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The pursuit of uncovering causal relationships among random variables through observational

data is a longstanding and captivating focus in graphical models. While the formalization of

causality has commenced only recently, this field continues to grapple with numerous intricate

conceptual challenges.

We study the problem of causal inference in different settings, primarily centered on the

applications in genomics, specifically focusing on the challenges and opportunities presented

by single-cell transcriptome sequencing experiments (scRNA-seq). In our study:

(1) We introduce Graph Divergence Measure (GDM) to measure the compatibility of the

independently observed samples to a hypothetical graphical structure. We design novel

estimators for GDM which we show to be able to handle various data types and prove them

to be consistent. We show GDM’s performance superiority to the existing estimators.

(2) We address the problem of inferring the causal relationships in a dynamical system from

the time series data by introducing Restricted Directed Information (RDI) and show that

it recovers the graph correctly in all deterministic or stochastic instances. We then define

the Potential Conditional Mutual Information (qCMI) as the conditional mutual information

calculated with a modified joint prior distribution. Based on qCMI with a uniform prior, we

introduce uniform RDI (uRDI) to alleviate the effect of sample bias in causal inference and

showcase its superior performance via numerical experiments.



(3) Based on RDI and uRDI we develop Scribe, a toolkit for detecting and visualizing causal

regulatory interactions between genes, and explore the potential for single-cell experiments to

power network reconstruction. We show via the numerical examples that inference is possible

whenever there is coupling between samples in time and gene expression space domains.

We show the supremacy of our method over conventional causal inference methods such as

Granger Causality and CCM and discuss its shortcomings and potential caveats.

(4) We introduce Dynode, a deep-learning-based software package to broaden the scope of

understanding the governing dynamics of cell development processes. The goal is not just to

identify causal relationships but also to predict the future state of individual cells based on

their current state. Dynode consists of two toolboxes named Dynode Vectorfield and Dynode

Spatiotemporal. Dynode Vectorfield is designed to learn the temporal dynamics of individual

cells as isolated ecosystems, considering only their internal state. It is demonstrated with

synthetic and real datasets and offers practical insights through differential analysis tools.

Dynode Spatiotemporal, on the other hand, extends the analysis to include interactions

between cells, considering chemical signaling and therefore both time and space dynamics. It

is also showcased with synthetic and real-world datasets while discussing its limitations and

potential challenges.
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Chapter 1

INTRODUCTION

Determining the network of causal1 interactions between random variables from observa-

tions has a long history in graphical models. Being a fascinating topic of research, causality’s

mathematization has only relatively recently started, and many conceptual problems are still

being discussed — often with considerable intensity. Many of these conceptual problems are

extensively discussed in comprehensive textbooks such as [115,203,207] well known to the

researchers of the field.

The problem of causal inference from observational data has been studied in two major

contexts: 1) independent samples, and 2) temporal observations. Inferring the causality

from the independently observed samples has been widely studied [203], and algorithms have

been devised for it such as the PC algorithm [122,257]. This approach is closely tied to the

conditional independence testing problem [22,303] as all but all the algorithms (including

PC) test for conditional independence between the variables conditioned over all the already

discovered cause-effect relationships and/or the rest of the variables. However, the dynamical

systems are usually modeled by ordinary differential equations (ODEs) or partial differential

equations (PDEs) which characterize the temporal or spatiotemporal changes in the system’s

state at each time. Thus a more natural way to discover the causal relationships would be to

observe how a system evolves through time and collect time series data. Causal structures

have to be consistent with the time order. In fact, after knowing a causal ordering of nodes

and assuming that there are no hidden variables, finding the causal DAG does need milder

1Causality and Causal Inference concepts have particularly strong meanings being debated extensively by
researchers. Throughout this work, we slightly abuse the term to point out the more relaxed concept of
functional relationships and consequential dependence between the variables of the system, i.e. X causes Y
will mean Y is a functional of X.
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assumptions compared to those required for independent observations, making it easier to do

reasoning about causal relations among variables that refer to different time instances [207].

This temporal approach is widely studied, resulting in some of the well-known methods

such as Granger Causality [91], Transfer Entropy [241] which is closely related to Directed

Information [167], and Convergent Cross-Mapping [265].

In this work, we study the problem of causal inference in different settings. Our study

consists of 1) proposing and analyzing methods to measure the compatibility of the inde-

pendently observed samples to a hypothetical graphical structure, 2) A theory analysis of

causal inference from the time series observations, 3) studying causal inference from the

interventional observations from an information-theoretic perspective, and 4) Proposing

practical methods to infer the causal relationships and learn the underlying dynamics using

theoretical methods and deep learning techniques. We direct our work to be focused mostly on

the applications in genomics. Single-cell transcriptome sequencing experiments (scRNA-seq)

have attracted the attention of researchers working on inferring gene regulatory networks and

learning the underlying dynamics governing cell development processes. However, current

scRNA-seq techniques come with fundamental shortcomings and limitations such as not being

able to generate true time series or extensive interventional (perturbation) data. Nevertheless,

we show that our approach is able to extract the causal structures up to some extent even in

such handicapped settings.

The rest of the thesis is organized as follows:

In Chapter 2, we introduce the Graph Divergence Measure (GDM), which measures the

incompatibility between the observed distribution of a given set of samples and a hypothetical

graphical model structure. Based on the Kulback-Leibler Divergence [43], GDM will be reduced

to well-known information theoretic measures such as mutual information, conditional mutual

information, and total correlation for specific graphical models. We design novel estimators

for these graph divergence measures based on the direct estimate of the corresponding

Radon-Nikodym derivatives. This makes us able to estimate the GDM for general probability

spaces such as purely discrete, purely continuous, discrete-continuous mixtures, and the
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real-valued data defined on a low-dimensional manifold, with the same estimator. We prove

the consistency of our estimator and show the superiority of its performance to the existing

estimators in finite-sample regimes via extensive numerical experiments.

In Chapter 3, we address the problem of inferring the causal relationships in a dynamical

system from the time series data. We first introduce the Restricted Directed Information

and show that while the existing methods are designed exclusively for either stochastic or

deterministic systems, we show that RDI can address both systems. We demonstrate its

efficacy via numerical experiments. In particular, we show RDI recovers the graph correctly

in all deterministic or stochastic instances, where there is enough information to recover

the graph uniquely. However, since RDI is based on conditional mutual information, it

directly depends on the joint distribution PX,Y,Z , while in practice the causality measure

from the variable X to Y given the rest of the factors Z is more desirable to depend only

on the conditional distribution PY |X,Z . Hence we define the Potential Conditional Mutual

Information (qCMI) as the conditional mutual information calculated with a modified joint

distribution pY |X,ZqX,Z where qX,Z is a potential distribution. We then propose a k nearest

neighbor (KNN) based estimator for this function, employing importance sampling, and a

coupling trick, and prove the finite k consistency of such an estimator. We demonstrate that

the estimator has excellent practical performance and show an application in dynamical system

inference. We employ qCMI with uniform distribution over X, Y to replace the ordinary

CMI in RDI method and call the updated method uniform RDI (uRDI). We then apply the

RDI and uRDI methods to gene expression scRNA-seq data, to determine the functional

relationships between the genes by estimating the strength of information transferred from a

potential regulator to its downstream target, and therefore extracting the Gene Regulatory

Networks, as will be explored in Chapter 4.

In Chapter 4 we focus on a practical application of the measures introduced in Chapter 3

to discover the casual interaction of the genes in a cell development process by utilizing single-

cell transcriptomic data. We introduce Scribe, a toolkit for detecting and visualizing causal

regulatory interactions between genes, and explore the potential for single-cell experiments
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to power network reconstruction. Scribe employs RDI and uRDI to determine causality

from a potential regulator gene to its downstream target. We apply Scribe to several types

of single-cell measurements and show that there is a dramatic drop in performance for

“pseudotime”-ordered single-cell data compared with true time-series data. We demonstrate

that performing causal inference requires temporal coupling between measurements. We show

that methods such as “RNA velocity” restore some degree of coupling through an analysis of

chromaffin cell fate commitment. These analyses in Chapter 4 highlight a shortcoming in

experimental and computational methods for analyzing gene regulation at single-cell resolution

and suggest ways of overcoming it. Therefore we show via the numerical examples that

inference is possible whenever there is coupling between samples in time and gene expression

space domains. We show the supremacy of our method over conventional causal inference

methods such as Granger Causality and CCM.

In Chapters 5 and 6, we broaden the scope of the problem discussed above to comprehen-

sively investigate the governing dynamics in cell development processes. In other words, we

aim not only to uncover the causal relationships but also to predict the future transcriptomic

state of each cell based on the current state of the cells. To achieve this objective, we shift our

approach and leverage Deep Learning methods to learn the governing dynamics of dynamical

systems from the observational data. We introduce Dynode, a deep-learning-based package

developed using PyTorch to learn the underlying dynamics of these processes. Dynode

comprises two toolboxes: Dynode Vectofield and Dynode Spatiotemporal.

Dynode Vectorfield is designed to learn the temporal dynamics for each cell as an isolated

system. In this context, each cell is treated as an independent closed ecosystem where its

future state is determined solely by its own current state. Extensively discussed in Chapter 5

with its capabilities showcased via two synthetic and two real datasets, Dynode Vectorfield is

able to infer these intra-cell temporal dynamics, along with its corresponding vector field,

within the constraints of the data. It also offers practical insights through the differential

analysis tools integrated into the package.

Dynode Spatiotemporal, introduced and extensively explored in Chapter 6, further extends
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the functionality of Dynode Vectorfield to also consider the inter-cell connections, where the

information exchange via chemical signaling is known to be a crucial factor in addition to the

internal state of each to determine the future state of the cells, thus learning the dynamics in

both time and space domains. We showcase the capabilities of Dynode Spatiotemporal using

both synthetic and real-world datasets and discuss its limitations and potential caveats.
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Chapter 2

MULTIVARIATE INFORMATION MEASURES IN GENERAL
PROBABILITY SPACES

In this chapter, we define a general Graph Divergence Measure (GDM), as a measure

of incompatibility between the observed distribution and a given graphical model structure.

While this information-theoretic quantity is well defined in arbitrary probability spaces,

existing estimators add or subtract entropy terms (we call them ΣH methods). These

methods work only in either purely discrete spaces or purely continuous cases since entropy

(or differential entropy) is well-defined only in that regime. Hence we construct a novel

estimator via a coupling trick that directly estimates this multivariate information measure

using the Radon-Nikodym derivative. The estimator is proven to be consistent in a general

setting which includes several cases where the existing estimators fail, thus providing the

only known estimators for the following settings: (1) the data has some discrete and some

continuous valued components (2) some (or all) of the components themselves are discrete-

continuous mixtures (3) the data is real-valued but does not have a joint density on the

entire space, rather is supported on a low-dimensional manifold. We show that our proposed

estimator significantly outperforms known estimators on synthetic and real data sets.

2.1 Introduction

Information theoretic quantities, such as mutual information and its generalizations, play an

important role in various settings in machine learning and statistical estimation and inference.

Here we summarize briefly the role of some generalizations of mutual information in learning

(cf. Sec. 2.2.1 for a mathematical definition of these quantities).
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1. Conditional mutual information measures the amount of information between two

variables X and Y given a third variable Z and is zero iff X is independent of Y given

Z. CMI finds a wide range of applications in learning including causality testing [49, 303],

structure inference in graphical models [296], feature selection [65] as well as in providing

privacy guarantees [47].

2. Total correlation measures the degree to which a set of N variables are independent

of each other, and appears as a natural metric of interest in several machine learning

problems, for example, in independent component analysis, the objective is to maximize

the independence of the variables quantified through total correlation [114]. In feature

selection, ensuring the independence of selected features is one goal, pursued using total

correlation in [174,286].

3. Multivariate mutual information measures the amount of information shared between

multiple variables [29,171] and is useful in feature selection [25,144] and clustering [30].

4. Directed information measures the amount of information between two random processes

[206, 292] and is shown to be the correct metric in identifying time series graphical

models [4, 105,222,224,225,266].

Estimation of these information-theoretic quantities from observed samples is a non-trivial

problem that needs to be solved in order to utilize these quantities in the aforementioned

applications. While there has been long history in estimation of entropy [17,132,176,297],

and renewed recent interest [97, 143, 261], much less effort has been spent on the multivariate

versions. A standard approach to estimating general information theoretic quantities is to

write them out as a sum or difference of entropy (denoted H usually) terms which are then

directly estimated; we term such a paradigm as ΣH paradigm. However, the ΣH paradigm

is applicable only when the variables involved are all discrete or there is a joint density

on the space of all variables (in which case, differential entropy h can be utilized). The

underlying information measures themselves are well defined in very general probability
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spaces, for example, involving mixtures of discrete and continuous variables; however, no

known estimators exist.

We motivate the requirement of estimators in general probability spaces by some examples

in contemporary machine learning and statistical inference.

1. It is common place in machine learning to have data-sets where some variables are

discrete, and some are continuous. For example, in recent work on utilizing information

bottleneck to understand deep learning [272], an important step is to quantify the mutual

information between the training samples (which are discrete) and the layer’s output (which

is continuous). The employed methodology was to quantize the continuous variables; this

is common practice, even though highly sub-optimal.

2. Some variables involved in the calculation may be mixtures of discrete and continuous

variables. For example, the output of ReLU activation will not have a density even

when the input data has a density. Instead, the neuron will have a discrete mass at 0 (or

wherever the ReLU breakpoint is) but will have a continuous distribution on the positive

values. This is also the case in gene expression data, where a gene may have a discrete mass

at expression 0 due to an effect called drop-out [153] but have a continuous distribution

elsewhere.

3. The variables involved may have a joint density only on a low dimensional manifold.

For example, when calculating mutual information between input and output of a neural

network, some of the neurons are deterministic functions of the input variables and hence

they will have a joint density supported on a low-dimensional manifold rather than the

entire space.

In the aforementioned cases, no existing estimators are known to work. It is not merely a

matter of having provable guarantees either. When we plug in estimators that assume a joint

density into data that does not, the estimated information measure can be strongly negative.

In this chapter, we will discuss the following contributions:
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1. General paradigm (Section 2.2): We define a general paradigm of graph divergence

measures which captures the aforementioned generalizations of mutual information as

special cases. Given a directed acyclic graph (DAG) between n variables, the graph

divergence is defined as the Kullback-Leibler (KL) divergence between the true data

distribution PX and a restricted distribution PX defined on the Bayesian network and can

be thought of as a measure of incompatibility with the given graphical model structure.

These graph divergence measures are defined using the Radon Nikodym derivatives which

are well-defined for general probability spaces.

2. Novel estimators (Section 2.3): We propose novel estimators for these graph divergence

measures, which directly estimate the corresponding Radon-Nikodym derivatives. To the

best of our knowledge, these are the first family of estimators that are well defined for

general probability spaces (breaking the ΣH paradigm).

3. Consistency proofs (Section 2.4): We prove that the proposed estimators converge to

the true value of the corresponding graph divergence measures as the number of observed

samples increases in a general setting which includes several cases: (1) the data has some

discrete and some continuous valued components (2) some (or all) of the components

themselves are discrete-continuous mixtures (3) the data is real-valued but does not have

a joint density on the entire space but is supported on a low-dimensional manifold.

4. Numerical results (Section 2.5): Extensive numerical results demonstrate that (1)

existing algorithms have severe failure modes in general probability spaces (strongly

negative values, for example), and (2) our proposed estimator achieves consistency as well

as significantly better finite-sample performance.

2.2 Graph Divergence Measure

In this section, we define the family of graph divergence measures. To begin with, we first

define some notational preliminaries. We denote any random variable by an uppercase letter
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(a) (b) (c)

Figure 2.1: (a) An example of Bayesian Network G with PX as the induced distribution PX1PX2PX3|X1

PX4|X1,X2
PX5|X4

PX6|X4
. (b) A Bayesian Network G inducing a Markov chain PX3PX1|X3

PX2|X3
. (c)

A Bayesian Network G with PX as the induced distribution PX1PX2 · · ·PXd
.

such as X. The sample space of the variable X is denoted by X and any value in X is denoted

by the lowercase letter x. For any subset A ⊆ X , the probability of A for a given distribution

function PX(.) over X is denoted by PX(A). We note that the random variable X can be a

d-dimensional vector of random variables, i.e. X ≡ (X1, . . . , Xd). The N observed samples

drawn from the distribution PX are denoted by x(1), x(2), . . . , x(N), i.e. x(i) is the ith observed

sample.

Sometimes we might be interested in a subset of components of a random variable,

S ⊆ {X1, . . . , Xd} instead of the entire vector X. Accordingly, the sample space of the variable

S is denoted by S. For instance, X = (X1, X2, X3, X4) and S = (X1, X2). Throughout the

entire chapter, unless otherwise stated, there is a one-to-one correspondence between the

notations of X and any S. For example for any value x ∈ X , the corresponding value in S is

simply denoted by s. Further, s(i) ∈ S represents the lower-dimensional sample corresponding

to the ith observed sample x(i) ∈ X . Furthermore, any marginal distribution defined over S

with respect to PX is denoted by PS.

Consider a directed acyclic graph (DAG) G defined over d nodes (corresponding to the

d components of the random variable X). A probability measure Q over X is said to be

compatible with the graph G if it is a Bayesian network on G. Given a graph G and a

distribution PX , there is a natural measure PX(.) which is compatible with the graph and is
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defined as follows:

PX =
d∏

l=1

PXl|pa(Xl) (2.1)

where pa(Xl) ⊂ X is the set of the parent nodes of the random variable Xl, with the

sample space denoted by Xpa(l), and the sample values xpa(l) corresponding to x. The

distribution PXl|pa(Xl) is the conditional distribution of Xl given pa(Xl). Throughout the

chapter, whenever mentioning the variable Xl with its own parents pa(Xl) we indicate it by

pa+(Xl), i.e. pa+(Xl) ≡
(
Xl, pa(Xl)

)
. An example is shown in Fig. 2.1a.

We note the fact that PS|X\S is well defined for any subset of variables S ⊂ X. Therefore

if we let S = X \ pa(Xl), then PX\pa(Xl)|pa(Xl) is well defined for any l ∈ {1, . . . , d}. By

marginalizing over X \ pa+(Xl) we see that PXl|pa(Xl) and thus the distribution PX is well

defined.

The graph divergence measure is now defined as a function of the probability measure

PX and the graph G. In this chapter, we will focus only on the KL Divergence as being the

distance metric, hence unless otherwise stated D(· ∥ ·) = DKL(· ∥ ·). Let’s first consider the

case where PX is absolutely continuous with respect to PX and hence the Radon-Nikodym

derivative dPX/dPX exists. Therefore for a given set of random variables X and a Bayesian

Network G, we define Graph Divergence Measure (GDM) as :

GDM(X,G) = D(PX∥PX) =

∫
X
log

dPX

dPX

dPX (2.2)

Here we implicitly assume that log
(
dPX/dPX

)
is measurable and integrable with respect to

the measure PX . The GDM is set to infinity wherever Radon-Nikodym derivative does not

exist. It is clear that GDM(X,G) = 0 if and only if the data distribution is compatible with

the graphical model, thus the GDM can be thought of as a measure of incompatibility with

the given graphical model structure.

We now have relevant variational characterization as below on our graph divergence

measure, which can be harnessed to compute upper and lower bounds:
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Proposition 2.2.1. For a random variable X, a DAG G, let Π(G) be the set of measures

QX defined on the Bayesian Network G, then GDM(X,G) = infQX∈Π(G)D(PX∥QX).

Furthermore, let C denote the set of functions h : X → R such that EQX
[exp(h(X))] <∞.

If GDM(X,G) <∞, then for every h ∈ C, EPX
[h(X)] exists and:

GDM(X,G) = sup
h∈C

EPX
[h(X)]− logEQX

[exp(h(X))] . (2.3)

2.2.1 Special cases

For specific choices of X and Bayesian Network, G, the Equation 2.2 is reduced to the

well-known information measures. Some examples of these measures are as follows:

Mutual Information (MI): X = (X1, X2) and G has no directed edge between X1 and X2.

Thus PX = PX1PX2 , and we get, GDM(X,G) = I(X1;X2) = D(PX1X2∥PX1PX2).

Conditional Mutual Information (CMI): We recover the conditional mutual in-

formation of X1 and X2 given X3 by constraining G to be the one in Fig. 2.1b, since

PX = PX3PX2|X3PX1|X3 , i.e., GDM(X,G) = I(X1;X2|X3) = D(PX1X2X3∥PX1|X3PX2|X3PX3).

Total Correlation (TC): When X = (X1, · · · , Xd), and G is the graph with no edges

as in Fig. 2.1c, we recover the total correlation of the random variables X1, . . . , Xd since

PX = PX1 . . .PXd
, i.e., GDM(X,Gdc) = TC(X1, . . . , Xd) = D(PX1...Xd

∥PX1 . . .PXd
)

Multivariate Mutual Information (MMI) : While the MMI defined by [171] is not

positive in general, there is a different definition by [29] which is both non-negative and has

an operational interpretation. Since MMI can be defined as the optimal total correlation after

clustering, we can utilize our definition to define MMI (please see Appendix A Section A.1).

Directed Information : Suppose there are two stationary random processes X and Y ,
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the directed information rate from X to Y as first introduced by Massey [167] is defined as:

I(X → Y ) =
1

T

T∑
t=1

I
(
X t;Yt

∣∣Y t−1)

It can be seen that the directed information can be written as:

I(X → Y ) = GDM
(
(XT , Y T ),GI

)
−GDM

(
(XT , Y T ),GC

)

where the graphical model GI corresponds to the independent distribution between XT and

Y T , and GC corresponds to the causal distribution from X to Y (more details provided in

Appendix A Section A.2).

2.3 Estimators

2.3.1 Prior Art

Estimators for entropy date back to Shannon, who guesstimated the entropy rate of English

[248]. Discrete entropy estimation is a well-studied topic and minimax rate of this problem

is well-understood as a function of the alphabet size [121, 199, 300]. The estimation of

differential entropy is considerably harder and also studied extensively in literature [17, 143,

146,176,190,253,259] and can be broadly divided into two groups; based on either Kernel

density estimates [81, 123] or based on k-nearest-neighbor estimation [118, 197, 261]. In a

remarkable work, Kozachenko and Leonenko suggested a nearest neighbor method for entropy

estimation [132] which was then generalized to a kth nearest neighbor approach [252]. In this

method, the distance to the kth nearest neighbor (KNN) is measured for each data-point, and

based on this the probability density around each data point is estimated and substituted

into the entropy expression. When k is fixed, each density estimate is noisy and the estimator

accrues a bias and a remarkable result is that the bias is distribution-independent and can be
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subtracted out [254].

While the entropy estimation problem is well-studied, mutual information and its gen-

eralizations are typically estimated using a sum of signed entropy (H) terms, which are

estimated first; we term such estimators as ΣH estimators. In the discrete alphabet case,

this principle has been shown to be worst-case optimal [97]. In the case of distributions with

a joint density, an estimator that breaks the ΣH principle is the KSG estimator [134], which

builds on the KNN estimation paradigm but couples the estimates in order to reduce the bias.

This estimator is widely used and has excellent practical performance. The original paper did

not have any consistency guarantees and its convergence rates were recently established [74].

There have been some extensions to the KSG estimator for other information measures such

as conditional mutual information [67,237], directed information [284] but none of them show

theoretical guarantees on consistency of the estimators, furthermore they fail completely in

mixture distributions.

When the data distribution is neither discrete nor admits a joint density, the ΣH approach

is no longer feasible as the individual entropy terms are not well defined. This is the regime

of interest in our paper. Recently, Gao et al [79] proposed a mutual-information estimator

based on KNN principle, which can handle such continuous-discrete mixture cases, and the

consistency was demonstrated. However it is not clear how it generalizes to even Conditional

Mutual Information (CMI) estimation, let alone other generalizations of mutual information.

In this paper, we build on that estimator in order to design an estimator for general graph

divergence measures and establish its consistency for generic probability spaces.

2.3.2 Proposed Estimator

The proposed estimator is given in Algorithm 1 where ψ(·) is the digamma function and

1{·} is the indicator function. The process is schematically shown in Fig. 2.2. We used the

ℓ∞-norm everywhere in our algorithm and proofs.

The estimator intuitively estimates the GDM by the resubstitution estimate 1
N

∑N
i=1 log f̂(x

(i))

in which f̂(x(i)) is the estimation of Radon-Nikodym derivative at each sample x(i). If x(i)
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.
Input: Parameter: k ∈ Z+, Samples: x(1), x(2), . . . , x(N), Bayesian Network: G on

Variables: X = (X1, X2, · · · , Xd)

Output: ĜDM
(N)

(X,G)
1: for i = 1 to N do
2: Query:
3: ρk,i = ℓ∞-distance to the kth nearest neighbor of x(i) in the space X
4: Inquire:
5: k̃i = # points within the ρk,i-neighborhood of x(i) in the space X
6: n

(i)
pa(Xl)

= # points within the ρk,i-neighborhood of x(i) in the space Xpa(l)

7: n
(i)
pa+(Xl)

= # points within the ρk,i-neighborhood of x(i) in the space Xpa+(l)

8: Compute:
9: ζi = ψ(k̃i) +

∑d
l=1

(
1{pa(Xl )̸=∅} log

(
n
(i)
pa(Xl)

+ 1
)
− log

(
n
(i)
pa+(Xl)

+ 1
))

10: end for
11: Final Estimator:

ĜDM
(N)

(X,G) = 1

N

N∑
i=1

ζi +

(
d∑

l=1

1{pa(Xl)=∅} − 1

)
logN (2.4)

Algorithm 1: Estimating Graph Divergence Measure GDM(X,G)

lies in a region where there is a density, the RN derivative is equal to gX(x(i))/ḡX(x(i)) in

which gX(.) and ḡX(.) are density functions corresponding to PX and PX respectively. On

the other hand, if x(i) lies on a point where there is a discrete mass, the RN derivative will

be equal to hX(x(i))/h̄X(x(i)) in which hX(.) and h̄X(.) are mass functions corresponding to

PX and PX respectively.

The density function ḡX(x(i)) can be written as
∏d

l=1

(
gpa+(Xl)(xpa+(l)

(i))/gpa(Xl)(xpa(l)
(i))
)

for continuous components. Equivalently, the mass function h̄X(x
(i)) can be written as∏d

l=1

(
hpa+(Xl)(xpa+(l)

(i))/hpa(Xl)(xpa(l)
(i))
)

for discrete components. Thus we need to estimate

the density functions g(.) and the mass functions h(.) according to the type of x(i). The

existing kth nearest neighbor algorithms will suffer while estimating the mass functions h(.),

since ρnS ,i (the distance to the nS-th nearest neighbor in subspace S) for such points will be

equal to zero for large N . Our algorithm, however, is designed in a way that it’s capable of
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 ρk,i 
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S2 
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 2ρk,i 

 2ρk,i nS2 

nS1 

(b)

Figure 2.2: The method for estimating information theoretic measures. (a) Step 1: Query for the
distance to the kth nearest neighbor of each point i in the space X . (b) Step 2: Inquire for the
number of points lying within the ρk,i-neighborhood of each point i in the subspaces of X including
itself.

approximating both g(.) functions as ≈ nS

N
1

(ρnS,i)
dS

and h(.) functions as ≈ nS

N
dynamically

for any subset S ⊆ X. This is achieved by setting ρnS ,i terms such that all of them cancel

out, yielding the estimator as in Eq. (2.4).

2.4 Proof of Consistency

The proof of consistency for our estimator consists of two steps: First we prove that the

expected value of the estimator in Eq. (2.4) converges to the true value as N → ∞ , and

second we prove that the variance of the estimator converges to zero as N →∞. Let’s begin

with the definition of PX(x, r):

PX(x, r) = PX

{
a ∈ X : ∥a− x∥∞ ≤ r

}
= PX

{
Br(x)

}
(2.5)

Thus PX(x, r) is the probability of a hypercube with the edge length of 2r centered at the

point x. We then state the following assmuptions:

Assumption 1. We make the following assumptions to prove the consistency of our method:
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1. k is set such that limN→∞ k =∞ and limN→∞
k logN

N
= 0.

2. The set of discrete points {x : PX(x, 0) > 0} is finite.

3.
∫
X

∣∣ log f(x)∣∣dPX < +∞, where f ≡ dPX/dPX is Radon-Nikodym derivative.

The Assumption 1.1 with 1.2 controls the boundary effect between the continuous and the

discrete regions; with this assumption, we make sure that all the k nearest neighbors of each

point belong to the same region almost surely (i.e. all of the points in the neighborhood are

either continuous or discrete). Assumption 1.3 is the log-integrability of the Radon-Nikodym

derivative. These assumptions are satisfied under mild technical conditions whenever the

distribution PX over the set X is (1) finitely discrete; (2) continuous; (3) finitely discrete

over some dimensions and continuous over some others; (4) a mixture of the previous cases;

(5) has a joint density supported over a lower dimensional manifold. These cases represent

almost all the real world data.

As an example of a case not conforming to the aforementioned cases, we can consider

singular distributions, among which the Cantor distribution is a significant example whose

cumulative distribution function is the Cantor function. This distribution has neither

a probability density function nor a probability mass function, although its cumulative

distribution function is a continuous function. It is thus neither a discrete nor an absolutely

continuous probability distribution, nor is it a mixture of these.

The Theorem 1 formally states the mean-convergence of the estimator while Theorem 2

formally states that convergence of the variance to zero.

Theorem 1. Under the Assumptions 1, we have limN→∞ E
[
ĜDM

(N)
(X,G)

]
= GDM(X,G).

Theorem 2. In addition to the Assumptions 1, assume that we have (kN logN)2/N → 0 as

N goes to infinity. Then we have limN→∞Var
[
ĜDM

(N)
(X,G)

]
= 0.

The Theorems 1 and 2 combined yield the consistency of the estimator 2.4.
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The proof of the Theorem 1 starts with writing the Radon-Nikodym derivative explicitly.

Then we need to upper-bound the term
∣∣E[ĜDM

(N)
(X,G)

]
−GDM(X,G)

∣∣. To achieve this

goal, we segregate the domain of X into three parts as X = Ω1 ∪ Ω2 ∪ Ω3 where Ω1 = {x :

f(x) = 0}, Ω2 = {x : f(x) > 0, PX(x, 0) > 0} and Ω3 = {x : f(x) > 0, PX(x, 0) = 0}. We will

show that PX(Ω1) = 0. The sets Ω2 and Ω3 correspond to the discrete and continuous regions

respectively. Then for each of the two regions, we introduce an upper bound that goes to

zero as N grows boundlessly. Thus equivalently we show the mean of the estimate ζ1 is close

to log f(x) for any x.

The proof of the Theorem 2 is based on the Efron-Stein inequality, which upper bounds

any estimator for any quantity from the observed samples x(1), . . . , x(N). For any sample x(i),

we then upper bound the term
∣∣ζi(X)− ζi(X\j)

∣∣ by segregating the samples into various cases

and examining each case separately. ζi(X) is the estimate using all the samples x(1), . . . , x(N)

and ζi(X\j) is the estimate when the jth sample is removed. Summing up over all the i’s, we

obtain an upper bound which will converge to 0 as N goes to infinity.

The detailed proofs can be found in Appendix A.

2.5 Empirical Results

In this section, we evaluate the performance of our proposed estimator in comparison with

other estimators via numerical experiments. The estimators evaluated here are our estimator

referred to as GDM, the plain KSG-based estimators for continuous distributions to which we

refer by KSG, the binning estimators and the noise-induced ΣH estimators. The parameter

of the nearest neighbor k for all the GDM, KSG and ΣH methods is set to
√
N/5 to conform

with the Assumptions 1 and keep the computational complexity at an acceptable level. The

number of bins in binning method at each dimension is kept at d
√
N/m for all the algorithms

so we roughly have m samples per each bin, and we choose m ∈ {10, 20, 100} whichever

giving the best precision.
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2.5.1 Experiment 1: Markov chain model with continuous-discrete mixture

For the first experiment, we simulated an X-Z-Y Markov chain model in which the random

variable X is chosen as X = min
(
X̃, α1

)
where X̃ ∼ U(0, 1) represents an auxiliary random

variable uniformly distributed between 0 and 1. This means that we first generate a sample

from X̃ denoted by x̃ and then let x = min{x̃, α1}. Subsequently:

Z = min
(
X,α2

)
(2.6)

Y = min
(
Z, α3

)
(2.7)

We assume that α3 < α2 < α1. The three variables X, Y and Z represent a mixture of

continuous and discrete random variables.

We simulated this system for various numbers of samples while setting α1 = 0.9, α2 = 0.8

and α3 = 0.7. For each set of samples I(X;Y |Z) is estimated via different methods and its

theory value is obviously equal to 0. The results are shown in Figure 2.3a. We can see that

in this regime, only the GDM estimator can correctly converge. The KSG estimator and the

ΣH estimator show high negative biases and the binning estimator shows a positive bias.

2.5.2 Experiment 2: Mixture of AWGN and BSC channels with variable error probability

As the second experiment, we considered an Additive White Gaussian Noise (AWGN) Channel

in parallel with a Binary Symmetric Channel (BSC) where only one of them can be activated

at a time. The random variable 0 < Z < 1 controls which channel is activated; i.e. if Z is

lower than the threshold β, then the AWGN channel is activated, otherwise the BSC channel

will be activated.

The AWGN channel is modeled as Y = X +N where X ∼ N (0, σ2
X) and N ∼ N (0, σ2

N).

BSC channel is modeled as Y = X ⊕ E, where X and E are two binary random variables

X ∼ Bern(p) and E ∼ Bern(Z) denoting the input and the error respectively. This means

that the probability of error in the BSC channel is controlled by the variable Z at each
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time-point. Equivalently, if we suppose that the sample zi is observed from Z at the moment

i, the output of the BSC at time i is characterized by:

yi =

 xi with probability 1− zi
¬xi with probability zi

(2.8)

Let’s assume Z = min
(
α, Z̃

)
where Z̃ ∼ U(0, 1) is an auxiliary uniform random variable,

similar to the previous experiments. The theory value for I(X : Y |Z) is obtained as follows:

I(X;Y |Z) =

∫ 1

z=0

I(X;Y |Z = z)fZ(z)dz (2.9)

=

∫ β

z=0

IAWGN(X;Y |Z = z)fZ(z)dz +

∫ 1

z=β

IBSC(X;Y |Z = z)fZ(z)dz (2.10)

= βIAWGN(X;Y ) +

∫ α

z=β

IBSC(X;Y |Z = z)dz

+(1− α) IBSC(X;Y |Z = α) (2.11)

=
β

2
log

(
1 +

σ2
X

σ2
N

)
+

∫ α

z=β

(
h(zp̄+ pz̄)− h(z)

)
dz

+(1− α)
(
h(αp̄+ pᾱ)− h(α)

)
(2.12)

in which h(x) is the binary entropy function defined as h(x) = −x log x− (1−x) log(1−x)

for x ∈ [0, 1].

In our experiment discussed in Section 2.5 we set p = 0.5, α = 0.3, β = 0.2, σX = 1

and σN = 0.1. The theory value for the conditional mutual information can be readily

calculated as I(X;Y |Z) = 0.53241. We simulated the system for various number of samples,

and obtained the estimated CMI values I(X;Y |Z,Z2, Z3). Its theory value is obviously equal

to I(X;Y |Z), yet it’s conditioned over a low-dimensional manifold in a high-dimensional

space, and we are interested in examining the effect of it over the estimators’ accuracy. The

results are shown in Figure 2.3b. Similar to the previous experiment, the GDM estimator

can correctly converge to the true value. The ΣH and binning estimators show a negative

bias, and the KSG estimator gets totally lost.
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2.5.3 Experiment 3: Total Correlation for independent mixtures

In the third set of experiments, we estimated the total correlation of three independent random

variables X, Y and Z each of which is created independently from a mixture distribution

as follows: First we generate an auxiliary random variable X̃ ∼ Bern(0.5) then the random

variable X is generated as follows:

X =

 αX if X̃ = 0

∼ U(0, 1) if X̃ = 1
(2.13)

which means we toss a fair coin, if heads appears we will fix X at αX , otherwise we will draw

X from a uniform distribution between 0 and 1. samples from Y and Z are also generated

independently in the same fashion. For this setup, the theory value of the total correlation of

the three variables X, Y and Z is obviously equal to 0.

In our experiment we set αX = 1, αY = 1/2 and αZ = 1/4, and generated various datasets

with different number of samples. Then we estimated the total correlation via different

approaches. The results are shown in the Figure 2.3c.

2.5.4 Experiment 4: Total Correlation for independent uniforms with correlated zero-inflation

In this experiment, we examine a system of random variables, which can be clustered into

independent subsets, while inside each of the subsets, the variables are dependent. As a

simple case we consider 4 random variables X1, X2, X3 and X4 which can be clustered as

{X1, X2} and {X3, X4}. Suppose X̃1, X̃2, X̃3 and X̃4 are four independent auxiliary random

variables identically distributed as U(0.5, 1.5). Then we erase samples (X̃1, X̃2) and (X̃3,

X̃4) independently, to generate the random variables X1, X2, X3 and X4; i.e. X1 = α1X̃1,

X2 = α1X̃2 and X3 = α2X̃3, X4 = α2X̃4 in which α1 ∼ Bern(p1) and α2 ∼ Bern(p2). As we

see, after this erasure process resulting in zero-inflation, X1 and X2 become correlated, so do
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X3 and X4 while still (X1, X2) |= (X3, X4). Thus the total correlation can be written as:

TC (X1, X2, X3, X4) = h(X1) + h(X2) + h(X3) + h(X4)− h (X1, X2, X3, X4) (2.14)

= h(X1) + h(X2) + h(X3) + h(X4)− h (X1, X2)− h (X3, X4) (2.15)

= I (X1;X2) + I (X3;X4) (2.16)

To calculate I (X1;X2), after applying the chain rule to I (X1;X2, α1) twice, we have:

I (X1;X2) = I (X1;α1) + I (X1;X2|α1)− I (X1;α1|X2) (2.17)

= h(α1)− h (α1|X1)︸ ︷︷ ︸
0

(2.18)

+p(α1 = 0) I (X1;X2|α1 = 0)︸ ︷︷ ︸
0

+p(α1 = 1) I (X1;X2|α1 = 1)︸ ︷︷ ︸
0

−h (X1|X2) + h (X1|X2, α1)︸ ︷︷ ︸
=h(X1|X2)

= h(α1) (2.19)

Similarly, I (X3;X4) = h(α2). Thus:

TC (X1, X2, X3, X4) = h(α1) + h(α2) (2.20)

In the experiment, we set p1 = p2 = 0.6. The theory value for the total correlation is equal

to 1.34602. The results of running different algorithms over the data can be seen in Figure

2.3d. For the total correlation experiments 3 and 4, similar to that of conditional mutual

information in experiments 1 and 2, only the GDM estimator can best estimate the true

value. The estimator ΣH was removed from the figures due to its high inaccuracy.

2.5.5 Experiment 5: Gene Regulatory Networks

In this experiment, we briefly test our algorithm in doing causal inference, which is going to

be examined more extensively later in the thesis. We use different estimators to do Gene
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Regulatory Network inference based on the Restricted Directed Information (RDI) measure.

In a simplified model of a dynamical system X = (X1, . . . , Xd), each Xl is a time series

of length T written in the form {Xl(t)}Tt=0, and the system’s evolution through time is

characterized as Xl(t) = gl
(
X(t − 1)

)
+ Nl(t) in which gl(.) : X → Xl is a deterministic

function and Nl(t) is an independent random noise. In the causal inference, the goal is

to infer the set of pa(Xl) for each Xl. To reach this end, many researchers have studied

the information theoretic measures. One of such measures for time series is the directed

information, and a variation of it is the restricted directed information defined as RDI(Xi →

Xj) := I
(
Xi(t− 1), Xj(t)|Xj(t− 1)

)
and the conditional version of it (cRDI) is defined as

RDI(Xi → Xj|Z) := I
(
Xi(t−1), Xj(t)|Xj(t−1), Z(t−1)

)
. It’s shown that for the first-order

Markov systems and under some mild conditions, RDI(Xi → Xj|{Xi, Xj}c) ̸= 0 if and only

if Xi ∈ pa(Xj) [224]. Since RDI (cRDI) is in fact a conditional mutual information, its

performance is directly related to that of the CMI estimator, which is used to obtain cRDI

from the samples. Hence we are interested in evaluating the performance of various estimators

in causal inference. The RDI measure is discussed in more details in Chapter 3.

We do our test on the simulated neuron cells’ development process, based on a model

from [216]. In this model, the time series vector X consists of 13 random variables each

of which corresponding to a single gene in the development process. We simulated the

development process for various values of T in which the additive noise is independent and

identically distributed as N (0, .03) for all the genes, and every single sample is then subject

to erasure (i.e. be replaced by 0s) with a probability of 0.5. Then we applied the cRDI

method to the data to discover the pairwise causal relationships. In our method, we first

applied the RDI method (with no conditioning) and obtained the pairwise values. Then we

repeated the process to obtain cRDI values, and for every pair Xi and Xj, we conditioned

the RDI over the Xk∗ in which k∗ = argmaxk ̸=iRDI(Xk → Xj) (This method is called Scribe

with parameter l = 1. See Chapter 4).

To calculate RDI and cRDI, various CMI estimators are utilized and then the Area-Under-

ROC curve (AUROC) is calculated for each estimator. More detailed results are shown in



24

Figure 2.3e. We notice that the zero-inflation is highly detrimental to the causal signals, so

we won’t expect high performance of the causal inference over the data. As we see, RDI/cRDI

methods implemented with the GDM estimator outperform the other estimators by at least

%10 in terms of AUROC. We did not include the ΣH estimator results due to its very low

performance.

2.5.6 Experiment 6: Feature Selection by Conditional Mutual Information Maximization

Selecting the best features for a learning task using information theoretic measures is well

studied in the literature [286]. Among the well-known methods is the conditional mutual

information maximization (CMIM) first introduced by Flueret [65], a variation of which was

later introduced called CMIM-2 [285]. Suppose we have observed samples from the data

(X, Y ), and would like to select the set S ⊂ X which describes Y the best. Suppose we start

at S = ∅ and we add features to S in a recursive greedy fashion as:

If S = ∅ : S ← S ∪ {argmaxXi
I(Xi;Y )} (2.21)

Otherwise : S ← S ∪ {argmaxXi
f(Xi, S)}

The algorithm 2.21 is equivalent to CMIM when f(Xi, S) := minXj∈S I(Xi, Y |Xj), and it’s

equivalent to CMIM-2 if we let f(Xi, S) :=
∑

Xj∈S I(Xi, Y |Xj) instead.

In our experiment, we generated a vector X = (X1, . . . , X15) of 15 random variables in

which all the random variables are taken from N (0, 1) and then each random variable Xi is

clipped from above at αi which is initially taken randomly from U(0.25, 0.3) and then kept

constant during the sample generation. Then Y is generated as Y = cos
(∑5

i=1Xi

)
. So only

the first 5 features are relevant and the other features are independent of Y . Thus an ideal

feature selection method should be able to recover the first 5 features first. We implemented

and ran both CMIM and CMIM-2 algorithms with various CMI estimators to evaluate the

performance of the estimators and see how well they can extract the true features X1, . . . , X5.

A more detailed version of the AUROC plot including both CMIM and CMIM-2 is shown
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Figure 2.3: The results for the experiments versus the number of samples: 2.3a: The estimated
CMI for the X-Z-Y Markov chain. 2.3b: CMI for the AWGN+BSC channels with low-dimensional Z
manifold. 2.3c: The estimated TC values for three independent variables. 2.3d: The estimated TC
for zero-inflated variables. 2.3e: The AUROC values for gene regulatory network inference. The
error bars show the standard deviation scaled down by 0.2. 2.3f: The AUROC values for feature
selection accuracy. The error bars show the standard deviations scaled down by 0.2.
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in Figure 2.3f. We can see that the feature selection methods implemented with the GDM

estimator outperform the other estimators. We notice that the performances of CMIM and

CMIM-2 with the GDM estimator are almost identical.

2.6 Discussion and Future Work

In this chapter, a general paradigm of graph divergence measures and novel estimators

thereof, for general probability spaces are proposed, which estimate several generalizations

of mutual information. In the future, we would like to derive further efficient estimators

for high-dimensional data. In the current work, estimators are shown to be consistent with

infinite scaling of parameter k. In the future, we would like to understand the finite k

performance of the estimators as well as guarantees on sample complexity and rates of

convergence. Another potential direction to follow is to study the variational characterization

of the graph divergence measure to design estimators. Improving the computational efficiency

of the estimator is another direction of future work. Recent literature including [191] provides

a new methodology to estimate mutual information in a computationally efficient manner

and leveraging these ideas for the generalized measures and general probability distributions

can be a promising direction ahead.
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Chapter 3

CAUSAL INFERENCE FROM TIME SERIES OBSERVATIONAL
DATA

In the previous chapter, we briefly introduced Restricted Directed (RDI) Information as

a Graph Divergence Measure and how it can be utilized to infer causal relationships from

observational time series data. In this chapter, we study the causal inference problem more

extensively and introduce and analyze RDI as a measure to infer causality from time series

data.

Determining the network of interactions between random variables from observations has

a long history, and with the emergence of pervasive measurement techniques in different

domains, including finance, social networks, computational biology, and smart cities, it has

become increasingly commonplace to observe time series of measurements. These time series

are usually well modeled by random processes that interact and evolve, and a common problem

of interest in many domains is the inference of the underlying network structure of interactions

from the observed time series. One of the areas in which discovering these interactions is

of massive interest is genomics, where people study the network of gene interactions in a

cell development process. With single-cell transcriptome sequencing now routinely sampling

thousands of cells, potentially providing enough data to reconstruct causal gene regulatory

networks from observational data, this area is becoming more and more trendy, which intrigues

us to explore new means of discovering causal relationships. We particularly focus on Directed

Information which has been recently proposed as a generalization of Granger causality to

accurately infer the structure of the network.

We start our study by observing a curious phenomenon in Section 3.2: in the limit that

the relationships become purely deterministic, directed information loses power completely.
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We explore its connection to Taken’s delay embedding theorem, propose a remedy called

Restricted Directed Information (RDI); and finally, demonstrate its efficacy in simulations. In

particular, we show that RDI recovers the graph correctly in all instances, deterministic or

stochastic, where there is enough information to recover the graph uniquely.

While RDI would recover graphs correctly if there were infinite samples at hand, its

performance in finite-sample can deteriorate with more samples if the samples don’t properly

represent the transitional states of the system. In other words, it is more desirable to

have a functional purely of the distribution of effect conditioned on the cause, rather than

that of the joint distribution between cause and effect. We therefore define the Potential

Conditional Mutual Information (qCMI) as the conditional mutual information calculated with

a modified joint distribution P (Y |X,Z)Q (X,Z), where Q (X,Z) is an assumed potential

distribution. We develop a k nearest neighbor based estimator for this function similar to that

of GDM in Chapter 2; employing importance sampling, and the coupling trick used in KSG

estimator [134], and prove the finite-k consistency of such an estimator. We demonstrate

that the estimator has excellent practical performance and show an application in dynamical

system inference.

Later in this thesis, we will see the application of the methods introduced in this Chapter, in

the particular context of gene transcriptomic data. Based on RDI, we develop Scribe, a toolkit

for detecting and visualizing causal regulatory interactions between genes and explore the

potential for single-cell experiments to power network reconstruction. As mentioned, Scribe

employs RDI to determine causality by estimating the strength of information transferred

from a potential regulator to its downstream target. The details are discussed extensively in

Chapter 4.

3.1 Assumptions, Definitions and Notations

A dynamical system is a system of m random processes {Xi(t)}1≤i≤m for t = 1, 2, .., T . At

each time t, Xi(t) is a random variable taking values in Xi. We denote all these variables

altogether by the m× 1 vector X(t). A specific realization of each random variable at time t
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is denoted by xi(t) for i ∈ [m] and the whole state of the system at time t is shown by x(t).

We define [m] := {1 ≤ i ≤ m}.

The dynamical system starts evolving from an initial state X(0) which we assume is

chosen randomly according to a distribution PX(0). The probability distribution at time t

is then denoted as PX(t). The mechanism of the system’s evolution is defined by a vector

transition function at each time moment, i.e. for each t > 0, X(t) = g (X(t− 1), N(t)) in

which g is the m-by-m transition function and N is an m× 1 vector of mutually-independent

random variables called noise vector at time t which is independent of the past states of the

system. Therefore the system is first-order Markov. Note that g does not depend on the time

index, hence the Markov chain is time-homogeneous.

Furthermore we assume that each variable Xi(t) is a function of only its corresponding

noise element. In other words, if g = [g1, g2, . . . , gm]
T , then Xi(t) = gi (X(t− 1), Ni(t)). Note

that both the transition functions gi and the initial state distribution PX(0) are required

to fully specify the distribution of the random process. We will assume that the system is

stationary, i.e., PX(t) = PX(0) for all t.

Causal relationship and causality graph of a dynamical system:

We expressed the state of each variable Xl as Xl(t) = gl (X(t− 1), Nl(t)). But in general,

gl might be not a function of all the variables Xl(t− 1). In particular, it may depend only

on a subset of variables, denoted by a set pa(Xl). So for each variable Xl we introduce a

set of parent nodes denoted by pa(Xl) ⊂ [m] which influence Xl, in other words Xl(t) is a

function of Xi(t− 1) for ∀Xi ∈ pa(Xl). We say there is a causal relationship from Xi to Xl

or "Xi causes Xl" if Xi ∈ pa(Xl). We can also encapsulate these causal relationships on a

graph, with nodes being random processes and edges depending on the causal relationship.

The directed graph GC = (V,E) is called the causality graph of a dynamic system, in which

V = [m] and (i, l) ∈ E iff Xi ∈ pa(Xl).

The goal of network inference is to infer the casual graph of the system from observations

of the time series x(0), ..., x(T ). In some contexts, one may observe multiple independent runs
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of the random process from different initial states, which may provide additional information.

3.2 Restricted Directed Information

We first look at the Directed Information based measures for causality appropriate for the

1st-order markov systems. In a series of recent work [54, 222], methods utilizing directed

information, originally proposed in communications theory literature [167], have been proposed

as the appropriate extension to non-linear problems in order to infer the network correctly.

The directed information between a pair of stochastic processes conditioned on the rest of

the variables is given as,

DI(X → Y |Z) := 1

T

T∑
t=1

{
H(Yt|Yt−1, ..., Y1, Zt−1, ..., Z1)

− H(Yt|Yt−1, ..., Y1, Xt−1, ..., X1, Zt−1, ..., Z1)
}
.

In [222], it is shown that there is a causal link from Xi to Xj if and only if DI(Xi →

Xj|X{i,j}c) > 0, provided all transition probabilities are non-zero and there are no latent

variables.

A particularly simple case of causal inference problems occurs when the evolution of the

time series is purely deterministic; and this is indeed the scope of discussion in this section.

For example, consider a popular non-linear dynamical system, referred to as the Lorenz

system [159]. It is a system with 3 time series, x, y, z which evolves according to the following

ordinary differential equations with parameters σ, ρ, β.

ẋ(t) = σ(y(t)− x(t)) (3.1)

ẏ(t) = x(t)(ρ− z(t))− y(t) (3.2)

ẋ(t) = x(t)y(t)− βz(t) (3.3)

This equation system is particularly interesting for some parameter regimes, for example
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σ = 10, β = 8
3
, ρ = 28, in the sense that it has no fixed points or orbits of fixed period; rather

the system exhibits a “strange” attractor inside which the system remains. One may wish

to infer the system’s connectivity, shown in Figure 3.1, from the observations of the time

series. It is pointed out in a recent work on inferring causality in ecological systems [265]

that for inferring the connectivity of such systems, Granger causality and its extensions

cannot be satisfactorily employed. This is, because, in the case of dynamical systems, Taken’s

theorem [269] guarantees that the information about the state of a system (x(t), y(t), z(t)) is

contained already in the lags of any one of its variables, for example, x(t−1), x(t−2), x(t−3).

Indeed in that case,

DI(Y → X) :=
1

T

T∑
t=1

(
H(Xt|Xt−1, ..., X1)−H(Xt|Yt−1, ..., Y1, Xt−1, ..., X1)

)
= 0.

Therefore all directed information terms may be zero, and indeed the system is not inferable

using directed-information graphs. In this regime, [265] proposed some algorithms which

can infer the underlying graph using lagged embeddings. These algorithms are guaranteed

to return the correct answer when the system has only two interacting variables and when

the system is purely deterministic. However, this method works only in the presence of

deterministic relationships and cannot infer multi-variable relationships correctly. Here we

try to bridge the gap between the two extremes: in the purely stochastic extreme, directed-

information graphs seem to work well and in the purely deterministic setting, alternative

methods seem to be needed. This problem is also interesting because as the SNR increases, i.e.,

the relative noise level in the system decreases, one may intuitively expect better performance

but directed-information-based methods deteriorate (see Figure 3.3). The question that we

study is the following: is there a universal algorithm that can recover the graph correctly in

both the deterministic as well as stochastic settings?

Consider a system that is undergoing a deterministic evolution; in such a case directed

information is not even well defined. In order to make this quantity well-defined, let us
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Figure 3.1: The causality graph of the Lorenz system

assume that the initial conditions are random so that there is some randomness in the system.

As already discussed, directed information does not infer this graph correctly. We propose a

natural metric called the Restricted Directed Information, which is the same as the directed

information but only takes into account the past time-step.

RDI(X → Y ) = H (Y (t)|Y (t− 1))−H (Y (t)|Y (t− 1), X(t− 1)) (3.4)

= I (X(t− 1);Y (t)|Y (t− 1)) (3.5)

Clearly, such a metric is tailored to first-order Markov relationships; and one cannot hope

to infer higher order Markov relationships using such a metric (unlike directed information).

However, under the first-order Markov assumption, this quantity can be estimated with far

fewer samples, lending practical viability to such an estimator. In our implementations, we

have adapted estimators based on the GDM estimator proposed in Chapter 2 which was

in turn inspired by the KSG estimator [134], the properties of which were analyzed and

generalized in Chapter 2 as well as [75,82]. We study only stationary dynamic systems and

the associated random processes Xi so that for all t > 0, I (X(t− 1), Y (t)|Y (t− 1)) is unique

and hence RDI (X → Y ) is meaningful.

We can also define the conditional RDI similarly. The restricted directed information

from X to Y given Z is defined as:

RDI (X → Y |Z) = I (X(t− 1);Y (t)|Y (t− 1), Z(t− 1)) (3.6)
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The definitions above are readily extendable to vector random processes X, Y and Z.

We also define an RDI graph. The directed graph GRDI = (V,E) is called the RDI graph

of a dynamic system, in which V = [m] and (i, j) ∈ E iff RDI
(
Xi → Xj|{Xk}k∈[m]−{i,j}

)
> 0.

We overload the notation H(X) to denote the entropy of a discrete variable X or to denote

the differential entropy of an absolutely continuous real-valued random variable.

If the system is ergodic, then it is possible to estimate RDI and therefore the RDI graph

from a single run of the time series. In cases where the system is stationary but not ergodic,

then multiple runs of the dynamical system with independent initializations are needed in

order to estimate the RDI.

The question that we would like to answer is when can RDI infer the causal graph of a

system correctly. It turns out that if the system indeed has non-trivial noise at all the nodes,

it is easy to show that under the first order Markov assumption the metric infers the graph

correctly. In this section, therefore, the focus is on the deterministic or semi-deterministic

cases, where only some nodes may have noise added to them.

Our main result here is that in the deterministic case, RDI infers the graph correctly in

cases where there is enough information to do so (see Theorem 3, Theorem 4 and Theorem 13).

We also characterize the minimum number of "noisy" nodes required for a linear system to

be inferred correctly; and show that RDI is optimal in this case as well (see Theorem 9).

Throughout the rest of the section, we are interested in finding the causal relationships between

the variables by using RDI. In other words, for different scenarios, we try to find conditions

under which GC = GRDI . We study linear systems with and without noise in Subsection 3.2.1.

We study deterministic non-linear systems with discrete alphabet in Subsection 3.2.2. Finally,

we demonstrate the performance of RDI in simulations in Subsection 3.2.3.
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3.2.1 Linear Systems

In general, a linear dynamical system is a system in which all the alphabets Xi are real lines,

and the functions gi are linear. Equivalently, a linear system can be described as:

X(t) = AX(t− 1) +N(t) (3.7)

in which A is an m×m matrix and X(t) and N(t) are m× 1 vectors, expressing the state

of the system and the additive noise respectively. We assume that N(t) follows a Gaussian

distribution N (0,ΣN). Note that Aji ̸= 0 ⇐⇒ (i, j) ∈ E, where E is the edge-set of GC ,

the casual graph of the dynamical system.

Deterministic linear systems

A linear deterministic dynamical system is described as X(t) = AX(t − 1), i.e, the noise

variance is zero. Thus one can accurately predict the system states for all t > 0 if the initial

system state X(0) and the matrix A are known. We think of such deterministic systems

initialized with a random state X(0) ∼ N (0,ΣX(0)). Then the system evolves as a Gaussian

random process whose distribution at each time t is specified by PX(t) = N (0,ΣX(t)).

As discussed before, the RDI is meaningful only when the system is stationary. For a general

system to have a stationary distribution, it’s necessary that the equation ΣX(t) = ΣX(t−1) has

a non-trivial answer. If the system is linear and deterministic with the transition matrix A,

this condition is reduced to ΣX = AΣXA
T . Furthermore, ΣX will be identity if and only if

A is orthonormal. Note that, even when A is orthonormal, there are other solutions to the

equation as well, for example ΣX = 0 is a valid solution; which stationary distribution the

system will converge to depends on the initial distribution.

Now for the linear determinsitic system described above, we’re looking for the conditions

under which the RDI method will return the correct causality graph.

Definition 3.2.1. A graph GC and stationary covariance ΣX satisfy Property A if for all
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edges (i, j) in GC we have

∀u ∈ Rm, ui ̸= 0 : uTΣXu ̸= 0. (3.8)

Theorem 3. Correctness of RDI for Linear Detrministic Systems.

(a) If for a linear deterministic system property A is satisfied, then GRDI = GC.

(b) If Property A is not satisfied, then there will be an ambiguity in the correct system and

no method will be able to return the causailty graph correctly.

Proof. Please see Section B.1.

Linear Systems with Additive Noise

In the previous subsection, in the proof of Theorem 3 for a deterministic linear system we

can see that ΣX being P.D is sufficient and nearly necessary to have GC = GRDI (See Lemma

21 in Appendix B). Now we’d like to study the effect of noise present only in the evolution of

certain variables. So, the modified system model can be described as X(t) = AX(t−1)+N(t)

in which N(t) is an m× 1 additive noise vector. We note that in general, the noise vector

can be any random variable, but throughout the Section 3.2.1 we assume it to be a vector of

mutually-independent zero-mean Gaussian noises with arbitrary variance. For a specific node

i ∈ [m], Var (Ni) = 0 means there is no noise injected to the node.

For such a linear dynamical system with additive noise, the stationary condition ΣX(t) =

ΣX(t−1) can be expressed as ΣX = AΣXA
T + ΣN . The answer to this equation, if it exists, is:

ΣX =
∞∑
t=0

AtΣN(A
t)T (3.9)

Similar to the linear deterministic systems, we will show that RDI is the correct method

to discover the causal relationships.
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Theorem 4. Correctness of RDI for Linear Systems with Additive Noise.

(a) If for a linear system with independent noise, property A is satisfied, then GRDI = GC.

(b) If Property A is not satisfied, then there will be an ambiguity in the correct system and

no method will be able to return the causailty graph correctly.

Proof. The proof of part (b) follows similar to Theorem 3. For part (a) please refer to Section

B.2.

We study a simple case where we can utilize Theorem 4 to prove that ΣX is non-singular

and hence, RDI can infer the correct graph. In other words, if we simply inject independent

noises to all nodes, the we can infer the graph coorrectly:

Theorem 5. Let A , ΣX and ΣN be m×m matrices, in such a way that ΣX =
∑∞

t=0A
tΣN (A

t)T

exists. If ΣN = I, then ΣX will be positive definite.

Proof.

∀u ̸= 0 : uTΣXu =
∞∑
t=0

uTAt(At)Tu = ∥u∥2 +
∞∑
t=1

∥uTAt∥2 > 0 (3.10)

⇒ ΣX > 0 (3.11)

Linear Systems in Semi-deterministic setting

Suppose there is independent noise injected at a group of nodes Sm, a subset of [m]. We

want to understand when the matrix ΣX will be positive-definite (P.D.) and RDI method

will work. The next theorem states the condition under which a single-node noise injection

will result in ΣX being P.D. Then an immediate result will be stated as a generalization, for

the situations when multi-node noise injection will result in a P.D ΣX .
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Theorem 6. In Theorem 5, let’s assume ΣN = eje
T
j where ej is an arbitrary standard unit vec-

tor. So ΣX will be positive definite if and only if the rank of the matrix [. . . |Ak−1ej| . . . |Aej|ej ]

is m.

Proof. Please refer to Section B.3.

Corollary 6.1. Assume that ΣN is the covariance matrix of a generalized independent

noise injected, i.e. let ΣN =
∑

j∈Sm
rjeje

T
j where Sm is a subset of [m]. Let’s define

Bj = [Ak−1ej| . . . |Aej|ej ] . Then Σx > 0 if and only if the rank of the matrix [Bj1| . . . |Bj|Sm| ]

in which (j1, . . . , j|Sm| ∈ Sm) is m.

Proof. Please refer to Section B.3.

The theorem 6 states the condition for having a P.D ΣX . We now examine whether this

condition is likely to be satisfied in a randomized setup. In other words, we are interested

in knowing how much probable it is to have a dynamic system with this property. For this

purpose, we consider graphs whose topologies are fixed, and then the coefficients are randomly

generated.

Suppose G = (V,E) is a given directed graph. We generate a random stable system with

matrix A generated in the following procedure:

∀i, j ∈ E : Âi,j = Yij in which Yij is a continuous random variable such that Yij ∼ N (0, 1).

To make sure the system is stable and the covariance matrix of the stationary distribution

Σx =
∑∞

t=0A
tΣN (A

t)T for ΣN exists, we define A = 1−ϵ
λmax(Â)

Â and then A will be the transition

matrix of the system, i.e. ∀t > 0 : X(t) = AX(t− 1) +N(t).

Now we show that the Hamiltonian property of a graph determines whether ΣX is non-

singular. G is Hamiltonian if it has a Hamiltonian cycle, a cycle with the length of m which

meets each vertex exactly once. The Theorem 9 states that for a randomly-generated linear

system, if the graph of the generative model is Hamiltonian, then a single-point noise injection

is sufficient for ΣX to be positive definite with probability 1. Before that, we express two

lemmas which is used in the proof of this theorem.
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Lemma 7. Let f(X1, X2, . . . , Xk) be a polynomial such that deg(f) is limited. Suppose

∀i : Xi ∼ N (0, 1). Then Prob{f(X1, X2, . . . , Xk) = 0} = 0 if there exists an assignment

X1 = x1, X2 = x2, . . . , Xk = xk such that f(x1, x2, . . . , xk) ̸= 0.

Proof. This follows from standard arguments; see Lemma 2.6 in [258] for example.

Lemma 8. Suppose the Hamiltonian graph G = (V,E) is given. Then if we assume G to be

the causality graph of a linear dynamic system, there is a valid linear transition matrix A

according to this graph so that:

det
(
[Am−1ei| . . . |Aei|ei]

)
̸= 0 for all i ∈ [m] (3.12)

Proof. Let’s denote the Hamiltonian cycle of G with H(G) ⊂ V . So we define A as the

following:

Aj,i =

1 (i, j) ∈ H(G)

0 (i, j) /∈ H(G)
(3.13)

So it can be seen that for all i, j ∈ [m], there is a k ∈ [m − 1] such that Akei = ej. This

implies that the matrix [Am−1ei| . . . |Aei|ei] is a permutation of Im×m and thus it will be full

rank which is equivalent to det ([Am−1ei| . . . |Aei|ei]) ̸= 0.

Theorem 9. Let’s assume that the causality graph of a linear dynamic system with additive

noise is Hamiltonian. Suppose that a single-point noise injection scheme is used, i.e. ΣN =

eje
T
j for some j ∈ [m], and the matrix A is generated in the fashion described above so the

system is stable. Then for all j ∈ [m], Σx is positive definite with probability 1.

Proof. Following the same steps as in 6, Σx > 0 if and only if the rank of the matrix

B = [. . . |A2ej|Aej|ej] is m. For the matrix B to have a rank of m it’s sufficient that

Bm = [Am−1ej| . . . |A2ej|Aej|ej] be full rank, which is equivalent to proving det(Bm) ̸= 0.

It can be seen that det(Bm) is a polynomial in Ai,j with a finite degree. Since the graph is

Hamiltonian, from the Lemma 8 there is an assignment to the matrix A so that det(Bm) ̸= 0.

from the the Lemma 7, Prob {det(Bm) = 0} = 0 which yields the theorem.
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In the next theorem, we prove that if the graph G = (V,E) is not strongly connected, i.e.

there exists a pair of nodes i, j ∈ [m] that there is no path from i to j, then the single-point

noise injection is not necessarily sufficient for ΣX to be P.D .

Theorem 10. If the causality graph of a linear dynamic system with additive noise is not

strongly connected, then there exists j ∈ [m] such that for ΣN = eje
T
j , ΣX is not P.D .

Proof. We know the graph is not strongly connected. So we can conclude that: ∃i, j ∈

[m]∀k ∈ N :
(
Akej

)
i
= 0. In other words, the ith row of B is all zeros.

Let’s put ΣN = eje
T
j . Similar to the Theorem 9, showing ΣX is not P.D is equivalent to

showing that rank (B = [. . . |A2ej|Aej|ej]) < m. From the graph not being strongly connected

we concluded that the ith row of B is all zeros. Hence rank(B) < m.

The Theorem 9 expresses the sufficiency of the graph being Hamiltonian for ΣX to be

positive definite when the graph is fixed and the coefficients are chosen according to a random

distribution. Now, we study a model where both the graph is randomly generated and the

coefficients are randomly generated given the graph, as before. The question is how much is it

likely for a random graph to be Hamiltonian? This problem is well studied and here we only

mention the results. Suppose that G is a random directed graph of m nodes based on the

Erdos-Renyi model [57]. The graph is generated simply by considering a complete directed

graph with m nodes, and including each edge in G with a probability of p, or removing it

with a probability of 1− p. We denote such a graph with D = (m, p). The theorem below

states a condition for which the graph will surely have a Hamiltonian graph.

Theorem 11. [170] [69] Let D = (m, p) be an Erdos-Renyi graph. If p ≥ (1 + o(1)) logn
n

,

then D has a directed Hamiltonian cycle with probability 1.

Similarly, the Theorem 10 expresses the necessity of strong connectivity for sufficiency of

an arbitrary noise injection to result in a P.D ΣX . The theorem below states the condition

under which the graph will almost always be not strongly connected and hence a single-node

noise injection won’t necessarily be sufficient.
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Theorem 12. [198] Let D = (m, p) be an Erdos-Renyi graph. If p ≤ (1− o(1)) logn
n

, then

D is disconnected with probability 1.

3.2.2 Non-linear Systems

In the section 3.2.1 we discussed the linear systems. Here we focus on a family of more general

functions: Non-linear functions. Similar to the Section 3.2.1, we will concentrate on purely

deterministic systems, as in the presence of independent noise at each node, the proofs follow

similar to existing work.

In general, a deterministic non-linear dynamic system can be modified by X(t) =

g (X(t− 1)) = [g1 (X(t− 1)) , . . . , gm (X(t− 1))]T in which {gi}i∈[m] are fixed determinis-

tic functions and the alphabet X is finite. For this system, we would like to study the

possibility of inferring the causality graph from RDI method.

The Theorem 13 determines the conditions under which the non-linear deterministic

system can be inferred by RDI method.

Definition 3.2.2. Property B: A causal graph Gc and a probability distribution PX is said

to have property B, if, for all the edges (i, j) in the edge-set of the GC of a non-linear

deterministic system, H
(
Xj|{Xu}u∈[m]−{i}

)
> 0 under PX .

Theorem 13. Consider a deterministic non-linear system in which ∀t > 0 : X(t) =

g (X(t− 1)). Let PX be the stationary distribution of the system.

(a) If Property B is true, then GRDI = GC.

(b) If Property B is not true, then no method can return the correct GC.

Proof. Please see Section B.4.

While Property B proves the Theorem 13, The following lemma will introduce conditions

under which the property B is satisfied. First, we define two concepts which we’ll use

throughout the proof of the lemma.
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Definition 3.2.3. A distribution P (X) with {X1, X2, . . . , Xn} is said to have a deterministic

component Xi if ∃g : Xi = g({Xj}j∈[m]−{i}), equivalently H(Xi|{Xj}j∈[m]−{i}) = 0.

Definition 3.2.4. Suppose that y is defined as a function of the m×1 vector x, i.e. y = g(x).

For a particular xi, y is called a fully sensitive function of xi if:

∀{xj}j∈[m]−{i}∀xi, x̃i : xi ̸= x̃i ⇐⇒

g({xj}j∈[m]−{i}, xi) ̸= g({xj}j∈[m]−{i}, x̃i) (3.14)

In other words, for all fixed {xj}j∈[m]−i, there’s a bijection between y and xi.

Lemma 14. For a dynamic non-linear deterministic system, if for all edges (i, j) in the

causality graph, Xj is a fully sensitive function of Xi, and the variable Xi is not a deterministic

component for the stationary distribution, then property B is satisfied.

Proof.

H
(
Xj(t)|{Xu(t− 1)}u∈[m]−{i}

)
=

H
(
Xi(t− 1)|{Xu(t− 1)}u∈[m]−{i}

)
> 0

(3.15)

3.2.3 Simulations

We conclude our discussion over RDI with some simulation results. We show that the RDI

method works well in both deterministic and stochastic setups.

We applied RDI method on the Lorenz System, as described earlier in Section 3.2 and

compared its performance to DI method. Before describing the simulation setup in greater

details, we note that there are many stationary ergodic measures on the Lorenz system; this

is because the Lorenz system does have periodic orbits in addition to the strange attractor.

Since we are most interested in the strange attractor, there is an invariant measure called the
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Figure 3.2: The heatmap of the directed information (DI) and restricted directed information (RDI)
for Lorenz system. Each row represents an inbound node (from up to down: x, y, and z respectively)
and Each column represents an outbound node (from left to right: x, y, and z respectively).

Sinai-Ruelle-Bowen measure [23, 251], which applies to the systems satisfying Property A, an

example of which is the Lorenz system [279]. Most points near the attractor are attracted

towards the strange attractor and result in this particular stationary ergodic measure, which

is what we observed in our simulations as well. Empirically, this dataset seems to satisfy

the conditions of Lemma 14 and therefore satisfies Property B; in particular, the iterations

are fully sensitive to the inputs and the measure seems to have no deterministic component.

Proving this formally for the SRB measure is left for future work. By Theorem 13, we expect

the RDI method to work well in inferring the causal graph of the Lorenz system. We test

this hypothesis with a simulation study.

The causality graph of the Lorenz System is shown in Figure 3.1. As we notice, all nodes

influence each other except z to x. The standard values for the parameters of the system

are σ = 10, ρ = 28, and β = 8/3 as well as the initial point x(0) = [2, 3, 4]T which are kept

constant throughout the simulations. As the first observation, we simulated one run of the

system with 1000000 samples and calculated the pairwise conditioned DI’s and RDI’s. The

heatmap of the values is shown in Figure 3.2. The heatmap qualitatively shows that RDI
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Figure 3.3: Probability of successfully extracting the right causality graph for DI and RDI methods.

returns all the corresponding edges in the causality graph of the Lorez system (GC) correctly,

but the DI method does not return the correct answer. Note that the diagonal in both

methods is irrelevant (and is set to zero).

In the next simulation, we study the performance of network inference, when i.i.d. Gaussian

noise is added to each variable in the system iteration. Recall that both DI and RDI are

guaranteed to return the correct solution when noise is present in the system. However, this

may require an infinite number of samples. Here, we fix the number of samples to 100000

and compare the reconstruction performance of the two systems in the presence of noise.

While both methods return non-zero values for all the pairs of variables, it becomes

necessary to set a threshold to declare the causal graph. To calculate these zero thresholds,

we calculated the values of conditioned DI and RDI for two independent variables conditioned

over a third variable, all of which were Gaussian zero-mean unit-variance, and from each of

which 100000 samples were generated. We repeated the calculations for 100 times and took

the top 5 percentile as the zero threshold.

Then we defined a success event as the event of GDI or GRDI being the same as GC of

the Lorenz system. We changed the standard deviation of the noises from 0.001 to 0.099 with

increments 0.001 and calculated the DI and RDI values and observed whether a success

happened or not. For each deviation value, we repeated the simulation for 100 times and
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found the number of total successes as a fraction of total trials (100) and took the resulting

value as the Probability of Success. The results of simulations is shown in Figure 3.3.

It can be seen that for small powers of noise, the DI method doesn’t show any success.

As the power of the noise increases, around the deviation value of 0.05 we see that DI starts

performing well. It shows that the DI method needs a specific amount of noise added at

each stage to perform well, and indeed at high SNR the performance of DI method is not

satisfactory, while RDI method doesn’t need to rely on the noise to have a good performance

and it shows a success probability of 1 for the Lorenz system.

3.3 Potential Conditional Mutual Information

In Section 3.2 we studied the RDI algorithm, Which we saw was based on Conditional Mutual

Information (CMI). Let’s now take a deeper look into CMI. Given three random variables

X, Y, Z, the conditional mutual information I(X;Y |Z) is the expected value of the mutual

information between X and Y given Z, and can be expressed as follows [43],

CMIX↔Y |Z(PX,Y,Z) := I(X;Y |Z) = D(PX,Y,Z ||PZPX|ZPY |Z). (3.16)

Thus CMI is a function of the joint distribution PX,Y,Z . A basic property of CMI, and

a key application, is that I(X;Y |Z) = 0 iff X is independent of Y given Z. This measure

depends on the joint distribution between the three variables PX,Y,Z . There are certain

circumstances where such a dependence on the entire joint distribution is not favorable, and

a measure that depends purely on the conditional distribution PY |X,Z is more useful. This

is because, in a way, conditional independence can be well defined purely in terms of the

conditional distribution and the measure PX,Z is extraneous. One case, as we will see later, is

when we are testing for whether X "causes" Y conditioned over all the other variables Z in a

time series setup using RDI, studied in the previous section.

This motivates the direction that we explore in this section: we define potential conditional

mutual information as a function purely of PY |X,Z evaluated with a distribution QX,Z that is
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(a) (b)

Figure 3.4: (a): A causal graph, where the interest is in determining the strength of X to Y . (b) A
gene expression trace as a function of time for a few example genes.

fixed a-priori.

An Example: Consider the following causal graph where X → Y , Z → X and Z → Y

shown in Figure 3.4a. Let us say PY |X,Z has a strong dependence on both X and Z, say

defined by the structural equation Y = X + Z. We would like to measure the strength of

the edge X → Y in this causal graphical model. One natural measure in this context is

I(X;Y |Z). However, if we use I(X;Y |Z) as the "strength" metric, the strength goes to zero

when Z ≈ X and this is undesirable. In such a case, Janzing et al [117] pointed out that a

better strength of causal influence is given by the following:

C(X → Y ) := D

(
PX,Y,Z∥PZPX|Z(

∑
x′

PY |Z,x′Px′)

)
. (3.17)

This causal measure satisfies certain axioms laid out in that paper and is nonzero in the

aforesaid example. However, in the case that the distribution PX approaches a deterministic

distribution (X is approximately a constant), this measure becomes zero, irrespective of

the fact that the relationship from X and Z to Y remains unaltered. We would like to
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define a potential dependence measure that is dependent purely on PY |X,Z and which has

no dependence on the observed PX,Z . We note that such a measure should give a (strong)

non-zero result if Y = X + Z.

The Measure: We define potential conditional information measure as the conditional mu-

tual information evaluated under a predefined distribution qX,Z , and denote it as qCMIX→Y |Z ,

and express it as follows.

qCMIX→Y |Z(PY |X,Z) := CMIX↔Y |Z(QX,ZPY |X,Z). (3.18)

A Simple Property: The main question here is how to choose QX,Z . A simple property that

may be of interest is the following, which can be easily stated in case that all three variables

X, Y, Z are discrete. In such a case, it will be useful if we can have that qCMIX→Y |Z(PY |X,Z) =

0 if and only if PY |X,Z depends purely only on Z. Such a property will be true for qCMI

as long as QX,Z is non-zero for every value of X,Z. In case that all three variables are real

valued, a similar statement can be asserted when QX,Z is a positive everywhere density, under

the assumption that PX,Y,Z induces a joint density.

Instantiations: We will propose some instantiations of the potential CMI by giving

examples of the distribution QX,Z .

• CMI: QX,Z = PX,Z . Here the qX,Z is the factual measure and hence qCMI devolves to

pure CMI.

• uCMI: QX,Z = uX,Z , where uX,Z is the product uniform distribution on (X,Z). This

is well defined when (X,Z) is either discrete or has a joint density with a bounded

support.

• nCMI: QX,Z = NX,Z , where NX,Z is the i.i.d. Gaussian distribution on (X,Z). This is

well defined when X and Z are real-valued (whether scalar or vector).
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• maxCMI = maxQXZ
CMI(QX,ZPY |X,Z) is defined as an analog of the Shannon capacity

in the conditional case, where we maximize the CMI over all possible distributions on

(X,Z). This is akin to tuning the input distribution to maximize the signal in the graph.

Note that uCMI or nCMI is not invariant to invertible functional transformations on

(X,Z), whereas maxCMI is indeed invariant to such functional transformations.

• iCMI: QX,Z = PXPZ is the CMI evaluated not under the true joint distribution of

(X,Z) but under the product distribution on (X,Z). This measure is related to the

causal strength measure proposed in [117], though not identical.

Note that uCMI, nCMI, maxCMI all satisfy the property that they are zero if and only if

PY |X,Z has no dependence on X, whereas CMI and iCMI do not.

Application in Causal Inference: As this entire work is concerned about, a key application

of the potential information measures is in testing graphical models, where conditional

independence tests are the basic primitive by which models are built [49, 107,257]. To give a

concrete example of the setting, which motivated us to pursue this line of study, consider

the problem of causal inference, specifically in a genomics context, where we want to infer

the gene regulatory network from time series data. We observe a set of m time series, Xi(t)

for t = 1, 2, ...T with i = 1, 2, ..m and wish to infer the causal graph GC of the dynamical

system. The underlying model assumption is that X is a Markov chain with Xl(t) depending

only on Xi(t− 1) for i ∈ pa(Xl) and the goal is to determine pa(Xl), the set of parents of

a given node Xl. This was originally studied in the setting when the variables are jointly

Gaussian and hence the dependence is linear (see [89] for the original treatment, and [84,108]

for versions with latent variables). This problem was generalized to the setting with arbitrary

probability distributions and temporal dependences in [54] and studied further in [222], for

one-step Markov chains in [266] and deterministic relationships in Section 3.2 of this thesis.

From these works, under some technical condition, we can assert that the following method
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is guaranteed to be consistent (See Section 3.2),

Xi → Xj ⇐⇒ I (Xi(t− 1);Xj(t)|Xic(t− 1)) > 0. (3.19)

Thus to solve this problem, we estimate the CMI between the aforesaid variables. However,

we observed while experimenting with gene regulatory network data (from [216]), that there

is a strange phenomenon; the performance of the inference worsens as we collect more data:

the number of data points increases.

An example of a gene expression time series for a few genes is shown in Figure 3.4b. It is

clear that as the number of time points increases, the system is moving into equilibrium with

very little change in gene expression values. This induces a bias on any Xi(t) which then will

look more and more like a deterministic distribution.

In such a case, an information measure such as CMI which depends on the "input"

distribution PX(t−1) will converge to zero and thus its performance will deteriorate as the

number of samples increases, due to this so-called induced bias in the sample distribution.

However, a measure that depends on the conditional distribution PXj(t)|X(t−1) need not

deteriorate with increasing number of samples. Thus qCMI is more appropriate in this

context (see Section 3.3.3 for the performance of qCMI on this problem). 1

Related work: In the case that there is a pair of random variables X, Y , recent work [75]

explored conditional dependence measures which depend only on PY |X . Again in the two-

variable case, a measure that had weak dependence on PX was studied in [130]. The proposal

there was to use the strong data processing constant and hypercontractivity [9, 213] to infer

causal strength; this has strong relationships to information bottleneck [271]. In this paper,

we extend [76] to conditional independence (rather than independence studied there). In a

1In Causal Inference, this a-priori distribution modification and bias removal is conceptually close to
"perturbation", where the observant won’t rely solely on the wild-type data collected from a system’s purely
natural course in time, but would instead intentionally modify the variables in the system to observe the
downstream effect of each modification and thus improve the discovery of causal relationships. qCMI,
however, is more of an indirect post-collection distribution balancing method and doesn’t directly interfere
with the distribution of the observational data in the practical fashion that perturbation would do.



49

related but different direction, Shannon capacity, which is a potential dependence metric,

was proposed in [129] to infer causality from observational data [180].

In this section:

1. We propose potential conditional mutual information as a way of quantifying conditional

independence, but depending only on the conditional distribution PY |X,Z .

2. We propose new estimators in the real-valued case that combines ideas from importance

sampling, a coupling trick and k-nearest neighbors estimation to estimate potential

CMI similar to that of KSG method [134] also used in Chapter 2.

3. We prove that the proposed estimator is consistent for a fixed k, which does not depend

on the number of samples N .

4. We demonstrate by simulation studies that the proposed estimator has excellent per-

formance when there are a finite number of samples, as well as an application in gene

network inference, where we show that qCMI can solve the non-monotonicity problem.

3.3.1 Estimator

To estimate the qCMI, we follow the coupling trick used in KSG estimator [134] as well as

the GDM estimator discussed in Chapter 2. Specifically, this trick was applied in the context

of conditional mutual information estimation in [67]. However, we note that this estimator

of CMI does not have proof of consistency to the best of our knowledge. As we know, the

CMI estimator essentially fixes a k for the (X, Y, Z) vector and calculates for each sample

(xi, yi, zi), the distance ρk,i to the k-th nearest neighbor. The estimator fixes this ρk,i as the

distance and calculates the number of nearest neighbors within ρk,i in the Z, (X,Z) and

(Y, Z) dimensions as nz,i, nxz,i, nyz,i respectively. The CMI estimator is then given by,

ˆCMIX↔Y |Z :=
1

N

N∑
i=1

(ψ(k)− log(nxz,i)− log(nyz,i) + log(nz,i)) + log

(
cdx+dzcdy+dz

cdx+dy+dzcdz

)
(3.20)
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where cd terms are the volume of the unit ball in the d-dimensional space for the given

norm. In the case that ℓ∞-norm is used, all cd terms will be equal to 1 and hence the term

log
(

cdx+dz cdy+dz

cdx+dy+dz cdz

)
will be equal to 0.

qCMI estimator

Here, we adapt the aforementioned estimator to calculate the qCMI for a given potential

distribution qX,Z . The major difference is the utilization of an importance sampling estimator

to get the importance of each sample i estimated as follows,

ωi :=
qXZ(xi, zi)

f̂XZ(xi, zi)
. (3.21)

However, importance sampling based re-weighting alone is insufficient to handle qCMI

estimation, since there is a logarithm term that depends on the density also. We handle

this effect by appropriately re-weighting the number of nearest neighbors for the (y, z) and

z terms carefully using the importance sampling estimators. The estimation algorithm is

described in detail in Algorithm 2.

3.3.2 Properties

Our main technical result is the consistency of the proposed potential conditional mutual

information estimator. This proof requires combining several elements from importance

sampling, and accounting for the correlation induced by the coupling trick, in addition to

handling the fact that the k is fixed and hence introduces a bias into the estimation.

Assumption 2. We make the following assumptions.

a)
∫
fXY Z(x, y, z) (log fXY Z(x, y, z))

2 dxdydz <∞.

b) All the probability density functions (PDF) are absolutely integrable, i.e. for all A,B ⊂

{X, Y, Z},
∫
|fA|B(a|b)|da <∞ and

∫
|f q

A|B(a|b)|da <∞.
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Input: Data Samples (xi, yi, zi) for i = 1, . . . , N and qX,Z

Output: ˆqCMI an estimate of qCMI
1: Step 1: Calculate weights ωi

2: for i = 1, . . . , N do
3: Estimate f̂XZ(xi, zi) using a Kernel density estimator [51, 249].
4: ωi :=

qXZ(xi,zi)

f̂XZ(xi,zi)
, the importance sampling estimate of sample i.

5: end for
6: Step 2: Calculate information samples Ii
7: for i = 1, . . . , N do
8: ρk,i := Distance of k-th nearest neighbor of (xi, yi, zi).
9: nxz,i :=

∑
j ̸=i:∥(xi,zi)−(xj ,zj)∥<ρk,i

1, the number of neighbors of (xi, zi) within distance
ρk,i.

10: nyz,i :=
∑N

j ̸=i:∥(yi,zi)−(yj ,zj)∥<ρk,i
ωj, the weighted number of neighbors of (yi, zi) within

distance ρk,i.
11: nz,i :=

∑
j ̸=i:∥zi−zj∥<ρk,i

ωi, the weighted number of neighbors of zi within distance ρk,i.
12: Ii := ψ(k)− log(nxz,i)− log(nyz,i) + log(nz,i).
13: end for
14: Return ˆqCMIX→Y |Z := 1

N

∑N
i=1 ωiIi + log

(
cdx+dz cdy+dz

cdx+dy+dz cdz

)
.

Algorithm 2: qCMI algorithm

c) There exists a finite constant C such that the hessian matrices of fXY Z and f q
XY Z exist

and it’s true that max{∥h(fXY Z)∥2, ∥h(f q
XY Z)∥2} < C almost everywhere.

d) All the PDFs are upper-bounded, i.e. there exists a positive constant C ′ such that for

all A,B ⊂ {X, Y, Z}, fA|B < C ′ and f q
A|B < C ′ almost everywhere.

e) fXZ is upper and lower-bounded, i.e. there exist positive constants C1 and C2 such that

C1qXZ(x, z) < fXZ(x, z) < C2qXZ(x, z) almost everywhere.

f) There bandwidth hN of kernel density estimator is chosen as hN = 1
2
N−1/(2dx+2dz+3).

g) The k for the KNN estimator is chosen satisfying k > max{ dz
dx+dy

, dx+dy
dz

, dx+dz
dy
}
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Theorem 15. Under the Assumption 2, the qCMI estimator expressed in Algorithm 2

converges to the true value qCMI.

ˆqCMIX→Y |Z
p→ qCMIX→Y |Z (3.22)

Proof. Please see Section B.5 for the proof.

3.3.3 Simulation study

In this section, we describe some simulated experiments we did to test the qCMI algorithm.

The reader should notice that all the tests we have done are taking QXZ as UXZ , i.e. all the

tests are done for the special case of uCMI. So by exploiting the qCMI notations, we mean

uCMI everywhere.

qCMI consistency

The first numerical experiment we do is to test the consistency of our qCMI estimation

algorithm. We set up a system of three variables X, Y , and Z. The variables X and Z

are independently taken from Un(0, 1) distribution, i.e. X and Z are taken from a uniform

distribution and then raised to a power of n. When n = 1, the variables X and Z are already

uniform. When n is large, the Un(0, 1) distribution skews more towards 0. For simplicity,

we apply identical n for both X and Z here. Then Y is generated as Y = (X + Z +W )

mod 1 in which the noise term W is sampled from U(0, 0.2). From elementary information

theory calculation, we can deduce that I(X;Y |Z) = log
(
1
.2

)
= 1.609 if n = 1. Thus

qCMIX→Y |Z = Iq(X;Y |Z) = 1.609 for all n. We plot the estimated value against the ground

truth.

As the first part of the experiment, we keep the number of samples constant at 1000 and

20000, and change the degree n from 1 to 10. We compare the results of our KSG-based

method with the simple partitioning method and the theoretical value of qCMI. For the

partitioning method, the number of partitions at each dimension is determined by 3
√
N/100,
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(a) (b) (c)

Figure 3.5: The qCMI values calculated for un(0, 1) distributions for X and Z, and uniform noise:
(a) N=1000 samples and (b) N =20000 samples. (c) Degree n = 5.

so that we observe on average 100 samples inside each quantization bin.

The results are shown in Figure 3.5a and Figure 3.5b. Our expectation is that qCMI

remains constant as n (degree of distribution) changes. We see that with a relatively high

number of samples, the accuracy of the proposed qCMI is satisfactorily high.

In the second part of the experiment, we do the same experiment as the first part, but

this time we keep n = 5 and change the number of samples. The result is shown in Figure

3.5c. We can see the convergence of the KSG-based qCMI estimator to the true value and

how it outperforms the partitioning-based qCMI method.

In the third part of the experiment, we repeated the process for the first part but

replaced the Un(0, 1) distributions with β(1.5, 1.5) and the noise distribution with N(0, σ2)

and repeated the experiment for σ = 0.3, 1.0. For this part, we kept the number of partitions

at 25 for each dimension. The results of calculated qCMI values are shown in Figure 3.6a

and Figure 3.6b.

Dealing with discrete components

As we discussed before, the qCMI algorithm replaces the observed distribution PXZ distribution

with a distribution QXZ . This property comes in handy when we want to remove the bias
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(a) (b) (c)

Figure 3.6: The qCMI values calculated for a system with beta distribution for X and Z and
Gaussian additive noise: (a) σ = 0.3, and (b) σ = 1.0. (c) The qCMI and CMI values versus the
number of zeros added.

caused by repeated samples. For example, as discussed earlier, suppose that we want to

measure the mutual information of two coupled variables in a dynamical system evolving

through time. Such systems usually start from an initial state, go through a transient state

and eventually reach a steady state. If one takes samples of the system’s state at a constant

rate to study the interaction of two variables, they might end up taking too many samples

from the initial and steady states while the transient phase which usually happens in a

relatively short time might be more informative. The conditional mutual information is not

able to deal with this undesirable bias caused by the initial and steady states, while qCMI

inherently deals with the effect by compensating for the samples which are less likely to

happen.

To better observe the effect, we repeat the first experiment of the previous section, but

this time we generate 1000 samples from the scenario, and then add zeros to the X, Y ,

and Z to create a high probability of occurrence at (0, 0, 0). The proof of consistency of

the estimator holds only when there is a joint density, i.e., the joint measure is absolutely

continuous with respect to the Lebesgue measure, and hence does not directly apply to this

case. We refer to Chapter 2 of this thesis and [80] for an analysis of a similar coupled KNN

estimator for mutual information in the discrete-continuous mixture case.
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Changing the number of zero points added from 0 to 20000, we apply the conditional

MI and qCMI to the data generated and compare the results. As we can see in figure 3.6c,

with the number of zeros increasing, the value of conditional MI falls down to zero, unable to

capture the inter-dependence of X and Y given Z, while qCMI value remains unchanged,

properly discovering the inter-dependence from the transient values.

Non-linear Neuron Cells’ Development Process

In this section, we apply the RDI and uRDI algorithms to the dynamical system of neuron

cells’ development process simulated based on a model from [216] (A brief model of this system

can be found in STAR Methods section in [219], Equation 1). It describes the evolution of 13

genes through the development process. The non-linear equations governing the development

process approximate a continuous development process, in which ẋ(t) = g(x(t− 1)). In other

words, x(t) = x(t− 1) + dt.g (x(t− 1)) + n(t) in which n are independent Gaussian noises

ni ∼ N(0, σ2).

For this system, we want to infer the true network of causal inferences. We first apply

the RDI algorithm (Section 3.2) to extract the pairwise unconditioned causality between the

variables by calculating I (Xi(t− 1), Xj(t)|Xj(t− 1)). Then we apply the uRDI algorithm.

uRDI is basically RDI, except that the conditional mutual information I(X;Y |Z) in RDI is

replaced with qCMI as Iq(X;Y |Z), where QX,Z is set to be uniform.

This system is a good example for when the genes undergo a rather short transient state

compared to the initial and steady states, and hence we expect an improvement in the

performance of causal inference by applying uRDI (see Figure 3.4b for an example run of the

system). The details of the system model and analysis are given in [216].

We simulated the system for discretization dt = 0.1 and σ = .001 and changed the

number of steps until which the system continues developing, and then applied the RDI

and uRDI algorithms to evaluate the performance of each of the algorithms in terms of the

area-under-the-ROC-Curve (AUC). The results are shown in Figure 3.7a. As we can see,

with the number of steps increasing (which implies the number of samples captured in the
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steady state is increased), the uRDI algorithm outperforms RDI. In another test scenario, we

fixed the number of steps at 200, but concatenated several runs of the same process. The

results and the improvement of performance by uRDI can be seen in the Figure 3.7b.

Decaying Linear Dynamical System

In this section, we simulate a linear decaying dynamical system. A dynamical system in the

simple case of a deterministic linear system can be described as X(t) = AX(t− 1) in which

A is a square matrix.

Here we simulate a system of 13 variables, all of which are initialized from a U(0.5, 2)

distribution. The first 6 variables (X1, . . . , X6) evolve through a linear deterministic process

in which A is a square 6× 6 matrix initialized as:

A =



U(0.75, 1.25) 0 0 0 U(0.75, 1.25) 0

U(0.75, 1.25) U(0.75, 1.25) 0 0 0 U(0.75, 1.25)

0 U(.75, 1.25) U(.75, 1.25) 0 0 0

0 U(.75, 1.25) 0 U(.75, 1.25) 0 0

0 0 U(.75, 1.25) U(.75, 1.25) U(.75, 1.25) 0

U(.75, 1.25) U(.75, 1.25) 0 0 0 U(.75, 1.25)


(3.23)

Then the matrix A is divided by 5 ∗ λmax(A) in which λmax(A) is the greatest eigenvalue of A.

It’s done to make sure that all the variables decay exponentially to 0. After initialization, the

matrix A is kept constant throughout the development process, i.e. it doesn’t change with

time t. The other 7 variables (X7, . . . , X13) are random independent Gaussian variables.

In this experiment, we simulate the system described above for various numbers of time

steps, keeping the standard deviation of the Gaussian variables at σ = 0.1, and applied both

RDI and uRDI algorithms to infer the true causal relationships. Then we calculate the AUC

values, the results are shown in Figure 3.7c. As we can see, the uRDI algorithm outperforms

RDI by a margin of 0.1 in terms of AUC.
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(a) (b) (c)

Figure 3.7: AUC values for the neuron cells’ development process: a) versus the number of steps. b)
versus the number of runs. (c) for the decaying linear system

3.3.4 Future Directions

Quantifying causal strength: As pointed out earlier, potential conditional mutual information

can be used as a metric for quantifying causal strength when the graph is a simple three-node

network (shown in Figure 3.4a). However, further work is needed in order to generalize the

definition to deduce the causal strength of an edge or a set of edges in an arbitrary graph,

akin to the formulation in [117] and to study the relative advantages and disadvantages of

such a formulation.

Discrete qCMI estimators: It has been shown in recent work that such estimators are not

optimal even for determining mutual information in the discrete alphabet case [121,281,300].

A very interesting question is how such minimax-rate optimal estimators can be developed in

the potential measures problem.

maxCMI estimation: While we have developed efficient estimators for qCMI, in maxCMI,

there is a further maximization over potential distributions q, which leads to some interesting

interactions between estimation and optimization. Recent work has studied the estimation of

Shannon capacity on continuous alphabets, however, the formulation is not convex leading

to possible local minima [75]. Further work is needed in order to find provably optimal

estimators for maxCMI in the continuous case.
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Other conditional measures: Recent work [130] has used strong data processing constants as

a way for quantifying dependence between two variables, with relationships to information

bottleneck. These measures depend partially on the factual measure pX , and are implicitly

regularized. One direction of future work is to develop multi-variable versions of such

estimators to estimate the strength of conditional independence, for example.

Ensemble estimation: Another approach exploiting k-nearest-neighbors for mutual information

is the so-called ensemble estimation approach, where estimators for different k are combined

together to get a stronger estimator, with fast convergence [181]. An interesting direction of

research is to obtain ensemble estimators for potential measures.
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Chapter 4

SCRIBE: INFERRING CAUSAL GENE REGULATORY
NETWORKS FROM COUPLED SINGLE-CELL EXPRESSION

DYNAMICS

In Chapter 3 we introduced Restricted Directed Information (RDI) and the RDI with

uniform prior distribution (uRDI) for measuring causality in a dynamical system. In this

chapter, we turn our focus to one of the motives for studying and developing such tools: We

study the application of the RDI and uRDI methods in gene regulatory network inference

using single-cell transcriptomic data.1

Most biological processes, either in development or disease progression [62,68,139,166,173],

are governed by complex gene regulatory networks. In the past few decades, numerous

algorithms for inferring networks from observational gene expression data [62, 68, 139, 166,

173] have been developed. Inferring a network of regulatory interactions between genes is

challenging for two main reasons:

• The first challenge is that adding even a handful of genes to a network inference analysis

requires that an algorithm consider many additional interactions between them (Figure

4.1A). Each of these potential regulatory interactions must be accepted or rejected on

the basis of data. If a network that includes a particular gene regulatory interaction

does not statistically "explain" the observed data substantially better than the network

that excludes it, the interaction should be rejected. Deciding whether to include an

interaction in a network is especially difficult because adding interactions risks overfitting

to a particular dataset. Ultimately, the number of edges explodes as the number of

1The main work with extended experiments and results is published in [219]. The code is available at:
https://github.com/aristoteleo/Scribe
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genes grows, and so does the algorithms’ demand for input data.

• A second challenge in regulatory network inference is distinguishing upstream regulatory

genes from their direct downstream targets. Most methods that aim to do so are

predicated on the notion that changes in regulators should precede changes in their

targets in time (Figure 4.1B) [15]. Granger causality (GC) [89] is a statistical hypothesis

test for determining whether one time series (X1) is useful in forecasting another(X2),

which has been applied to infer biological networks [309]. However, GC assumes a linear

relationship between the regulator and the target, which is violated in many biological

settings [103]. Convergent Cross Mapping (CCM) [265], a more recent technique based

on state-space reconstruction [269] can detect pairwise non-linear interactions. However,

this method is limited to deterministic systems and thus may be poorly suited for many

cellular processes (e.g., cell differentiation), which are inherently stochastic.

Single-cell RNA sequencing (scRNA-seq) experiments are attractive for gene regulatory

network inference for two reasons. First, scRNA-seq experiments now routinely produce

thousands of independent measurements, which may open the door to sufficiently-powered

inference [153]. Second, algorithms that order the cells along "trajectories" that describe

development or disease progress offer a tremendously high "pseudo-temporal" view of gene

expression kinetics [94, 218,243, 275]. The recently introduced SCENIC method [2] combines

GENIE3 [113] with regulatory binding motif enrichment to simultaneously cluster cells and

infer regulatory networks. Other studies have inferred regulatory networks from scRNA-seq

data using differential equations [169, 192], information measures [31], bayesian network

analysis [238], boolean network methods [96] or linear regression techniques [113,200,293].

However, most methods don’t explicitly leverage time series data to identify causal interactions,

and more importantly, most fail to recover the correct network even in simple settings [14,64].

Here, we introduce Scribe, a scalable toolkit for inferring causal regulatory networks

which relies on Restricted Directed Information (RDI). In contrast to GC and CCM, Scribe

learns both linear and non-linear causality in deterministic and stochastic systems. It
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also incorporates rigorous procedures to alleviate the sampling bias and builds upon novel

estimators and regularization techniques to facilitate inference of large-scale causal networks.

We apply Scribe to a variety of different types of real and simulated single-cell gene expression

data, including single-cell RNA-seq and live imaging. In concordance with the theory, we

demonstrate that Scribe has superior performance compared to existing methods when the

observations consist of true time-series data. However, current scRNAseq protocols do not

follow the same cells over time, breaking temporal coupling between measurements. We

demonstrate that there is a dramatic drop in performance in causal network accuracy when

the temporal coupling is lost. We then demonstrate that "RNA velocity", a recently developed

analytic technique for scRNA-seq analysis, restores temporal coupling and improves causal

regulatory network inference. Our results suggest that preserving this coupling should be a

major objective of the next generation of single-cell measurement technologies.

4.1 Causal inference with Scribe: an RDI-based algorithm

Causal inference in Scribe is based on RDI. The method we implemented basically tries to

calculate the RDI value for each pair of genes (i, j) conditioned over the top L genes (default

is 0 or no conditioning and 1 for cases where we used conditioning) which are candidates of

being regulators of the gene j.

To reach this goal, it first calculates all the pairwise unconditioned RDI values, for all

the potential delays specified by the user in vector d (by default, it is a vector including

5, 10, 20, 25). Note that for the RNA-velocity dataset, since we assume the time delays

∆t for the current and predicted future RNA expression level are constant across the cell

and genes, there is no need to scan for a window of potential time delays. Then for each

pair (i, j), it treats the delay corresponding to the largest RDI value as the "true" delay of

effect, i.e. the actual time delay by which the effect of i appears in j. Having identified the

"true" delays, the method then re-calculates the pairwise RDI values for each pair of genes

(i, j), this time conditioned over the top L ( L can be specified by the user) genes with the

highest incoming RDI values to j associated with their corresponding true delays, treating
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Figure 4.1: Scribe, a Toolkit for Inferring and Visualizing Causal Regulations. (A) Inferring
regulatory networks from gene expression data is challenging because the number of regulatory
interactions that must be evaluated grows much more quickly than the number of genes in the analysis.
(B) Ordering single-cell data in "pseudo-time" or tracking how fluctuations in a regulatory network
are followed by changes in a putative target in the same individual cells could boost the power to
detect causal regulatory interactions. Here, vertical dash lines indicate paired gene expression from
the same cell, and horizontal dash lines indicate smoothed gene expression across cells from different
pseudo-time points (left) or across real-time from the same cell (middle). The right panel represents
the relationship of X/Y ’s gene expression difference between any two consecutive pseudo-time or
real-time points across cells or from the same cell. (C) Scribe detects causality from four types of
single-cell measurement ("pseudo-time", "live image", "RNA velocity", and "real-time") datasets
with the metric, restricted directed information (RDI). Scribe relies on RDI [224] to quantify the
information transferred from the potential regulator to the target under some time delay while
conditioned over its past on this pseudo-time-series data (See Section 3.2). A gene often has a strong
memory of its intermediate previous state Yt−1, but RDI will only give a highly positive causality
score from the putative regulator to its target in cases where there is still a strong relationship
between the regulator’s history and the target’s present condition on the target’s history (case 1
versus case 2).
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.
Input: gene expression time series (either based on pseudotime series, "RNA-velocity" or

live imaging data, among others) Xi for each gene i
Output: A matrix of pairwise causality scores
1: Unconditioned RDI:
2: for each pair of genes (i, j) do
3: for all delays δ ∈ d do
4: Calculate RDIδ (Xi → Xj) := I (Xi(t− δ);Xj(t)|Xj(t− 1))
5: end for
6: Set δmax

i,j := argmaxδ∈dRDIδ (Xi → Xj)
7: end for
8: Finding the L+ 1 highest regulators:
9: for each gene j do

10: Sort RDIδmax
i,j

(Xi → Xj) for all i’s descendingly
11: Take the L+ 1 nodes i with the highest incoming RDI values to j and store them in

a set called incmax
j . Store their corresponding delays δmax

i,j in a set called dmax
j .

12: end for
13: Calculate conditional RDI:
14: for each pair of genes (i, j) do
15: If i ∈ incmax

j , remove i from incmax
j . Otherwise, remove the L+ 1-th node from it.

16: Output RDIδmax
i,j

(
Xi → Xj

∣∣∣{Xl(t− δmax
l,j )

}
l∈incmax

j

)
17: end for

Algorithm 3: Causal Inference in Scribe

them as the potential regulators of j. The algorithm of causal inference in Scribe is shown in

Algorithm 3.

Parameters of RDI

The parameters of Scribe can be summarized as follows:

• d (Vector of positive integers - Default: 5, 20, 40 ): The vector of potential delays, for

which the corresponding RDI values are calculated. Setting this argument too small

may limit the ability of Scribe to detect causal relationships, while setting it too large

can result in the discovery of incorrect or indirect causal relationships, resulting in false

delays and conditioning.

• L (Non-negative integer - Default: 0): The number of the top incoming node(s) to the
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target, excluding the source, over which RDI is conditioned. L = 0 corresponds to no

conditioning (Plain pair-wise RDI). Any L > 0 corresponds to conditional RDI (cRDI).

Conditioning over more nodes approaches the theoretical prerequisite of conditioning

over all genes, excluding the source and target, needed for inferring the true causal

network. However, it imposes more computational burden and undesirably reduces the

accuracy of the RDI estimator with a fixed number of samples N , as it exponentially

increases the dimension of the state space used to calculate the k-nearest neighbors.

• k (Positive integer - Default: 5): Number of the nearest neighbors in the kNN estimator

for the conditional mutual information. The parameter should be set in such a way

that the neighborhood captures an adequate number of samples for a good estimate of

the probability corresponding to each sample.

• Uniformization (Boolean - Default: False): If True, uRDI instead of RDI will be used.

While imposing a higher computational burden over the same data than RDI, uRDI

is expected to improve the causal inference in the cases with highly-biased sampling

distributions.

4.2 Results

In this section, we extensively demonstrate and discuss the results of applying the Scribe

algorithm to a variety of experimental settings and their corresponding data for the purpose

of inferring causality, as the strength of information transferred from one variable, a potential

regulator, to another time-delayed response variable, a potential target, where a higher score

implies stronger evidence for a causal interaction and vice versa.

Scribe aims to be agnostic to the particular measurement technology used in an experiment,

simply requiring as input time-ordered gene expression profiles for each cell as they progress

along a time axis. It estimates causality scores using RDI for pairs of genes which are in

turn used to build a causal regulatory network (Fig 4.1A, B). Scribe can calculate RDI in

several different ways, each of which is designed to address challenges posed by single-cell
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expression data. In order to alleviate sampling biases, for example, key transitory states

are under-represented while stationary states are over-represented, Scribe can calculate two

adjusted RDI scores: termed uniformization of (conditional) mutual information (uRDI or

ucRDI, respectively) to quantify the potential causality as discussed in Chapter 3 (See Section

3.3). These scores capture how much influence a regulator can potentially exert on a target

without cognizance of the regulator’s distribution.

From pairwise RDI scores, Scribe assembles and refines a regulatory network between

genes. However, many causal interactions could be indirect, and although Scribe could remove

them by computing RDI between each pair of genes conditional on other potential regulators,

this greatly increases the required number of samples and its running time and is typically

impractical. Scribe therefore first refines the inferred network using regularization based on

Context Likelihood of Relatedness (CLR regularization) [62] and can be further sparsified

with an optional method for directed graph regularization on large networks (see STAR

Methods in [219] for more details). Finally, Scribe offers the user a variety of ways to visualize

and plot the resulting network or explore individual regulatory interactions in more detail.

4.2.1 Causal network inference of C. elegans’ early embryogenesis with live-imaging

In order to assess the performance of Scribe, we examined Caenorhabditis elegans’ early

embryogenesis, where live imaging has been used to measure nearly half of all Transcription

Factors (TFs) protein expression dynamics in every single cell in an embryo [189]. This

dataset consists of 265 time series each of which tracks the expression dynamics of a TF using

fluorescent reporter constructs. Measurements were collected at 1-min intervals in every cell

of the developing embryo for the first 350 min of embryogenesis (Figure 4.2A).

We tested whether Scribe was able to learn validated genetic interactions that govern

worm development. For example, it is understood that in the intestinal cell lineage Ealap the

TFs end-1 and end-3 were up-regulated prior to their targets elt-2 and elt-7 (Figure 4.2B

and well before most other up-regulated factors in this lineage (Figure 4.2C) [298]. We ran

Scribe on these four genes to determine whether it could correctly infer the causal regulatory
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interactions between them.

Although Scribe captured some known causal interactions among the core TFs that specify

this lineage [196], it also reported both false positive and false negative interactions based on

previously curated networks [196,298]. For example, Scribe reports that end-1 also strongly

regulates end-3, which is not supported by previous studies [196,298] (Figure 4.2D). Although

accurate network inference surely depends on many factors, we hypothesize that the false

positives and false negatives in the live imaging analysis (Fig 4.2D) were mainly due to the

inability of the system to report measurements for more than one gene in the same individual

cell. Because in the live-imaging dataset we are using, the expression values come from cells

in different embryos, each of which has a single gene wired to a GFP reporter. That is, the

experiment did not report two genes (i.e. a regulator and a potential target) in the same

cell. So while the values of a single gene are coupled across time, values for two genes are

not coupled, because they are never recorded in the same cell. Therefore, fluctuations in

expression levels of a regulator are not "coupled" to corresponding fluctuations in its targets.

The entire Ealap lineage-specific network of C. elegans early embryogenesis constructed by

Scribe is shown in Figures 4.2E–4.2G; zoomed-in versions of each network state is available

in the Supplemental Information and Scribe’s GitHub repository. Overall, Scribe was able to

accurately infer known regulatory hierarchy (Figure 4.2F) [189].

Additional insights provided by Scribe: We find that Scribe can potentially provide

new insights into gene regulation by revealing temporal/lineage/spatial specific gene regula-

tions. For example, focusing on one cell lineage, the intestine cell Ealap, we found that known

regulators of E lineage, end-1, end-3, ref-1, elt-2 and elt-7 sequentially appear in our cell

maintenance network ordered by their known onset timing [189]. Interestingly, this analysis

also suggests a putative regulation of ref-1 by end-1 which is further causally regulated

by aly-1 (a factor thought to be related to mRNA binding and export [66]) in the Ea cell

maintenance network. In general, we find that both the maintenance and the commitment

networks become increasingly complex as cells divide along the lineage tree. As each cell

or cell division is associated with a particular time period and space dimension, the causal
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Figure 4.2: Live Imaging Dataset of C. elegans Early Embryogenesis Captures Transcription
Expression Dynamics Hierarchy. (A) Scheme used by Murray et al. for measuring transcription
factor’s protein expression dynamics in real-time for every cell during early C. elegans embryogenesis.
(B) Single-cell lineage-resolved fluorescence data capture temporal dynamics of E lineage master
regulators during C. elegans embryogenesis. The expression for each gene is scaled to be between
0 and 1 and then smoothed using LOESS (locally estimated scatterplot smoothing) regression as
in [209], the same as in (C).
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networks recovered by Scribe recover both time and spatially-dependent gene regulation.

For example, an E2F -like gene elt-3 has strong putative causal interaction in both Eal or

Ear ’s commitment networks and gains additional causal interactions in the left axis of the

worm (Eal) including a key neuronal TF unc-86 and a previously identified posterior-anterior

asymmetric gene lin-39, indicating potential novel regulation in the left-right axis of E lineage

for the latter. This analysis demonstrates the power of Scribe in building a compendium of

the causal regulatory network for early C. elegans embryogenesis and further highlights the

usefulness of Scribe for casual regulatory network inference from diverse time series datasets.

4.2.2 Accurate causal network inference requires temporally coupled expression data

Next, we explored Scribe’s ability to recover causal interactions using single-cell RNA-seq

which in contrast to live-imaging measures many genes in each cell. We first collected publicly

available datasets from several biological systems including developing airway epithelium [277],

dendritic cell response to antigen stimulation [246], and myelopoiesis [193]. We then pseudo-

temporally ordered these cells as previously described using Monocle 2 [218]. Next, we ran

Scribe on these pseudo-time series (Fig 4.3, Supplementary Figure 3 in [219]) and examined

the regulatory interactions reported for known transcriptional regulators of these systems.

For each gene, we summed the causal interaction scores to all other genes, deriving a measure

of its aggregate influence on the system. These aggregate causality scores were significantly

higher for known transcriptional regulators than for genes believed to be target genes by

the authors of the original studies ((unpaired two-sample t-test, Supplementary Figure 3

in [219]).

We next explored whether Scribe can accurately reconstruct causal regulatory networks.

Recently, Olsson and colleagues suggested a core network of transcription factors for regulating

myelopoiesis [193] by performing bulk ATAC-seq, ChIP-seq, perturbation experiments and

profiling the transcriptomes of 382 cells from flow-sorted populations undergoing the transition

(Fig 4.3A). We used Scribe to calculate causal scores for each regulator-target pair from

the Irf8 and Gfi1 master regulators of the monocyte or granulocyte lineage, respectively, to
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Figure 4.3: Scribe recovers a core regulatory network responsible for myelopoiesis. (A) A core network
describes key regulators during the specification of monocytes and granulocytes [193]. (B) Examples of
gene-target pair kinetic curves over pseudotime along the monocyte lineage. (C) Scribe infers the expected
core regulatory network interactions for myelopoiesis. (D) Visualization of combinatorial gene regulation
from Irf8 and Gfi1 to Zeb2 or Per3. (E) The normalized rank of lineage-specific genes’ total outgoing RDI
sum. (F) Lineage-specific network of significant regulators during erythropoiesis. Edges supported by the
spring database are colored as red lines.
For (E) and (F), BEAM analysis was used to identify significant branching genes associated with the four (one)
lineage bifurcation events shown in the hematopoietic trajectory from [218] based on the Paul dataset [201].
The top 1,000 differentially expressed genes associated with each bifurcation were chosen to build a causal
network for each relevant lineage. A set of TFs relevant to specific lineages described previously is used for
(E) or (F). Neu, neutrophil; Ery, erythroid; Mk, megakaryocyte; mono, monocyte; DC, dendritic cell; BE,
basophil and eosinophil.
(G and H) Receiver operating curves (ROC) (G, top) and area under the curve (AUC) (H, bottom) of the
inferred causal network based on Scribe, GC, and CCM, from left to right, on the dendritic cell (DC) dataset,
granulocyte or monocyte branch of the Olsson dataset [193], and erythroid branch of the Paul dataset.
Four different variants of causal inference implemented in Scribe are tested: RDI (L =0), the default RDI
method without conditioning on any other gene; RDI (L = 1), the RDI method based on conditioning on the
incoming gene with the highest causality score, except the current target; uRDI, the method based on the
uniformization technique applied to the actual distribution in RDI; and uRDI (L = 1), the uRDI method but
also with the conditioning on the incoming gene with the highest causality score, except the current target.
(I) The network of the gene set as included in (F) retrieved from the STRING database.
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the other six genes in the core network. We hypothesized that Scribe would return strong

causal scores for the targets ascribed to each regulator but not others. We observed that

expression kinetics over pseudo-time correctly reflect the network architecture (Figures 4.3A

and 4.3B). For example, as Irf8 expression increases in the monocyte lineage, Zeb2 expression

also increases while expression of Per3 decreases (Fig 4.3B), reflecting the fact that Irf8

activates expression of Zeb2 while inhibiting Per3’s expression. We represent the causal

network inferred by Scribe as a heatmap where each row corresponds to the causal score

from the regulator to all other genes and the color corresponds to the magnitude of the

causal score (Fig 4.3C). Scribe assigns a high causality score for all targets of Irf8 (Gfi1,

Irf5, Klf4, Per3, Zeb2 ) but the lowest causality score to Irf8 and Ets1, which are not its

direct targets. Similarly, Scribe assigns high causality score for the majority of Gfi1 ’s targets

(Irf8, Klf4, Per3 ) even though Gfi1 has low expression values (Fig 4.3C). The visualization

of the combinatorial regulation of Irf8 and Gfi1 to either Zeb2 or Per3, based on the Scribe

visualization toolkit, captures the conflicting regulation pattern between two regulators and

their two targets (Fig 4.3D).

To determine Scribe’s capabilities to reconstruct transcriptome-level causal networks

containing edges between transcription factors (TFs) as well as from TFs to putative down-

stream targets, we applied Scribe to scRNA-seq data of hematopoiesis [201]. We find that

the lineage specific genes tend to have a high total outgoing RDI sum among all significant

transcription factors (Fig 4.3E). When restricting to a small subset of previously identified

erythropoiesis-associated TFs, we find Scribe identified several regulatory interactions, such as

Gata1 -Gfi1 -Klf4, which are known to play an important role in myeolopoeisis [140, 263,270]

(See Fig 4.3F). However, in recovering known regulatory interactions in each system based on

the manually curated network from the literature, Scribe marginally outperformed GC and

CCM but all three methods generally performed poorly, with no method reaching an AUC of

greater than 0.7 (Figures 4.3G and 4.3I).

We hypothesized that similar to live imaging datasets, a lack of coupling between the

expression measurements in pseudo-temporally ordered single-cell RNA-seq data leads to
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poor accuracy during regulatory network inference. In contrast to a true time series in

which an individual cell is tracked and measured longitudinally, in pseudo-temporal datasets,

each expression measurement comes from a different cell. Therefore, although pseudo-time

reveals the overall trend of the gene expression dynamics, the real-time gene expression

"micro-fluctuations" (fluctuations that happen within short time scales) of a regulator to a

target are not captured in pseudo-time.

To test whether causal network inference requires temporal coupling between genes across

measurements, we ran Scribe on simulated data based on a core network of neurogenesis (see

STAR Methods section in [219]) collected using four strategies for obtaining longitudinal

measurements from individual cells. First, we consider "real-time", an ideal theoretical

technology in which all genes are tracked in each individual cell as that cell differentiates.

We therefore consider a second setting "live imaging", in which each cell is tracked over

time but only one gene is measured - as mentioned earlier in Figure 4.2. Third, we examine

pseudo-time, where all genes are measured only once in distinct cells that have been sampled

from a population undergoing differentiation. Finally, we tested Scribe on RNA velocity data,

which consists of a snapshot measurement of each cell’s current transcriptome along with a

prediction of that same cell’s expression levels at a short time in the future (Fig 4.4A).

Using pseudo-temporal measurements, Granger causality, convergent cross mapping, and

Scribe all performed very poorly in recovering direct, causal interactions between genes in

the hypothetical network (Fig 4.4B, Supplementary Figure 4 [219]). The inability of these

methods to recover regulatory interactions is unlikely to be due to the undersampling of the

system, as the performance was insensitive to varying the number of cells captured in the

simulated datasets (Figures 4.4C, Supplementary Figure 4 in [219]). The performance of the

three methods was only modestly better when using data captured by "live imaging".

We next evaluated two alternative modes of measuring gene expression dynamics in single

cells in which fluctuations are coupled. Using conditional RDI, Scribe produced highly accurate

reconstructions from "real-time" measurements of gene expression (AUC: 0.859± 0.0283),

in which every gene is measured repeatedly in a set of cells as they differentiate. This
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Figure 4.4: Temporally coupled gene expression measurements are necessary for inferring causal
regulatory interactions. Four possible types of single-cell time series datasets, pseudotime (no
dynamics coupling across genes over time points), live-imaging (dynamics coupled for each gene
across time points but not across genes), "RNA-velocity" (dynamics coupled for all genes between
two time points measured in each cell) and real-time (dynamics coupled for all gene across all
time-points in each cell), are simulated (see Methods in [219] for details). (A) Incorporating RNA
velocity analysis into Scribe for causal inference. A gene with multiple exons (pink box, E) and
introns (blue line, I) is transcribed into immature RNA and then spliced into mature RNA, both of
which can be quantified by scRNA-seq (See Methods in [219] section "Benchmarking Scribe with
alternative algorithms on inferring causal regulatory network"). (B) Dynamics coupling in real-time
and "RNA velocity" datasets enables Scribe to correctly infer causal regulatory networks. Scribe
(including four variants, RDI (k = 0), uRDI (k = 0), RDI (k = 1) and uRDI (k = 1)) and two
alternative causal inference methods, Granger and CCM are used to reconstruct network based on
2,000 data points from each of the four different single-cell time series datasets. The results from
each method are then compared with the known network architecture to obtain the AUC score. Five
replicates are performed for each method. ( C) Dependence of causal inference on the number of
samples. The same analysis as in A is performed but with down-sampled datasets on a sequence
from 200 to 2000, incremented by 200, data points (see Methods in [219] for more details). RDI:
restricted directed information. uRDI: uniform RDI which replaces the biased data distribution with
a uniform distribution to remove the dependence of the sample distribution.
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demonstrates that when measurements are fully coupled across time, and fluctuations in a

regulator can propagate to its targets, restricted directed information correctly reveals causal

regulatory interactions. Scribe also recovered accurate networks (AUC: 0.837± 0.0189) with

"RNA velocity" measurements (Figure 4.4A). Although RNA velocity does not repeatedly

measure cells, it provides a "prediction" of the future expression levels of each gene based on

comparing mature to immature transcript levels, in effect introducing a form of temporal

coupling to the data. These simulations show that methods for regulatory inference based on

information transfer fail using data from measurement modalities in which fluctuation of a

regulator’s expression across cells is "uncoupled" from fluctuations in its targets.

4.2.3 Causal Network Inference with "RNA Velocity" Reveals Regulatory Interactions that

Drive Chromaffin Cell Differentiation

We next sought to test whether Scribe could recover causal network interactions using real

RNA velocity measurements. Recently, La Manno and colleagues applied RNA-velocity to

study the chromaffin cells differentiation as well as their associated cell cycle dynamics [137].

We used this chromaffin dataset as a proof-of-principle for incorporating "RNA velocity" into

Scribe. We first reconstructed a developmental trajectory from mature mRNA expression

levels from each cell in this dataset and then applied BEAM [217] to identify genes that

significantly bifurcate between Schwann and chromaffin cell branches (Figure 4.5B). These

genes were enriched in processes related to neuron differentiation along the path from SCPs

(Schwann Cell Progenitors) to mature chromaffin cells (Supplementary Figure 4E [219]).

We then applied Scribe to the RNA velocity measurements from the 3,665 significantly

branch-dependent genes ( qval < 0.01, Benjamini-Hochberg correction) (Figure 4.5C and

Supplementary Figure 4 in [219]). We first built a network between significant branching TFs

as well as from TFs to the significant targets in chromaffin lineage and found that only 0.75%

of TFs interact with each other while 8.40% TFs regulate potential targets (causality score

> 0.05) (Figures 4.5E-4.5G).

We then inferred a core network between fourteen TFs believed to drive chromaffin
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Figure 4.5: Causal inference in Scribe with RNA-velocity. (A) RNA velocity vector projected onto
the first two latent dimensions. A small subset of arrows is used to visualize the velocity field of
the cells. S, sympathoblasts; C, chromaffin; SCP, Schwann cell progenitor. The color of each cell
corresponds to the cluster id from Figure 5B of [70]. (B) A core causal network for chromaffin cell
commitment inferred based on RNA velocity. Gene set is collected from [70]. Context likelihood
of relatedness (CLR) regularization is used to remove spurious causal edges in the network (see
STAR Methods in [219]). (C) Two potential coherent feed-forward loop (FFL) motifs of chromaffin
differentiation are discovered from the core network. Edge width corresponds to causal regulation
strength. (D) Visualization of the six causal regulation pairs in the feed-forward loops of Eya1-
Phox2a-Erbb3 and Gata3-Phox2a-Notch1 (see STAR Methods in [219] for details). (E) Visualizing
combinatorial regulation logic for the two feed-forward loops in (C) with Scribe. For both (D) and
(E), a grid with 625 cells (25 on each dimension) is used. Similarly, expected values are scaled by the
maximum to obtain a range from 0 to 1. (F) Scribe’s ability to detect causal regulatory interactions
is limited by the single-cell measurement technology used. Technologies that provide measurements
that are coupled across time and between genes provide more power for inference than conventional
single-cell RNA-seq experiments
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cell differentiation [70]. Within this core network, Scribe identified two feed-forward loop

(FFL) motifs [3]: Eya1 -Phox2a-Erbb3 and Gata3 -Phox2a-Notch1 (Figures 4.5C-4.5E). The

STRING (Search Tool for the Retrieval of Interacting Genes/Proteins) database of genetic

and molecular interactions [268] provided additional support for these regulatory motifs

(Supplementary Figure 4H in [219]). From the RNA-velocity network, we also find that

SCP-related TFs, such as Sh3tc2, tend to have stronger causal regulation (ranked higher in

terms of hubness as shown in the arc plot) while chromaffin cell-related TFs, including Chga

and Th, have much smaller causal regulations, reflecting the network captures transition from

SCPs to chromaffin cells [70].

4.3 Conclusion and Discussion

Despite extensive research into gene regulatory network inference over the past several decades,

the fundamental source of poor performance by these methods on single-cell data remains

uncertain. One possibility is that even with the tremendous gains in the throughput achieved

by the developers of scRNA-seq technology over the past decade [267], these methods still

have not been provided with sufficient data to accurately reconstruct networks. Alternatively,

the basic approach of inferring genetic interactions based on statistical interactions between

their measured expression levels may be fundamentally limited.

We developed Scribe, which uses information-theoretic metrics RDI and uRDI to infer

complex causal regulatory interactions between genes, overcoming limitations inherent to

GC and CCM. Scribe also provides several ways to visualize causal information transfer,

helping users distinguish between direct and indirect interactions and unravel combinatorial

regulatory logic.

Although Scribe correctly infers causal regulatory interactions in simulated measurements

that track all the genes in an individual cell over time, it performs poorly on live imaging or

pseudo-temporally ordered single-cell datasets. We demonstrate that poor performance is

due to the loss of temporal coupling between measurements of genes that interact, in which

fluctuations in the levels of a regulator propagate to measurements of its targets. This may



76

explain poor performance by a broad class of information-theoretic or statistical approaches

for inferring regulatory networks from scRNA-seq data. If so, then simply improving the

throughput of scRNA-seq protocols will not be sufficient to power inference methods. Pseudo-

temporally ordering scRNA-seq data provides a boost to the number of genes that may be

considered, and the temporal coupling provided from joint measurement via live imaging of

pairs of genes could boost power further.

Improvements to single-cell expression assays that produce measurements for multiple

genes that are coupled across time may enable the accurate regulatory network inference

possible using Scribe or similar approaches. Although methods for non-destructively tracking

expression levels of many genes in single cells over time have not been described, several assays

have been reported that provide snapshot estimates of both steady-state mRNA levels along

with their rates of synthesis. These assays report measurements of the current and future

transcriptome of individual cells, essentially providing temporal coupling over a short time

horizon. For example, SLAM-seq (thiol(SH)-linked alkylation for the metabolic sequencing

of RNA) [102, 188] or TUC-seq (thiouridine-to-cytidine sequencing) [233] assay mature

RNA levels and estimate the rate of their synthesis via nucleotide-labeling or conversion-

based approaches. Importantly, single-cell versions of those technologies [27, 58, 100] have

recently been developed when this work was under review awaiting integrating Scribe with

those technologies as future investigation. Sequential, multiplex RNA fluorescence in-situ

hybridization (FISH) or "Seq-FISH" [244] which probes both exons and introns of RNAs can

also provide similar measurements. RNA velocity, which analyzes scRNA-seq reads falling

within introns and estimates both mature mRNA levels and their immature intermediates to

predict the transcriptome over a short time in the future, also generates coupled measurements.

Accordingly, using RNA velocity measurements greatly improves Scribe’s accuracy compared

to running it on pseudo-temporal scRNA-seq measurements. These assays and algorithmic

improvements boost Scribe’s ability to recover causal interactions because they provide

increasingly comprehensive and temporally coupled measurements across the transcriptome.

Concentrating efforts to improve temporal coupling in new experimental methods should, in
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our view, be a priority for the field.

scRNA-seq holds great promise for powering various algorithms for network inference but

as we have shown, major obstacles remain in the way of doing so in practice. Once provided

with temporally coupled measurements, Scribe accurately reconstructs networks of modest

scale. As experimental and computational improvements to single-cell expression techniques

couple measurements across time, we expect Scribe to be increasingly capable of dissecting

the complex genetic circuits that drive development and disease.
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Chapter 5

LEARNING TEMPORAL CELL TRANSCRIPTOMIC
DYNAMICS VIA ARTIFICIAL INTELLIGENCE

In Chapter 4 we introduced Scribe to reconstruct the gene regulatory networks from

transcriptomic single-cell data relying on RDI and uRDI methods, and demonstrated its

capabilities and discussed its limits. In this and the next chapter, we expand the scope of

the problem and try to uncover the governing dynamics in cell development processes more

comprehensively. To achieve this goal, we switch gears and employ the Artificial Intelligence

(AI) techniques to learn the cell transcriptomic dynamics, i.e. our goal is to train Neural

Networks that are able to predict each cell’s future from its current state.

In this chapter, we focus on learning the temporal dynamics of how genes interact in an

evolving cell where the cell is assumed to be a closed system, i.e. we won’t consider any

possible external input to the cell from its surroundings. More accurately, the input to our

toolkit is the current state of each cell, and the output would be the future state of the same

cell - or equivalently the instantaneous velocity vector of the cell’s state.

The dynamics that govern changes in the gene expression state of a cell are assumed to

be described as:

v(t) = Ẋ(t) = f (X(t)) (5.1)

which could be thought of as an Ordinary Differential Equation (ODE). In the equation

above, X(t) is the current state of the cell (Which is defined as the vector of the current

expression level of all the genes in the cell), and v(t) is the vector of the instantaneous

changes (i.e. velocity) at time t. Our goal is to learn the function f(.) from the empirical

observations, which can be equivalently thought of as learning the continuous Vectorfield of
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the gene velocity over the gene expression space.

The so-called Transcriptomic Vectorfield Reconstruction is a relatively new problem in

genomics made possible by recent advances in single-cell RNA sequencing as well as newly

developed powerful tools and methods in data science. Qiu et al developed Dynamo [220]

based on the SparseVFC method [160] to learn the underlying vector field from expression-

velocity sample pairs. The work is then followed by both developing algorithmic methods [71],

and AI-based vector field learners using either RNA-velocity [36] or time-course data [56,147].

These methods, however, are designed to work only in a specific setting, don’t support a wide

variety of data types, and are not equipped with extensive downstream analysis functionalities.

Inferring the function f(.) not only provides us with the instantaneous cell velocity vectors

for any given state but also enables us to predict and track the temporal changes of any cell

by solving the ordinary differential equation 5.1 given the initial state X(0). This solution is

usually denoted by the numerical integral X(t) =
∫ t

0
f (τ,X(τ)) dτ since solving an ODE is

in fact an integration. 1

5.1 Dynode Vectorfield: A comprehensive AI-based toolbox for learning tempo-
ral transcriptomic dynamics

In this chapter, we present Dynode Vectorfield 2 , an AI-based toolbox developed in PyTorch

and a part of the Dynode package that is capable of inferring the function f(.) in Equation

5.1 via training a neural network fθ(.) trained in a supervised fashion over the observed

transcriptomic data, where θ denotes the neural network parameters. The trained network

predicts the instantaneous velocity of the system v̂ = fθ(x) for any given state x as input.

Throughout the rest of the section, we briefly highlight the features of Dynode Vectorfield

which are also summarized in Figure 5.1. Some detailed discussions regarding loss function

choice and regularization to enforce stability and smoothness over the learned dynamics can

1Note that the aforementioned integral is not an ordinary integral as X(.) is not an explicit invariant
function of τ but it’s in fact a recursive function of f(τ − dτ). The notion of the integral is used to
emphasize the notion of de-differentiation that naturally exists in solving ODE equations.
2The package is published here: https://github.com/aristoteleo/dynode-release
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Figure 5.1: Dynode Vectorfield, a universal framework to model single-cell dynamics with differen-
tiable vector field learning approaches. (A) Single-cell genomics data types and core neural network
architectures to model them. Four major data types exist, including RNA velocity, single-cell pertur-
bation, and single-cell trajectories with longitudinal measurement of the same cell and population
time series. (B) The core neural net architecture of Dynode, including the Autoencoder, dynamics,
and channel model to learn vector fields for various data types. The Autoencoder encodes and
decodes the gene expression and velocity to lower dimensional space where the vector field lives.
The (optional) channel model will model the observation noise and the dropouts of the single-cell
data. (C) Dynode calculates differential geometry with PyTorch Autograd to make sense of the
reconstructed vector field.

be found in Appendix C.

5.1.1 Dynode Vectorfield supports a wide variety of neural network models

Dynode Vectorfield is designed as a highly flexible and configurable deep-learning framework

supporting a wide variety of neural network models inside the PyTorch environment. Even

though the default model implemented in the toolbox is a Dense Neural Network (DNN), the

user may use any standard neural net module in PyTorch such as ResNet [99], Recurrent

models such as RNN, or Convolutional Neural Networks (CNNs) [149] as they see fit, or

even implement their own proprietary model with a compatible Application Programming
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Interface(API) to that of Dynode.

Periodic Sinusoidal Activation: The implemented DNN network is capable of support-

ing all the common activation functions such as ReLU, Sigmoid, and Tanh. While all these

activations work relatively well in the task of learning the large-scale non-linear mapping

fθ between the input and the output, they almost fully fail to capture the finer small-scale

trends. One could observe and reason that any higher-order derivative of the neural network

(e.g. the Hessian matrix) will be equal to 0 for almost any input point if any activation

with linear local behavior (such as ReLU or Leaky-ReLU) is employed, where the first-order

derivative of DNN’s with respect to input is almost surely constant at any given input value.

To alleviate this issue, we also support periodic sinusoidal activation functions as introduced

in [255] where the networks with such activation functions are dubbed as Sinusoidal Rep-

resentation Networks or Sirens. Sirens should be able to capture any order of derivatives

for the dynamics at any given input point. The drawback is that the periodicity parameter

ω0 needs to be set properly to avoid exerting false frequencies and wobbles in the learned

dynamics. The detailed discussion can be found in [255].

5.1.2 Dynode Vectorfield supports multiple types of datasets and multi-modal training

The Dynode Vectorfield toolbox is designed in such a way that it can adapt to various

types of datasets it’s provided with and select the proper method of training accordingly.

To be more specific, it can be trained in Regression mode (For pairwise expression-velocity

observations), or Neural ODE mode [33] (for wild-type time-course expression data), or both

of them simultaneously if the corresponding data is provided. Furthermore, Dynode can be

trained with perturbation time-series and uncoupled (population) time-series data, where the

feed-forward path still would mainly be calculated via Neural ODE, with some key differences

compared to the training procedure of wild-type time-course data (Figure 5.1A).

• RNA-Velocity Regression: This is the most basic mode of training when the gene

expression and RNA-velocity data are jointly available for each cell in the form of
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(x(i), v(i)) (i.e. the input-output pair is provided for each data sample i). In this case,

the network simply fits the output to the given RNA-velocity values minimizing the

appropriate loss function.

• Coupled time-course expression: In this mode, it’s assumed the gene expression

values of a single cell are provided over a time period. So the data provided would

look like a non-uniformly sampled time series over a period of time in the form of(
x(i)(0), x(i)(t1), ..., x

(i)(tN)
)
. The Neural ODE would therefore try to fit the future

predicted expressions to that of the given observations starting from the initial expression

x(i)(0) for each sample i.

• Population time-course expression: In the aforementioned time-course experimental

data, tracking the gene expressions of a single cell over time is not always possible.

What is provided in the most advanced datasets consists of a few instances of the state

of a system (e.g. a group of cells in a tissue sequenced together) at each time point ti,

where each two different time point ti and tj encompass independent (i.e. uncoupled)

group of observations. In other words, we’re provided with a population of cells at each

time point.

Even though the lack of coupling between the temporal samples usually proves costly as

we lose a great deal of information on how individual points would evolve over time, one

may partially infer the dynamics by tracking the temporal changes in the distribution

of the population at different time points, i.e. one may ask "will the temporal changes

in how the observations X(t) are scattered over the state space provide any information

about how the system evolves through time?". Therefore in such cases, instead of

minimizing an ordinary pairwise loss such as Mean-Squared-Error, one would try to

match the distribution of predictions in the form of PŶ with PY . Therefore, the loss

function would be defined in the form of a divergence between the two distributions. In

the Dynode Vectorfield toolbox, we include two of the most popular of such measures,

Wasserstein Distance and Kullback-Leibler Divergence which can be used as the loss
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functions for such uncoupled observations. 3 The details on how these losses are

implemented can be found in Section C.1.

• Single-cell Perturbation: As discussed extensively in [207] (See Sections 1.4.1 and

1.4.2 for example), and as we’ll see in Section 5.2, intervening with the natural order of

phenomena and observing the outcomes which would remain unobserved otherwise, is

of much interest in inferring the interactions of the variables in a dynamical system.

Intentionally Perturbing an input variable in a dynamic system and observing its

subsequent effect(s) provides otherwise non-available crucial information on the internal

dynamics of the system and helps any inference platform uncover the true dynamics

more accurately. The Dynode Vectorfield toolbox is capable of training and testing on

such datasets, where any gene perturbed, either fully knocked out or fixed at a non-zero

certain level, can be marked at the input which so its values forced to be constant

(i.e. the corresponding RNA-velocity is rendered zero), and the downstream effect is

observed at the output accordingly, at both training and inference phases.

The importance of such data is increasingly appreciated and therefore conducting

perturbation experiments and collecting data is becoming more commonplace. This

so-called Gene Perturbation approach has been gaining high attention recently among

researchers. As a remarkable breakthrough, Dixit et al [52] recently designed and carried

out such an experiment and collected data. They developed Perturb-seq, combining

single-cell RNA sequencing (RNA-seq) and Clustered Regularly Interspaced Short

Palindromic Repeats (CRISPR)-based perturbations to perform many such assays in

a pool. This data, however, is only collected at the steady state of the cells and does

not include time series. These experiments, overall, are still relatively expensive and

challenging to design, with a limited number and pattern of perturbations possible per

each cell, hence the collected data is not as widespread as regular wild-type scRNA-seq

data.

3In most of the use cases, Wasserstein Distance is recommended over KL Divergence.
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5.1.3 Dynode Vectorfield can learn the dynamics in a low-dimensional space

Dynode is able to learn the low-dimensional dynamics, assuming the cell dynamics lie on a

low-dimensional manifold. 4

If the low-dimensional manifold’s dimension is set to be smaller than the original space,

Dynode will initialize two additional neural network modules to map the high-dimensional

space to the low-dimensional one and vice versa, respectively called encoder and decoder.

Dynode then first transforms the input x to a low-dimensional vector via the encoder, which

then passes through the low-dimensional dynamics neural net, the output of which is then

transformed back to the original space via the decoder, rendering the velocity vector v.

Therefore, the total forward pass consists of all three blocks, and the training is carried out

on all of them simultaneously.

Since the mapping from the higher dimension to the lower dimension naturally needs to

be invertible, we require the encoder and decoder block to be the inverse of each other, hence

the two blocks make an auto-encoder together. At each iteration, therefore, we perform a

training step over the auto-encoder (i.e. encoder+decoder) for state x and velocity v samples.

5.1.4 Dynode calculates differential geometry to make sense of the reconstructed vector field

The Dynode Vectorfield toolbox is able to calculate various derivatives of the trained neural

network’s output with respect to the input, to provide deeper insights into the reconstructed

vectorfield. The derivatives implemented in Dynode are implemented via PyTorch’s Autograd

toolbox and include but are not limited to Jacobian, Hessian, curl, divergence, acceleration,

and curvature (Figure 5.1C). This functionality enables us to carry out insightful analysis

and reveal interesting gene-level interactions inside the learned cell dynamics. Examples of

these analyses are discussed in Section 5.2.

4To be more precise, if the dynamical system is d-dimensional (Equivalently the gene expression and
RNA-velocity vectors of each cell x, v ∈ Rd, and the function f : Rd → Rd) then there exists dl < d for
which exists the one-to-one transform T : Rd → Rdl and the low-dimensional dynamics h : Rdl → Rdl such
that T (v) = h (T (X)).
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Figure 5.2: Various types of data simulated from synthetic two-gene systems (A) Toggle-switch (B)
Mixture of Gaussians.
from left to right: RNA-velocity, coupled time-course expression, perturbation, and uncoupled
population time-course expression.

5.2 Results

In this section, we apply the Dynode Vectorfield toolbox to a variety of synthetic and

experimental datasets. We first verify the performance of Dynode Vectorfield using two

synthetic systems 2-gene systems, namely toggle-switch system [112, 289] and Mixture of

Gaussians [160]. We then apply the toolbox to two real datasets collected from scRNA-

seq experiments carried out over Human Hematopoiesis process [294, 295] and Pancreatic

Endocrinogenesis [16] and analyze the learned dynamics to gain biological insights about the

aforementioned processes.

In all the tests carried out, we used a five-layer DNN network to learn the core dynamics,

and anywhere the dynamics are learned in a lower-dimensional space than the original space,
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Figure 5.3: (A) Dynode accurately reconstructs the vector field and maps the fixed points of the
simulated toggle switch system. (B) The heatmaps of gene-to-gene Jacobians. (C) Dynode accurately
calculates divergence, acceleration, curl, and curvature. The X-axis is analytical values derived
from the equation while Y-axis is the recovered values based on the learned vector field. Note that
curvature and accelerations are vectors and we calculate the norm of the vectors for plotting.

the initialized encoder and decoder consist of three DNN layers. We used Sirens activation for

all the tests except for the Pancreatic Endocrinogenesis where using Tanh activation helped

denoise the data more effectively and yielded smoother output dynamics.

5.2.1 Dynode accurately learns synthetic dynamics modeling real gene interactions

We first apply Dynode Vectorfield on two synthetic systems and verify it correctly learning the

dynamics and properly revealing the differential geometry of the learned dynamics. Dynode

was tested with four different types of data mentioned in Subsection 5.1.2, as shown in Figure

5.2.

The first system tested is a two-gene toggle-switch motif [112,289] which models a self-
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activation mutual-inhibition pattern between two genes recurring in many cell differentiation

processes, such as the ones we will see in Subsection 5.2.2. The ODE describing the system is

defined as:

ẋ1 = a1
x1

n

Ka1
n + x1n

+ b1
Kb1

n

Kb1
n + x2n

− x1

ẋ2 = a2
x2

n

Ka2
n + x2n

+ b2
Kb2

n

Kb2
n + x1n

− x2 (5.2)

where a1 = a2 = b1 = b2 = 1, Ka1 = Ka2 = Kb1 = Kb2 = 1, and n = 4. We simulated 10000

independent expression-velocity pair samples from the system, with expressions x1 and x2

being picked uniformly in the (0, 4) range. The learned vector field, with the discovered fixed

points and the differential geometry analysis, is shown in Figure 5.3. Figure 5.3A shows the

accurate reconstruction of the vector field for the toggle switch data. Figure 5.3B shows

the gene-to-gene Jacobian values over the two-dimensional region of interest for all four

combinations, correctly reflecting the self-activation mutual-inhibition interactions. Figure

5.3C the differential analysis of the learned vector field and how accurately it’s able to recover

all the values versus the ground truth.

The second system we simulate and analyze is a synthetic vector field defined by a mixture

of five Gaussians described in [160]. This system’s ODE is defined as:

ẋ1 = 9x1 − 2x1
3 + 9x2 − 2x2

3 − 1

ẋ2 = −11x1 + 2x1
3 + 11x2 − 2x2

3 + 1 (5.3)

The aforementioned dynamics form a repeller at the origin (0, 0) and four attractors at

(±2,±2) and four saddle points at ±2 on each axis. We used Dynode Vectorfiled to recover

the dynamics from various types of data generated from Equation 5.3. We generated 10000

uniform random samples from each of the four experiment types mentioned in Subsection 5.1.2

with each sample simulated for 10 time points for time course, perturbation, and population

data types.
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Figure 5.4: Dynode reconstructs the vector field and provides the geometry analysis for the Mixture
of Gaussians from various experimental data types. (A) The stream plot of the ground truth vector
field. (B) The learned vector field from various types of data: 1) RNA Velocity, 2) time course, 3)
Perturbation, and 4) Population time course. (C) The learned Jacobian (y-axis) versus the ground
truth Jacobian for RNA velocity data. (D) The learned Jacobian (y-axis) versus the ground truth
Jacobian for time course data. (E) The learned Jacobian (y-axis) versus the ground truth Jacobian
for perturbation data. (F) The detailed geometry analysis for the learned dynamics from RNA
velocity.
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Figures 5.4A-B visually show how accurate the reconstructed vector fields from each of the

data types are, with the heatmap color representing the norm of the velocity vector at each

point (bright: high, dark: low). As we can see, RNA velocity and Perturbation data provide

the most accurate recovery of the dynamics, while with time series we get the shape of

the curves of the vector filed correctly with the attractors being discovered at somewhat

inaccurate locations. The population data, as expected, provides information regarding the

overall trend of the data (i.e. the location of the repeller and the attractors) while the finer

shape of the streamlines is missing from the reconstructed vector field. Figures 5.4C-E show

the accuracy of the calculated Jacobian values from the learned dynamics, versus the ones

calculated analytically from Equation 5.3 as scatter plots, which properly align with the

accuracy of the vector field reconstruction for each data type discussed above. In Figure

5.4F various differential quantities are plotted for the model learned from the RNA velocity

data, revealing the behavior of the vector field such as the location of the attractors and the

repeller from divergence, or the locations with high curl and acceleration which are located

close to the attractors.

5.2.2 Dynode Vectorfield recovers underlying interactions during Hematopoiesis and Pancre-

atic Endocrinogenesis from single-cell RNA-seq data

We applied the Dynode Vectorfield to two real datasets to learn the underlying dynamics gov-

erning the cell development process and reveal insightful gene interactions via the differential

geometry analysis of the trained neural network.

The first dataset analyzed is Human Hematopoiesis clone tracing, the formation of blood

cells in human individuals [294,295]. The data consists of 1947 expression-velocity samples

and we follow an identical preparation, processing, and analysis to that of [220] and present

the results in Figure 5.5.

The underlying regulatory network of a few important genes in the process and the corre-

sponding cell lineages are shown in Figure 5.5A where the red and blue connectors represent

activation and repression relationships between the genes respectively. As we can see in
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Figure 5.5: Dynode Vectorfield accurately infers the gene regulatory network for hematopoiesis and
enables genetic predictions (A) The manually curated gene regulatory network of hematopoiesis. (B)
Scatterplots of the RNA Jacobian for different regulatory pairs across cells. A cartoon is shown on
the top left of each subpanel to reveal the gene regulations. The red arrows indicate activation while
the blue blunt arrows indicate repression. Similarly, the color of the cells indicates the Jacobian
values with a negative value corresponding to blue color (activation) and a positive value of red
color (repression). (C) The correlation between the predicted gene regulation and the ground-truth
regulation based on literature, averaged over all the cells. (D) The heatmap of expected expression
of TAL1 under different levels of GATA1 (x-axis) and SPI1 (y-axis) (first); the probability of the
Jacobian from GATA1 to TAL1 under different levels of GATA1 (second); the expected Jacobian
from SPI1 to TAL1 under different level of SPI1 and TAL1 (third); The scatterplot of the heatmap
from both GATA1 and SPI1 to TAL1 (fourth).
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5.5B, Dynode Vectorfield is able to capture the majority of these regulatory relationships

via the trained neural network, with the exception of for example FLI1 to GATA1. To

make the discoveries further robust, collecting more samples and training the neural network

with data types such as perturbation is strongly suggested, as they potentially rule out

spurious/incorrect links between the genes naturally arising from the correlations existing

in the wild-type data (See Section 5.3). Figure 5.5C demonstrates Dynode Vectorfield’s

superior performance in revealing the types of gene interactions (i.e. activation or repression)

versus Scribe (Chapter 4), Partial Least Squares (PLS) regression [299], and Elastic Net

regression [305]. Figure 5.5D showcases Dynode’s capability of revealing an example of

combinatorial regulatory relationships from GATA1 (activation) and SPI1 (repression) to

SCL (TAL1).

The second dataset studied is the Pancreatic Endocrinogenesis, where the formation

of the endocrine system of the pancreas is studied and samples are collected during the

differentiation process [16]. 5 The major steps of cell development during endocrinogenesis,

the corresponding vector field, and the key genes involved are shown in Figure 5.6A-B.

We then trained the neural net model in Dynode Vectorfield over the expression-velocity

samples collected from around 3696 cells, in which the top 4000 significant genes were

selected. We learned the dynamics in low-dimensional space of 30 dimensions and then

did some in-depth analysis of the learned vector field focusing on the key genes involved

in the endocrinogenesis procedure to reveal some biological insights. Figure 5.6C reveals

some of the interactions between the key factors in the process. Specifically, we reveal that

Neurog3 activates Pax4 in the progenitor early stages, which in turn would repress Arx

during the pre-endocrine stage. Specifically, Pax4 would activate the Ins2 in β cells which

are responsible for producing insulin, as verified by [40].

We then further studied the effect of knocking out the key genes on how the cells would evolve

5An extensive analysis of the dataset is conducted using Dynamo [220] here:
https://dynamo-release.readthedocs.io/en/latest/notebooks/tutorial_pancreatic_endocrinogenesis.html
In our analysis, we followed the same data processing and preparation procedure.
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Figure 5.6: Dynode Vectorfield accurately infers the gene regulatory network for Pancreatic
Endocrinogenesis and enables genetic perturbation predictions. (A) The two-dimensional UMAP
projection of pancreatic expression-velocity vector field with the corresponding cell types. [16,220]
(B) The differentiation process of pancreatic endocrine cells and key regulatory genes/motifs. [16,220]
(C) The scatter plot of the Jacobian from Neurog3 to Pax4 (left), or Pax4 to Arx (middle), and Pax4
to Ins2 (right) across cells. (D) The predicted cell fate changes after knocking out Neurog3 (left),
Pax4 (middle), or Arx (right).
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during endocrinogenesis from the trained neural network by using the perturbation capability

of Dynode Vectorfield. As we expect, knocking out Neurog3 would reverse the entire process

from stable cell types to progenitor cells. Furthermore, knocking out Pax4 would prevent β

cells from developing, while Arx being knocked out would expedite the development process

of β and ϵ cells as it’s a repressor of Pax4.

5.3 Conclusion and Discussion

In this chapter, we introduced Dynode Vectorfield, an AI-based software toolbox and a part of

the Dynode package that learns temporal dynamics governing cell evolution and development

processes, and described its capabilities and functionalities. In the process of developing

the software, we committed ourselves to designing a comprehensive framework rather than

a specific package with a limited scope of use cases, ensuring it meets three criteria: (a)

Flexibility, (b) Versatility, and (c) Longevity. We made sure that Dynode is able to support

a wide variety of possible experimental data types, and it’s highly configurable by the user to

best fit any experimental setup and conditions. Most importantly, we developed Dynode so

it not only doesn’t lose its power as time passes but its performance with the technological

advances and as the available experimental data quality, abundance, and diversity improve in

the future.

That being said, the capabilities of Dynode are not still fully utilized as the quality of

transcriptomic data, the amount of data available, and the feasible experiments are limited,

which will only improve with time. For instance, the full-scale tracking of all the gene’s

expressions in a single cell over time (i.e. coupled time-course data) is not quite realizable. As

another example, gene perturbation experiments are not widespread and are only feasible in a

limited fashion, such as only knocking out a few genes in a limited number of cells. Therefore,

these drawbacks could fundamentally limit the amount of information available from which

the Dynode Vectorfield toolbox would reveal the true dynamics.

Even though wild-type transcriptomic data is relatively abundant and is becoming more

and more available, it comes with its own caveats too. As already discussed throughout the
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thesis, and was seen in Section 5.2, the non-uniqueness of the dynamics attributable to the

observed wild-type data is an inherent flaw of such experiments, where the existing correlations

between the variables of the system could lead to more than one possible underlying dynamics

correctly describing the observed data. It’s evident that any neural network would learn only

one of the possibilities and hence the discovery of spurious/incorrect causal relationships

with respect to the ground truth is expected. 6 One powerful way to rule out all these

spurious causal relationships would be complementing the training process with single-cell

perturbations which would provide the neural network with extra side information, which in

turn could rule out the spurious/incorrect regulatory relationships and result in more accurate

dynamics reconstructed. The access to such experimental data in genomics, as mentioned,

is still quite limited. With the imminent upcoming technical innovations in transcriptomic

experiments and higher quality data becoming more widely available, Dynode Vectorfield

will further stand out and lead to insightful discoveries for the foreseeable future.

6Lots of examples can be made in which relying solely on the observational data can lead to wrong or no
conclusions in inferring how various variables influence each other in a dynamical system, thereby proving
the importance of stronger evidence for such inference tasks such as interventions and counterfactuals. As a
quick simple example, consider the simple tri-variate system described by Y = 2X and Z = X +Y . By just
looking at the numerical samples of the system, there would be infinite possible ways of indistinguishably
describing the second equation, for example, Z = 2X + 0.5Y would be as valid.
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Chapter 6

LEARNING JOINT SPATIAL AND TEMPORAL CELLULAR
DYNAMICS VIA ARTIFICIAL INTELLIGENCE

In Chapter 5, we introduced the first toolbox included in the Dynode package named

Dynode Vectorfield to learn the temporal transcriptomic dynamics and went over its features

and capabilities and then showcased its performance over synthetic and real datasets. In this

chapter, we expand the scope of the problem to learn the dynamics in both time and space

domains, introducing the Dynode Spatiotemporal toolbox.

In many natural phenomena such as heat transfer and electromagnetic wave propagation,

the dynamical systems describing such phenomena are defined in both the time and space

domain. In other words, the state of the system X at each time point t is, in fact, a function

defined over a Euclidean Space S rather than being a finite-dimensional vector, or more

precisely it’s a topological manifold defined over space S, therefore denoted by X(t, s) to

indicate the state is a function of both time and space. Trivially, the underlying dynamics

defining temporal evolution of phenomena, model and incorporate spatial geometry alongside

time trends to fully describe the system, thus expanding the scope of the ODE Equation 5.1:

v(t, s) = Ẋ(t, s) = f (X(t, s)) (6.1)

1 This equation in many cases would take the form of a Partial Differential Equation (PDE)

where the function f(.) typically incorporates spatial differential terms such as gradient or

Laplacian.

Specifically, in a cellular development process, assuming that each cell’s evolutionary path

1Note that Ẋ(t, s) = d
dtX(t, s).
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is solely driven by its own expression (as done in Chapter 5) would be too restrictive. In fact,

each cell’s future state is influenced by its neighbors as well. From a biochemical standpoint,

it’s known that cells exchange significant amounts of information with their nearby cells via

signaling chemicals called morphogens which are governing factors for their destination cell’s

state and fate [262]. Even though not quite conforming to Equation 6.1 as PDEs define the

dynamics over a continuous space, the notion of time and space are therefore incorporated

in cellular dynamics. Thus, a more comprehensive approach to modeling the governing

cell differentiation dynamics over both space and time, where the inter-cell signaling and

intra-cell gene interactions are learned is desirable. Especially, the experimental data needed

for such modeling is becoming more abundant with the recent innovations in spatiotemporal

transcriptomic profiling of the cells such as stereo-seq applied to mouse organogenesis [32], C.

Elegance embryogenesis profiling [162], oral squamous cell carcinoma spatial profiling [12], and

TEMPOmap for various human cells from transcription and translocation to degradation [229],

with the computational methods being developed for such data to do various tasks such as

spatial clustering or data imputation [63].

6.1 Dynode Spatiotemporal: An AI-based toolbox based on Graph Neural
Networks for learning joint spatial and temporal transcriptomic dynamics

We introduce Dynode Spatiotemporal, the second toolbox included in the Dynode package

implemented using PyTorch. The toolbox tries to model the cell dynamics by jointly learning

inter-cell signaling and intra-cell gene interactions which would describe the dynamics in both

space and time. To model spatial and temporal signalings in the dynamics to be learned, we

employ Graph Neural Networks (GNNs) [307] at the core of Dynode Spatiotemporal.

As mentioned above, the cells in a tissue or an organism exchange messages with their

neighboring cells via chemical signaling which partially governs the cell procedures. These

signal exchanges can be modeled with a graph, where each node represents a cell and each

edge represents the spatial proximity of the cells (i.e. the presence of biochemical signaling

between each pair of cells) as shown in Figure 6.1A. Furthermore, the past state(s) of each
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Figure 6.1: Spatial and temporal graphs Representing the signaling between the cells over space
and time. (A) Spatial Graph Construction. (B) Temporal Graph Construction.

cell would also provide information about the temporal procedures and trends inside each

cell. Hence, such temporal connections could be represented by a directional graph with

edges along the direction of time, to model the messages transmitting the information of the

past to the present states of the cells (Figure 6.1B). Therefore, A GNN would be the proper

tool to learn (A) The temporal and spatial signaling between the cells as a message-passing

procedure, and (B) The internal dynamics of the cell which would give rise to the desirable

output (e.g the transcriptomic path, or its fate) as aggregation or update procedure.

Therefore, Dynode Spatiotemporal encodes the states of the system (i.e. cells) at the past

time points t−1, . . . , t− l and passes them along the given temporal edges to the present state

of the system at time point t. Parameter l is the configurable memory length of the network

and is set to 1 as default. Then, the current state of the cells at time t along with the encoded

and aggregated messages from the past are further encoded as spatial messages and passed

along to the adjacent cells via spatial graph edges, with the optional edge features, yielding a

spatiotemporal hidden state at each present node. Finally, an output stage consisting of DNN

layers decodes the spatiotemporal hidden state into the desired output.

Similar to Dynode Vectorfiled, the neural network structure is highly configurable and

any graph neural network architecture and activation can be used based on the task to be

accomplished. We, however, set the GNN architecture as Graph Transformer Operator or

TransformerConv [250] as it exhibited superior performance in our benchmarks. We also



98

set the intermediate activations as Exponential Linear Unit (ELU) [41] and the hidden state

encoders (both temporal and spatial) as Tanh. The Dynode Spatiotemporal is also able to

train in both direct regression and Neural ODE modes, similar to that of Dynode Vectorfield.

We showcase both in Section 6.2.

6.2 Results

In this section, we apply the Dynode Spatiotemporal toolbox to two test datasets to learn

the dynamics and gain some insights into the differential geometry of the dynamics both

in time and space. We first apply Dynode Spatiotemporal to Mammalian Digit Formation

process [228] based on Turing Pattern [280] responsible for many alternating patterns in

nature, and show its capability of learning the dynamics. Then, in an extensive test case study,

we apply the toolbox to the early-stage embryonic spatiotemporally resolved and lineage-

resolved C. elegans dataset with 4D single-cell protein atlas of transcription factors [162]

to learn the embryo’s growth comprehensively consisting of predicting cells’ migration over

space, cell fates across the differentiation process, and gene expression of all the cells along

the lineage tree.

6.2.1 Dynode Spatiotemporal learns the dynamics governing the mammalian digit formation

process

The formation of digits in animals is proposed to be controlled by the Turing pattern, a self-

regulated reaction-diffusion model that is believed to describe the procedure of many natural

alternating patterns such as animal skin colors and even limbs and teeth development [280].

Simply put, Turing’s model describes the interaction between two homogeneously distributed

substances, the first of which acts as an activator for the second substance, while the second

one is an inhibitor for the first material. With proper parameter choice for the equation set

describing the mechanism, and with proper initialization of the aforementioned substances,

one can yield stable alternating patterns across one or two-dimensional spaces.

The same model is proposed by [228] to explain the procedure of digit formation over
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k2 k3 k4 k5 k7 k9 db dw
In-phase dynamics 1 −1 1.27 −0.1 1.59 −0.1 1 2.5
Opposite-phase dynamics 1 −1 −1.59 −0.1 −1.27 −0.1 2.5 1

Table 6.1: Parameters for Digit Formation system [228].

animals’ limbs. The mechanism is described as the interaction between the gene Sox9 and

two morphogens Bmp and Wnt over time and space, and is mathematically defined by a PDE

over time and the one-dimensional space as the following:

∂

∂t
sox9 = αsox9 + k2bmp+ k3wnt− sox93

∂

∂t
bmp = αbmp + k4sox9 + k5bmp+ db∇2bmp

∂

∂t
wnt = αwnt + k7sox9 + k9wnt+ dw∇2wnt (6.2)

In [228], the stability of the dynamics above is discussed extensively, based on which

two stable sets of parameters are proposed for the system as shown in Table 6.1. We use

the first set for Sox9 to be in phase with respect to bmp and wnt (Figure 6.2C). Note that

αsox9 = αbmp = αwnt = 0. 2

To showcase the performance of Dynode Spatiotemporal, we simulated the above dynamics

and generated samples from it for 20 independent runs each run with a different random

initialization (sox9(0), bmp(0), wnt(0)), across a linear space of 60 units long with resolution

0.1, and for 500 time units with resolution 1. Hence a total of 500 time points for every run,

and 600 linear space points at every time point, with Neumann boundary condition (i.e. the

first-order derivative at the first and last spatial points is 0) [37] enforced at every time point.

The spatial proximity graph at each time point is constructed by connecting each of the 600

spatial points to its n-th right and left immediate neighbors. The parameter n should be

chosen in such a way that the connected points are sufficiently close to have meaningful effect

2Note that the coefficients in the PDE equation from [228] have different signs from those in Equation 6.2
as can be seen in Figure 6.2B. The values in Table 6.1 are corresponding to Equation 6.2.
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Figure 6.2: Dynode Spatiotemporal accurately learns the dynamics governing the digit formation
process in mammals. (A) Schematic of digit formation in mammalian species. (B) Reaction diffusion
model of Wnt, Bmp and Sox2. (C) Example expression kinetics of three genes across space for three
random time points starting from a random initial state of the simulation of the one-dimensional
spatial PDE model of Wnt, BMP, and Sox9 underlying the digit formation. (D) The 3D portrait of
the velocity and Laplacian of BMP across time and space. (E) The relative fraction of the training
and test dataset. The two major methods used are the Fourier Neural Operator (FNO) [150], suitable
for continuous spaces, and the Dynode Spatiotemporal (Graph Neural Network + Neural ODE),
suitable for non-uniform discrete spaces. (F) Graph Neural Networks (GNNs) that incorporate graph
aggregation and message-passing over spatial graphs are integrated with Neural ODE to sparsely
learn high dimensional PDEs with continuous time and non-uniform discrete spaces. (G) FNO
recovers the spatiotemporal dynamics on the test dataset. (H). Dynode Spatiotemporal (GNN +
Neural ODE) also well learns the spatiotemporal kinetics of the digit formation system.
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over each other, but far enough for the spatial gradient (i.e. Laplacian) to be significant

enough for the neural network to capture. In this experiment, we chose n = 5 (Figure 6.2F).

The generated data along with the spatial graph mentioned above is then used to train

three TransformerConv layers in Dynode to learn the digit formation dynamics. We tried both

the direct regression (predict state X(t+ 1, s) given the input X(t, s)) and the Neural ODE

(Given X(t = 0, s) predict every X(t > 0, s) using Neural ODE) approaches and observed

similar results, hence we plot only the Neural ODE results. After we train the neural network,

we test it by initializing the dynamics randomly (i.e. different from those of the training data)

and compare the predicted output of the neural network versus the ground truth, and can

see the reconstruction results in Figure 6.2H. The normalized MSE for the test is 1.01e-3. 3

We compare the performance of the algorithm against Fourier Neural Operator (FNO) [150]

which to our knowledge exhibits the best performance for learning PDEs and it can be seen

that the reconstruction is very good as shown in Figure 6.2G with MSE equal to 2.3e-4. This

method, however, is only suitable for the PDEs defined over the continuous space where the

data is collected over the uniformly quantized grid of space, and hence it wouldn’t be directly

applicable to spatiotemporally-resolved transcriptomic cell data.

Learning spurious interactions as a result of correlations in the wild type

data: Similar to what we saw in Subsection 5.2.2 and further discussed in Section 5.3, we’re

bound to the non-uniqueness of dynamics defining the generated wild-type data here as well.

Like many other practical cases, the data collected from Equation 6.2 follows its natural

trends and limits and doesn’t necessarily have an arbitrary distribution of values for all the

input features. Specifically, this means not all the arbitrary combinations of input values

for (sox9, bmp,wnt) are observable from the simulated data over time. One can notice that

the values sox9, bmp, and wnt for any run exhibit a very high correlation, with bmp and

3Note that since the PDE for digit formation (Equation 6.2) has a specific form (i.e. a linear combination
of 1st and 3rd-order polynomials), it’s possible to design a very specific network to match it, e.g one may
input all the features to a fully-connected deep network to extract non-linear features from the input
gene-morphogen expressions, then combine the extracted feathers over a single-layer GNN with linear
activation. We tested both the generic and specific approaches, and even though training the latter is
simpler than the generic, the final fully-trained performance is identical.



102

Figure 6.3: Learning spurious interactions in digit formation as a result of correlations in the wild
type data. (A) The correlation of the three factors in the wild-type data collected from the dynamics
of digit formation. (B) The 3× 3 Jacobian matrix from the ground truth (Left) vs learned (Right).
Blue and Red values indicate negative and positive interactions respectively. In each smaller color
square, the y-axis indicates time and the x-axis indicates space.

wnt having an almost linear correlation. That means any of these variables of the system

could be written as infinite possible combinations of each other, especially αbmp+ βwnt = 0.

Therefore, the original dynamics 6.2 and hence dynamics learned by Dynode Spatiotemporal

could be defined in infinite equally-valid forms. This could lead to the discovery of incorrect

activation/repression relationships from the differential analysis (Figure 6.3).

As suggested before, one effective way to deal with such cases is to enforce independent input

features via more advanced techniques such as controlled and carefully designed perturbation

experiments, which are still not available for spatiotemporally resolved transcriptomic data.

This direction remains open for future research and development.

6.2.2 The reconstruction of the embryo of spatiotemporally resolved and lineage-resolved C.

elegans from 4D single-cell protein atlas of transcription factors

We applied the Dynode Spatiotemporal toolbox to a dataset collected from the proteins

of transcriptomic factors in C. Elegans to learn the process of embryogenesis. We wonder

whether we can leverage this spatially and temporally resolved information to train a GNN

model to create an in silico model of C. elegans embryogenesis. To achieve this goal, we

used the live imaging data from a 4D single-cell protein atlas of transcription factors of the
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embryogenesis of C. Elegans, where the data is collected from 291 embryos, in each of which

a single gene is tracked over time [162]. We combined the data with the lineage tree of C.

Elegans to curate proper training and testing data (Figure 6.4A). The details of the data

preparation procedure are provided in Section C.4.

The network used here consists of one layer of the TransformerConv network for temporal

message-passing from the past cells at t− 1 to cells at t. Then the current transcriptomic

state of each cell at time t along with the hidden state passed from the previous cell state

is fed to a three-layer TransformerConv network spatial message passing, along with the

physical distance and the expression difference of each cell pair as edge features, to create a

new hidden state at each cell at time t. The hidden state is then fed to a two-layer dense

neural network as the output stage to render the desired output based on the tasks described

below (Figure 6.4B).

• Cell Fate Prediction: The first task is to predict the fate of each cell at each time

point t given the expressions of all the cells at t along with the messages passed from

past time points. Each cell can take one of the three possible fates: growth, division, or

death, shown in Figure 6.4C. The number in the bracket corresponds to the number

of the corresponding event for each category. We train Dynode Spatiotemporal to

predict growth and division events only, as the number of death events is too small for

any training task. We use a weighted binary cross-entropy loss, with weights inversely

proportional to the number of each event’s occurrence, to account for the far smaller

number of division events. As the test precision and recall of each of the categories in

Figure 6.4D indicates, the performance of the network is remarkable in recovering the

correct fate of each cell, especially over the division events given they comprise less

than %1 of all events.

• Cell Migration Prediction: We then tried to predict how the cells move (i.e. migrate)

in the physical space over time. Given each cell’s current coordinates (x, y, z) at time

t, and using the Graph Neural ODE method, we applied Dynode Spatiotemporal to
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Figure 6.4: The reconstruction of the embryo in silico 3D models of spatiotemporally resolved
and lineage-resolved C. elegans dataset with 4D single-cell protein atlas of transcription factors.
(A) Live imaging of C. elegans that tracks spatial coordinates of each cell and the expression of a
fused protein expression over the time course of embryogenesis. The lineage tree of C. elegans was
reconstructed based on tracking of the nucleus. (B) Using GNNs to build 3D in silico models of C.
elegans with spatially, temporally, and lineage-resolved 4D protein atlas dataset. The graph neural
network models the spatial and temporal message passing. Each node corresponds to a cell while
each edge corresponds to the spatial connection in the spatial or the temporal coupling (either from
the same cell or progenitor cell from a prior time point) graph. (C) The three different fates of C.
elegans embryogenesis. The number in the bracket corresponds to the number of the corresponding
event for each category. (D) The precision and recall of each cell fate prediction. Note that death
was not included due to the small set of cells in the category. (E) The trajectory of single cells in
the gene expression space for NRH10, ZFH2, LIN13 that reveals the intrinsic gene expression state
of an example cell ABplaapppp and all its precursors up to cell AB. Left: Ground Truth, Right:
Predicted. (F) The trajectory of single cells in the physical space that reveals the cell migration path
of an example cell ABalaapppaa and all its precursors up to cell AB. Left: Ground Truth, Right:
Predicted.
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predict the next coordinates of each cell at the next time point. The predicted trajectory

versus the ground truth is shown in Figure 6.4F. The normalized test loss is 4.46e-5 for

this task.

• Gene Expression Prediction: The gene expression prediction task over time is carried

out similarly to the cell migration task, except the output would be the projected gene

expression at the future time point t+1 given each cell’s current transcriptomic state at

time t. Similar to migration, we used Dynode Spatiotemporal with the Graph Neural

ODE method to predict the expression. The predicted trajectory versus the ground

truth is shown in Figure 6.4E. The normalized test loss is 8.96e-4 for this task.

6.3 Conclusion and Discussion

In this chapter, we introduced the second toolbox of the Dynode package called Dynode

Spatiotemporal to learn the joint temporal and spatial dynamics governing cellular processes.

Similar to Dynode Vectofield, we committed ourselves to developing a toolbox with flexibility,

versatility, and longevity. As discussed earlier, the spatiotemporally resolved transcriptomic

data collection experiments are relatively new and limited, and Dynode Spatiotemporal is

to our best knowledge the first toolbox capable of learning the joint gene expression and

inter-cell signaling dynamics, with no counterpart to be benchmarked against.

Furthermore, due to these studies and experiments still being in their early stages, the

abundance, quality, and diversity of the data available are limited. As discussed in Sections

6.2.2 and C.4, It’s still not possible to track every gene in every cell at all time points as the

sample grows and evolves over time, and thus the true temporal and spatial interactions are

not preserved. Even though the experiment in Section 6.2.2 partially represents the typical cell

development, cell migration, and gene expression’s temporal trend in a standard C. Elegans

embryo, more advanced experiments are required to preserve the finer gene interactions and

inter-cell signaling dynamics. Furthermore, neural networks’ learning capability is trivially

bound by the abundance of the data, and their performance only improves as more training
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data becomes available.

As extensively discussed in Section 6.2.1 as well as Section 5.3, the non-uniqueness of the

dynamics is a universal problem across the causal inference field, which is also present here

and can lead to learning the wrong gene interaction and inter-cell signaling, and thus requires

advanced experiments such as perturbation to be dealt with.

Similar to the Dynode Vectorfield toolbox, Dynode Spatiotemporal will further stand out

and lead to insightful discoveries as the data quality and quantity improve over time with the

imminent upcoming technical innovations in transcriptomic experiments.
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Appendix A

SUPPLEMENTARY MATERIAL FOR CHAPTER 2

A.1 Multivariate Mutual Information

In [29], Multivariable Mutual Information (MMI) is defined as follows: let Π(X ) be the

collection of all possible partitions of P which split X into at least two non-empty disjoint

subsets. For any partition P ∈ Π(X ), the product distribution ΠC∈PPXC
specifies an

independence relation, i.e., XC ’s are treated as agglomerated random variables and are

mutually independent. Given a particular partition, define an information measure IP(X) as

:

IP(X) =
1

P − 1
D(PX ∥ ΠC∈PPXC

) (A.1)

Then, MMI is defined as:

MMI(X) = min
P∈Π(X )

IP(X) (A.2)

This can cast as a functional of our Graph Divergence Measure by choosing for every

partition, P ∈ Π(X ), a DAG GP with all XC ’s forming an aggregate node but disconnected

from each other and thus inducing a measure PPX . Thus,

IP(X) =
1

P − 1
GDM(PX ∥ PPX) (A.3)

which implies,

MMI(X) = min
P∈Π(X )

GDM(PX ∥ PPX) (A.4)
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A.2 Directed Information

In this section, we will derive the expression of the directed information from XT =

(X1, . . . , XT ) to Y T = (Y1, . . . , YT ) in terms of two graph divergence measures. For the

simplicity of notations and logic we will only do it assuming X and Y are discrete. However,

it’s easily extendable to the case of mixture distributions using the notion of Radon-Nikodym

derivative. From the definition of the directed information we have:

I
(
XT → Y T

)
(A.5)

=
T∑
t=1

I
(
X t;Yt

∣∣Yt−1) (A.6)

=
T∑
t=1

∑
xt,yt

(
PXtY t(xt, yt) log

PYt|Xt,Y t−1(yt|xt, yt−1)
PYt|Y t−1(yt|yt−1)

)
(A.7)

=
∑
xT ,yT

PXTY T (xT , yT )
T∑
t=1

log
PYt|Xt,Y t−1(yt|xt, yt−1)

PYt|Y t−1(yt|yt−1)
(A.8)

=
∑
xT ,yT

PXTY T (xT , yT ) log

∏T
t=1 PYt|Xt,Y t−1(yt|xt, yt−1)∏T

t=1 PYt|Y t−1(yt|yt−1)
(A.9)

=
∑
xT ,yT

PXTY T (xT , yT ) log

∏T
t=1 PYt|Xt,Y t−1(yt|xt, yt−1)

PY T (yT )
(A.10)

=
∑
xT ,yT

PXTY T (xT , yT ) log

∏T
t=1 PYt|Xt,Y t−1(yt|xt, yt−1)PXt|Xt−1(xt|xt−1)

PXT (xT )PY T (yT )
(A.11)

=
∑
xT ,yT

PXTY T (xT , yT ) log
PXTY T (xT , yT )

PXT (xT )PY T (yT )

−
∑
xT ,yT

PXTY T (xT , yT ) log
PXTY T (xT , yT )∏T

t=1 PYt|Xt,Y t−1(yt|xt, yt−1)PXt|Xt−1(xt|xt−1)
(A.12)

= D
(
PXTY T ∥PI

XTY T

)
−D

(
PXTY T ∥PC

XTY T

)
(A.13)

= GDM
(
(XT , Y T ),GI

)
−GDM

(
(XT , Y T ),GC

)
(A.14)
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The distributions PI
XTY T = PXTPY T and PC

XTY T =
∏T

t=1 PYt|Xt,Y t−1PXt|Xt−1 represent the

independent distribution between XT and Y T , and the causal distribution from XT to Y T

respectively.

A.3 Investigating assumptions in Theorem 1

In this section, we will investigate the validity of the assumptions for various types of

distributions. In particular, we will investigate the different types of distributions we had

mentioned: (1) finitely discrete; (2) continuous; (3) finitely discrete over some dimensions

while continuous over others; (4) a mixture of the previous cases; (5) has a joint density

supported over a lower dimensional manifold. As we had mentioned, these cases represent

almost all the real world data. We note that the estimator is well defined only when X = RdX ;

i.e. all the alphabets be in real space.

We will examine the Assumptions 1.2 and 1.3 for each case separately. The Assumption

1.1 is a parametric assumption related to the convergence of the algorithm and is not directly

related to the distribution of the data. Jointly considered with the Assumption 1.2, it controls

the boundary effects between the continuous and the discrete regions.

A.3.1 Finitely discrete distribution

For a finitely discrete distribution the Assumption 1.2 holds by definition. The Assumption

1.3 trivially holds since the size of sample space |X | is finite.

A.3.2 Continuous distribution

For a continuous distribution, the Assumption 1.2 holds since there is no discrete component.

The distribution is absolutely continuous with respect to the Lebesgue measure λ meaning

that PX(A) = 0 for any subset A ⊂ X implies λ(A) = 0. Thus we can conclude that there

exists a density g : X → R+ such that PX(A) =
∫
A
g dλ. Naturally PX(X ) =

∫
X g dλ = 1.

Furthermore if the density function g is bounded everywhere and the variable has a

bounded support, the Assumption 1.3 is fulfilled.
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A.3.3 Finitely discrete over some dimensions while continuous over others

In this case, the variable set X can be decomposed to two sets XD and XC representing the

finitely discrete and continuous dimensions respectively. So for any realization of the discrete

dimensions XD = xD the probability mass function hXD(xD) exists, and a conditional density

gXC |XD(xC |xD) is well defined. We can define an auxiliary function PXC |XD(xC , r|xD) ≡

PXC |XD

{
a ∈ XC : ∥a− xC∥∞ ≤ r

∣∣XD = xD
}
. Thus we can write

PX(x
C , xD, r) = PX

{
(a, b) ∈ X : b = xD, ∥a− xC∥∞ ≤ r

}
= PXC |XD(xC , r|xD)hXD(xD)

(A.15)

We will show that if for any xD the continuous distribution over XC satisfies the As-

sumptions 1 as discussed in the Section A.3.2, then we can see that PX will also satisfy the

assumptions.

Let’s define fxD(xC) for any fixed xD as:

fxD(xC) = lim
r→0

PXC |XD(xC , r|xD)
d∏

l=1

Ppa(Xl)C |pa(Xl)D
(
xpa(l)

C , r
∣∣xpa(l)

D
)

Ppa+(Xl)C |pa+(Xl)D
(
xpa+(l)

C , r
∣∣xpa+(l)

D
) (A.16)

Assuming the limit exists everywhere. Thus the Radon-Nikodym Derivative f can be written

as:

f(x) = lim
r→0

PX(x
C , xD, r)

d∏
l=1

Ppa(Xl)

(
xpa(l)

C , xpa(l)
D, r
)

Ppa+(Xl)

(
xpa+(l)

C , xpa+(l)
D, r
) (A.17)

= lim
r→0

PXC |XD(xC , r|xD)
d∏

l=1

Ppa(Xl)C |pa(Xl)D
(
xpa(l)

C , r
∣∣xpa(l)

D
)

Ppa+(Xl)C |pa+(Xl)D
(
xpa+(l)

C , r
∣∣xpa+(l)

D
)

×hXD(xD)
d∏

l=1

hpa(Xl)

(
xpa(l)

D
)

hpa+(Xl)

(
xpa+(l)

D
) (A.18)

= fxD(xC)× hXD(xD)
d∏

l=1

hpa(Xl)

(
xpa(l)

D
)

hpa+(Xl)

(
xpa+(l)

D
) (A.19)
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Therefore for Assumption 1.3 we have:

∫
X
|log f(x)| dPX ≤

∑
xD

hXD(xD)

∫
XC

∣∣log fxD(xC)
∣∣ gXC |XD(xC |xD)dxC

+
∑
xD

hXD(xD)

∣∣∣∣∣log hXD(xD)
d∏

l=1

hpa(Xl)

(
xpa(l)

D
)

hpa+(Xl)

(
xpa+(l)

D
)∣∣∣∣∣ (A.20)

In which we used the fact that E [log f(x)] = EXD

[
E
[
log f(xC , xD)

∣∣XD = xD
]]

. The first

term above is upper-bounded since we assumed that continuous distribution over XC satisfies

the Assumption 1.3 for any xD. The second term is upper-bounded since it’s a finitely discrete

distribution as discussed in Section A.3.1. Thus
∫
X |log f(x)| dPX <∞ and the Assumption

1.3 holds.

A.3.4 A mixture of the previous cases

In this case, we assume that the probability can be described as a linear combination of a

continuous and a discrete distribution, i.e. without loss of generality we can assume that

for any subset A ⊂ X the distribution can be described as P(A) = αCPC
X(A) + αDPD

X(A) in

which αC + αD = 1. We note that the PD
X does not represent a mass function here since

the mass function is only defined over a discrete alphabet XD = {x1, ..., xm} ⊂ X while PD
X

needs to admit the continuous domain X . Thus we relate PD
X to the mass function hDX(.) as

PD(A) =
∑

x∈XD 1{x∈A}h
D
X(x). Furthermore we can see that for any x ∈ XD and for r small

enough:

PD
X (x, r) ≡ PD

X

(
Br(x)

)
= hDX(x) (A.21)

If x /∈ XD then for small enouth r we have PD
X (x, r) = 0.

The Assumption 1.2 holds since the discrete distribution PD
X is finite, and hence the

number of total discrete points will be finite.
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For the Assumption 1.3 we have:

∫
X
|log f(x)| dPX = αC

∫
X
|log f(x)| dPC

X + αD

∑
x∈XD

hDX(x) |log f(x)| (A.22)

and if the continuous distribution complies with the assumptions mentioned in Section A.3.2

then the term above is upper-bounded and the Assumption 1.3 holds.

A.3.5 A distribution with a joint density supported over a lower dimensional manifold

This case simply means that the probability distribution PX in X can be mapped to a

probability distribution PY in a lower-dimensional space Y where dY < dX , via a one-to-one

continuous function h : X → Y. If the lower-dimnesional distribution PY is continuous

complying with the properties discussed in the Section A.3.2, then it will preserve all the

properties through the inverse mapping h−1 : Y → X and PX hence PX will satisfy the

Assumptions 1. If the distribution has finite discrete components either as a discrete or as a

mixture distribution, the finiteness of the components will be preserved as well and hence PX

will satisfy the Assumptions 1.

Therefore this category of distributions will satisfy the Assumptions 1 if the distribution

PY satisfies them.

A.4 Consistency Proofs

A.4.1 Proof of Theorem 1

First let’s generalize the definition of PX(x, r) in Equation 2.5 to any subset S ⊆ X, i.e. for

any point s ∈ S we define:

PS(s, r) = PS

{
a ∈ S : ∥a− s∥∞ ≤ r

}
= PS

{
Br(s)

}
(A.23)

Thus PS(s, r) is the probability of an ℓ∞ ball of radius r centered at s, or equivalently, a

hypercube with the edge length of 2r centered at the point s.
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To prove the asymptotic unbiasedness of the estimator, we will first write the Radon-

Nikodym derivative in an explicit form via the following lemma.

Lemma 16. For almost every x ∈ X :

dPX

dPX

(x) = f(x) = lim
r→0

PX(x, r)
d∏

l=1

Ppa(Xl)

(
xpa(l), r

)
Ppa+(Xl)

(
xpa+(l), r

) (A.24)

Proof. Please see the section A.4.2.

Now notice that ĜDM
(N)

(X,G) = 1
N

∑N
i=1 ζi in which all the ζi’s are identically distributed.

Thus we have E[ĜDM
(N)

(X,G)] = E[ζ1]. Therefore, the bias can be written as:∣∣∣∣E [ĜDM
(N)

(X,G)
]
−GDM(X,G)

∣∣∣∣ =

∣∣∣∣EX [E[ζ1|X]]−
∫
X
log f(X)dPX

∣∣∣∣ (A.25)

≤
∫
X
|E[ζ1|X]− log f(X)| dPX (A.26)

Now we will give upper bounds for |E[ζ1|X]− log f(X)| for every x ∈ X . Similar to the

technique used by [79], we divide the domain of X into three parts as X = Ω1

⋃
Ω2

⋃
Ω3

where:

• Ω1 = {x : f(x) = 0}

• Ω2 = {x : f(x) > 0, PX(x, 0) > 0}

• Ω3 = {x : f(x) > 0, PX(x, 0) = 0}

For each of the domains, we show that limN→∞
∫
Ωi
|E[ζ1|X = x]− log f(x)| dPX = 0.

For x ∈ Ω1:

The probability of Ω1 is zero with respect to PX , since:

PX(Ω1) =

∫
Ω1

dPX =

∫
Ω1

f(x)dPX =

∫
Ω1

0dPX = 0 (A.27)
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In which the second equality is due to Lemma 16. Thus
∫
Ω1
|E[ζ1|X = x]− log f(x)| dPX = 0.

For x ∈ Ω2:

In this case f(x) is obviously the same as PX(x, 0)
∏d

l=1

Ppa(Xl)(xpa(l),0)
Ppa+(Xl)(xpa+(l),0)

. We will first

show that the probability of the k-nearest neighbor distance ρk,1 being non-zero is small,

which means we will use the number of samples being equal to x as k̃i, and we will show that

the mean of the estimate ζ1 is close to log f(x).

We notice that for x, the probability of ρk,1 > 0 is equal to the probability that x is

observed at most k − 1 times. So it can be upper bounded as:

P
(
ρk,1 > 0

∣∣∣X = x
)

(A.28)

=
k−1∑
m=0

 N − 1

m

PX(x, 0)
m
(
1− PX(x, 0)

)N−1−m
(A.29)

≤
k−1∑
m=0

Nm
(
1− PX(x, 0)

)N−k
(A.30)

≤ kNk
(
1− PX(x, 0)

)N−k
(A.31)

≤ kNke−(N−k)PX(x,0) (A.32)

Now let’s consider the case when ρk,1 = 0. We can write the term ζ1 in the form:

ζ1 = ψ(k̃1) +
d∑

l=1

(
1{pa(Xl )̸=∅} log(n

(1)
pa(Xl)

+ 1)− log(n
(1)
pa+(Xl)

+ 1)
)
+KN

The term KN depends only on N and the structure of the Bayesian model PX and is

independent of the observed samples, and in general is equal to:

KN = − logCdX +
d∑

l=1

(
logCdpa+(Xl)

− logCdpa(Xl)

)
+

(
d∑

l=1

1{pa(Xl)=∅} − 1

)
logN. (A.33)
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In which the terms CdS indicate the volume of a unit ball in an dS-dimensional space S.

Since we are using ℓ∞-norm in our algorithm and proofs, all CdS terms will be equal to 1 and

hence KN =
(∑d

l=1 1{pa(Xl)=∅} − 1
)
logN as it appeared in Algorithm 1.

Then for the case of ρk,1 = 0 we can write:

∣∣∣E[ζ1|X = x, ρk,1 = 0]− log f(x)
∣∣∣ (A.34)

=

∣∣∣∣E[ψ(k̃i) + d∑
l=1

(
1{pa(Xl )̸=∅} log(n

(1)
pa(Xl)

+ 1)− log(n
(1)
pa+(Xl)

+ 1)
)

+

(
d∑

l=1

1{pa(Xl)=∅} − 1

)
logN

∣∣∣∣X = x, ρk,1 = 0

]

− logPX(x, 0)
d∏

l=1

Ppa(Xl)

(
xpa(l), 0

)
Ppa+(Xl)

(
xpa+(l), 0

)∣∣∣∣ (A.35)

≤
∣∣∣E[ψ(k̃1)|X = x, ρk,1 = 0]− logNPX(x, 0)

∣∣∣ (A.36)

+
d∑

l=1

∣∣∣E[log(n(1)
pa+(Xl)

+ 1)|X = x, ρk,1 = 0]− logNPpa+(Xl)

(
xpa+(l), 0

)∣∣∣ (A.37)

+
d∑

l=1

1{pa(Xl )̸=∅}

∣∣∣E[log(n(1)
pa(Xl)

+ 1)|X = x, ρk,1 = 0]− logNPpa(Xl)

(
xpa(l), 0

)∣∣∣ (A.38)

We notice that k̃1 is the number of samples among {x(i)}Ni=1 such that Xi = x, where

each sample is independently equal to x with probability PX(x, 0). Therefore the distribution

of k̃1 is Bino (N,PX(x, 0)). Similarly, for any S ⊂ X, nS,1 + 1 is the number of samples

among {x(i)}Ni=1 such that s(i) = s; i.e. projection of x(i) over S is equal to the projection

of x over S. Thus nS,1 + 1 ∼ Bino (N,PS(s, 0)). In addition to that, the event ρk,1=0 is

equivalent to k̃1 ≥ k. Thus to upperbound term A.36 and any of the individual terms inside

the summations of terms A.37 and A.38 we propose the lemma below:
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Lemma 17. If X is distributed as Bino(N, p) and m ≥ 0 , then:

|E [log(X +m)|X ≥ k]− log(Np)| ≤ U(k,N,m, p) (A.39)

Where U(k,N,m, p) is given by:

U(k,N,m, p) = max


∣∣∣∣∣∣log

 1 + m
Np

1− exp
(
−2 (Np−k)2

N

)
∣∣∣∣∣∣ , 1

1− exp
(
−2 (Np−k)2

N

) 3

2Np

 (A.40)

Proof. Please see Section A.4.3.

Remark. Since the Assumption 1.1 states that k/N → 0 as N →∞, then (Np− k)2/N =

N(p− k/N)2 →∞, and the upperbound U(k,N,m, p) will converge to 0 as N →∞ for any

p.

From Lemma 17 we have:

∣∣∣E[log(n(1)
S + 1)|X = x, ρk,1 = 0]− logNPS(s, 0)

∣∣∣ (A.41)

=
∣∣∣E[log(n(1)

S + 1)|X = x, n
(1)
S + 1 ≥ k]− logNPS(s, 0)

∣∣∣ (A.42)

≤ U
(
k,N, 0, PS(s, 0)

)
(A.43)

For any of the individual terms inside the summations of terms A.37 and A.38. For the

term A.36 we notice that |ψ(k̃1)− log(k̃1)| ≤ 1/k̃1 ≤ 1/k [20]. Thus this term can be bounded

similarly by U (k,N, 0, PX(x, 0)) + 1/k. By combining all these bounds, we obtain:

∣∣∣E[ζ1|X = x, ρk,1 = 0]− log f(x)
∣∣∣ (A.44)

≤
d∑

l=1

(
U
(
k,N, 0, Ppa(Xl)(xpa(l), 0)

)
+ U

(
k,N, 0, Ppa+(Xl)(xpa+(l), 0)

))
+U
(
k,N, 0, PX(x, 0)

)
+

1

k
(A.45)
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Assumption 1.2 implies that discrete probabilities and hence U
(
k,N, 0, p

)
terms are

bounded; i.e. there exists a p̂ such that for any x ∈ Ω2:
U
(
k,N, 0, PX(x, 0)

)
≤ U

(
k,N, 0, p̂

)
U
(
k,N, 0, Ppa(Xl)(xpa(l), 0)

)
≤ U

(
k,N, 0, p̂

)
for l = 1, . . . , d

U
(
k,N, 0, Ppa+(Xl)(xpa+(l), 0), 0)

)
≤ U

(
k,N, 0, p̂

)
for l = 1, . . . , d

(A.46)

Therefore:

∣∣∣E[ζ1|X = x, ρk,1 = 0]− log f(x)
∣∣∣ ≤ (2d+ 1)U

(
k,N, 0, p̂

)
+

1

k
(A.47)

If we combine it with the case of ρk,i > 0, we obtain that:

∣∣∣E[ζ1|X = x]− log f(x)
∣∣∣ (A.48)

≤
∣∣∣E[ζ1|X = x, ρk,1 > 0]− log f(x)

∣∣∣× P(ρk,1 > 0)

+
∣∣∣E[ζ1|X = x, ρk,1 = 0]− log f(x)

∣∣∣× P(ρk,1 = 0) (A.49)

≤
(
(2d+ 1) logN + |log f(x)|

)
kNke−(N−k)PX(x,0) + (2d+ 1)U

(
k,N, 0, p̂

)
+

1

k
(A.50)

Where we used the fact that |ζ1| ≤ (2d+ 1) logN . Integrating over Ω2, we can write:

∫
Ω2

∣∣∣E[ζ1|X = x]− log f(x)
∣∣∣dPX (A.51)

≤
(
(2d+ 1) logN +

∫
Ω2

|log f(x)| dPX

)
kNke−(N−k) infx∈Ω2

PX(x,0) (A.52)

+(2d+ 1)U
(
k,N, 0, p̂

)
+

1

k
(A.53)

By Assumption 1.1, k goes to infinity as N goes to infinity, so 1/k vanishes as N grows

boundlessly. The term U
(
k,N, 0, p̂

)
will also converge to zero as we saw. From assumption

1.3,
∫
Ω2
|log f(x)| dPX < +∞. Thus the first term also converges to 0 as N →∞. Thus:
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lim
N→∞

∫
Ω2

∣∣∣E[ζ1|X = x]− log f(x)
∣∣∣dPX = 0 (A.54)

For x ∈ Ω3:

In this case, PX(x, r) is a monotonic function of r such that PX(x, 0) = 0 and

limr→∞ PX(x, r) = 1. Hence we can view logPX(x, r)
∏d

l=1

Ppa(Xl)(xpa(l),r)
Ppa+(Xl)(xpa+(l),r)

as a function

of PX(x, r) and it converges to log f(x) as PX(x, r) → 0, for almost every x. Since

PX(Ω3) ≤ 1 < ∞ and we know
∫
Ω3
|log f(x)| dPX < ∞, By Egorov’s theorem, for any

ϵ > 0, there exists a subset E ⊆ Ω3 with PX(E) < ϵ and
∫
E
|log f(x)| dPX < ϵ, such that the

term logPX(x, r)
∏d

l=1

Ppa(Xl)(xpa(l),r)
Ppa+(Xl)(xpa+(l),r)

converges uniformly on Ω3 \ E as PX(x, r)→ 0. Now

let’s assume ϵN is a sequence converging to 0. Consequently, The corresponding sets EN will

also create a sequence. For any fixed N and for x ∈ EN , we notice that |ζ1| ≤ (2d+ 1) logN ,

so we have:

∫
EN

∣∣∣E[ζ1|X = x]− log f(x)
∣∣∣dPX (A.55)

≤
∫
EN

(
(2d+ 1) logN + |log f(x)|

)
dPX < ϵN

(
(2d+ 1) logN + 1

)
(A.56)

By choosing ϵN such that ϵN logN → 0 as N →∞ (For example ϵN = 1/N), we will have

limN→∞
∫
E
|E[ζ1|X = x]− log f(x)| dPX = 0.

For any x ∈ Ω3 \EN , since PX(x, 0) = 0, we know that P (ρk,1 = 0|X = x) = 0, so k̃1 = k

with probability 1. Conditioning on ρk,1 = r > 0, the term |E[ζ1|X = x]− log f(x)| can be
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decomposed as:

∣∣∣E[ζ1|X = x]− log f(x)
∣∣∣ (A.57)

=

∣∣∣∣∫ ∞
r=0

(
E[ζ1|X = x, ρk,1 = r]− log f(x)

)
dFρk,1(r)

∣∣∣∣ (A.58)

≤

∣∣∣∣∣
∫ ∞
r=0

(
logPX(x, r)

d∏
l=1

Ppa(Xl)

(
xpa(l), r

)
Ppa+(Xl)

(
xpa+(l), r

) − log f(x)

)
dFρk,1(r)

∣∣∣∣∣ (A.59)

+

∣∣∣∣∫ ∞
r=0

(ψ(k)− logN − logPX(x, r)) dFρk,1(r)

∣∣∣∣ (A.60)

+
d∑

l=1

∣∣∣∣ ∫ ∞
r=0

(
E
[
log(n

(1)
pa+(Xl)

+ 1)|(X, ρk,1) = (x, r)
]

− logNPpa+(Xl)(xpa+(l), r)
)
dFρk,1(r)

∣∣∣∣ (A.61)

+
d∑

l=1

1{pa(Xl )̸=∅}

∣∣∣∣ ∫ ∞
r=0

(
E
[
log(n

(1)
pa(Xl)

+ 1)|(X, ρk,1) = (x, r)
]

− logNPpa(Xl)(xpa(l), r)
)
dFρk,1(r)

∣∣∣∣ (A.62)

In which Fρk,1(r) is the CDF of the k-nearest neighbor distance ρk,1 given X = x. The

derivative of this CDF with respect to PX(x, r) is given by:

dFρk,1(r)

dPX(x, r)
=

(N − 1)!

(k − 1)!(N − k − 1)!
PX(x, r)

k−1
(
1− PX(x, r)

)N−k−1
(A.63)

Upper bound for the term (A.59) :

Since PX(x, r)
∏d

l=1

Ppa(Xl)(xpa(l),r)
Ppa+(Xl)(xpa+(l),r)

converges to f(x) uniformly over Ω3 \E as PX(x, r)→ 0,

So for any δN and any x ∈ Ω3 \ E, there exists r1 such that for any r < r1:∣∣∣∣∣logPX(x, r)
d∏

l=1

Ppa(Xl)

(
xpa(l), r

)
Ppa+(Xl)

(
xpa+(l), r

) − log f(x)

∣∣∣∣∣ < δN (A.64)
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Let r2 be the value of r such that PX(x, r2) = 4k logN/N , and take rN = min{r1, r2}. Thus

rN depends on x, but δN does not depend on x and limN→∞ δN = 0. Therefore, (A.59) can

be upper bounded as:

∣∣∣∣∣
∫ ∞
r=0

(
logPX(x, r)

d∏
l=1

Ppa(Xl)

(
xpa(l), r

)
Ppa+(Xl)

(
xpa+(l), r

) − log f(x)

)
dFρk,1(r)

∣∣∣∣∣ (A.65)

≤
∫ rN

r=0

∣∣∣∣∣logPX(x, r)
d∏

l=1

Ppa(Xl)

(
xpa(l), r

)
Ppa+(Xl)

(
xpa+(l), r

) − log f(x)

∣∣∣∣∣ dFρk,1(r)

+

∫ ∞
r=rN

∣∣∣∣∣logPX(x, r)
d∏

l=1

Ppa(Xl)

(
xpa(l), r

)
Ppa+(Xl)

(
xpa+(l), r

) − log f(x)

∣∣∣∣∣ dFρk,1(r) (A.66)

≤ δNP (ρk,1 ≤ rN |X = x)

+

(
sup
r≥rN

∣∣∣∣∣logPX(x, r)
d∏

l=1

Ppa(Xl)

(
xpa(l), r

)
Ppa+(Xl)

(
xpa+(l), r

) − log f(x)

∣∣∣∣∣
)
P (ρk,1 ≥ rN |X = x)(A.67)

First, P (ρk,1 ≤ rN |X = x) is smaller than 1. Secondly, since PX(x, r) ≥ 4k logN/N > 1/N

for r ≥ rN , so we have |logPX(x, r)| ≤ logN . The same bounds apply for any |PS(s, r)| as

well, as PS(s, r) ≥ PX(x, r). Thus by triangle inequality, the supremum is upper-bounded by

(2d+ 1) logN + |log f(x)|. Finally, the probability P (ρk,1 ≥ rN |X = x) is upper bounded by:

P (ρk,1 ≥ rN |X = x) (A.68)

=
k−1∑
m=0

 N − 1

m

PX(x, rN)
m (1− PX(x, rN))

N−1−m (A.69)

≤
k−1∑
m=0

Nm (1− PX(x, rN))
N−k (A.70)

= kNk

(
1− 4k logN

N

)N/2

(A.71)

≤ kNke−2k logN =
k

Nk
(A.72)



150

for N large enough such that N − k > N/2. Therefore A.59 is upper-bounded by:

∣∣∣∣∣
∫ ∞
r=0

(
logPX(x, r)

d∏
l=1

Ppa(Xl)

(
xpa(l), r

)
Ppa+(Xl)

(
xpa+(l), r

) − log f(x)

)
dFρk,1(r)

∣∣∣∣∣ (A.73)

≤ δN + k
(2d+ 1) logN + |log f(x)|

Nk
(A.74)

Upper bound for the term (A.60) :

We have:

∫ ∞
r=0

(ψ(k)− logN − logPX(x, r)) dFρk,1(r) (A.75)

= ψ(k)− logN − (N − 1)!

(k − 1)!(N − k − 1)!

×
∫ ∞
r=0

(
PX(x, r)

k−1(1− PX(x, r))
N−k−1 logPX(x, r)

)
dPX(x, r) (A.76)

= ψ(k)− logN − (N − 1)!

(k − 1)!(N − k − 1)!

∫ 1

t=0

(
tk−1(1− t)N−k−1 log t

)
dt (A.77)

= ψ(k)− logN − (ψ(k)− ψ(N)) (A.78)

= ψ(N)− log(N) (A.79)

We notice that for any N we have ψ(N) < logN and limN→∞ (ψ(N)− logN) = 0.

Upper bound for the individual terms of (A.61) and (A.62) :

The upper bound for each of these terms follows the same logic, so we do the proof for an

arbitrary subset S ∈ {pa(Xl)}dl=1 ∪ {pa+(Xl)}dl=1.

The distributions of n(1)
S for all S ∈ {pa(Xl)}dl=1 ∪ {pa+(Xl)}dl=1 are given by the lemma

below:

Lemma 18. Given X = x and ρk,1 = r > 0 and s being the projection of x over S, the term
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n
(1)
S − k is distributed as Bino

(
N − k − 1, PS(s,r)−PX(x,r)

1−PX(x,r)

)
.

Proof. Please see the proof of Lemma B.2 in [79].

The bound on E[log(n(1)
S + 1)|X = x, ρk,1 = r] is given by the Lemma B.3 in [79] which

we restate here:

Lemma 19. If X is distributed as Bino(N, p), then |E[log(X + k)]− log(Np+ k)| ≤ C/(Np+

k) for some constant C.

Proof. Please see the proof of Lemma B.3 in [79].

Thus we can write:

∣∣∣∣∫ ∞
r=0

(
E
[
log(n

(1)
S + 1)|(X, ρk,1) = (x, r)

]
− logNPS(s, r)

)
dFρk,1(r)

∣∣∣∣ (A.80)

≤

∣∣∣∣∣
∫ ∞
r=0

(
E[log(n(1)

S + 1)|(X, ρk,1) = (x, r)]

− log

(
(N − k − 1)

PS(s, r)− PX(x, r)

1− PX(x, r)
+ k + 1

))
dFρk,1(r)

∣∣∣∣∣ (A.81)

+

∣∣∣∣∣
∫ ∞
r=0

(
log

(N − k − 1)PS(s,r)−PX(x,r)
1−PX(x,r)

+ k + 1

NPS(s, r)

)
dFρk,1(r)

∣∣∣∣∣ (A.82)

≤
∫ ∞
r=0

∣∣∣∣∣
(
E
[
log(n

(1)
S + 1)|(X, ρk,1) = (x, r)

]
− log

(
(N − k − 1)

PS(s, r)− PX(x, r)

1− PX(x, r)
+ k + 1

))∣∣∣∣∣ dFρk,1(r) (A.83)

+

∣∣∣∣Er

[
log

N(PS(s, r)− PX(x, r)) + (k + 1)(1− PS(s, r))

NPS(s, r)(1− PX(x, r))

]∣∣∣∣ (A.84)

Where Er denotes the expectation over the distribution Fρk,1 . By the Lemma B.3 in [79],
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the term in A.83 is upper bounded by:

∫ ∞
r=0

∣∣∣∣∣
(
E
[
log(n

(1)
S + 1)|(X, ρk,1) = (x, r)

]
− log

(
(N − k − 1)

PS(s, r)− PX(x, r)

1− PX(x, r)
+ k + 1

))∣∣∣∣∣dFρk,1(r) (A.85)

≤
∫ ∞
r=0

C

(N − k − 1)PS(s,r)−PX(x,r)
1−PX(x,r)

+ k + 1
dFρk,1(r) (A.86)

≤
∫ ∞
r=0

C

k + 1
dFρk,1(r) =

C

k + 1
(A.87)

The last inequality follows from the fact that PS(s, r) > PX(x, r) . For (A.84), using the

fact that log(x/y) ≤ (x− y)/y and Cauchy-Schwarz inequality, we have the following:

Er

[
log

N(PS(s, r)− PX(x, r)) + (k + 1)(1− PS(s, r))

NPS(s, r)(1− PX(x, r))

]
(A.88)

≤ Er

[
N(PS(s, r)− PX(x, r)) + (k + 1)(1− PS(s, r))

NPS(s, r)(1− PX(x, r))
− 1

]
(A.89)

= Er

[
(k + 1−NPX(x, r))(1− PS(s, r))

NPS(s, r)(1− PX(x, r))

]
(A.90)

≤

√√√√Er

[(
k + 1−NPX(x, r)

NPX(x, r)

)2
]
Er

[(
PX(x, r)(1− PS(s, r))

PS(s, r)(1− PX(x, r))

)2
]

(A.91)

Note that PS(s, r) ≥ PX(x, r) for all r, so the second expectation term is always smaller

than or equal to 1. For the first expectation, let t = PX(x, r) then we have:

Er

[(
k + 1−NPX(x, r)

NPX(x, r)

)2
]

(A.92)

=

∫ ∞
r=0

(
k + 1−NPX(x, r)

NPX(x, r)

)2

dFρk,1(r) (A.93)

=
(N − 1)!

(k − 1)!(N − k − 1)!

∫ 1

t=0

(k + 1−Nt)2

N2t2
tk−1(1− t)N−k−1dt (A.94)

=
(N − 1)(N − 2)(k + 1)2

N2(k − 1)(k − 2)
− 2(N − 1)(k + 1)

N(k − 1)
+ 1 (A.95)
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This term is upper bounded by C1(1/N + 1/k) for some constant C1 for N and k large

enough. Thus:

Er

[
log

N(PS(s, r)− PX(x, r)) + (k + 1)(1− PS(s, r))

NPS(s, r)(1− PX(x, r))

]
≤
√
C1(

1

N
+

1

k
) (A.96)

Similarly, by using the fact that log(x/y) > (x − y)/x and Cauchy-Schwarz inequality

again, we conclude that there are some constant C2 > 0 such that:

Er

[
log

N(PS(s, r)− PX(x, r)) + (k + 1)(1− PS(s, r))

NPS(s, r)(1− PX(x, r))

]
≥ −

√
C2(

1

N
+

1

k
) (A.97)

Therefore by combining all these bounds we obtain∣∣∣∣∫ ∞
r=0

(
E
[
log(n

(1)
S + 1)|(X, ρk,1) = (x, r)

]
− logNPS(s, r)

)
dFρk,1(r)

∣∣∣∣ (A.98)

≤ C

k + 1
+

√
C ′(

1

k
+

1

N
) (A.99)

where C ′ = max{C1, C2}.

Now putting all the bounds for Ω3 \ EN , we have:

∫
Ω3\EN

∣∣∣∣E [ζ1|X = x]− log f(x)

∣∣∣∣dPX (A.100)

≤ δN + k
(2d+ 1) logN +

∫
X |log f(x)| dPX

Nk

+ψ(N)− log(N) + 2d

(
C

k + 1
+

√
C ′(

1

k
+

1

N
)

)
(A.101)

From the assumptions 1, k increases as N →∞, and
∫
X |log f(x)| dPX <∞. Therefore the

whole upperbound vanishes as N goes to infinity. Thus for the entire set Ω3 we have:

lim
N→∞

∫
Ω3

∣∣∣∣E[ζ1|X = x)]− log f(x)

∣∣∣∣dPX = 0 (A.102)
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A.4.2 Proof of Lemma 16

This proof is based on the Lebesgue-Besicovitch differentiation theorem (For example look at

Theorem 1.32 from [61]), stated as:

Theorem 20. Let µ be a Radon measure on Rd. For f ∈ L1
loc(µ),

lim
r→0

1

µ (Br(x))

∫
Br(x)

fdµ = f(x) (A.103)

for µ-a.e. x.

Let f = dPX

dPX
and µ = PX . Since µ is a probability measure, it is a Radon measure on

Euclidean space. Also, since
∫
X |f |dµ = 1, so it’s globally and therefore locally integrable

with respect to µ. Thus the conditions of the Theorem 20 are satisfied, and we can write:

lim
r→0

PX(x, r)
d∏

l=1

Ppa(Xl)

(
xpa(l), r

)
Ppa+(Xl)

(
xpa+(l), r

) (A.104)

= lim
r→0

P
{
Br(x)

}
∏d

l=1 PXl|pa(Xl)

{
Br (xl)

∣∣∣Br

(
xpa(l)

)} (A.105)

= lim
r→0

P
{
Br(x)

}
PX

{
Br(x)

} (A.106)

= lim
r→0

1

PX

{
Br(x)

} ∫
Br(x)

dPX

dPX

dPX (A.107)

=
dPX

dPX

(x) (A.108)
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A.4.3 Proof of Lemma 17

First, we upperbound E [log(X +m)|X ≥ k]− log(Np). We can see that:

E [X +m|X ≥ k] (A.109)

=
1

P (X ≥ k)

N∑
i=k

(i+m)

 N

i

 pi(1− p)N−i (A.110)

≤ 1

1− exp
(
−2 (Np−k)2

N

) N∑
i=k

(i+m)

 N

i

 pi(1− p)N−i (A.111)

≤ 1

1− exp
(
−2 (Np−k)2

N

) N∑
i=1

(i+m)

 N

i

 pi(1− p)N−i (A.112)

=
1

1− exp
(
−2 (Np−k)2

N

) (E [X] +m) =
Np+m

1− exp
(
−2 (Np−k)2

N

) (A.113)

In which we used Hoeffding’s inequality. We know that E [log(X +m)|X ≥ k] ≤

log (E [X +m|X ≥ k]), therefore:

E [log(X)|X ≥ k]− log(Np) ≤ log

 1 + m
Np

1− exp
(
−2 (Np−k)2

N

)
 (A.114)

Second, to give an upper bound over log(Np) − E [log(X +m)|X ≥ k], we first notice

that:

log(Np)− E [log(X +m)|X ≥ k] ≤ log(Np)− E [log(X)|X ≥ k] (A.115)

Then we upperbound log(Np)− E [log(X)|X ≥ k] by applying Taylor’s theorem around

x0 = Np, where there exists ζ between x and x0 such that:

log(x) = log(Np) +
x−Np
Np

− (x−Np)2

2ζ2
(A.116)

since ζ ≥ min {x, x0} = min {x,Np}, we have:
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− log(x) + log(Np) +
x−Np
Np

=
(x−Np)2

2ζ2

≤ max

{
(x−Np)2

2x2
,
(x−NP )2

2(Np)2

}
≤ (x−Np)2

2x2
+

(x−Np)2

2(Np)2
(A.117)

Now taking the conditional expectations from both sides, we have:

−E [log(X)|X ≥ k] + log(Np) +
E [X|X ≥ k]−Np

Np

≤ E
[
(X −Np)2

2X2

∣∣∣∣X ≥ k

]
+

E [(X −Np)2|X ≥ k]

2(Np)2
(A.118)

First, we notice that E [X|X ≥ k] ≥ E [X] = Np.

Second, E [(X −Np)2|X ≥ k] ≤ 1

1−exp
(
−2 (Np−k)2

N

)Var [X] = Np(1−p)
1−exp

(
−2 (Np−k)2

N

) .

Thus we can write:

−E [log(X)|X ≥ k] + log(Np) (A.119)

≤ Np(1− p)

1− exp
(
−2 (Np−k)2

N

) 1

2(Np)2
+ E

[
(X −Np)2

2X2

∣∣∣∣X ≥ k

]
(A.120)

To deal with the term E
[
(X−Np)2

2X2

∣∣∣X ≥ k
]
, we have:
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E
[
(X −Np)2

2X2

∣∣∣∣X ≥ k

]
(A.121)

≤ 1

1− exp
(
−2 (Np−k)2

N

) N∑
i=k

(i−Np)2

2i2

 N

i

 pi(1− p)N−i (A.122)

≤ 1

1− exp
(
−2 (Np−k)2

N

) N∑
i=k

(i−Np)2

(i+ 1)(i+ 2)

 N

i

 pi(1− p)N−i (A.123)

=
1

1− exp
(
−2 (Np−k)2

N

) N∑
i=k

(i−Np)2

(N + 1)(N + 2)p2

 N + 2

i+ 2

 p2+i(1− p)N−i (A.124)

≤ 1

1− exp
(
−2 (Np−k)2

N

) 1

(N + 1)(N + 2)p2
EY∼Bino(N+2,p)

[
(Y −Np)2

]
(A.125)

=
1

1− exp
(
−2 (Np−k)2

N

) (N + 2)p(1− p) + 4p2

(N + 1)(N + 2)p2
(A.126)

≤ 1

1− exp
(
−2 (Np−k)2

N

) (N + 2)p

(N + 1)(N + 2)p2
≤ 1

1− exp
(
−2 (Np−k)2

N

) 1

Np
(A.127)

In which we used the fact that 2i2 ≥ (i+1)(i+2) for i ≥ 4, and (N +2)p ≥ 4p for N ≥ 2.

Plugging it into Equation A.120, we have:

−E [log(X)|X ≥ k] + log(Np) ≤ 1

1− exp
(
−2 (Np−k)2

N

) 3

2Np
(A.128)

And the desired result is yielded.

A.4.4 Proof of Theorem 2

For this part, we also follow the same procedure as followed for Theorem 2 in [79] using

Efron-Stein inequality. Suppose ĜDM
(N)

(X,G) is the estimate based on the original samples

x(1), x(2), . . . , x(N). For the usage of Efron-Stein inequality, we suppose that there is another

set of n i.i.d samples drawn from PX denoted by x′(1), x′(2), . . . , x′(n). Let ĜDM
(N)

(X(j),G)
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be the estimate based on the original samples’ set in which the jth sample is replaced by

another i.i.d sample x′(j) taken from the second set, i.e. ĜDM
(N)

(X(j),G) is the estimate

based on x(1), . . . , x(j−1), x′(j), x(j+1), . . . , x(N). Then the Efron-Stein inequality states that:

Var
[
ĜDM

(N)
(X,G)

]
≤ 1

2

N∑
j=1

E

[(
ĜDM

(N)
(X,G)− ĜDM

(N)
(X(j),G)

)2
]

(A.129)

Now we will find an upper bound for the difference
∣∣∣∣ĜDM

(N)
(X,G)− ĜDM

(N)
(X(j),G)

∣∣∣∣
for a given index j by considering the worst case scenario. Let ĜDM

(N)
(X\j,G) be the

estimate based on the original samples’ set in which the jth sample is removed, i.e.

x(1), . . . , x(j−1), xj+1, . . . , x(N). Then by triangle inequality, we have:

sup
x(1),...,x(N),x′(j)

∣∣∣∣ĜDM
(N)

(X,G)− ĜDM
(N)

(X(j),G)
∣∣∣∣

≤ sup
x(1),...,x(N),x′(j)

(∣∣∣∣ĜDM
(N)

(X,G)− ĜDM
(N)

(X\j,G)
∣∣∣∣ (A.130)

+

∣∣∣∣ĜDM
(N)

(X\j,G)− ĜDM
(N)

(X(j),G)
∣∣∣∣
)

≤ sup
x(1),...,x(N)

∣∣∣∣ĜDM
(N)

(X,G)− ĜDM
(N)

(X\j,G)
∣∣∣∣ (A.131)

+ sup
x(1),...,x(j−1),x′(j),x(j+1),...,x(N)

∣∣∣∣ĜDM
(N)

(X\j,G)− ĜDM
(N)

(X(j),G)
∣∣∣∣

= 2 sup
x(1),...,x(N)

∣∣∣∣ĜDM
(N)

(X,G)− ĜDM
(N)

(X\j,G)
∣∣∣∣ (A.132)
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Remember that:

ĜDM
(N)

(X,G)

=
1

N

N∑
i=1

ζi(X) (A.133)

=
1

N

N∑
i=1

(
ψ(k̃i) +

d∑
l=1

(
1{pa(Xl )̸=∅} log(n

(i)
pa(Xl)

+ 1)− log(n
(i)
pa+(Xl)

+ 1)
)

+

( d∑
l=1

1{pa(Xl)=∅} − 1

)
logN

)
(A.134)

Thus we can write:

sup
x(1),...,x(N)

∣∣∣∣ĜDM
(N)

(X,G)− ĜDM
(N)

(X(j),G)
∣∣∣∣ ≤ 2

N
sup

x(1),...,x(N)

N∑
i=1

∣∣ζi(X)− ζi(X\j)
∣∣ (A.135)

Now we need to upper-bound
∣∣ζi(X)− ζi(X\j)

∣∣ for all the different i’s. The cases are as

follows:

Case I: i = j . Since the upper bounds |ζi(X)| ≤ (2d + 1) logN and
∣∣ζi(X\j)∣∣ ≤ (2d +

1) log(N − 1) always holds, thus we have
∣∣ζi(X)− ζi(X\j)

∣∣ ≤ 2(2d+ 1) logN . Since there’s

only one i equal to j, we have
∑

Case I

∣∣ζi(X)− ζi(X\j)
∣∣ ≤ 2(2d+ 1) logN .

Case II: i ̸= j and ρk,i = 0 . Suppose S ∈
{
pa(Xl)

}d
l=1
∪
{
pa+(Xl)

}d
l=1
∪ {X} is a subset

of X. Since ρk,i = 0, then n(i)
S =

∣∣{i′ ̸= i : s(i) = s(i
′)}
∣∣. We recall that for S = X we actually

have n(i)
S = k̃i. Thus by removing the point x(j) is this case, for any subset S, if s(i) = s(j),
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then n(i)
S is decreased by 1, and if s(i) ̸= s(j) then n(i)

S will not change. Thus we can write:

∣∣ζi(X)− ζi(X\j)
∣∣ (A.136)

≤
∣∣∣ψ (k̃i)− ψ (k̃i − 1

)∣∣∣ (A.137)

+
d∑

l=1

1{pa(Xl )̸=∅}1{xpa(l)
(i)=xpa(l)

(j)}

∣∣∣∣ log(n(i)
pa(Xl)

+ 1)− log n
(i)
pa(Xl)

∣∣∣∣ (A.138)

+
d∑

l=1

1{xpa+(l)
(i)=xpa+(l)

(j)}

∣∣∣∣ log(n(i)
pa+(Xl)

+ 1)− log n
(i)
pa+(Xl)

∣∣∣∣ (A.139)

+

( d∑
l=1

1{pa(Xl)=∅} + 1

)(
logN − log(N − 1)

)
(A.140)

≤ 1

k̃i − 1
+

d∑
l=1

1{pa(Xl )̸=∅}1{xpa(l)
(i)=xpa(l)

(j)}
1

n
(i)
pa(Xl)

(A.141)

+
d∑

l=1

1{xpa+(l)
(i)=xpa+(l)

(j)}
1

n
(i)
pa+(Xl)

(A.142)

+

( d∑
l=1

1{pa(Xl)=∅} + 1

)
1

N − 1
(A.143)

Where we used the fact that log(1 + 1/x) ≤ 1/x. For any S, the number of nodes i satisfying

s(i) = s(j) is no more than n(j)
S , and the total number of points in the case II is no more than

N − 1. Thus we can write:

∑
i∈Case II

∣∣ζi(X)− ζi(X\j)
∣∣ ≤ (k̃i − 1)

1

k̃i − 1
(A.144)

+
d∑

l=1

1{pa(Xl )̸=∅}n
(i)
pa(Xl)

1

n
(i)
pa(Xl)

(A.145)

+
d∑

l=1

n
(i)
pa+(Xl)

1

n
(i)
pa+(Xl)

(A.146)

+

( d∑
l=1

1{pa(Xl)=∅} + 1

)
(N − 1)

1

N − 1
(A.147)

= 2(d+ 1) (A.148)
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Case III: i ̸= j and ρk,i > 0 . In this case, k̃i is always equal to k, and for any subset

S ∈
{
pa(Xl)

}d
l=1
∪
{
pa+(Xl)

}d
l=1
∪ {X} we have n(i)

S =
∣∣{i′ ̸= i : ∥s(i) − s(j)∥ ≤ ρk,i}

∣∣.
Case III.1: ∥x(i) − x(j)∥ ≤ ρk,i. This means that the point xj is in the k nearest neighbors

of xi and by eliminating it, ρk,i will change. So we don’t know how n
(i)
S ’s will change, thus

we will use the upper-bound
∣∣ζi(X)− ζi(X\j)

∣∣ ≤ 2(2d+ 1) logN . From the first part of the

Lemma C.1 from [79], we can upper bound the number of such i’s by γdk, in which γd is the

minimum number of d-dimensional cones with the angle smaller than π/6 needed to cover

the total space Rd. Thus we have:

∑
Case III.1

∣∣ζi(X)− ζi(X\j)
∣∣ ≤ 2k(2d+ 1)γdX logN (A.149)

where dX is the dimension of the space X .

Case III.2: ∥x(i) − x(j)∥ > ρk,i. This case is somewhat similar to the Case II. Here the ρk,i
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will not change. But the n(i)
S ’s for all subsets S ̸= X can decrease by 1. We can write:

∑
Case III.2

∣∣ζi(X)− ζi(X\j)
∣∣ (A.150)

≤
N∑
i=1

d∑
l=1

1{pa(Xl )̸=∅}1{xpa(l)
(i)=xpa(l)

(j)}

∣∣∣∣ log(n(i)
pa(Xl)

+ 1)− log n
(i)
pa(Xl)

∣∣∣∣ (A.151)

+
N∑
i=1

d∑
l=1

1{xpa+(l)
(i)=xpa+(l)

(j)}

∣∣∣∣ log(n(i)
pa+(Xl)

+ 1)− log n
(i)
pa+(Xl)

∣∣∣∣ (A.152)

+
N−1∑
i=1

( d∑
l=1

1{pa(Xl)=∅} + 1

)(
logN − log(N − 1)

)
(A.153)

≤
N∑
i=1

d∑
l=1

1{pa(Xl )̸=∅}1{xpa(l)
(i)=xpa(l)

(j)}
1

n
(i)
pa(Xl)

(A.154)

+
N∑
i=1

d∑
l=1

1{xpa+(l)
(i)=xpa+(l)

(j)}
1

n
(i)
pa+(Xl)

(A.155)

+
N−1∑
i=1

( d∑
l=1

1{pa(Xl)=∅} + 1

)
1

N − 1
(A.156)

≤
d∑

l=1

1{pa(Xl )̸=∅}γdpa(Xl)
log(N + 1) (A.157)

+
d∑

l=1

γdpa+(Xl)
log(N + 1) +

d∑
l=1

1{pa(Xl)=∅} + 1 (A.158)

≤ 2dγdX log(N + 1) + 1 (A.159)

The inequality A.158 follows from the second part of the Lemma C.1 from [79].

Now combining all three cases together, we have:

N∑
i=1

∣∣ζi(X)− ζi(X\j)
∣∣

≤ 2(2d+ 1) logN + 2(d+ 1) + 2k(2d+ 1)γdX logN + 2dγdX log(N + 1) + 1

≤ 6k(2d+ 1)γdX log(N + 1) (A.160)
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Thus:

sup
x(1),...,x(N),x′(j)

∣∣∣∣ĜDM
(N)

(X,G)− ĜDM
(N)

(X(j),G)
∣∣∣∣ ≤ 12k(2d+ 1)γdX log(N + 1)

N
(A.161)

And:

Var
[
ĜDM

(N)
(X,G)

]
(A.162)

≤ 1

2

N∑
j=1

E

[(
ĜDM

(N)
(X,G)− ĜDM

(N)
(X(j),G)

)2
]

(A.163)

≤ 1

2

N∑
j=1

sup
x(1),...,x(N),x′(j)

(
ĜDM

(N)
(X,G)− ĜDM

(N)
(X(j),G)

)2

(A.164)

≤ 1

2

N∑
j=1

(
12k(2d+ 1)γdX log(N + 1)

N

)2

(A.165)

=

72γ2dX

(
k(2d+ 1) logN

)2

N
(A.166)

Therefore if (kN logN)2/N → 0 as N goes to infinity, we have

limN→∞Var
[
ĜDM

(N)
(X,G)

]
= 0.
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Appendix B

SUPPLEMENTARY MATERIAL FOR CHAPTER 3

B.1 Proof of Theorem 3

In this section, we provide a proof for Theorem 3. Lemma 21 suggests a simpler condition

under which the RDI graph will be the same as the causality graph. The proof of Part (a) of

Theorem 3 is identical to the proof of that lemma; and follows from observing that Property

A is all that is needed for the proof to go through.

Before that, the Prop. B.1.1 is stated without proof, which will be used through the proof

of 21.

Proposition B.1.1. Let ΣX be a covariance matrix of m zero-mean jointly Gaussian random

variables denoted by X. Then ∃ u ̸= 0 ∀x : uT (x− x̄) = 0 if and only if ΣX is not positive

definite.

Lemma 21. If the covariance matrix of the linear deterministic system Σx is positive definite,

then GRDI = GC.

Proof. In a linear deterministic system, every variable Xj at each time t can be described as

Xj(t) =
∑

uAj,uXu(t− 1). Let’s assume GC = (V,E) is the causality graph of the system. it

can be observed that (i, j) ∈ E if Aj,i ̸= 0, and (i, j) /∈ E otherwise.

We will show that given ΣX is positive definite, for each pair (i, j) if Aj,i = 0 then

RDI
(
Xi → Xj|{Xu}u∈[m]−{i,j}

)
= 0. Similarly, RDI(Xi → Xj|{Xu}u∈[m]−{i,j}) > 0 if Aj,i ̸=

0.
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We can write:

RDI
(
Xi → Xj|{Xu}u∈[m]−{i,j}

)
= H

(
Xj(t)|{Xu(t− 1)}u∈[m]−{i}

)
−H

(
Xj(t)|{Xu(t− 1)}u∈[m]

)︸ ︷︷ ︸
0

(B.1)

= H
(
Aj,iXi(t− 1)|{Xu(t− 1)}u∈[m]−{i}

)
(B.2)

If Aj,i = 0, then H
(
Aj,iXi(t− 1)|{Xu(t− 1)}u∈[m]−{i}

)
= 0 which means

RDI
(
Xi → Xj|{Xu}u∈[m]−{i,j}

)
= 0 yielding the lemma.

If Aj,i ≠ 0, then assuming H
(
Aj,iXi(t− 1)|{Xu(t− 1)}u∈[m]−{i}

)
= 0 implies that Xi(t−1)

is a function of {Xu(t − 1)}u∈[m]−{i}, i.e. there exists a linear function li such that ∀t :

Xi(t) = li
(
{Xu(t)}u∈[m]−{i}

)
which in turn implies ∃u ̸= 0 : uTx(t − 1) = 0, so from

Prop.B.1.1 we conclude that Σx is not positive definite which contradicts our assumption.

Thus RDI
(
Xi → Xj|{Xu}u∈[m]−{i,j}

)
> 0 which yields the lemma.

So we see for a deterministic linear system, if the Σx is positive definite, then RDI can

return the correct causality graph. As pointed out earlier, only Property A is needed for the

proof of this Lemma and that concludes the proof of part (a) of Theorem 3.

We now need to prove (b) of Theorem 3 which shows that if property A is not true, then

there’s no method that can infer the correct causality graph. ∃u, ui0 ̸= 0 : uTX = 0 can

be written as ∀t : Xi0(t) =
∑

k∈[m]−{i0}(−uk)Xk(t). From the dynamics of the system and

knowing that the edge (i0, j0) ∈ E, i.e. Aj0,i0 ̸= 0, we can write:

Xj(t) =
∑
k∈[m]

Aj,kXk(t− 1) (B.3)

=
∑

k∈[m]−{i0}

Aj,kXk(t− 1) + Aj,i0Xi0(t− 1) (B.4)

=
∑

k∈[m]−{i0}

(Aj,k − uk)Xk(t− 1) (B.5)

=
∑

k∈[m]−{i0}

Ãj,kXk(t− 1) (B.6)
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So there’s an alternative system Ã ̸= A which gives us the same dynamics for the system.

So there’s an ambiguity in the system and no method will be able to return the correct graph.

This completes the proof of Theorem 3.

We note that in linear deterministic systems, ΣX is equal to identity only when A is

orthonormal. In general ΣX is non-singular only if the system A has eigenvalues 1, which

implies that the system is not necessarily ergodic. Thus in linear deterministic systems, there

is no example of a system that is both ergodic and has an invertible covariance matrix.

B.2 Proof of Theorem 4

We first prove a version that states that ΣX is positive definite implying that GRDI = GC in

Lemma 22. We observe that only Property A is needed for the proof of Lemma 22, which

concludes the proof of this theorem.

Lemma 22. Let ΣX be the covariance matrix of the stationary distribution for a linear

system with additive Gaussian noise. If ΣX is positive definite, then GRDI = GC.

Proof. We take the steps similar to the ones in the Theorem 3. In the linear system described

above, every variable Xj at each time t can be described as Xj(t) =
∑

uAj,uXu(t − 1) +

Nj(t). We will show that given ΣX is positive definite, for each pair (i, j) if Aj,i = 0

then RDI
(
Xi → Xj|{Xu}u∈[m]−{i,j}

)
= 0. Similarly, RDI

(
Xi → Xj|{Xu}u∈[m]−{i,j}

)
> 0 if

Aj,i ̸= 0.

We can write:

RDI
(
Xi → Xj|{Xu}u∈[m]−{i,j}

)
= H

(
Xj(t)|{Xu(t− 1)}u∈[m]−{i}

)
−H

(
Xj(t)|{Xu(t− 1)}u∈[m]

)
(B.7)

= H
(
Aj,iXi(t− 1) +Nj(t)|{Xu(t− 1)}u∈[m]−{i}

)
−H (Nj(t)) (B.8)

If Aj,i = 0, then the RHS of (B.8) is zero, which yields the theorem. Consider the

case Aj,i ≠ 0. Since the process is Gaussian, and Nj(t) is independent of the process at
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time t− 1, H
(
Aj,iXi(t− 1) +Nj(t)|{Xu(t− 1)}u∈[m]−{i}

)
is equal to 1

2
log(2πe(A2

j,iσ
2
e + σ2

N ))

where σ2
e is the mean-square error in estimating Xi(t − 1) from Xu(t− 1)u∈[m]−{i}. Note

that H (Nj(t)) =
1
2
log(2πeσ2

N). Now, equality holds in (B.8) if and only if σe = 0 which

implies that the covariance matrix is singular (indeed, there exists a u with ui ̸= 0 such that

uTΣXu = 0).

Next, we study that the stability of the dynamical system implies that ΣX =∑∞
t=0A

tΣn(A
t)T is well defined. In fact, it is also known that when the system is stable, the

Gaussian process is ergodic as well [227].

Lemma 23. Let A and Σn be m×m matrices. Then if the eigenvalues of A are smaller than

1, the limit
∑∞

t=0A
tΣn(A

t)T exists, i.e. the series
∑τ

t=0A
tΣn(A

t)T is absolutely convergent.

Proof. Let B(τ) =
∑τ

t=0A
tΣn(A

t)T . We show that every element of B converges. For

arbitrary Bi,j(τ):

Bi,j(τ) = eTi B(τ)ej (B.9)

= eTi (
τ∑

t=0

AtΣn(A
t)T )ej (B.10)

=
τ∑

t=0

eTi A
tΣn(A

t)T ej (B.11)

=
τ∑

t=0

eTi A
tΣn(e

T
j A

t)T (B.12)

for each term at = eTi A
tΣn(e

T
j A

t)T we can write:
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at ≤ λmax(Σn)e
T
i A

t(eTj A
t)T (B.13)

= λmax(Σn)⟨eTi At, eTj A
t⟩ (B.14)

≤ λmax(Σn)∥eTi At∥∥eTj At∥ (B.15)

≤ λmax(Σn)|ei|λmax(A
t)|ej|λmax(A

t) (B.16)

= λmax(Σn)λmax(A
t)2 (B.17)

= λmax(Σn)λmax(A)
2t (B.18)

Let’s put bt = λmax(Σn)λmax(A)
2t. The series

∑τ
t=0 bt is a geometric series and it will be

absolutely convergent if λmax(A) < 1. So according to the direct comparison test of series,∑τ
t=0 at =

∑∞
t=0A

tΣn(A
t)T is absolutely convergent too.

B.3 Proof of Theorem 6 and Corollary 6.1

For Theorem 6 we have:

Σx > 0 ⇐⇒ ∀u ̸= 0 : uTΣXu =
k−1∑
t=0

uTAteje
T
j (A

t)
T
u =

k−1∑
t=0

∥uTAtej∥2 > 0 (B.19)

⇐⇒ ∃t ≥ 0 : uTAtej ̸= 0 (B.20)

⇐⇒ uT [. . . |Ak−1ej| . . . |Aej|ej] ̸= 0 (B.21)

⇐⇒ rank
(
[. . . |Ak−1ej| . . . |Aej|ej]

)
= m (B.22)
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For Corollary 6.1 we have:

Σx > 0 ⇐⇒ ∀u ̸= 0 : uTΣxu =
k−1∑
t=0

uTAt
∑
j∈Sm

rjeje
T
j (A

t)
T
u =

k−1∑
t=0

∑
j∈Sm

|rj|∥uTAtej∥2 > 0

⇐⇒ ∃t ≥ 0, j ∈ Sm : uTAtej ̸= 0 (B.23)

⇐⇒ ∃j ∈ Sm : uT [. . . |Ak−1ej| . . . |Aej|ej] ̸= 0 (B.24)

⇐⇒ uT [Bj1| . . . |Bj|Sm| ] ̸= 0 (B.25)

⇐⇒ rank
(
[Bj1| . . . |Bj|Sm| ]

)
= m (B.26)

B.4 Proof of Theorem 13

First, we prove (a).

RDI
(
Xi → Xj|{Xu}u∈[m]−{i,j}

)
can be written as:

H
(
Xj(t)|{Xu(t− 1)}u∈[m]−{i}

)
−H

(
Xj(t)|{Xu(t− 1)}u∈[m]

)︸ ︷︷ ︸
0

(B.27)

= H
(
Xj(t)|{Xu(t− 1)}u∈[m]−{i}

)
(B.28)

= H
(
Xj|{Xu}u∈[m]−{i}

)
(B.29)

where the last equation holds under the stationary distribution. If Xj is not a function

of Xi then H
(
Xj(t)|{Xu(t− 1)}u∈[m]−{i}

)
= 0. So RDI

(
Xi → Xj|{Xu}u∈[m]−{i,j}

)
= 0 and

RDI graph correctly doesn’t include the (i, j) edge.

If Xj(t) is a function of Xi(t− 1), it implies that (i, j) is in the edge set of the GC . Given

that property B is satisfied, H
(
Xj(t)|{Xu(t− 1)}u∈[m]−{i}

)
> 0 and (i, j) is included in GRDI

hence (a) of the theorem is proved.

Next, we prove (b). Assuming property B is not satisfied means that there exists

an edge (i0, j0) in GC for which H
(
Xj(t)|{Xu(t− 1)}u∈[m]−{i0}

)
= 0. So ∃h : Xj0(t) =

h
(
{Xu(t− 1)}u∈[m]−{i0}

)
.
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However, (i0, j0) included in GC means

∃gj0 : Xj0(t) = gj0
(
{Xu(t− 1)}u∈[m]−{i0}, Xi0(t− 1)

)
(B.30)

So there as an alternate function h ̸= gj0 , which yields the same system dynamics. So

there’s an ambiguity in the system and no algorithm can infer the correct graph.

B.5 Proof of the Theorem 15

Here we’ll try to introduce a proof for qCMI algorithm we devised. As we know, the conditional

mutual information is defined as,

I(X;Y |Z) =
∫
fXY Z(x, y, z) log

(
fY |XZ(y|x, z)
fY |Z(y|z)

)
dxdydz (B.31)

The qCMI is defined as the mutual information of X and Y given Z when the joint

distribution of X and Z is replaced by a joint uniform distribution qXZ(x, z),

qCMIX→Y |Z = Iq(X;Y |Z) =
∫
fY |XZ(y|x, z)qXZ(x, z) log

(
fY |XZ(y|x, z)
f q
Y |Z(y|z)

)
dxdydz (B.32)

In which:

f q
Y |Z(y|z) =

f q
Y Z(y, z)

f q
Z(z)

(B.33)

f q
Y Z(y, z) =

∫
f q
XY Z(x, y, z)dx (B.34)

f q
Z(z) =

∫
f q
XY Z(x, y, z)dxdy (B.35)

from now on, the superscript q over each distribution function implies that the actual

fXZ(x, z) is replaced by qXZ(x, z). Equivalently, qCMI can be written as,

Iq(X;Y |Z) = −hq(X, Y, Z) + hq(X,Z) + hq(X, Y )− hq(Z) (B.36)
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where,

hq(X, Y, Z) ≡ −
∫
f q
XY Z(x, y, z) log fXY Z(x, y, z)dxdydz (B.37)

hq(X,Z) ≡ −
∫
f q
XY Z(x, y, z) log fXZ(x, z)dxdydz (B.38)

hq(Y, Z) ≡ −
∫
f q
XY Z(x, y, z) log f

q
Y Z(y, z)dxdydz (B.39)

hq(Z) ≡ −
∫
f q
XY Z(x, y, z) log f

q
Z(z)dxdydz (B.40)

Note that −hq(X, Y, Z) + hq(X,Z) = −hq(Y |X,Z) =∫
f q
XY Z(x, y, z) log

(
fY |XZ(y|x, z)

)
dxdydz. So the term inside the logarithm is inde-

pendent of the distribution over (X,Z) and hence log fXY Z(x, y, z) and log fXZ(x, z) appear

when defining hq(X, Y, Z) and hq(X,Z).

Here we introduce a qCMI estimator, based on the KSG estimator for UMI. Remember

the KSG-type estimator for the conditional MI,

Î(X;Y |Z) = 1

N

N∑
i=1

(ψ(k)− log(nxz,i)− log(nyz,i) + log(nz,i)) + C(dx, dy, dz) (B.41)

where

C(dx, dy, dz) := log

(
cdx+dzcdy+dz

cdx+dy+dzcdz

)
(B.42)

The estimator for the qCMI is as below,

ÎqN(X;Y |Z) = 1

N

N∑
i=1

ωigi(xi, yi, zi) (B.43)
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where,

ωi ≡
qXZ(xi, zi)

f̂XZ(xi, zi)
. (B.44)

gi(xi, yi, zi) ≡ ψ(k)− log(nxz)

− log(
∑

∥(yi−yj ,zi−zj)∥<ρk,i

ωj) + log(
∑

∥zi−zj∥<ρk,i

ωj) + C(dx, dy, dz) (B.45)

B.6 KSG estimator for qCMI: Proof of convergence

Similar to the [76] we define,

ω′i ≡
qXZ(xi, zi)

fXZ(xi, zi)
. (B.46)

n′yz,i ≡
∑

j∈Nϵ(i)
yz

ω′j. (B.47)

n′z,i ≡
∑

j∈Nϵ(i)
z

ω′j. (B.48)

g′(xi, yi, zi) ≡ ψ(k)− log(nxz)− log(n′yz,i) + log(n′z,i) + C(dx, dy, dz) (B.49)

From the triangle inequality, we can write,

|ÎqN(X;Y |Z)− Iq(X;Y |Z)| (B.50)

≤ |ÎqN(X;Y |Z)− 1

N

N∑
i=1

ω′ig
′(xi, yi, zi)| (B.51)

+| 1
N

N∑
i=1

ω′ig
′(xi, yi, zi)− Iq(X;Y |Z)| (B.52)

To show the convergence of the KSG estimator for qCMI, we will show that (B.51) and

(B.52) both converge to zero. The Lemma 24 proves that (B.51) converges to zero. The

lemma will be proven through the Section B.7.

Lemma 24. The term (B.51) converges to 0 as N −→∞ in probability.
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For (B.52) we will first write the left-hand side term as four entropy terms and show the

convergence of each of the terms to their respective true entropy term. This will be done in

the Lemmas 25 and 26. So we can write,

1

N

N∑
i=1

ω′ig
′(xi, yi, zi) = ĥqN (Y, Z) + ĥqN (X,Z)− ĥqN (X,Y, Z)− ĥqN (Z)−

N∑
i=1

ω′i
N

(log(N − 1) + ψ(N))

(B.53)

where

ĥqN (X,Y, Z) ≡ 1

N

N∑
i=1

ω′i
(
−ψ(k) + ψ(N) + log cdx+dy+dz + (dx + dy + dz) log ρk,i

)
(B.54)

ĥqN (X,Z) ≡ 1

N

N∑
i=1

ω′i (− log(nxz,i) + log(N − 1) + log cdx+dz + (dx + dz) log ρk,i) (B.55)

ĥqN (Y,Z) ≡ 1

N

N∑
i=1

ω′i
(
− log(n′yz,i) + log(N − 1) + log cdy+dz + (dy + dz) log ρk,i

)
(B.56)

ĥqN (Z) ≡ 1

N

N∑
i=1

ω′i
(
− log(n′z,i) + log(N − 1) + log cdz + dz log ρk,i

)
(B.57)

The term
∑N

i=1
ω′
i

N
(log(N − 1) + ψ(N)) converges to 0 as N −→ ∞. We will prove the

convergence of the rest of the terms in the following lemmas, proving the Theorem 15.

Lemma 25. Under the Assumption 2, ĥqN(X, Y, Z)
p→ hq(X, Y, Z) as N −→∞.

Proof. It directly follows from the Lemma 2 from [76]. We just need to let X̃ ≡ (X,Z) and

then show that ĥqN(X̃, Y ) −→ hq(X̃, Y ) directly using the Lemma 2 from [76].

Lemma 26. For N −→∞,

ĥqN(X,Z) + ĥqN(Y, Z)− ĥ
q
N(Z)

p→ hq(X,Z) + hq(Y, Z)− hq(Z) (B.58)
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B.7 Proof of lemma 24

Th proof is analog to that of Lemma 1 in [76]. The term (B.51) is upper-bounded as,

|Îq(X;Y |Z)− 1

N

N∑
i=1

ω′ig
′(xi, yi, zi)| (B.59)

= | 1
N

N∑
i=1

(
ωig(xi, yi, zi)− ω′ig′(xi, yi, zi)

)
| (B.60)

≤ 1

N

N∑
i=1

|ωig(xi, yi, zi)− ω′ig′(xi, yi, zi)| (B.61)

≤ 1

N

N∑
i=1

(
|ωi − ω′i||g′(xi, yi, zi)| − ωi|g(xi, yi, zi)− g′(xi, yi, zi)|

)
(B.62)

=
1

N

N∑
i=1

(
|ωi − ω′i||g′(xi, yi, zi)|+ ωi| log(nyz,i)− log(n′yz,i)|+ ωi| log(nz,i)− log(n′z,i)|

)
(B.63)

≤ 1

N

N∑
i=1

(
|ωi − ω′i||g′(xi, yi, zi)|+ ωi|nyz,i − n′yz,i|(

1

2nyz,i
+

1

2n′yz,i
)

+ωi|nz,i − n′z,i|(
1

2nz,i
+

1

2n′z,i
)

)
(B.64)

≤ 1

N

N∑
i=1

|ωi − ω′i||g′(xi, yi, zi)|+
N∑
i=1

ωi

N

(
max1≤j≤N |ω′i − ωi|

min1≤j≤N ω′i
+

max1≤j≤N |ω′i − ωi|
min1≤j≤N ωi

)
(B.65)

≤ max
1≤i≤N

|ωi − ω′i|
(

max
1≤i≤N

|g′(xi, yi, zi)|+
1

min1≤j≤N ω′i
+

1

min1≤j≤N ωi

)
(B.66)

The term g′(xi, yi, zi) can be easily lower-bounded and upper-bounded as,

−2 logN ≤ g′(xi, yi, zi) ≤ 2 logN (B.67)

Thus, for any ϵ > 0 and sufficiently large N such that logN > max{C2ϵ/3, 3C2} and, if
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|ωi − ω′i| < ϵ/(3 logN) for all i , we have,

max
1≤i≤N

|ωi − ω′i|
(
max
1≤i≤N

|g′(xi, yi, zi)|+
1

min1≤j≤N ω′i
+

1

min1≤j≤N ωi

)
(B.68)

≤ ϵ

3 logN

(
2 logN + C2 +

1

1/C2 − ϵ
3 logN

)
(B.69)

≤ ϵ

3 logN
(2 logN + C2 + 2C2) ≤ ϵ (B.70)

So for any ϵ > 0 and sufficiently large N :

P

(
1

N

N∑
i=1

|ωig(xi, yi, zi)− ω′ig′(xi, yi, zi)| > ϵ

)
≤ P

(
max
1≤i≤N

|ωi − ω′i| >
ϵ

3 logN

)
(B.71)

Following the proof of Lemma 1 in [76], the term P
(
max1≤i≤N |ωi − ω′i| > ϵ

3 logN

)
converges

to zero as N −→∞. So the desired convergence for the term (B.51) is obtained.

B.8 Proof of lemma 26

If we define,

f̂XZ(xi, zi) ≡
nxz,i

(N − 1)cdx+dzρ
dx+dz
k,i

(B.72)

f̂ q
Y Z(yi, zi) ≡

n′yz,i

(N − 1)cdy+dzρ
dy+dz
k,i

(B.73)

f̂ q
Z(zi) ≡

n′z,i

(N − 1)cdzρ
dz
k,i

(B.74)

âi ≡ log f̂XZ(xi, zi) + log f̂ q
Y Z(yi, zi)− log f̂ q

Z(zi) (B.75)

ai ≡ log fXZ(xi, zi) + log f q
Y Z(yi, zi)− log f q

Z(zi) (B.76)
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Then,

ĥqN(X,Z) + ĥqN(Y, Z)− ĥ
q
N(Z)

= −
N∑
i=1

ω′i
N

(
log f̂XZ(xi, zi) + log f̂ q

Y Z(yi, zi)− log f̂ q
Z(zi)

)
(B.77)

= −
N∑
i=1

ω′i
N
âi (B.78)

Now we can write,

|ĥqN(X,Z) + ĥqN(Y, Z)− ĥ
q
N(Z)− (hq(X,Z) + hq(Y, Z)− hq(Z)) | (B.79)

≤ |hq(X,Z) + hq(Y, Z)− hq(Z)−
N∑
i=1

−ω
′
i

N
ai| (B.80)

+
N∑
i=1

ω′i
N
|ai − âi| (B.81)

For the term (B.80), since the terms ai = ω′i (log fXZ(xi, zi) + log f q
Y Z(yi, zi) + log f q

Z(zi))

are i.i.d random variables, given the Assumption 2, by the strong law of large numbers, we

can write,

N∑
i=1

−ω
′
i

N
ai =

N∑
i=1

−ω
′
i

N
(log fXZ(x, z) + log f q

Y Z(y, z)− log f q
Z(z)) (B.82)

−→ E

[
−qXZ(x, z)

fXZ(x, z)
(log fXZ(x, z) + log f q

Y Z(y, z)− log f q
Z(z))

]
(B.83)

= −
∫
fY |XZ(y|x, z)qXZ(x, z)

× (log fXZ(x, z) + log f q
Y Z(y, z)− log f q

Z(z)) dxdydz (B.84)

= hq(X,Z) + hq(Y, Z)− hq(Z) (B.85)

Therefore, the term (B.80) converges to 0 almost surely. For the term (B.81), let Ti =
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(Xi, Yi, Zi), thus t = (x, y, z), and fT (t) = fXY Z(x, y, z). For any fixed ϵ > 0, we can write,

P

(
N∑
i=1

ω′i
N
|ai − âi| > ϵ

)
(B.86)

≤ P

(
N⋃
i=1

{|ai − âi| > ϵ/2}

)
+ P

(
N∑
i=1

ω′i > 2N

)
(B.87)

The second term converges to zero. The first term can be bounded as,

P

(
N⋃
i=1

{|ai − âi| > ϵ/2}

)
(B.88)

≤ N.P (|ai − âi| > ϵ/2) ≤ N

∫
P (|ai − âi| > ϵ/2|Ti = t) fT (t)dt (B.89)

The term P (|ai − âi| > ϵ/2|Ti = t) can be upper-bounded by I1(t) + I2(t) + I3(t) + I4(t) +

I5(t), where,

I1(t) = P (ρk,i > r1|Ti = t) (B.90)

I2(t) = P (ρk,i < r2|Ti = t) (B.91)

I3(t) =

∫ r1

r=r2

P(| log fXZ(xi, zi)− log f̂XZ(xi, zi)| > ϵ/6|ρk,i = r, Ti = t)fρ(r)dr (B.92)

I4(t) =

∫ r1

r=r2

P(| log f qY Z(yi, zi)− log f̂ qY Z(yi, zi)| > ϵ/6|ρk,i = r, Ti = t)fρ(r)dr (B.93)

I5(t) =

∫ r1

r=r2

P(| log f qZ(zi)− log f̂ qZ(zi)| > ϵ/6|ρk,i = r, Ti = t)fρ(r)dr (B.94)

In which,

r1 ≡ logN(NfT (t)cdx+dy+dz)
−1

dx+dy+dz (B.95)

r2 ≡ max

{
(logN)2(NfXZ(x, z)cdx+dz)

−1
dx+dz ,

(logN)2(Nf q(y, z)cdy+dz)
−1

dy+dz ,

(logN)2(Nf q
Z(z)cdz)

−1
dz

}
(B.96)
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The terms I1(t) and I2(t) represent the probability that the value of ρk.i is too large

or too small. We will show that both probabilities converge to 0, i.e. ρi,k obtained lies

within a reasonable range. The r1 threshold is determined based on the fact that k
N
≈

fT (ti)cdx+dy+dzρ
dx+dy+dz
k,i and selecting k = logN is a reasonable choice. The r2 threshold,

on the other hand, implies that ρi,k should lie in a range such that ks
N
≈ fS(si)cdsρ

ds
k,i for all

subspaces s ∈ {(x, z), (y, z), z}.

The terms I3(t), I4(t) and I5(t) represent the estimation error probability for a reasonable

ρk,i.

Considering each of the terms separately, We will prove that each term will go to zero as

N goes to infinity.

Convergence of I1

The term I1(t) can be upper-bounded in the same way as explained in [76] for I1(z). Then

we will have,

I1(t) ≤ kNk−1 exp

{
−(logN)dx+dy+dz

4

}
(B.97)

Convergence of I2

For the convergence of I2(t), we are going to take the same steps as [76] for I2(z). First let

BT (t, r) ≡ n : ∥n− t∥ < r be the (dx + dy + dz)-dimensional ball centered at z with radius r.

For r2,1 ≡ (logN)2(NfXZ(x, z)cdx+dz)
−1

dx+dz and for sufficiently large N , the probability mass
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within the BT (t, r2,1) is given by,

p2,1 ≡ P
(
u ∈ BT (t, (logN)2(NfXZ(x, z)cdx+dz)

−1
dx+dz

)
(B.98)

≤ fT (t)cdx+dy+dz

(
(logN)2(NfXZ(x, z)cdx+dz)

−1
dx+dz

)dx+dy+dz

×
(
1 + C(logN)4(NfXZ(x, z)cdx+dz)

−1
dx+dz )2

)
(B.99)

≤
2fT (t)cdx+dy+dz

(fXZ(x, z)cdx+dz)
dx+dy+dz

dx+dz

(logN)2(dx+dy+dz)N−
dx+dy+dz

dx+dz (B.100)

≤ 2fY |XZ(y|x, z)
cdx+dy+dz

cdx+dz

(logN)2(dx+dy+dz)N−
dx+dy+dz

dx+dz (B.101)

≤ 2C ′
cdx+dy+dz

cdx+dz

(logN)2(dx+dy+dz)N−
dx+dy+dz

dx+dz (B.102)

Where the last inequality comes from the assumption that fY |XZ(y|x, z) < C ′. Similarly,

for the second threshold r2,2 = (logN)2(Nf q(y, z)cdy+dz)
−1

dy+dz ,

p2,2 ≡ P
(
u ∈ BT (t, (logN)2(Nf q

Y Z(y, z)cdy+dz)
−1

dy+dz

)
≤ fT (t)cdx+dy+dz

(
(logN)2(Nf q

Y Z(y, z)cdy+dz)
−1

dy+dz

)dx+dy+dz

×
(
1 + C(logN)4(Nf q

Y Z(y, z)cdy+dz)
−1

dy+dz )2
)

(B.103)

≤
2fT (t)cdx+dy+dz

(f q
Y Z(y, z)cdy+dz)

dx+dy+dz
dy+dz

(logN)2(dx+dy+dz)N
− dx+dy+dz

dy+dz (B.104)

≤ 2
fT (t)

f q
Y Z(y, z)

cdx+dy+dz

cdy+dz

(logN)2(dx+dy+dz)N
− dx+dy+dz

dy+dz (B.105)

≤ 2C2
f q
T (t)

f q
Y Z(y, z)

cdx+dy+dz

cdx+dz

(logN)2(dx+dy+dz)N
− dx+dy+dz

dy+dz (B.106)

≤ 2C2C
′ cdx+dy+dz

cdy+dz

(logN)2(dx+dy+dz)N
− dx+dy+dz

dy+dz (B.107)

The last two inequalities come from the bounds assumed on the distribution functions.



180

Similarly, for the second threshold r2,2 = (logN)2(Nf q
Z(z)cdz)

−1
dz we can write:

p2,3 ≡ P
(
u ∈ BT (t, (logN)2(Nf q

Z(z)cdz)
−1
dz

)
(B.108)

≤ fT (t)cdx+dy+dz

(
(logN)2(Nf q

Z(z)cdz)
−1
dz

)dx+dy+dz

×
(
1 + C(logN)4(Nf q

Z(z)cdz)
−1
dz )2

)
(B.109)

≤
2fT (t)cdx+dy+dz

(f q
Z(z)cdz)

dx+dy+dz
dz

(logN)2(dx+dy+dz)N−
dx+dy+dz

dz (B.110)

≤ 2
fT (t)

f q
Z(z)

cdx+dy+dz

cdz
(logN)2(dx+dy+dz)N−

dx+dy+dz
dz (B.111)

≤ 2C2
f q
T (t)

f q
Z(z)

cdx+dy+dz

cdz
(logN)2(dx+dy+dz)N−

dx+dy+dz
dz (B.112)

≤ 2C2C
′ cdx+dy+dz

cdz
(logN)2(dx+dy+dz)N−

dx+dy+dz
dz (B.113)

The last two inequalities come from the bounds assumed on the distribution functions.

Similar to the procedure for I2(z) in the [76], I2(t) is the probability that at least k

samples lie in BT (t,max{r2,1, r2,2, r2,3}). Then we have,

I2(t) = P (ρk,i < max{r2,1, r2,2, r2,3}) (B.114)

=
N−1∑
m=k

 N-1

m

max{p2,1, p2,2, p2,3}m (1−max{p2,1, p2,2, p2,3})N−1−m (B.115)

≤
N−1∑
m=k

Nm max{p2,1, p2,2, p2,3}m (B.116)

≤
N−1∑
m=k

(
2CC ′

cdx+dy+dz

min{cdy+dz , cdx+dz , cdz}
(logN)2(dx+dy+dz)

×N−min{ dx+dy
dz

, dz
dx+dy

,
dy

dx+dz
}

)m

(B.117)
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Similarly, for N sufficiently large and applying the sum of geometric series, we have,

I2(t) ≤
(
4CC ′

cdx+dy+dz

min{cdy+dz , cdx+dz , cdz}

)k

(logN)2k(dx+dy+dz)N
−kmin{ dx+dy

dz
, dz
dx+dy

,
dy

dx+dz
}

(B.118)

Convergence of I3

Given Ti = t = (x, y, z), and ρk,i = r and f̂XZ(xi, zi) =
nxz,i

(N−1)cdx+dzρ
dx+dz
k,i

, we have,

P
(
| log fXZ(Xi, Zi)− log f̂XZ(Xi, Zi)| > ϵ/6|ρk,i = r, Ti = t

)
(B.119)

= P
(
nxz,i > (N − 1)cdx+dzr

dx+dzfXZ(x, z)e
ϵ/6|ρk,i = r, Ti = t

)
+P
(
nxz,i < (N − 1)cdx+dzr

dx+dzfXZ(x, z)e
ϵ/6|ρk,i = r, Ti = t

)
(B.120)

Given Ti = t, Lemma 27 gives the probability distribution of the nxz,i.

Lemma 27. Given Ti = t = (x, y, z), and ρk,i = r < rN for some deterministic sequance of rN

such that limN←−∞ rN = 0 and for any ϵ > 0, the number of neighbors nxz,i−k is distributed as∑N−1
l=k+1 Ul, where Ul are i.i.d Bernoulli random variables with mean fXZ(x, z)cdx+dzr

dx+dz(1−

ϵ/8) ≤ E[Ul] ≤ fXZ(x, z)cdx+dzr
dx+dz(1− ϵ/8) for sufficiently large N .

Proof. See the proof of Lemma 5 in [76].

Based on Lemma 27,

P
(
nxz,i > (N − 1)cdx+dzr

dx+dzfXZ(x, z)e
ϵ/6|ρk,i = r, Ti = t

)
(B.121)

= P

(
N−1∑
l=k+1

Ul > (N − 1)cdx+dzr
dx+dzfXZ(x, z)e

ϵ/6 − k

)
(B.122)

= P

(
N−1∑
l=k+1

Ul − (N − 1− k)E[Ul]

> (N − 1)cdx+dzr
dx+dzfXZ(x, z)e

ϵ/6 − k − (N − 1− k)E[Ul]

)
(B.123)
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The right-hand side term inside the probability can be lower bounded as,

(N − 1)cdx+dzr
dx+dzfXZ(x, z)e

ϵ/6 − k − (N − 1− k)E[Ul] (B.124)

≥ (N − 1)cdx+dzr
dx+dzfXZ(x, z)e

ϵ/6 − k

−(N − 1− k)fXZ(x, z)cdx+dzr
dx+dz(1− ϵ/8) (B.125)

≥ (N − k − 1)cdx+dzr
dx+dzfXZ(x, z)

(
eϵ/6 − 1− ϵ/8

)
− k (B.126)

≥ (N − k − 1)cdx+dzr
dx+dzfXZ(x, z)

ϵ

48
(B.127)

for sufficiently large N .

Applying Bernstein’s inequality, (B.123) can be upper bounded by exp{− ϵ2

2304(1+19ϵ/144)
(N−

k − 1)cdx+dzr
dx+dzfXZ(x, z)}. The tail distribution can also be upper-bounded by the same

term. Thus,

P(| log fXZ(xi, zi)− log f̂XZ(xi, zi)| > ϵ/6|ρk,i = r, Ti = t)

≤ 2 exp{− ϵ2

2304(1 + 19ϵ/144)
(N − k − 1)cdx+dzr

dx+dzfXZ(x, z)} (B.128)

Therefore, the term I3(t) can be upper-bounded as,

I3(t) =

∫ r1

r=r2

P(| log fXZ(xi, zi)− log f̂XZ(xi, zi)| > ϵ/6|ρk,i = r, Ti = t)fρ(r)dr (B.129)

≤
∫ logN(NfT (t)cdx+dy+dz )

−1
dx+dy+dz

r=(logN)2(NfXZ(x,z)cdx+dz )
−1

dx+dz

P(| log fXZ(xi, zi)− log f̂XZ(xi, zi)| > ϵ/6|ρk,i = r, Ti = t)fρ(r)dr (B.130)

≤
∫ logN(NfT (t)cdx+dy+dz )

−1
dx+dy+dz

r=(logN)2(NfXZ(x,z)cdx+dz )
−1

dx+dz

2 exp

{
− ϵ2

2304(1 + 19ϵ/144)
(N − k − 1)cdx+dzr

dx+dzfXZ(x, z)

}
fρ(r)dr (B.131)

≤ 2 exp

{
− ϵ2

4608
Ncdx+dzfXZ(x, z)

(
(logN)2(NfXZ(x, z)cdx+dz)

−1
dx+dz

)dx+dz
}
(B.132)

≤ 2 exp

{
− ϵ2

4608
(logN)2(dx+dz)

}
(B.133)
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For sufficiently large N.

Convergence of I4

Given Ti = t = (x, y, z), and ρk,i = r and f̂ q
Y Z(yi, zi) =

n′
yz,i

(N−1)cdy+dzρ
dy+dz
k,i

, we have,

P
(
| log f q

Y Z(Yi, Zi)− log f̂ q
Y Z(Yi, Zi)| > ϵ/6|ρk,i = r, Ti = t

)
(B.134)

= P
(
nyz,i > (N − 1)cdy+dzr

dy+dzf q
Y Z(Yi, Zi)e

ϵ/6|ρk,i = r, Ti = t
)

(B.135)

+P
(
nyz,i < (N − 1)cdy+dzr

dy+dzf q
Y Z(Yi, Zi)e

ϵ/6|ρk,i = r, Ti = t
)
. (B.136)

We can write n′yz,i = n
(1)
yz,i + n

(2)
yz,i, where,

n
(1)
yz,i =

∑
j:∥Tj−t∥<ρi,k

qXZ(xj, zj)

fXZ(xj, zj)
(B.137)

n
(2)
yz,i =

∑
j:∥Tj−t∥>ρi,k

qXZ(xj, zj)

fXZ(xj, zj)
I{∥(Yj − Yi, Zj − Zi)∥ < ρk,i} (B.138)

Given Ti = t, Lemma 28 gives the probability distribution of the n′yz,i.

Lemma 28. Given Ti = t = (x, y, z), and ρk,i = r < rN for some deterministic sequence of

rN such that limN←−∞ rN = 0 and for any ϵ > 0, the distribution of n(2)
yz,i is

∑N−1
l=k+1 Vl, where

Vl are i.i.d random variables with Vl ∈ [0, 1/C1] and mean fXZ(x, z)cdx+dzr
dx+dz(1− ϵ/8) ≤

E[Ul] ≤ fXZ(x, z)cdx+dzr
dx+dz(1− ϵ/8) for sufficiently large N .

Proof. See the proof of Lemma 6 in [76].

According to the Lemma 28 and following the same procedure as I3(t), the term I4(t) will

also be bounded here in th same way. We have:

I4(t) ≤ 2 exp{−C1ϵ
2

4608
(logN)2(dy+dz)} (B.139)
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Convergence of I5

Similar to the case of I4(t), given Ti = t = (x, y, z), and ρk,i = r and f̂ q
Z(zi) =

n′
z,i

(N−1)cdzρ
dz
k,i

, we

have,

P
(
| log f q

Z(Zi)− log f̂ q
Z(Zi)| > ϵ/6|ρk,i = r, Ti = t

)
(B.140)

= P
(
nz,i > (N − 1)cdzr

dzf q
Z(Zi)e

ϵ/6|ρk,i = r, Ti = t
)

(B.141)

+P
(
nz,i < (N − 1)cdzr

dzf q
Z(Zi)e

ϵ/6|ρk,i = r, Ti = t
)

(B.142)

We can write n′z,i = n
(1)
z,i + n

(2)
z,i , where,

n
(1)
z,i =

∑
j:∥Tj−t∥<ρi,k

qXZ(xj, zj)

fXZ(xj, zj)
(B.143)

n
(2)
z,i =

∑
j:∥Tj−t∥>ρi,k

qXZ(xj, zj)

fXZ(xj, zj)
I{∥Zj − Zi∥ < ρk,i} (B.144)

Following the same procedure as for I4(t), we will obtain the upper bound below for I5(t):

I5(t) ≤ 2 exp{−C1ϵ
2

4608
(logN)2(dz)} (B.145)

Now, we can write,

P

(
N∑
i=1

ω′i
N
|ai − âi| > ϵ

)
(B.146)

≤ N

∫
(I1(t) + I2(t) + I3(t) + I4(t) + I5(t)) fT (t)dt (B.147)

≤ kNk exp{−(logN)dx+dy+dz

4
}

+

(
4CC ′

cdx+dy+dz

min{cdy+dz , cdx+dz , cdz}

)k

(logN)2k(dx+dy+dz)N
1−kmin{ dx+dy

dz
, dz
dx+dy

,
dy

dx+dz
}

+ 2N exp{− ϵ2

4608
(logN)2(dx+dz) + 4N exp{−C1ϵ

2

4608
(logN)2(dz)} (B.148)
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If k is chosen large enough so that 1− kmin{dx+dy
dz

, dz
dx+dy

, dy
dx+dz

} < 0, then all the terms

will converge to 0 as N goes to infinity, and the proof of Lemma 26 is complete.
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Appendix C

SUPPLEMENTARY MATERIAL FOR CHAPTERS 5 AND 6

C.1 Uncoupled Time-Course Data Samples and Divergence Measures

In the Dynode Vectorfield package, we have implemented two divergence measures as loss

functions for the population (uncoupled) time-course data: a) Wasserstein Distance, and b)

Kullback-Leibler Divergence. In this section, we discuss the details of how the two measures

are implemented as loss functions.

C.1.1 Wasserstein Distance

Wasserstein Distance is defined as:

W (Pr,Pg) = inf
γ∈Π(Pr,Pg)

E(x,x̂)∼γ∥x− x̂∥ (C.1)

where Π(Pr,Pg) represents the set of all possible joint distributions over X and X̂ where the

marginals are equal to Pr and Pg respectively. As we see, it can be challenging, if possible at

all, to implement such a metric directly as a loss function. Hence we need to seek alternative

indirect ways to develop estimators for these metrics to be used as losses in our Dynode

package.

The idea here would be to use the Kantarovich-Rubenstein dual form [126] to compute

the distance:

W (Pr,Pg) = sup
∥h∥L≤1

Ex∼Pr [h(x)]− Ex̂∼Pg [h(x̂)] (C.2)



187

This duality converts the search over the joint distribution space Π to finding a Lipschitz

smooth function h(.) that would satisfy the maximization problem. One could see that h(.) in

fact may be represented by a neural net hθ(.) and then the supremum and the corresponding

hθ are found via training. To enforce the Lipschitz continuity over the neural net, we apply

spectral normalization per each linear layer [87].

It should be noted that since the loss function itself is now modeled by a neural net which

would require its own training (We typically train hθ for 20 iterations per each iteration of

the original dynamics network fθ), it will be more computationally intensive than the regular

losses such as Mean-Squared-Error or Mean-Absolute-Deviation (i.e. L1-loss).

C.1.2 Kullback-Leibler Divergence

The Kullback-Leibler Divergence is defined as:

KL(Pr,Pg) =

∫
x

Pr(x) log
Pr(x)

Pg(x)
dx (C.3)

Assuming Pr and Pg satisfy some reasonable assumptions for the integral to exist. Same

as Wasserstein Distance, it’s not straightforward to calculate the measure directly. The

KNN-based and other estimators for KL-divergence wouldn’t be differentiable either, which

is required for the neural net to be trainable.

So, similar to the Wasserstein Distance, we use a variational representation of the KL-

divergence introduced by Donsker and Varadhan [53] defined as follows:

KL(Pr,Pg) = sup
h

Ex∼Pr [h(x)]− logEx̂∼Pg

[
eh(x̂)

]
(C.4)

Quite similar to Wasserstein Distance, the scalar function h(.) could be represented by a

neural net as hθ(.) which is trained to find the supremum. Hence, similar to the Wasserstein
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Distance, it’s of relatively high computational complexity compared to that of the conventional

losses.

C.2 Technical Noise, Communication Channels, and Loss Function Design

In all of the experimental cases, the collected cell expression data is subject to a lot of technical

noise such as dropouts and sequencing errors, modeling and handling of which is a serious

challenge in many research studies [304]. The data provided for training Dynode Vectorfield is

no exception: While the underlying cell differentiation dynamics describe the true expressions

and velocity values (which we denote by X and U respectively), the data provided for learning

the aforementioned dynamics is a noisy observation them (which we denote here by Y and V

respectively). In other words, the imperfect observations are described by functions C1(.) and

C2(.) such that Y = C1(X, ζ1) and V = C2(U, ζ2) where ζi is a random variable denoting the

random observation noise. Such functions are called “communication channels” in information

theory. The communication channels are fully described by their associated conditional

probability distributions PY |X and PV |U defining the statistical dependence of the channel

outputs Y and V over the channel inputs X and U respectively.

The Dynode platform is able to incorporate these noisy channel models in the training if

configured accordingly, i.e. it not only models the dynamics function as a trainable neural

net fθ(.) but also can directly model the true underlying cell expressions x and RNA-velocity

values u as unknown trainable variables, which will be estimated via Maximum Likelihood

for the observations y and v assuming that the technical noise model (or equivalently the

“communication channel”) is known.

Dynode tries to learn the dynamics fθ for the underlying true values x and v, such

that u = fθ(x) as well as x(t) =
∫ t

0
fθ (τ, x(τ)) dτ given x(0) in the time-course evolution

tracking setting. To relate x,u values to the provided observational data y and v (either

expression-velocity pairs or the time-course of expression), let’s assume the channel model

PY |X and PV |U . For the simplicity of notations, let’s assume both distributions to be identical,

denoted by P . Thus, to find all the unknowns in the system, we can solve a log-likelihood
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maximization problem:

• For expression-velocity regression mode: maxθ,x = logP (y|x) + logP (v|fθ(x))

• For Neural ODE mode: maxθ,x(0) = logP (y|x) +
∑

i logP (y(ti)|
∫ ti
0
fθ (τ, x(τ)) dτ)

Therefore, solving the above problems is equivalent to a training procedure with an

appropriate loss function derived from the given P distribution. Thus it’s needed to design

the loss function correctly to represent the corresponding channel model. We will discuss a

few of the special channels briefly and will introduce their corresponding loss function.

C.2.1 Additive White Gaussian Noise (AWGN) Channel

AWGN channel is one of the simplest channel models, in which the input X is added by

a Gaussian random variable Z ∼ N(0, σ2), i.e the output is Y = X + Z. The conditional

distribution P (y|x) 1 is therefore can be written as:

P (y|x) = 1√
2πσ

exp

(
−∥y − x∥

2

2σ2

)
(C.5)

Note that here x and y represent expression values y and x as well as velocity v and u.

Suppose y(i) are the samples observed at the channel’s output Y , with their corresponding

input unobserved samples x(i)Θ , where Θ denotes the set of underlying generative parameters

for X samples. In other words, Θ are the learnable parameters that fully determine the

underlying x(i) and u(i) samples. Therefore, we have Θ =
{
x(i), θ

}
for the expression-velocity

regression setting, and Θ =
{
x(i)(0), θ

}
in the case of time-course data.

1Note that P represents both PY |X and PV |U distributions.
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The Maximum Likelihood estimate of Θ will then be determined as:

Θ̂ = argmaxΘ

N∑
i=0

logP
(
y(i)
∣∣∣x(i)Θ

)
= argmaxΘ

N∑
i=0

(
log

1√
2πσ

+ log exp

(
−∥y

(i) − x(i)Θ ∥2

2σ2

))

= argminΘ

N∑
i=0

∥y(i) − x(i)Θ ∥
2 (C.6)

As we can see, the AWGN channel model will simply correspond to the Mean-Squared-

Error (MSE) loss. Therefore, if the observational noise is Gaussian, we simply train our

network with MSE.

C.2.2 Laplace Channel

In a Laplace channel, Y is related to X via a Laplace distribution:

P (y|x) = 1

2b
exp

(
−|y − x|

b

)
(C.7)

where the parameter b is the scale of the distribution. Similar to the Gaussian Channel, we

can see that:

Θ̂ = argminΘ

N∑
i=0

|y(i) − x(i)Θ | (C.8)

Thus the channel corresponds to using the Mean-Absolute-Difference (MAD) loss in our

training procedure.

C.2.3 Binomial Channel

The binomial channel describes the number of successful trails Y out of the total trails X

if the probability of each single success is p. The input X and the output Y are then two



191

integer numbers that are related via:

P (y|x) =
(
x

y

)
py(1− p)x−y (C.9)

The binomial channel can be thought of as a counting noise: Suppose there are X total

objects and the goal is to count them to find out what the number X is. But the counting is

subject to errors, chances are you miss some of the X objects while counting and thus end

up with a number Y which is less than or equal to X. If each of the objects is independently

being counted with a probability of p (or therefore missed with a probability of 1− p), the

resulting total count Y would be a binomial random variable with parameter p. This is the

most dominant error factor present in single-cell RNA sequencing experiments, which will be

described in greater detail in Subsection C.2.5.

The Maximum Likelihood estimate of Θ will be given as:

Θ̂ = argmaxΘ

N∑
i=0

logP
(
y(i)
∣∣∣x(i)Θ

)
= argmaxΘ

N∑
i=0

(
log

x
(i)
Θ !

y(i)!(x
(i)
Θ − y(i))!

+ y(i) log p+ (x
(i)
Θ − y

(i)) log(1− p)

)

= argmaxΘ

N∑
i=0

(
log
(
x
(i)
Θ !
)
− log

(
(x

(i)
Θ − y

(i))!
)
+ (x

(i)
Θ − y

(i)) log(1− p)
)

≈ argmaxΘ

N∑
i=0

(
x
(i)
Θ log(x

(i)
Θ )− (x

(i)
Θ − y

(i)) log(x
(i)
Θ − y

(i)) + (x
(i)
Θ − y

(i)) log(1− p)
)

= argminΘ

N∑
i=0

(
−x(i)Θ log(x

(i)
Θ ) + (x

(i)
Θ − y

(i)) log(x
(i)
Θ − y

(i))− (x
(i)
Θ − y

(i)) log(1− p)
)

(C.10)

in which we used Stirling’s Approximation for log(n!). Thus, if the noise model follows that

of a binomial channel, one should use the loss obtained above as the training loss for the

neural network.
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C.2.4 Poisson Channel

In a Poisson channel, The input X is the rate to a Poisson distribution which in turn would

output Y . The conditional distribution would be:

P (y|x) = e−xxy

y!
. (C.11)

Similar to the previous distributions discussed, the Maximum Likelihood estimate of Θ

will be given as:

Θ̂ = argmaxΘ

N∑
i=0

logP
(
y(i)
∣∣∣x(i)Θ

)
= argmaxΘ

N∑
i=0

(
log(y(i)!) + y(i) log(x

(i)
Θ ) + log exp(−x(i)Θ )

)
= argmaxΘ

N∑
i=0

(
y(i) log(x

(i)
Θ )− x(i)Θ

)
= argminΘ

N∑
i=0

(
−y(i) log(x(i)Θ ) + x

(i)
Θ

)
(C.12)

C.2.5 Modeling the Technical Noise in Real Single-cell RNA Sequencing Data

In the previous subsections, we explained how we design various training loss functions to

incorporate various technical noise models and talked about a few example distributions. Now

one might wonder what the most appropriate noise profile (and loss function accordingly) is for

the actual sc-RNA-seq data. In [304], Zhang et al presented a simulator that explicitly models

the processes that give rise to the data observed in single-cell RNA-Seq experiments. The final

step of this 3-step simulation process includes emulating the technical noise introduced by

mRNA capture, reverse transcription, PCR amplification, RNA fragmentation, and sequencing

in a realistic manner by explicitly simulating each major step.

Here we analyze the procedure mentioned above to obtain a proper channel model. We

will focus on UMI-added experiments, such as 10x Chromium. Consider a cell with d genes
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and the corresponding true expression vector x = (x1, x2, . . . , xd) where gene i’s expression xi

naturally represents the number of the expressed mRNA molecules for the gene and hence is

a non-negative integer. Let xtot =
∑d

i=1 xi be the total number of RNA molecules in the cell.

1. Each mRNA molecule j first needs to be captured so it can be read. It’s reasonable to

assume each molecule can be captured independently with a probability α̂ or otherwise

missed. Although α̂ is assumed to be identical for all the molecules of a single cell, it is

taken from a normal distribution and hence varies across different cells. In practice, the

variance of α̂’s distribution is usually very small, and α̂ values lie around 0.1 for all the

cells.

2. Each captured molecule is then amplified and fragmented, resulting in kj fragments for

each molecule j. Thus the total number of fragments would be ktot =
∑xtot

j=1 kj. Note

that although kj values are not the same for all the molecules due to the amplification

and fragmentation biases, the values are close to each other in practice.

3. In the next step, a total number of N reads will be captured out of the ktot fragments.

The probability of capturing at least one fragment from molecule j is obtained by:

ϵj = 1−
(
ktot−kj

N

)(
ktot
N

) (C.13)

We note that with appropriately large N , we can assure ϵj ≈ 1.

4. In the final step, in UMI experiments, the molecules for which at least one fragment is

captured and sequenced are counted, and then the molecules from a single gene are

summed up to make the observed expression vector y = (y1, y2, . . . , yd).

As a result, the end-to-end capturing of each molecule is approximately a Bernoulli random

variable with the probability p = α̂ϵ ≈ α̂. Therefore each yi value can be interpreted as a

Binomial random variable with parameters (n = xi, p = α̂), and hence the binomial channel

with parameter p is suitable for it.
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C.3 Regularizers for Smoothness and Stability

Two optional regularizers are implemented in Dynode which can be used in velocity training

mode. The two regularizers enforce the smoothness and stability of the learned dynamics via

Lipschitz Smoothness and Lyapunov Stability notions respectively.

C.3.1 Lipschitz Smoothness

A function fθ is called Lipschitz Continuous (or Lipschitz Smooth) if there exists a positive

constant L called Lipschitz Constant such that ∥fθ(x)− fθ(y)∥ ≤ L∥x− y∥ for any x and y

sufficiently close to each other in fθ’s domain. [194]

In Dynode, the way the smoothness is optionally enforced is for each input sample x(i), a

random sample x̃(i) is generated close to x by adding some controlled noise n(i) such that

x̃(i) = x(i) + n(i). Then if ∥fθ(x(i)) − fθ(x̃(i))∥ ≥ L∥x̃(i) − x(i)∥ = L∥n(i)∥, a penalty term

equal to ∥fθ(x(i))− fθ(x̃(i))∥ is added to the training loss. The Lipschitz constant L can be

configured by the user and its default value is 1.

C.3.2 Lyapunov Stability

The stability enforcement used in Dynode intuitively tries to keep the x(i) values bounded by

enforcing the output velocity to be in the opposite direction. In other words, for any input

sample x(i) to the neural net fθ(.) and its corresponding output velocity v(i) = fθ(x
(i)) we

add a regularizer term < x(i), v(i) > which penalizes any velocity value with an amplifying

effect over the x value and enforces a negative inner product for each pair. We won’t dive

deep into the mathematical details here, only briefly mentioning that this notion of stability

is equivalent to considering a Lyapunov function equal to V (x, t) = (x(t))2. You can find

more details in [151].
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C.4 C. Elegans Spatiotemporal and Lineage Data Preparation

In our C. Elegans system embryogenesis learning test in Section 6.2.2, the training dataset

needs to represent at least one full C. Elegans individual with its complete gene expression 2

and spatial coordinates for every single cell at every single time point, alongside the properly

constructed temporal and spatial graph for each time point. Here, we go through the details

of how we pre-process the data from [162] and create the embryogenesis training and testing

dataset.

C.4.1 Standard embryo Individual and its lineage tree

We started by picking a single C. Elegans individual representing a typical embryogenesis

procedure. The individual animal is observed and tracked for a period of 350 minutes. At

each time point (i.e. every minute), all the cells are completely tagged and labeled according

to the C. Elegans cell atlas, and each cell’s spatial coordinates are recorded at each time

point. Finally, the lineage tree of C. Elegans was aligned with the so-called standard embryo’s

growth timeline according to the cell divisions observed.

One of the drawbacks of the current in-situ gene expression profiling technology is that

it’s impossible to track all the gene’s expressions over time for any individual, hence this

typical individual won’t include any native gene expression data. The data will be provided

from tracking a set of other C. Elegans animals, as we will see in a later subsection.

C.4.2 Spatial coordinates and Spatial graph construction

As mentioned, one piece of information provided from the typical sample mentioned above

is the spatial (x, y, z) coordinates of each cell at any time point t. In addition to the cell

migration prediction task where we try to predict each cell’s spatial movements in the embryo,

the coordinates recorded are the base upon which we construct the spatial graph at each time

2The expression in this dataset actually comes from profiling the proteins, which is directly proportional
to gene expression levels.
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point t, i.e. we build the graph based on the spatial proximity of the cells at any time point t.

We do it by constructing the k nearest neighbors graph based on the recorded coordinates,

with the default number of neighbors set to k = 5.

C.4.3 Lineage tree and temporal graph

The complete cell lineage and cell profiling of C. Elegans’ embryogenesis is studied and is

available to us and as mentioned above, it’s aligned to the standard embryo above. This

lineage tree which specifies cell division/growth/death events for every cell at every time

point, in addition to providing the training and test data for the fate prediction task, makes

the basis upon which we construct the temporal graph for each time point.

The process of building the temporal graph is as follows: At every time point t, for each

cell Ci(t), if the cell keeps growing (i.e. according to the standard embryo, it also exists at

time t+1 as Ci(t+1)) we simply connect Ci(t) to Ci(t+1) with a directed edge representing

the temporal message passing from its past state to its current state. On the other hand,

if the cell Ci(t) divides into two daughter cells Ci1(t + 1) and Ci2(t + 1) according to the

standard embryo, we connect Ci(t) to Ci1(t+ 1) and Ci2(t+ 1) to account for the message

passing from the parent cell to its daughter cells. Therefore, the constructed temporal graph

would be a directed bipartite graph with each target node having exactly one incoming edge,

and each source node having one or two outgoing edges.

C.4.4 Gene expression alignment, re-sampling, and smoothing

As mentioned about the standard C. Elegans embryo, it’s impossible to track an entire animal

(with its entire cell expression for its growth period). However, the current live-imaging

technology provides us with tracking a single gene’s expression levels across all the cells

and across all time points, in a single embryo [162]. Therefore, we may collect multiple

gene expression datasets, each from a single embryo, and then align each of them to the

standard embryo, to assemble a complete individual embryo (i.e. with gene expression,

location, and fate available for every cell at every time point) for training and testing. Note
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that since the gene expressions are collected from multiple animals, hence they don’t truly

represent the coupled interactions of all the genes, however, they still provide us with partial

information on the overall trend of each gene through the embryogenesis process and the

rough spatiotemporal dynamics.

We are provided with 291 C. Elegans genes’ expression data collected by tracking 291

embryos. Since each embryo follows a slightly different growth path from the standard embryo

(meaning that cell divisions could happen at slightly different time points, hence each cell

being present at different time points and having different life spans), the gene expression for

each cell over time needs to be aligned to that of the base individual. For example, consider

the cell C to be born at t = 10 and divide at time t = 20 in the standard embryo. We

observe that the same cell was born at t = 13 and divided at t = 25 in the embryo in which

the gene LIN13 was recorded. Therefore, we need to realign the gene expression LIN13

recorded for this cell to map to the span between t = 10 and t = 20. To do so, we used the

cubic-spline interpolation for each (cell, gene) pair, and then re-sampled each gene for each

cell to match the life span of that cell in the standard. We then used the Savitzky-Golay

smoothing filter [240] to smoothen each gene expression across the entire tracking span of the

standard embryo.
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