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Network and graph have long been natural abstraction of relations in a variety of applications,

e.g. transportation, power system, social network, communication, electrical circuit, etc. As

a large number of computation and optimization problems are naturally defined on graphs,

graph structures not only enable important properties of these problems, but also leads to

highly efficient distributed and online algorithms. For example, graph separability enables

the parallelism for computation and operation as well as limits the size of local problems.

More interestingly, graphs can be defined and constructed in order to take best advantage

of those problem properties. This dissertation focuses on graph structure and design in

newly proposed optimization problems, which establish a bridge between graph properties

and optimization problem properties.

We first study a new optimization problem called Geodesic Distance Maximization Prob-

lem (GDMP). Given a graph with fixed edge weights, finding the shortest path, also known

as the geodesic, between two nodes is a well-studied network flow problem. We introduce the

Geodesic Distance Maximization Problem (GDMP): the problem of finding the edge weights

that maximize the length of the geodesic subject to convex constraints on the weights. We

show that GDMP is a convex optimization problem for a wide class of flow costs, and provide

a physical interpretation using the dual. We present applications of the GDMP in various

fields, including optical lens design, network interdiction, and resource allocation in the con-



trol of forest fires. We develop an Alternating Direction Method of Multipliers (ADMM)

by exploiting specific problem structures to solve large-scale GDMP, and demonstrate its

effectiveness in numerical examples.

We then turn our attention to distributed optimization on graph with only local com-

munication. Distributed optimization arises in a variety of applications, e.g. distributed

tracking and localization, estimation problems in sensor networks, multi-agent coordination.

Distributed optimization aims to optimize a global objective function formed by summation

of coupled local functions over a graph via only local communication and computation. We

developed a weighted proximal ADMM for distributed optimization using graph structure.

This fully distributed, single-loop algorithm allows simultaneous updates and can be viewed

as a generalization of existing algorithms. More importantly, we achieve faster convergence

by jointly designing graph weights and algorithm parameters.

Finally, we propose a new problem on networks called Online Network Formation Prob-

lem: starting with a base graph and a set of candidate edges, at each round of the game,

player one first chooses a candidate edge and reveals it to player two, then player two decides

whether to accept it; player two can only accept limited number of edges and make online

decisions with the goal to achieve the best properties of the synthesized network. The net-

work properties considered include the number of spanning trees, algebraic connectivity and

total effective resistance. These network formation games arise in a variety of cooperative

multiagent systems. We propose a primal-dual algorithm framework for the general online

network formation game, and analyze the algorithm performance by the competitive ratio

and regret.
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Chapter 1

INTRODUCTION

Graphs have long been natural abstraction of relations in a variety of applications, e.g.

transportation, social network, communication, statistics, electrical circuit, etc. It is typical

that variables and functions are defined for each node, and each node only connects to its

neighbors. This graph structure imposes natural coupling relations between variables: each

variable is only connected/coupled with variables associated with immediate neighbors, but

separated from others. The implication of this structure can be both positive and negative.

On one hand, the separability enables the parallelism for computation and operation, as well

as limits the size of local problems. On the other hand, it limits the communication to be

local while global communication is often necessary in achieving global objectives, such as

global averaging, consensus and exchange.

Chapter 2 studies a new optimization problem called Geodesic Distance Maximization

Problem (GDMP), particularly the separability structure over the graph which is exploited

in developing the algorithm. Given a graph with fixed edge weights, finding the shortest path,

also known as the geodesic, between two nodes is a well-studied network flow problem. We

introduce the Geodesic Distance Maximization Problem (GDMP), i.e., the problem of finding

the edge weights that maximize the length of the geodesic, subject to convex constraints on

the weights. We show that GDMP is a convex optimization problem for a wide class of flow

costs, and provide a physical interpretation using the dual. We present applications of the

GDMP in various fields, including optical lens design, network interdiction, and resource

allocation in the control of forest fires. For the case of propagation on a regular grid, the

problem can be cast as a Second-order Cone Program (SOCP); however standard SOCP

solvers fail to scale to the large grid sizes of interest. We develop an Alternating Direction
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Method of Multipliers (ADMM) by exploiting specific problem structure to solve large-scale

GDMP, and demonstrate its effectiveness in numerical examples. We discuss extensions of

the problem to upwind discretization and to anisotropic propagation, which can also be

handled by ADMM.

Chapter 3 is about distributed optimization on graph with only local communication.

Distributed optimization arises in a variety of applications, e.g. distributed tracking and

localization, estimation problems in sensor networks, multi-agent coordination. Distributed

optimization aims to optimize a global objective function formed by summation of coupled

local functions over a graph via only local communication and computation. We developed

a weighted proximal Alternating Direction Method of Multipliers (ADMM) for distributed

optimization using graph structure. We give a bound on the rate of convergence of the

algorithm in terms of the graph parameters. This fully distributed, single-loop algorithm

allows simultaneous updates and can be viewed as a generalization of existing algorithms.

More importantly, we achieve faster convergence by jointly designing graph weights and

algorithm parameters. Numerical examples demonstrate that designing the graph weights

and proximal term can considerably improve the algorithm performance.

Chapter 4 introduces an Online Network Formation Problem: starting with a base graph

and a set of candidate edges, at each round of the game, player one first chooses a candidate

edge and reveals it to player two, then player two decides whether to accept it; player two

can only accept limited number of edges and make online decisions with the goal to achieve

the best properties of the synthesized network. The network properties considered include

the number of spanning trees, algebraic connectivity and total effective resistance. These

network formation games arise in a variety of cooperative multiagent systems, such as robotic

networks establishing a secured network in a changing uncertain environment, or individuals

forming teams in social networks. We propose a primal-dual algorithm framework for the

general online network formation game. In a nutshell, at each round the algorithm computes

the dual solution using all information from previous rounds of the game, and decides the

weight on the new edge based on the complementary slackness. We derive the competitive
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ratio and regret to evaluate the performance of the algorithm.

1.1 Graph background

A graph G consists of a node set V and an edge set E, where an edge is a pair of distinct

nodes of G. The number of nodes is |V | = n and the number of edges is |E| = m. G is

a directed graph if each edge has a direction. Denote (i, j) a directed edge from node i to

node j. G is an undirected graph if there is no direction for edges, and an undirected edge

is denoted as {i, j}. In an undirected graph, node j is said to be a neighbor of node i if

{i, j} ∈ E. Denote N (i) the set of neighbors of node i and assume that there is no self loop.

The weight/adjacency matrix W of an undirected graph G is an n×n symmetric matrix

with wij > 0 if {i, j} ∈ E and wij = 0 otherwise. The degree di of each node i is defined as

di =
∑

j∈V wij. Assume that di > 0 and denote D = diag{d1, . . . , dn}. The graph volume

is defined as vol(G) =
∑

i∈V di = 1TW1. The incidence matrix I of a weighted directed

graph G is an m× n matrix with I(i,j),i =
√
wij and I(i,j),j = −√

wij for each (i, j) ∈ E and

0 otherwise. For an undirected graph, we can replace each undirected edge {i, j} with two

directed edges (i, j) and (j, i) with opposite directions and the same weight wij/2, where wij

is the original weight for undirected edge {i, j}. Then the incidence matrix I of a weighted

undirected graph can be defined as a 2m × n matrix with I(i,j),i =
√

wij
2
, I(i,j),j = −

√
wij
2
,

Ii,(j,i) = −
√

wij
2
, Ij,(j,i) =

√
wij
2

for each {i, j} ∈ E and 0 otherwise. The graph Laplacian of

a weighted undirected graph G is defined as L(G) = D −W . The graph Laplacian can also

be defined using the incidence matrix defined above

L = ITI. (1.1)

L is symmetric and positive semidefinite. Denote the eigenvalue decomposition of the graph

Laplacian, L = UΛUT , Λ = diag{λ1, . . . , λn}, λ1 ≤ . . . ≤ λn. We recall very important

property of I and L: if the graph is connected, the nullspaces of I and L are both spanned

by the all-one vector 1.
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Chapter 2

GEODESIC DISTANCE MAXIMIZATION PROBLEM

2.1 Introduction

We begin by reviewing the classic shortest path problem in a graph, where the weights on the

edges of the graph define a metric for measuring distances. We then consider our problem

of interest: allocating weights to edges in order to maximize the length of the shortest path.

One simple application of this problem is the classic network interdiction: the evader, e.g.

smuggler, transverses the network along the shortest path, while the interdictor, e.g. police,

maximizes this shortest path by allocating weights in order to intercept the smuggler. Beyond

this simple application, our problem of interest actually arises in a number of applications in

various fields such as physics, transportation, forest fire and disease control, and etc, which

will be surveyed in Section 2.2.

Let us first examine the network flow formulation of the shortest path problem. Let

G = (V,E) be a directed graph, where V = {1, . . . , n} is the set of vertices and E ⊆ V × V

with |E| = m is the set of edges. Assign a flow fij ∈ R to each edge (i, j) ∈ E and let

f ∈ Rm denote the vector of all flows. Assume flow is conserved at each vertex, i.e.,∑
j:(j,i)∈E

fji −
∑

j:(i,j)∈E

fij = δi, i ∈ V, (2.1)

where δi > 0 implies i is a source where external flow is injected into the graph, δi < 0

implies i is a destination where external flow leaves the graph. At other vertices, we have

δi = 0. Flow conservation (2.1) can be expressed compactly as

Af = δ, (2.2)

where A : Rm → Rn is the incidence matrix with Ai,(j,i) = 1 for all (j, i) ∈ E, Ai,(i,j) = −1

for all (j, i) ∈ E. Suppose a flow through the graph incurs a cost given by h(w, f) =
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Figure 2.1: A simple graph demonstration of maximizing the shortest path by

allocating weights. The source node is 1 and the destination node is 6.

∑
(i,j)wij|fij|, where wij is the cost per unit flow or weight for edge (i, j), and w ∈ Rm denotes

the vector of all weights. The classic shortest path problem is to find a path connecting the

source s and the destination t with the minimum cost.

The problem we focus on in this paper is the following. In many applications, the weights

w are subject to change and we are interested to know how the minimum cost changes in the

worst case as w varies. Wherever the goal is to slow down the flow from source to destination,

we are interested in allocating the weights w subject to resource limitations denoted by W ,

to make the cheapest flow as costly as possible (see examples in Section 2.2). Before formally

stating the problem, we give an simple example as shown in Fig. 2.1 to demonstrate the

idea. This simple graph has 6 nodes and 8 directed edges with fixed edge weights labeled

on each edge as shown in Fig. 2.1 (a). The shortest distance between node 1 and 6 is 4 via

the path 1 → 5 → 6. If we allow the weights to increase from the labeled number but the

total amount of the increase is limited by 5, what is the optimal way to allocate the weights

such that the shortest distance is maximized? The optimal weights (obtained by solving an

optimization problem to be discussed later) are labeled on the edges in Fig. 2.1 (b): 5 edges

have increased weights such that the shortest distance between nodes 1 and 6 increases to 8

(from 4), and there are more than one shortest path (1 → 2 → 4 → 6 and 1 → 5 → 6).
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More generally, let the cost of flow f ∈ Rm in a graph with weights w ∈ Rm, w ≽ 0 be

given by a function h(w, f) which is concave in w and convex in f . Then for a fixed w, the

problem of finding the minimum cost flow is

p(w) = min
f

h(w, f)

subject to Af = δ,
(2.3)

where δs = 1, δt = −1 and δi = 0 for other vertices. This is a convex optimization problem.

If the problem is feasible, it follows from flow conservation that
∑

i∈V δi = 0. The dual of

this problem is

d(w) = max
ϕ

δTϕ− h∗(w,ATϕ), (2.4)

where ϕ ∈ Rn is the Lagrange multiplier, and h∗(w, y) = supf (y
Tf−h(w, f)) is the conjugate

function of h with respect to the variable f . To consider the worst-case geodesic distance,

we need to maximize p(w) with respect to w,

maximize
w

min
f

h(w, f)

subject to Af = δ,

w ∈ W ,

(2.5)

where W is a convex constraint set. We call this problem the geodesic distance maximization

problem (GDMP) on a graph. The continuous domain versions will be discussed in Section

2.4.

The max-min form of the GDMP (2.5) does not easily lend itself to optimization over f

and w. A more convenient formulation can be obtained by using the dual of (2.3). The dual

variable ϕi can be viewed as the potential at vertex i, (ATϕ)(i,j) = ϕj − ϕi. If optimization

problems (2.3) and (2.4) satisfy strong duality, the optimal objective values are the same,

and we can maximize d(w) instead of p(w) to get

maximize
w,ϕ

δTϕ− h∗(w,AT ϕ)

subject to w ∈ W .
(2.6)
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We refer to (2.5) as the primal formulation and (2.6) as the dual formulation of the GDMP.

We prefer (2.6) which is jointly convex in ϕ and w for all cost functions h(w, f) that are

concave in w and convex in f .

In Section 2.2, we survey applications from a variety of areas. In Section 2.3, we discuss

the GDMP on a graph. We give an equivalent form for GDMP using Lagrangian duality,

and propose several cost functions in Section 2.3.1 for which the GDMP is a convex problem.

Then we discuss a special finite difference case of GDMP on a regular grid in Section 2.3.3

and extend it to upwind discretization in Section 2.3.4. In Section 2.4, we consider GDMP

in a continuous domain, with isotropic case in Section 2.4.1 and anisotropic case in 2.4.2.

We discuss algorithms for GDMP in Section 2.5, and give numerical examples in Section 2.6.

Conclusions follow in Section 2.7.

2.2 Applications

The GDMP arises in applications from a wide variety of fields: physics (e.g., lens system

design in optics, and more generally material design in wave propagation), transportation

(e.g., the traffic congestion problem), network resource allocation (e.g., network interdiction,

forest fire control, defensive landscape design), and more. This section catalogs some of these

applications.

2.2.1 Network interdiction problems

Special cases of GDMP have been studied in the context of network interdiction [8,17,27,39,

43,51,95]. Fulkerson et al. [39] originally considered a simple network interdiction problem:

the evader (e.g., smuggler) picks his path between a source and a destination in a graph, and

the interdictor (e.g., police) allocate their effort (e.g., personnel, surveillance tools) to each

edge, aiming to intercept the evader. The weight on edge (i, j) is wij + uij, increasing with

the allocated interdiction effort uij ≥ 0, and the total effort is bounded as
∑

(i,j)∈E uij ≤ ũ.

To optimally allocate its resources, the interdictor should maximize the geodesic with respect
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to u,

maximize
u

min
f

∑
(i,j)∈E

(wij + uij)|fij|

subject to
∑

j:(i,j)∈E

fij −
∑

j:(i,j)∈E

fji = δi, i ∈ V

uij ≥ 0, (i, j) ∈ E∑
(i,j)∈E

uij ≤ ũ,

(2.7)

which can be written as a GDMP (with variables wij = wij+uij satisfying w̃ =
∑

(i,j)∈E wij+

ũ). A continuous version of this problem is given in [10]. Suppose an invader progresses along

the geodesic toward a defender in a continuous field. To slow down the invader, the defender

maximizes the geodesic by changing the landscape or constructing fortification. Solving the

GDMP gives the optimal landscape design.

Probabilistic interdiction with exponential interdiction model. Suppose the

evader can choose a path between a source and a destination, while the interdictor can

detect the presence of the evader on each edge with a certain probability. Let pij denote

the probability that the evader passes edge (i, j) undetected. Then the probability that

the evader makes it to the destination undetected along a path P is
∏

(i,j)∈P pij. Suppose

detection failure probability depends exponentially on the interdiction effort wij ≥ 0, i.e.,

pij = e−wij , and the interdiction effort satisfies w ≼ w and
∑

(i,j)∈E wij ≤ w̃.

The interdictor aims to minimize the maximum total detection failure probability,

minimize
x

max
P

∏
(i,j)∈P

e−wij

subject to 0 ≼ w ≼ w∑
(i,j)∈E

wij ≤ w̃.

(2.8)

Problem (2.8) can be equivalently expressed as a GDMP by replacing the objective with its

logarithm, noting that the log function is monotonically increasing on R++.
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2.2.2 Worst-case traffic planning and traffic congestion

Shipping networks of delivery companies often experience uncertainty caused by unexpected

incidents, e.g., traffic accidents, road maintenance and weather conditions, which may cause

serious delays. In order to guarantee customers the latest delivery time, companies may

need to estimate the worst-case delivery delay. In this application, w represents the time cost

coefficients, and its uncertainty is modeled by a convex set W obtained from side information

(e.g., historical data, weather forecast). If the cost is proportional to the delivery flow, the

worst-case delivery time can be found by solving a GDMP.

Congestion is a practical phenomenon in traffic problems, and can be accounted for in our

model if the cost increases faster than linearly as the flow increases. The power cost function

described in Section 2.3.1 can be used to model this nonlinear increase. Traffic congestion has

been an essential component in the classic traffic equilibrium problem [36,61,88,93] [34, Sec.

3.6]. Recently it has been extended to the continuous case in [9, 10], which consider a non-

cooperative game where drivers compete to travel in a network with congestion attempting

to minimize their own costs. This game admits the well-known Wardrop equilibrium [93],

where each driver chooses the geodesic (i.e., minimum cost path) and the paths used all have

equal cost; paths with costs higher than the minimum will have no flow. The GDMP can

be interpreted as a traffic game between one target driver and all others: the target driver

navigates a geodesic to minimize the cost, while others compete with this driver by changing

the weights.

2.2.3 Maximizing evacuation time in forest fires

The GDMP comes up in applications such as controlling forest fires and managing the spatial

spread of disease or a contaminating agent.

Consider a forest fire that starts at a source location and expands outwards. A number of

models have been proposed to simulate the propagation of fire [35,67,77]. In fire simulation

systems, a simple model that is often used is the elliptic firefront model [4,80] assuming that
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fire propagates along the geodesic, which can be modeled by a partial differential equation

called the Eikonal equation [49, Ch. 1] derived from Huygens Principle. The Eikonal equation

and its generalization will be further discussed in Section 2.4 and Appendix A.2. In this

application, the weight w can be interpreted as a “slow down factor” which is the inverse

of fire speed and affected by natural conditions such as wetness, density and types of forest

vegetation at each point.

In order to slow down the fire and maximize evacuation time, firefighters aim to optimally

change the weights w by applying limited amount of resources, e.g., depositing retardants

or removing vegetation. To find the optimal resource allocation strategy for firefighters,

most existing work heuristically iterates between simulating fire propagation and allocating

resources. We approach this problem by formulating it as a GDMP, and the optimal resource

allocation plan is achieved by solving a convex optimization problem.

2.2.4 Design of optical lens systems

It is well known in geometric optics that a light ray travels between two points in the least

time (Fermat’s principle), and the propagation of light in the medium follows the Eikonal

equation [49, Ch. 1] [42, Sec. 2.2, 2.4]. The weights w have the physical meaning of being

the index of refraction of the medium at each point, which is defined as the ratio of the speed

of light in vacuum to its speed in this medium.

Lens design has long been a research focus in optical engineering [52] [66, Ch. 18] [59, Ch.

17]. A common goal is to change the medium by placing material with different indices of

refraction at different points (for example via gradient-index optics, where the index of

refraction of a material is designed to vary gradually), to steer propagating rays of light and

create a desired focal point. Maximizing the geodesic between source and destination points

with respect to w leads to an equilibrium where all paths connecting the two points have the

same length. Therefore, all light rays arrive at the destination point simultaneously, creating

a focus point as desired. The optimal weights from numerical examples in Section 2.6.2 agree

with physical intuition for lens placement from geometric optics.
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2.3 Geodesic distance maximization on a graph

As we discuss in Section 2.4, in some applications the graph G arises from discretizing a

continuous domain in which flow propagates, and the vectors f and w arise from discretizing

the corresponding continuous flow vector field and continuous weight function. Such cases

require a cost that allows coupling between flows on different edges, but is separable with

respect to groups of flow variables. Consider a partition {P1, . . . , Pl} of the edge set E, and

let fk ∈ R|Pk| denote the vector of flows fij with (i, j) ∈ Pk (|P | denotes the cardinality of a

set P ). Let the flow cost function be separable with respect to this partition, i.e.,

h(w, f) =
l∑

k=1

hk (wk, fk) ,

where wk denotes the weight for the kth cost function hk, and hk(wk, fk) are convex in fk

and concave in wk.

Recall that the conjugate function h∗k(wk, yk) is always convex in yk. Moreover, if

hk(wk, fk) is concave in wk, then h∗k(wk, yk) is jointly convex in wk and yk. Let ϕi ∈ R

be the Lagrange multiplier for the ith constraint in (2.3). The dual problem can be written

as

d(w) = max
ϕ

inf
f

∑l
k=1 hk(wk, fk) + ϕT (δ −Af)

= max
ϕ

ϕT δ − sup
f

l∑
k=1

{
(ATϕ)Tk fk − hk(wk, fk)

}
= max

ϕ
ϕT δ −

l∑
k=1

sup
f

{
(ATϕ)Tk fk − hk(wk, fk)

}
= max

ϕ
(ϕs − ϕt)−

l∑
k=1

h∗k(wk, (ATϕ)k),

(2.9)

where the fourth equality holds since fk are decoupled due to disjoint partitions. Several

such costs motivated by applications are listed in Section 2.3.1.
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2.3.1 Flow cost examples

We present several examples of separable flow costs h(w, f) =
∑

k hk(wk, fk), covering key

special cases and applications. If hk(wk, fk) is rotation invariant with respect to fk, i.e.,

hk(wk, fk) = h(wk, Ufk) for any rotation matrix U , we call the cost h isotropic because it

depends on the amount of flow but not the direction of the vector fk. Otherwise h is called

anisotropic.

1. hk(wk, fk) has the form wk∥fk∥, wk ≥ 0 Consider the case where the cost of fk

(vector of flow variables in the kth partition) is given by wk∥fk∥, wk ≥ 0. Norms are

natural measures for the amount of flow, and hk(wk, fk) is convex in fk and linear in

wk. Recall that the conjugate function of a norm is the indicator function of the dual

norm ball,

h∗k(wk, yk) = sup
fk

yTk fk − wk∥fk∥

= sup
fk

∥yk∥∗∥fk∥ − wk∥fk∥ =

 0 if ∥yk∥∗ ≤ wk

+∞ otherwise.

Hence problem (2.6) has a linear objective and dual norm ball constraints for each

partition,

maximize
ϕ,w

ϕs − ϕt

subject to ∥(ATϕ)k∥∗ ≤ wk, k = 1, . . . , l

w ∈ W .

(2.10)

This problem is jointly convex in w ∈ Rl and ϕ ∈ Rn. If the norm is Euclidean, the

flow cost function is isotropic and the problem (2.10) is a second-order cone program

(SOCP). In Section 2.3.3, we will discuss this SOCP for a regular grid, and in Section

2.5.2, we will develop an algorithm to efficiently solve large-scale instances. If the dual

norm is the ℓ1 or the ℓ∞ norm, the cost function is anisotropic, and problem (2.10) can

be expressed as a linear program by standard techniques.
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Another special case is when each partition has only one edge. As noted earlier, the

cost function becomes h(w, f) =
∑

(i,j)∈E wij|fij| and problem (2.3) reduces to the

classic shortest path problem.

2. hk(wk, fk) has the form wk∥fk∥q, q > 1, wk ≥ 0 The cost is proportional to the qth

power of ∥fk∥, and arises in applications such as the traffic congestion problem [10],

where one seeks a set of paths with minimum total cost for a large number of vehicles

moving between a source and a destination. Congestion occurs when the cost increases

faster than linear as the traffic flow increases. Although each vehicle aims to choose

the geodesic, using the same edges increases congestion and results in a higher cost.

This problem was extensively studied in the context of the Wardrop equilibrium, see

e.g. [22,45,93]. The conjugate function of hk is

h∗k(wk, yk) = sup
fk

yTk fk − wk∥fk∥q

= sup
fk

∥yk∥∗∥fk∥ − wk∥fk∥q

=
q − 1

p

∥yk∥p∗
wp−1
k

.

Since h∗k is the (scaled) perspective function (see, e.g., [16]) of the convex function ∥·∥p∗,

p > 1, it is jointly convex in wk and yk. Problem (2.6) can be written as

maximize
ϕ,w

ϕs − ϕt −
q − 1

p

l∑
k=1

∥(ATϕ)k∥p∗
wp−1
k

subject to w ∈ W ,

(2.11)

which is also jointly convex in w ∈ Rl
+ and ϕ ∈ Rn.

3. hk(Wk, fk) has the form ∥W 1/2
k fk∥2, Wk ≽ 0 The anisotropic cost function hk is

a quadratic norm parameterized by a positive semidefinite weight matrix Wk. The

cost generated by a flow vector fk can take any value between λ
1/2
min(Wk)∥fk∥2 and

λ
1/2
max(Wk)∥fk∥2, where λmin(Wk) and λmax(Wk) are the smallest and largest eigenvalues

of Wk. When Wk = wkI, the cost reduces to the case in Section 1. More details of
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modeling anisotropy will be discussed in Appendix A.2. The conjugate function of hk

is

h∗k(Wk, yk) = sup
fk

yTk fk − ∥W 1/2
k fk∥2

= sup
fk

∥W−1/2
k yk∥2∥W 1/2

k fk∥2 − ∥W 1/2
k fk∥2

=

 0 if ∥W−1/2
k yk∥2 ≤ 1

+∞ otherwise.

It turns out that ∥W−1/2
k yk∥2 is jointly convex in Wk and yk, since we can write the

constraint ∥W−1/2
k yk∥2 ≤ 1 as yTkW

−1
k yk ≤ 1, which can in turn be expressed as a linear

matrix inequality (LMI) using Schur complements. Hence problem (2.6) can be written

as

minimize
W,ϕ

ϕs − ϕt

subject to

 Wk (ATϕ)k

(ATϕ)Tk 1

 ≽ 0, k = 1, . . . , l

W1, . . . ,Wl ∈ W .

(2.12)

This is a semidefinite program (SDP) with variables Wk ∈ S
|Pk|
++ , k = 1, . . . , l and

ϕ ∈ Rn. In Section 2.3.3, we will discuss this SDP on the regular grid.

2.3.2 Multiple sources and destinations

The GDMP can be readily generalized to the case of multiple sources and destinations,

where we maximize the geodesic distance between a source set S and a destination set T .
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The primal problem can be written with more variables as

maximize
w

min
f,δ

l∑
k=1

hk(wk, fk)

subject to Af = δ,∑
i∈S

δi = 1,
∑
i∈T

δi = −1,

δi = 0, i /∈ S ∪ T

w ∈ W .

(2.13)

The optimal δ gives a source-destination pair with the smallest geodesic distance, among all

pairs. The optimal f gives the geodesic for this pair. The corresponding dual formulation is

maximize
w,ϕ,ϕS ,ϕT

(ϕS − ϕT )−
l∑

k=1

h∗k(wk, (ATϕ)k)

subject to ϕi = ϕS, i ∈ S

ϕi = ϕT , i ∈ T

w ∈ W .

. (2.14)

We can reduce the multiple sources and destinations to the single source and single des-

tination case by simply introducing a new vertex s and connecting s to all sources i ∈ S

by directed edges (s, i) with wsi = 0 (and similarly, introducing a vertex t and connecting

all destinations i ∈ T to t by directed edges (i, t) with wit = 0). Maximizing the geodesic

distance between s and t can be expressed as

maximize
w

min
f

l∑
k=1

hk(wk, fk)

subject to
∑

j:(i,j)∈E

fij −
∑

j:(j,i)∈E

fji = 0, i ∈ V \(S ∪ T )∑
j∈S

fsj = 1,
∑
j∈T

fjt = −1

w ∈ W .

(2.15)

which can be easily shown to be equivalent to (2.13).
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2.3.3 GDMP on a regular grid: simple finite difference discretization

In this section we consider the GDMP on a special graph: the m × n regular grid in R2 as

shown in Fig. 2.2. This special case commonly arises from discretizing continuous problems

which will be discussed in Section 2.4.

With a slight abuse of notation, we index each vertex by its row and column indices

(i, j) (previously (i, j) denoted an edge between two vertices). Each interior vertex (i, j) is

connected to four neighbors (i−1, j), (i, j−1), (i+1, j) and (i, j+1) by four edges (i−1, j, 1),

(i, j − 1, 2), (i, j, 1) and (i, j + 1, 2). The corner vertices (1, 1), (1, n), (m, 1) and (m,n) each

have two neighbors, and other boundary vertices have three neighbors. For this grid, f is

an m × n × 2 array with fi,j = [fi,j,1, fi,j,2]
T ∈ R2, ϕ,w, δ are matrices of size m × n. Flow

conservation conditions are

(Af)i,j = (fi,j,1 − fi−1,j,1) + (fi,j,2 − fi,j−1,2) = δi,j, (2.16)

for i = 1, . . . ,m, j = 1, . . . , n, and we set the boundary conditions to be f0,j,1 = fm,j,1 = 0

for j = 1, . . . , n and fi,0,2 = fi,n,2 = 0 for i = 1, . . . ,m. The left-hand side of each flow

conservation condition can be seen as the divergence operator approximated by backward

difference (see, e.g., [50, 62]).

Next we define a partition as follows: for each vertex (i, j), group together two edges

(i, j, 1) and (i, j, 2) that leave this vertex, i.e., Pi,j = {(i, j, 1), (i, j, 2)}. We will see that

this partition corresponds to the forward difference discretization of the gradient operator

(see, e.g., [50,62]). Other partitions corresponding to different discretization schemes will be

discussed in Section 2.3.4. Let D : Rm×n → Rm×n×2 be the forward difference operator

(Dϕ)i,j = (ATϕ)i,j =

 ϕi+1,j − ϕi,j

ϕi,j+1 − ϕi,j

 . (2.17)

If the norm in problem (2.10) is the Euclidean norm, the dual norm ball constraints are

second-order cone constraints involving the forward operator,

∥(Dϕ)i,j∥2 =

∥∥∥∥∥∥
 ϕi+1,j − ϕi,j

ϕi,j+1 − ϕi,j

∥∥∥∥∥∥
2

≤ wi,j, for i = 1, . . . ,m, j = 1, . . . , n. (2.18)
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(i,j+1)

f i,j,2

f i,j,1

f i-1,j,1

f i,j-1,2

(i,j)

(i-1,j)

(i+1,j)

(i,j-1)

(i-2,j)

(i+2,j)

f i-2,j,1

(i,j+2)

f i,j+1,2

(i,j-2)

f i,j-2,2

f i+1,j,1

Figure 2.2: Finite difference partition structure.
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We can also express the constraints as (wi,j, (Dϕ)i,j) ∈ K3, whereK3 denotes the second-order

cone of size 3, K3 = {(t, y) ∈ R3 | ∥y∥2 ≤ t}. The boundary conditions are ϕm+1,j−ϕm,j = 0

for j = 1, . . . , n and ϕi,n+1 − ϕi,n = 0 for i = 1, . . . ,m. and

Note that the dual formulation (2.10) with a source set S and destination set T can be

written as

maximize
w,ϕ,ϕS ,ϕT

ϕS − ϕT

subject to (wi,j, (Dϕ)i,j) ∈ K3, i = 1, . . . ,m, j = 1, . . . , n

ϕi,j = ϕS, (i, j) ∈ S

ϕi,j = ϕT , (i, j) ∈ T

w ∈ W .

(2.19)

Similarly, the anisotropic problem (2.12) can be written as

maximize
W,ϕ,ϕS ,ϕT

ϕS − ϕT

subject to

 Wi,j (Dϕ)i,j
(Dϕ)Ti,j 1

 ≽ 0, i = 1, . . . ,m, j = 1, . . . , n

ϕi,j = ϕS, (i, j) ∈ S

ϕi,j = ϕT , (i, j) ∈ T

W ∈ W .

(2.20)

Some numerical examples of (2.19) and (2.20) are given in Section 2.6.2. In Section 7.2,

we develop a specialized Alternating Direction Methods of Multipliers (ADMM) to efficiently

solve the SOCP (2.19) for large-scale instances.

2.3.4 GDMP on a regular grid: upwind discretization

In Section 2.3.3, we chose the edge partition Pi,j = {(i, j, 1), (i, j, 2)} for each vertex and

the cost function hi,j(wi,j, fi,j) = wi,j∥fi,j∥2. This choice of partitions and cost led to the

second-order cone constraint (2.18) involving finite differences (2.17) for ϕ. Finite differences

are often used to approximate gradient operators, and the constraint (2.18) is the finite

discretization of a partial differential equation (the Eikonal equation) to be discussed in
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Section 2.4.1. However, as discussed in the literature on numerical PDEs, more advanced

discretization schemes are often needed to guarantee the consistency of the solution; for

example, the upwind discretization of the gradient operator which is given as max {max{ϕi,j − ϕi−1,j, 0},max{ϕi,j − ϕi+1,j, 0}}

max {max{ϕi,j − ϕi,j−1, 0},max{ϕi,j − ϕi,j+1, 0}}

 . (2.21)

See, e.g., [81, 84] for more details on the upwind discretization.

Let B : Rm×n → Rm×n×2 be the backward difference operator used in numerical PDE

(Bϕ)i,j =

 ϕi,j − ϕi−1,j

ϕi,j − ϕi,j−1

 . (2.22)

The second-order cone constraint with upwind discretization can be written as

∥∥([(Bϕ)i,j (Dϕ)i,j])+∥∥∞,2
=

∥∥∥∥∥∥
 ϕi,j − ϕi−1,j ϕi,j − ϕi+1,j

ϕi,j − ϕi,j−1 ϕi,j − ϕi,j+1


+

∥∥∥∥∥∥
∞,2

≤ wi,j, (2.23)

where (Xi,j)+ = max{Xi,j, 0} is the positive part of Xi,j, the norm ∥X∥∞,2 is the Euclidean

norm of the vector of ℓ∞ norms of all rows of matrix X. In this section, we show how the

GDMP covers this discretization.

First, each flow fi,j,k is decomposed as (fi,j,k)+ − (fi,j,k)−, where (fi,j,k)+ = max{fi,j,k, 0}

and (fi,j,k)− = max{−fi,j,k, 0}. As shown in Figure 2.3, we associate four flows to each vertex

(i, j): (fi,j,1)−, (fi−1,j,1)+ in the vertical direction, and (fi,j,2)−, (fi,j−1,2)+ in the horizontal

direction. It is convenient to arrange the set of four flows associated with each vertex (i, j)

in a 2× 2 matrix,

fi,j =

 (fi,j,1)− (fi−1,j,1)+

(fi,j,2)− (fi,j−1,2)+

 .
We can view (fi,j,k)+ and (fi,j,k)− as independent variables, then the fi,j are decoupled, i.e.,

fi,j does not share any components with fi′,j′ , i
′ ̸= i, j′ ̸= j. This property will be used in

decomposing the Lagrangian. We consider the following cost function

hi,j(wi,j, fi,j) = wi,j

∥∥∥∥∥∥
 (fi,j,1)− + (fi−1,j,1)+

(fi,j,2)− + (fi,j−1,2)+

∥∥∥∥∥∥
2

.
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(i,j+1)(f i,j,2)+

(f i,j,1)+

(i,j)

(i-1,j)

(i+1,j)

(i,j-1)

(i-2,j)

(i+2,j)

(i,j+2)(i,j-2)

(f i,j,1)-

(f i-1,j,1)+(f i-1,j,1)-

(f i-2,j,1)+(f i-2,j,1)-

(f i+1,j,1)+(f i+1,j,1)-

(f i,j,2)-

(f i-1,j,2)+

(f i-1,j,2)-

(f i-2,j,2)+

(f i-2,j,2)-

(f i+1,j,2)+

(f i+1,j,2)-

Figure 2.3: Variables and structure for upwind discretization.
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Clearly, hi,j(wi,j, fi,j) is convex in fi,j and concave (linear) in wi,j. The flow conservation

constraints are generalized as

(Af)i,j = [(fi,j,1)− − (fi+1,j,1)− + (fi−1,j,1)+ − (fi−2,j,1)+]

+[(fi,j,2)− − (fi,j+1,2)− + (fi,j−1,2)+ − (fi,j−2,2)+]

= δi,j,

for i = 1, . . . ,m, j = 1, . . . , n, where we call A : Rm×n×2×2 → Rm×n the upwind divergence

operator. Then the geodesic problem can be written as

minimize
f

∑
i,j

hi,j(wi,j, fi,j)

subject to Af = δ

f ≥ 0.

(2.24)

Let A∗ : Rm×n → Rm×n×2×2 be the adjoint mapping of A. It is easy to check that (A∗ϕ)i,j =

[(Bϕ)i,j (Dϕ)i,j], noting that

∑
i,j

ϕi,j(Af)i,j

=
∑
i,j

ϕi,j {[(fi,j,1)− − (fi+1,j,1)− + (fi−1,j,1)+ − (fi−2,j,1)+]

+[(fi,j,2)− − (fi,j+1,2)− + (fi,j−1,2)+ − (fi,j−2,2)+]}

=
∑
i,j

{(fi,j,1)−(ϕi,j − ϕi−1,j) + (fi−1,j,1)+(ϕi,j − ϕi+1,j)

+(fi,j,2)−(ϕi,j − ϕi,j−1) + (fi,j−1,2)+(ϕi,j − ϕi,j+1)}

=
∑
i,j

Tr


 ϕi,j − ϕi−1,j ϕi,j − ϕi+1,j

ϕi,j − ϕi,j−1 ϕi,j − ϕi,j+1

T  (fi,j,1)− (fi−1,j,1)+

(fi,j,2)− (fi,j−1,2)+




=
∑
i,j

Tr
(
(A∗ϕ)Ti,jfi,j

)
.
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The Lagrangian dual is

min
f≥0

∑
i,j

hi,j(wi,j, fi,j) +
∑
i,j

ϕi,j(δi,j − (Af)i,j)

=
∑
i,j

ϕi,jδi,j −max
f≥0

{∑
i,j

ϕi,j(Af)i,j −
∑
i,j

hi,j(wi,j, fi,j)

}

=
∑
i,j

ϕi,jδi,j −max
f≥0

{∑
i,j

Tr
(
(A∗ϕ)Ti,jfi,j

)
−
∑
i,j

hi,j(wi,j, fi,j)

}
=

∑
i,j

ϕi,jδi,j −
∑
i,j

max
fi,j≥0

{
Tr
(
(A∗ϕ)Ti,jfi,j

)
− hi,j(wi,j, fi,j)

}
=

∑
i,j

ϕi,jδi,j −
∑
i,j

h◦i,j(wi,j, (A∗ϕ)i,j).

The max and sum are exchangeable above since fi,j are decoupled as mentioned before. In

Appendix A.1, we show that

h◦i,j(wi,j, (A∗ϕ)i,j) =

 0, ∥(A∗ϕ)+∥∞,2 ≤ wi,j

+∞, otherwise.

Finally, we obtain the dual formulation of the GDMP with upwind discretization as

maximize
w,ϕ,ϕS ,ϕT

ϕS − ϕT

subject to
∥∥([(Bϕ)i,j (Dϕ)i,j])+∥∥∞,2

≤ wi,j, i = 1, . . . ,m, j = 1, . . . , n

ϕi,j = ϕS, (i, j) ∈ S

ϕi,j = ϕT , (i, j) ∈ T

w ∈ W .

(2.25)

2.4 Geodesic distance maximization in a continuous domain

2.4.1 Isotropic continuous GDMP

The geodesic distance maximization problem discussed in Section 2.3 can be generalized

to a continuous domain. To make our presentation simple, we choose the cost function as

proportional to the ℓ2 norm of the flow; other cost functions can be generalized similarly.
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The presentation in this section is parallel to Section 2.3. Let Ω ⊂ Rn be a compact

set with a nonempty interior and a smooth boundary. As a disclaimer, here we treat the

relevant function spaces and operations on them informally; the discussion of choices of

function spaces for this problem is beyond the scope of this paper. A function w : Ω → R++

defines a metric (analog of weights in a graph) on Ω. Flow is defined by a vector-valued

function f : Ω → Rn, and the flow cost at each point x ∈ Ω is proportional to the ℓ2-norm of

f(x), given by w(x)∥f(x)∥2. The total cost over Ω is
∫
Ω
w(x)∥f(x)∥2dx. Flow has to satisfy

the divergence constraints (analog of the divergence constraint (2.1) in a graph),

divf =
n∑
i=1

∂fi
∂xi

= δ,

where δ is defined on Ω and specifies the distribution of sources and destinations. δ can

be decomposed as δ = δs + δt, where δs > 0 is the source distribution and δt < 0 is the

destination distribution.

In the case of single source and single destination, δs and δt are defined as two Dirac

measures concentrated at a source point xs and a destination point xt. Given w and two

disjoint sets S, T ⊂ Ω, we want to find the geodesic connecting S and T , which can be cast

as

pc(w) = minimize
f,δ

∫
Ω

w(x)∥f(x)∥2dx

subject to divf(x) = δ(x), x ∈ Ω∫
S

δ(x)dx = 1,

∫
T

δ(x)dx = −1,

δ(x) = 0, x /∈ S ∪ T.

(2.26)

which is an infinite dimensional optimization problem. We aim to find the weight function

w : Ω → R that yield the maximum geodesic, that is,

maximize
w

pc(w)

subject to w ∈ W ,
(2.27)

where W is a convex constraint set. We refer to this problem as the continuous geodesic

distance maximization problem (GDMP). The function pc(w) is concave in w since it is
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the pointwise infimum of a family of linear functions of w, therefore (2.27) is a convex

optimization problem. As with the graph case, it is helpful to examine the dual of problem

(2.26),

dc(w) = maximize
ϕ

ϕS − ϕT

subject to ∥∇ϕ(x)∥ ≤ w(x), x ∈ Ω

ϕ(x) = ϕS, x ∈ S

ϕ(x) = ϕT , x ∈ T.

(2.28)

The dual variable ϕ is the potential function and ϕ(x) gives the geodesic distance from the

source set S to point x. So ϕS − ϕT is the geodesic distance between the sets S and T .

Maximizing dc(w) with respect to w gives the dual formulation of the continuous GDMP

maximize
w

dc(w)

subject to w ∈ W .
(2.29)

The overall objective in problem (2.29) is (jointly) concave in ϕ and w. With appropriate

choice of function spaces, strong duality can be shown to hold for problems (2.26) and (2.28),

thus (2.27) and (2.29) are equivalent.1

The dual problem (2.28) has the convex inequality constraints ∥∇ϕ(x)∥2 ≤ w(x). From

the complementary slackness condition, wherever f ⋆(x) ̸= 0, the optimal ϕ⋆ satisfies the

partial differential equation

∥∇ϕ⋆(x)∥2 = w(x).

This nonlinear partial differential equation, called the Eikonal equation [33, 83, 91], is a

fundamental equation governing wave propagation in a medium. The viscosity solution

[81, 84] to the Eikonal equation at each point gives the geodesic distance from the source

set to that point. In addition, complementary slackness reveals a connection between the

optimal flow f⋆ and potential ϕ⋆: f⋆/∥f⋆∥2 = −∇ϕ⋆/∥∇ϕ⋆∥2. That is, the flow proceeds

along the direction of negative gradient of the potential function.

1Unlike finite dimensional duality seen earlier, strong duality is more subtle in the infinite dimensional
case and is beyond our scope.
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To numerically solve the dual formulation of the continuous GDMP (2.29), we discretize

the continuous domain Ω ∈ R2 as an m×n regular grid. Correspondingly, the functions ϕ,w

are discretized as matrices of size m × n. We define the mapping D : Rm×n → Rm×n×2 to

approximate the gradient by an appropriate finite dimensional operator. For forward finite

difference [50, 62], the gradient approximation is defined as in (2.17). Then problem (2.29)

can be written as (2.19), for which we develop a specialized and efficient ADMM algorithm

in Section 2.5.2. More sophisticated discretization schemes, e.g., upwind discretization, can

also be used as shown in Section 2.3.4.

2.4.2 Anisotropic continuous GDMP

In a variety of applications, flow propagation speed at a point x depends on both the location

x and the direction of the flow vector, which is called anisotropic propagation. Anisotropic

propagation has been studied in several contexts, including geophysics [28], crystal growth

[82] and medical imaging [60]. For anisotropic propagation, the weight function W (x) : Ω →

Sn++ defines a positive definite metric on Ω, and the Eikonal constraint in 2.28 is generalized

to ∥W−1/2(x)∇ϕ(x)∥2 ≤ 1. Note that if W (x) = w(x)I, we recover the isotropic Eikonal

inequality. In this section, we focus on the optimization problem and defer the of modeling

anisotropy to Appendix A.2.

With the generalized Eiknonal constraint, the dual formulation of anisotropic geodesic

distance maximization problem (GDMP) can be formulated as infinite dimensional optimiza-

tion problem

maximize
W,ϕ

ϕS − ϕT

subject to ∥W−1/2(x)∇ϕ(x)∥2 ≤ 1, x ∈ Ω

ϕ(x) = ϕS, x ∈ S

ϕ(x) = ϕT , x ∈ T

W ∈ W ,

(2.30)

where W is a convex constraint set. Similar to what we did in Section 3, this problem can
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be equivalently expressed as

maximize
W,ϕ

ϕS − ϕT

subject to

 W (x) ∇ϕ(x)

∇ϕ(x)T 1

 ≽ 0, x ∈ Ω

ϕ(x) = ϕS, x ∈ S

ϕ(x) = ϕT , x ∈ T

W ∈ W .

(2.31)

If we discretize the problem as in Section 2.4, problem (2.31) can be expressed as the semidef-

inite program (2.20).

2.5 Algorithms

In this section we discuss how to efficiently solve GDMP with the cost function
∑

k hk(wk, fk) =∑
k wk∥fk∥2 in different settings. Throughout this section we consider a simple polyhedral

constraint set W

W = {w ∈ Rl | wk ≤ wk ≤ wk,
l∑

k=1

wk ≤ w̃}, (2.32)

where
∑l

k=1wk ≤ w̃ ≤
∑l

k=1wk. The constraints capture physical upper and lower bounds

on the resource (weight) for each flow group fk. For example in the lens design application,

these are limits on the index of refraction of the material that can be placed at a certain

location. The last constraint limits the total resource, e.g., the total volume of available

material.

2.5.1 Single-edge partition case as a linear program

As discussed in Section 1, if each Pk is a partition with single edge, the cost function is

reduced to
∑

(i,j)∈E wij|fij|, and the dual formulation (2.10) becomes a linear program which

can be solved by general linear programming solvers. However, there are far more efficient

graph-specific algorithms for network linear programs, such as the shortest path problem and
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max-flow/min-cut problem (for classic results, see, e.g., [11, Ch. 4-7] [3, Ch. 9-11]). Can we

make use of these efficient algorithms to solve the GDMP? It is known that for polyhedral

W given in (2.32), GDMP can be solved by solving a polynomial number of shortest path

problems, and for even more special W , by solving a single max-flow/min-cut problem.

In this section we assume all flows are nonnegative, and adjust our graph setting as

follows: any two vertices i, j are connected by two directed edges (i, j) and (j, i) with the

same weight wij = wji. Then GDMP can be written as

maximize
w

min
f

∑
i,j

wijfij

subject to
∑

j:(i,j)∈E

fij −
∑

j:(j,i)∈E

fji = δi, i ∈ V,

fij ≥ 0, (i, j) ∈ E

wij ≤ wij ≤ wij, (i, j) ∈ E∑
(i,j)∈E

wij ≤ w̃.

To make use of graph algorithms, we take the dual with respect to w to get

minimize
f,λ,ν,γ

−
∑

(i,j)∈E

λijwij +
∑

(i,j)∈E

νijwij + γw̃

subject to
∑

j:(i,j)∈E

fij −
∑

j:(j,i)∈E

fji = δi, i ∈ V

fij = −λij + νij + γ, (i, j) ∈ E

γ ≥ 0, f, ν, λ ≽ 0,

(2.33)

where f, λ, ν ∈ Rm, γ is a scalar. Since λij ≥ 0, we have νij ≥ fij−γ and νij = max{0, fij−γ}.

Substituting λij = −fij + νij + γ, we obtain

minimize
f,γ

∑
(i,j)∈E

fijwij +
∑

(i,j)∈E

(wij − wij)max{0, fij − γ}+ γ

w̃ −
∑

(i,j)∈E

wij


subject to

∑
j:(i,j)∈E

fij −
∑

j:(j,i)∈E

fji = δi, i ∈ V

γ ≥ 0.

(2.34)
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Bertsimas and Sim proposed an algorithm for this type of problem in the context of robust

network flow problem [12]. For a fixed γ, it can be shown that (2.34) is a min-cost flow

problem on graph obtained by modifying G as follows: for each edge (i, j) ∈ E, introduce

another edge (i, j)′, then set wi,j and wij as the weights and γ and +∞ as the capacities for

edges (i, j) and (i, j)′ respectively. The intuition is that to minimize the cost, the flow uses

the edge (i, j) with smaller weight wij first until this edge reaches its capacity γ, then extra

flow uses edge (i, j)′ and incurs cost (wij −wij)max{0, fij − γ}. To solve (2.34), one can use

bisection on γ and solve a min-cost flow problem for each γ on the modified graph. We can

consider several special cases of W .

• No upper bound, w = +∞ This special case was studied by Fulkerson and Harding [39]

long before [12]. Since w = +∞, there is no need to introduce auxiliary edges (i, j)′.

One can use bisection on γ and solve a series of min-cost flow problems on G with

weights w and capacity γ,

minimize
f

∑
(i,j)∈E

fijwij

subject to
∑

j:(i,j)∈E

fij −
∑

j:(j,i)∈E

fji = δi, i ∈ V

0 ≼ f ≼ γ.

(2.35)

• Zero lower bound and no upper bound, w = 0, w = +∞. In this even more special

case, the problem reduces to

minimize
f,γ

γw̃

subject to
∑

j:(i,j)∈E

fij −
∑

j:(j,i)∈E

fji = δi, i ∈ V

0 ≼ f ≼ γ

γ ≥ 0.

(2.36)

This problem has a simple interpretation: reduce γ to the least value γ⋆, where the

flow f satisfying the divergence conditions is just feasible. The flow f is feasible as
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long as the capacity of the minimum cut is at least δs. Therefore, this problem can be

solved as a classical max-flow problem: fix γ = γ0, solve the max-flow problem using

the capacity γ0 to find the flow f̃ and max-flow value δ̃, then the solution to (2.36) is

f⋆ = f̃/δ̃, γ⋆ = γ0/δ̃.

2.5.2 Simple discretized GDMP as a second-order cone program

In Section 2.3.3, we discussed the GDMP on the regular grid and expressed it as a second-

order cone program(2.10). This SOCP can be solved efficiently by Interior Point Method

if the problem size is moderate. However, interior point methods cannot successfully scale

to large problems, leading us to consider first-order convex optimization methods. We will

see that alternating direction method of multipliers (ADMM) [15] is well suited to exploit

various structures in our problem. In this section, we customize ADMM to solve GDMP

with single source and single destination; the extension to the source set and destination set

is straightforward and is given in Appendix A.3.

To apply ADMM, we first introduce new variables u ∈ Rm×n and l ∈ Rm×n×2, then

impose constraints that ui,j = wi,j and li,j = (Dϕ)i,j. Let K denote the direct product of

mn second-order cones. The problem (2.19) can be written as

minimize
w,ϕ,u,l

ϕt − ϕs + IK(u, l)

subject to u = w

l = Dϕ

w ∈ W ,

(2.37)

where IK is the indicator function of K

IK(u, l) =

 0, (ui,j, li,j) ∈ K3 for i = 1, . . . ,m, j = 1, . . . , n

+∞, otherwise.

We decouple the second-order cone constraints and constraint set W so that projections

onto K and W are separated into two steps. The augmented Lagrangian using scaled dual
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variable is

Lρ(w, ϕ, u, l, λ, ν) = ϕt − ϕs + IK(u, l) +
ρ

2
∥w − u+ λ∥2F +

ρ

2

∑
i,j

∥(Dϕ)i,j − li,j + νi,j∥22,

where λ ∈ Rm×n, ν ∈ Rm×n×2 are scaled dual variables, ρ ≥ 0 is an algorithm parameter.

Then ADMM consists of iterations

• (w, ϕ)-minimization step

(w(k+1), ϕ(k+1)) = argmin
ϕ,w∈W

Lρ(w, ϕ, u
(k), l(k), λ(k), ν(k)).

ϕ(k+1) = argmin
ϕ

ρ

2

∑
i,j

∥(Dϕ)i,j − l
(k)
i,j + ν

(k)
i,j ∥22 (2.38)

w(k+1) = PrW(u(k) − λ(k)) (2.39)

where PrW denotes the Euclidean projection onto set W .

• (u, l)-minimization step

(u(k+1), l(k+1)) = argmin
u,l,ϕS ,ϕT

Lρ(w
(k+1), ϕ(k+1), u, l, λ(k), ν(k))

= PrK(w
(k+1) + λ(k),Dϕ(k+1) + ν(k)). (2.40)

• dual variable update

λ(k+1) = w(k+1) − u(k+1) + λ(k), (2.41)

ν(k+1) = Dϕ(k+1) − l(k+1) + ν(k). (2.42)

We discuss the details of steps (2.38), (2.39) and (2.40) in Section 2.5.3. The primal and

dual residuals are

r(k+1)
p = (w(k+1) − u(k+1),Dϕ(k+1) − l(k+1)),

r
(k+1)
d = −ρ(u(k+1) − u(k),D∗(l(k+1) − l(k))).

We know that when the primal and dual residuals are small, the objective suboptimality

must be small, so we use the termination criterion given in [15, Section 3.3.1].
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2.5.3 Algorithm details and problem structure

Let us examine the three steps in the ADMM procedure.

Step (2.38): ϕ-minimization step To minimize the function in step (2.38) with respect

to ϕ, we set its gradient to zero and obtain a linear system

D∗Dϕ = D∗(l(k) − ν(k)). (2.43)

Since D is the forward difference operator as defined in (2.17), D∗D is the discrete Laplace

operator, and (2.43) is the Poisson equation. We store ϕ as a column vector ϕ̃ of size mn by

stacking columns of ϕ atop one another from left to right. The operator D∗D has a matrix

realization with rank mn− 1 [30,50], whose eigenvalues are

4− 2 cos

(
i− 1

m
π

)
− 2 cos

(
j − 1

n
π

)
, i = 1, . . . ,m, j = 1, . . . , n.

To show the sparsity pattern, we give the matrix realization of D∗D on a 3× 3 grid

2 −1 −1

−1 3 −1 −1

−1 2 −1

−1 3 −1 −1

−1 −1 4 −1 −1

−1 −1 3 −1

−1 2 −1

−1 −1 3 −1

−1 −1 2



.

The Poisson equation (2.43) can be solved very efficiently by many existing fast algorithms

and solvers [30], e.g., the Fast Fourier transform.

Step (2.39): projection onto set W The projection of u ∈ Rm×n onto set W is

(PrW(u))i,j = max(min(ui,j + ω,wi,j), wi,j),
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where ω is a scalar such that
∑

i,j(PrW(u))i,j = w̃. This projection can be computed in

O(N logN) (N = mn) operations based on a root finding procedure similar to that discussed

in [92].

Step (2.40): projection onto non-overlaping second-order cones We emphasize

that the non-overlapping property of these second-order cones is inherited from the non-

overlapping partitions defined in Section 3.1. Therefore, these projections can be performed

in parallel to speed up this step.

The projection onto each cone Kn+1 = {(t, y) ∈ R+ × Rn | ∥y∥2 ≤ t} has an explicit

form (e.g., [38, Proposition 3.3])

PrKn+1(t, y) =


∥y∥2+t
2∥y∥2 (∥y∥2, y) if ∥y∥2 > t, ∥y∥2 > −t, y ̸= 0

(t, y) if ∥y∥2 ≤ t

0 if ∥y∥2 ≤ −t.

2.5.4 Existing algorithm

To the best of our knowledge, the only existing algorithm that can be applied to GDMP is

a projected subgradient method (PSGM) developed in [10] [78, Sec. 2.9]. The bottleneck of

this method is to compute the subgradient of geodesic distance with respect to the metric.

Benmansour et al. [10] developed a method called subgradient marching to compute this

subgradient based on the single-pass updating scheme of fast marching methods [83, 91].

See [10] [78, Sec. 2.9] for more details of this algorithm.

It is well-known that the subgradient method typically converges far more slowly than

ADMM, and we observe this in our numerical experiments. A typical performance is shown

in Fig. 2.4, which shows the suboptimality of ADMM with ρ = 0.2 and ρ = 0.5 as well as the

suboptimality of PSGM, for a 100×100 GDMP with single source and single destination. The

suboptimality of ADMM is |p⋆−p(k)|, absolute difference between the current objective value

with the optimal objective value, while the suboptimality of PSGM is p⋆ − pbest, difference

between the best objective value found in the current iteration with the optimal objective
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Figure 2.4: Suboptimality of ADMM and PSGM versus iteration

value.

Computational cost In addition, computing the subgradient of the geodesic distance at

every iteration of PSGM needs at least, if no more than, O(N logN) operations on a grid

with a total of N points (authors in [10] mention that O(N2 logN) operations are needed

per iteration). For the ADMM algorithm, the computational bottleneck in each iteration is

solving the Poisson equation, which for the setup considered in Section 2.5 takes O(N logN)

operations. We see that ADMM has similar or lower cost per iteration, and also takes

far fewer iterations to reach the same level of accuracy in the objective; thus our ADMM

outperforms PSGM in these measures.
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(c) optimal f⋆ and contours of ϕ⋆

Figure 2.5: Geodesic distance maximization with m = n = 500, single source

(marked as a green square) and single destination (marked as a green star). The

constraints on w are w = 0.1 in all area, w = 1 in the middle between columns 125

and 376, and w = 0.1 on two sides, w̃ = 0.14mn.

2.6 Numerical experiments

2.6.1 Illustrative examples

We present illustrative numerical examples for problem (2.19). These small-sized problems

are solved with the commercial optimization solver MOSEK 7 [6], and the goal of this section

is to illustrate the properties of the solution with different source and destination distributions

δ and different constraintsW . Larger examples solved by our ADMM algorithm are presented

in the next section.

Fig. 2.5 shows an example with a single source and a single destination, and Fig. 2.6 an

example with multiple sources and destinations. Fig. 2.8 shows an example with randomly

located sources and destinations and demonstrates how w⋆ changes as w̃ increases. Some

numerical examples of (2.20) are given in Fig. 2.9.
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Figure 2.6: Geodesic distance maximization with m = n = 500, 3 sources (marked

as green squares) and 2 destinations (marked as green stars). The constraints on

w are w = 0.1 in all area, w = 1 in the middle between columns 125 and 376, and

w = 0.1 on two sides, w̃ = 0.12mn.
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Figure 2.7: Geodesic distance maximization with m = n = 500, 3 sources (marked

as green squares) and 2 destinations (marked as green stars). Three square-shaped

barrier areas are marked red in (a) where w and w are fixed to 1, a relatively big

value. Flows avoid passing through these barrier areas. In rest of area, w = 0.1,

w = 1 in the middle between columns 125 and 376, and w = 0.1 on two sides,

w̃ = 0.3mn.
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(d) optimal w⋆ with w̃ = 0.4mn
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(e) optimal w⋆ with w̃ = 0.52mn
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(f) optimal w⋆ with w̃ = 0.56mn

Figure 2.8: Geodesic distance maximization with m = n = 500, 20 sources

(marked as green squares) randomly located in the left-upper area and 20 desti-

nations (marked as green stars) randomly located in the right-lower area. The

constraints on w are w = 0.1, w = 1 in all area, w̃ varies.
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Figure 2.9: Anisotropic geodesic distance maximization with m = n = 40, single

source (marked as green squares) and single destination (marked as green stars).

Contours of ϕ⋆, flow propagation speed profiles Sv(x) (red ellipsoids) and potential

expanding speed profile Ss(x) (blue closed curves) for optimal W ⋆ are plotted. (a)

Constraints on W are w = 0.1 in all area, w = 1 in the middle between columns 10

and 31, w = 0.1 in two sides, w̃ = 0.4. (b) Constraints on W are w = w = 1 for

barrier areas ([1 : 8, 16 : 24, 33 : 40], 10 : 30) and w = 0.1, w = 1 for rest of area.
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2.6.2 Numerical experiments for ADMM and comparisons

In this section, we give numerical experiments to illustrate the performance of ADMM de-

scribed in Section 2.5.2, and compare it to the MOSEK which implements a primal-dual

interior point method.

The first experiment is a GDMP with single source and single destination. The constraints

on w are w(:, :) = 0.1, w(:, [1 : n/4− 1, n− n/4 + 2 : n]) = 0.1, w(:, n/4 : n− n/4 + 1) = 1,

w̃ = 0.14mn. For m = n = 500, the optimal w⋆, ϕ⋆ and f ⋆ are plotted in Fig. 2.5. We

initialize ADMM at origin and choose ϵabs = 2 × 10−5, ϵrel = 10−5, ρ(0) = 0.1. The penalty

parameters ρ(k) is updated as

ρ(k+1) =


2ρ(k) if ∥r(k)p ∥2 ≥ 20∥r(k)d ∥2
ρ(k)/2 if ∥r(k)d ∥2 ≥ 20∥r(k)p ∥2
ρ(k) otherwise.

We also allow ADMM to run for longer time to see if it can achieve higher accuracy. The

codes are run on a PC with Intel Core i7 CPU 2.67GHz and 8GB RAM and Matlab 2013a.

The computational results are reported in Table 2.1, where cpu is the CPU runtime in

seconds, obj is the objective value at termination, nobj is the normalized objective value of

ADMM with respect to the objective value of MOSEK, iter is the number of iterations.

We also run an experiment for GDMP with upwind discretization for 3 sources and 2

destinations. The constraints on w are w(:, :) = 0.1, w(:, [1 : n/4− 1, n− n/4+ 2 : n]) = 0.1,

w(:, n/4 : n − n/4 + 1) = 0.6, w̃ = 0.3mn. To make the example more interesting, we add

some barrier areas in which w are fixed to be large values. To be specific, we fix w = w = 1

over the area ([1 : m/5, 2m/5 : 3m/5, 4m/5 : m], 2n/5 : n− 2n/5+1). For m = n = 500, the

optimal w⋆, ϕ⋆ and f⋆ are plotted in Fig. 2.7. We run the ADMM algorithm with the same

setup as the previous experiment. The computational results are reported in Table 2.2.

As shown in Table 2.1 and 2.2, ADMM has a fast convergence to a moderate accuracy

(2-digit accuracy), but takes a long time to achieve high accuracy as MOSEK does. Due to

using the structures discussed above, the computation in each step of ADMM is fairly cheap,
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MOSEK ADMM ADMM (higher accuracy)

m× n cpu/obj/nobj cpu/obj/nobj/iter cpu/obj/nobj/iter

100× 100 2.1/1.487+1/1 2.8/1.486+1/0.999/355 4.8/1.486+1/0.999/630

300× 300 30.9/4.443+1/1 41.3/4.423+1/0.995/485 57.9/4.428+1/0.997/663

500× 500 138.6/7.399+1/1 129.6/7.339+1/0.992/428 201.1/7.358+1/0.994/671

700× 700 357.9/1.035+2/1 155.8/1.022+2/0.987/246 453.3/1.028+2/0.993/710

1000× 1000 885.8/1.479+2/1 125.8/1.453+2/0.982/99 1082.61/1.467+2/0.992/837

1500× 1500 3033.4/2.217+2/1 336.3/2.177+2/0.982/113 2510.15/2.194+2/0.990/812

1800× 1800 out of memory 688.9/2.611+2/*/124 5755.4/2.637+2/*/1265

Table 2.1: The CPU runtime (cpu), objective values (obj) and normalized objective

values (nobj) of MOSEK and ADMM, and the number of iterations (iter) of ADMM

(with forward difference discretization).

consequently, ADMM can solve very large scale problems for which MOSEK often runs out

of memory.

2.7 Conclusions

The geodesic distance maximization problem arises in a wide variety of fields, e.g., physics,

transportation, and resource allocation. In this paper, we set up a general GDMP by defining

partitions on graph edges and proposing several general cost functions that are motivated by

various applications and physical properties of flows. More importantly, we discovered that

the dual formulations of GDMP with those cost functions are joint convex with respect to

weight and potential, which enables simultaneous optimization and efficient numerical meth-

ods. This optimization framework exhibits a correspondence, shown in Table 2.3, between

physical models and optimization models: more general flow propagation models require

more advanced optimization problems. We developed an efficient ADMM algorithm by ex-
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MOSEK ADMM ADMM (higher accuracy)

m× n cpu/obj/nobj cpu/obj/nobj/iter cpu/obj/nobj/iter

100× 100 6.6/2.578+1/1 4.8/2.577/0.999/467 7.4/2.578+1/1/740

300× 300 159.6/7.893+1/1 84.9/7.877+1/0.998/764 135.9/7.888+1/0.999/1190

500× 500 494.0/1.319+2/1 358.5/1.312+2/0.995/875 545.3/1.317+2/0.998/1311

1000× 1000 5325.1/2.646+2/1 1940.4/2.571+2/0.972/1091 3024.3/2.627+2/0.993/1678

1500× 1500 out of memory 1687.8/3.215+2/*/405 14815.5/3926+2/*/3355

Table 2.2: The CPU runtime (cpu), objective values (obj) and normalized objective

values (nobj) of MOSEK and ADMM, and the number of iterations (iter) of ADMM

(with upwind discretization).

ploiting problem structures to solve large-scale SOCP formulation of GDMP on a regular

grid. Our algorithm performs much faster than the existing algorithm as well as scales to

much larger problems than MOSEK.

There are several directions for future research. One direction is to explore formulations

based on the general Hamilton-Jacobi equation, where the eikonal equation is a special case.

In the context of games, there are other examples similar to the interdiction game that can

be considered; for example, ambush games. On the computational side of GDMP, the struc-

ture of the SDP formulation can be exploited to develop fast algorithms for the anisotropic

problem. Parallel and distributed implementations for the SDP and SOCP will be helpful to

develop. Finally, there are many more potential application areas to explore, including mate-

rial science (design of meta-materials), machine learning (learning the geometry to the data

with metric constraints), controlling the spread of epidemics, as well as spread of information

through social networks.
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cost function dual form optimization

hk(Wk, fk) = ∥W 1/2
k fk∥2 (2.20) semidefinite program

hk(wk, fk) = wk∥fk∥2 (2.10) second-order cone program

hk(wk, fk) = wk∥fk∥1 or wk∥fk∥∞ (2.10) linear program

Table 2.3: Optimization framework
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Chapter 3

DISTRIBUTED OPTIMIZATION VIA ALTERNATING
DIRECTION METHODS OF MULTIPLERS

3.1 Introduction

Distributed optimization arises in a variety of applications, e.g. distributed tracking and

localization, estimation problems in sensor networks, multi-agent coordination; see recent

surveys [15, 69, 72] and papers [63, 68, 96] for more applications. Recently, there has been

significant interests in applying primal-dual algorithms, particularly Alternating Direction

Method of Multiplers (ADMM) and its variants, on distributed optimization with strict

local communication [23, 53, 56, 87, 94]. These works are motivated by recent progress on

convergence analysis on centralized ADMM and multi-block ADMM algorithms. In contrast

to subgradient type algorithms [32,65,70,71], ADMM-type algorithms tend to achieve faster

convergence rate which is highly preferred when local optimization at each node can be

solved efficiently. A unified and extensive literature review is given in Section 3.2.3.

Given an undirected connected graph with n nodes, distributed optimization over the

graph is to solve

minimize
y

n∑
i=1

fi(y) (3.1)

where each fi : R
d → R is locally known by node i only. Without loss of generality, we

suppose d = 1 to avoid cumbersome notations. Each node only does local computation and

communicate with its immediate neighbors.

The contribution of this paper is as follows. We propose to use (weighted) graph matrices

to impose consensus constraints and reformulate distributed optimization as a linear con-

strained optimization problem. The use of graph matrices naturally brings in graph weights

and topology structure. Based on this reformulation, we develop a weighted proximal ADMM
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for distributed optimization and link its convergence rate to graph topology. In contrast to

existing algorithms, this fully distributed algorithm is simultaneous, single-loop, and more

general. More importantly, our weighted setting and proximal term enable us to jointly

design the graph weights and algorithm parameters to further improve the convergence.

The rest of the paper is organized as follows. Section 4.2 reformulates distributed op-

timization (3.1) using weighted graph matrices and provides a unified overview on existing

algorithms. In Section 3.3, we develop a weighted proximal ADMM for distributed opti-

mization and present the convergence results, followed by discussion on different choices of

parameters and graph design. Section 4.7 presents numerical examples, and Section 3.5

concludes with discussion of future work.

3.2 Background and formulation

3.2.1 Distributed optimization formulation using weighted graph matrices

As we observed, the nullspaces of the incidence matrix and Laplacian have nice properties

that can be used to naturally impose consensus constraints

x1 = . . . = xn ⇔ Lx = 0 ⇔ Ix = 0

where x = [x1, . . . , xn]
T . Ix = 0 essentially defines two weighted constraints for each undi-

rected edge
√

wij
2
(xi−xj) = 0 and

√
wij
2
(xj −xi) = 0 for {i, j} ∈ E. Lx = 0 is equivalent to∑

j∈N (i)wij(xi − xj) = 0, i ∈ V . Then we can reformulate (3.1) using the incidence matrix

minimize
x1,...,xn

n∑
i=1

fi(xi)

subject to Ix = 0,

(3.2)

or using the graph Laplacian

minimize
x1,...,xn

n∑
i=1

fi(xi)

subject to Lx = 0.

Although both reformulations can be used to develop distributed algorithms, we will focus

on (3.2) in this paper due to limited space.
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3.2.2 Standard and multi-block ADMM

The standard two-block ADMM is suited to solve the optimization problem of the form

minimize
x,z

f(x) + g(z)

subject to Ax+Bz = c.

The augmented Lagrangian is Lρ(x, z, µ) = f(x)+g(z)+µT (Ax+Bz−c)+ ρ
2
∥Ax+Bz−c∥22,

where µ is the dual variable, ρ is a parameter. Each loop of ADMM consists of alternatingly

minimizing the augmented Lagrangian with respect to x and z, and a dual update on µ.

The ADMM iterations are

x(k+1) = argmin
x

Lρ(x, z
(k), µ(k)),

z(k+1) = argmin
z

Lρ(x
(k+1), z, µ(k)),

µ(k+1) = µ(k) + ρ(Ax(k+1) +Bz(k+1) − c).

Separable structure is critical in developing distributed algorithms. A function is called

separable if it can be written as the sum of terms of independent variables, so that each term

can be minimized independently. The augmented Lagrangian is generally not separable even

if the objective function and linear terms are separable. This non-separable structure is

mainly due to the (quadratic) augmented Lagrangian term ∥Ax + Bz − c∥22, since ATA or

BTB are generally not diagonal.

3.2.3 Literature review

Almost all development of distributed ADMM for distributed optimization (3.1) starts with

defining local copies xi of global variable y for each node i = 1, . . . , n, and enforcing con-

sensus x1 = . . . = xn by imposing some linear constraints Ax = 0 or Ax + Bz = 0, where

z captures slack variables introduced in some cases. In this way, the objective function is

fully decoupled/separable; more importantly, (3.1) is reformulated as a linear constrained

optimization problem which has the form better suited for ADMM. Several different ways
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of imposing linear constraints have been proposed recently [53, 56, 87, 94]. Although mathe-

matically equivalent, they often lead to very different algorithm routines because of different

forms of augmented Lagrangian as well as different techniques applied to decouple the aug-

mented terms. In this section, we carefully review and compare these reformulations and

distributed ADMM routines with the goal of providing a systematic and unified view.

The first way to impose consensus constraints is to first assign a pre-determined order to

all nodes, then set

xi = xj, {i, j} ∈ E, i < j.

Here ordering all nodes essentially turns the undirected graph into a directed one as we can

assign directions to edges using node orders, for example, pointing each edge from small-

indexed node to large-indexed node. This reformulation was adopted in the papers by Wei

and Ozdaglar [94] and Jakovetic et al. [56], which attempted to develop multi-block ADMM

for (3.1). The constraints can be compactly written as Ax = 0, where A ∈ Rm×n is the (un-

weighted) incidence matrix defined for the directed graph, A(i,j),i = 1 and A(i,j),j = −1. The

augmented Lagrangian for this reformulation is Lρ(x, µ) =
∑n

i=1 fi(xi) + µTAx + ρ
2
∥Ax∥22.

The first two terms
∑n

i=1 fi(xi) and µ
TAx have separable structures, especially the second

term can be decomposed as µTAx =
∑n

i=1(µ
Tai)xi, where ai is the ith column of A. However,

as we mentioned earlier, the augmented term ∥Ax∥22 = xTATAx is a non-separable quadratic

term since ATA is not diagonal.

The existing works [94] and [56] can be viewed as using different techniques to approx-

imate the augmented term by a separable quadratic term: [94] applied the Gauss-Seidel

method while [56] attempted the multi-step Jacobi method. In [56], Jakovetic et al. pro-

posed a double loop algorithm: x1, . . . , xn are updated simultaneously but multiple times

before a dual update. This work can be viewed as approximating the augmented term in a

Jacobi way, that is, while xi is being updated, all coupled variables xj, j ∈ N (i) (i.e. variables

at its neighbors) are fixed using some old value x̂j. This can be viewed as approximating the
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augmented term at x̂ as

xT diag(ATA)x+ 2xT (ATA− diag(ATA))x̂+ const

=
n∑
i=1

∑
j∈N (i)

(xi − x̂j)
2 + const

(3.3)

where diag(·) denotes the diagonal part of a matrix. The approximated quadratic form has

separable structure since the matrix of quadratic term, diag(ATA), is diagonal. Therefore,

minimizing this approximated term can be done simultaneously with respect x1, . . . , xn.

In [94], Wei and Ozdaglar proposed a sequential distributed ADMM: x1, . . . , xn are up-

dated in a sequential order followed by a dual update. This work can be viewed as approx-

imating the augmented term in a Gauss Seidel way. Denote ltri(·) and utri(·) strict lower

and upper triangular parts of a matrix, respectively. We replace (ATA − diag(ATA))x̂ =

(utri(ATA)+ ltri(ATA))x̂ in (3.3) by a better approximation utri(B)x̂+ ltri(B)x̃, where x̃

stores the most recent values of x, which is generated in the same sequential order as xi are

updated. We can write it as the sum of terms of single variable

xT diag(ATA)x+ 2xT (ltri(ATA)x̃+ utri(ATA)x̂) + const

=
n∑
i=1

 ∑
j∈N (i),j<i

(xi − x̃j)
2 +

∑
j∈N (i),j>i

(xi − x̂j)
2

+ const.

As ATA is decomposed into upper and lower triangular parts, for each xi, all coupled variables

xj with smaller index j < i have been updated and are set to more recent values x̃j, while

other coupled variables with j > i are yet to be updated and still set to old values x̂j. The

sequential order update is likely to cause long waiting time: node i has to wait until all nodes

with smaller indices have been updated.

Second group of works impose consensus constraints by introducing slack variables, and

treat original and slack variables as two blocks of variables so that standard two-block ADMM

can be applied. One of the early examples is by Boyd et al. [15] which introduces a single

slack variable z and set all variables equal to z,

xi = z, i = 1, . . . , n
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or compactly written as Ax + Bz = 0 with A = I, B = −1. The algorithm routines given

by simply applying standard ADMM are not fully distributed since z-update is a global

averaging conducted by a central collector.

To the best of our knowledge, the best existing way to introduce slack variables is

xi = zij, xj = zji, zij = zji, {i, j} ∈ E

or it can be compactly represented as Ax + Bz = 0 with B = −I and A has a good

structure that is each row of A has only one nonzero entry A(i,j),i = 1, so ATA is a diagonal

matrix. This way of imposing constraints has been seen in recent papers [23, 53, 64, 87] and

can be traced back to earlier work [68]. The partial augmented Lagrangian is Lρ(x, z, µ) =∑n
i fi(xi)+µ

T (Ax−z)+ ρ
2
∥Ax−z∥22. Clearly, this partial augmented Lagrangian is separable

in x as ATA is diagonal, and is also separable in z, thus we can just apply standard two-

block ADMM and get the routines given in Algorithm 1. As we will see in Section 3.3.2, this

algorithm is a special case of our algorithm developed later in Section 3.3, and can be further

improved by designing graph weights and algorithm parameters as discussed in Section 2.

3.3 Distributed proximal ADMM

In this section we will use formulation (3.2) to develop a proximal ADMM for distributed

optimization (3.1) motivated by recent work [31]. The Lagrangian of (3.2) is

L(x, µ) =
n∑
i=1

fi(xi) + µTIx (3.4)

where µ ∈ R2m is the vector of dual variables. The augmented Lagrangian is

Lρ(x, µ) =
n∑
i=1

fi(xi) + µTIx+ ρ

2
∥Ix∥22

(1.1)
=

n∑
i=1

fi(xi) +
n∑
i=1

(µTI)ixi +
ρ

2
xTLx,

where (µTI)i =
∑

j∈N (i)

√
wij
2
(µij − µji). Each node is associated with a primal variable

xi ∈ R, and two dual variables µij and µji are defined for each edge {i, j}.
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Algorithm 1 An existing distributed ADMM [23,53,64,68,87]

input: initial point x(0), µ(0) with µ
(0)
ij + µ

(0)
ji = 0

for k = 0, 1, 2, . . . do

repeat

each node i updates xi simultaneously

x
(k+1)
i = argmin

xi

fi(xi) +
∑
j∈N (i)

µ
(k)
ij (xi − z

(k)
ij ) +

ρ

2

∑
j∈N (i)

(xi − z
(k)
ij )2.

each node i updates zij, j ∈ N (i) simultaneously

z
(k+1)
ij =

1

2
(x

(k+1)
i + x

(k+1)
j ).

each node i computes µij, j ∈ N (i)

µ
(k+1)
ij = µ

(k)
ij +

ρ

2
(x

(k+1)
i − x

(k+1)
j ).

until

end for
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3.3.1 Algorithm design

The coupling relation in the augmented Lagrangian comes from the term ∥Ix∥22 = xTLx.

We can approximate the term in a Jacobi way with a proximal term added

xTLx ≈ x̂TLx̂+ 2(x− x̂)TLx̂

+(x− x̂)T diag(L)(x− x̂) + (x− x̂)TP (x− x̂)

where x̂ is a fixed estimate of x and P = diag{p1, . . . , pn} with pi ≥ 0 is a diagonal matrix

in the proximal term. This approximation gives us

argmin
x

xTLx

≈ argmin
x

xT (diag(L) + P )x+ 2xT (L+ P − diag(L))x̂

= argmin
x

n∑
i=1

 ∑
j∈N (i)

wij (xi − x̂j)
2 + pi (xi − x̂i)

2

 .

Alternatively, we can interpret the approximation from the graph structure. Recall that

xTLx =
∑

{i,j}∈E wij(xi−xj)2. The variable xi only appears in terms wij(xi−xj)2, j ∈ N (i),

that is xi is only coupled with its neighbors. Therefore, when optimizing with respect to

xi, we fix all variables xj, j ∈ N (i) using some values x̂j from the previous iteration, that is

wij(xi − x̂j)
2.

For each undirected edge {i, j}, there are two dual variables µij and µji defined. The

updates for µij and µji are µ
(k+1)
ij = µ

(k)
ij + ρ

√
wij
2

(
x
(k+1)
i − x

(k+1)
j

)
and µ

(k+1)
ji = µ

(k)
ji +

ρ
√

wij
2

(
x
(k+1)
j − x

(k+1)
i

)
. Therefore, if µ

(0)
ij + µ

(0)
ji = 0, then µ

(k)
ij + µ

(k)
ji = 0. Finally, we also

multiply dual variables µ by
√
2 such that constants in the algorithm become simpler. The

full algorithm is shown in Algorithm 2.

3.3.2 A special case P = D

In Section 3.3.3, we will give a general condition on P that guarantees the convergence,

and discuss different choices of P . Here we point out that if pi of node i is set to be equal
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Algorithm 2 A distributed proximal ADMM

input: initial point x(0), µ(0) with µ
(0)
ij + µ

(0)
ji = 0

for k = 0, 1, 2, . . . do

repeat

each node updates xi simultaneously

x
(k+1)
i = argmin

xi

fi(xi) +

 ∑
j∈N (i)

√
wijµ

(k)
ij

 xi +
ρ

2

∑
j∈N (i)

wij

(
xi − x

(k)
j

)2
+
ρpi
2

(
xi − x

(k)
i

)2
.(3.5)

each node updates µij, j ∈ N (i) simultaneously

µ
(k+1)
ij = µ

(k)
ij + ρ

√
wij

(
x
(k+1)
i − x

(k+1)
j

)
. (3.6)

until

end for

to its degree di, which is feasible but not optimal as discussed in Section 3.3.4, Algorithm

2 can be viewed as a weighted version of the existing Algorithm 1. To elaborate it, we

set P = D and complete the square in (3.5) as
∑

j∈N (i)wij

((
xi − x

(k)
j

)2
+
(
xi − x

(k)
i

)2)
=∑

j∈N (i) 2wij

(
xi −

(
x
(k)
i + x

(k)
j

)
/2
)2
+const. Then after eliminating constant terms, xi−update

(3.5) turns to be

x
(k+1)
i = argmin

xi

fi(xi) +

 ∑
j∈N (i)

√
wijµ

(k)
ij

 xi + ρ
∑
j∈N (i)

wij

(
xi −

x
(k)
i + x

(k)
j

2

)2

.

We can define a new sequence z(k) as z
(k+1)
ij = 1

2
(x

(k+1)
i + x

(k+1)
j ).

3.3.3 Convergence results

To establish the convergence of Algorithm 2, we make the following assumptions.

Assumption 1. 1. Functions fi : R → (−∞,+∞] are closed, proper and convex.
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2. There exists a saddle point (x⋆, µ⋆) which satisfies the KKT conditions of the La-

grangian given in (3.4) (with scaled dual variable µ)

Ix⋆ = 0, i.e. x⋆1 = . . . = x⋆n, (3.7)

− 1√
2
ITµ⋆ ∈ ∂f(x⋆). (3.8)

3. Assume that the subgradient set ∂f at the optimal x⋆ is bounded (with respect to ℓ2

norm square), that is, there is C ≥ 0, for any g ∈ ∂f(x⋆), ∥g∥22 ≤ C.

The following lemma follows immediately from Assumption 1 to bound the optimal dual

variable µ⋆.

Lemma 1. Denote R(I) and N (I) the range and nullspace of I. If µ(0) = 0 or µ(0) ∈ R(I),

then

∥µ⋆∥22 ≤
2C

λ2(L)
. (3.9)

All proofs in this section are deferred to the supplement materials due to limited space.

Let x(1), . . . , x(K) be the sequence generated by updates (3.5). Define the running average

after K iterations x̄(K) = 1
K

∑K
k=1 x

(k). In the literature, a variety of quantities have been

used to measure the convergence of ADMM. We will adopt two measures here: the duality

gap

L(x̄(K), µ⋆)− L(x⋆, µ⋆) = f(x̄(K))− f(x⋆) +
1√
2
µ⋆TIx̄(K) (3.10)

which is also the measure introduced in [48]; and the quantity according to [47]

∥x(K+1) − x(K)∥2H +
1

2ρ
∥µ(K+1) − µ(K)∥22, (3.11)

which measures the change of primal and dual points at two consecutive iterations. We

first show that the duality gap (3.10) converges at the rate O(1/K) which gives an ergodic

convergence rate for Algorithm 2. Denote H = P +W and x⋆ = β1.
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Theorem 1. Under Assumption 1, if the diagonal matrix P is chosen such that H is positive

semidefinite, then

f(x̄(K))− f(x⋆) +
1√
2
µ⋆TIx̄(K) ≤ 1

K

(
1

2ρ
∥µ⋆ − µ(0)∥22 +

ρ

2
∥x⋆ − x(0)∥2H

)
.

If x(0) = 0, µ(0) = 0,

f(x̄(K))− f(x⋆) +
1√
2
µ⋆TIx̄(K) ≤ 1

K

(
1

2ρ
∥µ⋆∥22 +

ρ

2
∥x⋆∥2H

)
≤ 1

K

(
C

ρλ2(L)
+
ρβ2

2
(Tr(P ) + 2vol(G))

)
. (3.12)

Here we use the fact that ∥x⋆∥2H = β21TH1 = β21T (P +W )1 = β2(Tr(P ) + vol(G)).

Next we show that the quantity (3.11), which was used in [47] to analyze the convergence

of centralized ADMM, decreases at the rate O(1/K).

Theorem 2. Under the conditions of Theorem 1,

∥x(K+1) − x(K)∥2H +
1

2ρ
∥µ(K+1) − µ(K)∥22 ≤

1

K

(
1

2ρ2
∥µ⋆ − µ(0)∥22 + ∥x⋆ − x(0)∥2H

)
.

If x(0) = 0, µ(0) = 0,

∥x(K+1) − x(K)∥2H +
1

2ρ
∥µ(K+1) − µ(K)∥22 ≤

1

K

(
C

ρ2λ2(L)
+ β2 (Tr(P ) + vol(G))

)
.

Although the convergence only requires P such that H = P +W positive semidefinite,

we next discuss some particular choice of P and how to optimize P and graph weight W in

order to achieve improved convergence.

3.3.4 Design of W and P

1. Fix P = D and optimize W Clearly, P = D is a feasible choice for P since H

is positive semidefinite. It can be easily checked, for any x ∈ Rn, xT (D + W )x =∑
{i,j}∈E wij(xi + xj)

2 ≥ 0. Actually, H is called the signless Laplacian in the spec-

tral graph theory. As discussed in Section 3.3.2, if P = D, Algorithm 2 reduces to

the weighted version of the existing algorithm 1. However, we can further boost the
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convergence by designing graph weight W . In order to design W , we minimize the

constant part in the convergence rate bound (3.12)

maximize
L,W

λ2(L)

subject to L = diag(W1)−W

W ∈ W

(3.13)

where W is the set of W satisfying graph constraints

W = {W | W =W T , wij = 0 for {i, j} /∈ E,

wij ≥ 0 for {i, j} ∈ E,1TW1 = vol(G)}

This is a convex optimization problem and can be formulated as a semidefinite program

similar to [14].

2. Fix P = αI −D,α ≥ λn(L), and optimize W

We can verify this choice of P is valid since pi ≥ 0 and H ≽ 0. First H = αI−D+W =

αI−L = U(αI−Λ)UT . Since α ≥ λn(L), for any x ∈ Rn, xTHx ≥ (α−λn(L))∥x∥22 ≥

0, so H is positive semidefinite as desired. From the literature on bounding the largest

Laplacian eigenvalue, we know that λn(L) ≥ 1 + maxi∈V di, thus pi > 0. Choosing

α = λn(L), we minimize the constant part in the convergence rate bound (3.12)

minimize
L,W

C

ρλ2(L)
+
ρ

2
λn(L)β2n

subject to L = diag(W1)−W

W ∈ W

(3.14)

which is also a convex optimization problem. β controls the trade-off between optimiz-

ing λ2(L) and λn(L). In practice, we can substitute β by an upper bound that may

be found by numerical methods, so the objective function remains the constant part

of an upper bound on the convergence rate of the algorithm.
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3. Jointly optimize P and W We can jointly optimize diagonal P and W by solving

a convex optimization problem and explicitly impose constraints such that pi ≥ 0 and

H positive semidefinite,

minimize
L,W,P

C

ρλ2(L)
+
ρβ2

2
Tr(P )

subject to L = diag(W1)−W

P +W ≽ 0

pi ≥ 0, i ∈ V

W ∈ W .

(3.15)

3.4 Numerical examples

In this section, we present numerical examples to demonstrate the algorithm performance

with different choices of P and performance improvement by designing P and graph weight

W . Consider a simple least square problem

f(y) =
1

n

n∑
i=1

(ci − biy)
2

where each node only has access to data bi and ci. We generate the data c = By⋆+ ξ, where

y and B are generated randomly from standard Gaussian distribution, ξ is Gaussian noise

with standard deviation 0.1. We initialize the graph with weights uniformly sampled from

[1, 10]. The algorithm is tested by four different choices of P and graph weight W :

1. initial weight W and P = D,

2. designed weight W ⋆ by solving optimization (3.13) and P = D⋆,

3. designed weight W ⋆ by solving optimization (3.14) and P = λn(L⋆)I −D⋆,

4. designed weight W ⋆ and P ⋆ by solving optimization (3.15).
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We test the algorithm on a graph with 500 nodes. Each pair of nodes are connected by

an edge with probability 0.5. The convergence of duality gap (3.10) is shown in Fig. 3.1.

As seen from Fig. 3.1, the algorithm with the jointly designed weight W and P achieves the

fastest convergence while the choice of initial W and P = D gives the slowest convergence.
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Figure 3.1: The duality gap versus iterations.

3.5 Conclusion and future work

In this paper, we developed a weighted proximal ADMM algorithm to distributed optimiza-

tion and link the convergence rate to the graph topology. One key in our development

is formulating consensus constraints using (weighted) graph matrices. The best existing

ADMM-type algorithm for distributed optimization can be viewed a special case of our algo-

rithm with particular choice of parameters. The weighted graph setting and proximal term
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enables us to design both graph and algorithm parameters to further improve the conver-

gence. Numerical examples show that jointly designing graph weights and proximal term

gives the best performance.

There are several interesting questions that remain to be explored. The proposed al-

gorithm needs global synchronization which may be infeasible in some distributed settings,

and the graph may change according to some dynamics. We are interested to extend our

algorithm to asynchronous setting where each node is randomly activated, as well as to

time-varying graphs. We would also like to gain more insights into design problem (3.14)

from graph perspective, and study adaptively adjusting graph weights and P during the

algorithm. In addition, it would be interesting to develop a distributed algorithm based on

reformulation (3.2.1) using graph Laplacian.
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Chapter 4

ONLINE ALGORITHMS FOR NETWORK FORMATION

4.1 Introduction

Network formation problem has been the focus of study in a number of disciplines including

economics, computer science and engineering [7, 29, 40, 69]. Most of the existing work con-

sider network formation as a dynamic process of a group of agents forming a network that

has certain desirable properties. In this paper, we introduce a new online game setting to

network formation: candidate edges are chosen and revealed one by one by the first player,

then the other player makes online decisions on whether to accept the edge. The goal of

the second player is to choose the best subset of candidate edges within a budget constraint

that achieves the best desired properties of the synthesized network. The network properties

considered in our paper include the number of spanning trees, algebraic connectivity, total

effective resistance, which are respectively measured by the log-determinant [37, 57, 97], the

second smallest eigenvalue [14, 25], and the trace of the pseudo inverse [41] of the suitably

transformed graph Laplacian. These network formation games arise in a variety of coop-

erative multiagent systems, such as robotic networks establishing a secured network in a

changing uncertain environment, or individuals forming teams in social networks. We pro-

pose a primal-dual algorithm framework for the general online network formation game. The

algorithm is motivated by recent works on online problems in theoretical computer science

such as online matching, covering and packing [18, 21, 55] as well as general online linear

and convex programming [1, 2]. The algorithm has deep relations with algorithms in on-

line learning and optimization [5, 19, 20]. The performance of the algorithm is measured by

the competitive ratio and regret, which are the ratio and difference of the objective value

achieved by the online algorithm to the true offline optimal objective value.
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4.1.1 Online network control applications

Online network consensus Consensus systems arise in a variety of settings such as

formation control, multi-vehicle control, distributed estimation, swarming [44, 54, 75, 89]. In

a more general case when the network has external agents attached, the consensus system

dynamics is influenced by those additional agents in a collaborative or malicious way, which is

called a semi-autonomous consensus network [25]. In traditional system, performance is often

measured by the smallest eigenvalue of the graph Laplacian to quantify the convergence rate,

while security is defined by the total effective resistance to measure the rejection ability of the

system to external intrusion or disturbance. In semi-autonomous system, both performance

and security of a network in response to an external injecting a signal are jointly measured

by mean and variance of agents’ state, which are motivated by many applications including

distributed state estimation and flocking. These metrics can be shown equivalent to the

total effective resistance of the graph Laplacian perturbed by external agents. Network

performance and security via adaptive topology attracts more recent interests, particularly,

the online synthesis of network with budget limit is a largely unexplored area. The instances

of systems where the agents dynamics and the underlying interaction protocol are assumed

to be fixed: networks with hardwired dynamics and interactions, systems with physically

and biologically motivated dynamics and interactions.

Online social and behavioral network Dynamic processes such as diffusion of informa-

tion and synchronization processes have been the focus of social network studies in recent

years [24,26,74]. The information diffusion is largely influenced by the dramatic effect of the

network topology.
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4.2 Background

4.2.1 Graph and notations

Let G = (V,E) be an undirected graph with |V | = n and |E| = m. Edges are indexed by

t = 1, . . . ,m, and each edge is denoted as {it, jt} if it connects nodes it and jt. For each edge

{it, jt}, define a vector at ∈ Rn with at,it = 1, at,jt = −1 and all other entries 0. A binary

weight vector x ∈ Rm consists of edge weights that are either 1 or 0.

The graph Laplacian is the n × n matrix L =
∑m

t=1 ata
T
t xt. Let λ1 ≤ . . . ≤ λn be the

sorted eigenvalues of L. Clearly, L is positive semidefinite with zero smallest eigenvalue

λ1 = 0 and the corresponding eigenvector 1.

4.2.2 Graph problems

Given a base graph G0 = (V,E0) and a set E of m candidate edges on V , (offline) graph

problem chooses edges from E with the goal to achieve the best desired property of the graph

by adding these edges to G0. Let x1, . . . , xm ∈ {0, 1} be weights form candidate edges, where

xt = 1 indicates that the edge is chosen, otherwise xt = 0. Denote the graph Laplacian

of the base graph and the added graph as L0 and
∑m

t=1 ata
T
t xt, respectively. The graph

properties are measured by certain concave function of the graph Laplacian, ϕ(
∑m

t=1 ata
T
t xt).

We consider two different scenarios in terms of the number of edges that are allowed to be

added to the base graph.

Hard budget graph problem The hard budget offline problem can be formulated as an

optimization problem

maximize
x1,...,xm

ϕ

(
m∑
t=1

ata
T
t xt

)
subject to

m∑
t=1

xt ≤ b

xt ∈ [0, 1] t = 1, . . . ,m.

(4.1)
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We name the constraint
∑m

t=1 xt ≤ b the hard budget constraint. The goal is to maximize the

graph property while the number of added edges is below a given budget b, i.e. no budget

violation is allowed. The conjugate function of ϕ(X) is defined as ϕ∗(Y ) = infX≽0Tr(Y X)−

ϕ(X). The dual problem of (4.1) is

minimize
Y,z

m∑
t=1

(aTt Y at − z)+ + bz − ϕ∗(Y )

subject to Y ≽ 0, z ≥ 0,

(4.2)

where Y ∈ Rn×n and z ∈ R+ are dual variables, in particular, z corresponds to the hard

budget constraint.

If the optimal dual variable z⋆ is known, problem (4.1) can be equivalently written as

maximize
x1,...,xm

ϕ

(
m∑
t=1

ata
T
t xt

)
− z⋆

m∑
t=1

xt

subject to xt ∈ [0, 1] t = 1, . . . ,m.

(4.3)

However, if exact value of z⋆ is hard to compute, or the hard budget b is not required, the

problem can be relaxed as a soft budget problem as below.

Soft budget graph problem The soft budget offline problem can be formulated as

maximize
x1,...,xm

ϕ

(
m∑
t=1

ata
T
t xt

)
− θ

m∑
t=1

xt

subject to xt ∈ [0, 1] t = 1, . . . ,m,

(4.4)

where θ > 0 is a given parameter. This problem aims to maximize the graph property

function while penalizing the use of budget, and the tradeoff is controlled by the parameter

θ. Of course, if parameter θ is chosen as the optimal dual variable of problem (4.1), (4.1)

and (4.4) are equivalent. However, estimation of exact optimal dual variable z∗ is often

very difficult, so the soft budget graph problem with a given parameter is much easier to

solve, especially in the online case; therefore, we will develop and analyze separate online

algorithms for hard and soft budget graph problems.
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Both problems (4.1) and (4.4) can be unified into the form

minimize
x1,...,xm∈[0,1]

ϕ

(
m∑
t=1

ata
T
t xt

)
+ ψ

(
m∑
t=1

xt

)
, (4.5)

where ψ is named as the budget function. For hard budget problem (4.1), ψ(u) is the indicator

function, i.e.

ψ(u) = I(u ≤ b) =

 0 u ≤ b,

−∞ otherwise
. (4.6)

For soft budget problem (4.4), ψ(u) is

ψ(u) =

 −θu u ≥ 0,

0 otherwise
. (4.7)

The conjugate function of the indicator function (4.6) is

ψ∗(z) = inf
u
zu− ψ(u) =

 bz z ≤ 0

−∞ z > 0
.

Therefore the dual problem (4.2) can be written as

minimize
Y≽0,z

m∑
t=1

(aTt Y at − z)+ − ϕ∗(Y )− ψ∗(−z). (4.8)

The conjugate function of (4.7) is

ψ∗(z) =

 0 −θ ≤ z ≤ 0

−∞ otherwise
.

4.2.3 Graph objective functions

In this paper, we study the following graph properties and the corresponding objective

function ϕ.

Log-determinant problem The log-determinant (logdet) of the (perturbed) graph Lapla-

cian measures the number of spanning trees of the graph [37, 57], and it has been used in

graph optimization problems [97]. In this case, ϕ(L) = log det(L + L0 + 11T/n) and its

conjugate function is ϕ∗(Y ) = log detY − Tr((L0 + 11T/n)Y ) + n. The gradient of this

function is ∇ϕ(L) = (L+ L0 + 11T/n)−1.
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Graph connectivity It is well-known that graph algebraic connectivity can be measured

by the second smallest eigenvalue of the graph Laplacian, ϕ(L) = λ2(L + L0). The super

gradient of this function is uuT , where u is the Fielder eigenvector corresponding to L +

L0.The algebraic connectivity has been studies in various problems. [14] studies to maximize

the algebraic connectivity of a continuous time Markov chain to achieve the fastest mixing

rate; [40] studies adding edges from a given set of candidate edges to a graph to maximize

the algebraic connectivity; [58] studies choosing a configuration of nodes under a proximity

constraint that maximizes the algebraic connectivity.

Total effective resistance In an electrical network with edge weights xt as conductance,

the effective resistance Rij between two nodes i and j is the voltage difference between them

when one ampere current source is connected between these two nodes. The total effective

resistance is the sum of the effective resistance between all pairs of nodes, which has been

extensively studied in [41] and can be defined in several forms in terms of the graph Laplacian

Rtot =
1

2
1TR1 = nTr((L+ L0)

†)

= nTr(L+ L0 + 11T/n)−1 − n,

where (L + L0)
† is the pseudo inverse of L + L0. We will adopt the formulation ϕ(L) =

−nTr((L + L0 + 11T/n)−1) + n, whose conjugate function is ϕ∗(Y ) = 2Tr((nY )1/2) −

Tr((L0 + 11T/n)Y )− n. The gradient of this function is ∇ϕ(L) = n(L+ L0 + 11T/n)−2.

4.2.4 Nesterov function smoothing and dual regularization

Suppose ψ∗(z) is the conjugate function of a concave function ψ(u). Recall that the Nesterov

smoothing [73] adds a proximity function r(z), which is continuous and strongly convex, to

the conjugate function,

ψ∗
s(z) = ψ∗(z) +

r(z)

η
,
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where η > 0 is a smoothing parameter. Then the conjugate of ψ∗
s(z) is the smoothed

approximation of ψ(u)

ψs(u) = inf
z
uz − ψ∗

s(z) = inf
z
uz − ψ∗(z)− r(z)

η
. (4.9)

This can also be viewed as adding a strongly convex term in the dual space, which is also

called dual regularization in some communities such as online optimization. In this paper,

we will present in a parallel fashion from both primal smoothing and dual regularization to

give a unified view.

Choosing a proximity function is critical in developing algorithms. A basic example of

proximity function is quadratic function r(z) = z2/2, however, we will use more advanced

proximity functions to smooth the budget function (or say, regularize the dual problem),

which leads to improved performance of algorithms to be developed later.

Smoothing hard budget function (4.6) by entropy function Recall that the entropy

function on R2 is defined as d(v1, v2) = v1 log v1 + v2 log v2 + log 2, where v1, v2 > 0 and

v1 + v2 = 1. For our purpose we define an entropy function as the proximity function on the

domain {z | − θ < z < 0} (where θ > 0)

r(z) = −
(
1 +

z

θ

)
log
(
1 +

z

θ

)
+
z

θ
log
(
−z
θ

)
− log 2.

Then from (4.9), the smoothed hard budget function is

ψs(u) = −1

η
log

(
exp(ηθ(u− b)) + 1

2

)
. (4.10)

It can be drived as follows: the entropy function can be viewed as r(z) = d(− z
θ
, 1 + z

θ
),

where {z | 1 > − z
θ
> 0}. Then ψs(u) = inf−θ<z<0 (u− b)z − r(z)/η. Set the gradient to 0,

(u− b)− 1

ηθ

(
log(−z

θ
)− log(1 +

z

θ
)
)
= 0,

then u− b = − 1
ηθ
log
(
− z+θ

z

)
. Since z+θ

z
= − exp(−ηθ(u− b)) and z+θ

θ
= exp(−ηθ(u−b))

1+exp(−ηθ(u−b)) , the

derivation is done.
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Smoothing the soft budget function (4.7) by logarithmic function Define a prox-

imity function on the domain {z | − θ < z}

r(z) = −
(
1 +

z

θ

)
log
(
1 +

z

θ

)
+
z

θ
,

where θ > 0. Then from (4.9), the smoothed soft budget function is

ψs(u) = −θu+ 1

η
(1− exp(−ηθu)). (4.11)

It can be derived as follows: from ψs(u) = inf−θ<z<0 uz − r(z)/η, set the gradient to 0,

u+
1

ηθ
log(1 +

z

θ
) = 0,

then u = − 1
ηθ
log(1 + z

θ
) and z = θ(e−ηθu − 1).

4.3 Online network formation

In this section, we introduce an online network formation game, an online game setting

to the graph problems discussed in Section 4.2.2. Starting with a connected base graph

G0 = (V,E0) and a set E of m candidate edges, the game proceeds to subsequently choose

edges and add them to the base graph in m rounds of the game. In each round t = 1, . . . ,m,

player one first chooses one candidate edge from E and reveals it to player two, then player

two chooses to accept it or not, i.e. decides an edge weight x̂t ∈ {0, 1}. In the hard budget

scenario, the number of chosen by player two is bounded by b, i.e.
∑m

t=1 x̂t ≤ b; in the soft

budget scenario, player two is penalized to use the budget but no hard limited is imposed.

Player two has no prior knowledge on the candidate edges in the soft budget case, however,

it knows the total number of candidate edges for the hard budget case. Player two makes

online decisions aiming to form a network with the best properties as those discussed in

Section 4.2.2.

We propose online algorithms in Section 4.4 for soft budget network formation, and in

Section 4.5 for hard budget network formation. Algorithms are motivated by recent work

on online problems in the theoretic computer science such as online matching, covering and

packing [18,21,55] as well as general online linear and convex programming [1, 2].
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Figure 4.1: Smoothing and shifting of budget functions and their corresponding

negative gradients(supergradients)
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4.4 Online algorithms for soft budget network formation

4.4.1 Basic algorithm

The basic algorithm given in Algorithm 3 is an online primal-dual framework for soft budget

network formation game. In each round, after an edge is revealed by player one, player two

first assumes to accept the edge and updates the dual variables Ŷt and ẑt using all information

x̂1, . . . , x̂t−1 and a1, . . . , at−1 from previous rounds and newly received at. Then player two

use dual variables to decide whether to accept this edge, i.e. assign a 0 − 1 weight x̂t by

comparing aTt Ŷtat with ẑt. A complete interpretation on Algorithm 3 will be given in Section

4.4.2.

Algorithm 3 Basic online soft budget network formation

input: L0

for t = 1, . . .m do

Player one chooses an edge from E and reveals at

Player two updates dual variables

Ŷt ∈ ∂ϕ

(
ata

T
t +

t−1∑
s=1

asa
T
s x̂s

)
, (4.12)

ẑt ∈ −∂ψ(1 +
t−1∑
s=1

x̂s), (4.13)

Player two decides the edge weight

x̂t =

 1 aTt Ŷtat ≥ ẑt

0 otherwise
. (4.14)

end for

When applying this algorithm to graph problems, only Ŷ update are problem-dependent

and given as follows:
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• Logdet problem

Ŷt =

(
ata

T
t +

t−1∑
s=1

asa
T
s x̂s + L0 +

11T

n

)−1

. (4.15)

• Graph connectivity

Ŷt = uuT , (4.16)

where u is the Fielder eigenvector corresponding to λ2
(
ata

T
t +

∑t−1
s=1 asa

T
s x̂s + L0

)
.

• Total effective resistance

Ŷt = n

(
ata

T
t +

t−1∑
s=1

asa
T
s x̂s + L0 +

11T

n

)−2

. (4.17)

Algorithm 3 is the theoretic algorithm which will be used for analysis in Section C.1; more

implementable algorithms for graph problems will be given in Section 4.6, where no inversion

operation is needed by exploiting the structure.

4.4.2 Interpretation

Tradeoff between graph objective and budget function

Algorithm 3 can be better understood through a trade-off between objective function ϕ and

budget function ψ in (4.5): if an edge is accepted and x̂t = 1, the objective function would

increase in the expense of the decrease of the budget function. aTt Ŷtat and ẑt, which are

gradients (or supergradients) of ϕ and ψ respectively with respect to x̂t and computed for

x̂t = 1, measure the increase of the objective function and the decrease of the budget function

after adding edge at. Therefore, the decision rule (4.23) essentially accepts an edge only if the

objective function increases more than the budget function decreases, i.e. when aTt Ŷtat ≥ ẑt.

However, directly using the linear soft budget function (4.6) as in Algorithm 3 does not

lead to a clever strategy: if the constant parameter θ is chosen too big, the algorithm will

always reject edges, since aTt Ŷtat ≤ ẑt = θ. A more desired algorithm would increase θ

as more edges are being chosen. Therefore, a better algorithm relies on the design of new

budget functions which will be discussed by using smoothing in Section 4.4.3.
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Regularized online optimization

Algorithm 3 can be interpreted from a primal-dual perspective. The problem (up to time t

in the online setting) can be written as

sup
x̂1,...,x̂t∈[0,1]

ϕ

(
t∑

s=1

asa
T
s x̂s

)
+ ψ

(
t∑

s=1

x̂s

)

= sup
x̂1,...,x̂t∈[0,1]

ϕ

(
t∑

s=1

asa
T
s x̂s

)
− θ

t∑
s=1

x̂s

= sup
x̂1,...,x̂t∈[0,1]

inf
Ŷ≽0

⟨
t∑

s=1

asa
T
s x̂s, Ŷ ⟩ − ϕ∗(Ŷ )− θ

t∑
s=1

x̂s

= sup
x̂1,...,x̂t∈[0,1]

inf
Ŷ≽0

t∑
s=1

(aTs Ŷ as − θ)x̂s − ϕ∗(Ŷ ).

In the online setting, x̂1, . . . , x̂t are decided one by one, and Algorithm 3 alternatingly

optimizes with respect to Ŷ , ẑ and x̂. At time t, Algorithm 3 first assumes x̂t = 1, and

optimizes with respect to Ŷ , ẑ with fixed x̂1, . . . , x̂t as follows

Ŷt ∈ argmin
Ŷ≽0

aTt Ŷ at +
t−1∑
s=1

aTs Ŷ asx̂s − ϕ∗(Ŷ ),

and ẑt = θ. These Ŷt and ẑt are equivalent to those given in Algorithm 3. When maximizing

with respect to x̂t, fix Ŷ , ẑ to Ŷt, ẑt from the previous iteration. Therefore, by maximizing

(aTt Ŷtat − θ)x̂t with respect to x̂t ∈ [0, 1], set x̂t = 1 if aTt Ŷtat > θ, or x̂t = 0 otherwise.

4.4.3 Design budget function by smoothing

As discussed in Section 4.4.2, we smooth the soft budget function (4.7) to (4.11). Using this

budget function ψs, ẑt update (4.13) changes to

ẑt = −∇ψs(1 +
t−1∑
s=1

x̂s), (4.18)

= θ

(
1− exp

(
−ηθ

(
1 +

t−1∑
s=1

x̂s

)))
. (4.19)
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This ẑt update of the smoothed function leads to a better strategy: instead of setting ẑt to

be a constant θ, ẑt increases from 0 to θ as more edges are chosen. Therefore, the algorithm

become more and more conservative when more budget is being used.

Note that (4.18) is equivalent to

ẑt = − argmin
ẑ

ẑ

(
1 +

t−1∑
s=1

x̂s

)
− ψ∗

s(ẑ), (4.20)

= − argmin
−θ<ẑ<0

ẑ

(
1 +

t−1∑
s=1

x̂s

)
− r(ẑ)

η
.

In the language of online optimization, the ẑt-update (4.20) can be interpreted as the Follow

The Regularized Leader (FTRL) method [20,46,86] with a strongly convex regularizer r(z)
η
.

Algorithm 4 Online soft budget network formation with smoothing

input: L0, η, θ

for t = 1, . . .m do

Player one chooses an edge from E and reveals at

Player two updates dual variables

Ŷt ∈ ∂ϕ

(
ata

T
t +

t−1∑
s=1

asa
T
s x̂s

)
, (4.21)

ẑt = θ

(
1− exp

(
−ηθ

(
1 +

t−1∑
s=1

x̂s

)))
, (4.22)

Player two decides the edge weight

x̂t =

 1 aTt Ŷtat > ẑt

0 otherwise
. (4.23)

end for
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4.5 Online algorithms for hard budget network formation

In this section we design the algorithm for online hard budget network formation. In order

to demonstrate the tricks to achieve the exact budget, first write down the optimization

problem (up to time t)

maximize
x̂1,...,x̂t

t

m
ϕ

(
m

t

t∑
s=1

asa
T
s x̂s

)

subject to
1

t

t∑
s=1

x̂s ≤
b

m

x̂s ∈ [0, 1] s = 1, . . . , t.

(4.24)

The constraint 1
t

∑t
s=1 x̂s ≤

b
m

bounds the average use of the budget by b/m. The constraint

can be written as
∑t

s=1 x̂s ≤ tb
m

which can be interpreted as releasing budget b gradually,

linearly proportional to the current time over the horizon, t/m. At the end of the algorithm

when t = m, this constraint is exactly the same budget constraint
∑t

s=1 x̂s ≤ b as the one

in problem (4.1). Therefore, the algorithm for the hard budget case requires the additional

information on horizon m, which is not needed for the soft budget case.

Using the smoothed hard budget function ψs given in (4.10) (replacing b with tb/m),

problem (4.24) can be written as

maximize
x̂1,...,x̂s∈[0,1]

t

m
ϕ

(
m

t

t∑
s=1

asa
T
s x̂s

)
+ ψs

(
t∑

s=1

x̂s

)
.

To design the algorithm, compute the (super)gradients of ϕ and ψ,

Ŷt ∈ ∂
t

m
ϕ

(
m

t

t∑
s=1

asa
T
s x̂s

)
,

and

ẑt = −∇ψs

(
t∑

s=1

x̂s

)

=
θ exp (ηθ(

∑t
s=1 x̂s −

tb
m
))

1 + exp (ηθ(
∑t

s=1 x̂s −
tb
m
))
.
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Then set x̂t+1 = 1 if ϕ increases more than the decrease of ψ, i.e. aTt Ŷtat > ẑt, or x̂t = 0

otherwise.

To interpret the algorithm from the primal-dual perspective, write the problem (4.24) as

sup
x̂1,...,x̂s∈[0,1]

t

m
ϕ

(
m

t

t∑
s=1

asa
T
s x̂s

)
+ ψs

(
t∑

s=1

x̂s

)

= sup
x̂1,...,x̂s∈[0,1]

inf
Ŷ≽0,ẑ

t

m
[
m

t

t∑
s=1

aTs Ŷ asx̂s − ϕ∗(Ŷ )] + ẑ

t∑
s=1

x̂s − ψ∗(ẑ)− r(ẑ)

η

= sup
x̂1,...,x̂s∈[0,1]

inf
Ŷ≽0,ẑ≤0

[
t∑

s=1

aTs Ŷ asx̂s −
t

m
ϕ∗(Ŷ )] + ẑ[

t∑
s=1

x̂s −
t

m
b]− r(ẑ)

η

= sup
x̂1,...,x̂s∈[0,1]

inf
Ŷ≽0,ẑ≤0

t∑
s=1

(
aTs Ŷ asx̂s −

ϕ∗(Ŷ )

m

)
+ ẑ

t∑
s=1

(
x̂s −

b

m

)
− r(ẑ)

η

= sup
x̂1,...,x̂s∈[0,1]

inf
Ŷ≽0,ẑ≥0

t∑
s=1

(
aTs Ŷ asx̂s − ẑ

)
x̂s −

t

m
ϕ∗(Ŷ )− tb

m
− r(−ẑ)

η
.

At time t, Algorithm 5 optimizes with respect to Ŷ and ẑ with x̂1, . . . , x̂t fixed. The

Ŷt-update is

Ŷt = argmax
Ŷ≽0

t∑
s=1

aTs Ŷ asx̂s −
t

m
ϕ∗(Ŷ ),

and ẑt-update is

ẑt = − argmin
ẑ≤0

ẑ
t∑

s=1

(x̂s −
b

m
)− r(ẑ)

η
.

This is the Follow the Regularized Leader with entropy function as regularization. When

maximizing with respect to x̂t, fix Ŷ and ẑ. Therefore, by maximizing
(
aTt Ŷtatx̂t − ẑt

)
x̂t

with respect to x̂t ∈ [0, 1], set x̂t = 1 if aTt Ŷtatx̂t > ẑt, or x̂t = 0 otherwise.

4.5.1 Estimation of parameter θ

Choosing the right parameter θ is critical in the algorithm: θ in the entropy function is an

upper bound on ẑ, as a result, in ẑ-update, θ dictate the level of ẑ and thus controls the

tradeoff between the graph objective and budget constraint. The regret bound also naturally
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Algorithm 5 Online hard budget network formation algorithm

input: L0, η, θ

for t = 1, . . .m do

Player one chooses an edge from E and reveals at

Player two updates dual variables

Ŷt = ∂
t

m
ϕ

(
m

t

t∑
s=1

asa
T
s x̂s

)
, (4.25)

ẑt =
θ exp (ηθ(

∑t
s=1 x̂s −

tb
m
))

1 + exp (ηθ(
∑t

s=1 x̂s −
tb
m
))
. (4.26)

Player two decides the edge weight

x̂t =

 1 aTt Ŷtat > ẑt

0 otherwise
. (4.27)

end for

depends θ. Clearly the ideal choice of θ is actually the optimal dual variable z⋆, however z⋆

is not available. In this section, we design dynamic algorithm to estimate an upper bound

on z⋆, which gives a guidance on choice of θ. This section adapts the derivation by Agrawal

and Devanur in [1] to our problem to estimate an upper bound on z⋆ dynamically.

The idea in estimating z⋆ is to solve sample optimization problems on samples of re-

ceived edges with a relaxed budget constraint by δ. For instance, for k sampled edges, the

optimization problem is

maximize
x̂1,...,x̂k

k

m
ϕ

(
m

k

k∑
s=1

asa
T
s x̂s

)

subject to
1

k

k∑
s=1

x̂s ≤
b

m
+ δ

x̂s ∈ [0, 1] s = 1, . . . , k.

(4.28)

The average budget contraint is relaxed from b/m to b/m+ δ. Denote the optimal value of

this problem as P ⋆
k (δ). The optimization problem is solved after every 2r−1 steps, so the rth
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optimization problem uses 2r−1 edges. In this case, the estimate θ is

θ =
P ⋆
2r−1(4γ)− P ⋆

2r−1(γ)

2r−1γ
.

4.6 Network algorithms

4.6.1 Logdet problem

Define L̂t =
∑t

s=1 asa
T
s x̂s + L0 + 11T/n and L̂0 = L0 + 11T/n. Note that L̂t = (L̂t−1 +

ata
T
t x̂t)

−1, so it is easy to obtain a rank-one update formular for L̂t from L̂t−1 by applying

the Sherman-Morrison formula,

L̂−1
t = L̂−1

t−1 −
L̂−1
t−1ata

T
t L̂

−1
t−1x̂t

1 + aTt L̂
−1
t−1atx̂t

,

where L̂t−1 is invertible since the base graph is assumed to be connected and thus L̂0 has

full rank. From Ŷ -update (4.15), Ŷt = (ata
T
t + L̂t−1)

−1, i.e. Ŷt = L̂−1
t if x̂t = 1, therefore

aTt Ŷtat = aTt L̂
−1
t−1at −

(atL̂
−1
t−1at)

2

1 + aTt L̂
−1
t−1at

=
aTt L̂

−1
t−1at

1 + aTt L̂
−1
t−1at

. (4.29)

Note that 0 < aTt Ŷtat < 1. Since only aTt Ŷtat is needed in the algorithm, we do not need

to store Ŷt but only compute aTt Ŷtat from L̂−1
t−1. The online algorithm for logdet problem is

given in Algorithm 6.

We can interpret the algorithm on an electrical network: x̂t is the conductance added in

series to edge (or branch) {it, jt}, and the graph Laplacian L̂t−1 is the conductance matrix

before adding x̂t. Let v ∈ Rn be the potential vector of all nodes. Applying one ampere

current source between nodes it and jt, (
∑t−1

s=1 asa
T
s x̂s+L0)v = at gives the relation between

node potential vector v and edge current vector at. The effective resistance is the voltage

difference between nodes it and jt

Ritjt = vit − vjt = aTt (
t−1∑
s=1

asa
T
s x̂s + L0)

†at = aTt L̂
−1
t−1at,

as derived in [41, Section 2.4]. Therefore, aTt L̂
−1
t−1at and aTt Ŷtat are the effective resistance

between nodes it and jt before and after adding the conductance x̂t to the network. Given
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L̂−1
t−1, computing aTt L̂

−1
t−1at = L̂−1

t−1,itit
+ L̂−1

t−1,jtjt
− 2L̂−1

t−1,itjt
is very simple. It is interesting to

note from (4.29) that the effective resistance of a pair of nodes is always reduced by adding

an edge x̂t = 1, which can be interpreted from the electric circuit analysis as paralleling one

unit resistor with the old effective resistance aTt Ŷtat.

Algorithm 6 Online algorithm for logdet problem

input: L̂−1
0 = L†

0 + 11T/n, η, θ

for t = 1, . . .m do

Player two receives edge {it, jt}, updates threshold ẑt according to (4.22) for the soft

budget case or (4.26) for the hard budget case; and computes the effective resistance

between nodes it and jt if accepting this edge

Ritjt =
aTt L̂

−1
t−1at

1 + aTt L̂
−1
t−1at

.

Player two decides edge weight x̂t = 1 if Ritjt > ẑt; otherwise set x̂t = 0.

Player two updates L̂−1
t

L̂−1
t = L̂−1

t−1 −
L̂−1
t−1ata

T
t L̂

−1
t−1x̂t

1 + aTt L̂
−1
t−1atx̂t

.

end for
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4.6.2 Total effective resistance

From Ŷ -update (4.17) for total effective resistance,

aTt Ŷtat = n∥(ataTt + L̂t−1)
−1at∥22 (4.30)

= n

∥∥∥∥∥
(
L̂−1
t−1 −

L̂−1
t−1ata

T
t L̂

−1
t−1

1 + aTt L̂
−1
t−1at

)
at

∥∥∥∥∥
2

2

= n

∥∥∥∥∥ L̂−1
t−1at

1 + aTt L̂
−1
t−1at

∥∥∥∥∥
2

2

=
n∥L̂−1

t−1at∥22
(1 + aTt L̂

−1
t−1at)

2
.

The algorithm only needs to maintain L̂−1
t−1 and update it using Sherman-Morrison formula

as Algorithm 6. The online algorithm for total effective resistance is given in Algorithm 7.

In an electric network, aTt Ŷtat can be interpreted in terms of the mean-square voltage

Ev2itjt between nodes it and jt after adding edge {it, jt}. When applying a random current

excitation ξ ∈ Rm with zero mean and covariance matrix I − 11T/n, the voltage across

edge {it, jt} is vitjt = aTt (ata
T
t + L̂t−1)

−1ξ, and the expected value of the squared voltage is

Ev2itjt = E(aTt (ata
T
t + L̂t−1)

−1ξξT (ata
T
t + L̂t−1)

−1at) = aTt (ata
T
t + L̂t−1)

−1(I − 11T/n)(ata
T
t +

L̂t−1)
−1at = ∥(ataTt + L̂t−1)

−1at∥22. Therefore, aTt Ŷtat can also be interpreted as the average

power dissipated on edge {it, jt} when random currents are injected. Algorithm 7 adds the

conductance x̂t = 1 only if the mean-square voltage across this edge is greater than the

threshold ẑt.

4.6.3 Graph connectivity

When choosing the supergradient uuT , where u is the Fiedler eigenvector of ata
T
t + L̂t−1, to

update Ŷt in (4.16), we have aTt Ŷtat = (uit−ujt)2. In this case, the algorithm should compute

the Fiedler eigenvector directly from ata
T
t + L̂t−1 in each round. When λ2 is isolated, uuT

is the gradient and (uit − ujt)
2 is the first order approximation of the increase in λ2. The

algorithm allocates the budget to set x̂t = 1 only if the increase (uit − ujt)
2 is above the
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Algorithm 7 Online algorithm for total effective resistance

input: L̂−1
0 = L†

0 + 11T/n, η, θ

for t = 1, . . .m do

Player two receives edge {it, jt}, updates threshold ẑt according to (4.22) for soft budget

case or (4.26) for the hard budget case; and computes the mean square voltage

Ev2itjt =
n∥L̂−1

t−1at∥22
(1 + aTt L̂

−1
t−1at)

2
.

Player two sets the edge weight x̂t = 1 for edge {it, jt} if Ev2itjt > ẑt; otherwise set

x̂t = 0.

Player two updates L̂−1
t

L̂−1
t = L̂−1

t−1 −
L̂−1
t−1ata

T
t L̂

−1
t−1x̂t

1 + aTt L̂
−1
t−1atx̂t

.

end for

threshold given by ẑt. The online algorithm for graph connectivity is given in Algorithm 8.

Algorithm 8 is related but different with the one proposed by Ghosh and Boyd [40].

Although both algorithms choose one edge at a time, the greedy algorithm presented in [40]

assumes the prior knowledge on all m candidate edges, thus allows to choose any edge that

gives the largest increase in λ2. In contrary, since the candidate edges in our setting are

revealed one by one, our algorithm has to estimate a threshold ẑt and accepts a candidate

edge only if the increase in λ2 is sufficiently large.

The computation of the Fiedler eigenvector is critical but beyond the scope of this paper.

We refer interested readers to [40, Section IIIA].

4.7 Numerical examples

In this section, we conducted the numerical experiments of Algorithms 6, 7 and 8 for both

hard and soft budget cases. The graph has 15 nodes, 42 edges in the connected base graph,
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Algorithm 8 Online algorithm for graph connectivity

input: L̂0 = L0, η, θ

for t = 1, . . .m do

Player two computes ẑt according to (4.22) for the soft budget case or (4.26) for the

hard budget case; and the Fiedler eigenvector u of ata
T
t + L̂t−1.

Player two sets the edge weight x̂t = 1 for edge {it, jt} if (uit − ujt)
2 > ẑt; otherwise

x̂t = 0.

Player two updates and updates the graph Laplacian

L̂t = L̂t−1 + ata
T
t x̂t.

end for

and 63 candidate edges. In each instance, all candidate edges are randomly permuted and

revealed to the algorithm one after one. Each experiment was repeated 100 instances.

In the hard budget case, a budget b is given, and parameters θ and η are chosen by the

algorithm to satisfy the hard budget constraint. Figure 4.2 demonstrates the experiments

of the hard budget case for log-determinant problem. The top plot in the left figure shows

the actual number of accepted edges versus the given budget b (red dash line). The bottom

part in the left figure plots all objective values of online algorithm (black), offline optimal

solution (blue), and random edge selection (red). The right figure in Figure 4.2 shows the

competitive ratio in the top plot and regret in the bottom plot of online algorithm (blue)

and random selection (red) versus the number of accepted edges. In these plots, dots are

values of all instances and solid lines connect averaged value of instances. Figure 4.3 and

Figure 4.4 correspond to graph connectivity problem and total effective resistance problem,

respectively.

In the soft budget case, parameters θ and η are given to the algorithm, and we tested the

algorithm for a large number of θ and η values. Figure 4.5 shows the number of accepted

edges for different values of θ and η, and Figure 4.6 shows the competitive ratio and regret
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Figure 4.2: Numerical results of the hard budget network formation of the log-

determinant problem

versus ηθ. Figures 4.7, 4.8, and Figures 4.9, 4.10 correspond to graph connectivity problem

and total effective resistance problem, respectively.
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Figure 4.3: Numerical results of the hard budget network formation of the graph

connectivity problem

Figure 4.4: Numerical results of the hard budget network formation of the total

effective resistance
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Figure 4.5: The number of accepted edges of the soft budget network formation

of the log-determinant problem

Figure 4.6: Competitive ratio and regret of the soft budget network formation of

the log-determinant problem



81

Figure 4.7: The number of accepted edges of the soft budget network formation

of the graph connectivity problem

Figure 4.8: Competitive ratio and regret of the soft budget network formation of

the graph connectivity problem
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Figure 4.9: The number of accepted edges of the soft budget network formation

of the total effective resistance

Figure 4.10: Competitive ratio and regret of the soft budget network formation of

the total effective resistance
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Appendix A

SUPPLEMENT TO CHAPTER 2

A.1 Proof in Section 2.3.4

In this appendix we show that

h◦i,j(wi,j, (A∗ϕ)i,j) =

 0, ∥(A∗ϕ)+∥∞,2 ≤ wi,j

+∞, otherwise.

h◦i,j(wi,j, (A∗ϕ)i,j)

= max
fi,j≥0

{
Tr
(
(A∗ϕ)Ti,jfi,j

)
− hi,j(wi,j, fi,j)

}
= max

fi,j≥0

Tr


 ϕi,j − ϕi−1,j ϕi,j − ϕi+1,j

ϕi,j − ϕi,j−1 ϕi,j − ϕi,j+1

T  (fi,j,1)− (fi−1,j,1)+

(fi,j,2)− (fi,j−1,2)+




−wi,j

∥∥∥∥∥∥
 (fi,j,1)− (fi−1,j,1)+

(fi,j,2)− (fi,j−1,2)+

∥∥∥∥∥∥
2

 .
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We fix (fi,j,k)− + (fi−1,j,k)+ = αi,j,k, αi,j,k ≥ 0, k = 1, 2.

h◦i,j(wi,j, (A∗ϕ)i,j)

= max
αi,j,k≥0

αi,j,1
∥∥∥∥∥∥
 ϕi,j − ϕi−1,j

ϕi,j − ϕi+1,j


+

∥∥∥∥∥∥
∞

+ αi,j,2

∥∥∥∥∥∥
 ϕi,j − ϕi,j−1

ϕi,j − ϕi,j+1


+

∥∥∥∥∥∥
∞

− wi,j

∥∥∥∥∥∥
 αi,j,1

αi,j,2

∥∥∥∥∥∥
2


= max

αi,j,k≥0


∥∥∥∥∥∥
 ϕi,j − ϕi−1,j ϕi,j − ϕi+1,j

ϕi,j − ϕi,j−1 ϕi,j − ϕi,j+1


+

∥∥∥∥∥∥
∞,2

∥∥∥∥∥∥
 αi,j,1

αi,j,2

∥∥∥∥∥∥
2

− wi,j

∥∥∥∥∥∥
 αi,j,1

αi,j,2

∥∥∥∥∥∥
2


=


0, if

∥∥∥∥∥∥
 ϕi,j − ϕi−1,j ϕi,j − ϕi+1,j

ϕi,j − ϕi,j−1 ϕi,j − ϕi,j+1


+

∥∥∥∥∥∥
∞,2

≤ wi,j

+∞, otherwise.

The second equality holds if

αi,j,1
αi,j,2

=

∥∥∥∥∥∥
 ϕi,j − ϕi−1,j

ϕi,j − ϕi+1,j


+

∥∥∥∥∥∥
∞

/∥∥∥∥∥∥
 ϕi,j − ϕi,j−1

ϕi,j − ϕi,j+1


+

∥∥∥∥∥∥
∞

.

The first equality follows the fact that

max
(fi,j,1)−≥0,(fi−1,j,1)+≥0,(fi,j,1)−+(fi−1,j,1)+=αi,j,1

 ϕi,j − ϕi−1,j

ϕi,j − ϕi+1,j

T  (fi,j,1)−

(fi−1,j,1)+


= max

(fi,j,1)−≥0,(fi−1,j,1)+≥0,(fi,j,1)−+(fi−1,j,1)+≤αi,j,1

 ϕi,j − ϕi−1,j

ϕi,j − ϕi+1,j

T  (fi,j,1)−

(fi−1,j,1)+


= αi,j,1

∥∥∥∥∥∥
 ϕi,j − ϕi−1,j

ϕi,j − ϕi+1,j


+

∥∥∥∥∥∥
∞

The equality is achieved as follows: if ϕi,j − ϕi−1,j ≥ 0 and ϕi,j − ϕi−1,j ≥ ϕi,j − ϕi+1,j,

(fi,j,1)− = αi,j,1, (fi−1,j,1)+ = 0, (fi,j,1)− + (fi−1,j,1)+ = αi,j,1;

if ϕi,j − ϕi−1,j ≥ 0 and ϕi,j − ϕi−1,j ≥ ϕi,j − ϕi+1,j,

(fi,j,1)− = 0, (fi−1,j,1)+ = αi,j,2, (fi,j,1)− + (fi−1,j,1)+ = αi,j,1;
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if ϕi,j − ϕi−1,j ≤ 0 and ϕi,j − ϕi+1,j ≤ 0, then (fi,j,1)− and (fi−1,j,1)+ might be anything

such that (f 1
i,j,1)− + (f 2

i−1,j,1)+ = αi,j,1. However, maximization with respect to αi,j,1 will set

αi,j,1 = 0, so we still have (f1
i,j,1)− + (f2

i−1,j,1)+ = αi,j,1. The similar argument holds for

max
(fi,j,2)−≥0,(fi,j−1,2)+≥0,(fi,j,2)−+(fi,j−1,2)+=αi,j,2

 ϕi,j − ϕi,j−1

ϕi,j − ϕi,j+1

T  (fi,j,2)−

(fi,j−1,2)+


= αi,j,2

∥∥∥∥∥∥
 ϕi,j − ϕi,j−1

ϕi,j − ϕi,j+1


+

∥∥∥∥∥∥
∞

A.2 Modeling anisotropic flow propagation

In physics, flow propagation can be viewed from either the primal or dual perspectives. First

define the potential front as any level set of the potential function, {x | ϕ(x) = ϕ0} for some

constant ϕ0. The primal perspective is that each point x on the potential front moves with the

flow propagation speed v(x) = 1/w(x) along the normal direction of ϕ at x, ∇ϕ(x)/∥ϕ(x)∥2
(assume ϕ is differentiable here). The alternative dual perspective is that the potential front

expands outward with the potential expanding speed s(x) = 1/w(x) along the direction of the

normal of ϕ. This propagation is called isotropic because the flow propagation speed v(x)

is independent of the direction of the flow, and the flow propagation speed and potential

expanding speed are the same (in both value and direction).

A natural way to capture anisotropy is to define a direction-dependent speed func-

tion v(x, d), where d is a direction vector of unit norm, and an expanding speed function

s(x,∇ϕ/∥∇ϕ∥2). It is known that the speeds v and s are related by the following rela-

tions [76,85]

s

(
x,

∇ϕ
∥∇ϕ∥2

)
= max

∥d∥2=1

{(
− ∇ϕ
∥∇ϕ∥2

)T
dv(x, d)

}
, (A.1)

From (A.1), we see that the expanding speed of the potential front is the largest projec-

tion of the flow velocity vector v(x, d)d onto the direction of negative potential gradient,

−∇ϕ(x)/∥∇ϕ(x)∥2, as shown in Fig. A.1(a). Therefore, although the direction of the
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(a) (b)

Figure A.1: (a) The relation between the potential expanding speed

s(x,∇ϕ/∥∇ϕ∥2) (in the direction of the blue arrow) with the flow propagation speed

profile Sv(x) = {v(x, d)d | ∥d∥2 = 1} (red ellipsoid). (b) Flow propagation speed

profile Sv(x) (red ellipsoid) and expanding speed profile Ss(x) = {s(x, d̃)d̃ | ∥d̃∥ = 1}

(envelope of blue lines). The expanding speed is between the highest speed

1/
√

λmin(W (x)) and the lowest speed 1/
√

λmax(W (x)) along the direction of the

corresponding eigenvector.

expanding speed s(x,∇ϕ/∥∇ϕ∥2) is fully determined by the gradient of the potential ϕ

at x, the flow propagation direction d is determined by the largest projection. Conse-

quently, v(x, d) is generally not identical to s(x,∇ϕ/∥∇ϕ∥2). Only if the two speeds are

not direction-dependent in the isotropic case and s(x) = v(x), the optimal direction is

d = −∇ϕ(x)/∥∇ϕ(x)∥2 and two vectors coincide with each other.

Given the potential expanding speed s, the anisotropic Eikonal equation

∥∇ϕ(x)∥2s
(
x,

∇ϕ(x)
∥∇ϕ(x)∥2

)
= 1, (A.2)

has been seen in literatures [13, 79, 90]. Especially, if the potential expanding speed is a
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matrix-parameterized norm

s

(
x,

∇ϕ(x)
∥∇ϕ(x)∥2

)
=

∥W−1/2(x)∇ϕ(x)∥2
∥∇ϕ(x)∥2

, (A.3)

where W (x) ∈ Sn++, then we have

∥W−1/2(x)∇ϕ(x)∥2 = 1. (A.4)

Note that it reduces to the isotropic case if W (x) is proportional to the identity matrix,

W (x) = w2(x)I.

As an example for the resource constraints set W , we consider

W =

{
W ∈ Sn++

∣∣∣∣ w(x)I ≼ W (x) ≼ w(x)I,

∫
Ω

∥W (x)∥dx ≤ w̃

}
,

where ∥ · ∥ is a matrix norm, for instance, the nuclear norm ∥W (x)∥∗ =
∑

i λi(W (x)) or

the Frobenius norm ∥W (x)∥F =
∑

i(λ
2
i (W (x)))1/2. The anisotropy at x is captured by the

condition number of W (x). Since the eigenvalues are lower bounded by w(x) and upper

bounded by w(x), the condition number is upper bounded by w(x)/w(x). The constraint∫
Ω
∥W (x)∥dx ≤ w̃ denotes the total budget limit over Ω.

A.3 ADMM extension to multiple sources and destinations

We extend the ADMM discussed in Section 2.5.2 to the source set and destination case. The

problem (2.19) with a source set S and destination set T can be written in ADMM form as

minimize
w,ϕ,ϕS ,ϕT ,u,l

ϕT − ϕS + IK(u, l)

subject to u = w

l = Dϕ

ϕi,j = ϕS, (i, j) ∈ S

ϕi,j = ϕT , (i, j) ∈ T

w ∈ W .

(A.5)
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The augmented Lagrangian using scaled dual variable is

Lρ(w, ϕ, u, l, ϕS, ϕT , λ, ν, ξ, η)

= ϕT − ϕS + IK(u, l) +
ρ

2
∥w − u+ λ∥2F +

ρ

2

∑
i,j

∥(Dϕ)i,j − li,j + νi,j∥22

+
ρ

2

∑
(i,j)∈S

(ϕi,j − ϕS + ξi,j)
2 +

ρ

2

∑
(i,j)∈T

(ϕi,j − ϕT + ηi,j)
2,

where ξ ∈ R|S| and η ∈ R|T | are additional scaled dual variables. Then ADMM consists of

iterations

• (w, ϕ)-minimization step

(w(k+1), ϕ(k+1)) = argmin
ϕ,w∈W

Lρ(w, ϕ, u
(k), l(k), ϕ

(k)
S , ϕ

(k)
T , λ(k), ν(k), ξ(k), η(k)).

ϕ(k+1) = argmin
ϕ

ρ

2

∑
i,j

∥(Dϕ)i,j − l
(k)
i,j + ν

(k)
i,j ∥22 +

ρ

2

∑
(i,j)∈S

(ϕi,j − ϕ
(k)
S + ξ

(k)
i,j )

2

+
ρ

2

∑
(i,j)∈T

(ϕi,j − ϕ
(k)
T + η

(k)
i,j )

2, (A.6)

w(k+1) = PrW(u(k) − λ(k)), (A.7)

where PrW denotes the Euclidean projection onto set W .

• (u, l, ϕS, ϕT )-minimization step

(u(k+1), l(k+1), ϕ
(k+1)
S , ϕ

(k+1)
T ) = argmin

u,l,ϕS ,ϕT

Lρ(w
(k+1), ϕ(k+1), u, l, ϕS, ϕT , λ

(k), ν(k), ξ(k), η(k)).

(u(k+1), l(k+1)) = PrK(w
(k+1) + λ(k),Dϕ(k+1) + ν(k)), (A.8)

ϕ
(k+1)
S =

1

ρ|S|
+

∑
(i,j)∈S ϕ

(k+1)
i,j

|S|
+

∑
(i,j)∈S ξ

(k)
i,j

|S|
,
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ϕ
(k+1)
T = − 1

ρ|T |
+

∑
(i,j)∈T ϕ

(k+1)
i,j

|T |
+

∑
(i,j)∈T η

(k)
i,j

|T |
.

• dual variable update

λ(k+1) = w(k+1) − u(k+1) + λ(k),

ν(k+1) = Dϕ(k+1) − l(k+1) + ν(k),

ξ
(k+1)
i,j = ϕ

(k+1)
i,j − ϕ

(k+1)
S + ξ

(k)
i,j , (i, j) ∈ S,

η
(k+1)
i,j = ϕ

(k+1)
i,j − ϕ

(k+1)
T + η

(k)
i,j , (i, j) ∈ T.

The projections in steps (A.7) and (A.8) remain the same as in Section 2.5.3 while the

step (A.6) needs to solve a slightly difference linear equation.

To minimize the function in step (A.6) with respect to ϕ, we set its gradient to zero and

obtain a linear system

(D∗D + IS + IT )ϕ = D∗(l(k) − ν(k)) + h
(k)
S + h

(k)
T , (A.9)

where IS, IT : Rm×n → Rm×n are operators that zero out entries outside the support S and

T respectively, and

(hS)
(k)
i,j =

 ϕ
(k)
S − ξ

(k)
i,j (i, j) ∈ S

0 otherwise,

and

(hT )
(k)
i,j =

 ϕ
(k)
T − η

(k)
i,j (i, j) ∈ T

0 otherwise.

The operators IS and IT turn to be a diagonal matrix with ones on diagonal entries

corresponding to the support S and T respectively. Therefore, the operator D∗D + IS + IT
has a positive definite matrix realization κ ∈ Smn++. We solve the sparse linear system (A.9)

using the sparse Cholesky factorization with minimum degree pivoting. The sparse Cholesky

factorization only needs to be carried out once.
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Appendix B

SUPPLEMENT TO CHAPTER 3

B.1 Proof of Theorem 1

From (3.5),

−
∑
j∈N (i)

(√
wijµ

(k)
ij + ρwij(x

(k+1)
i − x

(k)
j )
)
− ρpi(x

(k+1)
i − x

(k)
i ) ∈ ∂fi(x

(k+1)
i ).

Due to 3.6) and µ
(k)
ij = −µ(k)

ji , we have

√
wijµ

(k)
ij + ρwij(x

(k+1)
i − x

(k)
j )

=
√
wijµ

(k+1)
ij + ρwij(x

(k+1)
j − x

(k)
j )

=

√
wij

2

(
µ
(k+1)
ij − µ

(k+1)
ji

)
+ ρwij(x

(k+1)
j − x

(k)
j ).

Since fi are convex

f(x(k+1))− f(x)

=
n∑
i=1

(
fi(x

(k+1)
i )− fi(xi)

)

≤
n∑
i=1

 ∑
j∈N (i)

√
wij

2

(
µ
(k+1)
ij − µ

(k+1)
ji

)
(xi − x

(k+1)
i )


+

n∑
i=1

∑
j∈N (i)

ρwij(x
(k+1)
j − x

(k)
j )(xi − x

(k+1)
i ) +

n∑
i=1

ρpi(x
(k+1)
i − x

(k)
i )(xi − x

(k+1)
i )

=
1√
2
µ(k+1)TI(x− x(k+1)) + ρ(x− x(k+1))T (W + P ) (x(k+1) − x(k)). (B.1)
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Then

f(x(k+1))− f(x⋆) +
1√
2
µ⋆TIx(k+1)

(3.7)

≤ 1√
2
(µ⋆ − µ(k+1))TIx(k+1) + ρ(x⋆ − x(k+1))T (W + P ) (x(k+1) − x(k))

(3.6)
=

1

2ρ
(µ⋆ − µ(k+1))T (µ(k+1) − µ(k)) + ρ(x⋆ − x(k+1))TH(x(k+1) − x(k)).

Note that

(µ⋆ − µ(k+1))T (µ(k+1) − µ(k))

=
1

2
∥µ⋆ − µ(k)∥22 −

1

2
∥µ⋆ − µ(k+1)∥22 −

1

2
∥µ(k+1) − µ(k)∥22, (B.2)

and

(x⋆ − x(k+1))TH(x(k+1) − x(k))

=
1

2
∥x⋆ − x(k)∥2H − 1

2
∥x⋆ − x(k+1)∥2H − 1

2
∥x(k+1) − x(k)∥2H . (B.3)

Then

K−1∑
k=0

(
f(x(k+1))− f(x⋆) +

1√
2
µ⋆TIx(k+1)

)

≤
K−1∑
k=0

(
1

4ρ
∥µ⋆ − µ(k)∥22 −

1

4ρ
∥µ⋆ − µ(k+1)∥22 −

1

4ρ
∥µ(k+1) − µ(k)∥22 +

ρ

2
∥x⋆ − x(k)∥2H

−ρ
2
∥x⋆ − x(k+1)∥2H − ρ

2
∥x(k+1) − x(k)∥2H

)
=

1

4ρ
∥µ⋆ − µ(0)∥22 −

1

4ρ
∥µ⋆ − µ(K)∥22 +

ρ

2
∥x⋆ − x(0)∥2H − ρ

2
∥x⋆ − x(K)∥2H

− 1

4ρ

K−1∑
k=0

∥µ(k+1) − µ(k)∥22 −
ρ

2

K−1∑
k=0

∥x(k+1) − x(k)∥2H

≤ 1

4ρ
∥µ⋆ − µ(0)∥22 +

ρ

2
∥x⋆ − x(0)∥2H .

The last inequality is due to the condition on p1, . . . , pn such that H is positive semidefinite.
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Since fi convex, fi(x̄i) ≤ 1
K

∑K−1
k=0 fi(x

(k+1)
i ). Then

f(x̄)− f(x⋆) +
1√
2
µ⋆TIx̄

≤ 1

K

K−1∑
k=0

(
f(x(k+1))− f(x⋆) +

1√
2
µ⋆TIx(k+1)

)
≤ 1

K

(
1

4ρ
∥µ⋆ − µ(0)∥22 +

ρ

2
∥x⋆ − x(0)∥2H

)
.

B.2 Proof of Theorem 2

From (B.1), we have

f(x(k+1))− f(x⋆)

≤ 1√
2
µ(k+1)TI(x⋆ − x(k+1)) + ρ(x⋆ − x(k+1))T (W + P ) (x(k+1) − x(k)).

Since −ITµ⋆/
√
2 ∈ ∂f(x⋆),

f(x⋆)− f(x(k+1)) ≤ 1√
2
µ⋆TI(x(k+1) − x⋆).

Add together

0 ≤ 1√
2
(µ⋆ − µ(k+1))TI(x(k+1) − x⋆) + ρ(x⋆ − x(k+1))TH(x(k+1) − x(k))

(3.6)
=

1

2ρ
(µ⋆ − µ(k+1))T (µ(k+1) − µ(k)) + ρ(x⋆ − x(k+1))TH(x(k+1) − x(k)).

Use (B.2) and (B.3),

0 ≤ 1

4ρ
∥µ⋆ − µ(k)∥22 −

1

4ρ
∥µ⋆ − µ(k+1)∥22 −

1

4ρ
∥µ(k+1) − µ(k)∥22 +

ρ

2
∥x⋆ − x(k)∥2H

−ρ
2
∥x⋆ − x(k+1)∥2H − ρ

2
∥x(k+1) − x(k)∥2H .

Then,

1

4ρ
∥µ(k+1) − µ(k)∥22 +

ρ

2
∥x(k+1) − x(k)∥2H

≤ 1

4ρ
∥µ⋆ − µ(k)∥22 −

1

4ρ
∥µ⋆ − µ(k+1)∥22 +

ρ

2
∥x⋆ − x(k)∥2H − ρ

2
∥x⋆ − x(k+1)∥2H .
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Since 1
4ρ
∥µ(k+1) − µ(k)∥22 +

ρ
2
∥x(k+1) − x(k)∥2H is non-increasing,

1

2ρ2
∥µ(K+1) − µ(K)∥22 + ∥x(K+1) − x(K)∥2H

≤ 1

K

K∑
k=1

(
1

2ρ2
∥µ(k+1) − µ(k)∥22 + ∥x(k+1) − x(k)∥2H

)
=

1

K

(
1

2ρ2
∥µ⋆ − µ(0)∥22 −

1

2ρ2
∥µ⋆ − µ(K)∥22 + ∥x⋆ − x(0)∥2H − ∥x⋆ − x(K)∥2H

)
≤ 1

K

(
1

2ρ2
∥µ⋆ − µ(0)∥22 + ∥x⋆ − x(0)∥2H

)
.
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Appendix C

SUPPLEMENT TO CHAPTER 4

C.1 Analysis of Algorithm 4

In this section, we analyze the performance of Algorithm 4. Introduce the following notations

• P̂t = ϕ(
∑t

s=1 asa
T
s x̂s) is the primal objective value of first t online decisions x̂1, . . . , x̂t,

thus P̂0 and P̂m are the online primal objective values at the beginning and end of the

algorithm,

• P ⋆
m = ϕ(

∑m
t=1 ata

T
t x

⋆
t ) and D

⋆
m =

∑m
t=1 a

T
t Y

⋆atx
⋆ − ϕ∗(Y ⋆) is the true optimal primal

and dual objective value of problem (4.1) with the budget equal to the number of edges

chosen in the online algorithm, thus
∑m

t=1 x
⋆
t =

∑m
t=1 x̂t. Note that P ⋆

m ≤ D⋆
m.

The performance is measured by the competitive ratio c defined as

P̂m − P̂0 ≥ c(P ⋆
m − P̂0).

The competitive ratio has long been used in the theoretic computer science community

to evaluate the algorithms for online problems such as online matching [55], online covering

and packing [18,21], or general online linear and convex programming [1, 2].

Define

ẑm+1 = θ

(
1− exp

(
−ηθ

m∑
t=1

x̂t

))
, (C.1)

ẑm+1 =
θ exp(ηθ

∑m
t=1 x̂t)

1 + exp(ηθ
∑m

t=1 x̂t)
, (C.2)

Ŷm+1 ∈ ∂ϕ

(
m∑
t=1

ata
T
t x̂t

)
. (C.3)
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The first lemma is to lower bound the change of the objective function in each round by

using the gradient.

Lemma 2.

P̂t − P̂t−1 ≥ aTt Ŷtatx̂t. (C.4)

Proof. Since Ŷt ∈ ∂ϕ(ata
T
t +

∑t−1
s=1 asa

T
s x̂s) and ϕ(·) is concave,

P̂t − P̂t−1 ≥ aTt Ŷtat,

if x̂t = 1, and P̂t = P̂t−1 if x̂t = 0.

Next lemma attempts to quantify the increase of the objective value, P̂t− P̂t−1, in terms

of the decrease of the budget function, ψs(
∑t−1

s=1 x̂s) − ψs(
∑t

s=1 x̂s), in each round. Recall

from (4.18) that −ẑt = ∇ψs(1 +
∑t−1

s=1 x̂s), and

ẑtx̂t ≥ ψs(
t−1∑
s=1

x̂s)− ψs(
t∑

s=1

x̂s). (C.5)

Recall that the assigning rule in Algorithm 4 implies that

aTt Ŷtatx̂t ≥ ẑtx̂t. (C.6)

Lemma 3. If ψs(0) = 0,

P̂m − P̂0 ≥ −ψs

(
m∑
t=1

x̂t

)
.

Proof. From (C.4) of Lemma 2,

P̂t − P̂t−1 ≥ aTt Ŷtatx̂t
(C.6)

≥ ẑtx̂t

(C.5)

≥ ψs(
t−1∑
s=1

x̂s)− ψs(
t∑

s=1

x̂s)
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Then sum over t = 1, . . . ,m

P̂m − P̂0 ≥
m∑
t=1

(P̂t − P̂t−1)

≥
m∑
t=1

(
ψs(

t−1∑
s=1

x̂s)− ψs(
t∑

s=1

x̂s)

)

≥ ψs(0)− ψs(
m∑
t=1

x̂t)

Lemma 4. Assume that b′ ≤
∑m

t=1 x̂t and ψs(0) = 0,

−ψs

(
m∑
t=1

x̂t

)
≥ 1 + ηθb′ − exp(−ηθb′)

ηθb′
θ

m∑
t=1

x̂t. (C.7)

Proof. From (4.11), we have

−ψs

(
m∑
t=1

x̂t

)
= θ

m∑
t=1

x̂t +
1

η

(
exp

(
−ηθ

m∑
t=1

x̂t

)
− 1

)
.

Since
∑m

t=1 x̂t ≥ b′,

exp

(
−ηθ

m∑
t=1

x̂t

)
− 1 ≥ 1− exp(−ηθb′)

θb′
θ

m∑
t=1

x̂t,

then

−ψs

(
m∑
t=1

x̂t

)
≥ 1 + ηθb′ − exp(−ηθb′)

ηθb′
θ

m∑
t=1

x̂t.

Finally we show the competitive ratio of Algorithm 4.

Theorem 3. Assume that b′ ≤
∑m

t=1 x̂t and ψs(0) = 0. Then

P̂m − P̂0 ≥ c(P ⋆
m − P̂0),

where

c =

(
2 +

ηθb′

1 + ηθb′ − exp(−ηθb′)

)−1

.
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Proof.

D⋆
m =

m∑
t=1

aTt Y
⋆atx

⋆
t − ϕ∗(Y ⋆)

≤
m∑
t=1

aTt Ŷm+1atx
⋆
t − ϕ∗(Ŷm+1)

≤
m∑
t=1

aTt Ŷtatx
⋆
t − ϕ∗(Ŷm+1)

=
m∑
t=1

(aTt Ŷtat − ẑt)x
⋆
t +

m∑
t=1

ẑtx
⋆
t − ϕ∗(Ŷm+1)

≤
m∑
t=1

(aTt Ŷtat − ẑt)x̂t +
m∑
t=1

ẑtx
⋆
t − ϕ∗(Ŷm+1)

≤
m∑
t=1

aTt Ŷtatx̂t +
m∑
t=1

ẑtx
⋆
t − ϕ∗(Ŷm+1)

≤
m∑
t=1

aTt Ŷtatx̂t + θ
m∑
t=1

x⋆t − ϕ∗(Ŷm+1)

≤
m∑
t=1

aTt Ŷtatx̂t + θ
m∑
t=1

x̂t − ϕ∗(Ŷm+1).

The third inequality is due to Ŷt ≼ Ŷm+1 for t = 1, . . . ,m. From Lemma 2,

P̂t − P̂t−1 ≥ aTt Ŷtatx̂t.

Therefore,
m∑
t=1

aTt Ŷtatx̂t ≤ P̂m − P̂0. (C.8)

Next we bound θ
∑m

t=1 x̂t. From Lemmas 3 and 4,

θ
m∑
t=1

x̂t ≤
ηθb′

1 + ηθb′ − exp(−ηθb′)
(P̂m − P̂0). (C.9)

Last, we bound

−ϕ∗(Ŷm+1) ≤ P̂m. (C.10)

Plugging (C.8)(C.9)(C.10) into D⋆
m − P̂0, we get

P̂m − P̂0 ≥ c(D⋆
m − P̂0) ≥ c(P ⋆

m − P̂0),
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where

c =

(
2 +

ηθb′

1 + ηθb′ − exp(−ηθb′)

)−1

.

C.2 Analysis of Algorithm 5

Assume a random permutation model: edges e1, . . . , em are chosen in a uniformly random

order, i.e. given a random permutation π, edges come in a sequence eπ(1), . . . , eπ(m). Vectors

a1, . . . , am are corresponding to this sequence of edges.

The regret is defined as

R(m) = P ⋆
m − E[P̂m]

= ϕ(
m∑
t=1

ata
T
t x

⋆
t )− E[ϕ(

m∑
t=1

ata
T
t x̂t)],

where x⋆1, . . . , x
⋆
m are the true optimal solution of problem (4.1) with hard budget b. Note

that P ⋆
m = ϕ(

∑m
t=1 ata

T
t x

⋆
t ) = ϕ(mE[ata

T
t x

⋆
t ]).

Lemma 5.

P ⋆
m ≤

m∑
t=1

E[(aTt Ŷtatx̂t −
ϕ∗(Ŷt)

m
)− ẑt(x̂t −

b

m
)].

Proof. In each round,

(aTs Ŷsasx
⋆
s −

ϕ∗(Ŷs)

m
)− ẑs(x

⋆
s −

b

m
) ≤ (aTs Ŷsasx̂s −

ϕ∗(Ŷs)

m
)− ẑs(x̂s −

b

m
),

where the inequality holds from the definition of x̂s. Then apply the expectation

1

m
ϕ(mE[ata

T
t x

⋆
t ]) =

1

m
ϕ(mE[ata

T
t x

⋆
t ]) + I(E[x⋆s] ≤

b

m
)

= inf
Y≽0

(
⟨Y,E[asaTs x⋆s]⟩ −

ϕ∗(Y )

m

)
+ inf

z≤0
z(E[x⋆s]−

b

m
)

≤ ⟨Ŷs,E[asaTs x⋆s]⟩ −
ϕ∗(Ŷs)

m
)− ẑs(E[x

⋆
s]−

b

m
)

= E[(aTs Ŷsasx̂s −
ϕ∗(Ŷs)

m
)− ẑs(x̂s −

b

m
)],
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where the first equality come from the fact that the optimal solution is always feasible∑m
s=1 x

⋆
s ≤ b. Sum up s = 1, . . . ,m

ϕ(mE[asa
T
s x

⋆
s]) ≤

m∑
s=1

E[(aTs Ŷsasx̂s −
ϕ∗(Ŷs)

m
)− ẑs(x̂s −

b

m
)].

Denote the regret

R1(m) =
m∑
s=1

(aTs Ŷsasx̂s −
ϕ∗(Ŷs)

m
)− inf

Y≽0

m∑
s=1

(aTs Y asx̂s −
ϕ∗(Y )

m
)

=
m∑
s=1

(aTs Ŷsasx̂s −
ϕ∗(Ŷs)

m
)− ϕ(

m∑
s=1

asa
T
s x̂s).

and

R2(m) =
m∑
s=1

(−ẑs)(x̂s −
b

m
)− inf

ẑ<0

m∑
s=1

ẑ(x̂s −
b

m
)

=
m∑
s=1

(−ẑs)(x̂s −
b

m
)− I(

m∑
s=1

x̂s ≤ b)

=
m∑
s=1

(−ẑs)(x̂s −
b

m
).

where the last equality comes from the fact that the algorithm terminates when the budget

is reached which guarantees
∑m

s=1 ≤ b.

Theorem 4. For online mirror descent with entropy regularization, the regret bound is

R2(m) ≤ θLψ
√
2m log 2,

where Lψ = max{1− b
m
, b
m
}.

Proof. Denote ft(z) =
∑t

s=1 z(x̂s −
b
m
) + 1

η
r(z). Remind that −ẑt+1 = argmin−θ<ẑ<0 ft(ẑ),

therefore, f ′
t(−ẑt+1) = 0. Note that f ′′

t (z) =
r′′(z)
η

= − 1
ηz(θ+z)

, then f ′′
t (z) ≥ 4

ηθ2
. Therefore,

ft−1(−ẑt+1) ≥ ft−1(−ẑt) +
f ′′
t−1(−ẑt)

2
(ẑt+1 − ẑt)

2

≥ ft−1(−ẑt) +
2

ηθ2
(ẑt+1 − ẑt)

2.
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DERIVATION: r′(z) = 1
θ
(log(1 + z

θ
) − log(− z

θ
)), r′′(z) = − 1

z(θ+z)
. Since −θ < z < 0,

r′′(z) ≥ 4
θ2

with equality achieved when z = − θ
2
. This can be computed by (− 1

z(θ+z)
)′ =

2z+θ
z2(z+θ)2

= 0.

Similarly,

ft(−ẑt) ≥ ft(−ẑt+1) +
f ′′
t (−ẑt+1)

2
(ẑt+1 − ẑt)

2

≥ ft(−ẑt+1) +
2

ηθ2
(ẑt+1 − ẑt)

2.

Therefore,
4

ηθ2
(ẑt+1 − ẑt)

2 ≤ (ẑt+1 − ẑt)

(
x̂t −

b

m

)
.

Since x̂s ∈ {0, 1}, |x̂t − b
m
| = Lψ ≤ max{1− b

m
, b
m
}

(ẑt+1 − ẑt)

(
x̂t −

b

m

)
≤ Lψ|ẑt+1 − ẑt|.

Therefore

|ẑt+1 − ẑt| ≤
ηLψθ

2

4
.

Denote −ẑ⋆ = argmin−θ<ẑ<0

∑m
t=1 ẑ

(
x̂t − b

m

)
. It can be shown by induction that

m∑
t=1

(−ẑt+1)(x̂t −
b

m
) + min

−θ<ẑ<0

r(ẑ)

η
≤

m∑
t=1

(−ẑ⋆)(x̂t −
b

m
) +

r(ẑ⋆)

η
.

Therefore,

m∑
t=1

(−ẑt)(x̂t −
b

m
) =

m∑
t=1

(−ẑt)(x̂t −
b

m
)−

m∑
t=1

(−ẑ⋆)(x̂t −
b

m
)

≤
m∑
t=1

(ẑt+1 − ẑt)(x̂t −
b

m
) +

r(ẑ⋆)

η
− min

−θ<ẑ<0

r(ẑ)

η
.
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The regret is

R2(m) ≤ 1

η
(r(ẑ⋆)− min

−θ<ẑ<0
r(ẑ)) +

m∑
t=1

(ẑt+1 − ẑt)(x̂t −
b

m
)

=
r(ẑ⋆)

η
+

m∑
t=1

(ẑt+1 − ẑt)(x̂t −
b

m
)

≤ r(ẑ⋆)

η
+
ηmL2

ψθ
2

4

≤ 2 log 2

η
+
ηmL2

ψθ
2

4
.

Set η = 2
√
2 log 2

θLψ
√
m
, then

R2(m) = θLψ
√
2m log 2.

Theorem 5.

R(m) ≤ R1(m) +R2(m).

Proof.

R(m) = ϕ(
m∑
t=1

ata
T
t x

⋆
t )− E [ϕ(

m∑
t=1

ata
T
t x̂t)]

≤
m∑
s=1

E[(aTs Ŷsasx̂s −
ϕ∗(Ŷs)

m
)− ẑs(x̂s −

b

m
)]− E [ϕ(

m∑
t=1

ata
T
t x̂t)]

=
m∑
s=1

E[(aTs Ŷsasx̂s −
ϕ∗(Ŷs)

m
− ϕ(

m∑
t=1

ata
T
t x̂t)) +

m∑
s=1

E[(−ẑs)(x̂s −
b

m
)]

≤ R1(m) +R2(m).

Concentration bound

Lemma 6. Let {x⋆1, . . . , x⋆m} be a finite population of m points and x⋆i ∈ [0, c], x̂1, . . . , x̂k are

k random samples without replacement. Then for any ϵ > 0

Prob

[∣∣∣∣∣1k
k∑
i=1

x̂i −
1

m

m∑
i=1

x⋆i

∣∣∣∣∣ ≥ ϵ

]
≤ 2 exp

(
−2kϵ2

c2

)
.
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Therefore, let γ = c
√

log(2/ρ)
2k

, with probability 1−O(ρ),∣∣∣∣∣1k
k∑
i=1

x̂i −
1

m

m∑
i=1

x⋆i

∣∣∣∣∣ ≤ γ.

Theorem 6.

θ ≤ 2Lϕ + 5z⋆.

Proof. For any δ ≥ γ
√

log(2/ρ)
2k

, with probability 1−O(ρ)

P ⋆
k (γ) ≥

k

m
P ⋆
m − kLϕγ,

P ⋆
k (4γ) ≤

k

m
P ⋆
m + kγ(Lϕ + 5z⋆).

Then set k = 2γ − 1

θ =
P ⋆
k (4γ)− P ⋆

k (γ)

γk

≤
k
m
P ⋆
m + kγ(Lϕ + 5z⋆)− ( k

m
P ⋆
m − kLϕγ)

γk

= 2Lϕ + 5z⋆.

Lemma 7.

P ⋆
k (γ) + kLϕγ ≥ k

m
P ⋆
m.

Proof. Assume x⋆1, . . . , x
⋆
m are optimal offline solution of problem (4.1) with budget constraint

1
m

∑m
t=1 x

⋆
t ≤ b

m
+ δ − γ. From the optimal solution, sample x̂1, . . . , x̂k. From the Chernoff-

Hoeffding bounds, ∣∣∣∣∣1k
k∑
t=1

x̂t −
1

m

m∑
t=1

x⋆t

∣∣∣∣∣ ≤ γ.

Then

1

k

k∑
t=1

x̂t =

(
1

k

k∑
t=1

x̂t −
1

m

m∑
t=1

x⋆t

)
+

1

m

m∑
t=1

x⋆t

≤ γ +
b

m
+ (δ − γ)

=
b

m
+ δ.
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Therefore, x̂1, . . . , x̂k are feasible to problem (4.28).

m

k
P ⋆
k (γ) = ϕ(

m

k

k∑
t=1

ata
T
t x̂t)

≥ ϕ(
m∑
t=1

ata
T
t x

⋆
t ) +m⟨Y ⋆,

1

m

m∑
t=1

ata
T
t x

⋆
t −

1

k

k∑
t=1

ata
T
t x̂t⟩

= ϕ(
m∑
t=1

ata
T
t x

⋆
t ) +m

(
1

m

m∑
t=1

aTt Y
⋆atx

⋆
t −

1

k

k∑
t=1

aTt Y
⋆atx̂t

)

≥ ϕ(
m∑
t=1

ata
T
t x

⋆
t )−m(max

t
aTt Y

⋆at)

∣∣∣∣∣ 1m
m∑
t=1

x⋆t −
1

k

k∑
t=1

x̂t

∣∣∣∣∣
= ϕ(

m∑
t=1

ata
T
t x

⋆
t )−mLϕγ

= P ⋆
m −mLϕγ,

where Lϕ = maxt a
T
t Y

⋆at, Y
⋆ ∈ ∂ϕ(

∑m
t=1 ata

T
t x

⋆
t ). Therefore,

P ⋆
k (γ) =

k

m
P ⋆
m − kLϕγ.

Lemma 8.

P ⋆
k (4γ) ≤

k

m
P ⋆
m + kγ(Lϕ + 5z⋆).

Proof. The dual problem of (4.28) can be written as

max
x1,...,xk∈[0,1]

min
Y≽0,z≥0

k∑
s=1

(aTs Y asxs −
ϕ∗(Y )

m
)− z

k∑
s=1

(xs −
b

m
) + zkδ

= max
x1,...,xk∈[0,1]

min
Y≽0,z≥0

k∑
s=1

(aTs Y as − z)xs −
t

m
ϕ∗(Y ) + z

kb

m
+ zkδ

= min
Y≽0,z≥0

t∑
s=1

(aTs Y as − z)+ − t

m
ϕ∗(Y ) + zk

(
b

m
+ δ

)
.
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Let Y ⋆ and z⋆ are true dual optimal value of problem (4.1)

P ⋆
k (δ) ≤

k∑
s=1

(aTs Y
⋆as − z⋆)+ − k

m
ϕ∗(Y ⋆) + z⋆k

(
b

m
+ δ

)

From the concentration bound, with probability 1−O(ρ), let γ =

√
log( 2

ρ
)

2k
and maxs(a

T
s Y

⋆as−

z⋆)+ ≤ c = maxs(a
T
s Y

⋆as) + z⋆ = Lϕ + z⋆,

k∑
s=1

(aTs Y
⋆as − z⋆)+ ≤ k

m

m∑
s=1

(aTs Y
⋆as − z⋆)+ + kγ(Lϕ + z⋆).

Then

P ⋆
k (k) ≤ k

m

m∑
t=1

(aTs Y
⋆as − z⋆)+ + kγ(Lϕ + z⋆)− k

m
ϕ⋆(Y ⋆) + z⋆

(
b

m
+ kδ

)
=

k

m
P ⋆
m + kγ(Lϕ + z⋆) + z⋆kδ.

Set δ = 4γ, then P ⋆
k (k) ≤ P ⋆

m + kγ(Lϕ + 5z⋆).
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