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This thesis consists of three papers about cubical complexes: is [Row22a],
is [Row23], and is [Row22b.

extends a result by Dancis [Dan84| to cubical complexes: Dancis proved
that any d-dimensional simplicial manifold can be reconstructed from its (|d/2]| + 1)-
skeleton, and we prove an analogous result for d-dimensional cubical manifolds that can
be embedded as a subcomplex into a cube IV.

studies CAT(0) cubical complexes, using the framework of a poset with
inconsistent pairs developed by Ardila et al. [AOS12|. We introduce a simplicial complex
called the “crossing complex” associated to each CAT(0) cubical complex, and study
its properties. We deduce that this crossing complex holds much of the combinatorial
information contained in the cubical complex: our main results relate their f-vectors,
hyperplane/link structure, and balancedness.

Finally, studies the topology of complements of skeletons in polytopal com-
plexes: we derive a long exact sequence involving homology of skeleton complements and
links, and we characterise various topological properties of spaces in terms of skeleton
complements. Our main application of this machinery is to CAT(0) cubical complexes:
we conclude that these complexes also share several topological properties with their

crossing complexes.
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Introduction

“I don’t want to say too many words about the magic of the Cube, because it’s
basically a mystery. It’s like the Mona Lisa smile. It’s both complex and very

simple at the same time. And, well, people like it. Even today.”
— Erno Rubik

This thesis consists of three papers on cubical complexes written over the course of the
author’s degree: [Chapter 1]is [Row22a], [Chapter 2]is [Row23], and [Chapter 3|is [Row22b).
These papers are reproduced as they appear in their published or preprint forms, with
some minor changes.

|[Row22a], adapts a proof by Dancis to show that any cubical manifold
that can be embedded as a subcomplex of a cube can be completely determined from
its (|d/2] + 1)-skeleton. [Row23|, studies CAT(0) cubical complexes using
combinatorial tools developed by Ardila, Owen, and Sullivant, and defines a flag simplicial
complex that captures much of the combinatorial information of a given CAT(0) cubical
complex. [Row22b], investigates the topological properties that can be deduced
about a polytopal complex from the topological properties of complements of its skeletons,

with applications to cubical complexes.

0.1 What is a cubical complex?

There are several common themes among these three papers — e.g. polytopal complexes,

skeletons, homology, the nerve theorem — but the strongest common thread is cubical



complexes. So, let us begin by asking: what is a cubical complex? Informally, cubical
complexes are geometric structures built from cubes (i.e. hypercubes, [0,1]? for some d),
just like how simplicial complexes are built from simplices. This seemingly straightforward
idea turns out to be surprisingly fiddly to define: depending on how you adapt the
definition of a simplicial complex, there are at least three non-equivalent definitions of a
cubical complex you can reasonably write down, which are all relevant to different parts
of this thesis.

First, let us start with simplicial complexes. A simplicial complex A is a finite, non-
empty collection of sets that is closed under taking subsets: that is, if 0 € A and 7 C o,
then 7 € A.

If we view A as a poset, with its component sets ¢ ordered by inclusion, this definition
says that the downset generated by an element o (i.e. the subsets of o that are contained
in A) should be order-isomorphic to a boolean lattice (i.e. the collection of all subsets of
o). Boolean lattices are also isomorphic to the poset of faces of a simplex: this, then, is

something we can modify to define a cubical complex.

Definition 0.1.1. A cubical complex (viewpoint 1) is a finite collection [ of sets, such
that for any o € O, the poset {r € O : 7 C o} is order-isomorphic to the poset of faces

of a cube, and if o and 7 are in (0 then so is o N 7.

This is the definition used in and [2] and it is also the viewpoint taken in
e.g. [BBC97; [EHO5, [Het95; [TRO7| []

This definition is very combinatorial and abstract, and lends itself to poset-theoretic
approaches, like the derivative complex defined in [BBC97] and the exploration of Mdbius
functions in [Ath12].

However, there is one significant drawback: every simplicial complex can be realised as
a collection of geometric (convex) simplices in RY for some N, but the analagous cubical

statement is not true for cubical complexes defined this way. A simple example, observed

11t is also possible to omit the “family of sets” part of this definition, and define a cubical complex
to be a poset where every principle downset is isomorphic to the face poset of a cube. This definition
allows cubes to intersect in non-trivial ways, and it is perhaps more accurate to call this a variant of a
simplicial poset rather than a simplicial complex.



by Hetyei [Het95|, is the Mdbius strip formed by glueing the ends of a 1 x 3 rectangle
with a half-twist. However, while cubical complexes under this definition cannot always
be realised with geometric, convex cubes, they can be realised with topological cubes as
a CW complex. (In fact, many authors — e.g. [AOS12; HW08; BH99; [Hag12; BBIS|
— also define cubical complexes to be CW complexes built from cubes in various ways,
which is a viewpoint well suited to topological and metric investigations.)

This motivates the second of our promised three definitions of a cubical complex:

Definition 0.1.2. A polytopal complex X is a collection of polytopes in RN for some
N such that every face of a polytope o € X is also in X, and the intersection of any
polytopes in X is a face of each (perhaps empty).

A cubical complex (viewpoint 2) is a polytopal complex where every polytope is (com-

binatorially equivalent to) a cube.

We use this definition in and this viewpoint also appears in [AB20; [SZ04;
ABY14]. It is well suited to geometric, polytopal approaches. As Hetyei’s Mobius strip
example demonstrates, this definition is strictly stronger than the first.

Being realisable with polytopes means that the combinatorics is a little nicer than in
the first definition; however, things are even nicer under the third definition we will give.

One property in the simplicial world is that every simplicial complex on n vertices
embeds into the simplex on n vertices. This is far from true in either definition of cubical
complexes we have seen so far: for example, the graph (i.e. 1-dimensional complex) K3 3
does not embed as a subcomplex into any cube. Our third definition, again strictly

stronger than the previous one, addresses this:

Definition 0.1.3. A cubical complex (viewpoint 3) is a subcomplex of a cube — that is,

a set of faces of an n-cube for some n that is closed under taking sub-faces.

We do not use this definition explicitly in this thesis, but it runs implicitly through
most of it: most results in[Chapter 1]only apply to cubical complexes of this type, and the
bulk of the results on cubical complexes in [Chapters 2| and [3| are about CAT(0) cubical



complexes, which are also always of this type. This definition, or the equivalent definition
that replaces the n-cube with the standard cubical grid in R"™, is used in [BH72; KMMO04;
DKM11| (and indeed [Wik23|). See for a more in-depth discussion on the
differences between this and the other definitions.

Among the combinatorial benefits of this definition is that the (non-empty) faces of the
n-cube come with a natural labelling with vectors in {0, 1,*}", so any subcomplex of an
n-cube inherits this labelling, making combinatorial statements easier to make and prove
— see e.g. [DKM11}; [EH95]. Also, the hyperplanes (see of cubical complexes
under this definition are much tamer, and do not display any of the complicated self-
intersections exhibited in e.g. [SZ04]. And although definitions 1 and 3 are at opposite
ends of the generality spectrum, they both share a distinct poset flavour — they are both
characterised in terms of downsets and the face poset of a cube — so this third definition

is also well suited to poset tools.

0.2 Comparison with simplicial complexes

The connections between simplicial and cubical complexes extend past their similar defi-
nitions: much research into cubical complexes has aimed to reproduce ideas about simpli-
cial complexes. For example, mathematicians have defined and studied cubical analogues
of simplicial homology [EH95; KMMO04], the Stanley—Reisner ring [Het95], neighbourly
polytopes and spheres [BBC97; |[JRO7} [JZ00|, h-vectors |Adi96; [Klell} [Het96] simplicial
spanning trees [DKM11] and bistellar flips [Fun99; |AL20].

While some of these investigations have had great success, others have found that
cubical results can be harder to pin down than their simplicial counterparts. Many of their
results, although valuable contributions to mathematics, have caveats or limitations that
aren’t needed in the simplicial world: the cubical generalised lower bound conjecture has
only been verified up to dimension 4 |[Klell|; not all PL-homeomorphic cubical manifolds
are related by bistellar flips [Fun99; |AL20|; the combinatorial definitions of a cubical

h-vector by |Adi96] don’t match the algebraic constructions by [Het95}; Het96].



These difficulties with cubical complexes have a couple of possible explanations. Cubes
are in a sense more “rigid” than simplicial complexes: in a simplicial complex, you can
often safely make small, local changes (e.g. geometrically you can “wiggle” a vertex about
without affecting the overall structure), but cubical complexes often have structural ob-
stacles to work within (e.g. there are parity restrictions on the face numbers in certain
classes of cubical complex — see [BCOO| — which cause obstructions for bistellar flips
[Fun99]). Cubes are also “bigger” than simplices: for example, the number of vertices of
a d-dimensional simplex (i.e. d+ 1) is linear in d, but for a d-cube, the number of vertices
(i.e. 29) is exponential.

One other explanation for the difference in mathematics’s understanding of simplicial
and cubical complexes is that there has simply been much less cubical research done.
At the time of writing, arXiv contains 2095 papers containing the phrase “simplicial
complex”; but only 183 containing “cubical complex”. The Google Books Ngram viewer
|Goo23] shows that the usage of “simplicial complex” has increased almost linearly since
1930, but “cubical complex” only peaked about 15% as high as “simplicial complex” in its
heyday around 1960E| It is clear that there is plenty of knowledge left to be uncovered in

the world of cubical complexes.

0.3 This thesis

The work in this thesis continues in this tradition of using simplicial ideas to study cubical
complexes.

In [Chapter 1] we take Dancis’s proof that simplicial d-manifolds are determined by
their (|d/2]+1)-skeleton [Dan84], and adapt the homological proof techniques to apply to
cubical complexes. Our results do come with a caveat: they only work for subcomplexes
of cubes — although the discussions above and in indicate that this class of
cubical complexes is still a reasonable one to consider.

In [Chapter 2| we study CAT(0) cubical complexes, and introduce a flag simplicial

2These statistics should be taken with a grain of salt — there are several other names used for cubical

LIS M« M«

complexes, including “cube complex”, “cubical polyhedron”, “cubication”, “quadrangulation”, etc.



complex called the “crossing complex” associated to each CAT(0) cubical complex. Using
the bijection between (rooted) CAT(0) cubical complexes and posets with inconsistent
pairs developed by |[AOS12; |JABY14], we discover that much combinatorial information
in the cubical complex (e.g. face numbers, connectivity, balancedness) is echoed in the
comparatively simpler simplicial complex.

In we investigate complements of skeletons from a topological perspective.
Much of this chapter builds tools that apply to any polytopal complex — in particular, we
derive a long exact sequence relating skeleton complements and links — but the chapter
concludes by considering cubical complexes, especially CAT(0) ones, and investigating
topological properties coming from the simplicial world. The capstone result shows that
several topological properties are true for a CAT(0) cubical complex if and only if they

are true of its crossing complex.



Chapter 1

Reconstructing d-manifold subcomplexes of cubes

from their (|d/2] + 1)-skeletons

1.1 Introduction

1.1.1 Polytope reconstruction

The problem of reconstructing polytopes or related structures from partial information
has seen much interest. To reconstruct an arbitrary d-dimensional polytope, for example,
one needs to know its (d — 2)-skeleton; however, some special classes of polytopes are
determined by much less information: for example, zonotopes and simple d-dimensional
polytopes are determined by their graphs, i.e. their 1-skeletons. For a survey of this field,
see the excellent paper [Bay1§].

Simplicial polytopes, and more generally simplicial spheres and manifolds, lie in be-
tween these two extremes. In [Dan84|, Dancis presents a neat homological proof that
d-dimensional simplicial manifolds are determined by their (L%J + 1)—skeleton, generalis-
ing an idea for simplicial spheres attributed to Perles. In this chapter, we modify Dancis’s
argument to prove a similar result for a class of cubical manifolds, namely those that can
be embedded as cubical complexes into the standard cube I"™ for some (potentially large)

n.



To reconstruct the (k 4 1)-skeleton of a manifold (simplicial or cubical) from its k-
skeleton, we need to determine what the (k 4 1)-dimensional faces are. If F is a (k +
1)-dimensional face, its boundary is a subcomplex of the k-skeleton isomorphic to the
boundary of a simplex or cube. Therefore, determining the (k + 1)-dimensional faces
of the complex amounts to answering the following question: if S* is a subcomplex
of the k-skeleton that is isomorphic to the boundary of a (k + 1)-dimensional simplex
or cube, is it actually the boundary of a (k + 1)-dimensional face of the complex, or
did it just show up by coincidence? Dancis’s key insight was that this question can be
answered with knowledge of just the k-skeleton, if k is large enough compared to d, thanks

to Poincaré duality. In this chapter, we adapt Dancis’s argument to cubical manifolds

that are embeddable in cubes. Our main results are [Theorem 1.3.8] [Corollary 1.3.10]
and [Theorem 1.3.12

1.1.2 On subcomplexes of the cube

At first glance, restricting our attention to complexes that can be embedded as a sub-
complex of a cube may seem like a strict and arbitrary condition. However, we present
three reasons why it is natural to consider these types of complexes.

First, there is the analogy to the simplicial world. Every simplicial complex is a
subcomplex of a simplex: a simplicial complex is a collection of some subsets of {1,...,n},
while the (n — 1)-simplex is the collection of all subsets of {1,...,n}.

Second, cubical complexes often arise in applied settings as subcomplexes of the stan-
dard grid of unit cubes in R™ (see [KMMO04]). Blass and Holsztyriski [BH72, Theorem 2.7]
prove that any finite subcomplex of this grid can be embedded in some cube IV (with N
potentially much larger than n).

Third, many common families of cubical complexes can be embedded in the cube.
This list includes boundaries of cubical zonotopes [Zie95, Corollary 7.17], stacked cu-
bical polytopes (also called “capped”), the neighbourly cubical spheres constructed by
IBBC97|, CAT(0) complexes |[AOS12, p. 149], and cubical barycentric subdivisions of



simplicial complexes [BH72, Theorem 1.1]. Similarly, many operations on cubical com-
plexes preserve the property of being a subcomplex of a cube, like product and disjoint
union, cubical fissuring as defined by |[BBC97|, and certain cubical versions of Pachner’s
bistellar moves considered by [Fun99, Proposition 3.7.3].

On the other hand, we are obliged to point out that there are many cubical complexes
that cannot be embedded into any cube. Fortunately, though, there is a fairly straight-
forward criterion for determining whether a given cubical complex can be embedded in a

cube, for which we will need the following under-appreciated lemma.

Lemma 1.1.1 (|[EH95, Lemma 12]|). If f : V(I™) — V(I") is an injection from the
vertices of the cube I'™ to vertices of I™ which maps edges to edges, that is, an embedding

of the underlying graph G(I'™) into G(I™), then the image of f is a face of I"™.

Corollary 1.1.2. A cubical complex O embeds into I™ if and only if its underlying graph
G(O) embeds into G(I™).

So the question of whether a complex can embed into a cube is a graph-theoretic

question — which is answered by the following theorem:

Theorem 1.1.3 ([HM72| Proposition 1]). A connected graph H can be embedded in G(I™)

if and only if there exists a labelling of the edges of H with labels {1,...,n} such that:
e in every path in H, some label appears an odd number of times, and
e in every cycle in H, no label appears an odd number of times.

Note that this criterion is similar to a condition given by [DSS94, Theorem 2| for a

cubical manifold to be embeddable in the standard grid of unit cubes in R”.

1.2 Definitions

Cubical complexes are a variation on the well-studied notion of simplicial complexes,

where instead of simplices, we use hypercubes (or “cubes” for short).



Definition 1.2.1. A cubical complex consists of a finite vertex set V' and a collection O

of subsets of V, called faces, satisfying the following conditions:
e ¥ is not in [,
e for each v € V, {v} is in O,

e for each F € O, the set F = {G € O: G C F} is isomorphic (as a poset ordered

by inclusion) to the poset of non-empty faces of a cube; and
e if F"and G are in O, F'N G is either empty or in [I.

We usually abuse notation and just write O (pronounced “square”) to denote the cubi-
cal complex, instead of (V,). We will typically use capital Greek letters with horizontal
and vertical lines to denote cubical complexes, e.g. O,T",II, =, . .., and other capital Greek
letters for simplicial complexes, e.g. A, A, ....

The choice of whether to include or exclude the empty set in the definition of O
is arbitrary, and many authors use the opposite convention, for which the word “non-
empty” should also be removed from the third condition. We make the choice to exclude
the empty set because the set of non-empty faces of a cube is slightly simpler to describe
than the set of all faces.

This definition should seem reminiscent of the definition of a simplicial complex. The
only differences are the exclusion of the empty set, the fourth condition (which is redun-
dant in the simplicial version), and “non-empty faces of a cube” should be replaced by
“faces of a simplex” in the third condition: the face poset of a simplex is a Boolean lattice,
isomorphic to the power set of {1,...,n}.

Much of the terminology for simplicial complexes carries over to cubical complexes
as well. The dimension of a face F, denoted dim F', is the dimension of the cube whose
face poset Fis isomorphic to, and the dimension of a complex is the maximum of the
dimensions of its faces. The k-skeleton of [ is the complex Skely [0 whose faces are
{F eO:dimF <k}. The 1-skeleton of O is also called its graph, G(O), and the vertex

set is sometimes denoted V' (0O).

10



If IT and = are any cubical complexes, define II X = to be the complex with vertex set
V(IT) x V(Z) and face set {f x g: f€ll,g € =}.

The prototypical example of a cubical complex is the unit interval I := {{0},{1},{0,1}}.
This lets us write the poset of non-empty faces of the n-dimensional cube as I"™ = I'x---x1.
Define I° to be the complex with a single vertex. We will sometimes use the alternative
notation I := {0,1,*}, where 0 < % and 1 < % but 0 and 1 are incomparable. In this
notation, I™ has vertex set {0,1}" and face set {0,1,*}", with the partial order where
(p1y---s0n) =™ (q1,--.,qn) if and only if p; < ¢; for all i. The boundary of a cube,
denoted OI"™, is the complex with face set 1™ \ {(*,...,*)}.

A map of cubical complexes is a function f : V(II) — V(Z) such that the image of any
face of II is a face of =. If f is injective, the map is called an embedding; if f is bijective
and f~! is also a map of cubical complexes, we say f is an isomorphism, and we write
II =2 =. A subcomplex of O consists of a subset W C V and a subset I' C [ such that
(W,T) is a cubical complex. In this situation, define (1\ T' to be the complex whose face
setis {F € O: FNV(T') = @}; in other words, O\T is the complex obtained by deleting
all vertices of T" from [, along with all faces containing them. We say that I' is a full
subcomplex of [0 (sometimes called an “induced subcomplex”) if it contains every face of
O involving only vertices in W.

Any cubical complex can be given a geometric realisation as a CW complex. If O is
a cubical complex, construct the geometric realisation || by taking the disjoint union
of one copy of [0,1]* for each k-dimensional face of [, identifying the subfaces f C F
with subfaces of the associated cube in agreement with the cubical structure, and for
each inclusion f C F of faces, glueing the cubes for f and F' along the appropriate face.
The geometric realisation of the complex I"™ can thus be identified with the usual cube
[0,1]™ C R™. Note that |II x Z| is homeomorphic to |II| x |Z].

Using the CW structure of a cubical complex, we can compute its homology and
cohomology groups using cellular homology and cohomology, denoted H;(O) and H*(O)

respectively. Crucially for this chapter, the cellular homology groups of a CW complex

11
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agree with the singular homology of the complex as a topological space — that is, H; () =
H;(]O]) — and the ith cellular homology can be computed from just the j-skeleton when
i < j — that is, H;(O) = H;(Skel; ) — and similar statements for cohomology |[Hat02,
Theorem 2.35, Lemma 2.34(c) and Theorem 3.5]. In this chapter, if no coeflicients are
written, assume that all coefficients of homology are Z/2Z (although many of the results
can be easily modified for any sensible choices of coefficients), and we only consider non-
reduced homology.

We say that a cubical complex M of dimension d is a cubical homology manifold if |M]|
is homeomorphic to a homology manifold (without boundary), that is, for every point

p € |M|, the relative homology H;(|M|, M|\ p;Z) is Z if i = d and trivial otherwise.

1.3 The main result

The argument in Dancis’s paper begins with some preliminary facts about simplicial
complexes, then proceeds to a mostly topological proof. The topological reasoning applies
to cubical complexes without much modification, but the beginning of the argument needs

some changes before it will work in the cubical world.
1.3.1 Cubical modifications

First, Dancis uses the following lemma:

Lemma 1.3.1 (see [Mun84a, lemma 70.1]). If A is a simplicial complez and A is a
full (sometimes called “induced”) subcomplex, then |A|\ |A| and |A\ A| are homotopy

equivalent.
To make this lemma work in the cubical world, we need a suitable analogue of fullness.

Definition 1.3.2. Let [0 be a cubical complex. A subcomplex I' C O is face-like if for

every face F € [, the intersection V(I') N F' is empty or a face of T.

For example, for any face G of a cubical complex, the subcomplex G induced by G is

a face-like subcomplex (hence the name).
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Figure 1.1: An example of the deformation retraction in [Proposition 1.3.3l The subcom-
plex T to be deleted is shown with dashed lines in
— —

(a) (b) ()

The analogous condition for simplicial complexes is equivalent to fullness. For cubical
complexes, face-like-ness implies fullness, but the reverse implication is not true: for
example, if [ is a solid square and T is a pair of diagonally opposite vertices, then I' is a
full subcomplex but not face-like, since the intersection of I" with the whole square is not

a face.

Proposition 1.3.3. Let O be a cubical complex and I' C O a face-like subcomplex. Then

|O] \ || is homotopy equivalent to |0\ T'|.

Proof. We will prove the statement by first constructing a strong deformation retraction
Hp from |F|\ LN F| to |F\ (I' N F)| for cach face F of O, and then observing that
wherever faces F' and F’ overlap, the deformation retractions Hr and Hp: agree.

Let G=V(I)NF, so G =T NF. Since T is face-like, G is either empty or a face of
T, and thus of F. If G is empty or G = F, then |F|\ |G| = |F \ G|, so we can take Hg to
be the constant homotopy. Otherwise, by exploiting the bountiful symmetry of the cube,

we may write F =" and assume G is the subcomplex I* x 0"=F. Then

[FINIG] = [T\ 1% x 07|

= [I*] % (I"=*[ \ Jol),

13



and
[F\G|=[I"\ (IF x 0"~ ")

= |I* > [I"=* \ o].

The space [I"7F| \ |0] is a topological cube with a single corner point removed, while
|[I"=%\ 0| is a cube where every face containing that corner is removed, which is the
subset of the cube consisting of points where some coordinate is 1.

Now, define a strong deformation retraction Hr from [I*| x ([I"7%| \ |0]) to [I*| x

1775, 0] by

max
1=1,...,r—

HF(t7 (1’,y)) = <$7 (1 _t)y+ tygﬁ)
k

Note that Hr (0, (z,y)) = (z,y) and Hp(1,(z,y)) = (=, =), which is in [I"7%\ 0

’ maxy;

since some coordinate of —& m is 1. We leave it to the reader to check the remaining
details that this is a well defined deformation retraction.

Now that we have constructed homotopies on the faces F of (1, it remains to argue that
they agree where faces overlap. By the definition of a cubical complex, the intersection of
any two overlapping faces I’ and F” is a sub-face f of each. Think of FasI' = {0,1, %},
so the face F'is (,...,%), and G is (x,...,%,0,...,0), with * appearing k times. Thus
the set of subfaces of F' that meet T is {0, 1,*}* x {0, *}"~*.

Suppose f is one such face, so all of the last » — k coordinates of f are 0 or %, and
let ¢ be the inclusion |f| < |F|. The homotopy Hp restricted to |f| is constantly zero in
the coordinates where f is 0, so HF||fA| agrees with ¢ o Hy. On the other hand, if f is a

subface of F' that does not meet I, at least one of the last (r — k) coordinates of f must

be 1, so
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Thus Hy and the restriction of Hr are both the constant homotopy on |]?|7 so they also
agree.

Therefore, for any faces F and F’, Hr and Hps agree on their intersection FNF’ = f.
Thus the homotopies glue together to form a deformation retraction from |O] \ |T'| to

o\ 1. |

The second modification we make to Dancis’s argument is the following lemma, which
explains why we only consider subcomplexes of the cube — this lemma is not true for

arbitrary cubical complexes.

Lemma 1.3.4. Suppose O is a subcomplex of I™, and S* is a subcomplex of O isomorphic
to OIFtY with k > 1. Then S* is a face-like subcomplez of O if and only if S* is not the
boundary of a (k + 1)-dimensional face of O, that is, S* is not the complex OF for any
Fe.

Proof. If S* is the boundary of a face F' € [, then V(S*) N F = V(S*) is not a face of
S* so S* is not face-like.

On the other hand, even if S* is not the boundary of any face of O,
implies that it is still the boundary of a face F' of I"™. Suppose G € I" is any face. Since
Sk and F only differ in the face F, we have either G N S¥ = S*, if G contains F, or
GNSk =GNF, which is a face of S¥. Hence if O does not contain F, and thus does not

contain any face containing F, then S* is a face-like subcomplex of 1. [ |

1.3.2 Topological theorems

From this point on, Dancis’s argument is mostly topological, so it carries over almost
unchanged for cubical complexes. We restate Dancis’s argument here, starting with the
following version of Poincaré duality (see [Mun84a, Theorem 70.2]). Remember that we

assume the coefficients of homology are Z/2Z if none are written.

Theorem 1.3.5 (Poincaré duality). If M is a d-dimensional cubical homology manifold

and T is a subcomplez, then H;(|M|, M|\ |T'|) = H=I(|T|). If M is orientable, the same
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holds with coefficients in 7.

Lemma 1.3.6 (cf. [Dan84] Lemma 6(b) and Lemma 8]). Let M C I"™ be a d-dimensional

cubical homology manifold, and S* a subcomplex of M isomorphic to OI**t" with k > 2.
o If S* is the boundary of a face in M, then H;(M\ S*) = H;(M) for all j < d — 2.
o If S* is not the boundary of any face of M, then

— H;(M\ S*) = H;(M) when j <d—2 and j ¢ {d —k,d—k — 1}, and

— H;(M\ S*) ¢ H;(M) for some j € {d —k,d—k —1}.

Proof. First, suppose S* is the boundary of a face F. Consider the long exact sequence

of the pair (M, M \ F):

- — Hiy(M,M\ F) — H;(M\ F) — H;(M) — H;(M,M\ F) — -

Since F is a face-like subcomplex, |Pr0positi0n 1.3.3| and |Theorern 1.3.5| imply that

H;(M,M \ F) = H(F), which is 0 when j < d. Therefore, away from j = d, the

exact sequence breaks up into shorter exact sequences:
0 — H;(M\ F) — H;(M) — 0

But M\ F and M\ S* are the same complex, so H;(M\ S*) = H](M\ﬁ) = H;(M) when
j<d-2.

Now, suppose S* is not the boundary of a face. Consider the pair (M, M \ S¥):

- — Hj (MM \ S*) — H;(M\ S¥) — H;(M) — H;(M,M\ S*) — ..

In this case, [Lemma 1.3.4says that S* is a face-like subcomplex of M, so|[Proposition 1.3.3|
and [Theorem 1.3.5/imply that H;(M, M\ S*) = H4=3(S*), which is Z/2Z when j = d — k

or j = d, and 0 otherwise. Therefore, away from j = d — k and j = d, this exact sequence
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implies that H;(M) = H;(M \ S*). However, near j = d — k we get the following exact

sequence:

0 — Hy ,(M\ S*) — Hy (M) — Z/27

— Hy 1 (M\ S*) — Hy 1 (M) — 0 (1.1)

So either Hd_k(M \ Sk) % Hd_k(M) or Hd—k—l(M \ Sk) % Hd—k—l(M)- [ |

Corollary 1.3.7 (cf. [Dan84, Main Lemma 10]). If M C I"™ is a d-dimensional cubical
homology manifold and S* = OI**+1 o subcomplex with k > 2, then S* is the boundary of
a (k + 1)-dimensional face of M if and only if H;(M \ S*) = H;(M) for both j = d — k
and j=d—k—1.

And since the homology groups Hyq_ (M), Hg_r_1(M), Hg_(M\S*) and Hyq_j_1(M\

Sk) can be computed from the k-skeleton of M when d — k < k, we conclude:

Theorem 1.3.8 (cf. [Dan84, Theorem 11]). Any d-dimensional cubical homology mani-

fold M C I'™ can be reconstructed from its (L%J + 1) -skeleton.

Proof. Each (k + 1)-dimensional face of M shows up in the k-skeleton as a subcomplex
isomorphic to OI**!  so reconstructing the (k + 1)-skeleton of M from its k-skeleton

amounts to deciding which subcomplexes S¥ = 9I**+! are actually boundaries of faces.

Corollary 1.3.7| answers this question when &k > LgJ + 1. ]

1.3.3 Some improvements on [Theorem 1.3.8

Under some mild assumptions (for example, if M is a sphere), we can tighten this result

to the [4]-skeleton (which differs from [Theorem 1.3.8| when d is even).

Lemma 1.3.9 (cf. [Dan84, Lemma 12]). Suppose M C I™ is a d-dimensional cubical

homology manifold with d = 2r > 4, and either

o H.(M;Z/2Z) =0, or
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e M is orientable and H.(M;Z) is finite.
Then a subcomplex S™ = OI"*! bounds a face of M if and only if H._1(M\ S") =

H,_1(M) (with coefficients in Z/2Z in the first case or Z in the second).

Proof. In the first case, setting & = r in [Eq. (1.1)| gives the following sequence:
0 — Z/2Z — H._1(M\ S";Z/2Z) — H,_1(M;Z/2Z) — 0

In the second case, Poincaré duality holds with coefficients in Z for orientable mani-

folds, so we get this sequence:
H,(M;Z) 5 Z — H,_(M\ S™;Z) — H,_1(M;Z) — 0

in which the map ¢ must be zero, since there are no other homomorphisms from a finite
group to Z.

In both cases, we conclude that H,._1(M \ S") % H,_1(M) (with appropriate coeffi-
cients) whenever S” is not the boundary of a face in M. Conversely, if S” is the boundary
of a face, [Lemma 1.3.6]still says that H,_1(M\S";Z/2Z) = H,_1(M;Z/2Z), and a similar

proof works with coefficients in Z when M is orientable. |

Corollary 1.3.10 (cf. [Dan84, Theorem 13|). If M is a 2r-dimensional cubical homology
manifold satisfying the hypotheses of [Lemma 1.3.9, M is determined by its r-skeleton.

[Theorem 1.3.8|and [Corollary 1.3.10|let us reconstruct manifolds when the dimension is

known. [Theorem 1.3.12| will allow some ambiguity in the dimension. But first, a lemma:

Lemma 1.3.11. If M is a connected, d-dimensional cubical homology manifold with d > 2

and S? is a subcomplex homeomorphic to a d-dimensional sphere, then S = M.

Proof. The pair (M, S?) gives the following long exact sequence:

Hy (M, 8% — Hy(SY) — Hy(M) — Hg(M, S — Hy_1(S%)
[ I [ [ I
0 Z/27 7/2Z HO(M\ S%) 0
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Thus H°(M \ §%) =0, so S¢ = M. |

Theorem 1.3.12 (cf. [Dan84, Theorem 14]). Let M and N be cubical homology manifolds
that are each subcompleres of a cube. Let m = dimM and n = dimN, and assume

m >n > 3. Suppose k is an integer with

° kZL%J—&—l;or

°
el
I

wl3

and H,(M;Z/2Z) = H,(N;Z/2Z) = 0; or
o k=12, M and N are orientable, and Hy(M;Z) and H,(N;Z) are finite.
Then Skel, M = Skelx N implies M = N.

(Our proof is a simplification of Dancis’s simplicial version, but with slightly different

hypotheses.)

Proof. The goal of this proof is to reduce to the case k > n. We will start by assuming
k < n, and argue that the (k + 1)-skeletons of M and N are isomorphic, so by induction,
the n-skeletons must be isomorphic.

To begin with, let us assume k < n and consider the case where k > L%J + 1. Under

these assumptions,
m
n—kSm—kSm—L;J—1§k—1§n—2§m—2.

The key facts are n — k < k —1 and m — k < k — 1, which allow us to compute the
(n — k)th, (m — k)th and lower homology groups from the k-skeleton, and n — k < m — 2
and m — k < n — 2, which will let us use

Suppose S¥ =2 9I**1 is a subcomplex of Skel, M = Skel, N. If S* bounds a face in
M, then and the fact that n — k < m — 2 imply that H;(M \ S*) = H;(M)
when j € {n — k,n —k — 1}. Since n — k < k — 1, these homology groups depend
only on the k-skeleton of M, thus H;(M \ S*) = H;(N\ S*) and H;(M) = H;(N) when
j € {n—k,n —k —1}. Therefore, H;(N\ S*) = H;(N) when j € {n —k,n —k — 1}, so
implies that S* bounds a face in N.
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Similarly, if S* bounds a face in N, then H;(M\ S*) = H;(N\ S*) = H;(N) = H;(M)
when j € {m — k,m — k — 1}; hence S* bounds a face in M.

When k& = m/2, the argument is similar. If n = m, the result follows from
so we may assume n < m. Then:

n—k<m-k—-1=k—-1<n-2<m-2.

If S* bounds a face in M, and the inequality n — k < m — 2 imply that
H;(N\ S*;Z/27) = H;(M\ S¥;Z/2Z) = H;(M;Z/27) = H;(N;Z/2Z) when j € {n —
k,n —k — 1}, so S* bounds a face in N by |Corollary 1.3.70 On the other hand, if
S* bounds a face in N, [Lemma 1.3.6( (or a modification with Z coefficients) implies
Hyp_1(M\ S*¥) = Hy_1(N\ S*) = H;,_1(N) = Hy,_1(M) with coefficients in either Z/27Z
or Z, and we conclude from that S* bounds a face in M.

Thus the (k + 1)-dimensional faces in M and N are the same, in all cases when k < n;
that is, the (k + 1)-skeletons of M and N are isomorphic. Therefore, we can inductively
increase k to reduce to the case where k > n. In this case, we have Skel,, M = Skel,, N =
N. However, we claim that the only skeletons of an m-dimensional manifold that are
themselves manifolds are the O-skeleton and the m-skeleton.

We may assume that M and Skel,, M are connected, since the components of Skel,, M
are precisely the skeletons of the components of M when n > 1. If Skel,, M = 9I"*!, the
only possible (n+ 1)-dimensional face of M is the cube whose boundary is Skel,, M. Then
Skel,, 1 M is either OI™*! or "1, and there are no possible faces of higher dimension;
but I™*! is not a manifold (without boundary), so M = 9I"*! = Skel,, M. Conversely, if

Skel,, M 2 9I"*! then [Lemma, 1.3.11| implies that there are no subcomplexes of Skel,, M
isomorphic to 1", and again Skel,, M = M. Therefore, M =2 N. [ |

d—1

5 J—skeletons are

Dancis gives an example of the cyclic (d + 1)-polytopes, whose L

the same as the skeleton of the boundary of a simplex, to show that the bounds on &

in the simplicial version of [Theorem 1.3.12| cannot be improved to L%J The neigh-
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bourly cubical d-spheres and (d + 1)-polytopes constructed by |[BBC97: |JZ00; |[JRO7],
whose L%J—skeletons match the boundary of a cube, serve the same purpose for cubical
manifolds. (These complexes embed into a cube, since Cy in [BBC97, Theorem 3.1] is
itself a cube and fissuring preserves embeddability into a cube.)

This chapter relied on the cubical manifolds being embeddable in a cube. The question

remains: what skeleton determines an arbitrary d-dimensional cubical manifold?
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Chapter 2

Relating CAT(0) cubical complexes and flag sim-

plicial complexes

2.1 Introduction

Simplicial complexes are well-known, well-studied objects used in many areas of math,
from topology to optimisation, and their combinatorial aspects have been widely explored.
Cubical complexes, while less well-known, are also important objects in several areas of
math. In this chapter, we consider special cases of each, namely flag simplicial complexes
and CAT(0) cubical complexes, and explore some of the many interesting connections
between their combinatorial properties. We do this by defining the crossing complez, a
flag simplicial complex associated to each CAT(0) cubical complex.

Flag simplicial complexes arise as the clique complex of a graph, i.e. the simplicial
complex obtained by filling in every clique of a graph with a face. Much research has been
done on their combinatorial structure, particularly their f-vectors and metric properties
|AH16; |Gal05} |CD95} |AB14; [Fro0§].

Similarly, CAT(0) cubical complexes first arose in metric space theory, where they
were constructed to provide examples of non-positively curved metric spaces: for cubi-

cal complexes, the non-positive curvature condition reduces to a simple combinatorial

criterion, according to a theorem by |Gro87| (see [Theorem 2.2.3 below). More recently,
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CAT(0) cubical complexes are also commonly used in group theory and topology: re-
searchers such as Davis, Niblo, Roller and Sageev have made discoveries involving various
kinds of groups acting on CAT(0) and similar cubical complexes [DOO0L; [NR98; Rol16}
Sag95|, and Agol, Haglund, Wise and others have used these ideas to make breakthroughs
in low-dimensional topology |Agol3; HWO08; [Wis21].

In both metric geometry and group theory, the CAT(0) cubical complexes under
consideration are usually infinite, and sometimes even infinite-dimensional. However,
finite CAT(0) cubical complexes also have interesting structure and combinatorics, and
often arise from applications, including state complexes of robotic systems [ABY14; |AGO4]
and spaces of phylogenetic trees [BHVO01].

Some previous research on the combinatorics of finite CAT(0) cubical complexes is
worth noting here. Two particularly relevant examples are the work of Hagen |[Hagl4}
Hag13} [Hagl2] and Ardila et al. [AOS12; |ABY14; |Ard19]. Hagen introduced the contact
graph and crossing graph of a CAT(0) cubical complex (the latter of which will appear
as the underlying graph of the crossing complex defined below), and also the simplicial
boundary of a CAT(0) cubical complex; however, Hagen’s results often only become
interesting for infinite complexes. Ardila, Owen, and Sullivant give a useful bijection
between (rooted) CAT(0) cubical complexes and a class of posets with extra structure,
based on Roller and Sageev’s notion of a halfspace system |[Rol16; |Sag95|: this bijection
will form the basis for much of the work in this chapter. Other work that is less relevant
to this chapter but still noteworthy includes [AB20; BC08} [Bow14; |(CN05} |Che00; [Fio22],
and other papers cited.

The structure of this chapter is as follows. In we define the basic no-
tions, and summarise Ardila, Owen, and Sullivant’s theorem. In we define
the crossing complex of a finite CAT(0) cubical complex, and make some initial observa-
tions about the connections between the f-vectors of the cubical complex and its crossing
complex: this section includes our main theorem, that the sets of f-vectors of flag sim-

plicial complexes and CAT(0) cubical complexes are the same, up to an invertible linear
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Figure 2.1: The geometric realisation of the flag simplicial complex A =

{o, {1}, {2}, ... {7} {12}, {1,5},{2,3},{2,6},{3,4}. {35}, {4,5}, {3,4,5}}

transformation. discusses ways of making new CAT(0) cubical complexes by
combining old ones, and how this relates to the structure of the crossing complex. In
we take a closer look at the hyperplanes in CAT(0) cubical complexes: the
major result of this section is that hyperplanes in the cubical complex correspond to ver-
tex links in the crossing complex. gives some results of a topological flavour,
using the Nerve Theorem to find the crossing complex living as a subspace of the cubical
complex, up to homotopy equivalence. Finally, in we look at the special case
of balanced complexes, and return to the f-vectors of our complexes.

While some results call upon lemmas in previous sections, most of the sections are

fairly independent, and can be read in any order. The exceptions are and [2.3]

which introduce important definitions and concepts, so these sections should be read first.

2.2 Definitions

We will begin by defining the two main objects of study in this chapter: flag simpli-

cial complexes and CAT(0) cubical complexes. Readers who are familiar with simplicial
complexes may wish to skip ahead to
2.2.1 Flag simplicial complexes

Definition 2.2.1. A simplicial complex consists of a finite set V' and a collection A of

subsets of V', such that:
e JEA,

24



e for each v € V, the set {v} is in A, and
e if 0 € A and 7 is any subset of o, then 7 € A.

We usually abuse notation and just refer to A as the simplicial complex.

Elements of V' are called vertices, and elements of A are called faces. The dimension
of a face ¢ is dimo = |o| — 1, and the dimension of A is the maximum dimension of its
faces. Faces of dimension 0 are identified with the vertices, and faces of dimension 1 are
called edges. Faces of A that are maximal under inclusion are called facets. If all facets
of A have the same dimension, then A is pure. Take note that we only consider simplicial
complexes with finitely many faces.

The collection of all vertices and edges of A forms a graph, called the underlying graph
of A; conversely, any graph (which will always mean a finite, simple, undirected graph)
can be thought of as a 1-dimensional (or smaller dimensional) simplicial complex.

The link of a face o € A is the following set:

linkno={reA:ocUr€Aand oNt =g}

We will sometimes just write link o if the complex A is clear. The link is a simplicial

complex. As a poset (ordered by inclusion), it is isomorphic to the open star of o:

starnoc ={p€A:pDoao},

which is not generally a simplicial complex. We also define the closed star:

starnoc i ={peA:pUoc € A},

which is the smallest simplicial complex containing all faces of the open star.
Any simplicial complex has a corresponding topological space, called its geometric

realisation ||Al|. If A has vertex set {1,...,n}, consider the standard basis ey, ..., e, in
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R™. For each face o € A, take the subset

llo|l == conv{e; : i € o},

i.e. the convex hull of the basis vectors corresponding to elements of 0. The geometric
realisation of A is then the union of these convex sets. We will often not make any
distinction between the combinatorial object A and the associated topological space ||A|.

A missing face of A is a subset S of V such that S is not a face, but all proper subsets
of S are faces of A. We say that A is flag if all missing faces of A have cardinality 2 (so
they would be edges of A if they were indeed faces).

Given a graph G, there is an associated simplicial complex called the clique complex
of G: the vertices of the clique complex are the vertices of GG, and the faces are the
cliques, i.e. the collections K of vertices such that every pair of vertices in K is connected
by an edge in G. A clique complex is always flag; in fact, flag simplicial complexes are
exactly those complexes that are clique complexes of some graph (namely the underlying
graph of the complex). Similarly, the anticlique complex (or independence complex) of
G is the simplicial complex whose vertices are the vertices of G, and whose faces are the
independent sets, i.e. the collections of vertices with no pair connected by an edge. The
anticlique complex of G is the clique complex of the complement graph, whose edges are

precisely the non-edges of G.

2.2.2 CAT(0) cubical complexes

We next define a cubical complex. The definition is analogous to the definition of a
simplicial complex — morally, a cubical complex is “like a simplicial complex but built

from cubes instead of simplices”.

Definition 2.2.2. A cubical complex consists of a finite set V' and a collection [ of

subsets of V', such that:

e O is not in O,
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Figure 2.2: The geometric realisation of a 3-dimensional CAT(0) cubical complex

o for each v € V, the set {v} is in O,
e if o and 7 are in [, then o N 7 is either empty or in [, and

e if o € [, then the collection of elements of (0 that are contained in o is isomorphic

as a poset (ordered by inclusion) to the poset of non-empty faces of a cube.

This definition might appear different from the definition of a simplicial complex.
However, note that the condition that o N7 € A is redundant for simplicial complexes,
and the condition that a simplicial complex is closed under taking subsets is equivalent
to the requirement that for any o € A, the collection of elements of A that are contained
in o is isomorphic to the face poset of a simplex. The requirement that @ ¢ [ is a
matter of preference — we could instead have required that @ € O and removed the word
“non-empty” in the fourth condition. We chose the convention that & ¢ [0 because the
poset of non-empty faces of a cube is slightly simpler to describe than the poset of all
faces, and because omitting the empty face makes some enumeration cleaner. Also, note
that we only consider finite cubical complexes.

The dimension of o € O is log,|o| — the definition guarantees that |o| is a power of 2,
so the dimension of ¢ will always be an integer. Otherwise, all the basic terminology for
simplicial complexes (faces, vertices, edges, dimension of [, facets, pureness, underlying
graph) applies unchanged for cubical complexes.

We can also define links in cubical complexes, but we base the definition on the notion
of a simplicial open star:

linkqo:={pcO:p2o}.
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Unlike for simplicial complexes, a cubical link is not generally a subcomplex. As a poset
(ordered by inclusion), the link of any face of a cubical complex is isomorphic to a sim-

plicial complex. We also define closed stars, analogously to simplicial closed stars:

starqjo = {p € O: pUo is contained in some face of O}.

Like simplicial complexes, cubical complexes also have geometric realisations, although
the construction is less clean — in general, the best we can get is a CW complex, rather
than a union of convex sets in Euclidean space (although we will see that convex sets
do work for CAT(0) complexes, defined below). For each i-dimensional face o € [, take
lo|| to be an i-dimensional cube [0, 1], and identify the subfaces of o with faces of ||o||.
To counstruct ||O||, we topologically glue the cubes together along corresponding faces.
However, even though this construction does not naturally live in R™ like for simplicial
complexes, we can give a cubical complex the structure of a metric space, by endowing
each cube ||o|| with the metric of the unit cube in R, and choosing the gluings to be
isometries.

An arbitrary metric space X is said to be CAT(0) if it has geodesics between any two
points and it satisfies the “thin triangle” condition (see [BH99| for more details). However,

we will not need the precise definition, thanks to the following theorem:

Theorem 2.2.3 (|Gro87, Section 4]). A cubical complex O is CAT(0) if and only if it is
simply connected and all vertex links are flag simplicial complexes. Moreover, any CAT(0)

cubical complex is contractiblell]

This theorem gives the first inkling of the connections between flag simplicial com-
plexes and CAT(0) cubical complexes.

One particularly useful feature of cubical complexes is their hyperplanes. Given any
cubical complex [, for each cube [0,1]" in O, a subset [0,1] x -+ x {3} x -+ x [0,1]

is called a midplane of the cube. Two midplanes are adjacent if their intersection is a

1|AB20, Corollary II] go even further, and show that CAT(0) cubical complexes are collapsible.
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Figure 2.3: The CAT(0) cubical complex from [Fig. 2.2| with its hyperplanes and a root

vertex shown

Figure 2.4: The Hasse diagram of a poset with inconsistent pairs

midplane of another cube; after taking the transitive closure of this relation, the union
of all midplanes in any equivalence class is called a hyperplane of (0. The midplanes give
the hyperplane its own cubical complex structure. See for an example.

One reason why hyperplanes are especially nice in CAT(0) cubical complexes is the

following lemma:

Lemma 2.2.4 (|NR98, Lemma 2.7]). In a CAT(0) complex O, the complement of any

hyperplane has exactly two components.

2.2.3 Posets with inconsistent pairs

Ardila, Owen, and Sullivant [AOS12| gave another, more combinatorial description of
CAT(0) cubical complexes which will be much more useful to us. But first, we need some

more definitions.
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Definition 2.2.5. A poset with inconsistent pairs (or a PIP for short) is a triple (P, <, +»)

with the following properties:
e (P,<) is a finite partially ordered set (poset), and
e < is a relation on P such that:

— a «» a is false for all a (that is, <+» is antireflexive),
— a < b implies b +» a (that is, «+» is symmetric), and

—ifa» b, a<da and b <V, then a’ «» V' (that is, +» is inherited upwards).

If @ +» b, then we say a and b form an inconsistent pair. A subset S C P is consistent
if it contains no inconsistent pairs.

We can draw the Hasse diagram of a PIP by drawing the usual Hasse diagram of the
poset (P, <) with solid lines, and adding dashed lines for each minimal inconsistent pair,
that is, each pair ¢ +» d with no other pair ¢’ «+» d’ where ¢ > ¢’ and d > d’. For example,
the PIP shown in has four inconsistent pairs, namely 3 +» 7, 4 «» 6, 5 +» 6 and
6« 7.

A definition is no good without examples, and fortunately there are two large sources
of them. Firstly, if P is any poset, we can think of it as a PIP that has an order relation but
happens to have no inconsistent pairs. Secondly, on the other extreme, we can construct
PIPs with inconsistent pairs but no order relation: if G is any (finite, simple, undirected)
graph, we can think of it as a PIP whose underlying set is the set of vertices of G, the
inconsistent pairs are the edges of G, and there are no order relations (except the trivial
relation a < a for each a).

We will use a lot of standard poset terminology when talking about PIPs. Given a
subset S C P, an element x € S is said to be mazimal in S (respectively minimal in S)
if there is no other element y € S with « <y (resp. > y). The set of maximal elements
of S is denoted max S, and the set of minimal elements is min.S. Every element of P is
greater than or equal to some minimal element, and less than or equal to some maximal

one.
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A downset (or order ideal) is a subset I C P with the property that if @ € I and

a’ < a then a’ € I. The downset generated by S C P is the set

1S ={zx e P:x<sfor some s € S}.

An upset (or order filter) is defined similarly with the inequalities reversed, and the upset
generated by S C P is denoted 1 .S.

Two elements a and b of P are said to be comparable if either a <bor b < a. A chain
is a subset C' C P such that every two elements of C' are comparable; an antichain is a
subset A C P where no two elements are comparable.

We will often discuss consistent downsets and consistent antichains. These two objects

are related by the following lemma:

Lemma 2.2.6. The map I — max I is a bijection from the set of consistent downsets of

P to the set of consistent antichains, with inverse map given by A — | A.

Proof. Apart from the word “consistent”, this is a standard result about finite posets.
Since I is consistent and max [ is a subset of I, max [ is consistent; the fact that | A is

consistent follows from the upward-inherited property of inconsistent pairs. ]

At this point, the reader may be starting to wonder what PIPs have to do with cubical
complexes. The answer lies in the following construction due to [AOS12|, culminating in

Theorem 2.2.9| (see also [ABY14; |Ard19)).

Definition 2.2.7. Given a PIP P, we define an associated cubical complex (p as follows.
The vertex set of Op is the set of consistent downsets of P. There is a face of Op for
each pair (I, M), where I is a consistent downset and M is some subset of maxI: the

face is denoted C(I, M), and it contains vertices

C(I,M):={I\N:NC M}.

The result is a CAT(0) cubical complex (though this is not obvious). The face C(I, M)
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(¢) Hy and H> consistent and
(a) Hi < Ho (b) Hy «» Hy incomparable

Figure 2.5: How to turn hyperplanes into a PIP

contains 2/M!| vertices, one for each subset N C M, so it is an |M|-dimensional cube.
Note that @ is always a consistent downset of any PIP, so a cubical complex constructed
in this way has a natural choice of distinguished vertex, the one corresponding to @.

IPI. the vertices of Op

There is a natural embedding of Op into the unit cube [0, 1]
are associated with some subsets of P, whereas the vertices of [0, 1]I”’ correspond to the
set of all subsets of P. The faces of Op agree with the faces of [0,1]!”], so Op is the

induced subcomplex of [0, 1]/’ generated by these vertices. Thus Op can be realised as

a union of convex sets in R™, faces of a cube.

Definition 2.2.8. A rooted CAT(0) cubical complex is a CAT(0) cubical complex O
together with a choice of distinguished vertex vg.

If we are given a rooted CAT(0) cubical complex, there is an associated PIP P.
The underlying set of P is the set of hyperplanes of 0. If H is a hyperplane, then
the complement of H has two components, by let H~ be the component
that does not contain the root vertex vg. We declare that H; < Hy in P whenever
H; D H;,and H; +» Hy when H; and H, are disjoint. Intuitively, “H; < Hs” means
that hyperplane H is entirely beyond Hy, to an observer standing at the root vertex, and

“Hy «» Hy” means that this observer can see both hyperplanes without either obscuring

any part of the other — see

These constructions result in a theorem which forms the foundation for much of the

rest of this chapter:
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Figure 2.6: The bijection from [Theorem 2.2.9| illustrated with the PIP from For

example: the set I = {1,2,3,6} is a consistent downset of P and thus a vertex of Op
(shown as “1236”), with maximal elements max I = {2,6}. The face C({1,2,3,6},{2,6})
is the left-most square in the figure, with vertex set {{17 2,3,6},{1,2,3},{1,3,6},{1, 3}}7
the northwest edge of that square is the face C({1,2,3,6},{2}) = {{1,2,3,6},{1,3,6}}.

Theorem 2.2.9 (JAOS12, Theorem 2.5]). The map P — Op is a bijection from the set

of PIPs to the set of rooted CAT(0) cubical complexes, with inverse given by O — Pr.

For example, if P is the PIP in then Op is the cubical complex in
and as illustrated in Several more examples are shown in the first two

columns of

Note that PIPs are sometimes also called “event structures”. Also, a result similar

to [Theorem 2.2.9| was earlier proved (with very different terminology) in [BC93| Corol-
lary 2.12].

2.3 The crossing complex

At last, we can define the main tool of this chapter: the crossing complex.

Definition 2.3.1. Given a PIP P, the crossing complex Ap is the simplicial complex
whose vertex set is the underlying set of P, and whose faces are the consistent antichains

of P.
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For example, if P is the running example PIP shown in and [2.6] the crossing
complex Ap is the simplicial complex shown in This example is reprinted in
along with several more examples.

Observe that Ap is a flag simplicial complex, since it is the anticlique complex of the
graph whose edges are the comparable or inconsistent pairs in P. Our goal for the rest
of this chapter is to demonstrate that the crossing complex Ap and the CAT(0) cubical
complex Op share many properties.

For a first connection, observe that hyperplanes hy and hy in Op intersect if and only
if hy and ho are consistent and incomparable elements in P. The underlying graph of
A p, which therefore has an edge between two hyperplanes precisely when they intersect in
Op, was previously called the “crossing graph” of Op by [Hagl4] and the “transversality
graph” by [Roll6].

The following fact about hyperplanes is well known:

Lemma 2.3.2 (see e.g. [Sag9h, Theorem 4.14|, |Hagl4, Lemma 3.5]). If hy,..., hy are

hyperplanes of a CAT(0) cubical complex where h; N h; # @& for every i and j, then
N, hi # @.

In terms of the crossing complex, this means that the faces of Ap are exactly the sets
of hyperplanes of Op with a non-empty intersection. Consequently, we can compute the
crossing complex of P directly from Op, and the result does not depend on the choice of
root vertex of Op.

The following lemma was also essentially observed by [Hagl4, Proposition 2.15] (among
others), who showed that every graph is the crossing graph of some CAT(0) cubical com-

plex. Using PIPs, we can simplify the proof.

Lemma 2.3.3. Every flag simplicial complex is the crossing complex of some CAT(0)

cubical complex.

Proof. Recall that any graph G can be thought of as a PIP with no order relations and an

inconsistent pair for each edge. In this interpretation, the consistent antichains are just
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Figure 2.7: Some CAT(0) cubical complexes, their associated PIPs, and their crossing

complexes
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the consistent sets of vertices, i.e. the anticliques of G, and any flag simplicial complex is

the anticlique complex of some graph. ]

However, note that different CAT(0) cubical complexes may have the same crossing
complex — for example, any tree with n edges is a 1-dimensional CAT(0) cubical complex,
and the crossing complex of such a tree always consists of n isolated points.

Next, we turn our attention to f-vectors.

Definition 2.3.4. If K is a complex (simplicial or cubical), define f;(K) to be the number
of i-dimensional faces of K.

If Ais a (d — 1)-dimensional simplicial complex, the f-vector of A is the tuple

(f,l(A), e fd,l(A)), and the f-polynomial is:

d
f(A ) = Z fira(A) ¢
i=0

If O is a d-dimensional cubical complex, its f-vector is (fo(O),..., f4(0)), and its f-

polynomial is:
d

f@0) =) f@)¢t.

i=0
Note the difference in conventions between the simplicial and cubical cases! For instance,
the constant term of f(A,¢)is f_1(A), which is always 1 to count the empty face; whereas

the constant term of f(O,t) is fo(O), the number of vertices of OI.
This brings us to the main result of this section.
Theorem 2.3.5. Let P be a PIP. Then f(Op,t) = f(Ap,1+1t).

Proof. Let “A < P” mean “A is a consistent antichain of P”.

By construction, the i-dimensional faces of (I p are in bijection with pairs (I, M) where
I C P is a consistent downset and M C max with |M| = i. [Lemma 2.2.6| says these
pairs are in turn in bijection with pairs (A, M) where A is a consistent antichain of P

and M C A with |M| =i.
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Therefore, using the convention that f;(K) =0 if i > dim K,

This formula has some neat immediate consequences.
Corollary 2.3.6. dimOp = dimAp + 1.

Proof. The dimension of (I p is the degree of its f-polynomial, and the dimension of Ap is

1 less than the degree of its f-polynomial. (This fact also follows from [Lemma 2.3.2]) B

Corollary 2.3.7. The Euler characteristic x(Op) of Op is 1.

Proof. x(Qp) = f(Qp,~1) = f(Ap,0) = f-1(Ap) = 1. (Of course, says

Op is contractible, so we already knew this.) ]
Corollary 2.3.8. The number of hyperplanes of Op is Z?:O(fl)i’lifi(ﬂp).

Proof. The number of hyperplanes is |P| = fo(Ap), which is the coefficient of the linear

term in f(Ap,t) = f(Ap,t —1). [ ]

But the most significant consequence of comes when we combine it
with [Lemma 2.3.3t
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Theorem 2.3.9. The following sets are equal:

{p(t) : p is the f-polynomial of a d-dimensional CAT(0) cubical complex},
and

{q(t + 1) : q is the f-polynomial of a (d — 1)-dimensional flag simplicial complex}.

In other words, the sets of f-vectors of CAT(0) cubical complexes and flag simplicial
complezxes are equal, up to the invertible linear transformation by the matriz T whose

(i,7)th entry is (Zj)

Proof. If p(t) is the f-polynomial of some CAT(0) cubical complex [, then|[Theorem 2.2.9
says (1 = Op for some P (after choosing a root arbitrarily), so p(t+1) is the f-polynomial

of Ap. Conversely, if ¢(s) is the f-polynomial of some flag simplicial complex A, then

Lemma 2.3.3says A = Aps for some P’, thus ¢(s — 1) is the f-polynomial of Op/.

The equivalence of the statement about f-vectors comes from this equality:

d

ij 1(Ap)(1+ 1)

zdjfj()f (AR,

=0 j=0

d
=0

<.
o

noting that the indexing in T is shifted by 1. ]

We will revisit f-polynomials in

2.4 Combining CAT(0) complexes

In this section, we aim to illustrate how the crossing complex and Ardila et al.’s bijection
may be used to study p, by examining some ways of building new complexes from old.
We begin this section with three definitions.

First, a natural construction for combining cubical complexes is the product.
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Definition 2.4.1. Given two cubical complexes (; and [y, their product is the cubical
complex [y x Oy whose vertices are pairs (vy,ve) with v; a vertex of O; for ¢ = 1,2, and

whose faces are sets of the form oy x o9 for o; € 0;.
Second, there is a construction for simplicial complexes called the join.

Definition 2.4.2. If A; and As are two simplicial complexes with vertex sets Vi and V5
respectively, their joinI is the simplicial complex Aj * Ay, whose vertex set is V3 U V5 and

whose faces are sets of the form o1 U 09, where o; is a face of A; for ¢ =1, 2.
Third, here is a way of combining PIPs.

Definition 2.4.3. If P and @) are two PIPs, define P <I:I> @ to be the PIP where:
e the underlying set is P U @, the disjoint union of P and @,

e if p;,ps € P, then the relations between p; and ps in P U @ are the same as in P,
>

and similarly for ¢1,¢2 € @, and
e if pe P and q € Q, then p and ¢ are incomparable and consistent in P U Q.
<

In other words, P LI ) is the PIP whose Hasse diagram is obtained by simply placing the
A xd

Hasse diagrams for P and @ next to each other.

One may wonder what the connection between these constructions is — the answer is

in the following lemma (also observed by [CS11}, Lemma 2.5] and [Hag13| Proposition 1.3]):
Lemma 2.4.4. Op x Og = 0Opug, and Apug = Ap x Ag.

Proof. The consistent downsets of P E) Q@ are sets of the form I U J, where I and J are
consistent downsets in P and @) respectively, and the set of maximal elements of I Ll J is
max I Umax J. Therefore, vertices of DPHQ are in bijection with pairs (I, J) with I and
J as above, which are in bijection with vertices of Op x O¢; and faces of DPHQ are in
bijection with tuples (I, M, J, N) with M C max I and N C max J, which are in bijection

with faces of Op x Ogq.

2Not to be confused with the join of two elements in a poset, z V y. We will not use this type of join
in this chapter.
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Note that the root vertices of Op and Og correspond to the empty consistent downset,
and @ U @ = @, so this isomorphism respects roots.

The consistent antichains of P E} Q are sets of the form AL B with A and B consistent
antichains of P and @ respectively; the statement about APHQ and Ap x Ag follows

immediately. |
Here are some more constructions.

Definition 2.4.5. Suppose K; and K5 are two complexes (both simplicial or both cu-
bical, although the simplicial case will be more useful to us), with vertex sets V; and V5
respectively. The disjoint union K; U Ko of the complexes is defined to be the complex
whose vertex set is Vo U V5 and whose face set is the set K1 U Ky (which is not quite a

disjoint union if K7 and K5 are simplicial, since then they share the face &).

Definition 2.4.6. Given two rooted cubical complexes (0; and Os, the wedge sum O A
Os is the cubical complex obtained by taking the disjoint union of [0y and Oy and

identifying their root vertices together to make a single new root vertex.

Definition 2.4.7. Given two PIPs P and @, the PIP P L_J Q@ is defined identically to
P E} @, except that each pair p, g with p € P and ¢ € @ is incomparable and inconsistent
in P H (). The Hasse diagram of P L_l Q is obtained by putting the Hasse diagrams of P
and @ next to each other, then adding dotted lines from minimal element of P to each

minimal element of Q).
Lemma 2.4.8. Op AOg =0pug, and Aqu =ApU AQ.

Proof. There are three types of consistent downsets in P g Q: they are either the empty
set, a non-empty consistent downset in P, or a non-empty consistent downset in (). The
vertices of Op A Og are either the root vertex (corresponding to the empty downset),
or a non-root vertex in Op or Og (corresponding to a non-empty downset in P or Q
respectively). The faces of Op A Og are in bijection with either (&, &) (the root vertex)
or (I, M) or (J,N) where I and J are non-empty consistent downsets of Op and g

respectively, and M C max I and N C maxJ.

40



Figure 2.8: Tllustration of the situation in [Lemma 2.4.9

The consistent antichains of P U ) are empty or a non-empty consistent antichain in
P or Q; the faces of Ap L Ag are either the empty face or a non-empty face of Ap or
Ag. [ |

The next lemma concerns vertex links in CAT(0) cubical complexes. Links are easier

to describe and often more useful in the simplicial case — we will return to simplicial links

in — but for now, this lemma will be useful in proving [Proposition 2.4.10]

Lemma 2.4.9. Suppose a vertex v of Op corresponds to the consistent downset J C P.

Then the link of v in Op is the crossing complex of the sub-PIP

max J Umin{z € P\ J : x is consistent with all j € J} C P

In particular, the link of the root vertex (where J = @) is the crossing complex of min P.

Note that while no two elements of min P are ever comparable, they may be inconsis-

tent.

Proof. Recall from [Definition 2.2.7|that the faces of Op are in bijection with pairs (I, M)
where I C P is a consistent downset and M C maxI. By definition, a face C(I, M) in

Op contains v if and only if I\ X = J for some X C M — see [Fig. 2.8
If we define Y = M\ X,s0o M = XUY and I = JU X, then the pair (I, M) is
determined by the choice of the pair (X,Y), and vice versa. There are some restrictions

on what the sets X and Y may be — specifically, the conditions are as follows:
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Figure 2.9: A CAT(0) cubical complex with a cut vertex, its corresponding PIP, and its
crossing complex. Dotted lines show a disconnection of the crossing complex.

e X LY must be a consistent antichain (since X UY = M);

Y must be a subset of max J (since Y C J and Y C M C max ], and any element

of J that is maximal in I must also be maximal in the subset .J);

e every element of X must be consistent with every j € J (since JU X = I is

consistent); and

e X must be a subset of min(P \ J) (since X C P\ J, and the facts that X is an
antichain and J U X is a downset mean that any y € P with y < z for some z € X
must be in J), thus elements of X are in fact minimal in the subset {x € P\ J :

x is consistent with all j € J}.

Conversely, if X and Y satisfy these conditions, then J LI X is a consistent downset and
X UY C max(JUX). In other words, the faces of the link of v are in bijection with
pairs (X,Y") such that X UY is a consistent antichain with ¥ C max J and X C min{x €

P\ J:z is consistent with all j € J}. |

With this lemma in hand, we can now give a combinatorial proof of the following

result (which was also observed by [Hagl3, Lemma 4.10]).

Proposition 2.4.10. Op has a cut vertex (i.e. a vertex v where ||Qdp||\v is disconnected)

if and only if Ap is disconnected.
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Proof. One direction follows immediately from the work above: if O0p has a cut vertex,
then it is then a wedge sum of its two halves, and says Ap is thus a disjoint
union.

The other direction is less straightforward. The first part of this proof went smoothly
because we could implicitly assume in that the cut vertex is the root vertex
of Op, since Ap does not depend on the choice of root; for the other direction of the
proof, the cut vertex might be any vertex. The idea for the rest of the proof is to find
the potential cut vertex in (p, set it to be the new root vertex, and then argue that it is
indeed a cut vertex.

Suppose Ap is disconnected. This means we can partition the vertices of Ap into two
non-empty sets, A and B, with no edges of Ap between the two sets; in terms of P, this
means that every pair a,b with a € A and b € B is either inconsistent or comparable. If
all such pairs are inconsistent, we can appeal to again to conclude that Op
is a wedge sum; our next goal is thus to reduce to this case.

If not all pairs a,b are inconsistent, then some pair is comparable: without loss of
generality, suppose ag < by for some ay € A and by € B. By increasing ap € A and
decreasing by € B if necessary, we may even assume that ag < by is a covering relation —
that is, that there is no z € P with ap < = < by. Now, consider the downset I := ({ bg)\ bo,
which is consistent since it is a subset of | by, and let v be the corresponding vertex in
Op — we will argue that v is a cut vertex.

Observe the following;:

e ag is a maximal element in I, since by covers ag;

® b is consistent with all elements of I; and

e by is minimal in P\ I, and thus in {z € P\ I : x is consistent with all i € I}.

Therefore, according to both ag and by are vertices of the link of v. Thus
the vertices of link v can be partitioned into two non-empty sets, ANlink v and B Nlink v,

with no edges between them, so link v is disconnected.
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Now, choose v to be the new root vertex of Op. This new rooted CAT(0) complex
will correspond to a different PIP, say P’, but the geometry of Op/ is unchanged — in
particular, the crossing complex Ap: is identical to Ap, and the link of v in Op/ is still
disconnected by some partition A’ and B’.

But now, since v is the root vertex of O p/, says that linkDP, v = Apin P
No two elements of min P’ can be comparable, so all elements of A’ must instead be
inconsistent with all elements of B’.

Every element 2/ € P’ must be greater than or equal to some element of min P/, but
it cannot be the case that both z’ > a’ and 2’ > V' for some o’ € A’ and V' € B’: if
this were the case, the fact that a’ +» b’ together with the upward-inheriting property of
inconsistent pairs would imply that 2’ «» ', which is forbidden. Therefore, the sets 1 A’
and 1 B’ form a setwise partition of P’. Moreover, if 2’ € 1 A’ and 3/ € 1 B’, then 2’ > a’
and y’ > b’ for some a’ € A’ and V' € B’, so since a’ «+» V', we must also have z’ < 3/;

thus P’ is the poset A’ U B’. But [Lemma 2.4.8| then implies that Op is a wedge sum, so

Op has a cut vertex. [ |

This proof used a lot of facts about posets — we will see an alternative, topological

way to prove this result in

2.4.1 Addendum

Note: This subsection does not appear in the published version of this chapter. However,
there is one more fact that follows from the results above that is worth recording in this
thesis.
Define a free vertex in 0 to be a vertex that is contained in exactly one facet. For
example, if (0 is one-dimensional, it is a tree, so its free vertices are the leaf vertices.
The following result generalises the well-known fact that every non-trivial tree has at

least two leaves.

Proposition 2.4.11. If Op is a d-dimensional CAT(0) cubical complex, then it has at

least 2% free vertices.
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Remember that we assume all complexes are finite — there are many infinite coun-

terexamples to this Proposition.

Proof of|Proposition 2.4.11. Let o be a d-dimensional face of Op, and let hq,...,hq be

the d hyperplanes passing through it. This face o has 2¢ vertices; let v be one of these
vertices, and root (1 at v. Observe that since v is adjacent to hq, ..., hg, these hyperplanes
are minimal elements of the corresponding PIP P, and since these hyperplanes all intersect
in o, they are consistent in P.

Let I be a consistent downset in P of maximal size such that I does not contain

hi,...,hq, and let w be the vertex of O corresponding to I: we will show that w is a
free vertex. Since I does not contain hq,..., hg, w is on the same side of the hyperplanes
hi,...,hq as v, and is thus separated by at least one of these hyperplanes from each other

vertex of o; therefore, the 2¢ different possible choices of v lead to 2% distinct vertices w.
(According to |[ABY14] Proposition 7.4], the distance from the root vertex to the vertex
corresponding to a consistent downset J is measured by |J|, so geometrically w is chosen
to be as far away from v as you can get without crossing the hyperplanes hq, ..., h4.)

Now, consider the link of w in O: by this link is the crossing complex
of the sub-PIP max I U S, where

S :=min{z € P\ I: x is consistent with every element of I}.

We claim that S is a subset of {hq,...,hs}. Suppose z is an arbitrary element of S,
so x is consistent with every element of I. If x > h; for some 4, then by the inheritance
property of consistency, h; must also be consistent with every element of I; therefore,
by minimality, x is h;. On the other hand, if x is not greater than any h;, then T U | x
is a consistent downset that does not contain hq,...,hg of strictly greater size than I,
contradicting the choice of I. Thus S is a subset of {hq,...,hq}.

Now, observe:

e Any two elements of max I are consistent, since [ is consistent, and they are incom-
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parable, since they are maximal elements of I.

e Any two elements of S C {hy,...,hq} are consistent and incomparable, because the

hyperplanes hq, ..., hq all intersect.

e Any element of max I and any element of S are consistent, by definition of S, and

incomparable, since hi, ..., hg are minimal elements of P that are not in I.

Therefore, the consistent antichain complex of max I U S — that is, the link of w — is a
simplex, so w is a free vertex. There is one such vertex w for each vertex v of o, so O

contains 2% free vertices. [ |

2.5 Hyperplanes

In this section, we will take a closer look at hyperplanes in CAT(0) cubical complexes,
through the lens of the derivative complex defined by [BC00|. This construction is heav-
ily based on the poset structure of a cubical complex (where the faces are ordered by
inclusion), so in order to use this construction, we must first say more about the poset

structure of Op.
Lemma 2.5.1. C(I',M') CC(I,M) if and only if M' C M and I\ M CI' CI.
Proof. By definition, C(I’,M') C C(I, M) if and only if

{(I'\N':N'C M} C{I\N:N C M).

This is true if and only if it is true for the smallest and largest possible choices for N’,

namely N’ = @ and N’ = M’; therefore, C(I',M’) C C(I, M) if and only if

{I',I'\M'} C{I\N:N C M}.

Let S denote {I\ N : N C M}, for conciseness. The set I’ is an element of S

precisely when I\ M C I' C I. Similarly, I’ \ M’ is an element of S precisely when
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I\M CI'\ M’ C I, if we assume that I’ € S already, then I’ \ M’ € S if and only if
M C M. ]

Lemma 2.5.2. The cubes C(I1, M1) and C(Iz, M3) have a meet if and only if (I3 \ M;7)U

(I2\ M3) C I N Iy; if the meet exists, it is

O(IhMl) N C(IQ,MQ) = C(Il NIy, M1 N Mg)

Proof. The meet of C(I, M;) and C(I2, Ma), if it exists, is the maximal cube C(J, N)
such that C(J,N) C C(I;, M;) for both ¢ = 1,2. According to [Lemma 2.5.1] the set of

faces satisfying this containment is the set of faces C'(J, N) satisfying

NngﬂMg and (Il\Ml)U(IQ\MQ)ngllmIQ

In order for this set to be non-empty, we need (I \ M1) U (I3 \ Mz) C I1 N Iy; if this is
true, then the pair (J, N) = (I3 N I3, M7 N M) is in the set. This pair maximises (J, N)
subject to the conditions that J C I; and N C M; for both ¢ = 1,2, so it must still be

maximal given the extra condition I; \ M; C J. |
Now, let us state the definition of the derivative complex given by [BC00|, Section 4].

Definition 2.5.3. Let O be a cubical complex. The derivative complex of (1, denoted

D0, is the poset where:

e the elements of DO are the sets {b, c}, where b and ¢ are faces of 00 which have no

meet but are both covered by the same face, and
o {bc} 2 {¥,d/}inDOifand only if bC b andcC ' or bC ¢ and c C V.

See for an example. Although the derivative complex is defined abstractly as
a poset, in general it is isomorphic to the poset of faces of a cubical complex (as we define
it, in terms of sets of vertices). This complex is not generally CAT(0) — it typically has

many connected components. The components of D[ are the hyperplanes of O (with
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Figure 2.10: A CAT(0) cubical complex, its PIP and crossing complex, and its derivative
complex

some caveats if the hyperplanes self-intersect — self-intersecting hyperplanes never occur
in any subcomplex of a cube, though, so this issue does not arise for CAT(0) complexes).

One reason for the name “derivative complex” is the following observation:
d

And now we come to the main theorem for this section.

Theorem 2.5.4. For each x € P, let P, be the sub-PIP
P, = {y € P :y is consistent and incomparable with ;l:} C P

and let H, be the corresponding CAT(0) cubical complex. Then D(Qp) is the disjoint

union of the complexes H, for x € P.

Before we prove this theorem, let us note two of its consequences. First, since the
components of D(Op) are the hyperplanes of Op, this theorem gives a combinatorial
proof of the following fact, which [NR98| observed from the metric space perspective (see

also [Sag95, Theorem 4.11]):

Corollary 2.5.5. The hyperplanes of a CAT(0) cubical complex are themselves CAT(0)
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cubical complexes.

Second, in terms of the crossing complex, the underlying set of P, is precisely the set
of vertices of the link of x in Ap. Since Ap is flag, all links are induced subcomplexes,

so we have the following corollary:
Corollary 2.5.6. The crossing complex of the hyperplane Hy is Ap, = linka, z.

We find it intriguing (and perhaps unsurprising) that links, one of the most impor-
tant tools for studying simplicial complexes, correspond to hyperplanes, one of the most
important tools for cubical complexes.

We conclude this section by proving the theorem.

Proof of [Theorem 2.5.7 The first goal of this proof is to describe the elements of D(Op),
that is, the pairs {C(I, M;), C(I2, M2)} of faces that share a common cover but have no

meet.

We will begin by describing the covering relations in Op. Suppose C(I',M’) C
C(I, M) is a covering relation; thensays that M C M and I\M CT' C 1.
The poset of faces of Op is ranked by dimension, and the dimension of C'(I, M) is |M|;
therefore, since ranks differ by 1 in a covering relation, the set M’ must be M \ z for

some x € M. By definition, I’ must contain M’ = M \ x; putting this together with
we must have

INe=I\M)UM\z)CI'CI.

Therefore, either I’ = I or I’ = I\ z. Thus the covering relations in Op take two forms:

they are either

C(I, M\ z) ¢ C(I, M)

O\ z, M\ z)C C, M)
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for some x € M.
Now, suppose two faces C(Jy, N1) and C(Jz, N2) of Op share a common cover; the
next question to ask is when these faces have a meet. If the common cover is C(I, M),

the possibilities for the two faces are:

CI,M\z) and C(I,M\y) forsome x # y,
C(I\z,M\z) and C(I\y,M\y) forsome z #y,
C(I,M\z) and C(I\y,M\y) forsomex #y,or

C(I,M\z) and C(I\z,M\z) forsome x.

Lemma 2.5.2[says that C(J;, N1) and C(J2, N2) have a meet if and only if (J; \ N1)U(J2\

Ny) C J; N Jo; therefore, in the four cases above, the containments we need to consider

are the following:

(I\M)U{z,y} C 1,
I\M CT\{z,y},
(I\M)u{z} CT\{y}, and

(I\M)U{z} £ I\ {z}

respectively. The containment holds in the first three cases, but fails in the fourth;
therefore, the pairs of faces of Op that have no meet but share a common cover — that

is, the elements of D(p) — are the pairs of the form

CI,M\z) and C(I\z,M\x).

Now that we have described the underlying set of D(dp), let us turn to its poset
structure. Suppose that F = {C(I, M \z),C(I\z,M\z)} and G = {C(J,N \y),C(J\
y, N \'y)} are two elements of D(Op). By the definition of D(Op), we have F < G in
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D(Qp) if and only if

CU,M\z) CC(J,N\y) and C(I\z,M\z)CCJ\y,N\y),

C(I,M\xz) CC(J\y,N\y) and C(I\z,M\z)<C(J,N\y)

in Op. According to this happens if and only if

M\zCN\y, J\(N\y)CICJ and J\NCI\zCJ\y,
or

M\xzCN\y, J\NCICJ\y and J\(N\y) CI\zCJ

in P. But the second of these two conditions is impossible: I C J\ y implies that y & I,
but J\ (N \y) C I\ z implies that y € I. On the other hand, in the first of the two
conditions, we have J \ (IV \ y) C I, so y must still be an element of I, but I\ z C J\ y,
so the only way this is possible is if z = y.

Therefore, putting this all together, we have FF < G in D(0p) if and ounly if x = y
and

M\zCN\z, J\(N\2z)CICJ and J\NCI\zCJ\z,

which happens if and only if z = y and

MCN and J\NCICJ,

which precisely means that C(I, M) C C(J,N) in Op.

The fact that F' < G only happens when x = y means that we can partition the poset
D(Op) into disjoint, incomparable components, each determined by the choice of z € P.
By the preceding argument, the elements of the component corresponding to x are in

order-preserving bijection with the faces C(I, M) of Op where x € M.
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For such a face, the requirement that = € M means the following:

e | must contain all elements of | z since I is a downset;

e [ must never contain any elements of (Tx) \ x, since z is maximal in I; and
e | must never contain any element that is inconsistent with x.

The remaining elements of P are P,. Therefore, I is determined by choosing a downward-
closed subset J of P,. Once J is chosen, I is determined as I = J U | x; conversely,
J =1\ ]z, so J is also determined by the choice of I. The maximal elements of J are
(maxT)\ x, so M is determined by a choice of subset N C maxJ, with M = N Uz and
N = M \ z. Therefore, the faces C(I, M) of Op with z € M are in bijection with all

faces of H,. Moreover, this bijection is order-preserving, since

M'CM ifandonlyif M \zCM\ux,

and

I\MCI'CI ifandonlyif (I\lz)\(M\z)CI'\|lxzCI\ |z

Thus D(Op) has one connected component for each element x € P, and the compo-

nent corresponding to z is isomorphic to the poset of faces of H,. ]

Before we move on from this section, let us record a folklore result that follows from
the work above. As we saw in this proof, the hyperplane of Op corresponding to x € P is
isomorphic (as a poset) to the set of faces of Op with z € M. Also, to switch tracks for
a moment, recall from that Op has a natural embedding into the cube
[0,1]I] where each face C(I, M) € Op is mapped to a face of [0,1]I"] parallel to the
linear subspace spanned by the basis vectors corresponding to elements of M. Putting
these two ideas together: the hyperplane of Op corresponding to x is isomorphic as a

poset to the faces of Op that extend in the x direction inside [0, 1]‘P |, In other words,
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Figure 2.11: Hyperplanes in a CAT(0) complex as intersections with hyperplanes of the
cube

Proposition 2.5.7. In the standard embedding of Op in [0, 1]|P‘, the hyperplane cor-
responding to © € P is the intersection of Op with the hyperplane of the cube |0, 1}|P‘

perpendicular to the xth direction.

See for an example.

2.6 Topology

In this section, we will describe a way to find Ap as a subspace of Op, up to homotopy

equivalence. First, we recall some general facts about topological spaces.

Definition 2.6.1. Suppose X is a topological space, and Z = {Z1, ..., Z,,} is a collection
of subspaces of X. The nerve of Z is the simplicial complex on vertex set {1,...,m},

where a set S C {1,...,m} is a face if and only if [),. o Z; is non-empty.

i€s
For example, following the discussion on page [34] the crossing complex Ap is the
nerve of the collection of hyperplanes of O p.

One of the most important results about nerves is the (helpfully named) Nerve The-

oremn:

Theorem 2.6.2 (see e.g. |Bj695, Theorem 10.7]). Suppose Z = {Z1,...,Zn} is a collec-
tion of closed topological subspaces of a space X. If for all I C {1,...,m} the intersection
(Nicr Zi is contractible or empty, then the union Ui~ Z; is homotopy equivalent to the

nerve of Z.

In the context of CAT(0) cubical complexes, we can apply the Nerve Theorem to

conclude the following result.
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1
1

Figure 2.12: Three homotopy equivalent spaces

Theorem 2.6.3. The following spaces are homotopy equivalent:
e The crossing complex Ap,

e The union of the hyperplanes of Op (in the subspace topology inherited from Op),

and

o The topological space Op with all vertices removed — i.e., ||Op||\ |V(QAp)|| (again

with the subspace topology from Op).

For example, see

Proof. We want to apply the Nerve Theorem to the collection of hyperplanes of O p; how-
ever, before we can do this, we must argue that all non-empty intersections of hyperplanes

are contractible.

Suppose Hi and Hs are two hyperplanes of [p. |Proposition 2.5.7| says that H; and

Hs can be written as H 1NOp and ﬁgﬂ‘j p respectively, where H 1 and fIg are hyperplanes
of the cube [0, 1]/”l. Note that H; and H, are themselves cubes, and the embeddings of
H, and H, inside them agree with the standard CAT(0) complex embeddings of H; and

H, into cubes. Therefore, H; N Hy = (IZH NOdp)N (fIg N Op) is the intersection of Hy

with H 1N .ﬁQ, which is a hyperplane of the cube H 1 — but |Proposition 2.5.7| says this is

itself a hyperplane of Hqy, if it is non-empty. That is, the non-empty intersection of two
hyperplanes of Op is a hyperplane of a hyperplane of Op. By induction, the non-empty

intersection of any number of hyperplanes of (p is an iterated hyperplane of Op.

Now, [Corollary 2.5.5| says that hyperplanes are CAT(0) cubical complexes, so

implies that non-empty intersections of hyperplanes are contractible. Therefore,
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Figure 2.13: A deformation retraction from a cube with the vertices deleted to the union
of its midcubes

we can apply the Nerve Theorem, and conclude that the union of the hyperplanes of Op
is homotopy equivalent to the nerve, Ap.

It only remains to show that the union of hyperplanes is homotopy equivalent to Op
with the vertices deleted. This idea is illustrated in

Let O be an arbitrary cubical complex, and let 20 denote the subdivision of (0 where
each cube is replaced by a 2 x --- x 2 stack of cubes. For each midcube M of a face F
of 0, the subdivision 2M embeds as a subcomplex into 2F. For each face f of 2F and
for all 7, either all points of f have the ith coordinate equal to %, or some points have
ith coordinate equal to 0 or 1; therefore, each face of 2F either contains a vertex of F
or is contained in a midcube of F'. Thus the union of the midcubes of F' is equal to the
induced subcomplex of 2F obtained by deleting the vertices of F'; for (O, this means that
the union of the hyperplanes is the induced subcomplex of 200 obtained by deleting all
vertices of .

Now, let us use a result from In the terminology of that chapter, the set V

of vertices of [ is a face-like subcomplex of 2(1: no face of 200 can contain more than one

vertex in V. Therefore, by [Proposition 1.3.3] ||0] \ [|[V|| =~ [|O \ V||, which is the union

of the hyperplanes of . [ |

(Note: See |[Proposition 3.6.7| for a generalisation of this result.)

This theorem gives an alternative way to prove [Proposition 2.4.10| (which said that

Op has a cut vertex if and only if Ap is disconnected).

Alternative proof of [Proposition 2.4.10 Observe that |[Odp||\||V(Op)|| has more than one

component if and only if some vertex of Op is a cut vertex. Therefore, since connectedness
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is a homotopy invariant, (0p has a cut vertex if and only if Ap has more than one

component. ]

Remark 2.6.4 (observed by anonymous referee). Instead of applying the nerve theorem
to the hyperplanes of a CAT(0) cubical complex Op, we could instead apply it to the
hyperplane carriers (i.e. the sets of cubes containing a given hyperplane). By definition
of Hagen’s contact graph |Hagl2], two hyperplane carriers intersect if and only if the
corresponding vertices of the contact graph are adjacent; by the Helly property of convex
subspaces [Hagl2, Proposition 2.2.6], a set of hyperplane carriers thus has a common
intersection if and only if the corresponding vertices form a clique in the contact graph.
Thus the nerve of the hyperplane carriers is the clique complex of the crossing graph.
The union of the hyperplane carriers is the entire cubical complex, so the nerve theorem

implies that the clique complex of the contact graph is contractible.

In the remainder of this section, we present some more facts of a topological flavour,

by considering the facets of dp and Ap.

Proposition 2.6.5 (see |[AOS12, Lemma 2.4]). The mazimal faces of Op are eractly
those of the form C(| A, A) where A is a maximal consistent antichain of P (under

inclusion). Thus A~ C(] A, A) is a bijection from facets of Ap to facets of Op.

Proof. The facets of Ap are the maximal consistent antichains of P, by definition, so the
second statement follows immediately from the first. To prove the first statement, there
are two things to show: we need to check that C'(] A, A) is always a maximal face of Op,
and that every maximal face has this form.

First, suppose A is a maximal consistent antichain, and C(I, M) is a face of Op
with C({ 4, A) C C(I, M). In particular, then says that A € M C max|[.
Since A is a maximal consistent antichain, we must therefore have A = M = max 1, so
I'=]maxI =] A. Thus C({ A, A)=C(I,M), so C(] A, A) is indeed a maximal face of
Op.

On the other hand, suppose C(J, N) is an arbitrary maximal face of (p. Consider
the face C'(J,max J): since N C maxJ and J \ maxJ C J C J, says that
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C(J,N) C C(J,maxJ), so the maximality of C(J, N) means that N = max.J. Thus
J=]maxJ =] N, so C(J,N)=C(] N,N). Thus it only remains to prove that N is a
maximal consistent antichain.

Suppose N is not maximal. The set

S:={x € P\ N:NUczis a consistent antichain}

is thus non-empty, so it has an element zy that is minimal with respect to the order in
P. Since xg is minimal in S, any y € P with y < zy must be comparable or inconsistent
with some n € N. However, y cannot be inconsistent with n, as then xy and n would
be inconsistent; and y cannot be greater than n, as then we would have xy > n. Thus y

must be less than n, so y € | N. Therefore, (|| N) Uzg = J Uz is a consistent downset

of P. We also have N C N Uz and (JUxp) \ (NUxo) € J C JUxg, so|Lemma 2.5.1
says that C(J,N) € C(J Uxo, N Uzg). But this contradicts the maximality of C'(J, N);

therefore, N must be a maximal consistent antichain. ]

Note that the dimension of A as a face of Ap is |A| — 1, whereas the dimension of

C({ A, A) in Op is |A]. This gives us an alternative proof of |Corollary 2.3.6| (which said
that dimOp = dim Ap + 1), as well as the following corollary:

Corollary 2.6.6. Ap is pure if and only if Op is pure.

We can also combine this proposition with to obtain the following

lemma:

Lemma 2.6.7. If two facets C(L A, A) and C(} B, B) of Op intersect in a face of di-
mension r, the corresponding facets A and B of Ap intersect in the face AN B, which

has dimension r — 1.

Proof. [Lemma 2.5.2| says that the intersection of C({ 4, A) and C(] B, B), if it exists, is
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C(l AN} B,AN B), which has dimension

dimgy, CLANLB,ANB) = |AN B

= dima, (AN B) + 1. u

Recall that by convention, we require @ to be a face of every simplicial complex,
but not a face of any cubical complex. Therefore, if C(} A, A) N C({ B, B) is a face of
dimension 0, then this lemma says that A and B intersect in the (—1)-dimensional empty
face of Ap; however, if the intersection of C'(|{ A, A) and C({ B, B) is empty, then we can

say nothing about AN B.

2.7 Balancedness

In this final section, we will take a look at a special class of simplicial and cubical com-

plexes, namely balanced complexes.

Definition 2.7.1. An r-colouring of a simplicial complex A is a map ks (with “s” for
“simplicial”) from the set V(A) of vertices of A to the set {1,...,r}, with the property
that for any two vertices connected by an edge (or equivalently, any two distinct vertices
that lie in a common face), the images of the vertices under 4 are different. If such
an r-colouring exists, we say that A is r-colourable; if A is (d — 1)-dimensional and d-
colourable, we say it is balanced. Note that a (d — 1)-dimensional simplicial complex must
have a face with d vertices, by definition, so at least d colours are always necessary for
colouring a (d — 1)-dimensional complex: the balanced condition says that d colours are
enough.

Here is another way of viewing colourings. The set {1,...,r} may be thought of as
the set of vertices of the (r — 1)-dimensional simplex ¥,_;. From this viewpoint, an
r-colouring of A is a map ks : V(A) — V(3,_1), such that the restriction of ks to any
face of A is a bijection to a face of X, _1.

This idea motivates the following definition of colourings for cubical complexes: an -
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(a) Balanced (b) Not balanced

Figure 2.14: A balanced and a non-balanced simplicial complex

010

000
(a) Balanced (b) Not balanced

Figure 2.15: A balanced and a non-balanced cubical complex (whose crossing complexes

are the ones in [Fig. 2.14))

colouring of a cubical complex O is a map k. : V(O) — V([0,1]") (with “¢” for “cubical”),
where [0,1]" is the r-dimensional cube, such that the restriction of k. to any face of O
is a bijection to a face of [0,1]". If such a colouring exists, O is r-colourable, and if O

is d-dimensional and d-colourable, it is called balanced. See [Figs. 2.14] and [2.15] for some

examples of balanced and non-balanced simplicial and cubical complexes.

Note that any simplicial complex with n vertices is n-colourable, by assigning a dif-
ferent colour to every vertex. Similarly, recall that any CAT(0) cubical complex with n
hyperplanes can be embedded in the n-dimensional cube, so it is n-colourable. However,
there are many cubical complexes (which cannot be CAT(0)) that are not r-colourable

for any r — for example, any non-bipartite graph.

There are many connections between balanced and flag simplicial complexes. For

example:

Theorem 2.7.2 (|Fro08|). The f-vector of any flag simplicial complez is also the f-vector
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of some balanced simplicial complex.

Now let us return to the world of CAT(0) cubical complexes, with the main result for

this section:

Theorem 2.7.3. Ap is r-colourable if and only if Op is r-colourable. Hence Ap is

balanced if and only if Op is balanced.

Proof. First, suppose Ap is r-colourable, so we have a colouring ks : V(Ap) — {1,...,r}.
Now, recall that the vertex set of (p is the set of consistent downsets of P, and the vertex
set of [0,1]" is {0,1}", so define a map k. : V(Op) — {0,1}" by sending a downset I to

the vector w = (wy, ..., w;), where

w; =#{i €:k:(i) =7} mod2;

that is, the jth coordinate of w is 0 if there are an even number of elements of I with
colour 7, and it is 1 if this number is odd. We claim that this is a valid colouring.

Suppose C(I,M) = {I\ N : N C M} is a face of Op. Since M is a subset of
max I, it is a consistent antichain of P, thus ks assigns different colours to all elements
of M. Therefore, every vertex in C(I, M) is assigned a different colour by k., and these
colours are precisely the set of vectors in {0,1}" where the jth coordinate may vary for
all colours j appearing in M, and otherwise the jth coordinate matches the parity of
colour j appearing in I. This set is a face of [0, 1]", so k. is a valid colouring, and Op is
r-colourable.

Now, assume [(p is r-colourable, with colouring «/, : V(Op) — {0,1}". Recall that
the vertex set of Ap is in bijection with the set of hyperplanes of Op. Geometrically,
since k., is a bijection on each face, the image of a midcube under &, is a midcube of
a face of [0,1]", and if two midcubes meet at a common face in Op, their images also
meet at a common face in [0, 1]". Therefore, k., takes each hyperplane of (p to a subset
of a hyperplane of [0,1]". There are r hyperplanes in [0,1]", so we can define a map

ki V(Ap) — {1,...,7} by sending an element of V(Ap), which corresponds to a
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hyperplane of Op, to the hyperplane of [0, 1]" containing its image under /.

Now, if two vertices of Ap are connected by an edge, then the corresponding hyper-
planes of Op must intersect. This intersection must meet some face of Op, so these two
hyperplanes must involve distinct midcubes of this face. Since &/, is a bijection on this
face, these two midcubes must be sent to different midcubes in a face of [0,1]"; there-
fore, the images of the two hyperplanes in (p must lie in different hyperplanes in [0, 1]".
Therefore, k7, is a valid colouring, so Ap is r-colourable.

Finally, Ap is balanced if and only if it is (dim Ap + 1)-colourable, which happens

if and only if Op is (dim Op)-colourable by [Corollary 2.3.6] which precisely means that
Op is balanced. ]

The crossing complex Ap is r-colourable if and only if the chromatic number of its
underlying graph, the crossing graph, is at most r. The chromatic numbers of crossing
graphs have been previously studied by Chepoi and Hagen |[CH13|, who found connections
between the chromatic polynomial and the minimal number of trees whose product Op
embeds into.

The next corollary to follows immediately by combining it with
em 2.9.90l

Corollary 2.7.4. If p(z) is the f-polynomial of a balanced CAT(0) cubical complex, then

p(x + 1) is the f-polynomial of a balanced, flag simplicial complez.

We will return to f-polynomials at the end of this section, but until then, let us take
a detour.

One large class of balanced CAT(0) cubical complexes comes from taking P to be a
poset, i.e. a PIP with no inconsistent pairs. Recall the following well-known fact about

posets:

Theorem 2.7.5 (Dilworth’s theorem [Dil50, Theorem 1.1]). If P is a poset where the

largest antichain has cardinality r, then P can be written as the union of r chains.
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Translating this into the language of balanced simplicial complexes gives us the fol-

lowing immediate consequence:

Corollary 2.7.6. If P is a PIP with no inconsistent pairs, then Ap (and thus also Op)

1s balanced.

Proof. If the size of the largest antichain of P is d, the antichain complex Ap has dimen-
sion d — 1. Dilworth’s theorem says that P is the union of d chains: we can therefore
colour Ap by assigning colour i to the vertices in the ith chain. Two vertices of Ap are
adjacent if and only if they are incomparable in P, which means they cannot be in the

same chain: hence this colouring is valid. ]

These theorems are only useful if we can detect whether a given complex C0p comes
from a PIP without inconsistent pairs: fortunately, there is the following result, which

follows quickly from some observations by [AOS12; [ABY14].

Lemma 2.7.7. P has no inconsistent pairs if and only if there is some verter v, of Op

such that every vertex lies on some shortest edge path from vy to Voo .-
If Op is a complex with this property, we say that Op = [vg, vso] is an interval.

Proof. First, [AOS12, Lemma 3.2| observed that if Op is a complex of this form, then P
is consistent.

Conversely, if P has no inconsistent pairs, then P itself is a consistent downset, so
we may define v, to be the vertex corresponding to P as a downset. Now, [ABY14]
Proposition 7.4] noted that the shortest edge paths from the root vertex vy to the vertex
Voo all have length |P|. Now, suppose w is an arbitrary vertex of (p corresponding to the
downset I. Construct a path from vy to v, passing through w as follows: define Jy := @,
and inductively take J; :== J;_1 U x; where z; is a minimal element of T\ J;_1, until we
reach the stage where J; = I; from then on, do the same but take z; to be a minimal
element of P\ J;_1 until J; = P. Each element of P is taken as x; once, so this path has

length |P|, hence it is a shortest edge path. [ |
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Figure 2.16: A balanced CAT(0) 2-dimensional cubical complex that does not embed into
RQ

Note that |[AOS12, Theorem 3.5| observe a stronger property (using similar proof
ideas): they show that if Op = [vg,vso] is a d-dimensional interval, then it actually can
be embedded into the unit grid structure in R, This is not true in general for balanced
complexes — for example, see

While we are discussing PIPs with order relations but no inconsistent pairs, we may
as well comment on the opposite end of the spectrum, namely PIPs with inconsistent

pairs but no order relations. (Recall from the discussion after [Definition 2.2.5| that any

graph can be thought of as such a PIP.)

Lemma 2.7.8. P has no order relations (except equality) if and only if every facet of

Op contains the root vertex; in other words, Op = star vg.

Proof. Recall from |[Proposition 2.6.5| that the facets of Op are the faces of the form

C(} A, A), where A is a maximal consistent antichain of P. The vertex v, corresponds to
the downset &, so a facet C(| A, A) contains vy if and only if (] A) \ A is empty, which
happens if and only if all elements of A are minimal in P. Every element of P, minimal
or not, is contained in some maximal consistent antichain, so all facets contain vg if and
only if all elements of P are minimal. This precisely means that P has no order relations

except equality. ]

Recall from that the link of vy is the crossing complex of min P. There-

fore, if P has no order relations, so min P = P, then link vy is just the crossing complex
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of Op = starvg. Thus Op is essentially a kind of cubical cone over the crossing complex

of P. The complexes shown in the last row of as well as [Figs. 2.15b| and [2.16|

are examples of this situation, if the vertex in the centre is chosen to be the root vertex.

(The name “star” is particularly appropriate in these last two examples.)

Now, let us return to f-vectors and f-polynomials.

Definition 2.7.9. Suppose A is a simplicial complex with an r-colouring xs. For each
subset S C {1,...,r}, define fg(A) to be the number of faces of A whose image under £

is exactly S. The tuple (fs(A)) is called the coloured f-vector or (confusingly)

SC{1,...,r}
the flag f-vector of A (with no obvious connection to the notion of a flag simplicial
complex).

The coloured f-vector is a refinement of the usual f-vector of A, since

(A= > fs(A).
i

We can also define a refinement of the f-polynomial: define the coloured f-polynomial of

A to be the following polynomial in r variables:

fA 2y, ) = Z fS(A)ij

SC{1,..,r} jes

=> Iz

cEA €T

Notice that the usual f-polynomial f(A,t) can be obtained from the coloured f-polynomial
by setting all of the variables equal to t.

We can also define coloured f-vectors and f-polynomials for an r-coloured cubical
complex [, but now we need more information to specify the colour of a face. For each

pair S, T of disjoint subsets of {1,...,7}, let fgr(0) be the number of faces o of O where:

e if the ith coordinate of £.(v) is 1 for some vertex v € ¢ and 0 for some other vertex

w, then 7 € T, and
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e if the ith coordinate of k.(v) is 1 for all vertices v, then i € S.

For example, if . assigns the colours 1000, 1100, 1010 and 1110 to the vertices of o, then
this face contributes to the f-number fr1y (2 33(0), since all vertices have a 1 in the first
position and they vary in the 2nd and 3rd positions.

Now, define the following polynomial in 2r variables:

F@ oz, e) =Y > Ssr@ [T =[] w

SC{1,...r} TC{1,...r\S keT  jeS

Note that the original f-polynomial f(O,¢) can be recovered by setting x; =t and y; = 1
for all i: in an s-dimensional face o of [0, 1]", exactly s coordinates vary, so setting x; =t
and y; = 1 means that a s-dimensional face of [0 contributes to the degree s term in the

f-polynomial f(0O,t).
Let us examine how this polynomial behaves for CAT(0) cubical complexes.

Lemma 2.7.10. Suppose kg is a colouring of Ap, and let k. be the colouring of Op

constructed from ks in the proof of [Theorem 2.7.3 Then

f(DP"rlv'-~7xray17~-~7yr): Z H Tk H Yj

c(,Myedp kers(M) JESI, M
where St ar 1s the set of colours appearing in I an odd number of times, but not in M.

Proof. The colours assigned to the face C(I, M) are the vectors w € {0, 1}" where position
1 varies for each colour ¢ appearing in M, and otherwise position 7 is always 1 if colour ¢

appears an odd number of times in I\ M. Therefore, this face contributes to the f-number
fSI,M,Hs(M)(DP)' [ |
With this observation, we can refine the proof of to get an r-colourable

version.

Theorem 2.7.11. If ks and k. are the related colourings from then
f@p,x1,.. 201,00 ) = f(Ap, T+ 2q,. .., 1+ ).
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Proof. As in the proof of let “A < P” mean “A is a consistent antichain

of P".
Then,

f@p,x1,. .20, 1,.000,1) = Z H T

c(I,M)eldp kers(M)

DD | EUNE

A<IP MCAmeM

=> II t+eeom)

AP meA

= f(Ap,1+z1,..., 1+ ;).
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Chapter 3

Topology of complements of skeletons

3.1 Introduction

Polytopal complexes are important objects in topology and combinatorics, which include
simplicial complexes, cubical complexes and polytopes. Their geometric realisations pro-
vide examples of a wide array of topological spaces, and much research has gone into
studying the interplay between their combinatorial and topological aspects.

One important feature of a polytopal complex is its k-skeleton, the set of faces of the
complex of dimension less than or equal to k. Skeletons act as a framework which the
high-dimensional faces are attached to, so studying the structure of a skeleton can reveal
a lot about a complex. For example, |[Bayl8| surveys many results about objects that
can be reconstructed from their k-skeletons for certain values of k. Skeletons also play an
important role in defining cellular homology, and in important topological results such as
Poincaré duality.

In this chapter, however, we aim to approach this topic from the other direction,
starting from the higher-dimensional faces instead of the low-dimensional ones. We define
the kth co-skeleton of a complex to be the set of faces of dimension higher than k. We
discover that there is a strong relationship between co-skeletons and links: a link of a face

in a polytopal complex captures the local structure of the complex around that face, so
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in a sense, the co-skeletons give us a “global” summary of the “local” information of the

complex.

of this chapter sets out the basic definitions we will use. In

we examine some initial facts about co-skeletons of arbitrary complexes, and their con-

nections with various forms of duality (see|Proposition 3.3.3|and [Corollary 3.3.5)). In[Sec|

tion 3.4] we construct a long exact sequence relating the kth and (k—1)th co-skeletons and

the links of k-dimensional faces (Theorem 3.4.1). In [Section 3.5 we use this long exact

sequence to study some families of complexes defined by properties of links — specifically,
Cohen—Macaulay complexes, Leray complexes, and stacked balls — and give characteri-

sations of these families in terms of the homology of their co-skeletons (Theorems 3.5.3|

[3.5.10] and [3.5.11)). Finally, examines cubical complexes, particularly CAT(0)

cubical complexes: we examine the “crossing complex” defined in [Row23| (Chapter 2J),

and show that a CAT(0) cubical complex has one of the properties discussed in[Section 3.5
if and only if its crossing complex shares that property (Theorem 3.6.10|).

3.2 Preliminaries

We begin with some definitions. Readers familiar with polytopal complexes and topology
may skip most of this section, but beware that we give slightly non-standard definitions
in a couple of places, specifically for geometric realisations and links.

3.2.1 Polytopal complexes

A polytopal complex X is a collection of polytopes in Euclidean space RY with the fol-

lowing properties:
e If 5 isin X and 7 is a face of o, then 7 is in X, and

e If o and ¢’ are polytopes in X, then o N o’ is a face of each (possibly the empty

face).
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Figure 3.1: An example of a polytopal complex

See for a small example. In this chapter, we will only consider finite polytopal
complexes.

If every polytope in X is a simplex, then we say that A := X is a (geometric) simplicial
complez. If every polytope is a cube (that is, a polytope combinatorially equivalent to
[0,1]¢ for some dimension i > 0), then [0 := X is a cubical complex.

An abstract simplicial complexr A is a poset isomorphic to the poset of faces of a
geometric simplicial complex, ordered by inclusion. Equivalently, it is a collection of
subsets of some finite set, with the property that ¢ € A and 7 C ¢ implies 7 € A. The
dimension of a face ¢ is dimo = #0 — 1.

In any of these types of complex, faces of dimension 0 and 1 are called vertices and
edges respectively, and a maximal face (by inclusion) is called a facet. If all facets of a
complex have the same dimension, the complex is pure. The dimension of the complex is
the maximum dimension of its faces. The number of faces of dimension k in a complex
X is denoted fi(X).

If o is a polytope, |o| will denote its relative interior. If S is a collection of faces
in a polytopal complex, then their geometric realisation |S| is the union of the relative
interiors of the polytopes in S. This is slightly different from the usual definition of a
geometric realisation — if ¢ is in S, we do not include the boundary of ¢ in the geometric
realisation |S| unless those boundary faces are also part of S, unlike other definitions.
We will take care to distinguish between S as a set of polytopes and |S| as a topological

space.
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(a) X and Y (b) | X\ Y| () |X — Y|

Figure 3.2: A comparison of the different types of deletion

Suppose Y is a subset of a polytopal complex X. We write X \ Y to denote the
difference of sets, so X \ Y is the set of faces of X that are not in Y (which is not
generally a polytopal complex). If Y is a polytopal subcomplex of X, then X — Y will
denote the polytopal complex consisting of all faces of X that do not intersect any faces
of Y. We will reserve “—” to denote this “combinatorial” deletion, and use “\” to denote
deletion of sets or topological spaces. Note that |X \ Y| = |X]|\ |Y|, but the space
|X — Y] is not in general the same; see for an example. However, these spaces

are sometimes related by the following lemma:

Lemma 3.2.1 ([Mun84al, Lemma 70.1]). If A is a simplicial complex and A is an induced
subcomplez (in other words, every face of A whose vertices are contained in the vertex set

of A is a face of A), then |A — A| and |A|\ |A] are homotopy equivalent.

Given a face o of X, the (open) star of ¢ is the set of faces

starxo :={reX:0C7}.

The geometric realisation of a star is always contractible, if ¢ # &. The link of ¢ is the

set

linkyo:={reX:oCr, 7#0}

=stary o \ {o}.

We will sometimes simply write “star ¢” and “link ¢” if the space X is clear from context.
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Figure 3.3: The barycentric subdivision of the polytopal complex in [Fig. 3.1

Note that if A is an abstract simplicial complex, the usual definition of a link is slightly

different: we will refer to the usual definition as the “simplicial link”, defined by
slinkno={r€eA:cUT €A, cNT =0}

Although our link and the simplicial link are not the same, they are homotopy equivalent.

If X is a polytopal complex, its barycentric subdivision is the abstract simplicial
complex bary(X) which has one vertex v, for each non-empty face o of X, and a set
{Vsyy--+, Vs, } forms a face of bary(X) whenever {o1,...,0,,} is a chain in the poset of
faces of X ordered by inclusion (that is, o4 C -+ C 04y, up to reordering). If each vertex
v, is positioned at the barycentre of the polytope o, then the geometric realisation of
bary(X) is exactly the geometric realisation of X, as a topological space. See for
an example.

Given a polytopal complex X, the set of k-dimensional faces of X will be denoted Xj.

The k-skeleton of X is the subcomplex
Skelp X = {0 € X : dimo < k}.

The central definition in this chapter is the kth co-skeleton of X, which is the complement

of the the k-skeleton:

Skel; X == X \ Skelp X
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={o € X :dimo > k}.

We will mostly be interested in the topological properties of |Skelj, X| = | X |\ [Skel, X].
Note that the co-skeleton is not in general a polytopal complex, except in two special
cases: Skel®; X is X itself (modulo the empty face, which makes no difference to the

topology), and if X is d-dimensional, Skel; X is the polytopal complex with no faces.

3.2.2 Topology

We will use the notation A ~ B to indicate that the spaces A and B are homotopy
equivalent.

We assume that the reader is familiar with homology and cohomology; for background,
refer to [Hat02; [Mun84a]. While this chapter does focus on cell complexes, many spaces
we consider are not themselves cell complexes, so H;(A) will denote singular homology,
with coefficients in R where R is a field or Z. Reduced homology is denoted by H;(A).
We use the convention that H _1(&) = R. Analogous statements apply to cohomology,
denoted H'(A).

For reference, here are two important theorems from algebraic topology that we will

use repeatedly.

Theorem 3.2.2 (Mayer—Vietoris, [Hat02, p. 149|, [Mun84a, Theorem 33.1]). If A and

B are open subsets of a topological space, then there is a long exact sequence:

If ANB # @, then we may replace these unreduced homology groups with reduced homology

throughout.

Theorem 3.2.3 (Nerve theorem, [Hat02, Corollay 4G.3|, [Bj695, Theorem 10.7]). Sup-
pose U = {Uy,..., Uy} is a family of open sets whose union is a paracompact space (e.g.

any subspace of R™), or a family of closed sets whose union is a triangulable space. Sup-
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&

a) Skelg X (b) bary(X) — bary(Skelo X)

Figure 3.4: |Lemma 3.3.1| applied to |[Fig. 3.1} with k =0

pose further that for every index set I C {1,...,n}, the intersection (\;c; U; is either
contractible or empty.
Construct a simplicial complex N(U) (called the “nerve” of U) where the vertex set is

{1,...,n} and the set I forms a face whenever (;.; U; is non-empty. Then

3.3 First results about co-skeletons

Let us begin to study the co-skeleton Skel;, X

This first lemma tells us that while Skelf X is not itself a polytopal complex, it is
homotopy equivalent to one. See

Lemma 3.3.1. |Skelf X| ~ |bary(X) — bary(Skel; X)|.
Proof. By definition,

ISkel X| = | X| \ |Skel; X|

= |bary(X)| \ |bary(Skel; X)|.

Now, bary(Skely X) is an induced subcomplex of the simplicial complex bary(X): if

Vgyy- -5V, are vertices of bary(Skely X) that form a face of bary(X), then the faces
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01,...,0, form a chain in the face poset of X, so they still form a chain in the face poset

of Skely X. Therefore, we may invoke

[bary(X)| \ |bary(Skely X)| ~ |bary(X) — bary(Skelx X)|. [ |

Corollary 3.3.2. H;(Skel;, A) =0 wheni>d—k—1.

Proof. The vertices of bary(X) —bary(Skel; X) correspond to faces o of X of dimensions
between k + 1 and d; therefore, the largest possible face of bary(X) — bary(Skel, X) has

d — k vertices, so its dimension is d — k — 1. ]

The name “co-skeleton” was chosen to suggest “complement”, but also duality. Let us

illustrate why.

Proposition 3.3.3. Suppose P is a (d + 1)-dimensional polytope. Then

|Skeli 6P| ~ |Ske1d,k,1 aP*‘7

where P* is the polar dual polytope to P.

Proof. By [Lemnia 33,1

|Skel;, OP| ~ |bary(0P) — bary(Skel, OP)].

The faces of bary(9P) — bary(Skely, OP) are the chains in the poset of faces of OP of
dimension greater than k. But the poset of non-empty faces of 9P is isomorphic to the
poset of non-empty faces of dP*, flipped upside down. Under this flip, the faces of 9P of
dimension greater than k become faces of 0P* of dimension less than or equal to d—k —1.

Therefore, bary(0P) — bary(Skel, OP) = bary(Skelg_r_1 OP*), so

[bary (0P) — bary(Skel;, OP)| = |bary(Skely_j_1 OP)|

= |Skeld,k,1 aP*‘ [ |
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Note that the fact that P is a polytope is not essential to this proposition, just that
P has an associated “dual cell structure”. In fact, if X is a d-dimensional homology
manifold, the space |bary(X) — bary(Skel; X)| is exactly the (d — k — 1)-skeleton of the
dual cell structure used in some proofs of Poincaré duality — for example, see [Mun84a,
§64], which calls this space the “dual (d — k — 1)-skeleton” of the manifold.

A related duality result is the Alexander duality theorem, which has direct implications

for co-skeletons.

Theorem 3.3.4 (Alexander duality, [Mun84a;, §71, particularly Theorem 71.1 and Exer-
cise 4]). Suppose X is a polytopal complex where dim A = d and |X| is homeomorphic to

a sphere, and suppose Y is a proper, non-empty subcomplex of X. Then
H'(IY]) =2 Hymia (XN [Y])  and  Hi(|Y]) = HTH(X\ Y.

Taking Y = Skel X gives us this corollary:

Corollary 3.3.5. If X is a d-dimensional polytopal complex where |X| is homeomorphic

to a sphere, then for k=0,...,d -1,
H'(|Skely, X|) = Hy_;_1(|Skel§ X)) and  H;(|Skely X|) = HY~1(|Skel X|).

For a first example of an application for co-skeletons, let us consider neighbourly
simplicial spheres. Suppose A is a simplicial sphere (that is, a simplicial complex where
|A| is homeomorphic to a sphere) with n vertices. Then A is t-neighbourly if every set of
t vertices is the vertex set of a face, or equivalently, if its (¢ — 1)-skeleton is isomorphic
to the (¢ — 1)-skeleton of a simplex with n vertices. For example, the boundaries of
d-dimensional cyclic polytopes are |d/2]-neighbourly. A major reason why neighbourly
spheres have been studied is their connection with the Upper Bound Conjecture (see e.g.
|AKSS)).

The following well-known fact lets us characterise skeletons of simplices by their ho-

mology.
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Lemma 3.3.6. Suppose A is a simplicial complex with n vertices, n > 1, and dim A =
k <n. Then

. 1
vank 7y (1A Z) < (Z+ 1),

with equality if and only if A is isomorphic to the k-skeleton of a simplex with n vertices. If

the coefficient ring is a field instead of Z, the same holds with rank replaced by dimension.

This follows without much difficulty from |BKS88, Theorem 3.1] and |[Kal02, Equa-
tion (3.6)]. Alternatively, for a self-contained proof sketch, let v be a vertex of A and con-
sider the Mayer—Vietoris long exact sequence with A := |starv|, B := |A|\{v} ~ |[A—={v}|.

The sequence contains this segment:
Hi(|A — {v}]) — Hyp(JA]) — Hy_i(|linko]).

The rank of the middle term is thus bounded by the sum of the ranks of the outer terms;
now, use induction on n.

This lemma tells us that “being a skeleton of a simplex” is a homological property,
if dimension and number of vertices are fixed. Combining this with we
obtain the following characterisations of neighbourly spheres in terms of their skeletons

and their co-skeletons:

Corollary 3.3.7. Suppose A is a d-dimensional simplicial sphere with n vertices. Then

fort=1,...,d, the following are equivalent:
o A is t-neighbourly,

° rankﬁt,1(|3k€1t71 AfZ) = (n_l)’

t

e rank Itjd*t(|8kelg‘,1 A Z) = (n_l)'

t

Proof. By definition, A is t-neighbourly if and only if Skel;_; A is isomorphic to the

(t — 1)-skeleton of a simplex on n vertices. [Lemma 3.3.6|says that this occurs if and only
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if rank Hy_1(|Skel;—1 Al;Z) = ("). And [Corollary 3.3.5|says that

H;_1(|Skel,_; A|;Z) = HY*(|Skel¢_, A; 7). |

3.3.1 Addendum

This subsection was written for this thesis and does not appear in the preprint version of
this chapter.

The barycentric subdivison of a polytopal complex X is an example of an order com-
plex: given a poset P (e.g. the poset of non-empty faces of X), its order complex A(P) is
the abstract simplicial complex whose vertices are the elements of the poset, and whose
faces are chains z1 < --- < Zpm. says that the geometric realisation of
Skelj X is homotopy equivalent to the order complex of Skel; X, as a sub-poset of the
face poset of X. The following Proposition generalises this; it also justifies the claim from
that our definition of a link is homotopy equivalent to the usual definition in

a simplicial complex.

Proposition 3.3.8. Suppose S is any set of non-empty faces in a polytopal complex X .

Then |S| is homotopy equivalent to A(S).

Proof. The goal of this proof is to show that A(S) is the nerve of a certain open cover of
S.

First, let us consider barycentric subdivisions. The faces of bary(X) correspond to
chains in the face poset of X, and the face corresponding to the chain o1 < -+ < gy, lies
inside the relative interior of the face o,,, the maximal face of the chain.

Now, let us define our open cover. For each face o € S, define the set U, to be
Us = |starpary (x) Vo | N [S],

and let U denote the collection {U, : o € S}. Each U, is the intersection of an open set

of | X| with the subspace |S|, so U, is open in |S|. The set U, contains |o|; therefore, U
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is an open cover of |S|.

For a set {o1,...,0,} C S, the intersection of the corresponding open sets is
m

ﬂ Uy, = |S|N ﬂ|starbary(x) Vo, |

i=1 i=1

m
ﬂ Starbary(X) Vo;
i=1

=[5INn

Define

m
I = ﬂ starpary(x) Vo, -
i=1

Either this is empty or it is starpary(x){Voy, - - - » Vo, } if {Vsy, ..., s, } is a face of bary(X)
— that is, if {o1,...,0.,} is a chain. Without loss of generality, assume that o,, is the
maximal element of this chain, so the face {vs,,...,v,,,} of bary(X) lies inside the
relative interior of o,,. By construction, o,, is in S, so |S|N|I| is non-empty. Every face
of staryary(x){Voy,- - Vs, } that lies in |S| is a simplex with v,,, as a vertex; therefore,
for any point z in |S|N|I|, the straight line connecting z and v,,, is contained in |S|N|I|.
Hence |S| N |I] is star convex, and thus contractible.

So, U is an open cover of |S| where every non-empty intersection is contractible.
Therefore, the nerve theorem, implies that |S| is homotopy equivalent to
the nerve N(U). By the discussion above, an intersection (-, Uy, is non-empty if and

only if {o1,...,0m} is a chain in S: therefore, N (i) is the order complex of S. [ ]

3.4 The key long exact sequence

We now reach the main tool of this chapter, which we will make much use of in the
upcoming sections.
Theorem 3.4.1. If X is a d-dimensional polytopal complex and 0 < k < d, then there is

the following long exact sequence:

= @D Hi(llinkx o|) — Hi(|Skeli X|) — Hi(|Skelj_y X|) = €D Hi-1(Jlinkx o]) = -+

oceXy oeXy
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Proof. We will begin with the case k = d. The link of any d-dimensional face is empty,
as is Skel X. The (d — 1)th co-skeleton Skel; ; X consists only of the interiors of the
d-dimensional faces, so it retracts onto fy(X) points. Therefore, the non-zero part of the

claimed long exact sequence looks like this:

0 — Hy(Skel§ ;) — @D H_1(linko) — H_y(Skelj X) — 0.

ceXqy

IR I 1%

Rfa(X)—1 Rfa(X) R

These homology groups do indeed form an exact sequence, with appropriate maps. (We
won’t need to know what the maps are in the rest of this chapter, just that they exist.)
For the remainder of this proof, we will assume that k£ < d. We will use the Mayer—

Vietoris theorem. Define the sets A and B by:

A= U |Starbary(X) UU|a
ceXy

B = |Skel¢ X| = | X|\ [Skel; X].

See and for an example. Both A and B are open in |X|: A is a union of
open sets, and B is the complement of a closed set.

First, we claim that the union in A is in fact a disjoint union. If two stars, say
Starpary(x) Vo and starpay(x) vr, were to intersect, they would have a face of bary(X) in
common, and by the definition of an open star, this face would need to contain both v,
and v,. But faces in bary(X) correspond to chains in the face poset of X; therefore, no
face in bary(X) can contain both v, and v,, since ¢ and 7 are both k-dimensional and
are thus incomparable in the face poset. So A is a disjoint union of stars. Since these
stars are open, each one thus forms a connected component of A.

Next, let us consider AN B. Since stary,,y(x) Vo does not intersect any faces of X of
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Figure 3.5: The sets A, B, AN B and AU B in the proof of [Theorem 3.4.1} when k = 0
and X is the polytopal complex in
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Figure 3.6: The sets A, B, AN B and AU B in the proof of [Theorem 3.4.1) when k£ =1
and X is the polytopal complex in
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dimension less than k, and the only k-dimensional face it intersects is o, we conclude that

ANDB = |_| |starbary (x) Vol \ [0
oceXy

Now for AU B. Suppose 7 is an arbitrary face of X. If dim7 < k — 1, then |7| is disjoint
from both A and B; if dim7 = k, then |7| is a subset of [star,,,.,(x) v-| hence |7| C A,
and if dim7 > k + 1 then |7| is a subset of B. Therefore, AU B consists of the relative

interiors of all faces of dimension k£ and greater; that is,
AU B = |Skel;_; X]|.

We can now apply the Mayer—Vietoris theorem, with unreduced homology. This gives

us the following long exact sequence:

RN HZ-< |_| |starpary (x) v0|\|0> —

oceXy

Hi( |_| |starpary(x) vg|) ® H;(|Skel;, X|) — H;(|Skelf_; X|) — ---
ceXy
Since unreduced homology of a disconnected space can be decomposed as a direct sum

over components, we can simplify this long exact sequence:

RN @ H;(|starpary(x) vol \ [o]) —
oeXy

( P Hi(starparyx) vg|)) @ H;(|Skel§ X|) — H,(|Skel{ | X|) — ---
oceXy
While this is a perfectly good long exact sequence, there are some steps we can do to
“clean it up” and make it more convenient for later proofs. The first step is to convert
from unreduced to reduced homology, which affects this sequence in degrees 0 and —1.

For each face 0 € X}, there are two cases to consider: either o is not a facet, or it is.
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If o is not a facet, then [starya,y(x) vo|\ o] is non-empty, so Ho(|starpaey(x) vo|\[o]) #
0. The map from Ho([|starpary(x) Vo \ [0]) to Ho(|staryary(x) vo|) = R is non-zero, so we
can remove a summand of R from each of these two groups while preserving exactness;
the result is that these unreduced homology groups become reduced.

On the other hand, if o is a facet, then |[starpa.y(x) vs| \ |o| is empty, so the homology
group Ho([|starpary(x) Vs |\ |o]) is 0. Since Hy(|Skel;_; X|) is non-zero, and the map from
Ho(|starpary (x) vo|) to Ho(|Skel;_; X|) is non-zero, we can remove a summand of R from
each of these two groups. If we also add a summand of R to each of Hy(|Skel;_; X|)
and H_i([starpa,y(x) vs| \ [0]) = 0, then exactness is preserved, no net change has
occurred to Ho(|Skel;_; X|), and the two homology groups H_i(|starpa,y(x)vs| and
Ho(|starpary (x) vs| \ |o|) become reduced.

There is one more change to make in converting from unreduced to reduced homology:
the map from Hy(|Skelj X|) to Ho(|Skel;_; X|) is non-zero (both groups are non-zero
because we assume k < d), so we may remove a summand of R from each to replace both
of these unreduced homology groups with reduced homology.

With the observation that ﬁi(|starbary( X)Vs|) = 0 for all i, our long exact sequence

now becomes:

o @D Hi(|staryay ) vl \ Jol) — Hi(ISkelf X|) — Hy(|Skelf_, X[) — -+

oceXyg

There is one last thing to do to this long exact sequence: simplifying H; (|starbary( X) Vo|\
|a|). To do this, let us call on the Mayer—Vietoris theorem again. Assume that ¢ is not

a facet, so [starya,y(x) V| \ |o] is non-empty. Define two new spaces:

A’ = [starpary(x) Vo,

B’ = |starx o] \ |o| = [linkx o

Since |o| C [starpary(x) V| C [starx o| — for example, see|Fig. 3.7|— the intersection
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Figure 3.7: The spaces |starya,.(x) vs| and |starx o| in the proof of [Theorem 3.4.1, for
various choices of o

AN B’ is [starpary(x) Vs | \ ||, and the union A" U B’ is simply [starx o|. Therefore, the

Mayer—Vietoris long exact sequence with reduced homology for A” and B’ is the following:

o — Hypa([stary of) — Hy(|starparyx) vol \ |o])

— I?[z-(|starbary(x) Vo) @ﬁiﬂstarx al\|o]) — ﬁi(|starx o) — -

But stars of non-empty faces are contractible, so this becomes:

- — 0 — Hi([starpary(x) vo| \ o)) — Hi(Jstarx o| \ [o]) — 0 — -

Therefore, ﬁi(|starbary(x) ve|\ |o]) = H,(|starx 0|\ |o|) = H;(|linkx o) for all non-facets

o. Finally, note that if ¢ is a facet, this isomorphism still holds, since all spaces involved

are empty.

Hence we obtain the desired long exact sequence.
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3.5 Complexes characterised by link conditions

Now that we have a long exact sequence relating co-skeletons and links, in this section
we will consider some particular families of polytopal complexes that are characterised

by links of faces having zero homology in some degrees.

3.5.1 Cohen—Macaulay complexes

A pure, d-dimensional polytopal complex X is Cohen—Macaulay if for every face o, in-
cluding o = @, and every i < d—dim o — 1, the homology H;(|linka o|) is 0. If A := X is
a simplicial complex, this condition is equivalent to the Stanley—Reisner ring of A being

a Cohen—Macaulay ring [Bjo95, p. 1855].

Remark 3.5.1. Cohen—Macaulayness is also a topological condition: X is Cohen—Macaulay
if and only if H;(|X|) and H;(|X|,|X|\ {p}) are both 0 for all i < dim X and all points
p € | X|. This was proved by Munkres [Mun84b|, Corollary 3.4] for simplicial complexes,
but a similar proof applies to polytopal complexes as well, with the following modified

version of [Mun84b, Lemma 3.3]:

Lemma 3.5.2. If X is a polytopal complex, o a face of X and p a point in the relative
interior of o, then H;(linkx o)) 2 Hitdimo ([10Kpary(x) Vo|) = Hitdimor1 (| X, 1 X\ {p}).

Proof. We saw in the proof of that

ﬁi(\linkx ol) = ﬁi(|starbary(x) ve| \ |o])

= -Eri(“inkbary(X) vtf' \ (|J| \ {UU}))

= ﬁi(|s_hnkbary(X) UUI \ |bary(8a)|),

where “s-link” denotes the simplicial link. Since bary(dc) is an induced subcomplex of

the simplicial complex s-linkyary(x) Vo s says that

|s-linkpary (x) Vo | \ [bary(90)| = |s-linkpary(x) Vo — bary(do)|.
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It is not hard to check that
s-linkpary(x) Vo = (s—linkbary(x) Vg — bary(@a)) * bary(90),
where * denotes simplicial join [Mun84al §62|, so [Mun84a), Theorem 62.5] implies that
H;(|s-linkpary(x) Vo — bary(90)]) 2 Hy dim o (J5-linkpary (x) Vo |)-

Finally, since bary(X) is a simplicial complex, we can apply [Mun84b, Lemma 3.3] to

conclude that

Hi+dimo’(|s'hnkbary(X) UUD = Hi+dil‘ﬂ0'+1(|X|a |X| \ {UU})7
and note that although v, is typically defined to be the barycentre of o, it can be chosen
to be any point in the relative interior of o. ]

The following theorem allows us to determine whether a complex is Cohen—Macaulay

by considering its co-skeletons.

Theorem 3.5.3. A d-dimensional polytopal complex X is Cohen—Macaulay if and only
if it is pure and H;(|Skel{ X|) =0 for alli <d—k—1 and all k = —1,...,d.

Note that this theorem combined with means that the homology of

[Skely, X| is entirely concentrated in degree d — k — 1.

Proof of [Theorem 3.5.3 To begin with, assume X is Cohen—Macaulay. We will prove
that H,(|Skel§ X|) = 0 for i < d — k — 1 by induction on k.

For the base case, when k = —1, we have
H;(|Skel®, X|) = Hy(|X|) = H;(|linkx 2]),
which is zero for all 7 < d since X is Cohen—Macaulay.
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Now, suppose k > —1, and consider this part of the long exact sequence from

frem 3. 4Tk

P Hi(llinko|) — H;(|Skelj, X|) — H;(|Skel}_, X|).

oEXy,
Since X is Cohen-Macaulay and i < d — k — 1, we know that H;(|linko]) is 0. Also,
since i is less than d — k — 1, it is certainly less than d — (kK — 1) — 1, so by induction,
H;(|SkelS | X|) is 0. Therefore, H;(|Skel$ X|) must be 0 too, and we are done with this
direction of the proof.

Now, for the reverse direction, assume that H;(|Skelf, X|) = 0 for all i < d—k—1 and

all k = —1,...,d. Consider this part of the long exact sequence for k > 0:

Hiy (|Skely , X|) — @D Hi([linko|) — H;(|Skelf, X|)
ceXy

By our assumption, fIi(\SkelzXD = 0. Also, since i < d—k — 1, we have i + 1 <

d— (k—1) — 1, so our assumption tells us that H;,(|Skel{ , X|) = 0 too. Therefore,

@, x, Hi(|linko|) is 0, so H;(|linko|) must be 0 for all i <d —k —1=d — dimo — 1.
This is true for all faces o of dimension k£ > 0, which leaves the case ¢ = @. In this

case,

H;(Jlinko|) = H;(|X|) = H;(|Skel® ; X|) = 0.
Therefore, X is Cohen-Macaulay. |

Remark 3.5.4. This theorem has potential computational applications. Naively, to check
whether some complex X is Cohen—Macaulay, one must compute the homology groups of
the link of every face of X — if dim X = d, there are at least 297! faces. But with this
result, one only needs to compute homologies of the kth co-skeletons of X for the d + 2
values of k between —1 and d, or equivalently (by the simplicial complexes
bary(X) —bary(Skely X). The tradeoff is that these simplicial complexes are much larger
and more complicated than the links of faces: for instance, the number of vertices of

bary(X) — bary(Skel; X) is at least on the order of 2.
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a) A Cohen—-Macaulay simplicial com- ) A non-Cohen—-Macaulay simplicial
plex complex

Figure 3.8: Two simplicial complexes whose skeletons have isomorphic homology groups

Remark 3.5.5. We saw in that neighbourly spheres are characterised by

the homology groups of either their skeletons or their co-skeletons. However, for Cohen—
Macaulay complexes, the homology groups of skeletons are not sufficient for a character-
isation: for example, shows two complexes, one Cohen—Macaulay and one not,
whose k-skeletons have isomorphic ¢th homology groups for all k£ and .

says that if X is Cohen—Macauly, almost all of the long exact sequence
from is 0. The remaining non-zero terms are captured in the following

corollary:
Corollary 3.5.6. If X is a Cohen—Macaulay polytopal complex and k =0, ..., d, we have

the following short exact sequence:

0 — Hy_(|Skelf_; X|) — @D Ha—g—1([linko|) — Ha_p—1(|Skelf X[) — 0
oceXy,

Proof. Take the following segment of the long exact sequence from

Hyp(|Skelf X|) — Hy_g(|Skel_, X[) — €D Ha—r—1(|linko|) —
ceXy

Hg p_1(|Skel§ X|) — Hg_p_1(|Skel§_, X|).

The first term in this segment, Hy_4(|Skel$ X|), is 0 by [Corollary 3.3.2L The last term,

Hgy_p_1(|Skel§ _; X|), is 0 by [Theorem 3.5.3 [ |

We can combine these short exact sequences into a long exact sequence, using the
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following homological algebra fact:

Lemma 3.5.7. Suppose we have two exact sequences:
b
'HAQg/hﬂ)CHO and Oﬂchfl#B,QH“-.

Then the horizontal sequence in the following diagram is exact:

0 0
NS

¢
. NS
A2 2 A1 ****** > B_1 = B_2
booa
Proof. Since a; is surjective, im(bg o a1) = im(bg) = ker(b_;). Since by is injective,
ker(bg o a1) = kera; = im as. [ |

Corollary 3.5.8. If X is Cohen—Macaulay, we have the following long exact sequence:

0 — Hy(|X|) — €D Ha-1(linko|) — P Ha—»(|linko|) —
ogeXop ceX,

- — P H_i(llinko|) — R — 0.
ceXqy

Proof. Use to stitch together the short exact sequences from
The start of the sequence looks like this:

0 — Hq(|Skel®; X|) — €D Ha_1(Jlinko|) -+ Hq_s(|linka|) -+ @ Hg_s(|linkol) -
oceXp oceXq oeXa

N~ S

Hy_(|Skel¢ X|)

N
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And the end like this:

s P Hi(linko|) -+ € Ho(llinko|) -+ ) H-1(|linko|) — H_1(|Skel§ X|) —
oceXq_o ceXg_1 oceXy

NS

Ho(|Skel§_, X|)

N,

Note that this exact sequence is reminiscent of the “partition complex”, a chain complex

defined in [AY21], Definition 25].

Remark 3.5.9. If the definition of a Cohen—Macaulay polytopal complex is modified to
allow H;(|linkx |) to be non-zero when o = @, we get the definition of a Buchsbaum com-
plex. Buchsbaum complexes can also be characterised by homological properties of their
co-skeletons, although the statement is not as simple as for Cohen—-Macaulay complexes
in a complex X is Buchsbaum if and only if the map H;(|Skel X|) —
I;](|X |) induced by the inclusion of topological spaces is an isomorphism for all ¢ < d—k—1

and a surjection for it = d — k — 1, for all kK = —1,...,d. This follows fairly easily from

the long exact sequence in although we leave the details to the reader.

3.5.2 Leray complexes

A simplicial complex A is r-Leray if every induced subcomplex A of A has ]EIZ(|A\) =
for ¢ > r. For example, if A is the nerve of a family of convex open subsets of R", then
it follows from the nerve theorem ) that A is r-Leray [KMO6].
Equivalently, A is r-Leray if the homology H, (\hnkA ol) is 0 for every face o € A
(including the empty face) and every ¢ > r |[KMO6, Proposition 3.1]. We will use this

condition to generalise r-Leray-ness to polytopal complexes: we will say a complex X is

89



r-Leray if H;(|linky o|) = 0 for all faces ¢ (including 0 = @) and all i > . Note that this
condition is not equivalent to the condition on induced subcomplexes in the non-simplicial
case: for example, if X is a square, every non-empty link is contractible so X is 0-Leray,
but the subcomplex induced by a pair of diagonally opposite vertices is not connected.
The following theorem provides a characterisation of r-Leray complexes in terms of

their co-skeletons.

Theorem 3.5.10. A polytopal complex X is r-Leray if and only if I;i(|Ske12 X|) =0 for

alli>r and allk=—-1,...,d.

Proof. For the forward direction, assume X is r-Leray and let ¢ > r. When k = —1,
H;(|Skel”, X|) = H;(|X]) = H;(|linkx 2|),

which is 0, since X is r-Leray.
For k > 0, consider the following subsequence of the long exact sequence from
frem 34Tk

P Hi(llinko|) — H;(|Skelj, X|) — H;(|Skelf_, X|).
oceXy

Since X is r-Leray, €D H;(Jlink o]) is 0. Therefore, the map from H;(|Skel§ X|) to

oceXg

H;(|SkelS | X|) is injective. Since this is true for all k = 0,...,d, we get a series of

injections:

H;(|Skel§ X|) — H;(|SkelS | X|) — H;(|Skel§_, X|) <> -

- — H,(|Skel§ X|) — H;(|Skel®, X|).

But we saw above that H;(|Skel® , X|) = 0. Therefore, H;(|Skel§ X|) injects into 0, so it
must itself be 0, for all k=0, ...,d.

For the reverse direction, assume that H;(|Skelf X|) =0 for all k = —1,...,d and all
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t > r. When k > 0, consider this part of the long exact sequence:

Hipy (Skeli_y X|) — @D Hi(llinko|) — H;(|Skel; X|).
ceXy

By our assumptions, the two outer terms here are both 0, hence the middle term is 0
as well, so H;(|linko|) = 0 for all k-faces . This works for all k = 0,...,d, which only

leaves k = —1: the only (—1)-dimensional face is @, and
H;(|linky @]) = H;(|X|) = H;(|Skel®, X|)

which we assumed to be 0.

Therefore, H;(|linkx o|) = 0 for all faces o and all i > 7, so X is r-Leray. [ |

3.5.3 Stacked balls

A homology sphere is a polytopal complex X of dimension d where for every face o

including o = @,

~ 0 ifi#d—dimo—1
H;(Jlinko|) =
R ifi=d—dimo—1.

A homology manifold is defined similarly but only considering o # @. A homology ball

of dimension d is a complex X where:
o Hi(|X]) =0 for all i,

e for every non-empty face o,

- 0 ifi#d—dimo —1
H;(|linko]) =
Ror(0 ifi=d—-dimo—1,

and

e the set of faces o with Hy_gim o—1(|link o|) = 0 forms a subcomplex of X that is a
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(d — 1)-dimensional homology sphere.

If ﬁd_dimg_1(|1inka|) is 0, o is called a boundary face, and if this homology is R, o is an
interior face.

Suppose X is a homology ball of dimension d. If every face of X of dimension less than
or equal to d — s — 1 is a boundary face, then X is said to be s-stacked. For example, if X
is 1-stacked, then the interior faces must all have dimension d or d — 1; this condition is
sometimes simply called “stacked” for simplicial complexes (e.g. [Kal87|), or “capped” for
cubical complexes (e.g. [BB98|). Simplicial s-stacked balls are well studied due to their
connection to the Lower Bound Conjecture — see e.g. [MN13].

Just like Cohen—Macaulay complexes, we can characterise s-stacked balls using their

co-skeletons.

Theorem 3.5.11. Suppose X is a homology ball with dimension d. Then X is s-
stacked if and only if Hy_j_1(|Skel§ X|) = 0 for all k < d — s — 1 (or equivalently
I;Tj(|Skel§_j_1 X|)=0 forall j > s, where j=d—k—1).

Proof. By definition, a k-face o is a boundary face if and only if Hy_;_1(|link o) is 0.

Therefore, X is s-stacked if and only if

@ f[d_k_l(”inkd‘) =0
oceXy

forall k<d-—s—1.

We could apply this fact directly to the long exact sequence from

however, since X is a homology ball, it is Cohen—Macaulay, so we can take a shortcut by

using the short exact sequence from [Corollary 3.5.6

0 — Hy_p(|Skelf , X|) — @D Har—1(linko|) — Hy_k_1(|Skel§ X|) — 0.
oceXy

The inner term of this short exact sequence is 0 for k¥ < d —s—1 if and only if both outer

terms are 0 for the same range of k, which is equivalent to the claimed condition. ]
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) A 1-stacked sphere, the boundary
of the ball made from three stacked 3- ) A sphere that is not 1-stacked, the
simplices boundary of an octahedron

Figure 3.9: Two spheres with homeomorphic co-skeletons

Remark 3.5.12. A closely related notion is an s-stacked sphere, which is a complex that
is the boundary of some s-stacked ball. Unfortunately, s-stacked spheres cannot be dis-
tinguished by topological features of their co-skeletons, at least for simplicial complexes.
For example, the two spheres shown in have homeomorphic kth co-skeletons for

all k£, but only one of the spheres is 1-stacked as a simplicial complex.

3.6 CAT(0) cubical complexes

For a further application of co-skeletons, let us consider some families of cubical complexes.

One of the key features of a cubical complex is its hyperplanes. If we associate an
r-dimensional cube with the space [0,1]” in R”, then the ith hyperplane of that cube
is the subspace where z; = % — see A hyperplane in a cubical complex
O is a maximally connected cubical complex obtained by glueing together hyperplanes
of its component cubes where they meet along faces — see (We should note
that in general, issues can arise when a hyperplane “intersects itself”, in which case the
hyperplane is not a true polytopal complex by our definitions. However, the focus of this
section will be on CAT(0) cubical complexes, in which hyperplanes behave nicely — see
e.g. — so we will not dwell on this issue.)

Since each hyperplane of a cubical complex is itself a cubical complex, it also has its
own hyperplanes. Therefore, we will define an iterated hyperplane of (I to be a hyperplane
of a hyperplane of ... of (0. We will say the original hyperplanes are the “Ist iterated

hyperplanes”, the hyperplanes of the hyperplanes are the “2nd iterated hyperplanes”,
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The hyperplanes (c¢) The 2nd iterated (d) The 3rd iterated
aka 1st iterated hy-  hyperplanes of a 3- hyperplane of a 3-

) A 3-cube perplanes) of a 3-cube  cube cube

Figure 3.10: Hyperplanes and iterated hyperplanes of a cube

@ w¢¢m®D

) The six hyperplanes of [

Figure 3.11: A cubical complex and its hyperplanes

and so on. See [Figs. 9.10a] to [3.10dl As these figures show, an iterated hyperplane can

sometimes be obtained in more than one way, when considered as a subspace of O —

for example, each line segment in is a hyperplane of two different squares in
g 0b

The following proposition reveals the connection between co-skeletons and iterated

hyperplanes.

Proposition 3.6.1. Suppose O is a cubical complex. Then |bary(0) — bary(Skely )] s
equal to the union of the (k + 1)th iterated hyperplanes of O, considered as subspaces of
4.

For example, compare [Fig. 3.10b| and [Fig. 3.12l Note that in combination with

Lemma 3.3.1] this proposition tells us that |Skel;, 0| is homotopy equivalent to the union
of the (k + 1)th iterated hyperplanes.

Proof of [Proposition 3.6.1. We will prove this by showing that the intersections of [bary(0)—

bary(Skel, O)| and of the union of the (k + 1)th iterated hyperplanes with each cube of
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Figure 3.12: bary([0, 1]?) — bary(Skelo[0, 1]?)

O are the same.
First, consider the union of the (k 4 1)th hyperplanes. In each cube, identified with
[0,1]", a single (k+1)th iterated hyperplane is the result of setting (k+1) of the coordinates

to be %; therefore, the union of all (k + 1)th iterated hyperplanes is the space
Z = {x €[0,1]"| : at least k + 1 coordinates of x are 3} .

Now, consider |bary(0) — bary(Skel, O)|. The intersection of this space with some

cube of O, identified with [[0,1]"], is
B := |bary([0,1]") — bary(Skel,[0, 1]")].

For each face o of [0,1]", we have a vertex v, of bary(]0,1]") at the barycenter of o;

the coordinates of v, will all be 0, 1 or %, and the number of coordinates equal to % is
dimo. The remaining vertices of bary([0,1]") after deleting bary(Skel[0, 1]"), therefore,
are precisely those which have at least k + 1 coordinates equal to %

For the rest of this proof, we will show that B = Z. First, we claim that B C Z.
For each face {v,,,...,v,, } of B, the set {o1,...,0,} is a chain, so it has a minimal
element — without loss of generality, say this is o1. By construction, the dimension of o
is at least k + 1, so there is some index set I of at least k + 1 elements so that (v,,); = %

for all ¢+ € I. Since {01,...,0m,} is a chain, every v,; for j = 1,...,m must also satisfy

(vs,)i = 3 for all i € I. Therefore, the entire set {vs,,...,vs,, } lies in the affine subspace
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{r € R" : ; = 1 for all i € I}, so the convex hull of this set is contained in Z. Thus
BCZ.

Conversely, let z be a point in Z. By definition, there is an index set I of size k + 1
so that z; = % for all i € I. The set of all points of [0,1]" satisfying ; = % for i € I
is an iterated hyperplane of [0,1]", and its barycentric subdivision is the subcomplex
of bary([0,1]") — bary(Skel[0, 1]") generated by vertices satisfying (v,); = & for i € I.
Therefore, z is in B, so Z C B.

In summary, the space |bary () —bary(Skel, ()| and the union of the (k+1)th iterated

hyperplanes agree within each cube of O, so they must be the same subspace. |

There is a class of cubical complexes where hyperplanes and co-skeletons work par-
ticularly well. In general, the link of any vertex in a cubical complex is isomorphic as a

poset to the non-empty faces of a simplicial complex. A cubical complex is CAT(0) if:
e it is simply connected, and
e the link of every vertex is isomorphic to a flag simplicial complex.

A simplicial complex is flag if the vertex set of every clique in its 1-skeleton is the vertex
set of a face.

CAT(0) cubical complexes were first studied from the perspective of metric spaces:
equivalently, a cubical complex is CAT(0) if and only if it is simply connected and has
non-positive curvature at every point (see [BH99, Theorem 5.4 & Theorem 5.18]; see also
|Gro87]). However, finite CAT(0) cubical complexes are also interesting from a purely
combinatorial and topological perspective [AOS12; Hagl4} Sag95; Rol16].

One particular construction associated to a CAT(0) cubical complex is its crossing
complez, introduced in [Row23] : given a CAT(0) cubical complex [, its
crossing complex, here denoted Cross(O), is a simplicial complex whose vertices are in
bijection with the hyperplanes of [, and a set of vertices forms a face if the intersection

of the corresponding hyperplanes is non-empty. (In other words, the crossing complex is

the nerve of the hyperplanes, as defined in [Theorem 3.2.3])
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Figure 3.13: A CAT(0) cubical complex and its crossing complex

We record here some basic facts about CAT(0) cubical complexes and their crossing

complexes.

Lemma 3.6.2 (|[BH99, Corollary 1.5], [Gro87, Section 4]). Any CAT(0) cubical complex

is contractible (not just simply connected).

Lemma 3.6.3 (|Hagl4, Lemma 2.15]). Cross(0) is always a flag simplicial complez.
In particular, it is the clique complex of the “crossing graph” defined by Hagen [Hagl4,
Definition 2.16].

Lemma 3.6.4 (Proposition 2.6.5} [Corollary 2.6.6). There is a bijection between the facets

of O and the facets of Cross(d). If a facet of O has dimension k, the corresponding facet
of Cross() has dimension k — 1. As a consequence, dim Cross(d) = dim — 1, and O

1s pure if and only if Cross [ is pure.

Lemma 3.6.5 ([Sag95, Theorem 4.11]). Ewvery hyperplane (and thus every iterated hy-

perplane) in a CAT(0) cubical complez is also CAT(0).

Ardila et al. JAOS12, p. 9] described a way to embed a CAT(0) cubical complex with

m

m hyperplanes into the cube [0,1]™. This embedding is essentially canonical, up to the

choice of a “root vertex” and a choice of labelling for the hyperplanes as Hy, ..., Hy,.

Lemma 3.6.6 (Proposition 2.5.7). In this embedding of O into [0,1]™, the hyperplane

H; of O is the intersection of (0 with the ith hyperplane of [0, 1]™.
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The resulting embedding of a hyperplane H; into the ith hyperplane of [0, 1]™ agrees
with Ardila et al.’s canonical embedding of H; as a CAT(0) cubical complex into a cube;
thus the iterated hyperplanes of [0 are themselves each an intersection of [ with some
set of hyperplanes of [0,1]™. Therefore, if S is a subset of {1,...,m} of size (k + 1), we
define

Hs:=0OnN m (ith hyperplane of [0, 1]™)
€S

= m (O N (ith hyperplane of [0,1]™)) = ﬂ H;.
i€S ieS
Either this is a (k+1)th iterated hyperplane of 0, or it is empty, and all (k+1)th iterated
hyperplanes of (I are of this form. By definition of Cross(0), Hg is an iterated hyperplane
if and only if S is a face of Cross(0); therefore, the (k + 1)th iterated hyperplanes of O
correspond to k-faces of Cross(O), for k =0,...,d— 1.
We can now begin to prove some new results about CAT(0) cubical complexes. The

following proposition generalises which was the case of k = 0.

Proposition 3.6.7. If O is a d-dimensional CAT(0) cubical complex and A := Cross(0)
is its crossing complex, then |Skelj, 0| ~ |Skel;_; A| for allk =0,...,d.
Proof. If k = d, then both |Skel] 0| and |Skel;_; A| are empty, since dimA = d — 1 by
Therefore, for the rest of this proof, assume that k < d.

We will apply the nerve theorem (Theorem 3.2.3)) to each of |Skel;, O] and [Skely_; A|,

to show that they are both homotopy equivalent to the same nerve.

First, consider |Skelf (|, and define the family H = {H, : ¢ € Ay}, where H, =

;e Hi as above. By [Proposition 3.6.1jand the above discussion, [Skelj O is homotopy

equivalent to the union of H. Each H, is a closed set in O, and by [Proposition 3.6.1]

their union is a triangulable space. Any intersection of spaces in H is itself an iterated

hyperplane if it is non-empty, which is CAT(0) by [Lemma 3.6.5| and thus contractible
by Therefore, we may apply the nerve theorem to H, and conclude that

[Skels, O| =~ |N(H)].
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But what is N(#)? The vertices are in bijection with k-faces o of A. A set of vertices,
say {01,...,0m}, forms a face of N(#H) whenever the intersection H,, N---NH,,  is non-

empty. This intersection is the set

H, N---NH, = ﬂHm~-~m ﬂ H,

€01 1€ETm

= ﬂ H;

1€o1U-Uoy,

= o1U---Uopm *

So {o1,...,0m} is a face of N(H) if and only if o7 U--- U0y, is a face of A.

Now, let us turn our attention to Skelj,_; A, the set of faces of A of dimension at least
k. For each k-face o of A, let S, denote |stara o], and define S := {S, : 0 € A,}. Every
face of A of dimension at least k is contained in stara o for some k-face o, and no face of
dimension less than k is, so the union of S is |Skel;,_; A|. Each S, is open in A, and any
non-empty intersection of stars is itself a star and thus contractible. Therefore, we may
apply the nerve theorem to S as well.

Let us examine N(S). The vertices are in bijection with k-faces o of A, and a set
{o1,...,0m} forms a face of N(S) whenever stara o1 N---Nstara oy, is non-empty. This
happens if and only if there exists a face of A that contains all of oy,...,0,,, which
happens whenever o1 U -+ - U g, is a face of A.

But this means that N(S) = N(H)! Therefore,
|Skelf, O] = |[N(H)| = |N(S)| = |Skel;_; Al |

Next, we will examine some applications of this result, but first we need one more
construction.

There is a standard bijection from the non-empty faces o of the cube [0,1]" to vectors
x° in {0,1,*}", where the ith coordinate of x” is 0 or 1 if all points = in ¢ have 2; =0

or z; = 1 respectively, and x7 is * otherwise. If o and 7 are two faces, then o C 7 if and
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only if x¢ < x7 for all 4, where 0 < * and 1 < * are the only non-equality relations on 0,
1 and .

Suppose A is an abstract simplicial complex with vertex set {1,...,n}. We define the
cubical cone over A, denoted cone(A), to be the subcomplex of [0,1]™ consisting of all
faces o such that the set {i: x7 € {1,%}} is a face of A (including the empty face). For
example, see The reason for the name “cubical cone” is the following lemma,

analogous to properties of a simplicial cone.

Lemma 3.6.8. The cubical cone over A is the unique subcomplex of a cube (up to iso-
morphism) with the property that there is a vertex vy (the “cone point”, which is the point

(0,...,0) in the standard labelling) such that:
e cvery facet contains vy, and
e the link of vy is (isomorphic as a poset to the non-empty faces of ) A.

Proof. First, let us check that the cubical cone does satisfy these properties. If o is a
face of cone(A), we can replace every 1 in x? with * to obtain the vector of a face of
cone(A) that contains o; therefore, the vectors of facets of cone(A) consist only of 0 and
%, so every facet contains vy = (0,...,0). Conversely, the faces that properly contain vy
are precisely the faces o # vy such that x consists of 0 and *, and these faces are in
bijection with non-empty faces of A, so the link of vy is indeed A.

Now, suppose [ is an arbitrary subcomplex of a cube satisfying these properties. By
the symmetry of the cube, we may assume that v is the vertex (0,...,0). As before,
the link of vy is then the set of faces of [1 whose vectors consist only of 0 and *; since
we assume this set is isomorphic to A, we may again use the symmetry of the cube to
permute the coordinates and assume that this set is equal to link.one(a)vo. Since O
contains these faces of the cube, it must also contain every sub-face of these faces, so O
contains every face of cone(A). Moreover, it cannot contain any other faces: any such face
must be contained in some facet of O, but that facet cannot be one that we have already

accounted for in link v, so the facet would not contain vy. Therefore, (1= cone(A). W
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Figure 3.14: A cubical cone

While every flag simplicial complex is the crossing complex of some CAT(0) cubical

complex (see [Hagl4, Proposition 2.19] and [Lemma 2.3.3] where the construction is the
cubical cone), in general, there can be many CAT(0) cubical complexes with the same
crossing complex. However, we can now prove that if Cross([d) is a connected manifold,

the only possibility is 00 = cone(A).

Corollary 3.6.9. Let O be a d-dimensional CAT(0) cubical complex and A its crossing

complex. If A is a connected homology manifold, then [ is the cubical cone over A.

Proof. Examine this section of the long exact sequence from [Theorem 3.4.1] taking k = 0

and using coefficients in Z/2:

Hy(|Skel”, Of) — @ Har(linkv|) — Hy_1(|Skel§ O]) — Ha_1(|Skel , OY).
vGDo

Note that |Skel®; O] is simply ||, which is contractible since O is CAT(0), so the first

and last terms of this sequence are 0. By [Proposition 3.6.7, Hy_1(|Skelg 0| is isomorphic

to Hy_1(|Skel®; A|) = Hy_1(|A]), and since A is a connected homology manifold of
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dimension d — 1, this homology group is Z/2. Therefore,

P Hor(llinkv|) = Z/2.

veldo
Thus there must be one vertex vy for which Hy_; (|link vg|) = Z/2, and all other vertices
have Efd_l(ﬂinkv\) =0.

Every vertex link in a CAT(0) cubical complex is an induced subcomplex of the
crossing complex (Lemma 2.4.9). However, the only induced subcomplex of a connected
(d—1)-manifold with non-zero homology in degree d—1 is the entire manifold. Therefore,
linkvg = A.

says that there is a bijection between the facets of the cubical complex
O and the facets of its crossing complex A. Since linkvg = A, we also have a bijection
between the facets of A and the facets of [0 that contain vg. Therefore, every facet of [

must contain vy. Hence O is a cubical cone. [ |

We conclude this chapter by combining [Proposition 3.6.7 with [Theorems 3.5.9] [3.5.1

and [3.5.10] to compare the combinatorial properties discussed in for O and
Cross(0).

Theorem 3.6.10. Suppose O is a CAT(0) cubical complex and A is its crossing complex.
Then:

(a) O is Cohen—Macaulay if and only if A is Cohen—Macaulay.
(b) O is r-Leray if and only if A is r-Leray.
(¢) If O and A are both homology balls, then O is s-stacked if and only if A is s-stacked.

Note that the assumption that both 00 and A are balls in [(c)|is essential: it is possible
for one to be a ball and the other not. For example, if (0 consists of m squares glued in
a 1 x m rectangle, it is a 1-stacked ball, but its crossing complex is a star graph with m

pendants, which is not a ball for m > 2.
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Proof of[Theorem 3.6.10. (a) Let d = dim 0. By[Theorem 3.5.3] O is Cohen—Macaulay

if and only if it is pure and H;(|Skel O|) = 0 forallk = —1,... dand alli < d—k—1.

Any CAT(0) cubical complex is always contractible, so H;(|Skel® , O|) is guaranteed

to be 0, hence we only need to consider k = 0,...,d. Now, [Proposition 3.6.7] says

that H;(|Skel§ O|) = H;(|Skel§_, A|) for k in this range, and [Lemma 3.6.4|says that

O is pure if and only if A is pure; therefore, (0 is Cohen—Macaulay if and only if

A is pure and H;(|Skel A]) = 0 forall k =0,...,dand all i < d —k — 1 =
(d—1)—(k—1) — 1. But since dim A = d — 1, this is exactly the condition given
by for A to be Cohen—Macaulay.

By [Theorem 3.5.10| O is r-Leray if and only if H;(|Skel§ OI|) = 0 for all i > r and all

k=-1,...,d. Because O is CAT(0), |Skel® ; O] is guaranteed to be contractible, so

we only need to check k =0, ...,d. By|Proposition 3.6.7] this condition is equivalent

to ﬁi(|Ske1§A|) being 0 for all ¢ > r and all j = —1,...,d — 1, where j = k — 1.

And this precisely means that A is r-Leray.

By [Theorem 3.5.11] O is s-stacked if and only if Hy_p_(|Skel{O]) = 0 for all

k < d—s—1, where d = dimd. [Proposition 3.6.7] tells us this is equivalent to

Hgy_r_1(|Skel§_; A]) being 0 for k < d — s — 1. Equivalently, letting j = k — 1, we
have Hg—1)—j—1(|SkelS Al) = 0 for j < (d —1) — s — 1. Since dim A = d — 1, this is

equivalent to A being s-stacked. |
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