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Understanding the vibrational structure of molecules that exhibit large-amplitude motion

remains a central challenge in theoretical spectroscopy. In such systems, the vibrational wave

function is often highly delocalized, the harmonic approximation breaks down, and strong

coupling among vibrational coordinates complicates both the calculation and the interpre-

tation of the results. These challenges are especially pronounced in fluxional molecular ions

such as C2H
+
5 and CH+

5 , where anharmonicity, isotopic substitution, and hydrogen scram-

bling strongly influence the observed spectra. This dissertation uses diffusion Monte Carlo

(DMC) to address these challenges, while also extending the methodology so that it can

provide broader access to excited-state properties and spectroscopic observables.

To begin, the theoretical foundations of diffusion Monte Carlo and several of its extensions

are reviewed, including guided DMC, fixed-node approaches for excited states, rigid-body

formulations, and treatments involving multiple potential energy surfaces. Particular atten-

tion is given to the theory and its connection to the algorithm.

The first application focuses on the ethyl cation, H+(C2H4), and its deuterated analogues.

DMC calculations show that the ground-state wave function is localized near the nonclassical

bridged structure where the proton is equidistant from the two carbon atoms, although the

motion of the bridging proton remains large in amplitude. Fixed-node DMC calculations of



excited states are used to examine effects of isotopic substitution on the proton-transfer and

CH stretching vibrations, clarifying how deuteration changes both the vibrational frequencies

and the extent of delocalization associated with the bridging proton.

The second part of this work develops approaches for evaluating infrared intensities within

the guided DMC framework. Trial-wave-function and descendant-weighting approaches are

developed for calculating transition dipole matrix elements and are applied to model systems,

water, H3O
−
2 , and H5O

+
2 . These calculations show that trial-wave-function approaches pro-

vide useful lower-cost approximations while keeping the accuracy of the descendant-weighting

approach and help reveal how vibrational couplings are reflected in transition intensities.

The third part presents a guided DMC formulation in internal coordinates for ground

and excited vibrational states. This approach extends DMC to coordinate representations

that more directly reflect the underlying nuclear motion and is designed for cases in which

the coordinate dependence of the effective masses can be treated locally. Applications to

water show good agreement with Cartesian-coordinate DMC and converged variational cal-

culations, while also demonstrating that the method can be applied to excited states whose

nodal surfaces are not determined by symmetry.

The final application addresses the CH stretching spectra of CH+
5 and CH4D

+, sys-

tems whose flat potential energy surfaces and highly delocalized ground-state wave functions

have made their spectra difficult to interpret. Structures sampled from the DMC ground-

state probability density are used together with reduced spectral models to describe the CH

stretching region. These calculations reproduce the main features of the reported spectra

and suggest that isomerization of CH+
5 is more restricted in helium droplets than in the gas

phase.

Taken together, the results presented in this dissertation demonstrate that diffusion

Monte Carlo can serve not only as a tool for evaluating vibrational energies and wave func-

tions, but also as a flexible framework for probing excited states, transition intensities, and



the spectroscopic consequences of fluxional motion. By combining methodological develop-

ment with applications to challenging molecular ions, this work expands the scope of DMC

for vibrational spectroscopy and provides new insight into how anharmonicity, delocalization,

and isotopic substitution shape molecular structure and spectra.
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the response of other coordinates to the displacement of the bridged proton. 42

iv



3.11 Projections of the excited state probability amplitude onto (top) the x and z
coordinates, and (bottom) the x and y coordinates of each of the hydrogen
atoms in H+(C2H4), D

+(C2H4), H
+(C2D4), and D+(C2D4) for each vibrational

mode defined in Figure 3.6 after the walkers have been rotated into an Eckart
frame1 defined in Figure 3.1, and the black circles provide the positions of the
carbon atoms in the equilibrium structure. . . . . . . . . . . . . . . . . . . . 46

4.1 Comparison of the values of EL (panel a) and D (panel b) in Eqs. 4.3 and 4.4
to the corresponding limiting values, Dlim and E lim

L , defined in Eqs. 4.10 and
4.11, for a one-dimensional harmonic oscillator that describes the displacement
of an OH bond with a frequency of 3700 cm−1. For these plots, ϕT

1 is defined
according to Eq. 4.23 with β = 0.98. The dashed blue lines provide the values
for D and EL, while the solid orange curves provide the corresponding limiting
values. Evaluation of Elim

L requires a choice of Eref , and we have used the
energy of the first excited state of this system, E1 = 5550 cm−1, which is
indicated by the dashed red line. . . . . . . . . . . . . . . . . . . . . . . . . 55

4.2 The OH vibrational motions explored in this study. The oxygen atoms are
labeled as A and B, while the hydrogen atoms are identified with numbers.
These labels are used in defining the coordinates. The motions are identified
as shared proton (sp) or outer OH stretches (OH) with AS and SS denoting the
antisymmetric stretch, symmetric stretch of two OH bonds in a single water
molecule, respectively. OOP indicates that the combination of the stretching
vibrations in two units are out-of-phase. . . . . . . . . . . . . . . . . . . . . 65

4.3 Projections of the probability amplitude for the ground state (a and c) and
for the state with one quantum of excitation in the shared proton stretch (b
and d). In panels a and b, the probability amplitude is projected onto the
shared proton displacement, qsp and the distance between the oxygen atoms,
ROO. In panels c and d, the the probability amplitude is projected onto the
displacement of the wagging motion of the water molecule on the left in the
inset at the top, where the wagging vibration is defined as the angle between
the OO axis and a vector that is perpendicular to the plane of the water
molecule, shifted by 90◦ so in the structure shown above the figure, αA = 0. 70

v



4.4 Panels a and b, Projections of the product of the ground and excited state wave
functions onto the shared proton motion, qsp, and the out-of-phase OH stretch
coordinate, qOH−OOP = (rA − rB)/

√
2, where this product is approximated by

(a) Ψ0ϕ
T
1 and (b) ϕT

0Ψ1. (c) The x-component of the dipole moment and
(d) µx(qsp, qOH−OOP) − µx(qsp, qOH−OOP = 0). The vertical red dashed lines
in panels a and b show the maximum extent of the product of the ground
and excited state wave functions along qsp. The orange dots in panels a and
c are at the maximum and minimum values of these distributions, while the
arrows show the direction of the shifts of these positions for ϕT

0Ψ1 compared to
Ψ0ϕ

T
1 . Likewise, the light blue dots in panels b and d show the maximum and

minimum values of the distributions while the arrows indicate the direction
they would shift for Ψ0Ψ1 compared to ϕT

0Ψ1. . . . . . . . . . . . . . . . . . 77

4.5 Comparison of the projections of products of the ground and first excited state
wave functions in the asymmetric stretch, plotted as functions of qHOH−wag =
αA + αB − π and qOH−AS for H5O

+
2 . Panel a provides results for the product

of Ψ0ϕ
T
1 and panels b shows results using ϕT

0Ψ1. Red dashed lines indicate
the extent of these distributions. For these plots, αA is defined as the angle
between r⃗1A × r⃗2A and the OO bond, while αB is the angle between r⃗1B × r⃗2B
and the OO bond. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.6 Projections of the a) ground state and b) state with one quantum of excita-
tion in the OH-OOP stretch probability amplitudes onto qOH−OOP = (rA −
rB)/

√
2 and the out-of-phase combination of the two OOH bending vibrations,

qOOH−OOP = (θA − θB)/
√
2 for H3O

−
2 . . . . . . . . . . . . . . . . . . . . . . 79

5.1 Energies obtained from guided (blue dashed lines) and unguided (red solid
lines) DMC simulations for the ground state (a) and first excited state in the
asymmetric OH stretch (b) in water plotted as a function of 1/Nw, where
Nw represents the number of walkers in the ensemble at τ = 0. The energy
obtained from a guided simulation with Nw = 10 000 is shown with the gray
dotted line. The data used to make these plots are provided in Table 5.2. For
all of the calculations, the values of G−1 used in the Metropolis step in Eq.

(5.19) were evaluated at the center of the displacement, using
(
G(m)

)−1
, as

described in the text. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

vi



5.2 Plot of Eref as a function of the position of the node, θnode, for the excited
state of water with one quantum in the HOH bend. The data plotted in
orange represents calculations where all of the walkers in the ensemble have
θ < θnode, while the data in blue provides the results for a distribution when
θ > θnode. Solid lines provide the raw data from the simulations, while the
dashed lines give the results of a linear fit to that data. The black circle
shows the point where the two dashed lines intersect, and represents the node
position and corresponding energy of the state. The fit for the orange data
is Eref/(cm

−1) = −149.109 θnode + 21830.6, and the fit for the blue data is
Eref/(cm

−1) = 135.118 θnode − 7891.49 . . . . . . . . . . . . . . . . . . . . . . 99

6.1 Structures of the three low-energy stationary points on the potential surface
for CH+

5 . The colored highlight circles are included to illustrate the how
the individual hydrogen atoms are displaced through the two isomerization
processes. The relative energies of the structures are based on the potential
surface of Jin and Bowman.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

6.2 Comparison between the calculated and experimental spectra for CH+
5 . (A)

Calculated low-resolution spectrum, with individual contributions from each
CH bond shown in different colors, where the colors match the colors of the
hydrogen atoms in the inset. The black curve is the total spectrum. (B) Low-
resolution experimental spectrum from Asvani et al.5,6 (C) Convolution of
the harmonic spectra obtained at the three stationary points shown in Figure
6.1, which was reported previously.7 . . . . . . . . . . . . . . . . . . . . . . . 112

6.3 Comparison between calculated CH+
5 spectra (turquoise) and experimental

measurements (gray).8 (A) Calculated high-resolution spectrum obtained
when all CH bonds are treated as distinct. (B) Calculated high-resolution
spectrum when the CH bonds involving the hydrogen atoms in the hydrogen
and methyl groups are made to be equivalent. (C) Calculated high-resolution
spectrum when all five CH bonds are made to be equivalent. The calculated
peak positions and intensities are reported in Tables 6.1 to 6.3. . . . . . . . . 114

6.4 Comparison of the calculated low-resolution spectra of CH+
5 obtained using

several DMC approaches. (A) Standard DMC, in which all vibrational degrees
of freedom are sampled. (B) Rigid-body DMC, in which all CH bond lengths
are fixed at the vibrationally averaged CH bond length. (C) Rigid-body DMC
similar to that in panel B, but with the rotational displacements determined
from CH bond lengths obtained using the relationship between the CH bond
length and the standard deviation of the HH bond lengths.9 (D) The same
approach as in panel C, except that the geometry-dependent CH bond lengths
are also used in the potential energy evaluation. . . . . . . . . . . . . . . . 120

vii



6.5 Comparison between calculated CH4D
+ spectra and experimental measure-

ments. (A) Calculated spectrum obtained by convoluting the spectra for the
individual structures. The contributions from the CH bonds are shown in
the color highlighting the corresponding hydrogen atom. The asterisk (*)
and the gray contribution correspond to the CD stretching vibration. (B)
Low-resolution experimental spectrum from Asvani et al.5,6 (C) Calculated
spectrum obtained by averaging the elements of the Hamiltonian and transi-
tion moment matrices. (D) High-resolution experimental spectrum from Singh
et al.8 The calculated peak positions and intensities shown in panels C and
D are reported in in Tables 6.4 to 6.5. . . . . . . . . . . . . . . . . . . . . . . 122

viii



LIST OF TABLES

Table Number Page

3.1 Ground-State Rotational Constants.a,b . . . . . . . . . . . . . . . . . . . . . 35

3.2 Equilibrium Rotational Constants . . . . . . . . . . . . . . . . . . . . . . . . 35

3.3 The Location of the Nodal Surface (in Å)a . . . . . . . . . . . . . . . . . . . 38
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Chapter 1

INTRODUCTION

1.1 Fluxional Molecular Ions and Challenges in Vibrational Description

Molecular vibrations provide an important connection between molecular structure, ener-

getics, and spectroscopy. Because vibrational frequencies and intensities are sensitive to

bonding, geometry, and intermolecular interactions, vibrational spectroscopy has become

one of the most widely used tools for characterizing chemical systems. From a theoreti-

cal perspective, calculations of vibrational energies and wave functions make it possible to

interpret observed spectra and to understand how nuclear motion reflects the underlying

potential energy surface. For many small and relatively rigid molecules, this description can

be developed in terms of small displacements about a single equilibrium geometry, and the

harmonic approximation provides a useful starting point for understanding the vibrational

structure.

This simple picture becomes less effective for systems in which the nuclear motion is

strongly anharmonic or extends over multiple regions of configuration space. In such cases,

the vibrational wave function can no longer be viewed as localized near a single minimum,

and the motion may instead involve large-amplitude rearrangements that connect several

energetically accessible structures. The resulting vibrational dynamics are often shaped

by strong coupling among coordinates, and the interpretation of the corresponding spectra

becomes considerably more difficult. These challenges are especially pronounced in molecular

ions and clusters that exhibit fluxional behavior, where the nuclei undergo rearrangements

that continuously interconvert among closely related configurations.

Such behavior is exemplified by small carbocations, including the methanium ion, CH+
5 ,

and the ethyl cation, C2H
+
5 . Despite their small size, these systems exhibit highly flux-
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ional behavior in which hydrogen atoms undergo rearrangements among energetically similar

structures. In the case of CH+
5 ,

10–12 the absence of a well-defined equilibrium geometry and

the presence of low barriers to hydrogen scrambling lead to a highly delocalized vibrational

wave function where each hydrogen can be anywhere around the carbon atom. Similarly,

for C2H
+
5 ,

2,3, 13 the motion of the bridging proton has a large amplitude, and vibrational

excitation can drive the ion toward structures with more classical character of CH+
3 -CH2.

These characteristics present significant challenges for both theoretical and experimental

studies. From a theoretical perspective, the breakdown of the harmonic approximation and

the strong coupling between degrees of freedom require methods that can accurately describe

the full-dimensional vibrational problem. At the same time, the choice of coordinate system

becomes non-trivial, as different representations may emphasize or obscure the underlying

motion. From an experimental standpoint, the interpretation of spectroscopic measurements

is complicated by the absence of well-defined vibrational modes and by the broad, often

overlapping spectral features that arise from the underlying anharmonic dynamics.

In addition to their intrinsic theoretical interest, these fluxional molecular ions are also of

potential relevance in astrochemical contexts. For example, CH+
5 has long attracted attention

because of its possible astrochemical significance, and the interpretation of its spectrum

remains an open challenge.14–16

Taken together, these considerations highlight the need for computational approaches

that can describe highly anharmonic, strongly coupled vibrational motion and provide access

to both energies and spectroscopic observables. The development and application of such

methods are therefore essential for advancing our understanding of fluxional molecular ions

and related systems.

1.2 Computational Methods and Diffusion Monte Carlo

The accurate description of vibrational structure for systems that exhibit strong anhar-

monicity and undergo large-amplitude motion presents a significant challenge for theoretical

methods. A variety of approaches have been developed to address vibrational problems, in-
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cluding vibrational perturbation theory (VPT),17,18 vibrational self-consistent field (VSCF)

methods,19 vibrational configuration interaction (VCI),20 and discrete variable representation

(DVR) techniques.21 These methods can provide highly accurate results for small systems

when the vibrational motion can be described in terms of a well-defined set of coordinates

and when the coupling between modes is not too strong. However, their application becomes

increasingly difficult as the dimensionality of the system increases or when the vibrational

motion involves multiple coupled degrees of freedom.

In particular, for fluxional ions such as CH+
5 and C2H

+
5 , the absence of a single well-

defined equilibrium geometry and the presence of large-amplitude motion complicate the

construction of an appropriate coordinate system or basis. Methods that rely on expansions

about a reference structure or on separable representations of the vibrational wave function

may require a large number of basis functions to achieve convergence, making such calcula-

tions computationally demanding. In addition, the accurate treatment of highly anharmonic

motion and the evaluation of spectroscopic observables, such as transition intensities, further

increase the complexity of these approaches.

Diffusion Monte Carlo (DMC)22–24 provides an alternative framework for solving the

vibrational Schrödinger equation that avoids many of these limitations. In DMC, the ground-

state wave function is obtained through a stochastic propagation of replicas of the molecules

of interest in imaginary time, allowing the method to naturally incorporate anharmonicity

and mode coupling without the need for an explicit basis set. As a result, DMC is well-suited

for studying high-dimensional systems and for describing delocalized nuclear motion.

1.3 Extensions and Developments in Diffusion Monte Carlo for Vibrational
Problems

While diffusion Monte Carlo provides a powerful framework for obtaining ground-state vi-

brational energies and wave functions, additional developments are required in order to make

the method broadly applicable to the study of vibrational structure and spectroscopy. In

particular, access to excited states, the evaluation of molecular properties, and the choice
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of coordinate representation all play important roles in determining the usefulness of the

method for complex molecular systems.

One of the main limitations of DMC is that it is inherently a ground-state method.

Several approaches have been developed to extend DMC to the study of excited states,

including fixed-node implementations in which the nodal surface of the wave function is

imposed as a constraint.25,26 In these approaches, the accuracy of the resulting excited-state

energies depends on the quality of the nodal surface, which is often not known a priori. As

a result, the construction and validation of appropriate nodal constraints remain important

considerations when applying DMC to excited-state problems.

In addition to the calculation of energies, there is a need to evaluate molecular properties

that depend explicitly on the vibrational wave function. Techniques such as descendant

weighting provide a means of extracting expectation values from DMC simulations and can be

used to evaluate quantities such as probability distributions and spectroscopic observables.24

However, the accuracy of these quantities depends sensitively on the quality of the sampled

wave function and on the efficiency with which the relevant regions of configuration space

are explored.

Another important aspect of DMC simulations is the choice of coordinate representation.

In full-dimensional DMC, the choice of coordinates is generally less critical than in basis

set approaches, since the method does not rely on an explicit basis expansion of the wave

function. However, the coordinate representation becomes important when one wishes to

perform reduced-dimensional calculations or to describe the nuclear motion in a way that

more directly reflects the relevant dynamics.27–29 In such cases, internal coordinates can

provide a more physically meaningful description of the motion and offer greater flexibility in

the construction of reduced-dimensional Hamiltonians. The development of DMC approaches

that operate directly in internal coordinates therefore represents an important step toward

extending the method to these types of applications.

The work presented in this thesis addresses several of these challenges. In particu-

lar, methods for evaluating infrared intensities within the DMC framework are developed,
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providing access to spectroscopic observables beyond vibrational energies. In addition, an

internal-coordinate formulation of DMC is introduced to extend the method to calculations

in reduced dimensionality and to provide a representation that more directly reflects the un-

derlying motion. These developments are combined with applications to fluxional molecular

ions, including C2H
+
5 and CH+

5 , where the interplay between anharmonicity, delocalization,

and spectroscopic observables is of central importance.

1.4 Scope and Organization of This Thesis

This thesis focuses on both the development of methods within the diffusion Monte Carlo

framework and their application to the study of fluxional molecular ions. The methodolog-

ical developments are aimed at extending the capabilities of DMC to access spectroscopic

observables and to provide more efficient descriptions of nuclear motion in systems that ex-

hibit strong anharmonicity and large-amplitude dynamics. These developments are applied

to molecular systems for which such features play a central role, allowing for a detailed

investigation of their vibrational structure.

The organization of this thesis is as follows. Chapter 2 provides an overview of the

theoretical foundation of diffusion Monte Carlo and summarizes relevant developments from

prior work. Chapter 3 presents an application of DMC to the study of the vibrational

structure of C2H
+
5 , with an emphasis on the effects of deuteration. Chapter 4 introduces

a methodology for evaluating infrared intensities within the DMC framework, enabling the

calculation of spectroscopic observables beyond vibrational energies. Chapter 5 describes the

development of an internal-coordinate formulation of DMC, which is designed to improve

the treatment of systems with complex nuclear motion. Finally, Chapter 6 applies these

approaches to the study of CH+
5 , providing further insight into the vibrational dynamics and

spectroscopic properties of this fluxional molecular ion.
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Chapter 2

THEORY AND ALGORITHM OF DIFFUSION MONTE
CARLO

This chapter focuses on the diffusion Monte Carlo (DMC) algorithm and its connection

to the underlying theory prior to the work of this thesis. While a detailed summary of

the theory is provided, aspects such as the choice of parameters, and the advantages and

disadvantages of each algorithm are not discussed here. The reader is instead referred to

our group’s other publications. Most of the algorithms presented here are implemented in

PyVibDMC,30 an open-source Python package developed by our group.

2.1 Unguided DMC

The diffusion Monte Carlo approach22–24,31–33 is based on the solution to the time-dependent

Schrödinger equation

iℏ
dΨ

dt
= ĤΨ (2.1)

Propagating the solution into the imaginary time by substituting the time variable t with

τ = it/ℏ, we obtain the working equation

dΨ

dτ
= −ĤΨ = −(T̂ + V̂ )Ψ (2.2)

where Ĥ is the Hamiltonian operator, T̂ is the kinetic energy operator, and V̂ is the potential

energy operator.

The general solution to Eq. (2.2) is

|Ψ(τ)⟩ =
∑
n

cn(τ = 0)e−Enτ |φn⟩ (2.3)
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where En and |φn⟩ are the energy and corresponding eigenstates of the Hamiltonian. Shifting

the energies by Eref , our simulation parameter,

eEref |Ψ(τ)⟩ =
∑
n

cn(τ = 0)e−(En−Eref)τ |φn⟩ (2.4)

By propagating the wave function in the limit τ → ∞, we observe that the term e−(En−Eref)τ

is dominated by the state with the lowest energy, i.e., the ground state. That is,

lim
τ→∞

|Ψ(τ)⟩ ∝ c0(τ = 0)e−(E0−Eref)τ |φ0⟩ (2.5)

We note that if e(Eref−E0)τ = 1 then Eref = E0 and the amplitude of the wave function

remains constant. Therefore, we use the requirement that the wave-function amplitude re-

main constant to determine Eref , which converges to the ground-state energy. This motivates

propagating the wave function in imaginary time, as propagating the simulation in imaginary

time leads to the ground-state solution.

Representing Eq. (2.2) as a propagator with the shifted energy, we obtain

|Ψ(τ)⟩ = e−(T̂+V̂−Eref)Ψ(0) (2.6)

Splitting the propagation into a series of short time steps, ∆τ , and approximating the prop-

agator by separating the kinetic and potential energy operators, we obtain

|Ψ(τ +∆τ)⟩ ≈ e−(V̂−Eref)∆τe−T̂∆τ |Ψ(τ)⟩ (2.7)

We then represent the wave function as an ensemble of localized functions,

Ψ(x, τ) =
∑
k

Wk(τ)g(x− xk) (2.8)

where xk represents the Cartesian coordinates of the molecular structure in 3N dimensions,
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where N is the number of atoms. The function g(x− xk) is a localized function centered at

xk, called a walker, and Wk represents the weight of the kth walker.

To derive the kinetic-energy propagation step, the localized function is represented as a

Gaussian with infinitesimal width, giving

e−T̂∆τg(xk) =

(
N∏
j=1

mj

2πℏ2∆τ

) 3
2

exp

(
−

N∑
j=1

mj∥x⃗j − x⃗j,k∥2

2ℏ2∆τ

)
(2.9)

where j indexes the summation over all atoms. This results in a 3N -dimensional Gaussian

function with a width of σj,k =
√

ℏ2∆τ/mj,k in each dimension. To maintain the localized

form of the walkers, we sample from this Gaussian distribution to update xk.

The propagation of the potential energy operator results in

e−(V̂−Eref)∆τg(xk) = e−(V (xk)−Eref)∆τg(xk) = Ck · g(xk) (2.10)

The result is a scalar multiplier to the weights of the walker, defined here as Ck. There are

two ways to incorporate this scalar factor: discrete weighting and continuous weighting.

1. Discrete Weighting: This method assumes that all walkers have equal weights, i.e.,

Wk = 1. The scalar multiplier Ck is then used to determine the number of walkers at

that position. Specifically, the integer part, ⌊Ck⌋, gives the number of walkers placed

at xk, and the fractional part, Ck − ⌊Ck⌋, determines the probability of an additional

walker at the same position. The advantage of this method is that having equal weights

leads to efficient sampling. However, the ensemble size fluctuates.

2. Continuous Weighting: In this method, each walker carries a different weight, and the

scalar multiplier is applied directly to the weights,

Wk(τ +∆τ) = CkWk(τ). (2.11)
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However, using this method directly can lead to a situation where most of the total

weight is carried by only a few walkers. To address this, we impose an allowed range of

weights. If a walker’s weight falls outside this range, the walker with the highest weight

is duplicated at the same position and both the original walker and the new walker

have a weight that is half of its original weight. The walker with the lowest weight

is then removed. This procedure is repeated until all walkers fall within the allowed

range. While this approach may introduce some numerical instability and require

careful consideration of the allowed range of the weights, it keeps the ensemble size

constant, which is advantageous for parallelized implementation of the DMC algorithm.

Lastly, at the beginning of the simulation and at the end of each time step, we update

Eref ,
31

Eref(τ) = V (τ)− α

∑
kWk(τ)−

∑
kWk(0)∑

kWk(0)
(2.12)

where V is the average potential energy over the walker coordinates,
∑

kWk(τ) is the total

weight at time τ , and α is a simulation parameter. We find α = 0.5/∆τ to be an effective

choice.34,35 At the beginning of the simulation, the second term is zero, and Eref is simply

the average potential energy. The second term ensures that the total weight of the walkers,

which represents the amplitude of the wave function, remains approximately constant.

We can obtain several quantities from the DMC simulation. The first is the zero-point

energy (ZPE). As discussed above, Eref converges to the ground-state energy when the am-

plitude of the wave function remains constant. Therefore, the ZPE can be obtained by

time-averaging Eref after the ensemble of walkers has equilibrated. We can also obtain the

probability amplitude, Ψ2, as well as expectation values of multiplicative operators, ⟨Ψ|Ô|Ψ⟩.

To do this, we collect snapshots of the wave function by recording the positions and weights

of all walkers. However, since the ensemble of walkers represents Ψ, we require an addi-

tional representation of the wave function to obtain Ψ2. This is done through descendant

weighting, which utilizes the fact that the value of the wave function at a walker’s geometry

is proportional to the sum of the weights of its descendant walkers after propagation for a
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specified time. The details of this approach is shown towards the end of the next section.

In summary, the algorithm for simulating DMC can be shown as a pseudo-code below:

1. Calculate E_ref in the beginning of the simulation

2. FOR delta_tau from 1 to end

2.1 Move the walkers (Eq 2.9)

2.2 Update the weights of the walkers (Eq 2.10,2.11)

2.3 Add/Remove walkers according to either discrete or continuous weighting

2.4 Update E_ref (Eq 2.12)

2.5 Collect data when applicable

2.2 Guided DMC

In guided DMC,36,37 the collection of walkers represents the product of the wave function,

Ψ, and a guiding function, ϕ (sometimes called a trial wave function),

f(x) = Ψ(x, τ) · ϕ(x) =
∑
k

Wk(τ)g(x− xk) (2.13)

where the trial wave function is a good approximation to the wave function often obtained

from the reduced-dimensional calculation. The guiding functions help guide the walkers into

the relevant region and reduces the amount of walkers needed for accurate simulations.

Substituting Ψ = f/ϕ into the imaginary-time Schrödinger equation (Eq. (2.2)), we

obtain
df

dτ
=

N∑
j=1

[
ℏ2

2mj

∇⃗2
j − ∇⃗j · D⃗j(x)

]
f(x)− (EL(x)− Eref)f(x) (2.14)

where

EL(x) =
Ĥϕ(x)

ϕ(x)
(2.15)

is the local energy, and

D⃗j(x) =
ℏ2

mj

1

ϕ(x)
∇⃗jϕ(x) (2.16)
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provides the drift term for the jth atom.

Representing Eq. (2.14) in propagator form, splitting the propagation into a series of

time steps with length, ∆τ , and separating the multiplicative and differential operators, we

obtain

f(τ +∆τ) = e−(EL−Eref)∆τe
−

∑N
j=1

[
ℏ2

2mj
∇⃗2

j−∇⃗j ·D⃗j(x)

]
∆τ
f(τ) (2.17)

If the walker is represented by a Gaussian function with infinitesimal width, the first part

of the propagator gives

e
−

∑N
j=1

[
ℏ2

2mj
∇⃗2

j−∇⃗j ·D⃗j(x)

]
∆τ

g(xk) =

(
N∏
j=1

mj

2πℏ2∆τ

) 3
2

exp

(
−

N∑
j=1

mj∥x⃗j − x⃗j,k − D⃗j(xk)∆τ∥2

2ℏ2∆τ

)
(2.18)

This gives a similar 3N -dimensional Gaussian function to the unguided DMC, but the

center of the Gaussian is shifted by the drift term. Since the drift term depends on the

coordinates, the value of the drift term at the beginning and the end of the move is not nec-

essarily the same. This poses a problem because the simulation does not satisfy microscopic

reversibility, which should hold in the small-time-step limit.

To solve this problem, we define

x′
k = xk +Dk(xk) + δk (2.19)

where δk is the displacement randomly chosen from the Gaussian distribution, xk is the

starting geometry, and x′
k is the geometry after displacement. With this, we can calculate

δ′k from

xk = x′ +Dk(x
′
k) + δ′k (2.20)

which is the displacement required to move from x′ to x. From these definitions, we can find
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the relative probability of the reverse move to the forward move:

Pk =
P(x′

k → xk)

P(xk → x′
k)

=
ϕ2(x′

k)

ϕ2(xk)

N∏
j=1

exp

[
−
(∥∥∥δ⃗′j,k∥∥∥2 − ∥∥∥δ⃗j,k∥∥∥2) /2σ2

j

]
(2.21)

We see that the probability has two components: the ratio of the amplitudes from the

guiding function, and the ratio of the probabilities arising from the Gaussian propagation.

We then use this probability to determine whether to accept or reject the move. If the move

is rejected, the walker remains at the same position, xk. Note that Pk can be greater than

1, in which case the move is accepted.24,36

The other part of the propagator is

e−(EL(xk)−Eref)∆τg(xk) = Ck · g(xk) (2.22)

This is similar to the potential-energy propagation step of the unguided DMC, where the

propagator is a scalar. The only difference is that the potential is replaced by the local

energy. We can use the same techniques as described in unguided DMC here.

Lastly, Eref is updated in the same way as in unguided DMC, and it still represents the

zero-point energy of the system. To obtain the probability amplitude, note that in guided

DMC the walkers sample the product, f(x) = Ψ(x)ϕ(x). Therefore, to recover Ψ2, we need

a quantity proportional to Ψ/ϕ. This can be obtained through descendant weighting.23,24

To see this, we consider the distribution at τ = 0 localized at a point x′,

fx′(x, 0) = Ψ(x, 0)ϕ(x) = g(x− x′) (2.23)

We expand Ψ(x, 0) in the eigenstates of the Hamiltonian,

g(x− x′) = ϕ(x)
∑
n

cnφn(x) (2.24)
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Multiplying both sides by φn(x)/ϕ(x) and integrating over x gives

cn =
φn(x

′)

ϕ(x′)
(2.25)

Propagating to long imaginary time, only the ground-state contribution remains,

fx′(x, τ) = c0 ϕ(x)φ0(x)e
−(E0−Eref)τ (2.26)

At large τ , since Ψ = φ0, we substitute and integrate over x to obtain

P (x′) =

∫
fx′(x) dx =

(
Ψ(x′)

ϕ(x′)

)
e−(E0−Eref)τ ⟨ϕ|Ψ⟩ (2.27)

Rearranging this expression, we obtain

Ψ(x′)

ϕ(x′)
∝ P (x′) (2.28)

Therefore, the descendant population associated with a walker is proportional to Ψ/ϕ.

In practice, this is evaluated by tracking the descendants of each walker over a projection

time τDW, leading to

P (xj) ∝
wj(τ + τDW)

wj(τ)
(2.29)

where wj is the weight associated with walker j. This provides an estimator for Ψ/ϕ, and

thus allows the reconstruction of Ψ2.

We note that if the trial wavefunction, ϕ is a constant. The algorithm would be exactly

the same as unguided DMC as described in the previous section. We also see that from the

derivation of descendant weighting, for the unguided DMC case, the descendant weighting

provides an estimator for Ψ which is needed to calculate Ψ2 in unguided DMC case.

In summary, the algorithm for guided DMC can be shown as a pseudo-code below:

1. Calculate E_ref in the beginning of the simulation
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2. FOR delta_tau from 1 to end

2.1 Calculate the drift term and local energy (Eq. 2.15, 2.16)

2.2 Diffuse the walkers with the drift term (Eq. 2.18)

2.3 Calculate the acceptance probability, P_k (Eq. 2.21)

2.4 Accept or reject the move

2.5 Update the weights of the walkers using the local energy (Eq. 2.22)

2.6 Add/Remove walkers according to either discrete or continuous weighting

2.7 Update E_ref (Eq. 2.12)

2.8 Collect data when applicable

2.3 Rigid-body DMC

In rigid-body DMC,26,38 one or more of the distances between atoms and a chosen reference

point are constrained so that they remain fixed throughout the simulation. This modifies the

kinetic energy operator in the Hamiltonian because the constrained atoms no longer undergo

translation in Cartesian coordinates. Instead, their motion is described as rotation around

the reference point.

The propagation of the wave function follows the same imaginary-time Schrödinger equa-

tion and short-time approximation as in Section 2.2 (Eq. (2.2) and Eq. (2.7)). As in unguided

DMC, the propagation of the potential energy operator, the update of the walker weights,

and the evaluation of Eref remain unchanged. The only modification arises from the ki-

netic energy propagator, where the Cartesian diffusion described in Eq. 2.9 is replaced by

rotational diffusion that preserves the constrained distances.

For a constrained atom j in walker k, its position relative to the reference point is denoted

as rj,k, and the constraint is

∥rj,k∥ = constant (2.30)

Thus, diffusion in Cartesian space is replaced by rotational motion that preserves rj,k. The

kinetic energy operator for this constrained motion can be interpreted in terms of rotational
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degrees of freedom, with an associated moment of inertia

Ij,k = mj∥rj,k∥2 (2.31)

The short-time propagator for the kinetic energy is then represented by sampling small

rotational displacements. For each constrained atom, three angular displacements are sam-

pled,

θj,k =


θx,j,k

θy,j,k

θz,j,k

 (2.32)

where each component is sampled from a Gaussian distribution with width

σθ,j,k =

√
∆τ

Ij,k
(2.33)

These angular displacements define a rotation matrix. In this work, the rotation is

constructed as successive rotations about the Cartesian axes,

Rj,k = Rz(θz,j,k)Ry(θy,j,k)Rx(θx,j,k) (2.34)

The updated coordinate of the atom is then

r′j,k = Rj,krj,k (2.35)

Since Rj,k is an orthogonal matrix, this transformation preserves the constraint,

∥r′j,k∥ = ∥rj,k∥ (2.36)

so the distance between the atom and the reference point remains fixed after the move.

This procedure replaces the Cartesian diffusion step in Eq. 2.9 for all constrained atoms.
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For unconstrained atoms, the standard Cartesian diffusion is still applied.

In summary, the algorithm for rigid-body DMC is

1. Calculate E_ref in the beginning of the simulation

2. FOR delta_tau from 1 to end

2.1 For each constrained atom, compute I (Eq. 2.31)

2.2 Sample rotational displacements (Eq. 2.32, 2.33)

2.3 Construct rotation matrix (Eq. 2.34)

2.4 Rotate constrained atoms (Eq. 2.35)

2.5 Diffuse unconstrained atoms (Eq. 2.9)

2.6 Evaluate the potential energy

2.7 Update the weights of the walkers (Eq. 2.10, 2.11)

2.8 Add/Remove walkers according to either discrete or continuous weighting

2.9 Update E_ref (Eq. 2.12)

2.10 Collect data when applicable

2.4 DMC with multiple potential energy surfaces

Sometimes, the electronic states of the molecules are close to each other that it would be

beneficial to include potential energy surfaces for multiple electronic states. For that, we

can have DMC is performed on multiple potential energy surfaces,39,40 and the potential is

represented as

V̂ =
∑
a,b

|ea⟩Vab ⟨eb| (2.37)

With this formulation, we can also represent the wave function for multiple states as

|Ψ⟩ =
∑
k

g(x− xk)


W

(1)
k |ψ(1)

k ⟩

W
(2)
k |ψ(2)

k ⟩
...

W
(n)
k |ψ(n)

k ⟩

 (2.38)
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where |ψ(n)
k ⟩ =

∑
a c

(n)
k,a |ea⟩, and |ea⟩ is a diabatic state corresponding to each potential.

With this new potential and wave function, we propagate the system in imaginary time

using the same procedure as in standard DMC (Eq. (2.7)). The propagation of the kinetic

energy is unchanged, as it updates the walker positions (xk) according to Eq. (2.9). The

next step is the propagation of the potential, which affects the wave function in two ways:

the coefficients c
(n)
k,a and the weightsW

(n)
k . The change in the coefficients arises from applying

the potential operator to each state in the wave function,

|ψ(n)
k (τ +∆τ)⟩ = e−V̂∆τ |ψ(n)

k (τ)⟩ (2.39)

This can be done exactly by first determining the eigenstates of V̂ , and then converting

the wavefunction into the basis constructed from eigenstates of V̂ . Next, we can apply the

operator e−V̂∆τ in this basis which is equivalent to applying e−λn∆τ to each of the eigen-

state with λn being the corresponding eigenvalue. Lastly, we convert the wave function back

to the {|ea⟩} basis. However, in previous studies, due to computational limitation, an ap-

proximation is used instead. From Eq. (2.39), we can substitute |ψ(n)
k ⟩ =

∑
a c

(n)
k,a |ea⟩ and

approximating the matrix exponential to the first order (since ∆τ is small),

∑
a

c
(n)
k,a(τ +∆τ) |ea⟩ ≈

(
1−∆τ

∑
b,c

|eb⟩Vbc(xk) ⟨ec|

)∑
d

c
(n)
k,d(τ) |ed⟩ (2.40)

which leads to

c
(n)
k,a(τ +∆τ) = c

(n)
k,a(τ)−∆τ

∑
b

Vab(xk)c
(n)
k,b (τ) (2.41)

Before considering the contribution of the potential energy propagator to the weights,

we need to ensure that the multiple states in the wave function remain orthonormal. This

is done using the modified Gram-Schmidt method, where the projection of the lower-energy
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states is subtracted from the higher-energy states,

c
(n),UN
k (τ +∆τ) = c

(n)
k (τ)−

∑
m<n

⟨c(n)k (τ), c
(m)
k (τ)⟩ c(m)

k (τ) (2.42)

This makes the wave functions orthogonal to each other, but they are not normalized, as

indicated by the superscript UN. Therefore, we renormalize the wave functions,

c
(n)
k (τ +∆τ) = c

(n),UN
k (τ +∆τ)/∥c(n),UN

k (τ +∆τ)∥ (2.43)

Next, we consider the contribution of the potential energy operator to the weights. This

is done through the difference between the expectation value of the potential energy and

Eref , similar to standard DMC. The expectation value of the potential is evaluated as

V
(n)
k (τ) = ⟨ψ(n)

k |V̂ |ψ(n)
k ⟩ =

∑
a,b

c
(n)
k,ac

(n)
k,bVab(xk) (2.44)

This V
(n)
k is then used to update the weights in the same way as in unguided DMC,

W
(n)
k (τ +∆τ) = e−(V

(n)
k −E

(n)
ref )∆τ ·W (n)

k (τ) (2.45)

Now, we must address the issue that a small number of walkers may carry most of the total

weight, similar to the unguided case. This can be resolved using the continuous weighting

scheme. However, we now need to consider multiple weights corresponding to different states,

since all states share the same walker positions. We find that in order to make sure that the

walker is not removed if it is significant in at least one of the states, the maximum value of

the weights across the states is used to determine whether or not the walker got removed,

i.e. we determine whether maxnW
(n)
k is in the allowed range or not.

Lastly, Eref is updated in the same way as in Eq. (2.12). The only difference is that we

now have a separate Eref for each state of the wave function.

In summary, the algorithm for DMC with multiple potential energy surfaces can be shown
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as a pseudo-code below:

1. Calculate E_ref for each state in the beginning of the simulation

2. FOR delta_tau from 1 to end

2.1 Diffuse the walker positions (Eq. 2.9)

2.2 Evaluate V[jk] at the new walker position

2.3 Update the coefficients c[k,a,n] (Eq. 2.41)

2.4 Orthogonalize the wave functions (Eq. 2.42)

2.5 Normalize the wave functions (Eq. 2.43)

2.6 Evaluate the expectation value of the potential, V_bar (Eq. 2.44)

2.7 Update the weights of the walkers for each state (Eq. 2.45)

2.8 Add/Remove walkers according to continuous weighting using max W_k

2.9 Update E_ref for each state (Eq. 2.11)

2.10 Collect data when applicable

2.5 Fixed-node DMC

One of the main drawbacks of the DMC is that it is a ground-state method meaning that

we can only obtain ground-state information. However, in order to analyze the vibration of

molecules, especially for spectroscopy, it is useful to also obtain excited-state information.

One of the ways to obtain excited-states for DMC is to use the fixed-node approach. The

idea of fixed-node DMC25,26,41 is based on the assumption that if the location of the node

is known, we can consider the wave function on each side of the node separately. Since

Schrödinger’s equation is locally satisfied, the ground-state wave functions on each side of

the node combine to form the excited-state wave function of the full potential. With this,

we can construct a simulation in which the walkers are constrained to remain on one side of

the node by raising the potential on the other side of the node, so that all the walkers will

be removed if they are in this region.

The main consideration then becomes where to place the node. First, we need to identify
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the coordinate, or set of coordinates, that defines the nodal surface. In many cases, this co-

ordinate can be constructed as a linear combination of local-mode coordinates. For example,

the asymmetric stretch of water can be described using the difference between the two OH

bond lengths. For some modes in the first excited state, we can use symmetry-defined nodes.

However, if symmetry cannot be used, we utilize the fact that the zero-point energy on both

sides of the node must be the same. This means that the location of the node can be found

by trial and error. Alternatively, we can scan the coordinate with a slowly moving node

location, under the assumption that the Hamiltonian is slightly perturbed, and the walkers

still represent the ground-state solution at each time step. (adiabatic DMC). With this, we

can plot the zero-point energy as the node moves, with walkers restricted to either the left

or right side, and then use a simple polynomial fit to find the crossing point and the location

of the node.

Figure 2.1: Examples of two adiabatic DMC scans to determine the location of the node.
The first two plots show the constraint of putting a high potential energy surface on one side
of the node and constraint all the walkers on the other side of the node with the direction of
movement the position of the node. The third plot shows that plot of the Eref of these two
calculations against the location of the node with the fit and expected node position.

The main complication arises from the discrete time step. If a walker is sufficiently close

to the node, then within a single time step it may cross into the forbidden region and return,

as illustrated in Figure 2.2. In the path outlined by the solid line from A to B, the walker

crosses into the forbidden region and then recrosses back within a single time step. Such a
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walker should be removed from the simulation because its path enters the forbidden region

even when the starting and ending points are in the allowed region. The goal is to determine

the probability of such recrossing events.31

Figure 2.2: Example of a walker path that crosses into the forbidden region and then recrosses
within a single time step. Here, O denotes the nodal surface.

First, we calculate the overall probability of the move from A at position x′ to B at

position x′′. This is obtained from the Gaussian distribution derived in Eq. 2.9,

P(A → B) = N exp

(
−(x′ − x′′)2

2σ2

)
(2.46)

where N is a normalization factor, and σ is the width of the Gaussian distribution. We then

note that if the path recrosses into the forbidden region, we can construct a reflected path

from the point of crossing to the end point. Since this path is a reflection, it is equally likely

as the original path. For any path that recrosses, we can construct this reflected path with

the same probability, and the end point of the reflected path will be point C
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(located at −x′′). The probability for this path is

P(A → C) = N exp

(
−(x′ + x′′)2

2σ2

)
(2.47)

Therefore, the probability of recrossing is

Pr =
P(A → C)

P(A → B)
= exp

(
−2x′x′′

σ2

)
(2.48)

where σ =
√
ℏ2∆τG and G is the element of Wilson’s G-matrix, which represents the inverse

mass in the coordinate of interest.

In summary, the algorithm for fixed-node DMC can be shown as a pseudo-code below:

1. IF node cannot be determined from symmetry

1.1 Run two adiabatic DMC simulations where walkers are kept on either side of the

node, and the node is scanned over a range of values

1.2 Plot E_ref from both simulations as a function of node position

1.3 Fit the curves (usually with a low-order polynomial), find the

intersection, and use it as the node in that coordinate

2. Initialize the walkers on one side of the node

3. Calculate E_ref in the beginning of the simulation

4. FOR delta_tau from 1 to end

4.1 Diffuse the walkers (Eq. 2.9)

4.2 Determine whether a walker crosses the node; if so, remove the walker

4.3 Apply the recrossing correction (Eq. 2.48)

4.4 Update the weights of the walkers (Eq. 2.10)

4.5 Add/Remove walkers according to either discrete or continuous weighting

4.6 Update E_ref (Eq. 2.11)

4.7 Collect data when applicable
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Chapter 3

ISOTOPE EFFECTS ON GROUND AND EXCITED STATES
OF ETHYL CATION, H+(C2H4)

Reproduced in part with permission from [Pattarapon Moonkaen, Jacob M. Finney, and

Anne B. McCoy. Isotope Effects on Ground and Excited States of Ethyl Cation, H+(C2H4).

J. Phys. Chem. A 2023 , 127 (5), 1196-1205]. Copyright [2023] American Chemical Society.

3.1 Introduction

Carbocations have been of considerable interest due to their high acidity, importance as inter-

mediates in solution phase chemistry, and in chemistry in extreme environments.42 More fun-

damentally, carbocations present a class of molecular ions that exhibit non-classical bonding

arrangements, for example, two-centered three-electron bonds.43 Such bonding environments

often result in low barriers for hydrogen scrambling. This can lead to complicated tunnel-

ing pathways, which can make the interpretation of the spectra of these ions challenging.

An extreme example of such a situation is protonated methane, in which the equilibrium

structure resembles a Lewis acid/base complex between CH+
3 and H2

43 which will be ex-

plored later in this thesis. The low-energy barriers separating the 120 equivalent minima on

the potential surface for this ion result in a ground-state wave function that is delocalized

among these minima and the transition states that separate the minima.10–12 The high ef-

fective symmetry of CH5
+ has made the spectrum of this deceptively simple ion difficult to

assign.44,45 Introducing a second or third carbon atom yields similarly complicated spectra.

In the case of protonated acetylene, H+(C2H2), the classical HC-CH+
2 and proton bridged,

non-classical structures both represent minima on the potential.43,46 As with CH+
5 proton

scrambling in H+(C2H2) is accessible at low temperatures.47 The minimum-energy structure
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of the ethyl cation in the gas phase is also the non-classical structure, while the classical

H2C-CH
+
3 structure is a transition state, which is expected to be at least 7 kcal mol−1 higher

in energy than the non-classical structure,13,48 and calculated to be 9.5 kcal mol−1 based on

the potential used in this study. This contrasts the solution-phase equilibrium structure in

which the structure of H+(C2H4) is best described by the classical H2C-CH
+
3 form. Recent

AIMD studies have shown that proton scrambling is also possible for the ethyl cation;49

however, this process is not likely to affect the low-temperature spectrum.

Figure 3.1: (Left) The equilibrium structure and (Right) the classical structures of the ethyl
cation. The Cartesian coordinates used in this study are provided in the upper left.

About fifteen years ago, the Dopfer and Duncan groups2,13 reported spectra of the ethyl

cation in a complex with two argon atoms. Analysis of the spectra confirmed that the ion

has the non-classical structure shown in Figure 3.1. The spectra, which together span the

range from 2000 to 3500 cm−1, are characterized by three high-intensity features, which were

assigned to one quantum transitions based on scaled harmonic calculations performed at

the MP2/aug-cc-PCVDZ level of theory/basis. The spectrum also contains several weaker

features between 2500 and 3000 cm−1, which were recently assigned to transitions to states

with two quanta of excitation in the HCH bends and to the state with one quantum of

excitation in the two vibrations of the bridging proton in the CH+C plane. These assignments

were made on the basis of a combination of second order vibrational perturbation theory

(VPT2) based on MP2/aug-cc-pVTZ calculations, and reduced dimensional calculations.3

All of these spectral assignments and calculations relied on the premise that the ground
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state of the ethyl cation is localized in a single minimum on the potential surface. This is

supported by our recently reported ground-state diffusion Monte Carlo study of this ion,

which employed a potential surface that was based on electronic energies evaluated at the

CCSD(T)/aug-cc-pVTZ level of theory/basis.50 On the basis of that work, the ground-state

wave function is localized in the minimum that corresponds to the non-classical structure

shown in Figure 3.1 and there is no evidence of proton scrambling in the ground state. On

the other hand, the amplitude of the motion of the bridging proton parallel to the CC bond

is large, and extends over nearly the entire region between the two carbon atoms.

In the present study, we explore the nature of vibrationally excited states that are accessed

in the reported spectra.2,13 We also investigate how partial deuteration affects the structures,

spectra and the extent of delocalization of the wave function upon vibrational excitation.

We concentrate on four isotopologues of the ethyl cation, H+(C2H4), D
+(C2D4), H

+(C2D4),

and D+(C2H4). Of particular interest is the extent to which vibrational excitation to states

that are accessed in the spectra drives the ion toward the classical H2C-CH
+
3 structure. This

is a question that can be addressed by fixed-node diffusion Monte Carlo calculations.

In previous studies, we found that partial deuteration can alter the extent of delocalization

of the ground-state wave function, as was the case for CH+
5 .

11 In the protonated water dimer,

where the excess proton is at the midpoint between the two oxygen atoms of the terminal

water molecules, deuterating the central proton leads to a > 100 cm−1 red shift of the HOH

bend frequency of the outer water molecules.51–53 These questions will be explored using

diffusion Monte Carlo approaches for calculating both the ground- and excited- state wave

functions and energies.

3.2 Theory

3.2.1 Overview of Diffusion Monte Carlo

The diffusion Monte Carlo (DMC) approach and our implementation have been described

in chapter 2 and also elsewhere,22–24,31,54 and in this study we use the PyVibDMC30,54
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implementation of DMC that was recently developed in our group. Below, we summarize

the aspects that are important to the present study. The reader is referred to the earlier

works for more detailed descriptions of the approach.

Diffusion Monte Carlo is based on using Monte Carlo approaches to model the propa-

gation of an arbitrary wave function, |Ψ(τ)⟩, in imaginary time, τ = it/ℏ, and noting that

the long-time solution to the imaginary-time, time-dependent Schrödinger equation is pro-

portional to the ground-state solution to the Hamiltonian for the system of interest. This

arises from the fact that |Ψ(τ)⟩ can be expanded as a linear superposition of eigenstates of

the Hamiltonian of the system of interest, |ψn⟩, as

|Ψ(τ)⟩ =
∑
n

cn(τ = 0)e−(En−Eref(τ))τ |ψn⟩ (3.1)

Since the contributions of each of the states in the summation decay with time as exp [− (En−

Eref(τ)) τ ], at large τ the state with the smallest energy will dominate the expansion in

Eq. (3.1). In the simulations, the value of Eref is adjusted so that the amplitude of the wave

function remains constant, and in the long τ limit, Eref converges to E0.

In this work, we employ unguided DMC. In this approach, the wave function is represented

by a sum of localized functions,

Ψ (x, τ) =
∑
i

wi(τ)gi (x− xi(τ)) (3.2)

which are represented by gi (x− xi(τ)). These localized functions will be referred to as

walkers in the following discussion. As seen in Eq. (3.2), the walkers are each characterized

by the configuration of the molecule, xi(τ), and its weight, wi(τ). The weighted density of

walkers near a particular molecular geometry provides the amplitude of the wave function

at that geometry. While the weights can evolve along with the coordinates of the walkers,

here we constrain all of the weights to equal one.

In order to simulate the propagation of the wave function, the walkers diffuse in the Carte-
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sian coordinates of the atoms according to the imaginary-time, time-dependent Schrödinger

equation,

Ψ(x, τ +∆τ) = exp[−(H − Eref(τ))∆τ ]Ψ(x, τ)

≈ exp[−(V (xi(τ +∆τ))− Eref(τ))∆τ ] exp[−T∆τ ]Ψ(x, τ) (3.3)

Here, the application of the propagator in the kinetic energy operator to one of the walkers

transforms it to a Gaussian distribution function in the 3N -dimensional space that describes

the Cartesian coordinates of theN atoms in the molecule of interest. The standard derivation

of this distribution along the coordinates of the jth atom is given by ℏ
√

∆τ/mj, where mj is

the mass of the jth atom. To maintain the form of the wave function provided by Eq. (3.2),

the coordinates of the atoms are displaced by a random amount based on the 3N -dimensional

Gaussian distribution. Likewise, application of the propagator in the potential energy leads

the weight of the ith walker to become

wi(τ +∆τ) = exp[−(V (xi(τ +∆τ))− Eref(τ))∆τ ]wi(τ) (3.4)

In order to retain the form for the wave function that is provided by Eq. (3.2) where all of

the weights are equal to one, the value of wi(τ + ∆τ) is used to determine the number of

walkers at xi(τ) at the start of the next iteration of the propagation. Specifically, the integer

part of wi(τ +∆τ) provides the number of walkers at this geometry, while the fractional part

provides the probability that one additional walker is added at that configuration.31,54

Finally, at the start of each time step in the simulation, the value of Eref is updated based

on

Eref(τ) = V (τ)− α
N(τ)−N(0)

N(0)
(3.5)

where V is the average of the potential energy over the coordinates of the walkers, N(τ) is
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the number of walkers that make up the ensemble at time τ , and α is a simulation parameter.

We find α = 0.5/∆τ to be an effective choice for this parameter.34,35 The second term in

Eq. (3.5) ensures that the number of the walkers remains roughly constant throughout the

simulation. As noted above, at large τ , Eref converges to the zero-point energy. This allows

us to evaluate the zero-point energy by taking the time-averaged value of Eref .

While the zero-point energy can be a useful quantity, of greater interest is the wave

function, as it will determine properties of the molecule of interest. In this work, we focus on

projections of the probability amplitude onto one or two coordinates, which require a way

to obtain Ψ2 from a wave function of the form provided by Eq. (3.2). Expressed in this way,

the ensemble of walkers provides a Monte Carlo sampling based on the wave function and

the evaluation of integrals involving Ψ2 requires a way to evaluate the values of the wave

function at the values of xi where the walkers are located.35,54 Following Barnett, Reynolds

and Lester,24 and Suhm and Watts,23 this is achieved using descendant weighting, in which

we exploit the fact that the value of the wave function at the geometry of one of the walkers is

proportional to the number of walkers that can be traced to that walker after the simulation

has been propagated for a specified amount of time.54

3.2.2 Calculation of Excited States Using Fixed-Node DMC

In addition to the ground state, we are also interested in evaluating the energies and wave

functions of selected excited states. The excited states of interest in the present study involve

one or two quanta of excitation. The normal mode picture of molecular vibrations leads us

to expect that the nodal surfaces that describe these excited states can be defined by the

value of a coordinate, or the linear combination of coordinates, along which the molecule is

being excited.25,55,56 This approximation for the nodal surface is expected to be rigorous in

the limit of low-amplitude vibrations. In studies of several molecules and molecular clusters

including H5O2
+,57 H3O2

– ,58 H5
+59 and complexes of two neon atoms with SH or OH,56

all of which contain large amplitude vibrational motions, we showed that the fixed-node

approach provides excited-state energies that are in good agreement with the results of
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variational calculations. For these studies, the definitions of the nodal surfaces were based

on the symmetry of the molecule. In some cases, the shape of the nodal surface was further

informed by reduced-dimensional variational calculations.59,60 As all of the systems where we

calibrated the fixed-node approach show comparable or larger amplitude vibrational motions

compared to H+(C2H4), we expect the approach will be similarly effective for the present

study.

Once the forms of the nodal surfaces have been determined, the next step is to identify

the value of this coordinate at which the wave function changes sign. When the vibration

that is excited is not totally symmetric, as is the case for the displacement of the excess

proton in H+(C2H4) parallel to the CC bond, the value of the coordinate at the node is zero

by symmetry. In cases where the position of the node cannot be determined by symmetry,

we use the requirement that the zero-point energies evaluated in the nodal regions where

the wave function has positive and negative amplitude must be equal.55 In these cases, the

location of the node can be found by trial-and-error, but this is inefficient. Alternatively, the

location of the node can be identified by slowly shifting the position of the node throughout

the simulation and fitting the value of the zero-point energy as a function of the nodal

position to a low-order polynomial. Once this is done for the parts of the wave function with

positive and negative amplitude, the location of the node is found by identifying the value of

the scanned coordinate at which the energies obtained from the two simulations are equal.

We refer to this approach as adiabatic DMC or ADMC, and more complete descriptions of

this approach and our implementation can be found elsewhere.26,32,54

Once the position of the node is known, DMC simulation are performed that focus on

the configurations of the molecule in which the amplitude of the wave function is either

positive or negative. Within this region, the part of the excited-state wave function that is

being considered resembles a ground state, where the wave function goes to zero at the node

with finite slope. Following Anderson,31 in DMC simulations of excited states the walkers

are confined to a single nodal region, and the potential outside this region is replaced by

an infinite potential. This process is repeated for all of the nodal regions for the state of
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interest. Since the Scrödinger equation is locally satisfied, the ground-state solution to the

Schrödinger equation that is based on the modified potential will provide the excited-state

solution had the full potential been considered. The above procedure would be sufficient

to evaluate excited states in the limit of infinitesimal time steps. When finite time steps

are used in numerical simulations, there is a probability that a walker that is on the same

side of the nodal surface at the start and end of a time step would have crossed the node

and crossed back had a smaller time step been used. This is easily accounted for using the

recrossing correction described by Anderson.31,54

3.3 Results

In this study, we ran five sets of DMC simulations for the ground, and five sets of DMC

simulations for each nodal region of five excited states of ethyl cation and its deuterated

analogues. To distinguish the four isotopologues, we use the X+(C2Y4) notation, where X

and Y can represent either H or D with X representing the isotope of the bridging proton

and Y representing the isotope of the four ethylenic hydrogen atoms. In the discussion that

follows, we will use the term hydrogen and proton to represent any isotope, and H or D when

we wish to specify the isotope that is being discussed.

At the end of the simulations, we obtain the value of Eref as a function of the propagation

time. A plot of this data for a ground-statte simulation of H+(C2H4) is provided in Figure 3.2.

As can be seen the value of Eref rises rapidly at short time, and by 1000 a.u. the simulation

has stabilized and the value of Eref fluctuates around what appears to be a nearly constant

value. After recent analysis of the behaviors of Eref in DMC simulations,35 we find that

allowing 5000 a.u. of equilibration time is sufficient, and all of the reported averaged values

of Eref are based on averages starting after 5000 a.u.. We also use descendant weighting,

described above, to obtain the probability amplitudes for the states that are studied.
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Figure 3.2: The value of Eref , plotted as a function of the simulation time, τ , for a calculation
of the ground state of H+(C2H4) (black solid line). The red dashed line provides the average
value of Eref based on this simulation.

3.3.1 Isotope Effects on the Ground State Properties

We start by considering the ground-state probability amplitudes for four isotopologues of

ethyl cation, focusing on how the amplitudes of the motions of the five hydrogen atoms are

affected by deuteration of either the ethylenic hydrogen atoms or the bridging proton. Figure

3.3 provides the results of this analysis. In these plots, the ground-state probability amplitude

is projected onto the Cartesian coordinates of each of the five hydrogen atoms. Unless stated

otherwise, the projections of the probability amplitude onto x, y and z Cartesian coordinates

are obtained by rotating the coordinates of each of the walkers into an Eckart frame1,61 that

is based on a reference structure in which the isotopologue of ethyl cation has been rotated

into a principle axis system. More specifically, in the reference structure, the carbon-carbon

bond lies parallel to the x-axis, while the bridging proton lies in the xz-plane as is shown for

H+(C2H4) at the left of Figure 3.1. Since the five hydrogen atoms are spatially separated, the

projections of the probability amplitude onto the x and y coordinates of the five hydrogen

atoms (lower panels of Figure 3.3) can be viewed in a single graph. Here, the probability

amplitude for the bridging proton lies between the two carbon atoms, the positions of which
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Figure 3.3: Projections of the ground-state probability amplitude onto (top) the x and z, and
(bottom) x and y coordinates of each of the five hydrogen atoms in H+(C2H4), D

+(C2H4),
H+(C2D4), and D+(C2D4), respectively. The coordinate system is defined in Figure 3.1, and
the black circles provide the positions of the carbon atoms in the equilibrium structure.

are shown with black circles with a white C. The probability amplitudes for the four ethylenic

hydrogen atoms are at the four corners of the plot. For the projections of the probability

amplitudes onto the x and z coordinates of each of the five hydrogen atoms, two pairs

of distributions that correspond to the projection of the probability amplitude onto the

coordinates of the ethylenic hydrogen atoms are identical, and only one member of each pair

is plotted. These are the distributions in the upper panels of Figure 3.3 that are centered at

z = 0 and x = ±1.3 Å.

We begin by considering H+(C2H4) and D+(C2D4). The most significant difference be-

tween these two sets of probability distributions is the decrease in the amplitude of the

motions of the hydrogen atoms upon deuteration, which is expected. On the other hand, if

we compare the distributions for the ethylenic hydrogen atoms for H+(C2H4) and D+(C2H4),

and for D+(C2D4) and H+(C2D4), we find that they are nearly indistinguishable. Compar-

ison of the probability distributions for the bridging proton shows larger differences upon

deuteration of the ethylenic hydrogen atoms. This is most easily seen in the projections of the

ground-state probability amplitude onto the x and y coordinates, where the y−component
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of the probability distribution for the bridging proton is wider when the ethylenic hydrogen

atoms are deuterated. Additionally, we note that the probability amplitude of the bridging

proton remains between the two carbon atoms when this ion is in its ground vibrational

state. This confirms the previous expectations that the ground state of the ethyl cation is

localized in the non-classical structure.

Figure 3.4: Projections of the ground-state probability amplitude, P , onto the (A) x, (B)
y and (C) z coordinates of the bridging proton in H+(C2H4) (solid blue line), D+(C2H4)
(solid red line), H+(C2D4) (dashed green line), and D+(C2D4) (orange dashed line) after the
coordinates of the walkers have been rotated into an Eckart frame.1 The coordinate system
is defined in Figure 3.1. (D) The projection of the ground-state probability amplitude onto
one of the ethylenic CH bond lengths.

To further explore the effect of deuteration onto the projections of the probability am-

plitudes onto the coordinates of the five hydrogen atoms, in Figure 3.4, we plot the one-

dimensional projections of the ground-state probability amplitudes for the four isotopologues

onto the three Cartesian coordinates of the bridging proton (panels A-C) and onto the CH
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Figure 3.5: Projections of the ground-state probability amplitude onto the (A) x, (B) y
and (C) z coordinates of the bridging proton, P , in H+(C2H4) (blue solid line), D+(C2H4)
(red solid line), H+(C2D4) (green dashed line), and D+(C2D4) (orange dashed line). The
coordinates are defined such that the origin is at the center of the C-C bond, with the
carbon atoms lying on the x axis. The z axis is defined by the biscector of the torsion angle
between the two CH2 groups, and y = z × x.

bond length of one of the ethylenic hydrogen atoms (panel D). The projections shown in

panels A, C and D can be grouped into two pairs of nearly identical distributions, where

the narrower distributions correspond to motions of a D deuterium atom and the broader

distributions correspond to motions of a H atom. Interestingly, when we consider the pro-

jections of the ground-state probability amplitudes onto the displacement of the bridging

proton perpendicular to the plane that contains CH+C, all four distributions are unique.

Here, the narrowest distribution corresponds to D+(C2H4), while the broadest one is for

H+(C2D4). Overall, the distributions when the bridging proton is hydrogen are broader

than when the bridging proton is deuterium, but the width also increases upon deuteration

of the ethylenic hydrogen atoms. This trend is surprising. Further analysis shows that the

larger differences among the distributions shown in Figure 3.4B is a consequence of the use

of an Eckart embedding to define these Cartesian coordinates. There are two heavy carbon

atoms in ethyl cation, which define the direction of the x axis; so, the Eckart rotation of

the axis system about the x−axis is biased toward moving the deuterium atoms closer to

their positions in the equilibrium geometry. This results in larger apparent displacements
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of the lighter H atoms in the ion. This has the effect of enhancing the amplitude of the

motion of the bridging proton in H+(C2D4) and diminishing the motion of the deuterium

atom in D+(C2H4). When we use a geometric embedding, in which the x−axis lies along the

CC bond axis, the bisector of the angle that defines the torsion of the terminal CH2 groups

provides the z−axis and y = z × x, the projections of the probability amplitude onto the

Cartesian components of the vector from the center of the CC bond to the bridging proton

follow the trends described above. Plots of the projections of the probability amplitude onto

these coordinates are provided in Figure 3.5.

Table 3.1: Ground-State Rotational Constants.a,b

System Bxx(cm
−1) Byy(cm

−1) Bzz(cm
−1)

H+(C2H4) 3.4058(14) 0.8672(1) 0.7768(1)
D+(C2H4) 2.7545(11) 0.8173(4) 0.7786(3)
H+(C2D4) 1.9742(5) 0.6549(1) 0.5336(1)
D+(C2D4) 1.7322(14) 0.6257(3) 0.5342(2)
a Evaluated based on an Eckart embedding.1,61

The calculated off-diagonal rotational constants are
smaller than 3× 10−4 cm−1, which is smaller than
their uncertainties.

b Reported values reflect the average over 5 simulations,
each of which has approximately 1 500 000 walkers.
Standard deviations are provided in parentheses.

Table 3.2: Equilibrium Rotational Constants

System Bxx(cm
−1) Byy(cm

−1) Bzz(cm
−1)

H+(C2H4) 3.5512 0.8916 0.7921
D+(C2H4) 2.8688 0.8173 0.7921
H+(C2D4) 2.0354 0.6694 0.5432
D+(C2D4) 1.7884 0.6403 0.5432

One set of experimental observables that depends on the ground-state probability am-

plitude is the vibrationally averaged rotational constants. The rotational constants can be
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evaluated by rotating each of the walkers in the ensemble based on the Eckart conditions,1,61

and evaluating the elements of the inverse of the moment of inertia tensor. One half the

ensemble averaged value of the elements of the vibrationally averaged inverse moment of

interia tensor gives the vibrationally averaged rotational constants.62 The results of this

analysis for the four isotopologues are provided in Table 3.1. As expected, the rotational

constants are consistent with a near prolate symmetric top molecule. They are all smaller

than the values of the rotational constants obtained from the equilibrium structures, which

are provided in Table 3.2. This decrease is largest for the Bxx values, reflecting the large

amplitude of the zero-point motion of the bridging proton. These rotatinal constants should

aid in the assignment of future rotationally resolved spectra of ethyl cation.

3.3.2 Excited States

Figure 3.6: Illustrations and definitions of the vibrational motions that correspond to the
excited states of H+(C2H4) explored in this studies.

We now turn our attention to vibrationally excited states, which are calculated using

the fixed-node approximation, described above. As noted in the Introduction, spectra have

been reported for the H+(C2H4) isotopologue of the ethyl cation,2,3, 13 and we begin our

discussion with the excited-state energies of this ion. We focus on excitations involving four

vibrations. These are illustrated in Figure 3.6. They include the proton transfer vibration,

which is defined as the difference between the distances between the bridging proton and
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Figure 3.7: Comparison of the previously reported spectrum of H+(C2H4)Ar2
2 (black trace)

and the energies obtained from the fixed-node DMC calculations (blue arrows). The spec-
trum is adapted with permission from Chem. Phys. Lett. 2009, 480, 17-20. Copyright 2009,
Elsevier.

the carbon atoms, (R1 − R2)/
√
2, the proton breathing vibration, which corresponds to

the displacement of the bridging proton perpendicular to the C-C bond axis, the out-of-

phase symmetric CH stretch, and the in-phase antisymmetric CH stretch. The definitions

of these coordinates are also provided in Figure 3.6. On the basis of harmonic and VPT2

calculations, the 1-0 transitions in the last three of these vibrations have been assigned to

the peaks at 2158, 3033 and 3113 cm−1 in the spectrum reported by Ricks et al.2,3 This

spectrum is reproduced in Figure 3.7. Additionally, the transition at 2840 cm−1 recently has

been assigned as a transition to the state with one quantum of excitation in the breathing

motion of the bridging proton as well as one quantum of excitation in the proton transfer

vibration.3 On the basis of these assignments, we focus on the states with one quantum of
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excitation in each of these four vibrations as well as the state with one quantum of excitation

in both the breathing and the proton transfer vibrations. For all but the breathing vibration,

the first excited states is characterized by the wave function changing sign when the value

of the coordinate associated with the excitation is zero.2D cut

(R1-R2)/ 2 (Å) 

(R
1+

R 2
)/

2
(Å

) 

𝑟!! ,∥ (Å) 

𝑟 !
!
,$

(Å
)

Figure 3.8: Plots of the probability amplitude obtained from two-dimensional calculations of
the state with one quantum of excitation in the breathing vibration. For these calculations,
all of the other coordinates were constrained to their positions in the minimum energy
geometry. The calculations were performed using the procedures described elsewhere.3 From
these plots, we note that there is greater curvature in the node when the calculation is
performed in the coordinates that describe the distance of the bridging proton from the
two carbon atoms, R1 and R2, compared to when this motion is described in terms of the
displacement along (∥) and perpendicular to (⊥) the CC bond axis.

Table 3.3: The Location of the Nodal Surface (in Å)a

System H+ breathing H+ transfer + breathing
H+(C2H4) 1.149 1.165
D+(C2H4) 1.140 1.153
H+(C2D4) 1.149 1.165
D+(C2D4) 1.140 1.153
a Measured as the distance of the bridging proton
from the CC bond axis.

The situation is more complicated for the breathing vibration. As noted above, we

employ the ADMC approach26,62 to identify the location of the node in this coordinate. The
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accuracy of the fixed-node approach relies on the nodal surface being well-described by a

plane in the (3N − 6)-dimensional coordinate space used to describe H+(C2H4). There are

several ways one could define the breathing vibration. By analogy to the proton transfer

vibration, one choice would be to use (R1+R2)/
√
2. Another focuses on the displacement of

the bridging proton from the CC bond. We preform two-dimensional calculations that focus

on the motion of the bridging proton in the symmetry plane that contains the CC bond,

where all of the other atoms are constrained to their values in the equilibrium geometry using

both of these sets of coordinates. The probability amplitude for the state with one quantum

in the breathing vibration are provided in Figure 3.8. As can be seen, when we define the

breathing coordinate as the displacement of the bridging proton from the CC bond, the node

shows much less curvature compared to when the node is defined by (R1+R2)/
√
2. For this

reason, we define the node for the breathing vibration in terms of the distance of the bridging

proton from the C-C bond, and the resulting positions of the nodes for these excited states

are reported in Table 3.3.

The results of the fixed-node calculations of the excited-state energies are indicated with

blue arrows in Figure 3.7 and in the third column of Table 3.5 (shown at the end of this

chapter). We also provide the VPT2 energies obtained at the MP2/aug-cc-pVTZ level of

theory/basis, which were reported recently.3 In general, the agreement between the fixed-

node DMC energies and the measured line positions is good, but there are notable differences.

There are two sources for these differences. The first is in the experiment. The recorded

spectrum is based on monitoring the loss of an argon atom from H+(C2H4) · Ar2, so the

spectrum that is reported is for H+(C2H4) ·Ar2 rather than H+(C2H4). Based on calculations

by us3 and by Ricks et al.,2 the argon atoms bind to the bridging proton, so they are expected

to have a larger impact on the frequency of vibrations involving the bridging proton than

on the outer hydrogen atoms. This is consistent with the 5 and 35 cm−1 differences between

the DMC and measured energies for the CH stretching vibrations compared to a 70 cm−1

difference for the proton breathing vibration. The second source of the differences between

measured and calculated energies comes from the treatment of the nodal surfaces as (3N−7)-
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dimensional hyperplanes, where the node is defined to exist at a single value of the coordinate

that corresponds to the vibration that is being excited. In addition to possible sensitivities

of the calculated energy to how this coordinate is defined,57 this description of the nodal

surface does not account for possible couplings between nearly degenerate vibrations. In this

way, the excited-state energies obtained from the DMC simulations should be considered to

be those of the deperturbed bright states, rather than that of the vibrational eigenstates.

On the basis of VPT2 calculations,3 of the states considered here, the state with one

quantum of excitation in the breathing vibration is found to shift by 60 cm−1 when couplings

to nearly degenerate levels are introduced. The states with one quantum of excitation in the

CH stretching vibrations show much smaller shifts. The value of the shift in the energy of

the breathing vibration is in line with the difference between the calculated and measured

excited-state energy for the first excited state in this vibration, although the shift is in the

opposite direction. Likewise, when we compare the differences between the calculated and

measured energies of states with one quantum of excitation in the CH stretching vibrations,

the differences are consistent with the 22 cm−1 and 63 cm−1 differences between the measured

and calculated OH stretch frequencies in H+(H2O)2
57 and H3O2

– ,63,64 respectively. Finally,

the energy of the state with one quantum of excitation in the breathing and proton transfer

vibrations is roughly the sum of the energies of the states with one quantum in both of these

vibrations. The energy of the state with one quantum of excitation in the proton transfer

vibration is surprisingly low and likely reflects the fact that the non-classical minimum energy

structure results from the interaction of the CH bond with the unfilled p-orbital on the CH2

group when one considers the classical +H3C-CH2 structure.
65 It would be interesting if this

very low-frequency transition could be measured.

We can also compare the DMC energies for H+(C2H4) to previously reported VPT2 re-

sults. In general, the agreement between the present results and the measured transitions is

better than that obtained from the VPT2 calculations. The differences likely reflect a combi-

nation of the higher level of electronic structure theory used to develop the potential used in

this study, and the improved treatment of anharmonicity. The latter is particularly impor-
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tant in describing the vibrations that involve the bridging proton. In addition to providing

better agreement with experiment, the DMC studies allow us to explore properties of the

ground- and excited-state wave functions through projections of the probability amplitude.

Finally, for the two excited states that involve the bridging proton, there are two possible

ways to define the node. For the breathing vibration we noted above that there is less

curvature in the probability amplitude obtained from a two-dimensional calculation when

the node is described by the displacement of the bridging proton from the CC bond. As

reported in Table 3.5, if we define the node using a value of (R1 + R2)/
√
2, the resulting

energy lowers by nearly 500 cm−1, and is in less good agreement with experiment. The

excited-state energy for the proton transfer mode is less sensitive to the coordinate used to

describe the position of the node, and the energies obtained from calculations performed

using (R1 − R2)/
√
2 and the displacement of the bridging proton parallel to the CC axis

differ by only 4 cm−1, which is smaller than the uncertainties of either of these calculations.

Figure 3.9: Projections of the excited-state probability amplitude onto (top) the x and z,
and (bottom) the x and y coordinates for each of the five hydrogen atoms in H+(C2H4). The
shaded contour plot shows probability amplitude obtained for the regions where the wave
function has positive amplitude, while the red contour lines show the probability amplitude
obtained for the regions where the wave function has negative amplitude. Illustrations and
definitions of the coordinates are provided in Figure 3.6, and the black circles provide the
positions of the carbon atoms in the equilibrium structure.

To further explore possible large couplings between these vibrations, which could lead to
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Figure 3.10: Projections of the excited-state probability amplitude for the state of H+(C2H4)
with excitation in the proton transfer and breathing vibrations (see Figure 3.6). In this plot,
the probability amplitude has been divided into the part for which rH+,⊥ > 1.165 Å, and the
part where rH+,⊥ < 1.165 Å to illustrate the response of other coordinates to the displacement
of the bridged proton.

more complex nodal structures, we consider the projections of the probability amplitude for

each of the five excited states considered in this study onto the coordinates of the hydrogen

atoms. In these calculations, the probability amplitude that is obtained from the nodal

regions where the wave function has positive and negative amplitude are evaluated separately.

In the plots in Figure 3.9, the probability amplitude obtained from the part of the wave

function with positive amplitude is represented by the color map, while the part for which

the wave function has negative amplitude is shown with the red contour lines. Since the state

with two quanta of excitation is composed of four regions, we further divide the probability

amplitude on the basis of the value of rH+,⊥ in Figure 3.10.

Overall, the largest differences between the two contour plots that represent the proba-

bility amplitude for one of the excited states are seen in the probability amplitudes for the

hydrogen atom that is involved in the motion along which the ion is being excited. For
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example when the proton transfer vibration is excited, the red contour that corresponds to

the projection of the probability amplitude onto the coordinates of the bridging proton is

localized at negative values of x, while the color map contour only has amplitude for x > 0.

Likewise, the color map contours for the bridging proton when the breathing vibration is

excited lie at larger values of z compared to the red contour lines. Similar trends are found

for the excited state where both the breathing and proton transfer vibrations are excited.

In contrast, for these excited states the projections of the probability amplitude onto the

coordinates of the bridging proton are relatively unaffected by excitation of the ethylenic

hydrogen atoms.

When we consider states in which the excitation involves the outer ethylenic hydrogen

atoms, there are shifts between the color map and red contours that represent the projections

of the probability amplitudes for each of the four hydrogen atoms onto the xy plane. The

directions of these shifts are consistent with the vibrational motions illustrated in Figure

3.6. In contrast to the bridging proton, the probability distributions represented by the

color map and red contours overlap. This is a reflection of the fact that the CH bonds do

not line parallel to the xy plane in the equilibrium geometry of ethyl cation.

The only excited state for which there are notable changes in the projection of the prob-

ability amplitude of the ethylenic hydrogen atoms when the excitation involves the bridging

proton is seen for the state in which the proton transfer vibration is excited. In the projection

of the probability amplitude for this state onto the xz plane, we see a slight shift between the

two contour plots that represent the projection of the probability amplitude onto the posi-

tions of the ethylenic hydrogen atoms. The shift is primarily in the z−direction, and reflects

a coupling between the proton transfer motion and the out-of-phase umbrella vibrations of

the outer CH2 groups. Such a coupling is not surprising. As the bridging proton is shifted

toward one of the carbon atoms, the system is being driven toward the classical +H3C-CH2

structure. While this coupling can be seen in the plots of the projected excited-state proba-

bility amplitude, it is small and not likely to have a significant influence on the excited-state

energies. Similar shifts are seen in the probability amplitude for the state with one quantum
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of exciation in both the proton transfer and breathing vibration of the bridging proton. This

is more easily seen when the distributions for the four nodal regions are plotted separately

(see Figure 3.10).

Table 3.4: Root-Mean-Squared Displacement in Å of the x Coordinate of the Bridging Proton
Defined in Figure 3.11.

State H+(C2H4) D+(C2H4) H+(C2D4) D+(C2D4)
Ground state 0.2202(9) 0.1846(10) 0.2166(3) 0.1814(5)
H+ transfer 0.3417(8) 0.2799(18) 0.3335(14) 0.2752(8)

H+ breathing (top)a 0.2545(13) 0.2192(10) 0.2505(7) 0.2154(11)
H+ breathing (bottom)a 0.1653(3) 0.1426(3) 0.1639(3) 0.1416(4)
OOP Sym CH stretch 0.2206(6) 0.1859(8) 0.2169(7) 0.1819(6)
IP Asym CH stretch 0.2206(9) 0.1855(12) 0.2175(7) 0.1823(7)

H+ transfer + breathing (top)a 0.3535(7) 0.3100(10) 0.3490(8) 0.3052(12)
H+ transfer + breathing (bottom)a 0.2595(11) 0.2144(5) 0.2570(7) 0.2121(3)
a Top and bottom refer to the parts of the probability amplitude for states with
excitation in the breathing vibration that correspond to larger (top) and smaller
(bottom) values of the z coordinate of the bridging proton.

For all of the excited states considered in this study, the projected probability amplitude

for the bridging proton remains between the two carbon atoms upon excitation of proton

transfer vibration. This can be seen in the projections that are provided in Figure 3.9 and

the root mean squared displacements of the bridged proton, which are reported in Table

3.4. These resultes indicate that while the displacement of the shared proton parallel to

the CC bond is driving the system toward the classical structure, the wave function is not

sampling the classical +H3C-CH2 geometry. This is further supported by the fact that the

DMC simulation of this state does not show any evidence of exchange of hydrogen atoms

between the ethylenic and bridged environments.

Having established that the fixed-node treatment provides reliable energies for H+(C2H4),

we turn our attention to the other isotopologues. At first glance, the overall trends are not

surprising. Since all of these vibrations involve primarily motions of the hydrogen atoms,

their energies in D+(C2D4) are all reduced by roughly a factor of
√
2. Likewise, in D+(C2H4)
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and H+(C2D4), the vibrational energies are very close to the energy of the corresponding

vibration in H+(C2H4) and D+(C2D4). The most notable energy shift is in the frequency

of the proton transfer vibration, which increases by 13 cm−1 when the ethylenic hydrogen

atoms are deuterated. This might reflect the slightly shorter average CC bond distance in

H+(C2D4) compared to H+(C2H4). On the basis of the DMC calculations, 0.001 Å. Likewise,

the probability amplitudes for these excited states follow the trends described above for the

ground states of the various isotopologues and for the excited states of H+(C2H4). The

resulting distributions are provided in Figure 3.11 (shown at the end of this chapter).

3.4 Conclusion

In this study, we explored the ground- and excited- state properties of the ethyl cation,

H+(C2H4), and its deuterated analogues. This work confirms that the states of H+(C2H4)

that were probed in previous spectroscopic studies2,13 are localized in the non-classical min-

imum on the potential surface. While excitation of the bridged proton drives the ion toward

the classical +H3C-CH2 structure, the wave function does not access structures that can be

assigned as a carbocation. Additionally, the calculated energies of the vibrationally excited

states support previous assignments of the spectra for this ion.

We also explored the effects of partial and full deuteration on the ground- and excited-

state probability amplitude and excited-state energies. For the most part, the shifts in the

probability amplitude and vibrational frequencies associated with the bridging protons and

ethylenic hydrogen atoms are unaffected by deuteration in the other position. An exception

is in the frequency of the proton transfer vibration of H+(C2H4), which shows a 13 cm−1

shift upon deuteration of the ethylenic hydrogen atoms. A similar shift is seen in the energy

of the state with one quantum of excitation in both the H+ transfer and H+ breathing

vibration, and spectroscopic characterization of this isotopologue could provide interesting

insights into the impacts of deuteration on the structure and amplitude of vibrational motion

of this carbocation.
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H+(C2H4)

D+(C2H4)

H+(C2D4)

D+(C2D4)

Figure 3.11: Projections of the excited state probability amplitude onto (top) the x and
z coordinates, and (bottom) the x and y coordinates of each of the hydrogen atoms in
H+(C2H4), D

+(C2H4), H
+(C2D4), and D+(C2D4) for each vibrational mode defined in Figure

3.6 after the walkers have been rotated into an Eckart frame1 defined in Figure 3.1, and the
black circles provide the positions of the carbon atoms in the equilibrium structure.
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Chapter 4

EVALUATION OF INFRARED INTENSITIES USING
DIFFUSION MONTE CARLO

Reproduced in part with permission from [Pattarapon Moonkaen, and Anne B. McCoy.

Evaluation of Infrared Intensities using Diffusion Monte Carlo. J. Phys. Chem. A 2025,

129 (11), 2705-2717]. Copyright [2025] American Chemical Society.

4.1 Introduction

Spectroscopy has played an important role in the development of quantum chemistry as

it provided the experimental evidence that energy levels are quantized. Vibrational spec-

troscopy also provides a valuable tool for determining molecular structures. By considering

the intensities as well as the energies of transitions in the vibrational spectra of molecules, we

obtain information about mode couplings as well as any changes in the electronic structure

that result from vibrational excitation. These connections require tools for calculating the

intensity as well as frequency of transitions from a potential and dipole moment surface.

For the electronic-structure problems, which are based on interacting charged particles, all

interactions are Coulombic and the energy spacing between the ground and excited states is

generally large. Once the Born-Oppenheimer separation between the electronic and nuclear

degrees of freedom is introduced, the potential energy surface for the nuclear degree of

freedom cannot be expressed in a simple, general form. This means that there is not a

universal set of coordinates that can be used to solve all vibrational problems, and often

the best approach is to make a careful choice of coordinates so as to improve the accuracy

of any approximations that must be invoked to solve the vibrational problem. This lack of

generality makes solving the vibrational problems challenging.18,66–72
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One method for solving for the ground-state vibrational energy and wave function, which

does not rely on a careful coordinate choice, is diffusion Monte Carlo (DMC).22,31,54,73–75

The implementation of DMC is general and is very accurate even for molecules that display

large amplitude or strongly coupled vibrational motions. Indeed, the accuracy of the DMC

approach is only limited by the accuracy of the potential surface used for the calculation.

Likewise, since the Monte Carlo aspects of the approach scale roughly linearly with system

size, the overall computational scaling of the DMC approach depends on the computational

requirements for the evaluation of the potential energy. Since DMC is a ground-state method,

extensions are needed to evaluate excited-state energies as well as the matrix elements involv-

ing two different vibrational states, which are needed to calculate intensities. The evaluation

of matrix elements is particularly challenging as the DMC simulation provides a Monte Carlo

sampling of the wave function for the state of interest, and the sampled geometries will be

unique to each simulation.

Over the past several years, we have explored several approaches for obtaining excited-

state energies and intensities using DMC. For example, in a recent study, we developed a

spectral map that provided linear relationships between geometrical parameters, specifically

OH bond lengths, and the frequencies and intensities of OH stretching transitions in proto-

nated water clusters.76,77 While this approach provided a qualitative fit to the spectrum, we

can improve the approximation by utilizing the full ground-state probability amplitude and

approximate excited states by products of the ground-state wave function that is obtained

from DMC and low-order polynomial expansions in the 3N−6 vibrational coordinates. This

approach, which we have called the ground-state probability amplitude (GSPA) approach,

has been applied to H3O
−
2 ,

58 H5O
+
2
52 and larger protonated water clusters.78 A third ap-

proach that we have explored extensively involves a fixed-node approximation for obtaining

excited states.31,54 In this approximation, a nodal surface is imposed, and any structure in

the ensemble that attempts to cross that nodal surface is removed from the simulation. This

approach was shown to provide accurate excited-state energies for H3O
−
2 .

79 These previous

studies focused on states with one or in some cases several quanta of excitation, typically
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involving a single vibrational motion. In this way, they provide the frequency of the zero-

order bright state in the chosen region of the spectrum. Possible couplings of these states to

states that involve multiple quanta of excitation in lower-frequency vibrations can be identi-

fied by comparing projections of the probability amplitude of the ground and excited states

onto these coordinates and exploring how the probability amplitude changes with vibrational

excitation.

Calculating intensities from the ground- and excited-state wave functions obtained from

separate DMC simulations introduces challenges as the two states are represented by different

ensembles of structures, each of which provides a Monte Carlo sampling of the wave function

for the state of interest. To address this challenge we have used the descendant weighing

approach, which allowed us to obtain probability amplitudes,23,24 to calculate the matrix

element needed to evaluate the intensities of transitions in H3O
−
2 .

80 While this approach

appeared promising, we found it to be computationally expensive and numerically unstable

when applied to excited states that were calculated using the fixed-node approach.

In the present study, we will focus on using guided DMC to obtain excited-state energies

and intensities. In the guided DMC approach,36,54 the quantity that is sampled is the product

of the wave function for the state of interest and a guiding function, ϕT , which is constructed

to provide a reasonable approximation to the wave function for the state of interest. We have

shown that, for water clusters81,82 as well as protonated water clusters,9,83 guiding functions

that are formed from products of ground-state wave functions that describe the OH stretching

and HOH bending motions in water work well for these systems. In the present study, we

will extend this idea and develop guiding functions for describing OH stretching and HOH

bending motions for states with one quantum of excitation in an OH stretching vibration.

With methods for evaluating the excited-state energies and wave functions using guided

DMC, two approaches have been proposed for evaluating matrix elements involving these

states. The first one replaces the wave functions for one of the states with the trial wave

function, and we will refer to this approach as the trial wave function (TWF) approach.54,84

A second approach employs the descendant weighing (DW) approach we had used in earlier
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studies,80,84 but basing the calculations on ground- and excited-state wave functions that

were obtained using guided DMC calculations.

The above approaches will be investigated for a series of systems including water,85,86

H3O
−
2
87 and H5O

+
2 .

88 We will also explore the behavior of these approaches on two model

systems: a one-dimensional harmonic oscillator and a four-dimensional model of H3O
−
2 as

these, along with water, provide opportunities to compare the results to those of converged

basis set calculations.

Among the motivations for focusing on H3O
−
2 and H5O

+
2 are that there have been several

calculations of the energies of these ions using the same potential surface that is used in the

present study.87,88 These approaches include multiconfigurational time-dependent Hartree

(MCTDH),89,90 vibrational self-consistent field calculations with configuration interaction

(VSCF/CI)91 as well as fixed-node DMC calculations.79 Likewise, there are also a variety of

calculations of the spectra of H5O
+
2 using the same potential and dipole surfaces used in this

study.88 These calculations include MCTDH,92,93 as well as fixed-node DMC57 calculations.

Both ions have also been studied spectroscopically.94,95 This will allow us to compare the

frequencies and intensities obtained from the guided DMC calculations to those obtained

from other approaches as well as to the measured spectrum.

4.2 Methods

4.2.1 Diffusion Monte Carlo

The diffusion Monte Carlo (DMC) approach and our implementation have been described in

chapter 2 and also in other places.22–24,31,54 Below, we summarize the aspects of DMC that

are important for the present study. The reader is referred to the earlier studies for more

detailed descriptions.22–24,30,54
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4.2.2 Overview of Guided DMC

In the present study, we employ guided DMC, in which the DMC simulation samples the

product of the solution to the time-independent Schrödinger equation, Ψ, and a trial wave

function, ϕT . For this approach to be effective, ϕT should provide a good approximation to

Ψ for the state of interest. An important consideration in selecting ϕT is that it samples the

relevant configurations. For excited states, the node should be as accurate as possible. This

is simplified in the present study as we will focus on excited states where the position of the

node is determined by symmetry.

In guided DMC, the quantity that is evaluated is the product of Ψn and ϕT
n , which is

represented by fn, where

fn(x) = Ψn(x)ϕ
T
n (x) =

∑
j

w
(n)
j g

(
x− x

(n)
j

)
(4.1)

and n is used to represent the state of interest. In Eq. (4.1), g
(
x− x

(n)
j

)
represents a

function that is localized at x
(n)
j . This function is often referred to as a walker. In the

DMC simulation, the positions of the walkers, as well as their associated weights, wj, are

propagated in imaginary time, τ = it/ℏ, according to the imaginary-time time-dependent

Schrödinger equation. In Eq. (4.1) and the following discussion, the walkers are identified

by the subscript j.

Substituting fn/ϕ
T
n into the imaginary-time time-dependent Schrödinger equation, we

obtain the working equations for DMC36

dfn
dτ

=
na∑
k=1

[
ℏ2

2mk

∇⃗2
k − ∇⃗k · D⃗k(x)

]
fn(x)− (EL(x)− Eref)fn(x) (4.2)

where na provides the number of atoms in the system of interest,

EL(x) =
HϕT

n (x)

ϕT
n (x)

(4.3)
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is the local energy, and

D⃗k(x) =
ℏ2

mk

1

ϕT
n (x)

∇⃗kϕ
T
n (x) (4.4)

provides the drift term for the kth atom. In Eqs. (4.2)-(4.4) and in the discussion that

follows, the k subscript will be used to refer to each individual atom in the molecule of

interest. It should be noted that ∆τ has units of 1/energy, while the drift term will have

units of energy × length.

The DMC algorithm is obtained by replacing fn in Eq. (4.2) with the expression in

Eq. (4.1), and propagating the ensemble of walkers over a series of steps in imaginary time,

∆τ . In each time step, each walker is propagated independently by first displacing its

position, accepting or rejecting the move based on microscopic reversibility, and updating

its relative weight based on a comparison of the local energy to the reference energy, Eref(τ).

In the remainder of this discussion we will provide a description of each of these steps.

In the first step, the coordinates of each walker are displaced by an amount so that the

new position of the jth walker is

x′
j = xj +D(xj)∆τ + δj (4.5)

The first contribution to the displacement comes from the drift term in Eq. (4.4) and has

the effect of moving the walkers toward geometries where ϕT
n is large. The value of the

additional displacement of each atom, δk,j, is selected from a Gaussian distribution with a

width of σk = ℏ
√

∆τ/mk.

Since the drift term is a function of xj, we need to consider if the displacement of the

walker described by Eq. (4.5) satisfies the microscopic reversibility. This is achieved by

evaluating the size of a random displacement that would be needed to move from x′
j to xj,

δ′
j, based on

xj = x′
j +D(x′

j)∆τ + δ′
j (4.6)
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We then find the ratio of the probability of the move from x′
j to xj, P (x

′
j → xj) or the

probability of the reverse move, to the probability of the move from xj to x′
j, P (xj → x′

j)

or the probability of the move that was taken. This can be expressed as36

Pj =
P (x′

j → xj)

P (xj → x′
j)

=

(
ϕT
n (x

′
j)

ϕT
n (xj)

)2 na∏
k=1

e−(|δ⃗
′
k,j |

2−|δ⃗k,j |2)/2σ2
k (4.7)

Equation 4.7 contains two contributions. The first is the ratio of the values of the proba-

bility amplitude at the coordinates of the walker before and after displacement, where the

probability amplitude is approximated by the square of the trial wave function at that ge-

ometry. The second contribution reflects the relative probability of sampling δj and δ′
j from

the Gaussian distribution described above. When Pj ≥ 1 the probability of the reverse move

is at least as large as the probability for the move that was taken, and the move is accepted.

If Pj < 1, Pj is compared to a random number from a uniform random distribution between

0 and 1. If Pj is larger than the random number, the move is accepted. If Pj is smaller than

the random number, the move is rejected and the walker remains at xj.

The final step in the DMC algorithm involves updating the weights of the walkers us-

ing23,31

wj(τ +∆τ) = exp
{(
EL(x

′
j(τ))− Eref(τ)

)
∆τ
}
wj(τ) = Ωj(τ)wj(τ) (4.8)

Even if a move is rejected, the weight of the walker is updated. In this work we use two

approaches for updating the weights. In the first approach, we simply multiply wj(τ) by

Ωj(τ) as indicated by Eq. (4.8). This approach is referred to as continuous weighing since

the weights will be represented by real numbers. In the second approach, all of the wj = 1,

and Ωj(τ) is used to determine the number of walkers at xj(τ) at the start of the next

time step of the simulation. We have found this second, discrete weighting, approach to

be more stable for most applications. The one important exception is when we use the de-

scendant weighting approach for evaluating matrix elements using the descendant weighting

approach,80 described below.
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At the end of each time step, Eref is updated using the weighted average of the local

energy of the walkers22

Eref(τ) =

∑
j wj(τ)EL(xj(τ))∑

j wj(τ)
− α

∑
j wj(τ)−

∑
j wj(τ = 0)∑

j wj(τ = 0)
(4.9)

where α is a simulation parameter. We find α = 0.5/∆τ to be an effective choice for this

parameter.34,35 The second term in Eq. (4.9) ensures that the number of the walkers remains

roughly constant throughout the simulation. At large τ , Eref oscillates around the energy of

the state of interest, and its time-averaged value provides the energy of that state.

4.2.3 Evaluation of Excited States Using Trial Wave Functions

Figure 4.1: Comparison of the values of EL (panel a) and D (panel b) in Eqs. 4.3 and 4.4
to the corresponding limiting values, Dlim and Elim

L , defined in Eqs. 4.10 and 4.11, for a
one-dimensional harmonic oscillator that describes the displacement of an OH bond with a
frequency of 3700 cm−1. For these plots, ϕT

1 is defined according to Eq. 4.23 with β = 0.98.
The dashed blue lines provide the values for D and EL, while the solid orange curves provide
the corresponding limiting values. Evaluation of Elim

L requires a choice of Eref , and we have
used the energy of the first excited state of this system, E1 = 5550 cm−1, which is indicated
by the dashed red line.

The above description of DMC is based on calculations of ground states. While the same
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approach should work for any state of interest so long as ϕT
n is carefully chosen, the excited-

state simulations often become unstable because the drift term diverges at the node. As is

illustrated in Figure 4.1, when a walker becomes too close to the node
∣∣x′

j − xj

∣∣ in Eq. (4.6)

becomes large, and all of the attempted displacements from this geometry are rejected. For

vibrational states with one quantum of excitation, the node passes close to the minimum

in the potential, and, when the weights are updated, population will accumulate on walkers

that are trapped near the node. In extreme cases, at long times the entire ensemble will

localize at a single geometry.

This problem has been identified by Umrigar et al,73 who suggested replacing the drift

term for the kth atom, D⃗k, with an approximate expression

D⃗lim
k =

−ℏ2 + ℏ
√

ℏ2 + 2mk|D⃗k|2∆τ

mk|D⃗k|2∆τ
D⃗k (4.10)

which will be referred to as the limiting drift term in the following discussion. As defined,∣∣∣D⃗lim
k

∣∣∣ cannot exceed√2ℏ2/(mk∆τ) when |D⃗k| becomes large, while |D⃗lim
k | ≈ |D⃗k| at smaller

values of |D⃗k|. Likewise, the local energy is replaced with its limiting value,

Elim
L = Eref − (Eref − EL)

√√√√√√
∑

kmk

∣∣∣D⃗lim
k

∣∣∣2∑
kmk

∣∣∣D⃗k

∣∣∣2 (4.11)

This correction to the local energy has the effect of setting Elim
L = Eref near the node, where

|D⃗lim
k | ≪ |D⃗k|. Further from the node, where |D⃗lim

k | ≈ |D⃗k|, Elim
L ≈ EL. By approximating

EL by Eref near the node, Ω in Eq. (4.8) becomes one and the amplitude of the wave function

remains constant at these geometries. Comparisons of EL and D to Elim
L and Dlim for a one-

dimensional harmonic oscillator that models an OH bond with a frequency of 3700 cm−1 are

provided in Figure 4.1. Except when the walker is close to the node, where the probability

amplitude should be close to zero, the approximations provided by Eqs. (4.10) and (4.11)

show only small deviations from D and EL defined in Eqs. (4.4) and (4.3), respectively.
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4.2.4 Evaluating Matrix Elements

With ground and excited states calculated, we can obtain the transition frequencies by taking

the difference between the energies of these states. The final ingredient that is required for

evaluating spectra is determining the intensity, and more specifically matrix elements that

involve two different states as

I0,n ∝ ν0,n |⟨Ψ0|µ|Ψn⟩|2 = ν0,n|M0,n|2 (4.12)

where ν0,n is the frequency of the transition between the ground state and the nth excited

state, and µ is the dipole moment. The fact that the sampling of the ground and ex-

cited states involves distinct sets of geometries greatly complicates the evaluation of matrix

elements like that in Eq. (4.12). We previously reported the results of preliminary investiga-

tions of how to circumvent these challenges,33,54,80 which are based on approaches outlined

by Barnett et al.84

To motivate the approaches used in this part of the study, we start by considering how

expectation values of multiplicative operators are obtained from DMC calculations. There

are several approaches that can be taken to obtain these values. The simplest approach is

to exploit the fact that ϕT
n provides a good approximation to Ψn, and evaluate

⟨Ψn|O|Ψn⟩ ≈ ⟨ϕT
n |O|Ψn⟩ =

∑
j

w
(n)
j O

(
x
(n)
j

)
(4.13)

Barnett, et al24 as well as Cho and Singer96 have shown that this approximation can be

improved without a substantial increase in computational effort by using

⟨Ψn|O|Ψn⟩ ≈ 2⟨ϕT
n |O|Ψn⟩ − ⟨ϕT |O|ϕT ⟩ = 2

∑
j

w
(n)
j O

(
x
(n)
j

)
− ⟨ϕT

n |O|ϕT
n ⟩ (4.14)

This approach for obtaining expectation values can be extended to the evaluation of matrix
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elements by multiplying the operator of interest by the ratio of the trial wave functions for

the two states. For example to the transition moment between the ground state to the nth

excited state, M0,n, can be approximated by either

M0,n ≈M0T ,n = ⟨ϕT
0 |µ|Ψn⟩

=

〈
ϕT
n

∣∣∣∣µ(ϕT
0

ϕT
n

)∣∣∣∣Ψn

〉
=

∫
fn(x)µ(x)

(
ϕT
0 (x)

ϕT
n (x)

)
dx∫

fn(x)dx

=

[
1∑

j w
(n)
j (τ)

][∑
j

w
(n)
j (τ)µ(x

(n)
j (τ))

×

ϕT
0

(
x
(n)
j (τ)

)
ϕT
n

(
x
(n)
j (τ)

)
 (4.15)

or by

M0,n ≈M0,nT = ⟨ϕT
n |µ|Ψ0⟩

=

〈
ϕT
0

∣∣∣∣µ(ϕT
n

ϕT
0

)∣∣∣∣Ψ0

〉
=

∫
f0(x)µ(x)

(
ϕT
n (x)

ϕT
0 (x)

)
dx∫

f0(x)dx

=

[
1∑

j w
(0)
j (τ)

][∑
j

w
(0)
j (τ)µ(x

(0)
j (τ))

×

ϕT
n

(
x
(0)
j (τ)

)
ϕT
0

(
x
(0)
j (τ)

)
 (4.16)

where

∫
fn(x)dx =

∑
j

w
(n)
j (τ) (4.17)

Following the approach for obtaining expectation values,24 we can combine these expres-
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sions to obtain improved approximations to M0,n by using either84

⟨Ψ0|µ|Ψn⟩ ≈
1

2

[
M0T ,n +M0,nT

]
=MTWF,1

0,n (4.18)

or

⟨Ψ0|µ|Ψn⟩ ≈M0T ,n +M0,nT −M0T ,nT =MTWF,2
0,n (4.19)

where

M0T ,nT = ⟨ϕT
0 |µ|ϕT

n ⟩ (4.20)

In the above expressions, the TWF superscript is used to indicate that these results are

obtained using the Trial Wave Function approach.

In the discussion that follows, ϕT
n for H3O

−
2 and H5O

+
2 will be represented as product

wave functions that describe the OH stretches and OO stretch. For water, the trial wave

function will be formed from one-dimensional functions of the OH bond lengths and in some

cases the HOH angle. This approach allows us to focus on the higher-frequency modes

or those that will be excited, while not constraining the other large-amplitude vibrational

coordinates. In doing this, the matrix elements represented by Eqs. (4.15) and (4.16) reflect

integrals over probability amplitudes in those coordinates included in ϕT , and integrals over

just the wave function for the remaining coordinates. To explore how this approximation

affects the evaluation of matrix elements, we recalculated the matrix elements for water,

multiplying the integrand by a harmonic approximation to the ground-state wave function

in the coordinates that are not included in the definition of ϕT .

An alternative approach80,84 involves evaluating the ratio of Ψn and ϕT
n in the DMC

simulation. This is achieved by using descendant weighting,23,24 in which the value of Ψn/ϕ
T
n

at the coordinates of a walker is equated to the number of descendants that can be traced

to that walker when the walker is propagated for a predetermined amount of time, ∆τDW,

which typically around 250 a.u. These quantities are calculated using continuous weighting,
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where
Ψn′

(
x
(n)
j (τ)

)
ϕT
n′

(
x
(n)
j (τ)

) =
w

(n′)
j

(
τ +∆τDW

)
w

(n)
j (τ)

= d
(n)
n′,j(τ) (4.21)

Here the subscript provides the state that is represented by the descendant weights, while

the superscript (n) provides the state that is being represented by the ensemble of walkers

at imaginary time τ . For expectation values, n = n′, while for matrix elements these two

indices will differ. The descendant weighting calculation draws from the observation that

d
(n)
n′,j(τ) provides the value of Ψn′/ϕT

n′ at the coordinates of the jth walker in a simulation

of the nth state. This approach is implemented to obtain matrix elements of multiplicative

walkers using

MDW
0,n =

⟨Ψ0 |µ|Ψn⟩√
⟨Ψ0|Ψ0⟩⟨Ψn|Ψn⟩

=

〈
Ψ0

∣∣∣µ(Ψn

ϕT
n

)(
ϕT
n

ϕT
0

)∣∣∣ϕT
0

〉
√〈

Ψ0

∣∣∣(Ψ0

ϕT
0

)∣∣∣ϕT
0

〉〈
Ψ0

∣∣∣∣(Ψn

ϕT
n

)2 (
ϕT
0

Ψ0

)(
ϕT
n

ϕT
0

)2∣∣∣∣ϕT
0

〉

=

〈
Ψ0

∣∣∣µ d(0)n

(
ϕT
n

ϕT
0

)∣∣∣ϕT
0

〉
√〈

Ψ0

∣∣∣d(0)0

∣∣∣ϕT
0

〉〈
Ψ0

∣∣∣∣(d(0)n

)2 (
d
(0)
0

)−1 (
ϕT
n

ϕT
0

)2∣∣∣∣ϕT
0

〉 (4.22)

where the DW superscript indicates that this quantity was obtained using the Descendant

Weighting approach. While the descendant weighting approach should provide a more ac-

curate way to evaluate M0,n compared to the trial wave function approach, it suffers from

numerical instabilities as when d
(0)
0 is small, its uncertainty can be proportionally quite large.

As Eq. (4.22) requires evaluation of
(
d
(0)
0

)−1

, these large fractional uncertainties are now af-

fecting large contributions to the second term in the denominator. To address this challenge,

for each of the snapshots of the wave function, the descendant weighting calculation is per-

formed multiple times, and we take the average of these values to obtain the values for d
(0)
0
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and d
(0)
n that are used to evaluate Eq. (4.22). Since these calculations can require a sub-

stantial amount of computer time and storage, the results obtained by averaging 50 to 100

evaluations of the descendant weights are extrapolated to the limit of an infinite number of

evaluations by fitting the calculated values of the matrix values as a function of the reciprocal

of the number of evaluations of the descendant weights that are performed to a line.

4.3 Results and Discussion

In this study, we use guided DMC simulations to calculate frequencies and intensities of

1-0 vibrational transitions in several systems. We start by exploring the sensitivity of the

calculated energies and intensities to the quality of the trial wave function. These com-

parisons will be made for a harmonic oscillator that models an OH stretching vibration in

water. We start by investigating the harmonic oscillator as all of the required integrals can

be evaluated analytically. This allows us to separate contributions to any deviations from

expected values into those that arise from statistical uncertainties in the DMC simulations

and those that come from the approximations used to evaluate matrix elements of the dipole

moment. The discussion of the harmonic oscillator will be followed by a description of the

trial wave functions that will be used for studies of H2O, H3O
−
2 and H5O

+
2 . We will use

the results of calculations on these systems to explore the accuracy and limitations of the

approaches for calculating the transition moments, M0,1 given by Eqs. (4.18), (4.19) and

(4.22). When possible, the results of the DMC calculations will be compared to the results

of other calculations that employed the same potential and dipole surfaces.

4.3.1 Sensitivity of Trial Wave Function in Harmonic Oscillator

We start by exploring the sensitivity of the trial wave function approaches for calculating

intensities (see Eqs. (4.15)-(4.20)) to the quality of the trial wave function that is used in

these calculations. For this part of the study, we focus on a harmonic oscillator that describes

an OH bond with a frequency of 3700 cm−1, and approximate the dipole function by the

displacement of the oscillator from its equilibrium value, x. For the trial wave function, we
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use

ϕT
n (x) ∝ Ψn(βx) (4.23)

where β ranges from 0.90 to 0.98, and Ψn(x) is the analytic solution for this oscillator. The

results of this analysis are provided in Table 4.1.

βb 1.00c 0.98 0.95 0.90
E0 (/cm−1) 1850 1851(1) 1850(1) 1851(1)
E1 (/cm−1) 5550 5551(1) 5553(1) 5555(1)

M
(DMC)

0,1T
(/Å)d — 0.06931(15) 0.06907(26) 0.06894(24)

M
(Exact)

0,1T
(/Å)d,e 0.06932 0.06930 0.06918 0.06875

M
(DMC)

0T ,1
(/Å)d — 0.07074(0) 0.07297(0) 0.07702(0)

M
(Exact)

0T ,1
(/Å)d,e 0.06932 0.07072 0.07283 0.07639

M0T ,1T (/Å)d 0.06932 0.07074 0.07297 0.07702

MTWF,1
0,n (/Å) 0.06932 0.07003(15) 0.07102(26) 0.07299(24)

MTWF,2
0,n (/Å) 0.06932 0.06931(15) 0.06907(26) 0.06894(24)

a The harmonic oscillator models an OH stretch with a harmonic frequency
of 3700 cm−1.

b β provides the broadening of ϕT , see Eq. 4.23.
c Expected values of the stated quantity.
d For these calculations, µ = x.
e See Eqs. 4.25 and 4.26.

Table 4.1: Calculated Energies and Matrix Elements of x for a Harmonic Oscillatora

An earlier study54 demonstrated that this form for the ground-state trial wave function

provides an accurate zero-point energy, as is seen in the first row of Table 4.1. Here the

energies calculated using DMC range from 1850 to 1851 cm−1, with uncertainties of 1 cm−1

based on ten independent DMC simulations. The calculated energies for the first excited

state show greater sensitivity to the value of β, although the DMC energies are all within 5

cm−1 of the expected value of 5500 cm−1 over the reported range of β. The larger deviations

in the excited state energy are not surprising given the factor of three increase in the value

of the excited state energy compared to that for the ground state. The expected values are

provided in the column labeled β = 1 in Table 4.1.
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We next turn our attention to the matrix elements of x, where the expected value is

M0,1 = 0.06932 Å. One advantage of exploring the behavior of the approximate approaches

for evaluatingM0,1 for a harmonic oscillator is that all integrals can be evaluated analytically.

For example,

M0T ,1T = β ×M0,1 (4.24)

M0T ,1 =

√
8β

(1 + β2)3
×M0,1 (4.25)

M0,1T =

√
8β3

(1 + β2)3
×M0,1 (4.26)

In general the values ofM0,1T evaluated using DMC agree with the corresponding exact value,

identified by the (Exact) superscript, to within the stated uncertainties. The deviations of

MTWF,2
0,n from its value at β = 1 can be accounted for by the changes in the value of M

(Exact)

0,1T

when β is smaller than 1. As with the excited-state energies, the deviations increase as the

value of β is decreased. On the other hand, the calculated values ofM0T ,1 are unexpected. In

all cases, M0T ,1 =M0T ,1T with zero uncertainty. This finding can be traced to the properties

of the harmonic oscillator, for which

xϕT
0

ϕT
1

= β ×

√
ℏ

2µOHω
=
〈
ϕT
0 |x|ϕT

1

〉
(4.27)

The results reported in Table 4.1 indicate that for the harmonic oscillator MTWF,2
DMC is more

accurate than MTWF,1
DMC . This can be traced to the fact that M0,1T provides a better approx-

imation to M0,1 than M0T ,1 for this system. The poorer performance of M0T ,1 reflects the

fact that the range of x over which Ψ0xΨ1 is non-zero is determined by the ground-state

wave function as it decays to zero faster than the excited-state wave functions. Replacing Ψ0

by a broadened trial wave function, increases the range of x over the integrand is non-zero,

leading to the deterioration of the accuracy of M0T ,1 as an approximation to M0,1.
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As we move to larger systems, we note that the quality of the matrix elements obtained

by the trial wave function approach is sensitive to to the choice of the trial wave function.

That noted, even when β = 0.90 we are able to obtain accurate excited-state energies and

intensities. Moving forward, we will utilize trial wave functions that are obtained by solving

for the ground- and excited-state solutions based on one- or two-dimensional cuts through

the potential surface for the molecule of interest. In this way, we do not need to introduce

broadening. We expect that the accuracy of these trial wave functions are comparable to

those for which β = 0.98 in our harmonic oscillator model.

4.3.2 Trial Wave Functions for Molecular Systems

As we move from the harmonic oscillator, to the protonated water dimer, H5O2
+ we explore

how the quality of the trial wave function affects the final results, and how these calculations

can be used to obtain insights into couplings in these systems. Specifically, we focus on

the vibrational motions that are illustrated in Figure 4.2. These OH stretching vibrations

were selected because in all cases the position of the node can be determined by symmetry.

While prior knowledge of the position of the node serves to simplify the choice of the trial

wave function, this is not a requirement for the approach. As we have shown, there are

straightforward approaches for identifying the position of the node when it is not known in

advance.26,33

In developing the trial wave function for ground state of the OH stretching vibration

in water or the outer OH stretching vibrations in H3O
−
2 and H5O

+
2 , we found9,81,82 that

the product of one-dimensional wave functions that are obtained by calculating the ground-

state solution to a one-dimensional cut through the potential surface for water, developed

by Partridge and Schwenke,85 along one of the OH bonds, with the other two coordinates

constrained to their equilibrium values, worked well. These one-dimensional OH wave func-

tions will be denoted ψn(rOH), where n denotes the number of quanta in the OH stretching

vibration. While such a description is sufficient for H2O, for H3O
−
2 and H5O

+
2 this product

of wave functions for the outer OH stretch is multiplied by a two-dimensional function of the
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Figure 4.2: The OH vibrational motions explored in this study. The oxygen atoms are
labeled as A and B, while the hydrogen atoms are identified with numbers. These labels
are used in defining the coordinates. The motions are identified as shared proton (sp) or
outer OH stretches (OH) with AS and SS denoting the antisymmetric stretch, symmetric
stretch of two OH bonds in a single water molecule, respectively. OOP indicates that the
combination of the stretching vibrations in two units are out-of-phase.

displacement of the shared proton and the OO distance. In this way,

ϕT
nOH,nsp

= ϕT,OH
nOH

× ϕT,sp
nsp

(4.28)

To extend this approach to excited states, we adopt a local mode97 description for the

excited states in the outer OH stretching vibrations. For the asymmetric stretch in water,

ϕT,OH
nOH=1(r1, r2) =

(
1√
2

)
[ψ1(r1)ψ0(r2)− ψ0(r1)ψ1(r2)] (4.29)

The trial wave function for the out-of-phase OH stretch in H3O
−
2 takes the same form, but

is now a function of rA and rB, denoting the OH bonds involving oxygen atoms A and B in

Figure 4.2. The above definition has the desired property that it will go to zero when the two

OH bond lengths are equal. The corresponding trial wave functions for the OH stretching

vibrations in H5O
+
2 follows the same principle.

Displacements of the atoms will break the symmetry exhibited by the reference structures.

This complicates the definition of the axes needed to determine matrix elements of the

Cartesian components of the dipole function. This is achieved by rotating all of the walkers to
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an Eckart-embedded axis system, which is based on a high-symmetry reference structure.1,61

For H2O reference structure, it is the equilibrium structure. For the H3O
−
2 reference structure,

all of the atoms are co-planar, the shared proton is equidistant from the two oxygen atoms,

the O-H-O angle is 180◦, and the two OH groups are in a trans orientation. For the H5O
+
2

reference structure, the O-H-O angle is 180◦, and the shared proton is equidistant from the

two oxygen atoms. Additionally, each of the HOH groups are coplanar with the shared proton

and the other oxygen atom, while the two HOH groups lie in planes that are perpendicular

to each other. This results in a structure with D2h symmetry. All reference structures are

shown in Figure 4.2.

4.3.3 Application to Water

The first molecular system that we explore is the water molecule. We use water to determine

how the use of reduced-dimensional trial wave functions affects the evaluation of excited-state

energies and intensities. To achieve this, we will use two forms for the trial wave function.

The first utilizes the product of the two-dimensional stretch wave function, described by

Eq. (4.29) and a trial wave function that describes the bending vibration, e.g.

ϕT (r1, r2, θ) = ϕT,OH
nOH

(r1, r2)χ(θ) (4.30)

where χ(θ) is a harmonic wave function with ω = 1668.46 cm−1, an effective mass of 2789.72

me · a20 and an equilibrium HOH angle of 104.508◦. We also use only ϕT,OH
nOH

(r1, r2). The

results of these calculations are reported in the second and third columns of Table 4.2. The

results from a previously reported three-dimensional variational calculation98 using the same

potential85 and dipole surfaces86 are reported in the rightmost column for comparison.

As can be seen from the results reported in the first row of Table 4.2, the energies for the

first excited state, obtained using both trial wave functions, are in excellent agreement with

the expected results. Turning our attention to the results of the intensity calculations, we

find that both trial wave functions provide intensities that are in good agreement with the
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Method ϕT (r1, r2, θ) ϕT,OH(r1, r2) ϕT,OH(r1, r2)(×χ(θ)) Exactb

E1 − E0 (/cm−1) 3755(1) 3755(1) — 3755
M0,1T (/D)c 0.07808(30) 0.07930(22) 0.07800(11) {

0.07640M0T ,1 (/D)c 0.07480(5) 0.07549(6) 0.07485(5)
M0T ,1T (/D)c 0.07755 0.07635 0.07755

ITWF,2
0,1 (/km mol−1)d 53.39(50) 57.91(42) 54.35(22) {

54.93ITWF,1
0,1 (/km mol−1)d 54.98(26) 56.37(20) 54.97(11)
IDW
0,1 (/km mol−1)d 55.31(18) 55.04(14) —

a Calculated using the potential and dipole surfaces developed by Partridge and
Schwenke.85,86

b Obtained from a three-dimensional variational calculation.98

c The x-component of the transition moment used to evaluate ITWF,i
0,1 ,

see Eq.s 4.16, 4.15, and 4.20.
d See Eq.s 4.18, 4.19, and 4.22.

Table 4.2: Calculated Energies and Intensities for the Antisymmetric OH Stretch in H2O
a

exact results, although the calculations that utilize the three-dimensional trial wave function,

ϕT (r1, r2, θ), are consistently in better agreement with the exact results than those that use

ϕT,OH(r1, r2) for the trial wave function.

One source of the differences between the intensities that are obtained using the two- and

three-dimensional trial wave functions in the trial wave function approach comes from the

fact that when we use ϕT,OH(r1, r2) the integral in Eq. (4.15) is over the product of ground-

and excited-state wave functions for the stretching vibrations and only the ground-state wave

function for the bend. The lack of information about the bend in two-dimensional trial wave

function can be addressed by multiplying µ in Eqs. (4.15), (4.16) and (4.20) by the harmonic

bend wave function, χ(θ), when evaluating these matrix elements. Indeed, as the results

in the column labeled ϕT,OH(r1, r2)(×χ(θ)) indicate, introducing contribution of the bend

wave function in this manner yields intensities that are both in good agreement with those

obtained using ϕT (r1, r2, θ) and the exact values.

Focusing on the difference between the values of ITWF,1
0,1 and ITWF,2

0,1 , we see that ITWF,1
0,1

provides values for the intensities that are in better agreement with the expected values.
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This observation is the opposite of what we found for the harmonic oscillator. The poorer

agreement between the calculated value of ITWF,2
0,1 and M

(Exact)
0,1 for molecular systems likely

reflects the approximations in M0T ,1T , which treats the ground- and excited-state wave func-

tions as being described by a sum of products of one-dimensional wave functions. On the

other hand, comparing the values of M0T ,1 and M0,1T to the expected values, we find that

the magnitude of the deviations are comparable, albeit with opposite signs. In other words,

by taking the average of these quantities we obtain a significant cancellation of errors. While

MTWF,1
0,1 is the average of M0T ,1 and M0,1T , M

TWF,2
0,1 is the difference between the sum of

M0T ,1 and M0,1T , and M0T ,1T . This makes MTWF,2
0,1 sensitive to errors in M0T ,1T .

A third approximation is provided by the descendant weighing approach. When ϕT (r1, r2, θ)

is used, IDW
0,1 is in excellent agreement with both ITWF,1

0,1 and the exact value. This gives us

confidence in both approaches as we move to systems where we will not be able to directly

compare results to those obtained from converged variational calculations. It also provides

us with a way to validate the accuracy of the calculated intensities through comparison of

the results of the DW and TWF,1 approaches.

4.3.4 Application to H3O
−
2 and H5O

+
2

Next, we turn to H3O
−
2 and H5O

+
2 . H3O

−
2 is characterized by a very strong ionic hydrogen

bond. In its minimum-energy structure, the shared proton is closer to one of the outer OH

groups. On the basis of the potential surface used in this study, the barrier to proton transfer

is 74 cm−1,79 which is well below the zero-point energy for this motion. This leads to a very

low-frequency shared proton stretching vibration, which has been measured to be 697 cm−1

in the Ar·H3O
−
2 complex.94 In the discussion that follows, we explore the excitation of this

vibration as well as the out-of-phase OH stretching vibration involving the outer OH bonds,

OH-OOP in Figure 4.2. This vibration has a reported frequency of 3653 cm−1.99 To explore

the role of coupling to other degrees of freedom, we performed a DMC calculation,100,101 as

well as a DVR calculation of the energies and intensities for a four-dimensional model of

H3O
−
2 . The four vibrational motions that are included in this model are the two outer OH
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stretching vibrations, the shared proton motion along the OO bond and the OO distance.

Like H3O
−
2 , H5O

+
2 is characterized by a strong ionic hydrogen bond, and the shared

proton is midway between the two water molecules in the minimum-energy structure. The

shared proton stretching vibration frequency is measured to be 1047 cm−1 in the Ne·H5O
+
2

complex.57 This transition appears as a doublet in the spectrum of Ne·H5O
+
2 due to an

accidental degeneracy between the shared proton stretch and the state with one quantum

of excitation in the OO stretch and two quanta in the out-of-phase combination of the

two wagging (e.g. umbrella) motions of the outer water molecules.93 The DMC approaches

described above focus on the shared proton stretching vibration, and, in this way, provide the

integrated intensity of these two bands. As can be seen in the projections of the probability

amplitude for the ground and state with one quantum of excitation in the shared proton

stretch shown in Figure 4.3, there is significant coupling between the shared proton stretch

and the OO stretching vibration (panels a and b) as well as the wag (panels c and d). In

the case of the wag, this vibration corresponds to rotation of one of the water molecules as

illustrated in the structure of H5O
+
2 shown above the graphs in Figure 4.3 and denoted by

α. As the shared proton shifts toward one of the water molecules, that water molecule will

rotate, leading to a nonplanar H3O
+ structure, which experiences a double-well potential in

the wag coordinate. This is most clearly seen in the left part of the projected probability

amplitude shown in Figure 4.3d. The increase in the amplitude of both the wagging and

OO stretching coordinates with excitation in the shared proton stretch is consistent with the

observed coupling between the state with two quanta in the wag and one in the OO stretch

with the state with one quantum in the shared proton stretch.
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Figure 4.3: Projections of the probability amplitude for the ground state (a and c) and for
the state with one quantum of excitation in the shared proton stretch (b and d). In panels
a and b, the probability amplitude is projected onto the shared proton displacement, qsp
and the distance between the oxygen atoms, ROO. In panels c and d, the the probability
amplitude is projected onto the displacement of the wagging motion of the water molecule on
the left in the inset at the top, where the wagging vibration is defined as the angle between
the OO axis and a vector that is perpendicular to the plane of the water molecule, shifted
by 90◦ so in the structure shown above the figure, αA = 0.
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In addition to exploring the shared proton stretching vibration, we calculate the in-

tensities of the out-of-phase symmetric stretch (OH-OOP-SS) and the doubly-degenerate

asymmetric stretch (OH-AS) involving the outer OH bonds. These vibrations have reported

frequencies of 3603, 3683 cm−1 respectively.57 Note that the in-phase symmetric stretch is

totally symmetric so there would be no intensity for transitions to excited states in that

mode.

We start by considering the calculated zero-point energies, which are reported in the first

rows of Table 4.3. Consistent with previous studies of water clusters81,82 and protonated

water clusters,9 the zero-point energies obtained using guided DMC for the nine-dimensional

description of H3O
−
2 is 6605 cm−1, which agrees with the previously reported unguided DMC

results.79 Likewise, the zero-point energy for the four-dimensional calculation is 4690 cm−1,

which agrees well with the results from the DVR calculation using the same model at 4687

cm−1. For H5O
+
2 , the zero-point energies obtained using guided DMC is 12 390 cm−1 which

agrees well with the 12 393 cm−1 from the previously reported unguided DMC results.102 This

confirms that employing the trial wave functions for guided DMC works well for calculations

of the ground state.

4.3.5 Shared proton motion

We start by considering the frequencies of the shared proton vibrations, qsp. For both H3O
−
2

and H5O
+
2 , the frequency of this vibration has been calculated using several computational

approaches using the same potential surfaces as are used in the present work.79,88 Specifically

fixed-node DMC calculations have been performed in which the walkers are constrained to

one side of the nodal surface, and any walker that crosses the node is removed from the

simulation. Given the similarity of the fixed-node approach and the approach used in the

present study, it should not be surprising that the difference between the frequencies obtained

from these two DMC approaches differ by less than 5 cm−1 for both H3O
−
2
80 and H5O

+
2 .

57,102

This small difference in vibrational frequencies provides us confidence in our choice of ϕT . As

noted above, a poor choice of ϕT could lead to large errors in the calculated energies, as we
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H3O
−
2 Full-Da H3O

−
2 4-Da,b H5O

+
2
c

Method xd yd xd yd xe

E0(/cm
−1)f 6605(3) 4690(1) 12 390(4)

E1 − E0(/cm
−1) 648(4) 822(1) 991(6)

M0,1T (/D) −1.298(14) 0.079(1) −1.181(6) 0.080(2) −1.221(11)
M0T ,1 (/D) −1.051(6) 0.074(1) −1.184(2) 0.081(0) −0.652(3)
M0T ,1T (/D) −1.170 0.071 −1.170 0.071 −0.892

MDW
0,1 −1.166(1) 0.115(0.2) −1.181(14) 0.082(14) −0.902(58)∣∣∣MTWF,1

0,1

∣∣∣2 (/D2) 1.385(24) 1.404(9) 0.877(14)∣∣∣MTWF,2
0,1

∣∣∣2 (/D2) 1.397(49) 1.436(18) 0.962(28)∣∣MDW
0,1

∣∣2 (/D2) 1.373(4) 1.402(4) 0.815(6)
a Calculated using the potential and dipole surfaces developed by Huang et al.87
b 4-D DVR calculation gives E1 − E0 = 801 cm−1, and M0,1 = (−1.185, 0.086) D.
c Calculated using the potential and dipole surfaces developed by Huang et al.88
d In H3O

−
2 , the x-axis is parallel to the OO bond, and the y-axis is in the plane of the

ion in the reference structure.
e In H5O

+
2 , the x-axis is parallel to the OO bond.

f Unguided DMC gives 6605 (5) cm−1 for H3O
−
2
79 and 12 393(5) for H5O

+
2 ;

102

4-D DVR calculation gives 4687.2 cm−1 for H3O
−
2 .

Table 4.3: Calculated Energies and Transition Strengths for the Shared Proton (sp) Stretch

showed for the harmonic oscillator. Multiconfigurational time-dependent Hartree (MCTDH)

and vibrational configuration interaction (VCI) calculations have also been used to explore

the energy levels of H3O
−
2
89–91 and H5O

+
2 .

92,93 The energy differences between the results of

DMC calculations and these approaches are larger, which reflects differences in the treatment

of the mode coupling. A summary of the comparison of the calculated energies using DMC,

VCI and MCTDH approaches is provided in the Tables 4.4 and 4.5.
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sp OH-OOP
Method E1 − E0 (/cm−1) |M0,1|2 (/D2) E1 − E0 (/cm−1) |M0,1|2(/D2)
TWF,2a 648 1.397 3612 0.0486
TWF,1a 648 1.385 3612 0.0125
DWa 648 1.373 3612 0.0146

4D-DVRb 801 1.421 3645 0.0009
GSPAc 810 0.936 3650 0.0009

Fixed-node DMC - DWd 649 0.578 3607 0.0105
VSCF/CIe 741 — 3634 —
MCTDHf 693 — — —

Experimental (Ar)g 697 — 3653 —
a Present study.
b Four-dimensional DVR calculation performed as part of this study.
c Approximation from the ground state probability amplitude approach,
reported in Ref. 58,80.

d Earlier implementation of descendant weighting using fixed-node DMC
using fixed-node DMC reported in Ref. 80.

e Vibrational self-consistent field/vibrational configuration Interaction
reported in Ref. 91.

f Multiconfiguration time-dependent Hartree reported in Ref. 89, 90.
g Experimental spectrum of Ar·H3O

−
2 Ref. 94,99.

Table 4.4: Measured and Calculated Energies and Transition Strengths for H3O
−
2
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Method sp OH-OOP-SS OH-AS (1) OH-AS (2)
Guided DMCa 991 3513 3665 3664

Fixed-node DMCb 995 3511 3652 3652
GSPAc 1050 3586 3693 3719

MCTDHd 1033 3614 3689 3689
Experimental (Ne)e 1047 3603 3683 3683
a Present study.
b Fixed-node DMC using no trial wave function reported in Ref. 57, 102.
c Ground state probability amplitude reported in Ref. 52.
d Multiconfiguration time-dependent Hartree reported in Ref. 92, 93.
e Experimental spectrum of Ne·H5O

+
2 reported in Ref. 57.

Table 4.5: Measured and Calculated Frequencies (in cm−1) for H5O
+
2

Next, we turn to the calculations of the transition moments,M0,1. For both ions the lead-

ing component of the transition dipole moment is along the OO bond, which corresponds to

the x direction. Comparing the values of the two non-zero components of M0,1 for H3O
−
2 ob-

tained from the trial wave function approach, we find greater variability in the x-component,

where the values range from −1.051 D to −1.298 D. When we repeat the DMC calculations

using only the four coordinates included in the trial wave function (TWF), the differences

among the results obtained using the different approaches is greatly diminished. Indeed,

comparing the values of the components of M0,1 obtained using the two TWF approaches or

the DW approach to the values obtained from the DVR calculation for this four-dimensional

model shows near exact agreement. The larger variability among the calculated values of

these quantities from the full-dimensional TWF and DW calculations reflects differences in

how couplings to other vibrations are treated in these three approximations to M0,1.

When the results of the individual calculations of M0,1 are combined using Eqs. (4.18)

and (4.19) and we compare the squared magnitude of the transition moments, e.g. the tran-

sition strengths, we find that the differences among the approaches diminishes. In addition,

both the TWF,1 and TWF,2 values are also in good agreement with the results obtained

using the DW approach. This improved agreement with the DW approach indicates that

differences in individual components of the transition moments calculated using the TWF
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and DW approaches reflect a rotation of the transition moment rather than a change in its

magnitude. For both the full and four-dimensional calculations, the the TWF,1 approach

yields a transition strength that is in better agreement with the results of the DW calculation.

Also, when we compare M0T ,1T to the values of M0T ,1 and M0,1T from the 4D calculation,

where there cannot be any couplings to other vibrations, we find that M0T ,1 ≈ M0,1T , while

M0T ,1T deviates from both of these values. This makes the TWF,1 approximation closer

to the DW values of the transition strength when compred to the value obtained using the

TWF,2 approximation.

This observation further illustrates the fact that the deterioration of the TWF,2 approach

for molecular systems reflects the choice of a a product form for ϕT given in Eq. (4.28), which

cannot capture important couplings between qsp and other vibrational motions. it is also

consistent with what we noted for water and the results for H5O
+
2 , which are reported in the

rightmost column of Table 4.3.

4.3.6 Outer OH stretches

We next consider the outer OH stretching vibrations, starting with the out-of-phase OH

stretching vibration in H3O
−
2 , qOH−OOP. The results for this vibration are reported in Table

4.6. The vibrational frequency obtained from the guided DMC calculation is in excellent

agreement with the previously reported results of fixed-node DMC calculations, which yielded

a vibrational frequency of 3607 cm−1.80 VCI calculations using the same potential provided

a slightly larger frequency of 3634 cm−191 , while the measured frequency is 3653 cm−1 (see

Table 4.4).

Comparing the components of the transition moments, we find that the two components

have similar sizes, which is consistent with the orientation of the outer OH bonds. We also

find larger variability among the calculated values of the components of M0,1.

We first consider the x-component of the transition dipole. For this component, the

value obtained using the DW approach agrees better with the M0T ,1 value from the TWF

approach, whereas M0,1T ≈ M0T ,1T . The differences in these two pairs of approximations
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Full-Db 4-D
Method xc yc xc yc

Frequency (/cm−1) 3612(4) 3633(1)
M0,1T (/D) 0.0330(30) −0.0699(17) 0.0411(20) 0.0280(1)
M0T ,1 (/D) 0.1371(98) −0.0749(74) 0.1195(24) 0.0339(2)
M0T ,1T (/D) 0.0350 0.0293 0.0350 0.0293
MDW

0,1 (/D) 0.1019(56) −0.0650(128) −0.0997(160) 0.0328∣∣∣MTWF,1
0,1

∣∣∣2 (/D2) 0.0125(8) 0.0074(2)∣∣∣MTWF,2
0,1

∣∣∣2 (/D2) 0.0486(66) 0.0168(11)∣∣MDW
0,1

∣∣2 (/D2) 0.0146(15) 0.0110(5)
a Calculated using the potential and dipole surfaces developed by Huang et al.87
b 4-D DVR calculation gives E1 − E0 = 3645 cm−1, and M0,1 = (0.0079, 0.0256) D.
c The x-axis is parallel to the OO bond, and the y-axis is in the plane of the
ion in the reference structure.

Table 4.6: Calculated Energies and Transition Strengths for the Out-of-Phase OH (OH-
OOP) Stretch in H3O

−
2
a

reflect the treatment of the coupling between the out-of-phase OH stretch and the shared

proton displacement, which is enhanced upon excitation of the out-of-phase OH stretch. In-

deed, the two calculations that provide the larger value for the x-component of the transition

moment use DMC to calculate this excited state, while for the treatments that provide the

smaller values the trial wave function is used to describe this excited state. We note that

the motion of the shared proton should couple to the outer OH stretch since as the shared

proton moves closer to one of the OH groups, the complex evolves from a proton equally

interacting with two hydroxide ions to a hydroxide water complex. Since the equilibrium OH

bond length is larger in hydroxide than in water, as the shared proton is displaced toward

an OH group, that OH bond will shorten. Mixing of these two motions will contribute to

the normal mode that describes the shared proton vibration. Conversely, the normal mode

that describes the out-of-phase OH stretch will have the shared proton displacing toward

the OH bond that is being lengthened. This is illustrated in the projection of ϕT
0 ψ1 onto

the shared proton stretch and out-of-phase OH stretch in Figure 4.4b. As illustrated by this
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Figure 4.4: Panels a and b, Projections of the product of the ground and excited state wave
functions onto the shared proton motion, qsp, and the out-of-phase OH stretch coordinate,
qOH−OOP = (rA − rB)/

√
2, where this product is approximated by (a) Ψ0ϕ

T
1 and (b) ϕT

0Ψ1.
(c) The x-component of the dipole moment and (d) µx(qsp, qOH−OOP)−µx(qsp, qOH−OOP = 0).
The vertical red dashed lines in panels a and b show the maximum extent of the product of
the ground and excited state wave functions along qsp. The orange dots in panels a and c
are at the maximum and minimum values of these distributions, while the arrows show the
direction of the shifts of these positions for ϕT

0Ψ1 compared to Ψ0ϕ
T
1 . Likewise, the light blue

dots in panels b and d show the maximum and minimum values of the distributions while
the arrows indicate the direction they would shift for Ψ0Ψ1 compared to ϕT

0Ψ1.

plot, the part of the wave function where qOH−OOP > 0 is shifted to larger values of qsp, while

the part with qOH−OOP < 0 is shifted to smaller values of qsp. The illustration above the

graphs shows the phases of these vibrations with blue (qOH−OOP) and orange (qsp) arrows.

Displacements in the direction of these arrows lead to the shared proton being displaced

toward the longer outer OH bond. While this behavior is evident when DMC is used to

evaluate the vibrationally excited state, it is not evident in the projection plotted in Figure

4.4a, where the excited state is described by the trial wave function, which is expressed as a

product of the ground state in the shared proton vibration and the excited state in the outer

OH stretches, as described by Eq. (4.28).
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To explore the effect of this coupling on the calculated transition moments, we consider

the x-component of the dipole moment, plotted in panels c and d of Figure 4.4. The orange

arrows in panels a and c, show the direction of the displacement of the projection of the

product of the ground and first excited states when the coupling between qsp and qOH−OOP

is introduced. As seen in panel c, where the x-component of the dipole moment is plotted

as a function of these two coordinates, such a shift leads the product of the ground- and

excited-state wave functions to sample regions where the magnitude of µx is increased. This

results in the nearly factor-of-four increase in M0,1 when the vibrationally excited state that

is used to calculate M0,1 is obtained from a DMC calculation. In this way, the calculated

value of M0,1T is expected to provide an underestimation of M0,1.

Figure 4.5: Comparison of the projections of products of the ground and first excited state
wave functions in the asymmetric stretch, plotted as functions of qHOH−wag = αA + αB − π
and qOH−AS for H5O

+
2 . Panel a provides results for the product of Ψ0ϕ

T
1 and panels b shows

results using ϕT
0Ψ1. Red dashed lines indicate the extent of these distributions. For these

plots, αA is defined as the angle between r⃗1A × r⃗2A and the OO bond, while αB is the angle
between r⃗1B × r⃗2B and the OO bond.
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Figure 4.6: Projections of the a) ground state and b) state with one quantum of excitation
in the OH-OOP stretch probability amplitudes onto qOH−OOP = (rA − rB)/

√
2 and the out-

of-phase combination of the two OOH bending vibrations, qOOH−OOP = (θA − θB)/
√
2 for

H3O
−
2 .

Next we consider panels b and d of Figure 4.4. While the projection in panel b illustrates

couplings between qsp and qOH−OOP, the slope of the nodal surface should be finite. The effect

of rotating the node on the position of the maximum in the amplitude of the projection is

illustrated with blue arrows in panels b and d. As in panel c, panel d provides the x-

component of the dipole surface, but to help make it easier to see changes in the values of

the dipole moment that is sampled when the excited-state wave function is rotated, we have

subtracted the value of the dipole moment when qOH−OOP = 0. As can be seen in Figure 4.4d,

the rotation of the excited-state wave function will lead to a decrease in the magnitude of the

x-component of the dipole moment in the regions of configuration space where the projection

is large. This leads us to expect that M0T ,1 provides an overestimation of the magnitude of

M0,1. Indeed that is what is found when we compare the values of the x-component of the

transition moment calculated by applying the DMC approaches for the 4-D model of H3O
−
2

to the values obtained by a basis set calculation of this model system. By using the average

of M0,1T and M0T ,1 to approximate M0,1 we obtain a partial cancellation of the errors of

the individual approximations. Similar behavior is found for the transition moments for the

OH-OOP-SS in H5O
+
2 , as seen in Table 4.7, and illustrated in Figure 4.5.
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Next, we consider the y-component of the transition moment for H3O
−
2 . As seen in

the results reported in Table 4.6, the DMC calculations consistently provide a value of

roughly −0.07 D, while the results based on the 4-D calculation give a value of +0.03 D.

These differences reflect the coupling between this stretching motion and the out-of-phase

OOH bending vibration, qOOH−OOP. This can be seen in the projection of the ground- and

excited-state probability amplitude onto qOOH−OOP and qOH−OOP in Figure 4.6. The above

discussion illustrates how the comparison of transition moments calculated with trial wave

functions alone and using DMC can provide insights into important couplings that might

not be immediately apparent.

Finally, we consider the asymmetric stretching vibration involving the outer OH bonds in

H5O
+
2 . This vibration is doubly degenerate, and, as expected, calculations for the two vibra-

tions yield identical results within the statistical uncertainties of the calculations. Because

one of the water molecules lies in the xy plane, while the other one is in the xz plane, the

magnitudes of the y- and z-components of the transition moment are expected to be identi-

cal, and this is what is found. As with the x-component of the out-of-phase OH stretching

vibration in H3O
−
2 , the calculated values depend on whether the excited state is described

using the trial wave function or if it is calculated using DMC. As we found above, such

behavior is indicative of couplings between the vibration of interest and another vibrational

motion of the same symmetry. An investigation of possible couplings identified the rotations

of the two water molecules about their a−axes (or the axis in the plane of the water molecules

that is perpendicular to the bisector of the HOH angle) to be the motion of interest in this

case. We will refer to this vibration as qHOH−wag. Projections of Ψ0ϕ
T
1 and Ψ1ϕ

T
0 onto this

coordinate and the asymmetric stretch are shown in Figure 4.5.

Comparing the transition strengths for the out-of-phase asymmetric OH stretches in

H5O
+
2 , obtained from the two TWF approaches and the DW approach, we find that in all

cases the TWF,1 approach is in better agreement with the DW approach. This is consistent

with our findings for water and the sp vibrations in H3O
−
2 and H5O

+
2 . It is also consistent

with the above analysis that indicated that there is expected to be a partial error cancellation
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between the values obtained from M0T ,1 and M0,1T .

Before concluding this discussion, it is useful to compare the transition moments to those

obtained by approaches other than DMC. While several studies have reported frequencies

for H3O
−
2 , the only available calculations of intensities were obtained by our group using

DMC approaches. Additionally, the spectra for this ion were not reported in a way that

allows direct comparison of the intensities of the shared proton and out-of-phase OH stretch-

ing vibrations. In contrast, the spectrum for H5O
+
2 has been calculated using the MCTDH

approach. The authors report the transition strength of the outer OH stretching vibrations

to be roughly 3.5% of that for the shared proton stretch, with both the symmetric and

antisymmetric stretching vibrations carrying roughly equal intensity. As with H3O
−
2 , the

experimental spectrum was recorded in two parts. While we cannot compare the transition

strengths for the shared proton and the outer OH stretching vibrations, we can compare the

transition strengths of the two vibrations associated with the outer OH stretches. From the

action spectrum of H5O
+
2 -He,

95 the ratio of the transition strengths for the out-of-phase sym-

metric stretch to the asymmetric stretch is roughly 1:2. Given that the asymmetric stretch is

doubly degenerate, this yields roughly equal transition strengths for these three vibrations.

This is consistent with the MCTDH results. Our DW and TWF,1 calculations provide

similar relative intensities to those obtained from MCTDH calculations for the asymmetric

stretch, with the DW and TWF approaches providing values that are 3.2% and 2.1% of the

value for the shared proton stretch, respectively. For the out-of-phase symmetric stretch, our

calculated transition strengths are closer to 7.5% of the value for the shared proton stretch.

This likely reflects the DMC approaches overestimating the effect of the coupling between

this vibration and the shared proton stretch, as is seen when we compare the DMC results to

the variational calculation for the 4-D model for H3O
−
2 . We expect that the agreement could

be improved through the use of a single six-dimensional trial wave function, rather than the

product of one- and two-dimensional wave function, but this would come with a significant

increase in the computational requirements of the guided DMC calculations.
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4.4 Conclusion

In this study, we explored how guided DMC can be used to calculate the frequencies and

intensities of vibrational transitions. We showed that the strategy of expressing ϕT as a

product of functions that depend on one or two vibrational coordinates, which we previously

exploited for ground state calculations, can be extended to calculations involving excited state

energies and wave functions. Two approaches for calculating intensities were explored. The

first involves using the DW approach used to obtain probability amplitudes. This approach is

shown to be accurate, albeit as expensive as the DMC calculation of the energy. In contrast,

the TWF approach adds little additional computational expense once the energies have been

calculated. By averaging the results of calculations of the transition moment using the TWF

approach based on the ground and excited wave functions, accuracy that is comparable to

the DW approach is achieved. Additionally, comparisons of the values of the transition

moment obtained by these two TWF calculations provide insights into couplings between

the vibrational motions.
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Chapter 5

DIFFUSION MONTE CARLO CALCULATIONS OF GROUND
AND EXCITED VIBRATIONAL STATES USING INTERNAL

COORDINATES

Reproduced in part with permission from [Pattrapon Moonkaen, and Anne B. McCoy.

Diffusion Monte Carlo calculations of ground and excited vibrational states using internal

coordinates. Molecular Physics, e2535486] This is an Original Manuscript of an article

published in Molecular Physics on 24 Jul 2025, available online:

https://www.tandfonline.com/doi/full/10.1080/00268976.2025.2535486.

5.1 Introduction

Theoretical and computational approaches for studying vibrational spectroscopy and dy-

namics are essential for unraveling how molecular structure and couplings among vibrational

degrees of freedom are encoded in spectra. Typically, such calculations and the insights that

are obtained from them require a careful choice of the vibrational coordinates in which the

Hamiltonian is expressed. Indeed, the interpretation of the origin of intensity of vibrational

transitions can depend on the coordinates in which the calculation is performed, as has been

illustrated for the complex of the chloride ion with a water molecule.103–105 The choice of

coordinates is particularly important when the calculation is performed in reduced dimen-

sionality. Even for full-dimensional calculations, a careful choice of coordinates can make a

computationally demanding study tractable.27,92,106–109

A method that is particularly powerful for exploring couplings among large amplitude

vibrational motions is diffusion Monte Carlo (DMC).23,24,36,54,110 This approach provides a

Monte Carlo sampling of the ground-state wave function as well as the value of the ground-
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state energy based on a potential function. As the algorithm involves Monte Carlo sampling

of the ground-state wave function based on the potential, most of the expense of the calcu-

lation is in the potential evaluations, and the choice of coordinates becomes less critical. On

the other hand, if one wishes to perform the calculation in reduced dimensionality, flexibil-

ity in coordinate choices, and the ability to manage Hamiltonians with non-separable and

coordinate-dependent terms in the kinetic energy operator becomes important. Some work

in this direction involved studies of molecular clusters in which the molecular units are kept

rigid, and only rotational and translational motions of the molecular constituents are con-

sidered.38,62,111 More recently, we explored complexes of up to three helium atoms with the

ammonium/water complex for which we focused only on the motions of the helium atoms

and the large amplitude internal rotation of the NH3 unit.28 Additionally, Jiang et al used

DMC approaches to explore the structures of complexes of argon atoms with HF.29

The above examples focus on specific cases. To be able to apply DMC more generally

using more flexible choices of coordinates requires a more flexible approach. Several years

ago, we also explored the possibility of performing DMC simulations in internal coordinates,

and showed that this could be achieved by expressing the kinetic energy in terms of linear

combinations of the internal coordinates that rendered the kinetic operator separable, at least

locally.60 Since that time, we have recognized that considerable savings in DMC calculations

can be achieved through the introduction of guiding functions.9,36,77,82,112 In the present

study we combine these two approaches, and present a reformulation of the working equations

for DMC for calculations in internal coordinates that employ guiding functions.

Additionally, while DMC calculations of ground-state properties can be powerful, ex-

tensions to excited states are essential as we explore how the couplings among vibrational

degrees of freedom evolve with vibrational excitation. We recently presented the results

of guided DMC calculations of vibrationally excited states when the position of the nodal

surface could be determined by symmetry.113 In this work, we extend that approach to

situations where the location of the node cannot be determined a priori.

The above approaches are applied to calculations of water, focusing on the ground state
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and states with one quantum of excitation in the HOH bend and the asymmetric OH stretch.

Results of these calculations are compared to those obtained from converged variational cal-

culations and to those obtained from DMC calculations performed without guiding functions

and using other choices of coordinates.

5.2 Methods

5.2.1 Guided DMC in Cartesian coordinates

Before, presenting an approach for performing guided DMC simulations in internal coordi-

nate, we review some of the key aspects of guided DMC calculations when they are per-

formed in Cartesian coordinates. Additional discussion of the approach can be found in

earlier work.22–24,31,36,54

As with all studies of quantum dynamics and spectroscopy, we start from the time-

dependent Schrödinger equation,

iℏ
dΨn

dt
=
(
T̂ + V̂

)
Ψn(x) = −ℏ2

2

Na∑
k=1

∇2
kΨn(x)

mk

+ V (x)Ψn(x). (5.1)

Developing the guided DMC algorithm involves first replacing t with τ = it/ℏ, and expressing

the wave function for the state of interest (represented by n) as

Ψn(x) =
fn(x)

ϕT
n (x)

, (5.2)

where

fn(x) =
Nw∑
l=1

wlg (x− xl) , (5.3)

ϕT
n is the pre-determined guiding function, and g (x− xl) represents a function that is local-

ized at xl. This function is often referred to as a walker which is represented by its location

xl, and its associate weight, wl. Finally, Nw provides the number of walkers that make up

the ensemble at time τ . Note that here and in the following discussion, the walkers are
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identified by the subscript l, while the Na atoms are indexed by k.

Substituting the expression for Ψn in Eq. (5.2) into Eq. (5.1) we obtain36

dfn
dτ

=
Na∑
k=1

[
ℏ2

2mk

∇2
k − ∇⃗k · D⃗k(x)

]
fn(x)− (EL(x)− Eref)fn(x), (5.4)

where

EL(x) =
ĤϕT

n (x)

ϕT
n (x)

= −ℏ2

2

Na∑
k=1

(
1

ϕT
n (x)

)
∇2

kϕ
T
n (x)

mk

+ V (x) (5.5)

is the local energy, and

D⃗k(x) =
ℏ2

mk

1

ϕT
n (x)

∇⃗kϕ
T
n (x) (5.6)

provides the drift term for the kth atom. The walkers in Eq. (5.3) are propagated using Eqs.

(5.4)-(5.6). More specifically, over a series of time steps, ∆τ , the propagation is performed

in four parts:

First the coordinates of each of the atoms that define each of the walkers are displaced

by the sum of a random displacement, represented by δ⃗k,l, and D⃗k(xl). The components of

δ⃗k,l are randomly selected from a Gaussian distribution with width

σk = ℏ
√

∆τ

mk

, (5.7)

and the new coordinates of the kth atom in the lth walker are given by

x⃗′k,l = x⃗k,l + δ⃗k,l + D⃗k(xl)∆τ. (5.8)

In the Metropolis step, the probability of the move that was taken is compared to the

probability that the walker could have been displaced from its new position, x′
l, back to the

original one, xl. Such a displacement would require a random displacement of

δ⃗′k,l = x⃗k,l − x⃗′k,l − D⃗k(x
′
l)∆τ. (5.9)



88

This relative probability is evaluated using

Pl =
P (x′

l → xl)

P (xl → x′
l)

=
(ϕT

n (x
′
l))

2

(ϕT
n (xl))2

Na∏
k=1

exp
[
−mk

(∣∣δ′k,l∣∣2 − |δk,l|2
)
/(2ℏ2∆τ)

]
. (5.10)

If Pl is larger than a random number between zero and one, then the move is accepted. If

the random number is larger than Pl, the move is rejected, and the coordinates of the walker

are unchanged.

In the third step, the weights of the walkers are updated so that

wl(τ) = exp {− [EL(xl)− Eref(τ −∆τ)]∆τ}wl(τ −∆τ). (5.11)

For these calculations, we constrain all the weights to be either 1 or 0, To enforce this, the

integer part of wl in Eq. (5.11) provides the number of walkers that will be included in the

ensemble at the coordinates xl, and the fractional part of wl provides the probability that

an additional walker will be introduced at these coordinates. Whether or not the additional

walker is introduced is determined by comparing the fractional part of wl to a random number

obtained from a uniform distribution between 0 and 1.54 We have found that constraining

the weights to be 0 or 1 after the displacement produces a more stable simulation than when

the weights are represented by real numbers.

Finally, Eref is updated using31

Eref(τ) =

∑
lEL(xl)wl(τ)∑

l wl(τ)
− α

(∑
l wl(τ)−

∑
l wl(τ = 0)∑

l wl(τ = 0)

)
, (5.12)

where α is a simulation parameter. We have found that α = 0.5/∆τ to be an effective choice

for this parameter.34,35

Once the simulation is equilibrated, fn(x) will provide a Monte Carlo sampling of the

product of the nth eigenstate of the system of interest and the trial wave function, ϕT
n .

Likewise, the time-averaged value of Eref provides the energy of the state of interest.
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The above approach is general and should provide an accurate wave function and energy

for any state of interest, assuming that the choice of ϕT
n reflects the expected nodal pattern.

In practice excited state simulations often become unstable as both the local energy and

drift term involve 1/ϕT
n , which diverges at the nodes. This problem has been identified by

Umrigar et al.,73 who suggested replacing the drift term and the local energy with limiting

expressions. We recently extended the approach for studies of vibrational problems.113

5.2.2 Guided DMC in internal coordinates

The primary difference between propagations in Cartesian and internal coordinates comes

in the increased complexity of the kinetic energy term in Eq. (5.1). Specifically, in internal

coordinates,

T̂ = −ℏ2

2

Na∑
k=1

1

mk

∇2
k = −ℏ2

2

3Na−6∑
i,j=1

∂

∂ri
Gij(r)

∂

∂rj
+ V ′(r). (5.13)

In Eq. (5.13), ri is used to represent one of the internal coordinates, and Gij is an element of

the G-matrix, which was introduced by Wilson et al.66 The elements of the G-matrix have

been tabulated66,114 or they can be evaluated using

Gij(r) =
Na∑
k=1

(
∇⃗kri

)
·
(
∇⃗krj

)
mk

. (5.14)

In this way, the diagonal elements of the G-matrix take the role of 1/mk in the Cartesian

kinetic energy, although unlike the kinetic energy in Cartesian coordinates, the elements of

the G-matrix are generally functions of the internal coordinates. Finally, V ′ is the effective

potential operator, which arises from the fact that the coordinates and momenta do not

commute. This term can either be obtained from tabulations or calculated.114

Replacing the kinetic energy term in Eq. (5.1) with Eq. (5.13), and simplifying the re-

sulting expressions, we obtain a revised set of working equations,
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dfn
dτ

=
ℏ2

2

3Na−6∑
i,j=1

{
∂

∂ri
Gij(r)

∂

∂rj
+

∂

∂ri
Dj(r)

}
fn(r)− (EL(r)− Eref) fn(r), (5.15)

where

EL = −ℏ2

2

3Na−6∑
i,j=1

(
1

ϕT
n (r)

)(
Gij(r)

∂2ϕT
n

∂ri∂rj
+
∂Gij

∂ri

∂ϕT
n

∂rj

)
+ V (r) + V ′(r) (5.16)

is the local energy and

Di(r) =

(
ℏ2

ϕT
n (r)

) 3Na−6∑
j=1

Gij(r)
∂ϕT

n

∂rj
(5.17)

is the drift term for the ith internal coordinate.

The introduction of internal coordinates leads to two additional complications to the im-

plementation of the DMC algorithm. The first involves the displacement of the walkers since

the kinetic energy is no longer separable. Following our earlier work,60 this can be circum-

vented by displacing linear combinations of the internal coordinates, which are determined

by diagonalizing the G-matrix, and evaluating the displacements using a distribution for the

Ith linear combination of the internal coordinates of

σI = ℏ
√
GI∆τ , (5.18)

where GI represents the Ith eigenvalue of the G-matrix. This approach assumes that the

values of the elements of the G-matrix do not change significantly over the random displace-

ment of the walker in a single time step. Earlier work on H+
3 and its deuterated analogues

confirmed this to be a valid assumption for displacements of the cartesian coordinates.60

The second complication comes in the Metropolis step. Since δ
(r)
l now represents dis-

placements of internal coordinates, we need to replace the mk in Eq. (5.10) with G−1, and

the revised expression for P becomes
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Pl =
(ϕT

n (r
′
l))

2

(ϕT
n (rl))

2

× exp

{
3N−6∑
i,j=1

[
−δ(r),′i,l

(
G−1

)
ij
δ
(r),′
j,l + δ

(r)
i,l

(
G−1

)
ij
δ
(r)
j,l

]
/
(
2ℏ2∆τ

)}
, (5.19)

where

δ
(r)
i,l = r′i,l − (ri,l +Di(rl)) , (5.20)

and

δ
(r),′
i,l = ri,l −

(
r′i,l +Di(r

′
l)
)
. (5.21)

For each part of the propagation, the G-matrix elements are evaluated at a chosen set

of internal coordinates. Since the sizes of the displacements of the walkers depend on the

values of the elements of the G-matrix, they should be evaluated at the coordinates of the

walkers prior to displacement. Likewise, the G-matrix elements in the drift term in Eq.

(5.17) should be evaluated at the same coordinates as are used to evaluate ϕT
n . We use the

coordinates prior to displacement of the walkers here as well. For the evaluation of EL in

Eq. (5.16), the elements of the G-matrix should be evaluated at the same coordinates as the

potential energy is evaluated at. The choice becomes less clear when we consider where to

evaluate the elements of the G-matrix for the Metropolis step, which is given by Eq. (5.19).

This question is explored in the following section.

Before moving to the results, it is useful to note the differences between the guided and

unguided DMC approaches. Performing DMC simulations without a guiding function is the

same as treating ϕT
n as a constant. As such, the kinetic contribution to the local energy and

the drift term both vanish, and δ
(r)
i,l = δ

(r),′
i,l in Eqs. (5.20) and (5.21), making Pl = 1 for all

walkers. For these reasons, in our earlier study,60 we only needed to consider the evaluation

of the G-matrix elements for the evaluation of the size of the random displacements of the
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walkers.

5.3 Results

To explore the approach, described above, we will focus on DMC simulations of the ground

and excited states of water. For these calculations, we use the potential surface developed

by Partridge and Schwenke,85 which is expressed in terms of the two OH bond lengths,

rOH,1 and rOH,2, and the HOH angle, θ. The DMC simulations are performed using the

approaches described above with a time step, ∆τ , of 1 a.u., and α = 0.5/∆τ in Eq. (5.12).

All simulations are run for 20 000 time steps, and five independent simulations are run for

each calculation. Unless stated otherwise, all ensembles are initiated with 10 000 walkers.

Descendant weighting23,24,54 is used to generate the probability amplitudes from the

ensemble of walkers. For each of these calculations, wave functions are collected every 1000

time steps, starting after the simulation has been propagated for 5000 time steps. Descendant

weights are collected after the ensemble of walkers has been propagated for an additional

300 time steps.

Following our earlier work, the guiding functions used in these studies are products of

one-dimensional solutions to the Hamiltonian for one of the OH stretching vibrations, φn(r),

where the other OH bond length and the HOH angle are constrained to their equilibrium

values, and a harmonic description of the bend. The OH stretching wave functions, evaluated

on a grid, and the parameters for the HOH bending wave function have been reported

previously.9

5.3.1 Ground state energies and wave functions

We start by considering the ground state of water, where

ϕT
gs(rOH,1, rOH,2, θ) = φ0(rOH,1)φ0(rOH,2)χ0(θ) (5.22)

This will allow us to explore the effect of the choice of coordinates at which the elements of the
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(G−1)-matrix are evaluated on the calculation of the probability of accepting a move through

the Metropolis step in Eq. (5.19). Analysis of Eqs. (5.19) - (5.21) indicates that there are four

possible choices, the coordinates at either end of the displacement represented by δ
(r)
j or δ

(r),′
j

or at the middle of this displacement. Focusing on Eq. (5.20) where δ
(r)
l = r′l − (rl +D(rl)),

we could evaluate the elements of the (G−1)-matrix at r′l, at rl +D(rl), or at the mean of

these two values. To simplify the discussion, these three points will be referred to as the

end (e), beginning (b), or mean (m) in the discussion that follows. We also consider using

the geometric mean of the elements of
(
G(b)

)−1
and

(
G(e)

)−1
. The results of calculations

of the ground state that employ these four choices in the evaluation of G−1 are provided

in the column of Table 5.1, labeled Egs. For comparison, the results of DMC simulations

in Cartesian coordinates are reported in the bottom row of this table. Previously reported

variational calculations using the same potential give a ground state energy of 4636.8 cm−1.98

This value is in good agreement with the ground state energies obtained when the elements

of the (G−1)-matrix are either evaluated at the average coordinates, or when the geometric

mean of the elements of the (G−1)-matrix elements that are evaluated at the start and

the end of the displacement are used. When employing the geometric mean, care must be

taken to ensure that the sign of the geometric mean of the matrix elements matches the

sign of the individual elements. Additionally, in some cases the off-diagonal elements of the

(G−1)-matrix change sign over the displacement of the walker. In these cases the sign of the

geometric mean is selected randomly.

Using (G−1)-matrix elements evaluated at one end of the displacement in the evaluation

of P in Eq. (5.19) introduces errors. This finding should not be surprising as the values of

the elements of the (G−1)-matrix depend on the coordinates at which they are evaluated.

On the other hand, the 4 cm−1 shifts in the ground state energies are an order of magnitude

larger than the uncertainties in the calculations.

An important advantage of using guided DMC comes in the savings in terms of the

smaller ensemble sizes needed to obtain converged results. We first identified this in our

studies of water clusters,81,82 and identified similar savings for protonated water clusters.9
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Table 5.1: Comparison of the calculated energies (in cm−1) for the ground state and first
excited state in the asymmetric stretch in H2O

a,b when G−1 is evaluated at different values
of the coordinates, as described in the text.

Calc. Methodc Egs Ena=1(a > 0) Ena=1(a < 0) Ena=1 − Egs
d

A
(
G(b)

)−1
4634.5(0.5) 8385.1(1.6) 8385.4(0.4) 3750.8(1.1)

B
(
G(e)

)−1
4641.9(0.4) 8399.4(0.7) 8399.5(0.3) 3757.6(0.6)

Ce

√
(G(b))

−1
(G(e))

−1
4639.1(0.4) 8392.7(0.7) 8392.8(0.4) 3753.6(0.7)

D
(
G(m)

)−1
4638.6(0.4) 8392.8(0.5) 8392.4(0.3) 3754.6(0.6)

E Cartesianf 4637.6(0.4) 8392.3(0.9) 3754.7(1.0)
a Calculated using the potential and dipole surfaces developed by Partridge
and Schwenke.85,86

b Numbers in parentheses represent the standard deviation among five
independent DMC simulations.

c Coordinates at which the elements of G−1 in Eq. (5.19) are defined.
See text for details.

d The 3D variational calculation on the same potential gives 3755.1 cm−1.98
e Results when the geometric means of the elements of the G−1 matrices are used.
f Results of a DMC calculation performed in Cartesian coordinates.

In Figure 5.1a, we show the evolution of the ground state energy and its uncertainty as a

function of 1/Nw, using the energy obtained from a guided DMC simulation with 10 000

walkers as a reference (gray dotted line). The unguided simulations require ensembles of at

least 1000 walkers to obtain results that have an uncertainty below 10 cm−1 and where the

deviation from the reference value is smaller than this uncertainty. In contrast, the guided

DMC calculations achieve this threshold of convergence with as few as 100 walkers.
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Figure 5.1: Energies obtained from guided (blue dashed lines) and unguided (red solid lines)
DMC simulations for the ground state (a) and first excited state in the asymmetric OH stretch
(b) in water plotted as a function of 1/Nw, where Nw represents the number of walkers in
the ensemble at τ = 0. The energy obtained from a guided simulation with Nw = 10 000 is
shown with the gray dotted line. The data used to make these plots are provided in Table
5.2. For all of the calculations, the values of G−1 used in the Metropolis step in Eq. (5.19)

were evaluated at the center of the displacement, using
(
G(m)

)−1
, as described in the text.
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Table 5.2: Data plotted in Figure 5.1

Nw Egs - Unguided Egs - Guided Ena=1 - Unguided Ena=1 - Guided
100 4679.6(33.2) 4644.6(6.6) 8489.9(42.7) 8397.1(5.5)
125 4666.3(33.1) 4638.6(5.9) 8454.0(22.7) 8396.9(5.7)
167 4658.0(41.9) 4642.9(4.0) 8462.3(42.4) 8391.8(5.4)
250 4654.4(8.2) 4636.9(4.1) 8421.6(23.1) 8394.1(3.5)
500 4642.3(16.6) 4639.5(1.8) 8400.8(21.2) 8393.0(4.7)
1000 4636.3(6.7) 4637.5(1.9) 8406.6(9.8) 8393.3(1.5)
3000 4638.0(3.5) 4638.0(1.3) 8395.7(4.1) 8393.3(0.8)
10 000 4638.4(4.8) 4638.6(0.4) 8394.7(3.1) 8392.4(0.4)

5.3.2 Asymmetric stretch energies and wave functions

We also explored the first excited state in the asymmetric OH stretching vibration. For these

calculations, the guiding function is given by

ϕT
na=1 =

1√
2
[φ0(rOH,1)φ1(rOH,2)− φ1(rOH,1)φ0(rOH,2)]χ0(θ) (5.23)

For this excited state, the wave function changes sign when rOH,1 = rOH,2, and no further

adjustment to the DMC algorithm is needed. The energies obtained using the various ap-

proaches for evaluating the elements of the (G−1)-matrix are reported in Table 5.1. Since

in the DMC simulations walkers that start on one side of the nodal surface will remain on

that side of the node, we report two results for each approach, one when the wave function

is evaluated for only positive values of the asymmetric stretch coordinate, and one where

a < 0. The agreement between the results of these two sets of DMC simulations is excellent,

as expected, but larger variability is found among the approaches for evaluating the elements

of the (G−1)-matrix, and we find that using
(
G(m)

)−1
or the geometric mean of

(
G(b)

)−1

and
(
G(e)

)−1
both provide results that are in excellent agreement with the results of DMC

simulations performed in Cartesian coordinates and the energy obtained from a variational

calculation.98 This is consistent with our observations for the ground state calculations.
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Finally, we compare the convergence of the energies with ensemble size, reported in Figure

5.1. The energies obtained from the guided simulations of the ground state and this excited

state show very similar behavior, both in terms of the deviations from the expected values

and the size of the uncertainties. In contrast, the convergence of the excited state energy from

the unguided simulation is slower, requiring an ensemble size of 3000 walkers to achieve the

level of agreement obtained with 1000 walkers for the ground state calculation. This points

to the possibility that the savings gained from performing the guided DMC simulation will

be larger for excited states than for the ground state.

5.3.3 Bend energies and wave functions

Finally, we consider the first excited state in the HOH bend. For these calculations, we will

exploit the fact that we have already determined that for the evaluation of P in Eq. (5.19)

we want to evaluate the elements of the (G−1)-matrix at the average geometry of the walker

before and after displacement. Unlike the first excited state in the asymmetric stretch, where

the position of the node can be determined by symmetry, the position of the node for the

bend excited state must be identified, and the quality of the results of the DMC simulation

will rely on an accurate determination of the nodal position.

To find the value of θ where we expect the wave function will change sign, we draw

from some of our earlier studies and the work of Buch and co-workers,25,26,55,62 and exploit

the fact that we can divide excited states into two or more regions that are separated by

the nodal surfaces. Within each region, the sign of the wave function is either positive or

negative. Additionally, for each of these regions ĤΨ = EΨ and the associated energies

must be identical in all of the regions. These observations led us to develop an algorithm

in which we sweep the position of the node throughout the DMC simulation.26 Specifically,

after the simulation is equilibrated at the initial value of θnode, the value of θnode is increased

linearly through the remainder of the simulation. By using a small value of dθnode/dτ , the

perturbation to the Hamiltonian from the displacement of the position of the node is small,

and the ensemble of walkers continues to reflect the ground state under the constraints of the
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calculation. Simulations are performed for ensembles for which θ > θnode and θ < θnode, and

the resulting Eref(θnode) curves are fit to low-order polynomials. In the present case, a linear

fit is used. The coordinates at which the two curves cross provide the position of the node

and the corresponding energy of that excited state. For guided DMC calculations, sweeping

the node corresponds to shifting the value of θ where χ1(θ) changes sign. This is achieved

by using

ϕT
nθ=1(rOH,1, rOH,2, θ) = φ0(rOH,1)φ0(rOH,2)χ1(θ − (θe − θnode)) (5.24)

for the trial wave function for these calculations, where θe is the minimum in the potential

of Partridge and Schwenke,85 104.3475◦. For these simulations, the value of θnode is shifted

between 103◦ and 106◦ over 20 000 timesteps of 1 a.u., making dθnode/dτ = 1.5×10−4 degrees

a.u.−1. This approach is similar to the approach we developed to obtain excited states from

unguided DMC simulations, which we have called adiabatic DMC.26 The key difference is

that in unguided DMC, we require the wave function to go to zero at the node, by removing

any walker that crosses the nodal surface from the simulation. In guided DMC the node is

enforced by the guiding function, and the drift term in Eq. (5.17) moves amplitude away

from the node.

The results of this approach are shown in Figure 5.2. In the simulation represented by the

results shown in orange, the wave function is constrained to regions where θ < θnode, while

the results shown in blue have θ > θnode. As we sweep the position of θnode, the value of the

energy decreases as the range of angles sampled is increased. We find that the simulation

is more stable if the value of θnode is scanned so that the value of Eref decreases through

the simulation. In this way, the region that walkers are allowed to explore is expanding.

Performing the simulation where Eref increases will lead to some walkers ending up on the

incorrect side of the nodal surface, which leads to numerical instabilities in the simulations.
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Figure 5.2: Plot of Eref as a function of the position of the node, θnode, for the excited
state of water with one quantum in the HOH bend. The data plotted in orange represents
calculations where all of the walkers in the ensemble have θ < θnode, while the data in blue
provides the results for a distribution when θ > θnode. Solid lines provide the raw data from
the simulations, while the dashed lines give the results of a linear fit to that data. The
black circle shows the point where the two dashed lines intersect, and represents the node
position and corresponding energy of the state. The fit for the orange data is Eref/(cm

−1) =
−149.109 θnode+21830.6, and the fit for the blue data is Eref/(cm

−1) = 135.118 θnode−7891.49

We obtain a nodal position of 104.57◦ and an excited state energy of 1599.5(0.6) cm−1

based on five independent calculations of the type shown in Figure 2.1. Using this value of

θnode, we also performed ten calculations of the energy of this state, five for θ > θnode and

five for θ < θnode. These result in a calculated energy for the state with nθ = 1 of 1596.6(1.1)

cm−1. Additionally, the calculations performed when θ > θnode and those performed with

θ > θnode differ by roughly 1 cm−1, which is also the uncertainty of these calculations. These

results are in excellent agreement with the results of an unguided DMC simulation of the

same state, 1592.8(5.7) cm−1, and the expected value of 1594.4 cm−1. The small deviations

between these results reflect the assumption that the nodal surface can be defined as a linear

function of θ, and as such ignores the curvature in the nodal surface.
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5.4 Conclusions

In this work, we described an extension of diffusion Monte Carlo approaches for studying

vibrational problems that combines the use of guiding functions with an implementation of

DMC in internal coordinates. The working equations for performing DMC simulations in

internal coordinates are developed, and the approach is applied to calculations of the ground

and excited states of water. The primary challenge of implementing DMC in internal co-

ordinates comes in the coordinate-dependence of the G-matrix elements. While we show

that assuming the values of the G-matrix can be treated as constant, the coordinates at

which they are evaluated can affect the results. This sensitivity comes in the evaluation of

whether a move is accepted or rejected through the evaluation of P in Eq. (5.19). We show

that by evaluating the elements of the (G−1)-matrix at the center of the displacement that

is considered, we are able to obtain accurate energies and wave functions for the ground

and excited states of water. Additionally, we extend earlier work that used guided DMC for

vibrationally excited states113 to situations where the position of the node cannot be deter-

mined by symmetry considerations alone. This approach was demonstrated for a calculation

of the state with one quantum of excitation in the bending vibration in water.
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Chapter 6

EXPLORING THE SPECTRAL SIGNATURES OF LARGE
AMPLITUDE MOTIONS IN THE CH STRETCHING REGION

OF THE VIBRATIONAL SPECTRUM OF CH+
5

Reproduced in part with permission from [Pattarapon Moonkaen, and Anne B. McCoy.

Exploring the Spectral Signatures of Large Amplitude Motions in the CH Stretching Region

of the Vibrational Spectrum of CH+
5 . J. Phys. Chem. A 2026 , 130 (17), 3361-3369].

Copyright [2026] American Chemical Society.

6.1 Introduction

Methanium, CH+
5 , is a molecular ion of long-standing interest due to both its unusual bonding

and its potential astrochemical significance.10,14–16,115–119 Astrochemical detection of CH+
5

requires an interpretable spectrum. Despite three reported high-resolution spectra for this

ion,7,44,45 the assignment of more than a fraction of the transitions remains an open challenge.

It is reasonable to assume for a small molecule that the development of either accurate

calculated rotation-vibration energy levels or a model Hamiltonian that can be used to

obtain a simulated spectrum would be straightforward. The challenges that are introduced

in the assignment of the spectrum for CH+
5 reflect the fact that it contains five hydrogen

atoms that are bound to a carbon atom with eight valence electrons and, unlike methane,

the resulting five CH bonds are not equivalent in the minimum energy geometry.

The equilibrium structure of CH+
5 can be described as containing a sp3 hybridized carbon

atom with three shorter CH bonds, which are similar in length to the CH bonds in methane,

and two elongated CH bonds, which reflect a two-electron, three-centered-bonding interaction

between the resulting CH+
3 , or methyl, unit and a hydrogen molecule, or H2 group.

120 In the
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Figure 6.1: Structures of the three low-energy stationary points on the potential surface for
CH+

5 . The colored highlight circles are included to illustrate the how the individual hydrogen
atoms are displaced through the two isomerization processes. The relative energies of the
structures are based on the potential surface of Jin and Bowman.4

discussion of the parts of the methanium ion, we will use the names, e.g. methanium, methyl,

and hydrogen, when we are describing parts of the ion generically, while chemical symbols

will be used when we are considering a specific isotopologue of methanium. Figure 6.1 shows

the structures of methanium at the three low-energy stationary points on the potential. The

three structures at the bottom of the figure reflect different orientations of the minimum

energy structure.

Rotation of the methyl group (which is comprised of the hydrogen atoms shown in green,

red and purple in the central depiction of the minimum energy structure) by roughly 60◦ takes

the ion to another minimum on the potential, with the corresponding structure depicted in

the lower left of Figure 6.1. The structure at the transition state that connects these minima

is shown above these two structures. Further rotation of the methyl group relative to the

hydrogen group accesses four additional minimum energy structures. As the barrier for

this internal rotation is smaller than the associated rotational constant, the ground-state

probability amplitude reflects nearly free internal rotation among the six equivalent minima



103

that are connected through this motion. This nearly free internal rotation has been identified

in simulations of CH+
5 by us and others,10–12 where it was shown that the projection of the

ground-state probability amplitude onto this torsion coordinate is nearly constant.

The second motion that leads to scrambling of the hydrogen atoms involves a flip motion

of the CH bond that involves the orange hydrogen atom. As a result of this motion, the

two hydrogen atoms that make up the hydrogen group are now the ones shown in orange

and green, while the hydrogen atoms shown in blue, red and purple are now in the methyl

group. As illustrated in the right side of Figure 6.1, motion across this transition state

results in a pair of 90◦ rotations of methanium ion. It also transforms the chirality of

the ion. Again, the projection of the ground-state probability amplitude for CH+
5 onto

this vibration shows nearly equal amplitude at the potential minimum and at the value of

this coordinate that corresponds to the transition state.11 This pseudorotation will also

couple to the molecular rotation, resulting in additional complexity in the rotation-torsion-

flip energy level progression. This has led to the difficulty in modeling the rotationally

resolved spectrum. Consistent with the above discussion, Asvany et al. showed that the

most effective treatment has been through a five-dimensional rotor model.45,121,122 This

complexity also introduces significant complications for calculations of the spectrum, and

the work of Wang and Carrington represents the best efforts in this area to date.106,123

In addition to the rotationally resolved spectra mentioned above, several groups have

explored lower-resolution spectra. The earliest of these studies was reported by Boo and

Lee more than thirty years ago.124,125 In these studies, Boo and Lee obtained the spectrum

of CH+
5 complexed with H2 and other small molecules. They found that as they increased

the number of H2 molecules from one to five, the number of distinct peaks in the spectrum

increased from one to three, and the vibrational frequency of the attached H2 molecule

increased from 4077 cm−1 to 4109 cm−1, which is still significantly red-shifted from the

vibrational frequency of a free hydrogen molecule of 4160 cm−1. This large redshift in the H2

stretching frequency upon complexation with CH+
5 indicates that there is a strong interaction

between CH+
5 and H2. The associated frequencies of the CH vibrations ranged from 2880
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to 3070 cm−1, and were assigned to CH vibrations of the CH+
3 part of the ion with the

scrambling of the positions of the hydrogen atoms, illustrated in Figure 6.1 being quenched

by the introduction of the H2 molecules.

Roughly ten years later, Schlemmer and coworkers used a laser-induced reaction ap-

proach to obtain lower resolution spectra of CH+
5 and its isotopologues.5,6 The detection

of vibrational excitation in these studies is based on the observation that proton transfer

from CH+
5 to CO2 is endothermic, and the energetic difference can be overcome by vibra-

tional excitation. Specifically, vibrational excitation of CH+
5 was probed by detecting the

formation HCO+
2 from the reaction of CO2 with CH+

5 . The resulting spectra of CH+
5 and its

deuterated analogues included an intense band that extended from 2200 to 3200 cm−1. We

modeled these spectra7,126 by calculating the harmonic spectra at the stationary points on

the potential, and evaluating a weighted sum of the harmonic spectra based on the relative

ground-state probability density in the vicinity of each symmetry distinct stationary point.

For this analysis, the ground-state probability densities were obtained from diffusion Monte

Carlo simulations. At the resolution of those experiments, this relatively simple approach

provided surprisingly good agreement with the measured spectra.

More recently, the groups of Ellis127 and Vilesov8 reported spectra of CH+
5 in helium

nano-droplets. In their studies, Ellis reported a single broad peak, spanning from 2800 to

3200 cm−1, which is centered at 2966 cm−1 with a full width at half maximum of 100 cm−1.

This feature is consistent with the previously reported high-resolution spectra,44,45 and was

interpreted to indicate full scrambling of the hydrogen atoms under these conditions. This

interpretation is also consistent with computational studies of CH+
5 complexed with several

helium atoms by Marx and co-workers,128,129 and with the breadth of the CH stretching

feature reported by Boo and Lee for the hydrogen tagged experiments.124,125 Interestingly,

the spectrum reported by Vilesov contains a pair of peaks at 2933 and 2984 cm−1. While

the spectrum spans roughly the same energy range as the spectrum reported by Ellis, the

peaks are narrower than those reported in the Ellis study. In contrast to the work of the Ellis

lab who indicate helium droplets with approximately 100 helium atoms and a temperature
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of roughly 5 K, the Vilesov experiment has CH+
5 in droplets containing approximately 104

helium atoms and a temperature of 0.4 K. This raised the question of the extent to which

the scrambling of the CH bonds in CH+
5 might be partially quenched in the helium droplet

studies.

The simplicity of the helium droplet spectrum obtained by the Vilesov group suggests

that it could be reflecting the type of CH stretching transitions one would expect to dominate

the spectrum of a less floppy molecule. This led us to consider whether we could model the

spectrum and interpret the findings by extending the harmonic oscillator-based model we

developed7,126 in our earlier studies to explore the laser-induced reaction spectra reported

by Schlemmer and co-workers.5,6 In that work, we convoluted the spectra evaluated at the

three stationary point geometries using the probability density from diffusion Monte Carlo

calculations. However, the DMC approach provides the probability density at all geometries

that are sampled in the simulation. As such, we are not limited to considering only stationary

points in our analysis. Additionally, the anharmonicity of the CH vibrations should be

considered in evaluating the spectrum. In extending the approach taken in our earlier studies,

we first consider the full range of structures sampled in a DMC simulation. Starting from

these structures, we model the five CH stretching vibrations using a harmonically-coupled

anharmonic oscillator (HCAO) model,37,130 in which the potential is constructed from one-

dimensional cuts through the CH+
5 potential of Jin and Bowman4 along each of the five CH

bonds, along with bilinear couplings involving displacements of pairs of these CH bonds from

the minimum in these one-dimensional cuts.

Convoluting these spectra will provide a simple extension of the previous treatment.

This will also result in a spectrum that is much broader than observed in the helium droplet

spectra. To address these higer-resolution spectra, rather than averaging the spectra obtained

from this model, we evaluate the spectra using the combined DMC/HCAO model to generate

a Hamiltonian matrix, the elements of which are averaged over the ground-state probability

density for the remaining vibrational degrees of freedom.

In the following section, these models will be described in fuller detail. The developed
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models will then be used to explore the reported vibrational spectra of CH+
5 as well as

CH4D
+.

6.2 Methods

In earlier studies of CH+
5 , HC2O

−
4
131 and complexes of CaOH+ and MgOH+ with up to

five water molecules,132 we employed a strategy for evaluating the spectra in the CH or

OH stretching region that involved calculating spectra for the isolated CH or OH stretching

vibrations over the range of geometries that are sampled ground-state probability density in

the lower-frequency vibrations. In the case of CH+
5 , this was achieved by focusing on the

harmonic spectra evaluated at the three stationary point structures shown in Figure 6.1.

For the other systems, the harmonic spectra in the OH stretching region were averaged over

the harmonic ground-state probability density. This was achieved by randomly selecting

geometries from the ground-state probability density, minimizing the structures with respect

to the OH bond lengths and convoluting the resulting spectra using

I(E) ∝
nvib∑
i=1

Nsamp∑
j=1

ν
(j)
ni=1−0

∣∣∣〈ψ(j)
ni=1

∣∣∣µ⃗∣∣∣ψ(j)
ni=0

〉
Φ2

0(Rj)
∣∣∣2 δ(E − ν

(j)
ni=1−0) (6.1)

where nvib represents the number of high-frequency vibrations that are included in the cal-

culation of the spectra, and Nsamp provides the number of geometries, Rj, that are sampled

from the ground-state probability density, Φ2
0. The transition frequency for the ith oscillator

at the jth sampled geometry, is represented by ν
(j)
ni=1−0, and the associated wave functions

are given by |ψ(j)
ni ⟩. Note, these wave functions may be mixed in character. For the purpose

of analysis, the δ-function in Eq. (6.1) is replaced by a Gaussian function

δ(E − ν
(j)
ni=1−0) ≈ exp

−1

2

(
E − ν

(j)
ni=1−0

∆E

)2
 (6.2)

with a width ∆E. The approach represented by Eq. (6.1) reflects an adiabatic separation of

the high-frequency OH stretching vibrations and the other vibrational motions. It assumes
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that the geometry-dependent frequencies of the OH stretching vibrations are unique, allowing

us to sum the spectra over the sampled geometries.

As noted above, in earlier studies of CH+
5 and its deuterated analogues, the sampling was

limited to the low-energy stationary points on the potential of Jin, et al,4 where the values of

Φ2
0 were obtained from DMC simulations, and the |ψ(j)

ni ⟩ were evaluated using the harmonic

approximation. In subsequent studies of HC2O
−
4 and complexes of CaOH+ and MgOH+

with several water molecules, more geometries were sampled and both Φ2
0 and the |ψ(j)

ni ⟩ were

evaluated using the harmonic approximation. As we consider extensions of this approach to

CH+
5 , we note that anharmonicity of both the high- and low-frequency vibrational motions is

important. For this reason, in the present study we use DMC to evaluate Φ2
0, and randomly

sample geometries based on this distribution. The details of the DMC approach,22–24,32,36,54

and its application to methanium9 can be found elsewhere. All of the calculations described

in this work employ the potential surface for methanium developed by Jin and Bowman,4

and the DMC calculations were performed using PyVibDMC.30

To address the anharmonicities in the CH stretching vibrations, we employ a harmonically

coupled anharmonic oscillator (HCAO) model.37,130 In this model, each CH stretch is treated

as an isolated anharmonic oscillator, the potential for which is a one-dimensional cut through

the CH+
5 potential after the potential energy has been minimized with respect to the five

CH bond lengths. The energies and wave functions for each CH oscillator are then obtained

by solving the corresponding one-dimensional Schrödinger equation in a discrete variable

representation (DVR) based on a uniform grid of of 1001 points spanning the CH bond

lengths between 1 and 3.8 a0.
100 The wave functions for the five oscillators are coupled

through the quadratic terms in the expansion of the terms for the potential and kinetic energy

in the Hamiltonian. In this model, higher-order coupling terms between CH vibrations are

found to be small. As such, the wave functions for the CH oscillators are eigenstates of

H =
5∑

i=1

[
h1Di +

∑
j>i

[
cos θij
mC

pipj + Fij∆ri∆rj

]]
(6.3)
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where

h1Di =
p2i

2µCH

+ V
(i)
1D (ri) (6.4)

Fij provides the second derivative of the potential with respect to ri and rj at the optimized

geometry, and θij is the HiCHj angle. Likewise, the dipole moment, µ⃗ in Eq. (6.1), is

approximated by the sum of one-dimensional cuts through the dipole surface along each of

the CH bonds, evaluated at the optimized values of the other coordinates, Ropt,

µ⃗(r) =
5∑

i=1

(µ⃗(ri,Ropt)− µ⃗e) + µ⃗e (6.5)

Terms in the expression of the dipole moment that involve displacements of two or more

CH bonds are found to have a small contribution to the spectrum. The orientation of µ⃗ is

determined using Eckart conditions1,61 based on the C2v stationary point geometry illustrated

in the top right structure of Figure 6.1.

Operationally, the eigenstates of Eq. (6.3) are obtained by first obtaining the eigenstates

of one-dimensional Hamiltonians, Eq. (6.4), and using a direct product basis formed from

these states to set up the Hamiltonain matrix. Because the Hamiltonian and dipole moment

functions are expressed as sums of separable terms that involve the displacement of a single

CH bond, this choice of basis leads to efficient evaluation of the matrix elements needed

to obtain the various quantities in Eq. (6.1). Additionally, since the coupling terms in

the Hamiltonian in Eq. (6.3) are small compared to the anharmonicity of the CH stretching

potential, their largest contribution will be in the coupling of basis states with the same total

amount of excitation in the CH stretching vibrations. For this reason, the basis used in our

analysis includes only the ground state and the five states with one quantum of excitation in

one of the CH bonds. The inclusion of more basis functions, as well as higher-order coupling

terms in the potential and dipole surface, were found to have little effect on the calculated

spectra.

The approach described above is appropriate for describing the low-resolution spectrum
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of isolated CH+
5 ions, where both ionization pathways illustrated in Figure 6.1 are accessible

even in the ground state. This renders all five CH bonds equivalent in the vibrational ground

state. For the higher-resolution helium droplet spectra, it appears that the spectrum reflects

a single vibrational transition (e.g. a single narrow peak) for each of the CH vibrations that

could be excited. In this case, the convolution of the sampled spectra, which is the approach

that is represented by Eq. (6.1), is no longer appropriate. As a second strategy, we use

the results of the evaluation of the CH wave functions and matrix elements of the dipole

moment, but rather than calculating separate spectra for each sampled structure, we obtain

average values of the elements of the Hamiltonian matrix and of the transition moments.

This results in a single transition for each CH oscillator.

This approach is based on two assumptions. First, the five states that correspond to one

quantum of excitation in one of the CH oscillators are largely decoupled from the ground

state and states with more excitation in the CH stretches. As noted above, because in

the HCAO model contains only bilinear couplings between the CH stretching states, the

largest contributions from these terms among the CH stretching states will be through their

couplings of states with the same amount of excitation in the CH vibrations. The second

assumption is that the wave function that describes the seven other vibrations is unchanged

between the ground and vibrationally excited states. This second approximation is justi-

fied by earlier studies in which we used fixed-node DMC to explore excitations of the CH

stretching vibrations in CH+
5 .

133

One challenge in performing this analysis comes in identifying which CH bond is which as

with the low-energy barriers to isomerization the environment that each CH bond experiences

will depend on the orientations of the five CH bonds. Additionally, depending on the extent

of isomerization that is expected, each structure that is sampled reflects as many as 120

equivalent structures arising from the permutation of hydrogen atoms whose exchange is

energetically accessible.

For this reason, for each structure that is sampled, we identify the position of each of the

five hydrogen atoms based on the middle minimum-energy structure shown at the bottom of
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Figure 6.1. The approach is based on our earlier work on this ion.11,134 Specifically, the ten

distances between the hydrogen atoms are evaluated and the two hydrogen atoms that are

involved in the shortest H-H distance are associated with the hydrogen group (the orange

and blue hydrogen atoms in the structure in Figure 6.1). The six H-H distances involving

the two hydrogen atoms in the hydrogen group are then evaluated. The hydrogen atom in

the hydrogen group that is involved in the shortest of these H-H distances in identified as HB

(orange atom), the other atom in the hydrogen group is HA (blue atom), while the remaining

hydrogen atom that is closest to HB is HC (green atom). The remaining two hydrogen atoms

are randomly assigned as HD and HE (red and purple atoms).

These structural identifications take on two roles in the analysis of the spectra in the CH

region. When we obtain the Hamiltonian matrix by averaging the Hamiltonian matrices for

each sampled geometry, we align the rows and columns based on the A-E labels that identify

the CH bond that is excited. Likewise, when we convolute the spectra using Eq. (6.1), it

is useful to look at contributions to the spectrum from individual CH oscillators. This is

achieved by projecting eigenstates of the Hamiltonian in Eq. (6.3) onto the basis states,

which are products of the eigenstates of the h1Di Hamiltonians in Eq. (6.4). For mixed states,

the assignment is made on the basis of the leading contribution to the eigenstate. If two or

more eigenstates are identified as having their largest contribution from the same basis state,

the eigenstate with the largest contribution from this zero-order state is assigned excitation

of that CH bond, and the second-largest contribution is used in the assignment of the other

state.

Finally, when obtaining the average values of the elements of the Hamiltonian matrix,

care must be taken to ensure that the phases of the wave functions are consistent across

calculations, since a change in the phase of one of the wave functions will alter the sign of

both the transition moment elements between the ground and excited states and the sign

of off-diagonal elements of the Hamiltonian matrix. Additionally, as we consider possible

equivalences among CH oscillators, we will average elements of the Hamiltonian matrix as

well as the values of the transition moments associated with exchangeable CH bonds. While
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the elements of the Hamiltonian matrix are scalars, the transition moments are vector quan-

tities, and the orientations of these vectors depend on the choice of the reference structure

used for the Eckart embedding. For these reasons, we have elected to average the magnitude

of the transition moments and retain the calculated direction, based on the chosen reference

structure.

6.3 Results and Discussion

6.3.1 CH+
5

To start, we consider the low-resolution spectrum of CH+
5 , which is plotted in gray in Figure

6.2B. The spectrum obtained using the approach described in the previous section is shown

with the black trace in Figure 6.2A. Generally, the agreement is good. The calculated

spectrum reproduces the overall breadth of the measured trace and the relative intensities

of the lower- and higher- frequency features. On the other hand, the calculated spectrum

resolves the broad peaks in the experimental spectrum into narrower features. The narrower

features seen in the calculated spectrum shown in Figure 6.2A reflect the choice of ∆E = 10

cm−1 for convoluting the spectrum (see Eqs. (6.1) and (6.2)). This value is smaller than the

breadth of these features that results from the many allowed rotation/torsion/flip transitions

in this ion leading to a manifold of excitations for each CH stretching transition. This is

expected to result in band contours that are broader than the 10 cm−1 value used to generate

the calculated spectrum.

In Figure 6.2C, we provide the spectral envelope that was reported in our earlier study,

in which we convolute the harmonic spectra obtained at the three stationary points shown

in Figure 6.1.7 In that study, the spectra were convoluted with Gaussians with full-width

at half maximum of 200 cm−1. This width better reflects the width of the features in the

recorded spectrum, but, as expected, the peaks are all higher in energy than are observed

due to the lack of anharmonicity in this calculation.

For each of the sampled structures, we can assign the five CH stretching transitions to
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Figure 6.2: Comparison between the calculated and experimental spectra for CH+
5 . (A)

Calculated low-resolution spectrum, with individual contributions from each CH bond shown
in different colors, where the colors match the colors of the hydrogen atoms in the inset. The
black curve is the total spectrum. (B) Low-resolution experimental spectrum from Asvani
et al.5,6 (C) Convolution of the harmonic spectra obtained at the three stationary points
shown in Figure 6.1, which was reported previously.7



113

individual CH oscillators. In cases in which states are highly mixed in character we assign the

transition based on the leading contributions to the wave function, as described above. Once

assigned, we can deconvolute the black trace in Figure 6.2A into its contributions from each

of the five CH oscillators. These are shown in the traces plotted in green, blue, purple, red

and orange in Figure 6.2A, where the corresponding CH bonds in the equilibrium structure

are indicated in the inset in the figure. Consistent with earlier studies,7,126 the peaks that

span from 2700 to 3200 cm−1 reflect transitions of the CH oscillators that make up the methyl

group, while the peak below 2700 cm−1reflects excitations of the CH oscillators that form the

hydrogen group. As can be seen, the contributions from the latter two CH bonds are nearly

identical, reflecting the near indistinguishability of the CHA and CHB bonds. Likewise, the

purple and red traces, which reflect contributions from the excitations of the CH bonds

involving the hydrogen atoms labeled D and E, are almost identical. This latter observation

reflects the fact that these two CH bonds are related by reflection of the ion in the symmetry

plane in the reference structure, shown in the inset, making them indistinguishable. The fact

that the contributions to the spectrum from these two CH bonds are bimodal is consistent

with them contributing in their symmetric and antisymmetric combinations. Finally, the fifth

CH oscillator, which is part of the methyl group in the equilibrium structure, but which can

exchange with one of the hydrogen atoms in the hydrogen group through the flip vibration

that is illustrated in the right side of Figure 6.1, contributes the spectrum shown in green in

Figure 6.2A.
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Figure 6.3: Comparison between calculated CH+
5 spectra (turquoise) and experimental mea-

surements (gray).8 (A) Calculated high-resolution spectrum obtained when all CH bonds are
treated as distinct. (B) Calculated high-resolution spectrum when the CH bonds involving
the hydrogen atoms in the hydrogen and methyl groups are made to be equivalent. (C)
Calculated high-resolution spectrum when all five CH bonds are made to be equivalent. The
calculated peak positions and intensities are reported in Tables 6.1 to 6.3.
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Table 6.1: Calculated CH-stretch transition frequencies and intensities with assignments for
CH+

5 high-resolution spectrum when all five CH bonds are treated as distinct.

Frequency (cm−1)a Intensity (km mol−1)a Assignment
2421.4 65.4 CHB stretch
2485.2 130 CHA stretch
2847.9 144 CHC stretch
2999.8 111 Symmetric CHD, CHE stretches
3076.6 101 Asymmetric CHD, CHE stretches

a When CH bonds involving HD and HE are treated as equivalent, the frequencies
change by less than 0.1 cm−1 and the intensities change by less than 1 km mol−1.

Table 6.2: Calculated CH-stretch transition frequencies and intensities with assignments for
CH+

5 high-resolution spectrum when the CH bonds in the methyl and hydrogen units are
treated as equivalent.

Frequency (cm−1)a Intensity (km mol−1) Assignment
2436.7 96.0 Symmetric CHA, CHB stretches
2484.7 133 Asymmetric CHA, CHB stretches
2912.9 92.8 Symmetric CHC, CHD, CHE stretches

2998.3(2) 222 Asymmetric CHC, CHD, CHE stretches

a The number in parentheses indicates the degeneracy of the mode.

Table 6.3: Calculated CH-stretch transition frequencies and intensities with assignments for
CH+

5 high-resolution spectrum when all five CH bonds are treated as equivalent.

Frequency (cm−1)a Intensity (km mol−1) Assignment
2670.7 1.13 Symmetric CH stretches

2790.1(4) 544 Asymmetric CH stretches

a The number in parentheses indicates the degeneracy of the mode.
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While it is reassuring to see that the approach can reproduce the lower-resolution spec-

trum, this has been previously achieved using much simpler approaches.7 Of greater interest

is the helium droplet spectrum, which was recently reported by the Vilesov group.8 This

spectrum has been reproduced in the gray traces in Figure 6.3. As described above, to

model this spectrum instead of convoluting the spectra at all of the sampled geometries,

we average the elements of the Hamiltonian matrix over all the sampled geometries, taking

care to ensure consistent phases of the wave functions. The resulting spectrum is shown in

the turquoise trace in Figure 6.3A. The spectrum contains three peaks in this energy range.

Two additional peaks are calculated, which have frequencies of 2421.4 and 2485.2 cm−1 and

intensities that are similar to those for the three peaks in Figure 6.3A. We find that the inten-

sities are in good agreement with the integrated intensities from the low-resolution spectrum.

Interestingly, averaging the elements of the Hamiltonian matrix shifts the highest-frequency

CH stretching features from 2976 and 3124 cm−1 in Figure 6.2A to 3000. and 3077 cm−1

in Figure 6.3A, bringing them into better agreement with the peaks at 2933 and 2984 cm−1

in the helium droplet spectrum. These two peaks are assigned to the in- and out-of-phase

combinations of the CHD and CHE stretching vibrations (see Table 6.1 for assignments of all

of the peaks in the calculated spectrum).

While the agreement between the measured and calculated spectra is improved, the

calculated peaks are still significantly higher in frequency than the reported spectrum. There

is also an additional peak in the calculated spectrum at 2748 cm−1 that is not seen in the

measured one. The above analysis assumes that only the hydrogen atoms shown in purple

and red in the inset of Figure 6.3A are equivalent. As noted, analysis of projections of the

ground-state probability amplitude for CH+
5 in isolation shows that the barrier for internal

rotation is low. This motion would make the hydrogen atoms shown in green, purple and

red hydrogen equivalent. Likewise, the orange and blue hydrogen atoms, which make up

the hydrogen group, are also equivalent. We can introduce these equivalences by replacing

the elements in the Hamiltonian matrix and the transition moments with the corresponding

averaged values over equivalent CH bonds. In Figure 6.3B, the spectrum is recalculated
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treating the CH bonds in the methyl group and in the hydrogen group equivalent, while in

Figure 6.3C, we provide the results when all five CH bonds are considered equivalent.

As can be seen by comparing the three calculated spectra shown in Figure 6.3, as we

move from panel A to panel C, the number of peaks in this energy range decreases from

three to one. When the CH bonds in the methyl and hydrogen groups are considered equiv-

alent, the three distinct peaks that correspond to transitions of the CH stretching vibrations

in the methyl group become two as the symmetry reflects a symmetric methyl rotor with a

single degenerate (A) and doubly degenerate (E) vibration. Making all five CH oscillators

symmetrically equivalent further increases the symmetry and now there is a four-fold de-

generate asymmetric CH vibration and a singly-degenerate symmetric CH vibration, where

the symmetric vibration carries no intensity, by symmetry. In principle, all the components

of the degenerate vibrations should have the same intensity. This is not fully achieved due

to a combination of numerical noise in the calculation and the use of a reference structure

for embedding the body-fixed axis system that does not reflect the high-symmetry of the

vibrational ground-state wave function.

Comparing the three approaches for calculating the higher-resolution spectrum to the

helium droplet spectrum from the Vilesov group8 (gray traces in Figure 6.3), we find that

the best agreement is achieved in panel B, where only the bonds that are exchanged through

internal rotation are treated as equivalent. The splitting between the calculated bands is

slightly larger than the reported spectrum, but overall the agreement is quite good. This

suggests that in the He nanodroplet, the methyl group retains some rotational freedom, while

the flip motion shown on the right side of Figure 6.1 is quenched. This conclusion is consistent

with earlier spectroscopic studies on (HF)2,
135 (HCl)2

136 and the vinyl radical.137 For these

systems, it was asserted that the helium environment perturbs the isomerization process

through a combination of solvent response to changes in the orientation of the dipole moment

and increases in the effective mass associated with the vibration due to interaction with the

solvating helium atoms. Focusing on the first of these, the flipping motion, which is shown

on the right side of Figure 6.1, leads to a change in the orientation of the dipole moment,
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while the internal rotation leads to a much smaller change in overall charge distribution.

This combined with the larger barrier for the flipping motion provides a rationalization for

this isomerization pathway becoming less important in the helium droplet systems. This

contrasts with the results of path-integral studies of smaller complexes of CH+
5 with up to

four helium atoms, which indicate that the scrambling is essentially unperturbed by the

interactions with a small number of helium atoms.128,129

The above analysis introduces the question of whether the use of a ground-state prob-

ability density that allows for permutation of the hydrogen atoms to calculate the spectra

reported in Figure 6.3 could be affecting the results of calculations that model spectra in

which the flip-isomerization is suppressed. To explore this question, we repeated this anal-

ysis, replacing the ground-state probability density for CH+
5 with the probability density

obtained from a ground-state calculation of CH2D
+
3 . In earlier studies,11,138 we found that

more than 60% of the ground-state probability density for CH2D
+
3 is localized in the minima

in which all three deuterium atoms are in the methyl group. This corresponds to more than

six times the expected percentage if all minima were equally populated. When we recalculate

the spectrum using the probability density for the part of the ground state of CH2D
+
3 with

the deuterium atoms in the methyl group, the resulting spectrum is nearly indistinguishable

from the one shown in Figure 6.3B.

The calculated spectra can also be compared to other experiments that probe the cold

spectrum. As mentioned above, Boo and Lee124,125 obtained the spectrum of CH+
5 com-

plexed with with one to five H2 molecules, focusing on the high-frequency region between

2700–3200 cm−1. With a single H2 tag, the spectrum shows a single dominant peak at 2964

cm−1. However, inspection of the line shape reveals small humps on both the low- and

high-frequency sides of this peak, suggesting that multiple underlying features contribute

to the observed band. Consistent with this interpretation, the authors fitted the spectrum

using three Gaussian components centered at 2907, 2965, and 3070 cm−1. As additional H2

molecules are attached, these three peaks become more clearly separated, with only slight

shifts in their frequencies. When compared to our theoretical results, this behavior closely
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resembles the three-peak structure obtained in the high-resolution calculation where no hy-

drogen atoms are treated as equivalent (Figure 6.3A). Consistent with earlier path integral

studies,139 this comparison suggests that in these tagged experiments both isomerization

pathways are quenched by the time there are four or five hydrogen molecules attached.

Next, the spectrum reported by Ellis and co-workers127 consists of a single broad fea-

ture centered at 2966 cm−1, with no resolved substructure. This spectrum is similar to the

nanodroplet spectrum reported by the Vilesov group, but without the clear separation into

two peaks. A possible explanation for this difference is the presence of hot-band contribu-

tions, since the Ellis experiment was performed at a higher temperature. When compared to

the theoretical spectra, the Ellis spectrum most closely resembles the averaged-Hamiltonian

result in which hydrogen atoms within the hydrogen and methyl groups are treated as equiva-

lent (Figure 6.3B). This again supports the interpretation that the nanodroplet environment

effectively quenches the H-flip motion, leading to a simplified spectral pattern.

Lastly, we examine whether the use of the full ground-state probability amplitude in

the DMC sampling affects the calculation of Φ2
0(Rj) in Eq. (6.1), since this quantity should

not include the five CH-stretch vibrational degrees of freedom. To test this, we carried out

several rigid-body DMC calculations, the results of which are shown in Figure 6.4. In panel

A, we show the result obtained from the standard DMC calculation, in which all vibrational

degrees of freedom are sampled. In panel B, rigid-body DMC is used with all of the CH

bond lengths are 1.1533 Å. This value corresponds to the vibrationally averaged CH bond

length obtained from the standard DMC calculation. In panel C, a similar rigid-body DMC

approach is used, but the CH bond lengths are determined from the relationship between

the CH bond length and the standard deviation of the HH bond lengths established in our

previous study.9 These CH distances are also used to determine the rotational displacement

for each walker. Finally, in panel D, the same geometry-dependent CH distances are used

not only to determine the rotational displacement, but also to adjust the CH bond lengths

in the geometries used for the potential evaluation. Comparison of the four panels shows

that the resulting low-resolution spectra differ only slightly. We therefore conclude that the
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Figure 6.4: Comparison of the calculated low-resolution spectra of CH+
5 obtained using

several DMC approaches. (A) Standard DMC, in which all vibrational degrees of freedom are
sampled. (B) Rigid-body DMC, in which all CH bond lengths are fixed at the vibrationally
averaged CH bond length. (C) Rigid-body DMC similar to that in panel B, but with the
rotational displacements determined from CH bond lengths obtained using the relationship
between the CH bond length and the standard deviation of the HH bond lengths.9 (D) The
same approach as in panel C, except that the geometry-dependent CH bond lengths are also
used in the potential energy evaluation.

inclusion of the CH-stretching motion in the DMC sampling does not significantly affect the

analysis presented above.

6.3.2 CH4D
+

We now extend the analysis to the singly deuterated isotopologue, CH4D
+, to examine

how deuteration affects the CH-stretch region of the spectrum. The results obtained by

convoluting the spectra for individual structures (black curve) can be compared to the low-

resolution spectrum, shown in panels A and B of Figure 6.5. As for CH+
5 , the calculated
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spectrum shown in Figure 6.5A is decomposed into contributions from the four CH and one

CD bond. While the spectrum extends to 1700 cm−1, the intensity below 2000 cm−1 is very

low.

As expected, the CD stretch appears at a much lower frequency compared to the CH

stretches, near 2200 cm−1. The peak that is assigned to the CD stretch, which is plotted in

gray and indicated by an asterisk in Figure 6.5A, is much narrower than the contributions

from the four CH bonds. This indicates that the deuterium is localized in the methyl part

of the ion. Indeed, the most probable position for the deuterium atom is in the methyl

group, with this assignment reflecting roughly 92.5% of the ground-state probability density.

This is consistent with the earlier finding in our group.126 This assignment is also reflected

in the contributions to the spectrum that correspond to the hydrogen atoms in the D and

E positions (red and purple curves). In contrast to CH+
5 , the red curve now contains a

single peak. The purple curve appears to have two contributions, although its intensity is

suppressed relative to the red curve as would be expected if the deuterium is preferentially

in the E-position.

Comparing the calculated spectrum to the low-resolution experimental spectrum, shown

in Figure 6.5B, we find that the agreement is good. Both spectra exhibit two broad regions

corresponding to excitation of the CH stretches in the hydrogen and methyl groups. The

notable difference is that the CD stretch peak is absent in the experimental spectrum. This

is expected for an experiment that monitors the mass channel, which corresponding to loss

of hydrogen.

The results from modeling the helium droplet spectrum for CH4D
+ are shown in Figure

6.5C and D. To obtain these spectra, we need to consider the position of the deuterium atom,

and set up a separate averaged Hamiltonian matrix based on the position of the deuterium

atom. To achieve this, we divide the sampled structures into two groups based on whether

the deuterium atom is in the methyl group or in the hydrogen group. In the case that

the deuterium is in the methyl group, the deuterium is placed in the E-position (purple in

the inset). On the other hand, if the deuterium is in the hydrogen group, it is assigned
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Figure 6.5: Comparison between calculated CH4D
+ spectra and experimental measurements.

(A) Calculated spectrum obtained by convoluting the spectra for the individual structures.
The contributions from the CH bonds are shown in the color highlighting the corresponding
hydrogen atom. The asterisk (*) and the gray contribution correspond to the CD stretching
vibration. (B) Low-resolution experimental spectrum from Asvani et al.5,6 (C) Calculated
spectrum obtained by averaging the elements of the Hamiltonian and transition moment
matrices. (D) High-resolution experimental spectrum from Singh et al.8 The calculated
peak positions and intensities shown in panels C and D are reported in in Tables 6.4 to 6.5.
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Table 6.4: Calculated CH and CD-stretch transition frequencies and intensities with assign-
ments for CH+

5 high-resolution spectrum when the CH bonds are treated as distinct.

Deuterium is in the methyl group (C,D or E positions)
and contributes 92.5% of the amplitude in the spectrum
Frequency (cm−1) Intensity (km mol−1) Assignment

2210.8 20.9 CD stretch
2424.3 68.7 CHB stretch
2496.9 164 CHA stretch
2874.8 151 CHC stretch
3040.1 101 CHD stretch

Deuterium is in the hydrogen group (A or B positions)
and contributes 7.5% of the amplitude in the spectrum

Frequency (cm−1) Intensity (km mol−1) Assignment
1841.5 51.9 CD stretch
2476.7 52.3 CHA stretch
2822.7 103 CHC stretch
2988.5 2.52 Symmetric CHD, CHE stretches
3078.1 104 Asymmetric CHD, CHE stretches

to the B-position (orange in the inset). Spectra are calculated based on these two sets of

structures and then weighted based on the probability density associated with the position of

the deuterium atom. The results of this analysis are shown in Figure 6.5C. The trace shown

in magenta reflects the results when the deuterium atom is in the methyl group, and the

turquoise trace provides the spectrum that is obtained when the deuterium atom is in the

hydrogen group. As expected, the magenta trace, which consists of two peaks between 2700-

3200 cm−1, dominates the spectrum. Based on this calculation, there are three additional

peaks at 2187.5 cm−1 for the CD stretch and 2439.6 and 2510.9 cm−1 for the other two CH

stretches. The calculated frequencies and intensities obtained from these two calculations

are provided in Table 6.4. Compared to the helium nanodroplet spectrum (as shown in gray

trace in Figure 6.5C), we can see that neither of the peak frequencies matches the single

peak in the spectrum.
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Table 6.5: Calculated CH and CD-stretch transition frequencies and intensities with assign-
ments for CH+

5 high-resolution spectrum when the CH bonds in the methyl and hydrogen
units are treated as equivalent.

Deuterium is in the methyl group (C,D or E positions)
and contributes 92.5% of the amplitude in the spectrum

Frequency (cm−1) Intensity (km mol−1) Assignment
2219.6 26.7 CD stretch
2432.4 93.2 CHA, CHB stretches
2493.1 157 CHA, CHB stretches
2946.4 109 CHC, CHD stretches
2958.0 114 CHC, CHD stretches

Deuterium is in the hydrogen group (A or B positions)
and contributes 7.5% of the amplitude in the spectrum

Frequency (cm−1)a Intensity (km mol−1) Assignment
1841.7 53.3 CD stretch
2477.6 49.7 CHA stretch
2906.1 56.3 Symmetric CHC, CHD, CHE stretches

2991.0(2) 153 Asymmetric CHC, CHD, CHE stretches

a The number in parentheses indicates the degeneracy of the mode.

To further explore the helium droplet spectrum of CH4D
+, we recalculate the spectrum,

treating the hydrogen atoms in the methyl and hydrogen groups as equivalent. The results

of this analysis are shown in Figure 6.5D. While there are still two peaks in the magenta

spectrum, the splitting has been reduced from 160 cm−1 to 13 cm−1. Comparing this cal-

culated spectrum to the helium nanodroplet spectrum, the agreement is much better, with

the position of the peaks lying close to the peak in the experimental spectrum at 2942 cm−1.

Additionally, the spectrum obtained when the deuterium is in the hydrogen group provides

intensity that is consistent with the longer tail at higher energies and the smaller one at

lower energies. This is shown by the turquoise trace in Figure 6.5D. The frequencies and

intensities of the peaks in the calculated spectra are provided in Table 6.5. As for CH+
5 , the

agreement between the measured and calculated spectra shown in Figure 6.5D suggests that
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the flip motion is quenched under nanodroplet conditions, while the internal rotation of the

methyl group relative to the hydrogen group remains active.

6.4 Conclusion

We have developed a method for studying the CH stretching region of CH+
5 and CH4D

+ by

combining diffusion Monte Carlo (DMC) sampling of the ground-state probability density

with a harmonically-coupled anharmonic oscillator (HCAO) model for the CH stretches.

Using this approach, we first generated spectra by convoluting transitions from the sampled

structures, which produced broader features than those observed in the helium-nanodroplet

experiments reported by the Vilesov group.8

To better reproduce the helium droplet spectra, we applied an alternative approach where

the Hamiltonian and transition dipole moment matrices were averaged over all geometries

sampled from the DMC ground state probability density. This approach yielded a five-peak

pattern, which did not agree with the measured spectrum. When we modified the Hamilto-

nian to make the hydrogen atoms in the methyl and in the hydrogen groups equivalent, we

were able to achieve excellent agreement with experiment. Similar findings are obtained for

CH4D
+.

These results suggest that in the helium-nanodroplet environment, the internal rotation

persists, while the H-flip motion is largely quenched. The good agreement between exper-

imental and theoretical spectra demonstrates that our combined DMC/HCAO framework

provides a useful way to capture both anharmonicity and hydrogen scrambling effects in

CH+
5 and its isotopologues, and it can likely be extended to other highly fluxional ions.
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Chapter 7

CONCLUSION

The work presented in this thesis has focused on the use and development of diffu-

sion Monte Carlo (DMC) for studying vibrational structure in systems that exhibit large-

amplitude motion, strong anharmonicity, and delocalized nuclear wave functions. Such sys-

tems present challenges for both theory and experiment because their vibrational dynamics

cannot be described correctly in terms of small displacements about a single equilibrium

geometry. The studies in this thesis have therefore combined methodological developments

within the DMC framework with applications to fluxional molecular ions, with the goal

of improving both the accuracy of the calculations and the physical interpretation of the

resulting spectra.

Chapter 2 reviewed the theoretical foundation of DMC and several of its extensions that

are relevant to vibrational problems. In addition to the standard unguided and guided

formulations, this chapter summarizes fixed-node approaches for excited states, rigid-body

treatments, and calculations involving multiple potential energy surfaces. These methods

provide the conceptual basis for the later chapters and illustrate how DMC can be extended

beyond the calculation of ground-state energies to problems involving excited states and

more flexible coordinate representations.

In Chapter 3, DMC was applied to the ethyl cation, H+(C2H4), and its deuterated ana-

logues. These studies showed that the ground-state wave function is localized near the

nonclassical bridged structure where the proton is equidistant from the two carbon atoms,

although the motion of the bridging proton remains large in amplitude. Fixed-node DMC

calculations of vibrationally excited states were then used to examine the proton-transfer

vibration and the CH stretching vibrations and to explore the effects of isotopic substitution
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on both the frequencies and the corresponding probability amplitudes. These results clarified

how deuteration modifies the extent of delocalization in the wave function and provided a

more detailed picture of the vibrational structure of this carbocation.

Chapter 4 developed methods for evaluating infrared intensities using guided DMC wave

functions. In this work, both trial-wave-function and descendant-weighting approaches were

investigated for calculating transition dipole matrix elements. Applications to model systems,

water, H3O
−
2 , and H5O

+
2 showed that the trial-wave-function approaches provide a low-cost

approximation while the accuracy is still at the same level as the descendant-weighting

approach. These studies extended the scope of DMC from the evaluation of vibrational

energies and wave functions to the calculation of spectroscopic observables that permit more

direct comparisons with experiment.

In Chapter 5, a formulation of guided DMC in internal coordinates was introduced. This

development was motivated by the need for coordinate systems that more directly reflect the

underlying nuclear motion, particularly in reduced-dimensional studies and in problems for

which Cartesian coordinates are not the most natural representation. The resulting working

equations were developed for both ground and excited vibrational states, including cases in

which the nodal surface cannot be determined by symmetry. Applications to water showed

good agreement with Cartesian-coordinate DMC and with converged variational calculations,

demonstrating that the method provides a practical and flexible route for extending DMC

to new classes of vibrational problems.

Chapter 6 applied these ideas to CH+
5 and CH4D

+, systems whose flat potential energy

surfaces and highly delocalized wave functions have long made their spectra difficult to inter-

pret. In this work, structures sampled from the DMC ground-state probability density were

combined with reduced spectral models to describe the CH stretching region. The resulting

calculations reproduced the main features of the reported spectra and provided a physically

transparent way to connect fluxional structures with observed spectral patterns. These re-

sults also suggested that in helium droplets the isomerization of CH+
5 is more restricted than

in the gas phase.
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Taken together, the studies presented in this thesis show that DMC provides more than

a means of evaluating ground-state vibrational energies. The developments introduced here

extend the method to the evaluation of infrared intensities, to excited-state calculations in

internal coordinates, and to the interpretation of spectra in strongly fluxional molecular

ions. More broadly, this work demonstrates that DMC can serve as a flexible framework

for connecting molecular structure, vibrational dynamics, and spectroscopy in systems for

which anharmonicity and delocalization play important roles.

There are several directions in which this work can be extended. The approaches devel-

oped here for evaluating intensities and for performing guided DMC calculations in internal

coordinates can be applied to other molecular ions and clusters that exhibit strongly cou-

pled or large-amplitude motion. Further improvements in the treatment of excited states,

particularly in the construction of nodal surfaces and in the description of couplings among

multiple vibrational motions, would expand the range of spectroscopic problems accessible to

DMC. In this way, the work presented in this thesis provides both a summary of the progress

that has been made and a foundation for future studies of complex vibrational dynamics.
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