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The recent implementation of novel on-scalp magnetoencephalography (MEG) sensors,

specifically optically pumped magnetometers (OPM), has brought about exciting prospects

for more precise measurements of natural human brain activity. In order to leverage the full

potential of on-scalp systems, certain challenges must be overcome, requiring improvements

in both the methodology and instrumentation of these MEG systems. First, traditional

signal space separation (SSS) methods for isolating the weak, pico-Tesla (pT) magnetic fields

generated form neuronal activity fail when the MEG sensors are on the scalp, as opposed

to elevated above the head in a liquid helium Dewar as with traditional, cryogenic MEG

systems made of Superconducting Quantum Interference Devices (SQUID). Next, due to

the increased proximity of sensors to the brain, on-scalp systems can in principle capture

higher spatial frequencies of magnetic signal topology, but current inverse methods may fail

with the increased impacts from noise that comes with higher frequency components. Finally,

the OPM sensors themselves are more sensitive to low-frequency and DC fields than SQUID

MEG systems, so new hardware and magnetic field compensation techniques are needed to

reduce the remnant magnetic field around the sensor systems.

In this dissertation, we first present the novel multi-SSS (mSSS) method, a straightforward

mathematical adaptation to the SSS method to account for the on-scalp sensor geometry with



various OPM systems. Next, we explore the applications of a matrix regularization method,

Foster’s Inverse, on SSS to reduce the detrimental impacts of sensor noise on the reconstruction

of the internal brain activity, specifically when focusing on higher order components of the

magnetic field. Finally, we discuss challenges and current solutions for reducing the remnant

magnetic field in the presence of OPM sensors low enough for desired operation, and present

the coil compensation system designed for use at the Institute for Learning and Brain Sciences

(I-LABS) MEG Center, University of Washington. All three of these projects culminate to an

advancement of the methodology and instrumentation needed for successful studies of human

brain activity with on-scalp MEG systems.
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Chapter 1

INTRODUCTION

Perhaps the greatest frontier of human knowledge is the pursuit of understanding the

very tool that helps us live, study, laugh, and think - the brain. Clinicians, psychologists,

engineers, neuroscientist, physicists and more have been working to understand the mysteries

of how our brains work, from the microscopic neuronal level to the macroscopic functions.

The advancement of non-invasive brain imaging techniques has allowed us to study function,

development, and structure of the brain with low-risk procedures for the patient, and each

imaging technique gives us a small piece of the human brain puzzle. Functional Magnetic

Resonance Imaging (fMRI) is widely used for its ability to obtain detailed pictures of the

structure and active regions of the brain by measuring a variety of markers related to the

cerebral blood volume, which is correlated with higher brain activity in a specific region with

more blood volume [61]. This type of fMRI, called blood-oxygen level dependent (BOLD)

fMRI, measures the difference in magnetic susceptibility in oxygenated hemoglobin, which

has the highest BOLD response in active areas of the brain. Other techniques include

electroencephalography (EEG), which measures the electric signals of postsynaptic neuronal

currents generated from large numbers of neurons [61]. Electric fields are closely related to

magnetic fields, so EEG is often used in conjunction with magnetoencephalography (MEG)[16].

Each of these techniques share a common core of fundamental physics behind the mechanism

of the imaging and neurobiological happenings themselves.

This dissertation focuses on MEG, a technique used to measure the weak magnetic fields

produced by neuronal activity in the brain with the best combination of spatial and temporal

precision over fMRI and EEG. These signals typically range from 10 fT to 1 pT in strength,

1-100 Hz in frequency, and are mainly produced by the activity of pyramidal cortical neurons
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aligned perpendicular to the gray/white matter boundary [27]. Based on the magnetic field

distribution provided by sensors arranged around the head, the underlying neural current

can be reconstructed in a non-invasive fashion with millimeter-range spatial resolution and

millisecond-range temporal resolution. Traditional MEG sensors are made of an array of

superconducting quantum interference devices (SQUIDs) that are kept in the superconducting

state by cooling them with liquid helium in a Dewar elevated above the patient’s scalp [27],

with approximately 18 mm between the room-temperature surface of the MEG helmet and

the SQUID sensors themselves. Due to the spatial degradation of magnetic fields as a function

of distance and the presence of numerous external noise sources, it is difficult to accurately

measure these small brain signals. Additionally, noise from external sources, movement of

the patient, sensor system crosstalk, and any remnant magnetic fields around the sensors

can cause signal-like artifacts that are difficult to distinguish from the brain activity itself

[54]. MEG studies employ a wide variety of software and hardware techniques to reduce noise

levels and improve the measurement of brain activity.

The most fundamental methods for isolating neuronal magnetic fields are based on the

physics of electromagnetism. Brain signals can be separated from external interference signals

using, for example, the signal space separation (SSS) method (also known as Maxwell filtering),

which models the quasi-static magnetic fields as a series of vector spherical harmonics (VSH),

a fundamental method for the discretization of magnetic fields, with separate expansions for

the brain and external contributions [51]. SSS is based only on the geometric configuration

of the MEG sensor helmet in relation to the neuronal sources [53]. With current cryo-MEG

sensor systems, the number of detectable degrees of freedom of the magnetic field is around

80, meaning most post-processing noise reduction methods rely on the oversampling of the

magnetic field with over 300 or so independent sensor measurements.

MEG has been used for about 50 years, but full-head sensor systems were not commercially

available until the 2010’s, with the first IFCN-endorsed guidelines for clinical MEG published

in 2018 [16]. Newer on-scalp sensors, such as optically pumped magnetometers (OPM), have

recently begun to be implemented in MEG systems [42], [55] [23], [3]. OPM sensors exploit
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the quantum-mechanical properties of alkali metal gas within the sensors. Energy is pumped

in from a modulating laser to bring the gas atoms into the same energy level such that they

are at their most sensitive to small changes in magnetic fields [55]. The changes in magnetic

fields are typically measured as changes in absorption and amplitude by a second laser. The

ability of OPM sensors to operate without cryogenic cooling mitigates previous issues with

signal depreciation over distance and potentially allows for more naturalistic neuroscience

due to the freedom of the subjects to move with the MEG array being fixed to their head [3].

This is because, unlike SQUID sensors, OPM sensors do not require thick thermal insulation

or a heavy Dewar as seen in Figure 1.1. OPM sensors can be placed directly on the head as

they are operated at room temperature, giving in principle a three to five-fold improvement

in sensitivity to neuronal magnetic fields [55]. Additionally, OPM sensors are more versatile

and can be fitted to any head shape or size, and can allow for more head movement without

needing as much data processing to deal with this movement.

Figure 1.1: Simple schematic to visualize the main differences between common cryogenic
MEG sensor systems (SQUID sensors on the left) and new on-scalp sensor systems (OPM
sensors) on the right. SQUID sensors are further away from the head as they must be
supercooled and housed in a Dewar, whereas OPM sensors can be placed on the scalp in
more variable positions.
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However, the new technology gives rise to new hardware and software considerations in

order to capitalize on the potential improvements from on-scalp sensor systems. For example,

OPM sensors are more sensitive to low-frequency, remnant DC magnetic fields [56], raising

a need for more finely tunable technologies, including magnetically shielded room (MRS)

modifications, for reducing the magnetic fields around the sensors. Other potential designs

for on-scalp systems utilize nitrogen vacancy (NV) sensors, which exploit vacancy centers

in diamond crystals to sense small magnetic fields [41]. Like OPM sensors, NV systems

can operate at room temperature, but are theoretically more stable and robust due to their

crystal structure. This dissertation focuses on OPM sensors as an example of on-scalp MEG

systems as full-head NV sensor systems are not yet available, but the findings and methods

developed in the following chapters are intended to be applicable to any on-scalp system.

In this dissertation, novel methods for improving the methodology and implementation of

on-scalp MEG systems are developed, tested, and discussed. These improvements fall into

three main projects, which make up the three Chapters after Chapter 2, which delves into

the necessary background and theory to support the work in this dissertation. First, Chapter

3 discusses the development and testing of novel refined inverse models for on-scalp systems.

We propose the novel multi-origin SSS (mSSS) method [35], a straightforward mathematical

adaptation that allows signal space separation methods to function with on-scalp sensor

systems. The mSSS method is compared to SSS and spheroidal harmonic expansions of the

magnetic signals [56] on a variety of different sensor systems with simulated data, empty

room MSR recordings, and single-subject data collected at the University of Washington,

Nottingham, and the University College London. We end this Chapter with a discussion of

the mSSS method’s superior performance in a number of metrics.

Next, Chapter 4 delves into the optimization of the basic component extraction of

the magnetic fields with an emphasis on noise reduction using Foster’s inverse [11] matrix

normalization applied to SSS signal reconstruction in order to uncover the higher-level

magnetic field components that on-scalp systems can capture. Higher order components help

distinguish between two neuromagnetic sources that may have similar lower order components,
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giving a higher level of precision in activity localization. We discuss the importance of

accurate sensor noise covariance profiles, investigate the consequences of varying profiles

using simulation, and offer methodology for estimating sensor noise covariance profiles from

MEG data. Finally, we demonstrate the functionality of Foster’s inverse applied to SSS with

a variety of datasets including a noisy current dipole simulation, SQUID-MEG Phantom

datasets, and OPM-MEG single-subject recordings.

In Chapter 5, we discuss field compensation optimization using the magnetically shielded

room (MSR) at the Institute for Learning and Brain Sciences (I-LABS) towards the goal of

taking high-quality on-scalp MEG measurements. We begin with an overview of current field

compensation system designs and implementations, then detail the simulated design of a coil

compensation system for use at I-LABS that can reduce the remnant magnetic field in the

MSR around the Flux OPM helmet to the safe operating regime of 5 nT. This project is a

step in the long term goal of obtaining simultaneous human interaction measurements, where

one subject is wearing the SQUID helmet and the other is wearing the Flux OPM system, so

synchronized brain activity between two interacting people can be studied.

Finally, we offer conclusions and discuss how the work described in each of these chapters

furthers the common goal of improving and expanding the clinical applications of MEG,

allowing for a deeper understanding of human brain functionality.
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Chapter 2

THEORETICAL BACKGROUND

In this chapter, we explore the necessary background for understanding the fundamentals of

MEG and the need for improvements in methodology and implementations to match advance-

ments in on-scalp MEG systems. We begin with a discussion of biology and neurophysiology,

which drives the way we model and interpret brain signals using electromagnetism.

2.1 Neurophysiology

When our brains receive a stimulus, neurons associated with the stimulus response are

activated. This activation involves the movement of Na+, K+, and Cl− ions through the

cellular membrane of a neuron, thus causing a shift in the relative concentration of ions on

the inside of the neuron compared to the outside [27],[16]. This potential difference and ion

pumping creates a current, and this current along the dendrites of multiple neurons is the

origin of the magnetic fields measured by MEG.

MEG primarily measures the fields generated from postsynaptic currents in cortical

pyramidal cells due to the fact that the transfer of ions at the post synapse takes longer than

the pre-synaptic process, so the signals are more significant and are more likely to be picked

up by the sensors [27]. The dendrites of the pyramidal cells are oriented perpendicularly to

the surface of the cortex, so they guide the currents to flow perpendicularly as well. The

excitatory activity of 10,000 to 50,000 pyramidal neurons results in measurable magnetic and

electric fields using MEG and EEG, respectively [40].

Brain signals also have unique rhythms or frequencies that can help us tell which parts

of the brain may be involved based on the MEG data itself [27]. First, the parieto-occipital
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alpha rhythm is generated in the posterior part of the brain. The alpha rhythm is prominent

when subjects have their eyes closed, are sleepy, unfocused, or are not using their eyes for a

particular task. The mu rhythm has two components, one around 10 Hz and another around

20 Hz, that are involved in motor cortex function. Signals of 14-30 Hz are Beta rhythms and

are active during sensorimotor and cognitive functions. Theta bands, from 4-7 Hz, and Delta

bands, less than 3 Hz, indicate a state of lower vigilance, deep sleep, and are activated when

a person is retrieving or encoding information in their working memory. These frequencies

and their generation sites can be identified using MEG, as MEG sensors are designed to be

sensitive to neuronal activity in the 1-100 Hz range [27].

Knowing more about the physiology of our neurons helps us create a meaningful math-

ematical model connecting electromagnetic equations to the human brain. For example,

the permeability of each ion flowing into or out of the neuron can change with synaptic

inhibition of excitation, which in turn changes the flow of voltage through a neuronal pathway

depending on the particular stimulus and response. We can also use this knowledge to isolate

the primary current, related to the movement of ions as discussed above, from the volume

current, which are passive ohmic currents completing the loop of ionic flow as seen in Figure

2.1.
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Figure 2.1: Simple schematic visualization of the postsynaptic potential, where the flow of
ions (purple) across the synapse create the primary current, modeled with current dipole Q
(orange), and resulting magnetic field B (green), and the volume currents (blue).

Using spherical symmetry, we can deduce that MEG measures the primary currents, which

correspond to activity within the fissures of the cortex [27]. This is biologically significant

since all of the primary sensory parts of the brain are located within the fissures of the cortex.

From all of these anatomical considerations, the whole cortex is modeled as a homogeneous

conductor, where the primary current is approximated as a current dipole determined at a

neuronal level.

2.2 The Physics of MEG

The macroscopic effects of small neuronal currents create magnetic fields, which with enough

neurons active as once, create a measurable effect with MEG sensors. The origins of these fields

can be contextualized with fundamental electromagnetism, allowing us to model 10,000-50,000

active neurons as a current dipole source [45]. In this section, we explore the fundamental

mathematical and physics basis MEG, starting with Maxwell’s Equations.
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2.2.1 Quasistatic Approximation of Maxwell’s Equations

We can start with Maxwell’s equations:

∇ · E = − ρ

ϵ0
(2.1)

∇× E = −∂B

∂t
(2.2)

∇ ·B = 0 (2.3)

∇×B = µ0J+ µ0ϵ0
∂E

∂t
(2.4)

From the behavior of neuronal sources, we know the time derivatives of the electric

and magnetic fields are small compared to the ohmic current and that the characteristic

wavelengths of biomagnetic signals are much longer than the head’s diameter [27]. Thus, we

can adopt the quasistatic approximation, and note that the conductivity of brain tissue is

the same as free space. From this, we arrive at simplified equations for the electric fields and

source potentials

∇× E = 0 (2.5)

E = −∇V (2.6)

and the simplified versions of Maxwell’s magnetic field equations

∇×B = µ0J (2.7)

∇ ·B = 0. (2.8)

The cortex is modeled as a homogeneous conductor with σ(r) representing the macroscopic

conductivity. This allows us to split the current J(r) into primary and volume currents

J(r) = JP (r) + σ(r)E(r) (2.9)
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Where JP (r) is the primary current. The primary current is concentrated into a single point

using the current dipole Q such that

JP (r) = Qδ(r− rQ) (2.10)

This form of a current dipole is commonly used in both MEG and EEG as as an equivalent

current source that may extend over an area of the cortex on the order of a such that it

represents the activity of many neurons. We can also use the primary current to obtain an

equation that allows us to solve for V :

∇ · (σ∇V ) = ∇ · JP . (2.11)

We are interested in the magnetic field, and this electric potential in Eq. 5 is an intermediate

step to calculating the magnetic field. The magnetic field is calculated by the MEG sensors,

and can be turned back into the neuronal activity by a process known as the inverse problem,

which we will discuss in detail in the next section of this chapter. Conversely, one can

construct the expected measured magnetic field generated from a single or group of current

dipoles at some location in the brain, and see how well this expected value matches the

measured value. This process is called the forward problem and starts with B given by the

Ampere-Laplace law, a continuous form of the Biot-Savart Law

B(r) =
µ0

4π

∫
G

J(r′)× r− r′

|r− r′|3
dv′. (2.12)

For a spherically symmetric conductor with an interior current dipole, the B field can be

simplified to

Bz =
µ0

4π

Q× (r− rQ) · ez
|r− rQ|3

. (2.13)

We can discretize the measured potential difference Vi between two magnetometers and use
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it to find a relationship between the primary current and the lead field of the ith magnetometer

bi =

∫
V

Li(r) · JP (r, t) dV (2.14)

where

Li(r
′) = [Li1(r

′),Li2(r
′),Li3(r

′)]
T (2.15)

JP (r) = δ(r− r′)ej (2.16)

.

The lead field representation has the same mathematical formalism for EEG and MEG,

but MEG lead fields are magnetic flux values through the pickup loop. If the magnetometers

used are planar coils, their lead fields are sensitive to the radial components of the B field,

the tangential components, and the derivative of the radial field component. This is done

assuming spherical symmetry. In this fashion, MEG provides a projection of the primary

current Jp onto the lead field. These are some results of the forward problem that help

provide insight into the inverse problem, and both solutions can be used in conjunction to

arrive at the most likely origin of the neuronal activity measured by MEG.

2.2.2 Sarvas Current Dipole Formula

From Maxwell’s equations we know that there are no magnetic monopoles, therefore the

simplest source of a magnetic field is a tiny loop of current, which is essentially localized to a

singular point at far away distances. In this fashion, the magnetic dipole is calculated as

Bdip(r) =
µ0

4πr3
[3(m · r̂)r̂−m] (2.17)

where r is the vector from the dipole to the location of each sensor in direction r̂, and

m is the dipole moment. The magnetic flux calculated through a sensor loop can be found
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using the Biot-Savart law

Φi =

∫
Ai

Bdip · dAi (2.18)

where Ai is the area of the coil loop, which can be determined using the dimensions of the

particular MEG sensor system [31]. For example, with the MEGIN/Elekta Neuromag SQUID

helmet, when numerically implemented, integration can be approximated over 9 points for

magnetometers and 8 for gradiometers using a weighted numerical integration method [53].

Current dipoles are a more accurate representation of human MEG data because they

match the form of the primary current originating from neurons, completed by a distribution

of volume currents that are shaped by the geometry of the electric conductor structure of the

head. Here, we have assumed that the neuronal activity has a small enough spatial extent

per unit time to be accounted for by an equivalent current dipole (ECD) [16]. In the case of

a spherically symmetric conductor, the forward field of a current dipole has an analytical

form [45]:

B(r) =
µ0

4πF 2
(FQ× r0 −Q× r0 · r∇F ) (2.19)

Q is the current dipole defined as the primary current confined to a single point, where r

is the vector from the origin to the location of each sensor, r0 is the location of the current

dipole, and F is defined as F = a(ra+r2−r0 ·r) with a = r0−r [45]. The magnetic flux from

a simulated current dipole located at a specific point measured by a specific MEG system

can thus be calculated using this formula.

The current dipole has a very different mathematical configuration than the magnetic

dipole given in Equation 2.17: it has a focal primary current segment corresponding to

postsynaptic activity in mostly pyramidal neurons, but this segment is completed by a

potentially very large loop of passive volume currents. These passive currents mean the

current dipole model is not suitable for external sources unless the whole conductor is taken

outside of the sensor array. This would mean placing the origin of the coordinate system used
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in the dipole calculation in the exterior space accordingly. Therefore, the magnetic dipole is a

better model for external sources, and can be used to simulate external magnetic interference

in MEG data.

2.3 Signal Reconstruction and the Inverse Problem

As briefly mentioned before, the inverse problem solves for the underlying current distribution

to the measured magnetic field. There is no unique solution as there are infinitely many

neuronal groupings that could result in the same magnetic field. The most likely solution

is found using knowledge from neurophysiology, the physical and mathematical form of the

expected current dipole signals, information about the sensor array, etc. and is computationally

solved. Inverse methods can be used used in conjunction with data cleaning techniques to

reach the best result for the reconstruction of interior brain signals.

MEG directly measures components of the primary current vector JP , which in principle

is continuous and therefore has infinitely many spatial components. The measurement exists

in the sensor space, characterized by the MEG sensors themselves, whereas the actual brain

activity exits in the source space. One method to navigate between the two to solve the inverse

problem is to construct a signal space projector (SSP), which is a projection of the measured

vector onto a subspace of the signal space [29]. SSP can be used to eliminate possible sources

of noise that only span a small part of the signal space and cannot be explained by the source

space.

One of the most important parts of any inverse model is the equivalent current dipole

(ECD), which is based on the fact that fields produced by the brain resemble dipoles that

are dynamic spatially and temporally [29]. The ECD helps constrain the possible inverse

solutions to ones that fit the approximate location, orientation, and collective dipole moment

of a collection of modeled neuronal activity. However, the fields from a single dipole can

resemble a pair of dipoles close to each other and a pair of dipoles lined up. This is a problem

because our model can be incorrect even if the goodness-of-fit value indicates that the model
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is functioning well.

Another common method that can be used to solve the inverse problem is the minimum-

norm estimate (MNE). In this method, we look for the primary current that has the smallest

overall amplitude but still contains all of the information that we need to describe the

measured signals. This approach involves variations of singular value decomposition (SVD).

Python’s MNE package includes source estimation, machine learning for decoding models,

encoding models, connectivity, and data visualization packages [31]. MNE methods can utilize

a priori information to weight or normalize components of the estimate to further improve

the localization of dipole activity and help combat the method’s tendency to mislocate deep

brain activity to the cortical surface [29]. Both SVD and noise-normalized MNE methods are

discussed in greater detail in Chapters 3 and 4, respectively.

In this section, we discuss computational methods for separating the brain signals our from

external magnetic sources that arise from fundamental physics and electromagnetism called

the Signal Space Separation (SSS) method and other variants, as these types of methods

serve as the foundation for much of the work in this dissertation.

2.3.1 Signal Space Separation Method

The Signal Space Separation (SSS) method decomposes the MEG signal vectors into two

expansions of vector spherical harmonic functions - one that corresponds to sources within

the sensor helmet and one that corresponds to sources outside the sensors [53],[51]. This

basis separation assumes the quasistatic approximation and that the sensors are located in a

current-free volume so that the magnetic field can be written as the gradient of a harmonic

scalar potential,

B = −µ0∇V. (2.20)

The origins of the electromagnetic signals measured by the sensor array can be deduced

based on how the signals decay. Signals arising from sources within the brain should not decay

at the origin, while signals that come from sources located outside the helmet should. We

can further restrict the plausible subspace by only looking for signals that obey quasi-static
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Maxwell’s equations and can therefore be derived from the magnetostatic scalar potential.

This potential satisfies Laplace’s equation and has a solution that can be separated into two

different sets of harmonic basis functions based on their convergence properties:

V (r) =
∞∑
l=0

∑
m

αlm
Ylm(θ, φ)

rl+1
+

∞∑
l=0

l∑
m=−l

βlmr
lYlm(θ, φ), (2.21)

where Ylm(θ, φ) is the normalized spherical harmonic function related to the associated

Legendre polynomials and the radius r is the distance from the origin to a field point located

outside of the head. We can then take the gradient of this expansion for the scalar potential

V (r) to find the magnetic field B.

B(r) = −µ0

∞∑
l=0

l∑
m=−l

αlm∇
[
Ylm(θ, φ)

rl+1

]
− µ0

∞∑
l=0

l∑
m=−l

βlm∇
[
rlYlm(θ, φ)

]
(2.22)

Applying the gradient operator gives the angular dependence and can be expressed using

modified vector spherical harmonics νlm(θ, ϕ) and ωlm(θ, ϕ).

B(r) = −µ0

∞∑
l=0

l∑
m=−l

αlm
νlm(θ, φ)

rl+2
− µ0

∞∑
l=0

l∑
m=−l

βlmr
l−1ωlm(θ, φ) (2.23)

B(r) = Bα(r) +Bβ(r) (2.24)

This expansion for B is a fundamental discretization of a continuous magnetic field and

can be applied to multichannel measurement of electromagnetic fields. When we define

the radius r as the distance from the origin to the closest sensor, the first term of the sum

corresponds to signals that originate inside the brain and decay at large r, whereas the second

term represents signals that are large at large distances away from the origin and thus come

from signals external to the brain such that α terms denote internal signals and β terms

denote external signals. The coefficients αlm and βlm denote the multiple moments and can
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be written in a lead-field like representation using the vector spherical harmonic function

Xlm(θ, φ)

αlm =

∫
v′
λα
lm(r

′) · Jin(r
′)dv′, (2.25)

where Jin(r
′) is the internal current distribution and λα

lm(r
′) represent the analogy to the

conventional lead fields. Fully expanded, we have

λα
lm(r

′) =
i

2l + 1

√
l

l + 1
rlX∗

lm(θ, φ). (2.26)

Xlm(θ, φ) can be written using the spherical harmonic function Ylm(θ, φ) as [51]

Xlm(θ, φ) =
−i√
l(l + 1)

(r×∇)Ylm(θ, φ). (2.27)

Note that the current J given from Maxwell’s equations as the curl of the magnetic field

must be zero given the VSH expansion of B, meaning the sensors must be located in a

source-free zone outside of the head. For computational applications, the measured signal

vector ϕ can be written as follows

ϕ =

Lin∑
l=1

l∑
m=−l

αlmalm +
Lout∑
l=1

l∑
m=−l

βlmblm, (2.28)

where alm and blm are the signal vector responses of the multichannel measurement device

and ϕ = [ϕ1...ϕN ]
T is the measures signal vector of all N channels. The l = 0 components

are excluded because they correspond to magnetic monopoles, which do not exist according

to Maxwell’s equations. This form of ϕ can be expressed in matrix notation as:

ϕ = Sx =
[
Sin Sout

]xin

xout

 . (2.29)

Here, S is the magnetic subspace containing separate subspaces for internal and external
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sources, and the corresponding multiple moments are contained in vector x. The moments L

of the interior and exterior expansions are truncated at Lin = 8 and = Lout = 3 [53], resulting

in a (Lin + 1)2 + (Lout + 1)2 + 2 = D dimensional space. The interior basis represented by

Sin can be used to reconstruct the raw data in a way that excludes any noise that came from

signals outside of the helmet. This reconstruction is done by first finding an estimate for the

multipole moments x̂ using the pseudo-inverse inverse of the full SSS basis.

x̂ =

 x̂in

x̂out

 = S†ϕ. (2.30)

The internal signals ϕ are then reconstructed using the internal SSS basis and the

estimated multipole moments as ϕin = Sinx̂in. The reconstruction allows for a clearer and

more accurate representation of the signals that were produced by the brain during a specific

period of time, cleaned of external magnetic field interference, only requiring the sensor

geometry to be known.

2.3.2 Extended Signal Space Separation

Extended SSS combined traditional SSS with statistical aspects from SSP in order to improve

the behavior under external interference and reduces sensitivity to geometry and sensor

calibration errors [17]. However, eSSS requires empty-MSR recording in order to establish

the dominant principle components of the external interference (PCout). The external SSS

basis is augmented as follows

Sout,e = orth([SoutPCout]) (2.31)

where the orthogonal function can be done using SVD. The new Sout,e matrix contains

features that correct the inaccuracies due to calibration and geometry errors. The combined

Se matrix can then be used as normal in SSS calculations for reconstructing data.

Se = [SinSout,e] (2.32)
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This SSS basis can be further augmented to include band-pass filtered PC’s to suppress

known artifacts, and it can be combined with spatiotemporal (tSSS) to deal with other

kinds of artifacts. eSSS is able to suppress artifacts caused by asynchronous artifacts in the

sensor array that SSS cannot. It has been found that eSSS significantly improves external

interference suppression, does not increase error in source estimations, has a similar truncation

level as SSS, but requires an empty-MSR to correct for inaccurate calibration information.

2.3.3 Spatiotemporal Signal Space Separation

Conventional interference rejection methods struggle to remove unwanted signals that originate

close to the sensor array. Spatiotemporal SSS (tSSS) can remove both external interference

and artifacts produced by unwanted nearby sources by using Maxwell’s equations, sensor

geometry, and statistical analysis in the time domain. This opens the scope of clinical research

to more patients with potential magnetic impurities [52]. SSS cannot separate sources very

close to the sensors, but we can recognize these signals by finding and extracting temporal

components that are found in both the internal and external multipole moments.

Two sources of inaccuracy in the SSS reconstructions come from errors in truncation of

the harmonic expansions and calibration issues in the MEG sensor array. These errors can

be mathematical shown in the interior and exterior multipole expansions as

X̂in = X̂in,0 + X̂in,ϵ (2.33)

X̂out = X̂out,0 + X̂out,ϵ (2.34)

Where the subscript 0 represents the undistorted reconstruction of the brain signal and ϵ

denotes the errors from truncation and calibration. The undistorted estimates are uncorrelated

whereas the errors are correlated and cause multipole moment mixing between the interior

and exterior basis components. We can find the correlated sources by first taking the SVD

of X̂in,ϵ and X̂o,ϵ, denoted as bases Cin and Cout. Then, the correlation is the overlap of

these two bases in the temporal domain L = Cin ∩Cout. L will be empty in the absence of
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nearby interference and with perfect calibration. The overlap and comparison is done with a

small positive inaccuracy value δ so that two vectors are considered identical when the angle

between them θ satisfies cos(θ) > 1− δ. Examples with data and simulations have shown

that the best values are δ = 0.01− 0.05 [52].

L, as an orthonormal basis, can be used to construct a projection operator to remove the

time patterns from the multipole moments

X̂in,p =
[
(I− LLT )X̂T

in

]T
. (2.35)

Any randomly chosen high-dimensional vectors are approximately orthogonal to each

other, so over a long period of time the brain and interference signals are close to orthogonal,

meaning X̂in,p ≈ X̂in,0. This projection operator is the same as SSP, but applied in the

temporal domain as opposed to spatial domain. The same method can be used with the data

vector Φ as opposed to the multiple moments as shown. tSSS reduces the artifact noise down

to the noise level.

2.3.4 Iterative Signal Space Separation

SSS methods are defined by the sensor geometry, both in position and number. For current

OPM systems, the low number of channels detrimentally effects the performance of SSS. The

noise and condition number of the internal basis matrix increase as more internal multipole

components are kept. To combat this problem, SSS methods can be conducted iteratively

based on the hierarchy of the multipole orders in the expansion [21]. The reconstruction noise

nr is calculated as a ratio of the noise between the internal signal vector and full signal vector

nr =
||ϕ̂in,noise||
||ϕnoise||

(2.36)

.

The iterative approach reduces this ratio by assuming that lower order multipole compo-

nents contain the most important information about the signal. The first step is to separate
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the inner subspace by multiple order (l = 1 up to l = Lin)

Sin = [Sin,l=1,Sin,l=2...Sin,l=Lin
] . (2.37)

Next, a partial basis can be established using only the first order components of both the

Sin basis and corresponding amplitudes, or weights, xin. The first order weight, xin,l=1, is

estimated using a measured signal vector ϕ and the partial basis as

xin,l=1 = S†
in,l=1ϕ (2.38)

The calculated estimate for xin,l=1 is then used to calculate xin,l=2 by subtracting the

l = 1 component out of the measured signal.

xin,l=2 = S†
in,l=2(ϕ− S[xin,l=1, 0, ...0]

T ) (2.39)

Where the matrix x only contains the information from the first order: x = [xin,l=1, 0, ...0]
T .

xin,l=2 can be found next by subtracting out the first two contributions

xin,l=3 = S†
in,l=3(ϕ− S[xin,l=1,xin,l=2, 0...0]

T ). (2.40)

We continue to iteratively calculate xit,in (with subscript "it" denoting the iterative

process) for all Lin components to reconstruct the interior data as

ϕin = Sinxit,in. (2.41)

After five iterations, the SSS expansions are more stable with lower reconstruction noise

than without iterations on a simulated 192-channel system [21]. An optimal 10 iterations is

sufficient to improve the reconstruction of the interior signals for low channel count systems.
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2.4 MEG hardware

2.4.1 Superconducting Quantum Interference Devices (SQUID)

Historically, SQUID sensor systems are the most widely used MEG system around the

world. As they are superconductors, the sensors are housed in a thermally insulated helmet

surrounded by a liquid helium Dewar kept at around −270◦C [27], [14]. SQUID systems are

typically made up of a combination of magnetometers and gradiometers, which measure the

magnetic field components and gradients. In this dissertation, we focus on the Megin/Elekta

Neuromag SQUID sensor system, which is the kind of sensor system located at I-LABS at

UW. The Megin/Elekta Neuromag system is composed of 204 planar gradiometers and 102

magnetometers for a total of 306 channels to sample the magnetic field around a subject’s

head. The magnetometers have an approximate radius of 8.1 mm (diameter of 16.2 mm)

and planar gradiometers have a radius of 8.4 mm (diameter of 16.8 mm) when implemented

numerically [31]. On average, the sensors are 35 mm apart and are located about 18 mm

away from the surface of the helmet, which is at room temperature [? ]. A visualization of

the difference between the magnetometers and planar gradiometer sensors that compose the

Megin/Elekta Neuromag SQUID sensor system is given in Figure 2.2

Figure 2.2: Simple schematic visualization of magnetometer and planar gradiometers, the two
types of sensors used in the typical Megin/Elekta Neuromag SQUID MEG sensor system.
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The typical noise floor for SQUID magnetometers is around 3.5 fT/
√
Hz and 3.6 fT/cm/

√
Hz

with <0.1% crosstalk between the sensors [? ]. Despite the cost, weight, and extra consider-

ations with liquid helium management, the low noise of SQUID systems sets the bar that

other, newer, MEG sensor systems will have to at the very least match in order to maintain

our ability to localize brain activity with current precision levels.

Other than MEG channels, the Megin/Elekta Neuromag helmet contains up to 128 EEG

channels for simultaneous EEG/MEG measurements and 16 trigger channels for keeping

track of stimulus onset during clinical testing. In general, the magnetic flux through each of

the 306 SQUID sensors in this system is calculated as

Φi =

∫
Ai

Bdip · dAi (2.42)

where Ai is the area of the coil loop, visualized in Figure 2.2, using standard gradiometer

and magnetometer dimensions for SQUID sensors. Magnetometer can also be modeled as

point magnetometers, which requires no numerical integration during data processing. In

clinical and research settings, the Megin/Elekta Neuromag MEG system also comes with

software packages for data processing including Maxwell Filtering, which includes SSS and an

additional step of removing high-frequency components of the internal basis classified as noise,

and continuous head position tracking used for offline movement compensation methods, such

as the spatiotemporal-SSS method [52]. The location and design of SQUID sensor systems

has been heavily researched and optimized, but one of the most limiting factors for these

MEG systems is the relatively large distance between the head and the sensor helmet due

to the necessity of cryogenic cooling, resulting in a loss of brain signal strength and higher

spatial frequency components that decay rapidly over distance. Additionally, SQUID systems

are very large and expensive due to the liquid helium Dewar, which makes it less accessible

to institutions without space or funds for such a system.



23

2.4.2 Magnetically Shielded Room (MSR)

Despite the built-in noise reduction methods in MEG systems, the sensors must be housed

in a magnetically shielded room (MSR) to help attenuate against external interference and

keep the background noise within the operating range of the sensors. Typically, MSRs are

made of a variety of different layers for both passive and active shielding to help combat

against a variety of types of interference, including magnetic fields from outside traffic, trains,

metros, elevators, power lines, and more, which can cause magnetic fields of around 1-3 µT

[54]. Some of these signals occur at a known frequency, like power lines at 50-60 Hz, and can

be removed from the data using a notch filter during data processing, but most interference

is unknown, thus the need for MSRs that can attenuate against many frequencies at once.

Passive shielding refer to layers of Mu-metal, a nickel-iron alloy that attenuates against

low frequency magnetic fields, coupled with layers of highly conductive metals, like copper or

aluminum, which attenuate against high frequency signals by producing eddy currents [54].

At low frequencies, below 0.1 Hz, the high-permeability metal is doing most of the shielding,

and as the frequency increases, global eddy currents are induced in the conducting walls of

the room. As the physics of the shielding depends on the frequency of the external magnetic

field, MSR performance is given by the shielding factor S(f) = Bext(f)/Bin(f) as a ratio of

the external field frequency to the internal, post-shielded field [54]. MSRs also include active

shielding in the form of large orthogonal sets of coils on the walls of the MSR, which can be

tuned with specific current and frequency to dynamically null remnant fields inside. This

requires good knowledge of the interior fields themselves, and is typically measured by extra

MEG sensors in the helmet, which read the components of the magnetic field at a location

along the three cartesian axes and use this information in a negative feedback loop to control

the MSR wall coils [54]. The most robust MSRs with many layers of metal provide excellent

shielding, but can weight up to 20 tons and are very large and costly to install. Conversely,

some lightweight, 5 tons or less, MSRs have been recently investigated to reduce the weight,

cost, and size, thereby making MEG clinical trials more accessible for a variety of institutions
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to install [24].

At I-LABS, we have an MSR manufactured by Imedco (see Figure 3.9) composed of

alternating layers of MuMetal and Aluminum, creating a 4-layer system.

Figure 2.3: The MSR located in the MEG center of I-LABS at the University of Washington.
The walls are very thick to accommodate the layers of passive and active shielding. The door
is shielded with the same technology and is closed using vacuum technology.

The typical remnant field inside an MSR is around 100 nT [54]. As mentioned in the

introduction, new on-scalp sensors are more sensitive to low-frequency and DC magnetic fields

and require a remnant field of <5 nT [56], which means we now require more tunable MSR

technologies to make sure the fields and first-order gradients around the sensor systems are

as close to null as possible. Reasons for this necessity is discussed in the next section based

on the mechanics and physics of the OPM sensors themselves, and we delve into work done

to improve the MSR at I-LABS for the goal of taking high-quality on-scalp measurements

Chapter 5 of this dissertation.
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2.4.3 The Physics of Optically Pumped Magnetometers

As mentioned in the introduction, novel on-scalp sensor systems have begun to be implemented

in MEG, with Optically Pumped Magnetometers (OPMs) being the most widely-used sensor

type for these on scalp systems [23], [42]. Optical Pumping is a technique where a laser with

a specific frequency shines on an alkali metal vapor to change the sample’s quantum state

[55]. A diagram of a simple OPM sensor is included in Figure 2.4

Figure 2.4: Visualization of a simplified OPM sensor. Light from the laser on the left is
shone through a small glass chamber containing alkali metal vapor gas, which facilitates
optic pumping. Changes in laser amplitude that passes through the gas cell is measured by a
photodiode, which may also be another laser in some OPM designs. The photodiode signal is
a function of the magnetic field around the gas cell.

The light from the laser transfers angular momentum to the gas such that nearly all atoms

occupy the same energy level after a D1 level transition. During this optimized state, the

gas is induced into a magnetically sensitive sate that allows for the measurement of weak

magnetic fields. When a gas is optically pumped and reaches the specific altered quantum

state, the laser frequency is no longer absorbed and carries through the material to a pickup

probe. As the gas interacts with a magnetic field, the optimized state is altered, and the

pumped laser can once again be absorbed. Fluctuations in the amount of energy picked up

by the probe laser thus directly correlate with the magnetic field in question. The sensitivity

of OPMs is increased by operating in the spin exchange relaxation free (SERF) regime, where
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there is zero field and the sensors contain high density vapors. When the rate of spin exchange

collisions due to high atomic density exceeds the precessional frequency (lowered by operating

under a low field), a strong polarization in the gas can be maintained [56]. The operating

temperature of OPMs is a little above room temperature, much warmer than SQUID sensors,

and can thus be safely worn on the scalp.

In principle, OPM sensors have been show to have an intrinsic white noise level of

1 ft/
√
Hz, lower than SQUID sensors, but there are a variety of factors that mean in

practice, the noise levels are usually higher, closer to 10-100 ft/
√
Hz [55]. Methods to combat

this typically address the noise levels by employing synthetic gradiometer calculations and

measuring multiple components of the field simultaneously. In general, OPM sensors are

more sensitive to DC and low-frequency magnetic fields, and this sensitivity is consequential

in the relationship between measured laser amplitude and the magnetic field. Measured

amplitude is linearly related to the magnetic field only when the OPM sensors are operating

in low external fields, less than 5 nT of homogenous and static magnetic fields [56], so they

data collected using OPMs becomes less reliable with larger remnant fields inside MSRs.

Other than external fields, there are a few other considerations that influence the sensitivity

and reliability of OPM sensors that are quite different than SQUID sensors. For example,

collisions of the vapor gas atoms with the glass cells walls and with each other can disrupt, or

"relax", the optically-pumped spin-state and affect the amount of modulated laser light. The

responsiveness of the sensors is predominately disrupted by spin-exchange collisions, which is

why most sensors are designed to operate in the SERF regime where the zero external field

conditions and high density of atoms within the cell minimizes relaxation of the spin-state or

spin-exchange during particle collisions [55]. The wavelength for the input laser is chosen

based on the type of gas in order to create the optically pumping effect. This input laser can

also be split and polarized in order to measure the different components, both scalp-radial

and scalp-tangential, of the magnetic fields produced by neurons. Although co-registration

between the OPM helmet and the patient’s head is trivial with on-scalp systems, the newly

allowed head movement can cause artifacts when the head moves through small fields with
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gradients, thus further requiring that the operation of OPM systems must be done in a

magnetic field less than 5nT [56].

Currently, there are a wide variety of types of OPM systems made globally by different

companies, varying in sensor design, measurement direction, sensor number, and more. Here

we provide some examples of current OPM systems, specifically systems that are used for

investigation and data collection in this dissertation. At I-LABS, we have a full-head coverage

OPM system manufactured by Kernel Flux, which features 432 individual Rubidium-gas OPM

sensors mounted in an adjustable modular design with about 8 mm between the scalp and the

sensors [42]. The Flux system’s modular design is unique, where sensors are mounted in 3x3

grids with six sensors per grid measuring the radial component of the magnetic field and three

sensors per grid measuring the tangential component of the field. Each vapor cell is 5 mm

spaced from the next, resulting in a 10 mm×10 mm sensor size, or about the size of a quarter.

The sensors are optically pumped with a 795 nm laser, which is circularly polarized and

distributed between the nine cells in each module. Cells are kept at about 120◦C, which helps

suppress spin-exchange collision induced relaxation and maintain the femto-Tesla sensitivity

needed to measure brain signals [42]. A visualization and more details of the Kernel Flux

system and others, including systems manufactured by QuSpin, are included in Figure 3.7

and discussed further in Chapter 3.

2.4.4 Summary of MEG Sensors

In this section, we present a concise table detailing the main aspects of SQUID and OPM

sensors for a side-by-side comparison. Each metric is on average, and may vary between

manufacturers.
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Table 2.1: Average specifications and parameters for SQUID and OPM sensor system designs

Parameter SQUID OPM

Operating Temperature -270◦C 120◦C

Sensor type magnetometer, gradiometer magnetometer

Size of sensor 21 mm side length ≈12 mm radius

Distance between sensors 35 mm 5 mm

Distance to scalp 18 mm 8 mm

Noise floor ≈ 3.5 fT/
√
Hz 1-100 fT/

√
Hz

Crosstalk <0.1% highly variable

Operating field 20 nT <5 nT

Due to the wide variety of new and developing OPM sensor system designs, the OPM

entries in Table 2.1 vary more widely across different systems than the entries for SQUID

sensors, and are biased towards the OPM systems discussed in this dissertation including

QuSpin and Kernel, where each "sensor" is a 12mm radius casing enclosing a set of 9 OPM

gas cells [42], [23]. Note that OPM sensors functions as magnetometers, but many OPM

systems have built-in synthetic gradiometer calculations where the gradient of the magnetic

field is calculated between two adjacent sensors [42]. Quantification of crosstalk between

OPM sensors is particularly variable, both between designs, but depending on the modulating

laser specifications and the proximity of the sensors.

2.5 Typical MEG Data Collection and Processing

The actual process of MEG data collection and processing has been iterated, expanded, and

experimented with across the world since the beginning of the technology; however, there are

general guidelines and steps that each experiment follows in order to obtain the best MEG
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data recordings possible. Here, we briefly overview a typical collection and data processing

pipeline to provide context for each step of this dissertation’s work [16], [3], [4], [27]. First,

the patient’s head is digitized by marking the fiducial points, usually anatomical points like

the nose, ears, chin, etc., and tracing the crown of the skull. Fiducial points (typically five)

are marked with head position indication coils (cHPI) that are driven with specific frequencies

of electromagnetic pulses during data collection. These signals are used to track the position

of the patient’s head throughout the test in relation to the location of the MEG sensors

themselves. Next, the MSR is tuned with the active shielding coils to further reduce the

external magnetic fields inside of the room. At this step, an empty room recording can be

taken to help with noise reduction in the data later, and if an extra compensation coil system

is present, it must be tuned before and potentially during data collection to dynamically null

the field even more. This step is especially important for OPM MEG systems which require

a background field of <5 nT for good operation. The design and use of such a compensation

system is detailed in the work of Chapter 5. Then, data is collected from having the patient

experience some type of stimulus (visual, auditory, etc.) within the MSR walls. The onset of

each stimulus is tracked within the same data file as the magnetic MEG measurements to

time stamp the dataset with periods of presumed interesting brain activity.

The first step of data processing is to visually inspect the raw data at the sensor level and

remove any channels that were potentially malfunctioning during the collection. Artifacts

from the heart, eyes, and external sources like power lines are also removed using bandpass

and notch filtering at specific frequencies. Next, the cHPI signals are used to find the head

position over time, and techniques like tSSS are applied to compensate for the movement. In

this step, any combination of artifact suppression like SSS or signal space projection (SSP)

can be used in conjunction with head position compensation. SSP, in particular, utilizes the

principle component analysis of the empty room MSR recording to project out the assumed

to be constant background noise from the data [54]. For use with on-scalp MEG systems, the

SSS methods for data reconstruction need to be refined, as the work in Chapter 3 details,

and improved to capture higher frequency components of the brain activity with less noise as
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the work in Chapter 4 discusses.

After artifact suppression, the raw data can be parsed into time chunks using the recorded

timestamps of the stimulus onsets, and evoked averaged for each type of stimulus are created.

The averaging over multiple time courses of the same stimulus further reduced noise that

may have arisen from the sensor themselves or other factors. Finally, the evoked data is used

with both forward and inverse models to localize the current dipole sources that were active

during each time point of the experiment. MNE-Python is the most commonly used package

for the full MEG data analysis pipeline as it contains functionally for all steps of the process,

including data visualization [31]. For example, the location and time coordinates achieved

from MEG data reconstruction can be projected onto the patient’s MRI for a clear picture of

which areas of the brain were activated over the course of the investigation.

2.6 Clinical Uses for MEG

Here, we briefly explore the various clinical applications of MEG imaging and its impacts on

the fields of neuroscience and psychology, which we use as motivation for the importance of

this dissertation work.

MEG is an excellent tool for studying human brain development in infants to children

because it is quiet, non-invasive, can be easily monitored by a parent nearby, and head

movement compensation techniques mean the child can be fully awake and move more

naturally. But, the biggest challenges, especially when using cryogenic MEG systems, are

issues with co-registration between head and sensors, increased signal-to-noise ratio (SNR)

due to an increased distance between scalp and sensors, and distortion of the signal due to

head movement [4]. These challenges can be overcome mathematically using techniques like

the minimum norm estimate (MNE) and SSS, as well as implementing best practices for

infant brain imaging, leading to exciting results and studies on human brain development,

specifically at the Institute for Learning and Brain Sciences.

Functional connectivity of different regions of the brain can also be readily investigated
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with MEG, typically by estimates sources of activity across the brain, then measuring the

connectivity afterwards. MEG, sometimes combined with EEG, is also used to study speech

comprehension, specifically how the brain parses syllables, what neural representations are

created, and how this information is combined with intonation and memories to result in

comprehension, with public datasets readily available for study [16], [15]. MEG has also

become part of the standard care at epilepsy centers, since it can localize epileptic neurons

and help inform safe treatment plans even in patients with skull deformities or previous

surgeries [36]. Potential clinical uses also include the study of traumatic brain injuries, stroke,

Parkinson’s, and other neuropsychiatric disorders [26], [16].

On-scalp MEG systems may offer more insight into the clinical studies listed above, as

well as open the door to studying more diverse brain functions that require the subject to

move. Some studies already conducted using OPMs include millisecond resolution of subjects

nodding, stretching, drinking, and throwing/catching balls [2], [3]. Allowing the patients to

move their head and body in any study will lead to more biologically natural results and a

deeper insight into the human brain.
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Chapter 3

REFINED SIGNAL SPACE SEPARATION METHODS FOR
ON-SCALP MEG SYSTEMS

Newer on-scalp sensors, such as OPMs, have recently begun to be implemented in MEG

systems. As discussed in Chapter 2, OPM sensors exploit the quantum-mechanical properties

of alkali metal gas within the sensors. Energy is pumped in from a modulating laser to

bring the gas atoms into the same energy level such that they are at their most sensitive to

small changes in magnetic fields [55]. The changes in magnetic fields are typically measured

as changes in absorption and amplitude by a second laser. The ability of OPM sensors to

operate without cryogenic cooling mitigates previous issues with signal depreciation over

distance and potentially allows for more naturalistic neuroscience due to the freedom of the

subjects to move with the MEG array being fixed to their head [3]. This is because, unlike

SQUID sensors, OPM sensors do not require thick thermal insulation or a heavy Dewar. In

order to leverage the potentially improved spatial resolution provided by the on-scalp sensors,

refined inverse models need to be developed for determining the origin of the magnetic signals

in specific brain regions. As the distance between sensors and scalp decreases, it becomes

difficult to encompass the full brain within a single sphere without the sphere protruding

past the sensor array or excluding signals originating from the cortex. Current proposed

solutions to this problem include modifying the VSH expansion to a prolate spheroidal

harmonic expansion, allowing for a better geometric fit of the head while keeping the internal

expansion within the radius of the sensors [56]. Other techniques focusing on improving SSS

in on-scalp systems with low channel count include the iterative SSS method, which exploits

the hierarchical nature of the spherical harmonics to stabilize matrix inversion [21]. Iterative

SSS is based on single-origin VSH, so the method experiences the same problem when we
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cannot safely assume that the magnetic field can be decomposed in terms of interior and

exterior parts using a single reference sphere with on-scalp systems. Here, we propose an

enhanced, mathematically straightforward, variant for modifying the SSS expansion to fit the

on-scalp geometric constraints with multi-origin SSS (mSSS), which uses multiple optimized

sets of vector spherical harmonic expansions to dynamically span the interior brain space

without encroaching on the sensors.

This chapter details the mSSS method [35] and compares its effectiveness on removing

external noise from MEG data against traditional and spheroidal harmonic expansions as

detailed in Chapter 2. In particular, we test three variants of combining the signal space

separation techniques: multi-origin VSH interior expansion with single-origin VSH exterior,

spheroidal harmonic interior with spheroidal harmonic exterior [56], and spheroidal harmonic

interior with single-origin VSH exterior. Each variant is implemented for 306-channel

MEGIN/Elekta Neuromag sensor geometry specified from example files in MNE-Python [31],

with a simplified SQUID system of only the 102 magnetometer channels of the MEGIN/Elekta

Neuromag system, and the 432-channel Kernel Flux OPM-MEG [42]. A visualization of the

coordinate system for each sensor helmet used can be found below in Figure 3.1. Further

visuals and information for the 306-Channel MEGIN/Elekta Neuromag system, the 432-

Channel Kernel OPM, and the two QuSpin systems can be found online with the relevant

references [31], [42], [23], [47].
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Figure 3.1: Coordinate visualization of the a) 432-Channel Kernel OPM helmet system, b)
306-Channel MEGIN/Elekta Neuromag Helmet, c) 192-Channel Triaxial QuSpin Helmet, and
d) 86-Channel Dual-Axis QuSpin Helmet. In a), 349 channels are shown after the removal
of bad channels, the full system is 432. In b), the 102 magnetometer and 204 gradiometers
are located at the same 102 locations, so 102 coordinate positions are shown. In c) 183
channels are shown after removal of bad channels. The sensor positions are given as (x, y, z)
coordinates in space and the sensors are visualized as points.

The ability for each variant to reconstruct the brain signals while minimizing noise is

tested on simulated data from a variety of combination of interior current dipole signals,

exterior magnetic dipole interference, and simulated noise levels. Finally, each variant is

verified with OPM data, specifically an experimental single-subject audio evoked data set
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collected with Kernel Flux OPM sensor system, empty-room data collected in a lightly-

shielded magnetically shielded room (MSR) with 192-channel third generation triaxial QuSpin

Zero Field Magnetometers, and audiovisual data collected with 86-Channel dual-axis QuSpin

OPMs at the University College London[42], [23], [47].

3.1 Adjusting the internal SSS basis

3.1.1 A note on Singular Value Decomposition

Singular value decomposition (SVD) is a common linear algebra method to factor a matrix

and has been widely used in MEG processing and analysis. The definition of the SVD of

matrix M is given by

M = UΣVT (3.1)

where both U and V are a orthogonal matrices by definition and Σ is a rectangular

diagonal matrix of singular values along the diagonal [29], [13]. The singular values σi = Σii

are uniquely determined by M and the corresponding singular column vectors of U form

an orthonormal basis that spans the same information as matrix M. The decomposition

of singular vectors are ordered by largest singular value to least, where the largest singular

vectors contain more similar information to matrix M than the smallest values.

This technique has a wide variety of applications to MEG data processing and SSS

methods. For example, singular values can be used to determine metrics like the condition

number of a matrix by taking the ratio of the largest to smallest nonzero singular values of

the SVD decomposition of S [29]. The condition number can serve as a metric of stability in

the face of noise of the internal data reconstruction and is further discussed and implemented

in Section 4.2 [13]. SVD can also be used as a method to combine two matrices into one that

contains the same information in a more compact manner. For example, taking the SVD of a

matrix M = [N,M] will result in an orthogonal matrix U which spans the same basis as N
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and M combined, by definition, in a more compact form. Matrix combination using SVD has

been used in methods like extended SSS (eSSS) and is further explored as the methodology

behind mSSS in Section 3 [17], [29].

3.1.2 Two Sphere Expansion

We construct mathematical expansion bases using multiple overlapping spherical sets which

can be optimized to have origins and radii such that none of the brain is left out while the

extent of the spheres is significantly far enough away from the sensor array that there can be

a clearer distinction between interior and exterior signals. Figure 3.2 illustrates the issues

with the single-origin VSH basis when calculated using on-scalp systems.

Figure 3.2: Visualization of Case a) the single-origin VSH basis with a sufficiently small
expansion radius to be inside of the sensor array, compared to Case b) with the expansion
radius large enough to encompass the full brain space but also includes the sensors, and finally
Case c) with the two-origin VSH basis expansion where multiple spheres can encompass the
full brain space while maintaining enough separation between the spheres (blue and orange)
used to illustrate the internal basis expansions and the on-scalp sensors (blue dots).

As seen in Case a) and Case b) illustrated in Figure 3.2, one VSH expansion can no longer

fully encompass the interior brain space without also including the sensors within the interior

space. Case a) is problematic because we risk missing brain activity in the prefrontal cortex

that is not included in the VSH expansion, but expanding the radius in Case b) to include
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the missing area of the brain is impossible without including the sensor array within the

interior basis. SSS requires that the sensors be located in a source-free volume in order for

the VSH expansion of the magnetic field in Equation ?? to be valid, thus Case b) is not a

solution to this issue. However, the novel mSSS method in Case c) is able to span the full

brain without encroaching on the sensor-space. Using the example subject MRI found on

MNE-Python to determine the anatomically meaningful region of the brain, the centers and

radii of two separate VSH expansions were optimized to encompass the whole brain with the

minimum possible radius [31], [14]

The methodology for combining multiple spherical bases into one interior basis spanning

the brain space is motivated by the basis augmentation described eSSS [17]. The eSSS

method adds components to the external SSS basis that are not accurately modeled by

the external VSH expansion. Such components may include, e.g., vibration artifacts that

cannot be modeled as a common-body vibration of the whole MEG system. For eSSS to be

successful, it is beneficial to have reference data from which such interference components can

be determined statistically, for example by the Principal Component Analysis (PCA). We can

use the method of developing the eSSS matrix to combine the two-origin interior S matrices

into one basis through the SVD of the concatenated interior vector spherical harmonic bases

[Sin,1,Sin,2] = UΣVT (3.2)

where Sin,1 is the normalized SSS basis constructed with one expansion origin and Sin,2 is

the normalized SSS constructed with a second, different expansion origin. In principle, this

method of combination can be extended to any number of spherical basis sets necessary to

encompass the brain space, but we focus on the two-origin implementation. The matrix U

contains the left singular vectors which span the same space as the two interior SSS matrices

as defined in Section 2.3, creating the multi-signal space separation (mSSS) method when

combined in this fashion. In order to improve stability of the augmented matrix, the column

number of the mSSS basis is reduced by only keeping the most significant i column vectors
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of U that are above a significance threshold defined using the ratio of each singular value σi

to the greatest singular value σ1. For our purposes, if the ratio R = σi/σ1 is greater than

the significance threshold, then the column vector corresponding to σi is deemed statistically

and significantly relevant to span the brain-space and is included in the total interior basis.

Based on the investigations conducted with the optimized centers and sensor geometries, the

threshold is set to R = 0.005, or 0.5% of the maximum significant value. In this fashion, the

mSSS basis is constructed

Sm = [U1:i,Sout] (3.3)

where Sout is the exterior SSS basis constructed with single-origin VSH as discussed in

Section 2.1. The exterior signals are not constrained by the sensor geometry specifications or

biological considerations, so one exterior Sout basis constructed with one, single-origin VSH

expansion with the origin set as the device origin is satisfactory. The mSSS basis matrix Sm

can then be used in the same way as the S matrix to reconstruct the measured signal vector

ϕ

ϕ = Smx (3.4)

As a result of the threshold, the dimensions of the mSSS basis is variable depending

on the specific sensor geometry used. For example, the dimension of the mSSS basis for

the 306-Channel MEGIN/Elekta Neuromag system is 306 × 115, which is larger than the

typical SSS basis with 80 internal components. This feature allows the mSSS basis to be

more dynamically stable depending on the number of kept components, and the multi-origin

model can be adapted and optimized to a variety of MEG systems. Generally, the extra

vectors in the mSSS provide additional information. It is expected that when the sensors

are closer to the head, the number of degrees of freedom detected by MEG increases, which

is consistent with the increased dimensionally of the mSSS basis, and containing the full

internal brain-space may require more components. Any risk of overfitting the internal space



39

is mitigated by the SVD method for creating the mSSS basis, where only components above

the significance threshold are kept. For a deeper investigation on the dimensionality of the

internal mSSS basis and threshold adjustment for low-channel count systems, see Section 6.3.

3.1.3 Prolate Spheroidal Harmonics

Prolate spheroidal harmonics are solutions to Laplace’s equation in spheroidal coordinates

and have historically been used for a variety of problems in physics as solutions to wave

equations and eigenfunctions in signal processing techniques [49],[1]. More recently, spheroidal

harmonics have been implemented in the context of modeling gravitational fields and irregular

celestial objects [12], [44]. The motivation for modeling the brain using spheroidal harmonics

over spherical is similar to the applications in gravitational fields as the geometries of both

systems are similar and can be described with spheroids. In order to combat issues with

spherical OPM expansions, multipole expansions can be performed with prolate spheroidal

harmonics to encompass more of the brain without encroaching on the locations of the

OPM sensor array [56]. Prolate spheroidal harmonics satisfy the magnetic field presented in

Equation (2.20) and are proportional to spherical harmonics when the origin for the expansion

is centered at zero.

B(rmaj, θ, ϕ) = −µ0

∞∑
l=0

l∑
m=−l

αlm∇

[
Qm

l

( rmaj

c

)
Qm

l (
a
c
)

Slm(θ, ϕ)

]
−µ0

∞∑
l=0

l∑
m=−l

βlm∇

[
Pm
l

( rmaj

c

)
Pm
l (a

c
)

Slm(θ, ϕ)

]
(3.5)

Instead of Ylm, spheroidal harmonics are constructed using the first and second Legendre

functions, Pm
l and Qm

l , and the real counterpart of the complex Ylm harmonics, Slm. The

geometry is defined with a as the major axis of the reference spheroid, b as the minor axis, and

the focus c =
√
a2 − b2. As c approaches zero, the spheroidal harmonics becomes proportional

to spherical harmonics. From the reference sphere, we can define rmaj is the spheroidal axis

coordinate of the sensors: (rmaj, θ,ϕ). Prolate spheroids are based on a modified radius rmaj

defined as:
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rmaj =

√
r2 + c2 +

√
(r2 + c2)2 − 4z2c2

2
(3.6)

with r being the spherical definition r =
√

x2 + y2 + z2. These new coordinates allow us

to redefine the spheroidal angles:

ϕ = arccos
z

rmaj

θ =
(
arctan

y

x

)2
(3.7)

These coordinates are visualized in Figure 3.3 for reference.

Figure 3.3: Visualization of the coordinate axes used to create the spheroidal harmonic
expansions

The magnetic signal can be reconstructed by applying prolate spheroidal harmonics in a

similar fashion to SSS

ϕ = Hγ =
[
Hin Hout

]γin

γout

 . (3.8)
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where we use the harmonic matrix Hin and multipole weights γin. In this fashion, the

data can be split into three spatial regions corresponding to the proximity of the data signals

to the sensors. The intermediate signals can further be associated with the interior or

exterior basis using temporal correlations. We focus on the harmonic matrix H itself and

its comparisons with the traditional S matrix generated in signal space separations based

on the VSH functions. In previous applications, the spheroidal harmonics are implemented

by keeping Lout = 2 components in the exterior sum, with sensor systems simulated as

point magnetometers, and radial sensing directions [56]. To consistently compare each SSS

variant, we implement the spheroidal harmonics with Lout = 3 and change the sensor type

and orientation to match the different systems investigated.

3.1.4 Augmented Spheroidal Basis

In addition to mSSS, this Chapter offers a novel adaptation of the prolate spheroidal harmonic

implementation that simplifies the basis computation by using vector spherical harmonics

to reconstruct the external signals. The merit of using prolate spheroidal harmonics for the

interior SSS basis comes from the biological geometry of the brain itself, but the exterior

basis does not need to be defined by spheroidal geometry. The internal spheroidal harmonic

basis can be combined with the external spherical harmonic basis in the same fashion as

detailed in Section 2,

ϕ =
[
Hin Sout

]γin

xout

 . (3.9)

Where Hin is the internal prolate spheroidal harmonic basis with corresponding multipole

weights γin and Sout is the vector spherical harmonic exterior basis with weights xout calculated

with the same origin and methodology as with SSS and mSSS.
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3.2 Comparison Methodology and Metrics

3.2.1 SSS Variants

We first investigate the novel mSSS variant, which uses the novel multi-origin VSH (mVSH)

implementation for the interior basis combined with single-origin VSH (sVSH) for the exterior,

abbreviated mVSH/sVSH for the in/out expansions. We next replicate the spheroidal

implementation for both interior and exterior basis, abbreviated to Spheroid/Spheroid. Finally,

we implement a novel modified version of the spheroidal variant which combines spheroidal

harmonics for the interior expansion and single-origin SSS for the exterior, abbreviated

Spheroid/sVSH. All three variants are compared with single-origin SSS as outlined in Section

2.1, abbreviated sVSH/sVSH. Additionally, all harmonic expansions are calculated up to

order l = 8 for the interior basis and l = 3 for the external basis.

Each SSS variant was implemented using a variety of established and novel MEG systems.

First, we implement the traditional 306-channel MEGIN/Elekta Neuromag helmet array

using the specification detailed in MNE-Python [31]. The 306-channel system contains 102

magnetometers and 204 gradiometers with the sensing direction of each sensor perpendicular

to the plane defined by the pick-up loop. Additionally, a simulated OPM system was

implemented using the 102 magnetometer channels from the MEGIN/Elekta Neuromag

geometry with the same position and orientation. Next, we implement the Kernel Flux OPM

system containing 349 OPM channels with coil sensing directions oriented perpendicular to

the surface of the subject’s head. The complete system contains 432 magnetometers, but

after elimination of bad channels, 349 channels are used for the purposes of this investigation

[31], [42]. Along with using the geometry of the Kernel system for each SSS variant with

simulated data, we also test each SSS variant using auditory evoked data collected with the

Kernel system. Finally, each SSS variant is implemented using 64 third generation triaxial

QuSpin Zero Field Magnetometers in a lightly shielded magnetic room with data from a

single participant performing right index finger abduction [23].
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For consistency, here we implement spherical harmonics using the same external order,

Lout = 3, as with the other SSS variants. The implementation of spheroidal harmonics only

considers magnetometers, so when implemented with the MEGIN/Elekta Neuromag sensor

system, we use the full 306-channels as well as only 102 magnetometers when calculating the

spheroidal harmonics basis [56]. Similarly, when the augmented spheroidal/sVSH basis is

implemented using the MEGIN/Elekta Neuromag geometry, one case is constructed with the

full helmet and the other with only the 102-magnetometer channels to create both the Hin and

Sout for a consistent combined basis. OPM sensors are typically modeled as magnetometers,

so using the 102-magnetometer channels is a valid simulation to test each SSS variant on a

simulated OPM-like system.

The creation of the mSSS basis is implemented in Matlab following the basic methodology

and structure of the SSS functions and is used with the same pre- and post-processing steps

when applied in a data processing pipeline [53], the most significant extra step required is the

calculation of the two origins of the two interior VSH expansions. A typical implementation

is to first use the sensor positions and MRI to calculate the optimized centers for the two

VSH origins using MNE-Python. Next, calculate two interior SSS matrices, one for each

origin, following the implementation details of SSS in Matlab, then combine into one interior

mSSS basis using SVD and the thresholding process described in Section 3.1. Then, calculate

one exterior SSS basis using the origin of the system. Then, the combined interior and

exterior basis can then be used in the same fashion as the SSS method to estimate the

multipole moments and reconstruct the internal brain signals as detailed in Section 2.1.

Further implementation details and examples for constructing the mSSS basis on a variety of

sensor systems and processing with data can be found online on GitHub, including details on

where to locate the datasets and spheroidal harmonic functions used in this study.

3.2.2 Metric Comparisons

The ability of the SSS basis to functionally reconstruct the internal brain signal while

removing any exterior signals can be quantified by various metrics and simulations. First, the

https://github.com/xannnimal/refined_SSS_methods_onscalp_MEG
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condition number of the basis details the stability of the SSS matrix, which can impact the

reconstruction of the signal. Unstable matrices can amplify noise when inverted, diminishing

the ability to accurately describe the internal signals.

Another common method for assessing the content and magnitude of a matrix is the

Frobenius norm. For a rectangular matrix A, the Forbenius norm is defined as [18], [48]:

||A||F =

√√√√ m∑
i=1

n∑
j=1

|aij|2 =
√
Tr(A†A) (3.10)

Here, the matrix A is calculated by finding the pairwise subspace angle (in radians) between

each column of the interior SSS matrix for each variant, resulting in a square diagonal

matrix with dimensionality equal to the number of harmonic order components kept and zero

elements along the diagonal. Off-diagonal elements with pairwise subspace angles closest to

90 degrees show that the SSS basis contains maximally different information per column, thus,

a larger Frobenius norm indicates that more different and relevant information is contained

in the SSS basis

Next, in order to gain understanding of the level of similarity between each SSS expansion

variant, we calculate the mean, minimum, and maximum principle angles arising from the

subspace angle comparison between two SSS matrices up to the first 80 components, which is

the typical dimension of the full SSS basis when Lin = 8 and Lout = 3 components of the

vector spherical harmonic sums are kept. This is done using built-in functionality in Matlab

where the subspace angle is specifically calculated between each vector of one basis and the

full second basis. Mathematically, this calculation is the same as finding the principle angles

between two matrices, but here we refer to them as subspace angles to maintain consistency

with the naming of the Matlab function implementation [30], [13].

Finally, the minimum, mean, and maximum subspace angles are calculated to quantify

the difference between each SSS basis and the data, both simulated and from human subjects.

The angles are calculated between the full SSS basis matrix and the full data matrix for all
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channels over all time points in a the same fashion as described above. A smaller angle means

the two bases are more linearly dependent, which indicates a better match between the basis

and the data, or a better ability to span the interior brain space to accurately reconstruct

the brain signals.

3.2.3 Dipole Simulations

The condition number of the SSS basis does not necessarily correlate directly with the ability

of the basis to reconstruct the internal signal. The ability of each SSS variant to reconstruct

brain signals was tested with simulated data generated from a variety of different dipolar

magnetic sources. We can begin with the equation for a magnetic dipole

Bdip(r) =
µ0

4πr3
[3(m · r̂)r̂−m] (3.11)

where r is the vector from the dipole to the location of each sensor in direction r̂, and

m is the dipole moment. The magnetic flux through each of the 306 SQUID sensors in the

MEGIN/Elekta Neuromag system was calculated as

Φi =

∫
Ai

Bdip · dAi (3.12)

where Ai is the area of the coil loop using standard gradiometer and magnetometer

dimensions for SQUID sensors given in the MNE-Python documentation [31]. When numeri-

cally implemented, integration can be approximated over 9 points for magnetometers and 8

for gradiometers using a weighted numerical integration method [53]. Following this same

procedure, the OPM sensors are modeled using the same 9-point integration method as a

SQUID magnetometer, and the flux through gradiometers simulated here is calculated using

8 integration points. The implementation of the spheroidal harmonics used as the basis for

one of the SSS variants discussed here only accounts for magnetometers, unlike the SSS and

mSSS implementations, which are adapted to both gradiometers and magnetometers with

the aforementioned loop integration method.



46

In order to model human brain signals specifically, each SSS variant was also tested using

simulated data from one current dipole inside the brain. Current dipoles are a more accurate

representation of human MEG data because they match the form of the primary current

originating from neurons, completed by a distribution of volume currents that are shaped

by the geometry of the electric conductor structure of the head. In the case of a spherically

symmetric conductor, the forward field of a current dipole has an analytical form [45]:

B(r) =
µ0

4πF 2
(FQ× r0 −Q× r0 · r∇F ) (3.13)

Q is the current dipole defined as the primary current confined to a single point, where r

is the vector from the origin to the location of each sensor, r0 is the location of the current

dipole, and F is defined as F = a(ra+ r2 − r0 · r) with a = r0 − r [45]. The magnetic flux

measured by each SQUID or OPM sensor was calculated as detailed in the single magnetic

dipole simulation.

We implement three different dipole simulations. One with a single interior current dipole

source, one with a combination of an interior current dipole and exterior magnetic dipole

simulating external noise, and a third with Gaussian noise added to the superposition of

internal current dipole and external magnetic dipole signal with a value of 15 percent of the

internal signal at each time point. Each simulation was generated using the same parameters.

The signals are generated for 1 second with a timestep of 0.001 seconds. The internal and

external signals are generated with different and varying frequencies with the internal varying

faster than the external signal to both represent a realistic scenario and make it easier to

visually distinguish between the two signals.The Gaussian noise is generated in Matlab with

a constant seed, thus there is no need for different trials per simulation type as the results

remain consistent.

3.2.4 Sensor Deviation Simulation

To demonstrate the adaptability of mSSS, two-origin mSSS and SSS are constructed using

306 magnetometers where each location has three orthogonal sensing directions based on the
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MEGIN/Elekta Neuromag 306-channel SQUID helmet. The top sensors are deviated inward

by 3 cm to simulate variable on-scalp placements as seen in Figure 3.4. Data is simulated

with various equivalent interior current dipole positions from 4-7 cm radially outward from

the center of the spherical conductor in the x-y plane in order to simulate brain signals

originating from the motor cortex, giving a response representing a human subject sensory

stimulus that induces motion, such as single finger abduction, specifically when the dipole is

in the 5cm-7cm distance range. To simulate exterior interference, a magnetic dipole located

at 1.5 m in the z-direction was added. This is not an exactly practical scenario but it offers a

robust demonstration of the characteristics of the SSS variants in a geometry where a single

sphere bounded by the sensor array may not be able to capture all of the brain volume.

Figure 3.4: Visualization of the sensor deviation simulation where the top eight sensors (blue
dots, cross sections shows 3) have been deviated radially inwards by 3 cm. The location of
the simulated interior current dipole is placed at the same radius (7 cm) as the closest sensors.
The origin of the first VSH labeled Sin,1 is placed at the center of the system and the second
VSH basis Sin,2 is placed with an origin at the location of the current dipole.

For this demonstration, we used a modified methodology for obtaining the mSSS interior

basis. The origin of the first VSH expansion is placed at the center of the system, and

the second is placed at the location of the interior current dipole. Only the first Lin = 1
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components of the second expansion are kept to lower the dimensions of the S matrix

and improve stability. The two expansions are combined using orthonormal concatenation,

Sm = orth([Sin,1,Sin,2]). This mSSS basis is compared to the traditional SSS basis for each

interior dipole location.

3.2.5 Lead Field Implementation for the Internal Basis

The forward problem in MEG calculates the expected magnetic field measured by the sensors

for a given primary current source in space and is used as a way to interpret potential

brain signals with varying complexities of conductivity profiles and head models. The signal

measured by each sensor over time, yi(t), is a function of the lead field, L(r), and the primary

current, JP (r, t) as follows [29]:

yi(t) =

∫
V

Li(r) · JP (r, t)dV (3.14)

In this sense, the MEG measurements are the projection of the primary current into

the discretized sensor space. The lead field, L(r), itself can be calculated using a variety of

different head geometries and space discretization methods. Here, we implement a spherical

conductor model with discretization based on seven layers of spherical surfaces with 600

points each. The lead field is calculated at each point in space as the origin of a current dipole,

based on the Sarvas equation detailed earlier, with three different iterations of the moment

[45]. The measured magnetic flux from the lead field dipole is then calculated through the

306-channel MEGIN/Elekta Neuromag helmet using the numeric integration method for

gradiometers and magnetometers as discussed in the Dipole Simulation Section 4.3. The

signal measured at each sensor, yi becomes a matrix over all sensors Y representing the lead

field basis.

The lead field basis spans the same internal brain space as the interior SSS basis, which

to reiterate is a representation of the measured MEG data ϕ in matrix notation: This form

of ϕ can be expressed in matrix notation as:
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ϕ = Sx =
[
Sin Sout

]xin

xout

 . (3.15)

S is the magnetic subspace containing separate subspaces for internal and external sources,

and the corresponding multiple moments are contained in vector x, with L moments of the

interior and exterior expansions truncated at Lin = 8 and Lout = 3 as detailed in Section 2.1

[53]. We can compare the calculated lead field basis Y with each interior SSS variant basis

(Sin, Sm,in, and Hin) to investigate how well each variant encompasses the full interior basis

by calculating the subspace angle between the two.

3.3 Results

3.3.1 Metric Comparisons

The condition numbers for the interior and interior/exterior combinations for each of the SSS

variants were calculated for both sensor systems for comparison.

Table 3.1: Condition number of the internal and full SSS matrices for single origin VSH,
spheroidal harmonics, and the three combination variants

SSS variant 306-SQUID 102-SQUID 432-Kernel OPM 192-QuSpin OPM

sVSH Interior 153 2460 377 364

mVSH Interior 1.00 1.00 1.00 1.00

Spheroidal Interior 5630 5630 139 110

sVSH/sVSH 186 8000 711 552

mVSH/sVSH 80.6 2100 30.1 8.50

Spheroid/Spheroid 2230 2230 280 215

Spheroid/sVSH 5990 1670 267 552
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The condition number of the mSSS basis is 1 as seen in Table 3.1, which is expected due

to the orthogonal properties of the matrix created during SVD as discussed in Section 2.3.

The VSH expansions used in SSS are not orthonormalized in order to maintain the individual

multiple moment to be used for signal transformations such as movement compensation [? ].

mSSS is not needed for SQUID systems, and these systems are the only kind that require

movement compensation, so implementing the mSSS basis for on-scalp systems does not result

in the loss of any processing capability. For similar reasons, the spheroidal harmonic basis

could also be normalized without a loss of information. We expect that the condition number

for the spheroidal harmonics implemented with the 306-channel and 102-channel systems is

the same because the spheroidal harmonic implementation does not take into account the

gradiometers, so the 204-channels in the SQUID system provide redundant information to

the basis.

Next, the pairwise angles between the columns of each SSS variant interior basis were

calculated, and the Forbenius norm of the resulting matrix was investigated for two different

sensor systems.

Table 3.2: Frobenius norm of the pairwise subspace angles for each interior SSS variant

SSS Variant In 306-SQUID 432-Kernel OPM 192-QuSpin OPM

sVSH 122 116 112

mVSH 180 160 125

Spheroid 122 120 122

Table 3.2 shows the interior mSSS basis has the highest Frobenius norm, indicating that

the basis contains more different information in each column of the basis compared to the

other SSS variants. In principle, this means the mSSS basis can capture more information

about the signals located within the interior space. The Frobenius norm can also give insight

into the sensor system’s ability to capture information based on the physical geometry. For
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example, the Kernel system may result in a smaller Frobenius norm because of the modular

design, resulting in physical gaps in the coverage of the brain, which is evident in the lower

norm.

A visualization of the pairwise subspace angle matrices used to calculate the Frobenius

norm for each basis is included below in Figure 3.5
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Figure 3.5: Pairwise angles between the columns of each SSS basis calculated using the 306-
sensor MEGIN/Elekta Neuromag helmet, 432-channel Kernel Flux Helmet, and 192-Channel
Triaxial QuSpin OPM helmet. Angles are in radians, where 1.57 radians is the maximum
value possible (90 degrees) and is yellow. Subplot a) shows the interior sVSH (SSS) basis,
Subplot b) shows the spheroidal harmonic interior basis, and Subplot c) shows the interior
mVSH (mSSS) basis.
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Each row of Figure 3.5 shows an upper triangular matrix where each i’th entry is the

angle between the i’th column and the j’th column of each interior SSS variant. The diagonal

entries are zero (dark blue) as expected, and the largest value is 1.57 radians or 90 degrees

(yellow). An angle of 90 degrees indicates that each column in the respective SSS basis

contains maximally different information from the next. The patterns of angles less than 90

degrees as seen is this visualizations may lend some insight into the consequences of the sensor

geometry itself. For example, in the second set of figures showing the Kernel OPM system,

there appear to be clumps and patterns of pairwise angles that are closer together, indicating

the information in the nearby basis columns is more similar. This may be a consequence of

the modular design of the helmet where sets of sensors are close together with larger gaps

in between [42]. More investigation into the pairwise angle and Frobenius norm calculation

could help with the optimization of channel location in novel on-scalp MEG systems.

To quantify the difference between each SSS variant, the subspace angle between each

basis calculated using the Kernel geometry was calculated and is shown in Table 3.3. The

angle between the interior and exterior basis also affects the condition number.

Table 3.3: Minimum, Mean, and Max subspace angle (in degrees) between the three SSS
expansion variants.

First Basis Set Second Basis Set 432-Chan Kernel 3cm Deviated 306-Chan

sVSH In mVSH In 9.02/22.4/60.8 0.143/7.24/35.8

Spheroid In 0.66/8.48/41.1 31.9/47.3/65.3

mVSH In Spheroid In 9.85/27.9/57.3 19.7/42.5/58.1

sVSH/sVSH mVSH/sVSH 0.016/3.77/15.4 2.76e-5/0.02/0.10

Spheroid/Spheroid 0.831/7.76/21.9 13.9/42.4/65.2

mVSH/sVSH Spheroid/Spheroid 7.53/23.7/53.7 17.6/42.5/56.9

The sVSH interior basis is the most similar to the spheroidal harmonic interior basis. As
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the dimensions of the spheroid approach a sphere, the harmonics simplify exactly to the VSH

expansion, so the similarities here in the Kernel system are mathematically expected. As the

sensor system becomes less spherical, as with the 3cm-deviated 306 channels system described

in the methods section, the spheroidal harmonics and spherical harmonics diverge. This can

be seen with the much larger subspace angles between the sVSH combinations and Spheroid

combinations in the table. The differences between the sVSH and mVSH basis can come from

the orthonormalization process. The angle between the sVSH and mVSH expansions also

increases for the deviated sensor system as the addition of the second sVSH expansion in the

mVSH combination is able to span space that a the single origin VSH expansion cannot.

When combining two bases together as with the interior and exterior harmonic expansions

to create each SSS variant, the subspace angle between the two bases can give some insight

into the difference between them. This difference in spanning and information can be affect

by the number of harmonic components kept in the expansion, and the type of harmonic

expansion of each basis.

Table 3.4: Subspace angle (in degrees) between each interior and exterior harmonic basis
combination

SSS Basis Variant 306-Chan SQUID 102-Chan SQUID 432-Kernel 192-QuSpin

sVSH/sVSH 23.1 5.18 51.0 79.0

mVSH/sVSH 20.5 2.51 52.7 82.8

Spheroid/Spheroid 4.48 4.48 48.3 80.4

Spheroid/sVSH 87.1 85.9 51.5 80.4

The largest subspace angles are between the spheroidal harmonic interior basis and the

spherical harmonic exterior basis as seen in Table 3.6, likely due to the geometric differences

in mathematical construction.

Finally, a note on the dimensions of the mSSS basis. The threshold value for determining
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which components to include in the mSSS basis remains constant for each sensor system, but

the number of column vectors included in the basis varies as listed in Table 3.5.

Table 3.5: Size of the interior mSSS basis for each different sensor system helmet given in
number of channels by number of vector components

Helmet Size of mSSS basis

306-SQUID 306 × 115

102-SQUID 102 × 93

432-Kernel OPM 348 × 102

192-Triaxial QuSpin OPM 183 × 80

86-Dual-Axis QuSpin OPM 86 × 65

For the Kernel and Triaxial QuSpin systems, the size of the mSSS basis is less than the

number of channels. This indicates that these channels have been marked as bad channels

and are not used in the construction of any basis throughout this investigation. Given the

constant Lin = 8 and Lout = 3, the size of all the other interior SSS basis variants have

dimensions of number of channels by 80.

3.3.2 A Note on the Subspace Angle Between Interior and Exterior Harmonic Expansions

When combining two bases together as with the interior and exterior harmonic expansions to

create each SSS variant, the subspace angle between the two bases can give some insight into

the difference between them. This difference in spanning and information can be affected

by the number of harmonic components kept in the expansion, and the type of harmonic

expansion of each basis.
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Table 3.6: Subspace angle (in degrees) between each interior and exterior harmonic basis
combination

SSS Basis Variant 306-Chan SQUID 102-Chan SQUID 432-Kernel 192-QuSpin

sVSH/sVSH 23.1 5.18 51.0 79.0

mVSH/sVSH 20.5 2.51 52.7 82.8

Spheroid/Spheroid 4.48 4.48 48.3 80.4

Spheroid/sVSH 87.1 85.9 51.5 80.4

The largest subspace angles are between the spheroidal harmonic interior basis and the

spherical harmonic exterior basis as seen in Table 3.6, likely due to the geometric differences

in mathematical construction.

3.3.3 Dipole Simulation Results

We begin with the simple case of a single current dipole placed 5cm from the origin on the

x -axis and an initial current dipole Q = [0, 1, 0] along the positive y-axis which oscillates over

with variable frequency. Table 3.7 shows the minimum, mean, and maximum subspace angle

between the dipole signal vector and each SSS basis for all time points.

Table 3.7: Average Subspace angle (in degrees) between the internal current dipole simulated
data and SSS basis for each variant.

SSS Basis variant 306-SQUID 102-SQUID 432-Kernel OPM 192-QuSpin OPM

sVSH/sVSH 0.15 0.02 0.30 0.43

mVSH/sVSH 0.24 8.50e-14 0.67 0.027

Spheroid/Spheroid 56.6 15.4 15.8 7.43

Spheroid/sVSH 16.5 0.11 3.25 7.57

Next, an exterior magnetic dipole was added to simulate external noise with a dipole
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moment m = [1, 0, 0] located at r = [0, 0, 1.5m]. The dipole signals are weighted individually

to have approximately the same magnitude.

Table 3.8: Average subspace angle (in degrees) between the internal current dipole with
external magnetic dipole simulated data and SSS basis for each variant.

SSS Basis variant 306-SQUID 102-SQUID 432-Kernel OPM 192-QuSpin OPM

sVSH/sVSH 0.12 0.02 0.27 0.40

mVSH/sVSH 0.19 8.98e-14 0.61 0.03

Spheroid/Spheroid 56.4 12.6 14.2 6.95

Spheroid/sVSH 13.6 0.086 2.9 7.02

Note that the small increase in subspace angle between the 102-SQUID and 306-SQUID

systems as seen in Table 3.7 and Table 3.8 may be due to differences in magnetometers

and gradiometers. The gradiometers are more sensitive to higher spatial frequencies, so any

kind of numerical inaccuracies, for example with the VSH truncation or surface integral

approximations, affect the gradiometers more than the magnetometers. In both cases, the

very small numerical values of the subspace angles seen in the SSS and mSSS results are

insignificant, and will not affect the performance of the methods in practice.
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Figure 3.6: Visual comparison of reconstructed data from an interior current dipole located
at [5cm,0,0] with an exterior dipole signal located at [0,1.5m,0] using the mSSS and SSS basis
with the 306-Channel MEGIN/Elekta Neuromag helmet.

After SSS, the processed data clearly matches the interior current dipole signal, not the

exterior signal as seen in Figure 3.7 and evidenced by the low subspace angles for both SSS

and mSSS in Table 3.8. This shows that the multi-origin VSH implementation of SSS can

successfully suppress exterior interference signals. The spheroidal harmonics produce better

results when the sensing direction of the simulated on-scalp sensors are in the r̂-direction.

Across all of the sensor geometries, augmenting the internal spheroidal harmonic basis with

the single-origin vector spherical harmonic exterior produces a better match with the internal

data.

Next, Gaussian noise is added to the internal current dipole and external magnetic dipole

signal with a value of 15 percent of the internal signal at each time point. Here, we focus on

OPM sensor systems, both real and simulated.
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Table 3.9: Minimum, Mean, and Max subspace angle (in degrees) between the noisy current
dipole simulated data and SSS basis for each variant with OPM systems.

SSS Basis variant 102-SQUID 432-Kernel OPM 192-QuSpin OPM

sVSH/sVSH 0.0024/1.46/3.96 0.023/6.34/9.57 0.035/3.48/7.30

mVSH/sVSH 7.12e-14/8.95e-14/1.14e-13 0.023/6.34/9.41 0.035/1.88/3.18

Spheroid/Spheroid 0.0023/12.6/18.4 3.61/15.7/21.3 1.43/8.57/13.2

Spheroid/sVSH 0.0015/1.77/5.15 0.025/7.24/10.6 0.036/8.63/13.5

Figure 3.7: Visual comparison of reconstructed data from an interior current dipole located
at [5cm,0,0] with an exterior magnetic dipole signal located at [0,1.5m,0] and Gaussian noise
at 15% of the peak amplitude using the mSSS and SSS basis with the 192-Channel QuSpin
Triaxial OPM helmet.

In the noisy current dipole simulations, the mSSS and SSS basis behave very similarly

across all sensor systems, but the mSSS basis can lower the minimum subspace angle in
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some cases as seen in Table 3.9, indicating a better match than the other variants with OPM

sensor systems. Additionally, this investigation shows that the mSSS remains stable when

reconstructing noisy data and can suppress noise more than the SSS basis as seen in Figure

3.7. Across all simulations, the subspace angles between the mSSS reconstruction and the

simulated data are very small for the 102-channel magnetometer SQUID system. This could

partly be due to the fact that the internal mSSS basis is almost square with dimensions of

102× 93, forcing the subspace angle to approach numerical zero. In each case, the augmented

spheroidal harmonic basis with sVSH exterior dramatically improves the reconstructed data

on both simulated and real OPM systems with noisy simulated data.

3.3.4 Sensor Deviation Comparison Results

For reference, the condition number of each SSS basis calculated using the 306 channel

magnetometer sensor system with the top eight sensors deviated radially inward by 3cm as

detailed previously are listed in Table 3.10.

Table 3.10: Condition number of the internal and full SSS matrices for single origin VSH,
spheroidal harmonics, and the three combination variants

SSS variant sVSH/sVSH mVSH/sVSH Spheroid/Spheroid Spheroid/sVSH

Condition Number 1460 20.3 425 387

The condition number for the mSSS basis is expected to be very low due to the modifications

made to the calculation of the second VSH basis as discussed in the Methodology section.
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Table 3.11: Average subspace angle between each SSS variant and the interior current dipole
data for increasing radial positions with 306-point magnetometer, sensor deviated helmet.

SSS Basis variant 1cm 3cm 5cm 7cm

sVSH/sVSH 1.78e-7 0.002 0.27 6.62

mVSH/sVSH 0.006 0.004 0.17 0.95

Spheroid/Spheroid 15.0 22.6 33.2 41.6

Spheroid/sVSH 12.3 19.5 30.5 39.2

Figure 3.8: Visual comparison of reconstructed data from an interior current dipole with an
exterior dipole signal using the mSSS and SSS basis with the top 8 sensors deviated inwards
by 3cm. The location of the current dipole is moved from 5cm away (left panel) from the
origin to 7cm away from the origin (right panel).

When the dipole is closest to the most inward sensor, at 7cm, the angle between the SSS

basis is 14 degrees, compared to mSSS which stays very low regardless of dipole location

as seen in Table 3.11, indicating a better reconstruction. The mSSS basis visually matches

interior dipole signal at 7cm where single origin basis does not as seen in Figure 3.8. The
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inability of the SSS basis to reconstruct the full signal is confirmed by a sharp increase in

the subspace angle between the SSS basis and the dipole signal when the dipole is moved

from 5cm to 7cm, indicating that some of the signal can no longer be encompassed by the

SSS basis. Thus, mSSS is better suited for sensor systems with variable/nonuniform sensor

positions at different distances from the origin, especially when the interior signal source is

aligned along the same axis as the sensor deviation and when the signal originates near the

closest sensor. Additionally, this simulation exemplifies the effectiveness of mSSS to process

brain signals that originate from the motor cortex.

3.3.5 Lead Field implementation results

The subspace angle between the interior basis for each SSS variant and the lead field basis

was calculated by comparing each column of the SSS interior basis with the full lead field

matrix and are shown in Table 3.12. The lead field and SSS basis were all constructed using

the 306-Channel MEGIN/Elekta Neuromag system detailed on MNE-Python [31].

Table 3.12: Average subspace angle between the interior SSS basis for each variant and the
lead field basis

SSS Variant In Subspace angle (degrees)

sVSH 6.82e-14

mVSH 7.14e-14

Spheroid 5.83e-14

All of the interior SSS variants match the lead field basis extremely well as indicated by

the very low subspace angles. No one is meaningfully better than the others in this metric

comparison, but the results show that each basis successfully spans the interior brain space

and all possible fields generated by interior current dipoles.
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3.4 Verify with OPM Subject Data

3.4.1 Lightly Shielded MSR with QuSpin OPM system

Each SSS construction was tested using data collected in both a standard 5-Layer MSR

and a lightweight MSR in order to investigate the abilities of each basis to reduce noise and

external interference. Previously acquired empty-room data was collected at the University of

Nottingham using 64 third generation triaxial QuSpin Zero Field Magnetometers, comprising

a total of 192 channels, in a lightly shielded MSR constructed of one layer of MuMetal and

one layer of copper [23]. After removal of bad channels, 183 channels are used.

The mSSS basis is implemented with the expansion origins for the two VSH bases using

the optimized centers obtained with MNE-Python as described in Section 3.1. The raw data

was processed using each SSS variant, and the subspace angle between each SSS basis and

the data was calculated to check the data and processing. In addition, the power spectral

density (PSD) of each data reconstruction is compared to the raw data to investigate the

noise reduction capabilities.

Table 3.13: Minimum, Mean, and Maximum Subspace angle (in degrees) between the QuSpin
OPM raw data and SSS basis for each variant.

Data Type 5-Layer MSR Lightweight MSR

sVSH/sVSH 8.72/10.1/12.1 7.77/10.87/13.50

mVSH/sVSH 7.92/9.99/11.7 7.44/11.61/14.11

Spheroid/Spheroid 8.34/11.3/16.4 9.42/11.40/15.06

Spheroid/sVSH 7.10/8.09/11.8 8.90/10.40/12.88

The subspace angles seen in Table 3.13 between each SSS variant and the reconstructed

data are all slightly higher than would be expected from previous results. One possible

explanation for this is inaccurate system calibration, which has been quantified [19]. Despite
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this systematic issue, the subspace angle results still confirm adequate matching between

each basis and the data.

Figure 3.9: Reconstructions of QuSpin 192-channel OPM empty-room data with a) 5-Layer
MSR and b) lightly shielded MSR. Data was collected at the University of Nottingham and
was processed using each SSS variant with varying VSH expansion origins for the mSSS
method.

Each of the SSS variants shows ability to lower the noise floor of the collected data

successfully. The mSSS method has the lowest minimum subspace angle of any variant.

Visually, in Figure 3.9, the mSSS basis lowers the noise floor of the data more than the other

variants in both the 5-layer MSR and Lightweight MSR, highlighting its capabilities with

a variety of different MSR setups. Additionally, using the augmented spheroidal harmonic

basis with the single-origin VSH exterior improves the reconstruction of the data as seen by

a reduction in the subspace angle between the basis and the data.

3.4.2 Kernel Flux OPM Data

Each of the SSS reconstruction variants was used to process the Kernel Flux OPM data,

collected at the University of Washington (UW) using 432 channels with coil sensing directions

oriented perpendicular to the surface of the subject’s head. Single-subject audio response data
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were collected using the Kernel Flux OPM system in accordance with the UW institutional

review board (IRB) human subjects testing guidelines [34]. After the exclusion of bad

channels, 349 channels were kept for analysis. We focus on the evoked data, approximately

1 s long, averaged over 180 trials of the audio tone response, obtained using epoching and

evoked preprocessing functions in MNE-Python [31]. First, we compare the minimum, mean,

and maximum subspace angle between the evoked data and each SSS basis in Table 3.14.

Table 3.14: Minimum, Mean, and Maximum Subspace angle (in degrees) between the Kernal
OPM Evoked data and SSS basis for each variant.

SSS Basis variant 349-Channel (r̂)

sVSH/sVSH 6.43/13.0/32.7

mVSH/sVSH 5.53/12.4/30.6

Spheroid/Spheroid 6.74/13.3/32.4

Spheroid/sVSH 6.72/12.7/31.6

Each SSS basis variant reconstructs the raw data similarly as indicated by the range of

subspace angles, between 5.53◦ and 31.6◦ as seen in Table 3.14. In this case, the mSSS matches

the raw data the best with an average subspace angle of 12.4◦ and a minimum angle reduction

by about 1◦ over the single-origin SSS method. Next, we calculate the signal-to-noise ratio

(SNR) by taking the ratio of the average standard deviation of peak signal over 0.1 seconds

and the average standard deviation of the noise over the first 0.1 seconds of data collection.
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Table 3.15: Signal to Noise Ratio of the evoked and SSS processed Kernel OPM data.

Data Type 349-Channel (r̂)

Evoked Data 3.81

sVSH/sVSH 4.50

mVSH/sVSH 4.50

Spheroid/Spheroid 4.29

Spheroid/sVSH 4.59
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Figure 3.10: Reconstructions of Kernel OPM Audio Evoked data processed using each of
the four different SSS geometric variants. The unprocessed evoked data is compared to
Subplot a) mVSH/sVSH processed evoked signal, b) sVSH/sVSH processed evoked signal, c)
Spheroid/sVSH processed evoked data, d) Spheroid/Spheroid processed evoked data.
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Figure 3.11: Topographic visualizations of the peak time at 0.15s of the Kernel OPM Audio
Evoked data processed using each of the four different SSS variants. Panel a) shows the
unprocessed evoked data, b) shows the SSS-processed evoked auditory response, c) is the
mSSS processed signal, d) is the spheroidal harmonic processed, e) is the augmented spheroidal
interior with sVSH exterior. Note that only radial-sensing channels are shown in this figure

Each SSS variant does not visually exhibit a biasing of the evoked signal during data

reconstruction (see Figure 3.10). Each SSS variant improves the signal to noise ratio by a

similar factor, where the novel augmented spheroidal interior and VSH exterior basis has the

highest SNR as seen in Table 3.15. The reduction in noise is also seen in the topographic

visualizations of the peak brain response at 0.15 seconds in Figure 3.11, where all SSS variants

show good localization of the expected audio stimulus response, cleaned from drifts, and

without bias.

3.4.3 University College London (UCL) OPM Audiovisual Example Data Set

The UCL OPM previously acquired and publicly available audiovisual dataset is used as

an example for interference suppression techniques on low-channel-count OPM systems [47].

Using a 4-layer MSR, single-subject audiovisual OPM data was acquired at UCL using 43

Dual-Axis QuSpin QZFM Gen-2 OPM sensors placed evenly around the head. The sensors

measure both tangential and radial components of the magnetic field, resulting in 86 channels

of data. No preprocessing steps were done to the raw data before reconstruction with each

SSS variant [31], [47].
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The stability of SSS relies on the oversampling of the spatial field when the channel count

is much higher than the number of spatial components kept in the VSH expansions. With

the typical and optimal orders kept, the SSS basis comprises 95 vectors (80 interior and

15 exterior), but here the channel count is less than the spatial components [51]. One way

to reduce the spatial dimensions of the SSS basis is to reduce the number of interior Lin

components kept from the optimal 8 down to 6, reducing the dimensionality of the interior

basis from 80 to 48 spatial components. Of course, such a low order could lead to some brain

signal bias due to the relatively low spatial frequency cut-off. Further noise reduction could

be achieved with other computational methods, such as with iterative SSS as mentioned

previously [21]. Here, we implement each SSS variant with Lin = 6 internal components kept

in both spherical and spheroidal harmonic expansions to process the UCL OPM dataset.

First, the condition number for each SSS variant was calculated and is listed in Table 3.16.

Table 3.16: Condition number of each SSS variant for the 86-Channel UCL QuSpin OPM
system with different interior harmonic orders kept

SSS Variant Lin = 6

sVSH interior 125

mVSH interior 1.00

Spheroidal interior 41.0

sVSH/sVSH 326

mVSH/sVSH 113

Spheroid/Spheroid 131

Spheroid/sVSH 112

Next, the minimum, mean, and maximum subspace angle between the raw data matrix

for all channels at all times and each SSS variant was calculated and the results are shown

in Table 3.17. The raw data and each set of SSS variant processed data was converted
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to an evoked response for visual comparison. The evoked responses were calculated using

MNE-Python after a 50 Hz and 251 Hz notch filter was applied to remove interference from

power lines. Results were processed using both the bandpass filter from the tutorial at 2 to

40 Hz and one modified to be between 0 and 40 Hz. OPM sensors are more sensitive to DC

and low frequency fields, so the impact of these fields is typically captured in the 0 to 2Hz

range. No other processing was performed on the raw and SSS-reconstructed data to create

the evoked response [31] [47].

Table 3.17: Minimum, Mean, and Maximum Subspace angle (in degrees) between the UCL
QuSpin OPM Raw data and SSS basis for each variant.

SSS Basis variant Lin = 6

sVSH/sVSH 2.47/3.13/4.50

mVSH/sVSH 1.20/1.73/2.59

Spheroid/Spheroid 2.54/12.3/23.2

Spheroid/sVSH 2.32/3.03/4.37

Keeping the threshold value consistent for the calculation of the mSSS basis, the mSSS

basis is 86 × 80 for Lin = 6. The mSSS basis is more square than the SSS basis and is

overdetermined, but only by 6 vectors as opposed to 23 vectors as with the SSS basis at the

same Lin value. This suggests that the threshold value may need to be updated depending

on the channel count of the OPM system. Raising the threshold value restricts the number

of spatial vectors kept in the mSSS basis based on the ratio of significant values obtained

from SVD. We investigated the impacts of raising the threshold from 0.005 to 0.05 to adapt

to the lower channel count.
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Figure 3.12: Reconstructions of the UCL QuSpin OPM auditory evoked data after processing
with each SSS variant for Lin = 6 and a bandpass filter from 0 to 40 Hz. The top left subplot
shows the unprocessed by SSS evoked response. Subplot a) shows the sVSH/sVSH processed
evoked response, b) shows the vector spheroidal harmonic interior and exterior processed
evoked response, c) shows the mVSH/sVSH processed evoked response with the threshold
set to 0.05 (updated from the value of 0.005 used previously), and subplot d) shows the
augmented interior spheroidal harmonic basis with the sVSH exterior basis.
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Figure 3.13: Reconstructions of the UCL QuSpin OPM auditory evoked data after processing
with each SSS variant for Lin = 6 and a bandpass filter from 2 to 40Hz. The top left subplot
shows the unprocessed by SSS evoked response. Subplot a) shows the sVSH/sVSH (SSS)
processed evoked response, b) shows the vector spheroidal harmonic interior and exterior
processed evoked response, c) shows the mVSH/sVSH (mSSS) processed evoked response
with the threshold set to 0.05 (updated from the value of 0.005 used previously), and subplot
d) shows the augmented interior spheroidal harmonic basis with the sVSH exterior basis.

The noise levels in the SSS reconstructions are much lower than in the raw data as seen

in Figure 3.12, and is the most effectively reconstructed by the mSSS basis. Note that the

threshold value for the mSSS basis construction is 0.05 instead of 0.005 for visualization
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purposes. The effect of changing the threshold on the metric comparison values for the mSSS

basis is investigated in Table 3.18 and Figure 3.14 below.

Table 3.18: Minimum, Mean, and Maximum Subspace angle (in degrees) between the UCL
QuSpin OPM Raw data and SSS basis for each variant.

SSS Basis variant Thresh=0.05 Thresh=0.005

Dimensions 86× 66 86× 80

Condition Number 49.5 113

Mean Subspace Angle 4.77 2.60
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Figure 3.14: mSSS Reconstructions of the UCL QuSpin OPM auditory evoked response after
processing with Lin = 6 and bandpass filter of 0 to 40Hz for two different threshold values
curing construction of mSSS. Panel a) shows the SSS-processed evoked auditory response, b)
is the mSSS processed signal with a significant value threshold of 0.005 (or 0.5% of the max
significant value), and c) is the mSSS processed signal using a threshold of 0.05 (or 5%).
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Raising the threshold, and thus reducing the dimensions of the mSSS basis, improves the

noise levels of the reconstructed mSSS data as evidenced in 3.14. Finally, we plot topographic

maps of the evoked data for each SSS variant at the calculated peak time of 0.09 seconds

using MNE-Python [31].

Figure 3.15: Topographic visualizations of the peak time at 0.09s on the UCL QuSpin OPM
auditory evoked response after processing with each SSS variant with Lin = 6 and bandpass
filter of 2 to 40Hz. Panel a) shows the unprocessed evoked data, b) shows the SSS-processed
evoked auditory response, c) is the mSSS processed signal with a significant value threshold
of 0.05 (or 5% of the max significant value), d) is the spheroidal harmonic processed, e) is
the augmented spheroidal interior with sVSH exterior.

Regardless of threshold, the mSSS basis gives the best or second best match to the raw

signal when considering the subspace angle between the raw and processed data, as seen

in Tables 3.17 and 3.18, and the best reduction in noise and drift in the visualization of

the evoked data as seen in Figure 3.12, showing the method can help reconstruct internal

brain signals even in the presence of low frequency and DC fields. Additionally, augmenting

the spheroidal harmonic interior basis with the sVSH exterior basis results in a more stable

reconstruction with less drift than the spheroidal exterior basis. mSSS is able to uncover

the expected spatial patterns of MEG from an auditory stimulus as seen in Figure 3.15 with

strong visual localization and magnitude of the peak brain response.
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3.5 Conclusions and Comments

The mSSS method provides adaptability and improved results with the addition of on-scalp

MEG sensor systems. The procedure for creating the mSSS basis follows traditional SSS,

but used multiple optimized origins to span the brain space with overlapping bases. To

improve stability, the bases are combined following similar techniques to eSSS. When mSSS is

optimized for two VSH bases, the condition number of the resulting matrix is lower than the

other SSS variants due to the orthonormality of the combination, indicating a more stable

inverse when mSSS is used to reconstruct MEG data. This conclusion is also supported by

the higher Frobenius norm of the mSSS basis, showing that the basis contains more unique

information about the interior brain space.

We have also shown that the mSSS method performs as well as SSS, and better, when

separating out interior and exterior simulated dipole signals. The adaptability of mSSS is

showcased when the sensor helmet geometry has some deviations from the more uniform

MEGIN/Elekta Neuromag SQUID helmet setup. In these cases, optimizing multiple spheres

allows for a more dynamic span of the brain space than with SSS, resulting in a twofold

improvement in data reconstruction. The improvement seen in simulation is reflected in the

verification with OPM subject data, where mSSS offers a better data reconstruction with less

noise than other SSS basis variants. Across simulations and data, the mSSS basis outperforms

with visual, audiovisual, and simulated motor response recordings. The performance of the

mSSS basis can be further improved if a priori knowledge about the location of the expected

brain signal is known so the origin of the second VSH expansion can be placed in an optimal

location to encompass these signals. In practice, the precise location of the brain signal is often

unknown, in which case the mSSS basis can be optimized using a subject MRI (general or

specific) and MNE-Python to select the location for the expansion origins. Finally, the mSSS

basis remains stable when used to process audiovisual data collected on a low-channel count

on-scalp systems, which can be further improved by adjusting the threshold for including

spatial components in the combined interior basis to adapt.
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When applied to evoked data, raw data, and noisy MSR data, the spheroidal harmonics

perform comparatively to the other SSS variants when the sensor systems are radially-sensing

magnetometers, indicating that their ability to span the interior brain space and exclude

exterior noise sources is similar to other variants. To further the applications of the spheroidal

harmonic basis, extending the implementation to include gradiometers as well as other

sensing directions will allow it’s use with SQUID and on-scalp MEG systems more broadly.

Additionally, modifying the prolate spheroidal harmonic basis with the single-origin VSH

basis for the exterior offers better results than geometrically constraining the exterior basis

to spheroidal geometry. This methodology is mathematically concise and represents a valid

modification to traditional SSS. Finally, all of these variants can be combined with the

tSSS and eSSS extensions for improved suppression of artifacts that cannot be satisfactorily

modeled by the external VSH basis.
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Chapter 4

OPTIMIZATION OF BASIC MAGNETIC FIELD COMPONENT
EXTRACTION

In order to leverage the potentially improved spatial resolution provided by the on-scalp

MEG sensors, the basic component extraction of the measured magnetic field need to be

optimized to account for increased noise in higher components, allowing for the measurement

of more spatially precise magnetic fields. As discussed in Chapter 2, the discrete expansion

of the magnetic field measured by MEG sensors is truncated at orders of L (Equation 2.22)

for the interior and exterior basis based on factors such as the number of sensors and the

distance from the sensors to the scalp, two parameters that have changed in the transition

from cryogenic-MEG systems to on-scalp systems [53]. An illustration of the different vector

spherical harmonic topographies is included in Figure 4.2.
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Figure 4.1: Low to high spatial frequency topographies of the interior VSH expansion of the
discrete magnetic field B as seen in Chapter 2, Equation 2.22. Increase in L corresponds to
an increase in spatial complexity.

The MEG signal measurement ϕ appears to be spatially smooth at the sensor location

because the higher spatial frequencies decay faster as a function of distance, leaving the terms

of lower spatial frequency as the leading measured signals. Additionally, multiple dipole

source configurations can result in the same lower order topography, so new and improved

understanding of higher spatial frequencies is vital to accurately reconstructing brain signals.

The potential to include order of Lin greater than the typical 8 can help distinguish between

sources with similar lower order components, a result that is well studied across other fields

using VSH discretizations such as astronomy [10]. Therefore, improving the basic component

extraction accounting for higher noise with higher spatial frequencies is important for being
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able to obtain more precise measurements with on-scalp MEG sensors.

Some existing methods, such as the iterative SSS method as discussed in Chapter 2,

improve the SSS reconstruction by exploiting the hierarchical nature of the VSH expansion.

As the reconstruction of brain signals using these methods requires the inverse of the spatial

matrix S, the task of reducing noise in the higher components becomes a linear algebra

problem of matrix inversion to find solutions to a simultaneous linear equation. Other than

noise from external factors typically attenuated by the MSR and artifacts from nearby sources,

the sensor systems themselves are a source of random noise intrinsic to the devices. The

contribution of sensor noise is taken into account during data processing in the form of a

covariance matrix, which makes obtaining correct measurements or estimates of the covariance

extremely important [54]. Specifically in SSS, the inverse of the S matrix must be used to

estimate the multipole moments to reconstructed the data, a step that can become unstable

in the presence of noise. Thus, we must explore new methods for account for sensor noise in

the SSS method in order to extract higher-order components of the magnetic field that allow

for higher precision source localization.

In this chapter, we explore an application of the Wiener-Kolmogorov smoothing theory to

matrix inversion, called Foster’s inverse after the author Manus Foster [11], and the method’s

ability to reduce noise when applied to the reconstruction of MEG data. We first establish the

meaning of noise covariance, and discuss current proposed methods for measuring, estimating,

and calculating noise covariance profiles. Next, we implement Foster’s inverse with SSS on

both simulated and single-subject MEG data, while also investigating the effects of different

methods of estimating sensor noise covariance matrices on the Foster’s inverse method. The

noise covariance matrix N is an important variable in the implementation of Foster’s Inverse

for SSS, as well as in minimum-norm estimate (MNE) methods for dipole localizations in

MEG, so understanding the impacts of different noise profiles is paramount. Additionally,

sensor noise reduction methods for processing OPM-MEG data remain relatively unstudied,

so we present our investigations into Foster’s inverse in SSS as a tool for dealing with noisy

OPM data.
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4.1 Sensor Noise Covariance Profile Estimation

By definition, covariance is the measurement of how two random variables change together.

In the context of MEG measurements, sensor noise levels and the spatial covariance of noise

between sensors are part of data measured. There are a variety of ways to quantify or estimate

the level of noise in the sensor array, which impacts the noise covariance profile used in data

processing steps such as beamformers and MNE dipole localizations [31]. The goal is to

obtain a measurement of the noise covariance without including any magnetic signals, such as

fields from external sources to the brain signals like eye blinks, movement artifacts, or other

remnant fields. These fields are classified as part of the signal in the SSS method, but will be

a part of the exterior basis expansion that is mathematically removed from the data during

reconstruction as detailed in Chapter 2. The noise covariance profile for the sensors includes

any noise that is unique to each sensor itself, perhaps due to differences with manufacturing,

as well as any interactions between sensors from spatially correlated noise which may be from

fluctuations in sensors themselves or some magnetic impurity near the sensors that effects

multiple sensors at once.

The simplest noise covariance profile is a diagonal matrix which represents a case where

there is no spatially correlated noise between the sensors, where purely sensor related noise

can be modeled as a diagonal matrix if the noise is assumed to be independent across sensors

[9]. In practice, however, off-diagonal elements occur, which has been widely characterized

for SQUID sensors and occurs in OPM sensors due to quantum, optical, and magnetic effects

[58]. Additionally, spatially correlated noise increases with higher sensor count as sensors

are closer together, which impacts the noise in OPM systems more than SQUID systems

due to the potential for higher channel count designs [37]. Noise covariance profiles that are

not assumed to be purely diagonal (not containing spatially correlated noise) must therefore

be estimated in some fashion. Practically, some methods for measuring sensor noise involve

taking an empty-room recording in the MSR pre-clinical testing, then calculate the covariance

of this noise recording [31]. A similar result can be obtained by using resting-state time
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segments of a data collection, or from pre-stimulus baselines, which should include minimal

brain activity. Other methods, which we will delve into in the next section, calculate the

sensor noise of MEG measurements without needing empty-room recordings, which can be

then used to develop a noise covariance profile.

4.1.1 MNE-Python Compute Covariance Functions

MNE-Python is a powerful tool for analyzing MEG, EEG, and MRI data, and contains

various built in functions for estimating the noise covariance from raw and epoched MEG

data. These different methods are mostly characterized by Engemann and Gramfort, and can

be called in MNE-Python with the corresponding key to each method: empirical, regularized,

Ledoit-Wolf estimator, shrunk covariance, probabilistic PCA, and factor analysis [31], [9].

All of these techniques assume that the amplitudes of the sources and measured data are

Gaussian due to linear mixing, therefore the additive noise is also assumed to be Gaussian

such that the total MEG measured signal can be characterized with the combination of a

mean vector and the corresponding covariance matrix [9].

The empirical covariance matrix N of data matrix Y, dimensions N×M can be calculated

as NE = 1
M
YYT [9]. If the number of data points M is very large, the empirical covariance

model becomes a better estimator of the true covariance. However, in the absence of empty

room recordings, the number of baseline periods for noise estimation during data collection

may be too small to obtain a good estimation. This method is implemented in MNE-Python’s

compute covariance functionalities [31], and is one of the methods we test here in our Foster’s

inverse investigation.

4.1.2 Sensor Noise Suppression Methods

Noise from the sensors can be removed from data using a process called the Sensor Noise

Suppression (SNS) method, where we assume that sensor noise is uncorrelated with brain

activity, and that brain activity measured by one sensor can be reconstructed from any of its

neighbors [7]. The first assumption allows us to write the measured sensor signal ϕ as
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ϕ(t) = B(t) + n(t) (4.1)

where B is the brain activity over time and n represents the noise from the sensors.

Following the second assumption, the denoising algorithm replaces each noisy channel by

the regression of the subspace of the other channels. The set of signals [ϕk′ ̸=k] for each

channel k is orthogonalized using PCA to find an orthogonal basis spanned by the other k′

channels. Then, the channel ϕk is replaced by its projection onto this orthogonal basis [7].

Mathematically, the SNS process sums these steps over all channels

ϕ̃k(t) =
K∑

k′=1,k′ ̸=k

αkk′ϕk′(t) (4.2)

where ϕ̃k(t) is the denoised sensor signal, the set of all [αkk′ ] = A minimizes ||ϕk(t)−ϕ̃k(t)||.

In matrix from, A will have zeros along the diagonal. The SNS method can be used to

calculate the sensor noise n, where n = ϕk(t)− ϕ̃k(t). However, this method assumes some

knowledge of the spatial and temporal structures of the noise.

4.1.3 Oversampled Temporal Projection

Alternative methods for reducing the effects of sensor noise, such as the Oversampled Temporal

Projection (OTP), only require that the signals of interested are spatially over sampled by

the number of sensor channels and that the signals of interest are statistically independent

from the noise [32]. In this method, we define a matrix D, which is composed of N sensor

channels with data over ns temporal samples. The data matrix can be expanded as:

D = MaXa +MbXb + Eu + Ec (4.3)

where Ma defines the subspace for signals of interest and Mb defines the subspace for

external interference signals, and Xa,b define the respective coordinates. Matrix Eu contains

uncorrelated artifacts and individual sensor noise, whereas Ec contains correlated artifacts
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that are set to zero and not included in the OTP model [32]. We can then combine this

equation into a compact matrix equation

D = MX+ Eu (4.4)

Where matrices M and X contain both the a and b subspaces concatenated. The contribution

of Eu can be suppressed using a spatial cross-validation (CV) operator K such that the

denoised data is D̃ = KD. The properties of K can be tuned, but for spatially oversampled

data, K is an N ×N matrix with zeros along the diagonal that minimizes spatial bias and

spatial spreading of artifacts while maximizing sensor noise suppression [32]. In practice, this

can be done using the SVD of MX = UΣVT and requiring that the matrix K− I belongs

to the left null space panned by the column vectors of U corresponding to zero singular

values. OTP is performed through MNE-Python on MEG data using a constant overlap-add

approach with a given time window size to minimize edge artifacts [31], [32].

Once OTP is performed, the difference in the raw data and the OTP processed data is

the effect of the sensor noise. The covariance of the sensor noise can thus be calculated as

NOTP = covar(D− D̃) (4.5)

,

where the covariance of the residual noise is performed using the empirical covariance

method.

4.2 Foster’s Inverse for processing MEG data

4.2.1 Presentation of Foster’s Inverse

Given some data vector y can be written = Ax+ η, where η is the noise vector and x is the

solution or "signal" vector being estimated. We can solve for an estimate of the signal vector
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x̄ by performing the inverse operation [11].

x̄ = By + b (4.6)

Where the task is to determine the matrix B and signal vector b such that we get the

optimal estimate of the signal vector. The solution depends on what is known about the

noise and signal vector. If we assume that the noise and signal vector are independent, then

the information needed is the covariance of the matrices S and N made up of the signal and

noise vector components respectively.

Sij = ⟨(xi − ⟨xi⟩)(xj − ⟨xj⟩)⟩ (4.7)

Nij = ⟨(ηi − ⟨ηi⟩)(ηj − ⟨ηj⟩)⟩ (4.8)

Using these matrices, an optimum inverse B of matrix S is given by the Foster’s inverse

B = SA∗(ASA∗ +N)† (4.9)

which uses the Penrose-Moore pseudoinverse. In fact, Foster’s inverse generalizes to the

Penrose-Moore psuedoinverse in the absence of noise [11]. An optimal estimate of x solution

vector is given by

b = ⟨x⟩ −BA⟨x⟩ (4.10)

such that b is constant over the time course of the data collection.

4.2.2 Adaptation of Foster’s Inverse with the SSS Method

In the context of MEG and SSS, y is the measures signal vector ϕ, matrix A is the VSH

basis obtained from SSS, and η is the sensor noise. Other sources of magnetic interference

are classified as signal, whether these sources pertain to brain activity or not. We want to

write the signal vector ϕ using the SSS basis, multipole moment coefficients, and noise as

described in the Theory section
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ϕ = Sx+ η (4.11)

Where we want to optimize the inverse equation

x̂ = S†ϕ+ S†η (4.12)

by instead using Foster’s inverse:

x̄ = Bϕ+ b. (4.13)

Matrix B is Foster’s Inverse of the SSS matrix denoted as S [11]

B = XS∗(SXS∗ +N)† (4.14)

and

b = ⟨x⟩ −BS⟨x⟩ (4.15)

Then, the improved estimate x̄ can be used to reconstruct the interior signal in the same

fashion as traditional and iterative SSS.

ϕin = Sinx̄in (4.16)

The matrix X is determined using the covariance of the multipole moments found using

SSS as

Xij = ⟨(xi − ⟨xi⟩)(xj − ⟨xj⟩)⟩. (4.17)

Alternatively, if the location of the current dipole source is exactly known, perhaps in

a forward model calculation or otherwise, the multipole moment coefficients αlm can be

calculated directly using Equations 2.25, 2.26, and 2.27 as presented in Chapter 2. The αlm
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coefficients must be normalized against the corresponding orders of the SSS basis such that

xlm ≈
∫
v′
λα
lm(r

′) · JP (r′)dv′, (4.18)

where JP is the primary current described by the Sarvas current dipole formula.

In the context of MEG, the noise covariance matrix N requires more investigation and can

be estimated, calculated, or measured. It must correspond to sensor noise, so any magnetic

signal features in matrix S should not be included in the noise matrix. N will be diagonal

if the sensor noise is uncorrelated, but can have some off-diagonal color corresponding to

spatial correlation in noise, eddy currents, and random noise from close to sensors in the

hardware that effect multiple sensors. Here, we test the novel method for isolating the sensor

noise covariance profiles using the OTP-processed data to determine the sensor noise, then

calculating the covariance, as well as the empirical method implemented in MNE-Python.

Once the correct form for matrix N is determined, we can then compare SSS, iterative SSS,

and Foster’s inverse methods in terms of achieving the best signal reconstruction.

In principle, the matrix S can be obtained from any SSS method, including tSSS, eSSS,

and mSSS. Here, we focus on the traditional SSS basis, where either the internal basis or full

basis can be used with Foster’s inverse.

4.2.3 The Case of Minimum Information

The aforementioned presentation of Foster’s inverse in SSS requires knowledge about the

noise covariance matrix N in order for the method to function as stated. In practice, knowing

the exact profile of the MEG sensor noise can be quite difficult. In the minimum information

case, the full profile of the noise is unknown, but the covariance matrix can be written as

N = σ2
NI where σ2

N is the noise power and I is an identity matrix the same size as N [11].

Similarly, the covariance of multipole moments can be written as X = σ2
XI where σ2

X is the

signal power. Using these variables, we can rewrite Equation 4.14 as

B = S∗(SS∗ + r2I)† (4.19)



88

where r2 = σ2
N/σ

2
X is the noise-to-signal power ratio [11]. Specifically in the context of

SSS, σ2
X corresponds to the signal-to-noise ratio (SNR) of the multipole moments. Note

that the minimum-information inverse operator B has the same structure as the regularized

Tikhonov operator T which gives solutions to noisy linear equations, given by

T = AT (AAT + λI)−1 (4.20)

where λ is some positive regularization parameter [29]. By comparing B with T, we

see that the ratio r2 = σ2
N/σ

2
X functions as a regularization parameter in the minimum-

information case of Foster’s inverse. In fact, choosing λ = σ2
N/σ

2
X is the unbiased, linear, and

minimum mean square error estimator of x [29]. Using Foster’s inverse in this fashion means

that the maximum amplification factor from any one large instance of sensor noise impacts

the solutions by a factor of 1/(2r) regardless of the amplitudes of the SSS basis expansion

[11]. Estimating or calculating the noise-to-signal power ratio may be simpler than finding

the full noise covariance profile, especially for on-scalp MEG systems that have not been

widely characterized.

In the context of SSS and MEG data, using a diagonal matrix for N in Equation 4.14

represents the minimum information case as the noise-to-signal ratio must be calculated using

the multipole moments as well as the noise. The impact of different magnitudes of noise

covariance along the diagonal is investigated here using current dipole simulations in the

following sections.

4.2.4 Analogy to the Linear Wiener Estimate in Noise-Normalized MNE Methods

As mentioned here and extensively studied, the inverse problem of mapping collected MEG

(and EEG) data into the location and time of brain currents creating the signal has, in

principle, infinite solutions. Thus, many have developed methods to constrain the most

likely solutions to the inverse problem using what we know about biology, brain structure,

and the underlying physics of the signals. One large category of these solutions are MNEs,

which on a simple level, solve the noiseless equation y = Ax with the MNE estimate for
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the solution x̄ = AT (AAT )−1y, where y is the measurement vector, A is some mixing

matrix showing the mapping of the currents onto the sensors, and x are the unknown current

sources [29]. MNE methods can be improved using noise-normalization techniques, such as

dynamic statistical parameter mapping (dSPM) [6] and standardized low resolution brain

electromagnetic tomography (sLORETA) [39], which weight the MNE solution to combat

the fact that MNE methods are biased to locate sources superficially on the cortex that in

reality originated from deeper activity [29]. Both methods begin with the same data vector

y = Ax+ η as discussed previously in the Foster’s Inverse section. Estimates for the brain

current sources x̂ are obtained using the Linear Wiener estimate W [59] where

x̂ = W(Ax+ η) = WAx+Wη (4.21)

The Wierner estimator is written in terms of the spatial covariance of the dipole strengths

R = ⟨x(t)x(t)⟩ and the covariance of the sensor noise vector N = ⟨η(t)η(t)⟩ as [6],[29]:

W = RAT (ARAT +N)−1 (4.22)

Comparing this equation to Equation 4.14, we can see that this form of W shares similar

mathematical composition with B from Foster’s Inverse, where the covariance of the multipole

moments matrix X is analogous to the spatial covariance of the dipole strength matrix R,

and the SSS matrix S is analogous to the forward matrix operator A [6], or mixing matrix

[29].

The full Foster’s inverse solution for the current multipole moments x̄ can written as

follows by plugging in B and b in Equation 4.13:

x = Bϕ+ ⟨x⟩ −Bs⟨x⟩ = B(Sx+ η) + ⟨x⟩ −BS⟨x⟩ (4.23)

Where the first term B(Sx + η) matches the Wierner estimate for the brain currents

x̂ in Equation 4.21. The complete Foster’s solution in Equation 4.23 contains extra terms
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pertaining to the average multipole moments found during SSS, which are further weighted

by the SSS matrix itself in the term b.

4.3 Verify with Current Dipole Simulation

To test the feasibility and performance of using Foster’s Inverse with SSS, a simulation was

conducted in Matlab first with a current dipole located at 5cm along the x-axis using the

Sarvas formula as discussed in Chapter 2 [45]. The moment of the dipole varies sinusoidally

in time. Before the dipole is activated, the simulation includes a baseline period to represent

the time when a brain is less active before experiencing the onset of a stimulus, and Gaussian

noise is added at a level of 20% of the maximum simulated signal amplitude. Finally, the

magnetic flux through each of the sensors was calculated using standard gradiometer and

magnetometer dimensions for the 306-channel MEGIN/Elekta Neuromag SQUID sensors

given in the MNE-Python documentation [31].

Optimizing the multipole moments x̄ is more straightforward in simulations because the

initial multipole moments x can be calculated directly using the location and moment of the

simulated dipole up to the internal expansion order Lin, then the covariance of the multipole

moments can be calculated as well. We then calculate the diagonal noise covariance matrix

N from the generated Gaussian noise.

4.3.1 Single Current Dipole Simulation Results

The Foster’s inverse implementation of SSS is compared to the raw simulated signal, the

traditional SSS reconstruction, and the iterative SSS reconstruction by first calculating the

SNR for each simulated dataset as:

SNR =
E[s2]

E[n2]
(4.24)

where the expected value E is the mean square, or mean of the standard deviation squared,

equivalent to the mean of the variances, of the signal s or noise n. The SNR calculation
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results using the baseline period before 5ms as the noise period ad the signal period after

5ms are shown in Table 4.1.

Table 4.1: Signal to Noise Ratio (SNR)

SSS Variant SNR

Simulated Data 6.08e+3

SSS 1.15e+4

Iterative SSS 1.10e+4

Foster’s SSS 5.48e+5

Foster’s inverse provides over a tenfold increase in SNR compared to the iterative and

traditional SSS reconstructions of the simulated data as evidenced in Table 4.1. These results

are also seen visually when the simulated current dipole is plotted with the SSS-processed

and Foster’s-processed data along the same axis.
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Figure 4.2: Comparison of raw noisy current dipole data and data after Foster’s inverse SSS
reconstruction generated using the Sarvas current dipole formula with Gaussian noise added
at 20% of the maximum signal.

As seen in Figure 4.2, the Foster’s inverse reconstruction of the simulated MEG data has

vastly reduced the amplitude of noise compared to the unprocessed and SSS processed data.

This result can be further seen in the PSD periodogram plots of the three datasets in Figure

4.3
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Figure 4.3: PSD plots of the simulated current dipole signal, SSS reconstructed signal, and
Foster’s Inverse SSS reconstructed signal. Plots are generated and calculated in Matlab

The dramatic decrease in signal reconstruction noise seen in Figures 4.2 and 4.3 is a

promising result and shows the potential for the Foster’s inverse method to provide noise

reduction on higher order terms when applied to both Phantom and human MEG data

recordings. As mentioned, when the location of the dipole is known, the multipole moments

can be calculated directly as in this simulation. In reality, the location of the current dipole

source in the brain is unknown, but can be estimated using the SSS reconstruction as described

in Chapter 2.
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4.3.2 Simulated Noise Covariance Investigation

To investigate the impacts of noise covariance profiles, we can start with simple, simulated

covariance matrices with different properties representing possible physical profiles simulated

in conjunction with the single current dipole simulation. The simplest N matrix is an

m×m square matrix of zeros, N0, representing a scenario where no information is known

about the noise profile. Next, we investigate a diagonal matrix ND,mean where each diagonal

element has the same value calculated using the mean of an example covariance profile for

the MEGIN/Elekta Neuromag system, which is 3.67e-25 [31]. The diagonal matrix is also

investigated with varying magnitudes along the diagonal, such as ND,max using the maximum

value (5.63e-21) of the sample noise covariance profile. As these values are quite small and

very near the case of N0, diagonal values incrementing from 1e-15 to 1e-5 are also investigated.

Finally, we construct a diagonal matrix with off-diagonal color NDc, which is diagonal but

contains other components that represent spatially correlated noise or a more complex noise

profile. Each of these covariance matrices are implemented with Foster’s inverse applied to

simulated current dipole data.
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Figure 4.4: Left: Simulated dipole reconstructions for different simulated diagonal N matrices
with varying amplitudes along the diagonal plotted against the noisy simulated raw signal.
Right: Corresponding PSD spectrum of the reconstructed signals for varying simulated
diagonal N matrices.

Despite the SNR of the reconstructed data staying consistent and the subspace angle

between the raw data and the reconstructed data for each N remaining computationally

zero (below 1e-13 degrees), Figure 4.4 shows different magnitudes along the diagonal N

matrices dramatically impacts the amplitude of the reconstructed signal. Furthermore, this

effect is nonlinear, where larger values of N create bigger drops in amplitude, as seen in the

difference between N =1e-15 to N =1e-10 compared to N =1e-10 to N =1e-5. Increases in

N, corresponding to a decrease in reconstruction amplitude, also create an artificial reduction

in SNR as seen in Figure 4.4 in the sense that the noise may not be reduced in a way that is

non-biased towards the signal itself. The results of this investigation highlight the importance

of obtaining the correct N profile and how differences in noise covariance magnitude may

impact the reconstructed results.
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4.4 Verify with Phantom and Single-Subject MEG Data

4.4.1 Phantom Head Results

The dry Phantom head manufactured by MEGIN/Elekta Neuromag comes with the SQUID

sensor system as a diagnostic tool. The head is made of a plastic hollow sphere with radius

87.5 mm containing 32 artificial current dipoles that can be activated independently in series

with four HPI coils for head position tracking. The current dipoles themselves are made using

equilateral triangles of current lines to produce a magnetic field distribution equivalent to a

current dipole oriented tangentially to the surface of a spherical conductor [29], [8]. Since the

orientations and locations of the 32 dipoles are exactly known, the data measured by the

SQUID system when each dipole is activated can be treated as an evoked set and used to

check the localization of the dipole.

Here, we focus on four different Phantom datasets taken with the 306-channel SQUID

sensor MEGIN/Elekta Neuromag MEG system. These datasets were taken at I-LABS over

the past few years, with varying dipole field strengths, reflecting the input current or voltage

levels, and internal active shielding (IAS) settings. The file names listed in Table 4.2 contain

the exact date as year-month-day, followed by the dipole field strength relating to the current

passed through the wires, and the IAS system either on or off. The datasets are numbered

1) through 4) in the first column for ease of reference. Datasets 1) and 2) were recorded on

the same day with two different dipole field strengths, 1000 nAm and 200 nAm, respectively.

Similarly, datasets 3) are 4) from the same day, both using 1000 nAm levels in the current

dipoles, with the IAS system off, then on. 1000 nAm corresponds to an unrealistically high

signal whereas 200 nAm are used to represent a more realistic strength close to human brain

activity.

Each dataset was processed with the internal components of the traditional SSS basis

with Foster’s Inverse using the empirical method of calculating the noise covariance NE

implemented in MNE-Python. The Foster’s inverse calculation is implemented in Python for
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the Phantom analysis. Here, we focus on only the SSS method compared to Foster’s inverse.

Each of the 32 dipoles is activated multiple times, and the resulting data is averaged into

epochs, which are then used to localize the dipole location in MNE-Python [31]. To quantify

the success of the dipole localization calculation, the mean and maximum error in position

and orientation are calculated, as well as an overall goodness of fit (GOF) percentage where

a higher GOF indicates the dipole localization was the most accurate across each of the 32

Phantom dipoles. This data is shown in Table 4.2 and is visualized in Figure 4.5.

Table 4.2: Mean and Maximum Dipole Localization Errors and GOF Metrics for Each
Phantom Dataset

Dataset Method Position E (mm) Orientation E (◦) GOF (%)

mean/max mean/max mean/max

1) 24-07-08, Raw 2.8/12.2 3.3/16 83.0/99.8

1000 nAm SSS 10.5/58.2 9.4/48 86.7/99.8

Foster’s NE 2.1/5.8 2.7/9.2 98.7/99.6

2) 24-07-08, Raw 14/103.4 14.8/81.1 63.4/97.9

200 nAm SSS 21.6/98 24.2/84.7 73.0/99.1

Foster’s NE 7.2/19.9 8.2/24.8 83.6/98.7

3) 23-12-07, Raw 2.1/4.2 2.4/6.3 98.3/99.9

1000 nAm, IAS off SSS 3.5/9.0 3.4/13.6 98.3/99.9

Foster’s NE 3.8/8.5 3.9/12.8 98.8/99.7

4) 23-12-07, Raw 2.9/7.9 3.4/13.5 98.4/99.8

1000 nAm, IAS on SSS 3.1/7.1 3.3/9.7 99.2/99.9

Foster’s NE 2.7/6.0 2.9/8.8 99.0/99.7
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Table 4.3: Average Mean Dipole Localization Errors and GOF Metrics Across Each Phantom
Dataset

Method Position E (mm) Orientation E (◦) GOF (%)

Raw 5.45 5.98 85.8

SSS 9.68 10.1 89.3

Foster’s NE 3.98 4.43 95.7

Figure 4.5: Mean and Max dipole localization and GOF metrics for each Phantom dataset, a
visualization of the data in Table 4.2
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Figure 4.6: Butterfly evoked plots for Phantom dataset 1) generated using MNE-Python
where row a) shows the unprocessed evoked data, b) shows the SSS processed data, and c)
shows the Foster’s processed data.
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Figure 4.7: Butterfly evoked plots for Phantom dataset 1) generated using MNE-Python
where row a) shows the unprocessed evoked data, b) shows the SSS processed data, and c)
shows the Foster’s processed data.

Evoked plots of Dataset 1) and 2) are visualized to showcase a dataset with some

abnormalities in the data, as seen by the artifact specifically in the magnetometer channels in

row a) of Figure 4.6 and 4.7. With no other artifact removal procedures, the SSS processed

data does improve the GOF from an average of 83% to 86.7% (see Table 4.2), the method

suffers from some noise and spreading due to the original artifact. As seen in row c) of Figure

4.6, Foster’s inverse with SSS is able to recover the expected dipole plots with a GOF of

98.7%. Similarly, in row c) of Figure 4.7, Foster’s inverse is able to recover the expected dipole

oscillations despite the large magnetometer artifacts while the SSS reconstruction is not able

to recover and the artifact spreads to impacting the gradiometer channel reconstructions as

well. Overall, as seen in 4.5, Foster’s inverse either matches or improves the GOF of the
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dipole localization results, specifically by increasing the mean GOF and especially in datasets

with larger noise and artifacts like set 1) and 2). Table 4.3 show that, overall and on average,

Foster’s inverse with SSS reduced the dipole localization error by 2 mm and improved the

goodness of fit percentage by 10%, showing that even in datasets with large artifacts, data

processed with Foster’s inverse results in precise and accurate dipole localizations.

4.4.2 Kernel Flux OPM Data

As introduced in Chapter 3, the Kernel Flux OPM data, collected at the University of

Washington (UW), used 432 OPM channels with coil sensing directions oriented perpendicular

to the surface of the subject’s head to collect single-subject audio response data in accordance

with the UW institutional review board (IRB) human subjects testing guidelines [34]. 349

channels were kept for analysis. Here, we use the same process for creating evoked data

approximately 1 s long, averaged over 180 trials of the audio tone response. Sets of evoked data

are obtained using epoching and evoked preprocessing functions in MNE-Python [31]. The

first has no other preprocessing done, the second is processed using SSS through the Maxwell

Filtering function in MNE-Python, the third is processed using the iterative SSS method in

Matlab with 10 iterations then transferred to Python, and the fourth is Foster’s inverse with

the full SSS basis calculated using the MNE-Python implementation [53]. For Foster’s inverse,

the sensor noise covariance matrix is calculated from an empty-room recording before the

single-subject test using the empirical method, NE, and is compared to the novel covariance

calculation using the OTP method NOTP [47], [31]. Butterfly plots of the evoked waveforms

and topographic plots at the peak activity time are visualized for comparison. The SNR is

calculated in the same fashion as previously described for the current dipole simulation.
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Table 4.4: Signal to Noise Ratio (SNR) of Kernel Flux OPM Evoked Dataset

SSS Variant SNR

Evoked 11.8

SSS 23.1

Iterative SSS 29.4

Foster’s NOTP 21.5

Foster’s NE 31.4

Figure 4.8: Kernel OPM Audio Evoked with no preprocessing.
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Figure 4.9: Reconstructions of Kernel OPM Audio Evoked where the unprocessed evoked
data is compared to Subplot b) showing the SSS processed evoked signal, Subplot c) Foster’s
inverse using empirical sensor noise covariance NOTP , and Subplot c) Foster’s inverse using
empirical sensor noise covariance NE.
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Figure 4.10: Topographic visualizations of the peak time at 0.15 s of the Kernel OPM Audio
Evoked data shown in Panel a) compared to Panel b) showing the SSS-processed evoked
auditory response, Panel c) Iterative SSS with 10 iterations, Panel d) Foster’s inverse using
empirical sensor noise covariance NE, and Panel e) Foster’s inverse using the OTP sensor
noise covariance NOTP . Note that only radial-sensing channels are shown in this figure

Foster’s inverse applied to SSS is able to reduce the noise levels in the data to clearly

isolate the peak brain response as seen in Figure 4.9. Furthermore, the locations of peak

activity are localized even more precisely when SSS is used with Foster’s inverse than SSS

alone, as seen in the smaller areas of peak activity in Figure 4.10.

4.4.3 University College London (UCL) OPM Audiovisual Example Data Set Results

As previously discussed and tested with the mSSS method in Chapter 3, the UCL OPM

audiovisual data set is utilized here to investigate the results of the Foster’s inverse method.

For reference here, the dataset was acquired at UCL using 43 Dual-Axis QuSpin QZFM Gen-2

OPM sensors placed evenly around the head inside a 4-layer MSR, totaling 86 measurement

channels of radial and tangential components of the field, and is included as an example

dataset in MNE-Python [31]. Due to the lower channel count compared to other MEG systems

discussed in this dissertation, the internal expansion for the SSS basis is set at Lin = 6 to

insure that the basis is stable. As mentioned in Chapter 3, lower internal orders can lead to

a bias towards the brain signal during reconstruction, but further noise reduction could be
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achieved with methods like the mSSS method [35].

Here, we test the implementation of Foster’s inverse with SSS using two different methods

for calculating the sensor noise covariance matrix N: one using the empirical method NE,

which is the default to the MNE-Python’s compute raw covariance functionality [9], and one

using the OTP method described in Section 4.1.3 of this Chapter, labeled NOTP . First, we

calculate the subspace angles between the raw data and the reconstructed data for both the

SSS and both variations of Foster’s inverse SSS. Then, we visualize the evoked plots and

topographic maps of the reconstructed data at the peak time.

Table 4.5: Minimum, Mean, and Maximum Subspace angle (in degrees) between the UCL
QuSpin OPM Raw data and Reconstructions

Method SSS Iterative Foster’s NE Foster’s NOTP

Min 0 0 0 0

Mean 1.58 5.17 1.89 0.956

Max 18.6 22.18 22.0 21.8
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Figure 4.11: Reconstructions of the UCL QuSpin OPM auditory evoked data and correspond-
ing topographic visuals at peak time after processing with each SSS variant for Lin = 6 and a
bandpass filter from 0 to 40 Hz. Row a) shows the unprocessed evoked data, b) shows the
SSS reconstructed data, c) shows the iterative SSS reconstructed data, and d) shows the
Foster’s Inverse reconstruction using NE

Figure 4.11 shows that both Foster’s inverse implementations, regardless of the methodol-

ogy used to obtain matrix N, can further reduce the noise present in the data more than SSS

alone. Foster’s inverse with SSS can also recover higher spatial frequencies as seen in 4.11,

the locations of the peak activity are more precisely localized in the auditory cortex on both



107

sides of the brain. There is a slight variation in the topographies between the two methods

for finding the noise covariance matrix N, but both exhibit tighter peak localization than the

unprocessed evoked and SSS reconstruction.

4.5 Comments and Conclusions

In this chapter, we explored the Foster’s matrix inverse method applied to SSS for an

improved extraction of higher spatial frequencies of the magnetic fields generated by brain

activity. Foster’s inverse relies on an accurately obtained or measured covariance matrix N

that captures the sensor noise levels only. We discussed a number of different methods for

calculating the sensor noise covariance, including multiple methods already implemented in

the MNE-Python package, as well as other novel possibilities including the use of OTP to

isolate the sensor noise from the measured data [31], [32]. Foster’s also offers an adaptation to

the optimized inverse method that can be used when the full noise covariance is unknown, and

the noise-to-signal ratio of the data can be used instead in the so-called minimum information

case.

Through noisy current dipole simulations, it was found that Foster’s inverse with SSS

drastically improves the SNR of the reconstructed data by two orders of magnitude as seen in

Table 4.1 when the noise covariance matrix is calculated from the Gaussian noise generated in

the simulation, and the multipole moments are calculated from the current dipole. In practice,

the exact location of the current dipole is unknown, but any a priori information about the

location of the source is a powerful asset for Foster’s inverse. Additionally, simulated N

profiles showed that the magnitude of the diagonal elements, representing individual sensor

noise levels, appear to have the largest effect on the reconstructed data in the form of noise

reduction and bias introduction as seen in Figure 4.4.

Finally, Foster’s inverse was tested with both phantom and single-subject datasets taken

with both SQUID and OPM MEG systems. We showed that Foster’s inverse with SSS

provides improved Phantom dipole localization and GOF on all datasets, and can overcome
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significant sensor artifacts and noise where traditional SSS fails. Across the UCL and Kernel

OPM results, Foster’s with both empirical covariance and the novel OTP covariance method

provide SNR improvements and sharper topographic localization of peak brain activity. Unlike

SSS and the Iterative SSS method, Foster’s inverse when used with SSS drastically reduces

noise even in low channel count systems. However, unlike with other systems, the results with

low-channel count systems reveal amplitude bias, the exact origin of which requires further

investigation.

Here, we focused on the implementation of Foster’s inverse with both the internal and full

SSS basis, but in principle, other VSH expansion methods can be used, such as the mSSS

method. Combining more adaptable SSS basis sets to Foster’s may offer further improved

results when analyzing on-scalp sensor systems [35]. Due to the importance of the noise

covariance profile on the functionality of Foster’s inverse with SSS, methods for obtaining the

profile specifically for OPM and other on-scalp systems will need to be further investigated as

the technology becomes more prevalent. However, preliminary investigations and results here

demonstrate the functionality and power of Foster’s inverse to reduce impacts from sensor

noise and uncover higher spatial frequencies that are expected to be measured in more detail

with on-scalp MEG systems.
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Chapter 5

REMNANT MAGNETIC FIELD COMPENSATION FOR
ON-SCALP MEG SYSTEMS

For the magnetic field to be measured using a linear relationship with laser amplitude

modulation during optical pumping, OPM sensors must be operating in a specific regime

with minimal low-frequency and DC fields present. The presence of remnant magnetic fields

with nonzero gradients around the OPM sensors creates hard to remove artifacts when the

patient moves through these fields, creating signals that vary in space and time similarly to

how neuronal currents do. Most MSRs have a remnant field of 100 nT [54]. Even in an MSR

with a much smaller background field of 30 nT, a small head rotation during data collection

push the OPM sensors out of their operable range and create artifacts as the sensors move

through the remnant field [3]. Therefore, new MSR technology is needed to further reduce

the remnant fields as low as 5 nT, allowing for the operation of OPM sensor systems and the

investigation of more naturalistic neuroscience. In this chapter, we begin with a discussion

and theory of the magnetic field components inside the MSR that must be compensated.

Then, we review recent coil compensation designs that have been developed and researched

at, for example, the University of Nottingham. Finally, we describe the theory, modeling,

design, and construction efforts towards implementing a coil compensation system for the

MEG imaging center at the Institute for Learning and Brain Sciences (I-LABS), UW, Seattle.

Here, we have the unique opportunity to measure human interaction simultaneously recording

on a SQUID MEG and OPM MEG system in the same room; however, the fields generated

from the SQUID MEG system itself are a unique problem that must be compensated for with

the design of the I-LABS compensation system.
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5.1 Components of the Magnetic Field

We can find the components and first-order gradients of the magnetic field inside the MSR by

first asserting that the area is a current free volume (J = 0). The remnant field can be written

in terms of a magnetic scalar potential B(x, y, z) = −∇V (x, y, z), such that V is a solution

to Laplace’s equation ∇2V (x, y, z) = 0. As discussed in Chapter 2, solutions to Laplace’s

equations can be expresses as a summation of spherical harmonics up to an nth order. Due

to the field having zero gradient and curl, we can approximate the remnant magnetic field as

a summation of three spatially uniform components BU and five linearly dependent gradient

components BG as [43]

B(x, y, z) = BU +BG(x, y, z). (5.1)

Using the spherical harmonic expansion, the first-order terms of V correspond to the three

spatially uniform B components with corresponding weights αn as

BU = Bx +By +Bz = α1x̂+ α2ŷ + α3ẑ. (5.2)

Similarly, the first-order gradients making up BG(x, y, z) have the following symmetries

based on the requirements of the form of V and B in a current-free volume [43], [25].

dBx

dy
=

dBy

dx
dBx

dz
=

dBz

dx
dBy

dz
=

dBy

dy
dBx

dx
= −dBy

dy

dBz

dz
= −1

2

(
dBx

dx
+

dBy

dy

)
(5.3)
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Thus, there are eight degrees of freedom, from the three components and five gradient

conditions of the magnetic field described above. Any compensation system must have enough

coils or tunable components to compensate for these degrees of freedom to achieve a null

magnetic field free from first-order gradients.

5.2 Current Coil Compensation Systems

The general concept behind each different coil compensation design is the same: create some

magnetic field that can null each of the components of the magnetic field and their first-order

gradients within the room. This compensation field can be created from any number of

wound coils with current flowing through them in any shape at any location surrounding the

sensors. The trick is to find the most optimal position, shape, and current for each coil, while

maintaining physically possible configurations and safe operating conditions for the MEG

sensors. Magnetic field compensation can also be controlled in real time, where reference

sensors are used to measure the magnetic field around the MEG helmet, and in-time updates

can be made to the current through the coils in order to dynamically null the magnetic field

in the MSR [23]. Field nulling is particularly important when allowing the patient to move

around as much as possible, thus necessitating a volume of null magnetic field that can move

around to keep the helmet within it with the addition of an infrared camera system to track

head position [23],[25]. Here, we discuss a few proposed current coil compensation system

designs, focusing on the mathematical and physical basis for the coil shapes and specifications,

as well as the necessary hardware for successfully implementing each design during data

collection.

5.2.1 Bi-Planar Coil Systems

A simpler starting place to the coil compensation problem is the bi-planar design, where

compensation coils are confined to two symmetrical planes on either side of the MEG sensor

system. Bi-planar designs have been successfully employed for MRI design to generate tunable
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field gradients in just one component of the magnetic field. The goal is to create coils that

generate magnetic fields to compensate and null the three cartesian magnetic field components

Bx, By, Bz and the three first-order gradients dBx/dz, dBy/dz, and dBz/dz, which are the

dominant components of the expansion [43], [22]. Bi-Planar coils can be designed by finding

the stream function S(x, y), which is the two-dimensional surface current density J. The

magnetic vector potential A(r) generated from the current density J(r′) is given by [29]

A(r) =
µ0

4π

∫
J(r′)

|r− r′|
d3r′ (5.4)

.

Given that ∇J = 0, the stream function confined to the xy-plane is defined as ∇S × ẑ.

Stream functions are generally used to describe the flow of liquids, but can be used in

electromagnetism when current is considered the flow of liquid. Then, the stream function

can be parameterized as a two-dimensional Fourier series on the two bi-planar coil planes as

S(x, y) =
N∑

n=1

[
αn cos

(πx
2L

(2n− 1)
)
+ βn sin

(πnx
L

)]
×

M∑
m=1

[
γm cos

(πy
2L

(2m− 1)
)
+ δn sin

(πmx

L

)]
(5.5)

where L is half the side of one square plane, |x|, |y| < L, and αn, βn, γm, and δm are the

harmonic components weights [22]. The next step is to exploit the expected symmetries that

arise from the bi-planar design. For example, for a coil tuning the x-component of the field

(Bx-coil), the stream function must be symmetric in x and y, but anti-symmetric in z. Thus,

the stream function becomes

S(Bx) =
N∑

n=1

M∑
m=1

[
λnm sin

(πnx
L

)
cos

(πy
2L

(2m− 1)
)]

(5.6)

From here, the two-dimensional Fourier transform of S(Bx) can be used to find the coil’s

contribution to the field. The values for λlm, related to the currents through each coil,
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are found by minimizing the difference between the desired field Bx at position ri and the

calculated field bx(ri) based on the functional F shown below.

F =
I∑

i=1

|Bx(ri)− bx(ri)|2 + ωP (5.7)

where P and ω are tunable power dissipation terms used to reduce the complexity of the

coil designs to make construction straightforward [22]. Once the stream function is optimized,

the compensation coil wire paths are placed along the contours of the stream function across

each plane. An example of the Bx coil for one side of the bi-planar system, calculated in

Matlab using methodology developed by Holmes et al. [22] is included in Figure 5.1.

Figure 5.1: Left: The stream function contour used to create magnetic fields that tune the
x-component of the field. Right: The optimized coil compensation wire paths following the
contours of the stream function. Plots are generated using Matlab code provided by and
adapted from Holmes et al. [22]

Similar calculations are done for the By and Bz coils, and first-order gradients, resulting

in a total of six coils for the bi-planar construction. When the length of one side of the square

bi-planar coil is 1.6 m (L =0.8 m) and the planes are 1.5 m apart, the bi-planar system

creates a null magnetic field volume that is 0.4 m3, which is large enough to fit an on-scalp
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MEG sensor system and accounts for some natural head movement [22], but is primarily

a static field compensation design using consistent currents driving the compensation coils

throughout the measurement.

By exploiting further symmetries expected due to the bi-planar system, the six coil design

can be reduced to three coils where each coil pair is designed to simultaneously produce

a homogeneous field and homogeneous gradient in the central null volume [25]. This can

be done by adding another term to the functional F which explicitly minimizes the spatial

deviations of the gradients gx

F =
I∑

i=1

|Bt(ri)− bx(ri)|2 + α
I∑

i=1

|gtzi − gx(ri)|2 + ωP (5.8)

where gtzi is the desired target gradient for Gx ≈ dBx/dz and gx(ri) =
∑

j λjgxj(ri) is the

calculated field at position ri [25]. The parameter α can be adjusted to balance the relative

strength of the gradient components with the field components, and the coefficients λj are

used for minimization by solving for dF/dλj = 0 [25]. Adding the additional gradient terms

into the functional for minimization simplifies the final coil design; however, the bi-planar

systems still cannot handle subject movement that takes the OPM helmet outside of the 0.4

m3 null volume. Additionally, stream function designs are limited by the discretization of

the wire topographies over the continuous stream on each plane. Finally, bi-planar designs

compensate for uniform magnetic fields, whereas fields in the MSR may contain nonuniform

characteristics. But, it has been shown that bi-planar coil designs are effective with remnant

fields with less than 5% non-uniformity [60].

5.2.2 Dynamic, Full Room Compensation Systems

New MSR and coil compensation designs go a step further than the bi-planar design with the

goal of creating a dynamic system where a null magnetic field with zero first-order gradients

is maintained around the OPM helmet during recording, even as the subject is free to do

large movements like walk around, catch a ball, and even play instruments. Full rooms of this

design are more lightweight than traditional MSR designs, and are constructed specifically
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with OPM measurements in mind. Perhaps the most successful implementation of fully

portable and dynamic shielding systems have been recently designed at the Sir Peter Mansfield

Imaging Center at the University of Nottingham [46], [24], [23]. In order to create a 2.4m 3

lightweight MSR with dynamic field compensation, the optimal current through each coil of

wire was found using the Biot-Savart law, given the number, location and dimension of the

coils, to first simply calculate the field generated by each coil

bm(rn) =
µ0

4π

∫
C

Idl× r′n
|r′n|3

(5.9)

which can then be superimposed to find the total magnetic field Bm(rn) at each location

rn from each of the m coils [24] as

Bm(rn) =
M∑

m=1

imbm(rn). (5.10)

From here, a forward field matrix A can be calculated from the measured magnetic field

at each of the n points generated from the superposition of each of the m coils in the form

AI = bt, where I is the current vector describing the current through each coil and bt is the

target magnetic field [24]. In order to create a volume of null magnetic field, the target field

should be equal and opposite to the fields generated by the currents, which can be found

using norm∥AI − bt∥22 Constrained quadratic programming is used to solve for the minimum

currents in the form of [24]

mini

[
IT (ATA)I

2
+
(
−ATbt

)T
I

]
. (5.11)

An additional challenge of full-room coil compensation systems is accounting for the

polarization induced in the MuMetal inside the MSR walls as a response to the current driven

through the compensation coils. This type of interaction causes additional magnetic fields to

be produced from the MSR walls themselves, which can be large enough (<5 nT) to push the

OPM sensors outside of their operable range unless also accounted for in the design of the
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compensation system [25], [23], [3], [60]. Inside the MuMetal material with some magnetic

permeability µr, the magnetic field B can be written as B = µ0µrH [20]. The permeability for

MuMetal can be >80,000, but the permeability of the air is approximately 1, so the magnetic

field must undergo an abrupt change when it reaches the MSR walls, and the tangential

components of both B and H must be approximately zero at the boundary. Considering the

required boundary conditions, the polarization in the MuMetal can be calculated using the

method of images, where the reflected field from each coil is calculated recursively through the

MuMetal [25]. The method of images can also be combined with a boundary element method

using triangular meshes along the planes of the coils [60]. During simulations, the prototype

coils can create reflected fields up to 10 nT in strength even when placed approximately 0.5

m away from the MSR wall, so these interactions are important to take into account when

designing the full compensation system.

5.2.3 Construction and Implementation

Once the coils themselves are designed using the aforementioned methods (or others, which

all utilize electromagnetism at a fundamental level), the construction involves using copper

wire to trace out the paths, and wooden/plastic structures are used for support. The final

step is to fine tune the current going into the coils when they are in the presence of the

real remnant field inside the MSR, which may be slightly different than in simulation. This

tuning can be done before the patient data collection starts by measuring the remnant field

in the room and adjusting the current until the field is as close to zero as possible, or this

tuning can be done continuously throughout the data collection process. Both methods

require hardware to measure the field in the MSR, which is typically done using a Fluxgate or

extra sets of OPM sensors used as a reference [22]. Continuous measurement and adjustment

also requires tracking of the OPM helmet during measurement, which can be done using an

infrared camera using markers on the helmet itself, so that the null magnetic field zone follows

the position of the head Current parts for dynamic nulling are manufactured by companies

like QuSpin, which is compatible with the QuSpin OPM sensors and includes compensation
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coils, movement tracking systems, and current drivers [24], [23]. Fully integrated systems like

this are costly, but are lightweight and overcome many barriers to entry in terms of collected

human subject data with OPM systems. Dynamic nulling may be needed for data collection

processes involving a lot of expected head movement, but is more complicated and expensive

than static nulling.

5.3 I-LABS MEG Center Coil Compensation System Development

In this section, we draw inspiration from current field compensation techniques to develop

a coil compensation system and protocol for collecting OPM data with the Flux helmet at

the MEG Center, Institute for Learning and Brain Sciences, University of Washington. This

chapter represents a step in the long-term, multidisciplinary goal of taking simultaneous MEG

recordings of two interacting people, one wearing the MEGIN Elekta/Neuromag SQUID MEG

helmet and the other wearing the Kernel Flux OPM helmet. A visualization of the two sensor

systems inside the MSR at I-LABS is included in Figure 5.2 as the physical setup motivates

and constrains the development of a coil compensation system specific to the I-LABS MEG

center.
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Figure 5.2: Inside the MSR at the I-LABS MEG Center, taken standing at the MSR door
and looking to the left at the MEGIN Elekta/Neuromag system, with a baby doll situated in
the gantry underneath the sensor helmet. On the right is the Kernel Flux OPM helmet, with
a support arm and electronics doc for the laser control circuit boards.

5.3.1 Biot-Savart Modeling of Compensation Coils

In order to simulate how many compensation coils would be needed to create a null magnetic

field in both first and second order components, each coil can simply be modeled using the

Biot-Savart law [29]

B(r) =
µ0

4π

∫
C

Idl× r′

|r′|3
(5.12)

where I is the current through each segment or closed loop of the coil, and r′ is the

distance from the origin to the segment of current. The current, position, and shape of the

compensation coils can all be simulated and optimized in order to null the magnetic field in a

simulated volume around the OPM sensor system.
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5.3.2 Least-Squares Minimization of Compensation Coil Design

Given a set of coils with specified size and location, we can use the least-squared minimization

method to drive the magnetic field and first gradients generated by the coil set to zero

by optimizing the current through each loop. Minimizing the current is ideal for ease of

implementation, as well as keeping the fields are minimal as possible to not risk any adverse

damage to the MSR, OPM sensor system, or other hardware within the room. Given some

measured signal y at a point in the room, either measured with Fluxgate sensors or some

MEG sensor, we can decompose the measurement into two components:

y = Ax+ b (5.13)

where A is a linear transformation matrix from the coils to the sensors similar to a lead

field representation, vector x is the coil level (current or voltage), and b is the remnant field

inside the MSR. We can use this equation to find the least-squares solution for the optimal

coil levels xopt such that they cancel out the ambient field:

Axopt = −b (5.14)

In practice, the components of matrix A are calculated using the magnetic field B(r)

measured at several points inside the volume of interest equal to the superposition of the

magnetic fields generated by each compensation coil. At each point in the volume, matrix A

contains entries for each component of the field Bx, By, and Bz. In practice, the components

of matrix A are calculated using the magnetic field B(r) measured at several points inside

the volume of interest equal to the superposition of the magnetic fields generated by each

compensation coil. At each point in the volume, matrix A contains entries for each component

of the field Bx, By, Bz and first order gradients as described in Equation 5.3. Including

the gradients explicitly means they will be minimized directly, whereas not including them

may still minimize them as the components themselves are driven to zero, but even small
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gradients may create artifacts in the OPM sensors due to movement through the fields that

are hard to remove.

5.3.3 Simulated Coil Compensation System

Due to spatial constraints inside the MSR at I-LABS, the size and location of the potential

compensation coils are relatively predetermined to be 1 m2 in size and about 2 m apart

maximum in order to provide enough room around the MEGIN Elekta/Neuromag MEG

system, seating area for patient parents/guardians, and room for the Flux OPM hardware.

Thus, optimization of the location and size of the coils can be done, but must be heavily

constrained. The largest area for optimization is to determine the currents that should be

applied through each compensation coil. Additionally, the spatial restrictions pose a problem

for the number of independent coils that can fit in the MSR. In principle, with the eight

degrees of freedom listed in Section 5.1, eight or more independent coils are required to fully

compensate the expected magnetic field in the MSR. To reduce the number of necessary

compensation coils, the six active shielding coils inside the walls of the MSR as seen in Figure

5.3, manufactured by Imedco, can be used as a part of the coil compensation system. In

principle, this means only three extra coils are needed to fully compensate the remnant field.

An example showing the placement of these three coils is seen in Figure 5.4.
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Figure 5.3: Left: The approximate location of the six active compensation coils located inside
the Imedco MSR walls. Right: dimensions of the MSR walls showing the size of the coils (not
including the front coil, due to the MSR door). Schematics are from the Imedco installation
notes at the I-LABS archives.
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Figure 5.4: Visualization of the simulated three compensation coils to be used in conjunction
with the six MSR wall coils. The right and left coils (orange and green) are 1 m2 in area and
are 2 m apart from each other. The front coil (blue) is 0.5 m2 to accommodate the arm of
the OPM helmet. The fields produced by the coils are optimized to create a null magnetic
field within a 0.4 m3 volume outlined by the orange points, surrounding the sensor helmet
(blue circles).

The optimal currents through the least-squares optimization of Equation 5.14 were found

for the three-coil design shown in Figure 5.4 using a background field of b = 100 nT in

Python. These currents are -46.5 mA through the left coil, 0.29 mA through the front coil,

and 175 mA through the right coil. For safety reasons, the current through each coil wire

should be maximum 100 mA, but the calculated fields can also be achieved by increasing

the number of turns of wire through the coil. As a basic check, the least-squares method of
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solving the currents through the 3-coil design gave reasonable results for a system capable of

compensating remnant magnetic fields of around 100 nT.

5.3.4 Construction of Coil Compensation System

Regardless of the final pattern of the compensation coil wires, we need multiple stands to

mount the coils. The stands are designed to be lightweight, easy to move, adjustable in

height, and utilize a plastic plane for ease of adjusting the wire patterns as they may evolve

with further design iterations. The frame is made of aluminum for compatibility and safe

use within the magnetically shielded room. An example of one of the three stands and the

three contours of magnetic field lines on the plane can be seen in Figure 5.5. The contours

are calculated based on the stream function method, using the fields and gradients directly

measured from the magnetically shielded room to specify the target function.

Figure 5.5: One of the three planned coil stands used to mount the compensation coil wire.
This stand houses a plane of 1 m2 and will be placed on either side of the Kernel Flux OPM
helmet. The contours for the wire paths are printed and taped to the stand to be traced with
wire.
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The next step is to transfer the contour lines of the magnetic fields generated by each

plane into one contiguous line to be followed by wire. This is done for each of the three

contours per plane (black, green, and blue) for a total of three wires and three different

currents per plane. An example of the black contour and resulting wire pattern is shown in

Figure 5.6

Figure 5.6: Example of the wiring process from left to right: contour of the necessary magnetic
field, connected the contours with one continuous line, following the line with wire.

Connections between contour lines with the wire are kept perpendicular and as close

together as possible to mitigate any introduction of extra magnetic fields generated by the

final plane. In this fashion, the other three wires per plane, totaling in 9 paths across 3 planes,

can be created and tested to verify functionality and field suppression capabilities.

5.4 Further Comments

In this chapter, we have compiled the most recent designs for coil compensation systems that

are able to lower the magnetic fields inside the MSR to below 5 nT. Each design is unique

with its own advantages and disadvantages, but they all can assist in OPM measurements

with movement through the remnant fields. From these current designs, we have drawn

inspiration for a coil compensation system designed specifically for the constraints and
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projects at the MEG Imaging Center, I-LABS. By using a combination of the steam function

method with a least-squares optimization with a 3-coil design, compensation of a typical

100 nT MSR background field was successfully compensated in simulation with reasonable

optimized currents through each coil. However, this design does not account for any potential

interactions with the MuMetal walls. As mentioned previously, simulations with the coil

prototypes revealed that the MuMetal responds with significant magnetic fields, which

additionally add to the remnant field in the MSR that must be compensated for. These fields

are a function of the current going through the prototype coils, which needs to be taken into

account when optimizing and constraining the currents through the compensation coils. This

effect can be accounted for in the least-squares paradigm by expanding matrix A to include

the MuMetal response

(AMSR +A(xopt))xopt = −b (5.15)

Where AMSR is the lead field of the six wall coils in the MSR, which remain constant

during optimization, while A(xopt) is the lead field of the three additional compensation

coils, which includes the added field generated by the MuMetal walls as a function of the

current xopt. Future work with coil compensation designs should include this interaction, and

may also need to utilize the method of images to fully characterize the interactions with the

MuMetal. Furthermore, the coil design may need to be optimized for more complex forms

of inhomogeneous magnetic fields within the MSR to account for the expansion of OPM

measurements that require a large null volume and dynamic compensation.

As the exact coil design may be subject to change, the stands used to mount the coils

were created to maximize the ease of use for testing different potential patterns or making

future adjustments. The first constructed stand and beginnings of wiring and testing

featured in Figure 5.5 and Figure 5.6 marks the first step from simulation to reality with the

implementation of the coil compensation system at I-LABS.
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Chapter 6

CONCLUSION

In this dissertation, we presented novel solutions to address the new challenges and

capitalize on new opportunities that are unique to on-scalp MEG sensor systems. On-scalp

systems are an exciting frontier in naturalistic neuroscience investigations; however, we require

improvements to the methodology and instrumentation of MEG to realize the full potential

of on-scalp systems.

First, we presented the novel mSSS method, a straightforward mathematical adaptation

to the SSS method that ensures the full brain space is represented by the interior basis, even

when the MEG sensors are on the scalp. A single-origin VSH expansion fails to encompass the

full brain when the sensors are too close to the scalp, a problem which is solved using multiple

origins of overlapping VSH expansions to dynamically span the brain through the mSSS

method. Through simulation, we demonstrated that the mSSS method accurately reconstructs

internal current dipole signals originating close to the sensors whereas the traditional SSS

basis fails to capture the full signal, as seen in a six-fold increase in subspace angle between

the SSS basis and the surface current dipole while the mSSS subspace angle remains stable

below 1◦ for all dipole locations. Through the analysis of empty-room MSR recordings, we

showed that the mSSS basis has the best ability to lower the noise floor of the data for both

a 5-layer and lightweight MSR construction at the University of Nottingham. Finally, using

single-subject data collected with the Flux OPM system at UW and with the QuSpin OPM

system at UCL, we concluded that the novel mSSS basis results in the best reconstruction of

internal brain activity compared to the SSS basis and the spheroidal harmonic constructions.

Therefore, the mSSS method is a successful and novel adaptation to reconstruct sources from

the brain recorded using on-scalp MEG systems.
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Second, we focused on the optimization of the basic magnetic field components extraction

by adapting Foster’s matrix inversion protocol to the SSS method. Sensor noise covariance

profiles may be hard to obtain for newer OPM sensor systems, but we discussed the importance

of obtaining an accurate representation of the sensor noise covariance profile in order to obtain

the best component extraction while avoiding signal biasing, as well as examined possible

methods for obtaining estimates of noise covariance profiles. The functionality of Foster’s

inverse with SSS was verified using current dipole simulations, where we showed a 10-times

increase in SNR between the traditional and iterative SSS reconstruction and the Foster’s

reconstructed data. Next, the investigation of four Phantom datasets collected with the

MEGIN/Elekta Neuromag system at I-LABS showed that Foster’s inverse offers the smallest

errors when localizing known current dipole sources, and is able to overcome sensor noise and

artifacts when traditional SSS fails. Finally, Foster’s inverse with two methods for estimating

the sensor noise covariance matrix were tested with two single-subject investigations taken

with two OPM systems: the UCL OPM system and the Kernel Flux system. The first

method, the empirical covariance, is found using the default compute covariance functionality

in MNE-Python, and the second method uses the residual signal from subtracting the OTP

cleaned data from the noisy raw data, leading just the sensor noise. In this investigation,

with both methods of covariance, the Foster’s inverse with SSS recovers more fine spatial

topographies from the higher frequency components of the neuronal magnetic fields than

SSS alone, and offers improved SNR. Our investigation highlights the importance of exact

knowledge of the sensor noise, so future work may be needed to sufficiently estimate the

sensor noise, specifically with the additions of new and different on-scalp MEG systems.

Finally, we addressed the sensitivity of OPM sensors to low-frequency and DC magnetic

fields that are present in the MSR despite the active and passive shielding hardware. These

fields are not an issue for traditional SQUID MEG systems, so new field compensation

methods are needed to reduce the fields in the MSR further, down as low as 5 nT, into

the operating range of OPM sensors. At I-LABS, we have a unique opportunity to take

simultaneous recordings between two people, one in the SQUID system and one in the OPM
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system, but we also have the unique problem of accounting for the extra fields generated by

the SQUID system itself. We discussed various state of the art coil compensation systems

developed recently, then presented a simulated compensation system designed for the MSR

at I-LABS to compensate for the 100 nT remnant field inside the MSR. Three coils mounted

to the right, left, and front of the OPM system were simulated using the Biot-Savart law and

the optimal currents through each coil were found using the least-squares method. The design

and beginning construction of the coil compensation system is an important step towards

more successful subject studies using the Kernel Flux OPM system at I-LABS.

Each chapter of this dissertation presents improvements to the methodology and instru-

mentation of on-scalp MEG systems for the larger goal of expanding the precision and breadth

of human brain studies.
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