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Cardiovascular disease, the leading cause of death in the United States, underscores the
need for improved diagnostic imaging tools. While current clinical assessments of heart func-
tion rely primarily on global metrics such as ejection fraction, chamber pressure, and flow
rate, regional flow imaging offers complementary insight. Intracardiac flow properties such as
vortex formation and blood residence time reveal physiologic patterns that are not captured
by global measures alone and can provide predictive information on pathological remodeling
and thrombus risk.

Echocardiography, a non-invasive, non-ionizing, portable, and relatively inexpensive modal-
ity, is widely used in clinical practice. Color-Doppler echocardiography, in particular, pro-
vides flow information along the ultrasound beam direction and serves as the foundation for
vector flow mapping (VFM), a technique to reconstruct two-dimensional velocity fields in
the left ventricle. However, existing VFM methods remain limited: they are highly sensitive
to noise, rely on heuristic hyperparameter selection, and treat reconstruction as a determin-
istic problem without quantifying measurement uncertainty. These limitations hinder the
reliability of VFM in challenging clinical conditions where imaging data are imperfect.

This thesis introduces Bayesian Vector Flow Mapping (B-VFM), a hierarchical probabilis-
tic framework for reconstructing intracardiac velocity fields from color-Doppler data while

explicitly modeling uncertainty. First, we perform a theoretical error analysis of ultrasound



acquisition to characterize sources of variability in Doppler measurements and segmentation.
These uncertainties are then propagated through the B-VFM formulation, which model pri-
ors as Gaussian distributions. Unlike traditional approaches, B-VFM optimizes for hyperpa-
rameters and outputs both velocity fields using a probabilistic approach, taking into account
local measurement uncertainties. Validation on synthetic cardiovascular flows demonstrates
reduced reconstruction errors compared to state-of-the-art, vanilla’, VFM, and a patient
case study highlights the potential of using reconstructed methods with their error maps for
further patient analysis.

Finally, we discuss the extensibility of this general Bayesian framework, including integra-
tion of multimodal imaging, incorporation of more complex priors, and future applications to
three-dimensional flow reconstruction. Collectively, this work establishes a principled foun-
dation for uncertainty-aware flow imaging, with the potential to enhance the clinical value

of echocardiographic diagnostics in cardiovascular disease.
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Chapter 1
INTRODUCTION

In the past two decades, advances in medical imaging have allowed for enhanced visualiza-
tion of the cardiovascular system. As a result, methods to measure intracardiac blood flow
and analyze flow patterns have also improved [10, 34,48]. Among the existing cardiovascu-
lar imaging modalities, echocardiography offers non-ionizing, inexpensive, portable imaging
with short acquisition times. In particular, color-Doppler echocardiography remains the
workhorse of clinical left ventricular (LV) flow evaluation. However, while it can be mea-
sured in linear, planar, or volumetric sectors, color-Doppler only senses the flow velocity in
the direction of the ultrasound beam (1.1). Therefore, significant efforts have been devoted
to inferring velocities in the cross-beam directions [37]. One of such techniques that is gain-

ing widespread acceptance is vector flow mapping (VFM) [5,6,23,25,36,49,72,80].

Color Doppler

TIS0.5 MIO0.8
X5-1/UCSD

SUPINE

Figure 1.1: Cylindrical Coordinate System



VFM processes color-Doppler data and a time-dependent segmentation of the LV wall in
the apical long-axis view, also known as the three-chamber view. This echocardiographic
view displays the mitral annulus, lateral LV wall, the apex, the LV outflow tract, and the
aortic valve, making it ideal for observing the whole transit of blood through the LV. Each
heartbeat, the dominant LV flow pattern alternates between a diastolic inflow jet flanked by
a vortex ring, a telediastolic prograde swirling cell that redirects incoming blood towards the
LV outflow tract, and a systolic jet [10]. Realizing that these features can be observed in the
apical long-axis view [58], and that their dynamics were approximately planar [76] paved the
way for VEM. Investigators have validated VFM on this plane using ground-truth data from
CFED [5,6,36,49,77,80] and in vitro models [3,25]. Head-to-head validation of echocardio-
graphic VFM measurements vs. phase-contrast MRI measurements has also shown favorable
agreement in flow velocities [9,50]. Moreover, numerical descriptors of LV transport com-
puted on the 3-chamber view correspond well with equivalent metrics computed from 4D
flow MRI [54]. In addition to the LV, VFM has been evaluated in other vascular geome-

tries, showing encouraging agreement with reference data from particle image velocimetry [4].

Early VFM implementations estimated the cross-beam flow velocity by naively enforcing
mass conservation along circular arcs of the color-Doppler sector and no-penetration bound-
ary conditions at the LV walls [25,36]. Subsequent improvements combined these constraints
and Tikhonov regularization by formulating VEM as a maximum-likelihood estimator [5]
(Figure 1.2). This formulation assumes that each constraint’s residual follows a normal
statistical distribution (i.e., a prior) with zero mean and uniform standard deviation. The
inverse of each prior’s standard deviation is a hyperparameter that acts as weight for the asso-
ciated constraint. The number of hyperparameters can be reduced by introducing Lagrange
multipliers to strictly enforce the physical constraints [80]. Several groups have proposed
VFM reconstructions based on the streamfunction vorticity formulation, which is applica-
ble in planar, incompressible flow [49,52]. These methods have the convenience of implic-

itly introducing regularization by numerically solving a Poisson equation to determine the



streamfunction. Secondary analyses of VFM velocity fields can quantify LV flow transport

INPUTS

color-Doppler, v,

OUTPUT
2D Velocity Field, v,., vy

Longit ] =

Vector Flow Mapping :>

Enforce Physics Constraints

i i Least Squares Approach:
L= Lmeas + )"physthys + )]'regLreg
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loss function, L, for v, and vy
Solve system: Ax = b

Figure 1.2: Vanilla VFM Pipeline

topology [32], blood stasis [66], and fluctuating pressure fields [74]. Among other applica-
tions, VFM has been used to quantify the changes in LV flow caused by age [7], adverse
LV remodeling [9, 12,47, 55|, pacemaker or left ventricular assistance device implantation
and programming [62,64,65], and cardioembolic stroke risk [46,59,60]. Apart from the LV,
several studies have applied VFM to quantify flow in the right ventricle [1,16,50], the aortic

root [31,42] and other regions of the cardiovascular system [33].

While VFM is an effective modality for quantifying LV flow patterns, most implementations
enforce in-plane mass conservation and boundary conditions strictly, neglecting out-of-plane
fluxes and errors associated with LV wall tracking. Maximum-likelihood implementations
offer the possibility of balancing the residual from physical constraints and regularization
penalties [5] but this balance depends on the hyperparameter values. While heuristic ap-
proaches such as the L-curve criterion can inform the choice of hyperparameters [30], they

add significant computational cost, lack robustness, and introduce arbitrariness in the solu-



tion. Adding to the lack of schemes to balance the different error sources, VFM uncertainty
propagation is yet to be studied in detail. Naive VFM techniques considered error accumu-
lation when integrating the mass conservation equation along circular arcs to choose weight
functions for the integration [25] or to estimate posterior cross-beam velocity errors [73].
However, these methods neglected the errors associated with wall tracking and regulariza-

tion, and lumped all other errors together without distinguishing their origin.

Bayesian methods have emerged as a powerful tool for solving inverse problems while in-
corporating uncertainty quantification. For example, Sun et al. applied a Bayesian frame-
work to optical flow estimation, providing spatially resolved confidence in motion fields [71].
Similarly, Borggaard et al. used Bayesian inference to estimate background flows from pas-
sive scalar data, highlighting the flexibility of probabilistic approaches in fluid estimation
tasks [11]. More recently, Kontogiannis et al. [40] developed a Bayesian inverse Navier—Stokes
framework to regularize 3D velocity fields and learn boundary position and parameters such

as the viscosity coefficient.

This work introduces B-VFM, a vector flow mapping framework rooted in hierarchical
Bayesian inference that uses as inputs 1) color-Doppler velocity images and their variances
and 2) left ventricle mask segmentation images and their variances. Its outputs are a cor-
rected LV segmentation and color-Doppler velocity field, the missing cross-beam velocity
field, and estimates of the errors of these quantities at each spatial location. B-VFM is
based on Gaussian priors for conservation of mass, boundary conditions, and spatial smooth-
ness. Of note, B-VFM uses a heteroskedastic prior for mass conservation that significantly
reduces errors in the recovered cross-beam velocity. Our B-VFM approach is validated on
cardiovascular relevant synthetic flows and tested on a patient case. To further support the
Bayesian formulation, we conduct a theoretical analysis of ultrasound acquisition to charac-
terize sources of uncertainty and study their propagation through the reconstruction process.

The first two chapters are organized as follows: 1) Bayesian Vector Flow Mapping B-VFM



and 2) Theoretical Analysis. Building on these foundations, the final chapter broadens the
scope by examining alternative approaches to vector flow mapping: Multi-modality fusion

and AI-VFM.



Chapter 2

BAYESIAN VECTOR FLOW MAPPING

2.1 DMethods

Bayesian VFM (B-VFM) combines physics-informed priors and input data uncertainty to
infer LV flow velocity fields and correct the LV mask. B-VFM extends recent least-squares
approaches that yield a single best-fit solution by minimizing a cost function [5,6,80] by
treating the velocity (¥) and LV mask (m) as random variables. B-VFM relies on a proba-
bility model that encodes our beliefs about the likelihood of different solutions, and sample
the posterior distribution conditioned on the observed data. The final estimates correspond
to the mean of the posterior distribution of ¥ and m their uncertainty estimates correspond
to the posterior’s standard deviation. We introduce the physical models encoding prior be-
liefs in §2.1.1 below, while §2.1.2 describes the hierarchical methods used to approximate
the posterior distribution. We study B-VFM using ground-truth velocity fields from two
synthetic flows that resemble the LV diastolic vortex rings: the Lamb-Chaplygin (LC) dipole
and Hill’s vortex. These flows and the validation methods are described respectively in §2.2.
To demonstrate the clinical application of B-VFM, we apply this method to patient-specific

echocardiographic acquisitions §2.2.4.

2.1.1 Bayesian Formulation of Vector Flow Mapping

Adopting a cylindrical coordinate system with its origin at the ultrasound transducer (Fig-
ure 1.1) B-VFM can be formulated as the inversion of a linear transformation relating the

measured color-Doppler velocity (V') and LV mask (M) to the true radial and transverse
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velocities (v, and vy), and the LV mask, i.e.,

Up
- 1% I 00 v . .
X = = v | F = A7 +¢ (2.1)
M 00 [ EM
m

Discretizing this transformation on a regular mesh with N, and Ny points in the radial and
angular directions, the 3N, Ny x 1 parameter vector, ¥ = (v,,vg,m)T = (7,m)?, contains the
values of the velocity components and LV mask indicator function at each pixel of the image.
The 2N, Ny x 1 measurement vector is X = (V, M), where V' contains color-Doppler velocity
values and M indicates whether each pixel belongs to the LV cavity 2. In a zero-uncertainty
scenario, M is a binary mask containing ones and zeros whose boundary, 0f2, delineates
the LV endocardium. More broadly, M is a probabilistic atlas obtained from a segmentation
algorithm [18] or by averaging several binary masks delineated by different users or methods.
The measurement errors vectors €y and ), are assumed to be white noise, so that V and M

follow normal distributions with zero mean and diagonal covariance matrices ¥y and Xy,

vy — ./\/(0, zv), EM — N(O, ZM) (22)



These two matrices can be considered as known if the Doppler and segmentation errors are
available from the imaging pipeline. Alternatively, they can be considered hyperparameters
in the hierarchical Bayesian approach (see §2.1.2). In the latter case, it is convenient to model
Yyv.m = eyl assuming spatially homogeneous noise, but more involved spatial models
considering, e.g., the depth-dependence of Doppler measurements, are also possible. In
particular, it is reasonable to assume that >,; is low in regions well inside and well outside
the LV mask regardless of the segmentation method.

The linear transformation in equation 2.1 is represented by a rectangular matrix, A, whose
I and 0 blocks are respectively identity and square null matrices of size N, Ny. Because A is
rectangular and AT A is singular, the transformation cannot be inverted even in least squares
sense without injecting prior information about vy and the other two variables. Thus, we
consider that the divergence of the velocity field in € is follows a normal distribution of zero

mean and diagonal covariance matrix
V17|Q —)N(O,ECM) (23)
In discrete form, this prior can be written as

- - 1_ - -
p(Z| acar, D) ~ |Zenr)|7Y26(m)| exp —3 v DTo(m)TS;1,6(m) Do, (2.4)

where o7 = (v,,vp), D is a 2N, Ny x N, N, matrix representing the discrete divergence

operator in cylindrical coordinates, and §(m) is a diagonal matrix of size N, Ny that indicates
the pixels belonging to the blood pool, €2. The divergence covariance matrix for this prior
is modeled as Yy = 045}\4[ where )y is a precision hyperparameter. This model assumes
that departures from zero divergence are spatially homogeneous and uncorrelated. Empirical
knowledge of the spatial structure of V - ¢ from, e.g., phase contrast MRI or computational
fluid dynamics, could be used to further inform this model, an improvement beyond the
scope of this study. Here, the complete representation of the divergence operator including
the r~! metric, i.e., V- ¥ = r~1[0,(rv,.) + 9y(vg)], should be used to prevent the appearance

of r-dependent errors. Mathematically, it is straightforward to see that not including the



metric term is equivalent to assuming that acps ~ 72. Previous VFM methods often neglect
the r—! metric by multiplying both sides of the V-7 = 0 equation by 7, but this simplification
lacks justification unless zero divergence is strictly enforced.

Additional priors include wall boundary conditions for mass conservation and smoothness
constraints on the velocity field and the LV wall. Wall boundary conditions for mass con-
servation imply that blood velocity must be parallel to the segmented LV wall, i.e., v- 7 =0

where 77 is the vector normal to 02. Thus, we consider

Vim -7 — N(0, Spe) (2.5)
VQUT,V21)9 —)N(O,Esv), (26)
Vzm — N(O, ESM)7 (27)

where the covariance matrices X gc = apcl, Xy = agy I, and Xgy = agy ] are determined
by their respective precision hyperparameters, agc, agy, and agy. The corresponding

discretized probability functions are:

— —_ 1 —_ —
P anc) ~ [Eac) ™ dsclexp |~ (Gm) SheZgbane (Gm) ] 23)
1
p(Z|ogar, asv) ~ |Ssv | E s |7 2exp {—5 (vf LTS5 L, 4+ vy L"Sg) Lvg + m" LTS5, Lm) |

(2.9)
where L = DG is the discretized Laplacian operator, and dg¢ is a diagonal indicator matrix
that zeroes out pixels near open cardiac valves. This matrix can also be tailored to exclude
enforcement of Vm - ¢ = 0 in regions known a priori to lie far from the LV endocardium,
septal defects, LVAD inlet cannulas, etc.

Therefore, we model the final prior distribution including all physical and smoothness con-

straints as
p(T|@) ~ p(Zlacm)p(T | ape)p(Zlasw, asv), (2.10)

and the likelihood of our observations as

PORIE) ~ 50123l | (or = VIT0(m) S5 8m) (0, = V) = (m = M) S5 m = 1)

2
(2.11)
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where notation has been compacted using the hyperparameter vector & = (acar, ape, sy, Qs ),
measurement noise vector € = (ey, ), and operator vector O = {D,G,dpc}. In section
§ 2.1.2, these models are used to find maximum posteriori (MAP) estimates of Z that max-
imize the conditional posterior p(X |Z)p(Z|&@) which, together with marginalization over &,
allows us to infer expected values and variances of Z. For simplicity and generality, we as-
sume the Doppler map V" has already been unwrapped. Appendix §2.4.3 provides probability
models for phase unwrapping, showing phase unwrapping can be performed as a standalone

preprocessing step prior to running B-VFM while retaining Bayesian rigor.

2.1.2 Hierarchical Bayesian Framework

We adopt a hierarchical Bayesian formulation to infer the unknown field # along with hy-
perparameters @ that modulate the strength of the prior constraints. In this framework, the
hyperparameters are themselves assigned hyperpriors p(&@) to reflect uncertainty, and our
goal is to estimate the posterior marginals p(f|)z ) and p(a, X ), or at least compute their
expectation and variance by integrating their joint posterior distribution,

p@a| X) = LEALAPD o imp@am@). (2.12)

The joint posterior cannot be evaluated directly due to the coupling between 7 and &,
and the intractability of the marginal likelihood p()? ). However, the models developed
in §2.1.1 enable the construction of Markov Chain Monte Carlo methods that iteratively
sample from known conditional distributions, creating chains that converge to the joint
posterior [26]. Each MCMC chain is initialized using plausible hyperparameter values derived
from a velocity field estimated by Vanilla VEM. To ensure robustness, an initial segment of
each chain (burn- in) is discarded prior to inferring expectation and variance. We also run

multiple MCMC chains with different hyperparameter initializations and evaluate whether

algorithm consistently converges to similar posterior distributions.
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MAP-Based Laplace-Approzimate Gibbs Sampler

The Gibbs sampler is a well-known method to create MCMC chains that converge to the
joint posterior [13,57]. In iteration it of this method, one would sample 7 by drawing
from p(Z|X,a" 1) ~ p(X|Z)p(Z|@* "), and @ from p(@|#t). If the hyperprior p(a@) is
chosen carefully (e.g., a gamma distribution), then the hyperparameter conditional posterior
p(@|%) ~ p(Z|@)p(d) retains the same functional form as p(&) and can be obtained in closed
form. This property is widely known as conjugacy [26].

However, in B-VFM it is not possible to sample p(:i'|o7“_1,)? ) directly and congujacy is
not strictly observed because the precision matrices ¥~! of some priors, most notably, the
boundary conditions prior (eq. 2.8), depend on #. Therefore, we use a modification of the
traditional Gibbs sampler (see Algorithm 1) for details). We first maximize p(Z|X, @)
to obtain a maximum a posteriori (MAP) estimate #* and estimate the posterior’s local
curvature by the Hessian H(Z*) of the negative log-probability, from which we obtain the
covariance as ¥ = 2 [H(#*)]"". Then, a posterior sample Tsamp 1S drawn from the Gaussian
distribution N (Z*,Y), representing a local Laplace approximation to the full conditional.
Hyperparameter values are subsequently sampled using gamma distributions for hyperparam-
eters, i.e., p(a) = I'(a] B,¢) = a’~le ™, is convenient due to conjugacy with the Laplace-
approximated priors, where the dependence on 7 is treated as fixed during the Gibbs update,

preserving the required exponential form, and leading conditional posteriors that are also

gamma distributions:

pley | By 01, ©) ~ TP exp [—ai (@- + %:E’HI:)] ~T <5i + % i + %fTHJ:> :
(2.13)
In this expression, the 7 subindex denotes the prior, H; is the associated Hessian block,
r; = rank(H;), and the determinant of H; has been expanded as |H;|= «.*. The tractability
of this posterior allows for direct sampling in MCMC.
A closed-form expression for H is provided in §2.1.3. While, in principle, this expression

should permit obtaining >, the number of degrees of freedom N; = 3(N,Ny) makes direct
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matrix inversion impractical. Thus, we compute the Hessian’s Cholesky decomposition,
H = LL”, draw a sample from N(0,1), and rescale this sample solving linear system with
matrix L to obtain Zsmpe (see Algorithms 1-2). To ensure the feasibility of the Cholesky
decomposition, we perform it on the regularized symmetrized matrix H,., = (H+H")/2+¢l,
where ¢ is initialized at 10~® and iteratively doubled until positive definiteness is achieved.

In addition to enforcing positivity, the gamma distribution offers a flexible means of encoding
prior beliefs through its shape and scale parameters, [3; and ¢;. For simplicity, we adopt non-
informative hyperpriors with 3; = 1 and ¢; = 107%. In the non-informative limit—i.e., when
b < fTEjlf and ¢; < r;—the resulting posterior distribution for a; has mean and variance

given by:

2r; E(q;
i and Var(o;) ~ (Oél).

Ela) ~ — =t
(@) ~ Zsiz m

(2.14)

Because the rank r; ~ N, Ny is large in B-VFM applications, the resulting hyperpriors are
sharply peaked and lead to stable, data-adaptive regularization. This effect, commonly
referred to as shrinkage, ensures that each prior term contributes comparably to the total

loss and accelerates convergence of the MCMC chains by reducing burn-in.

The Empirical Bayes Limit of B-VEM with Gamma Hyperpriors: EB-VEM

A simplified version of the hierarchical Bayesian method emerges in the limit r; > 1, which
could be a good approximation in B-VFM when working with highly resolved data or in
potential 3D extensions of the algorithm. In this regime, the variance of the hyperparameters
becomes negligible, Var(q;) ~ 0, and Algorithm 1 converges rapidly toward deterministic
values of «;. This formulation is analogous to an Empirical Bayes method [56], where the
hyperparameters are treated as unknown but fixed quantities, estimated directly from the
data rather than fully marginalized over.

The resulting Empirical Bayes Vector Flow Mapping (EB-VFM) method is grounded in a
more rigid semi-Bayesian framework but it avoids the computational cost of running multiple

MCMC chains, enabling substantially faster inference while retaining some level of adaptivity



13

Algorithm 1 MAP-Based Laplace-Approximate Gibbs Sampler

Data: Degrees of freedom: Ny = 3N, Ny; measured field X e RN4: measurement uncer-
tainty 3 € RYa*Na: initial hyperparameters af > 0;
Burn-in iterations t* = 10; total iterations it™ = 50.

Result: Posterior samples {Zemp} C RY4; hyperparameter samples {a;} C R+g
1: Initialization:

Bi < 1; ¢y < 1075

a; < af;

it < 1,
2: while it <it’ +it™ do

Define loss: J(Z) = —logp(Z | X, @)

MAP estimate (Quasi-Newton): #* < arg min J (%)

Compute Hessian: H < V27 (7*)

Regularize Hessian: Hyey < H'(¢), e=min{6 >0 | H'(0) = 2(H + H") + 61 >~ 0}

2
Cholesky decomposition: Hye, = LLT, with L lower triangular
Sample & § ~ N(0,1), 6%+ L'y, &, & + 0%

For each prior term: compute H; < V27;(Z*), r; < rank(H,)
Sample hyperparameters: a,git) « T <ﬁi + 5, ¢ + fggr)n—ly—)Hifggr)np>

3: if it > it® then
Store sample: Zihp, @l

4: end if
it it +1

5. end while
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and uncertainty quantification. The posterior uncertainty in 7 can be estimated directly
from the diagonal entries of the covariance matrix evaluated at the MAP estimate ¥*, i.e.,
Y = 2[H(&*,d)]"". While the full Hessian may be too large to invert explicitly, efficient
stochastic methods such as Hutchinson’s trace estimator [35] or probing techniques [75] can

be used to approximate its diagonal.

Metropolis Hastings Sampling with Log-normal Hyperpriors

A more flexible sampling approach combines Metropolis-Hastings updates of the hyperpa-
rameters with the Laplace approximation of the conditional posterior described in § 2.1.2
(see Algorithm 2 for details). At each MCMC iteration, a new set of hyperparameters &@* is
proposed by drawing from log-normal distributions centered at the current values, ensuring
positivity. The variance of these proposals is tuned adaptively as described below.

-

The conditional log-posterior is then optimized to obtain the MAP estimate ¥*, which is

used to compute the acceptance probability based on the ratio of posterior probabilities:

p(z* | a") )

= (1 oy
The proposal @* is accepted with probability ; otherwise, the current state is retained. The
acceptance rate is monitored every 10 iterations to adapt the standard deviation o of the
log-normal proposals: ¢ is halved if the rate falls below 1/3, and doubled if it exceeds 2/3.
Crucially, because the prior covariance depends on Z, the normalization term |3|~*/2 in the
conditional posterior p(Z | &) may vary significantly across proposals. Therefore, it must be
retained in the log-posterior calculation. The corresponding log- determinant is computed

via Cholesky decomposition of the symmetrized, regularized H,., described above.

2.1.8 The Log-Posterior Hessian Matrixz of Bayesian Vector Flow Mapping

Near the inferred parameters the covariance matrix of the posterior pdf is approximately

given by the inverse of its logarithm’s Hessian, i.e.,

> > 0*J
p(Z| X, € a) ~exp |—J(T; X, €, 62)] ~exp (-8 7'T) — H = e 257t (2.15)
z
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Algorithm 2 Metropolis-Hastings Sampling with Log-normal Hyperpriors

10:

11:

Data: Degrees of freedom: N; = 3N,.Ny; measured field X € RNa

RNaxNa. ipitial hyperparameters o > 0; Burn-in iterations it® = 10; total iterations ™ = 50

Result: Posterior samples {Zsamp} € RV {a;} € Ry

: Initialization:

Bi — 17 d)l — 10_6a
a; <, p; +loga?, o« 0.09,
logP < —1

it < 0, itot < 1

: while it < it® + it™ do

Define loss: J (%) = —logp(Z | X, @)
MAP estimate: Z* < argmin J (), Jmin < J(Z*)
Compute Hessian: H <+ V27 (7*)

Regularize Hessian: Hyeg ¢ H'(2), e=min{6>0|H'(§)=4(H+H")+ 4l >0}

Cholesky: Hyeg = LL", with L lower triangular
Compute log-determinant: logD < >"." | log Ly
Compute log-posterior: logP* < —J,in — logD
Acceptance probability: v < min (1, exp(logP* — logP))
Draw uniform random number: u ~ 4(0, 1)

if u <y then

Accept: it «+ it + 1
(it)

Store sample Z: i ~ N(0,I), 0%+ L', Zsamnp — 20D + 0%

Update log-posterior: logP <« logP*
end if
Update acceptance rate: AR « it/itot
if mod(it,10) = 0 then
if AR <1/3 then
o 0/2
end if
if AR > 2/3 then
o+ 20
end if
end if
Sample a@: p; + log al(-it) - "72, af ~ LogNormal(u;, o)
ttot < itot + 1

end while

measurement uncertainty 3 €
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Because the LV mask is an estimated parameter in B-VFM, i.e., m is the third block in 7,
and priors like mass conservation and boundary conditions depend on m, the log posterior
probability is not a bilinear mapping. Therefore, the calculation of its Hessian H is more
involved than in other VFM methods. This section presents an analytical derivation of H.

We proceed by expressing J as a sum of different contributions and taking the Hessian of

each part:

J :JDop + JMask + JMC + JBC + JReg

1
Toup ~ 5 Mos(1Sv]) + (v = V)T 6(m)" Sy 8(m) (v, — V)]
1
JMask 5 [log ’ZM‘ m _ M)Tzﬁ(m _ M)]
! (2.16)
JMC 5 [ IOg QMC| + aprcv DT5( ) :|
1 —
Jpc ~ ) [_ log(|@sc|) + apcv (Gm)é(Vm)Z (mTGT) ,U]
1

JReg ~ 3 [ log(|Qregl) + treg (v ( TTLTLUT + ngTng + mTLTLm)}
Computing the Hessian of the mask and regularization terms, Jysqsr and Jye, is simple since

these terms are still bilinear mappings in B-VFM. Thus, we have

Hiytosk = O Iask =t @I (2.17)
Mask o2 mm> .
82’]7"69 T 3x3 3x3 3x3
H,ey = 55 = =2L" L ® (sl + el s+ asm ). (2.18)
The Doppler Hessian has the usual v, diagonal term but also m-terms,
02 Jpop

Hpop = =25(mom)o ¥, ® Lj”ji +20[(v, = V)o (v, = V)] oS! ® Ifnf,i+

02

+26 (v, — V) om] o Syt @ (I3 4 1353, (2.19)
The I,, ,, term penalizes the mask in pixels where v, departs from the measured V', whereas
the off-diagonal terms reflect the covariance between v, and m.

The mass conservation Hessian is

2D"6(m om)D + 26(DT o DO)I53+

+28(DT om) [DT @ (I¥S +123) + Dy (I3 + I53)] (2.20)

vg,m m,vg
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The first term in this Hessian comes from the bilinear dependence on (v,., vy) and has off-
diagonal terms that represent the covariance between the two velocity components arising
from mass conservation. The second term penalizes the mask in pixels with strong departures
from mass conservation. The last terms reflect that enforcing mass conservation inside the
LV mask introduces covariance between v and m.

The formal derivation of the boundary condition Hessian is straightforward but the block
structure of the parent equation 2.1 complicates its matrix arrangement. Therefore, we pay

more attention to its derivation. We begin by defining the matrix

N =D,m®I,} + Dgm @ I}*3 (2.21)

Vr,vg?

which allows us to rewrite the Jgc as Jge = £L NTNZ. Since N only depends on m, this

transformation yields the part of Hge corresponding to the velocities.

H _ PJsc _ INTN 2.29
sclna= ¢ = 2NN, (2.22)

The remaining terms are obtained from the m-derivatives of N as follows,

mm?

9%J

Hpclmm= WBQC =2 [DTDTT(S(U,, o) + Dng(S(vg ouvg) + (DTDg + DgDTT)(S(v,, o Ug)} ® I3%3

(2.23)
T 9*Jpe

HBC|v,«,m: HBC'vr,m: 01; am = 2 {[25 [(Drm) [e] Ur] + (5 [(ng) (o] UQH DT —|— 5 [(Drm) @) U@] Dg}
(2.24)

and

Hpclvy.m= Hpely, m= = 2{[20 [(Dgm) o vg] + § [(D,m) o v,]| Dg + & [(Dgm) o v,] D, }

vo,m av(;@m n

(2.25)
These analytical expressions were validated term by term versus numerical calculations of
the Hessian from the fully non-linear J for small meshes of size N,., Ny < 32. The numerical

calculation of the Hessian was performed within the quasi-Newton iterative procedure using

]3X3

Vp,m)

3x3
Ivg,m7
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values from consecutive iterations and a central finite difference scheme. Differences between

the analytical and numerical Hessians were negligible for all terms. For larger mesh sizes,

computing the full Hessian matrix of size 3V, Ny x 3N, Ny becomes prohibitively expensive.

(10 0] 000
IXS=1000|,100=1010]|,L=
000 00 0
(01 0] 00 1
IS =100 0|, 100=100 0], 1)=
000 00 0

and 1378, = (1537, 1358 = (2307, 1328 = (58"

2.1.4 Validation with Synthetic Flow Fields

, (2.26)

: (2.27)

Because the diastolic vortex is both physiologically important and characterized by a rela-

tively simple geometric structure, it provides an ideal benchmark for testing flow reconstruc-

tion methods. To this end, we evaluated Vanilla VFM and B-VFM using two synthetic flow

fields that approximate this pattern: the Lamb-Chaplygin (LC) dipole and Hill’s vortex.
These fields were generated with the MATLAB Ultrasound Toolbox (MUST), which allowed

us to simulate controlled, physiologically inspired flow conditions. From each synthetic field,

the radial velocity component was extracted and treated as the ’color-Doppler’ input to

both Vanilla VFM and B-VFM. This setup enabled us to directly assess the ability of each

method to reconstruct the full velocity field from Doppler-like inputs. Further details on the

construction of the synthetic fields, the measurement assumptions, and the reconstruction

algorithms are provided in Chapter 3: Theoretical Analysis.
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2.2 Results

2.2.1 Lamb Chaplygin Dipole

To validate our method, we introduce an 2D ideal synthetic field as a substitute for the
Doppler image, where the radial velocity component of the Lamb-Chaplygin Dipole serve
as the color-Doppler input. We look at three cases: 1) An ideal noiseless case to compare
BVFM directly with Vanilla VEM, and 2 clinically relevant cases 2) An input color-Doppler
data set with untrustworthy velocity regions due to data voids and 3) an untrustworthy

boundary conditions due to poor segmentation.

Ideal Case: A direct comparison between Vanilla VFM and BVFM

The purpose of the ideal case is to illustrate that, when no additional information on in-
put data uncertainty is available, BVFM yields results equivalent to those of Vanilla VFM.
Results from three chains at different initial conditions were averaged for the final BVFM
fields. Due to the well behaved nature of the idealized, noiseless case, Algorithm 1, the Gibbs
approach was used. Point wise comparison of reconstructed velocity fields and ground truth
fields (Figure 2.3) show that for the ideal case, BVFM produced r? values of up = 0.9969 and
ug = 0.9822 and Vanilla VEM produced 72 = 0.9997 and 73 = 0.9725. Due to 2D idealized
nature of the LC Dipole, Vanilla VFM and BVFM reconstructs the 2D flow field with high

accuracy, as expected.
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o, © I
8 °g. 0l 10} | o
& oo aptaWiiNs . o oosmaRgnty .
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4 0 1 2 3 4 0 1 2 3 4 [ 1 2 3 4
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Figure 2.2: Ideal: Hyperprior Markov Monte Carlo Chains (iterations log scale)
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Doppler Data Void Scenario

To simulate the cases of Doppler data voids, we introduce a hole into our synthetic radial
velocity field and process it using both the Vanilla VEFM and BVFM pipelines. We run
seven independent MCMC chains with different initial conditions with the Gibbs approach
(Algorithm 1). Not only did each chain converge, but they all converged to similar pos-
terior estimates, indicating robust and consistent inference across runs. Due to the well
behaved nature of the boundary conditions, the Gibbs approach showed to be sufficient in
reconstructed the ground truth flow fields. To be thorough, future work should test the
Metropolis Hastings approach (Algorithm 2) to compare convergence between the two algo-

rithms. In Figure 2.5, we compare the velocity fields from the Vanilla VEFM method to the
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averaged results from seven BVFM chains. The BVFM approach not only reconstructs the
velocity field more accurately in a qualitative sense but also provides additional information
by quantifying uncertainty through posterior variance. Pointwise correlation with the ground
truth reveals that the BVFM method achieves higher accuracy, with correlation coefficients
of 2 = 0.975 for the up field and r? = 0.927 for the uy field (Figure 2.5C). In contrast, the
Vanilla iVFM method yielded lower correlation values of r? = 0.940 and r3 = 0.739 (Figure
2.5B).
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Figure 2.4: Doppler Hole: Hyperprior Markov Monte Carlo Chains (iterations log scale)

Poor Segmentation Scenario

Vanilla-VFM heavily depends on properly defined boundary conditions due to the inherent
singularity of the system matrix. In cases where boundary conditions are incomplete or ill-
posed, the method must rely on regularization to produce a non-singular and stable solution.
The Lamb Chaplygin (LC) dipole case is particularly well suited for Vanilla-VFM, as the
boundary conditions are naturally satisfied within the synthetic dataset. However, when we
intentionally alter the boundary conditions to challenge the reconstruction, the method’s
sensitivity to hyperparameters, particularly the boundary condition weight, becomes evi-
dent. The vanilla approach treats the segmentation as deterministic, assuming no error and
independence from the velocity field, while searching for alpha terms that minimize the over-

all loss. With low boundary condition enforcement, the resulting velocity field is physically
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inconsistent: velocities are not aligned with the boundary, and the reconstruction overpre-
scribes smoothing. In contrast, high boundary condition enforcement attempts to satisfy
boundaries in regions that are incorrectly segmented, leading to difficulties in the azimuthal
reconstruction, a field that is farther from the ground truth, and incomplete correction of
the boundary conditions (Figure 2.6). These observations highlight how the choice of hyper-
parameters critically affects the reconstructed field.

This sensitivity motivates the use of a Bayesian framework, where uncertainty in the input
data is explicitly modeled and hyperparameters are not fixed a priori. Our method allows
the mask to update dynamically as new information becomes available, creating bidirectional
interactions: the mask is influenced by the velocity field, while the velocity reconstruction is

shaped by the evolving mask. Although this introduces nonlinearity and increases compu-
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tational complexity, it captures more realistic interactions between the two fields. In cases
with more complex boundaries, we rely on the Metropolis-Hastings algorithm, which is non-
conjugate and more flexible, unlike the gamma-based conjugate approach (Algorithm 1) that
converges quickly but can produce strong shrinkage, narrow posteriors, local minima, and
unresolved flow (Figures 2.7, 2.8). For scenarios with poor wall segmentation (Algorithm
2), B-VFM reconstructed a velocity field with 72 values of 0.9903 and 0.8666 in the radial
and azimuthal directions, showing strong agreement with ground truth (Figures 2.9, 2.10).
Additionally, B-VFM reconstructs a non-binary mask that better represents uncertainties in-
herent to real-world data: we are more confident in the LV location at central regions, while
near the edges and wall boundaries the mask exhibits higher variance, reflecting increased

uncertainty in these areas.

2.2.2  Synthetic Scenarios Summary

In the ideal, noiseless case, B-VFM performs comparably to Vanilla VFM, achieving similar
accuracy in both v, and vy components. However, in scenarios with data voids or poor seg-
mentation, B-VFM outperforms Vanilla VFM by more effectively reconstructing the velocity
field, rather than simply oversmoothing. This improved performance arises from B-VFM'’s
ability to balance physical constraints with regularization, while Vanilla VFM remains highly
dependent on the choice of hyperparameters (*). Unlike Vanilla VFM, B-VFM is not fixed
to a single hyperparameter value and additionally provides uncertainty maps for the re-
constructed outputs, offering insight into regions where the reconstruction is less certain.
Overall, B-VFM performs better or at least comparable to Vanilla VEM across a range of

conditions, while providing the added benefit of principled uncertainty quantification.
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Figure 2.6: Vanilla-VFM: Impact of boundary condition enforcement with poor wall seg-
mentation. A) Poor side wall segmentation, B) Poor "apex” wall segmentation.

Table 2.1: Comparison of 72 values for Vanilla-VFM and Bayesian VFM (B-VFM) under
different synthetic scenarios.

Ideal Data Void Poor Segmentation

Vanilla VFM ~ B-VFM | Vanilla VFM  B-VFM | Vanilla VFM  B-VFM
ve | 2 =10.9997 r?=0.9969 | r?=0.9401 r?=0.9753 * r? = 0.9903
v | > =09725 r?=09822| r?=0.7386 72 =0.9262 * r? = (.8666




25

ADt.)ppler ASegmen(a:tic:m )‘MassConservation ABc»undary(:cmdi(ions '\V, Regularization '\M, Regularization

3 . 4 B
700 N 18 10 02l o 10 10 Chain 1
600 o(,‘b o 16 ° ) © Chain2
500 o o%’.‘., 14 ® 0. 00 “‘W 0.15 ¢ 10 °
5 . ] : S 7

400

°
300 1 ’ ° " °
10 01 ° ° 10 . 8
200 08 *’M 10°®
8 0 ®8 107 8
06
®
100 10" 0.05 1088 10°
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4 0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
iterations iterations iterations iterations iterations iterations

Figure 2.7: Poor Segmentation Scenario with Gamma Approach: Hyperprior Markov Monte
Carlo Chains (iterations in log scale) Algorithm 1

Vv
Radial Velocities Azimuthal Velocities
0.15 0.08
¥ = 0.90x + -0.00
- r 2o
y=1.01x+ -0.00 006 R?=08526
|

A

R? =0.9993

°
o
*

_—— - -
0.1 0 0.1 0 05 1 0 1 2 E E
2 2 0.02
Velocity [ms] [mis] 3 3 .
g g
Vanilla v, Bayesian v, Bayesian X v, = s00
§ §
g g

e
5
8

-0.08

o -0.05 0 0.05 0.1 0.15 -0.08 -0.06 -0.04 -0.02 0 002 004 006 008
Ground Truth Velocity [m/s] Ground Truth Velocity [m/s]
1 0 1 2
3
Velocity [m/s] Velocity [m/s] [m/s] '
Vanilla vy Bayesian v, Bayesian & v,
" - " ) - o
o1s Radial Velocities 10 008 Azimuthal Velocities 10
¥ =1.37x+-0.00
y=1.66x + -0.00 N o R2 = 07415 45
01l RP=0s8104 o 0.08
- 4
25 004
3s
E > g E 002 s g
z z £
E—— ] £ 5 g
2 B S o0 255
r g 152 2 H
005 0 0.05 H g z , &
= @ £.002 @
Velocity [m/s] Velocity [m/s] [m/s] o 1 @ 15
-0.04
|
Vanilla Mask Bayesian Mask os 008 05
-0.15 0 -0.08 0
-006 -0.04 -0.02 0 002 004 006 -006 -0.04 -0.02 0 0.02 0.04 0.06
Ground Truth Velocity [m/s] Ground Truth Velocity [m/s]

©

0.5

o
4
o
o
o

Figure 2.8: Poor Segmentation Scenario with Gamma Approach: A) Vanilla-VFM and
Bayesian VFM Inputs and Outputs, B) Vanilla-VFM vs Ground Truth Correlation Plots,
C) Bayesian-VFM vs Ground Truth Correlation Plots (Algorithm 1)



26

A " A " A - A - A -
‘Segmentation MassConservation ‘BoundaryConditions 'V, Regularization M, Regularization
1 o 5 -

107 e, 40 10 g Ghain 1
® 2 X o © Chain2
oy Y Chain3

. 5 o,
[y 10 o= N ©  Chain4
L 1 10 2
- ey,
10! 10° o \ 1074 © o0y, 5 .
e\ ) sy R
g oo
e WY 10 . Y i,
1089 o oo, \ %
e \ 2 . \
= 107 ] s 10
o 1 2 3 a4 2 3 a4 0 12 3 4 12 3 a4
iterations iterations iterations iterations. iterations iterations

Figure 2.9: Poor Segmentation Scenario with Metropolis Hastings Approach: Hyperprior
Markov Monte Carlo Chains (iterations in log scale) Algorithm 2

S
o

[

Velocity [m/s]

Vanilla v,

[m/s]

Bayesian v,

o
~

Bayesian X v,

-0.1 0

S
o

Velocity [m/s]

Vanilla v,

®
®
©

B-VFM Velocity [m/s]

-0.05 0 005

Velocity [m/s]

Vanilla Mask

©

o
o
o

-0.1 0

o

Velocity [m/s]

Bayesian v,

-0.05 0 0.05

Velocity [m/s]

Bayesian Mask

o

0.5

o

2 4

%107
[m/s]

&

Bayesian X v

0 2 4
x10°
[m/s]
EMask

Vanilla VFM Velocity [m/s]

Radial Velocities

Azimuthal Velocities

y=1.01x+-0.00
R’ =0.9993

¥ = 0.90x + -0.00
2
006 R?=0.8526

Vanilla VFM Velocity [m/s]

-0.05 o1

0 0.05
Ground Truth Velocity [m/s]

Radial Velocities

01

o
5
)

°

B
ol

y=1.17x+0.00
R?=0.9903 4

-0.05 0 0.05 01
Ground Truth Veloity [m/s]

-0.08
-008 006 -004 002 0 002 004 006 008
Ground Truth Velocity [m/s]

Azimuthal Velocities
y=1.16x+-0.00
2
006 R2-0.8666

0.02

B-VFM Velocity [m/s]
o

-0.08 8
-0.08 006 -0.04 -002 0 002 004 006
Ground Truth Velocity [m/s]

Figure 2.10: Poor Segmentation Scenario with Metropolis Hastings Approach: A) Vanilla-
VFM and Bayesian VEM Inputs and Outputs, B) Vanilla-VFM vs Ground Truth Correlation
Plots, C) Bayesian-VFM vs Ground Truth Correlation Plots (Algorithm 2)



27

2.2.8 38D Hill’s Vortex

So far, our evaluations have focused on 2D idealized cases, such as the Lamb-Chaplygin
dipole, which satisfy 2D continuity and are naturally compatible with the planar flow as-
sumptions used in vector flow mapping. Here, we extend our analysis to the 3D Hill’s
spherical vortex, which directly challenges these 2D assumptions. The Hill’s spherical vortex

is an axisymmetric 3D incompressible flow where the velocity components are given by:

—3U(1 — 2)r2sin2 0, inr < a.
b= 4 a? - (2.28)
Y (1 — 2)r2sin?0, inr>a.
= 1 a—w Vp = — 1 a—w Vy = O
r2sinf 00 ’ rsinf Or ¢

While the flow field only depends on (7, 6), the flow still exists in 3D with symmetry around
the ¢-direction. Thus, the 2D planar flow assumption in vector flow mapping is not valid for
this field. This makes the Hill’s spherical vortex a good choice for testing the limitations of
the 2D planar flow assumption. Analytically we know that the 2D planar assumption lacks
both a radial and polar factor that exists in axisymmetric incompressibility. We calculate
the error as follows:

2D planar incompressibility (Dsp):

(%,. 181}9 .
o Trap

Axisymmetric incompressibility (Dggisym):

10 1

— — 2 — — p—t
r2or (ror) + rcost 00 (vpeost) =0

The error in the 2D planar flow assumption is given by

Error = Dagisym — Dap (2.29)
10,, 1 0 ov, 1 0vg
— (=2 - - ~7 2.
<r2 or (o) + rcost 06 (vwos@)) ( or * r 06 ) (2.30)
_ 2 + vgtan (2.31)

r
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Figure 2.11 shows the error in 2D planar flow assumption (log scale) solved from Equ. 2.31.
The blue histogram shows the divergence error from Vanilla VFM, while the red histogram
corresponds to Bayesian VFM divergence error. The longer tails in the Vanilla VEM dis-
tribution indicate a higher frequency of large error outliers compared to BVFM. Although
BVFM does not fully capture the 3D nature of the flow (i.e., achieving zero error), it generally
performs better than VFM because it models priors such as mass conservation probabilisti-
cally rather than enforcing them strictly. This softer constraint provides greater flexibility
to adapt solutions locally, helping to reduce extreme errors.

In summary, by modeling physical priors probabilistically, rather than enforcing them
strictly, our Bayesian approach provides the flexibility to adapt locally to complex flow fea-
tures. This softer constraint allows the method to reduce extreme errors without aggressively

imposing conditions that may conflict with the underlying flow physics.

10°

T T T 4
-V Vi EN Error ]
[V -vgyry Error -

102+

107"
-3 -2 -1 1] 1 2 3

Divergence Error
Figure 2.11: Error in 2D planar flow assumption (log scale) Equ. 2.31. The blue his-

togram shows the divergence error from Vanilla VEM, while the red histogram corresponds
to Bayesian VFM divergence error.
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2.2.4  Clinical Scenario: Ejection

2D echocardiographic studies were performed using a Vivid 7 scanner with 2- to 4-MHz trans-
ducers (GE Healthcare). Conventional B-mode and Doppler data were measured following
current recommendations [41].The LV myocardial wall was segmented from LV from B-mode
series using speckle-tracking software (EchoPac 214, GE Healthcare). Flow field in the LV
was calculated, combining color Doppler and the endocardial boundary using VEM [25] .
Data was acquired trice in each patient.

We applied both the Vanilla VFM and B-VFM methods to a representative time frame
during the ejection phase of the cardiac cycle for qualitative comparison. Input variances
were derived from interobserver variability, calculated across three independent color-Doppler
acquisitions and segmentations (Figure 2.12A B). While interobserver variability provides a
reasonable first choice for specifying input variance in the Bayesian framework, it represents
only one option; in practice, the selection of measurement error models should be carefully
tailored to the clinical context.

Both methods produced similar reconstructed flow fields, capturing the primary left ven-
tricular velocity patterns. However, the Bayesian approach additionally resolved flow struc-
tures in regions of the ventricle where no color-Doppler data were available, highlighting its
ability to infer plausible velocities in areas of missing information. The resulting variance
maps reflected the chosen input variances: for example, high variability in the right side of
the ventricle, arising from segmentation differences, propagated into both the mask variance
and the reconstructed velocity field due to the coupling between boundary conditions and
velocity estimates in our formulation. This was clearly visible in the velocity variance maps,
where the same region exhibited elevated uncertainty (Figure 2.12D).

Although this clinical example was limited to a single frame and used input error models
that were not necessarily optimal or clinically rigorous, it nonetheless serves as an important
proof of concept for future applications of B-VFM. A key advantage of the Bayesian approach

is that it provides not only reconstructed velocity components (v, vg) and the mask (M),
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but also associated variance maps. These maps quantify uncertainty in both the velocity
field and the mask, offering a probabilistic representation of regions where the reconstruc-
tion is less reliable. In contrast, the Vanilla VFM relies on a deterministic mask and cannot
account for such uncertainty. The ability of B-VFM to capture and propagate measurement
variability therefore yields a richer, more clinically meaningful representation of flow, with
potential downstream use in secondary analyses such as residence time estimation or risk
assessment of abnormal flow patterns.

Future work should extend this analysis across the full cardiac cycle to capture the tem-
poral evolution of both reconstructed flow and associated uncertainties. Quantifying the
impact of uncertainty modeling on derived hemodynamic metrics, such as residence time,
will further clarify its clinical value. Finally, validation against other modalities, including
4D MRI or CT, will be essential to benchmark the accuracy and establish the relevance of
B-VFM in clinical practice.

2.3 Ill-posedness and Regularization of VFM

Vector Flow Mapping (VFM) poses an ill-posed inference problem due to the absence of
direct measurements for the azimuthal velocity component vy, rendering the observation
matrix A in equation 2.1 severely rank-deficient. This challenge is analogous to optical flow
estimation in directions perpendicular to image gradients, but more severe than in applica-
tions such as phase- contrast MRI, where all flow components are measured and A is typically
full-rank. The divergence operator—VFM’s principal physical constraint—is itself singular
and insufficient for regularization, often leading to spurious vy artifacts unless supplemented
with smoothing and boundary conditions.

This section presents a theoretical analysis of the negative log-posterior Hessian in Bayesian
VFM, which is proportional to the precision matrix ¥~! and equivalent to the normal matrix
Q' Q in least-squares formulations [5] of the form QTQ¥ = QTb. We examine the structure
of its inverse, proportional to the covariance matrix 32, to formalize the ill-posedness of VFM

and assess its impact on inference and uncertainty.
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We derive the null space of the mass conservation constraint to characterize the spatial
patterns of VFM artifacts and analyze how boundary conditions modify this null space. This
yields precise conditions on the LV mask geometry required to ensure regularity without the
need for smoothing. Finally, we demonstrate that although smoothing lacks a physical basis,
it robustly mitigates ill-posedness in a mask-independent manner. Readers primarily inter-
ested in the practical use of VEM may prefer to skip the detailed derivations and refer instead
to the subsection summaries, which are written to be more accessible and interpretation- fo-

cused.
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Structure of the VEM Covariance Matrix

Here, we investigate the structure of the log-conditional posterior Hessian inverse for VFEM,
which is proportional to the covariance matrix at the MAP estimate, H = 2X71(#*). To

simplify our analysis, we start with the block decomposition of H

Hrr Hr@ Hrm
Hrm Hem Hmm

See §2.1.3 for an explicit derivation of this Hessian matrix. To keep the analysis concise,
we further assume we are working with a good-quality image with low Doppler and mask

observation errors, i.e., Xy, 2y < 1, so that

oI «aH,y oH,.,
H=|aH,y «oHy oHy,|,
oz]:.lrm ozl:_fgm ot
where o ~ Xy ~ X, « represents a generic strength of the VFEM priors, i.e., the hyper-
parameters, and the tilde is used to indicate that the Hessian blocks have been normalized

with a. Using a Neumann expansion, the inverse of H is approximated as

ol —aa]:.hgﬁe_b,l —aaQﬁrm
H '~ —aalzle_(,lfffg(; ailljle_el —aﬁ(;el[:]gm - (2.32)
—ao?HY  —oH} Hy' ol

In contrast, a data assimilation problem with observation in both v, and vy would have a

precision matrix of the form

Hrr H’r@ Hrm

1 — 7 2 ~7r 7 -

Hobserved ve 7 ol — o'« Hr@ H96 HOm
~ ~ -

Hrm H@m Hmm

This difference has an important implication. The Neumann approximation for H ! breaks

down and H becomes singular in VFM when the weights associated to mass conservation,
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boundary conditions, and smoothing are very small, i.e., « < 1, a reminder of the im-
possibility of inferring vy without observing this velocity component or imposing physical
constraints. This issue does not arise in data assimilation with observed vy.

Focusing on the VFM Hessian (equation 2.32), we not that only the (r,m) blocks in
H~! are quadratic in o, indicating that Doppler and mask are more weakly coupled than
other variables. The coupling block ﬁm arises from the interdependence between mask and
Doppler velocity in the boundary conditions (equation 2.24). Detailed analysis indicates that
this coupling is activated at pixels where the mask gradient and radial velocity fail to sat-
isfy the free- slip boundary condition prior, and that its magnitude scales as O(Xy Xy ape),
reflecting weaker coupling when either the Doppler velocity or LV mask are well observed
(i.e., low error), and stronger coupling when the boundary condition prior is more strongly
enforced. In traditional VFM methods, there is no possible coupling since the mask is not
a latent variable, which effectively sets ¥3; = 0. Therefore, these methods cannot correct
segmentation errors using velocity data.

Also, the diagonal of H~! provides an estimate of the posterior uncertainty in the latent
variables (at least when the hyperparameter variance is low as expected for o < 1). In the
limit of small measurement noise (0 < 1), our analysis indicates that the uncertainty in v,
and m is uniquely dictated by their measurement noise. In contrast, the uncertainty in vy
depends entirely on the hyperparameters and the inverse of the central block, ﬁgg, which en-
codes the #-component of the mass conservation, boundary conditions, and smoothing priors.
This finding underscores the importance of rigorous Bayesian inference of hyperparameters

to accurately quantify uncertainty in the inferred vy.

Effect of Priors on VFM Regularization and Regularity Criteria

Equation 2.32 shows that, at leading order, the regularity of H depends solely on the reg-
ularity of the central block Hyp. Here, we analyze the regularity of this matrix by finding
the singular eigenvectors of the #-component of the discretized divergence operator (i.e.,

spurious spatial patterns that could be arbitrarily added to vy without breaking mass con-
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servation) and computing how the boundary conditions and smoothing priors modify the
singular eigenvalue (i.e., how those priors enforce that the strength of the spurious patterns
should be zero).

To simplify our derivations, we will work first in 1D and will later extend key results to
the 2D case relevant to VFM. Let Dy € RY*Ne be the centered finite difference approxi-
mation of the derivative operator d/00 with periodic boundary conditions. This operator
is circulant and its nullspace is defined by the constant Ny x 1 vector I = (1,...,1), i.e.,
Dyl = 0, so that D) Dyl = 0. This vector would generally belong to the nullspace of any
1D smoothing operator was well, so boundary conditions would be the only regularizer in
1D. Bayesian enforcement of a free-slip boundary condition 7' ¢ = 0 modifies leads to the
normal equation to

Hygtly = (areDy Do + apeBy By) U = rhs,

where By = diag(ng) = diag(Dyni) is a diagonal matrix encoding the #-component of the
normal vector to the mask, used to construct a least-squares penalty on the flux across
the mask, while aj;c and age are the hyperparameters controlling each penalty’s strength.
Thus, imposing boundary conditions can be seen as a rank update to the precision matrix.
This update affects the zero-valued eigenvalue of Dy, corresponding to the constant vector

I, by computing

)‘T = FH@@T: TTD;DQT—F apc TTB;—BQI: 0+ apc an

Extending this analysis to two dimensions is straightforward because, while the nullspace
of Dy adopts dimension N,, the associated eigenvectors Tro — constant in # at r = rg and
zero elsewhere — are orthogonal to each other. Therefore, we can study each eigenvector
separately, similar to the 1D case. However, the 2D singular eigenvalues get an additional
update from the smoothing prior because the eigenvectors TTO do not belong to the nullspace
of the discretized Laplacian operator, i.e., LTTO # 0. Assuming second-order centered finite

differences, the regularized 2D eigenvalues become:

) ) . . 6,
XD = 17,Dg Dolyy+ape-15 By Bolyy+asy -1, LT LT, & apedlyng, g +asy

, Ao (233)
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where agy is the smoothing penalty hyperparameter, Ar is the polar mesh spacing in the
radial direction and we have made the approximation ry > Ar.

To complete the 2D analysis, we consider the intersection of the nullspaces of the mass
conservation and smoothing operators, where regularization can only come from boundary
conditions. This space has dimension one and is spanned by a N, x Ny vector full of ones,
representing a constant function in both the r and 6 directions, Tr,g. For this vector, it is
straightforward to obtain that X%LZ ) = QBCY . nz(na), guaranteed to be positive as long as
there is one pixel in the entire domain with ng # 0. Therefore, this degeneracy should not
be concerning in VFM.

Finally, it is worth studying how the singular eigenvalues of mass conservation would be
modified when no-slip instead of free-slip boundary conditions were enforced. In that case,
ngy should be replaced by an indicator function é.y (7, 8) that labels endocardial pixels where

flow velocity matches endocardial velocity. The modified eigenvalues would then be

2D no—sli 6N, 6V
AZPROT® o g S, Sy (10, 0)° + ongA—TZ = apcNrve + OCSVA_Tia (2.34)

1,ro

where Ny is the number of pixels segmented as endocardial at r = 7.

In summary, interpreting boundary conditions and smoothing priors as rank updates
to the mass conservation constraint provides insight into how these terms regularize the
inference of vy in VFM. When smoothing is omitted (i.e., agyy = 0), the degeneracy of the
mass conservation operator can still be resolved by boundary conditions, provided that the
segmented LV mask satisfies certain geometric criteria. Under free-slip conditions, regularity
is ensured when the LV mask boundaries are not aligned with the #-direction at each constant-
r arc. In this case, the azimuthal normal component ny is nonzero for at least one pixel along
the arc, preventing the term multiplying apc in equation 2.33 from vanishing. For no-slip
conditions, regularity requires that there are no holes in the LV mask at any constant-r
arc, so that the number of segmented pixels Ny is nonzero and the term multiplying apc
in equation 2.34 remains active. When these geometric criteria are not met, vy becomes

undetermined up to an additive constant at all #-positions along the affected arc Figure
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2.13.

This insight enables a priori assessment of segmentation quality for VFM: singular arcs
can be identified and flagged for refinement, or agy can be locally increased to interpolate
from adjacent pixels in the r-direction. Alternatively, a thin line with ngy or . equal to
e can be added outside the LV mask spanning r = rpase t0 7 = 7apex, enabling Tikhonov-
like regularization of vy with strength eapge via boundary conditions. This approach would

stabilize inference without significantly altering the reconstructed flow within the LV mask.

Our analysis suggests that free-slip and no-slip regularize VFM in a similar manner. Free-
slip is more consistent with mass conservation physically. However, no-slip could result in
more stable inference because the indicator function 6,V = 1 at endocardial pixels whereas
ng could reach near-zero values depending on the orientation of the LV mask edge. We
also note that inference stability is independent of the particular values of velocity or flux
imposed at the LV wall. For example, similar regularization properties would be obtained
imposing zero velocity or the measured LV wall velocity. This is an important detail because
measuring LV wall velocity via mask registration can be involved and lead to errors that
would translate into smaller age in practice, potentially hindering stability.

Finally, our analysis suggests that boundary conditions become non-essential for regularity
when the smoothing weight gy is sufficiently high. In fact, least-squares implementations of
VFM, such as iVFM [5], can be run stably using very low weights for the boundary condition
penalty. However, it is important to recognize that smoothing is not a physical constraint—it
alters not only the singular modes of the mass conservation operator but also a broad range
of its eigenvalues.

Moreover, in VFM formulations where smoothing is not used as a penalty on vy, the
parameter agy should be interpreted as zero, even if smoothing is applied to vy or other fields
outside the inference step. As a result, such algorithms remain vulnerable to the intrinsic
ill- posedness of the problem and are prone to producing spurious banded structures in vy,
gaining little benefit from the unphysical smoothing imposed on the data.

These results underscore the need for rigorous analyses of VFM robustness, and data-
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adaptive Bayesian estimation of hyperparameters.
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Figure 2.13: Vanilla-VFM challenged with unmet geometric constraints, producing reason-
ably accurate velocity field reconstructions (v,, vy but exhibiting high uncertainty along the
6 arc (2,,, with N,, Ny in red).
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2.4 Discussion

Vector flow mapping poses an involved inference problem because the ultrasound cross-
beam velocity component, vy, lacks measurement data. This situation is analogous to the
ill-posedness of optical flow in the direction perpendicular to the local image gradient [81],
and contrasts with other scenarios, such as regularization of phase-contrast MRI data, where
there is observational support for all flow components.

The ill-posed nature of VFM makes it highly sensitive to implementation details. Signifi-
cant progress has been made since the earliest formulations, in which v, and m were fixed to
their observed values, V' and M, and mass conservation was used to infer vy along each radial
arc of the Doppler sector. In these early or “naive” implementations, phase unwrapping and

spatio-temporal filtering of V' were performed prior to inference, while vy was regularized
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post hoc using spatial filtering. It is now clear that phase unwrapping can be performed a
priori without affecting performance (see § 2.4.3), but that decoupling smoothing from the
inference step degrades the balance between regularity and accuracy. Instead, incorporating
smoothing directly into the inference of vy leads to more stable and accurate reconstructions
(see § 2.3). This evolution in understanding highlights the importance of carefully evaluating
VEFM’s stability and error propagation—particularly as the method is increasingly applied
to complex secondary analyses and to echocardiographic views beyond the relatively well-
characterized apical long-axis view of the left ventricle. Motivated by this need, the present
work provides a brief theoretical analysis of VFM stability and introduces a fully Bayesian
implementation of the method. This new formulation enables uncertainty quantification and
offers a principled foundation for the future development of VFM algorithms.

The formal formulation of VEM as a regularization problem constituted a signficant ad-
vance that enabled subsequent refinements of the method. Furthermore, the primary regular-
izer in VFM, the divergence operator, is also singular. For instance, in a naive formulation,
respectively, the problem admits degenerate solutions in which vy takes on arbitrary values
along constant-radius arcs, in addition to the values required to balance the radial mass
flux. These spurious banded flow structures appear in VFM reconstructions [29, 61] unless
additional constraints are imposed.

Banded vy artifacts are typically mitigated by incorporating spatial smoothing and bound-
ary condition operators for vg. Although these operators are also singular individually, their
combined action ensures regularization, since the latent state ' cannot generally lie within
the null spaces of the divergence, smoothing, and boundary-condition operators simultane-
ously. It is important to recognize that smoothing is not a physical constraint; ideally, VE'M
would rely as much as possible on mass conservation and boundary conditions alone. But the
boundary-condition operator depends on the observed LV mask M, which complicates stan-
dardization of the associated hyperparameters and contributes to VFM’s sensitivity to both
smoothing and boundary assumptions. Despite this sensitivity, the impact of uncertainty

propagation in VFM has not yet been formally investigated.



39

2.4.1 Hierarchical Bayesian VEM

We adopted a hierarchical Bayesian framework in which the flow velocity ¢, segmentation
mask m, and hyperparameters & governing the precision of each physical constraint were all
treated as random variables. Due to the interdependence between v, m, and &, the joint
posterior distribution could not be sampled directly. Instead, we explored it using Markov
Chain Monte Carlo (MCMC), where each variable was updated by sampling from its condi-
tional distribution given the others [57], [13].

MCMC enables efficient exploration of the high-dimensional, coupled posterior while ac-
counting for uncertainty in both the physical model and the data. However, the conditional
posteriors in B-VFM are also complex, as the segmentation mask m is itself a latent variable,
introducing nonlinearity in the model and making priors pseudo-Gaussian via dependence
of the precision matrix =1 on the latent state ¥ = (/,m). This complexity is particularly
pronounced in the boundary condition prior Vm-v = 0, which strongly couples the mask and
the flow. To address this complexity, we employ Laplace approximations to the conditional
posteriors, representing them as multivariate Gaussians with precision matrix ¥~ (7*), where
x* is the MAP estimate obtained by minimizing the conditional log-posterior. We explored
two strategies for hyperparameter sampling: Gibbs sampling with gamma hyperpriors and
Metropolis—Hastings (MH) with log-normal proposals. Below, we discuss the trade-offs be-
tween these two methods in terms of Bayesian rigor and computational efficiency.

Gamma hyperpriors are attractive due to their conjugacy, which allows for efficient sam-
pling from the conditional hyperposteriors, themselves gamma distributed. The Gibbs sam-
pler exhibited rapid convergence and low hyperparameter variance across MCMC chains,
yielding stable results, driven by the shrinkage properties of gamma distributions in high-
dimensional latent spaces Z. The shrinkage experienced by conditional hyperpriors could be
exploited to formulate a semi- Bayesian version of VFM where hyperparameter values are
deterministically determined based on input data, and a rough estimate of error propagation

can be directly computed from the diagonal of X 7(7*).
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It should be noted, however, that while fast convergence is computationally appealing, it
does not guarantee reliable posterior inference—particularly for uncertainty quantification.
A key limitation is that conjugacy holds only approximately for pseudo-Gaussian priors, after
fixing the precision matrix to its MAP estimate during each Gibbs update. This approxima-
tion may restrict the sampler’s ability to explore the joint posterior adequately. Consistent
with this concern, the Gibbs sampler failed to correct clear inconsistencies in the input data,
such as segmentation artifacts that induced flow across the endocardial boundary (Figures:
2.7, 2.8). Bootstrapping from iVEM [5] or similar velocity estimation methods may further
bias the Gibbs updates, potentially accelerating convergence at the expense of Bayesian rigor.
When working with high-quality images with low noise (X,/, ¥y), complete wall segmenta-
tion, and minimal Doppler voids — the v, and m blocks become approximately constant and
diagonally dominant, making conditional conjugacy a more accurate approximation.

Metropolis-Hastings (MH) hyperparameter sampling does not rely on conjugacy and is
better suited to explore the full pseudo-Gaussian structure of the posterior, albeit at the
cost of slower convergence due to proposal rejections. Notably, MH can leverage both the
Doppler velocity field and the physical priors to correct segmentation errors—an ability that
traditional VFM methods lack. Moreover, in our implementation, the acceptance probability
of MH proposals is computed using the residual of the MAP solver, thereby embedding solver
convergence directly into the sampling criterion. This design ensures that poorly converged
MAP estimates do not bias the posterior approximation and reflects a Bayesian internal
consistency when approximating the conditional posteriors via Laplace’s method.

Traditional VFM formulations [5,6,23,25,36,49,72,80] treat the LV mask as fixed, effec-
tively enforcing m = M as a deterministic constraint. If a similar assumption were applied
in our model, the precision matrix of the conditional posterior would adopt a significantly
simpler, constant structure, independent of Z. Consequently, the conditional posterior for ¥
would be Gaussian, and gamma hyperpriors on @ would yield exact conjugacy. This sim-
plification would allow for direct sampling from the conditional posterior without requiring

MAP estimation, thereby eliminating a significant source of computational cost in the B-
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VFM algorithm. Moreover, we speculate that the added complexity of MH sampling would
be less advantageous in this setting, as the conditional distributions would be tractable and
well-behaved. In contrast to the full model, where the nonlinearity introduced by the latent
mask m can lead to poorly explored posterior regions or low acceptance rates, a fixed-mask
formulation would allow for more efficient and fully Gibbs-based inference.

However, enforcing m = M sacrifices the ability to use velocity data to refine or cor-
rect segmentation errors. This trade-off is particularly relevant in certain pathologies where
endocardial border delineation is challenging or unreliable. For example, in dilated car-
diomyopathy, the myocardium is thinned offering reduced contrast with the blood pool, and
endocardial borders become poorly defined the apical view used for VEM [53]. In LV non-
compaction, prominent trabeculations and deep intertrabecular recesses obscure endocardial
borders complicate precise segmentation and color-Doppler is intuitively used to improve
diagnostic accuracy [70]. In apical hypertrophic cardiomyopathy, the apex may nearly or
completely obliterate during systole, and segmentation is further complicated by asymmet-

ric wall thickening, aberrant trabeculation, and displaced papillary muscles [45].

2.4.2  Extensions of B-VFM

The hierarchical Bayesian framework presented in this study is flexible and its computa-
tional cost is relatively insensitive to the number of hyperparameters, making it suitable for
customization to include additional priors and or observation modalities. For instance, data
from echo-partice image velocimetry or multiple color-Doppler acqusitions could be incorpo-
rated as an additional observation. We will explore more of extensions of VFM in Chapter

4: Fusion-VFM.



42

Supporting information

2.4.8 Phase Unwrapping

The color Doppler maps V (r, ) used as input to B-VFM may exhibit aliasing artifacts due
to phase wrapping of the Doppler phase when the true radial velocity exceeds the encoding
limit V.. These artifacts create ambiguity in the observed phase, ® = 7V/Vg,.. In pixels
affected by aliasing, the true (¢) and observed phase differ by an integer multiple of 27:

p—@ v -V

5 v n = int(¢), (2.35)

where n € 7Z is the aliasing index, and ¢ € R is its real-valued extension.
To account for this ambiguity within the Bayesian framework, we introduce ¢ as an
additional latent variable in the forward model X = A7 + £, modifying the observation

equation to:

v,
% I 0 0 —2V. v €
- S (2.36)
M 0 0 I 0 m EM
int(¢)

When n = ¢ = 0, there is no phase wrapping, and the model reduces to the scenario
described in the Main Text.
To correct phase-wrapping artifacts, we incorporate prior knowledge on the spatial struc-

ture of ¢ following the approach of Loecher et al. [43]:
gp=0¢—L7'f ~N(0,%y), (2.37)
where L is the Laplace operator, and
f=cos®o (L -sin®)—sindo (L-cosP)

is a nonlinear function of ®, itself a function of V. The prior covariance ¥, = a;ll is

diagonal, with precision hyperparameter ;. The corresponding probability density function
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introducing a multiplicative term in the conditional posterior (eq. 2.10 in the Main Text).

In addition to this prior, the likelihood for V' is modified to:
1
p(V | Z,€) ~ exp {—5 (v =V = 2Vene int(¢))" B (v — V' — 2Vine int(gb))] . (2.39)

Differentiating the negative log conditional posterior with respect to ¢ yields the following

MAP condition:

A
) DUCEU RN

where the final term is a Dirac comb used to approximate the distributional derivative of
int(¢) with respect to ¢. This derivative is zero almost everywhere (for ¢ ¢ Z), effectively
decoupling the MAP estimate of ¢ from other latent variables and yielding ¢ = L=!f. When
n = ¢ € Z, equation 2.40 reduces to the aliasing identity 2V,,.n = v,, — V. These results hold
independently of o, and shows that phase unwrapping can be performed as a standalone

preprocessing step prior to executing the B-VFM algorithm while retaining Bayesian rigor.
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Chapter 3

THEORETICAL ANALYSIS

Intracardiac blood flow analysis is an emerging field that allows for assessing flow dy-
namics, vortex formation, cardiac dysfunction, energetic efficiency, and other quantitative
biomarkers of cardiovascular health [34]. These markers are increasingly recognized for their
potential to detect early signs of cardiac dysfunction adding to already existing metrics such

ejection fraction and wall motion.

Color Doppler echocardiography is a widely used, noninvasive imaging modality for visu-
alizing blood flow in the heart. Its portability and real-time capabilities make it a valuable
tool in clinical cardiology. Contrast-enhanced echocardiography, while minimally invasive
due to the requirement of an intravenous contrast agent, also offers powerful insights into
intracardiac flow dynamics. In particular, contrast ultrasound has been shown to outperform
conventional Doppler in certain diagnostic tasks. For example, Rossi et al. demonstrated
that contrast-enhanced sonography is significantly more sensitive and accurate than color
Doppler for detecting and characterizing thrombosis [63]. Contrast ultrasound can be espe-
cially useful in scenarios where Doppler imaging is limited, such as in regions with low-velocity
flow, deep anatomical structures, or when aliasing artifacts hinder interpretation. In such
cases, contrast echocardiography provides an effective alternative for capturing detailed flow

information.

Despite these methods’ strengths, ultrasound-based imaging is inherently prone to multi-
ple sources of uncertainty. These include probe motion such as with hand-held transducers,
variability in acquisition angle, depth of region of interest, limited spatial resolution, and
aliasing [27]. Additionally, data voids and artifacts often arise during acquisition, particu-

larly when patients have a challenging acoustic window or cardiovascular conditions. When
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these noisy and error prone images are used as inputs to computational models, such as
reconstructing velocity fields and pressure gradients, uncertainty is further propagated due
to additional physics model assumptions, interpolation methods, and discretization steps.
Despite the increasing reliance on image-based flow analysis, most existing methods and
pipelines do not rigorously quantify or propagate these uncertainties. The absence of this
analysis undermines the reliability of model-derived clinical metrics and makes it challenging
to translate intracardiac blood flow analysis to guide medical decisions.

In this chapter, we use an echocardiographic simulator, MATLAB Ultrasound Toolbox
and SIMUS [24], to perform a theoretical analysis of how uncertainties in ultrasound image
acquisition arise and propagate through flow analysis pipelines. While there is no universally
accepted framework for quantifying uncertainty in medical imaging, several methods have
been developed to address different aspects of the problem. In a survey by Gillman et al.,
uncertainty in medical imaging is discussed in depth [27]. Berge et al. visualized confidence
maps using the equilibrium solution of a random walk problem [8]. Gueziri et al. measured
trustworthiness by assessing the positional uncertainty of the transducer, incorporating target
registration information into their uncertainty estimation [28]. Building on these prior efforts,
our approach focuses specifically on acquisition-related variability and its downstream impact
on computational flow modeling pipelines. By simulating a range of imaging conditions
and introducing controlled noise and perturbations, we investigate how these uncertainties
influence image quality and flow estimation. This sensitivity analysis allows us to evaluate
the robustness of flow based biomarkers and assess the broader implications for both model

reliability and clinical applicability.
3.1 Understanding Sources of Uncertainty in Medical Imaging

Understanding the sources of uncertainty in medical imaging is essential for both accurate
interpretation and reliable downstream modeling. In their comprehensive survey, Gillmann
et al. categorize uncertainty according to the major stages of medical imaging: acquisition,

transformation, and visualization, and identify multiple distinct sources such as positional
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uncertainty due to hand-held probe placement variability, pixel/voxel value uncertainty, in-
completeness of data, model inaccuracy or incompleteness, and boundary/parameter un-
certainty, among others [27,82]. Positional uncertainty arises especially in modalities like
ultrasound where transducer posture or orientation may vary between acquisitions; voxel
intensity uncertainty stems from noise, reconstruction errors, or signal quantization; and
incomplete data may result from limited field of view, occlusions, or sampling gaps. Ad-
ditionally, uncertainties from physics-based modeling, such as model physics parameters,
interpolation methods, and discretization, can propagate through pipelines when using im-
ages for computational analysis.

Beyond visualization-specific frameworks, the broader field of medical image analysis rec-
ognizes two root causes: aleatoric uncertainty, which captures inherent variability or noise
in the data (e.g. patient motion, imaging noise), and epistemic uncertainty, arising from
the underlying model. Recent reviews show that explicitly quantifying both forms using
Bayesian models, ensemble methods, or dropout techniques not only improves model relia-
bility, but also offers interpretable confidence metrics for clinical decision support [17]. This
further supports our choice in a Bayesian approach to Vector Flow Mapping as presented
in Chapter 2. For this section, we focus on aleatoric uncertainty, examining how a theoret-
ical analysis of acquisition-related noise and image variability can be incorporated into the

Bayesian framework to improve flow estimation accuracy and reliability.

3.2 MUST: MATLAB Ultrasound Toolbox

3.2.1  Varying Ultrasound Parameters

To study uncertainties in echocardiographic Doppler images, we use MATLAB Ultrasound
Toolbox, MUST, to simulate and control the ultrasound imaging environment [68]. It’s flexi-
ble features closely replicates real-world acquisitions, enabling us to systematically introduce
and isolate sources of uncertainty. We generate a diverse set of ultrasound scenarios by vary-

ing key ultrasound parameters such as scatterer brightness, scatterer location, attenuation
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coefficient, transducer type and angle, and viewing depth. Ultimately, this synthetic pipeline
allows us to evaluate how these variables influence reconstructed flow fields downstream. The
PFIELD function is a key feature in MUST that models the acoustic pressure field generated
by a uniform linear or convex ultrasound transducer array. It computes the radio-frequency
(RF) signals received by each transducer element based on wave propagation, scattering, and
transducer parameters. The acoustic pressure Pr,(w) measured at the gth element is given

by:

#ofparticles N eikrnm eikﬂ’qm
Pro(w BSC,, Dy (B, k) ——=| | Dy(Oym, k) ——=| e™"
o (W) 2 (; b ) Tnm/bD b(Ogm, k) rqm/b]

The term BSC,, represents the backscattering coefficient of the mth scatterer. It accounts
for how much of the ultrasound energy is reflected back from the scatterer to the transducer.
Since each scatter in the tissue has a different backscattering coefficient, we model it as a
random variable drawn from a Gaussian distribution, BSC,, ~ 0, N (0,1). Attenuation is
also represented in Pr,(w) through \/L; and e*". This describes how the propagated wave
weakens or attenuates as it travels through different tissues. The farther the wave travels
in r, the weaker the signal becomes due to energy spreading and absorption. Within these
parameters, we also vary the distance between the target of interest to the transducer origin.
Overall, in addition to the backscattering coefficient, we also adjust the attenuation and

distance r traveled in our simulations to analyze its effects on acquired images.

3.2.2  Choice in Synthetic Flow Patterns

Left ventricular (LV) diastolic vortex formation is widely recognized as an important mech-
anism for efficient blood pumping. During diastole, the formation of a LV vortex plays
a critical role in cardiac efficiency by minimizing energy loss and smoothly redirecting in-
flowing blood toward the outflow tract, thereby optimizing ventricular filling and ejection.
In a healthy LV, this manifests as a stable, symmetric vortex ring that forms during early
diastolic filling and persists into diastasis, minimizing energy loss and shear stresses. [2]. Ab-

normalities in this vortex pattern have been linked to LV-related disorders such as diastolic
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dysfunction and heart failure [21]. Motivated by both the physiological importance and the
relatively simple geometric structure of the diastolic vortex, we evaluate vanilla VFM and B-
VFM using two synthetic flow models that approximate this pattern: the Lamb-Chaplygin
(LC) dipole and Hill’s vortex (Figure 3.1). The Lamb-Chaplygin (LC) dipole is used as a
verification benchmark because it generates an exact, steady 2D incompressible flow that
can be fully described by an analytical streamfunction. This streamfunction takes the form:

2U Jy (k) .
— MozlgR)) sin(#), r<R

v = U <R—2 — 7") sin(@), r>R .

r

where U is the dipole’s translational velocity, R is the radius of the vortex core, Jy and J;
are the zeroth and first-order Bessel functions of the first kind, and k satisfies the boundary
condition kR = 3.8317..., which is the first non-trivial zero of J;. Because the Lamb-
Chaplygin Dipole velocity field is entirely in-plane and divergence-free by construction, B-
VFM, as well as any other VFM method, should reconstruct the velocity field with perfect
accuracy given noise-free inputs. This makes the LC dipole an ideal ”sanity check” case,
ensuring that the algorithm can match an exact analytic solution in a controlled 2D setting.
In contrast, the Hill’s spherical vortex is an axisymmetric 3D flow characterized by a compact
vortex structure embedded in a surrounding irrotational field. Its velocity field can also be

described by a streamfunction in spherical coordinates:

—% (1 — Z—i) r2sin?0, r <a,
v(r.0) = p (3.2)
U (1 — —3) r2sin20, r>a,
r

where U is a constant velocity far away from the origin and a is the radius of the spherical
vortex core. For r > a, the vorticity is zero and the solution described above is simply the
potential flow past a sphere of radius a. Unlike the LC Dipole, the Hill’s vortex contains out
of plane velocities, ie 3D flow, introducing more realistic challenges for vector flow mapping

algorithms. For classic VFM and B-VFM, the Hill’s vortex case tests the methods’ ability
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to recover the velocity field in the presence of unmeasured out-of-plane fluxes, making it a

more challenging and practically relevant benchmark.

A Hill's Vortex B Lamb-Chaplygin Dipole |C Synthetic Ultrasound
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Figure 3.1: A) Streamfunction of Hill’s Vortex B) Streamfunction of Lamb-Chaplygin Dipole
C) Generated synthetic ultrasound contrast echo using MUST

Particle coordinates were defined to follow the synthetic flow fields. The MATLAB Ultra-
sound Toolbox (MUST) simulated ultrasound wave propagation and scatterer interactions at
these particle locations using standard transthoracic echocardiography parameters: a linear-
array probe transmitting pulses with a center frequency of 2.8 MHz and an 86-beam scanning
sector with 1° spacing. From the resulting simulated radiofrequency data, MUST generated
synthetic B-mode and color Doppler images. Variance fields were then computed by sys-
tematically varying the parameters described in Section 3.2.1 (Figure 3.2). MUST offers a
versatile simulation environment that allows systematic variation of numerous parameters.
Our selections of transducer type, ultrasound environment settings, and other factors rep-
resent just a few examples within this synthetic framework. Different parameters can and

should be varied to suit specific scenarios and research goals.



20

0.5m/s

—-0.5m/s

Figure 3.2: Particle coordinates were defined within the MATLAB Ultrasound Toolbox to
simulate flow patterns of synthetic velocity fields at different transducer angles. Simulated
ultrasound wave propagation and scatterer echoes generate realistic radiofrequency data,
which is then processed to create synthetic the corresponding Doppler images.

3.3 Results

We introduced variance levels of 10%, 30%, 50%, 70%, and 90% relative to the mean scat-
terer brightness value of 1 across a range of transducer angles: 0°, 22.5°, 45°, 67.5°, and 90°
(Figure 3.3). As expected, increasing variability in scatterer brightness and position results
in a proportional increase in the variance observed in the synthetic Doppler images. This
relationship highlights how intrinsic heterogeneity in tissue scattering properties directly im-
pacts the stability and noise characteristics of Doppler signals. Furthermore, we observed
that the variance in Doppler images systematically increases with the transducer angle from
0° to 67.5°, indicating that beam orientation influences signal consistency. The variance
plateaus at 90°, which may be attributed to the physical limitation that at orthogonal in-
sonification, the Doppler shift is minimized, thus reducing sensitivity to scatterer brightness
changes, effectively capping the variance increase.

To further elucidate the effects of tissue properties on image variance, we investigated
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Figure 3.3: Measurement of mean variance in synthetic doppler images when angle between
the transducer and the flow field is varied.

acoustic attenuation by simulating two attenuation coefficients, &« = 0 and aw = 0.5 dB/ecm/MHz,
the latter representing typical soft tissue attenuation. These simulations spanned depths
ranging from 0.01 m to 0.1 m, all performed with a fixed transducer angle of 0° (Figure
3.4). We found that increasing scatterer brightness variability consistently elevated Doppler
variance across all depths. Moreover, as the imaging depth increased, the Doppler variance
grew significantly, likely due to cumulative attenuation effects reducing signal-to-noise ratio

at greater distances from the transducer. Quantitatively, Doppler variance differed by ap-
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proximately 2% to 40% when comparing attenuation coefficients of 0 and 0.5 dB/cm/MHz,
underscoring attenuation’s nonlinear impact on signal quality over depth.

Interestingly, our results indicate that variability in the backscatter coefficient exerts a
more substantial influence on Doppler image variance than attenuation within the tested
parameter range. Physically, this is intuitive because backscatter heterogeneity directly
modulates the amplitude and phase of the returned echoes, producing immediate fluctua-
tions in Doppler signal strength. In contrast, attenuation acts as a gradual signal decay
mechanism, which predominantly affects deeper targets but may be partially compensated
by system gain or post-processing.

By leveraging the flexible parameter control offered by the synthetic ultrasound toolbox,
we have established a framework to introduce realistic, clinically relevant noise profiles into
simulated Doppler images. This approach enables systematic exploration of how acquisition
related variabilities propagate through vector flow mapping reconstruction algorithms, pro-

viding crucial insight into the sensitivity and robustness of derived hemodynamic metrics.

Attenuation Coefficient = 0 dB/cm/MHz Attenuation Coefficient = 0.5 dB/cm/MHz
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Figure 3.4: Measurement of mean variance in synthetic doppler images r distance between
transducer and flow field is varied for & = 0 and o = 0.5 dB/cm/MHz.



93

3.4 Discussion

Our findings underscore the significant impact of aleatoric uncertainty, manifested in this
theoretical analysis as variability in scatterer brightness, transducer angle, and attenuation,
on the quality and reliability of Doppler ultrasound images. These acquisition related noise
sources propagate through the image formation process and ultimately affect downstream
flow estimation, as evidenced by the systematic increase in Doppler variance under controlled
perturbations. This behavior is consistent with the broader medical imaging literature, which
differentiates aleatoric uncertainty as inherent data noise that cannot be mitigated simply by
acquiring more data, unlike epistemic uncertainty stemming from limitations in the under-
lying models [17]. By explicitly quantifying how acquisition variability translates into signal
variance, our theoretical analysis sheds light on the stochastic nature of ultrasound imaging
and the challenges it poses for accurate flow measurement.

Building on this foundation, our study motivates the use of a Bayesian framework for Vec-
tor Flow Mapping, as presented in Chapter 2. Unlike the conventional Vanilla-VFM method
which assumes a simplistic identity covariance matrix >y and neglects Doppler measure-
ment errors, our Bayesian approach replaces Yy with an informed covariance matrix that
reflects realistic, spatially varying error characteristics. For instance, out theoretical analysis
revealed that Doppler error tends to increase with imaging depth, allowing >y to be adap-
tively adjusted to account for this spatially varying uncertainty. Additionally, alternative
sources of uncertainty, such as cycle-to-cycle variability, can also be incorporated within this
flexible Bayesian framework. By embedding these uncertainty estimates directly into the re-
construction process, the model gains enhanced robustness and produces confidence metrics
that are clinically interpretable.

It is important to emphasize that no single approach exists for quantifying uncertainty,
but regardless of the method, acknowledging and integrating multiple uncertainty sources is
essential for deriving reliable, clinically meaningful metrics. Incorporating rigorous uncer-

tainty quantification helps to distinguish genuine physiological flow patterns from artifacts
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introduced by imaging noise, ultimately improving the trustworthiness of the flow estimates.
Furthermore, while this chapter focuses on aleatoric uncertainty related to image acquisition,
future work should also integrate epistemic uncertainty arising from model assumptions to
further bolster transparency and clinical confidence.

By bridging detailed synthetic simulation studies with practical clinical challenges, the
methods and insights developed here provide a critical step toward more comprehensive
uncertainty-aware intracardiac flow analysis. In summary, our work demonstrates the value
of explicitly modeling acquisition-level variability within probabilistic flow estimation pipelines,
thereby closing the gap between theoretical image simulation and real-world echocardio-

graphic diagnostics.
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Chapter 4
MULTI-MODALITY FUSION

Mapping left ventricular (LV) flow from ultrasound can be approached through multi-
ple complementary modalities, each offering distinct advantages and limitations. As we
have already seen, left ventricle (LV) mapping by ultrasound through echo color-Doppler
velocimetry (echo-CDV) has shown to be a strong imaging modality to quantify flow in the
LV, but it is still limited by 1D radial velocities and enforces planar flow assumption in
vector flow mapping. Echocardiographic Particle Image Velocimetry (Echo-PIV) is another
method that has been utilized in the clinical setting to quantify flow patterns in the heart.
Echo-PIV applies particle image velocimetry to contrast ultrasound images, producing a full
2D velocity field without making any assumptions about the flow. Its main drawback is the
need for well-controlled contrast injections, which may not always be clinically feasible. Vec-
tor Flow Mapping (VEM), by contrast, estimates flow from color Doppler images and wall
motion tracking without contrast agents. While simple and widely used, VFM is constrained
by modeling assumptions and the need for good selection of velocity encoding value to avoid
aliasing while capturing low velocities  Fusion Vector Flow Mapping aims to combine such
complementary datasets within a unified reconstruction framework, leveraging the strengths
of each modality while mitigating their weaknesses. In this work, we explore two fusion

strategies:

1. Echo-PIV and Doppler Fusion: Using PIV to capture 2D velocities from contrast
echocardiography and Doppler to resolve regions of higher velocity such as during

left ventricular filling, creating a more complete and physically consistent flow field.

2. Doppler Multiscale Fusion: Combining color-Doppler acquisitions acquired at different
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velocity encodings to increase the dynamic range, allowing simultaneous recovery of

both high and low velocity regions.

Both fusion strategies are implemented within a least-squares optimization framework that
enforces physical flow constraints, including conservation of mass, adherence to boundary
conditions, and spatial-temporal regularity (Figure 4.1). While the formulation is determin-
istic, it incorporates explicit uncertainty metrics into the reconstruction, enabling propaga-
tion of measurement variability through to the final velocity estimates. However, because
hyperparameter selection is fixed rather than inferred from probability distributions, the
method is not fully Bayesian.

This distinction is important because although the current fusion results are produced
with a deterministic least-squares approach, the underlying structure naturally accommo-
dates a Bayesian formulation. Since the fusion framework already integrates multiple datasets
into a common forward model with uncertainty metrics, extending it to a Bayesian setting
would simply require probabilistic treatment of the hyperparameters and priors. This would
enable principled uncertainty quantification across modalities, enhancing robustness, inter-
pretability, and clinical realiability. As such, the work presented here serves both as a
demonstration of multimodal fusion capabilities and as a natural stepping stone toward full

Bayesian fusion methods.
4.1 Formulation

4.1.1  Echo-PIV and color-Doppler Fusion

Maximum likelihood inference is a common approach in experimental flow mapping when
data are sparse or incomplete. Here, we adopt an algorithm based on the intraventricular
flow mapping (iVFM) method by KC et al. [5]. The method discretizes and minimizes a
likelihood function, yielding a system of linear equations whose solution provides the recon-
structed velocity field. The cost function for the optimization contains five weighted terms:

Doppler data fidelity, PIV data fidelity, mass conservation, boundary conditions, and spatial
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Figure 4.1: Fusion Flowchart: 1) Echo-PIV and Doppler Fusion, Data 1 would contain both
u, and ug components provided by PIV’s 2D field and Data 2 would contain u, and uy = 0
from color-Doppler acquisition. 2) Doppler Multiscale Fusion has w1, up1 = 0, u,2,ug2 = 0
as inputs. Both fusion modalities have corresponding error measurements and wall segmen-
tation acquisitions as inputs.

smoothness regularization. The construction of the Doppler data fidelity, priors, and regu-
larization follows KC et al. Our extension incorporates an additional PIV term, which allows

for fusion between Echo-PIV and Doppler data while still enforcing the physical constraints.
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Here, Qpyy is a weighting matrix derived from the local signal-to-noise ratio (SNR) of the
PIV measurements. This weighting ensures that high-confidence PIV vectors contribute more
strongly to the reconstruction, while low-confidence measurements have reduced influence.
PIV measurements are obtained by cross-correlating two interrogation windows from frames

separated by a time At. The SNR is quantified from a bilinear fit to the cross-correlation
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peak, which approximates a paraboloid:
paraboloid = bz® + cy? + dz + ey + f

A steeper, well-defined paraboloid corresponds to a higher SNR (and thus more trustworthy
velocity estimates), whereas a shallow paraboloid indicates greater uncertainty. Figure 4.2

illustrates the geometry of the paraboloid fit. To construct Q) pry, we make two simplifying

paraboloid = bx? +cy? +dx+ey+f

Figure 4.2: PIV compares corresponding interrogation windows between two frames via cross-
correlation. The resulting correlation surface is approximated by a paraboloid. The location
of its maximum gives the displacement between frames, while the curvature coefficients (b,c)
reflect measurement confidence.

assumptions: 1) symmetry and no tilt by neglecting cross terms d, e, 2) the vertical offset
is not relevant therefore we neglect f, which shifts the paraboloid along the vertical axis.
Under these assumptions, the coefficients b, ¢ fully characterize the paraboloid curvature in
the x,y directions. These curvature values directly inform the entries of ()pyy, scaling each
PIV velocity vector by its associated measurement confidence.

While classic Particle Image Velocimetry (PIV) offers the advantage of producing a two-

dimensional velocity field, thereby providing richer spatial flow information compared to the
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one-dimensional velocity component obtained from color Doppler, it faces challenges in ac-
curately capturing regions of low velocity. PIV works by dividing consecutive ultrasound
images into smaller interrogation windows and estimating the average particle displacement
within each window by calculating the cross-correlation between corresponding regions in
sequential frames. Importantly, PIV does not track individual particles but rather mea-
sures the collective, averaged motion of groups of particles within these windows. A notable
limitation arises when particle displacement between frames is large relative to the window
size, i.e. particles can move outside the interrogation region, causing a decrease or loss of
cross-correlation and thereby underestimating displacement. This issue becomes particu-
larly important when quantifying left ventricular (LV) flow, which exhibits a wide range of
dynamic flow patterns over the cardiac cycle. For example, during early diastolic filling, a
high-velocity inflow jet enters through the mitral valve and rapidly decelerates as it propa-
gates toward the apex. PIV often underestimates velocities in such high-speed inflow regions,
which can bias downstream flow estimates and reduce the accuracy of derived hemodynamic
metrics.

To mitigate this problem, multipass algorithms have been developed [67]. These methods
begin with a first pass using relatively large window sizes to capture large scale displacements.
The displacement estimates from this initial pass are then used to inform subsequent passes
with progressively smaller window sizes, enabling the capture of finer flow details while main-
taining accuracy. This iterative approach can be repeated multiple times, gradually refining
the velocity field by reducing the window size and improving spatial resolution. Additionally,
due to the cyclic nature of cardiac flow, an ensemble averaging step can be incorporated,
where PIV results from multiple cardiac cycles are averaged to enhance signal-to-noise ratio
and reduce measurement variability. This combination of multiscale, iterative processing and
temporal ensemble averaging, significantly improves PIV’s robustness and accuracy in com-
plex cardiovascular low measurements. We must note that even with these improvements to
PIV metrics, PIV alone still tends to underestimate regions of very high velocity compared

to color Doppler. Capturing regions of high velocities is where color-Doppler generally per-
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forms better, making a fusion of the two modalities an effective strategy to recover a more
robust and physiologically accurate flow field.
Contrast Ultrasound Acquisition Enrollment. With IRB approval and HIPAA com-
pliance, we prospectively enrolled 40 patients who underwent clinically indicated contrast
enhanced 2-D echocardiograms between September 2016 and April 2017. Patients who were
18 years or older were eligible to be enrolled in the study. Those with complex congenital
heart disease, pregnant women, known intracardiac shunts, or history of an allergic reaction
to Bracco Optison or Lumason were excluded from the study.
Contrast Ultrasound Imaging Acquisition. 2-D echocardiograms was performed on
across three different vendor platforms: Siemens Acuson S2000, General Electric Vivid e9,
and Philips iE33. In the apical 3-chamber view, the focal depth was set to mid-cavity and
the depth reduced to include the mitral valve and aortic valve in order to maximize spatial
resolution. Sector width was narrowed in order to maximize temporal resolution ;50 Hz.
Harmonic imaging or vendor-specified contrast presets were not used for acquisition. The
mechanical index was modulated between 0.5-0.8. The contrast agent, Lumason, was diluted
in a 1:2 fashion in sterile normal saline. 0.5 mL of diluted contrast was hand-bolused and
then followed by a 2 mL normal saline bolus. Acquisitions were over 5 cardiac cycles. In the
apical 3-chamber view, the focal depth, depth, and sector width were duplicated to perform
color-Doppler imaging. The color-Doppler field included the entire left ventricular cavity.
Acquisitions were acquired over 5 cardiac cycles.
Temporal Alignment of PIV and Doppler data. From ultrasound acquisitions, ECG
signals were used to temporally align contrast echocardiography and color-Doppler echocar-
diography data. For each acquisition, 3 to 4 consecutive cardiac cycles were recorded, aver-
aged, and normalized to reduce noise and improve signal consistency. Temporal alignment
was achieved by matching each Doppler frame to the closest corresponding contrast echo
frame, leveraging the higher temporal resolution of the contrast echo data.

Depending on the acquisition resolution and the quality of the data, alternative meth-

ods such as moving average filters, interpolation techniques, or advanced signal registration
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algorithms may be necessary to improve alignment accuracy. These methods can help com-
pensate for discrepancies in frame rates or timing offsets, ensuring that multimodal data are

synchronized precisely for subsequent analysis and fusion

4.1.2  Doppler Multiscale Fusion

While the Echo-PIV Doppler fusion described above combines complementary modalities,
the same least-squares framework can be extended to fuse multiple Doppler datasets acquired
under different imaging configurations. In our Doppler-Doppler multiscale fusion approach,
two Doppler velocity fields, vp 1 and vp o, are incorporated into the cost function through

separate data fidelity terms:
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+ Aom /Q(r&xvr + v, + Opvg)?
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Q mer )9
Each Doppler dataset is acquired with different velocity encoding value to target different
portions of the flow’s dynamic range. For example, one dataset may prioritize high-velocity
jets with minimal aliasing, while the other captures low-velocity recirculating regions with
improved sensitivity. By fusing them, the reconstruction leverages the strengths of both
acquisitions, producing a velocity field that better resolves the full spectrum of cardiac flow
dynamics. As in the Echo-PIV Doppler fusion case, each Doppler term can be weighted by
a confidence metric derived from acquisition geometry and estimated measurement uncer-
tainty. While these confidence weights allow uncertainty information to propagate through
the reconstruction, the hyperparameter selection (Acar, Apc and Agps) remains determin-
istic in this least-squares formulation. Therefore, although uncertainty is incorporated at
the measurement level, the method is not fully Bayesian, unlike the framework proposed in
Chapter 2, which directly models and infers uncertainty in both the measurements and the

model parameters.
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Color-Doppler Multiscale Acquisition. We reanalyze data from previous animal exper-
iments used to determine the relationships between VFM flow and the risk of stroke after
myocardial infarction. Briefly, after median sternotomy, epicardial echocardiographic exami-
nations were performed using a Vivid 7 scanner and phased-array 2-4-MHz transducers (GE
Healthcare). Without tilting or displacing the probe, we acquired color-Doppler sequences
(8 to 14 beats) in the three-chamber view, while varying the Nyquist limit between 0.33 m/s

and 0.66 m/s, followed by B-mode sequences(four to six beats) at a high frame rate.

4.2 Uncertainty Modeling

4.2.1 Uncertainty in PIV Field with Bootstrapping

One approach to quantify uncertainty in PIV measurements is with bootstrapping. Boot-
strapping is a classical statistical technique used to estimate uncertainty by resampling data
with replacement to create multiple synthetic datasets [20]. In the context of Particle Image
Velocimetry (PIV), the algorithm begins with the reference image data, for example at t,, I;
and generates a bootstrap sample I by randomly replacing some pixels with values sam-
pled from I;. The same steps are repeated for the following image at ¢ = At, I,. For each
bootstrap samples Il(i) and Iz(i), the correlation matrix C'®) is computed, capturing particle
displacement information. The particle displacement d® is then estimated by locating the
peak of C¥). This resampling and displacement estimation is repeated for N bootstrap itera-
tions, resulting in a set of displacement estimates {d(l), d®,. .. aW )}. From this ensemble,
statistical quantities such as the mean displacement d and variance X4 are calculated, pro-
viding an empirical measure of uncertainty in the velocity vectors. This process offers a
robust, nonparametric approach to quantify measurement variability arising from noise and

other errors in PIV imaging, without assuming a specific underlying distribution (Figure 4.3,

Algorithm 3).
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Figure 4.3: Bootstrapping is used to estimate uncertainty in PIV measurements by resam-
pling and replacing random pixels (denoted by red patterned boxes in image) in each input
data interrogation window. PIV is rerun to obtain results for each new sample, providing an
empirical distribution of the measurements for uncertainty quantification.

A

4.2.2  Uncertainty in color-Doppler

There is currently no universally accepted method to quantify uncertainty in color Doppler
measurements. However, several practical approaches have been proposed to estimate and
characterize uncertainty in color-Doppler data:

Cycle-to-cycle variability: One approach we used to assess uncertainty in color Doppler
acquisitions is calculating deviations of flow parameters at corresponding points within the
cardiac cycle across multiple cardiac cycles. We averaged around 10 cycles acquired at 24

frames per second. This method assumes a stable and regular heart rhythm, attributing
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Algorithm 3 PIV Uncertainty Quantification with Bootstrap Method
Input: Original PIV image pair Iy = I at t,, Is = [ at t, + At, number of bootstrap

samples N
Result: Estimated velocity uncertainty for each interrogation window
fori=1to N do
for W;;1,W;j2 to N do
Generate bootstrap sample: Randomly replace pixels in I; with pixels from I;
Generate bootstrap sample ]éi) similarly from I
Compute cross-correlation matrix C® between I fi) and ]2(“
Determine displacement vector d® by locating peak in C'®)
end for
end for
Compute mean displacement d and uncertainty (e.g., standard deviation) from {d®@}¥,

return d and uncertainty estimates

any observed variability in Doppler frames primarily to measurement noise or acquisition
artifacts rather than physiological changes. Thus, the cycle-to-cycle variability offers an em-
pirical measure of acquisition uncertainty.

Inter-observer Variability: Another approach involves acquiring color Doppler data and
performing segmentations by different sonographers or using different ultrasound probes for
the same patient. The differences in measurements caused by operator-dependent factors or
equipment variation provide an estimate of uncertainty stemming from user and hardware
variability.

Power Doppler: Power Doppler imaging, which maps the total integrated power of the
Doppler signal rather than velocity direction or magnitude, can be used as an indirect indica-
tor of signal quality and uncertainty. Areas exhibiting higher power Doppler signal generally
correspond to stronger and more reliable flow signals, reflecting higher signal-to-noise ratio

(SNR). Conversely, regions with low power Doppler signal often coincide with weak flow



65

signals or locations outside the scan sector and should be treated with greater caution in
interpretation due to increased measurement uncertainty.
Ultrasound Machine Variance Maps: Many ultrasound systems generate variance or
spectral width maps by analyzing the Doppler spectrum within each small region. This is
accomplished by emitting multiple ultrasound pulses and calculating how the returned sig-
nal fluctuates over time. Specifically, the first-lag autocorrelation yields the mean Doppler
frequency (velocity estimate), while the second central moment of the Doppler spectrum
represents the frequency variance, corresponding to velocity variance. These variance maps
are available in clinical practice to better understand complex flow patterns and provide
a real-time qualitative measure of flow turbulence and uncertainty [39]. More specifically,
these variances maps have shown to be sensitive to flow disturbances, such as those found in
stenotic, regurgitant, or shunt lesions, and is often displayed as green or mosaic color over-
lays in clinical systems. However, variance displays are not purely physiological measures,
machine parameters significantly influence them. Thus efforts have been made to investigate
variance in Doppler color flow mapping from an instrumentation perspective. Utsunomiya
et al. demonstrated that factors such as packet size, pulse repetition frequency, frame rate,
system gain, and wall filter settings directly affect measured variance area in controlled flow
experiments. For example, larger packet size and higher pulse repetition frequency were
inversely correlated with variance area, while higher system gain and wall filter settings
increased it. These findings highlight that, to use variance displays quantitatively for uncer-
tainty assessment, machine parameters must be carefully standardized [78].

Together, these approaches offer complementary methods to evaluate uncertainty in color

Doppler imaging, informing both clinical interpretation and quantitative flow analyses.
4.3 Hyperparameter Selection and Wall Uncertainty Quantification

In our fusion framework, the regularization terms for boundary conditions, Doppler data,
and PIV data are determined using uncertainty metrics, while the spatial smoothness param-

eter is selected through a hyperparameter search. The PIV regularization weight (Apjy) is
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obtained from the PIV bootstrap method (Figure 4.3), and the Doppler Ap,, is derived from
cycle-to-cycle variability. Previous approaches have relied heavily on boundary conditions
to resolve the inherent singularity in this optimization problem; without a well-defined wall,
the system matrix becomes singular. Our approach builds on this dependence by explicitly
incorporating uncertainty in the wall definition itself, rather than assuming perfect knowl-
edge. Specifically, we use the convolutional neural network developed by Dahal et al. [18] to
generate a probabilistic atlas that quantifies confidence in the wall location.

Uncertainty in wall segmentations arises from two sources: (1) the ultrasound images
themselves, which are subject to the acquisition-related uncertainties as described in Chap-
ter 3, and (2) the segmentation process, which is a typically manual, labor-intensive, and
error-prone process (Figure 4.4). Even though sonographers are trained experts, manual
segmentations are subjective, with potential variability between operators. Moreover, poor
image quality can obscure parts of the wall, forcing the operator to make uncertain judg-
ments about its location. As a result, it is undesirable to assign equal weight to all wall
regions and segments that are highly visible should be trusted more than those with am-
biguous boundaries.

To address this, the CNN-based segmentation approach uses Monte Carlo dropout as a
Bayesian approximation, producing a probabilistic atlas that represents the average of inter-
modal variations across dropout iterations. The atlas values range from 0 (no certainty) to
1 (full certainty) for each pixel location of the wall. We trained the network on over 1,000
pairs of synthetic images (developed in MUST) and more than 16,000 pairs of clinical images.
Figure 4.5 illustrates a clinical left ventricle contrast image alongside its probabilistic atlas.
In this example, the apex region is poorly defined in the ultrasound image, and correspond-
ingly, the atlas assigns lower certainty there, while the lateral walls that are clearly visible

in the image receive higher certainty scores.
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Transverse Strain

Figure 4.4: Examples of left ventricle ultrasound acquisitions and their corre-
sponding segmentations. Figure A shows a higher-quality ultrasound acquisition with
clear imaging of the left ventricle walls, enabling more confident and accurate segmentation
of the side walls. However, some uncertainty remains at the apex due to intrinsic imaging
limitations. Figure B illustrates a noisier ultrasound acquisition, which results in a more
challenging segmentation process with greater uncertainty and variability. These examples
highlight the subjective nature of manual segmentation, demonstrating how image quality
can directly impacts segmentation reliability and downstream analyses.

4.4 Results

4.4.1 Echo-PIV Color-Doppler Fusion

Intracavitary velocity fields using echo-PIV can appreciably underestimate the high velocities
in the diastolic jet when compared to color-Doppler data (Figure 4.6). In contrast, the hybrid
modality overcame the planar flow assumption and resolved high velocity values, even for
moderate acquisition frame rates. Normalized differences in radial velocity over the LV by
color Doppler and echo-PIV to the hybrid modality were 0.46 £+ 0.12 and 0 £ 0, respectively.
Echo-PIV and the hybrid modality underestimated the color-Doppler peak filling velocities
by 0.13 4+ 0.08 m/s and 0.02 + 0.10 m/s, respectively.
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Figure 4.5: CNN Segmentation. Panel A shows the input ultrasound image fed into the
convolutional neural network. Panel B displays the resulting probabilistic atlas, where values
range from 0 to 1 — with 0 indicating no confidence in the wall location and 1 representing
full confidence in the detected wall location.

4.4.2  Color-Doppler Multiscale Fusion

Color Doppler imaging faces the well-known challenge of balancing aliasing suppression with
accurate measurement of low velocities, a trade-off governed by the choice of velocity en-
coding (VENC). From our multiscale Color Doppler acquisitions, we observe this trade-off
in practice: a high VENC setting enables capture of clinically important high-speed events,
such as left ventricular filling, but underestimates low velocities. Conversely, a low VENC
captures slow flow more accurately, but introduces aliasing artifacts in high-velocity regions.
With our multiscale fusion VFM approach, we combine high and low VENC datasets to pro-
duce a velocity field with a greater dynamic range and a more faithful representation of the
true flow. Qualitatively, the fused method corrects aliased regions by relying more heavily
on the high-VENC data, while the low-VENC field contributes to improved reconstruction
in low-velocity areas. In this way, our azimuthal field reconstruction is derived from a more

robust radial field, yielding improved accuracy across the entire velocity spectrum (Figure

4.9).
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Figure 4.6: Echo-PIV Color-Doppler Fusion: Row 1 illustrates the comparison of obtain-
ing echo-PIV velocity fields from the standard PIV method and the improved Multigrid-
Ensemble method. Multigrid-Ensemble significantly improved the PIV result, providing
higher dynamic range of the velocity field within the left ventricle. Row 2 illustrates the
multimodality fusion results. After obtaining the 2D PIV velocity field, the result is pro-
jected into the polar coordinate system (ie the Doppler home coordinate system) to allow
for fusion with Doppler acquisition. The final fused velocity field captures richer and more
robust flow information by combining the strengths of both modalities.

4.5 Discussion

The results from both fusion strategies demonstrate the potential of integrating complemen-
tary echocardiographic modalities within a unified reconstruction framework to overcome
individual limitations and enhance LV flow quantification. Echo-PIV and Doppler fusion
successfully combines the broad spatial coverage of PIV on contrast ultrasound with the
high-velocity resolution of Doppler, producing fields that more accurately capture diastolic
jet dynamics while maintaining physical consistency. Similarly, Doppler multiscale fusion
resolves the longstanding VENC trade-off in Color Doppler imaging by merging high and

low VENC acquisitions to achieve a greater dynamic range, correcting aliased regions while
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preserving low velocity fidelity. Although the present implementation is deterministic due to
some fixed hyperparameter selection, it explicitly propagates uncertainty from the input data
(color Doppler and segmentation variability, and PIV uncertainty) to the reconstructed fields.
This feature makes the framework a natural foundation for fully Bayesian multimodality fu-
sion, in which priors and hyperpriors would be treated probabilistically to produce principled
uncertainty estimates. Such an extension to Bayesian methods is straightforward. Our al-
gorithms described in Chapter 2 can be directly applied to this fused dataset to incorporate
uncertainty quantification and prior modeling. Bayesian multimodality fusion would be par-
ticularly valuable in the clinical setting, where understanding the contributions of different
error sources is essential for informed interpretation and decision making. By making uncer-
tainty an explicit part of the flow mapping process, these fusion methods not only improve
quantitative accuracy but also lay the groundwork for robust, interpretable, and reliable

patient-specific diagnostics.
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Figure 4.7: Comparison of PIV, Vector Flow Mapping, and Echo-PIV Color-Doppler Fusion:
Three left ventricular (LV) flow quantification methods were applied to patient data at four
key points in the cardiac cycle: early LV filling, late LV filling, isovolumetric contraction, and
ejection. Row 1 shows the PIV velocity fields derived from ultrasound contrast images. Row
2 presents the vector fields obtained using classic Vector Flow Mapping. Row 3 displays
velocity fields from the echo-PIV color-Doppler fusion method. Qualitatively, the fused
data set combines the comprehensive spatial coverage of PIV with the high-velocity detail
captured by color-Doppler, resulting in a richer and more informative flow field.
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Figure 4.8: PIV-Doppler Fusion Sensitivity Maps (normalized). Row 1 shows the PIV
Doppler fused velocity fields. Rows 2 and 3 present local sensitivity estimates in the radial
and azimuthal directions. Higher local sensitivity appears near boundaries, due to input
segmentation uncertainty, and within the inlet jet, where qualitative discrepancies between
PIV and Doppler inputs are more pronounced.
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Figure 4.9: Doppler Multiscale Fusion at four key points in the cardiac cycle: early LV
filling, late LV filling, isovolumetric contraction, and ejection. Rows 1 and 2 show color
Doppler acquisitions obtained with high (0.66 m/s) and low (0.33 m/s) velocity encodings,
respectively. Rows 3 and 4 present the corresponding radial and azimuthal velocity fields
reconstructed using the Multiscale Fusion VFM method.
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Chapter 5
3D AI VECTOR FLOW MAPPING

5.1 Physics Informed Neural Networks (PINNs)

Physics-informed neural networks (PINNs) leverage recent advances in deep learning to infer
hidden variables from flow measurements while enforcing the governing equations of fluid
mechanics [14,38]. A key advantage of PINNs is their ability to learn from sparse datasets
and adapt to patient-specific conditions, making them particularly promising for velocity field
mapping (VFEM). Unlike conventional machine learning models, PINNs integrate physical
laws directly into the loss function, ensuring that predictions respect conservation principles.

However, despite growing interest and promising developments, the use of deep learning
models, especially PINNs, for VFM remains relatively unexplored. Maidu et al introduced a
novel Al-driven VFM approach using PINNs, incorporating mass conservation, momentum
balance, and boundary conditions to reconstruct intraventricular flow and pressure fields
from echocardiographic images [44]. AI-VFM performs phase unwrapping and fills in spatial
and temporal gaps in color Doppler input, yielding super-resolution flow maps. Crucially, Al-
VFM is guided entirely by patient-specific flow physics without relying on explicit smoothness
priors or data from other patients or empirical models. Validation against computational
fluid dynamics (CFD) ground truth demonstrated that AI-VEM outperforms both traditional

VFM techniques and prior PINN-based methods that enforce only mass conservation.

5.2 3D VFM from Triplane color-Doppler

Triplane color-Doppler captures three orthogonal planes of the left ventricle, typically the
apical four-chamber, two-chamber, and long-axis views at about 60° separation. This pro-

vides a more comprehensive view of blood flow in the left ventricle compared to a single
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PINN Parameters

Layers [4] + [100] + [4]
Weight initialization Xavier
Activation function Swish: x * sigmoid(x)
Loss term weight Adaptive weight by Neural Tangent
Kernel theory
Optimizer & Learning Adam = 1e-3
rate
# iterations 1e5
Batch Size Data: 10,000

Boundary Conditions: All points
Equations/Physics: 10,000

Figure 5.1: PINN Parameters

plane color Doppler. Vixege et al extended their previous 2D iVFM method to a 3D iVFM
framework by applying vector flow mapping to triplane color Doppler data [79]. Traditional
2D and 3D VFM techniques typically rely on interpolation to estimate flow in regions lacking
Doppler information, making them prone to inaccuracies in areas with data gaps or imaging
artifacts. These methods enforce mass conservation and free-slip boundary conditions along
the data planes but omit other critical physical constraints, such as momentum balance.
Furthermore, they do not directly estimate flow related variables like pressure, which must

be recovered through secondary analyses.

5.3 3D AI-VFM

Similarly, we extend our 2D AI-VFM method into 3D by applying AI-VFM on triplane
color-Doppler data. As a result, not only do we reconstruct the cross-beam velocity, we

also reconstruct fluctuating pressure fields. 3D AI-VFM enforces mass conservation and
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momentum balance on a cartesian grid, automatically handling Doppler artifacts and data
gaps, outperforming traditional VFM in accuracy. For validation, we use CFD-generated
ground truth of an idealized ventricular flow. Three orthogonal slices separated by 60° are
extracted from the CFD data and serve as the only training inputs. The underlying physics,
however, is applied across the entire volume, enabling the network to reconstruct the full 3D

flow field.
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Figure 5.2: A) Synthetic Doppler slices from CFD Data. B) Ultrasound Triplane Clinical
Acquisitions C) Synthetic Triplane Slices for PINNs training.
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5.4 3D VFM from Triplane color-Doppler

5.5 Results

Qualitative comparisons between 3D AI-VFM and CFD ground truth demonstrate excellent
agreement. The primary vortex structures during the filling phase, as well as secondary vor-
tex structures emerging from vortex-wall interactions, are well captured by AI-VFM. These
secondary vortices contribute to destabilization of the primary vortex through twisting-core
instabilities, a phenomenon accurately reproduced by the model.

During late diastole, vortex breakdown is observed, and while velocity magnitudes are
slightly underestimated, the overall flow pattern is consistent with CFD. Ejection-phase flow
is similarly well reconstructed, indicating that AI-VFM captures key three-dimensional fea-
tures of ventricular flow, including pressure distribution and oscillatory vortex dynamics.

Quantitative analysis shows excellent correlation for the U velocity component (r? = 0.91),
moderate correlation for V' (r? = 0.65), and lower correlation for W (r? = 0.37), consistent
with the smaller magnitude of through-plane flow. Pressure estimates correlate strongly with

CFD (r? = 0.91), highlighting the method’s reliability for hemodynamic studies.

5.6 Residence Time

Another underlying model used in this method is the transport equation, which enables
inference of clotting risk by estimating blood residence time. Neural networks tend to learn
the underlying structure of the data, but are biased toward capturing low-frequency (long-
wavelength) components first, a phenomenon known as spectral bias, which often results in
smoother outputs. This behavior is a well-documented characteristic of physics-informed
neural networks (PINNs), where smoothness is introduced not only through the network
architecture and activation functions, but also inherently through the spectral bias. As a
result, PINNs tend to underestimate the ground truth mean residence time, particularly due

to their underestimation of the highest residence time values.
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Figure 5.3: Correlation Plots

5.7 Discussion

In this chapter, we demonstrated the extension of AI-VFM to three-dimensional intraventric-
ular flow using triplane color-Doppler data. By enforcing mass conservation and momentum
balance within a PINN framework, 3D AI-VFM reconstructs both velocity and pressure fields
with high fidelity, even in the presence of sparse or noisy data. The method captures key
three-dimensional flow phenomena, including vortex formation, secondary instabilities, and
vortex breakdown, which are critical for understanding cardiac hemodynamics. The integra-

tion of the transport equation allows for estimation of blood residence times, highlighting
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Figure 5.4: Planes trained with Doppler: Early Filling

potential applications in assessing thrombotic risk. While spectral bias leads to smoothing in
extreme residence time regions, the overall spatial distribution and trends remain consistent
with CFD.

It is important to note that these results are preliminary and based solely on CFD gen-
erated data. Further work is needed to validate 3D AI-VFM on patient echocardiograms,
including studies on complex geometries, pathological flow conditions, and real clinical imag-
ing artifacts. Despite these limitations, the method demonstrates several advantages over
traditional VFM approaches, including physics guided reconstruction, the ability to handle
data gaps and artifacts, and simultaneous estimation of velocity and pressure fields in three
dimensions. Its adaptability to patient specific conditions will enable personalized hemody-
namic assessment, bridging the gap between advanced computational modeling and clinical

echocardiography.
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Future work may also explore a Bayesian extension of AI-VFM, allowing the incorpora-
tion of prior knowledge and quantification of uncertainty in the reconstructed velocity and
pressure fields. A Bayesian framework could provide confidence intervals for flow estimates,
improve robustness to noisy or sparse input data, and facilitate probabilistic risk assessment
for clinical decision making. Additionally, efforts to mitigate spectral bias and integrate the
method into real time imaging workflows will further enhance the clinical applicability of
AI-VFM. Overall, 3D AI-VFM represents a promising tool for high resolution, patient spe-
cific assessment of intracardiac flow, with the potential to provide new insights into cardiac

function and hemodynamic health.
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Figure 5.7: 90th percentile and mean left ventricle residence time for CFD ground truth vs

3D AI-VFM.
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Chapter 6

CONCLUDING REMARKS

The central aim of this thesis was to develop a vector flow mapping framework that ac-
counts for local measurement uncertainties, with the broader goal of complementing global
metrics in cardiovascular clinical evaluation (Chapter 2). While this objective may appear
straightforward, it quickly became clear that addressing it required careful consideration
of several fundamental questions: How should local measurement uncertainties be defined?
How can they be quantified in a manner that is both realistic and clinically relevant? The
theoretical analysis presented in Chapter 3 addressed these questions by focusing specifi-
cally on the measurement process at the level of image acquisition. Within the Bayesian
framework, this analysis contributes directly to the formulation of the error terms (ey, €p),
thereby linking data fidelity to realistic models of measurement variability. It also highlights
the possibility of incorporating structured error into the inference process. For example, the
systematic increase in uncertainty with radial depth, r.

Once this foundation was established, it became clear that uncertainties defined at the ac-
quisition stage cannot be treated in isolation. They naturally propagate into the subsequent
steps of reconstruction, influencing modeling choices, secondary analyses, and ultimately
clinical interpretation. This recognition broadened the scope of the work beyond a single
Bayesian formulation and led to the development of a more comprehensive roadmap for vec-
tor low mapping. The roadmap emphasizes not only the propagation and management of
uncertainty at each stage but also the systematic integration of prior knowledge about flow
physics, boundary behavior, and measurement fidelity. In this sense, the thesis contributes
both a methodological framework and a conceptual perspective for uncertainty-aware car-

diovascular flow analysis.
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Building on this roadmap, several avenues for future research emerge naturally. Bound-
ary condition selection, for example, warrants careful consideration: while free-slip conditions
are often sufficient in low-resolution ultrasound, no-slip constraints can become advantageous
when wall motion or tangential flow information is available, enabling more physiologically
consistent reconstructions. Another promising direction is the explicit enforcement of fluid
dynamics principles, such as the Navier—Stokes equations. Within a Bayesian framework,
these constraints can be incorporated as priors, capturing temporal and physical consis-
tency without overly restricting flexibility. Finally, the choice of smoothness constraints,
currently a Laplacian operator, can be revisited to better balance regularization with fidelity
to complex flow patterns, potentially leveraging more sophisticated differential operators or
data-driven priors.

Beyond these methodological refinements, the roadmap also highlights opportunities for
broadening the scope of vector low mapping. As demonstrated in Chapter 4, multimodality
integration represents a particularly powerful extension. By fusing complementary imaging
data, uncertainty can be more accurately characterized and flow estimates more robustly
constrained, ultimately enhancing the clinical relevance of vector flow mapping. In paral-
lel, emerging approaches such as 3D AI-VFM (Chapter 5) have shown remarkable progress
by leveraging deep learning to directly reconstruct complex three-dimensional flows. While
these methods are not Bayesian in their current form, the framework developed in this thesis
suggests a pathway for incorporating explicit uncertainty modeling into AI-VFM, poten-
tially combining the predictive power of machine learning with the interpretability and rigor
of probabilistic inference.

Equally important, this framework enables sensitive assessment of low dynamics, to com-
plement current global metrics in cardiovascular clinical evaluations. Standard measurements
such as ejection fraction or stroke volume remain essential, but they can remain unchanged
even when local flow dynamics evolve. Vector low mapping, particularly when uncertainty
is quantified, offers a means to assess subtle, spatially heterogeneous changes in flow pat-

terns over time, for example, in a patient imaged three months apart. Clinical scenarios
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where such changes are highly relevant include left ventricular remodeling after myocardial
infarction, where altered vortex patterns can reflect impaired diastolic filling; valvular dis-
ease, where regurgitant or stenotic jets can evolve in severity and spatial distribution; and
cardiomyopathies, where abnormal intraventricular flow patterns often precede measurable
declines in global systolic function [15,19,22,51,69]. In these contexts, flow field analysis
provides a more granular perspective that complements, rather than replaces, global indices,
thereby strengthening monitoring and risk assessment.

In conclusion, this thesis demonstrates that a rigorous, uncertainty-aware approach to
vector flow mapping not only improves the fidelity of flow estimation but also provides a
flexible, extensible framework for future methodological and clinical innovation. By con-
necting image acquisition, modeling, and analysis within a principled roadmap, this work
lays the foundation for more reliable and interpretable cardiovascular flow assessment, and
it opens the door to systematic exploration of advanced priors, multimodality fusion, and

physics-informed inference.
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