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Abstract

Bispectral Operator Algebras

William Riley Casper

Chair of the Supervisory Committee:
Professor Max Lieblich
Department of Mathematics

This dissertation is an amalgamation of various results on the structure of bispectral differ-
ential operator algebras, ie. algebras of differential operators with possibly noncommutative
coefficients in a variable x satisfying the property of having a family ¢ (x, y) of joint eigenfunc-
tions which are also eigenfunctions of another operator in the spectral parameter y. In this
document, we extend the modern theory of commuting differential operators to differential
operators with noncommutative coefficients. We prove under fairly general circumstances
that such algebras are isomorphic to endomorphism rings of torsion-free modules on rational
curves. We also classify all rank 1 noncommutative bispectral differential operator algebras
and explore the role of Darboux transformations in the construction of bispectral differential
operator algebras, particularly for the bispectral operator algebras associated to a weight

matrix w.



TABLE OF CONTENTS

Page

[List of Figures| . . . . . . . . . iv
[Chapter 1: Introduction| . . . . . ... 1
[1.0.1 Algebras ot Bispectral Operators| . . . . .. .. ... ... ... ... 1

[1.0.2  Differential Operators and Algebraic Geometry] . . . . ... ... .. 2

(1.1 A Reading Guide] . . . . . . . . . . . . . 3
(.2 Conventions and Notationsl . . . . . .. .. .. ... ... ... ... ..... 3
[Chapter 2: Background| . . . . .. ..o o )
[2.1 Differential Operator Algebras| . . . . . . . . ... ... ... ... ... 5
2.1.1 Basic Definitionsl . . . . . . . .. ..o 5

[2.1.2  Kernels of Differential Operators and Reducibility] . . . . . . . . . .. 7

[2.2  Bispectral Operators| . . . . . . . . . . ... . ... 12
2.2.1  Basic Definitionsl . . . . . . . ... 13

[2.2.2  The Eigenvalue Homomorphism| . . . . . . ... ... ... ... ... 15

2.2.3  Darboux Transtormations . . . . . .. ... . ... ... ... 15
[Chapter 3: Algebraic Theory of Commuting Difterential Operators| . . . . . . . . . 18
[3.1 Commuting Differential Operators and Schur’s Theorem| . . . . . .. .. .. 18
[3.1.1  Commuting Differential Operators|. . . . . . . . ... ... ... ... 18

[3.2  Sato Grassmannian and Krichever Correspondence| . . . . . . . . . ... .. 22
[3.2.1  The Sato grassmannian|. . . . . . . . . . . . .. ... ... 22

[3.2.2  Krichever correspondencel . . . . . ... ... 25

[3.2.3 Genus 1 Examples . . . ... ... o000 32

(3.3  Difterential Operators and the Sato Grassmannian|. . . . . . . . . . ... .. 36
£3.3.1  Pseudo-differential Operators and Gr(R)| . . . . . . . . .. ... ... 36

[3.3.2  Centralizers of Differential Operators| . . . . . . ... ... ... ... 39




[3.3.3  Rational Lifting . . . . . .. ... ... ... o 41

[Chapter 4: The Tau Function| . . . . . . ... ... ... ... 43
4.1 The Hilbert Space Grassmannian and Loops| . . . . . . .. ... ... .... 43
[4.1.1  The Hilbert Space Grassmannian| . . . . . . . . . .. ... ... ... 43

4 DS| . 47

4.2 Baker-Alkheizer Functionl. . . . . . . . . .. .o 49
M.2.1 DBasic Definitions and Factsl . . . . ... ... ... ... ... .. 51

4.3  Fredholm Determinantsl. . . . . . . . ... oo 53
4.3.1 Basic Definition| . . . . . . ... oo 53
[4.3.2  Properties of Fredholm Determinants| . . . . . .. .. ... ... ... 55

4.4 The Sato-Segal-Wilson Tau Function| . . . . . ... . ... ... ... .... 56
441 Basic Definition| . . . . . . ... oo 57
[4.4.2  Properties| . . . . . . . .. 58
“.4.3  Sato’s Formula for the Baker-Alkheizer Functionl. . . . . . . . . . .. 59

.o A Matrix-Valued Tau Functionl . . . . . .. ... ... ... 61
[4.5.1 Quasideterminants| . . . . . . .. . ... .. 62
4.5.2  The Twisted Tau Functionl . . . . . . .. .. ... ... ... .. .. 67

(4.6 Examples| . . . . ... 72
[4.6.1 A first example] . . . . ..o 72
[4.6.2 A second example|. . . . .. ..o 74
[Chapter 5: Bispectral Differential Operator Algebras| . . . . .. .. ... ... .. 7
[>.1 Rank 1 Bispectral Operator Algebras . . . . .. ... ... ... ... ... . 7
H.1.1  The Ad-Conditionl . . . . . . . . . . . ... 7
[5.1.2  Rank 1 Bispectral Algebras] . . . . ... ... ... ... ... .... 81
b.1.3  First Structure Theorem| . . . . . . . . .. . . . ... ... 83
H.1.4  Second Structure Theorem| . . . . . . . . .. ..o 85
.15 Third Structure Theorem! . . . . . . . . .. ... oL 88

.2 Examples . . . . . . 90
[b.2.1 A First Example] . . . ... ... oo 90
[5.2.2 A Second Examplel . . . . ..o 91

i



[Chapter 6: The Algebra ot Difterential Operators for a Weight Matrix| . . . . . . . 94

6.1 Introduction| . . . . . . . . . . 94
6.2 Background| . . . . .. ..o 100
[6.2.1  Classical Orthogonal Polynomials and Bochner’s Problem|. . . . . . . 100
[6.2.2  Matrix Orthogonal Polynomials and Bochner’s Problem|. . . . . . . . 104
[6.2.3  Adjoints of Differential Operators| . . . . . . . .. .. ... ... ... 107

6.3 Proot of the Main Theorem| . . . . . . . .. ... ... ... ... ..... 112
[6.3.1  Degree-Preserving Differential Operators| . . . . . . . .. .. ... .. 112
632 The Proofl . . . . . . . . 115

6.4 Explicit Examples|. . . . . . ... oo 121
6.4.1 Darboux Transformations of Classical Bochner Pairs| . . . . . . . .. 121
[6.4.2 A Family of Examples of Hermite Typel. . . . . . . . . ... ... .. 125
[6.4.5 A Family of Examples of Laguerre I'ypel . . . . . .. ... ... ... 130
[6.4.4 A Family of Examples of Jacobi Typel. . . . . . . ... ... ... .. 135

6.5 General Structure Resultsl . . . . . . . ... ... oL 140
[6.6 Classification of Weight Matrices| . . . . . . . ... ... ... ... ..... 143
[6.6.1  Constructing Eigenvectors of Z(w)| . . . . ... ... ... ... ... 144
6.6.2 The Classification Theoreml . . . . . . . . .. ... ... ... ... 148
Bibliographyl . . . . . . . . e e 152

1ii



LIST OF FIGURES

Figure Number Page
4.1 Map ot a local neighborhood of a genus 1 curve to the Riemann sphere| . . . 46
[6.1 The Classical Orthogonal Polynomial Weights| . . . . . . ... ... ... .. 101

v



ACKNOWLEDGMENTS

I would like to thank my thesis advisor, Max Lieblich, for his mentorship, patience
and support. I would also like to thank Paul Smith for introducing me to the topic of
bispectral differential operators, and for numerous helpful discussions regarding them early
on. Additional well-deserved thanks go to Alberto Griinbaum, Eric Koelink, Pablo Roman,
and Ignacio Zurrian for helpful feedback and support. The author especially wishes to thank

Chuck Norris for allowing him to live long enough to write this dissertation.



DEDICATION

to my parents and all of my family, including Sarah Juul,

and in memory of James H. Olsen, a mentor and friend

vi



Chapter 1
INTRODUCTION

1.0.1 Algebras of Bispectral Operators

This thesis concerns the study of bispectrality, and its influence on the structure of operator
algebras. A question originally posed by Griinbaum and Duistermaat in [15], inspired by
questions in X-ray tomography, is to classify all bispectral triples (P,Q, ), where P =
P(x,0,) and Q = Q(y, 0,) are differential operators and 1 (z, y) is a function of two variables
satisfying

P-ip(z,y) = (@ y)Ay), Q- v(z,y)=v(z,y)0(x)

for some functions A(y) and 6(x) (here - denotes the action of the differential operator on the
function). More generally, given P and ¢ (x,y) the collection of all @ such that (P,Q,) is a
bispectral triple forms an algebra ® (P, ), which we call an algebra of bispectral operators.
The notion of a bispectral operator algebra can be naturally generalized in many ways.

Wilson proved in [70] that rank-1 bispectral algebras of differential operators correspond
to tuples (X, £, 7, ¢, p) with X a rational plane curve. Moreover, Duistermaat and Griilnbaum
classified all the bispectral operators of order 2 in terms of Darboux transformations of a
finite collection of Schrédinger operators [15]. We are interested in extending classification
results of this kind to noncommutative bispectral operator algebras.

Very recently, Griinbaum, Geiger, and others have considered bispectral algebras of ma-
trix differential operators [36][44][24]. In this case, the bispectral triples are of the form
(P,Q,v) for P = P(x,0x) and Q = Q(y, 0,) matrix differential operators and ¢ = ¢(z,y) a
matrix-valued function. These considerations have shown interesting applications solutions
of nonlinear PDEs, such as the AKNS system and the matrix Sine-Gordon equation [29][62].

Another generalization considered recently in the literature is to determine the structure



of the algebra ©(w) associated to a weight matrix w [37][11][68][40][71][72]. This may be
viewed as a bispectral problem through the relation of w to a block Jacobi matrix [12][23] [21].
The algebra ©(w) is the set of matrix differential operators for which the orthogonal matrix
polynomials of w are eigenfunctions. This bispectral problem is related to Bochner’s problem
for matrix differential operators, which is to determine for what weight matrices w the
algebra ®(w) contains an operator of order 2 [I7][5]. Solutions of Bochner’s problem for
matrix differential operators have been shown to have significant applications in other fields
of mathematics including representation theory of Lie groups [55][46][45] and probability
theory. They have also had interesting applications in science and engineering, including
quasi birth and death processes [38], time and band limiting [10][19], and the numerical

calculation of special functions [13][60].

1.0.2  Differential Operators and Algebraic Geometry

Our structural results will rely on the connection between differential operators and algebraic
geometry. The pioneering work of Burchnall-Chaundy [§] and Schur [64] showed that two
commuting differential operators P = P(z,0,) and Q = Q(z,0,) must in fact satisfy an
algebraic relationship F(P, Q) = 0, drawing an unexpected connection between differential
operators and algebraic curves. However the significance of this connection, and its applica-
tion to the solution of nonlinear partial differential equations, was not discovered until much
later by Krichever and others in the Russian school [49][48][14], and brought to its modern
state by other authors including Mumford [54], Segal and Wilson [65], Mulase [52], and Sato
[61].

Krichever’s ideas formed from an attempt to resolve solutions to certain nonlinear partial
differential equations (PDEs) such as the KdV equation, the KP equation, the Sine-Gordon
equation, and the nonlinear Schrédinger equation with “algebraic” potentials not able to be
handled by scattering theory [50]. The modern result is a correspondence between solutions
of algebraically integrable nonlinear PDEs and tuples (X, £, 7, ¢, p) consisting of an algebraic

curve X, a line bundle £ on X, a nonsingular point p € X, a cover ¢ of X ramified at p,



and a local trivialization 7 of £ in a neighborhood of p. The tuples (X, L, 7, ¢,p) in turn
correspond to algebras of commuting differential operators. A nice account of this by Mulase

may be found in [53].
1.1 A Reading Guide

In Chapter 2, we recall some basic theory of algebras of differential and pseudo-differential
operators over a differential ring R. In Chapter 3, we describe the modern theory of com-
muting differential operators in terms of the Sato grassmannian, and we extend Sato’s grass-
mannian to a vector-valued version usable in the noncommutative context. In Chapter 4,
we construct a matrix-valued Baker-Alkheizer function and the Sato-Segal-Wilson tau func-
tion. We also construct a new, matrix-valued tau function which compares favorably to the
Sato-Segal-Wilson tau function, and which satisfies a formula akin to Sato’s formula for the
Baker-Alkheizer function. Structural results for bispectral differential operator algebras are

contained in Chapter 5 and beyond.
1.2 Conventions and Notations

Throughout this document, we will reserve the use of symbols of the form p, 0, b, v, v, etc to
refer to differential operators or more generally pseudo-differential operators. We will also

use the following basic notation throughout the document:

I the identity matrix (with size determined by context)

e R[[z]] the ring of power series in x with coefficients in R

R((z)) the ring of Laurent series in z with coefficients in R

D(R) the ring of differential operators with coefficients in a differential ring R

PB(R) the ring of pseudo-differential operators with coefficients in a differential ring R



ker(9) the kernel of a differential operator as a linear operator on the differential ring

R
p~! the inverse of a pseudo-differential operator v € B(R) (if it exists)
Gr(R) the Sato grassmannian and Gr(R; u) its index p subset

Gr(R) the Hilbert space grassmannian of R (assuming R is an C-algebra) and Gr(R; )

its index u subset

7u(t, 2) the Sato-Segal-Wilson tau funcion of a point H € Gr(R;0), in the big cell of

the index 0 grassmannian

TH(t, 2) the g-twisted matrix tau function of a point H € Gr(R;0),



Chapter 2
BACKGROUND

2.1 Differential Operator Algebras

Classically, differential operators are linear operators arising naturally from the structure of

linear ordinary differential equations. Given a differential equation
an(2)y"™ + a1 @)y + -+ ar(@)y + ag(x)y = fla),
we can rewrite this as a linear operator equation L -y = f(z) with
L= a,(2)0" + ap_1(2)0"  + - + ay(2)0 + ao(z)

where here 0, denotes the operation of differentiation 0, - y =y’ and we are using a;(z) to
denote both a function of x and the multiplication operator a;(z) -y = a;(z)y. By studying
the algebra of operators of this form, we can relate the solution of differential equations to

the study of eigenvalue problems.

2.1.1 Basic Definitions

Our definition of differential rings, differential algebras, and the ring of constants follows
Kaplansky [43] and similar sources related to differential galois theory. However, our focus
will differ in that we will be more interested in the study of non-commutative differential
algebras, rather than differential fields. Our definition of the ring of pseudo-differential
operators is consistent with that found in [56], [31], and others motiviated by Schur’s original

work [63].

Definition 2.1.1.1. A differential ring is a pair (R, ) where R is a ring and 0 : R — R



is a function satisfying the two properties

d(rs) =0(r)s +rd(s),

A(r+s)=0(r)+ 0(s),
for all r, s € R. We call 0 the derivative of the differential ring R. We will write R in place
of (R, 0) if there is no ambiguity. We will also write 0 -r in place of d(r), and will sometimes
write 7/, ", or ™ in place of 9 -7, 9> -r and 0 - . The ring of constants of a differential
ring R is the subring K C R consisting of elements which 0 maps to 0. Elements of the ring
of constants are called constant. Note in particular that the identity is always a constant.

A differential ring R, which is also a k-algebra in which the k-values are all constant is called

a differential k-algebra.

Example 2.1.1.2. Let U be an open subset of C and let R be the algebra of holomorphic

functions on U. Then R is a differential C-algebra with the usual derivative.

Example 2.1.1.3. Let (R, 0) be a differential ring which is a commutative integral domain.
Then there exists a unique extension of d to the fraction field F(R) of R, making F(R) a

differential ring.

Example 2.1.1.4. Let R be a ring and a € R. Then the map 0 : R — R defined by

d(r) = ar — ra defines a derivative on R, making R a differential ring.

Example 2.1.1.5. Let R be a differential ring. Then the ring My (R) of N x N matrices with

coefficients in R is a differential ring, with the derivative operator 9 acting coefficient-wise.

Definition 2.1.1.6. Let R be a differential ring. Then the ring of differential operators
with coefficients in R is defined to be the set of expressions of the form
D(R) = {Zr]@j :n >0, and r; € R for allj} :
§=0
This set has a ring structure with the obvious sum, and with the product satisfying

(z": ”aj) (zi; W) = Xn:i: (é) (0 - )9,

j=0 §=0 ¢=0



The ring of pseudo-differential operators is defined similarly as
‘,B(R):{ Z r;d in >0, andrjeRforallj},
j=—00
where the product satisfies
(Z”a]) (Z qﬁ) =22 (6)7&(0”%)8 G
7=0 =0 7=0 ¢=0
using the (generalized) binomial coefficient

(j) G062 G~ )

l 0!

Elements of ®(R) and P(R) are called differential operators and pseudo-differential
operators, respectively. Note that B(R) contains D(R).

Remark 2.1.1.7. The binomial coefficient (%) is integer-valued for all integers j, . Therefore
it may be viewed as an element of the ring of constants K of R as a repeated sum of 1. This

works even if the characteristic of R is p.

Definition 2.1.1.8. Let R be a differential ring, and consider a pseudo-differential operator

p € P(R), with

n

p = Z ’I“jaj.

j=—o00

The highest value of j for which r; is nonzero is called the order of p. If p has order n, then
r, is called the leading coefficient of p and r,_; is called the subleading coefficient of p.
We call p monic if its leading coefficient is 1, and normalized if it is both monic and has
subleading coefficient equal to 0. A wave operator is a pseudo-differential operator which

is monic of order 0.

2.1.2 Kernels of Differential Operators and Reducibility

We next define the notions of the kernel of a differential operator, as well as what it means

for a differential ring to be differentially closed. The main idea is that the kernel of a



differential operator 0 is closely tied to various factorizations of 0. This in itself is related to
the method of “reduction of order” taught in an undergraduate differential equations class
[7]. In reduction of order, if we know a particular solution y, of a second-order homogeneous

ordinary differential equation
0 y=y"+by +cy=0,
for 0 = 92 + bd + ¢, then by setting y = vy, we find

V" + (b+yhy, v =0,

which is a first order differential equation in v’. Solving this, we obtain v = [‘exp [(b+y,y, ")

and thereby a two-parameter family of solutions

yzyp/exp/(bw;y;l),

with the parameters coming from the constants of integration. The reason this works is that
Yy 9y, = b0 for some differential operator b of order 1, and this relates the kernel of 9 and
b. This same line of pursuit leads us to the idea of a Darboux transformation, which we will
employ later on in our study of the algebra D(w) of differential operators associated to a

weight matrix w.

Definition 2.1.2.1. Let R be a differential ring and 9 € ®(R). We define the kernel of ?
in R to be the set
kerr(d) ={re R:0-r =0}.

We will write ker(d) in place of kerg(d) when there is no ambiguity.

Note of course that the kernel of a differential operator depends on the differential ring
R over which it is defined. For example, the differential operator 9 — 1 has no kernel as an
element of ®(Cl[z]), but does have a kernel when viewed as an element of ©(C[[z]]). In the
case that R = L is a field of characteristic 0, the differential map 0 extends to any separable

field extension of L, and we can extend up to a point where the kernel of a differential



operator 0 stabilizes. In particular, it grows until the dimension of ker(?d) as a vector space

over the field of constants K of L has the same dimension as the order of .

Proposition 2.1.2.2. Let 0 € D(R) be a differential operator of order d, and suppose
r € ker(d) is a unit in R. Then there exists b € D(R) which is monic of order d — 1 such
that

2=0b(0—1"r ).

Proof. Suppose that r € ker(d) is a unit, and write

d
rtor = E a;o’,
Jj=0

for some ayg, ...,as € R. Then clearly r—*or - 1 = ay. However, since ? - r = 0 we also have
ror-l=r".-r=r"10=0,

and therefore ag = 0. Hence

d—1
T_la’l" = (Z aj+18j> 6,

Jj=0

and setting b =r (Z;l;é aj+16j> r~1 we find
d="bror =00 —1rr").
[

The previous proposition motivates our definition of differentially closed and differentially
reducible. Our definition of differentially closed is consistent with the usual definition from

differential galois theory in the case that R is a differential field.

Definition 2.1.2.3. Let R be a differential ring. We say that R is differentially reducible
if every monic differential operator » € D(R) factors as a product of monic differential
operators of order 1. We say that R is differentially closed if the kernel of every monic

differential operator ® contains a unit of R.
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Proposition 2.1.2.4. Let R be a differential ring. If R is differentially closed, then R is

differentially reducible.

Proof. Suppose that 9 € ©(R) is monic of order r. Since R is differentially closed, there
exists a unit r € R with 0 -7 = 0. It follows that b := r~10r is a monic differential operator
of order r with

b-l=rtor-1=r"'.-r=0.

Therefore the kernel of b contains 1. Writing

b=> 0",
n=0
this says that by = 0, and therefore b = by0. Hence

0 = (rbor 1) (ror 1) = 09(0 — r'rt),

for 99 = rbor—L.

Order arguments tell us that 9y is monic of order r — 1. Thus by the
obvious inductive argument, d may be factored as a product of monic, order 1 differential

operators. ]

Example 2.1.2.5. The ring R of holomorphic functions on a simply connected open subset

U of C, along with the usual differential, is differentially closed.

Example 2.1.2.6. The ring R = C[z] of polynomials with coefficients in C, along with the
usual differential, is not differentially reducible. For example, the operator 9 = 9% — x does

not factor in R.

Example 2.1.2.7. The ring R = C[[z]] of power series with coefficients in C is differentially

closed.

Example 2.1.2.8. The ring R = C((z)) of Laurent series with coefficients in C not differ-

entially closed, since for example the operator & — 3= has no kernel in C((z)).

Example 2.1.2.9. The ring R = C with the trivial derivative 0 = 0 is differentially re-
ducible, but not differentially closed.
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Remark 2.1.2.10. It is important that in our definition of differentially closed we are

considering monic operators, even if R is an integral domain. For example, the operator
2 =22%0" -1
has no kernel in C|[z]], even though by our definition C|[z]] is differentially closed.

Definition 2.1.2.11. Let R be a differential ring and 0 € B(R). We call 0 right almost
monic if there exists b € ©(R) with 0b a monic. The notion of left almost monic is
defined similarly, and an element which is both left and right almost monic is called almost

monic.
Note that if b is almost monic, then b is a unit in P(R).

Proposition 2.1.2.12. Suppose that R is a differentially closed ring, and let 9,b € D(R)
with b almost monic. Then there exists q € D (R) satisfying 0 = qb (equivalently, the element
067! of PB(R) lies in D(R)) if and only if ker(b) C ker (D).

Proof. Let 0,b € ©(R) be as in the statement of the proposition. If there exists a q € D(R)
satisfying qb = 0, then clearly ker(b) C ker().

Conversely, suppose that b € D(R) satisfies ker(b) C ker(d). Choose p € D(R) with
bp monic. Then r € ker(bp) if and only if p - r € ker(b). Therefore if r € ker(bp) then
p-r € ker(d), so that r € ker(dp). Hence ker(bp) C ker(dp). Now since R is differentially
reducible, we can write

bp = bmbm—l ce . b17

where each b; is monic of order 1. Then Proposition [2.1.2.2] combined with the assumption
that R is differentially closed tells us that there exists q; € ©(R) with 9p = ¢;1b;. Repeating
this argument with bs, ..., b,,, we may recursively define qs, . . ., q,, € ©(R) such that qx_; =

qrbs for all 2 < k < m. Consequently

bp = Gonbrmbin1 ... b1 = Qb
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Since p is a non-right zero divisor in ®(R), this implies g,,b = 0. This proves the converse.

]

Corollary 2.1.2.12.1. Suppose that R is a differentially closed ring, and let 9,b € D(R)
with b almost monic. Then bdb™' € D(R) if and only if 0 - ker(b) C ker(b).

Proof. By the previous proposition, bdb™! is a differential operator if and only if ker(b) C
ker(bd). The latter is true if and only if 9 - ker(b) C ker(b). O

2.2 Bispectral Operators

The classical notion a bispectral differential operator is a differential operators 0 in variable

x with a family of eigenfunctions ¢ (z,y) satisfying

0 Y(x,y) = U(r,y)g(y)

for some non-constant function ¢g(y) which is also a family of eigenfunctions for some differen-
tial operator in the spectral parameter y. More specifically so that there exists a differential

operator b in parameter y, and a function f(z) such that

The classification of bispectral operators of order 2 was performed by Duistermaat and
Griinbaum [15]. The classification of bispectral operators of prime order was completed six-
teen years later by Horozov [42]. In general however, the classification of bispectral operators
is currently incomplete.

Further studies have focused on the study of algebras of bispectral operators, ie. for fixed
b, (x,y), and f(x) the algebra of all differential operators 0 in x for which ¢ (z, y) is a family
of eigenfunctions. In [70], Wilson shows that the algebras of bispectral differential operators
of rank 1 (ie containing two differential operators of relatively prime order) are determined
by line bundles on rational plane curves. In particular, these algebras are commutative and
their spectra are rational plane curves. More generally, algebras of bispectral operators have

been used to construct new examples of bispectral operators from old ones [2][3].
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More recently, authors have explored the idea of noncommutative bispectral differential
operators, ie. bispectral differential operators whose differential ring is noncommutative
[35][25] [36][44]. However, to get around issues of non-commutativity it is useful to take the
action of one of the differential operators to be a right action. The general setup in this case

is as follows.

2.2.1 Basic Definitions

Definition 2.2.1.1. We define an operator algebra to be an algebra A with a distinguished
subalgebra M(A) such that the natural structure of M(A) as a left and right 9(A)-module
extends to a left and right A-module structure on M(A). The subalgebra M(A) is called the

algebra of multiplication operators.
Example 2.2.1.2. Let A be an algebra. Then A is an operator algebra with 9(A) = A.

Example 2.2.1.3. Let R be a differential ring. Then ©(R) is an operator algebra with
multiplicative subalgebra M(A) = R.

Example 2.2.1.4. Let A be an operator algebra. Then the opposite ring A is also an
operator algebra with 9(AP) = M(A)P.

Definition 2.2.1.5. We define a bispectral setup to be a triple (A, B, M) where A, B are
operator algebras and M =4 Mp is an A, B-bimodule. A bispectral triple in a bispectral
setup (A, B, M) is a triple (a,b,m) with a € A,b € B and m € M such that m has trivial
left and right annihilator, and such that there exist f € 9M(A) and g € M(B) satisfying

a-m=m-g and m-b=f-m.

Example 2.2.1.6. Let Uy, Us be open, simply connected subsets of C, and let R; be the
ring of holomorphic functions on U; for i = 1,2. Let 0, and 0, represent the derivatives
on Ry and Ry, respectively. Then set A = D(R;), B = ©D(R2)?, and M = Holo(U x V)

the set of holomorphic functions on U x V. Then M has a natural A, B-bimodule structure
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making (A, M, B) a bispectral setup. The following are all examples of bispectral triples for
this bispectral setup for appropriate choices of Uy, Us.

(Or, Oy, e™)

2 2 1
(a; 2 2 (1 - _))
T Y Ty

6 6 3 3
62__82__ Ty | [
( T ( y +x2y2))

With this in mind, the bispectral problem is the following.

Problem 2.2.1.7 (The Bispectral Problem). The bispectral problem for a bispectral setup
(A, B, M) is to find all bispectral triples (a, m, b).

Usually, the bispectral problem is too difficult to answer in general, and serves more as
a motivation rather than a realistic goal. More typically, research is focused on finding all
bispectral triples satisfying a certain property, and this has historically been much more suc-
cessful. Often efforts are also directed toward finding methods of constructing new bispectral
triples from old ones.

A related problem is to determine the algebraic structure of bispectral algebras of dif-
ferential operators. Given a bispectral setup (A, B, M) and m € M, we can construct an
algebra

Bis(m) = {(a,b) : (a,b,m) is a bispectral triple},

where multiplication is done coordinate-wise. This decomposes as the product of two algebras
Bisy(m) = {a : there exists b with (a,b,m) a bispectral triple},

Bisg(m) = {b : there exists a with (a, b, m) a bispectral triple}.

We refer to these as the left and right bispectral algebras of m € M. Typically, both
algebras are trivial. However, when they are nontrivial the structure of these algebras is

very interesting. This leads us to the following problem.
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Problem 2.2.1.8. Given m € M, what is the algebraic structure of Bisy(m) and Bisg(m)?

Wilson’s result shows that in the case of the classical bispectral problem, when the left
or right bispectral algebras are rank 1, then they must be commutative with the spectra of
rational plane curves. One can actually readily show in the classical case that they have to
be commutative with rational spectra. However, in general do they have to be plane curves?
The situation becomes even more interesting in the noncommutative case. We will show
later that rank 1 algebras of bispectral matrix differential operators must be endomorphism

rings of torsion-free modules over rational plane curves.

2.2.2 The Figenvalue Homomorphism

Consider a bispectral setup (A, B, M) and m € M with trivial left and right annihilator.
Then for all a € Bisg(m), there exists g € M(B) such that am = mg. Moreover, since m

has trivial right annihilator, the value of g is unique. Thus we have a function
Ap : Bisp(m) — 9MM(B), am = mAr(a).

One may verify that Ay is an injective anti-homomorphism. In a similar fashion, we may

obtain an injective anti-homomorphism
AR : BISR(m) — 9)?(3), mb = AL(b)m

Definition 2.2.2.1. We call the maps Ay and Ay defined above the left and right eigenvalue

homomorphisms of m.

2.2.3 Darboux Transformations

One of the principal ways of generating new bispectral triples from old ones is by means of

Darboux transformations.

Definition 2.2.3.1. Let A be an operator algebra, and let a € A. A Darboux transfor-
mation of a is an element a € A satisfying the property that a = ajas and a = asay for

some aq,as € A.
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Note that assuming a; is invertible in some ring extension B of A (eg. the ring of pseudo-
differential operators), this just says @ = a] 'aay, ie that a and b are conjugates. However,
being a Darboux transformation is a stronger condition than being a conjugate, because it

implies that the intermediate quantity a; 'a is actually in A.

Example 2.2.3.2. The element
0?— =

xr2

is a bispectral transformation of 9 because

e oe) o)
o3 (-2)

Example 2.2.3.3. The element

is a conjugate of 9 because 9? — & = 69?6~ for

1 2
x x
However it is not a bispectral transformation of 9%, because b is too large to factor 9.

Definition 2.2.3.4. Let (A, B, M) be a bispectral setup with bispectral triple (a,b,m). A
bispectral Darboux transformation of (a,b,m) is a triple (5,5, m) with @ € A,g € B,

and m € M satisfying
a=ajay, @=asa;, b=Dbiby, b=Dbobi,

and
m=as-m-t=35-m-by,
for some aj,as € A, s € M(A), by, by, € B, and t € M(B) with s, ¢ units.

Proposition 2.2.3.5. Let (A, B, M) be a bispectral setup. If (5,5, m) is a bispectral Darbouz

transformation of a bispectral triple (a,b,m), then (575, m) is also a bispectral triple.
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Proof. Let ay, as, by, by, s, and t be as in the previous definition. Since (a, b, m) is a bispectral

triple, there exists f € M(A) and g € M(B) with a-m =m-g and m-b = f-m. Therefore
a-m=asa-(ay-m-t)=ay-(a-m)-t=(ag-m)- gt =m-t gt
Similarly,

Mob=(s-m-b) boby=s-(m-b)-by=sf(m-b)=sfs"m.

This shows that (Zi,g, m) is a bispectral triple. ]

Example 2.2.3.6. The bispectral triple

is a bispectral Darboux transformation of (9, 9, ™).



18

Chapter 3

ALGEBRAIC THEORY OF COMMUTING DIFFERENTIAL
OPERATORS

3.1 Commuting Differential Operators and Schur’s Theorem

3.1.1  Commuting Differential Operators

Lemma 3.1.1.1. Let R be a differentially closed ring, and d € B(R) be monic. Then there

exists a unit r € R such that r—0r is normalized and monic.

Proof. Since conjugation by a unit r of ®(R) preserves the order of operators, conjugating
the positive-order part 9, of d to a normalized differential operator will also conjugate 0
to a normalized pseudo-differential operator. Therefore without loss of generality, we may
assume 0 is a differential operator. In fact, by this argument it suffices to consider the case
that 0 = 9' 4+ a0*~! for some a € R.

Consider the differential equation " — (a/¢)r = 0. This equation has a solution r € R
which is a unit by the assumption that R is differentially closed. Using Leibniz rule, we
calculate

— ¢ -1
r~Yor =9I + ZT_l {( ) P 4 ( , )ar(g_l_”} 0.
o J J
]_
The 9°~'th coefficient in the above expression is r~1[¢r' —ar] = 0I, and thus 7~'0r is monic

and normalized. This proves our lemma. O
Lemma 3.1.1.2. Let v € P(R) be almost monic. Then v is a unit in P(R).

Proof. We first prove that if v is monic, then v is a unit. Since 9™ is invertible for all m, it

suffices to consider the case that v is monic of order 0, eg. v =1+ > *_, v,0"™ for some
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V1, V2,...,€ R. Let w =1+ w,0 " and consider the product:

U—1+Z (wy 4+ vg)0~ —i—iii( )wn Ua-m n=J

n=1 m=1 j=0

=1 + [w1 + 01]8_1

[M]8

+
k=2 n=1 m=1
1f we define w; = —wv; and wy, recursively for £ > 1 by
k—1 k—n
_ ()
= —u — wypv,.
22 ()

Then tov = 1. This shows that every zeroth-order monic pseudo-differential operator has a
left inverse which is also a zeroth-order monic pseudo-differential operator.

Let to be a left inverse of v and ¢ be a left inverse of tv, so that tov = 1 and rtv = 1. Then
w(v —p)w = wow — wrw = lw —wl = 0.

Since w is not a left or right zero divisor in My (B(U)), this shows that v = . Hence v is a

left inverse of tv, eg. vto = I. Thus tv is an inverse of v, and this shows that v is a unit.
More generally, suppose that v is almost monic. Then there exists b; and b, with b;v

monic and vb, monic. By the previous argument, each of these is a unit, and therefore v has

a left inverse and a right inverse and is therefore a unit. O]

Lemma 3.1.1.3. Let p € B(R) be a normalized pseudo-differential operator of order 1.

Then there exists a wave operator v satisfying v~ 'po = 0.

Proof. Let @ = 0 + Y.~ a,0”"™ and consider an arbitrary zeroth-order, monic pseudo-

differential operator v =1+ > *_, v,,0~™ with vy = 1. We calculate

UD—@U—ZU@ —i—Zan@ —i—iii( )vma g~mn=i

m=1n=1 j=0

= [Ui -+ a1]8’1
o) k—1 k—m

+ D vkt an+ ( )vma;’m“)] o"
k=2 m=1 n=1 k—m-—n
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Thus if we define vy, vs, -+ - € R recursively with v} = —a; and for k > 2
k—1 k—m m
v, = —ay — vy, ak—m=m)
then v satisfies 10 = Ov. [

Theorem 3.1.1.4. Let R be a differential algebra of characteristic p, and let 9 € P(R)
be a monic, normalized pseudo-differential operator of positive order ¢ with p and ¢ rela-
tively prime. Then there exists a monic, normalized pseudo-differential operator q of order

1 satisfying " = 0.

Proof. Since 0 is monic and normalized of order ¢, there exists 0y_5,d,_3,... such that
-2
0=0"+ ) do"

Consider an arbitrary monic, normalized pseudo-differential operator of order 1

q=0+ ianﬁn.

n=1
Also for each integer m, consider the truncation map T, : B(R) — P(R) defined by

J

T Z cj3j|—> i cjaj.

n=—oo n=—m

Then since q is order 1 order considerations imply

Tm(qg) = Tm(Tm-i-f—l (CI)E)

for all m > 0. Then since

Tm+f(q> = Tm+Z71(q) + CLergaimfg,

we calculate

Tm+1(q€) = Tm-l—l(Tm—i-Z(q)é)
= m+1((Tm+€—1<q> + am+€a_m_£)e>
= m+1(Tm+€fl(q)£) + Ly 00

= T (@) + (e + lapm i)™
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for
b0~ " = T 1 (Trse—1(9)") = Ton(Trnre—1(9)").

Since ¢ and p are relatively prime the element ¢ is invertible in R. Also since the b, is
defined in terms of T},,+¢_1(q), it depends only on the value of a; for j < m+£¢—1. Therefore

we may define a,, recusively by a; = d;/¢ and more generally for m > 1
Am = (df—m—l - bm)/g
Using this, it follows that T},41(q%) — T (q%) = d_,, 107! for all m. Hence q° = 0. O

Corollary 3.1.1.4.1. Let R be a differential algebra of characteristic p, and let 0 € P(R) be
a normalized pseudo-differential operator of order € relatively prime to p. Then there exists

a wave operator v satisfying v 1w = 9%

Proof. By the previous theorem, we may choose q of order 1 such that q° = 9. Furthermore,
a previous proposition tells us that there exists a wave operator v satisfying v=lqv = 0.

Consequently v~1ov = 9°. ]

Lemma 3.1.1.5. Let R be a differential algebra of characteristic p, and let K be the ring
of constants of R. Then for any £ > 0 relatively prime to p, the centralizer of 9° in B(R) is
K((07Y)), the ring of formal Laurent series in 0~' with coefficients in K.

Proof. Suppose that 0 € commutes with 9° and assume that 0 ¢ K((071)). Then writing
v o
without loss of generality we may assume that d,,, ¢ K. Then we calculate
0" — 00" = n:f:oo kz_; (li) AR gtk

The leading coefficient of the above expression is ¢d] , which is nonzero. This is a contradic-

tion, and it follows that the centralizer of 0™ in B(R) is K((071)). O



22

Theorem 3.1.1.6. Let R be a differential algebra of characteristic p, and let 0 € D(R) be
a monic, normalized differential operator of order £ relatively prime to p. If the ring of con-

stants K of R is a commutative ring, then the centralizer C'(d) of 9 in ©(R) is commutative.

Proof. Choose a wave operator b € B(R) satisfying v=1ov = 9. Then by the previous
theorem the centralizer of 9 is K((971)). Then since b is a unit, conjugation by v defines
an embedding of the centralizer of ? in D(R) into the ring K((07')). In particular, it is

commutative. O
3.2 Sato Grassmannian and Krichever Correspondence

The Sato grassmannian and Krichever’s correspondence were originally developed in the
context of differential operators whose coefficients are scalar-valued analytic functions. For
the results of this thesis, we will have to extend these definitions to a broader collection of
differential operator algebras. However, for the machinery we develop to work correctly we
must restrict ourselves somewhat by considering the case of a differential k-algebra R whose
ring of constants K is a simple Artinian k-algebra for a fixed field k. In this case K has a

unique (up to isomorphism) simple right K-module V.

3.2.1 The Sato grassmannian

Consider the right K-module V defined by

¢
VIV((ZI))I{ Z v;z) 1€ >0 and v; € V for allj}.

n=—oo

This decomposes as a direct sum of right K-modules

¢ -1
Vy=V[z] = {Zvjzj >0, v € V} and V_ =V|[[z7!]] = { Z vzl €V 1w € V} :
n=0

n=—oo

and we have a distinguished projection map

T V-oV/V_=V,.
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Definition 3.2.1.1. We define the Sato grassmannian Gr(R) of R to be the collection of
k-linear subspaces of V for which the restriction of the projection 7, has finite kernel and

cokernel, ie.
Gr(R) ={W CV :dimker(r,|w) < co and dim coker(m |y ) < oo}.

The index of W € Gr is defined to be dimker(m|w) — dimcoker(my|w ), and the Sato
grassmannian decomposes as the union Gr(R) = (U, Gr(R; ) with Gr(R; u) being the
collection of elements of index p, which we call the index-y Sato grassmannian. Of
particular importance is the index-0 grassmannian Gr(R;0), and specifically the big cell
of Gr(R;0), denoted Gr(R;0),, which is the set of all W € Gr(R;0) whose kernels and

cokernels both have dimension 0.

Let L = k((271)). To each W € Gr(R), we associate an algebra Ay consisting of right

L-module homomorphisms of V preserving W, ie.
Aw = {p € Endy (V) : (W) C W},

Note that we have a natural identification of Endy (V) with K((z71)), the ring of Laurent
series with coefficients in K, wherein an endomorphism ¢ : V — V corresponds to an element
a € K((z71)), acting on elements of V on the right in the natural way. With this in mind,
we can and will identify Ay, with the algebra {a € K((271)) : Wa C W}.

If the center of Ay is large enough, we can use algebraic geometry to study the structure
of Ay and W. One sufficiently robust notion of “largeness” of the center is the following.

For any W € Gr(R), we denote the center of Ay by Zy .

Definition 3.2.1.2. Let W € Gr(R). The pair (W, A) with £ C A C Ay is called a Schur
pair. We call a Schur pair (W, A) robust if AN k((z7!)) is nontrivial, ie. contains more
than just k. We denote the intersection Ay NEk((271)) as Sy (the S standing for “scalar”).
If (W, A) is robust, the rank of (W, A) is the greatest common divisor of the orders of the

nonzero elements of Sy N A.



24

Proposition 3.2.1.3. Let W € Gr(R) and suppose that (W, Ay ) is robust. Then W and
Aw are finitely generated over Sy, and hence over Zy . Furthermore, both are torsion-free

Zw-modules and W is a torsion-free right Ay -module.

Proof. We will first show that W and Ay, are finitely generated over Sy,. Choose a €
Awnk((z71))\k. Since Ay is a subalgebra of K ((z7!)) and k((2™1')) is the center of K((z71)),
we know that a € Zy,. Therefore it suffices to show that W and Ay, are finitely generated
k[a]-modules.

Note that since K((z71)) is free as a k[a]-module, so too is W. Therefore we may choose
a kla]-basis {w,};e; for W. Suppose that |J| > dim(K)¢, where ¢ is the order of a, and let
d be the maximum of the orders of the first dim(V')¢ + 1 generators. Also let W,, denote
the subspace of W consisting of elements of order at most n. Then for all n > 0 7, (W,14)

maps to polynomials of degree < nf + d with coefficients in V', so that we have
dim(Wera) — dim(ker(my|w)) < dim (7 (Wiera)) < dim(V)(nl +d + 1),

and also

dim(Wigsq) > dim @22 (kla)w;) <nerg > (dim(V)E + n.

Thus for all n > 0, we have
dim(V)nl + dim(V')(d + 1) + dim ker (7 |w) > dim(V')¢n + n,

and since dim ker(7 |) < oo this is a contradiction. Therefore |J| is finite, and W is finitely
generated over k[a]. Then since each a € Ay defines a Z4-module endomorphism of W, we
have that

Aw C Endgz, (W) C Endyjq(W).

Since W is a free k[a]-module of finite rank, so too is Endy(W). Therefore Ay is a
submodule of a finitely generated module over a PID, and is therefore finitely generated. It
follows that Ay is finitely generated over k[a] and hence over Sy .

Next we must show that both W and Ay, are torsion-free over Zy,, ie. that if b € Zy,

annihilates some nonzero element of W or Ay, then b must be a zero divisor in Zy,. To do so,



25

suppose that wb = 0 for some nonzero w € W. Since Ay is algebraic over k|al, there exists
a monic p(z) € k[a][x] with p(b) = 0. Without loss of generality, we may assume that p(x)

is minimal among such choices (ie. of smallest degree). Then if p(z) = 2™ + 377, " pjla)a

we have
n—1
=0
Since k[a] does not annihilate any element of W, this implies po(a) = 0, and therefore

0 = q(b)b for q(z) = 2™ + Z;:gpjﬂ(a)xj. Note that ¢(b) € Zy, but by minimality
q(b) # 0, and therefore b is a zero divisor of Zy,. This shows that W is torsion-free over Zyy .
The proof that Ay is torsion-free over Zy, and that W is a torsion-free right Ay -module

work similarly. |

3.2.2  Krichever correspondence

For robust pairs (W, Ay), we can explore the algebraic structure of W, Ay and Zy by
viewing them as Sy-algebras and Sy-modules. In the case that (W, Ay) is rank 1, we
have the surprising result that Sy and Zy are actually equal, and that Ay, is generically a
matrix algebra. Using this, we can establish the so-called Krichever correspondence between
rank 1 Schur pairs (A, W) and quintuples of algebro-geometric data (X, W, 0o, t, ), where
here: X is a projective curve; W is a torsion-free sheaf on X of rank N = dimy(V); oo is
a smooth point of X; ¢ is a uniformizer of X at oco; and ¢ is a local trivialization of W (ie

Wa =2 VOx ) in a neighborhood of co.

To prove this, we first establish a key lemma.

Lemma 3.2.2.1. Let W € Gr(R), and suppose that (W, Aw ) is robust of rank 1. Let Fy be
the fraction field of Sw and L = k((z™Y)). Then the natural map

Wky ®p, L - WEyL=WL=YV

s an isomorphism.
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Proof. Let d = dimy (V). The result that W Fy L = WL =V follows from Fy, C L and the
finite dimensionality of the cokernel of 7 |y. Furthermore, the natural map WFy ®p,, L —
W Fy L is surjective. Therefore to prove it is an isomorphism, we need only show that the
dimension of WFy ®p, L over L is no greater than the dimension of V over L, the latter
being d.

Since the cokernel of 7, |y is finite dimensional, for each v € V' there exists w € W such
that the leading coefficient of w is v. Then since Sy contains two elements of relatively
prime order, Fy, contains an element of order n for all n € Z. Hence W Fy, contains an
element of order n with leading coefficient v for all n € Z and all v € V. Let {vy,...,v4} be
a basis for V' over k, and for each ¢ choose an element w; € W Fy, of order 0 with leading
coefficient v;. We claim that {w; ® 1,...,w; ® 1} spans W Fy ®p,, L over L.

To see this, suppose w € W Fy has order 0, and let u € Fy be an element of order
1. Then recursively we may choose a;; € k such that ijl a;jw; is the leading coefficient
of w — Z::lo ;l:l amjwju~™. Then for aj = Y ° apu~™ € L, the element w ® 1 —
Z?:o(wj ® ;) has order less than ¢ for all ¢ < 0, and is therefore zero. We conclude that
w ® 1 is in the span of the w; ® 1. It follows that w ® 1 is in the span of the w; ® 1 for all
w € W, and thus all simple tensors are included in the span of the w; ® 1. Hence the w; ® 1

span the tensor product, so the dimension of W Fy ®p,, L over L is at most d. This proves

our lemma. O

Proposition 3.2.2.2. Let W € Gr(R), and suppose that (W, Ay ) is robust of rank 1. Then
Zw = Sw and

AW = EIleW (W)
In particular, the center of A is an integral domain of Krull dimension 1, and A is isomorphic

to the endomorphism ring of a torsion-free module over its center.

Proof. Note that each element of Ay defines a Zy-endomorphism of W by right multipli-

cation, and therefore we have natural maps

AW — EndZW(W) — EHdSW(W).
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We claim that this composition is an isomorphism. To prove this, we will define a morphism
Endg,, (W) — End (V) which sends each element of Endg,, (W) to an element of End (V)
preserving W, and thus equal to an element of Ay. The induced map Endg,, (W) — Aw
will be the inverse of Ay — Endg,, (W).

Consider the surjective vector space homomorphisms W ®g,, Fiw — W EFy and W Fyy ® g,
L - WFyL = WL = V. The first is simply localization, so it is an isomorphism. Fur-
thermore, by the previous lemma the second map is also an isomorphism. Hence we have a

natural map
EIldSW (W) — EHdFW(W ®SW Fw) = EIldFW(WFw> — EndL(WFW ®FW L) = EDdL(V),

which sends an Syy-endomorphism ¢ : W — W to a point a € K((271)) such that ¢(w) = wa
for all a € W. In particular, W C W and therefore a € A. One may verify that this
map Endg, (W) — A, as well as the map A — Endg,, (W) are inverses, and therefore
A = Endg,, (W).

In particular, this implies that the inclusion A C K((z7!)) factors through the map
Endp, (WFy) — K((271)), and this latter map sends the center of Endg,, (W Fy) to Fy €
K((z7')). Therefore the center of A must be mapped to Fyy, under inclusion. In other

words, Zy C Fy, and it follows that Zy = Sy. O

Given a robust Schur pair (W, Ay), we can use the multiplicative filtration by order
to obtain a sheaf of algebras A along with a A-module W over a projective curve Xyy.
Specifically, for every integer d € Z let (Sw)a, (Aw)a, and Wy denote the k-linear subspace
of elements with order at most d. Note that (Sy )s = 0 for d < 0. We consider the Rees ring,

Rees(Sw) = > _(Sw)at*

along with

Rees(Aw) = Z(Aw)dtd

deZ
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and also

Rees(W) = Z Wyt?
dez
Since Sy is a Dedekind domain, Rees(Sy ) is a graded ring with Krull dimension 2. Thus

defining Xy = Proj(Rees(Sw)) gives us a projective curve. Specifically Xy, consists of
Spec(Sw) plus an additional smooth “point at infinity” oo, corresponding to the valuation
of the fraction field Fy of Xy induced by the order valuation. The ring Rees(Ay ) is a
graded Rees(Sy ) algebra, with graded Rees(Ayw )-module Rees(WW), and therefore Ay, and
Sy define a coherent sheaf of algebras A and a A-module W on Xy, which is coherent and

torsion-free over Xy .

Lemma 3.2.2.3. Let X be a projective curve and VW a coherent, torsion-free sheaf on X of

rank N, and set A = Hom(W,W). Then the following are equivalent.

(a) if [ X > Xisa morphism of schemes such that VW = f*W for some torsion-free sheaf

W on X of rank N, then the natural map Ox — f.Ox% is an isomorphism

(b) the natural map Ox — A defines an isomorphism between Ox and the center of A

Proof. Suppose that (a) is true. Let Z be the sheaf of subalgebras of A defined by the center
of A. Let {U;} be an affine open cover of X, with U; = Spec(S5;), and set W; = W(U;).
Over each U;, we have A; := A(U;) = Endg,(W;) and Z; := Z(U;) = Z(Endg,(W;)). The
affine schemes Spec(Z;) glue together to form a scheme X with Oz = Z. The natural
map Oy — A factors through Z C A, and induces a morphism of schemes f : X - X.
Each W; is a Z;-module, and the W;’s glue together to form an O g-module w. By definition,
f*W(UZ) — W;, and these glue to an isomorphism W 2 f,IW. Thus by (a), Ox = f,.O5 =2
is an isomorphism. This proves (b).

Conversely, suppose that (b) is true. Let f : X — X be a morphism of schemes, and
suppose that there is a Ox-module isomorphism ¢ : W = f*VNV Over each U;, ¢ defines an
isomorphism W; = W, := f,W(U;). Setting S; = [:O0%(U;), we have an injection

Endg (W;) — Ends, (W;) = Ends, (W).
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Since W is torsion-free, the natural map S; — End 3 (Wl) defines an injection S; — Endg, (W;),
which sends S; into the center of Endg, (W;), which by assumption is S;. This defines an

injective S;-algebra homomorphism §z — 5;, and this must be an isomorphism. O

Definition 3.2.2.4. We define a rank N Krichever quintuple to be a quintuple of data
(X, W, 00,t,) where X is a projective curve, W is a coherent, rank N torsion-free sheaf
on X, co a smooth point of X, ¢ a local uniformizer of X in a neighborhood of ¢, and ¢ a
local trivialization of W (ie W = VOx ) in a neighborhood of co. A quintuple is called

maximal if X and W satisfy either of the equivalent conditions in the previous lemma.

If (W, Ay ) is rank 1, then W is torsion-free of rank N = dimy(V') over Sy, so that
W is torsion-free of rank N on Xjy. The element ¢t € Rees(Sw) defines a smooth point
oo € Xy along with a uniformizer in a neighborhood of oo, and the inclusion W C 'V defines

a trivialization ¢ of W in a neighborhood of co. Thus we have a correspondence
{rank 1 Schur pairs (W, Ay )} <— {maximal rank N Krichever quintuples (X, W, 00, t,¢)}.

Proposition 3.2.2.5 (Krichever Correspondence). The Krichever correspondence defines a
bijection between rank 1 Schur pairs and maximal rank N Krichever quintuples (X, W, 00, t, @),

where

P

X = Proj(Rees(Sw)), W =Rees(W), and W =W(X\{o0}),

oo is the mazimal ideal corresponding to t € Rees(Sw ), t is a uniformizer of the local ring

Ox 0o = {%tm ca,b € Sy, m > deg(a) — deg(b) > O} ,

and @ is the trivialization of W defined by

Wao = {%tm ca € W,b € Sy, m > deg(a) — deg(b) > 0} = VOx 00

Proof. Suppose that (W, Ay/) is a robust, rank 1 Schur pair, and define the Krichever quin-
tuple (X, W, 00,t,p) as above. Since (W, Ay/) is rank 1, the natural map Ox — A =
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Hom (W, W) is an isomorphism onto the center Z of A, and our Krichever quintuple is max-
imal. Thus the map from robust, rank 1 Schur pairs to maximal Krichever quintuples makes
sense. The value of W is recovered as the image of W(X\{oo}) under VF(Ox ) — V, so
this map is injective.

Conversely, given a maximal Krichever quintuple (X, W, 00, t, ») we define a point W €

Gr(R) by setting W equal to the image of W(X\{oo}) under
W(X\{50}) = F(Oxa0) ®0y .. Wao & VF(Ox ) = VF(Ox ) = VF((t)) = V.
Then since
Aw ={a € R((t)): Wa C W} = {p € Endy(V) : (W) C W},

maximality tells us that Zy = Ox(X\{oco}). Using this, one may check that the quintuple
associated to (W, Ay) is exactly (X, W, 00,t, ), up to isomorphism. Thus the correspon-

dence is bijective. O

The natural next question is how one may deduce various algebro-geometric invariants of
the quintuple from the Schur pair (W, Ay). It turns out that many of these invariants have

useful descriptions in terms of the Schur pair, such as the Jacobian of X and the cohomology

of W.

Proposition 3.2.2.6. Let (W, Aw) be a robust, rank 1 Schur pair and (X, W, 00, t,p) its

associated Krichever quintuple. Let g be the geometric genus of X. Then

)
dimker(my|,-1y) =0

dim H'(X, W) = { dim coker(my |,—1yy) i=1

0 1>1

\

In particular if VW has index p, then the Fuler characteristic of W is yu+ 1.

Proof. The sheaf W is coherent, so the vanishing of H*(X, W) for i > 1 is immediate and

we may calculate its cohomology using Cech cohomology. We cover X by U UV, where U =



31

X\{oo} and V is some affine neighborhood of co. Then we can write H(X, W) = ker(dy),
and H'(X, W) = coker(dy ), for

dy - WaeW(V) = WUNV),

where we are using the fact that W = W(U). Taking the limit over all open neighborhoods
V of 0o, we get H(X, W) = ker(d), and H'(X, W) = coker(d), for

d: WO W = We @0y . F(Ox o).

Tensoring with the completion @TO = C[[t] of Ox 0, this says H(X, W) = ker(d), and

H' (X, W) = coker(d), for
d:WaV[[H]] = V().

Thus
HX W 2WNV[H]2XWN2V_ 22 'WNV_ 2 ker(my|,w),

and
HY (X W) 2 V() (V] + W) 2V/(zV_+ W) 2V/(V_ + 27'W) = coker(rm | ,-1w).
[

For a line bundle £ on X, two trivializations of £ in a neighborhood of oo differ by
mulitiplication by some element of Ox . Via Krichever’s correspondence, these different
trivializations will lead to different values Ly, Ly € Gr(k[[z]]), but they will differ only by

multiplication by an element of k[[z]].

Definition 3.2.2.7. We say that Wy, W, € Gr(R) are homothety equivalent if there
exists an invertible f(z) € K((z7')) with W, f(z) = Wh.

Homothety defines an equivalence relation on Gr(R), by which we may easily define the
Picard group of X. Let Gr(R)x denote the set of all points in Gr(R) whose associated

scheme under Krichever correspondence is X.
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Proposition 3.2.2.8. Let (W, Aw) be a robust, rank 1 Schur pair and (X, W, 00, t,p) its

associated Krichever quintuple. Then
Pic(X) = Gr(k[[«]])x/ ~
Pico(X) = Gr(k[[z]]; —pa)x/ ~
where p, is the arithmentic genus of X and ~ represents homothety equivalence.

Proof. Since (X, W, 00,t,¢), Krichever correspondence sends a line bundle £ on X to a

unique point L € Gr(k[[z]])x modulo ~. By Riemann-Roch:
RYX, L) — h°(X, L) = deg(L) — pa + 1
and therefore L € Gr(k[[z]])x corresponds to a point £ € Picy(X) if and only if the index of

L is —p,. O

The tensor product of two line bundles L1, L5 corresponds to the product of the associated

values L1, Ly. Since degree is multiplicative, Riemann-Roch implies

p(LiLg) = p(Ly) + p(La) + pa-

We can also describe the theta divisor of the Jacobian as

O(X) ={L € Gr(k[[z]]; —=pa) x : dimker(my|,~11) > 0}/ ~ .

3.2.3 Genus 1 Examples

We pause here to consider several examples of the Krichever correspondence in action. In
our first examples, we will focus on the case when the scheme X of the Krichever quintuple
has arithmetic genus p, = 1. Also, to avoid unnecessary complications we will assume that
the characteristic of k is not 2 or 3.

Let X, denote the nonsingular locus of X. For any Weil divisor D =
on Xy, we let £(D) be the line bundle defined by

peX d,p supported

F(U,E(D))Z{fGF(X)i > (Vp(f)+dp)20}-

peUNXns
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Fix a smooth point co of X. Then since the arithmetic genus of X is 1, the bundle £(300)
is very ample. The Riemann-Roch theorem tells us h°(£(300)) = 3. Since h°(L(300) ®
L(—p)) = h°(L(3cc — p)) = 2 for all p, the bundle £(300) is base point free, and since
hY(L300) @ L(—p — q)) = hY(L(300 — p — q)) for all p, q we see that L£(300) is very ample.
Choose a basis of global sections s, s2, s3 € I'(X, £L(300)). Then

X =Pl pres [solp) : s2(p) : s3(p)]

defines an embedding of X into projective space.

The arithmetic genus of X implies that it has no principal divisor of the form p — oo,
since the existence of such a divisor is equivalent to an isomorphism to P'. Using this, one
may argue that the nonconstant elements of H°(X, £(00)) must have principal divisors of

the form

2a — 200 or a+b+c— 30

for some distinct a, b, ¢ € X. Consequently without loss of generality we may choose sq(p) = 1
and s2(p), s3(p) such that (s2) = 2a — 200 and (s3) = a+ b+ ¢ — 300 for some distinct points
a,b,c € X. Then s;(p) has a pole of order j at oo for each j, and the function t = sa(p)/s3(p)
has a zero of order 1 at oo and must therefore define a uniformizer of the local ring Ox .
Hence we may write Ox o, = C[t](u), for u = so(p)t? = s3(p)t®. Let u(t) = D07 unt™ be
the image of u in @; = k[[t]]. Since the characteristic is different from 2, we can find
v(t) = D07 s uat™ € E[[t]] with v(¢)® = u(t). Then under the change of variables, t — tv(t),
we get so = t72 and s3 = t3v(t).

Now given a line bundle £ in Picy(X) on X, along with a trivialization in a neighborhood
of 0o, Krichever’s correspondence gives us a subspace L C k((z71)) which is preserved under
multiplication by 2% and 23v(z7') for 2 = ¢~!. Since the arithmetic genus is 1, we also know
that the index of L should be 1. Therefore up to homothety, this says L = k[z2, z3v(271)] or

else

L =k[z%{z 2> +w(L;z7")}
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for some w(L; z7') = > >° Jw,(L)z~" whose value depends on L. Since the arithmetic genus
is 1, the curve X has the wonderful property that the linear equivalence classes of degree 0

line bundles on X /k are in bijection with the k-rational points on the nonsingular locus X,

of X.

Proposition 3.2.3.1 ([41]). Let X be a projective curve of arithmetic genus 1, and let X
be the complement of the singular points of X. Given a smooth point oo € X, the map

Xns — Pico(X) defined by p — L(p — 00) defines a bijection between X5 and Picy(X).

This in particular endows X,,; with the structure of algebraic group, where p + p is the

point in X, satisfying
L(p+p—o00)=L(p—00)®L(Pp—00).

Writing w(p; 271) in place of w(L(p — 00), 271) and w,(p) in place of w,(L(p — o)), we can
now ask the question of whether the functions w,(p) are nice relative to X. We claim that

they are nice, and that they are in fact rational functions on X.

Proposition 3.2.3.2. The functions w,(p) : X — k defined as above are rational functions

on X.

Proof. The restrictions of sy(p) and s3(p) to X\oo are in I'(X\{oc}, O). Moreover, every
non-constant element of I'(X\{oo}, ©) must have a pole at oo because h°(X,O) = 1. Con-
sequently, we actually have an equality I'(X\{oo}, O) = k[sa, s3]. Therefore for any g € X,

we may write

HO(X\{oo}, L(co — q)) = {f(s2,53) € k[s2, 5] : f(s2(q),3(q)) = 0}.

Furthermore, multiplication by ¢ defines an isomorphism ¢, : £(c0 — ¢)s — Ox . Using

this, Krichever’s correspondence sends (X, £(co — p), 00,t, ¢,) to

{271 f(2%, 2%0(27")) € k[sa, s3]« f(sa(p), s3(p)) = O}
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Up to homothety, this is

L= k[ {z s3(p)z — z4v(z—1)}

s2(p) — 22
v v v 1
= k[2?] {z,22 + (—2 + sz(p)) + (—3 + —Lsy(p) — —33(p)> 27 } .
Vg Vo Vo Vo
In particular, by reading of the various coefficients in the series representation we see that
(%)
wo(p) = —= + s2(—p)
Vo
()= 2+ Lsy(=p) — —s5s(~p)
w = — 4+ —353(—p) — —s3(—
1\p v v 2\—P % 3\—P

and more generally every element w;(p) is a product of global sections of £(300), composed

with the inversion operation on X. In particular they are rational. ]
Example 3.2.3.3. Let k be a field, and consider the cuspidal cubic curve
X = Proj(k[u,v,w]/(v® — w?u)),
Then X is rational with rational morphism f : P; — X defined by
[x0 : 21] V> [2) : 2027 : 23]

The scheme X has one singular point [1 : 0 : 0]. The group operation on X,s = X\{[1:0: 0]}
is given by

lT:a?:a®]+[1:02: 02 =[1:(a+b)?:(a+b)?
The point at infinity co = [0 : 0 : 1] has uniformizer ¢ = v/w. The complement X \{oc} is

affine, and isomorphic to Spec(k[2?, 23]) for 2 = ¢t~! = w/v. The line bundles on X satisfy
Lo(X\{oo}) = (cz — Dk & 2°k[2],

for ¢ # 0, where here L. = L([1 : ¢%: ¢73] — 00). Up to homothety, Krichever’s correspon-

dence sends L. to

oo 1
o 2 2 —-n
LC.—k[z]{z,z + E il }
n=0

In particular, in this case wo([1 : ¢ : ¢3]) = ¢ ? and wy([1 : ¢ : ¢?]) = ¢3, which are

rational.
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Example 3.2.3.4. Let g5, g3 € C, and consider the elliptic curve
E = Proj(Clu, v, w]/(v*w — 4u® — gouw® — gsw?)).

In this case Pico(X) is in bijection with the points on F, so that in particular line bundles
on E correspond to pairs (p,n) for p a C-point of E and n € Z. Let p(z) be the Weierstrass
elliptic function associated to F, with periods wy,ws. Then there is a holomorphic covering

map C — FE induced by

2 [L:p(2), ¢/ (2)], 2 & Z{wn, wa}.

The functions wy(p), we(p) pull back under this covering map to functions in the span of

1, p(z) and ¢/(2).
3.3 Differential Operators and the Sato Grassmannian

To relate the Sato Grassmannian to differential operators, we will assume that R has a smooth
point and that K is characteristic zero. In this case, each monic, normalized differential
operator gives rise to a Schur pair (W, A), and thereby a geometric data (X, W, 00, t, ¢) via
Krichever’s correspondence. In this way, differential operators themselves actually encode
algebro-geometric data.

3.3.1 Pseudo-differential Operators and Gr(R)

Here we show how a smooth point I of R induces a map B(R) — Gr(R).

Definition 3.3.1.1. We define a smooth point of R to be a two-sided ideal I of R with
R/I = K and [, I" = 0 such that the induced right K-module homomorphisms

]n+1/[n+2 g ]n/In—l-l

are isomorphisms for all n > 0 (with I° := R).
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Note that each smooth point I induces a natural differential ring homomorphism R —

K{[[z]] defined by
T Zrnx", where r,, € K with nlr,, = 9" -r mod 1.
n=0

Furthermore, if 0" - r = 0 mod [ for all I then r € I"™ for all n. Therefore the assumption
that (), 1" = 0 tells us that R — K{[z]] is injective.

For our arguments below, assume that R has a smooth point /. Two particular examples
to keep in mind are R = C[z] with K = k = C, and R = My(Holo(Y')) for some complex
Riemann surface Y, with K = My(C) and k = C.

For any wave operator v € B(R), we define an element of the Sato grassmannian as
follows. Consider the R,JB(R)-bimodule P(R)/IP(R). Tensoring with V', on the left we
obtain a right P(R)-module V ®x (B(R)/IP(R)), which in turn has a canonical k-linear
isomorphism with V:

L

14
VS Ver(BER/IBR)): D> vz Y v, @p0"

In this way, we endow V with the structure of a right B(R)-module. Note that B(R)-module
structure of V depends on the choice of ideal I. As such, we will use V; to denote V with
the module structure induced by I. Then if we set W, ; := (V) - b, we obtain an element

of the big cell of the index-0 grassmannian. We summarize this in the next proposition.
Proposition 3.3.1.2. Let v € PB(R) and W = W, ;. Then W is an element of Gr(R;0)..

Proof. We shall write V to mean (V;),. Then if f(z) € V., the degree of f(z) and f(2)-v
agree. Consequently W has an element of degree n with leading coefficient v for all n > 0

and v € V, and no elements of negative degree. Thus W € Gr(R;0),. O

Now if 0 € D(R) is a monic, normalized differential operator of order ¢, we can choose a
wave operator b such that b~10p = 9. Assuming that the Schur pair (W, Ay,) (for W = W, ;)

is rank 1, the Krichever correspondence gives us a quintuple (X, W, 00,t,¢). In this way,
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we see that differential operators actually encode geometric information. We will show later
that the endomorphism ring of W over X encodes the centralizer C'(0) of 9, and that W
represents the vector bundle induced by the common eigenfunctions of the operators in C(?).

Conversely, given a quintuple of algebro-geometric data (X, W, 00,t, ) one might be
inclined to try to construct a differential operator d to which this information corresponds.
By Krichever’s correspondence, we have a Schur pair (W, Ay/) automatically. However, the
hitch is that W may not be of the form W, ; for some v € P(R). Therefore an interesting
and important question is which elements of Gr(R;0) are of the form W, ;.

Consider the differential monomorphism R — K{[z]] induced by /. This induces monomor-
phisms D(R) — D(K[[z]]) and B(R) — P(K[[z]]). Furthermore Gr(R;0), and Gr(K[[z]],0),
are identical, and if v € P(R) then W, ; € Gr(R;0)4 and W, () € Gr(K[[z]];0)4 agree. The
next proposition shows that every W € Gr(K([[z]];0), is of the form W, () for some wave
operator v € P(K[[z]]).

Proposition 3.3.1.3 (Formal Local Lifting). Let W € Gr(K|[[z]];0)4. Then there ezists a
wave operator v € P(K|[z]]) with W = W, ().

Proof. Recall that by the Artin-Wedderburn theorem, there exists a division ring k C D C K
such that the natural map K — Endp(V) is an isomorphism. Let vq,...,v4 be a D-basis
for V.. Since W € Gr(R;0), for each integer n > 0 and 1 < j < d there exists a unique

w;,, € W of the form

S
U)jm = UJH" + E wm,m@_m.

m=1

Furthermore since Endp(V) = K, for all n > 1 we may choose a, o € K such that vja,o =
w0, Then For each m > 1, choose a0 € K such that vja,,0 = w;o., for all 1 < j < d.

More generally, we can define a;, for t > 0 and ¢ > 0 by

-1 min(0,m—¥£)
14 l
Vjag e = —Vj g Q¢—m+t,m + Wi et + E Wi st Qp—m+s,m-
m m

m=0 s=1-—¢

Then Setting a, = Zfr?:() an,mxm and v = ZOO anan we have W = WD,(:E)' ]

n=0
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The question still remains as to whether /when v € P(K[[x]]) lifts to an element v € P(R).
This is difficult to answer in general. Lifting to J3(R) requires that the coefficient functions
aop, ay, - - - € K[[z]] actually have a preimage in R. Intuitively, one can think of this as a sort
of convergence result for power series. As such, the standard route to supplying conditions
for lifting v to P(R) is to start to include some analysis. This is exactly what we do in the

next chapter.

3.3.2  Centralizers of Differential Operators

In the case that a Schur pair (W, A) does satisfy W = W, for some v € P(R), then the
algebra A corresponds to a subalgebra of ®(R). To prove this, we will first establish a

lemma. For simplicity, take A;, := Aw,,.
Lemma 3.3.2.1. A pseudo-differential operator d € B(R) belongs to D(R) if and only if
(V)4 -0 S (Vi)s

Proof. Since ©(R) and B(R) inject into D(K[[z]]) and P(K[[x]]) and the induced action
on V is the same, we will write V in place of V; or V(,). We first want to prove that if
0 € O(R), then V, -2 C V.. Since the action of d on V as an operator over R or K|[z]]
is the same, we may consider it as an element of B(K|[z]]). Also since z¥ - 9" = 2% it is
clear that V, - 9" C V_ for all integers n > 0. Thus it suffices to show that for any a € R
we have v2¥-a € V, for all k > 0 and v € (CV)”. Consider the image of a in K[[z]], ie.

a= Z?io a;jx?. For any integer k € Z, we calculate
O = 20" + k0" = k0F'  mod 2P (K [[z]]).

Therefore vz* - © = kvzF~!, and it follows that for k > 0:
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Thus we find

k k - j : k! k—j
Z‘CL:Z'ZCLjI':Zaj(k_.)'Z .
j=0 j=0 J):

Consequently V, - a C V, and this proves the first direction.
¢

n=—0oo

Conversely, suppose that 9 =) a, 0" satisfies V_ -0 C V_-0. We calculate

L

Adgp(@)= > almo".

n=—oo

Moreover, since 0 and & both preserve V_, so too does Ad%'(9). Thus for all v € (C®V)T we

have '
v-Ady () =v Z a2 e V_
for all m. This implies that a%m) = 0 for all m > 0 and n < 0, and therefore that a,, is

identically zero for all n < 0 by the injectivity of R — K][[z]]. Hence ? is a differential

operator, and this proves the converse. O

Proposition 3.3.2.2. Let v be a wave operator, W = Wi, and A = Aw = Ary. Then

conjugation by v defines an isomorphism between A and the algebra
{PeDR):v oo e K((071)}.

In particular, if v is a wave operator taking 0 to 8° with { different from the characteristic of
R, then conjugation by v defines an isomorphism between the centralizer C(9) of 0 in D(R)
and A.

Proof. Suppose that 0 € D(R) with v~'ov = f(07') € K((97')). Then since 0 is a differen-

tial operator,
Wf(Zil) - W . f(@fl) = VJr . Df(@fl) - V+ - 0D Q VJF -0 = W

Hence f(z71) € Ay
Conversely, suppose that f(z7!) € Ay,. Then for 0 = vf(0~')v~!, the same calculation
shows that V, -9 C V| so that 9 € ©(R). This proves our proposition. n
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3.3.83  Rational Lifting

Let 0 be a differential operator of order ¢ relatively prime to the characteristic of R, and let
v be a wave operator satisfying v='9v = 0°. As above, we've seen that a pseudo-differential
operator v determines a Schur pair (W, Ay) with Ay isomorphic to the centralizer C(0) of
0 in ®(R). Next, if (W, Ay ) is rank 1, then Krichever’s correspondence gives us a quintuple
(X, W, 00,t,p) corresponding to (W, A), and describing in geometric terms the structure of
C(0).

A natural question is whether given a quintuple (X, W, 00,t,¢), we can construct a
differential operator 0 whose centralizer the quintuple describes. We can already go part of
the way, in that we can construct a Schur pair (W, Ay/). Unfortunately, it is not necessarily
true that W = 20;, for some smooth point I of R and some pseudo-differential operator
v € P(R). If it were, then we could easily construct ? via conjugation by v. As we mentioned
above, showing that v exists typically involves some stronger assumptions about the structure
of R and some analysis.

Even without analysis, we can squeeze by at least one special case of lifting a v €

P(K[[x]]) to v € P(R) when W = W, () is “rational”.

Definition 3.3.3.1. A point W € Gr(R) is called rational if there exists polynomials
p(2),q(z) € k[z] and r(z) € K((z71))* such that Wp(z) C W and Wr(z) C V., q(2)"".

The use of rational here is justified by the next proposition.

Proposition 3.3.3.2. Let (W, Aw) be a robust Schur pair corresponding to a quintuple
(X, W, 00,t, ) under Krichever’s correspondence. Then W is rational if and only if X is a

rational curve.

Proof. Suppose that W is rational. By replacing W with Wr(z), without loss of generality
we may assume that there exists ¢(z) € k[z] such that W C V,¢(z)~!. Then W C V(z) and
since the map 7| has finite cokernel, we also know Wk(z) = V(z). Therefore if a € Aw

we must have

V(z)a=Wk(z)a=Wak(z) CWk(z) =V(2),
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and it follows that a € K(z). Hence Sy C k(z), so that Fy C k(z). The rationality of X
then follows by Liiroth’s theorem.

Conversely, if X is rational then Ox, = k[z"!] and therefore Sy and W embed into
k(z) and VF(Ox,) = V(z), respectively. In particular, we may choose r(z) such that
Wr(z) C V(z). Since Sy is finitely generated, we can choose b(z) such that b(z)Sy C Cl[z].
Then since Wr(z) is finitely generated over Sy, we can choose ¢(z) such that Wr(z)q(z) C
V]z] = V,. Choosing a nontrivial element p(z) € Sy, we have Wp(z) C W, so this proves
W is rational. O

Proposition 3.3.3.3. Let R be a differentially closed ring. Assume that W € Gr(R;0) is
rational. Then there exists v € P(R) such that W = W, 1.

Proof. Without loss of generality, we may take p and ¢ to be monic. Choose v € K[[z]] with
W =W, () = (Vr)4 - v. Then we have that

(Vi)4 - 0g(0) € (Vi)4

and therefore vg(0) = 0 € D(K]|[z]]) for some monic differential operator d. Consequently,
v = 0g(0)~!. Next since Wp(z) C W, we also have that vp(9)o~! = b € D(K][[z]]). From
this, we calculate 9p(9)0~" = b so that 9p(d) = bd. Conseqgently, p(9) - kerg(d) C
ker g7, (9). Since kergip,(0) is finite dimensional, there exists p(9) € C[J] such that p(9) -
ker gz (0) = 0. This implies that ker g, (0) € kerg g (p(9)). Now using the fact that R is

differentially closed, we actually have ker ) (p(0)) = kerg(p(0)) C R. Hence ker ) (9) C
R, and it follows that d € D(R). O

Corollary 3.3.3.3.1. Let S be a k-algebra whose fraction field F' is isomorphic to a subfield
of k(x), and let W be a torsion-free S-module of rank N = dimy (V') with S = Z(Endg(W)).

Then there ezists 0 € D(R) whose centralizer is isomorphic to Endg(W).

Proof. This follows form Krichever’s correspondence and rational lifting. m
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Chapter 4
THE TAU FUNCTION

4.1 The Hilbert Space Grassmannian and Loops

Krichever’s correspondence relates sufficiently nice Schur pairs (W, A) to quintuples of algebro-
geometric data (X, W, 00,t, ¢), where here: X is a projective curve; W is a torsion-free sheaf
on X of rank N; oo is a smooth point of X; t is a uniformizer of X at oo; and ¢ is a local
trivialization of VW in a neighborhood of co. However, it partially fails to relate differential
operators to geometric data, since we cannot necessarily construct an operator from a speci-
fied quintuple of geometric data. The barrier we must overcome is whether we can represent
the induced element W of the Sato grassmannian as W, ; for a pseudo-differential operator
v € P(R).

In the case that R is the ring of N x N matrix-valued holomorphic functions on a simply
connected open subset of C (whereby k = C, K = My(C), and V = (C®M)T) it turns out
that we can always find a v with W, ; = W for W arising from geometric data. To do this,
we need to introduce some analysis in the form of a Hilbert space version Gr(R) of Sato’s
grassmannian Gr(R). This extended analytic structure allows us to consider the action of
loops (eg. continuous functions S' — C*) on Gr(R). Throughout this section, we will let

R = My(Holo(U)) for some open subset U of the complex plane.

4.1.1  The Hilbert Space Grassmannian

Given a point W € Gr(R), we can ask whether W is contained in the Hilbert space V =

L?(S', V) of square-integrable V-valued functions on S* with inner product
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where here * denotes the conjugate transpose in V = (C®V)T,

Definition 4.1.1.1. We define the Hilbert space grassmannian to be
Gr(R) := {H C V: H closed, n_|y is compact, and 7 |z is Fredholm},
where here 74 is the projection map

m+: Vo V/ V.=V,

induced by the orthogonal decomposition V=V, @ V_ for
o'} -1
V= {Zvnz"GV:vnEV} and V_:{ > vnz”GV:anV}.
n=0 n=—oo
Here by 7, being Fredholm, we mean that the kernel and cokernel are both finite dimensional.

We define the index-p Hilbert space grassmannian and the big cell of the index-0 Hilbert

space grassmannian to mirror the same constructions for the Sato grassmannian.

The Hilbert space grassmannian can be viewed as a proper subset of the Sato grassman-

nian, since there is an injective map
Gr(R; ) = Gr(R; p) : H v w1 (V).
Note that this map restricts to the respective big cells of the index-0 grassmannians.

Lemma 4.1.1.2. Let H be a closed subspace of V. Then H € Gr(R; ) if and only if there
exist continuous linear maps 1+ : V4 — Vi with . compact and 1, Fredholm of index 1 so

that the map 1 ® v_ : V, — V is injective with image H.

Proof. Suppose that ¢4 exist for some H. Then img(my|y) = img(ey), and ker(m|y) =
t—(ker(t4)). Since ¢y @ ¢; is injective, the dimension of ¢_(ker(t4)) must be the same as the

dimension of ker(¢, ). It follows that 7|y is Fredholm of index p. Furthermore, we see that

T|go(ts &) =1,
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Since the image H of 1, & ¢_ is closed, we can invert it on its image. Thus

moln =0 (e @),

and since the right hand side is the composition of a bounded linear operator and a compact
linear operator, it must be compact. Thus 7_|g is compact, and this proves H € Gr(R; ).
Conversely, suppose H € Gr(R; uu). Since ker(m,|g) is finite dimensional, we may choose
2" such that 74 |.,npg is injective. Set H = 7y (2"H). Then H is a subspace of V of
codimension n — p and there exists a Hilbert space isomorphism f : V, — H. For all
Y € V. define
L () = ma (27 (M Loni) TN (F ()
Then ¢4 satisfy the desired properties.
O

Definition 4.1.1.3. We will call a point of the Sato grassmannian W € Gr(R; 1) analytic
if W CV with W € Gr(R; ). We denote the collection of analytic points of Gr(R; ) by
Gr(R; pu)*.

Remark 4.1.1.4. If W is analytic, then 7 |% (V,) = W, so the value of W may be recovered

from the value of TW.

Remark 4.1.1.5. It is possible for W C V, but for W to not be analytic. For example
W =spanc{z" + 2 "ln€Z} CV,

however 74 |57(2" + 27") = z*" for all n > 0. In particular, 7_|g is not compact.

Lemma 4.1.1.6. Let W € Gr(R), and suppose that W C V. Then W is analytic if and

only if m_|y is compact.

Proof. By considering the basis expansion of W in terms of various degree, one readily
finds that ker(m|w) = ker(m|y7) and that coker(my|w) = coker(ny |). Therefore |y is
Fredholm, with index equal to the index of W. Thus if 7_[y is compact, we automatically

get W is analytic. O
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For every quintuple (X, W, c0,t,¢) we can construct a point H in the Hilbert space
Grassmannian. The main idea is to show that the associated point in the Sato Grassmannian
is analytic (and then take its closure). To do so, note that ¢ may be viewed in an analytic
neighborhood of co on X as a univalent function mapping oo to 0. Consequently, there exists

analytic open neighborhoods Uy, Ul , U of co € Xy, and V., VL, V2 of co € C* with
U;O CUys and Uy CUZ,

V. CVy and Vo C V",

and V., = C*\D, along with a diffeomorphism ¢ : U” — V/”

o0

V., and ¢(o0) = oo with t = 1/¢ (see Figure [.1]).

Figure 4.1: A neighborhood of oo in Xy is mapped to a neighborhood of oo in the Riemann
sphere. The red dashed lines correspond to U/ and V. , and the blue dashed lines represent

U and V! while the black solid line represents the neighborhoods U, and V.

Note that the complement X\{co} is affine, so that the Ox-module W is represented
by a module W. Let Uy = X\Uy, Uy = X\U so that Uy C Uy C Uj.

1/
00

/

and U} = X\U

(oo}

The open sets Uy and [700 cover X, with intersection an open set isomorphic to 1700 N D,
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open neighborhood of S in C under ¢. Therefore each w € W defines (via restriction to
UY, precomposition with ¢!, and restriction to S') an element in V = L?(S', V) which
when composed with ¢! extends to a holomorphic map U] — V. Note that the value of
an element w € W is uniquely determined by its values on S!, and therefore this allows
us to identify W with a C-linear subspace of V. This is exactly the point in W € Gr(R)

corresponding to (X, W, 00,t,¢). Using this description, we will show that W is analytic.

Proposition 4.1.1.7. The Krichever correspondence associates each geometric quintuple

(X, W, 00,t,0) to a Schur pair (W, Ay ) with W analytic.

Proof. Tt is clear from the above description that each w € W is the restriction to S! of
a V-valued function holomorphic in a neighborhood of S'. Hence W C V. Moreover, we
know that W € Gr(R). Therefore to prove that W is analytic, it suffices to show that the
projection map m_ |y is compact.

To do so, for € > 0 and A € C with [A\*!'| < 1 + ¢, consider the annulus A, = {1 — ¢ <

|z| <1+ €}, along with the map
Ty : VHolo(Ac) = VHolo(Acyn), f(2) — f(Az).

Then there exists an € > 0 such that W C V Holo(A./) and therefore T) restricts to a map

on W. Note that T om_ o T/, = m_ and therefore we may write
m_|w =Ti o (m- o Th|w).

Choosing |A| < 1, T}/, is a compact operator on V_. Hence 7_ lw is a composition of compact
operator with a bounded operator and therefore compact. O

4.1.2  Loops

Definition 4.1.2.1. We define the loop group to be the group I' of all continuous maps

g : S — C*. Elements of I" are called loops.



48

The loop group I' has a distinguished subgroup I'; consisting of real analytic functions
g : S' — C* extending to holomorphic functions on the closed unit disk D with g(0) = 1.

The following proposition shows that I'; has a group action on Gr(R) via multiplication.
Proposition 4.1.2.2. Let H € Gr(R; 1) and g € T'y. Then Hg € Gr(R; p).

Proof. Consider the map T : V — V defined by T(f(z)) = f(2)g. Since V,.g C V_, this
decomposes with respect to V= V+ ®V_ as

T Ty
T —

0 7

where 77 : V, =V, , T5:V_ =V, and Ty : V_ — V_. One may verify that 7} is Fredholm
of index 0, Ty is an operator of trace class (since g is differentiable), and T3 is compact.
Now choose vy : V, — Vi with W = img(¢y @ ¢-). Then Wg = img(¢, & ") with
vy =Ty + Ty and o = Ty—. Now (. is compact since it is a composition of compact
operators. Furthermore, Tty is a composition of two Fredholm operators of index p and 0,
and is therefore Fredholm of index p. Therefore /| is a compact perturbation of a Fredholm

operator of index y, and is thus Fredholm of index 1. We conclude that Wg € Gr(R; u). [

Note that each g(z) € 'y defines a holomorphic function on D which avoids 0. Therefore

by considering the series expansion of log g(z) in D, we may write

g(z) :==exp (Z tnz”>

for some t = (to,t1,...) € £?(N). Notationally, we will denote this element by g(f; 2) or
g(to,t1,...;2). We will also write g(tg,t1,...,t,;2) in place of g(tg,t1,...,t,,0,0,...;2),
and we may occasionally write g() in place of g(f; z) since g(f) is an element of T'\ and

therefore implicitly a function of z.
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4.2 Baker-Alkheizer Function

The big theorem now is that if W is analytic, then W = W, ; for some v € B(R). The proof
of this relies on the construction of a special function ¥y (z,y), called the Baker-Alkheizer
function of W. Classically, a (stationary) Baker-Alkheizer function represents a canonical

choice of the family of eigenfunctions of an algebra of commuting differential operators.

Definition 4.2.0.3. Let U be a simply connected open subset of C, R = My(Holo(U)),
and b € U a fixed base point. Furthermore, let A C ©(R) be a subalgebra (not necessarily
commutative). A stationary Baker-Alkheizer function for A is a function ¢ (z, y) defined
on Uy x V' for some open neighborhoods V' of co and Uj of b in C, which satisfies the following

properties

(a) ¥(x,y)e ™ is holomorphic in x and y, and approaches 1 as |y| — oo

(b) for each d € A there exists a holomorphic function f(?;y) on V satisfying

Remark 4.2.0.4. Note that if N = 1, then for A to have a Baker-Alkheizer function it must

be commutative.

Taking a power series expansion at oo, we may write

Yz, y) = (1 + Zvn(:t)z_”> ey,

Then one may check v =1+ > v,(x)0~" satisfies
v o0 = £(0;0), Vo€ A.

Example 4.2.0.5. Let U be a simply connected domain in the complex plane excluding 0,

and consider the subalgebra A of ®(Holo(U)) generated by the commuting operators

5:32—5, n=0—- "9+ 2.
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Then a Baker-Alkheizer function for A is given by
1
U(z,y) = <1 - —> Che
Y
Example 4.2.0.6. Let p(x) the Weierstrass p-function for an elliptic curve E, and let U
be a simply connected, open subset on which @(z) is defined. Consider the subalgebra A of
D(Holo(U)) generated by the commuting operators

3
§=0%—2p(r), n=0"—3p(x)0— 2% (@).

Then a stationary Baker-Alkheizer function for A is given by

T — (=100 (x
v(a.y) = ALY 1/y>ew:(1+z<;> g ”w)

0(x) 0(x)

where 6 is the Jacobi #-function of E, which satisfies p = —In(#)” + ¢ for some constant c.

n=1

Example 4.2.0.7. Let U = C, and consider the subalgebra A = C[d] C D(U) for d = 98— 5.
Then A has no Baker-Alkheizer function. One reason is because 1/x? decreases rapidly as
x — 00, and so we can study the structure of its eigenfunctions by means of scattering
theory. The fact that the potential 1/2? has a nonzero reflection coefficient in its scattering
data implies that its eigenfunctions (times e~*¥) are not analytic in a neighborhood of oo.

(In contrast to the potential 2/z* above!)

Example 4.2.0.8. Let U be a simply connected domain in the complex plane excluding two
values a and b, and consider the subalgebra A of ®(Holo(U)) of operators commuting with

5o (x—a)™" (x—a)(x—=0)"

0 (x —b)~1

Note that A is not commutative. Then a Baker-Alkheizer function for A is given by

l—y Y re—a)t yHoe—a) Y z-0)""
sy [T e
0 1—y Y x—0)""
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4.2.1 Basic Definitions and Facts

It’s entirely unclear if and when a stationary Baker-Alkheizer function exists. We will prove
that when the algebra A is rank 1, then a Baker-Alkheizer function exists. To do so, we
introduce a generalized notion of the Baker-Alkheizer function, defined by means of the

action of the loop group I'y on Gr(R;0).

Definition 4.2.1.1. Let H € Gr(R;0),, and define 'y = {g € 'y : Hg~! € Gr(R;0),}.
The Baker-Alkheizer function for H is a function ¢y : I'y — L?(S!, K) satisfying the

following properties for all g € I'y
(a) VYm(g) C H

() Yu(9)gt =1+ >0 w,(g9)z~™ for some wy,(g) € K
We call the functions w,(g) : G — K the Baker-Alkheizer coefficient functions.

For notational convenience, we will write ¥z (f) in place of 1y (g(t)). Since all of the
above functions are defined in some neighborhood of S!', we can actually think of ¥y as
a function of z also, defined for all z € S'. To emphasize this, we may write ¥y (g;z) or
Un(t, z) in place of Y (g) or ¥y (t).

Of particular interest are the values ¥y (x;2) = ¥y (g(x); 2) for g(x) = ¢"* € I'y. In this

case, the Baker-Alkheizer function looks like

Yy(r;2) = (1 + an(x)z_”> e*?,

which has the same “form” as a stationary Baker-Alkheizer function for an algebra of dif-
ferential operators. We will show that when H originates from the Schur pair of an algebra
A of differential operators, that this is a stationary Baker-Alkheizer function for A. In this

way, ¥y (x; z) generalizes the classical notion of the Baker-Alkheizer function.

Proposition 4.2.1.2. Let R = My(Holo(U)) for some simply connected, open subset of U.
Fiz a base point b € U and let I = (x — b)R. Suppose W € Gr(R;0) is analytic. Then the
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Baker-Alkheizer coefficient functions w,(x) := w,(g(x)) are holomorphic in a neighborhood
of 0. The element W is of the form W = W, 1 for some pseudo-differential operatorv € L(R)
if and only if the functions w,(z + b) extend to holomorphic functions on U. In this case,
the pseudo-differential operator

p:=1+ iwn(x +b)0" € P(R)

n=1

satisfies W = W, 1. Conjugation by v relates Aw to an algebra of pseudo-differential opera-
tors A C D(R) for which ¥y (x; 2) is a stationary Baker-Alkheizer function.

Proof. Without loss of generality, we may assume b = 0. We will prove later that the Baker-
Alkheizer coefficient functions w,(t) := w,(g(t)) are holomorphic in each variable locally in
a neighborhood of 0 by relating Y57 to the 7 function of W, and then using properties of the
7 function. We will also be able to use the 7 function to show that W and W, ; agree. For
the last part, recall from our discussion above that A := v Ay 07! is an algebra of differential
operators. Furthermore, if f(z) € Ay and 0 = vf(9)v~!, we calculate e™™ f(9)e™ = f(d+y)
and therefore

ve™ f(0+y) =0f(0)e™ = dve™.

This shows that ve™ f(0 + y) = dve™ as pseudo-differential operators with coefficients ana-

lytic in a neighborhood of 0. Comparing coefficients, we find

0 Y5 y) = V(s y) f(y)
0

The values of tq,...,t, where ¥ g(t1,...,t,;2) is not defined turn out to be poles with a
certain geometric significance. Recall that the Picard group Pic(X) of isomorphism classes
of holomorphic line bundles on X is isomorphic to the cohomology group H'(X,O%) via
the map £ — [p;;], where ¢;; : V;NV; — C* are transition maps for £ on intersections
of members of an analytic open cover {V;}!', over which L trivializes. The exponential
sequence

0— 2miZ — Ox =5 0% =0
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induces an isomorphism H*(X, Ox) — Picy(X) defined by sending [fi;] € H'(X) to [exp(f3;)]-

As a special case of this, suppose g(z) € I' extends to a holomorphic function in an
open annulus A containing S'. Then we can choose an open cover {Vy, Vo } of X with the
uniformizer ¢ at co defined on V,, and with z(V5 N V) C A, for z = 1/t. It follows that the
function g(z) is holomorphic function on Vy NV, and therefore any holomorphic function g
on the image of z restricted to Vo NV, defines an element [g(z)] on H'(X, Ox), and thereby
an element [exp g(z)] of Pico(X). In particular we have a map sending each smooth loop g
to a line bundle L, on X. This map is surjective.

Now suppose that H = W for some analytic W € Gr(R) corresponding to a Krichever
quintuple (X, W, 00,t,¢). One may verify H exp(g(z)) corresponds under Krichever’s cor-
respondence to W ® L, along with the trivialization at co obtained by taking the tensor
product of the trivializations. In particular if W = L[p,] for some L € Picy(X) (with p, the
arithmetic genus of X) then Hed) ¢ Gr(R;0), exactly when £ ® L, € O, the theta divisor
of X. Thus we may view 1y (g; z)e”"* as a function on Pico(X), which is undefined exactly

on a translation of the theta divisor.

4.3 Fredholm Determinants

Throughout this section, let H be a separable Hilbert space.

4.3.1 Basic Definition

Fredholm determinants began their life as a key ingredient in Fredholm’s theory of integral

equations. Specifically, Fredholm proved that the integral equation of the second kind

u(a) + 2 / K (2, y)uly)dy = f(z) (4.1)

has a unique solution if and only if Fredholm’s determinant

o Zn .
d(z) = 2 : n! /[ i det (K (yi, yj))i,j:1dyl dyy,
n=0 a,
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is nonzero [4]. Here the kernel K (x,y) and right hand side f(z) are assumed to be continuous
on [a,b]* and [a,b], respectively. Fredholm’s determinant d(z) should be viewed as the
determinant of the associated operator I + 2T on L*([a,b]), where [ is the identity operator
and T is the convolution operator defined by the kernel K (z,y). This was broadly generalized
by Grothendieck to the definition we present here [34].

The idea is to generalize the formula for the characteristic polynomial p(x) of an n x n

matrix A in terms of the traces of its exterior powers

pa(z) = det(zI — A) Zz”k DFTrAR(A),

Equivalently, this says that
det(] + zA) Z FTrAR(A

and this is the formula that Grothendieck’s definition generalizes. In order to do so, we need
to work with operators on H for which it makes sense to take the trace. This motivates the

definition of operators of trace class.

Definition 4.3.1.1. Let {e;}2, be an orthonormal basis for . A linear operator 7" : H —

H is said to be trace class if

> (ITlex, ex) < oo.

k=1

If T is in trace class, then we define the trace of T' to be the limit of the absolutely convergent

sum

00
E Tek, ek
k=1

Example 4.3.1.2. Let K(z,y) be a continuous function on the square [a,b]>. Then the
integral operator T' on L?([a,b]) defined by

) / K (2, 9)f(y)dy

is trace class.
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For each n, let A"(T") be the induced map on the exterior power A"H.

Lemma 4.3.1.3. Suppose T is trace class. Then A"(T) is also trace class, and furthermore

uan ()| < D

n!

Proof. This follows by direct calculation on the usual orthonormal basis for A"H. m

Definition 4.3.1.4. A linear operator F' : H — H is said to be Fredholm if ' = [ + T,
where [ is the identity on H and T is trace class. In this case, we define the Fredholm

determinant of I’ to be the absolutely convergent series

det(F) = i TrA™(T).

4.3.2  Properties of Fredholm Determinants

Lemma 4.3.2.1. The Fredholm determinant is multiplicative, ie. for any two Fredholm

operators Fy, Fy : H — H we have
det(FlFQ) = det(Fl) det(FQ)

Proof. This follows from multiplicativity of determinants over finite-dimensional vector spaces,
along with the fact that the Fredholm determinant may be calculated as a limit of determi-

nants over finite-dimensional subspaces. O

Theorem 4.3.2.2. [6] Let V1, Vs, ... be a sequence of subspaces of H with dim(V;) = j for
all 3 and with Uj V; dense in H. Moreover, for each j let P; be the associated projection
map. Then for any T : H — H of trace class

det(I + zP;TP;) — det(I + 2T)

locally uniformly in z.
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4.4 The Sato-Segal-Wilson Tau Function

The tau function was originally introduced by the Kyoto school as a link between solutions
of the KdV equation
Up = Uggy + OUL, (4.2)

and elements of the Sato grassmannian Gr. This connection was further explained and
expanded by Segal and Wilson, who considered the Hilbert space version Gr of Sato’s grass-
mannian Gr and identified the tau function of a point H € Gr as the Fredholm determinant
of a Hilbert space endomorphism associated to H. To each point H € Gr, Segal and Wilson
associate a tau function 7 (f) with £ = (t1,ts,ts,...) € £>(N). Here by convention z = t,,
t =ty, Ty(x) ;= 711(x,0,0,...), and 75 (z,t) := 74 (x,t,0,0,...).

The connection between solutions of the KdV equation and points W € Gr is clarified

by the Lax formulation of the KdV equation
p'(t) =[a(t), p(t)] (4.3)
where p(t) and q(¢) are the 1-parameter families of differential operators
p(t) = 02 +u(x,t), and q(t) = 407 + 6u(x,t)0, + 3ug(x, ). (4.4)

Differential operators p(t), q(t) satisfying Equation are called Lax pairs. It is easy to
check that u(zx,t) is a solution of the KdV equation if and only if p(x,t) and q(z,t) as
defined in Equation [4.4] are a Lax pair.

Let ¢ (z,t,2) be an eigenfunction with eigenvalue 2? of the Schrodinger operator p(t) in
some suitable space of functions. Note that ¢(z, t, z) is not unique, but for the KdV equation
there is a natural choice. The restatement of the KdV equation in terms of a Lax pair
allows us to relate ¥ (z,t,z) to ¢(x,0,2) in a linear fashion. Then under certain niceness
assumptions, we may recover the potential u(x,t) of the Schrédinger operator p(t) from

¥(x,t,z). This allows us to determine a solution u(zx,t) of the nonlinear partial differential

equation [4.2 linearly!
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To the Schrédinger operator p(0), we may associate a point H € Gr, assuming u(z,0) is
reasonably nice. Then the tau function 7 (z) tells us how to relate i(z, t, z) to the potential
u(z,t). Specifically, we have the two fundamental identities giving us a (specific) family of

eigenfunctions of the operator p(t) for each ¢, and a solution u(z,t) of the KdV equation

h(x— 2zt —272/2) e
’Q/J(J}, 72) TH(QT,t) € ) ( )

u(z,t) =2In(ty(x,t)) e (4.6)

In summary, the tau function 74 (x,t) works as the glue connecting a solution of the KdV

equation to the eigenfunctions of a Schrodinger operator.

4.4.1 Basic Definition

For any point H € Gr(R;0),, we define ty : V — H to be the unique map satisfying
tgomy|y =idy and 7y oty|y, =idy,. Then we define a linear function R(H,g) : V, — V.
by

R(H,g): V. 5 H 5 g 'g Ty, Loy, (4.7)

Here L, : V; — V, denotes right multiplication: L,(v(2)) = v(2)g(z).

Lemma 4.4.1.1. For all H € Gr(R;0), and g € T'y, the operator R(H, g) of Equation
15 Fredholm.

Proof. Let H € Gr(R;0),. Then there exist operators 1+ : V, — V. such that +_ is compact
and ¢y @ ¢_ is injective with image H. Then there exists an automorphism of 7" of V. such
that (1. @ v_)oT = 1y. In particular, . o T is still compact, so without loss of generality

we may assume (4 @t = tg. In particular, writing

Ty T,

0 7
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where T} : V, =V, T5:V_ -V, and Ty : V_ — V_, we see that

AR M Y
R(H.g) = Ty(idy. 0) (

L _
+) = =TT e,
L

0 Tt

By our choice of ¢y, we have 1, = idy. Therefore R(H,g) differs from the identity by a
compact operator, and consequently R(H, g) is Fredholm of index 0. m

For H € Gr(R;0),, define 'y = {g € T, : Hg~' € Gr(R;0),}.

Definition 4.4.1.2. The Sato-Segal-Wilson tau function of H € Gr_(R;0) is the func-
tion 74(g) : 'y — C defined by 75(g) = 0 for g ¢ 'y and for g € I'y by the Fredholm

determinant
Tr(g) = det(R(H, g)).
4.4.2  Properties
Proposition 4.4.2.1. Suppose that g, gh € I'w. Then h € I'yyg—1 and
mw(gh) = Twe-1 (M) 1w (9)-

Proof. Note that my, 7, : V — V restricts to the identity on W¢~!. Using this, we

calculate

R(W,gh) = Lg7T+L;17TW
= Lth7T+L;1(7TWg—1’/T+)L;17TW
= (LyLpmy L myrg—1 L) (Lgms L )
= LyR(Wg™", B)L; R(W, g).
The statement of the theorem then follows by multiplicativity of Fredholm determinants. [

Corollary 4.4.2.1.1. Suppose that g € U'yy. Then

Tw(9) ™" = Twg-1(g7").
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Proof. This follows from the previous proposition, along with the fact that (1) =1. O

Proposition 4.4.2.2. The function Ty(t; z) is holomorphic in each of its (infinitely many)
variables, and in fact extends to a holomorphic function on {t : g(t) € .}, which vanishes

exactly at points t with g(t) € T \y.

Sketch of proof. One may obtain an estimate that shows det(R,(H, g(t))) converges locally
uniformly in ¢ to det(R(H, g(t))) = 7u(t; z). Then by applying Moreora’s theorem, the limit

71 (t; 2) is seen to be holomorphic. O

4.4.8 Sato’s Formula for the Baker-Alkheizer Function

In this section, we consider the classical case when N = 1, so that K = £ = C and derive
Sato’s formula for the Baker-Alkheizer function, thereby verifying several key properties of
the Baker-Alkheizer function 1 (£; 2) of a point H € Gr(R;0),. To do so, we first establish

a key lemma linking the Baker-Alkheizer function and the tau function.

Lemma 4.4.3.1. Suppose that N = 1 so that V = k = K = C, and let H € Gr(R;0).
Then the Baker-Alkheizer function is given by

Vu(9;y) = Tag—1(p(y): 2)9(y),

where p(y) = p(y;z) =1 —2/y.

-1

Proof. Using the decomposition V =V, @ V_, we may decompose Lp(y;z) and L. as

a b a ! —atbd™!
Loy = ;o and L) =

p(y;z)
0 d 0 d~?
for some a : V, =V, b:V_ =V, and d: V_ — V_, where we have used the fact that
ply;2) 'V, CV,.
Let H = Hg™. For each n > 0, let v(z;n) € 27 C[[z"]] be the unique element of the

form ¢5(2") = 2" + v(2;n). Then

R(H. p(y; 2))(=") = 2" + a”'b(v(z:n))).
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Now for n > 0 we calculate

and therefore

Thus a 'b(27") = p(y; 2)b(27") = y~". It follows that a='b(v(z;n)) = v(y;n), and therefore
PyR(H, p(y; 2)) Py = 1+ v(y,0)

and also

(id = Po)R(H, p(y; 2)) Py = 0.

Therefore 75 (p(y; 2)) = 1+ v(y; 0). Since v(y;0) = v(y), this shows that the function

f(9,9) =715, (p(y))g(y) = (L + v(y))g(y)

satisfies f(g,2) € H for all g € Ty and f(g,2)g(2) ™" = 1+ 3222 wpz™ for 3222 wp2 ™ =
v(y;0). Thus f(g, z) is the Baker-Alkheizer function for H. ]

Theorem 4.4.3.2 (Sato’s Formula). Suppose that N =1 so that V =k = K = C. Then
the Baker-Alkheizer function of H is given by

—

ta(t —[z7"])

77/)H(t,2) = TH(fj )

(4.8)
where here [z] = (t,t%/2,t3/3,...).
Proof. Using the fact that
mr(9p(Y)) = g1 (p(y))T1(9),
the previous proposition tells us

Vi (9) = tulgp(y))mu(g) "
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Now since

ply) =1- g = expln (1 - 2) = exp (— > i) =g(=ly'],

n
n=1 ny

in terms of series, for g = g(f) we can write gp(y) = g(f — [y~"]). Using this, the statement

of the theorem follows immediately. O]
4.5 A Matrix-Valued Tau Function

For an N x N-matrix Schrodinger operator 8 = 0*I + u(z), the general solution of the

eigenvalue problem
0)(z,2) = 2%Y(, 2)

will involve N linearly independent vector-valued solutions, or equivalently an N x N funda-
mental matrix of solutions. Indeed the Baker-Alkheizer function vy (£, z) of the associated
point W € @1(0) will be matrix-valued. Thus Sato’s formula for the Baker-Alkheizer
function will not work out as stated. Here we develop a matrix-valued version where an
analog of Sato’s formula works directly. Specifically, we will define an h-twisted matrix tau
function 7"(g) whose determinant agrees with the definition of the Sato-Segal-Wilson tau

function, and which satisfies the following matrix version of Sato’s formula

Yt 2) = TOO(g(F — [=71])) T (g(8) "

Our definition relies on the notion of a quasi-determinant — a tool which unifies many different
notions of determinants over noncommutative rings. It is worth noting that the idea of
using quasi-determinants in the context of differential equations is not new. In particular,
quasi-determinants are related to Darboux transformations [26], and have been related to
exact solutions of the noncommutative Sine-Gordon equation [66], and the non-commutative
Bécklund transformation in the context of the noncommutative Yang-Mills equations [30].
However, to the best of the author’s knowledge, quasi-determinants have not before been

used to define a tau function.
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4.5.1 Quasideterminants

We define quasi-determinants, following the popular exposition [26].

Definition 4.5.1.1. Let A € My(K) be an N x N matrix with entries in a ring K (not
necessarily commutative) and let 4, j be integers between 1 and N. If the 4, 7’th minor matrix
minor;;(A) is a unit in My_;(K), we define the 7, j'th quasi-determinant to be the element
of K defined by

qdet,; (A K) = a;; — f?(minorij(A))_lé’j
where here a;; is the 7, j’th entry of A, A;; is the ¢, 7'th minor matrix, ; is the i'th row

vector, and ¢; is the j'th column vector.
In the case that the ring K is clear, we will denote qdet,;(A; K) as qdet,;(A).

Example 4.5.1.2. Let K = M,(C), and consider the matrix 7' € My(K) defined by

T =
C D
with A, B,C, D € K*. Then all the various quasi-determinants of A exist and are defined
by

qdet,,(T) = A— BD™'C qdet,,(T) = B — AC™'D

For notational convenience, given A € My(K) and I,J C {1,2,...,N}, we will use
My ;(A) to denote the (N — |I|) x (N — |J|) matrix formed by removing all rows with index
in I and columns with index in J. In the special case that I and J are singletons, we will

write M; ;(A) in place of My (5.

Proposition 4.5.1.3 (Quasideterminants over Commutative Rings). If K is commutative
and A € My(K), then the usual determinant of A is defined and

det(A)

adetyy(4) = (=)™ =
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whenever qdet,;(A) is defined.
Proof. Let A = [a;j]. For i # ¢, expanding along the ¢'th row of M, ;(A) yeilds

det(My;(A)) = (=1)" Y ag det( Mg a3 (A)) (=1,
k#j

Then by using the cofactor representation for the inverse of the matrix M; ;(A), we calculate

qdet,; (A) —a;; = ZZalka y agj

4= k#ﬂ
= D MZ] ; ; 1) ay, det (Mo (jxy)ac]
- m<—1>i;<—1>fdet<Mz,j>a@
- mew*j{daw — (~1)"a,; det My (A)]

C(C)det(4)
n det Mij (A) i

This proves the proposition. O

One of the most interesting properties of quasi-determinants is that the quasi-determinant

of a quasi-determinant is a quasi-determinant. This property is called heredity.

Proposition 4.5.1.4 (Heredity [26]). Let K be a ring and S = My(K) and T € My(S5).
Then we can view T as both an N x N matriz over S, as well as an Nd x Nd matrixz over

K, and for 1 <i,j5 < N and 1 <a,b<d, we have
qdety,(adet; (T 5); K) = adet(igya)jars (15 K).

Example 4.5.1.5. Let K = My(C), and consider the matrix 7' € My(K') defined by
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with D € K*, and consider the quasi-determinant
qdet,,(T; K) = A— BD'C.

Heredity combined with knowledge of the value of the quasi-determinant over a commutative
ring tells us that

det(T)

qdetlj (qdetll ( ) )? (C) qdetlj ( ) C) ( ) det(Mm (T))
Therefore by Cramer’s rule

1
qdetij(qdetn(T; K);C)

_ -1
= TJZ

where the expression on the right denotes the ji'th index of the inverse of 7. On the other

hand,
det(qdety, (T} K))

qdet,;(qdety, (T K); C) = (1) det(M;;(qdet,, (T; K)))

so that
1

qdetz‘j (qdet; (T K); C)
This shows that qdet,;(T; K)~! is equal to the upper 2 x 2 block of T~!. Assuming that the

remaining four quasi-determinants also exist, this gives a “block formula” for the inverse of
a 2 x 2 block matrix.

(A—BD-'C)"" (C —DBA)™!
T =

(B—AC™'D)™* (D-CA™'B)™!
Quasideterminants satisfy many interesting relations, including the following.
Theorem 4.5.1.6 (Generalized homological relations[28][26][27]). Let I,J C {1,2,...,n}
with |I| = |J| =1 =7, and let A € My(K). Recall that for any j € J, My y(;3(A) represents

the (N — 1) x (N — r) matriz formed by deleting the rows indexed by I and the columns
indexed by J. Define an (N x 1) x (r 4+ 1) matriz X by setting

Xpj = qdet,;(M; n3(A4)), j€Spél,
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and let Q) be the (r + 1) x N matriz of quasi-determinants

1
= jEJ.
@je qdetm(A)’ J€
Then
(XQ)M = 5197('

Lemma 4.5.1.7. Let A be an n X n matrix with coefficients in a commutative field, and let

I,J C{1,2,...,n} with |I| = |J|, and assume that det(A) and det(M; ;(A)) # 0. Then
det(A) = det(M[’J(A)) det(MJ/J/(Ail))il
Proof. First, let [k] := {1,2,...,k}, and set P = My py(A), S = My (A). Then there
exist matrices @, R, 15, @, ff, S such that
A= , ATl =
R S R S

Note that P = Mgy (A71). Assume P is invertible. Then since S is also invertible, we

have
P Q I QS! P 0
A= - ,
R S RP! I 0 S
and therefore
(P — QS‘lR)_1 0 1 —QS!
Al =
0 (S—R'PIQ)! —RP! I

In particular, this shows that P = (P — QS™'R)™!. Since inversion is smooth, we can
actually drop the assumption that P is smooth by taking an appropriate limit. Furthermore,

we calculate

P Q I 0 P-QS'R Q

R S -S7'R 1 0 S
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and taking determinants tells us
det(A) = det(P — QS™'R) det(S) = det(P)~" det(S).

This proves our theorem in the case I = J = {1,2,...,k}.
More generally, let a, 8 be any two permutations of {1,2,...,n} of order 2, and let T, T}

be the associated permutation matrices. Then replacing A with T, ATz, we get
det(ToATp) = det (Mpg ) (TaATp)) det (Mg uy (T3 A T0)) ™
which simplifies to
det(A) = det(Mam),s(x1) (A)) det(Ma(quy.aqumy (A1)

Since transpositions generate all permutations, our formula follows immediately from re-

peated application of this calculation. O

Corollary 4.5.1.7.1. Let A € M,,(K) for K = Mx(C), and fori,j € {1,2,...,n}. Then
det(A) = det(qdet,;(A; K)) det(M; ;(A))

where here by M; ;(A) we mean the exclusion of the i’th row and j’th column viewing A as

an element of K.

Proof. Set u = N(i — 1),v = N(j — 1). Let B := qdet,;(A) € My(C) and let @ be the

matrix whose entries are
1

qdet, ,(B;C)’

By heredity of quasi-determinants and our cofactor formula for quasi-determinants over

Qp,q =

commutative rings , we know

1
B qdetv-i—q,u—f—p (Aa C)
det(Myqu+p(A))
det(A)

QP#I

— (_1)u+v+P+q — (Ail)u+p,v+q-
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Furthermore, by the cofactor formula over commutative rings, we know

_ (=P det(Myp(B)) s
Qp,q - det(B) - (B )P#]

Thus we see that the entry of 7, j'th entry of A™! (viewed as an element of M, (K)) is B~1.
Combining this with the result of the previous lemma, the statement of the corollary follows

immediately. [

4.5.2  The Twisted Tau Function

For any n > 0, let V,, be the subspace of V consisting of polynomials of degree at most n — 1,
with coefficients in V. Let P, : V — V,, be the truncation map, which in particular is a
projection map, and let P+ : V — Vi represent the projection onto the orthogonal space
Vt = 2"V, and let V, =V, HVL =V with V.= V.

n—1 —

Given any linear operator R : V. — V,, the restriction R™ of R to Vi decomposes as

w | BT RY
R™ =
REY R
where R™ : V2V, R V. 5V, R .V, -V, and R : V, — V..

Definition 4.5.2.1. Let R : V, — V. Assuming Rg;) is invertible, we define the quasi-

determinant

qdet(R™) := Ry — Ry (Rgy)) ™ Ry}

Furthermore, we define the matrix-valued determinant to be the infinite product
mdet(R™) = H qdet(RY)) := qdet(R™)qdet(R"*V)qdet(R"Y) .. .,
j=n

assuming the each of the terms in the product on the right hand side is defined and that the
limit exists. In the special case n = 0, we will write qdet(R) instead of qdet(R™).
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Remark 4.5.2.2. Proving the convergence of the above limit in generality is outside the
scope of this document. Suffice it to say that in the cases we consider there will exist an ng

such that qdet(R™) = I for all n > ng, so that the limit will exist trivially.

Definition 4.5.2.3. Let H € Gr(0),, g € 'y, and h € I'y. We define the matrix tau

function of H to be
Ti(g) := mdet(R(H, g)) = qdet(R(H, g))mdet(R(H, g)V).

whenever the matrix determinant on the right hand side is defined. More generally, we define

the h-twisted matrix tau function of H to be
Tii(9) = mdet(R"(H, g)) = qdet(R"(H, g))mdet(M(R"(H, g))"),
where here R"(H, g) = L; ' R(H, g) L.
For any y € C with |y| > 1, let p, =1 — z/y.

Lemma 4.5.2.4. Let H € Gr(R,0), be analytic, and choose y € C with |y| > 1. Then

Tw(p(y) =1+ w(y)

for w(z) € 2 YK[[z7Y]] the unique element satisfying 7|5 (v) = v(1 +w(2)) for allv € V.

-1

Proof. Using the decomposition H = H & H_, we may decompose Lp(y’z) and L, ) as

a b a” ! —a thd?
L' = , and Lp(y7z) =

p(y,2)
0 d 0 d-!

for somea:Hy —Hy, b:H_ — Hy,and d: H_ — H_, where we have used the fact that
p(y,2) " Hy CHy.

For each n > 0, let w(z;n) € K[[z7!]] be the unique element satisfying

o= + w(zn)) = melg (02") = s (02")
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for all v € V. Then for all v € V we have
R(H, ply, 2)) (v") = 02" + @ b{u(2;n))).

Now for n > 0 we calculate

—1 —-n\ __ - Zj_n
p(y,Z) (UZ )*UZ yj )
=0
and therefore
oz =0y Y S = ply,z) Moy
— Yy
j=n

Thus a 'b(vz™") = p(y, 2)b(vz"") = vy~™. Tt follows that a~'b(vw(z;n)) = vw(y;n), and

consequently R(H, p(y,2)) decomposes with respect to Vo @ Vé as

I+w(y;0)
R(H, p(y, z)) = :
0 idVﬁ

from which we calculate Tw (p(y, z)) = I +w(y;0). Since w(y;0) = w(y), this completes the
proof. O

Lemma 4.5.2.5. Let H € Gr(0),. Then the Baker-Alkheizer function of H is given by

Vu(g,y) = THgfl(Py)-

Proof. From our previous calculation, we have T ,-1(py) = 14+w(g, y) for w(g, ) the unique
element of z ' K[[z71]] satisfying v(1 + w(g,2)) = tgg-1(v). This shows that f(g,y) =
Trg—1(py)9(y) satisfies f(g,z) = v(1 +w(g, 2))g(z) € H satisfies the definition of the Baker-
Alkheizer function for H. O

Theorem 4.5.2.6. Let H € Gr(0),. Then the Baker-Alkheizer function of H is given by

Vr(g,y) = Th(9ey) TH(9)  9(y).
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Proof. We have that
R(H,gpy) = LyR(Hg ™", p,) L' R(H, g),
from which we find
Lg—lR(H, gpy)L, = R(Hg™ ', py)L;R(H, g)L,,

or equivalently
Rg<H7 gpy) = R(Hgiapy)Rg(H: g)

Now we have to be careful, because the multiplicative properties that we saw with tau
functions don’t extend directly to matrix tau functions. However, for any h € ', we may

decompose RI(H, h) with respect to Vo @ Vé as
RI(H,h) =

In particular, this gives
T5(h) = (a(h) — b(h)d(h)*c(h))mdet(d(h)).

Furthermore, for some e : VOL — Vo and k£ = Ty-1(p,) € K we have

. K e
R(Hg~ 7py) =
0 ldVé
From this, we calculate
K e a(g) b(g) ka(g) + ec(g) rb(g) + ed(g)
RI(H,gp,) = = ;
0 idgs c(g) d(g) c(g) d(g)

and therefore

Ti(gpy) = (kalg) + ec(g) — (kb(g) + ed(g))d(g) " c(g))mdet(d(g))
= r(a(g) — b(g)d(g) " c(g))mdet(d(g))
= Trg—1(py)Ti(9)-
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Consequently,
Ti(ap)Ti(9) ™ = Trg—1(py),

and from this the statement of the theorem follows immediately. O

Remark 4.5.2.7. Note that the calcuation above actually shows

Vi (g,y) = adet(RI(H, gp,))adet(RI(H, g)) ' g(y),

and so we don’t actually need the infinite product described in the definition of the matrix
tau function to exist. We only need the first term in the product! However, we use the
infinite product in our definition of the matrix tau function, as it feels more natural than

just taking the first term.

Corollary 4.5.2.7.1. Fix a normalized, monic matriz differential operator d of order (. Let
o be a pseudo-differential operator satisfying v='ov = 9%, and let H € Gr be the associated
point in the Sato Grassmannian. Suppose that H is analytic (ie. H € Gr). Then a stationary
Baker-Alkheizer function vy (x,y) of H is given by

Y (e,y) = eVTE (@ — 1)y, —y~2/2,—y /3, .. VT ()L,

Proof. This follows immediately from the previous result and the observation that g(f} Py =
g(t — [y~1]), with the usual notation [2] = (2, 2%/2,2/3,...). O

Theorem 4.5.2.8. The matrix tau function satisfies the property
det(Ty(g)) = det(R(H. 9)) = 7 (g).

In particular, when N = 1 the matriz tau function agrees with the Sato-Segal-Wilson tau

function on its domain of definition.

Proof. For any integer n > 0, let V,, be the subspace of V. consisting of polynomials of
degree at most n with coefficients in K. Let P, : V. — V,, be the projection map, and set
R'(H,g) =id + P,R"(H, g)P,. Then for all n,

det(Ry,(H, g)) = det(qdety (R, (H, g))) det(Mi1(R,(H, g)))
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and therefore taking a limit gives

det(R"(H, g)) = det(qdet(R"(H, g))) det(M, (R"(H, g)))
— det(qdet(R"(H, ¢))) det(R"(H, ¢)V)

Using the same argument, one may show
det(R"(H, g)™) = det(qdet(R"(H, g)™)) det(R"(H, g)™*V).
and therefore

det(RM(H, 9)) = [ | det(adet(F*(H, 9)")) det(F*(H, )"V,

Jj=0

Since R*(H,g)™ — id, we obtain

det(R"(H, g)) = H det(qdet(R"(H, g)™)) = det(mdet(R"(H, ¢))) = det(T(g)).

Jj=0

Furthermore, since R"(H,g) differs from R(H,g) by conjugation by L, det(R"(H,g)) =
det(R(H, g)). This completes the proof. O

4.6 Examples

4.6.1 A first example

Consider the point W € Gr determined by the analytic W € Gr defined by
W =Vp(2)(z — 1)t @ VzC[z],

where V = (CM)T, p(z) = zI + b for some fixed matrix b € My(C) and some r € C with

|| < 1. We calculate

=T +pr)z (I +rzt +r%272+..0).
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Therefore for all v € V', we have 1y (v2*) = vz* for k > 0 and

L (v) = v (1+ p(r) ) .

Z—=T

We calcualte R"(W, g)(v27) = v2? for all j > 0 and therefore writing
R"(W, g)(v) = vRy(W. g) + zvR1y(W, g) + O(2%),
it follows that relative to the canonical basis for V.

Rl (W,g) 0OI 0I 0I

. I 0l 0f
RMW, g) = % of I ol ... |
. 0of 0l I

and therefore T;%(g) = Rb, (W, g). We calculate

ROV g)(0) = v 1+ 2240

z—r
and therefore for r # 0

Tih(g) = Rly(W. g) = Roo(W, g) = I — p(r) 21— 9(0)

and for r =0

Tow(g) = Rlsy(W, g) = Roo(W, g) = I — p(0)

This also gives us the Baker-Alkheizer function for r # 0 as

oy (90 p(r) 90 Y
owtain) = (=055 + 250) (o5 +oion) ot

and for r =0 as

L g'(0) — g(0)/y g0\
Yw(g;y) = <I - b—g<0) ) (1 - bg(())) 9(y)-
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In particular, we obtain stationary Baker-Alkheizer functions for r # 0

1 rp(r) ) v

y —rp(r) —ber

Yw(z,y) = ([+

and for r =0

1 b
= I —_ xy_

1/by 1/b1bs
For example, if r =0 and b = then we have a stationary Baker-Alkheizer

0 1/b

function

PETTI R I |
0 (x —by)™!

4.6.2 A second example
Consider the point W € Gr determined by the analytic W € Gr defined by
W=VaVpz)(z—r) e VACl,

where V = (CM)T| p(2) = 221 +az +b for some fixed matrices a,b € My (C) and some r € C

with |r| < 1. We calculate

PO L) - )+ 2

=(z-—n)I+pF)+pr)z A +rzt +r2272 4.0,

Hence for all v € V, we have vy (v2*) = vz for k > 0 with k # 1, and

ww(vz) = vz + v&.
z—r

Since h(z)vz* € W for k > 2, we have that tyy (hvz¥) = hvz* and therefore

R"W, g)(v2") = h ™ g (g7 e (ho2®)) = hlgm (g ho2®) = hlg(g 7 hos®) = 2",
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Writing

R"W. g)(v) = vRgo(W, g) + 2vRip(W, g) + O(2%),

R"(W, g)(vz) = vRg; (W, g) + 2vR3; (W, g) + O(z%),
for some matrices R}(W, g) € My(C), this tells us that in terms of the canonical ordered
basis for V.
R (W,g) Rb(W,g) 0I 01
Ri(W.g) Riy(W,g) 0 0I

R'W,g) = % « I ol ... |-

from which we see
qdet(R"(W, g)) = Riy(W, ) — Ry (W, g)Riy (W, g) " R, (W, g)
and therefore

va&(g) = (RQO(W, g) — Rgl(vva Q)Rﬁ(VVa g)_lR?O(W, 9))R?1(W7 9))-

Furthermore,
Riy(W,g) R§(W.g) I 01 Roo(W,g) Ror(W, 9) oI
R(W,g) RMN(W,g) Ml 1 Rio(W,g) R (W, g) —hl 1

for iy := 1'(0)/h(0) and Ry;(W,g) := R};(W, g). We calculate

R(W,g)(v) = v,
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for all v € V', and therefore Ryy = I and Ry = 0. Moreover,

R(W, g)(vz) = g(z)m (9(2)_1 (vz + U%))

om0 iy

Z—=7T Z—=T

— g()m (vgcz)-lz T op(r)

oo 22007
So that
Ror(W, g) = p(ry 2000 — 1
Ru(W.g) = 1 + 20190 +9(0) = 9(r)
’ g(r) 2
Hence
hig) = 1 4 P g0 +9(0) = g(r)
Tw(g)—l—i—g(r) ;

and a Baker-Alkheizer function

B p(r) rg'(0) + (9(0) — g(r))(1 —7/y) p(r) 74’ (0) + g(0) — g(r)\ '
wwto) = (14 ot ) = ) {1+ = )

Note in particular that if r is a root of p(z), then Ti#(g) = I, which makes sense since in

this case W = V. This also gives us the Baker-Alkheizer function
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Chapter 5
BISPECTRAL DIFFERENTIAL OPERATOR ALGEBRAS

In this section, we explore the structure of bispectral algebras of differential operators
with matrix-valued coefficients. We prove several structure results for bispectral differential
operator algebras of rank 1.

For this section fix two simply connected, open subsets U,V C C and differential rings

R = My(Holo(U)),R = My(Holo(V)), with ring of constants K = K = My(C). Also
fix a bispectral setup (A, B, M) for A = ®(R), B = D(R)* and M the A, B-bimodule
My (Holo(U x V)). For simplicity, we will use 0, to refer to the derivative of R and 9, to
refer to the derivative of R. We will also fix smooth points [ and I of R and R, respectively.
For any r € R, we will write r(x) to denote the image of r in K [[z]] under the map R — K[[z]]

induced by I. Similarly, for 7 € R, we will write 7(y) to denote the image of 7 in K [[y]].

5.1 Rank 1 Bispectral Operator Algebras

5.1.1 The Ad-Condition

Most structure theorems for algebras of bispectral differential operators with commutative
coefficients rely on the fact that bispectral operators satisfy a certain Ad-condition, attributed

by Griinbaum to Duistermaat [32]. In particular if (9, b,1)) is a bispectral triple with

0-Y=1g and ¢ b= fi,
then
(Of = fo) =0 f — forh = (g0 — 0g),

and more generally for all m > 1

Ady* ()Y = 1Adg(b), and AdF ()¢ = PAdy(g).
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For differential operators, the order of Ad’y'(d) is at most d—m for d the order of 0. Therefore
Adjlfl(b) = 0, and (assuming that ¢ has trivial left and right annihilators) this implies
Adi*'(g) = 0. This latter equation strongly resticts the coefficients of b. Tt is this Ad-
condition which is used in several papers to derive and classify bispectral triples [42][70] [15].

In the noncommutative case, we can establish a similar Ad-condition. However, there is
a bit of a hitch coming from the fact that Ad'(9) could still potentially have the same order
as 0, due to interactions between the noncommutative coefficients. To get around this, we
will restrict our attention to bispectral algebras which include bispectral triples which are
in some sense regular. Note that this isn’t really that dire a restriction for rank-1 bispectral
differential operator algebras, since these must include such a triple. With this in mind, we

provide the following definition.

Definition 5.1.1.1. Let (9, b,%) be a bispectral triple for the bispectral context (A, B, M).

We call (9, b,1) normalized if 0 and b are both monic with submaximal coefficient 0. We

call (0, b,1) regular if there exist nonconstant functions f € Z(R) and g € Z(R) such that
-9 =1g and ¢-b=fy.
Lemma 5.1.1.2. Letd € ©(R) be a differential operator of order d. Then for any f € Z(R),
the order of A} (d) is at most d —m. In particular
Adf(d) =0.
Proof. Let q € ®(R) be an operator of order ¢. Then we may write
q4=qd, +qu,

for some ¢, € R and q; € ®(R). Using this, we calculate

Ads(q) = fqudl — @O f + fai —au f
¢

14
— faidt sl = 3 (1) 0L+ fa s

n=1

14

==, (i) FMOT + fan—af,
n=1
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From this we see Ads(q) has order at most £ — 1. Then since Ad’}'(0) = Adf(Ad}”_l(b)), the

statement of the lemma follows from a simple inductive argument. m

Lemma 5.1.1.3 (Ad-condition). Let (2, b,v) be a normalized, reqular bispectral triple. Then
if g = Ap(p) for some operator p € Bisp (1) of degree { and f = Agr(q) for some operator

q € Bisg(¢) of degree m we have

AdPTHf) =0, and Ad™(g) =0.

Proof. Let fo € Z(R) an gy € Z(R) with AL(d) = go and Ag(b) = fo. By bispectrality and

the previous lemma, we calculate
0= Adj! (p)e = A (9).

Since 1 has trivial right annihilator, this implies AdS*!(g) = 0. The fact that Ad?™(f) =0

is proved similarly. O]

Lemma 5.1.1.4. Let (0,b,1)) be a normalized, reqular bispectral triple. Then if g = Ap(p)
for some operator p € Bisy () of degree { and f = Ar(q) for some operator q € Bisg ()
of degree m we have Then f(x) € K[x] is a polynomial of degree m and g(y) € Kly| is
a polymomial of degree €. In other words, the eigenvalue homomorphisms send differential

operators to polynomials with degree at most the order of the operators.

Proof. Choose wave operators v € B(R) and w € PB(R)% satisfying v='ov = 9! and
b~ = 9. Then by the previous lemma Ad(f) =0, and conjugating by v gives

0= Adj;"'(v™" fo).

Note that v~!fb is a pseudo-differential operator of order 0. Choose ro(071),r (071), - €
K|[07 "] such that
v fo=> 2", (07") € P(K[[]]).
n=0
Let 7,(07') = 372 ;0 7. Note that by comparing the coefficents of order 0, f(z) =

e L0
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We calculate

Ad), (07" fo) = ZAd ™) (71).

Since Ad?’ﬁ (z™) is a non-zero divisor in ®(R) for n > j, the condition that Ad%“(n”fn) =0
then implies that r,,(071) = 0 for all n > m. Consequently f(z) is a polynomial of degree at
most m. The proof for g(y) is similar. O

Lemma 5.1.1.5. Let (9,b,4) be a normalized, reqular bispectral triple in the bispectral con-
text (A, B, M), and let v € B(R) and w € P(R) be a wave operators satisfying

v 00 = go(0,), wbw = £,(9,),

for some polynomials fo, go. Then the coefficients of v are rational functions of x, and the

coefficients of vo are rational functions of y.

Proof. Let v = I +3.°° v,(¢)d;™. Then the Ad-condition tells us that AdS*(f(x)) = 0.
Conjugating by v, this says Ad?ré9 (o1 f(z)v) = 0. Writing

20 =Y wn ()0,
m=0

for some wo(x), wy(x), - € My(H(U)), the vanishing adjoint implies that w,,(z) is a poly-
nomial of degree at most ¢ for all m > 0 (by the argument of the previous lemma).
Multiplying both sides by v and expanding, we then obtain

93)+Zf(x)vn(x)8m ~I—Zwm o, ™ +ZZU” )0, "W ()0, ™.

m=0 n=1

Using Leibniz rule, we calculate
) L
0, " wm(r) =3 < n) wPor =% < n) wd =,
=0 \J =0 \ 7
where we have used the fact that w,,(z) has degree at most ¢. Inserting this in the previous
sum expression, we find

)+ f(@)va(@)0; )+ Z Wy ()07 + Z Z Z ( ) Yyw o mmd,

m=0n=1 j=0
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Comparing coefficients of similar powers of 0, on both sides, we see that f(z) = wo(x),

v1(z) = 0 and that vg_; is defined in terms of vy, ..., v_o for k > 2 by
k—2 k—n n
_ / — - (k—n—m)
= Do) = 5 (" e

This recursion relation, along with the fact that wjy(z) = f’(z) is a nonzero polynomial

implies that vy (x) is rational for all k. The same proof works for v mutatis mutandis. [

5.1.2  Rank 1 Bispectral Algebras

Consider a bispectral triple (9,b,1). From the previous lemmas, we can say some things
about the structure of the bispectral algebras Bisy(¢) and Bisg(¢)). For example, the map
sending a value in Bisy (1) to its function of eigenvalues embeds Bisy, (1) into the polynomial
ring K[y] sending 0 to an element in k[y|. Similarly, we obtain an embedding Bisg(¢)) into
the polynomial ring K[z| sending b to an element in k[x]. It follows from this that Bisy (1))
is contained in the centralizer C'(9) of ? in A, and similarly Bisg(¢) is contained in the C'(b)
of b € B.

Definition 5.1.2.1. Let ¢ € M. We call the left bispectral algebra Bisy(¢)) rank r if there
exists a normalized, regular bispectral triple (9, b,1)) and a wave operator v € B(R) such
that v™'ov € k((07')) and the Schur pair (W, s, Ay ) is rank r. We call Bisy(¢) full of
rank 1 if there exists an integer ny > 0 and such that for all n > n and all ¢ € K the algebra
Bisy (1) contains an operator of order n with leading coefficient c. Similar definitions are

taken for Bisg (7)) similarly.

Remark 5.1.2.2. Note that A, ; is isomorphic to C(9), so the choice of wave operator v is
unimportant. Also, since d commutes with every element of Bisy, (1), each element of Bisy, (1)

must have constant leading term. The same holds for Bisg(v)).

Proposition 5.1.2.3. If Bisy(v) is full of rank 1, then Bisy () is also rank 1.
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In the case that Bisy(¢) (or Bisg(¢))) is rank 1, it also has a (stationary) Baker-Alkheizer
function ¥ 4. We can then prove that ¢ and g4 are related by multiplication by a function
of a single variable, and by exploiting this we can classify such bispectral triples and provide

very specific structure theorems for the associated bispectral algebras.

Lemma 5.1.2.4. Suppose v € M, and that the algebra Bisy (1) is full of rank 1. Then
the eigenvalue homomorphism Ay, : Bisg(v¥) — Kly| sends the center of Bisy (1) to k[y] and
sends operators to polynomials whose degree is equal to the order of the operator. A similar

statement holds for Ar when Bisg(v) is full of rank 1.

Proof. Let N = dim(K). First of all, since Ay is an anti-homomorphism it must send the
center of Bisy (1) to the center of the image of Ay. Let Bisz(¢), be the subset of Bisy(v)
consisting of operators of order at most n. By the assumption that Bisy, () is full of rank 1,
there exists an ng such that for n > ng and ¢ € K there exists an operator in Bisy (1) of order
n with leading coefficient c¢. Consequently for n > ng, dimg(Bisz(¢),s1/Bisc(¥),) > N?,
and we may choose 7 > 0 such that dimy(Bisg(¢),) > N?n —r.

The eigenvalue homomorphism Ay is injective, and sends Bisy(?)),, injectively into the
k-linear space P, of polynomials of degree at most n. Now suppose that Bisy(¢)) contains
an element p such that g(y) = A(p) has degree m, and is less than the order ¢ of p. Without
loss of generality, we may take p to have a leading coefficient which is not a zero divisor, so
that pq has order ¢ more than the order of ¢ for all ¢ € ®(R). Consequently, pBisy (), and

Bisz (¢)m4n are disjoint, and both are mapped to P4, under Ay. Consequently
N?n — 7+ N*(m +n) —r < dimy(Bisy, (¢),) + dimg(Bisg, () min) < N2(n+m + 1),

which tells us that

N?n < 2r + N2

For n large enough this is a contradiction and thus A; must send operators of whatever order

to polynomials of equal degree.
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This also implies that for n > ng, the image of A; contains polynomials of degree n with
every possible coefficient ¢ € K. As a conseqence, the center of the image of Ay is contained

in k[x]. This completes the proof. O

Lemma 5.1.2.5. Suppose » € M, and that the algebra Bisy (1)) is full of rank 1, and choose
0 of positive order in the center of Bisp(v). Let v € P(R) be a wave operator satisfying
o~ 'o0 = ¢(0,) € k[D.], and let W = W, 1 be the point in Gr(R;0), corresponding to v. Then

W is rational.

Proof. By definition Wg(z) C W. Therefore to prove that W is rational, it suffices to show
that there exists ¢(z) € k[z] such that Wgq(z) C V.. Note that Bisy(¢) is contained in
the centralizer of 0, and so v 'Bisy ()b C Ay C K((271)). Since Bisz (1) is rank 1 and
conjugation by v preserves the leading coefficient, this means there exists an integer ny such
that Ay contains an element of degree n with leading coefficient ¢ for all ¢ € K and all n > ny.
Now the center Z(Bis (1)) of Bisy(¢) is embedded in k[z] by the eigenvalue homomorphism.
Hence by Lurdth’s theorem Spec(Z(Bis.(¢))). Note also that the fact Bisy () is full of rank
1 implies that v~'Z(Bisz())v is contained in k((27!)). Degree arguments tell us that the
cokernel of v™1Z(Bisz (v))v C Sy is finite-dimensional over k. Consequently, Sy, is rational

and it follows that W is rational. O]

5.1.3 First Structure Theorem

Our first theorem regarding the structure of bispectral differential operator algebras says
that if (9,b,) is a normalized, regular bispectral triple, then Bisy(¢) and Bisg(¢) are full
of rank 1 if and only if the function ¢ is equal to an exponential function times a rational

function. In this case, 1 is closely related to a stationary Baker-Alkheizer function for 9 and

b.

Theorem 5.1.3.1. Let (9,b,1¢) be a normalized, reqular bispectral triple. Then Bisy (1))
and Bisg (1)) are full of rank 1 if and only if ¥(x,y) = e @1 h(x ) for p(z),q(y) degree 1
polynomials, and some h(x,y) € My(C(x,y)) with 0 # det h(x,y) € C(z)C(y)C|x, y].
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Proof. Let g = AL(d) = Zf],:ﬂ ", f = AL(d) = 3", faz". Consider new coordinates
T =aw+a and § = by + by, for a; = "0 may = —fme1/fm, b1 = g!}/(km),
bo = —Gm-1/gm- Set d = a;’d € D(K[[F)), b = b;"b € D(K[F)), f = f((F — ao)/ar),
G = g((T—bo)/br), and ¥ = ¥((F — ag)/ar, (J — b)/by). Then (3,b,1)) is a normalized
regular bispectral triple with fm =1, fm_l =0,¢9, =1, and gy, = 0. Thus without loss of
generality, we may assume that f,, =1, f,,_.1 =0,9, =1, and g,_; = 0.

Then we may choose wave operators v € PB(R) and o € B(R) such that v'ov = ¢(d,)
and wbro~! = f(9,). Then by assumption, W, = W, is rank 1, and so there exists a
Baker-Alkheizer function ¢, (7,y). The algebra Sy, is isomorphic to a subalgebra of k[y]
via the eigenvalue homomorphism. Hence it is unirational and thus rational. It follows that

Uy, (z,y) is defined for all but finitely many values of y and

b, (@) = S an(@)y”,
n=0

for some ayg, ..., a, € R. Furthermore, we know

Uy, (2, y) = €™ (1 + Zvn(m)y_”> for v=1+ Zvn(a:)az_”.
n=1 n=1

By a previous lemma, the v, (x) are all rational functions of x, and consequently the a,(x)
above are all rational functions of xz. By the same kind of argument, we can obtain a

stationary Baker-Alkheizer function for Bisg(v))

s

bipn(a,y) = 3 2, (y),

n=0
where again the b, (y) are rational functions of y.

Comparing on the domain of ¢ (z,y), we see that for each y both ¥ (x,y) and Y, (7, y)
are joint eigenfunctions of Bisy (). Since Bisy (1)) is full of rank 1, this implies that for each
y there exists a constant cg(y) such that ¥(z,y) = ¥, (,y)cr(y). Similarly, there exist
cr(r) such that ¢(x,y) = cp(2)¢y, (7, y). Therefore

¢WL(37>ZJ)CR(Q) = CL(ﬂfWWR(%y),
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from which it follows that both cg(y) and ¢ (x) are rational. This proves one direction.

To prove the converse, suppose that (x,y) = e"™h(x,y) for some h(x,y) € My(C(z,y))
with det(h(x,y)) € C(x)C(y)C[z,y] # {0}. Then there exists p(z) € C[z] and ¢(y) € Cly]
such that p(z)h(z,y)q(y) € Mn(Clz,y]). Choose

vy = Zai(x)a;, for Z ai(x)yi = h(z,y)q(y),
i=0 i=0

op = Z@;bi(y), for Zmlbl(y) = p(z)h(z,y).

Then ¢ (z,y)q(y) = vy - €I and therefore dvy, - €™ = ve™Ig(y) = v19(0;) - €*¥. There-
fore (0o — v19(0,)) - €Y = 0 for all y, and consequently dv;, = v,¢g(0;). It follows that
g(9;) - ker(vy) C ker(vy), and therefore that for some polynomial G(g) € C[g], G(g(9,)) -
ker(v;) = 0. Hence ker(v) C ker(G(g(9:))), and consequently G(g(9,)) = tv, for some
t € My(D(U)). Therefore for all k(0,) € My(C[d,]), we have that v k(0,)G(g(d,))0;" =

v k(0, )t is a matrix differential operator and

vLk(0:)G(9(0:))0" - ¥(2,y) = 0,k(0:)G(g(0:))vr v - €™a(y) ™ = (@, y)k(y)G(g(y)).

Consequently, Bisy,(¢) contains v;,G(g(9,)) My (C[0,])v, ", and it follows that Bisy (¢)) is full
of rank 1. The same argument using vg shows that Bisg(1)) is also full of rank 1. This proves

the converse. O

5.1.4 Second Structure Theorem

For our second structure theorem, we show that we can relate the condition of inclusion of
an element 9 € D(R) in Bis;,(¥) (and similarly the inclusion of b € D(R)%) in Bisg(1)) to
finitely many linear conditions. To do so, for each k£ € K we will consider the evaluation
homomorphisms

(0™(x —a),"): M — B

defined for each integer m > 0 and a € k by

<5m($ - a)?@(mﬁy» = 6;n ) Qp(xvy)’x:aa
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along with

("(y—0b): M — A
defined for each integer n > 0 and b € k by
(o(z,y),0"(y — b)) = w(z,y) - Oly=.

Using these, we consider the vector spaces

AR:{(X(x),-):Z(S’”j(x—aj):OngZ,andajEk,OgrjGZforlﬁjgm},

J=0

AL:{<',X(y)>2255f(:c—bj):OSnGZ,andbjEk,OgsjEZforlgjgn},

j=0

and for any ¢(z,y) the vector space
Zr(p) = {(x(2),") € Ar: (x(2), p(z,y)) = 0},

Yr(e) ={(x() € A : (e(z,y), x(y)) =0}

Lemma 5.1.4.1. Let (9,b,%) be a normalized, reqular matriz bispectral triple with 1 (x,y) =
e™h(z,y) for some h(z,y) € K(z,y) with h(z,y) = p(z)"'g(z,y)q(y)~" for some p(z) €
klz], q(y) € klyl, g(z,y) € K[z, y|. Set o(z,y) = e™g(x,y) and

vp =Y ()i, for Y ai(x)y' = h(z,y)q(y),
i=0 i=0

br =Y Obi(y), for lebz(y) = p(x)h(x,y).
i=0

i=0
Then

Yr(p) — ker(vr), defined by x(y) — (€™, x(y))
Yr(p) — ker(vg), defined by x(x) — (x(z),e™)

are C-vector space isomorphisms.
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Proof. We will prove that the map ¥.(¢) — ker(vy) is well-defined and an isomorphism.
The proof for ¥ g(¢) — ker(vg) is similar. Note that vy - €™ = ¥ (z,y)q(y) and e - vp =
p(x)Y(z,y). Suppose that x(y) € X(p). Then

0= (p(z,y), x(¥)) = p(x)(W(z,y)q(y), x(v)) = p(x){oL - ™, X(y)) = p(x)oL - (™, X(y)),

and therefore (™, x(y)) € ker(vr). One may check that the induced map 3 (¢) — ker(vy))
is an injective vector space homomorphism.

Next, suppose that k(x) € ker(vy). Since dvy, = v5,9(0,), it follows that ¢(0,) - ker(vy) C
ker(vy). Since ker(vy) is finite dimensional, it follows that there exists G(g) € Clg] satisfying
G(g(0:)) - ker(vy) = 0. This means that ker(vy) C ker(G(g(0.))), and therefore k(z) €
ker(G(g(0;)). It follows that there exist matrices {k;;} C My(C) and complex numbers
{c;} C C such that k(z) = 37, Z?io kijz'e™. Hence k(z) = (e™, x(y)) for x(y) =
> i S k0@ (y — ¢;). Moreover, we see that

0= f(z)or - k(z) = f(x)or{e™, x(y)) = (V(z,y), x(v))-

Thus x(y) € XL(¢), and we conclude that 31 (¢) — ker(vy) is surjective. Since the map is

also injective, this proves that it is an isomorphism. O

Theorem 5.1.4.2. Let (0,b,v) be a normalized, reqular matriz bispectral triple defined on
UxV CCxC with ¢(x,y) = eh(z,y) for some h(x,y) € My(C(z,y)) with h(x,y) =

p(x) " gz, y)q(y)~" for some p(x) € Clz], q(y) € Cly], g(z,y) € Mn(Clz,y]). Set o(z,y) =
eyg(z,y) and

m m

vy = Z a;(x)d;,  for Zai(m)y" = h(z,y)q(y),

o= SO, for S ai(y) = pe)hiay)
Then - -

Bis,(¢) = v.{f(8:) : f(y) - Srle) C Srlp)}oL’,
and also
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Proof. Suppose that k(y) - X1(¢) € X1(p). Then for all x € X1(p), we calculate

0= (p(x,y), k(y)x(y)) = vr - (€“k(y), x(y)) = oL - k(0) - (™, x(y))-

Therefore by the previous lemma, k(9,) - ker(v;) C ker(v;). Therefore v k(d,)o;" is a

differential operator and

0L k(0p)0r " - (z,y) = 0Lk(0:)0 v - €™q(y) ™t = Y(x,y)k(y).

Hence v k(0,)0," € Bisy,(¢).
Conversely, suppose that t € Bisy(¢)). Then t- ¢ (z,y) = ¥(x,y)t(y) for some t(y) €
My (Cly]). It follows that

tog - ™ = vre™t(y) = vt(0,)e™,

and therefore (to;, —v,t(0,)) - €®¥ = 0. This implies that to;, — v.£(9,) = 0, and therefore
o,t(0,)0;" = tand £(9,) - ker(vy,) C ker(by,). This implies ¢(y) - X1(») € X1(¢) by the same

calculation as above. Hence

Bisy, () = o {k(,) : k(y) - Zi(p) C Xr(p)}or '

5.1.5 Third Structure Theorem

Lemma 5.1.5.1. Consider (0,b,%) a normalized, reqular matriz bispectral triple defined on

UxV CCxC. LetXp(p) and vy, be defined as in Theorem and let W7, be defined as
in Theorem . Let v be a wave operator for 0 satisfying v='00 = g(0,)I for g(y) € Cly]
satisfying 0 - ¥(z,y) = ¥(x,y)g9(y), and let (W, A) be the Schur pair for v using base point
b € V. Then there exists v(0,) € My(C((9;1))) satisfying vv(9,) = vy, and furthermore

T

there is an isomorphism W — Wy, defined by

w(z) = w(y)v(y).
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Proof. First of all, since b;'ov;, = ¢(d,) and v™1o0 = ¢(d,), we see v, vg(d,)v " o, =
g(0;). Therefore v~'o; commutes with ¢g(d,). The centralizer of g(d,) is My(C((9;1)))
and therefore there exists v(0,) satisfying vv(0d,) = vy. Note that it also follows v(0,) has
nonzero determinant.

Fix a base point b € V, and suppose that w(z) € W. Then there exists w(z) € V
satisfying w(z) = w(z) - v. It follows that w(z)v(z) = w(z) - vu(0,) = w(z) - v, € V4 and
furthermore

W(2) -0, = e (w(0,)0 - €Y)| oy

Therefore we calculate for all x € ¥, () and k(y) € My(Cly])

(w(y)v(y), e x(y)) = (e (W(0,)or - €Y)|oms, € X (y))
= (w(0:) - (oL - €™, x(¥))) |o=b

= (0(0:) - (p(,y), x(¥))) la=s = 0.

It follows that w(y)v(y) € Wy, and thus the map W — W, defined by w(z) — w(y)v(y) is
well defined. Since v(y) has nonzero determinant, this map is also injective.

To prove surjectivity, suppose that t(y) € W, satisfies (t(y), e®x(y)) = 0 for all x € Z1(¢)
and integers n > 0. For each f(x) € ker(vy), there exist x € X.(p) satisfying f(x) =
(e®¥,x(y)), and therefore t(9,) - f(2)|s=s = (t(y), e¥x(y)) = 0. Thus we have t(z) - v;' € V.
Taking w(z) = t(2)-0;" and w(z) = w(z) - v, we have w(z)v(z) = w(z) - vy, = t(2), and hence

w(y)v(y) = t(y). This proves surjectivity and completes the proof of the lemma. O

Theorem 5.1.5.2. Let (0,b,v) satisfy the assumptions of the previous theorem, and let

Y(p), Xr(p) be defined as in the previous theorem. Fix base points b € V and a € U and
define

Wy, = {w(y) € (Cly®")" : (w(y),e”x(y)) =0, Vx(y) € Srlp)},

Wg = {w(z) € Cla]® : (x(x)e™, w(x)) =0, Vx(z) € Zr(p)},

Ap = {g(y) € Mn(C(y)) : Wrg(y) € Wi},
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Ar = {f(x) € My(C(x)) : f(x)Wgr C Wg}.
The spectrum of the center Z(Ayp) of Ar is a rational curve. Furthermore Wy, is a torsion-
free module over Z(Ar) and is generically free of rank N. Similarly, the spectrum of the

center Z(AR) of Ag is a rational curve, and Wg is a torsion-free module over Z(Ag) of Ag,

which is generically free of rank N. Moreover,
BISL(w) it AL = Endz(AL)(WL), and BISR(w) = AR = Endz(AR)<WR).

Proof of Theorem[5.1.5.9 Let (W, A) be the Schur pair for the wave operator v taking 9 to
g(y) for g(y) € Cly], as in the proof of the previous lemma. The previous lemma tells us

that for some v(y) € My (C((y™"))) we have

A= {k(2) € Mn(C((z71))) : Wk(z) € W}

= {k(y) € Mn(C((y™))) : Wro(y) 'k(y) € Wro(y)™'}

= {k(y) € Mn(C((y™))) : Wrv(y) " k(y)vly) € Wi}

= v(y){k(y) € My(C((y™))) : Wik(y) € Wrlv(y)™
Then since Wy, contains r(y)(C[y]®™)T for some nonzero r(y) € Cly], we see that if k(y) €
My (C((y™1))) satisfies Wrk(y) € Wy, then k(y) € Mx(C(y)). Therefore A = v(y)Arv(y)~ .
Since v~ 'Bisy(¢)v = A (itentifying z with 9,), it follows that A; = Bisy(¢). Next, the
fact that Z(Ap) C Cly] and Wy, C (C[y]®M)T implies that Wy, is torsion free over Z(Ayp).
Furthermore, since W is generically free of rank over Z(A;), and the center of Z(Ay) is

C(y), we have that Endza) (W) = {f(y) € Mn(C(y)) : Wrf(y) € Wi} = A. The proof for
Ag, Bisg(1)) and Wy follows similarly. O

5.2 Examples
5.2.1 A First Example
Let N =1, U =D(1,1) = V, and consider the bispectral triple (9, b,1) defined by

2 2 1
= 2 —_—— = 2 _ = Yy = i —
0=0; ot b=0, 7 and ¢¥(x,y) = e"h(z,y) for h(x,y) (1 my)
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Then choosing p(z) = z and ¢(y) = y, we see that h(z,y)p(z)q(y) € My(Clz,y]). Setting
plz,y) = ple)y(z, y)a(y),

vy =20, — 1, and vp =0,y — 1,

we have that vy-e™ = ¢(x,y) and e™-vr = p(z,y). Furthermore, we calculate ker(v,) = Cz,

and therefore ¥ (p) = Cd'(y). From this, one easily calculates
AL =W, =C+¢*Cly.
Similarly Xg(¢) = C¥(z) and Ag = Wg = C + 2*C[z]. Thus by Theorem (/5.1.5.2)
Bisy, (1)) = 0., (C + 9*C[d,))v;
and also
Bisg(1)) = v;' (C + 92C[9,])vx.
5.2.2 A Second Example

Let N =2, U =D(0,1), V=D(1,1), a,b € C\U with a # b, and consider the bispectral
triple (0, b,%) defined by

1 1 2 2a
z—a (z—a)(z— 2 e 0
0=0821 - e =921 - 0,51 - ’ ,
0 1 Yy 0 p2 _ 2
xz—b Y

and

1
_ ay o y— z—a  (z—a)(z—b)
¢(9Ca y) =€ h(l’, y) fOI‘ h(l’,y) -

0 Yy — ﬁ
Take p(x) = (z — a)(x — b) and ¢(y) = 1. Then p(x)h(z,y)q(y) € My(Clx,y]). Setting
o(x,y) = p(x)(z,y)q(y), we find vy, - eI = (z,y) and €™V - vg for

(x —a)(z —b)0, — (z — b) 1

UL: )

0 (x —a)(x —b)0, — (x —a)
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and
2y — Oy((a+b)y+ 1) +aby +b 1
brp = .
0 D2y —0,((a+b)y+ 1) + aby +a

The kernel of vy is given by

ker(vy) = ( roe ) My(C),
0 x-0

and therefore

Thus
Wy = C( (aby +b) 1 ) ® ( y*Cly] (by +1)C @ y*Cly] ) 7

and

Ap = CI & y*M(Cly)).

The kernel of vy is given by

b—a b—a
ker(vg) = Ms(C) ( Jyrl oy e @ My(C) ! e,
0 1 0 (a—by+1

and therefore X () = Mo(C)xa(z) & Mo(C)xp(z) for

(b—a)d(x—a)+0(x—a) 0(x—a)
Xo(2) =

0 d(x —a)

Xb(T) =

(b—a)d(x —0) d(z —b)
0 (a—0)d(z—0b)+d(x—0)



It follows that Wg = Cw; & Cwy @ Cws ® Cwy & (z — a)?*(x — b)*C[z]®? for

s — (x__1a>7 oy — ((m - a);(:n - b))

o= () e (o)

In fact, one may check Wr = u(x)WR for

and therefore Ap = u(z)Agu(z)~* for
Ap = {f(x) € My(C(x)) : f(2)Wr C Wr}
Ca® (x —0)’Clz]  (z—b)*C|z]
(x —a)’Clz] C& (z—a)’*Clz]

From this, we can obtain all of the elements of Bisg(¢)) via conjugation.
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Chapter 6

THE ALGEBRA OF DIFFERENTIAL OPERATORS FOR A
WEIGHT MATRIX

Note that much of this section is taken verbatim from a preprint written by the author

which has been submitted for publication [9].

6.1 Introduction

A weight function is a nonzero measureable function w : R — [0, 00) satisfying the condition
that the moments [ w(z)z"dx are all finite. A weight function gives rise to an inner product

on the space of polynomials in x, defined by

(f(2),9())w 1—/f(x)w(x)@dx.

By Gram-Schmidt, we may obtain a sequence of pairwise orthogonal polynomials {p(z,n)}
such that p(z,n) has degree n for each integer n > 0. Such a sequence is called a sequence of
orthogonal polynomials for w, or if w is implied, simply a sequence of orthogonal polynomials.

Bochner’s problem, introduced in the paper [5], is to determine for which weights w
the associated polynomials are a family of eigenfunctions of some second order differential
operator. Lucky for us, Bochner provides a solution to his problem in the very same paper.
Up to affine changes of coordinates, the only orthogonal polynomials satisfying this property
are the classical families of Hermite, Laguerre, and Jacobi.

The question Bochner addresses generalizes naturally to operators of higher order. Con-
sider a weight function w and a sequence of orthogonal polynomials {p(xz,n)} . The set
D(w) of all differential operators for which the sequence is a family of eigenfuntions forms
an algebra. Moreover, this algebra is independent of the choice of sequence of orthogonal

polynomials for w, since after all the value of p(x,n) is unique up to a scalar multiple for
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each n. In terms of D(w), Bochner’s result tells us for which w the algebra D(w) contains an
operator of order two. However, the classification of weights w for which the algebra D(w)
contains an operator of higher order seems to be very hard. The classification for operators
of order 4 was done by Krall [47], but for higher order is still open.

Bochner’s problem and the notion of orthogonal polynomials also extends naturally to
matrix-valued polynomials. A weight matrix is a matrix-valued function w(z) : R — My(C)
which is sufficiently nice (explained below) so as to induce a nondegenerate matrix-valued

inner product on the space of matrix-valued polynomials defined by

(f(2),9(x))w = /f(:v)w(x)g(x)*dx.

Here g(x)* refers to the Hermitian-conjugate of g(z). Again by a process identical to Gram-
Schmidt, but with matrix values, we may obtain a sequence of polynomials {p(z,n)} such
that p(x,n) is degree n with nonsingular leading coefficient for all integers n > 0 and such
that (p(x,n), p(z,m)), = 0 for m # n. A sequence of matrix-valued polynomials satisfying
these properties is called a sequence of matrix-valued orthogonal polynomials for w.

To extend Bochner’s problem to matrix orthogonal polynomials, one should consider the

algebra My (2) of matrix-valued differential operators, eg. operators of the form
0 = ag(x) + day(x) + - - + 0%ay(x),
where the a;(z) € My(C[[z]]) and 0 acts on My (C][z]]) by

f(z) 0= f(z)ag(z) + f'(x)ar(x) + - + fO(2)ar(2).

In particular, our differential operators act on the right. This is required because of the
noncommutativity of the coefficients: the differential operators must act on the right in
order to be compatible with the matrix-valued inner product [I7]. A function f(z) is called
an eigenfunction of 0 if there exists a matrix A € My (C) such that f(z) -9 = Af(z). With
this notion of matrix differential operators, we may state the matrix version of Bochner’s

problem.
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Problem 6.1.0.1 (Bochner’s Problem for Matrix Differential Operators). Let w(z) be a
weight matrix, and let {p(z,n)} be a sequence of orthogonal matrix polynomials for w(x).
When does there exists a matrix differential operator of order two for which p(x,n) is an

eigenfunction for every integer n > 07

Bochner’s problem for matrix differential operators is considered in numerous papers,
including many of the papers mentioned in the references below. For a helpful survey,
see [19]. Unlike the scalar case, general classification results for Bochner’s problem remain
elusive, even for 2 x 2 matrices. Many papers therefore have focused instead on providing
new examples of Bochner pairs (w,0), eg. a weight matrix w and a second order operator
0 € D(w).

More recent papers have explored the structure of the algebra D(w) of all matrix differ-
ential operators for which the p(z,n) are eigenfunctions. In particular, [68] [11] [40] provide
examples of generators and relations for D(w) for various values of w. Even more examples
are [20][39])[55][72]. These examples demonstrate that the structure of D(w) can be nuanced
and interesting, unlike in the scalar case. However, despite an ever increasing list of exam-
ples, more general results regarding the structure of D(w) remain a mystery. In particular,
current methods of finding generators and relations for D(w) are often ad hoc, or based on

computational evidence, and can involve extended calculation.

The purpose of the current paper is to demonstrate how under sufficiently nice conditions
one may use Darboux transformations to create a new Bochner pair (w, 5) from a known
Bochner pair (w,d). Moreover, we show that when (@,9) arises from (w,?) by a Darboux
transformation then the algebras D(w) and D(w) are closely related, so that knowledge of
the structure of D(w) leads to knowledge of the structure of D(w). As a result, this paper
leads both to new families of examples of Bochner pairs not currently in the literature, as
well as very efficient derivations of the structure of the algebra D(w) of matrix differential

operators for several examples of weights w already featured in the literature.

A Darboux transformation of a differential operator 9 is a new differential operator 0 = no



97

obtained by means of a factorization of the original operator 0 = vy. For a short survey of
Darboux transformations, see [57], and for a great read about the role of Darboux transfor-
mations in the context of orthogonal polynomials satisfying differential equations, see [33].
Further background on the Darboux transformations relevant to this paper can be found in
[35][22]. Finally, for a very recent article exploring Darboux transformations in a noncom-
mutative context, applied in particular to matrix differential operators, see [25]. This notion
works equally as well for matrix differential operators as it does for ordinary differential op-
erators. However, given an arbitrary factorization of 9, there’s no reason to expect that the
transformed operator 3 will be in D(w) for some new weight matrix @. In order to guarantee
this, we must be more methodical about our choice of the factorization of 0.

The method presented in this paper relies on the application of two different adjoints %
and T on the algebra of differential operators. The first adjoint * is the standard notion of

the adjoint, which extends the Hermitian-conjugate on matrix-valued functions and satisfies
(O™ = (=1)mo™.
The second t is the formal w-adjoint of 0, and is defined in terms of the first by
ol = w(2)o*w H(x),

in some neighborhood of x = 0. The requisite properties of w are discussed further in the
section on adjoints later in the paper. For clarity, we provide a formula for the formal

w-adjoint of a first order differential operator in the next example.

Example 6.1.0.2. Consider the first-order matrix differential operator d = ag(x) + da;(x).
Then the standard adjoint of 0 is given by

0" = ag(z)" — dy(x)" — day(x)*,
and the formal w-adjoint of 0 is given by

' = w(w)[ag(x)* — di(2)* — w(x) ' (z)ar(2)w(x) ™" — dw(x)ay (z) w(x) "
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Using the two adjoint definitions we have introduced, we are now able to state our Main
Theorem, which provides a way of obtaining a Darboux transformation of a Bochner pair

(w,) to a new Bochner pair (@,).

Theorem 6.1.0.3 (Main Theorem). Let (w,0) be a Bochner pair supported on (xq, 1) with
lim, ., (|z]" + Dw(x) =0 fori=0,1 and n > 0 and

0 = ap(7) + a1 (z) + Oay(z)1,

with ag(x), ay(x) matriz-valued functions satisfying ai(z)' = a1(x), with ay(z) a scalar-valued
function which is nonzero on (xo,x1), and with d degree-preserving. Suppose that there exist

matriz polynomials vy (z),vo(z) satisfying the following properties:
o deg(vi(z)) =i, det(vi(x)) # 0 on (xg,21) fori=0,1 and (vov; ") = vov;*
o Tr((vi(z) " az(@)(vi(2)1) 7)) € L*(Tr(w(x))dw)
o (vo(x)or(x)™)az(z) + (vo(w)vr(2) ™) az(x) + (vo(z)v1(z) ™ )as(x) + ao(x) =0
Then the following is true
(a) there exists a smooth, matriz-valued function f on (zo,r1) satisfying vif(vif)T = aol
(b) w= fwf* is a weight matriz
(c) v :=0vi(z) —vo(x) and v := —f(z) f1(x)o" are degree-preserving and 0 = vy
(d) p(z,n) :=p(x,n)- v is a sequence of orthogonal matriz polynomials for w
(¢) (w,d) is a Bochner pair for d := yo

(f)
D(w) 2 (67 D(w)o) N My () = {v"'0 : n € D(w), ker(v) - n C ker(v)}.
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The Main Theorem is not as general as possible. The idea is to decompose ? as 0 =
—vffTo’ such that v is degree-preserving and w-adjointable. The Main Theorem simply
provides a specific context where this holds. Even more generally, we could find v such that
ov = v for some differential operator 9, eg. a Darboux conjugation rather than a Darboux
transformation. It is also important to note that the function f in the Main Theorem is
not unique — and in fact there are many such functions up to a choice of smooth, unitary
matrix-valued function. To find such an f, we split w(x) as u(z)u(z)*, which we may do since
w(z) is Hermitian. Then u vy as(v]) " u is also Hermitian, and therefore may be split as
hh* for some matrix-valued function h. Then taking f = uhu™' completes the construction.

Motivated by our Main Theorem, we make the following definition

Definition 6.1.0.4. Let (w,?) be a Bochner pair, and let {p(z,n)} be a sequence of orthog-
onal matrix polynomials for w. We call (@, ) a Darboux transformation of (w,d) if there
exist matrix differential operators y and v such that @ = vy, 0 = yo, and p(x, n) = p(z,n)-v
defines a sequence of orthogonal matrix polynomials for w. We also say that v is a Dar-
boux transformation from the Bochner pair (w,d) to the Bochner pair (@,9). We define the

associated subalgebra D(w,v,w) of D(w) by
D(w,0,w) := (0" D(w)o) ND(My(C[z]))”® = {000 : 0 € D(w), ker(v) -0 C ker(v)}.

In general, D(w, v, w) will be a proper subalgebra of D(w). However, we should expect
the subalgebra to contain most of D(w). In particular, we have the following proposition,

the proof of which is found in 6.3.2]

Proposition 6.1.0.5. Let v be a Darboux transformation from the Bochner pair (w,9) to
the Bochner pair (,0). Suppose 0 = 0%y + da; + do with det(dy) # 0 and that there exists

a positive integer { such that
dll’Il((j(D({l\J/, v, w)l/D({D, v, w)i—l) = dlIl’l((j(D(ﬁ)/, v, U))Z'_,_Q/D(ﬁ)/, v, w)i+1), Vi > (.

where here D(w,v,w); represents the linear subspace of D(w,v,w) of operators of order
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at most i. Then D(w) is a finitely generated algebra over D(w,v,w), and is generated by

elements of order less than (.

In practice, the previous proposition will allow us to determine the structure of D(w)

from the structure of D(w).

6.2 Background

6.2.1 Classical Orthogonal Polynomials and Bochner’s Problem

This section is intended to provide a reader with a quick recap of the basic points in the
theory of orthogonal polynomials. We begin with the definition of a weight function. For

simplicity, we dodge technical measure-theoretic details by working with smooth weights.

Definition 6.2.1.1. Let —oo < xy < 21 < 0o. A weight function supported on (z, x1) is
a nonnegative function 7 : R — (0, 00) which is 0 off of (x, z1) and positive and smooth on
(20, 1), satisfying the condition that the moments fR xz"r(x)dx < oo for all integers n > 0.

The interval (zg,x;) on which r is nonzero is called the support of r.

Given a weight function r(z), we define an inner product on C[z] by

(p(a), q())r = / p()r(2)g(@)dz.

By the process of Gram-Schmidt elimination, we can construct a sequence of pairwise-
orthogonal polynomials p(z,0), p(z, 1), p(x,2),... with p(x,n) a polynomial of degree n.
If we impose the additional constraint that each p(x,) is monic, then this sequence of poly-

nomials is unique.

Definition 6.2.1.2. Let r(z) be a weight function. A sequence of polynomials {p(x,n)}>2,
is called a sequence of orthogonal polynomials for r if p(z, n) has degree n for all integers

n >0 and (p(z,n),p(x,m)), = 0 for all m,n > 0 with n # m.

The sequence of monic orthogonal polynomials for a weight function r(x) can in practice

be calculated recursively.
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Proposition 6.2.1.3 (Three-Term Recurrence Relation). Let r(x) be a weight function.

Then for all integers n > 0, there exist constants sp,t, € C such that
zp(xz,n) =p(z,n+1) + s,p(x,n) + t,p(r,n —1). (6.1)

The values of s,, and t,, may be defined explicitly in terms of the moments of r(z).

Sequences of orthogonal polynomials that are simultaneously eigenfunctions of a second-
order differential operator arise naturally in Sturm-Liouville theory. Three families of weights
whose corresponding orthogonal polynomials satisfy a second-order differential operator were
known classically. These weights are listed in the table in Figure [6.1] The sequences of or-

thogonal polynomials for these weights are referred to as the classical orthogonal polynomials.

Family weight

Hermite e v’

Laguerre xbe_xl(ovoo), b>—1
Jacobi (1—2)*(1+ )11, a,b > —1

Figure 6.1: The Classical Orthogonal Polynomial Weights

The importance and applicability of the classical orthogonal polynomials lead Bochner

to ask and answer the following question:

Problem 6.2.1.4 (Bochner’s Problem). For which weight functions r(z) do there exists
second-order differential operators 0 € D(Clz]) for which the sequence of monic orthogonal

polynomials p(x,n) are simultaneously eigenfunctions?

With this question in mind, we make the following definition.
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Definition 6.2.1.5. The pair of data (r,€) with r a weight function and e a differential
operator is called a Bochner pair if the sequence of monic orthogonal polynomials for r are

all eigenfunctions for e.

In other words, (r,€) is a Bochner pair if and only if there exists a sequence of com-
plex numbers {\,}22 such that p(z,n) - e = \,p(z,n) for all n > 0. The next theorem

characterizes solutions to Bochner’s problem. See [69)].

Theorem 6.2.1.6. Suppose that (r,€) is a Bochner pair, with r supported on (xqg,x1) for
—00 < g < 1 < 00. Without loss of generality, we may assume that € = 9*q(x) + O(l(x) +
¢ (x)) for some polynomials l(x),q(x) of degree 1 and 2, respectively. Then the following are

true:

(1) the weight function r(x) satisfies the Pearson equation

q(z)r'(x)r Y (z) = I(z), z € (zg,71) (6.2)

(i1) the polynomials q(z) and l(z) satisfy the boundary condition

lim ¢(x)r(z) = lim I(z)r(x) = 0.

r—a+ z—b—

Conversely, any weight function r(x) supported on an interval (xg, x1) satisfying (1) and (ii)
for some polynomials I(x) and q(x) of degree 1 and 2, respectively gives a solution (r,€) to

Bochner’s problem.

In the case that (r,€) is a Bochner pair, we can obtain the sequence of monic orthogonal

polynomials for r in a far sleeker way than the recurrence relation of Equation (6.1 [69].

Theorem 6.2.1.7. Let r(x) be a weight function satisfying the assumptions of Theorem
and let q(x) and l(x) be as in the statement of the theorem. Then the sequence of

monic orthogonal polynomials p(z,n) may be obtained by the Rodrigues formula

p(z,n) = cu(q(z)"r(a)™r ! (z) (6.3)
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for some constants c,,. Moreover, the generating function

F(z,t) = i ple.n) .,

nle,

is analytic in (xg, 1) X I for some open interval I of O and is given by

Fle.) = T30 = /), (6.4)

where A = \(x,t) satisfies
A—x—tq(\) =0.
The answer to Bochner’s question is that the classical orthogonal polynomials are the

only solutions to Bochner’s problem. This is the content of the next theorem.

Theorem 6.2.1.8 (Bochner[5]). Up to an affine change of coordinates, the only weight

functions r(x) which are solutions of Bochner’s problem are the classical weight functions.

We can extend Bochner’s problem by asking what other differential operators 0 have the
monic orthogonal polynomials of 7 as common eigenfunctions. Let {p(x,n)} be the sequence

of monic orthogonal polynomials for some weight function r. The set
D(r) = {0 € ©(C[z]) : p(x,n) is an eigenfunction of d for all n}

forms a subalgebra of the algebra of differential operators. For (r,€) a Bochner pair, it turns

out that the answer is very straightforward.

Theorem 6.2.1.9 (Miranian[51]). If (r,€) is a Bochner pair, then
D(r) = Co(cpap (€) = Cle],
where here Co(cla))(€) represents the centralizer of € in the Weyl algebra ©(Clz]).

Remark 6.2.1.10. We point out that the centralizer Cpca(€) of € in D(C[[x]]) may
properly contain Cyp(cps)(€). For example, the operator € = §*(1 — z?) — 9z commutes
with the first-order operator 9(1 — 22)/2, but the coefficients of the latter operator are not

polynomial.
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The previous theorem shows that a second-order differential operator € forming part of
the Bochner pair (7, €) generates the algebra D(r), and is unique up to a scalar multiple.

Values of € for various weight functions are listed in the table in Figure 6.2

Weight 2nd-order operator
Hermite 0? — 20x
Laguerre Pr+00b+1—x)

Jacobi P —2*)+0(b—a—(a+b+2)x)

Figure 6.2: Classical Solutions to Bochner’s Problem

6.2.2 Matrix Orthogonal Polynomials and Bochner’s Problem
We next review the basic theory of orthogonal matrix polynomials and Bochner’s problem.

Definition 6.2.2.1. A weight matrix w supported on an interval (xg, z1) is defined to be
a function w : R — My(C) satisfying the condition that w vanishes outside of (z¢,x;), that
everywhere in (zg, ;) the matrix w is entrywise-smooth, Hermitian, and positive-definite,

and finally the condition that w has finite moments:
/xmw(x)dx < o0, Vm >0.
The interval (zg,x;) where the matrix is nonsingular is called the support of w.

Note that we work only with “smooth” weight matrices in order to avoid more delicate
analytic considerations. For a survey on the analytic theory of matrix orthogonal polynomi-
als, see [12]. Every weight matrix w defines a matrix-valued inner product (-,-),, on the set

My (Clz]) of all N x N complex matrix polynomials by

P, Q) = / p(e)w(z)q(z) dr, ¥p,q € My(Clal).
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Though it will not play an important role in our paper, the matrix-valued inner product
above begets a traditional (scalar-valued) inner product by taking trace Tr((p, q).«)-

A Gram-Schmidt type argument with our matrix-valued inner product shows that for each
integer n > 0 there exists a polynomial p, of degree n with nonsingular leading coefficient,
uniquely defined up to its leading coefficient, such that (p,, pm)w = 01 for all m # n. We
observe that orthogonality with respect to the matrix-valued inner product is a stronger

condition than orthogonality with respect to Tr({p, q, )w)-

Definition 6.2.2.2. We call a sequence of matrix polynomials {p(x,n)} a sequence of
orthogonal matrix polynomials (OMP) for w if deg(p(z,n)) = n for all integers n > 0,

with non-singular leading coefficient, and

<pn7pm>w - OI, VYm 7é n.

A OMP {p(x,n)} for w will be called monic if it satisfies the additional constraint that
p(z,n) has leading coefficient equal to the identity matrix I for each fixed n. Once again,
there exists a unique sequence of monic OMP {p(z,n)} for any fixed w.

Generalizing Favard’s theorem, Durdn and Lépez-Rodriguez proved that a sequence of
polynomials {p(x,n)} being the sequence of monic orthogonal matrix polynomials for some
weight matrix w is equivalent to the sequence {p(x,n)} satisfying a three-term recurrence

relation under certain regularity conditions.

Theorem 6.2.2.3 (Durdn and Lépez-Rodriguez [21]). Suppose that {p(z,n)} is a sequence
of monic orthogonal matrixz polynomials for a weight matriz w. Then there exist sequences

of complex-valued matrices {s,} and {t,} such that
zp(z,n) = p(z,n+ 1) + spp(x,n) + t,p(x,n — 1), Vn >1 (6.5)

Conversely, given reasonably nice sequences of matrices {s,},{t,}, there exists a weight
matriz w for which the sequence of polynomials {p(x,n)} defined by Equation (6.5)) is a

sequence of monic orthogonal matrix polynomials.
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Matrix polynomials p(x) have a natural action by matrix differential operators, ie. dif-
ferential operators whose coefficients are matrix polynomials. This action is on the right
in order to make it compatible with the matrix-valued inner product defined by w and the
corresponding three-term recursion relation with coefficients on the left. In particular, for
polynomials ag(z),a;(x),as(x) € My(Clz]) the second-order matrix differential operator

€ = ap(x) + Oay(z) + O*az(x) acts on a matrix polynomial p(z) € My(C[z]) by

p(x) - € = p(z)ao(z) + p'(v)ar(z) + p"(z)az(z).
With this in mind, Bochner’s problem was reposed by Durédn [17] as the following

Problem 6.2.2.4 (Bochner’s Problem for Matrix Differential Operators). Determine all
weight matrices w(x) such that there exists a second-order matrix differential operator ? €
D (My(Cl[z]))° for which the associated sequence of monic orthogonal matrix polynomials

are simultaneously eigenfunctions.

For reasons that will be discussed below, when such an 0 exists it may be taken to be

w-symmetric. This motivates the following definition.

Definition 6.2.2.5. We define a (matrix) Bochner pair to be a pair (w, d) with w a weight
matrix and 0 € D (My(C|x]))? a w-symmetric second-order differential operator for which

the sequence of monic OMP for w are simultaneously eigenfunctions.

Thus we are interested in the question of what Bochner pairs exist. More generally, we are
interested in the question of calculating the algebra D(w) of all matrix differential operators

having the monic OMP of w as simultaneous eigenfunctions.

Definition 6.2.2.6. Let w(x) be a weight matrix, and let p(z, n) be the associated sequence
of monic orthogonal matrix polynomials. Then the algebra of matrix differential oper-
ators associated to w, denoted D(w), is the set of all 0 € D(My(C[x]))° such that p(z,n)

is an eigenfunction of 0 for all n.
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The behavior in the scalar case (N = 1) leads us to ask questions such as whether
the solutions to Bochner’s problem for matrix differential operators must satisfy a form
of Pearson’s equation or a Rodrigues-type recurrence relation. Durdn and Griinbaum [I§]
provide a partial result in this direction in the following theorem, restated in terms of formal

adjoints.

Theorem 6.2.2.7 (Durdn-Griinbaum). Let w be a weight matriz. Then D(w) contains a

second-order differential operator if and only if there exists
d = 0%ay + daq + ay,
with a; € My(Clz]) and deg(a;) < i for all i satisfying

(a) ayw = wa}
(b) w-0* = agw for 0* the formal adjoint of ®

(c) asw and (asw) — ayw vanish as x approaches the endpoints of the support of w

In this case, (w,0) is a solution to Bochner’s problem for matriz differential operators.

Note that the first two conditions translate to the statement that 0 is formally w-
symmetric, while the third condition implies that the formal w-adjoint of ? is an adjoint
(see Def. [6.2.3.3)). In other words, the content of the above theorem is that a weight matrix
w has a second-order differential operator in D(w) if and only if there exists a w-symmetric
second-order differential operator. The above conditions imply that w satisfies the non-

commutative Pearson equation

2(aqw)’ = ayw + waj. (6.6)

6.2.3 Adjoints of Differential Operators

The study of adjoints of differential operators can be considered a subset of the study of
adjoints of unbounded linear operators on certain well-chosen Hilbert spaces. For this rea-

son, we briefly recall the definition of an unbounded linear operator and its adjoint. For a



108

great reference on adjoints of unbounded linear operators, as well as adjoints of differential

operators, see [16].

Definition 6.2.3.1. Let ‘H be a Hilbert space. An unbounded linear operator on H is
a linear function T : D(T) — V, where D(T') is a dense subspace of H, called the domain

of T'. The adjoint of T"is an unbounded linear operator 7™ defined on the set
D(T*) :={yeH:x— (Tz,y) is continuous}
and satisfying (T'z,y) = (x, T*y) for all z € D(T),y € D(T™).

Note that the fact that D(T') is dense is important for the existence of 7%, which then
exists as a consequence of the Hahn-Banach theorem.
Differential operators make great examples of unbounded linear operators. An interesting

question is when for given differential operator the adjoint is also a differential operator.

Example 6.2.3.2. For example, consider the first-order differential operator = da;(x) +
ao(z) with ap(z),a1(z) € C[z]. Given a weight function r(z) supported on (x¢,x;), we may
view this as an unbounded linear operator on the inner product space L?(r(z)dx), induced
by the action of 9 on C|z].

Using integration by parts, one finds that for polynomials p(x), g(x):

(p(z)-0,q(x)), = / p(x)ay(x)r(x)q(x)" + p(x)ao(x)r(r)q(x)”

= p(z1)ar(z1)r(21)q(x1) — p(xo)ao(zo)r(zo)g(xo)
+ (p(x), q(x)(—(ar (x)*r(z)0r(x) " + ag(x)*))

Thus if a;(z9)r(zo) = ai(z1)r(xz1) = 0, we see that the adjoint of d is the differential operator
of = —ay(2)*r(2)0r(z)~! + aj(z). In particular, if r(z) is constant on its support, and

ay(x;) = 0 for i = 0,1, then the adjoint d' of 0 is " = —ay(2)*0 + aj(x).
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A similar observation applies to matrix orthogonal polynomials, and this motivates the
definition of a x-operation on the algebra of matrix differential operators.

The algebra © (M y(CJ[[x]]))° of matrix differential operators with coefficients in the power
series ring Cl[[z]] is equipped with a canonical %-operation, extending the usual *-operation

on My(C[[z]]) defined by Hermitian conjugates and satisfying
(x)* =al, (0I)" =—-0I.

Definition 6.2.3.3. Let w be a weight matrix supported on an interval (zo, 1) containing
0 and let @ € D(My(C][z]]))°?. A formal adjoint of d with respect to w, or formal
w-adjoint of ? is the unique differential operator d7 € D (My(C[[z]]))° defined on (xg, x1)
by

of = worw ™.

(Note that this definition relies on the assumption that w is Hermitian.) In particular,
the x-operation is exactly the formal w-adjoint for w(z) = 1(4y4,)(2)I. The assumption that
0 is in (zg, 1) may always be achieved by means of an affine change of coordinates, and is
necessary for w to have a local representation as a power series based at 0. Moreover, the
assumption that w is positive-definite also implies that w~! has a power series expansion
at 0. Consequently, the formal w-adjoint is indeed an element of ©(My(C[[z]]))?. As a
notational point, we will use * to denote the canonical adjoint on ®(My(Cl[[z]]))? and will
use T to denote the formal adjoint with respect to a particular weight matrix w (the value

of w will be implied from the context).

Definition 6.2.3.4. Let w be a weight matrix, and 0 € D(My(C|[z]]))? a differential

operator. Then 0 is called formally w-symmetric if 9 = 0.

We next define the adjoint of a differential operator. To do so, we must define the Hilbert

space upon which it acts.

Definition 6.2.3.5. Let w be a weight matrix. We define the Hilbert space of w to be

H(w) == My(L*(Tr(w)dz)).
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We call a matrix differential operator @ € ®(My(C|[z]]))®? amenable if p(x) -0 € H(w) for

all matrix-valued polynomials p(z) € My (Clx]).

Definition 6.2.3.6. Let w be a weight matrix and let 0 € D(My(C][z]]))? be an amenable
matrix differential operator. An amenable matrix differential operator 0 € ®(My(C[z]))?

satisfying the identity

(p-0,q)w = (p,q- 0w, ¥p,q € My(Clz]),

is called an adjoint of ? with respect to w, or w-adjoint of 9. If ? = 9, then 0 is called

w-symmetric.

Every differential operator has a formal w-adjoint, but not necessarily a w-adjoint. Put
another way, even though each differential operator 0 will have an adjoint as an unbounded

operator on H(w), this linear operator adjoint need not be a differential operator.

Proposition 6.2.3.7. Let w be a weight matriz and let d € D(My(C[[z]]))? be an amenable
matrix differential operator. Then an adjoint of 0 with respect to w, if one exists, is equal to

the formal w-adjoint 0.

Example 6.2.3.8. Consider the weight function 7(x) = e "1()(2) supported on the in-

terval (0,00). The formal r-adjoint of the differential operator 0 is
oM =e 0% = e "(—=0)e” = —0 + 1.
However,
(1-0,1), =(0,1), =0

and

(1,1-9N, = (1,1), = 1.

Therefore 0 is not an r-adjoint for @ and thus 0 has no r-adjoint.

As another example, the formal adjoint of the operator dz is

()t = e7*(9x)%e” = e *(—2d)e” = —Dx +x — 1.
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Moreover, integration by parts shows us that
' (2)z,q(x))r = (p(2), =¢' () + q(z)(x — 1))»
for all polynomials p(z), ¢(z) € C[z]. Therefore —0z + = — 1 is in fact an r-adjoint of Jx.
Expanding on these examples, we have the following lemma

Lemma 6.2.3.9. Let v = Jfi(z) + fo(x) be a matriz differential operator for fi,fo €
My(Clz)). If fi(z)w(z;) =0 for i = 0,1 then v has a w-adjoint.

Proof. For any polynomials p(z), ¢(x) € Mx(C[z]), integration by parts tells us that
(p(w) -0, q(2))w = p(x) fi(x)w(z)g (2)[5E + (p(x), q(x) - o).
Thus if fi(z;)w(z;) =0 for i = 0,1 the formal w-adjoint v’ of v is the w-adjoint. O

The application of adjoints of differential operators to our situation is provided by the

following theorem.

Theorem 6.2.3.10 (Griinbaum-Tirao [40]). Let w be a weight matriz, and let 0 € D(w).
Then a w-adjoint of 0 exists and is in D(w). The operator d — ' is an involution on D(w)

giving D(w) the structure of a x-algebra.
As a consequence, we have the following corollary originally proved in [40)].

Corollary 6.2.3.10.1. Let w be a weight matriz. Then D(w) contains a differential operator

of order m if and only if D(w) contains a w-symmetric differential operator of order m.

Proof. 1f D(w) contains a second-order matrix differential operator w, then by the previous
theorem D(w) contains w + w' and i(w — w'). Both operators are clearly symmetric, and by

definition of the adjoint of order at most m. Since
1 1
w= i(w +wh) — 5@(2(&) —wh)

and w is of order m, at least one of the two symmetric operators must be order m. O



112

6.3 Proof of the Main Theorem

6.3.1 Degree-Preserving Differential Operators

Definition 6.3.1.1. We call a matrix differential operator @ € ©(My(C|z]))”? degree-
filtration preserving if for all polynomials g(z) € My(Cl[z]), the degree of ¢(z) - 0 is no
greater than the degree of ¢(x). We call 0 degree-preserving if the degree of ¢(z)-0 is equal
to the degree of ¢(z) for all ¢(z) € Mx(Cl[z]). In particular, degree-preserving differential

operators necessarily act injectively on the algebra of matrix polynomials.

We use (D (My(Cl[z]))?P)F to denote the subalgebra of D (My(Clx]))?P of degree-filtration
preserving matrix differential operators. Due to its distinguished role in the following, we

fix the notation s = 0z.

Lemma 6.3.1.2. The subalgebra (D(My(C[z]))P)F is equal to the My(C)-subalgebra of
D(My(Clz]))" generated by s and O

Proof. Note that both s and 0 are degree-filtration preserving, and therefore the My (C)-
subalgebra of ®(My(C[z]))° that they generate is contained in (D (My(Cl[z]))?)¥. Thus
to prove our lemma, it suffices to show the opposite containment. Suppose that ? is degree-

filtration preserving, of order n. Since 0 € D(My(C[z]))°P, we know that

0= z": 0'a;(x)
i=0

for some a;(z) € My (Clx]).
We claim that deg(a;(z)) < for all 0 < i < n. To see this, suppose otherwise. Then let
J be the smallest nonnegative integer satisfying deg a;(z) > j. Then
0=y I aiiaa)
X -0 = X _Z(li s
— (j—i)!

is a polynomial of degree greater than j, contradicting the assumption that 0 is degree-

filtration preserving. This proves our claim.
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Next note that for all integers j > 1,
Fal =s(s—1)(s—2)...(s—j+1).

Therefore if a(z) € My(z) is of degree < j, then & a;(z) is in the My(C)-subalgebra of
D(Mpy(C[z]))° generated by 0 and s. From this it follows that ? is in the subalgebra of
D (My(C[z]))°" generated by s and 0. This proves our lemma. O

Remark 6.3.1.3. The expression &2/ = s(s—1)(s—2)...(s—j+1) found in the proof above
is exactly the reason why the substitution x = e’ may be used to re-express an Euler-Cauchy

equation as a linear ordinary differential equation with constant coefficients.

Proposition 6.3.1.4. The natural map
D 0" My (Cls]) = (D(Mn(Cla]))™)"
n=0

is an isomorphism of My (Cl[s])-modules. In particular, every d € (D(My(C[z]))P)F has a

natural expression of the form
0= Z d'a;(s)
i=0
for some integer n > 0 and some matrices a;(s) € My (Cl[s]).

Proof. Note that s0/ = §’(s+ j), and therefore a(s)d? = & a(s + j) for all a(s) € My(C[s]).

Using this relation, the above follows. O

Proposition 6.3.1.5. Let w be a weight matriz, and let p(x,n) be a sequence of monic
orthogonal matriz polynomials for w. If 0 € D(w), then 0 is degree-filtration preserving.

Consequently 0 = > 0'a;(s), for some a;(s) € Mn(Cls]), in which case
p(x,n) 0= ao(n)p(x,n), Vn € Z—i-'

Proof. Suppose that 9 € D(w). Then for all integers ¢ > 0, there exists \; € My (C) such

that p(z,i) -9 = \jp(x,4). Furthermore, since the p(z,i) form a basis for My (C[z]), given a
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q(z) € My(C[z]) of degree n, we may write g(z) = > ., ¢;p(z, i) for some cq, . . . ¢, € My(C).
Then

n

gla) -0 =Y cdpl(x, i),

i=0
which has degree at most n. Since ¢(z) was arbitrary, this shows that 9 is degree-filtration
preserving. Therefore by the previous proposition, @ = Y. d";(s) for some a;(s) €
My (CJs]).

We know that p(z,n) = I2"™ + (lower degree terms), and therefore
p(x,n) -0 = Zp(m, n) - 0'a;(s) = ag(n)z™ + (lower degree terms).
=0

Therefore since p(z,n)-0 = A,p(x,n) = A\, 2"+ (lower degree terms), we have that \,, = ag(n)

for all integers n > 0. [l

The previous proposition in particular shows that if p(x,n) is a sequence of monic or-
thogonal matrix polynomials for a weight matrix w and if @ € D(w), then the sequence
{102y € My(C) satisfying \,p(z,n) = p(z,n) - 0 will be a polynomial in n. Thus we may
define a map A : D(w) — My(C[n]) satisfying the property

We denote the image of the map A in My(C[n]) by E(w).

Definition 6.3.1.6. We call the subalgebra F(w) the algebra of eigenvalue sequences

associated to the weight matrix w. We call the map A the eigenvalue isomorphism.

The eigenvalue homomorphism defines an injection of D(w) into My (Cln]). This was

shown in [40], but is reproved here in our notation.

Proposition 6.3.1.7. The map A is injective, and in particular defines an isomorphism of

D(w) onto E(w).
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Proof. Suppose that A(d) = A(d') = A(n) € My(CJn]) for some 9,0 € D(w). Then this in

particular implies that for all n,
p(x,n) - (0 =0") = (A(n) — A(n))p(z,n) = 0.

It follows that the kernel of 9 — 9’ contains My (C){po, p1,...} = My (C|z]). Therefore 0 — 0’

must be identically zero. O]

6.3.2 The Proof

Before proving the Main Theorem, we introduce one more lemma to help with some moment

estimates.
Lemma 6.3.2.1. Suppose that a,b € My(C) are positive-semidefinite. Then
Tr(ab) < Tr(a)Tr(b).
Proof. By Cauchy-Schwartz,
Tr(ab) < (Tr(a®)Tr(b?))Y2.
Furthermore, since a is positive-semidefinite,
Tr(a®) < Tr(a)?

and similarly for b. From this the statement of the lemma follows immediately. O

We now have everything in place for the proof of the Main Theorem (Theorem ((6.1.0.3))).

Proof of Main Theorem.

(a) Note that since det(vi(z)) € C\{0}, vi(x)™" is well-defined. Moreover since w(z) is

smooth and positive-definite on its support (xg,z;), we may factor w(z) = u(x)u(z)

for some smooth function u(x) of full rank on (xg,z1). Next, since 0 is w-symmetric,
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the leading coefficient a; must be w-symmetric also. Therefore v; 'as(v; ')t is also w-
symmetric, and consequently u~'v]  ay(v; ) u is smooth and Hermitian on (zg, 21). Thus
we may factor it as

u v ag (vt ) 'w = hh

1

for some smooth function h on (xg,x1). Taking f = uhu™', we have that

ffT = uhu ' wluhu™ ) w™ = uhh*u™" = v ag (v )1
and therefore f satisfies the properties stated in (a)

From the definition of f, we have that |det(f)|*> = |det(h)|*> = | det(v)|2det(az) # 0
on (xg,z1). Therefore f(z) has full rank for all z € (zg, 1), and it follows that w(x) =
f(@)w(x)f(z)* is positive-definite for all © € (zg,z1). Moreover, w(x) is smooth on
(g, 1), since it is the product of three smooth matrix-valued functions. Therefore to
prove that w(z) is a weight matrix, all that is left to show is that w(z) has finite moments.

Equivalently, we must show

z1
/ |z|" Tr(w)dz < oo.

o

To show this, first note that
Tr(w) = Tr(fuu” f*) = Tr(uhh™u*) = Tr(hh*u*u).
By Lemma ([6.3.2.1])

Tr(hh*u*u) < Tr(hh*)Tr(u*u) = Tr(u o7 ag (o) 'u) Tr(w)

= Tr((vl_l)Tazvl_l)Tr(w)
and therefore

/z1 |z|" Tr(w)dx < /:Cl 2| Tr (vy () ag (z) (07 (2)) ) Tr(w(z) )dz < oo

by Hélder’s inequality and the fact that w(x) has finite moments. Therefore w is a weight

matrix.
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(c) We calculate
p = —vp ax(v ) o!
= vy ag (0 — vouy )t
= —v;tag (=0 — w'w™t = (vouy M)

= vy ag + v tagw'w ™t + vyt ag(vey )T+ (vt ay)

Furthermore, the noncommutative Pearson equation tells us that
-1 / —1\/ —11 t -1 /o—1
(v] "ag) = (vy ) as + v §(a1 +a}) — v aw'w .
Substituting this in and simplifying, we find
h = vy taz — vy ag + vy (vovy Has(vevr )t = (vouy ) ?as]
Then using the fact that (vov; )T = vovy ! the last summand cancels out, leaving
n = 0v; tas — vy 'ag
Using this, we calculate
oy = (Qvy — o) (v tag — vy tag)
= 0%ay + 0[(v1)"vy tag — vovy tay — vivy tag] + ag
= 0%ay + O[—(vovy ) " (vovy ) ag — vovy tay — vivy tag] + ag
= 0%ay + 0 — (vovy V) " H(vovy V) ag + (vovy H)?ag + ao] + ag

= @2(12 + 8@1 + ag = 0.
Next note that v is degree-filtration preserving. If v is not degree preserving, then there
exists a nonzero polynomial p(x) satisfying p(z) - v = 0. Then

deg(p) = deg(p - 0) = deg(p- v - v19) = deg(0) = —oc0.

This is a contradiction, and therefore v is degree-preserving. Since 0 = vy and v are

degree-preserving, it follows that 1 is also degree-preserving.
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The assumption that lim, .. (|z|*+1)w(z) = 0 implies that v is w-adjointable by Lemma

(6.2.3.9). Also, we note

(o) 0. plan) of) = [ bl ) of (2)ula) (pla,n) o] da

— [ bl o)) el o) - ofds
= [ bl owl@) (£ (o) - oy

= [ ) wue) ol ) o 1o

= (p(:(;,m) ’ U,p(&?,n) ’ nffT>w

Using this, we calculate

@(:v,m),ﬁ(m,n))@ = <p(x,m) ’ D,p(ﬂ?,n) ’ U>1ﬂ = (p(a:,m) ' t)f,p(x,n) ' Uf>w
= <p(:L‘, m) ) U,p(l‘, n) ) UffT>w = <p(x,m),p(x, n) ) UffTUT>w

= <p(x,m)7p(x,n) ) (UU>>w = (p(m,m),p(m,n) 'D>w

Since 0 is degree-filtration preserving, the above formula implies that the polynomials

p(z,n) will be orthogonal with respect to w.

We know that p(z,n) -0 = A\,p(x,n) for some A, € My(C) for all n > 0. We calculate

plx,n) -0 =plx,n) - (oyv) = p(z,n) - (00) = A\p(z,n) - 0 = \.p(z,n).
Since p(z,n) is a sequence of orthogonal matrix polynomials for w, this shows that
9 € D(@). To complete the proof, we must show that d is @-symmetric. Since d € D(w),
we know that ? is @w-adjointable, so it suffices to prove that D is formally w-symmetric,

ie. that

w(d)*(w) ' = 0.



119

We calculate

w@) (@) = fwf*(fflolo) (f) w
= fwf o (0N (f1) f(f) w7
= fwf o (o) (N w7 = fwof) (o f)Fwtf!
= fw((of) (0 f) w7 = f((of) (0f)Tf
= fof)i(f)f 7" = ffToTo =D,

This proves (f).

(f) Suppose that ' € (v~ D(w)v) N My(Q). Then there exists o' € D(w) satisfying 9’ =
pd’. Moreover, there exists a sequence My, X;,-- € My(C) satisfying p(z,n) - o' =

A.p(x,n) for all n > 0. Therefore we have that

~ )~

plx,n) - = p(x,n)-vd =p(z,n) - (2'0) = X.p(z,n) -0 = N p(z,n).

This shows that o' € D(w), proving that (0='D(w)v) N My (Q) C D(w). The fact that
(07! D(w)v) N My (Q2) = {v"'0v : 0 € D(w), ker(v) -0 C ker(v)} follows from the results
of Chapter 2.

[
We next prove Proposition [6.1.0.5] Before doing so, we establish the following lemma.

Lemma 6.3.2.2. Let v be a Darbouz transformation from a Bochner pair (w,9) to a Bochner

pair (0,9). Then D(@)d C D(w, v, w).

Proof. Suppose that 7 € D(w). Then there exists y € D(My(C[[z]]))? satisfying 0 = vy

and 0 = yov and therefore
0= v(70)o " = vijy € D(My/(C[[a]]))”.

Let {p(z,n)} be a sequence of orthogonal matrix polynomials for w. Then there exists a

sequence Ag, A1, -+ - € My (C) satisfying p(z,n) - 0 = \,p(x,n) for all n > 0. Also p(x,n) :=
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p(z,n) - v defines a sequence of orthogonal matrix polynomials for w, and therefore there

exists a sequence Xo, Xl, -+« € My(C) satisfying Xnﬁ(x, n) = p(z,n) - 7. We calculate

p(z,n)-n=p(z,n)- (ony) = plz,n) - ()

= \p(x,n) -0 = Xn)\np(x, n).

Therefore € D(w). Furthermore v='nv = 770, and it follows that 70 € D(@, v, w). Since

n € D(w) was arbitrary, this proves our Lemma. O

Proof of Proposition[6.1.0.5. Suppose that d and ¢ satisfy the assumptions of the statement
of the proposition. Then for all 7j € ®(My(Cl[z]))°, the order of 7 is the order of 77 plus
two.

By the previous lemma, D(@)d C D(@,v,w). Therefore multiplication by 9 defines a

C-linear monomorphism D(w); — D(w, v, w);12. This in turn restricts to a monomorphism
D(w);/D(w);—1 — D(w,0,w);1o/D(w,0,w);11.
Furthermore, the inclusion D(w,v,w) C D(w) induces an injection
D(w,v,w);/D(w,0,w);—1 — D(w);/D(w);—1

and therefore

dime (M) < dime <Dlz(_@>i) < dime (M) |

D(@, v, w)ifl ﬂj)i*l D({E? v, w)iJrl

Thus for ¢ > ¢ all of the above dimensions are equal, and therefore
D(@,0,w);/D(W,0,w)i_y — D(@);/D(®);_1, Vi > L.

Hence D(w) is generated over D(w, v, w) by elements of order < /. O
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6.4 Explicit Examples

6.4.1 Darboux Transformations of Classical Bochner Pairs

In this section we provide explicit examples of the Main Theorem in action. The method of
finding examples is straightforward: we consider a specific Bochner pair (w, 0) satisfying the
assumptions of the Main Theorem, and then attempt to find a degree 1 matrix polynomial
vi(x) and a constant matrix vy satisfying the differential equation presented in the Main
Theorem. Once we find such a pair vy, vy (), we are left only with checking that the remaining
assumptions of the Main Theorem are also satisfied. One helpful thing to point out in our
search is that if vy, v;(z) satisfy the required assumptions, then 7(x) := as(z)vovy(x) ™! will

be a Hermitian polynomial of degree one
T(x) = Tx + 7o
satisfying the differential equation
7(2)? + 7(x) as(z) — 7(x)ay(x) + 7(x)ar (z) + agaz(x) = 0.

Writing as(z) = asg + anz + ager? and ay(x) = aj1x + ayg for some agg, as, az € C and
a1, a11 € My(C) and comparing coefficients of various degrees, we obtain a system of three

equations for the two unknown matrices 7y, 7o:

2
Ty — T1Q22 + a1 + aplo = 0
T1To + ToT1 — 2ToQ22 + TiG10 + Toa11 + apaz; = 0 (6.7)

Te 4 T1G20 — To1 + To@1o + Aoz = 0
Remark 6.4.1.1. If ag + 71 is nonsingular, then the original equation for 7 implies
7t = —ay(2) (7 (x) — dy(x) + ai1(z))(ag + 1)t

In particular, 77! has an inverse which is equal to matrix polynomial divided by as(z). Take

vo(z) = —(ap+m)cand vy (x) = (7(x) —a)(x)+ai(x))c for some invertible matrix ¢ € My (C).
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Since ag(z) must be non-vanishing on the support (zg,z1) of w(z), we have det(v;(x)) # 0
on (zg,x1). Moreover since 7(z)™! = ay(x) Loy (z)vy !, we also have 7(z) = vovy(2) tay (),
and consequently vov; *(z) is symmetric and satisfies the differential equation in the Main
Theorem. Therefore vy and vy (z) satisfy the assumptions of the Main Theorem when both

ao + 7 is nonsingular and
Tr((vi () ag(2) (1 (2)") 1) = aa(z) 7 Tr((vg ) vy ' (2)7(2)")
is in L?(Tr(w(x))dz).

Remark 6.4.1.2. Note that if 9 = 8%as(z) + dai(z) + ag forms part of a Bochner pair,
so does 10 = 0*(tas(x)) + O(tai(x)) + (tag) for any real number ¢. However, because the
above equations are nonlinear in 7, replacing 0 with 0 actually results in a nontrivial change
Equation [6.7 In practice, this leads to even more weight matrices arising from Darboux

transformations of Bochner pairs.

Our examples in this section will focus on Darboux transformations (@,9) of Bochner
pairs (w,d) where @ = e/ — B and w(x) = r(z)/ for some Hermitian matrix B € My (C) and
some choice of classical Bochner pair (r(x),€). In this case, the weight matrix will be given
by

w(x) =r(z)ay(@)v(z) " (v(@) )" =r(z)ax(2) " ag ' 7(z)*(a5")"

and our calculation of the algebra D(w) is aided by the following proposition.

Proposition 6.4.1.3. Let (r,¢) be a classical Bochner pair, and consider the Bochner pair
(w,0) where w =71l and d = eI — B for some Hermitian matriz B. Suppose v = Jvy — vy is

a Darbouz transformation (9, w) to (3, @) with det(vy) not zero at 0. Then
D(w) = D(w,v,w) = v~ {f(c) € My(C[e]) : f(B) € K}v,

where here K is the C-linear span of all w-symmetric constant functions and f(B) is the left

evaluation of f on B (ie. if f(x) = ag+ajz+asx®+..., then f(B) := ag+ Ba;+ B?as+. .. ).
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To prove Proposition [6.4.1.3] we first establish the following lemma.

Lemma 6.4.1.4. Suppose that f(z) € My(C(z)) is Hermitian (ie. f(z)* = f(z)) and
algebraic over Clz]. Then f(z) € Mn(C[z]).

Proof. Let f(z) be as in the statement of the lemma, and suppose that h(z) is not in
MnN(C[z]). Let fij(z) € C(z) be the i,jth entry of f(z) for all 1 < 4,5 < N. Then at
least one f;;(z) must have a pole at some complex number c. Fix such a value of ¢ and
choose d > 0 so that —(d + 1) is the minimum of the degrees of all the f;;(z) at ¢. Then by
the choice of ¢, we can write

B A h(z)
1z) = (z — ¢)dt! + (z—c)

for some integer d > 0, nonzero A € My(C) and h(z) € Mn(C(z)) with the entries of h

having non-negative degree at c¢. Furthermore, since f(z) is algebraic over C[z], we may

m—

choose a monic polynomial Q(t) = t™ + Zj:01 qj(2)t? with coefficients qo(2), ..., qm-1(2) €
C|[z] satistying Q(f(z)) = 0. However, inserting f(z) into @, we find

A 9(2)
(z — ¢)mdtm = (z — ¢)md+m—1

Q(f(2)) =

for some g(z) € My(C(z)) with the entries of g(z) having non-negative degree at c. Now
since f(z) is *-symmetric, so too is A. In particular, since A is nonzero this means that A
cannot be nilpotent. Thus A™ # 0. However, this contradicts the fact that Q(f(z)) = 0.
Thus our original assumption that f(z) is not in My(C(z)) must have been false. This

completes the proof of the lemma. n

Proof of Proposition[6.4.1.3. Throughout the proof, f(B) will always refer to the left eval-
uation of f on B for all f € My(Clz]). Let K = v 'My(C)v N D(My(C[[z]]))??. Note
that if D(w) = D(w, v, w), then K = K’ because the w-symmetric constants are exactly the
w-symmetric constants in D(w).

We claim that

vD(w,v,w)o ! = {f(e) € Mn(Cle]) : f(B) € K'}.
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To see this, consider v as stated in the proposition. Then there exists a unit ¢ € My (C[[z]])
with ker(v) = My(C)y. Moreover by the choice of w and Miranian’s theorem, D(w) =
My (Cle]). Thus

oD(w,0,w)o~" = {f(e) € My(Cle]) : IX € My(C) such that 1 f(e) = M}

Now by definition, there exists a differential operator ) such that ? = vy, and consequently
Yo = Yoy = 0y = 0. Since 0 = el — B, it follows that ¢ - € = B, and more generally
- fle) =y f(B) for all f(z) € My(C[z]). Thus we can write

vD(w,0,w)o~ ' = {f(e) € Mn(Cle]) : I € My(C) such that ¢ f(B) = M}

However, ¢ f(B) = A\ if and only if ker(v) f(B) C ker(v), which by definition means f(B) €
K'. This proves our claim.

Now let p(z) € C[z] be the minimal polynomial of B. Then 1 - p(e) = ¢¥p(B) = 0.
Consequently ker(v) - p(e) = 0 and v~'p(e) € D(Mpy(C[[z]]))?. It follows that v~'p(e)v €
D(w,v,w). In fact, the same argument shows that v=*My(Cle])p(e)o C D(w,v,w). Set
7 =1v"1p(e)v.

Now take a @-symmetric 0 € D(@) and consider the pseudo-differential operator 3 =
pov . Then fp(e) = vd7b~! = vd(v~'p(e)) is a differential operator. By construction,
Bp(e) € D(w). Hence there exists f(z) € My(C|z]) such that Bp(e) = f(e). In particular,
this shows that 8 = f(€)/p(e). Furthermore, since d is @-symmetric, § must be formally
w-symmetric. Hence in particular f(e) is formally w-symmetric, and it follows that f(z) is
Hermitian. The same argument applied to 92 tells us that there exists g(z) € My/(C[z]) such
that 32 = g(¢)/f(e). Consequently g(¢) = f(€)?/p(e). Since g(z) is algebraic over C[z] and
f(2)?/p(z) is Hermitian, the previous lemma then tells us f(z)?/p(z) € My(Clz]). Moreover,
since B is Hermitian its minimal polynomial p(z) is made up of a product of distinct linear
factors. Let Ai,..., A\, be the associated roots of p. Then since f(z)?/p(z) € My(C|z]),
f(X\)? = 0 for all i. Therefore since f(z) is Hermitian, we must actually have f();) = 0 for

all 4. Since f(z) has polynomial entries, it follows that the entries of f(z) are all divisible
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by p(z). Hence f(2)/p(z) € Mn(C[z]). Now since g(¢)/p(e) € Mn(Cle]), this proves that
B is a differential operator in D(w) and thus @ € D(@,v,w). Since 0 was an arbitrary
w-symmetric element of D(w), it immediately follows that D(w) = D(w,v,w) and this

completes the proof. O]

Equation [6.7]is our main tool for finding examples of Darboux transformations of classical
Bochner pairs (7, €), and Proposition [6.4.1.3| will be our primary method of determining their
associated differential operator algebras. Many of the results in the example section below

were double-checked using python code with the Sympy symbolic computation library [67].

Remark 6.4.1.5. In the examples we look at below we will only observe weight matrices
w such that D(w) consists of operators of even order. We should emphasize that there do
exist examples of weight matrices w whose algebras D(w) contain operators of odd order, far
different from the classical case [20]. We can also obtain weight matrices with this property
(and specifically the weight in [20]) by considering Darboux transformations of weights of

the form

0 $b+1€_x

In this way, Darboux transformations of direct sums of classical weights are an even wider
source of examples of new weight matrices. Moreover, whenever we can relate a weight w to

a nicer weight w, the calculation of the algebra D(w) is facilitated by the Main Theorem.

6.4.2 A Family of Examples of Hermite Type

Consider a Bochner pair of the form (e**,0) for 0 = 0*I — 21 — B for some Hermitian
matrix B € My(C). Any such matrix B will still give a Bochner pair, so we will leave it
as flexible for now. In this case, as = 0,a91 = 0,a90 = 1, a;; = —2, and a;g = 0. Thus
Equation [6.7] gives

7 —21 =0
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T1To + ToT1 — 27’0 =0

B=13+m.

Since B can be taken arbitrarily, the third equation can be ignored and we can restrict our
attention to the first two equations. Also, since 7(x) is Hermitian, 7, and 7y are Hermitian.
In particular, 7; is diagonalizable and the first equation is equivalent to the statement that
all of 71 are all either 0 or 2. The second equation is then equivalent to the statement that 7
sends the eigenspace of eigenvalue 2 to the eigenspace of eigenvalue 0, and the eigenspace of
eigenvalue 0 to the eigenspace of eigenvalue 2. Thus up to conjugation by a unitary matrix

in My (C) we can write 7 in the block matrix form

21, 0 07, S
T(x) = T +

0 OIN_m S* O[N—m

for some integer 0 < m < N and some m x (N —m) matrix S. Note that for det(7) to not
be zero, we must have m = N or m = N/2 and S non-singular.

For the remainder of our examples of Hermite type, we will use (w,0) to refer to the
Bochner pair with w = ¢ T and @ = ¢ — B for € = 8% — 92zI. Let N = 2m be even and
take S € M,,(C) nonsingular and ¢ € My (C) nonsingular.

Proposition 6.4.2.1. Let 7 be defined as above and set

0 0 0 S
vi(z) = (7(2) — ay(x) + a1 (x))c = T+ c
0 =271 S* 0
SS* 0
vo = —(ap + 11)c = c
0 S*S

Then vy and vy (x) satisfy the assumptions of the Main Theorem for the Bochner pair (w,?)
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with
SS*+2I 0
B=1i+1=

0 S*S

Proof. Since S is nonsingular, the matrix
SS* 0
ag+ 1 = —
0 S*S

is nonsingular. Thus by Remark |6.4.1.1] it suffices to show that the function
az(z) ' Tr((vg ") vg '7(2)7(2)T)

is in L?(Tr(w(z))). Since as(x) = 1 and 1 = * here, this function is actually a polynomial.

Therefore this condition follows immediately. O

Consequently, b = vy (x) — vy defines a Darboux transformation from the Bochner pair

(w,) to the Bochner pair (@,d) where

4221 + SS* 2zS

w=e " v '),
2xS* S*S
- —2xl 4(5*)™!
0=ct|0’T+0 —Ble
0 —2x

Proposition 6.4.2.2. The monic orthogonal matriz polynomials p(x,n) for the weight ma-

triz w defined above are given by the generating function formula

m SS* 0 - SS* —St
Z —c! chy(x) = exp(at — t*/4)c™! c.
n=0 " 0 S*S+2nl —S*t 2tz + S*S
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Proof. The (monic) Hermite polynomials h, (x)I define a sequence of monic orthogonal poly-

nomials for e=*", and satisfy the generating function formula

—‘hn(x)l = exp(at — t*/4)1.
n!
n=0
By the Main Theorem, h,(z)I - v defines a sequence of orthogonal matrix polynomials for

the weight matrix w. Since the leading coefficient of h,(x)I is I, it’s easy to see that the

leading coefficient of h,(x)I - v is

0 —S5*5 —2nl

Thus p(z,n) := ¢, 'h,I - v is the monic sequence of orthogonal matrix polynomials for w.
Multiplying both sides of the generating function formula for the Hermite polynomials by v
and using this expression for p(z,n) then results in the generating function formula in the

statement of the theorem. O

For N =2, S = s € C\{0}, and ¢ chosen so that vy = I this weight matrix appears first in
[18] and later in [11], where explicit generators and relations of the associated algebra D(w)
are listed without proof. This set of generators and relations is verified in [68] in a 30-page
tour-de-force. The center of D(w) is also determined explicitly, though misidentified as being
an elliptic curve, rather than a singular cubic plane curve. In the following, we demonstrate
the utility of the main theorem by rederiving the structure of D(w) and the center of D(w)
succinctly. Better yet, we show that D(w) is naturally identified with a certain subalgebra
of N x N matrices over a polynomial ring, as shown in Equation . Proposition
then gives us a succinct The Main Theorem combined with Proposition (6.1.0.5)) gives us a

means to calculate the structure of the algebra D(w) associated with the weight matrix w.
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Proposition 6.4.2.3. The algebra D(w) is given by

B fi(e)  fale) B F2(SS*4+21)=0, f3(S*S)=0,
D(w) = ¢ v v vy 0 fi(€) € Myyo(C), S*h(SS™+2D)(8™) "1 =fa(5*5),

[f1(S5* 4+21),55%]=0
f3(€)  fale) 1

(6.8)

In the expressions above fi(X) of X € My(C) always refers to the left evaluation of the

matrix polynomial f; on the matriz X.

Proof. Let a € My(C) be a constant matrix. Then from our equation for w, we calculate

the w-adjoint of a to be
-1

421 + SS* 228 42T + SS* 2zS
w(x)a*w(z)™! = vy (voavy ')* Vo

2xS* S*S 205" S*S

Thus if a is w(x)-symmetric, then

42°1 + SS* 2aS 42°] + SS* 2z8
voavy * = (voavy 1)*.
2xS* S*S 2xS* S*S
Ap Ay
Writing voavy * = , this is equivalent to
Az Ay

[Al,SS*] — O, AT — Al, AQ — 0, Ag — O, A4S* — S*Al

We conclude that the set K of constant elements in D(w) is

K= Ual Vo - Al € MN/Q(C)

. . @) fa(x)
Let g(z) € My(Clz]) with f(z) = vy g(x)vy = . Then from the form of

fs(z)  fa(x)
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B we calculate the left evaluation of f on B to be

Fi(SS* +2I)  fo(SS* +2I)
f(B) = :
f3(5*5) f4(5*5)

and from our choice of f(z), we have g(B) € K if and only if
[f1(SS* +21),55%] =0, fo(SS*+2I) =0, f3(S*S) =0, S*f1(SS* +2I)(S*)"" = f1(5*9).

Combining this with Proposition [6.4.1.3] the statement of the proposition follows immedi-
ately. O

One works out from the description of D(w) in the previous proposition that the center

Z(@) of D(w) is
Z(@) = v {f(e)] : f(e) € Cle], F(SS* +2I) = f(SS*)}v

The affine curve X = Spec(Z(w)) associated to Z(w) is rational, because Z(w) is isomorphic
to a subalgebra of C[e]. Moreover, this inclusion induces a map of affine varieties Af — X.
Let A1,..., An/2 be the (not necessarily distinct) eigenvalues of SS*. For each i let p; and ¢;
be the images of \; and \; + 2 under the map AL — X. Then v~!f(e)v € I if and only if
f) = f(A\; + 2) for all i. This means that the rational functions on X may be identified
with the rational functions on Al which identify \; and ); 4+ 2. Consequently p; = ¢; for all
i, and X can be though of as a quotient of A}, where )\; is glued transversely to A, for
each i¢. In particular X is a rational singular curve with singularities corresponding to the

eigenvalues of SS*, and when N = 2 this is a nodal cubic curve.

6.4.3 A Family of Examples of Laguerre Type

Consider a Bochner pair of the form (z’e "1 o), ) for 0 = 9*zI + 9((b+ 1) — )] — B for

some Hermitian matrix B € My(C). Any such B will give a Bochner pair, so we may use B
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as an additional variable. Then agy = 0,a91 = 1, a0 = 0,a1; = —1, and a1 = (b+ 1). Using

this, Equation [6.7] becomes

7'12—7120
2 _

B = T17'0—|—7'07'1 + (b+ 1)7’1 — T0

Again, we can choose B to satisfy the third equation, and restrict our attention to only the
first two equations. Since 7 is Hermitian, so too are 7y and 7. The first equation says that
the eigenvalues of 71 need to be 0 or 1. The second equation says that the eigenvalues of 7
need to be 0 or —b. Thus up to conjugation by a unitary matrix in My (C), we can write 7

in the block matrix form

I, 0 01, 0

0 Oln—m 0 —bln_y

for some integers 0 < ¢,m < N and some unitary matrix u € My(C). Note that if b = 0
then for ag+ 71 to be invertible we would have to have m = N, and the associated value of 7

is uninteresting. If b # 0, then we must take £ = m for ag + 7, to be invertible. Then writing

U U,

Us U,

we find ag + 71 is nonzero if 1 — UyU; and U4U; are both nonsingular.

For the remainder of our examples of Laguerre type, we will use (w,0) to refer to the
Bochner pair with w = xbe_xl(opo)l, we will take b > 1, and set 0 = ¢ — B for ¢ =
0*r +9(b+1—z). Let £ = m and take ¢ € My(C) nonsingular and u orthogonal as above
with 1 — UyUs and U,Uj nonsingular.
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Proposition 6.4.3.1. Let 7 be defined as above and set

vi(z) = (1(z) — ay(x) + ax(x))e

0 O bl 0
= +bl —u u'| ¢
0 —xf 0 0
vo = —(ag +m)c
I -U,U; 0
=) c
0 U, Uy

Then vy and vy (x) satisfy the assumptions of the Main Theorem for the Bochner pair (w,?)
with

(b+ 1) —bUsU; 0
B = T0T1 +7'17'0 + (b+ 1)7’1 — To =
0 bU, U

Proof. By assumption, ag + 71 is nonsingular. Thus by Remark [6.4.1.1] it suffices to show
that the function

az(x) " Tr((vg ") g 7 (2)7()")
is in L*(Tr(w(x))). Since ay(x) = z and 7 = * here, the above function is equal to p(z)/z
for some polynomial p(x). Since b > 1, p(z)/z is in L*(Tr(w(z))) and this completes the

proof. O

Consequently, b = vy (x) — vy defines a Darboux transformation from the Bochner pair

(w,d) to the Bochner pair (@,d) where

e | L (2202 + ) URU5 (—ba + 0P URU; .
w=1x""¢€ ")ty (03",

(—bz + ) ULU; BULU;

_ (b—x+2)I —2(1—UUs)'UU;
d=ct| %2l +0 . T —Ble

0 (b—a)I
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Note that Us, Uy are coming from the unitary operator u, so UyUs + U;Uy = I.

Proposition 6.4.3.2. The monic orthogonal matriz polynomials p(x,n) for the weight ma-

trix w defined above are given by the generating function formula

— (—1)" _ 1 t
Z (=1) cLepet"p(x,n) = ————et@/t=D 1 ( vi(z) — v0> ¢,

— n! (1 —¢)b+t t—1
where here
0 0 1 - U,U; 0
Cp = +b
0 —n 0 U Uj

Proof. A generating function formula for the monic Laguerre polynomials p(x,n) is given by

= (=1)" . _ 1 te/(t—1)

Moreover p(z,n) - v is a sequence of orthogonal polynomials for w, with leading coefficient
cnC, 50 p(a,n) = ¢ e 'p(z,n) - . Multiplying both sides by v and using this formula for

p(z,n), we obtain the formula in the statement of the proposition. O

Just like in the Hermite example, we can use Proposition to determine the struc-
ture of the algebra D(w). In this case, the expression for the algebra is a bit more compli-

cated.

Proposition 6.4.3.3. The algebra D(w) is given by

D(N)— p ! f1<€> f2(€) ~1y - f2((b+1)I—-bU2U3)=0, [f1((b+1)I—-bU2U3),U2Us]=0
w) = Yo Vo U % faoUsUf)=0, fa(bUsUF)UsUF=UsU; f1 ((b+1)T—bUsU3) ( 2

fa(€)  fale)
(6.9)

where in the above f;(X) refers to the left evaluation of the matriz polynomial f; on X and
f1, fas f3, fa have £ x €, £ X (N —{), (N —{) x €, and (N —{) x (N — {) matriz coefficients,

respectively.
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Proof. Let a € My(C) be a constant matrix. From our equation for w, we calculate

w(z)a*w(z) ' = vyt () (voavy ) T (z) Vo,
Therefore if a is w-symmetric, then wvoavy '7(z)? = 7(x)?(voavy')*. Writing voavy' =
Ay A
, this is equivalent to
Az Ay

AT - A17 [Al, UQU;] — O, A4(U4U2*) - (U4U;)A1, A2 — O, Ag - O

Using this, we conclude that the set K of constant elements in D(w) is

A O
K_d,1| v AIEM(C), A€My (),
- 0 0- [A1,U2U5]=0, A4(UsUS)=(UsUz)Ar"

0 A

Let g(z) € My(Clx]) with f(x) = vytg(x)ve = hie) hw) . Then from the form of

fa(x)  fa(z)

B we calculate the left evaluation of f on B to be

fi((b+ 1)1 —=bUU3)  fo((b+ 1)1 — bUU;)
f(B) = :
f3(bULUY) Ja(bULUY)
and from our choice of f(z), we have g(B) € K if and only if
Fo(b+ V) — bUUL) = 0, fo(bULUE) =0, [fo((b+ D) — bUUZ), UsUZ] = 0,
f1(ULUNULUS = UyUS f1((b+ 1)I — bULUS).
Combining this with Proposition [6.4.1.3] the statement of the proposition follows immedi-
ately. O]

Note specifically in the case N = 2, U,U; = p, and U,U; =1 — p we have

fi(e)  fale)

D(w) =< v v vy to s P2

fa(€)  fale)

((b+1)I—bp)=0, f3(b—bp)=0,
fa(b—bp)=f1((b+1)I—bp) )
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This algebra is isomorphic to the algebra derived in the Hermite case for N = 2. However,
for larger values of IV, this is not the case. In particular in the Hermite case, we were required

to assume N is even, but here we can have interesting examples of algebras for odd N.

6.4.4 A Family of Examples of Jacobi Type

Consider a Bochner pair of the form ((1 — 22)"/2,9) for 0 = 9*(1 — 2*)I — dz(r +2)] — B
for some Hermitian matrix B € My(C). Again, any such matrix B will give a Bochner
pair, so we may use B as an additional variable. In this case ass = —1, as; = 0, agy = 1,

a;; = —(r+2), and a;9 = 0. Therefore Equation becomes
B=1l+1
7'12 + Tg —rm1 =0
T1To+T0m1 — 779 =0
These last two equations imply
(m+m)?=r(n+mn)

Since 7(x) is Hermitian, so too are 7y, 7y and thus also 7o+ 7. The previous equation tells us
that 7 £ 7y has eigenvalues 0 and r only. Therefore up to conjugation by a unitary matrix

in My (C), we can write 7 in the block matrix form

1 i, 0 01, 0
T(z) = 3 +u ut| x
0 OIN_m 0 ’I“IN_g
N 1 riln, 0 0l, 0 .
- —Uu u
0 0ln_m 0 rin_g
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for some integers 0 < ¢,m < N and some unitary matrix u € My (C). The condition that
aog + 71 is nonsingular is equivalent here to the condition that 7y is nonsingular. This is

exactly the case when ¢ = m and both U,U; and 1 — UyU; are nonsingular, for

U U,
Us U,

The above expression for 7(x) is a little too general to be convenient to work with. For
this reason, for the remainder of our examples of Jacobi type (unless specified otherwise) we

will consider the case when N is even, ¢ = m = N/2, and 7(z) is of the form

S?%r 0 0 —STr
0 T?%* —TSr 0

for some nonsingular Hermitian S, T € My/»(C) with S* +T? = I. Note that this function
7 satisfies Equation in this case, and must therefore be some unitary conjugate of our
previous expression of 7 for a suitably chosen value of u. We will use (w,0) to refer to the
Bochner pair with w = (1 — 2%)"/21(_y 1)/, we will take 7 > 2, and we will set d = ¢ — B for

e =0%(1 —2%) — dz(r +2). We also fix a unit ¢ € My(C).
Proposition 6.4.4.1. Let 7 be defined as above and set

vi(z) = (1(7) = ay(z) + ax(x))c

=((mn —rl)x+ 7o)c

T2 0 0 ST
= — T+ rc
0 52 s 0
vo = —(ap +m)c
S277? 0
= r? c

0 S?77
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Then vy and vy (z) satisfy the assumptions of the Main Theorem for the Bochner pair (w,?)
with B = 18 + 1 e
(r+1?)S? — r254 0 rS? + r2S%7? 0
B - =
0 (r+rH)T? — r21t 0 rT? + r2S27?
Proof. By assumption, ag + 71 = —7¢ is nonsingular. Thus by Remark [6.4.1.1] it suffices to
show that the function
az(x) " Tr((vg ) og ()7 (2)")

is in L*(Tr(w(x))). Since as(z) = 1 — 2* and 7 = * here, the above function is equal to
p(x)/(1 — x?) for some polynomial p(zx). Since r > 2, p(z)/(1 — 2?) is in L*(Tr(w(z))) and

this completes the proof. n

Consequently v = 0vy(x) — vy defines a Darboux transformation from the Bochner pair
(w,d) to the Bochner pair (@, d) where
St(z? — 1) + 52 —xST

0 = (1 . x2>r/2711(_171)1}0717,2 (Ual)*'
—TS THax* - 1)+ T?

_ —x(r+2) —28T7!
d=c A —-2HI+0 —Blc

—2TS™ ' —z(r+2)

The expression for the operator  is consistent in the 2 x 2 case with the operator found in
[72], for an appropriately chosen value of c. If we instead used the general form of 7(z), the
previous Proposition is also seen to hold true (though the expression for B is then also more

complicated). In that case, we’d get the more complicated weight matrix
@ = (1—a®) 2 g () (v 1), for
2 | AUz + (1= UU3) (2 + 22+ 1) 20,U5 (2 — x)

20,U35 (2% — z) U Uf (22 — 22+ 1)
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Note that here Us, U, are coming from the unitary operator u, so UyUs + U;Uys = I. We can

also calculate a generating function for a sequence of orthogonal matrix polynomials for w.

Proposition 6.4.4.2. A sequence of (non-monic) orthogonal matriz polynomials p(xz,n) for

the weight matriz w defined above are given by the generating function formula

> Bal@)t" =y (x, o (2) — ¢(x, thve(x),
where ¥(x,t) = 27 L (x, 1) (1 + ¢(w,1))? — )72 and ¢(x,t) = (1 — 2zt + 2)4/2.

Proof. The Gegenbauer polynomials h,(x)I define a sequence of monic orthogonal polyno-

mials for w(x), and satisfy the generating function formula

> ()" = ()1

By the Main Theorem, h,(z)I - v defines a sequence of orthogonal matrix polynomials for
the weight matrix w. Multiplying both sides of the generating function formula for the

Gegenbauer polynomials by v leads to the desired generating function formula. O]

Going back to the smaller family of examples of Jacobi type, for an appropriate choice

S 0

of ¢, we can make vy =r , in which case the weight matrix w is equal to

0 T

S2x? + 17 —Iz
{17 — (1 _ $2)r/2_11(7171)
—Ix T?2? 4 52
For N =2, 8% = p/r, and T? = 1 — p/r, this weight matrix appears in [72], where explicit
generators and relations of the associated algebra D(w) are computed, though the effort
involved is again substantial. In this example, we verify the calculation of the algebra D(w)
calculated in the paper, using the framework established above. As with Tirao’s example
(eg. the example of Section with N = 2), the machinery gives the algebra D(w) with

significantly less wrangling. In fact, we will easily calculate a generalization of the algebra

in question by using Proposition |6.4.1.3]
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Proposition 6.4.4.3. Assume that S* and T? have no eigenvalues in common. Then the

algebra D(w) is given by

fi(e)  fale) F2(rS24r252T2)=0, f5(rT2+r252T%)=0,

D(w) = { v g vyt [f1(rS?+7252T2),52]=0, : (6.10)
f3(6) f4(e) F1(rS24+r2S2T2)ST=ST f4(rT?+r2S2T?)

Proof. Let a € My(C) be a constant matrix. From our equation for w, we calculate

w(x)a*w(r)™" = vyt (x)* (veavy ) () 2vp.

Therefore if a is w-symmetric then @ = voav, ' satisfies

| S —-1)+ 57 —xST St(z? —1)+ 52 —xST N
a = a”.
—zTS TH(x? — 1)+ T2 —2T'S THx? — 1)+ T?
A A
Writing a = , comparing coefficients in various degrees, and simplifying
Az Ay

[Ah 52} - 0, AT — A17 [A4,T2] - 0, A4 - AZ, AlsT — STA4,
Ay = Al T?Az = A3S%
Furthermore, if 7% and S? have no common eigenvalues then T?A; = A3S5? implies A3 = 0.
We conclude that the set K of constant elements in D(w) is

). A 0 . 2] _
K= Vg Vg : A1 € MN/Q((C), [Al,S ] =0

0 (ST)'A,ST

Let g(z) € My(Clx]) with f(x) = vy'g(x)vy = hle) Al) . Then from the form of

fa(x)  fa(z)

B we calculate the left evaluation of f on B to be

fi(rS? +1r25%T?)  fo(rS? 4+ r2S*T?)
f(B) =
f3<TT2 + TQSQTQ) f4(T’T2 + T2S2T2>
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and from our choice of f(z), we have g(B) € K if and only if
fo(rS?* +125°T?) = 0, f3(rT?+r*S*T?) =0,

[f1(rS? +r2S%T?), 8% =0, fi(rS? 4+ r2S*T?)ST = ST f4(rT? 4+ r*S*T?).

Combining this with Proposition [6.4.1.3] the statement of the proposition follows immedi-
ately. O]

For N =2, S? = p/r, and T? = 1 — p/r, the algebra we obtain is

file)  fale)

~ -1 -1 . fo(p+p(r—p))=0, f3(r—p+p(r—p))=0,
D(w) =< v Vo 0 (e ) = (r—php(r—p)
f3(e)  fale)

It is evident from the presentation of the algebra D(w) given that D(w) is in fact isomorphic
to the algebra found in our Hermite example when N = 2. In particular the center is a nodal
cubic. However, as p — /2 the center degenerates to a cuspidal cubic, so the algebra D(w)
is not isomorphic to the algebra found for the Hermite polynomials in Proposition [6.4.2.3| for

every value of p.

6.5 General Structure Results

For the final section of the paper, we will introduce some results regarding the algebraic
structure of D(w) under fairly general assumptions. To prove the desired results, we will use
the fact that D(w) is closed under an anti-involution t and that D(w) may be embedded
into a matrix algebra and is therefore a Pl-ring. This latter fact will allow us to apply the
results of [59] and [5§].

Before proving our main result, we establish a very helpful lemma.

Lemma 6.5.0.4. The algebra D(w) is a semiprime PI-algebra. The nonzero, w-symmetric

elements of D(w) are not nilpotent.



141

Proof. Let {p(x,n)} be a sequence of orthogonal polynomials for w. We claim that if d €
D(w) is a nonzero element, then 901 is also nonzero. To see this, suppose that 9 # 0. Then

there exists an integer n > 0 such that p(z,n) -9 # 0. It follows that

0 7& <pn 0, Pn - a>w = <pn : DDT,pn>.

Hence we have that p, - 007 is nonzero, and therefore 227 # 0.
Next suppose that n € D(w) is a nonzero, nilpotent, w-symmetric element. Then there
exists a least integer m > 0 satisfying n™ = 0. Clearly m > 1. If m is even, then we may

write

0= nm _ nm/2nm/2 _ nm/Q(,r]m/Q)T

By the result of the previous paragraph, this means n”™/2 = 0, and since 0 < m/2 < m this
contradicts the minimality of m. Therefore m must be odd. However then ™™ = 0 and
therefore by the same argument n™*1/2 = 0. Since m > 1 we have that 0 < (m +1)/2 <
m so this again contradicts the minimality of m. Since m is neither even nor odd, this
is a contradiction. We conclude that nonzero, w-symmetric elements of D(w) cannot be
nilpotent.

Lastly, suppose that Z is nontrivial nilpotent two-sided ideal of D(w). Since Z is non-
trivial, we may choose @ € Z with 0 # 0. Therefore 907 € I is also nonzero. However,
since I is nilpotent 00 should also be nilpotent, contradicting the result of the previous
paragraph. Hence D(w) has no nontrivial, nilpotent, two-sided ideals. This shows that
D(w) is semiprime. Lastly, the fact that the eigenvalue homomorphism embeds D(w) in
Mny(C[n]), combined with the fact that a matrix algebra is a Pl-algebra shows that D(w) is
a Pl-algebra. O

We are now ready to state and prove our general result on the structure of D(w).

Theorem 6.5.0.5. Suppose that D(w) contains a differential operator of positive order with
nonsingular leading coefficient. Then the algebra D(w) is finitely generated as a module over

its center Z(w) and Z(w) is a reduced algebra of Krull dimension 1.
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Proof. The Krull dimension of D(w) is bounded by the GK-dimension of D(w). Consider the
image E(w) of D(w) under the eigenvalue homomorphism ¥ : D(w) = E(w) € My(C[n]).
The Krull dimension of F(w) is bounded by the GK-dimension of F(w) as a graded vector
space, graded by degree in the variable n. Since F(w) is a graded subalgebra of My (C[n]),
the GK-dimension of F(w) is further bounded by the GK-dimension of My (C[n]). However,
this latter algebra is Morita equivalent to C[n] and therefore has the same GK-dimension as
C[n]. Since the GK-dimension and Krull dimension of a commutative ring agree, this means
that the GK-dimension of My (Cin]) is one. Therefore the Krull dimension of D(w) is at
most one. Since D(w) contains a differential operator of order at least one, it must contain a
w-symmetric differential operator 0 of positive order d with nonsingular leading coefficient.
Then 0" has order nd for each integer n > 0, and it follows that 0 is transcendental over C.
Hence the Krull dimension of D(w) is at least 1. We conclude that the Krull dimension of
D(w) is exactly 1. Combining this with the fact that D(w) is a semi-prime Pl-algebra, the
main result of [59] tells us that D(w) is finitely generated as a module over its center. Since
D(w) has Krull dimension 1, it follows that Z(w) also has Krull dimension 1.

To show that Z(w) is reduced, suppose that @ € Z(w). Then d' € Z(w). To see this,
suppose that € Z(w). Then n'd = 95" conjugating everything we find 9 = 7d'. Since
n € D(w) was arbitrary, this shows that n € Z(w). It follows that 20" € Z(w), and by our
previous lemma 097 is not nilpotent. Since (907)™ = 0™ (07)™, it follows that 9™ is also not

nilpotent. Since ? € Z(w) was arbitrary, this shows that Z(w) is reduced. O

In the specific case that N = 2, we can say even more about the center Z(w) of D(w),

namely that it is rational.

Theorem 6.5.0.6. Suppose that D(w) contains a differential operator of positive order with
nonsingular leading coefficient. If D(w) is noncommutative and N = 2, then the center Z(w)

of D(w) has a spectrum isomorphic to a rational curve.

Proof. The previous theorem tells us that the spectrum of Z(w) is a reduced (affine) curve.

To prove that Z(w) is rational, Liiroth’s Theorem tells us that it suffices to find a ring
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monomorphism Z(w) < C[n|. We will do so by using the eigenvalue homomorphism ¥ :
D(w) = E(w) € My(C|n]). Since D(w) # Z(w) we may choose operators 01,02 € D(w)
such that 0105 # 050;. Moreover we may choose 9; and 05 to be w-symmetric. Then 6 :=
(0102 — 0201) is a nonzero w-symmetric differential operator and hence cannot be nilpotent.
Setting d;(n) := A(9;) and t(n) := A(#), we see that t(n) = i(di(n)ds(n) — da(n)di(n)) is
a trace-free, non-nilpotent matrix in My (C[n]). Since t(n) is trace-free, t(n)? = det(t(n)).
Thus since ¢(n) is not nilpotent, det(¢(n))) is not identically zero. Thus for all but finitely
many values of n dj(n)da(n) — do(n)di(n) is a nonsingular matrix. Therefore dy(n),ds2(n)
generates the full matrix ring M, (C) for all but finitely many values of n by [I]. It follows that
anything in A(Z(w)) must commute with all of M,(C), and therefore that A(Z(w)) C Cn|I.

Hence Z(w) has rational spectrum. O

6.6 Classification of Weight Matrices

In this final section we will supply a partial classification of solutions to Bochner’s problem.
In particular, we will show that if the algebra D(w) associated to the weight matrix w is
large, then w is determined by a Darboux conjugation of a direct sum of classical weights.
Throughout this section, we will use JR to denote the algebra ©(C(x)) of differential oper-

ators with rational coefficients acting on the right.

The main idea behind our classification is to try to find simulateous eigenvectors 6 € RV
of the center Z(w) of D(w). For an arbitrary element ? € My(fR), there may exist no
eigenvectors in SRY. However, it turns out that we can exploit the algebraic structure of

D(w) to find them in our case.

If we can find enough eigenvectors, then we can diagonalize Z(w). If we do this carefully
enough, then the diagonalized Z(w) will be symmetric operators of a new weight matrix

which is a direct sum of classical weights.
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6.6.1 Constructing Figenvectors of Z(w)

In this section we will focus on constructing eigenvectors of Z(w) which are sufficiently nice

for our purposes. To do so, we will assume that D(w) is big in the following sense.

Definition 6.6.1.1. We call the algebra D(w) full if E(w) C My(C[n]) is generically

isomorphic to an N x N matrix algebra over its center, by which we mean:

(1) E(w) is finitely generated over its center Z(w) and CI C Z(w) C C[n]I

(2) the localization of F(w) at the generic point of Z(w) is equal to My (F(Z(w)))

Remark 6.6.1.2. By Luroth’s theorem, if Z(w) C C[n]I then the fraction field F'(Z(w)) =
C(p(n))I for some rational function p(n) € C(n).

The involution { of D(w) induces an involution of E(w). If D(w) is full, then we can be

very specific about the structure of the involution.

Lemma 6.6.1.3. Suppose that D(w) is full. Then there ezists h(n) € My(C(n)) with

determinant 1, satisfying h(n)* = h(n) and
A" = h(n)A(@)*h(n)™".

Proof. The involution { of D(w) defines an involution of E(w), which we will also denote by
T. Note that this involution must preserve the center Z of F(w). By our assumption that
E(w) is full, we have Z C C[n|I with the fraction field F'(Z) of Z equal to C(g(n))I for some
q(n) € Cln|. The involution { extends to the quotient F(Z)E(w) = My(C(g(n))), and the
composition of involutions * and { thereby defines an automorphism ¢ : My(C(q(n))) —
My (C(g(n))) with ¢* = id. Then since C(g(n))I is preserved by ¢, the restriction of ¢ to
C(g(n))I defines an automorphism o of C(g(n)).

We claim that o is the identity. To see this, note that for any f(n) € E(w), there exists

0 € D(w) with p(z,n) -9 = f(n)p(x,n). Using this, we see that for any integer m

Fm)" = lip(z, n)[I5.£ (n)llp(z, n) 127,
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and therefore for f(n) € Z we have f(n)! = f(n)*, so that o = id.

Next by applying the Skolem-Noether theorem, we have

p(f(n)) = (f(n)")" = h(n) f(n)h(n)™".

for some unit h(n) € My(C(g(n))). Without loss of generality, we may take det(h(n)) = 1.
Thus

f(n)" = h(n) f(n)"h(n)~",

and since } is an involution we must have h(n)* = h(n). O

Remark 6.6.1.4. The previous lemma is also interesting in the sense that it partially char-
acterizes E(w). Since E(w) must be closed under the involution }, the algebra F(w) is
contained in the set of all f(n) € My(C[n]) such that h(n)f(n)h(n)~* € Mx(C[n]). Since

h(n) can have rational coefficients, this can be a nontrivial condition.

Remark 6.6.1.5. If p(z,n) are the monic orthogonal polynomials of w, then the above cal-
culation also shows that ||p(z,n)|? = h(n)a(n) for a(n) = det(||p(z,n)|? )/~ det(h(n))~ /.

This in turn has consequences for the three-term recursion relation associated to w.

Lemma 6.6.1.6. Suppose that D(w) is full. Then there exist w-symmetric matriz differential
operators 01,0, ...,0x5 € D(w) such that v,v; =0 for i # j and such that vy + --- + vy is

not a zero divisor.

Proof. Let h(n) be the matrix from the previous lemma. Then h(n) has an LDL decomposi-
tion h(n) = u(n)d(n)u(n)* where u(n),d(n) € Mx(C(n)). For each i, let e; be the diagonal
matrix with a 1 in the ¢’th diagonal entry and 0’s elsewhere. Then for each i there exists

fi(n) € R[n] such that v;(n) := u(n)fi(n)e;u(n)~! is in E(w). Let v; be the associated
T

element of D(w). Then by virtue of its construction v;(n)" = v;(n), and therefore v} = v;.

Moreover, since v;(n)v;(n) = 0 for i # j we also know v,;0; = 0 for ¢ # j. Lastly, we calculate

vi(n) + - +oy(n) = uln)diag(fi(n), ..., fy(n))u(n)™,
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from which we see that v; + - - -+ v, is an eventually degree-preserving differential operator,

and thus not a zero divisor. O

Lemma 6.6.1.7. Suppose that D(w) is full. Let vq,...,05 be defined as in the previous
lemma. For all i, set M; = {0 € RY : v;;0 = 0}. Then for all i, there exists v; € D(C[z])™
such that (., M; = 0;R.

Proof. Let 8 be the smallest skew subfield of PB(C(x)) containing R and consider the free
f-module K". Then since v; + - - - + v, is a nonzero divisor in D (C[z]), it is invertible as an

element of My (8). Consider the (right) submodule U; C K" defined by
Q]j:{t'BE.QNIthBZG}.

Then if [,J C {1,2,..., N} with I C J, then ()., U; properly contains (., %U; because
the former contains the column vectors of v; for j € J\I, while the latter does not. Thus
counting dimension over &, we see that ) ki V; is one dimensional over K. In particular, we
may write (), ; V; = 10,8 for some t0;. Then

M =wRNRY = {w,a:acl}

J#i
where I is the subset of & consisting of elements a such that m;a € RY. Note that I is
nonempty, since the intersection [ ;.4 M is nonempty. Futhermore, I has the structure of a
right SA-module. Let a be an nonzero element in I of smallest order. Then one may verify
that I = af}, so that (1, M; = ;a93. Note that we may also choose a so that t;a has

polynomial coefficients. Taking v; = t0;a completes the proof. O

Lemma 6.6.1.8. Let vy,...,0x5 and vy,...,05 be defined as in the previous lemma. For
each v;, let v;; € R denote the entries of v;. Then for each i, the left ideal I; generated by

0;1,...,0;n is equal to R.

Proof. Since fR is a left PID, there exists ¢; € R such that I, = PRe;. This implies that

there exist u;; such that v;; = u;;¢;. Consequently v, = we,; for u; the vector whose entries
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are the u;;’s. This implies that v;uze; = 0 for all ¢ # j, and since R is a domain, we have
v;u; = 0. Thus by definition of the tTi/s, we must have u; = v;b; for some b, € R. Hence
u; = w;e;b,, from which it follows that e;b; = 1. This implies that e¢; is a unit, and therefore

that I; = *A. [

Lemma 6.6.1.9. Suppose that D(w) is full, and let vy, ..., 05 € D(w) and v7,...,0x5 be as

in the previous lemma. Then for all i, there exists v; € R such that v; =t and

b, = U_;titﬂ*w(x)_l.
Proof. Choose a decomposition w(z) = u(x)u(z)*. Then u(z) tv;u(z) is formally *-symmetric.
Moreover, by the definition of v; we may write

1.2 —x*

u(z) toju(r) = u(x) toa;”

for some a; € RY. Then by formal *-symmetry

where by x-symmetry t = t*. From this, our desired equation for v; follows immediately. [

Definition 6.6.1.10. Let Z(w) denote the center of D(w). A vector i € RY will be called
a central eigenoperator of D(w) if for all 0 € Z(w) there exists b € R such that i = ub.
A collection of central eigenoperators iy, . . ., i, of D(w) will be called orthogonal central

eigenoperators if ;" w(z)'u; = 0 for all i # j.

Lemma 6.6.1.11. Suppose that D(w) is full. Let v; fori=1,..., N be as in the previous
lemma. Choose a central element ® € D(w). Then for all i, there ezists 9; € R such that

0v; = 0;0;. In particular, the vectors v; form a collection of orthogonal central eigenoperators.
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Proof. Since ? and v; commute, we know

Using this, we see

and from this it follows that v; dv; = 0. Consequently 0v; = v;9; for some ; € R. O

6.6.2 The Classification Theorem

The eigenoperators v; of the previous lemma will allow us to diagonalize the center Z(w) of

D(w).

Theorem 6.6.2.1. Suppose that D(w) is full and contains a central, symmetric second order
element ® with real coefficients such that D(w) is equal to the centralizer of 0 in My (D (Clx])).

Let vy,...,0x be defined as above, and assume moreover that
(a) for each j, the span of (C[z]N)* - v} is Clx]
(b) the matriz v = [0103 ... 0N] is w-adjointable

Then the Bochner pair (w,0) is a Darboux conjugation of a Bochner pair obtained from a

classical sum of weights.

Proof. Let v; for i =1,..., N be as in the previous lemma. Since ? is real, we may without
loss of generality take each of the v;’s to also be real. Then by the previous lemma, there
exist 91,...,0, € R such that dv; = v;0;. Moreover, by comparing order we see that each
of the 0; is second order for each i. By comparing coefficients, we also see that 0; has real
coefficients for each 1.

Since 0; is real and second-order, it will have a factorization of the form

0; = fio(x)0fir ()0 fia(x)
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for some real functions fo(z), fi(x), fo(x). Thus in particular by setting r;(x) = fio(z)/ fi2(z),

we have
0; = ri(x)ofr(x) 7t

Define v = [v] by ... vy] and note

ov = vdiag(d4,...,0n),
and also

010 = diag(dy,...,0n) 0"
so that for

fft= diag(ry, ... N w

we have

d(of fTol) = (vf floT)o.

Thus by the assumption that C(d) = D(w) we have of fToT € D(w). Moreover, we calculate
of flof = " oiry(x)o; w™,

so by the choice of the v;’s, we have vfffv' is not a zero divisor in My(9R). Hence the
associated value in E(w) is not a zero divisor in My (C[n]).
Since D(w) is full and 0 is in the center of D(w), we must have A(d) = A(n)I for some

A(n) € C[n]. Each 9; is formally r;(x)-symmetric. Furthermore, we calculate
p(z,n) - 0;0; = p(z,n) - 00; = A\(n)p(z,n) - v;.

Set ¢;;(z,n) = (p(x,n)-v;);. We calculate ¢;;(z,n)-0; = A\(n)d,. In particular ¢;;(z,n) is an
eigenpolynomial for all 4, j,n. By assumption (a) in the lemma, the g¢;;(z,n) span Clz] for
each fixed j, so this implies that 9; is degree-preserving for all j.

Next, using assumption (b) we calculate
M) Ip(@, 1) iy Gmn = (p(z,n)of fTol, p(z,m)).,
= <p(l', n)bf,p(x, m)nf>w

= (p(z,n)o, p(x,m)o)z.
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for
W= fwf* = fflw=diag(ry,...,m).

Thus for each j, the ¢;j(x,n) are orthogonal polynomials for r; which are eigenfucntions of
0;. Since they span C[z], this implies that (7;,9;) is a classical solution to Bochner’s problem
and in particular that r; is a classical weight. This shows that (w,?) comes form a Darboux

conjugation of a direct sum of classical weights. O]
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