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The human microbiome is an integral component of the human body. High-throughput

sequencing techniques have provided detailed information on abundance and phylogeny of

individual taxa in the human microbiome. A variety of association studies based on micro-

biome data has emerged in recent years, revealing important relationships among microbial

features as well as between the microbiome and host health. Challenges specific to micro-

biome data, such as high-dimensionality and sparsity, call for novel statistical approaches.

Meanwhile, common practical needs in association analyses, such as covariate adjustment

and analysis of clustered data, can be extended to microbiome data. Here we present four

projects on novel statistical methods for association analyses of microbiome data.

In Project 1, we propose a powerful kernel-based approach for microbiome genome-wide

association studies (GWASs), where we evaluate the covariate-adjusted association between

groups of genetic variants at the gene level and the overall microbiome composition at the

community level. In Project 2, we develop a kernel-based multivariate independence test for

clustered data and apply the test to evaluate the association between the overall microbiome

composition and a multivariate trait based on longitudinal data. In Project 3, we propose a

multivariate approach to construct microbial association networks, where we develop a con-

ditional independence test to assess the pairwise association between multivariate microbial

features, such as bacterial genera composed of multiple species. In Project 4, we propose a



novel approach for one-sample Mendelian randomization with a microbial exposure, which

allows us to evaluate the causal effect of individual microbial taxa on a continuous health

outcome with an improved power.
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1

Chapter 1

INTRODUCTION

The human microbiome is the collection of microorganisms (e.g., fungi, bacteria and

viruses) that reside in various sites of the human body. Large-scale microbiome studies have

been launched worldwide to understand the role of the microbiome in human health [1, 2, 3].

In these studies, high-throughput sequencing techniques, such as 16S ribosomal RNA (rRNA)

sequencing and shotgun metagenomic sequencing, are used to generate detailed information

on abundance and phylogeny of individual microbial taxa in the human microbiome. Through

sample collection, microbial sequencing and bioinformatic processing of the sequencing data,

we can typically obtain a taxon abundance table that records the observed count of each

microbial taxon captured from the collected sample for each study participant. Such taxon

abundance data allow us to investigate the relationships among microbial features as well as

between the microbiome and host health.

A variety of association studies based on microbiome data has emerged in recent years.

For example, studying taxon-taxon associations via constructing microbial association net-

works helps elucidate the global structure of the microbial community [4, 5]. Investigating the

relationship between human genetic variation and the microbiome sheds light on the hered-

itary component of the microbiome composition [6, 7]. Associating the microbiome with

various health outcomes has revealed an important role of the microbiome in metabolism,

immune response [8, 9] and different diseases such as obesity [10], inflammatory bowel disease

[11] and type 2 diabetes [12]. Furthermore, recent advances in Mendelian randomization en-

able us to examine the causal effect of microbial features on these health outcomes by using

genetic variants as instrumental variables [13, 14].

While standard statistical tools exist for association analyses in biological and epidemi-
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ological studies, challenges specific to microbiome data analysis call for novel statistical

approaches. First, microbiome data, typically consisting of measurements for hundreds of

microbial taxa, is inherently high-dimensional. Multivariate methods are a promising way

to improve statistical power in microbial association analyses. Second, there are character-

istics specific to microbiome data: phylogenetic relationships are inherently present among

microbial taxa; microbial abundances derived from sequencing data often have sparsity and

overdispersion. These data-specific characteristics can be addressed and incorporated into

statistical methods. Finally, we can also accommodate certain practical needs that are com-

mon in association analyses, such as covariate adjustment and analysis of clustered data.

In this dissertation, we present four projects on novel statistical methods for associ-

ation analyses of microbiome data. The proposed methods will be applied to study the

genetics-microbiome association (Chapter 2), microbiome-metabolome association (Chap-

ter 3), taxon-taxon association (Chapter 4) and causal effects of microbial taxa on health

outcomes (Chapter 5). We now introduce the background on each project in the following

sections.

1.1 Genetic Association Analysis for Microbiome Phenotypes

Studying the association between host genetic variation and the huamn microbiome helps

elucidate the hereditary component of the microbiome and provides clues as to the biolog-

ical mechanisms by which genetics may influence health outcomes [7]. Existing work often

incorporates microbial features as phenotypes in genome-wide association studies (GWASs),

where genetic variants along the genome are tested against the microbial features of interest.

Typical analyses marginally test the association between abundances of individual microbial

taxa and genotypes of individual genetic variants [15, 16, 17, 18]. Such analyses often suffer

from a low statistical power, due to a large multiple-testing burden and failure to accom-

modate inherent structure in microbiome and genetic data, e.g., phylogenetic relationships

among taxa and epistasis among genetic variants.

Since the microbiome functions as a community, we can consider the overall microbiome
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composition as an alternative phenotype, which can be characterized using beta-diversity, the

dissimilarity in overall microbial profiles between individuals. Beta-diversity analysis focuses

on concerted changes in the microbial community rather than changes in individual taxa.

While a few studies have considered beta-diversity as an outcome in microbiome GWAS

[6, 19, 20], no standard approach exists as to the testing strategy.

In Chapter 2, we propose a novel approach for microbiome GWAS, where we assess

the association between groups of variants at the gene level and the overall microbiome

composition, characterized by beta-diversity, at the community level. By capturing innate

structure within the data and reducing the multiple-testing burden, combining community-

level analyses and multi-variant testing has the potential of improving statistical power of

microbiome GWAS. Specifically, using the recently developed kernel RV (KRV) framework

[21, 22], we evaluate the association between microbes and genetics by comparing similarity

in microbial profiles to similarity in genetic profiles across all pairs of individuals via kernel

functions. We further extend the original KRV framework to allow for flexible covariate

adjustment. The proposed covariate-adjusted KRV test is evaluated in simulation studies and

applied to the Hispanic Community Health Study/Study of Latinos (HCHS/SOL) [23, 24] in

a genome-wide association analysis for gut microbime beta-diversity. The content in Chapter

2 has been published in Microbiome [25].

1.2 Multivariate Independence Testing for Clustered Data

As high-dimensional omics data becomes increasingly available, we are often interested in

studying the dependence between two multivariate biological features. In microbiome stud-

ies, for example, we may want to study the association between the overall microbiome

composition, including hundreds of microbial taxa, and multiple host metabolites from a

particular metabolic pathway [26, 27]. Such analyses can help us understand how the hu-

man microbiome contributes to the host metabolic environment. This type of multivariate

analyses makes use of correlations between variables and aggregates weaker associations into

more detectable signals, often resulting in a greater power than univariate analyses.
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Meanwhile, correlated observations arise in many practical situations. For example, lon-

gitudinal data are common in epidemiological studies [28], where variables of interest are

measured on the study subjects repeatedly over time. Such study designs introduce clus-

tered dependence among the observations, where measurements from the same subject tend

to be correlated with each other. We denote these types of data as cluster-correlated or

clustered data. Standard statistical methods designed for independent observations often

become invalid for clustered data and proper accommodation is needed. In this work, we

aim to develop an approach for assessing the dependence between two multivariate variables,

based on clustered data.

Current methods to deal with multivariate clustered data [29, 30] often extend upon

existing tools for longitudinal data, such as generalized estimating equations (GEE) and

random effects models. They generally apply to low-dimensional settings and are subject to

parametric assumptions. Here we base our approach on the Hilbert-Schmidt Independence

Criterion (HSIC) [31], a kernel-based measure for assessing the general dependence between

two multivariate variables, where both variables can be high-dimensional. This measure

makes no assumption on the distributions of the variables or the nature of dependence. By

mapping the two variables into reproducing kernel Hilbert spaces (RKHS’s), the HSIC can be

viewed as a measure of maximized covariance between functions in the two RKHS’s, allowing

it to capture potential nonlinear relationships between the variables.

The original HSIC-based independence test [32] applies to independent and identically

distributed (i.i.d.) observations. Several extensions [33, 34, 35] have been made to accommo-

date non-i.i.d. data, but none of the tests directly applies to clustered data at an observation

level. In Chapter 3, we present a novel HSIC-based independence test for clustered data.

Using the empirical HSIC [32] as our test statistic, we derive its asymptotic distribution

under the null hypothesis of independence between the two variables but in the presence of

clustered correlation among observations. We also establish the consistency of our test under

the alternative hypothesis. We demonstrate the performance of our proposed test in both

simulation studies and a real longitudinal microbiome-metabolite data set, where we assess
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the association between the vaginal microbiome composition and groups of vaginal metabo-

lites from different metabolic pathways. The content in Chapter 3 has been published in

Advances in Neural Information Processing Systems 34 [105].

1.3 Multivariate Approach to Microbial Network Construction

Microbial association networks help elucidate the relationships among microbial taxa, shed

light on the global structure of the microbial community, and provide clues to the mecha-

nisms by which the microbiome affects host health [4, 5, 36]. In a microbial network, the

nodes represent individual microbial taxa, and the edges connecting the nodes represent the

association in abundance between a pair of taxa. Statistical association between a pair of

taxa could indicate functional interactions between the taxa within the microbial community.

A key step in constructing a microbial network is to evaluate the association between

each pair of microbial taxa. To achieve this, one popular way is to assess the conditional

dependence between two taxa given all the other taxa in the community [37, 38]. This

approach tends to capture direct interactions between taxa rather than indirect, spurious

associations [39]. In our work, we also base our proposed approach for microbial network

construction on a measure of conditional dependence.

While a microbial network can be constructed at different taxonomic levels, it is preferred

to construct the network at a higher level (such as family or genus level) in order to reduce

the dimension of microbial features and account for sparsity of microbial data [40, 41]. In

these cases, conditional dependence is typically assessed based on the abundance data aggre-

gated at the desired taxonomic level [38, 42]. However, such an aggregated approach could

potentially cause power loss in edge detection when there are heterogeneous relationships

present among the sub-taxa within the taxa of interest, as this approach implicitly assumes

that the associations between the sub-taxa have the same directions.

In Chapter 4, we propose a multivariate approach to construct microbial association net-

works, which is based on a novel conditional independence test for multivariate variables,

denoted as conditional RV (CRV). Suppose that we are interested in constructing a network
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at the genus level while having species-level data available. Instead of assessing the con-

ditional dependence between genus-level aggregated abundances, we propose to assess the

conditional dependence between pairs of multivariate microbial features, where each feature

represents the abundances of multiple species that belong to a particular genus. The pro-

posed approach is able to preserve and aggregate species-level signals and can be especially

helpful when associations of opposite directions are present among species within the pair of

genera being studied. We evaluate the performance of CRV in simulation studies and apply

CRV to construct vaginal microbial networks in pregnant women based on the Pregnancy,

Infection, and Nutrition (PIN) Study [43].

1.4 Mendelian Randomization with a Microbial Exposure

Microbial association studies have revealed important associations between the human mi-

crobiome and various health outcomes such as type 2 diabetes [12] and inflammatory bowel

disease [11]. However, existing work is largely based on observational studies, where the

presence of unmeasured confounders prevents us from directly establishing causal relation-

ships between microbial features and these outcomes. With the popularity of GWAS studies,

where both the human microbiome and various health outcomes have been used as pheno-

types of interest, Mendelian randomization (MR) emerges as a feasible framework to evaluate

the causal effect of a microbial exposure on an outcome based on observational data, by us-

ing genetic variants as instruments [44]. Similar to the randomization step in a randomized

controlled trial, the random segregation of genetic materials during gamete formation allows

genetic variants to be free of confounding in the exposure-outcome relationship and serve as

potential proxies (i.e., instrumental variables) for the microbial exposure.

Recently, an increasing number of MR studies has focused on the gut microbiome as an

exposure and investigated the causal effect of gut microbial features on health outcomes such

as metabolic traits and complex diseases [45, 13, 14]. These microbial features are typically

the abundances of individual microbial taxa. As we mentioned above, microbial abundances

obtained from microbial sequencing techniques are count data with unique characteristics,
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often with overdispersion and zero-inflation. However, existing MR methods are usually

based on a continuous exposure, without accommodation for the count nature of the micro-

bial data or the potential nonlinear relationships between the microbial abundance and the

genetic instruments. For example, two-stage least squares (2SLS) is a standard method in

one-sample MR analysis [46, 47], where a linear relationship is assumed between the micro-

bial abundance and the genetic instruments. While 2SLS can still provide valid inference

when there is misspecification in the genetics-exposure model, methods that account for

characteristics specific to microbial data have the potential of achieving a better efficiency.

In Chapter 5, we propose a novel approach to conduct MR analysis with a microbial

exposure and a continuous outcome in the one-sample setting. We adapt an existing in-

strumental variable (IV) method from the econometrics literature, two-stage least squares

with generated instruments (2SLS-GI) [46], to incorporate nonlinear models that account

for characteristics of microbial count data and nonlinear relationships between the microbial

abundances and genetic IVs. We demonstrate the power gain of 2SLS-GI in detecting causal

effects compared to existing IV methods via simulation studies and apply 2SLS-GI to the

HCHS/SOL study [23, 24] to identify causal effects of gut microbial taxa on systolic and

diastolic blood pressure.
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Chapter 2

KERNEL-BASED GENETIC ASSOCIATION ANALYSIS FOR
MICROBIOME PHENOTYPES

2.1 Introduction

The human microbiome plays an important role in host health and is involved in fundamental

body functions such as metabolism and immune response [8, 9]. While environmental factors

have a large influence on microbiome composition [48], it is still of interest to study the effect

of human genetic variation on the microbiome: such studies not only help us understand the

hereditary component of the human microbiome, but also provide clues as to the biological

mechanisms by which genetics may influence health outcomes. As a notable example, ele-

vated abundance of Bifidobacterium, a genus of beneficial gut bacteria that utilizes lactose as

an energy source, has been associated with a non-persistence genotype of the human lactase

gene (LCT ), which typically results in lactose intolerance [7, 15, 6]. Such an association

implies a potential mediating role of the gut microbiome in the relationship between host

genetics and metabolic outcomes, where the presence of Bifidobacteria may provide some

level of lactose tolerance to lactase non-persistent individuals [7].

Many studies have sought to identify genetic variants that influence microbial composi-

tion, and most of them incorporate microbiome characteristics as phenotypes in genome-wide

association studies (GWASs). Typical analyses marginally test the association between abun-

dances of individual taxa and genotypes of individual genetic variants [15, 16, 17, 18]. Such

analyses often suffer from a low statistical power, due to a large multiple-testing burden and

failure to accommodate inherent structure in microbiome and genetic data, e.g., phylogenetic

relationships among taxa and epistasis among genetic variants.

As the microbiome functions as a community, an alternative microbiome phenotype is
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beta-diversity, the dissimilarity in overall microbiome profiles between individuals. Beta-

diversity analysis represents a standard mode of analysis in microbiome profiling studies as

it focuses on discovery of concerted shifts in the community rather than individual taxa.

However, few studies have considered beta-diversity as a trait of interest in microbiome

GWAS and there is no standard strategy. Some studies [6, 19] have performed principal

coordinates analysis (PCoA) on the pairwise beta-diversity matrix and evaluated the associ-

ation between the top principal coordinates (PCo’s) and the genotype of each genetic variant.

Such a strategy could suffer from power loss, as the top PCo’s may not fully capture the

variation within the microbiome data. Hua et al. [49] assumed a linear model between the

pairwise beta-diversity and the pairwise genetic distance at each genetic variant and devel-

oped a score test called microbiomeGWAS. Rühlemann et al. [20] adopted a distance-based

multivariate analysis of variance (MANOVA) approach called distance-based F test [50] and

evaluated the difference in beta-diversity among the different genotype groups for each ge-

netic variant. These approaches still test one variant at a time and are subject to a stringent

genome-wide significance threshold. Studies using the above approaches have identified loci

within genes involved in immunity [6, 20], vitamin metabolism [19] and complex diseases

such as type 2 diabetes [51]. In our study, we aim to further improve statistical power with

a novel approach and bring more discoveries from microbiome GWAS.

Here we propose to assess the association between groups of variants at the gene level

and the overall microbiome composition, characterized by beta-diversity, at the community

level. Community-level analyses and multi-variant testing have been shown to be powerful

in microbiome [52, 53] and genetic studies [54], respectively, due to their ability to capture

innate structure and correlation within the data, while reducing the multiple-testing burden.

Using the recently developed kernel RV (KRV) framework [21, 22], we summarize individ-

uals’ microbiome (or genetic) characteristics by a pairwise similarity matrix called “kernel”

matrix, where each entry in the matrix represents similarity in microbiome (or genetic) pro-

files between a pair of individuals. Microbiome similarity can be obtained by transforming

known beta-diversity measures, while genetic similarity can also be characterized in various
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ways, such as the average genotype matching over all genetic variants. The association be-

tween microbes and genetics is then assessed via comparing similarity in microbiome profiles

to similarity in genetic profiles across all pairs of individuals. Intuitively, if the genetics

is associated with the microbiome, we would expect the pairwise microbial profiles to be

similar whenever the pairwise genetic profiles are similar. In particular, the test statistic is

the normalized Frobenius inner product, a measure of correlation, between the two kernel

matrices.

Although the KRV is a potentially powerful approach for microbiome GWAS, the KRV

framework lacks a general strategy to control for covariates such as population structure,

which is imperative for any genetic association analysis. Here we extend the original KRV

framework to allow for flexible covariate adjustment.

We apply the covariate-adjusted KRV to the Hispanic Community Health Study/Study of

Latinos (HCHS/SOL) [23, 24] via a two-stage (first gene-level, then variant-level) genome-

wide association analysis for gut microbiome. This is the first study to investigate the

genetic effect on the overall gut microbiome composition, characterized by beta-diversity,

in Hispanic/Latino populations. We have identified a gene (IL23R) reported in a previous

microbiome genetic association study and discovered other novel genes related to immune

functions. Furthermore, we have identified individual genetic variants and specific microbial

taxa involved in these gene-microbiome associations. In addition, our simulation results

show that the covariate-adjusted KRV maintains valid type I error rates in the presence of

confounding and has a much greater power than other single-trait-based competing methods

across a range of scenarios. Together, our proposed approach demonstrates good statistical

properties and provides a powerful way to study the effect of human genetic variation on

microbiome composition.
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2.2 Methods

2.2.1 Overview of covariate-adjusted KRV

We aim to assess the covariate-adjusted association between genotypes of multiple genetic

variants within a gene and abundances of microbial taxa at the community level, using

the previously developed KRV framework. We now give an overview of the original KRV

framework and extend it to allow for flexible covariate adjustment. The overall procedure

for covariate-adjusted KRV in the context of microbiome GWAS is shown in Figure 2.1.

The KRV framework has been proposed by Zhan et al. [21, 22] to evaluate the general

association between a group of genetic variants, G, and a group of traits, Y . Suppose we have

genotype data of m genetic variants and phenotype data of q traits available for n unrelated

individuals. For the ith subject, let gi = (gi1, · · · , gim)T be the set of genotypes, where

gil ∈ {0, 1, 2} represents the number of minor alleles for the lth variant; let yi = (yi1, · · · , yiq)T

be the set of traits. Example phenotypes in previous studies include expression values of

multiple genes from a particular pathway [21] and levels of multiple amino acids [55]. In the

context of microbiome GWAS, we treat the microbiome as the phenotype. Specifically, gi

represents the genotypes of m genetic variants within a particular gene, and yi represents

the abundances of q microbial taxa that form the microbiota.

Let k(gi, gj) be a kernel function that measures the similarity in genetic profiles between

individuals i and j. Let `(yi,yj) be another kernel function that measures the similarity

in phenotypic profiles between i and j. Specific choices of kernel functions in the context

of microbiome GWAS are discussed in Section 2.2.2. We can then define a kernel matrix

K ∈ Rn×n, where the (i, j)-th entry of K is k(gi, gj). Similarly, we define another kernel

matrix L ∈ Rn×n such that Lij := `(yi,yj). The matrices K and L can be viewed as

pairwise similarity matrices for genotypes and phenotypes, respectively. We further center

the two kernel matrices: let K̃ := HKH and L̃ := HLH , where H = I − 11T/n is a

column-centering matrix. Then the KRV coefficient that evaluates the relationship between
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Figure 2.1: Illustration of covariate-adjusted KRV for microbiome genome-wide association
studies.

the genetic variants and the traits is defined as

KRV(G, Y ) :=
tr(K̃L̃)√

tr(K̃K̃) tr(L̃L̃)
. (2.1)
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Intuitively, the KRV coefficient compares genotypic similarity to phenotypic similarity

across all pairs of individuals. A large KRV coefficient indicates that the pairwise similarity

pattern in genetic profiles well resembles the pairwise similarity pattern in phenotypic pro-

files, which implies that the genetic variants are associated with the traits in a certain way.

To perform hypothesis testing, the permutation distribution of the KRV statistic under the

null hypothesis of no association between genetics and phenotypes can be approximated by a

Pearson Type III distribution [21], allowing us to obtain a p-value and assess the significance

of the association at a given significance level.

The above framework does not take into account any covariates that might be involved in

a typical genetic association study. Now suppose that, for each individual i, we have a set of

covariates xi = (1, xi1, · · · , xip)T ∈ Rp+1; let X ∈ Rn×(p+1) be the sample covariates matrix

such that the i-th row of X is xTi . Assume that X has full rank. We intend to assess the

association between the genetic variants and the phentoypes, after adjusting for the effects of

covariates X. Previous studies, including the original KRV framework, have suggested using

a residual-based approach [54, 56, 21], where we first regress out the covariates from each

raw phenotype and then construct the phenotype kernel matrix using the resulting residuals.

Such an approach is not universally feasible for all microbiome kernels, as certain popular

microbiome kernels (e.g., the Bray-Curtis kernel and the unweighted UniFrac kernel) require

the input to be discrete taxa count data or taxa presence/absence data, which is not satisfied

by the covariate-adjusted residuals. Furthermore, adjustment based on linear regression may

not account for the potentially nonlinear relationships between the genetics/microbiome and

the covariates.

To adjust for covariates in a general way, we propose a novel adjustment approach that

applies to all possible kernel types, regardless of the requirement for input data. Our ap-

proach is based on kernel principal component analysis (kernel PCA) [57], a general and

nonlinear extension of regular PCA, of the kernel matrices. Specifically, we first perform a

kernel PCA on the constructed phenotype kernel matrix and treat the resulting kernel PCs as

surrogate phenotypes, which could capture both linear and nonlinear features of the original
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phenotype data depending on the kernel function used. We then regress out the covariates

from all kernel PCs and reconstruct the phenotype kernel matrix with the adjusted PCs.

By adjusting the covariates on all kernel PCs, we are able to fully account for the variation

within the phenotype data. The same procedure is performed on the genotype kernel matrix.

After algebraic manipulation (see Section A.1), the adjusted KRV coefficient is of the form:

KRVadj(G, Y |X) :=
tr(K∗L∗)√

tr(K∗K∗) tr(L∗L∗)
,

where K∗ := P⊥XKP
⊥
X , L∗ := P⊥XLP

⊥
X , P⊥X := I − PX and PX is the projection matrix

onto the column space of X. We adjust for covariates on both the phenotype kernel and the

genotype kernel, due to the symmetry of the KRV coefficient. Our proposed approach for

covariate adjustment is able to capture both linear and nonlinear relationships between the

genetics/microbiome and the covariates, and thus can be viewed as a general extension of

the previous residual-based approach. When a linear kernel is used, our strategy is exactly

equivalent to the residual-based approach (see Section A.1.1).

The usual hypothesis testing procedure in the KRV framework can be applied to the

adjusted KRV statistic to obtain a p-value. In this case, the null hypothesis is that there is

no association between the genetics and the phenotypes after adjusting for the effects of the

covariates.

2.2.2 Choice of kernels

In the KRV framework, kernel functions are used to summarize pairwise similarities in geno-

type and phenotype profiles among the subjects. In order to improve the statistical power

in hypothesis testing, we would like to choose kernels that better reflect the actual structure

within the genetic and phenotype data as well as the patterns of association [52, 58]. For the

KRV statistic in (2.1) to be well-defined theoretically, the kernel matrices need to be positive

semi-definite. We now review some of the common kernels used for genetic and microbiome

data.
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For genotype data, popular kernel functions include the linear kernel k(gi, gj) = gTi gj

and the identity-by-state (IBS) kernel k(gi, gj) = 1
2m

∑m
l=1(2− |gil − gjl|). The linear kernel

assumes that the genetic variants are associated with the traits in a linear fashion. The IBS

kernel defines pairwise similarity as the pairwise genotype matching averaged over all genetic

variants, and is useful when there are epistatic effects among the variants [54]. Depending

on analysis interests (e.g. rare-variant analysis), it is also possible to incorporate a weight

for each variant in the linear and IBS kernels [54].

For microbiome data at the community level, the kernel matrix can be obtained by

transforming known ecological or phylogenetic dissimilarity measures (i.e., beta-diversity

measures). For example, Bray-Curtis dissimilarity quantifies the dissimilarity between two

microbial communities based on the difference in counts at each taxon between the two

communities. The UniFrac distances are dissimilarity measures based on the phylogenetic

structure of the taxa [59, 60, 61]: the unweighted UniFrac distance is calculated as the

fraction of branch lengths within the phylogenetic tree that are not shared between the

two communities; the weighted UniFrac distance further incorporates taxa abundance in-

formation on the basis of the unweighted distance; the generalized UniFrac distance is a

compromise between weighted and unweighted UniFrac distances.

While the Bray-Curtis dissimilarity and UniFrac distances take scaled or rarefied mi-

crobial counts or presence/absence information as input, microbial dissimilarity can also

be calculated from other types of transformed abundance data. For example, the centered

log-ratio (CLR) transformation [62, 63] and phylogenetic isometric log-ratio (PhILR) trans-

formation [64] have been proposed to address the compositional nature of microbiome data,

where PhILR further incorporates phylogenetic information into the transformed data. As

these log-ratio-based transformations encourage normality, Euclidean distances can then be

calculated based on the CLR-transformed or PhILR-transformed data as measures of dis-

similarity.

Given a pairwise dissimilarity matrix D, the corresponding kernel matrix can be con-
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structed as:

L = −1

2

(
I − 11T

n

)
D2
(
I − 11T

n

)
,

where D2 is the element-wise square of D. To ensure that the kernel matrix L is positive

semi-definite, we further apply a correction procedure as implemented in the MiRKAT R

package [52], where we perform an eigendecomposition of L, convert any negative eigenvalues

to zero and then reconstruct the kernel matrix.

We note that taking Euclidean distances followed by kernel matrix transformation is

equivalent to constructing a linear kernel matrix based on the same data (see Section A.1.2).

Therefore, the kernels derived from Euclidean distances of CLR- and PhILR-transformed

data can be viewed as linear kernels directly applied to these transformed data. We denote

the resulting kernel matrices as CLR-linear and PhILR-linear kernels, respectively.

2.2.3 Description of the HCHS/SOL study

Hispanic Community Health Study/Study of Latinos (HCHS/SOL) is a community-based

prospective cohort study aimed to identify risk factors for health outcomes in Hispanic/Latino

populations in the United States. The study recruited 16,415 Hispanic/Latino adults aged

18 - 74 years, representing diverse ethnic background, at four U.S. field centers (Bronx, NY,

Chicago, IL, Miami, FL, and San Diego, CA), using a two-stage probability sampling design

[23].

12,803 participants consented to genetic studies. Genotyping was performed on an Il-

lumina custom array, SOL HCHS Custom 15041502 B3, which consisted of the Illumina

Omni 2.5M array (HumanOmni2.5-8v1-1) and ∼150,000 custom SNPs [65]. Quality control,

genotype imputation and estimation of pairwise kinship coefficients and PCs of genome-wide

genetic variability were described in detail by Conomos et al. [65]. In addition to the quality

control procedures described in [65], prior to the microbiome GWAS analysis, we also filtered

imputed genetic variants based on an “effective minor allele count”: Neff = 2p̂(1 − p̂)Nv,

where p̂ is the estimated minor allele frequency, N is the sample size and v is the ratio of
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observed variance of imputed dosages to the expected binomial variance [66]. We retained

variants with sufficient minor allele counts and excluded any variants with Neff < 30.

As an ancillary study, the HCHS/SOL Gut Origins of Latino Diabetes (GOLD) study was

further conducted to investigate the role of gut microbiome composition in diabetes and other

health outcomes in Hispanic/Latino individuals [24]. Gut microbiome profiles were available

in 1674 participants, a subset of the HCHS/SOL participants. Based on the collected stool

samples, DNA extraction and 16S rRNA gene sequencing were performed according to the

Earth Microbiome Project (EMP) standard protocols [67]. Subsequent bioinformatic pro-

cessing of the microbiome sequencing data was described in detail by Kaplan et al. [24].

The HCHS/SOL study was approved by the Institutional Review Boards of all partici-

pating institutions, and written informed consent was obtained from all participants.

2.2.4 Microbiome GWAS analysis of HCHS/SOL data

To identify genetic variants associated with the overall gut microbiome composition in His-

panic/Latino individuals, we applied the covariate-adjusted KRV test to the HCHS/SOL

study in a genome-wide association analysis for gut microbiome beta-diversity.

We considered genetic variants (including both single-nucleotide polymorphisms, or SNPs,

and insertion/deletion variants, or indels) within ±10 kb of gene regions along Chromosomes

1-22 and grouped the variants into gene-level variant-sets correspondingly. The microbiome

operational taxonomic units (OTUs) were collapsed at the genus level. We used a lin-

ear kernel for the genetic data and six different kernels for the microbiome data, including

Bray-Curtis, unweighted UniFrac, weighted UniFrac, generalized UniFrac, CLR-linear and

PhILR-linear, as described in Section 2.2.2. Rarefied microbial abundance data were used

to construct Bray-Curtis and UniFrac kernels, while absolute abundance data were used to

construct CLR-linear and PhILR-linear kernels, where a unit pseudo-count was added to

address zero entries before CLR and PhILR transformations. The weightings used in PhILR

transformation were the same as those proposed in [64].

For each gene, we assessed the association between common variants (with minor allele
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frequency, or MAF, ≥ 0.05) within the gene and the community-level microbiome profile,

using both adjusted and unadjusted KRV tests. In the adjusted KRV, we mainly controlled

for the top 5 PCs of genome-wide genetic variability (denoted as the PC-adjusted KRV), as

they were shown to well capture the population structure of the sample based on a previous

genetic study of HCHS/SOL data [65]. Individuals from different populations and ethnic

groups often have systematic differences in their genetic and microbiome profiles [68, 69],

so population structure is an important confounder in our analysis. We also performed

additional analyses that adjusted for other non-confounding covariates including age, gender

and study sites.

To avoid confusion, we emphasize the distinction between (1) kernel PCs derived from

the kernel matrices, as mentioned in Section 2.2.1 and (2) genome-wide genetic PCs. In

the context of our gene-level microbiome GWAS, the kernel PCs of the genotype kernel

matrix capture information of a particular gene that we are interested in testing against the

microbiome. On the other hand, the genome-wide genetic PCs capture genetic information

along the entire genome and are used as covariates to measure population structure. In the

PC-adjusted KRV analysis, the top 5 genome-wide genetic PCs were regressed out from all

kernel PCs of the gene-level genotype kernel matrix and all kernel PCs of the community-level

microbiome kernel matrix.

Our investigation of the genetic effect on the microbiome involved two stages. In the first

stage, we tested the association between the variants in each gene and the microbiome profile

at the community level. In the second stage, for any genes called significant in the first stage,

we marginally assessed the association between each of the individual variants within those

genes and the community-level microbiome profile to look for significant variants, again using

the covariate-adjusted KRV. Bonferroni correction was applied in both stages. Since this was

a nested hypothesis testing approach, the second-stage test only required correction for the

number of variants in the genes that were called significant in the first stage. All analyses

were performed on unrelated individuals (pairwise kinship coefficient ≤ 0.05) where genetic

data, microbiome data and covariates data were available.
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As a comparison to our proposed covariate-adjusted KRV approach, we applied additional

microbiome GWAS approaches to the same sample. First, we consider two methods that still

analyze the association between gene-level genetic variation and community-level microbiome

composition but use univariate approaches. One method was linear regression, where we

performed kernel PCA on both the gene-level genotype kernel matrix and the community-

level microbiome kernel matrix and regressed the top kernel PC of the microbiome kernel on

the top kernel PC of the genotype kernel, while adjusting for covariates. The other method

was SNP-set kernel association test (SKAT) [54], a kernel machine regression framework for

assessing the general association between a univariate trait and multiple genetic variants.

Here we performed kernel PCA on the community-level microbiome kernel matrix and used

the SKAT test to regress the top kernel PC of the microbiome kernel on the genetic variants

within each gene, while adjusting for covariates; a linear kernel was used for genetic data

in the SKAT test. In addition to gene-based community-level competing methods, we also

conducted a traditional variant-based taxon-level microbiome GWAS, where we tested the

association between individual genetic variants along the genome and individual microbial

genera present in ≥ 10% of all participants. A detailed analysis procedure for the taxon-

level analysis is described in Section A.2. In all the competing methods, the top 5 PCs of

genome-wide genetic variability were adjusted as covariates.

2.2.5 Simulation studies

We conducted simulation studies to further evaluate the type I error rate and power of

the covariate-adjusted KRV test. We simulated genotype data and microbial OTU count

data under realistic settings, and introduced population stratification as a confounder that

affected both genetic and microbiome data.

The general simulation setting is as following. We considered a sample size of 1000.

SNP genotype data over a 1 Mb chromosome were simulated for 500 individuals of African

ancestry and 500 individuals of European ancestry. Specifically, we first generated 10,000

haplotypes of African ancestry and another 10,000 haplotypes of European ancestry over a
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1 Mb chromosome according to coalescent theory using the cosi2 program [70]. To form a

sample, we then generated the genotype of each African individual in the sample by randomly

selecting and pairing 2 haplotypes from the 10,000 founding African haplotypes. A similar

procedure was used to generate the genotypes of European individuals.

We used a Dirichlet-multinomial distribution to generate microbial OTU counts for each

individual in the sample, as this distribution well accommodates the over-dispersion of mi-

crobiome count data [52, 71]. To ensure a realistic simulation of OTU counts, we estimated

the parameters of the Dirichlet-multinomial distribution from a real upper-respiratory-tract

microbiome data set [72], which consisted of 856 OTUs. This data set is publicly available

as part of the GUniFrac R package. We assumed 1000 total OTU counts per individual.

Population structure was introduced into the OTU count data in two ways, as described

below.

Both unadjusted and adjusted KRV tests were performed to test the association between

the overall microbiome composition (composed of 856 OTUs) and common SNPs (with

MAF ≥ 0.05) within an 8 kb subregion of the 1 Mb chromosome. This 8 kb subregion can

be considered as a simulated gene region. In the adjusted KRV test, the top PC of genetic

variability (obtained from PCA on SNP data over the entire 1 Mb region) was used as the

covariate, a surrogate for population structure. We considered a linear kernel for genetic data

and six different kernels for microbiome data: Bray-Curtis, unweighted UniFrac, weighted

UniFrac, generalized UniFrac, CLR-linear and PhILR-linear.

To evaluate type I error rates in the presence of confounding, we introduced population

structure into the OTU count data in two scenarios (denoted as Type I Error Scenario 1 and

2). In Type I Error Scenario 1, we increased the abundance of the 10 most common OTUs

by 10% in African individuals and then rarefied the abundance back to 1000 total counts per

individual. In Type I Error Scenario 2, we increased the abundance of 10 rare OTUs (chosen

randomly from the top 40 rarest OTUs) in African individuals by adding a unit count before

rarefying the abundance back to 1000 total counts per individual. These two scenarios were

not meant to reflect the microbiome difference between African and European individuals in



21

reality, but they served as hypothetical situations to introduce confounding effect into the

genetics-microbiome relationship. Here we used the estimated mean proportion parameters

of the Dirichlet-multinomial distribution as a measure of OTU prevalence. 10,000 simulations

were performed for each type I error scenario.

To evaluate the power of the covariate-adjusted KRV, we based our simulation setting

on Type I Error Scenario 1 and further introduced genetic effect on the microbiome in three

different power scenarios, where a single SNP affected the abundance of multiple microbial

OTUs (i.e., a pleiotropy effect). Let gi be the genotype (0, 1 or 2) of individual i at a chosen

common SNP. In Power Scenario 1, for each individual i, we increased the counts of the 11th -

20th most common OTUs by a factor of fi, where fi = 1+c1gi. In Power Scenario 2, utilizing

the available phylogenetic tree for the 856 OTUs [72], we increased the counts of OTUs from

a relatively abundant cluster (representing 10.3% abundance of the total OTU counts) by a

factor of fi for each individual i, where fi = 1+c2gi. In Power Scenario 3, for each individual

i, we increased the counts of 5 rare OTUs (chosen randomly from the top 40 rarest OTUs)

by an addition of ai, where ai = c3gi. We considered two sets of effect sizes: (a) small effect

sizes: c1 = c2 = 0.3, c3 = 0.5 and (b) large effect sizes: c1 = 0.8, c2 = 0.7, c3 = 1. After

introducing these genetic effects on the microbiome, we again rarefied the OTU counts to

1000 total counts per individual. For each power scenario, 1000 simulations were performed.

In the power simulation, we also considered two competing methods that analyze the

association between a group of variants and the overall microbiome composition but rely

on univariate microbiome phenotypes, as described in Section 2.2.4. The first method was

linear regression, where we regressed the top kernel PC of the community-level microbiome

kernel matrix on the top kernel PC of the gene-level genotype kernel matrix, while adjusting

for covariates. The second method was SKAT, where we applied the SKAT test to regress

the top kernel PC of the microbiome kernel on the genetic variants within the pre-specified

gene region, while adjusting for covariates; we used a linear kernel for genetic data in the

SKAT test.
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2.2.6 Computation time

We estimated the computation time of the covariate-adjusted KRV test for different sample

sizes. For each sample size, we simulated 10 data sets and reported the average computation

time. Given constructed genotype and microbiome kernel matrices and 10 covariates, the

average computation times are 0.09, 1.23, 12.58 and 97.57 seconds on a laptop (2.7 GHz CPU

and 16 GB memory) for sample sizes of 200, 500, 1000 and 2000, respectively. The gene-

level analysis of the HCHS/SOL data set (with one genotype kernel, 6 microbiome kernels

and 19223 variant-sets) took approximately 8 hours on a high-performance computing cluster

(each node with 24 cores, 3.00 GHz CPU and 384 GB memory), with computing jobs divided

by chromosome.

2.3 Results

2.3.1 Application of covariate-adjusted KRV to HCHS/SOL

We performed our microbiome GWAS analyses on 1219 unrelated participants from HCHS/SOL

where all relevant data were available. Among these individuals, 47.0% identified their back-

ground as Mexican, 14.8% as Cuban, 12.7% as Puerto Rican, 10.3% as Central American,

7.7% as South American and 7.5% as Dominican. Microbiome count data were obtained

on 408 genera, rarefied to 10,000 total counts per individual to construct Bray-Curtis and

UniFrac kernels. A total of 19223 gene-level variant-sets that contained at least one common

variant were available. Figure 2.2 shows the p-value QQ-plots of the first-stage gene-level

analysis results. For all microbiome kernels, the unadjusted KRV produces highly anti-

conservative p-values (with large genomic inflation factors), while the PC-adjusted KRV has

well-controlled type I error rates (with genomic inflation factors ≤ 1.05), confirming that

population structure is the major confounder in our study. The gene-level Manhattan plots

based on the PC-adjusted KRV are shown in Figure A.1.

Table 2.1 shows the genes identified at a genome-wide significance in the PC-adjusted

first-stage analysis (α = 0.05/19223 = 2.6 × 10−6). We have found two genes, IL23R and
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C1orf141, using the Bray-Curtis kernel and two genes, MTMR12 and ZFR, using the un-

weighted UniFrac kernel. MTMR12 is also identified by the CLR-linear kernel. When the

analysis is performed on a reduced set of individuals (n=1096) where additional covariates

(age, gender and study sites) are available and adjusted, IL23R and C1orf141 are no longer

genome-widely significant (Table S1). Similar non-significant results are observed for IL23R

and C1orf141 when only genome-wide genetic PCs are adjusted in the same subsample.

To investigate the reason for this power loss, we perform PC-adjusted analyses on random

subsamples of the same size from the original 1219 individuals. Around half of the times, at

least two out of the four genes no longer have genome-wide significance, indicating that the

non-significant results in the reduced sample are likely due to sample size loss, rather than

systematic differences between the reduced sample and the original sample. Nevertheless,

the results from the two adjusted analyses are similar in both their observed KRV statistics

(IL23R: 0.017 in the original sample vs. 0.016 in the reduced sample; C1orf141 : 0.018 in

the original sample vs. 0.016 in the reduced sample) and the order of magnitude of their

p-values (10−6 in the original sample vs. 10−5 in the reduced sample). Additional analyses

to assess the robustness of these two signals are reported in Section A.3.

Table 2.1: Significant genes identified from the first-stage (gene-level) analysis of the
HCHS/SOL data, using the PC-adjusted KRV (α = 2.6× 10−6).

Microbiome kernel Significant genes Number of common variants P-value

Bray-Curtis
C1orf141 484 1.1× 10−6

IL23R 284 2.4× 10−6

Unweighted UniFrac
MTMR12 174 6.5× 10−8

ZFR 288 2.5× 10−9

CLR-linear MTMR12 174 1.7× 10−6

The top 5 PCs of genome-wide genetic variability were adjusted.

Among these genes, IL23R is of considerable interest: it encodes one part of the recep-

tor for interleukin-23 (IL-23), a pro-inflammatory cytokine closely involved in autoimmunity
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[73]. The IL23R gene has been associated with inflammatory bowel diseases (IBD) includ-

ing Crohn’s disease and ulcerative colitis [74, 75]. In a previous genetic association study

of microbiome composition [76], the protective variant of the IL23R gene (rs11209026) was

associated with a higher microbiome diversity and richness and a higher abundance of benefi-

cial gut bacteria in the ileum of healthy individuals, suggesting the influence of host genetics

on the microbiome prior to onset of IBD. In addition, a mouse-based experimental study [77]

showed that mice deficient in intestinal IL23R expression had altered gut microbiota and

were susceptible to colonic inflammation, where increased disturbance of gut microbiota ex-

acerbated the disease activity. Coupled with these results, our finding further supports that

the gut microbiome may mediate the host genetic effect on the development of inflamma-

tory diseases like IBD. In its normal function, the IL23R gene likely helps shape the overall

gut microbiota towards a healthy composition, which may in turn support normal immune

activities and prevent gut inflammation.

The other genes are also interesting to further explore. The C1orf141 gene, with un-

characterized protein function, has overlapping regions with IL23R. Variants in the IL23R-

C1orf141 region have been associated with susceptibility to Vogt-Koyanagi-Harada disease,

a multi-system autoimmune disorder that affects pigmented tissues, in Chinese and Japanese

populations [78, 79]. The ZFR gene encodes the highly conserved zinc finger RNA-binding

protein, which is shown to prevent excessive type I interferon activation by regulating al-

ternative pre-mRNA splicing [80]. Prevention of excessive type I interferon activation is

important for the regulation of immune responses. The MTMR12 gene encodes an adapter

protein for myotubularin-related phosphatases and is likely involved in skeletal muscle func-

tions [81]. Overall, most of the significant genes have a role in immunity, indicating an

interaction between the host genetics and the gut microbiome in facilitating immune re-

sponses or developing autoimmune disorders.

As MTMR12 is more significant with the unweighted UniFrac kernel than with the CLR-

linear kernel, we focus on unweighted UniFrac for our subsequent analysis of MTMR12.

Figure 2.3 shows the Manhattan plots and linkage disequilibrium (LD) heatmaps from the
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second-stage variant-level analysis of the HCHS/SOL data, using the PC-adjusted KRV.

The IL23R and C1orf141 genes were combined into a single IL23R-C1orf141 region due to

overlapping variants. Based on the analysis using the Bray-Curtis kernel, there are 72 signif-

icant variants (out of 557 common variants) in the IL23R-C1orf141 region (α = 0.05/557 =

8.98 × 10−5). Based on the analysis using the unweighted UniFrac kernel, there are 114

significant variants (out of 288 common variants) in ZFR and 125 significant variants (out

of 174 common variants) in MTMR12 (α = 0.05/(288 + 174) = 1.08 × 10−4). In addition,

the Manhattan plot for MTMR12 based on the CLR-linear kernel shows similar association

patterns to the result based on unweighted UniFrac (Figure A.2). From the LD heatmaps,

in each gene, the significant variants share a high level of linkage disequilibrium with one

another. Future fine mapping of causal variants that affect the microbiome composition will

be needed.

To confirm the validity of the covariate-adjusted KRV approach, we conduct kernel PCA

on the Bray-Curtis and unweighted UniFrac kernel matrices, and check whether individuals’

microbiome profiles, captured by the top two kernel PCs, differ by genotypes of the top (most

significant) variant from each identified gene. This is similar to a PCoA analysis. Figure 2.4

shows that, for each top variant, the 95% confidence ellipses for different genotypes are well

separated from one another, corroborating the findings by the adjusted KRV. Similar results

are found for the CLR-linear kernel with respect to the top variant from MTMR12 (Figure

A.2).

2.3.2 Specific taxa involved in microbiome GWAS associations

To further understand how the discovered genes drive differences in gut microbiome compo-

sition, we conduct an exploratory analysis to identify specific microbial taxa involved in the

microbiome GWAS associations. Our strategy is to perform dimension reduction on both

genetic and microbiome data and use correlation analyses to complement and help interpret

our community-level analysis results.

The general analysis procedure is summarized in Figure A.3. As each gene-microbiome
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association signal appears to be driven by a single locus (as shown in the LD heatmaps

from Figure 2.3), we focus on the top variant from each identified gene for our analysis.

On the other hand, we also use the leading 10 kernel PCs from each microbiome kernel

to capture the major variation from the overall microbiome composition. For each gene-

microbiome association, the specific variant and microbiome kernel used in the analysis are

consistent with the association results in Table 2.1. In Step 1, among the top 10 microbiome

kernel PCs, we identify kernel PCs that are significantly correlated with the top variant after

adjusting for population structure (with false discovery rate (FDR) corrected p-value < 0.05

from linear regression): these kernel PCs represent the microbial community profiles that

mainly drive the gene-microbiome associations. In Step 2, we inspect genus-level microbial

abundance data and identify taxa that contribute the most to the significant kernel PCs

from Step 1 (with absolute correlation between taxon abundance and kernel PC ≥ 0.5):

these taxa dominate the microbial profiles captured by the kernel PCs and in turn drive the

gene-microbiome associations.

The microbial taxa identified for each gene-microbiome association signal are listed in

Table A.3. Due to roles in immunity, we focus on findings related to IL23R and ZFR

for a detailed discussion. We first discuss the taxa involved in the association between

IL23R and the Bray-Curtis kernel. Allele A (vs. Allele G) of the top variant, rs10789226,

from IL23R is positively associated with the abundance of Bacteroides and Blautia, while

being negatively associated with the abundance of Prevotella. Bacteroides and Prevotella

are the most abundant genera in this study (representing 23.7% and 25.0% abundances

of all microbial taxa) and dominate the first PC of the Bray-Curtis kernel. These two

genera have been studied extensively as metrics for dietary patterns [82, 83]. Interestingly, a

higher Prevotella-to-Bacteroides ratio is associated with greater obesity in Hispanic/Latino

populations based on a previous study using HCHS/SOL data [24]. In terms of relation

to immunity disorders, a meta-analysis [84] suggests that patients with IBD are associated

with a lower abundance of Bacteroides compared to healthy individuals, although mixed

roles of Bacteroides have been reported in other studies [85]. On the other hand, while
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Prevotella species are classically considered as commensal bacteria, increased abundance

of certain Prevotella strains has been associated with mucosal inflammation and linked to

chronic inflammatory diseases [86]. Based on these findings, it appears that Allele A of

rs10789226 might be associated with an overall healthier gut microbiome composition in

Hispanic/Latino populations.

We next look at the taxa involved in the association between ZFR and the unweighted

UniFrac kernel. Allele T (vs. Allele A) of the top variant, rs2113093, from ZFR is positively

associated with the abundance of two unidentified genera from Clostridiales and Ruminococ-

caceae. As Ruminococcaceae is an order that belongs to the Clostridiales family, this result

is consistent with the strength of the unweighted UniFrac kernel in utilizing phylogenetic

information. Ruminococcaceae helps maintain the gut health by producing short-chain fatty

acids (SCFAs) [87], and a decreased abundance of Ruminococcaceae has been associated with

IBD disorders [88] and inflammation in hepatic encephalopathy [89]. On the other hand, sev-

eral commensal Clostridiales strains have been shown to mediate effective immune response

against colorectal cancer in mouse models [90]. These findings support the potential roles

of Clostridiales and Ruminococcaceae bacteria in mediating the effect of ZFR in regulating

innate immune response, and Allele T of rs2113093 is likely associated with a more favorable

gut microbiome composition.

Overall, the above findings offer us a better understanding of the identified community-

level associations. Nevertheless, due to heterogeneity in functions of individual bacterial

species and strains, a higher study resolution will be required to further elucidate the mech-

anisms underlying the association between the identified genes and the gut microbiome.

2.3.3 Comparison to competing methods and previous studies

As a comparison to our proposed covariate-adjusted KRV approach, we applied additional

competing methods of microbiome GWAS to the same set of HCHS/SOL data (n = 1219).

We first performed two gene-based community-level analyses that rely on univariate mi-

crobiome phenotypes (i.e., only using the top kernel PC of the microbiome kernel matrix),
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denoted as linear regression and SKAT. Neither of the methods has identified any genome-

widely significant signals (Manhattan plots in Figure A.4 and Figure A.5). Therefore, com-

pared to univariate methods that identify the same type of genetic features (i.e., genes

associated with the overall microbiome composition), our proposed KRV framework has a

superior power in detecting associations.

We also performed a traditional variant-based taxon-level analysis to identify individual

genetic variants associated with individual microbial genera. 89 relatively common genera

(present in ≥ 10% of all individuals) were tested in the analysis.

At a study-wide significance level (α = 5 × 10−8/89 = 5.6 × 10−10), we have identified

two associations that involve two genetic loci. The first association signal is between a block

of ∼1 Mb region located at Chromosome 2 q21.3-q22.1, including 58 significant variants,

and the abundance of Bifidobacterium. This locus involves the LCT gene and 8 other genes,

exhibiting high-level LD among the significant variants. The top variant from this locus is

rs4988235 (p-value = 4.2 × 10−17), a functional variant associated with lactase persistence

[91]. This signal was also reported by Kurilshikov et al. [15], who analyzed a sample of 18,340

individuals which consisted of 24 multi-ancestry cohorts including the HCHS/SOL GOLD

cohort. In our gene-level analysis using the PC-adjusted KRV, the LCT gene is nominally

significant based on the unweighted UniFrac kernel (p-value = 0.013), the CLR-linear kernel

(p-value = 0.027) and the PhILR-linear kernel (p-value = 0.015), but not significant at the

genome-wide level.

The second association signal is between a locus at Chromosome 18 q11.2, including 2

significant variants, and the presence/absence of Christensenella (top variant: rs1607482; p-

value = 2.2× 10−10). This locus is intergenic, located between two RNA genes, LINC01908

and LOC105372038. As our proposed analysis approach focused on gene regions only, these

variants were not covered in our community-level analysis.

We next investigate the replication of signals found by previous gut microbiome GWAS

studies in our analysis. We have examined the significance of 63 previously reported genes

that harbor variants associated with gut microbiome beta-diversity [19, 20, 51, 92, 93]. 59
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out of 63 genes include at least one common variant in the HCHS/SOL data. Five genes are

replicated with nominal significance (p-value < 0.05) based on various microbiome kernels:

BANK1 (unweighted UniFrac, weighted UniFrac), MAST3 (weighted UniFrac, generalized

UniFrac), POMC (CLR-linear), C1orf21 (CLR-linear) and AHSA2 (PhILR-linear). Among

these genes, POMC produces peptides involved in anti-inflammatory actions [94], BANK1 is

associated with systemic lupus erythematosus [95], and MAST3 and AHSA2 are associated

with IBD [96, 97], corroborating the role of immunity-related genes in shaping gut microbiota.

However, none of the genes are significant at the genome-wide level.

2.3.4 Simulation results

We have conducted simulation studies to further evaluate the performance of our proposed

covariate-adjusted KRV test in terms of type I error rate and power. Table 2.2 shows

the empirical type I error rates of both unadjusted and adjusted KRV tests at different

significance levels under Type I Error Scenario 1. The unadjusted KRV has inflated type I

error rates for all microbiome kernels except unweighted UniFrac. In contrast, the adjusted

KRV maintains valid type I error rates for all microbiome kernels. Note that for Type I

Error Scenario 1, population structure affected the abundance of common OTUs, which was

unlikely to change these OTUs’ presence. Since the unweighted UniFrac kernel only captures

presence/absence, but not abundance information of a taxon, the population stratification

of microbiome profiles is not reflected in the unweighted UniFrac kernel. This absence of

confounding effect leads to a valid type I error rate for the unweighted UniFrac kernel even

when the unadjusted KRV is used.

Under Type I Error Scenario 2 (Table A.2), where population structure affected the

abundance of rare OTUs, the unadjusted KRV has highly inflated type I error rates for all

microbiome kernels. Again, the adjusted KRV is able to maintain valid type I error rates for

all microbiome kernels.

Figure 2.5 shows the empirical power of the covariate-adjusted KRV test and competing

methods under small effect sizes, at the nominal level α = 0.05. In general, for each power
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Table 2.2: Empirical type I error rate of unadjusted and covariate-adjusted KRV at nominal
level α under Type I Error Scenario 1.

Method Microbiome kernel
α

0.05 0.01 0.001

Unadjusted KRV

Bray-Curtis 0.2403 0.0936 0.0255
Unweighted UniFrac 0.0484 0.0094 0.0011
Weighted UniFrac 0.1371 0.0371 0.0057

Generalized UniFrac 0.1412 0.0416 0.0063
CLR-linear 0.0811 0.0178 0.0016

PhILR-linear 0.1389 0.0434 0.0076

Adjusted KRV

Bray-Curtis 0.0473 0.0114 0.0012
Unweighted UniFrac 0.0523 0.0115 0.0009
Weighted UniFrac 0.0507 0.0095 0.0012

Generalized UniFrac 0.0499 0.0097 0.0011
CLR-linear 0.0450 0.0091 0.0011

PhILR-linear 0.0482 0.0093 0.0015

Linear kernel was used for genetic data.

scenario, the adjusted KRV has a much higher power than linear regression and SKAT, re-

gardless of the microbiome kernel being used (with the exception of unweighted UniFrac in

Power Scenario 1 and 2). Next we focus on the adjusted KRV and compare across micro-

biome kernels: in Power Scenario 1, the Bray-Curtis kernel has the highest power; in Power

Scenario 2, the weighted UniFrac kernel has the highest power; in Power Scenario 3, the un-

weighted UniFrac kernel has the highest power. These results are consistent with the ways

these microbiome similarity measures are constructed and can serve as clues as to which

microbial features are affected when we use these kernels to detect associations in practice.

The Bray-Curtis kernel is efficient in detecting abundance changes in common OTUs. The

weighted UniFrac kernel has more power to detect abundance changes in common phyloge-

netic clusters, and the unweighted UniFrac kernel is more efficient in detecting changes in

rare lineages. Again, due to the nature of unweighted UniFrac, all three methods based on

this kernel have little power in Power Scenario 1 and 2, where the SNP effect on common
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OTUs or common phylogenetic clusters is unlikely to change their presence.

Under large effect sizes (Figure A.6), while the covariate-adjusted KRV displays a clear

improvement in power, the overall patterns are similar to those under small effect sizes and

again highlight the power gain of our proposed approach over univariate phenotype-based

competing methods.

2.4 Discussion

Given the importance of the microbiome in human health, there is an emerging interest

in studying the relationship between host genetic variation and human microbiome. Our

methodological contribution in this work is twofold. First, we have proposed a novel micro-

biome GWAS approach to evaluate the association between gene-level genetic variation and

community-level microbiome composition. Second, we have proposed a novel multivariate

statistic, the covariate-adjusted KRV, to implement this approach with flexible covariate

adjustment. By reducing the multiple-testing burden and aggregating small effect sizes be-

tween the genetics and the microbiome, our proposed approach improves statistical power

and thus requires fewer samples to detect associations compared to the traditional marginal

testing approach.

Simulation studies show that the covariate-adjusted KRV maintains valid type I error

rates in the presence of confounders and has a much higher power compared to other micro-

biome GWAS methods that rely on univariate microbiome phenotypes. In a genome-wide

analysis of the HCHS/SOL data, we have identified four genes associated with gut micro-

biome beta-diversity. We have also identified individual variants within these genes and

specific microbial taxa involved in the associations, which will be useful for future investiga-

tion of the mechanisms underlying the genetics-microbiome relationships.

Most of the identified genes based on the HCHS/SOL data have been previously impli-

cated in immune functions or immunity-related disorders. This is consistent with the works

by Blekhman et al. [6] and Rühlemann et al. [20], where loci in immunity-related genes and

pathways have been shown to correlate with gut microbiome composition. The IL23R gene is
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especially interesting for future study, due to its recognition in previous microbiome genetic

association studies [76] and its role in IBD, a chronic inflammatory disease that involves

both genetic and microbial factors. Many genetic markers associated with IBD are involved

in the interactions between the immune system and the microbiome [98, 99]. Furthermore,

IBD is characterized by shift in the gut microbiome composition [100, 101], and specific mi-

crobes have also been shown to predict response to therapy [102] and postoperative disease

recurrence [103] in patients with IBD. Therefore, our finding supports previous work and

could contribute to future investigation of the disease etiology. Finally, as HCHS/SOL is one

of the most comprehensive studies of Hispanic/Latino populations in the U.S., the results

from our analysis will help inform important genetic risk factors for gut-microbiome-related

health outcomes in Hispanic/Latino individuals.

Although the covariate-adjusted KRV has valid type I error rates regardless of the kernels

used, selecting appropriate kernels that reflect the actual patterns of association is important

for maintaining a good statistical power. Different kernels measure different aspects of the

structure within the data and assume different association patterns. For example, as we see

from previous studies [52] and our simulations results, the Bray-Curtis kernel is more powerful

in detecting associations where genetic variation affects common microbial taxa, whereas the

unweighted UniFrac kernel is more powerful when genetics affects rarer phylogenetic clusters.

In the analysis of the HCHS/SOL data, using different microbiome kernels, we discovered

distinct significant genes. This is likely because these genes affect different aspects of the

microbiome composition. For example, variants in the IL23R-C1orf141 region, identified

using Bray-Curtis, mainly associate with abundances of Bacteroides and Prevotella (Table

A.3), which are the most abundant genera in this data set. Variants in ZFR and MTMR12,

identified using unweighted UniFrac, associate with genera from less abundant microbial

lineages such as Clostridiales and Ruminococcaceae (Table A.3). Often, we do not have prior

knowledge on the ways genetics is associated with the microbiome. A possible extension

would be to use an omnibus test that accommodates multiple possible kernels. For example,

as proposed by Zhan et al. [22], we could construct an omnibus kernel matrix via a weighted
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sum of multiple candidate kernel matrices. Another approach would be to combine p-values

obtained using different candidate kernels into a single p-value, such as the Cauchy p-value

combination method [104].

While we mainly adjusted for population structure, a major confounder in the genetics-

microbiome relationship, in our analysis of the HCHS/SOL data, adjusting for additional

covariates (age, gender and study sites) in a reduced sample revealed similar results. How-

ever, the signal from the IL23R-C1orf141 region based on the Bray-Curtis kernel no longer

has genome-wide significance in the latter analysis, which is a limitation of our study. Further

analyses (Section A.3) suggest that this loss of power is likely due to sample size loss, rather

than additional confounding or systematic differences from sub-sampling. Previous studies

have reported that Bray-Curtis dissimilarity is less stable to sub-setting and aggregation of

data than other types of dissimilarity/distance measures [63], which might also contribute

to this reduced significance.

We have compared our gene-based community-level analysis to a traditional variant-

based taxon-level microbiome GWAS conducted on the same data. While we identified an

association between the LCT locus and Bifidobacterium abundance at a study-wide sig-

nificance in the taxon-level analysis, the LCT gene was not genome-widely significant in

the community-level analysis. Bifidobacterium was a relatively common genus (representing

1.04% abundance of all microbial genera) in the HCHS/SOL data. However, when we ana-

lyzed the microbiome as a whole and used microbiome kernels that are efficient in detecting

abundance changes in common taxa, such as Bray-Curtis and weighted UniFrac, abundance

differences in Bifidobacterium were likely overshadowed by those in the most abundant genera

such as Bacteroides and Prevotella. This discrepancy in results reflects the inherent differ-

ence between taxon-level and community-level analyses. On the other hand, none of the

genes identified in our community-level analysis was replicated in the taxon-level analysis,

highlighting the value of our proposed approach in discovering gene-microbiome associations

that involve concerted shifts in the microbial community. Nevertheless, our proposed KRV

framework is not meant to replace the existing taxon-level microbiome GWAS approaches,
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as the two modes of analysis focus on distinct types of genetic features. If one is interested in

identifying both loci associated with individual taxa and loci associated with the overall mi-

crobiome composition, our proposed framework can be applied in conjunction with existing

taxon-level GWAS approaches to provide comprehensive results.

We have also investigated the replication of signals from previous gut microbiome GWAS

studies. Five previously reported beta-diversity-associated genes [19] have been replicated

in our analyses at a nominal significance, but none of the previous signals [19, 20, 51, 92,

93] reaches genome-wide significance. There are several possible reasons. First, compared

to environmental effect, most host genetic influences on gut microbiome composition have

relatively small effect sizes [48]. The sample sizes of current microbiome GWAS studies,

including our study, are still too small to achieve enough statistical power. Second, there

is considerable variation across studies in the collection and processing of microbiome data,

leading to difficulties in reproducibility. Lastly, certain genetics-microbiome associations

might be specific to ancestry or populations. In addition, since we focused on genetic loci

within or close to gene regions, we were unable to evaluate the significance of previously

identified loci that fell in intergenic regions.

While we have focused on the application of our proposed approach to microbiome GWAS

in this work, the covariate-adjusted KRV can also be applied to investigate the relationships

among other types of multivariate omics data. For example, we can investigate microbiome-

metabolome relationships by examining the association between microbiome composition

and groups of host metabolites that belong to distinct metabolic pathways. Such an analysis

was described in one of our previous works [105], where we used a similar multivariate

testing strategy to identify metabolic pathways associated with the vaginal microbiome.

The advantages of reduced multiple testing burden and better captured data structure in

our proposed approach can be readily carried over to other types of omics data.

In conclusion, we have proposed a promising approach, the covariate-adjusted KRV

framework, to study the covariate-adjusted association between host genetic variation and

community-level microbiome composition, which demonstrates good performances in both
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simulations and real data analysis. The genes and loci identified using our approach will help

elucidate the complex interactions among host genetics, gut microbiome and host immune

systems. With the increasing collection of various omics data and high-dimensional traits,

we expect the covariate-adjusted KRV to bring more discoveries by taking advantage of the

innate structure within the omics and phenotypic data.
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Figure 2.2: P-value QQ-plots from the first-stage gene-level analysis of the HCHS/SOL data.
Each panel corresponds to a QQ-plot based on a distinct microbiome kernel. In the adjusted
KRV, the top 5 PCs of genome-wide genetic variability were adjusted. λGC,0.1 represents the
genomic inflation factor evaluated at the upper 10th percentile.
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Figure 2.3: Manhattan plots and linkage disequilibrium (LD; R2) heatmaps from the second-
stage variant-level analysis of the HCHS/SOL data, using the PC-adjusted KRV. Each panel
corresponds to a distinct gene or gene region. The Bray-Curtis kernel was used for analysis of
variants in the IL23R-C1orf141 region; the unweighted UniFrac kernel was used for analysis
of variants in ZFR and MTMR12. The top 5 PCs of genome-wide genetic variability were
adjusted. The red lines represent variant-level significance after Bonferroni correction (α =
8.98× 10−5 for variants in the IL23R-C1orf141 region, and 1.08× 10−4 for variants in ZFR
and MTMR12 ). A large R2 value indicates high LD.
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Figure 2.4: PC2 vs. PC1 from kernel PCA on the microbiome kernel, colored by genotype
of top variants from the significant genes in the HCHS/SOL study. For each variant, a
95% confidence ellipse (shown as a filled ellipse with black borders) was constructed for
individuals from each genotype. The Bray-Curtis kernel was used for the top variant in the
IL23R-C1orf141 region; the unweighted UniFrac kernel was used for the top variants in ZFR
and MTMR12. The percent of variance captured by each kernel PC was provided in the axis
labels. Panels B, D, F show enlarged versions of the confidence ellipses from panels A, C,
E.
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Figure 2.5: Empirical power of covariate-adjusted KRV and competing methods at nominal
level α = 0.05 for different microbiome kernels under small effect sizes. Panel A: A single
SNP affects the abundance of common OTUs. Panel B: A single SNP affects the abundance
of OTUs from a common phylogenetic cluster. Panel C: A single SNP affects the abundance
of rare OTUs. In each scenario, linear kernel was used for genetic data.
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Chapter 3

A KERNEL-BASED TEST OF INDEPENDENCE FOR
CLUSTER-CORRELATED DATA

3.1 Introduction

We are often interested in studying the dependence between two multivariate variables. For

example, in genetic studies, we may want to assess the association between multiple genetic

variants within a gene and a group of traits that likely share a common genetic mechanism

[56, 21]. In microbiome studies, we may wish to investigate the association between the

overall composition of human microbiota, including hundreds of microbial taxa, and multiple

host metabolites from a particular metabolic pathway [26, 27]. Such multivariate analyses

aggregate information across variables and are often more powerful than univariate analyses.

Meanwhile, correlated observations arise in many practical situations. Family-based designs

are common in genetic studies [106], where multiple family members are recruited together

into the study. Longitudinal data are common in epidemiological studies [28], where variables

of interest are measured on the subjects repeatedly over time. Such study designs introduce

clustered dependence among the observations and require proper accommodation. In this

work, we aim to develop an approach for assessing the dependence between two multivariate

variables, based on cluster-correlated data.

A variety of parametric and semi-parametric methods has been proposed to study the

association between one or multiple exposure variables and a multivariate longitudinal (or

other cluster-correlated) outcome. These methods often extend upon existing tools for uni-

variate longitudinal data. For example, many studies stack the multivariate outcome into

a single response vector and then apply the usual methods that account for clustered data,

such as generalized estimating equations (GEE) [107, 29] and random effects models [108, 30].
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Such approaches generally apply to a low-dimensional setting [109] and are subject to limi-

tations typical of parametric and semi-parametric methods. Random-effect-based methods

require assumptions on the distribution of the multivariate outcome. GEE-based methods

rely on good estimation of the correlation structure within clusters as well as across different

outcome variables to achieve a high efficiency. Finally, both approaches assume parametric

(often linear) relationships between the exposure and the outcome. Therefore, they can only

evaluate a limited number of dependence patterns, and are not sufficient as independence

tests.

Here we base our approach on the Hilbert-Schmidt Independence Criterion (HSIC), a

non-parametric kernel-based measure for assessing the generalized dependence between two

multivariate, and potentially high-dimensional, variables [31]. By mapping the two variables

into reproducing kernel Hilbert spaces (RKHS’s), the population HSIC can be viewed as a

measure of maximized covariance between functions in the two RKHS’s. When the RKHS’s

being used are characteristic [110], the population HSIC is zero if and only if the two variables

are independent. This measure makes no assumption on the distributions of the variables or

the nature of the dependence.

The original HSIC-based independence test [32] applies to independent and identically

distributed (i.i.d.) observations. Several extensions have been made to accommodate non-

i.i.d. data, but none of the tests, to our knowledge, directly applies to clustered data at

an observation level. Zhang et al. (2008) [33] extended the HSIC to certain sequence data,

such as XOR sequence and Gaussian process, by specifying the correlation structure of the

data as a graphical model and deriving the test statistic based on the maximal cliques.

Chwialkowski et al. [34] and Wang et al. [111] developed HSIC-based tests to evaluate the

dependence between two time series or random processes in general. Flaxman et al. [35]

considered spatial and temporal data; they proposed to first use Gaussian process regression

to remove dependence on space and time from the raw variables, and then perform the HSIC

test on the resulting de-correlated residuals. However, their approach generally applies to

independence testing between two univariate variables. A study with an aim closest to ours
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is by Rudra et al. [112]: They analyzed the association between multiple genetic variants and

a multivariate longitudinal outcome. Rudra et al. concatenated the outcome measurements

from different time points at the subject level, and then applied the HSIC test to the subject-

level data. Although this is a straightforward approach to deal with clustered correlation,

there could be a loss of statistical power by analyzing data at the subject/cluster level rather

than observation level.

In this work, we present the first HSIC-based independence test for cluster-correlated

data. Using the empirical HSIC [32] as our test statistic, we derive its asymptotic distribution

under the null hypothesis of independence between the two variables but in the presence of

clustered correlation among observations. We also examine the behavior of the test statistic

under the alternative hypothesis and establish the consistency of our test. Furthermore, we

provide a way to approximate the asymptotic null distribution of the test statistic and allow

for statistical testing in practice. In simulation studies, our proposed test controls type I

error rates well and has a much higher statistical power than competing methods across

a range of scenarios. In an application to a longitudinal microbiome-metabolite data set,

compared to other approaches, our proposed test identifies a larger number of metabolic

pathways significantly associated with the overall microbiome composition, highlighting the

value of our test in scientific studies.

The remaining sections are organized as following. In Section 3.2, we provide our back-

ground assumption on clustered data and an overview of the HSIC statistic. In Section 3.3,

we study the asymptotic behavior of the HSIC statistic under null and alternative hypothe-

ses, and construct a statistical test of independence for cluster-correlated data. In Section

3.4 and 3.5, we demonstrate the performance of our proposed test on both simulated and

real data. In Section 3.6, we summarize our work, discuss the limitations of our proposed

test and provide a conclusion.
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3.2 Background

In this section, we introduce our assumption on cluster-correlated data and give an overview

of the HSIC statistic.

3.2.1 General setting

Let PXY be a probability measure defined on a sample space X ×Y , where both X and Y can

be multi-dimensional. Let PX and PY be the marginal distributions on X and Y , respectively.

The variables X and Y are statistically independent if PXY = PXPY (equivalently, we can

write X ⊥⊥ Y ).

We consider a sample of clustered data {(Xj, Yj)}nj=1 drawn from PXY , where the pattern

of clustered correlation is balanced and complete:

Assumption 3.2.1. The observations (X1, Y1), · · · , (Xn, Yn) are identically distributed ac-

cording to PXY , and can be divided into m clusters of fixed size d (i.e., n = md). In

particular, the m clusters

{[
(Xdi−d+1, Ydi−d+1), · · · , (Xdi, Ydi)

]}m
i=1

are independent from one another while having identical within-cluster correlation structure.

The specific correlation structure among the observations in each cluster can be arbi-

trary. We are interested in studying the dependence between X and Y based on the sample

{(Xj, Yj)}nj=1.

3.2.2 Hilbert-Schmidt Independence Criterion

We briefly review the Hilbert-Schmidt Independence Criterion (HSIC) proposed by Gretton

et al. (2005a) [31]. The HSIC measures the generalized dependence between two variables

X and Y , by embedding X and Y into reproducing kernel Hilbert spaces (RKHS’s) and

maximizing the covariance between functions of X and Y in the RKHS’s.
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Let HX be an RKHS on X with associated kernel function (i.e., inner product in the

RKHS) kX : X × X → R, and let HY be an RKHS on Y with associated kernel function

kY : Y × Y → R. Following Gretton et al. (2007) [32], the cross-covariance operator

CXY : HY → HX can be defined such that, for any f ∈ HX and g ∈ HY ,

〈f, CXY g〉HX
= EXY

[(
f(X)− EX [f(X)]

)(
g(Y )− EY [g(Y )]

)]
= Cov

(
f(X), g(Y )

)
.

As shown by Gretton et al. (2005b) [113], the operator norm (i.e., the largest singular value)

of CXY , defined by ‖CXY ‖ := supf∈HX ,g∈HY ,‖f‖∞≤1,‖g‖∞≤1 Cov
(
f(X), g(Y )

)
, is zero if and

only if X ⊥⊥ Y , given that the kernels kX and kY are universal (see Definition 5 of [113]).

In this sense, ‖CXY ‖ is a measure of independence between X and Y .

The largest singular value of CXY becomes zero when the sum of all squared singular

values, denoted as the squared Hilbert-Schmidt norm [31], is zero. Therefore, the squared

Hilbert-Schmidt norm of CXY , ‖CXY ‖2
HS, is also an independence criterion. This measure

is defined as the population HSIC, which can be expressed conveniently in terms of kernel

functions:

HSIC(PXY ) := ‖CXY ‖2
HS = EXX′Y Y ′ [kX(X,X ′)kY (Y, Y ′)]

+ EXX′ [kX(X,X ′)]EY Y ′ [kY (Y, Y ′)]− 2EXY
[
EX′ [kX(X,X ′)]EY ′ [kY (Y, Y ′)]

]
,

where X ′ is an independent copy of X. It is obvious that, if X is independent from Y ,

then we have HSIC(PXY ) = 0. Furthermore, for certain characteristic kX and kY [110],

HSIC(PXY ) = 0 if and only if X ⊥⊥ Y . Example characteristic kernels include Gaussian

kernels and Laplacian kernels [114].

To estimate the population HSIC from a sample {(Xj, Yj)}nj=1, the empirical HSIC can
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be used:

HSIC(Pn) :=
1

n2

n∑
i,j

kX(Xi, Xj)kY (Yi, Yj) +
1

n4

n∑
i,j,q,r

kX(Xi, Xj)kY (Yq, Yr)

− 2

n3

n∑
i,j,q

kX(Xi, Xj)kY (Yi, Yq).

Define the kernel matrices KX and KY such that the (i, j)-th element of KX is kX(Xi, Xj)

and the (i, j)-th element of KY is kY (Yi, Yj). Then the empirical HSIC can also be written

in terms of KX and KY :

HSIC(Pn) =
1

n2
tr(HKXHKY ),

where H = I − 1
n
11T is a centering matrix.

Both Gretton et al. (2007) [32] and Zhang et al. (2012) [115] have derived the asymptotic

distribution of HSIC(Pn) under the null hypothesis of independence between X and Y as

a weighted sum of chi-square variables, when the observations are i.i.d. In Section 3.3, we

examine the asymptotic behavior of HSIC(Pn) based on cluster-correlated observations. It

turns out that the null distribution in this case is still a weighted sum of chi-square variables,

where the weights are now modified.

3.3 HSIC for Cluster-correlated Data

Based on the clustered data setting in Section 3.2.1, we aim to test the null hypothesis

H0 : X ⊥⊥ Y using the empirical HSIC statistic. We first define some useful parameters and

statistics.

Assume that the kernel matrices KX and KY defined in Section 3.2.2 are positive semi-

definite. We focus our attention on the centered kernel matrices: K̃X := HKXH and

K̃Y := HKYH . Let k̃X and k̃Y be the centered kernel functions 1 derived from kX and

1For the kernel function kX , the corresponding centered kernel function k̃X is: k̃X(x, x′) = kX(x, x′) −
EX [kX(X,x′)]− EX′ [kX(x,X ′)] + EXX′ [kX(X,X ′)].
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kY , with associated RKHS’s H̃X and H̃Y , respectively. Note that the empirical HSIC can be

written as HSIC(Pn) = 1
n2 tr(K̃XK̃Y ).

Let γX,r be the r-th largest eigenvalue and uX,r = (uX,r(X1), · · · , uX,r(Xn))T be the r-th

eigenvector of K̃X . Similarly, we define the eigenvalues γY,r’s and eigenvectors uY,r’s for K̃Y .

On the other hand, let λX,r be the r-th largest eigenvalue of the kernel k̃X with respect to PX ,

with associated eigenfunction φX,r(·), such that
∫
k̃X(x, x′)φX,r(x

′)dPX(x′) = λX,rφX,r(x).

Similarly, we define the eigenvalues λY,r’s and eigenfunctions φY,r’s for the kernel k̃Y with

respect to PY .

For any fixed R ∈ N, let k̃X,R(x, x′) :=
∑R

r=1 λX,rφX,r(x)φX,r(x
′). For each r where

γX,r > 0, let gX,r(x) :=
√
n

γX,r

∑n
j=1 k̃X(x,Xj)uX,r(Xj). Define k̃Y,R and gY,r similarly. The

upcoming theorems will rely on the following assumption:

Assumption 3.3.1. Suppose that E[k̃2
X(X,X ′)] < ∞ and E[k̃2

Y (Y, Y ′)] < ∞. Assume that,

for each R ∈ N, the classes CX := {x 7→ (k̃X − k̃X,R)2(x, x′) : x′ ∈ X} and CY := {y 7→

(k̃Y − k̃Y,R)2(y, y′) : y′ ∈ Y} are PX-Donsker and PY -Donsker [116], respectively. Further

assume that, for each r, the functions x 7→ gX,r(x) and y 7→ gY,r(y) converge uniformly in

probability as m→∞, with their limit functions in L2(PX) and L2(PY ), respectively.

In general, Assumption 3.3.1 ensures that the data-dependent eigenvalues and (elements

of) eigenvectors of the kernel matrices K̃X and K̃Y converge in probability to eigenvalues

and eigenfunctions of the kernels k̃X and k̃Y . We show in Section B.1 that the Donsker

class condition in Assumption 3.3.1 holds for Gaussian kernels. Now we can establish the

asymptotic distribution of HSIC(Pn) under H0 : X ⊥⊥ Y based on clustered data.

Theorem 3.3.2. Suppose that, for two multivariate random variables X and Y , we have

centered kernels k̃X and k̃Y with discrete eigenvalues. Suppose that Assumption 3.2.1 and

Assumption 3.3.1 hold. Under the null hypothesis H0 : X ⊥⊥ Y , we have

nHSIC(Pn) =
1

n
tr(K̃XK̃Y )

d→
∞∑
t=1

`tz
2
t as m→∞, (3.1)
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where zt’s are i.i.d. standard normal variables, and `t’s are the solutions to the eigenvalue

problem

`tψt,rs

=
1

d

∞∑
p,q=1

E
[( d∑

i=1

√
λX,rλY,sφX,r(Xi)φY,s(Yi)

)( d∑
i=1

√
λX,pλY,qφX,p(Xi)φY,q(Yi)

)]
ψt,pq

for some double sequence {ψt,rs}∞r,s=1 ∈ R.

The proof of Theorem 3.3.2 is provided in Section B.2. To prove the theorem, we first

show the convergence of eigenvalues and eigenvectors of K̃X and K̃Y in the presence of

clustered data. We then adopt a strategy similar to that of Zhang et al. (2012) [115]: The

test statistic nHSIC(Pn) can be expressed as a sum of squared terms,
∑n

r,s=1Q
2
rs, where the

terms Qrs’s depend on eigenvalues and eigenvectors of the kernel matrices. We could show

that Qrs’s are asymptotically jointly normal with mean zero under H0, and the asymptotic

variances and covariances of these terms depend on eigenvalues and eigenfunctions of the

kernels k̃X and k̃Y .

As a result, the asymptotic distribution of HSIC(Pn) under H0 is a weighted sum of chi-

square variables. In particular, we require the number of clusters, m, to be sufficiently large.

Knowing the null distribution of the test statistic enables us to construct a statistical test at

a given significance level. To examine the power of the proposed test, we further explore the

behavior of the test statistic when the null hypothesis is violated. The next theorem states

the asymptotic behavior of HSIC(Pn) under the alternative hypothesis H1 : X 6⊥⊥ Y .

Theorem 3.3.3. Suppose that, for two multivariate random variables X and Y , we have

centered kernels k̃X and k̃Y with discrete eigenvalues. Suppose that Assumption 3.2.1 and

Assumption 3.3.1 hold. If

there exists some r, s ∈ N such that E[φX,r(X)φY,s(Y )] 6= 0, (3.2)
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then

nHSIC(Pn) =
1

n
tr(K̃XK̃Y )

p→∞ as m→∞.

When k̃X and k̃Y are characteristic kernels, Condition (3.2) is equivalent to H1 : X 6⊥⊥ Y .

Here Condition (3.2) is a sufficient condition forX 6⊥⊥ Y : IfX ⊥⊥ Y , then E[φX,r(X)φY,s(Y )] =

E[φX,r(X)]E[φY,s(Y )] = 0 for all r, s ∈ N; as a contrapositive, (3.2) implies X 6⊥⊥ Y . When

characteristic kernels are used, based on the definition and property of the population HSIC,

we can show that X 6⊥⊥ Y also implies (3.2).

The proof of Theorem 3.3.3 is provided in Section B.3. To prove the theorem, we show

that, under Condition (3.2), there exists a statistic smaller than dHSIC(Pn) that converges

in probability to a positive constant, which results in nHSIC(Pn) = mdHSIC(Pn) going

to infinity, as the number of clusters (m) goes to infinity. When the test statistic goes to

infinity, the rejection rate of the test would approach one. Hence, based on Theorem 3.3.3,

we have established the consistency of the proposed test.

In practice, the weights `t’s in (3.1) of Theorem 3.3.2 are unknown and we need to

estimate them with empirical counterparts. In a similar spirit to Theorem 4 of Zhang et al.

(2012) [115], the following proposition provides an approximation for the asymptotic null

distribution of HSIC(Pn) and allows for independence testing in clustered data.

Proposition 3.3.4. Assume that the conditions in Theorem 3.3.2 hold. To test the null

hypothesis H0 : X ⊥⊥ Y at a significance level α, we can compare the statistic nHSIC(Pn) =

1
n

tr(K̃XK̃Y ) against the (1− α)-quantile of the distribution of

T̃ =
1

m

n2∑
t=1

˜̀
tz

2
t ,

where zt’s are i.i.d. standard normal variables and ˜̀
t’s are eigenvalues of Ṽ Ṽ T , with Ṽ =

[ṽ1, · · · , ṽm]. Each vector ṽi is obtained by vectorizing (i.e., stacking the columns of) the
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n× n matrix M̃i, whose (r, s)-th entry is

M̃i,rs =
1√
d

di∑
j=di−d+1

√
γX,rγY,suX,r(Xj)uY,s(Yj).

The proof of Proposition 3.3.4 is provided in Section B.4, where we show that T̃ has the

same asymptotic distribution as nHSIC(Pn) under H0. Note that the eigenvalues of Ṽ Ṽ T ,

an n2 × n2 matrix, are the same as the eigenvalues of Ṽ T Ṽ , an m×m matrix. In practice,

we can calculate the eigenvalues of Ṽ T Ṽ instead to avoid excessive computational burden.

The distribution of T̃ , which is a mixture of chi-square variables, can be efficiently ap-

proximated by Davies’ exact method [117]. This method is shown to work well in previous

studies [56, 54] that have statistical tests based on a mixture of chi-square distributions.

3.4 Simulation Studies

3.4.1 Simulation Methods

We now conduct simulation studies to demonstrate the performance of our proposed test.

We consider a longitudinal data setting, where a set of exposure variables X ∈ Rp and a

set of outcome variables Y ∈ Rq are measured on m subjects at 3 time points. In other

words, the observations {(Xj, Yj)}nj=1 are grouped into m clusters with cluster size d = 3. To

introduce correlation across different time points as well as across different variables, we use

a Kronecker product-based covariance structure [107], which has often been used to model

multivariate longitudinal data [109].

The general simulation setting is as following. For each cluster, let xij denote the i-th

variable in X measured at the j-th time point, for i = 1, · · · , p and j = 1, 2, 3. Let yij

be defined similarly. Within each cluster, we let (x11, x12, x13, · · · , xp1, xp2, xp3)T ∼ N (5 ×
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13p,ΣX), where ΣX = RX ⊗Rcl, with

RX =


1 ρX · · · ρX

ρX 1 · · · ρX
...

...
. . .

...

ρX ρX · · · 1


p×p

, Rcl =


1 ρc ρ2

c

ρc 1 ρc

ρ2
c ρc 1

 .

Here ⊗ is the Kronecker product. Marginally, we have imposed an exchangeable correlation

structure RX across the p variables in X and an AR(1) correlation structure Rcl across the

three time points. The correlations between distinct variables at different time points are

products of the marginal correlations: e.g., Cor(x11, x22) = ρXρc.

We simulate a situation where a single exposure (say, the r-th variable in X) affects

multiple outcomes, with different effect sizes on different outcomes. Within each cluster, we

use the model:

(y11, y12, y13, · · · , yq1, yq2, yq3)T

= (β1f(xr1), β1f(xr2), β1f(xr3), · · · , βqf(xr1), βqf(xr2), βqf(xr3))T + ε,
(3.3)

where βs, with s = 1, · · · , q, is the effect size of the chosen exposure on the s-th outcome,

and ε ∼ N (0,ΣY ), with ΣY = RY ⊗Rcl. RY is the correlation matrix for the q variables in

Y . In simulations, we set p = q = 20, ρX = 0.5 and consider various levels of within-cluster

correlation: ρc = 0.3, 0.5 or 0.7. We also let RY = RX .

Type I error simulation To evaluate the type I error rate (rejection rate under H0), we

let β1 = · · · = βq = 0, so that the null hypothesis H0 : X ⊥⊥ Y is true. We perform both

the proposed HSIC test with proper accommodation for clustered correlation (HSICcl), and

the original HSIC test without any adjustment (HSICorig) as in [115] and [56]. These two

methods are applied to the data {(Xj, Yj)}nj=1 at the observation level. We consider m =

500, 1000 or 1500 clusters and calculate the empirical type I error rates in each setting based
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on 1000 simulated data sets.

From Model (3.3), both X and Y have multivariate normal distributions under H0. While

we focus on normal data here, additional Type I error simulations based on non-normal data

are considered in Section B.6.1.

Power simulation To evaluate the power (rejection rate under H1), we randomly select

one exposure variable from X to be the causal exposure, and make the first η proportion

(η = 10%, 20%, 30%, 40%) of outcomes in Y depend on that exposure (with nonzero βs’s).

We let the function f(x) take two forms: f(x) = x (Power Scenario 1) and f(x) =

log((x−4)2) (Power Scenario 2). For s = 1, · · · , ηq, the effect sizes βs’s are generated from

a Uniform(0,
√

25/m) distribution under Power Scenario 1, and from Uniform(0,
√

10/m)

under Power Scenario 2.

In the power simulation, we perform HSICcl and two other HSIC-based competing

methods. The two competing methods analyze data at the cluster/subject level. In the

first method (HSICmean), for each cluster, we take an average of observations at differ-

ent time points: We consider the new variables X∗ := (1
3

∑3
j=1 x1j, · · · , 1

3

∑3
j=1 xpj)

T and

Y ∗ := (1
3

∑3
j=1 y1j, · · · , 1

3

∑3
j=1 yqj)

T and then perform the original HSIC test based on

{(X∗i , Y ∗i )}mi=1. In the second method (HSICcat), we follow the strategy of Rudra et al. [112]

and concatenate the observations at different time points for each cluster: We consider the

new variablesX∗∗ := (x11, x12, x13, · · · , xp1, xp2, xp3)T and Y ∗∗ := (y11, y12, y13, · · · , yq1, yq2, yq3)T

and then perform the original HSIC test based on {(X∗∗i , Y ∗∗i )}mi=1.

We consider m = 500 clusters and calculate the empirical power in each setting based on

1000 simulated data sets.

Kernel choices For both X and Y , we consider two different kernels: the Gaussian kernel

kX(z1, z2) = kY (z1, z2) = exp(−‖z1 − z2‖2
2/τ) and the linear kernel kX(z1, z2) = kY (z1, z2) =

zT1 z2. For the Gaussian kernel, the shape parameter τ is chosen as the median of the Euclidean

distance between each sample pair. While the Gaussian kernel is a characteristic kernel
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[114], the linear kernel is not characteristic and is designed to detect linear or close-to-

linear relationships between X and Y . Nevertheless, linear kernels have been shown to

be reasonably powerful in previous association studies [54, 21] and can be computationally

efficient (see Section B.7.2).

Additional simulation studies are provided in Section B.6. Additional implementation

details including computation time and code availability are provided in Section B.7.

3.4.2 Simulation Results

Table 3.1 shows the empirical type I error rates of HSICorig and HSICcl for normal data.

The type I error rate of HSICorig is inflated in each setting, where the inflation becomes

greater as the within-cluster correlation (ρc) increases. In contrast, HSICcl has a well-

controlled type I error rate across all levels of within-cluster correlation. Using the linear

kernel, HSICcl has type I error rates close to the nominal α in all situations. Using the

Gaussian kernel, HSICcl is conservative when the number of clusters is moderate (m = 500),

but its type I error rate gets close to the nominal α at a larger sample size (m = 1500). For

non-normal data (Figure B.1), the pattern is similar: HSICcl is able to control the type I

error rate, either with the Gaussian kernel or with the linear kernel.

HSICcl based on the Gaussian kernel is more conservative, likely because the Gaussian

kernel is associated with a larger number of non-zero eigenvalues in finite samples than

the linear kernel in our simulation setting. The null distribution for Gaussian-kernel-based

HSICcl thus involves more terms in the weighted sum of chi-square variables (as the weights

depend on eigenvalues), which might aggregate more finite-sample errors and make the test

statistic converge slower to the asymptotic distribution.

Figure 3.1 shows the empirical power of HSICcl and the two competing methods under

Power Scenario 1. In all situations, HSICcl has a higher power than both HSICmean and

HSICcat, regardless of the level of within-cluster correlation or the kernel being used. In

addition, the power of HSICcl improves quickly as a higher proportion of variables in Y is

associated with X. Since X and Y are linearly associated in Scenario 1, it is not surprising



53

Table 3.1: Empirical type I error rate of HSICorig and HSICcl at nominal level α for normal
data under simulation.

α m ρc
Gaussian kernel Linear kernel

HSICorig HSICcl HSICorig HSICcl

0.05 500 0.3 0.119 0.024 0.068 0.047
0.5 0.603 0.031 0.141 0.044
0.7 1.000 0.030 0.330 0.044

1000 0.3 0.115 0.029 0.070 0.043
0.5 0.591 0.034 0.166 0.054
0.7 1.000 0.034 0.348 0.043

1500 0.3 0.113 0.047 0.082 0.053
0.5 0.608 0.043 0.145 0.053
0.7 1.000 0.044 0.352 0.052

0.01 500 0.3 0.018 0.005 0.021 0.013
0.5 0.190 0.005 0.035 0.011
0.7 0.998 0.009 0.114 0.008

1000 0.3 0.022 0.006 0.015 0.010
0.5 0.180 0.010 0.050 0.008
0.7 0.999 0.010 0.111 0.010

1500 0.3 0.027 0.007 0.019 0.010
0.5 0.209 0.008 0.047 0.010
0.7 0.999 0.008 0.117 0.009

that the linear kernel is powerful in detecting this dependence. The Gaussian kernel has a

comparable performance as the linear kernel.

Figure 3.2 shows the empirical power under Power Scenario 2, where X and Y have

a non-linear relationship. Similar to Power Scenario 1, for both the Gaussian kernel and

the linear kernel, HSICcl achieves a higher power than the competing methods under all

levels of within-cluster correlation. When compared between kernels, HSICcl based on the

Gaussian kernel is more powerful than HSICcl based on the linear kernel in each setting,

showing the advantage of the Gaussian kernel as a characteristic kernel to detect general

dependence patterns.

Overall, both Power Scenario 1 and 2 show the considerable power gain of HSICcl over
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analyzing data at the cluster level. We also note that, the power gain of HSICcl decreases as

the within-cluster correlation increases. This is expected since there will be less pronounced

information loss in averaging or concatenating the data at the cluster level if observations

within a cluster are highly correlated.

Figure 3.1: Empirical power of HSICcl and competing methods at nominal level α = 0.05
under Power Scenario 1. The x-axis represents the proportion of variables in Y that are
associated with X. The top row shows results based on the Gaussian kernel, and the bottom
row shows results based on the linear kernel.

While the above results are based on a fixed cluster size, we have also investigated the

effect of cluster size on the performance of HSICcl (Section B.6.2). When the number of

clusters (m) and the level of within-cluster correlation (ρc) are fixed, type I error control is

similar for different cluster sizes (Figure B.2-B.3), suggesting that the convergence speed of

the test statistic under H0 is likely not affected by cluster size. However, a larger cluster size

tends to result in a higher statistical power (Figure B.4), possibly due to an increase in the
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Figure 3.2: Empirical power of HSICcl and competing methods at nominal level α = 0.05
under Power Scenario 2. The x-axis represents the proportion of variables in Y that are
associated with X. The top row shows results based on the Gaussian kernel, and the bottom
row shows results based on the linear kernel.

overall sample size, which allows for additional information gain.

3.5 Application to Real Data

The vaginal microbiota plays an important role in maintaining vaginal homeostasis. Com-

mon vaginal conditions, such as bacterial vaginosis, are characterized by shifts in vaginal

microbiome composition and changes in vaginal metabolites [27, 118]. Studying the asso-

ciation between the microbiome and the metabolites helps us better understand how the

vaginal microbiota contributes to the host metabolic environment, and identifies potential

metabolic biomarkers for vaginal conditions [27]. Here we apply HSICcl and competing

methods to test the dependence between the overall vaginal microbiome composition and

different metabolic pathways, using data from the Menopause Strategies: Finding Lasting
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Answers for Symptoms and Health (MsFLASH) Vaginal Health Trial [119].

The MsFLASH trial was a 12-week randomized clinical trial to evaluate the treatment

effect of vaginal estradiol vs. placebo on vaginal discomfort in postmenopausal women [119]

(see Section B.8.1 for more details). As part of an effort to investigate the mechanism of post-

menopausal vaginal discomfort, vaginal microbiota and vaginal fluid metabolites were char-

acterized longitudinally and available in 141 participants at baseline, 4 and 12 weeks [120].

The vaginal microbiome profiles included abundance data of 381 taxa. The metabolome

profiles included abundance data of 171 metabolites, which were grouped into 95 metabolic

pathways. We apply HSICcl , HSICmean and HSICcat to assess the dependence between

the overall vaginal microbiome composition and the metabolites in each pathway, across all

95 pathways. In other words, for each test, we have m = 141, d = 3, X ∈ R381 and Y ∈ Rq,

where q is the number of metabolites in a pathway, ranging from 1 to 21 in this data set; 95

tests are performed in total.

Table 3.2 shows the number of metabolic pathways identified to be associated with the

vaginal microbiome composition, at a Bonferroni-corrected significance level α = 0.05/95 =

5.3 × 10−4. Due to the close relationship between vaginal microbiota and vaginal metabo-

lites, all methods have identified a considerable number of significant metabolic pathways.

Still, HSICcl identifies a larger number of pathways than HSICmean and HSICcat, either

with the Gaussian kernel or with the linear kernel. In particular, based on the Gaussian

kernel, HSICcl successfully identifies all the significant pathways discovered by HSICmean

and HSICcat, and discovers 4 (7) additional pathways compared to HSICcat (HSICmean)

(Figure B.6). 67 out of 68 pathways discovered by HSICcl using the linear kernel are also

identified by HSICcl using the Gaussian kernel (Figure B.7). For this data set, the Gaus-

sian kernel appears to be more powerful in detecting dependence than the linear kernel,

indicating a possibly non-linear relationship between certain metabolites and microbial taxa

abundances.

We focus on some of the top pathways (with high statistical significance) identified us-

ing HSICcl and highlight their biological relevance. The top pathways include multiple
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Table 3.2: Number of metabolic pathways identified to be associated with the vaginal mi-
crobiome composition based on the MsFLASH data set (α = 5.3× 10−4).

Kernel HSICmean HSICcat HSICcl

Gaussian 68 71 75
Linear 64 64 68

metabolic pathways for amino acids. The human vaginal microbiota is dominated by bac-

teria in the Lactobacillus genus [121], which are known to produce branched-chain amino

acids including valine, leucine and isoleucine [122]. All these amino acids are present in our

top pathways. In particular, one pathway related to leucine metabolism is only identified by

HSICcl but not by HSICmean or HSICcat. Therefore, our finding is consistent with pre-

vious studies on bacterial metabolism, confirming the power improvement in using HSICcl

for scientific discovery.

3.6 Discussion

We have introduced a novel kernel-based approach, HSICcl, to evaluate the generalized

dependence between two multivariate variables based on cluster-correlated data. Using the

previously developed HSIC statistic as our test statistic, we have derived its asymptotic

null distribution in the presence of clustered correlation and constructed a statistical test of

independence accordingly. We have also established the consistency of the proposed test.

Both simulation studies and application to real longitudinal data demonstrate the power

gain in using our proposed test, compared to methods based on measurements averaged or

concatenated at the cluster level.

One limitation of our framework is that the proposed test only applies to balanced and

complete clustered data, which might not be always available in practice. In longitudinal

studies, for example, subjects might be followed at different time points from one another

(resulting in unbalanced data), or become lost to follow-up (resulting in incomplete data).
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For incomplete data, one solution is to impute the missing data before applying HSICcl.

Further extension of the test for unbalanced or incomplete clustered data will be interesting

for future study.

Another limitation is that our proposed test relies on asymptotic results, and the null

distribution might not be accurately approximated when the number of clusters is small,

which is likely true of many family-based or longitudinal studies. Permutation-based ap-

proaches could be a surrogate for HSICcl at small sample sizes (see Section B.6.3), although

their computational burden is large compared to HSICcl (see Table B.2). Computationally

efficient adaptations of HSICcl to small sample sizes, such as those proposed by Lee et al.

[123] and Zhan et al. [22], would be another useful extension.

With the continuing emergence of high-dimensional data and the prevalence of cluster-

correlated data in different scientific fields, our proposed test is a promising approach to

discover novel associations and bring new scientific insights in these settings. Meanwhile,

we need to be cautious about potential risks to society that might result from misuse or

misinterpretation of our proposed test. For example, confounding is an important factor to

consider in genetic and epidemiological studies. A confounder affects both the exposure and

the outcome, and could lead to spurious associations between the two variables even if the

variables themselves do not have causal relationships. Therefore, as one applies our proposed

test to evaluate the association between two variables, it is important to consider the presence

of potential confounders and be careful in interpreting the test results. Mistaking certain

observed correlation for causation could lead to misinformation in the scientific community

and would be especially concerning when the studies being conducted directly influence

people’s life.
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Chapter 4

MULTIVARIATE CONDITIONAL INDEPENDENCE TESTING
FOR VAGINAL MICROBIAL NETWORK CONSTRUCTION

4.1 Introduction

The human microbiome, composed of microorganisms that reside on and within different

parts of the human body, plays important roles in host health. Specifically, the vaginal

microbiome is involved in health outcomes of the female reproductive tract. A vaginal

microbiome dominated by species in the Lactobacillus genus is considered to help maintain

vaginal health by protecting against pathogenic bacteria through lactic acid production [124,

125]. On the other hand, increased diversity of non-Lactobacillus species has been associated

with urogenital diseases including bacterial vaginosis (BV), sexually transmitted infections

(STIs) and HIV infection, as well as adverse pregnancy outcomes such as preterm birth [124,

126, 127]. While changes in hormone levels and pregnancy status could cause fluctuations

in the vaginal microbiome [128, 129], the vaginal microbiome also differs among individuals

by race, ethnicity and various environmental and socioeconomic factors [130, 131, 129].

Microbial sequencing techniques, such as 16S ribosomal RNA (rRNA) sequencing, enable

us to characterize microbial communities in their natural environment, by providing detailed

information on abundance and phylogeny of individual microbial taxa within the community.

Due to complex interactions among vaginal microbial taxa, such as the competitive exclusion

between Lactobacillus species and other pathogenic bacteria, microbial association networks

are a promising tool to understand the vaginal microbiome [132]. As a standard analysis

in microbiome profiling studies, microbial networks help elucidate the relationships among

microbial taxa, shed light on the global structure of the microbial community, and provide

clues to the mechanisms by which the microbiome affects host health [133, 5, 36]. A microbial
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network is an undirected graph, where the nodes represent individual microbial taxa and the

edges connecting the nodes represent the association in abundance between a pair of taxa.

Statistical association between a pair of taxa could indicate functional interactions between

the taxa within the microbial community.

One popular way to evaluate the association between two microbial taxa is assessing the

conditional dependence between the two taxa given all the other taxa in the community,

as this approach tends to capture direct interactions between taxa rather than indirect,

spurious associations [37, 39]. Existing work [37, 134, 38, 135] often utilizes methods in

graphical modeling to construct microbial networks based on conditional dependence, such

as neighborhood selection for estimating local conditional dependence structure for each node

[136] and penalized maximum likelihood for estimating a sparse inverse covariance matrix

globally [137]. Recently, phylogenetic relationships among the microbial taxa have also been

incorporated to improve the accuracy of network estimation [42].

Based on 16S sequencing data, vaginal microbial taxa can be classified as accurate as

to the species level [138]. While different taxonomic levels are available, it is preferred to

construct a network at a higher level (such as family or genus level) in order to reduce the

dimension of microbial features and account for sparsity of microbial data [40, 41]. In these

cases, conditional dependence is typically assessed based on abundance data aggregated at

the desired taxonomic level [38, 42]. However, such an aggregated approach will result in

power loss when there are heterogeneous relationships present among the sub-taxa within the

taxa of interest, since this approach implicitly assumes that the associations between these

sub-taxa have the same directions. Different species and strains within the same bacterial

genus can differ in their functions and activities. For example, among common Lactobacillus

species, while L. crispatus and L. gasseri mostly serve beneficial roles in vaginal health

[125], L. iners is postulated to contain both beneficial and pathogenic features [139]. As a

consequence, to construct a genus-level network, simply aggregating abundance data at the

genus level could obscure species-level signals and omit important associations.

In this work, we propose a multivariate approach to construct microbial association net-
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works based on conditional dependence. Without loss of generality, suppose that we are

interested in constructing a network at the genus level while having species-level data avail-

able. Instead of assessing the conditional dependence between genus-level aggregated abun-

dances, we assess the conditional dependence between pairs of multivariate variables, where

each multivariate variable represents the abundances of multiple species that belong to a

particular genus. This multivariate approach improves power by utilizing abundance infor-

mation at a finer level and accumulating multiple weak species-level associations into a more

detectable signal at the genus level. The proposed approach is especially advantageous when

there are (conditional) correlations of opposite directions among species within the pair of

genera being studied, as shown in Figure 4.1.

Figure 4.1: Example relationship between two microbial taxa, Genus A and Genus B, where
correlations of opposite directions are present among the sub-taxa: positive association be-
tween Species A1 and Species B1; negative association between Species A2 and Species B1.

In contrast to previous methods that focus on estimation or prediction [37, 134, 38],

here we assess the pairwise conditional dependence via hypothesis testing and provide a

measure of statistical significance. We develop a novel multivariate statistic, denoted as

Conditional RV (CRV), to conduct multivariate conditional independence testing. CRV is

constructed both as an extension of the well-known unconditional RV coefficient [140] and

as an extension of the recently proposed univariate conditional independence test, SEcov

[141]. As a nonparametric and flexible measure of conditional dependence, CRV requires

no assumption on the distribution of the two multivariate variables being tested and is
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able to incorporate common machine learning approaches for estimating conditional means.

We derive the asymptotic distribution of the CRV statistic under the null hypothesis of

conditional independence between two variables and construct a statistical test of conditional

independence accordingly. The performance of CRV is evaluated in simulation studies, and

we apply CRV to investigate the vaginal microbiome in Black and White pregnant women

based on the Pregnancy, Infection, and Nutrition (PIN) Study [43]. We construct a genus-

level microbial network based on the entire sample to identify important vaginal microbial

interactions. The network is also constructed within Black and White women separately to

identify any racial differences in network structure.

The rest of the article is organized as follows. Section 4.2 describes the microbiome

data from the PIN study and specifies the questions of interest. Section 4.3 introduces the

CRV statistic and the conditional independence test based on CRV. Section 4.4 presents

simulation studies to evaluate the performance of CRV in both conditional independence

testing and microbial network construction. Section 4.5 applies CRV to construct vaginal

microbial networks based on the PIN study. Finally, we conclude with a discussion in Section

4.6.

4.2 Data and Problem Description

Our study of the vaginal microbiome involves two goals. First, the vaginal microbiome is

not only associated with female urogenital conditions, but also has an impact on pregnancy

outcomes and neonatal health [127, 142]. To further characterize the vaginal microbiome

during pregnancy, we are interested in understanding the global structure of the vaginal

microbial community and identifying important vaginal microbial interactions in healthy

pregnant women via microbial networks. Second, the vaginal microbiome displays racial

differences as well [130, 129]. Black women are more likely to harbor a diverse vaginal

microbiome than White women, and are also more likely to experience adverse birth outcomes

[130]. Previous studies have postulated that this racial disparity in pregnancy outcomes

could be attributed to the racial difference in vaginal microbiome composition [130, 143].
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As a secondary goal, we are interested in comparing microbial networks between Black and

White women to identify any racial difference in network structure.

To address the above goals, we utilize the vaginal microbiome data from the PIN study,

a prospective cohort study of pregnant women conducted in central North Carolina in the

United States [143]. The original study recruited 3,163 pregnant women with singleton

pregnancies from prenatal clinics from August 1995 to February 2001. For our current

analysis, we consider 652 women from a recent subset study of the PIN data [143], including

375 White women and 277 Black women who experienced a term birth and have vaginal

microbiome data available. A detailed description of this sample is provided in Section

C.4.1. For these women, vaginal swabs were collected from the participants between 24

and 29 weeks of gestation, and 16S rRNA sequencing was performed on the swab samples

to characterize the vaginal microbial profiles. High-quality sequences were mapped at the

species level using the STIRRUPS platform [138]. A detailed description of swab collection,

DNA extraction and sequencing, and bioinformatic processing of 16S data can be found in

[143].

After standard data filtering procedures (see Section 4.5 for details), we obtain species-

level abundance data on 186 species from 24 genera in 647 subjects, where the number of

species in each genus ranges from 1 to 38. Our analysis of the vaginal microbiome data

involves three parts. First, we construct a genus-level microbial network based on the en-

tire sample of 647 women, using the species-level abundance data. Second, we construct

networks within Black and White women separately and compare the two networks qualita-

tively to identify racial differences in network structure. Finally, we investigate conditional

relationships between individual species based on the constructed genus-level network from

the combined sample to identify potential heterogeneous species-species interactions, which

highlight the advantage of our proposed CRV approach.
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4.3 Methods

We introduce a novel multivariate measure, Conditional RV (CRV), to evaluate the con-

ditional dependence between two multivariate variables given a third, potentially high-

dimensional variable. CRV can be viewed as a conditional extension of the multivariate

RV coefficient [140, 144]. We first give an overview of CRV and then construct a conditional

independence test based on CRV. Finally, we discuss special considerations when applying

CRV to microbial network construction.

4.3.1 Overview of CRV

Consider three multivariate random variables Y = (Y1, · · · , Yp)T ∈ Rp, Z = (Z1, · · · , Zq)T ∈

Rq,X ∈ Rm with a joint distribution PY ZX . Suppose that we observe a sample {(Xi,Yi,Zi)}ni=1

i.i.d.∼ PY ZX . We are interested in assessing the conditional dependence between Y and Z given

X. In general, X is high-dimensional in a graphical modeling setting. In the context of a

genus-level microbial network, when we assess the association between two genera, Y repre-

sents the abundances of all species that belong to the first genus, Z represents the abundances

of species that belong to the second genus, and X represents the abundances of all the other

species in the microbial community that do not belong to the two genera under study.

First, we define a population CRV coefficient as a population measure of conditional

dependence between Y and Z given X:

CRVPY ZX
(Y ,Z|X) =

tr(ΣY Z|XΣZY |X)√
tr(Σ2

Y Y |X) tr(Σ2
ZZ|X)

, (4.1)

where ΣY Z|X = E[(Y − E[Y |X])(Z − E[Z|X])T ] and ΣY Y |X = E[(Y − E[Y |X])(Y −

E[Y |X])T ]. Here we can rewrite the numerator of CRVPY ZX
(Y ,Z|X) as tr(ΣY Z|XΣZY |X) =∑p

j=1

∑q
k=1 E

2
[
Cov(Yj, Zk|X)

]
. Hence the population CRV characterizes the conditional

dependence by summing over the expected conditional covariance between individual el-

ements in Y and Z given X. Element-level associations can thus be accumulated into
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a larger, more detectable signal. By averaging the conditional covariance over values of

X, CRV provides a global, rather than local, assessment of conditional dependence. It is

easy to see that, if Y ⊥⊥ Z | X, then the numerator of CRVPY ZX
(Y ,Z|X) becomes zero,

causing CRVPY ZX
(Y ,Z|X) to be zero. Similar to the RV coefficient, the denominator of

CRVPY ZX
(Y ,Z|X) acts as a scaling factor to provide a standardized measure of association

such that CRV takes values in [0, 1].

Next, we define a vector-valued conditional mean function µY (x) = (µY1(x), · · · , µYp(x))T

:= E[Y |X = x] and define µZ(x) similarly. Then, based on the sample {(Xi,Yi,Zi)}ni=1,

the population CRV can be estimated by the empirical CRV statistic defined as:

CRVPn(Y ,Z|X) =
tr(SY Z|XSZY |X)√

tr(S2
Y Y |X) tr(S2

ZZ|X)
, (4.2)

where SY Y |X = 1
n

∑n
i=1(Yi−µ̂Y (Xi))(Yi−µ̂Y (Xi))

T and SY Z|X = 1
n

∑n
i=1(Yi−µ̂Y (Xi))(Zi−

µ̂Z(Xi))
T . Here µ̂Y and µ̂Z are predictive models for the conditional means µY and µZ . To

accommodate the high-dimensional nature of X, as well as potential nonlinear relationships

between Y (or Z) and X, we use common machine learning approaches for predictive

modeling (e.g., random forest and lasso [145]) to derive these conditional mean estimators.

In the next section, we will see that, when the conditional means are estimated sufficiently

well, we could establish the asymptotic results for CRVPn(Y ,Z|X) and construct a test of

conditional independence accordingly.

4.3.2 Conditional Independence Testing Based on CRV

We will use CRVPn(Y ,Z|X) as a empirical measure of conditional dependence and study

its asymptotic behavior. Our results are built upon the previous work of Xiang et al. [141],

which provides asymptotic results for a univariate measure of conditional dependence, SEcov,

that is close in form to the CRV statistic. In particular, SEcov calculates a scaled expected

conditional covariance between two univariate variables given a third multivariate variable.
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When both Y and Z are 1-dimensional, the CRV statistic is exactly equal to the squared

SEcov statistic (see Section C.1 for details).

First, our asymptotic results will rely on the following assumption adapted from [141]:

Assumption 4.3.1. Let µ̂Yj and µ̂Zk
be estimators of the conditional means µYj and µZk

for

j = 1, . . . , p and k = 1, · · · , q, based on the sample {(Xi,Yi,Zi)}ni=1. We assume that these

estimators each fall in a P-Donsker class [116]. Furthermore, for each j and k, we assume

that ∫
[µ̂Yj(x)− µYj(x)]2dPY ZX(x) = op(n

−1/2),∫
[µ̂Zk

(x)− µZk
(x)]2dPY ZX(x) = op(n

−1/2).

Assumption 4.3.1 mainly requires that the conditional mean estimators converge suf-

ficiently fast to the true conditional means, which is satisfied by estimators derived from

correctly specified low-dimensional parametric models such as linear and logistic regression

and also high-dimensional methods such as lasso and neural network [141].

Next, since the CRV statistic is zero if and only if its numerator is zero, we focus on the nu-

merator for the purpose of hypothesis testing. Let Ψ be the numerator of CRVPY ZX
(Y ,Z|X)

and Ψ̂ be the numerator of CRVPn(Y ,Z|X). We can establish the asymptotic distribution

of Ψ̂ under H0 : Y ⊥⊥ Z | X as:

Theorem 4.3.2. Suppose Assumption 4.3.1 holds. Under H0 : Y ⊥⊥ Z | X such that

Ψ = 0, we have

nΨ̂
d→

pq∑
t=1

`tτt,

where τt’s are i.i.d. χ2
1 variables and `t’s are eigenvalues of the matrix E[wwT ], with w =(

[Y1−µY1(X)][Z1−µZ1(X)], [Y1−µY1(X)][Z2−µZ2(X)], · · · , [Yp−µYp(X)][Zq−µZq(X)]
)T

being the (pq × 1) vector of products between Yj − µYj(X) and Zk − µZk
(X) for all j and k.

The proof of Theorem 4.3.2 is provided in Section C.2. Under H0, the test statistic

nΨ̂ follows a weighted sum of chi-square distributions asymptotically. Based on Theorem
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4.3.2, we can construct a conditional independence test accordingly. In practice, the weights

`t’s can be estimated using their empirical counterparts. Specifically, we reject H0 at a

significance level α if nΨ̂ is larger than the (1 − α)-quantile of
∑pq

t=1
ˆ̀
tτt, where ˆ̀

t’s are

eigenvalues of the matrix 1
n

∑n
i=1 viv

T
i , with vi =

(
[Y1i − µ̂Y1(Xi)][Z1i − µ̂Z1(Xi)], [Y1i −

µ̂Y1(Xi)][Z2i − µ̂Z2(Xi)], · · · , [Ypi − µ̂Yp(Xi)][Zqi − µ̂Zq(Xi)]
)T

. Following previous studies

[54, 56] with similar forms of test statistic, we can efficiently approximate the mixture of

chi-square variables,
∑pq

t=1
ˆ̀
tτt, using Davies’ exact method [117].

4.3.3 CRV for Microbial Network Construction

We next discuss several practical considerations when applying CRV to microbial network

construction. First, to ensure valid inference, we need to perform appropriate normalization

and transformation of microbial abundance data derived from high-throughput sequencing

techniques before conditional independence testing [146, 147]. The centered log-ratio (CLR)

transformation is a common transformation approach to address both differential read depths

across individuals and compositionality of microbial data [62, 63, 37]. Let r = (r1, · · · , rs)T

be the raw abundance vector for s microbial taxa observed in one individual. The CLR-

transformed abundance vector is CLR(r) = (log(r1/g(r)), · · · , log(rs/g(r)))T , where g(r) =

[Πs
j=1rj]

1/s is the geometric mean of r. In our analysis, we CLR-transform the raw microbial

abundance data (with unit pseudo counts added to all entries) for each individual before

applying the CRV test.

Second, since we apply CRV to test the conditional dependence between all pairs of

microbial taxa, it is important to set a reasonable significance level in order to account

for multiple testing. As a conservative approach, Bonferroni correction could be applied

to control for the family-wise error rate. Alternatively, methods that control for the false

discovery rate (FDR) could be used. As a general procedure to construct microbial networks

in practice, we perform the CRV test on all pairs of taxa to obtain pair-specific p-values and

only add an edge between a pair of taxa if their p-value is smaller than the pre-specified
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significance level.

4.4 Simulation Studies

We conduct simulation studies to evaluate the performance of CRV and compare it against

existing methods. We first evaluate CRV in conditional independence testing based on

multivariate data and then examine the performance of CRV in recovering synthetic microbial

networks.

4.4.1 Conditional Independence Testing

In this simulation, we examine the type I error rate and power of CRV in conditional indepen-

dence testing. We consider multivariate variables Y = (Y1, Y2)T ∈ R2, Z = (Z1, Z2)T ∈ R2

and X ∈ Rm and wish to assess whether Y is independent from Z given X. To generate the

observed data, we first simulate the conditional distribution (Y ,Z)|X according to a mul-

tivariate normal distribution with zero mean. We then introduce effects from X by adding

linear or nonlinear functions of X to elements of Y and Z, yielding the joint distribution

(Y ,Z,X).

To examine the type I error, we let Cor(Yj, Zk|X) = 0 for j, k ∈ {1, 2} such that Y

⊥⊥ Z|X holds true. To examine the power, we consider two scenarios: (a) Cor(Y1, Z1|X) =

Cor(Y1, Z2|X) = ρ ∈ (0, 1), i.e., the conditional correlations between elements in Y and

Z are in the same direction; (b) Cor(Y1, Z1|X) = ρ and Cor(Y1, Z2|X) = −ρ with ρ ∈

(0, 1), i.e., the conditional correlations are in the opposite direction. In addition, we set

Cor(Y1, Y2|X) = Cor(Z1, Z2|X) = 0.5 in general. In the type I error simulation, we consider

sample sizes of 100, 200 and 300. In the power simulation, we fix the sample size as 200.

We also consider two situations for the conditioning set X. In Situation 1, we consider

a low-dimensional X. We let X ∈ R with X ∼ N(0, 1) and set E[Yj|X] = βYj sin(X),

E[Zk|X] = βZk
sin(X) for j, k ∈ {1, 2}, where βYj , βZk

∼ Unif(−1, 1). Here we use LOESS

regression to estimate the conditional means in CRV. In Situation 2, we consider a high-

dimensional X. We let X ∈ R100 with X ∼MVN(0, I100) and set E[Yj|X] = βYj1X1 + · · ·+
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βYj10X10, E[Zk|X] = βZk1
X1+· · ·+βZk10

X10 for j, k ∈ {1, 2}, where βYjs , βZks
∼ Unif(−1, 1).

In this case, we use lasso to estimate the conditional means in CRV.

In addition to CRV, we consider several competing methods. In type I error simulation,

the competing methods include the multivariate unconditional RV test [148] and the univari-

ate conditional independence test, SEcov (with the same conditional mean estimators as in

CRV). In power simulation, we compare CRV to SEcov only. While CRV and RV are applied

to {(Yi,Zi,Xi)}ni=1, SEcov is applied to the aggregated data {(Y1i + Y2i, Z1i + Z2i,Xi)}ni=1.

Figure 4.2 shows the simulation results based on 1000 simulated data sets. As expected,

RV has inflated type I errors since it does not adjust for the effects of X, which correlates

with both Y and Z. In contrast, both CRV and SEcov are able to maintain valid type I error

rates, especially in larger sample sizes. In power simulation, CRV achieves a greater power

than SEcov in each situation, and the power gain is especially evident when the conditional

correlations between elements in Y and Z are of opposite directions. With SEcov, these

opposite signals were likely canceled out through the aggregation of data, leading to a low

power.

4.4.2 Synthetic Microbial Network

Next, we evaluate the performance of CRV in recovering synthetic microbial networks. We

follow the strategy of Kurtz et al. [37] to generate synthetic microbial abundance data that

reflects real-world microbial characteristics but with custom network topologies. A detailed

simulation procedure in provided in Section C.3. Briefly, the desired network topology is

first stored in a precision matrix, where its non-zero pattern corresponds to the adjacency

matrix for the network under normality assumptions. Multivariate normal data are generated

according to the specified precision matrix and then quantile-transformed to zero-inflated

negative binomial (ZINB) distributions marginally, which serve as the simulated microbial

counts. Here the parameters of the ZINB distributions are fitted from real microbiome data

of the American Gut Project [149].

On the basis of the above simulation strategy, we further introduce a multivariate aspect
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Figure 4.2: Empirical type I error rates (Panel A) and power (Panel B) of CRV at a signif-
icance level of 0.05 in conditional independence testing.

to the synthetic network in order to better evaluate our proposed CRV approach. Specifically,

we consider a genus-level network where each genus is composed of multiple species, with

species-level data available (see Section C.3 for details). As a general setting, we consider

40 genera (i.e., nodes) within the network, where each genus has 1-8 species. The number

of true edges is set as 40, with three different possible topologies: band-like, cluster and

scale-free (see Figure 3b from [37] for examples of these topologies). We further introduce

conditional correlations of opposite directions among the species within 10%, 30%, or 50%

of all genera (Figure C.2). The three topologies considered here are representative models

of realistic ecological scenarios [37] and display different maximum network degrees (band

< cluster < scale-free), which affects the difficulty of network recovery [150]. We set the

sample size as 500 in general.

In our simulation, we apply CRV and four univariate competing methods for microbial

network construction: SEcov, SPIEC-EASI with neighborhood selection based on the Mein-
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shausen and Bühlmann approach (MB) [136], SPIEC-EASI with graphical lasso (glasso)

[137, 37] and SPRING [38]. Both SPIEC-EASI and SPRING employ graphical modeling

methods with regularization (either neighborhood selection or graphical lasso) to estimate

a sparse network, where SPRING further accounts for zero-inflation in microbiome data.

While CRV is applied to species-level count data, SEcov, SPIEC-EASI and SPRING are

applied to count data aggregated at the genus level. For each method, the count data is

CLR-transformed beforehand. In CRV and SEcov, we use random forest to estimate condi-

tional means, as it is able to accommodate a moderately large conditioning set and potential

nonlinear relationships between the microbial features.

Figure 4.3 shows example networks constructed by different methods in a single simulation

under a cluster network topology, where heterogeneous conditional correlations are present in

50% of all genera. The false discovery rate (FDR) is controlled at 0.2 for a fair comparison

across methods: we adjust for the FDR in CRV using the Benjamini–Hochberg method

[151] and manually controlled for the FDR as close as possible in SEcov, SPIEC-EASI and

SPRING according to the true graph, where the optimal tuning parameter is selected in

SPIEC-EASI and SPRING (note that in practice, where the true graph is unknown, we

cannot control for FDR in these two methods). Based on Figure 4.3, we see that CRV is

able to identify a higher number of correct edges and produce a network closest to the true

graph, while the networks produced by the other methods are less similar to the true graph.

To quantitatively measure how well the true graph is recovered, we calculate the Hamming

distance for different methods, defined as the number of edges that disagree between the

constructed network and the true graph. Table 4.1 shows the average Hamming distance over

10 simulations for different methods under different network topologies, when heterogeneous

conditional correlations are introduced to 50% of all genera. The FDR is controlled at 0.2

as described before. For each topology, CRV has the lowest Hamming distance on average

among all methods, confirming that the networks produced by CRV indeed have the most

resemblance to the true graph.

We further calculate the true positive rates (TPRs) and false positive rates (FPRs) in
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Figure 4.3: Performance of different methods for recovering a cluster-type synthetic microbial
network, with false discovery rate controlled at 0.2. Conditional correlations of opposite
directions are present among species within 50% of all genera.

predicting the edges. Figure 4.4 shows the average receiver operating characteristic (ROC)

curves of different methods over 10 simulations in recovering microbial networks of different

topologies, where heterogeneous conditional correlations are present in 50% of all genera.

For CRV and SEcov, the TPRs and FPRs are calculated at various significance levels; for

SPIEC-EASI and SPRING, the TPRs and FPRs are calculated at various choices of the

tuning parameter. Based on Figure 4.4, for all network topologies, CRV achieves a better

performance than other methods in recovering the true network in terms of TPR and FPR.

When compared between topologies, CRV has the best performance in recovering band-like

networks, followed by cluster networks and performs worst in scale-free networks. This is
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Table 4.1: Average Hamming distance between the constructed network and the true graph
for different methods under different topologies, when conditional correlations of opposite
directions are present among species within 50% of all genera.

Method Band Cluster Scale-free

CRV 19.8 26.0 36.2
SEcov 37.1 35.5 38.9

SPIEC-EASI (MB) 37.9 36.5 52.0
SPIEC-EASI (glasso) 38.5 36.8 51.1

SPRING 37.9 36.4 58.4

The false discovery rate is controlled at 0.2.

expected since scale-free networks tend to have the highest maximum network degree, making

recovery of the true network more difficult.

Similar patterns in the Hamming distance and ROC curves are observed when heteroge-

neous conditional correlations are present in 10% or 30% of all genera (see Table C.1 and

C.2; Figure C.3 and C.4), where CRV again performs better than the competing univari-

ate methods. We note that, as the proportion of heterogeneous relationships increases, the

performance gain of CRV becomes more evident. Overall, our simulation studies show an ad-

vantage of using CRV in recovering microbial networks at a taxonomic level where sub-taxa

data are available and heterogeneous relationships are present among the sub-taxa.

4.5 Data Application

We apply our proposed CRV framework to construct microbial networks based on vaginal

microbiome data from the PIN study. As described in Section 4.2, our sample includes 652

women (375 White women and 277 Black women) who experienced a term birth. The vaginal

microbiome data were collected during the second trimester (between 24 and 29 weeks) of

pregnancy. We have initial species-level abundance data on 465 species that belong to 137

genera.
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Figure 4.4: ROC curves of different methods in recovering synthetic microbial networks
of different topologies, averaged over 10 simulations. Conditional correlations of opposite
directions are present among species within 50% of all genera.

Consistent with previous microbial network studies [38, 42], before constructing the net-

works, we perform standard data filtering to focus on subjects with high sequencing depths

(i.e., total microbial abundances) and genera that are sufficiently common among the sub-

jects. Our filtering involves two steps: (1) we exclude subjects whose sequencing depths

are ≤ 10,000; (2) we exclude all genera that are present in < 25% of subjects, based on

the genus-level abundance information. As a consequence, for our analysis, we obtain abun-

dance data on 186 species from 24 genera in 647 subjects (373 White women and 274 Black
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women).

As detailed in the following subsections, we first construct a genus-level microbial net-

work based on the combined sample of 647 subjects; we then construct networks for Black

and White women separately and compare the networks between the two race groups; lastly,

we investigate conditional dependence between individual species based on the network con-

structed from the combined sample. We use an FDR threshold of 0.2 in the CRV test

throughout our network construction based on the PIN data.

To characterize the networks quantitatively and understand the roles of individual genera

within the microbial community, we calculate several network centrality measures, including

degree, betweenness and eigenvector centrality, for each genus in the constructed networks.

Briefly, degree centrality for a node is the number of nodes connected to it [152]. Betweenness

centrality for a node is the fraction of times that node lies on the shortest path between all

other nodes [152]; a node is central based on betweenness centrality if it is able to connect

sub-networks [153]. Eigenvector centrality for a node is its eigenvector entry that corresponds

to the largest eigenvalue derived from eigendecomposition of the adjacency matrix [154, 155];

a node is central based on eigenvector centrality if it is connected to other nodes that are

central themselves. Nodes with high centrality values can be considered as hubs in the

network, which correspond to genera that play important roles in the microbial community

[156, 157]. All centrality measures are normalized to be within the range of [0, 1].

4.5.1 Overall Vaginal Microbial Network

To understand the global structure and genus-genus interactions of the vaginal microbial

community during pregnancy, we construct a genus-level vaginal microbial network based

on the combined sample of 647 subjects, as shown in Figure 4.5. By inspecting the net-

work structure and centrality measures of each node, we see that Lactobacillus is the hub

genus within the network, with the highest degree, betweenness and eigenvector centrality

among all genera. This is consistent with previous studies on vaginal microbiota: a healthy

vaginal microbiome tends to be dominated by Lactobacillus bacteria [124]; furthermore, dur-
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ing normal pregnancy, the vaginal microbiome becomes even more Lactobacillus-dominated

compared to non-pregnant women [129]. The central status of Lactobacillus in our current

network agrees with its crucial role in maintaining vaginal homeostasis.

Figure 4.5: Genus-level vaginal microbial network based on the combined sample of 647
subjects of PIN study, with false discovery rate controlled at 0.2. Panel A: Constructed
genus-level network; the sizes of the nodes are proportional to their genus-level microbial
abundance among all subjects. Panel B: Heatmap of three network centrality measures for
each genus in the constructed network.

Lactobacillus is connected to 19 other genera. Many of these genera, such as Gard-

nerella, Atopobium, Prevotella, Megasphaera and Clostridiales, harbor pathogenic species

that are involved in bacterial vaginosis (BV), the most common vaginal infection among

women of reproductive age [158, 159]. These connections are consistent with known func-

tions of Lactobacillus. Through lactic acid production, lactobacilli contribute to an acidic

vaginal environment that prevents the growth of pathogens [160, 125]. Lactobacilli can also



77

protect against pathogens by effectively competing for resources with them in the microen-

vironment (i.e., competitive exclusion) [161]. On the other hand, BV is characterized by

excessive growth of the aforementioned pathogenic bacteria and a reduction of lactobacilli

[162] in the vaginal microbiome. Therefore, our constructed network successfully identifies

the important interactions between Lactobacillus and the other pathogenic bacterial genera.

Overall, based on the combined sample, our network displays a dominant role of Lacto-

bacillus in the vaginal microbial community during the second trimester of a normal preg-

nancy.

4.5.2 Comparison between Black and White Women

Due to previously reported racial differences in the vaginal microbiome, we next construct

separate networks in Black and White women and compare the networks between the two

groups qualitatively. Figure 4.6 shows the genus-level vaginal microbial networks based on

373 White women and 274 Black women, respectively. Figure 4.7 shows the corresponding

centrality measures of each node in the networks. Both race-specific networks are consider-

ably sparser than the network based on the combined sample (Figure 4.5), which is likely due

to power loss of the CRV test from reduced sample sizes of the subgroups. In White women,

Lactobacillus still has the highest degree, betweenness and eigenvector centrality among all

genera (Figure 4.7: Panel A), assuming a dominant role in the vaginal microbial community.

In Black women, however, Lactobacillus no longer has the central status; instead, Megas-

phaera and Lachnospiraceae appear to have more important roles based on the centrality

measures (Figure 4.7: Panel B). Black women also have a greater number of genus-genus

interactions than White women (network density: 0.069 in Black women vs. 0.054 in White

women), despite the smaller sample size.

The differences in microbial networks between Black and White women are consistent

with previously identified racial differences in vaginal microbiome composition. While White

women tend to have a Lactobacillus-dominated vaginal microbiome, Black women are more

likely to harbor a diverse microbial profile [130, 129]. Correspondingly, our constructed
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Figure 4.6: Genus-level vaginal microbial networks in White women (Panel A; n = 373)
vs. Black women (Panel B; n = 274) of PIN study, with false discovery rate controlled at
0.2. The sizes of the nodes are proportional to their genus-level microbial abundance in the
combined sample.

network in Black women displays a greater network density and a lack of centrality by Lac-

tobacillus compared to White women. In particular, the two hub genera in Black women,

Megasphaera and Lachnospiraceae, have been associated with BV and other adverse re-

productive health conditions: Megasphaera phylotypes 1 and 2 are associated with BV,

preterm birth and trichomoniasis [158, 163]; the Lachnospiraceae family harbors bacterial

vaginosis-associated bacterium-1 (BVAB1), which is associated with BV and HPV infection

[158, 128]. Therefore, compared to Lactobacillus ’s dominance in the vaginal microbiome

of White women, pathogenic genera appear to participate in more interactions within the

vaginal microbial community of Black women.

Interestingly, one previous study [129] observes that the vaginal microbiome shifts sig-

nificantly during early pregnancy towards Lactobacillus-dominated profiles in Black women.

Based on our network analysis, however, it appears that there is still considerable diver-
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Figure 4.7: Heatmaps of network centrality measures for each genus in genus-level vaginal
microbial networks based on White women (Panel A; n = 373) vs. Black women (Panel B;
n = 274) of PIN study.

sity and active interactions among pathogenic taxa in Black women even during the second

trimester of pregnancy.

As the power of the CRV test increases with sample size, constructing a network based on

a larger sample size will typically result in a greater number of edges. Due to unequal sample

sizes between Black and White women, a direct comparison between the two race-specific

networks could be subject to bias caused by the power difference in edge detection. To assess

the robustness of our results, we further construct a network based on a random subset of

White women, with the same sample size as Black women (n = 274), and compare it against

the network based on the entire set of Black women. The resulting networks and heatmaps
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for centrality measures of each node are reported in Figure C.5 and C.6. The network based

on a reduced subsample of White women is even sparser than before (network density =

0.029), and Lactobacillus still maintains its dominant role among all genera. Therefore, our

previous results on racial differences in network structure still hold.

4.5.3 Conditional Dependence between Individual Species

Individual species within the same genus could have distinct functions and thus have het-

erogeneous interactions with species in other genera. We further investigate the conditional

dependence between individual species in different genera, based on the network constructed

from the combined sample (n = 647). Due to the important role of Lactobacillus in vagi-

nal health and previously reported distinct characteristics of individual Lactobacillus species

[125], here we focus on species in the Lactobacillus genus and assess their conditional cor-

relations with individual species in other genera that are connected to Lactobacillus in our

constructed network (Figure 4.5). We use the SEcov test [141], the univariate version of

CRV, to test the conditional dependence based on a significance level of 0.05. For each pair

of species-species association, we condition on all the other species within the microbial com-

munity that do not belong to the same genera as the species under analysis. As the SEcov

statistic provides the direction of conditional association between two univariate variables,

we are able to identify potential heterogeneous associations between individual species.

We report selected conditional associations between five common Lactobacillus species

[125] and species in four pathogenic genera: Aerococcus, Gardnerella, Megasphaera and Ure-

aplasma, where associations of opposite directions are observed among the Lactobacillus

species. The results are shown in Table 4.2, where the SEcov statistics are reported as

measures of conditional correlations.

For Aerococcus christensenii, Megasphaera OTU70 type1 and Ureaplasma cluster23, while

L. iners exhibits a positive association, all the other common Lactobacillus species show neg-

ative associations. This pattern is consistent with previously reported differences between

L. iners and other Lactobacillus species. While vaginal microbiome profiles dominated by
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Table 4.2: Selected conditional correlations, as measured by SEcov statistics, between com-
mon Lactobacillus species and pathogenic species.

Aerococcus Gardnerella Megasphaera Ureaplasma
christensenii vaginalis OTU70 type1 cluster23

L. gasseri -0.09 0.14 -0.14 –
L. iners 0.13 -0.17 0.16 0.15

L. jensenii -0.08 – – -0.09
L. crispatus – -0.14 – –
L. vaginalis – -0.09 -0.18 –

The reported conditional correlations are based on a significance level of 0.05.
“–” indicates lack of significance.

L. crispatus, L. gasseri and L. jensenii are associated with healthy vaginal states and a

stable vaginal community [125], a L. iners-dominated vaginal microbiome tends to be less

stable and more often associated with BV and vaginal dysbiosis [139, 164]. Genetic and bio-

chemical analyses also suggest that L. iners contains both probiotic and pathogenic features

[139]. Our results thus further support the possibility that L. iners maintains distinct pos-

itive interactions or co-existence with certain pathogenic bacteria, in contrast to the other

protective Lactobacillus species that mainly inhibit the growth of pathogens.

Interestingly, for Gardnerella vaginalis, while L. gasseri shows a positive association, all

the other Lactobacillus species, including L. iners, display negative associations. G. vaginalis

is a predominant species associated with BV. Previous studies indicate that L. iners might

enhance the adhesion of specific G. vaginalis strains to cervical epithelial cells [165]. Here our

analysis suggests that L. gasseri might also possess some features that allows it to cohabitate

with G. vaginalis, which will be interesting for further investigation.

Based on the species-level conditional dependence analysis, we confirm the presence of

heterogeneous interactions among individual Lactobacillus species due to their distinct func-

tions. This again showcases the advantage of using a multivariate approach to construct a
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higher-level network via the CRV test.

4.6 Discussion

Microbial association networks are useful tools to understand the global structure of human

microbial communities and detect important taxon-taxon interactions within the community.

In this work, we have proposed a novel approach to construct microbial networks at a taxo-

nomic level with sub-taxa available, via the multivariate conditional independence test based

on CRV. The proposed CRV test achieves a superior performance in recovering simulated

microbial networks compared to existing unvariate methods for microbial network construc-

tion, especially when heterogeneous associations are present among the sub-taxa under the

taxonomic level of interest. By applying the CRV test to vaginal microbiome data of the

PIN study, we have constructed microbial networks consistent with previous knowledge on

vaginal microbiota and detected racial differences in network structure between Black and

White women.

Based on the combined sample of the PIN study, Lactobacillus shows a central role in

the genus-level microbial network with the highest number of interactions among all genera,

consistent with the importance of Lactobacillus in maintaining vaginal health. When further

compared between Black and White women, we have discovered racial differences in net-

work structure: while Lactobacillus maintains its central status in White women, pathogenic

genera such as Megasphaera and Lachnospiraceae are more dominant and associated with

more interactions in Black women. Such network differences are consistent with previously

reported racial differences in vaginal microbiome composition, and we have confirmed that

these racial differences still exist during the second trimester of a normal pregnancy. It is

important to further understand the factors that contribute to these racial differences in

vaginal microbiota, which will help us develop effective strategies to improve reproductive

health outcomes.

Our multivariate CRV test has the advantage of utilizing taxon abundance at a greater

resolution without the need for data aggregation. By accumulating weak, species-level signals
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into a stronger, genus-level association, we can improve the power in detecting edges while

accounting for potential heterogenous relationships at the species level. In the PIN study,

we have shown that such heterogenous associations indeed exist among the species due to

their distinct functions and activities. In addition, since CRV is developed as a hypothesis

test, we can construct networks at a given significance level, without the need to choose

tuning parameters as in previous microbial construction approaches that rely on regularized

prediction methods such as neighborhood selection and graphical lasso.

One limitation of our CRV approach is that the number of edges detected appears to be

sensitive to power loss due to smaller sample sizes, as seen in the race-specific analysis of the

PIN study. As we perform hypothesis testing between each pair of taxa, there could be a large

multiple testing burden, and the resulting significance level after multiple-testing adjustment

could be very stringent to achieve for a smaller sample size. Therefore, a moderate to large

sample size is typically recommended.

Overall, we have developed a promising novel framework for microbial network construc-

tion based on multivariate conditional independence testing. The vaginal microbial networks

constructed using CRV contribute to our understanding of the vaginal microbial community

during pregnancy and will be useful for further investigation of the impact of vaginal mi-

crobiome on reproductive health. Our proposed CRV approach will also be a useful tool for

network analysis of other types of microbiome data, such as human microbiome from other

body sites and environmental microbiome.
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Chapter 5

MENDELIAN RANDOMIZATION WITH A MICROBIAL
EXPOSURE

5.1 Introduction

The microbiome is an integral part of the human body. In recent years, there has been a great

effort to investigate the role of the human microbiome in various health outcomes, often via

observational studies where the association between the microbial features and the outcome

is assessed. While such microbial association studies have revealed important connections

between the microbiome and various phenotypes such as BMI [10], blood pressure [166]

and conditions like inflammatory bowel disease [11] and type 2 diabetes [12], the presence

of unmeasured confounders in observational studies prevents us from directly establishing

causal relationships between specific microbial features and these outcomes. With advances

in next-generation sequencing technology and popularity of genome-wide association studies

(GWASs), Mendelian randomization (MR) emerges as a feasible framework to estimate and

test the causal effect of an microbial exposure on an outcome based on observational data,

by using genetic variants as instruments [44].

MR is a specific type of instrumental variable (IV) analysis, which originated in econo-

metrics [167] and was later popularized in genetic epidemiology [168]. The idea of MR is

analogous to that of a randomized controlled trial (RCT). During gamete formation from

meiosis, offsprings randomly inherit one copy of genetic materials from each of their par-

ents, based on Mendel’s laws; this random segregation of genetic materials is similar to the

randomization step in RCTs. If certain genetic variants are associated with the exposure of

interest, we can then use these variants as a proxy (i.e., an instrumental variable, or IV) to

investigate the causal effect of that exposure on the outcome. Since the randomly inherited
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genetic variants are not associated with (most) confounders in the exposure-outcome rela-

tionship, differences in the outcome among individuals who carry distinct variant alleles can

thus be attributed to the difference in the exposure.

Recently, an increasing number of MR studies has focused on the gut microbiome as an

exposure and investigated the causal effect of gut microbial features on health outcomes such

as metabolic traits and complex diseases [45, 13, 14]. These microbial features are typically

the abundances of individual microbial taxa. Microbial abundances obtained from microbial

sequencing techniques such as 16S rRNA sequencing and metagenomic sequencing are count

data with unique characteristics, often with overdispersion and zero-inflation [169]. However,

existing MR methods are usually based on a continuous exposure, without accommodation

for the count nature of the microbial data or the potential nonlinear relationships between

the microbial abundance and the genetic instruments as well as covariates.

The majority of existing MR studies with a microbial exposure is conducted in a two-

sample setting [45, 13, 170, 171], where the genetics-microbe association and the genetics-

outcome association are estimated from two separate data sources [47]. Often times, only

GWAS summary statistics, rather than individual-level data, are available. Typically, the

causal estimates are obtained by combining ratio-of-coefficients estimates [47] derived from

individual genetic IVs, using two-sample MR methods such as the inverse variance weighted

(IVW) estimator [172] and MR-Egger [173]. Since only summary statistics are available and

the summary statistics from microbiome GWAS are often derived from linear models [92, 15],

it is difficult to further incorporate nonlinear models for the genetics-microbe relationship in

this setting.

One previous MR study considered a microbial exposure in the one-sample setting [14],

where individual-level data on genetic variants, gut microbial features and the outcomes were

available. This study used the two-stage least squares (2SLS) method, a standard approach

in IV analysis [46], for the MR analysis. In 2SLS, through linear regression, the exposure

is regressed on the IVs to obtain fitted values of the exposure in the first stage, and the

outcome is then regressed on the fitted exposure values to provide a causal estimate in the
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second stage. When applied to a microbial exposure such as taxon abundance, however,

this approach does not account for the count nature of microbial data. 2SLS also assumes a

linear relationship between the microbial abundance and the genetic IVs. While 2SLS can

still provide valid inference when there is misspecification in its first-stage model, methods

that account for unique characteristics of microbial data might achieve a better efficiency.

In this work, we propose a novel statistical approach to conduct MR analysis with a

microbial exposure and a continuous outcome in the one-sample setting. We adapt an

existing IV method, two-stage least squares with generated instruments (2SLS-GI) [46],

to incorporate nonlinear models that account for characteristics of microbial count data

including overdispersion and zero-inflation as well as nonlinear relationships between the

microbial abundances and genetic IVs and other covariates. The 2SLS-GI method can be

considered as an extension of 2SLS. It has been applied in the econometrics literature [174],

but, to our knowledge, no application is seen in the MR literature so far. In the case of a

microbial count exposure, we demonstrate the power gain of 2SLS-GI in detecting causal

effects compared to other IV methods via simulation studies. Furthermore, we apply 2SLS-

GI to the Hispanic Community Health Study/Study of Latinos (HCHS/SOL) [23, 24] and

investigate the causal effect of different gut microbial taxa on blood pressure, where 2SLS-GI

identifies a greater number of significant causal relationships than competing methods.

The rest of the article is organized as follows. Section 5.2 provides an introduction of

2SLS-GI with accommodation for a microbial count exposure. In Section 5.3, we conduct

simulation studies to evaluate the performance of 2SLS-GI in MR analysis with a microbial

exposure, under different data generation scenarios for microbial abundances. In Section 5.4,

we apply 2SLS-GI to evaluate the causal effect of different gut microbial genera on systolic

and diastolic blood pressure based on the HCHS/SOL study. Finally, we conclude with a

discussion in Section 5.5.
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5.2 Methods

We provide an introduction of two-stage least squares with generated instruments (2SLS-

GI), an IV method that can be employed to account for specific characteristics of a microbial

count exposure. First, we introduce the general assumptions on genetic IVs in MR analysis

and give an overview of 2SLS, the standard approach in one-sample MR analysis. Next,

we explain the extension of 2SLS to 2SLS-GI and illustrate how 2SLS-GI is adapted to

accommodate a microbial exposure.

5.2.1 Assumptions on Genetic Instruments

Let XE ∈ R denote the exposure of interest, Y ∈ R denote a continuous outcome, G ∈ Rm

denote the genetic instruments (IVs) and U denote the unmeasured confounders in the

exposure-outcome relationship. In the context of MR analysis with a microbial exposure,

XE typically corresponds to the abundance of a particular microbial taxon, e.g., a bacterial

genus. Often, we are able to identify multiple genetic IVs that are associated with the

exposure such that m ≥ 1.

The core assumptions on genetic IVs are illustrated in Figure 5.1. The first assumption

requires thatG is not associated with U , which ensures validity of the genetic IVs. The second

assumption requires that G is associated with X in some way, which ensures relevance of

the genetic IVs. Finally, the third assumption requires that G is not associated with Y

conditional on X, which ensures that the genetic IVs can only affect the outcome through

the exposure of interest, but not through other pathways (i.e., horizontal pleiotropy).

Typically, the validity of these IV assumptions depends on prior biological knowledge.

In particular, the first and third assumptions are hard to verify in practice. In this work,

however, our focus is not on dealing with invalid genetic IVs, and we will assume that these

assumptions hold true throughout our description of the proposed approach.

The specific definition of association in the above assumptions can vary depending on

the context. Most strictly, no association between the genetic IVs and the confounders can
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Figure 5.1: Graphical representation of assumptions on genetic instruments in Mendelian
randomization.

be defined as statistical independence between G and U . However, relaxed criteria such as

uncorrelatedness and conditional mean independence will satisfy in many IV methods, as

described in the following sections.

5.2.2 Overview of 2SLS

Next, we give a brief overview of the standard 2SLS method. We now introduce some new

variables and notations. Let C ∈ Rk represent a set of measured covariates that we want

to adjust in the exposure-outcome relationship. In the context of MR analysis, adjusting

for population structure as a covariate is necessary to ensure validity of the genetic IVs.

Since different populations tend to vary in both genetics and various health outcomes, the

IV assumptions from Section 5.2.1 can only hold when conditioning on population structure

[47]. In addition, adjusting for other known confounders in the exposure-outcome relationship

can also improve efficiency in causal estimation.

Let X := (1, XE, C
T )T ∈ Rk+2 and Z := (1, GT , CT )T ∈ Rk+m+1. Here Z can be

considered as a more general definition of instruments, where the genetic variants G serve

as IVs for the exposure XE and the measured covariates C and the constant 1 serve as their

own IVs. We consider the following linear model for the exposure-outcome relationship:

Y = XTβ + u = β0 +XEβ1 + CTβ2 + u, (5.1)
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where u ∈ R is the error term, E[u] = 0, Cor(XE, u) 6= 0 and Cor(C, u) = 0. Here β1

corresponds to the causal effect of XE on Y and is our parameter of interest. Since XE is

associated with the error term, implying unmeasured confounding between XE and Y , the

usual ordinary least squares (OLS) estimator will produce a biased causal estimate.

Consider the observed data {(Xi, Yi, Zi)}ni=1 in n individuals. Let X ∈ Rn×(k+2), Y ∈ Rn

and Z ∈ Rn×(k+m+1) denote the observed data matrix for X, Y and Z. The 2SLS estimator

for β based on the observed data is defined as

β̂2SLS = (X̂TX̂)−1X̂TY , (5.2)

where X̂ = Z(ZTZ)−1ZTX. The causal parameter of interest, β1, is estimated by β̂1,2SLS,

the second component of β̂2SLS. The procedure for obtaining the 2SLS estimator can alter-

natively be described as the following two steps:

1. Perform linear regression of XE on genetic instruments G and covariates C to obtain

the fitted exposure X̂E.

2. Perform linear regression of Y on X̂E and C to obtain the causal estimate β̂1,2SLS.

The properties of the 2SLS estimator have been well studied. Suppose the following three

assumptions hold true: (1) E[Zu] = 0 (validity of IVs); (2) E[ZXT ] has full rank (relevance of

IVs); and (3) E[u2|Z] = σ2 (homoscedasticity). Then we can obtain asymptotic normality of

the 2SLS estimator β̂2SLS (see Theorem 5.2 of [46]), which can be used to perform hypothesis

testing on the causal parameter β1. Under the same set of assumptions, the 2SLS estimator

is efficient in the class of all IV estimators using instruments that are linear in Z (Theorem

5.3 of [46]).

5.2.3 Extension to 2SLS-GI

The 2SLS estimator has the best efficiency among IV estimators with instruments that are

linear in Z. However, to account for potential nonlinear relationships between the microbial
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exposure and the genetic IVs and covariates, we can further consider new instruments that are

nonlinear functions of Z to improve efficiency. To this end, we interpret 2SLS as a special case

of the generalized method of moments (GMM) estimator [175]. GMM is a semiparametric IV

method, where the no-association assumption between the IVs and the error term (i.e., the

first IV assumption from Section 5.2.1) is used to form a set of population moment conditions;

the corresponding set of sample estimating equations is then solved to estimate the causal

parameter of interest. Under homoscedasticity, 2SLS is exactly equivalent to the GMM

estimator obtained from the population moment conditions: E[Z(Y −XTβ)] = E[Zu] = 0.

Instead of the orthogonality assumption E[Zu] = 0 used in 2SLS, we can consider a

stronger, zero conditional mean assumption: E[u|Z] = 0. Under this assumption and ho-

moscedasticity of the error terms, it has been shown that the optimal choice of instruments

for obtaining the smallest asymptotic variance from GMM estimation is E[X|Z], rather than

Z itself, provided that the matrix E
[
E[X|Z]XT

]
has full rank (Theorem 8.5 of [46]). Using

E[X|Z] as the new instrument, the population moment condition becomes E
[
E[X|Z]u

]
= 0.

The GMM estimator obtained by solving the corresponding sample estimating equations is

equivalent to a 2SLS estimator with E[X|Z] as its instrument. Such an estimator allows us

to gain more efficiency in causal estimation compared to the original 2SLS estimator using

Z as the instrument.

As the measured covariates C can serve as their own IVs, the only unknown component

of E[X|Z] = E[(1, XE, C
T )T |Z] is the conditional mean for the exposure of interest, E[XE|Z],

which needs to be estimated in practice. In particular, when XE is the microbial abundance,

we can utilize count data models that are commonly applied to microbiome data to model the

relationship between XE and Z and estimate E[XE|Z]. Specific model choices are discussed

in Section 5.2.4. Suppose that, based on these models, we obtain the estimated conditional

mean, Ê[X|Z]. We can then construct a 2SLS estimator using Ê[X|Z] as the instrument.

Conveniently, previous work has shown that, under assumptions that are satisfied in many

scenarios, whether E[X|Z] or Ê[X|Z] is used as the instrument in 2SLS does not affect the

resulting asymptotic distribution.
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The above framework can be denoted as two-stage least squares with generated instru-

ments (2SLS-GI), which has been discussed in detail by Wooldridge in Section 6.1.2 of [46].

We now formally introduce the 2SLS-GI estimator and present its asymptotic distribution.

We consider the same notations and exposure-outcome model from (5.1) as before. Define

a new instrument Z∗ := g(Z,λ), where g(·,λ) is a known vector-valued function but the

parameter λ is unknown. Specifically, Z∗ ∈ Rk+2 is composed of the constant term, the

measured covariates C ∈ Rk and a scalar function gE(Z,λ) that is assumed to represent the

conditional mean model E[XE|Z], i.e., Z∗ = g(Z,λ) = (1, gE(Z,λ), CT )T . We further define

the generated instrument: Ẑ∗ := g(Z, λ̂) = (1, gE(Z, λ̂), CT )T , where λ̂ is an estimator of

λ. Let Ẑ∗ ∈ Rn×(k+2) denote the generated instrument matrix for all n individuals. The

resulting 2SLS-GI estimator is defined as:

β̂2SLS-GI = (X̃TX̃)−1X̃TY , (5.3)

where X̃ = Ẑ∗
[
(Ẑ∗)T Ẑ∗

]−1
(Ẑ∗)TX. Assume that: (1) E[u|Z] = 0; (2) λ̂ is

√
n-consistent

for λ; and (3) E[u2|Z] = σ2. Then β̂2SLS-GI has the following asymptotic distribution:

√
n(β̂2SLS-GI − β)

d→ N(0,Σ), (5.4)

where Σ = σ2
{
E[X(Z∗)T ]

[
E[Z∗(Z∗)T ]

]−1 E[Z∗XT ]
}−1

. The proof for this result can be

found in Appendix 6A of [46]. Based on the asymptotic normality of β̂2SLS-GI, we can perform

hypothesis testing regarding the causal parameter of interest, β1. In practice, the asymptotic

covariance matrix Σ can be estimated by the empirical covariance matrix: Σ̂ = σ̂2(X̃TX̃)−1,

where σ̂2 := (n− k − 2)−1
∑n

i=1(Yi −XT
i β̂2SLS-GI)

2.

The first and third assumptions for the asymptotic result are fairly standard assumptions.

The second assumption on
√
n-consistency of λ̂ is also satisfied in many common scenarios,

e.g., when λ̂ is obtained via maximum likelihood estimation (MLE) in parametric models.

When the conditional mean model for XE given Z is correctly specified, i.e., E[XE|Z] =
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gE(Z,λ), the resulting 2SLS-GI estimator provides a better efficiency than the standard 2SLS

estimator. On the other hand, even if the conditional mean model for XE is misspecified, the

2SLS-GI estimator β̂2SLS-GI is still consistent for β and provides valid inference, as long as

the function gE(·,λ) and the parameter λ are well-defined. This condition can be satisfied in

many scenarios. Under model misspecification of parametric models, for example, the MLE

estimator converges to a well-defined limit that minimizes the Kullback–Leibler divergence

between the assumed distribution and the true distribution [176].

5.2.4 Application of 2SLS-GI to a Microbial Exposure

2SLS-GI allows us to gain more efficiency than the standard 2SLS method if the relationship

between the exposure and the genetic IVs and covariates are well modeled. We now discuss

how 2SLS-GI is adapted to accommodate a microbial exposure. Let the exposure XE refer

to the abundance of a microbial taxon, presumably after some transformation (e.g., scaling

or rarefaction) to account for differential read depths across individuals. To capture the

count nature of the microbial abundance as well as other characteristics including overdis-

persion and zero-inflation, here we consider two zero-inflated count models, zero-inflated

Poisson (ZIP) regression and zero-inflated negative binomial (ZINB) regression, to model

the relationship between XE and the instrument Z (containing both the genetic IVs and

the covariates). These two models are widely used to model microbial count data and show

reasonable performance in previous microbiome studies [169, 177, 178, 179]

Zero-inflated models such as ZIP and ZINB are a mixture distribution of two components

[180]. For each observation, the data generation process produces a structural zero with

probability π and produces counts according to a regular count data distribution, such as a

Poisson distribution or a negative binomial distribution, with probability 1 − π. Formally,
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the probability distribution of a zero-inflated count variable, XE, can be written as

Pr(XE = x) =

π + (1− π)f(0) if x = 0,

(1− π)f(x) if x > 0,

(5.5)

where f(x) is a probability density function for count data, such as the Poisson or negative

binomial distribution. Therefore, the zero-inflated models account for both structural zeros

(due to physical absence) and sampling zeros (due to insufficient sampling) of the microbial

abundances derived from sequencing data.

In ZIP and ZINB regression, we further relate the probability of observing a structural

zero, π, and the mean parameter in the Poisson or negative binomial distribution to the

instrument, Z. In ZIP regression, we assume the following models on π and the mean

parameter, λP , of the Poisson distribution:

logit(π) = log
( π

1− π

)
= ZTα,

log(λP ) = ZTδ.

(5.6)

In ZINB regression, we assume similar models for π and the mean parameter, λNB, of the

negative binomial distribution, again using a logit link and a log link, respectively. For

ZINB regression, there is an additional dispersion parameter, φ, in the negative binomial

distribution that accounts for the potential overdispersion of count data, where a smaller

φ indicates a greater level of overdispersion. The ZIP distribution can be considered as a

special case of the ZINB distribution as the dispersion parameter φ goes to infinity.

The conditional mean of XE given Z based on ZIP regression is: E[XE|Z] = (1−π)λP =

[1−expit(ZTα)] exp(ZTδ), where α and δ can be estimated via maximum likelihood. Based

on ZINB regression, the conditional mean is E[XE|Z] = (1 − π)λNB, and the unknown

parameters can be estimated by maximum likelihood similarly. The resulting estimated

conditional mean, Ê[XE|Z], can thus be used as part of the new instrument, Ẑ∗, in 2SLS-GI.
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Sometimes, not all microbial taxa display zero-inflation: certain taxa might be extremely

common, or the sequencing technique being used is able to produce high sequencing depths.

Here we set a simple rule to prevent overfitting of zero-inflated models. When there is no

zero count in the microbial data, i.e., when the microbial taxon under study is present in

all individuals, we drop the zero component and directly use Poisson regression or negative

binomial regression such that the conditional mean becomes E[XE|Z] = λP or E[XE|Z] =

λNB. The unknown parameters can be estimated similarly as before to obtain the estimated

conditional mean.

In summary, the procedure for obtaining the 2SLS-GI estimator with a microbial exposure

can be described as the following three steps:

1. Perform regression of XE on genetic instruments G and covariates C using a zero-

inflated count data model, either ZIP regression or ZINB regression, to obtain the

estimated conditional mean, Ê[XE|Z].

• If no zeros are present in the microbial data, Poisson regression or negative bino-

mial regression can be used instead to obtain Ê[XE|Z].

2. Perform linear regression of XE on Ê[XE|Z] and C to obtain the fitted exposure X̃E.

3. Perform linear regression of Y on X̃E and C to obtain the causal estimate of XE on Y .

To implement the 2SLS-GI approach, we use the zeroinfl() function in the pscl R

package [181] to perform ZIP and ZINB regression; we then use the ivreg R package to

perform 2SLS after obtaining the generated instruments.

5.3 Simulation Studies

We conduct simulation studies to evaluate the performance of 2SLS-GI and compare it

against existing IV methods in MR analysis with a microbial exposure. We consider different

data generation mechanisms for microbial abundances and assess the power gain of 2SLS-GI

in detecting the causal effect of a microbial taxon on a continuous outcome.
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5.3.1 Simulation Procedure

In our simulation studies, we consider two variations of the 2SLS-GI approach, where we

estimate the conditional mean of the microbial exposure given IVs using ZIP regression and

ZINB regression, respectively, as described in Section 5.2.4. We denote these two methods

as “2SLS-GI-ZIP” and “2SLS-GI-ZINB,” respectively. To compare our proposed 2SLS-GI

approach to existing 1-sample MR methods, we consider two competing methods, 2SLS

and limited information maximum likelihood (LIML) [182], that are commonly used in IV

analysis. 2SLS is a standard IV method as we have introduced before in Section 5.2.2. LIML

can be considered as a “maximum likelihood counterpart” of 2SLS [47], where a bivariate

normal distribution is used to model the error terms in the exposure-outcome relationship

and the genetics-exposure relationship simultaneously. In finite samples, LIML is generally

less efficient than 2SLS but can be more robust to weak IVs [47]. In addition, we also apply

the naive OLS estimator as a reference method in our simulation studies, which is expected

to produce invalid inference in the presence of confounding.

As a general setting, we generate genotypes of five valid genetic instruments with mi-

nor allele frequencies of 0.1 according to a binomial distribution: gj ∼ Binomial(2, 0.1)

for j = 1, ..., 5 and G := (g1, ..., g5)T . We consider two measured confounders in the

exposure-outcome relationship, including one continuous variable and one binary variable:

c1 ∼ N(0, 1), c2 ∼ Bernoulli(0.5) and C := (c1, c2)T .

We consider three different data generation scenarios for microbial abundances. In the

first and second scenarios, we generate the abundance of a microbial taxon from ZIP and

ZINB regression models, respectively, so that the assumed conditional mean model for the

microbial abundance is the same as or close to the true conditional mean model. In the third

scenario, we generate the microbial abundance according to a beta-binomial regression model,

another commonly used model for microbiome data [183], so that the assumed conditional

mean model is considerably different from the true model. The detailed data generation

procedure is described below.
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In Scenario 1, for each individual i, we use the following model on the probability of

observing a structural zero, πi, and the mean parameter, λP,i, of the Poisson distribution:

logit(πi) = GT
i αG + CT

i αC + uiαu,

log(λP,i) = GT
i δG + CT

i δC + uiδu,
(5.7)

where ui ∼ N(0, 1) is an unmeasured confounder in the exposure-outcome relationship, and

we let each element of αG come from Uniform(−0.4,−0.2), αTC = (−0.5,−0.5), αu = −0.5

and (δTG, δ
T
C , δu) = −1.2(αTG,α

T
C , αu). We then generate the microbial abundance XE,i for

individual i according to the distribution ZIP(πi, λP,i). Finally, we generate a continuous

outcome Yi as:

Yi = XE,iβ1 + CT
i β2 + uβ3 + εi, (5.8)

where we set β1 = 0.08, βT2 = (0.3, 0.3), β3 = 0.5 and εi ∼ N(0, 1).

In Scenario 2, for each individual i, we use the following model on the probability of

observing a structural zero, πi, and the mean parameter, λNB,i, of the negative binomial

distribution:

logit(πi) = GT
i αG + CT

i αC + uiαu,

log(λNB,i) = GT
i δG + CT

i δC + uiδu,
(5.9)

where ui, δG, δC , δu, αG, αC , αu are generated in the same way as in Scenario 1. We fix the

dispersion parameter φ as 0.8. We then generate the microbial abundance XE,i for individual

i according to the distribution ZINB(πi, λP,i, φ). The outcome Yi is again generated in the

same way as in Scenario 1 with the same parameter values.

In Scenario 3, we consider a beta-binomial regression model for generating the microbial

abundance. A beta-binomial distribution is composed of three parameters: the total num-

ber of possible counts, NBB, which corresponds to the read depth for an individual in the

context of microbiome data; the probability of observing a single count, p; and a correlation

parameter, ρ, which accounts for overdispersion in the count data. Here we fix NBB = 1000
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and ρ = 0.5. For each individual i, we use the following model on pi, the probability of

observing a count:

logit(pi) = GT
i αG + CT

i αC + uiαu − 4, (5.10)

where ui ∼ N(0, 1) and we let each element of αG come from Uniform(0.4, 0.6), αTC =

(0.5, 0.5), and αu = 0.5. We then generate the microbial abundance XE,i for individual

i according to Beta-Binomial(NBB, pi, ρ). Finally, the outcome Yi is generated as: Yi =

XE,iβ1 +CT
i β2 +uβ3 +εi, where we set β1 = 0.004, βT2 = (0.3, 0.3), β3 = 0.5 and εi ∼ N(0, 1).

In the above three scenarios, the parameters αG and δG are set in a way that ensures

reasonable instrument strength for the genetic IVs. The causal effect of interest, β1, is set in

each scenario to ensure a clear comparison in statistical power between different methods.

When we apply the proposed 2SLS-GI methods and the competing methods to the simulated

data, we only incorporate the genetic IVs, G, and measured confounders, C, in our models,

but do not include the variable u, which is considered as unobserved in practice. For each

scenario, we consider four different sample sizes: 400, 600, 800 and 1000, and conduct 1000

simulations for each sample size.

5.3.2 Simulation Results

For each scenario, we report both the coverage of the 95% confidence interval (CI) and the

statistical power of different methods under different data generation scenarios. While we

show the coverage result for the four IV methods and the OLS method, we report the power

result only for the four IV methods that produce valid inference.

Figure 5.2 shows the coverage and power result for Scenario 1. As expected, the OLS

estimator produces extremely low CI coverage, confirming that we have properly introduced

confounding into the exposure-outcome relationship. On the other hand, all the IV methods

including two 2SLS-GI methods, 2SLS and LIML show correct CI coverage at all sample

sizes. In terms of statistical power, both 2SLS-GI-ZIP and 2SLS-GI-ZINB show a much

higher power than 2SLS and LIML, demonstrating an evident efficiency gain when the true
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model for the microbial abundance is ZIP.

Figure 5.2: Empirical coverage of the 95% confidence interval and empirical power of different
methods under Scenario 1, where the microbial abundance is generated from a zero-inflated
Poisson model. The dashed line on the left figure indicates nominal 95% coverage.

Figure 5.3 shows the coverage and power result for Scenario 2, where the true model

for the microbial abundance is ZINB. Under this scenario, 2SLS appears to be slightly con-

servative in terms of CI coverage at smaller sample sizes, whereas the two 2SLS-GI methods

have their CI coverage close to the nominal 95% at all sample sizes. Again, both 2SLS-GI

methods display a higher power than 2SLS and LIML.

Figure 5.4 shows the coverage and power result for Scenario 3, where the true model for

the microbial abundance is beta-binomial. All methods are slightly conservative in terms of

CI coverage when the sample size is 400, but achieve a coverage close to 95% at larger sample

sizes. 2SLS-GI-ZIP has a higher power than 2SLS and LIML at all sample sizes. 2SLS-GI-

ZINB has a slightly lower power than 2SLS at n = 400, but achieves a higher power than

2SLS and LIML at larger sample sizes. The power gain of the two 2SLS-GI methods are not

as evident as in Scenario 1 and Scenario 2. This is expected since the conditional mean

model for the microbial abundance is largely misspecified in this case. Nevertheless, we see
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Figure 5.3: Empirical coverage of the 95% confidence interval and empirical power of different
methods under Scenario 2, where the microbial abundance is generated from a zero-inflated
negative binomial model. The dashed line on the left figure indicates nominal 95% coverage.

that both 2SLS-GI methods are able to produce correct CI coverage and can still maintain

a power close to or even higher than 2SLS.

It is interesting that 2SLS-GI-ZIP appears to have a higher power than 2SLS-GI-ZINB

in all scenarios, especially evident at smaller sample sizes. This is the case even in Scenario

2, where the true model for the microbial exposure is ZINB. One possible explanation is

that ZINB regression is a more complex model than ZIP regression, requiring the estimation

of a greater number of parameters, which causes a loss in efficiency at smaller sample sizes.

A balance between model simplicity and goodness-of-fit to the data might be considered

for model selection. Further extensions to incorporate multiple candidate conditional mean

models for the microbial exposure in 2SLS-GI can also be studied.

5.4 Data Application

Hypertension, the consistent elevation of blood pressure, is one of the most common condi-

tions worldwide and an important risk factor for cardiovascular diseases, stroke and dementia
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Figure 5.4: Empirical coverage of the 95% confidence interval and empirical power of differ-
ent methods under Scenario 3, where the microbial abundance is generated from a beta-
binomial model. The dashed line on the left figure indicates nominal 95% coverage.

[184, 185]. Previous studies have revealed a role of the gut microbiome in the development

of hypertension and discovered specific genera associated with hypertension and blood pres-

sure [166, 186, 187]. Fecal transplant experiments in mouse models have also demonstrated

that elevated blood pressure is transferable through gut microbiota [188, 166]. However, few

studies have assessed the causal effects of gut microbiota on blood pressure in the human

population. Here we apply our proposed 2SLS-GI approach to an epidemiological data set,

the Hispanic Community Health Study/Study of Latinos (HCHS/SOL), where we evaluate

the causal effect of different gut microbial genera on systolic and diastolic blood pressure in

Hispanic/Latino populations of the United States via MR analysis.

5.4.1 Description of the HCHS/SOL Study

HCHS/SOL is a community-based prospective cohort study aimed to identify risk factors for

health outcomes in Hispanic/Latino populations in the United States. The study recruited

16,415 Hispanic/Latino adults aged 18 - 74 years, representing diverse ethnic background,
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at four U.S. field centers (Bronx, NY, Chicago, IL, Miami, FL, and San Diego, CA), using

a two-stage probability sampling design [189, 23].

During a series of in-person clinic visits, participants answered survey questions regarding

their demographics, health behaviors and medical histories. Clinical assessment and labora-

tory tests were also conducted. Specifically, measurement of blood pressure (BP) proceeded

as follows [190]. After a 5-minute rest period, BP was measured on seated participants using

their right arm, with a cuff sized to their upper right arm circumference. A trained tech-

nician used an automated sphygmomanometer (OMRON HEM-907 XL, Omron Healthcare,

Inc., Lake Forest, IL) to take three BP measurements that were spaced 1 minute apart. The

three measurements were then averaged. We use the resulting average systolic blood pressure

(SBP) and average diastolic blood pressure (DBP) as our outcome variables.

12,803 participants consented to genetic studies. Genotyping was performed on an Illu-

mina custom array, SOL HCHS Custom 15041502 B3, which consisted of the Illumina Omni

2.5M array (HumanOmni2.5-8v1-1) and ∼150,000 custom SNPs [65]. Quality control, geno-

type imputation and estimation of pairwise kinship coefficients and principal components

(PCs) of genome-wide genetic variability were described in detail by Conomos et al. [65]. In

addition to the quality control procedures described in [65], we also filter imputed genetic

variants based on an “effective minor allele count”: Neff = 2p̂(1 − p̂)Nv, where p̂ is the

estimated minor allele frequency, N is the sample size and v is the ratio of observed variance

of imputed dosages to the expected binomial variance [66]. We retain variants with sufficient

minor allele counts and exclude any variants with Neff < 30.

As an ancillary study, the HCHS/SOL Gut Origins of Latino Diabetes (GOLD) study was

further conducted to investigate the role of gut microbiome in diabetes and other health out-

comes in Hispanic/Latino individuals [24]. 3,035 participants from HCHS/SOL were enrolled

in this ancillary study during the second in-person visit period from 2014 to 2017. Based

on the collected stool samples, DNA extraction and shotgun metagenomic sequencing were

performed to characterize the gut microbial profiles. Quality-controlled paired-end microbial

sequences were processed using the pipelines and reference databases available in Qiita, a



102

web-based open-source microbiome analysis platform [191]. Sequence reads were mapped at

species level and subset to bacterial species only (making up > 99.5% of all reads). Specific

procedures of stool sample collection, metagenomic sequencing and subsequent bioinformatic

processing are described in detail by Usyk et al. [192].

The HCHS/SOL study was approved by the Institutional Review Boards of all partici-

pating institutions, and written informed consent was obtained from all participants.

5.4.2 Procedure of MR Analysis

For our MR analysis, we consider gut microbiome and phenotype data collected during the

second visit period of HCHS/SOL (2014-2017) and focus on 1,601 unrelated individuals (with

pairwise kinship coefficient ≤ 0.05) where genome-wide genetic data, gut microbiome data

from metagenomic sequencing and blood pressure data are available. Our exposure of interest

is the abundance of individual microbial genera, and our outcomes of interest are SBP and

DBP. We adjust for the following covariates: top 5 genome-wide genetic PCs, age and gender.

Among these covariates, the genetic PCs are included to ensure the validity of the genetic

instruments; age and gender are confounders known to affect both gut microbiome [24] and

blood pressure [193, 194]. We now describe our procedure of MR analysis on HCHS/SOL

data, with reference to previous microbiome MR studies [14].

We perform an initial transformation and filtering of the microbiome data to account for

differential read depths across individuals and remove overly sparse taxa. We aggregate the

species-level microbial abundances at the genus level, resulting in 1260 genera in total. We

transform the raw abundance data to relative abundances and scale the relative abundances

to the minimum read depth (D = 116,776) among all individuals. In other words, if we let

rij denote the raw abundance of the j-th genus in the i-th individual, Ni denote the read

depth for the i-th individual and D denote the minimum read depth among all individuals,

then the scaled relative abundance for genus j in individual i is calculated as rijD/Ni. The

scaled relative abundances are further rounded to the nearest integers. Lastly, we focus on

genera that are present in ≥ 10% of all individuals, leaving us 205 genera for subsequent
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analysis.

The MR analysis on HCHS/SOL data includes three steps: (1) initial screening of mi-

crobial genera for associations between the genus abundance and BP; (2) identify genetic

instruments for the selected microbial genera; (3) perform 2SLS-GI and competing methods

to assess the causal effect of each selected microbial genus on SBP and DBP.

In the first step, we screen the 205 microbial genera to identify genera that show observed

associations with the BP variables. We assess the association between SBP and each genus,

via linear regression of SBP on the genus abundance while adjusting for the covariates (top

5 genetic PCs, age and gender). The same procedure is performed on DBP. We then select

genera with significant associations with either SBP or DBP, with false discovery rate (FDR)-

adjusted p-value < 0.2, for our subsequent analysis.

In the second step, we search for genetic instruments that are associated with the selected

genera in Step 1, by performing GWAS analysis for each selected genus. We focus on com-

mon genetic variants with MAF ≥ 0.05 along the autosomes. To conduct association testing,

we perform either linear regression or logistic regression depending on the prevalence of the

genera, based on analysis procedures in previous microbiome GWAS studies [18, 92, 15].

Specifically, for genera present in ≥ 90% of individuals, we perform rank normal transfor-

mation on the scaled relative abundance to encourage normality and use linear regression

to assess the association between each rank-normal-transformed genus abundance and each

genetic variant. For genera present in ≥ 10% but < 90% of individuals, the presence/absence

of each genus is used as the outcome and related to each genetic variant via logistic regres-

sion. The covariates in the regression models include the top 5 genetic PCs, age, gender and

study site. The GWAS analysis is conducted using the GENESIS R package.

Based on the GWAS result, we identify significant variants at a relaxed genome-wide

threshold (p-value < 10−5) for each selected genus and then perform linkage disequilibrium

(LD) clumping (r2 < 0.001) to retain independent variants, using the ieugwasr R package. To

avoid potential horizontal pleiotropy (which violates the third IV assumption from Section

5.2.1), among genetic variants identified for each genus, we remove those variants that are
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also significant for other genera. The remaining variants for each genus are treated as the

genetic instruments for that genus.

Finally, in the third step, we perform 2SLS-GI-ZIP and 2SLS-GI-ZINB to assess the causal

effect of each selected microbial genus on SBP and DBP. We also apply three other competing

methods: 2SLS, LIML and CIIV [195], a confidence-interval-based method for selecting valid

instruments and performing IV analysis. 2SLS and LIML have been introduced in Sections

5.2.2 and 5.3.1. CIIV is a recently developed IV method that selects valid IVs from a

larger set of potential IVs, where the selection is based on overlapping CIs of the individual-

IV-based causal estimates; it then performs 2SLS to make causal inference. As the other

methods (2SLS-GI, 2SLS and LIML) assume that all the genetic IVs being used are valid,

including CIIV as a competing method can tell us how robust our results are to invalid IVs.

We apply the first-stage thresholding for weak IVs when implementing CIIV, as suggested

in [195]. In all methods, the same set of covariates (top 5 genetic PCs, age and gender) is

adjusted in the IV models. We use 0.05 as the significance threshold in MR analysis.

5.4.3 Application Results

Based on initial screening of microbial genera for observed associations with blood pressure

variables, we have identified five pairs of significant microbe-BP relationships which involve

four genera: Prevotella-SBP, Parabacteroides-DBP, Intestinimonas-DBP, Prevotella-DBP

and Catabacter -DBP. The number of genetic IVs discovered for each of these four genera

ranges from 10 to 23. We then conduct MR analysis for the five pairs of microbe-BP asso-

ciation identified above. Table 5.1 shows the MR analysis results of different IV methods,

where the point estimates, 95% CIs and p-values for the causal effect are reported. The

point estimates and 95% CIs are with regard to one standard deviation (s.d.) increase in the

scaled relative abundance of each microbial genus. For example, based on 2SLS-GI-ZIP, a 1

s.d. increase in relative abundance of Prevotella is estimated to generate a 2.73 (95%: [0.34,

5.12]) mmHg increase in SBP. Figure 5.5 shows the corresponding forest plot that displays

a graphical comparison in causal estimates and 95% CIs between different methods.
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Table 5.1: Causal effects of gut microbial genera on systolic and diastolic blood pressure
(SBP and DBP), based on Mendelian randomization analysis of the HCHS/SOL data.

Association No. of IVs Method Point estimate 95% CI P-value

Prevotella - SBP 15

2SLS-GI-ZIP 2.73 (0.34, 5.12) 0.026
2SLS-GI-ZINB 2.55 (-0.09, 5.18) 0.058

2SLS 2.00 (-0.35, 4.36) 0.096
LIML 2.02 (-0.37, 4.40) 0.098
CIIV 2.17 (-0.25, 4.58) 0.078

Parabacteroides - DBP 17

2SLS-GI-ZIP -1.65 (-2.96, -0.33) 0.014
2SLS-GI-ZINB -1.69 (-3.04, -0.33) 0.015

2SLS -1.69 (-3.04, -0.34) 0.014
LIML -1.74 (-3.12, -0.35) 0.014
CIIV -1.82 (-3.21, -0.42) 0.011

Intestinimonas - DBP 10

2SLS-GI-ZIP -0.83 (-2.48, 0.82) 0.327
2SLS-GI-ZINB -0.91 (-2.61, 0.79) 0.292

2SLS -1.01 (-2.79, 0.77) 0.267
LIML -1.01 (-2.86, 0.83) 0.280
CIIV -1.01 (-2.78, 0.77) 0.265

Prevotella - DBP 15

2SLS-GI-ZIP 1.08 (-0.34, 2.50) 0.136
2SLS-GI-ZINB 1.13 (-0.43, 2.70) 0.156

2SLS 1.11 (-0.29, 2.51) 0.122
LIML 1.12 (-0.31, 2.54) 0.124
CIIV 1.30 (-0.14, 2.74) 0.076

Catabacter - DBP 23

2SLS-GI-ZIP -1.99 (-3.96, -0.01) 0.049
2SLS-GI-ZINB -2.44 (-4.54, -0.35) 0.022

2SLS -1.09 (-3.26, 1.08) 0.325
LIML -1.23 (-3.80, 1.35) 0.350
CIIV 0.53 (-3.28, 4.35) 0.783

The point estimates and 95% CIs are reported with regard to 1 s.d. increase in the scaled relative
abundance of each microbial genus.

In general, based on the forest plot, the point estimates and 95% CIs are consistent

across methods for each pair of association, confirming the validity of our proposed 2SLS-GI

approach. We next discuss the specific causal relationships identified as significant by our

methods.
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Figure 5.5: Forest plot comparing the causal effect estimate and 95% CI of different IV
methods from Mendelian randomization analysis of the HCHS/SOL data.

All IV methods produce significant causal effects with similar point estimates for the

Parabacteroides-DBP association: an increase in relative abundance of Parabacteroides is

estimated to cause a decrease in DBP. One of the core members in the human gut mi-

crobiome [196], Parabacteroides is a commensal genus able to produce short chain fatty

acids (SCFAs) including acetate and succinate [197]. In particular, a phase II randomized

clinical trial [198] found that prebiotic SCFA supplementation reduced the 24-hour SBP in

individuals with hypertension. Parabacteroides is also shown to alleviate obesity and acute

pancreatitis through production of SCFAs in mouse models [199, 200]. Overall, these existing

experimental studies corroborate the causal effect identified in our analysis.

For the Prevotella-SBP association, only 2SLS-GI-ZIP produces a significant causal effect

(p-value = 0.026), where an increase in relative abundance of Prevotella is estimated to cause

an increase in SBP. 2SLS-GI-ZINB appears to be borderline significant (p-value = 0.058),

whereas all the other methods produce nonsignificant results. Prevotella is one of the most

abundant genera in our current HCHS/SOL samples. A previous study [166] found that

individuals with pre-hypertension and hypertension are associated with a higher abundance

of Prevotella and more likely to have a Prevotella-dominated gut microbiome, compared to

healthy controls. Prevotella has also been associated with increased inflammation [86], which

is thought to play a role in the development of hypertension [201].

For the Catabacter -DBP association, both 2SLS-GI-ZIP (p-value = 0.049) and 2SLS-

GI-ZINB (p-value = 0.022) produce significant results: an increase in relative abundance

of Catabacter is estimated to cause a decrease in DBP. On the other hand, all the other
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methods fail to produce a significant result. The role of Catabacter in gut microbiota is still

unclear [202], but a previous study has reported negative associations between Catabacter

and hypertension as well as between Catabacter and SBP [186]. Here, while most methods

produce negative causal estimates, CIIV produces a positive, close to null, estimate. This is

likely because CIIV only selected 3 out of 23 genetic IVs for the IV analysis under its first-

stage thresholding setting. As Catabacter has a high level of zero-inflation (with 44% of zeros

among all individuals) and CIIV performs weak IV thresholding based on a linear model

between the microbial abundance and the IVs, the genetic IVs identified from nonlinear

GWAS models were likely discarded by CIIV as weak IVs.

For the remaining two associations, Intestinimonas-DBP and Prevotella-DBP, all IV

methods produce nonsignificant causal results, with similar point estimates and 95% CIs.

Overall, our analysis of the HCHS/SOL data demonstrates a power advantage of the proposed

2SLS-GI approach: it not only produces consistent causal estimates and CIs with existing

IV methods in most situations, but is able to identify a greater number of significant causal

relationships than existing methods as well. The identified genus-BP causal relationships

will be interesting to further investigate and verify in experimental studies.

5.5 Discussion

We have proposed a novel analysis framework to conduct MR analysis with a microbial

exposure and a continuous outcome. Utilizing the 2SLS-GI method, we are able to account

for characteristics specific to microbiome data such as overdispersion and zero-inflation,

and incorporate nonlinear relationships between the microbial abundance and the IVs. In

simulation studies, we have demonstrated the power gain of 2SLS-GI in detecting causal

effects compared to existing IV methods. Through application to the HCHS/SOL data, we

have shown that 2SLS-GI is able to identify a greater number of causal relationships between

gut microbial genera and blood pressure variables, compared to existing IV methods.

In this work, we have considered two variations of 2SLS-GI: 2SLS-GI-ZIP and 2SLS-GI-

ZINB, where we used either ZIP or ZINB to estimate the conditional mean of the microbial
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abundance given genetic IVs and covariates. While a well-predicted conditional mean could

improve efficiency of 2SLS-GI, in practice, we might not know which model best represents

the true conditional mean relationship. One possible extension is to include multiple condi-

tional mean estimators derived from different models as a group of instruments (which can

then be plugged into Step 2 of the 2SLS-GI procedure in Section 5.2.4), instead of using

one conditional mean estimator as a single instrument. Such an approach can automatically

weight different estimators in terms of how well they predict the true conditional mean.

Alternatively, we can also consider certain nonparametric or machine learning methods to

estimate the conditional mean, which rely on fewer distributional assumptions and could

potentially achieve better predictive performance. However, certain conditions might still

need to satisfy in order for the asymptotic result of 2SLS-GI to hold and the theoretical

validity remains to be established.

Finally, our proposed 2SLS-GI approach currently only applies to the one-sample MR set-

ting, where individual-level data needs to be available in one study sample. In recent years,

large cohort studies with data simultaneously available on genetic variation, microbiome

profiles and phenotypic outcomes, such as HCHS/SOL, are increasingly popular, offering

more opportunities for one-sample IV methods like our proposed approach. Nevertheless,

two-sample MR analysis still has the advantage of achieving a greater statistical power com-

pared to the one-sample setting. An extension of 2SLS-GI to two-sample analysis could be

interesting to further explore: while nonlinear relationships between the microbial exposure

and the IVs might be difficult to incorporate based on summary statistics, such an extension

might still be feasible if individual-level data are available in the two-sample setting.
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Chapter 6

DISCUSSION

6.1 Summary

Due to the importance of the human microbiome in host health, there has been a great effort

to collect and analyze microbiome data. Challenges specific to microbiome data derived

from high-throughput microbial sequencing call for novel statistical approaches. In this

dissertation, we have developed a variety of novel statistical methods for association analyses

as well as causal inference of microbiome data.

In Project 1, we have proposed a novel microbiome GWAS approach to assess the asso-

ciation between gene-level host genetic variation and community-level microbiome composi-

tion, which serves as an alternative powerful strategy for microbiome GWAS in addition to

the existing variant-based taxon-level approaches. In Project 2, we have developed a novel

multivariate independence test for clustered data, which demonstrates a superior power than

competing methods in evaluating the association between the microbiome and a multivariate

trait based on longitudinal data. In Project 3, we have developed a multivariate approach to

construct microbial association networks, which shows an improved power in edge detection

and produces networks that are consistent with existing knowledge on human microbiota. In

Project 4, we have proposed a novel approach for one-sample Mendelian randomization (MR)

analysis with a microbial exposure, which shows a better power in identifying causal effects

of individual microbial taxa on continuous outcomes, compared to existing MR methods.

In Project 1-3, we used multivariate and kernel-based methods to account for the high-

dimensional nature and intrinsic structure, such as phylogenetic relationships, of microbiome

data. In Project 4, we incorporated appropriate models into MR methods to accommodate

characteristics specific to microbiome data, including zero-inflation and overdispersion. We
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also accounted for practical needs, such as covariate adjustment (Project 1) and analysis

of clustered data (Project 2), in association analyses of microbiome data. The proposed

methods in the above projects are promising tools to bring more discoveries regarding the

human microbiome and help us better understand how the microbiome affects and interacts

with host health.

6.2 Future Work

First, while our proposed statistical methods have addressed certain practical needs in as-

sociation analyses, further extensions can be considered to make them more versatile and

flexible. For example, we have accounted for covariate adjustment in Project 1 and clus-

tered data in Project 2, which were separately incorporated into kernel-based association

testing frameworks for multivariate variables. A useful extension would be a kernel-based

multivariate association test that accommodates covariate adjustment and clustered data at

the same time. In addition, our proposed association test in Project 2 only applies to com-

plete and balanced clustered data, which might not be readily available in practice. A more

flexible extension to incomplete clustered data (e.g., missing data due to loss of follow-up)

or unbalanced clustered data (e.g., data collected from subjects of the same household or

community) would also be helpful.

Second, while we have offered specific model choices in our methods to better capture

microbiome-specific characteristics, we have not focused on model selection. For example,

in Project 1, multiple candidate microbiome kernels can be considered to measure pairwise

similarity in microbial profiles. In Project 4, multiple count data models can be considered

to estimate the conditional mean of taxon abundance given instrumental variables, in order

to generate a new instrument. In practice, we often do not know in advance which kernel

or model best captures the data characteristics and results in the best statistical power.

To ensure a practical power gain using our methods, further extensions of our methods for

kernel/model selection or combining multiple candidate kernels/models would be useful.

Finally, while we have focused on the application of our methods to microbiome data in
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this dissertation, our methods can be in principle extended to the analyses of other types

of omics data. For example, gene expression data derived from single-cell RNA sequencing

(scRNA-seq) are intrinsically high-dimensional and display sparsity and overdispersion [203,

204], so that multivariate methods and appropriate count data models can be considered.

Spatial transcriptomics data further incorporates spatial relationships in gene expression

among cells in a tissue, which can be modeled using kernel functions [205, 206]. Therefore,

strategies similar to those proposed in our methods can be adapted to better analyze these

novel omics data that are rapidly accumulating today.
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nau Vich Vila, Urmo Võsa, Zlatan Mujagic, Ad AM Masclee, Daisy MAE Jonkers,
Marije Oosting, et al. Causal relationships among the gut microbiome, short-chain
fatty acids and metabolic diseases. Nature Genetics, 51(4):600–605, 2019.

[14] Xiaomin Liu, Xin Tong, Yuanqiang Zou, Xiaoqian Lin, Hui Zhao, Liu Tian, Zhuye
Jie, Qi Wang, Zhe Zhang, Haorong Lu, et al. Mendelian randomization analyses sup-
port causal relationships between blood metabolites and the gut microbiome. Nature
Genetics, pages 1–10, 2022.

[15] Alexander Kurilshikov, Carolina Medina-Gomez, Rodrigo Bacigalupe, Djawad Rad-
jabzadeh, Jun Wang, Ayse Demirkan, Caroline I Le Roy, Juan Antonio Raygoza Garay,
Casey T Finnicum, Xingrong Liu, et al. Large-scale association analyses identify host
factors influencing human gut microbiome composition. Nature Genetics, 53(2):156–
165, 2021.

[16] Emily R Davenport, Darren A Cusanovich, Katelyn Michelini, Luis B Barreiro, Carole
Ober, and Yoav Gilad. Genome-wide association studies of the human gut microbiota.
PLoS ONE, 10(11):e0140301, 2015.

[17] Marc Jan Bonder, Alexander Kurilshikov, Ettje F Tigchelaar, Zlatan Mujagic, Floris
Imhann, Arnau Vich Vila, Patrick Deelen, Tommi Vatanen, Melanie Schirmer, Sanne P
Smeekens, et al. The effect of host genetics on the gut microbiome. Nature Genetics,
48(11):1407–1412, 2016.

[18] David A Hughes, Rodrigo Bacigalupe, Jun Wang, Malte C Rühlemann, Raul Y Tito,
Gwen Falony, Marie Joossens, Sara Vieira-Silva, Liesbet Henckaerts, Leen Rymenans,
et al. Genome-wide associations of human gut microbiome variation and implications
for causal inference analyses. Nature Microbiology, 5(9):1079–1087, 2020.



114

[19] Jun Wang, Louise B Thingholm, Jurgita Skiecevičienė, Philipp Rausch, Martin
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Appendix A

SUPPLEMENTARY MATERIALS FOR CHAPTER 2

A.1 Derivation of Covariate-adjusted KRV Coefficient

Suppose that we have a phenotype kernel matrix L and a full-rank covariates matrix X that

includes a column of 1’s. We first perform a kernel principal component analysis (kernel

PCA; equivalent to an eigendecomposition) on the phenotype kernel matrix and obtain a

matrix Φ such that:

L = ΦΦT .

Here each column of Φ is a kernel principal component (kernel PC) of L and has the form
√
λrφr for r = 1, · · · , n, where λr is the rth eigenvalue of L and φr is the corresponding

eigenvector for λr. We can view Φ as a finite sample basis for the space spanned by the

phenotype kernel function `(·, ·).

We then regress out the covariates X from each kernel PC:

ε̂ := Φ− PXΦ,

where PX = X(XTX)−1XT is the projection matrix onto the column space of X. Now ε̂

represents a sample basis that is orthogonal to the covariates X. We can construct a new

phenotype kernel matrix from this residual basis: L∗ := ε̂ε̂T . Note that L∗ can be expressed

in terms of L:

L∗ = (I − PX)ΦΦT (I − PX) = (I − PX)L(I − PX) = P⊥XLP
⊥
X ,

where we let P⊥X := I − PX . Similar procedures can be performed on the genotype kernel
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matrix K to obtain the adjusted genotype kernel matrix K∗ := P⊥XKP
⊥
X . Both K∗ and

L∗ are column-centered, since the covariates matrix X includes a column of 1’s, accounting

for the intercept in a regression. We can then construct a KRV statistic from the adjusted

kernel matrices K∗ and L∗:

KRVadj(G, Y |X) =
tr(K∗L∗)√

tr(K∗K∗) tr(L∗L∗)
=

tr(P⊥XKP
⊥
XL)√

tr(P⊥XKP
⊥
XK) tr(P⊥XLP

⊥
XL)

.

Such a strategy of covariate adjustment can be seen as a special case of conditional inde-

pendence (or uncorrelatedness) testing in a kernel-based framework, as proposed by Zhang

et al. and Strobl et al. [115, 207]. In the context of microbiome GWAS, we are testing the

correlation between genetic variants and microbiome community profiles, while conditioning

on the covariates.

A.1.1 Special Case of the Linear Kernel

Suppose that we use a linear kernel `(yi,yj) = yTi yj for the phenotype data, where yi =

(yi1, · · · , yiq)T is the set of q traits for individual i.

Let Y be the n × q matrix that stores the phenotype data for all n individuals. Then

the resulting phenotype kernel matrix can be constructed as L = Y Y T . Note that we can

rewrite the covariate-adjusted kernel matrix L∗ as:

L∗ = P⊥XLP
⊥
X = P⊥XY Y

TP⊥X = (P⊥XY )(P⊥XY )T .

Therefore, in the case of a linear kernel, our proposed approach for covariate adjustment is

equivalent to the previously proposed residual-based approach [54, 56, 21], where we first

regress out the covariates from each raw phenotype and then construct the phenotype kernel

matrix using the resulting residuals.
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A.1.2 Connection between Euclidean Distance and Linear Kernel

When constructing a microbiome kernel matrix, we can often obtain the kernel matrix by

transforming existing distance or dissimilarity matrices calculated based on microbiome data.

For example, assuming that the original microbial abundance data matrix is Y , we can

obtain a “CLR-Euclidean” kernel matrix by first constructing the Euclidean distance matrix

D based on the CLR-transformed abundance data CLR(Y ) and then transforming D into

a kernel matrix L via:

L = −1

2

(
I − 11T

n

)
D2
(
I − 11T

n

)
,

where D2 is the element-wise square of D.

Now we show that, taking Euclidean distances of data CLR(Y ) followed by kernel ma-

trix transformation is equivalent to constructing a centered linear kernel matrix based on

CLR(Y ). For convenience, we still use yi to represent the CLR-transformed abundances for

individual i.

Let d2
ij be the (i, j)-th entry of matrix D2. Then we have

d2
ij = (yi − yj)T (yi − yj) = yTi yi − 2yTi yj + yTj yj.

As H := I − 11T

n
is a centering matrix, the (i, j)-th entry of matrix

(
I − 11T

n

)
D2
(
I − 11T

n

)
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becomes

d̃2
ij = d2

ij −
1

n

n∑
i=1

d2
ij −

1

n

n∑
j=1

d2
ij +

1

n2

n∑
i=1

n∑
j=1

d2
ij

= −2
[
yTi yj −

1

n

n∑
i=1

yTi yj −
1

n

n∑
j=1

yTi yj +
1

n2

n∑
i=1

n∑
j=1

yTi yj

]
+
[
yTi yi + yTj yj

]
− 1

n

n∑
i=1

[
yTi yi + yTj yj

]
− 1

n

n∑
j=1

[
yTi yi + yTj yj

]
+

1

n2

n∑
i=1

n∑
j=1

[
yTi yi + yTj yj

]
= −2

[
yTi yj −

1

n

n∑
i=1

yTi yj −
1

n

n∑
j=1

yTi yj +
1

n2

n∑
i=1

n∑
j=1

yTi yj

]
.

Therefore, the (i, j)-th entry of matrix L is

(L)i,j = −1

2
d̃2
ij = yTi yj −

1

n

n∑
i=1

yTi yj −
1

n

n∑
j=1

yTi yj +
1

n2

n∑
i=1

n∑
j=1

yTi yj.

Consequently, the resulting kernel matrix L is a centered linear kernel matrix based on

CLR(Y ): L = HL0H , where (L0)i,j = yTi yj and H = I − 11T

n
.

In light of this result, we can view the CLR-Euclidean kernel as a centered linear kernel

applied to the CLR-transformed microbiome data (or denote it as the CLR-linear kernel).

Applying our proposed covariate adjustment approach to the CLR-Euclidean kernel matrix

is thus equivalent to using the residual-based approach on the CLR-transformed data (i.e.,

regressing out the covariates from the CLR-transformed data and constructing a kernel

matrix based on the residuals).

A.2 Taxon-level Microbiome GWAS of the HCHS/SOL Study

As a comparison to our proposed gene-based community-level microbiome GWAS framework,

we performed a traditional variant-based taxon-level microbiome GWAS based on the same
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set of HCHS/SOL data (n = 1219) used in our main analysis, where we tested the association

between individual genetic variants and individual microbial genera.

For genetic data, we applied the same quality control criteria as for the community-level

analysis and focused on common genetic variants with minor allele frequency (MAF) ≥ 0.05

along the genome (including both coding and non-coding regions). For microbiome data,

we focused our analysis on relatively common genera that are present in ≥ 10% of all 1219

individuals under analysis.

To conduct association testing, we performed either linear regression or logistic regression

depending on the prevalence of the genera, based on analysis procedures in previous micro-

biome GWAS studies [18, 92, 15]. Specifically, for genera present in ≥ 90% of individuals, we

performed rank normal transformation on the rarefied abundance data to encourage normal-

ity and used linear regression to assess the association between each rank-normal-transformed

microbial abundance and each genetic variant. For genera present in ≥ 10% but < 90% of

individuals, the presence/absence of each genus was used as the outcome and associated with

each genetic variant via logistic regression. Similar to the community-level analysis, the top 5

PCs of genome-wide genetic variability were included in the regression models as covariates.

The genome-wide association testing was conducted using the GENESIS R package v2.28.0:

https://bioconductor.org/packages/GENESIS.

A.3 Analyses to Assess the Robustness of the IL23R-C1orf141 Signal

Based on our main analysis of 1219 HCHS/SOL subjects, we have identified genome-widely

significant associations between variants in IL23R and C1orf141 and gut microbiome com-

position using the Bray-Curtis kernel (Table 2.1), where population structure, a major con-

founder captured by the top 5 PCs of genetic variability, was adjusted. However, these two

associations no longer have genome-wide significance in a reduced sample (n = 1096) where

additional covariates (age, gender and study sites) were available and adjusted. To assess

the robustness of these two signals, we have conducted several additional analyses.

First, to investigate if there is additional confounding caused by age, gender and study

https://bioconductor.org/packages/GENESIS
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site, we have assessed the association between our identified loci and these covariates in the

reduced sample. IL23R and C1orf141 were combined into a single IL23R-C1orf141 region

due to overlapping variants. We applied the SNP-set kernel association test (SKAT) [54]

to assess the association between age/gender and common variants in the IL23R-C1orf141

region, with a linear model for age and a logistic model for gender. Since there were no

available SKAT models to accommodate study site as an outcome, which is a categorical

variable with four levels, we used linear regression to regress the genotype of the top variant

(rs10789226) in the IL23R-C1orf141 region on study site. In all models, the population

structure captured by the top 5 genome-wide genetic PCs were adjusted. We found no

significant association between the genetics and any of the covariates (p-values for age,

gender and study site were 0.06, 0.08 and 0.75, respectively), thus confirming that these

covariates are not likely to be confounders in the genetics-microbiome relationship in our

study.

Next, to discover any systematic differences between participants with (n = 123) and

without missing data (n = 1096) for the three covariates, we have compared the overall

microbiome composition and genetic features of the IL23R-C1orf141 region between these

two sub-samples. We plotted the top two kernel PCs of the Bray-Curtis microbiome kernel

matrix to identify any clustering by sub-samples and conducted permutational multivariate

analysis of variance (PERMANOVA) [208] to test the difference between the two sub-samples

in microbiome composition (see Figure A.7). Similar analysis was performed for the genetic

kernel matrix, constructed based on common variants in the IL23R-C1orf141 region using

a linear kernel. These analyses revealed no significant difference between participants with

and without missing covariates data (PERMANOVA p-value = 0.07 for microbiome; 0.40

for genotypes).

Based on the above analyses, we have further confirmed that there is not likely to be sys-

tematic differences between the original sample and the reduced sample, and the additionally

adjusted covariates are not likely to be confounders in the genetics-microbiome relationship.

These results have confirmed the robustness of our identified genetic loci based on the Bray-
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Curtis kernel, and the reduced genome-wide significance in the reduced sample is likely due

to sample size loss.

A.4 Supplementary Tables and Figures

Table A.1: P-values for the significant genes from Table 2.1 when additional covariates were
adjusted in the first-stage KRV analysis of the HCHS/SOL data.

Microbiome kernel Genes Number of common variants P-value

Bray-Curtis
C1orf141 484 2.5× 10−5

IL23R 284 3.7× 10−5

Unweighted UniFrac
MTMR12 174 2.3× 10−7

ZFR 288 3.3× 10−8

CLR-linear MTMR12 174 3.3× 10−6

Adjusted covariates include the top 5 PCs of genome-wide genetic variability, age, gender and study sites.
The analysis was performed on 1096 unrelated individuals where all relevant data were available.



142

Figure A.1: Manhattan plots from the first-stage gene-level analysis of the HCHS/SOL data,
using the PC-adjusted KRV. Each panel corresponds to a distinct microbiome kernel. The
top 5 PCs of genome-wide genetic variability were adjusted. The red lines represent the
genome-wide significance threshold (α = 2.6× 10−6).
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Figure A.2: Microbiome GWAS results of MTMR12, based on the CLR-linear kernel. Panel
A: Manhattan plot and linkage disequilibrium (LD; R2) heatmap from the second-stage
variant-level analysis of the HCHS/SOL data, using the PC-adjusted KRV. The red line
represents variant-level significance (α = 1.08 × 10−4) used in the main analysis. Panel B:
PC2 vs. PC1 from kernel PCA on the CLR-linear kernel, colored by genotype of the top
variant from MTMR12. The percent of variance captured by each kernel PC was provided
in the axis labels.



144

Figure A.3: Illustration of procedures to identify specific microbial taxa involved in the
community-level microbiome GWAS associations.

Table A.2: Empirical type I error rate of unadjusted and covariate-adjusted KRV at nominal
level α under Type I Error Scenario 2.

Method Microbiome kernel
α

0.05 0.01 0.001

Unadjusted KRV

Bray-Curtis 1.0000 1.0000 1.0000
Unweighted UniFrac 1.0000 1.0000 1.0000
Weighted UniFrac 0.9980 0.9794 0.8312

Generalized UniFrac 1.0000 1.0000 1.0000
CLR-linear 1.0000 1.0000 1.0000

PhILR-linear 1.0000 1.0000 0.9983

Adjusted KRV

Bray-Curtis 0.0489 0.0104 0.0014
Unweighted UniFrac 0.0473 0.0079 0.0007
Weighted UniFrac 0.0482 0.0102 0.0018

Generalized UniFrac 0.0467 0.0096 0.0009
CLR-linear 0.0521 0.0116 0.0010

PhILR-linear 0.0524 0.0094 0.0018

Linear kernel was used for genetic data.
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Figure A.4: Manhattan plots from alternative analysis of the HCHS/SOL data, via linear
regression of the top PC of the community-level microbiome kernel matrix on the top PC
of the gene-level genotype kernel matrix. Each panel corresponds to a distinct microbiome
kernel. The top 5 PCs of genome-wide genetic variability were adjusted. The red lines
represent the genome-wide significance threshold (α = 2.6× 10−6).
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Figure A.5: Manhattan plots from alternative analysis of the HCHS/SOL data, via SKAT
test of the top PC of the community-level microbiome kernel matrix on gene-level genetic
variation. Each panel corresponds to a distinct microbiome kernel. The top 5 PCs of genome-
wide genetic variability were adjusted. The red lines represent the genome-wide significance
threshold (α = 2.6× 10−6).
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Figure A.6: Empirical power of covariate-adjusted KRV and competing methods at nominal
level α = 0.05 for different microbiome kernels under large effect sizes. Panel A: A single
SNP affects the abundance of common OTUs. Panel B: A single SNP affects the abundance
of OTUs from a common phylogenetic cluster. Panel C: A single SNP affects the abundance
of rare OTUs. In each scenario, linear kernel was used for genetic data.
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Figure A.7: PC2 vs. PC1 from kernel PCA on the Bray-Curtis microbiome kernel and the
IL23R-C1orf141 genotype kernel, colored by missing status of three covariates: age, gender
and study site. Panel A: Kernel PCA was conducted on the Bray-Curtis microbiome kernel
matrix. Panel B: Kernel PCA was conducted on the linear genotype kernel matrix, which
was constructed based on common variants in the IL23R-C1orf141 region.
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Appendix B

SUPPLEMENTARY MATERIALS FOR CHAPTER 3

B.1 Preliminary Results

In this section, we present some preliminary results that will be useful in proving Theorem

3.3.2, Theorem 3.3.3 and Proposition 3.3.4. We draw upon existing theory on properties of

random kernel matrices and extend these properties to cluster-correlated data. Specifically,

we show the convergence of eigenvalues and eigenvectors of an empirical kernel matrix based

on clustered data.

Let (X ,F , P ) be a probability space and H be a Hilbert space over (X ,F , P ) with a

symmetric kernel function k : X × X → R. Let H be a compact operator on H, defined by

Hg(x) =

∫
X
k(x, x′)g(x′)dP (x′) for x ∈ X , g ∈ H.

Let Hn be the Hilbert space over (X ,F , Pn), where Pn = 1
n

∑n
j=1 δXj

is the empirical version

of P for a given n ∈ N. Let Hn : Hn → Hn be the empirical version of the operator H,

defined by

Hng(x) =

∫
X
k(x, x′)g(x′)dPn(x′) for x ∈ X , g ∈ Hn.

Equivalently, Hn can be viewed as an n× n real matrix whose (i, j)-th entry is

{Hn}i,j =
1

n
k(Xi, Xj).

This is the empirical kernel matrix scaled by a factor of 1/n.

Here we restrict our discussion to a reproducing kernel Hilbert space (RKHS) H, where

the kernel function k is positive semi-definite. We also assume that the operator H is
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Hilbert–Schmidt, with E[k2(X,X ′)] <∞.

Let λ(T ) denote the spectrum of a compact, symmetric operator T . Then λ(H) and

λ(Hn) are the sets of eigenvalues for H and Hn, respectively. Since Hn is an operator on

Rn, we add to its spectrum an infinite number of zeros, such that λ(H) and λ(Hn) are

comparable. For an operator with a positive semi-definite kernel, the associated eigenvalues

are non-negative.

For any two compact, symmetric operators A and B with positive semi-definite kernels,

let a1 ≥ a2 ≥ · · · ≥ 0 be the eigenvalues in λ(A) arranged in a non-increasing order and let

b1 ≥ b2 ≥ · · · ≥ 0 be the eigenvalues in λ(B) arranged in a non-increasing order. Following

the work by Koltchinskii et al. [209], we can define a distance measure δ2 on `2(N) such that

δ2(λ(A), λ(B)) =
[∑

i

(ai − bi)2
]1/2

.

As shown in [209], the measure δ2 is a well-defined distance between spectra of Hilbert–

Schmidt operators or operators on Rn. It satisfies the triangle inequality with

δ2(λ(A), λ(B)) ≤ δ2(λ(A), λ(C)) + δ2(λ(C), λ(B))

for any operators A, B and C.

We now consider a sample Xn = (X1, · · · , Xn) with clustered correlation among the

observations, as defined in Section 3.2 of the main text.

Assumption B.1.1. Assume that Xn can be divided into m i.i.d. clusters of fixed size d

(i.e., n = md). The observations X1, · · · , Xn are identically distributed according to P , and

the clusters {[Xdi−d+1, Xdi−d+2, · · · , Xdi]}mi=1 are independent from each other while having

identical within-cluster correlation structure.
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B.1.1 Convergence of eigenvalues

We show that, with clustered data, the set of eigenvalues for Hn converges to the set of

eigenvalues for H as the number of clusters goes to infinity. We first introduce a lemma that

will be useful in proving this statement.

Lemma B.1.2. Suppose that Assumption B.1.1 holds for the sample Xn. Let Vn be a V-

statistic based on Xn with a bivariate symmetric kernel function f(x, x′):

Vn :=
1

n2

n∑
i=1

n∑
j=1

f(Xi, Xj).

Assume that Vn is non-degenerate and the class C := {x 7→ f(x, x′) : x′ ∈ X} is a P -Donsker

class [116], then

Vn
p→ E[f(X,X ′)] as m→∞,

where X ′ is an independent copy of X.

The proof of Lemma B.1.2 is provided in Section B.5.

We have assumed that the operator H is Hilbert–Schmidt and the kernel k is positive

semi-definite. By Mercer’s Theorem (see, e.g. Theorem 3.6 of [210]), there exists an or-

thonormal set {φr : r ∈ J} of H, where J ⊆ N, and a sequence of descending non-negative

real numbers {λr : r ∈ J} with
∑

r∈J λ
2
r <∞ such that

k(x, x′) =
∑
r∈J

λrφr(x)φr(x
′).

Here the set λ(H) := {λr : r ∈ J} is the set of eigenvalues for H, and the set {φr : r ∈ J} is

the corresponding set of eigenfunctions. For any fixed R ∈ N, we further define kR(x, x′) :=∑R
r=1 λrφr(x)φr(x

′).

The following theorem states the convergence of eigenvalues of the empirical kernel ma-

trix. The theorem and associated proof are adapted from Theorem 3.1 of Koltchinskii et al.

[209], where we extend the assumption from i.i.d. data to clustered data.
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Theorem B.1.3. Assume that the kernel k(·, ·) is symmetric and positive semi-definite, and

E[k2(X,X ′)] <∞. Suppose that Assumption B.1.1 holds for the sample Xn, and C := {x 7→

(k − kR)2(x, x′) : x′ ∈ X} is a P -Donsker class for any R ∈ N. Then we have

δ2(λ(Hn), λ(H))
p→ 0 as m→∞. (B.1)

As a result, the r-th largest eigenvalue of Hn converges in probability to the r-th largest

eigenvalue of H, for each r.

Proof. Symmetric kernel k and E[k2(X,X ′)] < ∞ ensure that the operator H is Hilbert–

Schmidt. For the decomposition k(x, x′) =
∑

r∈J λrφr(x)φr(x
′), we consider first the basic

case where J = {1, · · · , R0} for some R0 <∞, and then the general case where J = N.

In the basic case, we have k(x, x′) =
∑R0

r=1 λrφr(x)φr(x
′). Following the argument of

Koltchinskii et al. [209], we can prove that (B.1) holds, using tools of operator perturbation

theory. The majority of the proof in the basic case would be similar to that of Koltchinskii

et al. and we skip the details here. To account for clustered data, in Eq. (3.4) of [209], we

apply the law of large numbers (LLN) to the clusters instead of individual observations.

We next focus on the general case where J = N. For any fixed R < ∞, let HR be the

integral operator with kernel kR(x, x′) =
∑R

r=1 λrφr(x)φr(x
′). Then we have

lim
R→∞

δ2(λ(H), λ(HR)) = lim
R→∞

[ ∞∑
r=R+1

λ2
r

]1/2

= 0. (B.2)

Let HR,n be an n× n real matrix (i.e., an operator on Rn) whose (i, j)-th entry is

{HR,n}i,j =
1

n
kR(Xi, Xj).

By the result (B.1) established in the basic case, we have

lim
m→∞

δ2(λ(HR,n), λ(HR)) = 0 in probability for all R <∞. (B.3)
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Now, by Hoffman–Wielandt Inequality (Theorem 2.2 of [209]), we have

lim
R→∞

lim
m→∞

δ2(λ(HR,n), λ(Hn)) ≤ lim
R→∞

lim
m→∞

‖HR,n −Hn‖HS

= lim
R→∞

lim
m→∞

[ 1

n2

∑
1≤i,j≤n

(k − kR)2(Xi, Xj)
]1/2

.
(B.4)

Here Vn := 1
n2

∑
1≤i,j≤n(k−kR)2(Xi, Xj) is a V-statistic with kernel f(x, x′) = (k−kR)2(x, x′).

By Lemma B.1.2, which shows the convergence in probability of a V-statistic based on

clustered data, we have

Vn
p→ E[(k − kR)2(X,X ′)] as m→∞,

where X ′ is an independent copy of X. Therefore, (B.4) becomes

lim
R→∞

lim
m→∞

δ2(λ(HR,n), λ(Hn)) ≤ lim
R→∞

E[(k − kR)2(X,X ′)]1/2

= lim
R→∞

[
∞∑

r=R+1

λ2
r

]1/2

= 0 in probability.
(B.5)

Finally, combining (B.2), (B.3) and (B.5), we have

lim
m→∞

δ2(λ(Hn), λ(H))

≤ lim
R→∞

lim sup
m→∞

[
δ2(λ(Hn), λ(HR,n)) + δ2(λ(HR,n), λ(HR)) + δ2(λ(HR), λ(H))

]
= 0 in probability.

Suppose γr is the r-th largest eigenvalue of Hn, and recall that λr is the r-th largest eigenvalue

of H. For any r ∈ N, we have that

|γr − λr| ≤
[∑

i

(γi − λi)2
]1/2

= δ2(λ(Hn), λ(H))
p→ 0 as m→∞.

We have thus proved the theorem.
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We now show that some common kernel functions such as linear kernels and Gaussian

kernels satisfy the conditions in Theorem B.1.3.

For any X ⊆ Rp, the linear kernel k(x, x′) = xTx′ has exactly p non-zero eigenvalues.

Therefore, the linear kernel trivially satisfies the basic case in the proof of Theorem B.1.3.

Next, we show that conditions in Theorem B.1.3 hold for a Gaussian kernel k(x, x′) =

exp(−‖x − x′‖2
2/(2σ

2)) under X = R and a normal distribution P . The case where X is

multi-dimensional can be generalized from the univariate case.

Proposition B.1.4. Suppose that X = R and P = N (0, τ 2). Given a Gaussian kernel

k(x, x′) = exp(−(x− x′)2/(2σ2)), it holds that the class C := {x 7→ (k− kR)2(x, x′) : x′ ∈ X}

is a P -Donsker class.

Proof. We utilize the fact that, classes of functions with uniformly bounded variation are

P -Donsker [211]. We will show that there exists some M <∞ such that the total variation

norm ‖ · ‖V of each function f in C satisfies: ‖f‖V ≤ M . The total variation norm of a

differentiable function f is of the form: ‖f‖V =
∫
|f ′(x)|dx.

As shown in Section 4.3.1 of [212], the eigenvalues λr and eigenfunctions φr of the Gaus-

sian kernel k(x, x′) = exp(−(x− x′)2/(2σ2)), with r = 0, 1, 2, · · · , are of the following form:

λr =

√
2a

A
Bk, φr(x) = exp(−(c− a)x2)Hr(

√
2cx),

where Hr(x) = (−1)r exp(x2) dr

dxr
exp(−x2) is the r-th order Hermite polynomial, a = 1/(4τ 2),

b = 1/(2σ2) and

c =
√
a2 + 2ab, A = a+ b+ c, B = b/A.

Therefore, we can express kR(x, x′) =
∑R−1

r=0 λrφr(x)φr(x
′) in a closed form.

Both k and kR are differentiable. Fixing x′ ∈ X , by definition of total variation norm,
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we have

‖(k − kR)2(·, x′)‖V =

∫ ∣∣∣ d
dx

(k − kR)2(x, x′)
∣∣∣dx

=

∫ ∣∣∣2(k − kR)(x, x′)
[
− 1

σ2
(x− x′)k(x, x′)− k∗R(x, x′)

]∣∣∣dx,
where k∗R(x, x′) =

∑R−1
r=0 λrφ

∗
r(x)φr(x

′), with

φ∗r(x) =

exp(−(c− a)x2)
[
− 2(c− a)x

]
if r = 0,

exp(−(c− a)x2)
[
2r
√

2cHr−1(
√

2cx)− 2(c− a)xHr(
√

2cx)
]

if r > 0.

By triangle inequality and Cauchy-Schwarz inequality, ‖(k − kR)2(·, x′)‖V is uniformly

bounded (with respect to x′) as long as the following terms are uniformly bounded:

∫
(x− x′)2k2(x, x′)dx,

∫
k2(x, x′)dx,

∫
k2
R(x, x′)dx,

∫
(k∗R(x, x′))2dx.

We have:

∫
(x− x′)2k2(x, x′)dx =

∫
(x− x′)2 exp

(
− (x− x′)2

σ2

)
dx =

√
πσ EP0 [(X − x′)2] =

√
πσ3

2
,

where the expectation is evaluated according to the distribution P0 = N (x′, σ2/2). Similarly,

it is easy to show that
∫
k2(x, x′)dx =

√
πσ.

To show that
∫
k2
R(x, x′)dx is uniformly bounded, by Cauchy-Schwarz inequality, it

suffices to show that
∫
φ2
r(x)dx and φr(x

′)φs(x
′) are uniformly bounded for any r, s ∈

{0, · · · , R− 1} and x′ ∈ X . We have

∫
φ2
r(x)dx =

∫
exp(−2(c− a)x2)H2

r (
√

2cx)dx =

√
π

2(c− a)
EP1 [H

2
r (
√

2cX)],

where the expectation is evaluated according to the distribution P1 = N (0, 1/[4(c − a)]).

The r-th order Hermite polynomial is a polynomial of degree r. Since a normal distribution
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has finite r-th moments for any non-negative integer r, the term EP1 [H
2
r (
√

2cX)] is finite.

LetM1 = maxr∈{0,··· ,R−1} EP1 [H
2
r (
√

2cX)], then
∫
φ2
r(x)dx ≤M1 for all r ∈ {0, · · · , R−1}.

Note that φr(x
′) = exp(−(c − a)(x′)2)Hr(

√
2cx′) is a bounded function for any r: In-

tuitively, the exponential part changes at a larger rate than the polynomial part, and

exp(−(c − a)(x′)2) is bounded between 0 and 1. Therefore, there exists c0, · · · , cR−1 > 0

such that supx′∈X |φr(x′)| ≤ cr for each r = 0, · · · , R− 1.

Let M2 = maxr,s∈{0,··· ,R−1} crcs, then |φr(x′)φs(x′)| ≤M2 for all r, s ∈ {0, · · · , R− 1} and

x′ ∈ X . Similarly, we can show that
∫

(k∗R(x, x′))2dx is also uniformly bounded.

As a result, for each σ2 and τ 2, there exists M < ∞ such that, for any x′ ∈ X , the

function f(x) = (k − kR)2(x, x′) has a total variation bounded by M . Thus C = {x 7→

(k − kR)2(x, x′) : x′ ∈ X} is a P -Donsker class.

B.1.2 Convergence of Eigenvectors

We next show that, under sufficient conditions, the eigenvectors of the scaled empirical

kernel matrix Hn would converge in probability to the corresponding eigenfunctions for the

operator H, as the number of clusters goes to infinity. In particular, the i-th element of the

r-th eigenvector of Hn converges in probability to the r-th eigenfunction of H evaluated at

Xi, up to some scaling.

Let λ(H) := {λr : r ∈ N} be the set of eigenvalues for H, and {φr : r ∈ N} be the

corresponding set of eigenfunctions for H. Let λ(Hn) := {γr : r = 1, · · · , n} be the set of

eigenvalues for Hn. Let ur = (ur(Xi), · · · , ur(Xn))T be the r-th eigenvector for Hn.

Here (and in the proofs of the following sections) we assume that all eigenvalues in λ(H)

have multiplicity one for simplicity. In the case where certain eigenvalues have multiplicity

larger than one and the corresponding eigenfunctions are not unique, we can always find an

orthogonal matrix that transforms the set of eigenvectors {ur : r = 1, · · · , n} to match the

components of {φr : r ∈ N}, as considered by Zhang et al. (2012) (Lemma 8 in [115]).
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For each r where γr > 0, define the function

gr,n(x) :=
1√
nγr

n∑
j=1

k(x,Xj)ur(Xj).

As discussed by Bengio et al. [213], the function gr,n can be viewed as an eigenfunction for

Hn. In particular, it is easy to show that gr,n(Xi) =
√
nur(Xi) for each i.

The following proposition states the convergence of eigenvectors of the kernel matrix.

The proposition and associated proof are adapted from Proposition 2 from Bengio et al.

[213], while accommodating the clustered correlation among the observations.

Proposition B.1.5. Suppose that Assumption B.1.1 holds for the sample Xn. Assume

that the conditions in Theorem B.1.3 hold and that, for each r, the function x 7→ gr,n(x)

converges uniformly in probability to a non-random limit function gr,∞ as m → ∞, with

E[g2
r,∞(X)] <∞. Then for each r, i, we have

gr,n(Xi) =
√
nur(Xi)

p→ φr(Xi) as m→∞.

Proof. We restrict our discussion to positive γr and λr’s. By algebraic manipulation, we have

gr,n(x) =
1√
nγr

n∑
j=1

ur(Xj)k(x,Xj)

=

√
n

γr

n∑
j=1

[ 1√
n
gr,n(Xj)

] 1

n
k(x,Xj)

=
1

nγr

n∑
j=1

gr,n(Xj)k(x,Xj).

The above result shows that gr,n is an eigenfunction of Hn with eigenvalue γr. Our goal is

to show that gr,∞ is an eigenfunction of H with eigenvalue λr. Following the argument of
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[213], by triangle inequality, for any fixed x ∈ X , we can derive

∣∣∣gr,n(x)− 1

λr

∫
gr,∞(x′)k(x, x′)dP (x′)

∣∣∣
≤
∣∣∣ 1

nλr

n∑
j=1

gr,∞(Xj)k(x,Xj)−
1

λr

∫
gr,∞(x′)k(x, x′)dP (x′)

∣∣∣
+
∣∣∣λr − γr
nλrγr

n∑
j=1

gr,∞(Xj)k(x,Xj)
∣∣∣

+
∣∣∣ 1

nγr

n∑
j=1

k(x,Xj)[gr,n(Xj)− gr,∞(Xj)]
∣∣∣

=: An +Bn + Cn.

(B.6)

Next we study each of the above terms.

First, by LLN applied to clusters, we have

An =
∣∣∣ 1

nλr

n∑
j=1

gr,∞(Xj)k(x,Xj)−
1

λr

∫
gr,∞(x′)k(x, x′)dP (x′)

∣∣∣
=

1

dλr

∣∣∣ 1

m

m∑
j=1

[ dj∑
`=dj−d+1

gr,∞(X`)k(x,X`)
]
− d

∫
gr,∞(x′)k(x, x′)dP (x′)

∣∣∣
p→ 0 as m→∞.

(B.7)

Note that, since E[k2(X ′, X)] <∞, we have E[k2(x,X)] = E[k2(X ′, X)|X ′ = x] <∞ for

any fixed x ∈ X .

From Theorem B.1.3, we know that γr
p→ λr for each r, and thus γr is bounded in

probability. Therefore, by LLN applied to clusters,

Bn =
∣∣∣λr − γr
nλrγr

n∑
j=1

gr,∞(Xj)k(x,Xj)
∣∣∣

≤
∣∣∣λr − γr
λrγr

∣∣∣∣∣∣ 1
n

n∑
j=1

gr,∞(Xj)k(x,Xj)
∣∣∣

p→ 0×
∣∣∣E[gr,∞(X)k(x,X)]

∣∣∣ = 0 as m→∞,

(B.8)
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where we use Cauchy-Schwarz inequality:

∣∣∣E[gr,∞(X)k(x,X)]
∣∣∣ ≤ E[

∣∣gr,∞(X)k(x,X)
∣∣] ≤ (E[g2

r,∞(X)]E[k2(x,X)]
)1/2

<∞.

Finally, again by LLN applied to clusters, we have

Cn =
∣∣∣ 1

nγr

n∑
j=1

k(x,Xj)[gr,n(Xj)− gr,∞(Xj)]
∣∣∣

≤ 1

nγr

n∑
j=1

∣∣∣k(x,Xj)[gr,n(Xj)− gr,∞(Xj)]
∣∣∣

≤ 1

γr
sup
x′∈X

∣∣∣gr,n(x′)− gr,∞(x′)
∣∣∣× 1

n

n∑
j=1

|k(x,Xj)|

p→ 0× E[|k(x,X)|] = 0 as m→∞,

(B.9)

where we use the uniform convergence assumption

sup
x′∈X

∣∣∣gr,n(x′)− gr,∞(x′)
∣∣∣ p→ 0 as m→∞

and the fact that E[|k(x,X)|] <∞ for any fixed x (given E[k2(x,X)] <∞).

By (B.7), (B.8) and (B.9), we see that (B.6) becomes

∣∣∣gr,n(x)− 1

λr

∫
gr,∞(x′)k(x, x′)dP (x′)

∣∣∣ p→ 0 as m→∞,

i.e., gr,n(x) converges in probability to 1
λr

∫
gr,∞(x′)k(x, x′)dP (x′) pointwise for each x ∈ X .

We already know that gr,n
p→ gr,∞ pointwise. By uniqueness of limit, we obtain

λrgr,∞(x) =

∫
gr,∞(x′)k(x, x′)dP (x′),

indicating that gr,∞ is an eigenfunction of H with eigenvalue λr, i.e., gr,∞ = φr.

Finally, consider any observation Xi from the random sample Xn. By the uniform con-
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vergence assumption for gr,n(x), we have, for any ε > 0,

Pr
(
|gr,n(Xi)− φr(Xi)| > ε

)
≤ Pr

(
sup
x∈X
|gr,n(x)− φr(x)| > ε

)
→ 0 as m→∞.

Therefore, for each r, i, we have

gr,n(Xi) =
√
nur(Xi)

p→ φr(Xi) as m→∞,

completing the proof.

B.2 Proof of Theorem 3.3.2

We first introduce a lemma that will be useful in proving the theorem. The following lemma

is adapted from Theorem 4.2 of [214] and Lemma 9 of [115].

Lemma B.2.1. Let {AR,m} be a double sequence of random vectors indexed by R and m.

Let {BR} and {Cm} be sequences of random vectors and D be a random vector. Suppose that

we have AR,m
p→ BR as m→∞ for each R, and BR

d→ D as R→∞. Further suppose that

lim
R→∞

lim sup
m→∞

Pr(‖AR,m − Cm‖ > ε) = 0

for any ε > 0. Then Cm
d→ D as m→∞.

The proof of Lemma B.2.1 is provided in Section B.5.

B.2.1 Proof of Theorem 3.3.2

To prove Theorem 3.3.2, we adopt a strategy similar to the proof for Theorem 3 of Zhang et

al. (2012) [115]. Let u∗X,r :=
√
γX,ruX,r and u∗X,r :=

√
γY,ruY,r for each r. Define

Qrs :=
1√
n

(
u∗X,r

)T(
u∗Y,s

)
=

1√
n

n∑
i=1

u∗X,r(Xi)u
∗
Y,s(Yi),
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where u∗X,r(Xi) and u∗Y,r(Yi) are the i-th elements of u∗X,r and u∗Y,r, respectively. We then

note that

nHSIC(Pn) =
1

n
tr(K̃XK̃Y ) =

1

n

∑
1≤r,s≤n

[(
u∗X,r

)T(
u∗Y,s

)]2

=
∑

1≤r,s≤n

Q2
rs.

We will break the proof of Theorem 3.3.2 into two parts:

(i) If X ⊥⊥ Y , then for any fixed L ∈ N, we have

∑
1≤r,s≤L

Q2
rs

d→
L2∑
t=1

`tz
2
t as m→∞, (B.10)

where zt’s are i.i.d. standard normal variables, and `t’s are the eigenvalues of E[wwT ], with

w being the random vector obtained by stacking the columns in the L×L matrix N , whose

(r, s)-th entry is

Nrs =
1√
d

d∑
i=1

√
λX,rλY,sφX,r(Xi)φY,s(Yi).

(ii) The result (B.10) still holds when L = n → ∞, which is satisfied as m → ∞. In

other words,

nHSIC(Pn) =
∑

1≤r,s≤n

Q2
rs

d→
∞∑
t=1

`tz
2
t as m→∞,

where `t’s are now the eigenvalues of the infinite matrix E[w∞w
T
∞], with w∞ being the

infinite random vector whose elements are of the form:

1√
d

d∑
i=1

√
λX,rλY,sφX,r(Xi)φY,s(Yi) for r, s ∈ N.

Alternatively, `t’s can be viewed as the solutions to the eigenvalue problem

`tψt,rs

=
1

d

∞∑
p,q=1

E
[( d∑

i=1

√
λX,rλY,sφX,r(Xi)φY,s(Yi)

)( d∑
i=1

√
λX,pλY,qφX,p(Xi)φY,q(Yi)

)]
ψt,pq
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for some double sequence {ψt,rs}∞r,s=1 ∈ R.

We focus on proving part (i) of the theorem. Assume that the null hypothesis H0 : X ⊥

⊥ Y hold, and consider a fixed L ∈ N.

For i = 1, · · · ,m, let vi be the random vector obtained by stacking the columns in the

L× L matrix Mi, whose (r, s)-th entry is

Mi,rs =
1√
d

di∑
j=di−d+1

u∗X,r(Xj)u
∗
Y,s(Yj).

Let wi be the random vector obtained by stacking the columns in the L × L matrix Ni,

whose (r, s)-th entry is

Ni,rs =
1√
d

di∑
j=di−d+1

√
λX,rλY,sφX,r(Xj)φY,s(Yj).

Since X ⊥⊥ Y , we have

E[φX,r(Xi)φY,s(Yi)] = E[φX,r(Xi)]E[φY,s(Yi)] = 0 for all i,

where we use the assumption that the kernels k̃X and k̃Y are centered. Therefore, we have

E[w] = 0 and it follows that Cov[w] = E[wwT ].

By multivariate central limit theorem, we then have

1√
m

m∑
i=1

wi
d→ N(0,E[wwT ]) as m→∞.



164

By Theorem B.1.3 and Proposition B.1.5, for any Xi, Yi and any fixed r, we have 1

1

n
γX,r

p→ λX,r,
1

n
γY,r

p→ λY,r as m→∞;

√
nuX,r(Xi)

p→ φX,r(Xi),
√
nuY,r(Yi)

p→ φY,r(Yi) as m→∞.

Recall that u∗X,r(Xi) =
√
γX,ruX,r(Xi) and u∗Y,r(Yi) =

√
γY,ruY,r(Yi). Therefore, by continuous

mapping theorem and Slutsky’s theorem, for any fixed r and s,

u∗X,r(Xi)u
∗
Y,s(Yi)

p→
√
λX,rλY,sφX,r(Xi)φY,s(Yi) as m→∞.

As a consequence, we have vi
p→ wi for each i. Using Lemma B.2.1 with AR,m = 1√

R

∑R
i=1 vi,

BR = 1√
R

∑R
i=1wi, Cm = 1√

m

∑m
i=1 vi and D ∼ N (0,E[wwT ]), we can derive

1√
m

m∑
i=1

vi
d→ N (0,E[wwT ]) as m→∞.

We perform an eigendecomposition of E[wwT ] such that E[wwT ] = UΛUT , where Λ is a

diagonal matrix containing the eigenvalues of E[wwT ] and U is an orthogonal matrix.

Let Z = UT
[

1√
m

∑m
i=1 vi

]
. Then by continuous mapping theorem, we have

Z
d→ N (0,UT E[wwT ]U) = N (0,UTUΛUTU) = N (0,Λ) as m→∞.

1Here we assume that the (i, j)-th entry of the centered kernel matrix K̃X (K̃Y ) well approximates

k̃X(Xi, Xj) (k̃Y (Yi, Yj)). To address data dependence of the entries of K̃X and K̃Y , we could show that,
under regularity conditions, these empirically centered kernel functions converge uniformly in probability
to k̃X and k̃Y , as considered in Proposition 2 of [213].
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It follows that

∑
1≤r,s≤L

Q2
rs =

∑
1≤r,s≤L

[ 1√
n

n∑
i=1

u∗X,r(Xi)u
∗
Y,s(Yi)

]2

=
∑

1≤r,s≤L

[ 1√
m

m∑
i=1

1√
d

di∑
j=di−d+1

u∗X,r(Xj)u
∗
Y,s(Yj)

]2

=
[ 1√

m

m∑
i=1

vi

]T[ 1√
m

m∑
i=1

vi

]
=
[ 1√

m

m∑
i=1

vi

]T
UUT

[ 1√
m

m∑
i=1

vi

]
= ZTZ

d→
L2∑
t=1

`tz
2
t as m→∞,

where `t’s are the eigenvalues of E[wwT ] and zt’s are i.i.d. standard normal variables.

To prove part (ii) of the theorem, we can use Lemma 9 from Zhang et al. (2012) [115].

The argument would be similar to that in [115] and we skip the details here.

B.3 Proof of Theorem 3.3.3

We first introduce a lemma that will help with the proof. The following lemma is in the

same spirit as Lemma B.2.1, while replacing convergence in distribution with convergence in

probability in assumptions and results.

Lemma B.3.1. Let {AR,m} be a double sequence of random vectors indexed by R and m.

Let {BR} and {Cm} be sequences of random vectors and D be a random vector. Suppose that

we have AR,m
p→ BR as m→∞ for each R, and BR

p→ D as R→∞. Further suppose that

lim
R→∞

lim sup
m→∞

Pr(‖AR,m − Cm‖ > ε) = 0

for any ε > 0. Then Cm
p→ D as m→∞.

The proof of Lemma B.3.1 is provided in Section B.5.
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B.3.1 Proof of Theorem 3.3.3

To begin the proof for Theorem 3.3.3, we assume that there exists some r, s ∈ N such that

E[φX,r(X)φY,s(Y )] 6= 0. We can find a fixed L ∈ N such that r, s ≤ L. Let Qrs, w,wi,vi be

defined as in the proof of Theorem 3.3.2 (Section B.2.1).

Since E[φX,r(X)φY,s(Y )] 6= 0, we have

E
[ 1√

d

d∑
i=1

√
λX,rλY,sφX,r(Xi)φY,s(Yi)

]
=
√
dE
[√

λX,rλY,sφX,r(X)φY,s(Y )
]
6= 0.

It follows that E[w] 6= 0. By weak law of large numbers, we have

1

m

m∑
i=1

wi
p→ E[w] as m→∞.

Using Theorem B.1.3, Proposition B.1.5 and Lemma B.3.1 with AR,m = 1
R

∑R
i=1 vi, BR =

1
R

∑R
i=1wi, Cm = 1

m

∑m
i=1 vi and D = E[w], we can derive

1

m

m∑
i=1

vi
p→ E[w] as m→∞.

Therefore, by continuous mapping theorem,

1

m

∑
1≤r,s≤L

Q2
rs =

[ 1

m

m∑
i=1

vi

]T[ 1

m

m∑
i=1

vi

]
p→ E[w]T E[w] > 0 as m→∞.

As a consequence, ∑
1≤r,s≤L

Q2
rs

p→∞ as m→∞.
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For a fixed L, we can always find a large enough m such that n = md ≥ L and thus

1

n
tr(K̃XK̃Y ) =

∑
1≤r,s≤n

Q2
rs ≥

∑
1≤r,s≤L

Q2
rs.

It follows that

nHSIC(Pn) =
1

n
tr(K̃XK̃Y )

p→∞ as m→∞.

Finally, we show that, when k̃X and k̃Y are characteristic kernels [110],

E[φX,r(X)φY,s(Y )] 6= 0 for some r, s ∈ N ⇔ X 6⊥⊥ Y.

(1) Given X ⊥⊥ Y , then E[φX,r(X)φY,s(Y )] = E[φX,r(X)]E[φY,s(Y )] = 0 for all r, s ∈ N.

As a contrapositive, E[φX,r(X)φY,s(Y )] 6= 0 for some r, s ∈ N implies X 6⊥⊥ Y . This holds

true regardless of the kernels being used.

(2) Given that E[φX,r(X)φY,s(Y )] = 0 for all r, s ∈ N. Then for any f ∈ H̃X , g ∈ H̃Y ,

we have Cov(f(X), g(Y )) = E[f(X)g(Y )] = 0, since any f and g can be expressed as

linear combinations of φX,r’s and φY,s’s, respectively. Hence, the largest singular value of

CXY , which is the maximized covariance between functions in H̃X and H̃Y , must be zero.

Consequently, the squared Hilbert-Schmidt norm of CXY , ‖CXY ‖2
HS ≡ HSIC(PXY ), is also

zero. When k̃X and k̃Y are characteristic kernels, HSIC(PXY ) = 0 if and only if X ⊥⊥ Y

[110]. As a result, HSIC(PXY ) = 0 implies that X ⊥⊥ Y .

As a contrapositive, X 6⊥⊥ Y implies E[φX,r(X)φY,s(Y )] 6= 0 for some r, s ∈ N.

B.4 Proof of Proposition 3.3.4

Assume that the conditions in Theorem 3.3.2 hold. We would like to show that, under

the null hypothesis H0 : X ⊥⊥ Y , the statistic nHSIC(Pn) = 1
n

tr(K̃XK̃Y ) has the same

asymptotic distribution as

T̃ =
1

m

n2∑
t=1

˜̀
tz

2
t ,
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where zt’s are i.i.d. standard normal variables and ˜̀
t’s are eigenvalues of Ṽ Ṽ T , with Ṽ =

[ṽ1, · · · , ṽm]. Each vector ṽi is obtained by stacking the columns in the n × n matrix M̃i,

whose (r, s)-th entry is

M̃i,rs =
1√
d

di∑
j=di−d+1

u∗X,r(Xj)u
∗
Y,s(Yj),

where u∗X,r(Xj) is the j-th element of u∗X,r =
√
γX,ruX,r, and u∗Y,s(Yj) is the j-th element of

u∗Y,s =
√
γY,suY,s.

Here we present a sketch proof extended from the proof for Theorem 1 of Gretton et al.

(2009) [215]. From Theorem 3.3.2, we have that

nHSIC(Pn) =
1

n
tr
(
K̃XK̃Y

)
d→
∞∑
t=1

`tz
2
t as m→∞,

where `t’s are the eigenvalues of the infinite matrix Σ := E[w∞w
T
∞], with w∞ being the

infinite random vector whose elements are of the form:

1√
d

d∑
i=1

√
λX,rλY,sφX,r(Xi)φY,s(Yi) for r, s ∈ N.

A natural estimator for `t’s is the set of eigenvalues for the empirical matrix Σ̂, given by

Σ̂ :=
1

m

m∑
i=1

ṽiṽ
T
i

=
1

m

(
ṽ1 · · · ṽm

)
ṽT1
...

ṽTm


=

1

m
Ṽ Ṽ T .
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Letting ˜̀
t’s be the eigenvalues of Ṽ Ṽ T , we would like to show that

∞∑
t=1

( 1

m
˜̀
t − `t

)
z2
t

p→ 0 as m→∞. (B.11)

Following the proof of Theorem 1 in [215], the key step to establish (B.11) is to show that∑
t |

1
m

˜̀
t − `t|

p→ 0 as m→∞.

By an extension of the Hoffman–Wielandt inequality, we have

∞∑
t=1

∣∣∣ 1

m
˜̀
t − `t

∣∣∣ ≤ ‖Σ̂−Σ‖1,

where ‖ · ‖1 is the trace norm (the sum of singular values of the operator).

For i = 1, · · · ,m, let w̃i be the random vector obtained by stacking the columns in the

n× n matrix Ñi, whose (r, s)-th entry is

Ñi,rs =
1√
d

di∑
j=di−d+1

√
λX,rλY,sφX,r(Xj)φY,s(Yj).

We can then write

‖Σ̂−Σ‖1 =
∥∥∥ 1

m

m∑
i=1

ṽiṽ
T
i − E[w∞w

T
∞]
∥∥∥

1

≤
∥∥∥ 1

m

m∑
i=1

ṽiṽ
T
i −

1

m

m∑
i=1

w̃iw̃
T
i

∥∥∥
1

+
∥∥∥ 1

m

m∑
i=1

w̃iw̃
T
i − E[w̃1w̃

T
1 ]
∥∥∥

1

+
∥∥∥E[w̃1w̃

T
1 ]− E[w∞w

T
∞]
∥∥∥

1

=: An +Bn + Cn.

We can show that An
p→ 0 as m → ∞ due to the convergence of the eigenvalues and

eigenvector elements of K̃X and K̃Y to the eigenvalues and eigenfunctions of k̃X and k̃Y ,

using Theorem B.1.3 and Proposition B.1.5. Furthermore, Bn
p→ 0 as m → ∞ due to

Proposition 12 from [216]. Finally, Cn → 0 as m → ∞ due to the convergence of the finite
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truncation of a linear operator (e.g., see Proposition 2.1 from [217]). As a consequence, we

have
∞∑
t=1

∣∣∣ 1

m
˜̀
t − `t

∣∣∣ ≤ ‖Σ̂−Σ‖1
p→ 0 as m→∞,

which gives us

T̃ =
1

m

n2∑
t=1

˜̀
tz

2
t

p→
∞∑
t=1

`tz
2
t as m→∞,

completing the proof.

B.5 Proofs of the Lemmas

Lemma A.2. Suppose that Assumption B.1.1 holds for the sample Xn. Let Vn be a V-

statistic based on Xn with a bivariate symmetric kernel function f(x, x′):

Vn :=
1

n2

n∑
i=1

n∑
j=1

f(Xi, Xj).

Assume that Vn is non-degenerate and the class C := {x 7→ f(x, x′) : x′ ∈ X} is a P -Donsker

class, then

Vn
p→ E[f(X,X ′)] as m→∞,

where X ′ is an independent copy of X.

Proof. We utilize empirical process theory in this proof. For a given bivariate function f , we

use the notation Pf to denote the function

x 7→
∫
f(x, x′)dP (x′),

and we define P1P2f for any set of probability measures P1, P2 as the mapping

(x, x′) 7→
∫ ∫

f(x, x′)dP2(x′)dP1(x).
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Using these notations, we can write Vn = P 2
nf and E[f(X,X ′)] = P 2f .

By symmetry of f , we have

Vn = P 2
nf = P 2f + P 2

nf − P 2f

= P 2f + Pn(Pn − P )f + (Pn − P )Pf

= P 2f + (Pn − P )(Pn − P )f + P (Pn − P )f + (Pn − P )Pf

= P 2f + 2(Pn − P )Pf + (Pn − P )2f.

(B.12)

Letting f1 := Pf , note that

(Pn − P )Pf =
1

n

n∑
i=1

(
f1(Xi)− E[f1(X)]

)
=

1

md

m∑
i=1

di∑
j=di−d+1

(
f1(Xj)− E[f1(X)]

)

=
1

m

m∑
i=1

(1

d

di∑
j=di−d+1

f1(Xj)− E[f1(X)]
)

p→ E
[1

d

d∑
j=1

f1(Xj)− E[f1(X)]
]

= E[f1(X)]− E[f1(X)] = 0 as m→∞.

(B.13)

We now show that (Pn − P )2f is also asymptotically negligible.

Letting f1n := (Pn − P )f , we have

sup
x∈X
|f1n(x)| = sup

x∈X

∣∣∣ ∫ f(x, x′)d(Pn − P )(x′)
∣∣∣ = sup

x∈X

∣∣∣ ∫ f(x′, x)d(Pn − P )(x′)
∣∣∣

≤ 1

d
sup
x∈X

∣∣∣ 1

m

m∑
i=1

f(Xdi−d+1, x)− Pf
∣∣∣+ · · ·+ 1

d
sup
x∈X

∣∣∣ 1

m

m∑
i=1

f(Xdi, x)− Pf
∣∣∣.

(B.14)

Since C = {x 7→ f(x, x′) : x′ ∈ X} is a P -Donsker class, it is also a P -Glivenko-Cantelli

class (see Chapter 19.2 of [116] for definition of these classes). Therefore, by definition of a
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Glivenko-Cantelli class, each element in (B.14) would converge to 0 in probability as m→∞.

As a result,

sup
x∈X
|f1n(x)| p→ 0 as m→∞.

Since Pf 2
1n ≤

[
supx∈X |f1n(x)|

]2

, it follows that

Pf 2
1n

p→ 0 as m→∞. (B.15)

Next, note that x 7→
∫
f(x, x′)dPn(x′) is in the closure of the convex hull of C, and

x 7→
∫
f(x, x′)dP (x′) is a fixed function. By Theorems 2.10.2 and 2.10.3 of [218], f1n(x) =∫

f(x, x′)d(Pn − P )(x′) also falls in a P -Donsker class.

Finally, combining the above result (f1n belongs to a P -Donsker class) with (B.15), by

Lemma 19.24 of [116], we have

(Pn − P )2f = (Pn − P )f1n

=
1

d

[ 1

m

m∑
i=1

f1n(Xdi−d+1)− Pf1n

]
+ · · ·+ 1

d

[ 1

m

m∑
i=1

f1n(Xdi)− Pf1n

]
= oP (m−1/2).

(B.16)

By (B.12), (B.13) and (B.16), we have that

Vn
p→ E[f(X,X ′)] as m→∞,

thus completing the proof.

Lemma B.1. Let {AR,m} be a double sequence of random vectors indexed by R and m. Let

{BR} and {Cm} be sequences of random vectors and D be a random vector. Suppose that we

have AR,m
p→ BR as m→∞ for each R, and BR

d→ D as R→∞. Further suppose that

lim
R→∞

lim sup
m→∞

Pr(‖AR,m − Cm‖ > ε) = 0
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for any ε > 0. Then Cm
d→ D as m→∞.

Proof. Since AR,m
p→ BR as m → ∞ for each R, we have AR,m

d→ BR as m → ∞ for each

R. The rest follows from the proof for Theorem 4.2 of [214].

Lemma C.1. Let {AR,m} be a double sequence of random vectors indexed by R and m. Let

{BR} and {Cm} be sequences of random vectors and D be a random vector. Suppose that we

have AR,m
p→ BR as m→∞ for each R, and BR

p→ D as R→∞. Further suppose that

lim
R→∞

lim sup
m→∞

Pr(‖AR,m − Cm‖ > ε) = 0

for any ε > 0. Then Cm
p→ D as m→∞.

Proof. Given ε > 0, we have that

Pr(‖Cm −D‖ > ε) ≤ Pr(‖Cm − AR,m‖ > ε/3) + Pr(‖AR,m −BR‖ > ε/3)

+ Pr(‖BR −D‖ > ε/3).

Fixing R and letting m→∞, we have

lim
m→∞

Pr(‖Cm −D‖ > ε)

≤ lim sup
m→∞

Pr(‖Cm − AR,m‖ > ε/3) + lim
m→∞

Pr(‖AR,m −BR‖ > ε/3) + Pr(‖BR −D‖ > ε/3)

= lim sup
m→∞

Pr(‖Cm − AR,m‖ > ε/3) + Pr(‖BR −D‖ > ε/3),

where we use the fact that AR,m
p→ BR as m → ∞ for fixed R. Now letting R → ∞, we

have

lim
m→∞

Pr(‖Cm −D‖ > ε)

≤ lim
R→∞

lim sup
m→∞

Pr(‖Cm − AR,m‖ > ε/3) + lim
R→∞

Pr(‖BR −D‖ > ε/3)

= 0,
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where we use BR
p→ D as R → ∞ and limR→∞ lim supm→∞ Pr(‖AR,m − Cm‖ > ε) = 0.

Therefore, we have shown that Cm
p→ D as m→∞.

B.6 Additional Simulations

B.6.1 Type I Error Simulation in Non-normal Data

To examine the type I error control of HSICcl in the presence of non-normal data, we modify

Model (3) in the main text such that the variable Y has a non-normal distribution under

the null hypothesis.

Following the general simulation setting in Section 3.4.1, we let

y0 = (β1f(xr1), β1f(xr2), β1f(xr3), · · · , βqf(xr1), βqf(xr2), βqf(xr3))T + ε.

We then generate y := (y11, y12, y13, · · · , yq1, yq2, yq3)T by nonlinear transformations of y0. We

consider three types of transformation functions: Scenario A: fA(y) = I{y > 0}, Scenario

B: fB(y) = exp(y) and Scenario C: fC(y) = sin(y). In each scenario, y is generated

by applying the transformation function to each element of y0 such that the within-cluster

correlation can be preserved to some extent. We fix m = 500 and ρc = 0.5.

Figure B.1 shows the p-value QQ-plots for HSICcl and HSICorig under Type I error

simulation for all three scenarios.

B.6.2 Effect of Cluster Size on Performance of HSICcl

We investigate the effect of cluster size on the performance of HSICcl. We use the same

simulation setting as in Section 3.4.1, where we fix m = 500 and ρc = 0.5 and consider

different cluster sizes: d =2, 3, 4 or 5. We evaluate both type I error control and power of

HSICcl. In the power simulation, we consider Power Scenario 1 and set η = 20%.

Figure B.2 shows the p-value QQ-plots for HSICcl under Type I error simulation with

different cluster sizes, when the Gaussian kernel is used. Figure B.3 shows the p-value QQ-
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Figure B.1: P-value QQ-plots for HSICcl and HSICorig under Type I error simulation for
three non-normal data scenarios. Simulation parameters are set as: m = 500, d = 3 and
ρc = 0.5. The top row shows results based on the Gaussian kernel, and the bottom row
shows results based on the linear kernel.

plots for HSICcl under Type I error simulation with different cluster sizes, when the linear

kernel is used.

Figure B.4 shows the empirical power of HSICcl under different cluster sizes, for both

the Gaussian kernel and the linear kernel.

B.6.3 Comparison of HSICcl against HSICperm

An alternative way to assess the significance of the HSIC statistic is to compare the ob-

served statistic against its permutation distribution, which could approximate the sampling

distribution of the test statistic under the null hypothesis. This approach does not rely on

asymptotic results and is suitable for small sample sizes. We implement a permutation-based

HSIC test for clustered data, HSICperm. We construct the empirical permutation distribu-
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Figure B.2: P-value QQ-plots for HSICcl under Type I error simulation with different cluster
sizes. The Gaussian kernel is used. Simulation parameters are set as: m = 500, ρc = 0.5.

tion of HSIC in the following way: in each permutation, we randomly shuffle the clusters

for one variable and then re-construct the HSIC statistic using the shuffled observations;

this procedure is repeated many times to obtain an empirical permutation distribution. The

p-value is calculated as

pperm =

∑nperm

j=1 I{HSICperm j ≥ HSICobs}
nperm

, (B.17)

where nperm is the number of permutations, HSICperm j is the HSIC statistic at the jth

permutation and HSICobs is the original observed HSIC statistic.

We use the same simulation setting as in Section 3.4.1, where we consider a small sample

size m = 100 and set d = 3 and ρc = 0.5. We compare HSICcl against HSICperm in both

type I error control and power. In the power simulation, we consider Power Scenario 1
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Figure B.3: P-value QQ-plots for HSICcl under Type I error simulation with different cluster
sizes. The linear kernel is used. Simulation parameters are set as: m = 500, ρc = 0.5.

Figure B.4: Empirical power of HSICcl at nominal level α = 0.05 under different cluster
sizes. Simulation parameters are set as: m = 500, ρc = 0.5 and η = 20%. Power Scenario
1 is considered.
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and set η = 20%. In each simulation run, 1000 permutations are conducted in HSICperm.

Figure B.5 shows the p-value QQ-plots for HSICcl and HSICperm under Type I error

simulation for both the Gaussian kernel and the linear kernel. Table B.1 shows the empirical

power of HSICcl and HSICperm for the two kernels.

Figure B.5: P-value QQ-plots for HSICcl and HSICperm under Type I error simulation.
Simulation parameters are set as: m = 100, d = 3 and ρc = 0.5. The top row shows results
based on the Gaussian kernel, and the bottom row shows results based on the linear kernel.

Based on the Gaussian kernel, while HSICcl is over-conservative, HSICperm produces a

valid type I error rate; as a result, HSICperm has a higher power than HSICcl in this case.

Based on the linear kernel, HSICcl and HSICperm have similar performances. These results

show that HSICperm could be a useful surrogate for HSICcl at small sample sizes. However,

the computational burden of HSICperm is large compared to HSICcl, especially as sample

sizes increase (Table B.2) or as we require a more stringent significance level (which requires

a larger number of permutations).
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Table B.1: Empirical power of HSICcl and HSICperm at nominal level α = 0.05 under
simulation (m = 100).

Kernel HSICcl HSICperm

Gaussian 0.304 0.726
Linear 0.534 0.559

B.7 Additional Details on Implementation

B.7.1 Code Availability

In our simulations, the HSICorig method is implemented according to Broadaway et al. [56]

(called GAMuT in their work), where Davies’ exact method [117] is used to approximate

the mixture of chi-square variables in the asymptotic null distribution of HSIC. The specific

code is adapted from https://github.com/epstein-software/GAMuT (license: GPL-3.0).

Both HSICorig and HSICcl use the CompQuadForm R package [219] v1.4.3: https://

cran.r-project.org/web/packages/CompQuadForm (license: GPL ≥ 2), which implements

Davies’ exact method.

HSICcl is implemented as the HSICcl() function in R environment. In the Github page:

https://github.com/pearl-liu/HSIC_cl, we provide code and instructions for using the

HSICcl() function and for reproducing the simulation results in Section 3.4.2 of the main

text.

B.7.2 Computation Time

We have estimated the computation time of HSICcl and HSICperm (with 1000 permuta-

tions; see Section B.6.3 for details) for different number of clusters (m). For each m, we

simulate 10 data sets according to Section 3.4.1 of the main text and report the average

computation time. Given constructed kernel matrices for X and Y , the average computa-

tion times on a 12-core computer with 2.40 GHz CPUs and 256 GB memory are shown in

https://github.com/epstein-software/GAMuT
https://cran.r-project.org/web/packages/CompQuadForm
https://cran.r-project.org/web/packages/CompQuadForm
https://github.com/pearl-liu/HSIC_cl
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Table B.2.

Table B.2: Average computation time (in seconds) of HSICcl and HSICperm (with 1000
permutations) for different number of clusters, with cluster size 3.

Method Kernel
Number of clusters, m

50 100 200 500 800 1000

HSICcl Gaussian 0.168 0.531 3.857 83.689 485.141 1109.086
Linear 0.013 0.040 0.241 2.572 10.654 21.069

HSICperm Gaussian 1.327 7.628 50.740 705.860 2802.158 5385.214
Linear 1.392 7.158 49.335 692.443 2782.553 5353.857

First, we note that HSICcl has a much shorter computation time than HSICperm for

each sample size, either based on the Gaussian kernel or based on the linear kernel.

Next we compare computation times of HSICcl between the Gaussian kernel and the

linear kernel. For any X ∈ Rp with p < n, the associated linear kernel matrix has p non-zero

eigenvalues. In contrast, the Gaussian kernel matrix always has n non-zero eigenvalues, due

to the infinite dimension of its feature space. Therefore, based on the way the asymptotic

null distribution of the HSIC statistic is estimated in Proposition 3.3.4, using a linear ker-

nel can take much shorter computation times than using a Gaussian kernel. Specifically,

the computational complexity of HSICcl based on a Gaussian kernel is O(m2n2). While

Gaussian kernels have the advantage of capturing more general dependence patterns, linear

kernels could be preferable in certain situations (e.g., when p < n) as a computationally

efficient choice.

On a high-performance computing cluster (each node with 20 cores, 2.20 GHz CPUs and

∼100 GB memory), with divided computing jobs, it took ∼70 hours to complete the simu-

lations in Section 3.4 using the Gaussian kernel, and ∼4 hours to complete the simulations

using the linear kernel. Using the same resources, the analysis of the MsFLASH data set in

Section 3.5 took ∼13 minutes.
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B.8 MsFLASH Study

B.8.1 Description of the MsFLASH Study

The Menopause Strategies: Finding Lasting Answers for Symptoms and Health (MsFLASH)

Vaginal Health Trial was a randomized, double-blind and placebo-controlled clinical trial con-

ducted at 2 centers in the U.S.: Kaiser Permanente Washington Health Research Institute in

Seattle and University of Minnesota in Minneapolis [119]. The trial compared the treatment

efficacy for moderate-to-severe vulvovaginal discomfort between 0.01 mg vaginal estradiol

tablets or vaginal moisturizer and placebo in 302 postmenopausal women. Vaginal swabs

were collected from the participants at baseline, and 4 and 12 weeks after randomization. In

a secondary study [120], based on the samples collected from each follow-up, the vaginal mi-

crobiota was characterized via 16S ribosomal RNA (rRNA) gene sequencing, and the vaginal

metabolome was profiled using liquid chromatography-mass spectrometry. The abundance

data of microbial taxa were center log-ratio transformed to address differential read depth

and compositionality, and the abundance data of metabolites were quantile-normalized. More

details on the MsFLASH trial are described by Mitchell et al. (2018, 2021) [119, 120].

The MsFLASH trial was approved by institutional review boards of the participating

institutions, and all participants provided written informed consent. Inspection of the data

set reveals no personally identifiable information or offensive content. The data used in this

study is available upon request from the MsFLASH Data Coordinating Center.

B.8.2 Additional Analysis Results
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Figure B.6: Venn diagrams for the number of metabolic pathways identified to be associated
with the vaginal microbiome composition based on the MsFLASH data set (α = 5.3×10−4).
The results are separated by kernel.

Figure B.7: Venn diagrams for the number of metabolic pathways identified to be associated
with the vaginal microbiome composition based on the MsFLASH data set (α = 5.3×10−4).
The results are separated by method for HSIC test.



183

Appendix C

SUPPLEMENTARY MATERIALS FOR CHAPTER 4

C.1 Connection between CRV and SEcov

The scaled expected conditional covariance (SEcov) is a nonparametric measure proposed by

Xiang and Simon [141] to assess the conditional dependence between two univariate variables

given a third variable. Consider three random variables: Y ∈ R, Z ∈ R and X ∈ Rm with

a joint distribution PY ZX . Suppose that we observe a sample {(Xi, Yi, Zi)}ni=1
i.i.d.∼ PY ZX .

The population SEcov parameter is defined as

SEcovPY ZX
(Y, Z|X) =

E[Cov(Y, Z|X)]√
E[Var(Y |X)]

√
E[Var(Z|X)]

, (C.1)

where Cov(Y, Z|X) is the conditional covariance of Y and Z given X and Var(Y |X) is the

conditional variance of Y given X. The SEcov parameter measures the average degree of

association between Y and Z conditional on X without assumptions on the joint distribu-

tion, PY ZX , of the variables. When PY ZX is a multivariate normal distribution, the SEcov

parameter is equivalent to the partial correlation between Y and Z.

The corresponding sample SEcov statistic based on {(Xi, Yi, Zi)}ni=1 is defined as

SEcovPn(Y, Z|X) =
1
n

∑n
i=1(Yi − µ̂Y (Xi))(Zi − µ̂Z(Xi))√

1
n

∑n
i=1(Yi − µ̂Y (Xi))2

√
1
n

∑n
i=1(Zi − µ̂Z(Xi))2

, (C.2)

where µ̂Y and µ̂Z are predictive models for the conditional means E[Y |X] and E[Z|X].

These conditional mean estimators can again be derived using common machine learning

approaches, similar to CRV in the main text.

On the other hand, based on Eq. 4.1 in the main text, the CRV parameter for assessing
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the conditional dependence between Y and Z given X can be written as:

CRVPY ZX
(Y, Z|X) =

E
[
(Y − E[Y |X])(Z − E[Z|X])

]2
E
[
(Y − E[Y |X])2

]
E
[
(Z − E[Z|X])2

]
=

E
{
E
[
(Y − E[Y |X])(Z − E[Z|X])

∣∣X]}2

E
{
E
[
(Y − E[Y |X])2

∣∣X]}E
{
E
[
(Z − E[Z|X])2

∣∣X]}
=

E[Cov(Y, Z|X)]2

E[Var(Y |X)]E[Var(Z|X)]

=
[
SEcovPY ZX

(Y, Z|X)
]2

.

(C.3)

Similarly, based on Eq. 4.2 in the main text, we can derive that:

CRVPn(Y, Z|X) =
[
SEcovPn(Y, Z|X)

]2

. (C.4)

Therefore, for univariate Y and Z, the population CRV parameter is exactly equal to the

squared population SEcov parameter, and the sample CRV statistic is equal to the squared

sample SEcov statistic. The same conditional independence testing procedure as described

in Section 4.3.2 of the main text can be used to conduct hypothesis testing for SEcov.

C.2 Proof of Theorem 4.3.2

Following Section 4.3.1 and 4.3.2, let Ψ be the numerator of CRVPY ZX
(Y ,Z|X) and Ψ̂

be the numerator of CRVPn(Y ,Z|X). We also note that µYj(x) = E[Yj|X = x] and

µZk
(x) = E[Zk|X = x] for j = 1, · · · , p and k = 1, · · · , q. Then we have

Ψ = tr(ΣY Z|XΣZY |X) =

p∑
j=1

q∑
k=1

E2
[
(Yj − µYj(X))(Zk − µZk

(X))
]

=:

p∑
j=1

q∑
k=1

ϕ2
jk,

Ψ̂ = tr(SY Z|XSZY |X) =

p∑
j=1

q∑
k=1

[ 1

n

n∑
i=1

(Yji − µ̂Yj(Xi))(Zki − µ̂Zk
(Xi))

]2

=:

p∑
j=1

q∑
k=1

ϕ̂2
jk,

(C.5)
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where we define ϕjk = E
[
(Yj−µYj(X))(Zk−µZk

(X))
]

and ϕ̂jk = 1
n

∑n
i=1(Yji−µ̂Yj(Xi))(Zki−

µ̂Zk
(Xi)).

Let O = (X,Y ,Z), so that we can write PY ZX = PO. It has been shown in the work of

Xiang et al. [141] that, under Assumption 4.3.1, we can derive:

1. The efficient influence function [116] of ϕ̂jk (as an estimator of ϕjk) under sampling

from PO is

Djk(o) = [yj − µYj(x)][zk − µZk
(x)]− ϕjk. (C.6)

In other words, we have ϕ̂jk − ϕjk = 1
n

∑n
i=1Djk(Oi) + oP (n−1/2).

2. ϕ̂jk is asymptotically normal:

√
n(ϕ̂jk − ϕjk)

d→ N(0, σ2
jk), (C.7)

where σ2
jk =

∫
[Djk(o)]2dPO(o).

Let

w(o) =


[y1 − µY1(x)][z1 − µZ1(x)]

[y1 − µY1(x)][z2 − µZ2(x)]
...

[yp − µYp(x)][zq − µZq(x)]


pq×1

,v(oi) =


[y1i − µ̂Y1(xi)][z1i − µ̂Z1(xi)]

[y1i − µ̂Y1(xi)][z2i − µ̂Z2(xi)]
...

[ypi − µ̂Yp(xi)][zqi − µ̂Zq(xi)]


pq×1

,

(C.8)

so that w(o) is the vector of products between yj −µYj(x) and zk−µZk
(x), and v(oi) is the

vector of products between yji − µ̂Yj(xi) and zki − µ̂Zk
(xi) for all j and k. Further let

D(o) =


D11(o)

D12(o)
...

Dpq(o)


pq×1

. (C.9)
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Then 1
n

∑n
i=1 v(Oi) is an asymptotically linear estimator of E[w(O)] with influence function

D(o).

Under H0 : Y ⊥⊥ Z | X, we have ϕjk = 0 for all j, k, so E[w(O)] = 0 and D(o) = w(o).

Therefore, by multivariate central limit theorem and property of influence functions, under

H0, we have

1√
n

n∑
i=1

v(Oi) =
√
n


ϕ̂11

...

ϕ̂pq

 d→ N(0,E[w(O)w(O)T ]). (C.10)

By continuous mapping theorem, it then follows that, under H0,

nΨ̂ =
[ 1√

n

n∑
i=1

v(Oi)
]T[ 1√

n

n∑
i=1

v(Oi)
]

d→
pq∑
t=1

`tτt, (C.11)

where τt’s are i.i.d. χ2
1 variables and `t’s are eigenvalues of the matrix E[w(O)w(O)T ].

In practice, `t’s are unknown and can be estimated using eigenvalues of the matrix

1
n

∑n
i=1 v(Oi)v(Oi)

T .

C.3 Additional Details on Simulation

C.3.1 Synthetic Microbial Network Recovery

Simulation Procedure According to the original network simulation procedure from

Kurtz et al. [37], a desired network topology is first generated and stored in a precision

matrix, where its non-zero pattern corresponds to the adjacency matrix for the network

under normality assumptions. Multivariate normal data are generated according to the

specified precision matrix and then quantile-transformed to zero-inflated negative binomial

(ZINB) data marginally, which serve as the simulated microbial counts. The parameters of

the ZINB distributions are fitted based on real microbiome data from the American Gut

Project [149]. Here we extend this framework to further include a multivariate aspect.

We first construct an initial network at the genus level according to the strategy of [37],
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where each genus only contains one species (Figure C.1, left), and generate a positive-definite

precision matrix for the network by assigning weights to non-zero entries of the adjacency

matrix. We further take the inverse of the precision matrix to get the covariance matrix.

We then add an arbitrary number of additional species to each genus/node (Figure C.1,

right). For example, if Genus A initially only contains Species A1, we add another species,

Species A2, by generating a new variable: A2 = βA2A1 + εA2 , where βA2 ∼ Unif(0.5, 0.8)

and εA2 ∼ N(0, 1) is a term independent from any existing species in the graph. Addi-

tional species can be added similarly. It is easy to derive the covariance between A2 and

other existing species in the graph, since A2 is constructed as a linear combination of A1

and an independent error term. Therefore, an augmented species-level covariance matrix

can be constructed, which contains entries that correspond to the additional species. This

augmented covariance matrix will be used to generate multivariate normal data, which is

then quantile-transformed into count data marginally.

Figure C.1: Example procedure for generating a genus-level network with species-level data
available.

We can show that the original genus-level network topology is preserved after adding

additional species using the above strategy. Using Figure C.1 as an example, where additional
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species are added to Genus A and Genus B, we see that

Cov(A2, C1 | B1, B2, D1) = Cov(A2, C1 | B1, βB2B1 + εB2 , D1)

= Cov(A2, C1 | B1, εB2 , D1)

= Cov(A2, C1 | B1, D1)

= βA2 Cov(A1, C1 | B1, D1) 6= 0.

Similarly,

Cov(A2, D1 | B1, B2, C1) = Cov(A2, D1 | B1, C1)

= βA2 Cov(A1, D1 | B1, C1) = 0.

Therefore, any additional species added to a genus will have the same zero/non-zero status

as the initial species in that genus, in terms of their conditional covariance with species in

other genera.

Note that, in the above setting, we let the β’s be positive, so all species in the same genus

would share the same direction of conditional correlations with species in other genera. To

introduce heterogeneous relationships among the species, we randomly add negative signs

to the β’s in our data generation process. For convenience, we denote a genus as containing

relationships of the “same directions” if all species in that genus have positive β’s, and denote

a genus as containing relationships of “opposite directions” if around half of the species in

that genus have positive β’s and the other half have negative β’s. This pattern is illustrated

in Figure C.2.

Additional Results Table C.1 and C.2 show the average Hamming distance between

the constructed network and the true graph for different methods under different topologies,

where heterogeneous conditional correlations are present among species within 10% and 30%

of all genera, respectively. Figure C.3 and C.4 show the ROC curves of different methods

in recovering microbial networks of different topologies, where heterogeneous conditional
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Figure C.2: Patterns of heterogeneous relationships among species within different genera.
Red and blue edges represent positive and negative conditional correlations, respectively.

correlations are present among species within 10% and 30% of all genera, respectively.

Table C.1: Average Hamming distance between the constructed network and the true graph
for different methods under different topologies, when conditional correlations of opposite
directions are present among species within 10% of all genera.

Method Band Cluster Scale-free

CRV 20.2 23.4 34.6
SEcov 29.1 32.2 40.6

SPIEC-EASI (MB) 34.7 34.9 45.1
SPIEC-EASI (glasso) 36.6 35.9 45.2

SPRING 35.0 35.5 37.1

The false discovery rate is controlled at 0.2.

C.4 Additional Details on Real Data Application

C.4.1 Description of the Study Sample from the PIN Study

The Pregnancy, Infection and Nutrition (PIN) study is a prospective cohort study of pregnant

women with singleton pregnancies conducted in central North Carolina in the United States,

with a goal of identifying risk factors for preterm birth (PTB) [220]. The original study

recruited 3,163 pregnant women with baseline gestational age between 24 and 29 weeks
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Table C.2: Average Hamming distance between the constructed network and the true graph
for different methods under different topologies, when conditional correlations of opposite
directions are present among species within 30% of all genera.

Method Band Cluster Scale-free

CRV 19.8 23.5 35.4
SEcov 32.1 32.9 41.6

SPIEC-EASI (MB) 34.9 34.5 42.9
SPIEC-EASI (glasso) 37.0 36.7 50.0

SPRING 36.4 36.0 41.7

The false discovery rate is controlled at 0.2.

from prenatal clinics, who were followed through 12 months postpartum. At enrollment,

the participants provided blood, urine and genital tract samples. Demographic information,

medical histories and health behavior were collected via telephone interviews in the 2 weeks

following enrollment.

Sun et al. [143] conducted a vaginal microbial analysis based on a nested case-control

subset of the PIN data to study the associations between race, the vaginal microbiome and

spontaneous PTB. Term birth was defined as reaching ≥ 37 weeks of gestation. Sun et

al. selected all 402 women in the PIN population who went on to have a PTB as the case

group and randomly sampled 799 women from those who went on to have a term birth as

the control group. They further restricted the control group to women who self-identified

as Black or White race, resulting in 652 women (375 White women and 277 Black women)

with term birth. Vaginal swabs collected at enrollment were previously stored at −70 °C and

processed by Sun et al. to extract DNA and perform 16S rRNA sequencing on their selected

samples. A detailed description of microbial sequencing and bioinformatic processing of the

16S data can be found in [143].

For our current network analysis, we utilize the available vaginal microbiome data from

the 652 women of the control group from Sun et al.’s study. These women can represent a
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Figure C.3: ROC curves of different methods in recovering synthetic microbial networks
of different topologies, averaged over 10 simulations. Conditional correlations of opposite
directions are present among species within 10% of all genera.

random subsample of PIN participants who experienced a term birth and allow us to compare

the vaginal network structure between Black and White women, due to the reasonable sample

sizes of both races.

C.4.2 Additional Results

Figure C.5 shows the comparison of genus-level vaginal microbial networks based on a random

subset of White women (n = 274) and based on all Black women (n = 274) of the PIN study.
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Figure C.4: ROC curves of different methods in recovering synthetic microbial networks
of different topologies, averaged over 10 simulations. Conditional correlations of opposite
directions are present among species within 30% of all genera.

Figure C.6 shows the corresponding heatmaps of network centrality measures for each genus

in the networks from Figure C.5.
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Figure C.5: Genus-level vaginal microbial networks based on a random subset of White
women (Panel A; n = 274) vs. based on all Black women (Panel B; n = 274) of PIN study,
with false discovery rate controlled at 0.2. The sizes of the nodes are proportional to their
genus-level microbial abundance in the combined sample.
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Figure C.6: Heatmaps of network centrality measures for each genus in genus-level vaginal
microbial networks based on a random subset of White women (Panel A; n = 274) vs. based
on all Black women (Panel B; n = 274) of PIN study.
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