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Abstract

Statistical methods for Phylogenetic Trees with Non-identical leaf sets
Maria Alejandra Valdez Cabrera

Chair of the Supervisory Committee:
Amy Willis

Department of Biostatistics

Phylogenetic trees, which describe shared ancestry between organisms through their

branching structure (topology) and branch lengths, are a fundamental tool for analyzing

evolutionary relationships. However, limited statistical tools exist for analyzing collections

of phylogenetic trees with non-identical leaf sets. Here we present the first algorithm for

computing distances between any pair of phylogenetic trees via Billera-Holmes-Vogtmann

(BHV) extension spaces. Extension spaces represent trees with fewer leaves within the metric

space of a larger leaf set, thus enabling comparisons in a common metric space. Motivated

by limitations of extension spaces, we introduce the "towering" tree space, a metric space

defined by transitions between nested BHV spaces. We describe an algorithm for computing

distances within towering tree space, and propose Fréchet means to summarize collections of

trees. We illustrate our proposed methods on gene trees spanning multiple domains of life.
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CHAPTER 1

INTRODUCTION

Phylogenetic trees are fundamental tools in modern biology for understanding evolution-

ary relationships. In addition to organizing life using genetic similarity, modern phylogenetics

enables the prediction of characteristics of uncultivated organisms (Parks et al., 2020; Rinke

et al., 2013), lineage tracing of pathogens and drug-resistance genes (Chen et al., 2016;

Gardy & Loman, 2018), and forensic investigations (Scaduto et al., 2010), amongst other

applications. Broadly, this work constructs new mathematical, algorithmic, and statistical

tools to analyze collections of phylogenetic trees with non-identical leaf sets.

Phylogenetic reconstruction methods (Drummond et al., 2005; Guindon et al., 2003;

Stamatakis, 2014) leverage genomic data encompassing one or more genes shared between

organisms to estimate phylogenetic trees. However, due to natural biological processes like

deep coalescence or horizontal gene transfer, phylogenetic trees that describe different genes

frequently exhibit differing topologies or significantly different branch lengths (Maddison,

1997), potentially leading to incorrect species tree estimations (Edwards, 2009; Kubatko

et al., 2007). This variability has led to a shift towards analyzing entire collections of

trees, necessitating the development of advanced mathematical methodologies to handle

their complex structure.

Billera et al. (2001) introduced the BHV tree space (T N , d), where T N denotes the space

of all trees with leaf set N , and d : T N × T N 7→ R≥0 is the distance function. This metric

space is Hadamard (Bridson & Haefliger, 1999, Definition 1.1), enabling the simultaneous

comparison of topologies and branch lengths through continuous, smooth geodesic paths that

represent gradual changes in these features. This has led to multiple tools for the analysis

of tree collections, such as means and variances (Barden et al., 2013; Benner et al., 2014;

Brown & Owen, 2020; Willis & Bell, 2018), confidence sets (Willis, 2019), density estimation

19



(Weyenberg et al., 2014), and clustering (Gori et al., 2016).

However, the BHV distance is only defined between trees with the same leaf sets. As a

result, BHV-based tools are restricted to trees on the same set of organisms, limiting their

practical applicability. For example, recent advances in genomic sequencing have led to a

substantial increase in the number of near-complete archaeal genomes (Baker et al., 2020),

with the potential for generating new insights into the origins of complex multicellular life

(Imachi et al., 2020; Zhu et al., 2019). However, few genes are shared across archaeal,

bacterial, and eukaryotic organisms, complicating the study of ancient evolution. To address

the limitation that BHV-based tools can only analyze phylogenetic trees with identical leaf

sets, Grindstaff and Owen (2019) introduced extension spaces. Briefly, for a tree T with

leaves L ⊆ N , the elements of the extension space EN
T ⊂ T N are the trees created by

attaching the leaves in N \ L to T in every possible way. Extension spaces provide an

avenue for analyzing trees with non-identical leaf sets inside the same BHV space, because

N can be constructed as the union of all trees’ leaf sets. I consider the shortest BHV path

between extension spaces as a universally-applicable compatibility measure between trees,

including those with differing leaves, and propose the first algorithm to compute distances

between extension spaces.

An overview of the BHV tree space is presented in Chapter 2, along with a discussion

on recent work regarding trees with non-identical leaf sets. In Chapter 3, I present the first

algorithm to compute distances between extension spaces, an analysis of its computational

performance, and an application comparing prokaryotic gene trees. Chapter 4 introduces

a novel family of metric spaces for phylogenetic trees with non-identical leaf sets, and an

exploration of the geometrical properties of this space. This metric space, called the Towering

Tree Space, is the first of its kind, inheriting BHV-like behavior but enabling the analysis of

collections of trees with non-identical leaf sets. Chapter 5 contains a discussion of limitations

and future work, including algorithms for averaging trees in the Towering Space.
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CHAPTER 2

PHYLOGENETIC TREES AND THEIR ANALYSIS

A phylogenetic tree is a graphical representation of the shared evolutionary history among

a set of organisms, and is a key object in many biological studies. Analyzing phylogenetic

trees with standard statistical tools is challenging due to their complex structure, and special-

ized tools have been built for their analysis. Significant progress has been made in analyzing

trees with identical leaf sets using the BHV tree space (Billera et al., 2001). In this chapter,

I review key results on the BHV metric space and topics related to extending these results

to trees with non-identical leaf sets.

2.1 Phylogenetic tree structure

A phylogenetic tree encodes evolutionary divergence events through its topological shape,

and encodes the distances between these events (e.g., time or number of genetic mutations)

by the lengths of its edges. Formally, phylogenetic trees connect a set of organisms L, which

label leaves on the tree. Sometimes, one leaf is labeled as the “root,” which represents a

common ancestor among the organisms of interest. Nevertheless, the tools for rooted and

un-rooted trees in the BHV spaces are equivalent, and so proceed by focusing on unrooted

trees. Thus, I use the following definition for phylogenetic trees on L.

Definition 2.1. A phylogenetic tree T on a set of organisms L is a connected weighted

acyclic graph whose leaves (nodes of degree 1) are labelled by the elements of L, and all

interior nodes are at least of degree 3. All edge-weights are non-negative values referred to

as lengths. The branching pattern of the graph gives the topology of the tree.

Removing an edge from a tree T divides it into two connected graphs, each with a subset

of the leaves as part of its nodes. Each edge in T can be uniquely identified by the partition
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L = G ⊔ {L \ G} induced when removed. Throughout I denote this partition by [G ‡ L \ G]

and call it a split on L.

Edges that induce the same split on topologically distinct trees are considered to be the

same edge. Because of this, I use the terms edge and split interchangeably. It is frequently

useful to know when two splits can be present in the same tree, for which there is a clear

criterion in the following definition.

Definition 2.2. Two splits s = [G ‡ L \ G] and s′ = [K ‡ L \ K] are considered compat-

ible (Billera et al., 2001, Section 3.2) if they can be part of the edges of the same tree.

Equivalently, s and s′ are compatible if:

(i) At least one of the intersections G ∩K, {L \ G}∩K, G ∩{L \ K} or {L \ G}∩{L \ K}

is empty.

(ii) One of the subsets in s is contained in one of the subsets of s′, meaning G ⊆ K,

G ⊆ {L \ K}, {L \ G} ⊆ K or {L \ G} ⊆ {L \ K}.

Edges connecting to leaves are called the external edges, which correspond to splits

|G| = 1 or |L \ G| = 1, while all others, with 2 ≤ |G|, |L \ G|, are the internal edges.

The topology of a tree is fully defined by all its internal splits. I use S(T ) to refer to

the set of internal splits in T (equivalently, the topology of T ). For a tree with l leaves, the

cardinality of this set falls in {0, 1, . . . , l−3}, and the tree is binary when it has l−3 internal

edges, which is also referred to as fully resolved. Additionally, T has l external edges, one

per leaf. H(T ) refers to this set of external edges and P(T ) = S(T ) ∪ H(T ) is the set of

all edges in T . Later in this chapter, I discuss how the size of each edge indexed by P(T )

affects the distance to T and how this influence varies slightly if the edge belongs to S(T )

or H(T ).
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2.2 The Billera-Holmes-Vogtmann tree space

The BHV tree space proposed by Billera et al. (2001) is a metric space for all phylogenetic

trees sharing a common leaf set. The BHV distance simultaneously compares topology and

edge lengths between trees. The geometrical properties of the space makes it a Hadamard

space (Bridson & Haefliger, 1999, I.1, Definition 1.1), which guarantees continuous paths

connecting any pair of trees and a unique path achieving the minimal path length. This

section overviews the definition and properties of the BHV space
(
T N , dBHV

)
for a set of

leaves N of size n = |N |.

Consider all possible topologies for trees with leaf set N of size n = |N |, meaning all

possible subsets of internal splits that are mutually compatible. For one such set S, assign

an order to its elements (S = {s1, s2, . . . , sm}) in any consistent way; for example, an order

can be assigned to the leaves and the edges may inherit the lexicographic order. A tree

with the topology given by S may be represented by a (n +m)−dimensional non-negative

vector, where the first n coordinates represent the lengths of the external edges and the

last m coordinates represent the lengths of the internal branches in the given order (Figure

2.1). All trees with topology S can be represented by a (n+m)−dimensional non-negative

vector, which together form an orthant in Rn+m, called the topology orthant and denoted

by O(S) (Owen & Provan, 2011, Section 2.1).

Topology orthants are connected to each other along appropriate equivalence classes. A

tree T with an internal edge e ∈ S(T ) of size zero looks identical to a tree without e among

its internal edges, provided all other edges remain unchanged (Figure 2.2). These two trees

can be considered to be equal. Given a set of internal splits S with m elements, any topology

orthant O(S ′) corresponding to a proper subset S ′ ⊂ S of these internal edges can be viewed

as a face of the larger topology orthant O(S) (Billera et al., 2001, Section 2), corresponding

to the trees with length zero in all edges in the difference S \ S ′. I use the notation O′ ⊂ O
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Figure 2.1. (a) A phylogenetic tree with leaf set N = {A,B,C,D,E} and internal split
s1 = [{A,B} ‡ {C,D,E}] highlighted in orange. This topology can be summarized by 7-
dimensional vectors (eA, eB, eC , eD, eE, s1, s2). (b) Two different trees with the same topology.
In its topology orthant, T1 corresponds to the vector (1.4, 3.2, 2.1, 1.4, 1, 2, 2) while T2 corre-
sponds to the vector (1.4, 1.4, 2.1, 2.1, 2, 3, 1).

to refer to O′ as a face of O. Two topology orthants O(S1) and O(S2) such that S := S1∩S2

are glued along the face corresponding to the topology orthant O(S) (Figure 2.2(b)). The

only topology orthants that are not faces of another topology orthant are those of maximum

dimension 2n− 3, corresponding to the topologies of binary trees.

Remark 2.3. For any equivalence class, there is a unique representative of the class with

all internal edges of positive length. This corresponds to the tree obtained from dropping

any internal edge of length zero from the set of internal edges. From now on I adopt the

convention that when referring to a tree T , S(T ) contains strictly positive edges (unless in-

dicated otherwise), and employ the notation O(T ) to refer to the lowest-dimensional orthant

containing T ; that is, O(T ) = O(S(T )). For a topology orthant O, S(O) denotes the set of

internal splits represented by the topology of O.

A path can be traced between any two trees, where a path is a piecewise connected curve.

Each piece is fully contained within a single orthant, and contiguous pieces connect through

24



a common face of the orthants containing them. The BHV space is a complete geodesic

space with non-positive curvature (Billera et al., 2001, Lemma 4.1), and thus the shortest

path between any two trees (the geodesic) is unique. The distance between two trees

dBHV(T1, T2) is the length of the geodesic connecting them.

Remark 2.4. In the BHV space the geodesic between two trees in the same orthant is the

line segment between them contained in the orthant. Thus, the BHV metric coincides with

the Euclidean metric when restricted to a single orthant. An orthant can be viewed as a

Euclidean subspace of T N .

The set T N that I consider differs from the original BHV space provided in Billera et

al. (2001) by including the lengths of the external edges as part of the coordinates in the

topology orthants. The subspace of T N comprising all trees with external edges of length

zero, denoted as BHVN , is isometric to the original definition. Henceforth, I consider T N

as Rn
≥0 × BHVN . This definition aligns with that of Grindstaff and Owen (2019). Keeping

track of external edge lengths becomes necessary when working with different leaf sets.

Nevertheless, focusing on the space BHVN (i.e., considering internal edges only) is beneficial

when discussing the geometric and combinatorial properties of the BHV space, as I explore

briefly in the next section.

I conclude this section by noting that T N being the Cartesian product of the space of

external edge lengths Rn
≥0 and the internal-edges-only space BHVN implies the distance

between two trees T1 and T2 in T N can be expressed as the L2-norm combination of the

distances in these two spaces. In other words, given T ′
1 and T ′

2 the trees with internal edges

identical to T1 and T2 but external edge lengths set to zero, the the distance in T N is the

same as:

dBHV(T1, T2) =

√ ∑
e∈H(T1)

(|e|T1 − |e|T2)2 + d2BHV(T
′
1, T

′
2),

where |e|T is the length the edge e has in tree T .
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2.2.1 Combinatorial representation of the BHV space: link of the origin

The BHV tree space smoothly incorporates differences in both topologies and edge lengths

when comparing two trees. Trees with identical topologies reside within the same topology

orthant, and their distance is determined by the Euclidean distance between their edge

lengths. Conversely, trees in different topology orthants have distances influenced by the

lengths of the uncommon internal edges, which must be dropped (reduced to zero-length)

when crossing orthant faces. In the next section, I discuss the polynomial-time algorithm

of Owen and Provan (2011) to construct geodesics and find the distance between any two

trees. First, however, I provide an alternative combinatorial description of the BHV space,

which aids in understanding the dependence of the BHV distance on both topologies and

edge lengths.

As mentioned above, each possible topology for a tree on N is uniquely defined by a set

S of pairwise compatible internal edges. Any internal edge corresponds to a partition on the

leaves N of the form [G ‡ L \ G] with |G|, |L \ G| ≥ 2; there are a total of 2n−1− (n+1) such

edges, but S can contain at most n − 3 of these at a time. Moreover, there are a total of

(2n− 3)!! different topologies for binary trees on N .

Considering all possible internal splits on N as vertices (0-simplices), it is possible to

construct an abstract simplicial complex (Jonsson, 2008, Section 2.3.1), named the link of

the origin and denoted by LN , where every k-simplex is a set S of k+1 pairwise compatible

internal edges; i.e, each simplex is a valid topology for a tree on N (Billera et al., 2001,

Section 3.2).

This link of the origin can be extended to a spherical complex, by describing each k-

simplex as a right-angled spherical simplex where the distance between each vertex pair

in the simplex (i.e. the length of the edges) is π
2
, endowed with the spherical intrinsic

metric (Bridson & Haefliger, 1999, I.7, Definition 7.4). These simplices naturally arise by
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considering all the trees in BHVN that intersect the unit sphere centered at the origin of

each topology orthant. Then, BHVN is a 0-cone on LN (Bridson & Haefliger, 1999, I.5,

Definition 5.6), where each tree T ∈ BHVN can be represented by the point (d, t) in the

cone, with t the projection of T onto LN (the intersection of the ray from the origin towards

T and LN ) and d is the distance from the origin tree to T . So, the distance between any two

trees T1 = (d1, t1) and T2 = (d2, t2) in the internal-edges-only BHV space can be expressed

by,

d2BHV(T1, T2) = d21 + d22 − 2d1d2 cos (min {π,∡(t1, t2)}) ,

where ∡(t1, t2) is the spherical distance on the link of the origin. This spherical distance

heavily reflects the differences in the topologies of the two trees. Billera et al. (2001, Section

4.2) utilized this to demonstrate that the orthants traversed by the geodesic between any

two trees always include the common internal edges in their topologies. Additionally, all

other splits in the topologies of these traversed orthants are part of the topology of one of

the two trees in the endpoints of the geodesic. In the next section I show how this fact was

leveraged into an algorithm to compute distances in the BHV space.

2.2.2 Geodesics in BHV space

Here I summarize the algorithm of Owen and Provan (2011) to find geodesics in the

BHV space. This algorithm also produces a closed-form expression for the length of these

geodesics. This is useful to describe how small changes to endpoint trees in a geodesic

influences its length, which I utilize in Chapter 3.

Definition 2.5. (Owen, 2011, Definition 3.3) For trees T1 and T2, consider the sets of

internal splits S1 = S(T1), S2 = S(T2) and the set of common internal splits C = S1 ∩ S2.

For a sequence of subsets S1 = G0 ⊃ G1 ⊃ . . . ⊃ Gk−1 ⊃ Gk = C and C = F0 ⊂ F1 ⊂

. . . ⊂ Fk−1 ⊂ Fk = S2 such that Gi ∪ Fi is a set of pairwise compatible splits, denote by

27



Oi = O(Gi ∪ Fi) for all i ∈ {0, . . . , k}. The sequence of orthants,

O(T1) = O0 → O1 → . . .→ Ok = O(T2),

is a path space from T1 to T2.

Remark 2.6. In the previous definition, since T1 and T2 are not necessarily binary, it may

happen that an edge p belongs to S1 and is absent from S2, but it is pairwise compatible

with every edge in S2; meaning it could be added to S2 with length zero. In this case, p is

considered part of the common edges C. The same rule applies to all p in S2 \ S1 that are

pairwise compatible with S1.

Definition 2.7. (Owen & Provan, 2011, Section 2.3) Consider a path space O0 → . . .→ Ok.

When transitioning from Oi−1 to Oi, denote by Ai = Gi−1 \ Gi the set of dropped edges

and by Bi = Fi \ Fi−1 the set of added edges. For ordered sets A = {A1, . . . , Ak} and

B = {B1, . . . , Bk}, the pair (A,B) gives the support of the path space. Each (Ai, Bi) is

also called a support pair.

A path space describes a way to efficiently move from the topology orthant of T1 to the

topology orthant of T2 through connected orthants. Definition 2.5 differs slightly from that

of Owen (2011, Definition 3.3) in that it allows T1 and T2 to have common edges. This

change is congruent with Billera et al. (2001, Proposition 4.1), which ensures common edges

are part of the topologies for all orthants the geodesic traverses, while uncommon edges in S1

(corresponding to the Ai’s) are gradually replaced by uncommon edges in S2 (corresponding

to the Bi’s).

Given a support for the path space containing the geodesic, the length of the geodesic

depends on the lengths of the uncommon edges through the L2-norm of each Ai and Bi in

the support; and on the difference in length of the common edges, including the external

edges H = H(T1) = H(T2). Denoting by |p|T the length of the edge p in tree T and by
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Figure 2.2. (a) Topologies S1, S2 and S3 share topology S as a face. The topology Si is
composed of internal edges Si = {si, s4}, while the topology S only has S = {s4}; thus O(S)
is a face of O(Si) for i = 1, 2, 3. (b) The topology orthants O(S1), O(S2) and O(S3) are
“glued” at O(S). The dimensions arising from external edges are not shown.

||P ||T =
√∑

p∈P |p|2T the L2-norm of the lengths in T of all edges in the set of splits P , the

length of the geodesic can be written in these terms by

dBHV(T1, T2) =
∣∣∣∣(||A1||T1 + ||B1||T2 , . . . , ||Ak||T1 + ||Bk||T2 , (|s|T1 − |s|T2)s∈K

)∣∣∣∣ , (2.1)

where (ai)i∈I denotes the vector containing objects in I as entries, and K = C ∪H (Miller

et al., 2015, Theorem 1.2) (see also Owen and Provan (2011, Section 4)).

There are specific properties that can be verified to ensure the path space associated with

the support contains the geodesic between the two trees. These properties were first detailed

in Section 2.3 of Owen and Provan (2011), and used in Section 4 to develop the Geodesic

Treepath Problem (GTP) algorithm, which finds the appropriate support in polynomial time.

These properties are:

(P1) For each i > j, the edges Ai ∪Bj are pairwise compatible (Billera et al., 2001, Propo-

sition 4.1).
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(P2) ||A1||T1
||B1||T2

≤ ||A2||T1
||B2||T2

≤ . . . ≤ ||Ak||T1
||Bk||T2

(Owen & Provan, 2011, Theorem 2.3).

(P3) For each support pair (Ai, Bi), there is no nontrivial partitions Ai = C1 ⊔ C2, Bi =

D1 ⊔ D2, such that D1 ∪ C2 are pairwise compatible and ||C1||T1
||D1||T2

≤ ||C2||T1
||D2||T2

(Owen &

Provan, 2011, Theorem 2.5).

Of note, Theorem 2.4 in Owen and Provan (2011) ensures that finding a support satisfying

(P1) and (P2) provides a path from T1 to T2 with length given by (2.1), but this path is

only the geodesic when (P3) is also true.

When finding the appropriate support through the GTP algorithm, the first step sepa-

rates each tree into r subtrees (T 1
1 , T

1
2 ), . . . , (T

r
1 , T

r
2 ) by bisecting the common edges in the

middle and adding a new label at the end of each half as a new leaf, in a way that the trees

in each pair (T j1 , T
j
2 ) still have the same leaves, but no common edges. For each tree pair,

a proper support containing the geodesic is found through results based on trees without

common edges (Owen & Provan, 2011, Section 3). When combining these separate supports

in (2.1), I require that for any support pair (Ai, Bi) there is a j ∈ {1, . . . , r} such that all

edges in Ai correspond to edges in T j1 and all edges in Bi correspond to edges in T j2 . This

requirement does not impact the results presented here and it is useful in Chapter 4.

2.3 Analyzing trees with non-identical leaf sets

The BHV space was introduced as a common space to perform analyzes on tree samples,

which are effectively collections of trees {T1, . . . , Tn}, each of them a full phylogenetic tree

on a leaf set N . I now discuss on the setting where not all trees in this collection are

phylogenetic trees on the same leaf set, but rather the sample contains trees with varying

leaves (T1 ∈ T N1 , . . . , Tn ∈ T Nn). Foundational work by Ren et al. (2017) introduced

a combinatorial approach to relate different BHV spaces, which was later expanded by
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Grindstaff and Owen (2019) to introduce Extension Spaces. The tools I propose in chapters

3 and 4 are closely related to these contributions.

2.3.1 The tree dimensionality reduction map

A way to reduce the number of leaves in a tree was first introduced by Zairis et al. (2016)

through a tool to visualize trees with large leaf sets (|N | >> 1). This approach was used to

connect different BHV spaces by Grindstaff and Owen (2019). Although originally proposed

as a mapping between phylogenetic trees relating to both their topology and branch lengths,

it is also useful to consider the counterpart of this map as a function that maps splits on

one set of leaves to splits on a subset of these leaves, making it a combinatorial tool to map

topologies into topologies. I provide both definitions here.

A tree T with leaf set L gives rise to a distance between any two members of L, defined

as the shortest path between them if traversing the graph T . For each tree, I consider the

discrete metric space on L with metric dT (ℓ1, ℓ2) defined to be the distance between ℓ1, ℓ2 ∈ L

in T (Figure 2.3a).

Definition 2.8. For L ⊆ N , the tree dimensionality reduction (TDR) map is the

projection function ΨL : T N 7→ T L that maps each tree T ′ ∈ T N to the unique tree

T ∈ T L such that (T L, dT ) is the metric subspace of (T N , dT ′) restricted to L.

The previous definition differs from that of Zairis et al. (2016, Definition 4.1), which de-

fined the TDR map as the product of removing any edges not belonging to a path connecting

leaves in L from T , then deleting every induced degree-2 vertex v by merging their incident

edges, replacing the two edges (u1, v) and (v, u2) (with lengths w1 and w2) with edge (u1, u2)

(with length w1 + w2). I use the definition of Grindstaff and Owen (2019, Proposition 2.6),

who proved the equivalence between these two definitions. They also suggested the use of

ΨL as a map between split- and orthant-valued arguments.
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Definition 2.9. (Grindstaff & Owen, 2019, Definition 2.4) Given the split s = [G ‡ N \ G]

on N , take ΨL(s) to be the split on L that separates all leaves of L in G from those not in

G; that is, ΨL(s) = [L ∩ G ‡ L \ G].

Remark 2.10. It might be the case that either G ∩ L = ∅ or L \ G = ∅, which means the

projection ΨL(s) for s = [G ‡ N \ G] is not a valid edge. This happens when this split is not

involved in the shortest path between any pair of leaves contained in L, which means this

edge should be removed from the tree when applying ΨL. In these cases I write ΨL(s) = ∅.

2.3.2 Extension Spaces

Extension spaces are a way to represent trees with a smaller leaf set L ⊂ N in the BHV

space T N , thereby providing a framework for analyzing trees with non-identical leaf sets as

subsets of T N . Their definition, provided below, coincides with the pre-image of T under

the tree dimensionality reduction map ΨL.

Definition 2.11. (Grindstaff & Owen, 2019, Definition 3.9) Given a tree T with leaf set

L ⊆ N , the extension space of T in the BHV space T N is

EN
T =

{
T ′ ∈ T N |dT ′(ℓ1, ℓ2) = dT (ℓ1, ℓ2) for all ℓ1, ℓ2 ∈ L

}
. (2.2)

While I describe the structure of these extension spaces in detail in the next chapter, I

conclude this chapter by introducing two key concepts that aid in this description.

Definition 2.12. (Ren et al., 2017, Section 1.3) For L ⊆ N and a binary tree T ∈ T L,

the connection cluster CN
T of T in T N is the set of maximum-dimensional orthants in

Ψ−1
L (O(T )).

Definition 2.13. (Grindstaff & Owen, 2019, Definition 3.9) Given a binary tree T ∈ T L,

with L ⊆ N , and an orthant O ∈ CN
T , let the orthant-specific extension space, EO

T , be

all trees in O that are part of the extension space; that is, EO
T = EN

T ∩O.
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(a) (b)

Figure 2.3. For the complete leaf set N = {A,B,C,D,E, F,G} and subset L =
{A,B,C,D}. (a) A tree T ∈ T L. For the discrete metric space over L given by T ,
dT (A,D) = 9. (b) A tree T ′ ∈ T N in the extension space of T . The inconsequential
edges for EN

T are highlighted in orange.

Armed with the above definitions, I move on to defining and exploring distances between

extension spaces.
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CHAPTER 3

DISTANCES BETWEEN EXTENSION SPACES OF

PHYLOGENETIC TREES

Extension spaces, as discussed in Section 2.3.2, were proposed as a natural way to repre-

sent in a BHV space for trees with leaves N trees with fewer leaves. These can also be used

to represent two trees with non-identical leaf sets in a common BHV space and compare

them based on these spaces. For this, Grindstaff and Owen (2019, Section 5) introduces two

measures of “compatibility” between trees with non-identical leaf sets. These measures are

based on constructing neighborhoods around the trees’ extension spaces and determining

the smallest radius for these neighborhoods to intersect. Trees in these intersections can

be seen as “supertrees” that combine the two phylogenies. However, the neighborhoods do

not intersect if the extension spaces do not share at least one common topology. Therefore,

these measures are only defined for trees that are topologically compatible.

To address the need for a compatibility measure that is defined for any pair of trees, I

consider the shortest BHV path between their extension spaces (Grindstaff & Owen, 2019,

Section 3.4). That is:

d
(
EN
T1
, EN

T2

)
:= inf

(t1,t2)∈EN
T1

×EN
T2

dBHV(t1, t2). (3.1)

In this chapter I propose the first algorithm to compute this distance, leveraging the polynomial-

time BHV distance algorithm developed by Owen and Provan (2011). Although this distance

does not define a metric between trees with non-identical leaf sets (Grindstaff & Owen, 2019,

Remark 3.16), it is still an objective BHV based comparison that can be performed for any

pair of trees with non-identical leaves and it could be employed to build super-trees based

on tree samples.

The algorithm is introduced at the end of Section 3.3. It is based on the structure of the
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orthant-specific extension spaces, discussed in Section 3.2 and employs the theory developed

around non-linear optimization of convex functions through gradient of descent methods,

which I review in the next section. The chapter ends with a discussion on the computational

performance of the algorithm and a practical application on prokaryotic gene trees.

3.1 Reduced gradient methods

Gradient descent methods are a class of iterative algorithms that find stationary points

of a function. At each iteration of a gradient descent algorithm, the local changes of the

function around the current point are evaluated, and a “step” in best local direction is taken.

In their simplest form, these methods are defined on a continuous differentiable function

f : D 7→ R on a domain D ⊂ Rn. They rely on the idea that the gradient ∇f describes

local behavior of f and at each x ∈ D, and the vector −∇f(x) provides a direction towards

which the value of f is locally decreasing the most. By starting at x0 and repeatedly taking

small steps in a decreasing direction, the algorithm approaches a local minimum. While

these algorithms are not guaranteed to find the global minimum of the function (or even to

converge), certain conditions on f and D ensure good behavior. In this overview, I focus

on convex functions over convex and compact domains. In general, for convex differentiable

functions it is guaranteed the existence of a global minimum, and that this minimum is

reachable by gradient descent methods (Ruszczyński, 2006, Theorem 3.1, Theorem 5.4).

The reduced gradient method is applicable when there are constraints on the domain of

f . That is, the goal is to minimize f : Rn 7→ R subject to two constraints:

• Linear constraints: Ax = b for some matrix A ∈ Rm×n of rank m and a fixed

b ∈ Rm, and

• Inequality constraints: x ≥ 0.
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The set of values X ⊂ Rn holding these two constraints is called the feasible set. Within

this feasible set, the algorithm searches by moving along different facets, where a facet is

a subset of X with certain entries fixed at zero. Specifically, a facet consists of all vectors

x ∈ X such that xi = 0 for each i in some pre-specified subset of indices.

At each step of the reduced gradient method, the direction of change is selected by

considering the gradient of f while limiting the options based on the constraints. Since A is

a matrix of rank m, the system of equations Ax = b has n−m degrees of freedom; that is, m

entries of x can be seen as depending on the other n−m as free variables. Then the gradient

of f can be considered as a function on the free variables, determining the change on the

dependent variables afterwards. This guaranteed the next point in the process remains in

the feasible set.

In what follows, I use notation similar to Ruszczyński (2006, Section 6.1.2). At each step

of the reduced gradient method, I classify the variables in x into three groups:

• Null variables N: Variables fixed at zero. xi = 0 when i ∈ N.

• Free variables F: Independent variables. xi can take any non-negative value when

i ∈ F.

• Dependent variables D: Knowing the values of all other variables allows us to find xi,

i ∈ D, to satisfy the linear constraints.

I use the notation xD to refer to the vector containing only the entries of x corresponding

to the dependent variables, xF the vector containing all the free variables, xN the vector

containing all the null variables, and write f(x) = f(xD,xF,xN) to make explicit the de-

pendence of f on the variables as the index sets vary. I also use MI to refer to the matrix

obtained by subsetting the columns of M indexed by I.
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The reduced gradient method begins by initializing the index sets, selecting m variables

to be the dependent variables in D0 ⊂ {1, . . . , n} so that AD0 is a square matrix of rank m,

then taking F0 = {1, . . . , n} \D0 and N0 = ∅. An initial point x0 such that Ax0 = b and

x0 > 0 is also initialized. In the k-th iteration:

1. Define the function φ that takes the values of f but depends only on the free vari-

ables. Null variables are fixed at zero and the dependent variables are those that

guarantee the linear constraints, xDk = A−1
Dk [b− AFkxFk ]. Therefore, φ(xFk) =

f
(
A−1

Dk [b− AFkxFk ] ,xFk , 0
)
.

2. Compute the gradient of this function by applying the chain rule:

∇φ(xFk) = ∇Fkf(x)− A⊤
Fk

[
A−1

Dk

]⊤∇Dkf(x). (3.2)

3. Find an optimal direction of change dk = (dkD,d
k
F,d

k
N) in the feasible set by:

i. Employing an unconstrained optimization method to find dkF based on ∇φ(xFk)

(e.g., via the conjugate gradient method (Ruszczyński, 2006, Section 5.5)).

ii. Setting dkD = −A−1
D AFd

k
F to ensure linear constraints.

iii. Keeping the null variables fixed at zero, i.e., dkN = 0.

4. Find the value τ ∗ that minimizes f(xk + τdk), maintaining the inequality constraint,

xk + τ ∗dk ≥ 0 (e.g., using a line search method (Ruszczyński, 2006, Section 5.2)).

5. Select the next point by taking xk+1 = xk + τ ∗dk.

6. Verify if variables need to be reclassified. If ⟨∇f(xk+1), dk⟩ < 0, then τ ∗ was selected

for being the maximum value of τ holding the inequality constraint. Some non-null

variable in xk+1 has value zero and needs to be reclassified:
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i. If xk+1
i = 0 for some i ∈ Fk, then reclassify xi as a null variable (if there is

multiple options, select one), setting Fk+1 = Fk \ {i} and Nk+1 = Nk ∪ {i}.

ii. Otherwise, xk+1
i = 0 for some i ∈ Dk (if there is multiple, select one). In this

case, xk+1
i is reclassified as a null variable, but a new dependent variable must

be found to satisfy the linear constraint. Find j ∈ Fk such that setting Dk+1 =

{j}∪Dk\{i} makes ADk+1 still of rank m (Ruszczyński, 2006, Lemma 6.2). Then,

Fk+1 = Fk \ {j} and Nk+1 = Nk ∪ {i}.

7. Repeat 1-6 until either ∇φ(xk
Fk) = 0 or Fk = ∅.

8. Check if the current point xk is the global solution by computing µ̄k = ∇Nkf
(
xk
)
−

A⊤
Nk

{
A⊤

Dk

}−1∇Dkf
(
xk
)

Ruszczyński (2006, Lemma 6.3). If µ̄kj ≥ 0 for every entry j,

end the algorithm and return xk. If µ̄kj < 0 for any entry j, increase the search region

by taking N0 ⊂ Nk so that µ̄ki < 0 for all i ∈ N0 and reclassifying Fk+1 = Fk ∪N0

and Nk+1 = Nk \N0, and return to 1-6.

If f is convex and the feasible set X ⊂ Rn is compact, the number of stationary points

that are be reached in Step 7 is finite, and therefore the global minimum is eventually

attained (Ruszczyński, 2006, Theorem 6.4).

3.2 Structure of the Extension Spaces

The extension space of a tree T ∈ T L in the BHV space T N can be divided into a finite

number of subspaces by considering all the orthant-specific extension spaces indexed by the

connection cluster CN
T ; i.e. the extension space can be described through the finite union

EN
T =

⋃
O∈CN

T
EO
T . Moreover, each EO

T can be characterized through a set of linear equations.

Namely, given a binary tree T ∈ T L with l leaves and an orthant O ∈ CN
T , consider the

list of 2l − 3 splits q1, . . . , q2l−3 in S(T ) and all 2n − 3 splits p1, . . . , p2n−3 in S(O). Note
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that for every split pj, either ΨL(pj) = qi for some unique value i ∈ {1, . . . , 2l − 3}, or

ΨL(pj) = ∅. The TDR map acts linearly on the lengths of the splits because the removal

of a leaf bisecting a branch results in a branch length that is the sum of the lengths of the

adjacent branches. Formally,

|qi|ΨL(T ′) =
∑

pj :ΨL(pj)=qi

|pj|T ′ ,

for all T ′ ∈ O. Thus, the TDR map for the orthant O can be described by a linear map

given by a (2l − 3)× (2n− 3)-dimensional matrix,

MO
L [i, j] =


1 if ΨL(pj) = qi,

0 otherwise.

Thus, EO
T can be described by the system of equations

MO
L x = vT ,

x ≥ 0,

(3.3)

where x is a (2n−3)−dimensional vector in orthant O that gives the branch lengths of trees

in EO
T and vT is the vector representation of T in O(T ); that is, it is the (2l−3)−dimensional

vector with the edge lengths of T .

Definition 3.1. The j-th column of the matrix MO
L corresponds to the edge pj of the trees

in O, which by definition is a zero column if there is no edge qi to which pj maps into; i.e.

ΨL(pj) = ∅. Thus, these edges as inconsequential for this extension space, since their

length is unimportant for x to be a solution to (3.3). If an edge is not inconsequential, it is

consequential.

Each column in MO
L corresponding to a consequential edge has exactly one entry equal

to 1 and the rest equal to 0, implying the rows are linearly independent. Moreover, every
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edge qi in T has a non-empty pre-image under ΨL, which means the matrix has no zero

rows. Thus, MO
L is of rank 2l − 3.

Example 3.2. Consider again the trees in Figure 2.3, and takeO to be the orthant of T ′. The

internal splits of trees inO are: s1 = [{A,B} ‡ {C,D,E, F,G}], s2 = [{C,D,E} ‡ {A,B, F,G}],

s3 = [{D,E} ‡ {A,B,C, F,G}] and s4 = [{F,G} ‡ {A,B,C,D,E}]. Any tree in EO
T solves

(3.3) for the following values of MO
L and vT . All zero columns in the projection matrix are

highlighted. These coincide with with the inconsequential edges shown in Figure 2.3b.

x⊤ =

(
eA eB eC eD eE eF eG s1 s2 s3 s4

)
,

MO
L =



1 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1 1 0 0


, vT =



2

2

1

3

4



Extension spaces can be described through the union of a finite number of subsets,

each contained in a single maximum-dimensional orthant. These maximum-dimensional

orthants are Euclidean spaces (Remark 2.4) and the extension spaces restricted to maximum-

dimensional orthants are affine subspaces. These observations lay the groundwork for the

development of an algorithm to compute distances between orthant-specific extension spaces

based on gradient of descent methods.
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3.3 Distances between extension spaces

Given two trees T1 and T2 with leaf sets L1,L2 ⊆ N , in this section I address the process

of computing the distance between their extension spaces EN
T1

and EN
T2

(see (3.1)). A pair

of trees (t∗1, t
∗
2) ∈ EN

T1
× EN

T2
is called an optimal pair if dBHV(t

∗
1, t

∗
2) = d

(
EN
T1
, EN

T2

)
. I

discuss below the convexity properties of orthant-specific extension spaces that guarantees

the existence of an optimal pair. However, this may not be unique.

3.3.1 Search region

The algorithm for finding the distance between extension spaces begins by determining

the minimal distance between all possible pairings of the orthant-specific extension spaces

(Definition 2.13) that comprise the extension spaces. To achieve this, I consider every orthant

in each connection cluster (Definition 2.12), and form all orthant pairs (O1, O2) ∈ CN
T1
×CN

T2
.

This process constructs a finite number of candidates for the optimal pair.

For every orthant pair, I construct a convex and compact search region by excluding

poor candidates, as described in the following definition.

Definition 3.3. Given trees T1 ∈ T L1 and T2 ∈ T L2 , where L1,L2 ⊆ N , and an orthant pair

(O1, O2) ∈ CN
T1
×CN

T2
, define the orthant-specific mutually restricted extension space,

⌈EO1
T1
× EO2

T2
⌉, as the subset of all tree pairs (T ′

1, T
′
2) ∈ E

O1
T1
× EO2

T2
for which common edges

that are inconsequential in either T1 or T2 are the same length in both trees, common edges

that are inconsequential in both trees are length zero, and inconsequential uncommon edges

are of length zero. That is, (T ′
1, T

′
2) ∈ E

O1
T1
× EO2

T2
is in ⌈EO1

T1
× EO2

T2
⌉ when the conditions

for mutual restriction hold:

• |p|T ′
1
= |p|T ′

2
for all p ∈ P(O1) ∩ P(O2) with ΨL1(p) = ∅ or ΨL2(p) = ∅,

• |p|T ′
1
= |p|T ′

2
= 0 for all p ∈ P(O1) ∩ P(O2) with ΨL1(p) = ∅ and ΨL2(p) = ∅,
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• |p|T ′
1
= 0 for every p ∈ P(O1) \ P(O2) with ΨL1(p) = ∅,

• |p|T ′
2
= 0 for every p ∈ P(O2) \ P(O1) with ΨL2(p) = ∅.

This definition is motivated by the length of any inconsequential edge p in T ′
1 ∈ O1 not

affecting whether T ′
1 is a part of the extension of T1. However, the length of |p|T ′

1
influences

the distance from this tree to trees in the orthant-specific extension space EO2
T2

. When

building a tree T ′
1 as a candidate for the optimal pair, once the lengths of consequential

edges are chosen to ensure T ′
1 ∈ E

O1
T1

, the length of p can freely be selected to minimize the

distance.

Lemmas 3.4 and 3.5 formalize this idea, showing that for any pair (T ′
1, T

′
2) ∈ E

O1
T1
×EO2

T2
,

it is possible to construct a new tree pair (T ∗
1 , T

∗
2 ) ∈ ⌈E

O1
T1
× EO2

T2
⌉ such that dBHV(T

∗
1 , T

∗
2 ) ≤

dBHV(T
′
1, T

′
2). The first result concerns uncommon inconsequential edges.

Lemma 3.4. Consider two trees T1 and T2 in T N such that there is at least one edge p that

is present in the edge set P(T1) of edges of T1 but not in the edge set P(T2) of edges of T2.

Define T⊥p
1 to be the projection of T1 onto the face of O(T1) defined by the length of p being

equal to zero; that is, T⊥p
1 is such that T⊥p

1 ∈ O(T1) with |p|T⊥p
1

= 0 and |p′|T⊥p
1

= |p′|T1 for

all p′ ̸= p. Then, dBHV(T
⊥p
1 , T2) ≤ dBHV(T1, T2).

Proof. Consider the support (A,B) of the path space of the geodesic from T1 to T2. For

i = 1, . . . , k, denote by ti ∈ T N the first tree on the geodesic from T1 to T2 that belongs to

the orthant Oi = O(C ∪B1∪ . . .∪Bi∪Ai+1∪ . . . Ak) in the path space of the geodesic. This

means ti is a tree in the face shared by Oi−1 and Oi. Since p is an edge of T1 and not of T2,

then there is a value r ∈ 1, . . . , k such that p ∈ Ar. A shorter path from T⊥p
1 to tr than the

geodesic from T1 to tr is constructed by projecting every ti for i ≤ r towards the face of the

respective orthant where the length of the edge p is zero.
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p ∈ S(Oi) for every i < r. Similarly as before, for each i ≤ r, define t⊥pi to be the tree

in Oi such that |p|t⊥p
i

= 0 and |p′|t⊥p
i

= |p′|ti for every other edge p′ ∈ P(Oi) such that

p′ ̸= p. In particular, since tr is a tree in the face shared by Or−1 and Or, and p ∈ Ar implies

p /∈ P(Or), then |p|tr = 0 and t⊥pr = tr.

Denote t0 = T1. For every i = 1, . . . , r, both ti−1 and ti are in Oi−1, so dBHV(ti−1, ti) =√∑
p′∈P(Oi−1)

(
|p′|ti−1

− |p′|ti
)2 and dBHV(t

⊥p
i−1, t

⊥p
i ) =

√∑
p′∈P(Oi−1)

(
|p′|t⊥p

i−1
− |p′|t⊥p

i

)2
. In

the latter expression the difference of lengths for edge p are zero and all other differences are

as in the former expression, therefore dBHV(t
⊥p
i−1, t

⊥p
i ) ≤ dBHV(ti−1, ti). Thus,

dBHV(T1, T2) ≥dBHV(T
⊥p
0 , t⊥p1 ) + dBHV(t

⊥p
1 , t⊥p2 ) + . . .

+ dBHV(t
⊥p
r−1, tr) + dBHV(tr, T2) ≥ dBHV(T

⊥p
1 , T2)

I now give a stronger result which demonstrates minimal distances between extension

spaces can be found by searching orthant-specific mutually restricted extension spaces.

Lemma 3.5. Given two trees T1 and T2 with leaf sets L1,L2 ⊆ N and an orthant pair

(O1, O2) ∈ CN
T1
× CN

T2
, the distance between the orthant-specific extension spaces equals the

distance between their orthant-specific mutually restricted extension space, that is,

inf
{
dBHV(T

′
1, T

′
2)
∣∣(T ′

1, T
′
2) ∈ E

O1
T1
× EO2

T2

}
= inf

{
dBHV(T

′
1, T

′
2)
∣∣(T ′

1, T
′
2) ∈ ⌈E

O1
T1
× EO2

T2
⌉
}
.

Proof. Since ⌈EO1
T1
× EO2

T2
⌉ ⊆ EO1

T1
× EO2

T2
, it is only necessary to show that for any pair

(T ′
1, T

′
2) ∈ EO1

T1
× EO2

T2
there is a pair (T ∗

1 , T
∗
2 ) ∈ ⌈E

O1
T1
× EO2

T2
⌉ such that dBHV(T

∗
1 , T

∗
2 ) ≤

dBHV(T
′
1, T

′
2). Such a pair is constructed by first setting all inconsequential common edges

to a proper length and all uncommon inconsequential edges to length zero.

Consider (T 0
1 , T

0
2 ) such that O(T 0

1 ) ⊆ O1 and O(T 0
2 ) ⊆ O2, |s|T 0

1
= |s|T ′

1
for all s ∈

P(O1) \ P(O2), |s|T 0
2
= |s|T ′

2
for all s ∈ P(O2) \ P(O1), and the conditions for mutual
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restriction hold for common edges p ∈ P(O1) ∩ P(O2):

|p|T 0
1
= |p|T ′

1
, |p|T 0

2
= |p|T ′

2
when ΨL1(p) ̸= ∅ and ΨL2(p) ̸= ∅

|p|T 0
1
= |p|T 0

2
= |p|T ′

2
when ΨL1(p) = ∅ and ΨL2(p) ̸= ∅

|p|T 0
2
= |p|T 0

1
= |p|T ′

1
when ΨL1(p) ̸= ∅ and ΨL2(p) = ∅

|p|T 0
1
= |p|T 0

2
= 0 when ΨL1(p) = ∅ and ΨL2(p) = ∅

Since the lengths of the uncommon internal splits are unchanged from (T ′
1, T

′
2) to (T 0

1 , T
0
2 ),

the support of the path space is the same for both pairs (common edges lengths do not

influence the support for the geodesic (Owen & Provan, 2011, Section 4)). For those edges

that are inconsequential in one or both trees, the difference in length drops to zero; it

remains the same for edges that are consequential for both (for such an edge p, |p|T ′
1
−|p|T ′

2
=

|p|T 0
1
−|p|T 0

2
). Denote the common edges (including external edges) that are consequential for

both extension spaces by K0 (i.e. s ∈ K0 ⊆ K = C ∪H when ΨL1(s) ̸= ∅ and ΨL2(s) ̸= ∅)

dBHV(T
0
1 , T

0
2 ) =

∣∣∣∣∣∣(||A1||T 0
1
+ ||B1||T 0

2
, . . . , ||Ak||T 0

1
+ ||Bk||T 0

2
,
(
|s|T 0

1
− |s|T 0

2

)
s∈K

)∣∣∣∣∣∣
=
∣∣∣∣∣∣(||A1||T 0

1
+ ||B1||T 0

2
, . . . , ||Ak||T 0

1
+ ||Bk||T 0

2
,
(
|s|T 0

1
− |s|T 0

2

)
s∈K0

, 0
)∣∣∣∣∣∣

=
∣∣∣∣∣∣(||A1||T ′

1
+ ||B1||T ′

2
, . . . , ||Ak||T ′

1
+ ||Bk||T ′

2
,
(
|s|T ′

1
− |s|T ′

2

)
s∈K0 , 0

)∣∣∣∣∣∣
≤ dBHV(T

′
1, T

′
2).

Although all common edges in the tree pair (T 0
1 , T

0
2 ) hold the conditions for mutual restric-

tions, some of the uncommon edges between both trees may not. Define the inconsequential

edges in T 0
1 that are not common with T 0

2 by (p11, . . . , p
1
r1
), and the inconsequential edges

in T 0
2 not common with T 0

1 by (p21, . . . , p
2
r2
). For each i = 1, 2, define T ji = T

(j−1)⊥pij
i the

projection of T j−1
i towards the face of Oi defined by the length of pij being equal to zero.

Applying Lemma 3.4 repeatedly results in,

dBHV(T
0
1 , T

0
2 ) ≥ dBHV(T

1
1 , T

0
2 ) ≥ . . . ≥ dBHV(T

r1
1 , T

0
2 ) ≥ dBHV(T

r1
1 , T

1
2 ) ≥ . . . ≥ dBHV(T

r1
1 , T

r2
2 ).
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Thus, dBHV(T
r1
1 , T

r2
2 ) ≤ dBHV(T

′
1, T

′
2), and by construction, (T r11 , T

r2
2 ) ∈ ⌈EO1

T1
× EO2

T2
⌉.

Having identified a subspace for each orthant pair that contains a minimum-distance tree

pair, I can now guarantee algorithmic convergence. The goal is to minimize d : T N ×T N 7→

R≥0. Since T N is of non-positive curvature, the function d is doubly convex (Sturm, 2003,

Definition 1.9, Corollary 2.5); i.e., d is a convex function on T N ×T N , which is in itself also

a geodesic space (Bridson & Haefliger, 1999, Proposition 5.3).

The following result shows the search region ⌈EO1
T1
× EO2

T2
⌉ is convex and compact, which

ensures the convergence of my proposed gradient descent method (Ruszczyński, 2006, The-

orem 6.4).

Lemma 3.6. For any two trees T1 and T2 with leaf sets L1,L2 ⊆ N and an orthant pair

(O1, O2) ∈ CN
T1
× CN

T2
, the orthant-specific mutually restricted extension space ⌈EO1

T1
× EO2

T2
⌉

is a convex, closed and bounded subspace of T N × T N .

Proof. O1 × O2 is a Euclidean subspace of the geodesic space T N × T N , since each of

these orthants is a Euclidean subspaces (Remark 2.4) and this extends to the product.

Additionally, EO1
T1

and EO2
T2

can both be described through a set of linear equations (3.3),

which implies EO1
T1
×EO2

T2
is closed and convex. For each p ∈ P(O1)∪P(O2), define ⌈O1×O2⌉p

to be the subset of trees that hold the condition for mutual restriction that applies to p.

Each such subset can be expressed by a system of linear equations, which means each is a

closed and convex subset. Thus, the mutually restricted extension space is the intersection

of a finite number of closed and convex subspaces,

⌈EO1
T1
× EO2

T2
⌉ = EO1

T1
× EO2

T2
∩


⋂

p∈P(O1)∪P(O2)
ΨL1

(p)=∅ or ΨL2
(p)=∅

⌈O1 ×O2⌉p

 ,

which is therefore a convex and closed subspace.
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Finally, consider a tree pair (T ′
1, T

′
2) ∈ ⌈E

O1
T1
× EO2

T2
⌉ and consider |p|T ′

1
for any edge

p ∈ P(O1). If p is consequential, there is an edge q ∈ P(T1) such that q = ΨL1(p) and

|q|T1 =
∑

p′|q=ΨL1
(p) |p′|T ′

1
, so that 0 ≤ |p|T ′

1
≤ |q|T1 . If p is inconsequential, then either

|p|T ′
1
= 0, or |p|T ′

1
= |p|T ′

2
where p is consequential for O2 (implying 0 ≤ |p|T ′

1
= |p|T ′

2
≤ |q|T2

for q ∈ P(T2) such that q = ΨL2(p)). Thus, all edges in T ′
1 are bounded, and likewise for T ′

2.

Therefore, ⌈EO1
T1
× EO2

T2
⌉ is bounded.

3.3.2 Distances as a reduced gradient problem

Having established properties of the search region, I now formulate the search for an

optimal pair as a reduced gradient problem. Given T1 and T2 with leaf sets L1,L2 ⊆ N

and orthants O1 ∈ CN
T1

, O2 ∈ CN
T2

the objective is to find (T ∗
1 , T

∗
2 ) ∈ ⌈E

O1
T1
× EO2

T1
⌉ such that

dBHV(T
∗
1 , T

∗
2 ) ≤ dBHV(T

′
1, T

′
2) for all (T ′

1, T
′
2) ∈ E

O1
T1
× EO2

T2
. Consider the projection matrices

MO1
L1

and MO2
L2

and fixed vectors vT1 and vT2 that describe the orthant-specific extension

spaces EO1
T1

and EO2
T2

. That is, the edge-lengths vectors xT ′
1

and xT ′
2

corresponding to any

pair (T ′
1, T

′
2) ∈ ⌈E

O1
T1
× EO2

T2
⌉ are such that MO1

L1
xT ′

1
= vT1 and MO2

L2
xT ′

2
= vT2 . By Lemma

3.5, some of the elements of xT ′
i

(i = 1, 2) equal each other or equal zero. These values

correspond to all the inconsequential edges, i.e., the zero columns in the projection matrices

MO1
L1

and MO2
L2

. Define the reduced matrices M̈ i =
[
MOi

Li

]
Ri

, where Ri gives the indices of

non-zero columns in MOi
Li

. Similarly, ẍT ′
i
:= [xT ′

i
]Ri

by subsetting to consequential edges

in xT ′
i
. Note that since the only columns eliminated from the projection matrices are zero

vectors, the system of linear equations defined by MOi
Ti
xT ′

i
= vi is equivalent to M̈ iẍT ′

i
= vi.

Therefore, defining

Ṁ =

M̈1 0

0 M̈2

 , ẋ =

ẍT ′
1

ẍT ′
2

 and v̇ =

v1

v2

 , (3.4)
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it is possible to describe ⌈EO1
T1
× EO2

T2
⌉ through the system of linear equations

Ṁẋ = v̇ with ẋ ≥ 0. (3.5)

Given a solution to (3.5), trees (T ′
1, T

′
2) ∈ ⌈E

O1
T1
×EO2

T1
⌉ can be constructed by assigning the

values in ẋ corresponding to edges in Oi to the lengths of the edges in T ′
i , letting |p|T1 = |p|T2

for all common edges p that are inconsequential for one of the trees, |p|T1 = |p|T2 = 0 for

common edges inconsequential in both trees and |p|Ti = 0 for uncommon edges that are

inconsequential in the respective tree. Note that in this way, all values of edges in T ′
1 and T ′

2

are unambiguously defined. Let (T ′
1(ẋ), T ′

2(ẋ)) refer to the unique pair of trees constructed

in this manner from a solution vector ẋ. I summarize the above in the following result.

Lemma 3.7. Given Ṁ and v̇ for trees T1 ∈ T L1 and T2 ∈ T L2, consider

ẋ∗ ∈ argmin
Ṁẋ=v̇,ẋ≥0

dBHV (T ′
1(ẋ), T

′
2(ẋ)) . (3.6)

Then dBHV(T
′
1(ẋ

∗), T ′
2(ẋ

∗)) ≤ dBHV(T
′
1, T

′
2) for any (T ′

1, T
′
2) ∈ O1 ×O2.

Proof. Take U =
{
ẋ ≥ 0|Ṁẋ = v̇

}
. The function χ : U 7→ ⌈EO1

T1
× EO2

T2
⌉ that maps χ(ẋ) =

(T ′
1(ẋ

∗), T ′
2(ẋ

∗)) is bijective:

1. If ẋ1 ̸= ẋ2 are two different solutions to (3.3), then at least one consequential edge in

T ′
1(ẋ1) or T ′

2(ẋ1) has a different length than the same consequential edge in T ′
1(ẋ2) or

T ′
2(ẋ2). Thus, χ is injective.

2. Given a pair of trees (T ′
1, T

′
2) ∈ ⌈E

O1
T1
× EO2

T2
⌉, construct the vector ẋ by subsetting xT ′

1

and xT ′
2

to only consequential edges. Since these trees are in the extension spaces, ẋ

would be a solution to (3.5), so χ is surjective.

Thus, finding the minimum distance pair in ⌈EO1
T1
× EO2

T2
⌉ is equivalent to solving (3.6). The

result follows from Lemma 3.5.
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3.3.3 Objective function and gradient

While the goal is to minimizing dBHV(·, ·), in practice I solve the equivalent problem of

minimizing d2BHV,

d2BHV (T ′
1, T

′
2) =

k∑
i=1

(
||Ai||T ′

1
+ ||Bi||T ′

2

)2
+
∑
s∈K

(
|s|T ′

1
− |s|T ′

2

)2
. (3.7)

Define δ (ẋ) := d2BHV (T ′
1 (ẋ) , T

′
2 (ẋ)). Let ẋjp be the entry in ẋ corresponding to the edge

p ∈
⋃k
i=1{Ai ∪ Bi} ∪ K in T ′

j . By construction of ẋ, ẋjp is only well-defined if p is a

consequential edge for Tj. For any subset of edges S ⊆ P(T ′
j), denote by Ṡ the edges in S that

are consequential for Tj, and define ||Ṡ|| =
√∑

p∈Ṡ
(
ẋjp
)2

. Given that any inconsequential

uncommon edge is of length zero for trees in ⌈EO1
T1
× EO2

T2
⌉, then ||Ai||T ′

1(ẋ)
= ||Ȧi|| and

||Bi||T ′
2(ẋ)

= ||Ḃi|| for every i = 1, . . . , k. I also use K̇ to refer to the set of common splits

that are consequential for both trees. Since any squared term in the last sum in (3.7)

involving an inconsequential edge is zero as well, the function δ is

δ (ẋ) =
k∑
i=1

(
||Ȧi||+ ||Ḃi||

)2
+
∑
s∈K̇

(
ẋ1s − ẋ2s

)2 (3.8)

Note the support (A,B) depends on ẋ indirectly through the trees T ′
1(ẋ) and T ′

2(ẋ), but

the following lemma ensures that this dependence does not affect the continuity and con-

vexity of the function. Additionally, the gradient method requires δ(ẋ) to be continuously

differentiable, which I also address.

Lemma 3.8. The function δ : Rr1+r2
≥0 7→ R≥0, where rj is the number of non-zero columns

in M
Oj

Lj
, is a continuous and convex function. Moreover, δ is continuously differentiable in

the interior of the domain Rr1+r2
>0 .

Proof. Consider the map χ : Rr1+r2
≥0 7→ O1×O2 given by χ(ẋ) = (T ′

1(ẋ), T
′
2(ẋ)). As discussed

previously, O1 × O2 is a (4n − 6)−dimensional Euclidean space, and by definition, each of
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the 4n − 6 coordinates in the image of χ(ẋ) is either one of the values of ẋ (the value

corresponding to the consequential edge) or fixed to zero. Thus, χ is a linear mapping

between Euclidean spaces. And since the function d2BHV : O1 ×O2 7→ R≥0 is continuous and

convex, then δ = d2BHV ◦χ is also continuous and convex (Boyd & Vandenberghe, 2004, Page

79).

Note each variable ẋjp in (3.8) contributes to exactly one quadratic term. Thus, the

gradient of δ : Rr1+r2
≥0 7→ R≥0 has entries

∂δ(ẋ)

∂ẋjp
=



2ẋjp

(
1 + ||Ḃi||

||Ȧi||

)
j = 1, p ∈ Ȧi

2
(
ẋ1p − ẋ2p

)
j = 1, p ∈ K̇

2ẋjp

(
1 + ||Ȧi||

||Ḃi||

)
j = 2, p ∈ Ḃi

2
(
ẋ2p − ẋ1p

)
j = 2, p ∈ K̇.

(3.9)

Since I use the unique minimal support of the geodesic between trees T ′
1(ẋ) and T ′

2(ẋ) in (3.8)

and (3.9), and these trees are uniquely and well-defined by ẋ, the partial derivatives given

by (3.9) are well-defined as long as ||Ȧi||, ||Ḃi|| ≠ 0, which is the case within the domain’s

interior. Other support (A′,B′) for the geodesic from T ′
1(ẋ) to T ′

2(ẋ) will hold the property

||Ḃ′
l||

||Ȧ′
l||

=
||B′

l||T ′
2(ẋ)

||A′
l||T ′

1(ẋ)

=
||Bi||T ′

2(ẋ)

||Ai||T ′
1(ẋ)

=
||Ḃi||
||Ȧi||

when p ∈ Ai and p ∈ A′
l,

||Ȧ′
l||

||Ḃ′
l||

=
||A′

l||T ′
1(ẋ)

||B′
l||T ′

2(ẋ)

=
||Ai||T ′

1(ẋ)

||Bi||T ′
2(ẋ)

=
||Ȧi||
||Ḃi||

when p ∈ Bi and p ∈ B′
l,

which means the partial derivative with respect to any ẋip would be equal under equivalent

supports, which implies it is unambiguously defined. Since the map ẋ 7→
||A||T ′

1(ẋ)

||B||T ′
2(ẋ)

for any

nonempty subsets A ⊆ S(T ′
1) and B ⊆ S(T ′

2) is continuous in the interior of the domain, the

partial derivatives are continuous as well.

The continuous differentiability of δ extends beyond the interior of the domain. The

gradient remains continuous at boundary points of the domain where (3.9) is well-defined,
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i.e., where ||Ȧi|| ̸= 0 and ||Ḃi|| ̸= 0. However, the gradient does not exist at points where

ẋ1p = 0 for all p ∈ Ȧi or ẋ2p = 0 for all p ∈ Ḃi. In these cases a subgradient can be used

in place of the non-existent gradient (Ruszczyński, 2006, Definition 2.72) without impacting

the convergence of the algorithm. Specifically, in place of ∇φ(ẋk
Fk) in the pausing condition

∇φ(ẋk
Fk) = 0 (Step 7, Section 3.1), I use a subgradient, replacing every undefined gradient

entry ∂δ(ẋ)

∂ẋjp
with zero. Note that the new (sub)gradient vector will equal zero when zero

belongs to the set of subgradients ∂δ(ẋk), and that a sufficient condition for attaining a

minimum of a convex function is for zero to belong to this set (Ruszczyński, 2006, Theorem

3.5). The optimality condition for the global minimum (Step 8, Section 3.1) can be replaced

by an equivalent condition in which I require the existence of η ∈ ∂δ(xk) such that ηNk −

Ṁ⊤
Nk

{
Ṁ⊤

Dk

}−1

ηDk ≥ 0 (Ruszczyński, 2006, Theorem 3.34).

3.3.4 Algorithm for distances between extension spaces

I am now able to describe my algorithm to solve (3.1) and find an optimal pair. It starts

with Algorithm 1, a reduced gradient method adapted to identify the closest trees within

orthant-specific extension spaces.

Theorem 3.9. Algorithm 1 converges to trees (T ∗
1 , T

∗
2 ) ∈ (EO1

T1
, EO2

T2
) such that

dBHV(T
∗
1 , T

∗
2 ) = inf

(t1,t2)∈(E
O1
T1
,E

O2
T2

)

dBHV(t1, t2).

Proof. Algorithm 1 is a reduced gradient method to minimize δ : Rr1+r2
≥0 7→ R≥0 subject to

constraints Ṁẋ = v̇ and ẋ ≥ 0. This function is continuous and convex (Lemma 3.8). Con-

sider the feasible set U =
{
ẋ ≥ 0|Ṁẋ = v̇

}
. Given that the function χ : U 7→ ⌈EO1

T1
× EO2

T2
⌉

that maps χ(ẋ) = (T ′
1(ẋ), T

′
2(ẋ)) is a continuous bijective linear map, and ⌈EO1

T1
× EO2

T2
⌉ is a

convex, closed and bounded set, then U is as well. It follows that the algorithm converges

to a point minimizing δ inside the feasible set (Ruszczyński, 2006, Theorem 6.4). Because
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of the bijection between U and ⌈EO1
T1
× EO2

T2
⌉, the algorithm’s solution ẋ∗ minimizes d2BHV

(and by extension dBHV) on ⌈EO1
T1
× EO2

T2
⌉. The result follows from Lemma 3.5.

Theorem 3.10. For each orthant pair (O1, O2) ∈ CN
T1
×CN

T2
, apply Algorithm 1 to construct

a candidate pair (T ∗
1 , T

∗
2 ) for the optimal pair. Among all these candidate pairs, the one with

the minimum distance will be a solution to (3.1).

Proof. Since the number of orthants in each connection cluster is finite, all orthants in

it can be listed, CN
Ti

= {O1
i , . . . , O

ci
i }. Denote by (T ∗

1,j1
, T ∗

2,j2
) the tree pair obtained by

applying Algorithm 1 to (Oj1
1 , O

j2
2 ), j1 = 1, . . . , c1, j2 = 1, . . . , c2. {dBHV(T

∗
1,j1
, T ∗

2,j2
)} is a

finite set, and I define (T ∗
1 , T

∗
2 ) to be the pair achieving its minimum. For any (T ′

1, T
′
2) ∈

EN
T1
× EN

T2
, O(T1) ⊆ Oj1

1 and O(T2) ⊆ Oj2
1 for some j1 and j2. Therefore, dBHV(T

∗
1 , T

∗
2 ) ≤

dBHV(T
∗
1,j1
, T ∗

2,j2
) ≤ dBHV(T

′
1, T

′
2)

3.4 Algorithmic complexity and runtime

Having described my method in Theorem 3.10, I now turn my attention to studying

its performance as the shared and total number of leaves varies. The algorithm is im-

plemented in Java (version 20.0.2) and it is available as part of the BHVExtMinDistance

library, which can be accessed freely from the ExtnSpaces repository at https://github.

com/statdivlab/ExtnSpaces.git. My implementation depends on the distanceAlg1 and

polyAlg libraries, available at the BHVtreespace github repository: https://github.com/

megan-owen/BHVtreespace.git. Code and instructions to reproduce the following two sec-

tions’ analysis are available at https://github.com/statdivlab/ExtnSpaces_supplementary.

git. To my knowledge, no other algorithms exist to find distances between extension spaces,

and therefore, there are no methods to benchmark against.
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Algorithm 1: A reduced gradient method to find BHV distances between orthant-
specific extension spaces (see additional details in Appendix A)

Set initial values: ẋ0
j =

∑
i 1{Ṁ[i,j]>0} × v̇i/#{j : Ṁ[i, j] = 1}.

Define initial index sets: For each i, add the index j of the first column such that Ṁ[i, j] = 1 to
D. Add all j′ > j such that Ṁ[i, j′] = 1 to F. Set N= ∅.
Initialize cconj = 1. Set tolerance thresholds Tol1 and Tol2.
while global minimum not reached do

Compute gradient ∇φ(ẋtF) = ∇Fδ(ẋ
t)− Ṁ⊤

FṀ
−⊤
D ∇Dδ(ẋ

t)
if ||∇φ(ẋtF)||∞ < Tol1 then

Compute gN = ∇Nδ(ẋ
t)− Ṁ⊤

NṀ−⊤
D ∇Dδ(ẋ

t).
if gN ≥ 0 then

stop while: global minimum has been reached.
else

Define Np = {j ∈ N | gN[j] < 0}
Update F = F ∪Np and N = N \Np

end if
end if
Compute dtF = −∇φ(ẋtF) + 1{cconj=1}

⟨∇φ(ẋt
F),∇φ(ẋ

t
F)−∇φ(ẋt−1

F )⟩
||∇φ(ẋt−1

F )||2 dt−1
F

Set dtD = −Ṁ−1
D ṀFd

t
F and dtN = 0. Increase cconj ← cconj + 1

Find τmax = max{τ ≥ 0 | ẋt + τdt ≥ 0} and h(τmax) = ⟨∇δ(ẋt + τmaxd
t),dt⟩

if h(τmax) ≤ 0 then
Set τ0 = τmax

else
Set τleft = 0, τright = τmax and τ0 =

τleft+τright
2

while |h(τ0) = ⟨∇δ(ẋt + τ0d
t),dt⟩| > Tol2 do

if h(τ∗) > 0 then set τright = τ∗ and τ∗ = τleft+τright
2

else set τleft = τ∗ and τ∗ = τleft+τright
2 .

end while
end if
if ẋtj + τ0d

t
j = 0 for some j ∈ D ∪ F then

Select j ∈ D ∪ F such that ẋtj + τ0d
t
j = 0

if j ∈ F then
Set F = F \ {j} and N = N ∪ {j}

else
Select j′ ∈ F such that Ṁ[i, j] = Ṁ[i, j′] = 1 for some index i
Set D = D \ ({j} ∪ {j′}), F = F \ {j′} and N = N ∪ {j}

end if
end if
Update ẋt+1 = ẋt + τ∗dt
if cconj + 1 > 15 then cconj = 1 else cconj ← cconj + 1

end while
return (T ′

1(ẋ
t), T ′

2(ẋ
t)) and

√
δ(T ′

1(ẋ
t), T ′

2(ẋ
t))
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Since my algorithm performs an optimization routine for each orthant pair, the total

number of orthant pairs is a major driver of the complexity of my algorithm. The number

of orthants in the extension space in T N (|N | = n) of a tree with |Li| = li leaves is

(2n− 5)!!/(2li − 5)!! (Ren et al., 2017, Theorem 2.1), and therefore, the number of orthant

pairs considered is Ω := {(2n− 5)!!}2/{(2l1− 5)!!× (2l2− 5)!!}. This value has the potential

to be considerably large, since the growth rate of the value (2n − 5)!! is super-exponential.

Using Stirling’s approximation (for large l1, l2 and n)

Ω ∼
(
2e−1

)2n−l1−l2 (n− 2)2n−4(l1 − 2)2−l1(l2 − 2)2−l2 .

and therefore, Ω = O(n2n−(l1+l2)) when n− l1 and n− l2 are constant.

Table 3.1. The runtime of Algorithm 1 in practice. For each setting S, I report the number of
pairs of orthants to search over (Ω); the total runtime for computing distances between EN

T1

and EN
T2

(min:sec); the number of iterations for each reduced gradient method to converge
(mean [median, 90% quantile and maximum]); the distance between EN

T1
and EN

T2
; and the

number of optimal pairs (“# pairs”). I observe that the number of orthant pairs is the largest
factor contributing to runtime.

S |L1 ∪ L2| |L1| |L2| Ω Runtime Iterations d(EN
T1
, EN

T2
) # pairs

Unimodal distribution for Edge Lengths
a 7 6 4 2835 00:05 5.50 [5, 7, 174] 6.675 1
b 7 6 4 2835 00:03 4.94 [5, 7, 22] 4.378 1
c 7 5 4 19845 00:34 6.41 [6, 10, 64] 0.268 1
d 10 9 8 2925 00:10 3.96 [4, 6, 17] 18.497 1
e 10 8 8 38025 02:27 4.98 [5, 8, 46] 15.710 1
f 10 8 7 418275 50:17 7.33 [6, 12, 68] 9.459 1

Bimodal distribution for Edge Lengths
a 7 6 4 2835 00:04 4.56 [4, 7, 28] 108.284 6
b 7 6 4 2835 00:02 4.60 [5, 6, 18] 108.667 1
c 7 5 4 19845 00:29 6.00 [6, 9, 36] 24.880 1
d 10 9 8 2925 00:08 4.03 [4, 6, 23] 132.690 1
e 10 8 8 38025 02:27 4.97 [5, 8, 40] 104.722 2
f 10 8 7 418275 47:45 7.53 [6, 12, 91] 123.323 2

I study the in-practice scalability and performance of the algorithm using simulated
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phylogenetic trees. I selected 6 pairs of topologies each with a different combination of

L1 ∪ L2, L1 and L2, and considered N = L1 ∪ L2. I consider two distributions for the

edge lengths, resulting in 12 total simulation settings. The first edge length distribution is

a lognormal distribution (mean = 5, variance = 1), reflecting a low-variance edge length

scenario. The second distribution is a mixture of two lognormal distributions. The first

component has a mean of 5 and a variance of 1 (sampled with 75% probability), and the

second component has a mean of 60 and a variance of 10 (sampled with 25% probability).

This second, high-variance distribution reflects long-branch scenarios that commonly arise

in practice.

The results of the exploration can be found in Table 3.1. Running clock-times are based

on an 8-core Apple M1 processor with 16GB of RAM. These times reflect the process of

computing the distances for each orthant pair sequentially, and applying a merge sort al-

gorithm. My library supports multi-threading, allowing distances in different orthant pairs

to be computed concurrently to reduce run-times, but I report single-thread times here for

transparency. For this simulation, I selected a tolerance for ∇φ(ẋF) of 10−8.

As my algorithm performs an optimization process per each orthant pair, I expected the

runtime to be approximately proportional to the number of orthant pairs for a fixed search

space dimension, which I generally find to be the case. For example, when the number of

orthant pairs increased by a factor of 7 (from 2835 pairs in (a) and (b) to 19845 in (c)),

the increase in runtime was approximately 7-fold, from 2-5 seconds to around 29-34 seconds.

Similarly, when the number of orthant pairs increased by 11-fold (from (e) to (f)), runtimes

increased by ∼ 11-fold, and when the number of orthant pairs increased by 13-fold (from

(d) to (e)), runtimes increased by ∼ 16-fold.

The number of orthant pairs appears to affect the runtime through two avenues: directly

(via the number of reduced gradient runs to be performed), and indirectly (due to an increase

in the average number of iterations required for convergence). The number of iterations to
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convergence is directly influenced by the number of leaves being attached to each tree to

create their extension space, as each reduced gradient problem involves the linear constraints

Ṁẋ = v̇ with (r1+ r2)−{2(l1+ l2)−6} (the difference between the number of consequential

edges and the number of original edges in T1 and T2) degrees of freedom, which is upper-

bounded by the number of leaves being added to the trees. Consequentially, the number

of free variables in each iteration of my optimization mechanism is at most 2n − l1 − l2.

Convergence will take longer when this number is higher.

Unsurprisingly, I find that distances between extension spaces tend to be higher when

edge lengths are heavy-tailed (bimodal distribution). Interestingly, while in all unimodal

distribution cases, only one optimal pair was found, it was common to find more than one

optimum under the bimodal distribution. Both of these observations can be explained by

how BHV distances depend on edge lengths. As described in Section 2.2.2, when going

from a tree t1 to t2, the common edges are present in the topologies of all trees on the

geodesic, while uncommon edges present in t1 are gradually swapped for uncommon edges

in t2. Intuitively, the size of the uncommon edges in t1 and t2 gradually change between

zero and their original size. Similarly, the lengths of common edges gradually change from

their lengths in t1 to their lengths in t2. Thus, BHV distances are increased by longer

uncommon edges, and by common edges with significantly different lengths. The bimodal

distribution allows for longer uncommon edges, and introduces more variability in the sizes

of the common edges, which explains why the distances are higher.

Another effect of edge lengths on BHV distances is that, in practice, if an edge in a tree

is decidedly longer than the others, topology orthants in the connection cluster that involve

attaching new edges to this edge tend to produce shorter geodesics. If this particularly long

edge is such that edges mapping into it (under the tree dimensionality reduction map) are

uncommon edges, then the large value of the length must reduce to zero at some point along

the geodesic. Thus, dividing this long edge into several smaller edges through attaching
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edges into it will reduce the size of the geodesic. This also explains why more than one

optimal pair was found in some of the cases where edge lengths were assigned through the

bimodal distribution. If one of the edges in one of the trees is long, then the best candidates

for the optimal pair arise from those attaching leaves along that edge, and the same geodesic

length can be achieved by attaching the edges in the same places along the long edge, but

in a different order. For example, T1 (case (a), bimodal) has a long external edge incident

to the leaf L06, and all 6 optimal pairs are such that T ∗
2 has edges L03, L04 and L05

attached to that edge. Thus, I obtain 6 optimal pairs because there 6 different ways these

three external edges can be ordered across the long edge.

3.5 Application to prokaryotic gene trees

Here, I illustrate my method on gene trees spanning phylogenetically diverse prokary-

otic lineages. Prokaryotes (bacteria and archaea) display a high degree of discordance in

the genes they carry, with fewer than ∼1% of a given organism’s genes distributed “univer-

sally” across all bacteria (Dagan & Martin, 2006). Thus, the comparison of two prokaryotic

gene phylogenies will almost always require tools that can handle non-identical leaf sets,

motivating the development of my method.

I analyze gene trees from Zhu et al. (2019), focusing on two genes involved in essential

tasks: cell division and repair. Specifically, I consider T1 to be the gene tree for ftsA (coding

for a protein involved in cell division) and T2 to be the gene tree for dinB (coding for

a DNA polymerase protein involved in translesion repair). I restrict my analysis to 10

phylogenetically diverse organisms spanning 2 domains of life; the complete leaf set N is

given in Table 3.2. These organisms are found in diverse habitats, including the human gut,

oral cavity, and tumors; as well as groundwater, treated water, and deep-sea hydrothermal

vents. Out of ten total organisms, only five organisms have both genes, with 3 and 2 unshared
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genes carried by ftsA and dinB, respectively. Note that these genes could be truly absent, or

they could be unobserved due to imperfections in genome reconstruction from metagenomes

(Duarte et al., 2020; Royalty & Steen, 2019; Zaheer et al., 2018).

Table 3.2. The complete leaf set N for the ftsA and dinB gene trees.

Species Domain ftsA tree dinB tree
Actinomyces odontolyticus Bacteria No Yes
Fusobacterium nucleatum Bacteria Yes Yes
Pseudomonas pelagia Bacteria Yes Yes
Bacteroides fragilis Bacteria Yes Yes
Candidatus Saccharibacteria TM7x Bacteria Yes No
Sphingomonas hengshuiensis Bacteria Yes Yes
Parcubacteria SG8-24 Bacteria Yes No
Vibrio scophthalmi Bacteria Yes Yes
Candidatus Lokiarchaeota CR4 Archea No Yes
Candidatus Odinarchaeota LCB4 Archea No Yes

T1 and T2 are shown in Figure 3.1(a). While EN
T1

spans 2145 orthants, and EN
T2

spans

195 orthants, none of these orthants are shared between the two extension spaces. As a

result, the compatibility measures of Grindstaff and Owen (2019) are not defined for these

two trees. In contrast, my distance d(EN
T1
, EN

T2
) is always defined. I applied Algorithm 1 to

every orthant pair in CN
T1
× CN

T2
and found that the distance between the extension spaces

is 4.234, and that this value was attained as the distance between the trees in T N shown

in Figure 3.1(b). To search through 418275 pairs of orthants in T N took 21 minutes on a

8-core Apple M1 processor with 16GB of RAM in multi-threaded setting with a thread pool

of size 8.

In addition, my approach to computing distances between trees with non-identical leaf

sets naturally lends itself to a “supertree” method for combining information from two trees.

Specifically, because the minimum distance between extension spaces is the size of geodesic

paths in T N the tree in T N that is the midpoint on such a geodesic averages the information
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across the true trees (Brown & Owen, 2020; Miller et al., 2015). However, because minimum

distance paths between extension spaces are not necessarily unique, this supertree measure

may not be unique. This is in contrast with Fréchet means of trees that are all contained

within the same BHV space, whose Fréchet means are uniquely defined (Sturm, 2003).

Two paths were minimum distance between the extension spaces of the ftsA and dinB

trees. Similar to the cases discussed in the previous section, the two trees (TA and TA′ in

Figure 3.1(b)) in the extension space for ftsA are both produced by attaching new edges

(corresponding to external edges to Ca. Lokiarchaeota CR4 and Ca. Odinarchaeota LCB4 )

to a particularly long edge (the external edge to S. hengshuiensis) in the same locations

but in a different order — a phenomenon discussed at the end of Section 3.4. The internal

edges resulting from attaching these edges (with lengths 0.72 and 1.30) are in both cases

uncommon to the tree TB ∈ EN
T2

, and thus these edges reduce to zero in length and are

then dropped. Because these edges have the same lengths in TA and TA′ and all other edges

are equal length, the tree along the geodesics where the last of these two edges (the edge

separating Ca. Lokiarchaeota CR4, Ca. Odinarchaeota LCB4 and S. hengshuiensis from

all other organisms) is dropped is the same, and then the geodesic follows the same path to

TB. Although theoretically the existence of two optimal pairs could admit two supertrees,

in this case the length of the geodesic section from the starting tree (either TA or T ′
A) to

the tree where both geodesics coincide is less than half the length of the total geodesic.

Because of this, the mid-point is unchanged between TA and T ′
A. This unique supertree is

shown in Figure 3.1(c). If the length of the section where both geodesics do not coincide were

longer than half the length of the geodesics, then the midpoints would differ from each other.

Nevertheless they would still share many edges in common and with the same length, and

uncommon edges would have a counterpart with the same length. Thus, I expect non-unique

supertrees to be similar in general.
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(a) (b) (c)

(d)

Figure 3.1. The estimated evolutionary history of (a) the ftsA gene and (b) the dinB gene
for 10 organisms. (c) The midpoint of the geodesics between (TA, TB) and (T ′

A, TB). This
midpoint is the same for both geodesics. (d) The minimal distance between the extension
spaces of these trees is 4.234, which can be obtained via two geodesic paths. The two tree
pairs (TA, TB) and (T ′

A, TB) that achieve the minimal distance are shown.
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3.6 Discussion

Extension spaces provide an intuitive approach to contextualizing phylogenetic trees with

reduced leaf sets in higher-dimensional BHV spaces. In this chapter, I proposed a method

for finding the minimum distance between extension spaces by implementing a reduced

gradient algorithm, as a comparison method between trees with non-identical leaf sets. A

major advantage of this approach is that it gives a measure of dissimilarity applicable to

any two trees. It therefore addresses some of the limitations in Grindstaff and Owen (2019),

such as that the trees under comparison must share common orthants in their extension

spaces, and must have all internal branches of strictly positive length. This methodology

has the potential to be applied in future studies to evaluate whether two trees share a

compatible evolutionary history or to assess the performance of tree reconstruction methods

by comparing original versus reconstructed trees in simulation studies.

An additional advantage of my approach is that it enables construction of a “supertree”

that summarizes a pair of trees with respect to topological and edge length differences, even

when those trees have non-identical leaf sets. This suggests a measure of compatibility among

a collection of trees as the Fréchet means of their extension spaces EN
T1
, EN

T2
, . . . , EN

Tr
, which

for r = 2 reduces to a midpoint along a geodesic. One of the primary benefits of utilizing

the BHV space is its ability to provide a measure of variability and formalize uncertainty by

examining the distances between trees in the sample, as opposed to only obtaining a single

consensus tree.

Note that as minimal distance paths between extension spaces are not necessarily unique,

Fréchet means of extension spaces are also not necessarily unique. Interestingly, in my

applied data example, while there were two minimal distance paths between the trees, both

paths had the same midpoint. I conjecture that in applied data examples, Fréchet means of

extension spaces may often be unique. I leave the construction and study of Fréchet means
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to future work.

This algorithm enables the comparison of phylogenetic trees without the limitations of

considering only subtrees with common leaves. Existing tools that focus solely on common

leaves require discarding valuable information collected during data acquisition. While this

approach may suffice for datasets with extensive taxonomic diversity, it becomes a concern

when available data is disregarded due to tool limitations rather than developing tools to

accommodate real data structure. Additionally, in analyses involving multiple trees, the

common leaves often represent only a small fraction of the total taxonomic dataset. Thus,

the algorithm I present allows biologists to compare trees with non-identical leaf sets without

pre-pruning, providing a more accurate representation of biological complexity.

While finding the minimal BHV distance between extension spaces is highly intuitive,

my proposed distance is not formally a metric between trees (Grindstaff & Owen, 2019,

Section 3.4). Specifically, distinct trees can have intersecting extension spaces (Grindstaff &

Owen, 2019, Example 4.1), and therefore a zero distance, violating positivity. Furthermore,

it is possible to find trees T1, T2 and T3 for which d(EN
T1
, EN

T3
) = 0 and d(EN

T2
, EN

T3
) = 0,

but for which d(EN
T1
, EN

T2
) > 0, thus violating the triangle inequality (Grindstaff & Owen,

2019, Remark 3.6). Despite this, my distance still provides a useful measure of similarity

between phylogenies with non-identical leaf sets, and when L1 = L2 = N , my distance

reduces to the classical BHV distance. In addition, the algorithm I developed is broadly

applicable to the minimization of any convex function over a subset of a BHV space defined

by linear constraints (see also Miller et al. (2015)), which could be broadly useful in other

mathematical or computational phylogenetics problems.

In practice, my algorithm runs within an hour on a modern laptop for up to 10 total

leaves without multithreading. Alas, computation time grows quickly in the total number of

leaves. For example, if the largest example in Table 3.1 had one more leaf not included in the

second tree (increasing |L1| to 9 and |L1∪L2| to 11), the number of orthant pairs would grow

62



by a factor of ∼ 22, from 418,275 to 9,298,575, for which I estimate a single-thread runtime

of ∼ 24 hours. That said, the method can be trivially parallelized across orthant pairs,

making it well-suited to distributed computing environments. While I report single-thread

runtimes for transparency, my open-source software package implements multi-threading,

conveniently accelerating the method for typical (non-distributed) computing environments.

Because extension spaces can be characterized within a given orthant as a linear system of

equations, my algorithm employs a reduced gradient method. Reduced gradient methods are

iterative procedures, and therefore their computational complexity is challenging to charac-

terize. That said, in practice,I find that the number of iterations per orthant pair is generally

low, with 50% converging with a gradient of < 10−8 within 4-6 iterations and 90% converging

within 6-12 iterations. Each iteration, however, involves the computation of multiple BHV

geodesics. As computing a geodesic is O(n4)-time (Owen & Provan, 2011, Theorem 3.5),

each iteration of Algorithm 1 is O(n4d), where d is the number of iterations required for the

line search. The number of orthant pairs grows at O(|N |c), where c is the number of leaves to

be added to the trees, further contributing to the runtime of the algorithm. Unsurprisingly,

in practice, I find that the number of orthant pairs, rather than the geodesic computations,

is the major limiting factor in calculating my distance. As a result, future work to accelerate

computation could consider excluding suboptimal orthant pairs from consideration, such as

by excluding highly dissimilar topologies while prioritizing the attachment of inconsequential

edges to long edges. That said, as previously mentioned, orthant pair comparisons can be

parallelized across distributed computing architecture, reducing the in-practice computation

time by a factor equal to the number of machines available.

Finally, I acknowledge that there are metrics for phylogenetic trees that focus exclusively

on topological comparisons, including adaptations like the generalized Robinson-Foulds dis-

tance (Briand et al., 2020) for trees with non-identical leaf labels. While these methods

provide valuable insights into the structural relationships between trees, they overlook the
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evolutionary information conveyed by branch lengths. Incorporating branch lengths into

phylogenetic analysis offers several advantages, such as assessing evolutionary distances,

identifying varying rates of evolution, and highlighting functional or phenotypic differences

between organisms.

Adapting the methods presented in this dissertation for scenarios where only topological

comparisons are of interest is beyond the scope of this project. Furthermore, evaluating the

effectiveness of such adaptations compared to methods specifically designed for topological

analysis would require additional research.
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CHAPTER 4

THE TOWERING TREE SPACE

My primary goal for this chapter is the construction of a metric space for phylogenetic

trees with non-identical leaf sets that, similar to the BHV space, takes into account both

topological and edge length differences between trees. I introduce the Towering Tree Spaces,

a family of metric spaces, for this purpose. These spaces are constructed as unions of BHV

spaces, allowing for transitions between them.

Throughout this chapter, I refer to the action of transitioning from one BHV space to a

another on fewer leaves as “moving to a lower BHV level”. Similarly, transitioning to a BHV

space with a larger leaf set is referred to as “moving to a higher BHV level”. Thus, the union

of BHV spaces is referred to as a “tower” of tree spaces. I formalize this with the following

definition.

Definition 4.1. Given two BHV spaces T L and T L′ , T L is a higher level than T L′ when-

ever L′ ⊂ L. In this case, T L′ is a lower level than T L.

I begin by introducing common structures and properties among the family of towering

spaces. Members of the family will be indexed by an operation used to combine edge lengths

when transitioning between BHV levels. There will be multiple options for this combin-

ing operation, but later I suggest the selection of one of these options based on its nice

geometrical and computational properties.

4.1 Preliminary structures

Here I provide the first steps towards the construction of a towering tree space, and tools

for analysis within these spaces. For a set of n leaves N , consider all possible subsets L ⊂ N ,

|L| ≥ 3, and corresponding BHV spaces T L. A towering tree space is defined on the union
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of these BHV spaces T P(N ) =
⋃

L∈P(N ) T L, where P(N ) = {L ⊆ N | |L| ≥ 3}. To simplify

working with several BHV spaces, I maintain the convention given in Remark 2.3 for trees

throughout this chapter. Unless indicated otherwise, a tree T is represented by the tree

in the lowest-dimensional orthant possible in its BHV space; that is, all internal edges of

length zero are dropped and S(T ), includes only splits with a positive length. In contrast,

external edges may have length zero. These external edges are only “dropped” from a tree

when transitioning from one BHV space to another.

4.1.1 Topological transitions between BHV spaces

Transitions between BHV spaces in a towering space are through trees in the same equiv-

alence class. To define equivalence classes, I introduce pruning and re-grafting operations.

As the name suggests, pruning leaves involve removing some of the edges in a tree contain-

ing these leaves, while regrafting involves attaching new edges with new leaves. The idea of

removing and adding leaves is a long-standing technique in phylogenetics; it serves as the

basis for the subtree prune-and-regraft distance between tree topologies (Hein et al., 1996;

Whidden et al., 2014) and it also plays a role in the description of extension spaces, as seen

in Grindstaff and Owen (2019, Definition 3.1). However, my operations differ from previous

examples in when pruning can be performed and how edge lengths are merged.

Similar to dropping zero-length internal edges when transitioning between topology or-

thants in BHV space, zero-length external edges drop when transitioning between BHV

spaces. The trees where leaf prunes may be performed are defined below.

Definition 4.2. Given a subset of leavesM⊂ L and T ∈ T L, the leaves inM are mutually

prunable from T if each external edge to a leaf in M is of length zero, and every internal

edge of T maps to an internal split of the leaves L′ = L \M under the TDR map. This is,

for every s ∈ S(T ), ΨL′(s) = [L1 ‡ L′ \ L1] such that |L1|, |L \ L1| ≥ 2.
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Figure 4.1. An example of mutually prunable leaves. The set M = {F,G} is not mutually
prunable from T1 but it is mutually prunable from T2. In T1, the external edge towards G
is of positive length, and the internal edge [{A,F} ‡ {B,C,D,E,G}] ∈ S(T1) maps to an
external edge under the TDR map.

If M is not mutually prunable from T , the set of edges preventing M from being

prunable from T is a set of interest, which I denote by

P ↓M(T ) = {p ∈ P(T ) | ΨL′(p) = ∅ or ΨL′(p) = [ℓ ‡ L′ \ {ℓ}] for some leaf ℓ} .

Remark 4.3. A subset of leavesM with zero-length external edges on T is mutually prunable

from that tree if and only if for every non-empty subsetM′ ⊆M, the edges [M′ ‡ L \M′]

and [M′ ∪ {ℓ} ‡ L \ (M′ ∪ {ℓ})] for all ℓ ∈ L \ M do not belong to S(T ). This implies

P ↓M(T ) only contains external edges, and these are of length zero in T .

The definition of mutually prunable ensures that all internal edges map to another inter-

nal edge. Thus, when assessing the similarity of BHV topologies, each internal edge affects

the topology of the tree after the transformation, since the topology of a tree is fully de-

fined by its internal edges. Moreover, this restriction aids in maintaining a strictly positive

distance between trees that are clearly distinct to each other: trees with strictly positive

external edges will be at a positive distance from each other. As shown in the next remark,

relaxing this condition could result in counter-intuitive results.

Remark 4.4. If prunes and regrafts could be performed from and onto external edges, then a

regraft of new leaves could happen at the endpoint of the external edge corresponding to the
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Figure 4.2. Example of “leaf swapping” via pruning and regrafting at external edges end-
points. By a series of prunes and regrafts, leaves B and C in the first tree get swapped.
Between the first and second tree, the new leaf D is regrafted directly next to leaf C, Then
C is pruned and regrafted next to B, which is later pruned and regrafted next to D. D is
finally pruned, producing a new tree with the leaves B and C in opposite positions.

leaf node, allowing for “leaf swaps”. As an example, consider the trees shown in Figure 4.2,

in which through a series of prunes and regrafts, the positions of two leaves are swapped.

Under these transformations, all trees shown in the this figure would be at distance zero,

which is clearly undesirable.

As leaf prunings form the basis for moving between levels of towering space, trees with

prunable leaves form an important subspace. Later in the chapter, I discuss finding the

nearest tree where a prune can be performed, which is crucial for identifying short paths

in towering space. For this, I introduce the following subspace, followed by some of its

properties.

Definition 4.5. Consider the BHV space T L and a subset of leaves M ⊂ L. The M-

trimmable subspace, denoted by ZL
M, is the subset of trees in T L where M is mutually

prunable.

Lemma 4.6. For any BHV space T L and a subset of leaves M ⊂ L, the M-trimmable

subspace ZL
M is convex and closed.

Proof. Refer to Appendix B.1.
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From this lemma, the corollary below is directly obtained by Sturm (2003, Proposition

2.6).

Corollary 4.7. Given the M-trimmable subspace ZL
M, for every tree T ∈ T L there exists

a unique tree t∗ ∈ ZL
M such that dBHV(T, t

∗) = inft∈ZL
M
dBHV(T, t). Moreover, d2BHV(T, t) ≥

d2BHV(T, t
∗) + d2BHV(t

∗, t) for every t ∈ ZL
M.

Definition 4.8. Given the M-trimmable subspace ZL
M, for every tree T ∈ T L, the pro-

jection of T onto ZL
M, is defined as the unique tree T⊥M ∈ ZL

M such that

dBHV(T, T
⊥M) = inf

t∈ZL
M

dBHV(T, t).

The projection of any tree T ∈ T L onto the M-trimmable subspace can directly be

found by focusing on the positive-length external edges to leaves in M and the internal

edges that do not map into internal edges under the TDR map ΨL\M; that is, the edges

P ↓M(T ) preventingM from being mutually prunable from T . I show in the following result

how to compute the distance between trees and their projections.

Lemma 4.9. For T ∈ T L and a subset of leavesM⊂ L, consider the set of edges P ↓M(T ).

The projection of T onto ZL
M is the tree T⊥M with topology given by internal edges

S(T⊥M) =
{
s ∈ S(T ) | s /∈ P ↓M(T )

}
,

and the lengths of these edges coinciding with the corresponding lengths in T . Similarly,

all external edges to leaves not in M in T⊥M are of the same length as the external edges

in T , but all external edges to leaves in M equal to zero. Furthermore, dBHV(T, T
⊥M) =

||P ↓M(T )||T .

Proof. By definition, all external edges to leaves in M in T⊥M are of size zero, and every

internal edge maps to an internal split under the TDR map ΨL\M, implying T⊥M ∈ ZL
M.
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Figure 4.3. The projection of T onto the M-trimmable space. (left) M = {F,G} is not
mutually prunable from T , because the external edges to F and G are of positive lengths,
and the internal edge [{A,F} ‡ {B,C,D,E,G}] would map to an external edge under the
TDR map. The edges in P ↓M(T ) shown in orange. (right) The projection T⊥M onto the
M-trimmable space. The distance between the two trees is

√
3.

It is straightforward to see dBHV(T, T
⊥M) = ||P ↓M(T )||T , since all edges in P ↓M are of size

zero (or not present) in T⊥M and those are the only edges where the two trees differ.

Finally, note that for any tree t′ ∈ T L such that dBHV(T, t
′) < ||P ↓M(T )||T at least

one of the edges in P ↓M(T ) is of positive length, thus not belonging to the M-trimmable

subspace.

For brevity, henceforth I use ||P ↓M(T )|| (in place of ||P ↓M(T )||T ) to refer to the distance

from T to theM-trimmable subspace.

The transition from a BHV space T L to a lower-level space T L′ occurs through one

of the trees in the M-trimmable space, where M = L \ L′. The transformation on the

topology of T where M is mutually prunable into a topology in T L′ is found by using the

TDR map (Definition 2.9) on splits in S(T ). The topology of the tree in the lower-level

is given by ΨL′ (S(T )) = {ΨL(s)| s ∈ S(T )}, which (by the properties of the M-trimmable

space) contains only internal splits. The final tree resulting from pruningM from T will be

determined by combining the lengths of splits that map into the same split, which I detail

in the next section.

I now present an additional property of theM-trimmable spaces that will later be useful.
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Lemma 4.10. Given subsets of leaves M′ ⊆ M ⊂ L, the M-trimmable subspace is con-

tained in the M′-trimmable subspace; i.e., ZL
M ⊆ ZL

M′.

Proof. Assume M is mutually trimmable from T . Note that any leaf in M′ belongs to M

as well, so all external edges to leaves inM′ will be of length zero in T . Moreover, given an

internal split s = [L1 ‡ L2] ∈ S(T ), T ∈ ZL
M implies |L1 \M|, |L2 \M| ≥ 2, which in turn

implies |L1 \M′|, |L2 \M′| ≥ 2. Thus, ifM is mutually prunable from T , so isM′.

4.1.2 Pruning and Regrafting Leaf Sets

In the process of removing leaves and using the TDR map to determine new internal

splits, the lengths of these new splits should reflect the combined lengths of all the splits

that map into them. In the original TDR definition (Zairis et al., 2016, Definition 4.1),

this was achieved by adding the lengths of the edges that map into the same split. In the

notation below, this amounts to choosing β(x, y) = ||(x, y)||1. However, I argue that the

method used to combine edge lengths after removing leaves directly impacts interpretability,

as the combined value may need to be compared against the length of a single edge on a

different tree when determining distances. Careful consideration should be given to this

decision. Providing flexibility in how edge lengths are combined is both computationally

and mathematically advantageous and can lead to different interpretations. This flexibility

allows us to consider Towering Tree Spaces that emphasize various aspects of topological

and branch length changes when determining distances between trees. I first introduce a

general method for combining edge lengths and later contrast some of these methods in the

chapter.

Definition 4.11. A binary operation on the non-negative reals, β : R≥0 × R≥0 7→ R≥0

is a merging operation if it is continuous, commutative (β(x, y) = β(y, x)), associative
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(β(β(x, y), z) = β(x, β(y, z))), has 0 as the identity element (i.e β(x, 0) = x for all x), and is

non-vanishing (β(x, y) = 0 only if x = y = 0).

Example 4.12. The Lp norms β(x, y) = ||(x, y)||p in R2
≥0, are merging operations: ||(x, y)||1 =

x+ y, ||(x, y)||2 =
√
x2 + y2 and ∥|(x, y)||∞ = max(x, y).

The properties provided in the definition of merging functions guarantee favorable behav-

ior when assigning edge lengths. Firstly, commutativity and associativity guarantee that the

final length of an internal split is independent of the order in which the contributing splits

are combined. These properties also ensure that the length remains consistent under sequen-

tial leaf-prunings (see Lemma 4.15). Secondly, having 0 as the identity element ensures that

equivalent trees in the BHV space (those with length-zero internal splits) map to the same

tree, maintaining the integrity of the space. Thirdly, the non-vanishing property ensures

that all internal splits resulting from the TDR map are preserved in the new tree. Finally,

the continuity of the β function ensures that trees close to each other in the higher space

remain close when mapped. I use the notation Bm
i=1 ai = β(β(. . . β(β(a1, a2), a3), . . .), am)

to refer to the process of applying the binary operation repeatedly through a sequence of

values.

Example 4.13. Returning to Example 4.12, consider the case β(x, y) = max(x, y). With

values a1 = 2, a2 = 5, a3 = 1, a4 = 3, the notation B summarizes:

4

B
i=1

ai = max(max(max(2, 5), 1), 3) = max(max(5, 1), 3) = max(5, 3) = 5.

I now formally define leaf prunings and regraftings.

Definition 4.14. Consider T ∈ T L with a mutually prunable subset of leaves M, and

denote L′ = L \M. Given a merging operation β, the β-pruning of M from T is the

operation ψβ(T,M) that produces T ′ ∈ T L′ with the following properties:
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• The topology of T ′ is given by the TDR map applied to the internal edges in T ; i.e.,

S(T ′) = ΨL′ (S(T )) .

• Every external edge remaining in T ′ (those corresponding to leaves in L′) has the

length of the corresponding external edge in T .

• For every internal edge p ∈ S(T ′), the lengths of the edges in the pre-image of p under

the TDR map restricted to the edges in T , Ψ−1
L′ (p)

∣∣
S(T ) = {q ∈ S(T ) | ΨL′(q) = p}, are

combined through β and assigned to the length of p:

|p|T ′ = B
q∈Ψ−1

L′ (p)|S(T )

|q|T .

As mentioned previously, the properties of the merging operations ensure β-prunings can

be performed in different orders to obtain the same tree, which is essential for constructing

equivalence classes. We see this in the following lemma.

Lemma 4.15. Given T ∈ T L in the M-trimmable subspace, and a partition of the leaves

to be pruned M = M1 ⊔M2, pruning M1 from T produces a tree where M2 is mutually

prunable. Additionally, pruning M2 after pruning M1 is equivalent to pruning M; i.e.,

ψβ(ψβ(T,M1),M2) = ψβ(T,M).

Proof. Refer to Appendix B.1.

The action of pruning is one of the two actions I define to transition between BHV spaces,

from a higher to a lower level. The opposite operation, regrafting new leaves onto a tree, is

its counterpart, which allow transitions from lower to higher levels in the Towering Space.

Definition 4.16. Given T ∈ T L and a set of leaves M such that M∩ L = ∅, we define

a β-regraft of M onto T to be the operation of selecting T ′ ∈ T L∪M such that M is

mutually prunable from T ′ and ψβ(T ′,M) = T .
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Figure 4.4. Example of different leaf prunings given by different choices of merging operators
β. Given the tree T (left) where M = {F,G,H}, the β-pruning of these leaves from T are
shown, using as the merging operation the Lp norms: || · ||∞ (top-right), || · ||1 (center-right)
and || · ||2 (bottom-right).

Note that while a β-pruning is a function that returns a unique, unambiguously defined

tree, a β-regraft is not a function, as it could return several trees. Thus, we consider the

following space.

Definition 4.17. Given T ∈ T L′ and a superset of leaves L ⊇ L′, the β-sprouting space

of T in T L, denoted by ΛL
β (T ) is the set of all the trees in T L from which M = L \ L′

are mutually prunable and that map to T under the β-pruning of M. This is, ΛL
β (T ) ={

t ∈ ZL
M | ψβ(t,M) = T

}
.

The β-sprouting spaces are closely related to extension spaces (Section 3.2). In the same

way as extension spaces are subsets of trees in the BHV space that represent a tree at a
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lower level — where these trees map into the lower-level tree under the TDR map (Definition

2.6) — sprouting spaces are also subsets representing a single tree. In the case of sprouting

spaces, the trees map into the base tree under a β-pruning operation. That said, there are

key differences between extension spaces and sprouting spaces. Extension spaces include

trees with positive-length external edges to leaves that are missing from the lower-level tree

they represent. In contrast, sprouting spaces require the external edges of these leaves to

have zero length, as only those leaves with zero-length edges can be pruned. Additionally, in

extension spaces, there is no distinct separation between external and internal edges: leaves

may be regrafted onto external edges of the lower-level tree. However, this is not permitted

in the construction of sprouting spaces; regrafted leaves must be attached to internal edges to

prevent the behavior shown in Figure 4.2. Through the merging operation, sprouting spaces

provide greater options on what trees in a BHV space represent a tree with fewer leaves. In

fact, when selecting the merging operation β(x, y) = ||(x, y)||1, the sprouting space of a tree

is a subspace of its extension space, ΛL
β (T ) ⊂ EL

T . Here, the sprouting space consists of all

trees in the extension space that are formed by attaching new leaves to interior edges, with

external edges of length zero.

Before moving unto the formal definition of the Towering Metric Spaces’ family, I give

an additional lemma that provides conditions under which leaves remain mutually prunable

after the pruning of other leaves, which simplifies contiguous leaf prunings later on this

chapter.

Lemma 4.18. Consider a set of leaves L2 ⊂ L1 ⊂ L, and denote by M2 = L1 \ L2 and

M1 = L \ L1. Given T ∈ T L1, any tree T ↑ ∈ ΛL(T ) belongs to the M1-trimmable subspace

ZL
M1

. Furthermore, the subset of leavesM =M1⊔M2 is mutually prunable from T ↑ if and

only if M2 is mutually prunable from T .

Proof. All lengths of the external edges to leaves in L1 are of the same length in T as
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the corresponding external edges in T ↑. Thus, the external edges to leaves in M2 are

of length zero in T if and only if they are of length zero in T ↑. Since T ↑ ∈ ZL
M1

, all

internal edges in T ↑ map into internal edges under the TDR map ΨL1 . Moreover, for any

s = [L′
1 ‡ L1 \ L′

1] ∈ S(T ), any edge s↑ ∈ S(T ↑) such that ΨL1(s
↑) = s is of the form

s↑ = [L′
1 ∪M′

1 ‡ (L1 \ L′
1) ∪M′′

1] whereM1 =M′
1 ⊔M′′

1. Since L′
1 \M2 = (L′

1 ∪M′
1) \M

and (L1 \ L′
1) \M2 = [(L1 \ L′

1) ∪M′′
1] \M, then ΨL2(s) = ΨL2(s

↑), and thus s maps to an

internal edge under ΨL2 if and only if s↑ also maps to an internal edge.

4.2 The family of Towering Tree Spaces

So far, I have defined an operation that transforms the topology and branch lengths of

a tree to morph it into another tree with fewer leaves. This serves as the foundation for

defining transitions between different BHV levels. In this section, I briefly formalize the

distance operation on the union of BHV spaces based on the given merging operation β,

thereby completing the definition of the entire family of towering tree spaces. After this

section, I will focus on one of these towering spaces by selecting a convenient β.

4.2.1 Equivalence classes

While β-prunings are functions mapping trees from a higher to a lower BHV space, β-

regrafts are the inverse operation, returning the pre-image of a lower tree in a higher BHV

level. I refer to β-prunings and β-regrafts as β-transformations. These transformations

determine the equivalence classes that connect BHV spaces of different dimension, thus

creating a towering space.

Definition 4.19. Given a merging operation β, two trees T1 ∈ T L1 and T2 ∈ T L2 are

equivalent under β-transformations, denoted T1 ≃β T2, if there is a finite number of

β-transformations that can be applied sequentially, starting at T1 and ending at T2.
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Lemma 4.20. The relationship ≃β is an equivalence relationship.

Proof. The properties of reflexivity, symmetry and transitivity follow directly from the def-

inition.

4.2.2 Metric definition

Here I introduce the β-towering tree space, a metric tree space defined over the quotient

space T P(N )/ ≃β for a given merging operation β. To define distances in this space, I first

consider a preliminary metric on T P(N ) that is later refined to the (strictly finite-valued)

quotient pseudometric. The preliminary metric uses the BHV distance for trees in the same

BHV space and treats trees with different leaves as incomparably distant:

d∗(T1, T2) =


dBHV(T1, T2) if L(T1) = L(T2),

∞ otherwise.

Definition 4.21. The β-towering distance between any two trees T1 and T2 is the quotient

pseudometric of d∗ on T P(N )/ ≃β (Bridson & Haefliger, 1999, I.5, Definition 5.19); that is,

the size of the smallest possible path between T1 and T2, allowing for a finite number of

distance-zero β-transformations between trees within an equivalence class.

dβ(T1, T2) = inf

{
k∑
i=1

dBHV(ti, t
′
i)

∣∣∣∣∣T1 ≃β t1, t′i ≃β ti+1∀i = 1, . . . , k − 1, t′k ≃β T2

}
, (4.1)

with the infimum taken over all finite sequences {ti}ki=1, {t′i}ki=1.

By definition, dβ(·, ·) is guaranteed to be a pseudometric, that is, symmetry and the

triangle inequality hold. Moreover, it is also a complete metric on the quotient space,

denoted by T P(N )
β = T P(N )/ ≃β, that is, dβ(T1, T2) = 0 if and only if T1 ≃β T2.
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4.2.3 Leaf-distance preserving Towering Tree Space

Given its connection to the TDR map defined in Zairis et al. (2016, Definition 4.1) and

extension spaces, using β1(x, y) = x + y as the merging operation appears to be a natural

choice. I refer to this as the leaf-distance preserving towering tree space. In this tree space,

the tree produced from a leaf pruning maintains the same discrete metric on its leaves as

the original tree did for that subset of leaves; specifically, dT (ℓ1, ℓ2) = dψβ1
(T,M)(ℓ1, ℓ2) for

ℓ1, ℓ2 /∈M (see Figure 2.3). While this interpretation provides a clear understanding of what

it means for two trees to belong to the same equivalence class, it also results in counter-

intuitive properties and computational challenges in practice. Here, I briefly discuss some of

its advantages and disadvantages. In the next section, however, I introduce an alternative

approach that offers more practical and intuitive properties.

A property of the β1-towering distance is that it allows for the creation of "shortcuts"

when constructing a path between two trees by regrafting new leaves that were not originally

part of their leaf sets. For example, in Figure 4.5, two trees in the same BHV space are ini-

tially separated by a distance of
√
7 ≈ 2.65. However, by regrafting new leaves, this distance

is reduced. Intuitively, one might expect shorter paths to be achieved by pruning common

leaves between two trees and regrafting them in strategic locations, thus making the topolo-

gies more similar. Nevertheless, the ability to shorten paths by adding leaves that are not

part of either tree is counter-intuitive, as these leaves do not provide additional information

on the similarity of the trees. Theoretically, one could continue adding leaves indefinitely,

reducing the length of the paths without adding any meaningful value. This introduces

a paradox where the metric’s flexibility undermines its practical utility in measuring tree

similarity.

This phenomenon can be partially explained by the difference in how edge lengths are

treated in these spaces. In the β1-towering distance space, edges are combined using the
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Figure 4.5. Example of a shorter path through β1-regrafts. Given the two trees with
leaves {A,B,C,D,E} at BHV distance ≈ 2.65 (bottom), it is possible to regraft new leaves
{F,G,H} to find a shorter path of length ≈ 2.45 at a higher BHV space (top).

L1-norm, whereas in each BHV space, edge lengths are compared using the L2-norm of the

differences. Dividing internal branches by regrafting new leaves allows the path to effectively

move in L2 distances instead of L1 distances, thereby artificially reducing its length. This

behavior introduced challenges in my preliminary explorations of this distance. Specifically,

when constructing short paths between trees in this space, I found that the shortest paths

were often achieved by regrafting leaves into particularly long edges, irrespective of topo-

logical or branch length similarities. This undermines the intended metric properties and

complicates meaningful comparisons between trees.

This space maintains a close relationship with extension spaces — specifically, sprouting

spaces are a subset of extension spaces (ΛL
β (T ) ⊂ EL

T ) —. This connection suggests that the

gradient methods developed in Chapter 3 could be adapted to find distances within sprout-

ing spaces, thereby aiding in determining distances in the β1-towering space. However, this

process remains computationally intensive. As will be discussed in the next section, utiliz-
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ing the L2-norm as the merging operation offers improved interpretability, more intuitive

behavior for short paths, and the potential for greater computational efficiency.

4.3 Definition and Preliminary Results of the Towering Tree Space

In the previous sections, I defined a family of tree spaces for trees with non-identical

leaves, indexed by the merging operations that define equivalence classes among trees in

different BHV spaces. There are many options for the merging operation, each with its own

advantages, disadvantages and interpretations. In the prior section, I briefly discussed some

of these for the the merging operation β1(x, y) = x+y, which is a natural choice based on the

TDR map and its connection to extension spaces. Here, I argue the most suitable option for

the merging operation is the function β2(x, y) =
√
x2 + y2 (the L2-norm), since it produces

a towering space that is both interpretable and has favorable geometrical properties that

make distance computation feasible.

For the rest of this chapter, I focus on this towering space and explore the process of

computing distances inside it. Henceforth, TN = T P(N )/ ≃β2 , d = dβ2 and I refer to

(T P(N )/ ≃β2 , dβ2) as the towering tree space, which I denote by (TN , d). Where unambiguous,

I drop β from notation (such as β-transformations and β-sprouting subspaces), with the

understanding that I am now only considering β2 as the merging operation.

4.3.1 Justification for Using L2-Norm as Merging Operation

One motivation for β2(x, y) =
√
x2 + y2 relates to the biological interpretation of the

distances between tree and the origin tree in the BHV space, as well as the relationship

between the link of the origin in the BHV space Billera et al. (2001, Section 4.2), geodesic

distances, and the distances between topologies. The origin tree in BHV space is the tree

with all branches of zero length, representing no structured evolutionary divergence among
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the organisms labeling its leaves. The BHV distance of a tree to the origin represents the cu-

mulative divergence represented by all the branches in the tree. Trees further from the origin

indicate evolutionary processes with more substantial changes than those closer to the origin.

Using β2 to merge branch lengths after leaf prunings results in trees that remain equidistant

to the origin (in their respective BHV space); i.e., dBHV (0, T ) = dBHV (0, ψβ2(T,M)) for any

M. Thus, a β-transformation produces a new tree with a similar topology and reflecting a

comparable amount of overall evolutionary change among the organisms in the leaf set.

In addition, the BHV space can be interpreted as a 0-cone of the link of the origin (see

Section 2.2.1). This implies that the BHV distance between T1, T2 ∈ T L is

d2BHV(T1, T2) = d2BHV(0, T1) + d2BHV(0, T2)− 2dBHV(0, T1)dBHV(0, T2) cos [min{π,∡(T1, T2)}] ,

where ∡(T1, T2) is the spherical distance (angle) between the projections of T1 and T2 onto

the link of the origin. Since the angle between the two points in the link of the origin heavily

depends on the topology of the trees, and dBHV(0, T1) = dBHV(0, T
′
1) for any T ′

1 ≃β2 T1,

the tree in the same equivalence class as T1 closer to T2 with respect to the BHV distance

will depend primarily on which has the most similar topology. This contrasts with the case

where β1(x, y) = x + y, where the closest tree in a β1-sprouting space to another tree in

the same BHV space is sometimes produced by regrafting new leaves onto particularly long

edges in the lower-level tree, artificially reducing the distance regardless of the properties of

the second tree This concurs with the intuition that when comparing trees with different leaf

sets, trees with similar topologies (indicating they potentially come from similar evolutionary

history, but are missing leaves) should lie close to each other.
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4.3.2 First geometrical results

For trees t ∈ TN in the sprouting space ΛL(T ) of T ∈ T L′ with L′ ⊆ L, all edges mapping

to an internal edge p ∈ S(T ) under the TDR map contribute to the length of p by

|p|T =
√
|q1|2t + . . .+ |qk|2t ,

where Ψ−1
L′ (p)

∣∣
S(t) = {q1, . . . , qk}. As a result, I use the following inequality throughout this

chapter.

Lemma 4.22. For sequences of real numbers {ai}ki=1 and {bi}ki=1,

k∑
i=1

(ai − bi)2 ≥


√√√√ k∑

i=1

a2i −

√√√√ k∑
i=1

b2i

2

.

Proof. By the triangle inequality,√√√√ k∑
i=1

(ai − bi)2 +

√√√√ k∑
i=1

b2i ≥

√√√√ k∑
i=1

a2i and

√√√√ k∑
i=1

(ai − bi)2 +

√√√√ k∑
i=1

a2i ≥

√√√√ k∑
i=1

b2i ,

and therefore
√∑k

i=1(ai − bi)2 ≥
∣∣∣∣√∑k

i=1 a
2
i −

√∑k
i=1 b

2
i

∣∣∣∣ ≥ 0. The result follows.

This inequality ensures that the difference in length of a common edge between two

distinct trees cannot be artificially diminished by attaching new edges through regrafting.

Consequently, the distance between two trees within the same BHV space cannot be reduced

by taking shortcuts at higher BHV levels with leaves not originally present in the trees, as

demonstrated in the following lemma.

Theorem 4.23. Given two trees T1, T2 ∈ T L′ for a subset of leaves L′ ⊆ L, then dBHV(T1, T2) ≤

dBHV(T
↑
1 , T

↑
2 ) for any trees T ↑

1 ∈ ΛL(T1) and T ↑
2 ∈ ΛL(T2).

Proof. Proof in Appendix B.2
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Figure 4.6. Representation of BHV geodesics between two trees T1, T2 ∈ T L′ and two trees
in their respective sprouting subspaces T ↑

1 ∈ ΛL(T1) and T ↑
2 ∈ ΛL(T2). The sprouting spaces

for T1 and T2 are respectively represented by shaded areas in blue and green. By Theorem
4.23, the dashed red line (representing the geodesic between T ↑

1 and T ↑
2 in T L) is always

longer than the dashed black line (representing the geodesic between T1 and T2 in T L′).

The previous lemma demonstrates that when two trees share the same leaf set, no shorter

paths can be found by introducing new leaves that were not originally present in either of

the trees being compared. This is an intuitive property, as the addition of extraneous leaves

should not alter distances between trees. It stands in direct contrast to the counter-intuitive

behavior I discussed in Section 4.2.3.

The result above extends to the conclusion that when a set of leaves are prunable from

two trees, a shorter geodesic can be found in the lower BHV level resulting from this prune.

Corollary 4.24. Given two trees in the same M-trimmable space, T1, T2 ∈ ZL
M, the length

of the geodesic between them is lower-bounded by the length of the geodesic between their

respective prunings of M; i. e. dBHV(T1, T2) ≥ dBHV(ψ(T1,M), ψ(T2,M)).

In general, I will focus on results that involve the pruning and regraft of leaves present in

at least one of the trees for which the distance is being computed, as Theorem 4.23 suggests

the regraft of leaves outside the two leaf sets will not be beneficial.
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4.4 Short paths through lower BHV levels

We now explore the construction of towering space geodesics in more general settings.

Shorter paths should intuitively be possible by pruning and regrafting leaves at optimal

places, transforming the original trees to more topologically similar trees in the process. The

following theorem and subsequent lemmas provide insights on how to efficiently construct

short paths through these transformations.

Before presenting these results, I provide a structure that divides the edges of a tree T in

P↓M(T ) into separate independent subtrees (see Figure 4.7). This division will play a role

on the results and algorithms throughout the rest of this chapter.

Definition 4.25. Given a tree T ∈ T L and a subset of leavesM⊂ L, consider the natural

partition of M into subsets that group into a single node when T is projected onto the

M-trimmable space. This is, I partition the set into subsets M =M1 ⊔ . . . ⊔Mr, called

the independent maximal sets ofM in T , such that for eachMi,

1. There is a leaf ℓ ∈ L\M such that si = [Mi ∪ {ℓ} ‡ L \ (Mi ∪ {ℓ})] ∈ S(T ) and there

is no M′ ⊆ M such that Mi ⊂ M′ and [M′ ∪ {ℓ} ‡ L \ (M′ ∪ {ℓ})] ∈ S(T1). In this

case,Mi is the independent maximal set neighboring ℓ; or

2. si = [Mi ‡ L \Mi] ∈ P(T1) and there is no M′ ⊆M such that Mi ⊂M′ and either

[M′ ‡ L \M′] ∈ S(T1) or [M′ ∪ {ℓ} ‡ L \ (M′ ∪ {ℓ})] ∈ S(T1) for some leaf ℓ ∈ L\M.

I refer toMi as an independent maximal set attached to internal edges, since

the edge si must be adjacent to two internal edges in T1 or incident on a node with

degree higher than 3.

Given an independent setMi, consider the set

P ↓M
i (T ) = {s ∈ S(T ) | s = [M′ ‡ L \M′] or [M′ ∪ {ℓ} ‡ L \ (M′ ∪ {ℓ})] forM′ ⊆Mi}

84



Figure 4.7. Example of independent maximal sets on a phylogenetic tree. In the tree shown
above, consider the subset of leavesM = {A,B, I, J,K, L}. The independent maximal sets
are: M1 = {A,B}, neighboring C and P ↓M

1 (T ) highlighted in orange;M2 = {I} attached to
internal edges, and P ↓M

2 (T ) highlighted in green; and M3 = {J,K, L} attached to internal
edges, and P ↓M

i (T ) highlighted in blue.

which I call the edges in T belonging toMi. Note P ↓M
i (T ) ⊂ P ↓M(T ).

Theorem 4.26. Consider T1 ∈ T L and T2 ∈ T L′ with L = L′⊔M. Take T ′
1 = ψ(T⊥M

1 ,M),

the pruning of M from the projection of T onto ZL
M. Then:

(i) The BHV distance between T1 and trees in the sprouting space ΛL(T2) is lower-bounded

by the L2-norm of the distances between T1 and theM-trimmable subspace, and between

T2 and the pruning of M from the projection of T1, that is,

dBHV(T1, t) ≥
√
||P ↓M(T1)||2 + d2BHV(T

′
1, T2) for every t ∈ ΛL(T2).

(ii) There is a tree (not necessarily unique) in the sprouting subspace ΛL(T2) that achieves

this lower bound; i.e., there exists T ∗ ∈ ΛL(T2) such that

dBHV(T1, T
∗) =

√
||P ↓M(T1)||2 + d2BHV(T

′
1, T2). (4.2)

Proof. While point (i) directly follows from Corollary 4.7 and Theorem 4.23, point (ii) in-

volves constructing T ∗ by partitioningM into the independent maximal sets in T1, and then

regrafting each of these sets onto T2 at locations that maximize the number of common edges
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between T1 and T ∗. Additionally, the differences in lengths among these common edges are

optimized to match the respective differences in T ′
1 and T2. For details, refer to the proof in

Appendix B.3.

The previous theorem will be key to constructing shortest possible paths via leaf prunings.

Construction of short paths are supported by Lemma 4.27 and Lemma 4.28 given below.

They establish that when a portion of a path goes exclusively downwards in the towering

space (i.e. the only transitions along the portion are prunings), the path can be shortened

by performing all prunings simultaneously at the end, traversing only the lowest level.

Lemma 4.27. Consider T1 ∈ T L, T2 ∈ T L′ such that L′ ⊂ L. Consider all paths from T1

to T2 where the only transition between BHV spaces is the leaf pruning of M = L \ L′. The

lengths of these paths are lower bounded by the length of the direct path from T1 to T2 by

pruning M at a tree in ΛL(T2), with length given by (4.2).

Proof. Refer to Appendix B.3

Lemma 4.28. Consider T1 ∈ T L and T2 ∈ T L′ where L′ ⊂ L. Partition the set of leaves

M = L\L′ intoM =M1⊔M2. Consider all paths from T1 to T2 where only two transitions

are performed: a pruning of M1, followed by a pruning of M2 at some point later. All of

these paths are at least as long as the direct path from T1 to T2, whereM is pruned at a tree

in ΛL(T2), with length given by (4.2).

Proof. Consider any path from T1 to T2 where a pruning ofM1 is performed in the sprouting

space ΛL(X) for some tree X ∈ T L1 , where L1 = L \M1 and then the pruning of M2 is

performed in some other tree Y ∈ T L1 . Assume Y ∈ ΛL1(T2), so that the path from X to T2

is as short as possible (Lemma 4.27). Lemma 4.27 also implies that going from T1 to Y by

performing the pruning ofM1 at a tree Y ↑ ∈ ΛL(Y ) produces a shorter path. From Lemma
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4.18,M is mutually prunable from Y ↑ and by the transitivity of leaf prunings (Lemma 4.15),

ψβ(Y
↑,M) = T2.

An important implication of the last two lemmas is that any path between two trees T1

and T2 in T N can be optimized (i.e., shortened) by refining certain portions of the path (see

Figure 4.8). Specifically, sections where all transitions between BHV spaces involve down-

ward movements (strictly leaf prunings) can be consolidated into a single, large pruning

operation, allowing a direct jump to a tree at the lowest level of that section. Similarly, sec-

tions of the path that exclusively move upwards (strictly regrafting leaves) can be combined

into a single regrafting operation, thereby reducing the overall path length. This culminates

in the following theorem.

Theorem 4.29. Consider two trees T1 ∈ T L1 and T2 ∈ T L2, with L1 = L′ ⊔ M1 and

L2 = L′ ⊔M2 for some subset L′ ⊆ L1 ∩ L2. Among the paths from T1 to T2 where the

leaves in M1 are all pruned, followed by regrafts of leaves in M2, the shortest paths will be

of length √
[||P ↓M(T1)||+ ||P ↓M(T2)||]2 + d2BHV(T

′
1, T

′
2), (4.3)

where T ′
i is the pruning of Mi from T⊥Mi

i , for i = 1, 2.

Proof. To prove this theorem, I select a generic tree X in the lowest BHV level T L′ and

employ Theorem 4.26, along with the previous two lemmas to find the shortest paths from

each T1 and T2 to X. I then prove the best option for X is a tree on the geodesic from T ′
1

to T ′
2. See details in Appendix B.3.

Notably, the expression for the shortest path through a common lower level provided

in (4.3) relies entirely on computing the L2-norm of the edges that prevent M from being

pruned in each tree, along with the BHV distance between the two trees at the lower level.

This expression closely resembles the formula for geodesic lengths in the BHV space. In the
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(a) (b)

(c)

Figure 4.8. Refinements of paths between trees in the towering space. In all figures, gray
shaded areas represent relevant trimmable subspaces, and the shortest possible path is given
by black dashed lines (a) Refinement of a path by pruning at the end. The red dashed line
indicates a path from T1 to T2 where leaves M are pruned in the sprouting space of some
tree X (shaded blue area). A shorter path (black dashed line) is found by pruningM in the
sprouting space of T2 (shaded green area). (b) Path refinement with sequential pruning of
leavesM1 andM2. The blue dashed line represents a general path from T1 to T2 at a lower
level with initial pruning in the sprouting space of some tree X (shaded blue area), followed
by pruning in some tree Y in the sprouting space of T2 (shaded green area). A shorter path
(red dashed) prunes all leaves in the sprouting space of Y (shaded orange area). Further
refinement is achieved by pruning in the optimal tree in the sprouting space of T2 in the
higher BHV level (shaded green area). (c) Shortest path via a common lower level. T⊥

1 and
T⊥
2 represent the projections of trees to the trimmable spaces on gray. Red dashed lines in

the higher BHV levels show distances to these projections. In the lower BHV space, the red
dashed line is the geodesic between the pruned trees T ′

1 and T ′
2. Shaded blue areas represent

the sprouting spaces for tree X on this geodesic. The shortest path (black dashed lines)
traverses the top-level spaces to reach sprouting space ΛL1(X), then a prune and immediate
regraft to ΛL2(X) is performed, before again traversing the top level space.
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geodesic length calculation provided in Section 2.2.2 (see (2.1)), the contribution of common

edges is determined by the L2-norm combination of their differences. Uncommon edges are

grouped through support pairs, and the contribution of each support pair (A,B) to the

geodesic length is the squared sum of the L2-norms of each set in the pair, ([||A||+ ||B||]2.

The edges’ lengths contribute similarly in Theorem 4.29, except the classification of "com-

mon" and "uncommon" edges is adjusted based on which leaves are predetermined to be

pruned. I provide a concrete example of these parallels below.

Example 4.30. Parallels between BHV geodesics and short paths in the towering

tree spaces.

Consider the trees T1 and T2 in Figure 4.9. While in the same BHV space, we can consider

the set of common edges C = {p1 = q1, . . . , p8 = q8, p9 = q9, p12 = q12, p13 = q13}, while the

uncommon edges that must be swapped at some point along the geodesic are {p10, p11, p12}

in T1 and {q10, q11, q12} in T2.

Nevertheless, if I construct the shortest path between T1 and T2, with the pre-determined

decision of pruning and regrafting G and H, Theorem 4.29 indicates that its length is given

by√√√√[√p27 + p28 + p213 +
√
q27 + q28 + q213

]2
+

6∑
i=1

(pi − qi)2 + (p′9 − q9)2 + (p11 − q11)2 + (p12 − q′11)2,

where p′9 =
√
p29 + p210 and q′11 =

√
q211 + q212 is the length of the new edge after pruning G

and H from T1 and T2 respectively. Comparing this against the expression for computing

geodesic lengths in (2.1), the value of the length is analogous to taking common edges

{p1 = q1, . . . , p6 = q6, p
′
9 = q9, p11 = q10, p12 = q′11}, and the uncommon edges are part of

the same “support pair” (A,B) with A = {p7, p8, p13} and B = {q7, q8, q13}.

One can interpret this as follows: since it has been pre-determined that G and H will be

pruned and regrafted, the edges in orange in T1 must reduce to zero and be dropped before
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Figure 4.9. Example of two trees in the same BHV space where a shorter path through
pruning and regrafting can be found. The trees T1 and T2 have similar topologies, except
for the position of leaves G and H. The edges preventingM = {G,H} from being prunable
are shown in orange. Employing Theorem 4.29, the shortest path through pruning and
regraftingM is possible, with potential improvement versus the BHV distance.

the edges in orange in T2 are added and increased to the size they have in T2. Thus, the

prune and regraft of G and H transform these effectively into uncommon edges in practice.

While the previous theorem gives the shortest path between T1 ∈ T L1 and T2 ∈ T L2

through a common lower level, we must also consider paths between T1 and T2 through higher

levels. Paths through higher levels have the potential to be shorter than those in the lower

levels (Figure 4.10). While in paths through lower levels the edges in T1 preventing uncom-

mon leaves from being prunable must be reduced to zero-length before the uncommon leaves

in T2 are regrafted (producing the combined term
[
dBHV(T1, T

⊥M1
1 ) + dBHV(T

⊥M2
2 , T2)

]2
in

(4.3)), going through common higher BHV levels may allow for these edges to gradually

change simultaneously, reducing the size of paths.

4.5 Short paths through higher BHV levels

In this section we explore how to build the short paths between trees T1 ∈ T L1 and

T2 ∈ T L2 traversing BHV levels that are higher than those containing the trees. The lowest

BHV level that is higher than both T L1 and T L2 is T L for L = L1 ∪L2. Based on Theorem
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Figure 4.10. Paths between trees in different BHV spaces T L1 and T L2 via a common lower
level and via a common higher level. In the lower path, node H is pruned from the tree
on the center-left, and node I is pruned from the tree on the center-right, reducing the
corresponding edges (highlighted in orange) to zero length. The shortest path through the
lower BHV level, T L′ , has length ≈ 9.36. In the higher level path, node I is regrafted onto
the tree on the center-left, and node H is regrafted onto the tree on the center-right. The
path length is then the geodesic distance between the trees in the upper level, which is
approximately ≈ 8.74.

4.23, I conjecture that no improvements on paths can be reached by traversing higher BHV

levels.

Consider all paths from T1 to T2 through T L that involve regrafting all leavesM = L\L1

missing from T1 at different points before traversing T L, and subsequently pruning leaves

K = L\L2 missing from T2. By Lemmas 4.27 and 4.28, the shortest of such paths performs

the regrafting of all leaves in M onto T1, forming a tree T ↑
1 ∈ ΛL(T1), and then pruning

all leaves in K from a tree T ↑
2 ∈ ΛL(T2). Thus, finding the shortest path from T1 to T2

through T L is equivalent to the problem of finding the minimum BHV distance between
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sprouting spaces; i.e. finding T ∗
1 ∈ ΛL(T1) and T ∗

2 ∈ ΛL(T2) such that dBHV(T
∗
1 , T

∗
2 ) =

mint1∈ΛL(T1),t2∈ΛL(T2) dBHV(t1, t2). A subproblem of this optimization is addressed in Theorem

4.26, where the distance from any tree to a sprouting space in the same BHV space is

explicitly given in (4.2).

I now discuss how to extend Theorem 4.26 to find the distance between two sprouting

spaces in the same BHV space. This extension is based on two observations. Firstly, the

minimum distance given in (4.2) depends on two values: the length of the projection from T

to theM-trimmable space (||P ↓M(T )||) and the BHV distance between the lower level tree

T ′ and the tree resulting from pruning M from T⊥M (d2BHV(T
′, ψ(T⊥M,M))). Secondly,

the construction of the optimal tree in the sprouting space ΛL(T ′) in the proof of Theorem

4.26, leaves in M are regrafted onto T ′ to maximize the number of common edges between

the optimal tree and T1. While this strategy of maximizing the number of common edges

may reduce d2BHV(T
′, ψ(T⊥M,M)), regrafting new leaves to edges in P ↓M(T1) may reduce

||P ↓M(T )||, resulting in a net decrease in the length of the path.

Given the above observations, I propose the following process to find the shortest path

from T1 to T2 through T L: start with a tree T ↑
1 in the sprouting space ΛL(T1), and apply

Theorem 4.26 to find its distance to the second sprouting space ΛL(T2), which is given by√
||P ↓K(T ↑

1 )||2 + d2BHV(ψ(T
↑⊥K
1 ,K, T2)). Then, optimize this expression with respect to the

second term while keeping the first term fixed. I formalize this approach in Theorem 4.33

below. Subsequently, in Section 4.5.1, I discuss applying this result to find the optimal

solution.

I begin by introducing a subset of sprouting spaces containing trees that are guaranteed

to be at the same distance to a trimmable subspace. This facilitates the process described

above by aiding in the step of fixing the first term ||P ↓K(T ↑
1 )||2. I then provide the preliminary

Lemma 4.32.
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Definition 4.31. Consider a tree T1 ∈ T L1 , a subset K ⊂ L1 of its leaves, and a subset of

leaves M such that L1 ∩M = ∅. Given a tree T ↑
1 ∈ ΛL(T1) resulting from regrafting M

(i.e. L = L1 ∪M) and the partition of K = K1 ⊔ . . . ⊔Kr into independent maximal sets in

T1, I define a partition ofM = M̄0 ∪ M̄1 ∪ . . .∪ M̄r with respect on how these leaves were

regrafted onto T1 to form T ↑
1 .

In this partition, for each i = 1, . . . , r1, all leaves in M̄i were regrafted on edges P ↓K
i (T1)

belonging to Ki, meaning S(T ↑
1 ) contains the edge

[
Ki ∪ M̄i ‡ L \

(
Ki ∪ M̄i

)]
if Ki is at-

tached to internal edges, or contains
[
Ki ∪ M̄i ∪ {ℓ} ‡ L \

(
Ki ∪ M̄i ∪ {ℓ}

)]
if Ki neighbors

ℓ. Let M̄0 be all other leaves that were regrafted on edges in S(T1) \ P ↓K(T1). I denote

by ΛL
K(T1, T

↑
1 ) the set of all trees t1 ∈ ΛL

K(T1, T
↑
1 ) ⊆ ΛL(T1) where all leaves in M\ M̄0 are

regrafted at the same position as in T ↑
1 (equivalently, t1 ∈ ΛL

K(T1, T
↑
1 ) if every s ∈ S(T ↑

1 ) such

that ΨL1(s) ∈ P ↓K(T1) also belongs to the edges in t1 with the same length |s|T ↑
1
= |s|t1).

Lemma 4.32. Consider two trees T1 ∈ T L1 and T2 ∈ T L2, with L = L1 ∪ L2. Let L′ =

L1 ∩ L2, K = L1 \ L′ and M = L2 \ L′. Fix a tree T ↑
1 ∈ ΛL(T1) and take the partition

K = K1 ⊔ . . . ⊔ Kr into independent maximal sets in T1 and the partition of M = M̄0 ∪

M̄1 ∪ . . . ∪ M̄r, so that in T ↑
1 , all leaves in M̄i are regrafted on edges belonging to Ki, as

in Definition 4.31. Then ||P ↓K(T ↑
1 )|| = ||P ↓K(t1)|| for all t1 ∈ ΛL

K(T1, T
↑
1 ), M̄0 is mutually

prunable from t⊥K
1 , and T ↓

1 = ψ(T ↑⊥K
1 ,K ∪ M̄0) = ψ(t⊥K

1 ,K ∪ M̄0) for all t1 ∈ ΛL
K(T1, T

↑
1 ).

Proof. See Appendix B.4

In the previous lemma, I show that by pre-determining which leaves fromM are regrafted

onto the edges belonging to the independent sets of K in T1 and specifying their positions,

the length of the projection onto the K-trimmable subspace is fixed. Furthermore, the trees

resulting from pruning K are in the same equivalent class, since they map to the same tree

after pruning M̄0 whose regrafting positions were not pre-determined. I use this fact in the
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following theorem, where I establish the shortest path from T1 to T2 through trees with these

fixed leaf positions.

Theorem 4.33. Given T1 ∈ T L1, T2 ∈ T L2, L = L1 ∪ L2, L′ = L1 ∩ L2, K = L1 \ L′ and

M = L2 \ L′. Consider a fixed tree T ↑
1 ∈ ΛL(T1). Then, the BHV distance between any

t1 ∈ ΛL
K(T1, T

↑
1 ) and any t2 ∈ ΛL(T2) is lower bounded by

dBHV(t1, t2) ≥
√
||P ↓K(T ↑

1 )||2 + ||P ↓M̄0(T2)||2 + d2BHV(T
↓
1 , T

↓
2 ),

where T ↓
1 = ψ(T ↑⊥K

1 ,K ∪ M̄0) and T ↓
2 = ψ(T⊥M̄0

2 ,M̄0). Additionally, there exists T ∗
1 ∈

ΛL(T1) and T ∗
2 ∈ ΛL(T2) with ||P ↓K(T ↑

1 )|| = ||P ↓K(T ∗
1 )|| that achieve this lower bound, i.e.,

dBHV(T
∗
1 , T

∗
2 ) =

√
||P ↓K(T ↑

1 )||2 + ||P ↓M̄0(T2)||2 + d2BHV(T
↓
1 , T

↓
2 ) (4.4)

Proof. See Appendix B.4.

The previous theorem shows how to determine the optimal locations for regrafting the

remaining leaves inM, given which leaves are regrafted onto T1 within the edges of P ↓K(T1),

as well as the positions where these are regrafted. Additionally, it identifies where to regraft

leaves in K onto T2. This results in the expression (4.4). In the next section I discuss the

procedure to minimize this expression by selecting the best position for the leaves regrafted

onto P ↓K(T1).

Theorem 4.33 suggests a method for finding short paths from T1 ∈ T L1 to T2 ∈ T L2

through the common higher BHV level T L1∪L2 , while Theorem 4.29 identifies the shortest

paths through common lower BHV levels. Building on these results, I now present a more

general result that offers a method to connect the two trees through paths traversing BHV

spaces that are neither entirely above nor below, achieving the shortest possible connection

(Theorem 4.34). In the subsequent corollary, I establish that, despite the multiple choices

for pruning and regrafting uncommon leaves to form general paths as presented in Theorem
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4.34, the optimal strategy involves first regrafting all leaves missing from T1, then pruning

and regrafting some of the common leaves, and finally pruning all leaves missing from T2.

Theorem 4.34. Given two trees T1 ∈ T L1 and T2 ∈ T L2, with L′ = L1∩L2, take K = L1\L′

the leaves in T1 missing from T2 andM = L2\L′ the leaves in T2 missing from T1. Consider

partitions of the uncommon and common leaves K = KU ⊔ KD, M = MU ⊔ MD, and

L = LU ⊔ LD. For these partitions, take K∗ = K ∪ LD and M∗ = M ∪ LD, and their

partitions into independent sets K∗ = K∗
1⊔ . . .⊔K∗

r1
andM∗ =M∗

1⊔ . . .⊔M∗
r2

in T1 and T2

respectively. Fix two trees T ↑
1 = ΛL′∪K∪MU

(T1) and T ↑
2 = ΛL′∪M∪KU

(T2), and consider the

partition of the new leaves in them MU = M̄U
0 ⊔ . . . ⊔ M̄U

r1
and KU = K̄U0 ⊔ . . . ⊔ K̄Ur2, so

that in T ↑
1 all leaves in M̄U

i were regrafted onto edges in P ↓K∗

i (T1) for i = 1, . . . , r1, and in

T ↑
2 , leaves in K̄Ui were regrafted onto edges P ↓M∗

i (T2) for i = 1, . . . , r2 as in Definition 4.31

The length of a path from any tree t1 ∈ ΛL′∪K∪MU

K∗ (T1, T
↑
1 ) to any tree t2 ∈ ΛL′∪M∪KU

M∗ (T2, T
↑
2 )

by pruning KD∗ = KD ∪ LD and regrafting MD∗ =MD ∪ LD is lower bounded by√[
||P ↓KD∗(T ↑

1 )||+ ||P ↓MD∗(T ↑
2 )||
]2

+ ||P ↓K̄U
0 (T ↓

1 )||2 + ||P ↓M̄U
0 (T ↓

2 )||2 + d2BHV(T
↓↓
1 , T ↓↓

2 ),

(4.5)

where T ↓
1 = ψ(T ↑⊥KD∗

1 ,KD∗ ∪ M̄U
0 ), T

↓
2 = ψ(T ↑⊥MD∗

2 ,MD∗ ∪ K̄U0 ), T
↓↓
1 = ψ(T

↓⊥K̄U
0

1 , K̄U0 ) and

T ↓↓
2 = ψ(T

↓⊥M̄U
0

2 ,M̄U
0 ). Moreover, it is possible to find optimal trees T ∗

1 ∈ ΛL′∪K∪MU
(T1) and

T ∗
2 ∈ ΛL′∪M∪KU

(T2) whose shortest path through the common space T LU∪KU∪MU achieves this

lower bound.

Proof. Refer to Appendix B.4

Corollary 4.35. Given two trees T1 ∈ T L1 and T2 ∈ T L2, with L′ = L1∩L2, take K = L1\L′

the leaves in T1 missing from T2 andM = L2\L′ the leaves in T2 missing from T1. Consider

partitions of the uncommon and common leaves K = KU ⊔ KD, M = MU ⊔ MD, and

L = LU ⊔ LD. Consider the set of paths from T1 to T2 where the order of the transitions
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between BHV levels is: regrafting MU , pruning KD ∪ LD, regrafting MD ∪ LD and finally

pruning KU . The shortest path among these set of paths is at least as long as the shortest

path among those where: M is regrafted first, then LD is pruned and regrafted, and K is

pruned at the end.

Proof. For a path as the one described in Theorem 4.34, new trees T ↑↑
1 = ΛL′∪K∪M(T1) and

T ↑↑
2 = ΛL′∪M∪K(T2) are build by regrafting MD and KD onto T ↑

1 and T ↑
2 respectively, in

such a way that Theorem 4.34 applied to those new trees returns a shorter path. See details

in Appendix B.4.

In the last corollary, I have proven that the shortest path from T1 ∈ T L1 , T2 ∈ T L2 , where

a certain L∗ ⊂ L1 ∩ L2 is to be pruned and regrafted at some point along the path, starts

at some tree in ΛL1∪L2(T1), performing the pruning and regrafting of L∗ at some point, and

ending at a tree in ΛL1∪L2(T2). The length of this shortest path depends on the positions

where M and K are regrafted to create the starting and ending trees in ΛL1∪L2(T1) and

ΛL1∪L2(T2) respectively. This process is discussed in the following section.

4.5.1 Optimization of paths through high BHV levels

Consider the setting of Theorem 4.33, and the partitionK = K1⊔. . .⊔Kr into independent

maximal sets. Let M = M̄0 ⊔ M̄1 ⊔ . . . ⊔ M̄r be a pre-fixed partition of M, with M̄i

corresponding to leaves to be regrafted onto edges belonging to Ki. Observe that in (4.4), the

position of each leaf in M̄i for i = 1, . . . , r does not affect the value of the term ||P ↓M̄0(T2)||2,

so it only affects the distance by changing the value of the first and last terms (||P ↓K(T ↑
1 )||2

and d2BHV(T
↓
1 , T

↓
2 )). The process of selecting the positions for leaves in each M̄i for i =

1, . . . , r is based on balancing these two values.

Knowing beforehand the partition M = M̄0 ⊔ M̄1 ⊔ . . . ⊔ M̄r, it is possible to find the

best positions for leaves in each M̄i independently from the other subsets. For simplicity, I
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will explain the process for the independent set K1, assuming it is attached to internal edges,

following Example 4.36. The process is analogous for every independent set.

When attaching leaves from M̄1 onto edges in P ↓K
1 (T1), new edges are introduced to the

leaf. The squared length of some of these edges contribute to ||P ↓K(T ↑
1 )||2 = ||P ↓K1(T ↑

1 )||2 +

||P ↓(K\K1)(T ↑
1 )||2 (shown in orange in Figure 4.11), while the squared lengths of others (shown

in black in Figure 4.11) contribute to d2BHV(T
↓
1 , T

↓
2 ).

When all leaves in M̄1 are regrafted at the node connecting the subtree defined by

P ↓K
1 (T1) (as in T ↑0

1 in Figure 4.11) the length of the edges in this subtree all contribute to

the size of the projection, meaning ||P ↓K1(T ↑
1 )||2 = ||P ↓K1(T1)||2; and none contribute to the

distance d2BHV(T
↓
1 , T

↓
2 ).

Now imagine some of the leaves M′ ⊂ M̄1 are regrafted within the first edge up in the

independent set instead, (as in trees T ↑1
1 and T ↑2

1 in Figure 4.11). The value ||P ↓K1(T ↑
1 )||2 de-

creases by the squared length of the size of the (new) edge a1 = |s1|T ↑1
1

= |[K1 ∪M′ ‡ L \ (K1 ∪M′)]|T ↑1
1

,

but this value affects the distance between T ↓1
1 and T ↓

2 , increasing or decreasing depending

on T ↓
2 . In fact, if s↓1 = ΨL2\M̄0

(s1) belongs to the edges of T ↓
2 with length b, then the con-

tribution of this edge to the overall value of d2BHV(T
↓
1 , T

↓
2 ) is (a1 − b)2, which is smaller than

the value a21 that decreased in ||P ↓K1(T ↑
1 )||2, and this regraft is overall beneficial. If, on the

contrary, s↓1 is not part of the edges in T ↓
2 , then it maps to an uncommon edge between T ↓1

1

and T ↓
2 and the contribution to length of the geodesic ends up being higher than a21. This

regraft would be overall disadvantageous. See Example 4.36 for details on this for trees T ↑1
1

and T ↑2
1 in Figure 4.11 in particular.

I conclude from this that, knowing which leaves are in M̄1 and the set of edges S(T ↓
2 ),

the regraft positions for leaves in M̄1 reduce the length of the path given in Theorem 4.33

(equation (4.4)) when introducing edges already in S(T ↓
2 ) into the tree T ↓

1 . Moreover, it is

better to introduce as many as these common edges as possible, and for them to decrease the

lengths of the edges in P ↓K1(T ↑
1 ) as much as possible (see trees T ↑3

1 , T ↑4
1 and T ↑5

1 in Example
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4.36).

Example 4.36. Selecting regraft positions for new leaves onto independent set:

Consider the setting of Theorem 4.33, with tree T1 ∈ T L1 where the subset of leaves

K1 = {A,B,C,D,E} is an independent maximal set attached to internal edges and the

set of leaves M̄1 = {u, v, w, z} being regrafted onto P ↓K
1 (T1). Figure 4.11 shows 6 dif-

ferent ways to perform the regraft. Assume edges p1 =
[
{u, v} ‡ (L2 \ M̄0) \ {u, v}

]
, p2 =[

{u, v, z} ‡ (L2 \ M̄0) \ {u, v, z}
]

and p3 =
[
{u, v, w, z} ‡ (L2 \ M̄0) \ {u, v, w, z}

]
belongs to

the internal edges of T ↓
2 with lengths |p1|T ↓

2
= 4, |p2|T ↓

2
= 3 and |p3|T ↓

2
= 3.

In the first tree T ↑0
1 in Figure 4.11 all leaves in M̄1 are regrafted at the endpoint of the

edge s = [K1 ‡ L1 \ K1], so S(T ↑0
1 ) contains the edge s1 = [K1 ‡ L \ K1] with the same length

as s in T1. In this case ||P ↓K1(T ↑0
1 )||2 = ||P ↓K1(T1)||2 and none of the lengths of the edges

belonging to K1 contribute to the distance d2BHV(T
↓0
1 , T ↓

2 ). Comparing this values against

the corresponding values for all other 5 trees in the figure, I can determine which regraft

positions reduces the value of (4.4) the most.

Comparing T ↑0
1 and T ↑1

1 , ||P ↓K1(T ↑1
1 )||2 = ||P ↓K1(T ↑0

1 )||2−5 and d2BHV(T
↓1
1 , T ↓

2 ) = d2BHV(T
↓0
1 , T ↓

2 )−

32 + (3−
√
5)2; because in the geodesic from T ↓0

1 to T ↓
2 the edge p1 goes from length zero to

length 3, while in the geodesic from T ↓1
1 to T ↓

2 the size of this edge changes from
√
5 to 3.

So overall the size of the path decreased by 6
√
5.

In contrast, when comparing T ↑0
1 against T ↑2

1 , both p1 and p2 are the only non-compatible

edges to p4 =
[
{u,w} ‡ (L2 \ M̄0) \ {u,w}

]
in T ↓

2 , so these two edges need to be swapped

with p4 at some point in the geodesic from T ↓2
1 and T ↓

2 . Thus, ||P ↓K1(T ↑2
1 )||2 = ||P ↓K1(T ↑0

1 )||2−

5 as with T ↑1
1 , but d2BHV(T

↓1
1 , T ↓

2 ) = d2BHV(T
↓0
1 , T ↓

2 ) − 32 − 42 + (
√
32 + 42 +

√
5)2, so overall

the size of the path increases by 10
√
5.

Following the same process for the rest of the trees in Figure 4.11, I obtain:

• ||P ↓K1(T ↑3
1 )||2 = ||P ↓K1(T ↑0

1 )||2− 32 and d2BHV(T
↓3
1 , T ↓

2 ) = d2BHV(T
↓0
1 , T ↓

2 )− 32+(3− 3)2,
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Figure 4.11. Example of finding optimal places to regraft new leaves onto edges belonging
to an independent maximal set. The section of a tree T1 containing independent maximal
set K1 = {A,B,C,D,E}, onto which new leaves M̄1 = {u, v, w, z} are regrafted. In each
figure, leaves in M̄ = {u, v, w, z} (blue) are regrafted at different positions to create trees
T ↑j
1 ; edges shown in orange are part of in P ↓K(T ↑j

1 ), while edges in black contribute to the
distance between T ↓j

1 and T ↓
2 .

so the overall decrease is 18.

• ||P ↓K1(T ↑4
1 )||2 = ||P ↓K1(T ↑0

1 )||2−32 and d2BHV(T
↓4
1 , T ↓

2 ) = d2BHV(T
↓0
1 , T ↓

2 )−32−42+(3−
9
5
)2 + (4− 12

5
)2, so the overall decrease is 30.

• ||P ↓K1(T ↑5
1 )||2 = ||P ↓K1(T ↑0

1 )||2 − 32 + 12 + 22 and d2BHV(T
↓4
1 , T ↓

2 ) = d2BHV(T
↓0
1 , T ↓

2 ) −

32 − 42 +

(
3−

√(
1
5

)2
+ 12 + 22

)2

+
(
4− 4

√
14
5

)2
, so the overall decrease is −39 +(

4− 4
√
14
5

)2
+
(
3− 3

√
14
5

)2
≈ 37.42.
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The regraft of M̄1 in T ↑5
1 is actually the optimal in this case. In deciding where to

regraft the leaves for this case, the leaves u and v were regrafted as far as possible from the

node connecting the edges in orange to the rest of the tree, introducing the common edge

p1 and reducing the lengths of the orange edges still present in the tree as much as possible.

Afterwards, the common p2 can also be introduced, by regrafting z somewhere within the

edges from that node to the node connecting to u and v. The position was selected so the

squared lengths for p1 and p2 in T ↓5
1 (
(
1
5

)2
+12+22 = 125

25
and

(
4
√
14
5

)2
= 224

25
) are proportional

to the squared lengths of the same edges in T ↓
2 (33 = 9 and 42 = 16).

In general, a similar process as the one described at the end of the example can be

followed to find the optimal points for any pre-fixed set M̄1 of leaves to be regrafted onto

the edges belonging to K1, so that the length of the path described by (4.4) is minimized.

These would be a process with incremental improvement, detailed in Algorithm 2.

Algorithm 2: Process to optimize regraft locations for leaves M̄1.
1: Regraft all leaves at the node connecting P ↓K

1 (T1) to the rest of the tree, creating T ↑0
1 .

2: Identify all edges in S(T ↓
2 ) that could potentially be introduced as edges in T ↓

1 . This is,
P new =

{[
M′ ‡ (L2 \ M̄0) \M′] ∈ S(T ↓

2 ) | M′ ⊆ M̄1

}
3: SelectM′ ⊆ M̄1 forming an edge in P new such thatM′ is one of the sets with fewer
elements forming an edge in P new.
4: Change regraft of leaves inM′ to a positions as far as possible (with respect to the L2-norm
of the edges between them) from the initial node.
5: Continue this process with the other leaves remaining at the initial node, introducing more
common edges, and selecting their regrafting position such that is the same position
(proportional wise) as in T ↓

2 .

Consider now the setting where one wishes to find the shortest path between T1 ∈ T L1

and T2 ∈ T L2 where a pre-fixed set L∗ ⊂ L1 ∩ L2 is to be pruned and regrafted along

the path. Per Corollary 4.35, the shortest path where L∗ is pruned and regrafted involves

starting by regrafting all leaves inM onto T1 and ending by pruning all leaves in K to end in

T2, and the length of this path will be given by (4.5) for some regraft positions. The process
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of finding the best regrafting positions to minimize the value of (4.5) in thist setting is more

challenging. I explain briefly a greedy approach to solving this problem.

Following Theorem 4.34, fix T ↑
1 ∈ ΛL1∩L2(T1), T ↑

2 ∈ ΛL1∩L2(T2) and, given the partitions

K ∪ L∗ = K∗ = K∗
1 ⊔ . . . ⊔ K∗

r1
and M∪ L∗ = M∗ = M∗

1 ⊔ . . . ⊔M∗
r2

into independent

maximal sets, consider the partitions of M = M̄0 ⊔ . . . ⊔ M̄r1 and K = K̄0 ⊔ . . . ⊔ K̄r2 , so

that in T ↑
1 all leaves in M̄i were regrafted onto edges belonging to K∗

i for i = 1, . . . , r1, and

equivalently, in T ↑
2 , leaves in K̄i were regrafted onto edges belonging toM∗

i for i = 1, . . . , r2

as in Definition 4.31. The expression to be minimized in this case is√[
||P ↓L∗(T ↑

1 )||+ ||P ↓L∗(T ↑
2 )||
]2

+ ||P ↓K̄0(T ↓
1 )||2 + ||P ↓M̄0(T ↓

2 )||2 + d2BHV(T
↓↓
1 , T ↓↓

2 ), (4.6)

where T ↓
1 = ψ(T ↑⊥L∗

1 ,L∗ ∪ M̄0), T ↓
2 = ψ(T ↑⊥L∗

2 ,L∗ ∪ K̄0), T ↓↓
1 = ψ(T ↓⊥K̄0

1 , K̄0) and T ↓↓
2 =

ψ(T ↓⊥M̄0

2 ,M̄0).

In this case, the positions of the leaves in each M̄i for i = 1, . . . , r1 affect the size of the

terms ||P ↓L∗
(T ↑

1 )||, ||P ↓K̄U
0 (T ↓

1 )||, and d2BHV(T
↓↓
1 , T ↓↓

2 ). Similarly, the positions of the leaves

in each K̄i for i = 1, . . . , r2 affect the size of the terms ||P ↓L∗
(T ↑

2 )||, ||P ↓M̄U
0 (T ↓

2 )||, and

d2BHV(T
↓↓
1 , T ↓↓

2 ). I propose an iterative process:

1. Fix the positions where leaves in K \ K̄0 are regrafted and optimize the positions of

each M̄i for i = 1, . . . , r1 using the method discussed in Algorithm 2, with T downarrow↓2

with the fixed positions of K \ K̄0 in place of T ↓
2

2. Then, with the new positions for leaves in M \ M̄0 fixed, optimize the positions of

each K̄i for i = 1, . . . , r2 in the same way.

3. Repeat this process until no further improvement in the expression (4.6) is achieved.

I conjecture that this greedy algorithm will obtain the shortest possible for (4.6).
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4.6 Distance computation algorithm

I now combine the above into an algorithm to find the distance between any two trees

T1 ∈ T L1 and T2 ∈ T L2 in the towering space (T, d).

In this algorithm, I loop through every possible subset of the common leaves L∗ ⊂ L1∩L2

(including the empty set) and construct short paths where these subsets are pruned and

regrafted based on Theorem 4.34 and Corollary 4.35. I conjecture that the shortest path

between T1 and T2 must be as described in the Corollary 4.35, since Theorem 4.23 suggests

pruning and regrafting leaves outside L1 ∪ L2 is not beneficial at any point of the path.

Furthermore, Lemmas 4.27 and 4.28 indicate the prune and regraft of leaves in L∗ should

happen at the same time.

4.7 Discussion

In this chapter, I introduce a comprehensive method to construct metric spaces for phylo-

genetic trees with varying leaf sets through the family of towering tree spaces. These spaces

are complete length spaces with continuous paths connecting any pair of trees, enabling

smooth changes of edge lengths and topologies along these paths as they traverse the space.

This approach borrows properties from the BHV tree space, allowing for the development of

similar mathematical and statistical tools. Towering tree spaces are the first metric spaces

for phylogenetic trees with non-identical leaf sets, enabling smooth comparisons of trees

based on topological differences and edge lengths.

While previous works have attempted to utilize the BHV space to compare phylogenetic

trees with differing leaf sets (Grindstaff & Owen, 2019; Ren et al., 2017), the tools presented

in this chapter take a more expansive approach. Instead of restricting the analysis to a single

BHV space, they allow for movement across multiple BHV spaces with as many transitions

102



Algorithm 3: A greedy algorithm to compute Towering Tree Space distance (T, d).
INPUT: T1 ∈ T L1 and T2 ∈ T L2

for Every L∗ ⊆ L1 ∩ L2 do
Take K∗ = K ∪ L∗ andM∗ =M∪L∗
Find independent maximal set partitions in T1 and T2:
K∗ = K∗

1 ⊔ . . . ⊔ K∗
r1

M∗ =M∗
1 ⊔ . . . ⊔M∗

r2
for Every partitionM = M̄0 ⊔ . . . ⊔ M̄r1 and K = K̄0 ⊔ . . . ⊔ K̄r2 do

Regraft M̄i at node connecting P ↓K∗
i to T1, for all i = 1, . . . , r1. Creating T ↑

1 .
Regraft K̄i at node connecting P ↓M∗

i to T2, for all i = 1, . . . , r2. Creating T ↑
2 .

Compute initial trees involved in shortest path length in (4.6)
T ↓
1 = ψ(T ↑⊥L∗

1 ,L∗ ∪ M̄0) and T ↓↓
1 = ψ(T ↓⊥K̄0

1 , K̄0)

T ↓
2 = ψ(T ↑⊥L∗

2 ,L∗ ∪ K̄0) and T ↓↓
2 = ψ(T ↓⊥M̄0

2 ,M̄0)
Compute current shortest path length:

D =

√[
||P ↓L∗(T ↑

1 )||+ ||P ↓L∗(T ↑
2 )||
]2

+ ||P ↓K̄0(T ↓
1 )||2 + ||P ↓M̄0(T ↓

2 )||2 + d2BHV(T
↓↓
1 , T ↓↓

2 )

while Value D is improving do
for i = 1, . . . , r1 do

Find optimal positions for regrafting M̄i by maximizing common edges between T ↓↓
1

and T ↓↓
2 while minimizing ||P ↓L∗

(T ↑
1 )|| and ||P ↓K̄0(T ↓

1 )||2

Update trees T ↑
1 , T ↓

1 and T ↓↓
1

Update value D
end for
for i = 1, . . . , r2 do

Find optimal positions for regrafting K̄i by maximizing common edges between T ↓↓
1

and T ↓↓
2 while minimizing ||P ↓L∗

(T ↑
2 )|| and ||P ↓M̄0(T ↓

2 )||2

Update trees T ↑
2 , T ↓

2 and T ↓↓
2

Update value D
end for

end while
end for

end for
return Return best value D found
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as necessary for a fair comparison between tree, exploiting the properties of a quotient

pseudometric. This results in the towering distance being a proper metric between trees,

rather than just a measure of compatibility. This is a significant advancement, as a proper

metric enables the use of formal statistical tools developed for metric spaces. This approach

not only facilitates the potential to use Fréchet means for constructing super-trees, but also

paves the way for developing inference tools such as confidence sets and hypothesis testing.

At the beginning of the chapter I introduced flexibility in the comparison for edge lengths

when computing distances through the merging operation, which lead to a family of metric

spaces. This allowed me to consider one towering space closely related to Extension Spaces

(discussed in Chapter 3), by employing the L1-norm as the merging operation. While this

metric space has potential for phylogenetic analysis, and is supported by previous works

in the field, I argue that another member of the family is a stronger candidate for future

progress in phylogenetics due to its geometrical properties and interpretability. I consider

the towering metric space (with the L2-norm as the merging operation) to be a major

contribution of this work, and likely to be highly useful for applied phylogenetics. As such,

I briefly discuss its advantages.

4.7.1 On the Towering Space Interpretability

The BHV space can be viewed as a 0-cone of the link of the origin, where angle distances

between trees on the link directly reflect differences in tree topologies. In the towering tree

space, using β2 as the merging operation ensures that trees in the same equivalence class

remain equidistant from the origin tree. This emphasizes topological similarities as a key

factor when computing distances, ensuring that trees with similar topologies, and potentially

similar evolutionary histories, are positioned closer to each other in the metric space.

Furthermore, maintaining the equidistance of equivalent trees to the origin in their respec-
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tive BHV spaces preserves the overall representation of evolutionary change. Consequently,

the towering tree distance not only captures differences in topologies but also accurately

reflects key variations in mutation rates between evolutionary events. This dual focus on

topology and evolutionary rates provides a clear and intuitive framework for understanding

phylogenetic relationships, thereby enhancing the utility of towering tree spaces in phyloge-

netic analysis.

4.7.2 On the Towering Space Geometric properties

The geometrical properties of the towering tree space closely resemble those of the BHV

space. This similarity likely stems from the use of the L2-norm as the merging operation.

Since edge comparisons within each BHV space are conducted using the Euclidean distance,

which is fundamentally based on the L2-norm, this approach ensures consistency in the

comparison of edge lengths. Even when the length of a single edge is compared to the result

of combining several edges, the scale remains uniform. Consequently, adopting the L2-norm

for merging operations not only preserves meaningful biological interpretations but also

facilitates the development of statistical tools for analyzing phylogenetic trees with differing

leaf sets.

Throughout this chapter, I have demonstrated that the lengths of short paths can be

expressed by a combination of L2-norms of some edge lengths and BHV distances. This

formulation results in paths that closely resemble geodesics in the BHV space. Specifically,

edges that are common (under TDR mapping) between the two trees at the endpoints of

the path gradually change in size from their initial length in one tree to their final length

in the other. Meanwhile, uncommon edges — whether initially uncommon or made so

by pre-specified prunings and regraftings — gradually reduce to zero and are replaced by

other uncommon edges. A concrete example of this behavior is provided in Example 4.30,

105



illustrating that geometrically, the towering tree space shares significant parallels with the

BHV space.

4.7.3 Future work: Distance algorithm improvement

In this work, I have presented a greedy algorithm for computing distances in the Tower-

ing Tree space. While this algorithm shows promise, there are several areas where it could

be improved. Firstly, in Section 4.5.1, I outlined a general approach for determining opti-

mal positions for regrafting uncommon leaves onto edges belonging to independent maximal

sets. This approach is conjectured to yield the shortest possible path in the setting described

in Theorem 4.34, when fixing which leaves are regrafted onto the edges belonging to each

independent maximal set. However, I have not yet provided a proof that this algorithm

indeed produces the optimal solution. Additionally, the current algorithm cycles through

all possible ways to predefine which leaves are regrafted onto edges belonging to indepen-

dent maximal sets. Given the results discussed in Section 4.5.1, which suggest that these

predefined sets are only beneficial when potentially more common edges can be introduced

between the trees, I believe there is a more systematic way to discard some of these sets

beforehand. Finally, future work should focus on proving that the shortest path in the tow-

ering tree space between two trees is of the form described in Corollary 4.35. This would

validate that Algorithm 3 effectively computes the distance.

Another promising direction for future research involves a deeper exploration of the par-

allels between constructing short paths in the towering tree space and computing geodesic

lengths in the BHV space. In certain circumstances, such as those described in Theorem

4.29, it is theoretically possible to reclassify edges as "common" or "uncommon" after a

predetermined selection of which leaves are to be pruned and regrafted to connect two trees

(see Example 4.30). By developing a more precise mechanism to identify not only com-

106



mon and uncommon edges but also pairwise incompatible edges under this new pruning

and regrafting-dependent classification, we could potentially create an algorithm similar to

that presented by Owen and Provan (2011). In their work, an incompatibility graph is con-

structed where vertices represent uncommon edges between trees, and vertices representing

incompatible edges are connected. A Min-Max algorithm is then used to determine which

edges are swapped first based on their lengths, identifying the support pairs for the geodesic

(see Section 3 of Owen and Provan (2011) for details). Exploring the implementation of an

analogous method in the towering tree space could significantly enhance the accuracy and

efficiency of distance computations in this space.
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CHAPTER 5

DISCUSSION

5.1 Summary of contributions

The BHV tree space of Billera et al. (2001), with its intrinsic geodesic distance and

interpretable geometric and topological properties, is a fundamental tool for analyzing col-

lections of phylogenetic trees. Many methods for data analysis in this space exist, including

fast algorithms for distance computation (Owen & Provan, 2011) and tree averaging (Benner

et al., 2014; Brown & Owen, 2020; Miller et al., 2015); results on probabilistic uncertainty

(Willis, 2019; Willis & Bell, 2018) and asymptotic behaviors (Barden et al., 2016; Nye,

2015); and advanced visualization tools (Nye, 2011; Teichman et al., 2023). Nevertheless,

the application of BHV-based tools in the biological sciences has been limited. This can be

partly attributed to BHV-based analyses requiring all trees to have identical leaf sets. As

a result, researchers must choose between excluding trees from their analysis (those missing

leaves), or excluding organisms from their analysis (those missing from one or more trees),

neither of which is desirable. As noted by Ren et al. (2017, page 15), “supertree methods

must take inputs with varying numbers of taxa to be useful in a biological context.”

In this thesis, I address this key limitation of BHV space via two complementary ap-

proaches. My first contribution is to present an algorithm for measuring compatibility be-

tween any two trees with non-identical leaf sets within a common BHV space (Chapter 3).

This work builds naturally on the contributions of Ren et al. (2017) and Grindstaff and Owen

(2019). I then present a new family of BHV-like metric spaces for trees with non-identical

leaf sets, focusing on one in particular: the Towering Tree Space (Chapter 4). Due to the

similar geometric behavior of short paths in the BHV space and the Towering Space, I re-

gard Towering Tree Space as a natural extension of BHV space, designed for the analysis of
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trees with non-identical leaf sets. In this way, the Towering Space enables the development

of practical tools analogous to those previously mentioned, but relevant to more general

data-analytic settings.

Both extension spaces and towering tree spaces are built on the same principle as BHV

space: distances between trees should be continuous, and based on both topological and

branch length differences. In BHV space, the comparison of topologies relies on topological

transformations, via nearest neighbor interchanges, while extension spaces and towering

spaces incorporate additional operations such as pruning and regrafting. These additional

topological operations introduce complications, as the length of an edge in one tree may

need to be compared against the lengths of several edges in another tree because of leaf

prunings. Extension spaces address this by summing the values of edges that merge after

pruning. In contrast, towering spaces introduce flexibility via different methods to combine

edge lengths after merging. Consequently, one of these towering spaces is closely related to

extension spaces. However, I found that a different towering space, where edges are merged

through L2-norms, results in a metric space with more favorable geometrical properties, as

well as intuitive Euclidean-like distances.

5.2 Limitations

5.2.1 Scalability

A key consideration in any phylogenetic analysis is scalability, in part because the number

of phylogenetic tree topologies grows exponentially in the number of leaves. As detailed in

Section 3.4, my proposed algorithm for computing distances between extension spaces scales

with the number of pairs of orthants in the BHV space, which grows super-exponentially. In

practice, computing a distance between extension spaces in T L for |L| = 10 can take up to an
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hour on a modern laptop, though the runtime of a given analysis will depend on the overlap

between the trees’ leaf sets as well as the proximity of their extension spaces. While there

are significant challenges in computing distances between extension spaces, my algorithm is

the first method to compare trees with non-identical leaf sets using BHV distances, and thus

addresses an important open problem in mathematical phylogenetics.

Although I did not explore the scalability of distances in the towering space, I anticipate

that, in practice, its running time will be feasible. The algorithm involves iterating through

various subsets of common leaves between the two trees, with each iteration’s distance calcu-

lation relying on a combination of BHV distances (which is polynomial time) and L2-norms

(which is linear-time). Since introducing leaves not present in either of the two trees does not

result in shorter paths (see Theorem 4.23), the paths connecting two trees are not expected

to reach the top-dimensional BHV space. Consequently, the BHV distances computed in

practice should be less computationally intensive.

I believe the algorithm for computing the towering tree distance between two trees will

be more computationally efficient than the algorithm I proposed for computing the distance

between extension spaces for the same two trees. Although both algorithms are exhaustive

in nature, the algorithm for extension spaces must loop through all orthant pairs, whose

number grows super-exponentially. In contrast, the towering tree distance algorithm only

loops through all subsets of the common leaves, which grows exponentially. Additionally,

each iteration in the extension spaces algorithm requires a gradient descent method, an

iterative process that involves computing several BHV distances. Conversely, each iteration

for different leaf subsets in the towering tree space requires significantly fewer BHV distance

computations. As discussed in Section 4.7.3, there are numerous potential improvements for

the towering tree space algorithm, which further underscores its computational advantages.
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5.3 Future work

5.3.1 Improving scalability

As noted above, my algorithm for computing distances between extension spaces scales

poorly with the number of leaves on each tree due to its need to compare all pairs of or-

thants. However, it is likely that the algorithm could be accelerated by developing criteria to

exclude certain orthant pairs before applying the orthant-pair specific algorithm. Although

I attempted to discard orthant pairs based on topological dissimilarities, the results varied

depending on the dissimilarity of edge lengths. I observed that orthant pairs where new

edges could be attached to particularly long edges tended to reduce the distance between

the orthant-specific extension spaces, but no consistent pattern emerged. This would be a

promising starting point for future investigations. I leave the development of these criteria

to future work.

As discussed in Section 4.7.3, there is potential to improve the algorithm for computing

distances in the Towering Tree space through two avenues. Firstly, refining the approach for

regrafting uncommon leaves and developing a systematic way to discard unnecessary prede-

fined sets of leaves to be regrafted onto edges belonging to independent maximal sets could

enhance its efficiency. Secondly, exploring parallels with the BHV space and incorporating

methods similar to those in Owen and Provan (2011, Section 3) could improve both the

accuracy and efficiency of the algorithm.

5.3.2 Fréchet means

A practical problem in phylogenetics is the construction of a “consensus” (summary) tree

based on the collection of gene trees. Fréchet means provide an interpretable summary of

a collection of elements in a metric space, as they generalize the concept of a mean from
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Euclidean spaces to metric spaces. The Fréchet mean is the minimizer of the expected

squared distance under a probability distribution on a metric space, which could be the

empirical distribution of trees (in the case of sample Fréchet means). Fréchet means have

been extensively studied in the context of BHV tree space. Algorithms for computing sample

Fréchet means have been developed (Benner et al., 2014; Miller et al., 2015), and results

about their asymptotic properties have been established (Barden et al., 2016; Barden et al.,

2013; Hotz et al., 2013). These results often rely on the geometric properties of spaces with

non-positive curvature, such as the convexity of the distance function and the uniqueness

of geodesics, which in turn ensure the uniqueness of Fréchet means. For a comprehensive

overview, see Sturm (2003).

The Towering metric space is not a space with non-positive curvature, and shortest

paths between trees are not necessarily unique. Thus, there is not guaranteed to be a single

sample Fréchet mean, but rather a collection of sample Fréchet means. However, recent

developments in asymptotic theory for Fréchet mean sets, as opposed to single means, provide

a more general framework suitable for my metric space (Evans & Jaffe, 2024; Schötz, 2022).

Inspired by this, I propose the use of sample Fréchet mean sets to summarize collections

of trees in my metric space (TN , d). Since the towering metric space is a complete length

space, continuous paths achieving the distance length exist, albeit without guarantees on

their uniqueness. Using continuous paths and asymptotic results for Fréchet mean sets,

I anticipate that it will be possible to develop algorithms to calculate Fréchet mean sets,

similar to the approach provided in Bacák (2014, Section 3). I believe this is an is important

open question to be explored alongside improvements to the algorithm discussed at the end

of Chapter 4. Further work on these two topics will, in my opinion, enable the rigorous

analysis of phylogenetic trees with non-identical leaf sets in general settings.
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APPENDIX A

DISTANCES BETWEEN EXTENSION SPACES: ALGORITHM

DETAILS

Here I provide additional details pertaining to Algorithm 1.

A.1 Reduced gradient directions

The direction of change will be based on the gradient of δ at the current point ẋt when all

partial derivatives in (3.9) are well-defined, and a subgradient otherwise. To compute this

(sub)gradient,I find the support for the geodesic from T ′
1(ẋ

t) to T ′
2(ẋ

t), and use its support

to determine the entries of the (sub)gradient. I then focus on the reduced gradient within

the current facet, which is ∇φ(xF) = ∇Ff(x) − A⊤
F

[
A−1

D

]⊤∇Df(x) for the general case.

Due to the structure of Ṁ, the partial derivative corresponding to a free variable ẋtj, j ∈ F,

is ∂φ(ẋF)
φẋt

j
= ∇jδ(ẋ)−∇j′δ(ẋ), where j′ ∈ D is the only index in the dependent variable set

such that Ṁ[i, j] = Ṁ[i, j′] = 1.

There are multiple ways to determine a good direction of change for the free variables

at ẋtF. I employed the conjugate gradient method Ruszczyński, 2006, Section 5.5 because

of its simplicity and the potential gain in efficiency. In this method, the main driver for

the direction of change is the (sub)gradient at the current point, but after the first iteration

a correction is added to increase efficiency. The correction loses its advantages and new

directions become inefficient after many iterations Ruszczyński, 2006, Section 5.5.2, thus I

re-initialize the correction regularly. The direction of change dtF for the free variables is

computed by

dtF =


−∇φ(ẋtF) if cconj = 1

−∇φ(ẋtF) +
⟨φ(ẋt

F),φ(ẋ
t
F)−φ(ẋ

t−1
F )⟩

||φ(ẋt−1
F )||2 dt−1

F if cconj > 1,

(A.1)
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for a counter cconj. In my method, cconj is re-initialized (reset to 1) every time a new facet is

reached (i.e. F is re-defined and dt−1
F is no longer of the same dimension) or when cconj > 15.

The threshold of 15 was recommended by Ruszczyński, 2006, Page 248, and I found it to

work well in practice. Given the direction of change for the free variables dtF, I can find

the direction of change for the dependent variables as dtD = −Ṁ−1
D ṀFd

t
F and for the null

variables as dtN = 0.

A.2 Selecting step sizes

Given a non-zero direction of change dt, I now discuss finding the best next point on the

line segment ẋt + τdt such that both τ ≥ 0 and ẋt + τdt ≥ 0. Let τmax be the maximum

value of τ such that ẋt+τdt ≥ 0, which is finite because Ṁ (ẋt + τdt) = v̇ implies Ṁdt = 0,

and thus some entry of dt is negative. Thus, I am looking for τ ∈ [0, τmax] that minimizes

δ(ẋt + τdt).

Using the chain-rule, the derivative of δ(ẋt + τdt) with respect to τ is

h(τ) =
∂δ(ẋt + τdt)

∂τ
= ⟨∇δ(ẋt + τdt),dt⟩. (A.2)

The function τ 7→ δ(ẋt + τdt) is convex and by construction of dt, h(0) < 0. From this, I

employ a derivative-based bisection method to reach the minimum of this function. I start

by checking the value of h(τmax). If h(τmax) ≤ 0, then the minimum has been reached at

τ0 = τmax. Otherwise, I search for the value τ0 ∈ [0, τmax] such that h(τ0) = 0 as follows

1. Initialize τleft = 0 and τright = τmax.

2. Take τ ∗ = τleft+τmax
2

.

3. Evaluate h(τ ∗):

• If h(τ ∗) = 0, return τ ∗.
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• If h(τ ∗) < 0, update τleft = τ ∗ and return to step 2.

• If h(τ ∗) > 0, update τright = τ ∗ and return to step 2.

In practice, I do not require h(τ ∗) = 0 exactly; instead, I require |h(τ ∗)| to be below a

threshold. I find that |h(τ ∗)| < 10−16 works well.

This threshold can be altered in my software via the flag -Tol2. After finding τ0, I select

the next point as ẋt+1 = ẋt + τ0d
t.

A.3 Thresholds for convergence

My iterative algorithm is guaranteed to converge to stationary points with zero (sub)gradients.

However, in practice, I employ a tolerance threshold to find a solution that is sufficiently

close to a stationary point in a finite number of iterations. Specifically, before computing a

new direction of change, I test if the global minimum has been reached by checking if every

entry in ∇φ(ẋF) is less than a given threshold Tol1. In practice, I find that choosing this

threshold to be 10−8 produces good performance. The user can alter this value using the

flag -Tol1.
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APPENDIX B

TOWERING TREE SPACES: PROOFS FOR MAIN RESULTS

This appendix contains proofs for lemmas and theorems presented in Chapter 4.

B.1 Proofs for Section 4.1: Preliminary Structures

Proof of Lemma 4.6. (Closure) Consider T ∈ T L such that T /∈ ZL
M. Since M is not

mutually prunable from T then either some external edge e to a leaf in M has a positive

length, or there is an internal split s such that ΨL\M(s) is not an internal split on the leaves

L\M. In the first case, given a value ϵ < |e|T , is enough to guarantee |e|T ′ > 0 for any tree

T ′ such that dBHV(T, T
′) < ϵ, which implies T ′ /∈ ZL

M. In the second case, if ϵ < |s|T then

similarly |s|T ′ > 0 (so that s ∈ S(T ′)) for any tree T ′ such that dBHV(T, T
′) < ϵ, implying

T ′ /∈ ZL
M. Thus, there is always a neighborhood of T not intersecting ZL

M. Therefore the

subspace is closed.

(Convexity) Consider two trees T1, T2 ∈ ZL
M and T on the geodesic from T1 to T2. Along

the geodesic, the lengths of external edges change gradually from the lengths they have in

T1 to the lengths they have in T2. Since all external edges to leaves inM are of length zero

in both trees, then these external edges are of length zero as well in T . Given any internal

split s of the leaves L such that ΨL\M(s) does not map to an internal split, s is not a part of

the internal edges of T1 nor the internal edges of T2, so it is not part of S(T ) as well. Thus,

M is also mutually prunable from T , and ZL
M is convex.

Proof of Lemma 4.15. SinceM is mutually prunable from T , by Lemma 4.10,M1 is as

well, and thus ψβ(T,M1) is well-defined. For this proof take L′ = L \M1, L′′ = L \M =

L′ \ M2 and call T1 = ψβ(T,M1), T2 = ψβ(ψβ(T,M1),M2) and T ′ = ψβ(T,M). Given

that |e|T1 = |e|T for any external edge e corresponding to a leaf in L′, and |e|T = 0 when e is

119



the external edge to a leaf in M, it follows that M2 ⊂ M implies |e|T1 = 0 for all external

edges to leaves inM2. For internal splits, note that for any partition L = L1 ⊔L2 it is true

that

(Li \M1) \M2 = Li \ (M1 ∪M2) = Li \M,

for i = 1, 2. So an internal edge q ∈ S(T ) maps to p′ ∈ S (T ′) under the TDR map

(ΨL′′(q) = p′) if and only if there is a split p ∈ S (T1) such that q maps to p and then p

maps to p′ (ΨL′(q) = p and ΨL′′(p) = p′). For any internal edge p ∈ S (T1), it follows that

ΨL′′(p) = ΨL′′(q) for any edge q ∈ S(T ) where ΨL′(q) = p (by the definition of β-prunings,

there must be at least one such q for each p). SinceM is mutually prunable from T , ΨL′′(p)

is an internal split, implying M2 is mutually prunable from T1. Moreover, this implies

ΨL′′ (S(T )) = ΨL′′ (ΨL′ (S(T ))), so the topology of T coincides with the topology of T2.

Finally, we show that not only the topologies but also the edge lengths coincide. For any

external edge e to a leaf in L′′, |e|T2 = |e|T1 and |e|T1 = |e|T , so |e|T2 = |e|T ′ . And for an

internal split s ∈ ΨL′′ (S(T )),

|s|T2 = B
p∈Ψ−1

L′′ (s)|S(T1)

|p|T1 = B
p∈Ψ−1

L′′ (s)|S(T1)

 B
q∈Ψ−1

L′ (p)|S(T )

|q|T

 = B
p∈Ψ−1

L′′ (s)|S(T )

|p|T = |s|T ′

B.2 Proofs for Section 4.3: Definition and Preliminary Results of

the Towering Tree Space

Proof of Theorem 4.23. Consider first the case where the trees in the higher level are

part of the same orthant; i.e., O(T ↑
1 ),O(T

↑
2 ) ⊆ O. Their geodesic in this case is a segment

completely contained in O and its length can be expressed in terms of the edges in P(O)

by dBHV(T
↑
1 , T

↑
2 ) =

√∑
q∈P(O)

(
|q|T ↑

1
− |q|T ↑

2

)2
. Since O(T1),O(T2) ⊆ O′ = ΨL′(O), for each
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edge p ∈ P(O′), consider the set of edges Ψ−1
L′ (q)

∣∣
O

in O that map to p under the TDR map.

By Lemma 4.22, ∑
q∈Ψ−1

L′ (p)|O

(
|q|T ↑

1
− |q|T ↑

2

)2
≥ (|p|T1 − |p|T2)2.

and therefore

dBHV(T
↑
1 , T

↑
2 ) =

√√√√ ∑
p∈P(O↓)

∑
q∈Ψ−1(p)|O

(
|q|T ↑

1
− |q|T ↑

2

)2
≥
√ ∑

p∈P(O↓)

(|p|T1 − |p|T2)
2 = dBHV(T1, T2).

For the more general case where T ↑
1 and T ↑

2 are not part of the same topology orthant,

consider the geodesic γ : [0, 1] 7→ T L from T ↑
1 to T ↑

2 . SinceM = L\L′ is mutually prunable

from T ↑
1 and T ↑

2 , then it is mutually prunable for any tree T ↑
λ = γ(λ) on the geodesic (Lemma

4.6), and it belongs to ΛL(Tλ) for some tree Tλ ∈ T L′ .

Take the path space for the geodesic O0 → O1 → . . .→ Ok, and consider t↑i the transition

tree from Oi−1 to Oi along γ. For simplicity, consider t↑0 = T ↑
1 and t↑k+1 = T ↑

2 . For each t↑i

there is a ti ∈ T L′ such that t↑i ∈ ΛL(ti). Moreover, from construction t↑i−1 and t↑i are part

of the same orthant, and so are ti−1 and ti. Thus,

dBHV(T
↑
1 , T

↑
2 ) =

k+1∑
i=1

dBHV(t
↑
i−1, t

↑
i ) ≥

k+1∑
i=1

dBHV(ti−1, ti) ≥ dBHV(T1, T2).

B.3 Proofs for Section 4.4: Short paths through lower BHV spaces

Proof of Theorem 4.26. (i) By Corollary 4.7 d2BHV(T1, t) ≥ d2BHV(T1, T
⊥M
1 )+d2BHV(T

⊥M
1 , t)

for any tree t ∈ ΛL(T2). Since T⊥M
1 ∈ ΛL(T ′

1) as well, d2BHV(T
⊥M
1 , t) ≥ d2BHV(T

′
1, T2) by The-

orem 4.23. Therefore,

d2BHV(T1, t) ≥ d2BHV(T1, T
⊥M
1 ) + d2BHV(T

′
1, T2).
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Figure B.1. Regrafting of an independent maximal set neighboring a leaf ℓ ∈ L′. A section
of tree T2 in T L′ is showed in black. The new leaves Mi (in orange) form an independent
maximal set neighboring ℓ in another tree T1, so they are regrafted to be incident to the
same node as the external edge to ℓ. The external edges of the new leaves are represented
with dashed lines, indicating they are of length zero.

(ii) To construct the optimal tree T ∗ ∈ ΛL
β (T2), the positions where leaves in M are

regrafted on T2 are based on the partition of these leaves into independent maximal sets

M =M1 ∪ . . . ∪Mr in T1 and the geodesic from T ′
1 to T2. The process is as follows:

1. For every leaf ℓ ∈ L′ for which there is a neighboring independent maximal set Mi,

regraft these at the same node in T2 to which the external edge to ℓ is incident (see

Figure B.1).

2. For a common edge p = [L′
1 ‡ L′

2] ∈ S(T ′
1) ∩ S(T2), consider all internal edges of

T⊥
1 that map to p under the TDR map ΨL′ . Consider a new partition of M given by

M = M̂p
1⊔M

p
1⊔ . . .⊔Mp

rp⊔M̂
p
2, whereMp

1, . . . ,Mp
rp are all the independent maximal

sets that could be considered attached to p in T1 (including attached to the endpoint

nodes of the edge) and the two sets M̂p
i are the rest of the leaves inM that are on the

same side of p as L′
i in T1; i.e. every edge in T⊥

1 that maps to p under the TDR map
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Figure B.2. Regrafting of independent maximal sets attached on a common edge p ∈ S(T ′
1)∩

S(T2). The section of tree T1 containing the edges mapping to p under the TDR map is
shown in the left, featuring three independent maximal sets attached to these edges. The
common edge p in T2 is depicted on the right, with the new leaves in the three independent
maximal sets regrafted (orange) in the correct position (same position proportional wise as
their counterparts in T1), with dashed lines indicating the external edges are of length zero.

is of the form qpj =
[
L′

1 ∪ M̂
p
1 ∪M

p
1 ∪ . . . ,M

p
j ‡M

p
j+1 ∪ . . . ,Mp

rp ∪ M̂
p
2 ∪ L′

2

]
. When

regraftingM onto T2 to create T ∗, leaves in M̂p
i are regrafted on the same side of the

edge p, and each Mp
j is regrafted at the same position (proportional wise) inside the

edge p in T2. Thus, every qpj as given above will be part of the interior edges S(T ∗) of

T ∗, with the lengths given by
∣∣qpj ∣∣T ∗ =

|qpj |T⊥
1

|p|T ′
1

|p|T2 (see Figure B.2).

3. For any independent maximal set Mi of leaves that do not fall in one of the two

previous scenarios, the split [Mi ‡ L \Mi] is adjacent to at least one edge qi ∈ S(T1)

that under ΨL′ maps to an internal edge pi ∈ S(T ′
1) that is uncommon with edges

in S(T2). Given a support for the path space of the geodesic from T ′
1 to T2, there

must be a support pair (A,B) for which pi ∈ A and exists p′i ∈ B that is the product

of a nearest neighbor interchange from the node resulting from collapsing pi to zero.

Regraft the external edges to leaves inMi on the center of p′i (see Figure B.3).

The new tree T ∗ created through these regrafts contains all leaves in M and is part

of the sprouting space ΛL(T2). Moreover, the BHV distance from T1 to T ∗ will precisely
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Figure B.3. Example of regrafting independent maximal sets attached to uncommon edges.
Sections in trees T1 ∈ T L (left) and T2 ∈ T L′ (right) where leaves A,B,C,D,E ∈ L′ are
located. After pruning M from T⊥

1 , the edges [{A,B,C,D,E} ∪ L′
2 ‡ L′

1] (in blue) and
[{A,B,C,D,E} ∪ L′

1 ‡ L′
2] (in green) are common, while the edges p1, p2, p3, p4 ∈ S(T ′

1) and
p′1, p

′
2, p

′
3, p

′
4 ∈ S(T2) are uncommon. In T1, the independent maximal setM1 is adjacent to

two edges mapping to p2 under the TDR map, and M2 is adjacent to edges that map to
p3 and p4. Assuming the support for the geodesic from T ′

1 to T2 includes the support pairs
({p2}, {p′2}), ({p4}, {p′4}), and ({p1, p3}, {p′1, p′3}), p′2 can be selected to regraftM1 and p′3 to
regraft M2. These leaves are represented in orange in the correct position for the regraft,
with dashed lines indicating the external edges are of length zero.

be
√
d2BHV(T1, T

⊥M
1 ) + d2BHV(T

′
1, T2). To see this, consider again the edges P ↓M(T1). If

an edge is of the form [M′ ‡ L \M′], by definition M′ ⊆ Mi for some i = 1, . . . r, and

since all leaves in the maximal independent sets are regrafted together when construct-

ing T ∗, then [M′ ‡ L \M′] is pairwise compatible with S(T ∗). Similarly, for an edge

[M′ ∪ {ℓ} ‡ L \ (M∪ {ℓ})] ∈ P ↓M(T1), by definition M′ ⊆ Mi for the independent maxi-

mal set Mi neighboring ℓ, and since in T ∗ all external edges to leaves in Mi are adjacent

to external edge to ℓ, then [M′ ∪ {ℓ} ‡ L \ (M′ ∪ {ℓ})] is compatible with every edge in T ∗.

Since P ↓M(T1) is pairwise compatible with S(T ∗), their size will gradually change from their

size in T1 to zero along the geodesic. Thus, the contribution of these edges to the geodesic

length is ||P ↓M(T1)|| = dBHV(T1, T
⊥M
1 ).

We now focus on the remaining internal edges (S(T1) ∪ S(T ∗) \ P ↓M(T1)) and their

respective contribution to the length of the geodesic. Of note is that all internal edges in
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S(T1) that are not in P ↓M(T1) belong to S(T⊥
1 ) as well, and with the same lengths. Step

2 of the above construction of T ∗ guarantees q ∈ S(T⊥
1 ) ∩ S(T ∗) if and only if ΨL′(q) ∈

S(T ′
1) ∩ S(T2). The contribution to the length of the geodesic of all common edges qp1, ..., qpr

in S(T⊥
1 ) ∩ S(T ∗) that map into a common edge p is given by

r∑
k=1

(|qpk|T⊥
1
− |qpk|T ∗)2 =

r∑
k=1

(
|qpk|T⊥

1
−
|qpk|T⊥

1

|p|T ′
1

|p|T2

)2

=

(
1− |p|T2
|p|T⊥

1

)2 r∑
k=1

|qpk|
2
T⊥
1

=
(
|p|T ′

1
− |p|T2

)2
.

So the contribution of all these edges in the length of the geodesic from T1 to T ∗ is the same

as the contribution of p in the length of the geodesic from T ′
1 to T2.

Finally, consider the contribution of uncommon edges between T1 and T ∗. If the support

of the geodesic from T ′
1 to T2 is A = {A1, . . . , Ak} and B = {B1, . . . , Bk}. For each Ai,

consider the set of edges in T⊥
1 that map to an edge in Ai, Ψ−1

L′ (Ai)
∣∣
S(T⊥

1 )
, and similarly, the

set of edges in T ∗ that map to edges in Bi, Ψ−1
L′ (Bi)

∣∣
S(T ∗)

. The positions for the independent

maximal sets in Step 3 are selected to ensure that
(
Ψ−1

L′ (A1)
∣∣
S(T⊥

1 )
, . . . , Ψ−1

L′ (Ak)
∣∣
S(T⊥

1 )

)
and

(
Ψ−1

L′ (B1)
∣∣
S(T ∗)

, . . . , Ψ−1
L′ (Bk)

∣∣
S(T ∗)

)
form a valid support for a path space from T1

to T ∗, satisfying condition (P1) from Section 2.2.2. Since ||Ai||T ′
1
= || Ψ−1

L′ (Ai)
∣∣
S(T⊥

1 )
||T⊥

1

and ||Bi||T2 = || Ψ−1
L′ (Bi)

∣∣
S(T ∗)

||T ∗ the condition (P2) is also satisfied. Consequently, the

contribution of the support pair
(
Ψ−1

L′ (Ai)
∣∣
S(T⊥

1 )
, Ψ−1

L′ (Bi)
∣∣
S(T ∗)

)
to the length of the geodesic

from T1 to T ∗ is the same as the contribution of the edges (Ai, Bi) to the length of the

geodesic from T ′
1 to T2. Thus, the internal edges in S(T1) ∪ S(T ∗) \ P ↓M(T1) contribute to

the length of the geodesic from T1 to T ∗ an amount exactly equal to that the internal edges

in S(T ′
1) ∪ S(T2)’s contribution to the geodesic from T ′

1 to T2. The result follows.

Proof of Theorem 4.27. Consider a general path from T1 to T2 where the pruning ofM
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occurs in the sprouting space ΛL(X) of a tree X ∈ T L′ . By Theorem 4.26, the shortest

the section of the path from T1 to X can be is
√
d2BHV(T1, T

⊥M
1 ) + d2BHV(T

′
1, X), where

T ′
1 = ψ(T⊥M

1 ,M). And the shortest path from X to T2 completely contained in T L′ is

simply the geodesic with length dBHV(X,T2). On the other hand, again by Theorem 4.26,

there is a path from T1 to T2 where the pruning of M is at a tree in ΛL(T2) and of length√
d2BHV(T1, T

⊥M
1 ) + d2BHV(T

′
1, T2).

By the triangle inequality, dBHV(T
′
1, X) + dBHV(X,T2) ≥ dBHV(T

′
1, T2), and thus

d2BHV(T
′
1, X) + 2dBHV(T

′
1, X)dBHV(X,T2) + d2BHV(X,T2) ≥ d2BHV(T

′
1, T2).

It is clear that √
d2BHV(T1, T

⊥M
1 ) + d2BHV(T

′
1, X) ≥ dBHV(T

′
1, X)

so:

d2BHV(T
′
1, X) + 2dBHV(X,T2)

√
d2BHV(T1, T

⊥M
1 ) + d2BHV(T

′
1, X) + d2BHV(X,T2) ≥ d2BHV(T

′
1, T2).

Adding d2BHV(T1, T
⊥M
1 ) to both sides, we have that√

d2BHV(T1, T
⊥M
1 ) + d2BHV(T

′
1, X) + dBHV(X,T2) ≥

√
d2BHV(T1, T

⊥M
1 ) + d2BHV(T

′
1, T2).

Proof of Theorem 4.29. Any such path will pass through a tree X ∈ T L′ . Lemmas 4.27

and 4.28 imply (for each i = 1, 2) the shortest paths from Ti to X going through exclusively

leaf prunings are given by performing the pruning of Mi at trees in the sprouting space

ΛLi(X), and the length of these are
√
d2BHV(Ti, T

⊥Mi
i ) + d2BHV(T

′
i , X). Thus, the shortest

paths from T1 to T2, going strictly downwards, passing through X and then going strictly

upwards to T2 are of length√
d2BHV(T1, T

⊥M1
1 ) + d2BHV(T

′
1, X) +

√
d2BHV(X,T

′
2) + d2BHV(T

⊥M2
2 , T2).
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Figure B.4. Representation of minimizing function f(x) =
√
ρ21 + (z1 − x)2 +√

ρ22 + (z2 − x)2. The length of the path from a = (z1, ρ1) to b = (z2, ρ2) passing through
(0, x) (dashed red) coincides with f(x), and any such path is longer than the direct segment
(dashed gray).

The values d2BHV(T1, T
⊥M1
1 ) and d2BHV(T

⊥M2
2 , T2) are independent from the choice ofX ∈ T L′ .

For simplicity, denote ρi = dBHV(Ti, T
⊥Mi
i ). Since T ′

1, X and T ′
2 are all in the same BHV

space, dBHV(T
′
1, X) + dBHV(X,T

′
2) ≥ dBHV(T

′
1, T

′
2). Let y1 = dBHV(T

′
1, X), y2 = dBHV(X,T

′
2)

and d = dBHV(T
′
1, T

′
2). The problem of finding X that produces the shortest path between

T1 and T2 is now equivalent to finding values y1 and y2 that minimize
√
ρ21 + y21 +

√
ρ22 + y22

subject to y1 + y2 ≥ d. Consider a geometrical approach by considering points a = (z1, ρ1)

and b = (z2,−ρ2) in R2, where |z1 − z2| = d. Consider the piecewise linear path from a

to b crossing the x-axis at a point x = (x, 0). The length of this path is given by f(x) =√
ρ21 + (z1 − x)2 +

√
ρ22 + (x− z2)2. But the shortest of these paths is the direct line from a

to b, that crosses the x-axis at
(
ρ1z2+ρ2z1
ρ1+ρ2

, 0
)

(see Figure B.4). This implies the minimum of

f(x) is reached by x∗ = ρ1z2+ρ2z1
ρ1+ρ2

, where |zi−x∗| = ρi
ρ1+ρ2

|z1−z2| for i = 1, 2, and the minimum

value is f(x∗) =
√

(ρ1 + ρ2)2 + d2. Equivalently, the value
√
ρ21 + y21 +

√
ρ22 + y22 is lower-

bounded by
√

(ρ1 + ρ2)2 + d2 and it is achieved when y1 = ρ1
ρ1+ρ2

d and y2 = ρ2
ρ1+ρ2

d. This, in

turn, is reached on the tree X∗ on the geodesic from T ′
1 to T ′

2, at a distance ρ1
ρ1+ρ2

dBHV(T
′
1, T

′
2)

from T ′
1.
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B.4 Proofs for Section 4.5: Short paths through higher BHV

spaces

Proof of Theorem 4.32. Take a generic t1 ∈ ΛL
K(T1, T

↑
1 ). Any p ∈ P ↓K(T ↑

1 ) is such that

ΨL2(p) = ∅ or [{ℓ} ‡ L2 \ {ℓ}] for some ℓ ∈ L2, which implies also ΨL′ [ΨL1(p)] = ∅ or

[{ℓ} ‡ L2 \ {ℓ}] if ℓ ∈ L′, where L′ = L1 ∩ L2. Thus |p|T ↑
1
= |p|t1 for every p ∈ P ↓K(T ↑

1 ) and

||P ↓K(T ↑
1 )|| = ||P ↓K(t1)||.

Since the leaves in M̄0 are regrafted onto T1 to form any tree t1 ∈ ΛL
K(T1, T

↑
1 ), then all

external edges to leaves in K+ = K ∪ M̄0 are zero-length in t⊥K
1 .

This implies that for any s = [G1 ‡ G2] in S(t1) such that |G1∩M̄0|, |G2∩M̄0| ≥ 0 it must

be true that |G1 ∩ L′|, |G2 ∩ L′| ≥ 2. Since K+ ⊂ L \ L′, then s is still part of the internal

edges of t⊥K
1 and |G1 ∩ [L \ K+]|, |G1 ∩ [L \ K+]| ≥ 2 as well, so s maps to an internal edge

when pruning K+ from t⊥K
1 .

Any other s′ ∈ S(t⊥K
1 ) is of the form

[
G ′1 ‡ G ′2 ⊔ M̄0

]
, with |G ′1 \ K|, | [G ′2 \ K] ∪ M̄0| ≥ 2.

By the definition of M̄0, G ′2 \ K ≥ 2 as well, so s′ also maps to an internal edge under the

TDR map ΨL\K+ .

This proves K ∪ M̄0 is mutually prunable from t⊥K
1 . By Lemma 4.18, M̄0 is mutually

prunable from ψ(t⊥K
1 ,K).

For the last part, consider an edge s in S(T1) \ P ↓K(T1); i.e. s = [L′
1 ∪ K′

1 ‡ L′
2 ∪ K′

2],

with |L′
1|, |L′

2| ≥ 2. By the definition of independent maximal sets, Ki ⊆ K′
1 or Ki ⊆ K′

2

for every i = 1, . . . , r. For these, define M̄′
j =

⋃
i|Ki⊆K′

j
M̄i forj = 1, 2, and define s′ =[

L′
1 ∪ M̄′

1 ‡ L′
2 ∪ M̄′

2

]
. Note s ∈ S(T1) if and only if s′ ∈ S

(
ψ(t⊥K

1 ,K ∪ M̄0)
)
. Moreover,

for any edge in s↑ ∈ S(t1), ΨL1(s
↑) = s if and only if ΨL\K+(s↑) = s′, which implies

|s|T1 = |s′|ψ(t⊥K
1 ,K∪M̄0). Since any other internal edge p of t1 is such that ΨL1(p) ∈ P ↓K(T1),

128



and these are identical between t1 and T ↑
1 , then ψ(T ↑⊥K

1 ,K ∪ M̄0) = ψ(t⊥K
1 ,K ∪ M̄0).

Proof of Theorem 4.33. By Theorem 4.26, d2BHV(t1, t2) ≥ ||P ↓K(t1)||2+d2BHV(ψ(t
⊥K
1 ,K), T2).

Since ψ(t⊥K
1 ,K) ∈ ΛL2(T ↓

1 ), then Theorem 4.26 applies again to show d2BHV(ψ(t
⊥K
1 ,K), T2) ≥

||P ↓M̄0(T2)||2 + d2BHV(T
↓
1 , T

↓
2 ). By Lemma 4.32:

d2BHV(t1, t2) ≥ ||P ↓K(t1)||2 + ||P ↓M̄0(T2)||2 + d2BHV(T
↓
1 , T

↓
2 )

By Theorem 4.26, there is a tree t∗1 ∈ ΛL2(T ↓
1 ) achieving the lower bound

d2BHV(t
∗
1, T2) = ||P ↓M̄0(T2)||2 + d2BHV(T

↓
1 , T

↓
2 ).

It is possible to find T ∗
1 ∈ ΛL(T1) such that ||P ↓K(T ↑

1 )|| = ||P ↓K(T ∗
1 )|| and t∗1 = ψ(T ∗⊥K

1 ,K),

by regrafting onto T1 the leaves in every M̄1, . . . ,M̄r in the same positions as in T ↑
1 , and then

regrafting M̄0 at the positions indicated by t∗1. The proof concludes by applying Theorem

4.26 to find the tree T ∗
2 ∈ ΛL(T2) achieving the lower boundary

d2BHV(T
∗
1 , T

∗
2 ) = ||P ↓K(T ∗

1 )||2 + d2BHV(t
∗
1, T2).

Proof of Theorem 4.34. Given trees t1 ∈ ΛL′∪K∪MU

K∗ (T1, T
↑
1 ) and t2 ∈ ΛL′∪M∪KU

M∗ (T2, T
↑
2 ),

theorem 4.29 indicates that the shortest path from t1 to t2 through pruning KD∗ and later

regraftingMD∗ is of length√[
dBHV(t1, t⊥KD∗

1 ) + dBHV(t2, t⊥MD∗
2 )

]2
+ d2BHV(t

′
1, t

′
2)

=

√[
||P ↓KD∗(T ↑

1 )||+ ||P ↓MD∗(T ↑
2 )||
]2

+ d2BHV(t
′
1, t

′
2)

where t′1 = ψ(t⊥KD∗
1 ,KD∗) and t′2 = ψ(t⊥MD∗

2 ,MD∗). By Lemmna 4.32, M̄U
0 is prunable

from t′1 and T ↓
1 = ψ(t′1,M̄U

0 ), and K̄U0 is mutually prunable from t′2 and T ↓
2 = ψ(t′2, K̄U0 ), so

t′1 ∈ ΛLU∪KU∪MU
(T ↓

1 ) and t′2 ∈ ΛLU∪KU∪MU
(T ↓

2 ). Moreover, the edges in M̄U
0 are regrafted
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onto T ↓
1 to form t′1 in edges that are not in P ↓K̄U

0 (T ↓
1 ), since these are part of the image of edges

in P ↓K(t1). Thus, Theorem 4.33 applies and there exists optimal trees t∗1 ∈ ΛLU∪KU∪MU
(T ↓

1 )

and t∗2 ∈ ΛLU∪KU∪MU
(T ↓

2 ) such that dBHV(t
′
1, t

′
2) ≥ dBHV(t

∗
1, t

∗
2), since their distance reaches

the lower bound

d2BHV(t
∗
1, t

∗
2) = d2BHV(t

′
1, t

′⊥K̄U
0

1 ) + d2BHV(T
↓
2 , T

↓⊥M̄U
0

2 ) + d2BHV(T
↓↓
1 , T ↓↓

2 ).

Note that in the previous expression d2BHV(t
′
1, t

′⊥K̄U
0

1 ) can be replaced by d2BHV(T
↓
1 , T

↓⊥K̄U
0

1 ).

By regrafting the edges in P ↓KD∗
(t1) onto t∗1 and P ↓MD∗

(t2) onto t∗2, we can find optimal

trees T ∗
1 ∈ ΛL′∪K∪MU

0 (T1, T
↑
1 ) and T ∗

2 ∈ ΛL′∪M∪KU

0 (T2, T
↑
2 ) such that the path between them

achieves the lower bound√[
||P ↓KD(T ↑

1 )||+ ||P ↓MD(T ↑
2 )||
]2

+ ||P ↓K̄U
0 (T ↓

1 )||2 + ||P ↓M̄U
0 (T ↓

2 )||2 + d2BHV(T
↓↓
1 , T ↓↓

2 ).

Proof of Corollary 4.35. Fix two trees T ↑
1 = ΛL′∪K∪MU

(T1) and T ↑
2 = ΛL′∪M∪KU

(T2) and

build the partitions of K∗, M∗, MU and KU as in Theorem 4.34. Per the theorem, the

shortest path between trees t1 ∈ ΛL′∪K∪MU

K∗ (T1, T
↑
1 ) to any tree t2 ∈ ΛL′∪M∪KU

M∗ (T2, T
↑
2 ) as

described in the corollary is√[
||P ↓KD∗(T ↑

1 )||+ ||P ↓MD∗(T ↑
2 )||
]2

+ ||P ↓K̄U
0 (T ↓

1 )||2 + ||P ↓M̄U
0 (T ↓

2 )||2 + d2BHV(T
↓↓
1 , T ↓↓

2 ),

where T ↓
1 = ψ(T ↑⊥KD∗

1 ,KD∗ ∪ M̄U
0 ), T

↓
2 = ψ(T ↑⊥MD∗

2 ,MD∗ ∪ K̄U0 ), T
↓↓
1 = ψ(T

↓⊥K̄U
0

1 , K̄U0 ) and

T ↓↓
2 = ψ(T

↓⊥M̄U
0

2 ,M̄U
0 ).

On the other hand, consider new fixed trees T ↑↑
1 = ΛL′∪K∪M(T1) and T ↑↑

2 = ΛL′∪M∪K(T2),

build by regrafting MU and KU as in T ↑
1 and T ↑

2 respectively, and then regrafting all MD

and KD in edges that do not belong to independent maximal sets. Thus, for these two trees

the new partitions are KU2 = K, KD2 = ∅, MU
2 = M, MD

2 = ∅, and KD∗
2 = MD∗

2 = LD;
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K̄U0,2 = K̄U0 ∪KD and M̄U
0,2 = M̄U

0 ∪MD, while M̄U
i,2 = M̄U

i for all i = 1, . . . , r1 and K̄Ui,2 = K̄Ui

for all i = 1, . . . , r2. Per Theorem 4.34 again, the shortest path is of length√[
||P ↓LD(T ↑↑

1 )||+ ||P ↓LD(T ↑↑
2 )||

]2
+ ||P ↓K̄U

0,2(T ↓
1,2)||2 + ||P ↓M̄U

0,2(T ↓
2,2)||2 + d2BHV(T

↓↓
1,2, T

↓↓
2,2),

where T ↓
1,2 = ψ(T ↑↑⊥LD

1 ,LD∪M̄U
0,2), T

↓
2,2 = ψ(T ↑↑⊥LD

2 ,LD∪K̄U0,2), T
↓↓
1,2 = ψ(T

↓⊥K̄U
0,2

1,2 , K̄U0,2) and

T ↓↓
2,2 = ψ(T

↓⊥M̄U
0,2

2,2 ,M̄U
0,2).

But it turns out that T ↓↓
1 = T ↓↓

1,2, T
↓↓
2 = T ↓↓

2,2 and[
||P ↓KD∗

(T ↑
1 )||+ ||P ↓MD∗

(T ↑
2 )||
]2

+ ||P ↓K̄U
0 (T ↓

1 )||2 + ||P ↓M̄U
0 (T ↓

2 )||2 ≥

≥
[
||P ↓LD

(T ↑↑
1 )||+ ||P ↓LD

(T ↑↑
2 )||

]2
+ ||P ↓K̄U

0,2(T ↓
1,2)||2 + ||P ↓M̄U

0,2(T ↓
2,2)||2
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