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Due to the increasing demand for electricity and unpredictable supplies from renewable energy,
power systems are being operated close to their stability limits. Maintaining power system stability
in the presence of disturbances is a challenging task over decades. Power system instability often
arises from disturbances and the corrective controls are often combinatorial optimization problems
which are NP-hard to solve.

Submodularity is a diminishing-return property of set functions which is analogous to the con-
vexity of continuous functions. A combinatorial optimization problem that possesses submodular-
ity can often be solved by greedy algorithms effectively with provable optimality guarantees. The
concept of submodularity has been studied in a wide range of areas including sensor placement,
feature selection, etc. The submodularity for power system stability problems, however, has not
been exploited prior to this work.

The goal of this dissertation is to provide novel approaches towards addressing the power sys-
tem control and stability challenges by exploiting the submodularity. This dissertation covers the
voltage control problem, input and output selection problem in wide-area damping control for

small signal stability, and controlled islanding problem in cascading failure.
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Chapter 1

INTRODUCTION

Power systems are large-scale interconnected cyber-physical systems. Due to the increasing
demand for electricity and deregulation for new economic objectives, power systems are being op-
erated close to their stability limits. Maintaining stable power generation and transmission in the
presence of disturbances will be a significant engineering challenge in coming decades. The en-
hanced monitoring and communication technologies, as well as future smart grids, are envisioned
to help ensure the stability of power system through real-time sensing and control, fundamentally

shifting the paradigm of power system operation from open-loop to closed-loop control.

Power system instability often arises following disturbances, such as unexpected load shifting
and transmission line tripping. Depending on both the type of the disturbance and its impact,
the major stability problems have been classified into different forms including voltage stability
and generator rotor angle stability, where the rotor angle stability is further classified into two

categories: small signal stability and transient stability.

The available control actions to address these stability problems are often discrete, e.g., switch-
ing capacitor banks, cutting transmission lines, etc. As a result, many control design problems for
power system stability are inherently combinatorial optimization problems, which are NP-hard to

solve.

Submodularity is a diminishing-return property of set functions and is analogous to the convex-
ity of continuous functions. A combinatorial problem that possesses submodularity, e.g., maximiz-
ing a submodular function subject to a cardinality/matroid constraint, can be approximately solved
by computationally efficient algorithms, where solutions are proved to be within a constant factor
the optimal solutions. Unfortunately, the submodularity does not always hold in many problems. In

that case, one may exploit a weakened form of submodularity, namely submodularity ratio, which



is sufficient to guarantee the optimality of a greedy algorithm with a relaxed approximation factor.

The concept of submodularity has been studied in a wide range of areas and has led to several
effective greedy solutions to problems such as sensor placement, leader selection, feature selection,
etc. The submodularity for power system stability problems, however, has not been exploited yet
in existing literature. The goal of this dissertation is to provide novel approaches towards address-
ing the challenges in power system control and stability, by exploiting the submodularity/weak

submodularity.

1.1 Power System Stability

In this section, we briefly introduce the major stability problems and control challenges in power

systems.

1.1.1 Voltage Stability

Voltage stability refers to the ability of a power system to maintain acceptable voltages under
normal conditions and after disturbances [36]. The inability to prevent system voltages from de-
creasing uncontrollably (voltage collapse) has resulted in extensive blackouts, including the 2003
Northeast US blackout, 1983 Sweden power outage, and 1987 Tokyo blackout [24]. Voltage in-
stability occurs when a power system is unable to meet the reactive power demand (Fig. 1.1),
and is typically corrected by injecting reactive power at some buses using capacitor/reactor bank
switching or transformer tap changing [36]. In order to limit the complexity associated with coor-
dinating actions taken over large networks by multiple system operators, these corrective actions
are traditionally performed as local controls [79]. A purely local approach that does not take the
interactions between neighboring buses into account, however, may be insufficient to meet reactive
power demands when voltage deviations occur simultaneously at multiple buses.

Enhanced monitoring and communication capabilities could help improve voltage stability by
enabling centralized or hierarchical controls. One such architecture was proposed in [71], and is

currently being implemented in southern California. Under this approach, voltage magnitudes and
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Figure 1.1: An example of unstable voltage profile. Voltages at some buses deviate from the

acceptable region.

phase angles are measured using Phasor Measurement Units (PMUs). These measurements are
used to evaluate the effectiveness of distributed voltage controls and, when necessary, devise a
coordinated, centralized response.

A crucial step in a coordinated response is selecting a set of control actions based on the state
of the system. If the set of actions at each bus is discrete (e.g., switch a capacitor bank on or
off), designing a centralized control response to resolve multiple voltage deviations is a discrete
subset selection problem. At present, such actions are heuristically chosen via enumeration and
evaluation of combinations of control actions at multiple buses, after pruning the search space of
all possible combinations using human expert domain knowledge [71]. Since the computation time
of this approach is worst-case exponential in the number of buses, it does not scale to large power
systems. Furthermore, it may result in a suboptimal response or fail to timely identify a set of
control actions to prevent an impending voltage collapse. A computationally efficient optimization
approach that exploits the underlying structure of the voltage regulation problem to select provably
optimal control actions is thus needed to enable a timely and effective coordinated response to

voltage instability.



1.1.2 Small Signal Stability

Growing energy demand and integration of renewable energy sources have led to a steady increase
in power transfers across wide geographical areas [83]. Such power transfers can create low-
frequency phase oscillations between generators in different regions (Fig. 1.2), which, when poorly
damped, cause the phase angles between generators to increase beyond the stability limit [36]. The
ability of the power system to damp these oscillations before angle separation and outages occur
is defined as the small-signal stability of the power system. Small-signal instability has resulted in
generator tripping and catastrophic power outages, such as the 1996 Western United States blackout
[72]. Ensuring small-signal stability has been identified as one of the critical power system stability

challenges by the North American Synchrophasor Initiative (NASPI) [1].
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Figure 1.2: Generator rotor angle oscillations

The current approach to ensuring small-signal stability of the power system is through local
control at generators using power system stabilizers (PSS) [36]. More recently, as increases in
power transfers have made the stability of inter-area modes increasingly unpredictable, hierarchi-
cal, wide-area control mechanisms have been proposed in the power system literature [83, 82, 32].
Under the hierarchical approach, local PSSs are supplemented by a wide-area controller that re-

ceives state information from buses in multiple areas, evaluates the stability of the overall system,



and sends control inputs to a subset of generators in order to ensure stability (Fig. 1.3). This control
methodology is enabled by the availability of real-time state information from Phasor Measurement

Units (PMUs) and the integration of reliable, low-latency communications [33].
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Figure 1.3: Wide-area damping control [83]

State of the art design techniques for wide-area control are based on linearizing the power
system dynamics and identifying inter-area oscillations as unstable modes of the linear dynam-
ics [83, 82, 32]. The goal of the wide-area control is to drive the system state to the equilibrium. A
key step is selecting a subset of inputs (PSSs) and outputs (PMUSs) to participate in the wide-area
control design [83, 82]. Selecting such a subset, however, is inherently a discrete (combinato-
rial) optimization problem, and hence is computationally intractable for large-scale power systems
unless additional problem structure can be identified.

Current approaches for selecting inputs and outputs for wide-area damping control use heuris-
tic techniques that do not guarantee stability, and require the additional post-processing step of
synthesizing a controller using the selected inputs/outputs, evaluating the stability properties, and

re-selecting the inputs/outputs if stability is not satisfied.



On the other hand, most existing approaches to the minimal input/output selection problem
assume that no uncertainty or time delay is present in the system, and consider one or more of
the following system models: linear systems with known, fixed parameters [50], systems with a
discrete set of parameter values [10], or systems with arbitrary real-valued parameters [54]. At
present, there has been little study of input or output selections in the presence of continuous sys-
tem uncertainties, such as small perturbations in system matrices. It has been shown that inputs
and outputs that are selected based on a nominal system model may fail to guarantee the system
stability with these uncertainties present [15]. Current works addressing the minimal selection
problem for systems with uncertainties are based on relaxing the inherently combinatorial prob-
lem to continuous convex optimization form. This approach does not guarantee the optimality of

solution.

1.1.3  Transient Stability and Cascading Failure

The ability of a power system to return to stable condition and maintain its synchronism following
a relatively large disturbance is referred to as the transient stability. When a large disturbance such
as a transmission line outage occurs in one geographic area, its nearby lines have to compensate
for the failed component by carrying more power flows [36]. This shift of power flows may cause
other transmission lines to exceed their capacities, which leads to further outages. This process is
referred to as cascading failure, in which local failures propagate and trigger successive failures
throughout the entire power system (Fig. 1.4) [17]. Cascading failures can cause significant eco-
nomic damage. For instance, in the 2003 North American blackout, two transmission line outages
in the Ohio state created a cascading failure that left 55 million people out of power [4].

Controlled islanding is an effective corrective control to mitigate the impending cascading
failure [2, 77]. Controlled islanding partitions the unstable power system into a set of smaller,
disjoint subsystems, or islands, by tripping a selected set of transmission lines. Each of these
islands is an internally stable and self-contained system, which can be reconnected to restore the
entire system when the failure is cleared.

It is inevitable to shed a certain amount of load in some islands in order to match the limited
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Figure 1.4: Cascading failure in power systems

generation within the island. A large amount of power imbalance between load and generation
within an island may cause the power frequency deviating from the acceptable region and hence
lead to an eventual collapse of the island [77]. Thus, it is important to minimize the overall load-
generation imbalance in each island. On the other hand, generators tend to oscillate at different
frequencies during cascading failure. If the generators in an island do not oscillate at similar
frequencies, the island may become unstable as well [9]. Thus, it is also critical to limit the
generator frequencies within each island when choosing an islanding strategy.

Algorithms that select islanding (partition) strategies based on these considerations have been
proposed in [77, 16], which address the problem in two steps. These methods first identify clus-
ters of generators with similar rotor angle frequencies, namely coherent generator groups. After
forming such groups, a set of transmission lines is selected to trip, such that the coherent groups
of generators are separated into different islands while the load-generation imbalance within each
island is minimized. Current two-step approaches to controlled islanding rely on graph-based
heuristics such as min-cut and spectral clustering. Such approaches are unable to guarantee that
the resulting load-generation imbalance is within a constant factor of the optimal solution. On the

other hand, these methods lack the flexibility in making trade-off between generator coherency and



load-generation imbalance, defined as the ability to sacrifice a small amount of generator coherency

within each island in order to gain a large reduction in overall power imbalance.

1.2 Contributions of this Thesis

» For voltage stability: This thesis proposed a submodular optimization approach for design-
ing a control strategy that prevents voltage instability. Our key insight is that the voltage
deviation from the desired level is a supermodular function of the set of reactive power
injections that are employed, leading to computationally efficient control algorithms for sta-
bilization with provable optimality guarantees. This submodular control framework is tested
on the IEEE 300-bus transmission system with comparison to the state-of-the-art hierarchical
method. We found that our proposed submodular voltage control approach achieves voltage

profiles with less voltage deviation in the same computation time.

» For small signal stability: This thesis studies the problem of identifying the minimum-size
sets of input and output nodes in wide-area damping control to guarantee small signal sta-
bility. Our approach is generalized to any networked systems with uncertainties and time
delays. We derive sufficient conditions to guarantee existence of a stabilizing controller for
an uncertain linear system, based on a subset of system modes lying within the control-
lability and observability subspaces induced by the selected inputs and outputs. We then
formulate the problems of selecting minimum-size sets of input and output nodes to satisfy
the derived conditions, and prove that they are equivalent to discrete optimization problems
with bounded submodularity ratios. We develop polynomial-time selection algorithms with
provable guarantees on the minimum number of inputs and outputs required. Our approach
is applicable to various types of uncertainties, including additive uncertainty, multiplicative
uncertainty, uncertain output delay, and structured uncertainty. In a numerical study, we test
our approach for the wide-area damping control in power systems to ensure small signal

stability. Our results are validated on the IEEE 39-bus test power system.

* For transient stability: This thesis proposed a novel approach to controlled islanding based



on weak submodularity. Our formulation jointly captures the minimal generator non-coherency
and minimal load-generation imbalance in one objective function. We relax the problem
to a formulation with bounded submodularity ratio and a matroid constraint, and propose
an approximation algorithm which achieves a provable optimality bound on minimal non-
coherency and load-generation imbalance. The proposed framework is tested on IEEE 39-
bus and 118-bus power systems with comparison to a state-of-the-art spectral clustering is-
landing method. We observed that the proposed islanding approach can significantly reduce
the power imbalance in resulting islands, compared to the state of the art, with the same or

slightly higher generator non-coherency.

1.3 Organization of this Thesis

This thesis is organized as follows. Chapter 2 gives backgrounds on submodularity and matroids.
Chapter 3 presents our submodular optimization approach for voltage control. Chapter 4 studies the
input and output selection problem for small signal stability and proposes a weak submodularity
based approach which is generalized to any networked systems with uncertainties. Chapter 5

presents a weak submodularity based controlled islanding scheme to mitigate cascading failure.



10

Chapter 2

SUBMODULARITY AND MATROID

In this chapter, we give backgrounds on the submodularity, weak submodularity and matroids.

2.1 Submodularity and Weak Submodularity

Submodularity is a diminishing-returns property of set functions, wherein the incremental benefit
of adding an element to a set S decreases as more elements are added to S. Let 2% denote the
power set of Q. A set function f : 2% — R is submodular if, for any sets S C T' C 2 and any
elementv € Q\ T, f(SU{v}) — f(S) > f(T'U{v}) — f(T). An equivalent definition is stated

as follows.

Definition 1 ([21]). Let V be a finite set, and let 2V denote the set of all subsets of V (power set).
A function f : 2V — R is submodular if; for any subsets S C'V and T C V,

fS)+ (1) =z f(SUT) + f(SNT). (2.1)

In addition, f is supermodular if — f is submodular. f is modular if the equality holds in (2.1).

A nonnegative weighted sum of submodular functions is also submodular.

Submodularity is analogous to concavity of continuous functions. The problem of maximizing
a monotone submodular function subject to a cardinality constraint can be approximately solved by
polynomial-time greedy algorithms, where solutions are proved to be within a factor of (1 — 1/¢)
of the optimal solutions [21].

The submodularity ratio measures to what extent a function f has submodular properties, de-

fined as follows.
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Definition 2 (Submodular Ratio [13], Weak Submodularity). Let f : 2% — R be a non-negative
set function. The submodularity ratio of f with respect to a set U C §) and a parameter k > 1 is

L D (P ULEh) - (L)
"ok = L,5:LNS=0 f(LUS)— f(L)

LCU,|S|<k

f is called weakly submodular at U and k if vy, > 0.

A function is submodular if and only if 777, > 1 for all U and k. Generalizing to the functions
with 0 < vy, < 1 provides a notion of weak submodularity [34]. For weakly submodular func-
tions, even though the function may not be submodular, it still provides approximation guarantees
for greedy algorithms.

An important concept related to submodularity ratio is coefficient of determination, which is

defined as follows.

2

Definition 3 (Coefficient of determination [13]). For a linear regression problem min,, ||Hz —v||3,

assuming the columns of H € R™™ and v € R"™ are normalized to have norm 1, the coefficient of
determination (or R? statistic) is

RZ=no'C o

where C' = H'H/n and v = H v /n.
2.2 Matroids

A matroid is defined as follows.

Definition 4. Let V' denote a finite set, and let T denote a collection of subsets of V. The tuple
M = (V,T) is a matroid if (i) ) € Z, (ii) forany B € Tand A C B, A € T, and (iii) if A, B €T
and |A| < | B|, then there exists v € B\ A such that (AU {v}) € T.

The collection 7 is referred to as the set of independent sets of the matroid M. A maximal
independent set of a matroid is a basis, denoted by Z. It can be shown that all bases of a matroid

have the same cardinality. An important property of matroid bases is shown below.
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Lemma 1. If 7, and T, are two bases of a matroid M(V,T), then there exists a bijection  : I, —
Iy such that
T, —x+n(x) €Z forallz € T,

An important class of matroids, denoted graphic matroids, is defined as follows.

Lemma 2. Let G = (N, E) be a graph with node set N and edge set E. Define T to be a
collection of subsets of E such that A € T iff A does not contain any cycle (i.e., A is a forest).
Then M = (E,T) is a matroid.

For connected graphs, the set of bases of a graph matroid is the set of all spanning trees.

Another sub-class of matroids, namely partition matroid, is defined as follows.

Lemma 3. Let V denote a finite set, and let V1, ..., V,, be a partition of V, i.e., a collection of
sets such that Vi U --- UV, = Vand V;NV; = 0 fori # j. Let dy,...,d, be a collection
of nonnegative integers. Define a set Tby A € Tiff |ANV;| < d; foralli =1,...,m. Then
M = (V,T) is a matroid.

The following lemma gives a property of submodular functions over matroid bases.

Lemma 4 ([39]). Let M = (V, 1) be a matroid, and let f : 2V — R be a submodular function
defined on V. Define S to be a matroid basis such that, for all uw and v withu € S, v ¢ S, and
(S\{u}U{v}) €), 1 +e€)f(S)> f(S\ {u}U{v}). Then for any basis C of M,

2(1+¢€)f(S) > f(SUC)+ f(SNC). (2.2)
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Chapter 3
SUBMODULAR OPTIMIZATION FOR VOLTAGE CONTROL

3.1 Introduction

The study of voltage instability problems dates back to the 1980s. Dobson and Chiang [18] in-
troduced a model of voltage collapse that identifies the point of bifurcation as the operating point
leading to voltage collapse. Traditional approaches to mitigating voltage instability are mainly
preventive actions based on contingency ranking [23].

In the early 1990s, a three-level hierarchical voltage control scheme was proposed and later im-
plemented in several European countries [37, 12, 73, 57]. The idea is analogous to the hierarchical
levels of frequency control. In these schemes, a “pilot bus” that represents the voltage profile of a
given region is selected and all control actions aim at regulating the voltage at this bus. Ongoing
research address the pilot bus selection problem with improvements mostly in selection theory and
decentralization of the controller [3].

Selecting a pilot point or a control region that is loosely coupled to the rest of the system is
difficult. Furthermore, in North America, most voltage control actions are achieved by switching
in or out capacitor or reactor banks. An online voltage regulation approach was proposed in [78]
based on capacitor switching and power generation resetting. This approach, however, is limited in
practice because operators hesitate to switch capacitor banks frequently. A slow centralized online
voltage control scheme was proposed in [7] and further improved in [62]. In [7], the controller uti-
lizes SCADA measurements and state estimation to predict the incremental effects of a switching
action. The goal is to resolve any voltage violation with minimum switching actions and circu-
lar reactive flows. In [62], the state estimator is replaced by an integer programming method for
deciding switching actions directly from the SCADA data and hence the computational overhead

is significantly reduced. These approaches, however, are based on the assumption that the prob-
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lematic areas containing voltage violations are loosely coupled and can be considered as separate
control regions. When buses with voltage violations are closely coupled, the computational burden
of these proposed methods either increases exponentially or the optimality deteriorates because the
size of the control area is reduced.

Recently, a hierarchical, centralized strategy that addresses the voltage regulation problem for
large power systems was proposed in [71]. In this approach, reactive power control is exerted
through switching of reactive power injection devices to regulate voltage while minimizing the
operating costs. This approach requires an enumeration of all possible configurations of reactive
devices. To keep this enumeration computationally tractable, the system is partitioned into small
areas and the enumeration is done within each area. This partitioning does not take into account
the interactions between the voltages in the various areas and thus makes the solutions suboptimal.

Distributed or decentralized approaches for voltage regulation based on control theory are pre-
sented in [79, 56]. Zhang et al. [79] identify a sufficient condition for regulating voltage in a
distributed manner with limited communication between buses. Robbins et al. [56] derive a dis-
tributed control law that guarantees voltage stability by varying the reactive power injection at
each bus using distributed energy resources (DER). These works assume that the reactive power
injection at every bus can be dynamically adjusted and do not take into account the associated cost.

Other voltage control approaches based on wide-area measurements are described in [25, 26,
22]. The control schemes in [25] and [26] rely on a constrained optimization, which is solved
using linear or stochastic programming depending on the model used. In [22], a real-time control
scheme is proposed to assess the power system stress and adjust voltage control actions for different
stressed situations. These approaches, however, mainly rely on the control of generator voltage
setpoints and load shedding, which are not suited to the deregulated power systems of the North
American power grid where operators do not have direct control over generators.

Submodular optimization techniques for control of networked systems have been proposed in
[67, 11]. These techniques focus on optimizing performance parameters, such as robustness to
noise, smooth convergence, and controllability of linear systems. Prior to our work, however,

submodularity has not been explored in the context of power system stability and control.



15

This chapter presents our submodular optimization approach to voltage control in power sys-
tems. Our fundamental insight is that the metrics typically used to evaluate the effectiveness of a
voltage control strategy, such as the deviation from the desired voltage and the capacitor/reactor
switching cost, have an inherent submodular structure. We make the following specific contribu-

tions:

* We formulate the problem of selecting a set of reactive power injection devices to minimize
the deviation of the voltages from their desired values and the total operating cost. We prove

that this problem is equivalent to submodular maximization with a matroid basis constraint.

* We propose polynomial-time algorithms for computing the optimal voltage control strategy.
The performance of a control strategy is measured by its total operating costs plus remain-
ing voltage deviations after control. We prove that the control strategies returned by our

algorithms have performance no worse than a factor 1/3 of the optimal control strategy.

» We present both a non-adaptive algorithm, which assumes that switching each reactive device
results in a fixed change in system voltages based on the initial system operating point, as

well as an adaptive algorithm that updates the operating point after each selection.

* We evaluate our submodular approach through a numerical study on the IEEE 300-bus test
system. We find that, within the same computational time, our approach results in voltage
profiles with less deviation compared to a state-of-the-art algorithm that searches over a sub-

set of the possible control actions based on voltage sensitivities to reactive power injections.

The rest of this chapter is organized as follows. Section 3.2 presents the power system model
used for voltage control and provides background information on submodularity. Section 3.3
presents the problem formulation and the approximation algorithms based on submodular opti-

mization. Section 3.4 presents the simulation results. Section 3.5 concludes this chapter.
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3.2 Power System Model

We consider a power system consisting of n PQ buses, m PV buses and a slack bus. We index PQ
busesby i =1,...,n, PVbusesby: =n+ 1,...,n + m and the slack bus by 7 = 0. At each
bus ¢, the voltage magnitude V; and angle #; can be measured by PMUs and are available to the
centralized controller. A set of capacitor and reactor banks, denoted as (2, is located at a subset of
PQ buses. One PQ bus ¢ may have multiple capacitor/reactor banks, denoted as €;, available to
switch in or out. Switching a capacitor/reactor bank j € €); located at bus 7 increases the reactive
power injection at bus 7 by AQ);. The magnitude of the change is taken to be a function of pre-
AQ;| = GV,

where C; is the capacitance of the capacitor/reactor bank j. If a subset of capacitor/reactor banks,

switching voltage at the bus where the capacitor/reactor bank is located, e.g.,

S; C ;, are switched at bus ¢, then the total change in reactive power injection at bus ¢ is the sum
of changes due to individual switches, denoted as (AQ); = ;.5 AQ;.
The impact of reactive power injection on the system voltages is derived as follows using
a linearization of the power flow equations. We denote the admittance of the transmission line
between bus ¢ and j as y;; = ¢;; — 7b;; where g;; and b;; denote the conductance and susceptance,
n+m n+m b

respectively. Note that g;; = — iti Yij and b; = — > izi bije At each bus 7, the active power

injection P; and reactive power injection (); satisfy the power flow equations

n+m
Pi = V; Z V} [gzj COS(@Z' - 0]) + bij SiH(Gi — 03>] s (31)
j=0
n+m
Qi = V; Z V} [gzj Sin(@i — GJ) — bij COS(@Z' — QJ)] . (32)
j=0
Define P = [P, P,,..., P, |7 as the vector of active power injections at all PQ and PV buses
and Q = [Q1,Q-, ...,Q,]T as the vector of reactive power injections at PQ buses. By linearizing

these equations around the current operating point, we obtain the following relation that contains
a Jacobian matrix, J, of power flow equations, [APT AQT]T = J[AOTAVT]T, where AP =
[(AP)y, (AP)s, ..., (AP), m|T is the vector of changes in active power injections at PQ and
PV buses, while AQ = [(AQ)1, (AQ)a, . .., (AQ),]" is the vector of changes in reactive power
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injections at PQ buses. The vector Af = [Af;, Aby, ..., A, |7 refers to changes in bus angles
at PQ and PV buses, while AV = [AV}, AV, ..., AV, ] refers to changes in voltage magnitudes
at PQ buses.

The Jacobian matrix J is assumed to be invertible under normal operating condition. This
assumption is consistent with existing literature [18, 58], where the operating point at which the
Jacobain matrix JJ becomes singular was identified as the point of voltage collapse since no change
in power injection could stabilize the change in voltage magnitudes.

Inverting the matrix J and using the fact that the changes in real power injections are zero
(AP = 0) implies that voltage changes at all PQ buses due to capacitor/reactor bank switches can

be approximated by
AV = DAQ, (3.3)

where D is the n x n sub matrix of J~! describing the effect of changes in reactive power injections

on changes in voltage magnitudes.

3.3 Voltage Control Framework

This section formulates the problem of minimizing the deviation from the desired voltage and
the operating cost by selecting a set of reactive power injection devices. We first formulate the
problem and prove that it satisfies submodularity. Based on the submodularity property, we present
a polynomial-time voltage control algorithm with provable optimality guarantees. We then describe
an adaptive selection procedure added to the submodular control algorithm that mitigates the error

in state prediction due to linearization.

3.3.1 Problem formulation

A centralized voltage controller can monitor and control the voltages continuously for all PQ buses.
In a well-maintained power system, the voltage magnitude typically varies within 5% of the nomi-

nal value, e.g., 0.95 ~ 1.05 p.u. (per unit).
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Switching a capacitor/reactor bank incurs an operating cost. We denote c; as the operating cost
of switching in a capacitor bank ¢ that is inactive or switching out a reactor bank : that is active,
and denote b; as the cost of switching out a capacitor bank ¢ that is active or switching in a reactor
bank ¢ that is inactive. Let O C €2 be the set of capacitor banks that are currently active and reactor
banks that are inactive, and F' C (2 be the set of capacitor banks that are inactive and reactor banks
that are active.

The centralized controller exerts control by selecting a set O’ C () consisting of capacitors
that should be active and reactors that should be inactive. This set O’ can be interpreted as a
set of capacitor/reactor banks that are selected to inject reactive power to the buses where they
are located. Based on the current status set O and decision set O’, the actual control action is to
switch a set of capacitor/reactor banks, denoted as S C (2, from on to off or from off to on with
S=(0"\O)u(0O\0O.

The goal of the centralized controller is to choose the injecting set O that minimizes the re-
sulting voltage deviations at PQ buses and the operating cost. The cost of voltage deviation and
operation can be captured by the metric f(O’), defined as

n
FO)Y= D" i+ > b+ A Vit AV = Viepa), (3.4)
JEON\O FEO\O! i=1

where A is a penalty function on voltage deviation at PQ buses. The function A is chosen to be
convex as heavier penalty should be applied if the voltage deviates further from the reference. The
first two terms in Equation (3.4) give the total operating cost of switching capacitor/reactor banks
in S, while the third term is a sum of penalties on voltage deviations at each PQ bus after switching
capacitor/reactor banks in \S. A is a nonnegative trade-off factor between the operating cost and the
penalty on voltage deviations.

By using the approximation of Eq. (3.3), the last term of Eq. (3.4) can be re-written as

n
)\Z h Zwij(AQj) ~ Viepi + Vi |,
i=1 j€S
where w;; = D;;, for j € €, i.e., the capacitor/reactor bank j € S located at bus k. (Here, D;,

denotes the 7th row and kth column entry of the matrix D in Section 3.2.) The parameter, w;;, can
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be interpreted as the approximated incremental increase in voltage at bus ¢ from a per unit reactive
power injection by capacitor/reactor bank j.
By substituting S with (O’ \ O) U (O \ O’) and rearranging terms, we have
FIO)Y= D" ¢+ > bi+A> h (Z%A@y —%>, (3.5)
JjeO\O JEO\O’ i=1 jeo!
where V; = Vieps — Vi + > ico w;j]AQ,|. The problem of selecting an optimal set O’ of ca-
pacitor/reactor banks to inject reactive power can then be formulated as a discrete optimization

problem
min {f(0’) : O' C Q}. (3.6)

This is a combinatorial optimization problem, and hence cannot be efficiently solved or approx-
imated unless the objective function possesses additional structure, such as submodularity. While
the objective function f(O’) is not supermodular, an equivalent submodular objective function can

still be derived, as shown in the following subsection.

3.3.2  Submodular optimization approach

We first give a new problem formulation with a matroid constraint, followed by the proof of its
equivalence to the previous formulation. We then demonstrate that this problem has the structure of
matroid basis-constrained submodular maximization. The submodular formulation is established

on an expanded ground set Q, defined as
Q={v;:j€Q 1=0,1},

where v;o denotes the event that the capacitor bank j is inactive (or active if j is reactor bank),
while v;; is the event that the capacitor bank j is active (or inactive for reactor bank).

For each PQbus i, let P, = {j € Q:w;; > 0}and R, = {j € Q : w;; < 0}, i.e., the set of
capacitor/reactor banks that, by injecting reactive power at its located bus, causes an increase (F;)

or decrease (R;) in voltage at bus i. For any set A C ), we define sets Ay and A, by

AOZ{jEQ:UjOGA}, Alz{jGQ:vﬂeA}.



20

The submodular formulation consists of an objective function f . 2% 5 R that is supermodular
and equivalent to Eq. (3.6), and a matroid constraint with the matroid bases collection denoted as
B. For each PQ bus ¢, we define a cost function fz 22 4 R by

fi(A) =h ( > wilAQil + > |willAQ,] - Vi) 7
JEPNAL JER;NAg
where V; = V, — > e w;;|AQ)|;. Considering n PQ buses overall, then the system-wide cost
function f is defined as
FlA) = D> i+ D0 b+ A> filA). (3.7)
JEAINF JjEAINO =1
The equivalence between f (A) and the objective function in the previous subsection is established

by the following lemma.

Lemma 5. Suppose that the set A C ) satisfies |A N {vjo,vj1}| = 1 forall j € Q. Then
f (A) = f(A).
The proof follows from the fact that, under the assumption on A, 2 = Ay U A; is a partition of

the set €2, and hence R; = (R; N Ap) U (R; N Ay)and R; N A; = R; \ (R; N Ap).

Proof. The proof contains two parts. First, the condition |A N {v;p,v;1 }| = 1 forall j € 2 implies
) = Ag U A; and hence we have
2ot X b= ) gt )by

JEA\O JEO\A jEAI\O JEANO

Then it suffices to show that, for each PQ bus ¢,
fiA)=nh (Z wii|AQ;| — Vz’)
JEAL

when the condition |A N {v;p, v;1 }| = 1 holds for all j € 2. We have

dowilAQil= Y wilAQi+ Y wilAQ,|

JEA JEAINP; JEAINR;

= > wlAQsl+ Y wylAQs— Y wylAgyl, (3.8)

JEAINP; JER; JER;NAp
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where Eq. (3.8) follows from the fact that, under the assumption on A, {2 = Ay U A; is a partition
of the set €, and hence R; = (R; N Ap) U (R; N Ay)and R, N A; = R; \ (R; N Ap). Then

h(ZwiﬂAQﬂ—Vi) =h< > wlAQl+ D lwillAQs — |Vi— ) wi|AQs| >
JEA; JEAINP; JEAONR; JER;

= fi(A),
as desired. L]

By Lemma 35, the problem (3.6) of selecting a set of buses to inject reactive power is equivalent
to minimizing f(A) subject to the constraint that |A N {vjo,vj1}| = 1 for all j € Q. We define a
collection B of subsets of Q by A € Biff |A N {vjo,v;1}| = 1 forall j € Q. Then the equivalent

discrete optimization problem can be formulated as
min {f(A) : A € B}. (3.9)

Next, we show B is the basis of a matroid and hence the condition that A € B in Eq. (3.9) is a
matroid basis constraint on the set A C €). The intuition comes from the fact that each device can
be either on or off, which corresponds to |AN{vjo,v;1}| = 1forall j € Q,ie., A € B. Asaresult,
for any optimal selection A, the resulting Ay and A; should always form a partition of €.

We define Q; = {vjo,v;1} for j € Q. Then the sets Qjcq form a partition of , i.e., Q =
UjeaS2; and Q; N Q; = @ for i # j. By Lemma 3, the constraint A € Z iff |[A N Q| < 1 for
all j € Q defines a partition matroid M = (€,Z) . The bases of M are the sets A satisfying
|ANQ;| =1forall j € , which are exactly the sets in 3.

It remains to show f (A) is supermodular, which is established by the following theorem.
Theorem 1. The function f (A) is supermodular in A C Q.

Proof. The approach of the proof is to show a more general result, namely, that any function g(A)
defined by g(A) = h (ZjeA aj — ﬂ) , where o; > 0 and /5 € R, is supermodular as a function

of A. Define p = %JLLBZJ, where A is the symmetric difference operator. Since all o;’s are
jEAAB Y
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nonnegative, p € [0, 1]. We have

daj=p Y ajt+(l-p) > o

jEA jEAUB jeANB
E a; =(1-p) E aj+p E a;j.
jEB jEAUB jEANB

By substitution, we have

g(A) + g(B) =h (Z a; — 6) +h (Z aj>

JjEA jeEB

(o500

w(wen (3 es)ro( 3 0-))
Sph( > ozj—ﬂ) +(1—p)h< > aj_5>

JEAUB JEANB
+(1—ﬂ)h< > Oéj—5> +Ph< > Oéj—5>
JEAUB JEANB

—g(AUB) +g(AN B),

which establishes the supermodularity of g.

Since the function f;(A) can be obtained from g(A) by setting a; = |w;;||AQ;| and 8 = V;,
each f;(A) is supermodular. The terms >icano Gt 2 i agno bi can be shown to be modular. The
function f(A) is thus a sum of supermodular and modular functions, and hence is supermodular.

]

Combining Theorem 1 with the above discussion of I3, we have that Eq. (3.9) is a supermod-
ular minimization problem, which can be transformed to an equivalent submodular maximization
problem, subject to a matroid basis constraint. The submodularity of this problem allows con-
structing approximation algorithms with provable optimality bound, as presented in the following

subsection.
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3.3.3 Voltage control algorithms

We now present a voltage control algorithm that is derived from techniques for maximizing a
submodular function subject to a matroid basis constraint.

As the constraint A € B in Eq. (3.9) implies that each capacitor/reactor bank j € €) can be
either active vy; or inactive vy, the algorithm proceeds as follows. We initialize a set A C Q by
the current configuration of capacitor/reactor banks such that A = {v;; : j € O}y U {vjo: j € F}.
For a chosen constant parameter € > 0, the algorithm iteratively selects a capacitor/reactor bank j

from Ag or A; such that

FAN fu} U o)) < (1— f(A) if v € A e j € Ag),

or
FAN\ {v1} U{vjo}) < (1 — &) f(A) ifvj; € A(ie.,j € Ay).

The algorithm terminates when no such device j can be found. A pseudocode description is given
as Algorithm 1.
Intuitively, at each iteration, the algorithm identifies a capacitor/reactor bank j € €2 such that

switching it will reduce the system-wide cost f(A).

The algorithm converges to a e-local minimum, defined as a set A C ) that satisfies (1 —
) f(A) < fF(AU{v}\ {w}) for any v, w € Q such that (AU {v}\ {w}) € B. The local minimum
is known to be within a factor of 1/6 for the nonmonotone submodular maximization problem
with matroid basis constraint [39]. This optimality bound can be improved by 1/3 by exploiting

the partition matroid structure of (3.9), as shown in the following theorem.

Theorem 2. Let M satisfy f (A) < M forall A C Q. Define O' to be the set chosen by Algorithm
1, and let O* be the optimal solution to min { f(O') : O' C Q}. Then

1

M- f(O) = <3—+6

) (M — f(O)). (3.10)



24

Algorithm 1: Algorithm for selecting a set of capacitor/reactor banks to inject reactive power.

1: procedure SUBMODULARVC(V, Vyef, W, q, b, c, O, F)

2: Input: Initial voltages at each bus v, reference voltages for PQ buses v,..¢, weights w;
from inverse Jacobian .J !, possible reactive power injections by each capacitor/reactor bank
q = {|]AQ;,|, 7 € 2}, switching costs b and c, set of active capacitor banks and inactive

reactor banks O that initially injecting reactive power, F' = Q \ O.

(O8]

Output: Set of capacitor/reactor banks O’ to inject reactive power.
4: Initialization: A < {Ujg : j € F} U {Ujl : j & O}, AO — F, Al — O, flag =1
while flag == 1do

flag=0,Afy=0,Af; =0
if there exists jo € Ag with f(A\ {v0} U{vj1}) < (1 — €)f(A) then

jo + argmingea, f(A\ {vjo} U {v;1})
flag =1, AfO = ]E(A \ {UJOO} U {Uj01}>
if there exists j; € Ay with f(A\ {v;,1} U{v;0}) < (1 — €)f(A) then

ji < argminjea, f(A\ {v;1} U {vjo})
flag =1, Afl = f(A \ {Ujll} U {Ujlo})
if Afy < Af, then

A+ A \ {UJ'OO} U {vjol}
Ay A1 U {Jo}, Ao < Ao\ {Jo}
else if A fo > A f1 then

A A\ {vj;1} U{vjo}
Ag + AgU {1}, Ar + A\ {1}
if f(A) < f(Q\ A) then

O + A, return O’

else
1L
O+ Q\ Ay, return O’

12: end procedure
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Proof. Let A* ={v;; 11 € O*} U{vy0:1 € Q\O*and A ={v;; :i € O} U{vyp:i€ Q\ O}
Define §(A) = M — f(A), so that § is a nonnegative submodular function. By Lemma 4,

(24+€)g(A) > g(AUA™) + g(AN A"). (3.11)
From Algorithm 1, Line 22 — 26 implies that f(A) < f(Q2\ A). Applying it to (3.11) yields
(34 €)g(A) > g(AU A*) + g\ A) + g(A N A"). (3.12)
By submodularity and nonnegativity of g, we have

GAUAT) +g(Q\ A) > g(A°N(AUAY)) + g(A"U (AU A7)
=g(Q) +g(A"\ 4) > §(A"\ A).

Applying this inequality to (3.12) yields
(B+€)g(A) = g(A"\ A) + g(AN A") = g(A") + 5(0) = 9(4")

by submodularity of §. By Lemma 5, §(A) = M — f(O') and §(A*) = M — f(O*). Substitution
of g then gives (3.10). ]

Denote the cardinality |2| by N. The complexity of Algorithm 1 is described below.

Proposition 1. Let f,,;,, = min{f(O’) : O’ C Q} and f0, = max{f(O'): O' C Q}. The run-
o Fmin
time of the algorithm is bounded above by O(NTy), where Ty = (1 bl

fma;v

log (1—e) I°

Proof. Let O. denote the set O after 7 iterations of the algorithm. By construction, f(O)) <
(1 —€)f(0!_,), and hence f(O}) < (1 — €)' f(O}). Let T denote the number of iterations before

the algorithm terminates. By definition,
fmin < f(Oé") < (1 - €>Tf(06) < (1 - E)Tfmax-

Rearranging terms yields 7" < Tj. Each iteration requires at most /V evaluations of the objective
function f(O’) in order to identify a capacitor/reactor bank to activate or deactivate, implying that

the computation is O(/N7Tj) in the worst case. O
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3.3.4 Adaptive selection algorithm

The approach of Algorithm 1 introduces additional errors due to the approximation resulting from
the linearization of the nonlinear power flow equations (3.1)—(3.2). In what follows, we present an
adaptive approach that reduces these errors. Instead of using fixed values of A() and the Jacobian
matrix J, the adaptive algorithm solves the power flow equations at each iteration after selecting a
capacitor/reactor bank to switch. The values of J and A() are updated based on the new operating

point. Algorithm 2 embodies this adaptive approach.

Algorithm 2: Algorithm for adaptively selecting a set of capacitor/reactor banks to inject

reactive power.
1: procedure ADAPTIVE_VC(V, Vye, W, q, b, ¢, O, F)

2: Line 2 — 14 in Algorithm 1
3: Compare A fg and A fl

4. if Afo < Afl then
5
A<+ A\ {vjoot U{vjr }
Ay = AU {jo}, Ao+ Ao\ {Jo}
6: [Switch j, and update f : voltages v; O = A; and F' = Ajy; Jacobian inverse matrix J !
and weights w]
7 else if Afo > Afl then
&
A+ A \ {vﬁl} U {vjlo}
AO < AO U {jl}, A1 < Al \ {]1}
o: [Switch j; and Update f : voltages v; O = A; and F' = Ay; Jacobian inverse matrix J !

and weights w]
10: Line 23 — 28 in Algorithm 1
11: return O’

12: end procedure
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Algorithm 2 proceeds with a logic similar to Algorithm 1. At each iteration, the algorithm selects
a device j € €, such that switching device j will lower the cost function f(A). Before entering
the next iteration, the centralized controller implements this switching action in simulation, and
updates the cost function f by requesting the post-switching system state from the nonlinear power
flow solver.

Compared to Algorithm 1, Algorithm 2 requires one extra step at each iteration for solving the
power flow equations, denoted by F'(z) = 0. If the nonlinear power flow solver uses Newton-
Raphson iterative method, provided that a good initial guess is known, then it adds a complexity of
O((log k) H(k)) to each iteration of Algorithm 2, where H (k) is the cost of calculating F'(x)/F'(x)
with k-digit precision. Thus, the overall computational complexity of Algorithm 2 is O((NN +
O((log k) H (k)))To)-

3.4 Case Study: 300-bus Transmission System

This section presents test results of our proposed voltage controller on the IEEE 300-bus test sys-
tem. A state-of-the-art algorithm [71] based on voltage sensitivities to reactive power changes is

also implemented for comparison.

3.4.1 Test setup

Power system state information (including voltage magnitudes V' and angles 6) is obtained by
solving power flows using Matpower [88]. Initial power flow data for the IEEE 300-bus test system
is provided by the program default function case300.m and all test cases considered in this
section are generated from this base case with variations in power demands. A power flow solution
of the original case300 . m produces an unrealistic voltage profile with a number of voltages both
above and below the acceptable [0.95, 1.05] per unit voltage range.

Because an optimal power flow (OPF) is not able to find a feasible solution for the original
loading conditions, the following procedure was used to create realistic low voltage initial condi-

tions. We obtain an initial operating point by scaling the active and reactive loads in the original
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data by a factor @ < 1. We then solve the OPF to get all bus voltages within the range V.* /' —=0.95

to V°?/ = 1.05. Finally we scale the active and reactive loads by a factor 3 > 1 at each PQ bus and

solve the power flow equations. A larger [ value corresponds to an increase in loading and hence

additional violations of the lower voltage limit. The following parameter values were used:

1) Case 1: @« = 0.89, 3 = 1.07.

2) Case2: a = 0.89, 5 = 1.08.

Once an initial operating point was created, we initialized the rest of the simulation as follows.
The reference voltages at PQ buses were set to vyer = 1 p.u.. We assume that a capacitor bank is
available at each PQ bus. The IEEE 300-bus system consists of a main transmission network with
high nominal voltages (66-345 kV) and a small part (buses labeled 9001-9533 in case300.m)
with low nominal voltages (0.6-13.8 kV). Thus, two types of capacitor banks are assumed to be
installed at different PQ buses. Capacitors in the main transmission network are assumed to have
capacitance C' = 0.003 Mvar/kV? (e.g., 155-Mvar capacitor bank at 230 kV, [71]), while capaci-
tors at the low-voltage branch have capacitance C' = 0.03Mvar /kV? (e.g., 6-Mvar capacitor bank
at 13.8 kV, [14]). We do not consider reactors in this simulation. We assume that no capacitor

banks are energized at the initial operating point, i.e., O = ().

All algorithms are implemented in Matlab™. Given necessary information including the ini-
tial voltages, corresponding Jacobian matrix and capacitances of capacitor banks, each algorithm

returns a set S of buses where reactive power will be injected.

The total cost f(.5) of any switching action S is calculated using Eq. (3.4). We choose a
trade-off factor A = 1. For switching costs at bus ¢, we set b = 1 and ¢; = 1 for switching
capacitor banks off and on, respectively. The parameters used in cost function f are chosen to
make the switching costs relatively small compared to penalties on the voltage deviation, such that

switching solutions are differentiated mainly by their impact on the voltage.
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Figure 3.1: Convex penalty function h(x) for voltage deviation.

The convex penalty function, h, on voltage deviations from Eq. (3.4) is defined by

—Vhigh 4
<—Zg ) , > Viign

Vmaz_Vhigh

h(x) =< 0, View < & < Viign
.
where Vj,,, = —0.02 and V};,, = 0.02 are the lower and upper bounds on the desired voltage
region, while V,,,;,, = —0.05 and V,,,,. = 0.05 are limits defining voltage violations (Figure 3.1).
For comparison, we implement the sensitivity-based control algorithm of [71], which proceeds

as follows. The controller first calculates voltage sensitivities of each bus ¢ due to a reactive power

change at bus k using the Jacobian matrix J by

av; vV

0Qx" 0Qx |’

A; = min
J

0<A <1

It then divides the system topology into M control areas for M voltage violating nodes. Given any
threshold A*, each area k has nodes defined by the set A;, = {Vi : A; > A* for any injection at bus k}.
Areas are combined if they are not disjoint, A, N A, # (. In each area, the controller enumerates

all possible control actions and selects the set of actions S that minimizes f(S).
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In the following subsections, we present the performance of submodular control Algorithm 1
and adaptive control Algorithm 2, as well as the sensitivity algorithm, for the two test cases we
created. Buses are labeled by integers from 1 to 300 following the order in case300.m. We

choose the parameter € = 0 for both Algorithm 1 and Algorithm 2.

3.4.2  Comparison of submodular and sensitivity-based methods

Figure 3.2(a) shows the initial voltages prior to any control actions for test case 1. 19 PQ buses
have voltages below 0.95 with a minimum voltage of 0.8834 p.u. at Bus 282. The maximum
voltage is 1.0498 p.u. at Bus 300, which is within the limits. The initial operating point has a total
cost f(0) = 537.6943.

Since the error in the linear prediction of voltage deviation is negligible, we observe that Al-
gorithm 1 and Algorithm 2 give the same switching set Sy, = {133, 157,270}, which lowers the
total cost to f(Ssup) = 20.4634. After control is exerted, no bus voltage falls below 0.95 p.u.,
while the voltage of Bus 127 is at the upper limit (Figure 3.2(b)). We observe that, while 19 buses
experienced low voltages, only one of them (157) was selected to inject reactive power.

For the sensitivity approach in test case 1, a threshold A* = 0.2 is used as suggested in [71].
The sensitivity-based algorithm took five times as long to complete as the submodular control
algorithm on a Macbook with 2.4GHz dual-core Intel Core i5 processor and 8SGB RAM. The
sensitivity approach identifies four areas (A;, Ay, A3, A4) containing 1, 3, 5 and 18 buses, re-
spectively. Four sets of buses, S; = {293}, Sy = {44,45,48}, S5 = {124,157,158,159}, and
Sy = {268,269, 271,272,285,290,291} are selected to inject reactive power in areas A, Ay, A3
and Ay, respectively (Figure 3.2(c)). This control solution (Sse,s = S1 U Ss U S3 U Sy) results in
3 PQ buses with voltage below 0.95 p.u. while 1 bus (127) has a voltage of 1.0599 p.u., which is
above the upper limit. The total cost has been lowered to f(Sse,s) = 40.9636.

An intuitive explanation for the different outcomes of the submodular and sensitivity-based
algorithms is as follows. In order to reduce computation time, the sensitivity algorithm partitions
the power system into regions around buses with voltage violations, and attempts to find a set

of reactive power injections within each region to resolve any voltage deviations. In this case,
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Figure 3.2: Comparing submodular voltage control with sensitivity-based voltage control in test
case 1. (a) Initial voltage deviation. Initially, 19 buses are below the desired operating voltage.
(b) Effect of the submodular control algorithm on system voltages. After exerting control, one bus
is at 1.05 p.u. and no bus is below 0.95 p.u.. (c) Change in voltage due to the sensitivity voltage
control. After exerting the control, 3 PQ buses have voltages below the desired operating range of

[0.95,1.05] p.u..
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however, any additional switching actions beyond S within region A, results in a minor reduction
in voltage deviation at a high switching cost. The sensitivity algorithm therefore selects S, as
the local optimal control actions within this region. On the other hand, our submodular control
algorithm restores the voltages to the desired range by selecting devices outside the region A, to
inject reactive power. In summary, this test case suggests that the submodular algorithm provides
a better performance than sensitivity-based algorithm when different areas of the grid are highly
interdependent. This is because an optimal strategy has to take into account local voltage deviations

as well as the coupling between areas.

3.4.3 Comparison of non-adaptive and adaptive algorithms

We now compare the performance of the adaptive control algorithm (Algorithm 2) with the non-
adaptive algorithm (Algorithm 1) in test case 2. The initial operating point has 31 buses with low
voltages, including a minimum voltage of 0.8338 p.u.. Voltages at the other buses are within range,
with a maximum voltage of 1.0498 p.u.. Before taking any control actions, the initial total cost is

F(0) = 3853.8877.

This is a much more heavily loaded operating point compared to test case 1. Buses 280, 282
and 287 have voltages that drop below 0.85 p.u., which must be mitigated through reactive power
injection. We set € = 0 for both the non-adaptive Algorithm 1 and the adaptive Algorithm 2. A
large threshold A* = 0.92 is used for the sensitivity algorithm, which divides the system into 10
areas with a maximum area size of 17 buses. This value of the threshold is chosen to limit the
number of buses in the largest control area to a reasonable amount. Table 3.1 shows the control ac-
tions and the resulting costs. While all algorithms significantly reduce the total voltage deviations,
Table 3.2 shows that the submodular algorithms (Algorithm 1 and 2) achieve better voltage profiles
than the sensitivity-based controller. Figure 3.3 illustrates the performance of adaptive Algorithm
2 compared to non-adaptive Algorithm 1. We observe that the adaptive algorithm provides better

performance due to a more accurate prediction of voltage deviations in the heavy loading case.



33

Initial voltage deviation Voltage deviation after sensitivity control
01p 0.1
—=o Voltage deviation —© Voltage deviation
0.05 0.05
= 3
a a
=l g
g’ g
= Z
g .8
= =
[} (5]
S -0.05 S 0.05
9] 5]
) 50
< <
= =
5 5
> -0l > -01F
-0.15 -0.15F
i i i i i i i i i i i i
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Bus index Bus index
(a) (b)
Voltage deviation after adaptive submodular control Voltage deviation after non—adaptive submodular control
01r 0.1r
— Volage deviation
0.05
. . o
2 2
[ [
= A
g g
= =
Q o
sl S 005
[} [
) 50
< <
= =
S S
> -01F > -01F
-0.15 -0.151
i i i i i i i i i i i i
0 50 100 150 200 250 300 0 50 100 150 200 250 300
Bus index Bus index
(c) (d)

Figure 3.3: Comparing adaptive submodular, non-adaptive submodular and sensitivity-based volt-
age control in test case 2. (a) Initial voltage deviation. Initially, 31 buses are below the desired
operating voltage. (b) Change in voltage due to the sensitivity voltage control. After exerting the
control, no bus has voltage above 1.05 p.u. but 11 buses have voltages below 0.95 p.u.. (c) Effect
of the adaptive submodular control algorithm on system voltages. After exerting control, 1 bus is
above 1.05 p.u. and 1 bus is below 0.95 p.u.. (d) Effect of the non-adaptive submodular control
algorithm on system voltages. After exerting control, 1 bus is above 1.05 p.u. and 4 buses are

below 0.95 p.u..



34

Table 3.1: Comparison of control actions selected by adaptive submodular, non-adaptive submod-

ular, and sensitivity-based algorithms in test case 2

. Buses selected to Total cost, f(S)
Algorithms
inject reactive power, S (initial 3853.8877)
Adaptive {31,44,45,124,162,266,268} 21.0875
Non-adaptive {45,124,162,266} 27.8693
. {27,32,34,35,44,45,46,157,269,272,280,281,282,
Sensitivity 184.2068
283,284,285,286,287,288,289,290,291,293,297,298}

Table 3.2: Voltage profile after exerting control under adaptive submodular, non-adaptive submod-

ular, and sensitivity-based algorithms in test case 2

Number of buses | Number of buses
) Lowest | Highest
Algorithms with low voltage | with high voltage
voltage | voltage
(below 0.95 p.u.) | (above 1.05 p.u.)
Adaptive 1 1 0.9496 | 1.0510
Non-adaptive 4 1 0.9374 | 1.0510
Sensitivity 11 0 0.9053 | 1.0498

3.4.4  Voltage control following generator tripping

Any change in system topology, such as a generator or transmission line tripping, could also cause
low voltages (V' < 0.95 p.u.). This is because after rebalancing the generation and load follow-
ing the topology change, the total reactive power loss may increase, for example, due to more
power flows on high inductance transmission lines . This subsection presents a test of the proposed
submodular voltage control algorithm on an initial operating point that has dozens of buses ex-

periencing low voltage following a generator tripping, with a comparison to the sensitivity-based
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control algorithm. The goal of this test is to demonstrate the ability of our proposed submodular
voltage control algorithms to correct voltage deviations arising from a system topology change.

As in the previous two test cases, the initial operating point for this test case is obtained from
the IEEE 300-bus system by scaling the active and reactive loads in the original data case300.m
down by the factor o = 0.89. The OPF solution shows that all bus voltages are then within the
range Vnofrf = 0.95 to V/ = 1.05 p.u.. All other parameters and assumptions are the same as in
the previous test cases.

The generator at Bus 165 is chosen to be tripped. Without load shedding, the resulting loss
in active power is fully compensated by the slack bus. After this generator tripping, a power flow
solution produces a voltage profile with 25 buses having voltages below 0.95, the lowest voltage
being 0.8614 p.u. These low voltages occur due to an increase in reactive power losses from 3972.5
Mvar to 5641.6 Mvar throughout the grid. Before exerting any controls, the voltage deviations
resulting from the generator tripping incur a total cost f()) = 1564.8701.

We select the same parameters for algorithms as in test case 2, in order to limit the computa-
tional times of the different algorithms to a comparable amount. For both the non-adaptive Algo-
rithm 1 and the adaptive Algorithm 2, we set ¢ = 0. For the sensitivity algorithm, the threshold
A* = 0.92 is used, which divides the power system into 5 areas with a maximum area size of 17
buses. In this test case, the sensitivity-based algorithm requires at least three times the computing
time required by the submodular control algorithms.

Table 3.3 lists the buses selected for reactive power injection and the resulting cost for each
algorithm. The detailed voltage profile after exerting control with each algorithm is given in Table
3.4. We observe that the submodular voltage control algorithms select fewer buses to inject reactive
power but results in a solution with more buses returning to the normal operating region compared
with the sensitivity algorithm. In particular, both the adaptive submodular algorithm and non-
adaptive submodular algorithm are able to find a “key” bus, Bus 270, where injecting reactive
power can mitigate voltage deviations at most buses. The voltage at this bus, however, is less
sensitive to its own reactive power injection compared to its effect on some other buses. Because

a large threshold A* = 0.92 is used to ensure that the sensitivity algorithm is computationally
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feasible, Bus 270 is excluded from the control area in this case. Although a large number of buses
are selected, the sensitivity-based algorithm cannot effectively reduce the voltage deviations at all
buses compared to the submodular algorithms.

Figure 3.4 demonstrates the shift of voltages at all PQ buses with the non-adaptive submodular
and the sensitivity-based algorithms. We observe that in the case of tripping a generator at Bus
165, the proposed submodular voltage control can achieve better voltage profiles compared to the

sensitivity approach.

Table 3.3: Comparison of control actions selected by the adaptive submodular, non-adaptive sub-

modular, and sensitivity-based algorithms after generator tripping.

. Buses selected to Total cost, f(S)
Algorithms
inject reactive power, S (initial 3853.8877)
Adaptive {44,270} 19.1012
Non-adaptive {270} 20.5082
. {35,44,45,157,269,272,280,281,282,283,
Sensitivity 165.4577
284,285,286,287,288,289,290,291,293 }

Table 3.4: Voltage profile after exerting control with the adaptive submodular, non-adaptive sub-

modular, and sensitivity-based algorithms after generator tripping.

Number of buses | Number of buses
) Lowest | Highest
Algorithms with low voltage | with high voltage
voltage | voltage
(below 0.95 p.u.) | (above 1.05 p.u.)
Adaptive 1 0 0.9473 | 1.0500
Non-adaptive 2 0 0.9471 | 1.0510
Sensitivity 11 1 0.9080 | 1.0524
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Figure 3.4: Comparing submodular voltage control and sensitivity-based voltage control in gen-
erator tripping case. (a) Initial voltage deviation. In total, 25 buses are below the desired voltage.
(b) Effect of the submodular control algorithm on system voltages. After exerting control, no bus
is above 1.05 p.u. and 2 buses are below 0.95 p.u.. (c) Change in voltage due to the sensitivity

voltage control. After exerting control, 1 bus is above 1.05 p.u. and 11 buses are below 0.95 p.u..
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3.5 Conclusion

In this chapter, we proposed computationally efficient centralized voltage control algorithms with
provable optimality bounds that are scalable to large power systems. It presented a discrete opti-
mization approach for selecting a subset of reactive power injection devices to minimize switching
costs and voltage deviations from desired levels. We proved that this formulation is equivalent to
submodular maximization with a matroid basis constraint, leading to efficient approximation al-
gorithms with provable bounds. The algorithms were evaluated numerically on the IEEE 300-bus
transmission system and compared to an existing voltage control algorithm. We found that our
proposed submodular control approach achieves voltage profiles with less voltage deviation in the

same computation time.
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Chapter 4
INPUT AND OUTPUT SELECTION FOR SMALL SIGNAL STABILITY

4.1 Introduction

Small-signal stability is a critical property of power systems, and hence has received extensive
research attention over the past several decades [36, 82, 32, 33, 28]. Recently, wide-area control
methodologies that use real-time state information from PMUs have been proposed to mitigate
inter-area oscillations [83, 82]. These related works have identified the selection of generators to
implement wide-area control as a key component of the design, and have proposed selecting gener-
ators based on geometric controllability and observability indices [83]. These current approaches,
however, do not guarantee that the number of generators and measurements selected is within a
provable bound of the minimum size.

Input and output selection ensuring stability-related properties is a critical step in controlling
networked systems and hence has received extensive research attention over decades. Early ap-
proaches were summarized in [70], where various selection criteria were discussed, including
controllability/observability, frequency-dependent minimum singular value, and condition num-
ber. These methods, however, cannot scale to large-scale systems that have a nearly unlimited
number of interacting parts, such as biological systems and the smart grid. Initial studies of identi-
fying a minimum-size set of input nodes to control a large-scale complex network were presented
in [40].

In recent years, a series of works have been proposed to address the problem of selecting the
minimume-size set of inputs for linear control systems with a diagonal input matrix while satisfying
certain controllability requirements, known as the minimal controllability problem. This problem
was first presented in [50], where greedy algorithms were proposed to approximate the optimal

solution with provable guarantees on sparsity. The exact solution to the minimal controllability
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problem was studied in [55], where authors show that this problem can be reduced to the minimum
set covering problem.

Most existing works on input and output selection focus on selecting a minimum-size set of
nodes to satisfy one or more performance criteria [54, 10, 69, 63, 53, 52]. In [69], the authors
studied the problem of selecting a minimum-size set of inputs to ensure controllability while the
average minimum control effort for stabilizing the system is within a bound. In [54], the constraint
is to ensure structural controllability, defined by the existence of a controllable numerical realiza-
tion of the linear system with the same structure (i.e., zero/nonzero patterns) in system matrices.
This problem was extended in [53] by considering output selection and an additional constraint on
the communication cost associated with feeding outputs to inputs. The submodular structures of
the minimal input selection problems with different constraints were exploited in [10] and [63],
and efficient selection algorithms have been proposed to approximate each problem with provable
optimality bounds. The joint problem of selecting control nodes and designing controller actions is
addressed in [52]. All these approaches select minimal sets of input nodes to ensure the controlla-
bility of a nominal system, while our approach focuses on the stabilizability of uncertain systems,
defined by the ability of a system to reach an equilibrium.

Controllability is a sufficient but not necessary condition to ensure system stability in many
control systems. Controllability implies that all system modes are controllable, while stabilizabil-
ity only requires that a subset of unstable modes be controllable [6]. The problem of selecting
a minimal set of inputs to achieve stabilizability was studied in [68], where approximation algo-
rithms were proposed to greedily select input nodes until the desired modes are contained in the
controllability matrix subspace. These works assume known, fixed system parameters and have
not taken into account plant uncertainties or time delays.

Uncertainties and time delays are common problems in linear systems. In [15], the authors have
proposed a heuristic approach towards the input and output selection problem guaranteeing system
robustness to uncertainties. More recent approaches to minimal input and output selection for sys-
tems with uncertainties rely on relaxing the discrete combinatorial problem to continuous convex

optimization forms. For example, the sparsity-promoting method using /;-norm [19], the Hy/H
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optimization approach for centralized control systems [49], and the minimal input selection for
decentralized control systems [60]. These heuristic methods, however, do not provide guarantees
on the optimality of solutions of the initial problem.

In this chapter, we propose a bounded submodularity ratio approach with provable optimality
guarantees to the minimal input and output selection problem that ensures the existence of a robust
control and achieves system reachability from a given state to the origin. Our key insights are
the following. First, we show that it is sufficient to guarantee the existence of such a stabilizing
controller if a subset of system modes, determined by the H,, norm of the uncertain perturbation,
have eigenvectors lying in both the controllability and observability matrix subspaces induced by
the selected input and output nodes, respectively. Second, we show that the problem of selecting the
minimume-size sets of input and output nodes that satisfy the above controllability and observability
conditions is equivalent to a column-subset selection problem with bounded submodularity ratio

[13]. We make the following specific contributions:

* We derive a sufficient condition for a set of input nodes and a set of output nodes to guaran-
tee the existence of a feedback controller that can stabilize a given uncertain linear system.
This condition is based on the fact that a set of system modes is required to lie in the con-
trollability and observability matrix subspace resulting from the input and output nodes. We
extend our results to systems with uncertain output delays, as well as systems with structured

uncertainties.

* We formulate the problem of selecting minimum-cardinality sets of input and output nodes
to satisfy the derived conditions. We prove that the input and output selection problems are
equivalent to minimizing the Euclidean distance between eigenvectors of the identified sys-
tem modes and the controllability/observability subspace. We also prove that these distances
are monotone decreasing functions of the selected input/output sets with bounded submodu-

larity ratio.

* We propose polynomial-time approximation algorithms for selecting minimum-cardinality
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sets of input and output nodes guaranteeing system stabilizability. We characterize the opti-
mality gap/bound of our approach via the submodularity ratio, which we derive as a function
of the system parameters. We analyze different types of uncertainties under our framework,

including uncertain delays and structured uncertainties.

* We evaluate our approach through a numerical study on the IEEE 39-bus power system
[48]. From the results, we conclude that our proposed input/output selection approach better
ensures the system robustness to uncertainties, compared to selections that do not take un-
certainties into account. With the same perturbation, the proposed algorithm with robustness
consideration results in a system that is stable in a higher percentage of cases compared to
the selection without considering uncertainties. In comparison to a geometric indices based
input/output selection approach, our method requires fewer input and output nodes to satisfy

the stability conditions.

The difficulty of approximating minimal reachability problems is presented in [30], which
proves that there is no polynomial-time algorithm to achieve a set of inputs within a constant
factor of true optimal selections. In this chapter, we show that the bounded submodularity ratio
alone is sufficient to achieve certain approximations, even without submodularity or supermodu-
larity. The optimality bound, however, can be arbitrarily small for certain system parameters and

hence is consistent with [30].

The rest of this chapter is organized as follows. Section 4.2 introduces the system model.
Section 4.3 presents the proposed approach to input and output selections. Section 4.4 contains
analysis for different types of uncertainties. Section 4.5 presents numerical results. Section 4.6

concludes this chapter.
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4.2 System Model and Preliminaries

4.2.1 Power System Model

We consider a multi-machine power system with p generators, where each generator’s dynamics
are represented by its swing equation and locally closed-loop controls including excitation system,
Automatic Voltage Regulator (AVR) and PSS. Generators are coupled through power flows. Using
a Kron reduction [36], all P() buses that are not directly connected to a generator can be eliminated
and the system topology can be reduced to a fully connected circuit graph where nodes represent
generators. The resistance of the transmission lines is neglected. The Kron-reduced admittance
matrix Y has pure imaginary entries —jY;;, where j = y/—1, that describe the interactions between

generators ¢ and j. Therefore, the power flow from generator 7 to j is given as
Pz'j =R [Eieei (-JY;j (Ez»ejei - Ejejej))*] = Y;JEIE] sin(@i — QJ) (41)

where F; is the magnitude of the internal electromotive force (e.m.f) of generator ¢, which is
assumed to remain constant at the pre-disturbance value; 6; is the rotor angle of generator i. The
generator internal e.m.f magnitudes F;, I/; are controlled by the exciter, AVR, and PSS of each
generator.

At each generator ¢, linearizing the swing dynamics around an operating point, denoted by

{09 i=1,...,p}, gives

Ab; = Aw; (4.2)
1 p
Ay = VA <—D1~Awi — Z Vi BiEj cos(0) — 07)(A0; — A@-)) (4.3)
¢ j=1

where w; represents the rotor frequency of generator ¢; M; and D), are the inertia and damping
coefficients. The mechanical power injections P, are assumed to be constants.

Considering p generators at the same time, the swing dynamics are given by

Ab | O Lo Ab )

Aw M7L —M™'D| |Aw



where A0 = [Af, Aby, ..

., ABy)T and Aw

[Awl, ACL)Q, ..
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. Aw,)T; M and D are diagonal

matrices with diagonal elements M; and D; respectively; L is a dense matrix with off-diagonal

elements L;; = Yy; E;Ej cos(6 — 69) and diagonal elements L;; =

- Z?zl;j;éi Lij-

Considering other local dynamics such as AVR and PSS, we specify the internal e.m.f mag-

nitude changes AF; at each generator as a function of local state variables AEq,, AEy, and the
central control signal u;. As a result, the change in rotor frequency Aw; is also affected by these
local variables in the following way: A new term —22AE; is added to Aw;’s dynamics (4.3),

while AE;;, and AEy, have dynamics

. 1 K 4
AEg, = —— [Kz K5A0; + AEgq, + K4 K6, AEy,| + _A(upssi + ;)
TAi I f TAi
. 1 1
AE; = —Ku A0 + AE . — AFE;
"= 1AV + ALy, oy,

where T4, Taoi, Kai, Ko, Ksi, Ky, K5, Kg; are local AVR parameters; u,ss, = K5, Aw; is the

local PSS closed-loop control input with feedback parameter K ,;,; u; is the central control signal

sent to local PSS.

Define local state vectors AE¢; = [AEyg,, . .

. AEfdp]T and AEf = [AEfl, ..

- AEfp]T. The

system model in (4.4) can then be extended to include the local AVR and PSS dynamics. Hence

we have
AEq AEy Ty Ka
. Uy
AE AE 0
Tl=al|™ 7 4] ™ 4.5)
A A Opsp
Up
Aw Aw Opxp
where
~Tyt Ti'KaKs Ti'KaKs Ti'KaKps,
e T, T K'Y T, 'K, 0pxp
OPXP OPXP OPXP ]PXP
Opxp —M7'Ky ML ~M~'D
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and Ty, Tyo, Ka, Ky, K3, K4, K5, K¢, K, are diagonal matrices with diagonal elements 74;, Tqoi,
K piy Koy K3i, Kyiy Ksi, K, K5, TESpectively.

The full system model (4.5) can be generalized into the following state-space form:

= Ar + Bu (4.6)
y=Cx 4.7

where © = [AE},;, AET, AG", Aw™]" € R*"*! is the state vector; y € R™*" is a vector of those
states in z that are observable; u = [uy,...,u,]" € RP*! is the input vector whose entries u; are
control signals sent by the central controller to generator i; A € R** has a set I' of modes with
corresponding orthonormal eigenvectors v;,i € ['; B € R**P and C € R™** are rectangular
diagonal matrices. We denote B = [by, . .., b, where b; is the ith column with nonzero entry b;;.
The power system is stable without the help of control input v when all eigenvalues of matrix
A have only non-positive real parts. Small signal instability arises when A has eigenvalues with
positive real parts under some operating conditions. This occurs when generators in different areas
oscillate against each other. In such cases, the central control signal u attempts to stabilize the

system by driving current state z to the origin.

4.2.2  Generalized System Model with Uncertainties

We consider a more general linear system with a perturbation §(¢) in system dynamics, described

by

x(t) = Az(t) + Bu(t) + d(t) 4.8)
y(t) = Cx(t), 4.9)

where z € R" is the vector of n states, y € R™ is the output vector, and u € RP? is the input vector.
The ith entries of u and y are denoted by w; and y;, representing an input control signal and an
output observation, respectively. Matrices A, B and C' are constant and given, where A € R™*"

has eigenvalues {)\;} and corresponding eigenvectors {v;}.
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The vector o € R" represents an unknown perturbation affecting the system dynamics and the
resulting system (4.8)-(4.9) is an uncertain system. For many types of perturbations, the uncertain
term 0 can be expressed as a linear function of the state x and an unknown matrix A whose singular
values are bounded by ||A||., < 0. For example, when an additive perturbation occurs in matrix
A and results in a system #(t) = (A + A)xz(t) + Bu(t), the uncertain term is represented by
I(t) = Ax(t).

Eq. (4.8)-(4.9) generalize both uncertain linear systems and certain linear systems. A system
with no uncertainty will have §(¢) = 0 for all ¢, or equivalently, || A||oc = 0 assuming §(t) = Ax(t).

Given a linear system (4.8)-(4.9), the input matrix B € R™*? has columns {by, ..., b,} where
each column b; corresponds to the influence of a control input w; to the system, while the output
matrix C' € R™*" has rows {cy, ..., ¢, } Where each row ¢; represents the connection between an
output y; and the states x.

Let 0, = {1,...,p} be the set of indices of all inputs and let Q,,, = {1,...,m} be the set
of indices of all outputs. Selecting a subset S C (2, of inputs and a subset 7' C (,,; of outputs

changes the system dynamics to
&(t) = Ax(t) + Byug(t) + 6(¢) (4.10)
yr(t) = Crx(t), 4.11)

where the input vector u, has entries {u; : ¢ € S}; the matrix B, has columns {b; : i € S}; the
output vector y,. has entries {y; : ¢ € T'}; and the matrix C,, has rows {¢; : i € T'}. The input and
output selections therefore impact the system dynamics by determining the columns of matrix B
and the rows of matrix C', respectively.

The goal of the input and output selection is to ensure the existence of a feedback control u,
based on output y,. such that the system (4.10)-(4.11) can be driven from the initial state () at
time ¢, to the origin at some time ¢; in the presence of uncertainty 6(¢). Such control u, is called a
stabilizing controller. In our approach, we consider the following design of such a controller.

Let Z(t) be an estimate of the system state z(¢) with dynamics

2(t) = A2(t) + Byug(t) + L(y(t) — C,a(t)),
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where L is a weighting matrix on the output error (y(t) — C.2(t)) that helps correct the estimation

dynamics. Defining the estimation error e(t) = x(t) — #(t) induces the following dynamics
é(t) = (A—LCL)e(t) +d(t). (4.12)
We consider a feedback control based on the state estimation, defined by
ug(t) = —Kz(t), (4.13)

where K is the control matrix to be designed. Then by involving the feedback control (4.13) and
the state estimation dynamics (4.12), the closed-loop dynamics of system (4.10)-(4.11) is given by
x(t) A-B.,K B/K x(t)

= + ! 5(t). (4.14)
é(t) 0 A-LC.| |e@® I

The system (4.14) is asymptotically stable if there exists a feedback matrix K and a state-estimate
matrix L such that the initial state [x(¢o), e(to)] at time ¢, can be driven to zero at some time ¢; in

the presence of uncertainty d(¢). Such a pair of matrices (K, L) gives a stabilizing controller.

4.2.3 M — A Loop Representation

A system in M — A loop has structures as shown in Fig. 4.1, where the block A is an uncertain
matrix with singular values bounded by ||A||« < o, while the block M is the nominal dynamics
of the system. The vector 7 represents the parameters in system M that incurs perturbation and
represents the impact of the uncertainty A into the system M. They are related by 7 = A7.

The block M has a state-space realization described by the following equations

&l
I

a® + Bau (4.15)

A
Cuz, (4.16)

<
I

where 7 is the system state and A, B, C; are known constant matrices.
The closed-loop system (4.14) can be transformed into an M — A loop system for stability

analysis [86]. The parameters in (4.15)-(4.16) relate to those in Eq. (4.14) by the following equa-
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Figure 4.1: M-A loop for stability analysis.

tions

x A-B,K BJK I
E - 5 Ad - 5 BCIACClT - (S
e 0 A-LC, I

The values of B, and C,; depend on how the uncertainty ¢ is represented in terms of A. For
example, when 6 = Az, we have B, = [ I T ] ! and C = [ I 0} . Denote b and c as the smallest
numbers satisfying BClng =< bl and C,7C, < cI. The transformations to M — A systems for
different types of uncertainties will be studied in Section 4.4.

A sufficient and necessary condition guaranteeing the stability of the M — A system is given

by the following lemma.

Lemma 6 ([86], Small Gain Theorem). The interconnected system in Fig. 4.1 is internally stable

for all A with ||A||oe < o ifand only if | M || < 1/0.

The following lemma shows a condition equivalent to the stability requirement given by Lemma

6, on time-domain matrices (A, By, Cop)-

Ay | Be
Lemma 7 ([20], Lemma 7.4). Suppose M = : "|. Then |M||so < 1if and only if there
CYcl
exists a positive definite matrix X > 0 such that
cy (ALX + XAq) XBy

[C’Cl O} + (4.17)

BTX —1
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4.3 Proposed Input and Output Selection Framework

In this section, we propose a framework to solve the problem of selecting a minimal set of inputs
and a minimal set of outputs that guarantee the existence of a stabilizing controller. In the first
subsection, we give the exact problem formulation, followed by a sufficient condition in order to
achieve computational feasibility. In the remaining subsections, we prove that the minimal in-
put selection and minimal output selection to satisfy the sufficient condition are equivalent to two
column-subset selection problems with bounded submodularity ratios. By exploiting the submod-
ular structure, we present a polynomial-time greedy algorithm for input and output selections with

provable optimality guarantees on the minimum number of inputs and outputs required.

4.3.1 Problem Formulation

The problem studied in this chapter is to select a minimum-size set S C (2, of inputs and a
minimum-size set 7' C {2,,; of outputs such that there exists a controller u; = — K& that stabi-
lizes the system in the presence of any uncertainty J. In what follows, we formulate the problem
mathematically and derive a sufficient condition on selections to satisfy the stability requirement.
In the equivalent M — A representation (4.15)-(4.16) of the system (4.10)-(4.11), the input
selection .S and output selection 7" have impact on matrix A.; by determining matrices B, and C,

respectively,

A-B,K B.K
= . (4.18)
0 A—LC,

cl

Assume the uncertainty block A has bounded singular values, i.e., ||A|l« < 0. By Lemma
6, a stable M — A system requires the largest singular value of the transfer function M less than
1/o. In the time domain, M has a realization in state-space system (A.;, By, Cy) as defined by
(4.15)-(4.16).

For any transfer function M = Cy; (sI — Ay)~" By, an equivalent condition to || M|« < 1/
is that | M'||oc < 1 where M’ = \/oC\y (sI — Ay)~" \/7Ba.

By substituting M’ for M in Lemma 7, we have the following result.
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Corollary 1. | M|« < 1/0 if and only if

Vol
0

(ALX + XAy) oXBy
VBl X —1

{\/Ecd 0} + <0 (4.19)

for some X > Q.

Applying a Schur complement operation, the inequality (4.19) is equivalent to
oCTCy+ ALX + XAy +0XByBLYX < 0. (4.20)

By Lemma 6 and 7, the problem of selecting minimal sets of inputs and outputs to ensure
existence of a stabilizing control robust to uncertainties, || A/, < o, can be formulated as follows.

For input selection, the objective is

Sr&i)n |S|  s.t. (4.20) holds for some X > 0. (4.21)

For output selection, the objective is

Tlélgizn |T|  s.t. (4.20) holds for some X > 0. (4.22)

Both problems are subject to the system stability constraint that for some X > 0,
004 Oy +ALX + XAy +0XByBLX <0. (4.23)

Note that (4.23) contains the closed-loop system matrix A defined by Eq. (4.18) and hence is a
function of S and 7.

Without additional structure, problems (4.21) and (4.22) require exhaustive search over all
selections of S and 7.

In what follows, we present a sufficient condition on .S and 7" to satisfy the stability constraint
(4.23). The sufficient condition is established by constructing a solution X to inequality (4.23) and
mapping the requirement on X to a constraint on the eigenvalues of A.. We show later that the
sufficient constraints have bounded submodularity ratio and hence lead to computationally efficient
input and output selection algorithms.

The following lemma constructs a solution X to (4.23).
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Lemma 8. Suppose that C," Coy < cI and BclBg =< bl. For any Hurwitz matrix A, suppose that

there exists € > 0 such that X < el where X is defined by
X = / edat (el + obe’I)e dt. (4.24)
0
Then X is a solution to (4.23).

Proof. Suppose c,fc, <el, BCZBCTI = bI. Then the expression in (4.23) is bounded by
0Cy Oy + ALX + XAy +0XByBLX < ocl + ALX + XAy + obX?.
Thus, any positive definite matrix X that satisfies
ocl + ALX + XAy +0bX? <0 (4.25)

is a solution to inequality (4.23).

In what follows, we prove that the X constructed in (4.24) is a solution to (4.25).

First, we show that when X < €I, we have X? < ¢2]. For any X > 0, we have 2] — X? =
(el — X)(el + X), where e/ — X is positive definite by assumptio and e/ + X = X > 0 is also
positive definite. Both (e/ — X ) and (e + X) are symmetric positive definite and commute. Hence,
(eI — X)(el + X) = €*I — X? is also positive definite, which implies X? < ¢1.

Substituting (4.24) into (4.25) gives

ocl + ALX + XAy + obX?

—ocl + obX? + / AT A (oel + obe?T)e! dt + / et (oel + obe?T)e Ay dt
0 0

~d
=ocl + obX? —I—/ 7 (eAcht(ac] + abte)eAclt> dt
0

= gcl + obX? + et (el + obe?T)e !

[e.o]

=0
=ocl + obX? — (ocl + obé’l)

=ob(X? — 1) <0,

which implies that the X constructed in (4.24) is a solution to inequality (4.25) and hence is a

solution to inequality (4.23). [
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By Lemma 8, in order to meet the system stability constraint (4.23), it is sufficient to have the
matrix A satisfy the following: for some € > 0,

/ ALt (el + abeT)ert dt < el. (4.26)
0

The following lemma simplifies the inequality (4.26), which results in a sufficient condition to

constraint (4.23).

Lemma 9. Let )\ denote the eigenvalue of A, with the largest real part. Define
a = A\ (Ag + AL)/(2Re(N\g)), where the notation \(-) refers to the largest eigenvalue. Assume

Ay is asymptotically stable, i.e., Re()\g) < 0. Then the inequality (4.26) holds if
Re(\y) < —oVbe/a. (4.27)

Proof. Given the fact that a symmetric matrix (e/ — X) is positive definite if and only if all its
eigenvalues are positive, the inequality X < e/ in (4.26) holds if the largest eigenvalue of X is

smaller than ¢, i.e., A\;(X) < e. The constructed X in (4.26) is a solution of the Lyapunov equation
ALX + XAy +Q =0, where Q = (oc+ abe?) 1.

The eigenvalues of any solution X are bounded by A\ (X) < —X\1(Q)/A\ (A + AL) when A, +
AZ < 0[38]. Substituting A\ (A, + AZL) with 2aRe()g), we have

oc+ obe?
<
M) = —2aRe()\g)

In order to guarantee \; (X)) < ¢, it suffices to require

Re(\g) < —%(g + be). 4.28)

After finding the maximum value of the right-hand-side function in (4.28) respect to €, we have the

inequality (4.28) holds for some ¢ > 0 if Re()\o) < —o+v/bc/a. O]

By Lemma 8 and 9, the constraint (4.23) for input and output selections is relaxed to a sufficient
condition (4.27) on eigenvalues of A, which still guarantees the design of a feedback control K

that can stabilize the system in the presence of uncertainty A.
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Given that A in (4.18) is a block upper triangular matrix with matrices A — B K and A —
LC, on the diagonal, the eigenvalue condition (4.27) is satisfied if both A — B, K and A — LC,,

have eigenvalues less than —ov/be/ . Thus, the sufficient condition guaranteeing system stability

becomes
Re (\(A — B_K)) < —oVbc/a
for input selection .S, and

Re (\M(A— LC,)) < —oVbe/a

for output selection 7', where the notation A(-) refers to all eigenvalues of a given matrix.

Hence, the input selection problem can be formulated as
min |9
SgQin
s.t. Re(M(A — B,K)) < —ovbc/a
and the output selection problem can be formulated as
min |7|
Tngut

st. Re(AM(A —LC,)) < —ovVbc/a

where C.,'Cy = cI, ByBY <bl.

(4.29)

(4.30)

(4.31)

(4.32)

The input selection is to achieve the stabilizability of the system while the output selection is to

achieve the system detectability, both in the presence of uncertainties. For a nominal system, i.e.,

A = 0, our stability threshold (—c+/bc/a = 0) is consistent with the existing literature [6].

By the fact that 2Re()\g) < A\ (Ay + AL) < 0 [80], we have that « is in the range (0, 1]. We

take the following approach to approximating the solution to (4.31) and (4.32). We first set o« = 1,

yielding the constraints

Re (M(A — B,K)) < —ob,
Re (A(A — LC,)) < —oVbe,

(4.33)
(4.34)
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and select a set of inputs and outputs using the procedure enumerating in the following sections.
After synthesizing a controller and computing the matrices A, B, and Cy, if the condition of
Lemma 7 does not hold, then we reduce the value of o and reuse the procedure of the follow-
ing sections, but with the constraints Re (A\(A — B,K)) < —ovbc/a and Re (\(A — LC,)) <
—o+/be/o.. We continue this procedure until an input and an output sets satisfying Lemma 7 are
selected. In practice, during the simulations described in Section 4.5, the conditions (4.33) and
(4.34) were sufficient to ensure system stability during all simulation trials. This is because the
small gain theorem (Lemma 6) is known to be conservative and hence by picking o = 1, the

conditions (4.33) and (4.34) are in general sufficient to ensure stability.

4.3.2  Submodularity Ratio of Input Selection Constraint

In this section, we establish a metric for input selection (4.31) and prove the metric has a bounded
submodularity ratio.
First, we present a lemma, as follows, which shows a sufficient condition that guarantees the ex-

istence of a feedback control K satisfying the input selection constraint (4.31), i.e., Re (\(A — B K)) <

—ov/be.

Lemma 10. Let

#(t) = Az(t) + B.u(t) (4.35)
y(t) = Cz(t) (4.36)

be a fully observable control system. If all of the eigenvectors v; of A with eigenvalues \; sat-
isfying Re(\;) > i lie in the span of the controllability matrix of the system, then there ex-
ists a feedback control K such that all eigenvalues of the closed-loop system A — B K satisfy
Re(AM(A — B,K)) < A1

Proof. The proof is a straightforward generalization of Theorem 8.3 of [6] and is included for

completeness.
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Let{qi, ..., qn, } be amaximal set of linearly independent columns of the controllability matrix
C, and define a matrix P such that P~ = (¢; - g, - * * Gn), Where gy, 11, - - - , ¢, can be arbitrarily
chosen so long as P~ is nonsingular. Under the transformation z = P, the system can be written

as ¢ = Az + Bu or more specifically

Z1(t) A A Z1 B
(1) 0 Ay 22 0

where the n;-dimensional subsystem 2, = A;;z; + Bju is controllable (Chen [6, Theorem 6.6]).

Suppose first that A is an eigenvalue where the corresponding eigenvector v lies in the span of
the controllability matrix, i.e., v € span(C) = span([B, AB, A*B, ... A" 'B,]. We show that
A is an eigenvalue of Aj;, and hence all eigenvalues with Re(\) > \; are eigenvalues of A;; by
assumption.

Indeed, letting w = Pv, we have that
Aw = PAP 'w = PAP ' Pv = PAv = \Pv = \w,

establishing that w is an eigenvector of A corresponding to \. Furthermore, we have that v =
P~lw, and hence w is the representation of v with respect to the columns of P~!. Since v is in
the span of C, it also lies in the span of {q, ..., ¢y, }, and thus w; = 0 for i > n;. We then have
w = (w; 0)7, where w; is an eigenvector of A;; corresponding to eigenvalue .

A similar argument to the above establishes that all eigenvalues corresponding to “undesired
modes” (Re(\) > \) are eigenvalues of Ay, and that the system (A, By) is controllable. Hence,
we can design a feedback controller K such that the system A;; — B; K has eigenvalues in the
desired region (Re(\) < A;) [6, Theorem 8.3], while the remaining eigenvalues are unchanged
(Re(A\) < Ap). Applying the transformation P and using the fact that the eigenvalues of the system

are invariant under a similarity transform yields the desired result. [

By Lemma 10, it suffices to ensure the existence of a feedback control K that satisfies constraint

(4.31), if all eigenvectors v; of A corresponding to “undesired modes” (Re()\;) > —ov/be) lie in
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the span of the controllability matrix of the system (A, B,), i.e.,
{v; : Re(\;) > —aVbe} € span (C(S)), (4.37)

where C(S) = [By AB, A?B,, ... A" !'B,] denotes the controllability matrix of system (A, By).
These “undesired modes” with eigenvalues satisfying Re()\;) > —o+/be refer to dynamics in
the system (4.10)-(4.11) that are unstable in the presence of uncertainty A with ||All, < o.
It is shown that for a linear system as defined in (4.35), the span of its controllability matrix

equals to the span of its controllability Gramian [59], i.e.,
span(C(5)) = span(W(95)), (4.38)
where W (.S) is the controllability Gramian defined by
W(S) = / ! A=t g _BTeA" (=10 gy (4.39)
to
for some t; > t.

By (4.37) and (4.38), we construct a metric for the input selection in the presence of bounded

uncertainty ||Al|« < o, given by

f(S) & > dist’(v;,span(W(9))), (4.40)
i: Re(\;)>—oVbe

where dist(-) denotes the Euclidean distance; \; and v; are eigenvalues and corresponding eigen-
vectors of A, respectively; and b, ¢ are constants of the assumption c,lcy<ecl , By Bg =< bl.

Given any input selection S, the function f(.S) measures the distance between the span of the
controllability Gramian and the eigenvectors of “undesired modes” where eigenvalues Re()\;) > —o/be.
Intuitively, this metric is a measure of how close the unstable modes of the system (4.10)-(4.11)
are to being controllable.

To ensure the existence of a feedback control K that satisfies the input selection constraint

(4.31), it suffices to require

£(S) = 0. (4.41)
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In the following, we prove that the function f(S) has bounded submodularity ratio. Before
giving the bound, we first define some notations as follows.

Let C = [B AB A%’B ... A" 'B] be the controllability matrix and let P € R"*™ be a
nonsingular matrix that normalizes C to C' = CP where each column of C’ has norm 1. For
simplicity, we use C, to denote the function C(.S) in the following and denote C., = C,P.

Define C € R"P*™ = C'TC'/n and Cy, = CTC!/n. We note that C; is a submatrix' of C'
with rows and columns selected by set S. For any matrix C,, we denote its smallest eigenvalue as
Amin (Cs) and let A (C k) = ming;|s|—x Amin (C).

The submodularity ratio of the input selection constraint (4.41) is described by the following

theorem.

Theorem 3. Let yy . be the submodularity ratio of the set function f(S) defined in (4.40). Then

for any set U C (), and k > 1, the submodularity ratio -y, is bounded by
YUk Z )\min<0a k + ’U|) Z )\min(c_()'

Before giving the proof, we first present some preliminary results define some notations as
follows.
Given any vector v with |[v|ls = 1, consider the function f,(S) = dist* (v, span(C(9))) =

min, ||C(S)z — v||3.
Lemma 11. For any nonsingular matrix P, the following equality holds:
mzin |Csz — 0|3 = mzin |CsPz — v]|3.
Proof. Let 2’* = argmin, ||CsPz — v||3. Then
=P Ycle,) ' PTPTCTy = P (Cle,) v = P12,
where z* = arg min, ||C;z — v||3. Thus,
min[|C;Pz — 5 = [IC.PZ" — v]l; = IC.PP2" — vfl; = [|Cez” — v]f3 = min |C.z — v]f3,

completing the proof. 0

'O, consists of n x |S| rows and columns selected from C.
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By Lemma 11, the function f(S) is equivalent to
fo(S) = min ||Ciz — v][3. (4.42)

Denote z* as the optimal vector that solves min, ||C.z — v||2. The value of z} is given by 2 =

(CFCl)~1CTv [31]. Knowing that v — C.2% and C.2? are orthogonal, we have
fuo(S) = ICezz = vllz = [Ivllz — lICe22 Iz = 1 — [IC23 13-
Define a new set function

9.(S) = |ICLz2 15 = || Psvl]3, (4.43)

s

where P, = CL(C/TC.)~'C'T is the projection matrix for orthogonal projection onto the span of

columns of C., and hence

Lemma 12 ([34]). The function g,(S) is the R? statistic (Definition 3) for the linear regression

problem min, ||Csz — v||3.
Proof. By definition,
90:(8) = llcicl eyl vllz = (e (el e~ CTv) = n o O,

where C, = CTC!/n and 0, = C'Tv/n, satisfying the definition of R? statistic for the linear

regression (4.42) [13]. ]
Lemma 13 ([13]). Let v;;,, be the submodularity ratio of the R? statistic g,(S). Then
’7{]7k Z AInin(c_(a k + |U|) Z )\min(c)- (445)

By Lemma 12 and 13, the function g,(.S) has submodularity ratio 7{]7,{7 bounded by (4.45). Us-

ing this result, now we are ready to give the proof of Theorem 3.
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Proof of Theorem 3: We first show that f,(S5) and g,(S) have the same submodularity ratio 7, ..
From (4.44), we have g,(S) =1 — f,(S). By definition,

L S (LU L) L)
Tk T $ins—o Go(LUS) — go(L)

LCU,|S|<k
Y- AU - (- (1)
L,S:LNS=0 (1—f,(LUS))—(1— f,(L))

LCU,|S|<k
_ iy 2es oL ULED) — fu(L))
LsLns=p  fo(LUS) — fu(L)

LCU,|S|<k

Then we show that f(.5) has submodularity ratio y, bounded by Yy By Eq. (4.38) and Lemma
11, we have f(S) = ). f,,(S) where v; is the eigenvector of the ith “undesired mode” with
eigenvalue (Re(\) > —o+v/bc). Then
o ZeesULULE) - A(0)
P psins=0  f(LUS) — f(L)
LCU,|S|<k
_ min Zz ZzES (f'l/'z(L U {Z}) - f’Uz(L))
Ls:Lns=0 > . (fu,(LUS) — fu,(L))

LCU,|S|<k
> es (o (LU{z}) — fvi(L))) ,

> min (min > Yok

- I[ié(f:&?;l? ? (fvl(L U S) - fvz(L))

By Lemma 13, we have vy . > 70, > Amin(C. k + [U]) > Anin(C), completing the proof. O

4.3.3  Submodularity Ratio of Output Selection Constraint

In this section, we derive a metric for output selection (4.32) that has bounded submodularity ratio
by analogy with input selection.
By condition (4.32), to achieve a detectable system in the presence of uncertainty A with

|Al|s < o requires that
Re (A(A — LC,)) < —oVbe,
or equivalently,

Re (MAT — CTLT)) < —abe, (4.46)
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where A", CT L™ are the transpose of matrices A, C,., L respectively.
By duality theory, Lemma 10 implies that for the system (A” CZ), if all of the eigenvectors v;
of AT with eigenvalues )\; satisfying \; > ) lie in the span of the matrix
M(T) = / ! e (T A1) gt (4.47)
to
there exists a matrix L such that all eigenvalues of the closed-loop system AT — C’TTLT satisfy
Re(A(AT — CTLT)) < Xo.

It is shown that the matrix M (T") defined by (4.47) is the observability Gramian of the system
(A, C). Thus, a sufficient condition to ensure system detectability in the presence of uncertainty
|Allos < o is that all eigenvectors v/ of AT with eigenvalues )\; > —o+/bc lie in the span of the
observability Gramian M (S) of the system (A, C), i.e.,

{v] : Re()\;) > —oVbe} € span (M(T)). (4.48)

We present a metric for output selection as follows, which measures how far the system is from

being detectable in the presence of bounded uncertainty | Ao, < o,

g(T)& > dist*(v],span(M(T))), (4.49)
it Re(A\)>—ov/be
where v} are eigenvectors of the matrix A7,
For output selection, we have the main results, as follows, similar to the input selection. To
ensure the existence of a matrix L that satisfies the output selection constraint (4.32), it suffices to

require
g(T) =0. (4.50)
The submodularity ratio of the constraint (4.50) is described by the following theorem.

Theorem 4. Let 1y, be the submodularity ratio of the set function g(T') defined in (4.49). Then

for any set U C QY and k > 1, the submodularity ratio 1y, is bounded by

Nu .k Z Amin(Oa k + |U|) Z )\min(O)~
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where O and Ay (+) are defined as follows. Let

— - T - 1T
C C,

CA C,A
O=| A2 and O(T) = C, A

cA! C, A

Let D € R™*™™ be a nonsingular matrix that normalizes the observability matrix O to O' = OD
where each column of O has norm 1, and hence O'(T) = O(T)D. We define O € R"™*"" =
OTO' In and O(T) = O'(T)TO(T)/n. Amin(O(T)) refers to the smallest eigenvalue of O(T)
and Ayin (0, k) = ming. |- Amin (O(T)).

Proof. The proof can be established directly by following the same steps as the proof of Theo-
rem 3, while the controllability Gramian VW and the controllability matrix C are replaced by the

observability Gramian ) and the observability matrix (transpose) O. U

4.3.4 Minimal Input and Output Selection Algorithm

Using the metrics we established in previous sections, the problem of selecting the minimal set of
input nodes to ensure system stabilizability in the presence of uncertainties can be formulated as

min |S], s.t. f(S)=0 (4.51)

SgQ'Ln

and the output selection for system detectability is given as

i 7|, st g(T)=0 (4.52)

For some control systems, the input selection and output selection are dependent to each other.
For example, the wide-area damping system in a power grid selects generators as input to partici-
pate in the centralized control while observing rotor speeds at these selected generators as system

outputs [83]. For such systems that input and output selections share the same ground set denoted
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by €2;0int, We propose a joint selection formulation

min |S], st f(S)+g(S)=0 (4.53)

Sgﬂjoint

Note that f + ¢ in constraint (4.53) is the sum of two monotone decreasing set functions with
submodularity ratios 7y, and 7y, respectively. By definition, the submodularity ratio of f + g
is bounded by min(yyx, Nk ). Since Yux > Amin(C, k + |U]) and nys, > Amin(O, k + |U]), thus
a lower bound of the submodularity ratio of f + g is min(Apuin(C, k + |U|), Auin (O, k + |U])).
We also note that, since f(S) > 0 and g(S) > 0, the constraint (4.53) is satisfied if and only if
f(S)=0and g(S) =0.

The sufficient conditions (4.51)-(4.52) for selecting input and output nodes guarantee the ex-
istence of a stabilizing controller that can drive the system state to the origin in the presence of
uncertainties. With selected inputs and outputs satisfying these conditions, one can find such
a stabilizing controller using robust control design with pole placement constraints, such as the
LMI-based H, synthesis proposed in [8].

We now present a polynomial-time algorithm, shown as Algorithm 3, that approximately solves
the above input selection, output selection, and joint selection problems, with an optimality bound
on the solution set cardinality.

For the input selection problem (4.51), we set {2 = (2;, and ' = f. For the output selection
problem (4.52), we set {2 = (2,,; and F' = g. For the joint selection problem (4.53), we set
Q= Qjpingand F' = f + g.

The algorithm proceeds as follows. Given {2 and F, a set of selected inputs/outputs, S, is
initialized to be empty. At each iteration, the algorithm searches an element v from €2/S that
maximizes F'(S) — F/(S U {v}) and adds it to the selection set .S. The algorithm terminates when
F(S) is reduced to 0 or S = €.

The input and output sets selected by Algorithm 3 have cardinalities within a factor of the
true optimal solution of the original problem (4.51), (4.52), or (4.53). The optimality bound of
Algorithm 3 is defined by the following lemma.
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Algorithm 3: Algorithm for selecting minimum-size set of inputs/outputs for a stabilizing

controller.
1: procedure MINSET(S2, F')

2: Input: Ground set €2 of inputs/outputs, i.e., {2 = (2, for input selection, €2 = (2,,; for
output selection, or €2 = €2;,;,,; for joint selection;
Supermodular metric F' in constraint, i.e., F' = f for input selection, F' = ¢ for output

selection, or F' = f + ¢ for joint selection.

3: Output: Set of inputs/outputs S to participate in the system control.
4:  Initialization: S < ()
while F'(S) > 0 and S # Q2 do
forve 2\ Sdo
5
0y < F(S) — F(SU{v})
v* <~ arg max, 0,
S+ Su{v}
6: return S

7: end procedure

Proposition 2. Let S* denote the true optimal solution to the input/output selection problem (4.51),
(4.52), or (4.53) that has the form {mingcq |S| : F(S) = 0} and let S denote the solution returned

by Algorithm 3. Then we have
-1 1 F
S|-1_ 1, F®)
1S T T F(Si-1)

where S;_; denotes the selected input set S at the second-to-last iteration of Algorithm 3 and 7 is

the lower bound of the submodularity ratio of F.
For input selection (4.51), o = Amin(C, 2|S|); For output selection (4.52), Yo = Amin(O, 2|5]);

For joint selection (4.53), o = min(Apin (C, 2|S]), Auin (O, 2|S))).

Proof. Suppose F' has submodularity ratio 7, for any given set U and integer k. Let {s1, ..., sx}

denote the elements selected by the Algorithm 3 in the first £ iterations. By the definition of
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submodularity ratio, we have

Ek?%@&?f”ZWaz% s

The lower bound 7, depends on function . When F' = f, by Theorem 3, we have vg 5 >
Amin(C,2|S]). When F' = g, by Theorem 4, we have Ys,s| = Amin (0, 2|S]). When F = f + g,
we have Vg 5| > min(Amin(C, 2|5]), Amin (O, 2[5])).

Inequality (4.54) implies that

[STI(E0) = F({s1}) 2 70 (F(0) = F(57)),

or equivalently,
* o _ *
Psh - Fs") < (1= 22) (F0) - F(s°).
Similarly, we have that
> ses- (F(s1) = F({z,51}))
F({s1}) = F(5*U{s1})

= Yo

implying that

F({s1}) = F({s1,52}) = |;2| (F({s1}) = F(S" U {s1}))

70 *

which is further equivalent to

Fifsisa)) = F(87) < (1= 220) (P - FI5)

(1- ) o - risy.

IN

By mathematical induction, we have that

Plfs o)) = P87 < (1= 220 ) (F(0Y) = FS™)

Note that F'(S*) = 0 and hence

F({s1,...,s1}) < (1 - |Zfi|)kF({®}).
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Use the fact that 1 — 1/z < log(z),Vz > 1. Then when

S*
= ‘ |log

k ,
Yo F(Si1)

we have

F({Sl, e ,Sk}) S F(St_l),
implying that one additional element is sufficient. Hence

S|—-1 1. F()
< —log ——~——,
1S = 7 S F(Siy)

]

For a set @ = {1,...,|Q|}, Algorithm 3 terminates in at most [{2| iterations. For a system
with n states, each iteration solves at most n least-squares problems where each problem requires
computation of O(n?). Thus, the overall computational complexity of Algorithm 3 is O(|Q2|n?).

We note that the optimality bound in Proposition 2 can be arbitrarily small for certain system
matrices. This is consistent with the claim that minimal reachability is hard to approximate as

presented in [30].

4.4 Analysis for Different Uncertainties

In this section, we analyze our proposed input and output selection approach for different uncer-
tainty cases. For additive and multiplicative uncertainties in system matrix A, we show a direct
transformation to the M — A loop model and give the specific values of the thresholds in metrics
f and g. For uncertain time delay in output y, we first incorporate the delayed dynamics into the
original system and then transform the modified linear system to the M/ — A model.

We also study the structured uncertainty in matrix A. From a known robustness criterion, we
derive a sufficient condition on eigenvalues of the closed-loop system matrix A, such that metrics
similar to (4.40) and (4.49) that have bounded submodularity ratios can be established for input

and output selection problems.
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4.4.1 Additive Uncertainty in Matrix A

A linear system with additive perturbation A in matrix A has dynamics
&(t) = (A+ A)x(t) + Bu(t)
y(t) = Cx(t).

When matching this system to our model (4.8)-(4.9), the uncertain term §(t) = Az (t).
T
In the equivalent M — A loop representation (4.15)-(4.16), we have B, = [ I I } and C, =

|

By (4.27), we have the stability condition Re (A\(Ay)) < —oV/be, assuming By BYL =< bl,

CLC, < cl and ||A|ls < 0. In this case, we get b = 2 and ¢ = 1 by the fact that
T I 1 I 0 . I 0 I 0
Bcchl = =<2 ) Cchcl = =
I 1 0 I 0 0 0 I
Therefore, for additive uncertainties in matrix A, the metric f(.5) defined by (4.40) for input

selection guaranteeing system stabilizability becomes

f(S)=" > dist*(v;,span(W(5))), (4.55)
i: Re(\j)>—0/2

and the metric g(7") for output selection guaranteeing system detectability is given by

g(T)= > dist*(v],span(M(T))). (4.56)
it Re(\;)>—0V/2

These changes in metrics f and g therefore impact the Algorithm 3 by specifying the parameters

b and ¢ in the eigenvalue threshold (—ov/bc).
4.4.2 Multiplicative Uncertainty in Matrix A
For a multiplicative perturbation in matrix A, it changes the system dynamics to

(t) = (I + A)Az(t) + Bu(t)

y(t) = Ca(t),
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where A is assumed to be bounded by || A/, < o. In terms of our model (4.8)-(4.9), the uncertain
term §(t) = AAx(t).

In this case, the equivalent M — A system has matrices B = [ I I } ! and C, = [ A 0} . By
the same fact that B, Bg =< 21 as shown in previous case, we have b = 2.

Let p denote the largest singular value of A, i.e., ||A||« = p. Then the following inequality

holds,

T ATA 0 , | 0
C(cl CCZ = j P )
0 0 0 I
which implies that ¢ = p?.
Hence, the metric f(.S) for input selection in the presence of a multiplicative uncertainty in
matrix A is given by

f(S) = > dist (v, span(W(S))), (4.57)
i: Re(\;)>—0opV2

and the output selection metric ¢g(7") becomes
g(T) = > dist’(v],span(M(T))). (4.58)
i: Re(\)>—0opV/2
In this case, the Algorithm 3 selects inputs/outputs based on a different threshold (—opv/2)

that relays on the largest singular value of A compared to the additive uncertainty case.

4.4.3 Uncertain Time Delay in Output y

For a control system with an uncertain time delay 7 in output y, the delayed output is denoted by
ya(t) = y(t — 7). In frequency domain, the output delay can be represented by a first-order Padé
approximation [81],

N —0.5s7+ 1

=e Ty ——. 4.59
Ya=e U 0bsr+1 7 (9)
A state-space realization of the transfer function (4.59) is given by
) 2
Ta(t) = - (—xq(t) + 2y(t)) (4.60)

ya(t) = wq(t) — y(t). 4.61)
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Consider a system with m outputs {y1, ..., ¥, }. When each output y; has a different delay
7;, we define a diagonal matrix of delays by I' = diag(m, ..., 7). By involving m such delayed
dynamics (4.60)-(4.61) into the original system (& = Az + Bu, y = Cx), the overall system

dynamics are given by

o(t) A 0 z(t) B
= + u(t) (4.62)
l‘d(t) A1 —or-t .I'd(t) 0
wﬁﬁzkc‘d (1) : (4.63)
wq(t)

where z, € R™ is the state vector of delayed dynamics; y; € R is the vector of delayed outputs.

Suppose that each time delay 7; is varying within a certain known interval such that I'™! =
[';' + A, where I'; ! is the nominal values of delays and A is the uncertain part of delays bounded
by ||Allec < 0. By defining a new state vector = [z, z4]”, then the system (4.62)-(4.63) can be

mapped to our system model (4.8)-(4.9),

Z(t) = AZ(t) + Bu(t) + 6(t) (4.64)
ya(t) = C(t), (4.65)
~ A 0 . |B| . 0 0
where A = , B= , C= [_C [], and 0(t) = z(t).
AT rC —2ry! 0 4AC —2A

In the M — A loop representation of the system (4.64)-(4.65), the system matrices are given by

A-BK BK T
Ay = | Ba=lo ar 0 wt] L Ca=11 —11 0 0.
0 A-LC

By exploring the largest eigenvalues of B, and C,, we have tight bounds on B,BT < 32I and

cl

cic, < g[ . Therefore, the parameters of the input and output selection metrics are given by

b = 32 and ¢ = 5/4. Hence, the input selection metric for system with uncertain time delays is

f(S) = > dist? (v, span(W(S))), (4.66)

i: Re(A\)>—20/10
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and the output selection metric is

g(T) = > dist*(v], span(M(T))). (4.67)
i: Re(M\;)>—20+/10
For the uncertain time delay, Algorithm 3 uses a much higher eigenvalue threshold (—20+/10)

compared to the additive uncertainty in A (—oV/2).

4.4.4 Structured Uncertainty in Matrix A

In previous analysis, it has been assumed that the each entry of the system matrix is perturbed
independently. In some problems (e.g., constant output feedback with uncertainty in the gain
matrix), there are only a small number of uncertain parameters, but each uncertain parameter affects
multiple entries of the system matrix [87]. In what follows, we assume that the uncertainty matrix

A has the following structure:
N

=1
where E; are constant matrices and d; are uncertain parameters varying in the interval [—¢;, ¢;] for

each 7. When such a structured uncertainty A is added to the matrix A, the system has the dynamics

(t) = (A+ A)x(t) + Bu(t)
y(t) = Cx(t).

By involving the state estimation 2 and feedback control v = — Kz, the closed-loop dynamics

(4.14) of the above system have the form

N
. — — E;
; E;, 0

A sufficient condition guaranteeing the stability of the system (4.68) is given by the following

lemma.
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Lemma 14 ([87]). Define P; = (EZTP + PE;)/2, where P is the unique solution of the Lyapunov

equation
PA,+ A P+ 21 =0. (4.69)

The closed-loop system (4.68) is asymptotically stable if the following condition holds:

N
kil < 1/ Pilloo for all j. (4.70)

i=1

The following lemma presents a sufficient condition on the solution P of the Lyapunov equation

(4.69) to satisfy the stability condition (4.70).

Lemma 15. Let o be the largest singular value of (Zf\il EZ> Assume k; € [—¢;, €] for all i.
Then the Lyapunov equation (4.69) has solution P satisfying the condition (4.70) if

1

P<—I 4.71)

o€
where ¢ = max;{¢; }.
Proof. Given k; € [—¢;, ¢;], we have |k;| < ¢;. Define ¢ = max;{¢; }. Then the condition (4.70) is
satisfied if

N 1
Pllo < -. 4.72
DRGNS “4.72)

Since the matrix P constructing F; is the solution of the Lyapunov equation (4.69), P is symmetric

positive definite and hence

HZPHOO = IIZ E, P+ PE;)/2||w < —IIZE Plloc + —HZPE oo < IIZE [loc || Plloo-

When the largest singular value of <va E,) is denoted by o, the inequality (4.72) holds if

1
[Plloe < —
o€

For symmetric positive definite matrix P, it is equivalent to requiring
1
P < —I,
o€

which completes the proof. ]
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By Lemma 14 and 15, if P < (1/0¢)I, then the system (4.68) is stable. Assuming A, is

Hurwitz, a positive definite solution P to the Lyapunov equation (4.69) is given by [6],
P= / eAat(20) et dt.
0

Let A(A.) be the largest eigenvalue of A,. Then the sufficient condition to guarantee system

stability in the presence of structured uncertainty A becomes

/00 e)‘(ACl)t(Z)e)‘(ACl)t dt < i
0 €0

Simplifying the above expression, we obtain
AMAg) < —€o (4.73)
where € = max;{e;} and 0 = || | B o
The condition (4.73) on eigenvalues of A is similar to the condition (4.27). Following the rest
steps of our approach, we have the metrics

f(8)="Y_  dist’(v;,span(W(S))) (4.74)

i: Re(\;)>—eo

for the input selection and

g(T)= > dist’(v],span(M(T))) (4.75)

it Re(\)>—¢o

for the output selection.
Since the analysis for structured uncertainty does not depend on the M — A transformation,
the eigenvalue threshold (—eo) that is used in the Algorithm 3 has a different structure compared

to previous cases (—o v/ bc).

4.5 Numerical Study

This section presents numerical results of our proposed input and output selection approach on the
IEEE 39-bus power system. We adopt the Linear Quadratic Regulator (LQR) for controller design
and study the system stability in the presence of uncertainties of different types and magnitudes.
We illustrate the optimality of our method by comparing with the existing geometric indices based

selection strategy [28].
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4.5.1 System Setup

We consider the wide-area damping control in power systems to ensure small signal stability [83].
Given an unstable initial operating point, the goal of the controller is to damp inter-area oscillations
between generators and stabilize rotor speeds at each generator. Each generator’s Power System
Stabilizers (PSS) is an input node and the control signals are to adjust excitation voltages of each
generator, which eventually impact the power output. The control outputs consist of measurable
parameters throughout the system, including power outputs of generators and power flows over
transmission lines. The test system in this numerical study has 10 input nodes and 56 output

nodes.

The initial power system, including system topology and generator configurations, is obtained
from the IEEE 39-bus power system data [48]. We create initial operating points with different

unstable modes by varying the overall load level and gain parameters of PSS at each generator.

Linearizing the system dynamics at any initial operating point gives a linear approximation
of the control system with matrices A, B, C' in the state-space form (4.8)-(4.9). In this control
system, uncertainties may arise due to load changing, unexpected transmission line tripping, and

time delays.

The problem we studied is to select a minimal set of generators (inputs) and observations (out-
puts) to be involved in the wide-area damping control, which ensures the existence of a stabilizing
controller that can damp all generator rotor oscillations. We test our proposed selection algorithm
and present simulation results in two subsections. In the first, we demonstrate the minimal input
and output selections for nominal systems and compare our proposed selection approach with a
method based on geometric indices. In the second subsection, we show how different types and
magnitudes of uncertainties affect the minimal selections. We also show that the proposed selec-
tion approach guarantees the system stability when uncertainties are within the assumed bound,

i.e.,

Alloo < 0.

The geometric indices based input/output selection approach is implemented as follows. The

algorithm first computes the geometric measures of controllability m.;(k) and observability m,,; (k)
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for each unstable mode & and each input/output 7 as follows [28],

_ b
xl110:]]

Ci P

ci k = T
(k) [l

Mi (k)
where 0; is the ith column of matrix B and ¢; is the jth row of matrix C; ¢, and ¢;, are left and
right eigenvectors of matrix A respectively corresponding to the eigenvalue \;. Then the algorithm
iteratively selects inputs and outputs in a greedy manner. At each iteration, the input and output
with the highest controllability and observability indices are selected and added to the sets S and 7',
respectively. The algorithm terminates when both of the stabilizability and detectability constraints

are satisfied, i.e., f(S) = 0and g(7) = 0.

4.5.2  Input and Output Selection for Nominal Systems

In this test case, we assume that there is no perturbation in the power system, o = 0. We test our
proposed selection algorithm for scenarios when there are different numbers of unstable modes.
Unstable modes of a power system are typically caused by load shifting and improper functioning
of power system stabilizers. We generate operating points with up to seven unstable modes by
varying the load level randomly between 80% — 150% of the initial value, as well as scaling the

gain parameters of all power system stabilizers to negative 116.2%.

Fig. 4.2(a) shows the system topology considered in this study, where one unstable mode occurs
due to uncoordinated behaviors at generator 2 and 3. Our proposed algorithm selects generators

{3, 5, 9} as control input nodes to ensure system stabilizability.

A comparison between the proposed input/output selection and the geometric indices based
selection is shown in Fig. 4.2(b) and 4.2(c). Each data point is the average number of selections at
ten random operating points with the same number of unstable modes.

We observed that the average number of input and output nodes required by wide-area damping
control increases as the number of unstable modes increases. We also found that the proposed

selection algorithm requires fewer inputs and outputs for designing a stabilizing controller.
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Figure 4.2: Simulation study of our proposed approach to minimal input and output selection for
power system stability. (a) IEEE 10-generator 39-bus power system topology considered in this
study. Circled generators have initial rotor angles differing from the rest, causing unstable system
modes. Generators selected by our proposed algorithm are indicated by squares. (b) Comparison
of the average numbers of controlled generators (input nodes) required to meet the stabilizability
condition (f(.S) = 0) using the proposed approach and the method based on geometric indices. (c)
Comparison of average numbers of observations (output nodes) for the proposed approach and the

geometric indices based method to achieve the detectability condition (¢(7") = 0).
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4.5.3 Input and Output Selection for Uncertain Systems

In this test case, we study how uncertainties impact our selection decisions at a fixed operating
point, and evaluate the system robustness within our proposed selection framework. The initial
operating point is obtained by using the default load level but scaling up the gains of all power
system stabilizers by 16.2% while two gains are changed to negative.

Tables 4.1 and 4.2 demonstrate the input and output selections for different types of uncertain-
ties at the same operating point. The metrics established in Section 4.4 are used in our proposed
algorithm for different uncertainty cases. For structured uncertainty, we assume that the uncer-
tain parameters k; are bounded by k; € [—1,1] and hence ¢ = max;{|k;|} = 1. We compare
selections for different uncertainties as the largest singular value o increases from 0 to 0.35. We
observed that the number of selections required to satisfy the stabilizability/detectability condi-
tions increases as the uncertainty magnitude increases. It has also been observed that the number
of selections for multiplicative uncertainty increases faster than other uncertainty cases, which in-
dicates that the proposed selection approach is more sensitive to the multiplicative uncertainty.
This is because that, comparing the thresholds Re(\) < —ov/be for different uncertainties, the
multiplicative uncertainty requires a much larger number of “desired modes” (proportional to o) to
lie in the controllability/observability subspaces.

In what follows, results on evaluating the system robustness to uncertainties are presented. For
any set of input and output nodes, we consider the following LQR design of a feedback control

u = — Kz, which is to minimize the cost function defined by
T(u) = / (227 + uTu) dt.
0

To evaluate if a set of selections can guarantee system stability, we randomly generate 1000 un-
certain matrices A, with the same largest singular value o, and add to matrix A. For each case,
we apply the same LQR controller designed from the nominal system parameters. We measure the
robustness of this control system by the percentage of cases that is stable out of these 1000 random
trials.

Selections by Algorithm 3 with threshold o = 0 are used as a baseline in comparison to the



Uncertainty bound, o 0 0.02 0.04 0.06 0.35
Outputs for
{4,5,10} | {3,5,9} {3,5,9} {3,5,9} {2,3,5,9}
additive uncertainty
Outputs for
{4,5,10} | {2,3,5,9} | {3,7,8,10} | {3,7,8,10} | {3,7,8, 10}
multiplicative uncertainty
Outputs for
{4,5,10} | {3,5,9} {3,5,9} {2,3,5,9} | {3,7.8, 10}
uncertain delays
Outputs for
{4,5,10} | {3,5,9} {3,5,9} {3,5,9} {2,3,5,9}
structured uncertainty

Uncertainty bound, o 0 0.02 0.04 0.06 0.35
Outputs for
{26, 35} {25, 38} {22,28,45} | {22,28,45} | {2,19,43}
additive uncertainty
Outputs for
{26,35} | {2,19,43} | {13,21,46} | {13,21,46} | {13,21,46}
multiplicative uncertainty
Outputs for
{26, 35} | {19, 20, 54} | {19, 20,54} | {2,19,43} | {13,21,46}
uncertain delays
Outputs for
{26, 35} {25, 38} {25, 38} {22, 28,45} | {2,19,43}
structured uncertainty

76

Table 4.1: Comparing inputs selected by the proposed algorithm under different uncertainties.

Table 4.2: Comparing outputs selected by the proposed algorithm under different uncertainties.

proposed selection approach that guarantees stability. When o = 0, the selected inputs ensure
stability of the nominal system but do not guarantee robustness to any uncertainties, while o # 0
results in a selection for stabilizing control assuming ||Al. < o. At this operating point, the
Algorithm 3 with threshold o = 0 selects generators {4, 5, 10} as inputs and observations {26,
35} as outputs. For additive uncertainties in matrix A assuming largest singular values less than

o = 40, our proposed algorithm selects generators {3, 7, 8, 10} as input nodes and observations

{13, 21, 46} as outputs.
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Figure 4.3: Comparison of percentages of cases that the controlled system is stable in the presence
of additive uncertainty A using the proposed selection with o = 0 and the selection with o = 40.
Each data point has 1000 random trials in A. The proposed algorithm with robustness consideration
(o = 40) is stable in a higher percentage of cases compared to the selection without considering

uncertainties (¢ = 0).

Fig. 4.3 shows a comparison of system robustness between the two systems with input/output
nodes selected by ¢ = 0 and ¢ = 40. Each data point is the percentage of stable cases in 1000
trials of random additive uncertainty A with the same largest singular value. We observed that
when uncertainties have magnitudes within the assumption, ||A||. < 40, then the controller based
on the selections for ¢ = 40 ensures system stability in all cases. When uncertainties have largest
singular values over the bound, for example |A|l« = 53 > 40, both selections fail to guarantee
stability. Our approach with robust consideration o = 40, however, achieves a system with more

stable cases (93.25%) compared to the selection based on o = 0 (85.20%).
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4.6 Conclusion

In this chapter, we studied the problem of selecting minimal inputs and outputs to ensure small
signal stability. The problem was generalized to minimal input and output selection to ensure the
existence of a stabilizing controller for any uncertain linear system. We derived sufficient condi-
tions for input selection and output selection that guarantee system stabilizability and detectability
respectively in the presence of uncertainties, requiring that a subset of system modes lie in the con-
trollability/observability subspace. We formulated the problem of selecting minimal inputs/outputs
to ensure that the distance from these desired modes to the span of the controllability/observability
Gramian 1s zero. We showed that both input and output selection problems have bounded submod-
ularity ratios. We developed computationally efficient algorithms with provable optimality bounds
for minimal input selection, minimal output selection, and joint input and output selections, all
ensuring the system stability in the presence of uncertainties. We also analyzed four types of un-
certainties under our framework, including additive system uncertainty, multiplicative uncertainty,
output time delay, and structured uncertainty. Our approach was validated through numerical study

on the IEEE 39-bus power system with comparison to existing input/output selection methods.
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Chapter 5
CONTROLLED ISLANDING TO MITIGATE CASCADING FAILURE

5.1 Introduction

Controlled islanding has been studied extensively especially since the 2003 North American black-
out that was caused by cascading failure [77, 16, 75, 61, 74, 64]. One important branch of study
is slow coherency-based islanding, which was first introduced in [77]. This approach first clas-
sifies generators into groups with minimum non-coherency, and then finds a best cutset of trans-
mission lines that separate generator groups into different islands while minimizing the overall
load-generation imbalance through exhaustive search. This method, however, is not scalable to
large systems.

Minimizing the load-generation imbalance is typically NP-hard and hence is challenging [77].
Using the minimal power-flow disruption as the objective function, instead of the minimal power
imbalance, can reduce the time complexity of the problem and allow computationally efficient
algorithms to be developed. Such an islanding scheme is presented in [74], in which the step
of searching for minimum-load-generation islands is approximated by finding minimal power-
flow disruption between islands, and hence the problem is mapped to a classic graph min-cut
problem. This allows the use of existing graph theory based tools, but the solution optimality is
not guaranteed. In [75], the slow coherency-based generator grouping and min-cut approach to
islanding have been implemented in a simulation study of the 2003 blackout scenario.

Other approaches to controlled islanding include Ordered Binary Decision Diagram (OBDD)
methods [64] and machine learning based methods [61]. In [64], a large power system is first
simplified into a topology with less than 30 nodes and then a fast brute-force search is used to
find feasible cutsets. The topology simplification is heavily based on system operation heuristics,

such as integrating important transmission lines that should not be cut. As a consequence, the
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OBDD approach cannot provide any guarantee on the optimality of solutions. Off-line machine
learning based approaches have been investigated in [61]. Given a large set of off-line simulation
data, a probability model can be established to assist evaluation of online islanding strategies. The
optimality of such data-driven methods, however, is not guaranteed.

A two-step spectral clustering based control islanding is proposed in [16]. In the first step, the
generators that have strong dynamic coupling are grouped, by applying the normalized spectral
clustering to the system eigenbasis. In the second step, other buses are grouped into islands by
constrained spectral clustering with the goal of minimizing power-flow disruption on cutting edges.
Although this method is computationally efficient, the gap between the solution and the optimal
strategy is not guaranteed. On the other hand, such two-step based methods lack the flexibility
in making trade-off between generator coherency and load-generation imbalance, defined as the
ability to sacrifice a small amount of generator coherency within each island in order to gain a
large reduction in overall power imbalance.

In this chapter, we propose a one-step approach to controlled islanding that jointly minimizes
the generator non-coherency and power imbalance when selecting an islanding strategy, with prov-
able optimality guarantees. Our key insight is that selecting a subset of transmission lines to trip
in order to form desired partition is inherently a combinatorial problem with weak submodularity
property. Weak submodularity is a weakened form of diminishing property of set functions, which
is sufficient to guarantee the optimality of a greedy selection algorithm with a relaxed approxima-

tion factor [34]. We make the following specific contributions:

* We formulate the problem of selecting a set of transmission lines to trip in order to minimize
the weighted sum of generator non-coherency and load-generation imbalance, subject to

constraints that ensure that the reference generators are in disjoint islands.

* We relax the islanding problem by removing the limits on load and generation and then
prove that the relaxed formulation has bounded submodularity ratio (weak submodularity).

We also prove a sufficient condition for the constraints using graph matroid.
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* A polynomial-time greedy algorithm is proposed based on the weak submodularity to ap-
proximately solve the relaxed islanding problem and We prove that the algorithm has opti-

mality guarantees on the minimal non-coherency and load-generation imbalance.

* A submodular maximization approach to selecting reference generators is proposed based
on slow-coherency theory, which provides a optimality guarantee of (1 — 1/e) on reference

generator independence.

* The proposed weak-submodular approach to controlled islanding is tested on the IEEE 39-
bus and 118-bus systems. The optimality of the proposed islanding method is validated by

comparing to a two-step spectral clustering based approach [16].

The rest of this chapter is organized as follows. Section 5.2 presents the power system model
and background on submodularity and matroid. Section 5.3 presents the problem formulation
and the islanding algorithm. Section 5.4 discusses the slow-coherency based reference generator
selection and proposes a submodular maximization approach to selecting reference generators.

Section 5.5 presents the simulation results. Section 5.6 concludes this chapter.

5.2 System Model and Preliminaries

5.2.1 Power System Dynamics and Generator Coherency

Consider a power system consisting of n generators, m buses and [ transmission lines that connect
buses. Let §; denote the rotor angle of generator ¢ and AJ; denote the rotor angle deviation from a
steady state operating point. Let M; denote the inertia of generator 7. Given a base frequency wy,

the generator dynamics based on the classical linearized generator swing equation is given as [9]
Ad = MK AS§, (5.1)

where Ad = [Ady,...,Ad,|T is the state vector and M = diag(2M, /wo, ..., 2M,/wp) is the
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inertia matrix. The matrix K has entries

— %%BU COS(5Z‘ — (Sj), lf’L 7A j,

- zn: K, if i = j,

k=1,k7#i

Ki':

where V; is the per unit voltage behind transient reactance at generator 7 and B;; is the imaginary
part of the (i, j)-entry of the admittance matrix reduced to the internal generator nodes.

Following a large disturbance, generators often oscillate at different frequencies. Two syn-
chronous generators are called e-coherent if the maximum change in their rotor angle difference
falls within a specified tolerance, d;;(t) — 9;;(0) < ¢, at any time ¢ [27]. The € is omitted for sim-
plicity of notation. In the design of a strategy to mitigate impending cascading failures, it is critical
to have coherent generators remain connected and separate any generators that are non-coherent
into disjoint subsystems. Each subsystem is an island and the set of generators in the same island
is called a generator group. Let  be the desired number of islands.

Given a set of eigenvalues o, = {\{,..., A} of the system matrix M 1K, let U be the eigen-
basis of the o, eigenspace. Two generators (states) are coherent with respect to o, if their cor-
responding row vectors in U are linearly dependent. With selection of the r “slowest modes™ of
the system matrix M/ ~! K, representing the 7 eigenvalues with smallest magnitudes, the generators
dominant in each mode will have eigenbasis rows that are most linearly independent to each other
[9]. Such a set of r generators are called reference generators and can be used to initiate the 7 is-
lands in controlled islanding. The classic heuristics as well as our proposed submodular approach
to reference generator selection are presented in Section 5.4.

Given a set of reference generators, an n X r coherency matrix L can be calculated, whose
entries represent how coherent each generator is respect to a reference generator. The algorithm to

obtain L has the following steps [9]:

1) Choose the set of r slowest modes, o,.

2) Compute a basis matrix U, ., of the o,.-eigenspace.
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3) Let U; denote the matrix composed of the rows of U corresponding to the reference genera-

tors.
4) Compute L = UU; .

Any generator grouping strategy can be represented by a partition matrix L, that has exactly one
1 per row and all other entries zero. Matrix L, has the same size as L. Each column of L,
represents a generator group dominated by a reference generator. The (i, j)th entry of L, being
1 can be interpreted as that the generator ¢ is in the group of the jth reference generator. Given
any grouping strategy, we define a metric that quantifies how coherent generators are within each

group, given by
H(Lg) = |[L = Ly, (5.2)

where || - || corresponds to the Frobenius norm. Note that H(L,) measures the overall non-
coherency of generators in each group and hence F(Lg) = 0 when all generators within the same
group are perfectly coherent (6;;(¢) — 6;;(0) = 0, V?).

This subsection has established the dynamical model of the power system. The algebraic prop-

erties of the system will be modeled in the following subsection.

5.2.2  Power flow network

Given a power system with m buses and [ transmission lines, its topology can be depicted by a
graph G(N, E) where N = {1,...,m} is the index set of buses and £ C N x N is the set of
edges. Denote ¢, as the kth element in E. An edge ¢, = (¢,7) is in E if and only if there is a
transmission line connecting bus 7 and bus j. For any bus 4, the set of its neighboring buses is
defined by A(i) = {j : (¢,j) € E}. A bus with a generator connected to it is called a generator
bus while others are called load buses. Let g; be the active power generation and d; be the active
power demand at bus :. Any distributed generation has been integrated as a part of the load at each

bus [47]. The amount of active power flowing over a transmission line (4, j) € E from bus i to j is
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denoted by p;;. At the initial operating point, set g; = g7 and d; = d; for all buses 4 and p;; = p;
for all transmission lines.
With transmission line resistance neglected, the net active power flowing into any bus equals
the net active power demand at this bus, which is known as the flow conservation property:
> pi=di—gi, Vi€ N (5.3)
FEA()
Using the incidence matrix A of an orientation of the graph G (N, E), the linear equations in (5.3)

are equivalent to the matrix expression
Az = b, (5.4)

where A is an m x [ matrix with each row corresponding to a bus and each column corresponding
to a transmission line. The entry of A in the ith row and kth column is denoted by (A);x, where
(A);, = —1 if the line e, € E connects bus ¢ to some bus j with i > j, (A); = life, € E
connects ¢ to j with ¢ < j, and (A); = 0 otherwise. The vector z € R! consists of entries zy,
where the kth entry z;, = p;; corresponding to the power flow on the edge e, = (i,j) € E. The
vector b € R™ has entries (d; — g;) corresponding to the net active power demand at each bus 1.
Let a; be the ith column of the incidence matrix A and for any subset S C F, define A(S) to be
a matrix consisting of columns {a;, Ve; € S}. Tripping any transmission line e, € E will change

the incidence matrix A in Eq. (5.4) to A(E'\ {ex}) = [a1, ..., ap_1, QGrs1, - - -, @)-

5.2.3 Spectral Clustering Based Controlled Islanding

Spectral clustering is a technique making use of the eigenvalues/eigenvectors of the similarity
matrix to perform dimensionality reduction before clustering data. The spectral clustering based
approach to controlled islanding is implemented in two steps. Denote ¢ C N as the set of
generator buses. The first step is to classify generators into two coherent groups 77,7, C g by
minimizing the dynamic coupling between groups:

. Op; 1
i D> (aﬁj (M i, ))

JjeTH i€T)
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where Op;;/06;; = |ViV;B;j cos(6; — d,)|. In the second step, the algorithm finds a set of edges
to cut such that the system is split into two subsystems S, 5o C N where 77 C S; and T3 C S5,
while minimizing the power-flow disruption on cutting edges:

min Z Ipis|, s.t.Th € Sp,Ty C S2.

S51,52CN 5
1€S51,7€S52

For r > 2, repeat the above process for each subsystem until the desired number of islands 7 is

achieved.

5.3 Proposed Controlled Islanding framework

This section formulates the problem of partitioning a power system into internally stable islands
and presents a greedy islanding algorithm with provable optimality guarantees by exploiting the

weak submodularity of the problem.

5.3.1 Problem Formulation

Suppose that we are given a power system with graph G (N, E) and a set of reference generators
at buses {s1,...,s,.} C N. We are also given a maximum generation limit ¢° . for each generator

and a desired load d' ,  for each load at bus 7. Note that ¢’ .= 0 for load buses and d’ , = 0 for

max max
buses without any load.

The problem studied in this chapter is to select a set of edges S’ C FE to trip such that the
system is partitioned into r disjoint internally stable islands where each island contains a unique
reference generator. Let S denote the complementary set of S’ such that S = E'\ S’. Such a set S
is called a partitioning set. The partition of the system induced by S is called an islanding strategy.

An island being internally stable requires that the generators within the island must be coherent
and the imbalance between load and generation at all buses must be minimized [77]. The load-
generation imbalance is an estimate of how much load must be shed during controlled islanding. In

the existing literature [16, 74], the load-generation imbalance is often defined as sum of mismatch

between load and generation within each island or sum of power flows on lines to be tripped,
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based on a power flow solution at a steady state prior to the disturbance. For islands having power
imbalance, the load that must be shed depends on the new steady state established in the island.
A metric that captures the minimum load that must be shed, given any partitioning set S, is

defined as follows
min [ A(S)z = (do — o)
F(S)= st 0<d< dpa 0< 9 < Gunae (5.5)
A(S)r =d—y,

where A(S) is the incidence matrix induced by the set of edges S. The vectors
max = [dLr o d™ ]T and gmax = [gl.s .-+, g™, )7 are the maximum available load and
generation at each bus, respectively. The vector (dy — go) = [d) — ¢?, ..., d°, — ¢° |" is the net load
at initial operating point. The metric F'(S) is equal to the minimum load-generation imbalance
for any power flow x that satisfies the flow conservation constraint (5.4) at each bus. Note that
given any partitioning .S, the optimal value of x in (5.5) can infer the post-islanding load d and
generation ¢ at each bus. This can approximately indicate the amount and location of load to be
shed. For more accurate calculations, other methods including the rate of frequency decline-based
load shedding can be used [76].

Generator coherency is another essential property to achieve the internal stability of islands.
In the following, a metric is defined based on (5.2) that evaluates the generator non-coherency
given any partitioning set S. By linearizing the system dynamics at a steady-state operating point,
a model can be established as described by (5.1). Following the algorithm in Section 5.2.1, one
can obtain a coherency matrix L with respect to the given reference generators. Given any set S,
a partition matrix L, can be calculated and the overall generator non-coherency is measured by
H(L,)in Eq. (5.2).

Let u; denote the bus index of the ith generator. For each non-reference generator at bus
u; € N\ {s1,...,s,}, define a function H; to be the optimal value of a quadratic program:

min || A(S)z — 3

Hi(5) £ 60
s.t. (A(S){L‘)] :0, VJ g{uiasla"'asr}v
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where A(S) is the incidence matrix induced by S and ¢’ is a vector defined by

1a j = Uy
(Cl)J = _Lik’v .] = Sk € {817"'737“}
0, else.

The following lemma establishes the relation between the metrics H; and H(Ly,).

Lemma 16. If the set of edges S induces a partition such that each reference generator sy, €
{s1,...,8.} is in a unique island and the generator at bus u; € N \ {s1,...,s,} is connected to

exactly one reference generator at bus sj, then

1 1 < 1
Hi(S) = 5(1 - Lij)® + 5 dooLh= S~ Ly)ill3,
k=1,kj

where (L — L,); is the ith row of the matrix (L — L,).

Proof. Suppose that the set of edges S induces a partition of the system G(NN, E), where each
reference generator s, € {sy,...,S,} is in a unique island and the generator at bus u; € N \
{s1,...,s,} is connected to a reference generator s;. With an orientation of the graph G, the

matrix A(S) has the following block pattern

Ay
A(S) = ,
A,

where each block Ay corresponds to the incidence matrix of an island containing reference gener-

ator s;,. Similarly, the vectors in (5.6) become z = [7, ..., Z,]7 and ¢ = [c}, ..., c!]T. Thus,
H;(S) =) min || AxZy — ci 3, (5.7)
k=1 "

subject to (A(S)x), =0, Yk & {u;, s1,...,5:}.
Each term of H;(.S) in (5.7) is a minimization problem. The solution to each problem is equiv-

alent to the load-generation imbalance defined by (5.5) of a unique island. For the island £ = j
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which contains the bus u;, given a “generation” of 1 at u; and a “load” of L;; at s;, it has a “load-
generation imbalance” of (1— L;;)?/2 resulting from the corresponding minimization problem. For
each of the rest islands where k # 7, there is only a “load” of L, at bus s; without any generation
in the island, which results in a “load-generation imbalance” of L? . With the analogy above, we
get

1 1 «
H;(S) = (1~ Li;)* + 3 > L.
k=1,k+#j

L, is the generator partitioning matrix induced by S. If the generator at bus u; is in the same
island of the reference generator s;, then the sth row of L, has a 1 at jth column and 0 anywhere

else. Thus, we have

L —Lili=(-Ly)?+ Y L2
k=1 k#j

and hence H;(S) = ||(L — L,):||3/2, completing the proof. O

The proof of Lemma 16 is established using the analogy of the formulation in (5.5), in which
we have a “generation’ of 1 at bus u; and a “load demand™ of L, at bus si, Yk € {1,...,r}. We
restrict dpax and gax to be 0 for buses not in the set {u;, 1, ..., 5, }.

The function H;(S) can be interpreted as the sum of non-coherency in each group caused by
the ith generator, given an islanding strategy S. We note that H;(S) = 0 if the generator i is a
reference generator.

By Lemma 16 and the fact that H(L,) = ||[L — L,||% = Y0, [[(L — Ly);
equivalence of the metrics H(L,) and H;(S), given by H(L,) =251 | Hi(S).

2, we find the

The controlled islanding problem can be formulated as

méin EF(S)+ >0 Hi(S)
st. S=S5,U---US,, N=N,U---UN,, (5.8)
sp € N, Veel, ... r
where the objective function is to minimize the sum of load-generation imbalance and generator

non-coherency with a trade-off parameter & > 0 balancing the two objectives. The constraint

requires that each reference generator must be in a unique island.
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In classic two-step formulations, when given the groups of coherent generators, the problem
of partitioning a system with minimum load-generation imbalance is typically NP-hard [85]. For
the one-step problem formulation (5.8), the objective function is the sum of a finite number of
least square metrics, where each metric measures the distance between a vector and the subspace
spanned by the selected column vectors from A. As is shown later in Section 5.3.2, the constraint of
(5.8) can be formulated as a graph matroid constraint and hence the problem in (5.8) is equivalent to
a subspace selection optimization problem with matroid constraint which is known to be NP-hard
[84].

In the following section, the weak submodularity of problem (5.8) is exploited, which leads to

polynomial-time approximation algorithms with provable bound on the optimality of solutions.

5.3.2  Weak Submodularity Approach

In order to define a relaxation of the problem (5.8) which has weak submodularity, the following
metrics are introduced:

hi(S) = min||A(S)x — €[5,
foralli e {1,...,n} and

£(S) = min| | A(S)z = bl I3,

where by = dy — gy and the restrictions on variables d, g and x are removed. The following lemma

establishes the connection between metrics f(.S) and F'(.S), as well as h;(.S) and H;(.S).

Lemma 17. Given any set S C E, we have f(S) = 0if FI(S) =0, and f(S) < F(S)if F(S) > 0,
we have h;(S) = 0if H;(S) =0, and h;(S) < H;(S) if H;(S) > 0, for all i.

Proof. If F(S) = 0, then there exists a power flow Z such that A(S)z = by. Thus, we have
f(8) = min [[A(S)z = boll = [[A(S)z — boll5 = 0.

If F(S) > 0, let  be the optimal solution of F'(S), i.e., & = argmin, ||A(S)z — (do — g0)||3
s.t.0<d<dy0<g<goand A(S)xr = d — g. Then we have

f(8) = min [[A(S)z — bo[l3 < [[A(S)2 — boll5 = F(S).
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Similar proofs for h;(S) and H;(.S) can be established following the same steps. O

By Lemma 17, the function f(5) is a lower bound to the load-generation imbalance F'(.S) by
relaxing the restrictions on generation and load at each bus, while /;(.S) is a lower bound to the
generator non-coherency H;(.S) for each generator i.

Thus, the problem (5.8) has a relaxed formulation, given as follows, that provides a lower

bound on the optimal solution:

ming £f(S)+ >, hi(S)
st.  S=5U---US,, N=N,U---UN,, (5.9
s € N, Ve el,...,r

The following theorem establishes the weak submodularity structure of the objective function
in (5.9).

Theorem 5. Let J(S) = £f(S) + Y1, hi(S). Denote yyy, as the submodularity ratio of J(S).
Then for any set U C E and k > 1, the submodularity ratio vy, is bounded by

YUk Z )\min(Ca k + ‘UD Z >\min<C)7

where C = ATA/(2n); Amin(C) is the smallest eigenvalue of C' and Ay (C, k) is the small-
est k-sparse eigenvalue of C, defined by A\yin(C,k) = ming, sk Amin(C(5)) where C(S) =
A(S)TA(S)/(2n).

Proof. For any vector v, we define a metric
g(5) = min [|A(S)z — v]f3-

Equivalently, g,(S) = min, || (A(S)/v2) y — v|| where each column of the matrix (A(S)/v/2)
has norm 1 and sum of entries 0. The metric g,(S) has been shown to have bounded submodularity
ratio 7, > Amin(C, K + [U]) > Ain(C) [34, 13, 46]. Hence, it suffices to show that J(S) has

submodularity ratio vy, bounded by 77, ., i-€., YUk > Vg
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Let {v;} be a set of vectors where vy = by and v; = ¢’ fori € {1,...,n}. Let {a;} be a set of
weights where ag = { and a; = 1 fori € {1,...,n}. Then J(S) = > aigu,(S).

L T UEUEh - (L)
Tk = sins—o J(LUS)—J(L)

LCU,|S|<k
ST (LU L) — e (D)
L,S:LNS=0 Zz (aigvi(L U S) - algvz<L))

LCU,|S|<k
>  min (mm ZzES (go, (LU {2}) — gvi(L))>

LS =0 i v (LUS) — g, (L
LS Lt (9w ( ) — 9, (L))

= 7{],14:
completing the proof. 0

In what follows, we define a graphic matroid constraint that is sufficient to satisfy the constraint
on S of problem (5.9). Given the graph G(NV, F) and reference generators at buses {s1,...,s,} €
N, we construct a new graph Gy(Ny, Ey) as follows. The vertex set No = N U {0} and the edge
set Bg = EU{(0,s;),i = 1,...,r}. Intuitively, the graph G is obtained by adding a new node 0
to the graph GG and creating new edges to connect all reference generators to node 0.

Let M = (FEy,Zy) denote the graphic matroid defined on the graph Gy, with basis Z being
the collection of all spanning trees of GG,. The following lemma relates the basis Z of M to the

constraint in (5.9).

Lemma 18. Given a graph G(N, E) and a set of reference generators {s1,...,s.} € N, a set of
edges S € E induces a partition of the graph: S = {U,_,Si}, N = {U,_ Ny} and S; N S; =
0, N; N\ N; = 0,Yi # j, where each reference generator satisfies sy, € Ny, Yk, if

SU{(0,s),i=1,....,rteT. (5.10)

Proof. The proof is established by contradiction. If S U {(0,s;),i = 1,...,r} € Z, then the set
of edges S U {(0, s;),Vi} forms a spanning tree of G. The node 0 is the root of the tree and S =
{U;_{Sk} and N = {U}_, Ny} form r branches of the tree. Given any two reference generators

at nodes s; and s;, then they are connected by a path (s;,0), (0, s;) in graph Gy. Suppose that two
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reference generators are in the same branch, i.e., s; € N; and s; € N;. Then S contains edges that
connect s; € N; and s; € N; by a path (s;,v1), (v1,v2), ..., (vg,s;) C S in graph G. Since node
0 ¢ N, we have 0 # vy # -- - # vg. Thus, the path (0, s;), (s;,v1), (v1,v2), ..., (Ug, 55), (55,0) C
S U {(0, s;),Vi} forms a cycle in graph G,, which contradicts with the definition of a spanning

tree. Therefore, by contradiction, we have that s, € Ny, Vk. ]

By Lemma 18, the problem of selecting a set of edges S C E to form disjoint islands where
each island contains a unique reference generator, while minimizing load-generation imbalance

and generator non-coherency can be formulated as

ming J(.5)
s.t. SuU{(0,s;),i=1,...,r} €T.

(5.11)

where J(S) = £f(S) + >, hi(S).

5.3.3 Proposed Islanding Algorithm

In this subsection, we present a greedy algorithm that approximately solves (5.11) with provable
optimality guarantees. The algorithm consists of two stages, namely greedy selection and local
search. Each stage proceeds as follows. In greedy selection, the set S is initialized to be empty and
the groundset (2 is initialized to be the set of edges £. At each iteration, the algorithm selects an
edge e € O\ S that maximizes J(S) — J(S U {e}) and deletes e from 2. The edge e is added to
the set S if it does not generate any cycle in the graph consisting of edges S U {e} U {(0, s;), Vi}.
The greedy selection terminates when the groundset €2 is empty.

In local search, let ¢ > 0 be a constant parameter. The algorithm selects a pair of edges
(v e S,ee E\S) that by swapping them can lower the function J value, i.e., J(S\ {v} U{e}) <
(1 —€)J(S), and the graph consisting of edges S \ {v} U {e} U {(0,s;),Vi} contains no cycle. A
pseudocode description is given as Algorithm 4.

Intuitively, the algorithm first selects a spanning tree from graph G, while minimizing the

function J. Then in local search, the algorithm swaps edges from the tree to converge to a local
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Algorithm 4: Algorithm for selecting a set of edges that partitions the system into internally

stable islands
1: procedure CONTROL_ISLAND(G(N, E), {s;}, bo, L, &)

2: Input: Power system topology G(NN, F), set of reference generators {s;} C N, net load
at each bus by, generator coherency matrix L, trade-off parameter &.

3: Output: Set of edges S € F that form a partition of (G, where each partition contains a
group of coherent generators while minimizing load-generation imbalance.

4: Initialization: Construct metric J = &f + > | h;; Construct new graph G(Ny, Ey) by
adding new node 0 and edges (0, s;), Vi to G; Set Q@ = E, S = ().

5: 1) Greedy Selection:

while Q # () do

e < argmax,co\s (J(S) — J(SU{v}))
if SU{e} U{(0,s;),Vi} contains no cycle then

S+ Su{e}
8: Q<+ Q\ {e}
0: 2) Local Search:
while v € S, Je € E\ S: J(S\ {v} U{e}) < (1 —¢€)J(S) and

S\ {v}U{e} u{(0,s;),Vi} has no cycle do
10:
S <+ S\ {v}U{e}

11: return S

12: end procedure

optimum which further minimizes .J. The following proposition describes the optimality guarantee

of Algorithm 4.

Proposition 3. Let S* denote the optimal solution to (5.11) and let S be the solution returned by
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Algorithm 4. Then, we have
J(S) < (m =1 =70) J(Se-1) + 10/ (57),

where 79 = Amin(C,2|S|) and S;_1 denotes the selected set at the second-to-last iteration of

Algorithm 4.

Proof. The matroid M has rank m and hence |S*| = |S| = m — r. Let ¢; be the ith element
selected by the Algorithm 4 and let S; = {e;,...,¢;} be the set containing the first ¢ elements
picked by the algorithm. Let 7 : S* — S be a bijection as in Lemma 1 so that the elements €] of
S* are sorted to satisfy S\ {e;} U {e} € T for all i.

By the definition of submodularity ratio, we have

Y vese (J(Sim1) = J(Simi U{z}))
T(Si) = J(Si2 U5

where 79 = Amin(C, 2|S|). By the greediness of Algorithm 4 and that S;_, U {e}} € T for all i, we

> Ys,s| = Yo, Vi,

have

J(Sic) = J(S) + D (J(Sic1) = J(Si1 U{2}) = 70 (J(Sica) = J(Si1 U S7)).

z€S*\ef

Since J is monotone decreasing, we have

J(Si_l) — J(SZ) + Z J(Sz—l) Z Yo (J(Sz—l) - J(S*)) )

z€S8*\ef

or equivalently,
[S*[J(Si-1) = J(Si) = 70 (J(Si-1) = J(57)),

and hence

J(5i) < (157 = 70) J(Si1) + 70 (57).
At the last iteration, we have

J(S) < (157 = 70) J(St=1) + 70 (57),

where S;_; denotes the selected set at the second-to-last iteration of Algorithm 4.
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The complexity of Algorithm 4 is described by the following proposition.

Proposition 4. The runtime of Algorithm 4 is bounded above by O(I°n + [?C), where the greedy
selection stage requires a computation of at most O(I°n) and the local search requires O(I*C),

where

_ log J(E) —log J(0)
¢= log(1 —¢) '

Proof. The runtime of Algorithm 4 is determined by the complexity of evaluating the objective
function J(S) and checking the graphical matroid constraint. For greedy selection stage, the al-
gorithm requires O(I?) evaluations of .J(.S), each of which involves solving (n + 1) least-squares
problems with complexity of O(I%), and O(l) checks of the matroid constraints. Checking the ma-
troid constraint is to detect cycle in an undirected graph which requires computation of O([). Thus,
the total complexity for greedy selection is O(I°n).

In local search, let .S; denote the set .S after 7 iterations of the algorithm. By construction,
J(S;) < (1 —€)J(S;_1) and hence J(S;) < (1 — €)*J(Sy). Let k be the number of iterations
before the algorithm terminates. By the monotonicity of .J, we have J(E) = ming J(S) and

J(0) = maxg J(S). Therefore,
J(E) < J(Sy) < (1—e)FJ(Sp) < (1—e)*J(0).

Rearranging terms yields ¥ < C. Each iteration requires at most [ evaluations of the objective

function, implying that the worst-case computation is O(I*C). O
5.4 Reference Generator Selection

In this section, we discuss the slow-coherency based reference generator selection and present a
submodular optimization approach to selecting reference generators.

From the discussion in Section 5.2.1, given the set of r slowest modes o, and its corresponding
eigenbasis matrix U, two generators (states) are coherent with respect to o, if their corresponding
row vectors in U are linearly dependent. Then selecting 7 reference generators is equivalent to find

r rows from U that are most linearly independent.
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Define a matrix U(7") consisting of the selected set 7" of rows from U. A measure of the linear

independence of the row vectors of U(T') is given by the Gramian
Gy(T) = det(U(T)U(T)'),

where U(T")" is the transpose of U(T').

A physical interpretation of the Gramian G, (7') is that the row vectors of U(T") forms a paral-
lelepiped in the case of |S| = 3 and G (T) is the volume of the parallelepiped. For |T| > 3, the
parallelepiped becomes a |T'|—dimensional polytope formed by the row vectors of U (7).

The linear independence of the rows of U(7") reaches maximum when the volume of the paral-
lelepiped/polytope formed by U(T) is largest. Therefore, the reference generator selection can be
formulated as selecting a set 1" of rows from U such that

T t. T =m. 12
TC{on) Gu(T), st [T =m (>.12)

A classic heuristic method to approximately solve (5.12) is by applying complete-pivoting
Gaussian elimination to matrix U [9]. Following the elimination, the generator (state) dominant
in each column is chosen as a reference generator. This heuristic, however, does not have any
guarantee on the optimality of solutions.

In what follows, we present a submodular optimization based approach to reference generator
selection, which provides a provable guarantee on the maximum linear independence achieved. At
each iteration, the algorithm selects a reference generator v € 2\ T that maximizes ¢(7'U {v}) —
¢(T) and adds to the selection 7'. The algorithm terminates when the groundset €2 is empty.

Since U(T)U(T')' is positive semi-definite, its determinant G/(7’) is nonnegative. By the fact
that log(-) is a monotone increasing function, the optimal point of maxy Gy(7') is the same as

maxy log Gy (T). Thus, the problem (5.12) is equivalent to
max logdet(U(T)U(T)"), s.t. |T|=m. (5.13)

Theorem 6. The function ¢(T) = logdet(U(T)U(T)') is submodularin T.
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Algorithm 5: Algorithm for selecting reference generators.

1: procedure REFERENCE,GEN(A, )

2: Input: Matrix A=M1K , number of islands r
3: Output: Set of reference generators 7’
4: Initialization: Calculate the set of r slowest modes o, and basis matrix U; construct the

set function ¢; T' < ()
5: while |T| < r do
forve Q\ T do
by <= (T U {v}) — o(T)
6: v* <~ arg max, 0,
7: T+ TU{v*}
8: return 7'

9: end procedure

Proof. Let ¥ = UU’. Suppose X € R" is multivariate Gaussian with probability density function

plz) = m;r_z‘ e (o - 0> - 0)

with some mean vector u. The (differential) entropy of the random variable X is given by
®(X) = log \/[2r%] = log /(27)[%].
For a subset T of variables, X7, we denote Xy = V(T)V(T')" and we have
B(Xr) = log \/(2m)17 S| = [T|log 2 + - Tog [,

where the term (|7'| log 27) is modular in 7.
Since entropy ®(X7) is submodular in 7, the term log |X7| = log det(V(T)V(T)") = ¢(T) is

submodular. n

By Theorem 6, the reference generator selection (5.13) is a submodular maximization problem

subject to a cardinality constraint. A simple greedy algorithm can approximately solve (5.13) in
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polynomial time O(nr) up to a worst-case optimality bound of (1 — 1/¢e) [5]. We present such an

algorithm, described by Algorithm 5.

5.5 Numerical Study

This section presents the simulation results of our proposed approach to controlled islanding on
IEEE 39-bus system and IEEE 118-bus system, with comparison to the two-step spectral clustering

based islanding method which is the state of the art [16].

5.5.1 System Setup

For both test cases, the initial system data including topology, transmission line impedance, load
and generator configuration are specified by the test system. We obtain an initial operating point
including knowledge of generator voltage magnitudes V; and angles 9;, by solving an optimal
power flow using Matpower [88]. The generator inertia M; for the 39-bus and the 118-bus systems
are given by [29] and [66], respectively. The desired number of islands is set to r = 3.

The performance of an islanding strategy S is evaluated by calculating the resulting load-
generation imbalance and generator non-coherency. The metric / f(S) = dist (by, span(A(S)))
is used for estimating the load-generation imbalance with unit MW and H(L,) = || L — L,||% is
used for generator non-coherency where L, is the generator partition matrix induced by S. The
trade-off parameter £ is chosen from the interval [0,1], in order to scale the load-generation imbal-

ance down to have the same order of magnitude as the generator non-coherency.

5.5.2 Test Case I : IEEE 39-bus Test System

The IEEE 39-bus test system contains 10 generators and 46 transmission lines. The system topol-
ogy is shown in Fig. 5.1. Algorithm 5 identifies generators {G1, G5, G9} as reference generators,
which is consistent with the result of the classic Gaussian elimination based reference generator

selection.
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Figure 5.1: IEEE 39-bus system topology. The circled generators {G1,G5,G9} are reference gen-

erators identified by Algorithm 5. The solid curves represent the cutset selected by our Algorithm
4 with parameter ¢ = 10~". The dotted lines represent the cutset selected by the spectral clustering

method.

As a measure of the order of magnitude difference between the load-generation imbalance and
generator non-coherency, when S = (), the ratio of ;' | h;(S)/f(S) is 2 x 107°. For arbitrary S,
the ratio of >_" | h;(S)/f(S) generally varies within [10~7,107%]. By choosing £ = 1077, Algo-
rithm 4 finds the optimal islanding strategy based on metric .J(S) by tripping lines {1-2, 3-4, 4-5,
10-11, 12-13, 16-17}. The coherent generator groups found are {G1,G2}, { G3,G4,G5,G6,G7},
{G8,G9,G10}.

The two-step spectral clustering method finds generator groups {G1}, {G2,G3,G4,G5,G6,G7},
{G8,G9,G10} in the first step and a min-cut set of edges {1-2, 8-9, 3-4, 3-18, 17-27} in the second

step.
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Table 5.1: Comparison of the weak-submodular islanding (¢ = 10~7) and spectral clustering is-

landing results on the 39-bus system.

Load-generation Generator
Method J(S) _
Imbalance \/ f(S) | Non-coherency H
Weak-Submodular | 0.1696 241.1 MW 1.4237
Spectral Clustering 0.2149 330.3 MW 1.3104

Table 5.2: Comparing results of the weak-submodular islanding with different £ values on the

39-bus system.

Trade-off Imbalance | Non-coherency
Islands' o
Parameter f(S) H
{1,4,5,7,83,9,39}
£E=0 {2,3,17,18,25,26,27,28,29,30,37,38} | 758.3 MW 1.3104

{6,10:16,19:24,31:36}
{2,3.4,5,25,26,27,28,29,30,37,38}
£>107° {1,6,7.8.9,10,11,31,32,39} 28.5 MW 1.5900
{12:24,33,34,35,36}

Fig. 5.1 illustrates the difference between islanding strategies of the proposed weak-submodular
approach and the spectral clustering method on topology. A comparison of performance between
the two islanding strategies is shown in Table 5.1. It is observed that the weak-submodular strat-
egy reduces the load-generation imbalance by 27% compared to the spectral clustering islanding,
although the generator non-coherency is 8.6% higher.

Table 5.2 shows islanding results from Algorithm 4 with different £ values. When choosing

¢ = 0, only generator non-coherency is considered in the problem (5.11) and hence the objec-

1{10:16} represents {10,11,12,13,14,15,16} and so on.
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tive function J(S) = > h;(S). The resulting submodular islanding strategy is able to find
the same coherent generator groups as the spectral clustering method. When & > 107>, we have
J(S) =~ > 1, hi(S). The objective function J(.S) is dominated by the load-generation imbalance,
while the effect of generator non-coherency is negligible. The Algorithm 4 finds a near-balanced

islanding strategy by sacrificing 21.3% on generator non-coherency compared to the spectral clus-

tering method.

For the IEEE 39-bus system, the proposed Algorithm 4 on average returns an islanding solution
in 7 seconds, which consists of 4.5 seconds for greedy selection and 2.5 seconds for local swap (on
a Macbook with 2.4GHz dual-core Intel Core 15 processor and 8GB RAM). The spectral clustering

algorithm costs less computational time but does not provide provable optimality guarantees.

5.5.3 Test Case 2 : IEEE 118-bus Test System

For this test case, the system topology is given by Fig. 5.2. Generators at buses {10, 54, 87} are
selected by Algorithm 5 as reference generators, which is the same as classic reference generator

selection result.

For the IEEE 118-bus system, the computational time of Algorithm 4 on average increases to

9 minutes, which consists of 1 min for greedy selection and 8 min for local swap.

When & = 1075, Algorithm 4 returns a solution that has the same generator non-coherency but
a lower load-generation imbalance compared to the spectral clustering solution, as shown in Table

5.3. A comparison between the two solutions on system topology is shown in Fig. 5.2.

In conclusion, the weak-submodular islanding approach can identify solutions that achieve
lower load-generation imbalance compared to the two-step spectral clustering method, with the
same or slightly higher generator non-coherency. This is due to the trade-off mechanism of the
proposed approach that is able to reduce the load-generation imbalance by changing coherent gen-

erator groups.



102

Table 5.3: Comparison of the weak-submodular islanding (¢ = 10~°) and spectral clustering is-

landing results on the 118-bus system.

Load-generation Generator
Method J(S) _
Imbalance \/ f(S) | Non-coherency H
Weak-Submodular | 0.0524 9.7 MW 1.4515
Spectral Clustering 0.0527 22.1 MW 1.4515

5.6 Conclusion

In this chapter, we studied the problem of selecting a set of transmission lines to trip in order
to partition an unstable power system into internally stable islands. The proposed formulation
captures the generator coherency and load-generation imbalance jointly in one objective function.
The weak submodularity of the formulation was exploited. Based on the weak submodularity, a
greedy islanding algorithm with provable optimality guarantees was proposed, which is currently
not available in the existing literature. In this chapter, we also studied the reference generator se-
lection and proposed a submodular maximization approach. The proposed islanding algorithms
were validated on the IEEE 39-bus and 118-bus power systems, with a comparison to the spectral
clustering-based islanding method. It was observed that the proposed islanding approach can sig-
nificantly reduce the power imbalance compared to the state of the art, with the same or slightly

higher generator non-coherency.



103

% it T
Cutset l_ _ 05 .L[.)_T
=

T el09
v

A | ™|
H{L’i 20 o 02 g0 T 410 112

o} Ras
111

Figure 5.2: IEEE 118-bus system topology. The circled generators at buses {10,54,87} are ref-

[

erence generators identified by Algorithm 5. The solid curves represent the cutset selected by
Algorithm 4 with parameter ¢ = 107, The dotted lines represent the cutset selected by the spec-

tral clustering method.
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