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Financial time series such as market indices and asset prices are shown to be driven by
multiscale factors, ranging from long-term market regimes to rapid fluctuations. Multiscale
analysis and signal processing not only reveal latent behaviors embedded in financial time
series, but also help machine learning prediction tasks. In this thesis we focus on two
different approaches tailored for daily and intraday financial time series respectively. In the
first study, Hilbert-Huang transform is applied to daily prices and index values to reveal the
underlying multiscale dynamics. In addition, a novel machine learning framework is proposed
for identifying useful predictive features. An adaptive algorithm for highly nonstationary
time series was introduced and applied to cryptocurrencies to show embedded structure
and spectral properties. In the second study, we inspect the relations between statistical
properties at different timescales, with the application to intraday high-frequency price data
with noise. Functions describing the multiscale behaviors of volatility and correlation are
defined and computed using empirical data. Models for high-frequency price processes are

proposed and compared against empirical observations.
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Chapter 1

INTRODUCTION
1.1 Multiscale Financial Signal Processing

Market observations and empirical studies have shown that financial time series such as mar-
ket indices and asset prices are often driven by multiscale factors, ranging from long-term
market regimes to rapid fluctuations (see [39, 58, 122, 77], among others). Stemming from
the fundamental mechanics, different market players such as hedge funds and high-frequency
trading firms target different horizons and operate on different timescales. All of these evi-
dences call for methods to study and utilize the multiscale property of financial time series.
One core objective is to understand their behaviors on different timescales, and how different
scales are interconnected. For decades, researchers in the field developed various approaches
to tackle the problem [23], ranging from model-based to data-driven, from time domain
analysis to frequency domain analysis [59], and from linear, stationary models to nonlinear,

nonstationary methods [75].

While the topic can be broad, in this thesis we narrow down to two seemingly distinct
approaches, targeting two major types of financial time series: daily and intraday. In the
first study, decomposition methods are applied to daily financial time series of various types.
The challenges are low data frequency, weak dependency, and nonstationarity. We will show
how empirical decomposition methods and spectral analysis help to reveal the underlying
dynamics. In the second study, we turn to intraday high-frequency price data, facing the
challenges of market microstructure noise and more delicate dependency in the time and scale
domains. We will make necessary assumption and study how various statistical properties

change with the timescale of measurement.



1.1.1  Nonstationary Decomposition and Spectral Analysis

Embedded with different timescales, many financial time series often exhibit nonstation-
ary behaviors with trends and time-varying volatilities. These characteristics can hardly
be captured by linear models and call for an adaptive and nonlinear approach for analysis.
Traditionally, Fourier analysis has been a powerful tool in finding a spectral representation
of time series. However, the Fourier bases, by assumption, are stationary and linear. On
the other hand, nonstationary behaviors and nonlinear dynamics are often observed in fi-
nancial time series. These characteristics can hardly be captured by linear models and call
for an adaptive and nonlinear approach for analysis. For decades, methods based on short
time Fourier transform and wavelets have been developed and applied to nonstationary time
series, but there are still challenges in capturing nonlinear dynamics [54], and the often pre-
scribed assumptions make the methods not fully adaptive. This gives rise to the need for an

adaptive and nonlinear approach for analysis.

One alternative approach in adaptive time series analysis is the Hilbert-Huang transform
(HHT) [54]. The HHT method can decompose any time series into oscillating components
with nonstationary amplitudes and frequencies using the empirical mode decomposition
(EMD). This fully adaptive method provides a multiscale decomposition for the original
time series, giving richer information about its behavior. The instantaneous frequency and
instantaneous amplitude of each component are later extracted using the Hilbert transform.
The decomposition onto different timescales also allows for reconstruction up to different
resolutions, providing a smoothing and filtering tool that is ideal for noisy financial time
series. The method of HHT and its variations have been applied in numerous fields, from
engineering to geophysics [56]. Applications of HHT to finance date back to the work by
Huang and co-authors on modeling mortgage rate data [55]. The empirical mode decompo-
sition (EMD) has been used for financial time series forecasting [95, 118] and for examining

the correlation between financial time series [94].



In terms of methodology, there have been several studies on the variations and alternatives
of EMD, including optimization-based methods [47, 48, 49, 51|, ensemble empirical-mode
decomposition (EEMD) for tackling mode mixing [121], and other noise-assisted approaches
[124]. For financial time series with high level of intrinsic noise, we chose to use and im-
prove the complementary ensemble empirical mode decomposition (CEEMD). Like EMD,
CEEMD decomposes any time series — stationary or not — into a number of intrinsic mode
functions representing the local characteristics of the time series at different timescales, but
the timescale separation is improved by resolving mode mixing in EMD [53]. The noise-
assisted approach is also more robust to intrinsic noise in the data. CEEMD have been
found to be useful for forecasting [97, 112] and signal processing [76]. More recent applica-

tion of EMD and the noise-assisted variations includes [111, 92, 91, 93].

1.1.2  Multiscale Volatility and Correlation

While many multiscale studies, including the ones introduced above, have been focusing on
daily data, the interest in intraday price has rose recently. Explosively increasing amount
of high frequency data emerging in the field allows and demands more complicated models
[87]. However, models for low-frequency daily data can hardly fit the complex structure of
intraday high frequency data [38], especially for volatility modeling [10]. How volatility and
correlation behave at middle or high frequency is important for understanding the multiscale
behavior of intraday price movement. The scaling property is also connected with the de-
pendency structure, such as trending or mean-reverting, and therefore leads to implications

in trading strategies [73] and a wide range of financial applications.

In order to better understand the multiscale properties, the scaling concept originated from
complex system was introduced into financial mathematics [90]. As the base example, the
original Brownian motion stock model [100] intrinsically determines return distribution at

any timescale, as a result of the independent increment and memory-less properties, which



were also backed by the efficient market hypothesis (EMH) [37]. This standard model, how-
ever, has been questioned and modified afterwards, starting with the work of [81]. The
generalization to fractional Brownian motion [84] based on self-similar introduced a larger
class of stochastic processes, allowing for new scaling properties and long memory process.
However, it also brought challenge to EMH and set room for arbitrage opportunities [110].
With the debates going on, fractional Brownian motion has become an important tool in

financial modeling [99] including trading strategies [44].

On the other hand, as price dynamics and volatility modeling become more complex go-
ing into the intraday and high frequency region, researchers turned to empirical and non-
parametric approaches to study the stochastic properties of return, including the measuring
of realized volatility [14, 10]. However, people found that it is not optimal to directly use
all the data at the highest available frequency due to the presence of market microstructure
noise [4, 11]. Different techniques were designed for an accurate measurement of realized
volatility for the “true price” [106]. One of the key ideas was to measure realized volatil-
ity at different timescales and combine the results to discover the latent value [126]. This
multiscale technique was generalized to a wider class of models and other return statistics

38, 3, 18].

At first glance, the fractional Brownian motion model and the multiscale realized volatility
estimator were designed for different purposes and are under different assumptions. Inter-
estingly, they share some very similar form in terms of showing a multiscale behavior of
randomness. This similarity encourages us to formally propose definitions to describe the
multiscale properties of price process, and explore a wider class of models for high frequency
financial time series. On the other hand, this indicates that the market microstructure noise
can potentially bias estimation of the scaling parameters. In a related recent study, [28]
showed one form of microstructure noise due to the discrepancy between the realized and

the instantaneous volatility can lead to bias in Hurst exponent [57] estimation. The necessity



of new multiscale models is also justified by real-world observations in high-frequency data.
1.2 Multiscale Analysis and Machine Learning

With increasing volume of financial data and success of modern machine learning algorithms,
the application of machine learning to finance is of high interest. However, even though ma-
chine learning has been proved to be successful in many fields such as computer vision and
natural language processing, financial time series forecasting has been ever challenging. Mul-
tiscale analysis has been shown to enhance machine learning prediction on other time series,
for example HHT based prediction was used for SVM and neural network in the electrical

engineering field [69, 68, 67|, and EMD was adopted for financial machine learning [97, 112].

While multiscale signal processing methods such as EMD and HHT have been shown to
help machine learning, significant drawbacks remain. Firstly, the mathematical properties
of the multiscale features from EMD and HHT were not fully investigated, and it is not
clear which features are useful for prediction. Secondly, in most of the previous studies using
EMD or HHT as forecasting features, the decomposition was pre-implemented on the whole
time span, including training and testing data, which is not practical when doing real-time
forecasting. Moreover, both EMD and HHT lend information from the past and the future
to compute the current values, which can cause information leakage in the forecasting pro-
cess. On the other hand, current versions of extrapolating prediction [95] are subject to
the end effect of EMD, which makes the decomposition error quite high at the end of the

time span. It is unknown from previous studies of how to overcome the challenge of end effect.

On the other hand, the key to improve financial machine learning is to understand the
main obstacles. By its nature, financial time series are noisy, nonstationary, with subtle
dependency structure. One question posed by bias-variance trade-off in machine learning is:
should we use longer history for better fitting accuracy, or should we use short-term data

to capture the timely information? Studying of multiscale behavior provides one aspect to



answer the question, and the scaling properties are also related to the dependency structure.
1.3 Thesis Outline

In Chapter 2 we present the method of complementary ensemble empirical mode decompo-
sition (CEEMD) and Hilbert-Huang transform (HHT) for analyzing nonstationary financial
time series. This noise-assisted approach decomposes any time series into a number of in-
trinsic mode functions, along with the corresponding instantaneous amplitudes and instan-
taneous frequencies. Using HHT, we generated a collection of new features and integrated
them into machine learning models, such as regression tree ensemble, support vector ma-
chine (SVM), and long short-term memory (LSTM) neural network. Using empirical financial
data, we compared several HHT-enhanced machine learning models in terms of forecasting

performance.

We experiment the methods using daily data for the S&P 500 index, CBOE volatility (VIX)
index, SPDR gold exchange-traded fund (GLD), and 10-year treasury yield (TNX). We show
that while these time series have contrasting path behaviors (upward trending vs mean-
reverting), their instantaneous energy-frequency spectra reveal that they share very similar
average frequencies on both long and short timescales. In feature selection part, our com-
parison analysis identifies the most useful HHT features for prediction. We highlight the
improved prediction performance of our method when benchmarked to the prediction using
only the original time series. We then discussed the end effect of EMD and proposed a
novel framework of extrapolating forecasting with end effect correction. The prediction was
implemented on the above-mentioned dataset. Our results are potentially useful not only for

prediction but also portfolio construction [125].

In Chapter 3, we present a novel method of applying adaptive complementary ensemble
empirical mode decomposition (ACE-EMD) and Hilbert spectral analysis to study cryp-

tocurrency price dynamics. As an emerging asset class, cryptocurrencies have a number of



salient features compared to traditional equities, including significantly higher volatility and
rapidly changing directional trends [65, 13, 62, 104, 20, 50, 61, 114, 40]. Our noise-assisted
approach is adaptive to the time-varying volatility of each cryptocurrency price evolution.
Different combinations of modes allow us to reconstruct the time series using components
of different timescales. We then apply Hilbert spectral analysis to define and compute the
associated instantaneous energy-frequency spectrum to illustrate the properties of various
timescales embedded in the original time series. In particular, we derive and compute the
central frequency associated with a collection of cryptocurrencies as well as equity indices,

which allows us to observe the distinct behaviors of cryptocurrency prices.

In Chapter 4 we define functions to describe multiscale volatility in asset price and inves-
tigated their behaviors in common classes of financial models. We then proposed models
for intraday high-frequency price with their multiscale properties. Numerical estimation of
model parameters was then proposed, including modified algorithm to evaluate the Hurst
exponent [85], which describes the dependency structure of the time series and how the vari-
ability changes with the timescale. The value of the Hurst exponent is associated with the
smoothness of the random process, long-memory, and fractal dimension [82], therefore widely
used in financial modeling [42, 86, 115]. Experimental results on real-world high-frequency
price data were shown, including multiscale volatility behavior and modified Hurst exponent

estimation under microstructure noise.

In Chapter 5 we continued to study multiscale behaviors of multiple assets, focusing on how
correlation change with the timescale. We first defined the multiscale correlation function
and showed its behavior in common stochastic models. The multscale models for high-
frequency price were generalized to multivariate forms, with their correlation studied. In the
end, we provided experimental results of correlation in intraday high-frequency price data,

and discussed the potential and limitation of our models.



Chapter 2

MULTISCALE FEATURES FOR MACHINE LEARNING

2.1 Overview

This chapter reviews the concepts of Hilbert-Huang transform (HHT) and multiscale features
for machine learning. The empirical mode decomposition (EMD) and its variations are first
introduced, with algorithms provided for intrinsic mode function extraction. The Hilbert
spectral analysis is then reviewed to show the time-frequency information we can obtain from
a time series. Next, we introduce the multiscale HHT features and how to integrate them
into financial machine learning. The training and evaluation frameworks for in sample and
extrapolating prediction are proposed, combined with a variety of machine learning models,
including regression tree ensemble (RTE), support vector machine (SVM), and specially
designed long short-term memory (LSTM) neural network. Lastly, we provide forecasting
performance of the HHT-enhanced machine learning models on different types of financial

time series, and discuss the feature selection problem.

2.2 Multiscale Decomposition Methodology

In this section, we present the methodology for processing a financial time series to generate
its multiscale time-frequency profile. The major components are the ensemble empirical
mode decomposition (EMD) and Hilbert spectral analysis. We also discuss some significant
drawbacks of the algorithm and methods to overcome them. A brief comparison with related

methods is provided at the end of this section.



2.2.1  Empirical Mode Decomposition

Empirical mode decomposition (EMD) is the first step of the multistage HHT procedure. For
any given time series z(t) observed over a period of time [0, 7], we decompose it in an iterative
way into a finite sequence of oscillating components c¢;(t),--- , ¢,(t), plus a non-oscillatory

trend called the residue term r,(t). Precisely, we have
2(t) = cj(t) + ralt). (2.1)
j=1

To ensure that ¢;(t) have the proper oscillatory properties, the concept of intrinsic mode
function (IMF) was proposed [54]. The intrinsic mode functions are real functions in time
that admit well-behaved and physically meaningful Hilbert transform. Mathematically, each
IMF is defined by the following two criteria:

e No local oscillation: the number of extrema and the number of zero crossings must be

equal or at most differ by one.

e Symmetric: the maxima of the function defined by the upper envelope and the minima

defined by the lower envelope must sum up to zero at any time ¢ € [0, 7.

The definition of an IMF guarantees pure oscillation while allowing time-varying frequency

and amplitude. Mathematically, an IMF ¢(¢) admits the expression
c(t) = a(t) cos(0(t)), (2.2)

where a(t) > 0 is the instantaneous amplitude, and 0(t) is the phase function with 6'(t) > 0.
Such property makes it ready for time-frequency analysis under the Hilbert spectral analysis
to be discussed later.

As is standard [54, 109], we consider a sifting process that decomposes any time series into
a finite set of IMFs that oscillate on different timescales, plus a non-oscillatory residue term.
The key idea of the method is as follows: look for the finest oscillation by finding all local

maxima and minima, and then subtract the remaining trend, until the rest of the function
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satisfies the IMF conditions. Each IMF discovered is removed sequentially from the time
series until only a non-oscillatory residue remains. The residue is a constant or monotonic

function, or has at most one maximum or minimum. The algorithm is summarized as follows:
e Initialize the residue term as r¢(t) = x(t) and set j = 1.

e While 7;_;(t) does not satisfies the non-oscillatory condition, i.e. r;_;(¢) has more than

one maximum or minimum, do the following sifting process to extract the oscillation

as an IMF denoted by c¢;(t).
e Initialize the component as ¢;(t) = r;_1(t).

— Interpolate the maxima of ¢;(t) using a cubic spline as the upper envelope u(t),
and interpolate the minima of ¢;(¢) using a cubic spline as the lower envelope I(t).

Compute the mean of the upper and lower envelopes m(t) = 1 (u(t) + I(t)).
— Iterate ¢;(t) < ¢;(t) — m(t).

— Stop when ¢;(t) satisfies the criteria of an IMF. Let ¢;(t) be the j-th component,
and iterate r;(t) = r;_1(t) — ¢;(t) and j < j + 1.

e Return the IMFs ¢ (¢), -+, ¢u(t), and residue 7, (t).

The sifting process described above is purely empirical and adaptive with very little assump-

tion on the temporal change, making it ideal for nonstationary time series.

2.2.2  Ensemble Variations of EMD

Even though the EMD algorithm is designed for decomposing nonstationary time series
into components from high frequency to low frequency, it has some significant drawbacks in
practice. One of them is the phenomenon of mode mixing [53], which is defined as either
one IMF consisting of widely disparate scales, or signals of similar scales residing in several

IMF components [121]. Such a phenomenon poses potential challenges on the interpretation



11

of the IMFs and makes the construction of machine learning features rather difficult. This
problem is particularly relevant for financial time series when high degree of nonstationarity
and noise are observed.

To resolve the mode mixing issue, we consider the ensemble empirical mode decomposition
(EEMD) proposed by [121] as the variation for our analysis. EEMD is a noise-assisted signal
processing technique that extracts each mode from an ensemble mean computed based on
N trials. In each trial ¢, an i.i.d. white noise w; with a zero mean and finite variance o
is added to the original time series x(t), and z(t) + w;(t) is referred to as the signal in
this trial. The original EMD algorithm is then applied to the signal, outputting the IMFs
¢;i(t), 7=1,---,n, and the residual term r;,(¢). Finally, the ensemble means of the IMFs
and residual terms across all the N trails is regarded as the true mode extraction. The
resulting ensemble mean of the IMF components are given by

N 1 N

¢i(t) = %Z%‘(t% = > ri(t). (2.3)

i=1 i=1

Using Eq. (2.1), we can write

3

> (1) + rint) = (1) + wi(0) (2.4)

j=1
Then, the ensemble mean of the IMF components sums up to
n | N | N
Do cit) +ralt) = 55 D () +wilt)) = w(t) + 5 D wilt).
j=1 i=1 i=1
Therefore, the components from the ensemble mean provide a decomposition which converges
to the original time series z(t) almost surely according to the strong law of large numbers.
The convergence rate is O(\/LN), which means a large ensemble size is typically desired if
possible. Implementing EMD with a large number of trials can be potentially prohibitive
in terms of computational cost and speed. To address this issue, an alternative called the
complementary ensemble empirical mode decomposition (CEEMD) method is introduced

[124]. CEEMD expands the ensemble by adding a complementary negative noise —w;(t) for
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each trial, expanding the total ensemble size to 2N. Consequently, the components from the
ensemble mean sum up to equal the original time series:

n 1 N

D oilt) +ra(t) = x(t) + BTN > (wilt) —wi(t) = x(t). (2.5)

j=1 i=1
This holds regardless of the choice of N, thus reducing the need for a very large ensemble
size. These favorable properties make CEEMD the default when using EEMD in many
applications. Besides reducing mode mixing, both EEMD and CEEMD are also more robust
to intrinsic noise in the original data, as these methods automatically average out extra
independent noises in the process. Due to the high non-stationarity and noise level in financial
time series, we use CEEMD as the noise-assisted decomposition to resolve the mode mixing

problem. Results in the rest of this chapter are derived from the CEEMD algorithm.

2.2.3  Hilbert Spectral Analysis

By definition, an IMF lends itself to Hilbert spectral analysis, the second stage of HHT. An
oscillating real-valued function can be viewed as the projection of an orbit on the complex

plane onto the real axis. For any function in time X (¢), its Hilbert transform is given by

T X (s
Y(t) = H[X](2) ::l f_(z

™

ds, (2.6)

where the improper integral is defined as the Cauchy principle value. The transform exists
for any function in LP [113]. As a result, Y (¢) provides the complementary imaginary part

of X (t) to form an analytic function in the upper half-plane defined by
Z(t) = X(t) + Y (t) = a(t)e®, (2.7)

where
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For a function of the form in Eq. (2.2), if the amplitude a(t) and the frequency ¢'(t) are slow
modulations, the Hilbert transform will give a 7/2 shift to the phase 6(t) [15, 98]. Therefore,
the a(t) given by Eq. (2.8) is exactly the instantaneous amplitude, and the 6(t) given by
Eq. (2.9) is exactly the instantaneous phase function. The instantaneous frequency is then

defined as the 27-standardized rate of change of the phase function, that is,

(1) = %é(t) _ %% (arctan()ii?))) . (2.10)

The definition of IMF ensures a well-defined Hilbert transform, meaning that a(t) and f(t)

reflect the amplitude and frequency of the oscillation. Applying Hilbert transform to each

of the IMF components individually yields a sequence of analytic signals [54]:
c;(t) 4+ iH[c;](t) = ¢;(t) + i¢;(t) = a;(t)e’ D, (2.11)

for j=1,---,n. We refer to the ¢;(t) +ic¢;(t), 7 =1,--- ,n as the complex IMFs, where the
IMF components are the real parts, and the corresponding Hilbert transforms serve as the

imaginary parts. In turn, the original time series can be represented as
o(t) = Re Y aj(t)el THEE 4 (1), (2.12)
j=1

This decomposition can be viewed as a sparse spectral representation of the time series with
time-varying amplitude and frequency. In other words, each IMF represents a generalized
Fourier expansion that are suitable for nonlinear and nonstationary financial time series.
The sequence of instantaneous amplitudes and instantaneous frequencies can be represented

as the sparse Hilbert spectrum:

() =S By, where (£ = | T TP (213
j=1 0, otherwise.

Define the instantaneous energy of the j-th component as
Ej(t) = [a;(8) . (2.14)

We examine the behavior of the Hilbert spectrum through the pair (f;(¢), £,(t)), which fits

better with machine learning models for time series forecasting.
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2.2.4 Implementation with Financial Data

In this section, we visualize implementation on four financial time series of distinct type,
namely the S&P 500 index, the CBOE volatility index VIX, the gold price exchange-
traded fund (ETF) GLD, and the 10-year treasury yield (TNX), over a 10-year period from
4/1/2010 to 3/31/2020. For S&P 500 and GLD, let s(¢) be the value of the time series and
x(t) := log(s(t)) is the log price. For VIX and 10-year treasury rate, x(t) is the time series
itself. In each case, CEEMD is applied to z(t) to extract the IMFs and residual from the
time series, the Hilbert spectrum of which is later computed with HHT. To reduce the error

in instantaneous frequency computation, we have used the robust locally weighted scatter

plot smoothing (robust LOWESS) [25].

Fig. 2.1 shows the IMFs extracted using CEEMD. The top row in each plot shows the
original time series z(t), followed by the IMFs with decreasing frequencies, ended with the
residual term showing the overall trend. The modes on different scales indicate different
behavior of the time series. Taking early 2020 for example, when S&P 500 began the sharp
decline on 2/21/2020, modes 3 and 4 also show notable peak around the time period, but on
earlier dates (2/25/2020 and 1/21/2020). This indicates that a mode on a longer timescale
signals trends earlier than higher frequency modes. The opposite behavior is observed for

VIX — the lower-frequency modes exhibit a steep increase towards the day when VIX spikes.

Using formula (2.6), we implement Hilbert transform to the IMFs extracted using CEEMD.
Following Eq. (2.11), the IMF components are taken as the real parts and the corresponding
Hilbert transform are the imaginary parts, plotted together in Fig. 2.2. We see that each
real part (IMF component) and the corresponding imaginary part (Hilbert transform) are
oscillations coupled together, where negative (positive) Hilbert transform corresponds to a
increasing (decreasing) IMF component. The coupling behavior indicates the complex IMFs

can be useful for time series forecasting.
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Figure 2.1: IMFs and residual terms extracted from CEEMD of S&P 500 (top left), VIX (top
right), GLD (bottom left), and 10-year treasury yield (bottom right), from 4,/1/2010 to 3/31,/2020.
The top row in each plot shows the original time series. The second to last but one rows show the
IMF modes of the corresponding time series. The bottom row of each plot shows the residual term
of the time series.
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plotted together with their corresponding imaginary parts (Hilbert transforms of IMFs).
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The instantaneous frequency f;(t) from Eq. (2.10) associated with each IMF component c¢;(t)
of the four financial time series are presented in Fig. 2.3. From the 1st to 6th mode (top to
bottom), the fluctuations of instantaneous frequency tend to decrease, and the overall levels of
instantaneous frequency are reduced. Fig. 2.4 shows the instantaneous amplitude a;(t) from
Eq. (2.8) associated with each IMF component ¢;(t) of the four financial time series. From
the 1st to 6th mode (top to bottom), the fluctuations of instantaneous amplitude is reduced
significantly. As such, the higher-order modes reflects a clearer long-term trend compared to
lower-order modes. The fluctuations of the instantaneous amplitude and frequency are also

less rapid than the IMF component itself, satisfying the slow modulation condition.

2.2.5 End Effect of EMD

EMD-based decomposition methods and HHT are adaptive for nonstationary systems. How-
ever, the algorithms are also known for the issue of end effect, whereby the decomposition
and Hilbert transform have higher error when getting closer to the ends of the time series.
This is because the sifting algorithm in Section 2.2.1 uses interpolation in each iteration,
requiring an anchor point beyond the time span. The end effect can be relieved when the
time series has enough length, and we are only interested in the properties in the interior.
However, the error at the end can be a potential problem and may an additional challenge

for forecasting.

To characterize the end effect, we need to consider the decomposition with the position in the
time frame. Let’s define the end effect factor as the position of point ¢ on the decomposition

interval [11, T5]:
% — (T +T)

A(t) T, T

(2.15)

Note that A = 0 at the middle point of the time frame, and A = 41 at the ends. Suppose
the time series has the true IMF mode decomposition x(t) = > 7, c;(t) + 7;(t), then the
decomposition found by the CEEMD will be:
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(Cl(t>> e ,Cn(t), Tn(t)) ~ D(Ci(t)v e >CZ(t)>r;(t>a )‘(t»? (2'16)

which is a draw from the distribution due to the random nature of the noise-assisted algo-
rithm. Denote the shorthand notice as c(t) = (¢1(t), - ,cn(t),ru(t)). The error vector of
c(t) is:

E(c*(t),A(t)) =D(c*(t), A(t)) — c*(¢). (2.17)

Note that 17€(c*(t), A(t)) = 0 at any ¢, due to the exact decomposition in Eq. (2.5), and
Var(€;(c*, \)) increase with |A| due to the end effect.

2.2.6  Comparison to Other Methods

We end this section by highlighting the differences among the HHT-based method, Fourier
transform, and wavelet transform. As summarized in Table 2.1, HHT allows for nonlinearity,
nonstationarity. The HHT bases are determined in adaptive form with respect to the time
series, rather than being prespecified as in the Fourier and wavelet transforms. In addition,
HHT produces a sparse spectrum with finitely many of modes, which is a useful property
for our study of financial time series. The adaptiveness and sparsity also allow for practical
feature generation for time series forecasting, which is the main reason for our use of HHT

in this study.

Nonstationarity Nonlinearity Basis Spectrum
Fourier No No A priori Global; Dense
Wavelet Yes No A priori  Regional; Dense
HHT Yes Yes Adaptive  Local; Sparse

Table 2.1: Comparison between different transforms for time series.
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Figure 2.3: The instantaneous frequency associated with each IMF component derived from for-
mula (2.10) of S&P 500, VIX, GLD, and TNX. From top to bottom, the instantaneous frequency

correspond to modes with lower frequencies.
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Figure 2.4: The instantaneous amplitude associated with each IMF component derived from for-
mula (2.8) of S&P 500, VIX, GLD, and TNX. From top to bottom, the instantaneous amplitude
correspond to modes with lower frequencies.



21

2.3 Machine Learning Using HHT Features

HHT-enhanced ML prediction involves two steps. In the first step, HHT is applied to the
original time series z(t). CEEMD decomposes x(t) into n IMFs ¢(t),-- ,¢,(t) plus the
residual term r, (), and then Hilbert transform on the IMF's yields the corresponding imag-
inary counterparts ¢ (t), -+, é,(t), along with the instantaneous amplitude a4 (t),- -, a,(t),
and instantaneous frequency fi(t), -, fn(t). These outputs represent the HHT feature set
derived from the time series x(t) (see Fig. 2.5). The following sections discuss the second

step of training and testing machine learning models on the HHT features.

]
ol e

(el c:

-

Figure 2.5: The collection of HHT features derived from the original time series.
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2.3.1 Training and Testing

After extracting the HHT features, a machine learning model is chosen for time series predic-
tion. Specifically, the goal is to predict the next period change Ax(t + 1) := z(t + 1) — z(¢).
Traditional time series prediction takes the values of x in the past 7 periods z®7) :=
(x(t — 7+ 1),---,z(t)) as input. In contrast, our approach uses only the HHT features

as predictors. The following shorthand notations are used for convenience:

cg-t’T) = (¢;(t—T+1),-- ,¢;(1)), (2.18)
cng)) = (cgt’T), iy, (2.19)

and likewise for other HHT features ¢, a and f.
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The machine learning objective is to minimize the expected ly-loss of Az(t + 1) prediction,

given information up to time t. This leads to the optimization problem:

3 t,T ~(t,T t,T t,T
min B[(Aa(t +1) = g(c(7), 607 ai ). )17,

where G is the functional class specified by the ML model so that each ¢ is a prediction
function determined within the training period. The filtration of information up to time ¢
is denoted by F;. For implementation with real data, we do not know the distribution of
input features and the target output, so the expectation is estimated by the sample average.
Specifically, we split the time series into a training section from ¢ = 1 to ¢t = T}, and a testing
section after that from t =77 + 1 to t =T} + T5. The ML models learn on the training set

by solving
T

. 1 t,7) A, 7 t,T t,T
96 T D (At +1) = glefyr) & i Frm)
t=1
The optimal predictive function found, g, is then tested on the unseen data. The perfor-

mance is measured in terms of mean squared error (MSE):

1 & (t7) At (67)  plt)
t,T ~(t,T t,T t,T 2
T Z (Ax(t+1)_g*(c(l,n)7c(1,n)’a(1,n)’f(l,n))) :
t=T1+1

2.3.2  Extrapolating Prediction

The training and testing framework discussed above is useful in validating the predictive
power of HHT and perform feature selection. However, in real-time forecasting, we are only
able to do the decomposition up to the current time ¢, and the testing is the one-shot ex-
trapolation into the future ¢ + 1 where no decomposition is available. The above-mentioned
procedure and most of the previous studies suffered from information leakage from the future
that enhanced the prediction at the current time. However, when moving towards a truly
extrapolating prediction, the end effect inevitably harms the accuracy due to the interpola-

tion property described in Section 2.2.5.
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As discussed in Section 2.2.5, the decomposition of x(t) depends on the position of ¢ in
the time frame, characterized by the end effect factor A(t) define in Eq. (2.15). Since the
distribution of the decomposed component is according to Eq. (2.16), depending on A, the

prediction model then becomes

t,T ~(t,T tT tT
Tr ~ gy ), T al T FET ), (2.20)

which means we need to incorporate A into the predictors.

Now we are ready to establish a new machine learning framework for extrapolating prediction.
Since the traditional train/test split is no longer valid for extrapolating prediction using the

HHT features, we propose the following procedure of evaluation:

L] Fort:T1+1,--~ ,T1+T21

— Implement CEEMD and HHT on z(s) for s =t —1T,--- ;t — 1.

— Train machine learning model on t =7 --- ,t — 1:
| =
. (s—1,7) A(s—1,7) (s—1,7) s—=1,7)\\2
I;lelél T ;T(Ax(s) - g<c(1,n) ) C(l,n) ) a’(l n ) f(l n )) :
— Test one-shot prediction of Z(t) = g*(cgﬁ)’ﬂ, égfnl)’ﬂ, ) D of (lt 73 ).
e Evaluate testing mean square error T% ;F;Trlle(x(t) —z(t))2

Notice that the distribution of the input and output in the time series forecasting task is not
homogeneous, which requires an evolving prediction model such the long short-term memory
(LSTM) neural network. The generic machine learning models will have poor performance
on the testing error as the distribution is different from the training data. Implementation

details will be discussed in the following section.
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2.3.83 Machine Learning Models

Our approach is generally applicable to all ML models that take multidimensional features as
inputs. To illustrate our methodology, we implement several ML models for time series pre-
dictions. Specifically, we tested three different types of nonlinear regression models, namely
the regression tree ensemble (RTE), the support vector machine (SVM) regression, and the

long short-term memory (LSTM) neural network.

The algorithm framework for RTE and SVM are generically applied to classification or re-
gression tasks. Details of the models can be found in [22, 45] for RTE with least square
boosting and [36, 117] for SVM for regression. The LSTM model, on the other hand, re-
quires design of the network structure. In this section, we describe the network structure we

used for this study, which is visualized in Fig. 2.6

As a type of recurrent neural network (RNN), LSTM learns the long-term dependency
in sequenced data [46]. At each time step ¢, the LSTM block takes in new observations
ci(t),¢;(t),w;(t),a;(t), j =1,---n. The new inputs together with the network state infor-
mation from the last step generate the hidden units hy(¢),- - , hp(t). The LSTM block and
the hidden units then propagate to the next LSTM block. For deeper networks, we apply a
drop-out layer to the hidden layers and then feed into another layer of LSTM.

Our neural network structure consists of two layers of LSTM each with a drop-out layer.
The network then links to two fully-connected layers, each with a ReLLU layer for activation.
The number of hidden units in the layers are as follows: 100 - 200 for the first LSTM layer,
100 - 200 for the second LSTM layer, 50 - 100 for the first fully-connected layer, and 50 -
100 for the second fully-connected layer. For each data set, we tune the number of hidden

units via cross-validation.
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Figure 2.6: The structure of LSTM with HHT features.

For the regression task to predict y(t) = Axz(t + 1), the hidden units h(t) are connected
to the output y(¢) through a multi-layer neural network. In our study, we used multiple
fully-connected layers with the activation function of rectified linear unit (ReLU). The rea-
son to use ReLLU is to create nonlinearity in the prediction and induce sparsity to choose a
subset of useful signals. To train the neural network, we use the Adam solver [63] and train
multiple times with different randomization. The model with the lowest root mean square

error (RMSE) on the training set is used for testing.

2.4 Forecasting Experiments

In this section, we implement the machine learning forecasting experiments on the historical
prices of S&P 500 index, CBOE volatility index (VIX), SPDR gold ETF (GLD), and the
10-year treasury yield (TNX). In the first part, we experiment feature selection for the
HHT features and IMF components. The prediction follows the standard decomposition and
train/test split framework. In Section 2.3.2, we discuss the extrapolation prediction and the

associated end effect. The extrapolating prediction using LSTM is implemented.
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2.4.1 Features and IMFs Selection

We implement the ML models using HHT features during the 10-year period 4,/1/2010-
3/31/2020. The data are split into a training set 4/1/2010-3/31/2018 and an unseen test
set 4/1/2018-3/31/2020. The goal is short-time prediction for the next day change Ax(t+1),
based on the features up to time t. Comparison between using the original time series feature
") and with the HHT feature information cgtl’;l)), 68’;3), agtl’;l)), f((lt:g is the main performance
indicator. We set the lookback window 7 = 5 for regression tree ensemble and SVM, while

LSTM takes all the past features into the recurrent neural network, and each LSTM block

controls the past information flow and memory level. Four separate sets of features are used:

1. original time series: x(t),
2. IMF components: ¢(t),--- ,cn(t),
3. complex IMF: ¢1(t),¢é1(t), -+, cn(t), éu(t),

4. full HHT features: ¢;(t), ¢é1(t), fi(t),a1(t), -+, cn(t), énl(t), fult), an(t),

For each time series, HHT produces a large set of interpretable features corresponding to
different time scales. The feature size is increased by 4n times, where n is the number of
IMF components. Through our experiments, we determine the most useful set of features
for predictions using different ML methods, namely regression tree ensemble (RTE), support
vector machine (SVM), and long short-term memory (LSTM) neural network. For perfor-
mance comparison, we measure the mean squared errors (MSE) of the predictions over the
whole horizon, based on the four financial time series S&P 500, VIX, GLD, and 10-year

treasury rate.

Tables 2.2 — 2.5 summarize the experimental results from using RTE, SVM, and LSTM
based on S&P 500 (log price), VIX index, GLD (log price) and 10-year treasury rate respec-

tively. As benchmarks, we show the MSEs from predictions with the original time series x
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as input feature, using the corresponding machine learning model. In all the rest parts of
tables, the predictions are made using only HHT features and do not use the original time
series x directly. Each row corresponds to using only a subset of HHT features, and each
column corresponds to the set of IMF's included. The first and last few components are also

referred to as the high-pass (high-frequency) and low-pass (low-frequency) filters respectively.

Tables 2.2-2.5 show that generally the largest feature set (bottom row) lead to much reduced
errors. This suggests that HHT is capable of identifying the most important features from a
time series. Surprisingly, the feature pair (¢, ¢), which consists of only the IMF components
and the complementary imaginary parts derived from Hilbert transform in Eq. (2.6), yields
similar or better performance than a much larger feature sets, e.g. (c,¢, f,a), which indi-
cates that the most useful information in HHT is included in the complex IMF's. Considering
the much smaller feature set, the complex IMFs are more preferable in terms of informa-
tion criterion. Both feature sets outperform the feature set with only real IMF components,

which has been explored in many previous studies of machine learning prediction with EMD.

In terms of IMF selection, all three ML models perform better with all or the first few (high-
frequency) IMFs than the last (low-frequency) IMFs. In many cases, the machine learning
model performs best when the last IMF's are excluded (first 5). This is intuitive since low-
frequency components may not be as useful as high-frequency components for predicting
short-term movements, and a machine learning model with high complexity can potentially

overfit on the training set with redundant information.

Comparing different machine learning models, we see that LSTM does not perform as good
as the other more generic models in some scenarios. This is due to the fact that the prediction
framework is under the train/test split within the same decomposition. The generic models
lose predictive power compared to LSTM, as we get into extrapolating prediction in the next

section.
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Model: RTE

Features All IMFs First 5 First 4 Last5 Last4
x (original time series) 2.3036

c 1.2614 1.2185 1.3640  2.1418 2.2442
¢, ¢ 0.8203  1.0508  0.9540 2.0625 2.2048
¢, f 1.2845 1.1128  1.0747  2.0878 2.2539
c,a 1.2990 1.1378 1.0581  2.1720 2.2481
¢, f,a 1.0137 1.3420  1.2366  2.0850 2.2892
¢ ¢ f,a 0.8331 0.8713  1.0297 2.0815 2.2242

Model: SVM

Features All IMFs First 5 First4 Last5 Last4
x (original time series) 2.3313

c 2.0456 2.0545 2.0646 2.2685 2.3087
c,C 1.9943 2.0214 1.9987  2.2421  2.2826
e f 2.1161 1.9825 2.0030 2.2913 2.3100
¢, a 2.1867 21490  2.1105 2.2889 2.3006
¢ f,a 2.1842 2.0817 21089  2.2953 2.3064
¢ ¢ f,a 2.1446 2.0589  1.9897 2.2769 2.3023

Model: LSTM

Features All IMFs First 5 First 4 Lastb Last4
x (original time series) 2.3285

c 1.1400 1.2738  1.1537 2.0841 2.1510
¢, c 0.6348 0.5938 0.4876 1.9315 2.1239
¢ f 1.2031 1.4041  1.0702 2.0743 2.1610
c,a 1.4561 1.1516 1.3415 2.0796 2.2130
¢ f,a 1.2626 1.4305 1.1992 2.0707 2.1788
¢, é f,a 0.6834 0.9725 1.0058 1.9217 2.1233

Table 2.2: S&P 500 prediction error (MSE, x10~%) with different feature sets and components for
three machine learning models (RTE (top), SVM (middle), LSTM (bottom)). The benchmark (top
row for each model) is the prediction error from using the plain time series x only.
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Model: RTE

Features All IMFs First 5 First 4 Last5 Last 4
x (original time series) 6.2796

c 2.8104 3.0372  3.9181 5.7601 6.2365
c,C 1.9488 1.9982  1.8169 5.6598 6.1334
¢, f 2.4096 2.4606  2.4603 5.7786 6.2631
c,a 3.7021 3.0241  3.9229 5.8065 6.2387
¢, fa 2.4866 27127 21297 5.7865 6.2145
¢ ¢ f,a 2.1461 2.4642 1.5964 5.5183 6.1631

Model: SVM

Features All IMFs First 5 First 4 Lastb5 Last 4
x (original time series) 6.4127

c 5.9377  6.0057 5.6676 6.2427 6.2916
¢, C 5.9248 5.8020  5.6557 6.1872 6.3019
¢ f 5.8231 5.7919 55276  6.2204 6.2988
c,a 6.2414 6.0873  5.9045 6.2802 6.2950
¢ f,a 5.9618 6.0003  5.6598 6.2615 6.2985
¢, 6 fa 5.8611 5.8534 5.3969 6.1940 6.3017

Model: LSTM

Features All IMFs First 5 First 4 Lastb5 Last 4
x (original time series) 6.3131

c 3.7682 3.9556  3.4594  5.5977 6.0955
¢, ¢ 2.7004 2.5687 2.5492 5.3324 6.1218
¢, f 5.4949 5.2656  5.2457 6.4108 6.2548
c,a 4.3976 4.3648 4.4501 6.2045 6.2070
¢, fa 7.0323 5.7723  4.9104 6.2129 6.4870
¢ f,a 4.4516 4.6962  3.9247 5.8894 6.2638

Table 2.3: VIX index prediction error (MSE) with different feature sets and components for three
machine learning models (RTE (top), SVM (middle), LSTM (bottom)). The benchmark (top row
for each model) is the prediction error from using the plain time series x only.
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Model: RTE

Features All IMFs First 5 First 4 Lastb5 Last 4
x (original time series) 6.9816

c 2.7139 2.7363  2.5476  5.5666 6.7445
¢, ¢ 1.0644 1.1821 1.0336 5.2963 6.4202
o f 1.7681 1.9592  1.9780 6.0007 6.8471
c,a 3.1483 2.7417  2.5566  5.8702 6.7719
¢ f,a 2.1982 2.0045 2.2453 5.7184 6.6546
¢, é f,a 0.9626 0.9145 0.8760 5.5237 6.5540

Model: SVM

Features All IMFs First 5 First 4 Lastb5 Last 4
x (original time series) 7.2381

c 3.8314 3.8783 3.6813 6.2574 7.3537
¢, C 2.6886 2.6979  2.7458 5.8944 6.8402
¢ f 3.4269 3.4790  3.3913 6.0189 6.8042
¢, a 4.5545 44103 4.3258 6.4397 7.0054
¢ f,a 4.3807  4.1316 3.8366 6.5134 6.8918
¢ ¢ f,a 3.0045 2.6902 2.6795 6.0785 6.8850

Model: LSTM

Features All IMFs First 5 First 4 Lastb5 Last4
x (original time series) 6.9792

c 4.8152 3.4164  3.1468 5.7257 6.8414
¢, ¢ 1.4325 1.3451 1.4513 5.1071 6.5997
¢, f 2.8661 3.2673  2.8033 6.2854 6.8597
c,a 3.2262 3.1938  3.5799 5.7604 6.8049
¢ f,a 3.2504 34774 3.6283 5.7533 6.7521
¢, 6 fa 1.3953 1.5691 1.3248 5.1094 6.6098

Table 2.4: GLD prediction error (MSE, x107°) with different feature sets and components for
three machine learning models (RTE (top), SVM (middle), LSTM (bottom)). The benchmark (top
row for each model) is the prediction error from using the plain time series x only.



31

Model: RTE
Features All IMFs First 5 First4 Lastb Last4
x (original time series) 2.6011
c 1.4615 1.2206  1.1800 2.2609 2.5347
¢, ¢ 0.6244  0.6473 0.6545 2.1302 2.4472
o f 1.2036 1.1138  1.0990 2.2331 2.5236
c,a 1.3131 1.3719  1.3811 2.2872 2.5832
¢ f,a 1.0673 1.0318 1.0657 2.2663 2.5696
¢, é f,a 0.6299 0.6798  0.8444 2.1907 2.4539
Model: SVM
Features All IMFs First 5 First 4 Lastb Last4
x (original time series) 2.7631
c 1.6064 1.5610  1.5968 2.4099 2.6059
¢, C 1.3893  1.3023 1.3737 2.2918 2.5383
¢ f 1.9820 1.5531  1.4357 2.4251 2.5881
c,a 1.9156 1.7213  1.6954 24124 2.5908
¢ f,a 2.0474 1.8175 1.6666 2.4550 2.5877
¢ ¢ f,a 1.7609 1.4761  1.3948 2.3599 2.5489
Model: LSTM
Features All IMFs First 5 First4 Lastb Last4
x (original time series) 2.6071
c 1.1932 1.1545 1.1304 2.2402 2.4243
¢, ¢ 0.4184 0.4348 0.5390 1.9995 2.4374
¢, f 1.2942 1.1846  1.1972 2.2446 2.4780
c,a 1.1745 1.1426  1.0941 2.2503 2.4284
¢ f,a 1.2464 11732 1.1668 2.2991 2.5692
¢, 6 fa 0.4633  0.3816 0.4190 2.0137 2.4758

Table 2.5: 10-year treasury yield prediction error (MSE, x1073) with different feature sets and
components for three machine learning models (RTE (top), SVM (middle), LSTM (bottom)). The
benchmark (top row for each model) is the prediction error from using the plain time series x only.
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2.4.2  Extrapolation and End Effect

Table 2.6 shows the extrapolating prediction results with the end effect correction described
in 2.3.2. We see that the different HHT feature sets all improved the prediction accuracy
from using the plain time series and from the benchmark naive prediction zry; = x(7T).
Furthermore, the complex IMF components and the full HHT feature set not only achieved
lower mean square error, but also required less hidden units in the network and less training
time. This shows the HHT features are better at explaining the dynamics and presenting
the data.

Fig. 2.7 shows the 1-month rolling MSE of LSTM prediction using different feature sets. The
experiment is implemented on S&P 500 GLD, VIX and TNX from 1/1/2020 - 10/29/2020.
The HHT feature sets consistently outperform the benchmark prediction with plain time

series as feature (dashed lines).
2.5 Concluding Remark

In this chapter we presented a fully data-driven approach for multiscale analysis of non-
stationary financial time series. The key outputs of this method are the series of intrinsic
mode functions, along with the time-varying instantaneous amplitudes and instantaneous
frequencies. The method is then used to generate a collection of unique features that can
be integrated into machine learning models, such as regression tree ensemble, support vector
machine (SVM), and long short-term memory (LSTM) neural network. A novel technique is
proposed to attend the end-effect in training and evaluation. Through a series of examples
with empirical financial data, we showed that multiscale features can enhance the machine

learning models in terms of time series forecasting performance.
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S&P 500 Benchmark: 5.5770

Features MSEs Avg. # hidden units Avg. train time (s)
x (original time series) 5.5794 500.0 6.6166

c 5.0029 553.3 7.9682

c,C 5.1114 373.1 5.3871

¢ f,a 5.1444 322.6 4.1803

GLD Benchmark: 1.5698

Features MSEs Avg. # hidden units Avg. train time (s)
x (original time series) 1.5781 550.0 7.7274

c 1.3497 552.0 7.9372

c,C 1.3304 348.1 5.4421

¢, ¢ f,a 1.3872 3274 4.1814

VIX Benchmark: 87.141

Features MSEs Avg. # hidden units Avg. train time (s)
x (original time series) 86.828 400.0 6.8851

c 79.581 401.0 5.6356

¢, 79.265 399.5 5.6866

¢,é fra 75.450 515.7 8.3581
TNX Benchmark: 37.299

Features MSEs Avg. # hidden units Avg. train time (s)
x (original time series) 37.691 400.0 7.3313

c 35.749 504.8 8.8135

c,C 34.044 380.7 6.2190

¢,é f,a 31.954 431.4 7.1112

Table 2.6: Out-of-sample prediction error (MSE, x10~*) and computational cost of LSTM with
different features. The benchmark is the error of naive prediction x71 = xp. The first rows are
the prediction with the plain time series.
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Figure 2.7: 1-month rolling MSE of LSTM extrapolating prediction using HHT features.
The benchmark (dashed line) is the prediction with plain time series as the feature.
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Chapter 3

ADAPTIVE MULTISCALE ANALYSIS FOR
NONSTATIONARY TIME SERIES

3.1 Overview

In this chapter we delve deeper into the multiscale behaviors of nonstationary time series,
taking cryptocurrency price as our study objective. We propose the adaptive complementary
ensemble empirical mode decomposition (ACE-EMD) to deal with the highly nonstationary
property of cryptocurrency prices. We then proceed to study the cryptocurrency price dy-
namics at long-term and short-term using ACE-EMD as an adaptive scale separation filter.
Lastly the energy-frequency spectrum is used to show how different timescales are glued

together and evolve over time.
3.2 Adaptive Multiscale Decomposition

In this section, we propose the adaptive complementary ensemble empirical mode decom-
position (ACE-EMD) for multiscale decomposition of highly nonstationary time series. Im-
plementation is conducted using Bitcoin and Etherium historical prices as candidates for

cryptocurrency price dynamics.

3.2.1 Adaptive Complementary Ensemble EMD

We have seen in the previous chapter how the empirical mode decomposition (EMD) de-
composes any time series into a sequence of intrinsic mode functions (IMFs). Implementing
on nonstationary and nosy financial times series often leads to the undesirable mode mixing
phenomenon, and the noise-assisted ensemble methods (EEMD and CEEMD) introduced in

Chapter 2.2.2 were developed to handle the problem.
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However, new problem comes when the time series is of high degree of nonstaionarity and
noise, such as crypto currency prices. Both EEMD and CEEMD apply white noise with
a constant variance over time. Most financial time series, however, have nonstationary or
time-varying volatility (see Fig. 3.3 for example). This phenomenon is commonly observed
among cryptocurrencies. Many cryptocurrencies tend to have a very low volume after incep-
tion or initial coin offering (ICO), and some may experience huge rise in trading volume and
volatility at some point. A constant noise level will decrease the signal to noise ratio when

the time series is of low volatility, even resulting in a meaningless signal there.

In order to capture the time-varying volatility of cryptocurrencies, we consider the adaptive
complementary ensemble empirical mode decomposition (ACE-EMD), where the noise level
of w;(t) is proportional to the intrinsic noise level. Inspired by [55], a pilot sifting process
is first implemented on x(t), taking the first IMF component c¢,(t) as an adaptive noise

estimation. The full algorithm is summarized as follows:

e Implement a pilot sifting process on x(t) and extract the first IMF component c,(t).

e Estimate the local maxima of ¢,(t) and interpolate it with cubic spline a,(t). Accord-
ing to the symmetry definition of IMF, the upper envelope a,(t) should equal to the
amplitude of the pilot mode ¢,(t).

e Fori=1,--- N:
— Generate noise w;(t) from a distribution (e.g. Gaussian noise) such that
Elw;(t)] = 0, Var[w;(t)] = o?a2(t), w;(s) AL w;(t) for s # t. (3.1)

— Implement EMD on z(t)+w;(t) and decompose it into IMF components ¢} (), - - -

plus a residual term r; (¢).

C

+

) i

(t)
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— Implement EMD on z(t)—w;(t) and decompose it into IMF components c;; (¢), - - -

plus a residual term r;, (t).

e Compute the decomposition of z(t) as the ensemble mean:

1 N

=S @0 ), =L
=1

1 N

ﬁz +rzn ))
=1

Applying these to Eq. (2.5), we conclude that the components from the ensemble mean sum

up to the original time series, so ACE-EMD ensures an exact decomposition.

It remains to determine the only parameter in the algorithm, the noise level o. To that end
we choose o to optimize the orthogonality and separability of the decomposition (see e.g.

[123]). Following [54], the orthogonality index of the decomposition is defined as
1 [T = ci(t)er(t)
I== 2t 3.2
r) 2 &

The summation is over all the mode pairs, including the residual term r,(¢) as the (n + 1)-
th mode. Similarly, the separability is defined as the root-mean-square of the pairwise
correlation between the modes (see [123]). The strategy is to choose ¢ minimizing the

separability while keeping the absolute value of orthogonality index small (e.g. |OI] < 0.05).

3.2.2  Implementation on Cryptocurrencies

In this chapter we implement the algorithms on the daily price of a collection of cryptocur-
rencies from 1/4/2016 to 3/29/2021. Fig. 3.1 shows the decomposition from ACE-EMD for
the log prices of BTC and ETH. The top row in each plot shows the original time series z(t),
followed by the IMF ¢;()’s with decreasing frequencies, ended with the residual term. The

number of IMF components n = 5, so along with the residual term, there are 6 components



38

IMF 1
S o
o o N
IMF 1
S o
N o N
I E I

IMF 2
S o
o o N
IMF 2
S o
[N} o N

IMF 3
S 3
voo
T T
I I
IMF 3
o
o o
é

Residual
®
T
I
Residual

o N & o
T
I

I I I I I
2017 2018 2019 2020 2021 2017 2018 2019 2020 2021

=

Figure 3.1: IMFs and residual terms extracted from ACE-EMD of BTC (left) and ETH (right),
from 1/4/2016 to 3/29/2021. The top row in each plot shows the original time series (in log prices).
The subsequent rows show the IMFs of the corresponding time series, except for the bottom row
which shows the residuals.

in total. As we can see, the first IMF exhibits the highest frequency of fluctuation, whereas

the smooth residual term reflects the overall trend.

3.3 Timescale Separation with ACE-EMD

Financial time series often exhibit characteristics on different timescales. The short-term
scale explains more of the volatility while the long-term scale reflects the trend. Separating a
time series onto different timescales provides extra insights of the dynamics. In this section we
use ACE-EMD as an adaptive filter, showing low-frequency reconstruction and stationarity

at high frequency. Interesting volatility behavior is observed under high-pass filtering.
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3.3.1 ACE-EMD Filtering

By construction of the EMD algorithm, the iterative sifting process identifies the finest struc-
tures, and then extract longer and longer scales. As a result, the first few components have
higher frequency which are more noisy, and the last few components have lower frequency
representing long term structure. In fact, [55] showed that EMD and its variations can be

used as a dyadic filter for time series. Here we use ACE-EMD to be the time series filter.

In the reconstruction of the original time series using the IMF components, we can choose a
subset of modes as a filter for desired information. By removing the first few high frequency
components, we create a low-pass filter; that is,

n—m;+1

) =2t - D ot). (3.3)

j=1
This reconstruction using only the last few components can serve as a smoothing of the time

series. Similarly, we can also build a high-pass filter with

mp

2y =" e, (3.4)

J=1

which captures the high-frequency local behaviors corresponding to noise and volatility.

In each case, the number of components (including the residual term) equals to m; and
my, respectively. We use x(Lml)(t) and xgnh)(t) to denote the low-pass and high-pass filtered
reconstruction of x(t) with m; and m;, components. Note that the low-pass filter and the
high-pass filter are complementary to each other when m; +m;, = n + 1, where n + 1 is the

total number of components (including the residual term).

Fig. 3.2 illustrates the low-pass filtered reconstruction of BTC and ETH prices. This involves

applying Eq. (3.3) using different collections of components. Specifically, we have used the

last 4, 3, and 2 components including the residual term, i.e. x(Lml)(t) with m; = 4,3,2. The
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reconstructed log prices are taken exponential to approximate the original price data. We
can see that, with more components included in the reconstruction, the resulting time se-
ries resembles the original time series on a finer timescale. Compared to some other time
series smoothing techniques, such as moving average, the ACE-EMD low-pass filter achieves

smoothing without lags.

x10*
6 I

—— All Components
Last 4 Components

Last 3 Components
Last 2 Components

2017 2018 2019 2020 2021

Figure 3.2: Reconstruction of BTC price (in $) time series from 1/4/2016 to 3/29/2021. The
decomposition is implemented on the log price using the low-pass filter in Eq. (3.3), and then
exponentiated to show the reconstruction in US dollar.

While the low-pass filter with ACE-EMD exhibits smoothed trends in the time series, the
high-pass filter removes nonstationarity thus making the time series ready for statistical
analysis. Table 3.1 shows the stationarity test results for BTC, ETH, XRP and LTC, before
and after high/low-pass filtering. We experimented with three stationarity (unit-root) tests,
namely the Augmented Dickey-Fuller (ADF) test [24], the Kwiatkowski, Phillips, Schmidst,
and Shin (KPSS) test [70], and the Phillips-Perron (PP) test [103]. The results show that the
highly nonstationary cryptocurrency prices become stationary after high-pass filtered with
ACE-EMD. The three stationarity tests suggest consistently that a high-pass filter with one

or two ACE-EMD components is favorable when doing timescale separation.
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BTC ;tg) zg> azg) xg) xS) zf) z(L‘l) :B(LS> a:f) xg)

ADF test | 0.0010 0.0010 0.0010 0.0010 0.0172 | 0.9985 0.9990 0.9990 0.9990 0.9990 0.9990
KPSS test | 0.1000 0.1000 0.0100 0.0100 0.0100 0.0100 0.0100 0.0100 0.0100 0.0100 0.0100
PP test 0.0010 0.0010 0.0010 0.0010 0.0172 | 0.9985 0.9990 0.9990 0.9990 0.9990 0.9990

ETH mg) xﬁ? zi? xg_}l) a:g) T azf> z(L4> x<L3> x<Lz) :c(Ll)

ADF test | 0.0010 0.0010 0.0010 0.0010 0.0168 | 0.9840 0.9990 0.9990 0.9990 0.9990 0.9990
KPSS test | 0.1000 0.1000 0.0104 0.0100 0.0100 0.0100 0.0100 0.0100 0.0100 0.0100 0.0100
PP test 0.0010 0.0010 0.0010 0.0010 0.0168 | 0.9840 0.9990 0.9990 0.9990 0.9990 0.9990

XRP xg) :1:(;) x(}?) x;}l) x(;) T :(:f) I(L4> I(L3> xf) x(Ll)

ADF test 0.0010 0.0010 0.0010 0.0010 0.0131 | 0.0263 | 0.0012 0.0010 0.0010 0.0010 0.0010
KPSS test | 0.1000 0.1000 0.1000 0.0100 0.0100 0.0100 0.0100 0.0100 0.0100 0.0100 0.0100
PP test 0.0010 0.0010 0.0010 0.0010 0.0131 | 0.0263 | 0.0012 0.0010 0.0010 0.0010 0.0010

LTC mg) x(}?) :B(;) a:%) ac(I_?) T x(L5) :E(wa x(Ls) x(L2) z(Ll)

ADF test | 0.0010 0.0010 0.0010 0.0010 0.0235 | 0.9325 0.9971 0.9990 0.9990 0.9990 0.9990
KPSS test | 0.1000 0.1000 0.1000 0.0100 0.0100 0.0100 0.0100 0.0100 0.0100 0.0100 0.0100
PP test 0.0010 0.0010 0.0010 0.0010 0.0235 | 0.9325 0.9971 0.9990 0.9990 0.9990 0.9990

Table 3.1: The p-values from stationarity tests of the low/high-pass filtered time series of
four major cryptocurrency prices. Results from the high-pass filtered time series are on the
left with increasing number of components included; results from the original unfiltered time
series x are placed in the middle column, and results from the low-pass filtered time series
are on the right with decreasing number of components included. The null hypotheses of
ADF test and PP test are nonstationary (unit-root), while the null hypothesis of KPSS test
is stationary (no unit-root). The bold-highlighted values indicate stationarity under 0.05
significant level.

3.3.2  Volatility Dynamics at Different Scales

Applying Eq. (3.3) and (3.4) to filter the original time series into low-pass and high-pass
components, we are able to analyze the long-term and short-term behaviors through filtered
statistics such as mean and volatility. As the base setting, let s(¢) be the asset price, and
x(t) = logs(t) be the log price. Implement ACE-EMD on z(t) and apply Eq. (3.3) and

(3.4) to get x(Lml)(t) and x(Hm”)(t), with m; and mj, being the number of components in the
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low-pass and high-pass filtering respectively. Define the low-pass and high-pass log returns:

r () = 2 = (- 1), (3:5)
i () = i (6) = (- 1), (3.6)

The low-pass and high-pass volatility are the standard deviation of the low-pass and high-

pass returns, defined by the unbiased estimators

T
o =\ =y 2 (0 - ™) (37)
\ T-14
1 o 2
o = | g o (0 = i) (38)
\ T—-14
where . .
u = o = 5 3 ), (3.9)
t=1 t=1

are the mean values of low-pass and high-pass log returns.

To obtain annualized volatility, multiply U(Lml) and agimh) by /252, where 252 is the number
of trading days in a year. The annualized volatility of filtered time series is estimated for
BTC, ETH and S&P 500 from 4/1/2016 to 3/31/2020. Fig. 3.3 shows the 3-month rolling
volatility computed using all components, high-pass filtered data, and low-pass filtered data.
Recall from Fig. 3.1 that the time series are decomposed into 6 components including the
residual terms. We use m; = 4 for low-pass filtering and m;, = 2 for high-pass filtering.
Notice that the high-pass filtered time series captures most of the volatility residing in the
original times series. Therefore, we consider using the stationary high-pass filtered data in

the following statistical analysis.
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Figure 3.3: 3-month rolling volatility of BTC, ETH, and S&P 500 from 1/4/2016 to 3/29/2021.
Values are computed using all components, high-pass (my, = 2) filtered data, and low-pass (m; = 4)
filtered data.
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3.8.8  Asymmetric Volatility

It has been observed in the financial market that the volatility of asset returns is usually
asymmetric, i.e. the volatility is higher in a downside market than that in an upside market.
Following [16], asymmetry can be captured by looking at the conditional volatility. Specifi-
cally, we examine if the asymmetry exists in the price dynamics. To that end, we define the

conditional volatilities based on the ACE-EMD high-pass filter as follows:

o) = \Var(r () (¢ — 1) > pl), (3.10)
o = \Var(r () (¢ — 1) < ). (3.11)

(mn) (mn)
In essence, 0" and o

capture the high-pass volatilities conditioned on an upside move-
ment and a downside movement respectively.

Fig. 3.4 shows the 3-month rolling estimation of the conditional volatility using high-pass
filtered data of BTC, ETH, and S&P 500. In the high-pass components, we see that S&P
500 shows asymmetric volatility with a larger downside volatility most of the time. The
cryptocurrencies, however, exhibit both directions of asymmetry, where upside and down-
side movements trigger high volatility alternately during different periods of time. This

phenomenon suggests a distinct behavior of the cryptocurrencies comparing with the tradi-

tional equity indices.

Define the events of upside volatility asymmetry and downside volatility asymmetry as:

At = (UY;}Z) - U(_"g‘)) > eagn“) (3.12)
AT = (05:%) — 0(_?)) < —ea?fbh) (3.13)

In Fig. 3.5, we plot the frequency of event A™ as defined in Eq. (3.12), against the frequency
of event A~ as defined in Eq. (3.13). The dashed line corresponds to P(A")+P(A~) = 1, The
closeness to the dashed line indicates the level of volatility asymmetry in general. Towards the

upper left direction the time series are upside volatility asymmetry dominated, while towards
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Figure 3.4: 3-month rolling estimation of the conditional volatility using low-pass and high-pass
filtered data of BTC, ETH, and S&P 500 from 1/4/2016 to 3/29/2021. Values are computed using

high-pass (mj, = 2) filtered data.
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the lower right direction the time series are downside volatility asymmetry dominated. We
can see there is a clear gap separating the assets into two clusters of upside and downside
asymmetry. The three equity indices, S&P 500, DJI, and NASDAQ), are all on the downside
volatility asymmetry end. The top cryptocurrencies like BTC and ETH are also in that
region. In contrast, the gold ETF (GLD) is in the upside volatility asymmetry region.
Several cryptocurrencies, such as XRP, TRX, XLM, and DOGE, are also found in the upside

volatility asymmetry region.
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Figure 3.5: Asymmetric volatility effect for cryptocurrencies and traditional financial securities,
estimated using prices from 1/4/2016 to 3/29/2021. Points closer to the lower right corner are more
dominated by downside volatility, while the upper left region shows more upside volatility. Points
closer to the dashed line show more volatility asymmetry in general.
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3.4 Energy-Frequency Spectrum

In Chapter 2.2.3 we have shown how Hilbert spectral analysis recovers the instantaneous
frequency and energy for each IMF. Instead of studying the evolution in time, spectral anal-
ysis looks at the energy distribution on different scales, providing an alternative aspect from
the frequency domain [64]. In this section, we compute and analyze the energy-frequency

spectra for a wide collection of cryptocurrencies.

3.4.1 Central Frequency and Power Spectrum

For each time series, we can obtain the instantaneous frequency f;(t) from Eq. (2.10) and
instantaneous energy E;(t) from Eq. (2.14), corresponding to mode j = 1,---,n. This
allows us to derive the instantaneous energy-frequency spectrum as shown in Fig. 3.6 for
BTC, ETH, LTC, XRP and two traditional financial market indices S&P 500 and GLD. Each
point on the plots is a pair of (f;(t), £;(t)), formode j =1,--- ,n, and timet = 1,--- ,T. We
see that for each mode j, the instantaneous energy-frequency pairs (f;(t), £;(t)),t =1,--- ,T
form a cluster of points. We define the central frequency and central energy of mode j during

the time period [0, 7] as follows:

fi =exp (% /0 ! log fj(t)dt) , (3.14)
E, — exp (:F /0 o Ej(t)dt) | (3.15)

While the instantaneous frequency and energy are time-varying, they are typically fluctu-
ating or orbiting around the central points. [35] assume a central frequency in each mode
and used the concept to derive the variational mode decomposition (VMD). Intuitively, the
central frequency and central energy capture the overall spectral properties of the time series

[120].
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Figure 3.6: Instantaneous energy-frequency spectrum for two major cryptocurrencies BTC , ETH
and two traditional financial market indices S&P 500 and GLD for comparison. The estimation
are done on the time period from 1/4/2016 to 3/29/2021. The black cross in each plot marks the
mean of the cluster of points in log space, representing the central frequency for each mode. A
linear regression is run on the central frequencies to estimate the slope of the spectrum.

From Fig. 3.6 we also observe a clear linear relationship in the log space of central frequency

and energy pair ( fj,Ej), which are marked as the black crosses. This indicates a power

spectrum relation
1

The power spectrum exponent a controls how fast the energy decays from lower to higher

E(f) (3.16)

frequency, and is key to the property of the spectrum and the associated time series. It has
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been long observed that many time series in nature have « close to one, well-known as the
1/ f spectrum or “pink noise”. In Fig. 3.6 the solid line in each plot is obtained from linear
regression of (log(f;),log(E;)). The negative slope of the line estimates the power spectrum

exponent « for the time series.

Comparing the financial time series, the cryptocurrencies exhibit a more rapid dissipation of
energy with respect to frequency than that of S&P 500 and GLD. This reveals that the rapid
fluctuations in the cryptocurrencies tend to have relatively smaller magnitude than those
for S&P 500, which contradicts the notion that the cryptocurrencies are volatile with rapid
movements. In terms of power spectrum, S&P 500 has exponents closest to the 1/ f spectrum,
while the cryptocurrencies and GLD generally have o > 1. In Table 3.2, we computed the
a exponents for the top crytocurrencies in market capitalization, and compared against the
results from three traditional financial market indices. The results show consistently that
cryptocurrencies and GLD mostly have a > 1, while the equity indices typically have «

below and close to 1.

Crypto @ R? Crypto « R? Crypto @ R?
BTC 1.2070 | 0.9911 ETH | 1.1681 | 0.9898 || BNB | 1.2460 | 0.9333
ADA 1.3294 | 0.9865 || XRP | 1.2307 | 0.9844 LTC | 1.1832 | 0.9994

THETA | 1.1371 | 0.9591 || LINK | 0.9433 | 0.9200 || BCH | 1.0574 | 0.9887
XLM 1.1545 | 0.9964 || DOGE | 1.1759 | 0.8701 TRX | 1.1160 | 0.9621

MIOTA | 1.0950 | 0.9860 || XMR | 1.0613 | 0.9809 EOS | 1.0811 | 0.9817

Index 1% R? Index a R? Index @ R?
S&P 500 | 0.8937 | 0.9924 DJI 0.8776 | 0.9191 GLD 1.1735 | 0.9669

Table 3.2: Power spectrum exponents « of top 30 cryptocurrencies by market capitalization,
excluding stable coins and coins with less than 3 years of history. At the bottom of the table
are equity indices (S&P 500 and Dow Jones) and gold ETF (GLD) for comparison. Estimations
are implemented on the time period 1/4/2016-3/29/2021 (or start from inception dates or earliest
available records).
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3.4.2  Frequency Synchronization

To further investigate the spectral difference between cryptocurrencies and traditional finan-
cial market, we compare between each two time series the central frequencies fj, jJ=1--.n.
In Fig. 3.7, we show the log-log scatter plots of the instantaneous frequencies of four asset
pairs: BTC vs ETH, BTC vs XRP, BTC vs S&P 500, and ETH vs S&P 500. Each point
on the plot is a pair of instantaneous frequencies of the two time series recorded at the same
time, and the central frequencies are marked as the black crosses. The solid straight line
of unit slope shows the reference line for identical frequencies. We observe that the cryp-
tocurrencies, e.g. BTC vs ETH and BTC vs XRP, share very similar frequency profiles. The
central frequencies of all the IMF components are very close between two cryptocurrencies.
On the other hand, the central frequencies deviate from the identical line at low frequency
modes for BTC vs S&P 500 and ETH vs S&P 500. More specifically, the cryptocurrencies
show slower dynamics in the longer term components, while the fast modes of both cryp-

tocurrencies and S&P 500 have very similar mean frequencies.

The central frequencies of the IMF components show consistent similarity within the cryp-
tocurrency market and common deviation from the traditional stock market. The interesting
identical frequency profile within the cryptocurrency market suggests synchronization, which
is a typical phenomenon in nonlinear dynamics with interaction (see e.g. [105]). In order to
quantify the frequency synchronization level between two time series x; and x5, we define

the associated frequency deviation as follows:

(1)

Dia1,a2) i= Y log? (%) = [[1og(7) — log(F) . (3.17)

A lower frequency deviation value represents higher synchronization level. In particular, we
have D(xy,z2) = 0 if and only if the central frequencies of all the IMF components are

identical for xy and x, meaning the two time series are fully synchronized.
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Figure 3.7: Instantaneous frequency: BTC v.s. ETH (top left), BTC v.s. XRP (top right), BTC
v.s. S&P 500 (bottom left), and ETH v.s. S&P 500 (bottom right). The estimations are done on
the time period from 1/4/2016 to 3/29/2021.

It is of interest to see how the cryptocurrencies have been evolving compared against the
stock market represented by S&P 500. In Fig. 3.8, we plot the estimated power spectrum
exponent a based on a 2-year rolling window, for the cryptocurrencies BTC, ETH, LTC,
XRP, and the benchmark S&P 500. We see that the power spectrum exponents « of cryp-
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tocurrencies are moving closer to that of S&P 500. Furthermore, in the second plot, we
see that the frequency deviation from S&P 500 defined in Eq. (3.17) has decreased from
July 2017 till July 2020 for all the four cryptocurrencies. These observations are evidence of
synchronization over a relatively long period of time and suggest an underlying interaction

between cryptocurrencies and the stock market.
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Figure 3.8: Top: The evolution of the power spectrum exponents for four major cryptocurrencies
{BTC, ETH, XRP, LTX}, compared against S&P 500. Bottom: The frequency deviations from
S&P 500 for the 4 cryptocurrencies. In both plots, results are computed based on 2-year rolling
windows from 1/4/2016 to 3/29/2021.
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3.5 Concluding Remark

We have presented the ACE-EMD method for multiscale analysis of nonstationary financial
time series with a focus on cryptocurrency prices. The key outputs of this method are
the series of intrinsic mode functions, along with the time-varying instantaneous amplitudes
and instantaneous frequencies. Different combinations of modes allow us to reconstruct
the financial time series based on different timescales. This allows us to better understand
cryptocurrency price movements due to short-term fluctuations vs. long-term trends. It also
sheds light on the multiscale properties of cryptocurrency volatilities that set them apart from
traditional equities. In the same spirit, we apply Hilbert spectral analysis to compute the
associated instantaneous energy-frequency spectrum for a collection of cryptocurrencies. In
particular, the power spectrum exponents of cryptocurrencies have been significantly higher

than that of S&P 500, but are seen to be converging in recent months.
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Chapter 4
INTRADAY MULTISCALE VOLATILITY

4.1 Overview

In this chapter we discuss the multiscale behaviors of intraday price movement for high-
frequency data. The focus is on how univariate risk measures such as variance and volatility
change with timescale. Starting with definitions around multiscale volatility, we show for a
wide range of typical price processes how they should behave. Then we introduce multiscale
models for high-frequency intraday price, using fractional Brownian motion and microstruc-
ture noise as the building blocks. The proposed noisy fractional Brownian motion model
is shown to possess different volatility behavior. Algorithms for numerical estimation from
time series observations are then introduced, with new Hurst exponent estimator proposed
for the noisy fractional Brownian motion model. Lastly we show experimental results on
real-world high-frequency price data for a collection of U.S. stocks and ETFs and compare

then to theoretical results from the models.
4.2 Multiscale Volatility

As the basic setting, the price of a financial asset at time ¢ is denoted as P,. The standard
(arithmetic) return over the period from ¢ to ¢+ 7 is defined as P,/ P, — 1. While the arith-
metic return is convenient for calculating wealth change in a portfolio, it is not additive when
dealing with multiple periods. For multiscale study which mainly considers price movements
over periods of time, it is more convenient to use the logarithmic return log(P,y,/P;). The
arithmetic return is well approximated by the logarithmic return at small price movement
which is usually true especially for the intraday scenario. For simplicity of notation let’s

directly analyze the log price defined as follows.
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Definition 1. Let P, be the random process of an asset price. Its log price is defined as

X, :=log(P,). The log return over the time interval from ¢ to ¢ + 7 is defined as
Tt)f;_ = Xt+7- — Xt. (41)

In the later part of the thesis, we will mainly work on the log price, as it has good properties
when considering multiple time periods, thus a better choice for multiscale study. In most

of the following discussions, the term “return” will just refer to the log return for simplicity.

4.2.1 Definition

T¢,7 1S a time series of ¢ in the time domain. However, under stationary increments assumption,
the distribution of 7, ; depends on 7 only, which is the main focus of this study. (Often times
this is not true, but a good approximation for studying intraday return behaviors.) The two
most important properties of a return distribution are its expectation and variance. Since
expectation is a linearly additive operator, the expected return will just scale proportionally
with 7, i.e. E[r{¥,] oc 7. On the other hand, the the second moment behaviors will be much

more interesting. The scaling properties of variance can be described by the following:

Definition 2. Let the log price X; € R be a stochastic process with stationary increments

on 0 <t < T. Define the following functions of 7 € R™:

e Multiscale variance:

VIX)(7) = V] = E[(ri},)"] — (E[r{])%, (4.2)
e Multiscale volatility:
S[X|(7) = w (4.3)

o Growth rate:

A[X](7) = . (4.4)
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Remark. While V[ X] and S| X] are functions describing the variance and volatility at different
scales, the growth rate A is an unit-less operator controlling the speed of risk accumulation

on every scales. We will see how it can be used to adjust noisy variance in the next section.

The following property is useful for the rest of the thesis:

Property 2.1 (Summation of processes). Let Xt(l), e ,Xt(n) be a sequence of independent

processes, then the multiscale variance is linearly additive:

ZX(“] (1) = ZV[X(i)](T). (4.5)

Proof. The proof is straightforward using the property of linear additive variance for inde-

Y,

pendent random variables:

zn:X(i)] (r)=V

n n

3t ] = S, = 3R
=1

i=1 i=1

Vv

4.2.2  Common Behaviors

The multiscale functions can actually take on many forms (not even always increasing, e.g.
X, = sin(kt+27mu), with u ~ U(0, 1)), however, for some special but wide classes of processes,

the multiscale functions have certain behaviors as shown in the following:

Proposition 1 (Uncorrelated increments). Suppose X; has stationary increments that are

uncorrelated (random walk), i.e.
]E[(th - th)(XtS - Xt2)] = E[XtQ - th] : E[XtB - th]? Vi <ty <ts.
Then there must be

VIX|(r) ocr, S[XJ(1) =0, A[X](1) =
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Proof. For any 71,7 > 0, we can show that V[X](m + 72) = V[X](m1) + V[X](72). Then

VIX](1 + 1) =E[(Xry4m — X0)?] = (E[X71r, — Xo))?
=E[(Xrim — Xn) + (X, = X0))?] = (E[(Xry4m, — X)) + (X7, — X)])?
=E[(Xr1r — Xn)*] + E(X5, = X0)?] + 2E[(X7, 17, — X7 (X7, — X))
— (B[Xr4r, — X0))? = (E[X5, — Xo))* = 2E[X7, 1, — X JE[X, — X0

=V[X](72) + V[X](7).

Then there must be V[X](7) 7. According to Definition 2, we can derive that S[X](7) is
a constant, and A[X]() = 1. O

Remark. Typically the requirement for a random walk is independent increments. Here we
loosen the condition to be uncorrelated increments, which guarantees a larger class of process
than that restricted by stochastic independence, while still satisfying the scale-independent

volatility property. The following is one example.

Example (Stochastic volatility). Let B; and W; be independent standard Brownian motions.

Define the stochastic volatility processes:
dXt = Mdt + \/ZdBta Vy = Oétdt + ﬁtth-

By, W; are independent Brownian motions. Even though X; does not have independent

increments (volatility clustering), its increments are uncorrelated:

([ o) [ )] -

Therefore, X; enjoys the multiscale properties in Proposition 1.

IRigorously speaking, we can only conclude from additive-ness to linearity for 7 on a rational grid.
Usually V[X](7) is considered to be a continuous function to justify the claim. Detailed discussion will
not be the main focus of this thesis.
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4.3 High-frequency Multiscale Models

As we have seen from the previous section, scaling behavior is prescribed by the type of
random process. In this section we discuss multiscale volatility in the intraday high-frequency
setting. We first review the classic fractional Brownian motion model proposed in [84], which
is widely used in finance to model long-range dependency. The market microstructure noise
model is introduced later for intraday high-frequency data. The combination of the two

creates interesting new scaling behavior, which will be the core of discussion in this section.

4.83.1 Fractional Brownian motion

The fractional Brownian motion model proposed in [84] is defined as follows:

Definition 3. Fractional Brownian motion (fBm) B, ¢ > 0, is a continuous-time Gaussian

process satisfies that E[BH] = 0, V¢ > 0, and has the following covariance function:
1
E[B B = 571 + 5 — |t — "),
where ¢t,s > 0, and H € (0,1) is called the Hurst exponent.

When H = %, fBm reduces to the standard Brownian motion with independent increments.
When H € (0,1/2), the process is anti-persistent or mean-reverting, with increments nega-
tively correlated. When H € (1/2,1), the process is persistent or trending, with increments

positively correlated.

Fractional Brownian motion admits various forms of stochastic integral representation which
can be found in Chapter 1.2 of [17]. In this study we use the following representation to

construct a fractional Brownian motion from an underlying standard Brownian motion:

BY = BW: H), = m / (=972 = (o) aw,, (46)

where W;, t € R is the underlying Brownian motion. For the rest of this thesis, we will

—00

be using this representation to define correlated fractional Brownian motions, and generate

sample paths of fractional Brownian motion (pairs).
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Definition 4 (Self-similarity). An univariate stochastic process X; € R, ¢ > 0 is self-similar
if there exist H € (0, 1), s.t.

Xy AT X, V> 0. (4.7)
One can check that a fractional Brownian motion has stationary increments and satisfies
the self-similar property, with the Hurst exponent serving as the scaling exponent H. (In
fact sometimes fBm is defined in such way.) In this study we are mostly interested in the
second moments scaling. Following Definition 2, it is easy to show that a fractional Brownian

motion with Hurst exponent H has
V[BA|(r) =", S[BY|(r) =12 A[B"|(r) = H. (4.8)

When H+1/2, the functions reduce to the form prescribed by Proposition 1. When H < 1/2,
the volatility decreases with the scale, and increase with 7 in the H > 1/2 case. Also note
that the growth rate A is a constant for any self-similar process, which can serve as an

important indicator for pure self-similarity..

4.3.2  Microstructure noise

In the study of intraday high frequency financial time series, there have been a variety of
studies on the market microstructure noise effect. The market microstructure noise has been
recognized to play an important role in finance, with earlier research date back to [19], and
resent studies on various types of assets such as the cryptocurrency [21]. At any time point,
the asset price is the result from a trading activity. Various frictions in the trading process
(e.g bid-ask spread, the discreteness of price, etc) may lead to “noise” in the price process
[60]. Several models have been proposed to formulate the market microstructure noise prob-
lem in different ways. In the recent work by [28], the noise is implicitly modeled by the
discrepancy between stochastic volatility and realized volatility, and the authors showed its

effect on estimating the Hurst exponent of the volatility process.
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To avoid any confusion on the concept of “market microstructure noise”, we fix our modeling
to be the same as the form in [4, 126, 106], among others. It worth pointing out that, in
most of these studies, the aim is to improve realized volatility estimation, and the “noise”
is regarded as some deviation from the “true price”. However, a price observed is the price
that was actually traded at, thus even the “noisy” price is financially meaningful. Therefore,
the “noise” is not only something to be removed for better estimation of other quantities,
but also worth careful study itself. The philosophy in this study is to consider the “noise”
as an integral part of the price dynamics itself. In this section we are going to establish its

multiscale behaviors.

Definition 5. Let X; € R, ¢t > 0 be some latent stochastic process. The noisy price process
is defined as

P,=exp(Yy), Yi=X,+¢€, Vt>0,

where € is the microstructure noise s.t. € L X, Ele;] =0, V]e;] = 02, and ¢, i.i.d., for V¢ > 0.

Remark. The noise can be viewed as an effect acting on the price whenever there is a trade.
Unfortunately, the noisy price process defined in this way will be nowhere continuous. How-
ever, in the market microstructure view the price will also be a non-continuous time process,
as the trades happen at discrete time points. This is the reason that we should always keep

7 > 0. Detailed discussion will be beyond the scope of this thesis.

Directly apply Property 2.1, and use the fact that
VIe|(T) = Viersr — €] =207, VY7 >0,
we can derive the multiscale functions in Definition 2 for the noisy price process:

VIY|(1) = VIX]|(7) + 202, (4.9)

2
20¢

- .

(4.10)

S = |/ S2X)() +
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Note that the volatility S[Y](7) — oo as 7 — 07, for any Vo, > 0. The undefined volatility
at 7 = 0 is the result from non-continuity of the noisy price path. Unlike the sensitiveness
of volatility to the noise, the following proposition shows a conservation law for the variance

and the growth rate.
Proposition 2. Define the growth-adjusted variance operator
V=V A (4.11)

Then for any noisy process Yy = X; + € as defined in Definition 5,

VY] =VIX] (4.12)
Proof. Using the result in Eq. (4.9), we can derive
AY](r) = % C“OZ G log(V[X](7) + 202)
1 d ,
= SVIXI() 5 207) dlog(r) . X(T) +200)
1 v(x](r)

~2VY]|(7) dlog(r)

Therefore,

1 dV[X](7)
=VI¥l()- 2V[Y](7) dlog(r)
~ 1dV[X](7)
~ 2 dlog(r)

On the other hand,

VIX](1) = VIX](7) - A[X](7)
 Ldlog(VIX](7))

=VIX](r) 2 dlog(T)

1 dv[X](7)
= VIX](7)- WIX|(7) dlog(T)
= VY](7),

which holds for any 7 > 0. O
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4.3.8  Noisy fractional Brownian motion

Based on definitions from the previous sections, we can model the asset log price at high

frequency as a noisy fractional Brownian motion defined as follows:

Definition 6. For Hurst exponent H € (0, 1), drift 4 € R, volatility parameter o € RT, and

initial value Y; € R, the noisy fractional Brownian motion is defined as:
Y, =Yy + ut +oB +¢, (4.13)
where ¢, is the microstructure noise with variance V(e;) = o2

Property 6.1. The multiscale functions of the noisy fractional Brownian motion Y; are

VIY](r) = o*(r*" + 21),

SIY)7) =0 yfre 4+ 2L

AlY|(r) = H

-
720 4 2n)’

where 1 := 0% /0? is the noise ratio.

Proof. Directly application of Eq. (4.9) and (4.10) to the multiscale functions of fractional
Brownian motion in Eq. (4.8) yields the variance and volatility functions. For growth rate,

use Proposition 2 to derive

AB ) VIBYIG) _
NI =""e ey

]

Remark. The effect of the microstructure noise on the multiscale functions is only through

the noise ratio n. One should be careful that the ratio is not unit-less. The reason is that

2

while ¢ is the variance of the noise, 6% is not the variance of the latent process itself, but

contributes in the form of o>7%#. The unit of 5 is thus [Time]?#, depending on H as well.
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4.8.4  Asymptotic Behaviors

In this section let’s discuss the asymptotic behaviors of the multiscale functions for noisy
fractional Brownian motion. The results will be useful when comparing against numerical

estimation on real world data.

e 7T — OO

The asymptotic behavior under big scale limit is approximating the latent fractional
Brownian motion itself, because the microstructure noise effect dissipates at long range.
Note that the big O terms are dominated by the asymptotic terms by rates controlled

by H > 0. The larger the Hurst exponent, the faster the convergence rate.

o 7 —0:

VIY](r) = 207 + O(7*"),
S[Y(r) = oo,
A[Y](r) = 0.

We see that the variance will not vanish to zero when then scale goes to zero, but
to a constant determined by the microstructure noise level. As discussed before, the
volatility is not well-defined at zero. At very small scale the microstructure noise
dominates the process, making the path very rough. It also worth note that even for
a plain fractional Brownian motion without noise, the volatility is not well-defined at
zero for any H € (0,1/2). The variance growth is also “overwhelmed” by the noise at

small scale, making the growth rate close to zero.
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For Hurst exponent H € (1/2,1), the volatility goes to infinity both at zero and at infin-
ity. The multiscale volatility function is not monotonic and there exist a critical timescale

minimizing the volatility. The optimality is achieved with

1 H-1/2

- (L) Y SY(F) =0 V2H (L) a

H—1/2 H—1/2

!_.
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Figure 4.1: Volatility curve of a noisy Fractional Brownian motion with H = 0.75,0 = 1,7 =
0.01. The minimal volatility is marked with the black dot.

We end this section with a discussion on the question: what is the role of the microstructure
noise played in the multiscale behavior of price? In the previous chapters of the thesis,
multiscale analysis is through components on different scales, from short-term fluctuation
to long-term trend. While the noise term be also be viewed as some form of “component”,
the question can be restated as: what is the scale of the noise effect? From the asymptotic
analysis, we see that the noise gradually dominates as 7 — 0. We may refer to the noise

component as “scale 0”. Its effect, though vanishes at long range, has impact on all other

scales.?

2An interesting comparison can be made with the mode mixing effect and the noise-assisted ensemble
solution discussed in Sect. 2.2.2. Even though noise is believed to reside in the highest frequency term, it
can potentially affect some of the lower frequency modes.
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4.4 Numerical Estimation

In reality, we are only able to observe a sequence of price at discrete time points t1,t9, -+ , t,.
At the highest frequency, these time points are the instants a trade happens, which may not
be nicely distributed with equal length intervals. For simplicity, in this thesis we assume the
time series is evenly sampled, which is a good approximation when the scale is not too small

(the experimental data to be used in the next section is at 3 seconds).

For the rest of this chapter, we stick to the setting that one sample path of price Py, P, ..., P,
is observed discretely at equal-spaced time points d0t, 20t,--- ,ndt. The rest of this section

discusses numerical estimation of the quantities describing multiscale return behaviors.
4.4.1  Multiscale volatility
Let’s first convert the observations to the log price time series

X; =log(P), i=1,---n.

For m € NT < n, we can estimate the multiscale functions in Definition 2 at scale 7 = mdt
as follows. Let P,,, C {(4,4)|1 <1i,j <n, j—i=m} be asubset of index pairs spanning a

range of length m.

e Variance:
1
Vi = B (X; — X; —mp)*. (4.14)
" (6,§)EPm
where = % is the estimated drift for detrending the process.
e Volatility:
V
S,y =) —. 4.15
mot ( )

After computing a sequence of V,, values, the growth rate can be estimated by

- log(vm—i-l/vm)

™= Tog(1+ 1/m) (4.16)
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Remark. The index pair set P is made flexible. In practice, there are some common choices.
The continuous rolling window {(1,m + 1),(2,m + 2),---,(n — m,n)} is a popular one,
which forms the largest possible set. In some cases people use non-overlapping windows

{L,m+1),(m+1,2m+1),--- ,(k—1)m+1,km+ 1)}

Remark (Bias-ness). The estimator of the variance in Eq. (4.14) is biased, even if the index
pair set P consists of non-overlapping windows. The reason is that the log return on disjoint
windows can be correlated. However, if the true value of the drift p is know, Eq. (4.14) is an
unbiased estimator of the variance. In practice there are many ways to detrend the process,
such as fitting an ordinary least square, or using EMD introduced in Chapter 2. Nevertheless,
even if we have an unbiased estimator of the variance, S, is still biased because of the concave

square root function.

4.4.2  Estimating Hurst exponent

The Hurst exponent is the key parameter in self-similar processes and the noisy fractional
Brownian motion model. For the past decades, several estimation methods were proposed,
including the original Rescale Range (R/S) analysis [57] and the popular Detrended Fluc-
tuation Analysis (DFA) [102]. The Generalized Hurst exponent was proposed in Eq. (1)
and (2) of [12] to estimate the scaling exponent for each order of moment. Because moment
scaling is an important tool to understand the properties of financial time series, there have

been numerous applications of the generalized Hurst exponent to finance [32, 83, 41].

For the same reason, we focus on modification of the generalized Hurst exponent algorithm in
this study. We first review the original Rescaled Range (R/S) method, as it is the standard
when comparing different algorithms. The review of generalized Hurst exponent estimation
comes next, followed by discussion on how the estimator can be biased under market mi-
crostructure noise and how to remove the bias. Before proceeding, we have to point out that

no method is perfect, and they can even disagree with each other significantly [119].
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Rescaled range analysis

The original rescaled range (R/S) analysis algorithm is described below. The algorithm is
adapted to the log price observation scenario:

Rescaled Range For time series observation Xi, X,,---,X,, take a consecutive sub-

sequence : X, Xpi1, -+, Xprm, and apply the following operations:

e Estimate the drift u = %(ka — Xi).

Detrend the partial time series: Z; = Xy — ut, fort =1,2,--- . m.

Compute the range R at scale m:

R(m) = maX(Zl,Zz, e 7Zm) — min(Zl,Zg, s ,Zm)

e Compute the return standard deviation S at scale m:
1« )
S(m) = . Zl(Xk—i—z‘ — Xppio1 — )2

Estimate the rescaled range at length m as (R/S),, = R(m)/S(m), and average over

all non-overlapping length-m sub-sequences.

Following the same procedure, we can estimate the rescaled range at different values of
m. The Hurst exponent H is then estimated by fitting (R/S),, ~ m*. Usually an ordinary
least square is fitted on the log-log plot log(R/S),, ~ logm, taking the slope as the estimator.

The R/S algorithm, however, will produce biased result when the time series is noisy. Here
we briefly show it by considering how the range (R) and the standard deviation (S) change
under the noise. Denote the noisy time series as Xt = X, + €. It is easier to consider the

return standard deviation first:

Var(e)
S(m)

S(m) =~ \/S2(m) + 2Var(e) = S(m) +



68

The return standard deviation will be larger. However, it is the scaling property of S(m)
that is important. In that sense, because all S(m)’s are computed from the finest timescale
returns, its expectation can be assume to be the same if the process is stationary. The noise
just makes the same normalization factor smaller, thus won’t affect the final scaling behavior

from this part.

On the other hand, the range R(m) depends on m in most cases, and will experience a
change that due to the noise. R(m) is the range of the detrended log price path over m
consecutive intervals. Imagine a white noise is added to the path of length m, and a new
maximal value and a new minimal value are obtained. The longer the length m, the higher
the chance for the maximal value to be higher and the minimal value to be lower. Therefore,
the range R(m) will increase under the noise, and the level of increment depends on m,
causing potential bias to the slope estimation. A detailed analytical analysis of the bias
amount and direction will be over-complicated, so we only provide numerical evaluation of

the deviation in Table 4.1.

Generalized Hurst exponent

By fitting the moments of increments against the scale, the original Hurst exponent can be
generalized to be order-based [12]. Generalized Hurst exponent, denoted by H,, studies the
scaling property of the increment distribution at the ¢g-th order moment. For a time series

observation X;, n=1,2,---,n, compute the ¢g-th order structure function as

Gy(m) = ([Xipm — Xil%),

70

where the (-), operator takes average over all feasible index i. H, is obtained by fitting

Gy(m) ~ mits,
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For self-similar processes, H, is the same for all order ¢. In our study, we are mostly interested

in the scaling of the second moment, thus fixing ¢ = 2. The algorithm is to compute

GQ(T)’Z) = <(Xz+m - Xz)2> ~ m2H2.

(2

For simplicity, in the later part of the chapter we will just use H = H,. Notice that this is
actually the same as the multiscale variance function V,, estimator in Eq. (4.14) (with data

centered). The formal variance analysis algorithm is as follows.

Variance Analysis

e Let M C NT be the set of scales to estimate variance.
e For m € M, compute V,, using Eq. (4.14).
e Fit ordinary least square linear regression of log(V},) ~ log(m). Denote the slope as «.

e Estimator H = /2.

Similar to the original rescaled range method, the Hurst exponent is estimated by taking log
of both V,,, and m, and fitting least square linear regression to find the slope. However, as we
have shown in Eq. (4.9), there will be a constant term in the structure function if the data is
subject to microstructure noise. Therefore, directly taking log and fit linear regression will
cause inevitable bias in the estimation of H. The following proposition provides a analytical

estimate of the deviation from the true value.

Proposition 3. Let X; be a self-similar process with Hurst exponent H and volatility o. The
noisy observation Y; = X; + ¢ has noise level .. Suppose we know the variance V[Y|(T)
for 7 € T C R on a finite set of scales. Then the Hurst exponent estimation H by fitting
log(V[Y]) ~ log(7) will be

2 A 2
- ). H<H<(1-—"1_).H
7-min + 277 TTinc{:p + 27]

where 1 := a2 /0? is the noise ratio, and Tpiy, := nf T, Traz :=sup T .
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Proof. The slope of the OSL regression is bounded by the range of the derivative

dlog(V[Y](7))
dlog(T)

= 2A[Y] (7).

Use the growth rate function in Property 6.1, and note that A[Y](7) is a monotonically

increasing function, we can get

7_2H 7_2H

2H - min < . max
7_2H + 2 7-2H + 2 ’
min n max n

]

Remark. The proposition shows that the estimated Hurst exponent will be strictly lower than
the true value, if there exist microstructure noise. The deviation amount, as calculated of

the form H | is determined by the noise level only through the noise ratio n. Choosing

2
T2H 4 on
T at large timescales can reduce, but not completely removing the bias. Lastly, the Hurst

exponent itself can also affect the amount of deviation, with smaller H suffering greater bias.

Growth-Adjusted Variance Analysis

In order to remove the microstructure noise bias, we propose the Growth-Adjusted (GrAd)
Variance Analysis algorithm to estimate the Hurst exponent. Instead of directly fitting the
variance, the growth-adjusted variance function defined in Proposition 2 is used as it has
good conservation property. Notice that under the noisy fractional Brownian motion model,
the growth-adjusted variance recovers the variance function of the latent process, up to a

constant of H (use Proposition 2 and Eq. (4.8)). The formal algorithm is as follows:

Growth-Adjusted Variance Analysis
e Form=1,2,--- M, compute V,, using Eq. (4.14).

e Compute growth rate A,, using Eq. (4.16).
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e Compute the growth-adjusted variance:

o Vm + Vm-‘rl

Vi = A - (4.17)

e Fit least square linear regression of log V,, ~ log(m + 1/2). Denote the slope as a.

e Estimator H = /2.

Because we approximate differentiation by finite difference when calculating the growth rate,

all other values are adapted to the average between scales m and m + 1 for better accuracy.

4.4.8  Estimating Noise Level

For the noisy fractional Brownian motion model, we can further estimate the noise level o..

Brownian motion assumption FEven though the base assumption is the noisy fractional
Brownian motion model, it is very common for people to hold the assumption that the
latent process is a Brownian motion. In this case the noise level still need evaluation. Using

Property 6.1 and fix H = 0.5, we propose the following estimator for the noise level:

min > (Bim+ By — Vin)*. (4.18)

Bo=>0,61€R
0 ! meM

Then the noise level is estimated by ¢, = 1/ /2, and the volatility is estimated by ¢ = /[;.
The noise ratio can be computed as 7 = $y/(261). M C N* is a pre-specified scale set, and
Vin's are from Eq. (4.14). This is actually an OLS with the constraint on the intercept to

be non-negative, because the variance of the noise o > 0.

Fractional Brownian motion assumption In the general case the latent process is
assumed to be a fractional Brownian motion with H € (0,1). In this case we first need to

use the Grow-adjusted Variance analysis to estimate H, and then solve

min > (Bm* + By — V). (4.19)

>0,81€R
B0>0,61 e M

Then the noise level is estimated by . = \//5/2.
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Remark. In practice the scale set M can be chosen to consist of only very small m’s, because
V., is most sensitive to the noise at small scale. On the other hand, the error of the variance

estimator becomes larger as m increase. Usually even M = {1,2} can be a good choice.

4.4.4  Monte Carlo Simulation

To evaluate the performance of the proposed algorithm, we test on simulated noisy fractional
Brownian motion sample paths. Three scenarios with Hurst exponent 0.5,0.4, 0.6 are exam-
ined with noise level o, = 2 x 107° and volatility parameter ¢ = 1 x 1072, To mimic the
3-second intraday time series to be used in the next section, sample paths were generated on

t € [0, 1] with 7800 equal-spaced points.

In Table 4.1 below we show the simulation results of Hurst exponent estimation, using the
proposed Growth-Adjusted (GrAd) Variance analysis, in comparison to the standard Vari-
ance analysis and the original Rescaled Range analysis. Under three different scenarios with
Hurst exponent corresponding to random walk, mean-reverting and trending behaviors, we
see that the proposed algorithm provides consistently unbiased results, and has the lowest
mean absolute deviation from the ground truth values. Algorithms not handling microstruc-
ture noise can not produce unbiased estimates for all of the scenarios. The histograms of the
simulation result are in Fig. 4.2 below. The red vertical line in each histograms indicates the
ground truth value. We can see the distribution of the GrAd variance analysis estimator is

centered around the ground truth values, while the other two algorithms yield biased results.

In Table 4.2 below we show the noise level estimation results on simulated noisy fractional
Brownian motion data, with parameters same as above. From the result we can see that
the noise estimation is most accurate when H is large and the fractional Brownian motion
path is smoother. The accuracy is low when H is small. The reason might be the fractional
Brownian motion path at H < 0.5 is rough and non-continuous, making the separation of

noise extremely difficult.
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H=0.5 (random walk)

Algorithm Mean  +- 1 mean std Mean abs. dev.
GrAd Variance 0.5003  (0.4998, 0.5009) 0.01474
Variance analysis | 0.4846 (0.4843, 0.4848) 0.01558
Rescaled range 0.5302 (0.5294, 0.5311) 0.03410

H=0.4 (mean-reverting)

Algorithm Mean  +- 1 mean std Mean abs. dev.
GrAd Variance 0.4057 (0.4050, 0.4064) 0.01799
Variance analysis | 0.4192 (0.4189, 0.4194) 0.01923
Rescaled range 0.4518 (0.4510, 0.4526) 0.05202

H=0.6 (trending)

Algorithm Mean  +- 1 mean std Mean abs. dev.
GrAd Variance 0.6035 (0.6030, 0.6041) 0.01373
Variance analysis | 0.5070 (0.5068, 0.5073) 0.09296
Rescaled range 0.6077 (0.6067, 0.6087) 0.02673

Table 4.1: Hurst exponent estimation on synthesized noisy fractional Brownian motion
(0 =1x10"% 0. =2 x 107°). The proposed Growth-Adjusted (GrAd) Variance algorithm
is compared against the two standard algorithms, Variance analysis and Rescaled Range
analysis under three different scenarios: H = 0.5 (random walk), H = 0.4 (mean-reverting),
and H = 0.6 (trending). For each scenario, 1000 sample paths are generated to evaluate
the mean, confidence interval corresponding to plus/minus one standard deviation of mean
estimator, and mean absolute deviation from the ground truth value.

(10 |H=05 H=04 H=06
Mean | 1.8109  0.7962  2.1046
St. Dev. | 0.9877  1.6801  0.1194

Table 4.2: Noise estimates on simulated noisy fractional Brownian motion data. The ground
truth value is 2 x 1075, Each scenario is estimated with 1000 sample paths.



H = 0.5 (random walk)

GrAd Var Var. analysis Rescaled Range
100 A 100
50 4 50 A
0- 0-
0.450 0.475 0.500 0.525 0.550 0.46 0.48 0.50 0.45 050 0.55 0.60
Hurst measurement Hurst measurement Hurst measurement
H = 0.4 (mean-reverting)
GrAd Var Var. analysis Rescaled Range
100 A 100 A 100 A
50 A 50 4 50 A
0- 0- 0-
0.35 0.40 0.45 0.40 0.42 0.44 0.40 0.45 0.50
Hurst measurement Hurst measurement Hurst measurement
H = 0.6 (trending)
GrAd Var Var. analysis Rescaled Range
100 A 100 A
50 A 50 4
O = 0 = T
0.55 0.60 0.65 0.50 0.55 0.60 0.55 0.60 0.65 0.70
Hurst measurement Hurst measurement Hurst measurement

Figure 4.2: Histograms of Hurst exponent measurement using different algorithms. Three
different scenarios are tested with ground truth value H = 0.5 (random walk), H = 0.4
(mean-reverting), and H = 0.6 (trending). The red vertical line in each histograms indicates
the ground truth value.
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4.5 Experiments on Intraday Data

In the previous sections we proposed high-frequency models and derived what their multiscale
functions should look like. Using the algorithms introduced in 4.4, we show experimental
results on real-world data. We use 3-second high frequency intraday price data for a collection
of exchange traded funds (ETFs) and stocks (tickers SPY, IWM, QQQ, XLK, AAPL, and
MSFET). The dates range from Jan. 2020 to May 2022. Prices are recorded on each day
from open to close spanning 6.5 hours, making 7800 equal-spaced time points. We choose
a time frame such that ¢ = 1 corresponds to 1 minute (i.e. d¢ = 0.05). The interpretation
is that any volatility estimates will reflect equivalently the standard deviation of 1 minute

price change.

4.5.1 Ensemble Multiscale Curves

Let’s start with showing the multiscale behaviors of real-world high-frequency price data.
Fig. 4.3 shows the plots of the multiscale functions estimated on 3-second intraday time se-
ries, averaged over all available dates in the dataset. Starting with the top two plots showing
the average variance curves, we see that for all tickers, the variance scales in a approximately
linear form, with very slight concavity. This is close to many base models in finance such as
Brownian motion or other types of random walk with uncorrelated increments, as shown in
Proposition 1. The log-log plot shows that the variance scales with a approximately constant
growth rate, which looks like the behavior of self-similar processes (see Eq. (4.8)). The slopes

of the lines on the log-log plot can be used to estimate the Hurst exponents.

However, as we move on to the two bottom plots showing finer details of the curves, there are
observations unexplained by a standard model. Starting with the bottom left plot showing
the volatility curves, we see that the volatility is actually not constant, violating the form
given by Proposition 1. Although the slope down is very small, the trend is consistent across

all six tickers. Moreover, for many of the tickers, especially the two stocks AAPL and MSF'T,



76

we see a clear sharp drop of volatility when the timescale is very small. This phenomenon
matches the asymptotic behavior of the noisy fractional Brownian motion model, showing
clear evidence of the microstructure noise. Finer sampling frequency may show larger effect

of the noise.
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Figure 4.3: Average variance, volatility, and growth rate curves estimated on the 3-second
intraday dataset. For the intraday time series on each day, one variance curve is estimated
for each asset using Eq. (4.14). The top two plots shows the average variance curves over
all dates in the dataset. The bottom two plots are volatility curves and growth rate curves
derived from the average variance curves, using Eq. (4.15) and (4.16), respectively.

Going to the lower right plot, we show the growth rate curves calculated from average vari-
ance functions. Even though the upper right plot indicates that the prices follow self-similar

processes with seemingly constant growth rates, the bottom right plot shows that they are
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not. For all of the tickers, if we look at the timescale within the 1-minute range, the growth
rate stays on an almost constant level, with very slight increase. This is explainable by the
noisy fractional Brownian motion model as derived in Property 6.1. However, the growth
rate declines obviously when going beyond the 1-minute threshold, which means that self-
similarity no longer holds. This is also not explained by the microstructure noise, which only
contributes to an increasing growth-rate. This phenomenon suggests that there might be

some other dynamics in the mid-frequency region.

We then proceed to estimate the parameters in the noisy fraction Brownian motion setting,
using the average variance curves in Fig. 4.3. Because we have seen in the growth rate plot
that the model assumption may not be valid beyond the 1 minute limit, we only take the
Vi for m =1,--- 20 (from 3 seconds to 1 minute). The GrAd variance analysis algorithm
is used to fit Hurst exponent H, with results shown in Table 4.3. Since the Hurst exponents
are very close to 1/2, we take the Brownian motion assumption for noise fitting (Eq. (4.18)).

Noise level o, volatility ¢, and noise ratio n : 02/0? estimations are also shown in Table 4.3.

SPY IWM QQQ XLK AAPL MSFT
H 0.4974 0.5002 0.4975 0.4974 0.4875 0.4913

o. (1079) 1.2696 0.9985 2.2494 2.6386 6.2366 5.1041
o (1074 min~%) | 1.1828 1.7055 1.4778 1.5381 1.9591 1.7980
n (1072 min) | 1.1521 0.3427 2.3170 2.9430 10.1341 8.0589

Table 4.3: Hurst exponent H, noise level o, volatility o, and noise ratio n := ¢2/0? estima-
tions on the average variance curves in Fig. 4.3. Eq. (4.14) estimates variance curves for
each intraday time series. The average over all dates is taken as the V,,, in the GrAd variance
analysis algorithm to fit the Hurst exponent H. Noise level o, volatility ¢, and noise ratio
n are estimated using the Brownian motion assumption estimator in Eq. (4.18), also using
the averages V.



78

4.5.2  Daily Hurst Exponent

Although the ensemble multiscale behavior suggests that the price process is very close to
random walk, the dynamics of each intraday path is unknown. It is possible that some days
are more mean-reverting, while others more trending. In this section we use the proposed
Growth-adjusted Variance analysis to estimate Hurst exponents for each intraday price paths.

The time series on each day for each ticker yield one Hurst exponent estimate.

Fig. 4.4 shows the histograms of daily Hurst exponent results, compared against the distri-
bution of estimating Hurst exponent from Brownian motion simulation. Although the Hurst
exponent of the intraday data is centered around 1/2, we can clearly see that its distribution
is not the same as Brownian motion. H estimated on the real-world data is in general dis-
tributed to the left of a Brownian motion. The kernel density curves show much wider spread
distribution, and also indicates long tail behavior. There are significant portion of days that
have very low or high Hurst exponent, which is unlikely if the Brownian motion assumption
holds. The message is that the price dynamics can be different on different days. There
are days when the price movement is mean-reverting, and on other days the movements are

independent or trending.

Even though there are Hurst exponents estimated to be lower or higher than 0.5, we haven’t
provided their statistical significance yet. Indeed, the debates over whether a small or large
Hurst exponent estimated from price data is able to reject the Brownian motion null hypoth-
esis has been going on for a long time. Even though the statistical analysis of H estimates is
complicated, there have been researches on its estimation error, including the error bounds
of H estimator on standard Brownian motions [29]. For our new algorithm, we are going to
use a more empirical way to determine whether the result is statistically significant to reject

the null hypothesis H = 1/2.
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Figure 4.4: Hurst exponent estimated on 3-second intraday data from 2020 to 2022. The
intraday time series on each date for each ticker yield one Hurst exponent estimation. This
figure shows the histogram of the estimated values over all dates. The orange dash-line
shows the distribution of Hurst exponent estimator H from a standard Brownian motion in
comparison to that from the data set.
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For any algorithm estimating H, evaluate on simulations of standard Brownian motions.
Estimate pg as the mean of the null hypothesis, and o( as the standard deviation of the null

hypothesis. For any new H estimated on real-world data, compute

0o

t

as the t-statistics. One can check if the t-statistics is below or above a certain significance

threshold to decide if the Brownian motion null hypothesis should be rejected.

In Table 4.4 we show the distributional statistics of daily Hurst exponent values, with the
last three columns showing the percentage of days when the estimated value shows mean-
reverting, trending, or random walk values, at 5% significance level. We can see that the
portion is much larger that could be from standard Brownian motion. Similar to Table 4.3,
the overall behavior the estimated Hurst exponents are slightly below 0.5. Also note that
the standard deviation is much larger than that from a (fractional) Brownian motion, which

we have seen from Table 4.1 in the previous section.

Mean St.Dev | mean-reverting (%) trending (%) random walk (%)
SPY 0.4994 0.0329 11.8868 12.8302 75.2830
IWM | 0.4976 0.0326 13.9623 10.0000 76.0377
QQQ |0.4955 0.0344 16.6038 10.9434 72.4528
XLK | 0.4927 0.0340 18.1132 8.4906 73.3962
AAPL | 0.4833 0.0446 29.2453 10.3774 60.3774
MSFT | 0.4899 0.0452 23.5849 13.9623 62.4528

Table 4.4: Hurst exponent estimated on 3-second intraday data from 2020 to 2022. The
intraday time series on each date for each ticker yield one Hurst exponent estimation. This
table shows statistics of the estimates over all dates. The mean and the standard deviation
of H are in the first two columns, and the last three columns show the percentage of dates
with Hurst exponent estimated to be mean-reverting, trending, or random walk values, with
threshold at 5% significance level.
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4.5.8  Intraday Evolution

One latent assumption throughout the previous part of this chapter is stationary of time
series. However, usually the price dynamics can be different at different time of day. There
have been numerous evidence showing patterns and seasonality of return distribution during
the trading hours [6]. One of the well-known observations is the U-shape volatility [9, 1],

stating that the volatility is highest near market open and close, and lowest at midday.

To test if the multiscale parameters are constant, we show intraday rolling Hurst exponent,
noise level, and noise ratio in Fig. 4.5. The result shows varying Hurst exponent at different
time of day, i.e. the scaling exponent is not constant. For all of the tickers, the exponent is
highest at market open, and decrease right after. The market index ETFs SPY and IWM
have smallest values in the middle of the day, showing mean-reverting behavior. Their Hurst
exponents at market open and in the last hours are close to 0.5, indicating week depen-
dency. The “U” shape of their Hurst exponents can be compared to the U-shape volatility
to answer the question: how is the volatility pattern formed? In the middle of the day, the
price movement is more mean-reverting, making the variability “locked” in small timescale.
Even though the volatility is lower at midday, the smaller Hurst exponents indicate that the

return can be even more “noisy”.

Unlike the index ETF's, the two stocks AAPL and MSFT, have Hurst exponents always below
0.5, and continue decreasing in the afternoon. Near the last hour before market close, their
Hurst exponents notably increase towards 0.5, which might be due to increasing trading
activities. The decreasing Hurst exponent can be compared with the increasing kurtosis
result from [6], suggesting that the more long-tail movement towards the end of the day
actually may happen at small timescales. For QQQ and XLK, which have larger correlation
with the tech stocks, their behavior is in between SPY, IWM, and AAPL, MSFT. Different

Hurst exponent patterns clearly show different trading dynamics for ETFs and stocks.
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Figure 4.5: Hurst exponent H, noise level o., and noise ratio n := ¢2/0? on a 1-hour rolling
window. Starting point of the window shifts on a 15-min basis. For each day one rolling
Hurst curve is estimated for each asset. The plot shows the average over all dates in the
dataset.
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The noise level in the noisy fractional Brownian motion model provides another lens to
inspect the intraday volatility pattern. The middle plot in Fig. 4.5 shows the microstructure
noise estimation on a 1-hour rolling window. We see that all of the assets have highest noise
value at market open, and decrease or flat out into the day. The two stocks AAPL and MSFT
have sharpest trend. The bottom plot in Fig. 4.5 shows the rolling noise ratio defined as
n := 02/o?. From the plot, we see that the two market index ETFs SPY and TWM have
noise ratios increase in the morning then decrease in the afternoon. In comparison, the two
stocks AAPL and MSFT have increasing noise ratios throughout the day. Different noise

ratio patterns may indicate different trading activities.

4.5.4  Ewvolution of Parameters

From previous discussion we saw the Hurst exponent can be different on different days. We
close this chapter with time series of the parameters evolving over the dates. In Fig. 4.6 we
show the 60-day rolling average of Hurst exponent from 2020 to 2022, in comparison with the
realized volatility and noise level change. We can see that at the beginning of the pandemic,
most assets have Hurst exponent close to the 0.5 level, corresponding to random walk. The
trend moved towards mean-reverting values, and experienced a few up and downs. In the
most recent time the ETFs moved up and reached above 0.5, becoming more trending, while

the two individual tech stocks AAPL and MSFT remained fluctuating below the 0.5 level.

In terms of volatility level, we see that the noise pattern move together with the realized
volatility time series. The difference between the noise among different assets is smaller than
that of the volatility. We can also notice that the two stocks, AAPL and MSFT, have the
microstructure noise higher than that in the ETFs, and deviated from the ETFs for a long
period from early 2020 to early 2021. Even though all of the tickers have different volatility
levels, the noise level difference within the stock group and the ETF group is very small,

suggesting two distinct types of trading activities.
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Chapter 5
INTRADAY MULTISCALE CORRELATION

5.1 Overview

Continuing the discussion on intraday multiscale risk, let’s move on to the multivariate case.
With the scaling properties of univariate price processes already established in the previous
chapter, correlation between returns of multiple assets is the main focus. With definitions for
multiscale correlation set up, a family of multivariate high-frequency models are proposed.
We show how their multiscale correlation properties are different from standard models.
Lastly we show experimental results on intraday high-frequency price data, comparing the

real-world correlation behavior with our model outcomes.
5.2 Multiscale Correlation

Denote the vector of prices for a collection of p financial assets at time ¢ as P, e RP. Asin
the univariate case, it is more convenient to work on the log prices X, = log(ﬁt). The log

return vector over the time interval from ¢ to ¢t + 7 is defined as
7:;)7(;_ - Xt+7- - Xt. (51)

All operations are applied element-wise. As a generalization from the multiscale variance in

Definition 2, the multiscale covariance matrix can be defined as:

VIX]Ir] = E[(7, — B[ ) (7, — B[], (5.2)

Suppose X, € R? is a stationary multivariate process, V[X][r] € RP*P is a matrix depending
on 7 only. It is more convenient to study the pair-wise covariance and correlation represented

by each entry of the matrix. Let’s start with the following definitions.
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5.2.1 Definition

Definition 7. Let the pair of log prices X; € R,Y; € R be stationary processeson 0 < ¢ <7

For 7 > 0, define their multiscale covariance as
CIX,Y](r) :=E[rfrl ] —E[r}] Elr),], (5.3)
and their multiscale correlation as:

R[X,Y](r) :=

Like volatility, the multiscale correlation behavior is limited for a wide class of processes.

Proposition 4 (Uncorrelated increments). For any pair of stationary random processes

X1, Yy that has jointly uncorrelated increments, 1.e.

E[(XtQ th) th th ] [th - th] 'E[th - th]a
E[(Y;, =Y,

( )

)(Y;fa 2)] [Y;fz - Y;f1] ’ E[Y;f:a - Y;sz
]E[(th 1)()/153 2)] [Xt2 - Xt1] ’ ]ED/tS - Y22]7

( )

E[(Ye, = Yi,)(Xey = X)) = EYs, = V0] - E[Xy; — X),
for any 0 <ty <ty <ts. Then R[X,Y](r) must be a constant in T.
Proof. We first show that the covariance C[X, Y](7) scales linearly with 7:
CIX,Y](T) xT

For any 71,7 > 0, let’s show additive-ness C[X,Y](m + m2) = C[X,Y]|(n) + C[X,Y](m).

Consider 0 < 71 < 7 + T, then
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CIX,Y|(r1 + 72) =E[( X717, — X0) (Y 4r, — Y0)] = E[X7 47y — Xo] - E[Y7 s, — Y0
=E[(Xr4m — X)) + (X5 = Xo)) - (Ye4m, = Y5) + (Yr, = Y0)))]
— E[(Xrm, — X5) + (X, = Xo)] - E[(Yr 4, = Y2,) + (Y2, — V0]
=E[( X747 — X0) (Yo, — Vo) + E[(X7, — Xo)(Yr, — Y0))]
—E[Xp 1, — X0 ] E[Yrir, = Y5 ] - E[XG, — Xo] - E[Y, — Y0] 40
=C[X,Y](12) + C[X,Y](1).

Then C[X,Y](7) < 7.! Using Property 1, the multiscale variance of the two processes also

satisfy V[X] o< 7 and V[Y] o 7. Therefore, the correlation must be constant at any scale:

R[X,Y](7) x

= const.

T
T
[l

Example (Stochastic volatility). Let B, and W; be independent standard Brownian motions.

For p € [-1,1], p, € [—1,1], define the pair of correlated stochastic volatility processes:
dxV = ydt + /v MaBY,
dX® = podt + \/E (de§” + \/1—7p2d8§2)> ,
where the volatility processes are
v = aVdt + g awY,
v® = aPdt + g® (pUth(l) + \/qdwt@)) .

Bfl), B,gQ), Wt(l), th are independent Brownian motions. Even though (Xt(l), Xt(Q)) does not

have independent increments (volatility clustering), their increments are jointly uncorrelated

to . t3 .
E K / ut(’“)dBt(“) ( / yt(’)ngJ))] —0,
t1 to

! Again, we can only conclude from additive-ness to linearity for 7 on a rational grid. For continuous
C[X,Y](r) function we can justify the claim. Detailed discussion will not be the main focus of this thesis.

because
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forany ¢, 5, k,l € {1,2}. Therefore, the correlation between Xt(l) and Xt(2) is scale-independent.

Proposition 5. Let Xt(l), e ,Xt(") be a sequence of independent processes, and Y(l) e Y(")
be another sequence of independent processes. Further assume that X® 1 YU Vi £ j.
Denote the sequence summations as Sx = Y o XD Sy = 3" YO Then the multiscale

correlation between the summation of the two sequences is:

NEOD YT
J (Svixonm) - (S vy ole)

R[Sx, Sy](r }:R XD y®@)(r). (5.5)

Proof. Direct computation of the covariance gives:

n n
X (4) vy (@)
D e || 2o
i=1 =1

n
@)y @) (%) () () (©) () ©)
ZE E XTl YZ +§ E XT1 YJ E :E X’ YZ § :E X’ YJ]

i#j i#j

—E:CX“ Y@](r) +0

= ZR[X(O’ YO (r) - \/V[X(i)](T) VY ®](7).

The denominator can be easily computed using Property 2.1. O

n

x (@)
§ rt,T

=1

C[Sx, Sy](T) =E ~E E

n
vy (4)
§ : Tt,T

i=1

Remark. Note that in Eq. (5.5), even if R[X® Y®](7) is constant for all i = 1,--- ,n,
the correlation of the two summations can still be scale-dependent if the variance scaling

behavior is different among the pairs (X, V@) i=1... n

5.2.2  Numerical Estimation

Here we briefly discuss how to estimate the multiscale correlation function from discrete
observations. Following the same principles as in Chapter 4.4, let’s consider a pair of time

series, (X;,Y;), for i = 1,---  n. The multiscale correlation can be estimated as follows.
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Form=1,2,--- ,M:

e Compute variance Vy ,,, Vy,, using Eq. (4.14).

e Compute covariance

1 n—m
Cxym = T 2<Xi+m — X — pxm)(Yigm — Yi — pym).
e Compute correlation
CXYWL
Rxym : 5.6
A VXmL'Vkm ( )
Y,—Y;

where px = X"_fl, and py = are estimated drifts for detrending the processes.

n— n—1
5.3 DMultivariate High-frequency Models

In this section we extend the fractional Brownian motion and the microstructure noise model
to the multivariate case. Multiscale correlation behaviors of the models are shown. We then
propose the multivariate noisy fractional Brownian motions model and show the theoretical
result of its correlation. Numerical model evaluation and fitting framework will be discussed

at the end of this section.

5.3.1 Correlated Fractional Brownian Motions

Correlation between Brownian motions has been well-established for a long time. Like any
random walk with stationary and independent increments, Brownian motion also has scale-
independent correlation as shown in Proposition 4. Correlation between fractional Brownian
motions was studied more recently in the setting of multivariate fractional Brownian motion
(mfBm) [8, 7, 26, 27]. To begin with, let’s first define a pair of correlated fractional Brownian

motions using Eq. (4.6) and study its correlation property.
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Proposition 6. For any Hurst exponent pair Hy, Hy € (0,1), and for any correlation coef-

ficient p € [—1,1], define the pair of correlated fractional Brownian motions

BtHl = B<W(1)§Hl)ta

B = BW + T~ AW Hy),

where W W qgre independent standard Brownian motions, and the B(-) operator is de-

fined in Eq. (4.6). Then their multiscale correlation function

RIB™, B"|(r) = p

Proof. Without loss of generality, let’s take ¢ = 0 in Eq. (5.3) and analyze the increments

from 0 to 7. The covariance between BH! and B2 is

C[B™, B™(r) = E[B/" B®] — E[B/"] - E[B/"]
= E[BWWY; Hy), - B(oW® + /1= p> W) Hy),] 0
= p-EBWW; Hy), - BWW; Hy), ]+ /1= p?-E[BWWY; Hy), - BOWW®; Hy),]
= p-EBWWY: Hy), - BOWW; Hy),].

We've used linearity of the B(-) operator. Now we need to compute the expectation of the
product of two stochastic integrals. Using (generalized) Ito isometry,

([ -t —cot myan) (] ) )

o0 o0

[ (= ) (= e () s

— 00
Use change of variable u := s/7, we can write

/T ((T _ )12 (—8)51_1/2> (<T — 5)faml/2 (—3)32_1/2> ds

—00

1
= [ (e g ) (1 ()

o0

=i [(H ) H),
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where I(Hy, Hs) is the integral

1

I(Hy, Hy) = / (1= w12 = ()7 2) (1= w22 ()2

—0oQ
Thus we have the covariance

[(H,, H,)
T(H, + 1/2)-T(H, + 1/2)

CIB™, B™(7) = pr!iH1t

— pTH1+H2

Here we refer to [88] for cancelling the integral I(H;, Hy) with the normalizing factor. The

variance terms as given in Eq. (4.8) can be verified by taking H; = Hy:

VIB™)(r) = BBV Hy)7] = 7210,
V[B™](r) = E[B(pW") + /1 — p?W®); Hy)2] = 7212,

By definition of correlation,

R[B™, B®](7) = p.
O

More general multivariate fractional Brownian motion can be defined through self-similarity
in vector form. Its covariance structure is given in Theorem 2.1 of [71]. One can show that the
pair-wise correlation will still be constant. In the following, we will show scale-independent
correlation for the more general case, with multivariate fractional Brownian motion being
a special example. To begin with, let’s define self-similarity formally in the multivariate

scenario.

Definition 8 (Self-similarity). A p-dimensional multivariate random process X, € R?, t > 0

is self-similar if there exist a vector H € (0,1)7, s.t.

Proposition 7. For any p-dimensional multivariate random process that is self-similar, the

pair-wise multiscale correlation R[X @, XW)]|(1) between any 1 < i,j < p must be a constant.
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Proof. We prove by showing for any 71 # 7 € RT, R[X®, XW](r1) = R[X®, XU)](73). Due
to self-similarity, the variance

T2

VIXO)(r,) = (—)H VIXO)(r), VIXO)(ry) = (—)H VXD (7).

The covariance

= E[X{XY)]
2H; 2H;
=K (2) XT(? . (2) T(f)]
1 T1

Then we have

\/V WVIXO)](73)
(Tz/Tl)Hz+ He[X®, X0](r)

:\/(72/71)2HV[ D](11) - (12/ )i V[XD](71)
=RIXY, XU(ry).

]

Example (Multivariate fractional Brownian motion). A multivariate fractional Brownian
motion (mfBm) is a p-dimensional Gaussian process with stationary increments and satisfies
self-similarity with H e (0,1)?. Applying Proposition 7, one can show that it has scale-

independent pair-wise correlation.

5.3.2  Microstructure Noise in Correlated Prices

Following the discussion of microstructure noise in the previous chapter, let’s further gener-

alize the definition into the multivariate case.
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Definition 9. Let X, € R? , t > 0 be some underlying p-dimensional stochastic process. The

multivariate noisy price process is defined as
Po=exp(Ys), Yi=X,+&, Wt>0,

where €is the independent noise s.t. € L X, and E[§] = 0, Cov(e,) = %, € i.i.d., for ¥t > 0.

The covariance matrix Y. is a positive semi-definite matrix.

Property 9.1. For any p-dimensional noisy price process Y, =X, + €, the pair-wise multi-

scale correlation between i and j, 1 # j is

RIX:, X1 () VYIXJ(MVIX(T) + 280

RIY;, Yj](7) =
\/ (VIX,]() +202) - (V[Xj](f) + 203]-)

Proof. The multiscale covariance in the noise is

Clei, €] = El(€ipar — €it) (€047 — €0)]
= El€; 476,047 + Elei )]

- QEe,ij-
The rest is to apply Proposition 5 and Eq. (4.9). O

Remark. Note that even when Rx,x,(7) is scale-independent, Ry,y,(7) can still be scale
dependent, as long as the multiscale variance of the underlying process is not constant
(which is almost always the case unless the price is pure noise). Therefore, for almost all

price processes, its noisy process will have scale-dependent correlation.

Remark. The noise cross term X ;; depends on the correlation between microstructure noise.
Based on various assumptions of the source of noise, this term can sometime to be assumed
zero. However, as the study in microstructure noise is not settled, we keep this term for

mathematical completeness.
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5.8.83 Noisy fractional Brownian motion

Based on definitions from the previous sections, we can model asset log prices as a pair of

noisy fractional Brownian motion defined as follows:

Definition 10. For Hurst exponents Hy, Hy € (0, 1), drift coefficients py, uo € R, volatility
parameters o1, 0, € RT, initial values Yo(l), Yb@) € R, and correlation coefficient p € [—1,1],

define the pair of noisy fractional Brownian motion:

}/t(l) — YE)(l) 4 Mlt + 0'18<W(1), Hl)t + Egl), (58)
Y =¥ + ot + 02B(eW D + /1= 2W P Hy), + ¢, (5.9)

)

1 2 : . . ) (2 : :
where Wt( ), Wt( ) are independent Brownian motions, and eg ), eg are microstructure noises

with variance V(") = oy, V(e?) = 0?4, and correlation p. € [—1, 1].

Correlation Curve

Proposition 6 and Property 9.1 together give the multiscale correlation of noisy fractional
2
<t i = 1,2 as the noise ratios. As a general case let’s first

2
9i

1 2
0,4

g

Brownian motions. Denote 7; :=

consider the microstructure noise e to be correlated, i.e. the noise correlation p. # 0.

The multiscale correlation will be:

pr 2 L 2p i

R[Y1, Ys(7) = V(T2H 4 2m)) (7252 4 2n,)

(5.10)

If we assume the microstructure noise to be independent, the formula can be simplified to

TH1+H2

V(4 20) (72T 2n,)

R[Y1, Yo](r) = p- (5.11)

We can see from Eq. (5.11) the noisy correlation is just the underlying correlation times a

scaling factor, which depends on the noise ratios and the Hurst exponents of the underlying
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processes. In the special case where H; = Hy = 1/2, i.e. the log price processes are noisy

Brownian motions, we have

V(T +2m) (7 + 2n2)

RIY1, Yo](7) = p- (5.12)

Asymptotic Behavior

Next we consider the asymptotic behavior of multiscale correlation. Results are derived for
the general case assuming the microstructure noises can be possibly correlated, followed by

the special case of independent noise.

® T — 00,

RIY1, Ya|(T) = p-

The correlation converges to the correlation between the two underlying fractional

Brownian motions.

o 7 — 0,

RIY1, Ya|(T) = pe.

Unlike volatility, the limit of correlation exists when the timescale is approaching zero.
The intercept depends on the correlation between the noises, which can be used to
determine if there are correlated noise. Also note that the asymptotic behavior of
correlation does not depend on the Hurst exponent H at both ends, which is different
from the volatility function. The Hurst exponent only affects the rate correlation

increases to the underlying value.

In order to better understand the speed of correlation scaling, let’s further look at the

derivative of the correlation function. We can derive
d orHi+Hz (9 Hi, + Hy) + nyHim2H2 ++ py Hyr?H1
—R[Yl,YQ](T) —p. ( 771772( 1 2H2) T 12H i 2772 2 )
dr 7((2ny + 72H1) (20, + T2H2))3/
2/ (2o Hy 7?1 + 2 Hyr?2 4 (Hy + Hy)r2(H1H2))
Pe 7’(<2771 _|_7.2H1)<2n2 _|_7.2H2))3/2 )
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The form is rather complicated with one fBm correlation term and one noise correlation

term. Let’s look at its asymptotic behaviors under certain conditions.
o T — 00,

— Case H; # Hy:
d 277i_HZ
—RIY1, Y- ~
LRy, vi)(r) ~ s

where i_ as the minimizer of H;,7 = 1,2. We can see that the noise correla-
tion term doesn’t affect the asymptotic behavior at large scale, and the limiting
behavior is controlled by the smaller Hurst exponent.

— Case Hi = Hy, = H:

d 4H (m+n
_R[YVMYVQ](T) ~ F1+2H ( : 2 2p_ V 771772Pe> .

dt
The function form is the same as the H; # Hj case, however, it is surprising that

the noise correlation term is playing a part in the asymptotic behavior even at
very large scale. Positive correlation in noise will actually decrease the speed of

correlation convergence.

e 7 — 0,

— Case Hy # Hs:

d peHi_ 2H; —1
Y Y ~ — i_ .
_dTR[ 1, Yo (7) T

Again, the smaller Hurst exponent controls the limiting behavior. Also note that
positive noise correlation leads to negative derivative in correlation at small scale.
— Case Hi = Hy, = H:
d

p 771+772> 2H-1
—RY,, Y5 |(7) = — Pe Hr .
dr [1 2]() (\/771772 P 2119

As in the large scale limit scenario, equal Hurst exponent makes the derivative

contribution of fBm correlation and noise correlation balanced throughout the

whole correlation curve.
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In general, the contribution of the fBm and the noise terms to correlation derivative is sen-
sitive to the difference between the Hurst exponents. If the Hurst exponents are different,
it is always the smaller one dominating the asymptotic behavior, at both small and large
scale. The dominant term is different at the two ends though. When the two processes have
identical Hurst exponent, the fBm and the noise terms are balanced at any scale, weighted

according to the arithmetic mean and the geometric mean of the noise ratios.

Fig. 5.1 below shows the correlation and derivative curves of the fractional Brownian motion
model. The parameters are: p = 0.8, p. = 0,7, = 107>, 1, = 2x 1075, Different combinations

of Hurst exponents are shown in the legends.

7000 4
L I —— H,=05,H, =05
0.75 6000 1 H, = 0.45, H, = 0.45
0.70 50004 —— Hy =0.55, H, = 0.55
' dr —— Hy =0.45, H, = 0.55
R(T) 0.65 4 E 4000 A
| 3000 A
0.60 —— H,=05,H, =05
0.55 H, = 0.45, H, = 0.45 20001
0.50 —— H; =0.55,H, =0.55 1000 1
—— H; =0.45, Hy = 0.55
0451 : : 01 : ;
1074 1073 1072 10~ 10-3 1072

T T

Figure 5.1: Multiscale correlation of the noisy Brownian motion model with different Hurst
exponents. Left: correlation curves. Right: derivative of correlation curves.

FEvaluation and Fitting

The correlation curve given by Eq. (5.10) can be rather complicated with six parameters,
making it hard to evaluate against observation from real-world data. In practice it is well
reasonable to hold independent noise and Brownian motion assumptions, reducing the corre-
lation form to be as in Eq. (5.12). Starting from this expression with only three parameters

P, N1, 12, let’s do the following operation:
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L _ i) +2m) L 2m (L 20
(R[Y1,Yo)(7))?  p? 7 p* T T )
Define the frequency variable w := 1/7, and assume 7,7 < 1, we have
1 1
— = —(1+2 4 2 5.13
R[}/l’ }/2]2 pQ( + (Th + 772>w + 771772“] ) ( )
1 2
~ %w. (5.14)

As we can see from Eq. (5.14), the inverse of correlation squared can be approximated by
a linear function in frequency w : 1/7. The intercept is determined by p?, and the slope is

positive and depends on the summation of the two noise ratios 7 + 7s.

Consider a collection of p noisy Brownian motions Yi,--- ,Y,, with noise ratios n;,---,n,

correspondingly. Suppose the correlation coefficient between the latent processes of Y; and

Y; is pi;j, we can evaluate the parameters following the following procedure:

e Compute Rjj,,, 1 <i < j < pusing Eq. (5.6), and wy, = —, form =1, , M.
e Fit linear regressions R% = i + Bijwm, for 1 <@ < 7 <p.
ij,m

Estimator of correlation p;; = sgn(R;;, M)\/%
ij

Define the index mapping function £(i, j) = ;:(p -+ (G—i),for1 <i<yj<np.
The values of € are 1,--- ,p(p —1)/2.

Construct vector b € RPP—1/2 g ¢, bei ) = Bii for1<i<j<np.

205

Construct matrix A € RPP=D/2xP gt Ay, = 1 if there exist j > i s.t. k = £(4,7), or

Jj<ist. k=¢£(j,1), otherwise Ay,; = 0.

Estimator of the noise ratio vector 7 = Atb.

At is the pseudo-inverse of A. We need at least p > 3 for i to be solvable. When p = 3, A

is invertible. When p > 3, the matrix is over-determined.
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5.4 Experiments on Intraday Data

In this section we discuss experimental results on real-world high-frequency data, using the
same 3-second intraday dataset as in Chapter 4.5. Again, we chose a time frame such taht
t = 1 corresponds to 1 minute, i.e. 6t = 0.05 for the 3-second interval. In total there are 530

intraday time series with 7800 points for each ticker.

Using Eq. (5.6), we computed correlation curves for different asset pairs. Fig. 5.2 shows the
correlation curves for all of the pairs among the six tickers SPY, IWM, QQQ, XLK, AAPL
and MSF'T, averaged over all dates in the dataset. From the plots we can see that all of
the correlation curves show a concave increasing shape, converging up to certain levels. This
is clear evidence that the correlation between intraday price movements is scale-dependent.
As we have shown in the previous sections, none of Brownian motion, fractional Brownian
motion, and stochastic volatility models yields such scale-dependent correlation. The shape
of the curves are very similar to that of the noisy (fractional) Brownian motion model shown

in Fig. 5.1. Let’s proceed to verifying the fitness of the model.

To further evaluate whether the real-world data match the correlation function of a noisy
fractional Brownian motion model, we transformed the estimated curves to check if the data
fit the linear form in Eq. (5.14). Fig. 5.3 shows the plots of 1/R? against w : 1/7. From
the figures we can see approximately linear relation for all of the ticker pairs, indicating that
the model can be a good fit. Nevertheless, we should also notice the bumpy shape when w is
very small, i.e. at large timescale. Even though they only show very small parts on the plots,
we should keep in mind that w := 1/7 is not evenly distributed on the x-axis. Therefore,
there might be unexplained patterns at large timescale. Even though the noisy fractional
Brownian motion model may not be a perfect fit for the whole dynamics of the data, it
provides a theoretical framework to explain the correlation behavior existing in real-world

high frequency price.
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Figure 5.2: Correlation curves estimated on the 3-second intraday dataset. Algorithm see
section 5.2.2. For each day one curve is estimated for each asset pair. The average curves
over all dates are shown in the plot.
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Figure 5.3: 1/R? v.s. w := 1/7 plots for the 3-second intraday dataset. The transform using
Eq. (5.14) is applied to the average correlation curves over all dates.
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Following the fitting procedure for Eq. (5.14), we provide numerical estimation of the cor-
relation and noise ratio parameters in Table 5.1. Compared to the noise ratio in Table 4.3
estimated using variance information, the values are much smaller. One possibility is that
the Hurst exponents are smaller than 1/2, but we took the Brownian motion assumption
when fitting both curves. According to Fig. 5.1, smaller H gives flatter correlation change,
making the noise ratio underestimated. On the other hand, fitting the variance curve with
smaller Hurst exponent makes the intercept smaller, thus the noise ratio in Table 4.3 could
be overestimated. In conclusion, the discrepancy can be explained by Hurst exponent smaller

than 1/2, and we need a parameter estimation framework for more general cases.

n (1073 min) | SPY WM QQQ XLK  AAPL  MSFT
SPY | 5.666800 1 0.732389 0.869289 0.850049 0.66915 0.678656
IWM | 6.110624 | 0.732389 1 0.59579  0.569363 0.420207 0.378528
QQQ | 5.992276 | 0.869289 0.59579 1 0.961054 0.778732 0.789037
XLK | 15.389514 | 0.850049 0.569363 0.961054 1 0.83515 0.843776
AAPL | 7.875992 || 0.66915 0.420207 0.778732 0.83515 1 0.617018
MSFT | 7.738115 || 0.678656 0.378528 0.789037 0.843776 0.617018 1

Table 5.1: Estimation of the parameters in multivariate noisy Brownian motion model using
the correlation curves estimated on the intraday dataset. The first column shows the noise
ratio estimator 7; := afﬂ- /o?. The right columns show the estimated latent correlation matrix.

In Fig. 5.4 and 5.5 we show the 60-day rolling average of correlation estimated at 3-second,
30-second, and 10-minute scales. In comparison we provide rolling correlation of daily close
return in the same window. We can see that the intraday correlation at 30 seconds is already
close to daily correlation, and moves in the same pattern. However, the correlation gap from
3 seconds to 30 seconds was significantly large in 2020 for SPY v.s. QQQ, AAPL v.s. SPY,
and AAPL v.s. XLK. The 3-second correlation for the other pairs always stayed parallel to

the others. This may indicate a change in high-frequency trading for some of the tech stocks.
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Figure 5.4: Multiscale correlation with SPY estimated on 60-day rolling window. Intraday
return correlation at different scales are estimated on each day, and averaged over all dates
in the rolling window. As a comparison, the return correlation for daily close price estimated
in the same window is shown.
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Figure 5.5: Multiscale correlation with AAPL estimated on 60-day rolling window. Intraday
return correlation at different scales are estimated on each day, and averaged over all dates
in the rolling window. As a comparison, the return correlation for daily close price estimated
in the same window is shown.
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