <sup{(M, Ay) | Ay € H,u(Ay) <1} =a(M).
Since u(M’) € (0, 00), it follows that (M, M’) < a(M)u(M’). O
We now proceed to the proof of Theorem 2.2.1.

Proof of Theorem 2.2.1. The proof consists of three steps. First, we link the objective func-
tion of MRLEs with the regularized Kullback-Leibler loss. Second, we use the convexity of
M — log f; — Eyn+ log fyu to obtain an enhanced basic inequality. Third, we use the proper-

ties of v and u shown in Lemma 2.5.1 to bound the empirical process and conclude the proof.

Step 1: (Regularized Kullback-Leibler Loss) We first show that the MRLE M defined in
(2.1) satisfies

M € argmin {c/l\(M) + ru(M)}.
Mem

Recall that MRLESs are defined as

M e argmin { — log fu(X) + ru(M)}.
Mem

Since adding constant terms does not alter the estimator, we rewrite the definition as

M e argmin { log fur(X) — log fu(X) + ru(M)}.
MeM

The term log fy«(X) —log fu(X) is the empirical version of the Kullback-Leibler loss defined
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in Equation (2.4). Hence we obtain an equivalent definition of MRLE in the form of

M € argmin {c/l\(l\/[) + ru(M)}.
Mem

This concludes Step 1.

Step 2: (Enhanced Basic Inequality) We use Step 1 and the convexity of M — log fu —

E- log fur to derive the enhanced basic inequality

~ ~

d(M) < ru(M*) — ru(M) + (V(d — d)g, M) + (V(d — d)g;, —M*).

The proof of this inequality has two ingredients. The first ingredient is that M minimizes

d(M) + ru(M), as derived in Step 1. Hence, in particular,

AN~ ~ ~

d(M) + ru(M) < d(M*) + ru(M*).

Rearranging the inequality yields

AN~ ~

d(M) < d(M*) 4 ru(M*) — ru(M).

The second ingredient is the convexity of log fy — En+ log fyr in M. Since d(M) — J(M) =
(En log fus —log far) 4 (log fu —En- log fur), the convexity implies that the function d(M) —
E(M) is also convex in M. Hence, it holds that

where V(d — E)M is any subgradient of d(M) — (?(M) at M. Rearranging the equality leads to

~

d(M) — d(M) < d(M*) — d(M*) + (V(d — d)g;, M — M*).
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Combining the two ingredients and doing some algebra yield

~ ~ ~

d(M) < d(M*) 4+ ru(M*) — ru(M) + (V(d — d)g, M — M*).

By the definition of d(M*), we also find

—

v+ (2)
-(z)

d(M*) = EM*log<

)=o.

We can thus remove d(M*) from the inequality above and find

Es

~ ~ -~ -~

d(M) < ru(M*) — ru(M) + (V(d — d)g, M — M*) = ru(M*) — ru(M) + (V(d — d)g, M) + (V(d — d)

This concludes Step 2.

Step 3: (Bound for the Empirical Process Term) We show that on the event where

~

r > u(V(d —d)g), it holds that

d(M) < ru(M*) + ru(—=M*),

To this end, we first apply Lemma 2.5.1 to the last two terms on right-hand side of the
result in Step 2 and find

~ o~ ~

d(NI) < ru(M*) — ru(N) + @(V(d — d)g)u

=)
+
A
4
)
|
=
=
£
|
S

Rearranging the terms of the right-hand side yields

o~ ~ ~ ~

dM) < ru(M*) + a(V(d — d)g)u(—M*) + (=7 + a(V(d — d)g;) ) u(M).
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~

Because u(-) is non-negative by definition, the inequality r» > @(V(d — d)g;) implies

-~

(=7 +a(V(d—d)g))u(M) <0,

and

~

W(V(d — d)g)u(—M*) < ru(—M*).

~

Combining the last three inequalities, we thus find on the event where r» > @(V(d — d)y;) the
inequality

d(M) < ru(M*) + ru(—=M*).

This concludes the Step 3 and thus completes the proof of Theorem 2.2.1. O

2.5.2  Proof of Example Results

Proof of Lemma 3.1. This lemma is a specification of Theorem 2.2.1 to tensor response re-
gression with array normal noise. The proof consists of three steps. First, we obtain the
explicit form of the empirical and population version of Kullback-Leibler loss, J(M) and
d(M). Second, we derive the gradient of d(M) — c/l\(M) at M, denoted as V(d— &\)1\“4' At last,

we apply Theorem 2.2.1 with the derived explicit forms of d(M) and V(d — d)g to conclude
the proof.

Step 1. We first derive the explicit form of the empirical and population version of

Kullback-Leibler loss. Plugging the array normal density into the empirical Kullback-Leibler



28

divergence between conditional densities fyr and fy+ yields

D (Y =M xy2') x SR — (Y= M* %, 2°) x 5712

=1

1

d(M) =5

1 <& . . . .
:52 (JY" = M* x; 28+ M* x; 2 — M x, 2°) x 2722~
i=1
[(YF—M* x; z°) x £712)2).

Lemma 2.5.5 shows that (Y — M* x; z' + M* x; 2 — M x; 2z) x 372 = (Y’ — M* x, 7') x

Y2 4 (M* x; 28 — M x; 2') x 712, We can thus reorganize the above equation as

n

~ 1 . ) . .
d(M) _ 5 Z (”(Y'L — M* X1 ZZ) % 271/2 + (M* X1 7t — M X1 Zl) X 2*1/2H2_

i=1

(Y7 = M* x; z') x S712)2).

We expand the first array norm as shown in Lemma 2.5.6 and get

ST =M % 7)) x SR (M7 xg 7 - M xg a) x BT

=1

+2((Y = M* %1 2°) x 272 (M* x; 2" — M x; z°) x 3712)—

1

) =

(Y= M x; 2') x £72)?).

-~

Canceling the first and last term of d(M) yields

dM) == (JO" xq 27 = M x; 2) x 5772

=1

+2((Y" = M* x; 2°) x S7V2 (M* xq 2 — M x; 2') x 571/2)).
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~

Taking the expectation of d(M) with respect to Y conditioning on z’ gives the conditional

Kullback-Leibler divergence

(M* x1 2" — M x4 z') x 2722

1 n

d(M) :§Z]EM*(
=1

+2((Y = M* x; 2') x 72 (M* % 2 — M x; 2°) x 571/2))

L m e : _
=3 E [(M* x1 28 — M x; z°) x 27122
=1

+ ZEM*«YZ — M* X1 Zi) % 2—1/27 (M* X1 Zi - M X1 Zi) % 2—1/2>’

i=1
where Ey- denotes the conditional expectation conditioning on z’. The expectation of the
inner product term becomes

EM*«YZ — M* X1 Zi) X 2_1/2, (M* X1 Zi —M X1 Zi) X 2_1/2>

b2 bp
=3 Y B (Y M ) ) ST (M kg - Mo 2 xS
ip=1  ip=1

Further, since Ey- (Y’) = M* x; z,

Ew- (Y = M* x; 2') x £71/2)

12,..00p

b2 bP
—Eye (D SO0 M g, 0, o))

J2=1 Jp=1

:07
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where O'Z-(]]-f) denotes the (i, j)th element of A;'. Thus, Eyp (Y — M* x; z') x 7Y2 (M* x4
z' — M x; z') x ¥71/2) = 0. We then find

1 — , ,
d(M) = 5 D I xy 2t = M xy z') x 577
=1

By the definition of the mode-1 product, we write M* x; z' — M x; z' = (M* — M) x; z’ and
conclude that the conditional Kullback-Leibler divergence of tensor regression with array

normal noise has the explicit form of
1 « A .
_ - * 7 —-1/2)2
dM) = 5 ;_1 [(M* —M) x;2" XX |7,
which is the prediction error.

~ ~

Step 2. We derive the explicit form of V(d—d)g. With d(M) and d(M) derived in Step 1,

we obtain

~ ~ o~ n R ' 1 n . R '
d(M) —d(M) =5 > |(M* = M) x; 2" x 5727 — 52 (J(M* x1 2" — M x;2") x 2722
=1 i=1

F2((Y = M xp 7)) x 27V2 (M* x; 2 — M x, 2) x £712)).

Canceling the first and second term in the above equality yields

A — B = — S M a2 X BV O 17—y ) x 5

i=1

~

Let Wi = (Y = M* x;7) x 5712 (M* x1 2¢ — M x; 7') x ©-/2). We write d(M) — d(M) =
—> " W' and find
V(d - d)g =~ VW),
i=1

where VWi (M) denotes the gradient of W' at M.
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Next we derive VWZ(M) Expanding W¢ by the definition of tensor inner product, we
get

i9=1 ip=1

Expanding the tensor operations in the second term yields

bo bp by bp
Wi=D oy ((VT=MTxqz) x572) (Y ey (MT =M, ATl - T,
ia=1  ip=1 a=1  jp=1

. bo bp
8Wl % * i — )
m— — Z . Z ((Y —M* x;2") x X 1/2)2‘2 ..... ,L'p(_zlmlo-i(j”)nQ ) ..O'g)r)np).
MiyMp  ip=1 =1

Here 2i, is the (my,1)th entry of (z')", o™ is the (my,ip)th entry of (A7)T, k €

iy

{2,...,p}. Let (73T = {(A7")7, ..., (A1)}, we obtain
= (Y = M" x;2") x T2 x (Z72) T x, (z)7)

Hence, VW(M) has the form
VYWI(M) = —(Y = M* x; 2°) x 272 x (8727 x; (z))".

Plugging the explicit form of VWz(l\A/[) into the equation of V(d — c/l\)m yields

V(d—d)g =Y (Y' =M x;2') x 72 x (7%)T x; (/)"

=1
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Under the assumed tensor regression model, Y* — M* x; z' = E*, so that

V(d—d)g = Zn: (E'x 5712 x (27T %, (2)7).

i=1
Expanding the Tucker product as a sequence of mode products gives

n

V(d - d)1\7[ = Z (FJZ X1 A;l Xg ... Xp1 A;l X1 (14271)T Xg ... Xp_1 (A;l)T X1 (Zi)T).
i=1
The properties of the tensor mode product include (7 x; W) x; V. = (T x; V) x; W =
T x; Wx; Vifori#jand (T x; W) x; V=T x; (VW) (De Lathauwer et al., 2000).

Reorganizing the above equation yields

n

Vid—dg=> (B x1 (A7) TA45") xa... xp (A4 xi (2)7).

=1

Since (A, )TA ' = (ARAD) =351,

~ ~

Step 3. We apply Theorem 2.2.1 with the explicit form of d(M) and V(d — d)g, and
conclude that for all r > a( Y7, (E* x £7! x4 (z")")), it holds that

1 o ~ ,
5 D M = M) x 2 x STV < ru(MF) + ru(=M).
=1

This completes the proof. O]

Proof of Lemma 3.2. This lemma is a specification of Theorem 2.2.1 to generalized linear
tensor regression. The proof consists of three steps. First, we obtain the explicit form of

the empirical and population version of the Kullback-Leibler loss, d(M) and d(M). Second,
we derive the gradient of d(M) — c/Z\(M) at M, denoted as V(d — a/l\)M At last, we apply
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Theorem 2.2.1 with the derived explicit forms of d(M) and V(d — d)g; to conclude the proof.

Step 1. We first derive the explicit form of the empirical and population version of the
Kullback-Leibler loss. Plugging the conditional density of y* | z’ into the empirical Kullback-

Leibler divergence yields

d(M) Z(yi<M*7Zi>—b(<M*,Zi>) b ol - VML) — BN, 2))

- - — c(y', a)).

i—1
Canceling the term c(y’, o) —c(y’, @) and reorganizing the terms on the right-hand side yields

n

dM) = =37 (5 (M* = M, ) — b((M*, 7)) + b((M, z7))).

=1

~

Taking the expectation of d(M) with respect to y* conditioning on z’, we obtain the condi-

tional Kullback-Leibler divergence in the form of
RS Ve i x i i
i=1

where Ey+ denotes the conditional expectation conditioning on z°. As Ey«(y') = g~ ((M*, z%)),
we find that the conditional Kullback-Leibler divergence of the generalized linear tensor re-

gression has the explicit form of

n

dM) == (97" (M7, 2) - (M" = M, 2') = b((M", 2')) + b({M, 2))).

i=1

-~ ~

Step 2. We derive the explicit form of V(d—d)y. With d(M) and d(M) derived in Step 1,
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we obtain

n

A1) — () =2 3~ (g7 (7 ) - (M = N, ) = (O, ) + (8, 2) -

y' (M* =M, 2') + b((M", 2')) — b((M, z'))).
Canceling the terms involving b(+) in the above equality yields

d(M) —d(M) == (g7 (M, 2')) - (M = M, z') — ' (M" — M, 2'))

i=1
1 & — x4 7 * N %
=3 (g7, 7)) — ) (M - N, 2),
i=1
Expanding the tensor inner product by definition, we find that the gradient V(d — @1\71 has

the explicit form

V(d—d)g == (97" ((M, 27) = ') (—2)

i=1

=3 - g )

Step 3. We apply Theorem 2.2.1 with the explicit form of d(l\A/[) and V(d — ‘?)1\71 and
conclude that for all » > a(2 3" | (y* — g7*((M*, 2z%)))z’), it holds that

~

dM) < ru(M*) + ru(—M")

with Kullback-Leibler loss d(M) = Ly (gt (M, 27)) - (M — M, z') — b((M*, ) +

b((M, z'))). To convey the idea that the choice of the regularization parameter is in the

form of noise, we write the lower bound of the regularization parameter as @( L > (yi —

«

En- (yz))zz) ]

Proof of Lemma 3.3. The proof consists of three steps. First, we obtain the explicit form of
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d(M) and d(M) in exponential trace models. Second, we derive the gradient of d(M) — (/l\(M)
at M. At last, we apply Theorem 2.2.1 with the derived explicit forms.

Step 1. In the exponential trace model, it holds that
D log(fu(X1) ==Y (M, T(X")) — na(M).
i=1 i=1

The definition of inner product implies that (M, T(X?)) = (T'(X?), M). Therefore, we write

n

ilog( fu(X)) = =) (T (X7), M) — na(M).
i=1 i=1
Plugging the log-likelihood into the empirical Kullback-Leibler loss yields
dM) = — i(T(Xi), M*) — na(M*) + i(T(Xi), M) + na(M).
i=1 1=1
Since inner product (-, -) is linear, we write

(M) = () _T(X?), M = M") — na(M*) + na(M).

i=1

=

-~

The population loss d(M) is the expectation of the empirical loss d(M). We thus obtain
d(M) =By () T(X7), M = M*) = na(M*) + na(M)).
i=1
Again, (-, -) is linear, and we find
d(M) = (> Ey-T(X7), M= M) = na(M*) + na(M).
i=1

-~

Step 2. We derive the explicit form of V(d — d)g in the exponential trace model. With
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the forms of d(M) and d(M) derived in Step 1, we obtain

n

d(M)—d(M) = (<Z Ea-T(X7), M—M*>—na(M*)+na(M))—(<Z T(X?), M=M*)—na(M*)+na(M)).

~ ~

Applying the linearity of inner product and canceling —na(M*) + na(M) + na(M*) — na(M),

we obtain
n

d(M) — d(M) = (3 (Bn-T(X') = T(X7)), M — M*).

i=1

The definition of inner product implies that

n

V(d—d)g =Y (En-T(X') = T(X).

i=1

~

Step 3. Plugging the explicit form of V(d—d)y; into the lower bound for the regularization
parameter in Theorem 2.2.1, we conclude for all » > a( Y7, (Ex-T(X*) — T(X"))) the

inequality

~

dM) < ru(M*) + ru(—M")

with Kullback-Leibler loss d(1\7[) =0 En-T(XY), M — M*) — na(M*) + na(l\7[). O

2.5.3  Empirical Process Terms

Lemma 2.5.2 (control of the empirical term for tensor response regression). Let z; be

the jth entry of row vector z'. Suppose Y (21)*/n = 1, and (5;')iq, = hi, he > 0,

i
for k € {2,...,p}, ir € {1,...,b}. Consider the case with zero-mean array normal

noise in Section 2.3.1 and u(M) = S Zf::l IM,, .| Forallt > 0 and ro =

i1=1"

(TTica ) /20 (¢ + 10g(TT}y b)) it holds that

n

P(ﬁ(z (E' x X7 %y (2")7)) <o) > 1 —2exp(—t?).

i=1
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Proof of Lemma 2.5.2. The proof consists of two steps. First, we plug in @(-) and re-express

the target probability in terms of random variables (Y1, (E*x 7' x;(2)T) . Second,
we apply the Chernoff inequality to bound the tail probabilities.
Step 1. For M € Rb>*% the dual of the regularizer is of the form
a(M) == sup {(M, M') | M" € R (M) <1} = max [M, |
iyenip 1T P

Therefore,

P(a() (E'x S xq(2)")) <o)

=1
_ i 1 i T <
P(max (2 (B2 ()T, <)
=1-P( max](Z(EixZ’lxl(zl)T) | > 7o)
Lyeeey Zp i—1 ] geees ip
bl bp n
>1=Y > PO (B2 xi(2)7)  |>n)
=1 ip=1 i=1 b
Step 2. We now work on the distribution of (.7, (E* x 7' x; (z')")  to bound
i1 yeeny ip
its tail probability. We first observe that
D (ExS ' xi(z)) =0 (Ex2?x &) x(2))
— Lreees ip — D] yeens ip

The definition of the array normal distribution in (Hoff, 2011) shows that

E'=N'x A,
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where N is an array of independent standard normal entries in R?**b»  Then,
Eix X7V2 = (NP x A) x ¥71/2,
Expanding the Tucker product in the above equation yields
E'x S7Y2 = (N xy Ay X9 ... Xp 1 Ay) X1 Ayt Xg - Xy Al
Further, we apply the properties of mode products on the right-hand side and find
E'x SV = NP sy (A3 Ag) oo X (A)TAY) = NP 1P X, q 1),
where ) is the identity matrix of dimension by x by for k € {2,...,p}. Hence,
E'x %712 = N,

The above equality can be shown by writing out the element-wise form of E* x £~/2 as

12,000y0p
bo by
_ i (2) (p)
- Z Z NJ ----- ]p[i2j2 " Tipdp
J2 jp
_ )
- N’ig ..... ip”

Plugging the equality between E' x X712 and N* into (Y1, (E* x 712 x (Z71/2)T x,
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(z')")  shows
D] 5eens ip
(D E X2 (@) = (D (Vo () e (4T xa(2))
D] yenns ip T yeeey ip
i=1 i=1
“INT i
Yy Z ..... A (A5,
=1 jo=1 Jp=1
Since N' is an array of independent standard normal entries, we find
i -1 i T “INT N2
(Z(E X X ><1(Z) 7777 ZZ Z 21 Z2J2"‘<AP )ipjp) )’
i=1 =1 jo=1 Jp=1

where the variance can be re-written as

n ba bp
(Z:(Z;)Z) ( Z(AQ_I)?TQ) e ( Z_:(Agl).?pip>'

Observe that S (A7)2, = ((AD) (A0, , = (57 ase = b, and Y0 ()2 /n = 1,

Jkik Ikl
we show )
(Z (El NI (Zi)T)i1 """" o N(O,nH h3).
i=1 k=2

We now apply the Chernoff bound for the normal distribution and control the stochastic

term to find

Z ZP Z ><X]_1><1(zi)T)i1 | > )

11=1 ip=1
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Plugging in ry yields

n

i . Z P(\(Z (B'x 271 %y (Zi)T)il

=1 ip=1 i=1

P P h2.2n(t* + 1o P b,
<2 [ b - exp(——"= ot gl b)
m=1

2n szz hi
P

b - exp(—t? — log(H b;))

1 j=1

:\j

2

3
I

= 2exp(—t?).

We conclude that P(a( Y7, (E* x 57! % (2)7)) < rg) > 1 —2exp(—t?) as desired. O

Lemma 2.5.3 (control of the empirical term for logistic regression). Let z; be the jth entry
of wector z'. Suppose Y | (25)*/n = 1 and u(M) = 2?1:1 IM,|. For allt > 0 and ro =
VA Zmax, (L= p) /3 - n(@ +logbr), where p' = Byl = ') /(1 4 ¢012) i
holds that

n

P(ﬂ(z (y’ —pi)zi) < 7‘0) > 1 — 2exp(—t?).

i=1

Proof of Lemma 2.5.3. The proof consists of two steps. First, we plug in @(-) and re-express
the target probability in terms of random variables Y7 | (y* — p')zL. Second, we apply the
improved Hoeffding’s inequality (Bercu et al., 2015, Theorem 2.47) to bound the tail proba-
bilities.

Step 1. For M € R, the dual of the regularizer is of the form

a(M) :=sup {(M, M) | M € R" (M) <1} = max |M,].
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Therefore,
P@a(3_ (v =p)) <vo) = P( max |3 (4" =#)j| <o)
=t T i=1
= 1= P( max | ; (y' = ')zl > 7o)
b1 n .
>1=Y P> (v —p)zl >n)
j=1 i=1

Step 2. We now bound the tail probability of Y7 (y* — p’)zi. Let U; := y'z% and
Sp =Y r, U;, we observe that

i=1
where [Ey+ 5, is the conditional expectation given z; The random variable U; is bounded,
specifically, min{0, 2} < U; < max{0,2}}. Applying the improved Hoeffding’s inequal-
ity (Bercu et al., 2015, Theorem 2.47) yields

n

P(Z (?Ji _pi)zj' >1g) = P(S, — Em+S, > 1) < exp ( —

i=1

3rd )
D, +2V,’’

where D, = >" (max{0,z!} — min{0, z;})2 = > (2)? = n, and V,, = Ey-(S, —
En-Sn)? = D00 (25)%p' (1 — p*). Similarly, we find

2
3rg

P(3" (57 = p)2} < ~10) = P(=5, — Byt- () > o) < exp (= ).

i=1
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We are left with bounding the tail probabilities. To this end, we observe that

b n
1 A o 3 2
ZP(| Z <y1 _pi)zﬂ > To) S 2b1 exp ( — ﬁ)
j=1 i=1 " "
3rd )
n+23070 (22)%p(1 - p?)
3rd )
n + 2nmax; {p‘(1 — p)}’"

= 2by exp ( —

< 2by exp ( -

Plugging in r( yields

D_PUY (W = p)5l > )
< 2y exp (- (1 +2max;{p'(1 — p")}) - n(t*> + logbl))

n + 2nmax; {p’(1 — p*)}
= 2by exp ( —t? —log bl)

= 2exp ( — t2).
We conclude that P(a( Y1, (y' —p')z’) <rg) > 1 — 2exp(—t?) as desired. O

Lemma 2.5.4 (control of the empirical term for gaussian graphical model). Consider u(M) :=

p P IMiyi,| and X' ~ N(0,(M*)71). For 0 < t < \/n/4—log (p(p—l))7 and

i1=1 io=1

ro = 80 maxy ((1\/["‘)_1)kk\/7l(zf2 + log (p(p — 1))), it holds that

n

P(a( > (M) = XHX)T)) <o) 21— dexp(—2).
i=1
Proof of Lemma 2.5.4. The proof consists of two steps. First, we plug in a(-) and re-

where

express the target probability in terms of random variables (I\A/[_1 — (M*>_1)¢1¢2’
M~ .= 3" XU(X")T/n is the sample covariance matrix. Second, we apply the concen-
tration result for sample covariance matrix (Ravikumar et al., 2011, Lemma 1) to bound the

tail probabilities.
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Step 1. For M € RP*P_ the dual of the regularizer is of the form
B(M) 1= sup { (M, M) | M’ € RPP, u(M) < 1} = max [My,, |
11,12

Therefore,

n

P(a( )" (M) = XX 7)) <o)

1=1
:P(rlrllzgdn ((M*)~ ——ZXZ xHT mz|§7“0)
_ -1 _ - % z To
= P(max|((M ZX il <3))
=1 — P(max|((M")~ ——ZXl (XY, 1> 2

21,22 n

p
1oy > Por ——ZWXZan>
i1=1 ig=1,ig%i1
Step 2. (Ravikumar et al., 2011, Lemma 1) gives the tail bound of sample covariance matrix

P(](li\/[fl — (M*)il)iliz‘ > 0) < dexp ( B 802 max nf(M*) )

7):

kk

We are now ready to work on the desired tail bound.

for all § € (0,40 max; (M*)™'), ).

P P . T n(ro/n)?
P —— X'(X"Y) <4dp(p—1)exp(— .
> Y P Z )i > ) < 4p(p—1) exp( S0 mas (M) 1) )

i1=11i2=1i9741 kk




44

Plugging in ry yields

D P(l(M*)‘l—%ZXZ'(XZ')T)WZ]>%)

i1=1149=1,i27i1

n (80 maxy, ((1\/[’*)_1)kk\/rz(t2 + log (p(p — 1)))/71)2
802 max;, (M*)~1)7,
=1=p(p—1)-dexp (=t —log (p(p— 1)))

:1—4exp(—t2)

<dp(p—1)exp (—

for all 0 < ro/n < 40 max;, ((M*)~'), . It can now be readily shown that the desired bound
holds for all 0 < ¢t < \/n/4 —log (p(p — 1)). O

2.5.4 Notation and Properties of Tensor Operations

We follow the notation for tensor and tensor operations in (Kolda, 2006; Kolda and Bader,

2009). A tensor T € Rb % can simply be seen as a multi-dimensional array (7;, ... i, LUk €

{1,...0x}; k€ {1,...,p}). The mode-k fibers of T are vectors obtained by fixing all indices

except the kth one; for example, T;, i € R% . The kth mode matricization of

crll—155 k4 1
T is the matrix having the mode-k fibers of T as columns and is represented by T{;) €
Rbkx(bl“'b’“*b’““”‘bp). The mode-k product of tensor 7 and a matrix C € R™*% is a tensor
defined by Y = T x; C € RO xbeixmxbeprx-xby — The resulting array ) is from the

inversion of the kth mode matricization operation on the matrix CT(), that is, Y3y = CT{y).

The entries of ) are given by

by

-----

ip=1

forje{l,.... m}ke{2,....p—1} 1,y e{l,....0},le{l,....k—1,k+1,...,p} (the case
of k € {1,p} is similar). The Tucker product is an extension of the mode-k product, which
is the product of a tensor T and a list of matrices £ = {F}, ..., E,} in which Ej € R™>%,
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The (7, j)th element of F} is denoted by ez(f). The Tucker product is given by
TXE=TxX1E1 Xg...%X, Ep,

or, elementwise,

b1 bp
(T By =3 3 Tl

=1 ip=1
for jp € {1,....,my},k € {1,...,p}. The inner product of two same-sized tensors W,V €

Rb1*xbp j5 the sum of the products of same-index elements, that is,

b1 by
W, V) = Z T Z Wiy, ... ip Vit ,enyip -

11=1 ip=1

The array norm of tensor 7 is the inner product of itself and given by |T|? = (T, T) =

Zil e Zip tzzl,.‘.,z‘p-

Lemma 2.5.5. Let tensors W,V € Rt list of matrices E = {Ey,..., E,} in which
E), € Rmexbe ke {1,...,p}, it holds that

W+V)xE=WxE+V xE.

Proof of Lemma 2.5.5. This lemma can be proved by writing out the Tucker product on the
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left-hand side element-wise. For k € {1,...p}, and j, € {1,...,my},

by bp
((W+v) X E)h i =SS (), el e

.....
.....

=1 ip=1
by bp
1
:( Z . Z Wy, ipegigl ce eg-izp)—i-
=1 ip=1
b1 by
1
(Z s Z Viy,..., Z-peg-lgl e egzp)
=1 ip=1
:(WXE) ,,,,, jp+(VXE)j1 ..... »
This is equivalent to the relationship (W + V) XE=WxFE+YV x E. O

Lemma 2.5.6. For two same-sized tensors YW,V € RM*xb it holds that

WV +VIP = VI + VP + 200, V).

Proof of Lemma 2.5.6. By the definition of the array norm,

bl bp
2
WHviE=) ) W+VY),
150-45p
i1=1 ip=1
b1 bP
— § (w’il ..... p + U'Ll ~~~~~ lp)
11:1 ’Lpzl
by bp b1 by by by
. 2 E g
= § Wy, ..., Z+§:'“§:’Ui1 ~~~~~ 1p+2 Witosip Vit ips
i1=1 ’Lpzl i1=1 Z'le =1 zP:l

that is, [W + V|*> = [W|? + |V|* + 2(W, V). O
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Chapter 3

GRAPHICAL MODELS FOR
DISCRETE AND CONTINUOUS DATA

This chapter is a slightly revised version of Zhuang et al. (2016). Dr. Johannes Led-
erer initiated and constructed most of the framework set-up while I primarily focus on the

implementation and application.
3.1 Introduction

Gaussian graphical models (Drton and Maathuis, 2017; Lauritzen, 1996b; Wainwright and
Jordan, 2008) have been increasingly popular to describe the dependence structure of multi-
variate normal distributions. Suppose a p-dimensional random vector X := (Xi,..., X,)T €
R? follows a centered normal distribution N,(0,Y), where ¥ € RP*? is the symmetric and

positive definite population covariance matrix. The density of X has a form of

1 Ty-1

fu(x) = Wé"‘ TTx/2 (3.1)
with respect to the Lebesgue measure. The dependence among vector coordinates can be
represented by an undirected graph G(V, E). In the undirected graph, V := {1,...,p} is a
set of vertices that contains p nodes corresponding to Xi,..., X, and E = {(i,j) : i,j €
{1,...,p},i # J, Ei_jl # 0} is the set of edges that meet at these vertices. Two entries
X, Xj, i # j, are conditionally independent given all other entries if and only if (7, j) ¢ E.
Thus, precision matrix ¥~! encodes the dependence structure of X and is sufficient for
recovering the Gaussian graphical model. A natural and straightforward estimator of X! is
the maximum likelihood estimator. Given an independent and identically distributed sample

of n (n > p) observations, the maximum likelihood estimator would be the inverse of the
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sample covariance matrix.

However, the assumption of Gaussian distribution is restrictive. The normality does not
always hold in practice, in which case estimation and inference based on Gaussian methods
can be misleading (Xue and Zou, 2012). For example, data of interest may be highly skewed,
restricted to specific ranges or count-valued. To relax the Gaussian assumption, researchers
have explored in various directions. For example, recent developed methods include copula-
based models (Gu et al., 2015; Liu et al., 2012, 2009; Xue and Zou, 2012), score matching
approach (Lin et al., 2016; Yu et al., 2019), Ising models (Brush, 1967; Lenz, 1920), and
multinomial extensions of the Ising models (Loh and Wainwright, 2013). These methods are
typically derived on a case-by-case basis. Instead, we are interested in a broadly applicable
framework that comprises different data types and ensures a rigid theoretical structure.

In this chapter, we review the exponential trace model framework (Zhuang et al., 2016)
in Section 3.2 with a variety of examples. Further, we establish a sampling-based approxi-
mation algorithm for computing the maximum likelihood estimator in Section 3.3. We show
simulation results for different types of data in Section 3.4 and apply to neural spike data
in Section 3.5. At last, we conclude the chapter with a summary in Section 3.6. We refer
readers to the archived paper (Zhuang et al., 2016) for detailed properties of exponential

trace model framework.

Notation

For matrices A, B € R**! s,t € {1,2,...}, we represent the trace inner product by

s t
<A, B>tr =tr (ATB) = Z Z AUB’L]
i=1 j=1
We denote random vectors and their realizations by upper case letters such as X and
arguments of functions by lower case, boldface letters such as x. Given n i.i.d. data samples
X1 ..., X" we represent the data by X := (X!,..., X™) and the corresponding function

argument by x := (x',...,x") for x},...,x" € D. Given a set S C {1,...,p}, we denote
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by Xg € RIS the vector that consists of the coordinates of X with indices in S, and we
set X_g := Xgo € RPI5I. Independence of two elements X, and Xj, © # 7, is denoted by
X, L Xj; conditional independence of X; and X, given all other elements is denoted by
Xi L XGIX gy

3.2 Framework

We first review the framework of exponential trace models and study graphical model exam-

ples.

3.2.1 Fxponential Trace Models

Exponential trace models are probabilistic models for vector-valued observations when the
dependence structure among vector coordinates is of interest. For non-empty finite or con-
tinuous domains D C RP and random vectors X € D, the model has densities in the form
of

fur(x) 1= e~ M TG+ —a(M) (3.2)

with respect to some o-finite measure v on D.

The model has four key components. First, the model parameter M encodes the condi-

tional dependence structure of X. We define M € 9, where
M C M* := interior{M € RP*? : q(M) < oo} .

Second, a matrix-valued function 7' mapping from D to RP*P determines the sufficient statis-
tics for the model. The introduction of function 7" yields the flexibility of the model and
allows the integrability condition a(M) < oo to be feasible. The setup avoids stringent con-

straints on the parameter space. At last, £ is a read-valued function from D to R and a(M)
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is the normalization defined as
a(M) = log / o OL TGN €6) g
D

To ensure the parameter M is identifiable and has a compact and “full-dimensional”
neighborhood in an affine subspace of RP*P, we consider two mild technique assumptions on
the parameter space: (1) the function M — fy of 9 to the densities with respect to the
measure v is bijective; (2) 9 is convex and that 9 is open with respect to an affine subspace
of RP*P,

Given the above setup, it is shown that the set 91* is convex and the coordinates of T'(X)
have moments of all orders with respect to fy for any M € 9t* (Zhuang et al., 2016, Lemma
2.1)

3.2.2  Undirected Graphical Model Examples

The goal of this section is to discuss graphical model examples under the exponential trace
framework. By convention of undirected graphical models, we consider &(x) = ?:1 &i(xj),
and symmetric matrices M. We then define the associated undirected graph G(V, E), where
node set V := {1,...,p} and edge set £ := {(¢,7) : i,j € V,i # j,M;; # 0}. The graph is
undirected in the sense that (i,j) € F if and only if (j,i) € E. It can be shown that the
graph G encodes the conditional dependence structure by utilizing the Hammersley-Clifford
theorem (Besag, 1974; Grimmett, 1973). The exponential trace model density fuy(x) =

Ta(x2i) f4(x—;) with positive functions fyij, fZ if and only if M;; = 0. Therefore, we have
Xi 1 Xj|X—{i,j} if and only if (Z,]) ¢ E.

Figure 3.1 gives an illustration of the corresponding relationship between the parameter M
and the graph GG. Next, we discuss example graphical models encompassed by the exponential

trace model for specific data types.
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Figure 3.1: Example of a matrix M (left) and the corresponding graph G (right). The node
set of the graph is V' = {1, 2, 3,4}, the edge set of the graph is F = {(1,2),(2,1),(2,4), (4,2)}.
For example, X; and X, are conditionally independent given the other elements of X (indi-
cated by (1,4) ¢ E).

Gaussian The well-studied Gaussian graphical models (Lauritzen, 1996b) serves as an
important example. For centered multivariate normal random vectors X ~ N,(0,X), where
Y is a positive definite matrix. The Gaussian graphical models can be recovered by setting
D=RP, M =X T,(x) =xz;/2, and £ = 0 in the exponential framework (3.2). It holds
that

a(M) < oo for all positive definite M € RP*P | (3.3)

that is, the integrability condition is satisfied for all positive definite matrices. Since the set

of all positive definite matrices in RP*P is open, we have
M* O {M € RP*P : M positive definite} .

Poisson Multivariate count data with infinite range is of high relevance in practice. For
example, this type of data includes the abundance of microbe in system biology, radioactive
decay of particles in particle physics, number of crimes and arrests in criminalistics. However,
existing graphical models for this type of data are still imperfect so far. For example, standard
approach (extend independent case by adding additional pairwise interaction terms) requires
all the direct interactions to be negative to ensure a valid joint density. We can model count-

valued data using framework (3.2) by specifying D = {0,1,...}*, £(x) = — ?:1 log(z;!),
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and functions T that satisty T;;(x) = T;(z;) = x; and Tj;(x) = T;(xs, x;) < c(z; + x;) for
some ¢ € (0,00). The choice T}; = ,/Z;x; considered in Inouye et al. (2016) is a special case of
such transformations. Without imposing unreasonable assumptions on the parameter space,

it holds that
a(M) < co for all matrices M € RP*?

(We defer the technique details to Section 3.7.1.) Meanwhile, the node conditional approxi-
mately follows a Poisson distribution when the interaction indexed by M is small. It can be

revealed by the node conditional in the form of

fa(zj|x_j) ~ e Mgz log(zs) p,

where Ly, = e ZkeN () Mk +Mig) T (w;,2k)
ot = .

Exponential Similarly as in Poisson case, the exponential trace model framework can
model exponential data while avoiding the integrability issues of standard extensions of
independent case. We consider D = [0,00)?, £ = 0, and the square-root transformation
T (x) = V/ZiZj. Applying the fact that eigenvalues of positive definite matrix are posi-
tive, one can show that the integrability condition holds for all positive definite M (See
Section 3.7.1 for details.) We note that additional transformations 7" would satisfy the in-
tegrability property. In addition, the framework preserves the exponential flavor for node

conditionals. The node conditional has a format of
Sul@jlx_j) ~ e ™% Ly

where Ly, = e~V 2keN () M FMEDVER - \§rhen the interactions of node j with others are
small in scale, Ly ~ 1 and the node conditional approximates an exponential random

variable.
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Composite Models Composite models refer to the model specialized for data involving
more than one type. Since count-valued data is one of the most challenging and exciting
data types, we consider the model for a composite of Poisson and Bernoulli as well as
the model for a composite of Poisson and Gaussian. These two examples represent the
composite of different discrete data and that of discrete and continuous data, respectively.
We consider py, ps € {1,2,...}, p1 +p2 = p, the first p; elements of the random vector X are
Poisson, while the other p; elements are Bernoulli (or Gaussian). In addition, we consider the
choice T;; = t;(x;)t;(x;), where t;(x;) = y/z; for non-Gaussian coordinates and t;(z;) = z;
for Gaussian coordinates. For the composite of discrete data, a(M) < 0 for all matrices
M € RP*P. For the composite of discrete and Gaussian data, the integrability condition is
satisfied for all matrices M € RP*P such that the “Gaussian” block is positive definite. One
can verify that the node conditional approximates the corresponding desirable form (Poisson

or Bernoulli or Gaussian as pertained) following the same line as in the Poisson case.

3.3 Estimation

We consider estimation based on maximum likelihood and propose a sampling-based approx-
imation algorithm for computing the maximum likelihood estimator.
Given the model class and n i.i.d. data samples X!, ..., X" from a distribution of the

form (3.2), the negative joint log-likelihood function —¢y; can be expressed by

—l(x) = n(M, T(x))tr +na(M) + ¢,

where T(x) := 2>  T(x"), and ¢ € R does not depend on M. The maximum likelihood

T on

estimator of M is thus defined as

M := all“\%n;;n{ —lg(X)) = agnﬁin {(M, T(X))ix +a(M)}. (3.4)

The objective function is convex with explicit derivatives (Zhuang et al., 2016, Lemma 3.2,
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3.3). Under our assumption that M € 9t C 91" and 9t is open and convex, and the minimizer

exists for n sufficiently large, cf. (Berk, 1972).

The main challenge in computing the maximum likelihood estimator is the unconventional
normalization term. We address this challenge by approximating the objective function using

a sampling-based technique. In this section, we describe the corresponding algorithm.

We denote the objective function of the maximum likelihood estimator in Equation (3.4)

as

g(M) := (M, T(X))e + a(M).

The normalization term a(l\N/[), in general, does not have a closed-form formula and, therefore,
makes the objective function hard to compute exactly. However, we show in the following
that it can be feasibly approximated. Adding the constant term a(My), where My is a pre-
specified constant parameter matrix, to the objective function of (3.4) yields an equivalent

definition of the maximum likelihood estimator as

M = argmin {(1\7[, T(X))e + a(M) — a(Mo)}. (3.5)
Mem
Algebraic transformation reveals

a(M) —a(Mo) = logEMO( (M—Mo, T'(x ))tr>.

The finite expectation can be approximated by an empirical mean based on some sample set
Y from the distribution fy,(x) := exp(—(Mo, T(x))tr + &(x) — a(Myp)). By the strong law
of large numbers, when the cardinality of the set Y (denoted as |Y|) goes to infinity, the

empirical mean approximates the expectation well:

log o D €T 25 o By (010 T ),
ZGY
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Hence, in practice, we solve the approximate problem

M ~ argmin {§(I\~/I)} : (3.6)
Mem

where

3T = (8L, (X)) +log o 3 0T

ZEY

We apply gradient descent to solve the problem of (3.6). The gradient with respect to M is

> zey T(Z)6_<M_M°’T(Z)>"

Vg(M) =T(X) - > ey e—(M—=Mo, T(Z))u:

(3.7)

Remark 3.3.1. The gradient in (3.7) can be considered as an instantiation of self-normalized
importance sampling. To see the link, we first introduce importance sampling and a particular
extension — self-normalized importance sampling.

Suppose our problem is to estimate p := E(T(X);p) for X distributed with the density
function of p. When it is convenient to sample from p, a natural empirical estimator of u
is [l = %Z?:l T(X?%) where (X',..., X™) are identically and independent samples from p.
When it is difficult to sample from p, importance sampling draws samples from a biased
distribution q and obtained the desired expectation by adjusting the weights for the drawn

samples. In particular, the idea of importance sampling is based on

n= [reopax = [ FERS 0oix

And the importance sampling estimator is in the form of

1 ¢ p(X)T(XY)
2 q(X7?)

where X' are sampled from q. There are two merits of the approach: first, [, is an unbiased

estimator of u; second, (even if p is easy to sample from), a good sampling distribution q
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would lead to a smaller variance Var(fi,) than Var(it) (Owen, 2013, Theorem 9.1)
Sometimes the density p is only known up to a normalization term. Suppose p(x) =
cppo(x), q() = cuqo(x),where ¢, is an unknown constant. To tackle this challenge, a further

derivation along the line of importance sampling gives

fﬂ%%ﬁ<XﬂX__ﬁnxwmmﬂxmx
[EOxax  Jue(X)g(X)axX

/TwmmwX=

where w(X) = p(X)/q(X). An estimator with weights normalized by their sum is developed

as

ZZZ 1w

and called self-normalized self-importance sampling.

Lemma 3.3 of Zhuang et al. (2016) proves that g(M) is differentiable with a gradient in
the form of

Vg(M) = T(X) - EgT(X) = T(X) - E5T(X).

In the general setting of exponential trace models, we observe: EgT(X) lacks an algebraic
expression; the density function fg is inconvenient to sample from; and the density function
is only known up to a constant factor a(M). The observations indicate that self-importance
sampling would be useful to approzimate the expectation term EgT(X).

Actually, Equation (3.7) reflects the same idea of self-normalized importance sampling
and uses the pre-specified fa, as the biased sampling distribution. The corresponding self-

normalized weights are

o~ (M—Mo, T(Z))ux

> sey € MMo T

Z ~ fum,-

Although sharing similar ideas and concluding the same formula for the gradient, the two

derivation processes yet have significant differences and would lead to attempts in different
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directions. The derivation in the main text approximates the objective function using Monte
Carlo samples from a biased sampling distribution and then optimize the approximate ob-
jective function as a routine. This approach only requires one set of Monte Carlo samples,
which reduces the difficulty and computational expense of sampling. In contrast, applying
self-normalized importance sampling on the gradient in Lemma 3.2 sticks to the original ob-
jective function but approrimates the optimization direction at each iteration. This approach
falls to the same line of stochastic gradient descent. However, the stochasticity at each iter-
ation brings in additional challenges. For example, how to quantify the distance between the
approximate solution and the actual minimizer theoretically, how to find the appropriate step
size in a computationally effective way. Importantly, as we will see in the later sections, the
choice of the sampling distribution is critical for our implementation. Repeating the sam-
pling for each iteration will not be fun. Based on the above considerations, we choose the
derivation and implementation idea in the main text.

Howewver, the approaches of importance sampling are well-developed and equipped with
extensive theoretical and practical results regarding the choice of biased sampling distributions.
The link to self-normalized importance sampling allows us using the results of importance

sampling to guide our implementation.

The choice of M is essential for the finite-sample performance of the approximation. Our
two main considerations are: First, the sampling distribution fy;, should be straightforward
for generating samples. Second, it should lead to balanced weights and a small variance
of IEMT(X ); if weights concentrate in just a few samples, we have effectively only got these
observations, resulting in large variability of the approximation (Owen, 2013). To incorporate

the two considerations, we propose

My := argmin {(1\71, T(X)) + a(M)} subject to My =0, Vk # 1. (3.8)
Mem

We restrict the parameter to a diagonal matrix, by which we presume mutual independence

among all coordinates and disentangle the objective function. Hence, both the optimizing
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problem (3.8) and the task of sampling from fy, can be handled for each coordinate sepa-
rately, and each coordinate reduces to a standard univariate exponential family distribution.
Besides, My is the diagonal matrix closest to the actual parameter. When the off-diagonal
entries of the actual parameter matrix are small, weights of the drawn samples are expected
to be reasonable.

Algorithm 1 summarizes our computational pipeline. In the full version, which is stated
in Section 3.7.2, a backtracking line search selects the step size adaptively and incorporates
the domain constraint as needed (for example, the positive definite requirement for the case

of continuous measures).

Algorithm 1: Solving for the maximum likelihood estimator

// n: step size
Input : T(X),n >0
Output: M
// Solve for M,

1 Mo <= 0pxp;

2 for:=1,...,pdo

3 L (Mg);; ¢ argmin,,p {mii(l) + log [ exp ( —mTy(x) + 5(:1:2-))61961};
// Generate sample set Y from fa, = [[5_; fomo)u (@)

4 fori=1,...,pdo
L Generate 10,000 random samples from fi,),,(¢;) for the i-th coordinate;

9]

// Apply gradient descent with constant step size to (3.6)
k « 0;

I\V/Ik — M();
repeat

k<« k+1,

o~ — ) T(Z)e*(I\N/Ik_1*MOvT(Z)>cr
10 Vg(Mkfl) — T(£) - ZZE:EY o~ (Mp_1—Mo, T(2)) 4y
11 Mk <—~Mk,1 — QV@(Mk,l),
12 until [g(My,) — g(M;_1)| < 107
13 M« My;

3

Remark 3.3.2. The maximum likelihood estimator of M is asymptotically normal with co-
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variance equal to the inverse Fisher information. In particular, consistency and asymptotic
normality of the mazimum likelihood estimator can be proved following the arguments in the
classical paper (Berk, 1972), see especially (Berk, 1972, Theorems 4.1 and 6.1). We refer to
that paper for details.

3.4 Simulation Studies

Exponential trace models apply to a large variety of multivariate data that have correlated
coordinates. The framework is especially useful for data that are discrete, heavy-tailed, or
composed of different data types. We consider the following four model-types in simulations:
Poisson, Exponential, Poisson-Bernoulli (a composite of Poisson and Bernoulli), and Poisson-
Gaussian (a composite of Poisson and Gaussian). Such types of models are useful in practice

but, to date, have proven challenging to characterize and estimate.

3.4.1 Settings

We follow the discussion of Section 3.2.2 and consider the square-root transformation for
non-Gaussian data as one example, that is, we set T};(x) = t;(x;)t;(x;), where t;(x;) = /x;
for non-Gaussian coordinates and t;(x;) = x; for Gaussian coordinates.

In the following, we describe the specific graph structures for discrete data, continuous
data, and composite data of both types. The discrete data category also covers composite

data of different discrete types (for example, Poisson-Bernoulli).

Discrete Data

We consider Erdés-Rényi random graphs and generate the corresponding p X p parameter
matrix M in the following manner. Let ¢y and ¢; be two constants (¢; # 0). We set

the diagonal entries to M;; = ¢y. For i # j, the off-diagonal entries are independent and



60

identically distributed as

c;  with probability 1/p,

Mi; = My = ¢ —¢;  with probability 1/p, (3.9)

0  with probability 1 — 2/p.

\

The corresponding Erdés-Rényi random graph has p — 1 edges in expectation, among which

half represent positive interactions and the other half negative ones.

Continuous Data

We consider again Erdés-Rényi random graphs. In addition, we generate strictly diago-
nally dominant matrices with positive diagonal entries for the parameter matrix M. It can
be shown that the M’s are positive definite and satisfy the integrability condition. More

specifically, we first generate a p x p adjacency matrix with i.i.d. off-diagonal entries

(

1 with probability 1/p,

Aij = Aji={ —1 with probability 1/p,

0 with probability 1 — 2/p,

\

We denote the maximum node degree by s := max; » ., |A;;|. Then, a positive definite M

can be generated by setting the diagonal entries to 1 and the off-diagonal entries to

The corresponding Erdés-Rényi random graph has p — 1 edges in expectation, among which

half represent positive interactions and the other half negative ones.
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A Composite of Discrete and Continuous Data

We consider even values of p, with the first p; = p/2 coordinates discrete, and the remaining

pe = p/2 coordinates continuous. The parameter matrix in blockwise format is

. Mll M12
M, Mo

where My, Mgy represent the conditional dependences among p; discrete and p, continuous
coordinates, respectively. The remaining block M, describes the conditional dependences
between discrete and continuous coordinates. When the continuous node conditionals follow
a Gaussian distribution, the integrability condition is satisfied for all M € RP*P such that
Mas is positive definite. Therefore, we generate Myy in the above described continuous case
to guarantee its positive definiteness while generating M;; and M5 in the above described

discrete case.

3.4.2 Data Generation

Here we describe how to generate samples from an exponential trace model in the form of

fM(X) = e_<M7T(X)>tr+E(X)—a(M)'

Generating data from a multivariate distribution directly is difficult for moderate node num-
bers. Instead, we consider a Gibbs sampler to sample from the conditional distribution at
each iteration. Conditioning on all the other variables x_;, the density of x; is

Py [ x5) ~ e MaaTin =2 2 MonTir =€),
We generate the conditional distribution using a slice sampler Neal (2003) with R package

MfUSampler Mahani and Sharabiani (2014).

Note that the slice sampler was designed for continuous variables. For discrete coor-
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dinates, we uniformly spread the probability in the spike at an integer ¢ into the interval

between ¢ and ¢ 4 1. This defines a continuous density

fM(yj | x_;) ~ e Miilyil =22k MJijk(\_ijaxk)*f(Lij)’

where |y;]| represents the largest integer less than y;. We sample from the above continuous

density and take |y;]| as the realization of a discrete z;.

3.4.8 Results

We evaluate the maximum likelihood estimators in terms of edge recovery by studying average
ROC (receiver operating characteristic) curves based on thresholding maximum likelihood
estimates. Each average ROC curve is taken over 50 individual ROC curves that correspond
to 50 different Erdés-Rényi random graphs. ROC curves are combined using horizontal-
averaging via the R package ROCR (Sing et al., 2005). Since Gaussian graphical models are
currently widely used, even in cases with obvious misspecification (eg. count data) (Zhao
and Duan, 2019), we compare the maximum likelihood estimators of the exponential trace
model to that of the (misspecified) Gaussian graphical model.

The graph structures are described in Section 3.4.1. Details regarding the data generation
approaches are deferred to Appendix 3.4.2. We use n = 250 independent observations
to recover the conditional dependence of p = 20 variables. The diagonal entry is ¢y =
—1 and the off-diagonal entry is ¢; = 0.3. We show the average ROC curves of Poisson,
Exponential, Poisson-Bernoulli, and Poisson-Gaussian in Figures 3.2 and 3.4. In addition,
we explore scenarios with diagonal entry ¢y € {0, —0.5, —1, —1.5, —2} and off-diagonal entry
c1 € {0.1,0.2,0.3,0.4,0.5} : we show the differences in AUC of average ROC curves between
the exponential trace model and the Gaussian graphical model in Figures 3.3 and 3.5.

In the pure data type scenarios: The exponential trace model outperforms the Gaussian
graphical model substantially—the expoential trace model’s ROC curves lie entirely above

the Gaussian graphical model’s ROC curves—in the scenario of small interaction and small
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Figure 3.2: Average ROC curves for pure data. ETM stands for the Exponential trace mode
and GGM stands for Gaussian graphical model.
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Figure 3.3: Differences in AUC of average ROC curve between exponential trace model and
Gaussian graphical model for Poisson data.
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Figure 3.4: Average ROC curves for composite data. ETM stands for the Exponential trace
mode and GGM stands for Gaussian graphical model.

sufficient statistics T'(x) (see Figure 3.2). In addition, we look into more configurations of
Poisson type scenarios by varying ¢y and c¢;: the performance of the sampling-based ap-
proximation determines that of the exponential trace model (see Figure 3.3). When the
interaction term and sufficient statistics are small to moderate, the exponential trace model
has a larger AUC than the Gaussian graphical model. But when the interaction term and
sufficient statistics are large, for example, ¢ = —2 and ¢; = 0.5, the improvement is not
guaranteed. For the composite data type scenarios: The exponential trace model shows
improved performance for Poisson-Bernoulli data but not for Poisson-Gaussian data (see
Figures 3.4 and 3.5). Bernoulli data have very small sufficient statistics so that the im-
provement in Poisson-Bernoulli data is substantial for a large range of interaction terms,
but Poisson-Gaussian data involves Gaussian coordinates, so that the performance of the
exponential trace model is mixed. The comparative performance is not only determined by

the performance of the approximation algorithm but also the degree to which the conditional
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(b) Poisson—Bernoulli
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Figure 3.5: Differences in AUC of average ROC curves between exponential trace model and

Gaussian graphical model for composite data.
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dependence structure resembles the zero pattern of the precision matrix.

In conclusion, the simulation study shows that: (1) the exponential trace model can im-
prove on the Gaussian graphical model for non-Gaussian data, especially when the sufficient
statistics and small interactions are small; (2) the approximation approach can struggle when
sufficient statistics and interactions are large. Based on this, we believe that our modeling
approach has substantial potential: Some of this potential is realized by our current imple-

mentation, however some of the potential might require additional computational insights.
3.5 Application to Neural Spike Data

In this section, we apply the proposed exponential trace model to neural spike data. The
temporal and spatial patterns of neural spikes capture the concurrent activity of neurons.
Understand this is essential for learning neural circuits. Neural spike data is usually for-
mulated as spike counts in a short time bin and modeled by a Poisson distribution (Theis
et al., 2016). We consider a data set of multi-electrode array recordings of spike trains in
mouse retina (Demas et al., 2003) obtained from the Retinal Wave Repository (Eglen et al.,
2014). We transform the spike time data into spike counts in time bins of 40 ms following
conventions in neural science (Theis et al., 2016). The short time interval captures the in-
stantaneous characteristics of neuron firing. The recording covers an 800 x 800 um surface
area and provides locations of each recorded unit in the form of (z,y)-coordinates. The
number of recorded units ranges from 12 to 22 in different mice.

The spike counts of each recorded unit range from 0 to 13 and roughly follow the mean-
variance relationship of a Poisson distribution. The small counts imply: (1) the exponential
trace model with square-root transformation is close to the Poisson one; (2) the properties of
the data fit the scenario for which the proposed algorithm is appropriate. These two obser-
vations render the exponential trace model with a square-root transformation appropriate.

In Figures 3.6, we present the recovered connections of recorded units for a 6-week-old
wild-type mouse. To obtain sparse graphs, the maximum likelihood estimator is thresholded

to 30 edges. In the plotted graphs, the positions of the nodes correspond to to [slightly
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jittered] (x, y)-coordinates of the neurons in the recording. This allows us to consider spatial

summaries, eg. the average physical length of edges in our graph.

The exponential trace model finds a more centralized graph than the Gaussian graphical
model, that is, neurons located together tend to connect in the exponential trace model
approach while the estimated connections in the graph are longer in the Gaussian approach.
To evaluate this difference quantitatively, we compute the mean Euclidean distance between
all pairs of directly connected neurons. In the 6-week-old wild-type mouse, the mean distance
is 169 um (SE: 24 pm) under the exponential trace model and 252 um (SE: 36 upm) under
the Gaussian graphical model. In addition, the exponential trace model recovers a main
connection component and an isolated neuron unit (see Unit 7 in Figure 3.6). The isolated
neuron unit is physically far away from the primary component and may belong to another
functional group. In contrast, the Gaussian graphical model does not distinguish the location

separation clearly but instead connects almost every units.

These characteristics found in the exponential trace model but not the Gaussian graph-
ical model align with our biological understanding. In particular, neurons transmit signals
to others through synapses, which are physical connections between two neurons (Lodish
et al., 2008). This biological mechanism favors direct coordination of closely located neu-
rons. Specifically, previous studies find that the degree two units spike together within some
small time window decays with the distance separating the neurons in retina (Cutts and

Eglen, 2014; Wong et al., 1993; Xu et al., 2011).

3.6 Summary

In this chapter, we propose the exponential family-based framework for characterizing undi-
rected graphical models. This framework allows for a wide range of data types, as highlighted
in Section 3.2.2. The models are amenable to estimation based on maximum likelihood via

a sampling-based approximation technique.
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ETM GGM

Figure 3.6: Retinal connections recovered for a 6-week-old wild-type mouse of the Demas
et al. 2003 data. The positive interactions are drawn in red,and the negative ones in green.
The left panel displays the connection recovered by the exponential model with square-root
transformation; the right panel displays the connection recovered by the Gaussian graphical
model.

3.7 Supplementary Materials

3.7.1 Integrability Property for Poisson and Exponential Models

For Poisson models described in 3.2.2, the integrability property holds in the sense of

0 e~ 205 Myj i =2 juizg Mij Tij(i,z;)

ij[)j!

< 00,

for all matrices M € RP*P. For T};(x;,x;) < c(x; + x;), we have

=My Tj(ws, x5) < Cx; + ey,
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where ¢ := cmax; ; [M;;|. That implies

0 e~ 2 (M —=2(p=1))z;

a(M) < Z T

T1,..,Tp=0

We define C'(M, j) := e Mus=2(0=18) 5 L1 ... p}. By the fact that C(M,j) € (0, 00), we

have
j=1
Combining the above steps together, we show

©° e~ 205 Myj®i =2 jiizg Mij Tij (@i,z;)

a(M) = Z < 00

x;!
Z1,...,2p=0 HJ J

oo 4 C M, N
> I
T1,...,2p=0 j=1 J

p .
— H C (M)
j=1

< 0.

IN

Then the integrability condition for any M.

In the following, we prove that a(M) < oo for all matrices M € {M € RP*? : M positive definite}
for the exponential model with square-root transformation described in 3.2.2. We expand

the exponentiation of the normalization term as
(o9} (o9} »
paM) _ / / o Thn VI gy da)
0 0

Note an important property of positive definite matrices is that the smallest /5-eigenvalue
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of M (denoted as k(M)) is positive, that is

MovTiTs o oy > 0.

”X||1

We find

/ / e "Ml gg . d,
iy
0

=rk(M)™7? <oo.
Hence, a(M) < oo for all positive definite matrices M.

3.7.2  Full Algorithm for the Maximum Likelihood Estimator

In this section, we present the full algorithm, which utilizes a backtracking line search to
adaptively select step sizes and incorporate the applicable domain constraint.

Backtracking line search is an inexact line search approach for preventing the step size
from being too large. When step size 7 is too large in the sense that ¢ is not decreasing
“enough”, it is reduced by a factor of § (0 < 8 < 1) until g(M — nVg(M)) < g(M) —
an|Vg(M)|? is satisfied. Our choice of the backtracking parameters is « = 0.3 and § = 0.5.
When additional domain constraint is applicable, we set g(M) to be infinite for M ¢ 90t by
convention. The inequality of backtracking line search requires I\N/Ik_l — nvg(ﬂk_l) e M.
In a practical implementation, we multiple n by £ until M, — nV§(1\~/[k_1) € M and then
check the inequality.
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Algorithm 2: Solving for the maximum likelihood estimator with a backtracking line
search

// m : initial step size

// «,B: backtracking parameters
Input : T(X),n>0,a € (0,0.5),8 € (0,1)
Output: M

// Solve for M,

1 My <= 0p5p;

for:=1,...,pdo
L (Mp);; ¢ argmin,,cp {mTﬂ(ﬁ) + log [ exp ( —mTy(x) + f(mi))dxi};

// Generate sample set Y from fu, = [[_; fouo) (24)

afori=1,...,pdo

9]

11
12

13

14

15

16

L Generate 10,000 random samples from fug,),, (#;) for the i-th coordinate;

// Apply gradient descent with a backtracking line search to (3.6)
k <+ 0;

Mk — M[);

repeat

k<« Fk+1;
V()  T(x) - Szt

ZZeY e~ (Mg_1 Mg, T(Z))tr

// Select the stepsize adaptively using a backtracking line search
repeat

| n < Bn; N N N
until G(N—y — pVi(M-1)) < GVi1) — an [ VG
My ¢~ M1 — nVg(My_1);
until [§(My) — G(M_1)| < 1074
M < My;




72

Chapter 4

MEASURING SURROGACY IN CLINICAL RESEARCH:
WITH AN APPLICATION TO STUDYING SURROGATE
MARKERS FOR HIV TREATMENT-AS-PREVENTION

This chapter is a revised version of my work published in Statistics in Biosciences (Zhuang

and Chen, 2019) combined with unpublished work.
4.1 Introduction

A surrogate marker in clinical trials is considered to be “a laboratory measurement or physi-
cal sign used as a substitute for a clinically meaningful endpoint that measures directly how
a patient feels, functions, or survives and that is expected to predict the effect of the ther-
apy” (FDA, 1992). Applications of surrogate markers are motivated by replacing a rare or
distant outcome by an earlier or easier-accessed surrogate. In this context, how to validate
surrogate markers for a clinically meaningful endpoint are especially important.

In a seminal paper, Prentice (Prentice, 1989) provided a qualitative criterion which defines
a surrogate marker to be “a response variable for which a test of the null hypothesis of no
relationship to the treatment groups under comparison is also a valid test of the corresponding
null hypothesis based on the true endpoint.” This criterion was further operationalized. To
be specific, let Z, S, and T represent the intervention, the marker, and the clinical endpoint,

respectively. It has been shown that as long as

P(T|S,Z)=P(T|S) (4.1)

and

P(T|S)# P(T), (4.2)
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departure from the null hypothesis P(T' | Z) = P(T) is equivalent to departure from the null
hypothesis P(S | Z) = P(S) (Prentice, 1989; Freedman et al., 1992). Thus equations (4.1)
and (4.2) can be used as the operational criterion for surrogate markers, which is known
as the Prentice’s criterion. Conceptually, this requires a surrogate marker to fully capture
the treatment effect on the clinical endpoint. However, in randomized clinical trials, even
when they are well-designed and well-conducted, different surrogacy levels occur (Wang and

Taylor, 2002; Kobayashi and Kuroki, 2015):

1. The marker S is a perfect surrogate marker if it captures all the dependence of T on Z in
the sense of P(T' | S, Z) = P(T | S), while the distribution of T given Z still depends on
the marker S, i.e., P(T' | Z,S) # P(T | Z) and S depends on Z, i.e., P(S | Z) # P(95).
This condition of perfect surrogacy is equivalent to Prentice’s criterion (Kobayashi and

Kuroki, 2015).

2. The marker S is a useless surrogate marker if it does not account for any dependence
of T on Z in the sense of P(T | Z,5) = P(T | Z) or the marker S is independent of
the treatment Z, i.e., P(S | Z) = P(S).

3. The marker S is a partial surrogate marker if it captures some of the treatment effect

on the clinical endpoint but not all of that.

A large percentage of candidate markers may capture only part of the treatment effect in
practice. Some of the most common causes include that there are multiple pathways of
the disease process, or unanticipated mechanisms of the intervention (Fleming and DeMets,
1996). Thus, from the practical point of view, the degree to which a marker captures the
treatment effect on the clinical endpoint provides essential information for evaluating the
surrogacy level of a candidate marker. In addition to the qualitative Prentice’s criterion, it is
important to have quantitative statistical measures to identify and rank the valid markers. In
this context, a variety of measures were proposed to quantify the degree of candidate markers’

surrogacy level. Contrary to a common misconception, high correlation with the clinical
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endpoint does not guarantee a good surrogate marker (Baker and Kramer, 2003; Fleming
and DeMets, 1996). A proper quantitative surrogate measure should take into account the
multi-aspect dependence among intervention, markers, and the clinical endpoint (Fleming
and Powers, 2012).

In this chapter, we first review the main quantitative surrogate measures in Section 4.2.
Then we suggest a new surrogacy measure, termed “population surrogacy fraction of treat-
ment effect” (PSF), or simply the p-measure in Section 4.3. In essence, the p-measure is
the proportion of risks associated with the marker-mediate treatment effect. It is closely
related with prominent surrogate measures, for example, the proportion of treatment effect
explained (PTE) (Freedman et al., 1992; Wang and Taylor, 2002), and the public health con-
cept of population attributable fraction (PAF) (Levin, 1953). Importantly, the p-measure
enjoys desirable numerical properties and carries an appealing public health interpretation.
In addition, we consider a survival setting and define a particular model-free PTE (i.e.,
F-measure) in Section 4.4. At last, we apply the new measures to HPTN 052 study in Sec-
tion 4.5, and then conclude this chapter with discussion remarks in Section 4.6. Proofs and

additional results are deferred to Section 4.7.

4.2 Review of Quantitative Surrogate Measures

In this section, we review surrogacy quantification methods in the literature. Most of the
publications point out that statistical evidence alone is not sufficient to validate a surrogate
endpoint; biological evidence is indispensable in the evaluation process. Beyond the com-
monality, these quantitative methods focus on different aspects of the multi-facet surrogate

endpoints. By their rationale, we group the main methods into three frameworks:

e Adjusted approaches compare the unadjusted and adjusted model (by surrogate
marker distribution) in the context of a single randomized clinical trial. These ap-
proaches combine the information of biological mechanism in all subgroups, which

measures the population impact and be appealing to public health scientists (Alonso
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et al., 2006).

e Meta-analytic approaches evaluate how precise the treatment effect on a surrogate
predicts that on the clinical endpoints. They focus on the perspective of prediction

accuracy and precision.

e Causal-effect approaches start from the perspective of causality and infer the causal
effect of the marker-mediated pathway. They reflect how a surrogate marker is involved

in the intervention’s functioning process.

We review the three frameworks in the following subsections.

4.2.1 Adjusted Approaches

PTE (Freedman et al., 1992) is an influential quantitative measure evaluating the extent to
which a marker explains the treatment benefit in a controlled trial. In the case with a binary
clinical endpoint, it compares the treatment effects estimated from unadjusted and adjusted
logistic models in the form of

P(T=1]2)

- Z
— P =1]2) MTh%

log

and
P(T=112125)
1-P(T=1]215)

IOg = p2 + ﬁsZ + (sz?

respectively. Here the notation is the same as that in the Prentice’s criterion. The adjusted
model assumes no interaction between the surrogate marker and the intervention. Then the

PTE, denoted by 7, is defined as

Conceptually, PTE measures the proportion of treatment effect explained by the surro-

gate marker. It is readily to show that 7 = 1 for a perfect surrogate marker such that f(7" |
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Z,8) = f(T|S), and m = 0 for a useless surrogate marker such that f(T' | Z,S) = f(T' | Z).
However, the value of PTE alone can not determine the surrogacy level of potential markers.
A value of PTE near 1 implies that the marker is a good surrogate only if it is known that
the intervention effect is primarily mediated by the marker. Values of PTE close to 1 can
also happen when the intervention has harmful or toxic effects that are not mediated via the
marker (Mildvan et al., 1997). Moreover, the value of PTE is not necessarily restricted to
the interval of [0, 1] (Buyse and Molenberghs, 1998; Bycott and Taylor, 1998). For example,
if adjusting for the surrogate marker changes the direction of treatment effect on the clinical
endpoint (i.e., 5,0 < 0), 7 is then greater than 1. Without the understanding of biological
mechanisms, PTE lacks an appropriate interpretation. Furthermore, PTE’s denominator is
the marginal treatment effect. This format largely increases the estimation variability (Lin
et al., 1997; De Gruttola et al., 1997; Bycott and Taylor, 1998; Wang and Taylor, 2002). A
highly significant treatment effect, which may not be very likely in practice, is necessary to
get a precise estimate of PTE (Freedman et al., 1992; Freedman, 2001).

Beyond the original definition, PTE has been extended in various aspects, for example,
generalizing to other models, extending to a model-free version and considering the setting
of multiple markers. Lin et al. (Lin et al., 1997) extended PTE to the setting of Cox
regression models with time-to-event outcomes; Li et al. (Li et al., 2001) extended PTE to

the generalized linear model framework. Interestingly, Li et al. considered the model

g(risk) = Bag + B Z + B225,

and defined PTE on the scale of risk reduction. For example, with a link function g(z) =
log z, PTE is defined as the proportion of risk reduction explained by the surrogate marker

in the form of

o 1-— exp (522E(A5))
™= ’
1 —exp (ﬁ21 + ﬁ22E(As))

where E(A;) is the expected difference in surrogate values between the treatment and control

arms.
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The model dependence of PTE is disputable. The adjusted and unadjusted models do not
hold simultaneously in general model classes (Lin et al., 1997; Bycott and Taylor, 1998; Wang
and Taylor, 2002). For example, Lin, Fleming and De Gruttola showed that the assumption
of adjusted Cox model conflicts with the proportional hazard assumption of the unadjusted
one (Lin et al., 1997). In fact, neither of the models can be true but serves only as a working
model. Furthermore, the adjusted model assumes no interaction between the surrogate
marker and the intervention. Although Freedman and Graubard argued that violation of
the assumption itself was evidence against the validity of the surrogate marker (Freedman
et al., 1992), the assumption weakens the application of PTE as a quantitative measure of

surrogacy.

As a route to avoid the model-dependence, Wang and Taylor (Wang and Taylor, 2002)
proposed a model-free version for PTE, which is the so-called F-measure. They considered
treatment groups A and B for Z = 1 and Z = 0, respectively. Let Pa(s), Pg(s) be the
distributions of surrogate value S = s, ga(s), gp(s) be the conditional distributions of 7'
given S = s in group A and B, respectively. With a monotonic function A(-), the F-measure

is defined as
AA— AB

F=1"Bp

where

A4 =h( fo, 94(5)dPa(5)),
BB :h(fQSgB(s)dPB(s)),
AB = h( fo, 94(5)dPs(s)).

with respect to the integration domain of S, Q2g. Here, h(-), ga(-) and gp(-) are user-defined
such that AA — BB measures the treatment effect on the clinically meaningful endpoint
T. For illustration, example choices were given for specific clinically meaningful endpoints.

When T is binary, for example, it was chosen that h(u) = u, ga(s) = P(T'=1|Z=1,5 =
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s),and gg(s) = P(T'=1|Z =0,5 = s). In this case, we have

AA = / P(T=1|2=1,5=8)dP(s| Z=1)=P(T=1|7=1),
Qg

BB = / P(TZI|Z:O,S:8)dP(S|Z:O)=P(T:1|Z:0),
Qg

AB = / P(T=1|7Z=1,5=8)dP(s| Z=0):=P*(T=1|7=1),
Qg

thus
PT=11Z=1)—-P(T=1|Z=1)

F=pr=iiz=v-pr=1]2=0)"

The adjusted probability P*(T" = 1 | Z = 1) represents the expected risk in group A if
the distribution of S is the same as that in group B. For a perfect surrogate marker,
PT=1|2=0S=s)=PT=1|2=1,58=s), then AB = BB, and thus F = 1.
For a useless surrogate marker, P(T'=1|Z =2,S=s)=P(T =1|Z = 2,5 = s5) or
P(S=s|Z=2z)=P(S=s),then AA = AB, and thus F = 0.

An intervention usually acts through multiple pathways so that a single surrogate marker
may not be enough to capture all the treatment effect. Instead, multiple markers may play
essential roles as a network herein. In the context of multiple markers, overall PTE stays the
same except for that the full model adjusts for all the markers now. An interesting question
is how we decompose and compare the PTE for each marker among the multiple ones. Using
an idea of information separation (Zografos, 1998), Chen et al. (Chen et al., 2003) writes the

full model adjusting for multiple markers as

g(risk) =y + (vz + Y1) Z + > vi(S; — ¢Z),
j=1 j=1
where ¢; is the tuning parameter such that the coefficient of Z and those of S; are uncor-
related. Then the information of overall treatment effect would be largely separated from
that by surrogate markers. The quantity v, + Z;”:l c;7v; can be considered as the overall
treatment effect, and c;7; be the treatment effect explained by the j-th marker. The PTE
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for the j-th marker is decomposed as

™= i .
Yz + Zj:l €75

Following the information separation idea, Qu and Case (Qu and Case, 2006) further took
into account the cause-effect relationship among the potential surrogate markers. For ex-
ample, if mutually unrelated markers {Ss,...,S,,} are believed to have a causal effect on

marker 57, the full model can be decomposed as

g(risk) = o + (’YZ +am+ > by + aﬂl)>Z +m <31 - Z - Z%‘SJ)

=2 j=2
m

+) (v +am)(S; - b;2).

Jj=2

Two set of parameters {a;, b;} are used to separate the information matrix. Then the overall
treatment effect vz + a171 + ZTZQ bj(v; + ajy1) can be decomposed into three parts: vz,
the treatment effect not explained by the markers; a;7;, the treatment effect explained
by Si; bj(v; + a;71), the treatment effect explained by S; (j = 2,...,m). Furthermore,
within the treatment effect by S; (j = 2,...,m), b;; is the treatment effect independent
of Si and bja;v; is that dependent of S;. Therefore, the PTE for each pathway can be
obtained by comparing the corresponding treatment effect with the overall one. It is also a
generalization of path analysis (Retherford and Choe, 2011) under generalized linear models

and Cox regression models.

4.2.2  Meta-analytic Approaches

Meta-analytic approaches are another category of methods for evaluating surrogate end-
points. A large number of observations is usually necessary for adjusted approaches to
provide a definite conclusion of markers’ surrogacy (Freedman et al., 1992; Freedman, 2001;

Hughes et al., 1995). Assuming the relationship among the triplet (Z, S, T) stays the same,
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data from multiple trials are desirable. Beyond that, meta-analytic approaches emphasize
the predictive aspect of surrogate endpoints; that is, the treatment effect on clinical end-
points can be predicted by the observed effect on valid surrogate markers. In this perspective,
quantification of surrogacy can be achieved by measuring how precise the treatment effect

on a surrogate endpoint predicts that on the clinical endpoint.

A straightforward meta-analytic approach is to assess the relationship between the treat-
ment effect on potential markers and that on the clinical endpoint among a set of randomized
controlled trials. The idea was first pursued via meta-regression (Boissel et al., 1992; Fleming,
1994; Hughes et al., 1995). Regressing each trial’s treatment effect on the clinical outcome
versus that on the potential marker portrays the trial-level relationship between the two
treatment effects (Daniels and Hughes, 1997). Specifically, let 8; and «; be the treatment
effect on the clinical outcome and that on the potential marker in trial ¢ respectively, it can
be assumed that

Bi | a; ~ N+ 72041'772)-

A Bayesian approach was proposed to derive the prediction interval of the treatment effect
on the clinical endpoint for a given treatment effect on the surrogate marker (Daniels and
Hughes, 1997). The precision of the prediction indicates the surrogate’s validity on the trial
level. If 72 = 0 and 7, # 0, the treatment effect on the clinical outcome can be perfectly
predicted by that on the surrogate marker. Baker (Baker, 2005) proposed an alternative
approach to the linear model. When both the clinical endpoint and the surrogate are binary,

the observed treatment effect on the clinical endpoint in trial j can be written as

A(obs); = <9J'117Tﬂ +0510(1 = Wﬂ)) - <9j017Tj0 +000(1 - WJO)),

where 6., .= P(T'=1| 8 =s,Z = z,trial j)and 7;, := P(S = 1| Z = z,trial j). For
a trial j that only observes the treatment effect on the surrogate, (i.e., m;o and ), the

treatment effect on the clinical endpoint can be naturally predicted with information from
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another trial . We write the prediction for j based on i as
Aij = <9i1177j1 + Oi0(1 — 7Tj1)> - <9¢017Tj0 + Bioo(1 — 7Tj0)>-

Overall, the treatment effect of trial j can be predicted by a weighted average of ﬁij for 4
ranging over all the previous trials of pertinent. To validate surrogate markers, the average
prediction error for the predicted effect of intervention (APEP) was computed. A marker
with a small APEP compared to the clinically meaningful treatment difference is considered

as a valid surrogate marker.

After that, researchers proposed another idea for meta-analytic method, the concept of
trial-level and individual-level surrogacy (Buyse and Molenberghs, 1998; Buyse et al., 2000),
to fully describe the potential surrogate marker. In the context of a single study: the ratio of
the two treatment effects 5/« is defined as the relative effect (RE), which measures the trial-
level surrogacy; the coefficient of the marker in the adjusted model is defined as the adjusted
association (AA), which measures the individual-level surrogacy (Buyse and Molenberghs,
1998). With normally distributed endpoints, it can be shown that AA/RE = PTE. In
general, RE and AA correspond to the trial-level and individual-level component of the
composite measure PTE (Buyse and Molenberghs, 1998; Molenberghs et al., 2002). In the
context of multiple studies with normal endpoints (Buyse et al., 2000), random effect models

are assumed as

Sii | Zij = (ps + msi) + (o + a;) Zij + €sij,

Tij | Zij = (e +muy) + (B + ;) Zi; + €,

where S;;, T;;, and Z;; are the marker, the clinical endpoint and the intervention assignment,
respectively, for the j-th subject in the ¢-th trial; pus and p; are fixed intercepts, o and (3

are fixed effects, mg;, my; and a;, b; are random intercepts and effects, respectively. The error
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terms (€5, €;) and the random components (mg;, my;, a;, b;) are normally distributed as

M dss dst dsa dsb

€sij Oss Ost M dy  diye  dy
~N |0, : ~N |0,

€tij Ott a; daa dab

bi dpp

For a new trial k, the treatment effect on the clinical endpoint, i.e., 5 + by, has

T -1

dsb dss dsa dsb
dab dsa daa dab

var(fB 4 by | Mg, ar) = dy, —

A measure capturing the trial-level surrogacy in the perspective of prediction precision is

defined as

T —1
dsb dss dsa dSb
5 dab dsa daa dab
Rtrial =
dbb

A marker with R2. | = 1 perfectly predicts the treatment effect on the clinical endpoint and

trial —

is valid on the trial level. The measure is also the coefficient of determinant R§i|msi o for the

linear model

bi = Ao + Aimg; + Aaa; + €,

where ¢€; is a normal error. At the individual level, the squared correlation between S and T
after adjusting for the treatment is defined as the measure of individual-level surrogacy and

denoted as
R2 L Ugt

indiv * 7 .
Oss0tt

The framework of trial-level and individual-level surrogacy has been extended in various
directions, including employing alternative modeling approaches, generalizing to other end-

points types, and considering more complex settings with repeated measurements (Burzykowski
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et al., 2001; Molenberghs et al., 2001; Renard et al., 2002; Alonso et al., 2003; Burzykowski
et al., 2004; Alonso et al., 2006; Renard et al., 2010). The central idea is to assess the trial-
level surrogacy by a coefficient of determinant and assess the individual-level surrogacy by
an adjusted correlation.

The above meta-analytical methods employ the variability of prediction directly to cap-
ture the trial-level surrogacy. Besides, the concept of the surrogate threshold effect (STE)
(Burzykowski and Buyse, 2006) provides another pragmatic and interpretable angle to this
problem. STE is defined as the treatment effect on S such that the lower bound of the
prediction interval attains zero. Naturally, STE can be interpreted as the minimal treatment
effect on the surrogate to predict a statistically significant treatment effect on the clinical
endpoint. The size of STE depends on the prediction variance and can be viewed as another
realization of the trial-level surrogacy.

At the end of this subsection, we discuss an approach bridging the meta-analytical
paradigms of assessing individual-level surrogacy and the adjusted approaches originated
from the Prentice’s criterion. The likelihood reduction factor (LRF) (Alonso et al., 2004)
extends the spirit of adjusted approaches to the meta-analytical context. As shown in the
previous section, the key idea of adjusted approaches is to capture the surrogacy by compar-
ing the unadjusted model and that adjusting for the surrogate. In the context of multiple
trials, it is straightforward to apply the comparison within every single trial. Whereas, how
to combine the information is a challenge. Alonso et al. considered two generalized linear

models for the trial ¢ and the subject j,

g(E(Tij | Zz‘j)) = i + i Zij,

Q(E(Tz'j | Zij, Sij)) = Op; + 013 Zij + 02;5;.

LRF combines the information from N trials as defined in the form of

N
1 G?
LRle—NizgleXp(—n—i>,
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where n; is the number of subjects, and G; is the log-likelihood ratio statistic comparing the
unadjusted model to the adjusted one in trial i. For every single trial, the corresponding
G, summarizes the information gain about the clinical endpoint via using the surrogate.
Moreover, the term 1 — exp(—G?/n;) is a generalized correlation between T' and S after
adjusting for Z (Kent, 1983). When the endpoints are normal, LRF reduces to R? .,
which is the adjusted correlation for assessing individual-level surrogacy in the meta-analytic
framework. A follow-up paper proposed a similar measure called the proportion of the
information gain (PIG), which compares the full model to the reduced model that only
includes the surrogate marker (Qu and Case, 2007). PIG is more relevant to the concept of
PTE and sharing its characteristics as a composite measure that combines both the trial-level
and individual-level surrogacy.

In summary, the meta-analytic approaches provide a way to combine information from
multiple studies, but the application still has some challenges. The analysis requires the trials
be of similar interventions, the same marker measurements, and the same clinical outcome.
However, the number of trials meeting a strict requirement may be limited. The lack of access
to a large number of high-quality studies may lead to substantial estimation errors in the
meta-analysis (Burzykowski and Buyse, 2006; Hughes, 2008; Ciani et al., 2017). Even if many
previous studies are included in the meta-analysis, the between-study variation may still lead
to severe precision loss of the estimated treatment effect on the clinical endpoint (Gail et al.,

2000).

4.2.83  Causal-effect Approaches

Causal-effect approaches identify the indirect causal effect mediated by the marker and assess
the marker’s surrogacy from the perspective of causality. In this section, we review two main
approaches under this framework: counterfactual approach (Robins and Greenland, 1992)
and principal stratification approach (Frangakis and Rubin, 2002).

The method by Robin and Greenland (Robins and Greenland, 1992) classifies the sub-

jects into different types, based on their potential outcomes under each combination of the
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intervention assignment and the response of the intermediate marker. For simplicity, they
considered the case when both the intervention and the marker were beneficial to the end-
point. With an additional assumption of no interaction between the intervention and the
marker, the direct and indirect effects separate by presenting in different types of subjects. In
this way, the classification enables the isolation of the marker-mediated indirect causal effect.
Since there is no way to observe all the potential outcomes, the type of each subject is non-
identifiable in general. Robin and Greenland showed that the following “exchangeability”

conditions are required to identify the indirect effect,

E1 The expected endpoint incidence among the treated subjects without marker signal
equals the incidence among the treated subjects with marker signal would have had if

the marker had been prevented.

E2 The expected endpoint incidence among the control subjects without marker signal
equals the incidence among the control subjects with marker signal would have had if

the marker had been prevented.

The exchangeability conditions imply that the subjects of the same intervention group are
comparable regardless of their marker level. The conditions rule out the existence of un-
controlled confounding factors between the marker and the endpoint, so that validate the
approach of estimating potential incidences by the observed ones. For example, in the con-
text of the women’s health initiative study (Writing Group for the Women’s Health Initiative
Investigators, 2002), the estrogen level mediates the effect of postmenopausal hormone use
on coronary heart disease. With the confounding of years after menopause, the group with
high or low estrogen level are not expected to be comparable. In the presence of uncon-
trolled confounding factors, it would be biased to estimate the potential proportions by the
observed ones. The authors further generalized the direct effect computation to the case
with measured confounding variables. If the assumption E1 and E2 may hold within the

stratum by the confounding factors, the fraction of the treatment-induced endpoint that
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could be prevented by controlling the marker can be estimated by taking into account both
the stratum adjustment and the proportion of each stratum. Note that the standard adjust-
ment approaches are also valid in such an ideal situation. The key of the above model is the
stratification based on the potential outcome under each configuration of the intervention
assignment and the marker response. It involves nonexistent outcome values and implicitly
treats the marker as manipulable. For example, in the above framework, one type is defined
as subjects satisfying S(Z =0)=1,5(Z2=1)=1Y(Z=1,5=1)=1Y(Z=1,5=0) =
LY(Z=0,S=1)=1,Y(Z=0,5=0) = 1. But the scenario of (Z = 2,5 = 0) is actually
nonexistent if S is not manipulable.

Alternatively, the principal stratification approach (Frangakis and Rubin, 2002) classifies
subjects based on the potential marker-responses (S(Z = 0), S(Z = 1)). Specifically, there
are three principal strata for a binary marker S, (S(Z = 0),S(Z = 1)) = (0,0),(S(Z =
0),5(Z=1))=(0,1),(5(Z =0),5(Z =1)) = (1,1). These strata are not affected by the
intervention so that the stratified effects are equipped with causal interpretations. However,
the price of the “rough” classification is that the principal stratification approach cannot
distinguish direct and indirect effects. Instead, the authors introduced the associative and
dissociative effects which are more relaxing concepts. The comparison between the ordered
set {Yi(Z=0):5(Z2=0)#S5;(Z=1}and {Yi(Z =1): S5;,(Z =0) # S;(Z =1)} is called
the associative effect, while the comparison between the ordered set {Y;(Z = 0) : S;(Z =
0)=Si(Z=1}and {Y;(Z =1):5,(Z =0)=5;(Z =1)} is called the dissociative effect. If
the dissociative effect is zero, the marker is defined as a principal surrogate. Heuristically, the
relative magnitude of the associative and dissociative effects indicate the level of principal
surrogacy. Stemmed from this conceptual framework, many works have been inspired and
developed for vaccine research and surrogacy quantification (Follmann, 2006; Li et al., 2010;
Huang et al., 2013).

In summary, causal-effect approaches provide a perspective on surrogate validation from a
causal relationship. A core challenge is the non-identifiability of causal parameters involving

missing potential outcomes. Estimation of these parameters via data-completing techniques
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requires additional assumptions, which are usually unverifiable. Besides, there is a trade-
off between the precision of estimation and the plausibility of assumptions. Strong and less
plausible assumptions are typically required for definite conclusions while weak and plausible

ones may only lead to wide bounds of the causal effect (Rubin, 2004).
4.3 Population Surrogacy Fraction of Treatment Effect

We suggest a surrogacy measure called “population surrogacy fraction of treatment effect”
(PSF). The new measure describes the proportion of risks reduced by eliminating the treat-
ment effect on the surrogate marker. It gauges the population impact and is clinically
meaningful in prevention trials. Besides, it is a model-free measure with desirable numerical
properties. And interestingly, it reveals a close relationship between the surrogate quantifi-

cation in clinical research and the mediation analysis in public health.

4.8.1 Motivation and Definition of PSF

Population attributable fraction (PAF) is an epidemiological concept and defined as

where D and FE are the indicator of disease and risk factor exposure, respectively. It measures
the potential impact of removing a risk factor on the entire population and is essential to guide
policy-making decisions about population-based prevention. PAF is intrinsically close to the
approach for validating intermediate endpoints. Schatzkin illustrated the relationship rp =
o1 for perfect surrogate endpoints in clinical trials (Schatzkin et al., 1990), where rp is the
percentage reduction of cancer incidence by treatment, ¢ is the PAF of the control arm, and
rg is the percent reduction of intermediate endpoint exposure by treatment. The equation
implies that the intervention works entirely through the intermediate endpoint. However,
the connection has not been pursued further. We reveal that F-measure is equivalent to

TE/TD - Yo and serves as a straightforward realization of using PAF to validate intermediate
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endpoints in clinical trials. As a continuation of the idea, we formulate a measure PSF and
denote it as the p-measure. It captures the magnitude of the treatment effect mediated by
the surrogate marker with meaningful signs. Specifically, the p-measure is defined as

PT=1|Z=1)-P(T=1|2Z=1)
PT=1|Z=1) ’

p= (4.3)

where P*(T'=1[Z=1)= [, P(T=1|Z=1,5)dP(s | Z=0). It is the risk reduction
in the treatment group associated with the marker distribution, as P*(T =1 | Z = 1) is
considered to be the direct adjustment of risk according to the marker distribution in the
control group. The p-measure provides absolute information of the mediated outcome risk.
It complements the relative measures, such as the proportion of treatment effect explained

that represents the mediated fraction of treatment effect.

Table 4.1: A contingency table showing the notation of subjects in each category

Marker S T =0 T =1 Subtotal

Control group 0 1000 1001 n
Z =0 1 N0 No1l ’
Treatment group 0 1100 n1o01

m
Z =1 1 N110 ni11

Table 4.1 summarizes the observations in the two independent intervention groups. The
numbers of subjects in the group of z = 0,1 can be assumed to follow a multinomial distri-

bution in the form of

T
(nzOOa nz017nz107nz11) ~ My (nz,pz = (pZOO;pz017pz107pzll)>-

Thus, the empirical estimator of the joint probabilities p := (pJ,p{ )" is asymptotically
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normally distributed. As ng,n; go to infinity,

(diag(po) — Popd ) /10 0

~ d
p— N |p, .
0 (diag(p1) — p1p])/m1

Let 6; and 6, be an empirical estimator of PT=1|Z=1)-PT=1]|27=1)
and P(T = 1| Z = 1), respectively, a natural estimator of the p-measure is p := é\l/GAQ
Specifically,

Pooo + Poot ~ Po1o + Do11 ~ ~ -
91 DPio1 + D111 — =Dt — =P, Y2 = pion + Dina-
P1oo + DP1o1 P111 + P1io

Since the p-measure is essentially a ratio and (é\l, 52) has an asymptotically bivariate normal
distribution, the confidence interval for the p-measure can be computed by applying the
Fieller’s theorem (Fieller, 1940). The covariance matrix of (@\1, 52) is consistently estimated

by the delta method as

90:(p) \ ( (diag(po) — Popy) /10 0 901(p) '

00,(p) 0 (diag(p1) — pap]) /M1 00>(p)

Let 02, and 02, denote the variances of f; and 65, and 0, denote the covariance, a (1 — )%

Fieller confidence interval of p satisfies

(6: — pB)”

011 2P012 + p? ‘722

ZI a/2

with the resulting confidence bounds as (Beyene and Moineddin, 2005)

k(. 5% Ziap | Tis
—— | p— =2 | £ =———|0% — 2po —k — |,
p+ 1—k (P 52, Bo(1— k) on Pty + P23, ot — 032

where k = Z7_ )0 52,/62.




90

4.3.2  The Connection With the Proportion of Treatment Effect Explained

The p-measure captures equivalent information with two metrics of the proportion of treat-
ment effect explained, namely, the PTE m-measure and the F-measure. First, the p-measure
is mathematically equivalent to a counterpart definition of w-measure in terms of relative

risks. Consider the log linear models
logP(T'=1|2)=m + pZ, (4.4)

and

logP(T'=1|2,5) = ps+ BsZ + ¢.5. (4.5)

As in the original definition of PTE, we assume there is no interaction between Z and S.

The m-measure in terms of relative risks can be defined as

_ RR - RR,

R (4.6)

/0

where the relative risk RR = P(T =1| Z =1)/P(T =1 | Z = 0) = ¢ and the marker

adjusted relative risk

It can be shown that

P(T=1|2=1)~[, P(T=1|Z=1,5=s)dP(s | Z =0)
= PT=1|Z=1) -

Similarly, the p-measure is equivalent to the F-measure up to a factor of relative risk, as

shown by

P(T=1|Z2=1)— [, P(T=1|Z=1,5=)dP(s| Z=0) RR—1
P= PT=1|Z=1)—-P(T=1]Z=0) “TRR
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(a) (b)

Figure 4.1: The numerical behaviors of the m-measure, F-measure and p-measure for perfect
surrogate markers. (a) a3 <0, 8s =0; (b) oy > 0, 55 = 0.

The detailed derivation is deferred to Section 4.7.1.
In the following, we compare these metrics’ numerical characteristics in representative
examples. We assume the distributions of treatment 7, marker S and primary endpoint 7'

follow the models

P(T=112125) B
and
P(S=1|Z
log (5 | 2) =)+ Z.

1-P(S=1|2)
The p-measure, the PTE m-measure and the F-measure are herein equipped with closed-form
formulas. The values for perfect, useless and partial markers are shown in Figure 4.1, 4.2,
and 4.3, respectively.

A perfect surrogate marker has a zero-valued adjusted treatment effect (i.e., s = 0). In
Figure 4.1, we show that both the m-measure and the F-measure have the value of 1. The

p-measure equals (RR — 1)/RR. It has an upper bound of 1 but is not necessarily positive.
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Figure 4.2: The numerical behaviors of the m-measure, F-measure and p-measure for useless
surrogate markers. (a) oy =0, fs < 0; (b) a1 =0, 85 > 0; (¢) ¢. =0, s < 0; (d) ¢, =0,
Bs > 0.
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Figure 4.3: The numerical behaviors of the m-measure, F-measure and p-measure for partial
surrogate markers with typical configurations. (a) ay > 0, 55 < 0; (b) ay > 0, 85 > 0; ()

a; <0, Bs<0;(d) oy <0, 5 > 0.
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Figure 4.2 illustrates the numerical behavior of a useless marker. The useless marker S is
either conditionally independent of the endpoint 7" given Z (i.e., ¢, = 0), or independent
of the treatment Z (i.e., &y = 0). For the case ¢, = 0, we show 7 = F' = p = 0. For the
case a; = 0, F' = p = 0 still holds; but the PTE m-measure is not necessarily 0. Beyond
the above categories, a partial marker has a variety of possible settings. Figure 4.3 covers
the typical configurations and curve shapes for partial surrogate markers. Specifically, the
marker and the treatment is positively associated (i.e., oy > 0) in Figure 4.3 (a) and (b),
while negatively associated (i.e., a; < 0) in Figure 4.3 (¢) and (d). The adjusted treatment
effect is negative (i.e., 85 < 0) in Figure 4.3 (a) and (c), while positive (i.e., 35 > 0) in Figure
4.3 (b) and (d). In Figure 4.3, the PTE m-measure and the F-measure have similar patterns.
Both of them have the unadjusted treatment effect as the denominator so that they are
extremely volatile when the unadjusted treatment effect is close to zero. Besides, when the
direct treatment effect and the marker-mediated indirect effect in the same direction, both
the m-measure and the F-measure lie in the interval of [0, 1]. Otherwise, they are intractable
and not appropriate to rank the surrogacy of markers. On the contrary, the p-measure is
a smooth function of the adjusted association of the marker and the endpoint. It can be
shown that P(I'=1]|Z=1)-P(T=1|Z=1)=(P(S=1|Z=1)-P(S=1|2Z=
0)x(PT=1|Z=1,S=1)—P(T=1|2=1,5=0)). Thus, the p-measure’s sign
indicates the direction of the indirect treatment effect mediated by the surrogate marker.
Meanwhile, its absolute value represents the magnitude of the indirect treatment effect.
Hence, we interpret the p-measure as the proportion of risk reduced if the treatment effect
on the surrogate marker is eliminated, which is appropriate to rank candidate markers for

public health prevention.

4.3.83  Causal Interpretation

Mediation analysis (VanderWeele, 2016) studying the causal effects among an exposure,
mediator, and outcome is a resemblance to surrogate validation. Among the methods for

mediation analysis, the counterfactual-based ones receive much recent attention. Under the
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counterfactual framework, the total effect (TE) of the exposure can be decomposed into the
natural direct effect (NDE) and natural indirect effect (NIE) (Pearl, 2001; Robins and Green-
land, 1992). The natural direct effect is defined as the expected change of the outcome when
holding the distribution of the mediator but increasing the exposure by one unit. In contrast,
the natural indirect effect is defined as the expected change of the outcome when holding
the exposure level but setting the mediator’s distribution as it would have obtained with the
exposure level increased by one unit. Mathematically, the effects of changing exposure from

z to 2/ are written in the form of

TE.. = E(T(#,5(z)) — E(T(z,5(2))),
NDE... = E(T(%',5(2))) — E(T(z,5(2))),
NIE.., = E(T(z,5(2))) — E(T(z,5(2))).

In general, TE,,, = NDE,,, — NIE,,, (Pearl, 2012). Assuming a confounding-free scenario,

the effects can be estimated from the population data by formulas

TE..,=E(T|?)—E(T|>2),

—_~—

NDEZZ/:/Q (BT | 2.5) = B(T | 2.5))dP(s] 2)

NIE., — /

Qg

E(T| 2, s)d(P(s |2} — P(s | z)).

The formulas are generally applicable for any non-linear system (Judea, 2010). Recalling the

definition of the p-measure in (4.3), the numerator can be written as

/(P(Tzl]Z:I,s)—P(Tzl\Z:O,s))dP(le:O).

It captures the indirect effect attributable to the marker-mediated pathway. Furthermore,

instead of comparing to P(T' =1 | Z = 0) to draw conclusions regarding treatment effect,
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we can compare P(T = 1| Z = 1) to 0, the situation with no event, i.e., P(T'=1) = 0. We

observe

(P(T=1|Z=1)-0)— (X, P(T=1|Z=1,s)P(s| Z=0)-0)
PT=1|Z=1)-0

p:

The p-measure describes the proportion of risks that are attributable to the marker-mediated

treatment effect. It entails the natural indirect effect interpretation.

4.4 The time-varying F-measure

In this section, we bring in the time dimension and define an F-measure for time-to-event
outcomes and time-varying internal surrogate markers explicitly. In Sections 4.4.1 and 4.4.2,
we introduce the time-varying F-measure and show that it can be estimated using a con-
sistent and asymptotically normal estimator in a non-parametric manner. In Section 4.4.3,
we give examples to visualize the change of F-measure with time and conduct Monte Carlo

simulation studies to evaluate the proposed non-parametric estimation and inference.

4.4.1 Definition

We consider intervention groups Z = 1 and Z = 0. Let T represent the time-to-event
outcome, X; represents the value of a candidate marker measured at time ¢ (after random-
ization). The time-varying F-measure is formulated to evaluate the marker when survival
status at time ¢ (¢ > t) is of primary interest. We choose h(u) = u, g.(x) = P(T > c| X; =
v, T>t,Z==z), P(s)=P(T >c|T >t Z==z). Then, the F-measure for a time-to-event

outcome 7' writes

AA - AB
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where

AA=P(T >c|T>t,7=1),
BB=P(T>c|T>t2=0),

AB=> P(T>c|X,=2T>t,Z=1)P(X,=x|T >t,7=0).

It is a function of time ¢ when survival status is of primary interest, and time ¢ when the
surrogate marker is measured. The definition and estimation do not necessarily rely on any

model assumption and are exempt from model misspecification.

The time-varying F-measure reflects Prentice’s criterion. Namely, the scenarios of perfect
markers, in which a marker mediates all the treatment effect, lead to F(c,t) = 1; the scenarios
of useless markers, in which a marker does not mediate any treatment effect or is independent
of intervention in the group of interest, leads to F'(¢,t) = 0. In addition, when the treatment
effect mediated by the marker is consistent with the direct treatment effect, the F-measure for
a partial marker is guaranteed to be bounded within (0,1). A value outside the ideal bound
indicates treatment effects via different pathways are not in the same direction so that the

marker is not an appropriate surrogate. (Theoretic results are deferred to Section 4.7.2.)

In summary, the time-varying F-measure evaluates the relative position of the survival
probability adjusted by eliminating the treatment effect on a biomarker. It serves as a

model-free metric for assessing the proportion of treatment effect explained by the marker.

4.4.2  FEstimation and Inference

In the time-varying F-measure, survival probabilities can be estimated by the non-parametric
Kaplan-Meier estimator (Kaplan and Meier, 1958). Under the assumption of random cen-
soring, the conditional probability pgo := P(X; =z | T > t,Z = 0) can be estimated by the

empirical distribution. Naturally, we propose a plug-in estimator for the defined time-varying
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F-measure
S1 — Zx S1z - px|0

$1— S0

F= : (4.7)

where §,(z = 0, 1) and §;, are the Kaplan-Meier estimator for P(T' > ¢ | T > t,Z = z) and
P(T>c| Xy =ua,T >t 7 =1), respectively. Let u,; < u,s < ... be the ordered, distinct

times observed on arm z; n,(7) be the number of subjects at risk set at time 7 on arm z;

d.(7) be the number of events at time 7 on arm z. The Kaplan-Meier estimator of survival

5= H (1_dz(uzk)>.

t<u,p<c nz(qu)

probabilities reads

Similarly, si, := Pr(T > c| Xy = z,T > t,Z = 1) can be estimated by the Kaplan-Meier

estimator in the strata by Z =1 and X; =z as

m= 1] (1_M>.

t<uyzp<c Nz (ulrk)

Under the assumption of random censoring, p,o = P(Xy = « | T > t,Z = 0) can be

estimated by the empirical distribution as

— Nox t
o = eelt)
no(t)

where ng,(t) = >0 I( Xy =2, T >t,Z =0).
We show the proposed estimator converges weakly to a Gaussian process under the fol-

lowing regularity conditions.

A1l. The time ¢ is in a range of (¢,7) for some constant ¢ > 0, 0 < 7 < oo such that
s1(1)so(t) > 0 and 1 — (1 — H(7-))(1 — G(7-)) < 1, where H is the distribution

function of time-to-event 7" and G is the distribution function of censoring time U.
A2. Survival probabilities s1(-) # so(+) on (0, 7).

A3. Random censoring: the censoring time U is independent of both the failure time 7" and
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time-varying covariates X; on (0, 7).

Theorem 4.4.1. Under regularity conditions A1-AS3, given a time t, \/n_t(ﬁ(c) — F(0))
converges weakly to a zero-mean Gaussian process with covariance function E(C(C)C(c’))

between times ¢ and ¢, where

$1— Y, Pal0S1z > » Pal0S1z — So 1 1
C(C) = il *To + il /) + S0 — 51 prm ‘Mz + Z Slmngxa

(51— 0)? (51 = 50)? R
and
W= @Iz =0Tz [ Gt e
mo= —s@QIZ=1|T>1) / C E(dljgui_l Téu)zd?n%) |
Me = —si(dX,=2,T>0)[(Z=1,X,=a|T >1) /t E([(Zdi(i));t i(§)|d?1§(?>)y<u>) ’
= piO(I(Xt 2, Z=0|T>1) - po) _%([(z =0T =) ~p).

In the above equations, N(u) := I(T < U,T < u) denote the observed counting process and
Y(u) :=I(T > u,U > u) the at-risk process. The covariance function E(((c)((¢)) can be
consistently estimated by 1/n; Y, Gi(e)Ci(), where &) is the sample versions of C(-).

4.4.8 Numerical Studies

To assess the proposed surrogate measure, we conduct numerical studies motivated by the
HIV Prevention Trial Network. The plasma HIV-1 viral load represents the degree of vi-
ral burden and is believed to play a crucial role in mediating the benefit of antiretroviral
therapy (ART) on HIV-related disease progression and transmission. We consider a viral
load measurement dichotomized by a threshold of 1,000 copies per cubic millimeter as the
biomarker of interest. In a hypothetical scenario, participants have some HIV-1 exposure at

enrollment. The viral load level may increase fast in the follow-up while an effective inter-
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vention could delay virus proliferation and further suspend the failure time. We express the
above scenario in the following mathematical models. The dichotomous viral load level at
time ¢ is modeled as X; = I(t > t,), where t5 denotes the time when one’s viral load shifts
from level 0 to 1 after enrollment. We assume ¢, follows an exponential distribution with

mean /i, in intervention group z, and a time-varying Cox-Weibull model

Wt | X, Z) = ho(t)exp(bZ + b X)), (4.8)
ho(t) = Avt'™ !, (4.9)

where Z is Bernoulli with success probability of 0.5.

4.4.4  Numerical Examples

In Figure 4.4, we explore the numerical behavior of the time-varying F-measure under the
motivation scenario described above. In particular, we assume Model (4.8) with a constant
baseline hazard where ho(t) = 0.2. Without loss of generality, we assume b; < 0, by > 0, and
c¢ = 5. With the model assumption, the F-measure has a closed-form formula with details in
Section 4.7.4. Figure 4.4 (a) has by = —1, to = 0.5, t; = 2, varying b, visualized F-measures
curves from a useless marker with by = 0 to partial markers with by > 0. Figures 4.4 (b) has
by =1, tg = 0.5, t; = 2, varying b, gives the F-measure curves from a perfect marker with

by = 1 to partial markers with b; < 0.

4.4.5 Monte-Carlo Simulation

In this section, we describe our Monte-Carlo simulation to evaluate the proposed non-
parametric estimator. We generate failure times for each z-group based on a closed-form
approach described in Austin (2012): first, a random value u is generated from the Uni-
form(0, 1) distribution and the subject-specific shift time ¢, is generated from an expo-
nential distribution with mean p,; second, if —log(u) < Aexp(b;z)t?, we let failure time

T = ( — log(u)/ (A exp(blz)))l/v; otherwise, T = (( —log(u) — Aexp(b12)t! +
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Figure 4.4: F-measure curves describing the surrogacy level for survival status at Year 5.

1/v
Aexp(b) exp(b12)t?) /(A exp(bs) exp(bg))) . In addition, we generate the censoring times
from Uniform(0, 7), in which 7 is chosen to give a censoring rate of 20%. The censoring is

independent of the failure time T, the covariates Z and X;.

Table 4.2 summarizes the simulation results. We consider the scale parameter v to be 0.8,
1, and 1.2, representing when the hazard is decreasing, constant and increasing with time,
respectively. We are interested in the surrogacy level of the ¢-th year marker measurement
for the treatment effect on the c-th year survival probability. For each setting of v, we choose
¢ =5 (years) and t = 0.25, 0.5, 1, 2 (years). We show typical scenarios when a surrogate
marker is perfect, useless, or partial. A perfect surrogate marker explains all the treatment
effect on the clinical endpoint, i.e., by = 0; a useless maker is conditionally independent
of the failure time given Z, i.e., by = 0; a partial marker, the most common scenario in
practice, is beyond the above extreme situations. Without loss of generality, we consider
a treatment delaying the failure time by both directly affecting the clinical endpoint and

suppressing a harmful marker. That is, b; < 0, by > 0, and py < py. Specifically, here are



102

the configurations for the three scenarios in Table 4.2: (1) a perfect marker: A = 0.02, b; =
0, by = 3, ty = 3 months, t; = 30 months; (2) a useless marker: A = 0.3, by = —1, by =
0, to = 3 months, t; = 30 months; (3) a partial marker: A = 0.2, by = —0.5, by = 0.5, tg =
3 months, t; = 30 months. We replicate 1,000 times with 20,000 subjects. Under a large
sample size, the estimator is unbiased; its variance accurately reflects the sampling variation;
the coverage of 95% Wald-type confidence intervals is close to the nominal probability. One
limitation for the non-parametric estimator is lack of efficiency, which is the price for avoiding

model misspecification.

Table 4.2: Simulation results under Cox-Weibull distribution. The sample size of the
study is 20,000 subjects and the coverage probability is obtained by 1,000 replicates.

=5, v=0.8

Scenario Marker time* True value Bias Sampling SE  Mean of SE  Coverage

0.25 0.747 0.003 0.052 0.051 0.941
0.5 0.932 0.002 0.054 0.055 0.956
Perfect
1 0.995 0.003 0.059 0.059 0.953
2 1.000 0.007 0.081 0.080 0.948
0.25 0.000 0.001 0.034 0.034 0.948
0.5 0.000 0.001 0.031 0.030 0.951
Useless
1 0.000 0.001 0.023 0.023 0.949
2 0.000 0.001 0.017 0.016 0.944
0.25 0.197 0.003 0.051 0.051 0.955
0.5 0.229 0.001 0.047 0.047 0.953
Partial
1 0.213 0.002 0.038 0.037 0.952
2 0.167 0.003 0.030 0.030 0.957
c=9, v=1

Scenario Marker time* True value Bias Sampling SE Mean of SE  Coverage

Continued on next page
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Table 4.2 — continued from previous page

Scenario Marker time* True value Bias Sampling SE Mean of SE  Coverage

0.25 0.743 0.002 0.043 0.044 0.951
0.5 0.931 0.002 0.044 0.046 0.954
Perfect
1 0.995 0.002 0.047 0.048 0.949
2 1.000 0.004 0.062 0.063 0.945
0.25 0.000 0.001 0.033 0.034 0.964
0.5 0.000 0.000 0.030 0.030 0.958
Useless
1 0.000 0.000 0.022 0.022 0.954
2 0.000 0.001 0.015 0.016 0.954
0.25 0.204 0.002 0.051 0.051 0.951
0.5 0.241 0.000 0.046 0.046 0.953
Partial
1 0.228 0.000 0.036 0.036 0.960
2 0.181 0.001 0.028 0.029 0.951
c=5H, v=1.2

Scenario Marker time* True value Bias Sampling SE  Mean of SE  Coverage

0.25 0.742 0.002 0.036 0.036 0.949
0.5 0.930 0.002 0.036 0.037 0.956
Perfect
1 0.995 0.001 0.037 0.038 0.952
2 1.000 0.003 0.049 0.048 0.940
0.25 0.000 0.001 0.037 0.037 0.953
0.5 0.000 0.000 0.032 0.032 0.955
Useless
1 0.000 0.000 0.023 0.023 0.943
2 0.000 0.000 0.016 0.016 0.953
0.25 0.219 0.003 0.055 0.054 0.948
0.5 0.262 0.000 0.049 0.049 0.956
Partial
1 0.252 0.000 0.037 0.038 0.947

Continued on next page
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Table 4.2 — continued from previous page

Scenario Marker time* True value Bias Sampling SE Mean of SE  Coverage

2 0.203 0.001 0.030 0.030 0.952

2 the time (year) measuring the marker.

4.5 Surrogate Markers for HIV Prevention Trials

We apply the introduced surrogate measures to the HIV Prevention Trial Network (HPTN)
052 Study. The study enrolled a total of 1763 serodiscordant couples in which one partner
was HIV-positive (index participants), and the other was HIV-negative. The index partic-
ipants were randomized to initiate ART either immediately at enrollment or delayed. For
those randomized to the delayed arm, the median delay time is about 2.3 years. In the study,
a genetically-linked HIV transmission event in the HIV-negative partners was the primary
prevention endpoint. The occurrence of a severe AIDS event, e.g., death, in the index par-
ticipants was the primary clinical endpoint. The earlier occurrence of either critical clinical
outcomes in the index participants or the HIV transmission to the uninfected partners was
the key monitoring endpoint (Chen et al., 2012). Here, the composite monitoring endpoint
in the five-year follow-up was used as the clinically meaningful endpoint to instantiate the
surrogate measures. We perform the statistical analysis on an intention-to-treat basis of the
randomization assignment.

The CD4+ count and the viral load in the index participants are generally considered
strongly related with the HIV-associated disease progression and transmission. In particular,
a high CD4+4 count or low viral load indicate of low risk for the monitoring endpoint.
The CD4+ count is the first and most widely used biomarker for assessing the degree of
immunodeficiency and risk of disease progression in HIV-positive individuals (Mildvan et al.,
1997). However, despite being able to predict the disease progression, treatment-induced
increasing in CD4+ counts does not capture much of the clinical benefit of antiretroviral

therapies (De Gruttola et al., 1993; Lin et al., 1993; Tsiatis et al., 1995; Fleming and DeMets,
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1996). Hence, the CD4+ count is not a reliable surrogate endpoint. In contrast, the plasma
HIV-1 viral load represents the degree of viral burden and is believed to play a crucial role
in mediating the intervention benefit on disease progression and transmission (Katzenstein

et al., 1996; Murray et al., 1999).

4.5.1 Application of p-measure

In this section, we evaluate the surrogacy of high CD4+ count (> 250 per cubic millimeter)
and low viral load (< 400 or < 1000 copies per cubic millimeter) in the index participants. We
choose the thresholds based on clinical consensus. Besides, considering the complexity of the
disease process, candidate surrogate markers are not necessarily a single natural biomarker. It
can be composed of multiple ones. As for HIV-associated diseases, the CD4+ count and viral
load interact closely with each other and may mediate the treatment effect together (Chen
et al., 2010). Here, we also evaluate three composite markers: composite marker I, a health
status indicator for a CD4+4 count greater than 350 and a viral load less than 1,000; composite
marker II, a concerned health status indicator for a CD4+ count less than 250 and a viral load
greater than 10,000; composite marker III, a three-level health category. For the composite
marker III, an adverse health condition with a CD4+ count less than 250 and a viral load
greater than 10,000 is the reference level, a good health condition with a CD4+ count greater
than 350 and a viral load less than 1,000 is level 2, and the remaining intermediate condition
is level 1. The surrogate measures are naturally extendable for categorical markers.

Table 4.3 shows the markers’ prevalence and effect on the clinical endpoint. During
the follow-up period, the CD4+ count is slightly increased, and the viral load is effectively
suppressed. The immediate ART therapy is beneficial in controlling the viral burden, espe-
cially at the beginning of the follow-up. The delayed arm caught up when more participants
initiated ART later. Also, the results show that low viral load in the index participants
significantly decreased the risk of the composite outcome on the immediate arm. In this
study, the composite marker I is dominated by the criterion of the CD4+ count so that it
behaves like the marker of the CD4+ count. Similarly, the composite marker II act like the
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marker of the viral load due to the viral load’s predominating role.

We compute the p-measure along with the proportion of treatment effect explained (i.e.,
the PTE m-measure and the F-measure) for the candidate surrogate markers measured at
Year 1 to 4. In Table 4.4, the m-measure for all the candidate markers are estimated to
be close to zero with a non-significant confidence interval. So, if judged by the PTE =-
measure, the surrogacy of the viral load and the CD4+ count for the monitoring endpoint is
almost non-existent. However, the conclusion is contradictory to common knowledge. The
contradiction suggests that the model assumptions posited by the m-measure might be of
concern here. Likelihood ratio test of the interaction between the candidate marker and the
intervention shows significance for all the cases when the m-measure differs much from the
model-free surrogate measures. The model-free measures, F' and p, perform more reasonably
and show that the low viral load level at Year 2, 3 and 4 captured some treatment effect
on the composite outcome. The biological mechanism of ART and the role of the potential
markers in HIV-associated diseases are relatively clear. There is no much concern about
the unexpected adverse effect. We believe that ART suppresses the viral load, in turn, the
viral suppression prevents the CD4+ count decreasing, the disease progression, and HIV
transmission. In this case, the F-measure could be used as a cross-reference supporting the
findings of the p-measure. Comparing the model-free measures over the four years in Table
3, the p-measure for the composite marker I and III have the most substantial value of -1.26
at Year 2. That means the risk of the composite outcome on the immediate ART arm would
substantially increase by 126% if the distribution of the composite marker stays the same as
on the delayed arm. The p-measure of the single marker of a low viral load is very close to
that of the composite marker I and III. The finding accords with the biological understanding
that the surrogacy mainly owes to the viral load suppression. As a cross-reference, the F-
measure for a low viral load level and the composite marker I and III at Year 2 is estimated
to be close to 1, which indicates a nearly perfect level of surrogacy. The results that markers
at Year 2 have the most substantial value correctly reflect a clinical reality that the median

delay time for ART-initiation on the delayed arm is about 2.3 years in the HPTN 052 Study.
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Before the median ART-initiation time, the change of viral loads due to ART-initiation on
the delayed arm is relatively less impactful; but after the second year of the follow-up, more
and more index participants would initiate ART, and the arm would then become similar to
the immediate one. The level of surrogacy combines the treatment effect on the marker and
the marker’s impact on the clinical endpoint. It is expected that the viral load conceptually

reaches its largest surrogacy at Year 2.

Table 4.3: The prevalence of HIV-1 RNA level suppression and CD4+ lymphocyte
count elevation of the index participants and their effect on the composite outcome
during the first five-year follow-up. These markers are measured at each year from Year
1 to 4.

Year Marker Delayed ART Immediate ART
Marker Log odds ratio Marker Log odds ratio
prevalence (95% CI) prevalence (95% CI)

1 CD4+ > 250 0.95 -0.20 (-0.99, 0.59) 1.00 -
VL * < 400 0.12 0.36 (-0.16, 0.89) 0.89 -0.65 (-1.34, 0.04)
VL # < 1000 0.15 0.35 (-0.15, 0.84) 0.90 -0.74 (-1.44, -0.05)
Composite I P 0.11 0.26 (-0.32, 0.83) 0.87 -0.65 (-1.30, 0.00)

Composite II © 0.04 0.55 (-0.26, 1.36) 0.00 -

Composite III ¢

Level 1 0.85 -0.58 (-1.40, 0.23) 0.13 -

Level 2 0.11 -0.29 (-1.25, 0.66) 0.87 -
2 CD4+ > 250 0.95 -0.63 (-1.37, 0.10) 0.99 -1.30 (-3.51, 0.91)
VL ® < 400 0.34 0.20 (-0.21, 0.61) 0.91  -1.46 (-2.11, -0.82)
VL # <1000 0.36 0.13 (-0.28, 0.53) 0.92 -1.47 (-2.16, -0.79)
Composite I P 0.28 0.14 (-0.29, 0.56) 0.90 -1.41 (-2.06, -0.77)
Composite II © 0.03 0.72 (-0.16, 1.60) 0.01 1.30 (-0.91, 3.51)

Continued on next page
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Table 4.3 — continued from previous page

Year Marker Delayed ART Immediate ART

Marker Log odds ratio Marker Log odds ratio
prevalence (95% CI) prevalence (95% CI)
Composite IIT 4
Level 1 0.68 -0.78 (-1.67, 0.11) 0.09 -0.12 (-2.38, 2.15)
Level 2 0.28 -0.59 (-1.52, 0.34) 0.90 -1.52 (-3.74, 0.69)
3 CD4+ > 250 0.96 -0.69 (-1.50, 0.13) 1.00 -1.62 (-3.90, 0.66)
VL # < 400 0.62 0.0 (-0.32,0.53)  0.92  -1.20 (-1.95, -0.46)
VL # < 1000 0.66  0.12 (-0.31,0.56) 094  -1.14 (-1.95, -0.32)
Composite I P 0.56 0.13 (-0.28, 0.55) 0.92 -1.11 (-1.85, -0.36)
Composite II © 0.03 0.27 (-0.83, 1.36) 0.00 2.03 (-0.39, 4.45)
Composite IIT 4
Level 1 0.41 -0.36 (-1.48, 0.76) 0.08 -1.12 (-3.62, 1.38)
Level 2 0.56 -0.20 (-1.31, 0.91) 0.92 -2.15 (-4.57, 0.27)
4 CD4+ > 250 0.97 -0.58 (-1.59, 0.43) 0.99 -2.11 (-3.53, -0.69)
VL # < 400 0.81  0.02(-0.52,0.55) 093  -1.54 (-2.28, -0.8)
VL # <1000 0.82 0.02 (-0.52, 0.57) 0.94 -1.72 (-2.47, -0.97)
Composite I P 0.75 -0.01 (-0.49, 0.46) 0.92 -1.57 (-2.26, -0.87)
Composite IT ¢ 0.02  -0.68 (-2.73, 1.36) 0.0 3.48 (1.06, 5.90)
Composite IIT 4
Level 1 0.23 0.72 (-1.36, 2.80) 0.08 -2.27 (-4.75, 0.22)
Level 2 0.75  0.67 (-1.38,2.72) 092  -3.68 (-6.11, -1.26)

Continued on next page
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Year Marker

Delayed ART

Immediate ART

Marker

prevalence

Log odds ratio
(95% CI)

Marker

prevalence

Log odds ratio
(95% CI)

a Plasma HIV-1 viral load.

b CD4+ count > 350 and viral load < 1000.

¢ CD4+ count < 250 and viral load > 10000. The marker’s prevalence and odds ratio are

not available at Year 1 since there is no participant on the immediate arm satisfying the

bad health condition.

4 Composite III is a categorical marker with three levels: reference level, CD4+4 count

< 250 and viral load > 10000; level 2, CD4+ count > 350 and viral load < 1000; levell,

the remaining. The Year 1 information is not available for the same reason of composite

marker II.

Table 4.4: The proportion of treatment effect explained and the population surrogacy

fraction of treatment effect relating the composite outcome during the first five-year
follow-up to HIV-1 RNA level suppression and CD4+ lymphocyte count elevation in the
index participants at Year 1 to 4.

Year Marker s F p
Estimate  95% CI ¢ Estimate  95% CI  Estimate  95% CI
1 CD4+ > 250 0.01 -0.05, 0.07 -0.05 -0.09, -0.02 0.05 0.04, 0.07
VL * <400 -0.01 -0.53, 0.57 0.51 -0.15, 1.41 -0.57 -1.32, 0.17
VL # <1000 -0.01 -0.49, 0.53 0.60 -0.09, 1.55 -0.66 -1.43, 0.11
Composite I P 0.13 -0.38, 0.75 0.51 -0.10, 1.34 -0.56 -1.24, 0.11
Composite II ¢ 0.03 -0.03, 0.11 - - - -
Composite IIT 4 0.14 -0.37, 0.78 - - - -

Continued on next page
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Table 4.4 — continued from previous page
Year Marker 7T F p

Estimate  95% CI° Estimate  95% CI  Estimate  95% CI
2 CD4+ > 250 0.04 -0.01, 0.12 0.08 -0.13, 0.33 -0.10 -0.37, 0.16
VL * <400 0.13 -0.15, 0.52 1.00 0.33, 2.09 -1.22 -2.01, -0.47
VL # <1000 0.14 -0.14, 0.52 1.02 0.30, 2.18 -1.25 -2.12,-0.43
Composite I P 0.20 -0.13, 0.66 1.03 0.33, 2.17 -1.26 -2.09, -0.47
Composite II © 0.03 -0.01, 0.09 0.05 -0.08, 0.20 -0.06 -0.22, 0.10
Composite IIT 4 0.19 -0.13, 0.65 1.03 0.32, 2.16 -1.26 -2.08, -0.47

3 CD4+ > 250 0.05  -0.01,0.13 010  -0.14,0.39  -0.12  -0.40, 0.16
VL * < 400 0.06  -0.1,026 0.5 0.05,1.08  -0.51  -0.97, -0.07

VL * < 1000 0.03  -0.12,021 039  -0.01,1.00 -0.45  -0.91,0.01
Composite I 0.05  -0.13,027 047  0.03,1.16  -0.54  -1.05,-0.04
Composite IT¢  0.02  -0.03,0.07 010  -0.11,0.35  -0.11  -0.36, 0.12
Composite IIT4  0.05  -0.13,0.27  0.50 0.04,121  -0.57  -1.10, -0.06

4 CD4+ > 250 0.03  -0.01,0.08  0.08  -0.03,0.21  -0.09  -0.21, 0.03
VL * < 400 0.06  -0.01,0.18 024 005055  -028  -0.51,-0.07

VL * < 1000 0.07  -0.01,0.19  0.29 0.07,0.65  -0.34  -0.60, -0.10
Composite I®  0.09  -0.01,0.25  0.34 0.10,0.77  -0.40  -0.69, -0.13
Composite II ¢ 0.01  -0.02,0.04  0.12  -0.02,0.31  -0.14  -0.32, 0.02
Composite IITY  0.09  -0.01,0.25  0.39 0.13,0.84  -0.46  -0.78,-0.17

# Plasma HIV-1 viral load.

> CD4+ count > 350 and viral load < 1000.

¢ CD4+ count < 250 and viral load > 10000. The model-free measures at Year 1 at not estimable
since there is no participant on the immediate arm satisfying the bad health condition.

4 Composite I1I is a categorical marker with three levels: reference level, CD4+ count < 250 and
viral load > 10000; level 2, CD4+ count > 350 and viral load < 1000; levell, the remaining. The
model-free measures at Year 1 are not estimable for the same reason of composite marker II.

¢ The confidence interval of 7 is obtained by non-parametric bootstrap of 5000 times.
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4.5.2  Application of the Time-varying F-measure

We also apply the proposed time-varying F-measure to the HIV Prevention Trial Network
(HPTN) 052 study (Cohen et al., 2016). In this application, we consider the survival setting
and use plasma viral load (specifically, indicator of a viral load greater than 1,000 copies per
cubic millimeter) as a candidate marker and evaluate its surrogacy level on the composite
monitoring endpoint in a 3-year follow-up. We estimate the time-varying F-measure for the
viral load measured at each of the 2nd to 7th quarter after randomization. Table 4.5 shows
the results of the application. Comparing the prevalence of a high viral load between the two
arms reveals that ART was very effective in suppressing viral proliferation. In addition, a
low viral load significantly decreases the hazard of the composite endpoint on the immediate
arm before the treatment effect kicks in on the delayed arm. The time-varying F-measure
gradually increases until reaching its maximum at the 6th quarter. This temporal pattern
reflects the fact that surrogacy level is a combination of the treatment effect on the marker
and the marker effect on the clinical endpoint. On the one hand, it takes time to realize
the effect of viral load suppression. On the other hand, as more and more patients on
the delayed arm started ART, the difference in marker distribution between two arms are
getting smaller. The time-varying F-measure correctly reflects the temporal pattern and the

biological mechanism of ART.

Table 4.5: Application to an HIV prevention trial HPTN 052. The proposed
time-varying F-measure captures the proportion of treatment effect explained by the

plasma HIV-1 viral load.

Marker time® Delayed ART arm Immediate ART arm F-measure?

Prevalence of Hazard Prevalence of Hazard Estimator 95% CI

high VLP ratio® high VL ratio®

2 0.88 1.39 0.08 2.20 0.18 -0.03, 0.39
3 0.88 0.94 0.08 3.21* 0.41 0.13, 0.70

Continued on next page
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Table 4.5 — continued from previous page

Marker time® Delayed ART arm Immediate ART arm F-measure?

Prevalence of Hazard Prevalence of Hazard Estimator 95% CI

high viral load  ratio® high viral load  ratio®

4 0.87 1.00 0.09 4.49* 0.52 0.09, 0.95
) 0.85 1.59 0.08 5.59* 0.72 0.10, 1.34
6 0.81 251" 0.07 4.49* 1.12 -0.42, 2.67
7 0.75 2.11 0.08 6.55" 0.81 -0.92, 2.54

2 the time point (quarter) when plasma HIV-1 viral load was measured.

b plasma viral load > 1,000 copies per cubic millimeter.

¢ hazard ratio between groups with a viral load higher and lower than 1,000 copies per cubic
millimeter. Significant results at the level of 0.05 are marked with x.

4 the proposed time-varying F-measure.

4.6 Discussion

A surrogate endpoint is a biomarker that can be used in place of a clinically meaningful
endpoint for evaluating an intervention. Valid surrogate endpoints that can be measured
earlier or easier are desirable for clinical trials with a rare or distal endpoint. However,
challenges exist to identify a reliable marker. One particular statistical difficulty arises on
how to measure and rank the surrogacy of potential markers quantitatively. In this chapter,
we review the main types of statistical surrogate measures, propose a new one rooted in the
population attributable fraction (PAF), and extend model-free F-measure to the survival
setting.

In general, the challenges of evaluating surrogate markers arise from the complexity of
the pathophysiologic process and the intervention mechanism. An intervention may affect
the clinical outcome via multiple pathways, either known or unknown. The unknown ad-

verse effect not mediated by the marker is especially problematic, since it may cause the
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inconsistency of the treatment effect on the marker and that on the clinical endpoint. The
inconsistency has been summarized as “surrogate paradox,” in which situation the treatment
effect on the surrogate is positive, the surrogate and clinical endpoint is positively correlated,
but the treatment effect on the clinical endpoint is negative (Chen et al., 2007). In the para-
doxical situation, the results of using surrogate endpoints would be misleading. As discussed
in (VanderWeele, 2013), the approaches of surrogacy quantification are potentially vulner-
able to the surrogate paradox. In-depth clinical understanding and empirical evidence are

needed to avoid the paradox.

4.7 Supplementary Materials

4.7.1  Connection of the p-measure with the proportion of treatment effect explained

In the following, we show that both the PTE m-measure and the F-measure can be expressed

by the p-measure. The m-measure in terms of relative risk in (4.6) can be written as

Multiplying P(7T'=1| Z = 0) in both the numerator and denominator gives

 P(I=1|Z=1)—P(T=1|Z=0)RR,
T = PT=11Z=1) . (4.10)

Under model (4.4) and (4.5), RRs,=P(T=1|2Z2=1,S=s)/P(T'=1|Z=0,5=s) and

is independent of s. We can write

P(T=1|7=0)RR, — / P(T=1]2Z=0,5=s)dP(s | Z —0) - RR,
Qs

B B B B P(T = = =3) B
- /QSP(T—1|Z—O,S—5) AT 05— Z=0)

= / P(T=1|Z=1,5=5)dP(s|Z=0). (4.11)
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Plugging (4.11) into (4.10) reveals

P(T=1|Z=1)~ [, P(T=1|Z=1,8=s)dP(s | Z=0)
= P(T=1Z=1) -7

To show p-measure in terms of the F-measure,

P(T=1Z=1)— [, P(T=1|Z=1,8=s)dP(s| Z=0)

P= PT=1(Z=1)-P(T=1]Z=0)
L PT=1|z=1)-PT=1|Z=0) _ RR-1
PT=1|Z=1) B RR

Thus p=F x (RR —1)/RR.

4.7.2  Range of F-measure

Perfect marker When the marker mediates all the treatment effect, we have P(T > c¢ |
Xe=a2,T>t,Z=1)=PT >c| Xy =2,T>t,Z=0). Itimplies ), P(I'>c| X; =
v, T>t,Z=1)PX, =z |T>t,Z=0)=), PT>c|Xy=2,T>t,Z=0)P(X;,=x|
T >t,7Z =0), and furthermore, F(c,t) = 1.

Useless marker When the marker does not mediate any treatment effect, we have P(T >
c| Xy =2, T >t,7Z=1)=P(T > c| Xy = x9,T > t,Z = 1); when the intervention
is independent of X; in the risk set at time point ¢, we have P(X; = =z | T > t,Z =
1) = P(Xy =2 | T >t Z = 0). Either of the above useless marker conditions leads to
YL, PI>c| Xy=2,T>t,Z=1)PX,=x|T>t,Z=1)=> PT>c|X,=2,T>
t,Z=1)P(X; =z |T >t,Z =0), and furthermore, F(c,t) = 0.

Partial marker Without loss of generality, we consider the case AA — BB > 0. The
following theorem and proof are naturally extendable for the counterpart case AA— BB < 0.
To give interpretability and links to common instances in clinical trials, we impose three mild

assumptions:
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B1. X; in the treatment group and that in the control group are stochastically ordered,
PX,<z|T>t,Z=1)<PXe <z |T>t,Z=0)Vz,or P(X, <z |T>t7Z=
1)=P(X; <z |T>t,Z=0) V.

B2. P(T > c¢| Xy =2, T > t,Z = z) is monotone with z in the same direction for any

given 2.

B3. P(T > c¢| Xy =x,T > t,Z = z) is monotone with z in the same direction for any

given .
In addition, we formulate three conditions:

Cl. PT>c|Xy=a,T>t,Z=1)—PT >c|Xy=2,T>t,Z=0)>0,

C2. PIXy <z |T>t,Z=1)<PX; <z |T>t,Z=0)Vrand P(T >c| Xy =2,T >

t,Z = 1) is increasing with x.

C3. PXy <z |T>t,Z=1)=PX; <z |T>t,Z=0)Vrand P(T >c| Xy =2,T >

t,7Z = 1) is decreasing with .

Theorem 4.7.1. With Assumptions B1-B3, if Condition C1 is satisfied, then F < 1; if
either Condition C2 or C8 is satisfied, then F > 0.

Proof. The proof consists of two steps. First, we show the sufficiency of Condition C1 for
F < 1. Second, we show the sufficiency of either Condition C2 or C3 for F' > 0.

Step 1: We first expand AB — BB as ), (P(T >c| Xy =2,T>t,Z=1)—P(T >
c| Xe=a,T>t7= O))P(Xt =z | T >t,Z =0). If Condition C1 is satisfied, we have
AB — BB > 0. Simple algebra reveals (AA — AB) — (AA — BB) < 0. Given AA — BB > 0,

we conclude

AA - AB

F=21"BB~

1.

Step 2: It X, in the treatment group is stochastically greater than that in the control
group, Ey (f(Xt)) > Ep (f(Xt)) for bounded and increasing function f. When P(T > c |
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Xy =2, T >t,Z = 1) is increasing with x, we have > P(T' > ¢ | Xy = 2, T > t,Z =
DPX, <z |T>t,Z=1)>SPT>c|Xi=a,T>1Z=1)PX, <z |T>t7=
0), that is, AA > AB. Use the same argument, if X, in the control group is stochastically
greater than that in the treatment group and P(T > ¢ | X; = x,T > t,Z = 1) is decreasing
with «, we have =) P(T > c | Xy = 2,7 > t,Z =1)P(X, <z |T >t,Z =0) >
> P >c| Xy =2,T>t,Z=1)PX, <z |T >t 7Z=1),thatis —AB > —AA.

Given AA — BB > 0, we conclude

AA - AB

F=31"BB"

0.

In summary, if Condition C1 and C2 (or C3) are satisfied, F-measure is bounded within

(0,1). 0

The conditions portray the scenarios that the treatment effect mediated by the marker is
in the same direction as the direct treatment effect on the primary endpoint, and furthermore

the marginal treatment effect AA — BB.

4.7.8  Proof of Theorem 4.4.1

Proof. The proof consists of three steps. First, we decompose \/nt(ﬁ — F) as multiple
empirical processes. Second, the convergence of each empirical process is derived. Third, we

combine the asymptotic results and conclude the proof.

Step 1: We first write \/n_t(l/?’\ — F) as

Vie(F = F) = /i (F(Bap) = F(Ba0)) + v/t (F(B20) — F(papo)).

and tackle the parts one by one. For the first part, we plug in the estimator (4.7) and obtain

i Do g\l_zxs/i;@\ 81—2368195]7;
\/n_t(F(Pmm) — F(Pmm)) = \/n_t< ez 01T o _ |0).

51 — S0 51— So
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Rearranging the terms yields

V(B GR) ~ ) = it (56 — )~ sulsi = s1) -

(51 = 50)(s1 — S0

E Pajo(s1 — 50) (512 — S1a) E Paj0S12(50 — s0) + E Paj0S12(51 — 81)>

T

Then we collect the terms and write the equation in the form of /n;(Sg — s¢), /7 (51 — s1)

and /1 (51, — S1z) s
— > 0 Def051a

(SA1 - gE))(Sl — S0

Z (Apx|o(A80 —s1) (5 — 512).

Vi (F(po) = F(pap))

~ xﬁsx_s ~
)-m—t(sO—sm(; Ste =0 ey

S1 — 50)(81 - 50)

S1 — So)(Sl - So)

Similarly, we write the second part as

— S1 — Zz Slxﬁt\ S1 — Z S12Px
Ve(F(paio) = F(papo)) = v - lo 80 5 Z $1z * /Tut(Palo — Pafo)-

S1 — So S1 — So

Step 2: In this step, we derive the convergence of each empirical process. Under the
assumption of random censoring, Kaplan-Meier estimator S (c) satisfies (Fleming and Har-
rington, 2011)

V(@) = 5(6)) = VP = P)( = 5 [ ) + ol

where M (u) := N(u)— [, Y (a)dA(a) represents the counting process martingale. Therefore,
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the Kaplan-Meier estimator 5y, $; and sy, satisfy

dN (u) = Y (u)dAo(u) )
(I(Z=0|T>1)Y(u)

dN(u) =Y (u)dA;(u) )
(I(Z=1]T > )Y (u))/)’

V(@) ~ se)) L VP - P)(=s@1z 0|72 [

V() - a@) L VP -P)(-s@rz-11720 [

Vi (5i2() = s1a(e)) = V/m(Pu—P)

( Csw(O(Z=1,X, =2 | T > 1) /t " AN (1) — Y (w)dA 1, (u)

Z:l,Xt:x|T2t)Y(u))>’

where I(+) is an indicator function for subjects’ group.

Next we write \/n;(Dzjo — Pujo) in the form of

V(e = papp) = Va(PXy=2|T>4,Z2=0)—P(X, =2 |T >t,Z=0))

P(X,=2,Z2=0|T>t) PX,=2,Z=0|T >t

- (2 It 120y
P(Z=0|T>t) P(Z=0|T>t)

It can be readily shown that

1 ~

(Do — Pxfo) = = m(P(Xy=2,Z=0|T>t)—P(X;,=2,Z=0|T>1)) —
Ve = pao) = B V(P [T =1) - P(X, T =>1)
P(X;=2,Z=0|T>t)

P(Z=0|T>tP(Z=0|T>1t)

Vii(P(Z=0|T>t)—~P(Z=0|T>1)).
Let po .= P(Z=0|T >1t)and py, :== P(Xy =2,Z=0|T >t). Since pp is a consistent
estimator of py, we obtain

1
Po

\/n_t(@—pxm)i\/n—t(m—?)( (I(X, =2, Z=0|T >1t) — po,) _];Lg([(zzo,th>_po))

as a consequence of Slutsky’s theorem.

Step 3: In this step, we combine the above results and conclude the convergence of



119

N (ﬁ - F ) We first introduce some notation,

dN(u) =Y (u)dAg(u)

= —so()[(Z=0|T>t : 4.12
m = Nz =0|T 21 [ Bz 20T > 5V ) (412)
¢ dN(u) — Y (u)dA
m o= —si(A)I(Z=1|T> t)/ AN(u) = Y(w)dAi(u) (4.13)
. BE(I(Z=1|T > t)Y (u))
¢ N(u) — Y (u)dA
e = —seONZ=1X =2 |T20) [ oot () = Y(wdhuu) ) )
¢ B(I(Z=1,X,=2|T>1t)Y(u))
1 .
= —(I(X=2,2=0|T>t)—p) — 2(I(Z=0|T>1t)—po).  (4.15)
Po Dy
Combining the above results and apply Slutsky’s theorem, we can write
=~ §1 — Zx PzjoS1z Zx Pzj0S1z — So
Vi(F(c) = F = - : .
T(E(E) = F(e) = VP = P) (M ot S

1 1
p
— ;p 0 Ta + —— ;«5‘1 770m> +0p(1)
It follows that \/n;(F(c) — F(c)) converges weakly to a zero-mean Gaussian process with

covariance function IE{((c){(c')} between time points ¢ and ¢, where

S1 — prxmslx
(51— 50)?

((e) =

>z Pr0S1z — So 1 1
Mo + | /i —— prm "Mz + Z $12 10z

(81 - 80)2 S0 — 51

The covariance function E{¢(c)((¢/)} can be consistently estimated by 1/n, 327, G(¢)G(€)
with

2 _S1— Zx Pz|oS1z Z;prmslx — S0 1 1 P
CZ<C) = (81 — 80)2 Noi + (81 — 80)2 i+ S0 — 81 zm:pxo Mai + S0 — 51 zm: S12Mogis

where 1o;, 714, M1z and nf ., is the subject ’s realization of (4.12)-(4.15), respectively. The
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specific forms are

dN;(u) — Y;(u)dAo(u)
(I(Z:=0|T; > t)Yi(u))

o = —so(QI(Zi=0|T, > 1) /
: B

¢ dN;(u) — Y;(u)dA
mi = —si(c)l(Z;=1|T; > t)/ dNi(u) = Yi(w)dhi (u)
v BE(I(Z;=1|T, > t)Yi(u))
¢ Ni(u) — Y;(u)dA
Mzi = _Slx(C)I(Zi =1, Xu=x | T > t)/ d Z(u) 1(u)d 1x(u)
¢ BE(I(Zi=1,Xy =2 | T; > t)Y (u))
1 z
Mo =~ (I(Xi=9.2=0]T: 2 1) = po.) - %(f(zi =0T, >t) — po)-
0

4.7.4  F-measure Under Time-varying Coz-Weibull Model

To facilitate the exploration and understanding of F-measure, we calculate its true value
under a time-varying Cox-Weibull model as an illustrative example. We follow the notation
described before: Z denotes treatment assignment (control=0; treatment=1); X; denotes
the value of the marker at time t; T" denotes the failure time; ¢ denotes the pre-specified time

of interest for survival.

We consider the time-varying Cox-Weibull model

h(t) = ho(t) eXp(blZ -+ bQXt),
ho(t) = Avt'™ !,

where the marker value satisfies X; = I(t > t;), and t4 follows an exponential distribution

with mean p,. The definition of F-measure reads

PT>c|T>t,Z=1)-% _Pr(T>c|Xi=2,T>t,Z=1)P(Xy=x|T>t,Z=0)

Fle,t) =
(c,2) PT>c|T>tZ=1)-PT>c|T>tZ=0)
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With the Bayes rule, the conditional survival probability can be written in the form of

P(T>c|Z=xz2)
P(T>t|Z=2z)

PT>c|T>t,Z=2)=
In general, for 7 € (0, 00),
PT>1|Z=2))=PT>1,X,=1|Z=2)+PT >1,X,=0|7Z=2z2). (4.16)
The first term of (4.16)

P(TET,XT:HZ:z):/ PT>71|ts,Z =2)f(ts | Z = z)dts
0

= /OT exp ( — /Ots exp(b12)ho(u)du — /tT exp(b1z + bg)ho(t)dlb) fts | Z = 2)dts

Plugging in f ho(u)du = A(b" — ) and the density f(ts | Z = z) = 1/, exp(—ts/p.) leads

to

T 1 ts
PT>1X,=1|Z=2)= / exp (— ePENY — et )\ (7 t)) — exp(——)dts.(4.17)
0

z z

For a general Cox-Weibull model with v > 0, there is no closed form formula and we need

to refer to numerical evaluation. Similarly, the second term of (4.16)

PT>71,X,=0|2Z=z2) :/OOPTET\tS,Z:z)f(tS|Z:z)dt3
:/Ooexp<—/ exp(blz)ho(u) > f(ts|Z:Z>dts
= /OO exp ( — eblz)ﬂ'”)l exp(——

Mz Mz
= exp ( — TN — 7/t > (4.18)

)dt,

So far, with the equations (4.17) and (4.18), we can calculate P(T' > ¢ | T > t,Z = 1) and
P(T>c|T>t,Z=0).
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Next, the adjusted probability in the numerator of the F-measure )  P(T > ¢ | X; =
e T>6Z2=0)PX,=2|T>t,Z=0)=, P(T>c|X,=2,T>1,Z=1)PX,=x|
T >t,7Z =0). We use Bayes rule and obtain

PT>c,X,=1]|Z=1)
PT>t,X,=1|2Z2=1)

PT>c|X,=1,T>t,Z=1)= (4.19)

The denominator of equation (4.19) is shown in (4.17). The numerator of equation (4.19)

satisfies

PT>e,X,=1]Z=1)=P(T>ct,<t|Z=1)
t
_ /P(T20|ts,Z_1)f(ts\Z_l)dts
0

— /0 t exp ( - /0 " exp(b) () ds — /t " explby +boho(w)du) - f(t, | Z = 1)t

Plugging in fab ho(u)du = A(b" — @) and the density f(ts | Z = z) = 1/, exp(—ts/p.) leads

to

! 1 t
PT>c,X,=11Z=1)= / exp (— AL — " TRA(" — 1Y) - — exp(——2)dt,. (4.20)
0 H1 H1

Following the same lines, we work on

PT>e,X,=0]Z=1)

PT>c| X;=0T>t,Z7=1) = : 4.21
( —C| t 07 = Y ) P(TZt,Xt:0|Z:].) ( )

The numerator of equation (4.21) reads
PT>c¢,X;=0|Z=1)=PT>c|Z=1)—-PT>¢Xi=1|2Z=1), (4.22)

and the denominator reads

PT>t,X,=0|Z2=1)=P(T>t|Z=1)-PT>t,X,=1|2Z=1). (4.23)
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To simplify the maths, we introduce the following notation

T 1 ts
Alr,z) = POT>71,X,=1|Z=2)= / exp (— "M — RN (7Y — 1Y) — exp(——2)dts,
0 Mz Kz
B(r,z) = PT>71,X,=0|Z=2z) =exp < — 7% )e? — 7'/,uZ>,
! 1 ts
C = PT>c¢X;=1|Z=1)= / exp (— AL — e TRA(Y — 1Y) — exp(——)dt,.
0 H1 H1

With the above notation, equation (4.16) writes

PT>71|Z=z) =A(r,z2) + B(, 2),

equation (4.19) writes

P(Tzc|Xt:1,T2t,Z:1):A(t 5

and equation (4.21) writes

B o A1)+ B(c,1)-C  A(c, 1)+ B(c,1) - C
P(TZC|Xt_O’TZt’Z_1)_A(t,1)+B(t,1)—A(t,1)_ B(t,1)

The remaining parts in the F-measure definition are

P(X,=1,T>t|Z=0) A(t, 0)
PX,=1|T>t 7= = -
(Xy | T >t, 0) P(T>t|Z=0) A(t,O)—FB(t,O),
B(t,0)

P(X,=0|T>tZ2=0) = 1-P(X,=1|T>t7=0)=

A(t,0) + B(t,0)’
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Gathering all the pieces together, we have

PTzc|T>tZ=1)= i((iﬂiggll))
P(T>c|T>t7Z=0)= iiigiigg&)

CA(t,0)

A(t, 1) (A(t,0) + B(t,0))’

(A(c,1) 4+ B(c, 1) — C) B(t,0)
B(t,1)(A(t,0) + B(t,0))

PrT>c|X,=1,T>t,Z=1)PX,=1|T>t7=0)=

PrT>c|X,=0,T>t,Z=1)PX,=0|T>t7=0)=

When v = 1 (i.e., the failure time follows an exponential distribution), terms A and C'

are equipped with closed-form formula in the form of
exp(—71Ae#2) —exp(—1(Ne?* 4+ 1/p.,))

14+ A elr#(1 — eb2) ’
B(1,z) = exp ( —7(Xe"" + 1/tz)>,

exp(—cheb1t2) (1 —exp (— o+ Ate (=1 + ebQ))>
L+ Apne? (1 —e”2)

A(r,z) =

c =
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