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Lattice structures have been studied for a long time but have come into spotlight in recent

years as a test bed for various wave manipulations. Researchers have started to pay attention

not only to their interesting static/dynamic behaviors but also to their high tunability. In

this work, we explore linear and nonlinear elastic wave dynamics in lattice chains. Specifi-

cally, the chains are composed of 3D-printed hollow elliptical cylinders (HECs). 3D-printing

provides us the freedom of altering the design of the HECs, hence offering high tunability of

the HEC lattice chains. This implies that we can assemble different systems for various wave

manipulations. First, we investigate shock wave propagation in the homogeneous chain. We

experimentally and numerically demonstrate the formation of dispersive rarefaction shocks

in the 3D-printed soft HEC chain. We claim that the dispersion in the wave tails and the

rarefaction in the leading pulse of the dispersive rarefaction shocks provide innate advantage

in energy absorption. Next, we consider graded chains made of HECs with varying thick-

nesses, where asymmetric wave dynamics is invoked. In the decreasing thickness chain, we

find out that elastic waves are trapped at a specific location of the chain, which is based

on the principle of the Bloch oscillations. This trapping mechanism depends on the input

frequency of the propagating elastic waves. In the increasing thickness chain, however, we

observe waves are reflected back in the middle of the chain whose location depends on the

input frequency. Finally, we show asymmetric nonlinear wave dynamics in the graded HEC



chain. Under the same striker impact, the wave decelerates in the decreasing thickness chain

whereas it accelerates in the increasing thickness chain. We discover that there is near an

order-of-magnitude difference in transmitted force between these two directions. We extend

our findings from the 1D systems to a 2D lattice, with a possibility of using it as a core

material in sandwich structures. These results suggest that the 3D-printed HECs can be

built into different structures to manipulate mechanical waves in various ways, such as at-

tenuation, localization, and filtering. We can exploit the findings in this work for potential

applications in impact mitigation, vibration isolation, and energy harvesting.
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Chapter 1

INTRODUCTION

Wave manipulation is a very common part in our daily lives. For instance, people use

protective enclosures for their small electronics such as cell phones, tablet PCs, or laptops.

Alternatively, vehicles or aircraft that surround us everyday have been designed to protect

us from injury. All of these are examples of impact mitigation. Impact mitigation is a

mechanism that attenuates the input energy significantly to secure any object of interest.

But this is not the only type of wave manipulation. Another type is filtering, which lets

only desired frequencies pass through the system. This can include noise reducers or pop

filters. Localization is yet another type of wave manipulation, in which we lock the energy at

a designated spot within a system. An example of this is solar panel design where we want

to increase the efficiency by collecting the energy in a small area.

Researchers have attempted to demonstrate these kinds of wave manipulation in me-

chanical systems. In demonstrating impact mitigation, Uehara et al. found that a bed full

of granular media effectively attenuates the impact by dissipating energy through inelas-

tic collisions or frictions between granules [4]. Meanwhile for filtering, Martinez-Sala et al.

discovered acoustic filtering capability from a sculpture art [5, 6]. Demonstrating localiza-

tion, Carrara et al. devised energy harvesting system, an elliptical acoustic mirror, to focus

incoming waves into the focal point of the ellipse [7].

Furthermore, in the following three sections, we dive deep into examples of elastic wave

manipulations - shock wave creation, impact mitigation, and wave localization in mechanical

systems.

The texts in this chapter have been partly taken from the author’s publication [1] and archived
manuscripts on arXiv [2, 3].
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1.1 Dispersive rarefaction shock waves

Computational and experimental investigation of mechanical waves propagating in nonlinear

lattices has been a subject of intense research in recent decades. Primary efforts have been

placed on exploring solitary traveling waves [8,9] and discrete breathers [10,11]; see also [12,

13]. Arguably, less attention has been paid to the possibility of shock wave formation,

especially at the experimental level within the realm of granular crystals and mechanical

metamaterials [14–17]. Herbold and Nesterenko investigated the formation of shock waves

under the influence of viscous dissipation [14]. Molinari et al. [15] studied dispersive shock

waves in uniform and periodic heterogeneous granular crystals, which feature oscillatory

wave tails following the steady shock front. Shocks in disordered granular crystals were also

studied in [16]. In these studies, granular lattice elements interact with each other under

the effective strain-hardening power law (i.e., compressive force F and displacement δ have

F ∼ δp where the nonlinear exponent p > 1) [18].

If a discrete system can exhibit effective strain-softening behaviors (p < 1), we can

anticipate the emergence of distinctive features in comparison to the case of p > 1. For

instance, Herbold et al. reported theoretical observation of rarefaction waves, which form

tensile wavefronts despite the application of compressive impact [19]. More recently, Yasuda

et al. demonstrated numerically the formation of waves that combine a dispersive shock

tail and a rarefaction front wave, so-called dispersive rarefaction shocks (DRS), by using

generalized power-law contact models [20]. These studies, however, have been conducted

without experimental verification, though the experimental feasibility has been discussed in

tensegrity [21] and origami [22] platforms. If we can realize a physical system that supports

the DRS, it would enable a two-fold efficient impact mitigation system for attenuating stress

waves: one by transitioning the steep shock wavefront into a back-tilted form (within the

rarefaction due to the extension of the wavefront width) and the other by distributing energy

to oscillatory tails over the space domain (within the dispersive shock).
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1.2 Bloch oscillations in graded chains

Bloch oscillation describes interesting quantum mechanics of electrons. When an external

electric field is applied at a constant power, electrons in a periodic potential show spatially

localized oscillations [23, 24]. Kohn have found that the bands stemming from the periodic

field can be changed such that an electrons moves within a band under the applied field [25].

The Bloch oscillation is caused by the equidistant energy band known as the Wannier-Stark

ladders [26]. In essence, it is the frequency-domain counterpart of the Bloch oscillation.

Despite the prediction of the Bloch oscillation in the early twentieth century, it was not

until the end of the century that researchers finally observed it. Thanks to the advent of

semiconductor superlattices [27], the Wannier-Stark ladders [28,29] and the Bloch oscillations

[30–36] were experimentally demonstrated.

Later on, researchers in other field of physics started to show significant interest in the

Bloch oscillation. Optical Bloch oscillations have been reported over the last couple of

decades [37–43]. The acoustic counterpart has also been explored [44–50]. However, there

is a very limited number of published works on the Bloch oscillations of mechanical waves.

Gutierrez et al [51] studied the Bloch oscillations of torsional waves traveling along the arrays

of elastic rods with geometric gradient in their height or width, which mimicked the effect of

the electric field on electrons. Arreola-Lucas et al [52] also observed the Bloch oscillations

of torsional waves passing through a metallic beam with notches which has a gradient in the

cavity thickness. In both cases, researchers manufactured their systems by machining metal,

which is not favorable for exploring their systems thoroughly by changing design variables.

Recently, Shi et al [53] came up with a tunable system which realizes the Bloch oscillations

of stress waves. They used a chain of solid cylinders with the gradient in their contact angles.

This eventually results in the gradient of contact stiffness which creates the Wannier-Stark

ladders. It would be beneficial for further study of the Bloch oscillations of elastic waves if

we had tunability both in the geometry of components and in the contact stiffness. However,

a mechanical system with these aspects is rarely found.
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1.3 Impact mitigation in graded chains

Tapered or graded granular chains have been of great interest to researchers for their excep-

tional impact absorbing ability [9, 54]. First proposed by [55], long tapered granular chains

(total number of granular particles, or chain length, N = 100) have been shown to reduce

their leading pulse’s kinetic energy up to 90% compared to monodispersed chains in numeri-

cal analysis. Later on, analytic models have been developed [56–59] to describe the physics of

the remarkable energy attenuation. Numerical [60] and experimental demonstration [61, 62]

have also been reported to claim the feasibility in shorter chains (N ≈ 20).

Doney et al. [63] introduced a superb shock absorbing system, so-called decorated tapered

chain (DTC), which mitigates the impact energy significantly in a very short chain length.

Supporting experimental results [64] and analytic interpretations [65] have been reported.

The challenge with the DTC is that DTC itself is not feasible to be assembled in higher

dimensions due to their geometrical constraints. Machado et al. [66] found an alternative to

DTC by surrounding the regular tapered chain with smaller DTCs. Impulse wave propaga-

tion is more attenuated in this quasi-one-dimensional (1D) tapered chain than the regular

tapered chain. Ideas of stacking tapered granular chains into two-dimensional (2D) [67]

and three-dimensional (3D) [68] space have been proposed recently. However, these studies

on tapered granular structures in higher dimensions are limited to numerical investigation,

and their experimental demonstration is yet elusive, mainly due to the challenges in their

assembly.

One question may arise at this point: can we create a universal system which is capable

of all these types of wave manipulation? The key to accomplish this system is to achieve

tunability of the system. And recent popularity and intensive development of additive man-

ufacturing, or so-called 3D-printing, could provide a powerful solution to this challenge.

3D-printing technologies have been recently gaining their popularity in various fields as a

versatile fabrication tool to create complicated shapes. It gives users a variety of options
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in terms of the material, precision, or scale. We can find many fields of study or industry

incorporating 3D printing techniques and the elastic wave community is not an exception.

There have been a number of studies to design and 3D-print shock-absorbing structures.

Tsouknidas et al. [69] have evaluated impact absorption of 3D-printed porous polylactic acid

(PLA) structures. Bates et al. [70] have investigated energy absorption of 3D-printed hon-

eycomb structures made of thermoplastic polyurethane (TPU). Recently, Chen et al. [71]

have analyzed crushing behavior of graded lattice cylinders, 3D-printed using Acrylonitrile

Butadiene Styrene (ABS) plastic, subject to axial impact. Moreover, jumping robots us-

ing soft materials [72], compliant structures for carrying vector soliton [73] and for energy

trapping [74], and acoustic filter [75] have been reported.

Given these previous explorations, it is more evident that the solution to create a versatile

assembly for various wave manipulations can be 3D-printing. Instead of designing different

systems for different applications, we would like to design a universal building block to

create structures for various wave manipulations. This is analogous to how simple Lego

blocks can be built to create different shapes. The design for the building block we propose

is hollow elliptical cylinders (HECs). We make them hollow to accomplish a light-weight

structure. We can also explore the effects of the thickness by leaving them hollow. We

choose ellipse because it is a general shape of circular objects. By aligning HECs along the

major axis, we can achieve all of an ellipse in major axis, a circle, and an ellipse in minor axis

under compression. Using this ellipse as a building block will give us various wave dynamics.

Curved surfaces of the cylinders create a line contact. For this reason, it is easier to assemble

a chain or an array with cylinders than it is with spheres which will create a point contact.

We can easily change the wave dynamics by tuning the geometry of the HEC cells, which

makes the HEC a more universal building block. The tuning geometry part is readily done

by 3D-printing, changing the thickness or the shape of the ellipse.
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1.4 Organization of the thesis

In Chapter 2, we investigate static behavior of the HECs and linear dynamics of one-

dimensional (1D) HEC chain. We apply compressive loads to the HECs and find the

force-displacement relationship. We demonstrate the force-displacement relationship by 3D-

printing HECs and conducting quasi-static compression tests. We assume a Hertzian contact

model to fit the relationship. Additionally, we calculate the dispersion relation of HECs by

applying periodic boundary conditions to a unit HEC along the excitation direction. We

assume the HEC as a one degree-of-freedom (DOF) spring-mass system and find the cutoff

frequency. We verify the effective stiffness obtained from the cutoff frequency is in a similar

range of the initial stiffness obtained from the force-displacement relationship.

In Chapter 3, we combine the aforementioned functionalities (shock waves, strain-softening,

soft materials) by deploying a soft-lattice system as a prototypical testbed for an experi-

mental manifestation and corresponding numerical modeling of the DRS. Specifically, we

fabricate a 3D-printed chain of HECs, and show that this nonlinear waveguide follows the

strain-softening behavior with the nonlinear exponent p < 1, stemming from its geometrical

nonlinearity. Using this 1D HEC chain, we demonstrate the emergence of the DRS under a

striker impact condition. Furthermore, two of unique features of the DRS, i.e., the back-tilted

wavefront due to the rarefaction and the oscillatory wave tails due to the dispersive shock,

are validated not only experimentally, but also computationally by using the finite element

and the discrete element methods. Ultimately, we assess the effect of wave dispersion and

rarefaction by the DRS in comparison to the material damping effect, confirming the efficacy

of the HEC in stress wave attenuation.

In Chapter 4, we numerically and experimentally verify the Bloch oscillations in the

3D-printed chain of hollow elliptical cylinders (HECs). We impose a linear gradient to the

thickness of the HECs in the chain. 3D-printing provides an exceptional tunability in the

design and fabrication of the HECs. With the power of 3D-printing, we can manufacture the

HECs at desired thicknesses with high precision. The controlled thickness variation results in
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the gradient in the contact stiffness [2], creating slanted frequency band structures. This can

form a counterpart of the Wannier-Stark ladders for elastic waves. As a result, we observe

the Bloch oscillations of the waves in the mechanical test bed. We show that the location of

the Bloch oscillations depends on the excitation frequency due to the Wannier-Stark ladders.

This enables the control of energy localization in solids for potential engineering applications.

In Chapter 5, we evaluate nonlinear wave dynamics in 3D-printed, graded lattices com-

posed of HECs. The gradient in the geometry of the HECs along the chain results in the

asymmetric dynamics of stress wave propagation. That is, the impact mitigating behavior in

the positive gradient chain and that in the negative gradient chain are highly distinctive. The

nonreciprocal wave propagation in nonlinear systems has been studied extensively, mainly

relying on the multi-stability of their unit cells. For example, [76] have found a mechanical

diode using bistable lattices. [77] have used multi-stable stacked-origami to realize a static

mechanical diode effect. [78, 79] have recently reported unidirectional transmission of en-

ergy in metastable structures. However, the asymmetric dynamics in a nonlinear mechanical

system without relying on multi-stability has been relatively unexplored.

We numerically and experimentally verify the impact absorbing mechanism of graded

HEC structures in 1D as well as 2D architectures. In particular, we leverage the strain-

softening nature of the HECs to demonstrate the asymmetric wave dynamics. The stiffness

and the mass gradient combined with the strain-softening nonlinearity create the unique

dynamics. These HEC lattices can be easily fabricated using 3D-printing and assembled by

simple bonding, in sharp contrast to granular crystals which need delicate mechanical contact.

This provides us the following advantages: First, we can avoid the issues regarding the energy

dissipation due to the rotational and shear friction of granular beads in experiment. Second,

we have the flexibility to design and the convenience to fabricate the unit cells. These

advantages enable us to customize the unit cells to show various behaviors and investigate

their effect on wave dynamics. Finally, we can achieve a low weight-to-volume ratio structure

by using generic polymer materials as well as by optimally designing the structures.

In Chapter 6, we present preliminary study on impact response of 2D HEC array. We
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change the aspect ratio of the unit HECs to explore how the dynamic response changes.

Furthermore, we investigate the effect of the impact condition, i.e., striker mass and velocity.

We combine these two parameters to visualize how they affect the wave dynamics within the

2D HEC array.
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Chapter 2

LINEAR WAVE PROPAGATION IN 1D HEC

In this chapter, we briefly explore linear dynamics of the chain of hollow elliptical cylinders

(HECs). We first numerically and experimentally examine force-displacement relationship

of a single HEC unit cell. Second, we explore the dispersion relationship of the HEC chain.

We investigate the frequency response of the HEC chain and compare it with the dispersion

relationship.

2.1 Static analysis

2.1.1 Finite element analysis

We use commercial finite element method (FEM) software (ABAQUS) to conduct numerical

simulations of static response of a single HEC cell and dynamic wave propagation in the HEC

chain. We adopt a quadratic beam element (B22) for capturing deformation of the HECs.

Also, this Timoshenko beam takes into account any transverse shear of the HEC during

the simulations. For the constitutive relation of the FEM element, we use the Neo-Hookean

hyperelastic model to account for the nonlinear polymeric material behavior of PLA in static

regime. The strain energy potential for Neo-Hookean model is [80]

U =
µ

2
(Ī1 − 3) +

K

2
(Jel − 1)2 (2.1)

where µ is shear modulus, Ī1 is first deviatoric strain invariant, K is bulk modulus, and Jel

is elastic volume ratio. We assume incompressible material such that K = 0. Ī1 is defined as

Ī1 = λ̄2
1 + λ̄2

2 + λ̄2
3 where the deviatoric stretches λ̄i = J− 1

3λi; λi is the principal stretches and

J is the total volume change defined by the determinant of the deformation gradient. We

Some of texts and figures in this chapter have been partly taken from the author’s publication [1].
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find the shear modulus of the Neo-Hookean model in Eq. (2.1) empirically (µ = 515 × 106

N/m2) based on the force-displacement curve that is obtained from the quasi-static loading

test on the HEC (further details in Section 2.1.2).

2.1.2 Quasi-static compression test

We conduct compression tests on five different HEC prototypes along their major axis. We

make sure that the compression speed is low enough to be considered in static regime. We

use the strain rate of 0.1 mm/s (0.003 s−1) which falls in the quasi-static regime and under

which stress-strain behavior shows negligible difference [81, 82]. We plot the average force

value with respect to displacement (blue curve in Fig. 2.1, where compressive force and

displacement are plotted positive). The standard deviations among the data sets are also

plotted in a lighter color.

We can find the Neo-Hookean constant µ that yields the least root-mean-square error

compared to the experimental data (µ = 515× 106 N/m2). We observe that the FEM result

and the experimental data are in good agreement up to 3 mm or 10% strain (red dashed

line versus blue solid line Fig. 2.1). The strain range of interest (i.e., ∆x/a where ∆x is

displacement and a is the unit cell length) of this study does not exceed 2 mm under the

considered range of dynamic impact, which safely falls within the 10% strain limit. One thing

to note is that the force-displacement curve is nonlinear. Specifically, the slope of the curve

decreases with increasing displacement. This nonlinearity stems from the geometry of the

HECs being thin-walled tubes. Another thing to note is that the Neo-Hookean hyperelasticity

models static behavior. At this stage, we are certain that the static behavior of the HECs

follows the Neo-Hookean model. However, we will have to calibrate the material constant

for dynamic analysis, which is discussed in Section 3.5.

2.1.3 Curve-fitting of the force-displacement relationship

In Fig. 2.1, we also plot a power-law fitted curve (brown solid line) [19] based on Eq. (3.2) in

Section 3.3. This is essentially for dynamic analysis using discrete element method (DEM)
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Figure 2.1: Compressive behavior of the HEC. Experimental results (blue curve) with
their standard deviations (light blue area), the Neo-Hookean model-based FEM results (red
dashed), and curve-fitting of the experimental data into a power-law relation (brown solid
line). The inset is a schematic of the initial state of the compression test. A force is applied
on the left panel (red arrow) whereas the right panel is fixed. a = 30 mm is the unit cell
length. The strain is calculated as ∆x/a.

in Chapter 3 but it is convenient to mention its validity while we are discussing the static

analysis. The fitting process is as follows. We assume that the nonlinear springs that connect

the lumped masses in the DEM follow a power-law relationship. The validity of this power-

law assumption is well illustrated in Fig. 2.1, where it closely aligns with the experimental and

FEM results. We discuss the plausibility of this model later in Section 3.6.1. Mathematically,

this power-law relationship can be expressed as:

F = A(δ0 + ∆x)p − f0, (2.2)

where F is contact force, ∆x is relative displacement of HEC centers, A is a contact constant,

δ0 is an effective pre-compression term, p is the relevant exponent, and f0 is a balancing

constant to make F = 0 at ∆x = 0. Note that non-zero δ0 needs to be introduced here,

since without it, the initial stiffness of the force-displacement relation (i.e.,
dF

d∆x
at ∆x = 0)

becomes infinite when 0 < p < 1. Thus, given the finite value of the linearized stiffness k0,
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cylinder-cylinder cylinder - wall

p 0.1817 0.4105

δ0 (mm) 3.066 0.3793

Table 2.1: Curve-fitted contact parameters for different contact conditions.

we need to introduce the effective pre-compression term δ0.

From Eq. (2.2), we can reduce the number of unknown parameters by applying proper

conditions. Since the initial tangent should be the effective stiffness and there is no residual

force in the chain, 
dF

d∆x

∣∣∣∣
∆x=0

= Apδp−1
0 = k0

F (0) = Aδp0 − f0 = 0

∴

A = k0/pδ
p−1
0

f0 = Aδp0 = k0δ0/p

Now we have only two unknown parameters, p and δ0, to fit in Eq. (2.2). We use fmincon

module in MATLAB to process optimization based on experimental data to find the nonlinear

exponent p and the effective pre-compression term δ0. Note that the similar approach can

be taken between the HEC and the PLA wall at the beginning and end of the chain. The

resulting values are listed in Table 2.1.

2.2 Dispersion relation of the HECs

2.2.1 Calculation of dispersion relation

To examine the nature of the dispersion relation for the different bands emerging in the

infinite HEC chain, we calculate the dispersion curves (Fig. 2.2) for the unit HEC in the

irreducible Brillouin zone using ABAQUS. Here, we only consider the major axis direction

and symmetric modes about the major axis. Figure 2.2(a) shows the dispersion curves with

stop bands which is shaded in gray color. In Fig. 2.2(a), we have the cutoff frequency of the
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Figure 2.2: (a)Dispersion curve of one HEC by imposing infinite boundary condition. Only
symmetric modes with respect to the major axis are presented. Red circle is where the cutoff
frequency of the first mode is. The mode shapes are symmetric with respect to the minor
axis in odd-numbered modes and asymmetric in even-numbered modes (see the insets for
vibration modes obtained from the FEM). a is the unit cell length and γ is the wavenumber.
(b) Transmission at the end of the chain at different frequencies.

first mode fc = 502.25 Hz, which corresponds to the natural frequency of the HEC in its first

symmetric mode. The first and the third mode correspond to the symmetric oscillations of

the HEC, while the second mode is the asymmetric oscillations of the HEC (about the minor

axis direction). It should be noted that the resonant modes appearing in the HEC system

involve the nonlocal geometry of the HECs. In other words, unlike conventional multi-DOF

DEM models showing the lowest mode driven by the smaller masses (local) attached to a

bigger mass, the first resonant frequency of the HEC excites the entire body (nonlocal).

Higher modes of vibration may give rise to interesting breathing behavior associated with

the bands and gaps of this multi-band system. Given these aspects, exploring higher modes

constitutes to a challenging yet particularly fruitful direction for future research in this

system.
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A monoatomic (single-band) chain is well-known to feature the dispersion relation [83]:

ω(γ) = 2

√
k0

m
sin
(γa

2

)
,

where ω is angular frequency, γ is wavenumber, m is a single HEC mass, and a is the unit

cell size. The cutoff frequency of the dispersive branch is found at ω
(π
a

)
= 2

√
k0

m
= ωc.

Then we can find the effective stiffness of the spring, k0, as

k0 =
(ωc

2

)2

m =

(
2πfc

2

)2

m = (πfc)
2m (2.3)

Note that this k0 corresponds to the linearized value of the nonlinear spring that connects

lumped massed in the DEM. We will return to this point for deriving the nonlinear power-law

relationship among the HECs.

We compare the effective stiffness with the calculated value from the experiment. The

mass of the HEC is m = 0.456 g from FEM. Then we can simply calculate k0 from Eq. (2.3)

as k0 = (π · (502.25))2 · (0.456×10−3) = 1135.3 N/m. We obtain the initial stiffness from the

force-displacement curve (blue solid line in Fig. 2.1) by taking a tangent of the two initial

data points which is k0 = 1412.593 N/m. Although the experimental value is slightly bigger,

it is within a reasonable range of error. This is probably because the actual HEC is not a

single DOF system but rather a continuous ring. Also, it is possible that the viscoelasticity

is in effect in the compression test. It could be interesting to explore strain-rate dependency

of the 3D-printed HEC for future research.

2.2.2 Frequency response of the HEC chain

To verify the dispersion relation we obtain in Fig. 2.2(a), we conduct steady-state dynamic

analysis using ABAQUS. We excite a HEC chain with the chain length of N = 26 from 1

Hz to 3 kHz. We measure the output velocity and calculate the transmission as 20 log10

vout
vin

(dB) where vout is the output velocity and vin is the input velocity. We plot the transmission

value with respect to the frequency in Fig. 2.2(b). It is clear that the low transmission
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regions in Fig. 2.2(b) align with the band gaps in Fig. 2.2(a). We confirm that the number

of HEC of N = 26 is enough to capture the linear dynamics of HEC system.
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Chapter 3

NONLINEAR WAVE PROPAGATION IN 1D HEC

In this chapter, we report an experimental and numerical demonstration of dispersive

rarefaction shocks (DRS) in a 3D-printed soft chain of hollow elliptical cylinders (HECs). We

find that, in contrast to conventional nonlinear waves, these DRS have their lower amplitude

components travel faster, while the higher amplitude ones propagate slower. This results in

the backward-tilted shape of the front of the wave (the rarefaction segment) and the breakage

of wave tails into a modulated waveform (the dispersive shock segment). Examining the DRS

under various impact conditions, we find the counter-intuitive feature that the higher striker

velocity causes the slower propagation of the DRS. These unique features can be useful

for mitigating impact controllably and efficiently without relying on material damping or

plasticity effects.

3.1 Experiment

The experimental setup is composed of a chain of HECs, a striker impact system, and mea-

surement devices (Fig. 3.1). The chain consists of 26 HECs, which are 3D-printed (Ultimaker

3) with a poly-lactic acid (PLA) material and epoxy-bonded together at their interfaces. The

mass of each HEC is m = 0.455 ± 0.006 g. Two linear stainless steel shafts (diameter: 2.38

mm) penetrate the side surfaces of the HECs to align them and to restrict their lateral

motions. The two shafts are supported firmly by the 3D-printed jigs to minimize their vi-

brations. We note in passing that the HECs in this horizontal setup interact with each other

following the power law with p < 1, so-called strain-softening [19], which is confirmed by the

quasi-static loading test (see the bottom inset of Fig. 3.1 and Section 2.1.2 for details).

The texts and figures in this chapter have been partly taken from the author’s publication [1].
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Figure 3.1: A schematic diagram of the dynamic test setup. The top inset illustrates the
enlarged HEC unit cell and its dimensions. The bottom inset shows the force-displacement
curve (blue) obtained from the quasi-static compression test, along with the power-law fit-
ting result (red). The digital image shows the compression test setup. The compressive
components of forces and displacements are defined positive throughout this chapter.

To apply impact to the HEC system, we use a vibration shaker (LDS V406, B&K) that

launches a rectangular striker (PLA, mass: ms = 4.3 g) towards the first HEC in the chain

at a controllable and consistent speed (vs = 2.73±0.05 m/s). The striker impact triggers the

high speed camera (Phantom v1211) by means of a piezoelectric disc attached to the outer

surface of the first HEC. The high speed camera is translated along the linear stage (BiSlide,

Velmex) to capture the dynamic displacement profiles of each cylinder (i.e., xn for the nth

particle) by using the digital image correlation technique (show details in Section 3.5). In

each measurement spot, we run the impact experiment five times for statistical treatment.
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Based on the recorded displacements, the strain between neighboring particles can be

obtained as

un = (xn+1 − xn)/a (3.1)

where a is the major axis length of the cylinder (a = 30 mm in this study). Figure 3.2(a)

shows the surface map of the measured strains in space and time domains based on the

experimental data, see Section 3.5 for details. A unique feature to notice is that the shape

of the leading pulse changes from the initial compactly-supported shape to a wider one (see

the increasing gap between the front edge (dashed line) and the peak points (dotted line)

in Fig. 3.2(a). The change of the wave width from compact to wide support in the HEC

system stems from the nonlinearity, which should be distinguished from the conventional

wave dispersion in linear elastic media. Details on the backward-tilted shock formation

are in [20]. This implies that the wave component with the smaller amplitude (i.e., front

edge) travels faster than the one with the larger amplitude (wave peak). This results in the

deformation of the waveform, such that it gradually leans backward and shifts the wave peak

location to the rear. This is more evident from Figs. 3.2(d-f), where the shaded areas show

the evolution of the wavefront shape in the space domain over time. These experimental

results showcase the formation of the rarefaction wavefront. Another feature to take note of

from Fig. 3.2(a) is that the wave shows oscillating wave trails whose peak amplitudes show

a monotonic decrease [see also the trailing part of the wave in Fig. 3.2(f)]. This oscillatory

pattern combining the amplitude-dependent wave speed with the dispersive phenomena is

the principal characteristic of dispersive shock waves [84].

3.2 Numerical simulation

We also conduct numerical simulations of the DRS by using a finite element method (FEM)

[Fig. 3.2(b), see Section 2.1.1 for details]. The formation of the DRS is also evident in the

FEM results, and the DRS profiles based on the FEM are in agreement with the experimental

results. The advantage of the FEM is that we can extend the chain length at will, so that

we can observe the evolution of the DRS over a larger space domain, which, in turn, enables
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the enlarging spatial width of the DRS wavefront.
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a more pronounced manifestation of the relevant phenomenology. Figure 3.3(a) shows the

FEM simulation result of the spatial wave profiles of the DRS using an HEC chain with

N = 300. First, we can clearly observe that the wave tail develops into a modulated waveform

as the wave propagates through the HEC chain. This is strongly reminiscent of the multi-

scale manifestation of dispersive shock waves [85]. In particular, the fast-traveling oscillatory

waves which are harmonic when viewed in a local scale, bear an envelope of a slowly decaying

modulation in a larger scale. Analyzing the frequency components in the wave tails, we find

that they follow the local resonance of the HEC (see details in Section 3.6).

To complement the analysis, Fig. 3.3(b) shows the leading pulse profiles of the DRS,

collected at different temporal moments but all aligned with respect to the origin in the

space domain. It is evident that the wavefront width expands while its peak is attenuated.

The evolution of the wave width is quantified in the inset in terms of the half-width-at-half-

maximum (HWHM), which shows a monotonic increase. The experimental data points in

hollow markers corroborate the FEM results for the short-chain region.

3.3 Discrete Element Method

While the FEM provides us with an accurate computational visualization of the experimental

phenomenology, it would be beneficial to derive a simple yet effective model of the HEC

chain. With a proper model capturing the principal features of the dynamics discussed

herein, we can enhance our understanding of the forming mechanism of the DRS. To this

end, we approximate the continuum HEC system via a 1D monomer chain of lumped masses

based on the discrete element method (DEM). In this discrete system, the neighboring HEC

particles are assumed to interact with each other by the following power-law [19]:

F = A(∆x+ δ0)p − f0, (3.2)

where A is the contact coefficient, ∆x is the relative displacement between neighboring

HEC centers, δ0 is an effective pre-compression term, and f0 is a force constant to incur no

interactions under zero particle displacement (i.e., f0 = Aδp0). The validity of this power
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law in our HEC system is demonstrated by the curve fitting result shown in the bottom

inset of Fig. 3.1 (further details for deriving the coefficients of Eq. (3.2) are in Section 2.1.3).

We have confirmed that the present setting pertains to the weakly nonlinear regime (i.e.,

∆x/δ0 ≈ 0.4) and that a power law approximation of the corresponding nonlinearity is

suitable for representing the relevant phenomenology (Section 3.7.1).

For the nth particle in the HEC chain, the equation of motion can be written as

mẍn = A(δ0 + xn−1 − xn)p − A(δ0 + xn − xn+1)p − cdẋn, (3.3)

where n = 2, 3, · · · , N − 1 (N = 26), the overdot denotes a time-derivative, and cd is the

damping coefficient obtained empirically by curve-fitting with the experimental data. To

account for the boundary conditions, the equations of motions for the first (n = 1) and

the last (n = N) particles need to be modified (see Section 3.6 for details). We solve these

differential equations using the fourth-order Runge-Kutta routine to analyze the dynamic

response of the discretized HEC chain. Note that for the accurate comparison with the

experimental results, we feed into the solver the first particle’s displacement profile (i.e., x1)

obtained from the experiment. As a result, the strain surface map based on the DEM is

plotted in Fig. 3.2(c). The DEM result is in good agreement with the experimental one

[Fig. 3.2(a)]. The spatial profiles of the propagating DRS also corroborate those from the

experiments and the FEM [Figs. 3.2(d-f)].

3.4 Amplitude dependent wave speed

By leveraging the fast and efficient computation of the DEM, we move on to the next question;

as the striker velocity (vs) is varied, how will the resulting DRS be affected as characterized

by its group velocity (cg)? Conventional nonlinear waves, including shocks, tend to generate

faster traveling waves as we impose higher external excitations. For example, Nesterenko [8]

derived the relationship cg ∼ v
1/5
p in granular crystals, where vp is the particle velocity that

is directly related to vs. Figure 3.3(c) shows the DEM calculation of cg (green curve) as

a function of vs, where cg is obtained by tracing the peak points in the strain map and
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calculating their averaged slope [e.g., see the dotted-line slope of Fig. 3.2(a)]. Note that

given the short chain (N = 26), the variation of cg along the chain is less than 1%. In

Fig. 3.3(c), it is striking that the leading pulse of the DRS propagates slower for higher

external excitation in terms of the striker velocity applied.

To experimentally verify this important by-product of the strain-softening nature of the

HEC chain, we conduct impact tests with various striker velocities: vs = 1.89 ± 0.07 m/s

and vs = 0.83 ± 0.04 m/s, which are roughly 2/3 and 1/3 of the previous striker velocity.

Their results are plotted in Fig. 3.3(c) in solid dots (see also the inset, where error bars

based on the standard deviations of the five tests are almost invisible due to consistency).

The numerical results from the FEM are also marked in red circular dots. We confirm that

the experimental and computational results corroborate the negative correlation between vs

and cg predicted by the DEM. We also note that at vs ≈ 0, we have cg ≈ 54 m/s, which

corresponds to the linear wave (i.e., sound wave) speed in the HEC chain. Becasue of this

asymptotic nature of cg, we find that the relationship between the group and phase speeds

does not follow the aforementioned power law of cg ∼ v
1/5
p shown in the typical granular

chains (see Section 3.7.2 for details).

To assess the efficacy of the HEC chain as an impact mitigation system, we calculate the

evolution of the maximum potential energy experienced by each inter-particle location, as the

wave propagates along the chain. The potential energy Ψ(n) stored in the nth inter-particle

spot can be simply found by integrating Eq. (3.2) as

Ψ(n) =
A

p+ 1

[
(δ0 + xn − xn+1)p+1 − δp+1

0

]
− f0(xn − xn+1).

We calculate the potential energy over time and find a peak value, Ψmax(n), in each inter-

particle location. This potential energy value after normalization1 is shown in Fig. 3.4.

The solid curve denotes the DEM results based on the curve-fitting with the experimental

data (see diamond dots with error bars in the inset). In this process, the degree of the

1We normalize the potential energy by dividing the Ψmax(n) by Ψmax(1). For DEM model, however, we
use Ψmax(2) as a denominator since the initial strain exceeds the one from the experiment.
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material damping - in terms of the chain damping coefficient cd (in Eq. (3.3)) and the striker

damping coefficient cs (see Section 3.6.2-3.6.3) - is optimized, such that the DEM best fits

the experimental trend. We observe the fast decay of the peak potential energy over the

spatial regime, which manifests a highly efficient mechanism of stress wave attenuation in

the HEC system.

It is now natural to inquire about the portion of this attenuation contributed by the com-

bined dispersion and rarefaction mechanism in the DRS, compared to the material damping

effect. This question can be answered by assessing the effect of the material damping on

the overall wave attenuation. For this, we run the DEM simulation with zero damping co-

efficients. The results are shown in the dotted curve in Fig. 3.4, which also shows a rapid

drop of Ψ(n) over the space. Comparing the two DEM cases (i.e., solid and dashed curves),

the energy reduction from the non-damped to the damped DEM results is 19.3% over the

span of 250-particle chain. However, the potential energy drop even for the non-damped

case is around 76.8% at the end of the chain, compared to the initial energy level. This

implies that the wave attenuation solely due to the combined dispersion and rarefaction is

more than three times larger than that due to the damping in the given system. Though

the relative portions can change depending on the system configurations, size, and boundary

conditions, this trend overall supports that the formation of the DRS can be an efficient way

of mitigating stress waves without resorting to material damping or plasticity effects.

3.5 Methods

We fabricate the HECs and conduct the dynamic test on the HEC chain by applying com-

pressive impact to the system. We use a 3D printer (Ultimaker 3) to fabricate the hollow

elliptical cylinders (HECs). The HECs are made of a Poly-lactic Acid (PLA) material (Ul-

timaker), and the printing layer resolution is set to 0.06 mm. We prevent the warping of

the HECs at the bottom rim by increasing the build plate temperature to 61 ◦C instead of

printing the build plate adhesion which can cause irregular cylinder thickness when we take

it off from the cylinders. The HECs are bonded with each other at the contact areas with
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super glue (Loctite 431) to prevent separation.

We send a step input signal to the shaker (LDS V406 M4-CE, Brüel & Kjær) such that

the striker pushed by the shaker head reaches the desired speed at the impact to the chain.

We use a piezoelectric ceramic disk (STEMiNC, 5x0.2 mm) to sync the impact incident and

the beginning of video recording in every experiment. This piezoelectric actuator generates

voltage signals up on the impact applied to the chain, which in turn triggers the high speed

camera for data acquisition at 40 kHz sampling frequency and 2048-by-416 pixel resolution.

We can see the piezo disc in Fig. 3.5(a), attached on the outer surface of the first HEC in

the chain (n = 1).

We implement a digital image correlation (DIC) technique [86] to obtain the displacement

of the HECs. For easy tracing of each particle’s motion, we add a small marker in the center

of the rim (Fig. 3.5(a)) when printing cylinders. For example, the trace of three green dots

– representing the displacements of the first three particles, x1, x2, and x3 – are plotted in

Fig. 3.5(b) as a function of time. Based on these displacement profiles of each cylinder, we

calculate the strain variable between neighboring cylinders (Fig. 3.5(c)), defined as Eq. (3.1)

in Section 3.1. The raw profiles of the strains for all particles over five measurements are

shown in Fig. 3.5(d). We note that despite the irregularities in some profiles, the overall

trend of stress wave propagation through the HEC chain is evidently observed.

As explained above, we capture the dynamics of the HEC system by keeping track of the

central node of each HEC (i.e., green dots in Fig. 3.5(a)) via the DIC technique. In passing

here, we need to verify whether these central nodes well represent the cylinders’ movements.

We use the FEM to compare the results of tracking the center of mass of the cylinder and the

central node. When plotted together the strain value based on the center of mass and that

on the central node are almost identical (Fig. 3.6). The difference between them is around

3.5% at maximum, but mostly the error remains less than 0.5%. All the results in Chapter 3

are conveniently based only on the central node in both experiments and FEM results.

Given that we observe qualitative agreement between the FEM and experiment, both

showing DRS, we adjust the simulation parameters to quantitatively match the experimental
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result. Here, we need to tweak two parameters: material constant and damping coefficient.

As discussed in Section 2.1.2, we should adjust the material constant of the Neo-Hooekan

model in dynamic analysis. Neo-Hookean model predicts static behavior, which means that

it does not account for the effect of strain rate. Generally speaking, the material constant, µ,

is responsible for the wave speed and the damping coefficient is responsible for attenuation.

However, since the wave speed depends on the amplitude of the wave, these two are coupled.

We follow the procedure reported in [87] to find the parameters, which is decribed in detail

in Section 3.6.3. The material constant µ = 580 × 106 N/m2 and the material damping

coefficient α = 30.
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3.6 Equation of motion

3.6.1 Approximation to the 1 degree-of-freedom system

In the discrete element model (DEM) built in this study, we approximate the continuum

HEC system into a 1D chain of lumped masses connected by nonlinear springs. That is,

each HEC particle is reduced to a single degree-of-freedom (DOF) particle. Here we briefly

justify this approach.Figures 3.7(a) and (b) show the 2D fast Fourier transformation (FFT)

results of the strains obtained from the experiment and the FEM, respectively. The first two

bottom branches in Fig. 2.2(a) match the ones observable from the experiment and FEM

(Fig. 3.7(a) and (b)). While we observe signatures of the higher dispersive branches, we

find that the main propagating wave is dominantly governed by the first mode (i.e., the

bottom branch in red color). As discussed in Fig. 2.2(a), this first mode corresponds to the

symmetric oscillations of the HEC, while the higher branch that we witness in Fig. 3.7(a)

and Fig. 3.7(b) is due to the asymmetric oscillations of the HEC. The excitation of this

asymmetric mode happens right after the incidence of the impact, as shown by the FFT

result of the strain component u1 at the beginning of the chain [Fig. 3.7(c) for the FFT

results and Fig. 3.7(e) for raw signals]. However, as we can see from Fig. 3.7(d), the main

mechanism of the wave propagation in the later part of the HEC chain relies on the first

symmetric mode [raw signals in Fig. 3.7(f)]. In other words, when the impact is applied to

the chain, multiple modes of vibration are excited. However, in the latter part of the chain,

the main mechanism of wave propagation is through the vibrations of the base symmetric

mode. To capture this base mode only, a 1-DOF model will suffice, and thus, we can justify

the approximation of the HEC chain by a 1-DOF spring-mass system.

3.6.2 Modification of equations of motion for the DEM at the boundaries

In Section 3.3, we introduced the equations of motion for the HEC particles in the chain

(see Eq. (3.3) in Section 3.3). This equation needs to be modified for the striker, the first

particle, and the last particle in the chain due to the unique boundary conditions. Here we
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Figure 3.7: 2D fast Fourier transformation (FFT) on strain data (a) from the experiment
results and (b) from the FEM simulation results of the long chain (N = 300) with no damping
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elaborate on the details. First, the striker boundary condition (corresponds to n = 0) is as

follows:

msẍs = −[As(δ0,s + [xs − x1]+)ps − fs]− csẋs,

where subscript s denotes the quantities related to the striker. The bracket with sub-plus

sign means that there is no interaction when there is no contact, i.e., [xn]+ = max(xn, 0).

Similarly, for the first and the last particles (n = 1 and n = N) in the chain,

mẍ1 = (As(δ0,s + [xs − x1]+)ps − fs)− (A(δ0 + x1 − x2)p − f0)− cdẋ1

mẍN = (A(δ0 + xN−1 − xN)p − f0)− (Aw(δ0,w + [xN ]+)pw − fw)− cdẋN (3.4)

where w is the subscript for the wall. The coefficients for the striker and the wall are the same

since we are using the same PLA material. The coefficients are obtained by the empirical

curve fitting, similar to the process for the identification of the parameters for the HEC

particles, as explained in the previous section. Note that we only need the wall boundary

condition in Eq. (3.4) for the short chain (N = 26) simulation because we use the first

cylinder displacement (x1) data obtained from the experiment. However, we do not have the

x1 information for the long chain (N = 300) and need all three aforementioned boundary

conditions.

3.6.3 Finding damping parameters

Also, the damping parameters are obtained such that the dynamic analysis results from the

DEM best match the experiment results. We follow the detailed procedure which can be

found in the supplementary document of [87]. Briefly, we plot the strain wave at a few time

points all together in space domain. Then we take the envelope of the profile (red circles in

Fig. 3.8). Every time we run the simulation, we take the envelope the same way (red cross

markers in Fig. 3.8) and calculate the error sum of the envelope points. We find the damping

coefficients that minimize this error by performing the optimization technique.
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3.7 Additional discussion

3.7.1 Verification of nonlinearity of the HECs

One fundamental question that can be raised in this study is whether the wave dynamics that

we observe is truly nonlinear or not. To answer this question, we can start from explaining

the nature of nonlinearity intrinsic in the HEC system. Then, we will move to the comparison

of wave dynamics observed in our system with that in the purely linear case.

First, let dmax = |ui−1 − ui| ≈ 1.2 mm be the maximum displacement during the shock

wave propagation based on experimental observation. Judging from the near-linear trend

within dmax in Fig. 2.1, one might doubt the nonlinear nature of the system. However, if

we take a closer look around the point dmax in Fig. 3.9(a), we clearly witness the deviation

between the linear approximation (black solid line taken from the initial slope) and the actual

experimental response of the HEC prototype (blue circular dots). This clearly indicates

that our HEC shows geometric nonlinearity in the range of its deformation considered in

this study. This is more evident if we look at the stiffness change over displacement. In

Fig. 3.9(b), we plot the stiffness of the system based on the slope of the force-displacement

curve from Fig. 3.9(a). The variation in the stiffness reaches as much as 23.8% from the linear

response of the HEC. Such decrease in stiffness within the range in experiments supports

the intrinsic nonlinearity in the system.

The nonlinearity of our system is more obvious when we compare its dynamics with a

linearized model as shown in Fig. 3.10. We use k0 = pAδp−1
0 for the linearized stiffness, while

suppressing any nonlinearity in the force between the HEC units. In this linearized case

(Fig. 3.10(a)), we see the propagation of the leading pulse followed by the wave oscillations

in the tail, which is somewhat similar to the trend that we observe in the nonlinear case

(Fig. 3.10(b)). If one compares these two cases closely, however, the leading pulse in the linear

case does not undergo a noticeable change of the waveform (i.e., rarefaction characteristic)

compared to the nonlinear case.

More evidence that this wave is a nonlinear shock wave is encompassed in the supersonic
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nature of the leading pulse observed in the nonlinear case. The group velocity of the leading

pulse in the linear case is equal to the sound of speed. However, the group velocity of the

leading pulse in the nonlinear case is 13.8% faster than the sound speed, confirming the

supersonic propagation of the DRS. Observing the wave tails, we also find key differences

between the two cases. Compared to the linear case, the nonlinear DRS tails clearly show

fast-traveling oscillatory waveforms enclosed by a slow-decaying envelopes. As noted in

Section 3.1-3.2, this multi-scale modulation is the manifestation of the dispersive shock

waves. Lastly, the amplitude-dependent wave speed as depicted in Fig. 3.3(c) in Section 3.4

is another signature of nonlinear wave dynamics in the HEC system.

3.7.2 Group velocity and phase velocity

In order to investigate the relationship between the group velocity and the particle (phase)

velocity, we run DEM simulations for an even longer chain (N = 1000). We can see in

Fig. 3.11 that the wave speed increases as the particle velocity decreases. Furthermore, as

the phase velocity decreases, it asymptotically approaches a constant value, which is the

sound speed of this model. This behavior does not follow the power law cg ∼ v
(p−1)/(p+1)
p

(where p is the nonlinear exponent), which is the generalization of the predicted power law for

the strain-hardening system that is derived in [8]. In other words, unlike the conventional

granular chain showing “sonic vacuum” at very small particle velocities, the HEC chain

delivers waves at finite speed which depends on the initial slope of the force-displacement

curve.

3.7.3 Solitary waves in HEC

So far in Chapter 3, we have discussed dynamics of the HEC chain under heavy striker impact.

A striker whose mass is far bigger than the unit cell generates a long input, resulting in a

shock wave [88]. In our HEC chain, we observe a rarefied wave front and oscillatory wave

trails, so called dispersive rarefaction shock (Refer to Fig. 3.2).
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Figure 3.10: DEM simulation results with a striker impact at vs = 2.73 m/s (a) using the
linearized model captured at t = 35, 70, 105, 140, 175 ms and (b) the nonlinear model
captured at t = 31, 61, 92, 123, 153 ms.



37

2 4 6 8 10 12 14
Phase velocity, v

p
 (m/s)

30

40

50

60

G
ro

up
 v

el
oc

ity
, c

g (m
/s

)

Figure 3.11: For DEM modeling of N = 1000 chain, the group velocity is plotted with respect
to the phase (particle) velocity in log-log scale. The group velocity expression in space is
obtained by using the polynomial curve-fitting method and is plotted with respect to the
maximum particle velocity at each cylinder.
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However, if we use a striker which is identical to the unit cell, we achieve a totally different

response, a solitary wave. Solitary wave is highly localized in time such that it maintains its

shape, undisturbed. To realize it, we also allow separation between HECs. Figure 3.12(a)

shows the wave propagation in the HEC under a light striker impact. The schematic on the

top illustrates the configuration of the chain. One thing to notice is that we do not see the

oscillatory tail. Since the striker is so light, it applies a short input, which does not have the

effect of compression of the chain. In addition, the HECs are separated, which means they

cannot carry tensile waves. These two facts contribute to the solitary wave propagation. We

notice that the wave front tends to expand, as we see in Fig. 3.12(b). However, it is not

as significant as we observe in Fig. 3.2. Hence, we realize pseudo-solitary wave in the HEC

chain under the light striker impact.

Next, we investigate the wave propagation along the minor direction under the light

striker impact. The chain is roughly illustrated on top of Fig. 3.12(c). We arrange the

HECs along its minor direction and apply an initial velocity to the first HEC. As seen in

Fig. 3.12(c), the wave is highly localized in time domain, maintaining its temporal width as

it travels. We see marginal expansion in the width and oscillations in the time lapse plot

(Fig. 3.12(d)). It is notable that the wave front rather keeps its slope without expanding.

This is one evidence that the HEC system becomes strain-hardening.

In fact, the configuration in the minor direction is merely a compressed state of the HEC

along the major direction. We calculate the contact force and displacement relationship

using FEA static analysis. Figure 3.13(a) shows the force-displacement curve along the

major axis and (b) shows that along the minor axis. As we have already observed in the

inset of Fig. 3.1 in Section 3.1, the initial part of the curve shows strain-softening. However,

as the displacement reaches around 15 mm, it changes into strain-hardening. Moreover,

we superimpose the force-displacement curve in the minor direction (orange dashed line) in

Figure 3.13(a). The minor axis length is 18 mm which is 12 mm deformation in the major

axis which is 30 mm. We translate the minor force-displacement curve to the corresponding

point to compare with the major curve. We can see that they align very close to each other.
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Figure 3.12: Contour map of strain of the HEC chain impacted by an identical unit cell (a)
along the major axis (b) and its time lapse. Similarly, we plot (c) the spatial-temporal strain
contour along the minor axis (d) and its time lapse. The schematics on top of (a) and (b)
show the striker (red color) and the HEC chain. The dashed lines in (a) and (c) correspond
to the time laps in (b) and (d), respectively. The lines are color-coded.



40

0 5 10 15 20 25
Displacement (mm)

0

5

10

15

20

25

30

Fo
rc

e 
(N

)

major
minor

0 5 10 15 20 25
Displacement (mm)

0

5

10

15

20

25

30

Fo
rc

e 
(N

)

minor

(a) (b)

Figure 3.13: Force-displacement curve along (a) the major axis and (b) the minor axis. The
inset schematic in each plot shows the initial (black) and final (green) configurations. The
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= 12 mm point.

Therefore, we can deduce that we can tune the nonlinearity of the HECs from strain-softening

to hardening by varying compression.

3.8 Conclusion

In summary, we observed the dispersive rarefaction shock (DRS) dynamics in the soft chain

of 3D-printed hollow elliptical cylinders (HECs). We experimentally and numerically val-

idated the two principal features of the DRS: the back-tilted wavefront in the form of a

rarefaction and the oscillatory wave tail in the form of a dispersive shock. Moreover, we

demonstrated that the HEC system supports a slower propagation of DRS given a higher

striker impact condition, as a result of the strain-softening nature of this nonlinear dynami-

cal lattice. The proposed HEC system can be potentially applied to the impact mitigation

system design in various scientific and engineering applications. Further research can be pur-

sued by modifying the discrete element model (DEM) by adding more degrees of freedom to

capture the higher modes of wave propagation. Indeed, as discussed in Section 3.6, while the
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phenomenology presented here hinges on the lowest band of its dynamics, the HEC lattice

bears intriguing characteristics associated with multiple bands and gaps that are certainly

worthwhile of additional exploration. Future studies also include investigating the role of

defects (e.g., breather formation) in strain-softening systems. The systematic development

of the HEC as a prototypical strain-softening element may also pave the way for explor-

ing heterogeneous chains involving the alternation of softening and hardening nonlinearities,

which may manifest unprecedented nonlinear phenomena.



42

Chapter 4

LINEAR WAVE PROPAGATION IN 1D GRADED HEC

We study the Bloch oscillation of elastic waves in a chain composed of hollow elliptical

cylinders (HECs). These HECs are 3D-printed in different wall thicknesses and are arranged

to form a graded chain. We find that the frequency band structure of this lattice can be

manipulated in a way to create a narrow strip of transmission range sandwiched between

slanted stop bands. This enables the trapping of elastic waves at a specific location of

the chain, which depends on the input frequency of the propagating elastic waves. This

elastic Bloch oscillation in a tailorable 3D-printed system enables the control of energy

localization in solids, potentially leading to engineering applications for vibration filtering,

energy harvesting, and structural health monitoring.

The rest of the chapter is arranged in the following order. We first explain experimental

methods and simulation details in Section 4.1. Then in Section 4.2, we discuss the frequency

bands of the graded HEC chain and how it affects the frequency response of the chain. Next,

we show the dynamic response of the graded HEC chain to various excitation frequencies

and demonstrate the Bloch oscillation in the chain. We discuss tunability of the 3D-printed

graded HEC chain and asymmetric linear dynamics in Section 4.3 and 4.4. We finish the

chapter with conclusions in Section 4.5.

4.1 Methods

We 3D-print HECs with polylactic acid (PLA) material (Black, Ultimaker). The wall thick-

ness of HECs varies linearly from 0.4 mm to 3 mm in 26 steps. Then we assemble these 26

HECs into a chain, as shown in Fig. 4.1. HECs are aligned through two stainless steel shafts

The texts and figures in this chapter have been partly taken from the author’s publication [3].
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Figure 4.1: A schematic diagram of the experimental setup for the linear perturbation system.
One end of the HEC chain is mounted to the shaker head to excite the system longitudinally
(orange arrow). The graded HEC chain is securely positioned in the frame through 3D printed
jigs. We measure the velocity of each HEC by focusing the laser beam on the reflective tape
(the inset on the top right corner, a zoomed-in view of the dashed box in the main image).
The dimensions of the HEC are a = 30 mm, b = 18 mm, and w = 12 mm as shown in the
inset.

to confine their movement to sliding in the major axis. At the contact point, the HECs

are bonded using super glue (Loctite 431) to secure their contact. The first HEC is tightly

bolted into the shaker head where the input signal is applied. We apply a precompression of

10 mm to the entire chain and excite the chain at a low amplitude to ensure that the elastic

wave is in the linear regime.

We send a frequency sweep signal or a Gaussian pulse to the shaker through a function

generator (33220A, Agilent). When the chain is excited, the laser Doppler vibrometer (LDV;

Polytec OFV-534) measures the velocity of a single HEC (inset of Fig. 4.1). The velocity data
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is acquired by the oscilloscope (DSO-X 3024A, Agilent) and downloaded to a local computer

for post-processing. We repeat the experiment five times for statistical treatments.

We use commercial finite element analysis (FEA) software (ABAQUS) to perform nu-

merical analysis. We select the 2D quadratic Timoshenko beam (B22 element) to model the

HECs. We simulate only the upper half of the HECs, assuming symmetry about the axial

direction. We apply the Neo-Hookean model for implementing the hyperelastic property

of the PLA material. We find the material constant of the Neo-Hookean model by fitting

to the experimental data (µ = 800 × 106 N/m2). We ignore the material damping in the

simulations.

4.2 Results and Discussion

We first investigate the band structure of the graded HEC chain. By assuming that the unit

cell analysis can approximately estimate the local frequency band, we assemble the band edge

frequencies to build the band structure of the graded chain. Figure 4.2 shows how the band

structure of the graded HEC chain is constructed. The first HEC exhibits multiple narrow

pass and stop bands (Fig. 4.2(a)). This is because the thin 3D-printed cylinder has multiple

eigen frequencies and corresponding eigen modes within the frequency range of interest. The

frequency bands move to a higher range as the thickness of the HEC increases due to increase

of the bending stiffness associated with the eigen frequencies. The last HEC only has a single

pass/stop band within the frequency range of interest. It is notable that the pass/stop band

of the last HEC in Fig. 4.2(b) corresponds to the the red dashed box in Fig. 4.2(a). In

essence, the dispersion relation of the HECs in the graded chain is nearly a scale-up of that

of the first HEC. We only linearly increase the thickness of the HECs and keep everything

else the same. Therefore, it is fair for us to expect approximately proportional increase in

the natural frequencies. As a result, if we calculate the dispersion relations of all of the

individual HECs and assemble them in order, it creates slanted lines of pass bands and stop

bands, as shown in Fig. 4.2(c). This resembles the tilted energy band for the electron cases.

Given the interesting slanted band structure, we are curious about the response of the
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Figure 4.2: Dispersion curves for (a) the fist HEC (thickness of 0.4 mm) and (b) the last HEC
(thickness of 3 mm) in the graded chain obtained using FEA. The shaded areas represent
stop bands where wave does not propagate, whereas the white area is the pass band where
wave transmits. The red box in (a) shows similarity with (b). (c) Band structure of the
graded HEC chain. The gray areas indicate the stop band. The yellow and the blue bars
come from (a) and (b).

graded HEC chain to single-frequency excitations. To find that, we examine the frequency

response of the chain by conducting FEA. We perform steady-state dynamic analysis and

calculate the transmission. Figure 4.3(a) shows the transmission level in dB from the FEA

result. We observe a transmission band with a positive slope develops from around the

origin. We verify the FEA result by conducting experiment. We apply a chirp signal ranging

linearly from 0.3 kHz to 8 kHz to the left boundary of the chain and measure the velocity for

each HEC. We then perform fast Fourier transform (FFT) on the output data to analyze the

frequency components. We observe similar behavior in the experimental result compared to

the FEA result, as shown in Fig. 4.3(b). While the highlighted branch continues growing up

in the high frequency range, its intensity diminishes. It could be mainly due to the positive

gradient of the HEC thickness in the chain. The particle velocity has to decrease as the HEC

mass increases to meet the conservation of momentum. Another reason could be the large

damping in the high frequency domain.

Let us relate the frequency response (Fig. 4.3(b)) to the band structure (Fig. 4.2(c)).
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Figure 4.3: Transmission of the velocity signal (a) from the steady-state response using
FEA simulation and (b) under the chirp input from the experiment. Brighter color means
higher intensity of the signal. The the FEA and the experimental data from Fig. 4.4(d) are
superimposed on top of (a) and (b), respectively. The second lowest pass band in Fig. 4.2(c)
is superimposed on (a) and (b) in the dashed cyan box.

We observe a near total transmission for the low frequency range (Fig. 4.3(b)) due to the

complete pass band throughout the chain (Fig. 4.2(c)). The second pass band is positively

sloped and sandwiched between the stop bands with the lower stop band being very thick.

The wave can pass through the initial narrow stop bands because the evanescent wave width

is possibly wider than the band width. Once the wave reaches the thick stop band, it cannot

propagate further. This is what results in the narrow and sloped transmission band in the

frequency response (the dashed cyan boxes in Fig 4.3). What this interesting frequency

response means is that we have frequency-dependent localization in the graded HEC chain.

The narrow transmission band sprouting positively in the frequency-space map causes the

wave captured in farther locations at higher frequencies.

To verify that, we analyze transient response of the graded HEC chain. We apply a

Gaussian pulse with a central frequency of 5 kHz to the left end and measure the response
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of each HEC. The result is plotted in Fig. 4.4(a). The input signal quickly disappears but

reappears around the 12th HEC. This signal is trapped and oscillates in this location for

around 2 ms and starts to die out. This is a very narrow Bloch oscillation. We observe

similar behavior from the FEA in Fig. 4.4(b). The localization of the wave in the middle of

the chain keeps its height for a longer time in the simulation. Had we not had friction in

the experiment, we would ideally achieve this clear trapping. Overall, we confirm qualitative

agreement of the localization effect in the graded HEC chain between the experiment and

the FEA.

Next, we investigate the effect of the input frequency on the localization behavior. To

achieve that, we conduct the same procedure at different input frequencies and plot the

maximum velocity profile, as shown in Fig. 4.4(c). It is evident that the localization peak is

positioned farther at higher frequency. The peak amplitude decreases as the input frequency

increases. We have pointed out earlier (Fig. 4.3) the reason includes the gradient in mass

and the material damping. Figure 4.4(d) shows the localization point with respect to a wide

range of input frequencies. Both the experimental data and the FEA result show positive

relationship between the input frequencies and the peak locations. They also draw almost

linear curves. This aligns very well with the transmission band we found earlier, as shown in

the blue and the green curve in Fig. 4.3(a) and (b), respectively. In Section 4.3, we explore

the tunability of the HEC system to create nonlinear evolution of band structures.

4.3 Tunability of the 3D printed graded HEC chain

The 3D-printed HEC chains are a highly tunable system, enabling the manipulation of the

cell geometry to control their dynamic response. In this section, we explore two possible

examples to change the dynamic response of the chain: a) the cell geometry and b) the

gradient. The band structure changes depending on the aspect ratio of the unit cell, which

ultimately will change the localization position. We can also give a gradient not only in

a linear manner but also in nonlinear patterns. This way, we can tune the the frequency-

localization relationship from linear to nonlinear.
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First, we study the effect of the aspect ratio of the HEC on the dispersion relation of the

graded HEC chain. In the previous sections, we only show the result for the aspect ratio

of 5:3 which is repeated in Fig. 4.5(a). The aspect ratio is defined as the longitudinal to

the transverse direction length. If we decrease the aspect ratio, i.e., change the ellipse to a

circle (Fig. 4.5(b)) and to the other side of the ellipse (Fig. 4.5(c)), we see the first thick stop

band shrinks and the second thin stop band expands. Consequently, the slanted pass band

widens. As a result, we expect to observe clear Bloch oscillations as the wave is localized

within a wide length of the chain.
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Figure 4.5: The band structure of the graded HEC chain whose aspect ratio, a:b (longitudinal
to transverse), is (a) 5:3, (b) 4:4, and (c) 3:5. The insets are the HEC configurations.

Next, we investigate the effect of the gradient on the dynamics of the graded HEC chain.

We vary the thickness exponentially from 0.4 mm to 3 mm and calculate the dispersion

relation for each HEC. Then we construct the band structure by assembling the individual

dispersion relations, as shown in Fig. 4.6(a). It is evident that the pass and the stop bands are

curved rather than straight (Fig. 4.3(c)) in spatial domain. As a result, we observe a curved

transmission branch in the frequency response in Fig. 4.6(b). This shows the capability of

the graded HEC system to change the localization point by tuning the gradient parameters.
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Figure 4.6: (a) Band structure of the HEC chain with exponential thickness gradient. Wave
can only travel in the pass band. (b) Frequency response of the same chain using steady-state
analysis.

4.4 Negative thickness gradient

In previous sections, we only discuss the HEC chain with positive thickness gradient. We

can easily investigate linear dynamics of the negative gradient HEC chain by simply flipping

the chain in the opposite direction. In this section, we discuss how the dynamics changes

in the negative thickness gradient. We measure the frequency response of the chain and

compare it with the FEA result and the band structure. We follow the exact same procedure

as Section 4.1 and 4.2. We apply a chirp signal ranging between 0.3 kHz and 8 kHz to the

thickest HEC and measure the velocity of each HEC. We see a high transmission area (the

bright color) with a negative slope, as shown in Fig. 4.7(a). Unlike the positive gradient

HEC chain (Fig. 4.3(a)), the transmission level is kept high to the end of the chain. The

HEC mass decreases towards the chain end, resulting in higher particle velocity to meet the

conservation of momentum. This agrees well with the FEA result in Fig. 4.7(b). The high

transmission in Fig. 4.7(a) and (b) corresponds to the first pass band in the band structure in
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Fig. 4.7(c). This band structure is a mere flip in the horizontal direction of Fig. 4.2(c). Due

to the thick stop band from the thick HECs, wave cannot propagate through the chain at

high frequency range (4.5 kHz - 8 kHz). For the same reason, the wave in the low frequency

range stops traveling once they hit this boundary. In other words, the wave is reflected

against the first stop band and thus, is not transmitted through the chain.
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Figure 4.7: Transmission of the velocity signal of the HEC chain with negative gradient (a)
under the chirp input from the experiment and (b) from the steady-state response using
FEA simulation. The blue markers and the green line are superimposed from Fig. 4.8(d).
(c) Band structure of the negatively-graded HEC chain. The gray area indicate the stop
band where wave does not propagate, whereas the white area is the pass band where wave
transmits.

We verify the reflection effect of the negatively-graded HEC chain at different frequencies.

We excite the chain with a Gaussian pulse at 2 kHz and measure the velocity response. As

seen in Fig. 4.8(a), the input wave quickly dies and reflects back at around 21st HEC. We

observe a very similar behavior in FEA result in Fig. 4.8(b). This is so-called boomerang or

rainbow effect, which has been reported in [52,89]. The quantitative difference of amplitude

between the experimental and computational results is due to the friction and damping

effects.

We measure the transient response at other input frequencies and plot the maximum

velocity at each HEC in Fig. 4.8(c). We notice that the reflection location comes close to the
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excitation point at the higher input frequency. In other words, the wave is reflected earlier at

the higher excitation frequency. We also find that the maximum velocity amplitude increases

towards the chain end. As mentioned in the previous paragraph, the decreasing mass plays

a role to this amplified response. We confirm again that the experiment (solid lines) and

the FEA (dashed lines) are in good agreement. We plot the reflection point with respect

to the input frequency in Fig. 4.8(d). We can clearly see the negative relationship between

the reflection location and the input frequency. Moreover, the filtering locations match the

transmission boarder as indicated by the star and circular marks in Fig. 4.7(a) and (b),

respectively.

4.5 Conclusion

In summary, we investigated the elastic Wannier-Stark ladders and the Bloch oscillations

in a 3D-printed, graded HEC chain. We experimentally and numerically demonstrated that

the location of the Bloch oscillation depends on the input frequency in our system. Within

the frequency range of interest, we find that the higher the input frequency is, the farther

the localization happens. This is due to the slanted band structure, or the Wannier-Stark

ladders, of the graded HEC chain.

This study showcases that the design boundary for the band structure (i.e., bandgap)

engineering can be broadened by the soft lattices made of 3D-printed architectures. This can

enable an enhanced degree of freedom in controlling stress waves in solids, thereby realizing

a plethora of novel wave dynamics. While this study focused on the Bloch oscillations in

the graded lattice, the same system in the opposite gradient can provide another interesting

phenomenon, so-called the rainbow (or boomerang) effect (Section 4.4).

The findings from this study can be integrated into various engineering applications, such

as energy harvestor, structural health monitoring, and nondestructive evaluation systems,

which require energy trapping. We also see the possibility of shedding light on the design of

artificial cochlea, as it captures the wave of different frequency at different locations.
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Chapter 5

NONLINEAR WAVE PROPAGATION IN 1D AND 2D
GRADED HEC

In this chapter, we propose a 3D-printed graded lattice made of hollow elliptical cylinders

(HECs) as a new way to design impact mitigation systems. We observe asymmetric dynamics

in the graded HEC chains with increasing and decreasing stiffness. Specifically, the increasing

stiffness chain shows an acceleration of the propagating waves, while the decreasing stiffness

chain shows the opposite. From the standpoint of impact mitigation, the decreasing stiffness

chain combined with the strain-softening behavior of HECs results in an order-of-magnitude

improvement in force attenuation compared to the increasing stiffness chain. We extend

this finding to the graded 2D arrays and demonstrate a similar trend of wave transmission

efficiency contrast between the increasing and decreasing stiffness lattices. The 3D-printed

HEC lattices shown in this study can lead to the development of a new type of impact

mitigating and shock absorbing structures.

The rest of the chapter is arranged in the following manner. In Section 5.1, we provide

details on the technical approach. Section 5.2.1 describes the asymmetric nonlinear dynamics

in the HEC chain with a positive and a negative gradient direction. We experimentally

demonstrate the simulated dynamics in the graded HEC chains. In Section 5.2.2, we conduct

rigorous comparison of the impact mitigation performance between the two opposite gradient

chains. Section 5.2.3 suggests a potential extension of the 1D graded HEC chains to the 2D

graded HEC array. We describe additional analysis in Section 5.3-5.5. We finish this chapter

with conclusion in Section 5.6.

The texts and figures in this chapter have been partly taken from the author’s publication [2].
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5.1 Methods

We first perform 1D experiment as follows: we 3D-print 26 HECs using PLA material with

their wall thicknesses linearly varying from 0.4 mm to 3 mm. See Section 3.5 for the detailed

geometry and force-displacement relationship of the HECs under the variation of their wall

thicknesses. We align these HECs into two different chain configurations: (i) a chain with

the increasing HEC thicknesses (called a thickening chain for the rest of this article) and

(ii) a chain with the decreasing HEC thicknesses (i.e., thinning chain). Figure 5.1(a) shows

an experimental setup of the thinning chain. Here, the HECs are printed with two small

holes (diameter of 2.50 mm) along the major axis, such that they are allowed to slide along

the horizontal direction by using a pair of stainless steel rods (diameter of 2.38 mm) that

penetrate through all HECs (inset of Fig. 5.1(a)). These rods are held by 3D-printed supports

to prevent them from bending. To ensure their mechanical contact, the HECs are bonded

together using glue (Loctite 431).

For the application of mechanical impact, we send an impulse signal to a shaker (LDS

V406, B&K) such that it launches a rectangular striker mass towards the one end of the

HEC chain at a desired velocity. The other end of the chain is bounded by a piezoelectric

sensor (208C02, PCB Piezotronics), which is mounted on the rigid chassis and is used to

measure the transmitted forces through the HEC chain. The striker mass (ms = 4.3 g)

is 10 times larger than the mass (m) of the thinnest cylinder. When the striker hits the

chain, it triggers the high speed camera (Phantom v1211) to start recording. The high

speed camera moves along the linear stage, capturing three cylinders at a time at 40000 fps.

The measurements are made at every other cylinder location, and we iterate the experiment

five times for statistical treatments. To facilitate the tracking of the HECs’ translational

motions, we print bosses on the top and bottom of each HEC (see the inset of Fig. 5.1(a) or

Fig. 3.5(a) in Section 3.5). We use the digital image correlation technique to measure the

displacements of HECs [1]. The data collected are stitched together, and the aligned data

after reconstruction in the space domain are presented in the results hereafter.
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Figure 5.1: (a) A schematic diagram of the 1D HEC setup for dynamic testing. Shaker jig is
attached to the shaker head (not shown but indicated by the red arrow) to slide the striker.
The graded HEC chain is impacted by the striker on the left end at the input velocity,
vs = 2.95 ± 0.09 m/s. The right end is in contact with a piezoelectric sensor. The inset
is a close-up view of the single HEC inside the dotted box. (b) A schematic diagram of
experiment setup for the 2D graded HEC array.

To compare with the experimental results, we perform numerical analysis using commer-

cial finite element analysis (FEA) software (ABAQUS). We apply the Timoshenko beam

model (B22 element) to capture the behavior of the HECs. To take into account the hyper-

elastic behavior of PLA, we implement the Neo-Hookean model. We find its shear modulus

and material damping factor by fitting the experimental data based on uniaxial compression

tests.

We also compose a 2D graded HEC array as shown in Fig. 5.1(b). We print 11 rows of

HECs whose thicknesses vary linearly from 0.4 mm to 3 mm along the horizontal direction.

Then we carefully align them and glue between the rows into a 6×11 array. Similar to the 1D

setup, the HECs in the middle row are guided by a pair of stainless steel shafts. We cut two

5-mm-thick aluminum plates to a size of 200 mm by 12 mm with two small holes (diameter of

2.5 mm) and glue them to the left and the right end of the graded HEC array. These plates

and HEC arrays are equivalent to the facesheet and core of sandwich structures, respectively,
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in 2D representation. The right plate is in contact with the piezoelectric sensor to record

the transmitted forces through this 2D HEC array. To prevent any rotational dynamics of

the array, we firmly hold the horizontal guiding rods by using a 3D-printed support. The

way we apply striker input is the same as that in the 1D chain experiment.

5.2 Results and Discussion

5.2.1 Asymmetric impact response

Figure 5.2 shows experimental (top row) and numerical (middle) results of HECs’ velocity

profiles for thinning (left) and thickening (right) chains. It is notable that the thinning

and the thickening chain show completely different dynamic behaviors. The first feature to

notice is the acceleration/deceleration of the propagating waves depending on the gradient

direction. This phenomenon is closely related to the mass and stiffness of the unit cells

composing the chain. In case of the thinning chain, the contact stiffness decreases towards

the end of the chain. Lower stiffness results in the decrease in wave speed (Fig. 5.2(a) and

(c)). Furthermore, the negative mass gradient will amplify the propagating wave amplitude,

slowing down the wave due to the effective strain-softening nature of the HECs. In the same

manner, acceleration occurs in the opposite direction (Fig. 5.2(b) and (d)). The experimental

data (Fig. 5.2(a) and (b)) corroborate the FEA results (Fig. 5.2(c) and (d)) for both thinning

and thickening chains.

The accelerating and decelerating waves in graded chains have been also explored in

previous studies [55,58,59,62,64,90]. However, our system is different from those in previous

studies in that (1) the unit cells are bonded together supporting both compressive and tensile

motions, and (2) they are deformed modestly in a weakly nonlinear regime. As a result, we

observe unique wave dynamics in the HEC system, such as the formation of weakly nonlinear

pulses followed by oscillatory tails due to tensile motions (see the ripples in Fig. 5.2).

Another feature to notice is the amplitude change. The amplitude significantly decreases

as the wave approaches the end of the thickening chain (Fig. 5.2(b) and (d)). However,
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in the thinning case, the amplitude increases minutely as the wave propagates along the

chain (Fig. 5.2(a) and (c)). This amplitude change is obvious if we look at the individual

wave profiles in Fig. 5.2(e) and (f). This attenuation/amplification of the propagating wave

can be also explained by the change in mass and stiffness within the graded chain. In the

thickening chain, the mass of the HEC increases, thereby decreasing the particle velocity to

satisfy the conservation of momentum principle. Moreover, the increasing stiffness results in

a faster group velocity, which extends the width of the leading wave and contributes to the

attenuation of the wave amplitude. On the contrary, in the thinning chain, the HEC masses

become lighter towards the end, resulting in higher particle velocities. Contact stiffness also

decreases in this case, which contributes to narrowing width and thus amplifying the wave.

More details on the effect of the contact stiffness and the mass are described in Section 5.3.

The amplitude change also is affected by the energy transfer from kinetic energy to strain

energy. See Section 5.4 for the energy analysis.

The asymmetric wave propagation in opposite directions is in reminiscence of the study

by [78, 79]. They take advantage of the asymmetry of their system to realize non-reciprocal

wave propagation by selectively triggering nonlinear instability in a single direction. The

transmission induced by overcoming the threshold with high amplitude input is called supra-

transmission. Similarly, for the thinning chain in our system, the striker impact contains a

wide range of frequencies (Fig. 5.10(a) in Section 5.5) and the output signal contains most

of the input frequency components, despite the significant transfer to the low frequency

modes. The thickening chain does not transfer much energy to the end of the chain, as

seen in Fig. 5.10(b) in Section 5.5. As a result, we confirm a similar trend of asymmetric

supra-transmission in our graded HEC chain, by leveraging not the bistability of unit cells,

but their arrangements in gradient. More details on the spectral analysis can be found in

Section 5.5.
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5.2.2 Impact mitigation

We evaluate the shock absorption performance of the graded HEC chains by investigating

their transmitted force profiles (Fig. 5.3). In the thinning chain, the initially localized force

peak disperses slowly as the wave propagates along the chain (Fig. 5.3(a)). In the thickening

chain, the initially dispersed force profile tends to become highly localized towards the end of

the chain (Fig. 5.3(b)). This difference is evident if we compare the force profiles measured at

the end of the chain by using a force sensor (Fig. 5.3(c)). Here, we also include experimental

results for comparison (circular markers). We observe a solitary wave-like localized pulse

in the thickening chain (see the dashed red curve based on the FEM result, which show

no oscillatory tails). On the other hand, the thinning chain exhibits a small-amplitude

leading pulse followed by oscillations. While there exist noticeable discrepancies between the

experimental and computational results possibly due to friction and material damping, we

still witness the qualitative difference in the empirical force packets between the thinning

and thickening chains.

These force profiles may look contradictory to the velocity profiles presented in Sec-

tion 5.2.1. In the velocity profiles, the thinning chain showed the focusing behavior of wave

packets (left column in Fig. 5.2), while the thickening chain exhibited the attenuation of

those packets (right column in Fig. 5.2). This seemingly contradictory behavior between

velocity and force profiles can be explained by the energy analysis. We calculate the evo-

lution of kinetic and strain energy stored in the HEC system over the span of 5 ms, which

covers a travel of the initial impact to the end of the chain (Fig. 5.4). In the thinning chain,

we observe the kinetic energy and the strain energy reach an equilibrium point where their

levels are comparable (Fig. 5.4(a)). In the thickening chain, however, most kinetic energy

is converted into the strain energy. In other words, in the thinning chain, the impulse fa-

cilitates the rattling of the HECs after it passes by the chain (thus causing the oscillatory

tails as witnessed in Fig. 5.3(c)), while the thickening chain rather piles up its energy into

the strain energy instead of shedding it into dynamic energy. This is the key difference in
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energy transfer between the thinning and thickening chains. Since the velocity profiles are

directly related to the kinetic energy, the trend looked contradictory to the force profiles

that are associated with the strain energy. Further details on energy analysis can be found

in Section 5.4.

5.2.3 Two-dimensional expansion

Now we assess the feasibility of extending the 1D HEC system into a 2D one, such that it

can be potentially used as a core material for impact mitigating structures. To this end, we

build a sandwich structure as shown in Fig. 5.1(b). Here, the arrangement is in a pseudo-2D

manner, graded in the x direction and homogeneous in the y direction. Given the shallow

thickness of the layer (12 mm), we impose the plane stress condition in the out-of-plane

direction. We measure the transmitted force profiles at the right end of the prototype and

plot them in yellow curves for the thinning (Fig. 5.5(a)) and the thickening (Fig. 5.5(b)) array.

The corresponding numerical data are also plotted in red curves in Fig. 5.5. Consistent with

the 1D chain result, the maximum force at the wall in the thinning array is lower than that
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Figure 5.5: Contact forces at the output boundary are plotted for (a) the 2D thinning array
and (b) the 2D thickening array. The array size is 6× 11. We run 10 experiments and plot
the average in the yellow solid line and the standard deviations in the yellow shaded areas
(vs = 2.93± 0.05 m/s).

of the thickening chain. However, the performance of the thinning chain is better than the

thickening chain only by twice, which is smaller than the 7-fold improvement observed in

the 1D system. This is likely due to the transverse dispersion of energy, as well as the short

chain length in 2D.

The dispersive effect can be clearly seen in numerical simulations (Fig. 5.6), where the

thickening lattice immediately radiates energy in the transverse direction (y-direction) as

the striker hits the plate, while the thinning lattice does not. Despite this transverse dis-

persion effect, we still verify the asymmetric wave propagation in the 2D graded HEC array.

Particularly, the amplifying velocity towards the end of the thinning array is consistent with

the dynamics we observe in the 1D thinning chain (Fig. 5.2(a)). Likewise, the localization

of the velocity at the input boundary of the thickening array is in agreement with the 1D

thickening chain (Fig. 5.2(b)).

To investigate the chain size effect, we model a larger array, 120 × 11, as shown in

Fig. 5.7(a) and examine how the impact absorbing level changes. A striker with the mass of
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Figure 5.6: Velocity contour of the 2D model from ABAQUS for (a) thinning HEC and (b)
thickening HEC array at t = 0.4 ms.

30 g is applied at an initial velocity of 3 m/s. We observe an order-of-magnitude difference

in the maximum output force between the thinning and the thickening arrays (Fig. 5.7(b)).

The oscillating envelope of the force profile is due to the vibrations of the HECs. In fact,

the dominant frequency component of the wave profile is 1.2 kHz, which is around the 1st

vibration mode of the thickest HECs and the 2nd vibration mode of the thinnest HECs. This

numerical result hints that the proposed 2D HEC lattices can be potentially used as a core

material in sandwich structures for incurring asymmetric wave propagation and thus efficient

impact mitigation.

5.3 Force-displacement relationship of HECs

In this study, we achieve the variations of the HECs’ stiffness by modifying their wall thick-

nesses. To assess this thickness effect, we numerically calculate the force-displacement rela-

tionship between adjacent cylinders in the graded HEC chain using FEA (Fig. 5.8(a) for the

geometrical configuration of the gradient chain composed of HECs). We see from Fig. 5.8(b)

that the HECs show effective strain-softening behavior, i.e., decreasing stiffness (the slope
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Figure 5.7: (a) The schematic of the 120×11 HEC model. The thickness gradient is assigned
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line). The inset shows the thinning chain response in a magnified view. Damping is not
considered in these simulations.

of the force-displacement curve) in compression. This holds true regardless of the thickness

of the HECs, as seen from the force-displacement curve of thickest pair (the orange curve in

Fig. 5.8(b)) to the thinnest pair of HECs (the yellow curve in the inset of Fig. 5.8(b)). In

fact, the force-displacement curve of the HEC nearly scales up as its thickness increases. As

a result, the graded HEC chain exhibits a gradual change of force-displacement relationship,

leading to a universal power-law relationship [1].

5.4 Energy analysis of graded HEC chain

In this section, we investigate the evolution of kinetic and strain energy during the propaga-

tion of waves in thinning and thickening HEC chains. We export kinetic and strain energy

data from ABAQUS simulation results and plot the contour map in both time and space

domain in Fig. 5.9. For the thinning chain, we see a large portion of the kinetic energy

(Fig. 5.9(a)) is transmitted towards the end of the chain, even showing clear reflection from
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the boundary. An equivalent amount of the strain energy (Fig. 5.9(c)) is also observed, but

it diminishes noticeably as the wave propagates through the chain. The thickening chain

shows a different trend of kinetic and strain energy transmission. We see a drastic reduction

of the kinetic energy in the first few HECs in the chain (Fig. 5.9(b)). This kinetic energy

lost is transferred to the strain energy as shown by the highlighted area in Fig. 5.9(d). This

energy transfer phenomenon is again due to the large deformation of the thin HECs in the

early part of the chain, caused by the striker impact. This corroborates the results reported

in the velocity and force profiles as shown in Fig. 5.2 and 5.3.

5.5 Spectrum interpretation of graded HEC chain

We perform Fast Fourier Transform (FFT) on the velocity data to investigate the frequency

components in the propagating wave in the graded HEC chain, as shown in Fig. 5.10. The

red curves represent cutoff frequencies of the band structures, also denoted in Fig. 5.10(c)

and (d) for the thinning and thickening chains, respectively. From Fig. 5.10(a) and (b), we

observe that the power spectral density tends to follow the first and second passing bands

of the dispersion curves (compare Fig. 5.10(a) and (c) for thinning and Fig. 5.10(b) and (d)

for thickening HEC chain). This means that the propagating wave is mostly composed of

the first and second vibrational modes of the HEC. The higher modes are not as evident as

the lower ones, especially in the thickening chain, partly due to material damping of PLA.

Figure 5.10(e) and (f) show the spatial spectrum in the thinning and the thickening

chain, respectively. The spatial spectrum in the thinning HEC chain gradually includes high

wavenumbers as time passes, which is consistent with the stiffening wave front as shown in

Fig. 5.2(e). The widely expanded wave front with barely moving wave peak in the thickening

HEC chain in Fig. 5.2(f) is well represented in Fig. 5.10(f). The wavenumber is more localized

to low region as the wave width expands while the wide spectrum still exists even when the

wave reaches the end for the localized peak.
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Figure 5.10: Spectral contour of the velocity data from FEA without damping is calculated
using Fast Fourier Transform (FFT) in time domain for (a) the thinning and (b) the thicken-
ing chain. The red dashed boxes represent the pass bands obtained from the band structures
in (c) and (d) for an infinite thinning and thickening chain, respectively. Spatial spectrum of
the velocity data is also calculated using FFT in space domain for (e) the thinning and (f)
the thickening chain up to 5 ms around when the wave peak reaches the end of the chain.
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5.6 Conclusion

We investigated nonlinear dynamic behavior of the graded lattice made of hollow elliptical

cylinders (HECs). We experimentally and numerically demonstrated the asymmetric wave

dynamics under the condition of external impact applied in opposite directions. This includes

acceleration/deceleration and attenuation/amplification of the mechanical wave in terms of

velocities, depending on whether the system has a positive or negative gradient of mass and

stiffness imposed on the HEC chain. We also investigated the force transmission through the

one-dimensional chain, whose trend is seemingly flipped with respect to the velocity profiles.

We explained this contradictory behavior by energy analysis. We extended our findings

from the 1D system to the 2D array, and demonstrated the efficacy of this asymmetric wave

dynamics for impact mitigation purposes. This expansion in 2D space sheds light on a new

way to design sandwich core structures for controllable stress wave management. Assigning

stiffness gradients in both directions of the 2D array is an on-going study and will potentially

lead to the manipulation of wave directionality.
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Chapter 6

NONLINEAR WAVE PROPAGATION IN 2D HEC

While we have focused on one dimensional chain of hollow elliptical cylinder (HEC)

structures in the previous chapters, the HEC system has great potential for constructing

two-dimensional (2D) structures with rich wave dynamics by stacking the unit cells in plane.

We show preliminary study of the effect of the unit cell geometry and impact condition on

the dynamic response of the 2D HEC array.

First, we investigate the geometric effect. We consider three different aspect ratios of the

unit cells, 3:5, 4:4, and 5:3. Here, we define the aspect ratio of the ellipse as a : b where

a is the horizontal length and b is the vertical length. The horizontal direction is coaxial

to the impact direction. We apply an impact with a striker in all three cases and inspect

a snap shot, as shown in Fig. 6.1(a)-(c). We can clearly notice that the wave direction

drastically changes depending on the aspect ratio of the HEC unit cell. To calculate the

propagation angle, we map the displacement (Fig. 6.1(d)-(f)). We find peak location in each

column and apply linear fitting up to the range where the deviation from the fitted line to

the peak location is marginal. The angle between the transverse axis and the fitted line is

defined as the propagation angle. We observe that the bigger the aspect ratio, the higher

the propagation angle.

Next, we explore how the impact condition affects the response of the 2D HEC array. We

consider three different combinations of striker mass and input velocity, (a) ms = 10m and

vs = 60 m/s, (b) ms = 50m and vs = 60 m/s, (c) ms = 50m and vs = 10 m/s (Fig. 6.2(a)-(c))

where m = 0.456 g. We keep the aspect ratio the same as a : b = 5 : 3. We repeat the same

analysis procedure as the aspect ratio study to find the wave direction. We can clearly see

that the striker impact condition also determines the directionality of the wave. When the
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t = 0.35 ms

(d)(a)

(e)(b)

(f)(c)

Figure 6.1: A snap shot of the impact analysis on 2D HEC array from the FEM simulation
for ms = 50m and vs = 10 m/s where ms is striker mass, m is the unit HEC mass, and vs
is striker velocity. The color represent displacement. The array is composed of HEC with
aspect ratio (a) 3/5, (b) 4/4, and (c) 5/3. The unit cell mass is identical in all three cases.
Displacement contour at the corresponding configuration is shown on their right in (d),(e),
and (f). The red asterisks are local peaks at each column. The red dash lines indicate the
direction of wave propagation. We choose the time frame to measure the direction when the
wave reaches either boundary.
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striker mass is bigger (compare Fig. 6.2(e) to (d)) or the input velocity is higher (compare

Fig. 6.2(e) to (f)), the wave keeps its direction farther probably due to higher momentum.

As a result, the wave reaches the boundary much later than when the momentum is smaller.

We also observe that the higher the momentum, the smaller the propagation angle.

At last, we perform parametric study for both the aspect ratio and the input condition

and plot all together in Fig. 6.3. The propagating angle tends to be governed by the aspect

ratio of the HEC unit cell, although the impact condition also makes small deviations in the

directions as well.

In conclusion, we analyze the dynamic response of the 2D HEC lattice under striker

impacts. The aspect ratio of the unit hollow ellipse significantly affects the direction of the

wave propagation. Basically, the wave direction tends to follow the vertex of the unit hollow

ellipse. In addition, under higher striker impact, i.e., higher momentum of the striker, the

wave tends to sustain its directionality. The change in the impact condition results in small

variation in the direction of the impact wave.
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Figure 6.2: A snap shot of the impact analysis on 2D HEC array from the FEM simulation for
(a) ms = 10m and vs = 60 m/s, (b) ms = 50m and vs = 60 m/s, (c) ms = 50m and vs = 10
m/s. The aspect ration is a : b = 5 : 3. The color represent displacement. Displacement
contour at the corresponding condition is shown on their right in (d), (e), and (f). ((c) and
(f) are repeated from Fig. 6.1(c) and (f) for easy comparison. The red asterisks are local
peaks at each column. The red dash lines indicate the direction of wave propagation.)
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Figure 6.3: (a) The wave propagation angle in 2D HEC array in various configurations at
different striker input conditions. (b) The schematic of the configurations considered in (a).
The angles represent the diagonal angle with respect to the transverse direction.
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Chapter 7

CONCLUSION AND OUTLOOK OF HEC

We have numerically and experimentally explored unique statics and dynamics of 3D-

printed HEC structures. In the homogeneous HEC chains, we have found the following

features:

• The hollow elliptical cylinders (HECs) show strain-softening behavior in the force-

displacement relationship, where the contact stiffness decreases with deformation. This

unique nonlinearity comes from the geometry of the HECs (Chapter 2).

• The HEC chain generates dispersive rarefaction shock waves under striker impact,

which we verify in experiment. The unique characteristics of the dispersive rarefaction

shocks, (a) backward-tilted shape of the leading pulse (rarefaction segment) and (b)

the breakage of the wave tails in to a modulated waveform (shock segment), serve as a

highly efficient impact mitigation system (Chapter 3).

• The HECs can be approximated into a one degree-of-freedom spring-mass system

(Chapter 2 and Chapter 3). We numerically verify that the discrete element method

using this approximation can fairly predict nonlinear wave dynamics in the HEC chain

(Chapter 3).

By leveraging the tunability given from 3D-printing, we impose gradient in the mass/stiffness

of HECs and further explore elastic wave dynamics. The important findings from the graded

HEC structures are summarized as follows:

• The negatively graded HEC chain traps elastic waves at a specific location, which

depends on the input frequency of the propagating waves. This is based on the principle
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of the Bloch oscillations discovered originally in the quantum mechanics of electrons

(Chapter 4).

• The positively graded HEC chain reflects elastic waves back at different locations at

different input frequency of the waves (Chapter 4).

• The graded HEC chain shows asymmetric wave dynamics under striker impact. The

positively graded HEC chain accelerates the propagating wave, while the opposite

happens in the negatively graded HEC chain (Chapter 5).

• Compared to the positively graded HEC chain, the negatively graded HEC chain shows

near an order-of-magnitude difference in terms of transmitted force amplitudes (Chap-

ter 5).

We have shown that we can easily assemble the HECs into a 2D lattice. Below is a couple

of facts we have found:

• We suggest the 2D graded HEC lattice as a core material in sandwich structures, based

on its significant energy attenuation we observe (Chapter 5).

• Shock wave propagation in 2D HEC lattice is governed by the aspect ratio of the unit

HECs. The higher impact tends to keep its direction farther in the array (Chapter 6).

In this study, HEC structure has been fabricated only by PLA. To develop practical

engineering applications, new materials such as metal or soft or rubbery materials can be

explored. The 3D-printer used in this study is an off-the-shelf printer and supports not

only PLA but also Nylon, ABS (acrylonitrile butadiene styrene), PVA (polyvinyl alcohol),

TPU (thermoplastic polyurethane) 95A, PP (polypropylene), PC (polycarbonate), and CPE

(copolyester). As the 3D-printing evolves, much more variety in material section is expected.

Wave directionality in 2D HEC lattice can be an interesting topic to explore. Although

we only discuss dispersion relations in one direction in this work, we will see more complex



78

dispersion surfaces in 2D space. By leveraging partial band gaps, we can effectively control

the direction of wave propagation.

We can give a variation in the chain composition. Dimer chain using alternating unit

cells with two different geometry could create interesting wave dynamics. As we have done

in this work, we can impose difference in the the aspect ratio or the thickness of the HECs.
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P. Evaluation of dynamic compressive properties of pla polymer blends using split
hopkinson pressure bar. DYMAT - International Conference on the Mechanical and
Physical Behaviour of Materials under Dynamic Loading, 1:909–915, 2009.



86

[83] L. Brillouin. Wave propagation in periodic structures: electric filters and crystal lattices.
Dover books and science. Dover Publications, 1953.

[84] G. El, M. Hoefer, and M. Shearer. Dispersive and diffusive-dispersive shock waves for
nonconvex conservation laws. SIAM Review, 59(1):3–61, 2017.

[85] G. Biondini, G.A. El, M.A. Hoefer, and P.D. Miller. Dispersive hydrodynamics: Preface.
Physica D: Nonlinear Phenomena, 333:1 – 5, 2016. Dispersive Hydrodynamics.

[86] Melanie Senn. This open source code is used for dic tracking
https://www.mathworks.com/matlabcentral/fileexchange/50994-digital-image-
correlation-and-tracking, 2015.

[87] E. Kim, F. Li, C. Chong, G. Theocharis, J. Yang, and P. G. Kevrekidis. Highly nonlinear
wave propagation in elastic woodpile periodic structures. Phys. Rev. Lett., 114:118002,
Mar 2015.

[88] Mason Porter, Panayotis Kevrekidis, and Chiara Darario. Granular crystals: Nonlinear
dynamics meets materials engineering. Physics Today, 68:44, 2015.

[89] Kosmas L. Tsakmakidis, Allan D. Boardman, and Ortwin Hess. ’trapped rainbow’
storage of light in metamaterials. Nature, 450:397–401, Nov 2007.

[90] R. Chaunsali, E. Kim, and J. Yang. Demonstration of accelerating and decelerating non-
linear impulse waves in functionally graded granular chains. Philosophical Transactions
of the Royal Society of London A: Mathematical, Physical and Engineering Sciences,
2018.



87

VITA

Hyunryung (Helen) Kim was born in Iksan, Jeollabuk-do, South Korea. She earned

her B.S. in Mechanical Engineering in 2012 and M.S. in Mechanical Engineering in 2014

from Yonsei University, Seoul, South Korea. In Autumn 2014, she joined the Laboratory

for Engineered Materials and Structures (LEMS), led by Professor Jinkyu Yang, at the

University of Washington, Seattle, WA, USA. She was awarded the UW college of Engineering

Dean’s Fellowship in 2014 and Amelia Earhart Fellowship in 2017. In 2018, she earned a

Ph.D. degree in Aeronautics & Astronautics from the University of Washington, Seattle,

WA, USA.


