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Abstract

Learning Rule-based Decision-Making Systems from Heterogeneous Longitudinal Data

Ameer Hamza Shakur

Chair of the Supervisory Committee:
Shuai Huang
Industrial and Systems Engineering

Recent advances in sensing technology have greatly expanded our capacities to collect data
from a diverse pool of patients in unprecedented spatial-temporal resolutions and from a va-
riety of different sources. These technological advances enormously increase the complexity
of modern patient data sets and have thrown up many challenges and opportunities for anal-
ysis, as the methodological framework of the classic models designed to model the average
effects are found to be over-simplified. The increasing size and dimensionality of modern data
sets also make the development of sparse models imperative. There has been a recent push
towards interpretable models that can not only provide accurate predictions but also explain
why the prediction has been made. Interpretability and explainability hold the key to their
success in complex applications such as healthcare so that the model decisions may be com-
municated to, and evaluated by medical professionals, and enhance accountability. A faithful
understanding of the uncertainty in the predictions is becoming critical as decision-making
can be dangerous and expensive in such applications especially as more and more systems are
getting automated in this age of data. Larger datasets often bring increasing heterogeneity of
data, so personalized decision models that can recognize heterogeneity between observations
and subgroups are important in medical applications. Additionally, complex data structures
such as survival data often have incomplete data that must be carefully modeled and poses

their own challenges. Further, these data are often multimodal and may come in various



representations such as text, audio-visual, or time series.

This dissertation focuses on developing rules-based interpretable machine learning models
that can address these new and exciting challenges in modern datasets. First, we introduce
SURVFIT, a “doubly sparse” rule extraction formulation for survival data. This doubly
sparse method can induce sparsity both in the number of rules and in the number of vari-
ables involved in the rules. Further, a systematic rule evaluation framework that includes
statistical testing, decomposition analysis, and sensitivity analysis is developed to assist the
interpretability of the extracted rules. Our next contribution, GPSRL, proposes a Bayesian
semi-parametric ordered rule-list methodology to address the heterogeneity and quantify un-
certainty. The use of ordered rule lists enables us to model the heterogeneity while keeping
in check the model complexity. We apply these methodologies to real-world applications
through a sepsis survival dataset. Finally, we explore the applications of the rules-based
approach to the discovery of multimodal biomarkers in ADHD. We identify interesting in-
teractions among two modalities of data — eye movement patterns and EEG signals. The
detection of these interactions would help us better understand the condition and develop

better prediction models and intervention strategies.
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Chapter 1

INTRODUCTION
1.1 DMotivation

Far-reaching advances in sensing technology and experimental instruments have greatly ex-
panded our capacities to collect data from a diverse pool of patients, as well as from a large
variety of sensors and sources. These technological advances also enormously increase the
complexity of modern patient medical data and have thrown up many challenges and oppor-
tunities for analysis. These challenges may come in various forms: firstly, modern datasets
are high-dimensional consisting of a large number of variables - which motivates using sparse
models that can identify the relevant variables to be used, instead of using all the variables
which may lead to the issue of overfitting [1]. Secondly, as the machine learning community
has also realized, interpretable models that can not only provide accurate predictions but
also explain why the prediction has been made hold the key for their success in complex
applications such as healthcare so that the model decisions may be communicated to, and
evaluated by medical professionals. Due to the nature of many biological mechanisms, mod-
els that are able to characterize some relationship between the statistical factors have shown
remarkable reproducibility in genomics studies [2] and have led to the identification of highly
reproducible biomarkers that are strong predictors of breast cancer [3]. Thirdly, a faithful
understanding of the uncertainty in the predictions of survival rate is critical in many appli-
cations - both medical and engineering, as the interventions staged to manage failure might
be dangerous, expensive, or both. Therefore, developing models that can account for the
uncertainty in their predictions is highly desirable. Indeed, accounting for model uncertainty
has also been found to enhance predictive performance [4]. Fourthly, many of these datasets

are multimodal in nature and consist of information that could be in different representations



such as text, audio-visual information, various physiological measurements, etc. Integrating
these modalities in a coherent manner would lead to better model performance, as the in-
formation from different modalities may augment one another. This would also improve the
robustness of the models since weak or noisy signals from one modality might be overcome
by information coming from other modalities. Perhaps even more interestingly, multimodal
data analysis also has the potential to discover unknown characteristics or relationships, and
drive clinical and biological discovery. Furthermore, there are various challenges associated
with the complexity of the data itself. For example, data in survival analysis often has cen-
sored observations with incomplete information. In survival analysis, the goal is to model
the failure time of an event — the event usually being morbidity or mortality in medical
applications or break-down of some equipment in engineering. It has been used to study
how statistical factors influence the mortality for a diverse range of diseases, e.g. congestive
heart failure [5], pediatric trauma [6], lupus [7], breast cancer [§], to name but a few. Risk
assessment is also helpful in the early detection and diagnosis of complex diseases and helpful
for doctors to monitor the disease progression [9]. On the engineering side, survival analysis
has been used for applications such as water network assessment to analyze deterioration
in the network to proactively assess the risk of failure [10], studying mechanical reliability
of new generation ceramics [I1], customer retention [12], equipment failure [13] etc. The
challenges associated with survival analysis, e.g., when applied to medical data, may stem
from the complexity of the underlying processes, the difficulty of data collection, and the
incompleteness of time-to-event information. This incompleteness, called censoring can be a
result of either the subject leaving the study mid-way or the study being terminated before
an event is experienced by the subject. Therefore, it is also important to develop models
that best use incomplete information and such data structures. This dissertation aims to
develop a rules-based framework to address some of these challenges presented by modern
patient datasets, with a particular focus on survival analysis and the discovery of multimodal

biomarkers.



1.2 Literature review

This dissertation focuses on the challenges and opportunities promised by modern patient
medical datasets. Here we present some of the current literature in this domain to place our

work in context.

1.2.1 Interpretable and Rule Based Modeling

Rule-learning methods have been one main interest of artificial intelligence since their incep-
tion, using heuristic algorithms [14] [15], or logic deduction approaches [16, [I7] to learn a set
of predictive rules from data. These early efforts had been largely limited by the daunting
computational demand of learning rules from data, i.e., it is essentially a combinatorial opti-
mization problem, not to mention the equally challenging aspect of developing a sound and
statistically solid formulation to guide the learning. In recent years, rule-based modeling has
seen a renewed resurgence with the growing interest in interpretability, and the development
of tree ensembles such as random forests [I8] and sparse regularization techniques such as
LASSO [19]. The rulefit model [20] cleverly combines these methods by first generating
a huge list of rules from a tree ensemble, and then applying LASSO to select a minimum
set of rules that can predict the outcome with a good accuracy. Building on these new
developments, rule-based models have served to understand risk-predictive profile patterns
and build predictive models for diseases, such as Type 1 diabetes [21], Type 2 diabetes [22],
depression [21], classification of cancer gene expression data [23], sepsis [24] etc. However,
there are only a few works [25] 26] that propose rule learning for survival analysis. In [25],
the idea of rulefit [20] is extended to survival analysis using the Cox regression loss function
with the lasso regularization, while [26] present a heuristic rule induction approach based
on a separate-and-conquer strategy in combination with the log-rank [27, 28] statistical test.
Surprisingly, sparsity of variables involved in the rules has not yet been addressed in rule-
learning literature. In Chapter 2 we propose a “doubly sparse” rule extraction formulation

for survival data to address this particular gap. This doubly sparse method can induce



sparsity both in the number of rules and in the number of variables involved in the rules.
Our method has the computational efficiency needed to realistically solve the problem of
rule extraction from survival data if we consider both rule sparsity and variable sparsity, by
adopting a quadratic loss function with an overlapping group regularization. Further, we
also present a systematic rule evaluation framework that includes statistical testing, decom-
position analysis, and sensitivity analysis of the factors involved in the rules to understand

secondary effects.

1.2.2  Modeling Uncertainty and Heterogeneity in Patient Data

Standard survival models assume independent and identically distributed data observations,
however, this is rarely the case in real-life medical data, different individuals may react very
differently to the same condition or illness and often of different risk profiles. This is a
source of heterogeneity, particularly in large datasets, and modeling of heterogeneous effects
has been found to have a significant impact on survival and hazard estimates [29]. Unob-
served heterogeneous effects have been popularly modeled as frailty models [30], where an
individual’s frailty are the random effects that act on their hazard functions. While frailty
models are able to tackle unobservable heterogeneity, occurring due to the different risk
attributes of each individual, another major source of heterogeneity is due to observations
belonging to different populations where heterogeneity cannot be fully captured by random
effects. In this scenario, latent class mixture modeling [31] approaches offer a way of in-
corporating additional heterogeneity and partition the dataset to discover sub-groups of the
population that are homogeneous and share the same risk profiles. Under this paradigm,
rule-based learning uses spatial partitioning to model heterogeneous data. Rule-based meth-
ods have been shown to be effective in identifying subgroups with heterogeneous risk profiles
in a patient population [32]. Greedy decision tree models such as CART [33] are typical
examples, but they provide a quite restrictive result, i.e., the partitioning is sub-optimal.
Optimal partitioning such as through integer programming [34] or Bayesian decision trees

[35] is NP-hard and computationally demanding due to the exponential search space which



severely limits both the depth of the tree and the number of variables that can be considered.
Comparing with the tree models, the rule-based methods, which work on the same principle
of partitioning, have found larger flexibility and efficiency in a range of applications. As the
purpose of using partitioning is to tackle patient heterogeneity, it can be used to group data
into subsets with similar response characteristics that enable the sub-grouping of subjects
and subsequent separate modeling of each subgroup. Rules can also be flexibly used or re-
organized to make better decisions, one example is the recent development of Bayesian rule
lists (BRL) for classification [36] that is able to incorporate Bayesian modeling to quantify
uncertainty. BRL is able to strike a balance between greedy and optimal partitioning and
provides good generalizability with significantly lower computational load. In Chapter 3 we
propose an integrative framework that uses ordered rule lists to derive a rule-based decision-
making approach, while within the regime defined by each rule, survival risk is modeled via
a Gaussian process latent variable model. The computational challenges are overcome by a
tailored Markov Chain Monte Carlo algorithm with a nested Laplace approximation for the

latent variable model to search over the posterior of the rule lists efficiently.

1.2.8  Discovery of multimodal biomarkers

Due to the complexity of biological processes, it is reasonable to think that one modal-
ity might not be sufficient in explaining the process entirely. Relying on a combination of
modalities may provide a more comprehensive view of the underlying process and hence lead
to better and more effective decision-making outcomes. Patient data can come in several
representations such as text in the form of medical reports or prescriptions, images in the
form of MRI and brain scans, signals from various different types of sensors such as EEG,
or eye-movement data, or longitudinal physiological measurements such as heart rate and
blood pressure, or genetic repositories etc. Using multiple modalities in machine learning
has been quite effective in various applications such as improving cardiovascular disease care
[37], prediction of symptoms in Parkinson’s’ patients [38], joint diagnosis of human cancers

[39] and advancing precision health [40] and oncology [41] to name just a few. Multimodal



models have recently found success in the study of neurological disorders, as the fusion of
fMRI data and grey matter volume data has enabled the discrimination between autism
spectrum disorder and schizophrenia to a much greater extent as compared to using just
a single modality [42]. There is a large body of work in the research literature on the use
of electroencephalograph (EEG) for the diagnosis of attention deficit hyperactive disorder
(ADHD) [43] 44, [45 [46]. In recent times, there have also been several works developing
ADHD detection systems using eye-movement patterns. [47, 48] [49]. However, these two
important modalities have so far not been used together for the detection of ADHD or
biomarkers of ADHD, though the multimodal literature focused on the fusion of fMRI and
EEG data [50, [43]. There is some prior work [51] to show that characteristics of eye move-
ments and EEG are complementary to the task of emotion recognition and data fusion could
significantly improve emotion recognition accuracy in comparison with single modality. This
suggests that these two modalities may also be important in the diagnosis of ADHD as it is
strongly correlated with emotional dysregulation and the intensity of emotions [52]. In Chap-
ter 4, we present a rule-based approach to detecting multimodal biomarkers of ADHD using
both these modalities. We simultaneously collected both eye-movement patterns and EEG
signal data while the subject is carrying out a specific task. Then, we extracted the most
relevant features from each of these modes of data, and demonstrate how rule-learning can
be used to detect significant multimodal biomarkers. To the best of our knowledge, our work
is the first attempt to explore and identify interesting interactions among two modalities of

data, eye movement data, and the EEG signal, for biomarker discovery for ADHD.
1.3 Research Objectives
The objectives of this research proposal are:

e Develop interpretable and novel computational models and algorithms for survival

modeling with a focus on complex challenges such as interpretabilty and heterogeneity

e Apply the proposed statistical models for knowledge discovery on real-life health datasets.



e Identify novel biomarkers and interactions of ADHD using a multimodal dataset con-

taining eye-movement patterns and EEG signals
1.4 Organization of the dissertation

This dissertation is an attempt to address several of the aforementioned challenges in knowl-
edge extraction and modeling with modern patient datasets through novel modeling tech-
niques. Chapter 2 provides our first contribution, an interpretable rule extraction approach
that induces variable sparsity among the rules. Next, Chapter 3 presents a semi-parametric
Bayesian survival rule list framework that is able to model heterogeneity and uncertainty.
In Chapter 4, we demonstrate the utility of the rules-based approach to discover multimodal
biomarkers of ADHD using EEG and eye-movement data. Finally, chapter 5 concludes this

dissertation and points towards future areas of research.



Chapter 2

DOUBLY SPARSE RULE LEARNING FOR SURVIVAL DATA

Survival data analysis has been leveraged in medical research to study disease morbidity
and mortality, and to discover significant bio-markers affecting them. A crucial objective in
studying high-dimensional medical data is the development of inherently interpretable models
that can efficiently capture sparse underlying signals while retaining high predictive accuracy.
Recently developed rule ensemble models have been shown to effectively accomplish this
objective; however, they are computationally expensive when applied to survival data and
do not account for sparsity in the number of variables included in the generated rules. To
address these gaps, we present SURVFIT, a ”doubly sparse” rule extraction formulation for
survival data. This doubly sparse method can induce sparsity both in the number of rules
and in the number of variables involved in the rules. The computational superiority of our
model is a result of our computational formulation that adopts a quadratic loss function with
an overlapping group regularization. Further, a systematic rule evaluation framework that
includes statistical testing, decomposition analysis, and sensitivity analysis is provided. We
demonstrate the utility of SURVFIT via experiments carried out on a synthetic dataset and

a sepsis survival dataset from MIMIC-III.

2.1 Introduction

When analyzing biological and medical datasets, an often encountered scenario is the need to
simultaneously analyze multiple variables and understand their impact on a certain disease
or biological condition. In this endeavor, regression methods have been a typical approach.
These methods help us understand the relative importance of variables primarily in terms

of their average effects on the outcome rather than their synergistic interactions. Though



adding interaction terms to the regression model can certainly enable their application in
evaluating the significance of these interaction terms, regression models themselves are not
adequate for discovering such interactions due to both computational and statistical chal-
lenges, i.e., the number of potential interactions grows at a super-exponential rate regarding
the number of variables. The rule learning approach is a natural way to address these chal-
lenges. An old song since its inception in the early 70s and 80s as a typical approach of
Artificial Intelligence, it now finds its new tune in the 21st century as a result of considerable
developments in the fields of machine learning and optimization such as random forests [1§]
and sparse regularization models such as LASSO [19]. Rulefit [20] is a good example of a
model that cleverly combines these methods by first generating a huge list of rules from a tree
ensemble, and then applying LASSO to select a minimum set of rules that can predict the
outcome with good accuracy. Compared to rule learning methods developed before Rulefit
that mostly used heuristic algorithms [I4] [15] or logic deduction approaches [16], [17] to derive
rules, Rulefit is both computationally efficient, inherited from random forest and LASSO,
and statistically well justified, as random forest uses bootstrap aggregation to generate an
ensemble of tree models and has the ability to cover a wider range of the rule space, therefore
being less susceptible to being stuck in local optima. An additional advantage of applying
rule-based models to biomedicine is that they can be easily communicated to, and evaluated
by medical professionals. Several recent works have successfully applied rule-based mod-
els to diverse biomedical datasets to understand risk-predictive profile patterns and build
predictive models for diseases, including Type 1 diabetes [21) 32], Type 2 diabetes [22], de-
pression [53], classification of cancer gene expression data [23] and detection of predictive
rules for Alzheimer’s disease [54]. However, these works were not focused on survival data.
Survival rule models proposed in literature [25], 26] lack the methodology to impose sparsity
on the variables that constitute the rules. Sparsity in variables has been proven to be a main
concern in a wide range of applications. Surprisingly, sparsity of variables involved in the
rules has not yet been addressed in rule-learning literature. Therefore, our research seeks

to address these gaps and focuses on a rule-learning approach that can efficiently learn a
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"doubly sparse” set of rules and analyze their properties for survival analysis, a field with
critical applications in biomedicine.

In this work, we propose a new rule learning method, SURVFIT, with three main con-
tributions. First, we aim to fill in a gap that concerns rule learning with variable sparsity,
i.e. "double sparsity” for survival data analysis. To achieve this, we propose a formulation
that adopts a quadratic loss function and an overlapping group regularization term. The
quadratic loss function allows us to bypass the partial log-likelihood loss function of the Cox
models that has caused considerable computational difficulty for high-dimensional applica-
tions, and the proposed regularization enables us to not just select the most important rules
but also induce sparsity of variables involved in the selected rules. This ”double sparsity”,
in both rules and variables, has so far not been addressed in the literature of rule learning.
Second, we propose and compare different optimization strategies for solving our optimiza-
tion problem and discuss their advantages and trade-offs. Third, we provide a systematic
rule evaluation framework for evaluating and examining the statistical significance of the
rules extracted via SURVFIT. The framework includes statistical testing of the rules’ abil-
ity to discriminate between low-risk and high-risk observations, decomposition analysis, and

sensitivity analysis of the cutoff values.
2.2 Background and Limitations

In this section, we introduce certain widely used rule-based analysis methods. Further, we
discuss the advantages and disadvantages of each of these methods and proceed to explain

their limitations.

2.2.1 Survival Trees.

Parametric (and semi-parametric) regression models impose a specific link function on the
response and face challenges in incorporating interactions between variables. Trees provide a
flexible approach that can detect interactions in variables without explicitly specifying them

beforehand. They also do not assume a specific link function and are widely used as they are
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easy to interpret and understand for medical professionals. To build a tree model, the data
is split into child nodes in such a way that the subsets of data within each of the child nodes
have more homogenous outcome responses, i.e., the outcomes of assigned data samples in a
child node would be more similar (similarity is defined by a pre-specified similarity measure).
Specifically, a split concerns a variable and a cutoff value, i.e., if x is the selected variable and
c is its cutoff value, the splitting decision x < ¢ vs. x > ¢ would result in a split of the data
into two child nodes. In each split to grow the tree, the choice of variable and cutoff value
that makes each child node most homogenous, and each pair of child nodes most dissimilar
is sought among all possible choices according to criteria based on the similarity measure.
The splitting decisions are recursively applied to each child node to grow the tree until a
stopping criterion is obtained. A tree that is grown too deep will overfit to the training data
and may be pruned to obtain a smaller tree that generalizes well to new and unseen data.
Thus, trees will naturally group together observations with similar outcomes which leads
them to be highly interpretable. The main difference between classical decision trees and
survival trees is in the splitting criteria used to partition the data - survival trees use criteria
that make each child node to be most similar in terms of their survival or hazard functions.
Several splitting criteria have been developed for survival trees, e.g., the maximum log-rank

statistic [27, 28] and the log-rank score [55].

2.2.2 Random Survival Forests.

Random forests are an ensemble model generated by combining many decision or survival
trees where each tree is built on a randomly bootstrapped sample of data and a randomly
selected subset of variables. The average outcome of all of these binary trees is the output of
the random forest. Random forests were initially developed for regression and classification
problems [I8] and later extended to apply to survival data, [56, 57] where an ensemble of
survival trees is used to build a forest. For a given input, an average of the cumulative hazard

prediction of all the survival trees in the ensemble is the output of the random survival forest.
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2.2.3 Sparse Regularization.

Modern medical datasets are high-dimensional, which leads to challenges associated with
the curse of dimensionality, particularly in datasets with many correlated variables. This
makes it critical to build models that are sparse with respect to the number of variables and
to identify the most significant variables affecting the underlying process. Development of
sparse regularization methods for survival analysis is a line of efforts seeking to deal with
the challenges of high dimensional data in both regression-based and tree-based methodolo-
gies. Given a data matrix X € R"*™ of n observations and m variables where m is large,
our goal in variable selection is to choose a number of variables k(< m) that are the most
significant predictors of the output. Consider a model parametrized by the coefficients cor-
responding to the variables, 3, and a loss function £(3; X) that is to be minimized to obtain
model coefficient estimates. Sparse regularization works by regularizing the loss function
with sparsity inducing norms such as the ¢; norm, ||8]|; = >_i_, |5;| that was first proposed
as the LASSO model [19] for linear regression. The ¢; norm has the property of shrinking
the coefficients closer to zero which enables variable selection by eliminating those variables
whose coefficients are nearly zero. Inspired by the success of the sparse regularization ap-
proaches, sparse Cox regression models have also been developed [58] to regularize the Cox
regression loss. An important direction in sparse regularization is structured sparsity regu-
larization to obtain desired model characteristics such as selection of groups of variables, i.e.,
selecting all variables in a predefined group of variables or none at all. The Group LASSO
[59] solves the group selection problem by using an ¢5; norm regularization, Z‘gi'l 1Bql]2,
where 3, are coeflicients in group g, belonging to a set of groups G and the ¢, norm is given

by |Bglla = /> i, 87 The Sparse Group LASSO [60] generalizes the Group LASSO to

also induce within group sparsity in the solution by using a regularization that is the sum
of l51 and ¢; norm, i.e. ZLG:‘I 1Byl + 1IB]l1- As the complexity of the sparsity-inducing
norms increases, their adoption to survival regression models such as the Cox regression

[61] still poses significant algorithmic challenges despite the computational advantages of
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these methods in the typical regression setting. While most of these efforts mainly focus
on variable selection when the link function of the model is linear, the advances in sparse
regularization approaches also positively impacted the work on tree-based methods in re-
gression and classification like Rulefit [20] as well as in survival analysis, such as the method
developed in pre [25], where a sparse set of survival rules are generated by constructing an
¢1-regularized Cox regression model over an exhaustive set of rules extracted from the data
through bootstrapped survival trees. However, the Cox partial likelihood function used in
pre has difficulty in scaling to high dimensional data. Although the regularized Cox model
can handle relatively high dimensions, the optimization algorithms that are built on the

Cox partial likelihood function scale poorly when regularized with structured norms such as

Group LASSO and Sparse Group LASSO [62].

2.2.4  Our Contributions

We propose a new rule learning method, SURVFIT, with three main contributions. First, we
aim to fill in a gap that concerns rule learning with variable sparsity, i.e., "double sparsity”
for survival data analysis. To achieve this, we propose a formulation that adopts a quadratic
loss function and an overlapping group regularization term. The quadratic loss function
allows us to bypass the partial log-likelihood loss function of the Cox models that has caused
considerable computational difficulty for high-dimensional applications, and the proposed
regularization enables us to not just select the most important rules but also induce sparsity
of variables involved in the selected rules. This ”double sparsity”, in both rules and variables,
has so far not been addressed in the literature of rule learning. Second, we propose and
compare different optimization strategies for solving our optimization problem and discuss
their advantages and trade-offs. Third, we provide a systematic rule evaluation framework
for evaluating and examining the statistical significance of the rules extracted via SURVFIT.
The framework includes statistical testing of rules’ ability to discriminate between low-risk
and high-risk observations, decomposition analysis, and sensitivity analysis of the cutoff

values. An overall presentation of this framework is shown in Fig. [2.1
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2.3 SURVFIT

2.3.1 Methodology

Rule learning is a challenging problem mainly due to the combinatorial nature of rules, i.e.,
a rule is expressed as the product of a few indicator functions /(-) on propositions of values

taken by variables in an observation x,

x|

re(x) = [ [ I(xp € sph). (2.1)

For continuous variables, s, is a contiguous interval while for categorical variables, it is an
explicitly specified set. A rule either gives 0 or 1 as its outcome for an input observation.
If its outcome is 1, it means all the conditions on its constituent variables are satisfied,
ie., {z, € spk}llx‘. We say that rule r is endorsed by observation x if r(x) = 1. Through
this combinatorial nature, rules provide effective semantics to capture interactions among
variables, not only in the qualitative sense, i.e., which variables interact with which, but also
in the quantitative sense, i.e., the cutoff values used in the conditions of the rules. It is also
due to this combinatorial nature that rules are information-rich, but computationally and
statistically challenging to detect from data. Recent breakthroughs in rule learning benefit
from an insight that a decision tree can be readily decomposed into a set of rules as shown in
Fig. 2.2l Tree ensemble models such as random forests can therefore be used to generate a
huge set of rules. Then, formulations could be developed to filter this set and select a sparse
set of the most representative and informative rules. Rule learning methods such as Rulefit
[20] and pre [25] follow this line. However, these methods do not consider the sparsity in
the variables that are involved in the extracted rules. Sparsity of variables has proven to be
a critical trait of machine learning models that can achieve robust prediction performance
and interpretability in practice. An immediate example that will be shown in the medical
application in this paper is that variables collected in healthcare applications are usually
highly correlated, and thus it is important to be able to generate rules that involve only a

sparse selection of significant variables. For example, two variables may show up in different
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rules, though only one variable is truly significant, and the other is redundant.

T(X4 <=0 1(X1>c¢q)
Xq<=c1) /NODE EXTRACTED RULES

3 Xy <=c¢1 &Xy € {ab,c}

1(X2 € {abey)/—\1(X2 & {abc))

1 (Xg<=cg)

4 Xy <=c1 &Xy & {ab,c}

5 X1 >0 &Xg<=cC3

\6 X1>¢ &Xg>C3 /

Figure 2.2: An example decision tree and corresponding rules extracted from terminal nodes

2.3.2  Rule generation

In order to generate an abundant set of rules that will be pruned by our learning formulation,

we use the following algorithm to build the random survival forests.

1. Draw a given number of bootstrap samples from the original data.
2. Grow a survival tree for each bootstrapped sample as follows:

(a) Use one of the splitting criteria discussed in to recursively build a tree using

a randomly selected subset of variables for each split.

(b) Grow the tree until no new child nodes can be formed because of the stopping

condition that each node must contain a minimum number of unique events.
3. Aggregate all the survival trees to obtain an ensemble.

4. Extract rules of the desired length and complexity from the tree ensemble to generate

a large rule list.
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2.3.83 The loss function

This initial set of rules is denoted as {ry(x)}, where K is the total number of rules. We
then develop a learning formulation to guide the selection of the final rules, which should be
a minimum number of rules (i.e., the number should be much smaller than K) that could
achieve optimal prediction on the time-to-event outcome of survival data. It is tempting
to use the existing Cox proportional hazards regression model and take the K rules as K
input variables, then conduct sparse learning on this Cox model-based formulation. This
is a reasonable approach, but the partial likelihood function used in the Cox regression
model has been found to scale poorly in high-dimensional applications, particularly with
complex group norms [62], including the recently developed pre [25], a rule learning method
for survival analysis, that is also built on the negative partial log-likelihood loss in the Cox
proportional hazards model. Thus, we resort to another loss function. In this paper, we are
concerned with the linear model, but our method could be extended to nonlinear models as

well. The prediction by the linear model is,

txi) = Bo+ > Brre(xi). (2.2)

We adopt the robust loss function developed in [63],

min [(3,X) := Z %(t(xz) - ti)Q (2.3)
p {il6,=1}
- Z (min(0, ¢(x;) — ¢; )) (2.4)
{ilo: 0}

The first term in is the least-squared loss that penalizes the difference between the
predicted outcome t(x;) and the real outcome ¢; for each complete observation x;. The
second term is a squared hinge loss which penalizes the predictions for censored data only
when the predicted event time ¢(x;) of censored observation x; is smaller than the censor
time ¢;. The penalty is zero when ¢(x;) is greater than ¢;. The hyperparameter v controls

the influence of censored data in parameter estimation and is selected via cross-validation.
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2.3.4  Doubly Sparse Rule Extraction

Consider the regression optimization problem applied to rules, i.e, let 3 be the coef-
ficients of the complete set of rules and X the rule data matrix. Each column in X is a
binary variable denoting whether or not the observations endorse a rule. To achieve sparsity
in both rules and variables, we integrate two regularization terms simultaneously. On one
hand, to enforce sparsity on the rules, we adopt the ¢; norm that was used in the least abso-
lute shrinkage and selection operator (LASSO) regularization for regression proposed by [19],
i.e., it regularizes the loss function with ¢; norm penalty on the coefficients corresponding
to rules (||B]l1 = >_.—, |Bi|) to push some coefficients to 0. In the rule learning literature for
regression, Rulefit [20] and pre [25] utilize LASSO to extract a sparse rule list from a rule
ensemble. Following this line, we propose the following formulation to enforce sparsity in

the cardinality of rules

~

where (3, X) is the squared error loss for regression. As we have mentioned, this formulation
does not enforce sparsity among the variables involved in the extracted rules. As one of the
main contributions of this work, that is to enforce a ”doubly sparse” set of rules, our idea
is inspired by the work on sparsity-inducing norms for structured variable selection [64]. A
particularly useful concept is the Overlapping Group LASSO regularization. Here, as Fig.
shows, the rules form a group structure due to their overlapping use of the variables. To
exploit this structural property in order to enforce sparsity on the variables, the regularization

term we propose to use is, therefore,

QB) = [w o Bll2, (2.6)

Geg

where G is a set of overlapping groups of coefficients; wgeg are |3|-dimensional vectors such
that wJG > 0if j € G and wJG = 0 otherwise; x oy denotes element-wise multiplication
of two vectors, x and y. This regularization term €2(3), despite its difference from the ¢;

norm from the surface, is like an ¢; norm at the group level to promote group sparsity. A



19

few different group structures that may be used to obtain specific sparsity patterns were
explored by [64], though the challenge of group construction was not discussed since it
requires prior information about the problem under consideration and the required sparsity
patterns. Since our work has a well-defined goal, i.e., the variable sparsity in a rule ensemble,
we can develop a natural way to construct the groups. To do this, we first choose our set of
groups G = {G1,...Gp} such that each group G,, corresponding to the variable x,, contains
the indices of the rules which involve the variable z,. That is, if there are n, number of rules
containing variable x,, then G, = {p1,...pn, }, where {p1,...p,,} € {1,... K} and all rules
mp, (I < j < n,) contains the variable x, in at least one of its combinatorial statements.
Next, for each group G in G, we define B¢, a vector in RI¢!, that consists of the elements of

B belonging to G. Now, the formulation (4.2]) could be further developed as

P
B = arg min 1(B,%) + 1 - Bl + 2+ 3 apl1Ba,[l> (2.7)
p=1
Note that here g, is an optional weight for each group. In our case, q¢, = /1/|G,| to

normalize the penalty term for groups of varying sizes. The hyperparameters A\; and Ay can
be determined by cross-validation. The obtained solution is such that the potential nonzero
patterns in the model are a complement of an intersection of a subset of groups. Fig [2.3
provides a representation of the sparsity structure that this regularization will induce. For
example, if group 4 is left out of the model, then all the coefficients belonging to this group
will be zero. Since group 4 corresponds to the fourth variable (z4), and contains coefficients
of all rules containing x4, all such rules are left out of the model. Thus, we are left with a
complement of the intersection of the groups with group 4, and obtain a subset of rules that
does not contain variable 4. The ¢; regularization term here produces general within-group
sparsity among all rules to select the most significant rules. Therefore a larger value of Ay will
induce greater group-level sparsity in the resulting coefficients, B, which, for the selection of
groups G proposed by us will mean greater degree of variable sparsity in the extracted rule

set.
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Figure 2.3: Example of variable-sparse structure induced by overlapping group lasso regular-
ization in SURVFIT. When the group corresponding to variable 4 (red) is left out, it zeroes

out all the the coefficients of all rules containing variable 4 (crossed out).

2.3.5 Optimization Strategy

The challenge to solve the formulation is that the overlapping group structure intro-
duces interdependency among the decision variables of the optimization problem. For non-
overlapping groups [59], efficient algorithms that depend on the separability of variables, such
as block coordinate descent can be applied [62]. To overcome this challenge, we reformulate
this problem as a second-order cone program (SOCP) in Section , and use the interior
point method to solve it optimally. However, this strategy will increase the problem size and
therefore the computational cost. Alternative methods that may be more efficient include
proximal methods, where a key challenge is to develop efficient solutions of the proximal op-
erator. For instance, [65] proposed a smoothing proximal gradient method where a smooth
approximation of the overlapping group lasso norm and the gradient of this approxi-
mation are derived. This smoothing strategy enables a fast iterative shrinkage-thresholding
algorithm (FISTA) [66] to solve the problem. [67] proposed the FOGLASSO algorithm using

an approximate dual of the proximal operator of the overlapping group lasso norm and its
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solution. We discuss their algorithm briefly in the following section. [65] showed that the
objective function of their semi-smooth approximation converges to the optimal solution,
and [67] observed that though FOGLASSO lacks a convergence guarantee, their algorithm
almost always converges to the optimal solution in practice. However, neither study the
sparsity structure of the solution they obtained in comparison to the sparsity structure of a
solution that does not employ approximations. An understanding of the solution structure
obtained is critical in high dimensional problems with multiple optimal solutions where the
goal is not just to obtain a solution with an optimal value but also to minimize the num-
ber of nonzero coefficients in the solution. [65] showed that the objective function of their
semi-smooth approximation converges to the optimal solution, and [67] observed that though
FOGLASSO lacks a convergence guarantee, their algorithm almost always converges to the
optimal solution in practice. However, neither study the sparsity structure of the solution
they obtained in comparison to the sparsity structure of a solution that does not employ
approximations. An understanding of the solution structure obtained is critical in high di-
mensional problems with multiple optimal solutions where the goal is not just to obtain a
solution with an optimal value but also to minimize the number of nonzero coefficients in

the solution.

SOCP optimization.

In what follows, we cast the formulation as a second-order cone program (SOCP).
First, we introduce a variable, z; = min(0,¢(x;) — ¢;),Vi € {i | §; = 0}. Then, we linearize
the first regularization term in by introducing two new variables, 31,3~ such that
B=p0B"—08",|8=B"+p",and 81,3 > 0. Third, to deal with the ¢; overlapping group

norm, we introduce new variables y € R” such that

Yo > B, |l Vp € {L,...P}. (2.8)
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The reformulated problem can be written as

P
yiin JABT=B87) —tli+llzl3+ A (BT +87) + X} gy (2.9)
Pz, p=1

with the constraints,

B*.B8” >0, (2.10)
z <0, (2.11)
2<B(B"—B)—c, (2.12)
yi = [(B&, — Be)ll2 Vie{l,...P}. (2.13)

Here A is the rule data matrix corresponding to event observations, B is the rule data matrix
corresponding to censored observations and, t and c are the event times and censor times
respectively, and is a second-order cone constraint. This problem can now be solved
by standard SOCP solvers. We use CPLEX in our experiments.

FOGLASSO.

Another algorithm that can solve the formulation approximately is the FOGLASSO algo-
rithm [67] implemented in the SLEP [68] MATLAB package. Here we briefly introduce some
details of the FOGLASS algorithm for the sake of completeness. FOGLASSO uses an ac-
celerated proximal gradient method where the coefficient estimates at each iteration are,
Bii1 = Wi;ﬁ(sl — %l'(si)), where s; is the affine combination of the current and previous
estimates 3; and 3;_; as used in FISTA [66], L; is an appropriate constant determined via
backtracking line search by the Armijo-Goldstein condition [69], and 7(-) is the proximal
operator of the non-smooth regularization term, ¢:\\f (B) = A1+ |IB]]1 + Az - 2521 &l Ba, |2
Then, the main optimization problem of the proximal operator is derived to be

w2(v) = argmin { 2(8) = 518~ ol]* + 62(8) ). (214

BERP 2
FOGLASSO uses an efficient computational algorithm to solve this proximal operator by

reformulating it as a smooth and convex dual problem. A pre-processing step is developed
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to identify many zero groups, which reduces the complexity of the optimization problem.
However, a trade-off is that their proximal operator solution is inexact, and it is stated that

the optimal convergence rate is not guaranteed, though the algorithm works well in practice.

Scalability and Computational Analysis

Here we provide an in-depth analysis of the computational complexity of SURVFIT as well
as the existing baseline methods in the literature.

The package pre uses the Cox-lasso formulation to extract rules. The time complexity
for Cox-regression is O(N K?) while that of the Cox-lasso is O(N K) [70]. However, there are
significant computational challenges to optimizing the Cox partial likelihood loss function.
The partial likelihood does not naturally decouple over individuals or subsets of individuals,
therefore when regularized with a non-smooth term such as the overlapping group lasso,
first order proximal gradient descent methods like FOGLASSO, prox-Grad and alternating
direction method of multipliers [71] cannot be used. This also means that the stochastic
gradient-based optimization methods are not suitable for the task [72]. We have not come
across any works that have addressed these computational challenges in our review. One
approach could be to use the standard Newton-Ralphson second order scheme [71], however,
this is not practical for even medium-sized problems because it involves inverting large ma-
trices at each iteration, which itself has complexity O(K?), infeasible to solve our problem of
rule selection since we start with a large number of rules. Our approach of using a quadratic
loss function instead of Cox-partial log-likelihood loss skirts this issue, allowing us to use
efficient first-order and second-order optimization schemes .

In this paper, we have discussed two different optimization schemes, SOCP and FO-
GLASSO to solve Problem . Using the quadratic loss function instead of the Cox partial
likelihood loss allows us to formulate the problem as a second-order cone program and solve it
using CPLEX solver. The solver uses the barrier interior point method (IPM), a second-order
method known to converge in O(log(1)) iterations, where € is the accuracy at convergence.

The per-iteration time complexity of IPM [T1] in our case is O(K*(N + Y 1.5 |Gyl))-
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First-order proximal gradient methods such as FOGLASSO [68] and Prox-Grad [65] have
been proposed to efficiently solve the problem of convex loss functions regularized with an
overlapping group lasso loss. The algorithms take more iterations to converge than the
second-order ITPM algorithm, i.e (9(%) iterations. However, the per iteration complexity is
lower by orders of magnitude thereby reaching convergence faster. For Prox-Grad, the per-
iteration complexity is O(NK + > ., p|Gy|) [63]. In practice, IPM is found to be more
accurate than proximal methods though proximal methods are more efficient and scalable
for large-scale problems. Thereby, we see that applying an overlapping group regularization
term to induce variable sparsity for the standard Cox partial likelihood loss has a time com-
plexity of at least O(NK?) while our formulation can be solved by first-order methods in
O(NK+3_ 1. p|Gyl) and second order methods in O(KQ(N+ZpEI~~-P |G,|)). This is much
more efficient in high-dimensional problems such as rule extraction where often K >> N,

i.e., the number of rules is much greater than the number of observations.

2.3.6  Interpretability of the Rules

Most rule learning methods in the literature of machine learning only concern rule discovery,
namely the identification of important rules from data such as Rulefit [20] and pre [25].
For instance, a rule suggests an interaction among a set of variables, and the essence of an
interaction is that the variables give a greater effect when combined than taken individu-
ally. A rule-learning algorithm may generate a set of rules, but it cannot prove that the
interactions are genuine. Here, we further develop a rule analysis framework that employs
a combination of statistical methods such as survival data analysis, hypothesis testing, and
regression analysis to evaluate the significance and to better understand the implications of

the discovered rules in various contexts.

Statistical Testing.

We use statistical testing to evaluate whether the extracted rules are significantly associated

with the outcome. Specifically, we analyze whether the subjects endorsing each rule have a



25

significantly higher or lower risk of onset of the event as compared to subjects not endorsing
the rule. For this goal, the Kaplan-Meier curve is used to study the separation of the survival
functions of the groups of observations defined by each rule. We also employ the log-rank
test [73], which is a hypothesis testing method used to examine differences in risk of event

occurrence between the two groups.

Decomposition Analysis.

Decomposition analysis is used to examine the rules to see if the interactions among the
variables are genuine. Basically, we decompose the rule by removing one variable at a time
and evaluating the impact of this removal, i.e., by statistically evaluating the difference
using the Kaplan-Meier curve and log-rank tests. If the removal of a variable is found to
have little impact on the overall significance of the rule, which is possible since the rule
learning algorithm uses a greedy predictive metric to guide the rule selection process, then
we should trim the rule by removing this variable. On the other hand, the variable which
has the greatest impact on the significance of the rule is said to be the dominant or critical
variable of that rule. And if the combination of two or more variables has a much higher
association with the risk than either of the variables taken individually, then the interaction
of those two variables is highly significant in predicting the risk. Those are possible scenarios
the decomposition analysis could shed light on and reveal more understanding of the rules

and their constituent variables.

Sensitivity Analysis.

Besides the combinatorial characteristic of the rules, cutoff values of the constituent variables
are also essential information in defining the interactions among the variables. Sensitivity
analysis is conducted to evaluate how sensitively the statistical significance of the rule de-
pends on the cutoff values of the variables used in the rule. We study the change in the
odds ratio of the two groups defined by the rule as the cutoff value of a variable in a rule

changes. The odds ratio (OR) [74] is the ratio of the probability of event occurring in the
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subgroup endorsing the rule to the ratio of the event occurring in the other subgroup. This
sensitivity analysis would reveal different scenarios for the cutoff values as well, e.g., there
is sometimes indeed the best cutoff value for a factor, with a cutoff value that maximizes
the statistical significance of the rule, and around the best value there is either a sharp or
smooth descending slope. For some other variables, there seems to be a range of cutoff values
that are equally good. Thus, sensitivity analysis could reveal unique insights regarding the

variables and the rules that engage them.

2.4 Numerical Experiments

In this section we conduct numerical experiments to evaluate the proposed SURVFIT method,
compare the solutions produced by the two optimization strategies described in Section [2.3.5),
and compare SURVFIT with the baseline approach that uses a regularized cox regression
model and survival random forest. One of our goals is to demonstrate the variable sparsity
property of SURVFIT. Therefore, the rules extracted with and without doubly
sparse regularization, and their decomposition, and sensitivity analysis, are also presented.
Predictive and variable selection performance for each of the models are evaluated over 100
repetitions of the same experimental setup, with 80/20 partitions of the data for train-

ing/testing.

2.4.1 FEvaluation Criteria

The following measures are used to rank, and evaluate the significance of the rules extracted

by SURVFIT.

1. Importance. We rank the rules obtained by our model by the importance measure,

I(r) which is defined as
1(r) = Bo/s(r) (1 — s(r), (2.15)

where s(r) is the support and BT is the coefficient estimate of rule r.



27

2. Support. The support of a rule, s(r) is defined as the fraction of total observations
that endorse the rule,

s(r) = % (2.16)

3. Odds Ratio. The odds ratio is the ratio of the odds of event occurrence in the data

endorsing the rule to the odds of event occurrence in data not endorsing the rule.

Furthermore, the following measures are used to evaluate and compare the performance

of our method with baseline models.

1. Concordance index (C-Index): Harell’s concordance index [75] is used to estimate and
compare the predictive performance of survival models. The c-index estimates the
probability that in randomly selected pair of test subjects, the subject with the earlier
event occurrence has an earlier model prediction of event time. Therefore a completely

random prediction will achieve a c-index of 0.5.

2. False positive rate (FPR): The FPR is a measure of the models capability to select a
sparse set of significant variables. It is defined as the ratio of the number of incorrect

(or noisy) variables selected by the model to the total number of variables.

2.4.2  Simulation Study

We simulate a dataset consisting of N = 2000 observations with P = 60 variables using an
approach similar to the one adopted in [20]. The event times are simulated such that
only 7 variables (z; — x7) affect the target, another 7 variables (z15 — 214) are correlated in
varying degrees to the first 7 variables, and the remaining 46 variables are purely noise. The
response variable ¢; for each input x; is taken to be

where the function F(x) is defined as

F(zx) = 4H(—(1 — 2;)?) — 0.55 % exp{ —2(14 — 75)} + 1.75 * sin(xvs — x7) (2.18)
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and € ~ N(0,0?), where o2 is chosen to keep a signal to noise ratio of 3. The response t
is then scaled to make sure it is positive. The parameters of this function are chosen in
a way to obtain an approximately equal representation of each predictive variable in the
exhaustive rule list. We assume that 35% of the simulated data is censored. To account for
this, the event times of a random subset consisting of 35% of the data are multiplied with a
uniform random variable to simulate the censored times. The remaining 65% of the data is
assumed to be complete. To simulate each of the correlated variables in {xg...x14}, we first
sample a correlation p € (0,1) from a uniform distribution by which it is correlated to the
corresponding original variable in {z ...z}, then we choose x = p - o+ + /1 — p? - 02",
where x is the correlated variable in {xg...x14} and z* is the residual of a least-squared
regression between z and its corresponding original variable in {x;...x7}. The response
simulation model involves explicit interactions between (z1,x2,23) in the first term,

(x4, 25) in the second term, and between (x4, x7) in the third term.

2.4.3 Synthetic Data Results
Comparison of the SOCP algorithm with FOGLASSO.

Fig. [2.4] compares the number of variables included in the top ranked rules extracted at
various values of Ay for the SOCP and FOGLASSO methods. Firstly, both algorithms show
the effectiveness of the SURVFIT formulation to produce a doubly-sparse set of rules which
are also sparse in the number of variables involved in the rules, i.e., it is observed that
the extracted rules contain fewer variables when A, is increased. Secondly, we observe that
compared with our SOCP algorithm, FOGLASSO leads to rules with more variables. It is
worth mentioning that in our experiments, solving the problem using proximal smoothing
algorithm introduced by [65] leads to a selection of rules which had even more variables than
FOGLASSO. This difference in the structure of the solutions under these algorithms may be
attributed to the approximate nature of the algorithm used to solve the proximal operator in

FOGLASSO, and the smoothing approximation of the overlapping group norm (2.6)) used by
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Figure 2.4: Number of variables included in the top rules extracted at various values of A,

for the SOCP (left) and FOGLASSO (right) optimization methods.

[65] which lead to a less sparse solution in terms of groups i.e variable selection, a trade-off

for their computational advantage.

Quality and efficiency of rule extraction.

The hyperparameters \; = 5 and Ay = 20 are chosen after cross-validation for the following
analysis. The SURVFIT algorithm then extracts the highly predictive rules which are also
sparse in the number of variables among them. SURVFIT, like other rule models based on
sparse regularization, produces a rank for each rule. One way to compare different methods
is to see the quality of highly ranked rules, i.e if noisy or low quality rules have high rank, the
algorithm is less useful. The rules are ranked based on the importance measure introduced
in Section 2.4.1] In our experiment, we compare the top 8 rules which are extracted by
SURVFIT (in Table and the rules extracted by ¢; penalized optimization without the
variable sparsity penalty (in Table . One main interest of this numerical study is to see
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if SURVFIT could detect significant rules without falsely introducing noisy variables. Table
presents the top 8 rules extracted via SURVFIT which involve 7 variables, x1, xo, x4 — 27
and a singular false positive, z1;. (The significant variable z3 is not picked in the top 8 rules
though it does show up in the total list of significant rules with non-zero coefficients). This
is consistent with the ground truth that has been used in the synthetic data generation as
shown in . A remarkable observation is that SURVFIT is resilient to the noise in the
data which was designed for variables g — x4 to be statistically correlated with z; — x7. To
further demonstrate this point, Table[2.1]lists the top 8 rules extracted without doubly-sparse
regularization, i.e. only employing ¢; norm penalty to obtain sparsity in the cardinality
of rules. In contrast to SURVFIT we can observe that the rules in Table 2.1l contain a
total of 15 variables, of which many are false positives. Thus, doubly-sparse regularization
used in SURVFIT is effective to recover the true variables and genuine interactions in the
data-generating process. Fig. [2.4] shows the number of variables involved in the top rules
returned by SURVFIT for different values of \;. Increasing the value of the variable-sparsity
parameter, Ay leads to rules which are more sparse in the number of variables. For instance,
at Ay = 0, the top 10 rules involve 16 variables, while for Ay = 80, the top 10 rules involve
only 7 variables. The difference is even starker when comparing the top 100 rules: there are
close to 50 variables at Ao = 0, while at Ay = 80, the top 100 rules only contain 16 variables.
We conclude that our proposed SURVFIT approach is able to extract a doubly sparse set of

rules involving only the most significant variables in the data.

Rule analyszs.

Table not only presents the top 8 rules extracted via SURVFIT, but also their decompo-
sition, p values of the log-rank test, and support of each of these rules. Also, Fig.
shows the Kaplan-Meier survival curves for these rules. We observe from the Kaplan-Meier
curves that, endorsement of rules 1-6 and rule 8 is associated with higher survival rates,
while endorsement of rule 7 is associated with lower survival rate. As we show in the follow-

ing discussion, these rules recover the variable effects and interactions on mortality encoded



31

in the data generation process. The decomposition analysis (besides the p-values shown in
Table the decomposition curves for the rules are also plotted in Fig. also reveals
interesting insights into the data. For instance, on rule 2 we can see that there is a real
interaction between x4 and x5, as removal of either hugely impacts the significance of the
rule. This is consistent with the ground truth model as the way the two variables are incor-
porated into the data-generating mechanism is through the functional exp{—2(z4 — x5)}. A
similar observation holds true for rule 3 and its decomposition analysis reveals the interaction
between xg and z7;. The decomposition analysis on rule 4 is also insightful, as it actually
shows that with x5 alone the significance of the rule is stronger, indicating that there is no
synergistic interaction between x; and x5 so there is no need to keep variable x; in the rule.
This shows that rule 4 contains noise resulting from the greedy nature of the tree-growing
algorithm used. While the double-sparsity enforced by SURVFIT aims to reduce this noise,
we also need decomposition analysis to further filter out any residual noise. A similar con-
clusion holds true for the decomposition analysis on rule 5, rule 6, and rule 7. We could still
keep some significant, but not explicitly interacting variables in the rules, e.g., x5 in rule 5
and x; in rule 6, since it is hard to call these two rules interrupted by noise, given that x,
and x; contribute to the overall significance of the rules though their contributions are quite
marginal. Here there is no obvious contradiction with the ground truth model since all the
variables are truly involved in the ground truth, although not in explicit interaction terms,

an implicit interaction exists.

Next we analyze the sensitivity of the cutoff values of the variables. Fig. [2.7] shows how
the overall significance of the rules, as measured by the odds ratio and its 95% confidence
interval changes with change in the cutoff value of the variables in the rules. For instance,
in the sensitivity analysis of Rule 1, we see that increasing the cutoff value of x5 reduces the
odds ratio, meaning that at higher values of x5 the probability of event occurrence falls off.
This is consistent with both the Kaplan Meier curve associated with rule 1 as well as the
data-generating mechanism. The sensitivity analysis of rule 2 shows how the odds ratio would

change with change in cutoff of each of x4 and x5, while keeping the other cutoff constant. At
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Table 2.1: Top 8 Rules Identified without double sparsity penalty (4.2) and Corresponding

Log-Rank p-Values

Rule ID | Rule p Value Support (%)
1 x4 > 0.532 AND 249 > 0.033 8e — 13 37.05
la x4 > 0.532 4e — 15 38.3
1b x49 > 0.033 0.01 96.6
2 x5 > 0.47 AND x9 <= 0.705 3e — 19 42.25
2a xs > 0.47 3e — 16 46
2b r10 <= 0.705 3e — 04 92

3 Ty <= 0.309 AND x5 > 0.5 AND z;; <= 0.289 6e — 12 6.40
3a x5 > 0.5 AND z1; <= 0.289 2e — 14 18.40
3b T9 <= 0.309 AND z{; <= 0.289 2e — 12 15.90
3c Ty <= 0.309 AND z5 > 0.5 le — 13 14.90
4 Ty <= 0.45 AND x4 > 0.486 AND z5; <= 0.892 3.5e — 18 || 23.25
4a xg > 0.486 AND 57 <= 0.892 2.5e — 17 || 44.05
4b T9 <= 0.45 AND z5; <= 0.892 5e — 12 50.60
4c Ty <= 0.45 AND x4 > 0.486 2e — 18 23.55
5) r1 <= 0.25 AND zg > 0.442 AND x; <= 0.346 6e — 13 6.90
5a xg > 0.442 AND x1; <= 0.346 6e — 16 25.80
5b x1 <= 0.25 AND z;; <= 0.346 le — 09 15.25
oC r1 <= 0.25 AND x4 > 0.442 le — 13 13.45
6 xg > 0.48 AND z7 > 0.48 AND x5y <= 0.893 2e — 22 20.85
6a x7 > 0.48 AND 237 <= 0.893 3e — 10 46.20
6b xg > 0.48 AND x5 <= 0.893 2e — 17 44.90
6c xg > 0.48 AND z7 > 0.48 3e — 22 21.00
7 1y <= 0.494 AND 29 <= 0.553 AND 213 > 0.549 || 3e — 12 10.35
7a r9 <= 0.553 AND x5 > 0.549 2e — 11 18.60
b 1y <= 0.494 AND x5 > 0.549 9e — 09 12.60
7c x4 <= 0.494 AND z9 <= 0.553 4e — 15 44.30
8 x4 <= 0.323 AND 94 > 0.886 AND 95 > 0.0043 | 3¢ — 10 61.45
8a Toq > 0.886 AND x5 > 0.0043 0.2 98.00
8b 1y <= 0.323 AND x5 > 0.0043 2e — 11 62.65
8¢ x4 <= 0.323 AND z54 > 0.886 4e — 15 61.60
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Table 2.2: Top 8 Rules Identified with double sparsity penalty (2.7) and Corresponding

Log-Rank p-Values. The final rules selected after decomposition analysis are highlighted in

gray.
Rule ID || Rule p Value Support (%)
1 x5 > 0.687 7.5e — 15 || 21.5
2 x4 <= 0.52 AND x5 > 0.395 Te — 25 32.80
2a x4 <= 0.52 8e — 15 60.20
2b x5 > 0.395 3e — 14 54.40
3 rg > 0.479 AND 27 > 0.48 3e — 23 21.0
3a xe > 0.479 2e — 17 45.25
3b x7 > 0.48 3e — 10 46.55
4 21 < 0.4 AND z5 > 0.71 2¢e — 9 8.05
4a r1 <04 2e — 6 44.80
4b x5 > 0.71 le—10 18.25
5 Ty <= 0.45 AND x4 > 0.485 6e — 18 23.55
da T <= 0.45 4e — 10 51.00
5b xg > 0.485 2e — 17 44.55
6 r1 <= 0.52 AND z¢ > 0.625 2e — 18 18.20
6a T <= 0.52 4e — 4 58.10
6b xg > 0.625 be — 17 30.75
7 x1 >=0.33 AND x5 > 0.65 AND x7; > 0.428 || 4e — 11 9.30
Ta 29 > 0.65 AND x7 > 0.428 2e — 04 14.95
b x1 >=0.33 AND z7; > 0.428 0.9 33.90
7c r1 >= 0.33 AND x5 > 0.65 2e — 12 17.35
8 Ty < 0.31 AND x5 > 0.5 AND x1; <= 0.288 | 6e — 12 6.4
Sa x5 > 0.5 AND 211 <= 0.288 2¢ — 14 18.40
8b 29 < 0.31 AND z;; <= 0.288 2e — 12 15.90
8¢ 29 < 0.31 AND 25 > 0.5 le—13 14.90
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Figure 2.6: Decomposition analysis for each rule in Table

smaller cutoff values of z4, the odds ratio is greater than 1 signifying higher risk levels while
at higher cutoffs of 5, the cutoff is lower than 1 signifying lower risk. This is again consistent
with the ground truth since the time of event occurrence depends on —exp(—2(z4 — x5)),
and a larger value of x4 would decrease and a greater value of x5 would increase the value
of this term and hence decrease and increase the time of event occurrence, respectively. The
sensitivity analysis of the other rules can also be interpreted in this context and seen to be
consistent with our knowledge of the ground truth. Thus, the sensitivity analysis helps us

understand how each variable affects the event risk under different conditions.
Comparison of predictive and sparsity performance of SURVFIT with standard survival mod-
els.

We compare the predictive performance of the SURVFIT algorithm to standard survival

analysis methods such as random survival forests implemented in randomForestSRC [56],
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on synthetic data

Cox regression [61], and regularized Cox regression [58] using the concordance index (C Index)
metric . The C Index for SURVFIT is calculated through the times-of-event occurrence
estimated by SURVFIT as shown in Section Fig. shows box plots of the estimates
of prediction error (1 - C Index) obtained over 100 independently sampled replicates. The
following performance evaluation procedure has been adopted: first we sample a training set
of 1600 observations, and then an independent test set of 400 observations. The different
models are then trained on the training dataset and the reported performance evaluation is
based on the test set. This procedure is repeated 100 times to obtain the C-Index estimates
for each of the different methods. It can be observed that the prediction errors of SURVFIT,
when considering rules with all non-zero coefficients is lower than the prediction errors of
other methods. To compare the error rates of the different methods, we use the paired
Wilcoxon rank sum test on our C-Index estimates. For each pair of methods, we perform
the following test:

Null hypothesis: C-Index; = C-Index,
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Alternative hypothesis: C-Index; # C-Indexs

The p-Values from each of these pairwise tests are provided in Table 2.3 It can be seen

that the performance of the methods are significantly different from each other.

Table 2.3: p-value of pairwise Wilcoxon rank sum test on C-index obtained by each of these

methods on synthetic data

FOGLASSO | randomForestSRC Cox L1 regularized Cox
SOCP 0.0002563 9.3e-09 1.86e-09 0.00113
FOGLASSO 1.86e-08 1.86e-09 0.04592
randomForestSRC 1.82e-06 1.3e-07
Cox 1.86e-09

Our goal is not only to get a model that is accurate in terms of prediction but also exhibits
sparsity in the number of variables. To do this we compare the false positives in the variables
involved in the SURVFIT model with variables involved in the regularized Cox regression
model. Fig. compares a box plot of the variable selection error (false positive rate,
) of the regularized Cox model and SURVFIT obtained over 100 independently sampled
replicates. As the figure shows, regularized Cox-regression does slightly better on average
than SURVFIT on our synthetic data in terms of variable selection, although the spread of
error is higher. The other models like randomForestSRC and Cox regression use all variables
in the data, therefore a comparison of variable selection with these models is not meaningful.
The true positive rate, i.e., the proportion of correct variables identified is equal to 1 for
both models, i.e., both SURVFIT and regularized Cox regression select all of the significant

variables.
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2.4.4 MIMIC-III Sepsis Data Study

MIMIC-IIT (Medical Information Mart for Intensive Care) [76] is a comprehensive database
comprising anonymized information relating to patients admitted to the Beth Israel Dea-
coness Medical Center in Boston, MA between 2001 and 2012. The data consists of over
53,000 adult ICU admissions during this time period. In this paper, we utilize a subset of
inpatient admissions that were diagnosed with at least one of sepsis, or severe sepsis, or
septic shock, which are increasingly severe sepsis conditions. This subset has 2,840 samples
in total. Sepsis is a common ailment caused by infections and characterized by whole body
inflammation which accounts for 2% of hospitalizations and 25% of ICU bed utilizations in
the United States. It is the second leading cause of death among ICU patients, the third
leading cause of death worldwide, and the main cause of hospital mortality [77, [78]. Under-
standing the mortality risk from sepsis would be beneficial for physicians in selecting a more
efficient management approach. Several recent studies have focused on predicting mortality
risk based on variables related to predisposition [79], pre-existing and co-morbid conditions
[80], cytokines and immune system interleukin’s [81], and gene expression analysis [82]. A
recent study on early sepsis detection by [83] has used heart rate and blood pressure dy-
namics data. As the mechanism of how these variables impact the mortality risk is known
to be complex, we use SURVFIT to extract rules and study the interactions among the
variables. Out of the 2,840 patient observations in our dataset, 1,097 (38.6%) are mortal
event instances with a record of time of death and the remaining are censored with time
of discharge as the censor time. We investigated 78 variables in our analysis, consisting of
patient characteristics such as age, race, gender, weight, and clinical history; physiological
measurements such as respiratory rate, blood pressure, heart rate, oxygen saturation etc.,
and summary statistics of physiological measurements and laboratory test results such as

blood urea nitrogen, creatinine, white blood cell count, and hemoglobin etc.
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Sepsis Survival Results.

We choose v = 5 x 1075, \; = 50 and Xy = 10 for our SURVFIT model through cross-

validation.

The top 8 rules extracted by SURVFIT are presented in Table [2.4] along with their
p-values of the log-rank test, their support, and the results of the decomposition and sen-
sitivity analysis. We obtain a total of 13 significant variables involved in the top 8 rules
affecting survival risk. Aspartate-aminotransferase, oxygen saturation (Os-sat.), Alanine-
aminotransferase, arterial-pH, age, heart-rate, Alanine-aminotransferase(tests), diastolic BP
(noninv-dia-BP), length of stay, systolic BP (noninv-sys-BP) are the variables associated
with sepsis mortality risk. We quantitatively, and descriptively evaluate their interaction
effects on mortality. Each of these rules is significant, i.e., as shown in the p values of the
log-rank test. The Kaplan—Meier curves of the rules are shown in Fig. [2.10f The Ka-
plan—Meier curves reveal that the rules 1, 2, 4, 5 and 7 are risk-reducing rules, i.e., patients
who endorse these rules have less risk of mortality, and the rules 3, 6 and 8 are risk-increasing
rules. Based on the decomposition analysis of the rules, i.e., p-values shown in Table
and survival curves of decomposition analysis shown in Fig. [2.11] we are able to gain a
greater understanding of the nature of the interactions of the variable in each of the rules.
For example, in rule 1, while both Aspartate-aminotransferase(mean) and oxygen saturation,
Os-sat.(mean) are significant in predicting the risk, Os-sat.(mean) is the critical factor due
to its lower p value. In rule 2, the interaction between Alanine-aminotransferase (mean) and
arterial-pH (mean) is significant in predicting the mortality. Decomposition analysis of rule
3 demonstrates an interaction of heart-rate(sd) and arterial-pH(mean) to be highly signifi-
cant while the interaction between age and arterial-pH is not. The removal of heart-rate(sd)
from rule 4 reduces the rule discrimination ability the most, making it the critical factor.
Likewise, in other rules we observe that diastolic blood pressure (noninv-dia-BP), systolic
blood pressure (noninv-sys-BP) and length of stay (total LOS) also influence the mortal-

ity rate. In rule 8, decomposition analysis reveals that noninv-sys-BP(mean) is the critical
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factor of the rule while heart-rate(tests) has no contribution despite being involved in the
rule. The literature studying sepsis mortality supports our results, as the variables covered
in these rules as well as their cutoff values have been found to be significant in predicting the
mortality associated with sepsis. For example, rule 1 suggests that higher saturated oxygen,
(Oqg-sat(mean) > 92.5) is associated with lower mortality risk. Our findings are consistent
with the results found by [84] who reported a lower level of oxygen saturation in non-survivors
as compared to survivors, and a value below 78 is associated with increased risk of mortality
among patients of septic shock in their experiments. Alanine aminotransferase (alt), and
aspartate aminotransferase (ast) are liver enzymes that are biomarkers of abnormal liver
functions which is often found in sepsis patients [85]. In rules 1 and 2 we see that a higher
Aspartate-aminotransferase and Alanine aminotransferase signifies increased mortality risk,
high levels of both enzymes have been found to significant predictors of sepsis-associated liver
injury [86], 87] in literature. In rule 6, standard deviation of oxygen saturation (Oz-sat(sd))
is found to be a significant predictor of mortality, and higher deviations are associated with
higher mortality. A similar result was found by [88] who investigated spontaneous changes
in oxygen saturated in sepsis patients and reported a significantly higher number of severe
changes in Os-sat in non-surviving patients when compared to surviving patients. However,
the literature does not discuss the significance of interactions between the variables found in

our model.

Sensitivity analysis of some critical factors of the rules are reported in Fig. [2.12] The
sensitivity analysis figures show the odds ratio (and 95% confidence interval) of the rules
change when the cutoff values of variables are changed while keeping cutoffs of other variables
in the rule at the base level. Analysis of Os-sat. in rule 1 shows that an Os-sat.(mean) value
greater than 90 leads to an odds ratio much lower than 1, and hence decreased mortality
risk. A further increase in the Os-sat. shows a steady increase in risk showing that very
high levels of oxygen saturation (above 95%) will increase mortality risk. This analysis is in
line with a study by [89] which reports that both abnormally high and low levels of oxygen

saturation are associated with increased mortality in patients with suspected sepsis. Our
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Table 2.4: Top 8 rules identified with doubly sparse penalty from Sepsis survival data and

their decomposition analysis. The final rules selected after decomposition analysis are high-

lighted in gray.

ID || Rule p Value | Support
1 || Aspartate-aminotransferase (mean)<= 308 AND Os-sat. (mean)> 92.5 2¢e — 70 | 89.6
la || Aspartate-aminotransferase (mean)<= 308 2¢ —38 | 91.62
1b || Oy-sat. (mean)> 92.5 2¢e —83 || 97
2 | Alanine-aminotransferase (mean)< 2778.3 AND arterial-pH (mean)> 7.2 8e — 150 || 81.83
AND Oy-sat. (sd)<= 3.23
2a | arterial-pH (mean)> 7.2 AND Os-sat. (sd)<= 3.23 3e — 148 || 81.93
2b || Alanine-aminotransferase (mean)< 2778.3 AND Os-sat. (sd)<= 3.23 8e —59 || 86.97
2¢ || Alanine-aminotransferase (mean)< 2778.3 AND arterial-pH (mean)> 7.2 8e — 240 || 92.18
3 | age > 73.85 AND heart-rate (sd) <= 38.74 AND arterial-pH (mean) > 7.25125 || 3¢ — 05 | 37.21
3a || heart-rate (sd) <= 38.74 AND arterial-pH (mean) > 7.25125 3e —240 || 92.14
3b || age > 73.85 AND arterial-pH (mean) > 7.25125 le—05 | 37.39
3c | age > 73.85 AND heart-rate (sd) <= 38.74 > 7.25125 de —19 || 40.21
4 || has.septicshock = F' AND Alanine-aminotransferase (tests) > 3.5 2e —23 | 34.78
4a || has.septicshock = F' 3e — 17 | 50.38
4b || Alanine-aminotransferase (tests) > 3.5 le —23 | 69.82
5 | noninv-dia-BP (mean)> 34.3 AND Os-sat. (sd)<= 5.8 de —32 | 25.03
AND noninv-sys-BP (mean) > 111.5
5a || Og-sat. (sd)<= 5.8 AND noninv-sys-BP (mean) > 111.5 3e—32 | 25.07
5b || noninv-dia-BP (mean)> 34.3 AND noninv-sys-BP (mean) > 111.5 de — 25 | 26.30
5¢ || noninv-dia-BP (mean)> 34.3 AND Os-sat. (sd)<=5.8 3e—60 || 95.21
6 || Aspartate-aminotransferase (mean)<= 2585 AND Os-sat. (sd)> 3.1 be—42 | 13.6
6a | Aspartate-aminotransferase (mean)<= 2580 5e — 33 | 98.97
6b || Op-sat. (sd)> 3.1 2% — 51 | 14.01
7 | total-los> 0.52 AND heart-rate (tests) s> 478 AND arterial-pH (mean)> 7.25 || le —37 | 12.07
7a | heart-rate (tests) s> 478 AND arterial-pH (mean)> 7.25 le — 37 | 12.07
b || total-los> 0.52 AND arterial-pH (mean)> 7.25 5e — 290 | 90.59
7c | total-los> 0.52 AND heart-rate (tests) s> 478 2e — 37 || 12.11
8 || heart-rate (tests) > 7 AND noninv-sys-BP (mean)<= 99.61 2¢ — 27 | 8.91
8a | heart-rate (tests) > 7 1 99.4
8b || noninv-sys-BP (mean)<= 99.61 2¢e—30 | 9.08
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Figure 2.10: Kaplan—Meier survival curves with 95% confidence intervals for rules in Table
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Figure 2.12: Sensitivity analysis of critical factors in rules from Table
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sensitivity analysis is able to resolve such interactions and predict these complex effects.
In rule 2, we see that arterial-pH below 7.2 has a slightly higher odds ratio, and therefore
risk compared to when it is between 7.2 and 7.4. Any higher arterial-pH(mean) drastically
increases the odds ratio implying that a high arterial-pH is a strong indicator of mortality. In
rule 3, as the cutoff for age increases, the odds ratio and therefore the risk of mortality of rule
endorsing observations increases steadily implying that the older population is at greater risk
of mortality. Advanced age has been found to be a strong predictor of mortality among sepsis
patients [90, O1]. Rules 5 and 8 show that a high diastolic or low systolic blood pressure will
increase mortality risk. These insights into the effect of blood pressure are similar to those
obtained by prior research in a study conducted by [83] who used blood pressure and heart
rate dynamics to determine risk. Meanwhile, in rule 7, we find the longer length of stays are
associated with higher risk until a stay of about 50 days, the large confidence interval of the
odds ratio at stays which are any higher makes it hard to make a conclusion about the risk

in this case.

2.4.5 Comparison with Cox Regression and Random Survival Forest.

We again run experiments over 100 independently sampled subsets of the sepsis data to
compare the predictive performance of the SURVFIT model with the survival random forest
and the Cox model. We use 4-fold cross-validation [92] to estimate the error rates of the 3
models being compared. This is done as follows: first, we divide the dataset into 4 equal and
exclusive parts. Then, one of the parts is considered the test set, and the models are trained
on the remaining 3 parts after which performance evaluation is done on the test set. This is
done 4 times, each time considering a different part of the test set. This entire procedure is
repeated 25 times for 25 different random divisions of training and the testing set to obtain
the C-Index estimates for each of the different methods. The results in Fig. show that,
while the survival random forest and SURVFIT achieve comparable results, both methods
significantly outperform the Cox model on this dataset.

To compare the differences in error rates by different methods, we use the paired Wilcoxon
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Figure 2.13: Comparison of predictive performance of Random Survival Forest and SURVFIT
and Cox regression on MIMIC-III Sepsis data

rank sum test on our C-Index estimates. For each pair of the methods, we perform the

following test:

Null hypothesis: C-Index; = C-Index,
Alternative hypothesis: C-Index; # C-Index,

The p-Values of each of these pairwise tests are provided in Table 2.5 It can be seen that
the performance of all 3 methods are significantly different from each other. The p-Values of
the tests show that the error rate of the Cox model is clearly higher than both randomforest-
SRC and SURVFIT, and the random survival forest method, randomforestSRC, achieves
a lower error than SURVFIT. These results show that, on this dataset, SURVFIT yields
greater interpretability than randomForestSRC at the cost of some prediction performance

loss.
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Table 2.5: p-value of pairwise Wilcoxon rank sum test on C-index obtained by each of these

methods on Sepsis data

randomForestSRC Cox

SURVFIT 3.1e-05 2.98e-11
randomForestSRC 2.9e-11

2.5 Conclusion and Discussion

Regression models dealing with survival data such as the Cox regression model are often
used as confirmative tools but are limited by their inability to discover significant interaction
terms from the data unless explicitly specified. This limitation is addressed by the proposed
SURVFIT method which can be used to search for significant interactions among the vari-
ables. Different from existing rule learning methods, SURVFIT extracts a doubly-sparse set
of rules (i.e., which are sparse both in their cardinality as well as the cardinality of the vari-
ables involved in them) for survival data. We develop the learning formulation of SURVFIT,
and further propose and evaluate fast optimization strategies. We present a rule analysis
framework to analyze the extracted survival rules through statistical testing, decomposition
analysis, and sensitivity analysis to draw deeper insights from them. SURVFIT could be
used solely as a data analysis method that could reveal insights about the contributions and
interactions of the variables. Its results could also be used to augment the Cox regression
as well, i.e., with higher-order interactions. Moreover, the absence of any underlying as-
sumptions about the data makes our model quite robust. In summary, SURVFIT provides
a sparse, efficient, and highly interpretable tool that can be used to detect and explain the
properties of predictive rules from survival data. We have also developed the R package,
SURVFIT, to implement the rule learning algorithm and rule analysis framework presented

in this paper. Future directions to SURVFIT may include the development of more struc-
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tured solutions, such as ones with hierarchical restrictions on the variables in the rules, as
well as learning rule sets such that the rule endorsement subsets are highly unique, i.e., rules
are different from each other not only in terms of the variables involved but also in terms of

the observations they endorse.
2.6 Software and Computational Details

R package ranger [57] was used to build survival random forest and inTrees [93] was modified
by us to extract an exhaustive rule list from ranger. An R implementation of FOGLASSO
based on SLEP [68] was used to implement the first-order method. The SOCP formulation
was solved using CPLEX solver. Comprehensive codes to implement solutions of both formu-
lations, extract survival rules, and use the proposed rule-analysis framework are available in
a self-contained SURVFIT package downloadable from https://github.com/hamzameer/

SURVFIT.


https://github.com/hamzameer/SURVFIT
https://github.com/hamzameer/SURVFIT
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Chapter 3

LEARNING SEMI-PARAMETRIC BAYESIAN SURVIVAL
RULE LISTS FROM HETEROGENEOUS PATIENT DATA

Survival data is often collected in medical applications from a heterogeneous population of
patients. While in the past, popular survival models focused on modeling the average effect of
the covariates on survival outcomes, rapidly advancing sensing and information technologies
have provided opportunities to further model the heterogeneity of the population as well
as the non-linearity of the survival risk. With this motivation, we propose a new semi-
parametric Bayesian Survival Rule List model in this work. Our model derives a rule-based
decision-making approach, while within the regime defined by each rule, survival risk is
modeled via a Gaussian process latent variable model. Markov Chain Monte Carlo with
a nested Laplace approximation on the Gaussian process posterior is used to search over
the posterior of the rule lists efficiently. The use of ordered rule lists enables us to model
heterogeneity while keeping the model complexity in check. Performance evaluations on a
synthetic heterogeneous survival dataset and a real-world sepsis survival dataset demonstrate

the effectiveness of our model.

3.1 Introduction

Survival analysis studies time-to-event data, and consists of important prognostic models
to analyze patient morbidity and mortality in almost all medical areas. Many of these
models were developed decades ago when medical data were largely collected on paper and
were designed for modeling the average effect of risk factors in a population. One of the
most commonly used models, the Cox proportional hazards regression [61], was built on

a creative nonparametric construct of the baseline hazards function and the use of linear
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formalism to characterize the relationship between the covariates and the survival outcome,
i.e. hazard or risk. With increasing complexity in modern patient medical data that are
now available through advances in sensor technologies, the methodological framework of the
classic Cox regression model is found to be over-simplified due to its proportional hazards
assumption and the imposed linearity of covariate effects. It is possible now to develop
better methods for patient survival data analysis by modeling both complex survival effects
as well as data heterogeneity. As these two interrelated issues are tackled in the literature
as separate issues, in this paper, we propose to tackle both issues in a unified framework
that builds on the strength of rule-based learning and semi-parametric Bayesian modeling for
survival data. A popular way of modeling survival data is the nonparametric Kaplan-Meier
estimator [94] that estimates the survival function from censored and event times but does
not incorporate covariate effects. The semi-parametric Cox regression [61] can overcome this
problem, but it imposes a strict proportional hazards assumption which is often not valid on
real-world survival datasets. To ameliorate this limitation, the fully parametric accelerated
failure time (AFT) method was proposed where a prior baseline probability distribution is
given for the baseline lifetime, and covariate effects directly act on event times through a
link function. Both these methods model linear effects, and can only detect interactions if
explicitly specified in the model. On the other hand, the survival trees [95] and random
survival forests [06] are non-parametric methods that can implicitly detect interactions and
do not assume linearity. Nevertheless, being non-parametric, they are unable to incorporate
prior information or quantify uncertainty. Recently, there has been work on using Bayesian
semi-parametric methods for survival analysis. Gaussian process extensions to the Cox and
AFT models [97, O8] have been introduced, where a latent Gaussian process is used to model
one or more parameters. As GP models define distributions over functions, such models
are capable of modeling non-linear effects. Moreover, since they are semi-parametric, they
are capable of incorporating prior information, while the Bayesian approach enables them
to quantify uncertainty. However, these models aim to model the survival data from a

homogeneous population and do not model heterogeneous effects. One approach proposed
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a trajectory-based collaborative modeling framework that is adaptable to model population
heterogeneity for depression assessment and prognosis [99]. A prognosis-driven selective
sensing method has also been proposed for faster identification of high-risk individuals in

heterogeneous populations [100].

Rule-based learning is another approach that uses spatial partitioning to model heteroge-
neous data. Rule models have been especially important in medical and healthcare domains
where interpretability is critical, e.g., rule-based machine learning models have been used
for diagnosis of breast [I01] and lung cancer [102], sepsis [103], diabetes [21] as well as to
study depression profiles [53]. Rule-based methods have also been shown to be effective in
identifying subgroups with heterogeneous risk profiles in a patient population [32]. Greedy
decision tree models such as CART [33] are typical examples, but they provide a quite re-
strictive result, i.e., the partitioning is suboptimal. Optimal partitioning such as through
integer programming [34] or Bayesian decision trees [35] is NP-hard and computationally
demanding due to the exponential search space which severely limits both the depth of the
tree and the number of variables that can be considered. Compared with the tree models,
the rule-based methods, which work on the same principle of partitioning, have found larger
flexibility and efficiency in a range of applications. As the purpose of using partitioning is to
tackle patient heterogeneity, it can be used to group data into subsets with similar response
characteristics that enable the subgrouping of subjects and subsequent separate modeling of
each subgroup. A recent breakthrough in rule learning is Rulefit [20] for classification and
regression modeling, motivated by the sparse regularization techniques, which was general-
ized to survival outcomes as well [25]. Rulefit generates a sparse list of predictive rules from
a large set of rules mined from bootstrapped decision trees. Rules can also be flexibly used
or re-organized to make better decisions, one example is the recent development of Bayesian
rule lists (BRL) for classification [36] that is able to incorporate Bayesian modeling to quan-
tify uncertainty. BRL is able to strike a balance between greedy and optimal partitioning

and provides good generalizability with a significantly lower computational load.

In this paper, we propose an integrative framework that uses ordered rule lists to de-
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rive a rule-based decision-making approach, while within the regime defined by each rule,
survival risk is modeled via a Gaussian process latent variable model. The computational
challenges are overcome by a tailored Markov Chain Monte Carlo algorithm with a nested
Laplace approximation for the latent variable model to search over the posterior of the rule
lists efficiently. The use of ordered rule lists enables our method to model data heterogene-
ity while simultaneously keeping the model complexity low and providing interpretability.
Moreover, since basic GP survival models require O(N?3) matrix inversion operations, the

data partitioning approach may lower computational demands once a rule list is found.

3.2 Background

3.2.1 Generalized Linear Models for Survival Analysis

Different approaches aim to model the hazard function based on different premises. In the
Cox proportional hazards regression [61], the hazard function is modeled as the product of a
nonparametric baseline hazard, ho(t) which is a function of time and a relative hazard term,

hr(x) that is a log-linear function of covariates,

h(t | i) = ho(t)exp(g(x:)), (3.1)

where g(z;) = w'z;. The Cox model makes an assumption that the hazards are proportional,
i.e., the ratio of hazards of any two observations remains constant over time and only depends
on the covariates. This restrictive assumption often does not hold on real survival datasets.
Further, since the baseline hazard, ho(t) is not estimated, the Cox model can only describe
how the hazards of two observations relate with each other, and not describe the hazard
or survival function of a given observation directly. The accelerated failure time (AFT)
model is a popular parametric approach that relaxes the proportional hazards assumption

by modeling the covariate effects as directly influencing the failure time of the observations,

log T; = g(z;) + e, (3.2)
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where € is the error term with a specified distribution that determines the baseline failure
density. A common modeling approach is to assign a logistic distribution to €, which is
equivalent to assigning a log-logistic (LL) distribution to the baseline failure time, Tp, as we
can see by rewriting as, T; = exp(g(z;))To and Ty = exp(e). In this case, the failure time
of an observation, T; can therefore be seen as a sample from a log-logistic distribution with
scale parameter, a; = exp(g(x;)) depending on covariates and a common shape parameter,
g for all observations, i.e. T; ~ LL(cy, ), where o; = exp(w'z;). The parameters, (w) of
the Cox regression or (w, §) of the AFT model are estimated through Maximum Likelihood
estimation. These two models fall under the framework of generalized linear model as the
covariate effects are assumed to be linear, therefore, they cannot deal with non-linearities
and interaction effects unless explicitly specified in the model terms. A popular approach
to deal with some of these limitations are survival trees [95] and the bootstrap aggregation
of trees, i.e., the random survival forest [96] which can implicitly deal with interactions. An
added advantage of the tree-based approaches is that they are interpretable and can easily

be decomposed into rules.

3.2.2  Gaussian Processes for Survival Analysis

To ameliorate the limitations of the generalized linear model framework, which can only
include nonlinear effects through explicit model specification, a well-known approach has
been to use Gaussian processes. Several works in literature have applied Gaussian processes
to extend the standard models of survival analysis. The GP-Cox model [97] extends the Cox
regression by the replacing linear effects term, g(x) with a GP, f to model nonlinear covariate
effects while assuming the baseline hazard to be piecewise constant. This model is extended
in [98] by smoothing the piecewise constant baseline hazard with a second GP. Recently, the
Gaussian Process framework was used to extend the AFT model [104] to nonlinear effects.

We discuss this GP-AFT model in further detail since it is related to our work.
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GP-AFT survival model

The GP extension to the log-logistic AFT model (Section includes nonlinear effects
by imposing a log GP prior on the scale parameter («), instead of a log-linear relation to
the variables, i.e., o = exp(f) where f ~ GP(0, K). GP-AFT models the scale of the AFT
distribution as dependent on the variables through the GP, while the shape parameter, (3, is
considered to be the same for all observations, and does not depend on covariates. However,
this model carries over the AFT assumption that the shape parameter of the failure time
density does not change with respect to the covariates. This is restrictive as it assumes the
hazard function to be either exponential or unimodal for all observations in the data, which
does not hold in heterogeneous datasets.

Work to ameliorate the limitations of Gaussian processes on heterogeneous data have
focused on partitioning approaches. [105] propose Bayesian treed partitioning, with GP
being fit to the terminal nodes of a Bayesian CART model, while [106] fit separate GP’s
at each element of a Voronoi tessellation. However, these efforts still use exclusive tree
structures for modeling heterogeneity and do not address nonlinear survival models such as
GP-AFT. In contrast to these fully probabilistic GP models, our work is semi-parametric
which enables us to achieve a balance between computational demand and performance.
Our proposed work also addresses the limitation of the GP-AFT survival to heterogeneity
by relaxing the common shape assumption and varying the shape parameter with respect to
covariates, i.e., our rule list approach allows us to learn failure time densities with varying

shapes for different partitions, as well as identify the covariates that cause heterogeneity.

3.3 GPSRL

Let R be the pre-mined rule set containing a total of K rules. We generate R by extracting
rules of various cardinalities from trees in a random survival forest. The cardinality of a rule
is defined as the number of interacting covariates in the rule (ex. 1,2, .. etc.). Rules that are

endorsed by at least a given minimum number of observations in the dataset are selected, i.e.,
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rules that apply to very few observations are filtered out. Our goal is to tackle heterogeneity
by building an ordered rule list, d which is a subset of R of size m where m < K. Priors on
the number of rules in the list, m, and the number of covariates interacting in each rule ensure
that the rule list is sufficiently sparse and complex. We utilize an MCMC scheme similar
to that in BRL [36] to obtain a posterior over the ordered rule list given data; however,
the objective in BRL was multivariate classification, while our goal is survival analysis with
Gaussian processes. In what follows, we describe our predictive model, Gaussian process

survival rule lists (GPSRL), and inference procedure to learn the model.

3.83.1 Formulation of Gaussian Process Survival Rule Lists

An ordered rule list, d with m rules will divide the dataset into m + 1 non-overlapping
partitions as follows: each observation in the dataset which endorses at least one of the
m rules belongs to the partition associated with the first rule in the ordered list, d, that
the observation endorses. Observations not endorsing any of the m rules will belong to the
m + 1-th partition. Thus, an ordered rule list of length m will divide the data into m + 1
exclusive partitions. For each of the partitions determined by d, we fit a log-logistic (LL)
Gaussian process AFT model with its scale parameter (a) dependent on covariates
and modeled via a Gaussian process, and a shared shape () parameter with a log uniform
prior. The same priors are adopted across partitions to control the model complexity. An

illustration of our Bayesian GPSRL model is given in (3.3)).

if r1 then ty ~ LL(ax, 1)

else if o then ty ~ LL(cxg, 52)

else if Ty, then ty, ~ LL(Oty, Bm)

else ty ~ LL(axo, Bo)



o6

The priors on the parameters of the rule list and survival models on each partition (j €

{0,---m}) are:

mNTP<>‘707|R|) 8% :exp(fj(Xj))
log B; ~ U(0, s) fi(X;) ~ GP(0, Kj) (3.4)
12
s~ 1G(a,b) Ki(z,x) :afexp(—%)
J
gj ~ IG(CLU, bg) lj ~ IG(al, bl)

Here, LL,U,TP,1G, N are the Log-logistic, Uniform, Truncated-Poisson, Inverse-Gamma
and Normal distributions, respectively. Our model seeks to combine the interpretability of
rule-based models with the modeling flexibility of Gaussian process survival models. Given
the pre-mined set of rules R, we seek to obtain the posterior distribution of the ordered
Bayesian rule list, d, and the associated posterior distributions of parameters of the Gaussian
survival processes that model the survival response at each of the corresponding partitions

defined by d.

3.3.2  Bayesian inference

Given covariate data, X, and survival response, y, Our goal is to obtain the posterior distri-
bution of the ordered Bayesian rule list. The posterior probability density of the rule list, d
is proportional to the product of data likelihood and prior probability:

p(d| X,y) < ply | X,d)p(d). (3.5)

Prior probability

Similar to the prior probability of the BRL [36] model, the prior probability of the GPSRL

rule list is defined hierarchically as,

m

p(d) = p(m | N) [ [ plej | er- - cimrmp(r [ r1,- i, ¢p) (3.6)

J=1
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Figure 3.1: Graphical representation of GPSRL

Here m is the number of rules in the list, and ¢; denotes the cardinality of rule ;. Truncated-
Poisson (TP) priors are selected for both m and each of ¢; | ¢;---¢j_1. The TP prior on m
has a given mean value A and is truncated on the total number of rules that are available,

K. Tt may be written as follows.
(A™/m!)
> (/Y

The TP prioron ¢; | ¢ - - - ¢j_1 has a mean 7 and is truncated to only include the cardinalities

p(m | R,\) = m=20,1,... K (3.7)

of rules that are currently available. R; = R\ {r1,72...7;_1} are the rules available after

sampling j — 1 rules. The probability of selecting the cardinality, ¢; may be written as:

N /c;!
plej | er---ci1,m) = > /¢ (3.8)

CEC]' nC/C! ’
where C} is the set of cardinalities of rules in R;. Once ¢; is sampled, a uniform probability

is chosen over all the available rules with cardinality ¢; to sample the j-th rule in d, r;. That

is,
1

p(rj [ r, i1, ¢y) = {ri | € Ry ¢ = ¢} (3.9)
i i iy Ci = G4
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The first term in the prior is the probability of obtaining a rule list with m rules given
the mean number of rules A. In the subsequent product over the rules {r;---r,,} in d, each
term denotes the probability of obtaining a rule r; with a cardinality of ¢; given a mean
cardinality n multiplied by the probability of choosing rule r; from all the available rules
with this cardinality.

Likelihood

We fit a log-logistic (LL) Gaussian process AFT model (3.2.2)) at each of the partitions
defined by the rule list, d. Here, the data likelihood (??) of partition j € {1,2,...m + 1}

given response y = (t,6), covariate data, X, and parameters (a, /) is as follows:

M:6=1 (%)(%)571 N:6;=0 1
p(y | o, B) = E [ErTa ]1_[ Eenh

=1

(3.10)

The scale parameter, a = exp(f) is defined as an exponential of a Gaussian process (GP) with
prior f | X ~ GP(0, Kx), while the shape parameter has a log uniform prior, log g ~ U(0, s).
Since this likelihood is not Gaussian or conjugate-Gaussian, the posterior density of
f, ie., p(f | X,y), and consequently the marginal data likelihood, p(y | X) = [p(y | f)p( x
f | X)df is not analytically tractable and must be approximated. A popular method to
approximate the posterior in case of non-Gaussian likelihood with latent Gaussian processes
such as those arising in survival analysis is the Laplace approximation, which obtains a
Gaussian distribution approximation to the posterior density of the GP around the mode
of the true distribution. The Laplace approximation [I07] obtains a Gaussian density, g,
which approximates the true non-Gaussian posterior density of the GP, i.e., the approximate

posterior density, ¢(f) =~ p(f | y, X) given by,

a(f)=N(f|f,A7) (3.11)

where f = argmax p(f | X,y) is the mode of the posterior and A = —VVlog p(f | X,y)

is the Hessian of the negative log posterior at the mode. This approximate density can be
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used in lieu of the true GP posterior to calculate an approximated marginal likelihood, p( x
y| X)~p(y| X) = [ply ]| fg(f)df. The total approximated marginal likelihood of the

data can be written as:

oy | X, d) = HpL yi | X,), (3.12)

where y; and X is the response and covariate data, respectively, belonging to each of the

m + 1 partitions (indexed by j) defined by our rule list.

MCMC Sampling

We use Metropolis-Hastings sampling to infer the posterior distribution of the rule list,
p(d | X,y). The sampling sequence of rule lists starts with an initial random list, d° sampled
from the prior, p(d). After initialization, the sequence proceeds as follows: At step ¢ in
the sequence, with a rule list d* of length m!, a proposal distribution @) is used to propose
the next list in the sequence d'™ ~ Q(d"). The new rule list is generated through one of
three equally likely operations: i) adding a rule to the bottom of d', ii) removing a randomly
selected rule from d', iii) moving a randomly selected rule to a different position in d*. The

proposal distribution denotes the probability of sampling d**! from d,

(
1

R=mt) (1) if a rule is added

QU™ |d'\R) = L if a rule is removed (3.13)
m if a rule is moved.

\
The proposed sequence, d**! is then accepted with an acceptance probability, 7(d"™ | d*),

defined as follows:

QA d) ply | X, d)p(dit)
(@ &) =mind G S T @

Here p(y | X,d") and p(y | X,d""!) are marginals that may be evaluated approximately

(3.14)

as shown in Section [3.3.2, For a sufficiently long chain, the sequence will sample rule lists

from the posterior density of the Bayesian rule list. Gaussian approximates to the marginal
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likelihood have been proposed in literature to increase the speed of the MCMC algorithm
when the likelihood evaluation is costly [108], where it was shown that using an approxi-
mate likelihood may take more MCMC steps to reach convergence though the total time
of convergence reduces due to faster sampling enabled by the approximations. However,
using approximate likelihood evaluations does not theoretically guarantee convergence of the
MCMC algorithm though the algorithm will push the sequence towards an area with a high

approximate posterior.

3.3.8  Predictive Inference

Given the posterior distribution of the rule lists obtained from the MCMC sequence, p(d | x
X,y), we can obtain a point estimate of the rule list, d, and the model defined by the
Laplace-posterior approximations of the latent GP, ¢;(f) and shape parameter of the log-
likelihood distribution, 3; at each of the partitions. The predictive density (under the Laplace
approximation) of a new observation (y*, z*) which falls in, say, the j-th partition as defined
by d can be evaluated as follows: first, the distribution of the latent GP at the new observation

(see [107] for derivation) under the Laplace approximation is computed. Since,

I ~N(0, K(X) K<X’x*)> (3.15)
f K(z*, X) K(z")

and therefore the conditional density is
Pl X f = N (K@ XK (X)) K@) = K X)K(X) K (X2Y). (3.16)

The posterior predictive density of the GP under the Laplace approximation, ¢;(f* | z*, X

X, y), can then be evaluated as,
P 1 X D) = [ B0 12X D0l | X.g)af
~ [ 12" X D | X.g)af (3.17)
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and is therefore a Gaussian distribution that is analytically tractable. Then, the predictive

density of the observation (y*, *) under the Laplace approximation is given by the integral,
py" | 2", X, y) = /p(y* | o, B)p; (f* | 2%, X, y)df*
~ ol |0 Bl | X (3.18)

Since the first term of this integral is the log-logistic data likelihood ([3.10)), and is not
conjugate-Gaussian, the integral is not analytically tractable and must be calculated using

numerical methods.

3.4 Numerical Experiments

Performance validation and comparison with several existing GP-based survival models such
as GP-AFT survival Gaussian process model with Laplace approximation [109] SGP (L), sur-
vival GP model with variational approximation [I10] SGP(V), and a recent work that pro-
posed to model both shape and scale parameters with GP’s, chained Gaussian process model
[111], CHGP. Experiments are performed on a synthetic heterogeneous survival dataset and
a real-world survival dataset of sepsis patients from the MIMIC-III (Medical Information
Mart for Intensive Care) [76] database. Performance is evaluated using the negative log pre-
dictive density (NLPD) (3.18]) and concordance index (C-INDEX) [75]. NLPD is calculated

from the predictive density as shown in Section [3.3.3

N
Voplyr | an X
NLPD(y*, X*) = lelp(lel 5 Xy) (3.19)

C-INDEX is the measure of a model’s ability to rank survival times. It estimates the proba-
bility that in a randomly selected pair of test observations, the one with the lower response
time has the lower predictive response time. In our experiments, for each observation, we
take the average C-INDEX calculated over 100 predicted times sampled from the predictive
log-logistic distributions in the obtained GPSRL rule lists . NLPD is lower in a superior
model while C-INDEX is higher. We use the GPy [112] software to train the GP models

used in these experiments.
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3.4.1  Synthetic Data

We simulated a heterogeneous survival dataset, D = (y,d,X), consisting of N = 1000
observations with P = 4 variables. The covariates of each observation x € X are generated
by sampling from uniform distribution (x; ~ U(0,1)Vi € 1 : P). Event times for all
observations, t, are simulated by sampling from a log-logistic distribution, ¢; ~ LL(«, f3)

with the scale «, and shape [ parameters generated as follows:

a(z) = Loy () + Las(z) + Lzas(z),
B(z) = L1 51(x) + 1282(x) + I385(x),

where [y, I, I35 are indicator functions to denote certain conditions on the covariate data
being satisfied and «;, §; are different complex functions of the covariates of the following

form:
2

a;(x) = arexp (aQ(ZeXp(ag(x[k] —as)?)) + Z SiH(W.%‘[k]Q)),

k=1

Bi(x) = blexp<z sin(27rx[k]?) + Z cos(27ra:[k:]2)> :

with varying values of aj, as, as, as and by for each i € {1,2,3}. We assume that 35% of the
simulated data is censored (d; = 0). To account for this, the simulated event times, t of a
random subset consisting of 35% of the data are multiplied with a uniform random variable
to simulate the response times, y, i.e., y; = p;it; if ; = 0 else y; = t; where p; ~ U(0,1).
Performance comparison is carried out by evaluating model performance on a testing dataset
consisting of 250 observations that was simulated in a similar manner as the training data.
A large set of rules are mined from a survival random forest and rules that are followed by

at least 10% of the data are selected to generate the initial rules, R.

Results

We used hyperparameter values of A\ = 3 for the mean length of the rule list, and n = 2 for

the mean number of variables in each of the rules. The MCMC chain was simulated until
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Table 3.1: Estimate of ordered rule list d from the posterior

Rules

™ T3 S 0.259
Ty x4 > 0.596 & x5 > 0.196

r3 x4 <0.677 & x4 > 0.192

Survival function . Hazard function
1.07 — ifn — if
0.8 — else if 1o 41 — else if 1o
' — else if r3 — else if ry

0.6 else 3 — clse
= =
94 < 5]

0.2 11

0.01_ ' ' ' ' 0L . : . .

0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0
Time Time
(a) (b)

Figure 3.2: (a) Mean survival function and (b) Mean hazard function of GPSRL model on
each of the partitions defined by rule list in Table
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convergence, which took approximately 4000 iterations. An example of the rule list obtained
from the posterior in one of the MCMC chains is shown in Table Fig. shows the
mean survival function learned at each of the four data partitions defined by the rule list,
and Fig. shows the mean hazard function. It is noted that the hazard function learned
by GPSRL is multimodal, i.e., in the first partition, the hazard is exponential, signifying
that the shape parameter, § <= 1 while in the other partitions, it is unimodal meaning
f > 1. The standard GP-AFT models discussed in Section [3.2] assume the same value of
B for all observations and hence learn either an exponential or a unimodal hazard but not
both, while the partitioning approach of GPSRL allows us to model both unimodal and

multimodal hazards, which is a typical aspect of heterogeneous medical datasets.

207,
‘ 0.851
1.5 .
A _ 60.80-
o [
= 10) - =
- LI)O.75-
0.51
. 0.70-
SGP(L) SGP(V) CHGP  GPSRL SGP(L) SGP(V) CHGP GPSRL
Model Model

(a) (b)

Figure 3.3: (a) NLPD and (b) C-INDEX comparison over 10 cross-validation folds with 250

replicates for different survival GP models trained on synthetic data

The performance comparison results in Fig. show that GPSRL model outperforms
the other models on the synthetic dataset. The box plot in Fig. shows the NLPD ob-
tained by each model on the testing data over 10 folds of the testing data. We observe that
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GPSRL achieves the lowest values of NLPD as compared to other models, demonstrating its
effectiveness. The other survival model that provides a way to model heterogeneity, chained
survival Gaussian process performs second best. The GP-AFT models with Laplace approx-
imation, SGP-L and with sparse GP variational approximation, SGP-V achieve comparable
performance. In Fig. [3.3D] the comparison of C-INDEX for different models on the 10 testing
folds is shown. Once again, GPSRL outperforms other models and has the highest mean
C-INDEX. The C-INDEX follows the same trend as NLPD, however, SGP(V) achieves the
lowest C-INDEX.

3.4.2 Sepsis Data

MIMIC-III is a comprehensive database comprising anonymized information relating to pa-
tients admitted to the Beth Israel Deaconess Medical Center in Boston, MA between 2001
and 2012. The data consists of over 53,000 adult ICU admissions during this time period.
In this paper, we utilize a subset of inpatient admissions that were diagnosed with sepsis
conditions. We consider 9 variables consisting of patient characteristics and physiological
measurements, which are age, heart rate, diastolic and systolic blood pressure, saturated
oxygen, arterial-pH etc. We choose a subset of 1200 observations for training the model and

a testing dataset of 400 observations.

Table 3.2: Estimate of ordered rule list d from the posterior

Rules

T artpH-(mean) <= 7.249
ro | O2sat-(sd) <= 4.66 & diaBP-(mean) <= 61.26

3 O2sat-(sd) <= 4.8
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Results
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Figure 3.4: (a) Mean survival function and (b) Mean hazard function of GPSRL model on
each of the partitions defined by rule list in Table

We used hyperparameter values of A = 3 for the mean length of the rule list, and n = 2
for the mean number of variables in each of the rules. The MCMC chain was simulated until
convergence, which took approximately 4700 iterations. An example of the rule list obtained
from the posterior in one of the MCMC chains is shown in Table Fig. shows the
mean survival function learnt at each of the three data partitions defined by the rule list, and
Fig. shows the mean hazard function. The performance comparison results in Fig. [3.5
show that on this dataset, the performance of all the models is comparable though a small
gain is achieved by using GPSRL. The box plot in Fig. shows the NLPD achieved by
each model on the testing data over 10 folds of 40 observations each. GPSRL does achieve a
slightly lower median NLPD as compared to other models, though standard GP models are
satisfactory on this dataset. The same applies to Fig. [3.5b[ which compares the C-INDEX
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Figure 3.5: a) NLPD and (b) C-INDEX comparison over 10 cross-validation folds with 400

replicates for different survival GP models trained on sepsis data.

achieved by the models on the 10 testing folds. Once again, the values obtained are nearly

equal.

Table 3.3: Summary of NLPD comparison of different models

Data | SGP(L) | SGP(V) | CHGP | GPSRL

Synthetic | 1.08 £0.2 | 1.09+0.2 | 0.93+0.1 | 0.9+0.1
Sepsis 1.76 £0.2 | 1.75£0.2 | 1.73£0.2 | 1.67 £ 0.2

A summary of the mean NLPD obtained via cross-validation by the various survival
GP models on both the synthetic and survival test datasets is provided in Table and a
summary of the mean C-INDEX is provided in Table As can be seen, our model achieves

clearly better performance in both average NLPD and average C-INDEX on the synthetic
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Table 3.4: Summary of C-INDEX comparison of different models

Data SGP(L) | SGP(V) | CHGP GPSRL

Synthetic | 0.77 £ 0.05 | 0.75+£0.05 | 0.75 £ 0.05 | 0.78 £ 0.04

Sepsis | 0.61 £0.07 | 0.62 £ 0.06 | 0.62 £ 0.07 | 0.63 £ 0.07

heterogeneous dataset while all the GP models have more or less similar performance on the

sepsis data.
3.5 Conclusion

In this paper, we propose a novel and effective method to model heterogeneity in survival
data analysis. Our model, ‘Gaussian Process Survival Rule Lists (GPSRL)’, utilizes a semi-
parametric Bayesian framework to partition the data into subsets with different survival
characteristics. This allows us to address some of the limitations of standard survival Gaus-
sian process models and also provides a degree of interpretability. Experimental results on
the synthetic dataset and the MIMIC sepsis survival dataset demonstrate the efficacy of our
model by outperforming existing survival GP models. In future work, exploring speedups to
GPSRL through either screening for bad proposals of rule lists or computationally efficient
approximations, such as stochastic approximations to the latent marginal can improve the

model further.
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Chapter 4

A RULE-BASED EXPLORATORY ANALYSIS FOR
DISCOVERY OF MULTIMODAL BIOMARKERS OF ADHD
USING EYE MOVEMENT AND EEG DATA

Developing biomarkers for a complex neurodevelopmental disorder such as attention
deficit hyperactivity disorder (ADHD) is a challenging task since it is a multifactorial and
multi-faceted condition. Researchers have been employing different sensing modalities to
acquire measurements of the condition, however, there has been a lack of approaches that
can adequately combine the multimodal data and detect interactions among the modalities.
To demonstrate the concept and benefit of multimodal biomarker discovery, we conducted
a multimodal data collection targeting the ADHD condition and demonstrated how a rule-
based exploratory analysis approach could be used to analyze the data. To the best of
our knowledge, our work is the first attempt to explore and identify interesting interactions
among two modalities of data, eye movement data and the EEG signal, for multimodal
biomarker discovery for ADHD. The detection of these interactions would help us better

understand the condition and develop better prediction models and intervention strategies.

4.1 Introduction

Attention Deficit/Hyperactivity Disorder (ADHD) is a common neurodevelopmental disor-
der, which is usually first diagnosed in childhood but may last well into adulthood [52, 113
114]. ADHD is characterized by an ongoing pattern of inattention or impulsivity and can
significantly interfere in the functioning and development of individuals [52]. While clinical
diagnosis of ADHD is based on the DSM-IV diagnostic criteria [I15], researchers have been
trying to understand the underlying pathology, and to develop ADHD prediction models
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based on statistical and machine learning methods. As opposed to the subjective and self-
reported observations of behavior required in the DSM criteria, statistical methods could
enable the detection of objective biomarkers that are predictive of ADHD. For example,
brain imaging methods have been explored as diagnostic aids [116], 50, 117] based on MRI
images and resting-state fMRI scans. Facial expression and head motion analysis via RGB-
D depth-sensing camera and based on dynamic deep learning [118] has also been explored
as a potential diagnostic aid. Further, models based on continuous performance test data
[119] that include presentation of visual or auditory target and non-target stimuli aimed at
measuring inhibition and impulsivity [120] were found to enhance diagnostic assessment and
could be used as supplementary measures in ADHD diagnosis.

Among these efforts, an important area is the use of electroencephalography (EEG) in
detecting ADHD patterns [43, 44 45] [46]. EEG data has been used to describe and quantify
the underlying neuro-physiology of ADHD as well as in many diagnostic applications [43].
For example, EEG studies have discovered that elevated theta-beta ratio is a commonly
observed trait in participants with ADHD [44] 121]. Further, children with ADHD have
been found to have reduced power in alpha and beta bands and increased power in the low
EEG frequency bands (i.e., delta and theta bands) in comparison to children without ADHD
[122].

More recently, eye movement data has also been used in developing prediction systems for
ADHD [47, 48], [49], since eye movement patterns may reveal attention and working memory
deficits that are prevalent in individuals suffering from ADHD. Recent work integrating an
eye tracker with continuous performance tests (CPTs) was proposed to be a feasible way of
enhancing diagnostic precision [47], and a combination of eye movement fixation and saccade
features have been shown to be predictors of ADHD diagnosis in adults [123] 124]. Further,
a decision tree model [125] that uses eye movements and positions of different gaze event
types such as fixations, saccades, gaze positions, and pupil diameters has been found to have
good predictive accuracy.

So far, there has not been a study that jointly explored eye movement data and EEG
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signals for ADHD detection. ADHD has a complex pathology, and one single modality is not
sufficient to characterize it completely. Multimodal biomarker analysis has proven to have
superior predictive accuracy in the modeling of Alzheimer’s disease [126]. Therefore, using
multimodal biomarkers may not only enhance the prediction power of the diagnostic model
of ADHD, but also deepen our understanding of the condition and further yield better design
of intervention strategies. Some existing works using multimodality to detect ADHD focused
on the fusion of fMRI and EEG data [50, 43] but not EEG and eye movement data. We note
that fMRI is restricted to be used in constrained environments where participants have to
be immobile in a supine position [127]. This limits the usage of fMRI for complex tasks in
everyday situations [128)], which is critical to diagnose ADHD [127]. In prior works, EEG and
eye movement data were combined for the purpose of better data preprocessing, e.g., [129,
130] have proposed methods for correcting the artifacts generated by eye movement in EEG
signal using simultaneous eye tracking information, but a joint study considering multimodal
effects has not yet been undertaken. The main challenge for detecting multimodal biomarkers
for ADHD is the lack of data where multimodal data should be simultaneously collected,
and also a lack of computationally efficient models that can efficiently sweep through the
enormous search space of potential multimodal interaction patterns. In this work, we seek
to address these challenges by leveraging on recent developments in machine learning, and
particularly, the development of rule learning methods [I31), [132] that yield high-quality
predictive rules and conduct an exploratory analysis of a multimodal dataset of ADHD

patients we have recently collected for this endeavor.

This paper [133] is structured in the following manner. Section [4.2]describes the data and
the study population. Section presents the rule learning and analysis framework that
we use to analyze the data. Section |4.4] presents the prediction performances of different
models, the discovered rules and their decomposition analysis. Section 4.5| gives an in-depth
analysis and interpretation of some rules and their implications on better ADHD prediction

and intervention design. Section [4.6| concludes the study.
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4.2 Data

We collected the eye movement and EEG data from twenty-two undergraduate and graduate
students enrolled at the University of Washington who were recruited to carry out the task
and collect the eye movement and EEG data. The sample consisted of 9 male and 13 female
students with a mean age of 20.4 years. The students had no prior knowledge of the task,
and the study was approved by the University Institutional Review Board (IRB). Three
of the students were diagnosed with ADHD. Prior to the main experiment, participants
were asked to answer two questions: Have you been diagnosed with ADHD by a medical
professional? and have you been diagnosed with a different disorder, such as autism or ADD,
by a medical professional? Three students responded ‘yes’ to question 1. Out of 3 students
who responded that they had been diagnosed with ADHD by a medical professional, one

participant responded with autism and the other responded with anxiety to question 2.

The study used NASA’s Multi-Attribute Task Battery (MATB-II) to simulate a multi-
tasking environment for participants in the experiments [134], which has been widely used to
evaluate operators’ multitasking performance and workload [I34]. The participants needed
to simultaneously perform system monitoring, communications, and resource management
tasks, which were analogous to tasks that aircraft pilots perform in flight. During the exper-
iments, MATB-II displayed task stimuli randomly, and participants were required to react
to each stimulus by clicking on the screen with a mouse as soon as possible. Reaction time,
and correct and incorrect responses were recorded. During the experiments, the participants
first familiarize themselves with the MATB-II tasks in a five-minute training session. Then,
the participants performed four eight-minute experiment sessions. We randomized the order
of sessions for all participants to eliminate the order effect. Table summarizes the basic
statistics of the participants, and a screenshot of the task interface and the participant’s
eye movement is shown in Figure [4.1] The participants had no prior knowledge of the task,
and the study was approved by the University Institutional Review Board. All participants

signed a written consent form prior to the experiments. Since each participant had done 4
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different tasks, in total we have 88 samples, while among them 12 samples are observed on

ADHD subjects.

Table 4.1: Basic statistics of the study participants.

Without ADHD | With ADHD

Number of participants 19 3
Mean (standard deviation) age | 20.42 (2.04) 21.33 (0.58)
Gender
Male 6 (31.6%) 1 (33.3%)
Female 13 (68.4%) 1 (33.3%)
Not identified 0 1 (33.3%)
Race and ethnicity
Latino or Hispanic 3 (15.8%) 0
Asian 4 (21.1%) 2 (66.7%)
White/Caucasian 9 (47.7%) 1 (33.3%)
More than one 3 (15.8%) 0

4.2.1 Eye movement data

We used a Tobii Pro X3-120 eye tracker (120 Hz sampling rate, 0.6 degrees of gaze accuracy)
to track and record participants’ eye movements. The eye tracker was mounted below the
screen of a 15-inch laptop (1920 px x 1080 px resolution) during the experiments. The
average viewing distance between participants and the laptop screen was 40 cm. We used
the Tobii Studio software to calibrate participants’ eye movements before each experiment
session and output the eye movement data for analysis. The eye tracker along with the Tobii
Studio software collected participants’ gaze and pupil information during the experiments

and classified the gazes as fixations and saccades. Figure[d.I]visualizes part of a participant’s
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gaze on the screen. Each node represents a fixation and each edge between nodes represents

a saccade. The numbers on the circles indicate the sequence of the fixations.

W Multi Attribute Task Ba

SYSTEM MONITORING TRACKING SCHEDULING

RESOURCE MANAGEMENT

@ NN e W N -

Figure 4.1: Demonstration of fixations and saccades which are important features in char-

acterizing the eye movement data

4.2.2 EEG data

We collected participants’ EEG data using a EMOTIV EPOC Flex (128 samples per second
sampling rate). In the beginning of the experiments, we recorded participants’ baseline EEG
measurements with eyes closed and eyes open for one minute each. The device collected

EEG signals from 16 channels at the brain according to the 10-20 system, belonging to F,
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C and P groups [135]. We then applied a Butterworth band-pass filter at 0.5 Hz and 59 Hz
to preprocess the raw EEG data [136], 137, I38]. By applying the Butterworth band-pass
filter, further filtration was carried out to obtain Theta (4 to 8 Hz), Alpha (8 to 12 Hz),
Beta-low (12 to 18 Hz), Beta-high (18 to 25 Hz), and Gamma (25 to 59 Hz) band data. This

preprocessing is done using the eegkit package in R.

4.3 Methodology

In this section, we present the feature extraction procedure for both eye movement and EEG
data, the rule learning framework, and the decomposition analysis we use to evaluate the

multimodal interaction effects discovered from the data.

4.3.1 Feature extraction
Eye movement data

The symptoms associated with ADHD such as impulsiveness, inattention, impaired working
memory and executive function deficit have an effect on a subject’s eye movement patterns
[125]. This relationship between ADHD and eye movement patterns has been studied in pre-
vious works [47), 48], 49]. For example, individuals with ADHD may find it difficult to fixate
on a particular task or gaze at a particular location for a long time. This can be indicated
as differences in “fixation number” and “fixation duration” of individuals with ADHD as
compared to those without ADHD. In Figure 4.2l we demonstrate these differences through
a visualization of the eye-movement patterns obtained from tracking two participants: one
with ADHD and one without ADHD, while they were undertaking the MATB-II tasks. Fig-
ures [1.2(a) and [4.2(b) show the visualization of fixation plots obtained by the non-ADHD
participant and ADHD participant, respectively. In these figures, the circles show the fix-
ation location, the radius of the circles demonstrates the fixation duration, i.e, fixations of
greater duration have larger radii, and the lines joining them show the transitions between

fixations. We can see from comparing the two fixation plots that the ADHD participant has a
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much larger number of fixation points (fixation number) and the points are also more widely
distributed. Moreover, the fixations are of a smaller duration, and a significant number of
them lie outside the testing interface, as compared to the non-ADHD participant. While the
non-ADHD participant could focus on the software user interface throughout the experiment,
the participant with ADHD could not completely focus on the tasks. In addition, Figure
[12(c) and E2(d) show the heat map of fixations for the same two non-ADHD and ADHD
participants. We observe the same patterns in the heat map as well. The ADHD partici-
pant was less focused and fixated on wider areas on the user interface than the non-ADHD
participant. These differences demonstrate the difficulty that individuals with ADHD face
due to impaired working memory and executive function, finding it difficult to focus on a
particular task or location for a long time. In existing works, a correlation between executive
function and some saccadic patterns [139, [140], i.e., rapid ballistic eye movement between
two or more fixation points was also found. Further, working memory, which determines the
ability to keep information in the mind for brief periods of time, is also related to saccadic
patterns and fixation duration [I41]. Based on our literature review, we extracted the follow-
ing eye movement biomarkers: fixation number (characterizes the patterns shown in Figure
[1.2(a) and[£.2(b)), saccade velocity, total fixation duration (characterizes the patterns shown
in Figure [1.2|c) and [£.2(d)), and left and right pupil diameters. The variables used in the
study are then generated by measuring various statistics of these biomarkers including mean,

standard deviation, and maximum and minimum values.

EEG data

Electroencephalography (EEG) measures the electrical activity of neurons detected on the
scalp. The EEG sensors record brain activity over a specific period of time, where each of
the signals in each sensor represents the summed electrical activity occurring in a particular
part of the brain. Information extraction from the signal is usually done by measuring the
magnitude of oscillations of the signal (power) or change in amplitude of the signal. EEG

data has been used to study the group differences in ADHD and non-ADHD subjects [43], 46],
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Figure 4.2: Sample plots of (a) fixation plot for non ADHD and (b) fixation plot for ADHD
participant, and (c¢) heat map for non ADHD and (d) heat map for ADHD participant

although its use for ADHD diagnosis has not been reliably established. Nevertheless, several
associations between EEG variables and ADHD occurrence have been noted. For example,
in one study, it is found that integrating EEG theta/beta ratio (TBR) could help improve
diagnostic accuracy from 61% to 88% [44]. In another study that considered TBR and
the power of theta and beta bands [142], a 26% increase in TBR in ADHD was observed.
Further, [143] consider the fractal dimension, band power, and wavelet coefficients over

22 EEG electrodes and noted that fractal features were more effective than other features
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for ADHD classification. [144] presented a semi-supervised feature selection algorithm and
classification algorithm using relative theta-beta power, TBR, and theta-alpha ratios of 9
EEG signals to diagnose ADHD and found that power ratio features are dominant features
of EEG signal for ADHD. Further, the biomarker theta/beta ratio (TBR) has been found
to be relatively lower in the non-ADHD cohort than in ADHD cohort [121]. In several
studies, ADHD was associated with increased slow wave activity (theta, 4-8 Hz) or reduced
alpha (8-13 Hz) and/or beta activity (13-30 Hz) in the resting EEG [122] as well as during
attention task processing [145]. Based on our study of the literature, the following features
were extracted from the EEG data: Haguchi fractal dimension (HFD), power spectral density
(power), root-mean-square-value (RMSE), and the statistical mean, standard deviation and
amplitudes of the signals. Therefore, considering there are 16 channels, each filtered into 5
bands, and we extract 6 features from each band, we have a total of 16 x 5 x 6 = 480 features.
For example, F7-alpha-HFD is a feature that refers to the Haguchi fractal dimension of the
alpha band of the F7 EEG channel, and similarly, FC5-betaHigh-RMSE refers to the RMSE
value of the betaHigh band of the FC5 channel.

4.3.2  The rule learning system

The flowchart of the rule learning system. Fig. (a) shows the schematic of the
rule learning pipeline that we use in our study. Since the number of EEG variables is quite
large and more importantly, because these EEG variables are correlated, we used a sparse
feature selection model with elastic net regularization [146] to reduce the number of EEG
variables by selecting those that are the most representative of the whole set. Elastic net
regularization has been shown to be well suited to feature selection in high dimensional EEG
data [147, 148, [149]. Using this elastic-net regularization approach, we selected 60 of the
480 EEG variables that were the most significant EEG variables for ADHD prediction. We
noticed that these selected features were mostly HFD, RMSE or power features of a few of
the channel bands. Then, we combined these 60 EEG features with the 6 features extracted

from the eye movement data to obtain a multimodal dataset that we can use to explore
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multimodal interaction by the rule learning system.

movement J——>»| Pre-processing ———>» Featu_re
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Figure 4.3: (a) Schematic of data generation model (b) Schematic of rule extraction and

analysis pipeline

The rule learning process. Rules provide an ideal approach to capture interaction effects
between variables, as they involve a conjunction of two or more simple conditions about the
data. A simple condition restricting the values that an input variable in the data can take

can be written z; € s;. In other words, this condition restricts the variable z; to values
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belonging to a small subset s; € S; of the domain of z;. For continuous variables, the
condition can also be represented as p; < x; < g; where p; and ¢; are the lower limit and
upper limit of the set s;, respectively. A rule involves the conjunction of one or more such
conditions over different variables to produce a complex, higher dimensional condition of the
form [[X, I(x; € s;) where I() is the indicator function that returns 1 if its condition is true,
else it returns 0. This rule now contains conditions over multiple variables that must hold
simultaneously, thus capturing the interaction effects between them. For example, consider a
two-dimensional rule of the form ‘x; < §; & x5 > 95’ that consists of two component variables
x1 and xy. Say, our outcome variable is affected when this condition holds, which means
there is a significant difference in the outcome when the rule holds (conditions on z; and s
are both true) as compared to when the rule does not hold (either one of the condition is false
or both are false). Then it is obvious that this rule is able to capture the interaction between
variables x; and x5, and also the location of this interaction that is denoted by the cutoff
values 0; and d,. Note that a rule may consist of more than 2 variables, thus capturing
complex multidimensional interaction effects if they exist. Also, the variables in the rule
could be bounded on both sides, i.e., by specifying ranges of the variables. Thus, rules

provide flexible and natural semantics to represent complex interactions among variables.

The possible number of rules in any given dataset is huge and grows super-exponentially
regarding the number of variables and the potential cutoff values. The challenge is how to
learn significant rules from data, i.e., rules that have a significant effect on the outcome. Rule
learning has always been a main endeavor in Al, and only recently with the development of
random forest and sparse learning techniques, efficient rule learning algorithms have been
developed [I31], 150, I51]. The basic idea of these works, as shown in Fig. L3(b), is in two
steps: 1) First generate a large set of possible rules using ensemble tree models such as the
random forest, and 2) filter this set with sparse regularization methods such as LASSO [152]
or elastic net regularization [146]. Following this approach, in our data analysis, we first build
a random forest model using both the EEG and eye movement features and gather a set of

potential rules. Many of these rules will consist of both EEG variables and eye movement
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Figure 4.4: Decision tree and rules extracted from terminal nodes

variables, capturing the multimodal interactions we hope to identify. We then use LASSO
[152] to select the most important rules that can predict the ADHD outcome. The first
step, to generate a large set of potential rules from the ensemble tree models has been well
documented in our previous works and in the literature so we refer readers to [131], (150, [151]
for more details. The idea behind this process is that the decision tree model is a composition
of multiple rules, so extracting the rules from a tree is simply to dismember the tree from the
root node to leaf nodes. Consider the decision tree and associated table of rules in Fig. 4l
It can be seen that the path from the root node to each terminal node can be represented
as a rule. Therefore, each terminal node of a decision tree can generate a potential rule. To
get a large set of rules, we extract such rules from each tree in a random forest trained on
our data set. Random forest is an ensemble algorithm that learns many different decision
trees by “bagging”. Therefore, we can learn a large set of unique rules by extracting rules

from each of the trees in a random forest.

Particularly, denote the set of rules extracted from the random forest as {rj}f, where K
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is the total number of rules, our goal is to select the rules that are most strongly associated
with ADHD. To do this, we model a logistic regression between the rules and the ADHD
outcome. Assuming N is the number of individuals, denote X € RV*X | as the rule matrix
where all the elements are binary, i.e., X;; = 1 means the rule r; applies on the data of
individual 7, otherwise, X;; = 0. Similarly, X; = {Xj; - - - Xk } is the row vector representing
all rule outcomes of individual . It is easy to see that with a given set of rules extracted
from a dataset, it is readily available to translate the original dataset into such a binary rule
matrix. After this translation is made, we can now take the rules as the new variables. Let Y
denote the binary outcomes such that Y; = 1 if individual ¢ belongs to the set of individuals
diagnosed with ADHD and Y; = 0 otherwise. We can then use the outcome variable to

guide the selection of rules in X. Specifically, we use the logistic regression model here

1
1+ eXp(—ﬁTX,-)’

where 3 are the coefficients of the rules. Using this equation and optimizing for the maximum

(4.1)

likelihood provides us the coefficients 3 associated with each of the rules. One way to select
the most important rules is to choose rules with the largest coefficients. However, a better
way is by using a sparse regularization technique like LASSO [I52] which is a technique
commonly used for variable selection in high dimensional datasets. It works by penalizing the
optimization function by an additional regularization term based on ¢; norm . LASSO
ensures a sparse solution by driving the coefficients of less important rules to zero, thus
facilitating in selecting the most important rules. This optimization problem can be written

as

~

B =argmin —1(8.X) +A- (B, (4.2

where [(-) is the log likelihood function of the logistic regression model. We use Python
programming language for implementing the pipeline. Standard functions from the scikit-

learn module are used to generate the random forest and run the lasso regression. The rules
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are extracted from random forest using our custom code. We will release the implementation

code on our GitHub repository.

Decomposition analysis of the rules. It is worthy of mentioning that, being an ex-
ploratory method that employs an opportunistic and greedy search over the rule space via
random forests and sparse learning, the resulting rules that our algorithm identifies are not
necessarily the most optimal rules in the data. But on the other hand, if the dataset con-
tains significant multimodal interactions, they are likely to show up in the extracted rules,
because of our rule learning system’s efficiency and pragmatic efficacy. In other words, our
rule learning system is an efficient and efficacious heuristic approach for learning rules from
data. Moreover, the learned rules can encode complex meanings, demanding further in-depth
analysis of each rule. As our experimental results will show, our method can reveal many
of the significant multimodal interactions in the data. Once the rules are extracted, we
carry out a decomposition analysis to validate the multimodal interactions. The basic idea
of decomposition analysis is simple: since each rule consists of multiple variables, we can
prune the rules to remove the redundant variables that do not have a significant effect on
the outcome and thus zone in on the true variables contributing to the observed interaction
effect. For instance, still consider the rule ‘z; < §; & x5 > 95’ that consists of two component
variables x1 and x5. If we knock out x; and only keep x5 > &9, we can evaluate the predictive
performance of this reduced rule. The same procedure can be done to evaluate the effect
of 1 < 4;. If knocking out a variable causes a huge impact on the predictive performance
of the rule, that variable is very important. Or it could happen that either variable alone
contributes little to the predictive performance, but when put together, the effect is signifi-
cantly increased. Decomposition analysis can reveal the roles of the variables in the rule and
help us better understand the nature of the interaction. More details of the decomposition

analysis and its results will be shown in Section 4.3.
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4.4 Results

4.4.1 Predictive performance analysis

We built three predictive models following the approach outlined in section [4.3.2} a model
only using eye movement data (Model-EM), a model only using EEG data (Model-EEG),
and a model using both eye movement and EEG data (Model-both). For each model, we first
used the rule learning method to discover the rules, then build a logistic regression model
with the rules as variables for ADHD prediction. In Table [£.2] we show the mean model
performances of each of the three models by 5-fold cross-validation, along with their standard
deviations. It is worth mentioning that because the data is imbalanced, i.e., there are just
12 ADHD observations (13%) among a total of 88 observations, accuracy is not sufficient for
model performance comparison, and therefore, we present in total 5 performance measures,
namely, the accuracy, balanced accuracy, precision, recall, and Fl-score. Accuracy is the
proportion of observations correctly identified by the model. Balanced accuracy is the mean
of sensitivity and specificity. Sensitivity is the proportion of ADHD observations that were
correctly identified, and specificity is the proportion of non-ADHD observations that were
correctly identified. Precision is the proportion of predicted ADHD observations that are
truly ADHD, while recall (sensitivity) is the proportion of true ADHD observations that were
correctly predicted. Fl-score is the harmonic mean of precision and recall. It can be seen
from Table that the ‘Model-both’ outperforms the other two models in all performance

metrics.

4.4.2 Extracted Rules

Table shows the top 10 rules extracted from the multimodal dataset using both eye
movement and EEG data by our rule learning system described in Section [£.3] Note that
the cutoff values of the rules are in their original scale, e.g., fixation duration > 272215.0
in rule 2 means that the sum total of all fixations is greater than 272215.0 milliseconds. In

Fig. we present the sensitivity of each of the rules, which varies among the rules but
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Perf. Measure | Model-EM | Model-EEG | Model-both

Accuracy 0.916 (0.006) | 0.943 (0.012) | 0.972 (0.006)

Balanced Accuracy | 0.827 (0.023) | 0.911 (0.027) | 0.939 (0.003)

Precision 0.68 (0.016) | 0.79 (0.080) | 0.892 (0.016)

F'1 score 0.68 (0.096) | 0.878 (0.053) | 0.891 (0.011)
Recall 0.693 (0.049) | 0.8 (0.0) 0.88 (0.04)

Table 4.2: Performance comparison of different cases: mean and std. deviation over 5 fold

cross-validation.

in general shows the rules are all predictive and can detect ADHD. The specificity of these
rules, or the fraction of non-ADHD observations classified as non-ADHD, is found to be 1.
This is a common situation in unbalanced datasets where there are very few positives and

many negatives.

To gain more understanding of the rules, Fig. and Fig. aim to visualize their
statistical meaning. Geometrically, a rule cuts out a boxed region in the data space, i.e.,
the regions that contain a red star correspond to the rules. It can be seen how the regions
defined by the rules show a pattern towards either ADHD or non-ADHD observations. For
example, Fig. (a) shows the interaction between FT7-alpha-HFD and FC2-theta (std)
(i.e., as captured in rule 1), where the regime defined by the interaction contains nearly all
the ADHD observations. Similarly, Fig. (b) shows interactions between F7-alpha-HFD
and left pupil (avg), and in Fig. (c), the region defined by the interaction between FC2-
betaHigh (std) and FCl-alpha (std) (rule 4) is seen to be containing only ADHD observations,
while in Fig. (d), the region defined by rule 7 contains only ADHD observations. Similar
patterns are observed in Fig. as well, i.e., in Fig. (a), a potential interaction between
F8-theta-HFD and Cz-betaLow-RMSE (i.e.,

rule 8) is observed, while in (b), the region

defined by rule 3 mainly contains ADHD observations, in (c), where the region defined by
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the rule 10 is mostly populated by the non-ADHD observations only, and similarly, in (d) a

region defined by an interaction between saccade velocity and FC6-gamma-HFD (i.e., rule

9) is also observed to be statistically significant.

Index | Rule

1 F7-alpha-HFD> 1.31 & FC2-theta (std)> 1.559 & left pupil (avg)< 2.994

2 F8-gamma-HFD> 2.125 & fixation duration> 272215.0

3 FC2-betaHigh-RMSE> 0.828 & Cz-theta-power< 2625.297 &
FC5-betaHigh (std)< 2.757

4 FC2-betaHigh (std)> 0.828 & FCl-alpha (std)< 0.847

5 fixation number> 977.5 & FC5-betaHigh-RMSE> 1.336 &
Fz-betaLow-HEFD> 1.723

6 fixation duration< 272215.0

7 Pz-alpha (std)< 2.233 & fixation duration< 420219.5

8 F8-theta-HFD> 1.11 & Cz-betaLow-RMSE< 1.421

9 saccade velocity (max)< 0.406 & FC6-gamma-HFD> 2.113 &
F8-theta-HFD< 1.116

10 fixation duration> 279332.5 & Fpl-betaLow-HFD> 1.747

Table 4.3: The top 10 rules extracted by our rule learning system

4.4.3 Decomposition analysis

We carried out a decomposition analysis of the rules to understand the roles of the variables in

each rule, i.e., some variables may be the most important, and have the greatest contribution

to the performance of the rule, while some variables may augment the main variable; in

some cases, no single variable alone is sufficient but only when being put together is the

synergistic effect strong. To understand these roles, the basic idea of decomposition analysis
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Figure 4.7: Visual exploration of identified interaction effects represented by the rules. Each
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is by “knockout”. We begin by first considering the entire rule, i.e., all the variables together,
and then proceed by removing one variable from the rule to study the effect of this variable
on the performance. This is carried out for each variable separately. Then, we remove each
two-variable combination from the rule, and so on depending on the number of variables in
the rule until finally, we consider each of the variables taken individually. We evaluate the
results of the rule decomposition based on four performance metrics: accuracy, precision,
recall and F-score. In Table 4.4 we show the decomposition analysis of some rules presented
in Table [4.3] i.e., those which show the interactions between the eye movement and EEG
variables. In rule 1, it is clear that the two-variable interactions outperform the single factors,
and the full rule that consists of all the 3 variables is the best according to the accuracy.
This decomposition analysis indicates that there are strong statistical effects among all the
3 variables. Particularly, it can be seen that although the two variables, FC2-theta (std)
and left pupil (avg), are only marginally predictive if considered alone, when it is combined
together the predictive performance is much improved. This is a solid indication that there
is an interaction among the two variables. The interpretation of rule 2, however, tells a
different story. In rule 2, the interaction between F8-gamma-HFD & fixation duration shows
a marginal decrease in accuracy, i.e., from 0.95 to 0.93, but there is a significant increase
in recall from 0.67 to 1.0. In unbalanced datasets such as our case here where ADHD
observations only form a small proportion of the dataset, predicting the small number of
true positives is much more important. Thus, a high recall metric is very valuable. A similar
trend holds in rule 5. In the interaction between fixation number & FC5-betaHigh-rmse
where though accuracy decreases from 0.89 to 0.85, an increase in recall is observed from
0.42 to 0.75 by considering the interaction. Other interactions that are clearly exposed by
decomposition analysis are in rule 7 between Pz-alpha (std) & fixation duration, where all
the metrics are greatly improved by considering both variables in tandem. Similarly, the
interaction between saccade velocity & F8-theta-HFD in rule 9 shows a much larger recall
value than each of the variables taken individually. These results suggest that analyzing the

EEG and eye movement data in a multimodal model not only helps us improve the predictive
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performance of the models but also discovers some deeper physiological causes and effects of

the condition.

Table 4.4: Decomposition analysis of multimodal interactions

N | No. feat. | Decomposition Analysis Acc. | Prec. | Recall | F-score

all F7-alpha-HFD> 1.31 & 0.92 | 0.69 | 0.75 0.72
FC2-theta (std)> 1.559 &
left pupil (avg)< 2.994

2 F7-alpha-HFD> 1.31 & 0.8 | 0.39 | 0.92 0.55
left pupil (avg)< 2.994
FC2-theta (std)> 1.559 & 0.84 | 0.45 | 0.75 0.56
left pupil (avg)< 2.994
1 F7-alpha-HFD> 1.31 0.4 0.0 0.0 0.0

left pupil (avg)< 2.994 044 | 0.03 | 0.08 | 0.04




Continuation of Table

No. feat. | Decomposition Analysis Acc. | Prec. | Recall | F-score
all F8-gamma-HFD> 2.12 & 0.93 | 0.67 1.0 0.8
fix. duration> 272215
1 F8-gamma-HFD> 2.12 084 | 04 0.33 0.36
fix. duration> 272215 095 1.0 | 067 | 08
all fix. number > 977.5 & 0.89 | 0.55 1 0.71
FC5-betaHigh-rmse> 1.336 &
Fz-betaLLow-HFD > 1.723
2 fix. number > 977.5 & 0.85 | 0.47 | 0.75 0.58
FC5-betaHigh-rmse> 1.336
fix. number > 9775 & R
Fz-betaLow-HFD > 1.723 0.92 | 0.73 | 0.67 0.7
1 fix. number > 977.5 0.89 | 0.62 | 0.42 0.5
| FC5-betaHigh-rmse > 1336 | 0.82 | 0.33 | 033 | 033
 FzbetaLow-HFD > 1723 | 091 | 10 | 033 | 05
all Pz-alpha(std)<2.23 & 097 | 0.85 | 0.92 0.88
fix. duration< 420219.5
1 Pz-alpha(std)<2.23 0.73 | 0.32 | 0.92 0.48
fix. duration< 4202195 052] 00 | 00 | 00
all saccade vel.(max)<0.406 & 091 | 0.61 | 0.92 0.73
FC6-gamma-HFD> 2.113 &
F8-theta-HFD<1.116
2 saccade vel.(max)<0.406 & 092 | 0.73 | 0.67 0.7
FC6-gamma-HFD> 2.113
| saccade vel.(max)< 0406 & | 0.91 | 0.67 | 0.67 | 0.67

F'8-theta-HFD<1.116

92



Continuation of Table

No. feat. | Decomposition Analysis Acc. | Prec. | Recall | F-score
1 saccade vel.(max)<0.406 092 | 1.0 0.42 0.59
| FC6-gamma HFD> 2.113 | 0.86 | 05 | 025 | 033
FS-theta HFD< 1.116 086 05 | 033 | 04

93
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Continuation of Table

N | No. feat. | Decomposition Analysis Acc. | Prec. | Recall | F-score
all fix. duration> 279332.5 & 0.98 | 0.86 1.0 0.92
Fpl-betaLow-HFD>
10 1 fix. duration> 279332.5 095 | 1.0 0.67 0.8
 FplbetaLow-HFD> 1.747 | 0.89 | 0.67 | 033 | 044

4.4.4  Validation

We further use the permutation test [153] to validate the statistical reliability and significance
of our data analysis results. The basic idea is to randomly assign labels to the training data,
repeat the whole data analysis process described in our paper, and see what prediction
performance is achieved. While assigning the random labels, we made sure to maintain the
relative frequency of the labels in the dataset. If the same prediction performance can be
achieved on this randomized dataset, then it indicates that our data analysis process has
the potential to overfit the data and therefore the results may not be reliable. But on the
other hand, if the same prediction performance is not achieved, then it suggests our data
analysis results are solid. Specifically, in our analysis, we first create a randomized dataset
by altering the training dataset and randomly assigning labels to observations while keeping
the relative frequency of the labels constant. Then we run our method on the altered dataset
and obtain the cross-validated classification performance. We repeat this process 100 times
and the results are shown in Table L5l We also plot a histogram of the cross-validated
accuracy’s obtained from the randomized labels for each of these 100 trials, as well as the
original cross-validated accuracy in Figure .8

It can be observed that the classification performance on this randomized dataset is much

lower than the classification performance we have obtained on the original dataset on all five
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Perf. Measure | Original Labels | Flipped Labels
Accuracy 0.972 (0.006) 0.735 (0.047)
Balanced Accuracy 0.939 (0.003) 0.514 (0.082)
Precision 0.892 (0.016) 0.127 (0.099)
F1 score 0.891 (0.011) 0.129 (0.097)
Recall 0.88 (0.04) 0.176 (0.130)

Table 4.5: Performance comparison of model using original labels and randomized labels

(Mean and std. deviation)
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Figure 4.8: Histogram of accuracy obtained by training on randomized labels and original

labels
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measures. While accuracy is relatively high due to the imbalance in the dataset, the precision
and recall is much lower. Thus, the permutation method shows that our original model was

able to capture statistically significant effects.
4.5 Discussion

In this work, we conducted an exploratory analysis using a rule learning and analysis frame-
work to identify multimodal biomarkers of eye movement and EEG data for ADHD predic-
tion. Our rule learning approach is similar to RuleFit [131] but our contribution lies on our
integrated design of the learning and analysis framework that consists of data integration,
reduction, rule learning, and decomposition analysis. It is important to understand that rule
learning is an exploratory approach that yields a list of high-quality rules, but these rules
are not exclusive or globally optimal. Thus, we conduct decomposition analysis to evaluate
the statistical strength of the interactions of the biomarkers in the rules. Our study showed
not only better predictive performance using multimodal data, but also revealed interest-
ing interactions among eye movement biomarkers with EEG biomarkers that may suggest
new hypotheses for further studies that connect different physiological aspects of the same
disease.

Multimodal integration of EEG and eye tracking has recently been studied for emotion
recognition [154], [155], aesthetic appreciation [I56], cognitive workload [157]. However, there
has been a lack of studies for ADHD. To the best of our knowledge, our work is the first that
aims to identify multimodal biomarkers for ADHD prediction. The performance comparison
of the results shown in Table [.2] demonstrates that the multimodal biomarkers could lead
to better prediction, i.e., on each of the 5 different performance measures considered, using
both eye movement and EEG data leads to significantly better performance as compared
to the single-modality models. We obtain an accuracy of 0.916 from a model built using
eye movement data, 0.943 using EEG data, while a combined dataset gives a significantly
higher accuracy of 0.972. Similarly, the model built on eye movement data provides a recall

of 0.69, 0.8 for EEG data, but a recall of 0.88 is achieved by the model using both modalities
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of biomarkers. The precision of the eye movement model is 0.68, EEG model is 0.79, but
using both datasets gives a precision of 0.89. Likewise, F'1 score of the eye movement model
is 0.68, EEG model is 0.87, but using both is 0.89. These results demonstrate clearly that a

multimodal model provides better results.

Decomposition analysis done in Table quantifies the interactions between the eye
movement and EEG variables by comparing the classification performance of the decomposed
interactions using 4 measures: accuracy, precision, recall and F1 score. The findings in Table
[4.4] also show higher prediction accuracy when both modalities are combined than single
modality models. We also identified interesting interactions between these two modalities
that may further lead to follow-up studies of the mechanisms of these interactions. For
example, in rule 1, we observe that the interaction between F7-alpha-HFD and left pupil (avg)
is significant, as when the variables are combined in a rule (denoted with *), the accuracy,
precision, recall, and F-score measures are higher than each of them taken individually.
Likewise, there is also an interaction between FC2-theta (std) and left pupil (avg). Similarly,
in rule 2, F8-gamma-HFD and fixation duration combined together could lead to a recall of 1,
showing that the interaction is able to detect a much greater number of ADHD observations
than either of the variables taken individually (0.33 and 0.67), while the accuracy at 0.93 is
also very high. This is important because in unbalanced datasets, the sensitivity is a critical
measure, apart from accuracy. In rule 3, a significant interaction is detected between Pz-
alpha (std) and fixation duration, and the combined rule shows much higher performance on
all measures compared to the individual case. In rule 8, interactions are detected between
saccade velocity (max) and FC6-gamma-HFD and saccade velocity (max) and F8-theta-HFD.

Several of the significant variables that we observed in our rules have been detected
in prior works, which further demonstrate the efficacy of our rules in detecting clinically

meaningful patterns. For example, we see in rules 6 and 10 that a shorter fixation duration

is associated with ADHD, i.e., as shown in the fixation gaze plot in Fig. 4.2al and [4.2d|

Significantly shorter fixation duration among the ADHD group has indeed been noted in
prior works [124], [158]. It is hypothesized that fixation duration is related to processing



98

rate [159] and increases when processing becomes more effort-demanding, particularly when
greater attention is deployed to the fixation location [I60]. Similar to our rules 2, 6 and
7, ADHD group has also been observed to have reduced complexity in full band EEG HFD
calculations [161] while in particular beta and then gamma band HFD were found to be most
discriminative of major depressive disorder. Beta band EEG activity has been shown to be
related to attention modulation, and decreases in beta activity in elderly subjects reflect
deficits in sustaining attention processing [162]. [163], a commonly co-morbidity condition
with ADHD. In Fig. and we visualize the gaze plot of a non-ADHD participant
and an ADHD participant and observe that the ADHD participant has a smaller fixation
duration as well as a larger number of fixations. This trend is also observed in rule 5 where
ADHD in individuals is associated with higher fixation numbers. Prior studies have identified
increased micro-saccade rates in individuals with ADHD traits, [164], 139] which suggests
higher fixation numbers for ADHD individuals. Rule 5 also shows an association of higher
RMSE of the beta-High band with ADHD, suggesting an interaction between the higher
fixation number. Increased beta activity in boys with ADHD has been noted in literature
[165], particularly in temporal lobes, but also in the Fz channel. This could explain the

interaction obtained in rule 5.

Other discovered interactions characterized by the rules are also worthy of further investi-
gation. For example, in rule 1, we see that higher pupil size is associated with ADHD, which
has been also reported in previous works. A linear relationship was observed between pupil
diameter and several measures of task performance that suggested that attentional lapses
occurred when pupil diameter was small [166]. Frontal-midline (like FC2) theta oscillations
have been suggested as the “working language of executive functioning” linked to cognitive
processing and performance, which could show up as the interaction effect. Furthermore,
it was reported that pupil size is [167] can be related to hyperactive/impulsive symptoms
associated with hyper-responsiveness [167, [168] with higher pupil dilation linked to happy
faces. Since theta band activity has been linked to emotional processing in several studies

[169], it indicates that there might be a physiological mechanism mediating the interaction
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effect between the pupil size and theta band activity as characterized by rule 1.

Our study is an exploratory study that has its own limitations. First, the dataset we
collected is of a small sample size. Particularly, the number of ADHD subjects is much smaller
than the control subjects, with only 12 out of 88 observations being ADHD. The robustness of
the rule learning method on a small sample size would alleviate this problem, and the further
decomposition analysis provides a conservative evaluation of the discovered rules. But still, it
is important to note that our results are suggestive of new hypotheses but not confirmatory.
Our results also show that there is significant value to collect both eye movement data and
EEG data simultaneously for ADHD studies. In the future, we will expand on the data
collection and validate the rules we found in this study. Particularly, we will recruit more
ADHD subjects and test the performances of these rules on the new dataset. A second
limitation is that the ADHD diagnosis was self-reported by our participants, instead of
being directly confirmed by a physician or clinic. On the other hand, the use of self-reported
ADHD has been standard practice in existing ADHD studies. For instance, the prevalence
of self-reported ADHD has been studied in [I70] where participants were asked whether they
were clinically diagnosed with ADHD. Likewise, self-reported scores on a scale of ADHD
symptoms have also been used [I71]. In other studies, the parent-reported ADHD variable
has been used to leverage machine learning techniques to identify predictors of receiving
psychosocial treatment for ADHD [172] and identified parent-reported ADHD severity (mild
vs. moderate/severe) as the factor that best predicts which children receive psychosocial
treatment. Further, in studies [173] [174] that used machine learning algorithms to distinguish
behaviors of ADHD and autism spectrum disorder (ASD), self-reported diagnosis of ADHD
was also used. Further, studies [I70, [I71] show that this self-reported ADHD was associated
with significant psychiatric comorbidity and is a clinically valid and effective variable of
ADHD outcome. Thus, our study is built on a solid outcome variable. However, we do
plan to collect more data in the future with a more comprehensive plan including diagnostic
interviews conducted by psychiatrists to build a more powerful prediction model that could

be potentially used in clinical practices. Another limitation is the use of a relatively simple
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prediction model in this study to combine the rules, i.e., after the rules are identified, a
logistic regression model is used with the rules as the variables to predict ADHD. When we
have more data in the future, more sophisticated prediction models will be built to further
enhance the model prediction accuracy. Recently, a rule-based prediction model has been
developed that can model heterogeneity in complex biomedical datasets for accurate and
sequential predictions [I51] along with uncertainty quantification capacity. It is well known
that ADHD is a highly heterogeneous disorder characterized by differing clinical profiles,
patterns of cognitive disabilities, developmental trajectories, and a wide range of functional
brain anomalies [I75]. Considering this heterogeneity and complexity of ADHD, and the
need to prevent misdiagnoses, our multimodal rule-based approach may be enhanced to
model the uncertainty in ADHD prediction as well as the heterogeneous effects. Moreover,
in this study, limited by the sample size, we only focused on a few EEG and eye movement
biomarkers. In the future, we will include more biomarkers in the rule-learning process that

may help us identify more rules.
4.6 Conclusion

In this study, we conducted an exploratory data analysis that leverages on recent develop-
ments in rule learning to identify interesting interactions among two modalities of data, the
eye movement data and EEG signal data, for ADHD prediction. Compared with existing
works on predictive models of ADHD that have mostly focused on a single modality of data,
our approach is more integrative and achieves better predictive performance than models
built on a single modality alone. Further, the multimodal biomarkers we identified yield
not only better performance, but also discover interactions among the two modalities which

would lead to the generation of interesting new hypotheses about the pathology of ADHD.
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Chapter 5
CONCLUSION AND FUTURE RESEARCH

In this dissertation, we presented novel rule-based statistical and machine learning meth-
ods that seek to address some of the challenges and opportunities put forward by modern
medical datasets such as interpretability, variable sparsity, and heterogeneity. Further, we

also presented an application of rule learning in a study for the discovery of multimodal

biomarkers for ADHD.

5.1 Rule learning, analysis and heterogeneity

We presented a rule learning and analysis framework to tackle the challenge of multidimen-
sionality in rule learning for survival analysis. Our method, SURVFIT, is the first of its kind
that we know of to address the challenge of both rule sparsity and variable sparsity in rule
extraction. To further the analyses of the rules, we presented a rule analysis framework that
involves statistical testing, decomposition analysis and cutoff sensitivity. We also developed
an R package, SURVFIT, implementing our rule extraction and analysis framework. Next,
we presented a Bayesian semi-parametric framework to generate ordered rule lists for het-
erogeneous survival data. Our framework uses ordered rule lists to model the heterogeneity
in datasets by dividing it into different subgroups, while also being capable of quantifying
uncertainty in the predictions. We have applied our proposed methods to the study of a
real-world sepsis survival dataset with convincing computational results that demonstrate
the validity and potential application of our approach.

Future work: Future directions in rule learning research could explore further appli-
cations of group sparsity norms to obtain structured solutions. For example, applications

such as genomics studies with known and pre-existing group structures among the different
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genes may be modeled using such an approach. Another area of research can be the develop-
ment of efficient algorithms, using alternative loss functions for survival analysis such as the
more standard Cox proportional hazards regression. The rule learning methods are not only
interpretable, but can also be concise in the suggestions they make about the underlying
process. Therefore, we suggest extending this work to other applications where trustworthy
and communicable decisions are imperative, such as the study of other conditions such as

Type 1 Diabetes or Alzheimers.

5.2 Discovery of multimodal biomarkers

We presented an application of rule-learning to discover multimodal biomarkers for the diag-
nosis of ADHD in a study that sought to combine the information from EEG and eye-tracking
data for the first time. Compared to existing approaches, that focused on the use of a single
modality of data, our approach was more integrative and achieved better performance than
models built on a single modality alone. Finally, we were able to validate many of our results
through prior works in the study of both sepsis and ADHD.

Future work: Future work can build on the promise of integrating eye movement and
EEG data for ADHD diagnosis. Particularly, larger and more representative datasets may be
collected to enhance the reliability of results. Further, collecting the EEG and eye-movement
data while subjects are carrying out the particular tests used to evaluate ADHD, rather than
a generic multitasking test, may be used for better performance. Adding more modalities of
data, such as test scores, or diagnostic reports from interviews conducted by psychiatrists

could be used to build a more powerful model that may be used in clinical practice.
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