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Abstract

Convergence and Approximation for Primal-Dual

Methods in Large-Scale Optimization

by Stephen E. Wright

Chairperson of the Supervisory Committee: Professor R. Tyrrell Rockafellar

Department of Mathematics

Large-scale problems in convex optimization often can be reformulated in primal-
dual (minimax) representations having special decomposition properties. Approxi-
mation of the resulting high-dimensional problems by restriction to low-dimensional
subspaces leads to a family of minimax problems dependent on a parameter. The
continuity and convergence properties of this dependence are explored in this dis-
sertation. Examples in optimal control and stochastic programming are considered
in which discretizations give rise to large-scale optimization problems. A possible
approach to the numerical solution of the discretized problems is described, as well

as details of its computer implementation.
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Chapter 1. Introduction

This dissertation deals with approximations of primal-dual approaches for solving
large-scale problems in convex optimization. The term “large-scale” refers to prob-
lems which involve a huge (perhaps infinite) number of variables or constraints,
but which also have a highly specialized structure. Large-scale problems typically
appear as the conjunction of many smaller problems which are interrelated in a
very special way. For example, in a dynamic optimization problem there is a time
framework which may consist of either discrete stages {1,2,...,T} or an interval
[t0,%1]. The decisions allowed at a given point in time depend on the “state” of the
system at that time, where the state is governed by a difference or differential equa-
tion with coefficients dependent on the decisions. In a stochastic problem, there
are uncertain elements which need to be taken into account: the weather, stock
prices, etc. The decision-maker must weigh the cost associated with each possible
contingency against its likelihood of occurring. The interrelationships between the
subproblems in this case may be given by a probability distribution. When both
dynamic end stochastic elements are present, there may be additional structure

representing the exchange of information between time periods.

First let’s review the basic concepts of the primal-dual approach. Abstractly,

a constrained optimization problem has the form
(Po) minimize fo(z) over all € X satisfying h(z) € C,

where X is a set whose properties are relatively simple in comparison with the
constraint set {z|h(z) € C}. Primal-dual approaches to solving (Pg) consist of
introducing a dual space Y and a bivariate functional L : X x Y — R. (We use
the symbol R to denote the set of eztended-real numbers: R = R U {—oc,00}.)
Instead of (Pg) one then solves the associated saddle point problem (or “minimax”

problem):
find (z,7) € X x Y so that L(z,y) < L(%,7) < L(z,7)
for all (a,y) € X x Y.

(5)

A solution pair (Z,7) for the problem (§) is called a saddle point for L relative to

X x Y. For such a pair, the point Z is a solution to the “primal” problem

(P) minimize the function f(z) = sup L(z,y) over all a € X.
yey
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For appropriate choices of Y and L, the problem (P) can be made equivalent to the
original problem (Pg); for other choices, (P) may be considered as a perturbation of
(Pg). As an example, suppose in the problem (Pg) that h is a real-valued function
and C is the singleton {0}. Taking ¥ = R and L(z,y) = fo(z) + v - h(z) yields
the classical approach of Lagrange multipliers for equality-constrained minimization

problems.

This dissertation deals with internal approximations of the minimax problem

(8), i.e. approximations of the sort

find (z,9) € X, x Y so that L(Z,y) < L(Z,7) < L(z,9)

S
(Sn) for all (2,y) € Xp x Yy,

for subspaces X, C X and ¥, C Y. The focus is on functionals L having the form

L(z,y) = ¢(z) — P(y) — v(z,y), (1.1)

where the functions ¢ and 1) are extended-real-valued and lower semicontinuous,
and the functional v is jointly sequentially continuous. We demonstrate that, for
increasing sequences X, and Yy, the problems (Sy) epi/hypo-converge to the prob-
lem (8): among other things, this guarantees that the solutions of (S,,) are in some
sense approximations of the solution(s) of (§). Our strongest general results are
for the case where ¢ and ¥ are lower semicontinuous, convex functions on Banach
spaces X and Y, and v is a continuous bilinear functional on X x Y. The notion of
“epi/hypo-convergence” was developed recently by Attouch and Wets ([2], [3]) as a
tool for studying perturbations of minimax problems: it generalizes the widely ap-
plied concept of epi-convergence of minimization problems. Both of these concepts
are defined and discussed in Chapter 2. For the moment, the following result illus-
trates one of the desirable consequences of epi/hypo-convergence . In Chapter 2,

this proposition is derived as a corollary of a more general result.

Proposition. Let L be a bivariate functional on a product X x Y of topological
spaces, and consider a sequence {Ly,} of bivariate functionals epi/hypo-converging
to L. Suppose that {Lnk} is a subsequence and, for each k € N, the pair (Zy,71)
is a saddle point for Ly, relative to X x Y. If £ — & and §j, — §, then (Z,9) is a
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saddle point for L relative to Xn, X Yy,. Furthermore, the values L(Zy, 4i) converge
to L(Z,9).

Another important property is that epi/hypo-convergence is preserved under a wide
class of perturbations: if the sequence {L} epi/hypo-converges to L, then {L,+G}
epi/hypo-converges to L + G whenever G is a continuous real-valued function on
X xY. (See [2].)

Primal-dual representations of the sort given in (1.1) arise naturally in many
problems in large-scale optimization. Since either of the spaces X or ¥ (or both)
may have high dimensionality, computational approaches may be based on low-
dimensional internal approximations of minimax representations. The main results
in this dissertation are concerned with approximations for dynamic and stochas-
tic problems involving integral cost functionals: specifically, we consider convex
problems in the optimal control of linear systems (Chapter 3) and in multistage
stochastic programming (Chapter 4). These problems are briefly described below.
They are posed in a manner which facilitates dualization via (integral) bivariate
functionals of the type in (1.1). The approximations used are discretizations by
increasingly fine partitions of the underlying measure spaces. (An important aspect
of this class of approximations is that the resulting problems have a structure which
is similar to the undiscretized problems.) The primary theorems state that under
reasonable hypotheses, the approximate minimax problems epi/hypo-converge to

the original minimax problem.

We now describe the optimal control problem that is the subject of Chap-
ter 3. The particular problem formulation used here was recently introduced by

Rockafellar [27], [31]. The primal problem takes the form
minimize the functional
Fu,ue) = fttol [pe - we + oe(ue) — ct - 24 + Pe(qe — Dyuy — Crey))dt
(P) + Pe - ue + pe(ue) — ce * T4y +Pe(ge — Deue — Ceaty )
over the control space U = E}V, X Rke, with the dynamics given by
1 = Agvs + Biug + by ae., Tey = Beue + be.

Here ¢; and ¢ are assumed to be proper, lower semicontinuous, convex functions

for each t € [tg,%1], and @e and 1 are similarly (proper) lower semicontinuous and
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convex. (We also assume that ¢; and 3y vary epi-continuously with t.) Many of the
usual problems in the optimal control of linear systems with convex costs can be
put in this form. Since the functions ¢4, ¥1, e and 1 are allowed to be extended-
real-valued, constraints on both controls and states (as well as endpoints) may be
included. This formulation has the advantage that it is easily dualized, at least in
the case where ¢4, e are “coercive” and 1,1, are finite-valued. We introduce the
dual space V = ,Cll x Rle and the bivariate functional

J(u,ue;v,ve) = fttol Je(ut,ve)dt + Je(ue,ve) — ¥(u, te; v, ve)

where
_foo if p¢(uy) = oo,
Jt(ut,ve) = {Pt ~uy + pi(ug) — ve - Dyug + q¢ - ve — ¥ (ve) otherwise,
[ if pe(ue) = 0,
Jelue, ve) = {pe “Ue + Ye(tte) — Ve * Dette + ge - Ve — Pe(ve) otherwise,

and
1’ La
Y, ue;v,ve) = f’()l zy - (Cyve + ct)dt + ey - (Cive + ce)-

Here the superscript ‘*’ denotes the transpose for a matrix, and the convez conjugate
for a function: A*(r) = supy{r - s — h(s)}. It turns out that the duality is also
possible, without the hypothesis of coercivity, in the important case where the

functions ¢, e, ¥7, s take the form of quadratic programs: for example

1 .
sus - Prug ifug € Uy
t(u) =4 2 . ’
plue) {oo if wy & Uy,
where P; is a symmetric, positive semi-definite matrix and Uy is a convex polyhe-
dron. A formal statement (without proof) of the duality for both the quadratic and

coercive cases is given in Chapter 3; for the full arguments we refer the reader to
the papers of Rockafellar [27], [31].

Of course, this duality is useful only if the convex conjugates of the functions

2y and e are easily calculated. Nonetheless, this still allows for a large range of

problems. As an example, consider the case where 11(s) = |s|2: we can think of the

expression ¥¢(q; — Dyuy — Cyy) as representing a “penalty” that is applied whenever
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the equality q = Dyus — Cyzy is violated. The conjugate of 1y is 7 (r) = (1/4)|r]2.
Various modelling possibilities are presented in the paper of Rockafellar [27].

A number of authors have studied methods of solution for constrained optimal
control problems. Some have used direct approximations of the primal problem [7],
[8], [9], while others have introduced penalties into the primal formulation 5], [6],
[36]. Others yet have worked with various dual formulations {11}, [14], {20]. Most
attempts involve Ritz-type approximations; Cullum’s papers [6], [7], [8] have treated
finite difference schemes. The main distinction between our approach and that of
earlier investigators is the direct use of minimax formulations and their analysis
through epi/hypo-convergence concepts. There are several advantages gained from
this. First, many nonsmooth problems and most exact penalty representations can
be written equivalently as minimax problems with smooth data and simple con-
straints. Second, epi/hypo-convergence involves convergence of both solutions and
multipliers, affording better sensitivity analysis at approximate solutions. Finally,
the perturbational properties of epi/hypo-convergence make it easier to extend con-

vergence results to a broader class of approximations.

An important aspect of approximation that is not discussed in this dissertation
is the rate of convergence. At the present there is very little known about rates of
convergence for any type of approximation scheme for optimal control problems,
and virtually nothing known about rates for primal-dual methods. Sharp rates
have been established only for some primal or dual approaches to problems of very
simple structure. The papers of Bosarge and Johnson [4] and Mathis and Reddien
[16] treat unconstrained problems with quadratic objective functions; Hager [11]
used a dual approach to include linear inequality constraints on states and controls;
Chen and Mills [5] analyzed the effect of adding a penalty for a simple terminal
state constraint. These four papers are concerned with Ritz-type approximation
schemes. Hager [12] has also considered finite-difference schemes for unconstrained
problems. Results on convergence rates typically require the data to have Lipschitz
continuous derivatives of several orders; some also require the system to be con-
trollable. We have opted to obtain convergence under only general assumptions on
the data, such as continuity. For this reason, we consider only approximate con-
trols which are piecewise constant. The arguments can be extended easily to other

classes of approximate controls. We also assume that the trajectory corresponding
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to an approximate control can be calculated precisely at the grid points. This as-
sumption is not as restrictive as it may appear: the perturbational properties of
epi/hypo-convergence allow the extension of our results to include approximation
of trajectories as well. An example is worked out in Chapter 3 concerning a finite
difference scheme. Alternatively, the problems can be reformulated (by augmenting

the control space) so that the time-derivative of the state is also approximated.

Our second application is a piecewise linear-quadratic model in multistage
stochastic programming, which was introduced by Rockafellar and Wets [35]. In
a sense, this model generalizes the more familiar two-stage “recourse” problem, but
the differences run deeper than simply tacking on more stages. A fundamental
aspect of the newer model concerns the exchange of information between stages.
The model is formulated using the notions of “controls” and “states”. The controls
represent the decision variables, as usual; the state represents a means of transfer-
ring information from one time stage to another. Introducing the state also aids
in clarifying duality results. It has the added benefit of simplifying the notation
both for theoretical and computational purposes. The model differs from the usual
models in dynamic programming and discrete-time stochastic control in the way
measurability requirements are used to model the information structure. For ex-
ample, feedback considerations are not imposed here. We refer the reader to the

above paper for further commentary on the distinctions. The problem we shall be

working with is

(P) minimize the functional F(u) over the control space U,
where
( 1 A
T Iprour+ FUr *Prur —cr-arq
r=1 + pv, gr — B9 [Drur + Crar—q
F(u)=E ¢ ’;Q’(’ rurt el L
+ po - uo + Fuo - Poug — ey - 21
G ;
\ + Vg, Qraq (ar41 — E7TH[Cryqe7])

T
U=Uy X -+ xUp = H {ur(-) € E%,T|u7- is Fr-measurable, ur € Uy as.},

7=0



and the dynamics are given by
zr = Arz,_1 + Brur + by as. for r=1,...,T, z¢ = Boug + b a.s.

The symbol EY indicates conditional expectation with respect to the field G. The
functions py,g are piecewise linear-quadratic, parametrized by the convex polyhe-

dron V and the positive semidefinite matrix @ as:
1
PV r(8) = sup {50 = 20~ Qrlw)v).
veEVr

For details on the modelling possibilities of such p-functions, we refer the reader to
[27], [35). The minimax representation for (P) is given by taking the dual space
tobe V=V X+ X Vpy = HZ:f{vT() € [,Izrlvf is Gr-measurable, v, € V; a.s.}
and defining the bivariate functional by

E{J(u,v) —v(u,v)} fueld,veV,
J(u,v) =< —o0 ifueld,vdgV,
00 ifudl,

where

T
J(u,v) =Y [pr- ur + Jur - Prur —vr - Drur + g7 - vr — 3o - Qror]
=1

1 1
+ po - up + uo - Pouo + q741 - v74+1 — 3vT+1 * @T4+1vT+1

and
T T+1
'y(u, v) = Z Yr41 (B‘ru‘r + b‘r) = Z Tr—1- (C:UT + c7).
7=0 T7=1

In their paper [35], Rockafellar and Wets treat only (finite) discrete probability
spaces. They suggest that such spaces may tend to be very large, and often result
from the discretization of a continuous distribution. In Chapter 4 we derive a
statement of strong duality in this model for arbitrary probability spaces. Next we
discretize the probability space (again by partitioning) and show that the resulting
problem has the same form as (P). Finally, we demonstrate that for successively

finer partitions, the approximate problems epi/hypo-converge to the original.
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The reader may wonder why we use a partitioning scheme instead of sampling.
The main reason is that the dynamic information structure is considered to be
of primary importance in the model, and we wish to preserve this as much as
possible. However, the perturbational properties of epi/hypo-convergence allow
one to partition first, and afterward use sampling techniques to approximate the
measure on the partition. This can be done in a way that is analogous to the
extension to finite differences of the approximations for optimal control problems

in Chapter 3. However, we won'’t elaborate on this further in this dissertation.

The final issue addressed in this dissertation is the means of solving the po-
tentially large approximate problems that arise from discretizing the above models.
In Chapter 5 we describe a general algorithm for minimax problems which allows
great flexibility in adapting to the special structures associated with large-scale op-
timization problems: the finite envelope method. This method was first proposed
by Rockafellar and Wets [32] as an approach to solving a piecewise linear-quadratic
problem in stochastic programming; a computer implementation for that problem
was undertaken by King [15]. We demonstrate that the algorithm can be applied to
non-quadratic problems, and that it converges in this more general setting. We also
indicate some details of its implementation for solving (piecewise linear-quadratic)

optimal control problems and give some computational results.

We now summarize the organization of the rest of the dissertation. In Chapter 2
we review the concepts of convergence for sets, epi-convergence for (univariate)
functions, and epi/hypo-convergence for bivariate functions. We then prove some
general facts about convergence of saddle points and internal approximations of
minimax problems. Chapter 3 is dedicated to the specialization of the concepts in
Chapter 2 to the approximation of problems in the optimal control of linear systems
with convex costs. In Chapter 4, we extend the duality theory for piecewise linear-
quadratic problems in multistage stochastic programming to the case of general
probability measures, and then demonstrate the convergence of approximations
given by partitioning the probability space. Finally, Chapter 5 is devoted to a
discussion of the finite envelope method for solving saddle point problems, and
includes the description of an implementation of this algorithm to the solution of

discretized optimal control problems.



Chapter 2. Variational Approximation

1. Epi-convergence

Let (X,7) be a linear topological space. For a sequence {Crn} of subsets of X we
define the Painlevé-Kuratowski limits of {Crn} to be

liminf Cy, = ﬂ cl| U Cml,
MeN# meM

limsupCp, = ﬂ clf U Cm),

neEN m2n

where N is the set of natural numbers and A # denotes the collection of all infinite

subsets of N. These limit sets are both closed and they satisfy
liminf Cp, C limsup Cp.

The sequence {Cr} is said to converge if liminf Cp, = lim sup Cy, in which case the

common value is written as lim Cy,. Often, we shall consider more than one topology

on X, in which case we write 7-liminf instead of liminf, and similarly 7-limsup and

7-lim. If 7 is first countable (e.g. metrizable), then we also have the representations
liminf Cp, = {2 € X|z = lim 2y, for some z, € Cp}

. (2.1.1
limsup Cp, = {z € X|z = limzy, for some z} € Cn}. )

It turns out that the sets defined by the right-hand sides in (2.1.1) are also
useful for topologies that are not necessarily first countable. We define the following

“sequential” limits for a sequence of sets as

seg-liminf Cp, = {¢ € X|z = limz, for some ap € Cp}

seq-limsup Cp = {2 € X|z = limzy, for some z}, € Cn; }.

Clearly, seq-liminf Cp, C seq-limsup Cp; if they are equal we write seq-lim C, for
the common value. If 7 is not first countable, then neither of these sequential limits
need be closed. On the other hand, if the sets C),, are eventually convex, then
both liminf C,, and seq-liminf C,, are convex. Of course, neither limsupCy nor

seq-lim sup C, need be convex even if all the sets C, are.
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Applying the above definitions to the epigraphs epi f, = {(z,a)|fn(z) < a} C
X x R of a sequence of functions f, : X — R leads to a notion of convergence for

functions. The sequence {f,} is said to epi-converge to f if

epi f = lim(epi fr),

and we write f = e;-lim f,. The subscript 7 is omitted when no confusion will
arise. If instead we have

epi f = seq-lim(epi fr)
then we say that f is the sequential epi-limit of { f,}, denoted f = seq-e,-lim f,,. By
carrying over the facts about limits of sets we see that e-lim f,, is always lower semi-

continuous and, if the f,, are eventually convex, then both e-lim f,, and seqg-e-lim f,

are convex.

The upper and lower limits of the epigraphs can also be shown to be epigraphs.
Consider the function z — (e-Is f)(z) defined by epi(e-ls f,) = liminf(epi f,). It
is easily verified that

(er-ls fu)(z) = sup limsup inf f,(u),
UENT(z) n—oo u€l

whence the notation (here Nr(z) denotes the r-neighborhood system of z). We
call this function the epi-limit superior of fr and denote it by e-Is f,,. Similarly we

define the epi-limit inferior by epi(e-1i f,) = limsup(epi f, ), and observe that

-li x) = liminf inf f,(u).
(e-li fn)(2) Ues.ll\lff(z) iminf inf fo(u)

Note that e-1s f, > e-li f,. We say that f,, epi-converges to f at z if
(e-ls fa)(z) < f(z) < (e-li fu)(2). (2.1.2)

Thus the sequence f, epi-converges if and only if it epi-converges at every point.
Analogously, we may define the “sequential” epi-limits inferior and superior
through the upper and lower sequential limits of epigraphs:
epi(seq-e-ls fr) = seq-liminf(epi fy,)
epi(seq-e-li fr) = seq-limsup(epi f,,).
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The use of the notation “li” and “ls” in the sequential case is justified by the

following representations:
(seq-er-ls fu)(2) = _ inf limsup fn(2n),
(seq-er-li fn)(z) = xn]r:__f) xlgﬁgéf fn(zn).
As expected, sequential epi-convergence is characterized by
seq-e-Is fn < f < seq-e-li fn. (2.1.3)

Thus f, epi-converges sequentially to f if and only if the following two statements

are true:
(a) Vz,3z, — @ such that limsup fn(zn) < f(=),
(b) liminf fn, (z¢) 2 f(z), Vzp — x and V subsequences {fn, }.

One of the primary motivations for the study of epi-convergence is the following:

Proposition 2.1.1. Suppose z,, € argmin f,, and v, — z. If either f = e-lim f,

or f =seq-e-lim fy, then
z €argminf and inf f =lim fo(z,) = lm(inf f,).
This result is an immediate consequence of the representations in (2.1.2) and (2.1.3).

(It is also a special case of Corollary 2.3.5.)

Often, a given space X is equipped with more than one topology. Besides
using the set-limits and epi-limits defined above for each topology, it is sometimes
necessary to combine them. The best-known example of such a combination is the

concept of Mosco convergence, introduced by U. Mosco in 1969 [18].

Definition. Let X be a reflexive Banach space, and let s and w denote the strong
(norm) and weak topologies on X. The sequence C, C X is said to Mosco converge
to C, written C = M-limCp, if

seq-w-limsup Cp, = C = seq-s-liminf C},.

A sequence {fn} of functions on X is said to Mosco epi-converge to f if the epigraphs

epi fn Mosco converge to epi f or, equivalently, if

seq-ew-li f;; = f = seq-es-Is fn.



We write f = M-e-lim fp.

Using the facts that s is first countable and w C s, we observe that

seq-w-limsupCr, DO seg-s-limsupCp = s-limsupChp
U U
seq-w-liminf C, D seq-s-liminfCp, = s-liminf C5.

Hence Cp, Mosco converges if and only if
seq-w-limsup Cp, C s-liminf Cp.

Moreover, M-lim Cy, is always strongly closed. If the C, are eventually convex, then
M-lim C,, will be convex and thus weakly closed. Translating this to functions, we
find that the Mosco epi-limit of a sequence of convex functions is a (strongly and

weakly) lower semicontinuous convex function.

The Legendre-Fenchel transform of a convex function f on X is defined to be

the function f* on X* given by

2* s sup[(e*,2) — f(2)]
z€EX
This transformation plays a central role in both convex analysis and optimization
theory. The following result indicates the importance of Mosco epi-convergence
in this context. It was proved by Mosco in 1971 [19], and generalizes the finite-

dimensional version obtained by Wijsman in 1966 [38].

Theorem 2.1.2. Suppose that {fn} and f are properl, lower semicontinuous con-

vex functions on a reflexive Banach space. Then

f =M-lim f on X <= f* = M-lim f; on X™.

In complete analogy to epi-convergence, there is a notion of hypo-convergence
for a sequence {gn} of R-valued functions on X. This is introduced by applying the

above definitions of the limits of sets to the hypographs hypo gn = {(z, a)|gn(a) > a}

1 A convex function is said to be proper if it is not identically +oco and nowhere

takes the value —oo.
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in X x R or, equivalently, by using the definitions of epi-limits of functions applied

to —gn. Accordingly, we define the functions

(hr-lsgn)(y) = yoof limsup sup gn(v)

r(y) n—oo pev

(hr-lign)(y) = in lim inf sup gn(v),

Nr(y) 70 yev

as well as their sequential counterparts

(seq-hr-ls gn)(y) sup lim sup gn(yn)

yn 7y n—oo

(hr-lign)(z) = sup hmmen(yn)

yn 7
Clearly we have the inequalities

h-lsgn > h-lign
seq-h-ls g, > seq-h-li gp.

The sequence {gn} is said to hypo-converge if
h-1sg, = h-lig,

and we write h-lim ¢», to denote the common value. Similarly, we can define scquen-
tial hypo-convergence. Parallel to the situation for epi-limits, the functions h-ls gn
and h-li g,, are both upper semicontinuous. If the gn are eventually all concave, then
both h-ls g, and seq-h-1s gn, are concave. Also, if X is a reflexive Banach space, we
say that g, Mosco hypo-converges if

seq-hw-1s gn < hg-1i gy

Finally, there are the obvious parallel statements of Proposition 2.1.1 and Theo-
rem 2.1.2 for hypo-convergence, where we substitute “sup” for “inf,” “concave” for

“convex,” etc.

2. Closed Saddle Functions

In this section we review the concept of closed saddle functions, which play a role in

minimax theory similar to that played by closed convex functions in minimization



14

theory. For a more detailed presentation, we refer the reader to the paper by
Rockafellar [21]; see also [22].

Let (X, 7) and (Y, o) be locally convex Hausdorff spaces. Consider a bivariate
function K : X x Y — R. We shall think of such functions as a representing a
“minimax” problem where we minimize with respect to 2z € X and maximize with

respect to y € Y. Note that the inequality
inf sup K(z,y) 2 sup inf K(z,1
g sup (z,9) sup a2k (z,y)
is always valid. In the case that

inf sup K(z,y) = sup lélf;\ K(x,y)

»

2€EX yeY yEY TE-

the common value is called the saddle value for K. A pair (Z,7) is said to be a
saddle point for K if, for all (z,y) € X x Y, it is true that

K(z,y) < K(=,9) < K(2,9).

The minimaz problem associated with K is that of finding the saddle value and

saddle points for I, whenever either of these exist.

We define the effective domain of K as
dom K := dom; K x domg K := {z|K(z,-) < oo} x {y|K(-,y) > —o0}.

K is said to be proper if domK # §. As with minimization problems, where
we interpret the effective domain of an extended-real-valued objective function as
specifying the “constraint” set, the effective domain of a bivariate function is the

set to which we are necessarily restricted in the search for saddle points.

To make full use of the usual theory of minimization (or maximization), we
need to impose some sort of regularity hypotheses on K. Ideally, we would like
to assume that IK(z,y) is lower semicontinuous in @ and upper semicontinuous
in y. It turns out that this requirement is too restrictive: it strictly prohibits
the use of bivariate functions which take both of the values co and —oo, thus

excluding the possibility of modelling constraints on both 2 and y through the
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use of infinite penalties. To deal with this difficulty, Rockafellar [21] introduced
an equivalence relation for saddle functions, which we extend to general bivariate
functions. Within this framework, the natural regularity condition to impose is
that a bivariate function be equivalent to certain upper and lower regularizations

of itself. Functions satisfying this condition will be called closed.

We define the epi-closure clj K of K to be the lower semicontinuous regu-
larization of K in z. Equivalently, clj K is the function which, for each y € Y,
satisfies

epi(ch K(-,y)) = cl(epi K(-,y)).
The lower closure clj I is then defined as the function which satisfies, for each
yev,
oy K(y) = {ch K(.y) ifcy K(-y) > —oo,

—00 otherwise.
Similarly, we define the hypo-closure of K by

hypo(cly K(z,-)) = cl(hypo K(z,-)) forall z € X,
and the upper closure of K by

s K(z, ) = clo K(z,-) if clg K(2,-) < 400,
20 +00 otherwise.

Note that if L is another bivariate function on X x Y for which ' < L, then
ey K < ¢y L and clp I < clp L. We say that two bivariate functions I and L are

equivalent if
¢y K =cljLand clg K =cls L.

The function K is said to be closed if it is equivalent to hoth ¢ly K and cy I, in
which case we write ¥ = cly K and i = ey K. If K isclosed and K < L < I,
then we write L € [K, K]. The next two propositions are immediate consequences
of the definitions.

Proposition 2.2.1. Suppose K is closed.
(i) L € [K, K] if and only if K and L are equivalent.
(ii) If L is also closed, then L is equivalent to K if and only if K < T and L < K.

Proposition 2.2.2. The following are true for any bivariate function I :
(i) If domy K = () then cly K = oo.
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(ii) If doma K = ) then cl; K = —co.

In particular, the only closed improper bivariate functions are I = oo and K = —o0.

Our primary interest with bivariate functions, as mentioned above, is in their
interpretation as minimax problems. The following shows why the term equivalent

is justified as applied to bivariate functions.

Proposition 2.2.3. Suppose that K is closed and is equivalent to L.
(i) cl(dom L) = cl(dom K).

.. _f =00 ifz €dom; K,y € Y\cl(domy K),
(it) L{z,y) = { oo ifax € X\cl(dom; '), y € domy K.

(iii) If a saddle value exists for K then it is also the saddle value for L.
(iv) If(z,9) is a saddle point for I, then it is also a saddle point for L.

(v) L is finite on dom; K x domg i.

A saddle function on X x Y is a bivariate function I for which « — K(2,y)
is a convex function for each y € Y, and y — K (a,y) is a concave function for each
z € X. For such a function we define the conver and concave parents F' and G of

K by the following partial conjugation formulas:

F(z,y*) =sup{K(z,y) — (y*,y)} forz e X,y* €Y",
Yy
G(z*,y) = igf{K(:c,y) —(z*,z)} fora* e X*,yeY.

Here (X*,7*) and (Y™*,0*) denote locally convex spaces paired with X and Y
for which the pairings are compatible with the respective topologies. The parents
depend only on the equivalence class of I and, in fact, two saddle functions are
equivalent if and only if they have the same parents. The equivalence class for I\’

may be recovered by the formulas

oy K(x,y) = inf{Fe,y") + (", 9)),
Yy

oy K(z,y) = sup{G(a*,y) + (*,)).
CU*

In particular, a proper saddle function I is closed if and only if its parents are
“reverse conjugates” to each other, i.e if and if only they satisfy
Fe,y*) = sup{G(a",y) — (y",y) + (=", &)},

. vy , (2.2.1)
G(z",y) =;r11/§{F(w,y )= (%, 2) + (¥*, )}
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Also, for any L € [K, K],
domj L = proji[dom F] and domg L = projz[dom G/,

where proj;, proje are the projections onto the first and second arguments respec-
tively. From the facts above, we see that there are one-to-one correspondences
between the class of closed proper saddle functions on X x Y, the class of closed

proper convex functions on X x Y* and the class of closed proper concave functions
on X*xY.

Finally, it should be noted that a bivariate function L which is equivalent to a
saddle function K is not necessarily a saddle function. However, we may define the
convex and concave parents for any bivariate function. We see then that a proper
bivariate function K is equivalent to some closed (proper) saddle function if and
only if its convex and concave parents satisfy the conjugacy conditions (2.2.1), in

which case both of clg K = I and ¢l; K = K are saddle functions.

3. Epi/hypo-convergence

In this section we review the definitions of epi/hypo-convergence, state some of the
basic facts from the theory, and also prove some general results concerning internal
approximations. The definitions given here generalize those in §2.1. Let (X, 7) and
(Y, o) be linear topological spaces and let {I{,} be a sequence of bivariate functions

on X x Y. We define the epi/hypo-limits superior and inferior of {5} to be

(er/ha'ls I, )(771 y) =

sup inf limsup sup inf Kp(u,v
UeN+(z) VENG(y) n—oo yeV u€U (),

(ho/er-i Kp)(z,y) = inf sup liminf inf sup Kn(u,v).
VENo(¥) UeNr(z) PR uel eV
In general, these two functions are not comparable. We say that Ky 7-epi/o-hypo-

converges to K if
er/ho-ls Kp < K < hg/er-li Kp.

In this case, we write K = er/hg-lim K, (or simply e/h-lim I, if the topologies are
understood) even though this “limit” may not be unique. This definition is due to
Attouch and Wets. In their paper [3], they note that the function (er /hs-1s I{n)(+, y)

is T-lower semicontinuous for each y € Y. (This can be seen from the easily verified
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fact that & — supyep,(z) 7(U) is 7-lower semicontinuous for any extended-real-
valued function 4 defined on the subsets of X.) Similarly, (he/er-li Kpn)(2,-) is

o-upper semicontinuous for each z € X.

As with epi-convergence, it is also useful to have a “sequential” version of
epi/hypo-convergence. For this purpose we define the following:
(seq-er /ho-ls Kn)(z,y) = sup inf limsup Kn(2n,yn),
yn 7 yEn T T n—oo

(seq-hy/er-liKn)(z,y) = inf ~sup liminf Kn(zn,yn).

i
InT Tyngry VT
Again, these functions are not, in general, comparable. In the case that
seq-er /ho-ls K < I < seq-hy/er-1i Ky,

we say that I, epi/hypo-converges sequentially to I and indicate this by writing
K = seq-er /hg-lim Kp, although this “limit” need not be unique. Also note that
these sequential limits may be rewritten as
(seq-er [ho-ls Kn)(z,y) = sup [(seq-er-ls Kn(-,yn))(z)},
gy
(seq-hg/er-li Kp)(z,y) = inf [(seq-eq-li Kn(zn, -))(y)]
Tnte

The following proposition was proved in [2]. We include a simpler proof based on
the well-known fact that the Kuratowski and sequential limits of sets coincide for

first countable topologies.

Proposition 2.3.1. If o and 7 are first countable, then
ha' /e-,--li I\,n - Seq'h.o'/ef‘li I{n,
er/ho-ls K = seq-er [hg-ls Iy,

Proof. Fory €Y and U C X, define go(y|U) = inf,cpy Kn(u,y). Then we have

(seq-er /ho-1s K3 )(Z,5) = sup [(seq-er-ls Kn(:,yn))(x)]

may

= sup [(e,-ls Kn(-, yn))(m)]

msy
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= sup sup limsup inf Kp(u,yn)
Yyng Yy |UEN7(z) n—oo u€U

UeNT (&) |yn 57y n—oo

= sup [(seq-ho-lsgn(-|U))(H)]
UeN+(z)

= sup [(ho-lsgn(-|U))(#)]
UeNT(z)

= sup [ sup limsup gn(yn|U)]

sup inf  limsup sup gn(v|U ]
UeNT (%) [VeNa(y) n—oo veV o)

= (er/h.(f'ls I{n)(:lz-', g).
The proof that hy/er-1i Ky, = seq-hg/er-li Ky, is similar. 0

Proposition 2.3.2. If 7 is first countable then the function (seq-er /ho-1s Kpn)(+, )
is T-lower semicontinuous for each y € Y. Similarly, if o is first countable then, for

each z € X, the function (seq-hy /er-1i Ky, )(z, ) is o-upper semicontinuous.

Proof. We have

(seq-er /ho-1s Kn)(Z,7) = sup [(seq-er-ls Kn(-,yn))(2)]

mgy

= sup [(er-lsKn(-,yn))(2)].
yng Y

The desired lower semicontinuity follows from that of e,-1s I\ ;5( -, yn) and the fact
that the supremum of lower semicontinuous functions is also lower semicontinuous.

The other part of the proposition follows by symmetry. ]

It is clear from the definitions that if {In, } is any subsequence of {K}, then

one has
h/e-li I, > h/e-li Knk ,

seq-h /e-li K, > seq-h/e-li Ky,
and that similar inequalities hold for the epi/hypo-limits superior. Thus we see that
if K = e/h-lim Ky then K = e/h-lim I{y, ; similarly, if K = seq-e /h-lim I{;, then
K = seq-e/h-lim Ky, .

As with the concept of epi-convergence, there are various results relating the

convergence of bivariate functions to the convergence of their saddle values and
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saddle points. We shall now prove several general results along this line. First we

give a small technical result.

Lemma 2.3.3. Suppose that ¥ = 7-lim %, and §n € argmax I{,(Zn,y). If either
yeYy
(i) he/erliK, > K, or

(i) seq-hg/e;-li K, 2 K,
then K(Z,y) <liminfp oo Kn(Zn,yn) forally € Y.

Proof. Let y € Y be given. First assume that (i) holds. Assume also that
K(%,y) > —oo (if K(z,y) = —o0, we’re done) and consider o < I(Z,y). By (i),
since Y € My(y), we can find U € N7(Z) and N € N so that sup,cy Kn(u,v) 2 «
for all w € U and all n > N. Choose N7 > N so that Z, € U whenever n > Nj.
Then, for n > N, we have

a < sup Kn(Zn,v) £ Kn(Zn,n)
v

since §n, € argmax Kp(Zn,-). Thus liminfp—co Kn(Zn,9n) = a. Since a can be
arbitrarily close to K(%,y), the proof is complete in the case of (i). If (ii) holds,
then there exists yn 3* y such that liminfp—oo Kn(Zn,yn) = K(Z,y). Since the

inequality Ky (Zn,¥n) > Kn(ZTn,yn) holds for each n, the desired result follows. O

The following theorem indicates an important aspect of epi/hypo-convergence.
It is a slight generalization of a similar result of Attouch and Wets [2],[3]. Note
that the condition (i) is actually more general than epi/hypo-convergence since it

mentions two different topologies on each of X and Y.

Theorem 2.3.4. Let 71 and 19 be topologies on X and o1 and o2 be topologies
onY. Suppose that ¥ = 71-lim Zp, § = 01-lim §,, and that (Z,,yn) is a saddle point
for Ky,. If either

(i) ery /hgl-ls K, < K < hg, /e,-1 -li Ky, or

(i) seq-ery/hey-ls Kp < K < seq-hg, Jer,-li Kn,
then (Z,7) is a saddle point for K and K(%,§) = limp—oco IlXn(Zn,¥n)-

Proof. By the above lemma, K(%,y) < liminfy,— o0 An(Zn,§n) for all y. Simi-

larly, we have K(z, %) > limsup,_,o Kn(Zn,¥n) for all z. Since liminf < limsup,
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we may combine these inequalities to obtain K(Z,y) < K(z, 7). On the other hand,
we may use these inequalities with z = Z and y = ¥ to obtain
limsup Kn(Zn,¥n) < K(Z,7) < liminf Kn(Zn, ¥n),
n—oo 12200

so that K(Z,¥) = limp—oo Kn(Zn, Jn)- O

Corollary 2.3.5. Let {K,} be sequence of bivariate functions, and consider a
subsequence {Kn, }. Suppose that z = 7-limZ;, and § = o-lim §y,, where (T, 7i) Is
a saddle point for Kn, . If either K = e; /hy-lim Ky, or K = seq-e7 /ho-lim I, then
(Z,7) is a saddle point for K and K(Z,) = limg_,co Kny (Zk, Jk)-

A similar result is given by the following theorem, which is new. The conditions
(1) and (ii) represent a kind of convergence for equivalence classes. A related concept

is “Mosco epi/hypo-convergence”, which is described in the next section.

Theorem 2.3.6. Let K be a (79,02)-closed bivariate function on X x Y. Suppose
that (Zn,Jn) is a saddle point for K, and that Tn 77 ¥ and §n 5} . Assume that
one of the following holds:
(i) K <hgy/er-liKpn and K> ery/hoy-1s Kn.
(ii) K < seq-hgy/ery-li Kn, K> seq-er, [hg,-1s Kp, and both T and op are first
countable.
(The “closures” K and I{ of K are with respect to T and 03.)

Then (Z,7) is a saddle point for [K, K| and K(Z,§) = limp—co Kn(Zn, 7n)-
Proof. Assume that (i) holds: the proof for (ii) is similar. Recall that
(110'2 /67-1 '].i I{n)(ﬂ:, ‘)

is gg-upper semicontinuous for each z. Hence I < hg,/er,-li Ky implies that
clp K < hg, /er,-li Kp. If clp K(z,) = K(&,), then Lemma 2.3.3 gives us

K(z,y) < liminf Kn(Zn,§n) for all y € Y and

K(z,y) > liminf Kn(Zn,¥n) for all z € X,
and we proceed exactly as in the proof of Theorem 2.3.4. If instead we have
cly K(%,-) # I(Z,-), then there exists y’ for which clp K(Z,y') = co. By Lemma

2.3.3.,
clo K(Z,y) < liminf I{4(Zn, §n), for all y. (2.3.1)
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Similarly, we may obtain,
limsup Kn(Zn, §n) < clp K(z,7), for all z.
Hence cly K(%,y) < cly K(z,7) for all z and y, so
oo = clp K(7,y') < cla K(z,§)

for all z. Thus K(-,§) = oo, so K(Z,y) < K(z,§) for all z and y, i.e. (Z,7)is a
saddle point for [, K). By (2.3.1), with y = ¢/, we see that

linl 1(71(3_371, y—n) = Oo,
n—roo

as desired. |

Numerical procedures typically can find only approximate solutions even for
approximate problems. The pair (Z,7) is said to be an e-saddle point (¢ > 0) for
K if

SLzllp K(z,y) —e < K(%,9) < ir;f K(z,7) +e.

Our next result illustrates the relationship between ¢-saddle points for a sequence
{Kn} and e-saddle points for the epi/hypo-limit of {,}. A partial converse is
given by Attouch and Wets [3].

Proposition 2.3.7. Suppose (ZTn,yn) is an en-saddle point for Ky, with ¥, + ¥,
In 5 ¥, and e, — € > 0. If either

(i) er;/ho-ls Kp S K < he, /er-li Kn, or

(ii) seg-er /ho-ls K < K < seq-hg, /er-li Iy,

then (Z,¥) is a 2e-saddle point for K and

K(2,9) € [limsup Kn(Zn, ¥n) — & liminf Kn(Zn, Jn) + &l
n—o00 n—oo

Sketch of Proof. This requires only a modification of the proof of Theorem
2.3.4. For example, suppose (ii) holds. First we generalize Lemma 2.3.3 by replac-
ing all occurences of “argmax” by “c-argmax”, all occurences of “a” by “a +¢”,

etc. Then, for all y, there exist yn 7] Y so that iminf Kn(Zn,yn) = K(Z,y). Since
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Kn(Zn,¥n) + €n 2 Kn(Zn,yn) we see that K(Z,y) — ¢ < liminf Kn(Zn,§n). Simi-
larly, for any z, K(z,§) + ¢ > limsup Kn(Zn, Jn). Now, since limsup > liminf, we
have K(z,§) +¢ > K(%,y) — € for all z and y. Therefore (z, ) is a 2¢-saddle point
for K. By choosing ¢ = Z,y = § we obtain

lim sup I{n(jna ?jn) —e< I\’(jag) < liminf I\’n(a_’m gn) +¢€,

as desired. |

In the remainder of this section we prove our general results concerning “inter-
nal” approximations of minimax problems. By this we mean replacing the problem
of finding a saddle point of K relative to X x ¥ by the problem of finding a saddle
point relative to X, x Yy, where {X,} and {¥} are increasing sequences of subsets
of X and Y respectively. Equivalently, we approximate I by bivariate functionals
of the form

K(z,y) ifeeXpyely

Kp(z,y) = § —00 ifeeXnygYn

+o00 ife g Xpn,y€ Yn.
It doesn’t matter what values we choose for Kp(w,y) whena & X, andy € Y;,. We
start with a somewhat surprising fact: internal approximations always epi/hypo-
converge to something. This is related to the fact (see [3]) that monotone sequences
of bivariate functionals are epi/hypo-convergent. Note however that if neither X,,
nor Y, are constant with respect to n, then the sequence {Kn(z,y)} will not be

monotone for any (z,y).

Proposition 2.3.8. Consider an increasing sequence {X,} of subsets of X. Like-
wise, let {Y,,} be an increasing sequence in Y. Suppose K : X x Y — R and

define
K(z,y) ifze Xp,y€ely
Kp(z,y) = ¢ —o© ife e Xn,yé€ Yy
400 ifa & Xy,

Then K, 7-epi/o-hypo-converges.
Proof. Let (Z,7) be a fixed pair in X x Y. For any choice of U € N, (%), we

see that inf,cy Kn(2,y') is eventually a decreasing sequence for fixed ¢': if ¢ € 17,

then inf ey Kn(2,y’) = oo while U N X, = 0 and decreases as X, increases after
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: id Iy o0 if U n Xn =

Jnf Kn(z,y) = { ~00 fUNXy #0.

Likewise, for any choice of V € N, (%), SUpyev K,(z',y) is eventually increasing for
fixed z': if 2’ € X}, then

» 0 yv_Joo ifn<kandz €Xy,
jg?,[‘"("”y)"{—oo ifn>kand VNY, =0,

and supyey Kn(2',y) is increasing after V NY;, # 0. Thus supyev infreuy Kn(2,y)
is eventually decreasing, whereas infyecy supycv Kn(7,y) is eventually increasing,

SO we may write

limsup sup inf Kp(z,y) = lim sup inf Kn(z,y),
n—oo yeV z€U n—=00 ey z€U

liminf inf sup K,(z,1 hm inf sup KNp(z
n—oo :LEUJE‘I—/)' n( J) !LEU GP/ n( y)

Applying supinf < inf sup twice we obtain first

lim sup sup mf Kn(z,y) < liminf 1nf sup Kn(z,y)

and then (er /ho-Is Kpn)(Z,§) < (he/er-li K)(7,7), as desired. O

We now consider a very special class of bivariate functions. Suppose that
® and ¥ are extended-real-valued functions on X and Y respectively, and that
' X xY — R. Assume that ® and ¥ are (inf-) proper, i.e. neither takes the
value —oo and neither is identically +o00. Suppose {X,} is a sequence of subsets of

X and {Yn} is a sequence of subsets of Y. Define

L if ®(2) =
J(m,y) = { @(1) — \I/(y) ]_"(7; y) othermse,

0o if ®p(z) = o0
®n(z) — Up(y) — ['(z,y) otherwise,

where &, = & + éx,, and ¥, = ¥ + 6y,,. (The function é¢ is that which takes the

value zero on the set C' and the value +oco elsewhere.)

Jn(a:,y) =
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Theorem 2.3.9. Suppose that the pair (Z,¥) satisfies the following hypotheses:
(i) ¥ is o-lower semicontinuous at §;
(i1) T is T x o-lower semicontinuous at (Z,J);

(iii) Xy is increasing and ®(Z) = (er-lim ®,)(%).

Then (er/ho-1s Jn)(Z,9) < J(Z,¥).

Proof. If J(Z,7J) = oo we’re done. Assume then that J(Z,7) < oo, so that
®(Z) < co. We need to show that, for any U € N, (Z) and any a > J(&,7),
there exist V € NM,(§) and n € N so that, whenever v' € V and k > n, one has
Jp(u',v') < o for some v’ € U. Let U € N7(Z) and a > J(Z,§) be given. Choose
ay with J(Z,§) < a1 < a. Since (%) — ¥(7) — I'(Z,9) < o1 and ¥ is o-lower
semicontinuous at §, there exists V) € Ny(7) such that —¥(v) < a1 — ®(Z)—-T'(%,7)
whenever v € V. Also, there exist Va2 € Ny(§) and Uy € N7 (&) so that

a—aiy

2

—P(U,’U) < _F(’ag) +

whenever v € Uj and v € Vo. Let V = Vy NV, and U = U N Ujy. Next, since
Xp is increasing, ®, is decreasing. Hence &, T-epi-converges to ® at z if and
only if, for each U’ € Nr(#) and £ > 0, there exists v’ € U’ with v’ € UX}, and
®(u') < ®(z) + €. Take U' = U and € = (a — «1)/2. Finally, choose n so that
v’ € X,,. Now, whenever v’ € V and k > n, we have
Jp(u',v") = ®p(u') — Up(v') — (o', 0)
< ®(u') — (') - T, v")
a—a - a—a o
L 1 8(2)] + [a1 — (3) + (&, §)} + [—5— — (&, 7)]

= a. O

<[

Corollary 2.3.10. Let J and J, be defined as in (2.3.2), with ®, ¥, T, X, and
Yy, satisfying the following hypotheses:
(i) ® and VU are (inf-) proper functions;
(i1) @ is T-lower semicontinuous and ¥ is o-lower semicontinuous;
(iii) T is 7 x o-continuous;
(iv) {Xn} and {Y,} are increasing with ® = e;-lim @, and ¥ = es-lim ¥,,.

Then J is a closed proper bivariate function with

J=1J>er/hp-lsJp and J < hy/er-liJy.
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Moreover, in the case that dom® is closed, one actually has J < hg/er-li Jpn, so

that J, epi/hypo-converges to J.

Proof. Clearly, J is proper. We see that

_JY xR if ®(z) = oo,
hypo J(z,-) = { (0,®(z)) — epi(¥ + I'(z, -)) otherwise.

Hence hypo J(z,-) is closed for all , so J = cla J. Since J(z,y) = oo if and only if

®(z) = oo, we must have J = clg J. Next, we have

epi J(-,y) = {epi(@ = T(,y)) —(0,%(y)) if ¥(y) < oo,

(dom®) x R if ¥(y) = oo,
so that
caeooy _ Jepi(@ = T(,y)) = (0,%(y)) if ¥(y) < oo,
cl(epi J(-,)) = {cl(domcp) x R if ¥(y) = oo.
Hence
&(z) ~ T(z,y) — T(y) if ¥(y) < oo,
cly J(z,y) = ¢ —o0 if ¥(y) = oo and z € cl(dom P),
00 if 2 ¢ cl(dom @),
so that

—_ if ¢ =
chy J(z,9) = { 3(z) — U(y) - T(z,7) e
By symmetry, we see that cla(cly J) = clp J = J and thus J is closed.

By Theorem 2.3.9, we have J > e;/hs-Is J;, and J < hg/er-1i Jn.

Finally, assume that dom® is closed. Fixz € X andg € Y. If $(7) < o0
then J(Z,9) = J(Z,y). Suppose then that ®(Z) = co. Then U = X\ dom® is a
r-neighborhood of &, so Jp(u,v) = co for all m € N, v € U, and v € Y. Thus
(he/er-1i Jp)(Z,§) = oo = J(Z,¥), which completes the proof. (]

Consider the above theorem and corollary in the situation where X and Y
are normed linear spaces and I' is a biaffine functional which is separately norm-
continuous. Then the hypothesis that I’ be 7 x o-continuous is satisfied if 7 and ¢
are the respective norm topologies. In many circumstances, however, it is necessary
to take o to be the weak topology on Y. In this case, I' will necessarily fail to
be jointly continuous, unless Y is finite-dimensional. On the other hand, it may
well be that T is sequentially T x o-continuous. It is therefore important to have a

sequential version of Theorem 2.3.9.
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Theorem 2.3.11. Suppose that the pair (Z,§) satisfies the following hypotheses:
(i) ¥ is sequentially o-lower semicontinuous at ¥;
(i) T is sequentially T x o-lower semicontinuous at (Z,);
(iii) Xn is increasing and ®(Z) = (seq-er-lim @, )(Z).

Then (seq-er /ho-1s Jn)(Z,7) < J(Z,¥).

Proof. If J(Z,§) = oo, we're done. Assume then that J(Z,§) < oo, so that
®(%) < oo. Suppose {yn} o-converges to g, and fix o > J(Z,y). We need to
find a sequence {z}, T-converging to Z, such that limsup Jn(zn,yn) < a. Choose
a1 € (J(%,7),a). By hypothesis (iii), there is a sequence {xn} converging to Z,
with z, € X,;, such that
a—ai

2

limsup ®(z,) < ®(Z) +

This, along with the sequential lower semicontinuity hypotheses on ¥ and T', allows
us to find a positive integer N so that the following three inequalities hold whenever
n> N:

~U(yn) < a1 — ®(2) + T(Z,7),
o — Q1
:) )

<

—I‘(:Z?n,yn) < —F("ia ?7) +

a— o
2

P(zn) < 2(7) +

Thus, for all n > N, we have
J(zn,yn) = Pn(2n) = Yn(yn) — I(2zn,yn)
< ®(zn) = ¥(yn) — T(2n,yn)

<[8(@) + S5 + o1 — 2(F) + D@ 9] +

a — (1 -

as desired. O

In the next section, we strengthen this result for the case of saddle functions
on reflexive Banach spaces.
4. Mosco Convergence of Saddle Functions

In this section we discuss the notion of Mosco epi/hypo-convergence, which is a

generalization of Mosco epi- and hypo-convergence. Throughout the section, X
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and Y will be reflexive Banach spaces with respective duals X* and Y*. Note that
a saddle function K on X x Y is closed (in the sense of §2.2) with respect to the
strong (norm) topologies on X and Y if and only if it is closed with respect to the
weak topologies. In what follows, s denotes the strong topology and w denotes the
weak topology; no notational distinction is made to indicate which space these refer
to: the context will make it unambiguous.

Let K, and K be closed proper saddle functions on X xY . The sequence K7, is
said to Mosco epi/hypo-converge to K if the following three conditions are satisfied:
(a) The sequence Ky, is upper modulated, i.e. there exists a weakly convergent
sequence {2} in X and a real number r > 0 such that Kn(zn,y) < r(||ly]|+1)
forally € Y and alln € N.

(b) K < seq-hg/ew-li IK,,.

(c) K > seq-es/hy-ls Knp.
We write K = M-e/h-lim K,,. Note that this is actually a convergence of classes. (In
the paper by Attouch, Aze and Wets [1] this form of convergence is called “Mosco
epi/hypo-convergence in the eztended sense”.) The following theorem explains the

use of the name “Mosco” in this situation. Its proof is given by Do [10].

Theorem 2.4.1[10]. Suppose K, and K are closed, proper saddle functions and
let Fr, F and G, G be their respective convex and concave parents. The following
are equivalent:

(i) K»n Mosco epi/hypo-converges to K.

(i1) Fn Mosco epi-converges to F.

(ii1) Gn Mosco hypo-converges to G.

Corollary 2.4.2[10]. Let K, and IV be closed, proper saddle functions, and sup-
pose that Jy, Ly, € [IX n,f,,], Then the following are equivalent:
(1) Kn Mosco epi/hypo-converges to K.
(i1) The sequence K, is upper modulated and
K < seq-hs/ew-li Jp, (2.4.1)
K > seq-es/hy-Is Ly,. (2.4.2)
(iii) The sequence Ky is lower modulated, i.e. there exists a weakly convergent

sequence {yn} in X and a real numberr > 0 such that Kn(z,yn) > —r(||z||+1)
for all v € X,n € N, and the inequalities (2.4.1) and (2.4.2) hold.
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The results of section 2.3 concerning convergence of saddle points and sad-
dle values extend to Mosco epi/hypo-convergence, as illustrated by the following
proposition.

Proposition 2.4.3. Suppose that K = M-e/h-lim K, and that (Zn,¥n) is a saddle
point for K,. If Z, 3 T and §n 3 ¥, then (%,7) is a saddle point for K and the
saddle value for K is

Proof. This is just Theorem 2.3.6(b) using the weak topologies on X and Y for
71 and 01, and the strong topologies for 9 and o3. O

Before turning to internal approximations in the Mosco framework, we first

prove a general convergence result for saddle functions of the form
(2,5) > 8(x) - U(y) - T(=,y).
This is an extension of a similar result proved in Do’s thesis [10].

Propositicn 2.4.4. Let ' : X x Y — R be a continuous biaffine map. Supposc
®,,®: X - R and ¥,,¥ : ¥ — R are proper, lower semicontinuous convex
functions such that ® = M-e-lim®,, and ¥ = M-e-lim¥,,. Let J, and J be any
bivariate functions on X x Y for which
Jn(z,y) = ®n(z) — ¥n(y) — I(z,y) whenever co — oo does not occur, and
J(z,y) = ®(z) — ¥(y) — I'(x,y) whenever co — co does not occur.

Then Jp, and J are equivalent to closed proper saddle functions and .J, Mosco

epi/hypo-converges to J.
Proof. It easy to see that clp J and cly J are given by

if ®(z) = oo,

cly J(z,y) = >
205 Y) = &(2) - ¥(y) ~T(z,y) otherwise,

R e if ¥(y) = oo,
911 J(-’L, 3/) = { (I,(fb) — \I/(y) - P(;p,y) otherwise.

It is clear from these descriptions that cly J and cl; J are both saddle functions,

and that ¢l;(cly J) = cl; J and cly(cly J) = clp J. By the same argument, each J,,
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is equivalent to a closed saddle function. Since I is continuous and biaffine, there
exist a continuous linear map D : X — Y™, elements b € X* and a € Y*, and a

real number ¢ such that
I(z,y) = (Dz,y) + (a,y) + (b, z) +c.
Thus the convex parent of J, can be written as
Fu(z,y*) = @n(z) — (b,z) —c+ SI;p{—‘I’n(y) —(Dz +a,y) — (v*,9)}
= ®p(2) — (b,z) —c+ ¥H(—Dz —a —y*).

The convex parent F' of J has the same form, but without the n subscripts. We
shall show that F = M-e-lim F},. Let (z,y*) be given. There exists a sequence

{zn} strongly converging to a with limsup ®n(zn) < ®(z), since & = M-e-lim &®,,.

Similarly, we can find a sequence {25} in ¥'* converging strongly to z = —Dr—a—y*
with limsup ¥%*(zn) < ¥*(2), since ¥ = M-e-lim ¥, implies ¥* = M-e-lim ¥3,.
Taking yX = —zn — Dzp — a, we see that limsup Fu(wn,y5) < F(2,y*). Hence

es-ls F, < F. Now suppose that {(z,y};)} converges weakly to (z,y*). Then, for
any subsequence {®n, }, we have lim sup &, (z1) = ®(a), by Mosco epi-convergence
of the ®,. Similarly, since ¥ = M-e-lim ¥,, implies ¥* = M-e-lim ¥}, we have
limsup ¥n (~y; —a— Dz}) > ¥(—y* — a — Dz) so liminf Fy (zg, y);) 2 F(z,y*),
i.e. seq-ew-li Fy, > F. O

In order to apply the above proposition to internal approximations for saddle

functions, we need some general criteria for the epi-convergence of internal approx-

imations for univariate functions. This is furnished by the next result.

Proposition 2.4.5. Suppose that ® is a proper, lower semicontinuous convex func-
tion on X, and that C' = M-lim Cy, where each C, is a nonemtpy closed convex set
in X. Then ® + é¢,, Mosco epi-converges to ® + éc if and only if for every v € C

there exist &, 3« such that xn € Cy and limsup ®(z,) < @(a).

Proof. Define &, = ® + éc,,. Given x, we shall consider the following three
statements:
(*) There exist an 37z with z, € Cp and limsup ®(zn) < O(2).

(i) There exist an 3 & with limsup @, (2n) < ®(2).
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(ii) If 1 3 z, then liminf &, (zr) > ®(z) for any subsequence {®5; } of {®n}.
Clearly, ® = M-e-lim ®,, if and only if (i) and (ii) hold for every z. First we claim
that the hypotheses that @ is closed and that C = M-lim Cy, imply condition (ii).
Suppose zn 3 = and let {®n,} be a subsequence of {®n}. If z ¢ C then there
exists k' such that z1 ¢ Cn, whenever k > k' (otherwise, there would be z,,, 7 =
with zp,, € Cn; ,s0z € C = M-limCy). Thus ®p,(z}) = oo for all k > ¥/,
so (ii) bolds. If z € C then we need only look at the subsequence {z},, } where
Thy, € anm (if no such subsequence exists then liminf @, (z}) = oo, and (ii)

holds trivially). Thus we have
liminf @, (1) 2 liminf (I)"km(mkm) = liminf ®(xy,,,) = ®(z),

by the lower semicontinuity of ®.

Notice that (i) is trivially satisfied if ¢ ¢ C. Since the hypotheses imply (ii),
it remains to show that (i) and (*) are equivalent when z € C. Clearly, (*) implies
(i). Suppose (i) is satisfied at # € C. Then there exist T, g?2 with xn € Cp. If
®&(z) < oo, then only finitely many of the Z, € Cp, so we may replace these by
elements in the Cp. If we denote the new sequence by {zr}, then we see that (*)

holds. O

The basic result on internal approximations for saddle functions of the form
(z,y) — ®(z) — ¥(y) — I'(z,y) may now be stated as a corollary of the above
two propositions. It can be seen as an extension of Theorem 2.3.11 to Mosco
epi/hypo-convergence, and represents the underlying theme of the proofs of the

main approximation theorems in Chapters 3 and 4.

Corollary 2.4.6. Suppose that ® : X — R and ¥ : Y — R are proper, lower
semicontinuous convex functions and that I' : X x Y — R is a continuous biaffine
functional. Suppose {X,} and {Y,} are increasing sequences of closed convex sets
in X and Y respectively, which satisfy
(i) For every = € X there exists a sequence {xn} converging strongly to x for
which z, € Xy, and limsup ®(z,) < ®(z);
(ii) For every y € Y there exists a sequence {yn} converging strongly to y for

which yn € Yy and limsup ¥(yn) < ¥(y).



If we define

J(z,y) = {@(x) —U(y) — T(z,y) otherwise;oo

J(a:,y) ifmeXn,ern,
In(z,y) = ¢ —o0 ifz € Xn,y ¢ Y,
fo's) ifx & Xn,

then J and J,, are closed proper saddle functions and J = M-e/h-lim J,,.

Proof. Define &, = ® + éx,, and ¥, = ¥ + éy,,. It is easy to show that
an increasing sequence of convex sets Mosco converges to the closure of its union.
Since (i) implies that X C s-liminf X,,, we see that X = M-lim X,,. Similarly,
(ii) implies that ¥ = M-limY5. In view of Proposition 2.4.5, ® = M-e-lim ®,, and
¥ = M-e-lim ¥, so Proposition 2.4.4 tells us that J and Jj, are closed proper saddle
functions and J = M-e/h-lim Jj,. O



Chapter 3. Applications in Optimal Control

1. Linear-quadratic Models

In this section we present a model in (continuous-time) optimal control, list some
duality results, and describe an approximation scheme which gives rise to a discrete-
time optimal control problem. The development of the duality theory itself is due
to Rockafellar [27], [28]. The problem we consider has a piecewise linear-quadratic
formulation. The extension to models with nonquadratic objective functions is

treated in the next section. The problem we shall be working with is the following:
(Ph)
minimize the functional
4
F(u,ue) = ftol [pt cug + %ut - Piug — ¢yt + 'thaQt(qt — Dyuy — Ct:l:t)]dt
+ Pe * Ue + %Ue » Peue — ce * Ty + ﬂVe,Qe(Qe — Deue — Cemtl)
over the control space
Ut = {(u,ue) € [,}v, X Rke|ut € U a.e., ue € Ue}
with the dynamics given by

2y = Azt + Biug + by ae., Tty = Beue + be.

The dual problem to (P1) will be
(eh
maximize the functional
t
G(v,ve) = fytlae - ve — 3ot - Qv — by - y1 — pu,, p,(Dive + Biye — po)ldt
+ e " Ve — 3V - QeVe — be - Yty — pUe, Pe(Dive + Beyty — pe)
over the control space
V= {(v,ve) € £} x Rlejog € V; ace., ve € Vi)
with the dynamics given by

— gt =Ajy+Clvitecrae, yy; =Cive+ce.

We assume that the data elements py, gz, Py, Qt, U, Vi, A¢, By, by, Cy, ¢y, Dy are
all continuous with respect to ¢ € [tg,#1]. In addition, the matrices Py, Pe, Q; and
Qe are symmetric, positive semidefinite, and the sets V4, Ve, U; and U, are assumed

to be polyhedral convex.
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In addition to the problems (P!) and (Q'), we shall consider the problems
(P") and (Q") (for 7 € [1,0]) given by replacing the spaces 4! and V! by

U™ = {(u,ue) € LY, x Rke|ut € Uy a.e., ue € Ue}
and

V' = {(v,ve) € L] X Rle|vt € Vi a.e., ve € Vel

The expression py, g, (s) represents a piecewise linear-quadratic function on
R/, given explicitly by

1
PV;,Q(s) = sup {s vt — svt - Quur}.
UtEVt pA
Its effective domain
Ly = {s € R'|py,q,(s) < 0}

is a nonempty convex polyhedron that can be decompo'sed into finitely many poly-

hedral convex sets, on each of which PV,,Q 18 quadratic or linear.

Proposition 3.1.1 [27]. The map (t,s) = py, @,(s) is lower semicontinuous jointly

int and s. The effective domain
Li={s¢ RI[th,Qt(s) < 00}

depends lower semicontinuously on t.

The same is true for (t,7) = py, p,(r) and its effective domain
Ki={re Rk|PUt,Pt(7‘) < 00}.

The duality theory for these problems has been developed by Rockafellar [27].
Theorems 3.1.2 through 3.1.6 give the main results concerning this duality. We state
these without proof: analogous results will be obtained for the stochastic problems

in Chapter 4, and the proofs given there are similar to those needed here.

Thecrem 3.1.2 [27]. For eachr € [1,00], U" is a (nonempty) closed convex subset
of L], x R*e and F is well defined, lower semicontinuous and convex on L}, X Rke,

with values that are finite or co.
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Similarly, V" is a (nonempty) closed convex subset of L] X R'e and G is well
l

defined, upper semicontinuous and concave, with values that are finite or —oo.

The duality between (P) and (Q) may be demonstrated through the introduc-

tion of an appropriate bivariate function. We define this by
t
T (u,ue;v,ve) = ftol Ji(ug,ve)dt + Je(ue,ve) — ¥(u, ue; v, ve)

where

1
Ji(ut,ve) = pr - ug + sue - Poug — vg - Dywg + qi - v — vt - Quo,

Je('lle, 'Ue) = 1)6 M 'lle + %‘Ue M PeUe - Ue M .DeUe + qe ¢ ve - %ve ¢ Qeve,
and

Y(u, ue; v,ve) = fttol?/t - (Biug + be)dt + Yo ° (Bete + be)
= fttol z¢ - (Cfvg + ct)dt + x1p - (Cove + ce).

In evaluating the integrals defining J we use the convention that co — oo = co: this
is the same as requiring J(u,v) = oo if and only if J¢(us,v¢) is not majorized by

any integrable function.

Theorem 3.1.3 [27]. Consider r,r’ € [1,00]. The problems(P") and (Q"l) are the
primal and dual problems associated with the problem of finding a saddle point of
J onlU™ x V' In fact, we have

F(u,ue)= sup  J(u,ue;v,ve) = sup  J(u,ue;v,ve)
(v,ve)evrl (v,ve)eV>®
and
Gv,ve) = inf J(w,ueiv,ve) = inf  T(u,ue;v,ve).
9 ) (u,Ue)Eur 3 ey Yy e) (u,ue)eu°° ( ) s Uy 6)

The following is a direct consequence of Theorem 3.1.3. (In this dissertation, we
write “min” to indicate an infimum which is actually attained; similarly, “max” is

used to denote a supremum that is attained.)
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Proposition 3.1.4 (Weak Duality). For r,r' € [1,00] with r < ¢/, it is always
true that inf(’P",) > inf(P") > sup(Q") > sup(Q"l). Moreover, for any s € [1, 0],
(@, @e; D, Ve) is a saddle point of J over U™ x V¥ if and only if (@,%.) solves (P"),

(9, Te) solves (Q°) and

min(P") = max(Q®) (finite).

In order to obtain strong duality results, i.e. the existence of saddle points,
we need to impose some sort of “finiteness” conditions. We say that the primal
finiteness condition is satisfied if py, @,(+) and py, Q¢ () are finite everywhere. Sim-
ilarly, the dual finiteness condition is satisfied if py, p,(-) and py,, p.(*) are finite
everywhere. These conditions are satisfied in the case where Uy, Ue, Vi, Ve are all
bounded. They would also be satisfied in the case where the matrices Py, Pe, Qt, Qe

are all positive definite.

Theorem 3.1.5 (Strong Duality) [27],(28]. If the primal finiteness condition is
satisfied, then
inf(P!) = max(Q') < oo;

likewise, if the dual finiteness condition is satisfied, then
min(P!) = sup(Q!) > —oo.

If both conditions are satisfied, then, for all r,»' € [1,00], solutions exist to both
(P7) and (Q"’), and
min(P") = max( er) finite.

Furthermore, when both finiteness conditions hold, every optimal solution (i, )
of (P") in fact has @ € L™, whereas each optimal solution of (v, %) of (Q"/) has
v € L.

The following result says that the saddle point condition actually “decomposes”

with respect to time.

Theorem 3.1.6 (Minimaximum Principle) {27]. Consider r,s € [1,00]. For the
control pair (@, ie; ¥, 0e) to be a saddle point for J on U™ x V?, it is necessary and

sufficient for the following three conditions to hold:



(i) ¢ and v are in L}, and L} respectively (with trajéctories ; and fj;).
(i1) (ay, ) is a saddle point over Uy x V; for
Ji(ug,vt) — ut - Bf§y — vy - Cyy.
(iil) (Ze,®e) is a saddle point over Ue x V; for

Je(te,Ve) — Ue - B;‘gto — Ve Ce:Etl.

We now introduce an approximation scheme for finding a saddle point of J
on U™ x V. The idea is to approximate the controls by feasible step functions on
[to,?1]- Clearly, it is possible that either " or Ve may not contain any step func-
tions at all. For this reason we shall make the assumption that the multifunctions
Ut and V; are constant. In what follows, this assumption could actually be relaxed
somewhat. For example, we could just as well assume that U; = WiU + w; and
Vi = ZiV + 21, where Wy, wy, Zt, 24 are continuous with respect to t, and the sets U
and V are fixed convex polyhedrons. It can also be shown that a similar procedure

can be applied if the graphs of U; and V; are convex in R*¥ x R and R! x R..

Let m = (to = ap < a1 < ... < ap = t1) be a partition of the interval [t0, t1].
Consider the following subsets of 4*° and V°:

Ur = {(u,ue) € U |uy is constant a.e. on [ar—1,ar] for 7 =0,...,T}

)

Vi = {(v,ve) € V*°|v; is constant a.e. on [ar—1,ar] for 7 =0,...,T}.

The approximate problem is
(Sx) find a saddle point of J relative to Uy x V.

This is clearly a finite-dimensional problem. As we shall see below, this problem
can be reformulated as a problem of discrete-time optimal control. But first we
show that this is in some sense an approximation for the original problem. Our

main theorem for this section is the following.

Theorem 3.1.7. Let {m, : v € N} be an increasing sequence of partitions of [y, 1]
with |a; — a;4+1| — 0 uniformly in i as v — 0. Define

T (u,ue;v,ve)  if (u,ue) € Uy, (v,ve) € Vi,
jll(uaue;vave) = —~00 if (U,Ue) € uﬂ'z/a (U,Ue) ¢ V?TIH
00 if (u,ue) € Ur,,.
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For any r,r' € [2,00), the approximating sequence J,, Mosco-epi/hypo-converges to
y g

T over (L}, x RFe) x (£} x Rle),

In the statement of this theorem, J refers to the same function as before,
except that we now extend it to (L} x RFe) x (L} x R'e) by defining it to be
—oo if (u,ue) € UL but (v,ve) € V1, and to be oo if (u,ue) € UL, Clearly this
gives rise to the same minimax problem, but allows us to view it in terms of the
concepts in Chapter 2. Note that under the primal and dual finiteness conditions,
all saddle points are essentially bounded (see Theorem 3.1.5) and so the restriction
to £2 in the above theorem is not quite so restrictive as it may appear. To prove
Theorem 3.1.7, we will use a couple of basic facts about constrained approximation
of measurable functions by simple functions and step functions. Since these facts
will be used in several different contexts within this paper, we state them explicitly
as lemmas. The proofs are typical of those in elementary measure theory, so we

omit them.

Lemma 3.1.8. Supposel < p < o0o. Consider f € ﬁs(Q,A,;L) and a closed convex
set M C R%. If f(w) € M a.e. [p], then there is a sequence {f,} of simple integrable
functions satisfying:

(1) fu(w) € M for all w € Q.

(i) 1fo(w)] < 1f(@)] ae. ]

(i) fu — f a.e. [y].

(iv) fo — f in LE(Q, 4, p).

Lemma 3.1.9. Let (Q, A, ) be a finite measure space with A = o(F), where F
is a field on Q. Let p € [1,00). Suppose that ¢ : R - R. If f : @ —» R is an
A-simple function, then, for any ¢ > 0, there exists an F-simple function f with

the same range as f for which ||f — f]|, < ¢ and
m{w € Qe(f(w)) > p(f(w))} <e.

Proof of Theorem 3.1.7. We shall prove the theorem for the special case where
ke =le = 0 and be = ¢¢ = 0: the proof of the general case is similar. In what follows,
we use p¢(uq) to denote py - ug+ %ut - Pyug and v¢(vt) to denote —qz - vy + %vt - Quug.
Foru € £}, and v € L',r’, define

B(u) = fileu(ur)dt + byr(u), T(v) = Sl be(vi)dt +8 0 (v),
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and
3
T(u,v) = fto v¢ - Dyugdt + v(u,v).

Then, for all (u,v) € £}, X ,C"’, we have

_foo if ®(u) = oo,
J(u,v) = { ®(u) — ¥(v) — I‘(u,v) ot‘.herwise.oo

Also, we introduce the (finite-dimensional) sets

X, = {u € L}|us is measurable relative to 7, }
and

oo .
Y, = {v € L] |vt is measurable relative to m},

so that Uy, = X, NU™ and Vyr, =Y, N V’,.

We shall show that ®,¥,T', X, and Y, satisfy the hypotheses for Corollary
2.4.6, thereby obtaining the stated Mosco convergence. It is clear that ® and ¥ are
proper, lower semicontinuous, convex functions, and that I is a (norm) continuous
biaffine functional. Fix @ € L],. Suppose (@) = co. Then limsup ®(u") < ®(u) for
any sequence converging (in norm) to @; there exists such a sequence with u” € X,
since UX,, is dense in £}. Assume then that ®(#) < co. Then 2 € U". By Lemma
3.1.8, there exists a sequence @™ of simple functions, with @ € U for all ¢ € [to, 1],
such that ||@¢™ — @|l, — 0 as m — oo. For each m € N, there exists, by Lemma
3.1.9, 4™ which is measurable with respect to one of the partitions m,, has the
same range as %™, and has ||¢™ — u™||; < 1/m. Thus, «™ converges (in norm)

to 4. Since u™ € U", we have ®(u™) = f,tol i(uf®)dt — ®(u), because the map

u — fti)l wt(ug)dt is continuous on L} (for r > 2). Choose vm so that u™ € Xy,
and so that v;m < vme1. We now define a sequence {@”} such that ¥ € X,
@ — @||» — 0 and limsup &(@*) < &(@). If 1 = 1, set @' = ul; otherwise,
choose @! to be an arbitrary element of X; and set @¥ = @! forv =2,...,v — L.
For v = vm,...,Vm—1 set @ = u™. Thus condition (i) of Corollary 2.4.6 holds.
A similar argument shows that condition (ii) is also satisfied. We have therefore

demonstrated the desired Mosco epi/hypo-convergence. O

Theorem 3.1.7 allows us to say something about the approximation of saddle

points and saddle values. Suppose (@”,u%;9Y,3Y) is a saddle point for J¥. If, for
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a some r € [2,00), we can guarantee that (@”,u.;9",0;) converges in the weak
topology on L7, then Proposition 2.4.3 tells us that the limit is a saddle point
for J relative to (L], X RFe) x (L] % Rle). (It is also a saddle point relative
to (LL x Rke) x (£} x R'e), by Proposition 3.1.4.) Note that for (&, e;,e)
to be a saddle point, it is sufficient to show that the sequence of approximates
merely clusters (weakly) at (i, @ie; U, 0e). This clustering is guaranteed, for example,
when the sets Uy, V; are bounded for all ¢ (and therefore uniformly bounded, by
continuity), or more generally if U; € a;By, and V; € B, for some L2 functions o
and g.

In view of these remarks, it would be desirable to have epi/hypo-convergence
with respect to the weakest possible topology in which convergence of controls
implies uniform convergence of trajectories. The weakest topology that we have
available here is the ordinary weak topology w(£!,£%®) on L£!. The proof of the
theorem above doesn’t extend directly to this case: the map (u,v) — fttol vy + Dywydt
is not necessarily a continuous bilinear functional on ./.',,1c X Ell. In addition, the func-
tionals u — fttol %ut - Pyugdt and v — fttol %vt - Q¢vedt are unlikely to be continuous.
Of course, £ is also nonreflexive, so Mosco convergence doesn’t make sense. How-
ever, there is an important case where at least the continuity difficulties disappear,
namely, the case where P;,Q; and D; are the zero matrices for all £. This is the

case treated by our next result.

Theorem 3.1.10. Let {m, : v € N} be an increasing sequence of partitions of
[to,¢1] with |a; — aj+1| — O uniformly in ¢ as v — 0. Define J, as in the statement
of Theorem 3.1.7. Suppose that Py =0, Q; = 0 and D¢ = 0 for all t € [tg,t1]. Then
for any (@, @e; ¥, 9e) € (L}, X RFe) x (L} x R'e), one has

SeQ'es/h.w"ls j,/('l_l, ﬁe; '(_J, 'l_)e) _<_ J('l_t, 'l._le; 'l_j, 'l—ie) (3 1 1)

< seq-hg/ew-1i T, (1, @e; B, Ve),
where s denotes the norm topology on £! and w denotes the weak topology on cr.

Proof. We shall prove the theorem for the special case where k, = l¢ = 0 and

be = ce = 0: the proof of the general case is similar. For u € E,I», and v € [,11, define

(u) = fylpe - widt + 8, (u) and (o) = [ilgs - vedt + 8,1 (v)
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Then, for all (u,v) € L} x L}, we have

oo if ®(u) = oo,
J(u,v) = { ®(u) — ¥(v) — v(u,v) otherwise.

Also, we introduce the (finite-dimensional) sets

X,={ue ,C}clut is measurable relative to 7, }
and

Yo={ve [,11|vt is measurable relative to 7, },

so that U, = X, N U! and Ve, =Y, N vi.

Fix (4,5) € £} x £}. Let ®,(u) = ®(u) + 6x, = filwi(us)dt + b4y, In the
proof of Theorem 3.1.7, we showed Mosco epi-convergence of the {®,} to & (in the
reflexive setting). A similar argument here gives ®(u) = (seg-es-lim @, )(@). Also,
V¥ is lower semicontinuous on Cll with respect to the norm topology, and thus with
respect to the weak topology. It is also clear that « is sequentially s x w-continuous.
Therefore the hypotheses of Theorem 2.3.11 are satisfied at (&, ), so the left-hand
inequality in (3.1.1) is valid. By similar reasoning, we may apply Theorem 2.3.11

to obtain J (i, 7) < seq-hs/ewqo-li Ty (i, 7), where

_ —00 lf \I’(U) = 00,
J(u,v) = { ®(u) — U(v) — y(u,v) otherwise.

(Actually, we apply Theorem 2.3.11 to J and the function

— i o =
Jv(u,v) = { @:,)?u) — U, (v) — v(u,v) gtlfe';'s:i)se, -
and then use the inequality J, < Jy.) Thus, the right-hand inequality in (3.1.1)
holds if either @ € U! or 5 € V!, since then we have J(4,7) = J(4,?). It remains
to show that the right-hand inequality in (3.1.1) is valid when we have both @ ¢ U!
and 7 ¢ V1. Note that U! is weakly closed. Thus the complement W of ¢! in L} is
a weak neighborhood of @ such that ®,(u) = ®(u) = oo for all u € W and for all v.
Hence, Ju(u”,v") = oo eventually whenever {u”} converges weakly to @ and {v”}
norm-converges to 9. Therefore, we have (seq-hs/ew-1i J,)(@,7) = 00 = J(u,v),

which completes the proof. O
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We now describe how the approximate problem of finding a saddle point of J
over Ux X Vr leads to a pair of optimal control problems in discrete time which are
dual to each other. To simplify the discussion, we shall assume that 5 = 0 and
t1 = 1, and also that D, = 0. Furthermore, we will work only with the special case

where the given partition is = = (0, %v, vyl — 71-', 1). It will be clear how to extend
the process to the general case.

Let A be the fundamental matrix for the homogeneous differential equation

&t = Agxy, i.e. the R™®*™-valued function on [0, 1] which satisfies
Ay =AMy, Ag=1
Then the unique solution to the initial-value problem
&y = Atzy + Biug + bt ae., z9 = Beue + be
is given by
zt = Ag [Beue + be + /Ot A;l(Bsu.s + bs)ds] ) (3.1.2)

Now suppose that u; is constant on ((r — 1)/T,7/T)] for each r = 0,...,T. Using
(3.1.2) we can write

(r-1)/T 1
m(r—l)/T = A('r—l)/T L0 +‘/(; 'As (Bsus +bs)ds ’
/T

/7 = Ay [T0 + A A7 (Bsus + bs)ds | -

We can combine these two equations to get the following representation for z, /T

/T

Tr)T = [Ar/T-A(_Tl_l)/T] T(r-1)/T + [/( .A.,./T.AS—IBst

7-1)/T /T

+

/T 1
A, p ATl
/(r—l)/T [T

This formula leads us to introduce a discrete-time control system with time periods

T =0,...,T, controls @, = Ur /T and states T, = Ty /T The evolution of this
system is described by

:‘Ef =A1‘i"1--—1 +BT’aT+ET’ T = 1""’T
& = Boiig + bo,
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where we define

Ar = Ay Ay

. /T

B, = / A jp A7 Bsds, for r=1,...,T
(r-1)/T

BO = Be,

. /T

br = / .A,./T.Ag'lbsds, forr=1,...,T
(r=-1)/T

50 = be.

In a similar fashion, for a vy which is constant on each [(r — 1)/T,7/T), we can

introduce a dual control system:
Jr = Atjra1 + Ctor + 6, 7=T,...,1
Jr+1 = Cpy10141 + 741,

where we define

/T
5 -1 R
CT = /( CSAS.A(T_I)/TdS, fOl T = 1, ey T

T—1)/T
C'T‘*‘l = C€7
/T N
- -1 . B
er = Ar_l)/T ( (T—l)/T) Ascsd87 for T = 1,. .. ,T
ET41 = Ce-

For (u,ue; v, ve) € Ur X Vi we can reexpress the value of J(u,ue; v, ve) in terms

of the corresponding (4, v) as follows:

J(uaue;v’ve) = ._7(’1‘1,'5)
T -~
= Z[ﬁr “tr + %ﬁ'r * Priiy — 97 - Drtir — %67 cQrir + Gr - Or — dr]
=1
+ Po - @ip + §iio - Podlo + Gra1 - 741 — 30741 - Qra19ry1 — (4, 9),

T+1
¥(@,5) = Z er_1(C¥or + &)
T=1
T -~
= Z ?/7'+1(B‘r'(~"r + bf).

7=0



The new coefficients for this functional are given by

. /T
P-r=/ Pdt, forr=1,...,T

(r—1)/T
PO = Pe,
. /T
Qr=/ Qidt, forr=1,...,T
(r=-1)/T
QT+1 = Qe’

/T t *
Pr = / Pt — / .A;lBscls Afci| dt, forr=1,...,T
(r-1)/T (r-1)/T

D0 = De,

q~T+1 = e,

/T [ 4
g,.—_—/ gt — CiAg (/ .As_lbsds>] dt, forr=1,...,T
(r=1)/T | (r-1)/T

/T t

/ Dy + CiAg (/ .As_lBsds>
(r=1)/T | (r-1)/T
/T i /T

/ .Dt + (/ CsAst) A;lBt] (lt,
(r—-1)/T | t

/T t
/ (Afcr)- / A;lbsds) it
(r-1)/T (r-1)/T

/T /T
_ / / Afcsds | - A7 byt
(r=-1)/T t

D, dt

il

dr
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Clearly J is a finite-valued saddle function on (Rke x RFT) (RI'T x Rle). 1f

restricted to the constraints for (P) and (Q) it gives rise to to the following primal

and dual problems

(P) minimize F(4) = sup J(@,5) overallie Ue x (ﬁ U)
vev =1
and
. y 5 T
(Q) maximize G(9)= 13161{, J(@,0) overallde (H V) x Ve.

T=1
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We see that F' is convex, while G is concave. Both are piecewise linear-quadratic

functions as can be seen from the following representations:

T
F(a) =Y [pr - itr + ¥iir - Prity — & - &r—1 + pv;, @, (& — Driir — Cr&r—1) = dr]

=1

. o~ 1~ = . - - ~ ~ .
+ po - o + 3o - Potio — 41 - &7 + PV 4,Qpyq (G741 — CT418T),

T
é(z")) = Z[QT " Ur — %57 “QrVr —br - Gry1 - PUr,Pr(D:-f’r + BIjr+1 — pr) — dr]

=1

+ G741 0741 — 39741 - QT410741 — bo - 1 + Uy, Py(Bod1 — Po)-

The duality theory for such discrete-time control problems has been developed by
Rockafellar and Wets [35]. One of the interesting facts about these problems is
that they can be reformulated as quadratic programs, and therefore could be solved
by existing numerical routines if the dimension T is not too large. However, when
the problems arise from the discretization of a continuous-time problem: (as they
do here), it is likely that the dimension T will be quite large, and the number of
variables could easily exceed the capabilities of ordinary quadratic programming
routines. On the other hand, these problems have a very special structure which
allows the application of various “decomposition” techniques. One example of such
a technique is the finite envelope method, which also has been studied recently
by Rockafellar and Wets. A computer implementation for solving problems (P)
and (Q) via this method has been developed by the author [39]; the code has
been used by Zhu and Rockafellar [40] as the basis for their numerical experiments
in solving large-scale optimization problems. An overview of the finite envelope
method is given in Chapter 5, along with some convergence results and details of

its implementation for solving problems like (P).

A drawback to using the discretization described in this section is the compu-
tational (and numerical) burden of calculating the integrals defining the coefficients
for the discrete-time problem, in addition to the calculation of the fundamental
matrix A. A computationally simpler scheme using finite differences is examined
in section 3 of this chapter, where we explore (from a variational point of view) its

relationship to the discretization used here.
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2. Nonquadratic Models

In this section we will extend the approximation results of the previous section to
a more general class of nonquadratic models in optimal control. As before, the
approximation scheme gives rise to a discrete-time optimal control problem. The
problem we shall consider is the following:

minimize the functional
F(u,ue) = fttol [Pt - ut + @e(ue) — et - 24 + 7 (gt — Dyug — Cyay))dt
(P + Pe - te + pe(tte) — ce - Tty + ¥z (e — Dette — Cety)
over the control space Y! = Ei_ X Rke, with the dynamics given by

Ty = Agay + Biuy + b ace., Tty = Beue + be.
The dual problem to (P1) will be

maximize the functional
G(v,ve) = fydlac - ve = Yu(ve) = b1 - yo — o} (Dfor + Byt — po)}t
(Ql) + ge * ve — Ye(vt) — be - Yty — pe(Deve + Beyty — pe)
over the control space V! = £,1 x R’ with the dynamics given by
-yt = Afyt + Cfvg + ¢1 ae,, Y, = Clve + ce.
As before, we shall also work with the problems (P") and (Q") (for r € [1,c])
given by replacing the spaces ! and V! by Y™ = Ly, x RFe and V" = L] x Rle.

The functions ¢y, ¥y (for each t € [tg,#1]) and e and . are assumed to
be proper, lower semicontinuous convex functions, with ¢ and ; varying epi-
continuously with ¢. We also assume that the data elements py, ¢, As, By, by, Ci,
ct, Dt are all continuous with respect to t € {tg,t1]. In addition, we shall impose

the following finiteness assumption:
The functions ¢}, %}, p%,¥; are assumed to be finite everywhere.

Equivalently, the functions ¢y, 11, e, the are assumed to be coercive. (An extended-
real-valued function k& on R is said to be coercive if lim |y 00 A(w)/|w] = co. For
example, I is coercive if the effective domain of & is bounded. Also, strong convexity
implies coercivity.)
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It is readily seen that these problems are more general than those treated in
section 3.1. Specifically, the previous situation is the case where we have
ei(ug) = %ut - Prus + 6Ut(ut), ve(Ue) = %ue - Peue + 6y, (ue),
pi(ve) = Svr - Quug + 6y, (v1),  We(ve) = Sve - Qeve + v, (ve).
In this case, the finiteness assumption given above corresponds to the conjunction
of the primal and dual finiteness conditions of the previous section.

Instead of approximating the problems (P") and (Q") directly, we will work
with a corresponding minimax representation for optimality. To this end, we intro-

duce the functional

t
J(us Ue; vave) = ftol Jt(ut,vt)dt + Je(ue,ve) - ’Y(U,Ue; U,UG),

where
[ if py(ug) = oo,
Ji(ut,ve) = {Pt cug + @p(ug) — vy - Dyug + q¢ - ve — Pe(ve)  otherwise,
Je(ue,ve) = 4 &° i pelue) = o
ETO T pe - e + pc(ue) — ve - Dette + e - ve — the(ve) otherwise,
and

7(U,Ue; 'U,'Ue) = fti)l Yt - (BtUt + bt)dt + ytO . (Beue + be)dt
14
= ftol Tt (C;vt + Ct)dt + Ty (C;'Ue + Ce)-

To avoid ambiguity, we use the convention here that co—oco = co. This is used twice:
first in evaluating the integrals, and then in adding the integrals to Je(ue,ve). The
expression fttol Ji(ug, v)dt is taken to be oo if and only if J¢(w¢,vs) is not majorized
by any integrable function; it is taken to be —oo if and only if .J;(u¢, v¢) is majorized
by an integrable function but not minorized by an integrable function. Of course,

the term vy(u, ue; v, ve) is always finite.

A theory of duality for problems (P") and (Q"l) (via the functional J) was
developed recently by Rockafellar [31]. The next three theorems give a summary
of the facts that are most relevant to our purpose here. Basically, they say that
the strong duality of the previous section extends to these more general problems.
However, the arguments given by Rockafellar in deriving these results (including the
properness of the functionals F' and G) depend heavily on the finiteness assumption

made earlier in this section.
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Theorem 3.2.1 [31]. Consider r,r' € {1,00]. The functional F is (inf-)proper,
lower semicontinuous and convex on U", whereas G is (sup-)proper, upper semicon-
tinuous and concave on U . The problems (P") and (Q"l) are the primal and dual
problems associated with the problem of finding a saddle point of J on U" x Vr,,

ie.

Flu,ue) = sup  J(u,ue;v,ve) and G(v,ve) = inf  J(u,ue;v,ve).
(U,ve)GVT' w,ue)EUT

Theorem 3.2.2 [31]. Considerr,r’ € [1,00]. The problemsP" and Q" both admit

optimal solutions, and
min(P") = ma,x(Q"l) (finite).

A pair (1, ie; 0, De) is a saddle point of J over U x V' if and only if (@, ) solves
(P™), (v,0e) solves (Q"I). Furthermore, any optimal solution of (P") is actually in

U, and any optimal solution of(Q",) is actually in V°°.

Theorem 3.2.3 (Minimaximum Principle) {31]. Consider r,r’ € [1,00]. For the
control pair (@, ie; U, Be) to be a saddle point for J on U™ X V"’, it is necessary and
sufficient for the following three conditions to hold:
(i) @t and 9y are in L, and C;'I respectively (with trajectories T; and i ).
(i) (@y, ) is a saddle point over Uy x Vy for
Je(ug,ve) — ug - Bf g — ve - Cyy.
(i11) (e, e) iIs a saddle point over Ue x Ve for

Je(te,ve) — e - Bzyto —ve - CeZty -

Theorems 3.2.1 and 3.2.2 tell us that, in the search for solutions to problems

!
(P") and (Q" ), we need only consider the problem of finding a saddle point of J
over U™ x V°. Indeed, in applications it is often more natural to restrict attention

to essentially bounded controls anyway.

. . L .
Even so, we still need to work with the larger spaces U™ and V" in our dis-
cussion of approximations. The results we give are of the epi/hypo-convergence
variety. Thus, any cluster point of a sequence of solutions to the approximate prob-

lems will solve the original problem. The difficulty in applying such a result is
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that of establishing whether the approximate solutions actually cluster at all. Of
course, clustering is more likely in a weaker topology than in a stronger one. Thus
the sharpest result is that which guarantees epi/hypo-convergence relative to the
weakest topology available. On the other hand, many applications require that the
trajectories corresponding to approximate controls converge uniformly (or cluster
in the uniform norm) to an optimal trajectory. This requires working with the weak

topologies for L™ on the controls.

We will use the same approximation scheme as in section 1, namely approxi-
mation of controls by (feasible) step functions. Of course, there might not be any
feasible step functions, so our hypotheses will typically require the domains dom ¢y
and dom1; to be constant with respect to ¢. Note, however, that this does not

necessarily restrict ¢ and v¥; from varying with .
Let # = (to = agp < @1 < ... < ap = t1) be a partition of the interval [to, t1].
Consider the following subsets of 4> and V°:
Ur = {(u,ue) € U™ |uy is constant a.e. on [ar_1,ar) for 7 =0,.. T},
Vr = {(v,ve) € V*®°|vy is constant a.e. on [ar—1,ar] for 7=0,...,T}.

The approximate problem is
(S») find a saddle point of J relative to Ux X Vr.

This is a finite-dimensional problem, and we shall show that it can be restated as
a problem of discrete-time optimal control. First we give our epi/hypo-convergence
results.
Let {m, : » € N} be an increasing sequence of partitions of [to,#1] such that
|a; — aj41]| — 0 uniformly in ¢ as v — 0. Define
T (u,ue;v,ve) if (u,ue) € Uny, (v,ve) € Vry,,
Ju(u,ue;v,ve) = ¢ —00 if (v, ue) € Ury,,(v,ve) & Vay,
00 if (u,ue) € Uny.
The following theorems will be concerned with this sequence of problems. In addi-

tion, the theorems will make use of the following condition on 7,7’ € [1,00):

t .
The map (u,v) — [ 01 vy - Dyugdt defines a (norm-) continuous

bilinear functional on L, x LZ}'I. (3.2.1)
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This condition is satisfied if » > #'/(r' — 1) (or equivalently, if »' > r/(r — 1)), in
which case L}, C (C}" )* and ,C;'I C (L})*. If D =0, then the condition is satisfied
for any choice of r,7' € [1, 00).

Our first result applies to problems where ¢; has the form @ + 6y and 4 has
the form 1; + 8y, where we require that @; and v, are finite-valued.

Theorem 3.2.4. Consider r,7’ € [1,00) satisfying condition (3.2.1). Let @; and
¥t be continuous convex functions (on R* and R! respectively) which vary epi-
continuously with t, and let U ¢ R¥ and V ¢ R! be nonempty, closed convex
sets. Assume that @i = @ + b6y and ¢ = P + 6y, and that the functionals
u fttol &t(ug)dt and v — fttol Pt(v¢)dt are continuous on U™ and v respectively.
If r,r" € (1,00) then J, Mosco-epi/hypo-converges to J over U™ x V' If either
r =1 orr' =1, then for any (i, t¢;?,%e) € (U™ x V"') one has
seq-es; /hw ,-1s T (@, tie; 0, Be ) < T (&, tle; T, De)

T o (3.2.2)
< seq-hsr, [ewp-1i T (@, tie; 0, U ),
where s, and s, denote the norm topologies on U" and V’J, and w, and w, are

the respective weak topologies.

Proof. We shall prove the theorem for the special case where ke = [ = 0 and

be = ce = 0: the proof of the general case is similar. For u € L], and v € ﬁ"l, define

B(u) = flod(u)dt, (o) = filyu(ve)dt
and
I(u,v) = ﬁfol [ve - Deug — pe - wg — gt - vi]dt + v(u,v).
Then, for all (u,v) € L], X ,C;',, we have

[ if ®(u) = oo,
J(u,v) = { ®(u) — ¥(v) — T(u,v) otherwise.

We first treat the case where r,7’ € (1,00). Here we need to show that
®,V,T',Ur, and Vy, satisfy the hypotheses for Corollary 2.4.6, thereby obtaining

the stated Mosco convergence. It is clear that ® and ¥ are proper, lower semicon-

tinuous, convex functions, and that I' is a (norm) continuous biaffine functional.
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Fix 4 € £}. Suppose (i) = co. Then limsup ®(u”) < ®(a) for any sequence
converging (in norm) to 4; there exists such a sequence with u” € Uy, since Ul
is dense in £} . Assume then that ®(#) < co. Then % € U for almost every ¢. By
Lemma 3.1.8, there exists a sequence @™ of simple functions, with 4}* € U for all
t € [to,t1], such that ||&™ — u||r — 0 as m — 0. For each m € N, there exists,
by Lemma 3.1.9, u™ which is measurable with respect to one of the partitions 7,
has the same range as @™, and has ||¢™ — u™||» < 1/m. Thus, 4™ converges (in
norm) to @. Since uf® € U, we have ®(u™) = ﬁt()lgzt(u;”)dt — ®(u), because the
map u fttolcﬁt(ut)dt is continuous on L. Choose {vp,} with vm < vm4t so
that u™ € Uz, for v = vy, We now define a sequence {@”} such that @” € Uy,
|z¥ — @]l — 0 and limsup ®(@) < ®(a). If v; = 1, set ! = ul; otherwise,
choose @! to be an arbitrary element of Ur, and set @” = alforv=2,...,01 — 1.
For v = vpm,...,um—1 set 4% = u™. Thus condition (i) of Corollary 2.4.6 holds.
A similar argument shows that condition (ii) is also satisfied. We have therefore
demonstrated the desired Mosco epi/hypo-convergence.

We now turn to the case where either r = 1 or ' = 1, and prove the sequen-
tial epi/hypo-limit given by (3.2.2). Fix (@,9) € L}, x L:;J. The same argument
as above can be used to show that ®(#) = (seq-es,-lim ®,)(z). Also, ¥ is lower
semicontinuous on ,C}'I with respect to the norm topology, and thus with respect
to the weak topology. It is also clear that I' is sequentially s, X w,-continuous.
Therefore the hypotheses of Theorem 2.3.11 are satisfied at (@, 7), so the left-hand
inequality in (3.2.2) is valid. By similar reasoning, we may apply Theorem 2.3.11
to obtain J(u,?) < seq—hsr, [ew-1i T, (@, D), where

) if \I’('U) = 00,
J(u,v) = { ®(u) — ¥(v) = T(u,v) otherwise.

(Actually, we apply Theorem 2.3.11 to J and the functions

_ — 00 if \Pu(v) = oo’
Z,,(u,v) = { <I>V(U) _ \I’,,(v) — 1“(1,,,1;) otherwise,

and then use the inequality J, < J,.) Thus, the right-hand inequality in (3.2.2)
holds if either %y € U a.e. or 5y € V a.e., since then we have J(&,?) = J(&,?).
Define

U={u€ L}y €Vae}and V={v e £;J|vt € Va.e.},
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so that we can write ®(u) = L;1¢t(ttt)dt + §;7(u) and ¥(v) = ft Py(ve)dt + 655(v)-
It remains to show that the right-hand inequality in (3.2.2) is vahd when we have
both & ¢ i and © € V. Note that U is wy-closed. Thus the complement W of Uin
T is a wy-neighborhood of @ such that ®,(u) = ®(u) = oo forall u € W and for all
v. Hence, J,(u”,v”) = oo eventually whenever {u”} wy-converges to @ and {v"}
norm-converges to 0. Therefore, we have (seq-hsr, Jew-li Jv)(@,T) = o0 = J(4,7),
which completes the proof. O
Our next approximation theorem requires ¢ and 3¢ to be constant with respect

to ¢, but without any finiteness conditions. The proof uses the following modified

version of Lemma 3.1.8, concerning approximation by simple functions.

Lemma 3.2.5. Let (2, A, ) be a finite measure and suppose 1 < p < oo. Consider
f € LY, A, 1) and an inf-compact convex function h on RY. If f(w) € domh a.e.

(1], then there is a sequence {f,} of simple functions satisfying:

(i) R(fr(w)) < A(fr41(w)) < B(f(w)) ae. [u]-
() fo — f a.e [1].
(iil) fv — f in L(Q, A, p).

Theorem 3.2.6. Consider r,7' € [1,00) satisfying condition (3.2.1). Let ¢ and
2 be proper, lower semicontinuous convex functions on RF* and R!, respectively.
Assume that ¢ = @ and ¢ = 9 for all t. If r,7' € (1,00) then J,, Mosco-epi/hypo-
converges to J overU" x V"' . Ifeither r =1 or ' =1, then
Seq"eSr/hWr/'ls jl/(ﬁa ﬁ’e, Z_)’ ’l_)e) S J('av ﬂe; 6, ’56)

. o (3.2.3)
< seq-hs Jew,-1i Tu (T, e; D, Ve ),

is satisfied at any (@,ie;0,0¢) € (U™ X V’I) for which either f,tl @(ts)dt + @eltie)
or fio 1,b(vt)dt + 1e(De) is finite. If the effective domain of u — ft @(ug)dt in L), is
closed, then (3.2.3) is satisfied for all (,@e;,0e) € (U" X vy,

Proof. We shall prove the theorem for the special case where ke =l = 0 and

be = ce = 0: the proof of the general case is similar. For u € L], and v € E, , define

o) = fidprluodt, W) = [yl bulvo)ds



53

and
I'(u,v) = fttcl [v¢ - Deug — pt - ut — qt - ve)dt + v(u, v).

Then, for all (u,v) € L], x L7, we have

u) =00
J(u,0) = { Z)czu) - U(v) = I(u,v) gtl?efr“)*ise. ,
We first treat the case where r,7’ € (1,00). As in the proof of Theorem 3.2.4,
the crux of the matter is to find, for each @ € L}, a sequence {u”} converging to i,
such that u” € Uy, for all v and lim sup ®(u”) < ®(@). In the case where (i) = oo,
this is trivial. Assume then that ®(@) < co. Then @; € dom ¢ for almost every t.
Since @ is coercive, it is inf-compact. By Lemma 3.2.5, there exists a sequence
{@™} of simple functions such that ||[@™ — @/, — 0 as m — oo and @(u") < B(iit)
almost everwhere. In particular we have ®(4™) < ®(@) for all m. For each m € N
there exists, by Lemma 3.1.9, ™ which is measurable with respect to one of the
partitions 7, and has ||[¢™ — u™|, < 1/m. Moreover, u™ may be chosen so as to
have the same range as @™ and to satisfy

1

—/..m (M —_—
p{t € [to, t1]l@(wi™) > B(8F")} < m - max{l,a}’

where @ = max{@(4]*) — 95(17.;7)|t,t' € [to,?1]}. Hence u™ may be chosen so that
®(u™) < ®(@™) + (1/m). Thus, the sequence {u™} converges (in norm) to @ and
lim sup,;,_,oo ®(u™) < ®(@). The rest of the argument giving Mosco epi/hypo-
convergence is the same as in the proof of Theorem 3.2.4.

Assuming now that either » = 1 or »' = 1, we turn to the sequential epi/hypo-
limit given by (3.2.3). Fix (#,9) € L} X ,C;',. The same argument as above can be
used to show that ®(ii) = (seq-es,-lim ®,)(%). Also, ¥ is lower semicontinuous on
,C}'I with respect to the norm topology, and thus with respect to the weak topology.
It is also clear that I is sequentially s; X w,s-continuous. Therefore the hypotheses
of Theorem 2.3.11 are satisfied at (&,9), so the left-hand inequality in (3.2.3) is

valid. By similar reasoning, we may apply Theorem 2.3.11 to obtain
J(u,?) < seQ'hSr//eWr'li Ju(1, ),
where

00 if ¥(v) = oo,

J(u,v) = { ®(u) — ¥(v) — ['(u,v) otherwise.
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(Actually, we apply Theorem 2.3.11 to J and the functions

JTv(u,v) = { <I>:(ou) - ¥,(v) — (u,v) :ftl?eyr(v:r)i)se, >
and then use the inequality J, < J,.) Thus, the right-hand inequality in (3.2.3)
holds if either & € dom® or ¥ € dom ¥, since then we have J(%,7) = J(4, 7).

It remains to show that the right-hand inequality in (3.2.2) is valid when we
have both % ¢ dom® and ¥ ¢ dom ¥, in the case where dom @® is closed. The
complement W of dom & in Lj, is a wy-neighborhood of & where &, = ® = oo for
all v. Hence, J,(u”,v”) = oo eventually whenever {u"} w,-converges to @ and {v"}
norm-converges to 0. Therefore, we have (seq-hsr, Jew-U Tu)(4,0) = 00 = J(1,0),
which completes the proof. (m]

The approximate problem of finding a saddle point of J over Uz x Vr leads to
a pair of optimal control problems in discrete time which are dual to each other, in

much the same way as done in section 1. The new primal and dual problems are

T
(P) minimize F(ii) = sup J(ii, %) over all @ € RFe x (H R)
v T=1
and
_ . 5 T
(@) maximize G(¥) = inf J(@,0) over all 7 € (H RY) x Rle.
u
=1

The functions F' and G are defined by

T
F(ﬁ) = Z[ﬁ‘r “Ur + @r(lr) — & - Ero1 + (?[’-r)*(‘zr — Driiy — C"rf':'r—l) - (jr]
=1
+ o - tig + Po (@) — ér41 - Fr + (Pr41) (dr41 — Cry137),
T
G(©) =D ldr - br — Pr(Br) = br - firs1 — (@) (Dfbr + Bijry1 — r) — dr]
=1

+ 4741 - 0741 — YT+1(br41) — bo - 91 + ($o)* (Bodh — Bo),

where the “trajectories” & and § are calculated as follows:

o

Cr =A1-§:1-_1 +B1‘ﬁr+51~, T :1,...,T

=1

&g = Botig + by,

and
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'lj1'=/1:-gr+l +é:ﬁr+&r’ r=T,...,1

g1+1 = C71 9741 + €741

The coefficients fi,—, BT, I;T, C’T,ET, Prydry f),-,ci,— are all calculated by the same for-
mulas as in section 1. The principle difference here is the introduction of the func-

tions Br and #, which are given by

Bo(t) = we(uo),

/T
Gr(lr) = / ei(ur)dt, for r=1,...,T
(r—1)/T

. /T
Yr(tr) = / Ye(vr)dt, for 7=1,...,T
r—1)/

P41 (5r41) = Ye(vT41)-

The problems (P) and () belong to the realm of convex programming. Some
duality theory concerning a special subclass of such problems is given in section 5.1;

in section 5.2 an algorithm is proposed that might be used to solve these problems.

3. Approximation by Finite Differences

In section 1 of this chapter, we introduced a model in linear-quadratic control and
demonstrated that, under certain assumptions, discretization by partitioning of the
time interval can be considered as a form of variational approximation (Theorems
3.1.7 and 3.1.10). Such a discretization leads to a problem in discrete-time opti-
mal control, which may be reformulated as an ordinary quadratic program. The
coefficients for the discretized problem are given by integral formulas involving the
fundamental matrix associated with the linear dynamics. These integrals could be
calculated numerically by some quadrature scheme. In this section we will go one
step further and discretize the original problem directly by a finite difference scheme.
It will be shown that this also leads to a variational approximation. To simplify the
presentation we will assume the original optimal control problem is eutonomous:
all the coefficients are constant with respect to time. In addition, only the Euler

forward difference scheme is considered. Most of the usual multistep methods will
also work.
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As before, we shall actually approximate the following saddle point problem

which is associated with the original optimal control problem:
(S) find a saddle point (u,ue;v,ve) of J relative to (L2 x RFe) x (L2 x Rle).

Here we have
1
T (u,te;v,ve) = /O [o(ut) — ¥(ve) — vt - Deugldt + pe(ue) — e(ve) — v(u, ue; v, ve),

where 1
v(u, te; v, Ve) = / z¢ - (C*vy + c)dt + 1 - (Clve + ce)
0

1
= [ w- (Bur+ 0yt + 0 - (Bee +bo)
0
and the dynamics are given by

2y = Azy + Bug + b ae. , g = Beue + be,
gt = A*yr+ C*vy+cae , y1 =Cluve+ce.

The functions ¢, %, e and 1. are proper, lower semicontinuous and convex. We
assume they satisfy suitable conditions for J to be a closed saddle function (e.g.
see §1 and §2).

We partition the unit interval with a uniform stepsize h = 1/T, where T is
a positive integer. Associated with this stepsize will be two approximate saddle
point problems. The first is the discrete-time problem given in sections 1 and 2,
which consists in using the original saddle function and dynamics, but restricting

the controls to be constant on each interval [vh, (T + 1)A]:

find a saddle point (ug, e ,ugw; v{‘, . ,v%_}_l) of jh

S)
($1) relative to (RFe x R¥T) x (RIT x Rle).

Here we define

7 (.} h,. |l h
Th(ug, ... up;vf, .., q)

T
= Z[‘Zh(uﬁ) - "tbh(vil) - U:}Dhu-’; - dh]

=1

~ I h h
+ pe(ul) — (vl ) = Fn(ul,. . ulbol, L 0fy ),
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where

~ (. h h.. h h ~h ~x b o~ ~h h
’Yh(’do, oee au]l‘; L vT+1) = Tr-1- (C;l‘v‘l'l + Ch) +a7 - (C:UT-FI + Ce)
/

1 - (Brul +5) + 9% - (Beug + be)

T
>
T=1

T
>
=1
and

Eh = .Khi:!,f_l +§hu¢ +Zh, for r=1,... , T

s
?L:g - Beug + be,

b Teod S b

Ur = ALY +Cror + ¢, for 7=T,...,1

~ ;
yre1 = Cevpan + ce

With the notation M, = hesdds and Sy = [ [T esAds dt, we may write the
0 h 0 Jo

above coefficients as:

‘Zh = ehA,
By = MB, b, = Mpb,
Ch=CM,;, @ =Mjq,

~ ~

D) =hD+CS,B, dn=c-Syb.

The functions @, and Jh are defined by

‘Zh(uﬁ-l) = /up(u’;) —c- ShBuﬁ,
by (0P = hap(vP) + b - SEC*oh.

Note that the matrices M}, and S, commute with each other and with A and el
It can also be shown that e?® = I + M}, A and My, = hI 4+ S,A.

The following approximate problem is given using forward finite differences:
find a saddle point (ug,. - ,u’%; v{’,. - UC,II‘+1>) of jh

g.
(%) relative to (R*e x R*T) x (R x R'e).
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This problern has the same form as (Sh), but we replace gah, z/)h, Ah, Bh, bh, Ch,
Ch, Dh, and dh with functions &y, 1/)h, and coefficients Ah, Bh, bh, C/,, Ch, Dh, dh
defined by

Pu(ul) = ho(ul),  Pu(ok) = hyp(v}),
Ap =I+hA,
B, =hB, b, =hb,
6'h = hC, ¢ =he,
Dy =hD, d=0.
The dynamics in this problem are given by
7t = .Ehi’f,f_l + Bput +y, for r=1,...,T
Ty = Beug + be,
g = X’,’;@"T’_*_l +Clok 48, for r=T,...,1
Gpi1 = Clvfpy + ce.
Note that the trajectories associated with problem (§h) are denoted by (536’, e ,?’I’w)

and (f]{‘, R Z]% +1)» Whereas the trajectories for (511) are indicated by tildes.

We shall also think of (§h) and (§h) as problems on (ﬁ% x Rke) x (ﬁ}2 x Rle)
by identifying R*e x R*T and (RIT X Rle) with the subspaces U}, and V), given by
Up, = {(xw,ue) € L2 x R%e |uy is constant a.e. on [(T — 1)k, Th) for T =1,...,T},
Vi = {(v,ve) € L x R'e |v; is constant a.e. on [(r — 1)h,7h) for 7 =1,...,T}.

Thus the point (uo,ul, uT) is identified with the pair (u,u¢), where ue = ug
h ae. on [(r —1)h,7h) for 7 = 1,...,T. The norm on RFe x RFT is

and us = uy
also given through the identification with Up:
T
- h h g h)2 h241/2
Il = (03 el + g )2,

Here | - | denotes the Euclidean norm on R* (or Rke). A similar formula gives the
norm on R!T x Rle. The functionals 7}, are extended to (,Cf x Rke) x (Ef x R'e)
by taking j,(u,ue;v,ve) to be —oo if (u,ue) € Up, but (v,ve) & Vi, and to be oo if
(u,ue) &€ Uy, We extend ), in the same manner.

As one may expect, the saddle functions jh and jh are closely related. An

important aspect of this relationship is given by the following proposition.
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Proposition 3.3.1. There exists a real number r > 0 such that

Th(u, ue; v,ve) ~ r(|(w,ue)ll + 1)([|(v, ve)l| + 1)|Shl/R
< jh(u,ue;v,ve) (3.3.1)
< Th(t, e v,ve) + ([l (s we)l| + 1) (v, ve)ll + 1)|Sw1/A

for all (u,ue;v,ve) € (L x R¥e) x (€ £? x Rle) and all h = 1/T with T € N.

Remarks.

(i) It is easily verified that |Sp|/h is increasing as a function of & € (1, 00), and that

|Spl/h — 0as h | 0.

(ii) We are tacitly assuming here that the values of J}, are defined using the same

conventions regarding oo — co as are used in defining jh. If this were not the case,

then we could simply replace (3.3.1) by similar inequalities involving cls 7}, and

cly fh (or, equivalently, cl; jh and cl; jh)

(iii) Note that (3.3.1) is equivalent to the inequalities given by reversing the réles

of jh and jh

Proof. Clearly, Jh(u Ue; V,Ve) and ._’7h(u Ue; U, Ve) agree whenever (u,ue) € U,

or (v,ve) € Vp,. Similarly, if the control pair (u,ue;v,ve) € Uy X V), is 1dcnt1fled

with (u{]’, uT,v{’, . ,v%_H), then jh(u,ue;v,ve) = jh(u,ue;v,ve) whenever

max, {¢(ul),(v2)} = oo or whenever ma.x{cpe(u.g),d)e(v:’;«_*_l)} = oo. In these

cases, the inequalities in (3.3.1) are therefore satisfied trivially, regardless of  or r.
Now suppose that o(ul) and go(vf.’) are finite for each 7 = 1,...,T, and that

(,oe(uo) and d’(v] +1) are finite. In this case we may rewrite (3.3.1) as

| Tn(ub, ... ,uT,v{', . ’UTIIL‘+1) — Tp(ul,... ,uflllw,vl ye o ,vé’«+1)| (3.3.2)

< r(ll (s el + 1)(1 (v, vl + 1)IShl/h

since both jh(u .. ufl}., v{ e s vT—f—l) and Jh( . ,ulqﬂ; v{’, cees v%+l) are finite.
By the definitions of &y, gb;,,goh, ¢h, we have
Z (. h h h, h
| Th (g, - - uT,vl,.. UT+1) Jh(uo, . uT,vl, ..,vT+1)|
T

<|(B™She) - (D_ up) +(CSpb) (Z ")+Zv cshB>u'l+Z(c S1b)

=1 =1
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~ I ~
+ Frul,. o ul o R ) = Faul, ol k)

< [UBleDN(u, we)ll + (CTB(w, ve)l| + (|C||B|)||(u,ue)“ll(v,ve)ll + [bllel} (1Snl/R)
+ |7fh(ug,...,u9‘1;v{‘,...,v»{,‘«_’_l) —"f;l(ug,.. . ,uljw;v{',. .. ,v%+1)|

< ra(ll(w, we)ll + 1)(lI(v, ve)ll + 1)ISkl/2
+ Wh(ug,...,u’j«;v{l,.. . ,v%_*_l) —"y\h(ug,.. . ,u%;v{l,. ..,v%_H)l,

for r; = max{|Bl|, |b|} -max{|C]|, |c|}. Thus, to prove (3.3.2) it suffices to find rg > 0
so that

~ ~
[Fn(ug,- .- ulT,v{l,...,vé,’w_’_l)—‘yh(ug,...,u’jw;v{', . vé’w+1)| (3.3.3)

< ro(ll(w, we)ll + 1)(lI(v, ve)ll + 1)ISk /A

Observe that 5, = 7, if A = 0, so we need only consider the case where A # 0.

First we note that for each 7 =1,...,T we have

:’Eh = ;;:fg + Z AT a Bh'u, r + bh)
=1
and
T !
AI ~h T, 1/ T
b= A%Eg + > ALTT (Bhpuly + by).
=1

Substituting these into the formulas for ¥;, and 5, and rearranging terms, yields

-~ h h h o~ ] h.. h i
7h(u03 UT, U11, .o 7v’11‘+1) - 7h(u61 ujl‘v vl 3. vfll"-}-l)

T
= (Beug + be) - {Z (A7~ (ot + @) — (A7) (ot + ) }

=1

T
+ (Cvgyr +ce): {Z (A7) Bt +B4) — (A7) (Buul +5) }

=1
+ (Beug + be) - (A7, — AT)*(Crvb i + co)
T =) [ (ol +&) - (A" =) (Bhul, +55)

2.2

-~ -~ — ,-—
T=1,=] _(Cl";vh + Ch) : (AZ T 1)(Bh“ ¢ + bh)

= (Beul + be) - [Z(M,lﬁ,j-l — RAT"IH(Cpol + ¢)
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T
+(Cvfyy +ce) [Z(MhA;-l — RAT 1) (Bpul + bh)}
=1

+ (Be“{)l + be) - (A’le: - A\Z)*(C:v%+l + ce)

T -1
~ 1] -~ !_
+ % [(c,’;v¢+ch) (MRAT~" =1 p2A77 1)(Bhu’;,+bh)].
7=1+/=1

Thus we obtain the bound

~ I; h / ~ h h.. h i
|9n(ug, - - ,u%;vl yor oy 07g1) = TR(ugs - - - Ui very Upgp)] (3.3.4)

< [(1Bel + IBDII (2, we)ll + (8] + 1Be[I[(ICe] + ICDII(v, ve)ll + fel + leel]

1
- max, |]M/,AT L_h 4" 4
v r=1,....1

+ (|Belll (e, ue)l| + 1be)(ICelll(v, ve)ll + leel)| AR — Af |

+ (IC (v velll + eI BII(, we)ll + 16])
1 9 gr—r'—=1 _ ;2 3r—7'-1
gz mex IMRALTTTN - RATTT
r'=1,.,7-1
< Tl (w, we)ll 4+ D)({|(v,ve) |l + 1)
AT -AF | +(1/h)_max_|MyAL — ALY
_max MlhAT -1 _ h2AT -1 )

— Aoy

r’:l,...,'r—l

+(1/h?)

for 7o = max{|Be|+ |B|, |be| + 8]} - max{|Ce|+|C|,|ce] + |c|}. Now form =1,....,T
we have
o~ -~ ~ ~ m_l ~ -~ -
A= B < 1A= Al | X 1A (3.3.5)
j=0
[m—1 ] -
=[Sul | Y eMAPIT + hA™I
=
(m—1 g
< |SI| Z ejh|A|e(m—j—1)hA < l—lLlelA'.
- i=0 - h




This in turn gives

|Mp AT — hAP| < max{|My], R} AP — A7 + max{|Ap|™, | 44|} M) — hI|
< max{|My|, h}%eml + %emhml

S 14l 1
< | hh|e|A| (“" ar 1), (3.3.6)
where we have also used the bound
1 hlAl ClAl -1
(1/h)max{|Mp|,h} < (1/]z)m(e -1)< A (3.3.7)

Next we have

|MRAT — AT < max{|My[%, k2 AR — AT| + max{|Au|™, | AL HME — 21|

2
A — 1) |Shl jay
| Al h

hlA| _ 4 Al _ 1
Al [ € ¢ 1 3.
1Sule ( " ) ( ot (3.3.8)

Finally, by applying inequalities (3.3.5), (3.3.6) and (3.3.8) to the estimate in (3.3.4),

we obtain

+ [el4 max{|2y], b} IS4

IA

~ h h.. I} ~ ! h.. .l h
[7;l(u0’,...,urjw,vf,...,v%_l_l)——7/,(u0‘,...,ujw,vll,...,vr‘}-_*_l)l

< Fa(ll(w, ue)ll + D(ll(v, ve)ll + 1)

I;gﬁ_l 14| elAl -1 eh|-"‘| -1
pe P T U A

el —1\*| |Sul
< el 1+< a ) (s we)ll + DI (v, ve)l] + 1),

A h

where we have again used (3.3.7). Thus (3.3.3) is satisfied for

14| 2
=i (557 |
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which completes the proof. O

The proposition just proved tells us, in particular, that the nets {jh} and {fh}
are “uniformly cofinal” on bounded sets: for a fixed p > 0 and r, = »(p + 1)2, we
have

jh(%ue;vs 'Ue) - Tplshl/h < jh(uyudv,ve) < \:711(“, ue;vave) + rr)lshl/h

whenever ||(u,ue)]| < p and ||(v,ve)|]| € p. The uniformity in (3.3.1) actually
guarantees that the problems (Sp) and (8},) are close from a variational standpoint.
This is illustrated by the next theorem. Combined with the results of sections 1
and 2, it gives us sufficient conditions for the problems {(6"\,,)} to be variational

approximations to (S).

Theorem 3.3.2. Suppose {T),} is an increasing sequence of positive integers and
let h,, = 1/T, and consider a proper closed saddle function K defined on
(,Ci‘)'c x Rke) lej? x Rle). The sequence {jhm} Mosco epi/hypo-converges to K if
and only if {T7},,,,} Mosco epi/hypo-converges to K.

Proof. By Corollary 2.4.2 and the definitions of the sequential epi/hypo-upper
and lower limits, a sequence {Ky,} Mosco epi/hypo-converges to K if and only if

the following conditions are satisfied:
(a) There exists a weakly convergent sequence {(u™,uZ*)} and a real number
7 > 0 such that K (u™, ul*;v,ve) < 7(||(v,ve)]| + 1) for all (v,ve) and all m.

(b) For all (u,ue) and {(u™,ul")} converging weakly to (u,ue), one has
seq-he-1i K (u™, ult; -, ) 2 K(u, ue; -, +).

(c) For all (v,ve) and {(v™,vg*)} converging weakly to (v,ve), one has
seq-es-ls K (-, -30™,00) 2 K(+, -3 v, ve).

The desired result then follows by simply combining Proposition 3.3.1 with the fact
that weakly convergent sequences are norm-bounded. For example, by (3.3.1) the
sequence {jhm} satisfies condition (a) for some choice of {(u™,u}*)} and some
7 > 0 if and only if {jﬁm} satisfies (a) with the same choice of {(«™,u")} and for

some 7 > 0 (possibly different from 7). 0
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An analogous result to Theorem 3.3.2 is possible in the case where the data
elements A, B,b,C,c, D are allowed to vary Lipschitz continuously with ¢. In this
case, the term |Sp|/h in the estimate (3.3.1) is replaced by a more complicated
expression in h; the argument needed is essentially the same as that given for

Proposition 3.3.1, but requires far more space to write out.



Chapter 4. Applications in Multistage Stochastic Programming

1. Description of the Model

In this section we describe a model in multistage stochastic programming. Our
development of the duality theory mimics that of Rockafellar [27] in his treatment
of the continuous-time optimal control models that were discussed in the previous
chapter. In order to simplify the presentation, we restrict our attention here to
a piecewise linear-quadratic formulation. Rockafellar and Wets have developed a
duality theory for this problem in the very special case of (finite) discrete probability
spaces [35]. Their result on strong duality is based on the fact that the problem is
equivalent to a (very large) quadratic programming problem in that case. In this
section, we show how to extend the duality theory to arbitrary probability spaces.

For simplicity, we set the problem in £2-space. The problem we shall be working

with is
(P) minimize the functional F(u) over the control space U,
where
T 1
Pr-ur -+ Ur - Prur —cr - 271
F(u) = E{ 3y ? !
=1 + er,Qr(qT - EgT [DTuT + CT:BT—l])
+ po - ug + Yug - Poug — epy1 - 2T
+ PV, 1. Qry (471 — E9T+1 [CT+1-'BT])},
T
U=Uy X+ XUp = H {ur(-) € L'zrlur is Fr-measurable, ur € Ur a.s.},
=0

and the dynamics are given by
2r = Ar2r-1+ Brur + by as. forr=1,...,T, 9 = Bpug + bp a.s.

The symbol EY indicates conditional expectation with respect to the field G.

For each 7 = 0,...,T, we assume that pr, P; and U, are Fr-measurable,

where F; is a sub-c-algebra of £, and (2, &, p) is the underlying probability space.
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Similarly, for 7 = 1,...,T + 1, we assume that ¢r, @r and V; are Gr-measurable,
where G is a sub-o-algebra of £. The matrix-valued functions Ar, Br, b7, Cr, cr,
D; are all assumed to be £-measurable. We require the random coefficients P:,
Qr, Ar, Br, Cr, D; to be essentially bounded, but allow pr, ¢r, br and cr to be
square summable. In addition, for each w € Q, Pr(w) and Qr(w) are assumed to
be symmetric and positive semidefinite, while V-(w) and Ur(w) are assumed to be
polyhedral convex sets. Further, we shall posit £2(Gr)- and L2(F;)-selections for
Vr and U, respectively.

The expression py,. g, (s) represents a piecewise linear-quadratic function on
R'7, given explicitly by

1
pVT(“’)sQT(W)(S) = sup {s-v-— 5V Qr(w)v}.
’UGVr(w) ~
For each w € Q and each 7, this function is lower semicontinuous and convex. Its

effective domain
Lr(w) = {S E erler(w),Qr(w)(s) < w}

is a nonempty convex polyhedron that can be decomposed into finitely many poly-

hedral convex sets, on each of which py,_ () o, (w) 15 quadratic or linear.

Proposition 4.1.1. The map (w,s) = pv,(w),Qr(w)(8) is @ proper Gr-normal

integrand. If 0., is Gr-measurable then w — Opy, () Q7 (w)(0w) s Gr-measurable.

Proof. Define E-(w) = {(s,a) € R'" x Rla > PVr(w),Qr(w) ()} We need to
show that E; is closed-valued and Gr-measurable. Since py g is the conjugate of

v - %v - Qu + 8y (v), it is lower semicontinuous and hence has closed epigraph.
Thus E; is closed-valued. Define ¢ :  x RI" 5 R by

1
pr(w,v) = bR Qr(w)v + 5VT(w)(U)-

Then ¢, is a proper normal integrand by Propositions 2H and 2M of [26]. Propo-
sition 2S in [26] gives the Gr-normality of (w,u) = Py (w),Qr(w)(®) (as well as
properness). The statement concerning py, ()@ (w) (0w) follows from Corollary 2X

of [26]. O
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Proposition 4.1.2. The set U is a closed convex subset of £%0 X+ X ££T and F

is well defined, lower semicontinuous and convex, with values that are finite or co.

Proof. Note that { is nonempty by the assumed existence of an L?(Fr)-selection
for Ur. The convexity and closedness follows from that of each Ur(w). The mapping

u — ¢ from HZ:O L',ir into Hz;o £2_ is affine and continuous, so

T

(s E{Z(P‘r *Ur —Cr - 331'—1)}

7=0
gives a continuous affine functional of u. Likewise, the mapping of H?:O £%T into
fzo £,?7_ given by
sr=q—E97{Crer_1 + Drus}, 7=1,...,T
sT41 = qr41 — BIT+1{Cry27)
is affine and continuous. Also, it is clear that E{%u,— - Prus} defines a continuous

convex functional on I.’,,%T. It remains to show that Ir(sr) = E{pv; o, (sr)} is a

well-defined, lower semicontinuous convex functional on 5127_. Define
991'('07') = %vr - Qrvr + 5V—,—('U'r)

on R!™, and take ©, to be an L2(Gr)-selection of V. We see that ¢r = (pv; @,)"
and E{p-(:)} < 400, so I is lower semicontinuous and nowhere —oco by Corollary

3D of [26], since py,. @, is Gr-normal. O
The dual problem to (P) is:

(Q) maximize the functional G(v) over the control space V.

Here we have
T (IT"UT_lU‘Qv —br-y
2Vt TV T Yr4+1
G(v) = E{ Z
r=1 — pUr,Pr(B77 [D}vr + Biyrialpr)
+qre1 - vT41 + 0741 - Qry1vTe1 — bo - Y1
- E”0[B§y1] — po)
PUG, Py oy1] = po) ¢

T+1
V=ylx...x yT+l = H {v:(-) € ,C?TIUT is Gr-measurable, vy € V; a.s.},

=1
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and the dual dynamics are given by
yr = A7yr41+Crvr tcras. forr=T,...,1, yr41 = CF o141 +cryq as.
By the symmetry between (P) and (Q), Proposition 4.1.2 gives us

Corollary 4.1.3. The set V is a closed convex subset of£121 X oo X 'C12T+1 and G is

well defined, upper semicontinuous and concave, with values that are finite or —oo.

The duality between (P) and (Q) may be demonstrated through the introduc-
tion of an appropriate saddle function. We define this by

E{J(u,v) —y(u,v)} fueld,veV,
J(u,v) =< —c0 ifueld,v gV,
00 ifudl,

where
T
J(u,v) = Z[Pr ‘Ur + '%'UT *Prur —vr - Drur + gr - vr — %’UT . Q—,-'UT]
=1

1 1
+ po - uo + 3uo - Pouo + ¢741 - vT+1 — 3VT+1 - @T+19T+41

and
T T+1
')’(U, U) = Z Yr+1- (Bru-r + br) = Z Tr—1- (C':UT +cr).
=0 =1

It is easy to see that J is a closed proper saddle function with J = J and effective

domain given by (u,v) €U x V.

Proposition 4.1.4. The problems (P) and (Q) are the primal and dual problems
associated with the problem of finding a saddle point of J. Thus we have

F(u)y=sup J(u,v) and G(v)= inf J(u,v).
veV uel

Proof. Fix u € U and use the second expression in the definition of 7, so that

T
j(u’ v) = E{Z[PT Cur + %Ur - Prur —cr - :z:.,._l]}
7=0
T+1
+E(Y_[(ar = Drur = Crar1) - vr = or - Qrvs]).

=1
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By the definition of pv, @, it is clear that F(u) > J(u,v) forallu € U,v € V. It

suffices then to show that for arbitrary s, € E?T(QT) one has

sup E{vr - sr — 3vr - Qrvr} = E{pv; 0, (s+)}.
vr(v) € £2(gr)

vr € Vo a.s.

This equation may be rewritten as

sup E{vr - sr — pr(vr)} = E{p7(s7)}
vr(-) € L2(Gr)

where ¢r(vr) = %v,— - Qrvr + 6y, (vr). But this new equation holds by Theorem
3C of [26] since ¢ is a normal integrand and we have assumed that there is an

L%(G,)-selection @, for Vy. That G(v) = inf,cy J (u,v) follows by symmetry. O

The following is a direct consequence of Proposition 4.1.4.

Proposition 4.1.5 (Weak Duality). It is always true that inf(P) > sup(Q). More-
over, (1,?) is a saddle point of J if and only if @ solves (P), ¢ solves (Q) and

min(P) = max(Q) (finite).

In order to obtain strong duality results, i.e. the existence of saddle points, we

need to introduce some sort of “finiteness” conditions on the integrands
Pur(),Pr(3() and py(),0-()():

Primal Finiteness Condition. There exist « > 0 and a € L',} such that, for

almost every w,
/)V-r(w),Qr(w)('s) < Cv]S|2 +a(w) Vs € RIT, Vr=1,...,T+1.

Equivalent to the primal finiteness condition is the statement that there exist o > 0

and a € ,C% such that, for almost every w and for each 7= 1,...,T + 1,
s - Qr(w)s > als|? — a(w) Vs € Vr(w).

The condition is satisfied in the case where Vr(w) C B(w)By, for almost every w
and for each 7 = 1,...,T + 1, where § is some function in ,C% and B,, is the unit
ball in R™. It would also be satisfied in the case where the eigenvalues of Q,(w)

are all bounded away from 0 uniformly in w, for all 7. We also state the
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Dual Finiteness Condition. Thereexist « > 0anda € C% such that, for almost

every w and for each 7 =0,...,T,
PUr(w),Pr(w)(T) < alr|? + a(w) ¥r € RF7.

Proposition 4.1.6 (Strong Duality). If the primal finiteness condition is satisfied,
then
inf(P) = max(Q) < oo;

likewise, if the dual finiteness condition is satisfied, then
min(P) = sup(Q) > —oo.

Thus, if both conditions are satisfied, then solutions exist to both (P) and (Q), and
min(P) = max(Q) finite.

Proof. Suppose the dual finiteness condition is satisfied. We shall first work with

E{J(u,v) —v(u,v)} ifueld,veV,
J(u,v) = ¢ oo fugU,veV,
—00 ifogV
Fix ¢ € V. To obtain min(P) = sup(Q) > —oo, it suffices, by a minimax theorem

of Moreau [17], to show that J(-, %) is weakly inf-compact. We have

T+1
J(w,%) =B{>_[¢r - 0 — §r - QrOr = br - Gr41]}
T=1
T
+E{>_[(pr — D}or — Bifr+1) - tr + jur - Prus]}
=0
T
= constant + E{Z[%ur - Prur —7r - url},
=0

where 77 = D}or + Biyr41 —pr € [,'Zkr and § is the trajectory associated with .
Thus, it suffices to show that, for all § € R, the set

{u ey

T
E[Z(%ur - Prur — 77 - ur)] < ﬁ}

7=0
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is weakly compact. By assumption, U is nonempty so u ~— E[%—ur » Prur+6y.(ur))
is finite for some ur € L%,T (Fr). This fact, combined with the dual finiteness condi-
tion, allows us to apply Theorem 3K of [26] to obtain the desired weak compactness.

The rest of the theorem follows by symmetry (where we use J). O

In the next section, we shall show how the problem of finding a saddle point of

J relative to U x V can be approximated by partitioning the probability space.

2. Approximation via Partitioning

In §1 we introduced a piecewise linear-quadratic model in multistage stochastic
programming and developed some duality results based on a saddle function repre-
sentation. In this section, we make further use of this representation in analyzing
a particular method of approximation. This approximation leads to a new problem
of similar structure, but of lower dimensionality. The problem, as we will work
with it here, is that of finding a saddle point for J(u,v) relative to ¢ x V. To
facilitate the discussion we introduce some new notation. Let U denote the prod-
uct space LZ%O(]-'O) X ... X E%T(]-'T). Similarly, we use V to represent the space

c,zl(gl) X ... x L2

i1 (Gr+1). Consider the following functions:

T
O(u) = E{Z[pr ‘ur + Sur - Prus + 6y, (ur)]},

7=0
T+1
—_ 1 N
T(v) = E{ Z [~¢r - vr + 307 - Qrvr + 6y, (vr)]},
=1
T T
D(u,v)) = E{Z vy - Drur + Z Yr+1 * (Brur + br)}
=1 7=0
T T+1
= E{Z vy Drur + Z Tr-1 (Cror +¢7)}.
=1 =1

It is clear that ® is a proper, lower semicontinuous convex function on U with
dom® = U. Likewise, ¥ is a proper, lower semicontinuous convex function on V
with dom ¥ = V. The functional T on U x V is continuous and biaffine. By the
definition of 7, we see that

00 if ®(u) = oo,

J(u,v) = { ®(u) — P(v) — I'(u,v) otherwise,
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and thus J is a proper closed saddle function on U x V, with J = J and dom J =
UxVy.

We now define
UY = {u € Ulur € L%T(f.'r’) for r=0,...,T},
VY ={veVre L (GF)forr=1,...,T+1},

for increasing subfields F¥ of F- and increasing subfields G¥ of Gr. For each v, the
approximate problem is that of finding a saddle point for the functional
J(u,v) ifueU¥veVY,
TJu(u,v) = ¢ —o0 ifueUYvg VY,
400 ifu g UY.
For the remainder of this section we will assume that Ur(w) and V- (w) are constant
(a.s.) with respect to w. The next result shows that, in some sense, J, may indeed

be an approximation for 7.

Theorem 4.2.1. Let J and J, be defined as above. Suppose that the o-fields
Fr are generated as Fr = a(US2 FY) for each 7 = 0,...,T. Likewise, assume
Gr = 0(US2,GY) for each 7 =1,...,T + 1. Then J,, Mosco epi/hypo-converges to
JonUxV.

Proof. By Corollary 2.4.6, we need only show
(a) for every u € U there exist {u"} converging strongly to V such that «* € U
and lim sup ®(u") < ®(u),
(b) for every v € V there exist {v”} converging strongly to V such that v¥ € V¥
and lim sup ¥(v") < ¥(v).
Let v € U. Eeﬁne U(u) = {le igz gZ’
quence @™ € U(u) converging strongly to u for which a* is Fr-simple for each
7=0,...,T+ 1 Let € = ||u — @™|z. By Lemma 3.1.9, there exists ™ € U(u)

with ey, > ||&™ — @™||2 and for which @* is (N2, FY)-simple. In particular, @}*

By Lemma 3.1.8, there is a se-

must be f:m"r-simple for some v, » 2 m. Take vy = max{vm0,..., Vm,T}, let !
be any element of U!, and set ©” = @™ for vy < v < vpa1. Then u, € UY and
u¥ — u strongly. If « € U, then ®(u) = co > limsup ®(v¥). If u € U, then all of
the u” are in U, so ®(v) = lim ®(v”) = limsup ®(v”). Thus (a) holds. A similar
argument gives (b). O



73

Note that the above result does not require the existence of a saddle point for 7.
Under the primal and dual finiteness conditions of the previous section (which
guarantee the existence of saddle points), we can also guarantee that any sequence
of saddle points for the {7,} cluster weakly and therefore cluster about saddle
points of 7. This is shown in the next result.

Proposition 4.2.2. Assume the primal and dual finiteness conditions of section 1
hold. Suppose that the pair (@”,%") is a saddle point of J,. Then the sequence
{(@¥,9")} is bounded, and hence clusters weakly about saddle points of J .

Proof. Fix (v,v) €U x V. There exist u” € U” and v¥ € V¥ such that
limsup ®(u”) < ®(u) and limsup ¥(v”) < T(v).
Thus we have
J(@”,v") < J(@",) < T (u¥,5Y),

so that

$(@") + T(@",5") < $(v") + T(@",0")
and

®(a”) — I'(a”,9”) < ®(u”) — T'(u”,dY).

Adding these last two inequalities gives
®(a”) + V(3¥) < ®(u”) + Y(v¥) + D(@",v") — D(u”,5"). (4.2.1)

Suppose that {@",7”} is unbounded, and let M, = max{1,||@”||,||7"||}. As men-
tioned in the previous section, the primal and dual finiteness conditions are equiv-
alent to the existence of real numbers a1, > 0 and functions aj,as € L',% such

that, for almost every w and foreachr=1,...,T+1and 7' =0,...,T,
s+ Qr(w)s 2 ayls]? — a1(w) Vs € Vp(w),
r- P (w)r> Oz2|7°|2 —az(w) Vr € U_s(w).

Thus one has

1 I, 1 1
U(v) > §a’1||v|| —E{§a1 + Z ¢r-vr} and ¥(u) > §a'2||u|| —E{§a2— Zp,. “Ur},

=1 =0



so that, by (4.2.1), we obtain
T 1 ~v -y
co = lim m[‘l’(u )+ 2(@)]
< lim sup —[8(u”) + U(v”) + (@, v") — T(u”, 5")]
V—+00 M‘/
v =V v et 74
< lim sup $(u) + ¥(v) +c1(“v I+ Ddia” + DI cz(llu I+ DAY + D]

v—00 M, M, M,
<ec1+cy,

a contradiction. Therefore {(@”,9"”)} is bounded, and so has weak cluster points.

By Proposition 2.4.3, such cluster points are saddle points for J. O

Especially interesting is the fully quadratic case, i.e. when the primal and dual
conditions are replaced by the condition that there exists a real number a > 0 such

that, for almost every w and foreach r=1,...,T+1and 7' =0,...,T, one has

s Qr(w)s > afs? Vs e R,
re P _(w)r > alr|? Vr € RF7.

Since this condition is strictly stronger than the primal and dual finiteness condi-
tions, Theorem 4.1.6 guarantees the existence of a saddle point for J. It is easy to
show that this saddle point is in fact unique in the fully quadratic case. But much
more can be said: solutions to the approximate problems actually converge strongly

to this solution.

Corollary 4.2.3. Suppose that the pair (@¥,9") is a saddle point of J,. In the
fully quadratic case, the sequence {(@”,v”)} converges in norm to the (unique)

saddle point of J.

Proof. By the proof of the previous proposition we see that the any subsequence
of the sequence {(%",7")} must cluster weakly at the saddle point (%, %) of 7. Hence
the entire sequence converges weakly to (%,7). By the Mosco convergence of U”
to U and of V¥ to V, there exist u” converging strongly to @ and v” converging
strongly to ¢, with v’ € UY NU and v¥ € V¥ N V. This gives

Lovow w21 v 2
§a'||u — | +§a'||u — gl <
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I/\

T T+1
{Z —(@¥ —a,) - Pr(u¥ —u,—)+Z (v — 7)) - Qr (DY —vr)}

=0

- {Z ~(@Y) - Pr(@) +Z[ Y): Pr(@¥) + 5 (ur) Pr(ir)]
=0
T+1, T+1 }

+Z (v:f) Q- (%) + Z[ ~(@%) - Qr(3¥) + 5 (vr) Q-(r)]

= ®(a") + ¥(3") +E{ > (@) - Pr(@%) + %(af) - Pr(iy) — pr - ir)+
7=0
T+1

+ Z[ (#7) - Qr(97) + %(57) - Qr(vr) +qr'ﬁr]}

< <I>(u") + U(v") + T(a”,v") - T(u”,2")

T
, _ 1,_ _ _
¥ E{ Z[_(ﬁlr) - Pr(ay) + 3(“7') - Pr(tir) — pr - @]
=0 -
T+1

_y I . _ _
+ Z [-(v7) - Q- (77) + E(UT) - Qr(vr) + g7 - v-,-]},
=1 -
where the last inequality follows from inequality 4.2.1. Rearranging terms, we obtain

1
sala” = al? + salla” - a)’?

<

1 73 -
{Z[% Priiy + gui - Pruf — a7 Prﬁr+pr-(u'r—u¥)]}

T+1

+E{Z[zv‘r Qrvr+ QTUV 5:'Q7'57-+(17'(77: '_UZ)]}
=1

+ D(@”,v") — T(u",3").

Since (u¥,v”) converges in norm to (i, %) and (@”,9”) converges weakly to (,),
the right-hand side of this inequality tends to zero as v — oo. Thus the left-hand

side also tends to zero, so that (@",7") converges in norm to (#,9), as desired. 0O
b} b g b 3

Observe that J, leads to primal and dual problems of multistage stochastic

programming which are of the same type as (P) and (Q). Let £” be the sub-o-field
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of £ generated by the approximate fields Fg,..., 7,67, .-.,97,1- We replace the
data in (P) and (Q) by the following:

U =UNU”, VWw=ynvy,
pt = E7¥[p,], PY = E7¥[P;), ¢ = E%[g], Q% = E97[Q-],

D% =E%"[D,), ¥ = E¥"[b,], BY =B [B;], ¢ = E*[er], C¥ = E¥'[Cy).

The primal problem for 7, is then given by
(PY) minimize FY(u) overall wue€elU”,
where

14 14 14
Py Ur + FUr - Plur —cp-xr1

T
FY(u) = E{ Z

v / 4
r=1 + pvy oule¥ — 97 [Dfur + Car_1))

1
+ pp - wo + S0 Pyug — ¢y - 2T
y E9T+1[C¥
+ P‘/T+1,Q5,+I(QT+1 - [CT412T]) ¢-

The dual problem (Q") is given by making the same substitutions in (Q).

An important special case to consider is where each of the approximate fields
is finite. Such approximations arise naturally when the measurable space (Q2,£)
consists of the Borel sets on RY. Any probability measure on (2, £) would then be
a Borel measure. In this case any sequence of finite partitions of R for which the
diameter of the cells within any bounded set tends to zero uniformly will generate

a sequence of fields satisfying the hypotheses of Theorem 4.2.1.

The remainder of this section is devoted to the discussion of the model when
the field £ is finite. Obviously the problem is now finite-dimensional and the sets
U and V -are both polyhedral. It is easy to see that the objective function F' is
piecewise linear-quadratic. It turns out that the problem (P) is equivalent to a
quadratic program [35]. Typically the number of variables would far exceed the
capabilities of conventional quadratic programming routines. However the problem
has a very special structure which can be exploited by various “decomposition”

techniques like the finite envelope method, which is described in Chapter 5.
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We shall assume, with no real loss of generality, that £ is actually the field
generated by the union of the fields Fo,G1,...,Fr,Gr+1. Note that any finite field
on {2 is generated by a partition of Q. Let A, denote the partition generating the
field 7. For convenience, we include the empty set in A,. We define A to be
the cartesian product Ag X -+ X Ap. Similarly, we define the collections B, for
the partitions generating the G-. For a € 4 we denote the intersection ﬂ’i;oar by
Na, and likewise write NG for ﬂf:llﬂr and N(a, B) for (Na) N (NB). Note that Na,
NB and N(e, f) are E-measurable sets, and that any set in £ can be represented as

N(a, B) for some (a, B). Furthermore, when « € A is nonempty one has
o = a <= Nar =Nar,
with similar statements for B and A x B. Thus we may define the probabilities

7"(0’, ﬂ) = /"[n(aa ,B)],

(@) = p[Nal,
(8) = unBl,
m(ar) = plar],
m(Br) = p[B:].

Observe that
1= Y wlan)=) w@= Y wB)=> 5= Y  (a,f)
ar€Ar a€EA BrEBr BeB (a,8)EAXB
and

ra) = ) ale= Y a(ap)

acA (a,B)EAXB

with ar =ar with ar=a&r

WBr)= Y wB)= Y (ap)

BeB («,8)EAXB
with Br=p¢ with 8r=p0r
w(@) =Y (8,
BeB

(B =Y w(a,B).

acA
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The mapping pr is Fr-measurable if and only if p; is constant on each (nonvoid)
set in the partition A;. Thus we can write pr(ar) for the common value of pr(w)
for w € ar. Similarly, we may write Pr(ar), Ur(ar), @r(Br), and so on. Since p-
is also constant on Na for each @ € A, we may also write p;(a). In addition, all
the data elements are £-measurable, so we may write A-(a, #), Dr(a, 8), p-(a, B).
Of course, none of these make sense if the argument is the empty set. In this
case, we simply define the value to be the origin in the appropriate space (or the
empty set, if the mapping is set-valued). With this notation, the expectation of an

Fr-measurable function z on §2 can be reexpressed as

Ez = Z m(ar)z(ar) = Z m(a)z(a) = Z (a, B)z(a, B).

ar€Ar acA (a,8)EAXB

The conditional expectation with respect to Fr of any £-measurable function z is

given by

with ar=ar

(B [:])(ar) = {E{ (o pyexs | oo Bzl D)/n(@r) iEm(@n) 20
lf 73'(5'7-) = Q.

With all of this notation, we are able to state some fairly useful results con-
cerning the decomposition of the saddle point condition in the finite-dimensional

case. The next theorem is an example of such a result.

Proposition 4.1.7. Consider it € U and v € V with corresponding trajectories ¥

and §. Define

ir = ¢r — B97(CrZr_1 — Dyiiy] for 7=1,...,T,
_ g _
141 = ¢r+1 — BYTH1{Cr 41 27],
5 = EX7[B}§, 41 + Dy —pr for 7=1,...,T,
30 = EF0[B} 1] — po.
Then @ € argmin J(u,?) if and only, for each 7 = 0,...,T and each ar € Ay, one

u€eld
has

~ _ 1
tir(ar) € argmax {3-(ar) ur(ar)— -511.T(a7-) - Pr(ar ) ur(ar)}.
ur(ar)eUr{ar) =
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Similarly, & € argmin J (@, v) if and only, for each T = 1,...,T+1 and each 3: € B,
veY

one has

5:(B) € amgmax  {Fr(Br) - ve(Br) = 5or(r) - Qr(Br)or(B0)).
vr(Br)E€Vr(Br)

Proof. We simply expand the expression for J(u,?):

T T+1
J(u,'l_’) = Z E{Pr sty + %U‘r . P‘rur} + Z E{QT cUr — %"Br : Qfl—)‘r}
7=0 =1
T T
- Z E{ﬁr : DTUT} - Z E{g'r+l : (Brur + br)}
=1 =0

T
= Z E{[Pr - D:—"-_)T - B:-377-+1] ‘ur+ %U‘r ' Prur}
=1

hn
+ E{[po — Ba‘gl] -ug + %uo - Pyug}
T
= Z E{(pr — E97[D}or + Bigr+1]) - ur + gur - Prus)
=1

+ E{[po — B3] - uo + uo - Poug}

T
= Z E{-5-ur+ %u-,- - Prus}.
=0

The proof of the second statement is the same.



Chapter 5. Numerical Solution of Discretized Problems

In Chapters 3 and 4, we introduced some infinite-dimensional optimization prob-
lems, and showed how certain discretizations of these lead to finite-dimensional
problems of similar structure. More importantly, we demonstrated that the dis-
cretized versions can actually be considered as variational approximations to the

original problems.

The discretized problems can typically be represented as convex programs of
extremely high dimension. Theoretically, the usual methods of solution for convex
programs could be applied to these, but the dimensionality of the problems is an
obstacle to most approaches. On the other hand, such a problem has a very special
structure: it consists essentially of a very large number of relatively small problems
which are related to each other in a simple manner. We are thus lead to seek out
methods of solution which exploit this structure, requiring only simple computations
and perhaps allowing the use of parallel processors. In this chapter, we examine one
such approach to solving these problems: the finite envelope method of Rockafellar
and Wets [33], [34] (also known as the finite generation method).

In the first section, we introduce a general finite-dimensional model to which
the algorithm can be applied. In the section 2, we describe the algorithm and
prove some convergence results. Section 3 is devoted to the specialization of the
algorithm to the solution of the discrete-time optimal control problem of Chapter
3. In particular, we consider the so-called “box-diagonal” case, which is a nearly

separable problem of piecewise linear-quadratic programming.

1. Description of the Model

The finite envelope method was originally developed by Rockafellar and Wets as
a dual approach to solving a very special linear-quadratic problem in stochastic
programming [32]. In recent years, they have built up a complete duality theory of
piecewise (or extended) linear-quadratic programming; at the same time, Rockafellar
[29] has extended the finite envelope method to this larger class of problems. In
this section and the next, we show that this method may be extended to an even

broader class of problems.
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We shall be concerned with the following problems:

) minimize f(u) over all u € U,
where f(u) =p-u+p(u)+ (¥ +dv)* (¢ — Du)

and

maximize ¢(v) over all v € V,

Q
(@ where g(v) = ¢-v —9(v) — (¢ + 6y)*(D*v - p).

Here U and V are (nonempty) closed convex sets in R* and R! (respectively)
and ¢ and v are (finite) differentiable convex functions on R* and R!. By the
quadratic case, we shall mean the case where the sets U and V are polyhedral and
the functions ¢ and v have the form ¢(u) = %u « Py and ¢(v) = —%v - Qu.

The problems P and @ are dual to each other, as can be seen by introducing

the functional

J(u,v)=p-u+epu)+q-v—9(w)—v-Du

and noting that
f(w) = sup J(u,v) and ¢g(v) = inf J(u,v).
VeV uel

In particular, we have the following well-known result on weak duality. (See [23] for

example.)

Proposition 5.1.1. It is always true that inf(P) > sup(Q). A given pair (@,7) is
a saddle point for J relative to U x V if and only if @ solves P, v solves Q, and
min(P) = max(Q).

Throughout this chapter we make the following assumption concerning the
functions ¢ and ¥ and the sets U and V.

Finiteness Assumption. The functions (¢ + éy)* and (¢ + éy)* are finite

everywhere. Equivalently, the functions ¢ + 6y and v + éy are coercive, i.e.
)\lim (¢ + 6y )(Au)/X = oo for all u # 0,
— 00
/\lim (¥ + 6v)(Av)/X = oo for all v # 0.
—00
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Under this assumption, f and ¢ are finite everywhere, so that there are no (strictly
enforced) constraints in P and Q other than the requirement that « € U and v € V.
We remark that ¢ + 6y is coercive if either U is bounded or ¢ is strongly convex.

Similarly, 1 + 6y is coercive if either V is bounded or % is strongly convex.

The finiteness assumption represents a normalization. For example, suppose
C ¢ R* and D c R! are compact convex sets, and that (@,?) is a saddle point of J
relative to (CNU) x (DNV). If & € int C and & € int D, then (%@, ?) is also a saddle
point of J relative to U x V. Alternatively, we could add quadratic “proximal”

terms to ¢ and v to make them strongly convex. More will be said about this latter
approach in the next section.

One of the main reasons for imposing the finiteness assumption is that it enables
us to close the duality gap between problems (P) and (Q), as shown in the following

theorem. This will prove valuable in the analysis of the algorithm given in the next
section.

Proposition 5.1.2 Strong Duality. Optimal solutions exist to both (P) and
(Q), and min(P) = max(Q) (finite). Moreover, (4,) is a saddle point of J relative
to U x V if and only if 4 solves (P) and © solves (Q).

Proof. The coercivity of the function ¢ + §y implies that it has no “directions of
recession” (see [22]), and similarly for 1 + §y. We may therefore apply Theorem
37.6 of [22] to obtain the existence of saddle points for J relative to U x V. The

rest of the proposition then follows from Proposition 5.2.1 above. O

We remark that in the quadratic case, strong duality may be achieved without
resorting to the Finiteness Assumption: in this case, one has inf(P) = sup(Q) if

either (P) or (Q) admits a feasible solution. For further details on this, see [33)].

2. The Finite Envelope Method

In this section we describe the basic finite envelope method for solving the saddle
point problem associated with the primal and dual problems (P) and (Q) of the

previous section. First we introduce some notation. For each u € R¥, we define

F(u) = a.rgen%,ax J(u,v) = {v € V|J(u,v) = f(u)}.
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Similarly, for each v € R!, we define
G(v) = argmin J(u,v) = {u € U|J(u,v) = g(v)}.
uelU

Under the finiteness assumption made in section 1, the sets Fi(u) and G(v) are

nonempty for all v and v. In particular, we may write
= J nd = min J .
f(u) max (u,v) and g(v) min (u,v)
We may now state the algorithm.

Finite Envelope Method. Given initial guesses g € U and 99 € V, we generate
sequences {@,} C U and {t,} C V as follows.

Step 1 (Optimality Test). Set ¥ = f(@,) — g(vy). If €y is sufficiently small, then
terminate. Otherwise, proceed with Step 2.

Step 2 (Envelope Generation). Calculate 4, € G(9,) and ¥, € F(#,). Choose
closed convex sets UY C U and V¥ C V such that

{ty,0,} CUY and {5,,0,} C V".

Step 3 (Envelope Subproblem). Determine a saddle point (4,9, ) for J relative to
UY x vV,

Step 4 (Line Search). Find a minimum point @41 of f over the line segment from
i, to 4. Likewise, find a maximum point 0,41 of g over the line segment from v,

to v,. Return to Step 1.

The algorithm given here presupposes that, for any v € U, it is computationally
easy to calculate both the value f(u) and at least one element of F'(u). Similarly,
we assume that for each v € V, the calculation of g(v) and an element of G(v) is
straightforward. In addition, it will be advantageous to have methods available to
efficiently minimize f over any line segment in U, and to maximize g over any line

segment in V.

The primary obstacle to the effective application of this algorithm is the saddle
point computation in Step 3. In the quadratic case (i.e. where ¢(u) = %u - Pu and

P(v) = %v - Qu), this subproblem may be reformulated equivalently as a quadratic
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program of low dimension, which can be easily solved by existing routines (see
section 3). But even in this case, experience to date indicates that Step 3 requires
far more computational effort than the other calculations in the algorithm.

For the remainder of this section, we shall discuss some general aspects of the
algorithm, including convergence. First, it is natural to ask why the size of the
duality gap € in Step 1 should be considered as a stopping criterion. The next

result answers this question.

Proposition 5.2.1. Let @ be optimal for (P) and v be optimal for (Q). If u* is
feasible for (P) and v* is feasible for (Q) with f(u*) — g(v*) <€, then

|f(u*) — f(@)| < € and |g(v*) - g(?)| <e.
Furthermore, if ¢ has the form ¢(v) = po(u) + %—u - Pu and likewise 3 has the
form ¥(v) = o(v) + %v - Qv (where P and Q are symmetric, positive semi-definite

matrices), then also
e — @l p < (26)/?2 and |lv* - 3q < (26)"/%,
where we define |[ul|p = (v - Pu)'/? and ||v|lg = (v - Qu)}/2.
Proof. The estimates for |f(u*) — f(@)| and |g(v*) — ¢(?)| follow immediately

from the saddle point representation of optimality given in Theorem 5.1.2. Now
write J(u,v) = Jo(u,v) + @o(u) — (v), where

Jo(u,v)=p-u+%—u-Pu+q-v—%v-Qv—v-Du.
Then we have
e > f(u*) - f(@) > f(u*) — J(&,0) > J(uv*, ) — J(&,D)
1. . _
= po(u*) = wo(@) + Vado(@,9) - (u* — @) + 3 u” — @}
1
> VuJ(%,9) - (u* — @) + Fllu* —alp

> L —al,
where the last inequality l:.olds because # minimizes .J(u, %) over all « € U. Similarly,
—e < g(*) - 9(5) < —blv* — oIl o
The above proof is a slight modification of that given for the quadratic case by

Rockafellar [29]. In the same paper he proves the following lemma, which we will

use (sometimes without mention) in the proof of convergence.
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Lemma 5.2.2. Suppose that u** € G(v*) and v** € F(u*). Then f(u) > J(u,v*)
for all u (with equality if u = u**), and Vo J(u*,v**) € f(u*). Similarly, g(v) <
J(u**,v) for all v (with equality if v = v**), and V,J(u**,v*) € 9g(v*).

We can use Lemma 5.2.2 to shed some light on the nature of the direction-
finding subproblem given by Steps 2 and 3 of the algorithm. We introduce the

primal and dual subproblems

minimize fY(u) over all u € U”,

(P*)

where f¥(u) = p-u+p(u) + (3 + byr)*(q - Du)
and

maximize ¢"(v) over all v € V¥,
(Q)

where g”(v) = q-v — ¥(v) — (¢ + Syv)*(D*v = p).

It is clear that f(u) > fY(u) for all v € RF, with equality if F(u) N V¥ # 0.
Similarly, g(v) > ¢¥(v) for all v € R!, with equality if G(v) NU” # 0. Thus f¥ is a
lower envelope approximation for f which agrees with f at @,. Moreover, if both f
and f¥ are differentiable at @,, then V f¥(ii,) = V f(iy), by Lemma 5.2.2. In fact,
we can prove somewhat more, as the next proposition (and its corollary) show. The

proof is given in [29].

Proposition 5.2.3. In the algorithm, suppose that F(i,) is a singleton, as would
be the case if 1} + 6y were strictly convex. Then f and f¥ are differentiable at w0,
with V f(@y) = Vf¥(iy). If @, is not optimal for (P), then 4y — 4, is a direction

of descent for f at u, relative to U.

Corollary 5.2.4. If F(i,) and G(9,) are singletons, then the v-th iteration leads
to a reduction in the duality gap (i.e. €1l < €”), unless 4, and ¥, are already

optimal for (P) and (Q).

In general, we cannot guarantee that the duality gap ¢” will converge to zero,
unless we have more information on the specific nature of the sets U” and V" chosen
in Step 2 of the algorithm. Fortunately, in the case where ¢ and 1 are strongly
convex, it can be shown that € decreases to zero at a geometric rate. This is the
subject of the next theorem, which was proved for the quadratic case in [29] by
Rockafellar. (See also [33].)
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Theorem 5.2.5. Suppose that ¢ = g + %“ . ll%; for some symmetric, positive
definite matrix P and some (differentiable) convex function ¢q. (Here, as in Propo-
sition 5.2.1, we use the notation |lullp = (u - Pu)/2.) Similarly, assume that
Y=o +| - ||2Q, with Q) symmetric positive definite and 19 convex. Then, in this
case, one has

e“*1 < 6¢” for all v € N, (5.2.1)

where § =1 — 4(Tl1-723 < 1 with ~ given by

2 z-D*Q7 1Dz z-DP~1D*x
= max < sup , Sup .
z#0 z- P z#0 T-Qx

If u is the solution to (P) and v is the solution to (Q), then we also have
&y — al|% + ||7, — '5||2Q < 26”€? for all v. (5.2.2)
Proof. First we define
Jo(u,v)=p-u+%u-Pu+q-v—%v-Qv—-v-Du

so that J(u,v) = Jo(u,v) + @o(u) — ¥g(v). Then we can write

J(u,v) = @o(u) —ho(v) + Jo(iy, By)
+ Vu.fo('ﬁ,,,’ﬁ,,) ) (u - ﬁl’) + VUJO(ﬂI/a'ﬁll) : ('U — 51/)
+ %(U — 'l_tl/) . P(u — 'l—l,,,) —_ %(’U —_ 1')'1/) . Q(’U _ 1_)11)
- ('U - '51/) : D(u - 'U,U),

(5.2.3)

By definition of %,,, we have

f(@v) = pol@w) = po(dv) + Jo(tn, ) = Slel‘la J(ty,v).

Thus JO("_‘V, 51/) = f(ﬁu) - ‘PO(au) + ¢0(5u)a and

(_V'I/)O(’l}y) + V‘U']O(ﬁllj 51/)) . (’U - ﬁy) S 0 fOI‘ a,].]. v e V

so that
V'vv]‘o(ﬁy,i}y) . ('U et 73,/) S 1[70('0) -_ on(i}”) fOI‘ a].l v e V.
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Also,
Vado(@,9y) - (u — Gy) = Vad (@, 8) - (u — @) — Veo(ay) - (u — @)
= V(@) - Veoo(@)] - (u - @).
Applying these facts to (5.2.3), we get
T(u,v) < o(w) — bo(v) + [F(@) — po(@) + wo(5)]
+ [Vf(ay) = Vo(ay)] - (u = ty) + [$o(v) — o(3v)]
+(u—i) Plu—@) = 3(0— ) Qv — 8,) — (v = ) - D(u — @)
= [po(t) — o(@) — Vo(n) - (u — @) + [f(@) + V(@) - (u — )]
Fru—) Plu—) = 5(v = 8)- Qo — ) — (v ) - D(u — @)
for all v € V. Since f(u) = sup,ey J(u, v), this inequality gives us
£(w) = lpo(u) = woliin) = Vpo(iw) - (u = )] = (@) + V £(@) - (u = )]
=) P(u )
< max{—(v — ) Du — ) = 5(v —8,) - Qv — )}
< sup {~w Dlu =) - Sw- Qu)
- %(u — @) D*Q ' D(u — @),

Suppose u has the form u = @, + A(4, — @) for A € [0,1], so that we have
flay + Miy—aw)) — f(@v)
< [po(tty + Aty — ) — po(@v) — AVeo(ty) - (G — Ty)]
F AV (@) - (= B)] + 33l — @i,

where Py = P+ D*Q~1D. The requirement that @, give the minimum of f over

the line segment between @, and 4, yields
f(az/+1) — flay)
[vo(t) — wo(tv) — Veoo(tiy) - (i — )]
A (5.2.4)

+ [V£(uy) - (i ~ )]

1.9 -
+ é')‘ i — UV“%JO
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We now estimate the coefficient of A2 in (5.2.4). First note that
N — 12 - ~ 112 ~ - 112
4y — UV”PO = |ty — @yl + Ity — uV"D*Q—lp
< law — @B+ 7).
Next, since (@, 9y ) is a saddle point of J relative to U x V¥, we see that

fu(ﬁ,,) bt fy('&y) 2 J(ﬂy, 'ﬁ,/) - J('&y, ﬁy)
. A s - . 1 . _
= 800(1—1‘1/) - SOO(UI/) + VuJ(uu’ 'Uu) . (uu - uu) + 3”“1/ - ul/”%

(5.2.5)

. R _ 1.
> VS"O('EV) : (ﬁu - Uu) + V‘BJ(UV’ 'Uu) . (UI/ - Uu) + 3”“1/ - UUH%D
/0 _ | S 1.
= V(i) - (@ =) + 58w = alip 2 Slew - avlip,

where we have used Lemma 5.2.2 to get Vf¥(i4,) = VyuJ (4, 9y). Combining this
with (5.2.5) yields

i — @l < [F7(@) = £ (@)1 +77). (5.2.6)
We turn then to the coefficient of A in (5.2.4). By (5.2.3), we have
F¥ () = ¥ (i)
> J(ty,0p) — J (T, O0)
= [po(tiy) — %o(Bv) + Jo (@, Bv) + VuJo(@y, ) - (fiy — Gy)
+ %(a,, — @) - P, — @)

— [po(ay) —1bo(dv) + Jo(tw, Bv)]
= [po(@n) — ¢o(@w)} + [Vud (G, By) — Veoo(tiy)] - (Tt — @)

¥ 5l —
> [ooiiy) — woliy) — Veo(in) - (i — )] + Vo (@ 60) - (8 — @)
> [po(tiv) — po(@v) — Vepo(tn) - (i — @) + V f(t) - (& — ).

We may now use this inequality and (5.2.6) to obtain an upper bound for the right-
hand side in (5.2.4), giving

fli41) = (i) < [F7(@) = f/(@)] min {=A+(1+ YA} (5.2.7)

= [f"(@) = f(@)[-41 + %))
= [f(y) = (8w, 8))[-4(1 + %))}
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By a similar argument, we can show

9(0y41) — 9(B) 2 [f(@) — I (G, 0)][-4(1 + 7))t

Subtracting (5.2.7) from this yields e” — e?+1 > e¥[—4(1 ++?)] 71, so that

1
Ve —— 1> v+l
i [ 4(1+72>]-€

which is the same as (5.2.1).

The estimate in (5.2.2) now follows from Proposition 5.2.1. o

Corollary 5.2.6. Suppose that ¢ is strongly convex with modulus vy, and that
is strongly convex with modulus vyy,. Then &” +1 < 9¢¥ for all v € N, where

1

6=1- TR < 1 with v = ||D||2/ /7T

If @ is optimal for (P) and ¥ is optimal for (Q), then

Yolltiw — |2 + vyl|v — 5| < 26%€° for all v.

Proof. It is easily verified that pg = ¢ — %’ﬁp” ||? and 1o = 3 — %—‘m” |2 are
convex functions. We may then apply Theorem 5.2.5 with P = v,I}, and Q = vy 1)
(where Ij, and I; denote the k x k and I x [ identity matrices). From linear algebra,

we have the following chain of identities:

-DD*z - D*Dz
sup 222 — 1D*2 = ID|If = sup Z228
g£0 T°T 20 T2
The value of v may be then calculated using these. ’ 0

In the case where either ¢ or 9 fails to be strongly convex, we may still be able
to approximate solutions to (P) and (Q) by adding prozimal terms. For example,
suppose that (uf,vT) € U x V is the current “best guess” for a saddle point of J
relative to U x V. We define

1 1
TH(u,v) = J(u,v) + o uf|2 - sllo - vl|?,
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where rf is some positive constant. Theorem 5.2.5 says that we can then use the
finite envelope method to find an approximate solution (@', 3!) of JT relative to
U x V. This constitutes one iteration of the prozimal point algorithm, which can
be shown to converge under various mild assumptions. We refer the reader to
the papers [24], [25] of Rockafellar for the theoretical details. In [33], Rockafellar
and Wets present an algorithm based on using the proximal point algorithm in
conjunction with the finite envelope method to solve a special quadratic version
of (P) and (Q). Their analysis includes rates of convergence and a discussion of
stopping criteria.

3. Implementation of Algorithm: Discrete-Time Optimal Control

A highly desirable feature of the finite envelope method is that its implementation
can make extensive use of the specialized structure present in many large-scale
optimization problems. In this section, we briefly indicate how this can be done
for (deterministic) discrete-time optimal control problems, such as those arising
from the discretizations discussed in Chapter 3. The author [39] has developed an
experimental code (the DYNFGM program) for the solution of such problems in
the case of extended linear-quadratic objectives with constant coefficients. This is

also the case described here.
We consider the following extended linear-quadratic problem of discrete-time
optimal control, given in its saddle point representation:
find a saddle point of J(ug,...,un; v1,...,VN+1)

(6) relative to (Ue x (U)V) x (V)Y x V),

where
N
T (ugs- - uN; V1, 0N41) = DT (ur,vr) + Je(u0, vN41)
=1
- ((uo, NP ,'U.N); (’Ul, . 'UN+1))-
Here we have
1 1
J(uT,UT) =p‘u1' +(]"U7-+ 31L1- 'P'U'T—‘ “‘)"v-r'Qv-r _'UT ‘DUT

1 1
Je(u0,vN+1) = Pe o + ge - UN+41 + Fu0 - Petg = 50N 41+ QevN41
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and
N
((U'O,' .o ,'LLN); (vla o avN-i-l)) = Z y‘r-i-l(BuT + b) +v1- (Beuo + be)
=1 :
N
=Y 2,1(C*vr + ) + &y - (Covn41 + ce)-
=1

The trajectories are given by

tr =Axr_1+Bur+bforr=1,...,N,
(er € R™)
2o = Beug + be

yr = A¥yrqp1+ C*vr +cfor 7 =1,..., N,
. (yr € R™).
YN+1 = Ceungr +ce

The sets U, Ue, V and V, are convex polyhedrons, and the matrices P, P, Q, Qe
are symmetric, positive semidefinite. The primal and dual problems are
minimize
flug,...,un)= sup J(ug,...,un;-)
(V)N x Ve
over all (ug,...,uy) € Ue x (U)Y

and
maximize

g(vi,...,onp1) = inf  TJ(-; v1,...,ON41)
Uex(U)N

over all (vy,...,on41) € (V)N x Ve.
The problem (S) is a finite-dimensional saddle point problem with a quadratic,

convex-concave saddle function of the type in sections 1 and 2. Recall that the

general linear-quadratic saddle point problem can be stated as

find a saddle point of
(g) J(u,v)=13-u+%u-]su-l-tj-v—_—i—v-@v—v-bu

relative to U x V.
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That (S) fits into this framework can be seen by considering the case where the

-~

data in (S) is defined as follows:

U:=U, x (V)N c RFe x (RF)Y and V = (V)N x V. C (R!) x R'e,

and
De
-t . ~ p Sk Lk~
P = diag[P,,P,...,P], p=| .| —-B A%,
P
q
O = diag[@,...,@,Qe), d= | |- CAb,
q
Qe
o 0 ... 0 O
0O D 0 0 O
D=|: o . o i|+C4B
0 0 O DO
D. 0 0 O
Here we have used the matrices
I
be c
- A I - b :
A= . : ’ b= . 3 ¢ = ) ’
AN-1 gN-2 g ' c
AN AN-1 4T b ce

B = diag[Be, B, ..., B], C = diag[C,...,C,C¢].

The DYNFGM program is designed to efficiently solve the problem in the very
important boz-diagonal case: we assume that P, @, P., Q. are diagonal matrices
with positive diagonal elements, and that U, Ue, V, V, are “boxes”, i.e. Cartesian
products of closed, bounded intervals. There are many advantages in having a code
specially written for this case, rather than solving it with a routine for the more
general quadratic problem (S). The most obvious is the savings in data storage: if
k and ! are small but N is large, the corresponding matrices would be quite sparse.

For example, the matrix P would require (Nk + ke )? storage elements. But since P



93

and P, are diagonal, and because the problem is autonomous (i.e., the data elements
are time-independent) we require only k + ke storage elements to accommodate P

and Pe.

A somewhat less apparent source of savings is in the necessary work: it turns

out that J is separable in the variables

uio (2 =1,...,ke), uir (i=1,....,k;t=1,...,N)
vin41 (E=1,...,0e), vir i=1,....,; 7=1,...,N).

In fact, for any (ug,...,uy) = u we can ezplicitly calculate the function value
f(uo,...,un) as well as its derivative, and similarly for the dual variables. For
example, suppose that we know @ and its corresponding trajectory Z, and assume
that V, = Hi-‘f__l[vz{), vhland V = HI'=1[U{- , v ]. Then we can write

f(a) :=sup J(u,v)
y

N
= s%p {Z J(@r,vr) + Je(flo, vN41) — (ﬁ,v)}

=1
N _ 1_ _ 1
p-ir+ SUr- Pur+q-vr — 5vr- Qur
= sup Z 2 Z
Vo |r=1 —vy - Dty — Z7—1 - (C*vr +¢)

i _ 1_ _ 1
Pe + g + 510 - Pelig + ge - UN41 — 5UN+1* QeVN+1

| -y (Coungr +ce)

( ~ 1 _
1"“7"*‘3”&7‘])&7“'@'1——1‘3

I
E

s‘
il
A

1
+ sup [((1 — Diiy — CTr-1) - vr — SVr e QUT]
\ UTE‘/ i
_ 1_ _ _
Pe - Ug + 50 - Peiig — v - ce

+ 1
+ sup  [(ge — CeZN) vN+1 — FUN+1 " QeVvN41]
vN+1€Ve =

1 1
(p-ﬁ7-+5—277--]317.7—5:7-_1-c)+])e-'ﬂ0+3ﬁ0‘Peﬁo—.’i‘N'Ce +

it
e
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N |
+ZZ sup

k m
_ . = 1
6= 3 Dijije = 3 Cigijrmr | o' = 5@a(v')?
i=1

r=li=1v/€fv] v} j=1
le m 1
+> sup gei — Y _(Ce)ijZin | v’ — 5(Qe)ii(v')?
=1 U’G[UEN+1’1}1-.‘,-N+1] j=1 -

So the maximization problem to determine f(u) reduces to N1+l one-dimensional

maximization problems, each of the form:
s s y 1 12 ! - .+
maximize av' — 5B(v')” over v’ € [v7,vT).

These can be solved ezplicitly. This special structure greatly simplifies many tasks,
e.g., the line searches in Step 4 of the algorithm. Problems without the box-diagonal
structure are still separable with respect to the time periods, allowing parallelization
of much of the algorithm.

In Step 2 of the yth iteration, the DYNFGM code generates finite sets U” C U
and VY C V satisfying {@#”,4”} C cold” and {3”,3"} C coV¥, where @" is the
“best guess” for the primal problem and 7” is “best” for the dual problem (the

“co” denotes the convex hull of the set). The vectors @, o” are given by
¥ € G(3¥), oY e F(@")
where

G(v) := argmin J (u,v), F(u) := argmax 7 (u, v).
u€ld veY
In this implementation, for given controls @”, @” and 9", " we generate the finite

sets
Uuv = {’L-L", av, ’U.(l), . U(L)}, VY = {,51/, &, U(l), L ’U(L)}

by the rule
«9) = GUD), o) = F(uU—1),

for j = 1,...,L (for some fixed positive integer L), where we take u(® = #” and
v(®) = §¥, The generation of these elements is made especially easy by the separa-

bility discussed in the previous paragraph.
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The envelope subproblem (Step 3) concerns the solution of the saddle point
problem

(S¥) find a saddle point (&,%) of J(u,v) relative to cold” x co VY.

We can rewrite this by using the substitution

m n
u = Zé’iui, v = Z'I;jvj
i=1 j=1
to get
1n . . n . .
J(&m) =T [ > &ud, > nlod
i=1 Jj=1
m N 1 m,m N
=Z§2{pe-ua+2p-ufr +EZ€Z£I\ ub.Pe“s.{_Zu;.Puﬁ
i=1 T=1 “ik=1 =1
m,n N n ) N
R RS o [ S
i,j=1 T=1 j=1 T=1
1 nn N
- ) ! .
2 L I:U5V+l ‘Qevivgr+ Y vl Q’”If}
=1 =1

) 1, - " 1 .
=P+ 358 PE—n-DE+G-n—5n-Qn.

By exploiting the Kuhn-Tucker conditions and duality, it turns out that the refor-
mulated problem

find a saddle point (£, 7)) of J(€,3) relative
to (&) € {§20[1-£=1} x{n 20/1-7 =1}

©)
is equivalent to
e e e 1 A 1 R
(C) minimize p- € + ;g - P¢ + 3C CQC+T
over all §,(, 7 satisfying

£>20,1-£=1,1-C=1, 7 free
DE+QC+T12>4§
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where 7 is the Lagrange multiplier vector for the constraint Dé4+Q¢+71 > ¢. Notice
that (C) is a low-dimensional convex quadratic program, which may be solved using

standard quadratic programming codes.

The line search part of the algorithm (Step 4) may be implemented in several
different ways. Typically, one would parametrize u by u = Ad” + (1 — X)@” for the
problem of finding @%! € [4¥,@"] to minimize f. This leads to the problem of

minimizing a()) subject to A € [0, 1], where
a(A) := max J(AGY + (1 — A\)a",v).
vey

For each A we may explicitly find the v giving this maximum, as well as the derivative
of & at A. (At the optimal X this v will be the new element #+1.) It turns out that
a is a convex, piecewise linear-quadratic function of A, and that the “breakpoints”
of @ may also be explicitly computed. Hence, one could trace A from breakpoint to
breakpoint to find where the derivative changes sign. Clearly, standard line search
procedures could also be used, or even various combinations of these with the above

method.

Similar decompositions to those described in this section are possible also for
stochastic problems [33], [34]. For details of such an implementation for quadratic

problems in stochastic programming with recourse, we refer the reader to the paper

of King [15].
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