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Abstract

The Effective Behavior of Thermoelectric Composites

Yang Yang

Chair of the Supervisory Committee:

Professor Jiangyu Li

Mechanical Engineering

Thermoelectric materials have attracted significant interests recently for their capability in

converting heat directly into electricity and vice versa, and thus promise a wide range of

applications. Despite their importance, there have been only very limited theoretical effort

towards the analysis and understanding of effective behavior of thermoelectric composites.

In this work, we develop

• a rigorous continuum analysis on both bi-layered and core-shell thermoelectric com-

posites, in which the distribution of temperature, electric potential, and heat flux

are solved from the governing equations, and the effective thermoelectric properties

defined through an equivalency principle;

• a conversion efficiency analysis of thermoelectric composites, using an idealized ther-

moelectric module;

• a non-linear asymptotic homogenization theory to understand the effective behav-

ior of both one-dimensional and two-dimensional thermoelectric composites without

macroscopic heterogeneity. We establish the unit cell problem, for which, the two-

dimensional numerical solution are obtained by a Finite Element method. The non-

linearly coupled thermoelectric transport equations are further homogenized, from





which the macroscopic field distributions are derived with local fluctuation averaged

out, and overall thermoelectric conversion efficiency is established.

Through analysis, we

• demonstrate that higher figure of merit of thermoelectric composite than any of its

constituents is indeed possible, excluding size and interfacial effects;

• find out that the thermoelectric conversion efficiency of a composite can be enhanced

by its constituents, with the mechanism responsible for the enhancement identified,

and the upper bound established;

• discover that the thermoelectric field distributions in the composite are different from

those in a homogeneous material, and they are difficult to be fitted by homogeneous

solution.

We conclude that thermoelectric conversion efficiency of a composite is not bounded, and can

be higher than all its constituents in the absence of size and interface effects. Furthermore,

it is noted the effective properties defined by a set of equivalency principle depend on

specific boundary conditions, resulting in effective figure of merit that is not correlated

with thermoelectric conversion efficiency directly. The analysis thus points toward a new

route for developing high-performance thermoelectric materials, and provides considerable

insight into the effective behavior of thermoelectric composites in terms of both design and

optimization.
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1

Chapter 1

INTRODUCTION AND OVERVIEW

1.1 Thermoelectrics

1.1.1 Phenomena

Thermoelectric materials have attracted significant interests in recent years due to their

capability to convert heat directly into electricity and vice versa [1]. Back in early 1800s,

physicist Thomas Johann Seebeck discovered that if two dissimilar materials are joined

together and the junctions are held at different temperatures, a voltage difference propor-

tional to the temperature difference will develop, making it possible to convert heat directly

into electricity, a phenomenon known as the Seebeck effect. The proportional constant is

called Seebeck coefficient α. Alternatively, if an electric current is passed through the ma-

terial, heat will be absorbed at one end and released at the other; this is known as the

Peltier effect. The thermoelectric conversion efficiency is governed by the figure of merit

ZT of materials [2], which is intimately related to electric and thermal transport properties

of thermoelectric materials [3],

ZT =
α2σT

κ
, (1.1)

where σ, and κ are electric and thermal conductivities, and T is the temperature.

1.1.2 Applications

Because of the phenomena, thermoelectric materials are promising in a wide range of energy

and environmental applications in waste heat recovery [4,5], solid state cooling and thermal

management [6], solar energy harvesting [7–9], and carbon reduction [10], among others. As

seen in Fig. 1.1a, for a vehicle powered by a typical gasoline-fueled internal combustion

engine, vast majority of the fuel energy is lost as waste heat - only 25% of the fuel energy is

used for vehicle mobility and accessory power. These waste heat can potentially be recovered
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Figure 1.1: Example applications of thermoelectric materials. (a) Typical energy path in
gasoline-fueled internal-combustion engine vehicles [4]. (b) Sun radiates energy with part of
the energy in the ultraviolet spectrum and part in the infrared spectrum [3]. (c) Illustra-
tion of a solar thermoelectric generator made of thermoelectric elements [7]. (d) Schematic
description of a single-stage Peltier module [11].
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Figure 1.2: Figure of merit as a function of temperature for several high-efficiency bulk
thermoelectric materials [3].

using thermoelectric energy conversion. Furthermore, in current solar energy harvesting,

photovoltaic solar cells use ultraviolet and visible sun lights that account for 58% of energy

radiated from sun, and the infrared spectrum, about 42% of total solar energy, is lost as heat,

as shown in Fig. 1.1b, which can be potentially recovered by thermoelectrical materials,

see 1.1c. In addition to energy harvesting, thermoelectric materials can also be used for

solid-state cooling and thermal management based on the Peltier effect, see 1.1d. As a

solid-state technology, thermoelectric energy conversion does not involve moving part, and

thus is compact, quiet, more reliable, and environmentally friendly.

1.1.3 Materials

In the past decade, there are mainly two strategies in developing high performance thermo-

electric materials, including (1) searching for bulk materials with intrinsically high figure

of merit and conversion efficiency, see Fig. 1.2; and (2) engineering hybrid composite ma-

terials to enhance and optimize their conversion efficiency. From Eq. (1.1), in order to
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have high ZT and thus high conversion efficiency, the thermoelectric material needs to have

not only high Seebeck coefficient, but also high electric conductivity and low thermal con-

ductivity. This turns out to be rather difficult, since all these properties are intimately

related to each other, making it hard to control them individually in a single-phase ma-

terial [12–16]. For example, while high electric conductivity requires high concentration of

charge carriers, a modest carrier concentration is optimal for high Seebeck coefficient [17].

Furthermore, high electric conductivity is usually accompanied by high thermal conduc-

tivity because of Wiedemann-Franz Law [18]. Hybrid materials, especially nanostructured

materials, are very attractive for thermoelectric energy conversion [19–31]. By combining

different materials together, it is possible to overcome the intrinsic constraints between

electric conductivity, thermal conductivity, and Seebeck coefficient in a single-phase ma-

terial through microstructure engineering and optimization, and thus achieve high elec-

tric conductivity, Seebeck coefficient, and low thermal conductivity simultaneously. For

example, a large enhancement in thermoelectric power was observed in nanocomposites

consisting of bismuth nanowires embedded in porous alumina and porous silica [32], and a

ZT value as high as 1.6 has been reported in K1−xPbm+δSb1+γTem+2 system containing

nanoinlcusions, which possesses simultaneously low thermal conductivity and high electrical

conductivity [33]. Other high thermoelectric figure of merit heterogeneous systems include

La-doped n-type PbTe−Ag2Te nanocomposites with large nanometer-scale precipitates [34],

melt spun Bi0.52Sb1.48Te3 bulk materials with nanocrystals embedded inside the amorphous

matrix [35,36], and nanostructured Ag0.8Pbm+xSbTem+2
[37], among others.

1.2 Motivation and objectives

While vast amount of experimental works in thermoelectric materials focus on nanostruc-

tured composites [38–50], there have been only very limited theoretical efforts toward the

analysis and understanding of the effective behavior of heterogeneous thermoelectric ma-

terials [51–53], despite their importance. Instead, most previous theoretical studies focused

on size and interfacial effects at nanoscale using molecular dynamics and quantum mechan-

ics [54–62]. This motivates us to examine whether the effective thermoelectric figure of merit

of a heterogeneous composite can be higher than all its constituents, excluding the effects
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of size and interface. If the answer is yes, it will offer us a new route for high figure of

merit thermoelectric materials, while the current state of art focuses on nanocomposites

that utilize quantum effects at nanoscale and phonon scattering at interfaces, which are

much more difficult to process and control than regular composites. The question has ac-

tually been visited by a number of investigators before. In 1991, it was claimed that the

effective figure of merit of a composite can never exceed the largest figure of merit in any of

its component, in the absence of size and interfacial effects [63,64]. This conclusion was drawn

from a variational principle similar to Hashin-Strikman bound in elasticity [65]. However,

for thermoelectric materials, temperature, which is not uniform in general and varies from

point to point, enters into constitutive equations as a coefficient, and thus should not be

treated as material constants. Furthermore, heat flux is often assumed to be divergence

free [66], and under such assumption, temperature distribution satisfies Laplace equation,

as in a regular heat transfer problem uncoupled from electric current. For thermoelectric

materials, especially those with high figure of merit, this is also not true.

Because of these difficulties, very few works on the homogenization of thermoelectric

composites exist in literature, far less than elastic composites, despite their obvious techno-

logical importance in energy harvesting and solid state cooling. We seek to address these

issues in this dissertation, by rigorously studying the thermoelectric fields and analyzing

the effective thermoelectric properties of heterogeneous medium.

1.3 Organization of the dissertation

This dissertation is organized as follows. In Chapter 2, the definition of thermoelectric ef-

fect is introduced and the governing equations deduced from the theory of thermodynamics,

laying the foundation for the ensuing chapters. Chapters 3 and 4 study the effective be-

havior of one-dimensional (1D) bilayered thermoelectric medium, from both thermoelectric

figure of merit and conversion efficiency points of view. Core-shell composites are discussed

in Chapter 5 as an extension from 1D layered results. For the analysis of composite with

macroscopic homogeneity, an asymptotic homogenization method is developed for 1D com-

posite in Chapter 6, and for 2D composite in Chapters 7 and 8, where we first establish

the unit cell problem in Chapter 7, and then solve it numerically in Chapter 8. Chapter
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9 summaries the main conclusions of the dissertation, and discusses some future work that

they could lead to.
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Chapter 2

GOVERNING EQUATIONS OF THERMOELECTRICITY

2.1 Thermoelectric effect

Thermoelectric effect is used broadly to refer to the effect of direct conversion of temperature

difference to electric voltage, or vice versa. It consists three individually identified yet

interrelated effects: Seebeck effect, Peltier effect, and Thomson effect.

2.1.1 Seebeck effect

The Seebeck effect was first discovered (1821) by physicist Thomas Johann Seebeck, who

found that a voltage existed between two ends of a metal bar when a temperature gradient

existed in the bar, see Fig. 2.1. Perhaps more commonly used for the discussion of Seebeck

effect is the model as schematically shown in Fig. 2.2, where two different materials A and

B are connected with the junctions subjected to hot and cold temperatures Th and Tc, and

it is found that

∆V = (αB − αA)(Th − Tc), (2.1)

where ∆V is the electric voltage developed, (αB −αA) can be regarded as the Seebeck coef-

ficient for the device, of which materials A and B are part of, with their individual Seebeck

coefficients αA and αB. The subscriptions A and B are to denote the properties pertaining

to materials A and B. For the presentation of Seebeck effect for individual material, the

counterpart is

∆V = −α∆T. (2.2)

The sign convention of ∆V in Eq. 2.1 is set as such that positive value voltage drives the

current from A to B at hot end, so that we get consistency in Eqs. 2.1 and 2.2. The physical

implication of Seebeck effect is that temperature gradient drives free charge carriers to flow
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Figure 2.1: The discovery of Seebeck effect [67].

Figure 2.2: Schematics of thermoelectric module with voltage developed by the Seebeck
effect.
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Figure 2.3: Schematics of the Peltier effect.

from high temperature to low temperature, accumulating opposite charges which result in

electric field that penalizes further charge carriers migration until equilibrium is reached.

So depending on the nature of the charge carrier, electron or hole, the sign of the Seebeck

coefficient can be negative or positive.

2.1.2 Peltier effect

In 1834, French physicist Jean Charles Athanase Peltier found that the junctions of dissimi-

lar metals were heated or cooled, depending upon the direction in which an electrical current

passed through them, see Fig. 2.3. Heat generated by current flowing in one direction was

absorbed if the current was reversed. The Peltier coefficient is defined by

Q̇ = ΠABI = (ΠB −ΠA)I, (2.3)

where I is electric current, Q̇ is the rate of heat generated or absorbed. ΠAB is the Peltier

coefficient for the device, and ΠA, ΠB are values for the individual materials A and B. For

the configuration shown in Fig. 2.3, the sign convention stipulates positive ΠAB if a is

heated and b is cooled with clockwise flowing current I.

2.1.3 Thomson effect

The Thomson effect, predicted and subsequently observed by Lord Kelvin, describes the

heating or cooling of a current-carrying conductor with a temperature gradient. Any

current-carrying conductor (except for a superconductor) with a temperature difference

between two points either absorbs or emits heat, depending on the material. The heat
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production q per unit volume is

q = ρJ2 − µJ
dT

dx
, (2.4)

where J is current density, ρ is the electric resistivity, µ is the Thomson coefficient, dT
dx is the

temperature gradient along the wire. It can be recognized that the first term on the right

hand side is the Joule heating, and it is irreversible independent of the direction of current

density, whereas for Thomson part, which is the second term, trend can be switched from

heat absorbtion to generation, or vice versa, by reversing the direction of current density.

Seebeck coefficient, Peltier coefficient and Thomson coefficient are not independent,

rather, they are interrelated by the following relations.

µ = T
dα

dT
, (2.5)

Π = αT, (2.6)

which are called the first and second Thomson relations, respectively.

2.2 Thermodynamic considerations and thermoelectric governing equations

The continuum theory of thermoelectrics can be traced back to thermodynamics, where the

fundamental relation defines S, the entropy of a system, in terms of its extensive parameters

internal energy U , volume V , and the mole numbers of the chemical components Ni,

S = S(U, V,Ni). (2.7)

We restrict ourself to volume preserving processes, and consider electron as the only type

of charge carrier, so that the fundamental relation can be recast as

s = s(u, n), (2.8)

where s, u, and n are entropy, energy, and mole number of electrons per unit volume. By

differentiating this specific fundamental relation, we derive

ds =
1

T
du− µ

T
dn, (2.9)
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where T is the absolute temperature, and µ is the electrochemical potential of electrons.

We are particularly interested in the flows of energy and electrons, for which the rate of

entropy production is evaluated as

ṡ = ∇ 1

T
· JU −∇µ

T
· JN , (2.10)

where JU and JN are the fluxes of energy and electrons, respectively, while ∇ 1
T and −∇ µ

T

are corresponding affinities that drive such flows. For the Markoffian system [68] where the

fluxes depend only on the instantaneous affinities, it was proposed that

−JN = L′
11∇

µ

T
+ L′

12∇
1

T
, (2.11)

JU = L′
12∇

µ

T
+ L′

22∇
1

T
, (2.12)

where isotropic symmetry is assumed for simplicity, and L′
ij are transport coefficients with

L′
ij = L′

ji due to the Onsager theorem [68]. This set of equation is equivalent to Eq. (2.17)

in [69], and it is evident that fluxes of energy and electrons are coupled by L′
12.

For the system we are considering, the energy is transported through both heat and

electrochemical potential, and thus

JU = JQ + µJN , (2.13)

where JQ is the heat flux. This can be used to rewrite the transport equations as

−JN = L11
1

T
∇µ+ L12∇

1

T
, (2.14)

JQ = L12
1

T
∇µ+ L22∇

1

T
, (2.15)

with

L11 = L′
11, L12 = µL′

11 + L′
12, L22 = µ2L′

11 + 2µL′
12 + L′

22.

Assume that the chemical potential of electrons is independent of temperature such that

µ = eϕ, (2.16)

where e is the charge of electron and ϕ is the electric potential, and notice that the electric

current density J is related to electron flux JN as

J = eJN , (2.17)
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we derive the coupled transport equations for electric current density and heat flux

J = −e2L11

T
∇ϕ+

eL12

T 2
∇T,

JQ =
eL12

T
∇ϕ− L22

T 2
∇T. (2.18)

These allow us to establish connections between transport coefficients Lij with more fa-

miliar thermoelectric properties, including electric conductivity σ, Seebeck coefficient, α,

and thermal conductivity κ [70]. In particular, notice that electric conductivity is measured

under isothermal condition, such that

σ ≡ −J |∇T=0

∇ϕ
=

e2L11

T
. (2.19)

Similarly, thermal conductivity is measured under open-circuit condition, resulting in

κ ≡ −
JQ|J=0

∇T
=

L11L22 − L2
12

T 2L11
. (2.20)

Furthermore, Seebeck coefficient is measured as electric field induced by unit temperature

gradient, under open-circuit condition, leading to

α ≡ −∇ϕ|J=0

∇T
= − L12

eTL11
. (2.21)

The thermoelectric transport equations can then be recast into more familiar form as

−J = σ∇ϕ+ σα∇T, (2.22)

JQ = −Tασ∇ϕ− (Tα2σ + κ)∇T = TαJ− κ∇T. (2.23)

which are nonlinearly coupled. In the absence of thermoelectric effect where α = 0, the

uncoupled transport equations of electricity and heat are recovered.

It is also evident from energy transport that

JU = JQ + ϕJ. (2.24)

For a system wherein both charges and energy are conserved, current density and energy

flux are divergence-free,

∇ · J = 0, (2.25)

∇ · JU = 0, (2.26)
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while the heat flux is no longer divergence-free in general,

∇ · JQ = −∇ · (ϕJ) = −∇ϕ · J, (2.27)

where Joule heat serves as heat source. This is in contrast to a normal heat transfer problem

uncoupled from electric conduction.

It is worth comparing the various forms of constitutive equations, (2.11-2.12), (2.14-

2.15), and (2.22-2.23). The first two sets of equations, (2.11-2.12) and (2.14-2.15) appear

to be linear, if the involved kinetic coefficients L′
ij and Lij can be viewed as constants in-

dependent of temperature and electrochemical potential; these would make homogenization

straightforward. However, under irreversible thermodynamics, these kinetic coefficients are

generally functions of local intensive parameters [68], and thus cannot be viewed as con-

stants, making the governing equation intrinsically nonlinear. Indeed these can be better

appreciated from Eq. (2.19). If L11 would be a constant independent of temperature, then

the electric conductivity would vary inversely with respect to temperature. For semicon-

ductors that good thermoelectrics belong to, it is well known that the intrinsic electric

conductivity generally increases with respect to temperature. In fact, electric conductivity,

thermal conductivity, and Seebeck coefficient all have complicated variation with respect to

temperature, and thus thermoelectric transport equations have to be regarded as nonlinear.
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Chapter 3

EFFECTIVE THERMOELECTRIC PROPERTIES OF BI-LAYERED
COMPOSITES

3.1 Introductory remarks

To investigate whether a thermoelectric composite can have a higher figure of merit than any

of its constituents, excluding size and interfacial effects, we consider a one-dimensional (1D)

bi-layered thermoelectric medium in this chapter. We assume all the material properties

and field variables are only dependent on spatial coordinate x, and independent of y and z.

Since the current density is divergence-free, its magnitude J turns out to be a constant in

such a 1D configuration,

J = |J| = const, (3.1)

which simplifies the governing equation of thermoelectricity considerably, making analytic

solutions possible.

In the following sections, we first solve the fields from governing equations for both

homogeneous and layered heterogeneous medium. Through equivalency principle, we define

effective thermoelectric properties for bi-layered composites in Section 3. Numerical results

and discussions are presented in Section 4. In Section 5, the summary for this chapter is

provided.

3.2 Field analysis

3.2.1 Analysis of a homogeneous thermoelectric

We first consider a homogeneous material with uniform distribution of material properties,

as shown in Fig. 3.1a, and subjected to specified temperatures and electric potentials of

(T0, ϕ0) and (T1, ϕ1) at both ends. All the material properties are assumed to be independent

of temperature, and thus Thomson effect is ignored [68]. This allows us to simplify the field
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Figure 3.1: Schematics of layered thermoelectric medium; (a) homogeneous thermoelectric;
(b) layered heterogeneous thermoelectric [71].

equations governing temperature and electric potential distributions, i.e., Eqs. 2.22∼2.26,

as follows,

d2T

dx2
= −J2

σκ
, (3.2)

d2ϕ

dx2
= α

J2

σκ
. (3.3)

Eq. 3.2 can be solved for temperature distribution as

T = − J2

2σκ
x2 + c1x+ c2, (3.4)

with integration constants determined from boundary conditions as

c1 = (T1 − T0) +
J2

2σκ
, c2 = T0, (3.5)

where all the dimensions are normalized with respect to L, the length of the thermoelectric

medium.

To solve for the yet to be determined current density J , we notice from Eq. (2.22) that

the distribution of electric potential is govern by

dϕ

dx
=

αJ2

σκ
x− αJ2

2σκ
− J

σ
− (T1 − T0)α, (3.6)

so that

ϕ =
αJ2

2σκ
x2 − [

αJ2

2σκ
+

J

σ
+ (T1 − T0)α]x+ c3, (3.7)

which allows us to solve c3 and current density from electric boundary conditions as

c3 = ϕ0, (3.8)
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and

J = σα(T0 − T1) + σ(ϕ0 − ϕ1). (3.9)

The heat flux JQ can then be calculated using Eq. (2.23). This completely solves the

distribution of electric potential and temperature in a homogeneous thermoelectric.

3.2.2 Analysis of a bi-layered thermoelectric

We then consider a layered heterogeneous medium consisting of two homogeneous thermo-

electric phases A and B, as shown in Fig. 3.1b, and subjected to specified temperatures

and electric potentials of (T0, ϕ0) and (T1, ϕ1) at both ends, identical to those of homoge-

neous medium considered in the last subsection. Since the layered medium are pieces-wise

uniform, equation (3.4) is still applicable to individual segments, with

T =


− J2

2σAκA
x2 + aAx+ bA, 0 ≤ x < f,

− J2

2σBκB
x2 + aBx+ bB, f < x ≤ 1,

(3.10)

where f = xm/L is the volume fraction of phase A. Assume both temperature and electric

potential are continuous at interface, x = f , and notice that energy flux is a constant, so that

the heat flux is also continuous at the interface. Combining these two continuity conditions

with two boundary conditions, we derive the following equation that can be solved for the

integration constants,


0 1 0 0

0 0 1 1

f 1 −f −1

J(αA − αB)f − κA J(αA − αB) κB 0




aA

bA

aB

bB

 =


T0

T1 +
J2

2σBκB

− J2

2σBκB
f2 + J2

2σAκA
f2

(αA−αB)J3f2

2σAκA
+ (σA−σB)J2f

σAσB

 ,(3.11)
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and the results are

aA =
J2f

2σAκA
+

J2(1− f)

2σAσB

σA(1− f) + σBf

Λ
− J(1− f)(αB − αA)T0 − κB(T1 − T0)

Λ
,

bA = T0,

aB =
J2(1 + f)

2σBκB
− J2f

2σAσB

σA(1− f) + σBf

Λ
+

Jf(αB − αA)T1 + κA(T1 − T0)

Λ
,

bB = − J2f

2σBκB
+

J2f

2σAσB

σA(1− f) + σBf

Λ

+
T1[κA(1− f) + κBf − Jf2(αB − αA)]− κA(T1 − T0)

Λ
,

Λ = κA(1− f) + κBf + J(αB − αA)(1− f)f. (3.12)

In a similar manner, the electric potential can be solved from Eq. (3.7) as

ϕ =


αAJ2

2σAκA
x2 − ( J

σA
+ αAaA)x+ cA, 0 ≤ x < f,

αBJ2

2σBκB
x2 − ( J

σB
+ αBaB)x+ cB, f < x ≤ 1,

(3.13)

with the integration constants cA and cB determined from the boundary conditions as

cA = ϕ0, (3.14)

cB = ϕ1 +
J

σB
+ αBaB − αBJ

2

2σBκB
. (3.15)

From the continuity of electric potential at the interface, the current density can then be

solved as

J = − 1

(αB − αA)f(1− f)(σA(1− f) + σBf)
(Ψ1 +Ψ3 −

√
Ψ4), (3.16)

with

Ψ1 = [σA(1− f) + σBf ][κA(1− f) + κBf ],

Ψ2 = (αB − αA)f(1− f)σAσB,

Ψ3 = Ψ2(ϕ1 − ϕ0 + αBT1 − αAT0),

Ψ4 = −2Ψ2{Ψ1(ϕ1 − ϕ0) + [σA(1− f) + σBf ][κAαB(1− f) + κBαAf ](T1 − T0)}

+ (Ψ1 +Ψ3)
2.

The heat flux JQ can then be calculated by using equation (2.23). This completely solves the

distribution of electric potential and temperature in a layered heterogeneous thermoelectric.
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3.3 Equivalency principle and effective properties

To describe the effective behavior of a heterogeneous thermoelectric, we define its effective

thermoelectric properties through the following equivalency principle [71] - given identical

boundary conditions of temperature and electric potential, a heterogeneous thermoelectric

with a set of effective thermoelectric properties should have identical current density and

energy flux as a homogeneous thermoelectric with the same set of properties. With such

equivalency, it is clear that the heterogeneous and homogeneous thermoelectrics can be

exchanged under the specified boundary conditions. We examine the effective electric con-

ductivity first. Consider a boundary condition of imposed electric potential difference only

with ∆T = 0, and compare the current density between homogeneous thermoelectric and

layered medium, we conclude that the effective electric conductivity of the layered composite

is given by

σ∗(∆ϕ,∆T = 0) =
J

ϕ0 − ϕ1
= − J

∆ϕ
, (3.17)

with the current density given by equation (3.16). Expanding current density J into Taylor

series of (αB −αA), we derive the effective conductivity of the layered thermoelectric to the

first order of (αB − αA),

σ∗(∆ϕ) =
σAσB

σA(1− f) + σBf
−

f(1− f)σ2
Aσ

2
B∆ϕ(αB − αA)

2(σA(1− f) + σBf)2(κA(1− f) + κBf)
, (3.18)

which clearly depends on the boundary condition in addition to the material constants of

the constituents and the volume fraction, a characteristic distinct from linear medium. On

the other hand, if we impose open-circuit boundary condition such that J = 0, then the

effective Seebeck coefficient can be derived as

α∗ =
κA(1− f)αB + κBfαA

κA(1− f) + κBf
, (3.19)

while the effective thermal conductivity can be derived as

κ∗ = −
JQ

T1 − T0
=

κAκB
κA(1− f) + κBf

. (3.20)

Although they do not appear to be dependent on the boundary condition explicitly, open-

circuit boundary condition is implied implicitly. From the effective thermoelectric proper-
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ties, the effective thermoelectric figure of merit is then defined as

Z∗ =
σ∗α∗2

κ∗
, (3.21)

and we are interested in whether Z∗ of the heterogeneous thermoelectric can be higher than

both its constituents.

Table 3.1: Thermoelectric properties of Bi2Te3
[72] and Ag(Pb1−ySny)mSbTe2+m

[73].

Material α (×10−6V/K) σ (×103S/m) κ (W/m/K))

Bi2Te3 200 110 1.6

Ag(Pb1−ySny)mSbTe2+m 270 22 0.77

3.4 Numerical results and discussions

3.4.1 Homogeneous thermoelectric

We first consider a homogeneous thermoelectric Bi2Te3 of L = 0.01m, with its thermoelectric

properties listed in Table 3.1. Consider first that only a temperature difference is imposed,

with T0 = 300K at cold end and three different temperatures of T1 = 800, 1000, 1500K

at hot end. The distribution of temperature, electric potential, and heat flux are shown

in Fig. 3.2, where it is observed that the nonlinearity in temperature distribution is small

for small and modest temperature difference, but becomes significant under relatively large

temperature difference. For T1 = 1500K, the maximum temperature occurs inside the

medium, not at the end, due to Joule heating. Associated with such nonlinear distribution

of temperature, substantial variation in heat flux is also observed under large temperature

difference, though such variation decreases significantly when temperature difference is re-

duced. Regardless of the temperature difference, the distribution of electric potential is

highly nonlinear, despite that both ends are imposed with same potential, resulting in an

current density of J = −1.1, −1.54, −2.64 × 106Am−2, respectively. On the other hand,
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Figure 3.2: The distributions of temperature, electric potential, and heat flux in a homoge-
neous thermoelectric under an imposed temperature difference [71].
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Figure 3.3: The distributions of temperature, electric potential, and heat flux in a homoge-
neous thermoelectric under an imposed electric potential difference [71].

if only an electric potential difference is imposed with ϕ0 = 0 and ϕ1 = 0.01, 0.1, 0.2V,

the corresponding results are shown in Fig. 3.3. It is observed that the nonlinearity in

the distribution of electric potential becomes substantial under a relatively large potential

difference, while the temperature distribution is highly nonlinear regardless of potential

difference. Large variation in heat flux is also observed when the potential difference is

large, and substantial temperature increase is observed inside the medium. These results

suggest that neither temperature nor electric potential of thermoelectric materials satis-

fies Laplace equation, and the deviation is particularly large under large temperature or

potential difference.
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3.4.2 Layered thermoelectric

We then consider a layered thermoelectric consisting of Bi2Te3 as phaseA and Ag(Pb1−ySny)m

SbTe2+m as phase B, with their thermoelectric properties listed in Table 3.1. Notice that

both phases have excellent Seebeck coefficient that are comparable to each other, yet Bi2Te3

has relatively high thermal conductivity, while Ag(Pb1−ySny)mSbTe2+m has relatively low

electric conductivity, not desirable for high thermoelectric conversion efficiency. We con-

sider the distribution of temperature, electric potential, and heat flux in the layered ther-

moelectric first, with either temperature difference or electric potential difference imposed,

identical to those considered in the last subsection. The volume fraction of Bi2Te3 is taken

to be f = 0.42, and the length remains to be 0.01m. The corresponding results are shown

in Figs. 3.4 and 3.5, respectively. The qualitative trends are similar to those observed

in homogeneous Bi2Te3 under imposed temperature difference. In particular, it is noted

that although the thermal conductivity of Bi2Te3 is more than 100% higher than that of

Ag(Pb1−ySny)mSbTe2+m, temperature drops in these two materials appear to be similar.

On the other hand, quite different trends are observed under imposed electric potential dif-

ference, where majority of electric potential drop occurs in Ag(Pb1−ySny)mSbTe2+m, which

has much smaller electric conductivity.

The effective electric conductivity, Seebeck coefficient, thermal conductivity, and figure

of merit of Bi2Te3-Ag(Pb1−ySny)mSbTe2+m layered medium are shown in Fig. 5.7, with the

following boundary conditions imposed,

T0 = T1 = 300K, ϕ0 = 0V, ϕ1 = {−0.35,−0.2, 0.2, 0.35}V. (3.22)

While the effective Seebeck coefficient and thermal conductivity only show slight deviation

from the rule of mixture, as observed in Fig. 5.7ab, the nonlinear dependence of electric

conductivity on volume fraction is more significant, and it is sensitive to the voltage differ-

ence imposed on the boundaries, as shown in Fig. 5.7c. This results in large difference in

the effective thermoelectric figure of merit shown in Fig. 5.7d. What is most interesting

is that there is a peak, albeit small, in the effective thermoelectric figure of merit that ex-

ceed both constituents, at f = 0.973, when the imposed potential difference is ϕ1 = −0.35.

This is significant, since it demonstrates that the effective thermoelectric figure of merit of
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Figure 3.4: The distributions of temperature, electric potential, and heat flux in a layered
thermoelectric under an imposed temperature difference [71].
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Figure 3.5: The distributions of temperature, electric potential, and heat flux in a layered
thermoelectric under an imposed electric potential difference [71].
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Figure 3.6: The effective Seebeck coefficient, thermal conductivity, electric conductivity,
and figure of merit as functions of volume fraction [71].

a heterogeneous medium can be higher than both of its constituents, in contrast to pre-

vious studies. The distributions of temperature, electric potential and heat flux for this

particular layered structure under imposed boundary condition is given in Fig. (3.7), where

substantial temperature increase, though still in the acceptable range, is observed. The dis-

tributions of temperature, potential, and heat flux are all highly nonlinear, which is essential

for enhanced thermoelectric figure of merit. With higher potential difference imposed at

boundary, higher enhancement in thermoelectric figure of merit will be obtained, though it

may leads to unrealistic high temperature inside the medium.

3.5 Summary

In this chapter we have developed a rigorous 1D analysis of bi-layered thermoelectric

medium, from which the effective thermoelectric properties have been established using an

equivalent principle. It is found that the thermoelectric figure of merit of layered medium
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Figure 3.7: The distributions of temperature, electric potential and heat flux at the maxi-
mum Z∗ with f = 0.973 [71].
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can be higher than both its constituents, and the key is to utilize the nonlinear distribution

of temperature and electric potential inherent in thermoelectric transport.



28

Chapter 4

CONVERSION EFFICIENCY OF BI-LAYERED THERMOELECTRIC
COMPOSITE

4.1 Introductory remarks

We have seen from the previous chapter, that the effective thermoelectric properties of

composite are not real material constants anymore, rather, they depend on boundary con-

ditions, which is a well known issue for nonlinear composites. Indeed, we have seen from

Fig. 5.7 that different ∆ϕ actually leads to very different trends in the effective figure of

merit Z∗, as such, the thermoelectric figure of merit ZT as we know it becomes ill-defined

for composites. Thus we have to turn to the thermoelectric conversion efficiency directly

for a composite material, rather than relying on figure of merit.

We will introduce a hypothesized thermoelectric module for conversion efficiency anal-

ysis in Section 2. In Section 3, the conversion efficiency for composites is analyzed. The

mechanism responsible for the conversion efficiency enhancement and the way for further

optimization are provided in Section 4. Section 5 is the summary of this chapter.

4.2 Thermoelectric module

Figure 4.1: Schematics of (a) a bilayered composite and (b) a fictitious thermoelectric
module [74].
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One difficulty in our analysis of thermoelectric composite is that thermoelectric conver-

sion efficiency is a performance measure for devices instead of materials, depending on both

legs of thermoelectric module. In order to evaluate the thermoelectric conversion perfor-

mance of a material, we propose a thermoelectric module as schematically shown in Fig.

4.1b, with one leg made of material of interest, and the other leg made of fictitious material

with zero Seebeck coefficient and thermal conductivity, yet infinite electric conductivity.

As such, this fictitious leg only serves as a path for electric current, and is not involved in

energy conversion. The conversion efficiency of this idealized thermoelectric module, as a

result, measures only the performance of material of interest. With this idealized model,

the thermoelectric conversion efficiency H of the material can be derived using standard

procedure [2],

H =
AJ2R

JU |x=0
, JU = −κ∇T + αTJ + ϕJ, (4.1)

where R is the load resistance, A is the cross-section area, and JU is the energy flux density,

which is a constant due to energy conservation. Note that the electric boundary condition

for Fig. 4.1b is different from that of Fig. 4.1a, in that the potential difference is not

imposed; instead, an electric circuit is formed by the thermoelectric module and the load

resistance, and the current density has to be evaluated from line integral
∮
∇ϕ ·dl = 0 across

the circuit instead of from the imposed potential difference. For a homogeneous material

with constant thermoelectric properties, the conversion efficiency H can be evaluated in

terms of load resistance R analytically. It can then be optimized with respect to the load

resistance R, leading to classical formula relating conversion efficiency to ZT [2],

Hopt =
Th − Tc

Th

√
1 + Z Th+Tc

2 − 1√
1 + Z Th+Tc

2 + Tc
Th

. (4.2)

However, for composite materials with nonuniform thermoelectric properties, H can no

longer derived in terms of R analytically, and such simple relationship is no longer available.

Instead, we have to evaluate Eq. (4.1) numerically in general.
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Figure 4.2: Conversion efficiency of the bilayered composite consisting of Bi2Te3 and an
optimally second phase for different temperatures; (a) enhanced conversion efficiency of the
composite versus the volume fraction of the second phase, normalized by the efficiency of
the first phase; (b) the effective figure of merit versus the volume fraction calculated from
the effective thermoelectric properties [74].

4.3 Optimization of conversion efficiency

To examine if the composite can have higher conversion efficiency than both of its con-

stituent, we calculate efficiency of a bilayered composite consisting of Bi2Te3 and a second

phase optimally matched (in a sense to be elaborated later) with Bi2Te3 under different tem-

peratures, with Tc = 300K and Th chosen to be 800, 1000, 1200K, respectively. The material

constants used in the calculation are listed in Table 4.1. The results are illustrated as a

function of volume fraction of the second phase in Fig. 5.8a, and it is observed that higher

efficiency than both constituents is indeed possible. Furthermore, making use of equivalency

principle, we evaluate the corresponding effective Z∗ with the effective Seebeck coefficient

and thermal conductivity calculated under open circuit condition and the effective electric

conductivity derived under optimal thermoelectric loading condition. As evident in Fig.

5.8b, it shows no enhancement at all and there appears no correlation between the effective

Z∗ and the conversion efficiency of the composite. Alternatively, we can define the effective

thermoelectric properties using equivalency principle under optimal working condition in
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Table 4.1: Thermoelectric properties of Bi2Te3
[72] and the optimal constituent 2 under

different temperature boundary conditions [74]

Material α (×10−6V/K) σ (×103S/m) κ (W/m/K)) Z(×10−3K−1)

Bi2Te3 200.000 110.000 1.60000 2.75000

800K Optimal 225.322 550.933 9.98962 2.80000

1000K Optimal 232.553 517.242 9.99032 2.80000

1200K Optimal 238.713 490.981 9.99217 2.80000

combination with the requirements of

Z =
α2σ

κ

and Eq. (4.2) instead, and these three conditions allow us to solve for three effective

thermoelectric constants simultaneously. Interestingly, this leads to two sets of effective

properties, as shown in Fig. 4.3 along with the effective Z∗ evaluated from Eq. (4.2). This

further demonstrates that the effective thermoelectric properties of composite is ill-defined,

and we have to examine the conversion efficiency directly.

4.4 Mechanism and further improvement

In order to understand the enhanced conversion efficiency in bilayered composite, we rewrite

the conversion efficiency as

H =
ϕcJ

JU |x=0
=

ϕcJ

ThαJ − J2L
2σ + κ(Th−Tc)

L

(4.3)

for a homogeneous material, which can be optimized with respect to current density for

given temperatures,

Jopt =

√
2κσα(Th − Tc)

[
√
2κ+

√
2κ+ σα2(Th + Tc)]L

. (4.4)

Since current density is a constant in the layered composite, this points to a need for

carefully matching the optimal current density in constituent phases for the optimal overall
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Figure 4.3: Two sets of effective thermoelectric properties corresponding to a given con-
version efficiency evaluated at Th = 800K, with the second phase optimally matched with
Bi2Te3; (a) electric conductivity; (b) Seebeck coefficient; (c) thermal conductivity; and (d)
figure of merit [74].

conversion efficiency. Indeed, we can compare the bilayered composite with its homogenous

constituents in Fig. 4.4a, all operating at optimal conditions for respective overall conversion

efficiency. The temperature at the interface of the bilayer is labeled as Tm, which is also

identified in its homogeneous constituents. It is evident that the bilayered composite can

have its constituent phases matched for identical optimal current density by tailoring the

material properties, which is impossible for homogeneous materials to do. This is clearly

illustrated in Fig. 4.4b, where it is observed that the optimal current density for the bilayered

composite between Th and Tc is identical to that for its constituent phases between Th and

Tm as well as between Tm and Tc. For homogeneous material, on the other hand, the

optimal current density for the overall structure between Th and Tc is different from that
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for individual segments between Th and Tm or between Tm and Tc. In other words, both

segments of bilayered composite operate at optimal condition, while those of homogeneous

materials operate under less optimal ones. This explains higher conversion efficiency in

optimally matched bilayered composite.

We can also mathematically prove that optimized layered thermoelectric can achieve

higher conversion efficiency than its constituents, we consider the bi-layered composite

shown in Fig. 4.4a. Since the various thermoelectric properties of each segment of phase are

tailored to match the optimal current density for simultaneous optimization for segments,

it is obvious that (Z1 = Z2 = Z is assumed for simplicity),

HU i ≤ HU 1−2 =
Th − Tm

Th

√
1 + Z Th+Tm

2 − 1√
1 + Z Th+Tm

2 + Tm
Th

, (4.5)

HL i ≤ HL 1−2 =
Tm − Tc

Tm

√
1 + Z Tm+Tc

2 − 1√
1 + Z Tm+Tc

2 + Tc
Tm

, (4.6)

where Eq. (4.2) is used for optimal efficiency calculation, the subscriptions U and L denote

the upper and lower parts separated by Tm, 1-2 the bi-layered structure 1-2, i is to take the

value of 1 or 2. The overall efficiency for series structure is thus simply [75],

Hi = 1− (1−HU i)(1−HL i) < H1−2 = 1− (1−HU 1−2)(1−HL 1−2), (4.7)

in which, the less-than sign is used instead because the simultaneous optimization for ho-

mogeneous constituents is not possible due to internal constraint as discussed earlier.

The analysis on bilayered composite points to a direction for optimal conversion efficiency

of thermoelectric module, wherein the optimal current density is matched everywhere, re-

sulting in highest conversion efficiency possible. To this end, we reorganize Eq. (4.4) by

replace L with dx, leading to a point-wise optimal current density of

Jopt = −κ∇T

√
1 + ZT − 1

αT
, (4.8)

which corresponds to maximum local conversion efficiency of

dHmax =

√
1 + ZT − 1√
1 + ZT + 1

dT

T
. (4.9)
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Figure 4.4: Understanding enhanced efficiency in layered composites; (a) schematics for
bilayered composite and its homogeneous contituent phases; (b) optimal current density for
each segment under respective temperature difference; and (c) upper bound on the conver-
sion efficiency in term of figure of merit ZT , compared with classical formula, evaluated at
Tc = 300K and Th = 1200K [74].

This is equivalent to the concept of compatibility factor [75–78]. When the optimality is

realized everywhere, maximum overall efficiency is realized as

Hmax = 1− exp(−
∫ Th

Tc

√
1 + ZT − 1√
1 + ZT + 1

dT

T
)

= 1− exp(
2√

1 + ZTc + 1
− 2√

1 + ZTh + 1
+ 2ln

√
1 + ZTc + 1√
1 + ZTh + 1

), (4.10)

where we have taken Z to be a constant for simpler derivation. This is in fact the upper

bound on the conversion efficiency for the layered composite consisting of materials with

constant Z, and its comparison with classical conversion efficiency of a homogeneous ma-

terial with identical Z and boundary condition is shown in Fig. 4.4c, where a small yet

definite enhancement is evident.
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Finally, we point out that our analysis is related to functionally graded thermoelectrics,

where it was suggested that the device figure of merit can be higher than that of materi-

als [79–83].

4.5 Summary

Here, we show that thermoelectric conversion efficiency of a composite is not bounded by its

constituents, with the conditions on constituent phases for enhanced conversion efficiency in

layered composites identified, and the upper bound on their conversion efficiency established.
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Chapter 5

EFFECTIVE PROPERTIES OF THERMOELECTRIC CORE-SHELL
COMPOSITES

5.1 Introductory remarks

Built on our earlier analysis of thermoelectic bi-layered structure, here we analyze the

effective thermoelectric behavior of core-shell composites, motivated by their potential ap-

plications in recovering waste heat from automobile exhaust pipes, among other similar

applications. The problem turns out to be axially-symmetric because of geometry, and thus

can be reduced to one-dimensional equations, allowing us to simplify the analysis substan-

tially and derive analytic solutions.

In Section 2, we solved the fields for both shell and core-shell materials. In Section 3, the

effective thermoelectric properties are determined from equivalency principle. In Section 4,

conversion efficiency analysis is carried out on core-shell composites. Numerical results and

discussions are presented in Section 5. The final section summarizes this chapter.

5.2 Field analysis of polar symmetry

We consider axially-symmetric thermoelectric problems, as shown in Fig. 5.1, where po-

lar coordinate system is convenient and all the variables are only dependent on its radial

coordinate ρ. As such, the transport equations

−J = σ∇ϕ+ σα∇T, (5.1)

JQ = −Tασ∇ϕ− (Tα2σ + κ)∇T = TαJ− κ∇T, (5.2)

are simplified as

−J = σ
dϕ

dρ
ρ̂+ σα

dT

dρ
ρ̂, (5.3)

JQ = = TαJ− κ
dT

dρ
ρ̂, (5.4)
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Figure 5.1: The cross-section view of axially-symmetric thermoelectric problems for (a) a
homogeneous shell and (b) a core-shell composite [84].

where ρ̂ is the unit vector along radial direction. Furthermore, the field equation

∇ · J = 0, (5.5)

is converted to

dJ

dρ
+

J

ρ
= 0, (5.6)

such that

J =
c

ρ
, (5.7)

where J = |J| is the magnitude of current density, and c is an integration constant that

needs to be determined by boundary conditions. Note that c = Jρ = I
2πd denotes the electric

current I per unit length and radian, with d being the length of the material. Similarly,

from

∇ · JU = 0, (5.8)

it can also be shown that JUρ = cU , which is the energy transfer per unit length and radian.

It is evident that both c and cU are constant along radial direction.
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5.2.1 Analysis of a homogeneous thermoelectric shell

We first consider a thermoelectric shell having homogeneous material properties, with inner

and outer radius being ρ1 and ρ2, and subjected to specified temperatures and electric

potentials of (T1, ϕ1) and (T2, ϕ2) at inner and outer boundaries, as shown in Fig. 5.1(a).

For such an axially-symmetric problem, the governing equations for temperature and electric

potential can be simplified as,

d2T

dρ2
+

1

ρ

dT

dρ
= −J2

σκ
, (5.9)

d2ϕ

dρ2
+

1

ρ

dϕ

dρ
=

αJ2

σκ
. (5.10)

Substituting Eq. (5.7) into (5.9) and (5.10), temperature and electric potential can be

solved as

T (ρ) = − c2

2σκ
(lnρ)2 + alnρ+ b, (5.11)

ϕ(ρ) =
αc2

2σκ
(lnρ)2 + glnρ+ h, (5.12)

where a, b, g, and h are integration constants that will be determined later. By substituting

Eqs. (5.7), (5.11), and (5.12) into (5.3), the following relation for the integration constants

is obtained,

−c = gσ + aσα. (5.13)

Furthermore, the specified boundary conditions require that

T (ρ1) = − c2

2σκ
(lnρ1)

2 + alnρ1 + b = T1, (5.14)

T (ρ2) = − c2

2σκ
(lnρ2)

2 + alnρ2 + b = T2, (5.15)

ϕ(ρ1) =
αc2

2σκ
(lnρ1)

2 + glnρ1 + h = ϕ1, (5.16)

ϕ(ρ2) =
αc2

2σκ
(lnρ2)

2 + glnρ2 + h = ϕ2. (5.17)
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As a result, the five integration constants are derived as

c = −σα(T2 − T1) + σ(ϕ2 − ϕ1)

lnρ2
ρ1

, (5.18)

a =
T2 − T1

lnρ2
ρ1

+
c2ln(ρ1ρ2)

2σκ
, (5.19)

b =
T1lnρ2 − T2lnρ1

lnρ2
ρ1

− c2lnρ1lnρ2
2σκ

, (5.20)

g =
ϕ2 − ϕ1

lnρ2
ρ1

− αc2ln(ρ1ρ2)

2σκ
, (5.21)

h =
ϕ1lnρ2 − ϕ2lnρ1

lnρ2
ρ1

+
αc2lnρ1lnρ2

2σκ
. (5.22)

This solves the temperature and electric potential distributions in the homogeneous ther-

moelectric shell.

5.2.2 Analysis of thermoelectric core-shell composite

We then consider a core-shell composite consisting of two homogeneous thermoelectric

phases A and B, as shown in Fig. 5.1(b), with the interface at ρm. The boundary con-

ditions are identical to those of Fig. 5.1(a). Since the core-shell composite is pieces-wise

homogeneous, the solutions derived in the last subsection are still applicable to individual

phases, such that

T =


− c2A

2σAκA
(lnρ)2 + aAlnρ+ bA, ρ1 ≤ ρ < ρm,

− c2B
2σBκB

(lnρ)2 + aBlnρ+ bB, ρm < ρ ≤ ρ2,

(5.23)

and

ϕ =


αAc2A
2σAκA

(lnρ)2 + gAlnρ+ hA, ρ1 ≤ ρ < ρm,

αBc2B
2σBκB

(lnρ)2 + gBlnρ+ hB, ρm < ρ ≤ ρ2.

(5.24)

In addition to the specified boundary conditions, it is necessary that both temperature and

electric potential are continuous at the interface,

−
c2A

2σAκA
(lnρm)2 + aAlnρm + bA = −

c2B
2σBκB

(lnρm)2 + aBlnρm + bB, (5.25)

αAc
2
A

2σAκA
(lnρm)2 + gAlnρm + hA =

αBc
2
B

2σBκB
(lnρm)2 + gBlnρm + hB. (5.26)
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so that electric current and energy transfer (per unit length and radian) are continuous as

well due to the conservation of charges and energy, resulting in,

cA = cB = c, (5.27)

T (ρm)J(ρm)(αA − αB) = κA(−
c2A

σAκA

lnρm
ρm

+
aA
ρm

)− κB(−
c2B

σBκB

lnρm
ρm

+
aB
ρm

).(5.28)

From these boundary and continuity conditions, the integration constants can be derived

as

c = − Ψ1 +Ψ3 −
√
Ψ4

(αB − αA)ln
ρm
ρ1

ln ρ2
ρm

(σAln
ρ2
ρm

+ σBln
ρm
ρ1

)
, (5.29)

with

Ψ1 = (σAln
ρ2
ρm

+ σBln
ρm
ρ1

)(κAln
ρ2
ρm

+ κBln
ρm
ρ1

),

Ψ2 = (αB − αA)σAσBln
ρm
ρ1

ln
ρ2
ρm

,

Ψ3 = Ψ2(αBT2 − αAT1 + ϕ2 − ϕ1),

Ψ4 = −2Ψ2[Ψ1(ϕ2 − ϕ1) + (σAln
ρ2
ρm

+ σBln
ρm
ρ1

)(κAαBln
ρ2
ρm

+ κBαAln
ρm
ρ1

)(T2 − T1)]

+ (Ψ1 +Ψ3)
2,
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and

aA =
c2ln(ρmρ1)

2σAκA
+

c2ln ρ2
ρm

Λ

2Θ
−

c(αB − αA)T1ln
ρ2
ρm

Θ
+

κB(T2 − T1)

Θ
, (5.30)

bA = −c2lnρmlnρ1
2σAκA

−
c2ln ρ2

ρm
lnρ1Λ

2Θ
+

c(αB − αA)T1ln
ρ2
ρm

lnρm

Θ

+
κAln

ρ2
ρm

T1 + κB(lnρmT1 − lnρ1T2)

Θ
, (5.31)

gA = − c

σA
− aAαA, (5.32)

hA = ϕ1 −
c2αA

2σAκA
(lnρ1)

2 − gAlnρ1, (5.33)

aB =
c2ln(ρ2ρm)

2σBκB
−

c2lnρm
ρ1

Λ

2Θ
+

c(αB − αA)T2ln
ρm
ρ1

Θ
+

κA(T2 − T1)

Θ
, (5.34)

bB = −c2lnρ2lnρm
2σBκB

+
c2lnρm

ρ1
lnρ2Λ

2Θ
−

c(αB − αA)T2ln
ρm
ρ1

lnρm

Θ

+
κBln

ρm
ρ1

T2 + κA(lnρ2T1 − lnρmT2)

Θ
, (5.35)

gB = − c

σB
− aBαB, (5.36)

hB = ϕ2 −
c2αB

2σBκB
(lnρ2)

2 − gBlnρ2, (5.37)

where

Λ =
σAln

ρ2
ρm

+ σBln
ρm
ρ1

σAσB
,

Θ = κAln
ρ2
ρm

+ κBln
ρm
ρ1

+ c(αB − αA)ln
ρm
ρ1

ln
ρ2
ρm

.

This solves distributions of temperature and electric potential in the core-shell composite.

5.3 The effective thermoelectric properties

To describe the effective behavior of the heterogeneous core-shell thermoelectric, we define

its effective thermoelectric properties through the equivalency principle discussed previously.

We examine the effective electric conductivity first. Consider a boundary condition of

imposed electric potential difference only with ∆T = 0, and compare the electric current

(per unit length and radian) between homogeneous and core-shell thermoelectrics. From

Eq. (5.18) we conclude that the effective electric conductivity of the core-shell composite is
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given by

σ∗(∆ϕ,∆T = 0) =
clnρ2

ρ1

ϕ1 − ϕ2
= −

clnρ2
ρ1

∆ϕ
, (5.38)

with c given by Eq. (5.29). Expanding c into Taylor series of (αB − αA), and using the

notation of f ≡ lnρm
ρ1

/lnρ2
ρ1
, we derive the effective electric conductivity of the core-shell

thermoelectric to the first order of (αB − αA),

σ∗(∆ϕ) =
σAσB

σA(1− f) + σBf
−

f(1− f)σ2
Aσ

2
B∆ϕ(αB − αA)

2[σA(1− f) + σBf ]2[κA(1− f) + κBf ]
, (5.39)

which is analog to our earlier result for layered composite, with f denoting volume fraction

there instead. Note that the thickness ratio of the core-shell structure is given in term of f

by p ≡ ρm−ρ1
ρ2−ρ1

= ρ1
ρ2−ρ1

[(ρ2ρ1 )
f − 1]. Eq. (5.39) clearly depends on the boundary condition as

well as the material constants of the constituents and f , a characteristic distinct from linear

materials. Furthermore, if we impose open-circuit boundary condition such that c = 0, then

the effective Seebeck coefficient can be derived from Eq. (5.18) as

α∗ = −ϕ2 − ϕ1

T2 − T1
=

κA(1− f)αB + κBfαA

κA(1− f) + κBf
, (5.40)

while the effective thermal conductivity can be derived as

κ∗ = −
JQ
dT
dρ

= −
JQρ

(T2 − T1)/ln
ρ2
ρ1

=
κAκB

κA(1− f) + κBf
. (5.41)

Again they are identical to the formula for layered composites, though f has different physi-

cal meanings for these two systems. Note that although the effective Seebeck coefficient and

thermal conductivity do not appear to be dependent on the boundary condition explicitly,

open-circuit boundary condition is implied implicitly in these equations. From the effective

thermoelectric properties, the effective thermoelectric figure of merit can be defined as

Z∗ =
σ∗α∗2

κ∗
, (5.42)

though its relationship with the thermoelectric conversion efficiency remains to be examined.

5.4 Conversion efficiency of core-shell composite

Since the effective thermoelectric properties as defined depend on the boundary condition,

the relationship between effective figure of merit and conversion efficiency becomes less clear,
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Figure 5.2: Schematics of axially-symmetric thermoelectric generator with (a) cross-section
view and (b) side section view, where the left leg consists of materials of interests, and the
right leg is a fictitious material with zero Seebeck coefficient and thermoelectric conductivity,
yet infinite electric conductivity [84].

and thus we examine the conversion efficiency of the core-shell composite directly. To this

end, we consider an idealized thermoelectric module with one of the legs made of fictitious

material of zero Seebeck coefficient and thermoelectric conductivity, yet infinite electric

conductivity, and the other leg made of thermoelectric material of interests, as shown in

Fig. 5.2. The energy conversion efficiency of the thermoelectric generator is calculated as

H =
I2R

Ė1

=
(2πdc)2R

2πdcU |ρ=ρ1

, cU = −κρ∇T + αTc+ ϕc, (5.43)

where I is electric current, R is the load resistance, Ė1 denotes the energy flow from high

temperature reservoir, d is the length of the materials, and cU and c are constants related to

the transports of energy and electricity, with the latter determined by solving
∮
∇ϕ ·dx = 0

around the circuit, as potentials are no longer specified at outer and inner surfaces. For a

homogeneous material with constant thermoelectric properties, the conversion efficiency H

can be evaluated in terms of load resistance R analytically. It can then be optimized with

respect to the load resistance R, leading to classical formula relating conversion efficiency

to ZT ,

Hopt =
T1 − T2

T1

√
1 + Z T1+T2

2 − 1√
1 + Z T1+T2

2 + T2
T1

. (5.44)
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However, for composite materials with nonuniform thermoelectric properties, H can no

longer be derived in terms of R analytically, and such simple relationship is no longer

available. Instead, we have to evaluate Eq. (5.43) numerically in general. Nevertheless, by

evaluating
∮
∇ϕ · dx = 0 around the circuit, it is derived that

c = − Γ1 + Γ3 −
√
Γ4

(αB − αA)ln
ρm
ρ1

ln ρ2
ρm

(σAln
ρ2
ρm

+ σBln
ρm
ρ1

+ 4πdσAσBR)
, (5.45)

with

Γ1 = (σAln
ρ2
ρm

+ σBln
ρm
ρ1

+ 2πdσAσBR)(κAln
ρ2
ρm

+ κBln
ρm
ρ1

),

Γ2 = (αB − αA)σAσBln
ρm
ρ1

ln
ρ2
ρm

,

Γ3 = Γ2(αBT2 − αAT1),

Γ4 = −2Γ2(σAln
ρ2
ρm

+ σBln
ρm
ρ1

+ 4πdσAσBR)(κAαBln
ρ2
ρm

+ κBαAln
ρm
ρ1

)(T2 − T1)

+ (Γ1 + Γ3)
2.

5.5 Numerical results and discussions

In this section, numerical results and discussions for thermoelectric behavior of specific

material systems are presented. For homogeneous shell we consider Bi2Te3 with ρ1 =

50mm and ρ2 = 55mm. For core-shell composite, we consider Bi2Te3 as phase A and

Ag(Pb1−ySny)mSbTe2+m as phase B, with ρ1 = 50mm, ρm = 53mm, and ρ2 = 55mm.

Materials length is d = 0.5m. The thermoelectric properties of both materials are listed in

Table 3.1.

5.5.1 Field distributions

We first examine the thermoelectric field distribution under specific boundary condition.

Assume that only a temperature difference is imposed, with T2 = 300K at cold end and

three different temperatures of T1 = 800, 1000, 1200K at the hot end. The distributions

of temperature, electric potential, and heat flux in a homogeneous shell are shown in Fig.

5.3, while those in the core-shell composite are shown in Fig. 5.4. Nonlinear temperature

distribution is observed in both systems, and internal electric field is induced. Furthermore,
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Figure 5.3: The distributions of (a) temperature, (b) electric potential, and (c) heat flux in
a homogeneous shell under imposed temperature differences [84],
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Figure 5.4: The distributions of (a) temperature, (b) electric potential, and (c) heat flux in
a core-shell composite under imposed temperature differences [84].
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Figure 5.5: The distributions of (a) temperature, (b) electric potential, and (c) heat flux in
a homogeneous shell under imposed electric potential differences [84].

heat flux is no longer constant, as we discussed. On the other hand, if only an electric

potential difference is imposed with ϕ2=0.0 and ϕ1=0.1, 0.2, 0.3V, the corresponding results

for homogeneous shell and core-shell composites are shown in Fig. 5.5 and Fig. 5.6. Here

substantial temperature rise is observed, due to Joule heating. Inhomogeneous electric field

is induced, even for homogeneous shell. Heat flux in the core-shell composite is substantially

smaller, due to lower thermal conductivity of the phase B.
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Figure 5.6: The distributions of (a) temperature, (b) electric potential, and (c) heat flux in
a core-shell composite under imposed electric potential differences [84].
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5.5.2 Effective properties

The effective electric conductivity, Seebeck coefficient, thermal conductivity, and figure of

merit of Bi2Te3-Ag(Pb1−ySny)mSbTe2+m core-shell composite are shown in Fig. 5.7, with

the following boundary conditions imposed,

T1 = T2 = 300K, ϕ1 = 0V, ϕ2 = {−0.5,−0.2, 0.2, 0.5}V. (5.46)

While the effective Seebeck coefficient and thermal conductivity only show slight deviation

from the rule of mixture, as observed in Fig. 5.7(a) and 5.7(b), the nonlinear dependence

of electric conductivity on thickness ratio is more significant, and it is sensitive to the

voltage difference imposed on the boundaries, as shown in Fig. 5.7(c). This results in large

difference in the effective thermoelectric figure of merit shown in Fig. 5.7(d). What is

most interesting is that there is a peak, albeit small, in the effective thermoelectric figure

of merit that exceed both constituents, at p = 0.939, when the imposed potential difference

is ϕ2 = −0.5V . This is significant, since it demonstrates that the effective thermoelectric

figure of merit of a heterogeneous medium can be higher than both of its constituents.

Table 5.1: Thermoelectric properties of the optimal constituent B under different tempera-
ture boundary conditions [84].

Material α (×10−6V/K) σ (×103S/m) κ (W/m/K)) Z(×10−3K−1)

800K Optimal 241.668 4.79423 0.1 2.80000

1000K Optimal 246.989 4.58989 0.1 2.80000

1200K Optimal 251.577 4.42401 0.1 2.80000

5.5.3 Conversion efficiency

To examine if the composite can have higher conversion efficiency than both of its con-

stituents, we calculate efficiency of core-shell composites consisting of Bi2Te3 and a second

phase optimally matched (in a sense to be elaborated later) with Bi2Te3 under different
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Figure 5.7: The effective (a) Seebeck coefficient, (b) thermal conductivity, (c) electric con-
ductivity, and (d) figure of merit as functions of thickness ratio [84].
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Figure 5.8: Conversion efficiency of the core-shell composite consisting of Bi2Te3 and an
optimally second phase for different temperatures; (a) enhanced conversion efficiency of the
composite, normalized by the efficiency of the first phase, versus the thickness ratio of the
second phase; (b) the effective figure of merit calculated from the effective thermoelectric
properties versus the thickness ratio of the second phase [84].

temperatures, with T2 = 300K and T1 chosen to be 800, 1000, 1200K, respectively. The

material constants used in the calculation are listed in Table 5.1. The results are illustrated

as a function of thickness ratio of the second phase in Fig. 5.8(a), and it is observed that

higher efficiency than both constituents is indeed possible. Furthermore, we evaluate the

corresponding effective Z∗ with the effective Seebeck coefficient and thermal conductivity

calculated under open circuit condition and the effective electric conductivity derived under

optimal thermoelectric loading condition. As evident in Fig. 5.8(b), it shows no enhance-

ment at all and there appears no correlation between the effective Z∗ and the conversion

efficiency of the composite. This demonstrates that the effective thermoelectric properties

of composite are ill-defined, and we have to examine the conversion efficiency directly.

In order to understand the enhanced conversion efficiency in core-shell composite, we

rewrite the conversion efficiency as

H =
ϕ2c

(ρJU )|ρ=ρ1

=
ϕ2c

T1αc− c2

2σ ln
ρ2
ρ1

− κ(T2 − T1)/ln
ρ2
ρ1

. (5.47)

for a homogeneous material, which can be optimized with respect to c for given tempera-
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tures, resulting in

copt =

√
2κσα(T1 − T2)

[
√
2κ+

√
2κ+ σα2(T1 + T2)]ln

ρ2
ρ1

. (5.48)

Since c is a constant in the core-shell composite, this points to a need for carefully matching

the copt in constituent phases for the optimal overall conversion efficiency. It is evident

that the core-shell composite can have its constituent phases matched for identical copt

by tailoring the material properties, which is impossible for homogeneous materials to do.

In other words, both segments of core-shell composite operate at optimal condition, while

the corresponding segments of homogeneous materials operate under less optimal ones.

This explains higher conversion efficiency in optimally matched core-shell composite. The

analysis on core-shell composite thus points to a direction for optimal conversion efficiency of

thermoelectric module, wherein copt is matched everywhere, resulting in highest conversion

efficiency possible. To this end, we reorganize Eq. (5.48) by replacing (T2 − T1)/ln
ρ2
ρ1

with

ρ∇T , leading to a point-wise optimal value of

copt = −κρ∇T

√
1 + ZT − 1

αT
, (5.49)

which corresponds to maximum local conversion efficiency of

dHmax =

√
1 + ZT − 1√
1 + ZT + 1

dT

T
. (5.50)

This is equivalent to the concept of compatibility factor [75], with the value corresponding to

reduce current density here being u = − c
κρ∇T . When the optimality is realized everywhere,

maximum overall efficiency is realized as

Hmax = 1− exp(−
∫ T1

T2

√
1 + ZT − 1√
1 + ZT + 1

dT

T
)

= 1− exp(
2√

1 + ZT2 + 1
− 2√

1 + ZT1 + 1
+ 2ln

√
1 + ZT2 + 1√
1 + ZT1 + 1

), (5.51)

where we have taken Z to be a constant for simpler derivation. This is in fact the upper

bound on the conversion efficiency for the core-shell composite consisting of materials with

constant Z. Compared to classical conversion efficiency of a homogeneous material, it shows

a small yet definite enhancement, see Fig. 4.4c.
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5.6 Summary

In this chapter, we have analyzed axially-symmetric thermoelectric problems that are partic-

ularly relevant for waste heat recovery using automobile exhaust pipe. Building on the field

analysis of polar symmetry, we show that higher thermoelectric conversion efficiency can be

achieved in core-shell composites, while the effective figure of merit is not well defined.
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Chapter 6

ASYMPTOTIC ANALYSIS OF ONE-DIMENSIONAL
THERMOELECTRIC MEDIUM

6.1 Introductory remarks

In foregoing chapters, we analyzed bi-layered composites and core-shell composites, how-

ever, they are structures without macroscopic homogeneity. In this chapter, we study the

thermoelectric composite with periodic microstructure [85]. For that matter, asymptotic

homogenization [86–93] is carried out.

We first apply one-dimension asymptotic analysis in Section 2 to derive the homoge-

nized governing equation for thermoelectric composites. From that, we study the effective

behavior in Section 3, including solving for the macroscopic fields, defining the effective

properties, and analyzing the conversion efficiency. The numerical results and discussions

are given in Section 4. The summary for the chapter is in Section 5.

6.2 One-dimensional asymptotic analysis

We confine our scope to one-dimensional (1D) system in this chapter, wherein all the field

variables and materials parameters are assumed to be dependent only on coordinate x, and

independent of y and z, and the thermoelectric transport equations are simplified as

−J = σ
dϕ

dx
+ σα

dT

dx
, (6.1)

JQ = αTJ − κ
dT

dx
. (6.2)

In addition, the divergence-free of current density implies that J = |J| = const in 1D, and

the field equation for heat flux is simplified as

dJQ
dx

= −dϕ

dx
J. (6.3)

The transport equations can be combined with the field equation, resulting in the follow-

ing governing equations for temperature and electric potential in a homogeneous medium
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Figure 6.1: Schematics of layered composite in (a) macroscopic, (b) mesoscopic, and (c)
microscopic scales, with (d) fast fluctuating actual field (solid blue line) and slow varying
homogenized field (dashed red line) [93].

wherein all the thermoelectric properties are constant,

d2T

dx2
+

1

σκ
J2 = 0, (6.4)

d2ϕ

dx2
− α

σκ
J2 = 0, (6.5)

resulting in quadratic distribution of temperature and potential distributions

T (x) = − J2

2σκ
x2 + k1x+ k2, (6.6)

ϕ(x) =
αJ2

2σκ
x2 − (

J

σ
+ αk1)x+ k3, (6.7)

and a constant current density

J =
−σα[T (L)− T (0)]− σ[ϕ(L)− ϕ(0)]

L
, (6.8)

with

k1 =
[T (L)− T (0)]

L
+

J2L

2σκ
, k2 = T (0), k3 = ϕ(0), (6.9)
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where T (x) and ϕ(x) at x = 0, L are specified as the boundary conditions. The heat flux is

then calculated as

JQ(x) = −αJ3

2σκ
x2 + (

J2

σ
+ αJk1)x− κk1 + αJk2. (6.10)

We consider a 1D composite consisting of two distinct phases layered periodically, as

schematically shown in Fig. 6.1. For such a composite, two different length scales can be

identified, one is L, the macroscopic length of the composite associated with the macroscopic

coordinate x. The other is η, the characteristic length of the composite unit cell, for which

a microscopic coordinate ξ = x/η can be introduced. While the material properties α(ξ),

σ(ξ), and κ(ξ) vary fast on the microscopic scale periodically, the field variables such as

T (x, ξ), ϕ(x, ξ), and JQ(x, ξ) vary both fast on microscopic scale and slowly on macroscopic

scale, as schematically shown in Fig. 6.1(d). What we are interested in is the macroscopic

variation of these field variables, for which the fast microscopic fluctuation is averaged out,

so that the effective behavior of the composite can be deduced.

To this end, we expand the temperature, potential, and heat flux into polynomials of η

T (x, ξ) = T0(x, ξ) + ηT1(x, ξ) + η2T2(x, ξ) + ..., (6.11)

ϕ(x, ξ) = ϕ0(x, ξ) + ηϕ1(x, ξ) + η2ϕ2(x, ξ) + ..., (6.12)

JQ(x, ξ) = JQ0(x, ξ) + ηJQ1(x, ξ) + η2JQ2(x, ξ) + ... (6.13)

Inserting these into governing equations (6.1) and (6.3) for T and ϕ, and notice that

d

dx
→ ∂

∂x
+

1

η

∂

∂ξ
, (6.14)

we obtain a series of equations grouped by the orders of η as following,

η−2:

∂

∂ξ
(κ

∂T0

∂ξ
) = 0, (6.15)

η−1:

σ
∂ϕ0

∂ξ
+ σα

∂T0

∂ξ
= 0, (6.16)

∂

∂x
(κ

∂T0

∂ξ
) +

∂

∂ξ
(−αJT0 + κ

∂T0

∂x
+ κ

∂T1

∂ξ
) =

∂ϕ0

∂ξ
J, (6.17)
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η0:

−J = σ(
∂ϕ0

∂x
+

∂ϕ1

∂ξ
) + σα(

∂T0

∂x
+

∂T1

∂ξ
), (6.18)

(
∂ϕ0

∂x
+

∂ϕ1

∂ξ
)J =

∂

∂x
(−αJT0 + κ

∂T0

∂x
+ κ

∂T1

∂ξ
)

+
∂

∂ξ
(−αJT1 + κ

∂T1

∂x
+ κ

∂T2

∂ξ
). (6.19)

We first examine T0(x, ξ) and ϕ0(x, ξ), the lowest order of field variables. By integrating

Eq. (6.15) and rearranging the equation, we obtain

∂T0

∂ξ
=

C1(x)

κ(ξ)
. (6.20)

Since T0(x, ξ) is periodic in ξ, and the integration of ∂T0
∂ξ over the unit cell vanishes, it is

concluded that C1(x) = 0, and thus

T0(x, ξ) = T0(x). (6.21)

Combining this with Eq. (6.16), it is also evident that

ϕ0(x, ξ) = ϕ0(x). (6.22)

In other words, T0(x) and ϕ0(x) do not vary on microscopic scale, and they represent the

macroscopic distributions of temperature and potential when η → 0. They thus describe

the effective behavior of the layered composite with local fluctuations of temperature and

potential averaged out, which we seek to determine.

We then examine T1(x, ξ) and ϕ1(x, ξ). Making use of Eqs. (6.21) and (6.22), we can

integrate Eq. (6.17) with respect to ξ as

∂T1

∂ξ
= −dT0

dx
+

α(ξ)

κ(ξ)
JT0(x) +

C2(x)

κ(ξ)
, (6.23)

with

C2 =<
1

κ
>−1 (

dT0

dx
− <

α

κ
> JT0) (6.24)

determined again from the periodicity of T1(x, ξ) on the unit cell, where < · > is used to

indicate volume averaged quantities over the unit cell. Integrating Eq. (6.23) one more
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time, we obtain

T1(x, ξ) =
dT0

dx

∫ ξ

0
(κ−1 <

1

κ
>−1 −1)dξ

− JT0

∫ ξ

0
(κ−1 <

1

κ
>−1<

α

κ
> −α

κ
)dξ, (6.25)

for which the integration constant C3(x) is assumed to be zero without loss of generality,

since it can be incorporated into T0(x). Similarly, Eq. (6.18) can be recast as

∂ϕ1

∂ξ
= −J

σ
− dϕ0

dx
− α

κ
<

1

κ
>−1 dT0

dx

+ (
α

κ
<

1

κ
>−1<

α

κ
> −α2

κ
)JT0, (6.26)

which by integration yields

ϕ1(x, ξ) = −J

∫ ξ

0

1

σ
dξ − dϕ0

dx
ξ − dT0

dx

∫ ξ

0

α

κ
<

1

κ
>−1 dξ

+ JT0

∫ ξ

0
(
α

κ
<

1

κ
>−1<

α

κ
> −α2

κ
)dξ. (6.27)

As such, Eqs. (6.25) and (6.27) give T1(x, ξ) and ϕ1(x, ξ) that fluctuate fast on the mi-

croscopic scale on the order of η. This will be sufficient for our analysis, and higher order

fluctuations will not be considered.

In order to derive the governing equations for T0(x) and ϕ0(x) that describe the effective

behavior of the layered composite, we integrate Eq. (6.19) over the unit cell to obtain∫ 1

0

∂

∂x
(−αJT0 + κ

∂T0

∂x
+ κ

∂T1

∂ξ
)dξ =

∫ 1

0
(
∂ϕ0

∂x
+

∂ϕ1

∂ξ
)Jdξ, (6.28)

which can be simplified by using Eqs. (6.23), (6.24), and (6.26), resulting in

d2T0

dx2
+ <

1

σ
><

1

κ
> J2 − (<

α

κ
>2 − <

α2

κ
><

1

κ
>)J2T0 = 0. (6.29)

This is the governing equation for the macroscopic temperature distribution T0(x) in the

layered composite. Furthermore, we integrate Eq. (6.26) over the unit cell to obtain

dϕ0

dx
= − <

1

σ
> J− <

α

κ
><

1

κ
>−1 dT0

dx

+ (<
1

κ
>−1<

α

κ
>2 − <

α2

κ
>)JT0. (6.30)



59

By combining Eqs. (6.24) and (6.30), we can rewrite C2 as

C2 = − <
α

κ
>−1 (

dϕ0

dx
+ <

α2

κ
> JT0+ <

1

σ
> J), (6.31)

which can be used to recast Eq. (6.28) as

d2ϕ0

dx2
− <

1

σ
><

α

κ
> J2 + (<

α2

κ
> − <

α

κ
>2<

1

κ
>−1)J

dT0

dx

− (<
α2

κ
><

α

κ
> − <

α

κ
>3<

1

κ
>−1)J2T0 = 0. (6.32)

This is the governing equation for the macroscopic potential distribution ϕ0(x) in the layered

composite.

Equations (6.29) and (6.32) are homogenized governing equations for temperature and

potential distribution in layered periodic composite, one of key results in this work, and the

coefficients in these equations can be easily determined from the volume averages of appro-

priate quantities in the unit cell. These homogenized governing equations are considerably

more complicated than those of homogeneous materials, Eqs. (6.4) and(6.5), a consequence

of nonlinearly coupled transport equations [94,95], and it is easy to verify that under limiting

case of homogeneous materials, the homogeneous governing equations are recovered. With

T0(x) and ϕ0(x) solved from Eqs. (6.29) and (6.32), the macroscopic distribution of heat

flux can be derived as

JQ0 = <
1

κ
>−1 (<

α

κ
> T0J − dT0

dx
), (6.33)

where Eqs. (6.23) and (6.24) have been used. Thus the problem is completely solved,

if we can determine the macroscopic temperature and potential distributions along with

the constant current density, which we seek to solve in the next section. We can further

determine the local fluctuations of temperature and potential from Eqs. (6.25) and (6.27),

though we are more interested in the effective behavior, and this line of investigation will

not be pursued here.
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6.3 The effective behavior

6.3.1 Field analysis

In order to solve for the temperature distribution in the layered composite, we recast Eq.

(6.29), a second order ordinary differential equation with constant coefficients, as

d2T0

dx2
+ d1T0 + d2 = 0, (6.34)

with

d1 = (<
α2

κ
><

1

κ
> − <

α

κ
>2)J2, d2 =<

1

σ
><

1

κ
> J2,

which can be solved as

T0(x) = q1cos(
√

d1x) + q2sin(
√

d1x)−
d2
d1

, (6.35)

where q1 and q2 are constants that can be determined by boundary conditions as,

q1 =
d2
d1

+ T (0), q2 =
d2/d1 + T (L)− q1cos(

√
d1L)

sin(
√
d1L)

. (6.36)

Not surprisingly, the functional variation of macroscopic temperature distribution of the

layered composite is drastically different from the quadratic distribution of homogeneous

materials in Eq. (6.6). Having derived T0(x), we can solve for ϕ0(x) from Eq. (6.30) in a

similar manner as,

ϕ0 = h1x+ h2sin(
√

d1x) + h3cos(
√

d1x) + h4, (6.37)

with

h1 = − <
1

σ
> J − (<

1

κ
>−1<

α

κ
>2 − <

α2

κ
>)J

d2
d1

,

h2 = − <
1

κ
>−1<

α

κ
> q2 + (<

1

κ
>−1<

α

κ
>2 − <

α2

κ
>)J

q1√
d1

,

h3 = − <
1

κ
>−1<

α

κ
> q1 − (<

1

κ
>−1<

α

κ
>2 − <

α2

κ
>)J

q2√
d1

,

h4 = ϕ(0)− h3.
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Note that both temperature and potential distributions are given in terms of yet to be

determined current density J , which can be solved from potential boundary condition at

x = L,

ϕ(L) = h1L+ h2sin(
√

d1L) + h3cos(
√

d1L) + h4. (6.38)

With the current density J determined as such, the heat and energy fluxes can be determined

accordingly,

JQ0 = − <
1

κ
>−1 [(−q1

√
d1− <

α

κ
> Jq2)sin(

√
d1x)

+ (q2
√

d1− <
α

κ
> Jq1)cos(

√
d1x)+ <

α

κ
> J

d2
d1

], (6.39)

and

JU =<
1

κ
>−1 (<

α

κ
> T0J − dT0

dx
) + ϕ0J. (6.40)

These set of equations completely solved the macroscopic variation of temperature, poten-

tial, current density, heat flux, and energy flux in a layered composite, and thus completely

describe its effective behavior.

6.3.2 The effective properties

With equivalency principle, we examine the effective electric conductivity first. Consider

a boundary condition of imposed electric potential difference only with ∆T = 0, and com-

pare the current density between homogeneous thermoelectric and periodic composite, we

conclude that the effective electric conductivity of the periodic composite is given by

σ∗(∆ϕ,∆T = 0) = − J

∆ϕ/L
, (6.41)

with the current density determined by Eq. (6.38). Since ∆T = 0, the current density can

be solved analytically, resulting in

σ∗ =
2

v∆ϕ
tan−1{

< 1
κ > v∆ϕ

2[< 1
σ >< 1

κ > +v2T (0)]
}, (6.42)

with

v =

√
<

α2

κ
><

1

κ
> − <

α

κ
>2.
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Clearly, the effective electric conductivity depends on the imposed potential difference at

boundary in addition to the material constants of the constituents and the volume fraction

f , a characteristic distinct from linear medium. On the other hand, if we impose open-circuit

boundary condition where J = 0, such that

dϕ0

dx
= − <

α

κ
><

1

κ
>−1 dT0

dx
, (6.43)

the effective Seebeck coefficient can be derived as

α∗ = − ϕ(L)− ϕ(0)

T (L)− T (0)
=<

α

κ
><

1

κ
>−1 . (6.44)

In addition, under the condition of J = 0, we have

JQ0 = − <
1

κ
>−1 dT0

dx
, (6.45)

from which the effective thermal conductivity can be derived as

κ∗ = −
JQ0

[T (L)− T (0)]/L
=<

1

κ
>−1 . (6.46)

Notice that this effective thermal conductivity is identical to that of a layered linear thermal

conductor uncoupled from electric conduction, since open circuit condition is assumed, and

different effective Seebeck coefficient and thermal conductivity will be resulted if different

electric boundary condition is imposed. From these effective thermoelectric properties, the

effective thermoelectric figure of merit is then defined as

Z∗ =
σ∗α∗2

κ∗
, (6.47)

though its connection with the thermoelectric conversion efficiency remains to be examined,

which we analyze in the next subsection.

6.3.3 Thermoelectric conversion efficiency

While the figure of merit is directly related to thermoelectric conversion efficiency for a

homogeneous material, our analysis on bilayered thermoelectric composite indicates that it is

not well defined for heterogenous thermoelectric. As a result, we analyze the thermoelectric

conversion efficiency of the periodic layered composite directly, based on the thermoelectric
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Figure 6.2: Schematics of the fictitious thermoelectric module for conversion efficiency anal-
ysis [93].

module schematically shown in Fig. 6.2. One leg of the module is made of material of

interest, which is the layered composite with periodic microstructure, and the other leg is

made of a fictitious material with zero Seebeck coefficient and thermal conductivity, yet

infinite electric conductivity, and thus it only serves as a path for electric current, not

involved in energy conversion [93]. The conversion efficiency of this idealized thermoelectric

module, as a result, measures only the performance of the composite material of interest,

and it can be defined as

H =
(JA)2R

Ė0

=
(JA)2R

AJU |x=0
, (6.48)

where the numerator denotes the electric energy delivered to the load resistance, whereas

the denominator denotes the heat (energy) flowing in at the joint from the hot reservoir

with temperature T (0). From Eq. (6.40), it is derived that

JU |x=0 =<
1

κ
>−1 [<

α

κ
> T (0)J − dT0

dx
|x=0], (6.49)

and the current density J can be determined from integral of ∇ϕ around the circuit,∮
∇ϕ · dr = 0, (6.50)

which replaces the imposed potential at boundaries we used earlier. The efficiency can be

optimized with respect to the load resistance R, and for homogeneous materials, this lead
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to classical equation relating figure of merit ZT to optimal conversion efficiency under given

temperature difference,

Hopt =
Th − Tc

Th

√
1 + Z Th+Tc

2 − 1√
1 + Z Th+Tc

2 + Tc
Th

, (6.51)

where Th and Tc refer to temperatures at hot and cold ends. For composite materials,

however, such simple relationship is no longer available, and we have to evaluate the optimal

conversion efficiency numerically in general. Alternatively, it is sometimes insightful to

recast the conversion efficiency as

H =
ϕ(L)J

JU |x=0
=

ϕ(L)J

< 1
κ >−1 (< α

κ > T (0)J − dT0
dx |x=0)

, (6.52)

with

ϕ(L) = − <
1

σ
> JL− <

α

κ
><

1

κ
>−1 [T (L)− T (0)]

+ (<
1

κ
>−1<

α

κ
>2 − <

α2

κ
>)J

∫ L

0
T0dx, (6.53)

where ϕ(0) = 0 is assumed without loss of generality. The efficiency can then be optimized

equivalently with respect to the current density instead, though the current density is upper

bounded by the current density achieved without the load resistance. These two approaches

for deriving the optimal conversion efficiency are equivalent, and both requires numerical

computation in general, yet the one using current density is more efficient numerically.

6.4 Numerical results and discussions

6.4.1 Field distributions

To demonstrate the analysis, we consider a periodic thermoelectric composite consisting of

Bi2Te3 and Ag(Pb1−ySny)mSbTe2+m, with their thermoelectric properties listed in Table

3.1 and the volume fraction of Bi2Te3 being f . Consider either only a temperature differ-

ence or an electric potential difference is imposed, and the corresponding distributions of

temperature, electric potential, and heat flux are shown in Figs. 6.3 and 6.4, where f = 0.4

is assumed, and homogeneous materials with f = 0, 1 are also included for comparison. It
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Figure 6.3: The distributions of (a) temperature, (b) electric potential, and (c) heat flux
in thermoelectric composite under an imposed temperature difference of T (0) = 300K and
T (L) = 1000K, with ϕ(0) = ϕ(L) = 0 and f = 0, 0.4, 1 [93].
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Figure 6.4: The distributions of (a) temperature, (b) electric potential, and (c) heat flux
in thermoelectric composite under an imposed electric potential difference of ϕ(0) = 0 and
ϕ(L) = 0.1V, with T (0) = T (L) = 300K and f = 0, 0.4, 1 [93].
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is observed that under both types of boundary conditions, the field distributions are highly

nonlinear, as expected, and the heat flux is not constant. Notable temperature rising is

also observed in Fig. 6.4 inside of the composite under imposed potential difference, due

to Joule heating, and the increase in temperature is most prominent in Bi2Te3, which has

higher electric conductivity, and its heat flux is also larger due to higher thermal conduc-

tivity.

Table 6.1: By fitting curves of temperature, electric potential, and heat flux of composite
to homogeneous results, sets of thermoelectric properties are derived [93].

Under imposed ∆T :

Curves fitted α (×10−6V/K) σ (×104S/m) κ (W/m/K))

T0 541 635 890

ϕ0 467 440 838

JQ0 29077 0.0002 1

Under imposed ∆ϕ:

Curves fitted α (×10−6V/K) σ (×104S/m) κ (W/m/K))

T0 2424 3156 957

ϕ0 1016 809 985

JQ0 276 3 620

It is worth noting that the quantitative variations of temperature and electric poten-

tial for the layered composite are not much different from those of homogeneous materials,

despite drastically different functional forms. This motivates us to fit the distributions

of temperature, potential, or the heat flux in the composite using homogeneous solutions,

Eqs. (6.6), (6.7), and (6.10). The resulting sets of thermoelectric properties identified from

these fittings are listed in Table 6.1, where it is observed that different curves resulting in

thermoelectric constants that differ in orders of magnitude, for both types of boundary con-

ditions. In other words, it is impossible to identify a consistent set of effective thermoelectric
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Figure 6.5: Distribution of (a) temperature, (b) electric potential, and (c) heat flux of
thermoelectric composite are fitted to the solutions of homogeneous material for T (0) =
300K, T (L) = 1000K, ϕ(0) = ϕ(L) = 0, and f=0.4 [93].

properties that fit the distributions of temperature, potential, and heat flux simultaneously

under given boundary conditions. The comparison of original distributions and fitted re-

sults shown in Figs. 6.5 and 6.6 also confirm this observation. For example, in Fig. 6.5,

it is observed that the data fitted by heat flux leads to good agreement for temperature

distribution, yet results in poor agreement for potential. In Fig. 6.6, on the other hand,

the data fitted by heat flux results in poor agreement for both temperature and potential.

Similar conclusion can be drawn for data fitted by temperature or potential. This highlights

the difficulty in homogenizing the effective thermoelectric properties of the composite that

would resemble the behavior of homogenous materials.
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Figure 6.6: Distribution of (a) temperature, (b) electric potential, and (c) heat flux of
thermoelectric composite are fitted to the solutions of homogeneous material for ϕ(0) = 0,
ϕ(L) = 0.1V, T (0) = T (L) = 300K, and f=0.4 [93].
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Figure 6.7: The effective thermoelectric properties calculated by equivalency principle; (a)
electric conductivity; (b) Seebeck coefficient; (c) thermal conductivity; and (d) figure of
merit [93].

Figure 6.8: Conversion efficiencies of composite versus volume fraction. There is discrepancy
between directly optimized value and the results converted from effective figures of merit
from different boundary conditions [93].
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6.4.2 The effective properties and conversion efficiency

Since it is impossible to find a set of effective thermoelectric properties of composite that

will fit its distributions of temperature, potential, and heat flux into homogenous solution,

we calculate the effective properties of the composite versus the volume fraction of Bi2Te3

using equivalency principle instead, as shown in Fig. 6.7, which ensures the equivalency

in current density and energy flux between composite and homogeneous material with the

identical set of properties. The effective Seebeck coefficient and thermal conductivity are

calculated under open circuit condition, and the effective electric conductivity is evaluated

with T (0) = T (L) = 300K and ∆ϕ = 0.2, 0.35, 0.5, 1.0K. It is observed that there is a

noticeable dependence of the effective electric conductivity and figure of merit on boundary

condition. We further calculated the optimized conversion efficiency of the composite versus

the volume fraction of Bi2Te3 with T (0) = 800K and T (L) = 300K, as shown in Fig. 6.8,

along with the conversion efficiency calculated using the effective figure of merit based on

Eq. (6.51), and it is clear that there is a large discrepancy between the actual efficiency

and the efficiency evaluated from the effective figure of merit, which depends on boundary

condition. This suggest that the effective thermoelectric figure of merit of composite is not

well defined, and does not correlate with its thermoelectric conversion efficiency.

The lack of correlation between the effective figure of merit and the thermoelectric con-

version efficiency can be understood as following. To define the effective Seebeck coefficient,

electric conductivity, and thermal conductivity, two sets of boundary conditions are re-

quired, making it impossible to match the actual optimal boundary condition under which

the conversion efficiency is evaluated. This motivates us to suggest an alternative way

to define the effective thermoelectric properties, using equivalency principle under optimal

working condition in combination with the requirements of Eqs. (6.47) and (6.51) instead,

and interestingly, this leads to two sets of effective properties, as shown in Fig. 6.9 along

with the effective Z∗. This again suggests that the effective properties of thermoelectric

composites are ill-defined.
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Figure 6.9: Two sets of effective thermoelectric properties corresponding to a given con-
version efficiency, evaluated at T (L) = 300K, T (0) = 1000K; (a) electric conductivity; (b)
Seebeck coefficient; (c) thermal conductivity; and (d) figure of merit [93].
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6.5 Summary

In this chapter, we developed a rigorous nonlinear asymptotic homogenization theory to

analyze the coupled transport of electricity and heat in thermoelectric composite materials,

with which we solved for the macroscopic field distributions that are drastically different

from those in homogeneous materials, analyzed the overall conversion efficiency using an

idealized thermoelectric module, and showed that the effective thermoelectric properties are

ill-defined, and the effective thermoelectric figure of merit does not directly correlate with

the thermoelectric conversion efficiency.
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Chapter 7

ASYMPTOTIC ANALYSIS OF TWO-DIMENSIONAL
THERMOELECTRIC MEDIUM I: UNIT CELL PROBLEM

7.1 Introductory remarks

Our analysis in the previous chapter shows thermoelectric composite have more complex,

yet more interesting field distributions than those of homogeneous materials. Conceivably,

with the introduction of 2D or 3D unit cell configuration, and thus the introduction of more

parameters, our problem will provide more room for manipulation. As we did in the last

chapter, we apply asymptotic analysis on two-dimensional thermoelectric composite in this

chapter.

We first establish the unit cell problem for 2D/3D in Section 2, where governing equa-

tions, interfacial conditions, boundary conditions for the unit cell problem are identified. In

Section 3, we derive the homogenized governing equation for 2D/3D thermoelectric com-

posites. In Section 4, we present an variation of unit cell problem, which has Neumann’s

boundary condition, making the unit cell isolated laterally. Section 5 summarizes the theory

part of the 2D asymptotic analysis of thermoelectric composites.

7.2 Unit cell problem

We consider the three-dimensional coupled transports of heat and electrons in a thermo-

electric material, with the respective transport equations given by

−J = σ∇ϕ+ σα∇T, (7.1)

JQ = −Tασ∇ϕ− (Tα2σ + κ)∇T. (7.2)

and conserved system such that

∇ · J = 0, (7.3)

∇ · JU = 0, (7.4)
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Figure 7.1: Schematics of a 3D composite in (a) macroscopic, (b) mesoscopic, and (c)
microscopic scales.

with

JU = JQ + ϕJ. (7.5)

As such, the distributions of electric potential and temperature are decided by the following

coupled governing equations

∇ · (σ∇ϕ+ σα∇T ) = 0, (7.6)

∇ · (κ∇T + σϕ∇ϕ+ σαϕ∇T + σαT∇ϕ+ σα2T∇T ) = 0, (7.7)

or

∂

∂xi
(Dρθ

∂vθ
∂xi

) +
∂

∂xi
(Eρθζvθ

∂vζ
∂xi

) = 0, (7.8)

where

Dρθ =

 σ σα

0 κ

 , vθ =

 ϕ

T

 , (7.9)

Eρθ1 =

 0 0

σ σα

 , Eρθ2 =

 0 0

σα σα2

 . (7.10)

The subscripts ρ, θ, ζ take values of 1, 2, while i takes value 1, 2 in two-dimensional space

(2D), and 1, 2, 3 in three dimensions (3D). Note that in this tensor form, isotropic material
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properties of σ, α, κ are assumed. If more general material properties are used, the material

property matrices would be Dijρθ and Eijρθζ to account for the anisotropy.

To apply asymptotic method and establish the unit cell problem, we consider a composite

consisting of two distinct phases that are organized periodically, as schematically shown in

Figure 7.1. For such a composite, two different length scales can be identified, one is L,

the macroscopic length of the composite associated with the macroscopic coordinate xi.

The other is η, the characteristic length of the composite unit cell, for which a microscopic

coordinate ξi = xi/η can be introduced. While the material properties α(ξi), σ(ξi), and

κ(ξi) vary fast on the microscopic scale periodically, the field variables such as T (xi, ξi),

ϕ(xi, ξi) vary both fast on microscopic scale and slowly on macroscopic scale. What we

are interested in is the macroscopic variation of these field variables, for which the fast

microscopic fluctuation is averaged out, so that the effective behavior of the composite can

be deduced.

To this end, we expand the temperature, potential into polynomials of η

vθ(xi, ξi) = v
(0)
θ (xi, ξi) + ηv

(1)
θ (xi, ξi) + η2v

(2)
θ (xi, ξi) + ..., (7.11)

Inserting this into governing equation (7.8) for vθ, and notice that

∂

∂xi
→ ∂

∂xi
+

1

η

∂

∂ξi
, (7.12)

we obtain a series of equations grouped by the orders of η as the following,

η−2:

∂

∂ξi
[Dρθ

∂v
(0)
θ

∂ξi
] +

∂

∂ξi
[Eρθζv

(0)
θ

∂v
(0)
ζ

∂ξi
] = 0, (7.13)

η−1:

∂

∂ξi
[Dρθ(

∂v
(1)
θ

∂ξi
+

∂v
(0)
θ

∂xi
)] +

∂

∂ξi
[Eρθζv

(1)
θ

∂v
(0)
ζ

∂ξi
+ Eρθζv

(0)
θ (

∂v
(1)
ζ

∂ξi
+

∂v
(0)
ζ

∂xi
)]

= − ∂

∂xi
[Dρθ

∂v
(0)
θ

∂ξi
]− ∂

∂xi
[Eρθζv

(0)
θ

∂v
(0)
ζ

∂ξi
], (7.14)
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η0:

∂

∂ξi
[Dρθ(

∂v
(2)
θ

∂ξi
+

∂v
(1)
θ

∂xi
)]

+
∂

∂ξi
[Eρθζv

(2)
θ

∂v
(0)
ζ

∂ξi
+ Eρθζv

(1)
θ (

∂v
(1)
ζ

∂ξi
+

∂v
(0)
ζ

∂xi
) + Eρθζv

(0)
θ (

∂v
(2)
ζ

∂ξi
+

∂v
(1)
ζ

∂xi
)]

= − ∂

∂xi
[Dρθ(

∂v
(1)
θ

∂ξi
+

∂v
(0)
θ

∂xi
)]

− ∂

∂xi
[Eρθζv

(1)
θ

∂v
(0)
ζ

∂ξi
+ Eρθζv

(0)
θ (

∂v
(1)
ζ

∂ξi
+

∂v
(0)
ζ

∂xi
)]. (7.15)

From equation (7.13), it can be concluded that v
(0)
θ = v

(0)
θ (x) and does not depend on

ξ. Thus Eqs. (7.14) and (7.15) can be simplified as

∂

∂ξi
[Dρθ

∂v
(1)
θ

∂ξi
] +

∂

∂ξi
[Eρθζv

(0)
θ

∂v
(1)
ζ

∂ξi
] = −

∂Dρθ

∂ξi

∂v
(0)
θ

∂xi
−

∂Eρθζ

∂ξi
v
(0)
θ

∂v
(0)
ζ

∂xi
, (7.16)

∂

∂ξi
[Dρθ

∂v
(2)
θ

∂ξi
] +

∂

∂ξi
[Eρθζv

(0)
θ

∂v
(2)
ζ

∂ξi
]

= − ∂

∂ξi
[Dρθ

∂v
(1)
θ

∂xi
]− ∂

∂xi
[Dρθ(

∂v
(1)
θ

∂ξi
+

∂v
(0)
θ

∂xi
)]

− ∂

∂ξi
[Eρθζv

(1)
θ (

∂v
(1)
ζ

∂ξi
+

∂v
(0)
ζ

∂xi
) + Eρθζv

(0)
θ

∂v
(1)
ζ

∂xi
]

− ∂

∂xi
[Eρθζv

(0)
θ (

∂v
(1)
ζ

∂ξi
+

∂v
(0)
ζ

∂xi
)]. (7.17)

Existence and Uniqueness Theorem Before we continue, an existence and uniqueness

theorem [86] is introduced here. The validness of all our further procedures rest on this

important theorem.

Let Aij(ξ) (i, j = 1, 2, 3) be n × n matrix-valued functions, fk(ξ) (k = 0, 1, 2, 3) be

n-dimensional vector functions, and suppose the elements of Aij(ξ), fk(ξ) are bounded

measurable functions, and are periodic in ξ with period of 1 (1-periodic). Let Aij(ξ) =

Aji(ξ) and the inequality

⟨(Aij
∂u

∂ξj
,
∂u

∂ξi
)⟩ ≥ ϵ⟨( ∂u

∂ξi
,
∂u

∂ξi
)⟩, ϵ > 0, (7.18)
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hold for any n-dimensional vector function u(ξ) ∈ W 1,2(R3). Here (a,b) denotes the scalar

product of vectors a,b ∈ Rn and ⟨.⟩ is an averaged value evaluated on a unit cell in the

following sense

⟨f(ξ1, ξ2, ξ3)⟩ =
∫ 1

0

∫ 1

0

∫ 1

0
f(ξ1, ξ2, ξ3)dξ1dξ2dξ3. (7.19)

W 1,2(R3) is a Sobolev space W k,p(Rn) [96,97] where k = 1, p = 2 and the functions in Sobolev

space are defined in 3D real space of R3. In case Aij(ξ) and fk(ξ) are smooth functions for

ξ ∈ R3, then a necessary and sufficient condition for the following system

∂

∂ξi
(Aij(ξ)

∂u

∂ξj
) = f0(ξ) +

∂

∂ξk
fk(ξ) (7.20)

to have 1-periodic solution is

⟨f0(ξ)⟩ = 0. (7.21)

The solution is unique up to a constant vector c,

u(ξ) = u0(ξ) + c, (7.22)

here u0(ξ) is a solution of (7.20) satisfying the condition

⟨u0(ξ)⟩ = 0. (7.23)

In cases Aij(ξ) is not perfectly smooth (e.g., piece-wise smooth as in multi-phased compos-

ites), the system of (7.20) is modified by multiplying an arbitrary n-dimensional 1-periodic

function of φ(ξ) and integrating over the unit cell Ω to give

−
∫
Ω
(Aij

∂u

∂ξj
,
∂φ

∂ξi
)dξ =

∫
Ω
(f0,φ)dξ −

∫
Ω
(fk,

∂φ

∂ξk
)dξ, (7.24)

where the Divergence theorem is used, and the terms with area integration disappear because

(Aij
∂u
∂ξj

,φ) and (fk,φ) are periodic, on boundary the net effect will cancel out. For this

system to have a solution u(ξ) ∈ W 1,2(R3) that satisfies (7.24) for any 1-periodic trial vector

function φ(ξ) ∈ W 1,2(R3), the above condition and existence and uniqueness conclusion

still apply. The solution u(ξ) in this this case is known as a generalized solution of system

(7.20).
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Comparing equation (7.16) with (7.20) reveals that (7.16) is an equation of ξ with the

structure

∂

∂ξi
[D̃δij

∂v(1)

∂ξj
] = f(ξ), (7.25)

where δij is the Kronecker delta and

D̃ρζ = Dρζ + Eρθζv
(0)
θ , fρ(ξ) = −

∂Dρζ

∂ξi

∂v
(0)
ζ

∂xi
−

∂Eρθζ

∂ξi
v
(0)
θ

∂v
(0)
ζ

∂xi
.

So clearly the Existence and Uniqueness theorem applies here. And because ⟨fρ(ξ)⟩ = 0

due to 1-periodic Dρζ and Eρθζ , we know that (7.16) should have a unique solution (up to

a constant vector).

7.2.1 Governing equations for unit cell problem

The first step to find out the solution v(1) to equation (7.16) is to establish the governing

equations for the unit cell problem. To do so, we are going to guess the structure of v(1).

It is hypothesized that

v
(1)
1 = ϕ(1) = N

(1)
i (ξ)

1

T (0) −X

∂ϕ(0)

∂xi
+N

(2)
i (ξ)

1

T (0) −X

∂T (0)

∂xi

+ N
(3)
i (ξ)

∂ϕ(0)

∂xi
+N

(4)
i (ξ)

∂T (0)

∂xi
, (7.26)

v
(1)
2 = T (1) = M

(1)
i (ξ)

1

T (0) −X

∂ϕ(0)

∂xi
+M

(2)
i (ξ)

1

T (0) −X

∂T (0)

∂xi

+ M
(3)
i (ξ)

∂ϕ(0)

∂xi
+M

(4)
i (ξ)

∂T (0)

∂xi
, (7.27)

whereN
(1)
i (ξ), N

(2)
i (ξ), N

(3)
i (ξ), N

(4)
i (ξ),M

(1)
i (ξ),M

(2)
i (ξ),M

(3)
i (ξ),M

(4)
i (ξ) are unknown vari-

ables of ξ, X is a constant that needs to be determined. So by guessing the structure of

(7.26-7.27), we are guessing that v(1) is a function of linear combinations of f(ξ)g(x), where

f(ξ) and g(x) are respectively functions of ξ and x only. We then substitute (7.26-7.27)

into (7.16), and collect terms that have the same factoring g(x) functions. To be specific,

we have
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1

T̃0

∂ϕ0

∂xj
:

∂

∂ξi
[σ
∂N

(1)
j

∂ξi
+ σα

∂M
(1)
j

∂ξi
] = 0, (7.28)

∂

∂ξi
[Xσα

∂N
(1)
j

∂ξi
+ (Xσα2 + κ)

∂M
(1)
j

∂ξi
] = 0, (7.29)

1

T̃0

∂T̃0
∂xj

:

∂

∂ξi
[σ
∂N

(2)
j

∂ξi
+ σα

∂M
(2)
j

∂ξi
] = 0, (7.30)

∂

∂ξi
[Xσα

∂N
(2)
j

∂ξi
+ (Xσα2 + κ)

∂M
(2)
j

∂ξi
] = 0, (7.31)

T̃0
∂ϕ0

∂xj
:

∂

∂ξi
[σα

∂(N
(3)
j + ξj)

∂ξi
+ σα2

∂M
(3)
j

∂ξi
] = 0, (7.32)

T̃0
∂T̃0
∂xj

:

∂

∂ξi
[σα

∂N
(4)
j

∂ξi
+ σα2

∂(M
(4)
j + ξj)

∂ξi
] = 0, (7.33)

∂ϕ0

∂xj
:

∂

∂ξi
[σ
∂(N

(3)
j + ξj)

∂ξi
+ σα

∂M
(3)
j

∂ξi
] = 0, (7.34)

∂

∂ξi
[σα

∂N
(1)
j

∂ξi
+ σα2

∂M
(1)
j

∂ξi
+ κ

∂M
(3)
j

∂ξi
] = 0, (7.35)

∂T̃0
∂xj

:

∂

∂ξi
[σ
∂N

(4)
j

∂ξi
+ σα

∂(M
(4)
j + ξj)

∂ξi
] = 0, (7.36)

∂

∂ξi
[σα

∂N
(2)
j

∂ξi
+ σα2

∂M
(2)
j

∂ξi
+ κ

∂(M
(4)
j + ξj)

∂ξi
] = 0. (7.37)

Note we have replaced T (0) − X by T̃ (0) for convenience. These ten equations are our

governing equations for unit cell problem.
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As a side note, the reason why we guess such structures of (7.26-7.27) is partly due to

the one-dimensional (1D) results that we obtained in previous chapter. In 1D, from the

governing equations it can be derived that

ϕ(1) = N (1)(ξ)
1

T (0) −X

dϕ(0)

dx
+N (2)(ξ)

1

T (0) −X

dT (0)

dx

+ N (3)(ξ)
dϕ(0)

dx
+N (4)(ξ)

dT (0)

dx
, (7.38)

T (1) = M (1)(ξ)
1

T (0) −X

dϕ(0)

dx
+M (2)(ξ)

1

T (0) −X

dT (0)

dx

+ M (3)(ξ)
dϕ(0)

dx
+M (4)(ξ)

dT (0)

dx
, (7.39)

where

N (1)(ξ) =
V2

V 2
1

∫ ξ

0
(V3

α

κ
− α2

κ
)dξ − 1

V1

∫ ξ

0

1

σ
dξ, (7.40)

N (2)(ξ) =
V2V3

V 2
1

∫ ξ

0
(V3

α

κ
− α2

κ
)dξ − V3

V1

∫ ξ

0

1

σ
dξ, (7.41)

N (3)(ξ) =
1

V1

∫ ξ

0
(V3

α

κ
− α2

κ
)dξ − ξ, (7.42)

N (4)(ξ) =
V3

V1

∫ ξ

0
(V3

α

κ
− α2

κ
)dξ −

∫ ξ

0
⟨1
κ
⟩−1α

κ
dξ, (7.43)

M (1)(ξ) = − V2

V 2
1

∫ ξ

0
(V3

1

κ
− α

κ
)dξ, (7.44)

M (2)(ξ) = −V2V3

V 2
1

∫ ξ

0
(V3

1

κ
− α

κ
)dξ, (7.45)

M (3)(ξ) = − 1

V1

∫ ξ

0
(V3

1

κ
− α

κ
)dξ, (7.46)

M (4)(ξ) = −V3

V1

∫ ξ

0
(V3

1

κ
− α

κ
)dξ +

∫ ξ

0
(⟨1
κ
⟩−1 1

κ
− 1)dξ, (7.47)

X =
V2

V1
, (7.48)

V1 = ⟨α
κ
⟩2⟨1

κ
⟩−1 − ⟨α

2

κ
⟩, (7.49)

V2 = ⟨ 1
σ
⟩, (7.50)

V3 = ⟨α
κ
⟩⟨1
κ
⟩−1. (7.51)

Comparing with 1D results, the guess of (7.26-7.27) is significantly more complex, and by
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confining to 1D calculation, it can be degenerated to (7.38-7.39) satisfactorily. So equations

(7.26-7.27) look like a very plausible guess to try with.

The perspective of Green’s function method [98] also suggests the guess of (7.26-7.27).

To that end, we look at equation (7.25). Clearly by Green’s function,

v(1) =

∫
Ω′

G(ξ, ξ′,v(0))f(ξ′,v(0))dξ′ + boundary terms, (7.52)

given that G(ξ, ξ′,v(0)) is a Green’s function and satisfy

∂

∂ξi
[D̃(ξ,v(0))

∂

∂ξi
G(ξ, ξ′,v(0))] = δ(ξ − ξ′), (7.53)

together with some boundary condition. That is to say the v(0), ∂v(0)

∂xi
terms in (7.25) that

are only functions of x will most likely stay untouched in the expression of v(1), and thus

prompt us the guess of (7.26-7.27).

7.2.2 Interface conditions for piece-wise smooth material properties

The foregoing discussion is applicable to the region that is off the interfaces of neighbouring

phases. At the interfaces, however, due to the discontinuity of the material property matrices

Dρθ and Eρθζ , it is expected
∂vθ
∂xi

will be discontinuous. As a result, some interface conditions

need to be applied. Specifically, we require

[vθ]|Σ = 0, [qiρni]|Σ = 0, (7.54)

to hold, where [.]|Σ denotes the jump of values across the interfaces Σ and

qiρ = Dρθ
∂vθ
∂xi

+ Eρθζvθ
∂vζ
∂xi

, (7.55)

is the current density and heat flux with

qi1 = Ji, (7.56)

qi2 = JUi. (7.57)

ni is the outward vector normal at the interface. We apply the asymptotic expansion of

(7.11) into (7.54). For the first part of (7.54), we have

[vθ]|Σ = η0[v
(0)
θ ]|Σ + η1[v

(1)
θ ]|Σ + η2[v

(2)
θ ]|Σ + ..., (7.58)
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where terms with different orders of η are required to be zero individually. Especially, if we

require η1 term to be zero, and by plugging the guess of (7.26-7.27), we have

[N
(1)
i (ξ)]|Σ = [N

(2)
i (ξ)]|Σ = [N

(3)
i (ξ)]|Σ = [N

(4)
i (ξ)]|Σ

= [M
(1)
i (ξ)]|Σ = [M

(2)
i (ξ)]|Σ = [M

(3)
i (ξ)]|Σ = [M

(4)
i (ξ)]|Σ = 0, (7.59)

because all the terms have different factoring functions of x, and as a result, are required

to equal zero individually. Similarly, for the second part of (7.54), we have

[qiρni]|Σ = η−1[q
(−1)
iρ ni]|Σ + η0[q

(0)
iρ ni]|Σ + ...

= η−1[Dρθ
∂v

(0)
θ

∂ξi
ni + Eρθζv

(0)
θ

∂v
(0)
ζ

∂ξi
ni]|Σ

+η0[Dρθ(
∂v

(1)
θ

∂ξi
+

∂v
(0)
θ

∂xi
)ni +Eρθζ(v

(0)
θ

∂v
(1)
ζ

∂ξi
+ v

(0)
θ

∂v
(0)
ζ

∂xi
+ v

(1)
θ

∂v
(0)
ζ

∂ξi
)ni]|Σ

+..., (7.60)

and terms of different orders of η are required to be zero individually. Especially, if we

require η0 term to be zero, and by plugging the guess of (7.26-7.27), we have

[(σ
∂N

(1)
j

∂ξi
+ σα

∂M
(1)
j

∂ξi
)ni]|Σ = 0, (7.61)

[(Xσα
∂N

(1)
j

∂ξi
+ (Xσα2 + κ)

∂M
(1)
j

∂ξi
)ni]|Σ = 0, (7.62)

[(σ
∂N

(2)
j

∂ξi
+ σα

∂M
(2)
j

∂ξi
)ni]|Σ = 0, (7.63)

[(Xσα
∂N

(2)
j

∂ξi
+ (Xσα2 + κ)

∂M
(2)
j

∂ξi
)ni]|Σ = 0, (7.64)

[(σα
∂(N

(3)
j + ξj)

∂ξi
+ σα2

∂M
(3)
j

∂ξi
)ni]|Σ = 0, (7.65)

[(σα
∂N

(4)
j

∂ξi
+ σα2

∂(M
(4)
j + ξj)

∂ξi
)ni]|Σ = 0, (7.66)

[(σ
∂(N

(3)
j + ξj)

∂ξi
+ σα

∂M
(3)
j

∂ξi
)ni]|Σ = 0, (7.67)

[(σα
∂N

(1)
j

∂ξi
+ σα2

∂M
(1)
j

∂ξi
+ κ

∂M
(3)
j

∂ξi
)ni]|Σ = 0, (7.68)
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[(σ
∂N

(4)
j

∂ξi
+ σα

∂(M
(4)
j + ξj)

∂ξi
)ni]|Σ = 0, (7.69)

[(σα
∂N

(2)
j

∂ξi
+ σα2

∂M
(2)
j

∂ξi
+ κ

∂(M
(4)
j + ξj)

∂ξi
)ni]|Σ = 0. (7.70)

A striking correspondence is observed between these interface conditions and the governing

equations (7.28-7.37). As a matter of fact, the same interface conditions can be derived by

simply applying divergence theorem on (7.28-7.37) across the interface.

7.2.3 Boundary conditions

The boundary conditions of the unit cell problem are considered in the following way.

Suppose on the macroscopic material, the following boundary conditions are applied

ϕ(0, x2, x3) = h1(x2, x3), (7.71)

ϕ(L1, x2, x3) = h2(x2, x3), (7.72)

where 0 and L1 are considered as the two ends along x1 of the macroscopic material, h1 and

h1 are given distributions of potential on the corresponding boundary. For (7.71), if we use

asymptotic expansion of ϕ(0, x2, x3), we have

ϕ(0)(0, x2, x3) + ηN
(1)
i (0, ξ2, ξ3)

1

T̃ (0)(0, x2, x3)

∂ϕ(0)

∂xi
|(0,x2,x3)

+ηN
(2)
i (0, ξ2, ξ3)

1

T̃ (0)(0, x2, x3)

∂T̃ (0)

∂xi
|(0,x2,x3) + ηN

(3)
i (0, ξ2, ξ3)

∂ϕ(0)

∂xi
|(0,x2,x3)

+ηN
(4)
i (0, ξ2, ξ3)

∂T̃ (0)

∂xi
|(0,x2,x3) + ...

∼ h1(x2, x3), (7.73)
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meaning h1 are asymptotically approached by the series. For (7.72), similarly we have

ϕ(0)(L1, x2, x3) + ηN
(1)
i (

L1

η
, ξ2, ξ3)

1

T̃ (0)(L1, x2, x3)

∂ϕ(0)

∂xi
|(L1,x2,x3)

+ηN
(2)
i (

L1

η
, ξ2, ξ3)

1

T̃ (0)(L1, x2, x3)

∂T̃ (0)

∂xi
|(L1,x2,x3)

+ηN
(3)
i (

L1

η
, ξ2, ξ3)

∂ϕ(0)

∂xi
|(L1,x2,x3)

+ηN
(4)
i (

L1

η
, ξ2, ξ3)

∂T̃ (0)

∂xi
|(L1,x2,x3) + ...

= ϕ(0)(L1, x2, x3) + ηN
(1)
i (0, ξ2, ξ3)

1

T̃ (0)(L1, x2, x3)

∂ϕ(0)

∂xi
|(L1,x2,x3)

+ηN
(2)
i (0, ξ2, ξ3)

1

T̃ (0)(L1, x2, x3)

∂T̃ (0)

∂xi
|(L1,x2,x3)

+ηN
(3)
i (0, ξ2, ξ3)

∂ϕ(0)

∂xi
|(L1,x2,x3)

+ηN
(4)
i (0, ξ2, ξ3)

∂T̃ (0)

∂xi
|(L1,x2,x3) + ...

∼ h2(x2, x3), (7.74)

because N
(j)
i (L1

η , ξ2, ξ3) = N
(j)
i (n1, ξ2, ξ3) = N

(j)
i (0, ξ2, ξ3) due to the periodicity of N

(j)
i ,

where j = 1, 2, 3, 4, and n1 being integer number. So if we require

N
(j)
i (0, ξ2, ξ3) = 0, (7.75)

the macroscopic boundary conditions are streamlined as

ϕ(0)(0, x2, x3) ∼ h1(x2, x3), (7.76)

ϕ(0)(L1, x2, x3) ∼ h2(x2, x3). (7.77)

For the same reason, we also require

N
(j)
i (ξ1, 0, ξ3) = 0, (7.78)

N
(j)
i (ξ1, ξ2, 0) = 0. (7.79)
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For the boundary conditions on temperature, we can similarly obtain

M
(j)
i (0, ξ2, ξ3) = 0, (7.80)

M
(j)
i (ξ1, 0, ξ3) = 0, (7.81)

M
(j)
i (ξ1, ξ2, 0) = 0. (7.82)

Thus, we have equations (7.75) and (7.78-7.82) as the boundary conditions for our unit cell

problem.

7.3 Homogenized governing equations of thermoelectricity

With the governing equations, interface conditions and boundary conditions, the unit cell

problem is fully formulated and if it is a correct formulation, N
(1)
i ∼ N

(4)
i ,M

(1)
i ∼ M

(4)
i

can be solved together, and (7.26-7.27) will give us the right expression for v(1). From the

Existence and Uniqueness theorem, a v(1) that satisfies equation (7.16) is the real solution

of the equation. We will save the detail of numerical solution of the unit cell problem for the

next section. Here we assume that the problem is correctly formulated and the solutions

are obtained, so that we are ready to derive the homogenized governing equations that

determine the macroscopic distribution of fields of temperature and electric potential.

To this end, we substitute (7.26-7.27) into (7.17) while also apply ⟨.⟩ operation on the

two sides. Attention is called into the fact that

⟨ ∂f
∂ξi

⟩ =
∫ 1

0

∂f

∂ξi
dξi = f |10 = 0, (7.83)

for some 1-periodic f , so that from (7.17) we have

⟨ ∂

∂xi
[Dρθ(

∂v
(1)
θ

∂ξi
+

∂v
(0)
θ

∂xi
)]⟩+ ⟨ ∂

∂xi
[Eρθζv

(0)
θ (

∂v
(1)
ζ

∂ξi
+

∂v
(0)
ζ

∂xi
)]⟩ = 0. (7.84)

We then plug in (7.26-7.27). For simplicity, at the moment we only consider ρ = 1 such
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that we have

∂

∂xi
[⟨σ

∂N
(1)
j

∂ξi
+ σα

∂M
(1)
j

∂ξi
⟩ 1

T̃ (0)

∂ϕ(0)

∂xj

+⟨σ
∂N

(2)
j

∂ξi
+ σα

∂M
(2)
j

∂ξi
⟩ 1

T̃ (0)

∂T̃ (0)

∂xj

+⟨σ
∂(N

(3)
j + ξj)

∂ξi
+ σα

∂M
(3)
j

∂ξi
⟩∂ϕ

(0)

∂xj

+⟨σ
∂N

(4)
j

∂ξi
+ σα

∂(M
(4)
j + ξj)

∂ξi
⟩∂T̃

(0)

∂xj
] = 0. (7.85)

In the above equation, the terms in the angular bracket are recognized as constants, and x

is the only spatial variable remaining, so we have actually derived a homogenized governing

equation that governs the macroscopic field ϕ(0) and T̃ (0). And the terms in the angular

bracket are interpreted as effective properties for the composite material. With organization,

(7.85) becomes

∂

∂xi
⟨q(0)i1 ⟩ = 0, (7.86)

where

⟨q(0)i1 ⟩ =
G

(1)
ij +G

(3)
ij T̃ (0)

T̃ (0)

∂ϕ(0)

∂xj
+

G
(2)
ij +G

(4)
ij T̃ (0)

T̃ (0)

∂T̃ (0)

∂xj
, (7.87)

is the macroscopic current density with effective properties

G
(1)
ij = ⟨σ

∂N
(1)
j

∂ξi
+ σα

∂M
(1)
j

∂ξi
⟩, (7.88)

G
(2)
ij = ⟨σ

∂N
(2)
j

∂ξi
+ σα

∂M
(2)
j

∂ξi
⟩, (7.89)

G
(3)
ij = ⟨σ

∂(N
(3)
j + ξj)

∂ξi
+ σα

∂M
(3)
j

∂ξi
⟩, (7.90)

G
(4)
ij = ⟨σ

∂N
(4)
j

∂ξi
+ σα

∂(M
(4)
j + ξj)

∂ξi
⟩. (7.91)

Plugging (7.26-7.27) in (7.84), and considering j = 2, we get

∂

∂xi
⟨q(0)i2 ⟩ = 0, (7.92)
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which is the other homogenized governing equation, and

⟨q(0)i2 ⟩ = (H
(3)
ij T̃ (0) +G

(3)
ij ϕ(0) +H

(1)
ij +XH

(3)
ij +K

(3)
ij )

∂ϕ(0)

∂xj

+
G

(1)
ij ϕ(0) +XH

(1)
ij +K

(1)
ij

T̃ (0)

∂ϕ(0)

∂xj

+ (H
(4)
ij T̃ (0) +G

(4)
ij ϕ(0) +H

(2)
ij +XH

(4)
ij +K

(4)
ij )

∂T̃ (0)

∂xj

+
G

(2)
ij ϕ(0) +XH

(2)
ij +K

(2)
ij

T̃ (0)

∂T̃ (0)

∂xj
, (7.93)

is the macroscopic energy flux with more effective properties

H
(1)
ij = ⟨σα

∂N
(1)
j

∂ξi
+ σα2

∂M
(1)
j

∂ξi
⟩, (7.94)

H
(2)
ij = ⟨σα

∂N
(2)
j

∂ξi
+ σα2

∂M
(2)
j

∂ξi
⟩, (7.95)

H
(3)
ij = ⟨σα

∂(N
(3)
j + ξj)

∂ξi
+ σα2

∂M
(3)
j

∂ξi
⟩, (7.96)

H
(4)
ij = ⟨σα

∂N
(4)
j

∂ξi
+ σα2

∂(M
(4)
j + ξj)

∂ξi
⟩, (7.97)

K
(1)
ij = ⟨κ

∂M
(1)
j

∂ξi
⟩, (7.98)

K
(2)
ij = ⟨κ

∂M
(2)
j

∂ξi
⟩, (7.99)

K
(3)
ij = ⟨κ

∂M
(3)
j

∂ξi
⟩, (7.100)

K
(4)
ij = ⟨κ

∂(M
(4)
j + ξj)

∂ξi
⟩. (7.101)

7.4 A variation of unit cell problem: pseudo 2D/3D case

So above we have discussed the way of applying asymptotic method to thermoelectrics

mainly in a general sense. There is one special case that is probably of more practical

importance, which is the so-called pseudo 2D/3D case, shown in Figure 7.2, in which, a

macroscopically homogeneous composite material is subjected to temperature and potential

differences on the two ends along x1, whereas along x2 and x3, no macroscopic difference
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Figure 7.2: The schematics of the pseudo 3D case.

can be observed.

With pseudo 3D, it is not hard to see for macroscopic current density and energy flux,

there is

⟨q(0)iρ ⟩ = 0, (7.102)

for i = 2, 3, which suggests there is no overall exchange between neighboring cells in lateral

directions. As for q
(0)
iρ (without averaging), which depends on ξ in addition to x, we have,

for instance,

q
(0)
iρ (ξ1, 0, ξ3,x) = q

(0)
iρ (ξ1, 1, ξ3,x), (7.103)

by periodicity, then the flux normal to the boundary will be q
(0)
2ρ (ξ1, 1, ξ3,x) and−q

(0)
2ρ (ξ1, 0, ξ3,x),

meaning one flowing-in, and the other flowing-out. Assuming symmetry is present such that

fluxes on the opposite boundaries mirror each other, due to symmetry in the unit cell struc-

ture, then the only possibility is

q
(0)
2ρ (ξ1, 0, ξ3,x) = q

(0)
2ρ (ξ1, 1, ξ3,x) = 0. (7.104)

So we see by periodicity and symmetry, the condition (7.102) can get to point-wise

q
(0)
iρ (ξ,x)ni = 0, (7.105)
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for ξ at the lateral boundary of unit cell, where n is the outward unit vector normal to the

unit cell boundary. That means a chain of cells along x1 can be treated individually.

Due to the particularity of pseudo 3D analysis, the asymptotic expansion of vθ is modified

as

vθ(x1, ξi) = v
(0)
θ (x1) + ηv

(1)
θ (x1, ξi) + η2v

(2)
θ (x1, ξi) + ..., (7.106)

and (7.16-7.17) become

∂

∂ξi
[Dρθ

∂v
(1)
θ

∂ξi
] +

∂

∂ξi
[Eρθζv

(0)
θ

∂v
(1)
ζ

∂ξi
] = −

∂Dρθ

∂ξ1

∂v
(0)
θ

∂x1
−

∂Eρθζ

∂ξ1
v
(0)
θ

∂v
(0)
ζ

∂x1
, (7.107)

∂

∂ξi
[Dρθ

∂v
(2)
θ

∂ξi
] +

∂

∂ξi
[Eρθζv

(0)
θ

∂v
(2)
ζ

∂ξi
] = − ∂

∂ξ1
[Dρθ

∂v
(1)
θ

∂x1
]

− ∂

∂x1
[Dρθ(

∂v
(1)
θ

∂ξ1
+

∂v
(0)
θ

∂x1
)]− ∂

∂ξi
[Eρθζv

(1)
θ

∂v
(1)
ζ

∂ξi
]

− ∂

∂ξ1
[Eρθζ(v

(1)
θ

∂v
(0)
ζ

∂x1
+ v

(0)
θ

∂v
(1)
ζ

∂x1
)]− ∂

∂x1
[Eρθζv

(0)
θ (

∂v
(1)
ζ

∂ξ1
+

∂v
(0)
ζ

∂x1
)]. (7.108)

So the hypothesized v(1) are accordingly modified to

v
(1)
1 = N

(1)
1 (ξ)

1

T (0) −X

∂ϕ(0)

∂x1
+N

(2)
1 (ξ)

1

T (0) −X

∂T (0)

∂x1

+ N
(3)
1 (ξ)

∂ϕ(0)

∂x1
+N

(4)
1 (ξ)

∂T (0)

∂x1
, (7.109)

v
(1)
2 = M

(1)
1 (ξ)

1

T (0) −X

∂ϕ(0)

∂x1
+M

(2)
1 (ξ)

1

T (0) −X

∂T (0)

∂x1

+ M
(3)
1 (ξ)

∂ϕ(0)

∂x1
+M

(4)
1 (ξ)

∂T (0)

∂x1
. (7.110)
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And then we have the governing equations of the unit cell problem

∂

∂ξi
[σ
∂N

(1)
1

∂ξi
+ σα

∂M
(1)
1

∂ξi
] = 0, (7.111)

∂

∂ξi
[Xσα

∂N
(1)
1

∂ξi
+ (Xσα2 + κ)

∂M
(1)
1

∂ξi
] = 0, (7.112)

∂

∂ξi
[σ
∂N

(2)
1

∂ξi
+ σα

∂M
(2)
1

∂ξi
] = 0, (7.113)

∂

∂ξi
[Xσα

∂N
(2)
1

∂ξi
+ (Xσα2 + κ)

∂M
(2)
1

∂ξi
] = 0, (7.114)

∂

∂ξi
[σα

∂(N
(3)
1 + ξ1)

∂ξi
+ σα2∂M

(3)
1

∂ξi
] = 0, (7.115)

∂

∂ξi
[σα

∂N
(4)
1

∂ξi
+ σα2∂(M

(4)
1 + ξ1)

∂ξi
] = 0, (7.116)

∂

∂ξi
[σ
∂(N

(3)
1 + ξ1)

∂ξi
+ σα

∂M
(3)
1

∂ξi
] = 0, (7.117)

∂

∂ξi
[σα

∂N
(1)
1

∂ξi
+ σα2∂M

(1)
1

∂ξi
+ κ

∂M
(3)
1

∂ξi
] = 0, (7.118)

∂

∂ξi
[σ
∂N

(4)
1

∂ξi
+ σα

∂(M
(4)
1 + ξ1)

∂ξi
] = 0, (7.119)

∂

∂ξi
[σα

∂N
(2)
1

∂ξi
+ σα2∂M

(2)
1

∂ξi
+ κ

∂(M
(4)
1 + ξ1)

∂ξi
] = 0, (7.120)

and interface conditions

[N
(1)
1 ]|Σ = [N

(2)
1 ]|Σ = [N

(3)
1 ]|Σ = [N

(4)
1 ]|Σ

= [M
(1)
1 ]|Σ = [M

(2)
1 ]|Σ = [M

(3)
1 ]|Σ = [M

(4)
1 ]|Σ = 0, (7.121)

[(σ
∂N

(1)
1

∂ξi
+ σα

∂M
(1)
1

∂ξi
)ni]|Σ = 0, (7.122)

[(Xσα
∂N

(1)
1

∂ξi
+ (Xσα2 + κ)

∂M
(1)
1

∂ξi
)ni]|Σ = 0, (7.123)

[(σ
∂N

(2)
1

∂ξi
+ σα

∂M
(2)
1

∂ξi
)ni]|Σ = 0, (7.124)

[(Xσα
∂N

(2)
1

∂ξi
+ (Xσα2 + κ)

∂M
(2)
1

∂ξi
)ni]|Σ = 0, (7.125)

[(σα
∂(N

(3)
1 + ξ1)

∂ξi
+ σα2∂M

(3)
1

∂ξi
)ni]|Σ = 0, (7.126)
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[(σα
∂N

(4)
1

∂ξi
+ σα2∂(M

(4)
1 + ξ1)

∂ξi
)ni]|Σ = 0, (7.127)

[(σ
∂(N

(3)
1 + ξ1)

∂ξi
+ σα

∂M
(3)
1

∂ξi
)ni]|Σ = 0, (7.128)

[(σα
∂N

(1)
1

∂ξi
+ σα2∂M

(1)
1

∂ξi
+ κ

∂M
(3)
1

∂ξi
)ni]|Σ = 0, (7.129)

[(σ
∂N

(4)
1

∂ξi
+ σα

∂(M
(4)
1 + ξ1)

∂ξi
)ni]|Σ = 0, (7.130)

[(σα
∂N

(2)
1

∂ξi
+ σα2∂M

(2)
1

∂ξi
+ κ

∂(M
(4)
1 + ξ1)

∂ξi
)ni]|Σ = 0. (7.131)

For the consideration of boundary conditions of the unit cell problem, we suppose on the

macroscopic material the following boundary conditions are applied

ϕ(0) = h1, (7.132)

ϕ(L1) = h2, (7.133)

where h1 and h2 are specified electric potentials on the two ends of the macroscopic material

0 and L1 along x1. As what has been done previously, we will still get

N
(j)
1 (0, ξ2, ξ3) = 0, (7.134)

where j = 1, 2, 3, 4. Similarly, for the boundary condition of temperature, there is

M
(j)
1 (0, ξ2, ξ3) = 0. (7.135)

On the lateral directions, we have the Neumann type boundary condition of (7.105). To be

specific, we have

q
(0)
i1 = (σ

∂N
(1)
1

∂ξi
+ σα

∂M
(1)
1

∂ξi
)

1

T̃ (0)

∂ϕ(0)

∂x1

+(σ
∂N

(2)
1

∂ξi
+ σα

∂M
(2)
1

∂ξi
)

1

T̃ (0)

∂T̃ (0)

∂x1
+ [σ

∂(N
(3)
1 + ξ1)

∂ξi
+ σα

∂M
(3)
1

∂ξi
]
∂ϕ(0)

∂x1

+[σ
∂N

(4)
1

∂ξi
+ σα

∂(M
(4)
1 + ξ1)

∂ξi
]
∂T̃ (0)

∂x1
. (7.136)
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Then due to (7.105), the following boundary conditions

(σ
∂N

(1)
1

∂ξ2
+ σα

∂M
(1)
1

∂ξ2
)n2|(ξ1,0,ξ3)

= (σ
∂N

(1)
1

∂ξ3
+ σα

∂M
(1)
1

∂ξ3
)n3|(ξ1,ξ2,0) = 0, (7.137)

(σ
∂N

(2)
1

∂ξ2
+ σα

∂M
(2)
1

∂ξ2
)n2|(ξ1,0,ξ3)

= (σ
∂N

(2)
1

∂ξ3
+ σα

∂M
(2)
1

∂ξ3
)n3|(ξ1,ξ2,0) = 0, (7.138)

(σ
∂(N

(3)
1 + ξ1)

∂ξ2
+ σα

∂M
(3)
1

∂ξ2
)n2|(ξ1,0,ξ3)

= (σ
∂(N

(3)
1 + ξ1)

∂ξ3
+ σα

∂M
(3)
1

∂ξ3
)n3|(ξ1,ξ2,0) = 0, (7.139)

(σ
∂N

(4)
1

∂ξ2
+ σα

∂(M
(4)
1 + ξ1)

∂ξ2
)n2|(ξ1,0,ξ3)

= (σ
∂N

(4)
1

∂ξ3
+ σα

∂(M
(4)
1 + ξ1)

∂ξ3
)n3|(ξ1,ξ2,0) = 0, (7.140)

are required on the lateral directions. Similarly, from q
(0)
i2 we have

(κ
∂M

(1)
1

∂ξ2
)n2|(ξ1,0,ξ3) = (κ

∂M
(1)
1

∂ξ3
)n3|(ξ1,ξ2,0) = 0, (7.141)

(κ
∂M

(2)
1

∂ξ2
)n2|(ξ1,0,ξ3) = (κ

∂M
(2)
1

∂ξ3
)n3|(ξ1,ξ2,0) = 0, (7.142)

(κ
∂M

(3)
1

∂ξ2
)n2|(ξ1,0,ξ3) = (κ

∂M
(3)
1

∂ξ3
)n3|(ξ1,ξ2,0) = 0, (7.143)

(κ
∂(M

(4)
1 + ξ1)

∂ξ2
)n2|(ξ1,0,ξ3) = (κ

∂(M
(4)
1 + ξ1)

∂ξ3
)n3|(ξ1,ξ2,0) = 0. (7.144)



94

Considering (7.137-7.144) altogether, it is required

∂M
(1)
1

∂ξ2
|(ξ1,0,ξ3) =

∂M
(2)
1

∂ξ2
|(ξ1,0,ξ3) =

∂M
(3)
1

∂ξ2
|(ξ1,0,ξ3)

=
∂(M

(4)
1 + ξ1)

∂ξ2
|(ξ1,0,ξ3) =

∂N
(1)
1

∂ξ2
|(ξ1,0,ξ3) =

∂N
(2)
1

∂ξ2
|(ξ1,0,ξ3)

=
∂(N

(3)
1 + ξ1)

∂ξ2
|(ξ1,0,ξ3) =

∂N
(4)
1

∂ξ2
|(ξ1,0,ξ3) = 0, (7.145)

∂M
(1)
1

∂ξ3
|(ξ1,ξ2,0) =

∂M
(2)
1

∂ξ3
|(ξ1,ξ2,0) =

∂M
(3)
1

∂ξ3
|(ξ1,ξ2,0)

=
∂(M

(4)
1 + ξ1)

∂ξ3
|(ξ1,ξ2,0) =

∂N
(1)
1

∂ξ3
|(ξ1,ξ2,0) =

∂N
(2)
1

∂ξ3
|(ξ1,ξ2,0)

=
∂(N

(3)
1 + ξ1)

∂ξ3
|(ξ1,ξ2,0) =

∂N
(4)
1

∂ξ3
|(ξ1,ξ2,0) = 0, (7.146)

or in short,

∂V

∂ξi
ni = 0, (7.147)

is required at the lateral boundaries, where

V =
[
M

(1)
1 M

(2)
1 M

(3)
1 M

(4)
1 + ξ1 N

(1)
1 N

(2)
1 N

(3)
1 + ξ1 N

(4)
1

]T
. (7.148)

Finally, the homogenized governing equations in pseudo 3D are

d

dx1
⟨q(0)11 ⟩ = 0, (7.149)

d

dx1
⟨q(0)12 ⟩ = 0, (7.150)

where

⟨q(0)11 ⟩ =
G(1) +G(3)T̃ (0)

T̃ (0)

dϕ(0)

dx1
+

G(2) +G(4)T̃ (0)

T̃ (0)

dT̃ (0)

dx1
, (7.151)

⟨q(0)12 ⟩ = (H(3)T̃ (0) +G(3)ϕ(0) +H(1) +XH(3) +K(3))
dϕ(0)

dx1

+
G(1)ϕ(0) +XH(1) +K(1)

T̃ (0)

dϕ(0)

dx1

+ (H(4)T̃ (0) +G(4)ϕ(0) +H(2) +XH(4) +K(4))
dT̃ (0)

dx1

+
G(2)ϕ(0) +XH(2) +K(2)

T̃ (0)

dT̃ (0)

dx1
, (7.152)
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with effective properties

G(1) = ⟨σ∂N
(1)
1

∂ξ1
+ σα

∂M
(1)
1

∂ξ1
⟩, (7.153)

G(2) = ⟨σ∂N
(2)
1

∂ξ1
+ σα

∂M
(2)
1

∂ξ1
⟩, (7.154)

G(3) = ⟨σ∂(N
(3)
1 + ξ1)

∂ξ1
+ σα

∂M
(3)
1

∂ξ1
⟩, (7.155)

G(4) = ⟨σ∂N
(4)
1

∂ξ1
+ σα

∂(M
(4)
1 + ξ1)

∂ξ1
⟩, (7.156)

H(1) = ⟨σα∂N
(1)
1

∂ξ1
+ σα2∂M

(1)
1

∂ξ1
⟩, (7.157)

H(2) = ⟨σα∂N
(2)
1

∂ξ1
+ σα2∂M

(2)
1

∂ξ1
⟩, (7.158)

H(3) = ⟨σα∂(N
(3)
1 + ξ1)

∂ξ1
+ σα2∂M

(3)
1

∂ξ1
⟩, (7.159)

H(4) = ⟨σα∂N
(4)
1

∂ξ1
+ σα2∂(M

(4)
1 + ξ1)

∂ξ1
⟩, (7.160)

K(1) = ⟨κ∂M
(1)
1

∂ξ1
⟩, (7.161)

K(2) = ⟨κ∂M
(2)
1

∂ξ1
⟩, (7.162)

K(3) = ⟨κ∂M
(3)
1

∂ξ1
⟩, (7.163)

K(4) = ⟨κ∂(M
(4)
1 + ξ1)

∂ξ1
⟩. (7.164)

It is worth comparing (7.151-7.152) with the macroscopic current density and heat flux

in 1D, which are

J =
1

V1

1

T̃ (0)

dϕ(0)

dx
+

V3

V1

1

T̃ (0)

dT̃ (0)

dx
, (7.165)

JU =
1
V1
ϕ(0) + V3

V1
T̃ (0) + V3

V1
X

T̃ (0)

dϕ(0)

dx

+
V3
V1
ϕ(0) + (

V 2
3

V1
− < 1

κ >−1)T̃ (0) +
V 2
3

V1
X

T̃ (0)

dT̃ (0)

dx
, (7.166)

where V1, V3, X are constants, and can be calculated by (7.48-7.51). Clearly pseudo 3D

results are significantly more complex. By using 1D equations (7.40-7.47) for N (1) etc. for
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the calculation of effective properties, it is verified that (7.151-7.152) will recover (7.165-

7.166).

Compared to 3D problem, pseudo 3D can be understood as a simplified version where

the subscription ofN
(j)
i andM

(j)
i is limited to i = 1. There is virtually no difference between

3D and pseudo 3D in unit cell problem formulation, except that on lateral boundary pseudo

3D has Neumann type boundary condition (7.147).

7.5 Summary

In this chapter, we applied asymptotic homogenization method on 2D/3D thermoelectric

composite with nonlinearly coupled transport of heat and electricity. The unit cell prob-

lems, both for general and pseudo 2D/3D cases, are established, which are to be solved

numerically. The 2D/3D homogenized thermoelectric governing equation that governs the

distributions of macroscopic temperature and electric potential are also established.



97

Chapter 8

ASYMPTOTIC ANALYSIS OF TWO-DIMENSIONAL
THERMOELECTRIC MEDIUM II: NUMERICAL SOLUTION

8.1 Introductory remarks

For the unit cell problem represented by the governing differential equations (7.28-7.37),

interface conditions of (7.59, 7.61-7.70), and boundary conditions (7.75, 7.78-7.82), or the

pseudo 2D/3D problem presented in Section 7.4, it is generally difficult to find analytical

solutions due to the complexity of the 2D/3D multi-phase structure. As a result, we applied

Finite Element method [99–101] to find the numerical solutions.

In Section 2, the concept and general knowledge of Finite Element method is introduced,

with more details for 2D triangular element given. In Section 3, the particularity of our

problem presents more difficulty, and the strategy is discussed. In Section 4, numerical

results are provided, both for verification case and for 2D calculations. In Section 5, the

summary for this chapter is given.

8.2 Finite Element method

8.2.1 General knowledge

Let’s consider a problem formulated with the following differential equations and boundary

conditions

∂

∂xi
[Aij(x)

∂u

∂xj
] = f(x), x ∈ Ω, (8.1)

u = u, x ∈ Γ1, (8.2)

Aij
∂u

∂xj
ni = q, x ∈ Γ2, (8.3)

where Aij (i, j = 1, 2, 3) are given n × n matrix-valued functions of material properties,

f is a given n-dimensional vector function. The required n-dimensional variable u needs

to satisfy equation (8.1) inside the domain Ω, and on boundary Γ1 the Dirichlet boundary
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condition (8.2), and on Γ2 the Neumann boundary condition (8.3), where u and q are given

n-dimensional vector functions, and ∂Ω = Γ1 + Γ2 is the whole boundary of Ω.

We can equivalently formulate the problem using the following integral form,∫
Ω
VT

1 (x)[
∂

∂xi
(Aij

∂u

∂xj
)− f ]dΩ+

∫
Γ2

VT
2 (x)(Aij

∂u

∂xj
ni − q)dΓ

+

∫
Γ1

VT
3 (x)(u− u)dΓ = 0, (8.4)

(8.4) should be valid for any arbitrary n-dimensional functions of V1, V2, V3, here the

superscript T denotes transpose of the vectors. By divergence theorem, the first term of

(8.4) can transformed ∫
Ω
VT

1 [
∂

∂xi
(Aij

∂u

∂xj
)− f ]dΩ

=

∫
Ω

∂

∂xi
(VT

1 Aij
∂u

∂xj
)dΩ−

∫
Ω

∂VT
1

∂xi
Aij

∂u

∂xj
dΩ−

∫
Ω
VT

1 fdΩ

=

∫
∂Ω

VT
1 Aij

∂u

∂xj
nidΓ−

∫
Ω

∂VT
1

∂xi
Aij

∂u

∂xj
dΩ−

∫
Ω
VT

1 fdΩ. (8.5)

Plugging (8.5) into (8.4), and using V2 = −V1 without loss of generality, we have

−
∫
Ω

∂VT
1

∂xi
Aij

∂u

∂xj
dΩ−

∫
Ω
VT

1 fdΩ+

∫
Γ1

VT
1 Aij

∂u

∂xj
nidΓ

+

∫
Γ2

VT
1 qdΓ +

∫
Γ1

VT
3 (u− u)dΓ = 0, (8.6)

which is the weak form of (8.1-8.3).

Suppose the field variable is to be approximated by the following

u ≈ u∗ =

m∑
i=1

Niai, (8.7)

where ai are parameters to be determined, Ni (i = 1, 2, ...,m) are some given complete and

linearly independent function series. Suppose (8.2) on Γ1 is strictly satisfied when we do

the approximation, whereas for (8.1) and (8.3) we have

∂

∂xi
[Aij

∂(Nkak)

∂xj
]− f = R, x ∈ Ω, (8.8)

Aij
∂(Nkak)

∂xj
ni − q = R, x ∈ Γ2, (8.9)
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where R and R are known as residuals. We use the approximation (8.7) in (8.4) and choose

V1 = Wk, (8.10)

V2 = Wk, (8.11)

where Wk and Wk (k = 1, 2, ...,m) are some specially chosen functions, we have∫
Ω
WT

l (x)[
∂

∂xi
(Aij

∂(Nkak)

∂xj
)− f ]dΩ

+

∫
Γ2

W
T
l (x)(Aij

∂(Nkak)

∂xj
ni − q)dΓ = 0, l = 1, 2, ...,m (8.12)

which gives us a system ofm equations to solve for ak. (8.12) can be interpreted as averaging

out the residuals over the domain, and this method is known as Weighted Residuals method.

Especially, if we choose

Wk = Nk, (8.13)

Wk = −Nk, k = 1, 2, ...,m (8.14)

we have Galerkin’s method. So the idea is to establish a mechanism to approximate the

field variable using the description of (8.7).

The finite element method can also be formulated equivalently from variational point of

view, where a functional

Π =

∫
Ω
F (u,

∂u

∂xi
, ...)dΩ+

∫
Γ
E(u,

∂u

∂xi
, ...)dΓ, (8.15)

is defined, in which u is field variable, F and E are some operators. The functional Π is so

defined such that the value of u that satisfies (8.1-8.3) corresponds to the stationary value

of Π with respect to small variation of δu. By invoking the stationarity of Π, from the

approximation of (8.7), we have

δΠ =
∂Π

∂a1
δa1 +

∂Π

∂a2
δa2 + ...+

∂Π

∂am
δam = 0. (8.16)

Because the arbitrariness of δai, we have

∂Π

∂ai
= 0, i = 1, 2, ...,m, (8.17)

which constitutes a system of equations that we can use to solve for ai. This is called Ritz

method.
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Figure 8.1: An example of (a) a 2D finite element mesh, (b) a 3-node triangular element.

8.2.2 2D triangular element together with Galerkin method

The foregoing descriptions on the asymptotic analysis and numeric calculation are so general

such that it is applicable to both 2D (spacial indices taking values of 1, 2) and 3D (spacial

indices taking values of 1, 2, 3). But from here on, we are confining our finite element

calculation into 2D due to the relatively simple implementation. The extension of finite

element method implementation from 2D to 3D should be straightforward, and conceptually

they should be the same.

Specifically we consider 2D triangular 3-node element as shown in Figure 8.1(b), where

the value of some field variable u on the element is assumed to be linear with respect to the

spacial coordinates

u = β1 + β2x+ β3y, (8.18)

in which, β1, β2, β3 are coefficients that will be determined later. With the values of u at

the three nodes, and their coordinates, the coefficients can be calculated as

β1 =
1

2S
(aiui + ajuj + akuk), (8.19)

β2 =
1

2S
(biui + bjuj + bkuk), (8.20)

β3 =
1

2S
(ciui + cjuj + ckuk), (8.21)
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where S is the area of the element with

2S =

∣∣∣∣∣∣∣∣∣
1 xi yi

1 xj yj

1 xk yk

∣∣∣∣∣∣∣∣∣ , (8.22)

and

ai = xjyk − xkyj , (8.23)

bi = yj − yk, (8.24)

ci = −xj + xk, (i, j, k), (8.25)

where (i, j, k) denotes the index permutation of i → j, j → k, k → i, so that (8.23-8.25)

apply to all the coefficients. By substituting (8.19-8.21) into (8.18), we have

u = N e
i ui +N e

j uj +N e
kuk, (8.26)

where

N e
i =

1

2S
(ai + bix+ ciy), (i, j, k). (8.27)

N e
i , N

e
j , N

e
k are known as shape functions, and they satisfy

N e
i (xi, yi) = 1, N e

i (xj , yj) = 0, N e
i (xk, yk) = 0, (i, j, k). (8.28)

Also at every point on the element, there is

N e
i +N e

j +N e
k = 1. (8.29)

If we replace scalar field variable u with n-dimensional vector u, the foregoing procedure

still applies, and (8.26) becomes

u = N e
i ui +N e

j uj +N e
kuk, (8.30)

or

u = NeTue, (8.31)
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where

ue =
[
uT
i uT

j uT
k

]T
, (8.32)

Ne =
[
Ne

i Ne
j Ne

k

]T
, (8.33)

and

Ne
i = N e

i



1 0 0 . . . 0

0 1 0 . . . 0

0 0 1 . . . 0
...

...
...

. . .
...

0 0 0 . . . 1


︸ ︷︷ ︸

n

= N e
i I, (i, j, k), (8.34)

the superscript T denotes transpose of the matrix.

For a domain that has been discretized into pieces of such triangular elements with a

total of m nodes, similar to what Figure 8.1(a) shows, we organize all the node values as

ua =
[
uT
1 uT

2 · · · uT
m

]T
, (8.35)

analogous to (8.31), we have

u = NaTua, (8.36)

where

Na =
[
N1 N2 · · · Nm

]T
, (8.37)

here N1 etc. are values defined on the whole domain, they have different formulae inside

different elements. Inside the element with nodes of i, j, k, ue can be converted from ua by

ue = Gua, (8.38)
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where

1 · · · i · · · j · · · k · · · m

G =


0 · · · I · · · 0 · · · 0 · · · 0

0 · · · 0 · · · I · · · 0 · · · 0

0 · · · 0 · · · 0 · · · I · · · 0

 . (8.39)

From (8.31), we have

u = NeTGua = ÑaTua, (8.40)

with

1 · · · i · · · j · · · k · · · m

Ña = GTNe =
[
0 · · · Ne

i · · · Ne
j · · · Ne

k · · · 0
]T

. (8.41)

Here in contrast with Na, Ña is defined on the element of ijk. The definition of Ña for all

elements inside the domain constitutes the definition of Na. We use u of (8.36) defined on

the whole domain, in place of the approximation u∗ in Galerkin’s method. From (8.12), we

have

−
∫
Ω

∂NT
l

∂xi
Aij

∂(NaTua)

∂xj
dΩ−

∫
Ω
NT

l fdΩ+

∫
Γ1

NT
l Aij

∂(NaTua)

∂xj
nidΓ

+

∫
Γ2

NT
l qdΓ = 0, l = 1, 2, ...,m (8.42)

or

−
∫
Ω

∂Na

∂xi
Aij

∂NaT

∂xj
uadΩ−

∫
Ω
NafdΩ+

∫
Γ2

NaqdΓ = 0. (8.43)

In the latter equation, we have chosen Na|Γ1 = 0 so that∫
Γ1

NT
l Aij

∂(NaTua)

∂xj
nidΓ

term disappears. We can do this because on the boundary Γ1, the Dirichlet type boundary

condition u = u has already been strictly satisfied. Equation (8.43) are reorganized as

Kaua = Pa, (8.44)
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with

Ka =

∫
Ω

∂Na

∂xi
Aij

∂NaT

∂xj
dΩ, (8.45)

and

Pa =

∫
Γ2

NaqdΓ−
∫
Ω
NafdΩ. (8.46)

(8.45) is simplified as

Ka =
∑
e

∫
Ωe

∂Ña

∂xi
Aij

∂ÑaT

∂xj
dΩ,

=
∑
e

∫
Ωe

GT ∂N
e

∂xi
Aij

∂NeT

∂xj
GdΩ,

=
∑
e

GTKeG, (8.47)

with

Ke =

∫
Ωe

∂Ne

∂xi
Aij

∂NeT

∂xj
dΩ. (8.48)

So the overall matrix Ka is assembled by combining all the elemental matrices Ke. From

(8.33), we have

∂Ne

∂x
=

[
∂Ne

i
∂x

∂Ne
j

∂x
∂Ne

k
∂x

]T
. (8.49)

From (8.34), we have

∂Ne
i

∂x
=

∂N e
i

∂x
I =

bi
2S

I, (i, j, k). (8.50)

Similarly, we have

∂Ne
i

∂y
=

∂N e
i

∂y
I =

ci
2S

I, (i, j, k). (8.51)

If we assume isotropic materials such that Aij = Aδij , from (8.33, 8.50, 8.51), (8.48)

becomes

Ke =


Ke

ii Ke
ij Ke

ik

Ke
ji Ke

jj Ke
jk

Ke
ki Ke

kj Ke
kk

 , (8.52)
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where

Ke
pq =

∫
Ωe

(
∂Ne

p

∂x
A
∂Ne

q

∂x
+

∂Ne
p

∂y
A
∂Ne

q

∂y
)dΩ

=
bpbq + cpcq

4S
A, p, q = i, j, k. (8.53)

From (8.46), Pa has two components, one inside the body, the other from the boundary

condition. Especially, if we have f = 0, (8.46) becomes

Pa =
∑
e

∫
Γe
2

ÑaqdΓ

=
∑
e

GT

∫
Γe
2

NeqdΓ

=
∑
e

GTPe, (8.54)

where

Pe =

∫
Γe
2

NeqdΓ. (8.55)

So like Ka, Pa is obtained through the calculation of the element values of Pe. From (8.33),

(8.55) becomes

Pe =


Pe

i

Pe
j

Pe
k

 , (8.56)

where

Pe
i =

∫
Γe
2

Ne
iqdΓ

=

∫
Γe
2

N e
i qdΓ, (i, j, k). (8.57)

For the purpose of illustration, suppose the element ijk has the edge ij on the Γ2 boundary,

as shown in the Figure 8.2, where the length of edge ij is l. We use the local coordinate s

that is measured from node i, and along ij. It can be determined that

N e
i = 1− s

l
, N e

j =
s

l
, N e

k = 0. (8.58)
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Figure 8.2: An example of an element ijk with its edge ij on the boundary where Neumann
boundary condition is applied.

Based on (8.58), we have

Pe
i = Pe

j =
l

2
q, Pe

k = 0. (8.59)

Conceptually, we have assumed that the Dirichlet boundary condition u = u was strictly

satisfied by choosing the appropriate Na to start with. Practically, this is not necessarily

the case. Rather we normally apply the u = u boundary condition directly onto the overall

equation system (8.44), and there are two cases. First, supposed we have ual = 0 as boundary

condition, we update (8.44) by modifying the l-th row and l-th column of Ka and l-th row

of Pa as the following

1 2 · · · l · · · m

Ka
11 Ka

12 · · · 0 · · · Ka
1m

Ka
21 Ka

22 · · · 0 · · · Ka
2m

...
...

...
...

...
...

0 0 · · · 1 · · · 0
...

...
...

...
...

...

Ka
m1 Ka

m2 · · · 0 · · · Ka
mm





ua1

ua2
...

ual
...

uam


=



P a
1

P a
2

...

0
...

P a
m


. (8.60)

On the other hand, if we have ual = ual as boundary condition, we update (8.44) by modifying
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the l-th row of Ka and Pa as the following

1 2 · · · l · · · m

Ka
11 Ka

12 · · · Ka
1l · · · Ka

1m

Ka
21 Ka

22 · · · Ka
2l · · · Ka

2m

...
...

...
...

...
...

Ka
l1 Ka

l2 · · · µKa
ll · · · Ka

lm
...

...
...

...
...

...

Ka
m1 Ka

m2 · · · Ka
ml · · · Ka

mm





ua1

ua2
...

ual
...

uam


=



P a
1

P a
2

...

µKa
llu

a
l

...

P a
m


, (8.61)

where µ is a giant number. So the l-th row is approximately

µKa
llu

a
l ≈ µKa

llu
a
l , (8.62)

or

ual ≈ ual . (8.63)

So we have the linear system (8.44), and have updated it using the u = u boundary

condition. It is ready to be solved to give us the nodal result of ua. From there, according

to (8.36), the field of u can be determined, and then ∂u
∂xi

if it is required. The solving of the

linear system can be carried out by Gauss elimination or other optimized algorithms such

as LU decomposition.

8.3 Solving four fields from five equations

We are ready to solve the problem represented by the governing differential equations

(7.28-7.37), together with corresponding continuity and boundary conditions, or the pseudo

2D/3D problem presented in Section 7.4. Further examination of the problem reveals two

sub-problems that can be solved individually, and each sub-problem consists of five equa-
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tions, and the corresponding interfacial and boundary conditions. To be specific, we define

A =



σ σα 0 0

Xσα Xσα2 + κ 0 0

0 0 σ σα

0 0 σα σα2

σα σα2 0 κ


, u =


N

(1)
1

M
(1)
1

Ñ
(3)
1

M
(3)
1

 , (8.64)

where

Ñ
(3)
1 = N

(3)
1 + ξ1, (8.65)

and we are confining the calculation as to the case where the subscription j = 1, for j = 2

calculation can be similarly carried out. So one of the sub-problem can be characterized as



∂
∂ξi

(A ∂u
∂ξi

) = 0, ξ ∈ Ω,

[u]|Σ = 0, [A ∂u
∂ξi

ni]|Σ = 0,

u(0, ξ2) =

[
0 0 0 0

]T
,

u(1, ξ2) =

[
0 0 1 0

]T
,

u(ξ1, 0) = u(ξ1, 1) =

[
0 0 ξ1 0

]T
.

(8.66)

Similarly, we define

ũ =


N

(2)
1

M
(2)
1

N
(4)
1

M̃
(4)
1

 , (8.67)

where

M̃
(4)
1 = M

(4)
1 + ξ1. (8.68)



109

So the other sub-problem is characterized as

∂
∂ξi

(A ∂ũ
∂ξi

) = 0, ξ ∈ Ω,

[ũ]|Σ = 0, [A ∂ũ
∂ξi

ni]|Σ = 0,

ũ(0, ξ2) =

[
0 0 0 0

]T
,

ũ(1, ξ2) =

[
0 0 0 1

]T
,

ũ(ξ1, 0) = ũ(ξ1, 1) =

[
0 0 0 ξ1

]T
.

(8.69)

The two sub-problems are so similar to each other that if we can solve one of them, we can

solve the other. Thus for the following calculation, we only consider the first sub-problem.

One strange thing about our sub-problem (8.66) is that in the governing equation, A is

a 5 × 4 matrix, and u is a four-dimensional vector, which means we have more equations

than unknown variables. But on the other hand, we have X inside A, which is an unknown

constant. So no equation is really redundant. Further, we notice that we could have grouped

N
(1)
1 , M

(1)
1 together such as

u =

 N
(1)
1

M
(1)
1

 , (8.70)

and accordingly modified

A =

 σ σα

Xσα Xσα2 + κ

 . (8.71)

Notice that the boundary condition is now u|∂Ω = 0, it is immediate that u = 0 is the

solution, unless the problem is singular. In the latter case, no solution can be determined.

But we know that N
(1)
1 , M

(1)
1 are not uniformly zero from 1D results (7.40-7.47), so it must

be that there is a special value of X that makes the problem singular, and as a result, the

choice of (8.70-8.71) makes an incomplete description of problem. Furthermore, we can see

anything less than (8.64) is an incomplete description of the problem.

Another thing worth noting is that the third and fourth rows of A are different only by

a factor of α. In fact, they mean the same thing inside individual phases because material
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properties are uniform inside any phases, such that α can be pulled out and then canceled.

They do differ across the interface, being respectively

[(σ
∂Ñ

(3)
1

∂ξi
+ σα

∂M
(3)
1

∂ξi
)ni]|Σ = 0, (8.72)

and

[(σα
∂Ñ

(3)
1

∂ξi
+ σα2∂M

(3)
1

∂ξi
)ni]|Σ = 0. (8.73)

But generally, α has different values for the two phases across the interface. For (8.72) and

(8.73) to be valid simultaneously, it has to be that

(σ
∂Ñ

(3)
1

∂ξi
+ σα

∂M
(3)
1

∂ξi
)ni|ξ∈Σ = 0. (8.74)

Thus (8.74) imposes a strong interface condition on our problem. Considering all the special

features of our problem, a two-step approach is proposed as follows for solving the problem.

8.3.1 Step one: finding X

The grouping of (8.70) and (8.71) provides us the following problem
∂
∂ξi

(A ∂u
∂ξi

) = 0, ξ ∈ Ω,

[u]|Σ = 0, [A ∂u
∂ξi

ni]|Σ = 0,

u|∂Ω = 0.

(8.75)

We have argued in the above that this problem has to be incompletely defined, because

otherwise we would have u = 0, which is an impossible result. So for this to be an incomplete

description of the problem, we should have Ka as in

Kaua = 0, (8.76)

to be a singular matrix, where (8.76) represents the overall linear system of the problem

(8.75) using Finite Element method. Or X in (8.71) should be so chosen such that

f(X) = |Ka| = 0. (8.77)

Instead of using the determinant of a matrix, we actually use

f(X) =
1

cond(Ka)
= 0, (8.78)
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for finding X, where cond(Ka) denotes the condition number of Ka. Due to the numerical

nature of the result, we want to choose a function that can directly correlate with the

closeness of the calculated result XC towards the precise value X, some relationship such

as

||f(XC1)|| ≤ ||f(XC2)||, if and only if ||XC1 −X|| ≤ ||XC2 −X||, (8.79)

where ||.|| means a norm, of the enclosed values. For that matter, condition number makes

a better candidate than determinant. Condition number of a matrix A is defined by [102]

cond(A) = ||A−1|| ||A||, (8.80)

where ||.|| means norm of the enclosed matrix. Especially, the matrix norm subordinate to

the two-norm of vectors is

||A||2 = σ1(A), (8.81)

in which, σ1(A) is the largest singular value of A. For any matrix, there is cond(A) ≥ 1. A

well conditioned matrix has a condition number of order unity. A bigger condition number

generally means a more ill-conditioned matrix. From (8.80-8.81), cond(A) can be calculated

as

cond(A) =
σ1(A)

σp(A)
, (8.82)

where σp(A) is the smallest singular value of A. We can use the algorithm of singular value

decomposition for the calculation of σ1(A) and σp(A).

8.3.2 Step two: solving field variables

In the second step, we modify (8.64) as

A =


σ σα 0 0

Xσα Xσα2 + κ 0 0

0 0 σ σα

σα σα2 0 κ

 , u =


N

(1)
1

M
(1)
1

Ñ
(3)
1

M
(3)
1

 . (8.83)
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Figure 8.3: An example of a unit cell problem defined on the full unit cell.

Essentially, we removed the fourth row of (8.64) to make A as a square matrix. The value

of X calculated in the first step is used here. So the Finite Element method can be applied

to the problem represented by (8.66), see Figure 8.3. It is expected in the overall linear

system of the problem

Kaua = Pa, (8.84)

there is |Ka| = 0, because of the way we have chosen X in step one. We then extend (8.84)

to get  Ka

Ka
int

ua =

 Pa

Pa
int

 , (8.85)

where Ka
intu

a = Pa
int are equations derived using the interface condition (8.74). The in-

clusion of these interface condition equations would make the problem complete, and ua

solvable from (8.85). Note that in (8.85), we have more equations than variables. For the so-

lution of such over-determined system, we would need the least square method to minimize

the sum of the squares of the errors made in the results of every single equations.

Depending on the structure of the unit cell, the problem of (8.66) can be reduced to

simpler problems. Suppose the unit cell has symmetry in the structure similar to Figure

8.3, we can simply do a translation on the coordinate system to get Figure 8.4(a), where the
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Figure 8.4: An example of a unit cell problem defined on (a) a full unit cell which is
symmetric in structure and has the coordinate system offset to its center, and equivalently
on (b) a quarter of the unit cell due to the symmetry of the system.

coordinate system is offset to the center of the unit cell. From the symmetry in the system,

we can conclude that the field u is symmetric with respect to ξ1 axis, and anti-symmetric

with respect to ξ2 axis. Thus, we can replace the original problem by an equivalent problem

on a quarter of the domain. For example, we can use the upper right quarter of the domain,

and re-define the problem as



∂
∂ξi

(A ∂u
∂ξi

) = 0, ξ ∈ Ω,

[u]|Σ = 0, [A ∂u
∂ξi

ni]|Σ = 0,

u(0, ξ2) =

[
0 0 0 0

]T
,

u(0.5, ξ2) =

[
0 0 0.5 0

]T
,

∂u
∂ξ2

|(ξ1,0) =
[
0 0 0 0

]T
,

u(ξ1, 0.5) =

[
0 0 ξ1 0

]T
,

(8.86)

see Figure 8.4(b).
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8.3.3 Modification on step one

We have described the way of solving equation of (8.78) to find X in a somewhat simplified

fashion. There is actually more intricacy such as whether the X that satisfies (8.78) is

unique, and how to determine the correct X if it is not. To fully understand it, we return

to (8.75). This time, by exposing X, we get

Kaua = (Ka
1 +XKa

2)u
a = 0, (8.87)

as the overall linear system of the problem. Since the idea is to find X that makes

|Ka
1 +XKa

2| = 0, (8.88)

this is actually equivalent to the generalized eigenvalue problem

Ka
1x = −XKa

2x, (8.89)

where Ka
1 and Ka

2 are matrices, −X and x are eigenvalue and eigenvector that make the

equation hold. For such a generalized eigenvalue problem, we know that there are n eigen-

values (including duplicates) in total, given that Ka
1 and Ka

2 are n× n matrices. (8.89) can

be transformed into

Ka
2x = −X−1Ka

1x. (8.90)

These two forms are equivalent theoretically, however, numerically one form may be more

favorable than the other in terms of convergence of the results.

As part of the guess of the expression of v(1), see equations (7.26-7.27), our Existence

and Uniqueness theorem requires the correct X should be unique. Imaginably, wrong pick

of X, after plugging in (8.83), would make (8.84) unsolvable (we are relaxing ourself by

assuming that (8.84) is a complete system). But again, because we use least square method

to solve the over-determined system of (8.85), no matter what choice of X, least square

method will always converge at a result. The best we can do is to compare the residual

R =

 Pa

Pa
int

−

 Ka

Ka
int

ua. (8.91)

Conceptually, out of all the plausible X, the correct choice should result in the minimum

residual, quantified by comparing the norms of vector R.
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8.3.4 Normalization of values

In numerical calculations, it is sometimes beneficial to normalize the parameters. For exam-

ple, instead of α, we may want to use the normalized value of α̂ = α
α̇ , where α̇ is characteristic

value of α. To put forward a proper scheme for keeping track of the normalized values and

units, we need to look into the governing equations. We first look at equation (7.34), which,

using normalized values, becomes

∂

∂ξi
[σ̂σ̇

∂(N
(3)
j + ξj)

∂ξi
+ σ̂σ̇α̂α̇

∂M
(3)
j

∂ξi
] = 0. (8.92)

(7.34) is special because N
(3)
j + ξj is dimensionless and thus cannot be altered. As such, the

normalized version of (7.34) must be

∂

∂ξi
[σ̂
∂(N̂

(3)
j + ξj)

∂ξi
+ σ̂α̂

∂M̂
(3)
j

∂ξi
] = 0, (8.93)

where

N̂
(3)
j = N

(3)
j , (8.94)

M̂
(3)
j = α̇M

(3)
j , (8.95)

are normalized field variables. The normalization of (7.32), (7.35), (7.28) are carried out

with respect to (8.93)

∂

∂ξi
[σ̂α̂

∂(N̂
(3)
j + ξj)

∂ξi
+ σ̂α̂2

∂M̂
(3)
j

∂ξi
] = 0, (8.96)

∂

∂ξi
[σ̂α̂

∂N̂
(1)
j

∂ξi
+ σ̂α̂2

∂M̂
(1)
j

∂ξi
+ κ̂

∂M̂
(3)
j

∂ξi
] = 0, (8.97)

∂

∂ξi
[σ̂
∂N̂

(1)
j

∂ξi
+ σ̂α̂

∂M̂
(1)
j

∂ξi
] = 0, (8.98)

where

N̂
(1)
j =

σ̇α̇2

κ̇
N

(1)
j , (8.99)

M̂
(1)
j =

σ̇α̇3

κ̇
M

(1)
j . (8.100)

From (7.29), we get

∂

∂ξi
[X̂σ̂α̂

∂(Ẋσ̇α̇N
(1)
j )

∂ξi
+ X̂σ̂α̂2

∂(Ẋσ̇α̇2M
(1)
j )

∂ξi
+ κ̂

∂(κ̇M
(1)
j )

∂ξi
] = 0, (8.101)
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where Ẋσ̇α̇2M
(1)
j and κ̇M

(1)
j must be the same value, thus we have

Ẋ =
κ̇

σ̇α̇2
, (8.102)

and we obtain the normalized (7.29)

∂

∂ξi
[X̂σ̂α̂

∂N̂
(1)
j

∂ξi
+ (X̂σ̂α̂2 + κ̂)

∂M̂
(1)
j

∂ξi
] = 0. (8.103)

By the same token, we can immediately find the normalized version of (7.30-7.31), (7.33),

(7.36-7.37) as

∂

∂ξi
[σ̂
∂N̂

(2)
j

∂ξi
+ σ̂α̂

∂M̂
(2)
j

∂ξi
] = 0, (8.104)

∂

∂ξi
[X̂σ̂α̂

∂N̂
(2)
j

∂ξi
+ (X̂σ̂α̂2 + κ̂)

∂M̂
(2)
j

∂ξi
] = 0, (8.105)

∂

∂ξi
[σ̂α̂

∂N̂
(4)
j

∂ξi
+ σ̂α̂2

∂(M̂
(4)
j + ξj)

∂ξi
] = 0, (8.106)

∂

∂ξi
[σ̂
∂N̂

(4)
j

∂ξi
+ σ̂α̂

∂(M̂
(4)
j + ξj)

∂ξi
] = 0, (8.107)

∂

∂ξi
[σ̂α̂

∂N̂
(2)
j

∂ξi
+ σ̂α̂2

∂M̂
(2)
j

∂ξi
+ κ̂

∂(M̂
(4)
j + ξj)

∂ξi
] = 0, (8.108)

where

N̂
(2)
j =

σ̇α̇

κ̇
N

(2)
j , (8.109)

M̂
(2)
j =

σ̇α̇2

κ̇
M

(2)
j , (8.110)

N̂
(4)
j =

1

α̇
N

(4)
j , (8.111)

M̂
(4)
j = M

(4)
j . (8.112)

So when we use the normalized version of governing equations (8.93), (8.96-8.98), (8.103-

8.108) for solving the problem, after obtaining the normalized field variable, we turn to

(8.94-8.95), (8.99-8.100), (8.109-8.112) to transform them to the real field values.

8.4 Numerical results

Instead of a square, our simulation is mostly carried out using a polygon as phase A, see

Figure 8.5, the main reason is that we tend to have singularity at the sharp angles. For
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Figure 8.5: An example of mesh structure for unit cell with polygon as phase A. The red
lines mark the interface between phases A and B.

that reason, fillets are preferred to sharp angles. Also fine mesh at angles is more favorable

for increased accuracy. The phase A polygon is a regular polygon with 32 sides and 32

vertices. We can change the relative size of phase A with the unit cell to have different

volume fraction of phase A. We use Ag(Pb1−ySny)mSbTe2+m as phase A and Bi2Te3 as

phase B, with their thermoelectric properties tabulated in Table 3.1.

8.4.1 Verification with 1D analytical results

Table 8.1: Numerically calculated values of X (×104K) for different unit cell structures.
For polygons, the number in brackets denotes its volume fraction of phase A.

1D laminar polygon (0.126) polygon (0.197) polygon (0.284)

-2.638 -3.272 -3.527 -4.056

Calculation is first carried out on a unit cell problem with 1D laminar structure as show
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Figure 8.6: The unit cell problem with 1D domain structure, symmetry is present so that
only a quarter of the domain is considered.

in Fig. 8.6, for the purpose of verification because analytical results are available for such

1D problem. Note on lateral boundaries, Neumann type of boundary condition is applied.

Calculation of X shows an error of as small as 10−7, compared with analytical value by

(7.48). The exact value of X can be found in Table 8.1. Through Finite Element method,

N
(1)
1 , M

(1)
1 , N

(3)
1 , M

(3)
1 , (and N

(2)
1 , M

(2)
1 , N

(4)
1 , M

(4)
1 by grouping their corresponding gov-

erning equations and boundary conditions) are calculated, and the error compared with

analytical result (7.40-7.47) can be evaluated. Due to the similarity of the results, only a

figure of N
(1)
1 is included, see Figure 8.7. With field variables solved, we can also calculate

the effective properties through (7.153-7.164). Table 8.2 lists all the effective properties,

both numerically and analytically obtained. By comparing all the numerical and analytical

results, we can conclude that our Finite Element method is sufficiently accurate.

8.4.2 Values of X

We now turn to the problem of unit cell with polygon phase A. As described earlier, the

X value that make matrix Ka singular is not unique, but the right X should make the

system have the smallest residual R, and we use norms for the purpose of comparison. For

all the calculation carried out, it is observed that all of one-norm, two-norm, infinity-norm
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Figure 8.7: The error of numerical N
(1)
1 value compared with analytical result, for the

calculation of 1D laminar unit cell. The error results of N
(2)
1 , N

(3)
1 , N

(4)
1 , M

(1)
1 , M

(2)
1 , M

(3)
1 ,

M
(4)
1 are similar to this, and are not reproduced. The maximum error for all field variables

are around 0.16%.

Figure 8.8: The X value calculated for polygon unit cell structure, for volume fraction of
12.6%, 19.7%, 28.4%. As the mesh grid gets finer, X converges. X is normalized with the
right-most value XRM .
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Table 8.2: Effective properties for 1D unit cell structure, both Finite Element method results
and analytical results are included.

G(1)(×108KS/m) H(1)(×105W/m/V ) K(1)(×108WK/m/V )

Numeric 9.67 2.27 -3.13

Analytic 9.67 2.27 -3.13

G(3)(S/m) H(3)(W/m/V/K) K(3)(×104W/m/V )

Numeric 4.8× 10−13 7.4× 10−13 1.19

Analytic 0.0 0.0 1.19

G(2)(×105W/m/V ) H(2)(W/m/K) K(2)(×104W/m)

Numeric 2.39 56.2 -7.73

Analytic 2.39 56.2 -7.73

G(4)(W/m/V/K) H(4)(W/m/K2) K(4)(W/m/K)

Numeric −3.2× 10−12 −6.9× 10−12 3.97

Analytic 0.0 0.0 3.97

consistently point to a value of X as having the smallest residual. As we use increasingly

finer mesh, this X converges satisfactorily, as can be seen in Figure 8.8. The value XRM

for the finest mesh can be found in Table 8.1 for different volume fractions.

8.4.3 Distributions of field variables

Use the X value obtained in step one, the field variables are calculated by solving unit

cell problem. Figures 8.9-8.10 show the field result for a general 2D unit cell problem with

volume fraction of 19.7%. For pseudo 2D problem, the result is in Figures 8.11-8.12. Note

only the top-right quarter of the unit cell is shown, due to symmetry, the bottom half is

symmetric to the top, and the left half is anti-symmetric to the right. All fields in both

figures have zero values on the left and right boundaries. Compared with general 2D, the

boundary constraint on pseudo 2D is less strict as there could be non-zero value on the
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Figure 8.9: The field distributions for (a) N
(1)
1 , (b) M

(1)
1 , (c) N

(3)
1 , (d) M

(3)
1 for a general

2D calculation with volume fraction of 19.7%. Due to symmetry, only a quarter of the unit

cell is shown. Values are normalized, and should take the unit of 104K for N
(1)
1 , 108K2/V

for M
(1)
1 , 1 for N

(3)
1 , 104K/V for M

(3)
1 .

top boundary, which can be observed in the pseudo 2D result. The field results are for

subscription of j = 1, the results for j = 2 are obtained by exchanging the coordinate axes

of ξ1 and ξ2.

8.4.4 Effective properties

With field variables solved, we use (7.88-7.91), (7.94-7.101) to evaluate the effective prop-

erties. Figure 8.13 shows, as we use increasingly finer mesh, there is convergence in the

values of the effective properties. We carried out calculation for general 2D case for volume

fraction of 12.6%, 19.7%, 28.4%, the effective properties results are organized in Table 8.3.

The similar results for pseudo 2D are also obtained in Table 8.4. Note due to symmetry,

there is, for example, G
(1)
ij = G(1)δij for G

(1)
ij . So only moduli such as G(1) need to be
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Figure 8.10: The field distributions for (a) N
(2)
1 , (b) M

(2)
1 , (c) N

(4)
1 , (d) M

(4)
1 for a general

2D calculation with volume fraction of 19.7%. Due to symmetry, only a quarter of the unit

cell is shown. Values are normalized, and should take the unit of 1V for N
(2)
1 , 104K for

M
(2)
1 , 10−4V/K for N

(4)
1 , 1 for M

(4)
1 .
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Figure 8.11: The field distributions for (a) N
(1)
1 , (b) M

(1)
1 , (c) N

(3)
1 , (d) M

(3)
1 for a pseudo

2D calculation with volume fraction of 19.7%. Due to symmetry, only a quarter of the unit

cell is shown. Values are normalized, and should take the unit of 104K for N
(1)
1 , 108K2/V

for M
(1)
1 , 1 for N

(3)
1 , 104K/V for M

(3)
1 .
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Figure 8.12: The field distributions for (a) N
(2)
1 , (b) M

(2)
1 , (c) N

(4)
1 , (d) M

(4)
1 for a pseudo

2D calculation with volume fraction of 19.7%. Due to symmetry, only a quarter of the unit

cell is shown. Values are normalized, and should take the unit of 1V for N
(2)
1 , 104K for

M
(2)
1 , 10−4V/K for N

(4)
1 , 1 for M

(4)
1 .
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Figure 8.13: The effective properties calculated for polygon unit cell structure, for general
2D calculation and volume fraction of 19.7%. As the mesh grid gets finer, effective properties
converge. Effective properties are normalized, and should take the unit of 109KS/m for
G(1), 105W/m/V for H(1), 109WK/m/V for K(1), 105S/m for G(3), 102W/m/V/K for
H(3), 104W/m/V for K(3).

considered.

8.5 Summary

In this chapter, the unit cell problems derived in the previous chapter for 2D asymptotic

analysis of thermoelectric composites are solved numerically by Finite Element method.

With the satisfactory convergence of the results of the field variables, the 2D homogenized

thermoelectric governing equation is validated, with its effective properties determined.
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Table 8.3: Effective properties for polygon unit cell structure and general 2D calculation,
for volume fractions of 12.6%, 19.7%, 28.4%.

G(1)(×108KS/m) H(1)(×105W/m/V ) K(1)(×108WK/m/V )

12.6% 2.26 0.547 -0.822

19.7% 3.53 0.860 -1.33

28.4% 5.17 1.28 -2.04

G(3)(×104S/m) H(3)(W/m/V/K) K(3)(×104W/m/V )

12.6% 8.67 17.3 0.252

19.7% 7.52 15.0 0.377

28.4% 6.33 12.7 0.506

G(2)(×105W/m/V ) H(2)(W/m/K) K(2)(×104W/m)

12.6% 0.572 13.8 -2.08

19.7% 0.897 21.8 -3.37

28.4% 1.33 32.7 -5.24

G(4)(W/m/V/K) H(4)(×10−4W/m/K2) K(4)(W/m/K)

12.6% 17.3 34.7 2.10

19.7% 15.0 30.1 2.35

28.4% 12.7 25.3 2.61
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Table 8.4: Effective properties for polygon unit cell structure and pseudo 2D calculation,
for volume fractions of 12.6%, 19.7%, 28.4%.

G(1)(×108KS/m) H(1)(×105W/m/V ) K(1)(×108WK/m/V )

12.6% 2.30 0.554 -0.825

19.7% 3.59 0.871 -1.33

28.4% 5.24 1.29 -2.03

G(3)(×104S/m) H(3)(W/m/V/K) K(3)(×104W/m/V )

12.6% 8.63 17.3 0.256

19.7% 7.45 14.9 0.385

28.4% 6.20 12.4 0.520

G(2)(×105W/m/V ) H(2)(W/m/K) K(2)(×104W/m)

12.6% 0.580 14.0 -2.08

19.7% 0.910 22.1 -3.36

28.4% 1.34 32.9 -5.18

G(4)(W/m/V/K) H(4)(×10−4W/m/K2) K(4)(W/m/K)

12.6% 17.3 34.5 2.11

19.7% 14.9 29.8 2.37

28.4% 12.4 24.8 2.64
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Chapter 9

CONCLUSIONS AND FUTURE WORKS

9.1 Conclusions

We have developed in Chapter 3 a rigorous 1D analysis of bi-layered thermoelectric compos-

ite. From the established effective thermoelectric properties through equivalency principle,

an enhanced thermoelectric figure of merit of layered medium is achieved, demonstrating

that in the absence of size and interfacial effects, higher figure of merit of thermoelectric

composite than any of its constituents is indeed possible.

Through the analysis and calculations in Chapter 4, we conclude that (1) thermoelectric

figure of merit ZT as we know it is ill-defined for layered thermoelectrics, and is irrelevant

to their conversion efficiency; (2) thermoelectric conversion efficiency of a composite is not

bounded by its constituents, and can be higher than all its constituents; and (3) requirements

on constituent phases for enhanced conversion efficiency in layered composites are identified,

and the upper bound on their conversion efficiency is established. This thus points to a

new route for high efficiency thermoelectric materials that does not rely on either size or

interfacial effects.

Motivated by the potential application in automobile waste heat recovery, we carried

out an analysis on axially-symmetric thermoelectric problem in Chapter 5. We show that

higher thermoelectric conversion efficiency can be achieved in core-shell composites, while

the effective figure of merit is not well defined.

We developed a non-linear asymptotic homogenization theory for studying thermoelec-

tric composite with periodic microstructure in 1D in Chapter 6, and in 2D in Chapter 7. In

Chapter 6, the 1D homogenized governing equations of macroscopic temperature and po-

tential distribution smeared out of microscopic fluctuation are established and solved with

temperature and potential boundary condition. The macroscopic field distributions are ob-

served to be drastically different from those in homogeneous materials. With an idealized
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thermoelectric module, we analyzed the overall conversion efficiency, and showed that the

effective thermoelectric figure of merit does not directly correlate with the thermoelectric

conversion efficiency. In Chapter 7, we applied asymptotic homogenization method to es-

tablish the unit cell problem for both 2D and 3D. The unit cell problem is later solved

by using 2D Finite Element method. The obtained 2D homogenized governing equations

of macroscopic temperature and potential distribution are significantly more complex com-

pared with 1D homogenized equations, and their effective properties are evaluated from the

results of unit cell problem.

9.2 Future works

Our asymptotic analysis shows drastically different governing equations and functional dis-

tribution of thermoelectric fields in the composite from those of homogenous materials, and

thus provides us with a new route to optimize the conversion efficiency of thermoelectric

materials, especially for those with 2D or 3D micro-structures.

We have demonstrated a Finite Element method for solving 2D unit cell problem for

asymptotic analysis. This method can be extended to 3D in a straightforward way. The

3D asymptotic analysis will provide with us more insight into the effective behavior of

thermoelectric composites for their design and optimization.
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