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University of Washington
Abstract
Strichartz estimates for wave equations with coefficients of Sobolev regularity
by Matthew D. Blair

Chair of the Supervisory Committee:

Professor Hart Smith
Mathematics

Wave packet techniques provide an effective method for proving Strichartz estimates on
solutions to wave equations whose coeflicients are not smooth. In this work, such methods
are used to show Strichartz inequalities for wave equations with coefficients lying in an L”
Sobolev space of order strictly greater than ”T”l + 2, n denoting the dimension of the spatial
variables. In addition, a weaker family of weighted Strichartz type estimates are developed
for wave equations with coefficients in an L™ Sobolev space of order ﬁ}-l- + 1 + «, where

O<ax<xl.
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Chapter 1

INTRODUCTION

1.1 Overview

Strichartz estimates refer to a family of dispersive estimates on solutions to the wave equa-
tion. That is, estimates on functions u : [—tg, t] X R™ — C that are solutions to the following

Cauchy problem

P(z, D)u(t,z A(z, D))u(t,z) = F(t,z) € L*([to, to]; H*(R"™))

w(0,z)
8wu(0,z) = g(z) € H*(R™)

= (p(z
flz) € HZH(R") . (1.1.1)

where P(z, D) denotes the wave operator and A(z, D) is a second order elliptic differential
operator whose second order terms are in the form 3, ; .o, @ij(2)0r,0z;. H*(R™) denotes

the L? Sobolev space of order z on R™.

In their original formulation, Strichartz estimates appear as the following

[ull 22 ((=to,to); L8 ®R)) < C(“f”H“rl(an) + llgll s mmy + ||FHL3([—to,to];Hs(Rn))) (1.1.2)

where 2 <p,g< o0, n > 2, and

+Z—=2—(s+1), 4 (1.1.3)

1 <

p 2 p q 2
with the exception of the endpoint. (s,p,9) = (0,2,00) in dimension n = 3. Such estimates
are well established in the case where the coefficients of the wave operator P(z, D) belong

to C*°(R™). The first estimates of this type were proved by R. Strichartz in [14], [15].



See [7], [4], and [6] and references therein for the full range of estimates.

When the assumption of C° coefficients is removed the issue becomes much more del-
icate. The techniques used to prove Strichartz esfimates for equations with smooth co-
efficients usually employ asymptotic methods to construct a suitable parametrix for the
operator. As such, they are inapplicable when the coefficients are of limited differentia-
bility. Therefore, one of the main challenges in dealing with equations with non-smooth

coefficients lies in finding an effective parametrix which will yield the desired inequalities.

One such approach is to employ the technology of “wave packets” to construct a para-
metrix for the wave operator This was used by H. Smith in [10] to show Strichartz estimates
for wave equations with coefficients in C*'(R™) in dimensions n = 2,3. More recently
in [16], [17], and [18], D. Tataru was able to use the methods of the “FBI transform” to
show that the full range of Strichartz inequalities hold under the weaker assumption that

the coefficients of the wave operator P are time dependent and satisfy
AFp(t,x), 08 aij(t,x) € Li([~to, tol; C*F(R™)) 0<k<2 (1.1.4)

CU(R™) is the actually the lowest degree of continuity in  that the coefficients of P
must possess to guarantee that the Strichartz estimates hold. Indeed, it was shown by
counterexamples in [11] that for each a € [0, 1), there exist wave equations with coefficients
in CL%(R™) for which the inequalities are not valid. This does not mean, however, that
weaker estimates of this type are not available. In [18], Tataru showed that when the

coefficients of the wave operator are time dependent and satisfy
Ofp(t, x), O a;(t,z) € L} ([—to, to]; CYT2*(R™) where 0 < e <land k=0,1
then a weaker family of Strichartz inequalities hold. Specifically, Tataru’s results imply that

(D) ™" P ull 113 ((—to to1xrm) < CIf | rrny + I9llz2@ny + IF NI Liz2 —totolxrm))  (1.1.5)

where o = },;_—g and (D)? denotes the Fourier multiplier operator on R™ with symbol

(€)% := (1+ |€>)2, . Such estimates are indeed weaker as they ask for more regulariza-

tion of u to get an estimate on the L LI norm, meaning that 2 derivatives are “lost” in the
t g D



estimate. However, we remark that when a = 1 and ¢ = 0 this estimate actually implies

the original estimate (1.1.2).

Our main purpose here is to explore opportunities for improving such results for wave
operators with time independent coefficients that lie in a L™ Sobolev space of sufficiently
high order with r € (1,00). Specifically, we aim to prove that estimates of the form (1.1.2)
and (1.1.5) hold (the latter with ¢ = 0) when the coefficients lie in the space L™*(R") (the
L™ Sobolev space of order ) with x > @;—1 + 2. Thus by making some assumptions on
the Sobolev regularity of the coefficients, we can obtain Strichartz estimates with no loss of
derivatives even though the continuity of the coefficients is below C1'!. We also intend to
show that when the coefficients lie in the space L™*(R™) N Lip(R") with x = 21 + 1 + q,
a € (0,1), then inequalities of the type (1.1.5) hold with ¢ = é—;% and o taken as in the
definition of x. In both cases, this gives us estimates with a loss of fewer derivatives when
compared to what would be obtained by using Sobolev embedding and applying the results

above.

1.2 The dispersive effect

The standard family of Strichartz estimates as in (1.1.2) exploit the dispersive nature of
solutions to the wave equation in order to control their norms in a mixed-LP space. To
demonstrate this, we fix a nonzero, radial Schwartz class function on R?, ¢(z) and define
Pa(z) = A"Y(Az). Consider the solution uy to the homogeneous Cauchy problem (1.1.1)
with data f = ), g = 0 and F = 0. Suppose also that s, p, g satisfy (1.1.3) with p < .
As X gets large, 1, becomes highly concentrated in a ball of radius A~! about the origin
and

lim AL i 33 o
A—00 |I¢)‘”Hs+1 A—00

where H**! denotes the homogeneous L? Sobolev space of order s + 1. Hence the es-
timate (1.1.2) depends on the fact that the high concentration of energy in wux(t,:) will
disperse as time evolves, so that when |ju)(t,)|/ze is averaged over time, it is possible to

control the quantity by ||¢x||gs+1. What happens is that as t increases, the L®-norm of



ux(t, ) decreases and the function will be concentrated in a set of larger volume. This is

what contributes to smaller L9-norms of the solution in x.

A crucial matter in determining the dispersive qualities of solutions to the wave equation
is the regularity of the Hamiltonian flows induced by the wave operator. That is, the flows

on the cotangent bundle of R™, T*R", determined by

w e

& = He ) - = HE(t,2,6) (12.1)

where (z,£) denotes coordinates on T*R™ and

HE(t,2,6) = ¢Z% 2)6€5)/p(z)

are the roots of the principal symbol of P as a quadratic in 7. Loosely speaking, the energy

contained in the Cauchy data travels along these curves. Hence the dispersive qualities
of solutions to the wave equation are depend largely on the geometry of the flow induced

by (1.2.1).

Assume for the moment that we are working with the constant coefficient wave operator
so that p = 1 and a;; = 8;;. Then the solution of the system (1.2.1) with initial data (0, §o)

takes the form

w*<>—wo¢t| (1) = &o.

ol
and the union of all such z*(¢) as £ ranges over R™\ {0} forms a sphere of radius t. Under

this assumption, we consider uy, ¥, as above. Since the energy in ¢, travels along these

curves, the energy in wuy(t, ) will be spread out evenly around the annulus
{z ||z —t| <A1} (1.2.2)

and the function will decrease rapidly outside this set. Conservation of energy then sug-
gests that since uy(t,+) is concentrated in a larger set, ||jux(t,)|/z should be smaller than
[[allLee. In practice, one needs much more than this to show Strichartz estimates. How-

ever, this example does shed some light on the dispersion that should occur in order for the



inequalities to hold.

We now return the variable coefficient case and assume a;j, p satisfy (1.1.4). In this
case, we are able to use Gronwall’s inequality to argue that for t € {—tg,tg] and to chosen

sufficiently small, the time slices of the light cone centered at 0
By = {z(t) : (2(t),£(t)) solves (1.2.1) with z(0) = 0, £(0) € R™\ {0}} (1.2.3)

are convex C' embeddings of S*~! with volume ~ ¢t"*~1. In this case, ux(t, ) is now concen-
trated in the set
{z :d(z, E;) < XA71}.

It can be shown that the geometry of this set is well-behaved and that the energy contained
in the initial data disperses sufficiently. Hence the desired Strichartz estimates hold under

these assumptions as well.

When coeflicients of the wave operator lie in L™ with x > "T_l- + 2, there is also a
high degree of control over the geometry of the light cone. By Sobolev embedding, such
coefficients have the property that for any |8] < 2,

0 (aij o T)(2),85(p o T)(2) € L (Ray3 LX(RE™)) C Lfpo(Ray; L2 (RE™)) (1.2.4)

for all T € O(n) and £ = (z1,2’). Furthermore, for any isometry Sz = Tz + b where

TeO(n),beR"

162 (a5 0 Ilzy, ((-1,05L9(-1,1)m-1), 182(p 0 Szy, (~1ir(-1,ym-1) < C (1.2.5)

for some constant C independent of S.

With this in mind, we reconsider the integral curves defined by (1.2.1). As we will
see, it suffices to assume that [las; — &yllLip, |lp — 1]lip < § meaning that A(z,D) is a
perturbation of the Laplacian on flat space. Suppose our (z(t),£(¢)) solves (1.2.1) with
H* and the initial data (z(0),£(0)) is such that £1(0) > [£(0)'| with £ = (£1,¢') € R™

That is, £(0) lies in a small cone about the positive ¢; axis. Since H(-,&) € Lip, we can



conclude that, for to chosen sufficiently small (with choice based on the Lipschitz norm of
the coefficients), £(t) lies in a slightly larger cone about the & axis for ¢t € [—to,tp]. This

implies that & = —Hg: (z(t),E(t)) = — 551(5 < 0 and hence the curve segment (¢, z(t), £(t)),

—tg < t < tg admits a reparametrization in z; satisfying the differential equations

dt 1 do’  HE de¢ HF

d.’L‘l - Hg;, da:l - Hg;, d:l?l N H+‘§1.

But in light of (1.2.4) (with T' taken to be the identity) and (1.2.5), we should be able to

apply Gronwall’s Lemma in a similar fashion to control the geometry of the set

{(t) : (z(t),£(t)) solves (1.2.1) with z(0) = 0, £(0) > [£(0)'[}

for t € [—to, to] and to > 0 sufficiently small. By rotating coordinates, this line of reasoning
holds equally well for any cone of comparable aperture. Therefore, we should be able to
control the geometry of the entire time slice of the light cone (1.2.3). Since this suggests that
solutions to the wave equation have good dispersive properties, we expect that Strichartz
estimates of the form (1.1.2) and (1.1.5) should hold, the latter with ¢ = 0, for wave

operators with these assumptions.

1.3 Weighted estimates

One of the key reasons that the standard Strichartz estimates fail to hold when the continu-
ity of our coefficients in the z-variable drops below CUV1 is because control over the geometry
of the light cone is not guaranteed. Indeed, uniqueness of solutions to (1.2.1) is not clear
and the time slices F; may exhibit pathological geometry. These issues lie at the heart
of the fore mentioned counterexamples for C1* coefficients. The integral curves of (1.2.1)
in these situations tend to focus the energy contained in the initial data into a small set,
contributing to disproportionately large LY L norms of the solution. In other words, there
exist solutions to the wave equation in this instance which do not exhibit enough dispersion

to allow the inequalities to hold.

In order to get any results for coefficients with less continuity than CY1, we will need to

smooth the coefficients of our equation. Consider the case where a;j, p € C*(R™) and are



independent of time. Fix a function ¢ € S(R™) such that $ is a compactly supported bump
function that is identically 1 on a neighborhood of the unit ball. Set ¢,(z) = ¢(uz)u™ and

define the following smooth approximations to aij, P
aﬁ} :=aij*¢# p'u'=p*¢u.

These regularized coefficients have C! norm uniformly bounded in x, but the second deriv-

atives satisfy
6% ()], 16°#(2)| < Cu, 6] =2.

This now means that we can only control the geometry of the flow determined by the

smoothed out Hamiltonian H,(z,¢) = \/(Zu afi(x)&€;)/p*(z) up to time t = p~2. One

N

way to see this is to observe that by scaling the coefficients by u 3 we have that a; (,u 23:)
p“(,u_%a:) are bounded functions in the C? norm, and to recall that our control over the

geometry of the light cone holds only up to time 1.

To prove (1.1.5) what is actually done is to localize the partial Fourier transform in z
of u so that we have functions uy where supp(@(t,-)) C {€ : A < |¢| < 2)} and apply
our Strichartz estimates to the smoothed out wave operator P#(z, D) the coefficients of P*
being afj, p*, where y = A3. Since we can only control the geometry of flow induced by P*

up to time p~2, we partition the interval [—tg,tg] into ,U,% subintervals of size 2u“%to and

prove Strichartz estimates on each subinterval. This now yields an estimate of the form

el Lo(—to,t0);La(Rz))
< O (ur(0, g + 18eun(0, )12 + [ P#unll 22 ([t t0);22))

< 02/\F5+3(Hu/\( M + 110sua(0, M z2 + | Puall pr(j~to,t0]:22))
the last inequality following from the fact that

[Py — Puy| < C (lun(0, )z + 18eur(0, )li2) (1.3.1)

Li(~ubtoutuliL2) =
We can now use Littlewood-Paley theory to sum over all A = 2%, k > 0 and get (1.1.5) in

the case « = 0,0 = % The reason the coefficients are chosen to be truncated to frequencies



L
2

W= A% is that it maximizes 1~ 2 under the constraint that the approximation aé‘j to ai;

need be close enough to get the error estimate (1.3.1).

The a € (0, 1) case is handled similarly. When the coefficients lie in the space Ch*(R"),
we lose fewer derivatives as we can truncate to fewer frequencies (this time choosing u =
)\3%&) and still get a suitable estimate on |[P,ux — Pua|[z1z2. In addition, one is able to
use the extra regularity of the coefficients to get control over the light cone up to time
“—%(1—04), rather than p_%. The ideas behind this “truncation/rescaling” approach appear
in the work of Bahouri and Chemin (see [1] and [2]), though Tataru was the first to use this
procedure to show weighted Strichartz estimates such as (1.1.5) (see [17] and [18]).

When the coefficients are in L™, k = "T_l + 1 + a we now have the related property

that
8%(aij o T)(2),85(p o T)(z) € Liye(Ra,; CHHBIRE)) 18 < 1. (1.3.2)

Thus if we can obtain Strichartz estimates in the case where the coefficients satisfy (1.2.4),
we expect that we can use elements of the “truncation/rescaling” approach to prove esti-

mates of the form (1.1.5) with ¢ = é,_T_—g and « as in (1.3.2).

1.4 Representing the solution

In §1.2 we examined the geometric motivation behind the problem, discussing why we ex-
pect that the energy contained in the Cauchy data should disperse sufficiently to allow
Strichartz estimates to hold in the case where the coefficients of P satisfy (1.2.4). However,
in order to prove the estimates in this case, we need to find an effective way to represent

solutions to the wave equation.

Until recently, this same issue was also a barrier to proving estimates for wave equations
with 1! coefficients. As alluded to above, the techniques used to represent solutions when
the coefficients of P are C™ rely on asymptotic methods that use the smoothness explicitly

and hence are of little use in the non-smooth setting. A significant breakthrough on this



problem came in [10], when H. Smith was able to use the technology of “wave packets” to
construct a suitable parametrix for P and then use it prove estimates under the assumption

of C1! coefficients in dimensions n = 2, 3.

Wave packets are a frame of functions on L? that are suitably concentrated in both
space and in frequency. Their concentration properties mean that when the coefficients of
P satisfy (1.1.4), the action of the wave group on each frame element is well-approximated
by translating the center of the packet in space and frequency along the integral curves
determined by (1.2.1). H. Smith manipulated these qualities to construct an approximate
solution operator e(t) for P whose matrix in the wave packet frame is essentially a permu-
tation matrix that has the effect of translating each packet along these curves up to time
t. The key feature of this approximate solution operator is that it maps functions h{z) to
functions (e(t)h)(z) that lose only 1 derivative when P is applied to them instead of two.
An iteration procedure can then be used to eliminate the error and represent solutions to

the wave equation precisely.

This approach amounts to representing solutions to the wave equation as a superposi-
tion of these frame elements, each translated along curves determined by (1.2.1) that are
parameterized by ¢. However, there are some crucial points in the construction of the para-
metrix where the boundedness of the second derivatives of the coefficients play a crucial
- role. Therefore, representing solutions to the wave equation when the coefficients lie in the

space (1.2.4) is substantially more involved.

We thus consider a different approach to the problem. Suppose once again that the
coefficients of P are Lipschitz functions with |lai; — 8il|Lip, |l — 1llip < 3, which also

satisfy (1.2.4). By rewriting the second order terms in —P(z, D) as
n
a11(2)8} + 2 a1j(2)810; — (p(2)87 = Y ai;(2)5:0;)
i=2 2<i,j<n
we can view the wave operator as an operator that is hyperbolic in z; when restricted to

frequencies {(7,&) : |7| > |(§2, ..., &n)|} (with (7,&) denoting Fourier transform variables in



10

t and z) as this means that the symbol of the operator is a quadratic in &§; with 2 distinct
real roots. Given that Strichartz estimates hold for equations hyperbolic in ¢ when the
coefficients satisfy (1.1.4) (a condition analogous to (1.2.4) with T = I) and that we have
effective methods for representing solutions in that case, we expect that the estimates (1.1.2)

should hold for u with Fourier transform supported in {(7,£) : |7] >> |(&2, ..., &n)|}.

But since we can consider any T' € O(n) in (1.2.4), there is nothing special about the
x1-axis in this line of reasoning—we can repeat the argument above for any coordinate axis
or for any direction in R™. Hence the estimates (1.1.2) should hold as long as the Fourier
transform of the solution is sufficiently localized near the 7-axis. By representing solutions
to the wave equation as a sum of such localized pieces we then expect that we should be

able to establish Strichartz estimates for arbitrary solutions to our wave equation.

This idea will guide us in constructing a parametrix for our operator. We will write u as
a finite sum of functions, with each function microlocally supported where either P is elliptic
or P is “hyperbolic in z1” under a rotation of coordinates in x. Since elliptic regularity
and Sobolev embedding will provide estimates for components of the solution microlocally
supported where P is elliptic, most of the work involved will be in effectively representing
solutions to the wave equation whose full Fourier transform is supported in cones of the

form

{(r,8) : |7 >> |(&2, - &)}

This begins by constructing a pseudodifferential operator P that agrees with P for functions
whose full Fourier transform is supported in the set above, yet is hyperbolic in z; rather
than in t. We can then adapt the wave packet techniques in [10] to represent solutions to
hyperbolic pseudodifferential equations. But since Pis hyperbolic in z1, we will be repre-
senting such solutions as a superposition of wave packets parameterized by z; rather than

t.

Once this is accomplished, we are then left to use the representation to prove the desired
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estimates. This will boil down to showing that the wave packets parameterized by &1 behave
much like they are wave packets parameterized by t. We will then be able to use methods
similar to those used in [10] again to obtain the Strichartz estimates for wave operators

whose coefficients satisfy (1.2.4).

1.5 Characterizations of the Strichartz inequalities

So far we have discussed 2 forms of Strichartz estimates. They originally appeared in the
style of (1.1.2), asking for a certain degree of regularity of the Cauchy data to obtain an
estimate on the LYLE norm of the solution u. In recent work concerning weighted Strichartz
estimates in the low regularity setting, estimates in the form of (1.1.5) have appeared. These
inequalities measure the LY L norm of a certain number of fractional derivatives of u and

always assume the Cauchy data lies in the space H' x L? x L}L2,

One is then lead to ask when weighted estimates of the form (1.1.5) imply estimates

that are closer to the original style

HuHLf([—to,to];Lq(R")) S C(”f||H3+1+%(Rn) + ”gI|H5+%(R“) + IIFllLtl([—to,to];Hs+%(Rn)))’ (]‘51)

which measure the LYLI norms of u itself and require a certain degree of regularity in the
Cauchy data. However, complications arise in the low regularity setting that often preclude
showing estimates in this format, and hence inequalities in the style of (1.1.5) were used to
avoid such problems. In short, there are some key commutator estimates that can break

down when the coefficients are very rough.

We will thus explore how much regularity is needed in the coefficients for estimates of the
form (1.1.5) to imply the inequalities (1.5.1). As a result, we will see that when the coeffi-
cients lie in the space L™", x > ﬂ:—1-|~2, then the inequality (1.1.5) with o = 0 implies (1.1.2).

We will also consider these issues when u is a solution to the wave equation on a compact
Riemannian manifold. That is, when R™ is replaced by a compact Riemannian manifold

(M,g) in (1.1.1) with g a L™ metric with k = 22 + 1+, 0 < a < 1 and A(z, D) is
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replaced by Ay, the Laplace-Beltrami operator induced by g. In this case, we can use the fact
that A, admits an eigenbasis on L?(M) and characterize the norms on the Sobolev spaces
H#*(M) in terms of eigenfunction expansions. This allows us to take advantage of spectral
multiplier theorems for the Laplace-Beltrami operator to show that the estimates (1.1.5) on

the solution in coordinate charts imply the estimates
Hu”Lf([—to,to];Lq(M)) < C(”f|IH5+1+% (M) + “g“HS+% (M) + ||FHL%([——t0,t0];HS+%(M))) :
1.6 Main Results

As discussed above, our approach here will be to use wave packet techniques as pioneered
in [10], which provide an effective method for representing solutions, but do not provide the

desired Strichartz estimates in dimensions n > 4. For simplicity, we will consider 3 sets of

instances of (1.1.3). In dimension 2, we consider the case p=¢ =6,s = —%—. In dimension
3, we consider the case p = ¢ = 4,58 = —% and the cases p = 52_93,6 <g<oo,8 =1

However, the arguments here should be generalizable enough to show the full range of pos-

sibilities (1.1.3) in dimensions n = 2, 3.

Theorem 1.6.1. Suppose p— 1,a;; — 8;; € L™ (R"), with k > 2—;‘—1 + 2. Then we have the
following estimate for solutions u to the Cauchy problem (1.1.1) with =10

(D) ™% ul| 2 £g ((—to,t0] xR™) < C(Hf“Hl(lR") + llgllz2@n) + HFHL}Lg([—to,to}an)) (1.6.1)

where one of the following hold

1 2(n+1

s=0 pz&—z_-q—f—s,6§q<oo n = 3. (1.6.3)

— n=23 (1.6.2)

Theorem 1.6.2. Suppose p— 1,a;; — 6;; € L™ (R™) N Lip(R"), with x = ”T_l +14a, 0<
a < 1. Then we have the following estimate for solutions u to the Cauchy problem (1.1.1)
with z=10

(D)™ P ull Lo g (1 to,t0) xrm) < C(Hf”Hl(Rn) + lgllz2@n) + HFHLng([_to,to]an)) (1.6.4)

where o = :1);_—2 and s,p, q,n either satisfy (1.6.2) or (1.6.3).
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As stated before, we will be also able to show that Theorem 1.6.1 implies that estimates

of the form (1.1.2) hold.

Corollary 1.6.3. Suppose p —1,ai; — 8;j € L™*(R™), with k > %=L 4 2. Then we have the
following estimate for solutions u to the Cauchy problem (1.1.1) with z = —% in dimensions

n=273

. < .
Il e ey o it @y T 1903 oy “F”LI([—to,to];H"%(Rn)))

Additionally, for solutions to (1.1.1) with z = 0 we have

I 28 gy S O U i) + o) + 1P st ooy

with 6 < g < o0 in dimension n = 3.

Unfortunately, our methods do not handle coefficients in L™* with x = ﬂfl + 1+« and
a =0 or a = 1. Sobolev embedding does not provide for the estimate (1.3.2) with o = 0
in the former case and in the latter case it does not give us (1.2.4). When o = 0 we are
thus unable to provide any results, and when a = 1, the best we can provide is Strichartz

estimates with an arbitrarily small loss of derivatives.

We will consider 2 types of wave operators, with A(z, D) either taking the form

A(.’L‘,D)Z Z c’)i(aij(x)aj) or A(:L‘,D)'—" Z aij(x)aiaj.

1<ij<n 1<i,j<n
The former set of operators being called divergence operators in contrast to the latter nondi-
vergence form. For convenience, we will assume that p = 1 whenever P is in nondivergence

form. We also assume the following bounds on the coefficients
cHEP <D ag(z)eg; < cle)? plz) 2 ¢t >0 (1.6.5)
1,5

with ¢ independent of (z,¢) € R?™,

We will occasionally write our wave operator in the form

P(z,D) = p(2)0f = > as(2)8:0; — > b;(2)d;.
=1

1<i,j<n



14

The convention here will be that b;(z) = >_,(0;a45)(x) when P is in divergence form and

p =1, bj =0 when P is in nondivergence form.

The organization is as follows, Chapter 2 details the main strategy of the paper, which
focuses on obtaining estimates on components of the solution whose Fourier transform
is dyadically localized and supported in regions where P can be considered a hyperbolic
operator in z;. Chapter 3 then constructs a pseudodifferential operator P that agrees
with P on the desired components of the solution, yet is hyperbolic in z;. Wave packet
techniques are then used to represent solutions to pseudodifferential equations involving
P. Chapter 4 then uses this representation to provide the desired estimates for coefficients
satisfying (1.2.4), eventually leading to a proof of Theorem 1.6.1. Chapter 5 expounds
on the truncation/rescaling arguments needed to prove Theorem 1.6.2. In Chapter 6, we
begin the discussion on the difference between estimates of the form (1.1.5) and (1.5.1),
examining when the former imply the latter. In particular, it is in this chapter that we prove
Corollary 1.6.3. We conclude in Chapter 7 with a discussion of how Strichartz estimates of
the form (1.1.5) imply the estimates (1.5.1) when u is a solution to the wave equation on a

compact manifold.

1.7 Notation

Unless otherwise stated, the expression X <Y means that X < CY for some constant C
depending only on the dimension n and on the norms of p,a;; as elements in the Lipschitz
and L™* function spaces. Elements y € R™ will often be denoted as y = (y1,y’), so that
y' denotes the last n — 1 components of y. Also, for a function v(¢,z), and a subinterval
I C R and a measurable set U C R, |jv|| LI [0l 12 <y Will both abbreviate the
norm on the Banach space L™ (I; L™(U)) the former abbreviation being used when it is

well understood from the context what I is.
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Chapter 2

LOCALIZING THE SOLUTION

In this chapter we show the key reductions in the strategy for proving Theorems 1.6.1
and 1.6.2. After a few technical lemmas, we show that we can restrict our attention to show-
ing estimates on compactly supported solutions to wave equations that are perturbations
of the constant coefficient case. We then proceed to the main result of this chapter, which
states that we can reduce the theorems to showing estimates on components of the solution
dyadically localized and microlocally supported where P is “hyperbolic in z1”. That is, we

reduce the problem to showing estimates on components of u where 7 >> |(és, ..., &,)| and

(7, €] ~ 2",

Before we proceed with this approach we need a few technical lemmas.

Lemma 2.0.1. Let h € Lip(R™) and R be a pseudodifferential operator determined by a
symbol R(t,z,7,&) € Sf,O(Rn.‘"l). Then for 1 < p < oo the linear transformation (R, h] (the
commutator of R with the multiplication operator v(z) — h(z)v(z)) satisfies the following

continuous mapping properties

LP - IP1~%* when 0<2z<1,
[R,h)] : (2.0.1)
LP? — [PY when —1<2<0

Ip*-1 5 1p when 0<2<1,
[R,h] : (2.0.2)
LP~l 5 IP=% yhen —1< 2<0.
Proof. The commutator theorem of Coifman-Meyer states that if R is of order z = 1 then

[R,h] : LP(R™) — LP(R™) continuously (see Section 3.6 of [19] for a discussion of this result).

Thus when z = 0, the following map is bounded

(D)'(R,h] = [(D)'R, h] + [h,(D)'|R : LP(R") = LP(R™).
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This allows us to conclude that when 2z = —1,

(D)'[R,R)(D)" = (D)*R[h, (D)'] + (D)} [R(D)*, ] : LP(R™) — LP(R™).
An interpolation argument now allows us to conclude (2.0.1). By observing that
[R, h]* = —[R",}]
(2.0.2) is now an straightforward consequence of (2.0.1). a

As an immediate corollary we have that if R is a pseudodifferential operator with symbol
R(t,z,7,€) € SYo(R"*!) and H}, denotes the L? Sobolev space of order 1 in the (t,z)
variables on R™*1, then

[P,R]: H}, = L1,
continuously with operator norm depending on the symbol estimates and on the Lipschitz

norm of the coefficients of P. To see this, observe that the lemma implies
[0, R), lasj, R« Hiz = L2, and lo, R], lasj, R : L, — Hi,

with the desired operator norm properties. By continuity of differential operators in Sobolev
spaces, the former mapping easily provides the result for nondivergence operators and the

latter mapping does the same for divergence operators.

Lemma 2.0.2. Let {T};}32, be a sequence of linear operators mapping S(R™) (the Schwartz
class functions on R™) to S'(R™) ( tempered distributions on R™). Suppose for any 6 € R,
3 €%y is a well defined mapping from S(R™) — S'(R™) that extends to a continuous map
from H*(R") to H¥(R™) with operator norm uniformly bounded in 6. Then there exists C
depending on the Ty such that

> N Tehlw@ny < CllRIE:@n
k=0

for all h € H*(R™).

Proof. Replacing the Ty by (D)Y*“T(D)~* if necessary, it suffices to proof the lemma in the

case where z = w = 0. By Plancherel’s equality we have

[ore] 2 x 2
Z HTth%z(Rn) ~ / / ‘Z ezke(Tkh)(m) dxdf S 27TC||hH%2(Rn)
k=0 0 JR™ =0

as C can be taken independent of 8. This proves the claim. |
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2.1 Preliminary reductions

Before localizing the solution in frequency, we show that it suffices to prove the main the-
orems for compactly supported solutions u and for P whose coefficients are a perturbation

of the constant coefficient wave operator.

Proposition 2.1.1. Suppose Theorems 1.6.1 and 1.6.2 hold with to = 1 under the additional
condition that supp(u(t,-)) C (-3, 3" for allt € (-3 5,2) and that
Y laij = 8isllzip + llo = Ulzip < (2.1.1)
1<i,j<n
where € > 0 is sufficiently small but fized. Then Theorem 1.6.1 and 1.6.2 hold without

restriction for arbitrary co >ty > 0.

Proof. We first reduce to the case where the solution is compactly supported. Suppose u
is a solution to (1.1.1), the support of u(t,-) is arbitrary, and that the coefficients of P
satisfy (2.1.1) with Lipschitz norms taken over the entirety of R™. Let {xx(z)}$, be a
smooth partition of unity on R™ such that each xy is supported in a cube with sidelength

3. We can take the sequence of functions so that

”aankHoo < Cﬁ

where Cg is independent of k& and each function in the sequence is a translation of the other

functions. Thus by our hypotheses,

o
s—— —5-Z 1
”<D> ”LP( —1,1];LI(R")) < C Z pXku”%f([—l,l];Lq(lR")))2 (212)

1
2

< C( D2 Us(0, sy + 100, o) + POk sy zamny)
k

To handle the last term we write
P(xxu) = [P, xx]u + xx Pu.

For any 6, [P, %% y;] is first order differential operator with coefficients in L*° and hence
y k X

maps H'(R™) — L%(R™) continuously with operator norm uniform in 6. By Lemma 2.0.2,

ZH[PXk]U Miagey S lult, )i @n)-
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Applying Lemma 2.0.2 again along with energy estimates allows us to dominate (2.1.2) by

[ e @ny + lgllze@ny + 1F | 22 -1,1,22®m))-

Before reducing the general problem to the case where the coefficients are a perturbation
of the constant coefficient equation, we show that the inhomogeneous estimates in the
conclusion of the main theorems imply some homogeneous, scale-invariant estimates. Let
Bo be a smooth compactly supported bump function identically 1 on the unit ball and let
Bo(D) denote the Fourier multiplier of order 0 determined by 8. Also, for z € C, let |D|*
denote the Fourier multiplier with symbol |¢|* and let HY(R?) = |D|~}(L?(R™)) be the

homogeneous Sobolev space of order 1. Observe that by Sobolev embedding, we have that
|D|7*75 Bo(D) : HY(R™) — LYR™)
as s + % < n(% - %) — 1. In addition, by energy inequalities,

HU”Lw([_l,u;Hl(Rn)) < llu(0, ')Hgl(mn) +10¢u(0, )| L2y + HPUHLg([—-1,1];L2(Rn))-

The conclusion of main theorems now imply the following scale invariant estimate involving

homogeneous spaces with tp =1

111" ull 12 £g (—totolxrry S KDY 72 (I = Bo)ull e g + 1D1°" Bo(D)ullprre

S w0, ) g+ 18:u(0, )z + 1Pull 23 ((—¢0,t0)s2@ny) - (2.1.3)

We now reduce to the assumptions in (2.1.1). Suppose aij, p satisfy the hypotheses of
Theorem 1.6.1 or Theorem 1.6.2 as well as the bounds in (1.6.5), but do not necessarily
satisfy (2.1.1). By a linear change of coordinates we can assume that p(0) = 1, a;;(0) = dy;.

Thus for « € (—3, )™ we have the following estimate for R < 1
Y. D 16%(aij(Re) ~ &)l + Y 10%(p(Rx) = 1)| < CRlal.
1<i,5<n |a|<1 lal<1
where C is independent of R,z. Thus by choosing R sufficiently small, we have that
the coefficients p(R-),a;;(R-) satisfy (2.1.1), implying that the inequalities in the con-
clusion of Theorem 1.6.1/Theorem 1.6.2 hold for u(R:). By a rescaling argument, this
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implies the estimate (2.1.3) above with ¢y = R for compactly supported u such that
supp(u(t,-)) C (=3B, 3R)" for t € (—{R, IR).

Estimating Bo(D)u, (I — Bo(D))u separately as before now yields the inhomogeneous
estimates (1.6.1) and (1.6.4) for t; = R and u supported in a cube of sidelength 3R. Using
a partition of unity as above now allows us to remove the assumption that v need be
supported in small sets. Finally, the wave group property establishes the estimate for

arbitrary to > 0. d

Thus from now on we will assume that the coefficients satisfy
Y llag = 8illzip + llo = Ulzp < e (2.1.4)
1<i,j<n
for some sufﬁciently small but fixed € > 0. Additionally, we will assume that ¢y = 1 and that
our solution u is supported in the cube (—%, %)" for all t € (—%, %) We will also assume
that u solves the homogeneous Cauchy problem with F = 0. By Duhamel’s principle it is

not difficult to see that the general case reduces to such an assumption.

Before we begin localizing our solution in frequency, we make a small alteration of our
solution for technical reasons. Replace u(t, ) by ¢(t)u(t,z) where ¢(t) is a smooth bump
function equal to 1 on [—1, 1] and supported in (—%, %) It now makes sense to look at u as
an element of a Sobolev space in n + 1 variables over all of R**1, Hence H{, will denote the
L? Sobolev space of order w on R"! in the (t,z) variables and H* will denote the Sobolev
space on R™ in only the z variables. This modification of u means that it is no longer a

solution to the homogeneous problem. However, energy estimates allow us to control [P, d|u

so that we have the following inequality for all t € R
I(Pu)(t, Mz < (If 11z + llgllz2) - (2.1.5)
2.2 Localization in frequency

Here we discuss our main approach to the problem, which involves localizing our solution

in frequency to dyadic pieces where P should be hyperbolic in z;. Take a sequence of
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smooth Littlewood-Paley cutoffs {Bx}r>0, so that Bx(§) is a smooth function defined on
R™ with Y, Bk = 1 and supp(Bk) C {{ € R" : k=3 < €] < 2k+%} when k # 0 and
supp(Bo) C B1(0). We can also take the sequence so that Bx(-) = B(27*:) for k > 1 for some

function 8 € C§°(R™).

Next, multiply 3o by another smooth cutoff in 7 to extend By so that it is a smooth cutoff
supported in the unit ball in R**! and one in a neighborhood of the origin in R+, That
is, there exists Bo(7,€) with these properties such that 5o(0,€) = Go(€). Treating Bo(D) as
a Fourier multiplier on u in the (t,z) variables, Fo(D) is a smoothing operator. Hence by

Sobolev embedding and energy estimates

D) ~*Bo(D)ull rpra-1ux@ny S lullmz, S U lar + llgllze) -

Now choose a cutoff AT € C®(R™"!\ {0}) such that

supp(AT) C {(7,€) : 97¢| < 7 < 9i¢)}

and is identically 1 on the slightly smaller cone {(7,&) : 871|¢] < 7 < 8|¢|}. Since we already
have estimates on Bou we will replace AT by AT(I — Fo) so that AT is smooth on all of
R™*! and vanishes on in a neighborhood of the origin. Also, set A™(7,&) = AT(—7,§). Our

approach will be to get estimates on each of the following:
At (D)u, A" (D)u, and (I — AT(D)— A™(D) ~ Bo(D))u.

The Strichartz estimates for ATu, A~u will require further localization. Consider a cut-
off Q(¢) € C®(R™) \ {0} such that supp(©2) C {£ : & > 200|¢’|} and is identically 1 on a
slightly smaller cone. Set T=(7,£) = Q(€)A(r,£). By employing a family of similar cutoffs,
we can represent ATy as a finite sum of functions supported in cones in £ of comparable
aperture, so it will suffice to show estimates for the localized I'*(D)u. Similarly, we will
show them for I'Tu as estimates for I'"u will follow by an identical argument, so from now

on we will suppress the ‘4’ in I'* and refer to it as I.

Set T'x(D) = Bx(D) o T'(D) so that Tyu = FHBe(&)T(r, £)U(r,€)}. Let ¥ be a smooth
3
bR

cutoff in z; that is identically 1 on a neighborhood of [— %] and supported in (—2,2) so
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that ¥(z1)u(t, z) = u(t,z). We pause to mention that for any z; € R, the partial Fourier

Transform of ¥['xu in ¢,z is supported in the set
supp(¥Tu) (-, 21,7) € {(,€) 7 2 220€[} N {(r,€) : 2741 < (7,8 < 24447}
The rest of this chapter will now be devoted to proving the following theorem:

Theorem 2.2.1. Let p—1,a;;—8;; € L"*NLip with k = nT_l-l-l-i-a where either 0 < oo < 1

or o > 1. Suppose the following estimates hold uniformly over k

9T kull 2o rg (—1,xrm) S 2k(3+;)(2k”rk“HL§’°L§([—l,1]xR”)

+ Ilvt,$(¢rku>HL?{L?@,(R"H) + ||P(¢Fku)“L}DlLiz,(RnH)) (22.1)

where o is taken to be é;—g when 0 < a < 1 and 0 = 0 otherwise.. Then Theorem 1.6.1 holds

if > 1 and Theorem 1.6.2 holds if 0 < a < 1.

2.3 Flux estimates

In order to control the L3° Lf,x, (R™"1) norm of the ¢I'yu, we need a family of estimates called
“flux estimates” that exploit the fact that the Fourier transform of I'yu is supported in a

region where P can be viewed as a hyperbolic operator in zj.

Proposition 2.3.1. Suppose w(t,z) € C?(R™1) satisfies Bfmw € L%,m for |B] < 2 and the
coefficients of P satisfy (2.1.4) for some € > 0 sufficiently small. In addition, suppose that
for all y1 € R, (Ry,w)(t,z’) := w(t,y1,a’), the restriction of w to the 1 = y1 hyperplane

has Fourier Transform satisfying

supp(Byyw) < {(7,€) < €7 < 517} \ By (0).

Then given a subinterval I C R and any y1,71 € I, there exists some constant C; depending

only on I, n, and on the Lipschitz norm of the coefficients of P such that

Y1
Vel ez, < Cr(IVesuors gz, + [ 1Pl 21, d2).

1
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Proof. Define
1
E(yn)* = / §a11(31w) 29(5’tw - = Z ai;(Oiw) (Bjw) dtdz’
z1=y1 )
Differentiating this expression under the integral sign and integrating by parts in ¢ and z’

allows us to obtain the following estimate

dE?

</ 1| Pwl + (0w + 3 10,0[2) dtda’. (2.3.1)
dy T1=y1 1

We now use the support condition on m and Plancherel’s equality to get that when

g > 0 is chosen sufficiently small in (2.1.4),

2B(3)* > (1) /

T1=Y1

(Buw)? + (Byw)? dtda’ =23 / (Byw)2dtda’
=92 Y T1=Y1

2/ (1—s)(T2—2\5'\2)|R/yl\w\2drdg'+(1—e)/ (Brw)? dtda’
T1=Y1

r1=y1

> 1/ (72+|g'|2)|m|2d7d§'+3/ (81w)? dtdz’
 Jar=u 9 Jar=y
1
5(“8,:’(!)( ’yla')”L’A’ ,+Z“aw YL, )HL2 /)- (2.3.2)

i=1

This inequality, along with (2.3.1) allows us to conclude that

dE 1dE?

— =l . . 2
Bly) g = 50 S BwlPeC,u ez, + Ew)

Given (2.3.2), we can divide through by E(y;) and apply Gronwall’s inequality to prove the

result.

-0

2.4 Local estimates to global estimates

Proof of Theorem 2.2.1. We first reduce matters to estimates on I'u by handling the term
(I = A* — A7)u. Since n(3 — %)‘—F (3 - %) < 2 + s, we can use the Sobolev embedding

estimate (D)~° : HZ, — LYLE(R™*1) to get that

IKD)™*(I = A* = A7 )ullpprg@nssy S I = AT = A7 )ullpz .
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The full Fourier transform of (I — At — A~ )u is supported in a region where

P(z,7,6) > [(7,€)].

Hence by elliptic regularity results for pseudodifferential operators with rough symbols (see

Theorem 2.2B in [19], which also holds in the Sobolev space setting) we have
I(7 = AT = AT)ull gz, S 1P — AT = A )ulls
NPT~ A% = AJulg_+ [Pul;
S Al + llgllze,

the last inequality following by Lemma 2.0.1, energy estimates, and (2.1.5). This provides

the desired estimate on (I — At — A™)w.

Turning our attention to I'u, we observe that by Littlewood-Paley theory

—_g—= —s-Z 1
KDY= "#Tullzrg = (D (D) ~* % Bl ul?)2 | o 1g
k

1

< (Z 2_2k(s+%)l|PkUH%m) 3
k

so it suffices to dominate the latter sum by ||f|lz: + |lgllzz.

We now write I'yu = ¥T'yu + (1 — ¥)T'xu. To control the terms involving ¢Tyu, first

observe that as a consequence of the flux estimates we have
2 2 2
IVeeWTklis gz , S IVeaWDe), =2 My, + IPOTRUIE, 12 s
SIIPWTRw)lIzs

with the last inequality following from the compact support of ¢ in z;1. Hence by (2.2.1),

the sum over ¥I'yu is now dominated by
—2k(s+ <
D2 Dyl e < 37 (ITkuldee oo ey + IP@TR0)IE; )
k k
To estimate the sum involving the P(¢I'yu) we begin by writing

P(yI'yu) = [P, ¢|Tku + [P, Tg]u + YTk Pu. (2.4.1)
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Consider the middle term. 1% is a bounded function, so it suffices to control the sum
> e B, I‘k]uﬂigz Indeed, the estimate
SR Tululs . S s, S 17180 + s (2.4.2)
k
follows by Lemma 2.0.2 once it is observed that Lemma 2.0.1 implies
[P,> e*Ty) : HY, — L2,
k

continuously with operator norm bounded by some constant independent of 6. Given energy
estimates and (2.1.5), the remaining terms in (2.4.1) are also easily controlled

S (P wlTiully +WTkPul; ) S S ITkuldy + 1PulZ; S 151 + gl

k k

To estimate the sum involving ||Txul| peo((—1,1);21), 16t ¢(t) be the smooth cutoff function

in ¢ defined above that is identically 1 on [~1,1] and zero outside (—£, ). Energy estimates

then yield
ITkullzgo-1,11:80) S N8Tku(=2, )l + 1P(eT%u) 22 S [1P(@T5) ]2 -
Inequalities to (2.4.1) and (2.4.2) now control >_, HrkuH%tw([—l»l];H%)'

We are now left to control the sum >, 272K+ (1 - ¢)Fkulling- Since T'xu is given

by convolution against a Schwartz function decaying on the scale of 2=% and by Proposi-

tion 2.1.1 u is supported in (—%, %), we have that for any N > 0

(1 —¥)lkullprg < CNQ_kN”UHng
with Cy independent of k. Choosing N sufficiently large, this yields the inequality

S 271 - ) TeullEere S lullaqor oy S 11l + gz
k
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Chapter 3

PARAMETRICES FOR THE WAVE OPERATOR

Now that we have reduced the main theorems to showing estimates on the ¥I'yu, we
need to represent such functions in a manner that is suitable for proving Strichartz inequal-
ities. In this chapter, we will use wave packet techniques as inspired by the work in [10]
to represent the solution. Once this is done Chapters 4 and 5 will show how to use the

representation to prove the estimates in the hypotheses of Theorem 2.2.1.

Throughout this chapter and in Chapter 4 we will assume that the coefficients of P are

Lipschitz functions satisfying (2.1.4) and that
0Jaij(z),82p(z) € Ly, LF(R™) 18] <2, (3.0.1)

for some 1 < r < co. This condition holds when the coefficients of the wave operator satisfy
the hypotheses of Theorem 1.6.1 and a smoothing procedure will ensure that this holds
when a;;, p satisfy the conditions of Theorem 1.6.2. As we will see this condition is well
suited for representing solutions to the wave equation whose partial Fourier transforms in

t, o’ are supported in a region where 7 >> |¢/|.

As discussed in the introduction, we begin by constructing a pseudodifferential opera-
tor with rough symbol P(z, T, €) such that P(w) = E}IP(w) for functions w whose partial
Fourier transforms are supported in a region where 7 >> |¢’|, yet is hyperbolic in the z;
variable rather than in ¢. Hence the symbol P(z1,2,7,¢1,¢) will be a quadratic in &.
This will allow us to represent such w as solutions to equations involving P, while providing

enough flexibility to construct a wave packet parametrix.

After introducing the fundamental properties of wave packets, we follow the approach
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in [10], constructing an approximate solution operator for P. The matrix of this operator
in the wave packet frame will behave much like a permutation matrix that has the effect
of translating the center of one frame element along the Hamiltonian flow induced by P.
In our case the Hamiltonian will be one of the roots the symbol of Pasa quadratic in
£,. This means that our approximate solution operator will be a superposition of wave
packets travelling along curves parameterized by x;, rather than in ¢. When this operator
is composed with ﬁ, the result is then an operator that loses only one derivative instead of
two. Once the approximate solution operator is constructed, we will see how to use it to

represent solutions precisely.

3.1 The operator P

To construct P, let ¥ € C°(R™ \ {0}) be a smooth, homogeneous of degree 0 function in
(1,¢') such that supp(¥) C {(7,¢') : 7 > 5/¢'|} and is identically 1 on the slightly smaller
region {(7,&') : 7 > 6]¢'|}. Next we pick a smooth radial cutoff Q such that  is identically
1 on a neighborhood of B%(O) C R™ and zero outside B% (0) and replace ¥ by ¥(1 — Q) so
that ¥ is smooth on all of R®. Additionally,

> o

U(r, &) =T((r,)/|(n,g)N)  for [(,£)] 2

We now set @;; = ai;j/a11,p = p/a11 and define P as the pseudodifferential operator with

rough symbol given by

P(z,7,6) = < Z 2)&1€; — (p(z)7? - aij(@ )&Q))‘I’(T,é’)
i= 2<ij<n
—(72+Z§ (1-¥ +1i by
Jj=2 1

Here either p(z) = 1 and b; = 0 for nondivergence operators or b; = aj; > j=1 Ojas5 for

divergence operators.

We will also need to smooth the coefficients of P by truncating their Fourier transform

in z to frequencies less than 25, Let 5 = , define ¢p(x) = 2%&¢(2§m), and then set
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&fj = @ * Qij, p* = ¢1 * p. We need a few estimates on the dfj and p*. We first show the
existence of an L"(R) function ¢ such that ||(a;; — dfj)(ml, Mizee < 27%o(z1). Set

IDZA(zs, iz = D Y I0%aij(m1, )l + Y 1105 p(@1, )]sy

laj=2 4] o =2
and let g(z1) denote the Hardy-Littlewood maximal function associated to the L"(R) func-
tion z1 — ||D2A(z1, )llzss. Note that since 1 < 7 < oo, o(z1) € L"(R) as well. We next

observe that for any Schwartz function h € S(R) and A > 0
/||D£A(m1 - z,')[lL h(Az)Adz < Cho(z1) (3.1.1)

for some constant Cj depending only on h. This is a consequence of Theorem 2 in Chapter

III, Section 2 of [13].

Since ¢ is radial and hence [ y;¢(y)dy = 0, a Taylor expansion of a;; with second order

error yields the estimate
- - . - k kn
643 () — a(2)]| = | / (45(2) — ds5(@ — 1)) $(259)2F dy
1
k
<ok / / ID2A(a1 — (1 - t)ys, s (2890)20 (2 y)2Edy .
0

with @(y1) = [|é(y1,¥)|dy’. For 0 <t < 1 we make a change variables z; = (1 — t)y; in
the last integral and apply (3.1.1) with h(z) = 22®(z) to get that

855 (1, ) = & (21, L S 27 o(@1).

Note that we also get identical results for pF.

A second application of the maximal function result above allows us to conclude

10868 (21, )lzss, 11085" (21, 2oe < Cp23091=D p(ay) for 6] > 2.

Since a5, p € Lip(R™) we also have that for 8] < 1, ||a£afj |Lee < C for some C independent
of k and that

~ ~ k -
187651120, 05 5%|| Lo < C220P1=D) for 8] > 1.
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Define ISk(m, D) as the pseudodifferential operator with smooth symbol obtained by re-

placing d;;, p by &fj, 5* in the definition of P. By choosing € > 0 in (2.1.4) sufficiently
small, we see that the principal symbols of ﬁ, P¥ are quadratics in &1 with 2 real roots, that

is, they are operators that are hyperbolic in z;.

We will employ wave packet techniques to construct a parametrix for 15, 80 to provide a
more intuitive exposition we will reverse the roles of t and z; and assume that P is hyperbolic
in t. So for the rest of this chapter we will prove results about pseudodifferential hyperbolic
operators Ig(t,a:,r, €), ﬁk(t,x, 7,£) obtained by switching the roles of the variables (¢,7)

and (z1,£1). This means the estimates on the smoothed out coefficients of P* take the form

@i — ) (t, )l zge, (5 — 5% (&, lzge < C27%0(2), (3.1.2)
102,85, (t, Ml zge, 102,75t Ve < Cp2508 D) for|gl>2,  (3.1.3)
16255 | gs,, 10,7 | ge, < Cp28 (21D for [8] 2 1. (3.1.4)

Define Q, Q* as the principal symbols of P, P* respectively. Let HE(t, z,¢), Hki(t, z,€)
denote the roots of the symbols of Q, Q" respectively as a quadratic in 7. These functions

satisfy the following estimates:

16,05 Hy(t,2,m)| < Co,p(1+ [n])* 77 for [a| £ 1,
182,08 Hy(t, 7,m)| < Cagle(t) + 1)25021=2(1 4 |))*-14 for |a| > 2, (3.1.5)
162,08 Hy(t,@,m)| < Ca,p23021=D(1 4 [))1~14! for Ja| > 1.

We can now write the operator Q*(t,z, D) as
Q*(t,z, D) = (i0; + Hy (t,z, D)) o (id; + H; (t,z, D)) + E; (t, z, D) (3.1.6)

with error term E,‘f(t,a:,D) of lower order. To create an approximate solution operator
for ﬁk it should suffice to construct an evolution operator which loses no derivatives when
composed with (i0; + H; (t,z, D)). Indeed, we will write out E7 (t,z,D) below and argue
that the error brought about by the this term and the first order terms will contribute to

the loss of only one derivative.
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3.2 Wave Packets

We now introduce “wave packets”, which are a frame of functions on L?(R") with properties
that are well suited for the analysis of hyperbolic operators. This section is essentially a

summary of the results in Section 2 of [10].

To construct this frame we begin by taking a partition of unity
o
2 —
ho(€)F + Y IR (©)1F =1
k=1 w
k(n—1 s
on R™ where w ranges over a set of & 272 vectors on the unit sphere, equally spaced by

a distance of =~ 2_§. These functions can be taken so that
w n.,ok—1% k+3 n _k
supp(hf) C{{¢ €R™: 2772 < [{] <272} N{{ e R": jw - £/[¢]| < 277}
with derivatives that satisfy
i —ki—k
|{w, B¢ B BE (€)] < Cg s27F9 3141,

Such a partition of unity is constructed in Chapter 9, Section 4.4 of [12].

For each pair w,k let Y be the rectangular lattice in R™ evenly spaced by distance
2% in the w direction and spaced 92-% is the directions orthogonal to w. Given any triple
v = (@0, k,w) where g € Y, set

ﬂ%ll e—%(l‘o,f)

2y(6) = (2m)732° hi; (€)-

By using Fourier series, it can be shown that the collection {¢,(z)}, forms a frame of

functions for L? in the sense that if f € L2(R™), and ¢y = [ f(y)@~(y) dy, then

1) =3 eypy(w), / WP dy =3 ley .
Y

5

However, these frame elements, which we will refer to as “wave packets”, are not mutually

orthogonal or even linearly independent. In space, these wave packets are now localized to

k

a region of width 2% in the w direction and width 277 orthogonally in the sense that

. . k(n+1 k o s
= 20) (e, — 20)*(w, 8y (0", 8,)°05 (9| < o 2 FH+EWIlaD+:G=0 (3.
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where (w', 8,)? denotes differentiation with respect to any family of |8| directions orthog-
onal to w. We also note that this frame also allows us to represent tempered distributions

in an L? Sobolev space with norm approximated by
2 ~ 2k 2
1£ e ey = D 2%y .
¥

We next observe the correspondence between matrices on U, xZ% X U, 2% and operators
on L?(R™). Indeed given any operator T on L%(R"™) we can associate a matrix to it given
by

) = [ Ty
Conversely, given any matrix {b(,7')},y Wwe can formally associate an operator to it de-

termined by
Tf=>_b(y,7)eypy.
VY

Below we will discuss conditions on matrices on Uy, x=% X Uy k2% for which its associated
=k W=k

operator is bounded on L2(R™).

This frame of functions is well-suited for analysis on the cosphere bundle of R?, S*(R") =

R™ x S™~1. We place a natural pseudodistance on the cosphere bundle given by
d(m,g;:ﬁ,&) = |(w,z — &)| + |(&, 2z — &)| + min(|z — &, |z — Z|?) + |w — &%
We also have the following useful estimates on d
d(z,w; 2,&) = [{(w,z — &)| + min(|z — &), |z — &|?) + |w — &
d(z,w; %,&) < 6(d(z,w; o', ') + d(z','; &,@)).

This pseudodistance can now be used to define a weight function on U, xZ¢ x U, xZ%.

For v = (z,w, k), = (¢, ', k') € Uy xE¢ we define

d(:z:,w;:c’,w’)>_"_‘s

_ 2\—1a—(6+2)|k—K
ps(v,7') = (1 + [k — k'|?)~12=+2)] ’(1+W

The weight function now allows us to give sufficient conditions on a matrix in

Uy p=¢ x U, ,2% so that its associated operator is bounded on LQ(]R") or is continuous
K=k K=k
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between L? Sobolev spaces. Given a mapping x on S*(R™), we say that the matrix b(v,7")
belongs to the class Mj(x) if

160, 7)| < Co2™ ps(v, x(')) (3.2.2)

where x(7') = (x(2',w'), k'). We also define M"(x) =550 M5(x). An operator T defined
as a map from Schwartz class functions on R” to tempered distributions, is said to be of
class Z"(x) if its associated matrix in the wave packet frame belongs to M"(x). As a result
of Theorem 2.7 in [10] we have that whenever x1, X2 are invertible mappings on S*(R") that

satisfy
C7ld(z,w; ', W) < d0q(z,w); xi(2', W) < Cd(z,w; ', '), 1=1,2 (3.2.3)
then
I'(x1) : H*(R™) = H*"(R") and  I™(x1)oZ™(x2) C I 2 (x10x2). (3.2.4)
Furthermore, if the matrix estimates of an operator in Z"(x1) satisfy

b(v,7')| < M - Cs2™ us(y, x1 (7))

for some constant M independent of §, then its norm as an operator H?> — H?*™" is bounded
by M - C, where C, depends on z and on Cj for some § > 0, but not on M. This result will
play a crucial role in the analysis below as we will frequently need to show that certain maps
are continuous between Sobolev spaces, and showing that the operator belongs to Z"(x) for

some suitable transformation x will often be the most effective way to accomplish this.

3.3 The approximate solution operator

Here we construct an approximate solution operator for (i8; + H; (t,z, D)) when t € [~2,2)]
in the sense that when it is composed with (i8; + H;" (¢, z, D)) the result is an operator that
loses no derivatives. It is then shown that this implies that the operator composed with P
yields a mapping that loses only one derivative. The first portion of the discussion in this

section actually holds for either H* or H~ so we will often drop the superscript when there
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is no need to distinguish between the two.

Since H(t,z,£) = |¢|H(t,z,€/|€]) for |¢] > 2 we can redefine H (and similarly Hy)
whenever |¢| < % so that H is homogeneous of degree 1 in £. This redefinition will not effect
the results we prove concerning the operators H(t,z, D), Hi(t,z, D) as they will almost
always be applied to data at frequencies supported away from B 3 (0). Allowing H and Hy
to be homogeneous of degree one now allows us to take the flow on T™(R"), the cotangent
bundle on R™, determined by the vector field (—He(t, z,§), Hz(t,z,£)) and project it down

to a flow on the cosphere bundle S*(R") = R™ x S"~ 1.

Given any v = (z,w, k), let (z~(s),wy(s),O(s)) be the solution to

%—i = —(Hg)e(s, z,w)
o = (He)als, ) = (o (HeJels, 1)) (33.1)
% = @[w ' (Hk)x(samaw)T - (Hk)w(s’m’w) 'wT]

with initial conditions (z+(0),w~(0), ©,(0)) = (2, wy, I). This flow preserves $*(R™) x O(n)
and has the property that ©.(t)ws(t) = w,y for all time t as £(O,(t)wy(t)) = 0. Set
0 (8,Y) = ©y(04(s)(y — x4(s)) + z,) and define the operator
ek(t)(z cypy)(y) = Z cypy (6, y)-
v iy =k
The key result of this chapter will be to prove that >, ex(t) is indeed an approximate

solution operator for P.

Before proceeding, we need to collect a few facts concerning the flows induced by H and
Hy. For each k > 1, let x¥ : §*(R?) — §*(R™) denote the mapping xf(z,w) = (z(t),w(t)),
where the curves (z(s),w(s)) are solutions to the first 2 equations in (3.3.1) with initial
values (z,w). Also let x¢ be the analogous mapping induced by the nonsmooth Hamiltonian

H (that is, the mapping determined by replacing Hy by H in (3.3.1)).
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First observe that we can adapt Lemma 2.2 in [10] to our slightly weaker conditions on

H and conclude that
Cld(z,w; %,@) < d(xe(z,w); X¢(&,@)) < Cd(z,w; &, D) (3.3.2)

where (' is independent of ¢ € [—2,2]. Hence the results (3.2.4) of the previously mentioned
Theorem 2.7 in [10] apply, and will be used implicitly, in what follows below to imply that

certain linear transformations are continuous as a maps between Sobolev spaces.

In the same vein, Lemma 3.6 of [10] is also easily adapted to allow us to conclude that
d(xf(z,w); xi(z,w)) < C27F (3.3.3)

where C is again independent of ¢ € [—2,2]. The proofs of both of these lemmas from [10]
rely on an application of Gronwall’s lemma which work just as well under our slightly weaker

hypotheses.

This first theorem shows that when ex(t) is composed with i8; + Hy(t, z, D) the result
is indeed an operator that loses no derivatives. The key here is that

> (i6: + Hy(t,z, D)) o ex(t) € I%(xz).

k
Theorem 3.3.1. Let {Hy(t,z, D)}, be the family of pseudodifferential operators with
symbols Hy(t,-,-) € 81 o(R} X RE) defined above. Then for each fized t we have

Zek EIO (xt),
&:OZek EIl Xt
> (i8; + Hi(t, 7, D))ex(t) € I°(xs),
k

> " 0¢ 0 (i8; + Hy(t,z, D))ex(t) € T (xz).

Furthermore, if b;(, v',7) denotes the matriz of 3_, 6 o (10 + Hy(t, z, D))ex(t) for 1= 0,1,
k

at a fized time t we then have the following estimates on the matrices for any t € [—2,2]
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and N,6 >0

Cs2"(1+ o(t))us(v', x2(7)) o — K| < 2,

C&NQQ max(k”’k"'w(l + Q(t))ﬂé(’Y',Xt(’Y)) ‘kv’ - k’yl > 3.

5l(t7 ’7,7 7) <

The constants Cs,Cs n are independent of t € [—2,2].

Proof. Computing Osp~(t,y) yields

Oepy(t,y) = L(t, (t), w(t), y, Oy)px(t, y) (3.3.4)

where

L(tam7way78y) = <(Hk)n(taw’w)7ay> + <(Hk)z(t7m7w)’y - m><w78y>
= (w,y — 2)((Hi)a(t, 7, w),8y). (3.3.5)

Given this and (3.2.1) it is not hard to see that an an integration by parts argument gives
us

|6 (8, y)| < CN2M (1 + ?k|<ww(t), y = 24(t))] + 25y ~ 2y ()

for I = 0,1. Next observe that [ ¢(t, )¢ (y)dy vanishes whenever |wy(t) — wy|? > 27F+4
or |k — k| > 2. Thus the claim that 8} o 3", ex(t) € T'(xz) for I = 0,1 is a consequence of

the following estimates

l/aé@'y(t,y)‘:o*y’(y)dyl < CNzkl(l + 2kd(x7(t),w.y(t); x'y’aw'y’)) (3.3.6)

which are straightforward when |wy(t) — wy|? < 275 and |k — ¥'| < 2.
We now turn our attention to the other claims. Consider the operator ¢0s + Hy(s, z, D)
applied to ¢y(s,y) and abbreviate the curve (z,(s),w,(s),©,(s)) defining the function by

(zs,ws, Os). By employing a Taylor expansion of Hy(s,y,n) about the point (s, |n|ws) with

second order error term R(7,s,y,n) it is not hard to see that the operator

iL(37 Tg,Ws, Y, ay) + (Hk)(s,y, D)
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has the symbol

((Hk)z(s,2s,ws), y — @s)nl({ws, ws —n/Inl))
+ <w8’ Y- m8><(Hk)-’B(S’ Ts, ws)v 77) + R(77 8, y777>

Call the operator determined by the first 2 terms in the sum T, and let 8,1, s be
the operator obtained by differentiating its symbol with respect to s. Also, abbreviate the
operator determined by R(v, s, ) by Ry,s and take a similar convention for 8 R,s. By using
the Fourier transform we see that for [ = 0,1, [ (a_qu%sgo.Y)(s,y)W dy vanishes unless
both |wy — ws| < 27%+* and |k, — k5| < 1. Employing arguments similar to those used in

establishing (3.3.6) we have that for any § > 0 there exists Cs such that

| / (05Ty,0)4%5 dy| < Cs2"ps(xs (1), 9) ~ C2% s (xs(1), 7) (3:37)

with the latter approximation following from (3.3.3).

We now turn our attention to estimates on the R term. Setting

1
FR(y,8,y,m) = /0 (ang)(s,ty +(1- t)ms,t% +(1- t)ws) dt,

1
F(v,8,9,m) = /0 (05 Hr) (s, ty + (1 = t)zs, [n| ™  (tn + (1 — t)In|ws)) dt,
.. 1
Fii(y,s,y,m) = /0 (By,Ba, H) (5, ty + (1 = £)2e, tn + (1 =€) mlws) dt

allows us to write:

R(77 S>y777) = Z (y - ws)a[n|Fﬁ(7) 379,77) + Z (77 - ln|w3)a’n’_1F§2(7a S,yﬂ?)

|o|=2 || =2

+ Y (Y= 36)iln — Inlws); (v, 5,5,7).

1<i,j<n

Also, observe that (3.1.5) implies the following estimates on F = F%,F$, or Ff% for

n € supp(py)

161021082 F (v, 5,9, )| < Cg,,,(e(s) +1)23 A+ =18al.
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Writing
85((T%s + Ry,s)i04(s, )): (0sTy,s + 88R7,8)¢7(57 )+ (Ty,s + Ry,5)0s004 (s, )

we see that the theorem is now a consequence of (3.3.7), (3.3.4), and the following Lemma
concerning the mapping properties of pseudodifferential operators in the wave packet frame.

d

Lemma 3.3.2. Let B(y,n) € Si 1 with symbol estimates of the form
13
18l _
‘6518523(%77)] <M. Cﬂl7ﬁz<n>l+ ol

where M > 0 is some constant independent of 81, B2. Suppose also that 1 is a function of

the form

17);(5) = e_i<w7’§>2k(i_j+}—ﬁ§ﬂ—l—%2l_l+|_ﬁ23_|_ (n:lz ) '

(wy, O ) (Wi, Be) Pt (wy, €)F (wik, )P |E[1(€ = [Elwy)P Ry (€) (3.3.8)

so that 1y is concentrated in a rectangle of width 9=k in the w direction and width 273
orthogonally, much like a wave packet. Then for v = (zy,wy, ky), ¥ = (x5, w5, ky) we have

the following inequality:

M - Cs2%ps(v,%) |ky — k5| < 2

\/m(y)B(y, D)y (y)dy| < (3.3.9)
M - Csn2mexbrki)N sy, 5) by — kg > 3

where Cs,Cs N depend on §, N, the constants Cg, g,, and on the sequence of indices taken

in (3.3.8), but not on M or the choice of v,7.

Proof. For the purposes of this proof, given a sequence K of indices and/or quantities, Cx
will denote some constant depending only on K and the constants Cg, g,. We will also often

abbreviate k., by k.

Integrating by parts in the integral defining B(y, D)y~ (y) yields estimates of the form

Hwy, y = 29)7 (y — 24)* w3, 8y)*205° B(y, D)y, (v)|

< MCJ e aa2kgn4+12+kl+§(|a2|+2\a3|—|a1|—2j) (3310)
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where Cja;,0,,05 18 independent of M. This shows that such B(:, D)t is concentrated in

space to a rectangle of width 27% in the w~ direction and width 9% orthogonally. Let
B1)., abbreviate B(-, D)y,. As a result of the estimates above, integration by parts in the
integral defining E@(g) gives us

k(n+1
ghi— 2l

| By (€)] < MCly (L+27¥mk(€)]2 + 272 [e2) =N, (3.3.11)

where 7rj- denotes projection on to the subspace orthogonal to w,. Hence .§\¢7(£ ) is concen-
trated in a rectangle of width 2% in directions orthogonal to wy and length 2* in directions

parallel to w,.

Another important estimate on B/z/;(ﬁ) is obtained through integration by parts with

respect to n and y in the integral

By (¢) = / / & W18 B(y, n)y () dndy. (3.3.12)
This yields the following estimates for any N
—_ _ 3k(n+41 _ _
B MO [ qrae—nt Ve (319)
supp(Fy)

When [k, — k5| < 2 and (wy,wy) > —3 we use the inequalities (3.3.11) after observing

that for £ € supp(@5) we have
k
Iy (6)] = e(2¥|wy — wy| - 22)
with ¢ uniform over all such 7, 4. This yields

= — _k(nt1) _ _E _
| [ B < Moyt | o (2 )] 2 )
supp(@

< MON(L 4 25|wy — w37,

Now consider the case where either (a) |ky — k3| < 2 with (ws,wy) < —3 or (b) .
|ky — k5| > 3 with no restriction on wy,ws. In both (a) and (b), there exists ¢ independent
of choice of such v, 7 such that | — 5| > c2max(kvk3) for ¢ € supp(py), n € supp(ypz). We
can thus apply (3.3.13) to get

]/-B/Jy_ﬁdgl < MéN2max(k-y,k:,)(n+1)+k7l(1 +2max(k7,k§))—N
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These inequalities, along with the results established in the previous case, yield the

following estimates for arbitrary v,
‘/30_731/”7‘ < MCNG(N, by, k)25 1R =hsIN (1 4 2P0, — g |2) =N

where
270N ks > ky+3
C(Nv k’Y’ k’Y) <Aq1

9—kyN k‘:y < k‘—y -3

hy — ky| <2

To obtain the conclusion of the lemma when |ky — ky| < 2, we incorporate the esti-

mates (3.3.10) on B, as well as the standard inequalities (3.2.1) on g5 to get that

~N
< MCN2kl <1 + d(x')”w'ﬁx:/’w&)) )

k 2\—2N —_
1+ 2oy - w7 | [ w80, s

The result follows for |ky — k,| < 2 by observing that this implies

s

2
< Cn22H 22y =hsIN (1 4 25 ) — i [2) 72N ‘/WBQM

< ON2MMPun-n(7,9)?
A similar calculation establishes the desired estimate when |k5 — ky| > 3. O

We are now able to show the following:

Theorem 3.3.3. Suppose Hy, = H; so that ex(t) is defined by the integral curves of HF.
Then

> (i6; + Hy (t,x, D)) o (i8; + Hy (t,z, D))ex(t) € T (xz)
k

with the matriz of the operator b(t,~,~') satisfying

b(t, 7,7 < Cs(1 + o)) ps (v, x: (7))

Proof. As a consequence of Theorem 3.3.1 we have that

> i o (i0; + Hy (t,z, D))er(t) € I'(xz).
k



39

So it remains to show that

> H[(t,z,D) o (i8; + Hf (t,z,D))ex(t) € T (xy). (3.3.14)

k
Let wx(%,7), wx(¥,7) denote the matrices associated to
H (t,z,D), (i6;+ H (t,z,D))ex(t)
respectively. Our strategy will be to show that for any 3 triples 4,+,v" with |ky — k| < 1
and § > 0 that there exists Cs independent of choice of triples such that
Bk (%, Y)wi(7,7)] < Cs(L + ()25 s (7, 7)ms (v, x:(Y))-

This in turn implies that for any § > 0

[ Bk (%, V)wr (7, Y < Cs(1+ 0(£))25 ns—1(F, ¥) o—1(7, x:(7'))-

By Lemma 2.5 in [10] we have that there exists a constant Cs depending only on § > 0 and
n such that

> s s xe () < Cops(F, x¢(v')).
-

Since the matrix of the operator in (3.3.14) is given by 2y k(¥ Y)wi(7,7'), the theorem

will then follow.

When k, > k -2,

Hi (8,4,1)(Bry~1(n) + B, () + Bry2(n))

1

is a symbol of order S ,,
'2

with symbol estimates that can be taken to be uniform in k. The

desired inequalities are then a result of Lemma 3.3.2 and Theorem 3.3.1.

The case ky < k — 2 is more involved. Integration by parts in the integral

_k(ntl i(y—x - w
(Trpy)(y) = 27252 / =) FT= (5, m)h. (n)dly

yields the estimates

k~(n+1) .
0 Ty (y)] < Ca 25 =Tt maxtbnfiel(1 4 ohv|(w,y — a)| + 2|y — 22) Y. (3.3.15)
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This result, along with the estimates on the m it induces, gives us the following matrix

estimates which are much weaker than that of Lemma 3.3.2

| / (Thp) 75| < C52H5+20H9) 505 )

However, due to the estimates of Theorem 3.3.1 when ky < k — 2 we have

[0 (5, 7)wi(7,7")]

< Cp(1+ 0())25 (2K 45(5, 7)) (272D g (o, xe (7)),

As noted above, this completes the proof. O

By handling the error terms, we are now able show that >, ex(t) is indeed an approxi-

mate solution operator for P.

Theorem 3.3.4. Let ey(t) be defined by the integral curves of H,j as in Theorem 3.3.8.
Then for —1 < 2 <1,

S P(t,z, D)ex(t) : H*T(R™) — H*(R™),
k

with operator norm bounded by C(p(t) + 1) fort € [-2,2].

Proof. Begin by writing >, P(t,z,D)ex(t) as

n

ZPtmDek ZthmDek Z tl‘ 6+bl(t$)at) Zek(t)

k
Q(t,z, D) — Q*(t,z,D))ey(t). (3.3.16)

wa

We begin by considering the first term here. By equation (3.1.6) and Theorem 3.3.3 it
suffices to control the sum Y, Ey(t, x, D)eg(t) where

Ei(t,z, D) = —i(8,H{)(t, ¢, D) — i(0:H (¢, z, D)
+ (HF o HD)(t,z, D) — (Hf Hy)(t,z, D). (3.3.17)

Here the symbol of (8 HZ)(t, , D) is (8:HE)(t, x,£) and the operator (Hy Hy )(t, z, D) has
symbol H,;"(t, z,§)H, (t,z,§). By splitting the sum up into groups of integers that are equal
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modulo 4, it suffices to show that the following sum is a map that loses one derivative:
ZE% t,z, D)eq(t) (ZEM: t, @, D)(Bak-1 + Bak + Bak+1) ) ° (Ze4k(t))-
k

Since Y- e (t) € I%(x¢), the sum is now handled by observing that the symbol of (3.3.17)

satisfies

> Eux(t,z, D)(Bak—1 + Bak + Bar1) € Si%
k
with symbol estimates bounded by C(o(t) + 1).

Next observe that since b;(t, ) € Lip(R™) with Lipschitz norm bounded by C(g(t) + 1)
we have that multiplication by b;(t,) is a bounded map on H*(R"). Thus since

at Z ek E Il Xt
for [ = 0,1 we have that
O bilt, )8+ ba(t,)8r) 0 3 ex(t) : HHL(R™) — H*(R™)
2 k

continuously with operator norm bounded by C(p(t) + 1).

Controlling the last term in (3.3.16) reduces to showing that if a = d;; for some 4,5 or

a = p, then the sum

Y (a(t,z') - a*(t,2))Bx(D) : H1(R™) = H*(R™) (3.3.18)

k

for =1 < 2z < 1. However, this result follows by the same methods used in Theorem 4.5
of [10] except that in our case the norm of this operator is now bounded by C(p(t) + 1) for

some uniform constant C. O

We pause to remark that if ex(t) is instead defined by the integral curves of H, , then
a symmetric line of reasoning shows that it is also an approximate solution operator for P.

This fact will be used in the following section.
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3.4 Representing the solution

We now show how to represent the solutions to the pseudodifferential equation Pw=F.
The main idea here is to use the approximate solution operator of the previous section to

construct operators c¢(t, s), s(¢, s) that have the following properties when ¢t = s

c(t, 8)|t=s = I, Oec(t, 8)|t=s = 0,

s(t, s)|t=s = 0, Oes(t, 8)|t=s = I. (3.4.1)

In addition, these operators should enjoy the following properties as continuous operators

between Sobolev spaces

c(t,s) : H**'(R™) - H**'(R") s(t,s) : H*(R") —» H**'(R™)
Poc(t,s): H*"{(R") — H*(R") Pos(t,s): H*(R") — H*(R") (3.4.2)

fort,s € [-2,2] and -1 <2< 1.

Once this is accomplished we can show that given Cauchy data
(wo, w1, F) € H*TY x H* x L}([-2,2]; H)
there exists a function G(t,z) € L}([-2,2]; H*(R™)) such that
w(t, z) = c(t,0)wo(x) + s(t, 0)wi(x) + /Ot s(t, s)G(s,z)ds
so that w(t, z) satisfies Pw = F and w(0, z) =‘wo(:v), Sw(0,z) = wi(x).

We begin by defining operators ci(t, s),sk(t,s) as in Section 4 of [10]. For a given
v = (@, wy, k), let (m,ﬁy:(t, s),wi(t, s),0Z(t, s)) be the solution to |

do* +

dar = "'(Hk )E(t"raw)

dw* 4 n

7 = (Hk )w(ta w’w) - <w’ (Hk )i(t7w>w)>w (3-4-3)
do*

7 - @[w ) (ng:)w(mwaw)T - (let)w(tamaw) ) wT]
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with the initial conditions (w,f(t, s),wf(t,s),@f(t, s))ltzs = (x,wy, I). For each v with

ky > 0, define the function ¥, by 37(5) = —i2%(w., £) 715, (€). We now set

PE(t,5,9) = 9o (OX(t, )y — 22 (4,5)) +2y)

9 .
9E(, s,y) = 9,(0F(t, s)(y — zZ(t, .
'y( S y) H,j'(s,w,,,w.,) _ Hk_(s,x'y,wv) ’Y( 7( 3)(3/ x’y( 3)) + w’)’)

This leads us to define the operators ci(t, s),sk(t, s) on a function f = 2 Cypy bY
1 -
(ex(t,s)f)(y) = 5 Y oeFts,y) + 95 (ts,y)
ky=k

(k)W) = 5 3 27 e, (07 (6 ,9) — 05 (1,5,4)
ky=k

Now set &(t,s) = > pop ck(t, s) and §(t, s) = D koo Sk(ty 8) + (t—8) 2op <k, Ak Where Ay
is defined by

Ak(z Cypy) = Z CyPy-
v

ky=k
The proof Lemma 4.4 of [10] uses only the fact that ||(HE)4(:, 2 8)llge, < C for some C
independent of choice of ¢ € S"! and frequency index k and is easily adapted to our

circumstances. It states the following:

Lemma 3.4.1. For kg sufficiently large and depending on the estimates on the coefficients
{aij(t,z)}ij, the operator Bi8(t, s)|¢=s admits a bounded inverse on L2*(R™). This inverse
eztends to a bounded operator on H*(R™) and is continuous in s in the norm topology on

H*(R™).
We thus choose kg to be as large as required in the lemma and set
s(t,s) = 8(¢, s) o (O:5(t, 8)|g=s) L.

Also, define

c(t,s) = €(t,s) —s(t,s) o (B:€(t, 8)|t=s)-

It is now observed that ¢ and s satisfy the desired properties in (3.4.1) and (3.4.2).
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We now define operators Tp, 71 by
To(t,s) = P(t,z,D)c(t, s) Ti(t,s) = P(t,z,D)s(t, s).
A proof similar to that in Theorem 3.3.4 now shows the following:
Theorem 3.4.2. Ty(t,s),T1(t, s) enjoy the following mapping properties for —1 < 2 < 2

To(t,s) : H*Y1(R™) — H*(R")
Ti(t,s) : H*(R™) - H*(R™)
with operator norm bounded by C(o(t) + 1) fort € [-2,2].

By an iteration procedure, we are now able to represent solutions to the desired hyper-

bolic pseudodifferential equation.

Theorem 3.4.3. Suppose wy € H*T1(R"),w; € H*(R"), F € L}([-2,2]; H*(R™)) for some
—1 < 2z < 1. Then there exists G € L}([—2,2]; H?) with norm bounded by

“G“L}([—zz];m) < C(llwollgr=+1 + Jlwillm= + ||FHLg([—2,2];HZ))

such that

wlt, z) = (c(t, 0)wo)() + (s(t, O)w1)(z) + /0 (s(t, 5)F (s, ))(x) ds

s a solution to the Cauchy Problem

w(t, z)|¢=0 = wo(x)
8tw(t, SC)‘t:o =w (CL') (344)

(P(t,z, D)w)(t,z) = F(t,x)

Proof. This is also a slight modification of the techniques in Theorem 4.6 of [10]. As in that
theorem, we set v(t,z) = fg s(t,s)G(s,x) ds for some G(s,z) € L}HY to be determined.

By a computation in that Theorem we have that

v(t,z) € C([=2,2]; Ho )N CH([~2,2); H%).
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Also, B (t, ) fo 0is(t, 8)G(s,x) ds so that v(0,z) = 0, w(0,z) = 0. We thus want v to
satisfy

w(t,z) = (c(t,0)wo)(z) + (s(t, 0)wy)(z) + v(t,z)
as this means that w takes on the desired initial values at ¢ = 0. Hence G should satisfy

the equation
F(t,z) — (To(t, 0)wo)(z) + (T1(t, 0)w:1)(z) = G(t,z) + /Ot Ti(t,8)G(s,z) ds.
In order to solve this equation, set
F(t,z) = F(t,x) = (To(t,0)wo)(z) + (Ti(t, 0)w:)(x)
and then define G,(t,z) to be

n(t, x) / / / 1(t,s1)T1(s1,82) - T1(sn_1,sn)ﬁ’(sn,x)dsn,,_dsl

and G(t,z) = ¥, _1(=1)"Gy(t,z) + F(t,z). To see that this sum converges absolutely in
L}([-2,2]; H*) to a solution to the integral equation first observe that

Gn(t, )|z <

/ / / £) + (e(s1) + 1)+ (2(sn-) + )| (s, ) s=dsn - - 1.

Since

/Ot /081"'/05”_1@(31) +1) - (o(sn-1) + 1)dsn_y -+~ dsy

~ g ([ e+ 0a9)" ™ < s felasa

we have that

Gt Mlzr= < N Fll 3 o225 ey (@) + DC™ (L + lloll 2 —2,2)" 2/ (n = 1)L,

Hence the sum does indeed converge absolutely and we have the desired bounds

1G 23 (—2,21,50 (@) < CllFll 3,208 o)

< Colllwollzr=+1(mny + lwillzrz®ny + I1F 1| 23 (=2,2; 72 7)))
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Chapter 4

ESTIMATES VIA THE PARAMETRIX

We now have the tools to represent solutions w to the wave equation over the domain

R x (—2,2) x R*! whose partial Fourier transform in ¢,2’ is supported in the set

supp(@(r, 21,¢')) C {(7,€) : 7 > 11|¢']} \ B4(0). (4.0.1)

In this chapter, given s,p,q as in Theorem 1.6.1 we will thus discuss how to show the
following estimate for such w that can be represented by the wave packet construction of

Chapter 3:

lwll o rg (-1,1yx (—22xrr Yy S lwoll otz + Nlwrlla: , +[1Pwliny (22 ) (4.0.2)
PLE([-1,1]x(~2,2)xRY) )

Here wo(t,z') = w(t,0,z') and wy (¢, ') = Oz, w(t,0,2'). In practice, W(r, z1,£') will always
be localized to a dyadic region in (7,&’) and hence (4.0.2) allows us to show the inequalities |

in the hypotheses of Theorem 2.2.1.

Now that the parametrix has been constructed we go back to the original roles of ¢, z;
so that P is an operator that is hyperbolic in ;. This also means that the our evolution

operators ¢, s are parameterized by x; so that our w takes the form

w(t, z) = (c(z1, 0)w(,0,))(t, &) + (s(e1,0)0z,w(-, 0,))(¢,2')
T .
+ [ s(on, 060w, (0" din.
0
Thus in order to show the estimates (4.0.2), it suffices to establish that

1€(z1, 0)All Lo ra -1 x (-2, 2xmry S CllRllesi@y, ), (4.0.3)

I8(@1, y1)hll g -1,0xi-2xreY) < Ol -
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In this chapter, {¢,(t,2’)}, will denote the family of wave packets constructed in sec-
tion 3.2 except taken as functions of (¢,z’) and indexed by v rather than -y. Hence v ranges
over triples of the form v = (k,, (t,,2,),w,). We will reserve the notation {¢(z)}, to

denote the family of wave packets taken to be functions in z.

Let I:Ti(a:,r, 5’),[?;':(:3,7-, ¢') denote the roots of the principal symbols of P, P* as
quadratics in £1. The flow on the cosphere bundle is thus determined by solutions to

the ODE

dt =
d_$1 "‘—( Ij)‘r(xhx’w)
dz’ T+ /
d_a:l = _<Hk )§/($1,$ ,(4)) (404)
dw ayd T+ /
d—ml = (Hy )t (21,2, w) — (W, (HY )00 (21,2, w))w
de = 77
= Ol (B (@1,2,0)" ~ (E e (@1,0/,0) -7

with a similar definition of the low when we consider H P H*,

Thus given a triple v = (k,, (t,,2),),w,), set
Yu(t,z) = Y (Ou(21)(t — tu (1), 2" — x(21)") + (ty, )

where ((t,(z1), zu(21)"), wu (1), ©4(21))|,=0 = ((tv, 2} ), wy, I) and is a solution to (4.0.4),
with k = k,. These are the traveling wave packets constructed in Chapter 3 now parame-

terized by x; rather than ¢.

We first want to show that we need only consider wave packets whose Fourier trans-
forms lie in a small cone about the 7-axis. Let @, & be smooth functions in (7,¢') such that

supp(®) C {(7,¢) : 7 2 10¢'|} \ B3(0), supp(®) < {(7,¢') : 7 = 8|¢’[} \ By(0) and identi-
cally 1 on the sets {(7,&') : 7 > 11|¢/|} \ B4(0) and {(7,¢') : 7 > 9)¢'|} \ B%(O) respectively.

For any integral curve (t,(z),z,(z),w,(z)) of HE on the cosphere bundle, we have

that Iw,,(zl) - w,,(ZQ)I < 0(6) for 21,29 € (—2,2) as ||a¢j - 5@'“[,,‘;,, Hp — 1||Lip < € by
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our assumption in (2.1.4). Thus by choosing ¢ > 0 to be sufficiently small, we can
fix things so that given any wave packet with wy,(20) ¢ {(r,¢) : 7 > 8|¢|} for some
20 € (=2,2), then w,(2) ¢ {(r,¢) : 7 > 10/¢'|} for any z € (—2,2). This implies

o~ ~

that ®(D)&(z1,y1) = ®(D)&(z1,y1)®(D) and ®(D)§(z1, 1) = ®(D)8(z1, y1)@(D), for any
21,51 € (-2,2). |

We pause to remark that a similar line of reasoning also implies that
&(x1,51)8(D) = ®(D)&(x1,y1)®(D) and &(z1,41)2(D) = S(D)3(z1,41)(D),

for any z1,y;1 € (—2,2), though this fact will be used later on.

Thus if w satisfies the condition in (4.0.1) we have that

w(t, ) = (dw)(t, z) = (Be(@1,0)dw(-,0,))(t, @) + (Is(z1,0)@8s, w(-,0,)) (¢, &)

i /wl<‘1’s($1, y1)®G(, y1,)(t, ') dys.
0

Hence in order to get the estimates (4.0.3) for such w it suffices to show

12&(21, 0) @Al g (1,1 x(-221xme ) < ClibllE+1=s ), (4.0.5)
198(2, y1) Phll g rg (-1 1yx -2z ) < Clible@y,)
with C independent of choice of z1,y1 € [—2,2]. For simplicity, we will consider the esti-
mates on &(z1, 0) as the estimates on §(z1, y1) will follow by similar reasoning. Furthermore,

we will only consider the half of &(z1,0) that translates packets along the curves of H* as

an identical argument establishes dispersive estimates for the other half of the operator.

The crucial step in the proof of the estimates (4.0.5) is to fix ¢ and show that the family

o~

{¥u(t,") : wy € supp(P), [t,| < 4}

behaves much like a frame of functions on L?(R™) in the z-variable. We will show that this

family shares 2 key properties with the wave packet frame {¢~(x)}y. The first is that a
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function ¥,(¢, ) is highly concentrated in space and in frequency much like a single wave
packet (though not strictly localized in frequency). To make this rigorous, we will use the
weight functions ps to show that 9, (t,) is centered at a certain point in N x $*(R?) in the
sense that its representation in the wave packet frame {¢,(z)}, is rapidly decreasing as v
moves away from that point. The second property is that these points, the centers of the
{¥u(t,")}v, are spread out, similar to the way the collection of indices v = (k-, T,W,y) are

evenly spaced. This allows us to prove a key technical lemma analogous to Lemma 2.5 in [10].

Once this is accomplished, we will see that the center of a function 4, (¢,-) in the frame
{¢4(x)}, is the image of the center of the function 4/, (0, ) under the transformation at
time ¢ determined by a Hamiltonian flow. Specifically, the flow parameterized by ¢ and
determined by the Hamiltonian (ﬁk)_% (AF(z)¢, 6)%, with A*(z) denoting the matrix of co-
efficients {dfj(a:)}zj and k = k,. This entire approach amounts to arguing that the family
of {¥,(t,-)}, behave roughly as if they were wave packets in z translated along character-
istics in t. We are then able to adapt the techniques used in Lemmas 6.2 and 6.3 of [10] to

complete the proof.

We first reduce the matter to obtaining estimates on wave packets at a fixed frequency

i~

shell. Let Sy be the set of all v such that w, € supp(®) and k, = k. We consider estimates

on the operator By, mapping {2(Sk) to measurable functions on R x [-2, 2] x R*~! given by

Bi{cv}ves, = Z cu(t, ).

l/eSk

We wish to show that there exists C independent of k such that

1Br{esbuesirpra(otx -owmnrty < 2 {ehves, sy (4.0.6)
for p,q, s as in Theorem 1.6.1. Thus if A = 3", 9, for some h € L2(R2x) this implies the
stronger estimate

1Bifesvesi iz o onx(-22yxrnty S C2CH hillzagy )

where {hx}r>0 is an appropriate Littlewood-Paley decomposition of k. Since the Bx{c, },es,

are dyadically localized to frequencies near 2* in the ¢, z’ variables, Littlewood-Paley theory
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will then imply (4.0.5) as

1 1
| ZBk{cu}uESk”Lng < (Z ”Bk{cu}uesknif[,g)2 < (Z 22k(5+1)||hk”%z(R: ,))2
k k k *

S IPllasv gy )

and ), By represents the half of €(z1,0) that translates packets along H.

Let ¢ € C3°(R) be a smooth bump function equal to 1 on the interval [—2,2] and
supported in (—3, 3). Define B, as a map from [2(S%) to measurable functions on R™*! by
Ek{cu}uesk = Z Cui(xl>¢v<tam)

I/eSk
since 1Z is compactly supported this is well-defined for any z; € R. We now focus on proving

a stronger inequality than (4.0.6):

1Bi{evbves, e ra(-11xzey < C2CMD | {c,}ues, 2 (s, (4.0.7)

Hence for the rest of this chapter we will replace v, by z[)w,, as we will find the property

that 1, is defined on all of R™*! useful in the analysis below.

A duality argument reduces (4.0.7) to showing

1B Bi G 2 g (-1,11xmm) S 2CVIG (4.0.8)

Lp Lq [—1,1]xR")’

We now characterize Ekéz by

BeBiO)(t,3) = [WEGls,))(o) ds
where
(7605 ) (o1,#) = B whlt) / 0.(59) Gls,y) duyr dy.

The inequality (4.0.8) will now come from interpolation on the pair of estimates in Theo-
rem 4.0.4 below (often called the “dispersive estimates”) followed by an application of the
Hardy-Littlewood-Sobolev inequality. This latter inequality states that if 1 + % = % + %,
with 1 < r < p < oo, then ||k * |y|_1/q|§Lp(R) < ,THBHLT(R) (see Chapter 8, Section 4.2

of [12] for a discussion of this result). We are now led to the main result of this chapter.
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Theorem 4.0.4. In dimensions n = 2,3, the operator Wt’fs enjoys the following mapping

properties:

IWEfllz2@ny < CllFl L2@ny
n—1
IWES £l oo mny < C2°(1+ 281t — s|) ™55 || £l 1 gemy

with C independent of t,s € [—1,1].

Begin by setting K := {v € Sk : [t,| < 4} and split the integral kernel of Wf, into 2
parts

Yobulsnwta) = Y dul(s, )bt z) + D (s, vt 2)

veKC veK

Observe that if |t,| > 4, and € > 0 is chosen to be sufficiently small in (2.1.4), then when
z1 € (=3, 2), [tu(z1)] > [to|=|tu(z1)—t| > 4—%. Hence |t,(z1)| stays a uniform distance of
% away from the interval [—1, 1} so by modifying the standard estimates on the localization

of v, in space, we have that
W}u(ta IL‘)| < CN1,N22_kN1(1 + 2k|t - tV| + 25 |$, - wL')_N2'

for any N1,N2 > 0. By choosing Ni, Ny sufficiently large it is not difficult to obtain C
independent of k£ such that

1Y s, y)b(ta) < C

veKC

Anl Z Yy (s, y)u(t, )| dz' dz1 < C

veKC
This shows that the first part of the kernel has the desired mapping properties. It thus

suffices to show the estimates assuming that the kernel is sums only over v € K.

Since we are looking at wave packets at a fixed frequency 2% translated along a fixed
flow in what follows we abbreviate H ,j as H and specify whenever we need to work with
the rough Hamiltonian. Also, we will always assume implicitly that ¥ = 1 in the defini-

tion of ﬁ, P* as we are restricting our attention to a sufficiently small cone about the 7-axis.
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This first lemma uses the weight functions to show that for v € K, ¥, (t,-) is indeed

concentrated in space and in frequency much like a wave packet.

Lemma 4.0.5. Suppose (t,(z1),z,(z1)",wn(z1)) is a solution of (4.0.4) with initial condi-
tions (ty,x,,wy), such that t,(z) =t for some z € [—16,16] and w, € supp(®). Then for

any wave packet p(x) and integer N, we have that

\ [wntts)ento) da

CnuN (7 ko, (2,20(2) ), 7 (G (2), wi(2))) [Fy = ky| < 2

O 2= kN (o oy, (2,22 ), 76 (2), 00 (2)) Ty = Byl 23

where C,(2) = H(z,z,(2),w,(2)), 7(n) = n/|n| denotes projection onto the unit sphere, and
Cn is independent of v,v

This lemma therefore implies that the center of ¥, (¢, z) in the frame {p, ()}, is

(v, (2, 20(2)), 7(Go(2), wi(2)).

Proof. Throughout this proof ¢ will remain fixed. Let n > 7;-(n) denote projection onto the
subspace orthogonal to ((,(2),w,(2)’). The key idea in this proof is to show the following

inequalities:

(G (2w (2)'), Ba) 2 B2 (8, )] < (4.0.9)
Cn2E@O 8D (1 4 25|z — (2,8, (2)), (G(2),w (2)))] + 28] = (2,2 (2)) ) V.
e

u(t,m)| < On 1+ 27F|mk ()] + 27 %)%~ (4.0.10)

(12K =1 )] (Gl w2 [P) T arde’

(4.0.11)

i (t,m)] < C2~ 25

supp(¥y)

Indeed, by using the techniques of Lemma 3.3.2, the lemma follows from these inequalities
once it is observed that (4.0.9), (4.0.10), and (4.0.11) are analogues of (3.3.10), (3.3.11)
and (3.3.13) respectively.
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Set @,(t,z) = Ou(z1)(t — tu(z1), 2’ — z(21)’) so that ¥, (t,z) = Yo (Du(¢, ) + (¢, 7).

Since ©, is orthogonal and t,(z) = t, standard wave packet estimates give us that
[ (t,2)] < Car(L+ 25w, Bu(t, @) + 25 [t0(2) = tu ()| + 25 o = 2 (22) ™Y (40.12)

By performing a Taylor expansion about z on the curve (t,(z1), z,(z1)") with second order

error term 7,(z1) we can use the fact that O, (z1)Tw, = wy(z1) to write

(@ (t, z)wy) = ((t = tu(21), 2" — 20 (21)"), Wi (21))

= ((t = tu(2), 2" — 20(2)') = (tu(2), £ (2)) (21 — 2) + 7 (21), W (21)).

~

We can now use the fact that (£,(z), &, (2)') = —Hre (21, 2,(2)’,w,(2)) and homogeneity to
get

(@u(t,2),00) = (21 = 2,2" = 2(2)'), (G (2), wi(2)")) + ew(z) (4.0.13)
where

ev(z) = (ro(z1), wu (1)) + ((t — tu(2),2’ - a:,,(z)/),wl,(arl) —wy(2))

+{(t(2) = tu (1), 20(2) — 2o (1)), Wi (21) — Wi (2))

and hence |e,(z)| < |(#1 — 2,8' — z,(2))|? as (t,(z1), 2z, (x1)’) has bounded first and second
derivatives. By choosing e sufficiently small in (2.1.4), we also have [t, (2)—t,(z1)| > &|z—1z1]

implying that
[t (2) = tu(z)] + |2’ — o (@1)| 2 (21 = 2,2" — 2 (2))].
Hence as a result of (4.0.12) we have that for any N > 0
[t 2)] < On(1+2°(((21,2") = (2,2(2)'), (G (2), i (2)))] + 2°| (@1, 2') = (2,2, (2) ) P) 7.

In addition, observe that 8%, (x) is a finite sum of functions of the form ht®, B¥ and

h5™ that have following estimates
h*(@)] < Ca25 D) (21 - 2,2' ~ 2, (2)")]
with Cy independent of v, k. We now write the phase of the defining integral

’('by(t, Q’,‘) = Q_M'n‘l—-tu /e“qbl’(trz)r(‘r)sl»h:u (7.’ gf)degl
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as

(@, (t, ), (1,€)) = i{(z1 — 2,8 — 2.(2)"), (G (2), wu(2) ) (7, €)]
+iey (2)|(1, )| + i Tu(t, 2), (1,€)) = (7,6 |wn).
By differentiating under the integral and applying (4.0.12), the estimates (4.0.9) follow.

We are now able to integrate by parts in (z1,2’) in the integral defining 17):(7; n) as in

Lemma 3.3.2 to obtain (4.0.10) and (4.0.11). O

To see that the centers of the 1, (¢,-) in the frame {¢,} are indeed spread out, we show
that the pseudodistance between the centers of 2 of these functions at a fixed time slice
in the frame {@y(z)}~ is bounded below by the pseudodistance between their centers as

functions lying on the hyperplane z; = 0.

Lemma 4.0.6. Let

x> (twpm;cl?wm) and Ty (59:159;17“9:1)

denote integral curves of H projected onto the cosphere with initial values lying in the set
{(t,2',7,&) € (—4,4) x R* I xR" : 7 > 8|¢'|}.

Suppose that in addition t = t(z) = s(w) for z,w € (—16,16). Then there exists a uniform

constant ¢ such that

d(z, @ T (H (2, 25, W2), We )5 W, Yoy TH (W, Yoy Vu), V3y)
Z d(t’w, mfwa Wy Sw, y;m 'Uw) ~ d(t07 .’136, Wos; 80, y67 UO)
where w denotes projection onto the unit sphere as before.

Proof. Consider the map F defined over (—16,16) x R"™! x {(r,&¢') # 0: 7 > 2|¢/|} given
by F(z,2',71,¢) = (2,2, ﬁ(z, o', 7,¢),€) and let D denote the submanifold

(—16,16) x R™ 1 x {(1,&) e S"7 1 : 7 > 2|¢'|}

Since fIT is bounded from below on this set, it can be shown that F' descends to a map

F=(Idx)oF| p that is a diffeomorphism onto its image with upper bounds on the
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pushforward (F ~1), under the natural coordinates inheirited by R?". This allows us to

conclude there exists ¢ uniform such that
=~ = 2
|2 = wl + o, =yl [P + |7 (H (2,2, w.),0)) — 7(H(w, 4, vu), vl,)|
> c(|lz — wl2 + |a, — y;;lz + |wz — lez)-
From here it is not hard to see that the quantity on the right is greater than
~ 2 / /(2 2
&z — wl” + [(tw, Th) — (Sws Yo)|“ + |ww = vw|?)

with uniform constant ¢. We can now apply an argument similar to that used in establish-

ing (4.0.13) to get

!

<(ﬁ(zawlz’wz)’w;)’ (w - z7y1,u - mz)> = <ww’ (t - tw:.y':u - m;u» - e(w’y{u)
with |e(w, yo,)| < |(ts, 2%) — (Sw, ¥,,)|?. This now implies that
|2: - w[Z + |.’L’; - y;UIQ + |7T(ﬁ(zawlz’wz)vw,z) - W(ﬁ(w’y':m Uw)av':.u”?

+ (Bt w),00), (w29, = )]

Z Iww - Uw|2 + I(t’w’m',w) - (Sw’y;.u)[g + ’(w’w’ (tw’xfw) - (S'wvy;u)”
The first inequality in the conclusion now follows as the estimate
|z — w| & |tw — sw|

implies that
|(tws Tw) = (8w, %) | = (2, 2%) = (w,4,)]-

The last inequality in the lemma now follows by (3.3.2). O

This result now allows us to prove a key technical lemma that relies on the set of centers

being sufficiently sparse.

Lemma 4.0.7. For any v € K = {v € Sk : |t,| < 4}, let Sv denote the index

(k, (20, 20 (20)"), m(H (20, 20(20)', wy(20)), wu(20)"))
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where zy is such that t,(z0) = 0. For any v,v',v0 we have the following inequalities

> us(Sv,y) < Cs(L+ 200 By and Y7 ps(v, Sv)us(Sv,v0) < Cops(v',v0)
veK veK

for some Cj depending only on n and § > 0.

Proof. The collection K N{v : d(Sv,v) < inf, d(Sv,~) + 1} is finite, so there exists vy such
that d(Svp,v) = minyex d(Sv,7). Therefore,

d(Sy,'y)z-;-d(Su,y) —d(Suo,Su) ; (Svo,7) > cd(vo,v).

The first inequality in the claim is now a straightforward adaptation the arguments in
Lemmas 2.4 in [10]. By the reasoning in Lemma 2.5 of [10], this inequality is enough to

show the second one. a
We are now ready to prove the main Theorem:

Proof of Theorem 4.0.4. Recall that we need only consider the part of the kernel that sums
over v € K. As such, given an index v, there always exists w &€ (.—16, 16) such that
t,(w) = s as it implied by the conditions |¢,| < 4 and |t| < 1 for € > 0 sufficiently small.
Let b(s,v,7) = [¥u(s, Yo, (x)dz and let

Tyt (tl/(xl)7 (12,,(501), TV("L‘l)a fl/(xl),)

be the solution to the following ODE on R?®

dt ~ . dr -~

E;]._- = —H:(CL‘,T,gI) -C_l-a; = H:_(CE,T, ’)
dz' ~ dg =
T = —H{ (z,7,¢) e = Hf(z,7,¢) (4.0.14)

with initial conditions (¢,,z,, (w,)1,w]). Set

()1 (z1) = H (21, 2 (1), 70 (21), & (21)')

so that (¢, (1), 21,2y (z1), Tw(z1), & (1)) is a null bicharacteristic of P* (with &, (z1) =
((&)1(z1), & (x1)')). Tt is not difficult to show that for z; € (—16,16) and € > 0 cho-

sen sufficiently small, this curve admits a reparameterization t — (¢, z,(t), . (¢), &, (¢)) for
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t € [t(—16),t(16)] satisfying

%Oti = "Vf((ﬁk)_%<gk($)fa§>%) = (Hi)e(z,7,6), (4.0.15)
X (@) = ~(HDale 8

where Hy(z,7,£) =7 — (ﬁk)“%<Ak($)§7f>%-

By homogeneity of H and the fact that ((w,)1(z1), wy(z1)") = 7 (1u(®1),&(21)"), we have

~

m(H(z,20(2), wu(2)),wy(2)') = m(&(2))

for any z. Now let x; denote the transformation on S*(R?) = R? x S"! induced by
projecting the flow (4.0.15) down to the cosphere bundle. We now have that if w is such
that ¢, (w) = s, then

(v, (w, z(w)"), 7(€(w))) = xs(SV).

This, in conjunction with Lemma 4.0.5, yields

N Cnun(7, xs(Sv ky — ky| <2,
s, ) < 4 VN Xs(5V)) by = (4.0.16)

On2™ max(ku’k‘Y)NuN(’)’,Xs(SV)) Iku - k’)’l 2 3.

Hence the 4, (¢, ) do indeed behave roughly as if they were wave packets originating on the

t = 0 hyperplane and translated along characteristics parameterized by t.

We thus have
WtsSO'y Z%Dutﬂ? /wusy@'y dy——zw,,t:v )o(s,v,7)

This means the matrix of the operator W}]fs satisfies

\ [EE 0 ortt,2) da| < 3 blo,s e, 47

< ON Y v (Sv, x=e(1)un (S, x-s (7)) < Cnvpn (v, xe-s(7"))

by Lemma 4.0.7. Thus Wt’fs is an operator with matrix in M%(x;_s) and the constant ap-
pearing in (3.2.2) can be taken to be independent of k,t,s. Hence Wt’fs has the desired L?
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mapping properties.

To show the second estimate, we wish to show the following bound on the kernel of I/Vt’fs

D"t 2)uls,y)| < C2(1+ Mt = s) T

veK

with C independent of z,y. Begin by observing the upper bound

< 3 3 len@er @bt b(s 17 )

vEK vy

>t 2)u(s,y)

veK

Let Q = {(w1,w') € S" 1 CR": w; > 6]w'|} and
Ep = {y €Uy E% ¢ |ky — k| < 2,wy € Q}.
Observe that by choosing £ > 0 sufficiently small, we have that for any v ¢ Q,

d(’yﬂ Xt(SV)) >¢

with ¢ independent of choice of such v,v. By (4.0.16) this implies the following estimates
for any «y such that w, ¢  and |ky — k| < 2

|B(ta v, 7)1 < CN,52_kVN/1'5(f7a Xt(SV))

where C s can be taken independently of v and v ¢ Q. In addition, recall that when

|ky — ky| > 3, we also have the estimate
[b(t, v, )| < Cp,62~ ™xErFIN 15y, x4 (Sv)).
We can thus use the extra order of decay when v ¢ E}, to get the upper bound

SN @y Wb, v )lb(s, 1,7 < C.
VEK (y,y)¢EpxEy,
It now suffices to restrict our attention to the sum

S0 ley@ey @b v Ib(s, v, 7).

VEK v/ By



59

Using Lemma 4.0.7, this sum is dominated by

On D lea(@oy @)lun (v, xe-s(7)) -

777/6E~k
Since the Hamiltonian in (4.0.15) is independent of time, we can assume that without
loss of generality, s = 0. Then by the arguments in Lemma 6.2 of [10], this sum is bounded

by the integral

Oy 2kn /9(1 + 25 (w(t), g — 2())] + 25|y — 2(t)|2) N dw

where (z(t),w(t)) solves (4.0.15) with initial data (z,w). The desired L' — L estimate

then follows when 2*|t| < 1, so from now on we assume that 2¥|¢| > 1.

By the scaling arguments in Lemma 6.2, it now suffices to show that Lemma 6.3 of [10]
holds under the alternate assumption that the Hamiltonian H(z,¢) is continuously differ-

entiable in (z,£), homogeneous of degree 1 in £ with H(z, ) € C®°(R™\ {0}), and satisfies

sup \0a6ﬂ( H(z, &) — &) + Z / sup |0SH(z1,,")|dz1 <&
lal+181<2,/o]<1 3SI€1<2 laj=2” =16 i<jgl<2
(4.0.17)

for some sufficiently small but fixed € > 0 with the slightly weaker conclusion that

/Q (L 4+ N(@(w),y — #w)))2dw < CA-2F.

Indeed, (4.0.17) can be arranged by scaling the coefficients by a factor of R as

2
/ ey ZW asj(R(z1,2)) = 8ij)| + |88 (p(R(x1,2")) — 1)|de1 < CRY™7.

2 z'eRn—1

for multi-indices |3| = 2.

Consider the Hamiltonian flow for 7 such that %[ €N

% (s,m) = VeH(z(s,m),£(s,7))
L (s,m) = =VaH(z(s,1),£(5,m))

z(0,m) =0, &(0,n)=n
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The crucial step in the proof of Lemma 6.3 in [10] lies in showing that for 1 < |n| < 2, and

|s] < 1 we have the estimates

€(s,m) — | < O(&)

<o
z(s,n) E < 0(é)

The first 2 estimates follow easily by simple estimates on 9;£(s,n) and 9sz(s,n). To get the

third estimate, observe that differentiation with respect to 7 in the equations above allows
us to conclude that
Oz I »n- nT> ‘ ' o¢ \
—1m—<—— +l22(1,m) -1
or " "\l ~ T )| T
1
<0+ [ Clledae(s) = +1)

Oz I gt
—(s8,m) = |—= — ———=]| ds
7~ (3~ )

with ||62A(z1, WNres = Xjai=2 2045 107 ai5(21, )|z - - Since &1 can be uniformly bounded

from below whenever n/|n| € Q, the third estimates now follows by Gronwall’s inequality.

The remaining arguments in Lemma 6.3 now follow. O
We are now able to prove Theorem 1.6.1.

Proof of Theorem 1.6.1. We now show that the hypotheses of Theorem 2.2.1 are satisfied
with ¢ = 0. To do this, we will actually apply the parametrix and the estimates of this
chapter to the pseudodifferential operator ﬁk, the operator defined in Chapter 3 with coef-

ficients truncated to frequency 9%

Let w(t, z) denote the function produced by Theorem 3.4.3 as a solution to the pseudodif-
ferential equation (3.4.4) with data

wo = wI‘ku(-, 0, -), w1 = 61¢Fku(', 0, -), F= ﬁk(’(ﬁrku) (4.0.18)

(recall that (z1) is the smooth cutoff such that 9| = 1 defined in § 2.2). By the

_%7%]

observations at the beginning of this chapter that

3(D)ed(D) = e®(D) and 3(D)5®(D) = 5&(D)
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as well as the fact that the Cauchy data determining w all have partial Fourier transforms

in ¢, 2’ localized to a sufficiently small cone about the 7-axis, we can conclude that

supp(ﬁ))(-,wl, ) - {(T’ 5’) ‘T2 6I§,l}

Hence an easy application of the flux estimates of Section 2.3 shows uniqueness of solutions
to the PDE with the given data (4.0.18), implying that w = ¢¥I'yu. Therefore, the dispersive
estimates of this chapter and the fact that P*(yTxu) is localized to frequency 2F in ¢,z
imply that

H%DFkUHLng([—l,l] x(=2,2)xR"~1)

S 25 (28 1Tk, 0, sz, + 10m 9T w0, gz, + IP* W)y 12 @ry)-

The estimate of Theorem 2.2.1 now follows by observing that

sup ldij(xlv ) - &i'cj(ml’ )I S 2—k9(x1)
z’eRn—1

- implies the following inequality
”ﬁk(wrku)”L;lLfm, S NPk - ﬁ)(wfkuﬂngngz, + ||ﬁ(¢rku)||L;1sz

S ||vt,z(¢rku)||Lg<{sz, + ||P(¢Fku)||L;1L§z,-

!

O

We now conclude this chapter with a corollary stating that we can replace [-1,1] by R
in (4.0.2) as the domain of integration in the ¢ variable. This will be of great importance in
the next chapter as we will need to get estimates on dilations of ¥ I'yu and the LY L norms

of such functions will have be taken over domains in ¢ larger than [-1, 1].

Corollary 4.0.8. Suppose w € C®(R"*1) satisfies

A< (m &) < 647}

supp(@(21,7)) € {(,€) : 7 2 1201\ By (0) N {(,€) : o

for all z, € R. Assume also P> is the operator obtained by regularizing the coefficients of P

and truncating them to frequencies less than 2A17%, for some & > 0. Then for A sufficiently
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large, there exists Cs depending on § > 0 and on the norms of the coefficients of P> in the
function spaces given by (3.0.1) and by Lip(R™) such that
lwllzzLg mx(—2,2)xRr-1) < CzS)\s(||wHLg°1((—2,2);Hg@,) +101wll g ((~2.222 )
+ “ﬁ)\w”L}cl((—-2,2);Lf,z,(Rn))),
with s,p,q as in Theorem 1.6.1.

Proof. Let {¢;(t)}i1cz be a smooth partition of unity on R such that ¢;(t) is supported in
(1=1,14+1) and ¢(t) = ¢o(t — ). A straightforward argument using Lemma 2.0.2 and
Minkowski’s inequality shows that

[N

2
||w”LfL§(R><(—2,2)><IRn‘1) S (Z ”¢leL€Lg(]R><(-Q’Z)XRn—l)) .
l

Let §(r,&') be a smooth function on R™ supported in {(,£) : 7 > 11J¢'|} \ B%(O) and
identically 1 on the set {(r,¢&) : 7 > 12¢'|} \ B%(O). Also, let 6(7,&') be a smooth
function supported in {(7,¢) : -6—15 < |(r,¢)| < 65} and identically one on the slightly
smaller set {(1,¢) : g < |(7,¢)] < 64}. Now define Qu(r, &) = Qr, &) (r,&).
Since (I — Qx(D))w = 0, we now have that

lérwll e Lg@x(—2,2) xRr-1) < IQAGuw|| 17 13 ((1-1,041)x (~2,2)xR~1)
+ 1L - ﬁ)nQSZ]wHLfLZ([l—l,Hl]><(-2,2)><]R"—1) (4.0.19)
By applying flux estimates as in the proof of Theorem 1.6.1 it can be shown that when A is
sufficiently large, Q a¢1w is indeed represented by the parametrix of Chapter 3 as a solution
to an equation involving ﬁA, yielding the inequality
IQA(D) w22 8 (j1-1,14 1) x (< 2,2) xR-1) <
CsX* ([|Querw (-, 0, e, + |@xdiB1w(-, 0, ez, + ||¢l§>\wHLgl((-2,2);sz,(lR”))
~y
+ P aQAd’l]wHL;l((—2,2);Lf’z,(R”)))'

Consider the sum over | of the squares of the first line on the right hand side of the

inequality. It is straightforward to see that this sum is dominated by

lwllzgs ((-2.21m ) + 101wl gg (221522 ) + HP/\wHL}Dl((——2,2);Liz,(R“))'

t,z’
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It now suflices to consider the commutator terms. Let Ry = Zz ewlﬁ,\d)l so that Ry is a
pseudodifferential operator in t,z’ with uniform symbol estimates in SE”O over 8. Since the
partial derivatives with respect to z; involved [ISA, Ry) are of order at most 1, we can apply

Lemma 2.0.1 to get that
1B, Rolw(es, Mgz, S lwlen, M, + [Bvw(an, iz -
Applying Lemma 2.0.2 and Minkowski’s inequality now yields
SA S 2 ' 2 2
zl: 1P ddwliny 1z (22xmm S 1Wlig aim ) + 1010l (2222,
By Sobolev embedding and similar considerations,
o 2
Z 1=, ¢l}w”L§’Lg([—l—1,—l+1]><(—2,2)><]Rn-1)
l

2 2
Slwlzg oz )+ 1Orwlzgs (—2222 )

completing the proof. O
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Chapter 5

ESTIMATES VIA SCALING

In this chapter, we show the truncation/rescaling arguments needed to prove Theo-
rem 1.6.2. In Section 1.3, we discussed weighted Strichartz estimates for C* coefficients
and saw that when u was dyadically localized in frequency, we could get the appropriate
weighted estimate by decomposing the time interval [—to, to] into smaller subintervals and
then scaling the problem to get estimates over each subinterval. However, our situation is
slightly different. First, the reductions of Theorem 2.2.1 mean that we want to consider
components whose Fourier transform is dyadically localized in with the respect to partial
Fourier transform in ¢,z’. Second, the nature of our parametrix permits us to prove esti-
mates only over bounded intervals in z1. This suggests that to obtain estimates on dyadic
components of YI'yu, we need to decompose the interval (-2, 2) into subintervals in z; and

then rescale the problem to get estimates over each subinterval.

We begin this approach by smoothing the coefficients of the operator P as constructed in
Chapter 3, comprising the “truncation” portion of our approach. Let {8;}x be a Littlewood
2

Paley decomposition in x as before. Set ¢ = gz with o as in Theorem 1.6.2 and recall that

o = 332, For each @;j = aij/ai1, p = p/a define
af; =y Bi(D)ayj, 7 =Y Bu(D)s.
I<ks I<ks
Let a denote an arbitrary function of the form a;; — d;; or § — 1 and o its regularized
counterpart dfj — 8;; or g® — 1. Observe that we can write §;(D)a = $;(D)(D)~"((D)*a).

Set ¢ = F~HB1(€)(€)™*} so that Bi(D)a = ((D)"a) * #;. Using integration by parts we

have the following estimates on ¢~>l

[y 02 Gu(y)] < Oy, 27757
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This yields the following estimates on the §;(D)a

182 (Bi(D)a)(2)| = |((D)*a) * (861) ()|
< Cp p 2! 1H181=),
/H(<D>”a)(m1 = 1)z, ey (1 + 12 %) 7 20y (I(1 + 12 %) 7

< Cpn2' P  M(||((D)"a) (w1, ) 27, ) (1)

Here M (||({D)*a)(w1,-)||z-)(1) denotes the maximal function associated to the L" (R) func-
tion wy — [[({D)"*a)(wt, -)||z-. The last inequality follows by the result on maximal functions

cited in Chapter 3. Let g be the L"(R) function given by
ZM IKD)*(@s5 — 8ij) (w1, )llzz, )@1) + M(I(DY*(5 — 1) (w1, ) zr, ) (z1)-

Note that this definition of g is different from the one used in Chapter 3. This now yields

the following inequalities for a in the form above

l z)| < Z |B,(D , < CQ .’L‘1 Z o—i(l+a) <C'2 —k¢(14a) (171)
1>k 1>k
080" (z)| < Zlaﬁﬁz ()] < Cs2BI-1-) 5 ) for |3 3 2
I<ks

In addition, the C* norm of a¥., 5% is uniformly bounded as aij, p are Lipschitz functions.

’L] ?

We now must be delicate about decomposing (-2, 2) into subintervals in 21, as in general,
o(z1) is unbounded, meaning that we cannot take the subintervals to be of equal size. Let
{I*} be a maximal collection of disjoint subintervals of (—2,2) indexed by m ranging over
positive integers such that UmIE, = (—=2,2), |[IX| < 2759, and fI,’% o(z1)dz; < 2759, Let
K1 be the cardinality of the set {IF : f% o(z1)dz1 = 27%°} and K the cardinality of the
set {I¥ : |I%| = 27%9}, By maximality, K; + K is at least the cardinality of the collection
{I¥}. Observe that

2
27k K < / o(z1) dz; < C 27k K, < 4
-2
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and hence there is at most O(2%9) subintervals in the collection. Now let xE (z1) be the

characteristic function of the interval I%. This yields the following estimate

/sﬂp(xﬁb(wl)\&?j(w) — ayj(z)|)der < C/X%(wl)f‘(”a)@(wl)dm

xl

< CZ(—U—C(I"F&))IC — Cz—k ‘ (501)

as a simple computation shows that o +¢(1+a) = 1. Next observe that for any multi-index

8 such that |G| = 2

[ dtzmo ) sup o8 (aly(272) — 8 da
< C2—2ko+kc(1—a) /an(Q_kaml)Q(z_kal'l)dCEl <C (5.0_2)

as ¢(1 — a) = o. Also, the first order partials of the dilated coefficients are uniformly

bounded and analogous inequalities hold when a;; is replaced by p.

Let ﬁk(w, D) denote the operator ﬁ(w,D) with rough coefficients p,d;; replaced by

smooth coefficients ﬁk,&fj. By (5.0.2), we can now apply the results of Chapters 3 and
4 to equations involving the operator PE(27%5 D). Set vg(t,z) = (YTku)(27%(¢,z)) so
that o3 (7, z1,£') is localized to frequencies ~ 9k(1-9) and the dilated coefficients of P are

localized to frequencies less than 2k(s=9), Corollary 4.0.8 now allows us to conclude that

k(1-
||Uk||L§’L§(Rx2’WI,’;xR"—1) < 2K U)S(\lvk\\Lgol(zkaI;;ng,) + ||310kHLg'1(2’”I$%;sz,)
+|1P*(2 72, D)vell g (ore 12 z,))
where 259 I% denotes the set {2¥z; : 1 € I¥} and H' denotes the homogeneous L? Sobolev
space of order 1. We now rescale the estimate to get
IXxm¥TrullLrrs S 2k3(2k||1/frkUHLg§Lf y

+ Tl gz, + [xmPWTR0) s, 12 ). (5:0.3)

Observe that the partial derivatives with respect to x; involved in P — P* are of order

at most 1. We can thus use (5.0.1) to obtain the estimate

Ixm(P* — ﬁ)(wrkU)HL;lsz, < C(Qkﬂ’/)FkUHLGﬁsz, + 1019 wullpge 12 )
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This now yields

Ixm¥Trullzprg < 2% (28¥Trull g 12, + 1019 T kull o2 , + ||Xmﬁ(¢rku)HL;1sz,)'

Taking the sum over m in this inequality as it ranges over all subintervals {I¥,} now yields

the following estimate when p < ¢

1
P

1
2 P
q
[Pl < | [ (Z / rxi;,wrkuwm) dt s<2||xmrkuuzm>
m m
< OP D (Pl oz, + l00Wlsuliz s, + IPGTR s 2 ) (5.04)

To obtain a suitable estimate when p > g, we first observe that this implies that n = 3,

s=0andp= q—r"_% with ¢ < 8. H}(R®) — L5(R3) by Sobolev embedding and hence
¥TkullLeors < ClTkull oo p1-
We can now use interpolate this estimate and (5.0.4) with s =0, p = ¢ = 8 to get that

k(s+<
lleullzprg < 278 (ITkullzgomy + 2°00Twull g 12, + 1019 ksl 12

| P@Tkw)lny, 12 )

when p > q. Applying Theorem 2.2.1, Theorem 1.6.2 is now shown.
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Chapter 6

ALTERNATE CHARACTERIZATIONS OF THE STRICHARTZ
ESTIMATES

As discussed in the introduction, Strichartz estimates have appeared in 2 different forms.
The more original style of (1.5.1) poses an estimate on LYLZ norm of u in contrast to the
more recent method of controlling the LY LZ norm of (D) ?u as in (1.1.5). The latter char-
acterization is often necessary as the coefficients of P are in some cases too rough to show
weighted estimates that are closer to the original family of inequalities. This is because
when the coefficients are very rough, difficulties arise when summing over estimates on the

dyadic components of the solution.

In the proof of Theorem 2.2.1, Lemma 2.0.1 and its corollaries played a crucial role
in handling commutator terms, allowing us to sum over estimates on dyadically localized
components to obtain global estimates. These arguments relied heavily on the fact that the
initial data was posed in H! x L2, which meant that the mapping [P, R] : Htl,:c — Lim for
Fourier multipliers R of order 0 provided an effective way to control the sums (as energy
estimates allow us to dominate ||u|| L, by the initial data). However, if we pose estimates
on u rather than (D) %u, we are forced to deal with initial data in spaces H*t! x H? with
z # 0 leading us to consider commutator estimates on [P, R] for R of nonzero order. This
creates difficulties as obtaining the mapping [P, R] : th,jl"'w — Hf, when z # 0 and/or
w # 0 is a delicate issue and is sensitive to whether P is in divergence or nondivergence

form. Indeed, we do not know that this mapping holds in all relevant cases.

The purpose of this chapter is to discuss conditions under which

[P,R] : H{™™ — HE,
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is a continuous mapping, and as a result we are able to determine when estimates in the
newer format of (1.1.5) imply estimates in the style of (1.5.1). In particular, we will see
this always happens when the coefficients lie in the space L™*, x > "T_l + 2, thus proving

Corollary 1.6.3.

In the following theorem, a “multiplier” on a Sobolev space H? refers to a function
v(z) such that the mapping h(z) — v(z) - h(z) defined on S(R™) extends to a continuous

operation on H*.

Theorem 6.0.9. Suppose p(zx), a;j(x) € Lip(R™) and the following estimates hold for solu-
tions v to the Cauchy problem (1.1.1) with 2 =0, p,qg > 2, ¢ < 00, and |w| < 1

(D)™ vl 2o ((~to to);amnyy S 11000, ) [z + 118¢0(0, )l 2 + | Pl (=t to)sr2rnyy  (6.0.1)

In addition, assume that the first partial derivatives of p,ai; are multipliers on H*(R™)
when w > 0 and P(x, D) is in divergence form, and that first partials are multipliers on
H™ when w < 0 and P is in nondivergence form. Then we have the following estimates on

solutions u to (1.1.1) with z = w

[l o (—to tol; La@ny) S N lmwss + Ngllmre + IF pr(—to,to]; 21w mn)- (6.0.2)

Proof. By Duhamel’s principle it suffices to show the theorem in the case where F = 0 and
u is a solution to the homogeneous problem on (—tg,¢p). However, by multiplying u by a
smooth cutoff in ¢ as in Chapter 2 we can actually assume u is compactly supported in ¢

and that

1Pu(t, Mae < CUIfllgwss + llgllae)

with C independent of ¢t € R.

Take a sequence of smooth Littlewood-Paley cutoffs {0k }x>0 as before. It is straightfor-
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ward to see that (6.0.1) is equivalent to (6.0.2) for Sru, k > 0. Therefore,

1 1
lellzzzg = N> 18kul®)2llcers S QO IBkullzee)?
P k

nl=

< (28 3 + 1Bkl 3: + 18ePulltyz + 1P, Beluly 22))
k

with L1 L2 abbreviating L' ([—to, to]; L*(R™)). A straightforward argument using the Fourier
transform and Minkowski’s inequality yields

S 222 (B flhn + 18kgl 32 + 186PulFarz) S I lZrwsn + llglrw,
k

so it suffices to control the terms involving the commutator. Define the function h; to be
hj = =i ; 8;a;; when P is in nondivergence form and h; = 0 otherwise. As suggested by

Lemma 2.0.2 we consider

Z ezke 2kw5
= 0ilp, > e*2M 310, — > Bilay, Y €F2 B0 + Y[R, D ™2 6r]0;
k i P 1 P

When w < 0, Lemma 2.0.1 tells us that
[p, Z eik02kw6k], [aija Z eikG?kwlB CHY (Rn-H) N Hl(R?’zl)
k k

continuously with operator norm independent of 6. Also, since h; is a multiplier on H*(R")
we have that

[hy, > e*2 3] . H¥(R") — L*(R")
- |

is a bounded operator with norm independent of . An application of Lemma 2.0.2 now

yields

k
S22 (P, Bulull3y a S Nl + lul2age S 1713w + gl
k ,

When w > 0, we use the definition of b; in the introduction to get

Z e’bk9 2kw6k

n

— [P, Z 6ik62kwﬂk}a§ _ Z[aija Z ezk&zkwﬁk]a% _ Z[bj’ Z eikezkwﬂk]aj
i k

k 1 k
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This time Lemma 2.0.1 and the fact that b; is a multiplier on HY gives us that
[,0, Z eik02kwﬂk], [az‘j, Z eikezkwﬂk] : Hw—l(RzII) - LZ(RZ:l)
k k

[bj, > €2 3,] . HY(R™) —» L3(R™)
k .
The result for w > 0 now follows in a similar fashion. O
As mentioned above, we are now able to use this result to prove Corollary 1.6.3.

Proof of Corollary 1.6.3. The corollary follows immediately once we show that the first par-
tial derivatives of a;;, p are multipliers on H(R") and H ‘%(Rn). The H? case is easy as

(')laij, azp € L*>® (Rn).

For the H~% case we observe that Baij,8p € L™*"1(R™) and that k — 1 > & +1— 1.
This means that when r > 2, L™~ — C3+ for some § > 0 and hence the space is a
multiplier on H ~3. When 1 < r <2, LMl o L¥3+1=7 and so that the functions are

once again a multiplier on H -3, a
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Chapter 7
ESTIMATES ON COMPACT MANIFOLDS
In the previous chapter, we saw that when our operator is in divergence form, the
inequalities
”UHL%:;H) ([ to,10] XE™)

5 ogin— + o{n— + F o{n— 7'0'1
91 ostomt o TNl pegocy  HIPL ey (T0)
can be derived from the estimates in Theorems 1.6.1 and 1.6.2. However, to show the

estimates

”u”Lf([—to,to];Lq(]Rs)) 5 ”f||H1+%(R3) + ”g”H% (R3) + HFHL%([—to,to];H% (RS)) (702)

with 6 < g < oo, p= 52;‘16-, and ¢ # 0 required additional regularity not necessarily satisfied

by coefficients lying in L™*(R™) N Lip(R™), k = %=L + 1 + a with a € (0,1).

In this chapter, we show how to derive estimates of the form (7.0.2) from Theorem 1.6.2
in the case where the space R™ is replaced by a C* compact manifold M. We assume
that M is equipped with a rough metric g;; € L™* N Lip, that is, in each coordinate chart,
gij(z) € LTF(RM N Lip(R™) and k = 22 + 1+ a, o € (0,1).

We will denote the Laplace-Beltrami induced by the metric as Ay. Take the convention

that Ay is a positive operator so that in coordinates

1 g —
Agu = ——-\/—dz_t;.é:j-al(g J\/det gwc')]u)

This means that the wave operator on [—tg,tg] x M takes the form 87 + A.
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We thus wish to show that

||UHLP([—tQ,tO],Lq(M)) 5 “f”Hs+1+%(M) + ”gHHS+% (M) + ”FIILl([—to,to];Hs+%(M)) (7'03)

for solutions u to

(87 + Ag)u(t,z) = F(t, ) € L'([~to, to]; H*T5 (M)
w(0,z) = f € H*F 51 (0r) (7.0.4)
8u(0,z) = g € H*T5 (M).

Since the estimates (7.0.3) follow easily from (7.0.1) when s = —1, we will restrict our atten-
tion to the case s = 0. Additionally, we will only consider the homogeneous problem with
F = 0 as a variation of parameters argument will show estimates on the inhomogeneous

problem.

By setting p = \/det gi;, aij = g /det gij in any local coordinate chart, solutions v(¢, z)

to homogeneous wave equation are also solutions to
p(z)02v(t,x) — A(z, D)v(t,z) = 0.

where A(z, D) is in divergence operator. Hence Theorem 1.6.2 will be applicable for func-

tions v supported in a coordinate chart.

Ay admits an countable orthonormal eigenbasis for L?(M), {p;}2o such that
Agp; = A?(pj for all j. This is a well known result in Riemannian geometry when g is
a smooth metric, but the theorem still holds under our weaker assumptions on g. See The-
orem 3.7 of [9] for an approach that is suitable under these milder assumptions. We will

also take the convention that the eigenvalues {Aj}320 are listed in increasing order
O=X <A< <A < Ajr e

and let E; denote the projection operators given by Ej(h) = ¢; [, hig;.
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In order to show the estimates (7.0.3) when s = 0, we employ a Littlewood-Paley type

decomposition of functions in A € L3(M), h — {Bch}i>0 where

Beh =Y E;j(h).

\jre2k
Much like before, our strategy will be to get estimates on Gyu (as before, G is only applied
to u in the z-variable) and then use Littlewood-Paley theory to sum over k, obtaining global
estimates. Working with this decomposition has two advantages. First, much like before,

we can use the decomposition to characterize Sobolev norms. That is,

3=y = D 22 (18eh ] Z2 2y (7.0.5)
k

Second, and more importantly, 8% as an operator commutes with Ag, eliminating the prob-

lem of estimating commutator terms.

However, it is not immediate that if 7 is a smooth cutoff supported in a coordinate chart,

then the coordinate representation of n0ih satisfies

(D) (nBxh) | La(rn) = 2% nBrhl| La@ny- (7.0.6)

That is, it is not trivial that the action of (D)* on the coordinate representation of nSxh
is well-approximated by multliplication by 2kz  This is because localization with respect
to the spectrum of the Laplacian on M is not the same as localization with respect to
the spectrum of the Laplacian on Euclidean space. Hence, in order to apply the results of
Theorem 1.6.2, we will at least need to show that ||[n8khllze S 27%#||(D)?nBxh||. This issue

will be the crucial step in the proof of (7.0.3).

7.1 Sobolev norms and eigenfunction expansions

One of the key features of the eigenbasis is that it allows us to express L? Sobolev norms
of functions on M in terms of their eigenfunction expansions. It is this property that will

allow us to obtain (7.0.5).
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We will define the L2 Sobolev space of order s on M as follows: fix a C*°, finite, partition
of unity on M, {m}*, such that supp(n;) C Uj, where (U;, x;) is a coordinate chart on M
with x;(U;) = R™ and let

HY(M)={feD(M): (mf)ox;* € H(R") for all 1 <1< m}.

A natural norm on H®(M) is thus determined by

11y = D Imf o X7 3o gemy-
=1

We now provide an equivalent norm based on the eigenfunction expansion of functions in

L¥(M).

Proposition 7.1.1. Let f € H*(M) for some s € [0,2]. There ezists a constant C,
independent of f such that

o<
CH I sy < DL+ X IB (A1 2ary < Coll Fl3re ary- (7.1.1)
=0

Proof. For a complex number z, let T, denote the spectral multiplier defined by

=]

T:(f) = Y _(1+ A3 E;(f).

j=0
T, is thus always well defined on any finite linear combination of eigenfunctions. For such
functions we also have T4y = T; 0Ty = T, 0T, for z,w € C. T, is also bounded on L?(M)
with operator norm equal to 1 whenever Re(z) < 0. Observe also that T2(f) = (I + Ay)(f)
for all f in the domain of A,.

Elliptic regularity (see Theorem 9.11 in [5]) gives us the following estimate for any
function A in R™ compactly supported in the image of a coordinate chart
[Pl Lp2(mny < C1AghlILe@n) + 1Al L2 (rr))-

Furthermore, applying this inequality to the function (D)~!A implies

17l o @ny < C([|Aghl|Le-1@ny + ||l Lo @®n))
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as [Ag, (D)71] : LP — LP continuously. These elliptic regularity estimates allow us to

conclude

Inif o xi Hlerz@ny < ClIT2(F) |2

and hence

Il a2y < CIT(H)liz2an)-

Let W C L?(M) denote the subpace of all finite linear combinations of the eigenfunctions
{¢;}jen, which is dense in L2(M). Since 1+ /\? > 0 for any 7, T is an invertible map on
W with inverse T_y (though not continuous with respect to the L?*(M) topology). Hence
given any g € W there exists f € W such that To(f) =g

IT_2(D)l a2ary = 1f 20y < CNT2(H)llz2ary = Cllgli2any-
Additionally, T}; is an isometry on L?(R") for t € R so we can extend the estimate above
to z € C with Re(z) =2
IT_2+i6) (@D z2any < Cligllz2(an-

A complex interpolation argument now allows us to conclude that

1T-s (@)l zrs a0y < Cllgllzeany (7.1.2)

for 0 < s < 2. Since W is dense in L2(M) this estimate extends to all g € L*(M).
In particular, when g = Tsf € L2, for some s € [0,2] a limiting argument provides the

estimate
|l any < ClITs f L2y
We now consider the second inequality in (7.1.1). We begin by establishing the inequality

when 0 < s < 1. A consequence of the approach taken in Theorem 3.7 of [9] is that

/M ok [2dV, + /M Ve[2dV, = (1+A2)

where |Vr|? = g9(0;01)(8j¢k) in coordinates and dVj denotes Riemannian density. Next

observe that

/ (V;, Vi) gdVy = / i AgordVy = A; / 0ioxdVy = A\ibjk.
M M M
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Now define a norm || - || on C®°(M) determined by

1£IP = /le|de+ /M|Vf|2dvg

for any f € C*°(M). The norm || - || is well-defined on H!(M) and is actually equivalent to

the one already defined on the space. The Pythagorean theorem now gives us that

Wt ~ U= 3 | EpPav, + /M IVE(F)dV,

x0
Z L+ DIE; (H)lI22 (s
Jj=

This implies the desired inequality when s = 1.

Now let 7, be a smooth function supported in U; such that 7 = 1 on a neighborhood
of supp(m:). In this and future calculations, given a function A defined on M and X (R")
a Banach space of functions on R, [[mh|| x(g~) will denote the X (R™) norm of (mh) o x;*
as a function in its coordinate representation on U;. Similar considerations will apply for

fih|| x®ny. In addition, the expression (D)*nh will denote the action of (D)* on mho x;*
(R™) n !

We will now actually prove that T, : L2(M) — H~=*(M). This will imply the second
half of (7.1.1) by self adjointness of T. To see that this is sufficient, let p; = /det gij in

coordinates on U; and observe that for any ||gl|z2(ar) = 1
_ —— < 1 1
| /M Tofg dVy| = | /M FTsg dVyl < (O Nloumi f 3o my) 2 € Z I TsglI-s (gny)?
!

< Clliflzsanyllgllzaany (7.1.3)

where the last inequality follows from the fact that Lipschitz functions are multipliers on H¥
whenever —~1 < w < 1 and by invariance of local Sobolev spaces under coordinate changes.
Taking the supremum over all such g then implies the desired inequality. This reflects a
more general principle that when |s| < 1, a linear operator S maps H*(M) — L?(M) if and
only if §* mapé L*(M) — H™3(M).
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By considering the adjoint and the equivalence of || - ||z1(ar) and || - ||, we have that
Ty : L2(M) — H~(M) continuously. Since Ty : L2(M) — L*(M) is an isometry, a simple
complex interpolation shows that indeed T, : L2(M) — H~5(M) is bounded.

To see that the second inequality in (7.1.1) holds for 1 < s < 2, set w = s — 2 and write
Tsf = Tw(I+Ag)f. Since —1 <w <0, (7.1.2) shows that T, : L?(M) — H™(M). Apply-
ing an adjoint estimate as in (7.1.3) then shows that Ty, : H¥(M) — L?(M). Hence we have
the following inequality by using the continuity of differential operators in Sobolev spaces

and the previously mentioned fact that Lipschitz functions are multipliers on H*, H wtl

ITo()320ar) < C Y ImT + Ag)flirwzry < C'lIF Iz an)-
l

7.2 The spectral multiplier theorem

An important theorem here will be the spectral multiplier theorem of Duong, Ouhabaz, and
Sikora proved in [3]. They give a set of sufficient conditions for functions of any self adjoint
positive operator on a metric space (X,d) equipped with a measure p to be bounded on
LP(X,p) for 1 < p < co. This result will allow us to show the standard Littlewood-Paley

approximation

IPllzeany = 11D |ﬂkh‘2)%“LP(M) (7.2.1)
k

and will be useful in establishing one of the inequalities in (7.0.6).

In order to apply the theorem, the measure in discussion must satisfy a doubling con-
dition and the heat kernel generated by the positive operator must satisfy a Gaussian-type
upper bound. Additionally, simple estimates on compactly supported functions of the op-
erator must be satisfied. See assumptions 2.1 and 2.2 of that paper as well as the formulas

3.4 and 3.5 in their statement of Theorem 3.2.
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We will now proceed to verify the necessary hypotheses. Begin by verifying the doubling
condition (the previously mentioned assumption 2.1) that says there should exist a constant
C such that

w(B(z,2r)) < Cu(B(z,r)) for all z € M and all » > 0.

Indeed, we can take a finite open covering {U;}7, of M such that each U; is a precompact
open set in M whose closure lies in the domain of a coordinate chart. In coordinates on U;
there exists constants m;, M; such that 0 < m; < vdet(gij(z)) < M; for all z € U;. Thus

if wy, denotes the Euclidean volume of the unit ball in R™ we have
u(B(z,2r)) < Mjuwn2™r™ < m7 M2 u(B(z,r)).
Let & be the Lebesgue number of the open cover {U;}; and set
C, = maxlgisnmi‘lMﬂn

so that the doubling condition holds with constant Cy for any z € M and any r € (0,6).

Since pu(z, ) is jointly continuous in  and r and M there exists Cy such that

p(B(z, 2r))
#(B(z,r))

Choosing €' = max(C1,C3) now shows the doubling condition for all z,r. We pause to

< C; for all z € M and all r € [§, diam(M)]. (7.2.2)

mention here that an analogous line of reasoning shows that

C™lr" < u(B(z,r)) < Cr™

for some C independent of (z,7) € M x [0, diam(M)].

Next we verify assumption 2.2 of [3] which says that the kernel p(t,z,y) of the heat
semigroup generated by —A, should satisfy the following Gaussian upper bound, with C, b

constants
Ip(t,z,y)| < C’,u(B(y,t%))"1 exp(—b dg(i,y)2/t) forallt > 0,z,y € M. (7.2.3)

This is a consequence of an estimate of Norris (see Theorem 2.1 in [8]), proven under the
milder assumption that M is a Lipschitz Riemannian manifold. By this we mean a topo-

logical manifold equipped with an atlas whose transition maps between charts are Lipschitz
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homeomorphisms and the coordinate representation of the metric consists of Lipschitz func-
tions. However, since Norris assumes only that the functions g;;(x) are measurable in each

coordinate chart, he actually proves (7.2.3) with d, replaced by the distance function
dr(z,y) = sup{w(z) — w(y) : w € Lip(M), [Vw| < 1}.

Since our metric is Lipschitz, this distance is comparable to Riemannian distance in any
coordinate chart, that is, if d, denotes Riemannian distance there exists a constant C

depending on the choice of coordinate chart (Uj, x;) such that
C’l’ldg(x,y) <dp(z,y) < Cidg(z,y)

for all 2,y € U;. Since M is compact, it can then be shown that dr and d, generate the same
topology on M and hence are equivalent distance functions on M. Thus the heat kernel
satisfies (7.2.3) with standard Riemannian distance as the distance function, implying that

assumption 2.2 holds.

We now turn our attention to verifying the hypotheses in Theorem 3.2 of [3]. To see that
formula 3.4 in that paper holds with x = 1 and p = oo observe that for a Borel function
F with supp(F) C [~1, N + 1] the kernel of F(/Ay) can be characterized in terms of the

eigenfunctions {¢;}52, of Ag on M

Kp/m@u) = D Fy)e;i@)ei)

AjSN+1

Thus by the Pythagorean theorem,

/MIKF(\/A—g)(-,y)Ide= ST RO WP S IFlRee D les@)P

A <N41 A <N+1
But
A2
S leiwP<e Y e TP giy)P e p((N+1)7%y,9)

A <N+1 A SN+1

where p(t, z,y) denotes the kernel of the heat semigroup generated by Ag. The estimate in
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Theorem 2.1 of [8] cited above now yields

| Ky ul e < 1P 3 Tes)P

A;<N+1

< CllonFneeN™ < Cu(B(y, 1L/N))"H|6n F || N 0o

where y denotes the dilation operator defined by dyF(-) = F(N-). To verify the hypoth-
esis in formula 3.5 of Theorem 3.2 of [3] we note that the computation above shows that
F(,/Ag) maps L' (M) to L?(M) with operator norm bounded above by C||F||N,eoN™? and
that the inclusion map of L?(M) into L' (M) is continuous with norm bounded by vol(M )%

Theorem 3.2 of [3] now tells us that if { € C®(R,) is a fixed function with
1
supp(() - [5, 1]
and F' is any bounded Borel function satisfying
sup [|C0¢F|| fsos < 00 (7.2.4)
t>1

for some s > n/2, then F(4,) is bounded on LI(M) for any 1 < ¢ < 0.

7.3 The Littlewood-Paley decomposition

In this section, we define the Littlewood-Paley decomposition and use the spectral multli-
plier theorem to show (7.2.1). Let {am}3_, € CX(R), be a sequence of functions such
that am(-) = a1 (27™L) for m > 1, supp(em) C {A € R : 23 < [\ < 273}, and
>0 am =1on[-1,00). Let B, denote the operator om(/Ag).

Let {rm}s—o be the Rademacher functions. These are defined by first setting

+1 6¢0,1]
7‘0(9) =
-1 6¢e(3,1).
on the unit interval. Extend ro outside the unit interval by periodicity, setting (8 + 1) =

ro(¢) and then define rr, (6) = ro(2™6). It is shown in Appendix D of Stein [13] that for any
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sequence {am}_, € 12 the function G(8) = 3 r_o amrm(6) enjoys the following LP([0, 1])

m=0

bounds for 1 < p < o0
s 1
&lIG ooy < NGlz2o,y = O laml®)? < CpllGllzr o,y
m=0

where ¢p, Cp depend only on the value of p.

Consider the function

B\ =3 rm(@)am(VA).

m=0

We verify that Fp satisfies (7.2.4). Computing the derivatives of ¢ (M) 7m(8) o (tVX) with

respect to lambda for ¢t > 0 yields the estimates

dl

S CWrm(@antVR) < G < Cz(%)’l

where C; depends only on the derivatives of ag, a1, and ¢ of up to order . Thus since
supp(¢) C [$,2], {6¢F is a finite sum involving at most 3 functions and hence 1€ Fall fo0.k 18
uniformly bounded in ¢ and in 6 for even integers k. Hence Fy(A,) is continuous on L¢(M)
with operator norm uniformly bounded in 6. This now gives us that for any h € LI(M),

1< g<oo,
1
1 -
I 186h2) gy < Co [ [ 15 el Bo)hie dsavy < Cylllzsguny
k k
A similar line of reasoning applied to the function

Fy(N) = 3 rm(0) (@m-1(vX) + am(VX) + ams1 (V)

m=0

shows that if Bk = Br_1 + Bk + Br+1, then there exists C; such that
= 1
I 186h)2 | ey < CollPllzagany
k

for any g, 1 < g < oco. Combining this with the observations that B is self-adjoint and
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Bk © By = Bi we have that for any hy, hy € C*(M)

| /M hiha dVy| = | /M Z(ﬁkhl)hg av,| = | /M Z(ﬂkhl)(ékhz) av,
<N 18412 e as HZwkh2| o an

k

<CIO IBkha 2 )EHL'Z(M) P2l ot (ary-
P

which allows us to conclude that

halizeqar) < Coll (S~ 18kh12) | nagan)
k

and hence

rllzagary = 1C 18kAI%) 2 | Loy
k

for any h € LI(M).

Note that as a consequence, we are now able to show the approximation (7.0.5) as
1832 ey = ITe (W) 32ag) ~ 2 86T (1) [ Z2ar) = D 2% B2 ay
k

7.4 Proof of the weighted Strichartz estimate

We are now able to prove the inequality (7.0.3). Assume u is a solution to the following

homogeneous wave equation on [—tg, o] x M

(82 + Ag)u(t,z) = 0
(w(0,), 6¢u(0,)) = (£, 9) € H"*/P(M) x HY/P(M).

The Littlewood-Paley decomposition along with Minkowski’s inequality gives us that

el Zoi—toofzeanyy = 1 186ul®) 2 | 2o (=0 t0)s Lo a0)
k=0

(S B

> Hﬁku”%P([——to,to];Lq(M))>
k=0
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The approach will be to justify the following calculation:

ko m
18kl 2o (o gofszaaryy S 27 > (D) 5 0 Bwul| Lo ((—to, o). La(R™)
e

ke m
<27 Y (l\mﬁkaHl(Rn) + 1Bl 2@y + ||[Ag,nz]ﬂkUHLl([_to,to];Lz(Rn)))
l=

—

ko m
Y (HmﬁkaHl(Rn) + B9l L2 @) + HﬁzﬂkuHLl([-to,to];Hl(Rn))>
=1

SUBeF N e (agy + 18k 5 gy + 1060l Lo (i 01018 (a)

S0 o8 apy + 19891 8 0

Taking the squares of both sides and then summing over k will then yield the result. Most of
the work involved will be in showing the first inequality, which is the content of the propo-
sition below. The second inequality then follows from the previously established Strichartz
éstimates in Theorem 1.6.2. The third inequality is a result of simple commutator estimates
and the fact that 7; is identically one on the support of [Ag, mi]Bxu. The fourth inequality
follows from the characterization of H® by the eigenfunctions and the last inequality is just

energy conservation.

- The following proposition thus provides key inequality in the computation.

Proposition 7.4.1. Suppose h € LY(M) for some 1 < g < co. Then the following estimate
holds for some constant Cs depending only on the value of s € [0,1], g, and the choice of

partition of unity and open cover given above.
18kRI La(ar) < Cs2* Z (D)~ *mBrhll a®n)

Proof. Since By is self-adjoint, we will actually show an adjoint estimate that

(ZII( mﬁkaLq(Rn> < C2%|1B fll agany (7.4.1)
l

for arbitrary f and arbitrary 1 < g < oo, s € [0,1]. Indeed, if this estimate holds we have
that for any f, g € C°°(M) such that || f||ze(ar) = 1 and p; denoting 4/det gi; in coordinates
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on U

1
=

\/fﬂkg dVg| < (le ) oumbBef g, Rn) (; “<D>_sﬁlﬁk9”gq’(w))
< Czks”f”LQ(M) Z ”<D>_Snlﬂk9”L4’(Rn)'
I

Here the second inequality follows from (7.4.1) and the fact that multiplication by a Lipschitz
function is bounded operation on the Sobolev space L%* for |s| < 1. Taking the supremum

over all such functions f then yields the inequality
189l 2o gy < C2% Y IKD) ™" mBrgll o' (as
l

Taking limits of smooth functions now establishes the inequality for any g € LY (M )

)

1<q <oo.

We now establish (7.4.1). Recall the elliptic regularity estimates established above.
1Pl Le2@ny < C[Ag(A)|| Loy + I1Bl|La(rn))
12l Lar@mny < C(1Ag(R)| La-1(rry + N1l La@n))-
Since [Ag,mi] : L%! — L9, we apply both of these regularity estimates to get
1mBe fllor@ny < CUAGMBRF | zamny + |mBrf e &™)
11Ag, 1B f |l La@n) + MmAGBRS | Loy + Bl o)

C(
< C1Brfllzar@ny + 1AgBkf | aqary + 185 fllLagan)
C(l1AgBe fllza(ary + 18k | Lagany) (7.4.2)

Let Gi()\) = 272k )2 Zf:,f_z a;(A). A second application of the spectral multiplier theorem

n [3] shows that the operator

Gr(v/Bg) =27%Ag 0 (Br—2 + Br + Brs2)

is continuous on LY(M) with operator norm uniformly bounded in k. This yields a con-

stant C' independent of k such that “Aglékf“Lq(M) < C~'22k\|3kf||Lq(M). This combined



86

with (7.4.2) now yields (7.4.1) in the case where s = 2. The conclusion of the proposition

for any s € [0, 2] now follows by complex interpolation.

To see this, let f € C®(M) and g € C°(R™). Consider the function

Fz) = [ 2 (D nfif)g de

Since f,g are smooth and compactly supported we can differentiate under the integral sign
so that F(2) is an analytic function. We also observe that it is uniformly bounded on the

strip {z € C : Re(z) € [0, 1]} since
IF(2)] < (D)2 @By fll 2oy |9l r2gny < lmBef a2y ll9l 22 @y
< 1Beflmzan gl 2wy < C2%# N fllz2an l9ll2@ny

For t € R we have the stronger estimate

|F(1+it)] < 272 |ImBefl o2 @yl Lo @y < CllBefllzaanlgl Lo @y

Similar arguments yield |F(it)| £ C||fllze@anllgll L gny- The constant C in both estimates

can be taken to be independent of k. The 3 lines lemma now yields the estimate

| / 275 ((D)*mBef)g| < ClBeS s )lgl o @y

Taking the supremum over all g with ||g|| ¢ (®Rn) = 1 yields the desired adjoint estimate for

smooth functions f, so that a limiting argument establishes the general case. a
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