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The ability to understand unsteady fluid flows is foundational to advancing technologies

in energy, health, transportation, and defense. This work uses data-driven methods (i.e.,

machine learning) to interpret and control unsteady fluid flows through experiments. Specif-

ically, these methods are used to control, optimize, and model cross-flow turbines. Cross-flow

turbines (i.e. vertical axis turbines), are devices that can be used to convert the kinetic en-

ergy in wind to electricity. A key advantage of cross-flow turbines over axial-flow turbines

is that they can efficiently operate in close-proximity in arrays. We demonstrate how data-

driven methods can be used to efficiently explore, model, and interpret the high-dimensional

space cross-flow turbine dynamics occupy through the following three projects.

First, robust principal component analysis (RPCA), a method borrowed from robust

statistics, is used to improve flow-field data by leveraging global coherent structures to iden-

tify and replace spurious data points. We apply RPCA filtering to a range of fluid simulations

and experiments of varying complexities and assess the accuracy of low-rank structure re-

covery. First, we analyze direct numerical simulations of flow past a circular cylinder at

Reynolds number 100 with artificial outliers, alongside similar particle image velocimetry



(PIV) measurements at Reynolds number 413. Next, we apply RPCA filtering to a turbu-

lent channel flow simulation from the Johns Hopkins Turbulence database, demonstrating

that dominant coherent structures are preserved in the low-rank matrix. Finally, we investi-

gate PIV measurements behind a two-bladed cross-flow turbine that exhibits both broadband

and coherent phenomena. We demonstrate that more persistent dynamics can be identified

when RPCA is utilized in lieu of traditional processing methods. In all cases, both simulated

and experimental, we find that RPCA filtering extracts dominant coherent structures and

identifies and fills in incorrect or missing measurements.

Second, the performance of a two-turbine array in a recirculating water channel was ex-

perimentally optimized across 64 unique array configurations using a hardware-in-the-loop

approach. For each configuration, turbine performance was optimized using tip-speed ratio

control, where the rotation rate for each turbine is optimized individually, and using coor-

dinated control, where the turbines are optimized to operate at synchronous rotation rates

but with a phase difference. For each configuration and control strategy, the consequences

of co- and counter-rotation were also evaluated. Arrays with well-considered geometries and

control strategies are found to outperform isolated turbines by up to 30%.

Third, the performance and wake of a two-turbine array in a fence configuration (side-by-

side) are characterized. The turbines are operated under coordinated control. Measurements

were made with turbines co-rotating, counter-rotating with the blades advancing upstream

at the array midline, and counter-rotating with the blades retreating downstream at the

array midline. From the performance and wake data, we found individual turbine and

array efficiency to depend significantly on rotation direction and phase difference. Persistent

dynamics that exist across all flow fields, as well as differences between cases are identified.

Each of these projects demonstrate how data-driven methods can be used to explore, model,

and interpret cross-flow turbine dynamics and other fluid systems.
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Chapter 1

INTRODUCTION

1.1 Cross-Flow Turbines

Cross-flow turbines (i.e., vertical-axis turbines), which use blades that rotate about an axis

perpendicular to the incoming flow, are an innovative option for harnessing the renewable

energy from marine currents and wind [52, 126]. Currently, wind energy comprises more

than 8% of electricity generation in the U.S. and more than 20% in 10 states [157]. Though

wind energy is predominantly produced by axial-flow turbines, cross-flow turbines are a

promising alternative technology. Additionally, there has been significant interest in similarly

converting the kinetic energy in marine currents and riverine flows, particularly in remote or

isolated settings [100].

Advantages of cross-flow turbines over axial-flow turbines (i.e., horizontal-axis in wind)

include bi- or omni-directional operation without active yaw control and less environmen-

tal disturbance due to lower maximum blade speeds for equivalent inflow conditions. Since

large-scale energy harvesting relies on turbine arrays, the most significant advantage is that

cross-flow turbines can interact beneficially, producing more power together than in isolation

and outperform an equivalent axial-flow turbine array [155, 83]. In fact, larger arrays are

estimated to have a power density 6-9 times greater than axial-flow turbine arrays [38].The

mechanisms responsible for these improvements are not yet well understood and are poten-

tially augmented when turbines are operating in confined flow [121].

While the performance of a cross-flow turbine depends on its geometry (e.g., number of

blades [32], chord-to-radius ratio [107], blade profile [31], and preset pitch angle [33]) and

operating condition (e.g., channel blockage [120], Reynolds number [10]), all fixed-pitch cross-

flow turbines experience similar unsteady fluid-structure interaction. Specifically, as a cross-
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flow turbine blade rotates, the angles of attack of the blades are constantly changing, resulting

in unsteady boundary separation and dynamic stall, an active area of research for which a

universal model does not yet exist [37]. Following stall separation, periodic structures are

advected into the wake [45, 39]. Cross-flow turbine wake dynamics are broadly characterized

as unsteady separated flows with significant three dimensionality [124]. Consequently, cross-

flow turbines exhibit high-dimensional, complex dynamics [107, 9, 11, 113] that are not

present in traditional axial-flow turbines, but have commonalities with energy harvesters that

utilize heaving and pitching foils [117]. Because of this, the flow fields around individual cross-

flow turbines have received significant attention both computationally [17, 102, 130, 131, 134]

and experimentally [6, 73, 119, 124, 142]. These studies show that an individual rotor wake

has an asymmetric skew towards the direction where the blades are advancing upstream.

The deficit, in conjunction with accelerated bypass flow around the rotor, produce a shear

layer. The region of the wake with the maximum deficit is not immediately downstream of

the rotor. Instead, its distance from the rotor varies with tip-speed ratio and the number of

blades on the turbine.

While variable blade pitch mechanisms [125] and boundary-layer flow control have been

demonstrated for cross-flow turbines, active control in most systems is limited to the rotor

angular velocity. Performance is similar when turbines are operated at a constant angular

velocity or a constant regulatory torque [109], though increased power production is possible

when cross-flow turbines are forced to follow a non-constant rotation rate [139, 40].

1.2 Cross-Flow Turbine Arrays

Large-scale energy harvesting by cross-flow turbines typically requires arrays of multiple

turbines. When expanding from a single turbine to a multi-turbine array, the system becomes

increasingly high dimensional, turbulent, and nonlinear. A pair of closely-spaced cross-flow

turbines in a laboratory setting is shown in Figure 1.1. The flow induced by each turbine

depends heavily on the relative position of turbines in the array, rotation rates relative

to the incoming flow, the direction of rotation for each turbine, and any phase difference
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Figure 1.1: Cross-flow turbines operating side-by-side in the Alice C. Tyler Flume at the
University of Washington.

between the turbines. These factors increase the dimensionality of the problem relative to an

individual turbine due to the potential for multiple interaction mechanisms between turbines

in the array. For example, mutual interactions can occur between turbines in relatively close

proximity, either through mean flow alteration or coherent structure interaction, as well as

downstream wake interaction at greater separation distances after coherent structures have

dissipated.

Dense array interactions between nearby turbines have analogues to flow control in other

fluid systems (e.g., fish schooling [56, 159, 151], flocking birds [110, 159], heaving and

pitching foils for energy generation [99, 117]). Prior investigations of cross-flow turbine

arrays in field experiments [38, 83, 82], laboratory experiments [20, 21, 5, 150, 43, 128], and

simulation [47, 162, 19, 49, 35] have demonstrated that power output increases when the

rotors are arranged in a side-by-side configuration. Further, as the rotor spacing decreases,
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efficiency increases [162, 79].

Since large-scale energy harvesting typically involves multiple rows of turbines, the wake

evolution is also of considerable interest, but wake studies for multiple cross-flow turbines are

less common. Zanforlin et al., 2016 [162] simulated pairs of counter-rotating turbines with

varied rotor spacing, non-dimensional rotation rate (tip-speed ratio), and wind direction.

They note that turbines placed side-by-side induced beneficial mean flow alterations in the

cross-stream direction increasing lift on the blade and turbine torque. In the wake, they

found that the individual deficit regions contract downstream of the rotors. In Posa et

al.,2019 [111], pairs of turbines were simulated co-rotating and counter-rotating. This work

was then extended this work to include blade-tip effects and wake recovery, finding that

three dimensional edge effects accelerate wake recovery [112]. In both of these computational

studies, the turbines are operated in a synchronous manner without any phase offset (i.e.,

blades on both turbines at equal positions). As an exception, Jin et al., 2020 [79] includes

a computational study on rotation scheme and rotor phase difference. They found that

the main driver of wake dynamics is turbine rotation scheme and that effects from phase

difference are secondary. Performance and wakes of turbine pairs offset in the streamwise

direction have been explored [20]. These offset arrays were found to have increased efficiency

relative to the individual turbines and the time-averaged flow fields showed varying dynamics

dependent on rotation scheme. Lam et al., 2017 [86] experimentally measured asymmetric

wake skew patterns in paired turbines that are consistent with those seen in individual rotor

wakes.

Consequently, our understanding of rotor interactions and array dynamics, such as the

the effect of turbine phase and rotor rotation schemes on wake dynamics and performance,

remains limited. Additionally, there has been little exploration of phase-resolved wake dy-

namics. On the whole, we are limited by both the measurable quantities in our experiments

and the inherent difficulty in disambiguating flow structures and their effects on turbine dy-

namics and control. Determining causality between performance and flow field alterations,

not just correlation, remains a central challenge in understanding both individual turbines
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and arrays.

1.3 Data-Driven Methods

The ability to understand, model, and control fluid flows is foundational to advancing tech-

nologies not only in energy, but also in health, transportation, and defense. Specifically,

cross-flow turbine dynamics are not easily solved by first principles analysis without intense

simplification. Instead, we rely on data from simulations and experiments [144, 46, 25].

However, challenges are introduced because system state estimation data is limited by the

measurable and controllable parameters. Additionally, data quality is dependant on the

precision and accuracy of our measurement or computational techniques.

Despite measurement limitations, we are collecting increasing amounts of data in these

simulations and experiments. Analyzing vast amounts of data can be challenging, but re-

cently, data-driven methods and machine learning have been shown to be useful in better

interpreting fluid systems [16, 145]. These techniques have been used to model, optimize,

and control fluid flows [48, 85, 23]. Modal decomposition techniques are designed to extract

these meaningful patterns from high-dimensional fluids data [144, 145], resulting in a com-

pact representation that can be used for accurate and efficient reduced-order models and

control [23, 123].

The majority of modal decompositions are linear [144, 145], although emerging techniques

in machine learning are providing improved nonlinear pattern extraction [25]. Linear regres-

sion and least-squares optimization are particularly widely used, as in the ubiquitous proper

orthogonal decomposition (POD) (also commonly known as principal component analysis

(PCA)), [93, 8, 16, 74, 146] and the dynamic mode decomposition (DMD) [132, 122, 148, 84].

POD provides a principled approach to decomposing high-dimensional fluid flow data into

a hierarchy of orthogonal modes that are ordered in terms of their ability to capture the

energy in the flow; because these modes are orthogonal, it is possible to obtain reduced-

order models by Galerkin projection of the Navier-Stokes equations onto a truncated POD

basis [103, 30, 90]. Robust principal component analysis (RPCA) is a robust variant of prin-
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cipal component analysis, that decomposes a data matrix into the sum of a low-rank matrix

containing coherent structures and a sparse matrix of outliers and corrupt entries [29]. DMD

is a technique related to POD to decompose a flow into spatiotemporal coherent structures

that are each constrained to have coherent and linear dynamics in time.

In addition to methods that utilize data produced from simulations and experiments,

there is a variety of techniques that can improve data acquisition. Data is commonly collected

in uniform grids across parameters. Since the dimensionality of a parameter space increases

exponentially with the parameters, traditional uniform sampling across parameters quickly

becomes intractable and it becomes necessary to explore alternative acquisition methods.

Optimization schemes [101] have been used to explore similarly large parameter spaces [128]

and, while an excellent solution to find optimality, they cannot provide full information about

how various parameters affect performance.

1.4 Contributions

Here we explore dynamics and apply data-driven methods to cross-flow turbines and other

fluid systems. Contributions of this thesis are in three parts. First, robust principal compo-

nent analysis (RPCA) is used to improve the quality of flow-field data by leveraging global

coherent structures to identify and replace spurious data points. RPCA filtering is applied

to a range of fluid simulations and experiments of varying complexities and the accuracy

of low-rank structure recovery is assessed. This work has been published in Physical Re-

view Fluids and was selected as the editors’ selection [129]. Second, the performance of

a two-turbine array in a recirculating water channel is experimentally optimized across 64

unique array configurations. For each configuration, turbine performance is optimized using

tip-speed ratio control, where the rotation rate for each turbine is optimized individually,

and using coordinated control, where the turbines are optimized to operate at synchronous

rotation rates but with a phase difference. For each configuration and control strategy, the

consequences of individual turbine rotation direction were also evaluated. This work has

been published in the Journal of Renewable and Sustainable Energy [128]. Third, the per-
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formance and wake of a two-turbine array in a fence configuration (side-by-side turbines)

are characterized under coordinated control. Measurements were made with turbines co-

rotating, counter-rotating with the blades advancing upstream at the array midline, and

counter-rotating with the blades retreating downstream at the array midline. As with prior

simulation results [79], we find that individual turbine and array efficiency depends primarily

on rotation scheme and secondarily on phase difference. Similar variations are observed in

the wake and, using these data, we hypothesize how rotation direction and phase influence

interactions between adjacent turbines. This work is being prepared for publication.
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Chapter 2

ROBUST PRINCIPAL COMPONENT ANALYSIS FOR
MODAL DECOMPOSITION OF CORRUPT FLUID FLOWS

In this chapter, we explore the use of the robust principal component analysis (RPCA) [29]

to process corrupt flow fields, leveraging global correlations in the data. We emphasize the

impact of this approach on modal analysis, including POD/PCA and DMD.

2.1 Experimental challenges

Experimental techniques to measure fluid flows have evolved rapidly over the past century,

with the ultimate goal of acquiring full flow fields with high spatial and temporal resolution.

Laser-based imaging techniques have evolved from point measurements [160, 58] to 2D and

3D field measurements [156, 1, 2, 3, 153, 115]. Particle Image Velocimetry (PIV) has since

become a cornerstone of experimental fluid mechanics, providing non-intrusive velocity field

measurements across a range of applications. Improvements in PIV hardware, including

more powerful lasers, higher resolution and frame rate cameras, advanced image processing

technology, and the development of tomographic PIV are providing unprecedented views

into real flows. Despite the undeniable success of PIV, there are several well-known chal-

lenges to acquiring clean and accurate data. Multiple factors in the PIV data acquisition

and processing pipeline can contribute to velocity vector outliers that degrade the resulting

velocity fields. These include inadequate illumination and irregularities in the light field,

background speckle, seeding density and non-passivity of the particles, sharp gradients in

flow properties, optical issues, such as alignment and aberration, limited resolution and shot

noise in the image recording, and out of plane motion of the particles when measuring in

2D [76, 3]. Because of a fundamental tradeoff between the quantity and quality of PIV data,
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Figure 2.1: Schematic of RPCA filtering applied to corrupt flow field data. Corrupted
snapshots are arranged as column vectors in the matrix X, which is decomposed into the
sum of a low-rank matrix L and a sparse matrix of outliers S. (Videos: tinyurl.com/RPCA-
PIV)

in both space and time, researchers continue to push the resolution limits of current systems.

Thus, flow fields acquired with PIV often have missing and/or corrupt measurements. This

has motivated processing techniques to improve PIV data quality of PIV data [71, 106, 61],

including predictor-corrector schemes [133], spatial filtering to remove frequencies not pos-

sible for the measurement resolution [42] , and POD-based background removal [95]. The

identification of spurious vectors has been studied extensively [152, 44], and the normalized

median filter is a robust and well-used method [154]. However, missing vectors often cluster

in regions of high shear, presenting a challenge for standard vector validation and interpo-

lation methods that rely on local flow information [154]. In this chapter, we leverage robust

statistics and global spatiotemporal coherent structures across the entire dataset to fill in

missing measurements and improve modal decomposition of fluid flow fields. We also utilize

PIV to explore the wake dyanamics of a two-turbine array in Chapter 4.
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2.1.1 Contributions of this chapter

We investigate the use of RPCA [29], a robust variant of POD/PCA [108, 22]. RPCA

uses a sparsity-promoting optimization to decompose a data matrix into the sum of a low-

rank matrix containing coherent structures and a sparse matrix containing outliers. RPCA

was originally popularized in the Netflix matrix completion algorithm for its recommender

system [158] and has since been widely used for image and video processing [18], electrical

capacitance tomography [88], and voice separation [77]. Here, we use RPCA filtering to

process flow field data from several simulations and experiments. Figure 2.1 demonstrates

the ability of RPCA to uncover and isolate the dominant low-rank coherent structures from

sparse outliers in flow data from an idealized example. In addition to directly analyzing

and processing flow field data, we also perform PCA and DMD modal analyses on the data

before and after RPCA filtering to assess its performance.

Here we consider a range of simulated and experimentally acquired flow fields of varying

complexity to isolate and analyze various aspects of the algorithm applied to data from fluid

mechanics. First, we investigate high-fidelity flow fields from direct numerical simulations of

a laminar flow past a cylinder and a turbulent channel flow, where it is possible to artificially

add corrupt velocity field vectors to compare the RPCA filtered fields with a known ground

truth. Next, we apply the method to two experimentally acquired datasets, including a

companion laminar flow past a cylinder and measurements of a cross-flow turbine wake.

Although there is not a ground truth model for these flows, it is possible to estimate the

effect of RPCA filtering in reducing outliers and corruption by analyzing the DMD spectrum,

which has well-stereotyped behavior for such periodic wake flows [13]. In all cases, we show

that the RPCA filtered fields yield DMD spectra that are more consistent with a periodic

wake in the absence of noise.

This chapter is organized as follows: First, we present the standard POD/PCA and DMD

modal analysis techniques in Sec. 2.2, followed by the RPCA method in Sec. 2.3. Section 2.4

describes the four flow fields used in this analysis. Results of RPCA filtering on these flow
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Figure 2.2: Flowchart showing how we apply RPCA filtering to a data matrix and analyze the
results. Depending on the dataset in question, the data matrix may be artificially corrupted
prior to RPCA filtering (Sec. 2.4). The results of principal component analysis and dynamic
mode decomposition performed on the data matrix (X) are referred to as PCA and DMD
modes, respectively, wheras those same operations performed on the low rank matrix (L)
are referred to as RPCA and RDMD modes.

fields and its impact on downstream modal analysis are presented in Sec. 2.5.

2.2 Modal analysis

Extracting coherent structures from high-dimensional data has been a central challenge in

fluid mechanics for decades. Here we review two leading modal decomposition techniques for

data from fluid mechanics, the proper orthogonal decomposition (POD), also known as prin-

cipal component analysis (PCA) (Sec. 2.2.1), and the dynamic mode decomposition (DMD)

(Sec. 2.2.2). Both methods apply equally well to data from simulations or experiments. We

use these two modal decomposition techniques to assess the effectiveness of RPCA filtering,

in processing and correcting corrupt flow fields. Both techniques are based on the singular

value decomposition (SVD) [66, 64, 28, 65] and there are several detailed discussions of these

decompositions [84, 144, 145, 22]. The RPCA algorithm is explained in Sec. 2.3.

In this chapter, we follow the flowchart shown in Fig. 2.2. RPCA filtering is applied to a

data matrix (X) which is bisected into the low rank structure (L) and sparse (S) subspaces.

From there, RPCA modes and DMD modes are calculated from the low rank data. We also

calculate the POD/PCA and DMD modes on the data matrix.
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2.2.1 Proper orthogonal decomposition (POD)

Proper orthogonal decomposition–referred to as principal component analysis (PCA) through-

out results—is a widely used method to identify spatially correlated coherent structures from

data, decomposing the flow field into a linear combination of orthogonal modes that are ar-

ranged hierarchically by energy content. There are several variants of POD [144, 93, 136,

16, 74, 146], and we will present a variant of the snapshot POD of Sirovich that relies on the

numerically stable SVD [136, 22]. First, flow field data (e.g., a velocity or vorticity field) is

measured or computed on a discrete spatial grid, and m snapshots of these flow fields are

collected at various times t1, t2, · · · , tm. The flow field data at time tk may be reshaped into

a column vector xk = x(tk) ∈ Rn, where n denotes the number of flow variables times the

number of spatial grid locations. Next, a data matrix is formed by arranging the column

vectors xk in a matrix X:

X =

x1 x2 · · · xm

 . (2.1)

Finally, POD modes are obtained by computing the singular value decomposition of X ∈ Rn×m:

X = UΣVT , (2.2)

where T defines the matrix transpose, U ∈ Rn×n, Σ ∈ Rn×m and V ∈ Rm×m. The columns of

U are POD modes with the same dimension as a flow field x. POD modes are orthonormal

so that UTU = I; similarly VTV = I. Moreover, the columns of U (resp. rows of VT ) are

arranged in order of their importance in describing the data. The importance of each mode

(i.e., column of U) is given by the corresponding entry of the non-negative, diagonal matrix

of singular values Σ ∈ Rn×m.

The matrix X will exhibit low-rank structure, so that it is well approximated by the first
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r � m < n columns of U and V:

X ≈ UrΣrV
T
r , (2.3)

where Ur and Vr denote the first r columns of each matrix and Σr denotes the first r × r

sub-block of Σ. In fact, the Eckart-Young theorem states that this is the optimal rank-r

approximation of the matrix X in a least-squares sense. More details about the SVD can be

found in [22].

After truncating all but the first r dominant modes, a flow field snapshot x may be

approximated by a linear combination of these modes:

x ≈
r∑

k=1

ukαk,

where αk is the POD mode coefficient.

Because the POD modal basis is orthogonal, it is possible to obtain a reduced-order

nonlinear dynamical system for the evolution of the coefficients αk(t) in time via Galerkin

projection of the Navier-Stokes equations onto the POD basis. In this way, the POD basis

may be thought of a data-driven generalization of the Fourier basis that is tailored to a

particular flow field. POD is also closely related to principal component analysis (PCA) [108],

the Karhunen–Loève decomposition [81], empirical orthogonal functions [92], or the Hotelling

transform [75].

2.2.2 Dynamic mode decomposition

DMD is a modal decomposition technique that simultaneously identifies spatially coherent

modes that are constrained to have the same linear behavior in time, given by oscillations at

a fixed frequency with growth or decay [132, 84]. Thus, the dynamic mode decomposition

provides a dimensionality reduction into a set of spatial modes along with a linear model for

how these modes evolve in time. This is in contrast to POD, which results in orthogonal
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modes arranged in terms of energy content and without consideration of dynamics. However,

in many formulations, DMD is closely related to POD, and may be thought of as a linear

combination of POD modes that results in linear evolution in time. DMD also has deep

connections to nonlinear dynamical systems via Koopman operator theory [96, 122, 148, 97,

84].

In the original formulation of DMD [132], the snapshots in the data matrix in Eq. (2.1)

are spaced evenly in time, so that tk = k∆t with ∆t sufficiently small to resolve the high-

est frequencies in the dynamics. Generalizations have since been formulated to allow for

non-sequential time-series [148, 7] and for data that is under-resolved in space [24, 70] or

time [147]; however, for simplicity, we will present the standard exact DMD formulation of

Tu et al. [148] with evenly spaced and sequential snapshots. DMD seeks to identify the

leading eigenvalues and eigenvectors of the best-fit linear operator A that evolves snapshots

forward in time:

xk+1 ≈ Axk. (2.4)

The eigenvectors φ of A have the dimensions of a flow-field and correspond to spatiotemporal

coherent structures whose dynamics in time evolve according to the associated eigenvalue γ.

In practice, this operator is identified by first splitting the data in Eq. (2.1) into two

matrices:

X =

x1 x2 · · · xm−1

 X′ =

x2 x3 · · · xm

 . (2.5a)

and then solving for the best fit operator that satisfies

X′ ≈ AX (2.6)
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via the following least-squares optimization problem

A = arg min
A

‖X′ −AX‖F = X′X† ≈ X′VrΣ
−1
r UT

r . (2.7)

Here we are minimizing the Frobenius norm ‖ · ‖F via the pseudo-inverse X† = VΣ−1UT ≈

VrΣ
−1
r UT

r .

In practice, the matrix A is far too large to analyze directly, and instead, we project A

onto an r-dimensional POD subspace, given by the columns of Ur:

Ã = UT
r AUr = UT

r X′VrΣ
−1
r . (2.8)

The eigenvalues of Ã are the same as the eigenvalues of A, which are known as the DMD

eigenvalues. They are computed via the eigendecomposition of the r × r matrix Ã:

ÃW = WΓ. (2.9)

Finally, the corresponding DMD modes are reconstructed using the full-dimensional data

along with the reduced eigenvectors in W:

Φ = X′VrΣ
−1
r W. (2.10)

This formula for the eigenvectors is from the exact DMD algorithm [148, 84]; the original

formulation of Schmid [132] computes modes as Φ = UrW.

With the DMD modes Φ and eigenvalues Γ it is possible to reconstruct the state at time

k∆t

xk =
r∑
j=1

φjγ
k−1bj = ΦΓk−1b, (2.11)
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where the vector b of mode amplitudes is generally computed as

b = Φ†x1. (2.12)

More principled approaches to select the few dominant modes have been considered based

on sparsity-promoting optimization [80].

The spectral expansion above may also be written in continuous-time by introducing the

continuous eigenvalues ω = log(γ)/∆t:

x(t) =
r∑
j=1

φje
ωjtbj = Φ exp(Ωt)b, (2.13)

where Ω is a diagonal matrix containing the continuous-time eigenvalues ωj.

DMD is known to be extremely sensitive to noisy data [13, 41, 72], and the eigenvalues

specifically suffer from a bias that is not reduced with increasing data. There are sev-

eral modifications to make DMD more robust to noise, including averaging forward-time

and backward-time operators [41], total least squares [72], and variable projection [7]. For

periodic wake data, as explored in three of the examples in this paper, the discrete-time

eigenvalues should occur in complex conjugate pairs γ, γ̄ exactly on the unit circle in the

complex plane for clean data. Similarly, the continuous-time eigenvalues should be in com-

plex conjugate pairs ±iω on the imaginary axis, indicating pure oscillations with no growth

or decay [12, 13]. In [13], Bagheri characterized the perturbative effect of noise on these

eigenvalues, deriving an asymptotic expression for how high frequency eigenvalues become

increasingly affected by noise. If the true continuous-time eigenvalue should be ±iω in the

absence of noise, Bagheri showed that in the presence of perturbative white noise with mag-

nitude ε� 1 the observed eigenvalue pair is

±iω − εCω2 +O(ε2), (2.14)
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where C is a sensitivity constant. Thus, low noise levels cause a spurious real-valued damping

−εCω2 that is quadratic in the frequency. We will make extensive use of this property to

assess the quality of our RPCA filtered fields by computing the ratio of the best-fit factor εC

before and after applying RPCA filtering. εC should decrease as a consequence of reduced

noise and corruption.

2.3 Robust extraction of fluid coherent structures

Techniques based on least-squares regression, such as POD/PCA and DMD, are highly sus-

ceptible to outliers and corrupted data, making them fragile with respect to some experi-

mental measurement errors. Outliers and corruption are defined as data points that differ

significantly from the statistical distribution of the majority of the dataset [69], so that they

cannot be considered as the original data plus a small-to-moderate amount of white noise.

To mitigate this sensitivity, Candes et al. [29] have developed a robust principal component

analysis (RPCA) that seeks to decompose a data matrix X into a structured low-rank matrix

L that is characterized by dominant coherent structures and a sparse matrix S containing

outliers and corrupt data:

X = L + S. (2.15)

The principal components of L are robust to outliers and corrupt data, which are isolated

in S. This decomposition, also referred to as a filter, has profound implications for many

modern problems of interest, including video surveillance (where the background objects

appear in L and foreground objects appear in S), facial recognition (eigenfaces are in L

and shadows, occlusions, etc. are in S), natural language processing and latent semantic

indexing, and ranking problems1. Standard PCA/POD is effective at removing white noise

that is smaller than the relevant singular values in the data [63]; however, it is not able to

1The ranking problem may be thought of in terms of the Netflix prize for matrix completion. In the
Netflix prize, a large matrix of preferences is constructed, with rows corresponding to users and columns
corresponding to movies. This matrix is sparse, as most users only rate a handful of movies. The Netflix
prize seeks to accurately fill in the missing entries of the matrix, revealing the likely user rating for movies
the user has not seen.
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remove outliers. Instead, RPCA is used to correct outliers that differ significantly from the

distribution of the other observations.

Mathematically, the goal is to find L and S that satisfy the following:

min
L,S

rank(L) + ‖S‖0 subject to L + S = X. (2.16)

‖S‖0 counts the number of nonzero elements in S, quantifying how sparse it is. rank(L)

is the number of nonzero singular values in L, quantifying how many linearly independent

rows and columns describe the data. However, neither the rank(L) nor the ‖S‖0 terms are

convex, making this optimization intractable. Similar to the compressed sensing problem, it

is possible to solve for L and S with high probability using a convex relaxation of (2.16):

min
L,S
‖L‖∗ + λ0‖S‖1 subject to L + S = X, (2.17)

where ‖ · ‖∗ is the nuclear norm, given by the sum of singular values which is a proxy for

the rank of the matrix, and ‖ · ‖1 is the 1-norm of the matrix viewed as a vector, given

by the sum of the magnitudes of each entry in the matrix, which is a proxy for the ‖ · ‖0

norm of a matrix; the hyperparameter λ0 is given by λ0 = λ/
√

max(n,m). The solution to

(2.17) converges to the solution of (2.16) with high probability if λ = 1, where n and m

are the dimensions of X, given that L is not sparse and S is not low-rank. In the examples

below, these assumptions may only be partially valid, so the optimal value of λ may vary

slightly. The convex problem in (2.17) is known as principal component pursuit (PCP), and

may be solved using the augmented Lagrange multiplier (ALM) algorithm. Specifically, an

augmented Lagrangian may be constructed:

L(L,S,Y) = ‖L‖∗ + λ0‖S‖1 + 〈Y,X− L− S〉+
υ

2
‖X− L− S‖2

F . (2.18)

Where Y is the matrix of Lagrange multipliers and υ is a hyperparameter. We then solve
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for Lk and Sk to minimize L, update the Lagrange multipliers

Yk+1 = Yk + υ(X− Lk − Sk),

and iterate until convergence. Here, an inexact ALM implementation from [138] is used.

The alternating directions method (ADM) [89, 161] provides another simple procedure.

After the low-rank matrix L is obtained, it is possible to compute robust POD/PCA

modes (Sec. 2.2.1) as in Eq. (2.2):

L = UΣVT . (2.19)

Henceforth, we refer to the modes in U from UL as RPCA modes. We note that in

many flow applications it is important to subtract the mean flow before computing POD,

which allows the POD eigenvalues to be interpreted as the variance of fluctuations and

the expansion to respect boundary conditions by construction. However, before computing

RPCA, it may be difficult to obtain an accurate mean flow estimate. Instead, we advocate

computing the RPCA, then subtracting the mean of L from itself, and finally computing POD

on the mean-subtracted low-rank matrix; this final POD step will remove small amounts of

white noise.

Similarly, it is also possible to compute robust DMD (RDMD) modes and eigenvalues.

We note that the RDMD should not be confused with the recursive DMD of Noack et

al. [105], which uses the same acronym. We also note that this decomposition is similar

in spirit to the coherent vortex simulation (CVS) approach [54], which separates turbulent

flows into coherent and random parts based on a wavelet decomposition. However, RPCA

does not perform this decomposition using a universal basis, such as wavelets, that rely on

scale separation, but rather based on statistical correlations in the data.
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Figure 2.3: (left) Example flow field data. (right) Singular value spectrum for each data set.
Mean flow travels from left to right in all cases.

2.4 Model flows

We demonstrate RPCA filtering on several example data sets of varying complexity, drawn

from direct numerical simulations (DNS) and PIV data from experiments. Figure 2.3 provides

an overview of the four example flow fields.

2.4.1 Cylinder flow

Flow past a cylinder is a canonical example in fluid mechanics. We consider data from

DNS at a diameter-based Reynolds number of 100 and from PIV measurements at Reynolds

number 413 [135].

The DNS data is generated by simulating the two-dimensional incompressible Navier-

Stokes equations using the immersed boundary projection method [36, 143]. The compu-

tational domain comprises four nested grids: the finest grid covers a domain of 9 × 4 and

the largest grid covers a domain of 72 × 32, where lengths are non-dimensionalized by the
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cylinder diameter. Each grid contains 449 × 199 points with a resolution of 50 points per

cylinder diameter. The time-step is ∆t = 0.02 and data is sampled at intervals of 10∆t

(30 times the vortex shedding frequency) with m = 150 snapshots saved, covering 5 vortex

shedding cycles. The DNS provides a benchmark, where the uncorrupted flow field is known,

to quantitatively assess performance of RPCA filtering on data with artificial salt & pepper

corruption. Corrupted sample points are chosen uniformly in space and time at a given rate,

and both the u and v velocity components at each selected location are randomly assigned a

value of ±10 times the standard deviation of the streamwise velocity data. In addition, we

consider a second case where corrupted sample points are chosen with a bias towards regions

of high vorticity or shear magnitude, which is more physically realistic for PIV data. In this

second case, we select measurements for corruption based on a probability density given by

α + |ω|, where α is a small positive constant and |ω| is the absolute value of the vorticity;

when the rate of corruption is sufficiently high, these corrupted fields begin to resemble the

uniformly corrupted cases, but with more corruption in vortex cores. Because vorticity is

calculated from velocity fields using a finite-difference derivative, there is a higher rate of

corruption in the vorticity fields than in the velocity fields.

The PIV data has frame size of 135 × 80 grid points with a resolution of 8 points per

cylinder diameter. Data is sampled at a rate of 20 Hz (125 times the shedding frequency)

with m = 8, 000 snapshots saved, which corresponds to 64 vortex shedding cycles.

2.4.2 Turbulent channel flow

For a more complex and multi-scale flow, we consider DNS data from a forced, fully developed

turbulent channel flow data with a friction velocity Reynolds number of Reτ = 1, 000, from

the Johns Hopkins Turbulence Database (JHTDS) [68]. This example provides a test case

to see how turbulent kinetic energy at various scales is filtered depending on the level of

added noise. The addition of noise is similar to the cylinder DNS where randomly selected

sample points of the streamwise and cross-stream velocity fields are assigned a value of ±10

standard deviations of the streamwise velocity data. Due to the size of the full dataset,



22

we only consider two-dimensional fields on the mid-plane, with a 512 × 512 grid of three

component velocity measurements spanning the channel width. Data is sampled at a rate of

966 times the mean flow-through time with m = 1000 snapshots.

2.4.3 Cross-flow turbine wake

Finally, we consider PIV wake data from a cross-flow turbine experiment conducted at the

University of Washington. Cross-flow turbines can be used to extract power from wind and

water currents for renewable energy generation. This flow exhibits both coherent and broad-

band phenomena, and provides a challenging test-case RPCA filtering. The frame consists

of 158× 98 grid points, at a resolution of 99 points per rotor diameter. Data is sampled at a

rate of 32 times the blade-pass frequency with m = 1000 snapshots. Vectors were calculated

using a multi-grid, multi-pass algorithm with adaptive image deformation [127]. Resulting

vector fields were then validated using a normalized median filter with potential replacement

by secondary correlation peaks. The cross-correlation and validation steps result in missing

data, particularly in regions of high vorticity and shear. To apply RPCA filtering, these

missing values are randomly assigned a value of ±10 standard deviations of the streamwise

flow data, in contrast to the experimental cylinder wake where missing measurements were

previously interpolated.

2.5 Results

We now explore the ability of RPCA filtering to isolate and remove noise and corruption

from the example flow fields. We will begin with the simulated and experimental flow past

a cylinder, followed by data from the Johns Hopkins turbulent channel flow simulation, and

ending with the experimental wake of a cross-flow turbine.

2.5.1 Cylinder flow

Figure 2.4 shows the results of RPCA filtering for flow past a cylinder, providing a side-by-

side comparison of PIV and corrupted DNS data. Although the Reynolds numbers differ by
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involved in gusts and agile manoeuvres make small wings susceptible to unsteady
laminar separation, which can either enhance or destroy the lift depending on the
specific manoeuvre. For example, certain insects (Birch & Dickinson 2001; Zbikowski
2002; Sane 2003; Wang 2005) and birds (Videler, Samhuis & Povel 2004) use the
shape and motion of their wings to maintain the high transient lift from a rapid
pitch-up, while avoiding stall and the substantially decreased lift that follows. The
enhanced performance observed in bio-locomotion relies on unsteady mechanisms
that will be important for model-based control of MAVs (Zbikowski 2002; Pines &
Bohorquez 2006). The overarching goal of this analysis is to gain an understanding of
the underlying unsteady flow physics of pitching and plunging aerofoils and to develop
tractable reduced-order models suitable for feedback control.

The most important parameter for quantifying the trend towards smaller, slower
vehicles is the dimensionless Reynolds number, Re = cU1/⌫, where c is the chord
length of the wing, U1 is the free stream velocity and ⌫ is the kinematic fluid
viscosity. Small, lightweight vehicles typically experience low Reynolds number, both
because of shorter wing chord length and because lighter weight leads to a lower stall
velocity. Flow over an aerofoil at low Reynolds number is characterized by a thick
laminar boundary layer that may have a stable separation bubble for moderate angles
of attack. The effect of Reynolds number and aspect ratio on stationary small wings is
discussed in Torres & Mueller (2004) and Kaplan, Altman & Ol (2007).

Unsteady aerodynamic forces are readily excited for small vehicles at low Reynolds
numbers, in response to a gust disturbance, aggressive manoeuvring or high-frequency
wing motion. The non-dimensional parameters governing unsteadiness in the flow
over a pitching and plunging rigid aerofoil are the Strouhal number and the reduced
frequency. The Strouhal number is given by St = fA/U1, where f is the frequency of
oscillation and A is the peak-to-peak amplitude of the aerofoil motion. Triantafyllou,
Triantafyllou & Grosenbaugh (1993) and Anderson et al. (1998) demonstrated that
for a pitching or plunging aerofoil, the Strouhal number is typically in the range
of 0.25–0.35 for efficient propulsion, although aspect ratio has been shown to play
a significant role (Buchholz & Smits 2008; Green & Smits 2008). The reduced
frequency, k = ⇡fc/U1, is frequency non-dimensionalized by chord length. Both non-
dimensional frequencies increase with higher frequency oscillations and smaller free-
stream velocities, and they both decrease with smaller wing size. Reduced frequency
unsteadiness is excited by very rapid manoeuvres, regardless of amplitude, while
Strouhal number unsteadiness is excited by a combination of fast and large motion.

Flight dynamic time scales are shorter for MAVs than for traditional aircraft,
because MAVs are lighter and more compact. Therefore, smaller vehicles are able
to perform aggressive manoeuvres without the body inertia attenuating the motion, as
is the case for large aircraft. As flight dynamic and aerodynamic time scales become
comparable, it is more difficult to simultaneously meet various control objectives. This
highlights the need for accurate low-order models that are compatible with both flight
dynamic models and with modern, robust feedback control techniques.

Ahuja & Rowley (2010) demonstrated that the flow past a stationary flat plate, with
2 % thickness at Re = 100, undergoes a supercritical Hopf bifurcation at a critical
angle of attack, ↵c ⇡ 27�. Above this angle, the flow is characterized by periodic,
laminar vortex shedding. They go on to develop feedback controllers, based on
balanced proper orthogonal decomposition (BPOD) models (Rowley 2005), to suppress
vortex shedding at large angles of attack; their actuation is a localized body force near
the trailing edge and the sensors measure velocity at two locations in the near-wake.
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Figure 2.4: RPCA filtering removes noise and outliers in the flow past a cylinder (black
circle), from DNS (left) with 10% of velocity field measurements corrupted with salt and
pepper noise, and PIV measurements (right). All frames show resultant vorticity fields.
As the parameter λ is decreased, RPCA filtering is more aggressive, eventually incorrectly
identifying coherent flow structures as outliers.
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a factor of four, the flow fields are qualitatively similar, characterized by periodic, laminar

vortex shedding. For λ = 1, the data is correctly segmented with the coherent flow in L

and the sparse corruption in S. When λ is too small, RPCA filtering is overly aggressive,

incorrectly including relevant flow structures in S, and when λ is too large, the corruption

is not filtered.

For the experimental data in Fig. 2.4 (right), the optimal value of λ is less clear. For

λ = 0.1, the low-rank field L is visually smoother than the field at λ = 1, but the sparse

matrix S contains a significant portion of the wake structures, indicating over-filtering. This

filtering becomes more pronounced in the movies, where it is clear that much of the high-

frequency “noise” in the bypass flow is actually free-stream turbulence, which is consistent

with the turbulence intensity of the experiments. Further, as subsequently discussed, when

we compute the RPCA modes, it is clear that the λ = 0.1 case is heavily filtering out all but

the first three modes. Thus, it appears that the theoretically optimal value λ = 1 has the

best performance, although there may be a tradeoff between filtering ambient free-stream

turbulence and coherent structures of interest in experiments.

Figure 2.5 shows the results of RPCA filtering on the simulated data for the second

case of vorticity-biased corruption. Again, in all cases, the theoretically optimal value of

λ = 1 yields the best segmentation of the corruption into the matrix S. When the rate of

corruption is increased from 1% (left) to 10% (right), the free-stream flow begins to become

corrupted, resembling the uniform corruption case in Fig. 2.4. The mean error and relative

nuclear norm of the low-rank matrix (L) compared to the true, uncorrupted data (X) are

shown in Fig. 2.6 for varying percentages of corrupt entries. Statistically, results are similar

for vorticity-biased and randomly-distributed corruption. In both cases, RPCA filtering is

remarkably robust to corruption, even for corruption in excess of 50% of the measurements.

This laminar vortex shedding example is an ideal application for RPCA filtering, as the true

flow field is low rank and the corruption is sparse; it is unlikely that this will hold as well for

data exhibiting broadband turbulence.



25

204 S. L. Brunton, C. W. Rowley and D. R. Williams

involved in gusts and agile manoeuvres make small wings susceptible to unsteady
laminar separation, which can either enhance or destroy the lift depending on the
specific manoeuvre. For example, certain insects (Birch & Dickinson 2001; Zbikowski
2002; Sane 2003; Wang 2005) and birds (Videler, Samhuis & Povel 2004) use the
shape and motion of their wings to maintain the high transient lift from a rapid
pitch-up, while avoiding stall and the substantially decreased lift that follows. The
enhanced performance observed in bio-locomotion relies on unsteady mechanisms
that will be important for model-based control of MAVs (Zbikowski 2002; Pines &
Bohorquez 2006). The overarching goal of this analysis is to gain an understanding of
the underlying unsteady flow physics of pitching and plunging aerofoils and to develop
tractable reduced-order models suitable for feedback control.

The most important parameter for quantifying the trend towards smaller, slower
vehicles is the dimensionless Reynolds number, Re = cU1/⌫, where c is the chord
length of the wing, U1 is the free stream velocity and ⌫ is the kinematic fluid
viscosity. Small, lightweight vehicles typically experience low Reynolds number, both
because of shorter wing chord length and because lighter weight leads to a lower stall
velocity. Flow over an aerofoil at low Reynolds number is characterized by a thick
laminar boundary layer that may have a stable separation bubble for moderate angles
of attack. The effect of Reynolds number and aspect ratio on stationary small wings is
discussed in Torres & Mueller (2004) and Kaplan, Altman & Ol (2007).

Unsteady aerodynamic forces are readily excited for small vehicles at low Reynolds
numbers, in response to a gust disturbance, aggressive manoeuvring or high-frequency
wing motion. The non-dimensional parameters governing unsteadiness in the flow
over a pitching and plunging rigid aerofoil are the Strouhal number and the reduced
frequency. The Strouhal number is given by St = fA/U1, where f is the frequency of
oscillation and A is the peak-to-peak amplitude of the aerofoil motion. Triantafyllou,
Triantafyllou & Grosenbaugh (1993) and Anderson et al. (1998) demonstrated that
for a pitching or plunging aerofoil, the Strouhal number is typically in the range
of 0.25–0.35 for efficient propulsion, although aspect ratio has been shown to play
a significant role (Buchholz & Smits 2008; Green & Smits 2008). The reduced
frequency, k = ⇡fc/U1, is frequency non-dimensionalized by chord length. Both non-
dimensional frequencies increase with higher frequency oscillations and smaller free-
stream velocities, and they both decrease with smaller wing size. Reduced frequency
unsteadiness is excited by very rapid manoeuvres, regardless of amplitude, while
Strouhal number unsteadiness is excited by a combination of fast and large motion.

Flight dynamic time scales are shorter for MAVs than for traditional aircraft,
because MAVs are lighter and more compact. Therefore, smaller vehicles are able
to perform aggressive manoeuvres without the body inertia attenuating the motion, as
is the case for large aircraft. As flight dynamic and aerodynamic time scales become
comparable, it is more difficult to simultaneously meet various control objectives. This
highlights the need for accurate low-order models that are compatible with both flight
dynamic models and with modern, robust feedback control techniques.

Ahuja & Rowley (2010) demonstrated that the flow past a stationary flat plate, with
2 % thickness at Re = 100, undergoes a supercritical Hopf bifurcation at a critical
angle of attack, ↵c ⇡ 27�. Above this angle, the flow is characterized by periodic,
laminar vortex shedding. They go on to develop feedback controllers, based on
balanced proper orthogonal decomposition (BPOD) models (Rowley 2005), to suppress
vortex shedding at large angles of attack; their actuation is a localized body force near
the trailing edge and the sensors measure velocity at two locations in the near-wake.
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Figure 2.5: RPCA filtering removes vorticity-biased corruption from simulated flow past
a cylinder at Reynolds number 100. Unlike results shown in Fig. 2.4, corrupt entries are
concentrated in regions of high vorticity instead of being uniformly distributed. In the flow
on the left, η = 1% of the velocity field measurements are corrupted and on the right η = 10%
of the velocity field measurements are corrupted. All frames show resultant vorticity fields.
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Figure 2.7: Odd PCA vorticity modes of the cylinder simulations from Fig. 2.5 with 1% of
velocity measurements corrupted with a bias towards regions of high vorticity.

PCA analysis for cylinder wake flows

We now investigate the impact of RPCA filtering on modal decompositions. Figures 2.7

and 2.8 show four leading PCA and RPCA modes for 1% and 10% vorticity-biased corruption,

respectively. The first mode corresponds to the mean flow, and the remaining modes come

in energetic pairs where the corresponding coefficients α2j and α2j+1 oscillate sinusoidally at

the same frequency but π/2 out of phase, sweeping out a circle in the phase plane. Thus, we

only show one mode, u2j+1 from each of the first three energetic mode pairs. In all cases,

the RPCA modes show dramatic improvement, while significant artifacts remain in the PCA

modes. We also investigate the effect of increasing the amount of data, and there is a clear

improvement in RPCA modes from 2 to 5 vortex shedding cycles; in contrast, the PCA

modes do not improve appreciably with more data.

To quantify the improvement observed above, we compute the L2 error between the PCA

and RPCA modes of corrupted data and the PCA modes for the clean data (i.e., DNS

results) as a function of the number of shedding periods. As show in Fig. 2.9, the RPCA

mode velocity fields quickly converge to a small error as the amount of data is increased for
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Figure 2.8: Odd PCA vorticity modes of the cylinder simulations from Fig. 2.5 with 10% of
velocity measurements corrupted with a bias towards regions of high vorticity.

both the 1% and 10% corruption cases, while the PCA modes converge much more slowly

and still have considerable error after 5 shedding periods are included in the analysis.

The modes for the PIV data for the cylinder flow are shown in Fig. 2.10. This figure

highlights the effect of λ, the sparsity hyperparameter, which was previously discussed with

respect to Fig. 2.4. In this case, we do not have a clean ground-truth data set to compare

against. Although the flow field in Fig. 2.4 appears to have less corruption for λ = 0.1,

here we see that all RPCA modes after the first three modes are heavily filtered, as seen

in the rapid drop off in the singular values after the third mode. The corresponding modes

are highly corrupt, further supporting that λ = 0.1 is not a good choice. In contrast, the

RPCA modes for the theoretically optimal λ = 1 case appear to have slightly less free-stream

corruption than the PCA modes. Also, as expected, for a large enough value of λ, the RPCA

filtering has little effect on the modes.
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involved in gusts and agile manoeuvres make small wings susceptible to unsteady
laminar separation, which can either enhance or destroy the lift depending on the
specific manoeuvre. For example, certain insects (Birch & Dickinson 2001; Zbikowski
2002; Sane 2003; Wang 2005) and birds (Videler, Samhuis & Povel 2004) use the
shape and motion of their wings to maintain the high transient lift from a rapid
pitch-up, while avoiding stall and the substantially decreased lift that follows. The
enhanced performance observed in bio-locomotion relies on unsteady mechanisms
that will be important for model-based control of MAVs (Zbikowski 2002; Pines &
Bohorquez 2006). The overarching goal of this analysis is to gain an understanding of
the underlying unsteady flow physics of pitching and plunging aerofoils and to develop
tractable reduced-order models suitable for feedback control.

The most important parameter for quantifying the trend towards smaller, slower
vehicles is the dimensionless Reynolds number, Re = cU1/⌫, where c is the chord
length of the wing, U1 is the free stream velocity and ⌫ is the kinematic fluid
viscosity. Small, lightweight vehicles typically experience low Reynolds number, both
because of shorter wing chord length and because lighter weight leads to a lower stall
velocity. Flow over an aerofoil at low Reynolds number is characterized by a thick
laminar boundary layer that may have a stable separation bubble for moderate angles
of attack. The effect of Reynolds number and aspect ratio on stationary small wings is
discussed in Torres & Mueller (2004) and Kaplan, Altman & Ol (2007).

Unsteady aerodynamic forces are readily excited for small vehicles at low Reynolds
numbers, in response to a gust disturbance, aggressive manoeuvring or high-frequency
wing motion. The non-dimensional parameters governing unsteadiness in the flow
over a pitching and plunging rigid aerofoil are the Strouhal number and the reduced
frequency. The Strouhal number is given by St = fA/U1, where f is the frequency of
oscillation and A is the peak-to-peak amplitude of the aerofoil motion. Triantafyllou,
Triantafyllou & Grosenbaugh (1993) and Anderson et al. (1998) demonstrated that
for a pitching or plunging aerofoil, the Strouhal number is typically in the range
of 0.25–0.35 for efficient propulsion, although aspect ratio has been shown to play
a significant role (Buchholz & Smits 2008; Green & Smits 2008). The reduced
frequency, k = ⇡fc/U1, is frequency non-dimensionalized by chord length. Both non-
dimensional frequencies increase with higher frequency oscillations and smaller free-
stream velocities, and they both decrease with smaller wing size. Reduced frequency
unsteadiness is excited by very rapid manoeuvres, regardless of amplitude, while
Strouhal number unsteadiness is excited by a combination of fast and large motion.

Flight dynamic time scales are shorter for MAVs than for traditional aircraft,
because MAVs are lighter and more compact. Therefore, smaller vehicles are able
to perform aggressive manoeuvres without the body inertia attenuating the motion, as
is the case for large aircraft. As flight dynamic and aerodynamic time scales become
comparable, it is more difficult to simultaneously meet various control objectives. This
highlights the need for accurate low-order models that are compatible with both flight
dynamic models and with modern, robust feedback control techniques.

Ahuja & Rowley (2010) demonstrated that the flow past a stationary flat plate, with
2 % thickness at Re = 100, undergoes a supercritical Hopf bifurcation at a critical
angle of attack, ↵c ⇡ 27�. Above this angle, the flow is characterized by periodic,
laminar vortex shedding. They go on to develop feedback controllers, based on
balanced proper orthogonal decomposition (BPOD) models (Rowley 2005), to suppress
vortex shedding at large angles of attack; their actuation is a localized body force near
the trailing edge and the sensors measure velocity at two locations in the near-wake.
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Figure 2.11: Discrete-time DMD eigenvalues for the simulated cylinder data for small and
large amounts of corruption and for increasing amounts of training data. In all cases, the
RPCA-filtered DMD results dramatically outperform the standard DMD results.
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DMD analysis for cylinder wake flows

DMD is known to be quite sensitive to noisy data, making this a challenging test case

for RPCA filtering. Figure 2.11 shows the discrete-time eigenvalues for the cylinder DNS

data with vorticity-biased corruption. For the cylinder wake, the uncorrupted or true DMD

eigenvalues may be computed from the noiseless data, and they are equally spaced on the

unit circle in the complex plane. In all cases, the RPCA-filtered DMD (RDMD) data results

in dramatically better agreement with the uncorrupted or true DMD eigenvalues compared

with the corrupted DMD eigenvalues. Even with only a single period of data and η = 10%

corruption, the RDMD values capture the first six low-frequency mode pairs; in contrast, even

with five periods of data and as little as η = 1% corruption, corrupted DMD only captures

the first two low-frequency mode pairs, and with considerably more spurious damping. To

see this more clearly, we plot the eigenvalues in continuous-time in Fig. 2.12, where the x-

axis is the imaginary eigenvalue component and the y-axis is the real eigenvalue component,

which is a standard way to plot DMD eigenvalues [132]. Here, the best-fit parabolas for the

RDMD eigenvalues and the first seven corrupted DMD eigenvalues are shown in dashed lines.

The curvature of these parabolas is directly related to the noise amplitude, as in Eq. (2.14)

from [13]. The same continuous-time eigenvalue plot is shown for the PIV cylinder wake

data in Fig. 2.13. In both cases, we see that the parabolic eigenvalue fit for the RDMD

eigenvalues has a smaller curvature than for the corrupted DMD eigenvalues, indicating a

quantitative and significant reduction in noise.

2.5.2 Turbulent channel flow

The tradeoff between filtering corruption and small-scale structures is also apparent in the

turbulent channel flow DNS. Unlike the cylinder wake, this flow field contains broadband

turbulent phenomena across multiple spatial and temporal scales. Figure 2.14 shows RPCA

filtering for various levels of corruption, sweeping across the tuning parameter λ. The corre-

sponding turbulent kinetic energy (TKE) is shown in Fig. 2.15, providing a summary of the
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involved in gusts and agile manoeuvres make small wings susceptible to unsteady
laminar separation, which can either enhance or destroy the lift depending on the
specific manoeuvre. For example, certain insects (Birch & Dickinson 2001; Zbikowski
2002; Sane 2003; Wang 2005) and birds (Videler, Samhuis & Povel 2004) use the
shape and motion of their wings to maintain the high transient lift from a rapid
pitch-up, while avoiding stall and the substantially decreased lift that follows. The
enhanced performance observed in bio-locomotion relies on unsteady mechanisms
that will be important for model-based control of MAVs (Zbikowski 2002; Pines &
Bohorquez 2006). The overarching goal of this analysis is to gain an understanding of
the underlying unsteady flow physics of pitching and plunging aerofoils and to develop
tractable reduced-order models suitable for feedback control.

The most important parameter for quantifying the trend towards smaller, slower
vehicles is the dimensionless Reynolds number, Re = cU1/⌫, where c is the chord
length of the wing, U1 is the free stream velocity and ⌫ is the kinematic fluid
viscosity. Small, lightweight vehicles typically experience low Reynolds number, both
because of shorter wing chord length and because lighter weight leads to a lower stall
velocity. Flow over an aerofoil at low Reynolds number is characterized by a thick
laminar boundary layer that may have a stable separation bubble for moderate angles
of attack. The effect of Reynolds number and aspect ratio on stationary small wings is
discussed in Torres & Mueller (2004) and Kaplan, Altman & Ol (2007).

Unsteady aerodynamic forces are readily excited for small vehicles at low Reynolds
numbers, in response to a gust disturbance, aggressive manoeuvring or high-frequency
wing motion. The non-dimensional parameters governing unsteadiness in the flow
over a pitching and plunging rigid aerofoil are the Strouhal number and the reduced
frequency. The Strouhal number is given by St = fA/U1, where f is the frequency of
oscillation and A is the peak-to-peak amplitude of the aerofoil motion. Triantafyllou,
Triantafyllou & Grosenbaugh (1993) and Anderson et al. (1998) demonstrated that
for a pitching or plunging aerofoil, the Strouhal number is typically in the range
of 0.25–0.35 for efficient propulsion, although aspect ratio has been shown to play
a significant role (Buchholz & Smits 2008; Green & Smits 2008). The reduced
frequency, k = ⇡fc/U1, is frequency non-dimensionalized by chord length. Both non-
dimensional frequencies increase with higher frequency oscillations and smaller free-
stream velocities, and they both decrease with smaller wing size. Reduced frequency
unsteadiness is excited by very rapid manoeuvres, regardless of amplitude, while
Strouhal number unsteadiness is excited by a combination of fast and large motion.

Flight dynamic time scales are shorter for MAVs than for traditional aircraft,
because MAVs are lighter and more compact. Therefore, smaller vehicles are able
to perform aggressive manoeuvres without the body inertia attenuating the motion, as
is the case for large aircraft. As flight dynamic and aerodynamic time scales become
comparable, it is more difficult to simultaneously meet various control objectives. This
highlights the need for accurate low-order models that are compatible with both flight
dynamic models and with modern, robust feedback control techniques.

Ahuja & Rowley (2010) demonstrated that the flow past a stationary flat plate, with
2 % thickness at Re = 100, undergoes a supercritical Hopf bifurcation at a critical
angle of attack, ↵c ⇡ 27�. Above this angle, the flow is characterized by periodic,
laminar vortex shedding. They go on to develop feedback controllers, based on
balanced proper orthogonal decomposition (BPOD) models (Rowley 2005), to suppress
vortex shedding at large angles of attack; their actuation is a localized body force near
the trailing edge and the sensors measure velocity at two locations in the near-wake.
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Figure 2.12: Continuous-time DMD eigenvalues for the simulated cylinder data along with
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involved in gusts and agile manoeuvres make small wings susceptible to unsteady
laminar separation, which can either enhance or destroy the lift depending on the
specific manoeuvre. For example, certain insects (Birch & Dickinson 2001; Zbikowski
2002; Sane 2003; Wang 2005) and birds (Videler, Samhuis & Povel 2004) use the
shape and motion of their wings to maintain the high transient lift from a rapid
pitch-up, while avoiding stall and the substantially decreased lift that follows. The
enhanced performance observed in bio-locomotion relies on unsteady mechanisms
that will be important for model-based control of MAVs (Zbikowski 2002; Pines &
Bohorquez 2006). The overarching goal of this analysis is to gain an understanding of
the underlying unsteady flow physics of pitching and plunging aerofoils and to develop
tractable reduced-order models suitable for feedback control.

The most important parameter for quantifying the trend towards smaller, slower
vehicles is the dimensionless Reynolds number, Re = cU1/⌫, where c is the chord
length of the wing, U1 is the free stream velocity and ⌫ is the kinematic fluid
viscosity. Small, lightweight vehicles typically experience low Reynolds number, both
because of shorter wing chord length and because lighter weight leads to a lower stall
velocity. Flow over an aerofoil at low Reynolds number is characterized by a thick
laminar boundary layer that may have a stable separation bubble for moderate angles
of attack. The effect of Reynolds number and aspect ratio on stationary small wings is
discussed in Torres & Mueller (2004) and Kaplan, Altman & Ol (2007).

Unsteady aerodynamic forces are readily excited for small vehicles at low Reynolds
numbers, in response to a gust disturbance, aggressive manoeuvring or high-frequency
wing motion. The non-dimensional parameters governing unsteadiness in the flow
over a pitching and plunging rigid aerofoil are the Strouhal number and the reduced
frequency. The Strouhal number is given by St = fA/U1, where f is the frequency of
oscillation and A is the peak-to-peak amplitude of the aerofoil motion. Triantafyllou,
Triantafyllou & Grosenbaugh (1993) and Anderson et al. (1998) demonstrated that
for a pitching or plunging aerofoil, the Strouhal number is typically in the range
of 0.25–0.35 for efficient propulsion, although aspect ratio has been shown to play
a significant role (Buchholz & Smits 2008; Green & Smits 2008). The reduced
frequency, k = ⇡fc/U1, is frequency non-dimensionalized by chord length. Both non-
dimensional frequencies increase with higher frequency oscillations and smaller free-
stream velocities, and they both decrease with smaller wing size. Reduced frequency
unsteadiness is excited by very rapid manoeuvres, regardless of amplitude, while
Strouhal number unsteadiness is excited by a combination of fast and large motion.

Flight dynamic time scales are shorter for MAVs than for traditional aircraft,
because MAVs are lighter and more compact. Therefore, smaller vehicles are able
to perform aggressive manoeuvres without the body inertia attenuating the motion, as
is the case for large aircraft. As flight dynamic and aerodynamic time scales become
comparable, it is more difficult to simultaneously meet various control objectives. This
highlights the need for accurate low-order models that are compatible with both flight
dynamic models and with modern, robust feedback control techniques.

Ahuja & Rowley (2010) demonstrated that the flow past a stationary flat plate, with
2 % thickness at Re = 100, undergoes a supercritical Hopf bifurcation at a critical
angle of attack, ↵c ⇡ 27�. Above this angle, the flow is characterized by periodic,
laminar vortex shedding. They go on to develop feedback controllers, based on
balanced proper orthogonal decomposition (BPOD) models (Rowley 2005), to suppress
vortex shedding at large angles of attack; their actuation is a localized body force near
the trailing edge and the sensors measure velocity at two locations in the near-wake.
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Figure 2.13: Continuous-time DMD eigenvalues for the PIV cylinder data along with
parabolic eigenvalue fits to estimate the error as in [13]. The RDMD parabolic coefficient is
approximately two times smaller than the DMD coefficient.
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various scales that are filtered. The value of λ that preserves the true TKE spectrum varies

with the degree of velocity field corruption. In the uncorrupted case (η = 0), we can clearly

see the effect of filtering on the turbulent coherent structures, indicating that some fine-scale

structures are filtered for λ = 1. As the degree of corruption increases to η = 2%, we see that

the curves for λ ≤ 2 remain relatively unchanged, although the λ > 2 curves begin to exhibit

spurious high-frequency spatial structures (i.e., corruption is present in L). As the rate of

corruption increases to η = 10%, spurious high-frequency energy also appears for λ = 2. In

this case, it is clear that the optimal filtering value λ changes with the level of corruption.

For relatively limited corruption, a larger value of λ may be used, but must be decreased

towards the theoretically optimal value of λ = 1 for higher levels of corruption. Finally,

we note that, unlike the cylinder wake cases, it is not surprising that λ = 1 is sub-optimal

because the channel flow is not fundamentally low rank which deviates from an underlying

assumption of the RPCA algorithm.

2.5.3 Cross-flow turbine wake

As a final example, we consider the use of RPCA filtering to identify outliers and fill in

missing PIV data collected in the wake of a cross-flow turbine, as shown in Fig. 2.16. There

are several stages in the PIV processing pipeline where RPCA filtering could be applied,

including after initial cross-correlation, after conventional normalized median filter vector

validation, and after linear interpolation. For the cases shown here, we use λ = 1.6, which

results in a velocity in the bypass flow, or lower third of the frame, that visually matches the

frequency content of the unfiltered data. There are enough missing velocity vectors (23% and

20%, respectively) to degrade the effectiveness of both median filtering and interpolation.

In contrast, RPCA filtering produces flow fields that capture dominant coherent structures

for either cross-correlated or median-filtered fields. Finally, by investigating the standard

deviation of all flow fields collected at a given turbine angular position (i.e., phase), it is clear

that the RPCA filtering can be used to remove artifacts introduced by linear interpolation.

This is consistent with the intuition that vector validation and interpolation should fail in



33

204 S. L. Brunton, C. W. Rowley and D. R. Williams

involved in gusts and agile manoeuvres make small wings susceptible to unsteady
laminar separation, which can either enhance or destroy the lift depending on the
specific manoeuvre. For example, certain insects (Birch & Dickinson 2001; Zbikowski
2002; Sane 2003; Wang 2005) and birds (Videler, Samhuis & Povel 2004) use the
shape and motion of their wings to maintain the high transient lift from a rapid
pitch-up, while avoiding stall and the substantially decreased lift that follows. The
enhanced performance observed in bio-locomotion relies on unsteady mechanisms
that will be important for model-based control of MAVs (Zbikowski 2002; Pines &
Bohorquez 2006). The overarching goal of this analysis is to gain an understanding of
the underlying unsteady flow physics of pitching and plunging aerofoils and to develop
tractable reduced-order models suitable for feedback control.

The most important parameter for quantifying the trend towards smaller, slower
vehicles is the dimensionless Reynolds number, Re = cU1/⌫, where c is the chord
length of the wing, U1 is the free stream velocity and ⌫ is the kinematic fluid
viscosity. Small, lightweight vehicles typically experience low Reynolds number, both
because of shorter wing chord length and because lighter weight leads to a lower stall
velocity. Flow over an aerofoil at low Reynolds number is characterized by a thick
laminar boundary layer that may have a stable separation bubble for moderate angles
of attack. The effect of Reynolds number and aspect ratio on stationary small wings is
discussed in Torres & Mueller (2004) and Kaplan, Altman & Ol (2007).

Unsteady aerodynamic forces are readily excited for small vehicles at low Reynolds
numbers, in response to a gust disturbance, aggressive manoeuvring or high-frequency
wing motion. The non-dimensional parameters governing unsteadiness in the flow
over a pitching and plunging rigid aerofoil are the Strouhal number and the reduced
frequency. The Strouhal number is given by St = fA/U1, where f is the frequency of
oscillation and A is the peak-to-peak amplitude of the aerofoil motion. Triantafyllou,
Triantafyllou & Grosenbaugh (1993) and Anderson et al. (1998) demonstrated that
for a pitching or plunging aerofoil, the Strouhal number is typically in the range
of 0.25–0.35 for efficient propulsion, although aspect ratio has been shown to play
a significant role (Buchholz & Smits 2008; Green & Smits 2008). The reduced
frequency, k = ⇡fc/U1, is frequency non-dimensionalized by chord length. Both non-
dimensional frequencies increase with higher frequency oscillations and smaller free-
stream velocities, and they both decrease with smaller wing size. Reduced frequency
unsteadiness is excited by very rapid manoeuvres, regardless of amplitude, while
Strouhal number unsteadiness is excited by a combination of fast and large motion.

Flight dynamic time scales are shorter for MAVs than for traditional aircraft,
because MAVs are lighter and more compact. Therefore, smaller vehicles are able
to perform aggressive manoeuvres without the body inertia attenuating the motion, as
is the case for large aircraft. As flight dynamic and aerodynamic time scales become
comparable, it is more difficult to simultaneously meet various control objectives. This
highlights the need for accurate low-order models that are compatible with both flight
dynamic models and with modern, robust feedback control techniques.

Ahuja & Rowley (2010) demonstrated that the flow past a stationary flat plate, with
2 % thickness at Re = 100, undergoes a supercritical Hopf bifurcation at a critical
angle of attack, ↵c ⇡ 27�. Above this angle, the flow is characterized by periodic,
laminar vortex shedding. They go on to develop feedback controllers, based on
balanced proper orthogonal decomposition (BPOD) models (Rowley 2005), to suppress
vortex shedding at large angles of attack; their actuation is a localized body force near
the trailing edge and the sensors measure velocity at two locations in the near-wake.
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involved in gusts and agile manoeuvres make small wings susceptible to unsteady
laminar separation, which can either enhance or destroy the lift depending on the
specific manoeuvre. For example, certain insects (Birch & Dickinson 2001; Zbikowski
2002; Sane 2003; Wang 2005) and birds (Videler, Samhuis & Povel 2004) use the
shape and motion of their wings to maintain the high transient lift from a rapid
pitch-up, while avoiding stall and the substantially decreased lift that follows. The
enhanced performance observed in bio-locomotion relies on unsteady mechanisms
that will be important for model-based control of MAVs (Zbikowski 2002; Pines &
Bohorquez 2006). The overarching goal of this analysis is to gain an understanding of
the underlying unsteady flow physics of pitching and plunging aerofoils and to develop
tractable reduced-order models suitable for feedback control.

The most important parameter for quantifying the trend towards smaller, slower
vehicles is the dimensionless Reynolds number, Re = cU1/⌫, where c is the chord
length of the wing, U1 is the free stream velocity and ⌫ is the kinematic fluid
viscosity. Small, lightweight vehicles typically experience low Reynolds number, both
because of shorter wing chord length and because lighter weight leads to a lower stall
velocity. Flow over an aerofoil at low Reynolds number is characterized by a thick
laminar boundary layer that may have a stable separation bubble for moderate angles
of attack. The effect of Reynolds number and aspect ratio on stationary small wings is
discussed in Torres & Mueller (2004) and Kaplan, Altman & Ol (2007).

Unsteady aerodynamic forces are readily excited for small vehicles at low Reynolds
numbers, in response to a gust disturbance, aggressive manoeuvring or high-frequency
wing motion. The non-dimensional parameters governing unsteadiness in the flow
over a pitching and plunging rigid aerofoil are the Strouhal number and the reduced
frequency. The Strouhal number is given by St = fA/U1, where f is the frequency of
oscillation and A is the peak-to-peak amplitude of the aerofoil motion. Triantafyllou,
Triantafyllou & Grosenbaugh (1993) and Anderson et al. (1998) demonstrated that
for a pitching or plunging aerofoil, the Strouhal number is typically in the range
of 0.25–0.35 for efficient propulsion, although aspect ratio has been shown to play
a significant role (Buchholz & Smits 2008; Green & Smits 2008). The reduced
frequency, k = ⇡fc/U1, is frequency non-dimensionalized by chord length. Both non-
dimensional frequencies increase with higher frequency oscillations and smaller free-
stream velocities, and they both decrease with smaller wing size. Reduced frequency
unsteadiness is excited by very rapid manoeuvres, regardless of amplitude, while
Strouhal number unsteadiness is excited by a combination of fast and large motion.

Flight dynamic time scales are shorter for MAVs than for traditional aircraft,
because MAVs are lighter and more compact. Therefore, smaller vehicles are able
to perform aggressive manoeuvres without the body inertia attenuating the motion, as
is the case for large aircraft. As flight dynamic and aerodynamic time scales become
comparable, it is more difficult to simultaneously meet various control objectives. This
highlights the need for accurate low-order models that are compatible with both flight
dynamic models and with modern, robust feedback control techniques.

Ahuja & Rowley (2010) demonstrated that the flow past a stationary flat plate, with
2 % thickness at Re = 100, undergoes a supercritical Hopf bifurcation at a critical
angle of attack, ↵c ⇡ 27�. Above this angle, the flow is characterized by periodic,
laminar vortex shedding. They go on to develop feedback controllers, based on
balanced proper orthogonal decomposition (BPOD) models (Rowley 2005), to suppress
vortex shedding at large angles of attack; their actuation is a localized body force near
the trailing edge and the sensors measure velocity at two locations in the near-wake.
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Figure 2.15: Turbulent kinetic energy (TKE) spectra for various levels of corruption and
RPCA filtering. The TKE profiles provide a summary of the filtering that occurs at various
scales. As corruption increases, the filtering remove more high-frequency information.

these regions where there is high density of missing data is spatially clustered.

The continuous-time DMD eigenvalues for the cross-flow turbine wake are shown in

Fig. 2.17. In this plot, the parabolic fits for DMD eigenvalues computed after interpola-

tion and RDMD eigenvalues computed after vector validation are displayed as dotted lines.

For this case, the coefficient of the parabolic fit for the RDMD-based eigenvalues is six times

smaller than the parabolic fit coefficient for the DMD-based eigenvalues. This demonstrates

a significant quantitative improvement of the DMD spectrum using RPCA filtering to process

the data.

2.6 Conclusions and discussion

In this chapter, we have demonstrated the ability of RPCA filtering to effectively recover

dominant coherent structures from corrupt flow fields with missing measurements. Unlike

standard POD/PCA, which is based on least squares and is susceptible to outliers and

corruption, RPCA utilizes sparse optimization to separate a data matrix into a low-rank

matrix containing correlated structures and a sparse matrix containing the spurious entries.

We apply RPCA filtering to several types of fluid flow data (DNS and PIV), ranging from

laminar vortex shedding behind a circular cylinder, to fully turbulent channel flow DNS, and
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involved in gusts and agile manoeuvres make small wings susceptible to unsteady
laminar separation, which can either enhance or destroy the lift depending on the
specific manoeuvre. For example, certain insects (Birch & Dickinson 2001; Zbikowski
2002; Sane 2003; Wang 2005) and birds (Videler, Samhuis & Povel 2004) use the
shape and motion of their wings to maintain the high transient lift from a rapid
pitch-up, while avoiding stall and the substantially decreased lift that follows. The
enhanced performance observed in bio-locomotion relies on unsteady mechanisms
that will be important for model-based control of MAVs (Zbikowski 2002; Pines &
Bohorquez 2006). The overarching goal of this analysis is to gain an understanding of
the underlying unsteady flow physics of pitching and plunging aerofoils and to develop
tractable reduced-order models suitable for feedback control.

The most important parameter for quantifying the trend towards smaller, slower
vehicles is the dimensionless Reynolds number, Re = cU1/⌫, where c is the chord
length of the wing, U1 is the free stream velocity and ⌫ is the kinematic fluid
viscosity. Small, lightweight vehicles typically experience low Reynolds number, both
because of shorter wing chord length and because lighter weight leads to a lower stall
velocity. Flow over an aerofoil at low Reynolds number is characterized by a thick
laminar boundary layer that may have a stable separation bubble for moderate angles
of attack. The effect of Reynolds number and aspect ratio on stationary small wings is
discussed in Torres & Mueller (2004) and Kaplan, Altman & Ol (2007).

Unsteady aerodynamic forces are readily excited for small vehicles at low Reynolds
numbers, in response to a gust disturbance, aggressive manoeuvring or high-frequency
wing motion. The non-dimensional parameters governing unsteadiness in the flow
over a pitching and plunging rigid aerofoil are the Strouhal number and the reduced
frequency. The Strouhal number is given by St = fA/U1, where f is the frequency of
oscillation and A is the peak-to-peak amplitude of the aerofoil motion. Triantafyllou,
Triantafyllou & Grosenbaugh (1993) and Anderson et al. (1998) demonstrated that
for a pitching or plunging aerofoil, the Strouhal number is typically in the range
of 0.25–0.35 for efficient propulsion, although aspect ratio has been shown to play
a significant role (Buchholz & Smits 2008; Green & Smits 2008). The reduced
frequency, k = ⇡fc/U1, is frequency non-dimensionalized by chord length. Both non-
dimensional frequencies increase with higher frequency oscillations and smaller free-
stream velocities, and they both decrease with smaller wing size. Reduced frequency
unsteadiness is excited by very rapid manoeuvres, regardless of amplitude, while
Strouhal number unsteadiness is excited by a combination of fast and large motion.

Flight dynamic time scales are shorter for MAVs than for traditional aircraft,
because MAVs are lighter and more compact. Therefore, smaller vehicles are able
to perform aggressive manoeuvres without the body inertia attenuating the motion, as
is the case for large aircraft. As flight dynamic and aerodynamic time scales become
comparable, it is more difficult to simultaneously meet various control objectives. This
highlights the need for accurate low-order models that are compatible with both flight
dynamic models and with modern, robust feedback control techniques.

Ahuja & Rowley (2010) demonstrated that the flow past a stationary flat plate, with
2 % thickness at Re = 100, undergoes a supercritical Hopf bifurcation at a critical
angle of attack, ↵c ⇡ 27�. Above this angle, the flow is characterized by periodic,
laminar vortex shedding. They go on to develop feedback controllers, based on
balanced proper orthogonal decomposition (BPOD) models (Rowley 2005), to suppress
vortex shedding at large angles of attack; their actuation is a localized body force near
the trailing edge and the sensors measure velocity at two locations in the near-wake.
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Figure 2.17: Continuous-time DMD eigenvalues for the turbine wake PIV data, along with
parabolic eigenvalue fits to estimate the error as in [13]. The RDMD parabolic coefficient is
approximately six times smaller than the DMD coefficient.
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concluding with an experimental flow past a cross-flow turbine. These flows exhibit a variety

of phenomena and a range of measurement quality. The DNS examples provide us with a

baseline, where it is possible to add corruption to quantitatively assess the performance of

RPCA. For flow past a cylinder in DNS, RPCA filtering is extremely effective at separating

the true flow field from considerable corruption, with robust recovery even in flow fields

with excess of 50% of the measurements corrupted. In the experimental counterpart, RPCA

is still able to remove large outliers and corruption, although there is a tradeoff between

filtering the background turbulence and coherent structures in the wake. The fully turbulent

channel flow DNS provides an opportunity to more fully explore this tradeoff in a controlled

setting, where we can incrementally increase the corruption ratio and observe the filtering

effects on various spatial frequencies. As expected, an increasingly aggressive filtering leads

to degradation at higher wavenumbers, although dominant coherent structures are robustly

preserved. Finally, the wake behind a cross-flow turbine provides a practical real-world flow

that directly benefits from improved PIV processing. In all three wake flows we also assess

the performance of RPCA filtering to yield more accurate modal decompositions. Although

we do not have ground truth measurements and modal decompositions, except in the case

of direct numerical simulations, we know that continuous-time DMD eigenvalues should be

arranged on the imaginary axis in the complex plane for clean data, and deviations from

this may be quantified using the derivation from Bagheri [13]. In all three cases, we see

considerable reduction in spurious damping, indicating the de-noising effectiveness of RPCA.

Based on these results, we believe that RPCA can be a valuable algorithm in the arsenal of

PIV processing and filtering techniques, particularly when the processing pipeline culminates

in modal analysis.

There are a number of future directions motivated by this work. First, RPCA depends on

the hyperparameter λ, and a better understanding of how to objectively choose λ for different

conditions is important. Because RPCA is based on sparse, non-convex optimization, it

is also likely that improved optimization techniques may improve speed and robustness.

Although this work considered three-dimensional flows, the data comprised two-dimensional
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cross-sections, and the current analysis could be extended to flow volumes. In principle, the

RPCA method should generalize, although there may be computational scaling challenges.

Recent results have extended RPCA from linear subspaces to manifolds [94], so it may

be possible to robustly characterize fluids data that is well-described by a low-dimensional

manifold [91], rather than a low-dimensional POD subspace. Non-stationary flows may be

more challenging for this method, as the bulk distribution will drift. Similarly shocks may be

erroneously flagged as outliers; however, this may provide an opportunity to identify shocks

in the data. Investigating these flows is an important avenue of future work. It would also

be useful to extend this work to PIV measurements of other turbine configurations [114].

Finally, the quality of the RPCA filtered flow fields for additional downstream analyses

should be assessed for example, in dynamical systems modeling via Galerkin projection [103]

or regression [90] onto the filtered modes and in control [15].
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Chapter 3

GEOMETRIC AND CONTROL OPTIMIZATION OF A TWO
TURBINE ARRAY

3.1 Contributions of this chapter

In this chapter, we experimentally perform simultaneous optimization of turbine configura-

tion and control with a two-rotor array in a constant free-stream velocity. We employ two

control methods that could take advantage of both mean flow alteration and periodic flow

structures to maximize the performance of the turbines in the array. This is motivated by

the inherently periodic nature of cross-flow turbine fluid dynamics, in which the angle of

attack encountered by the blades is continuously changing. The resulting unsteady fluid

mechanics can result in leading edge vortex separation [51] and dynamic stall [27, 26]. Even

at tip-speed ratios high enough to suppress dynamic stall [87, 55, 26, 50, 60], the angle of

attack variation produces a phase-dependent pressure and velocity field in and around the

rotor. We first consider a standard control method that varies the tip-speed ratios (ratio of

tangential blade speed to free-stream velocity) of each of the turbines, exploiting mean flow

alterations to maximize array power output. Throughout, we refer to this control strategy

as tip-speed ratio control. We also introduce a type of control with a synchronous rotation

rate and a phase offset between the turbines in the array. We refer to this strategy, which

coordinates the operation of turbines to exploit mean and periodic flow field alterations, as

coordinated control. As prior work has evaluated performance benefits for co-rotating and

counter-rotating turbines [21], we consider both modalities in our experiments.
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Figure 3.1: (a) Experimental set-up of the mobile, cantilevered turbine which consisted of
a motor to enforce consistent tip-speed ratios and phase differences, a torque cell, an air
bearing to absorb cantilever loads, and the rotor. (b) Experimental set-up of the fixed
turbine, which consists of two load cells, a motor, the vacuum plate, and the rotor. (c)
Photo of both turbines operating in the Bamfield Marine Science Centre flume.

3.2 Methods

Array experiments were performed in the Bamfield Marine Science Centre recirculating water

channel. During these tests, one turbine was fixed in space while the other turbine was

cantilevered from a robotic gantry system (Velmex BiSlide) that allowed precise control of

the rotor position in the streamwise and cross-stream directions. This enabled accurate and

reproducible array geometries.

The rotation rate of the fixed turbine (Fig. 3.1b) was regulated by a servomotor [109]

(Yaskawa SGMCS-05B with Yaskawa SGDV-05B3C41 drive). The motor had an internal

encoder with over one million counts per revolution and was rigidly connected to a six-

axis load cell (ATI Mini45) that measured all reaction forces and torques and was fixed

to the flume structure. The turbine driveline was a 12.7 mm diameter stainless steel shaft

that terminated, at the lower end, in a bearing that was fixed to a second six-axis load

cell (ATI Nano25). This assembly was fixed to the bottom of the flume using a suction
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plate and scroll vacuum pump (Agilent IDP3) and has been used extensively in previous

work [139, 141]. For the mobile turbine, elimination of the lower load cell and vacuum

plate would have introduced significant cross-talk in an upper load cell due to the orders-

of-magnitude difference between the thrust-induced moment and the relatively small rotary

torque. As an alternative approach, as shown in Figure 3.1a, the turbine driveline was

supported by an air bearing with negligible friction (Professional Instruments Company

Block-Head 4R low-inertia). For the mobile turbine, the rotation rate was regulated by

a servomotor with internal encoder (Yaskawa SGMCS-02B3C41) and the reaction torque

(equivalent to fluid torque) was measured by a torque cell (Futek F400). A picture of both

turbines operating in the Bamfield Marine Science Centre flume is shown in Figure 3.1c.

Both turbines had two blades with strut endplates to minimize parasitic losses [141].

Each turbine had a height of H = 0.23 m, diameter of D = 0.172 m, chord length of c = 0.04

m, and symmetric NACA0018 blade profile. This turbine geometry has been used in past

work [139, 141, 109, 78]. Due to the limited number of strut endplates on hand, one turbine

had struts with a NACA0008 profile, while the other used a NACA0016 profile. This gave

rise to minor performance variations (Fig. 3.2c). Both sets of struts had chord lengths that

are equal to those of the blades (0.04 m).

The Bamfield Marine Science Centre recirculating water channel was 10 m long, 2 m wide,

and was filled to a dynamic depth of h = 0.73m. The nominal flow speed was U∞ = 0.6

m/s with a turbulence intensity of approximately 2%. The freestream flow velocity was

measured upstream of the array using an acoustic Doppler velocimeter (Nortek Vector) at a

rate of 64 Hz. Despiking was performed using the method of Goring and Nikora [67], with

spikes replaced by interpolation. The temperature was held at 18±1 ◦C. These conditions

corresponded to a chord-based Reynolds number of Rec = U∞c
ν
≈ 22, 000−23, 000, where ν is

the kinematic viscosity, and depth-based Froude number of Fr = U∞√
gh
≈ 0.22, where g is the

gravitational acceleration or 9.81m/s2 and h is the mean water depth. The Reynolds number

placed the turbines in a transitional regime where performance varied with local Rec [98].

The geometric confinement, defined as the turbines’ projected area normalized by the area
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of the channel, ranged from 2.8% (turbines directly in-line) to 5.6% (turbines side-by-side),

which is relatively low [121]. The implications of this are explored for a sub-set of results in

Sec. 3.3.5.

3.2.1 Experimental design

The test matrix of relative rotor positions sampled is given in Figure 3.2a. Arranged on

a polar grid, positions ranged from side-by-side (X = 0) to X = 3.61D in the streamwise

direction, and a maximum spacing of 1.83D in the cross-stream direction. The minimum

distance between rotor centers was 1.1D.

The symmetry of the polar grid about the Y/D axis suggests that the same parameter

space could be sampled more efficiently if only the Y/D ≥ 0 region is probed. However, two

arrays with equal X/D spacing and equal and opposite Y/D spacing do not yield identical

performance, as a consequence of the asymmetric nature of a cross-flow turbine wake.

The co-rotating arrays are symmetric when the mobile turbine is at X/D = 0 and the

Y/D values are equal and opposite (or the absolute center-to-center distances are equal).

Nevertheless, those points are repeated because the two turbines and test rigs that constitute

the array are not physically identical. For side-by-side counter-rotating turbines, no such

symmetry exists. In this case, the two possible configurations are characterized by the

direction the blades travel as they approach the space between the two turbines. In one

orientation they are traveling upstream, in the other they are traveling downstream, as they

approach the space between the two rotors [162, 149, 150].

3.2.2 Performance Metrics

The coefficient of performance for an individual turbine is the ratio of the power produced

to the kinetic power in the free-stream passing through the turbine’s projected area and

expressed as

Cp =
P

1
2
ρU3
∞HD

=
ωτ

1
2
ρU3
∞HD

, (3.1)
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Figure 3.3: Optimization for one geometric configuration of co-rotating turbines under tip-
speed ratio control contrasting initial case (light blue) with optimized case (red). From left
to right: (a) the co-rotating turbines and direction of free-stream flow; (b) performance
comparison of initial and optimized cases for each turbine as a function of the angular
position of each turbine (θ = 0 when the blade is pointing directly upstream) color encoded
to denote interaction factor; (c) top shows the optimization path and bottom shows the
performance evolution during optimization color encoded to denote interaction factor; (d)
resulting performance of selected array geometry on a heat map corresponding to all test
positions.
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where P is turbine’s mechanical power, ρ is the fluid density, U∞ is the freestream flow

velocity, H is the turbine height, D is the turbine diameter, ω is the turbine rotation rate, and

τ is the turbine torque. It is important to note that the undisturbed freestream flow velocity

is used to normalize performance for both turbines, even when one turbine is within the

wake of another. This is appropriate because we are exploring the performance of the array,

not how heterogeneous inflow (e.g., rotation, shear) affects the fundamental performance of

the individual turbines. In addition, particularly for cases with staggered arrays and limited

inter-turbine separation, it would be difficult to uniquely define a single-valued inflow velocity

or obtain sufficient information about the flow field to do so.

Our fundamental parameter of interest in this study is an “interaction factor” that de-

scribes how the performance of the two, interacting turbines compares to their performance

in isolation. In experiments, the two turbine rotors were tested separately to establish a

baseline performance for comparison. Their individual peak performances are denoted by

C∗P,1 and C∗P,2, where the asterisk denotes performance at the optimized tip-speed ratio (peak

of the CP − λ curves in Figure 3.2c). The array performance for a given configuration and

control strategy is evaluated relative to the sum of the peak power that the two turbines

would produce in isolation as

κ =
CP,1 + CP,2
C∗P,1 + C∗P,2

− 1 (3.2)

where κ is the interaction factor (κ < 0 for detrimental interactions and κ > 0 for beneficial

interactions). We note that if mean inflow was perfectly constant across all tests, κ would be

equivalent to the power produced by the turbines in the array divided by the power produced

by the turbines in isolation. By normalizing mechanical power by inflow velocity, we control

for small fluctuations in the free stream velocity caused by the flume pumps. The method

for estimating uncertainty in κ is described in Appendix B.
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3.2.3 Turbine Control

At each of the locations illustrated in Figure 3.2a, two control strategies are optimized to

maximize array power output for both co- and counter-rotating turbines.

Tip-speed ratio control is characterized by the tip-speed ratio or non-dimensional rotation

rate, given by

λ =
ωR

U∞
, (3.3)

where R is the turbine radius. For tip-speed ratio control, the rotation rates of each of

the rotors are optimized simultaneously, assuming a nominally constant free-stream velocity.

As for CP , the tip-speed ratio for both turbines (λ1, λ2) is normalized using the undisturbed

freestream inflow velocity (U∞). The local tip-speed ratio, normalized by the velocity incident

on the turbine, is higher for the fixed turbine when the mobile turbine is in-line and the wake

impinges directly on the fixed turbine. The objective of this control scheme is to optimize

rotor operation in the mean flow field induced by the rotors. This optimization problem is

non-trivial, as there is a co-dependence between turbine rotation rates, the resulting flow

field, and the array power output.

In coordinated control, the angular velocities, or tip-speed ratios, of the two turbines are

locked to the same value (λ = λ1 = λ2). For co-rotating turbines, the angular blade offset,

or phase difference, is

φ = θ1 − θ2 (3.4)

where θ1 and θ2 are the angular positions of mobile and fixed turbines respectively and

θ = 0 when one blade is pointing directly upstream. For counter-rotating turbines, the

phase difference is defined as

φ = −θ1 − θ2. (3.5)

This results in another two-parameter optimization, this time of λ and φ. A closed-loop

controller is used to maintain a constant φ while testing a specific pair of parameter values.

Optimization of the control parameters is performed using the Nelder-Mead (downhill
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simplex) algorithm [101]. This search algorithm is a gradient-free method that evaluates

an objective function at the vertices of a simplex of in the parameter space and uses a

decision tree to walk towards an optimal solution. To improve the convergence rate of the

optimization, initial simplex values are chosen, in part, based on data already collected. The

first simplex point is the optimum control set point found for any array configuration that

has previously been tested. The second point is the optimum control set point of an array

configuration with an upstream turbine position within 1D of the current mobile position. If

that control set point is not suitably different from the first simplex point a psuedo-random

second simplex vertex is chosen, ensuring sufficient distance in the parameter space. The

third simplex point is always psuedo-random, but with a lower bound set so that the initial

simplex volume is sufficiently large. Optimization is halted when the simplex reached a

minimum volume or if 30 control set points have been tested since the last improvement in

array power output. Figure 3.3 shows how the optimization was performed for each case. For

a given geometry, control strategy, and rotation scheme (Fig. 3.3a), the array is tested for

25 seconds. Performance is computed (Fig. 3.3b) and the Nelder-Mead optimizer is used to

determine the next point. This is repeated until convergence (Fig. 3.3c). The performance

resulting from the optimized control parameters is shown as a heat map for each array

geometry in Figure 3.3d.

3.3 Results and Discussion

3.3.1 Co-rotation

The interaction factor for co-rotating turbines under tip-speed ratio control and coordinated

control is shown in Figure 3.4. Both turbines are rotating counterclockwise in the co-rotating

arrays. Interaction factors values greater than 0 (red) represent configurations where the

array is outperforming the two turbines in isolation. For both cases, when turbines are in

similar Y/D locations, performance suffers, but when they are in dissimilar Y/D locations,

performance is similar to or greater than isolated turbines. The co-rotating tip-speed ratio
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Figure 3.4: Interaction factor for co-rotating arrays under (a) tip-speed ratio control and
(b) coordinated control. The fixed turbine is located at Y/D = X/D = 0 and the black
dot denotes the location of the upstream turbine. Array performance greater than 1 (red)
indicates that the array is outperforming the turbines in isolation. The color map contains
a dead-band surrounding unity to highlight variations and interaction factor uncertainty of
of ±0.039.

control case had the highest interaction factor of any array geometry, control type, and

rotation direction, with turbines situated side-by-side with a 1.1D center-to-center spacing

achieving a non-dimensional array performance of 1.3 (i.e., a 30 % increase in power output

relative to turbines in isolation).

To better understand the drivers for interaction factor, we first consider the optimized tip-

speed ratios for the upstream and downstream turbines (Figure 3.5). For all configurations,

the upstream turbine optimization converges to a relative narrow range of λ (1.5 ≤ λ ≤ 2).

Since the optimal λ in isolation is 1.7−1.9 (Fig. 3.2), this suggests that the upstream turbine

is relatively unaffected by the presence of the downstream turbine. The downstream turbine

optimization converges to a similar λ when the turbines are at dissimilar Y/D locations.

When the downstream turbine is located at Y/D = 0, its optimized tip-speed ratio trends

toward zero as X/D → 0. This is likely a consequence of the reduction in local inflow velocity

when the downstream turbine is located directly in the wake of the upstream turbine and in

such close proximity relatively little wake recovery can occur [6]. In addition, this reduction

in inflow velocity reduces the local Reynolds number, reducing CP at a given λ [98].
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Figure 3.5: Optimized parameters for co-rotating turbines under tip-speed ratio control.
(a) Upstream turbine tip-speed ratio for a given array layout and (b) downstream turbine
tip-speed ratio.

The optimized parameters for coordinated control are shown in Figure 3.6. The optimal

values of λ exhibit a qualitatively similar pattern to the downstream turbine under tip-speed

ratio control (i.e., primarily affected when the turbines are at similar Y/D locations). There

is, however, evidence of radial striations in the optimal phase. Since, at these tip-speed

ratios, the upstream turbine is periodically shedding vortices [137], these radial striations

could be indicative of meaningful interaction (interception or avoidance) with the coherent

structures from the upstream turbine.

For the coordinated control parameters (shown in Appendix A.1, Fig. 3.6), the optimized

tip-speed ratio for the array has a qualitatively similar pattern to that of the downstream

turbine in tip-speed ratio control (Fig. 3.5b). However, the optimized tip-speed ratio values

are greater than for tip-speed ratio control when the turbines are in similar Y/D positions.

This trend matches the results for the counter-rotating tip-speed ratio control case that is

explored in the next section.

3.3.2 Counter-rotation

For the counter-rotating arrays, the upstream (mobile) turbine is rotating clockwise while

the downstream (fixed) turbine remains rotating counterclockwise. Interaction factor trends
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Figure 3.6: Optimized parameters for co-rotating turbines under coordinated control: (a)
optimized tip-speed ratio for the turbine pair and (b) optimized phase difference.
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Figure 3.7: Interaction factor for counter-rotating arrays under (a) tip-speed ratio control
and (b)coordinated control.

for theses arrays, shown in Figure 3.7, are similar to the co-rotating arrays with interaction

factors improving when the turbines are at similar X/D positions and suffering when they

are at similar Y/D values.

The counter-rotating tip-speed ratio control optimization values (Appendix A.1, Fig. A.1)

are also similar to the co-rotating values (Fig. 3.5). Specifically, for the upstream turbine,

the optimized λ are all similar to the isolated optima. When the turbines are located in

the same Y/D position, the downstream turbine is optimized to operate at a lower λ. The

coordinated control values (shown in Appendix A.1, Fig. A.2) have a qualitatively similar
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Figure 3.8: Interaction factor comparison (∆κ = κco-−κcounter-) of co-rotating versus counter
rotating arrays for (a) coordinated control and (b) tip-speed ratio control. Green denotes a
co-rotating array out-performing its counter-rotating counterpart.

pattern to the co-rotating coordinated control values (Fig. 3.6). The tip-speed ratios are

1.7 − 1.9 when the turbines are in dissimilar Y/D locations, trend lower in similar Y/D

locations, and the phase difference shows evidence of radial striations.

3.3.3 Counter- vs. co-rotating arrays

As shown in Figure 3.8, co-rotating arrays generally outperform counter-rotating arrays

though the underlying mechanisms causing this trend are not immediately apparent. There

is an exception where counter-rotating arrays outperform co-rotating arrays along a single

vector. This can be explained by the turbine wake structure. In the X −Y plane, cross-flow

turbine wakes have an asymmetric, skewed velocity deficit, as shown in Figure 3.9a [140].

For all cases tested, the fixed turbine (at X/D = Y/D = 0) is rotating counterclockwise,

while the upstream (mobile) turbine is rotating counterclockwise in a co-rotating array and

clockwise in a counter-rotating array.

For the co- and counter-rotating cases, the upstream turbine rotates counterclockwise

and clockwise, respectively. Therefore, as illustrated in Figure 3.9, the upstream turbine

wake deflection is in the +Y/D direction for co-rotation and in the −Y/D direction for
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Figure 3.9: (a) Mean wake velocity of a cross-flow turbine rotating counterclockwise with the
skewed velocity deficit denoted with a red arrow [140], (b) deficit path and wake deflection
direction for the co-rotating turbine array (c) deficit path and wake deflection direction for
the counter-rotating turbine array.

counter-rotation. As a result, co-rotation underperforms counter-rotation in a band of −Y/D

upstream turbine positions (purple in Figure 3.8) while counter-rotation underperforms co-

rotation for the mirrored +Y/D upstream turbine positions (dark green in Figure 3.8). For

both cases, this is consistent with alternating directions of wake velocity skew for counter-

clockwise and clockwise rotation of the upstream turbine. As turbine separation increases

beyond X/D = −2, this effect is reduced by wake mixing.

3.3.4 Tip-speed ratio control vs. coordinated control

In Figure 3.10, the two control strategies are compared for co-rotating and counter-rotating

arrays. For most array configurations, the differences between the strategies are limited and

without obvious spatial trends. However, regardless of rotation direction for the upstream

turbine, when the turbines are aligned in the streamwise direction (Y/D = 0), tip-speed ratio

control generally outperforms coordinated control. Since the downstream turbine operates

directly in the wake of the upstream turbine, tip-speed ratio control allows the downstream

turbine to operate at a rotation rate with a more favorable local tip-speed ratio (i.e., λ defined

by the local inflow instead of the freestream flow). Conversely in coordinated control, the

turbines are operating at equal rotation rate, which means that the local λ for both turbines

is far from optimal.
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3.3.5 Inter-Array and Array-Channel Interactions
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Figure 3.11: Coefficient of performance (b) and coefficient of thrust (c) for the downstream
turbine in three side-by-side array configurations (a) for coordinated control optimization.
The point clouds correspond to variations in λ and φ during the control optimization. CP ,
CT , and λ are corrected according to the method of Barnsley and Wellicome [14].

Our results demonstrate a clear influence of control strategy and array geometry on turbine

performance, as quantified by the interaction factor. They do not, however, allow us to fully

describe the underlying hydrodynamics. While optical techniques, such as in-rotor particle
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image velocimetry [137] might, in the future, provide definitive insight, we can use theoretical

arguments to establish the presence of inter-array interactions and their coupling with array-

channel energetics. It is well understood that, for a single turbine, geometric confinement

increases maximum CP and the associated λ, as well as the thrust coefficient, CT . CT is

defined as

CT =
T

1
2
ρU3
∞HD

(3.6)

where T is the thrust force on the turbine in the streamwise direction. The coupling between

geometric confinement and CT augmentation can be explained by linear momentum actuator

disc theory, and, with additional approximation, so can changes to CP and λ [121].

We consider a sub-set of our results in this context: co-rotating coordinated coordinated

control with both turbines at X/D = 0 and lateral separation, d of 1.1D, 1.3D, and 1.5D

(Figure 3.11a). For these cases, the geometric confinement, defined as the turbines’ cross-

section area relative to the channel cross-section, is constant at 5.6%. Figure 3.11d shows CT

and CP for each step in the optimization procedure, with each point representing a discrete

value of λ and φ for the array. For this specific case (X/D = 0, Y/D > 0, co-rotation),

as separation is increased, CT decreases for the fixed turbine. This clearly demonstrates

an interaction between the rotors that alters the thrust on the fixed turbine at constant

geometric confinement. The nature of this thrust-versus-separation interaction varies from

case-to-case (co- or counter-rotation, Y/D > or < 0).

To gain further insight into the inter-turbine and array-channel interactions, we apply

the method of Barnsley and Wellicome [14] to these data to estimate the unconfined CP ,

CT , and λ for the fixed turbine. This method has been previously shown to predict, with

reasonable accuracy, the unconfined performance of a single cross-flow turbine [121]. As

shown in Figure 3.11b,c, when the correction is applied to the baseline performance curves

(black markers), even modest geometric confinement (2.8%) is predicted to meaningfully

alter performance. To apply this same method to the two-turbine array, we assume that

the thrust experienced by the two turbines is similar, such that CT for the fixed turbine
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is representative of CT for the array. The corrected thrust coefficients are estimated to be

nearly equal to the isolated turbine (colored circles compared to black circles in Figure 3.11c).

We caution against drawing strong conclusions from this result given that, by the nature of

the underlying linear momentum theory, unconfined CT cannot exceed unity, such that we

are operating at the margin of theory. Further, given that the asymmetric wake skew for the

co-rotating turbines (Figure 3.9), it is possible that the thrust on the mobile turbine differs

from the fixed turbine.

This same correction is applied to CP in Figure 3.11b. As for thrust, the effect of geomet-

ric confinement is substantial and, in the absence of any inter-turbine interaction, this would

elevate CP when moving from a single turbine at 2.8% confinement to a two-turbine array at

5.6% confinement. However, the maximum blockage-corrected CP for the fixed turbine (col-

ored circles) still exceeds blockage-corrected CP* (black circles) when this turbine is operated

in isolation. This is to say that confinement contributes to the increase in performance, but

does not entirely explain it. Further, for this case, there is a clear striation in unconfined

CP (φ, λ) with inter-turbine separation distance. This suggests that the interaction between

the two turbines changes their thrust and torque. Because the blockage correction attributes

an increase in thrust to confinement alone, CP is corrected farther downward as separation

increases due to the rise in CT , despite the constant confinement.

From this, we can conclude that when turbines are in close proximity, there are important

and beneficial mean and periodic interactions that cannot be explained by a simple energetic

coupling between the array and channel. Similarly, blockage corrections cannot provide

insight into interaction mechanisms for cases other than X/D = 0 as they are formulated

for rows of turbines with uniform inflow.

Finally, we note that, for these tests, the downstream (fixed) turbine is located at the

center of the flume, such that the upstream (mobile) turbine has variable proximity to the

flume wall depending on configuration. While this means that wall proximity was not held

constant, given that the flume wall is located at Y/D ≈ ±6, variations in the boundary

proximity are unlikely to affect turbine performance [62].
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3.4 Conclusions

Experimental control and configuration optimization are performed to maximize array power

for a pair of cross-flow turbines. The best-performing arrays have a power coefficient 1.3 times

greater than for the turbines operating in isolation. Performance is augmented by three main

mechanisms: mean flow alteration (e.g., faster bypass flow harnessed by the neighboring

rotor), periodic flow alteration, and blockage. Sometimes they are present individually, but

often two or more factors simultaneously affect performance.

This work inspires future studies in several directions. First, there has been some visual-

ization of the interaction mechanisms between cross-flow turbines in dense arrays [21], but

they have not been fully visualized and compared to measured performance. In conjunction

with visualization, modeling using recent advances in data-driven methods [144, 118, 104]

would advance understanding of this system. Second, while our results can be provisionally

extended to larger arrays, additional interaction mechanisms may occur when the number

of rotors increases beyond two. In many applications, arrays of more than two turbines may

be desirable. While these experiments consider a two-turbine array, some of the results can

be extended to a larger numbers of rotors. Trends are particularly durable for “fences” of

adjacent turbines if the free-stream flow speed and direction are uniform across an array.

Since performance differences between the two strategies are minimal, coordinated control

may be a promising option for this array design because multiple rotors could be mechani-

cally coupled to a single generator, reducing cost. However, if the array spans heterogeneous

(e.g. sheared) inflow, tip-speed ratio control would likely be preferred and could be achieved

without an inflow measurement using a non-linear control strategy [57]. For homogeneous

inflow, in arrays with multiple rows, we see possibilities for extrapolation by taking advan-

tage of periodic interactions that will occur at each row by holding tip-speed ratios constant

and repeating phase differences.

Third, in this study we present an online experimental optimization for the control strat-

egy. This approach could be applied to other fluid-structure interactions and flow control
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scenarios [23] to explore broad parameter spaces in a time-efficient manner. Similarly, “deep”

arrays with multiple rows of turbines could benefit from the experimental approach in field

optimization (i.e., each additional turbine adds either a tip-speed ratio or phase to the con-

trol scheme). In general, compared to brute force experimentation, an optimization scheme

similar to what is described in this work becomes critically important as the number of

control variables increases.
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Chapter 4

NEAR WAKE DYNAMICS OF A TWO TURBINE ARRAY

As demonstrated in Chapter 3, the best-performing cases from the array optimization

corresponded to a side-by-side configuration. This does not, however, provide fundamental

insight into the interaction mechanisms present for this case, nor provide a comprehensive

understanding of how these interactions are affected by turbine rotation direction and phase

offset. Here, we experimentally evaluate the performance and wake of a two-turbine array

under a “coordinated control” strategy with a controlled mean phase difference and constant

rotation rate. These experiments comprehensively address the potential operational modes

and correlations between power production and wake evolution. Specifically, turbine pairs

are operated co-rotating, counter-rotating with the blades advancing at the mid-line of the

array, and counter-rotating with the blades retreating at the mid-line of the array. First we

present the array performance for each of the rotation schemes over the full range of phase

differences. We then explore mean wake dynamics across rotation schemes for selected phase

differences and compare phase resolved dynamics of the counter-rotating arrays.

4.1 Methods

This section outlines the techniques used in this work, including information on turbine

dynamics and experimental methods. This builds on the fundamental definitions of turbine

performance presented in Chapter 3. The experimental methods describe both performance

and particle image velocimetry (PIV) measurements.
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Figure 4.1: Diagram of turbine showing the advancing and retreating directions within a
rotation.

4.1.1 Cross-flow turbine performance and dynamics

To evaluate the performance of a single turbine, we use the coefficient of performance (CP ),

as defined in Chapter 3. To evaluate the performance of the array we utilize the array mean.

To evaluate the fluctuations within the array we use a mean subtracted term:

∆CP = CP− < CP > . (4.1)

Here, < CP > is the average turbine performance over phase.

Cross-flow turbines have high-dimensional, periodic dynamics [107, 139]. As a turbine

rotates, the angles of attack of the blades are constantly changing and structures are peri-

odically shed from the rotor. A single rotation can be bisected into the advancing portion,

where the blade is traveling upstream (θ = 270° − 90°), and retreating portion, where the

blade is traveling downstream (θ = 90°− 270°). The advancing and retreating directions are

labeled in Figure 4.1.
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Figure 4.2: (a) Rotation schemes, co-, retreating, and advancing shown with phase difference
calculations. Turbine 1 is located at a Y/D position of -0.55 and turbine 2 is located at a
Y/D position of 0.55. For all cases, turbine 1 is at 0° and the phase difference shown is 45°,
(b) turbine positions and PIV fields shown in the flume coordinates.

4.1.2 Array Configurations, Control, & Symmetry

The turbines were tested co-rotating (rotating in the same direction) and counter-rotating

(rotating in opposite directions). Within a single rotation of a cross-flow turbine, exists

inherent asymmetry. For half of the cycle, the blade is advancing and for the other half the

blade is retreating. Given the bi-directional travel of a blade over a single rotation, there are

two possible counter-rotating fence array configurations. These cases are defined by which

direction the blades are traveling at the array midline. For the “retreating” counter-rotating

case, the blades are traveling in the same direction as the freestream flow or retreating when

they are approaching the array mid-line (Y/D = 0). Conversely, for the “advancing” case,

the blades are traveling against the direction of the freestream flow or advancing as they

approach the mid-line of the array. The three rotation schemes, co-rotation, advancing, and

retreating are shown in Figure 4.2(a). The phase difference or the average difference in phase

between the two turbines are explicitly defined in this figure and all arrays are shown with
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Turbine 1 at a phase of 0° and a phase difference of 45°.

For each of the rotation schemes, performance was measured across phase differences

from φ = 0°− 180°.

4.1.3 Experimental methods

The data presented in this work was collected in the Alice C. Tyler flume at the University

of Washington. This recirculating water channel has a width of 76 cm. The test conditions

consisted of a water depth of 52.5 cm, temperature of 23.5°C, and freestream flow velocity

(U∞) of approximately 0.80 m/s. These conditions result in a chord-based Reynolds number

of 3.5× 104.

Both turbines had two blades with strut end-plates to minimize parasitic losses [141].

Each turbine had a height of H = 0.23 m, diameter of D = 0.172 m, chord length of c = 0.04

m, and symmetric NACA0018 blade profile. For all cases, the center-to-center separation of

the rotors is 1.1D.

The turbine assemblies used in this work were identical to the stationary turbine de-

tailed in Chapter 3. The freestream flow velocity was measured using an acoustic Doppler

velocimeter (Nortek Vectrino) positioned X/D = 5 upstream of the center of the rotors at

the array midlines and sampling at a 100 Hz.

4.1.4 PIV Methods

The flow fields comprise of two-components of velocity, stream-wise and cross-stream in a

2D plane downstream of the turbine shown in Fig. 4.2b.

The laser used to illuminate the flow is a dual-cavity 30mJ per pulse Nd:YLF laser

from Continuum Terra PIV. This laser produced a light sheet with 2 mm thickness. The

camera used to acquire the image pairs is a high-speed Vision Research Phantom v641 with

a resolution of 2560 x 1600 pixels. The lens used is a 50 mm at an F# of 2. The flow

was seeded with 10 µm silver-coated hollow-glass beads which resulted in a particle size of

pixels in the images. DaVis LaVision (version 10.1.1) was used for processing the images.
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Post-processing the images included background subtraction, masking, cross-correlation, and

vector validation. Cross-correlation was performed using a multi-pass algorithm with 75%

overlap.

The PIV data field is located at X/D ≈ 0.4 − 3 and Y/D ≈ −1.6 − 1.6. Due to the

limitations in laser intensity and camera resolution, the data was acquired in a two-by-three

grid. The PIV data acquisition was phase-locked with the turbine rotation. Acquisition

was triggered when turbine 1 was pointing directly upstream (θ = 0°). Subsequently, 34

image pairs were taken over the course of a full turbine 1 rotation. The presented PIV

data is taken at the midspan of the turbines’ blades. To produce the composite fields, the

phase-averaged fields from the six individual phase-locked acquisitions are stitched together.

Motorized rails were used to precisely translate cameras in the cross-stream direction. To

acquire the downstream fields of view, the turbine assemblies were moved upstream.

Given the data intensive nature of PIV, the wakes were measured for a subset of phase

differences. For both counter-rotating cases, the phases measured were φ = 0°, 45°, & 90°.

For the co-rotating cases, the phases measured were φ = 0°, 45°, 90°, & 135°. Due to the

inherent symmetry of the two-bladed turbine array, the counter-rotating φ = 135° cases are

identical to the φ = 45° cases mirrored vertically and were not measured.

The presented vorticity fields were calculated from the streamwise and cross-stream ve-

locity fields using a second-order difference method [4].

4.1.5 Array Performance

To quantify array performance, we are using the average turbine performance. In past work,

array performance is normalized by individual turbine performance. We are not performing

this normalization because the channel energetics change significantly when increasing the

blockage by adding the additional rotor.

To determine the optimal array tip-speed ratio for the PIV data acquisition, we tested

a coarse grid of phase differences at increasing tip-speed ratios. These cases are shown in

Figure 4.3. Phase differences are tested in the range of φ = 0 − 180°. Given the inherent
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symmetry of a two-bladed cross-flow turbine, the φ = 180 − 360° range is identical to the

tested rage. The change in optimal tip-speed ratio between an individual turbine and the

array is due to the change in blockage of the channel between the two cases [120]. The

individual turbine occupies approximately 10% of the channel cross-section and its peak

efficiency is at a tip-speed ratio of λ = 2. The array occupies 20% and Figure 4.3 shows

that the optimal average array performance occurs at λ = 2.4. This higher tip-speed ratio of

λ = 2.4 was used for the wake measurements and fine resolution performance measurements

across phases presented in this chapter. For a single turbine, blockage tends to increase

the optimal tip-speed ratio in addition to increasing the turbine performance [121]. We

demonstrate a similar trend when increasing blockage by adding an additional rotor.
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Figure 4.3: CP − φ plot for the retreating case at λ = 2.1− 2.6.

4.2 Results and Discussion

4.2.1 Array Performance Results

The turbine array performance is shown in Figure 4.4. The array average performance for

each rotation scheme is shown in Figure 4.4a and mean subtracted performance for individual

turbines and the arrays are shown in Figure 4.4b-d for each of the rotation schemes at all

phase differences. The phase differences affect both individual turbine and array average

performance. Since the counter-rotating cases are equal and opposite about φ = 90° we focus
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on variations in the φ = 0− 90° range. On the whole, we see increased absolute performance

for the retreating case over the advancing and co-rotating cases. One possible mechanism for

this performance increase is a bulk flow interaction with the blades. In the retreating case, the

flow is accelerated in the direction of motion of the blades, likely resulting in a higher torque

when the blades are traveling towards the array midline. This increased torque would then

increase the array-average efficiency. The performance discrepancy shown here is somewhat

mirrored in the results in Chapter 3. In the optimization, we saw that the performance for

the advancing case dropped off with increased rotor separation. However, the vastly different

performance results between the counter-rotation cases seen in this chapter require further

exploration. Possible differences that could contribute to performance variations between

these experimental campaigns include differences in confinement, non-uniform inflow in the

channels, and experimental uncertainty relating to measurement. The retreating rotation

scheme has the most pronounced phase dependence for both individual turbines and the

array average. The optimal performance is at a phase difference of 90° and the 0− 5° range

is the poorest performing. Whereas for an individual turbine (Turbine 1), the performance

peaks at approximately 110° and is the lowest at approximately 20°.

The other two cases, co-rotating and advancing have lower magnitude array performance

variations due to phase. The advancing case has fairly flat average array performance.

However, for the individual turbines we see performance variation at a phase difference

of approximately 15°. At φ = 15° Turbine 1 performance increases and the performance

for Turbine 2 decreases, balancing each other out. The co-rotation case shows fairly flat

average performance with slight performance increases between φ = 110° and 150° and

slight performance decreases between 20° and 60°. These individual turbine performance

variations demonstrate that the phase invariant average performance is a consequence of the

individual turbine performances balancing one another, not a lack of interaction between

turbines.
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Figure 4.4: (a) Array average performance for all rotation schemes (b) Mean-subtracted
average performance for the retreating rotation scheme (c) Mean-subtracted performance for
the advancing rotation scheme (d) Mean-subtracted performance for the co-rotation scheme.

4.2.2 Time-average flow field evolution

The time-average wake velocity magnitude for each of the rotation schemes and the subset

of phase differences are showed in Figure 4.5 a-j and wake profiles at specific cross-sections

(X/D = 1, 2, and 3) are shown in Figure 4.5 k-f. Broadly, each of the wakes has similar

structure. As demonstrated by the profiles, they are comprised of (1) a wake deficit that

skews moderately towards the advancing side of the rotor, (2) moderately accelerated flow

at the array mid-line (Y/D = 0), and (3) strongly accelerated flow in the bypass regions.

The flow acceleration is due to the bluff-body affects where the flow is diverted around the

turbine rather than passing through. This acceleration is augmented by the channel blockage

of the array (22%). In all cases, the largest velocity deficit is present at approximately 2.5D

downstream. The location of maximum deficit is consistent with the past literature [6].
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Figure 4.5: (a-j) Average flow field magnitude for each rotation scheme and phase difference
measured (k-n) Average flow field magnitude contours for a 90° phase difference for each
rotation scheme (k), all co-rotating phase differences (l), all retreating counter-rotating phase
differences (m), and all advancing counter-rotating phase differences (n); for each of the
profiles, the contour represents the velocity magnitude present at X/D = 1, 2, or 3. The

curves are located such that the dotted lines are at |U |
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= 1.
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Figure 4.5k shows wake profiles for each of the rotation schemes averaged over all the

phases differences. In this plot, there are evident differences in magnitude of the impingement

region (i.e., the accelerated flow between the turbines) and its evolution as the wake mixes

and skews. The relative locations of the peaks and troughs of the contours are the clearest

indicator of the skew direction and are most evident at X/D = 3.

The commonalities in general structure across cases can be contrasted with differences

both between rotation schemes and phase differences. The width, magnitude, and diffusion

of the impingement jet, which is nearly independent of rotation direction and phase difference

at X/D = 1, notably varies further downstream.

The advancing case (Fig. 4.5c, f, i), produces the narrowest jet and the jet diffuses most

rapidly. The wake profile contours (Fig. 4.5k, n), show convergent characteristics where the

local minima in wake velocity converges towards Y/D = 0 with increasing X/D. The mean

wake evolution is independent of phase difference. This uniformity is likely a consequence of

the absence of direct interaction between the energetic wake structures on the retreating sides

of the individual turbines. The variations in the less energetic structures on the advancing

sides of the turbines are not significantly affecting these averaged fields. Figure 4.6 shows

the smaller scale structures interacting on the advancing side and minimal interaction on the

retreating side of the rotation for the two turbines.

For the retreating case, the impingement jet (Fig. 4.5b, e, h) is widest and diffuses

more slowly than the advancing case. The retreating (Fig. 4.5k, m) profiles show divergent

characteristics where both turbine wakes skew away from the array midline. Unlike the

advancing case, the mean wake evolution depends on the phase difference. At the 0° and 90°

phase differences, the wake evolution is symmetric about the midplane, which is consistent

with the inherent cross-stream symmetry of the array. Conversely, in the 45° case, the wake

skews towards the positive Y/D direction. If we tested the 135° case, we would expect the

skew to go toward the negative Y/D direction because the wake dynamics should be equal

and opposite about the Y/D axis. This skew can also be seen in the phase averaged fields

in Figure 4.6.
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The wake evolution in the co-rotating case is an amalgam of the characteristics of the

advancing and retreating counter-rotating cases. The magnitude of the impingement jet

and its diffusion is similar to the retreating case, but narrower in width. The contours of

the co-rotation case (Fig. 4.5k, l) shows both of the wakes skewed in parallel towards the

positive Y/D direction. Variation in phase difference produces changes in the wake evolution

at X/D > 2, but these are less pronounced than for the retreating case.
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Figure 4.6: Selected phase averaged frames for the advancing and retreating counter-rotating
cases at turbine 1 azimuthal positions of θ1 ≈ 0°, 42°, or 85°.

Further insight is gained by considering the phase-average flow fields. Figure 4.6 shows

vorticity at three blade positions for the two counter-rotating schemes, both operating with

a phase differences of 45°. These frames highlight alterations in the vortex shedding patterns

between rotation schemes. For the advancing case, the power stroke (the region where the

turbine produces most of its power) is occurring adjacent to the bypass wake region. For the

retreating cases, the power stroke is occurring closer to the array mid-line, where the rotors

are directly interacting. These interactions and how they vary with phase difference have a
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Figure 4.7: Second POD mode for the advancing and retreating counter-rotating cases at
each phase difference.

clear dependence on performance. However, it would be speculative to attribute performance

variations to variation in wake structure.

These wake structures are mirrored in the second proper orthogonal decomposition (POD)

modes shown in Figure 4.7 (POD is reviewed extensively in Chapter 2). In this figure, the

retreating case midline structures show the larger scale advected structure and the advancing

case shows that the dominant dynamics at the array midline are the blade wake advecting

downstream. Additionally, it can be seen in both cases that the structures evolve with phase

difference, albeit in a non-linear manner, with a more pronounced difference between the 0

and 45 ° phase offsets than the 45 and 90 ° offsets. For both rotation directions, at a phase

offset of 0°, the most energetic coherent structures from each are equal and opposite and shed

simultaneously (centerline for retreating case, wake bypass for advancing case), whereas the

at 90° phase offset, equal structures are shed alternately.
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4.3 Conclusions

In this chapter, we present comprehensive performance and wake measurements for the

three configurations of cross-flow turbine pairs. For each rotation scheme, the turbines are

tested across phase differences. We find that the main driver of dynamics and performance

variations is the rotation scheme. For each rotation scheme, the dominant dynamics persist

across different phase differences. The case in which counter-rotating blades are retreating

or traveling downstream at their closest point of approach has the largest phase-difference

dependent variations in performance and wake dynamics. For the counter-rotating case

where the blades are advancing or traveling upstream at their closest point of approach

or co-rotating blades, there are only small phase perturbations in mean array performance

and wake evolution. However, in the case of performance, phase variations do contribute to

varied power outputs from individual turbines that are balanced out in aggregation at the

array level.

Past work has shown similar mean flow-field dynamics in dual-rotor arrays [111]. It

remains a challenge to draw connections between the wake evolution and performance vari-

ations. We speculate that there are two main mechanisms causing variation between rota-

tion schemes and across phases. These mechanisms include bulk flow interactions between

the array and channel and blade level flow-field alterations, such as the azimuthal position

where stall occurs. These two mechanisms are intertwined in these results. Future work

on a single-bladed turbine array utilizing in-rotor flow field measurements and simultaneous

force measurements could illuminate some of these dependencies. Additionally, the wake

dynamics could be further explored to understand more of the time and phase dependent

fluid mechanisms present and how they change with rotation scheme and phase difference.

Three-dimensional effects could also be examined by measuring spanwise velocity as well as

collecting tomographic measurements to understand edge effects in the wake.
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Chapter 5

CONCLUSION

Cross-flow turbine arrays are a promising solution for renewable energy generation in

wind, marine, and riverine currents. Data-driven methods can be used to better understand,

model, and interpret their dynamics. This is first demonstrated using RPCA to improve

flow field fidelity. In Chapter 2, we show that RPCA can identify and replace spurious and

missing vectors in flow fields more reliably than existing methods. This allows improved

flow-field modeling and interpretation. We find that RPCA can be a valuable algorithm

in the arsenal of PIV processing and filtering techniques, particularly when the processing

pipeline culminates in modal analysis

In Chapter 3, we demonstrate that with well-considered geometries and control strategies,

cross-flow turbines can produce more power in dense arrays than equivalent, non-interacting

turbines. Array performance is shown to depend on geometry and control strategy. Tur-

bine arrays perform best when they are arranged in a fence configuration (i.e., side-by-side

turbines). Even when corrected for variations in flow confinement, performance is still aug-

mented relative to non-interacting turbines. In addition, while the downstream turbine is

able to interact with coherent structures shed by the upstream turbine, any benefits of such

interaction are likely outweighed by reductions in the mean flow velocity at the downstream

turbine.

Chapter 3 explores the best-performing geometric configuration in greater detail, com-

prehensively evaluating performance the wake evolution instead of seeking an optimal per-

formance point. We find that cross-flow turbine performance and wake dynamics depend

on rotation scheme and phase difference. When the turbine blades are retreating as they

approach the array midline, the time-average array efficiency is highest when the turbines
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are perfectly out of phase with one another. For the retreating rotation scheme, the large

scale wake structures shed from the individual turbines during dynamic stall occur close

to the array midline where the turbines blades are directly interacting. This interaction is

hypothesized to cause the increased variability in both array performance and coherent flow

structures propagating in the wake. Additionally, the second PCA mode for the counter-

rotating retreating case shows that the flow patterns at the midline are dominated by the

large shed vortices. Conversely, for all measured phase differences of the advancing case

(i.e., blades advancing as they approach the array midline) the structures at the midline are

dominated by the blade wake advecting downstream. The flow fields and performance for

the advancing case have less variation across phase likely due to these less energetic turbine

structures interacting. Similarly, the co-rotation case sees little variability in performance

and mean wake across phases.

5.1 Future work

There are endless opportunities for data-driven methods to improve interpretation and ac-

quisition of data from fluid mechanics. Exploration and uniform sampling of parameter

spaces is an enormous source of bottleneck in research. When we employ optimizations we

speed up acquisition but we do not come away with parametric interdependence resolved.

For example, the experimental time required to combine the detailed flow field and perfor-

mance studies in Chapter 3 with the range of array geometries presented would be entirely

infeasible without a data-driven approach. Active learning and parameter modeling provide

promising alternatives to uniform sampling and optimizations. These methods could provide

an increase in efficiency in experimental acquisition in a wide array of other fields of study.

Knowledge about the impact of different variables on underlying dynamics can be as valuable

as the optimal solution for system. Recent work has shown that Gaussian process regression

can be used to explore system dynamics in a variety of fields. These include, vortex-induced

vibrations [53], phytoplankton sampling in the ocean [59], spectroscopy [34], and learning

partial differential equations [116].
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There is also potential for additional analysis on the turbine array wakes. A promising

direction that builds on the initial results presented in this dissertation would be to apply Dy-

namic Mode Decomposition (DMD) to better understand the inherent flow patterns present.

These flow fields could also be evaluated for their coherent structures and the vortex for-

mation patterns could be characterized, similar to analysis previously presented for a single

turbine [142]. Additionally, to better understand how the wakes of the individual turbines

interact with one another, the forward and backward finite-time Lyapunov exponents could

be calculated to uncover the convergent and divergent manifolds. The work presented in this

thesis utilizes a single rotor geometry. The array interactions presented may be generaliz-

able to other rotor shapes (e.g. chord-to-radius ratio, blade number, blade shape) and flow

conditions (e.g. Reynolds number or blockage). Alternatively, changing the flow conditions

could unearth dynamics that have yet to be identified.

More broadly there are additional improvements that can be made to how we interpret

experimentally acquired data. There are a wealth of techniques being developed to uncover

dynamics. These techniques are largely tested on canonical examples and simulations. Ad-

ditional care and data processing often must be taken when extending these methods to

experimentally collected data.
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Appendix A

APPENDIX

A.1 Appendix: Optimized parameters

The optimized parameters for the counter-rotating array operating under coordinated control

and tip-speed ratio control are shown in Figure 3.6 and Figure A.1, respectively. These results

are similar to the co-rotating coordinated control and tip-speed ratio control cases explored

in Section 3.3.1.

A.2 Appendix: Uncertainty analysis

To evaluate uncertainty in the interaction factor (κ), we apply propagation of uncertainty.

Interaction factor is defined as

κ =
CP,1 + CP,2
C∗P,1 + C∗P,2

− 1. (A.1)

For mathematical convenience, we define

κ′ = κ+ 1 =
CP,1 + CP,2
C∗P,1 + C∗P,2

=
A

B
(A.2)

The propagation of uncertainty in the numerator and denominator are, respectively, given

as

δA =
(
(δCP,1)2 + (δCP,2)2) 1

2 (A.3)

and

δB =
((
δC∗P,1

)2
+
(
δC∗P,2

)2
) 1

2
. (A.4)
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Figure A.1: Optimized parameters for counter-rotating turbines under tip-speed ratio con-
trol. (a) Upstream turbine tip-speed ratio for a given array layout and (b) downstream
turbine tip-speed ratio for the same.
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Figure A.2: Optimized parameters for counter-rotating turbines under coordinated control:
(a) optimized tip-speed ratio for the turbine pair and (b) optimized phase difference.
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Figure A.3: Uncertainty values (δκ′) calculated from Eq. 11 for both rotation directions and
control strategies.
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Consequently, the uncertainty in κ′ is given by fractional quadrature as

δκ′

|κ′|
=

((
δA

A

)2

+

(
δB

B

)2
) 1

2

. (A.5)

Finally, we note that

δκ = δκ′, (A.6)

such that δκ can be calculated for each turbine position and control strategy.

This does, however, require an estimate for CP . Depending on ω, each test consists of

≈ 12 − 24 rotations and the values of cycle-average CP . We use the inter-quartile range of

cycle-average CP within each test as a proxy for δCP for each test. Uncertainty for each

of the four cases are presented in Figure A.3. The “dead band” on the performance figures

corresponds to the approximate average uncertainty of all measurement points.
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