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Yang Yang

Chair of the Supervisory Committee:
Professor Jiangyu Li
Mechanical Engineering

Thermoelectric materials have attracted significant interests recently for their capability in
converting heat directly into electricity and vice versa, and thus promise a wide range of
applications. Despite their importance, there have been only very limited theoretical effort

towards the analysis and understanding of effective behavior of thermoelectric composites.

In this work, we develop

e a rigorous continuum analysis on both bi-layered and core-shell thermoelectric com-
posites, in which the distribution of temperature, electric potential, and heat flux
are solved from the governing equations, and the effective thermoelectric properties

defined through an equivalency principle;

e a conversion efficiency analysis of thermoelectric composites, using an idealized ther-

moelectric module;

e a non-linear asymptotic homogenization theory to understand the effective behav-
ior of both one-dimensional and two-dimensional thermoelectric composites without
macroscopic heterogeneity. We establish the unit cell problem, for which, the two-
dimensional numerical solution are obtained by a Finite Element method. The non-

linearly coupled thermoelectric transport equations are further homogenized, from






which the macroscopic field distributions are derived with local fluctuation averaged

out, and overall thermoelectric conversion efficiency is established.

Through analysis, we

e demonstrate that higher figure of merit of thermoelectric composite than any of its

constituents is indeed possible, excluding size and interfacial effects;

e find out that the thermoelectric conversion efficiency of a composite can be enhanced
by its constituents, with the mechanism responsible for the enhancement identified,

and the upper bound established;

e discover that the thermoelectric field distributions in the composite are different from
those in a homogeneous material, and they are difficult to be fitted by homogeneous

solution.

We conclude that thermoelectric conversion efficiency of a composite is not bounded, and can
be higher than all its constituents in the absence of size and interface effects. Furthermore,
it is noted the effective properties defined by a set of equivalency principle depend on
specific boundary conditions, resulting in effective figure of merit that is not correlated
with thermoelectric conversion efficiency directly. The analysis thus points toward a new
route for developing high-performance thermoelectric materials, and provides considerable
insight into the effective behavior of thermoelectric composites in terms of both design and

optimization.
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Chapter 1
INTRODUCTION AND OVERVIEW

1.1 Thermoelectrics

1.1.1 Phenomena

Thermoelectric materials have attracted significant interests in recent years due to their
capability to convert heat directly into electricity and vice versalll. Back in early 1800s,
physicist Thomas Johann Seebeck discovered that if two dissimilar materials are joined
together and the junctions are held at different temperatures, a voltage difference propor-
tional to the temperature difference will develop, making it possible to convert heat directly
into electricity, a phenomenon known as the Seebeck effect. The proportional constant is
called Seebeck coefficient a.. Alternatively, if an electric current is passed through the ma-
terial, heat will be absorbed at one end and released at the other; this is known as the
Peltier effect. The thermoelectric conversion efficiency is governed by the figure of merit
ZT of materials!?, which is intimately related to electric and thermal transport properties

of thermoelectric materials!®,

25T
ey (1.1)
K

where o, and k are electric and thermal conductivities, and T is the temperature.

1.1.2  Applications

Because of the phenomena, thermoelectric materials are promising in a wide range of energy

and environmental applications in waste heat recovery [45] solid state cooling and thermal

[6] [10]

management (%, solar energy harvesting(™?!, and carbon reduction'%, among others. As
seen in Fig. 1.la, for a vehicle powered by a typical gasoline-fueled internal combustion
engine, vast majority of the fuel energy is lost as waste heat - only 25% of the fuel energy is

used for vehicle mobility and accessory power. These waste heat can potentially be recovered
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Figure 1.1: Example applications of thermoelectric materials. (a) Typical energy path in
gasoline-fueled internal-combustion engine vehicles!4!. (b) Sun radiates energy with part of
the energy in the ultraviolet spectrum and part in the infrared spectrum[l. (c) Illustra-
tion of a solar thermoelectric generator made of thermoelectric elements!”. (d) Schematic
description of a single-stage Peltier module*!.
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Figure 1.2: Figure of merit as a function of temperature for several high-efficiency bulk
thermoelectric materials?l,

using thermoelectric energy conversion. Furthermore, in current solar energy harvesting,
photovoltaic solar cells use ultraviolet and visible sun lights that account for 58% of energy
radiated from sun, and the infrared spectrum, about 42% of total solar energy, is lost as heat,
as shown in Fig. 1.1b, which can be potentially recovered by thermoelectrical materials,
see 1.1c. In addition to energy harvesting, thermoelectric materials can also be used for
solid-state cooling and thermal management based on the Peltier effect, see 1.1d. As a
solid-state technology, thermoelectric energy conversion does not involve moving part, and

thus is compact, quiet, more reliable, and environmentally friendly.

1.1.3 Materials

In the past decade, there are mainly two strategies in developing high performance thermo-
electric materials, including (1) searching for bulk materials with intrinsically high figure
of merit and conversion efficiency, see Fig. 1.2; and (2) engineering hybrid composite ma-

terials to enhance and optimize their conversion efficiency. From Eq. (1.1), in order to



have high ZT and thus high conversion efficiency, the thermoelectric material needs to have
not only high Seebeck coefficient, but also high electric conductivity and low thermal con-
ductivity. This turns out to be rather difficult, since all these properties are intimately
related to each other, making it hard to control them individually in a single-phase ma-

[12-16]

terial For example, while high electric conductivity requires high concentration of

charge carriers, a modest carrier concentration is optimal for high Seebeck coefficient (171,
Furthermore, high electric conductivity is usually accompanied by high thermal conduc-

tivity because of Wiedemann-Franz Law 18],

Hybrid materials, especially nanostructured
materials, are very attractive for thermoelectric energy conversion!'¥31. By combining
different materials together, it is possible to overcome the intrinsic constraints between
electric conductivity, thermal conductivity, and Seebeck coefficient in a single-phase ma-
terial through microstructure engineering and optimization, and thus achieve high elec-
tric conductivity, Seebeck coefficient, and low thermal conductivity simultaneously. For
example, a large enhancement in thermoelectric power was observed in nanocomposites

321 and a

consisting of bismuth nanowires embedded in porous alumina and porous silical
ZT value as high as 1.6 has been reported in K;_Pby,55b14,Tey 2 system containing
nanoinlcusions, which possesses simultaneously low thermal conductivity and high electrical
conductivity 3. Other high thermoelectric figure of merit heterogeneous systems include
La-doped n-type PbTe — AgsTe nanocomposites with large nanometer-scale precipitates [34],

melt spun Big 505b 48 Tes3 bulk materials with nanocrystals embedded inside the amorphous

matrix [35’36], and nanostructured Ag0.8Pby,xSbTep 10 [37], among others.
1.2 Motivation and objectives

While vast amount of experimental works in thermoelectric materials focus on nanostruc-

38-50
5[38-50],

tured composite there have been only very limited theoretical efforts toward the

analysis and understanding of the effective behavior of heterogeneous thermoelectric ma-

51-53]

terials!| , despite their importance. Instead, most previous theoretical studies focused

on size and interfacial effects at nanoscale using molecular dynamics and quantum mechan-
ics54-621 This motivates us to examine whether the effective thermoelectric figure of merit

of a heterogeneous composite can be higher than all its constituents, excluding the effects



of size and interface. If the answer is yes, it will offer us a new route for high figure of
merit thermoelectric materials, while the current state of art focuses on nanocomposites
that utilize quantum effects at nanoscale and phonon scattering at interfaces, which are
much more difficult to process and control than regular composites. The question has ac-
tually been visited by a number of investigators before. In 1991, it was claimed that the
effective figure of merit of a composite can never exceed the largest figure of merit in any of

[63,64]  This conclusion was drawn

its component, in the absence of size and interfacial effects
from a variational principle similar to Hashin-Strikman bound in elasticity 65 However,
for thermoelectric materials, temperature, which is not uniform in general and varies from
point to point, enters into constitutive equations as a coefficient, and thus should not be
treated as material constants. Furthermore, heat flux is often assumed to be divergence
freel®] and under such assumption, temperature distribution satisfies Laplace equation,
as in a regular heat transfer problem uncoupled from electric current. For thermoelectric
materials, especially those with high figure of merit, this is also not true.

Because of these difficulties, very few works on the homogenization of thermoelectric
composites exist in literature, far less than elastic composites, despite their obvious techno-
logical importance in energy harvesting and solid state cooling. We seek to address these

issues in this dissertation, by rigorously studying the thermoelectric fields and analyzing

the effective thermoelectric properties of heterogeneous medium.
1.3 Organization of the dissertation

This dissertation is organized as follows. In Chapter 2, the definition of thermoelectric ef-
fect is introduced and the governing equations deduced from the theory of thermodynamics,
laying the foundation for the ensuing chapters. Chapters 3 and 4 study the effective be-
havior of one-dimensional (1D) bilayered thermoelectric medium, from both thermoelectric
figure of merit and conversion efficiency points of view. Core-shell composites are discussed
in Chapter 5 as an extension from 1D layered results. For the analysis of composite with
macroscopic homogeneity, an asymptotic homogenization method is developed for 1D com-
posite in Chapter 6, and for 2D composite in Chapters 7 and 8, where we first establish

the unit cell problem in Chapter 7, and then solve it numerically in Chapter 8. Chapter



9 summaries the main conclusions of the dissertation, and discusses some future work that

they could lead to.



Chapter 2
GOVERNING EQUATIONS OF THERMOELECTRICITY

2.1 Thermoelectric effect

Thermoelectric effect is used broadly to refer to the effect of direct conversion of temperature
difference to electric voltage, or vice versa. It consists three individually identified yet

interrelated effects: Seebeck effect, Peltier effect, and Thomson effect.

2.1.1 Seebeck effect

The Seebeck effect was first discovered (1821) by physicist Thomas Johann Seebeck, who
found that a voltage existed between two ends of a metal bar when a temperature gradient
existed in the bar, see Fig. 2.1. Perhaps more commonly used for the discussion of Seebeck
effect is the model as schematically shown in Fig. 2.2, where two different materials A and
B are connected with the junctions subjected to hot and cold temperatures Ty, and T, and

it is found that
AV = (ap — aq)(Ty, — Tv), (2.1)

where AV is the electric voltage developed, (g — a4) can be regarded as the Seebeck coef-
ficient for the device, of which materials A and B are part of, with their individual Seebeck
coefficients a4 and ap. The subscriptions A and B are to denote the properties pertaining
to materials A and B. For the presentation of Seebeck effect for individual material, the

counterpart is
AV = —aAT. (2.2)

The sign convention of AV in Eq. 2.1 is set as such that positive value voltage drives the
current from A to B at hot end, so that we get consistency in Egs. 2.1 and 2.2. The physical

implication of Seebeck effect is that temperature gradient drives free charge carriers to flow



Figure 2.1: The discovery of Seebeck effect67].

+ AV T

Figure 2.2: Schematics of thermoelectric module with voltage developed by the Seebeck
effect.



B B

Figure 2.3: Schematics of the Peltier effect.

from high temperature to low temperature, accumulating opposite charges which result in
electric field that penalizes further charge carriers migration until equilibrium is reached.
So depending on the nature of the charge carrier, electron or hole, the sign of the Seebeck

coefficient can be negative or positive.

2.1.2 Peltier effect

In 1834, French physicist Jean Charles Athanase Peltier found that the junctions of dissimi-
lar metals were heated or cooled, depending upon the direction in which an electrical current
passed through them, see Fig. 2.3. Heat generated by current flowing in one direction was

absorbed if the current was reversed. The Peltier coefficient is defined by
Q =Tlupl = (TlIp —TI4)I, (2.3)

where I is electric current, ) is the rate of heat generated or absorbed. I4p is the Peltier
coefficient for the device, and Il 4, Il are values for the individual materials A and B. For
the configuration shown in Fig. 2.3, the sign convention stipulates positive I14p if a is

heated and b is cooled with clockwise flowing current I.

2.1.83 Thomson effect

The Thomson effect, predicted and subsequently observed by Lord Kelvin, describes the
heating or cooling of a current-carrying conductor with a temperature gradient. Any
current-carrying conductor (except for a superconductor) with a temperature difference

between two points either absorbs or emits heat, depending on the material. The heat



10

production g per unit volume is

2
_ 2.4
¢=pJ" = pJ——, (2.4)

where J is current density, p is the electric resistivity, x4 is the Thomson coefficient, % is the
temperature gradient along the wire. It can be recognized that the first term on the right
hand side is the Joule heating, and it is irreversible independent of the direction of current
density, whereas for Thomson part, which is the second term, trend can be switched from
heat absorbtion to generation, or vice versa, by reversing the direction of current density.
Seebeck coefficient, Peltier coefficient and Thomson coefficient are not independent,

rather, they are interrelated by the following relations.

da
= T= 2.
v I (2.5)
I = of, (2.6)

which are called the first and second Thomson relations, respectively.
2.2 Thermodynamic considerations and thermoelectric governing equations

The continuum theory of thermoelectrics can be traced back to thermodynamics, where the
fundamental relation defines S, the entropy of a system, in terms of its extensive parameters

internal energy U, volume V', and the mole numbers of the chemical components N;,
S =S(U,V,N;). (2.7)

We restrict ourself to volume preserving processes, and consider electron as the only type

of charge carrier, so that the fundamental relation can be recast as
s = s(u,n), (2.8)

where s, u, and n are entropy, energy, and mole number of electrons per unit volume. By

differentiating this specific fundamental relation, we derive

1 1%
ds = fdu - Tdn, (2.9)
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where T is the absolute temperature, and p is the electrochemical potential of electrons.
We are particularly interested in the flows of energy and electrons, for which the rate of

entropy production is evaluated as
1 1%
s=V—=-Jy-Vz=-J 2.10
s= Vo dy - Vi, (210)

where Jy and Jy are the fluxes of energy and electrons, respectively, while V% and =V £

are corresponding affinities that drive such flows. For the Markoffian system (%3] where the
fluxes depend only on the instantaneous affinities, it was proposed that
1
Iy = ’Hv% + L5,V (2.11)
1 o M / 1
JU - IQVT + L22VT, (212)

where isotropic symmetry is assumed for simplicity, and L;j are transport coefficients with
L;j = L;»i due to the Onsager theorem [68] This set of equation is equivalent to Eq. (2.17)
inl%9 and it is evident that fluxes of energy and electrons are coupled by la-

For the system we are considering, the energy is transported through both heat and

electrochemical potential, and thus
Ju =Jg + pdn, (2.13)

where Jg is the heat flux. This can be used to rewrite the transport equations as

1 1
—J = Li1= L — 2.14
N 11TVM + 12VT’ (2.14)

1 1
JQ = ngfvu + LQQVT, (2.15)

with
Lu =Ly, Lig=pliy + Ly, Loy = p? Ly +2ul’5 + L.
Assume that the chemical potential of electrons is independent of temperature such that
= ep, (2.16)

where e is the charge of electron and ¢ is the electric potential, and notice that the electric

current density J is related to electron flux Jy as

J=-elp, (2.17)
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we derive the coupled transport equations for electric current density and heat flux

e?L1y el
- - T
J V6 + VT,
el Lo

These allow us to establish connections between transport coefficients L;; with more fa-

miliar thermoelectric properties, including electric conductivity o, Seebeck coefficient, «,

[70]

and thermal conductivity Y. In particular, notice that electric conductivity is measured

under isothermal condition, such that

_ _Jlvr—o _ €Lu
Vo T

(2.19)

Similarly, thermal conductivity is measured under open-circuit condition, resulting in

Jols=o  Li1Las — L3,
— = . 2.20
vT T2L11 ( )

R =

Furthermore, Seebeck coefficient is measured as electric field induced by unit temperature

gradient, under open-circuit condition, leading to

_ _Voli=o _ L
- vT elTLiy

(2.21)
The thermoelectric transport equations can then be recast into more familiar form as
—J = oVo+oaVT, (2.22)
Jo = —TaoV¢— (Ta*c + k)VT =TaJ — kVT. (2.23)

which are nonlinearly coupled. In the absence of thermoelectric effect where @ = 0, the
uncoupled transport equations of electricity and heat are recovered.

It is also evident from energy transport that
Ju=Jg +¢J. (2.24)

For a system wherein both charges and energy are conserved, current density and energy

flux are divergence-free,

V-J=0, (2.25)

V-Jy =0, (2.26)
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while the heat flux is no longer divergence-free in general,
V-Jog=-V-(¢J)=-Vo-J, (2.27)

where Joule heat serves as heat source. This is in contrast to a normal heat transfer problem
uncoupled from electric conduction.

It is worth comparing the various forms of constitutive equations, (2.11-2.12), (2.14-
2.15), and (2.22-2.23). The first two sets of equations, (2.11-2.12) and (2.14-2.15) appear
to be linear, if the involved kinetic coefficients L;j and L;; can be viewed as constants in-
dependent of temperature and electrochemical potential; these would make homogenization
straightforward. However, under irreversible thermodynamics, these kinetic coefficients are

68] and thus cannot be viewed as con-

generally functions of local intensive parameters
stants, making the governing equation intrinsically nonlinear. Indeed these can be better
appreciated from Eq. (2.19). If L;; would be a constant independent of temperature, then
the electric conductivity would vary inversely with respect to temperature. For semicon-
ductors that good thermoelectrics belong to, it is well known that the intrinsic electric
conductivity generally increases with respect to temperature. In fact, electric conductivity,

thermal conductivity, and Seebeck coefficient all have complicated variation with respect to

temperature, and thus thermoelectric transport equations have to be regarded as nonlinear.
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Chapter 3

EFFECTIVE THERMOELECTRIC PROPERTIES OF BI-LAYERED
COMPOSITES

3.1 Introductory remarks

To investigate whether a thermoelectric composite can have a higher figure of merit than any
of its constituents, excluding size and interfacial effects, we consider a one-dimensional (1D)
bi-layered thermoelectric medium in this chapter. We assume all the material properties
and field variables are only dependent on spatial coordinate x, and independent of y and z.
Since the current density is divergence-free, its magnitude J turns out to be a constant in

such a 1D configuration,
J = |J| = const, (3.1)

which simplifies the governing equation of thermoelectricity considerably, making analytic
solutions possible.

In the following sections, we first solve the fields from governing equations for both
homogeneous and layered heterogeneous medium. Through equivalency principle, we define
effective thermoelectric properties for bi-layered composites in Section 3. Numerical results
and discussions are presented in Section 4. In Section 5, the summary for this chapter is

provided.
3.2 Field analysis

3.2.1 Analysis of a homogeneous thermoelectric

We first consider a homogeneous material with uniform distribution of material properties,
as shown in Fig. 3.la, and subjected to specified temperatures and electric potentials of

(T, ¢o) and (T, ¢1) at both ends. All the material properties are assumed to be independent

[68]

of temperature, and thus Thomson effect is ignored This allows us to simplify the field



15

(a

#(0)= ¢, :

L

>

T(L)=T,
#L) =g,

TO)=T,
#(0)=¢, |

(b)

L

T(L)=T,
#(L)=¢,

Figure 3.1: Schematics of layered thermoelectric medium; (a) homogeneous thermoelectric;
(b) layered heterogeneous thermoelectric[™!.

equations governing temperature and electric potential distributions, i.e., Eqs. 2.22~2.26,

as follows,
d*T J?
- = 2 3.2
dx? ok’ (32)
d%¢ J?
— = a—. 3.3
dx? Yok (3:3)
Eq. 3.2 can be solved for temperature distribution as
J2
= —ﬁa,z + c1x + ca, (3.4)
with integration constants determined from boundary conditions as
J2
= (T, — T, - =T 3.5
ca=(Th 0)+20ﬂ, co = To, (3.5)

where all the dimensions are normalized with respect to L, the length of the thermoelectric
medium.
To solve for the yet to be determined current density J, we notice from Eq. (2.22) that

the distribution of electric potential is govern by

d¢ _of? ot J

_ e - 3.6
dz or . %R o (Ti 0)e, (3.6)
so that
aJ? 5 T
¢ P [20% +- + (11 — Ty)alw + c3, (3.7)

which allows us to solve c3g and current density from electric boundary conditions as

C3 = d)O? (38)
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and

J =oa(Ty —T1) + o(do — ¢1). (3.9)

The heat flux Jg can then be calculated using Eq. (2.23). This completely solves the

distribution of electric potential and temperature in a homogeneous thermoelectric.

3.2.2  Analysis of a bi-layered thermoelectric

We then consider a layered heterogeneous medium consisting of two homogeneous thermo-
electric phases A and B, as shown in Fig. 3.1b, and subjected to specified temperatures
and electric potentials of (T, ¢p) and (71, ¢1) at both ends, identical to those of homoge-
neous medium considered in the last subsection. Since the layered medium are pieces-wise

uniform, equation (3.4) is still applicable to individual segments, with

2
_2ainA$2+an+bA’ 0<z<f,

T = (3.10)

L 22 tagr+bp, f<wx<l,

_20'BHB

where f = x,,/L is the volume fraction of phase A. Assume both temperature and electric
potential are continuous at interface, z = f, and notice that energy flux is a constant, so that
the heat flux is also continuous at the interface. Combining these two continuity conditions
with two boundary conditions, we derive the following equation that can be solved for the

integration constants,

0 1 0 0 aa To
2
0 0 1 1 ba | Ty + 20173
N J2 2 J2 2 (3.11)
f 1 - -1 aB 720353']0 + ZJAHAf
_ 3 £2 _ 2
J(OéA - OéB)f — RA J(OZA — aB) KRB 0 1L bB i i (QAQUO:E;),;] f (JAU:‘T:;J f i
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and the results are

aq = J2f N J2(1 = f)oa(l = f)+opf JA = f)lag —aa)Ty — kp(Th — Tp)

204K 4 20408 A A

bA = T07
an = TP+ f)  Jf UA(l—f)+UBf+Jf(OéB—OéA)T1+HA(T1—T0)
B = 20BKRB 20408 A A ’
b _ P PL oal-D+osf
B = 20’B/<LB 20’AO'B A

n Ti[ka(l — )+ kpf — Jf*(ap — aa)] — ca(T1 — Tp)

A b}

AN = ka(l=f)+rpf+J(lap —as)(l—f)f. (3.12)

In a similar manner, the electric potential can be solved from Eq. (3.7) as

2
24 $2—(£+QACLA)JU+CA, 0<z<f,

¢ = { 27ARA (3.13)

apJ? 2 J
2opr5 Y T (g +apap)r+cp, f<xz<1,

with the integration constants c4 and cp determined from the boundary conditions as

ca = ¢, (3.14)
apJ?

20BKE

J
cg = ¢1+— +apap — (3.15)
0B

From the continuity of electric potential at the interface, the current density can then be
solved as

1
I (ap—aa)f(1—=f)loa(l = f)+oBf) (U1 + 05— /Ty), (3.16)

with

Uy = [oa(l = f) +opfllka(l = f) + kB fl,

Uy = (ap —aa)f(l = floaos,

Vg = Wy(p1 — ¢ + apTi — asly),

Wy = =2Up{W1(¢1 — ¢o) + [0a(l = f) + opfl[kaap(l = f) + kpaafl(T1 — Tv)}
+ (U + U3)2

The heat flux Jg can then be calculated by using equation (2.23). This completely solves the

distribution of electric potential and temperature in a layered heterogeneous thermoelectric.
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3.3 Equivalency principle and effective properties

To describe the effective behavior of a heterogeneous thermoelectric, we define its effective

M) _ given identical

thermoelectric properties through the following equivalency principle!
boundary conditions of temperature and electric potential, a heterogeneous thermoelectric
with a set of effective thermoelectric properties should have identical current density and
energy flux as a homogeneous thermoelectric with the same set of properties. With such
equivalency, it is clear that the heterogeneous and homogeneous thermoelectrics can be
exchanged under the specified boundary conditions. We examine the effective electric con-
ductivity first. Consider a boundary condition of imposed electric potential difference only
with AT = 0, and compare the current density between homogeneous thermoelectric and
layered medium, we conclude that the effective electric conductivity of the layered composite
is given by
J J

do—d1 A’
with the current density given by equation (3.16). Expanding current density J into Taylor

o*(Ap, AT = 0) = (3.17)

series of (g — ag), we derive the effective conductivity of the layered thermoelectric to the

first order of (ap — aa),

OACR B f(1- f)aia%Aqﬁ(aB —ay)
oa(l—=f)+opf 2(ca(l—f)+opf)?*(ka(l = f)+rBf)

which clearly depends on the boundary condition in addition to the material constants of

o (A¢) = (3.18)

the constituents and the volume fraction, a characteristic distinct from linear medium. On
the other hand, if we impose open-circuit boundary condition such that J = 0, then the

effective Seebeck coefficient can be derived as

« _ ka(l—flap+rpfaa
O TR tRsf (3.19)

while the effective thermal conductivity can be derived as

N Jo KAKB
K = — = .
T —Ty ka(l—f)+ckBf

Although they do not appear to be dependent on the boundary condition explicitly, open-

(3.20)

circuit boundary condition is implied implicitly. From the effective thermoelectric proper-
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ties, the effective thermoelectric figure of merit is then defined as

0'*04*2

AR

3.21
= (3.21)

and we are interested in whether Z* of the heterogeneous thermoelectric can be higher than

both its constituents.

Table 3.1: Thermoelectric properties of BisTes ™ and Ag(Pbi_ySny)mSbTes (73],

Material a (x107%V/K) o (x103S/m) &k (W/m/K))
BigTes 200 110 1.6
Ag(Pby_ySny ) ShTes 270 22 0.77

3.4 Numerical results and discussions

3.4.1 Homogeneous thermoelectric

We first consider a homogeneous thermoelectric BisTes of L = 0.01m, with its thermoelectric
properties listed in Table 3.1. Consider first that only a temperature difference is imposed,
with Ty = 300K at cold end and three different temperatures of 73 = 800, 1000, 1500K
at hot end. The distribution of temperature, electric potential, and heat flux are shown
in Fig. 3.2, where it is observed that the nonlinearity in temperature distribution is small
for small and modest temperature difference, but becomes significant under relatively large
temperature difference. For T; = 1500K, the maximum temperature occurs inside the
medium, not at the end, due to Joule heating. Associated with such nonlinear distribution
of temperature, substantial variation in heat flux is also observed under large temperature
difference, though such variation decreases significantly when temperature difference is re-
duced. Regardless of the temperature difference, the distribution of electric potential is
highly nonlinear, despite that both ends are imposed with same potential, resulting in an

current density of J = —1.1, —1.54, —2.64 x 105Am~2, respectively. On the other hand,
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Figure 3.2: The distributions of temperature, electric potential, and heat flux in a homoge-
[71]

neous thermoelectric under an imposed temperature differencel’.
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Figure 3.3: The distributions of temperature, electric potential, and heat flux in a homoge-
neous thermoelectric under an imposed electric potential difference ™.

if only an electric potential difference is imposed with ¢9 = 0 and ¢; = 0.01, 0.1, 0.2V,
the corresponding results are shown in Fig. 3.3. It is observed that the nonlinearity in
the distribution of electric potential becomes substantial under a relatively large potential
difference, while the temperature distribution is highly nonlinear regardless of potential
difference. Large variation in heat flux is also observed when the potential difference is
large, and substantial temperature increase is observed inside the medium. These results
suggest that neither temperature nor electric potential of thermoelectric materials satis-
fies Laplace equation, and the deviation is particularly large under large temperature or

potential difference.
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3.4.2  Layered thermoelectric

We then consider a layered thermoelectric consisting of BipTes as phase A and Ag(Pbi_Sny)m
SbTest, as phase B, with their thermoelectric properties listed in Table 3.1. Notice that
both phases have excellent Seebeck coefficient that are comparable to each other, yet BisTes
has relatively high thermal conductivity, while Ag(Pb_ySny)n,SbTeyn, has relatively low
electric conductivity, not desirable for high thermoelectric conversion efficiency. We con-
sider the distribution of temperature, electric potential, and heat flux in the layered ther-
moelectric first, with either temperature difference or electric potential difference imposed,
identical to those considered in the last subsection. The volume fraction of BisTes is taken
to be f = 0.42, and the length remains to be 0.0lm. The corresponding results are shown
in Figs. 3.4 and 3.5, respectively. The qualitative trends are similar to those observed
in homogeneous BisTes under imposed temperature difference. In particular, it is noted
that although the thermal conductivity of BisTes is more than 100% higher than that of
Ag(Pbi_ySny)mSbTestr,, temperature drops in these two materials appear to be similar.
On the other hand, quite different trends are observed under imposed electric potential dif-
ference, where majority of electric potential drop occurs in Ag(Pby_ySny)mSbTesm, which
has much smaller electric conductivity.

The effective electric conductivity, Seebeck coefficient, thermal conductivity, and figure
of merit of BiyTe3-Ag(Pbi_ySny ), SbTes 1 layered medium are shown in Fig. 5.7, with the

following boundary conditions imposed,
To =Ty = 300K, ¢o =0V, ¢ ={-0.35,-0.2,0.2,0.35}V. (3.22)

While the effective Seebeck coefficient and thermal conductivity only show slight deviation
from the rule of mixture, as observed in Fig. 5.7ab, the nonlinear dependence of electric
conductivity on volume fraction is more significant, and it is sensitive to the voltage differ-
ence imposed on the boundaries, as shown in Fig. 5.7c. This results in large difference in
the effective thermoelectric figure of merit shown in Fig. 5.7d. What is most interesting
is that there is a peak, albeit small, in the effective thermoelectric figure of merit that ex-
ceed both constituents, at f = 0.973, when the imposed potential difference is ¢; = —0.35.

This is significant, since it demonstrates that the effective thermoelectric figure of merit of
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Figure 3.4: The distributions of temperature, electric potential, and heat flux in a layered
thermoelectric under an imposed temperature difference (7!,
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Figure 3.6: The effective Seebeck coefficient, thermal conductivity, electric conductivity,
and figure of merit as functions of volume fraction!".

a heterogeneous medium can be higher than both of its constituents, in contrast to pre-
vious studies. The distributions of temperature, electric potential and heat flux for this
particular layered structure under imposed boundary condition is given in Fig. (3.7), where
substantial temperature increase, though still in the acceptable range, is observed. The dis-
tributions of temperature, potential, and heat flux are all highly nonlinear, which is essential
for enhanced thermoelectric figure of merit. With higher potential difference imposed at
boundary, higher enhancement in thermoelectric figure of merit will be obtained, though it

may leads to unrealistic high temperature inside the medium.

3.5 Summary

In this chapter we have developed a rigorous 1D analysis of bi-layered thermoelectric
medium, from which the effective thermoelectric properties have been established using an

equivalent principle. It is found that the thermoelectric figure of merit of layered medium
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can be higher than both its constituents, and the key is to utilize the nonlinear distribution

of temperature and electric potential inherent in thermoelectric transport.
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Chapter 4

CONVERSION EFFICIENCY OF BI-LAYERED THERMOELECTRIC
COMPOSITE

4.1 Introductory remarks

We have seen from the previous chapter, that the effective thermoelectric properties of
composite are not real material constants anymore, rather, they depend on boundary con-
ditions, which is a well known issue for nonlinear composites. Indeed, we have seen from
Fig. 5.7 that different A¢ actually leads to very different trends in the effective figure of
merit Z*, as such, the thermoelectric figure of merit ZT as we know it becomes ill-defined
for composites. Thus we have to turn to the thermoelectric conversion efficiency directly
for a composite material, rather than relying on figure of merit.

We will introduce a hypothesized thermoelectric module for conversion efficiency anal-
ysis in Section 2. In Section 3, the conversion efficiency for composites is analyzed. The
mechanism responsible for the conversion efficiency enhancement and the way for further

optimization are provided in Section 4. Section 5 is the summary of this chapter.

4.2 Thermoelectric module

(a) (b)

Figure 4.1: Schematics of (a) a bilayered composite and (b) a fictitious thermoelectric
module (7.
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One difficulty in our analysis of thermoelectric composite is that thermoelectric conver-
sion efficiency is a performance measure for devices instead of materials, depending on both
legs of thermoelectric module. In order to evaluate the thermoelectric conversion perfor-
mance of a material, we propose a thermoelectric module as schematically shown in Fig.
4.1b, with one leg made of material of interest, and the other leg made of fictitious material
with zero Seebeck coefficient and thermal conductivity, yet infinite electric conductivity.
As such, this fictitious leg only serves as a path for electric current, and is not involved in
energy conversion. The conversion efficiency of this idealized thermoelectric module, as a
result, measures only the performance of material of interest. With this idealized model,
the thermoelectric conversion efficiency H of the material can be derived using standard

procedure!?),

AR
JU|x:0 ’

H Ju=—kVT + T J+ ¢J, (4.1)
where R is the load resistance, A is the cross-section area, and Jy is the energy flux density,
which is a constant due to energy conservation. Note that the electric boundary condition
for Fig. 4.1b is different from that of Fig. 4.1a, in that the potential difference is not
imposed; instead, an electric circuit is formed by the thermoelectric module and the load
resistance, and the current density has to be evaluated from line integral § V¢-dl = 0 across
the circuit instead of from the imposed potential difference. For a homogeneous material
with constant thermoelectric properties, the conversion efficiency H can be evaluated in
terms of load resistance R analytically. It can then be optimized with respect to the load

resistance R, leading to classical formula relating conversion efficiency to ZT'12,

T+
i R e
Hopt = T — . (4.2)
h /1+Z h‘2|'c+%

However, for composite materials with nonuniform thermoelectric properties, H can no

longer derived in terms of R analytically, and such simple relationship is no longer available.

Instead, we have to evaluate Eq. (4.1) numerically in general.
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Figure 4.2: Conversion efficiency of the bilayered composite consisting of BisTes and an
optimally second phase for different temperatures; (a) enhanced conversion efficiency of the
composite versus the volume fraction of the second phase, normalized by the efficiency of
the first phase; (b) the effective figure of merit versus the volume fraction calculated from
the effective thermoelectric properties (™.

4.3 Optimization of conversion efficiency

To examine if the composite can have higher conversion efficiency than both of its con-
stituent, we calculate efficiency of a bilayered composite consisting of BisTes and a second
phase optimally matched (in a sense to be elaborated later) with Bis Tes under different tem-
peratures, with T, = 300K and T}, chosen to be 800, 1000, 1200K, respectively. The material
constants used in the calculation are listed in Table 4.1. The results are illustrated as a
function of volume fraction of the second phase in Fig. 5.8a, and it is observed that higher
efficiency than both constituents is indeed possible. Furthermore, making use of equivalency
principle, we evaluate the corresponding effective Z* with the effective Seebeck coefficient
and thermal conductivity calculated under open circuit condition and the effective electric
conductivity derived under optimal thermoelectric loading condition. As evident in Fig.
5.8b, it shows no enhancement at all and there appears no correlation between the effective
Z* and the conversion efficiency of the composite. Alternatively, we can define the effective

thermoelectric properties using equivalency principle under optimal working condition in
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Table 4.1: Thermoelectric properties of BigTes(™? and the optimal constituent 2 under
different temperature boundary conditions [

Material a (x107V/K) o (x103S/m) s (W/m/K)) Z(x1073K~1)
BiyTes 200.000 110.000 1.60000 2.75000
800K Optimal 225.322 550.933 9.98962 2.80000
1000K Optimal 232.553 517.242 9.99032 2.80000
1200K Optimal 238.713 490.981 9.99217 2.80000

combination with the requirements of

and Eq. (4.2) instead, and these three conditions allow us to solve for three effective
thermoelectric constants simultaneously. Interestingly, this leads to two sets of effective
properties, as shown in Fig. 4.3 along with the effective Z* evaluated from Eq. (4.2). This
further demonstrates that the effective thermoelectric properties of composite is ill-defined,

and we have to examine the conversion efficiency directly.
4.4 Mechanism and further improvement

In order to understand the enhanced conversion efficiency in bilayered composite, we rewrite

the conversion efficiency as

g % _ be]
" Jule=0 Thad — L£L 4y fT-To)

(4.3)
L

for a homogeneous material, which can be optimized with respect to current density for
given temperatures,

2k0a(Ty, — T,)
[V2k 4+ \/2k + 0a®(T), + T.)| L

Since current density is a constant in the layered composite, this points to a need for

Jopt == (44)

carefully matching the optimal current density in constituent phases for the optimal overall
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Figure 4.3: Two sets of effective thermoelectric properties corresponding to a given con-
version efficiency evaluated at T, = 800K, with the second phase optimally matched with
BiyTes; (a) electric conductivity; (b) Seebeck coefficient; (c¢) thermal conductivity; and (d)
figure of merit (4.

conversion efficiency. Indeed, we can compare the bilayered composite with its homogenous
constituents in Fig. 4.4a, all operating at optimal conditions for respective overall conversion
efficiency. The temperature at the interface of the bilayer is labeled as T,,, which is also
identified in its homogeneous constituents. It is evident that the bilayered composite can
have its constituent phases matched for identical optimal current density by tailoring the
material properties, which is impossible for homogeneous materials to do. This is clearly
illustrated in Fig. 4.4b, where it is observed that the optimal current density for the bilayered
composite between T} and T, is identical to that for its constituent phases between T}, and
T, as well as between T, and T.. For homogeneous material, on the other hand, the

optimal current density for the overall structure between T} and T, is different from that
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for individual segments between T} and T, or between T, and T.. In other words, both
segments of bilayered composite operate at optimal condition, while those of homogeneous
materials operate under less optimal ones. This explains higher conversion efficiency in
optimally matched bilayered composite.

We can also mathematically prove that optimized layered thermoelectric can achieve
higher conversion efficiency than its constituents, we consider the bi-layered composite
shown in Fig. 4.4a. Since the various thermoelectric properties of each segment of phase are
tailored to match the optimal current density for simultaneous optimization for segments,

it is obvious that (Z; = Zy = Z is assumed for simplicity),

Th+Tm
T T A1+ Z0m —1
Hy,; < Hy, o= —"—-" 2 , (4.5)

Th Ty+Tm T,
14zt T 4 I

1+ zImtle

Tt Te L
1+ Z2Tmdle 4 Lo

where Eq. (4.2) is used for optimal efficiency calculation, the subscriptions U and L denote

T —T¢
Hp,<Hpi-2= T (4.6)

the upper and lower parts separated by Ty, 1-2 the bi-layered structure 1-2, ¢ is to take the

value of 1 or 2. The overall efficiency for series structure is thus simply [,

H,=1- (1 — HUJ')(l — HLJ') <Hi_o=1- (1 — HUJ_Q)(l — HLJ_Q), (47)

in which, the less-than sign is used instead because the simultaneous optimization for ho-
mogeneous constituents is not possible due to internal constraint as discussed earlier.

The analysis on bilayered composite points to a direction for optimal conversion efficiency
of thermoelectric module, wherein the optimal current density is matched everywhere, re-
sulting in highest conversion efficiency possible. To this end, we reorganize Eq. (4.4) by

replace L with dx, leading to a point-wise optimal current density of

V1+ZT -1

Jopt = —kVT T , (4.8)
which corresponds to maximum local conversion efficiency of
V1+ZT —-1dT
dHpax = (4.9)

VItZT+1 T
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Figure 4.4: Understanding enhanced efficiency in layered composites; (a) schematics for
bilayered composite and its homogeneous contituent phases; (b) optimal current density for
each segment under respective temperature difference; and (c¢) upper bound on the conver-
sion efficiency in term of figure of merit ZT', compared with classical formula, evaluated at
T. = 300K and T}, = 1200K 7.

[75-78]

This is equivalent to the concept of compatibility factor When the optimality is

realized everywhere, maximum overall efficiency is realized as

/Th V1+ZT —1dT
1 —exp(—

Honax A S
e n VI+ZT+1T

)

2 2 o VIt ZT, +1
_ GVitZietl
VIt ZTo+1 i+ 2T, +1 VIt ZT, +1

where we have taken Z to be a constant for simpler derivation. This is in fact the upper

= 1—exp( ), (4.10)

bound on the conversion efficiency for the layered composite consisting of materials with
constant Z, and its comparison with classical conversion efficiency of a homogeneous ma-
terial with identical Z and boundary condition is shown in Fig. 4.4c, where a small yet

definite enhancement is evident.
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Finally, we point out that our analysis is related to functionally graded thermoelectrics,
where it was suggested that the device figure of merit can be higher than that of materi-

als [79-83] )

4.5 Summary

Here, we show that thermoelectric conversion efficiency of a composite is not bounded by its
constituents, with the conditions on constituent phases for enhanced conversion efficiency in

layered composites identified, and the upper bound on their conversion efficiency established.
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Chapter 5

EFFECTIVE PROPERTIES OF THERMOELECTRIC CORE-SHELL
COMPOSITES

5.1 Introductory remarks

Built on our earlier analysis of thermoelectic bi-layered structure, here we analyze the
effective thermoelectric behavior of core-shell composites, motivated by their potential ap-
plications in recovering waste heat from automobile exhaust pipes, among other similar
applications. The problem turns out to be axially-symmetric because of geometry, and thus
can be reduced to one-dimensional equations, allowing us to simplify the analysis substan-
tially and derive analytic solutions.

In Section 2, we solved the fields for both shell and core-shell materials. In Section 3, the
effective thermoelectric properties are determined from equivalency principle. In Section 4,
conversion efficiency analysis is carried out on core-shell composites. Numerical results and

discussions are presented in Section 5. The final section summarizes this chapter.
5.2 Field analysis of polar symmetry

We consider axially-symmetric thermoelectric problems, as shown in Fig. 5.1, where po-
lar coordinate system is convenient and all the variables are only dependent on its radial

coordinate p. As such, the transport equations

—J = oVo+oaVT, (5.1)
Jo = —TaoVe— (Ta*c+ k)VT =Tad — kVT, (5.2)
are simplified as
do . dT .
-J = ad—pp + UachP’ (5.3)
dT .
Jo = =TaJ —k—p, (5.4)

dp
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(b)
(1.¢,)

Figure 5.1: The cross-section view of axially-symmetric thermoelectric problems for (a) a

homogeneous shell and (b) a core-shell composite 4.

where p is the unit vector along radial direction. Furthermore, the field equation

V-J=0, (5.5)
is converted to
dJ J
— 4+ = =0, 5.6
it (5.6)
such that
c
J = -, 5.7
p (5.7)

where J = |J| is the magnitude of current density, and c is an integration constant that
needs to be determined by boundary conditions. Note that ¢ = Jp = ﬁ denotes the electric
current I per unit length and radian, with d being the length of the material. Similarly,

from
V- -Jy =0, (5.8)

it can also be shown that Jyp = ¢y, which is the energy transfer per unit length and radian.

It is evident that both ¢ and ¢y are constant along radial direction.
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5.2.1 Analysis of a homogeneous thermoelectric shell

We first consider a thermoelectric shell having homogeneous material properties, with inner
and outer radius being p; and pe2, and subjected to specified temperatures and electric
potentials of (71, ¢1) and (T», ¢2) at inner and outer boundaries, as shown in Fig. 5.1(a).
For such an axially-symmetric problem, the governing equations for temperature and electric

potential can be simplified as,

d*T 14T J?

2 4 = 2 5.9
dp? + pdp ok’ (5.9)
G R (5.10)
dp>  pdp ok’ )

Substituting Eq. (5.7) into (5.9) and (5.10), temperature and electric potential can be

solved as

2

T(p) = —227(1np)2+a1np+b, (5.11)
o(p) = Oi?(ln )2+ glnp + h (5.12)
p) = 5,-(np)"+glnp+h, :

where a, b, g, and h are integration constants that will be determined later. By substituting
Egs. (5.7), (5.11), and (5.12) into (5.3), the following relation for the integration constants

is obtained,

—c = go + aoo. (5.13)

Furthermore, the specified boundary conditions require that

2

C
T(p1) = —ﬂ(lnpl)2 +alnp; +b =Ty, (5.14)
2
C
T(p2) = —ﬂ(lnpg)2 + alnps + b =To, (5.15)
ac? 9
d(p1) = ﬁ(lnpl) + glnp1 + h = ¢4, (5.16)
ac? 9
¢(p2) = 5—(Inp2)” +glnps +h = ¢o. (5.17)

20K
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As a result, the five integration constants are derived as

~oa(Th —Th) +o(d2 — ¢1)

c = 22 , (5.18)
p1
Ty —Ty A ln(pips)
= 1
“ mZ T 29k (5.19)
p1
Tilnps — Thlnpy c2lnp11np2
b - 2
In22 206 (5:20)
pP1
¢ — 1 ac’n(pipa)
= — .21
g In22 206 (5:21)
p1
1 — ¢ol Inpq]
no— ¢1lnpy — dolnpy L ac’npyinpy (5.22)
an—f 20K

This solves the temperature and electric potential distributions in the homogeneous ther-

moelectric shell.

5.2.2  Analysis of thermoelectric core-shell composite

We then consider a core-shell composite consisting of two homogeneous thermoelectric
phases A and B, as shown in Fig. 5.1(b), with the interface at p,,. The boundary con-
ditions are identical to those of Fig. 5.1(a). Since the core-shell composite is pieces-wise
homogeneous, the solutions derived in the last subsection are still applicable to individual

phases, such that

C?A (ln 2
—552—(Inp)* +aalnp +ba,  p1 < p < pm,
T={ 7ara " (5.23)

E—(Inp)? + aplnp +bg,  pm < p < pa,

and

aach (Inp)?
p)*+galnp+ha,  p1 < p < pm,
6= 27ana " (5.24)

2
2B (Inp)® + gplnp + hp,  pm < p < pa.

20pKkB

In addition to the specified boundary conditions, it is necessary that both temperature and
electric potential are continuous at the interface,

2 2
Ca B

- (lmpm)2 +aalnp, +bs = - (lnpm)2 + aplnp, + bp, (5.25)
204K A 20BKB
asc? apc?
ﬂ(lnpmy + galnp,, + hga = ﬁ(lnpm)Q + gplnp, + hp. (5.26)
204K A 20BKB
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so that electric current and energy transfer (per unit length and radian) are continuous as

well due to the conservation of charges and energy, resulting in,

ca = cp=c, (5.27)
A In a % In a

A Mm OAyp(— B Pm e OB 5 o)

OARA Pm Pm OBKRB Pm Pm

T(pm)J(pm)(aa —ag) = ka(-=

From these boundary and continuity conditions, the integration constants can be derived

as
o _ Uy + W3 — /0y (5.29)
(ap — aa)nBrinl2 (oyIn L2 + aBln’;)—T)’
with

Uy = (aAlnﬂ + ngnp—m)(/{Aln& + /{Blnp—m),
Pm P1 Pm P1

Uy = (ap — aA)UAUBIHp—man,
P1 Pm

U3 = Uo(apTh — aaTi + ¢2 — ¢1),

Uy = 20Ty (s — d1) + (0aln 2 + o™ (kaapin? + kpaaln?™) (T — T1)]

Pm P1 Pm P1

+ (\111 + ‘113)2,
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and
. An(pmpr) CQIn%A B clap — aA)Tlln;))—i N kp(Ty —Ty) (5.30)
A 20 4k 20 0 e ‘
by — _CQIHpmlnpl B cQIng—ilnplA N clap — aA)Tlln/f—ilnpm
N 204K A 20 ©
kAN 22Ty + kg(Inp,, Ty — Inp T
+ P <9 - ), (5.31)
c
ga = ——— —ajpoy, (5.32)
oA
2
cca
ha = ¢1— 2UA:A (Inp1)* — galnpy, (5.33)
S An(papm) CZInZ—?A . c(ap — aa)Tpnlx . ka(Ty —T1) (5.:34)
B 20BKEB 20 C) © ’ '
by — _CZlnpzlnpm c2ln’;—Tlnp2A B clap — aA)Tgln’;—Tlnpm
20BKB 20 S
ﬁBlnpﬂTg + HA(lnpng - lnp TQ)
n P 5 ey (5.35)
c
gp = ——— —apag, (5.36)
oB
ca
hg = ¢o— ——2(Inps)® — gplnps, (5.37)
203&3
where

Pm
p1

)

o'Aln/f—2 +opln

0AOB

0= /@Aln& + IQBlnpﬂ +clap — ozA)lnp—mln&.
Pm P1 P1 - Pm

This solves distributions of temperature and electric potential in the core-shell composite.
5.3 The effective thermoelectric properties

To describe the effective behavior of the heterogeneous core-shell thermoelectric, we define
its effective thermoelectric properties through the equivalency principle discussed previously.
We examine the effective electric conductivity first. Consider a boundary condition of
imposed electric potential difference only with AT = 0, and compare the electric current
(per unit length and radian) between homogeneous and core-shell thermoelectrics. From

Eq. (5.18) we conclude that the effective electric conductivity of the core-shell composite is
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given by
cln?2 cln?2
* _ _ Pl _ Pl
c*(Ap, AT =0) = ol el (5.38)

with ¢ given by Eq. (5.29). Expanding ¢ into Taylor series of (ap — a4), and using the

p2

orr we derive the effective electric conductivity of the core-shell

: — Inlm
notation of f = Inf/In
thermoelectric to the first order of (ap — as),

0A0B 3 f(1 = flodopAd(ap —aa)
oa(l—=f)+opf 2[oa(l = f)+opflPlka(l = f)+kBf]

which is analog to our earlier result for layered composite, with f denoting volume fraction

o*(Ag) = (5.39)

there instead. Note that the thickness ratio of the core-shell structure is given in term of f
— Pm—pP1L _ _pP1 p2\f _ ig3

by p = £2l = [(pl) 1]. Eq. (5.39) clearly depends on the boundary condition as

well as the material constants of the constituents and f, a characteristic distinct from linear

materials. Furthermore, if we impose open-circuit boundary condition such that ¢ = 0, then

the effective Seebeck coefficient can be derived from Eq. (5.18) as

«_ $2—01 _ ka(l—flap+rpfaa

a = = 5.40
Ty =T ka(l=f)+kpf (540)
while the effective thermal conductivity can be derived as
J Ji
Kr= 22— /R RARE (5.41)

T (B-T)/mP ka(l—f)+ kB

Again they are identical to the formula for layered composites, though f has different physi-
cal meanings for these two systems. Note that although the effective Seebeck coefficient and
thermal conductivity do not appear to be dependent on the boundary condition explicitly,
open-circuit boundary condition is implied implicitly in these equations. From the effective
thermoelectric properties, the effective thermoelectric figure of merit can be defined as

O'*OZ*Q

7% = , (5.42)

/{*

though its relationship with the thermoelectric conversion efficiency remains to be examined.

5.4 Conversion efficiency of core-shell composite

Since the effective thermoelectric properties as defined depend on the boundary condition,

the relationship between effective figure of merit and conversion efficiency becomes less clear,
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Figure 5.2: Schematics of axially-symmetric thermoelectric generator with (a) cross-section
view and (b) side section view, where the left leg consists of materials of interests, and the
right leg is a fictitious material with zero Seebeck coeflicient and thermoelectric conductivity,
yet infinite electric conductivity (34

and thus we examine the conversion efficiency of the core-shell composite directly. To this
end, we consider an idealized thermoelectric module with one of the legs made of fictitious
material of zero Seebeck coefficient and thermoelectric conductivity, yet infinite electric
conductivity, and the other leg made of thermoelectric material of interests, as shown in
Fig. 5.2. The energy conversion efficiency of the thermoelectric generator is calculated as

e I’R _ (2mdc)*R
F 2rdey | p=p,

cv = —kpVT 4+ aTc+ ¢c, (5.43)

where I is electric current, R is the load resistance, F; denotes the energy flow from high
temperature reservoir, d is the length of the materials, and ¢y and ¢ are constants related to
the transports of energy and electricity, with the latter determined by solving ¢ V¢ -dx = 0
around the circuit, as potentials are no longer specified at outer and inner surfaces. For a
homogeneous material with constant thermoelectric properties, the conversion efficiency H
can be evaluated in terms of load resistance R analytically. It can then be optimized with
respect to the load resistance R, leading to classical formula relating conversion efficiency

to ZT,

T — Ty 1/1+Z—T1~5T2—1
Hopt = T . (5.44)
1 /1 +ZT1-5T2 + %
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However, for composite materials with nonuniform thermoelectric properties, H can no
longer be derived in terms of R analytically, and such simple relationship is no longer
available. Instead, we have to evaluate Eq. (5.43) numerically in general. Nevertheless, by

evaluating § V¢ - dx = 0 around the circuit, it is derived that

o Iy +13— Ty (5.45)
(ap — aA)ln‘;—?ln%(oAln% + UBIH‘;—T + 4rdosopR)’ '

with

Iy = (UAIHQ + JBInp—m + QWdUAJBR)(HAID& + /@Blnp—m),

m P1 Pm P1

FQ = (OéB — aA)aAaglnp—mln&,
PL Pm

I's =Ta(apTs — asTy),

Ty = —20s(0aln 2 + o5 + dndosopR)(kacasin L2 + kpaaln®2) (T, — Th)
P

m P1 m 1

+ (T1 +T3)%
5.5 Numerical results and discussions

In this section, numerical results and discussions for thermoelectric behavior of specific
material systems are presented. For homogeneous shell we consider BisTes with p; =
50mm and ps = 55mm. For core-shell composite, we consider BisTes as phase A and
Ag(Pbi_ySny)mSbTestr, as phase B, with p; = 50mm, p,, = 53mm, and py = 55mm.
Materials length is d = 0.5m. The thermoelectric properties of both materials are listed in

Table 3.1.

5.5.1 Field distributions

We first examine the thermoelectric field distribution under specific boundary condition.
Assume that only a temperature difference is imposed, with 75 = 300K at cold end and
three different temperatures of 77 = 800, 1000, 1200K at the hot end. The distributions
of temperature, electric potential, and heat flux in a homogeneous shell are shown in Fig.
5.3, while those in the core-shell composite are shown in Fig. 5.4. Nonlinear temperature

distribution is observed in both systems, and internal electric field is induced. Furthermore,
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Figure 5.3: The distributions of (a) temperature, (b) electric potential, and (c) heat flux in

a homogeneous shell under imposed temperature differences
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The distributions of (a) temperature, (b) electric potential, and (c) heat flux in
a core-shell composite under imposed temperature differences 34,
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Figure 5.5: The distributions of (a) temperature, (b) electric potential, and (c) heat flux in
a homogeneous shell under imposed electric potential differences#4.

heat flux is no longer constant, as we discussed. On the other hand, if only an electric
potential difference is imposed with ¢2=0.0 and ¢1=0.1, 0.2, 0.3V, the corresponding results
for homogeneous shell and core-shell composites are shown in Fig. 5.5 and Fig. 5.6. Here
substantial temperature rise is observed, due to Joule heating. Inhomogeneous electric field
is induced, even for homogeneous shell. Heat flux in the core-shell composite is substantially

smaller, due to lower thermal conductivity of the phase B.
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Figure 5.6: The distributions of (a) temperature, (b) electric potential, and (c) heat flux in
a core-shell composite under imposed electric potential differences®4.
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5.5.2  Effective properties

The effective electric conductivity, Seebeck coefficient, thermal conductivity, and figure of
merit of BiyTe3-Ag(Pbi_ySny ), SbTesm core-shell composite are shown in Fig. 5.7, with

the following boundary conditions imposed,
Ty =T, =300K, ¢1 =0V, ¢2={-0.5,-0.2,0.2,0.5}V. (5.46)

While the effective Seebeck coefficient and thermal conductivity only show slight deviation
from the rule of mixture, as observed in Fig. 5.7(a) and 5.7(b), the nonlinear dependence
of electric conductivity on thickness ratio is more significant, and it is sensitive to the
voltage difference imposed on the boundaries, as shown in Fig. 5.7(c). This results in large
difference in the effective thermoelectric figure of merit shown in Fig. 5.7(d). What is
most interesting is that there is a peak, albeit small, in the effective thermoelectric figure
of merit that exceed both constituents, at p = 0.939, when the imposed potential difference
is ¢ = —0.5V. This is significant, since it demonstrates that the effective thermoelectric

figure of merit of a heterogeneous medium can be higher than both of its constituents.

Table 5.1: Thermoelectric properties of the optimal constituent B under different tempera-

ture boundary conditions®4.

Material a (x1079V/K) o (x103S/m) k (W/m/K)) Z(x1073K~1)
800K Optimal 241.668 4.79423 0.1 2.80000
1000K Optimal 246.989 4.58989 0.1 2.80000
1200K Optimal 251.577 4.42401 0.1 2.80000

5.5.8 Conversion efficiency

To examine if the composite can have higher conversion efficiency than both of its con-
stituents, we calculate efficiency of core-shell composites consisting of BisTes and a second

phase optimally matched (in a sense to be elaborated later) with BiyTes under different
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Figure 5.7: The effective (a) Seebeck coefficient, (b) thermal conductivity, (c) electric con-
ductivity, and (d) figure of merit as functions of thickness ratio 4.
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optimally second phase for different temperatures; (a) enhanced conversion efficiency of the
composite, normalized by the efficiency of the first phase, versus the thickness ratio of the
second phase; (b) the effective figure of merit calculated from the effective thermoelectric
properties versus the thickness ratio of the second phase[84.

temperatures, with 7o = 300K and T; chosen to be 800, 1000, 1200K, respectively. The
material constants used in the calculation are listed in Table 5.1. The results are illustrated
as a function of thickness ratio of the second phase in Fig. 5.8(a), and it is observed that
higher efficiency than both constituents is indeed possible. Furthermore, we evaluate the
corresponding effective Z* with the effective Seebeck coefficient and thermal conductivity
calculated under open circuit condition and the effective electric conductivity derived under
optimal thermoelectric loading condition. As evident in Fig. 5.8(b), it shows no enhance-
ment at all and there appears no correlation between the effective Z* and the conversion
efficiency of the composite. This demonstrates that the effective thermoelectric properties
of composite are ill-defined, and we have to examine the conversion efficiency directly.

In order to understand the enhanced conversion efficiency in core-shell composite, we

rewrite the conversion efficiency as

B¢ fa . (5.47)

(PJV)lp=p  Thac— SoE2 — k(Ty — T1) /2

for a homogeneous material, which can be optimized with respect to ¢ for given tempera-
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tures, resulting in

2/€0’O[(T1 — TQ)
Copt — .
P V2k+ V26 + oa?(Ty + T3)|n2

(5.48)

Since c is a constant in the core-shell composite, this points to a need for carefully matching
the copy in constituent phases for the optimal overall conversion efficiency. It is evident
that the core-shell composite can have its constituent phases matched for identical cqpt
by tailoring the material properties, which is impossible for homogeneous materials to do.
In other words, both segments of core-shell composite operate at optimal condition, while
the corresponding segments of homogeneous materials operate under less optimal ones.
This explains higher conversion efficiency in optimally matched core-shell composite. The
analysis on core-shell composite thus points to a direction for optimal conversion efficiency of
thermoelectric module, wherein cqp¢ is matched everywhere, resulting in highest conversion
efficiency possible. To this end, we reorganize Eq. (5.48) by replacing (T — T1)/ ln% with

pVT, leading to a point-wise optimal value of

V1+2T -1

Copt = —kpVT T , (5.49)
which corresponds to maximum local conversion efficiency of
V1+ZT —1dT
A = Y222 — 100 (5.50)
VI+ZT+1T

This is equivalent to the concept of compatibility factor™!, with the value corresponding to

reduce current density here being u = When the optimality is realized everywhere,

__c
kpVT"

maximum overall efficiency is realized as

/Tl V1+ZT —1dT
1 —exp(—

Hupax = A
o rn VI+ZT+1T

)

2 2 L9l VI+ZT5 +1
J— n—
VI+ZTo+1 1+ ZT1+1 VI+ZT) +1

where we have taken Z to be a constant for simpler derivation. This is in fact the upper

= 1—exp( ), (5.51)

bound on the conversion efficiency for the core-shell composite consisting of materials with
constant Z. Compared to classical conversion efficiency of a homogeneous material, it shows

a small yet definite enhancement, see Fig. 4.4c.
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5.6 Summary

In this chapter, we have analyzed axially-symmetric thermoelectric problems that are partic-
ularly relevant for waste heat recovery using automobile exhaust pipe. Building on the field
analysis of polar symmetry, we show that higher thermoelectric conversion efficiency can be

achieved in core-shell composites, while the effective figure of merit is not well defined.
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Chapter 6

ASYMPTOTIC ANALYSIS OF ONE-DIMENSIONAL
THERMOELECTRIC MEDIUM

6.1 Introductory remarks

In foregoing chapters, we analyzed bi-layered composites and core-shell composites, how-
ever, they are structures without macroscopic homogeneity. In this chapter, we study the
thermoelectric composite with periodic microstructure(®®. For that matter, asymptotic

[86-93] is carried out.

homogenization

We first apply one-dimension asymptotic analysis in Section 2 to derive the homoge-
nized governing equation for thermoelectric composites. From that, we study the effective
behavior in Section 3, including solving for the macroscopic fields, defining the effective

properties, and analyzing the conversion efficiency. The numerical results and discussions

are given in Section 4. The summary for the chapter is in Section 5.

6.2 One-dimensional asymptotic analysis

We confine our scope to one-dimensional (1D) system in this chapter, wherein all the field
variables and materials parameters are assumed to be dependent only on coordinate x, and

independent of y and z, and the thermoelectric transport equations are simplified as

do dT
— = o— - 1
J oo +oa I (6.1)
dT

In addition, the divergence-free of current density implies that J = |J| = const in 1D, and

the field equation for heat flux is simplified as

o _ _d¢,

— . 6.3
dx dx (6.3)

The transport equations can be combined with the field equation, resulting in the follow-

ing governing equations for temperature and electric potential in a homogeneous medium
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wherein all the thermoelectric properties are constant,

eT 1,
d2_¢ _ %Y r2_
dz? ok ’

resulting in quadratic distribution of temperature and potential distributions

J2
T(CL’) = —ﬁlz + k']_il? + k’g,
aJ2 2 J
(z)(.I') = ﬂm - (; + akl)l’ + k3,

with

L 20K

(6.6)

(6.7)

(6.8)
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where T'(z) and ¢(z) at = 0, L are specified as the boundary conditions. The heat flux is

then calculated as

aJ® 5 TP
Jo(z) = 255t +(—+aJk:1)x—/@k:1+aJk‘2 (6.10)

We consider a 1D composite consisting of two distinct phases layered periodically, as
schematically shown in Fig. 6.1. For such a composite, two different length scales can be
identified, one is L, the macroscopic length of the composite associated with the macroscopic
coordinate x. The other is 1, the characteristic length of the composite unit cell, for which
a microscopic coordinate £ = x/n can be introduced. While the material properties «(&),
o(€), and k(&) vary fast on the microscopic scale periodically, the field variables such as
T(z,§), ¢(x,§), and Jo(z, &) vary both fast on microscopic scale and slowly on macroscopic
scale, as schematically shown in Fig. 6.1(d). What we are interested in is the macroscopic
variation of these field variables, for which the fast microscopic fluctuation is averaged out,
so that the effective behavior of the composite can be deduced.

To this end, we expand the temperature, potential, and heat flux into polynomials of n

T(z,€) = To(z, &) +nTi(z, &) + n*Ta(z, &) + ..., (6.11)
¢($, 5) = ¢0($, g) + 77¢1($7 g) + 772¢2(‘T7 f) + sy (612)
Jo(z,&) = Jgo(z,&) +nJoi(w, &) +n?Jga(z, &) + ... (6.13)

Inserting these into governing equations (6.1) and (6.3) for 7" and ¢, and notice that
d 0 10

— 14
we obtain a series of equations grouped by the orders of n as following,
%
9 6TO
1
U
3¢0 9Ty
7V 1
6§ + o« o€ 0, (6.16)
0, 01y 0 3T0 oty d¢o
9.t Ty 4 220 — 1
am(”(‘)g) + 85( aJTy + Ii + kK 85) ag‘] (6.17)
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n’:
_ 9% , 991 91y | 0Ty
—-J = o 5 T 8§)+0a( 5 86)’ (6.18)
90 , Ob1,, _ 9 9Ty , OTh
(B Tae) = gpTeITo R, Trge)
0 6T1 8T2
+ %(_QJT1+H%+H(3§)' (6.19)

We first examine Tp(z, €) and ¢p(x, §), the lowest order of field variables. By integrating

Eq. (6.15) and rearranging the equation, we obtain

% _ Cl(SL’)
o5 k(&)

Since Ty(z, &) is periodic in &, and the integration of 88—20 over the unit cell vanishes, it is

(6.20)

concluded that C7(x) = 0, and thus
To(z, &) = To(). (6.21)
Combining this with Eq. (6.16), it is also evident that

¢o(x, &) = do(x)- (6.22)

In other words, Typ(z) and ¢g(z) do not vary on microscopic scale, and they represent the
macroscopic distributions of temperature and potential when n — 0. They thus describe
the effective behavior of the layered composite with local fluctuations of temperature and
potential averaged out, which we seek to determine.

We then examine 71 (z,&) and ¢1(x, ). Making use of Egs. (6.21) and (6.22), we can
integrate Eq. (6.17) with respect to £ as

on _ dIy | «f) Ca(z)

with
o dh o«
Cy =< - > (dx <> JTo) (6.24)

determined again from the periodicity of T1(z,&) on the unit cell, where < - > is used to

indicate volume averaged quantities over the unit cell. Integrating Eq. (6.23) one more
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time, we obtain

dTy ¢, , 1 __
Ti(z, &) = CT; ; (s 1<;> b -1)de
¢ 1
— JTO/ (k<> s Dyge, (6.25)
0 K K K

for which the integration constant Cs(x) is assumed to be zero without loss of generality,

since it can be incorporated into Tp(x). Similarly, Eq. (6.18) can be recast as

9 _ _J _déo _a 14 dlp
& o dr K K dx
1 2
+ G125 Sy, (6.26)
kK K K K

which by integration yields

3
aiw® = 7 [ lag-Woe 2D [0 Loy

€ 1 2
- JTO/ Z <21 B _Dyge, (6.27)
0o K K K K

As such, Egs. (6.25) and (6.27) give Ti(z,§) and ¢1(z,§) that fluctuate fast on the mi-
croscopic scale on the order of 7. This will be sufficient for our analysis, and higher order
fluctuations will not be considered.

In order to derive the governing equations for Tp(x) and ¢o(z) that describe the effective

behavior of the layered composite, we integrate Eq. (6.19) over the unit cell to obtain

1 T
/ aa aJT0+/£——|— 8 =1 d£ / %Jr% )JdE, (6.28)
0

which can be simplified by using Eqs. (6.23), (6.24), and (6.26), resulting in

A>T 1 1 2 1
— Dt < —><—>J2—(<g>2—<a—><7>)J2T0:0. (6.29)
dx K K K K

This is the governing equation for the macroscopic temperature distribution Tp(x) in the

layered composite. Furthermore, we integrate Eq. (6.26) over the unit cell to obtain

d 1 1 dTi

do _ 1oy o loadh

dz o K K dz
2

1
+o(co>te o2 o2 Sy, (6.30)
K K K
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By combining Eqs. (6.24) and (6.30), we can rewrite Cy as

d 2 1
Cy=—-< N (ﬂ-i- <% s JTo+ < = > J), (6.31)
K dx K o

which can be used to recast Eq. (6.28) as

d? 1 2 1 dT
“do _ N N P P P e
dz? o K K K K dx
2
1
S S N 3T S e ) (6.32)
K K K K

This is the governing equation for the macroscopic potential distribution ¢g(x) in the layered

composite.

Equations (6.29) and (6.32) are homogenized governing equations for temperature and
potential distribution in layered periodic composite, one of key results in this work, and the
coefficients in these equations can be easily determined from the volume averages of appro-
priate quantities in the unit cell. These homogenized governing equations are considerably
more complicated than those of homogeneous materials, Egs. (6.4) and(6.5), a consequence
of nonlinearly coupled transport equations®%) and it is easy to verify that under limiting
case of homogeneous materials, the homogeneous governing equations are recovered. With
To(x) and ¢o(x) solved from Egs. (6.29) and (6.32), the macroscopic distribution of heat
flux can be derived as
Lo % > 1) — 0y, (6.33)

Joo = <; dz

where Egs. (6.23) and (6.24) have been used. Thus the problem is completely solved,
if we can determine the macroscopic temperature and potential distributions along with
the constant current density, which we seek to solve in the next section. We can further
determine the local fluctuations of temperature and potential from Eqs. (6.25) and (6.27),
though we are more interested in the effective behavior, and this line of investigation will

not be pursued here.
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6.3 The effective behavior

6.3.1 Field analysis

In order to solve for the temperature distribution in the layered composite, we recast Eq.

(6.29), a second order ordinary differential equation with constant coefficients, as

A>Ty
— +diTo+de =0 6.34
72 + dido +d2 ) (6.34)

with
a? 1 a o o 1 1 )
di=(K—><=>—-<=>)J% dy=<—-—><—>J",
KR K K g K

which can be solved as

To(z) = qreos(y/dyx) + gosin(v/dyz) — fli, (6.35)

where ¢q; and g2 are constants that can be determined by boundary conditions as,

_dy _dy/dy+ T (L) — qicos(v/di L)
n=g+ T7(0), g2 = (VA L) . (6.36)

Not surprisingly, the functional variation of macroscopic temperature distribution of the
layered composite is drastically different from the quadratic distribution of homogeneous
materials in Eq. (6.6). Having derived Tp(z), we can solve for ¢o(x) from Eq. (6.30) in a

similar manner as,

¢o = h1x + hesin(y/di1x) + hscos(v/dix) + ha, (6.37)
with

1 1 2 d
o= —<—->J—(<->1c@52 % ;%2

o K K K dq
hy = —<lslc®s +(<1>*1<g>2—<a—2>),]£
S K PR K K K Vdi’

1 « 1 « a? q2
hy = —<=>lc—>g—(<=>Ttc =2« — >)J=,
3 K PR ( K K K ) Vdi

hs = ¢(0) — hs.
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Note that both temperature and potential distributions are given in terms of yet to be
determined current density J, which can be solved from potential boundary condition at

x =1L,
O(L) = hiL+ hosin(\/d1 L) + hgcos(r/di1 L) + hy. (6.38)

With the current density J determined as such, the heat and energy fluxes can be determined

accordingly,
Joo = —< % > [(—q/di— < % > Jgo)sin(y/dq )
b (@vd-< 2> Jgeos(vd)+ < 2 > lelj], (6.39)
and
Ju =< % > (< % > Tpd — %) + o . (6.40)

These set of equations completely solved the macroscopic variation of temperature, poten-
tial, current density, heat flux, and energy flux in a layered composite, and thus completely

describe its effective behavior.

6.3.2 The effective properties

With equivalency principle, we examine the effective electric conductivity first. Consider
a boundary condition of imposed electric potential difference only with AT = 0, and com-
pare the current density between homogeneous thermoelectric and periodic composite, we
conclude that the effective electric conductivity of the periodic composite is given by

J

U*(A¢> AT = O) = _M7

(6.41)

with the current density determined by Eq. (6.38). Since AT = 0, the current density can
be solved analytically, resulting in

. 2 1 < % > vA¢
o tan™ " { i i
2[< 2 >< o > +v2T(0)]

- vAP

1 (6.42)

with

a? 1 «
V=A< — >< = > — < = >2,
K K K
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Clearly, the effective electric conductivity depends on the imposed potential difference at
boundary in addition to the material constants of the constituents and the volume fraction
f, a characteristic distinct from linear medium. On the other hand, if we impose open-circuit

boundary condition where J = 0, such that

e _ ¢ - - 6.43
dx SR TSR @ (6.:43)
the effective Seebeck coefficient can be derived as
. ¢(L) — ¢(0) o 1
— =< = - . 6.44
@ T(L)-T0O) ~r “r~ (6.44)
In addition, under the condition of J = 0, we have
1 _, dIy
Joo=—<-—>1—"+ 6.45
@0 < K - dx’ (6.45)
from which the effective thermal conductivity can be derived as
Jqo I
K'Y= — =< —>"". (6.46)
[T(L)-TO]/L &

Notice that this effective thermal conductivity is identical to that of a layered linear thermal
conductor uncoupled from electric conduction, since open circuit condition is assumed, and
different effective Seebeck coefficient and thermal conductivity will be resulted if different
electric boundary condition is imposed. From these effective thermoelectric properties, the

effective thermoelectric figure of merit is then defined as

O'*Ck*z

zZ* =

, (6.47)

/i*
though its connection with the thermoelectric conversion efficiency remains to be examined,

which we analyze in the next subsection.

6.3.8 Thermoelectric conversion efficiency

While the figure of merit is directly related to thermoelectric conversion efficiency for a
homogeneous material, our analysis on bilayered thermoelectric composite indicates that it is
not well defined for heterogenous thermoelectric. As a result, we analyze the thermoelectric

conversion efficiency of the periodic layered composite directly, based on the thermoelectric
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Fictitious____ < TE
material composite
Q Q
- =
T(L) ~ | 7(L)

Figure 6.2: Schematics of the fictitious thermoelectric module for conversion efficiency anal-
i 93]
ysis!?l,

module schematically shown in Fig. 6.2. One leg of the module is made of material of
interest, which is the layered composite with periodic microstructure, and the other leg is
made of a fictitious material with zero Seebeck coefficient and thermal conductivity, yet
infinite electric conductivity, and thus it only serves as a path for electric current, not
involved in energy conversion(®3. The conversion efficiency of this idealized thermoelectric
module, as a result, measures only the performance of the composite material of interest,

and it can be defined as
(JA)ZR - (JA)QR
EO AJU’sz’

where the numerator denotes the electric energy delivered to the load resistance, whereas

H =

(6.48)

the denominator denotes the heat (energy) flowing in at the joint from the hot reservoir
with temperature 7°(0). From Eq. (6.40), it is derived that

_

1 o
Jule=o =< = > [< = > T(0)J 2=0,
Ulz=0 <> [<ﬁ> (0) da;‘ o]

(6.49)
and the current density J can be determined from integral of V¢ around the circuit,

7{ Vo dr =0, (6.50)

which replaces the imposed potential at boundaries we used earlier. The efficiency can be

optimized with respect to the load resistance R, and for homogeneous materials, this lead
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to classical equation relating figure of merit Z7 to optimal conversion efficiency under given

temperature difference,

Th+Te
T, — T, \/1+Z%_1
Hopt = = — : (6.51)
b1+ zie 4 e

where T}, and T, refer to temperatures at hot and cold ends. For composite materials,

however, such simple relationship is no longer available, and we have to evaluate the optimal
conversion efficiency numerically in general. Alternatively, it is sometimes insightful to

recast the conversion efficiency as

L)J L)J
o ¢(L)J _ : o(L) - ’ (6.52)
Jule=o <L >"1(<2>T(0)J— 42|—0)
with
o(L) = —< 1 > JL- < 2 s< 1 >~ [T(L) — T(0)]
- g K I
1 2 L
b i>lc %52 Y >)J/ Tydz, (6.53)
K K K 0

where ¢(0) = 0 is assumed without loss of generality. The efficiency can then be optimized
equivalently with respect to the current density instead, though the current density is upper
bounded by the current density achieved without the load resistance. These two approaches
for deriving the optimal conversion efficiency are equivalent, and both requires numerical

computation in general, yet the one using current density is more efficient numerically.
6.4 Numerical results and discussions

6.4.1 Field distributions

To demonstrate the analysis, we consider a periodic thermoelectric composite consisting of
BipTes and Ag(Pbi_ySny)mSbTes m, with their thermoelectric properties listed in Table
3.1 and the volume fraction of BisTes being f. Consider either only a temperature differ-
ence or an electric potential difference is imposed, and the corresponding distributions of
temperature, electric potential, and heat flux are shown in Figs. 6.3 and 6.4, where f = 0.4

is assumed, and homogeneous materials with f = 0,1 are also included for comparison. It
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Figure 6.3: The distributions of (a) temperature, (b) electric potential, and (c¢) heat flux
in thermoelectric composite under an imposed temperature difference of 7'(0) = 300K and
T(L) = 1000K, with ¢(0) = ¢(L) =0 and f = 0,0.4, 193
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Figure 6.4: The distributions of (a) temperature, (b) electric potential, and (c¢) heat flux
in thermoelectric composite under an imposed electric potential difference of ¢(0) = 0 and
$(L) = 0.1V, with T(0) = T(L) = 300K and f = 0,0.4, 193,
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is observed that under both types of boundary conditions, the field distributions are highly
nonlinear, as expected, and the heat flux is not constant. Notable temperature rising is
also observed in Fig. 6.4 inside of the composite under imposed potential difference, due
to Joule heating, and the increase in temperature is most prominent in BiyTes, which has
higher electric conductivity, and its heat flux is also larger due to higher thermal conduc-

tivity.

Table 6.1: By fitting curves of temperature, electric potential, and heat flux of composite
to homogeneous results, sets of thermoelectric properties are derived 3.

Under imposed AT

Curves fitted a (x107°V/K) o (x10*S/m) & (W/m/K))
To 541 635 890
oo 467 440 838
Jqo 29077 0.0002 1

Under imposed Adgp:

Curves fitted a (x107%V/K) o (x10'S/m) & (W/m/K))
To 2424 3156 957
oo 1016 809 985
Jqo 276 3 620

It is worth noting that the quantitative variations of temperature and electric poten-
tial for the layered composite are not much different from those of homogeneous materials,
despite drastically different functional forms. This motivates us to fit the distributions
of temperature, potential, or the heat flux in the composite using homogeneous solutions,
Egs. (6.6), (6.7), and (6.10). The resulting sets of thermoelectric properties identified from
these fittings are listed in Table 6.1, where it is observed that different curves resulting in
thermoelectric constants that differ in orders of magnitude, for both types of boundary con-

ditions. In other words, it is impossible to identify a consistent set of effective thermoelectric
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Figure 6.5: Distribution of (a) temperature, (b) electric potential, and (c) heat flux of
thermoelectric composite are fitted to the solutions of homogeneous material for 7'(0) =
300K, T'(L) = 1000K, ¢(0) = ¢(L) = 0, and f=0.4193,

properties that fit the distributions of temperature, potential, and heat flux simultaneously
under given boundary conditions. The comparison of original distributions and fitted re-
sults shown in Figs. 6.5 and 6.6 also confirm this observation. For example, in Fig. 6.5,
it is observed that the data fitted by heat flux leads to good agreement for temperature
distribution, yet results in poor agreement for potential. In Fig. 6.6, on the other hand,
the data fitted by heat flux results in poor agreement for both temperature and potential.
Similar conclusion can be drawn for data fitted by temperature or potential. This highlights
the difficulty in homogenizing the effective thermoelectric properties of the composite that

would resemble the behavior of homogenous materials.
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6.4.2 The effective properties and conversion efficiency

Since it is impossible to find a set of effective thermoelectric properties of composite that
will fit its distributions of temperature, potential, and heat flux into homogenous solution,
we calculate the effective properties of the composite versus the volume fraction of BisTes
using equivalency principle instead, as shown in Fig. 6.7, which ensures the equivalency
in current density and energy flux between composite and homogeneous material with the
identical set of properties. The effective Seebeck coefficient and thermal conductivity are
calculated under open circuit condition, and the effective electric conductivity is evaluated
with 7'(0) = T(L) = 300K and A¢ = 0.2,0.35,0.5,1.0K. It is observed that there is a
noticeable dependence of the effective electric conductivity and figure of merit on boundary
condition. We further calculated the optimized conversion efficiency of the composite versus
the volume fraction of BixTes with 7'(0) = 800K and 7'(L) = 300K, as shown in Fig. 6.8,
along with the conversion efficiency calculated using the effective figure of merit based on
Eq. (6.51), and it is clear that there is a large discrepancy between the actual efficiency
and the efficiency evaluated from the effective figure of merit, which depends on boundary
condition. This suggest that the effective thermoelectric figure of merit of composite is not

well defined, and does not correlate with its thermoelectric conversion efficiency.

The lack of correlation between the effective figure of merit and the thermoelectric con-
version efficiency can be understood as following. To define the effective Seebeck coefficient,
electric conductivity, and thermal conductivity, two sets of boundary conditions are re-
quired, making it impossible to match the actual optimal boundary condition under which
the conversion efficiency is evaluated. This motivates us to suggest an alternative way
to define the effective thermoelectric properties, using equivalency principle under optimal
working condition in combination with the requirements of Eqs. (6.47) and (6.51) instead,
and interestingly, this leads to two sets of effective properties, as shown in Fig. 6.9 along
with the effective Z*. This again suggests that the effective properties of thermoelectric

composites are ill-defined.
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73

6.5 Summary

In this chapter, we developed a rigorous nonlinear asymptotic homogenization theory to
analyze the coupled transport of electricity and heat in thermoelectric composite materials,
with which we solved for the macroscopic field distributions that are drastically different
from those in homogeneous materials, analyzed the overall conversion efficiency using an
idealized thermoelectric module, and showed that the effective thermoelectric properties are
ill-defined, and the effective thermoelectric figure of merit does not directly correlate with

the thermoelectric conversion efficiency.
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Chapter 7

ASYMPTOTIC ANALYSIS OF TWO-DIMENSIONAL
THERMOELECTRIC MEDIUM I: UNIT CELL PROBLEM

7.1 Introductory remarks

Our analysis in the previous chapter shows thermoelectric composite have more complex,
yet more interesting field distributions than those of homogeneous materials. Conceivably,
with the introduction of 2D or 3D unit cell configuration, and thus the introduction of more
parameters, our problem will provide more room for manipulation. As we did in the last
chapter, we apply asymptotic analysis on two-dimensional thermoelectric composite in this
chapter.

We first establish the unit cell problem for 2D/3D in Section 2, where governing equa-
tions, interfacial conditions, boundary conditions for the unit cell problem are identified. In
Section 3, we derive the homogenized governing equation for 2D /3D thermoelectric com-
posites. In Section 4, we present an variation of unit cell problem, which has Neumann’s
boundary condition, making the unit cell isolated laterally. Section 5 summarizes the theory

part of the 2D asymptotic analysis of thermoelectric composites.
7.2 Unit cell problem

We consider the three-dimensional coupled transports of heat and electrons in a thermo-

electric material, with the respective transport equations given by

—J = oV¢+0aVT, (7.1)

Jo = —TaoVe— (Ta*o + k)VT. (7.2)
and conserved system such that

V-J=0, (7.3)

V-Jy =0, (7.4)
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Figure 7.1: Schematics of a 3D composite in (a) macroscopic, (b) mesoscopic, and (c)
microscopic scales.

with
Ju=Jg + ¢J. (7.5)

As such, the distributions of electric potential and temperature are decided by the following

coupled governing equations

V- (Ve +oaVT) =0, (7.6)
V- (kVT + 0¢pV¢ + 0apVT + 0TV + 0a’TVT) = 0, (7.7)
or
0 Ovg 0 dv¢
—(Dyg— —(F —)=0 7.8
where
o oa 10)
D, = RS , (7.9)
0 =~ T
0 0 0 0
B = . By = e (7.10)
o o« oca o

The subscripts p, 0, ¢ take values of 1, 2, while ¢ takes value 1, 2 in two-dimensional space

(2D), and 1, 2, 3 in three dimensions (3D). Note that in this tensor form, isotropic material
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properties of o, «, k are assumed. If more general material properties are used, the material
property matrices would be D;;,9 and E;;p9¢ to account for the anisotropy.

To apply asymptotic method and establish the unit cell problem, we consider a composite
consisting of two distinct phases that are organized periodically, as schematically shown in
Figure 7.1. For such a composite, two different length scales can be identified, one is L,
the macroscopic length of the composite associated with the macroscopic coordinate x;.
The other is 1, the characteristic length of the composite unit cell, for which a microscopic
coordinate & = x;/n can be introduced. While the material properties «(&;), o(&;), and
k(&) vary fast on the microscopic scale periodically, the field variables such as T'(z;,&;),
o(x;,&) vary both fast on microscopic scale and slowly on macroscopic scale. What we
are interested in is the macroscopic variation of these field variables, for which the fast
microscopic fluctuation is averaged out, so that the effective behavior of the composite can

be deduced.

To this end, we expand the temperature, potential into polynomials of 5
vl &) = vy (@i, &) +nvg ) (@i, &) + nPog” (@i, €) + o (7.11)

Inserting this into governing equation (7.8) for vg, and notice that

0 0 10
- 12
8@- - 8$l + n 8&7 (7 )
we obtain a series of equations grouped by the orders of 1 as the following,
2
o o 0,0
U
(0) (1) (0)
0 o) ov 9 2% 9% | 9v
%[Dpe( afz + axz )] + aié-i[EPQC,UQ 851 +EP€CU9 ( 851 + 8171 )]
(0) 90
__9p, %%, 9 (0 7% (7.14)

a$i p0 agl ]_ 8$2 [E,DQCUQ 8§z ]?
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n’:

i D (avé2) N avél))]

o9& "N og Ox;

(0) (1) ) @) (1)

9 (2)9v¢ ), 9vc " | 9y 0, 9v | 9y
+€T§i[Ep9<% o, + Epocvy o6t oa; ) + Eppcvg ( o6t oa; )]

0 Gvél) Gvéo)

) (1) (0)

9 (1) 9v¢ 0, 9v " Oy

faixi[Ep@CUo T&JrEpGCUQ (8& + oz, )] (7.15)

From equation (7.13), it can be concluded that véo) = véo) (x) and does not depend on

&. Thus Egs. (7.14) and (7.15) can be simplified as

1) (0) (0)
0 o v 0 (0 2 0Dy 0vy " OBppc (0) 9%
. = — — Nl
T T R L T A o P T A
(2)
0 o oy’ 9 (0 2%
614+ 2 IE
agz[ p0 8§Z ]+ 851[ PGCUG agz ]
_ _i[ 8’073)] _ i[D (8Ué1) 4 8U§O) )]
o 8& P 89@ (93;’Z P 8& 8952
(1) (0) (1)
B 1 GUC GUC 0 8U<
—affi[Ep@CU(g )( 26 + Txi) "’Epecvfg ) oz, ]
(1) (0)
B ov ov
2t G20

Existence and Uniqueness Theorem Before we continue, an existence and uniqueness
theorem [®9 is introduced here. The validness of all our further procedures rest on this
important theorem.

Let A;;(§) (4,5 = 1,2,3) be n x n matrix-valued functions, f;(§) (k = 0,1,2,3) be
n-dimensional vector functions, and suppose the elements of A;;(§), f;(§) are bounded
measurable functions, and are periodic in § with period of 1 (1-periodic). Let A;;(§) =
A ;(€) and the inequality

ou Ju ou Ou
>

<<Aij87€j7 87&» = 6<(87§i’ 87&»7 € >0, (718)
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hold for any n-dimensional vector function u(¢) € WhH2(R?). Here (a, b) denotes the scalar
product of vectors a,b € R"™ and (.) is an averaged value evaluated on a unit cell in the

following sense

(1 60, 6)) / / / J(E1, €2, €)dErdndes, (7.19)

W12(R?3) is a Sobolev space WP (R"™)[96:97 where k = 1,p = 2 and the functions in Sobolev
space are defined in 3D real space of R?. In case A;;(£) and £} (&) are smooth functions for

¢ € R3, then a necessary and sufficient condition for the following system

s (A5(O55) =€) + 54O (7.20)

to have 1-periodic solution is

(fo(£)) = 0. (7.21)

The solution is unique up to a constant vector c,

u(§) = up(&) +c, (7.22)

here up(&) is a solution of (7.20) satisfying the condition

(up(§)) = 0. (7.23)

In cases A;;(&) is not perfectly smooth (e.g., piece-wise smooth as in multi-phased compos-
ites), the system of (7.20) is modified by multiplying an arbitrary n-dimensional 1-periodic

function of ¢ (&) and integrating over the unit cell 2 to give

/( Ug; g‘g )dg = /fo, )dg — /fk, )dE, (7.24)

where the Divergence theorem is used, and the terms with area integration disappear because
(Aw 5%, 1 o) and (f, ) are periodic, on boundary the net effect will cancel out. For this
system to have a solution u(¢) € W1H2(R3) that satisfies (7.24) for any 1-periodic trial vector
function (&) € WH2(R3), the above condition and existence and uniqueness conclusion
still apply. The solution u(§) in this this case is known as a generalized solution of system

(7.20).
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Comparing equation (7.16) with (7.20) reveals that (7.16) is an equation of £ with the

structure
(.;;[ﬁ%ag;] = £(£), (7.25)
where ¢;; is the Kronecker delta and
ﬁpC =Dy + EpHCUéO)v fo(&) = _8Dpc avé(]) — 8Ep9<v(0) avéO)

0¢  Oxy o 0 Oz

So clearly the Existence and Uniqueness theorem applies here. And because (f,(§)) = 0
due to 1-periodic D,¢ and E,¢, we know that (7.16) should have a unique solution (up to

a constant vector).

7.2.1 Governing equations for unit cell problem

The first step to find out the solution v(!) to equation (7.16) is to establish the governing
equations for the unit cell problem. To do so, we are going to guess the structure of v(1).

It is hypothesized that

o Z g0 = NO g ﬁ 6§;j)+ N®(g) ﬁ agx(j)

+ N;?’)(s)‘r’gfw}“ 85? e
o = 70— g ﬁ a(;b;?)+ M (e) ﬁ aaz;(j)

N Mi(g’)(g)agﬁw) e o1 (7.27)

1 )

where NV(€), N2 (¢), N (&), N (¢), MV (&), MP (&), MP) (€), MY (£) are unknown vari-
ables of &, X is a constant that needs to be determined. So by guessing the structure of
(7.26-7.27), we are guessing that v(1) is a function of linear combinations of f(£)g(x), where
f(&) and g(x) are respectively functions of & and x only. We then substitute (7.26-7.27)

into (7.16), and collect terms that have the same factoring g(x) functions. To be specific,

we have
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1 9¢0.
Tp O °
(1) (1)
o 8Nj an
afi[g o&; o o&; I=0,
Ny oMV
;ﬁ[XUa 85' +(Xoa? + k) ag |=0,
1 9Th.
Tp Ox;°
0 8N](2) aMf)
96" a6 T e T
N oM@
ai[Xaa ag. + (Xoa? + k) (95]- ] =0,
7,00
(3) (3)
) O(N;” +&5) OM;
876[0'05 ‘785 J +O'C¥2 85] }:07
7,20
(4) (4)
ON; o(M;” +
888[004 85' + oa? ( ](% gj)}:()a
9o .
(9:)3]"
(3) (3)
i[aa(]\fj +€j)—|—0' 8Mj | =
o&; o&; 9&; ’
(1) (1) (3)
ON; oM oM
a(z[aa 85]- + oa? 85]- + K 65 |=0,
Ty .
&vj‘
8[(78]\7;4) +0048(M](4) ) g
o0& 0¢; d&; -
(2) (2) (4)
8—&[004 9%, + o 5%, + K 9, ]=0.

(7.28)

(7.29)

(7.30)

(7.31)

(7.32)

(7.33)

(7.34)

(7.35)

(7.36)

(7.37)

Note we have replaced T©) — X by T©) for convenience. These ten equations are our

governing equations for unit cell problem.
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As a side note, the reason why we guess such structures of (7.26-7.27) is partly due to
the one-dimensional (1D) results that we obtained in previous chapter. In 1D, from the

governing equations it can be derived that

1 d 1 dr©
o0 = Nt BT e LT
(0) (0)
+ (3)(5)% +NW(g) dgx ,’ (7.38)
1 de© 1 47
TV = M(l)(f)m qux +M(2)(§)m I
dop© dT(©)
T Gk V[ e (7.39)
where
(1) ‘/2 § « 2 1 61
NO© = o [0l - e [ e (7.40)
VoV ¢ 2 Vi
N@(©) = ‘2/123/0(‘/3:—1)%—‘2/0 —dg, (7.41)
2
NO(g) = ‘2/0%:_(2)6;5 3 (7.42)
2 ¢
N (7.3
¢
MO () = _% 0 (VB%—%W@ (7.44)
1
@ - VeV [f 1«
MO = 2 [ - D (7.45)
¢
M® (¢ = _‘}1 ) (V%—%)dﬁ, (7.46)
MW = _Ki’ (3é_%d§ / )dE, (7.47)
_ 1
X = 3 (7.48)
1 2
Vo= (2P (), (7.49)
%= (), (7.50)
1
Vi = (=) (7.51)

Comparing with 1D results, the guess of (7.26-7.27) is significantly more complex, and by
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confining to 1D calculation, it can be degenerated to (7.38-7.39) satisfactorily. So equations
(7.26-7.27) look like a very plausible guess to try with.
The perspective of Green’s function method®® also suggests the guess of (7.26-7.27).

To that end, we look at equation (7.25). Clearly by Green’s function,
vl = [ G(&, & vt vO)dg' + boundary terms, (7.52)
QI

given that G(&,&,v(?) is a Green’s function and satisfy

9 e w0y 9 OV _ s gt
52 DEVD) G V)] = ol - ). (7.53)

together with some boundary condition. That is to say the v(©), ‘%’—2) terms in (7.25) that
are only functions of x will most likely stay untouched in the expression of v(!), and thus

prompt us the guess of (7.26-7.27).

7.2.2  Interface conditions for piece-wise smooth material properties

The foregoing discussion is applicable to the region that is off the interfaces of neighbouring
phases. At the interfaces, however, due to the discontinuity of the material property matrices
D, and E g, it is expected g—gz will be discontinuous. As a result, some interface conditions

need to be applied. Specifically, we require
[vellss =0, [gipni]lss =0, (7.54)

to hold, where [.]|x. denotes the jump of values across the interfaces ¥ and

Qip = DpQg:: + E,pcvg gii, (7.55)

is the current density and heat flux with
= Ji (7.56)
452 = Jui (7.57)

n; is the outward vector normal at the interface. We apply the asymptotic expansion of

(7.11) into (7.54). For the first part of (7.54), we have

wells = ° ol + ' o ]l + 2[0S ]]s + s (7.58)



83

where terms with different orders of ) are required to be zero individually. Especially, if we

require 1! term to be zero, and by plugging the guess of (7.26-7.27), we have

NV @)l = IN?@©)]ls = INP @©]ls = [N (©))ls

= MM (©)]ls = MP©)]ls = M (©)]ls = MV (©)]ls =0, (7.59)

because all the terms have different factoring functions of x, and as a result, are required

to equal zero individually. Similarly, for the second part of (7.54), we have

[aipnalls =17 Yal, Vnills +n°lals nalls + ...
- 8’0(0) 0 8’[120)

=7 1[DPOTgni + EpeCUé )T&m]\z

(0) (0)

(0 9v¢ (1) 9v¢

avél) avéo) (0) 8Ué1) Yo o
o Oz, o9

€ + O )ni+Eﬂ‘9C(U€ O

+1°[D po ( nills

Yoo, (7.60)

and terms of different orders of 1 are required to be zero individually. Especially, if we

require ° term to be zero, and by plugging the guess of (7.26-7.27), we have

oN?Y  omY
[(0’ o€, + o« ¢ )nz”E =0, (761)
Nb oMV
[(Xoa agj- + (Xoa® + k) 5 g )ndls =0, (7.62)
oN? oM
(o e T )nills = 0, (7.63)
X NJ@ Xoao? aMJ( i 0 7.64
[(Xoa 6 + (Xoa +’€)T§i)nz]\2— ) (7.64)
oN ve) oMY
oN® oM™ +¢;)
[(oa ag. + 00’ v 2 nills =0, (7.66)
aN® +¢5) oM
(o s )nills = 0, (7.67)
on®  omV  om?
[(ca +oa + K nglls =0, (7.68)

E; 0&; 9&;
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ynills; =0, (7.69)

oN® oM@ o™ +¢))
J 2777 J T\l —
B¢, + o« 7, + K o, Jnills = 0. (7.70)

[(ca

A striking correspondence is observed between these interface conditions and the governing
equations (7.28-7.37). As a matter of fact, the same interface conditions can be derived by

simply applying divergence theorem on (7.28-7.37) across the interface.

7.2.3 Boundary conditions

The boundary conditions of the unit cell problem are considered in the following way.

Suppose on the macroscopic material, the following boundary conditions are applied

¢(0a$27x3) = h1($27$3)7 (771)

¢(L17$2>$3) = h2($2,x3), (772)

where 0 and L; are considered as the two ends along x; of the macroscopic material, h; and
hi are given distributions of potential on the corresponding boundary. For (7.71), if we use

asymptotic expansion of ¢(0, x2,x3), we have

1 99
TO)(0, 29, 23) O
1 o7 (0)

¢>
+77N (0 52763) )(071’271’3) ot |(0 x2,23) +77N (O 527&3) |(0 x2,23)

$0(0, 2, 23) + NN (0, &, 63) =

oT0)
_H?N (0 523 53) |(0 2,%3) + ..

~ hl(xg,xg), (773)



meaning hj are asymptotically approached by the series. For (7.72), similarly we have

85

1 90
©O(r, N

¢ ( 1755271'3) +n ( ’52753)1—'(0)([41,.%2,1'3) 61’1 |(L1,a72,a73)

@ 1 oT®)

+ N 9 9 xI2,T

n ( 52 53) )(L17x27w3) Ot (L1,x2,73)

90
+ N ( 762753) ¢ | (L1,22,23)

T(O)
+ N(4)< 752753) ’(L1,:C2,:C3) + ...
1 8¢
O (L N

= ¢O(Ly, 29, 23) + nND(0, &, &) = TO(Ly. 79.25) O |(L1,20,23)

1 oT©

+ N 0, &, To,T

! ( & 53) O)(Ly,z9,73) OTi (ta.2s

0({) (0)
( (0 52763) | (L1,22,23)

T(O)
+77N(4) (0 &2, 53) |(L1,x2,$3) + .
~ ho(xg,x3), (7.74)
because N ( ,€9,83) = J)(n1,§27§3) = Ni(j)(o,ég,fg) due to the periodicity of Ni(j),

where j =1, 2, 3, 4, and ny being integer number. So if we require

ND(0,6, &) =0, (7.75)

the macroscopic boundary conditions are streamlined as

¢0(0, 23, w3) ~ I (2, 73), (7.76)

SO (Ly, w9, 23) ~ ha(w2,23). (7.77)

For the same reason, we also require

ND(€1,0,65) =0, (7.78)
NI (&1,6.,0) = 0. (7.79)
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For the boundary conditions on temperature, we can similarly obtain

MP(0,62,63) =0, (7.80)
MY (£1,0,€3) =0, (7.81)
MY (€1,65,0) = 0. (7.82)

Thus, we have equations (7.75) and (7.78-7.82) as the boundary conditions for our unit cell

problem.

7.3 Homogenized governing equations of thermoelectricity

With the governing equations, interface conditions and boundary conditions, the unit cell
problem is fully formulated and if it is a correct formulation, Ni(l) ~ Ni(4),Mi(1) ~ MZ-(4)
can be solved together, and (7.26-7.27) will give us the right expression for v(D. From the
Existence and Uniqueness theorem, a v(!) that satisfies equation (7.16) is the real solution
of the equation. We will save the detail of numerical solution of the unit cell problem for the
next section. Here we assume that the problem is correctly formulated and the solutions

are obtained, so that we are ready to derive the homogenized governing equations that

determine the macroscopic distribution of fields of temperature and electric potential.

To this end, we substitute (7.26-7.27) into (7.17) while also apply (.) operation on the
two sides. Attention is called into the fact that
1 8f

_ ) o ge el
)= ; 8gid&—f!o—O, (7.83)

of
(%,

for some 1-periodic f, so that from (7.17) we have

0 ol 9y 0 oD 9
(G PG + G + G By (G + ) =0 (7.8

We then plug in (7.26-7.27). For simplicity, at the moment we only consider p = 1 such
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that we have

o 6NJ§1) 8M](1)> 1 99
oN?  oMP 1 9T
+oa )=
0&; 0¢ "1 Ox;
B(NJG) &) +oa 8MJ(3) 9pl”)

ONY oMY + &) oT )

%, +oa o, ) oz, ]=0. (7.85)

+(o

+(o

+(o

In the above equation, the terms in the angular bracket are recognized as constants, and x
is the only spatial variable remaining, so we have actually derived a homogenized governing
equation that governs the macroscopic field ¢(® and T, And the terms in the angular
bracket are interpreted as effective properties for the composite material. With organization,

(7.85) becomes
21 > = Oa (786)

where

M, BF0© @, ADF0) o7
I i N i e (7.87)
& T(0) O T(0) dxj’

is the macroscopic current density with effective properties

o) onyY oMy

G} = (o +oa—pd), (7.88)
GZ(]?) = <aag€2)+aaag€2)), (7.89)
o = <08(Nf;)€fr€j)+maz£3)>’ (7.90)
@ = <0318\g*)+ma(M]:;+gj)>_ (7.91)

Plugging (7.26-7.27) in (7.84), and considering j = 2, we get

9, ), _
. (@) =0, (7.92)
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which is the other homogenized governing equation, and

W) = DTGP0+ Y + X + KD

(1) 4(0 (1) (1)
G/ + XH + K;;) 96©

+ HPTO+ 6060 + BE + xHYD + K)

T(O) a:(}j

G0 + XHY + K oT0)

70) ox;

is the macroscopic energy flux with more effective properties

7.4 A variation of unit cell problem: pseudo 2D/3D case

oN?Y omY
+ o«
0&; 0&;
aN? oM
J 2 J
e Y og )
0 6
0&; 0
oy oMY +g)
9&; 0¢;
an(”
0&; )
aMf)
0&;
oM
oMY +¢5)
&

2

(o

(o

(o )

);

(o

(K

(K

);

(K

(K ).

¢
&rj

o1
a.CCj

(7.93)

(7.94)

(7.95)

(7.96)

(7.97)

(7.98)

(7.99)

(7.100)

(7.101)

So above we have discussed the way of applying asymptotic method to thermoelectrics

mainly in a general sense. There is one special case that is probably of more practical

importance, which is the so-called pseudo 2D /3D case, shown in Figure 7.2, in which, a

macroscopically homogeneous composite material is subjected to temperature and potential

differences on the two ends along x1, whereas along x2 and x3, no macroscopic difference
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Macroscopically homogeneous 1D

Microscopically heterogeneous 3D

Figure 7.2: The schematics of the pseudo 3D case.

can be observed.
With pseudo 3D, it is not hard to see for macroscopic current density and energy flux,

there is
(gy)) =0, (7.102)

for ¢ = 2,3, which suggests there is no overall exchange between neighboring cells in lateral

(0)

directions. As for g, p (without averaging), which depends on £ in addition to x, we have,

for instance,

qz'(/()))(51707§3ax) = qz(g)(fh 17537}()7 (7103)

by periodicity, then the flux normal to the boundary will be qég) (&1,1,&3,x) and —qé(;) (£1,0,&3,%),
meaning one flowing-in, and the other flowing-out. Assuming symmetry is present such that
fluxes on the opposite boundaries mirror each other, due to symmetry in the unit cell struc-

ture, then the only possibility is

0 0
Q£p) (‘517 07 63’ X) = qép) (517 17 537 X) =0. (7104)
So we see by periodicity and symmetry, the condition (7.102) can get to point-wise

q§2) (&, x)n; =0, (7.105)
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for € at the lateral boundary of unit cell, where n is the outward unit vector normal to the

unit cell boundary. That means a chain of cells along x; can be treated individually.

Due to the particularity of pseudo 3D analysis, the asymptotic expansion of vy is modified

as

vp(a1,&) = o) (x1) + 1oy (21, &) + vy (21, &) + o (7.106)

and (7.16-7.17) become

I R ol oD, OB vl
p 0 1 Y O C Y0 p9< ,,(0) ‘
AT R U o Rl o o R A P L
i[ aLé(F)]_Fi[E (0)8”?)] __i[ 8”51)]
o8 " o o&; P8 o, 06" o
o o a9 o)
— 1D 0 0 — 2 IE 1=7¢
8:61[ 2 &1 * x4 ) 8&[ P8 o&; ]
(0) €] 1) (0)
0 w9 (9% 9 0 90" | 9y
——|F - —|F . .
8&-1 [ p@((v 3:E1 + UG 8$1 )] axl [ pﬁgvo ( agl + axl )] (7 108)
So the hypothesized v(1) are accordingly modified to
(1) (1) 1 3¢) 2) 1 o170
U1 - Nl (6) T( ) _ X 8951 + N (E) T(D) - X 8$1
®) 602" @) TV
o) 1) L 92 o 1 o1
= M - -
3) 90 @ o170
— 4+ M _ .



And then we have the governing equations of the unit cell problem

o oNW oM™

) oNY o oMM
a—gi[XUoz 2%, + (Xoa” + k) 2%, |=0,

@) )

8 . ON! oM®
96" ag, T o 170

0 onN? o oMm®P
F&[Xoa o6, + (Xoa“ + k) 2%, | =0,
i[00478(]\[1(3) &) oa? LM}ES)] =0
0&; 9&; 0&; ’

o oNW LMY +¢),
a—gi[aa o, oo 78& |=0,

(3) (3)

e SR

o . oNWY oMY am®
8—&[004 2%, +oa 7%, + K 2%, |=0,

o oNW oMY + &),
oe " oe T a0

0. on? oM oY +e),
a—gi[aa o, + ox 9%, + K o, ]=0,

and interface conditions

[(aagg) + aaaggl) il = 0,
[(Xaaagg) + (Xoo? + k) ‘”ggn I [—
uﬁgj) + aa""gf)mnz ~0,
[(Xaaagg) + (Xoa? + k) 8245122) S [—

3 3
78(]\[1( &) UOZL?MI( ))nin =0

(o058 0¢;
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(7.111)
(7.112)
(7.113)
(7.114)
(7.115)
(7.116)
(7.117)
(7.118)
(7.119)

(7.120)

(7.121)

(7.122)

(7.123)

(7.124)

(7.125)

(7.126)



92

ony oY &)

[(oa ot 5, )nills =0, (7.127)
[(aa(Nl(;)g;L &) 4 oa 816\)45{3) )nills = 0, (7.128)
[(aaaggl) +oa? 8];21) + nagf) nils = 0, (7.129)
(o agg‘) + Gaa(]wl(;:_&))niﬂg —0, (7.130)

oN? o o + &)

For the consideration of boundary conditions of the unit cell problem, we suppose on the

Ynills = 0. (7.131)

(o0

macroscopic material the following boundary conditions are applied

¢(0) = ha, (7.132)

¢(L1) = ha, (7.133)

where h; and ho are specified electric potentials on the two ends of the macroscopic material

0 and L; along x1. As what has been done previously, we will still get
ND(0,6,85) = 0, (7.134)
where j = 1,2,3,4. Similarly, for the boundary condition of temperature, there is
MP(0,&,8) =0. (7.135)

On the lateral directions, we have the Neumann type boundary condition of (7.105). To be

specific, we have

(1) 1) (0)
Zq)) _ (08]\71 n UaaMl ) ~1 d¢
0§, 0% "T0) Oy
oN?  am® 1 aT® NP 1g)  aM® ap®
o 9&; Foa i )T(U) Ox1 Tl 9&; Foa i }396‘1
(4) (4) 75(0)
+[06N1 + o2 +5l)]8T (7.136)



Then due to (7.105), the following boundary conditions

ony”  omV

(o % + oa T Jn2l(e;,0.65)

Ny oM

_(U O€; +JO‘T£§))”3’(§1,§270):0’
O ou
(o 9%, +004T§2)”2\(£1,0,53)
O o

J— 71 pr—
= (o D€ toa Os )n3|(§1,£2,0) 0,

o +&) oMY
(O_T—{—O‘Oz ¢, )”2|(£1,07£3)

Y re) o omP _
- (J 6&3 —|—0'Oé 853 )n3’(517§270) _0’

ONW oM@ +
(o 8512 +oa ( 1(%2 51))”2\(»51,0,53)
oN™Y oMW + &)
= (0 5513 +oa 1853 )n3‘(517§2,0) =0,

are required on the lateral directions. Similarly, from ql-(g) we have

o) oMW

(/@ng)nz‘(&@,é:a) = (RTé})ngkghg%O)
o oM@

(n= g, )2l @0e) = (55 —Inslie ea0) =

on® on

(”T&)nﬂ(ﬁho&) = (K O )n3|(517£2,0) =

oMY + &) oM™ + &)

(k

06, )n2|(51,0,£3) = (”T)n?’k&@m =

=0,

0,

0,

0.
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(7.137)

(7.138)

(7.139)

(7.140)

(7.141)
(7.142)
(7.143)

(7.144)
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Considering (7.137-7.144) altogether, it is required

oM oM oM
O, ‘(&,0,{3) = 9&s ’(51,063 = Iy ‘(51,0,53)
_ oM + &), _ oM _ov?
a& (€1,0,€3) Iy (€1,0,63) O (€1,0,€3)
Dy (€1,0,€3) Dy (€1,0,€3) )
awd”| __amq”| _amﬁ$|
Os (£1,62,0) — OE; (£1,62,0) — OEs (£1,€2,0)
:amd”+ﬁﬁ :aNP‘ :aN@‘
dE; (£1,62,0) ds (£1,62,0) ds (£1,62,0)
N &) oN{

o T‘(&,éz:o) - T&kglvf%o) =0,

or in short,

ov
9%

is required at the lateral boundaries, where

n; =0,

v=|u® M? u® MO 4q NO NP NP 1g NP

Finally, the homogenized governing equations in pseudo 3D are

d

@, (0)y
diy <Q11 > 0,
d ., () _
dr; <CI12 ) =0,
where
( (0)> B GO + G310 40 n G® 4+ gWTO) g7
i/ = Tm da 70) dm’

@9>:(H@ﬁwHw%@+ HO £ XHO + k&)

GWepO® 4 xHD + K1) gp0)
T(O) dxl

bOEHOTO 4 gD 4 g® L x W 4 )

G@p® 4 XH® 4 K@ g7
f(O) dl‘l ’

dT(©)

(7.145)

(7.146)

(7.147)

(7.148)

(7.149)

(7.150)

(7.151)

(7.152)



with effective properties

<06NF>+UaaAﬁ”>
061 o0&
N> oM
(o 9 + o 2%, )
PO 6 o
06 o0& "
ony?Y o+ &)
(o 9 +0a78§1 )
(1) (1)
ON L, OM!
e T g
N> ,oM?
(o 9%, + oo 2%, )
a8 200
06 o0& "
ony?Y o + &)
(ca 96 +0o %, )
(1)
(w2
061
2)
(w27
&1
3)
(M
&1
</$6(M1(4) + 61)>
06 '
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(7.153)
(7.154)
(7.155)
(7.156)
(7.157)
(7.158)
(7.159)
(7.160)
(7.161)
(7.162)
(7.163)

(7.164)

It is worth comparing (7.151-7.152) with the macroscopic current density and heat flux

in 1D, which are

Ju

Vi 70) dx
E0® + %Tv(o) + $X dp©

1 dp®

Vs 1 dTO©

Vi TO) dx

_|_

T(0) dx

2 ~ 2 ~
Vg 4 (Y- < Ls1)T0) 4 Yy g7i(0)

(7.165)

T(0)

7.166
—, (7.166)

where V71, V3, X are constants, and can be calculated by (7.48-7.51). Clearly pseudo 3D

results are significantly more complex. By using 1D equations (7.40-7.47) for N M) ete. for
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the calculation of effective properties, it is verified that (7.151-7.152) will recover (7.165-
7.166).

Compared to 3D problem, pseudo 3D can be understood as a simplified version where
the subscription of N, i(j ) and Mi(j )is limited to i = 1. There is virtually no difference between
3D and pseudo 3D in unit cell problem formulation, except that on lateral boundary pseudo

3D has Neumann type boundary condition (7.147).
7.5 Summary

In this chapter, we applied asymptotic homogenization method on 2D /3D thermoelectric
composite with nonlinearly coupled transport of heat and electricity. The unit cell prob-
lems, both for general and pseudo 2D/3D cases, are established, which are to be solved
numerically. The 2D/3D homogenized thermoelectric governing equation that governs the

distributions of macroscopic temperature and electric potential are also established.
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Chapter 8

ASYMPTOTIC ANALYSIS OF TWO-DIMENSIONAL
THERMOELECTRIC MEDIUM II: NUMERICAL SOLUTION

8.1 Introductory remarks

For the unit cell problem represented by the governing differential equations (7.28-7.37),
interface conditions of (7.59, 7.61-7.70), and boundary conditions (7.75, 7.78-7.82), or the
pseudo 2D /3D problem presented in Section 7.4, it is generally difficult to find analytical
solutions due to the complexity of the 2D /3D multi-phase structure. As a result, we applied
Finite Element method 99191 to find the numerical solutions.

In Section 2, the concept and general knowledge of Finite Element method is introduced,
with more details for 2D triangular element given. In Section 3, the particularity of our
problem presents more difficulty, and the strategy is discussed. In Section 4, numerical
results are provided, both for verification case and for 2D calculations. In Section 5, the

summary for this chapter is given.

8.2 Finite Element method

8.2.1 General knowledge

Let’s consider a problem formulated with the following differential equations and boundary

conditions
0 ou
@[Aia‘(x)%j] =1f(x), x e, (8.1)
u=1u, x €1}, (8.2)
ou o

where A;; (i,j = 1,2,3) are given n x n matrix-valued functions of material properties,
f is a given n-dimensional vector function. The required n-dimensional variable u needs

to satisfy equation (8.1) inside the domain €2, and on boundary I'; the Dirichlet boundary
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condition (8.2), and on I's the Neumann boundary condition (8.3), where @ and q are given
n-dimensional vector functions, and 0€2 = I'y 4+ I's is the whole boundary of €.

We can equivalently formulate the problem using the following integral form,

Ju Ou
T'x £]dQ Tx)(Aij=—n; —q)dl
VI (A g~ a0+ [ VI (Ay S~
+ | VIix)(u-wdr =0, (8.4)
I

(8.4) should be valid for any arbitrary n-dimensional functions of Vi, Vg, V3, here the
superscript T’ denotes transpose of the vectors. By divergence theorem, the first term of

(8.4) can transformed

0 ou
T~ il W
/ Vi [8% (Aij 8xj) £1d)

:/ai(vlTA-~8“)dQ— OV 5, Ou a0 - /VdeQ
Q i

Y O, ox; g Ox;
Ou ovT ou
= TAz jdl — Az Q- / Tf . :
/89V1 ja n;d 8$Z Jax]d QVI d (85)

Plugging (8.5) into (8.4), and using Vy = —V; without loss of generality, we have

ovT ou
LA
o Or; J Ox;

——dQ) - / VifdQ+ [ VIA,; Ou —n;dl

]
r, d;

+ [ vIgdr+ [ Vi(u-u)dlr=o, (8.6)
o Iy

which is the weak form of (8.1-8.3).
Suppose the field variable is to be approximated by the following

uru' =3 Naj, (8.7)
=1

where a; are parameters to be determined, N; (i = 1,2, ...,m) are some given complete and
linearly independent function series. Suppose (8.2) on I'; is strictly satisfied when we do

the approximation, whereas for (8.1) and (8.3) we have

9 . O(Ngay)
P e
O(Nyay)

AUT%]T% —-q= ﬁ, x € 'y, (89)

|- f=R, x€Q, (8.8)
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where R and R are known as residuals. We use the approximation (8.7) in (8.4) and choose

Vi = Wy, (8.10)
Vo =Wy, (8.11)
where Wj, and Wy, (k= 1,2,...,m) are some spemally chosen functions, we have
N
/ W7 (x UM) — £]dQ
z 856]'
= N
+ Wf(x)(Aiij —qdl =0, 1=1,2,....m (8.12)
Ty 8:15]-

which gives us a system of m equations to solve for ai. (8.12) can be interpreted as averaging
out the residuals over the domain, and this method is known as Weighted Residuals method.

Especially, if we choose

W, = Ny, (8.13)

W, = —Ni, k=1,2,..m (8.14)

we have Galerkin’s method. So the idea is to establish a mechanism to approximate the
field variable using the description of (8.7).
The finite element method can also be formulated equivalently from variational point of

view, where a functional

ou ou

is defined, in which u is field variable, F' and E are some operators. The functional II is so
defined such that the value of u that satisfies (8.1-8.3) corresponds to the stationary value
of II with respect to small variation of du. By invoking the stationarity of II, from the

approximation of (8.7), we have

oIl o1l o1l
ol = —6 —0 dam, = 0. 1
By a1+82(12+ +8ama 0 (8.16)
Because the arbitrariness of da;, we have
11
Zai =0,i=1,2,..m, (8.17)

which constitutes a system of equations that we can use to solve for a;. This is called Ritz

method.
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(a) (b)

u(x,,y,)=u,

u(x,,y,)=u,

u(x,.y,) =1,

Figure 8.1: An example of (a) a 2D finite element mesh, (b) a 3-node triangular element.

8.2.2 2D triangular element together with Galerkin method

The foregoing descriptions on the asymptotic analysis and numeric calculation are so general
such that it is applicable to both 2D (spacial indices taking values of 1, 2) and 3D (spacial
indices taking values of 1, 2, 3). But from here on, we are confining our finite element
calculation into 2D due to the relatively simple implementation. The extension of finite
element method implementation from 2D to 3D should be straightforward, and conceptually
they should be the same.

Specifically we consider 2D triangular 3-node element as shown in Figure 8.1(b), where
the value of some field variable u on the element is assumed to be linear with respect to the

spacial coordinates

u = B1 + Box + B3y, (8.18)

in which, B1, B2, B3 are coefficients that will be determined later. With the values of u at

the three nodes, and their coordinates, the coefficients can be calculated as

1

br = gglawi+ajuj + apur), (8.19)
1
1

Bs = —=(ciui + cjuj + cpug), (8.21)

28
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where S is the area of the element with

Iz oy
25=1{1 z; vy | (8.22)
Iz
and
a; = TjYk — TkYj, (8.23)
bi = Yj— Yk (8.24)
¢ = —xj+ag (i,5,k), (8.25)

where (7, j, k) denotes the index permutation of i — j, j — k, k — 4, so that (8.23-8.25)
apply to all the coefficients. By substituting (8.19-8.21) into (8.18), we have

u:Nfui—l—Njeuj—}-N,fuk, (826)
where
e 1 .
Nf = g(ai + bix + ¢y), (i,7,k). (8.27)
Ni, N7, Ni are known as shape functions, and they satisfy
Nze(xzayl) = 1’ Nze(xjvy]) = 07 Nie(xkuyk) = 07 (/L'vjv k) (828)
Also at every point on the element, there is

Nf+ NS+ Nf = 1. (8.29)

If we replace scalar field variable v with n-dimensional vector u, the foregoing procedure

still applies, and (8.26) becomes
u = Nju; + Nju; + Npuy, (8.30)
or

u=NTu (8.31)
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where
. T
wo= (ol wl o], (8:32)
T
N = [Ne N NG| (8.33)
and
1 0 0 0
010 0
001 ... 0
Nf§ = Nf o . = N1, (i,4,k), (8.34)
00 0 ... 1

n

the superscript T' denotes transpose of the matrix.

For a domain that has been discretized into pieces of such triangular elements with a

total of m nodes, similar to what Figure 8.1(a) shows, we organize all the node values as
T
w = [uir ul uﬁ} , (8.35)
analogous to (8.31), we have
u=NTy, (8.36)
where
T
Ne — [Nl Ny - Nm] : (8.37)

here N etc. are values defined on the whole domain, they have different formulae inside

different elements. Inside the element with nodes of i, j, k, u® can be converted from u® by

u® = Gu’, (8.38)
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where

1 i J k m
0 I 0 0 0
G=|o0 --- 0 --- I - 0 --- 0]. (8.39)
0 0 0 I 0
From (8.31), we have
u=N"Gu® = N“Tu?, (8.40)
with
~ T T
N=G'N¢=1g ... N¢ ... Nj o N§ 0} . (8.41)

Here in contrast with N¢, N¢ is defined on the element of ijk. The definition of N¢ for all
elements inside the domain constitutes the definition of N%. We use u of (8.36) defined on

the whole domain, in place of the approximation u* in Galerkin’s method. From (8.12), we

have

8NT NaT a NaT a

- Ly, 20 )dQ—/NledQ+/ NT A, 2T o
Q 8:751 8SU]' 0 Iy an
+ [ N/@dar=o0,1=1,2,...m (8.42)
1)
or
Na NaT
— 8Az-jauadQ—/NafdQ—i— N%qdI' = 0. (8.43)
Q 8%2 8xj 0 s

In the latter equation, we have chosen N®|r, = 0 so that

NaT a
I a$]

term disappears. We can do this because on the boundary I'y, the Dirichlet type boundary

condition u = W has already been strictly satisfied. Equation (8.43) are reorganized as

K*u® = P, (8.44)
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with
ONe  9NeT
K = — A, —dQ, 4
Q 0@ J al‘j (8 5)
and
P = N“qu—/NafdQ. (8.46)
Ty Q

(8.45) is simplified as

. 8N“ ONeT
K = Z/e 0x; Aij 8x'd9’
Ox;
= Y G'K‘G, (8.47)

e

Ne NeT
_ Z/ G.T‘9 Ay —GdQ,

with

Ne NeT
koo [ Ny, 0

ij———dSL. 8.48
Qe a$z J 81‘]' ( )

So the overall matrix K is assembled by combining all the elemental matrices K. From

(8.33), we have

ON® [ sne oNe  one 1T
or [ ra 8ac] 6xk ] ’ (849)
From (8.34), we have
ON§  ONf b;
L= T1= 21, (i,j,k). (8.50)

dr o 29
Similarly, we have

ON¢  ON¢. ¢ .
LI U I = —I ]{J . . ].
oy 9y 5ql (i,7,k) (8.51)

If we assume isotropic materials such that A;; = Ad;;, from (8.33, 8.50, 8.51), (8.48)

becomes
Ki Ki; Kj
e __
K°=| K5 K K% | (8.52)

e e e
Ki, Ki, K
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where
ON¢ oON¢ oON¢ oN¢
K¢ = PA— 1 PA—9)d0
pa /Qe( ox Oz + Oy oy )
bybg + cpe ..
= %Av p,q= 17.77 k (853)

From (8.46), P® has two components, one inside the body, the other from the boundary

condition. Especially, if we have f = 0, (8.46) becomes
P = Y| N"qdl
e 15

= Y G" | Negdr
e Fe

2

= > G'P-, (8.54)

where
Pe = Ne€qdl. (8.55)
I3
So like K?, P is obtained through the calculation of the element values of P¢. From (8.33),
(8.55) becomes

P{
Pc = P¢ |, (8.56)
Py
where
Py = Nfqdl’
rs
= Nieadra (Za j’ k) (857)
I3

For the purpose of illustration, suppose the element ijk has the edge ij on the I's boundary,
as shown in the Figure 8.2, where the length of edge ij is . We use the local coordinate s

that is measured from node ¢, and along ¢j. It can be determined that

Né=1—

s
! l

N¢ —

s
i

. Nf=o. (8.58)
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—

Figure 8.2: An example of an element ijk with its edge ij on the boundary where Neumann
boundary condition is applied.

Based on (8.58), we have

P¢=P¢=_q, P{=0. (8.59)

Conceptually, we have assumed that the Dirichlet boundary condition u = u was strictly
satisfied by choosing the appropriate N to start with. Practically, this is not necessarily
the case. Rather we normally apply the u = u boundary condition directly onto the overall
equation system (8.44), and there are two cases. First, supposed we have uf = 0 as boundary
condition, we update (8.44) by modifying the [-th row and [-th column of K and [-th row
of P? as the following

1 2 l m
K Kiy - 0 - Ki, | |uf =%
Ky Kg -+ 0 -+ Kj, Ug Py
= |. (8.60)
0 0 1 0 uj 0
Ko Ko 0 - Kin| |um Py,

On the other hand, if we have uf = uf as boundary condition, we update (8.44) by modifying



the [-th row of K® and P® as the following

1 2
Ky Ky
K5 K3
Ky K
Kmi Ko

where p is a giant number. So the [-th row is approximately

or

l
K1)
Ko

pKG

a
Kml

uj = uy.

Ka

1m

Ka

2m

K(I

lm

Ka

mm

a, a a=—a
pKju) =~ p Ky,

u

a
um
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, (8.61)

(8.62)

(8.63)

So we have the linear system (8.44), and have updated it using the u = @ boundary

condition. It is ready to be solved to give us the nodal result of u®. From there, according

to (8.36), the field of u can be determined, and then g—;‘i if it is required. The solving of the

linear system can be carried out by Gauss elimination or other optimized algorithms such

as LU decomposition.

8.3 Solving four fields from five equations

We are ready to solve the problem represented by the governing differential equations

(7.28-7.37), together with corresponding continuity and boundary conditions, or the pseudo

2D /3D problem presented in Section 7.4. Further examination of the problem reveals two

sub-problems that can be solved individually, and each sub-problem consists of five equa-
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tions, and the corresponding interfacial and boundary conditions. To be specific, we define

where

0 0 o oo |,
0 0 oo oo’
2
oo oo 0 K

5O - NP 6

N®

(8.64)

(8.65)

and we are confining the calculation as to the case where the subscription j = 1, for j = 2

calculation can be similarly carried out. So one of the sub-problem can be characterized as

/

Similarly, we define

where

Z(A%) =0,

ae, (A e, e,

[u]|s =0, [A%ni”E =0,

T

9

U(Owﬁz):[o 0 0 O]T,
|

u(1,52):[0 01 0

u(§1,0)=u(§1,1)=[0 0 & o]T.

N® ]
M
N

M

MY = M + €.

(8.66)

(8.67)

(8.68)
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So the other sub-problem is characterized as

( ~
6%(Ag§lt):07 5697
Gl =0, [Afnils =0,
T
ﬁ(&&)z{o 00 0] : (8.69)
T
ﬁ(l,&):{o 00 1] ,
T
60 =) = 0 0 0 ¢ | -

The two sub-problems are so similar to each other that if we can solve one of them, we can
solve the other. Thus for the following calculation, we only consider the first sub-problem.

One strange thing about our sub-problem (8.66) is that in the governing equation, A is
a b X 4 matrix, and u is a four-dimensional vector, which means we have more equations
than unknown variables. But on the other hand, we have X inside A, which is an unknown
constant. So no equation is really redundant. Further, we notice that we could have grouped

Nl(l), Ml(l) together such as

N
mY

c
|

, (8.70)

and accordingly modified

A=| * ] (8.71)
Xoa Xoo?+k

Notice that the boundary condition is now ulgpg = 0, it is immediate that u = 0 is the
solution, unless the problem is singular. In the latter case, no solution can be determined.
But we know that Nl(l), Ml(l) are not uniformly zero from 1D results (7.40-7.47), so it must
be that there is a special value of X that makes the problem singular, and as a result, the
choice of (8.70-8.71) makes an incomplete description of problem. Furthermore, we can see

anything less than (8.64) is an incomplete description of the problem.
Another thing worth noting is that the third and fourth rows of A are different only by

a factor of a. In fact, they mean the same thing inside individual phases because material
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properties are uniform inside any phases, such that o can be pulled out and then canceled.

They do differ across the interface, being respectively

N oM

[(o 9%, +oa 9%, nills =0, (8.72)
and v (3) (3)
ON; 9 OM; L
[(ca 9%, + o« a5, Jnills = 0. (8.73)

But generally, a has different values for the two phases across the interface. For (8.72) and

(8.73) to be valid simultaneously, it has to be that

aﬁ(i”) 8M(3)
(O’ 861 + o« 6&1 )TLZ"€€E =0. (8.74)

Thus (8.74) imposes a strong interface condition on our problem. Considering all the special

features of our problem, a two-step approach is proposed as follows for solving the problem.

8.3.1 Step one: finding X
The grouping of (8.70) and (8.71) provides us the following problem

n(AfE) =0, €€,

08 \"T 08,
[u]ls =0, [Afni]ls=0, (8.75)
ujon = 0.

We have argued in the above that this problem has to be incompletely defined, because
otherwise we would have u = 0, which is an impossible result. So for this to be an incomplete

description of the problem, we should have K% as in
K% ® =0, (8.76)

to be a singular matrix, where (8.76) represents the overall linear system of the problem

(8.75) using Finite Element method. Or X in (8.71) should be so chosen such that
f(X) =K% =0. (8.77)

Instead of using the determinant of a matrix, we actually use

1

f(X) = cond(K) =0, (8.78)
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for finding X, where cond(K®*) denotes the condition number of K% Due to the numerical
nature of the result, we want to choose a function that can directly correlate with the

closeness of the calculated result X¢ towards the precise value X, some relationship such

as
If (XDl < |lF(Xe2)ll, if and only if [[Xo1 — X|| < [[Xe2 = X, (8.79)
where ||.|| means a norm, of the enclosed values. For that matter, condition number makes
a better candidate than determinant. Condition number of a matrix A is defined by 192
cond(A) = || A7 [|A]] (8.80)
where ||.|| means norm of the enclosed matrix. Especially, the matrix norm subordinate to
the two-norm of vectors is
|A[l2 = 01(A), (8.81)

in which, 01(A) is the largest singular value of A. For any matrix, there is cond(A) > 1. A
well conditioned matrix has a condition number of order unity. A bigger condition number
generally means a more ill-conditioned matrix. From (8.80-8.81), cond(A) can be calculated

as

cond(A) = (8.82)
where 0,(A) is the smallest singular value of A. We can use the algorithm of singular value
decomposition for the calculation of o1 (A) and o,(A).

8.3.2 Step two: solving field variables

In the second step, we modify (8.64) as

o oo 0 O Nl(l)
Xoa Xoo’+k 0 0 MY

A= cou=| ] (8.83)
0 0 o o« Nl( )

oo oa? 0 =~ Ml(?’)
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Figure 8.3: An example of a unit cell problem defined on the full unit cell.

Essentially, we removed the fourth row of (8.64) to make A as a square matrix. The value
of X calculated in the first step is used here. So the Finite Element method can be applied
to the problem represented by (8.66), see Figure 8.3. It is expected in the overall linear

system of the problem
K%u® = P, (8.84)

there is |K%| = 0, because of the way we have chosen X in step one. We then extend (8.84)

to get
K pe
u’ = , (8.85)
K?nt Pgnt

where K¢ ,u® = P¢ , are equations derived using the interface condition (8.74). The in-
clusion of these interface condition equations would make the problem complete, and u®
solvable from (8.85). Note that in (8.85), we have more equations than variables. For the so-
lution of such over-determined system, we would need the least square method to minimize
the sum of the squares of the errors made in the results of every single equations.
Depending on the structure of the unit cell, the problem of (8.66) can be reduced to

simpler problems. Suppose the unit cell has symmetry in the structure similar to Figure

8.3, we can simply do a translation on the coordinate system to get Figure 8.4(a), where the
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Figure 8.4: An example of a unit cell problem defined on (a) a full unit cell which is
symmetric in structure and has the coordinate system offset to its center, and equivalently
on (b) a quarter of the unit cell due to the symmetry of the system.

coordinate system is offset to the center of the unit cell. From the symmetry in the system,

we can conclude that the field u is symmetric with respect to £ axis, and anti-symmetric

with respect to & axis. Thus, we can replace the original problem by an equivalent problem

on a quarter of the domain. For example, we can use the upper right quarter of the domain,

and re-define the problem as

see Figure 8.4(b).

0
23

ou
0&;

(A

[u]]s

)=0,

=0, [AZ%n)s

£,

=0,

U(O,éz)z{o 0 0 O]T,

u(0‘57 52) =

HSu —
652 (51 70) -

u(é1,0.5) =

|

: T (8.86)
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r T
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8.3.83 Modification on step one

We have described the way of solving equation of (8.78) to find X in a somewhat simplified
fashion. There is actually more intricacy such as whether the X that satisfies (8.78) is
unique, and how to determine the correct X if it is not. To fully understand it, we return

to (8.75). This time, by exposing X, we get
K% = (K{ + XK5)u® =0, (8.87)
as the overall linear system of the problem. Since the idea is to find X that makes
IK{ + XK35| =0, (8.88)
this is actually equivalent to the generalized eigenvalue problem
Ix = —XKix, (8.89)

where K{ and K9 are matrices, —X and x are eigenvalue and eigenvector that make the
equation hold. For such a generalized eigenvalue problem, we know that there are n eigen-
values (including duplicates) in total, given that K and K¢ are n x n matrices. (8.89) can

be transformed into
Ix = — X 'K{x. (8.90)

These two forms are equivalent theoretically, however, numerically one form may be more
favorable than the other in terms of convergence of the results.

As part of the guess of the expression of v(1), see equations (7.26-7.27), our Existence
and Uniqueness theorem requires the correct X should be unique. Imaginably, wrong pick
of X, after plugging in (8.83), would make (8.84) unsolvable (we are relaxing ourself by
assuming that (8.84) is a complete system). But again, because we use least square method
to solve the over-determined system of (8.85), no matter what choice of X, least square

method will always converge at a result. The best we can do is to compare the residual

P K¢
R = — u®. (8.91)
P?nt Kfilnt

Conceptually, out of all the plausible X, the correct choice should result in the minimum

residual, quantified by comparing the norms of vector R.
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8.3.4 Normalization of values

In numerical calculations, it is sometimes beneficial to normalize the parameters. For exam-
ple, instead of o, we may want to use the normalized value of @ = &, where ¢ is characteristic
value of a. To put forward a proper scheme for keeping track of the normalized values and
units, we need to look into the governing equations. We first look at equation (7.34), which,

using normalized values, becomes

AN 1 ¢ om®
;2[8@(](%@ + Goad 85 ] =0. (8.92)

(7.34) is special because N ;3) +&; is dimensionless and thus cannot be altered. As such, the

normalized version of (7.34) must be

53 TH3)
o ONY +¢) oM
a—é[ajafj—i—aa ag =0, (8.93)
where
NG = N (8.94)
MY = am?, (8.95)

are normalized field variables. The normalization of (7.32), (7.35), (7.28) are carried out
with respect to (8.93)

o __ONY1e) oMY

a—&[oa o, +oa 2%, ]=0, (8.96)
A Vi) 173
0 MaNj AA?@M]. Aan
67&-[00[ %, +oa 5%, +r 5%, =0, (8.97)
o _oNY oM™
O =Y ST
8&[0 2%, +oa 5%, |=0, (8.98)
where
..2
v 7Y (1)
NP = TN, (8.99)
..3
v g, ()
MY = Zom®. (8.100)

From (7.29), we get
9 o d(X5aND)

—[Xoa

9&i

J N J _
76, 7€, + K 7€, |=0, (8.101)
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where dezM]Q) and /%M]Q) must be the same value, thus we have

. K
X=— 102
a2’ (8.102)
and we obtain the normalized (7.29)
9 - oNW oM
—[Xoa—L— 4+ (X7a® +R)—2—] =0. (8.103)

9
By the same token, we can immediately find the normalized version of (7.30-7.31), (7.33),
(7.36-7.37) as

5 ON? oM@
“l6—1 t1sa—I = 104
8&[0 %, +oa 2%, |=0, (8.104)
5 . ON? oM
—[X6a—2 X6a’+R)—21-1=0 8.105
0&[ oa o, + (Xoa® 4+ R) 5%, ] , ( )
(4) T7(4)
o __ON; AA28(Mj +¢&5)
9 e BV 1
8&[004 9%, +oa o, |=0, (8.106)
(4) T7(4)
o __ON: oM™ + &)
—6—L-+5a— ] =0, (8.107)
06 0& 0¢;
o oNY oM® oMW +¢))
—[ca—2 a2 —2 r— = 8.108
967 e T g TR g 170 (8.108)
where
SO
;o= N (8.109)
. .2
7@ 0t (2
M7 = —M;7, (8.110)
@ _ 1@
;o= =N (8.111)
@ @)
MY = M, (8.112)

So when we use the normalized version of governing equations (8.93), (8.96-8.98), (8.103-
8.108) for solving the problem, after obtaining the normalized field variable, we turn to

(8.94-8.95), (8.99-8.100), (8.109-8.112) to transform them to the real field values.

8.4 Numerical results

Instead of a square, our simulation is mostly carried out using a polygon as phase A, see

Figure 8.5, the main reason is that we tend to have singularity at the sharp angles. For
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Figure 8.5: An example of mesh structure for unit cell with polygon as phase A. The red
lines mark the interface between phases A and B.

that reason, fillets are preferred to sharp angles. Also fine mesh at angles is more favorable
for increased accuracy. The phase A polygon is a regular polygon with 32 sides and 32
vertices. We can change the relative size of phase A with the unit cell to have different
volume fraction of phase A. We use Ag(Pbi_ySny)mSbTes, as phase A and BipTes as
phase B, with their thermoelectric properties tabulated in Table 3.1.

8.4.1 Verification with 1D analytical results

Table 8.1: Numerically calculated values of X (x10*K) for different unit cell structures.
For polygons, the number in brackets denotes its volume fraction of phase A.

1D laminar polygon (0.126) polygon (0.197) polygon (0.284)

-2.638 -3.272 -3.527 -4.056

Calculation is first carried out on a unit cell problem with 1D laminar structure as show
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Figure 8.6: The unit cell problem with 1D domain structure, symmetry is present so that
only a quarter of the domain is considered.

in Fig. 8.6, for the purpose of verification because analytical results are available for such
1D problem. Note on lateral boundaries, Neumann type of boundary condition is applied.
Calculation of X shows an error of as small as 1077, compared with analytical value by
(7.48). The exact value of X can be found in Table 8.1. Through Finite Element method,
Nl(l)7 Ml(l), Nl(S), Ml(g)7 (and N1(2), M1(2)7 Nf4), M1(4) by grouping their corresponding gov-
erning equations and boundary conditions) are calculated, and the error compared with
analytical result (7.40-7.47) can be evaluated. Due to the similarity of the results, only a
figure of Nl(l) is included, see Figure 8.7. With field variables solved, we can also calculate
the effective properties through (7.153-7.164). Table 8.2 lists all the effective properties,
both numerically and analytically obtained. By comparing all the numerical and analytical

results, we can conclude that our Finite Element method is sufficiently accurate.

8.4.2 Values of X

We now turn to the problem of unit cell with polygon phase A. As described earlier, the
X value that make matrix K® singular is not unique, but the right X should make the
system have the smallest residual R, and we use norms for the purpose of comparison. For

all the calculation carried out, it is observed that all of one-norm, two-norm, infinity-norm
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Figure 8.7: The error of numerical Nl(l) value compared with analytical result, for the
calculation of 1D laminar unit cell. The error results of Nl(z), N1(3), N1(4), Ml(l), M1(2), Ml(s),

M1(4) are similar to this, and are not reproduced. The maximum error for all field variables
are around 0.16%.
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Approaching right, grid mesh gets increasingly finer

Figure 8.8: The X value calculated for polygon unit cell structure, for volume fraction of
12.6%, 19.7%, 28.4%. As the mesh grid gets finer, X converges. X is normalized with the
right-most value Xgy;.
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Table 8.2: Effective properties for 1D unit cell structure, both Finite Element method results
and analytical results are included.

GUO(x108KS/m) HW(x100W/m/V) KWV (x108WK/m/V)

Numeric 9.67 2.27 -3.13
Analytic 9.67 2.27 -3.13
G®)(S/m) HO(W/m/V/K) KO (x10*W/m/V)

Numeric 4.8 x 10713 7.4 x 10713 1.19
Analytic 0.0 0.0 1.19

G (x10°W/m/V)  H®A(W/m/K) K@ (x10*W/m)
Numeric 2.39 56.2 -7.73
Analytic 2.39 56.2 -7.73

GHW/m/V/K) H®(W/m/K?) KO (W/m/K)
Numeric —3.2x 10712 —6.9 x 10712 3.97
Analytic 0.0 0.0 3.97

consistently point to a value of X as having the smallest residual. As we use increasingly
finer mesh, this X converges satisfactorily, as can be seen in Figure 8.8. The value Xpgys

for the finest mesh can be found in Table 8.1 for different volume fractions.

8.4.8 Distributions of field variables

Use the X value obtained in step one, the field variables are calculated by solving unit
cell problem. Figures 8.9-8.10 show the field result for a general 2D unit cell problem with
volume fraction of 19.7%. For pseudo 2D problem, the result is in Figures 8.11-8.12. Note
only the top-right quarter of the unit cell is shown, due to symmetry, the bottom half is
symmetric to the top, and the left half is anti-symmetric to the right. All fields in both
figures have zero values on the left and right boundaries. Compared with general 2D, the

boundary constraint on pseudo 2D is less strict as there could be non-zero value on the
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Figure 8.9: The field distributions for (a) Nl(l), (b) Ml(l), (c) N1(3), (d) M1(3) for a general
2D calculation with volume fraction of 19.7%. Due to symmetry, only a quarter of the unit
cell is shown. Values are normalized, and should take the unit of 10*K for Nl(l), 108K2/V

for Ml(l)7 1 for N1(3)= 10*K/V for M1(3).

top boundary, which can be observed in the pseudo 2D result. The field results are for
subscription of j = 1, the results for j = 2 are obtained by exchanging the coordinate axes

of &1 and &;.

8.4.4  Effective properties

With field variables solved, we use (7.88-7.91), (7.94-7.101) to evaluate the effective prop-
erties. Figure 8.13 shows, as we use increasingly finer mesh, there is convergence in the
values of the effective properties. We carried out calculation for general 2D case for volume
fraction of 12.6%, 19.7%, 28.4%, the effective properties results are organized in Table 8.3.
The similar results for pseudo 2D are also obtained in Table 8.4. Note due to symmetry,

there is, for example, Gg) = G(l)éij for GZ(JI-). So only moduli such as G need to be
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Figure 8.10: The field distributions for (a) N1(2), (b) M1(2), (c) N1(4), (d) M1(4) for a general
2D calculation with volume fraction of 19.7%. Due to symmetry, only a quarter of the unit
cell is shown. Values are normalized, and should take the unit of 1V for N1(2), 10K for

MP | 1074V/K for NV, 1 for MY,
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Figure 8.11: The field distributions for (a) Nl(l), (b) Ml(l), (c) N1(3), (d) Ml(g) for a pseudo
2D calculation with volume fraction of 19.7%. Due to symmetry, only a quarter of the unit
cell is shown. Values are normalized, and should take the unit of 10*K for Nl(l), 108K2/V

for MV, 1 for N 104KV for M.
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Figure 8.12: The field distributions for (a) Nl(z), (b) M1(2)7 (c) N1(4), (d) M1(4) for a pseudo
2D calculation with volume fraction of 19.7%. Due to symmetry, only a quarter of the unit
cell is shown. Values are normalized, and should take the unit of 1V for N1(2), 101K for

MP | 1074V/K for NV, 1 for MY,
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Figure 8.13: The effective properties calculated for polygon unit cell structure, for general
2D calculation and volume fraction of 19.7%. As the mesh grid gets finer, effective properties
converge. Effective properties are normalized, and should take the unit of 10°K.S/m for
G, 10°W/m/V for HY, 10°WK/m/V for K1 10°S/m for G®), 10°W/m/V/K for
H®)  10*W/m/V for K®),

considered.
8.5 Summary

In this chapter, the unit cell problems derived in the previous chapter for 2D asymptotic
analysis of thermoelectric composites are solved numerically by Finite Element method.
With the satisfactory convergence of the results of the field variables, the 2D homogenized

thermoelectric governing equation is validated, with its effective properties determined.
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Table 8.3: Effective properties for polygon unit cell structure and general 2D calculation,
for volume fractions of 12.6%, 19.7%, 28.4%.

GO (x108KS/m)  HD(x10°W/m/V) KW (x103WK/m/V)
12.6% 2.26 0.547 -0.822
19.7% 3.53 0.860 -1.33
28.4% 5.17 1.28 -2.04
GB)(x10%S/m) HO)(W/m/V/K) KB (x10*W/m/V)
12.6% 8.67 17.3 0.252
19.7% 7.52 15.0 0.377
28.4% 6.33 12.7 0.506
GO (x10°W/m/V) H®(W/m/K) K@ (x10*W/m)
12.6% 0.572 13.8 -2.08
19.7% 0.897 21.8 -3.37
28.4% 1.33 32.7 -5.24
GOW/m/V/K)  HW(x107'W/m/K?) KW (W/m/K)
12.6% 17.3 34.7 2.10
19.7% 15.0 30.1 2.35
28.4% 12.7 25.3 2.61
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Table 8.4: Effective properties for polygon unit cell structure and pseudo 2D calculation,
for volume fractions of 12.6%, 19.7%, 28.4%.

GO (x108KS/m)  HW(x10°W/m/V)  KWO(x10WK/m/V)
12.6% 2.30 0.554 -0.825
19.7% 3.59 0.871 -1.33
28.4% 5.24 1.29 -2.03
GB)(x10%S/m) HO(W/m/V/K) KB (x10*W/m/V)
12.6% 8.63 17.3 0.256
19.7% 7.45 14.9 0.385
28.4% 6.20 12.4 0.520
GO (x10°W/m/V) H®(W/m/K) K@ (x10*W/m)
12.6% 0.580 14.0 -2.08
19.7% 0.910 22.1 -3.36
28.4% 1.34 32.9 -5.18
GOW/m/V/K)  HD(x10*W/m/K?) KW (W/m/K)
12.6% 17.3 34.5 2.11
19.7% 14.9 29.8 2.37
28.4% 12.4 24.8 2.64
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Chapter 9

CONCLUSIONS AND FUTURE WORKS

9.1 Conclusions

We have developed in Chapter 3 a rigorous 1D analysis of bi-layered thermoelectric compos-
ite. From the established effective thermoelectric properties through equivalency principle,
an enhanced thermoelectric figure of merit of layered medium is achieved, demonstrating
that in the absence of size and interfacial effects, higher figure of merit of thermoelectric
composite than any of its constituents is indeed possible.

Through the analysis and calculations in Chapter 4, we conclude that (1) thermoelectric
figure of merit ZT as we know it is ill-defined for layered thermoelectrics, and is irrelevant
to their conversion efficiency; (2) thermoelectric conversion efficiency of a composite is not
bounded by its constituents, and can be higher than all its constituents; and (3) requirements
on constituent phases for enhanced conversion efficiency in layered composites are identified,
and the upper bound on their conversion efficiency is established. This thus points to a
new route for high efficiency thermoelectric materials that does not rely on either size or
interfacial effects.

Motivated by the potential application in automobile waste heat recovery, we carried
out an analysis on axially-symmetric thermoelectric problem in Chapter 5. We show that
higher thermoelectric conversion efficiency can be achieved in core-shell composites, while
the effective figure of merit is not well defined.

We developed a non-linear asymptotic homogenization theory for studying thermoelec-
tric composite with periodic microstructure in 1D in Chapter 6, and in 2D in Chapter 7. In
Chapter 6, the 1D homogenized governing equations of macroscopic temperature and po-
tential distribution smeared out of microscopic fluctuation are established and solved with
temperature and potential boundary condition. The macroscopic field distributions are ob-

served to be drastically different from those in homogeneous materials. With an idealized
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thermoelectric module, we analyzed the overall conversion efficiency, and showed that the
effective thermoelectric figure of merit does not directly correlate with the thermoelectric
conversion efficiency. In Chapter 7, we applied asymptotic homogenization method to es-
tablish the unit cell problem for both 2D and 3D. The unit cell problem is later solved
by using 2D Finite Element method. The obtained 2D homogenized governing equations
of macroscopic temperature and potential distribution are significantly more complex com-
pared with 1D homogenized equations, and their effective properties are evaluated from the

results of unit cell problem.

9.2 Future works

Our asymptotic analysis shows drastically different governing equations and functional dis-
tribution of thermoelectric fields in the composite from those of homogenous materials, and
thus provides us with a new route to optimize the conversion efficiency of thermoelectric
materials, especially for those with 2D or 3D micro-structures.

We have demonstrated a Finite Element method for solving 2D unit cell problem for
asymptotic analysis. This method can be extended to 3D in a straightforward way. The
3D asymptotic analysis will provide with us more insight into the effective behavior of

thermoelectric composites for their design and optimization.
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