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Understanding the role of hydrogen bonding in the structure and dynamics of water is

an ongoing challenge in physical chemistry. In particular, understanding how the quantum

mechanical effects of molecular vibrations govern the structure and dynamics of water is of

interest. The cornerstone method used to study this phenomenon in this work is Diffusion

Monte Carlo (DMC), which can be used to obtain the ground state vibrational wave function

of any arbitrary molecule or molecular cluster. Instead of attempting to model bulk water

and its properties outright, small, gas-phase molecular and ionic clusters of water, which

provide model systems to study hydrogen bonding and proton transfer, are studied.

To begin, DMC will be reviewed, and PyVibDMC, an open source, general purpose

Python DMC software package developed as part of this work, will be discussed. As DMC

is rigorously a ground state method, extensions to the DMC approach are required to obtain

information about excited states. With excited state information, one can then directly

compare simulation to experiment through theoretical and experimental spectroscopy. As

such, next, the Ground State Probability Amplitude (GSPA) approximation is presented, and

it is applied to protonated water clusters. In the GSPA approach, excited state wave functions

are approximated based on simple products of polynomials of vibrational displacements with

the ground state DMC wave function. The power of this approach is that one can construct



a small basis through which to comprehensively examine the vibrational state space of the

chemical system of interest. Extensions to the GSPA approach that incorporate excited state

mixing and improved descriptions of higher-order excited states states will be presented as

well. These improvements lead to good agreement between the GSPA theoretical and gas-

phase experimental vibrational spectra of H7O3
+ and H9O4

+. Using this rich theoretical

approach, we are able to draw connections between the molecular vibrations and structures

that govern proton transfer and experimental spectroscopy of the clusters.

A methodological procedure is presented next, which is the incorporation of machine

learning into the DMC workflow. A potential energy surface is required for DMC simulations.

Performing on-the-fly, ab initio potential energy calculations of molecular configurations

in DMC simulations for systems beyond a few atoms is computationally intractable. As

such, fitted potential energy surfaces are often employed for DMC simulations. However,

as systems of interest increase in size, even the evaluations of these fitted surfaces become

computationally demanding. To this end, a workflow is developed to use the large amount

of data obtained from a small-scale DMC simulation to train a neural network to learn the

potential energy surface of interest. Neural network structure, choice of descriptor, and

hyperparameter optimization are reviewed and discussed in the context of other machine

learning methods, and training data collection strategies are discussed, including the need to

sample regions of the potential energy surface that are beyond regions accessed by a typical

DMC simulation. Once the neural network surface is trained, it is evaluated in an extremely

fast and highly-parallel manner, making DMC simulations significantly more efficient for

H2O, CH5
+, and (H2O)2.

In the final section, DMC is set aside, and an exploration of the correlation between the

vibrational spectral signature of an individual water molecule with its surrounding chemical

environment is discussed. Specifically, the frequency of a hydrogen-bonded OH stretch in

a water dimer pair is correlated to the number of solvating water molecules surrounding it.



A quantum mechanical model is constructed to quantify this correlation, and applications

of the model to a sample water cluster show the causality between the change in quantum

mechanical electron density in the hydrogen bonding region of a particular OH bond and

its OH stretch frequency. The application of the quantum model formalizes and explains

empirical trends and categorization approaches put forth in previous work to characterize

hydrogen bonding environments. This model is then applied to the water network found

in a Cs+·(H2O)20 cluster, where these trends are again quantified and then related to both

the first and second solvation shell of a hydrogen-bond donor/acceptor water pair within the

larger network.
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Chapter 1

INTRODUCTION

1.1 Hydrogen Bonding

Water is a fundamental component of human life. Water is ubiquitous in the human body

and one of the main components of our sustenance and our external environment. Water is

a unique substance, though, as it contains a hydrogen bonding network that leads to unique

physical and chemical properties. Hydrogen bonding is typically defined as the exceptionally

strong intermolecular dipole-dipole interaction between molecules with hydrogen atoms and

molecules with strongly electronegative atoms such as oxygen, nitrogen, and fluorine. The

properties of water that are, in part, a result of hydrogen bonding include the exceptionally

high boiling point of liquid water, the higher density of liquid water relative to solid water

at the same temperature, and the change in density of water when the hydrogen atoms are

replaced with deuterium atoms. While it is convenient to consider these hydrogen bond in-

teractions between water molecules as static interactions as one would observe in a textbook,

the dynamic, thermochemical aspect of the real world leads to an intricate, ever-changing

hydrogen bonding network in any sample of liquid water in the universe. In addition, even at

zero Kelvin, there is an intrinsic amount of energy associated with the molecular vibrations

of water molecules, purely due to the effects of quantum mechanics. Along with these nuclear

quantum effects, the electrostatic interactions between water molecules, mentioned above,

lead to dynamical attraction or repulsion the atomic nuclei of a water molecule in a given

network. While neither the phenomena of zero-point energy nor electrostatic interactions is

specific to water, the unusually strong hydrogen bonding interactions and quantum effects

make the substance difficult to model on the bulk scale.



2

1.2 Modeling Water Clusters

In chemical simulation, it is difficult to model bulk water and its interactions with solutes

fully quantum mechanically. Many different approaches have been taken to approximate

the effect of water on a chemical environment, including polarizable continuum models and

coulombic and Lennard Jones interactions.12–14 In this work, we do not focus on providing a

quantum mechanical description of water for solute-solvent interaction. Instead, an effort is

made to gain insights into the structure and physics of water by modeling it fully quantum

mechanically, both in the electronic and vibrational dimensions outlined above. In particular,

the majority of this work will focus on the implications of treating the molecular vibrations

of water quantum mechanically, and the implications of this treatment on the dynamics

and structure of the intermolecular interactions of water. Since modeling bulk water would

require the the study of more than 1022 molecules, instead we turn to model systems where

we can computationally study water in great detail. These model systems are referred to as

water clusters, and they are small, gas phase models of water that contain on the order of 3

to 100 atoms.

In order to study these clusters quantum mechanically, a computational and theoretical

framework is needed. To begin, the molecular Schrödinger equation must be solved. The

Born-Oppenheimer approximation15 is typically invoked so that the energy and wave function

for a given molecule can be expressed as a sum of the electronic and vibrational components

separately. The electronic wave function is calculated by numerically solving the electronic

Schrödinger equation for the system given the positions of the nuclei, which are treated as

stationary. The vibrational Hamiltonian for a single water molecule in Cartesian coordinates,

within the Born-Oppenheimer approximation, is written:

Ĥ = − h̄
2

2

3∑
n=1

1

mn

∇2
n + V (x) (1.1)

where mn is the mass of atom n (either oxygen or hydrogen) and x is the vector of nu-

clear coordinates of the water molecule. The form of the potential energy, V (x) for a water
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monomer, or any arbitrary molecule, is not analytically known, and it must be calculated

numerically. Additionally, there is not a generic set of coordinates that describes each vibra-

tional problem at hand perfectly. In the most basic and popular approximation, the harmonic

oscillator approximation, the potential energy is assumed to be quadratic in the molecular

coordinates, and the wave function is assumed to be a direct product of 3N − 6 uncoupled,

one-dimensional quantum harmonic oscillators that follow the vibrational normal modes of

the system of interest. Within the harmonic oscillator approximation, the vibrational normal

modes are a set of orthogonal coordinates for which the mass-weighted Hessian Matrix

Sij =
∂2V (q)

∂qi∂qj
(1.2)

is diagonal. While there are errors already in the characteristic frequencies of the vibra-

tions in a single water monomer, the harmonic approximation breaks down further as the

number of water molecules one wishes to study increases. This is because the form of the

potential energy surface of larger systems is largely anharmonic, particularly in coordinates

that describe the intermolecular interactions between water monomers.

There are many quantum mechanical models that include anharmonicity of molecular

vibrations. Vibrational Perturbation Theory to second order (VPT2)16 is an extension be-

yond the harmonic approximation through the introduction of higher order terms in the

expansion of the vibrational Hamiltonian. The Vibrational Self-Consistent Field approach

(VSCF)17 assumes a direct product form of the wave function like the harmonic approxi-

mation, but incorporates the full-dimensional, anharmonic potential energy surface instead

of the assumed parabolic functional form described above. The vibrational wave function is

solved self-consistently, and the resultant wave function is a direct product of anharmonic

oscillators. The accuracy of VSCF energies and wave functions can be improved by per-

forming Vibrational Configuration Interaction (VSCF/VCI)18 calculations, which allow for

coupling between these wave functions.

The methods described above are typically implemented as extensions of the harmonic
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oscillator approximation. An alternative method to these types of approaches is Diffusion

Monte Carlo (DMC).19,20 Briefly, DMC is a stochastic method that is used to obtain the

ground state solution to the time independent Schrödinger equation by propagating a basis

of localized functions, referred to as walkers, forward in imaginary time (τ = it
h̄

). The benefit

of the DMC approach is that the use of such a basis does not assume anything about the

molecular vibrations or structure of a system, is fully anharmonic, and the approach scales

favorably with system size. At the end of a DMC simulation, one obtains a representation of

the ground state vibrational wave function, and the vibrational zero-point energy mentioned

above.

1.3 Outline of Thesis

This work is divided into four sections. In the first section, the DMC theory and algorithm

are reviewed, and PyVibDMC, a code for performing DMC simulations written by our group,

is discussed.

The second section focuses on the application and analysis of the results of DMC sim-

ulations to the structure and spectroscopy of protonated water clusters. These protonated

water clusters consist of three or four water molecules with an excess proton. The struc-

ture and spectroscopy of such systems are important since these clusters act as models for

the understanding of proton transfer. As such, we use the rich amount of nuclear quantum

mechanical information encoded in the ground state DMC wave function to understand the

structure and physics of these protonated clusters, and how this structural information can

be related experimental vibrational spectroscopy of such systems.

The third section discusses a DMC simulation advancement. In a DMC simulation, the

potential energy of each walker must be calculated at each time step. This leads to millions

to billions of potential energy surface evaluations per simulation. The potential energy is

typically calculated numerically using codes from other theoretical chemistry research groups,

and this evaluation is the bottleneck of DMC simulations. To this end, we use artificial

neural networks to learn the section of the potential energy surface that is relevant to DMC
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simulations by running small scale calculations to collect training data. Once these neural

network potential energy surfaces are generated, we can evaluate the potential energy on

Graphics Processing Units (GPUs) for fast and highly parallel evaluations in a fraction of

the time.

The fourth and final section is a study on relating the electrostatic hydrogen-bonding

environment of a given water molecule in a larger water cluster to its vibrations, specifically

the hydrogen-bonded OH stretching vibration. Modeling the relationship between the change

in electron density of a water molecule given its hydrogen bonding environment is both a

way to quantify the effects of quantum mechanics on a a hydrogen bond donor/acceptor pair

in a larger network, but also a way to explain how the fundamental interactions between

molecules leads to the spectral features of liquid water that are observed on the macro scale.
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Chapter 2

THE APPLICATION OF DIFFUSION MONTE CARLO TO
SYSTEMS THAT DISPLAY LARGE AMPLITUDE MOTIONS

2.1 Introduction

In 1929, Dirac said21

The underlying physical laws necessary for the mathematical theory of a large

part of physics and the whole of chemistry are thus completely known, and the

difficulty is only that the exact application of these laws leads to equations much

too complicated to be soluble. It there fore becomes desirable that approximate

practical methods of applying quantum mechanics should be developed, which

can lead to an explanation of the main features of complex atomic systems with-

out too much computation.

Of the currently available methods for solving quantum mechanical problems in chemistry,

some of the most promising avenues for meeting Dirac’s challenge are those that are based

on diffusion quantum Monte Carlo (DMC). One particularly attractive feature of DMC is

that it is amenable for high levels of parallelization, and for many years, the electronic

structure community has looked towards developing and implementing DMC algorithms on

the the state of the art large-scale supercomputing resources.22,23 While there has been

much activity in developing and extending approaches for obtaining accurate solutions to

the electronic Schrödinger equation using quantum Monte Carlo approaches, and the reader

is referred to reviews of that work,24–31 these approaches can also provide powerful tools

for exploring the solution to the nuclear Schrödinger equation. This introduction to DMC

provides a discussion of the simulation method in the context of this class of problems. We
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will also discuss a method that can be used to obtain expectation values from the DMC wave

function, descendant weighting.

2.2 Theory of Diffusion Monte Carlo

The DMC approach is based on solving the time-dependent Schrödinger equation, which has

been rotated to imaginary time by replacing the time variable, t, with τ = it/h̄. Expressed

in this way,19,32

dΨ

dτ
= −(Ĥ − Eref))Ψ(x, τ) (2.1)

where for a molecule that contains N atoms,

Ĥ =
N∑
k=1

p̂2
k

2mk

+ V (x) (2.2)

The general solution to Eq. 2.1 can be expressed as

Ψ(x, τ) =
∑
n

cn(τ = 0)e−(En−Eref)τϕn(x) (2.3)

where

Ĥϕn(x) = Enϕn(x) (2.4)

In the limit of large τ ,

Ψ(x, τ) = c0(τ = 0)e−(E0−Eref)τϕ0(x) (2.5)

In the above expressions, the energy has been shifted by a value, Eref . This parameter will

be used in the simulation to obtain an estimate to E0 by requiring that the amplitude of Ψ

remains constant throughout the simulation.

The above expressions are general and do not require Monte Carlo approaches to solve

nor do they appear to be related to diffusion. The diffusion aspect of DMC arises from the

isomorphism between Eq. 2.1 and a diffusion equation with a coordinate-dependent rate

process.19,32 This provides one approach for obtaining the working equations for DMC. Here
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we will utilize the solution to the time-dependent Schrodinger equation based on propaga-

tors33–35

Ψ(x, τ + ∆τ) = e−(Ĥ−Eref)∆τΨ(x, τ)

≈ e−(V̂−Eref)∆τe−T̂∆τΨ(x, τ) (2.6)

where Ψ(x, τ) is represented by a weighted sum of localized functions, g(x),

Ψ(x, τ) =
∑
j

wj(τ)gj(x− xj(τ)) (2.7)

In the discussion that follows, these localized functions will be referred to as walkers. An-

alyzing the action of the propagator in Eq. 2.6 on a single localized function, we find that

the kinetic energy term leads to an increase of the width of the function in the Cartesian

coordinates of the kth atom to

σk = h̄
√

∆τ/mk (2.8)

To retain the form of Ψ as a sum of localized functions, rather than allowing the widths of

each of the g(x − xj) functions to increase at each time step, the position of the center of

each of these functions is displaced by an amount δj. The values of the elements of δj are

selected from a Gauss-random distribution, with a width in the coordinates of the kth atom

that is given by σk.

The other term in Eq. 2.6 takes the role of the potential energy. Since Ψ is represented

as an ensemble of localized functions we find that the effect of this term is to update the

value of wj in Eq. 2.7 based on the value of

Pj(τ) = exp [−(V (xj(τ + ∆τ))− Eref(τ))∆τ ] (2.9)

Updating the wj can be accomplished through one of two approaches. The first, termed

continuous weighting, allows the weights of the walkers to be updated at each time step
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based on36

wj(τ + ∆τ) = Pj(τ)wj(τ) (2.10)

This approach can be effective for short time propagations, but at longer times some of

the wj become very large while others approach zero. This results in the ensemble containing

a large number of walkers that have low weights and a small number of walkers that carry

most of the weight. To avoid this problem, we limit the range of allowed values for the wj

by defining wmax and wmin, which provide the maximum and minimum allowed values for

the wj. If the weights of one or more of the walkers fall below wmin, the following steps are

followed for each of the low-weight walkers:

1. The walker with the largest weight is identified.

2. The coordinates of the low-weight walker are replaced by those of the walker with the

largest weight

3. The weights of the low- and largest weight walkers at are replaced by half the value of

the weight of the largest weight walker

Likewise, if after this procedure the weights of one or more of the walkers exceed wmax an

analogous procedure is followed. This removal of walkers is referred to as branching. We

have found that setting a minimum value weight of 0.01 to 0.1 and a maximum value of 20

results in a stable simulation.37

An alternative to continuous weighting is discrete weighting.20 In this approach, the

weights of all of the walkers are set to 1. While in continuous weighting, the number of

walkers remains constant throughout the simulation, in discrete weighting the ensemble

size fluctuates. In discrete weighting, we once again start by evaluating Pj(τ) using Eq.

2.9. The integer part of Pj(τ) provides the number of walkers centered at xj that will

be in the ensemble at the start of the next step in the propagation. The fractional part

of Pj(τ) provides the probability that one additional walker will introduced be at these
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coordinates. The determination of whether (or not) to introduce this additional walkers is

made by comparing the fractional part of Pj(τ) to a random number taken from a uniform

distribution on the range of [0,1]. If the random number is smaller than the fractional part of

Pj(τ), an additional walker that is centered at xj is added to the ensemble. As noted above,

in the discrete weighting scheme, all of the weights are constrained to be equal to one.

Once the weights have been determined, the final step of the simulation is to evaluate

Eref . As noted above, the purpose of Eref is to ensure that the amplitude of the wave function

remains constant. This is achieved by keeping the sum of the weights constant. To this end,19

Eref(τ) =

∑
j wj(τ)V (xj)∑

j wj(τ)
−

α
∑

j wj(τ)∑
j wj(τ = 0)

(2.11)

where α is a simulation parameter, which is introduced to keep the ensemble size constant.

We have found that using α = 0.5/∆τ works well.38,39 This is illustrated in Figures 6 and S2

of Ref. 39. One can see that we achieve the desired effect as in cases where the sum of the

weights becomes smaller than the sum of the weights at τ = 0, Eref is increased, placing more

walkers in the classically allowed region of configuration space where exp[−V (x)−Eref)] > 1,

thereby leading to an increase in the sum of the weights at the next time step.

The above procedure, which can be summarized as

1. Generate displacements of the walkers, δ.

2. Evaluate V (x(τ).

3. Evaluate P (τ) using Eq. 2.9.

4. Update the weights, w, and branch walkers as needed.

5. Update Eref

is repeated for sufficient time steps to obtain converged results. For time steps of 1.0 a.u.,

generally runs of 10 000 or more time steps are performed. To obtain the zero-point energy

E0, one averages Eref over a portion of the DMC simulation. Discussion of this procedure

can be found elsewhere.39
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The above description is based on performing the DMC simulation in Cartesian coor-

dinates as this is the most common choice. One can use other coordinates with minor

adjustments to the above algorithm.40 Additionally, one can incorporate guiding functions

into the DMC algorithm. Discussion of this technique is found elsewhere.41

2.2.1 Initializing the ensemble of walkers

The above procedure is predicated on an initial distribution of walkers. Over the years, we

have employed several approaches to obtain an initial distribution of walkers. One option is

to localize all of the walkers at a minimum in the potential.42 This approach can be advan-

tageous if the potential contains multiple minima and the state of interest is not localized in

the global minimum. Generally, though such a bias is not desired.

Another simple algorithm involves placing the center of mass of the system of interest

at the origin, and multiplying the Cartesian coordinates of all of the atoms by a scaling

factor. This places the walkers in a high energy region of the potential, from which it can

relax toward the potential minimum. A third approach samples the coordinates based on

the ground state probability amplitude obtained through a normal mode analysis of the

potential.43 For vibrations that are highly anharmonic, the width of the distribution in

these coordinates may be expanded by multiplying the sampled normal mode coordinate by

a constant scaling factor. Finally, when the ground state wave function is expected to sample

multiple minima, the initial ensemble may be generated by sampling geometries from each of

the relevant minima. This final approach should be employed when one is studying partially

deuterated systems where the energy differences among the isotopologues are small.

2.2.2 Probability Amplitude and Descendant Weighting

A DMC simulation produces a discrete, full-dimensional representation of the ground state

vibrational wave function. While this is a useful quantity itself, from Ψ2 one can obtain ex-

pectation values of operators and visualizations of the probability amplitude along displace-

ments of vibrational coordinates. Unfortunately, taking the square of a multidimensional,
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discretized wave function is nontrivial. To address this, there are multiple methods to obtain

and evaluate integrals over Ψ2 from DMC that are summarized elsewhere.34,36,44 Here, we

will briefly discuss one of these methods called descendant weighting. The core idea behind

descendant weighting is that, at each position of each of the walkers, one must find a way to

evaluate a second representation of Ψ. It has been shown36,44 that one can relate the ratio

of the weight (or number of descendants) of a given walker at time τ + τDW and the weight

some time earlier at τ to another evaluation of the wave function. This ratio is referred to as

the descendant weight, and the value of τDW is the amount of time one allows the ensemble

to propagate before collecting the weights once more. With the descendant weights, one can

perform Monte Carlo Integration to evaluate expectation values36

〈A(x)〉 =

∫
Ψ∗(x)A(x)Ψ(x)dx =

∑
j A(xj)dj∑

j dj
(2.12)

where dj is the descendant weight of the jth walker in the ensemble, and A is an arbitrary

multiplicative operator. The calculation of expectation values of differential operators re-

quires additional computation or approximation, as it is nontrivial to take a derivative of

the wave function in its current form. In addition to evaluating expectation values, one

can examine projections of the probability amplitude onto certain coordinates by taking the

discrete set of walkers and organizing them into ranges of values. The walkers are separated

into bins along the vibrational coordinate, and the probability amplitude is the sum of the

values of dj in a particular bin. Operationally, this visualization is done by binning the

walkers and examining them in the form of a histogram. For multidimensional DMC wave

functions, one must project the probability amplitude onto one or more coordinates of inter-

est, effectively integrating over all other degrees of freedom. Typically, this takes the form

of a one or two-dimensional histogram of the probability amplitude along the coordinates of

interest, such as bond lengths or angles.
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2.3 PyVibDMC

While there are software packages for performing DMC simulations for electronic structure

problems,23,45 there were previously no formalized codes for DMC simulations of vibrational

problems. To this end, we present PyVibDMC, an open source, general purpose diffusion

Monte Carlo software package written in Python.46 With the support of the Molecular

Sciences Software Institute (MolSSI), this package was written in order to provide a for-

mal, standardized, and maintainable implementation of the DMC algorithm across research

groups, as well as provide an efficient and straightforward implementation for new users.

As a potential energy surface is required to evaluate the energy of each walker at each time

step in a DMC simulation, PyVibDMC provides an efficient application program interface

(API) that is flexible enough to support any potential energy surface that can be called within

Python. The parallelization of the potential energy surface call for the ensemble of walkers

within the DMC simulation can be done externally, or PyVibDMC is equipped with multi-

core parallelization through Python’s multiprocessing package or multi-node parallelization

through MPI4Py. As will be mentioned in a later chapter, this flexible API also supports

Graphics Processing Unit (GPU)-accelerated potential energy surfaces.

In addition to providing an API for potential energy surfaces, PyVibDMC also provides

the user a suite of tools for analysis of DMC wave functions and energies. This includes

calculating expectation values via descendant weighting, averaging over Eref to obtain E0, and

projecting Ψ2 onto various types of vibrational coordinates (bond lengths, angles, dihedral

angles, etc.). Tutorials on how to use the code to perform DMC simulations, analyze them,

and more are found in PyVibDMC’s documentation. The code is available on GitHub, has

extensive documentation on ReadTheDocs, and can be installed via the Python Package

Index (PyPI).
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Chapter 3

USING DIFFUSION MONTE CARLO WAVE FUNCTIONS TO
ANALYZE THE VIBRATIONAL SPECTRA OF H7O3

+ AND
H9O4

+

Reproduced in part with permission from [Ryan J. DiRisio, Jacob M. Finney, Laura C.

Dzugan, Lindsey R. Madison, and Anne B. McCoy. Using Diffusion Monte Carlo Wave

Functions to Analyze the Vibrational Spectra of H7O3
+ and H9O4

+. J. Phys. Chem. A

2021 ,125 (33), 7185–7197]. Copyright [2021] American Chemical Society.

3.1 Introduction

The study of the proton transfer mechanism in water is an important area of investigation.

Advances in experimental techniques have allowed for the study of this mechanism in bulk

systems,47,48 the air/water interface,49–51 nanodroplets and reverse micelles,52,53 and gas-

phase water clusters.2,5, 54–59 Cold, protonated water clusters provide model systems through

which one can experimentally and theoretically interrogate the underlying physics of an

excess proton in a known environment. In particular, vibrational spectroscopy of these

systems allows for the direct interrogation of the motions that underpin proton transfer.

Experimental and theoretical studies of H+(H2O)n=1−4 have demonstrated that the in-

corporation of nuclear quantum effects is essential to obtain an accurate description of the

vibrational dynamics and spectroscopy of these systems.2,4, 5, 60–67 Additionally, these studies

show how the position, width and structure of the spectral feature that corresponds to the

transition to the state with one quantum of excitation in a hydrogen-bonded OH stretch in

the hydronium core is modulated by the cluster size and solvation environment.56 Much can

be learned from the analysis and theoretical reproduction of the spectra of the protonated
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water clusters. As chemists an important aspect of this type of work is in the ability to make

connections between the features in the spectrum and the underlying bond strengths and

structure of the ion that is being studied.

Analysis of changes to the vibrational frequency of the shared proton stretch with cluster

size and structure has shown that the changes reflect the couplings between the OH stretch

vibrations that lead to proton transfer and various intra- and intermolecular vibrations of

the donating hydronium ion and the accepting water molecule. These couplings are also

responsible for the evolution of the spectral envelope of the feature associated with the shared

proton stretch. These large couplings make protonated water clusters challenging systems

for computational approaches, such as vibrational perturbation theory (VPT2) or reduced

dimensional treatments, which rely on a good zero-order description.1,4, 63,67 An alternative

approach involves the use of large basis set calculations, e.g. vibrational self-consistent

field/vibrational configuration interaction (VSCF/VCI) approaches. Yu and Bowman have

performed VSCF/VCI calculations of the spectra of the protonated water trimer (H7O3
+)

and tetramer (H9O4
+) using a Hamiltonian that is expressed in the normal mode coordinates

of the ion of interest, focusing on the 18 and 24 vibrations that are expected to be responsible

for the spectral features in H7O3
+ and H9O4

+,2,4, 65 respectively. The large couplings among

the normal modes meant that large basis sets were needed to obtain converged results. The

large basis along with a coordinate choice that did not follow the curvilinear nature of the

molecular vibrations made the interpretation of the resulting spectra challenging.2–5,65,66

This problem is most severe in the low energy region of the spectrum, which is dominated

by large amplitude, low-frequency motions. The exclusion of the low-frequency vibrations

in the VSCF/VCI analysis renders this spectral region inaccessible by this approach, while

the large cubic and quartic terms in the expansion of the Hamiltonian lead to divergent

behavior in VPT2 calculations. For this region, quasiclassical calculations as well as classical

and ring polymer molecular dynamics calculations have been used to study this region of the

spectrum.5,66

The focus of the present study will be on the examination of the molecular vibrations
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in H7O3
+ and H9O4

+, and their deuterated analogs. The vibrational spectra of H7O3
+ and

H9O4
+are quite similar, both in the low frequency region (200-1000 cm−1) and much of the

region that corresponds to the ∆n = 1 transitions of the OH stretches and bends (1000-4000

cm−1). The main spectroscopic differences between the two systems are in the shared proton

stretching region, where the spectrum of H7O3
+ has a series of peaks from approximately

1800-2500 cm−1, and the shared proton stretching region of H9O4
+ consists of a single, broad

peak centered at 2650 cm−1.

Previous theoretical studies of H7O3
+ have shown that the series of intense peaks in the

region of the ∆n = 1 transition of the shared proton stretch result from intensity borrow-

ing.2,3, 63,65,67 Specifically, there are a number of vibrational states that are nearly degenerate

with the state with one quantum of excitation in the shared proton stretching mode, which

can mix with that state. The importance of intensity borrowing among several states makes

the interpretation of this region of the spectrum difficult. It also results in a large difference

in the shape of the spectral envelope of this region upon deuteration. Despite the large

amplitude nature of the vibrations, degenerate forms of VPT2, which are based on normal

mode Hamiltonians expressed in internal1 and Cartesian67 coordinates as well as VSCF/VCI

calculations2 all provide reasonable reproductions of the spectral envelopes for H7O3
+ and

D7O3
+. An analysis of the states that contribute to the peaks in the calculated spectra in the

region of the n = 1 level in the shared proton stretch shows that many of these transitions

involve two quanta of excitation in low frequency modes.

While there are fewer peaks in the shared proton region of the spectrum in H9O4
+and

D9O4
+, Bowman and Yu assigned the broad shared proton stretch feature as a series of com-

plicated combination bands involving the shared proton stretching vibration and rotations

and bends of the hydronium core, and the results of degenerate VPT2 calculations indicated

that the band was composed of the shared proton stretching mode as well as umbrella and

hydronium bend combinations.4,68

While progress has been made in interpreting the spectra of these systems, the analysis

is sensitive to the choice of coordinates. The observation that degenerate VPT2 calculations
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based on states with up to two quanta of excitation provide a reasonable description of the

spectra of H7O3
+ and H9O4

+1,59,67 leads us to conclude that if we can identify a good set

of coordinates, we may be able to obtain a reasonable description of the spectrum using a

much smaller basis than is required for the previous VSCF/VCI calculations.

To explore this possibility, we will use insights gained from the ground state probability

amplitudes for H7O3
+ and H9O4

+, which were obtained from diffusion Monte Carlo (DMC)

simulations.37 DMC is a stochastic method in which an ensemble of localized functions,

referred to as walkers, randomly samples the potential energy surface for the system of in-

terest. The DMC ground state wave function is represented by the density of walkers near

the configuration of interest. While DMC provides a powerful approach for obtaining infor-

mation about the vibrational ground state wave function and energy of a molecular cluster,

extracting information about excited states presents significant challenges. First, without

further modification to the algorithm,69 each excited state must be calculated independently,

and each state is described by distinct ensembles of walkers. Further, the evaluation of these

excited states requires knowledge of the associated nodal surface, which can become quite

complicated when large amplitude vibrations are involved.2,20,36 The fact that distinct sets

of walkers are used to describe each state also makes the evaluation of matrix elements of

the Hamiltonian or dipole moment difficult.70

To circumvent these challenges, in the present study, we explore an approach in which

we use the DMC ground state probability amplitude (GSPA) to generate a set of coordi-

nates, which we then use to calculate the vibrational spectra of H7O3
+, H9O4

+, and their

deuterated analogs in a small basis set calculation. The GSPA approach was outlined in a

pair of studies on H3O−2 and H5O+
2 ,71,72 and has also been applied to calculations of the H2

stretch frequencies in H+
5 .73 In this approach, excited states are approximated as products of

polynomials that are functions of displacements of internal coordinates, which are obtained

from the ground state probability amplitude, and the DMC ground state wave function. This

approach has an advantage over large basis set techniques in that the interpretation of the

results is simplified by the use of a smaller, carefully constructed basis, which were shown
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to provide surprisingly accurate results in the earlier studies. In this work, we introduce

several extensions to the previously described approaches. The first focuses on improving

the description of states with two quanta of vibrational excitation. We test this extension

for a series of Morse Oscillators as well as a calculation of the excited state energies of H3O+.

We also consider general strategies for selecting the internal coordinates on which the ap-

proximation is based. Finally, we extend the approach to account for strong coupling of the

shared proton stretch to nearby nearly degenerate states. The numerical details of the DMC

calculations are provided in Refs. 37 and 74.

3.2 Implementation of the GSPA approach

In a pair of earlier studies, we described an approach for approximating the excited state

energies and wave functions based on the ground state probability amplitude obtained using

DMC.71,72 For the present applications, we developed a slightly modified version of this

approach. As in earlier studies, we will use approximate expressions for the excited state

wave functions. Since we will be focusing on states with up to two quanta of excitation, these

states are denoted as |Φni=l,nj=m〉, where i and j represent the modes that are being excited,

and l and m provide the number of quanta of excitation in modes i and j, respectively.

Within this approximation, |Φni=l,nj=m〉 is expressed as

|Φni=l,nj=m〉 ≈ P
(l,m)
i,j (qi, qj) |Φ0〉 (3.1)

where

P
(l,m)
i,j (qi, qj) =

l∑
k=0

m∑
k′=0

c
(k,k′)
i,j (qi − 〈qi〉)k(qj − 〈qj〉)k

′
(3.2)

For states that involve excitation in one mode, the coefficients are determined by the re-

quirement that

〈Φni=l,nj=0|Φni=l′,nj=0〉 = 0 (3.3)
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for all l′ < l. Based on these requirements,

P
(1,0)
i,j (qi, qj) ≡ P

(1)
i (qi) = qi − 〈qi〉 (3.4)

and

P
(2,0)
i,j (qi, qj) ≡ P

(2)
i (qi) =

−(qi − 〈qi〉)2

〈(qi − 〈qi〉)2〉
+
〈(qi − 〈qi〉)3〉 (qi − 〈qi〉)
〈(qi − 〈qi〉)2〉2

+ 1 (3.5)

For states in which ni = 1 and nj = 1,

P
(1,1)
i,j (qi, qj) = (qi − 〈qi〉)(qj − 〈qj〉) (3.6)

The vibrational modes {q} are formed from linear combinations of 3N−6 carefully chosen

internal coordinates, r−〈r〉. The transformation matrix that rotates the internal coordinates

to q-coordinates is the eigenvectors of the mass-weighted matrix of second moments MMW,

where

MMW = G−1/2MG−1/2 (3.7)

Mij = 〈(ri − 〈ri〉)(rj − 〈rj〉)〉 (3.8)

and G in Eq. 3.7 represents the Wilson G-matrix75 the elements of which are evaluated

numerically using

Gij =

〈
3N∑
k=1

∂ri
∂xk

1

mk

∂rj
∂xk

〉
(3.9)

Finally, mk is the atomic mass associated with xk, and all expectation values are taken over

|Φ0〉. It should be noted that based on the above definitions 〈q〉 = 0, and this definition of

the q-coordinates will recover the usual normal mode coordinates in the limit of a harmonic

Hamiltonian. The above definitions ensure that the ground state and all of the states with



20

one quantum of excitation are mutually orthogonal as are states with different amounts of

excitation in a given mode. Additionally, all excited states are orthogonal to the ground

state. On the other hand, excited states are generally not orthogonal to each other. This

will become important if we wish to introduce couplings between the approximate excited

states.

To calculate the transition energy from the ground state, we need to evaluate

Eni,nj
− E0 =

(
〈T 〉(l,m)

i,j − 〈T 〉(0,0)
i,j

)
+
(
〈V 〉(l,m)

i,j − 〈V 〉(0,0)
i,j

)
(3.10)

where for an operator, A = T or V ,

〈A〉(l,m)
i,j =

〈
Φni=l,nj=m

∣∣A ∣∣Φni=l,nj=m

〉
(3.11)

Since the potential is a multiplicative operator,

〈V 〉(l,m)
i,j =

〈(
P

(l,m)
i,j

)2

V

〉
〈(

P
(l,m)
i,j

)2
〉 (3.12)

and the potential energy of each walker is evaluated using the many-body surface reported

by Bowman and coworkers.3

The evaluation of 〈T 〉(l,m)
i,j − 〈T 〉(0,0)

i,j is more complicated since an ensemble of localized

functions in 3N dimensions is used to represent Φ0ΨT . While division by ΨT is straightfor-

ward, differentiation of Φ0 is not. Rather than trying to differentiate Φ0 numerically, we turn

to insights from the harmonic oscillator expressed in terms of mass weighted coordinates, Q,

and their conjugate momentum, P , where

〈n|P 2|n〉 − 〈0|P 2|0〉 = βn (3.13)
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and

〈n|Q2|n〉 − 〈0|Q2|0〉 =
n

β
(3.14)

Additionally, for the harmonic oscillator,

〈n|T |n〉 − 〈0|T |0〉 =
βn

2
(3.15)

When the harmonic Hamiltonian is expressed in mass-weighted coordinates and h̄ = 1,

β = ω.

In the GSPA approach, we use Eq. 3.15 to evaluate the kinetic contribution to the energy,

but instead of equating β to the harmonic frequency, we treat β
(GSPA,n)
i as a parameter, which

depends on the number of quanta of excitation in mode i. The expressions for β
(GSPA,n)
i are

evaluated by using relationships between 〈Ql〉 and β, which are also based on a harmonic

system. Specifically, for transitions to states with one and two quanta of excitation in the

ith mode, we use

β
(GSPA,1)
i =

〈q2
i 〉

〈q4
i 〉 − 〈q2

i 〉
2 (3.16)

and

β
(GSPA,2)
i =

√
8 〈q4

i 〉
〈q8
i 〉 − 〈q4

i 〉
2 (3.17)

respectively. The above definition of β(GSPA,1) has been shown to provide accurate energies

for transitions with ∆n = 1 in H3O2
– and H5O2

+, but it is less accurate for higher levels

of vibrational excitation.71,72 The loss of accuracy with vibrational excitation, and the need

for expressions β(GSPA) that depend on the number of quanta of excitation, can be traced

to the fact that in anharmonic systems most of the anharmonicity is in 〈T 〉n, while 〈V 〉n is

much less sensitive to the anharmonicity. For a Morse oscillator, where

En − E0 = nω − n(n+ 1)ωx (3.18)
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one can show that 〈V 〉n − 〈V 〉0 = nω/2, which is the same as the harmonic value, while

〈T 〉n−〈T 〉0 = nω/2−n(n+1)ωx.76 Letting the expression for β
(GSPA,n)
i depend on the value

of n allows us to account for the the higher order terms in 〈T 〉.

To evaluate intensities within the GSPA approach, we also need the matrix elements of the

dipole operator, from which we calculate the transition dipole moment. These calculations for

H7O3
+ and H9O4

+ are performed using the many-body dipole surface reported by Bowman

and coworkers.3 Following the above discussion,

〈Φni=l,nj=m| ~µ |Φni=0,nj=0〉 ≈

〈
(P

(l,m)
i,j ~µ

〉
√〈(

P
(l,m)
i,j

)2
〉 (3.19)

3.3 Introducing Couplings in the GSPA Approach

While the energies obtained by the approach described above provide good approximations to

the excited state energies, the excited states themselves are not eigenstates of the vibrational

Hamiltonian. To account for the coupling of these zero-order states, we construct a reduced-

dimensional Hamiltonian H and the corresponding overlap matrix S. The diagonal elements

of H are the transition energies, as described above, and the diagonal elements of S are 1.

The off-diagonal elements of each matrix are given by

Sn,n′ = 〈Φni=l,nj=m|Φn′
i′=l

′,n′
j′=m

′〉 =

〈
P

(l,m)
i,j P

(l′,m′)
i′,j′

〉
√〈(

P
(l,m)
i,j

)2
〉〈(

P
(l′,m′)
i′,j′

)2
〉 (3.20)

Hn,n′ = 〈Φni=l,nj=m|V − 〈V 〉 |Φn′
i′=l

′,n′
j′=m

′〉 =

〈
P

(l,m)
i,j V P

(l′,m′)
i′,j′

〉
− 〈V 〉

〈
P

(l,m)
i,j P

(l′,m′)
i′,j′

〉
√〈(

P
(l,m)
i,j

)2
〉〈(

P
(l′,m′)
i′,j′

)2
〉

(3.21)

The above expression for Hn,n′ includes only contributions from the potential energy. While
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there should also be kinetic contributions to these terms, we have found that they are small

compared to the contributions from the potential energy.

The energies and wave functions, |Φcoup〉, in the coupled representation can then be

obtained by solving the generalized eigenvalue problem

H|Φcoup〉 = ES|Φcoup〉 (3.22)

Using these eigenvectors, we can obtain the intensities of the transitions from the ground

state to these mixed states.

3.4 Results and Discussion

The discussion that follows will be divided into several parts. We will start by assessing the

numerical accuracy of the expressions for β(GSPA,n), which are provided in Eqs. 3.16 and

3.17, by evaluating the excited state energies for a series of Morse oscillators with varying

amounts of anharmonicity. We next consider the coordinates that are to be used to describe

the protonated water systems and apply the GSPA technique to the calculation of spectra

of these ions. We first use the GSPA approach to evaluate the energies of excited states of

H3O+ with one and two quanta of excitation. These energies are compared to the results of

VSCF/VCI calculations based on the same potential surface.77,78 Using the insights gained

from these calculations on H3O+, we turn to the calculated spectra of H7O3
+ and H9O4

+

and their deuterated analogs. All reported spectra that are calculated using the GSPA

approach have been convoluted with Gaussian functions. The calculated transition energies

and intensities between 1000 to 4000 cm−1 have been convoluted with Gaussians with σ = 25

cm−1, while between 200 and 1500 cm−1 the calculated transitions have been convoluted with

Gaussians with σ = 10 cm−1. The relative intensity is obtained by normalizing the most

intense feature in the displayed spectral region to one.
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3.4.1 Evaluation of the Kinetic Energy

The kinetic energy expression used in the GSPA technique is derived from the expressions

of expectation values of kinetic energy for the nth state of the one-dimensional Harmonic

oscillator, where 〈T 〉n − 〈T 〉0 = nβ/2. In Eqs. 3.16 and 3.17, we introduced expressions for

evaluating β(GSPA,n) for n = 1 and 2, which can be used to obtain an approximation to the

kinetic contribution to the transition energy. To explore the accuracy of this approximation,

we use a series of one-dimensional Morse oscillators, for which

En = ω(n+ 1/2)− ωx(n+ 1/2)2 (3.23)

and the transition energies are described in Eq. 3.18. For this series of Morse oscillators, ω =

3000 cm−1 and ωx ranges from 0 to 500 cm−1, where 500 cm−1 is roughly the anharmonicity

of the OH stretch in H7O3
+. For this part of the study, we obtain the ground state wave

function using a discrete variable representation (DVR) based on an evenly spaced grid79

consisting of 800 points in ∆r = r − re ranging from −1.00 to 3.00 a0, or −0.529 to 1.59 Å.

We then calculate the energy differences between the states with n = 1 or 2 and the ground

state using the expressions provided in Eqs. 3.10-3.17.

In Figure 3.1, we compare the results of these calculations using β(GSPA,1) (red solid line)

and β(GSPA,2) (blue solid line) to the energies evaluated using Eq. 3.23 (grey dotted line).

The plot on the left shows results for the ∆n = 1 transitions, while results for the ∆n = 2

transitions are shown in the right panel. Consistent with earlier studies,71 calculating the

transition energy to the state with n = 1, using β(GSPA,1) in the expression for the kinetic

energy provides more accurate excited state energies, and the percent error of the calculated

transition energy is less than 3% over this range of anharmonicities. This is illustrated by

the agreement between the solid red and dotted grey lines in the left panel of this figure.

Using β(GSPA,2) (results shown with the blue solid line) to calculate the n = 1 energies yields

much poorer agreement with the expected results (shown with the grey dotted line). When

β(GSPA,1) is used to evaluate the transition energies to states with n = 2, the values are
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overestimated. This can be seen by comparing the results plotted with the red solid line and

the grey dotted line in the right panel of this figure. On the other hand, if we use β(GSPA,2)

(results shown with the blue solid line) to evaluate the energies of the ∆n = 2 transitions,

the error is smaller than 5% over a large range of anharmonicities. Based on these results,

we will use the expressions for β provided in Eqs. 3.16 and 3.17 based on the value of ∆n in

the calculations described below.
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Figure 3.1: Comparison of the transition energies for ∆n = 1 (left) and ∆n = 2 (right)
obtained using the GSPA approach with β(GSPA,m) defined in Eqs. 3.16 for m = 1 (red solid
line) and 3.17 for m = 2 (blue solid line) to the expected values for Morse oscillators (grey
dotted line) with harmonic frequencies of 3000 cm−1 and anharmonicities between 1 and 500
cm−1, see Eq. 3.18.

3.4.2 Structure and Internal Coordinates of H3O+, H7O3
+, and H9O4

+

The GSPA approach is predicated on finding an appropriate set of internal coordinates as well

as a reference structure for evaluating the Cartesian components of the dipole moment. The

most important consideration in identifying a reference structure is that it is energetically

accessible in the vibrational ground state. It should also reflect the symmetry of the vibra-

tionally averaged structure of the system of interest.80 In the present study, we are focusing
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on ions that can be characterized as hydronium bound to two or three water molecules.

In a previous study,1 we found that, by examining projections of the ground state DMC

probability amplitude, H7O3
+ and H9O4

+ display large amplitude motions in various coor-

dinates. Notably, the large amplitude vibrational motions along the umbrella coordinate (γ)

of the hydronium core and the rotation of the flanking water monomers lead to a drastic

change in overall structure of the cluster. We show projections of the probability amplitude

onto the umbrella coordinate in Figure 3.2. These projections illustrate that, with vibra-

tional zero-point energy included, there is equal probability of finding the hydronium core on

either side of the heavy-atom plane. Additionally, there is significant amplitude in the tran-

sition state structure where the hydronium core is planar. For the flanking water molecules,

we show the projection of Ψ2 onto the C-component of the hydrogen atoms in the flanking

water monomers in H7O3
+ and H9O4

+. The C-component is defined as the displacement off

of the plane defined by the heavy atoms and is explained in more detail below.
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Figure 3.2: (Left) Projection of the probability amplitude (Ψ2) onto the C component of the
hydrogen atoms of the flanking water monomers in H7O3

+(blue) and H9O4
+ (green). The C

component is defined as the displacement from the plane defined by the three oxygen atoms
in H7O3

+ and the three outer oxygen atoms in H9O4
+shown in Figure 3.3. (Right) Projection

of the probability amplitude onto the umbrella coordinate γ for H3O+ (red), H7O3
+ (blue),

and H9O4
+ (green).1

Because of the free rotation of the outer water monomers and the delocalization of the

wave function across the hydronium umbrella coordinate, we choose for the reference struc-

ture a vibrationally-averaged one in which the hydronium core is planar, the oxygen atoms
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are in the same plane as the hydronium core, and the water molecules lie in planes that are

perpendicular to the plane that contains the oxygen atoms. These reference structures are

illustrated in the top panels of Figure 3.3. With the reference structure defined, we need a

way to rotate an arbitrary structure to this reference structure. With the large amplitude

umbrella motions of the hydrogen atoms in the hydronium core and the large amplitude

rotations of the outer water molecules, we choose to base this on the coordinates of the oxy-

gen atoms and use standard algorithms81,82 to rotate arbitrary structures to the reference

geometry.

Figure 3.3: (Top) Reference structures for H3O+ (left), H7O3
+ (middle) and H9O4

+ (right)
used in this study. The heavy atoms and the hydrogen atoms in the hydronium core are all
coplanar. Additionally, in H7O3

+ and H9O4
+, the outer water molecules lie in planes that

are perpendicular to the heavy atom plane. The purple A,B and C axes are used to define
the modified Eckart frame described in the text. (Bottom left) The umbrella coordinate (γ)
and one of the HOH angles (θ1) are defined for H3O+. (Bottom Middle and Right) The axis
systems used to define the orientation of the outer water molecules (see text for details), are
shown in green and blue. The black circle in the lower right panel shows the point in the
plane containing the three outer oxygen atoms that is closest to the central oxygen atom,
and is used in the definition of the XZ plane.

With the reference structure determined, we define internal coordinates. Since the GSPA
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approximation is based on a harmonic description of molecular vibrations, in selecting coor-

dinates, we aim to identify ones for which the projections of Φ2
0 onto the chosen coordinates

are roughly Gaussian. This criterion is not always achievable, particularly for some of the

large amplitude motions that correspond to the umbrella motion of the hydronium core and

the hindered rotation of the outer water molecules. In addition, the coordinates are chosen

such that we can construct symmetry adapted linear combinations of the coordinates that

reflect the symmetry of the reference structure of the ion.

If we consider H3O+, three of the six internal coordinates are the three OH bond lengths.

In the planar reference structure there is redundancy in the HOH angles. We use two linear

combinations of these angles that transform as the E irreducible representation under the

D3h symmetry group, 2θ1 − θ2 − θ3 and θ2 − θ3. The sixth coordinate, γ, is an umbrella

coordinate, which is the angle between a vector shown in the lower panel of Figure 3.3

that has its origin at the oxygen atom and passes through the center of a triangle, which is

defined by the vertices of unit vectors along each of the three OH bonds, and a second vector

that lies along one of the OH bonds. This definition ensures that the value of the umbrella

coordinate is independent of the OH bond that is used to define it.

Defining the coordinates for H7O3
+ and H9O4

+ requires an overall axis system (expressed

as A,B,C, and shown in purple in the upper panels of Figure 3.3). To define these axes, we

use a modified Eckart frame. In H7O3
+, this frame is based on the coordinates of the three

oxygen atoms, while in H9O4
+ we use the three outer oxygen atoms to define the Eckart

frame.81,82 Once the reference structure has been rotated to a principle axis frame, with the

origin of the axis system at the center of mass of the three oxygen atoms that are used to

define this axis system, these three oxygen atoms all lie in the AB-plane. In H7O3
+, the

central oxygen atom is on the A-axis, while in H9O4
+ one of the external oxygen atoms is

on the A-axis. For H7O3
+ this is the same as the axis system that is used to define the

components of the dipole moment surface, while for H9O4
+, the coordinate systems differs

due to the exclusion of the fourth oxygen atom from the definition of the modified Eckart

frame.
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We then define the internal coordinates of the constituent water and hydronium molecules.

Each outer water molecule is described by two OH bond lengths and one HOH angle. The

three OH bonds in the hydronium core are described in terms of three spherical polar coor-

dinates, with θ providing the angle between the OH bond and the C−axis, while φ provides

the rotation of the OH vector off of the A−axis in the AB plane. For the free OH in the

hydronium core in H7O3
+, we replace φ with φ′, which is the the difference between the two

HFreeOHBound angles, as φ becomes ill-defined when θ approaches 0◦ and 180◦.

The orientations of the outer water molecules are each defined using three Euler angles.

For both H7O3
+ and H9O4

+, the axes that describe the orientation (x, y, z) of the water

molecules are defined with the x-axis pointing along the bisector of the two OH vectors, and

the z-axis as the cross product between the two OH vectors. For H7O3
+, three Euler angles

define the rotation between the axis system for the water molecule of interest (x, y, z) and

one (X ,Y ,Z) in which the OO vector from the central oxygen atom to the oxygen atom in

the water molecule of interest lies along the X -axis, and the third oxygen atom lies in the

XY plane, with the direction of the Z-axis being determined by the cross product of the

OO vectors from the central to the outer oxygen atoms. In this way, the Z-axis is the same

for both water molecules, while the orientation of the X and Y axes is determined by which

water molecule is being considered (See Figure 3.3). Likewise for H9O4
+, the three Euler

angles relate the axis system for the water molecule of interest to an axis system where the

X -axis points along the OO vector from the central oxygen atom to the oxygen atom in the

water molecule being considered. The XZ plane contains these two oxygen atoms as well as

the point on the AB plane that is closest to the central oxygen atom. The Y-axis is defined

by Z × X (See Figure 3.3).

Finally, we use the OO distances and the OOO bending coordinate to describe the relative

distances between the hydronium and the outer water molecules in H7O3
+. For H9O4

+, we

use the three outer OO distances as well as the three Cartesian displacements of the center

of mass of the hydroninum core based on the modified Eckart axis system described above.

For the purposes of assignments, the C-axis is defined as the one that is perpendicular to
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the plane defined by the oxygen atoms.

3.4.3 Application to H3O+

As a test of the approximation to the expectation value of the kinetic energy described above,

we apply the GSPA approach to the calculation of the transition energies in H3O+, where

the results can be compared to the results of VSCF/VCI calculations by Huang et al. using

the same potential surface.77,78 We also compare to the results of VPT2 calculations. The

VPT2 energies were obtained at the MP2/aug-cc-pVTZ level of theory/basis as implemented

in Gaussian 16.83

Table 3.1: Calculated Vibrational Transition Energies of H3O+ (cm−1)

State Sym Assignment GSPA VSCF/VCIa VPT2b

(0,0,0,0) A′1 Ground State 0 0/38.6 0
(0,1,0,0) E ′ Antisymmetric OH Stretch 3535/3535 3545 3502
(1,0,0,0) A′1 Symmetric OH Stretch 3406 3416 3410
(0,0,1,0) E ′ H3O+ Bend 1617/1617 1623 1625
(0,0,0,1) A′′2 Umbrella 151 573/945 734
(0,2,0,0) A′1 6983 6972 6879
(0,2,0,0) E ′ 6998/7031 7068 6944
(2,0,0,0) A′1 6746 6748 6768
(0,0,2,0) A′1 3212 3211 3211
(0,0,2,0) E ′ 3215/3233 3233 3236
(0,0,0,2) A′1 705 1462/2030 1290
a Based on HCB-4 potential.77,78

b MP2/aug-cc-pVTZ.

The results of the calculations are reported in Table 3.1. Focusing on the states with one

quantum of excitation in one of the vibrational modes, the states with excitation in the OH

stretches or HOH bends obtained using the GSPA approach are in very good agreement with

the results of VSCF/VCI calculations. In addition to reporting the excited state energy and

assignment, we provide the symmetry of the excited state based on the D3d reference struc-
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ture. The energies that were calculated using the GSPA approximation reflect the expected

degeneracies of the antisymmetric OH stretch and the HOH bend. While the five high-

frequency vibrations are well-described by this approach, the frequency of the fundamental

in the umbrella vibration is not in as good agreement with the VSCF/VCI values. Due to

the double well character of the potential along the umbrella coordinate, the state with a

node at the planar reference structure will correspond to the upper level of the ground-state

tunneling doublet and not a proper first excited state in this vibration. The measured ground

state tunneling splitting in H3O+ is 55 cm−1,84 and calculations based on this potential yield

a ground state tunneling splitting of 38.6 cm−1.78

When we compare the calculated energy of the state with two quanta of excitation in the

umbrella vibration to that obtained from a VPT2 calculation, we find that the n = 2 energy

from the GSPA calculation is close to the calculated energy of the state with one quantum

of excitation. It is also close to the average energy of the tunneling split n = 1 states

obtained from the VSCF/VCI calculation (573 and 945 cm−1). If we recalculate the energy

of the n = 1 state using β(GSPA,2) in the evaluation of the kinetic contribution, the calculated

energy is 556 cm−1, which is 17 cm−1 smaller than the energy of the lower energy n = 1 state,

based on the VSCF/VCI calculation. Clearly, the umbrella vibration is a challenging one

to describe using the GSPA approach, which is based on a harmonic treatment of molecular

vibrations about a planar reference structure, and we are encouraged by the fact that we

can obtain a reasonably good description of this motion in H3O+.

When we compare the energies of the states with two quanta of excitation to those

obtained using VPT2 and VSCF/VCI energies, the agreement remains good for all but

the umbrella vibration. In the case of the antisymmetric stretch and bend, which have E ′

symmetry, the states with n = 2 will correspond to three transitions, two of which are

degenerate, and one with A′ symmetry. The energies of the overtones in the OH stretch and

the HOH bend with A′ symmetry are in very good agreement with the VSCF/VCI results,

further validating the expressions for β(2,GSPA) in Eq. 3.17. On the other hand, for the

pair of states with E ′ symmetry, there is a notable difference between the two calculated
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energies, with the higher energy one being in better agreement with the VSCF/VCI results.

The loss of degeneracy for the overtones with E ′ symmetry reflects, in part, the fact that

the first value is treated as a state with two quanta in one of the two degenerate vibrations,

while the second value is obtained by putting one quantum in each of the two degenerate

vibrations. Based on these comparisons, we find that the GSPA technique also does a good

job of describing the overtones of the stretches and bends in hydronium, although some

care should be taken in handling degenerate vibrations. Additionally, the good agreement

with VSCF/VCI results for states with one quantum in each of two vibrations validates our

definition of the energies of these excited states.

3.4.4 Examining the Vibrational Spectrum of H7O3
+and H9O4

+

The richest region of the spectra for H7O3
+ and H9O4

+ is the region that contains transitions

to n = 1 levels of the OH stretches and the HOH bend (i.e. the 1000-4000 cm−1 region). As

can be seen in the black traces in Figure 3.4, this region is characterized by intense features

near the expected location of the fundamental in the shared proton stretch, which is near

2100 cm−1 in H7O3
+and 2600 cm−1 in H9O4

+. There are several narrow peaks near 3500

cm−1, where the OH stretch fundamental in water is expected, as well as a series of less

intense peaks at lower frequency. Except for the region near the transition to the n = 1

state in the shared proton stretch, the measured spectra of H7O3
+ and H9O4

+ appear very

similar to each other. The primary difference between the spectra for H7O3
+ and D7O3

+

and between H9O4
+ and D9O4

+ can be accounted for by the factor of
√

2 difference between

frequencies of the OH stretch and HOH bend vibrations involving deuterium compared to

those involving hydrogen. The results of the GSPA approximation are shown with blue

sticks in the upper panel for each ion in Figure 3.4. The peaks in the calculated spectra

are labeled, and the corresponding energies and assignments are provided in Tables 3.7-3.10.

The Th and Rh labels are used to denote transitions in H9O4
+ and H7O3

+, respectively,

while Td and Rd are used to refer to peaks in the spectra of the deuterated forms of these

ions. For comparison, we also provide the VSCF/VCI spectra, which were reported by Yu
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Figure 3.4: Comparison of the uncoupled (blue sticks), coupled and shifted (red sticks),
VSCF/VCI2,3 (green), and measured spectra2,4 (black) of H9O4

+ (top left), D9O4
+ (top

right) H7O3
+ (bottom left), D7O3

+ (bottom right). In these spectra, the Th and Rh labels
are used to denote transitions in H9O4

+ and H7O3
+, respectively, while Td and Rd are used

to refer to peaks in the spectra of the deuterated forms of these ions. The purple ∗ and †
identify transitions in H7O3

+ and H9O4
+, which were assigned by the authors to combination

transitions involving the outer water OH stretches and the torsion of the water molecules.
Descriptions of the states accessed by labeled uncoupled transitions in the GSPA spectra
are provided in Tables 3.7-3.10, and the coupled shifted transitions are provided in Tables
3.11-3.14.
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and Bowman, green traces in Figure 3.4.2,3 Overall, the spectra calculated using the GSPA

approach, shown in red, are in good agreement with both the spectra calculated using the

VSCF/VCI with the same potential surface and the measured spectra.

Free OH Stretching Vibrations

Table 3.2: Calculated GSPA, VSCF/VCI and Measured Transitions in the Outer OH Stretch
Region for H7O3

+ (cm−1)

GSPA VSCF/VCIa Measureda Assignmenta

3769, 3772, - 3814, 3828 H2O antisym. stretch + H2O torsion
3786, 3790,

3761 3748 3726 Outer water OH antisym. H2O stretch
3632 3658 3640 Outer water OH sym. H2O stretch
3634 3664 3580 Hydronium free OH stretch

a Ref. 2 .

The higher frequency end of this region of the measured spectrum, shown in black traces

in Figure 3.4, is characterized by a series of narrow peaks. In earlier studies, these peaks

were assigned to transitions to states with one quantum in the OH or OD stretches in the

flanking water molecules or the free OH stretch on the hydronium core in H7O3
+. To facil-

itate the comparison between calculated and measured spectra, the calculated frequencies

and intensities of these transitions are also reported in Tables 3.2 and 3.3. As can be seen,

the GSPA approach generally provides energies that are within 30 cm−1 of both the mea-

sured values and those obtained from VSCF/VCI calculations by Yu and Bowman.2,4 These

differences are consistent with the differences between the GSPA approach and the results

of MCTDH calculations for H5O2
+,62,72 the differences between the GSPA and VSCF/VCI

results for H3O−2 ,71 and the comparisons for H3O+. The only exception is the transition

in H7O3
+ that has been assigned to the free OH stretch in the hydronium core. Both the

VSCF/VCI and GSPA approaches show larger deviations from the measured position of this

transition compared to the other OH stretch transitions in this region of the spectrum. The
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measured spectrum of H7O3
+ is obtained by monitoring the loss of the tag molecule (M)

from M·H7O3
+, where the tag has been shown to attach to the free hydrogen atom in the

hydronium core. Recent experimental studies showed that this is the vibration whose fre-

quency is most sensitive to the strength of the interaction with the tag. VPT2 calculations,

which were performed as part of that study, showed a shift in the anharmonic frequency of

this OH stretch of 90 cm−1 when it is bound to D2 and a 50 cm−1 shift when the OD bond

in D7O3
+ is bound to D2.63

Table 3.3: Calculated GSPA, VSCF/VCI and Measured Transitions in the Outer OH Stretch
Region for H9O4

+ (cm−1)

GSPA VSCF/VCIa Measureda Assignmenta

3757, 3759, - 3823,3803 H2O antisym. stretch + H2O torsion
3759, 3769,
3775, 3782,
3786, 3790,

3800
3733, 3762 3734 3733 Outer water OH antisym. H2O stretch

- - 3724 Tagged outer water OH antisym. H2O stretch
3652,3694 3670 3648 Outer water OH sym. H2O stretch

- - 3636 Tagged outer water OH sym. H2O stretch
a Ref. 4 .

Further examination of the fundamental frequencies and intensities of the OH stretching

vibrations in H7O3
+ and H9O4

+, reported in Tables 3.4 and 3.5, shows that the fundamental

transition of the antisymmetric stretch of the water molecules does not carry any intensity,

and the fundamental transition of the in-phase combination of the OH symmetric stretches

in H9O4
+ is also dark. The lack of intensity in the fundamental in the symmetric stretch

can be anticipated from the average symmetry of the ion. On the other hand, the lack

of intensity of the antisymmetric water OH stretch is somewhat surprising, and was not

anticipated by previous VSCF/VCI studies.2–4,65 Further consideration of this vibration

shows that in simpler ion-water complexes, e.g. Li+OH2, in which the cation binds along
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the C2 axis of the water molecule, the antisymmetric OH stretch is associated with ∆K = 1,

or a change in the number of quanta of excitation in the motion associated with rotation

of the water molecule about its symmetry axis.85 Depending on the size of the barrier

for internal rotation of the flanking water molecules, these transitions will either access a

∆K = 1 transition or access the upper level in the tunneling doublet for the state with

one quantum of excitation in both the OH stretch and the rotation of the water molecule

about its symmetry axis. Previous analyses of the ground state probability amplitudes for

H7O3
+ and H9O4

+ showed large amplitude rotation of the flanking water molecules about

this axis, which would be consistent with these levels being energetically split by a small

tunneling splitting.1 This rotational motion was not included in VSCF/VCI calculations,

which is why these calculations anticipated intensity in the transitions involving the outer

water molecules. While this tunneling splitting is not resolved in the experiment, the spectra

of both H7O3
+ and H9O4

+ contain features which have been assigned to excitation to states

that have a quantum of excitation in both the antisymmetric OH stretch and in this torsion

motion.58 These transitions are indicated with the purple ∗ and † in the measured spectra

in Figure 3.4, and we report the calculated energies for these transitions based on the GSPA

approach in Tables 3.2 and 3.3.

Umbrella Vibration

The fundamental in the umbrella motion lies at the other end of this spectral range. As

noted for hydronium, the large amplitude nature of this mode, which samples a double well

potential with a small barrier, makes it a challenging one for the GSPA approach. For both

H7O3
+ and H9O4

+, the frequency of this vibration calculated using the GSPA approach is

roughly 200 cm−1 smaller than the observed transition frequency, which is near 1000 cm−1

for both of these ions.2,4, 59 The underestimation of the frequency of this vibration is con-

sistent with our findings for H3O+. Like H3O+, the umbrella motions in H7O3
+ and H9O4

+

both sample a double-well potential, and for both ions the projection of the ground state

probability amplitude onto this coordinate is bimodal.1 This makes the GSPA approach,
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which is based on properties of harmonic oscillators, less effective for this vibration. The

underestimation of the frequency of the umbrella mode will also affect the energies of states

that have one quantum of excitation in the umbrella along with one quantum of excitation of

one of the higher frequency vibrations. To account for this, in the spectra that are identified

as Coupled Shifted in Figure 3.4, we have shifted the transition energies of the states that

involve the umbrella mode by the error in the calculated transition energy to the n = 1 level

prior to diagonalization of the Hamiltonian matrix. The values of these shifts are provided

in Table 3.6. Because the frequency of the umbrella in D9O4
+ has not been reported, the

shift for this ion was evaluated based on the shifts for the other three species. A comparison

of the calculated GSPA spectrum with and without this shift is provided in Figure 3.6.

Shared Proton Stretch Vibration

The most interesting region of the spectrum includes the fundamental in the shared proton

stretch. In the absence of state mixing, the GSPA energies of the ∆n = 1 transitions in

the shared proton stretch vibration for H9O4
+ and D9O4

+ (The and Tde) are in excellent

agreement with experiment. In the case of H7O3
+ and D7O3

+, the energies of the ∆n = 1

transition in the shared proton stretch (Rhf and Rdf) are close to the centroids of the

experimental signal in the shared proton region.63 While the agreement is generally very

good, the measured peaks in H7O3
+, D7O3

+, H9O4
+, and D9O4

+ in this region have been

attributed to states of mixed character. The states that are nearly degenerate to the shared

proton stretch undergo intensity borrowing, leading to the observed broad and structured

features seen in the experimental traces shown in Figure 3.4.2–4,63,67

To account for this state mixing, we explore how the spectra in the region of the funda-

mental in the shared proton stretch changes if we introduce couplings among the n = 1 states

in the shared proton stretch and energetically nearby zero-order states. We can then examine

the contributions from the zero-order vibrational states to the excited state of interest by

calculating the coefficients (Cn) of the eigenvectors of the reduced dimensional Hamiltonian

matrix obtained from solving the generalized eigenvalue problem (Eq. 3.22). The resulting



38

spectra, obtained by considering states with two or fewer quanta of excitation and with en-

ergies that are within 600 cm−1 of the anharmonic frequency of the shared proton stretch in

H7O3
+ and D7O3

+ and within 400 cm−1 of the shared proton stretch in H9O4
+and D9O4

+,

are shown with red sticks in the middle panels of Figure 3.4. Transitions to states that were

not included in this analysis are shown with blue sticks in these panels. The transitions

are identified with the (s) superscript to reflect the fact that we have introduced a shift in

the frequency of the umbrella vibration prior to diagonalizing the Hamiltonian matrix. The

associated frequency and decomposition in terms of zero-order states are provided in Tables

3.11-3.14. The assignments of the transitions in the uncoupled region of the spectrum are

provided in Tables 3.7-3.10.

The small basis representation of the Hamiltonian yields a spectrum that is in good

agreement with both the measured spectrum and the spectrum obtained from a VSCF/VCI

calculation, which employed a substantially larger basis. The use of a small basis allows

us to decompose the contributions to the various features in the spectrum. In fact, the

state-mixing treatment used in the GSPA approach is similar to the approach that is used to

account for near-degeneracies in vibrational perturbation theory calculations. In an earlier

study, we used VPT2 to explore mode mixing in H7O3
+, D7O3

+ and H9O4
+, where the VPT2

was based on an expansion of the Hamiltonian in internal coordinates.1,68 The results of that

study are summarized in Tables 3.19-3.21 to aid in the discussion that follows.

We begin by considering the results of the GSPA calculations of the spectra for H9O4
+

and D9O4
+. For these ions, the introduction of state mixing leads to subtle changes in

the spectral envelope. The most significant change is that the peak that corresponds to

the fundamental in the antisymmetric shared proton stretch is shifted to the red in both

systems. These shifts result from mixing of the states with one quantum of excitation in

the shared proton stretch and states with one quantum of excitation in both the shared

proton stretch and the OO stretch. While these shifts lead to poorer agreement with the

measured spectrum, the peak that is assigned to the transition to the state with one quantum

of excitation in the shared proton stretch in D9O4
+ becomes closer to the position of the
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corresponding peak in the VSCF/VCI spectrum.

In addition, the transitions identified as Th
(s)
a−d and Td

(s)
a−d gain intensity and better repro-

duce the corresponding features in the measured spectrum of H9O4
+ near 3000 cm−1 and the

feature near 2350 cm−1 in calculated spectrum for D9O4
+. These peaks have been assigned

to transitions to states with one quantum of excitation in the shared proton stretch and one

quantum in the corresponding OO stretch,4 which is consistent with the decomposition of

the GSPA states that are accessed by these transition (see Tables 3.11 and 3.12).

While the main features in this spectral region are reproduced by the coupled GSPA

calculation, the widths of some of the peaks are not. The breadth of the peak near 2600

cm−1 in H9O4
+ suggests couplings to energetically proximal states, many of which involve

more than two quanta of excitation. The large density of vibrational states at this energy

makes it impossible to reproduce the breadth of this feature using a method that focuses on

states with only one or two quanta of vibrational excitation. For this reason, as we consider

the results of the GSPA calculations we focus on the position of this transition, rather than

the width of the feature. As noted, the position of these features are generally in very good

agreement with previous VSCF/VCI calculations despite the much smaller basis used in the

GSPA approach.

We next turn our attention to H7O3
+ and D7O3

+. By comparison to the correspond-

ing spectra for H9O4
+ and D9O4

+, the region of the spectrum that has been assigned to

transitions to the n = 1 state in the shared proton stretch in H7O3
+ and D7O3

+ contains

significantly more structure. This has been attributed to couplings between this state and

states with two quanta of excitation in lower frequency modes.2,63,67 In contrast to the

breadth of the shared proton stretch feature in the spectrum for H9O4
+, this is an effect that

should be accessible by the GSPA approach.

When we introduce state mixing in the GSPA calculation, the resulting spectra undergo

dramatic changes in the region where the transition to the state with one quantum of exci-

tation in the shared proton stretch had been in the uncoupled spectrum (Rhf and Rdf in the

blue trace in Figure 3.4). Additionally the band profiles for H7O3
+ and D7O3

+ have quali-
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tatively different shapes. In the case of H7O3
+, the intensity spans from 1760 to 2180 cm−1,

while it spans from 1400 to 1700 cm−1 in D7O3
+. Qualitatively, this increase in the number

of transitions that carry significant intensity correlates to the features in the measured and

VSCF/VCI spectra. One of the the advantages of the GSPA approach is that it employs a

small basis, making the interpretation of the zero-order states that make up the states that

are accessed in these transitions straightforward to identify, and these decompositions for

H7O3
+ and D7O3

+ are summarized in Tables 3.13 and 3.14. Examination of these results

shows that the most intense features of the calculated GSPA spectrum are composed of

states with two quanta of excitation in combinations of the OO stretch, H3O+ HOH bends,

the umbrella mode, and the hindered rotation of the hydronium core.

Intuitively, the transfer of a proton from hydronium to an acceptor water molecule re-

quires deformations of the water cluster. This in turn involves motions such as the OO

stretch as well as the HOH angles in both hydronium and water.1,4, 59,86 Likewise, motions

that break the hydrogen bond network through rotation of the hydronium core affect the

potential energy surface along the shared proton stretch coordinate. These changes in the

potential landscape with proton transfer result in the large couplings between the excited

states of H7O3
+ that involve these motions. These large couplings provide the source of the

large changes in the spectra when coupling is introduced in the GSPA calculation. The de-

composition of the eigenvectors of the degenerate VPT2 calculations,1,68 which are provided

in Tables 3.19 and 3.20, identify similar mixing patterns to those identified from the GSPA

approach.

Turning our attention to the comparison of both the measured and calculated spectra

of H7O3
+ with D7O3

+, we note significant differences. The change in the structure of the

spectrum upon deuteration of H7O3
+ has been discussed previously,2,63,67 and it reflects

the fact that the energies of the zero-order states that are strongly coupled to the shared

proton stretch are each shifted by different amounts. Additionally, the smaller amplitude OD

vibrations, compared to the OH vibrations, leads to smaller couplings between the various

zero-order states when we allow these states to mix. Similar considerations explain the large
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difference in the structure of the most intense features in the spectra of H9O4
+ and H7O3

+.

The couplings that result in the more structured feature in H7O3
+ and D7O3

+ are also

present in H9O4
+ and D9O4

+. The smaller amplitude motion of the shared proton stretch

in H9O4
+ decreases the magnitude of these couplings. More importantly, though, the higher

frequency of the shared proton stretch vibration in H9O4
+ brings it out of resonance with

the states with two quanta of excitation in lower frequency vibrations that contribute to the

shared proton stretch feature in H7O3
+.

Low Frequency Vibrations

Finally, we consider the low frequency (200-800 cm−1) region of the spectrum reported by

Asmis and coworkers.5 This region of the spectrum provides direct access to the motions

that are mixed with the shared proton stretch in the higher energy regions of the spectrum.

In the GSPA approach the coordinates are developed from the ground state wave function,

and as a result, the calculated energies capture the anharmonicity of the potential. This

allows us to obtain a good description of this spectral region, which is difficult to study using

VPT2 and other approaches that are based on a normal mode Hamiltonian.

The calculated and measured spectra for H7O3
+ and H9O4

+ are shown in blue and black,

respectively, in Figure 3.5. We use the (f) superscript to indicate that these labeled tran-

sitions lie in the far-IR region. In the measured spectrum, the low frequency regions of

H7O3
+ and H9O4

+ contain peaks at similar frequencies. We attribute many of the features

of both spectra to analogous low frequency vibrational motions (see Table 3.22). There are

two intense features in this region of the H7O3
+ and H9O4

+ spectrum. Based on the GSPA

approach, the lower energy feature is assigned to the fundamental transition in the in-phase

outer water rock (Rh
(f)
d and Th

(f)
d ) for both H7O3

+ and H9O4
+. The higher energy feature is

assigned to the antisymmetric OO stretch in H7O3
+, and the two degenerate antisymmetric

OO stretches in H9O4
+ (Rh

(f)
c and Th

(f)
c ).

Based on quasiclassical calculations of H7O3
+, the lower energy feature at 234 cm−1 was

assigned to be the outer water wag, and the higher energy feature at 344 cm−1 was assigned
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to be the symmetric OO stretch. For H9O4
+, the lower energy feature was assigned to the

outer water wag, and the higher energy feature was assigned to both the symmetric and

antisymmetric OO stretch. The peak at approximately 500 cm−1, which in previous work

was assigned as a combination of low frequency modes,5 is assigned using the GSPA approach

as an outer water wag overtone transition in H7O3
+ and two degenerate outer water wag

combinations in H9O4
+ (Rh

(f)
b and Th

(f)
b ). The good agreement between the GSPA results

and the measured spectra in this region illustrates the power of the GSPA approach for

describing the low-energy region of the spectra where the use of curvilinear coordinates

is essential, while the low density of vibrational states results in little mixing among the

carefully constructed zero-order states developed in this approach.

3.5 Conclusions

In this work, we extended the previously developed GSPA approach71,72 to allow for more

accurate descriptions of the energies of states with two quanta of excitation, provided better

descriptions of coordinates, and introduced coupling between zero order states. This allowed

us to exploit the rich structural and physical information contained in the DMC ground state

probability amplitude of H7O3
+ and H9O4

+, as well as their deuterated analogs, to develop

a compact basis set that can be used to calculate the spectra for these ions.

In the absence of state mixing, the GSPA approach allows us to assign many of the

features in the spectra of these ions. State mixing becomes essential to explain the region

of the spectrum near the ∆n = 1 transition in the shared proton stretch. By allowing

states with up to two quanta of excitation to mix, we obtain spectra that are in generally

good agreement with the measured spectra for H7O3
+ and D7O3

+. While there are clear

differences between the measured and calculated spectra in the region of the transition to

the n = 1 state of the shared proton stretch, the agreement of the measured spectra with

the spectra obtained using the GSPA approach and VSCF/VCI calculations is similar. The

deviations are a reflection of the sensitivity of both calculations of these spectral regions to

subtle details in the potential and approximations made in both calculations.
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The power of the GSPA approach comes in the ability to use a small basis through

systematic and careful choice of vibrational coordinates and basis functions. These choices

are informed by the fully anharmonic ground state wave function, which has been obtained

using DMC. While aspects of the calculation and the basis that is used are similar to some

aspects of VPT2 calculations, the GSPA approach has the advantage that it does not suffer

from the singularities that plague VPT2 calculations, particularly in systems like H7O3
+ and

H9O4
+ that contain low-frequency, large-amplitude vibrations. Further, the method relies

on the ability to calculate the potential energy and dipole functions with sufficient accuracy

for spectral evaluation, and the ability to construct a set of internal coordinates as a basis for

these calculations. While the availability of a potential often limits the types of systems that

can be explored with the GSPA approach, we have recently expanded our DMC calculations

to allow us to utilize direct evaluation of electronic energies.42
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Figure 3.6: Calculated uncoupled GSPA (blue sticks, top), coupled GSPA (gold sticks, mid-
dle), and shifted coupled GSPA (red sticks, bottom) spectra of H7O3

+ (left) D7O3
+ (right).

In these spectra, the Th and Rh labels are used to denote transitions in H9O4
+ and H7O3

+,
respectively, while Td and Rd are used to refer to peaks in the spectra of the deuterated
forms of these ions. For the shifted GSPA spectra, the energies of the transitions involving
the umbrella mode have been shifted by the amounts provided in Table 3.6. Assignments
for the labeled transitions in the uncoupled spectra are provided in Tables 3.7-3.10, assign-
ments of the transitions in the coupled spectra are provided in Tables 3.15-3.18, and the
assignments of the transitions in the coupled shifted spectra can be found in 3.11-3.14.
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Table 3.6: Shifts Applied to the Transitions Involving the Umbrella mode for H7O3
+, D7O3

+,
H9O4

+, and D9O4
+ Based on the ∆n = 1 Transition Energies (cm−1)

System GSPA Measured Shift
H7O3

+ 820 1059a 239
D7O3

+ 623 800a 177
H9O4

+ 827 1014b 187
D9O4

+ 649 - 138c
a Ref. 2.
b Ref. 5.
c Calculated based on the other shifts

using 177/239× 187 = 138.
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Table 3.7: Uncoupled GSPA Calculated Frequencies, Relative Intensities, and Assignments
for the Shared Proton Stretch Region of H9O4

+a (Th)

Symbol Frequency (cm−1) Rel. Int. Assignment

Tha 3652 0.015 ν
w,s,o(2)
OH

3652 0.015 ν
w,s,o(1)
OH

Thb 3644 0.005 νb,sOH +νbumb

Thc 3019 0.011 ν
b,a(2)
OH +ν

a(1)
OO

3019 0.011 ν
b,a(1)
OH +ν

a(2)
OO

3018 0.011 ν
b,a(1)
OH +ν

a(1)
OO

3018 0.011 ν
b,a(2)
OH +ν

a(2)
OO

3217 0.011 νb,sOH +ν
a(2)
OO

3217 0.011 νb,sOH +ν
a(1)
OO

Thd 2902 0.041 νb,sOH + νbtrans,C

The 2650 1.000 ν
b,a(2)
OH

2650 1.000 ν
b,a(1)
OH

Thf 2132 0.078 ν
b(2)
HOH+νbrot−B

2132 0.078 ν
b(1)
HOH+νbrot−A

Thg 2124 0.041 ν
b(2)
HOH+ν

b/f
rot−C

2124 0.041 ν
b(1)
HOH+ν

b/f
rot−C

Thh 1657 0.018 ν
w,a(1)
HOH

1657 0.018 ν
w,a(2)
HOH

Thi 1551 0.061 νbumb+νbrot−A

1551 0.061 νbumb+νbrot−B

Thj 1525 0.028 νbrot−A+νbrot−B

1452 0.016 ν
b(1)
HOH

1452 0.016 ν
b(2)
HOH

Thk 827 0.401 νbumb
a These features are plotted in blue in Figures 3.4 and 3.6.
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Table 3.8: Uncoupled GSPA Calculated Frequencies, Relative Intensities, and Assignments
for the Shared Proton Stretch Region of D9O4

+a (Td)

Symbol Frequency (cm−1) Rel. Int. Assignment

Tda 2680 0.024 ν
w,s,o(1)
OH

2680 0.024 ν
w,s,o(2)
OH

Tdb 2669 0.011 νb,sOH +νbumb

Tdc 2385 0.011 ν
b,a(2)
OH +ν

a(2)
OO

2385 0.011 ν
b,a(1)
OH + ν

a(1)
OO

Tdd 2363 0.013 νb,sOH + ν
a(1)
OO

2363 0.013 νb,sOH +ν
a(2)
OO

2361 0.011 ν
b,a(1)
OH +ν

a(2)
OO

2361 0.011 ν
b,a(2)
OH + ν

a(1)
OO

Tde 2052 1.000 ν
b,a(2)
OH

2052 1.000 ν
b,a(1)
OH

Tdf 1589 0.185 ν
b(1)
HOH+νbrot−A

1589 0.185 ν
b(2)
HOH+νbrot−B

Tdg 1530 0.027 ν
b(2)
HOH+ν

b/f
rot−C

1530 0.027 ν
b(1)
HOH+ν

b/f
rot−C

Tdh 1202 0.050 νbumb+νbrot−A

1202 0.050 νbumb+νbrot−B

Tdi 1189 0.049 ν
w,a(2)
HOH

1189 0.049 ν
w,a(1)
HOH

Tdj 649 0.459 νbumb
a These features are plotted in blue in Figures 3.4 and 3.6.
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Table 3.9: Uncoupled GSPA Calculated Frequencies, Relative Intensities, and Assignments
for the Shared Proton Stretch Region of H7O3

+a (Rh)

Symbol Frequency (cm−1) Rel. Int. Assignment

Rha 3718 0.034 νb,sOH+ν
b/f
HOH

Rhb 3682 0.008 νfOH+νfrot−B

3688 0.004 νb,aOH+νw,sHOH

Rhc 3634 0.024 νfOH

3632 0.013 νw,s,iOH

Rhd 2729 0.050 νb,sOH+νaOO

2826 0.016 ν
b/f
HOH+νbHOH

Rhe 2358 0.203 νb,sOH

Rhf 2106 1.000 νb,aOH

2060 0.046 νbHOH+ν
b/f
rot−C

Rhg 1624 0.086 νbrot−A + νbrot−B

Rhh 1413 0.044 νbHOH

1421 0.037 νbHOH+νfrot−B

1478 0.012 ν
b/f
HOH

Rhi 820 0.165 νbrot−B
a These features are plotted in blue in Figures 3.4 and 3.6.



52

Table 3.10: Uncoupled GSPA Calculated Frequencies, Relative Intensities, and Assignments
for the Shared Proton Stretch Region of D7O3

+a (Rd)

Symbol Frequency (cm−1) Rel. Int. Assignment

Rda 2777 0.028 νb,sOH+ν
b/f
HOH

Rdb 2714 0.012 νfOH + νfrot−B

Rdc 2698 0.032 νfOH

2682 0.018 νw,s,oOH

Rdd 2063 0.056 νb,sOH+νaOO

Rdr 1746 0.222 νb,sOH

Rdf 1676 1.000 νb,aOH

Rdg 1461 0.036 νbHOH+ν
b/f
rot−C

Rdh 1234 0.079 νbrot−B+νbrot−A

Rdi 1014 0.066 νbHOH

1029 0.057 νbHOH+νfrot−B

Rdj 623 0.230 νbrot−B
a These features are plotted in blue in Figures 3.4 and 3.6.
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Table 3.11: Shifted, Coupled GSPA Frequencies, Relative Intensities, and Assignments for
H9O4

+a (Th)

Symbol Frequency (cm−1) Rel. Int. Cn n

Th
(s)
a 3175 0.098 -0.530 ν

b,a(2)
OH +ν

a(2)
OO

-0.530 ν
b,a(1)
OH +ν

a(1)
OO

0.485 ν
b,a(2)
OH +νsOO

Th
(s)
a 3175 0.098 -0.530 ν

b,a(2)
OH +ν

a(1)
OO

0.530 ν
b,a(1)
OH +ν

a(2)
OO

0.486 ν
b,a(1)
OH +νsOO

Th
(s)
b 2882 0.046 0.903 νb,sOH+νbtrans,C

0.394 νb,sOH+νw,iwag

-0.098 ν
b,a(2)
OH +ν

w,o(2)
rock

Th
(s)
c 2722 0.075 -0.685 ν

b,a(1)
OH +νsOO

-0.675 ν
b,a(2)
OH +ν

(2)
OOO

0.229 ν
b,a(1)
OH

Th
(s)
d 2713 0.081 0.676 ν

b,a(1)
OH +ν

(2)
OOO

-0.676 ν
b,a(2)
OH +ν

(1)
OOO

-0.238 ν
b,a(2)
OH

Th
(s)
e 2558 1.000 0.686 ν

b,a(1)
OH

-0.531 ν
b,a(2)
OH

0.211 ν
b,a(2)
OH +ν

a(2)
OO

Th
(s)
e 2558 0.997 -0.684 ν

b,a(2)
OH

-0.531 ν
b,a(1)
OH

0.211 ν
b,a(2)
OH +ν

a(1)
OO

a These features are plotted in red in Figure 3.4 and Figure 3.6.
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Table 3.12: Shifted, Coupled GSPA Frequencies, Relative Intensities, and Assignments for
D9O4

+a (Td)

Symbol Frequency (cm−1) Rel. Int. Cn n

Td
(s)
a 2399 0.022 -0.651 νb,sOH+ν

a(2)
OO

-0.429 ν
w,a(1)
HOH +νw,sHOH

0.367 ν
w,a(2)
HOH +ν

w,a(2)
HOH

Td
(s)
b 2388 0.016 0.683 ν

w,a(1)
HOH +νw,sHOH

-0.635 νb,sOH+ν
a(2)
OO

-0.244 ν
w,a(2)
HOH +ν

w,a(2)
HOH

Td
(s)
c 2389 0.024 -0.706 νb,sOH+ν

a(1)
OO

-0.584 ν
w,a(2)
HOH +νw,sHOH

-0.318 ν
w,a(1)
HOH +ν

w,a(2)
HOH

Td
(s)
d 2119 0.034 -0.558 νb,sOH+ν

(1)
OOO

0.499 ν
b,a(1)
OH +ν

(1)
OOO

-0.498 ν
b,a(2)
OH +ν

(2)
OOO

Td
(s)
d 2118 0.031 -0.634 νb,sOH+ν

(2)
OOO

-0.441 ν
b,a(2)
OH +ν

(1)
OOO

0.394 ν
b(2)
HOH+ν

b(2)
HOH

Td
(s)
e 2019 0.045 0.977 νb,sOH+νbtrans,C

-0.178 νb,sOH+νw,iwag

0.094 νw,sHOH+νbumb

Td
(s)
f 2000 1.000 -0.884 ν

b,a(2)
OH

-0.210 νb,sOH+ν
a(1)
OO

-0.167 ν
b(1)
HOH+ν

b(2)
HOH

Td
(s)
f 1999 0.994 0.881 ν

b,a(1)
OH

-0.210 νb,sOH+ν
a(2)
OO

-0.156 ν
b,a(2)
OH +ν

a(1)
OO

a These features are plotted in red in Figure 3.4 and Figure 3.6.
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Table 3.13: Shifted, Coupled GSPA Frequencies, Relative Intensities, and Assignments for
H7O3

+a (Rh)

Symbol Frequency (cm−1) Rel. Int. Cn n

Rh
(s)
a 2903 0.104 0.908 νb,sOH+νAOO

-0.425 νb,aOH

0.294 νb,aOH+νsOO

Rh
(s)
b 2806 0.113 -0.591 νb,sOH+νsOO

-0.452 νb,aOH+νAOO

0.446 νb,sOH

Rh
(s)
c 2626 0.138 0.632 νb,sOH+νsOO

0.547 νb,sOH

-0.547 νb,aOH+νAOO

Rh
(s)
d 2178 0.301 -0.628 νb,sOH

-0.608 νb,aOH+νAOO

0.291 ν
b/f
HOH+ν

b/f
rot−C

Rh
(s)
e 2147 0.977 -0.689 νbHOH+ν

b/f
rot−C

-0.662 νb,sOH+νaOO

-0.241 νbrot−A+νbrot−B

Rh
(s)
f 2097 0.098 -0.951 ν

b/f
HOH+ν

b/f
rot−C

-0.203 νb,sOH

-0.153 νb,aOH+νAOO

Rh
(s)
g 2026 1.000 0.635 νbHOH+ν

b/f
rot−C

-0.462 νb,aOH

0.389 νbrot−A+νbrot−B

Rh
(s)
h 1938 0.306 0.871 νw,sHOH+νAOO

0.258 νb,aOH

-0.255 νbHOH+ν
b/f
rot−C

Rh
(s)
i 1793 0.828 -0.775 νbrot−A+νbrot−B

-0.448 νbHOH+νAOO

0.274 ν
b/f
HOH+νsOO

Rh
(s)
j 1764 0.710 0.844 νbHOH+νAOO

-0.386 νbrot−A+νbrot−B

0.248 νb,aOH
a These features are plotted in red in Figure 3.4 and Figure 3.6.
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Table 3.14: Shifted, Coupled GSPA Frequencies, Relative Intensities, and Assignments for
D7O3

+a (Rd)

Symbol Frequency (cm−1) Rel. Int. Cn n

Rd
(s)
a 2190 0.027 -0.682 νb,sOH+νAOO

-0.571 νb,sOH+ν
b/f
rot−C

0.386 νb,AOH

Rd
(s)
b 2182 0.027 -0.785 νb,sOH+ν

b/f
rot−C

0.526 νb,sOH+νAOO

-0.252 νb,AOH+νsOO

Rd
(s)
c 2177 0.049 0.583 νb,AOH+νAOO

-0.550 νb,sOH+νsOO

-0.468 νb,sOH

Rd
(s)
d 1692 0.202 -0.736 νb,sOH

0.380 νw,aHOH+ν
b/f
rot−C

-0.354 νb,AOH+νAOO

Rd
(s)
e 1650 1.000 0.816 νb,AOH

0.299 νb,sOH+νAOO

-0.267 νw,aHOH+νsOO

Rd
(s)
f 1566 0.072 0.940 νw,aHOH+νsOO

0.225 νb,AOH

-0.122 ν
b/f
HOH+νsOO

Rd
(s)
g 1461 0.089 -0.878 νbHOH+ν

b/f
rot−C

-0.403 ν
b/f
HOH+νsOO

-0.146 νbrot−B+νbrot−B

Rd
(s)
h 1393.8 0.472 -0.823 νbrot−B+νbrot−B

-0.341 ν
b/f
HOH+νsOO

-0.225 νb,aOH
a These features are plotted in red in Figure 3.4 and Figure 3.6.
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Table 3.15: Coupled GSPA Frequencies, Relative Intensities, and Assignments for H9O4
+a

(Th)

Symbol Frequency (cm−1) Rel. Int Cn n

Th
(m)
a 3175 0.098 -0.530 ν

b,a(2)
OH +ν

a(1)
OO

0.529 ν
b,a(1)
OH +ν

a(2)
OO

0.486 ν
b,a(1)
OH +νsOO

Th
(m)
a 3175 0.098 0.530 ν

b,a(2)
OH +ν

a(2)
OO

0.530 ν
b,a(1)
OH +ν

a(1)
OO

-0.485 ν
b,a(2)
OH +νsOO

Th
(m)
b 2881 0.046 0.908 νb,sOH+νbtrans,C

0.395 νb,sOH+νw,iwag

-0.082 ν
b,a(2)
OH +ν

w,o(2)
rock

Th
(m)
c 2713 0.081 0.676 ν

b,a(1)
OH +ν

(2)
OOO

-0.676 ν
b,a(2)
OH +ν

(1)
OOO

-0.238 ν
b,a(2)
OH

Th
(m)
d 2722 0.075 0.685 ν

b,a(1)
OH +ν

(1)
OOO

0.675 ν
b,a(2)
OH +ν

(2)
OOO

-0.229 ν
b,a(1)
OH

Th
(m)
e 2558 1.000 0.686 ν

b,a(1)
OH

-0.531 ν
b,a(2)
OH

0.211 ν
b,a(2)
OH +ν

a(2)
OO

Th
(m)
e 2558 0.997 0.684 ν

b,a(2)
OH

0.531 ν
b,a(1)
OH

-0.211 ν
b,a(2)
OH +ν

a(1)
OO

a These features are plotted in gold in Figure 3.6.
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Table 3.16: Coupled GSPA Frequencies, Relative Intensities, and Assignments for D9O4
+a

(Td)

Symbol Frequency (cm−1) Rel. Int. Cn n

Td
(m)
a 2399 0.022 -0.651 νb,sOH+ν

a(2)
OO

-0.429 ν
w,a(1)
HOH +νw,sHOH

0.367 ν
w,a(2)
HOH + ν

w,a(2)
HOH

Td
(m)
a 2400 0.016 -0.609 ν

w,a(1)
HOH + ν

w,a(2)
HOH

0.563 νb,sOH+ν
a(1)
OO

-0.422 ν
w,a(2)
HOH +νw,sHOH

Td
(m)
b 2389 0.024 -0.706 νb,sOH+ν

a(1)
OO

-0.584 ν
w,a(2)
HOH +νw,sHOH

-0.318 ν
w,a(1)
HOH + ν

w,a(2)
HOH

Td
(m)
b 2388 0.016 0.683 ν

w,a(1)
HOH +νw,sHOH

-0.635 νb,sOH+ν
a(2)
OO

-0.244 ν
w,a(2)
HOH + ν

w,a(2)
HOH

Td
(m)
c 2378 0.015 -0.705 ν

w,a(1)
HOH + ν

w,a(2)
HOH

0.563 ν
w,a(2)
HOH +νw,sHOH

-0.265 ν
b,a(2)
OH +ν

a(2)
OO

Td
(m)
c 2376 0.014 0.570 ν

w,a(2)
HOH + ν

w,a(2)
HOH

-0.568 ν
w,a(1)
HOH +ν

w,a(1)
HOH

0.456 ν
w,a(1)
HOH +νw,sHOH

Td
(m)
d 2119 0.034 -0.558 νb,sOH+ν

(1)
OOO

0.499 ν
b,a(1)
OH +ν

(1)
OOO

-0.498 ν
b,a(2)
OH +ν

(2)
OOO

Td
(m)
d 2118 0.031 -0.634 νb,sOH+ν

(2)
OOO

-0.441 ν
b,a(2)
OH +ν

(1)
OOO

0.394 ν
b(2)
HOH+ν

b(2)
HOH

Td
(m)
e 2019 0.046 -0.981 νb,sOH+νbtrans,C

0.174 νb,sOH+νw,iwag

-0.066 ν
b,a(1)
OH +ν

w,o(2)
wag

Td
(m)
f 2000 1.000 -0.884 ν

b,a(2)
OH

-0.210 νb,sOH+ν
a(1)
OO

-0.167 ν
b(1)
HOH+ν

b(2)
HOH

Td
(m)
f 1999 0.994 0.881 ν

b,a(1)
OH

-0.210 νb,sOH+ν
a(2)
OO

-0.156 ν
b,a(2)
OH +ν

a(1)
OO

a These features are plotted in gold in Figure 3.6.
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Table 3.17: Coupled GSPA Frequencies, Relative Intensities, and Assignments for H7O3
+a

(Rh)

Symbol Frequency (cm−1) Rel. Int. Cn n

Rh
(m)
a 2899 0.095 0.913 νb,sOH+νAOO

-0.416 νb,aOH

0.295 νb,aOH+νsOO

Rh
(m)
b 2805 0.094 -0.584 νb,sOH+νsOO

-0.443 νbHOH+νbHOH

-0.440 νb,aOH+νAOO

Rh
(m)
c 2623 0.121 -0.626 νb,sOH+νsOO

0.558 νb,aOH+νAOO

-0.546 νb,sOH

Rh
(m)
d 2168.1 0.279 -0.641 νb,sOH

-0.595 νb,aOH+νAOO

0.332 ν
b/f
HOH+ν

b/f
rot−C

Rh
(m)
e 2139 0.753 0.772 νbHOH+ν

b/f
rot−C

0.610 νb,aOH

0.216 νb,sOH+νAOO

Rh
(m)
f 2096 0.104 -0.937 ν

b/f
HOH+ν

b/f
rot−C

-0.236 νb,sOH

-0.176 νb,aOH+νAOO

Rh
(m)
g 2005 0.859 -0.712 νw,aHOH+νsOO

0.432 νb,aOH

-0.362 νbHOH+ν
b/f
rot−C

Rh
(m)
h 1988 0.335 0.633 νw,aHOH +νsOO

-0.627 νw,sHOH+νAOO

-0.343 νbHOH+ν
b/f
rot−C

Rh
(m)
i 1926 1.000 -0.718 νw,sHOH+νAOO

-0.439 νb,aOH

0.376 νbHOH+ν
b/f
rot−C

Rh
(m)
j 1769 0.138 0.959 νbHOH+νAOO

-0.179 ν
b/f
HOH+νsOO

0.145 νb,aOH
a These features are plotted in gold in Figure 3.6.
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Table 3.18: Coupled GSPA Frequencies, Relative Intensities, and Assignments for D7O3
+a

(Rd)

Symbol Frequency (cm−1) Rel. Int. Cn n

Rd
(m)
a 2190 0.025 -0.674 νb,sOH+νAOO

-0.584 νb,sOH+ν
b/f
rot−C

0.382 νb,AOH

Rd
(m)
b 2182 0.027 -0.776 νb,sOH+ν

b/f
rot−C

0.537 νb,sOH+νAOO

-0.257 νb,AOH+νsOO

Rd
(m)
c 2177 0.048 -0.584 νb,AOH+νAOO

0.551 νb,sOH+νsOO

0.467 νb,sOH

Rd
(m)
d 1691 0.195 -0.732 νb,sOH

0.383 νw,aHOH+ν
b/f
rot−C

-0.351 νb,AOH+νAOO

Rd
(m)
e 1645 1.000 -0.804 νb,AOH

0.291 νw,sHOH+ν
b/f
rot−C

-0.289 νb,sOH+νAOO

Rd
(m)
f 1565 0.098 0.932 νw,aHOH+νsOO

0.251 νb,AOH

-0.129 ν
b/f
HOH+νsOO

Rd
(m)
g 1460 0.121 -0.839 10+ν

b/f
rot−C

-0.477 ν
b/f
HOH+νsOO

0.145 νw,sHOH+νAOO

Rd
(m)
h 1430 0.111 -0.862 ν

b/f
HOH+νsOO

0.423 10+ν
b/f
rot−C

-0.152 νb,AOH

Rd
(m)
i 1230 0.190 0.898 νbrot−B+νbrot−B

-0.328 νw,aHOH+νOOO

-0.204 ν
b/f
HOH+νOOO

a These features are plotted in gold in Figure 3.6.
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Table 3.22: GSPA Calculated Frequencies, Relative Intensities, and Assignments for the Low
Frequency Region of H7O3

+ (Rh) and H9O4
+ (Th)a

System Symbol Frequency (cm−1) Rel. Int. Assignment

H7O3
+ Rh

(f)
a 820 0.304 νbrot−B

Rh
(f)
b 450 0.344 νw,owag + νw,owag

Rh
(f)
c 369 1.000 νaOO

Rh
(f)
d 325 0.878 νw,irock

Rh
(f)
e 253 0.227 νfrot−B + νfrot−B

H9O4
+ Th

(f)
a 827 0.419 νbumb

Th
(f)
b 460 0.066 ν

w,o(1)
wag + νw,iwag

460 0.066 ν
w,o(2)
wag + νw,iwag

Th
(f)
c 358 0.467 ν

a(1)
OO

358 0.467 ν
a(2)
OO

Th
(f)
d 315 1.000 νw,irock

Th
(f)
e 245 0.172 νsOO + νbtrans,C

a These features are plotted in blue in Figure 3.5.
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Chapter 4

GPU-ACCELERATED NEURAL NETWORK POTENTIAL
ENERGY SURFACES FOR DIFFUSION MONTE CARLO

Reproduced in part with permission from [Ryan J. DiRisio, Fenris Lu, and Anne B.

McCoy. GPU-Accelerated Neural Network Potential Energy Surfaces for Diffusion Monte

Carlo. J. Phys. Chem. A 2021 , 125 (26), 5849-5859]. Copyright [2021] American Chemical

Society.

4.1 Introduction

In previous chapters, we discussed the concept of solving the vibrational Schrödinger Equa-

tion using Diffusion Monte Carlo to obtain the ground state wave function and zero-point

energy for an arbitrary molecular system. In order to calculate the wave function, one must

evaluate the potential energy of each of the molecular configurations of each of the walkers

in the simulation at every time step. A DMC simulation based on 10 000 walkers that is

propagated over 10 000 time steps requires roughly 100 million evaluations of the potential

energy. Clearly, it is computationally intractable to perform this many calculations at a

high level of theory of electronic structure theory for even the very smallest molecules. As

such, DMC simulations often employ potential energy surfaces that have been fit to energies

obtained from electronic structure calculations, the spectroscopy of the molecule, or both.

Even when fitted potentials are used, the evaluations of these functions can become expen-

sive as the system size is increased. For example, DMC studies of (H2O)6 required ensembles

of 106 walkers run for 105 to 106 time steps to obtain converged results.43,87

One solution to this problem is to take advantage of high performance computing re-

sources and introduce multi-node and multi-core parallelism into the DMC code to perform
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potential calls at each time step. This can be accomplished using packages such as MPI

and openMP. Such a strategy was implemented for a 106 walker calculation of the ground

state of the water hexamer.43 Even with these modifications, this calculation required a wall

time of 2 days, and the calculations use 1088 cores spread among 17 KNL compute nodes.

To obtain statistically meaningful results, the results of several (typically 5-10) independent

DMC simulations are combined to obtain the final wave function and zero-point energy.

This further increases the total computational requirements for a DMC study. Such com-

putational demands severely limit the scope of studies. In particular, this high cost makes

studies involving isotopic substitutions, which allow us to gain insights into nuclear quantum

effects, intractable for all but the smallest molecular systems.

One strategy, which has been gaining increasing traction, is using machine-learning tech-

niques to generate potential surfaces. In these studies, potential energy surfaces are devel-

oped from the results of a small number of electronic structure calculations using methods

such as Gaussian Process Regression (GPR) and Artificial Neural Networks (NN). For ex-

ample, Jiang and Guo used ab initio data to generate permutationally invariant neural

network potential energy surfaces for reactive scattering calculations.88 Bačic̀, Tuckermann,

and coworkers used a neural network potential to perform enhanced sampling path integral

molecular dynamics on clathrate hydrates.89 Additionally, Paesani and coworkers compared

permutationally invariant polynomials, neural networks, and GPR in calculating many-body

energies of water clusters.90 Miller and co-workers used GPR to fit CCSD(T) quality corre-

lation energies based on molecular orbitals obtained from a Hartree-Fock calculation,91 and

Bowman and Vargas-Hernandez have compared the accuracy and evaluation time of machine

learning models using permutationally invariant polynomials and GPR for representing the

potential energy surfaces of small molecules from ab initio data.92 In many of these earlier

studies, the goal was to develop a global or reactive potential surface with good accuracy

across all relevant configurations.

A global potential energy surface is often not necessary. If the process of interest samples

a specific region of the potential, describing that region well using neural networks will be



67

sufficient. This is the case for DMC calculations, which focus on the vibrational ground state

of the specific system of interest. Clearly, for this approach to be effective, we also need a

way to determine the relevant region of the potential before training the neural network.

Figure 4.1: The workflow (purple) of a standard DMC simulation. The NN-DMC workflow
(orange). In NN-DMC, rather than evaluating the potential energy directly, we first collect
training data and train a neural network potential. Then, we use this neural network for
parallel, GPU-accelerated potential energy evaluations.

Based on these ideas, in this study we develop a generic algorithm that trains a neural

network to learn the region of a potential energy surface for the system of interest over

the range of configurations that are sampled in a DMC simulation. The geometries and

corresponding energies that are collected as training data are obtained by running a small

DMC simulation that uses the potential energy surface that we want to describe with the

neural network. Once trained, this NN-potential can be used to perform large scale DMC

simulations. This procedure is illustrated in Figure 4.1. To train the neural network, we use

the Keras API implemented in the TensorFlow library.93 Using TensorFlow makes training

and evaluating the neural network model compatible with graphics processing units (GPUs).
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Evaluating the neural network using GPUs drastically reduces the computation time and

resources required for the evaluation of the potential energy. To distinguish this approach

from standard DMC methods, we will refer to it as NN-DMC in the following discussion.

While the NN-DMC approach can be applied to any potential surface, in the present study we

will focus on potential energy surfaces that have been previously fit to electronic structure

and where converged DMC simulations are achievable. This will allow us to explore the

accuracy of the NN-DMC approach and benchmark the results against traditional DMC

calculations.

In this study, we focus on three molecular systems, H2O, (H2O)2, and CH5
+. These were

chosen because they represent examples of the types of systems that are often studied by

DMC. In the case of H2O, the three high-frequency vibrations make it surprisingly challenging

to describe accurately using DMC, and the calculation of the ground state of H2O requires

smaller time steps to converge the results compared to CH5
+.43,87 Its small size also makes

H2O amenable to converged variational calculations of the vibrational energies, allowing us

to explore the accuracy of the NN-potential for the evaluation of vibrational excited states.

As we move to more fluctional molecules, one needs to consider the extent to which it is

important to ensure full permutational symmetry in the potential. When full permutational

symmetry is required, we must consider how to incorporate the permutational invariance in

the NN-potential.

The water dimer presents a good example of a system that has sufficiently high barriers

between equivalent minima on the potential such that consideration of full permutational

symmetry of the potential will not be necessary for DMC studies that focus on the ground

state. In principle, the potential for (H2O)2 should be invariant under exchange of the

two water molecules and exchange of the two hydrogen atoms within either of these water

molecules. This leads to eight equivalent minima on the potential. Operationally, a DMC

ground state simulation that is initially localized in one of these minima does not sample all

eight minima. Based on analysis of the ground state wave function, only the two hydrogen

atoms shown in green in Figure 4.2 are found to exchange.41 Such situations of reduced
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Figure 4.2: The workflow (purple) of a standard DMC simulation. The NN-DMC workflow
(orange). In NN-DMC, rather than evaluating the potential energy directly, we first collect
training data and train a neural network potential. Then, we use this neural network for
parallel, GPU-accelerated potential energy evaluations.

permutation symmetry sampled by the ground state wave function come up in a variety of

molecular clusters, and (H2O)2 allows us to explore the efficacy of the NN-DMC approach

for such situations.

We also consider CH5
+. This is a molecular ion for which the barriers for exchange of

any pair of hydrogen atoms are less than 350 cm−1.6 This means that the NN-potential

must account for the full permutational symmetry of this ion. This is reflected by all five

hydrogen atoms in the structure of CH5
+ being displayed in green in Figure 4.2 . Upon

partial deuteration, the sizes of the effective barriers that separate the minima increase.

This leads to localization of the ground state of the ion in a subset of the minima,94 and the

zero point energies of the isotopologues of CH5
+ will be sensitive to the the extent to which

the ground state is localized. As such, studies of CH5
+ and its deuterated analogues provide

a stringent test of the NN-DMC approach.

In addition to providing representative model systems to explore the efficacy of the NN-

DMC approach, potential surfaces have been developed for each of these three systems, and

each of these systems have been previously sttudied using DMC.6,41,94 For H2O, we use the

potential surface generated by Partridge and Schwenke (PS);7 for CH5
+ we use the surface

generated by Jin, Braams, and Bowman (JBB);6 and for (H2O)2 we use the generalized water

potential MB-pol developed by Paesani and coworkers (MB-pol).8–10 We will add NN to the
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beginning of each of these potentials (e.g. NN-PS) to refer to the NN-potential that was

trained based on the indicated surface.

4.2 Neural Networks for Fitting Potential Energy Surfaces

Neural networks have been used to generate molecular potential energy surfaces for a variety

of systems and in an assortment of contexts. Typically, the training data consists of a set of

molecular configurations and the corresponding energies obtained using a specified level of

electronic structure theory. For example, Carrington and coworkers generated a neural net-

work potential energy surface for H2CO using electronic energies evaluated at the CCSD(T)

level of theory, which was then used to calculate vibrational energies.95 Guo and coworkers

developed a many-body potential based on CASSCF/CASPT2 data to perform scattering

calculations for N4.96 Behler and coworkers developed a scalable (2-8mer) protonated water

cluster potential energy surface based on DFT energies and used it in ab initio molecular

dynamics calculations.97 As mentioned above, the NN-DMC approach can be used with

a variety of sources for the potential energies. Since the focus of the present study is to

demonstrate the efficacy of the approach, we will use the energies obtained using potential

energy surfaces that were previously fit to electronic structure data. Once the training set is

determined there are several other considerations that need to be addressed. These include

the structure of the neural network and how it is trained as well as the choice of descriptor,

and will be described in the following discussion.

4.2.1 Structure and Training of the Neural Network

The details of generating a potential energy surface using neural networks are described

thoroughly by Behler, Manzhos and Carrington, and Jiang and Guo.88,98,99 In the present

study, we employ regression neural networks that will be used to learn the region of the

potential surface that is relevant to DMC ground state simulations.

Hyperparameter optimization is an important, yet empirical, component of reducing the

prediction error of a neural network. The selection of the number of hidden layers, number
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of nodes per layer, learning rate, activation function, and optimization algorithm each have

a significant impact on the accuracy of the resulting neural network. Numerous studies have

addressed on these choices for chemical problems. For example, Manzhos and Carrington

have noted that one hidden layer of nodes is typically all that is necessary to approximate a

potential energy surface when training with evenly-distributed, unbiased electronic structure

training data,99 while Juang and Guo and Bačic̀ and coworkers have elected to employ deep

neural networks (i.e. multiple hidden layers) to obtain potential energy surfaces.88,100 We

have elected to use a deep neural network in this work, since the training data obtained from

a DMC simulation will be unevenly distributed and biased based on how the ground state

wave function samples the potential surface.

Overfitting is generally a concern when training neural networks. Small numerical insta-

bilities can occur when there is a bias towards the accuracy of the potential at geometries

included in the training set when compared to geometries that are not included in the train-

ing set.99 Due to the long wavelength of the vibrational ground state wave function, DMC

calculations have been shown to be relatively insensitive to small numerical instabilities in the

potential.101 Nonetheless, we will take steps to avoid overfitting, for example by confirming

that our training and test sets show similar errors in the calculated energies.

One other ingredient in generating the NN-potential is the choice of activation functions.

Activation functions perform a nonlinear transformation of the input data at a given node.

It is typical in the computational chemistry community to use sigmoid or hyperbolic tangent

functions.88,90,95,100 These activation functions are well-suited for single, and in some cases,

multiple hidden layer networks, but will suffer from the vanishing gradient problem102,103 in

deep learning contexts. To minimize the effect of the vanishing gradient problem, we use the

Swish activation function,

f(x) =
x

1 + e−x
(4.1)

for the nodes in the hidden layers. This function has empirically been shown to perform
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well in deep learning training.104 Additionally, we use the the rectified linear unit function

(RELU)105

f(x) =

x x > 0

0 x ≤ 0

(4.2)

in the output layer. This function forces the predicted energy of the NN-potential to be

either positive or 0, even in regions of configuration space that are poorly described by the

training data.

The mean squared error was chosen as the loss function, and the Nadam algorithm is

used to optimize the weights of the neural network.106 Since neural networks have trouble

learning and predicting a large range of energies, it is typical to transform and scale the

training energies before using them to train the neural network.99 To maintain the generality

of our algorithm and to compress the energy range, we uniformly shift the energies so that the

training data are based on a potential with its global minimum at 100 cm−1. We then take

the natural logarithm of the calculated energies and use the resulting quantities as the input

for the neural network. The shift is introduced because the natural logarithm transformation

spreads out the energies that are close to zero, increasing the likelihood of overfitting the

low-energy region of the potential. With this combination of hyperparameters, we have found

that using a neural network with three hidden layers and 10 × (3N − 6) nodes per layer,

where N is the number of atoms for the system of interest, yields the training and validation

accuracy needed for the present application.

4.2.2 Choice of Descriptor

One of the challenges currently facing the chemistry machine learning community is how

to best represent molecular coordinates as rotationally, translationally, and permutationally

invariant vectors. In addition to this list, for the purposes of interfacing a neural network

potential energy surface with DMC, we aim to find a generic and transferable descriptor
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whose transformation from the Cartesian coordinates of the atoms can be efficiently evalu-

ated using a GPU. If the calculation of the descriptor takes longer than the original potential

energy call, our primary goal of developing an efficient approach for evaluating the poten-

tial is not met. To this end, we considered using permutationally invariant polynomials of

interatomic distances (PIPs), the Coulomb matrix (CM), and the Behler-Parinello neural

network structure that uses atom-centered symmetry functions. Using PIPs is a promis-

ing option, however the number of polynomials required to adequately describe molecular

systems scales poorly with system size. While there have been recent efforts to contract

the number of terms required to describe larger symmetrical systems using fundamental

invariants,107,108 this work has not been extended beyond 10 atoms. The Behler-Parinello

neural network formalism is inherently permutationally, rotationally, and translationally in-

variant.98 However, finding the sufficient number and types of symmetry functions to use

is not obvious and requires empirical testing. Additionally, since all atom-atom distances

as well as all atom-atom-atom angles must be calculated for the symmetry functions, this

becomes computationally unfavorable.

The CM109 provides an efficient and effective descriptor due to its generality, its rotational

and translational invariance, and its low cost to evaluate. The elements of the CM are given

by

CMij =

0.5Z2.4
i i = j

ZiZj

rij
i 6= j

(4.3)

where Zi is the nuclear charge of the ith atom, and rij is the interatomic distance between

atoms i and j. As such, evaluating the elements of the symmetric CM only requires the

evaluation of the interatomic distances. The size of the final descriptor, which is the upper

or lower triangle of the matrix, scales as N2, where N is the number of atoms in the system of

interest. To obtain permutation invariance from this descriptor, the rows and columns of the

CM are reordered based on the norm of the values in the columns.110 A limitation of using
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this sorted CM as a descriptor is that it may lead to discontinuities in the NN-potential.111

In the discussion that follows, we will use the sorted CM as the descriptor for CH5
+ to

ensure permutational invariance for the NN-potential for this ion. We initially elected not to

sort the CM for either H2O or (H2O)2 and use the unsorted CM as the descriptor for these

systems. We will return to this decision for (H2O)2 in our discussion of the DMC results.

Finally, for efficiency, we implement the unsorted and sorted CM using CuPy, a software

package used to execute numerical Python code on GPUs.112

4.2.3 Numerical Details

We use the following simulation parameters to reproduce literature values of the calculated

DMC zero-point energy reported in Table 4.2. For both the water monomer and water dimer,

we propagate 60 000 walkers for 50 000 time steps. For CH5
+, with 20 000 walkers, we

permute the hydrogen atoms to randomly sample all 120 equivalent minima in the potential,

and then run the DMC simulation for 20 000 time steps. We also run analogous calculations

for all 5 of the isotopologues of CH5
+: CH4D+, CH3D2

+,CH2D3
+,CHD4

+,CD5
+. For CH5

+

and (H2O)2, we also performed larger-scale DMC simulations to ensure convergence for

these simulations. 200 000 walkers are propagated for 20 000 time steps for CH5
+ and 200

000 walkers are propagated for 50 000 time steps for (H2O)2. All DMC calculations were

performed using a time step (∆τ) of 1 a.u. To obtain the zero-point energies reported in

Table 4.2, we average Vref starting at 16 667 a.u. for H2O and (H2O)2 and at 6667 a.u. for

CH+
5 and its deuterated analogues.

4.3 Training Procedure

The training data set is loaded into the neural network with a batch size of 32 and learning

rate of 0.00025. At the end of each full iteration of weight minimization, known as an

epoch, the mean absolute error of both the training data set and the validation data set are

evaluated to monitor the training progress. The learning rate is halved if the mean absolute

error of the training data set does not improve for 5 consecutive epochs, and the training is
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terminated when the learning rate reaches 10−6.

4.4 Variational Calculation

The calculations of the vibrational levels of water were performed in Jacobi coordinates.

While these are not the most efficient coordinates for describing low-lying vibrational levels

of water, they have the advantage of a simple kinetic energy operator,

Ĥ =
p̂2
r

2µr
+

P̂ 2
R

2µR
+

(
1

2µRR2
+

1

2µrr2

)
ĵ2 + V (R, r, θ) (4.4)

where r represents one of the OH bond lengths, with reduced mass µr, R provides the distance

between the second hydrogen atom and the center of mass of the OH bond described by r,

and θ is the angle between ~r and ~R. The reduced mass associated with R is

µR =

(
1

mH

+
1

mH +mO

)
(4.5)

To start, three cuts through the potential were taken, one along each of the three coor-

dinates with the other two coordinates set to their equilibrium values. Each cut was used

in a 1D Discrete Variable Representation (DVR) calculation,113 where a DVR based on the

Hermite polynomials was used for R and r and the DVR in θ was based on Legendre Polyno-

mials. For each DVR calculation, 250 DVR points were used. The resulting wave functions

were used to obtain potential-optimized DVR points, with 35 in R and r and 30 in θ. These

DVR points and the associated kinetic energy terms were used to set up the full Hamilto-

nian along with a potential cutoff of 35 000 cm−1. With these parameters, we were able to

converge the energies of the vibrational states of interest to within 1 cm−1.
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4.5 Results and Discussion

4.5.1 Collection of Training Data

In developing a strategy for collecting training data, our goal was to construct a general

approach that is based on the collection of wave functions that are obtained from a DMC

simulation without any additional pruning or enhancement of this data. In order for this

to be successful, we must ensure that the geometries included in the training data fully

sample the regions of the potential that are accessed by the ground state wave function in

a DMC simulation. The red curve in Figure 4.3 illustrates the distributions of the energies

of walkers obtained from a ground state DMC simulation for CH5
+. As can be seen, the

highest energies that are sampled exceed twice the value of the zero-point energy (dark blue

line) of 10 918 cm−1.37 Additional plots showing the distribution of walker energies obtained

from DMC simulations for H2O and (H2O)2 can be found in the Supporting Information of

this published work.42
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Figure 4.3: The fraction of the number of walkers obtained from DMC simulations plotted
a functions of energy obtained using the JBB potential for CH5

+.6 The different colors
correspond to walker distributions obtained when the masses of each of the atoms in CH5

+

are multiplied by the indicated value. The shaded black curve provides the distribution of
energies of the training data set used to obtain the NN-JBB potential as described in the
text. The dark blue vertical line indicates the value of the calculated zero-point energy of
CH5

+.
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Above the zero-point energy, the number of walkers with a specified energy decreases with

energy. For an M−dimensional isotropic harmonic oscillator, the amount of configuration

space that corresponds to a particular energy will be the surface area of a M−dimensional

hypersphere with a radius that is proportional to
√
E. Based on this, the amount of con-

figuration space that corresponds to an energy of E will scale as roughly E(M−1)/2. This

means that the density of sampled configurations in the DMC ensemble falls off rapidly as a

function of E. If we use only the configurations that are captured by the distribution plotted

in red in Figure 4.3, we will not have sufficient training data at energies above the zero-point

energy for the neural network to provide an accurate description of the potential energy sur-

face. When we performed DMC on a neural network trained only using data obtained from

ground state sampling, we found that the NN-potential had large numerical instabilities in

the surface, or holes, which caused DMC simulations based on this surface to fail.

One way to ensure that geometries included in the training set sample these higher energy

regions of configuration space is to run DMC simulations in which the masses of the atoms

have been decreased. For example, the light green distribution in Figure 4.3, which is labeled

as 0.5, was obtained by performing a DMC simulation in which the masses of all of the atoms

were multiplied by 0.5. This reduction of the atomic mass increases the zero-point energy

of the system and expands the region of configuration space that the walkers can access. It

also leads to poorer sampling at low-energy regions of the potential.

Based on these observations, we have developed a hybrid approach. The training data

is obtained from a DMC simulation in which we propagate a set of walkers with their most

abundant masses for the first half of the simulation. During the the second half of the

simulation, we decrease the masses of all of the atoms until their masses have been reduced

by a factor of ten. This is achieved by multiplying the masses by a constant factor at each

time step. In the case of this study, the masses are decreased over the course of 4000 time

steps. To decrease the masses of the atoms by a factor of 10 over this time period, at each

time step the masses of the atoms are each multiplied by 4000
√

0.1. The coordinates of the

walkers along with their energies are collected periodically throughout this simulation, and
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this forms the training data for the NN-potential. The resulting energy distribution is shown

as the shaded distribution in Figure 4.3. The shaded distribution follows the red curve at

low energies while also providing a larger number of geometries at higher energies.

For all systems, we collect training data from a DMC simulation with 20 000 walkers,

which is propagated for 8000 time steps with ∆τ = 1 a.u. All of the walkers are placed at the

minimum in the potential at τ = 0 a.u. The training data consists of the ensembles of walkers

and their energies, which are collected every 100 time steps throughout the simulation.

This results in a training set containing roughly 1.6 × 106 walkers for each system that is

considered. By starting all of the walkers at the potential minimum and, in the case of CH5
+

and (H2O)2, collecting the walkers after one time step, we ensure that the region near the

potential minimum is well-sampled. This additional step was not required for H2O, as it

lacks the low frequency vibrations and multiple minima exhibited by the other systems.

4.5.2 Validation of Neural Network

A validation set was also collected from the training DMC simulation, where 100 000 ran-

domly chosen walkers are collected using snapshots of the wave function between time step

3000 and 4000, which were not used in the construction of the training set. As such, the val-

idation set only contains walkers that have unscaled masses and reflect geometries sampled

by a ground state DMC simulation. The mean absolute error (mae) of the validation set was

used as a convergence metric throughout the training process. To generate a test data set

that consists of walkers and energies that were not used in the training process, we performed

an independent DMC simulation using the same procedure as was used to obtain the train-

ing set. We obtained the test set by randomly selecting 80 000 of the generated molecular

configurations from the wave functions obtained from this second DMC simulation.

After training the neural networks for the three systems of interest, we calculated the

error associated with each model. The results are reported in Table 4.1. We report the mae

for each neural network based on the training, validation, and test sets. Since the validation

set includes configurations from a typical ground state DMC simulation, the energies of
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Table 4.1: Mean Absolute Errors for the Training, Validation and Test Set Obtained for
H2O, CH5

+, and (H2O)2 (cm−1).

System Training Error Validation Errora Test Errorb

H2O 5 2 5
CH5

+ 60 33 60
(H2O)2

c 28 12 32
(H2O)2

d 58 28 61
a The validation set consists of 100 000 geometries based on a

ground state DMC simulation, as described in the text.
b Consists of 80 000 geometries collected during a DMC

simulation with scaled masses.
c The NN was trained and evaluated using the unsorteed

CM descriptor.
d The NN was trained and evaluated using the sorted

CM descriptor.

the sampled configurations are expected to be smaller on average than the energies of the

configurations that make up the training and test sets. In fact, for all three systems, the

validation error is roughly half of the training error. The difference between the training

and test error is less than 1 cm−1 for H2O and CH5
+ and smaller than 4 cm−1 for (H2O)2.

This small difference between the training and test errors gives us confidence that the model

predicts energies of configurations that are not included in the training set with similar

accuracy to configurations that are in the training set.

To further explore how the error is distributed, in Figure 4.4 we plot the density of

configurations in the validation set for H2O as a function of the energy evaluated using the

PS potential (EPS) and the difference between values of the energy obtained using the PS

potential and the NN-PS potential, ∆E = EPS−ENN−PS. Overlaid on this plot, we show the

average and standard deviation of ∆E for EPS ranges of 750 cm−1, shown with black dots

and error bars, respectively, and a white line at ∆E = 0. As is seen, the average value of ∆E

remains close to zero up to 15 000 cm−1, which is nearly four times the zero-point energy for

water. The standard deviation of ∆E increases with EPS. In the bottom panel, we plot the
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Figure 4.4: Comparisons between the NN-PS and PS7 potentials for H2O. (Top) Plot of the
number of walkers as a function of the difference between the energies obtained using the
PS and NN-PS surfaces and the energy evaluated using the PS surface. Superimposed on
the heat map are the average (black circles) and standard deviation (black error bars) of the
energy difference over energy ranges of 750 cm−1 centered at the position of the black circle.
(Bottom) The predicted NN-PS energy (open circles) as a function of the PS energy over
the full energy range sampled by the validation set.
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correlation between ENN-PS and EPS over the full energy range sampled by the validation

set. The dashed line shows ENN-PS = EPS. As is seen, the data lies close to the dashed

line. Taken together, these results show that while there are small, and growing, deviations

between ENN-PS and EPS, the error is centered at 0 and uniformly distributed about that

value. For analogous plots for the other systems, please see the Supporting Information of

this published work.42 Consistent with the reported errors in Table 4.1, the distributions

are similar to those for H2O, albeit with slightly larger ranges of ∆E. The ensemble that is

propagated in DMC randomly samples the potential, and the predicted value for the ground

state energy is based on an ensemble average of the potential energy, V̄ (τ). Therefore, the

uniformly distributed errors described above should lead to errors in the ground state energy

that are much smaller than the mae values reported in Table 4.1.

4.5.3 Diffusion Monte Carlo Performance on the Neural Network Surfaces

The goal of this work is to develop a NN-based approach that allows for the efficient and

accurate determination of the potential energies for a DMC calculation. Therefore, the most

important test of the success of this approach is through comparisons of the energies and

wave functions obtained using the NN-potential and the potential on which the NN-potential

is based.

In Table 4.2, we compare the zero-point energies for H2O, CH5
+, and (H2O)2 obtained

using the NN-potentials with a small and large ensemble of walkers along with previously

reported results obtained using the PS, JBB, and MB-pol potentials, respectively. The

smaller NN-DMC calculations were performed using the same ensemble size and propagation

time as were used to obtain previously reported results on these systems. We performed the

larger calculations to confirm that the results are converged. As can be seen in the results

reported in Table 4.2, the energies obtained from the NN-DMC calculations are in excellent

agreement with previously reported results for all three systems, with differences for these

three systems of 1 cm−1 or less. As anticipated, these differences are much smaller than the

mae of the energies calculated using the NN-potentials reported in Table 4.1. In addition, the
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Table 4.2: Calculated DMC Zero-Point Vibrational Energies for H2O, CH5
+, and (H2O)2

(cm−1).

System Literature Value NN-DMC Large NN-DMCa

H2O 4637b 4637 (0.4)
(H2O)2

c

9910 (2)e
9910 (2) 9909 (0.3)

(H2O)2
d 9909 (3) 9908 (1)

CH5
+ 10 918 (7)f 10917 (4) 10 920 (2)

CH4D+ 10 307 (11)f 10 312 (3) 10 310 (2)
CH3D2

+ 9703 (8)f 9701 (6) 9703 (1)
CH2D3

+ 9101 (8)f 9105 (2) 9106 (1)
CHD4

+ 8563 (6)f 8573 (7) 8570 (1)
CD5

+ 8045 (8)f 8048 (6) 8048 (2)
a Zero-point energies calculated based on a 200 000 walker

DMC simulation described in the Numerical Details.
b Variational calculation reported in the manuscript.
c The NN was trained and evaluated using the unsorted

CM descriptor.
d The NN was trained and evaluated using the sorted

CM descriptor.
e Ref. 41.
f Ref. 37.
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differences between the zero-point energies obtained from DMC and NN-DMC simulations

are generally much smaller than the reported uncertainties of the DMC simulations.

While validation through comparisons of zero-point energies is important, the power of

DMC comes from the ability to obtain the ground state vibrational wave function that de-

scribes the structure of the system of interest. To this end, we compare the wave functions

generated from DMC using the NN-potentials and the potentials on which the NN-potential

was based. We first consider the system that is most difficult to describe quantum me-

chanically, CH5
+. As discussed above, CH5

+ has 120 equivalent minima, and the energetic

barriers to isomerize between these minima are lower than the zero-point energy in the as-

sociated vibrations. This leads to full permutation equivalence of the hydrogen atoms in the

vibrational ground state. Additionally, when one performs isotopic substitution, the wave

function becomes localized in a subset of these minima. This phenomenon has been described

in previous work.94,114 This partial localization of the ground state wave function makes the

calculation of the ground state energies and wave functions for partially deuterated CH5
+ a

particularly stringent test of the NN-potential, as slight deviations in potential can impact

the localization of the isotopic variants of this ion.

0.0

0.5

1.0

1.5

2 0

JBB
NN-JBB

0.0

0.2

0.4

0.6

0.8

0.5 1.0 1.5 2.0 2.5

RHH (Å)

0.0

0.1

0.2

0.3

2 0

0.5 1.0 1.5 2.0 2.5

RHH (Å)

0.00

0.05

0.10

0.15

CH5+ CH4D+

CH3D2+ CH2D3+

Figure 4.5: Plots of projections of the DMC probability amplitude onto all HH distances
of the indicated system based on the JBB6 (black) and NN-JBB (red) potential. The error
bars indicate the standard deviation of the amplitude of Ψ2

0 among five independent DMC
simulations. The projections are normalized based on the number of HH distances in the
ion.
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We first examine the zero-point energies associated with each of the isotopologues, re-

ported Table 4.2. There is good agreement between the previously reported values based

on DMC calculations that used the JBB surface, the NN-DMC calculation, the large-scale

NN-DMC calculation. To compare the ground state probability amplitude obtained from

DMC calculations using the NN-JBB surface to those obtained using the JBB surface, in

Figure 4.5 we project the Ψ2
0 obtained from these two calculations onto the HH distances in

each of the isotopologues of CH5
+ that contains two or more hydrogen atoms. While there

are subtle differences between the distributions obtained when the DMC calculations were

performed using the JBB and NN-JBB potentials, these differences are generally smaller

than the uncertainty in the values as indicated by the error bars. The corresponding pro-

jections onto the HD and DD distances show similar trends (see the Supporting Information

of this published work42). As noted above, one concern about using the sorted CM as the

descriptor in generating the NN-potential comes in the possibility of discontinuities.

Figure 4.6: One-dimensional cuts through the NN-JBB surface along each of the unique
CH stretches in CH5

+. The red hydrogen in the inset of each panel indicates the hydrogen
atom that is displaced. This NN-potential was trained and evaluated using the sorted CM
descriptor. This choice leads to discontinuities in the cuts through the potential, which are
indicated by the purple asterisks.

In fact, if we plot cuts through the NN-JBB surface along each of the four unique CH

bond lengths in CH5
+, constraining all other coordinates to their equilibrium values, we

note such discontinuities (see Figure 4.6). While this is a possible limitation of the use of
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the sorted CM in the NN-DMC approach, it does not appear to be affecting the accuracy

of the zero-point energies or the probability amplitude obtained when we perform a DMC

simulation using the NN-JBB potential.

As discussed above, the water dimer is a system that has eight equivalent minima on

the potential surface. However, when the DMC simulation is initialized in one of the eight

minima, only two of these minima are sampled by the ground state wave function. The water

dimer also exhibits highly anharmonic, low frequency vibrational motions in the intermolec-

ular degrees of freedom. To examine how these attributes of (H2O)2 are captured by the

NN-potential, we project the probability amplitude onto pairs of OH distances in Figure 4.7.

In the top panel, we show the projection of Ψ2
0 onto both of the intramolecular OH distances

in the donor the water molecule (the two OH bonds of the water molecule with red, orange,

and yellow atoms in Figure 4.2). There is excellent agreement between the wave functions

collected from DMC simulations using the MB-pol surface and the NN-MB-pol surfaces. In

the bottom panel of Figure 4.7, we show the projection of Ψ2
0 onto the intermolecular OH

distances between the oxygen in the donor water and the two hydrogen atoms in the acceptor

water (the red oxygen atom and the two green hydrogen atoms in the structure in Figure

4.2). We find generally good agreement between these projections, which are plotted in black

and red, although there is a small peak around 2 Å that is only partially captured in the

DMC calculation that is based on the NN-MB-pol potential. If we train a new NN-potential

using the sorted CM as the molecular descriptor and perform a DMC calculation, we recover

this feature (gold dotted line). The mae for this new NN-potential is reported in Table 4.1,

the DMC zero-point energies are reported in Table 4.2. The training, test, and validation

mae of the sorted CM NN-MB-pol surface are all comparable to the mae of the CH5
+ model,

which contains the same number of atoms and also uses the sorted CM as the molecular

descriptor. Additionally, the zero-point energy calculated using the sorted CM NN-potential

is in agreement with the NN-DMC simulations that used the unsorted CM NN-potential for

(H2O)2.

Upon closer inspection of the walkers that correspond to the peak near 2 Å in the pro-
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Figure 4.7: The DMC ground-state probability amplitude obtained from simulations using
the NN-MB-pol with an unsorted CM descriptor (red dashed lines) and a sorted CM de-
scriptor (gold dotted lines) and the MB-pol8–10 potentials (black solid lines) projected onto
pairs of OH distances in (H2O)2. (Top) The DMC probability amplitude projected onto
the intramolecular OH distance in the donor water molecule (the two OH bonds between
the red oxygen and orange and yellow hydrogen atoms in Figure 4.2). (Bottom) The DMC
probability amplitude projected onto an intermolecular OH distance between the hydrogen
atoms in the donor water molecule and the oxygen atom in the acceptor water molecule (the
distance between the red oxygen and the two green hydrogen atoms in Figure 4.2). The
inset in the bottom panel shows the geometry of a walker that contributes to the feature
near 2 Å, where the walkers sample geometries near the transition state for the exchange of
the identities of the donor and acceptor water molecules.
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jections of the ground state probability amplitude plotted in the bottom panel of Figure

4.7, we find that they are structurally similar to the hydrogen bond interchange transition

state,115,116 which is shown in the inset in the bottom panel of Figure 4.7. The energy of

this transition state has been reported as approximately 235 cm−1 based on the MB-pol

surface,115 while the harmonic normal mode frequency that corresponds to the motion that

connects the minimum energy structure and this transition state is below 200 cm−1. While

the ground state DMC calculation may sample geometries that are near this transition state,

the walkers are not able to tunnel through this barrier. When we examined the structures

that are sampled by the DMC simulation used to generate the training and test sets, we

found they do not show evidence of tunneling through this barrier. The enforced symmetry

introduced by the sorted CM provides an improved description of this region of the poten-

tial and more accurate ground state wave function. Further evidence of this improvement

can be seen in the projections of Ψ2
0 onto the intermolecular HH distances shown in Figure

4.8. Finally, we have considered the projections of the probability amplitude onto the OH

distance and HOH bend in H2O, and the results are provided in the Supporting Information

of the published work. The projections obtained using the NN-PS surface show excellent

agreement with those obtained using the PS surface.

4.5.4 Efficiency Gain from Neural Network Potentials

Next we consider the relative efficiency of the NN-potentials when compared to the potential

energy surfaces on which the NN-potentials are based. To explore this, we calculate the

time it takes to evaluate the energies using the MB-pol potential and the GPU accelerated

NN-MB-pol potential for (H2O)2. The analogous timing plots for H2O and CH5
+, as well

as detailed timings for all the systems, are found in Figure 4.10 and Table 4.3. We call the

compiled MB-pol surface within Python using the ctypes foreign function interface, and we

parallelize the calls to MB-pol across CPU cores using Python’s multiprocessing module. In

Figure 4.9, we compare the average time required to evaluate the potential energy over 400

time steps in a DMC simulation for a series of different ensemble sizes. Continuous weighting



88

1 2 3 4 5 6

RHH (Å)

0.00

0.25

0.50

0.75

1.00

2 0

MB-pol
NN-MB-pol unsorted
NN-MB-pol sorted

1 2 3 4 5

RHbH' (Å)

0.0

0.5

1.0

2 0

2 3 4 5 6

RHfH' (Å)

0.00

0.25

0.50

0.75

1.00

2 0

O O

H

H

H
H

*

*

f

b

'
'

Figure 4.8: (Top) The DMC ground-state probability amplitude projected onto all six HH
distances in the water dimer using the potential energy surfaces denoted in the legend.
(Middle) The DMC probability amplitude projected onto the intermolecular HH distances
between the hydrogen-bonded hydrogen atom in the donor water molecule, and the two
hydrogen atoms in the acceptor water molecule (the distance between the orange hydrogen
and the two green hydrogen atoms). (Bottom) The DMC probability amplitude projected
onto the intermolecular HH distances between the free hydrogen atom in the donor water
molecule and the two hydrogen atoms in the acceptor water molecule (the distance between
the yellow hydrogen and the two green hydrogen atoms). The shoulders in the distributions,
indicated by purple asterisks, in the middle and bottom panels correspond to the transition
state geometries discussed in the text.
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DMC36 is used in these calculations in order to keep the ensemble size constant throughout

the 400 time steps. The DMC simulations using the MB-pol potential are performed using

a single 28-core Intel Xeon E5-2680 v4 2.40 GHz processor. We perform the analogous

calculation on the NN-potential using one of the GPU nodes on the Cori supercomputer at

the National Energy Research Scientific Computation Center (NERSC). These GPU nodes

have 8 NVIDIA Tesla V100 GPUs per node and two 20-core 2.40 GHz Intel Xeon Gold 6148

Skylake processors. For these NN-DMC calculations, only one of the 8 GPU nodes was used.

Table 4.3: Average Potential Energy Call Time for the NN-Potential and the Potential On
Which the NN-Potential Is Based (s).

Ensemble Size PSa NN-PSa JBBa NN-JBBa MB-polb NN-MB-polb

100 0.003 0.016 0.003 0.018 0.005 0.017
1000 0.002 0.016 0.002 0.018 0.006 0.016

10 000 0.004 0.016 0.02 0.019 0.034 0.018
100 000 0.037 0.025 0.153 0.038 0.324 0.037

1 000 000 0.27 0.085 1.163 0.322 3.087 0.31
a Plotted in Figure 4.10.
b Plotted in Figure 4.9.



90

2 3 4 5 6
log10(Nw)

0

1

2

3

4

Av
er

ag
e 

Po
te

nt
ia

l C
al

l T
im

e 
(s

) (H2O)2MB-pol
NN-MB-pol

Figure 4.9: The average potential energy call time in a sample DMC simulation for varying
numbers of (H2O)2 configurations using the MB-pol surface8–10 (black solid) compared to
the NN-MB-pol surface (red dashed).

The results plotted in Figure 4.9 illustrate that the GPU-optimized NN-MB-pol eval-

uations scale significantly better than the calls to the underlying MB-pol potential. The

improvement is shown most prominently in the 106 walker case, where the GPU calls of thee

NN-potential are 3x faster for H2O, 4x faster for CH5
+, and 10x faster for (H2O)2 compared

to the CPU calls to the potential on which the NN-potential is trained. In some senses this

comparison is not entirely fair as similar speed-ups could be obtained by using a version of

the underlying potentials that has been modified to take advantage of GPU’s. This is not

always a straight-forward procedure, and advantage of the present approach for obtaining

the NN-potentials is that it can be applied to a broad range of potential surfaces without

modification.

With these gains in speed we can perform extremely large NN-DMC simulations at a

cost that is independent of the cost to evaluate the underlying potential. As such, the use

of these NN-potentials will enable us to perform DMC calculations that use significantly

more expensive approaches for evaluation of the potential energy. For example, we are

currently exploring applications in which the energies are evaluated using electronic structure
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Figure 4.10: The average potential energy evaluation time plotted as a function of the number
of walkers for H2O (left) and CH5

+ (right). The black solid and red dashed lines on the left
correspond to the PS7 and NN-PS surfaces, respectively, and the black solid and red dashed
lines on the right correspond to the NN-JBB and JBB6 potentials, respectively. The plotted
data is provided in Table 4.3.

calculations directly.

4.5.5 Variational Calculation of Vibrational States Using the NN-Potential

The discussion above focuses on ground state properties, and the geometries that were used

to develop the NN potential for the NN-DMC calculation were chosen for the calculation of

the ground state. It is interesting to ask how well this potential describes excited states. In

the case of water, the excited state vibrational energies are reasonably straightforward to

evaluate, and the details of the calculation are provided in the Supporting Information of this

published work.42 The results of these calculations are provided in Table 4.4. Comparing

the results obtained using the PS and NN-PS potentials, we find there are small differences

in energies. For example, the zero-point energies differ by 0.1 cm−1, while the energies of

all other vibrational states differ by less than 1 cm−1. The calculated zero-point energy is

also in excellent agreement with the DMC values reported in Table 4.2. This shows that the
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NN-potential obtained for DMC calculations can also be used in other types of large scale

calculations that require many calls to a potential energy surface.

Table 4.4: Ground and Excited State Vibrational Energies for H2O Using the NN-PS and
the PS Potentials7 (cm−1).

vas vb va PSb NN-PS

0 0 0 4636.8 4636.9
0 1 0 1594.4 1594.5
0 2 0 3150.8 3150.8
1 0 0 3656.2 3656.7
0 0 1 3755.1 3755.5
0 3 0 4665.7 4666.0
1 1 0 5233.8 5234.4
0 1 1 5330.0 5330.5
a vs, vb, va correspond to number of quanta in

the symmetric OH stretch, the HOH bend, and
the antisymmetric OH stretch, respectively.

b The first row reports the zero-point energy E0,
and all other values are E-E0.



93

4.6 Conclusions

In this work, we have developed a generic algorithm to train a neural network to learn a

potential energy surface using data obtained from a single, small-scale DMC simulation.

After training this neural network, we are able to perform large-scale DMC simulations by

taking advantage of the efficiency of parallel evaluations of the NN-potential on a GPU.

These NN-potentials are system-dependent, meaning that one has to train a new neural

network for each system of interest and for different isomers of a particular molecular cluster.

These surfaces focus on describing low energy vibrational states, although modification of

the training protocols could extend the region covered by the neural network. There are

other methods, such as path integral ground state (PIGS) methods117,118 and Path Integral

Monte Carlo119,120 that require dozens to hundreds of potential energy evaluations per step.

These methods can also take advantage of parallel evaluation of these potential energy values

on a GPU.
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Chapter 5

ISOLATING THE VIBRATIONAL SPECTRAL SIGNATURES
OF SITE-SPECIFIC WATER MOLECULES IN Cs+·H2O(D2O)19

USING CHANGES IN ELECTRON DENSITY

Reproduced in part with permission from [Nan Yang, Thien Khuu, Sayoni Mitra, Chinh

H. Duong, Mark A. Johnson, Ryan J. DiRisio, Anne B. McCoy, Evangelos Miliordos, and

Sotiris S. Xantheas. Isolating the Contributions of Specific Network Sites to the Diffuse

Vibrational Spectrum of Interfacial Water with Isotopomer-Selective Spectroscopy of Cold

Clusters. J. Phys. Chem. A 2020 , 124 (50), 10393-10406]. Copyright [2020] American

Chemical Society.

5.1 Introduction

Understanding the spectroscopy of liquid water has been a subject of study for many years.

As mentioned in previous chapters, studying bulk water in detail is difficult due to compu-

tational cost. As such, advancements in computational and experimental methods to study

the spectroscopy of chemical models of liquid water have led to novel interpretations of the

dynamics and structure of liquid water.47–53 These models include small protonated water

clusters2,5, 54–59 as well as larger ionic clusters.11,121–123

Recently, Johnson, McCoy, and coworkers reported the gas-phase infrared spectra of

Cs+·(H2O)20 and its deuterated analogs.121 In that work and in this analysis,11 the infrared

spectrum of Cs+·(H2O)20 and Cs+·H2O(D2O)19 were compared to an experimental spectrum

of the surface of liquid water. The gas-phase cluster spectra were collected using a tandem

mass-spectrometry infrared spectroscopy procedure, where the detection of bare, untagged

Cesium clusters were measured upon loss of a D2 tag due to vibrational excitation. A more
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detailed explanation of the experiment can be found elsewhere.11,121

Figure 5.1: (Left) The structure of Cs+·(H2O)20, color-coded to highlight the type of hydro-
gen bond donor present in the cluster.11 The red molecules correspond to a water monomer
that is accepting two hydrogen bonds, and donating one (AAD), and the orange molecules
are donating two hydrogen bonds and accepting one (ADD). (Right) (A) The sum-frequency
generation (SFG) spectrum of liquid water compared to the spectrum of (B) D2-tagged
Cs+·(H2O)20 and (C) Cs+·H2O(D2O)19. The feature near 3700 cm−1 corresponds to the
unbounded OH stretches.

In both the sum-frequency generation (SFG) spectrum of the surface of liquid water and

Cs+·(H2O)20, as seen in Figure 5.1, there are broad peaks ranging from 3000-3600 cm−1 that

are widely attributed to the fundamental excitations in the OH stretches in water.11,121 The

broad spectral envelope in this OH stretching region reflects the fact that the frequencies

of the OH oscillators are modulated by the hydrogen bonding environment of the water

molecule. Since the spectrum of Cs+·(H2O)20 has a similarly broad spectroscopic feature

as the spectrum of the surface of water, this implies that Cs+·(H2O)20 can act as a model

system through which to study the complicated hydrogen bonding network of liquid water.

Specifically, we will study how the hydrogen bonding environment of Cs+·(H2O)20 affects the

hydrogen bond strength of a water molecule, and in turn its characteristic hydrogen-bonded
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OH stretch frequency.

Interestingly, the gas-phase infrared spectrum of Cs+·(H2O)20 and Cs+·H2O(D2O)19 are

almost identical (see spectra B and C in Figure 5.1). The fact that the features in the

spectrum are so similar implies that, in the experiment, the H2O molecule occupies each

of the 20 sites in the water network in Cs+·H2O(D2O)19 with roughly equal preference. In

addition, it shows that there is minimal information loss in examining the spectral region

of a single monomer compared to the ensemble. Because of this spectroscopic phenomenon,

we can make direct connections between theory and experiment by examining in detail the

environment of a single water monomer, particularly in how the impact of the hydrogen-

bonding environment of individual water molecules relates to its infrared spectral signature.

To perform this analysis, we must construct a theoretical model that relates the relative

hydrogen bonding environment of a given water monomer participating in hydrogen bonding

to its hydrogen bond strength and its OH stretch frequency. Skinner and Ohno have for-

mulated theoretical models that relate the physical characteristics of water systems to their

infrared spectroscopy. Skinner has empirically shown through a large number of electronic

structure calculations that the frequency shift of the hydrogen-bonded, OH stretch vibration

in a water network relative to an isolated water monomer is correlated to the solvation en-

vironment of the water molecule.124,125 The different coordination types are defined based

on whether the monomer is donating (D) a hydrogen bond through its hydrogen atom, or

accepting (A) a hydrogen bond through its oxygen atom. From this simple categorization,

one can name the various solvation environments for a single water molecule in solution: A,

AD, AAD, ADD, and AADD. Skinner has decomposed the broad spectral envelope in liquid

water into contributions from these five types of water monomers.

A qualitative explanation put forth by Skinner relates the hydrogen bond strength to

charge transfer between the hydrogen donor atom and the lone pair electrons on the ac-

ceptor water molecule. The lone pair electrons are donated into the σ∗ orbital of the OH

bond, elongating it. This strengthens the hydrogen bond and lowers the vibrational fre-

quency. An example of this model can be examined if one considers a double acceptor, single
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Figure 5.2: Schemes of Skinner’s postulated change in electron density for (A) a single
acceptor, single donor (AD) molecule and (B) A double acceptor, single donor (AAD) water
molecule. The movement of electrons in the ADD monomer leads to a weaker hydrogen
bond, leading to a shorter OH bond and higher OH stretch frequency.

donor (AAD) monomer (see Figure 5.2). The two hydrogen bonds accepted by the donating

monomer would lead to a weaker donor hydrogen bond relative to a single acceptor (AD),

as there is further depletion in the electron density that can populate the σ∗ orbital. This

qualitative picture can be expanded to explain the cooperative and anti-cooperative effects

of the various different types of hydrogen bonding environments.

Ohno summarized these observations by defining a parameter, M , which relates the OH

bond strength to the number of donor and acceptor hydrogen bonds surrounding the two

participating water molecules involved in a hydrogen bond of interest.126 The value is defined

as:

M = −d′ + a′ + d′′ − a′′ (5.1)

where d′ and a′ are the number of donor and acceptor water molecules surrounding the

donor monomer in the hydrogen-bonded water dimer, and d′′ and a′′ are the number of

donor and acceptor water molecules surrounding the acceptor monomer in the dimer. The

formula accounts for the change in hydrogen bond strength as a result of the presence of
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these molecules, where the higher the M -value, the stronger the hydrogen bond. Examples

of the correlation between the M -value and the strength of the hydrogen bond, measured by

the OH stretch frequency in the Cs+·H2O(D2O)19 cluster, can be found in Figure 5.3.

Figure 5.3: Calculated bound OH frequencies in isomers of Cs+·H2O(D2O)19 classified by
their hydrogen bonding environments. (A) Harmonic frequencies of the bound OH groups
plotted against the M index proposed by Ohno. These points are further classified and color
coded with an index proposed by Skinner and co-workers, which capture the binding type
of both the donor and acceptor water molecules of the H-bond of interest. The schematic
structures are shown as water dimers. For example, AAD-ADD corresponds to the case
where an OH group on an AAD water molecule donates to an ADD water molecule. The
OH oscillators indexed by M = 4 (or AAD-ADD) are again further classified in (B) by
the binding types of water molecules surrounding the dimer (Wa and Wd). B1 and C
represent the environments that yield the weakest and strongest H-bond in the central dimer,
respectively. B1-B4 are the structures present in the clusters. The black brackets highlight
the change of exterior water molecule’s type from one class to another.

The categorization scheme put forth by Ohno and the qualitative, empirical explanation

put forth by Skinner are helpful and informative explanations for how hydrogen bond strength
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affects the frequency of the OH oscillator. However, in this chapter, we will quantify these

effects by calculating the change in quantum mechanical electron density of a hydrogen bond

donor and acceptor pair relative to varying solvation environments. We will discuss how the

resultant electron density difference relates to the strength of hydrogen bonding and thus

the OH stretch frequency in the donor/acceptor pair. Once this is established, we will apply

this technique to the Cs+·H2O(D2O)19 cluster.

5.2 Calculating Changes in Electron Density in a Model Water Cluster

To quantify how the strength of a hydrogen bond changes with the local solvation environ-

ment that surrounds it, we turn to electronic structure calculations. Skinner postulated that

the change in vibrational frequency is related to the change in electron occupancy of molecu-

lar orbitals. Here, we generalize that idea and investigate the change in quantum mechanical

electron density in the hydrogen bonding region of a water dimer when its first and second

solvation shell environment change. Specifically, we explore how adding or removing donors

(D) and acceptors (A) on both water molecules participating in the hydrogen bond affects

the electron density in the hydrogen-bonding region and develop a metric that encapsulates

these changes, δe.

To explore the effects of solvation on a single hydrogen bond, we solvate a water dimer,

the simplest hydrogen bonding scheme, with six water molecules: two that donate hydrogen

bonds to the donating water monomer, one accepting a hydrogen bond from this water

molecule, two water molecules that accept hydrogen bonds from the acceptor water molecule,

and one that donates a hydrogen bond to this molecule. This fully solvated dimer (8 water

molecules total, referred to as the octamer) was optimized at the MP2/aug-cc-pVTZ level of

theory and basis set as implemented in Gaussian 16.83 The OH distances and HOH angles

of the individual water molecules as well as the OO distances were optimized. The hydrogen

bonds were constrained to be linear and the angle between the donating hydrogen and the

bisector of the two OH vectors on external A water molecules was set to 180 degrees.

This structure was used for all calculations involving the solvation of the water dimer.
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Figure 5.4: The water octamer model system. The hydrogen bonds are constrained to be
linear, and the central water dimer is the subject of analysis.

To examine different solvation environments, only some of the water molecules are included

in the calculation of the electron density. To obtain the electron density differences, a second

calculation of the electron density is performed using the same set of basis functions, but

only the electrons associated with the six atoms that make up the central water dimer

were included. Specifically, ghost atoms are introduced in the positions of the atoms in the

solvating water molecules, but neither the charged nuclei nor the associated electrons are

included in this calculation. The electron densities for all of these systems were evaluated

by calculating the electron density in discrete cubes that encompass the system using the

cubegen tool in Gaussian 16. The electron density is reported based on a 100×100×100 set

of grid points that are placed at the center of these cubes. Electron density differences were

then calculated by subtracting the calculated electron density of the dimer pair from the

electron density of the larger system at each of these 1003 points. This process was repeated

for all possible donor and acceptor solvation environments.
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Figure 5.5: (Inset) The difference between the electron density calculated for an AAD-
ADD cluster and the electron density for the central dimer in the above structure, plotted
for regions where the electron density difference exceeds 0.001 electron/a3

0. The hydrogen
bonding region where the electron density is larger for the full AAD-ADD system than for
the dimer is shown in blue, while the region of the donor OH bond where the electron density
is depleted is shown in green. The gold cylinder shows the volume over which these densities
are integrated to obtain the black curve. (Black line) The ∆Cyl value, calculated using Eq.
5.2, is plotted as a function of the axis along the hydrogen bond, Z. To facilitate comparison
of the plot to the inset, the locations of the oxygen atoms (red) and hydrogen atom (grey) are
also shown in the plot. To evaluate δe using Eq. 5.3, hydrogen-bonding feature is integrated
over the length of the green box to obtain δHB, while the OH bond feature is integrated over
the length of the blue box to obtain δOH, and the difference between these two quantities is
evaluated.
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The electron density difference between the cluster with the strongest hydrogen bond,

AAD-ADD (M=4), and the isolated water dimer is shown in the top inset of Figure 5.5. The

change in electron density shows a significant increase in electron density in the hydrogen

bonding region (blue) along with a depletion of the electron density in the region of the

covalent OH bond in the donor molecule (green). This combination of changes reflects a

weakening of the covalent OH bond in the donor water molecule and a strengthening of the

hydrogen bond interaction between the donor and acceptor molecule. These are both types

of interactions one would expect to see as the hydrogen bonding interaction is increased.

We also note that these changes are localized around the O-H· · ·O hydrogen-bonding axis

(referred to as the Z-axis in Figures 5.5 and 5.6) and have roughly cylindrical symmetry.

To help compare the changes in the charge distributions among several systems, we project

these distributions onto this O-H· · ·O axis by integrating them over circular sections with a

radius of 1 a0. This allows us to evaluate

∆Cyl(Z) =

∫ 1 a0

0

∫ 2π

0

[ρfull(r, θ, Z)− ρdimer(r, θ, Z)]r drdθ (5.2)

where ρ represents the electron density associated with either the full system or the dimer

core. Operationally, this analysis is done in Cartesian coordinates, where the electron density

at grid points that fall within the radius of the circular section is summed. ∆Cyl is plotted

as a function of Z (black curve in Figure 5.5). As noted above, the magnitudes of both the

positive feature in the region of the hydrogen bond (∆HB
Cyl(Z)) and the negative feature in the

region of the OH bond that donates into the hydrogen bond (∆OH
Cyl(Z)), provide information

about the strength of the hydrogen bonding interaction. For this reason, we express:

∆Cyl(Z) = ∆HB
Cyl(Z)−∆HB

Cyl(Z) (5.3)
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5.3 Results and Discussion

To obtain insights into the effect of the local solvation environment on the electron density

around the shared OH stretch region in the water dimer, we report ∆Cyl for situations in

which we change either the number of water molecules participating in hydrogen bonds with

the donating water molecule or the acceptor water molecule, and we report the results in

Figure 5.6. In Panel A, the donor environment is varied. As can be seen, there is depletion

of electron density in the OH bond itself upon adding additional water molecules, and an

increase in electron density in the space between the OH bond and the accepting hydrogen

bond. This corresponds to a stronger hydrogen bond overall. The trend shows that an AAD

donor results in the strongest hydrogen bond (for donors: AAD > AD ≈ AADD > ADD).

Likewise, Panel B shows that when the acceptor environment is varied, an ADD acceptor

water yields the strongest hydrogen bond (for H-bond acceptors: ADD > AD ≈ AADD >

AAD).

A B

Figure 5.6: Changes in the electron density difference, ∆Cyl resulting from changes in the
hydrogen bonding environment of (A) the acceptor water molecule and (B) the donor water
molecule.

While the trends illustrate that ∆Cyl provides a way to compare changes in electron density

differences across various systems, it would be desirable to encode this information into a

single parameter. This can be achieved by integrating ∆HB
Cyl(Z) and ∆OH

Cyl(Z) as

δe =

∫ 4.2 a0

1.5

∆HB
Cyl(Z)−

∫ 3.5 a0

0

∆OH
Cyl(Z) = δHB

e − δOH
e (5.4)
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In Figure 5.7, δe is plotted as a function of the M index. The structures shown in Figure

5.7 correspond to adding to the number of hydrogen bonds the donor accepts, increasing

a′, and adding to the number of hydrogen bonds the acceptor donates, increasing d′′. This

choice leads to a clear trend in the M value proposed by Ohno, shown in the pink and brown

arrows. On the other hand, calculating δe shows that this trend is truly the result of the

changes in the electron density near the hydrogen bonding site, as δe increases as the M value

increases. Furthermore, as multiple structures have the same M value, it is advantageous to

examine the δe metric, since it provides a more detailed picture of hydrogen bond strength

for the different types solvation environments.

Figure 5.7: δe, which is calculated using Eq. 5.4, as a function of the M index (defined in
Eq. 5.1) for various solvation environments. The pink arrows indicate an increase of a′, the
number of hydrogen bonds the donor accepts, and the brown arrows indicate an increase of
d′′, the number of hydrogen bonds the acceptor donates.

The calculation of δe was repeated for each of the OH bonds the Cs+·H2O(D2O)19 cluster,

and the results are reported Figure 5.8. For these calculations, five low energy isomers of

Cs+·H2O(D2O)19 were optimized at the B3LYP/ 6-31++G** level of theory/basis using an

LANL2DZ pseudopotential for Cs.11 Single point energy calculations were then performed
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Figure 5.8: (A) Hydrogen-bonded OH stretch harmonic frequency as a function of the changes
in the electron density in the donor OH group and the region along the hydrogen bond, δe.
Calculations are carried out for five isomers of Cs+·H2O(D2O)19. Changes in the electron
density are calculated relative to the isolated water dimers at each motif in the cage. (B)
The zoomed-in region of the AAD-ADD dimer pairs, denoted by a black rectangle in panel
A. The different shapes correspond to second solvation shell environments that are visualized
in Figure 5.3

at the B3LYP/6-31++G** level of theory/basis on each of the isomers with the Cs removed.

Then, single point energy calculations were performed on all donor/acceptor pairs in the

isomer in a manner similar to that described for the model water system. The electron

density analysis for each dimer pair was then compared to a harmonic frequency calculation,

where the H2O was placed at each donor water site in a given isomer.

In the Cs+·H2O(D2O)19 cage, it is shown that the dimer pairs with the largest changes

in electron density and therefore the lowest OH stretch frequency are the AAD-ADD pairs.

More broadly, it is shown that an ADD donor leads to a stronger hydrogen bond relative

to an ADD donor, and ADD acceptors lead to stronger hydrogen bonds relative to AAD

ones. In the AAD-ADD case, the depletion of electron density in the OH bond region can be

attributed to the two monomers hydrogen bonding into the donor monomer, pulling electron

density away from the OH bond. Likewise, there is an increase of electron density in the

hydrogen bonding region because of more electron density being pulled from the acceptor
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monomer than usual. This is due to additional electron density from the two monomers

on the acceptor monomer. This combination leads to the strongest hydrogen bond when

considering the first solvation shell. Going one step further, the clustering of the AAD-ADD

pairs in this plot demonstrates how the changes in the electron density relate to the second

shell of hydrogen bonding interactions present in the cluster, color-coded in various shades

of red, pink, and purple in Figure 5.3 and 5.8B. As can be seen, there is a clear clustering

of different types of hydrogen bonding environments, and this is revealed by examining the

frequency and the δe metric together.

5.4 Conclusions

In this work, Cs+·H2O(D2O)19 was used as a model system to examine how the environment

of single water molecules in a sample hydrogen bonding network modulates the strength

of its hydrogen bonds. We were able to perform an in-depth theoretical analysis of how

the strength of a hydrogen bond is directly related to its solvation environment through

examination of electron density. More specifically, we used a model water octamer that

replicated the different hydrogen bonding environments of a water dimer and examined how

the electron density along the hydrogen bond axis was affected by solvation of both partic-

ipating water molecules with both hydrogen bond donors and acceptors. With this model,

we were able to develop an appropriate metric through which to measure the change in elec-

tron density, δe, which is based on both the depletion of electron density in the OH bond

and enhancement of electron density in the hydrogen bond region. With this metric, we

showed how the categorization scheme by Ohno mapped onto the changes in the quantum

mechanical electrostatic environemnt of the molecule upon solvation. This methods goes

beyond the qualitative, empirical explanation by Skinner by using ab intio electronic struc-

ture calculations to demonstrate causality between electron movement and hydrogen bond

strength.

Once this formalism was established, we applied this analysis to five low-energy isomers

of Cs+·H2O(D2O)19 and found a causal relationship between it and the harmonic frequency
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of the OH oscillators in the large ionic cluster. In doing this, we showed that the shifts in

the OH stretch frequency can be attributed to changes in the hydrogen bonding environment

that are fully quantum mechanical in nature, and that the local electronic environment of

the oscillator is the indicator for the hydrogen bond strength. This idea relates back to both

Skinner and Ohno’s work on understanding hydrogen bonding environments, but it can also

be applied in the future to further understand how the spectroscopy of OH stretch oscillators

can be correlated to a local environment. Since this method is general and computationally

efficient, and it can be used to study larger hydrogen bonding networks in the future.
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Chapter 6

SUMMARY AND ONGOING WORK

The works discussed above broadly fit into the categories of model and simulation de-

velopment and analysis. The models and simulations used throughout these works were

developed in pursuit of a better understanding of how quantum mechanics influences the

dynamics, structure, and spectroscopy of hydrogen bonding in water and proton transfer.

After DMC was reviewed in the first chapter, the Ground State Probability Amplitude

(GSPA) approach was discussed, improved, and extended to two sizes of protonated water

clusters. Through both the GSPA approach and the rich information encoded in the DMC

ground state wave function, the structure and theoretical spectra of the protonated water

trimer and tetramer were calculated, discussed and analyzed in detail. Two significant

conclusions from this study were that, when including vibrational zero-point effects, both

clusters sample a high-symmetry, vibrationally-averaged saddle point geometry in the ground

state that can be used as a reference structure for defining a set of coordinates for the GSPA

approach, and that once the model is constructed, one can use the GSPA approach to find not

only what zero-order transitions and intensities contribute to the vibrational spectrum, but

also how those zero-order states couple to produce the complicated experimental spectrum.

The vibrational modes that are strongly coupled to the shared proton stretch, also known

as the proton transfer coordinate, were identified across both clusters and their deuterated

analogs.

In the next chapter, the incorporation of machine learning into the DMC workflow greatly

improved simulation efficiency. The general approach is to run small-scale DMC simulations

that sample beyond the regions of the potential energy surface that are accessed by con-

ventional DMC simulations, and then use the walker energies and coordinates to train a
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new version of the existing potential energy surface using a deep neural network. Once this

neural network is trained, the evaluation of the potential energy, the rate-limiting step in

a conventional DMC simulation, is decreased by up to an order of magnitude due to the

ability to evaluate a neural network in a highly parallel fashion on a Graphics Processing

Unit. The neural network workflow was shown to increase simulation efficiency for studies

of H2O, CH5
+, and (H2O)2.

In the final chapter, a model was constructed from first principles and used to explain

the known correlation between a hydrogen-bonded OH stretch frequency in water and its

surrounding solvation environment. The number of water molecules solvating both the do-

nating monomer and its acceptor has been clearly empirically outlined previously. In this

work, the quantification of this phenomenon in a model based on ab initio electron density is

put forth as an explanation for this phenomena. This model was shown to match onto previ-

ously known trends, and also provide a metric for hydrogen bond strength in the large water

network in a Cs+·H2O(D2O)19 cluster. Second solvation shell effects were also discussed in

the context of this cluster.

Diffusion Monte Carlo provides a powerful tool for understanding the vibrational land-

scape and spectroscopy of weakly bound, anharmonic molecular systems. However, there

are a few challenges that come with extending these developments to new systems. The first

issue is in the scaling and computational cost associated with DMC simulations.43,127 In

principle, the cost of the simulation should scale with the cost of the potential calls, while in

practice the size of the ensemble required to obtain accurate results also grows with system

size. The use of the guided DMC approach37,41,43 leads to a significant reduction in the

ensemble size required to obtain a high-quality ground state wave function and zero-point

energy, with only a small increase in the computational cost. While this strategy renders

studies of systems with up to 20 atoms feasible, at some point these calculations will also

become computationally intractable.

A second and perhaps larger challenge to extending the systems for which DMC calcula-

tions are performed is the availability of potential surfaces with sufficient accuracy to obtain
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meaningful results, and which can be evaluated efficiently. The highly accurate protonated

water cluster surface used in Chapter 3 was fit to tens of thousands of CCSD(T) calcula-

tions.3,128 While the evaluation of this potential is substantially less expensive than the

underlying electronic structure calculations, it still uses approximately 95% of the time of

the calculation. The use of neural network potential energy surfaces, as outlined in Chapter

4, is a promising partial solution to this issue when potential energy surfaces are available.

Moving forward, the GSPA approach may be used in analyses of larger water cluster

systems. It is not necessary to define a full 3N − 6 set of internal coordinates for the GSPA

model, instead one can construct a reduced dimensional basis composed of high frequency

stretches and bends to calculate a subset of anharmonic frequencies and intensities given a

DMC wave function. This may lead to further insights based on the DMC wave function

without having to construct a full basis.

If potential energy surfaces are unavailable for a system of interest, the use of machine

learning and DMC to construct novel potentials is also a promising area of exploration.

One could in principle perform small-scale DMC simulations using on an ab initio potential

energy surface, or perhaps using an efficient but rudimentary surface, to collect training data

for a neural network to then learn. This would allow for the study of any arbitrary system

with the simulation method.

Finally, the electron density difference model can be extended to even larger networks,

since the calculations required to perform such an analysis are computationally inexpensive.

This may allow for an in-depth analysis of how even more levels of solvation affect the

frequency of an OH stretch in a water molecule.
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