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The objective of this dissertation is to develop new techniques that advance the state of the
art in optimization-based trajectory generation. Two complementary techniques are stud-
ied. First, explicit trajectory generation computes a single path that connects two boundary
conditions. For a general optimal control problem, sequential convex programming is used
to design iterative algorithms that solve challenging aerospace problems. The limited power
available on a spacecraft has long been at odds with the computationally demanding algo-
rithms required to solve such problems, and so specialized techniques for developing real-time
capable implementations of these algorithms are presented. Runtime analysis offers initial
evidence that it is possible to solve explicit trajectory optimization problems reliably and fast
enough to be considered a viable technology. As an alternative approach, implicit trajectory
generation computes a set of functions that implicitly define an entire set of trajectories. By
carrying out more extensive offline computations, it is shown that a feasible trajectory can
be obtained from a wide array of initial conditions by using numerical integration. Conse-
quently, the required real-time computations are significantly reduced compared to explicit
trajectory optimization algorithms. Implicit trajectory generation methods can also offer a
stronger theoretical, and offline-certifiable, guarantee that a feasible trajectory will be avail-
able for a prescribed set of vehicle conditions. Examples in powered descent and satellite

attitude control are used to demonstrate each method.
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Chapter 1

INTRODUCTION

The primary objective of this dissertation is to solve complex guidance problems for
aerospace systems in ways that are conducive to onboard implementation. A focus is given
in particular to problems that relate to spacecraft, such as orbiting satellites and planetary
landers, but the methods can be applied much further afield. The term computational
guidance and control (CGC) was recently coined to refer to techniques that are algorithmic
in nature and rely on the real-time computation of control actions [1, 2|. The philosophy
upheld in this dissertation is one that views the resulting architecture as the combination
of new “computational guidance” methods and classical “control” methods, as a distinct
view from “computational guidance” and “computational control”. Classically, control refers
to closed-loop disturbance rejection and the handling of model uncertainty, and feedback
control is often designed to ensure stability about a reference path generated by a guidance

routine.

The term guidance is used to refer to the process of generating a trajectory from a
current state to some desired final state, and is synonymous with open-loop path planning.
Trajectory optimization is a subset of guidance, and implies an additional desire for feasible
trajectories that are near-optimal. Traditional guidance system design uses offline analysis to
obtain a closed-form guidance law. The CGC methodology, by contrast, does not necessarily
yield a closed-form mapping from state to control action. In other words, the guidance “laws”
that result from CGC cause the reference state and control to be implicit functions of the
problem data. This is, to varying degrees, a paradigm shift when it comes to control system
design in the aerospace domain. We will show that this approach enables solutions to many

difficult problems that are relevant to current and future aerospace vehicles and missions.



By difficult problems, one might think of highly nonlinear (i.e., more accurate) dynamic
plant models and/or the explicit consideration of numerous state and control constraints.
For these types of guidance problems, simply finding a feasible solution can be a challenge.
Optimization-based methods happen to be quite good at finding feasible solutions, and have
the obvious (and fortuitous) byproduct that the resulting trajectories are near-optimal. This
thesis focuses on the class of CGC methods for which optimization is a core component, but
adopts the viewpoint that feasibility is the driving objective. This interpretation is not new,
yet it is not old either; but it is especially important when constructing real-time solutions
to difficult problems.

There are, of course, some drawbacks to using optimization-based CGC. Foremost, it can
only be used in practice when the solutions to the optimization problems can be computed
fast enough relative to the timescale of the vehicle’s motion that the control actions can be
executed as intended. Ensuring real-time performance requires a bound on the algorithm’s
runtime for a desired numerical precision or convergence tolerance. This has long been
(and continues to be) a fundamental challenge for algorithms designed to solve nonconvex
optimal control problems. Second, the computational elements of CGC must inherit the
rigorous mathematical analysis of classical and modern control. This means that algorithms
should be designed intentionally using a first principles understanding of the problem at
hand, convergence should be well understood both theoretically and numerically, and the
relationship with additional feedback control well understood (which includes a systematic
characterization of how robustness to system noise, time delays, and model uncertainty enter
in to and are handled by the overall architecture). The field of computational guidance and

control is just beginning to address these kinds of questions.
1.1 Statement of Contributions

This research focuses on two general approaches to CGC: explicit trajectory optimization
and implicit trajectory optimization. An explicit trajectory optimization method, when

implemented numerically, returns a complete trajectory from one state to another state by



solving an optimal control problem. In contrast, an implicit trajectory optimization method
returns a number of functions that implicitly define a whole set trajectories. The delineation
of these two approaches to trajectory design, as well as many of the definitions, problem
statements, and solution methods presented for implicit trajectory optimization, are new
contributions to the field of CGC. The two quadratic funnel synthesis algorithms that are
presented for implicit trajectory generation offer two practical methods, and the convergence

of each algorithm has been theoretically established.

Two central applications are carried throughout the text and used for numerical case
studies: 6-DOF powered descent and spacecraft attitude control. Each problem has its own
substantial literature and rich history of successful missions in which computational methods
have played an important role, all of which will be reviewed thoroughly to place any new work
in proper context. In the case of powered descent, a new theoretical solution is presented for
a special (simplified) case of the 6-DOF landing problem, which we call the planar landing

problem.

The numerical implementation of explicit trajectory optimization algorithms is then
treated with real-time computation in mind. We provide a thorough and systematic ap-
proach to the transition from high-level algorithm development to low-level implementation,
the specifics of which are a contribution of this work. It is with great pride that the work
in this dissertation has contributed to technology demonstrations in both powered descent,
aboard Blue Origin’s New Shepard rocket, and in spacecraft attitude control, aboard a UW-
built CubeSat. These demonstrations have provided a unique opportunity to advance the
technology readiness level of specific optimization-based CGC algorithms to at least level
six, and have paved the way for further use of CGC technologies in aerospace missions.
Ultimately, we may conclude that feasible and near-optimal trajectories for both 6-DOF
powered descent and constrained attitude control problems can be computed in real-time,
while adhering to the standards of space flight software, and using hardware that is currently

available.



1.2 OQutline of Dissertation

This dissertation is organized as follows. First, Chapter 2 provides some background in-
formation that will serve as a common point of reference for each subsequent chapter. We
introduce important assumptions and give formal statements of the tools from optimal con-
trol theory, convex optimization, and hypercomplex numbers that form core building blocks
of our trajectory optimization methods. Next, Chapter 3 provides a thorough overview of
powered descent guidance, including the 3-DOF problem, the planar landing problem, and
the general 6-DOF problem. In the first two problems, we study and derive characteristics
of the theoretically optimal solutions using the maximum principle. Chapter 3 also includes
state-triggered constraints, and provides three examples that are relevant specifically to

problems in powered descent.

Chapter 4 discusses the design of a sequential convex programming algorithm that is
capable of solving nonconvex optimal control problems. We develop the algorithm using
a general problem statement, and subsequently provide two case studies to demonstrate
its application to the 6-DOF powered descent guidance problem with and without state-
triggered constraints. Chapter 5 specializes the algorithm for real-time implementations
that are designed to meet the standards of safety-critical space flight software. We provide
a general strategy to transition from high-level algorithm development (e.g., the contents
of Chapter 4) to low-level implementations with the performance metrics of runtime and
computational memory utilization in mind. A case study in planar powered descent is

provided.

Chapter 6 presents implicit trajectory optimization. We define the notion of a funnel, and
demonstrate the use of time-varying quadratic Lyapunov functions in synthesizing a special
class of funnels for nonlinear systems. Two algorithms are proposed to do this and each are
proven to be convergent after a finite number of iterations. Case studies in powered descent
and satellite attitude control are provided to demonstrate the utility of funnel synthesis and

implicit trajectory optimization.



Lastly, Chapter 7 offers concluding remarks and several directions for future study.
1.3 Basic Notation

Most of the notation will be introduced as it is needed. This section will cover only the basic
matrix-vector notation that is common to each chapter. The set of real numbers is denoted
by R. The sets of nonnegative and positive real numbers are denoted R, and R, ,. Vectors
are written using lowercase bold font, and * € R" denotes an n-dimensional column vector
of real numbers, with x; as the i® entry. When written in-line, a column vector may be
denoted by @ = (x1,...,z,) to make good use of space. The transpose is denoted by = '.

The cross product of two three-dimensional vectors @, y € R3 is represented by x>y,
where £ € R3*3 denotes a skew-symmetric matrix that when applied to the vector y
produces the same mathematical result as the traditional expression & x y. For two vectors
x, y € R", the notation = L gy implies that @ is orthogonal to y in the sense that &'y = 0.
The notation x || y implies that the angle between the vectors & and y is zero (they are
parallel).

Matrices are written using uppercase symbols, and M € R™*™ denotes an m-by-n matrix
of real numbers. The set of square symmetric matrices of dimension n is S". The n x n
identity matrix is denoted by [,,, while an m-by-n matrix of zeros is given by 0.

Derivatives with respect to time are denoted using the over-dot notation, so that Cfl—f =ax.
The Jacobian of a vector-valued function f : R* — R™ with & — f(x) is denoted by
Vef € R™"  The Hessian of a scalar-valued function f : R" — R with & — f(x) is

denoted by V2_f € S™. A vector norm is denoted by || - ||,, where p = 1,2, cc.



Chapter 2
BACKGROUND

ﬁm %%ﬂ/ﬁ%wéw%fya/ﬂ%/&%%mﬂ%
{éz v72 /7% %%w”y ore of J%{(/% é /M@/
— Anton Chekhov

The equations of motion for a physical system are expressed as differential equations. For
problems in the field of CGC, these are differential equality constraints that all computed
trajectories must obey. For guidance problems there are typically boundary conditions at the
beginning and end of a trajectory that need to be met. Simply put, one aims to computes a
trajectory from a current state to some final state while adhering to the physics that governs
the system’s motion. Once a suitable notion of “cost” is introduced, these are optimal control
problems, and so this chapter begins with a review of optimal control theory in §2.1.

All numerical CGC methods in this work are based on convex optimization, the basics
of which are introduced in §2.2. In §2.2.3, the connection between convex optimization and
optimal control problems is introduced briefly, as this is a primary focus of Chapter 4. Hyper-
complex numbers are then introduced in §2.3. Specifically, quaternions and dual quaternions
are introduced, and it will be shown throughout this thesis that they are often an effective
means to formulate optimal control problems for aerospace systems in ways that are con-

ducive to the subsequent use of convex optimization to compute solutions.
2.1 Optimal Control Problems

The equations of motion for a physical system are assumed to be of the form

#(t) = /(@) ult).p). 1€ [fo.ts]. (2.1)



where t9,t; € R, represent the initial and final times respectively, (-) : R - X C R™ is
the state, u(-) : R — U C R™ is the control and p € P C R™ is the parameter vector.
When the state or control vectors are referred to, we mean x(t) and u(t) respectively. The
sets X', U and P represent the sets of admissible state, control, and parameter vectors. The
function f : R™ x R™ x R™ — R"™ is referred to as the equations of motion, or the dynamics
of the system. It is assumed that f is autonomous, in the sense that it only depends on time
indirectly through the state and control vectors.

If the initial and/or final times are free variables then they are considered to be part of

the parameter vector p.

Assumption 2.1. The following are assumed to hold:
1 The function u(+) is piecewise continuous with respect to time and the set U is compact.

2 The function f is continuous with respect to u(t) and p.

8 The Jacobian V, f (x(t),u(t),p) € R™*™ exists and is continuous with respect to x(t)
for each {x(t),u(t),p} € X xU x P.

4 The Jacobians Vuf(:c(t),u(t),p) € R"=*"™ gnd fo(a:(t),u(t),p) € R"™*™ exist for
each {x(t),u(t),p} € X xU x P.

Assumptions 2.1.2 and 2.1.3 are slightly stronger than simply requiring that f be Lipschitz
with respect to state and control, but this reduced generality will be used in Chapter 4 when
numerical solution strategies for optimal control problems are presented. Collectively, the
four assumptions ensure that for each admissible function w(-), there exists an absolutely

continuous solution to (2.1) of the form

o(t) = alto) + [ (alC).u(c).p) . 22)



The initial condition x(ty) is assumed to satisfy

So(z(to),p) =0, (2.3)

for some function Sy : X x P — R™. We make the standard assumption that ny < (n, +n,)
and that the Jacobian matrix VSy((t), p) € R™*("=*™) exists and has full row rank. The
initial boundary condition (2.3) effectively restricts the set of initial conditions to lie in some
subset Xy C X x P.

An optimal control problem typically aims to steer the state vector to some target set at

the final time. The target set can be described in a similar way to Xy by using

Sf(a:(tf),p) = O, (2.4)

for some function Sy : X x P — R™. Again, the standard assumption that n; < (n, +n,)
and the Jacobian V.Sy(x(t),p) € R *"=) exists and has full row rank is made. The
terminal boundary condition (2.4) effectively restricts the set of target (or final) conditions
to lie in some subset Xy C X x P.

The term feasible trajectory will be used heavily throughout the text, and so we make a
formal definition at this point. Because the state is a function of the control through (2.2), we
can fully define a feasible trajectory in terms of a feasible control u(-) and parameter vector
p that together result in a state trajectory that satisfies the given equations of motion and
boundary conditions. Nevertheless, we shall often explicitly carry the state when discussing

feasible (and optimal) trajectories. This is formalized in Definition 1.

Definition 1 (Feasible Trajectory). A feasible trajectory is a triple {x(-),u(:),p} that to-
gether satisfy the equations of motion (2.1), the control w(-) satisfies Assumption 2.1.1,
u(t) €U and x(t) € X for allt € [to,ts], p € P, and the state and parameter vectors satisfy
the boundary conditions (2.3) and (2.4).

A control problem, without considering any notion of optimality, is therefore the problem
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(a) Control trajectories. (b) An optimal control trajectory.

Figure 2.1: A control problem looks for a feasible trajectory, and there may be several
possibilities. An optimal control problem selects a (or the) feasible trajectory that minimizes
a cost functional.

of finding a feasible trajectory for a given set of equations of motion, boundary conditions
and sets X', U and P. A depiction is given in Figure 2.1, and there may be several (even an
infinite number of ) feasible trajectories for any particular control problem.

Optimal control problems, on the other hand, associate some notion of cost to each
feasible trajectory, and the objective becomes to compute a (or the) feasible trajectory that
maximizes or minimizes this cost. The cost is described by using a functional — a scalar-

valued function over a space of functions — and is assumed to have the general form

J(z,u,p) = M(z(t), z(ty), p) + / f L(=(¢), u(¢),p) dC, (2.5)

to

where M : Xy x Xy — R is the terminal cost and L : X x U x P — R is the running
cost. Explicit dependence on the state is present in the cost function J both because of the
dependence of M on the initial state vector and for notational consistency (i.e., as a matter
of taste). With reference to Figure 2.1a, each feasible trajectory can be thought of as being
associated with a unique scalar that represents its cost. The act of solving an optimal control
problem is equivalent to simply selecting the solution with the lowest or highest such cost,
which is depicted in green in Figure 2.1b.

An optimal control problem with a cost functional of the form (2.5) is called a Bolza
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problem. When L = 0, the problem is called a Mayer problem, and when M = 0 the problem
is called a Lagrange problem. No form is more general than another, but different forms can
be more convenient at different times. The process with which one passes between them is
discussed in most textbooks on the subject |3, 4].

Having stated in words what an optimal control problem is, some mathematical notation
is now adopted to formalize the statement. Optimal control problems can be stated so as to
minimize or maximize the cost, and we will see examples of both at various points in the text.
Because the maximization of a particular cost function is equivalent to the minimization of
the negative of the cost function, we can assume minimization here without loss of generality.
The mathematical statement of an optimal control problem is given in Problem 1, and is
understood to carry with it all assumptions on the constituent functions/sets that have been

made up to this point.

Problem 1. Find the piecewise continuous control signal u(-), initial state x(ty) and pa-

rameter vector p that solve the following problem:

m(toxilg(l‘)’p J(x,u,p) (2.6a)
st x(t) = f(x(t),u(t),p) (2.6b)
So(x(to), p) =0,  Sp(x(ty),p) =0, (2.6¢)

x(t)e X, u(t)eld, peP. (2.6d)

where t € [ty,ts] for each time-dependent constraint.

2.1.1 The Maximum Principle

This section introduces the machinery required to discuss optimal solutions to Problem 1
under some further assumptions. Because we will not need anything more general when
invoking the maximum principle, we assume for now that p = (to,t;) € R?. That is, the

only parameters are the initial and /or final times. This will be the case for all problems that
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make use of the maximum principle to study theoretically optimal solutions. This assumption
implies that we may take f and L to be independent of the parameter vector in this section.
Moreover, we assume that X = R™ and shall not explicitly address the maximum principle
for problems with state constraints. The numerical solution strategies designed to solve
optimal control problems that cannot be easily solved by using the maximum principle do

not require or use either of these simplifying assumptions.

The existence of an optimal solution is assumed for all problems encountered in this
work — but will be formally proven when possible (or when it does not already appear in
the literature). For convenience, let the compact set B = Xy x Xy C R?"*2 define the
admissible boundary points for Problem 1 under the assumption that p = (¢y,ts). Define
the function H : R™ x R™ x R x R™ — R as

’H,(m(t), u(t), o, )\(t)) = )\OL(ac(t), u(t)) + )\(t)Tf(ac(t), u(t)). (2.7)

This function H is sometimes called the Hamiltonian, the function A(-) : R — R is the
costate, and the pair (Ao, A(t)) is called the costate vector. The version of the (pointwise)

maximum principle that we use is stated in Theorem 2.2 and is taken primarily from [3].

Theorem 2.2 (Maximum Principle). Assume that U does not change with time, and that
Assumption 2.1 holds. Let [tj,t;] denote the optimal time interval, u* : [t5, t}] — U be an

optimal control and x* : [t5, t}] — X be the corresponding optimal state from (2.2). Then:

1. There exists a function X* : [t5, t5] = R™ and a constant Ao* < 0 such that (X", X*(t)) #
(0,0) for all t € [t;, t7].

2. Define w(t) = (w*(t), u*(t), A", }\*(t)), so that the following canonical equations hold:

& (t) = VoyH(r(t)) and X(t) = =V, H(r(t)). (2.8)
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8. For each fized t € [t5, 3],

H(r(t)) = max  H(z*(t), w(t), A", A*(t)). (2.9)

w(t)eU

4. The (2n + 2 )-vector

[H(7(t5)) — AoV M, —=A(t§) — AoV M,
— H(m(t7)) — MV, M, A(t}) — XoVaeyM] (2.10)

is orthogonal to the tangent space of B at the endpoint (té, x*(t5), 7, m*(t;i)) All partial

derivatives in (2.10) are evaluated at (t, *(t5), t7, x*(t})).

Condition 1 is referred to as the non-degeneracy condition, and condition 4 is referred
to as the transversality condition. The maximum principle was developed in Russia during
the 1960s by Pontryagin and his students, and the theorem often bears his name. The name
“maximum principle” is a direct consequence of condition 3 [5]. The theorem provides a
necessary condition; meaning optimal solutions must satisfy its conditions, but satisfaction
of these conditions alone does not guarantee that a solution is optimal (in the sense of the
minimization that is considered here). We will not address sufficient conditions of optimality.
The proof of Theorem 2.2 is also not given here, as there are several good resources for it
already. Liberzon [4] provides a very accessible proof, while Berkovitz [3, 6] provides a much
more rigorous and general treatment. The original work of Pontryagin et al., however, is still

be one of the best resources on the subject [5].

2.2 Convexity & Numerical Optimization

A large portion of Chapter 4 is dedicated to transcribing optimal control problems into
parameter optimization problems for which the cost function and all constraints are convex
functions of the solution variable(s). Some of the key aspects of convex optimization are

therefore reviewed here.
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For several reasons, the use of convex optimization in safety critical aerospace applications
should come as no surprise. An incomplete list of reasons for this might include: an increas-
ingly complete theoretical understanding of optimal solutions, a lower information-based
complexity than more general classes of optimization, a bounded number of operations to
achieve a desired accuracy, reliability (i.e., determinism), and rapidly maturing solvers that
are designed for embedded systems. Convex optimization problems also result in globally op-
timal solutions; a feasible solution that yields a strictly lower cost does not exist. This final
property lies in contrast to nonconvex optimization methods designed to solve nonconvex
optimization problems. Nonconvex optimization problems may have several locally optimal
solutions that are not globally optimal.

Convex analysis and optimization theory are vast subjects with rich histories, and a
comprehensive treatment is not attempted here. Only the key details that are used to

discuss subsequent CGC methods for aerospace systems are reviewed.

2.2.1 Convex Sets €& Convex Functions

Convex optimization is based the notions of convex sets and convex functions. A set C C
R is convex if (and only if) for any two elements z;, zo € C their conver combination
Az1 + (1 — N)zg lies in C for any A € [0, 1]. In other words, the line segment connecting the
points z; and zs lies entirely in the set C. If it is true that for any two elements z;, zo € C
their conic combination A\1z1 + Aoz € C for any A;, Ay > 0, then C is called a convex cone.

The most important convex sets used in this work are polyhedra, norm balls and norm
cones. A polyhedron can be described by a set of linear equalities and/or inequalities, and

generally takes the form

P={z]| Az=0b, Gz < h}, (2.11)

for matrices A € R"*": G € R™*" and vectors b € R™, h € R™. A polyhedron can be
thought of as the intersection of n, hyperplanes and n; halfspaces, or as the set of solutions

to a finite number of linear equations.
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Each norm || - ||, for p = 1,2,...,00 in the Euclidean space R™* defines a norm ball of

radius € centered at z, € R™ in the form of the set
Be(z.) ={z | |z — zc[l, < €} . (2.12)

This set is a convex cone, a fact that can be established by using the basic properties of a

norm.

Similarly, the norm cone is the set
C={(w,2) | |zl <w} cR™". (2.13)

A special case arises when the two-norm, p = 2, is used in the definition of the norm cone.
In this case, the set in (2.13) is called a second-order cone.

Lastly, a positive semidefinite matrix M € R™*"= is defined to be a symmetric matrix
whose eigenvalues are nonnegative. We use M > 0 to denote M as a positive semidefinite

matrix. The set

St = {M € R™*" | M = 0} (2.14)

is referred to as the positive semidefinite cone. If the eigenvalues of M are strictly positive,
then we write M € S’ or M > 0. Both S’} and S'}?, are convex cones.

A function f : D — R is said to have domain D C R™ and co-domain R. The most
popular definition of a convex function uses the so-called Jensen’s inequality: A function f

is convex if D is a convex set and for any z1, 2o € D the inequality
fOzi+ (1= Nza) < Af(z1) + (1= N)f(22) (2.15)

holds for all A € [0,1]. Two important characterizations can be added if it is assumed that f

is twice differentiable.! In this case, either of the following can be used to establish convexity

!The notion of subdifferentiability will not be used in any serious way and is therefore omitted.
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of the function f: the set D is a convex set and for all z1, zo € D

f(z2) > f(z1) + V.f(21) (22 — 21), (2.16a)
V2, f(z1) = 0. (2.16b)

The statement in (2.16a) can be interpreted as saying that each vector z; in a tangent
hyperplane of a convex function underestimates the function value at the point z5. In other
words, it is saying that the first-order Taylor series of f centered at z; defines a supporting
hyperplane to the function f at z;. All affine functions are convex, because (2.16a) is valid
with equality. The statement (2.16b) means that f has some “upwards” curvature over the
domain D. Loosely speaking, this paints the geometric picture that convex functions are
somehow “bowl-like” — a good intuitive picture to maintain when we discuss minimization
of a convex function. All quadratic functions with positive definite Hessians are therefore

convex.

2.2.2  Convex Optimization

Convex optimization refers to the minimization of a convex function over a convex set.
The definition of a convex function can be used to show that all optimal solutions of such
problems are globally optimal. This means that once a solution is obtained, there are no
feasible solutions that result in a strictly lower cost.? There are several different classes of
convex optimization problems; and these are sometimes called convex programs.

In the 1940s, Dantzig first popularized the simplex method to solve linear programs.
Linear programs are the class of convex optimization problems that minimize a linear function
over a polyhedral set of the form (2.11). The solution of a linear program always occurs at
a vertex of the polyhedron, and this fact is exploited by the simplex algorithm in that the

algorithm iterates between vertices in search of the optimal one. The fact that the simplex

2 A feasible solution in this setting is a vector that lies in the convex domain, D, over which the function
is defined and the minimization takes place.
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method was developed at the same time as early computers contributed to its ubiquitous
influence on the field of numerical optimization |7, 8]. Convex analysis, on the other hand,
was already an established mathematical field by this time [9]. One of the great innovations
in optimization theory was the realization that interior point methods can be used to solve
linear programming problems [8, 10]. Interior point methods are fundamentally different
from Dantzig’s simplex algorithm; and their names divulge the reason. An interior point
method follows a path that lies strictly inside the feasible region, approaching the boundary
(a vertex) only in the limit. The simplex method, as mentioned, travels around the vertices
of the feasible polyhedron. While interior point methods proved useful for the practical
solution of linear programming problems, their most important property is that they can
be used for more general problems than linear programming (the simplex method cannot).
This fact continues to play a critical role in the development of reliable solvers for problems
encountered in the aerospace domain, which are often beyond the limited scope of linear

programming.

The two classes of convex optimization problems that will be encountered most in Chap-
ters 4 through 6 are second-order cone programs (SOCPs) and semidefinite programs (SDPs).
An SOCP resembles a linear program, except that some of its variables are constrained to
lie in a second-order cone of the form (2.13). A general SOCP can be cast in the following

standard form:

min ¢’z (2.17a)
st. Az=b (2.17b)
ZGR& XCQ1 X XCQm (217C)

where the Cg, are convex second-order cones of dimension d; + 1. The problem data

{A,b,c,{,dy,...,d,} fully define the optimal solution of the SOCP.

An SDP is more general than an SOCP, and introduces matrix variables that may live
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in the cone of positive semidefinite matrices. A standard form SDP can be written as:

: T
min tr (C'Z) (2.18a)
st. AZ=DB (2.18b)
Z >0 (2.18¢)

where now the problem’s solution variable is the matrix Z. Note that both linear cones and
second-order cones can be embedded into an SDP via suitable definition of A and B. (For
example, constraining all off-diagonal elements of a single row and column of Z to be zero
and setting the entry on the diagonal to one would restrict the diagonal entry to lie in the

linear cone.)

A piece of code designed specifically to solve a given class of optimization problems is
called a solver. Solvers are developed using a specific programming language, commonly
Matlab®, Python or C/C++ [11, 12, 13, 14, 15, 16, 17, 18]. A useful software tool that
is often paired with these solvers is a parser. A parser, roughly speaking, translates what
a user would write down on paper into the standard form of whatever class of problems
that the solver is designed to handle, for example either (2.17) or (2.18). The automation
of the parsing process greatly reduces the time required to prototype an optimization-based
algorithm, and also permits the testing of a variety of solvers for a given problem. Parsers
have been developed for high-level languages such as Matlab® or Python [19, 20|, while
low-level languages such as C or C++ typically require “hand parsing” a problem into its
standard form [14]. A notable exception is the C/C+-+ based solver BSOCP developed by
Dueri et al. [15, 16] that has an accompanying parser written in C+-+.

For algorithm implementations designed to be run in real-time on an aerospace vehicle,
hand parsing is a necessary final step. We explore this in more detail in Chapter 5, which is
devoted to a systematic procedure to hand parse the class of SOCPs that arise most often

during the numerical solution of optimal control problems in the aerospace domain.
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2.2.3 Transcription Methods

One of the central themes of this dissertation is to solve optimal control problems in the form
of Problem 1 by solving a sequence of convex optimization problems of the form of (2.17).
The primary difference between Problem 1 and (2.17) is that the feasible domain of the former
is an infinite-dimensional space of functions, while the feasible domain of the latter is a finite-
dimensional vector space. Moreover, the constraints in (2.17) have a very specific form; they
must either be affine or representable as a second-order cone. Problem 1, however, contains
nonlinear differential constraints of the form (2.6b) and possibly nonconvex constraints (2.6¢)

and/or (2.6d).

A transcription method bridges the gap between optimal control problems and parameter
optimization problems (convex or nonconvex). This is done by approximating the infinite-
dimensional space of functions with a finite-dimensional space of functions by making certain
assumptions about how the control varies as a function of time. In doing so we are reducing
the “size” of the set of feasible trajectories, and understand that it is therefore only possible
to compute sub-optimal solutions this way. (Unless the control function that is optimal in
the sense of the maximum principle also happens to be a member of this finite-dimensional

space of functions.)

Moreover, a continuous-time constraint of the form x(t) € X, as present in (2.6d), implies
an infinite number of constraints; one for each instantaneous value of time in the interval
[to,tf]. To achieve a finite-dimensional representation of this constraint, we merely impose
the constraint at a finite number of times in the interval [to, ], thereby approzimating
feasibility. Only in special circumstances will there be a theoretical guarantee that enforcing
a constraint at finitely many times in the interval [to, ;] will imply that the constraint is in

fact satisfied for all times in the interval.

Transcription methods are likely the most important tool in the art of trajectory opti-
mization. In addition to the solver that is used, the transcription method drives properties

such as algorithm convergence, numerical robustness and computer memory storage require-
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ments. Some textbooks that cover the subject are [21] and [22], and several articles have

surveyed the field with a particular focus on aerospace applications [23, 24, 25, 26, 27|.

2.3 Hypercomplex Numbers: Quaternions & Dual Quaternions

A coordinate frame is denoted by F and represents a right-handed orthonormal triad of basis
vectors {x, y, z}. When a subscript F; is used, the corresponding basis vectors inherit the
subscript {x1, y1, z1}. A vector that is given the same subscript shall be understood to
mean “resolved in the coordinates of frame F;”. Mathematically, this may be expressed for
r; € R? as

Ty =TT + TyY1 + 721, (2.19)

or simply written as 71 = (ry, ry, r.) € R®.
The set of possible orientations of one coordinate frame relative to another is given by

the special orthogonal group in three dimensions,
SO3) ={C e R¥>3| detC = +1,C~ ' =C"}. (2.20)

The elements of this set are commonly referred to as rotation matrices and have six free
parameters. If the vector r has coordinates r; in F; and coordinates ry in F5, then the

relationship ry = Cy;7; holds for a rotation matrix Cy € SO(3).

2.3.1 Quaternions

Quaternions are used to parameterize the orientation of one coordinate frame with respect
to another, and serve as an alternative to rotation matrices. To avoid unecessary pedantry,
quaternions shall be considered four-dimensional elements of the vector space R*. A more
rigorous construction of quaternions and the algebraic rules that they obey can be found
in Appendix A. A quaternion g € R* is composed of a vector part, g, € R?, and a scalar part,

g4 € R, such that g = (qv, q4). According to the multiplcation rules derived in Appendix A,
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the product of two quaternions g, p € R* can be written as

q®p = qlep =[P4, (2.21)
where,
wuls +q; q . |palz—pF PO
lg]e = . , and [p] = ; : (2.22a)
—q, qa —D, Ps

To illustrate how quaternions are related to attitude and the set SO(3), a third attitude
parameterization is required. Using Euler’s famous theorem that a general displacement of
a rigid body with one fixed point is a rotation about an axis through that point [28, 29|,
each rotation matrix can be identified with an azis-angle pair (a, ). Here, a € R? denotes
the unit vector pointing along the fixed axis of rotation and ¢ € [0, 27| is the angle that is

rotated through. The rotation matrix is related to these parameters by

C =cospls + (1 —cosp)aa’ — sinpa™, (2.23)
where,
0 —a, aqay
a*=la 0 -—al. (2.24)

Consider now three coordinate frames JF;, F», F3 and the associated rotation matrices Coy,
C3 and C3; = C32Cy;. By associating the axis-angle pairs (a1, ¢1) = Ca1 and (az, ¢2) = Css,

we can then show by using (2.23) that the axis-angle pair (as, p3) = C51 can be written as

sin % as = sin % Ccos %al + cos % sin %ag + sin % sin %af as, (2.25a)
cos 22 = cos P cos 22— sin P sin @arag. (2.25b)

2 2 2 2 2
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By defining the quaternions

sin £La;
qz1 = and g3y =
cos & cos 2

sin 22q
27 (2.26)

the multiplication rule (2.21) turns out to be exactly equivalent to the composition rule
in (2.25). Thus for a general axis-angle pair (a, ¢) that describes the rotation of a rigid body
with a single fixed point, the corresponding quaternion is q = (sin £a, cos %) € R%. The

fact that @ a = 1 translates to a unit length condition on the quaternion:

q'q = sin’ gaTa + cos® g =1. (2.27)

It is therefore the set of unit quaternions that describe rotations of a rigid body. The set
of unit quaternions is denoted by RZ := {q € R*|q"q = 1} and can be thought of as the
three-dimensional sphere (three-sphere) embedded within R?*. Using the expression (2.23)
in addition to the definition of the quaternion in terms of the axis-angle pair leads to the
expression

C=qil3 — 2019 +q)q; + q.q, - (2.28)

The quaternion based analogue of the rotation operation ro = Csr; can then be derived

using (2.28) as follows:

re = (3]s — 2q1q) + @} q) + quq, ) 71,

T2| uls —q) q| |@uls—q; —qu| |m
0] -4, @ a, 44 0
= [a']eld)5 = [q"]e ®q|=q® ®q, (2.29)
0 0 0 0

where g* denotes the quaternion conjugate that will be defined shortly in (2.30).

The most important operation using quaternions is the product defined in (2.21). An
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important characteristic is that the product of two unit quaternions remains a unit quater-

nion [30]. Two other operations are also used. First, the quaternion conjugate is defined to

be

q" = : (2.30)

Given two quaternions q,p € R, the quaternion conjugate permits the definition of the
multiplicative error quaternion as q = q* ® p. The (multiplicative) identity quaternion is
defined as giq = ¢* ® ¢ = (03x1, 1).

Next, the quaternion cross product is defined as

q2p=|qlop = [P5a, (2.31)
where,

g4  —q3 QG2 1

uls +q; q, qs Q4 —q@1 Q2
lalo = = : (2.32a)

O1x3 0 —G2 @ Q@ g3

yz pP3  —P2 N

N pals —P; Do —P3 P4 P1 P2
[p]®: = ) (2.32Db)

O1x3 0 P2 —P1 Ps D3

All three-parameter representations of rigid body rotations suffer from the presence of a
singularity [29]. A singularity here refers to an ambiguity whereby a given set of parameters
may correspond to numerous rotations.®> Unit quaternions provide a minimal singularity-

free parameterization of the set of rotation matrices and form a double cover of SO(3). The

3The most common singularity encountered is that of gimbal-lock when a set of three Euler angles are
used to describe a rotation.
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double cover arises from the fact that g and —q correspond to the same rotation matrix,

which can be seen from (2.28).

2.3.2  Dual Quaternions

Dual quaternions extend the quaternion parameterization to capture both the relative ori-
entation and relative position of two coordinate frames. A dual quaternion is defined as
an eight-dimensional vector ¢ € R® and is composed of a real part, g € R* and a dual
part go € R*, such that g = (ql, qg). In the same way as for quaternions, a derivation of
dual quaternions and the algebraic rules that govern their use (as well as the origin for the
nomenclature) is given in Appendix A.

Much like unit quaternions represent rotational motion, it is the set of unit dual quater-
nions that are used to represent the more general rotation and translation of a rigid body [31].
As shown in Appendix A, a unit dual quaternion satisfies g, q¢; = 1 and g, g, = 0. Conse-

quently, the set of unit dual quaternions is defined as
R, :={¢=(q1, ) €R® | q1 €R}, q/ g2 =0} . (2.33)

Unit dual quaternions therefore form a six-dimensional submanifold within R®. Note that
the first constraint forces the real part of a unit dual quaternion to be a unit quaternion,
or an element of the three-sphere R%. The second constraint forces the dual part of a unit
dual quaternion to be an element of the (three-dimensional) tangent hyperplane of the three-
sphere at the point g;. As such, the set of unit dual quaternions in (2.33) can be interpreted
as the union over the three-sphere of the Cartesian products of each q; and the corresponding
three-dimensional tangent hyperplane to the three-sphere at q;.

Let ¢, p € R® be two unit dual quaternions. Dual quaternion multiplication is defined

using the quaternion multiplcation rule (2.21) according to

qop=[qlep =[P4, (2.34)
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where,

; [@1]o  Oaxa . [P1]5 Oaxa
(e = S oand [Bli=| 00 (2.35)
[@2]e [ai]e [p2]5 [p1]5
Note that the product ¢ ® p remains a unit dual quaternion. Similar to the quaternion case,

the dual quaternion conjugate can be defined as

q = (2.36)

where g}, g4 are given by (2.30). Lastly, the dual quaternion cross product is defined using

the quaternion cross product as

qop=dlop =[P4, (2.37)
where,
[q]o = i)o Oua and [p]}, = Pilo Ot ) (2.38)
(@] ailo [Pl [Pl

2.3.8  Dual Quaternions & Rigid Body Motion

Consider the two coordinate frames JF; and JF,. Assume that F; is a non-rotating frame
with a fixed origin, and F, is a possibly rotating frame whose origin is the center of mass
of a rigid body. The geometric position vector pointing from the origin of F; to the origin
of F3 is denoted by r. The coordinates of this position vector in each frame are therefore
denoted by r; and 7r,. Assume that the orientation of F, with respect to Ji is given by the
unit quaternion g. A pure rotation by the unit quaternion q is represented by the unit dual
quaternion q = (q, O4X1). A pure translation may be described either by g = (qid, %'rl) or
by g = (qid, %Tz). Note that r; and 79 are assumed to have a zero scalar part here (i.e., they
are pure quaternions). A general displacement is given by either a rotation by g followed by

a translation by 75 or a translation by 7, followed by a rotation q. These two sequences are
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Figure 2.2: Rotation followed by translation is equivalent to a translation followed by a
rotation.

geometrically equivalent, as shown in Figure 2.2.

The composition of a rotation and translation is given by dual quaternion multiplication.
Using the representations of a pure rotation and a pure translation, it follows that the unit

dual quaternion representing the difference between these two frames is

q q

Q.
I
|

€ RS, (2.39)
3T ®q 54 QT

The first expression describes a translation by r; followed by a rotation q, whereas the second

expression describes a rotation by g followed by a translation 5. The equivalence of the two

expressions in (2.39) also follows from the relationship derived in (2.29).

Velocities can be represented using dual quaternions by appending a zero scalar part to
the usual angular and linear velocities. Let ws, v € R* respectively denote the angular and
linear velocities resolved in the frame F,. We take vy = 75 + wiry, and define the dual

velocity to be
w
o= "| eRr® (2.40)
Vo

This definition permits the use of the expression 7 = ¢* ® v, ® g while remaining consistent
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with the transport theorem.
The definition of the dual quaternion in (2.39) in conjunction with the quaternion triple
identity (see [32]) leads to the following lemma, which can be proven by construction and is

instrumental in expressing constraint functions in terms of the unit dual quaternion.

Lemma 2.3. Let q € R? be the unit quaternion that maps coordinates from frame Fi to
Fo. Let v denote the vector from the origin of Fy to the origin of Fy. Consider the pure
quaternions ¢, d, € R* whose vector parts have coordinates ¢y, dy in Fi and ¢z, dy in Fo.

Using (2.39), the following equations hold:

O4x4 [Cl]®

rici=q MG, where M, = , (2.41a)
_[Cl]® O4xa
_O colt '

rico =G Mo, where My= | ezl , (2.41b)

[02]% O4x4

cileolda]y O
cidy =q' Msg, where Ms= lerlaldale Oaxs : (2.41c¢)

O4><4 04><4

~ O4 4 04 4
Irills = 12Badllss where Eg=| "0 "7 (2.41d)

_O4><4 ]4
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Chapter 3
POWERED DESCENT GUIDANCE

— Wernher von Braun

Powered descent guidance refers to the problem of transferring a vehicle from an esti-
mated initial state to a target state using rocket-powered engines and/or reaction control
systems. A guidance trajectory, in this context, is understood as a trajectory that will au-
tonomously achieve this objective using the available actuation methods. In the (theoretical)
presence of zero environmental disturbances, zero model error, and perfect state estimation
and actuation, the guidance trajectory will be precisely the trajectory followed by the vehicle.

Powered descent guidance is inherently a challenging problem due to the physics of the

! and this difficulty is compounded by the addition of precision landing require-

problem,
ments, atmospheric interactions and constraints that arise due to navigation, communica-
tion, and/or thermal system requirements. While each celestial body targeted for landing
presents unique design considerations, all powered descent methods are universally subject
to a set of such constraints. The payoffs for overcoming these challenges are numerous: in-
creased scientific return from a given mission, lower cost-per-kilogram to launch spacecraft
from Earth, and the possibility of establishing permanent human outposts elsewhere in our
solar system [33, 34].

The need for autonomy is clear, as it is not feasible for a rocket booster returning to the
Earth to be piloted and landed by humans, and (robotic) missions to other celestial bodies

suffer time delays that prohibit direct control from humans on Earth. Despite the historic

success of piloted lunar landings during the Apollo program, autonomous powered descent

1Just try to balance your pen upright in the palm of your hand.
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and precision landing have been identified as key enabling technologies for future robotic and
human missions [34]. This need for autonomy in conjunction with the definition of guidance
above imply the need to compute trajectories in real-time onboard the landing vehicle, which
for the case of powered descent equates roughly to an algorithm runtime on the order of
one second or less. We will explore the details of a real-time algorithm implementation in
Chapter 5, while this chapter focuses on the optimal control problem statements relevant to
precision landing and their theoretical solutions.

In designing a real-time algorithm that is intended to provide an “optimal” solution, it is
helpful to understand exactly what optimal means. Even the (sub-optimal) Apollo guidance
system was verified to produce descent braking phase trajectories that consumed as near as
16 kg to the optimal solution [35]. Theoretical results are therefore discussed first, and used
as a basis from which subsequent numerical results in Chapters 4 and 5 can be validated.

This chapter is organized as follows. First, a review of the substantial literature in pow-
ered descent is provided in §3.1. Next, a technical discussion of the 3-DOF translation-only
landing problem is provided in §3.2. The 3-DOF problem has been studied since (at least)
the days of the Apollo program, and its development arc provides a natural starting point to
frame our extensions to more general landing problems. Section 3.3 provides a formulation
and solution of the planar landing problem that begins to consider how the inclusion of atti-
tude variables affect the optimal solution of powered descent guidance problems. Section 3.4
provides a general problem statement for the 6-DOF landing problem. Given the complexity
of the 6-DOF problem, no analytical solutions exist, to the best of our knowledge, in the
same way that they do for the 3-DOF and planar landing problems. We will therefore turn
to iterative numerical algorithms in Chapter 4 to solve 6-DOF powered descent guidance

problems.
3.1 Review of Past Work

Research in the area of powered descent guidance began in earnest when the Apollo program

set its sights on achieving a piloted lunar landing. Until that point, no rocket-powered
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spacecraft had achieved a controlled soft landing on a celestial body. While the Apollo
lunar modules were piloted by humans, the guidance system was capable of landing the
spacecraft autonomously [35]. Apollo guidance is a 3-DOF translation guidance method,
with attitude commands computed separately using the generated thrust commands in a
cascaded architecture. Despite the popularity of powered descent guidance as a modern
research topic, Apollo-derived methods still form the core of nearly all guidance methods

that are flown on real missions [36, 37, 38|.

While Apollo guidance is not, strictly speaking, optimal in any sense, its designers
were aware of theoretical work that studied the problem of propellant-optimal soft land-
ings 39, 40, 41]. The work of Lawden in [40] is often credited as the originator of several
key insights; he developed analytical expressions for the optimal trajectories of the general
3-DOF guidance problem. Some of these results are summarized in §3.2. At the time, how-
ever, numerical solutions to such problems were difficult to obtain. The first computationally
tractable solutions sufficient for a flight implementation were limited to 1-DOF vertical de-
scent trajectories [41]. These early results, obtained by using the maximum principle, were
quite promising, but were not developed in time for use during the Apollo program. The
end of the Apollo program came with it a quiescent period for powered descent research
that began in the late 1970s. The major shift to the Shuttle program and its use of the
reliable PEG guidance [42, 43| meant that only a few authors continued to develop methods
for rocket-powered descent for non-Earth bodies [44, 45, 46, 47]. It would be nearly 40 years
before the next major results appeared.

Research on propellant-optimal powered descent garnered renewed interest due to robotic
Martian landing missions around the turn of the century. D’Souza investigated a simplified
(no mass variable) 3-DOF landing problem using a combination of minimum acceleration and
final time as the cost [48]. No path constraints were imposed on state or control variables, but
an analytic feedback control law was realized. Topcu, Casoliva and Mease presented results
for the 3-DOF landing problem using the maximum principle [49, 50|. Their results largely

mirror Lawden’s, though numerical trials using newly available software were provided to
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confirm theoretical results. Several authors have continued to develop analytical solutions
to the first-order necessary conditions for the 3-DOF problem [51, 52, 53]|. Very efficient
numerical routines for obtaining optimal thrust programs have been developed [51, 54|,
though these algorithms can in general only handle a very limited set of state and control
constraints.

At the same time, Agikmese and Ploen published work with an alternate viewpoint on
the 3-DOF problem [55, 56, 57|. These works took a convex programming approach, and
showed that a nonconvex lower bound on thrust magnitude can be relaxed to a convex
constraint by using a slack variable. Using the maximum principle, they showed that in
fact this relaxation is lossless, in the sense that the relaxed problem yields the same optimal
solution as the original problem. A subsequent change of variables and an approximation led
to a fully convex problem formulation that can be solved efficiently (see §3.2). This lossless
convexification result bridged the remaining gap between theoretical understanding of the 3-
DOF guidance problem and the ability to obtain numerical solutions quickly and efficiently.
The theory of lossless convexification has since been expanded to nonconvex thrust pointing
constraints [58, 59, 60|, minimum-landing error problems [61] and more general optimal
control problems [62, 63, 64, 65]. These efforts culminated in the development of a custom
second-order cone programming solver [15, 16| and successful tests of the guidance system
in terrestrial flight tests [66, 67].

Each of the references given thus far present guidance methods where it is assumed
that the attitude commands are computed separately using a cascaded architecture (i.e.,
thrust commands feed an inner-loop attitude controller). More recent work has explored
the generalized 6-DOF guidance problem that considers both translational and rotational
motion of a rigid body. A driving requirement for this generalization is the need to model
vision-based pointing constraints for modern navigation sensors [34, 68]. Such constraints
couple the rotation and translation of the vehicle, and cannot be easily enforced when the
two are considered separately.

A theoretical characterization of the solution(s) to the propellant-optimal 6-DOF problem
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remains an active area of research. As a result, we define and analyze an intermediate
problem, the planar landing problem, that can be understood to be a special case of the
6-DOF problem, but one for which we are able to derive theoretical properties of the optimal
solution using the maximum principle [69]. The planar landing problem has translational
motion that is restricted to a two-dimensional plane, and a single attitude variable. The
results can be used to (partially) validate numerical algorithms designed to solve the more
general 6-DOF problem, and represent an incremental step forward in our understanding of

propellant-optimal powered descent.

Previous work on 6-DOF powered descent include the use of Lyapunov techniques [70],
model predictive control [32, 71| and more recently feedforward trajectory generation tech-
niques |72, 73, 74, 75, 76, 77, 78]. Each of these references present numerical solution tech-
niques to the 6-DOF landing problem. The state variables selected for the 6-DOF problem
formulation can be used to classify various methods. For example, one may use standard
Cartesian variables in conjunction with unit quaternions, homogeneous transformation ma-
trices, dual quaternions, or another parameterization. There are relevant advantages and
disadvantages between the various parameterizations, but this distinction is largely a design

choice, and we shall focus on the use of unit dual quaternions.

3.2 3-DOF Landing Problems

The 3-DOF guidance problem focuses solely on the translational aspects of the powered
descent problem; an assumption that is equivalent to assuming that the vehicle itself is
represented as a point mass for the sake of trajectory generation. We assume that the
attitude of the landing vehicle may be controlled well enough to follow the computed thrust

commands. A surface-fixed reference frame, F,, is assumed to have its origin at the intended
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Figure 3.1: A notional 3-DOF landing scenario where the vehicle is approximated as a point
mass for the sake of trajectory generation.

landing site with basis vectors {x, yr, z¢}. The vehicle’s state vector is taken to be

o(t) = |rp(t)]| €R". (3.1)

Here, m(t) € R, denotes the vehicle’s mass, r.(t) € R*® denotes the surface-fixed position
vector and v, (t) € R? denotes the surface-fixed velocity vector. For the present study of
optimal solutions, the following assumptions are made: the rotation rate of the planet can be
ignored and the frame F, may be approximated as inertial, aerodynamic forces (if present)
can be ignored for trajectory design and subsequently treated as a disturbance, the landing
takes place sufficiently close to the surface that the gravitational acceleration vector may be

taken as a constant. A notional landing scenario is depicted in Figure 3.1.

Remark 3.1. Each of these assumptions may be relazed to a varying degree and analytic
optimal trajectories still obtained. For example, [40, 79] provide solutions to the same 3-DOF
landing problem with linear and central gravity models. For the lunar descent scenarios that

motivated this work, the added fidelity of these gravity models was verified to be negligible
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for terminal descent maneuvers, and is hence not considered further. References [58, 60, 66/
discuss the addition of planetary rotation, a feature that is required when the distance traveled

during a descent maneuver is non-negligible compared to the planetary radius.

The mass is assumed to vary as a linear function of the thrust magnitude according to

1
m(t) = —allus(t)]o, o= , 3.2
(1) = ~olluc()]: i~ (32

where u,(t) € R?® is the thrust vector, I, is the vacuum specific impulse and g, is the
acceleration due to gravity at sea level on Earth. The kinematics and dynamics governing

the position and velocity states are then

Fet) = ve(t), Be(t) = ——up(t) + g (3.3)

m(t)

where g, € R3 is the (constant) gravitational acceleration vector. The thrust magnitude is
constrained according to

Umin S ||u£(t)||2 S Umax (34)

where 0 < Upin < Unax defines the permissible range for the thrust magnitude. The boundary

conditions enforce a given position and velocity at both the initial and final times, but only

the initial mass is fixed:

m(to) = mie, Tc(to) =7Tric, Ve(to) = Ve, (3.5a)

T'E(tf) = r£7f7 'vﬁ(tf> = ’UEJ. (35b)

The initial time ¢y € R, is assumed to be fixed and without loss of generality may be assumed

to be zero. The final time t; € R, is a free variable.

A minimum propellant objective is used, and is traditionally formulated in Lagrange form

using the two-norm of the thrust w,(t). It is therefore appropriate to take L(w(t), u(t), p) =
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llus(t)|]2 in (2.5). In some cases it can be useful to leverage (3.2) and note that

2] tro1
/ mm@mﬂuzj'——m@da
to to o

1

=~ (mlty) = mlt),

o —mi(ty), (3.6)

because m(ty) and a are both given constants. The minimum propellant objective can
therefore be equivalently cast in Mayer form by using M (w(tg), zc(tf),p) = —m(ty). The
distinction is primarily one of taste, and all theoretical results hold regardless of which form
is used. Other cost functions, such as minimum-landing error [51, 61] or minimum-time

problems are also possible.

Given the dynamics, constraints, boundary conditions and cost, the 3-DOF powered

descent guidance problem can be stated as the following optimal control problem.

Problem 2. Find the piecewise continuous control function ws(-) and final time ty € Ry

that solve the following problem:

i [ luctolar (372)
ot i(t) = —alluc®)ls,  Fot) = ve(t), o) = %uc(zﬁ) Yge  (37h)
m(to) = mic, Tc(to) = Trie,  ve(lo) = Ve, (3.7¢)

re(ty) =rey,  ve(ty) =vey, (3.7d)

Umin < |z (t)|l2 < Umax (3.7e)

For clarity of exposition in discussing the optimal solutions to Problem 2, the argument

of time, ¢, shall be dropped unless it is needed to explicitly refer to a boundary condition.
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The Hamiltonian for Problem 2 is given by
1
H = Nolluclls — adm|luclls + X v + A} (Eug + g£> : (3.8)

The optimal thrust can be decomposed into a direction and magnitude using u, = I'p, where
now ' = ||uz|l» € R must satisfy the constraint tyi, < T' < tpay and p € R? is a unit vector.
The inputs I', p can be thought of as replacing the input w,, provided that the additional
constraint ||p|l2 = 1 is satisfied. The Hamiltonian (3.8) can be rewritten in terms of these

two inputs as

r
H=N—de) T+ =N D+ v+ gr. (3.9)
m

Invoking the maximum principle — in particular (2.9) — the optimal thrust direction is the
choice of unit vector p that maximizes (3.9). Because I' and m are both positive numbers,

this corresponds to an optimal direction of

1Az

*

P (3.10)

The vector p* is so important to the solution of this problem that Lawden termed it the
primer vector [40]. The optimal thrust vector is always in the direction of the primer vector

for the 3-DOF problem. Using (3.10), the Hamiltonian can be simplified to
1 T T
H = )\O—CY)\m—i-EH)\vHQ F_'_)‘r U[;+)\Ug£. (311)
The costate equations given by (2.8) are then
. T . .
)\m == wHAUHQ, >\r - O, >\v - _)\m (312)
and the transversality conditions are found by applying (2.10) to be

Am(ty) =0, H(m(ty)) =0. (3.13)
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Recall that the definition of 7(t;) is given in Theorem 2.2. An immediate consequence
of (3.12) is that
Ay = =Nt + Ao, (3.14)

where A, Ay € R3 are both constant vectors. That A, is a linear function of time will prove
crucial in determining the time-profile of the thrust magnitude I' along optimal solutions.
The main result for this problem is summarized below, various accounts of which can be
found in [40, 47, 50, 51, 56, 80].

Theorem 3.2. The optimal thrust magnitude for Problem 2, T'* = ||[u}||2, satisfies either

I = Umin 0 T = Unax and has at most three subarcs in the order of mazx-min-maz.

Proof. Using (3.11), define the switching function
1
m

According to the maximization criteria (2.9) of the maximum principle, the optimal thrust

magnitude is given by

(
Umin, S < 07

P*

U’ma}u S > 0, (3.16)

S (uminaumax)a S = 0

\

The third case where S = 0 is referred to as a singular arc. The statement of this theorem
says that singular arcs are not possible along optimal solutions. To see why, assume for a
contradiction that S = 0 for some interval of time [t1,%s] C [to,tf] with ¢; < 5. On this

interval, S = 0 must also hold, where

. . m 1
S =—ad, — — [ Aullp = ————X N, 3.17
« m2|| H2 mH>\v||2 v ( a)
al™ al™ 1
= ——||A, — X2 — AT, 3.17b
m2 H H2 + m2 H H2 TTLHAUHQ v ( )
1
= (A At = AT Ap) (3.17c)

m| A2
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If S = 0 over an interval of time, then /\;r/\r =0 and )\TT)\MO = 0 because each have constant
values. Both A, and A, cannot both be zero, since (3.14) would imply that A, = 0 for all
times t € [tg,ts]. If this were the case, then A, (tf) = 0 in conjunction with (3.12) would
imply that A,, = 0 for all times as well. The final transversality condition H (7 (t;)) = 0
would then imply that Ay = 0, and thus the entire vector (Ag, A) would vanish, violating the
maximum principle’s non-degeneracy clause. Therefore the singular conditions A X, = 0
and A} A, o = 0 imply only that A, = 0. Through (3.14), the primer vector A, = A, must

be constant in time. The transversality condition (3.13) then leads to
H(7(t})) = Xy o9c =0, (3.18)

which implies that the primer vector (and hence thrust direction) is orthogonal to the grav-
itational acceleration everywhere along the optimal solution. Based on the assumption of
constant and vertical gravity, this leads to the conclusion that in the z, direction the vehicle
is in free fall. Any boundary conditions for which the final vertical velocity is smaller than
the initial vertical velocity (in absolute value) are therefore not achievable. This contradicts
nearly all boundary conditions of interest in powered descent. Hence a singular arc is not
optimal and S # 0 for almost all ¢ € [to,t;].2 See [56] for a more general proof of this
contradiction for any boundary conditions.

To establish the max-min-max structure of T'*, consider the function S given by (3.17¢).
The sign of this derivative is governed by the bracketed term, and may only switch once from
negative to positive as ¢ — ¢ because S > 0. This implies that the value of S may change
sign at most twice, leading to at most three subarcs where either I'* = i, or I'™ = Upay.
Because the sign of S is positive, the sign of S can only go from positive to negative to

positive, and therefore the most general switching structure is max-min-max. O]

It is worth noting that even with more general gravitational models, up to and including

2The “almost all” here refers specifically to cases where the function S may have a zero-crossing, so that
S = 0 can occur for a single instance of time, but not an interval of time.
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a central Keplerian model, the result that I = wuy;, or I'" = uya, holds. However, these
more general models can lead to a different switching structure and result in more subarcs

than simply max-min-max [40, 51].

3.2.1 Lossless Convezxification

The knowledge of the switching structure for the 3-DOF powered descent guidance problem
permits the design of numerical algorithms that solve the necessary conditions of optimality.
The most mature technology that does so is likely the universal powered guidance algo-
rithm detailed in [51, 54]. This approach is limited however, to the problem statement given
in Problem 2 and the use of nonlinear root finding techniques. Additional input or state
constraints cannot typically be added without reproving a new version of Theorem 3.2, and
adjusting the numerical algorithm. A potentially better approach is that of lossless convexi-
fication, whereby the proof of Theorem 3.2 is used to establish the equivalence of Problem 2
and a relaxed problem whose control constraint set is convex. Note that the set of feasible
controls in Problem 2 is nonconvex due to (3.7¢). This result was first demonstrated in [56]
and a brief review of the main idea is presented here.

Consider the following relaxed version of Problem 2.

Problem 3. Find the piecewise continuous functions I'(-) and u,(-) and final time ty € Ry

that solve the following problem:

ty
ro /t O I(t)de (3.19a)
st () = —al(t), re(t) = ve(t), we(t) = ﬁuc(t) tge, (3.19D)
m(ty) = mic, 72(to) =Trie, V(o) = Ve (3.19¢)
re(ty) =7y, wve(ty) =vey, (3.19d)
Umin < T'() < Umax (3.19¢)
luc(t)]2 < T() (3.19f)
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The new constraint (3.19f) is a second-order cone, and hence the control (u,(t),T'(t))
takes its values in a convex set U for all times ¢ € [ty, t]. The Hamiltonian for Problem 3 has
exactly the form of (3.9) but with p replaced by w,. The same invocation of the maximum
principle results in ||u}||2 = I'*. This implies that tumin < [[ul]|2 < Umax and hence the input
u} is a feasible solution for Problem 2 as well. The exact same steps given in the proof of
Theorem 3.2 lead to the conclusion that either I'* = u,;, or I' = u.y, and there is at most

three subarcs with a max-min-max order. Hence u} is optimal for Problem 2.

What stands between Problem 3 and simply applying a transcription method to obtain
a convex optimization problem is the nonlinear dynamics that govern v, in (3.19b). This is

remedied by the change of variables:

r
o=—, vp= %, z = Inm. (3.20)
m m

The variable z replaces the mass m in the problem formulation, and has the dynamics
2 = —ao. The previously nonlinear dynamics for v, become a linear function of v, and
the convex constraint (3.19f) is equivalent to ||vz||2 < 0. However, the constraint (3.19e)

becomes nonconvex in z and o:
Umin€ = < 0 < Upax€ . (3.21)

This constraint can be approximated to within 2% for powered descent maneuvers that take

less than 70 s with the following convex constraints [56]:

0 < Umax (1 — (2 — 20)), (3.22a)

0 > Unmin (1 —(z—2) + %(z — 20)2) : (3.22b)

where 2p = In(m;. — Qumaxt). The constraints (3.22) represent a Taylor series approximation

to the constraint (3.21) about zy, which is a lower bound on z everywhere. The additional
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constraint zp < z < In(m;. — auyiyt) ensures that the new variable z satisfies the physical
constraints required of the vehicle’s mass. In summary, the relaxed problem with the change

of variables and subsequent approximation can be stated as follows.

Problem 4. Find the piecewise continuous functions o(-) and v(-) and final time ty € R, |

that solve the following problem:

ty
min / o(t)dt
to

U(')vuﬁ(')vtf
s.t. 2(t) = —ao(t), 7(t) =ve(t), vo(t) =ve(t)+9c,
2(to) = 20, To(to) =7rie,  ve(to) = Viic

re(ty) =rey, ve(ty) =vey,

1

i (1= (00) = 2(0) + 3610 = (0 ) < 0(0) < e (1= (+00) = a(0)

n(mo — atmaxt) < 2(t) < In(mo — aumint),

lve(®)ll2 < o)

Problem 4 is now a convex optimal control problem, whose solution closely approximates

that of the nonconvex optimal control problem given by Problem 2.

The (approximate) equivalence of Problem 4 and Problem 2 can be extended to the
case of a minimum-landing-error cost function [61], and the addition of thrust pointing
constraints [58, 60]. Similar lossless convexification results can also be derived for more
general linear and nonlinear systems |63, 64, 81|. The use of convex optimization to obtain
numerical solutions for a variety of problem statements, its demonstration in a real flight test
(G-FOLD, see [66, 67]) and the fairly complete theoretical understanding of the problem, all
support the conclusion that the 3-DOF problem is a solved problem in most any sense of the

term.
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3.3 Planar Landing Problems

Until recently, the 3-DOF problem was the most general powered descent problem for which
the structure of the optimal control solution, in the sense of Theorem 3.2, was understood.
The 6-DOF problem that we present in §3.4 is a much broader problem statement for a rocket-
powered rigid body — but a theoretical characterization of the propellant-optimal solution(s)
to this problem is a very challenging area of active research. Rather than attempting to
directly solve the more general 6-DOF problem, this section takes an incremental step beyond
the 3-DOF scenario by introducing a single attitude variable and restricting the translational

motion to a plane that is fixed in the landing frame.

We call this intermediate problem the planar landing problem, and it can be understood
as a special case of the 6-DOF problem [69]. Fortunately, we are able to derive characteristics
of the propellant-optimal solutions to this problem using the maximum principle, and relate
these characteristics to what we know from the 3-DOF analysis in §3.2. This understanding of
the planar landing problem can be used to (partially) validate numerical algorithms designed
to solve the 6-DOF problem. By choosing the problem data to align with the assumptions of
the planar landing problem formulation, we would expect the numerical algorithm to return
trajectories that are in line with the to-be-derived theoretical properties of the planar landing

problem.

Because we now consider the orientation of the (non-point mass) vehicle, we introduce a
body-fixed coordinate frame Fp with origin at the center of mass of the (rigid) vehicle and
coordinate vectors {xp, ys, zg}. We describe the vehicle’s motion in the same landing frame
Fr as used in §3.2, and we maintain the same assumptions that planetary rotation and any
atmospheric effects can be ignored for the study of optimal descent trajectories. We further
assume that the acceleration due to gravity is constant, so that g, = —gz,, where g is the

acceleration due to gravity at the surface of the planet under consideration.

The additional assumption that leads to planar motion is that the initial position and

velocity vectors, in the landing frame, lie in a plane that contains the landing site. In this
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Figure 3.2: A notional planar landing scenario, where the vehicle’s motion is restricted to a
plane and attitude is now considered as part of the problem.

case, we may assume without loss of generality that the vehicle’s motion evolves in the y.-z,
plane.® See Figure 3.2 for a depiction. The inertial position and velocity vectors can then
be written as r2(t) = (y(t), 2(t)) € R? and v (t) = (v,(¢), v.(t)) € R?, and the attitude of
the vehicle can be represented by a single angle, which we denote by 6(¢) € R, and define to

be the angle formed between zz and z,.

We assume that a single main engine and separate torque generating actuators provide
the control authority during the descent. The main engine is assumed to be rigidly affixed
to the vehicle so that the thrust direction is fixed in the body frame and passes through the
center of mass. The main engine has a variable thrust magnitude denoted by I'(t) € R, and
the independent torque input is denoted by 7(¢) € R. See Fig. 3.2 for an illustration of the

control configuration.

3Provided that there are no state constraints that couple the rotational and translational motion, see 73]
or §4.3 for an example where out-of-plane motion can be induced by such a constraint.
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The thrust vector can be expressed in the landing frame as the product of the thrust

magnitude and the (unit) direction vector that is a function of the vehicle’s attitude:

—sin 0(t)
us(t) =T@#)d(t), d(t) = € R% (3.24)
cos 0(t)

The control variables are the scalar-valued functions I'(+) and 7(-), each of which are assumed

to be piecewise continuous. The state vector is taken to be

)| R, (3.25)

>

(t)
w(t) |

where w(t) € R is the angular velocity of the body frame with respect to the landing frame.

Using the assumptions of the planar landing problem, the equations of motion are:

i(t) = —al(), Fe(t) =ve(t), 6elt) = (D) + g
(3.26)

where « is defined in (3.2) and J is the inertia about the @z axis in the body frame. Both

control inputs are assumed to be bounded according to

Fmin S F(t) S Fmaxu (327&)

—Tmax S T(t) S Tmax (327b)

where ['yin, Iimax, Tmax € R4 are positive real numbers.
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We constrain the initial and final states according to the following boundary conditions:

m(tO) = My, ’rﬁ(tO) - 'r',C,ica vﬁ(tO) - ’Uﬁ,ica w(tO) = Oa (3288‘)

’I"E(tf) = T'L,f, Uﬁ(tf) = ’UL’f, G(tf) = O, w(tf) = U. (328b)

Note that the initial attitude is not constrained, a feature whose importance we shall discuss
in §3.4 for the 6-DOF problem, and that plays an important role in the results of the planar
landing problem as well.

The minimum-propellant planar landing problem is summarized in Problem 5.

Problem 5. Given an initial time ty € R, find the piecewise continuous functions I'(-), 7(+)

and final time t; € Ry, that solve the following problem:

tf’%%?T(.) /to [(t)dt (3.29a)
st (t) = —al(t), 7ot) = ve(t), Bo(t) = %d(zﬁ) + e, (3.29h)

0(t) = w(t), w(t)= ljt) (3.29¢)

Poin ST(t) < Thaxs - —Timax < 7(t) < Tinax, (3.29d)

m(to) = mic, 7Tc(to) =Trie, velto) = Ve w(te) =0, (3.29%)

Tﬁ(tf) = ’l"[;,f, ’Ug(tf) = ’U[;,f, H(tf) = O, w(tf) =0. (329f)

Existence of Optimal Solutions to Problem 5

Before discussing the characteristics of an optimal solution to Problem 5, let us first estab-
lish the existence of such a solution. To simplify the notation, we henceforth suppress the
argument of time, ¢, except when discussing boundary conditions for which the appropriate
time must be specified to avoid ambiguity.

The dynamics in (3.26) can be written in the form & = f(x,u) for a suitably defined

function f by using the definitions of the state vector in (3.25) and the control vector u =
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(', 7). Moreover, the set of feasible controls given by (3.27) can be denoted by the compact
set U C R™ for n, = 2. Let the set

B = {(a:(to),to,a:(tf),tf) ! to =0, (3.28a) and (3.28b) are satisﬁed} C R*™=2 (3.30)

describe the set of admissible endpoints for Problem 5 for n, = 7.

Suppose that there exists a feasible solution to Problem 5. Let Z C R be a compact
interval and X C R" and V € R™ be suitably defined open regions such that any feasible
solution satisfies x € X and u € V. The composite function (L , f) I XX x VY — Rwtl
defined by the (Lagrange) cost function in Problem 5 and the dynamics (3.26), is continuous
for the planar landing problem. Furthermore, by assuming that the initial attitude satisfies
6(to) € [—m, x|, the final time is bounded by some 1 ax, and the final mass satisfies m(t;) >
0,% the set of admissible endpoints B is a closed set of points in R?"+*2 and we may say that

(to, z(to)) € T x X and (ty, z(ty)) € L x X.

The set of admissible controls U is a compact and convex subset of V because it is defined
by (3.27). Because the dynamics (3.26) are affine in the control vector and U is convex, there
exists a compact set R C Z x X such that all feasible trajectories are contained in R. This

follows from Filippov’s Theorem [4|. Based on these observations, if the set

ot (t,x) = {5= (") |4 > Lw), y = f(w,w), w U} (3:31)

is convex, then by [6, Theorem 4.4.2], an optimal solution to Problem 5 exists. But a vector

(y07 y) S Q+(t,.’lf) — where Yy = (?/17 Y2, Y3, Y4, y5) for Y1, Y4, Y5 € R and Y2, Y3 € R? — if
and only if

w
yo 2 wy, Y1 = —aws, Yz = Vg, Ys = Eld + ac, (332&)

4Similar to [56], the limited fuel carried by the vehicle naturally leads to the existence of a tfmax and
non-zero lower bound on m(ty).
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Yy = W, Ys = %7 Fmin S w1 S Fmaxa —Tmax S Wa S Tmax - (332b)

These constitute a set of linear equalities and inequalities, and hence the set QT (¢,x) is a
convex polyhedron. As such, an optimal solution to Problem 5 exists provided that a feasible

one does.

Optimal Solutions for Problem 5

The Hamiltonian associated with Problem 5 is

r
H = NI — N\ ol + )\Ivg + )\I <Ed + g[;> + Agw + /\“’3’ (3.33)

where \yg < 0 and \ = ()\m, Ars Aus Ag, Ao) € R7 is the costate vector. From (2.8) the

following equations govern the evolution of the optimal costate vector,

. T . . . T .
A= —A0d, A =0, A,=-X, d=-—Ady I\ =-), (3.34)
m m

where dy = ( — cosf, —sin 9) is the derivative of d with respect to . The transversality

conditions derived from (2.10) are
H(m(ty)) =0, No(to) =0, An(ty) =0. (3.35)

where the definition of 7(¢s) is given in Theorem 2.2. Recall that the unit vector in the
direction of A, was termed the primer vector, p*, for the 3-DOF problem, and defined the
optimal thrust direction. A key intuitive observation that will guide the analysis of the
planar landing problem is that when 7,,,, — 00, the translational components of the optimal
planar solution approach those of the optimal 3-DOF solution. This can be seen by noting
that d can be made to track p* with arbitrary precision given an infinite control authority
via the input 7. The desire to point d in this direction follows from the integral form of the

maximum principle given in [3, Theorem 3.1]. However, finite limitations on 7 and boundary
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conditions on the attitude variables render the solutions to the 3-DOF and planar problems
distinct in general. The unit direction p* may not be consistent with the attitude boundary
conditions and/or change too rapidly for the attitude control system to follow by using the
bounded torque input (as captured by 7.x and J). We might still expect, however, that
the primer vector will be tracked as closely as possible. This intuition is formalized in the
remainder of this section.

Importantly, we can see that the costate expressions for A, and A, in (3.34) match those

that occur for the 3-DOF problem in (3.12). Namely, their solutions are

Ar(t) =N, and A (t) = At + Ayp, (3.36)

where A, A, € R? are constant vector quantities. Note that these vectors do not have the
same numerical value between the 3-DOF problem and a planar landing problem; only the
analytic expressions match. (Even if the 3-DOF solution is restricted to a plane and the
vectors become effectively two-dimensional.)

For future reference, we define the switching functions associated with the thrust and

torque as follows

1

Sp = —Ald — a\, + Ao, (3.37a)
m
1

Sr ==\, 3.37b
: (3.370)

We first establish the fact that the costate vector corresponding to the velocity is non-zero
almost everywhere along an optimal trajectory. This preliminary result is key to subsequent
analysis, just as the corresponding statement for the 3-DOF problem was instrumental in

proving Theorem 3.2.
Lemma 3.3. The vector A, associated with Problem 5 is non-zero for almost all t € [to,t].

Proof. The proof is by contradiction. Suppose that A, = 0 for some interval t € [tq,1s],
where ty < t; < t3 < ty. Then (3.36) implies that XA, = 0 and A, = 0 for all ¢ € [to, tf].
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By virtue of the second and third transversality conditions in (3.35) and the corresponding
costate dynamics in (3.34), we then have that \,, = 0 and \g = 0 for all ¢ € [to,?;]. Hence
Aw = Awo for some constant A\,, € R. The transversality condition H(W(tf>) = 0 then
leads to A\g = —™wo/yr. If A\, is zero, then Ay = 0 and the non-degeneracy clause of the
maximum principle is violated, so A, o # 0. The switching function S; in this case implies
that the optimal torque must be 7 = sign (Ay0) Tmax = ETmax for all ¢ € [to, tf]. The dynamic

equation governing the angular velocity from (3.26) then leads to

w(ty) — w(ty) = /tf Gdt =+ /tf T“j"dt £ 0, (3.38)

to to

which contradicts the boundary conditions w(ts) = w(ty) = 0 assumed in (3.28). Hence we

cannot have A, (t) = 0 along an optimal trajectory. O

The following theorem provides the first of two main results for the planar landing prob-
lem, and establishes one of the key connections between the results of the planar landing

problem and the results of the 3-DOF problem (c.f. Theorem 3.2).

Theorem 3.4. The thrust magnitude s non-singular almost everywhere along an optimal

solution of Problem 5.

Proof. The proof is performed in two steps, first by assuming that the torque input is singular,
and then by assuming that it is non-singular. If the torque is singular for some interval of
time ¢ € [ty, to], where ty < t; <ty < ty, then the switching function (3.37b) implies that we
must have A\, = 0 for all ¢ € [¢1, t5]. On this same time interval we must then have A, =0
and hence \g = ).\9 = 0. Using the costate equations (3.34) this means that 0 = )\Idg,
because I' and m are strictly positive. Therefore the vector A, is orthogonal to dy for all
times when the torque is singular. Because d and dy are also orthogonal, we conclude that
d and A\, must be either parallel or anti-parallel, or in other words, that the optimal thrust
direction is aligned with the primer vector and d = £p*.

The switching function associated with the thrust magnitude is given by (3.37a). For
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t € [t1, to] we then have

.ol 1 r
Sr="Ald— —ATd+ —Ald, — —Ald, (3.39)
m m m m
1
= ——\'d, (3.39b)
m

because A dy = 0. Note that if \'d = 0, then by virtue of d = £p* we know that A] A, = 0.
From (3.36) this implies that —||A.||3t + X\ A, 0 = 0 for all ¢ € [t1,t5]. From Lemma 3.3 we
cannot have both A, and A, zero, and thus it must be that A, = 0. Hence Sp = 0 only if
A = 0 on the [t1,t5]. We can show that Sr # 0 when A, = 0 to complete the proof, since

even if Sp = 0 we will have established that a singular arc is not possible.

Assume for a contradiction that A, = 0 and S = 0 for ¢ € [ty, t5]. Using the transversality
condition H (7 (ts)) = 0, it follows that H (7 (t;)) = AJ gz = 0. Because A, and d are either
parallel or anti-parallel, this implies that d'g; = 0. However this condition says that the
attitude is orthogonal to the gravity vector, which means so is the thrust direction. Hence
there is no ability to thrust in the vertical direction and the vehicle is in vertical free fall. Just
as in the proof of Theorem 3.2, this contradicts nearly all boundary conditions of interest in
powered descent. Hence St # 0 almost everywhere when t € [t1, 5] if A, = 0. As a result,

the thrust must be non-singular.

Assume now that the torque is non-singular, so that 7 = £7,,.«, for some interval of time
t € [t1, ta], where tg < t; < to < ty. In this case, one may directly solve the attitude state

equations on this interval to yield

1 Tmax

0(t) = 0(tr) +w(t)(t —t) £ 5

(t —t1)?, Yt € [ty,ty). (3.40)

The switching function for the thrust magnitude is still given by St in (3.37a). If the thrust
is singular, then Sp = 0 for all t € [t1,3]. Accordingly, we would have Sp=0forte [t1,ta],
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and the expression in (3.39a) becomes

. 1
Sp=——Ad+ A dy (3.41a)
m m
1d
0=——(\d 3.41b
— L), (3.410)

which implies that A]d is constant. However, since we know the form of A, as an explicit
function of time via (3.36), we can combine this with (3.40) to obtain A d as an explicit
function of time. The resulting function can be neither zero nor constant over an interval
of time. Essentially, the vector A, varies as a linear function of time, while the vector
d varies sinusoidally with a frequency that increases quadratically in time. They cannot
be perpendicular for an interval of time, but rather only at finitely many instants of time
between ¢; and t,. This implies that Sp # 0 for almost all ¢ € [t1,t5]. As a result, Sp =0 is
not possible except at a finite number of instants over the interval [¢1,t5]. Hence the thrust

magnitude is non-singular almost everywhere on this interval. O

Theorem 3.4 shows that the thrust magnitude must always be non-singular for an optimal
solution, regardless of the value of the torque input. Since singular torque arcs may occur,
we now characterize what these singular torques can look like in terms of the optimal state
and costate vectors. The switching function for the torque input is given by (3.37b), and

along a torque-singular arc, we have S, = 0. Taking Lie derivatives along extremal solutions

results in
JSW = ), (3.42a)
JS?) = %)\Id@, (3.42b)
JSB) = O‘m—F;AI dy — %)\:dg — %’Ajd, (3.42¢)
JSW — (0‘;1;3 — Fm_f) Aldy — 2:;2 Al dy + 2%})\: d— (QO;ZW + %7) Ard, (3.42d)

each of which must be zero along torque-singular arcs. The singular arc is therefore second-
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order. As is already known from the proof of Theorem 3.4 the condition (3.42b) reveals that
A, dy = 0. Substituting this into (3.42¢c) yields

Aldy=—-wAld, (3.43)

along torque-singular arcs. Plugging (3.42b) and (3.43) into (3.42d) then leads to

Ad
T= QJW)\;'—d' (3.44)
Lastly, the generalized (Legendre-Clebsch) convexity condition reveals that
LT
j)\v d>0, (3.45)

which in addition to the fact that A dy = 0 implies that d = p* along torque-singular
arcs! This confirms the initial intuition that the planar landing solution can resemble the
3-DOF solution — we see here that when (and only when) the torque is singular, the analytic
expressions that govern the optimal thrust direction are the same. This also shows that in
cases where the torque is always singular, the most general thrust magnitude profile is max-
min-max, because the equations that govern the optimal planar solutions recover exactly
those of the 3-DOF problem. However, it will not always be the case that d = p* for an
entire planar landing trajectory due to boundary conditions on the vehicle attitude, vehicle
characteristics (e.g., inertia) and torque limitations. The following result establishes the

more general switching structure of the optimal thrust input for planar landing problems.

Lemma 3.5. The optimal solution of Problem 5 has at most five subarcs in the order of

MIN-MAX-MAN-MAT-Mmin.

Proof. Note that when d = p*, there can be up to three subarcs in the order of max-min-max,
inherited from the 3-DOF solution. To establish the result, we shall look at how minimum

thrust arcs can be possible at the beginning and end of a trajectory. For cases where d # p*
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at the initial time, the torque input will be used to steer the attitude towards d = p*.
According to the integral form of the maximum principle [3|, this ought to happen as quickly
as possible, resulting in a non-singular torque arc. Hence the value of the inner product
A p* will be increasing during this time, implying that its time derivative is positive. If
the torque is non-singular, the sign of (3.41b) implies that a switch from minimum thrust
to maximum thrust is possible. When the initial attitude is free, as in Problem 5, we can
expect that this case would arise infrequently; the optimal solution is free to be chosen so
that its initial attitude satisfies d = p*. A constrained initial attitude could therefore induce

an initial minimum thrust arc.

On the other hand, the terminal attitude boundary condition may impose that d # p*
at the final time. It is therefore possible that the inner product A/ p* decreases in value at
the end of the trajectory. Hence the sign of (3.41b) implies that a switch from maximum to
minimum thrust is possible at the end of the trajectory if the torque is again non-singular

during this period. O]

The presence of an initial or terminal minimum thrust arc is governed by the boundary
conditions and control constraints of the problem, as well as the physical vehicle parameters.
Of course, we note that simply constraining the attitude at either endpoint does not guarantee

the presence of a minimum thrust arc, but does represent a necessary condition.

In Chapter 5, we provide an example solution for a planar landing problem that is solved
both by a commercial optimal control solver and a (customized) real-time numerical solution
algorithm. More details are contained in [69] as well. It’s worth pointing out the planar
landing problem using a gimbaled thrust vector and no additional torque input remains an
open problem — results analogous to those presented in this section have proven to be more

challenging to obtain.
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3.4 6-DOF Landing Problems

We now present the more general 6-DOF powered descent guidance problem. This class of
problems is more complex than both the 3-DOF and planar landing problems that have just
been discussed, and as a result has not yet enjoyed the same thorough theoretical under-
standing. The main challenge lies in the consideration of the complete attitude dynamics
that were ignored for the 3-DOF problem and restricted to a single dimension for the planar
landing problem, as well as the consideration of a much richer set of state and control con-
straints. While results analogous to Theorem 3.2 and Theorem 3.4 are challenging, significant
progress has been made from a numerical perspective.

Figure 3.3 provides a depiction of a notional 6-DOF landing scenario, where the vehicle
is no longer considered a point mass as in Figure 3.1, and the full orientation of the vehicle is
to be considered part of the trajectory generation problem. We will use dual quaternions to
represent the state of the vehicle, which permits both an elegant formulation of the equations
of motion and the ability to express several state constraints as convex functions. We also
discuss state-triggered constraints: a new type of constraint that emulates a binary decision
to impose-or-not-to-impose a specific constraint depending on the value of a specified trigger
function. The goal of this section is to state a general 6-DOF problem formulation, while

numerical techniques designed to solve said problem are deferred to Chapter 4.

Assumptions

It is assumed throughout this section that all powered descent maneuvers occur close enough
to the landing site and for short enough durations that gravity can be approximated as con-
stant vector. As mentioned previously, the landing accuracy lost by making this assumption
has been verified against a central field model to be small for the problems considered, though
this must be evaluated on a case-by-case basis. It is further assumed that all maneuvers take
place at speeds sufficiently below orbital speeds so that effects of planetary rotation may

be neglected. If necessary, both of these assumptions can be removed with relative ease by
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Figure 3.3: A notional 6-DOF landing scenario where the vehicle’s attitude is now fully
accounted for during optimal trajectory generation.

suitable modification of the dynamics introduced in §3.4.1. For cases where the atmospheric

density is non-zero, it is assumed that the ambient pressure is roughly constant.

The inertia matrix, center of mass and center of pressure of the vehicle are all assumed to
be constant. In previous work, the effects of variable inertia on the trajectories generated were
investigated [72]. In the scenarios studied in [72], trajectories did not deviate significantly
from those obtained with a constant inertia matrix, and so these variations are ignored for

trajectory design.

The translational control capabilities of landing vehicles are typically dominated by the
rocket engine(s), whereas the attitude control capabilities are dictated by both the rocket
engine(s) and/or a reaction control system (RCS). The planar landing problem presented
in §3.3 assumed that two independent actuation mechanisms existed. For 6-DOF trajectory
optimization, it is henceforth assumed that the rocket engine(s) provide both the translation
and attitude control authority. An RCS system is assumed to be available only for closed-loop
attitude control. However, RCS can be easily added to the guidance problem formulation,

and this will be demonstrated in Chapter 6.
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3.4.1 Baseline Problem Formulation

Consider again the surface-fixed landing frame F, with origin at the intended landing site
and constructed from the orthonormal vectors {x ., y., 2, }. These basis vectors are oriented
such that x, represents the downrange direction, y, represents the crossrange direction, and
z, points locally up. Similarly, a body frame Fp has its origin at the vehicle’s center of mass
and is constructed from the orthonormal vectors {xp, ys, 25}, where zg is chosen to point
along the vehicle’s vertical axis.

This section derives a baseline problem formulation that consists of the dual quaternion-
based equations of motion and a nominal set of state and control constraints and boundary

conditions.

Equations of Motion

The state vector depends on the parameterization that is assumed. Because the reader may
be more familiar with the use of Cartesian variables, we present the development of the dual
quaternion-based equations of motion in parallel with the more standard Cartesian variables

and unit quaternions. The following state vectors are defined

Dual quaternions: x(t) = (m(t), g(t), @(t)) € R', (3.46a)

Cartesian:  @(t) = (m(t), ro(t), ve(t), q(t), wp(t)) € R™ (3.46Db)

Here, m(t) € R, denotes the vehicle’s mass, r.(t) € R? the position vector in the surface-
fixed landing frame, v, (t) € R3 the velocity in the surface-fixed landing frame, g(t) € R? the
attitude quaternion, wg(t) € R? the angular velocity, g(t) € R® the vehicle’s dual quaternion
and w(t) € R® the vehicle’s dual velocity. The quaternion and dual quaternion definitions
are given in §2.3.2.

In both cases, the mass is now assumed to vary as an affine function of the thrust

magnitude because we may account for atmospheric effects. We therefore augment the mass
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dynamics from (3.2) to be

. 1
m(t) = —alust)lle =8, a= 7 o B = QP Anos (3.47)
spYe

where ug(t) € R? is the thrust vector in the body frame, I, is the vacuum specific impulse,
ge is the acceleration due to gravity at sea level on Earth, P,,,; is the ambient atmospheric

pressure, and A,,, is the exit area of the engine’s nozzle [82].

The dual quaternion kinematics relate the “velocity” states, w, to the time rate of change
of “position” states, q. These are given for the Cartesian variable and dual quaternion state

variables by

. 1
Dual quaternions:  q(t) = Ecj(t) ®@ w(t), (3.48a)

Cartesian: 7,(t) =ve(t) and q(t) = %q(t) ® wp(t). (3.48b)

The dual quaternion equations can be derived by directly computing the time derivative

of (2.39) using (3.48b):

dg _d| g g lg®wp
(q®vp+3r:®q® wp)

Nl
N —
Q.
®
&€

re®q s(Fre®@q+71:.®4q)

The dynamics can be derived using the Newton-Euler equations. The Cartesian and
dual quaternion approaches differ in their treatment of the translational dynamics. Here,
the Cartesian approach views the equations in the (inertial) surface-fixed frame, whereas the
dual quaternion approach views the equations in the rotating body frame. In each case, the

dynamics are obtained by taking a derivative of the linear momentum:

(m(t)vs(t)) = m(t)ve(t) = m(t)ge + ac(t) + uc(t), (3.49a)

d
dt
%(m(t)vg(t)) = m(t)vp(t) + wp(t)* (m(t)vs(t)) = m(t)gs(t) + as(t) +ugs(t), (3.49b)
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where g, and gp(t) represent the acceleration due to gravity and a,(t) and ag(t) represent
the aerodynamic forces in the surface-fixed and body frames respectively. The vector gg(t) is
time-varying due to its dependence on the attitude of the vehicle (whereas g, was assumed
to be constant). Note that momentum changes due to mass variability are accounted for
in (3.49) by the definition of the mass depletion dynamics in (3.47) and up(t); see [83| for
details.

The rotational dynamics are treated equivalently between the two approaches. A tempo-
ral derivative of the angular momentum in the rotating body frame leads to Euler’s equations

%(JWB(t)) = Jwg(t) + WB<t)XJwB(t) = T;’B’U,B(t) + ’T‘jp’Ba,B(t) s (350)

where 7, 5, Tep8 € R? denote the constant body-frame vectors from the vehicle’s center of

mass to the point where the thrust is applied and to the center of pressure.

Atmospheric forces and torques are typically ignored for the purposes of trajectory genera-
tion, and treated as a disturbance in subsequent closed-loop control design. The predominant
effect of atmosphere on a descent trajectory is to produce a drag force that acts to slow the
vehicle. This can actually be desirable for landing scenarios where linear momentum needs
to be reduced anyway — drag forces can serve as “free thrust”. For 6-DOF problems, the
attitude of the vehicle may be further used to create a lift force that is orthogonal to the
velocity vector of the vehicle. This complex coupling of attitude and translation states has
not been fully explored in the literature to-date, and so an aerodynamic model tractable for
trajectory optimization was introduced in [78]. The model expresses the aerodynamic force

in Fp coordinates as follows

1
ap(t) = —§PACaUB(t)HUB(t)||2a C.eS%,, (3.51)
1
= —§PACaCLB(t)Uc(t)||Uz:(7f)||2

where p is the ambient atmospheric density, and A € R, . is a (constant) reference area. The
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Eaero = {5+ ag = —5pACV 05, |[0plla =1}

Figure 3.4: Ilustration of the ellipsoidal aerodynamic model designed to capture the effects
of both lift and drag forces on a vehicle maneuvering in atmosphere.

parameter C, € S is defined as the acrodynamic coefficient matrix, a symmetric positive
definite matrix that generalizes the standard scalar definition. The definition of C, ensures

that for any V € Ry the set
gaem = {aB | ap = —%pACaVQ’IA)B, H{JBHQ =1 } (352)

defines an ellipsoid in Fpz coordinates. Because most rocket-powered vehicles are approxi-
mately axisymmetric, it can be assumed that C, = diag {cq 4y, Cazy, Ca»}, Where ¢4, and
Ca,» are positive scalars. This assumption aligns the principal axes of £, with the axes of
Fp. If ¢quy # Ca.», then ap(t) can have components orthogonal to vg(t). In this case, ap(t)
may be interpreted as the vector sum of the aerodynamic drag and lift forces. Furthermore,
if ¢,. < Cqy, the vehicle experiences minimum drag when vg is aligned with zz, and the
liftt component of ag points in the correct direction. Since the set &,.,, corresponding to this
choice of C, defines an ellipsoid, the corresponding model is referred to as the ellipsoidal

aerodynamic model, and is illustrated in Figure 3.4.

Note that if ¢,y = ¢4, then ap is always anti-parallel to vz. In this case, ag may
be interpreted as a pure drag force, and the model recovers the traditional definition of an

aerodynamic drag force. Since the set &,., corresponding to this choice of C, defines a
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sphere, the corresponding model is referred to as the spherical aerodynamic model. Under
the assumptions of the spherical model, the product C:C,Cp simplifies to ¢, .I3, rendering

a,; = Cprap independent of the vehicle’s attitude.

Remark 3.6. A notable advantage of the dual quaternion model in regards to aerodynamic
effects is the inclusion of vp as a state. The Cartesian model requires the rotation of v, into
the body frame to properly account for the aerodynamic torque, an additional nonlinearity
that is not required by the dual quaternion model. This feature will be exploited later to

convexify an angle of attack constraint using dual quaternions.

The Cartesian dynamics are formed by combining each of (3.47), (3.48b), (3.49a) and (3.50)

along with the aerodynamic model to write

—allus(t)|2 — B
v (1)
&(t) = f(z(t),u(t) = s [Cen(tus(t) + ac(t)] + gc , (3.53)
3a(t) ® ws(t)
J1 [7";(75“8“) + 1, 5a5(t) — wB(t)XJwB(t)]

where x is the appropriate state vector from (3.46) and u = ug.

Similarly, the dual quaternion dynamics are formed by combining (3.47), (3.48a), (3.49b)
and (3.50), (2.40) and the aerodynamic model to write

—allus(t)]: - B
z(t) = f(z(t), ut) = 14(t) @ @(t) . (3.54)
J7H(t) [Qus(t) + Paas(t) — @(t) @ J(t)@(t)] + gs(t)
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where, x is the appropriate state vector from (3.46), u = ug, and

m(t)I3 03><1
O4x4 . X 0
1x3 . gs
J(t) = T gs(t) =
3x1 O4><4 04><1 8x1
L O 1 1 8xs
I A
01><3 01><3
O = d, =
""5,13 T:p,B
| U1 | 8x3 [ Os | 8x3

Note that the dual inertia matrix J(t) is always invertible. More details on rigid body
kinematics and dynamics using dual quaternions may be found in [31, 32, 71, 73, 84, 85, 86,
87]. Note that the dynamics that correspond to the dual scalar part of the dual quaternion
@ — the fourth and eighth entries — will always be zero in (3.54). Therefore, it is possible
to omit these entries and treat w as a six-dimensional vector in implementation. This is the

standard practice, and it reduces the state dimension from n, = 17 to n, = 15.

State and Control Constraints

This section details the state and control constraints considered part of the baseline problem
formulation. The argument of time is henceforth omitted for the sake of clarity, except when
discussing boundary conditions. To ensure that trajectories do not use more fuel than is

stored onboard, a constraint is enforced on the mass of the vehicle according to

m > My, (3.55)

where mg,, € Ry, is the dry mass of the vehicle.

The approach angle is defined to be the angle formed between r, and z,. An approach
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Fa Fr
(a) Approach angle. (b) Tilt angle.

Figure 3.5: A depiction of the approach cone and tilt angle constraints that form part of the
baseline powered descent guidance problem.

cone constraint is used to ensure the vehicle’s position lies above the surface of the planet,
while also ensuring sufficient elevation at large distances from the landing site. The approach

cone constraint is depicted in Figure 3.5a, and is expressed in Cartesian variables as

- TZZL: + HTEHZ COS Ymax < 07 (356)

where it is assumed that Y. € [0, 90] deg. The approach cone constraint (3.56) can be
equivalently expressed in terms of the dual quaternion by using (2.41a) and (2.41d) to write

~ - ~ - 04 4 [ZL]T
(@) = —q MG+ |2E4ql2 oS Ymax <0, M, = | “1 (3.57)

[z£]® O4><4

It was shown in [32, 71| that ¢, : R} — R is convex over the bounded domain domec, =
{geR}[q"q <1+ 1A%}, where ||rz]la < A is an upper bound on the distance from the

landing site.

The vehicle is also subject to a tilt angle constraint that limits the angle formed between
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the vehicle’s vertical axis zg and the inertial direction, z,. This constraint is depicted
in Figure 3.5b. When both vectors are viewed inertially, the tilt angle constraint is expressed
as

— 2/ (q® 28 @ q") + €08 Oax < 0, (3.58)

where O € [0,90] deg is the maximum allowable tilt angle. The constraint (3.58) is

equivalently formulated in terms of the dual quaternion by using (2.41c¢) to write

z zple 0
C@(q~) = qNT-Z\49q~ + cos emax S O, M@ = [ £]®[ B]® b . (359)

04><4 O4><4
It was shown in |71, 72| that for any On.x € [0,90] deg, the function ¢y is convex for all
gecR:.
The last state constraints that are considered part of the baseline problem bound the

allowable angular rates and linear velocities by enforcing
HwBHoo < Wmax and H'UB”2 < VUmax, (3.60)

where Whax, Umax € Ri4 are the maximum allowable angular velocity about any axis and
maximum vehicle speed. By defining the matrices B, = [Osxs 4] € R¥® and E, =
[14 04X4} € R**8 the constraints (3.60) can be written in terms of the dual velocity simply
as

|Ew®|loo < Wmax and ||E,@ |2 < Umax- (3.61)

It was assumed that a single rocket engine provides both the translation and attitude
control authority. At times, rocket engines necessitate operation in restricted thrust and
gimbal angle regimes. For example, the main engines of Apollo-era landers could either
operate at 93% thrust or in the permitted interval of 11% to 65% of the rated thrust value [35].
The forbidden thrust regions were avoided to prevent cavitation in the propulsion system

and limit wear on engine components. To model permitted thrust regions, restrictions are
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Figure 3.6: A depiction of the gimbal angle constraint.

placed on the norm of the thrust vector according to

Umin < ||uB||2 S Umax (362)

where [Upin, Umax] C Ry denotes the permitted thrust interval.

The engine is assumed to be capable of being gimbaled symmetrically about two axes
and the gimbal angle is defined as the total angular deflection of the thrust vector from its
nominal position. This constraint is depicted in Figure 3.6 and the mechanical limitations

of the engine are modeled using the gimbal angle constraint
|usll2 < sec dmaxzpuUs. (3.63)

In practice, the maximum gimbal angle typically satisfies dpax < 90 deg, and hence (3.63)

represents a second-order cone in ug.

The last constraints imposed on the control are rate constraints that ensure commanded
thrust vectors do not change too rapidly for the engine to follow. There are two important
rate constraints; throttle rate and gimbal rate. The precise expressions for each can be

computed by taking a temporal derivative of the appropriate constraint expressions (using
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the fact that wmy;, > 0)

d Ugz . u T

—(cosdz 5 B> = Jsind = (cos5 5 —z3> 5

dt [ usll2 [wsl]2 Jusl|2
and upper bounding the expressions using constants for the throttle rate limit and gimbal
rate limit. These resulting expressions, however, are quite nonconvex. Instead of using the

precise equations, we approximate the throttle rate and gimbal rate limits using the convex

constraints

. T . .
Uz max < ZpUB < Uz max; (364&)

||Ewy1-:l'3||2 S Smangub’) (364b)

where E,, € R2*3 selects the thrust vector components in the xz-yg plane, 5max is the

maximum gimbal rate, and w, max € Ry approximates the throttle rate limit.

Boundary Conditions

To complete the baseline problem formulation, a notional set of boundary conditions are
introduced. We allow the initial maneuver time to be selected as part of the optimization,
a feature that was introduced in [78]. We assume that the vehicle follows some known
trajectory prior to the initiation of the powered descent maneuver, and define the coast time,
t. € Ry, to be the time during which the vehicle follows this known trajectory before the
beginning of the descent maneuver.

The initial maneuver time remains denoted by ¢, for consistency, and Figure 3.7 provides
an illustration of the resulting descent timeline. The variables t., r,(to) and v, (ty) are
selected as part of the optimization process.

The initial angular velocity is assumed to be fixed. The optimization process selects the

initial attitude for two reasons. First, typical lunar descent sequences have a short pitch-up
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attitude maneuver that occurs immediately prior to the final approach phase [35, 38]. A
guidance scheme like the one described here would select the attitude to be achieved at the
end of the pitch-up maneuver, thereby ensuring the initial attitude satisfies any constraints
that are enforced on the subsequent powered descent maneuver. Second, extensive numerical
testing has shown that leaving this variable free offers better convergence behavior over a

wide range of initial conditions.

The boundary conditions are enforced as equality constraints according to

te
Dual Quaternions:  m(ty) = m;. — a/ I'.dt — gt.,
0

glto) —bolatto) i) — | |
Ly o(t) @ qlto)

w(to) = ba(g(to),tc) = e , (3.65a)
q*(to) ® byo(te) ® q(to)

te
Cartesian:  m(ty) = m;. — a/ Ir'.dt — gt.,
0

rz(to) = brolte), wve(to) = beo(te),

wp(to) = wpic (3.65b)

where m,;. and wp ;. represent the specified initial mass and angular velocity. The function
I'. : R — R denotes the known profile of the engine’s throttle from time ¢y —t. to time ¢y when
the maneuver starts. The functions bg : R2 x R — R® and b : R2 x R — R® map the (free)
initial attitude quaternion and the coast time to the corresponding initial dual quaternions.
Lastly, b,y : R — R? and byo : R — R3 are vector-valued polynomial functions of t.
that describe the known trajectory prior to the initiation of the powered descent maneuver.
These polynomials can be chosen, for example, to represent an aerodynamics-free engine-off

(ballistic) trajectory by using

1
br,0<tc) =TLic + Ve ic tc + §g£t37 bv,O(tc) = Vg ic + gﬁtca (366)
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v Coast time | Maneuver time \
T T 1

Scaled time

Initial time

Figure 3.7: An illustration of the powered descent timeline using a free initial time. The
scaled time 7 € [0, 1] is introduced in Chapter 4 and is included for later reference.

where 7 ;. and v ;. are prescribed initial position and velocity vectors.
At the final time, both the dual quaternion and dual velocity are fixed, whereas the final
mass is free (but still constrained by (3.55)). These are enforced as equality constraints

according to

Dual Quaternions: q(ty) = Gy, @(ty) =@y, (3.67a)

Cartesian: ’I"g(tf) =Tcf, ’UL(tf) = V., f, q(tf) = gy, wg(tf) = Ws,f, (367b)

where gy and Wy are constructed from the target inertial position, r, f, attitude gy, inertial

velocity, v, ¢, and angular velocity, wg s using the definitions in §2.3.2.

Baseline Problem Statement

The baseline problem, stated using the dual quaternion parameterization, is summarized as
Problem 6. A minimum-fuel objective function is used in Mayer form, as this is more straight-
forward for numerical solutions. Problem 6 is a nonconvex, free-final-time optimal control
problem. The convexity of each problem constraint is denoted to the right of its expression.
The nonlinear dynamics, lower bound on thrust magnitude, and boundary conditions are
the sources of nonconvexity. The lossless convexification technique for the 3-DOF problem
used a relaxation and a change of variables to replace the nonconvex thrust constraint, and

subsequently remove the nonlinearities present in the dynamics of that problem with an ap-
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proximation (see (3.20)). A similar technique is not possible for the 6-DOF problem, because
(i) the same relaxation of the control constraint set is not guaranteed to produce optimal
solutions identical to those of the original problem, and (ii) there is no known change of
variables that renders the problem affine in both state and control. Moreover, it is quite
challenging to apply Theorem 2.2 to Problem 6 — indeed an altered version of the theorem is
even required to deal with the additional state constraints that may transition from active to
inactive (and vise-versa) along an optimal trajectory [88]. As such, solutions to Problem 6

shall be obtained numerically in Chapter 4.
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Problem 6: Dual Quaternion Baseline Problem

Cost Function:

minimize — m(t
minimiz (ty)
Dynamics:
= —aljuglz =
q-340w

©=J ' (Pug +mgs + Peap — & @ JD)

State Constraints:

mdry S m

02> —q" M,q +[|2E4q]|2 08 Vmax

0> q" Myq + cos o
Wmax 2 ||Ew(b”oo
VUmax Z ”EUJJHQ

Control Constraints:

Umin < ||usll2 < Unax
0> |lugl|lz — sec Omax2p Uz
0> ||Egyus|z — Smale—srulg
— Uy max < 24 UB < Uy max
Boundary Conditions:
m(ty) = mi. — « gc I'.dt — St.
d(to) = bg(a(to).tc), qlty) =ay
w(to) = ba(g(to), 1), w(ty) = wy

(3.65a)
(3.65a), (3.67a)
(3.65a), (3.67a)

CONvVeET

nonconvexr

nonconver

nonconvexr

CONVET

convexr

convexr

CONver

CONvVeET

nonconvexr

CONvVeET

CONvVeT

convexr

CONvVeET

nonconver

nonconvexr
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3.4.2  State-Triggered Constraints

The most common type of constraints in the optimal control literature are enforced either
over the entire maneuver time interval [tg,?s], or at a predetermined subset of this interval
(for example in multi-phase optimal control problems). These constraints can be classified as
temporally-scheduled constraints. In contrast, a state-triggered constraint (STC) is enforced
only when a state-dependent condition is satisfied, and the time interval over which the
constraint is satisfied becomes a function of the trajectory itself (and is not predetermined).
STCs allow discrete decisions to be formulated into a continuous optimization framework.
Thus, an optimal control problem containing an STC determines its solution variables with
a simultaneous understanding of how the constraint affects the optimization, and of how the
optimization enables or disables the constraint. The “state” referred to in STC is not limited
to the traditional definition from linear systems theory (i.e., (3.46)). Rather, it connotes
a (set of) variable(s) from a larger optimization problem, and applies equally to control-,

parameter- or time-triggered constraints.

To motivate the utility of STCs in powered descent, consider the scenario depicted in
Figure 3.8. Here, we have a sensor whose boresight vector passes through the center of mass
of vehicle and has a relatively small field of view. The sensor’s boresight is canted from
the vertical down direction because of the need to avoid pointing the sensor directly into
the main engine’s thrust plume while providing a direct line of sight to the ground [89].
Suppose that we try to enforce the line of sight constraint throughout the maneuver, while
also ensuring that the vehicle is upright when it reaches the landing site. As shown in the
rightmost graphic of Figure 3.8, this could result in an infeasible optimal control problem

because these two constraints can become inconsistent near the end of the maneuver.

In the previous example, we can reacquire a feasible problem by asking that the line of
sight constraint only be enforced for the first few seconds of the descent, or is not enforced
once the vehicle is within a given distance from the landing site. That is, we would like the

constraint to be disabled once a certain time- or state-based condition is met. This particular
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X/ sensor boresight
ﬁ landing site §§

////////////////////

Initial attitude During descent Rotation to upright
attitude becomes infeasible

Figure 3.8: A simple landing scenario where maintaining the landing site in a sensor’s field of
view is incompatible with an upright orientation towards the end of the descent maneuver.

sensing example is not as pathological as it may seem; indeed there are several examples in
powered descent where it is beneficial to have the ability to either stop or start enforcing
a constraint once a particular set of criteria is met. It certainly appears that this extends
to trajectory optimization in general. Some other examples (including an elaboration on
this motivating example) are provided after the definition of a state-triggered constraint and

their continuous-variable formulation are introduced.

Formally, an STC is defined as an inequality constraint that is enforced conditionally
according to a logical statement. Each STC is composed of a trigger condition and a con-
straint condition. The trigger condition is given by the inequality g(z) < 0, where z € R
denotes the solution variable of a parent optimization problem, and g¢(-) : R™ — R is
called the trigger function. The constraint condition is given by the inequality ¢(z) < 0,
where ¢(-) : R™ — R is called the constraint function. Both g(-) and ¢(-) are assumed to
be differentiable with respect to their arguments. An STC is then defined as the following
logical implication:

g(z) <0 = ¢(z) <0. (3.68)

The practical value of (3.68) is also evident from the contrapositive implication: the con-

straint condition may be violated only if the trigger condition is not satisfied.
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Continuous Formulation

The STC in (3.68) represents a binary decision: if the trigger condition evaluates to true, then
the constraint condition is enforced, otherwise, the constraint condition is not enforced. This
type of constraint is not readily incorporated into a continuous optimal control or parameter
optimization problem. Mixed-integer techniques are the most common way to implement
constraints like (3.68), and require the introduction of discrete decision variables. Despite the
existence of efficient branch and bound algorithms, these approaches suffer from worst-case
exponential computational complexity [90, 91|. This computational complexity is further
compounded by the iterative nature of the solution process required to solve Problem 6; each
combination of discrete decisions in the branch and bound sequence would require multiple
iterations to converge. Consequently, we argue that mixed-integer solution strategies are not
well suited for solving powered descent guidance problems in ways that will be conducive to
real-time implementation.

The role of the continuous formulation is therefore to represent the binary nature of (3.68)
as the outcome of a set of equations composed solely of continuous (non-integer) variables.

To this end, consider the set of equations

9(z)+0>0, >0, o(g(z)+0)=0, (3.69a)
oc(z) <0. (3.69Db)

The formulation in (3.69) ensures that o is strictly positive if the trigger condition is satisfied.
Indeed, if g(z) < 0, then (3.69a) implies that o > 0, and therefore (3.69b) is true if and
only if ¢(z) < 0, which is the constraint condition. Therefore (3.68) and (3.69) are logically
equivalent.

To ensure the uniqueness of o (a feature that is very useful for numerical implementation),
note that for a given z, the three constraints (3.69a) form a linear complementarity problem
in the variable o [92]. This problem has a unique solution o*, a property that is only made

possible through the addition of the third constraint in (3.69a), and this unique solution
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varies continuously as a function of z. The analytical solution of this linear complementarity
problem, ¢*, is given by

0*(z) = —min (g(2),0). (3.70)

Substituting (3.70) into (3.69) guarantees the satisfaction of (3.69a), and therefore we need

only enforce the following inequality constraint to capture the intended logical decision:
h(z) = —min (g(2),0)c(z) < 0. (3.71)

The constraint (3.71) is a logically equivalent formulation of (3.68). Moreover, by using the
solution (3.70), the slack variable that was added to capture the binary nature of the STC,
o, was eliminated altogether; erasing the need to add a new set of solution variables to the

parent optimization problem.

Compound State-Triggered Constraints

Certain applications may have one constraint condition that is enforced when a combination
of trigger conditions are satisfied or, conversely, have multiple constraint conditions that are
enforced when one trigger condition is satisfied. While the STC defined in (3.68) assumes
scalar-valued trigger and constraint functions, the natural generalization to vector-valued
compound state-triggered constraints (CSTC) can be formulated as well [77]. The trigger
and constraint conditions of compound state-triggered constraints are composed by using
Boolean and and or operations. The scalar definition of an STC in (3.68) can therefore be

generalized to one of the following expressions

3
Q
3
S

Or-Or 4 (gi(z)<0> = (ci(z)§0>, (3.72a)
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(gz-(z)<0) = (ci(z)SO), (3.72b)
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(3.72¢)

(3.72d)

where now g(-) : R" — R" and ¢(-) : R" — R™ denote vector-valued functions. As before,

we assume that the Jacobians V,g and V¢ exist. The Or-Or CSTC (3.72a) enforces at least

one constraint condition ¢;(z) < 0 if any of the trigger conditions g;(z) < 0 are satisfied. The

Or-And CSTC (3.72b) enforces all constraint conditions if any one of the trigger conditions

are satisfied. The And-Or CSTC (3.72c) enforces at least one constraint condition only if

all of the trigger conditions are satisfied. Finally, the And-And CSTC (3.72d) enforces all

constraint conditions when all trigger conditions are satisfied.

The continuous formulations corresponding to the CSTCs defined in (3.72) can be derived

by repeating the same steps that were used for the scalar case:

Or-Or: hyv(z)
Or-And: hya(z)
And-Or: hav(z) =
And-And:  hyp(2)

= Z ol (z)
=Y e

= H ol (z)

[1—1 ci(z) +;

Cj(z) <0,

[1_1 ci(z) +;

Cj(z) <0,

=0, ¢=>0.
J=1
=0, ¢=>0
J=1

ey N

ey N

(3.73a)

(3.73b)

(3.73¢)

(3.73d)

The slack variable ¢ € R™ has been introduced to account for the inequality form of the

CSTC, and as a result the formulation (3.73) is slightly different from the case where the

constraint conditions are given by equalities [77].
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Ezxamples in Powered Descent

Several interesting examples of STCs and CSTCs have been identified for problems in
powered descent, autonomous rendezvous, quadrotor path planning, and autonomous driv-
ing |72, 77, 78, 93, 94, 95|]. In this section, we explore three examples of state-triggered
constraints as they apply to powered descent guidance problems.

Let’s revisit the motivating example from Figure 3.8 and see how to formulate the con-
straint now that we have introduced the machinery to do so. We'll generalize this example
to use a compound state-triggered constraint. Consider a slant-range-triggered line of sight
(LOS) constraint whereby a vehicle is constrained to point the optical sensor at the landing
site only during a portion of the descent when its slant range lies between two predetermined
values. This scenario is illustrated in Figure 3.9 and is particularly relevant for future au-
tonomous landing systems that employ Hazard or Terrain Relative Navigation (HRN/TRN)
and /or vision-based safe site selection and redesignation [34, 68|. Because the constraint is
enforced conditionally on the slant range taking values in an interval, this is an example of
a compound state-triggered constraint. The compound trigger condition is given in inertial

(Cartesian) coordinates as

2
A (gei(re) <0) = (pmin < [rcll2) A (I72ll2 < pimas)
=1

and is designed to trigger when the vehicle has a slant range between p,,;, and p,.. to the
landing site. Expressing the trigger functions in terms of each state vector by using (2.41d)

gives

(
Pmin — ||2Faql|2, Dual quaternion,

gea (@) = (3.74a)

| Pmin — lrzll2, Cartesian.

.

12E4ql2 — pmaz, Dual quaternion,
geo(m) = (3.74D)

L ||"“z: H 2 — Pmaz Cartesian.
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To develop the constraint condition, consider a sensor that is installed with a fixed offset
from the origin of the body frame, denoted by dg € R?, and a constant orientation with
respect the body frame, expressed by the rotation matrix Cgs. If the sensor’s boresight
direction in the sensor frame is given by ps, then the sensor’s boresight in the body frame
is given by

ps = Cpsps + dg. (3.75)

An LOS constraint ensures that the angle between the vector pg and the sensor-to-landing-
site vector, —rp — dp is less than &p.x € [0,90] deg. In Cartesian coordinates, this is
represented by

(r5+dg) 'ps+ |75 + dpl|2 08 Emax < 0 (3.76)

We assume that ||rg||2 > ||dg||2, so that we can approximate the constraint as
D5 + [|75]l2 oS Emax < &¢ (3.77)

where ¢ = —d}pp is a constant quantity and is zero if the sensor is located at the center
of mass of the vehicle (the origin of the body frame). Note that in general, the additional
modeling fidelity afforded by considering constant sensor offsets is small, in particular when

the distances covered during landing far exceed the length-scale of the vehicle.

The left-hand side of (3.77) can be expressed as a function of the dual quaternion g by
using (2.41b) and (2.41d) to write
« T

04><4 [pB]®

ce(x) = ce(q) = (jTMg(j + ||12Eqq||2 oS Emax < €¢, Mg = (3.78)

[pB](*g O4x4

References (32, 71| showed that the function c¢(q) in (3.78) is a convex function over

the same domain as (3.57). A compound state-triggered constraint using an And trigger
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Figure 3.9: An illustration of the slant-range-triggered line of sight compound state-triggered
constraint for a case where dg = 0.

condition is obtained by using (3.74) and (3.78) to write:
he(@) = 0%, (@)% (@)ec(@) <0 (379

where o7 ;(x) = — min (gm(ac), 0) for each of the two trigger functions gg .

A related example is a slant-range-triggered approach angle constraint, whereby the ap-
proach cone constraint (3.57) is enforced only if the vehicle is within a certain distance of
the landing site. This particular constraint has applications in both powered descent and
rendezvous and proximity operations. In the case of powered descent, consider a vehicle at
low altitude but with a nearly-horizontal velocity (traveling nearly parallel to the ground) at
a large distance from the landing site — where the approach angle may be quite large. In this
case, it may be desirable to compute a trajectory that steers the vehicle toward a descent
with an approach angle that is close to 0 deg (for a vertical descent) only near the end of the
maneuver. This scenario is typical of lunar landings, where the altitude-to-horizontal-velocity

ratio is quite low relative to other landing scenarios. See Figure 3.10a for an illustration. In
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Figure 3.10: An illustration of the slant-range-triggered approach cone constraint for both
(a) powered descent and (b) rendezvous and proximity operations.

the context of rendezvous and proximity operations, this type of constraint would allow a
vehicle to compute a feasible trajectory from outside of the approach cone, and also ensures
that the “chaser” vehicle does not come within a specified distance of the docking target
unless it has a sufficient approach angle. See Figure 3.10b for an illustration.

The trigger function is formed by (3.74b), which results in a trigger condition that eval-
uates to true once the vehicle has a slant-range of less than py.. to the landing site or
docking target. The constraint condition is given by the approach angle constraint (3.57).

The state-triggered constraint can then be formulated as

hy(@) = hy(q) = 0¢504(q) <0, (3.80)

where again o, = — min (ge (), 0).
As a final example, consider the problem of limiting the aerodynamic loads on a vehicle
during a powered descent maneuver. On ascent, aerodynamic loads are often limited by

imposing what are known as ¢ — « limits, where ¢ refers to dynamic pressure, and « refers to
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Figure 3.11: An illustration of the speed-triggered angle of attack constraint.

angle of attack. The angle of attack is kept small to ensure that the flight envelope remains
in well-understood aerodynamic regimes and structural loads are not exceeded. Unlike an
ascent trajectory, however, a powered descent maneuver can exhibit a wider range of angles
of attack, possibly even exceeding 90 degrees. Because aerodynamic loads are a function of
both dynamic pressure and angle of attack, a state-triggered constraint can be used to enforce
a simplified ¢ — « limit only during portions of the descent when ¢ is high, see Figure 3.11
for an illustration. Stated another way, an angle of attack constraint can be enforced only

when the vehicle is traveling at high speeds. Formally, the trigger function is

Va,tlim — || Ev@]|2, Dual Quaternion,
Jo(T) = (3.81)
Vatim — ||v2]]2, Cartesian,

where v, 1im € Ryy denotes the speed-threshold above which the angle of attack is to be
restricted. The angle of attack is defined to be the angular difference between the velocity
and the vehicle’s negative vertical axis in the body frame. In Cartesian coordinates, the
constraint condition is

25 Crre(q@)ve + ||vz]2 cos amay < 0 (3.82)

where apax € Ry, denotes the maximum allowable angle of attack. The constraint (3.82)

can be expressed as a function of the dual velocity in this case by noting that vg = Cg.(q)ve,
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which is equivalent to F,& as in (3.81). Hence the constraint condition can be written using

dual quaternions as
Ca(T) = o (@) = 24 B,@ + || Ey@||2 c0S Qmax < 0. (3.83)

Per Remark 3.6, the definition of v in the dual velocity results in the function (3.83)
being a convex function of @, as it is a second-order cone. This does not cause the resulting
continuous STC formulation to be convex, but can provide a significant numerical advantage.
The state-triggered constraint is obtained by using (3.81) and either of (3.82) or (3.83) to

write

ha(@) = 0" (2)ca(z) < 0, (3.84)

where o7 (x) = —min(g,(x), 0) uses the appropriate trigger function from (3.81).
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Chapter 4

EXPLICIT TRAJECTORY OPTIMIZATION:
SEQUENTIAL CONVEX PROGRAMMING

%QM&MWMW&W
— Akin’s Third Law

This chapter focuses on the use of sequential convex programming, or successive con-
vexification, to solve nonconvex optimal control problems. Solving nonconvex optimization
problems is difficult. Alas, nonconvex problems are pervasive in guidance and control prob-
lems for aerospace systems, and more generally design problems in the broader fields of
engineering. Problem 6 is one such example. In a taxonomy of techniques that are capa-
ble of solving nonconvex optimization problems, sequential convex programming (SCP) is
one of several methodologies alongside nonlinear programming [8, 96|, sum of squares op-
timization [97], genetic or evolutionary algorithms, dynamic programming, and augmented
Lagrangian techniques, to name but a few.

This chapter outlines the design of an algorithm that emphasizes numerical robustness
to parameter changes and the accuracy of approximations to the nonlinear dynamics and
nonconvex constraints. The algorithm we develop generates feedforward trajectories that
can be used as a reference for an appropriately designed feedback controller. As laid out
in Chapter 1, optimality #s not taken to be the driving requirement in the design of such
algorithms. What is more important is that any trajectory computed: 1) adheres to the
nonlinear dynamics of the problem, and 2) satisfies all desired state and control constraints.
Colloquially, it is not worth a large increase in computational effort for a small reduction in

fuel usage, but it is worth a large computational effort to avoid a crash landing. Indeed, it
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is very likely that 6-DOF propellant-optimality can be well approximated for most powered
descent scenarios by solving the 3-DOF problem and using an inner attitude tracking loop.
However, a 3-DOF guidance method would require extensive analysis across the flight envelop
to ensure that any computed trajectory will not violate a 6-DOF constraint (e.g., a line of
sight constraint), and could subsequently lead to a reduction in the feasible trade space for
guidance designs [34].

As the name suggests, the main idea of sequential convex programming is to solve a
sequence of convex approximations, called subproblems, to the original nonconvex problem
and update the approximation as new solutions are obtained. The solution to the nonconvex
problem is then effectively a limit point of a sequence of solutions to convex optimization
subproblems. This approach offers two main advantages. First, a wide range of numerical
techniques exist to reliably solve each convex subproblem. Second, one can derive meaning-
ful theoretical guarantees on algorithm performance and computational complexity. Taken
together, these advantages have led to the development of very efficient algorithms with
runtimes low enough to enable real-time deployment for aerospace applications.

Nonconvex optimization often has fundamental limitations that permit us to obtain either
locally optimal solutions quickly or globally optimal solutions slowly. SCP algorithms are
not immune to this trade-off, despite the fact that certain subclasses of convex optimization
can be viewed as “easy” from a computational perspective due to the availability of interior
point methods. All reported solutions of the 6-DOF powered descent guidance problem use
the former strategy, and are only (theoretically) capable of approximating local optimality.
In contrast, use cases such as truss structure design may favor global optimality over solution
speed.

The description of the algorithm is best carried out by abstracting the specific details
of powered descent (or any other specific application), and using the standard form optimal
control problem described in Problem 1. Using the standard form problem as a starting
point, this chapter is organized as follows. First, §4.1 provides a review of the pertinent

literature on sequential convex programming and contextualizes the core algorithmic steps.
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Next, §4.2 outlines the SCP algorithm in detail. This outline is split into several steps
that each represent implementable functional units (i.e., one can create a functions in code
that execute each step). Lastly, §4.3 provides two case studies of the SCP algorithm to the

solution of Problem 6 with and without state-triggered constraints.
4.1 Review of Past Work

Tracing the origins of what we refer to as sequential convex programming is not a simple
task. Since the field of nonlinear optimization gained traction as a popular discipline in
the 1960s and 70s, many researchers have explored the solution of nonconvex optimization
problems via convex approximations. The proceeding historical review is bound to omit some
important works that have influenced, directly or indirectly, the current state of the art. The
idea to solve a general (nonconvex) optimization problem by iteratively approximating it as a
convex program was perhaps first developed using branch and bound techniques [98, 99, 100,
101]. Early results were of mainly academic interest, and computationally tractable methods
remained a work in progress. One of the most important ideas that emerged from these
early investigations appears to be that of McCormick relaxations [102]. These are a set of
atomic rules for constructing convex/concave relaxations of a specific class of functions that
everywhere under-/over-estimate the original functions. Algorithms based on McCormick
relaxations continue to be developed with increasing computational capabilities [103, 104,
105, 106].

Perhaps the simplest class of SCP methods is that of Sequential Linear Programming
(SLP). These algorithms linearize all nonlinear functions about a current reference solution
so that each subproblem is a linear program. The linear programs are solved with a trust
region to obtain a new reference, and the process is repeated. Early developments came
from the petroleum industry and were intended to solve large problems [107, 108]. From
a computational perspective, SLP was initially attractive due to the maturity of the sim-
plex algorithm. Over time, however, solvers for more general classes of convex optimization

problems have advanced to the point that restricting oneself to linear programs to save com-
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putational resources has become unnecessary, except perhaps for extremely large problems.

Arguably the most mature class of SCP methods is that of Sequential Quadratic Pro-
gramming (SQP). The works of Han [109, 110|, Powell [111, 112, 113|, Boggs and Tolle [114,
115, 116] and Fukushima [117] appear to have exerted significant influence on the early de-
velopments of SQP-type algorithms, and their impact remains evident today. An excellent
survey was written by Boggs and Tolle [118]. Modern developments continue to address both
theoretical and applied aspects [119, 120], and there have been several specific applications
of SQP algorithms to solve problems in the domain of aerospace systems |25, 50, 121]. SQP
methods approximate a nonconvex program with a quadratic program using some reference
solution, and then use the solution to this quadratic program to update the approximation.
The proliferation of SQP-type algorithms can be attributed to three main aspects: 1) their
similarity with the familiar class of Newton methods, 2) the fact that the initial reference
need not be feasible, and 3) the capability to quickly and reliably solve quadratic programs.
In fact, the iterates obtained by SQP algorithms can be interpreted either as solutions to
quadratic programs or as the application of Newton’s method to the optimality conditions of
the original problem [8]. That is not to say that SQP methods are without drawback. Gill
and Wong nicely summarize the difficulties that can arise when using SQP methods [122],
and we will only outline the basic ideas here. Most importantly — and this goes for any
“second-order” method — it is difficult to accurately and reliably estimate the Hessian of the
nonconvex problem’s Lagrangian. Even if this is done, say, analytically, there is no guarantee
that it will be positive semidefinite, and a non-positive semidefinite Hessian would result in
an NP-hard nonconvex quadratic program. Hessian approximation techniques must therefore
be used, such as keeping only the positive semidefinite part or using the BEGS update [123].
In the latter case, additional conditions must be met to ensure that the Hessian remains
positive definite. These impose both theoretical and computational challenges that, if unad-
dressed, can both impede convergence and limit the real-time applicability. Fortunately, a

great deal of effort has gone into making SQP algorithms highly practical [124].

One truly insurmountable drawback to SQP methods is that quadratic programs require
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that all constraints are affine in the solution variable. As shown in §3.4, there are more gen-
eral nonlinear constraints (both convex and nonconvex) that appear in the 6-DOF powered
descent guidance problem alone. For example, each of the approach cone, tilt angle, gimbal
angle, vehicle speed, and line of sight constraints fit into this description. The use of SQP
algorithms in cases where second-order cone constraints are present may require more iter-
ations to converge than solving a more general second-order cone program at each iteration
instead.

We therefore focus on the class of SCP methods that solve a general convex program
at each iteration, without a priori restriction to one of the previously mentioned classes of
convex programs (e.g., LPs, QPs, SOCPs). More importantly, we use an algorithm that
is of trust region type and uses slack variables to ensure that each convex subproblem is
always feasible. This class of SCP methods has been developed largely over the last decade,
and several state-of-the-art SCP algorithms for trajectory generation have emerged in the
past few years. These are: Penalized Trust Region (PTR) [73, 78, 125], successive convex-
ification (SCvx) [126, 127, 128], DESCENDO [129], TrajOpt [130], GuSTO [131, 132|, and
ALTRO [133]. This area is certainly the most active area of current development, and be-
yond these “generalized” solution methods, there have been several successful applications to
a wide range of robotic and aerospace guidance problems [25, 71, 134, 135, 136, 137, 138|.

The specific SCP algorithm described in this chapter is the PTR algorithm, and it is
depicted in Figure 4.1. In the PTR algorithm, the trust region radius is a solution variable
whose magnitude is penalized in the cost. This contrasts with algorithms such as SCvx and

GuSTO that enforce hard trust regions with outer-loop update schemes.
4.2 PTR Algorithm Description

To describe the steps taken by the algorithm, we’ll consider the general optimal control
problem, Problem 1 from Chapter 2. Instead of using a set-based description of the state
and control constraints, we assume instead that the desired set inclusion can be written

in terms of n., convex inequality constraints and n,.,, nonconvex inequality constraints.
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Problem 7 provides the formal problem statement.

Problem 7. Find the piecewise control signal u(-) : R — R™ initial state x(ty) € R™ and

parameter vector p € R™ that solve the following problem:

w(tor)r}g(l.)yp J(x,u,p) (4.1a)
st a(t) = f(2(t), ult),p), (4.1Db)
gi(z(t), u(t),p) <0, i=1,. . New, (4.1c)

hy(2(t), u(t), p) <0, J=1," M, (4.1d)
So(x(to),p) =0, S¢(2(ts),p) = 0. (4.1e)

where each function in (4.1c)—(4.1e) is assumed to be continuous everywhere and differen-
tiable almost everywhere with respect to each argument. Assumption 2.1 is assumed to hold.
The scalar-valued functions g; are assumed to be (jointly) conver with respect their argu-
ments, whereas the scalar-valued functions h; are assumed to be nonconvex with respect to
at least one of their arguments. It is assumed that the Jacobians VS, € R™0*Matmw) gnd

VS € Rux(metmo) have full row rank.

The cost function in (4.1a) is assumed to be in Bolza form, like (2.5), and is expressed as

J(,u,p) = M(a(to), 2(t;), p) + / " L((0), u(¢). p) dC. (42)

to

where the cost functions M and L are assumed to be convex in each of their arguments.
Recall that the problem’s dependence on the parameter vector p can be used, for example,
to capture free-final-time problems or to capture the variable initial position and velocity by

including the coast time introduced in Figure 3.7.

IThis is without loss of generality because nonconvex functions can be equivalently replaced by the
minimization of a parameter and an associated nonconvex inequality (for M) or a nonlinear differential
equality constraint (for L).
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Figure 4.1: Overview of the sequential convex programming algorithm, referred to as the
PTR algorithm, designed to solve problems in the class of Problem 7.

4.2.1 Convexification Step

SCP methods work by computing a sequence of local convex approximations to Problem 4.1,
and we refer to the approximated problems as subproblems. To construct each subproblem,
we will presume to have access to a reference solution that is used to approximate any
nonconvexities. Henceforth, {&, u, p} will always play the role of “solution at the previous

iteration" with which a new subproblem is derived.

Problem 7 has three possible sources of nonconvexity: the nonlinear equations of mo-
tion (4.1b); the nonconvex state and control constraints (4.1d); and the boundary condi-
tions (4.1e). The equations of motion represent a differential relationship between the control
and parameter vectors and the state vector, where the latter two sources of nonconvexity are
algebraic functions of the solution variables at any time. The difference between these two
types of nonconvexity are significant enough that we present the convexification method for

each separately.
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Propagation

We first consider the convexification of the nonlinear equations of motion (4.1b). Because
the equations of motion are (almost always) stated as a set of equality constraints, in order
for them to be convex functions they must be affine in the solution variables. Moreover,
because the control function w(¢) belongs to the infinite dimensional vector space of piece-
wise continuous functions, we must consider a finite-dimensional representation in order to
numerically solve the problem on a digital computer. The procedure of approximating the
space of admissible control functions by a subset of functions that are defined by a finite
number of parameters is broadly referred to as transcription — an umbrella term that typi-
cally refers to one of temporal discretization or direct collocation [23]. In both cases, a set

of N temporal nodes are selected by the user such that

t0:t1<t2<...<tN_1<tN:tf, (43)

where the difference between adjacent temporal nodes does not need to be equal. We call
N the temporal density. On one hand, temporal discretization refers to using the exact
solution of the (or an approximated) differential equation to express the state vector at each
temporal node as a function of the control and parameter vectors. On the other hand, direct
collocation typically matches the derivatives of the differential equation and of a polynomial
function at the temporal nodes. Both methods, when used properly in a sequential convex
programming setting, are capable of satisfying the nonlinear equations of motion. There are
important differences between the two techniques for real-time implementations (see [139)]),
but there are also different theoretical properties regarding the relationship to the optimum
in the original infinite-dimensional space of functions [140].

In either case, a solution to a transcribed problem can only approximate the optimality
and feasibility of the original problem because the control signal has fewer degrees of freedom
than its continuous time counterpart (and because the state and control constraints are not

enforced over the entire time horizon, as we shall see shortly). Coarse transcription techniques
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can render a convex subproblem infeasible even if the original optimal control problem is
feasible. In the absence of any state and control constraints, a solution to a transcribed
problem will always be suboptimal with respect to its continuous time counterpart, though
the suboptimality can be made to be arbitrarily small at the expense of problem size.

Likely the most popular direct collocation strategy are the so-called pseudospectral meth-
ods, introduced to the optimal control community by Vlassenbroeck [141, 142|. They ap-
proximate both the state and control using orthogonal Chebyshev or Legendre polynomials
whose coefficients at the temporal nodes (4.3) are unknown [24, 143|. One can derive a large
class of pseudospectral methods by different choices for the interpolating polynomial and the
distribution of the temporal nodes. In contrast, temporal discretization methods approxi-
mate the control signal only, typically with a simpler representation than the interpolating
polynomials used in direct collocation. This simplicity affords the ability to exactly solve the
linearized differential equation between each temporal node (and the distribution of those
temporal nodes is arbitrary).

We have found, after some experimentation, that the strategy of temporal discretization
works well for the powered descent guidance problem (and many other aerospace prob-
lems) [139]. We approximate the control function w(t) as a piecewise affine function of time,
whereby the values of the function at the temporal nodes (4.3) are solved for and the interme-
diate values are obtained by linear interpolation. We have found that this method provides
a suitable balance between optimality, feasibility, and computational time in subsequent
real-time implementations. Formally, we introduce the vectors {uy}_; = {uy,...,uy} and
assume that

ult _tk+1—tu t— 1

= k+ ———Wpr1, tE [ty tht]
tk+1 — tk tk;-i-l - tk’

= A (t)'u,k + /\+(t)uk+1, (44)

foreach k=1,...,N — 1.

The temporal discretization strategy works as follows. To solve problems with a free final
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time, the dynamics are first rewritten in terms of a normalized time variable 7 € [0, 1] that

satisfies t = ty7. The normalized temporal nodes corresponding to (4.3) are therefore
O=m<n<...<ty1<7nv=1. (45)

Using the chain rule, we can write the derivative of the state with respect to the normalized

time variable 7 as

Cde dt d

(1) = e %Ew(ﬂ =ty f(w(r),u(T),p). (4.6)

By augmenting the parameter vector so that p <+ (p, t f), we can write (4.6) in the general

form of

z'(1) = F(x(7),u(r),p). (4.7)

Next, the normalized equations of motion (4.7) are linearized about the reference solution
{&, u, p} to obtain

' (1) = A(T)x(7) + B(t)u(r) + E(T)p + r(7), (4.8)

where,

A(r) = V. F(&(1),a(r), ), (4.92)
B(r) = V.F(&(7),a(r),p), (4.9b)
E(r) = V,F(2(1),u(r),p), (4.9¢)
r(t) = F(z(r),a(r),p) — A(t)&(t) — B(r)u(r) — E(1)p (4.9d)

Now by using the piecewise affine parameterization of the control vector in (4.4), we can
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write the linearized dynamics (4.8) for any 7 € |7y, Tk11] as
/(1) = A(r)x (1) + B(T)A\_(T)ug + B(7) o (T)ups1 + E(T)p + 7(7). (4.10)

We now proceed to solve the differential equation (4.10) for the state vector & (7;41). The

zero-input state transition matrix associated with this linear time-varying system is

O(7, 1) = I, + /TA(Q(I)(Q, 7,) dC. (4.11)

Tk

Using the inverse and transitive properties of the state transition matrix [144|, a linear

discrete time equation that is equivalent to (4.10) is

Tpt1 = Az, + B,;'u,k + B];r’uk-',-l + Eyp + 741\ (412)
where,

Ay = O(Thy1, ) (4.13a)
Tk+1

B; = A, / O (r, ) B(r)\_() dr (4.13b)
Tk;—kJrl

B = A, / O (v, 7) B(T), (7) dr (4.13¢)
T

Ey, = Ak/ O (7, 7)) E(7)dr (4.13d)
P

_— / O (r, 7o) () dr (4.13¢)

Tk

In implementation, the integrands of (4.11) and (4.13) are numerically integrated along
with the nonlinear state equations (4.7). The reference state vector used to evaluate each

integrand during numerical integration is therefore computed for any 7 € [7y, 7x41] by using

E(r) = @ + / " F(@(C), u((),p) ¢ (4.14)

Tk
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Figure 4.2: Illustration of the numerical integration procedure used to obtain the continuous-
time reference state trajectory. The colors correspond to those in Figure 4.1 and are associ-
ated with the respective steps of the algorithm.

where u(() is obtained by using (4.4) and & is the value of the reference solution at the
k™ temporal node. Note that the expression (4.14) resets the reference state trajectory
to evolve from @, over each interval |7y, 7¢.1]. The value from the preceding interval’s
integrated reference state is not used, and Figure 4.2 illustrates the difference. This strategy
is analogous to a multiple shooting technique, and — similar to how that method exhibits
improved convergence when compared to single shooting techniques — we have observed
that (4.14) improves convergence (often significantly) by keeping & (7) closer to the discrete

points {@;}_, of the reference trajectory.

For later use, we define the defect associated with the k™ normalized time interval to be

Ak = ||a_3(7_k+1)_jk+1||27 k= 1,,N—1 (415)

The defects are also shown in Figure 4.2, and capture the miss distance between the final
value of (4.14) and the predicted value &y, from the (discrete) reference solution at the same
temporal node. Importantly, if the reference state, control, and parameter vectors satisfy the
nonlinear dynamics (4.7), then the defects will all be zero. The defects can therefore provide

a necessary and sufficient measure of dynamic feasibility.
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Constraint Approximation

The three-step procedure outlined in the previous section (normalize, linearize, discretize)
is sufficient to render the nonlinear differential equality constraints convex in the solution
variables {xy, uy, p}y_ ;. In this section, we treat the second source of nonconvexity, the
algebraic nonconvex inequality constraints (4.1d) and the equality constraints (4.1e). Because
the former equations are assumed (without loss of generality) to be inequality constraints,

there is more flexibility in how we can approximate them with convex functions.

By reusing the normalized time variable 7, we use a two-step procedure to convexify the
nonconvex constraints. First, we approximate each inequality constraint h; with a convex

function of the solution variable

hj(x,u,p,z,u,p) <0, j=1... Ny (4.16)

There are several choices for the Bj: first-order Taylor series, second-order Taylor series with
(possibly approximated) positive semidefinite Hessian, inner convex approximations, or any
other convex function that locally approximates the nonconvex h;. First-order approxima-
tions are guaranteed to generate convex subproblems, and are computationally inexpensive
to compute, relative to, at times, second-order approximations. Inner convex approximations
can offer stronger theoretical guarantees to each subproblem (e.g., each subproblem’s solution
is guaranteed to be feasible with respect to the original nonconvex constraints) [145, 146].
Which approximation is used should be viewed as constraint-dependent.

The process of transcription for the algebraic nonconvex constraints is more straight-
forward than for their differential counterparts. The standard practice for the noncon-
vex inequality constraints is to enforce the convex approximations (4.16) at the temporal
nodes (4.5), thereby approzimating feasibility with respect to the original problem’s con-

straints. The discrete-time constraints are therefore

Bjk = Bj(wlmukap?jlwﬂ'lmﬁ) <0, ]: 17--'anncvx7 k= 1)"'>N' (417)
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Remark 4.1. State-triggered constraints are handled slightly differently from traditional al-
gebraic inequality constraints when being approximated. Because STCs are not differentiable
at the point where the trigger function equals zero, due to 0*(-) = — min (g('), 0), we must be
careful when computing any Jacobian-based approximations. To preserve the intended logical
implication of the STC (3.68) and to ensure that the constraint condition is not enforced

when g(-) = 0, we define the approximation to be

— ]_Z'(wk,'ll/k,p, ikaﬂ'lmﬁ% ng(jkaﬁk7ﬁ> < 07
hye =14 (4.18)

0, otherwise.

for each k=1,...,N. When computing a Jacobian, this becomes equivalent to choosing the

particular subgradient that is consistent with the logical implication of the STC.

By also enforcing the convex functions g; only at the temporal nodes, the only type of
constraints that can be theoretically guaranteed to hold at all intermediate times are those

functions g; that depend only on the control vector — and this is a consequence of (4.4).

The nonconvex equality constraints given by the boundary conditions (4.1e) must again

be made to be affine functions of the solution variable. We therefore approximate them with?
Agx1 + Egp+19=0, and Ayxxy+ Exp+ry=0 (4.19)
where,

Ao =V.S(x1,p),  Eo =V,5(&1,p), 70 =5S0(T1,P) — Ao — Eop, (4.20a)

Ay =V.S¢(&n,p), En=V,Si(&n,p), v~=Si(Zn,p) — AvTyn — Enp. (4.20b)

2The perhaps unsightly notation that associates Ay with x; is motivated by the fact that the first state,

a1, corresponds to the linearization computed at normalized time 0 = 7. Moreover, A1, £ and | are
already used to represent the first set of discretization matrices from (4.13). The terminal boundary
condition corresponds to the constraint at the N** temporal node, and the subscripts match because there
isno Ay, En or ry computed by the discretization process, which runs only up to index N — 1.
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The boundary conditions are simply enforced at the appropriate normalized time.
As a final step, we can replace the continuous-time cost function J (ac, u, p) in (4.2) with

a discrete time approximation of the form
J(z,u,p) = M(x(0),z(1), p) + L(x,u,p) (4.21)

where L is a discrete-time representation of the integral cost in (4.2) obtained by a suitable
quadrature rule.

By making the following replacements in Problem 7:
(4.1a) « (4.21), (4.1b) < (4.12), (4.1d) « (4.17), (4.1e) « (4.19)

the resulting problem is a parameter optimization problem that is convex with respect to
each solution variable. In theory, one could solve this problem on a digital computer and
use the solution to create an iterative algorithm. However, the transcription process can
introduce two new problems, namely, artificial unboundedness and artificial infeasibility that
may inhibit each subproblem from having non-empty feasible sets. We define and remedy

these in the next section.

4.2.2  Parameter Update Step
Artificial Unboundedness: Trust Regions

Iterative algorithms that are based on the approximation of nonlinear or nonconvex terms are
generally subject to a trust region constraint to ensure that the solution to each subproblem,
or iterate, is chosen from a region where the approximation is valid. An independent issue
is that the linearization of all nonconvex terms can lead to an unbounded solution of the
subproblem. This phenomenon is referred to as artificial unboundedness.

Figure 4.3a shows a two-dimensional toy problem that exemplifies a single iteration of

a generic SCP convergence process. In this example, the “original problem” consists of the
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(nonconvex) parabolic equality constraint (shown in dark blue). If the nonconvex constraint
is approximated with the dash-dot equality constraint, then we can see that without the
trust region, an indefinite reduction in the cost function is possible. Moreover, if the new
solution deviates too much from the reference z, then the dash-dot affine approximation of

the parabola becomes quite poor.

To mitigate the issue of artificial unboundedness, we add a trust region constraint that
limits how far each iterate, {xy, ug, p}2_;, can deviate from the reference trajectory denoted

by {@y, ur, p}_,. This is accomplished by adding the constraints

Oéwak — @qu + auHuk — ﬂ,qu <m, k=1,....N (4.22&)

apllp — Bl < mp (4.22b)

for some ¢ = 1,2,2", 00 and constants o, o, o, € {0,1}. We use ¢ = 2% to denote the
ability to impose the trust region as the quadratic two-norm squared. The trust region radii,

RS Rf and 7, € R, are added as solution variables to each subproblem.

To encourage shrinking trust region radii, we augment the cost function (4.21) with
T = 00+ Wiy (1.23)
where wy, € Rf + and wy,, € Ry, are trust region weights. Note that in both cases, the

added costs are effectively a weighted one-norm penalty on the trust region radii.

The trust region weights are typically fixed parameters that are defined by the user [78|.
However, the weights can also be updated during the iterative convergence process to reflect

the dynamic feasibility of the reference trajectory [73|. In particular, the defects computed
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in (4.15) can be used to update the trust region weights from (4.22a) as

.
1
A update & |Ax| > Anin,
Wik =4 x—, update & |Ay| < A, (4.24)
Wirk 5 no update,
\

foreach k =1,..., N, where A,,;, provides an upper bound on the weighting terms that helps
to maintain proper scaling and avoid numerical issues when the defects become small. The
trust region weight update induces the behavior that if the propagation step indicates a small
defect at the k£ temporal node, then the cost of deviating from the reference trajectory’s
values at this node is increased. At the same time, a large defect implies that the algorithm
is not yet close to convergence, and the trust region weights are lower to permit larger
steps towards a feasible solution. This guides the solution process toward feasibility with
respect to the nonlinear equations of motion while still permitting variations for the sake of
constraint satisfaction and optimality. The weight wy, , associated with the parameter trust

region (4.22b) is not typically updated.

Artificial Infeasibility: Virtual Control

Even with the addition of a trust region, the resulting convex subproblem may not have
a feasible solution. Formally, we refer to cases where subproblems become infeasible as
artificial infeasibility, because it is a consequence of the approximations used to convexify
the problem. That is, the original nonconvex problem has a non-empty feasible set, but the
feasible set of the approximated problem is empty. Artificial infeasibility in sequential convex
programming was recognized very early in the development of SCP algorithms [108, 111].
If artificial infeasibility is encountered at some iteration, the subproblem cannot be solved,
and the optimization process would terminate without solution.

By allowing the trust region radii to be solution variables, there is only a single possible

cause. (When the trust region is a fixed constant for each subproblem, then there can be a
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Figure 4.3: An illustration of artificial unboundedness (by removal of the trust region) and
of artificial infeasibility. Note that in (b), the “original problem” using the parabolic equality
constraint has a non-empty feasible set, but the approximated problem using the dash-dot

equality has an empty feasible set.

second independent cause, as shown in [147]|.) Mathematically, this is captured by:

F={(z,u,p)|(4.12), (4.16) and (4.1c)} = 0.

(4.25)

In words, (4.25) says that the approximated constraints can be inconsistent with the original

convex constraints, a scenario that is depicted in Figure 4.3b. Notice that the feasible

set of the original problem is the portion of the parabola in the upper-right that satisfies

both (green) convex inequalities. The approximated problem constructed from the dash-dot

equality and two convex inequalities does not admit a feasible solution regardless of the trust

region radius.

To counteract this issue of artificial infeasibility, we use so-called wvirtual control and

add an unconstrained, but penalized, set of slack variables to the convexified constraints.
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Specifically, (4.12), (4.16) and (4.19) are augmented to be®

Tp1 :Akmk+B;uk+B;uk+1+Ekp—|—rk+vk, k=1,...,.N—1 (426&)
hj, — v, <0, 1,>0, j=1,.." Ny k=1,...,N (4.26b)
A + Egp+19+1v9=0, and Ayxxy+ Exp+ry+uvy =0, (4.26¢)

where {v;}5_, and v/ € RY are used to denote the virtual control terms that are added to
each subproblem as solution variables.
To penalize the use of virtual control such that it is only used when necessary for con-

straint satisfaction, we augment the cost (4.21) with

N
Jve = Woe <||V/||1+Z||Vk”1) (4.27)
k=0

where w,. € R, is a large weighting term.

Because the virtual control is an artificial construct that we have added to the problem,
it follows that the converged solution should have zero virtual control in order for it to be
physically meaningful. Intuitively, a converged solution that uses non-zero virtual control is

not a solution to the original optimal control problem.

4.2.3  Solve Step

We shall address the scaling of optimization variables in §5.1.1, and merely note here that
for anything but fairly simple problems, proper scaling is necessary to obtain good solutions.
This section summarizes the convex subproblem that is solved to full optimality during each
solve step. Each subproblem is solved using an interior point algorithm [14, 15|, but the

specifics of the solver(s) are not discussed in this section.

3Note that the arguments of ﬁjk = ﬁj(wk, uk, P, L), Uk, ) are suppressed here to keep the notation clean
and focus on how the virtual control term enters into the expression.



99

For notational simplicity, we introduce the shorthands
X ={z:}2,, U={u}i,, and V:={y} ,u{v}

The convex subproblem that is obtained after convexifying Problem 7 and introducing the
trust region and virtual control modifications is summarized in Problem 8. In §4.3, we will

specialize this generic problem statement to the particular case of 6-DOF powered descent.

Problem 8. Find the vectors {X,U,p,n,n,, V'} that solve the following parameter opti-

mization problem:

min J(X,U,p) + Jy+ Jue (4.28a)

X7 U7P777777p7V

s.t. Ty = Ay + Bug + Bl ugy + Eyp + 7 + v, k€N (4.28b)
i (wk,uk,p) <0, i=1,...,Ncm, keN (4.28¢c)
hj(xy, ug, P, g, g, D) — v, <0, 4, >0, F=1,... Npeow, k€N (4.28d)
Ao+ Egp+19+19=0, Ayzy+ Enp+7rNny+vrNy =0, (4.28e)
agllxer — Zil|g + oullur — wrlly < M, keN (4.28f)
aplp = Pllg < p, (4.28g)

where N ={1,...,N} and N={1,...,N — 1}.

4.2.4  Initialization and Stopping Criteria

Sequential convex programming algorithms for trajectory optimization are good at obtaining
locally optimal solutions regardless of the initial reference trajectory. This fact removes one
of the more challenging issues with nonlinear programming: the need to find a good — and
sometimes even feasible — initial guess of the solution. (Often for complex problems such
as the 6-DOF powered descent guidance problem, finding a feasible solution can be just as

hard as finding an optimal one.) Fortunately, we have found that the repeated solution of
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the convex subproblem, Problem 8, is able to converge reliably using simple and infeasible

initial guesses.

The simplest and most general strategy for computing an initial reference trajectory is
straight-line interpolation. Using a user-specified guess for the initial and terminal states (if
they are free variables), this strategy simply computes the initial values for &, by linearly
interpolating between the boundary conditions. Formally, given some x;., s, € R" that
can be assumed to be feasible with respect to (4.1e), we compute

N —k k—1

T — : N. 4.2
Ty N_lmzc+N_1wa7 k’G ( 9)

Next, we select a similar set of control vectors. Whenever possible, we select these control
vectors based on the physics of the problem. When the problem’s structure does not admit
an obvious choice for the initial control, then by choosing initial and final control vectors
Ui, ur. € R™ that are both feasible with respect to (4.1c¢) and (4.1d), the corresponding

expression to (4.29) can be used to compute the initial reference control.

The guess of any parameters p can have a significant impact on the number of iterations
required to obtain a solution. Because the parameters are inherently problem specific, it is

unlikely that any rule of thumb will prove to be reliable.

For all but the simplest systems, the state, control, and parameter trajectories constructed
by using the straight-line interpolation method are likely to be infeasible with respect to the
equations of motion and/or the problem’s constraints. Nonetheless, SCP algorithms are
designed to permit infeasible reference trajectories through the inclusion of virtual control.
This does not relieve the user entirely from carefully choosing the initial guess. A well
chosen initial guess will influence both the time required to converge and possibly the global
optimality of the solution that is reached. The latter is hard to check, but the former is
measurable, often important, and indeed a driving objective behind much of the work in this

dissertation.

Consequently, it should be understood that problem-specific initial guesses should be
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used whenever possible. For example, the 6-DOF problem can be initialized using a solution
of the 3-DOF problem [78]. The 3-DOF problem is solved to obtain trajectories for the
mass, position and velocity states and the thrust (control) trajectory. An attitude trajectory
can be computed such that the vertical axis of the vehicle is aligned with the thrust vector,
and the angular velocity can be estimated by inverting the quaternion kinematics (3.48a).
This procedure can provide a higher fidelity reference trajectory, but does not guarantee
either dynamic feasibility or feasibility with respect to the constraints imposed in the 6-DOF
problem.

Another important consideration for any iterative algorithm is the definition of “conver-
gence” that is used to decide when to stop the iterations. Typically, this is achieved by
comparing some notion of difference between the solutions of two subsequent iterates. By
comparing the maximum deviation in the state solution between two iterates, we have found
that an effective strategy is to terminate once the largest scaled difference is less than a
prescribed tolerance. The differences must be scaled to ensure, for example, that we do not
necessarily treat a 1 m deviation in position the same as a 1 rad/s change in angular velocity.

Given some tolerance oy, € R, , the iterations are terminated whenever
Oap = HSp_l (p—p)l,+ e 157" (@ — &) [lg < Sear, (4.30)

where ¢ = 1,2,2%, 00, and S, € R"*"= and S, € R"*" are diagonal matrices that scale the
state and parameter vectors appropriately — see §5.1.1 for details. We do not consider changes
in the control vector because for typical space-vehicle problems, large changes in the thrust
commands can cause negligible changes in the state trajectory. This would lead to an overly

conservative definition of convergence and generally prohibit real-time implementations.

Remark 4.2. The virtual control and trust region radit can also be an effective measure
of convergence. Near-zero values for each of |1, np, and Jvefw.. can indicate that it is
appropriate to terminate at the current iterate. However, different solvers have been observed

to report different values for the trust region and virtual control terms for the same problem.
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Algorithm 1 The PTR algorithm designed to solve nonconvex optimal control problems.

Input: Initialize problem data and the algorithm parameters:
N7 q;, Wyc, Wir, Wi p, 5‘5017 €feasible Xay Qyyy Qlp, Amina itermax

1 Compute initial guess: {Zy, uy, P}o_,
2 Compute scaling terms: S, Sy, Sy, €z, €y, Cp

3 Convexify along initial guess > convexification step
4 for iter = 1,...,iter,., do

5 Solve the convex subproblem, Problem 8 > solve step
6 Update reference trajectory {@, ug, p}o_,

7 Convexify along current reference trajectory > convexification step
8 Determine feasibility of reference trajectory

9 Update algorithm weights using (4.24) > parameter update step
10 Check stopping criteria (4.30)

11 end for

Output: If converged, solution satisfies the nonlinear continuous-time equations of motion
to within a tolerance on the order of €g.siie, satisfies all algebraic constraints at each
temporal node, and approximates (local) optimality of the original optimal control prob-
lem.

In addition, the tolerance(s) that define “near-zero” are more problem dependent than .
The state-based condition (4.30) has been observed to be uniformly applicable across various

solvers.

The PTR algorithm is summarized in Algorithm 1. The arrangement of the convexifi-
cation, parameter update, and solve steps in Algorithm 1 corresponds to an efficient imple-

mentation strategy, and should be compared to the arrangement Figure 4.1.
4.3 Case Studies in 6-DOF Powered Descent Guidance

This section provides two numerical case studies that highlight the capabilities of the SCP
algorithm described in §4.2. First, a Monte Carlo analysis is performed to study the al-
gorithm’s ability to solve Problem 6 reliably across a variety of initial conditions. Second,
we compare a solution of Problem 6 to a solution of the same problem but with a slant-

range-triggered LOS constraint. We model this constraint as a compound state-triggered
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Table 4.1: Parameters used for the two SCP case studies in 6-DOF powered descent guidance.

Parameter Value Units Parameter Value Units
gr —1.62z, m/s? J diag {13600, 13600, 19150} kgm?
mo 3250 kg M gy 2100 kg

T (250,0,433)  m VL e (—30,0,-15) m/s
Trf (0,0,30) m v g (0,0,—1) m/s
TuB —0.25 - z5 m Wg ic, WB,f (O, 0, 0) deg/s
I 225.0 s qy (0,0,0,1) -
0 nax 80.0 deg Winax 28.6 deg/s
Ymax 80.0 deg Omax 20.0 deg
Unin 6000 N Umnax 22,500 N
Omax n/a rad/s Uz max n/a N/s

constraint, and it is depicted in Figure 3.9.

The algorithm was implemented in C++ and was called using a MEX interface to
Matlab®. We use the BSOCP solver to solve each convex subproblem [15]. For both case
studies, we use the same set of nominal vehicle parameters outlined in Table 4.1. These
parameters are derived from a lunar landing scenario, and therefore no atmospheric effects
are considered. All examples presented in this section use the algorithm weights w,. = 104,
wy, = 1071 - 15, and A = 1073, In Chapter 5, we will study the sensitivities of the PTR
algorithm to changes in these weights. To foreshadow those results, in general the computed
trajectories are insensitive to changes in these weights within a relatively large range [125].
Lastly, the results in both case studies were obtained by using the straight-line interpolation
method for the initial guess, with the identity quaternion and zero angular rates, as well as
a thrust vector equal in magnitude to the product of the (interpolated) mass and gravity

vector, projected into the feasible set.

4.8.1 Monte Carlo Analysis of Solutions to Problem 6

The objective of this first case study is to investigate the ability of the PTR algorithm to

successfully compute trajectories given a wide range of initial conditions. At the same time,
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we will introduce the idea of real-time solution capabilities that will become the focus of the

next chapter.

The optimal trajectory — and hence algorithm performance — depends solely on the ini-
tial conditions of the problem for a given solver, transcription method, initial trajectory
guess method, set of algorithm weights, terminal conditions, and temporal density N. We
therefore investigate perturbations from the nominal initial conditions provided in Table 4.1
of sufficient size to test the algorithm’s capabilities. The term trial is used to refer to the
converged solution for a single initial condition (i.e., each run of the Monte Carlo study is

one trial).

Because the attitude is optimized as part of the solution, we do not consider perturbations
to q(to), and the initial guess for q(t) is always computed using the same method. The initial
angular velocity is also kept constant for each trial because we can assume that it may always
be controlled to near-zero during the preceding descent stage. The initial mass, position,
and velocity are different for each trial. The mass is assumed to vary according to a uniform

distribution between 90% and 110% of its nominal value:

m(to) = m(1+0m), where dm ~U[—-0.1,0.1]. (4.31)

That is, dm is a uniform random variable that varies in the (inclusive) interval [—0.1,0.1].
Next, we use the method described in [139] to compute the initial position and velocity in

the landing frame. The velocity is chosen first according to

’l)g(lfo) = Vg T+ v, (4.32)

where v, is assumed to come from a zero-mean normal distribution with independent
standard deviations of 7 m/s in the horizontal (,-y.) directions and 4 m/s in the vertical
(z.) direction. The initial position 7,(ty) is then generated via hit-and-run sampling of

the constrained controllability polytope generated for the 3-DOF problem [148, 149]. This
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process is equivalent to sampling a random position from the feasible set of the 3-DOF
problem (see Problem 2) constructed using the initial mass (4.31), the initial velocity (4.32),
and the same problem data and thrust limits (3.62).

To discuss the results, we introduce a definition of open-loop error that will serve as
a metric to discuss the dynamic feasibility of the computed trajectories. The open-loop
error is the normed difference between the desired final state given in Table 4.1 and the
value of the final state obtained after numerically integrating the computed control solution
through the nonlinear equations of motion. When computing open-loop error, we do not
reset the integration process as was done during the iteration process to compute the defects

in (see (4.14)). Formally, we can express the open-loop error in position and velocity by

er = |lrc(ty) —reylle and e, = lloc(ty) — vyl (4.33)

where 7.(t;) and v.(tf) are the position and velocity components of the numerically inte-

grated state vector.

We first investigate the relationship between convergence tolerance &, the temporal
density NV, and the open-loop errors (4.33). Of course, in the limit as N — oo and &y — 0,
the open-loop error is expected to tend to zero at the expense of computation time. We
are interested in how the open-loop error changes as a function of these two independent
variables across ranges that may be suitable for subsequent real-time implementation. Given
a desired set of open-loop error requirements for trajectory generation (allocated as part of

a larger GNC error budget), we can use these relationships to choose appropriate values for

N and 0.

Suppose that the open-loop error tolerances in (4.33) are given values of

g, =10m, and ¢, =15cm/s. (4.34)

Figure 4.4 shows the open-loop errors (4.33) as functions of N and d, for Problem 6. These
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Figure 4.4: Open-loop errors as functions of temporal density N and the stopping criteria
0101 for Problem 6.

plots were generated for each N between 10 and 50, whereas d;,; was varied in step sizes of
1073 from 0.001 to 0.05, and then in step sizes of 1072 from 0.06 to 0.5. The desired open-loop
bounds are shown as the solid black lines, and can be seen to be achieved by a consistent
choice of stopping criteria d;, across all temporal densities IV, except for the velocity bound
for small values of N that necessitate a lower d;, to achieve the desired open-loop error
bound.

Because the size of each subproblem (4.28) depends strongly on N it is prudent to select
the smallest value of N that is able to achieve good results. While a precise choice requires
more in-depth analysis of the problem at hand (and particularly of the constraints), the
remainder of this Monte Carlo case study uses N = 10. To ensure open-loop errors that

satisfy (4.34), we select dy, = 0.01 as a conservative estimate based on Figure 4.4.

Dispersed Performance

A total of 1000 trials were run. If a trial met the open-loop requirements in (4.34), it was

labeled as “success”; otherwise, it was labeled as “failed”.
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Of the 1000 trials, 971 were labeled as a success. Given that the straight-line interpolation
method was used for the initial guess, it is not overly surprising that roughly 3% of initial
conditions did not achieve the desired error bounds. We reiterate that a failure case does not
mean the algorithm failed to converge, but merely that the trajectory to which it converged
did not satisfy the desired open-loop error bounds (4.34). All trials resulted in a converged
result in the sense of the stopping criteria di,.* By taking the 29 failed trajectories and
re-solving each of them using the 3-DOF initial guess method, success was achieved in 28 of
these previously failed cases. This confirms that a higher fidelity initial guess can lead to
more accurate results. A perfect success rate for the 3-DOF initialized problem was reported
in [139], albeit for an implementation with a more robust solver, SDPT3, than the custom
C+-+-based solver that was used for these trials.

Figure 4.5a shows the dispersed initial positions and velocities computed using our sam-
pling method. This figure shows that the initial positions are selected from a set that is
somewhat skewed towards the landing site but does include challenging initial conditions
with nearly 1 km of initial downrange distance (nearly 4x the nominal downrange distance).
Figure 4.5b shows the final open-loop error in position and velocity for each successful trial.
Analysis of the data shows that the open-loop position and velocity errors follow a lognor-
mal distribution, and therefore we compute statistics on the (natural) logarithm of the the
open-loop errors and can use these to discuss confidence intervals. Figure 4.5b shows the
three-standard-deviation (3¢) confidence ellipsoid compared to the open-loop error require-
ments (4.34). The figure reveals that the velocity and position errors are positively correlated,
which conforms to intuition, and reveals a slight overlap with the velocity requirement in
the upper right-hand corner. The trial data are color-coded based on the number of SCP
iterations required to solve the problem, and we note that the iterations were stopped after a
maximum of 20 for these trials. At least two trends are immediately evident: trials that end

after a few SCP iterations tend to have lower open-loop errors, and lower initial horizontal

4The stopping criteria 6. required to achieve certain open-loop errors for a given temporal density will
change for different nominal conditions. Figure 4.4 pertains only to the stated nominal conditions.
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Figure 4.5: Position and velocity values at the beginning and end of each successful trial.

velocity components tend to lead to fewer SCP iterations.

4.8.2  Slant-Range-Triggered Line of Sight Case Study

The second case study examines how inclusion of the slant-range-triggered LOS constraint
shown in Figure 3.9 affects the solution of the baseline problem. In addition to the parameters
in Table 4.1, we assume in this section that an optical sensor has a boresight vector with
coordinates pg = (0.91,0,—0.42) in the body frame, and assume that ds = 0 in (3.77).
Given current sensor technology under development for future missions, we assume a field
of view angle of &, = 20 deg [68]. We impose the LOS constraint whenever the vehicle’s
slant range lies between ppi, = 200 m and ppax = 450 m.

In the figures, Problem 6 is referred to as the Baseline problem, whereas Baseline+LOS
is used to denote the case where the slant-range-triggered LOS constraint is also imposed.
In each figure, the black dots represent the discrete solution obtained from the final solve
step, whereas the solid curves are the result of numerically integrating the control solution

through the nonlinear equations of motion. Figure 4.6a shows the resulting trajectories using
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Figure 4.6: Converged trajectories for Problem (6) with and without the slant-range-triggered
LOS constraint. Only half of the discrete points are shown on the left-hand axes for clarity.

a temporal density of N = 35. Both solid curves pass through each discrete point, indicating
that the final convexification step has captured the nonlinear dynamics of the problem to
sufficient accuracy. Figure 4.6b shows the LOS angle versus slant range, and reveals that the
sensor cannot view the landing site throughout the entire baseline maneuver. In contrast, the
inclusion of the STC leads to a trajectory that satisfies the LOS constraint between 450 m
and 200 m as desired. A non-negligible deviation from the baseline trajectory is required to
ensure feasibility with respect to this constraint. Note that the STC induces some crossrange

motion that is not observed during the otherwise planar baseline maneuver.

The corresponding thrust curves can be seen in Figure 4.7. Figure 4.7a provides a polar
plot of the thrust magnitude versus the gimbal angle, whereas Figure 4.7b shows the individ-
ual time histories of these two quantities. When the STC is imposed, the computed solution
uses near-minimum thrust at the beginning of the maneuver while using the available gimbal
to maintain a feasible attitude with respect to the LOS pointing constraint. As soon as the
STC becomes inactive (i.e., the trigger condition no longer evaluates to true), there is a small

divert to achieve a successful landing. This divert can be seen by the rapid change in gimbal
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Figure 4.7: Control constraint trajectories for the converged solution to Problem 6 with and
without the slant-range-triggered LOS constraint. On the polar plot, the cyan dot indicates
the initial time, whereas the magenta dot represents the final time.

angle and throttle-up observed just after the 11 second mark.

Lastly, Figure 4.8 provides the time history of the vehicle’s tilt angle and the landing
frame position vector components. When the STC is imposed, the time spent further than
200 m from the landing site is reduced by several seconds, and the vehicle’s tilt angle is
generally larger. Interestingly, the total burn time for the baseline maneuver is much higher

than for the same maneuver but with the slant-range-triggered LOS constraint imposed.

4.3.83  Prelude to Real-Time Implementations

In each of the preceding case studies, we have purposefully avoided discussion of the total
computation time required to solve each problem instance. Chapter 5 deals with a standard-
ized methodology for producing efficient implementations of SCP algorithms in an compiled
programming language such as C or C++. Prior to having outlined those methods, it is not
very informative to present detailed timing results, other than to say that there exists an

implementation of the algorithm that achieves certain runtimes.
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Figure 4.8: Vehicle tilt and landing-frame position time histories for the converged solution
to Problem 6 with and without the slant-range-triggered LOS constraint.

The runtime of a function can be loosely defined as the time elapsed between when the
function is called and when it returns. The runtime depends on the processor being used (and
also on what else is being done by that processor), as well as the problem data, programming
implementation, and many other factors. Therefore, runtime results for algorithms that are
intended to be deployed on space flight hardware are merely approximations (and often lower
bounds) before they are computed on the target computational hardware using representative
input data. Nevertheless, some basic trend analysis is still valid on non-spaceflight hardware,
and we complete this chapter with a brief presentation that broadly depicts the characteristics
of the runtimes observed during the Monte Carlo case study in §4.3.1.

Because all problem data was fixed except for the initial mass, position, and velocity
during the Monte Carlo case study, we can think of a function that takes in this data and
returns a solution to Problem 6. The runtime of this function is therefore also called the
solution time. Instead of looking at the full picture of runtime, we focus only on the con-
vexification and solve steps (see §4.2.1 and §4.2.3). The remaining portions of the algorithm

have a negligible runtime, and for this example were directly implemented in Matlab®, not
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a compiled language. The results were all generated on a 2015 iMac with a 3.2 GHz Intel
Core i5 processor with 8 GB of RAM.

Likely the most important characteristics of the runtime for safety-critical spaceflight
applications are the maximum value and the statistical distribution of all runtimes. Fig-
ure 4.9a shows the distribution of the total solution time across all successful Monte Carlo
trials from §4.3.1. The solution time follows a lognormal distribution, and the solid red
curve represents the fitted lognormal distribution. The black dashed line indicates the mean
solution time computed, and has a value of roughly 0.75 s. The upper 30 bound for this
distribution was found to be roughly 2.2 s from a one-tailed analysis — which is also an
upper bound on the observed data. To assess the validity of the lognormal distribution’s fit
to the data, the quantile-quantile (Q-Q) plot in Figure 4.9b was used. The S-shape of the
Q-Q plot indicates platykurtic behavior — an indication that compared to a true (log)normal
distribution, the data produces fewer and less extreme outliers. This behavior is desirable
for spaceflight algorithms because it reduces the probability that excessively long solve times
will be observed.

As a final comment, the correlation between total solve time and open-loop error is
captured almost exactly by Figure 4.5. The solve time is dominated by the number of SCP
iterations required to obtain a solution, and so the scale of the colorbar in Figure 4.5 could

be equivalently replaced with the maximum solve time (magenta) and minimum solve time

(cyan).



113

200 15 :
180 .

e ]
160 £

5 140 S 0.5+ 4
2 120 =

e @ o) |
S 100 kK
g 5

2 80 205" |
g =
=z =]

60 2 4l |
40 E
=]

1.5+ 4
20 <

0 2 gl | . L . . .
0 02 04 06 08 1 12 14 16 18 2 22 4 3 2 4 0 1 2 3 4
Total Solution Time |s] Standard Normal Quantiles
(a) Distribution of solution time across each Monte (b) Q-Q plot of the log of the solution time

Carlo trial
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from the Monte Carlo case study.
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Chapter 5

EXPLICIT TRAJECTORY OPTIMIZATION:
REAL-TIME IMPLEMENTATIONS

ﬁemy/g}y Jeernd wrdbs m%ﬁw/};&a@é M/aﬁy%d/ W//
— Mario Andretti

The motivation underlying the development of algorithms that are capable of solving
powered descent guidance problems is to enable future space missions that have a strong need
for autonomous precision landing. Future robotic landers will have to navigate challenging
environments such as hazardous, sloped terrain and jagged blades of ice in order to reach the
most scientifically interesting locations [150, 151|. To support hazard avoidance and real-
time intelligent re-targeting, algorithms must have predictable convergence behavior and be
real-time capable on computationally constrained hardware. Moreover, the algorithms must
be capable of handling a large suite of input and state constraints, and in particular may need
to account for pointing requirements imposed by new sensing and navigation architectures.
Consequently, trajectory planning must at least consider the 6-DOF rigid body rotation and
translation of the vehicle. Lastly, human missions are likely to be preceded by cargo missions
that will require landings to occur in close proximity [68]. Algorithms must therefore function
fully autonomously. Even for currently-planned human missions to the Moon, the targeting
of the lunar south pole creates extreme light-dark lighting conditions that may make piloted
landings difficult and further necessitate autonomous precision landing capabilities [152, 153].

Chapters 3 and 4 were devoted primarily to developing techniques that address each of
these requirements: modeling input and state constraints and using them to pose a 6-DOF
powered descent guidance problem; developing an algorithm based on sequential convex pro-

gramming; and demonstrating the algorithm’s ability to solve the 6-DOF problem reliably.
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In this chapter, we present further developments that are designed to facilitate computation-
ally efficient implementations of said algorithm and explore its ability to solve problems fast
enough to be practical for space missions.

Computational efficiency is a primary driver for optimization-based algorithm design for
space systems — ultimately, algorithms need to be implementable on spaceflight hardware
while adhering to the standards of safety-critical flight code.! This chapter presents a stan-
dardized approach to design efficient implementations of the SCP algorithm presented in
Section 4.2. Because spaceflight hardware is often computationally limited relative to the
computers used to design and prototype SCP algorithms, the memory usage (e.g., RAM)
and total solve time become paramount — and can be the difference between an algorithm
that is ready ascend the technology readiness level ladder and one that must wait for Moore’s

law to run its course.

Historical Context

Interestingly, the very early work of Meditch on the 1-DOF vertical descent problem did lead
to approximately optimal solutions that could be computed “easily” (i.e., without the use of
an onboard optimization solver) [41]. This was because the switching condition for the thrust
magnitude could be approximated as a function of the vehicle’s state, and subsequently used
to throttle the main engine between a lower and upper bound. The same technique does not
generalize to the 3-DOF problem, and even though the necessary conditions of optimality
were understood in the 1960s [40], the computational resources required to solve the problem
were not yet readily available. Using modern software, Topcu, Casoliva and Mease compared
the attainable solution quality for the propellant-optimal 3-DOF problem to the necessary
conditions of optimality derived by Lawden [49, 50]. Their focus was not to develop a
real-time algorithm, as they used nonlinear programming methods that do not meet any the

previously mentioned computational requirements. A real-time capable algorithm that solves

1See for example NASAs ongoing High Performance Spaceflight Computing project.


https://data.nasa.gov/dataset/High-Performance-Spaceflight-Computing-HPSC-/h6yi-p92w
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the 3-DOF necessary conditions using nonlinear root finding techniques has been developed
by Lu [51, 54].

Over the past 40 years, research in numerical optimization has developed a family of
interior point methods that can solve certain optimization problems to global optimality in
polynomial time and with guaranteed convergence [8, 154]. These much needed properties
for a real-time CGC algorithms stand in stark contrast to both shooting and nonlinear
programming. The only limitation, roughly speaking, is that problems must be convex.

This is why the development of lossless convexification, originally for the 3-DOF landing
problem, was an important step toward real-time capable powered descent algorithms. We
have reviewed the literature and basic principle of lossless convexification for the 3-DOF
problem in §3.2. In principle, all lossless convexification results are real-time implementable
because they require solving one or a (small) bounded sequence of convex optimization
problems, which are often second-order cone programs. Fast and efficient SOCP solvers that
use only static memory allocation and adhere to the standards of spaceflight code have been
developed [14, 15, 16].

Alas, a limitation inherent to any 3-DOF PDG algorithm (using lossless convexification
or otherwise) is that the computed trajectory only respects translation dynamics and con-
straints related to either translation or the thrust vector. More importantly, 3-DOF methods
cannot produce solutions that are guaranteed to respect sensing requirements such as LOS
constraints for vehicle-mounted sensors. Even for missions where such constraints are “mild”,
an extensive simulation campaign is required to validate that the 3-DOF trajectories are fea-
sible for a fundamentally 6-DOF lander system [34]. In the context of the aforementioned
requirements for future missions where sensing and guidance are tightly coupled, the feasibil-
ity of using 3-DOF guidance solutions is called into question, and may require considerable
backstage hand-tuning and edge-case handling efforts.

We argue that it is therefore well motivated to seek a real-time algorithm for 6-DOF
landing problems that does not compromise the benefits of the current technology for 3-DOF

landing problems (i.e., speed, guaranteed convergence, and feasibility), while simultaneously
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providing the benefit of explicit feasibility with respect to the full 6-DOF dynamics and
coupled translation-rotation (cf. guidance-navigation) constraints.

Sequential convex programming emerged as a very natural solution when transitioning
from a fully convex 3-DOF problem to a 6-DOF problem in which some nonconvexity is
present. The algorithm presented in §4.2 solves a sequence of convex problems, which are
often SOCPs for aerospace applications. This permits the use of “heritage” SOCP solvers
developed to solve the 3-DOF problem, and the balance of the algorithm design is used to
ensure that the SCP iterations converge to a local optimum of the nonconvex 6-DOF problem.
SCP algorithms can been used to handle nonconvexities such as aerodynamic lift and drag,
thrust slew-rate constraints, free ignition time, state-triggered constraints, and the nonlinear
6-DOF equations of motion. Collectively, we may conclude that the constraint satisfaction
requirements of future spaceflight missions can be handled by using SCP-based algorithms
for the 6-DOF powered descent guidance problem. One notable omission is the theoretical
guarantee of convergence to a feasible solution. No general purpose SCP algorithm can claim
to guarantee a solution to nonconvex optimal control problems from an arbitrary initial guess
— and the PTR algorithm is no exception. While convergence guarantees do exist for very
similar algorithms, even these guarantees do not ensure (for example) that there will be
no virtual control used in the converged solution [128, 131|. Practically speaking, however,
SCP algorithms have been observed to provide very good convergence behavior across a wide

range of problems.

What Is A Real-Time Implementation?

By real-time implementation, we mean code written in a compiled language (e.g., C, C++)
that adheres to the standards of spaceflight code (see, for example, [155, 156]). For a general
SCP algorithm, the implementation is assumed to encompass all of the steps described
in §4.2. Typically, an implementation is formed by three components: a function that
initializes required data and variables, a function that executes the algorithm using these

data and variables, and a function that terminates the call to the algorithm and frees memory
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as required. The modern paradigm is to use customized solvers, wherein problem structure
is hard-coded into the solution process by an offline code generator in an attempt to remove
the overhead required for a general purpose solver. Well-known examples include CVXGEN,
FORCES [157, 158, 159, 160] and BSOCP [16, 161].

Ultimately, an SCP-based method requires the solution of a sequence of convex optimiza-
tion problems which, in the case of most aerospace systems, are SOCPs. In assessing the
real-time capability of our algorithm, it is therefore appropriate to consider existing work
on the real-time solution of single-SOCP optimization problems. In the context of 3-DOF
powered descent, a flight test campaign spanning seven flights over three years aboard the
Masten Space Systems Xombie sounding rocket demonstrated that the onboard solution of
an SOCP problem is feasible on spaceflight processors [67, 162]. The algorithm under test,
G-FOLD, is the culmination of lossless convexification’s application to the 3-DOF problem.
G-FOLD was able to compute landing divert trajectories in 100 ms on a 1.4 GHz Intel Pen-
tium M processor. Moreover, Dueri et al. have shown that the same algorithm can achieve
runtimes of less than 700 ms on the radiation-hardened BAE RAD750 processor [15]. These
values would be lower bounds for the runtimes of an SCP algorithm designed to solve the
6-DOF problem if the same hardware is used. It is anticipated, however, that the current
NASA-led High Performance Spaceflight Computing project may provide a more powerful
computing platform with which similar runtimes can be realized.

The real-time capability of the PTR algorithm for non-PDG applications has been tested
on several occasions. Szmuk et al. have shown that the PTR algorithm is able to solve
difficult quadrotor path planning problems (including obstacle avoidance and acrobatic flips)
in less than 100 ms running on a 1.7 GHz Intel Atom processor of an embedded Intel Joule
platform [163, 164]. More difficult tasks such as flying through hoops and cooperatively
transporting a beam while avoiding obstacles were solved in less than one second [93]. These
problems are fundamentally similar to the 3-DOF landing problem.

The majority of existing work on real-time optimization is found in the model predictive

control (MPC) literature, where closed-loop feedback is achieved by (generally) calling an
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optimizer as fast as the desired execution frequency of the controller. In this context, ex-
ecution frequencies for linear and quadratic optimization problems in the kHz-MHz range
are possible for non-spaceflight applications [165, 166]. MPC has also been used onboard
autonomous race cars, achieving re-solve rates of 50 Hz for miniature cars on an embedded
1.7 GHz ARM A9 chip [167], and 20 Hz for a life-size car on a 2.1 GHz Intel i7-3612QE [168].

MPC strategies have been proposed for 6-DOF landing problems [71]. However, the MPC
paradigm of constantly re-solving an optimization problem to provide feedback control de-
cisions can pose constraint feasibility problems and is in conflict with the CGC philosophy
that uses classical feedback control architectures instead. To provide the required 6-DOF
powered descent capabilities while minimally impacting heritage guidance and control sys-
tems, we instead solve for a single, complete, trajectory from the spacecraft’s current state
all the way to a target final state. Given real-time computing capabilities, new trajectories
can be found as-needed (e.g., during landing site re-targeting for hazard avoidance), but re-
solving is not a fundamental component of a nominal maneuver. The objective of “real-time
powered descent” is therefore that a single solution for a complete 6-DOF PDG trajectory
is computable in a short enough time span on spaceflight hardware using an implementation
that adheres to the standards of spaceflight code.

This chapter is organized as follows. A strategy for efficient real-time implementations
is outlined in §5.1. We highlight the relationships between these implementation strategies
and the algorithm design steps covered in Chapter 4. A case study using the planar powered
descent guidance problem is then presented in §5.2 so that the real-time results can be

compared against the known theoretical properties of optimal solutions.
5.1 Implementation Architecture

In Chapter 4, the original optimal control problem, Problem 7, was approximated by the
convex subproblem, Problem 8, at each iteration of the PTR algorithm. Throughout this
chapter, we make reference to “solver” and “PTR” iterations; the former are iterations per-

formed internally by the solver, whereas the latter are the outer iterations around the PTR
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algorithm’s loop that is shown in Figure 4.1 and includes the convexification/parameter
update/solve steps and stopping criteria check.
By using the output of the convexification step, we formulate an each subproblem as an

SOCP in the general conic form of Problem 9.

Problem 9. Find the vector z € R™ that solves the following second-order cone program:

min ¢’z (5.1a)
st. Az=b (5.1b)
ZGCLXCle--'XCQm (510)

where Cr, = {'w eR¢ | w > O} 18 a linear cone of dimension £, and each

Co.

7

= {(wp, w) € RE | |wlls < wy}

is a second-order cone of dimension d; + 1. The problem data A € R"*™ b € R" and

c € R™ are then passed to the solver in order to solve the subproblem.

The process of translating Problem 8 into the form of Problem 9 is called parsing. The
majority of all previous work on SCP algorithms has relied on “modeling” interfaces (often
called parsers) that automate the parsing process, and allow a designer to rapidly prototype
their code [19, 20]. However, these parsers, by their very nature, must introduce compu-
tational overhead, dynamically allocated memory, and sometimes redundant constraints in
order to fulfill their intended purpose as general design tools. Each of these characteristics are
undesirable for real-time implementations, and so we resort to “hand-parsing”. Hand-parsing
means to define explicitly the data {A,b,¢,?,d;, ..., d,} as functions of the problem’s vari-
ables and constraints from Problem 8 (e.g., the specific indices of A that correspond to each
constraint). Implementations that do not use some form of hand-parsing must construct the
entire A, b and ¢ matrices from scratch at each iteration and do not leverage the fact that

the same optimization problem is being solved repeatedly.
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5.1.1 Variable Initialization

This section details the initialization steps that are performed prior to executing the main
PTR loop. The initialization step consists of three operations: generating the initial solution
guess, computing the scaling matrices, and pre-parsing as much of the problem data as
possible. If the initialization step is called at some time t < t;, where tq is the time at which
the guidance solution will begin to be executed by the vehicle, then the current vehicle state
must be projected forward in time by an amount ¢ty — t. The difference t; — ¢ must (at
least) account for the time spent computing the guidance solution. For the aforementioned
test flight campaign of the 3-DOF G-FOLD algorithm, this value was chosen to be one
second [66].

As in the case study presented in §4.3.1, we use the straight-line interpolation initial guess
solution to seed the real-time implementation. This initial guess method can be computed
very quickly using only a small number of floating point operations. For the final time
specifically, we have observed that initializing the parameter ¢; to be higher than the expected
flight time produces slightly better convergence results. This is similar to an observation
made for the 3-DOF problem, where Dueri et al. found that as ¢; approached the minimum
feasible time of flight, more solver iterations were required to produce a solution [15]. As t¢
was increased, the solver had an easier time find solutions, and we have observed a similar

trend for planar and 6-DOF landing problems.

Scaling Matrices

In §4.2.3, we briefly mentioned that proper scaling of the solution variables of Problem 8
is critical to obtaining good solutions. The scaling of solution variables can be done in
several ways, and there is no general consensus on the best way to scale optimal control
problems to produce numerically well-conditioned parameter optimization problems. While
some authors argue that scaling (and balancing) the continuous-time equations of motion

is the most appropriate [51, 169|, others argue that scaling the discrete-time optimization
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variables is sufficient |21, 96]. We have found that the latter method is acceptable in our
implementations, but do not claim superiority over the former method. To this end, we scale

the solution variables of Problem 8 by defining the following affine transformations:

x, =S,%.+c,, keN (5.2a)
u, = S,up +¢,, keN (5.2b)
P = 5P+ ¢p, (5.2¢)

where the S;, Sy, S, are diagonal matrices and ¢,, ¢,, ¢, are vectors of commensurate dimen-
sion that scale and center the state, control, and parameter vectors respectively. Throughout
this section, scaled quantities are referred to with the * adornment. For the i?* compo-
nent of the state, control, or parameter vectors, generically referred to using z;, we can
define two quantities: 1) the known range of the “true” component’s value in physical units,
[%i min, Zimax|, and 2) the interval that we wish to scale the component to, [, Z,]. Using

this information, we use

S = M, and  C.; = Zmin — Szl (5.3)

Zub — Zlb
While the interval [Z, Z,3] is in theory arbitrary, a judicious choice with respect to parsing
Problem 8 into the standard form of Problem 9 is to use [Zj, 2w = [0, 1]. This places the
new (scaled) solution variables in the linear cone by construction, and eliminates the need
to enforce the lower bound constraints 2;;, = 0 < 2; explicitly. The reduction in problem

size, and corresponding runtime decrease, afforded by this choice can be significant and is

quantified in Theorem 5.5.

Pre-Parsing

Pre-parsing consists of initializing the data {A,b, ¢, ¢, dy, ..., d,} used in Problem 9 prior

to entering the main PTR iterative loop. There is a significant amount of structure to the
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nonconvex problems that are solved using any SCP method, and this structure is exploited
to maximize the speed of the PTR algorithm by populating as many entries of the problem
data as possible during the pre-parse step. For a fixed problem statement, the majority of
the non-zero entries in these containers do not change across the PTR iterations, and the
pre-parse step simply populates these constant non-zero entries.

For this step, an enumeration of the variables and constraints must be decided upon. A
generic enumeration of the variable z and constraints is given in Figure 5.1. We define the
block vy variables to be all those that appear explicitly in Problem 8 and/or contribute to
the nonlinear equations of motion, block vy variables to be all linear slack variables added
to write the problem in standard form, and block vs variables to be those used to form the
trust region? in addition to any Second-Order Cone (SOC) slack variables added to write
the problem in standard form. Similarly, we define block ¢; constraints to be those that
represent the dynamics and boundary condition constraints, and define block ¢, constraints
as all other constraints imposed.

These definitions permit a block row/column decomposition of the A, b and ¢ matrices.
For the PTR algorithm (and ones that are similar to it), the vector ¢ can be fully populated
during the pre-parse step, and only A and b will change across the PTR iterations. All
block v, and w3 slack variables added to write the convex approximation in the standard
form of Problem 9 will have a corresponding entry in the A matrix of unit magnitude (£1)
that appears in the row corresponding to the constraint that the slack variable was added
to. These are represented by the x, (for linear slack variables) and the x (for SOC slack
variables) blocks shown in Figure 5.1. Because all non-zero entries are £1, and occur in
user-specified rows and columns, the entire x, and *; blocks can be populated during the
pre-parse step and do not change throughout the iterations.

The %, blocks correspond to the equations of motion and boundary conditions, and can

be partially populated during the pre-parsing step. The remaining portions can only be

2The trust region is often implemented as a second order cone, though this is not necessary. Hence block
vs may contain both linear and second-order cone variables.
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Figure 5.1: Generic enumeration of the variables and constraints for the standard form of a
trajectory optimization problem. The constraint block ¢; corresponds to the dynamics and
boundary conditions, while constraint block ¢, corresponds to all path constraints enforced
as inequalities. Block vy variables are used either directly in Problem 8 or to impose the
dynamics and boundary conditions. Block vy variables represent linear slack variables of
arbitrary dimension, and there are m; such variables. Block v3 variables represent the trust
region implementation and SOC variables of arbitrary dimension, and there are m, such
variables.

populated after the convexification step. The %, blocks correspond to the path constraints
enforced as inequalities. These blocks can also only be partially populated during the pre-
parse step, and the remaining portions may be added after the convexification step. The
percentage of the entries in the %, and x,, blocks that can be pre-populated is application

dependent and will vary.

5.1.2  Convexification Step

The convexification step is responsible for approximating the nonconvex constraints that

are part of the original optimal control problem, Problem 7. In implementation, this is
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achieved by using the propagation and constraint approximation steps discussed in §4.2.1.
To minimize the size of the matrices involved, and to avoid the use of 3D matrices to provide
a temporal index, all matrix computations are performed using 1D “flattened” arrays. This
also avoids passing around large 2D matrices that are mostly zeros [139]. The propagation
step is summarized in Algorithm 2 and the constraint approximation step is summarized in

Algorithm 3.

Propagation

The equations used to compute the discrete-time linear time varying approximation of the
equations of motion are given by (4.13). In implementation, we must compute N — 1 sets of
these matrices, with each set representing the transition from one normalized temporal node
to the next. Each set of matrices is computed by numerically integrating the integrands
in (4.13) along with the state vector (4.14). We use a fixed-step Runge-Kutta-4 (RK4)
integration scheme with Ny, points to do the numerical integration. The size of the vector
being integrated is n,(n, + 2n, + n, + 2). For each k € N, we integrate the following

differential equation over the interval [7y, 71 1] using Ngup, points:

[ F(Py(r), a(7).p)] & | [ po(r) |
A(7)Ps(T) flat (1,,,) Py (T)
P(T) = Py (A7) B(7) ., P(mp) = Onenust ,  where P(1)= Pp-(7) (5.4)
Py (T)A\.(T)B(7) Onyny x1 Pg+(1)
Pyt (1)E(7) Onamyx1 Pp(7)
i PcI:l(T)T(T) | i On,x1 i i P.(7) i

Here, the flat (-) operation maps a 2D array to a 1D array using a column major representa-
tion.> Note that the entire initial condition P(73) is reset before each call to RK4, but only

the entries corresponding to the state vector, P,(7), have a different value across the N — 1

3In the code, no explicit conversions between 1D and 2D arrays are needed, and so the use of column
major representation is not in conflict with the C/C++ row major array storage.
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temporal intervals. This is the resetting strategy depicted in Figure 4.2 that is analogous to
multiple-shooting.
The propagation step must be called a total of N — 1 times per convexification step. For

each k € N, the propagation step can be performed in

@ <4Nsub (gni +n2(2n, + n, + 6))>

floating point operations. Powered descent problems typically have n, € [7,15] and n, € [2, 6]
and n, € [0,2]. As demonstrated in §5.2, the propagation step can be performed in a near-
negligible amount of time if it is implemented properly.

Our results suggest that the PTR algorithm’s convergence behavior and quality of the
final solution is not strongly dependent on the choice of Ng,p, and a value of Ny, € [5,15] is
typically sufficient for 6-DOF rigid body dynamics. To obtain the final values of the matrices
in (4.13), we right-multiply each of Pg-(7;) through P,(7) by the value of Pg(7;) for each
k € N. The final matrices in (4.13) can either be stored as flattened arrays and output in a

data structure, or placed directly into the A and b matrices used to construct the standard

form SOCP.

Remark 5.1. One of the key steps that drives the computational complexity of the propa-
gation step is the matriz inverse required to evaluate the derivative of Py(7) in (5.4). It is
customary to use Gaussian elimination with partial pivoting to compute this inverse [170],
a process that involves computing an LU decomposition and inverting the two factors. For
powered descent problems that use Cartesian variables to represent the state vector and have
the mass variable in the first position, we have observed that the entries below the diagonal
in Pp(T) do not exceed 1 under the condition that the ratio U'(7)/m(r)2 < 1, where I'(1) is the
thrust magnitude and m(7) is the vehicle mass. Moreover, the equations of motion imply that
the (1,1) entry in Py(7) is constant and equal to 1. This means that partial pivoting may not
be theoretically necessary to ensure numerical stability in this case. However, for powered

descent problems stated using dual quaternions the same statement does not hold [73], and
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partial pivoting must be retained in this case. To maintain a general solution method between

the two state representations, we use partial pivoting in our implementations.

One of the advantages of the propagation step is the ability to estimate the dynamic
feasibility of the current reference solution {&y, @, p}i_,. Dynamic feasibility is estimated
by using the defects introduced in (4.15). Using the notation of (5.4), the defect at the k*
temporal node is

Ag = [|Po(Th11) — Briall, k€N, (5.5)

If each Ay is less than a prescribed tolerance €geasinle, then we say that the reference trajec-
tory is dynamically feasible. Typically, choosing €easivie < 1072 provides acceptable results,

but this value is dependent on the original equations of motion. The propagation step is

summarized in Algorithm 2.
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Algorithm 2 The convexification step. All matrix operations are performed as 1D array

operations.

Input: Reference trajectory {&x, uy, p} for k =1,..., N and feasibility tolerance €geasiple-
Output: Data structure, output, containing the discretized dynamics matrices, linearized

constraint data, and feasibility indicator.

1 function CONVEXIFY

2
3
4
5

6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23

24
25
26
27
28
29
30
31
32

33

function PROPAGATE

— [ﬂat ([nz) lenznu lenznu lenznp Ol><nz
fork=1,....N—1do

Set output.feasible = true

Call the PROPAGATE function

Call the LINEARIZE function, see Algorithm 3
end function

]T

P+ [:Eg PO]T > reset initial condition using reference state
h < (Tet1=7) [ Ny —1 > the rk4 step size using Ny, steps
Call rk4 on the DERIVS function to update P
Compute the defect Ay using (4.15)
if Ak > €Efeasible then

output.feasible = false

end if
Set outputs:
output.Ay[:][k] < Ps > [:] means “all rows”
output.Bd H[ ] +— Py Pp-
output.By , [:][k] ¢ PoPp+
output.E[][k] + PsPg
output.R[:][k] < PoP.

end for
end function

function DERIVS(T, P)
Compute ¥ + P, ' using an LU decomposition with partial pivoting
Compute \_(7) and )\ +(7) and interpolate u(7) using (4.4)
A+ V. F (Px, u(T )
B+ V F(ng,u ) )
F«+V F( u(7),p)
T F( , p) —
Set outputs:
P, < F(P,,u(r),p)
Py < APy, Pz < UA_(7)B, Pgi < U\, (1)B, Py« VE, P.« Ur

AP, — Bu(r) — Ep

34 end function
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5.1.8  Constraint Approximation

The second part of the convexification step is to compute a convex approximation of all
nonconvex algebraic inequality constraints. Because the standard form of the SOCP in
Problem 9 requires the use of either affine or second-order cone constraints, we cannot use
the full generality of the SCP methodology for real-time implementations using SOCP solvers
(i.e., we're limited to sequential SOCPs).

Recall that the nonconvex constraints were assumed (without loss of generality) to be of
the form

h; (a:,u,p) <0, 7=1,...,Npeoa (5.6)

If V2h; = 0, then it is possible to approximate (5.6) with a second-order cone constraint
by computing a second-order Taylor series approximation about the reference solution. If
computing these Hessians results in a sufficient increase in modeling fidelity relative to a first-
order approximation, and the effort required to compute them is low, then it is advisable
to use a second-order cone to approximate the nonconvex constraint. However, each of the
quadratic constraints that were derived for the dual quaternion-based state constraints have

indefinite Hessians (see §3.4.1).

As a result, we pursue affine approximations of each constraint.* Each nonconvex con-

straint is approximated by the N inequalities

T — Iy,
hi(®x, g, P) + Vh;(&k, ug, D) [up —ay,| <0, j=1,. Ny, KEN  (5.7a)
p—p

4There is another reason; problems with a large number of second-order cones can take longer to solve

than similar problems with the same number of total constraints, but for which all of them are affine.
Scharf et al. observed, anecdotally, “that one three-dimensional SOC constraint can be equivalent in terms
of runtime to approximately 10 linear inequality constraints” [66].
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Ly

Vhie |ug| < =hjry G=1,.. ., N, kEN (5.7b)

p
where,
Ty
V;ij = Vh] (ifk, ﬁmﬁ), Fij = hj (il_,‘k, ’l_l,k;,]:_)) — Vﬁjk u | - (57(3)
D

We can store the data for the approximation of the 7% nonconvex constraint in a single 2D
array, where the first entry in the k™ row is the value of Bjk and the remaining columns are
used to store the value of the gradient Vhj ;.. The first entries in each of these rows are used
to populate the b vector, whereas the remaining entries are used to populate the A matrix
in Problem 9 during the parsing step outlined in §5.1.4. Note that if a constraint h; is a
function of only a subset of the state, control, or parameter vectors, then the size of this 2D

is shrunk accordingly.

As h; (:Ek,ﬁk,ﬁ) is computed for each j = 1,...,n,0e and k € N, the feasibility with
respect to each constraint at the reference nodes can be checked. If any constraints are
found to be violated, then the current reference trajectory is marked as infeasible. If no
constraints are violated, this does not necessarily imply that the trajectory will satisfy the
constraints at times between the solution nodes, a phenomenon referred to as constraint
clipping. Checking feasibility at the temporal nodes is therefore a necessary but not sufficient
assessment of feasibility with respect to path constraints. In contrast, the assessment of
dynamic feasibility based on the defects is both necessary and sufficient. Together, these
measures of feasibility with respect to the nonconvex constraints provide a simple measure

of the quality and feasibility of the solution at each PTR iteration.

The constraint linearization step is summarized in Algorithm 3.
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Algorithm 3 The linearization step that forms part of the convexification step in Algo-
rithm 2. All matrix operations are performed as 1D array operations.

1 function LINEARIZE
2 for j=1,... Ny do

3 for k=1,...,N do

4 output.H;[k][:2] « Vh;(&x, uy, D)

5 output. H;[K|[1] < h; (&, ax, ) — Vh; (&, @, D) [Z], @), D' ]

6 if hj (@k, Uy, ﬁ) > €feasible then

7 output.feasible = false

8 end if

9 end for

10 end for

11 end function > [:2] means “all columns starting from 2”

5.1.4 Solve Step

The convexification step computes all of the data that is needed to populate the remaining
non-zero entries of A, b and ¢ that were not defined in the pre-parsing step. This process
is referred to as parsing. Upon completion of the parsing step, we have fully defined the
problem data for Problem 9, and the solver is then called. The PTR algorithm solves each
convex approximation to full optimality, rather than settling for a sub-optimal solution and
iterating again. Because calling the solver tends to dominate the algorithm runtime (even for
a small number of solver iterations), reducing the number of calls to the solver is paramount

to obtaining low runtimes.

Parsing

The parsing step adds the data from the convexification step to A and b. These data form
the remaining portions of %, and %, blocks shown in Figure 5.1. Because the standard form
solution vector z contains the scaled state, control and parameters as 1D stacked vectors,

the discretized dynamics (4.12) are written in block form as

A

R=A&+Bau+Ep+v, —v_, (5.8)
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where v = v, — v_ is the virtual control term expressed using two variables in the linear

cone |78, 126, 127, 128| and

AS, =S 0 e 0
A 0 AS, -85, e 0
A= : (5.9a)
0 0 0 Ay_1S: =5
BS, BfS. 0 0
. 0 B; S, B35S, 0
B = , (5.9b)
0 0 0 By_S. By_5
E,S,
. EsS
E=| ", (5.9¢)
_EN_15'p
¢, —r — Aie, — Bye,— Bfe, — Eic,
. (5.9)
¢; —rN-1— An-1€; — By_jcu — By ¢ — En-i16y
By the same steps, the boundary conditions (4.28e) can be written as
—To — 14()(3$ — E()Cp = A()Sxi'fl + E[)Spf) + L T 2 (510&)

—ryN — Ach — ENCp = ANSQCQEN + E()Spﬁ + VN4t —VUN,_. (510b)
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Using (5.9) and (5.10), the %, blocks can be filled in as

|:AOSx OnOan(Nfl)i| OnoXnuN EOSp Il/,ll —1p11
*p = A B E Lo —1I,2] (5.11a)

_|:0nf><nz(N—1) ANSx] O'ﬂanuN ENSp Il/,33 —41,33

-1y — Aoe, — Epc,

x5 = R (5.11b)

—TrN — 14]\/61B — ENCp

where,

I, = _]no Onoxnx(N_l)Jrnf] , (5.12a)
L/722 = _Onz(Nfl)Xno Inz(Nfl) Onz(Nfl)xnf] ) (512b)
IV,33 = _Onfxno Onfxnz(N—l) In ] . (5120)

The entries in (5.12) are independent of the matrices computed during the propagation step

and would be populated during the pre-parse step.

Remark 5.2. The notation adopted in some previous work on this block representation
of the dynamics has used an identity block in the upper left corner of the A matriz given
in (5.9a) [189]. Including this block in addition to the initial condition block (5.10a) can
create an A matrixz that does not have full row rank and potentially lead to numerical issues

i the solver.

Remark 5.3. If the boundary conditions are imposed originally as affine constraints, then
the additional virtual control term vy is not required, and we set 1,17 = 0. An example of

this is provided in the case study in §5.2.

While every trajectory optimization problem will have the same basic structure for the %,

blocks, the x, blocks are heavily application dependent. A trajectory optimization problem
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stated with two different sets of constraints will have the same %, blocks, but will have
different x,, blocks. As such, it is only really informative to provide the block-expressions
for the two classes of path constraints that can be included in Problem 9: convex affine or
second-order cone constraints. Recall that general nonconvex constraints are assumed to be
linearized, and so they are treated the same as affine constraints for the purposes of this

section.

Affine Constraints There are several affine constraints that are common to trajectory
optimization problems solved by sequential convex programming. For example, the use of
one-norm penalty functions for the virtual control and box-type constraints on the state,
control, and parameter vectors each produce affine constraints. As mentioned, affine con-
straints also arise from the linearization of nonconvex constraints. To illustrate how these

are parsed, consider an affine state constraint of the form of (4.28¢c), rewritten here:®

Ly

Ve |u| <=0k, keEN. (5.13)

This constraint is written in standard form by introducing the slack variable s € RY and

writing
G,z +G,u+Gp+s=G,, s>0, (5.14)

where,
G, = , G, = , (5.15a)

>The notation for Vg, and g represents the same thing as shown in (5.7c).
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Vpgl Sp 0 —§1 - V:):glcm - Vuglcu - vpglcp
Gy = , Gy= : . (5.15b)

0 Voin Sy —gn — Vaegne, — Vugne, — Vypgne,

The matrices G, G, and G, are then added to %/ in the columns that correspond to the
state, control, and parameters respectively, and in the N rows of the block ¢, constraints
that correspond to the affine constraint at hand. Similarly, the vector G, is added to *},
in the same N rows of the ¢y block of constraints. An identity block for the slack variable
s can be pre-parsed into A in these same rows and the appropriate columns based on the
definition of the block vy variables (see Figure 5.1).

If the affine constraint comes from the linearization of a nonconvex path constraint, then
G., G, G, and G, will in general be functions of the reference trajectory {@y, g, pHo_;,
and must be re-evaluated during each convexification step. The same can be true even for
constraints that are affine in their original form in Problem 8. As an example of the latter,
consider a trust region imposed using ¢ = oo, which is equivalent to two linear constraints
on each of the state, control, and parameter vectors. In this case, the vector GG, will need to

be re-evaluated during the parsing step as the reference solution changes.

Remark 5.4. In addition, the nonconvez constraints (5.7) have the additional virtual control
term v, present in the expression. For these constraints, a constant matriz equal to —In is
pre-parsed into to the columns of A that correspond to the block vy variable V', and in the

rows of block cy that correspond to the particular nonconvexr constraint being approximated.

Theorem 5.5 summarizes the increase in the SOCP problem size required to impose an
affine path constraint in each convex subproblem solved during a PTR iteration. Note that
the first nonconvex constraint incurs an addition one-time cost of N additional variables (the
vector ') but no additional rows of A or b. Subsequent nonconvex constraints may reuse

the same vector v/'.

Theorem 5.5. To impose an affine path constraint on the state, control, or parameter in
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Problem 8 requires adding at least N and at most 2N block vo variables to Problem 9 and

adding N block co rows to both A and b.

As mentioned when the scaling method was presented in §5.1.1, the state, control, and
parameter vectors can be scaled so that the solution variables &, w and p are already in
the linear cone R,. This means that no explicit affine constraints are needed to enforce
the scaled variable’s lower bound by adding rows to A and b. Rather, the constraints are
enforced implicitly by the solver. Theorem 5.5 tells us that scaling the solution variables in
this way saves us (n, + n, + n,)N slack variables and as many rows in the matrices A and
b. Even for the simplest problems in powered descent guidance, this represents a savings on

the order of 100 variables and rows of A and b for typical implementations.

Second-Order Cone Constraints Not all trajectory optimization problems will make
use of second-order cone constraints. For problems in the aerospace domain specifically,
however, there are several constraints that are naturally expressed in this form, such as an
upper bound on thrust magnitude, thrust pointing constraints, approach cone constraints,
and more (see §3.4.1 and §3.4.2 for examples). Moreover, we have found that two-norm-based
trust regions, using ¢ = 2 or 2%, are an efficient method to guide the convergence process for
the PTR algorithm.

To illustrate how these constraints are handled during the parsing step, consider a generic
second-order cone path constraint imposed on the state vector only, to ease the notational

burden of the presentation. The constraint is of the form
| Agzr + c4ll2 Sg;—wk‘i‘dq; EeN (5.16)

for some A4, € R™"= ¢, € R g, € R"™ and d, € R. Note that for the trajectory optimization
problems considered here, it is rare for the data describing a second-order cone constraint to

vary in time (i.e., to change with k) — and we have assumed that this is the case in (5.16).
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First, the constraint (5.16) is rewritten in terms of the scaled state as
|A#r + ella < g, &k +dg, kEN (5.17)

where,

Ag=A,Sy, ¢=Agca+cy Gg=5:9, dy=d, +g, ¢

The constraint (5.17) is rewritten in standard form by introducing three slack variables for

cach k € N: u;, € R% 0, € R, and s, € R,. Using these slack variables, write

~ R T oA (%
pip = Az, + ¢, o+ s, = qu:z:;C +d, = € Cqus- (5.18)
K

The expressions in (5.18) now form two affine constraints. Next, define a vector

X = (01, 1, 01, pa, -+ on, py) € RV, (5.19)

Then, the following constraints are equivalent to (5.18):

—(Ivexdg)a+ (Ivec [0 1)) x = 1y @ & (5.20a)
- ([N x gq) z + (IN Qx |:1 led]> X + [NS = cquN, (520}3)
(O'k, [l,k) € CQd+17 k € N. (5.20(3)

where ®, represents the Kronecker product.

Remark 5.6. The representation of the SOC constraint (5.20) can be entirely added to
the matrices A and b during the pre-parse step, unless the constraint represents a trust
region constraint. For a trust region constraint stated as an SOC constraint, the matrices

Ay, Gq, dg are constant and may be pre-parsed, while €, changes across the iterations — the

vector ¢, = —Iy, in this case — and forms part of the ¢, block.
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Theorem 5.7 summarizes the maximum increase in the SOCP problem size required to
impose a second-order cone path constraint in each convex subproblem solved during a PTR

1teration.

Theorem 5.7. To impose a d + 1 dimensional second-order cone path constraint in Prob-
lem 4.28 requires adding at least N(d+1) and at most N(d+2) block vs variables to Problem 9
and an additional N(d + 1) block cy rows to both A and b.

The at least part in Theorem 5.7 is due to the structure of variable-width trust regions
in the PTR algorithm, where the right hand side of the SOC path constraint is already
a solution variable and an additional slack variable, s, does not need to be added to the
problem. Contrasting Theorem 5.7 with Theorem 5.5 allows us to quantify the possible
difference in problem size that is available by replacing second-order cone variables with

linear variables and vice versa.

Calling the Solver

After the parsing step is complete, the data {A,b, ¢, ¢, d,...,dy,} are passed to the solver
that in turn provides an optimal solution. The solve step is summarized in Algorithm 4.
Recall that ¢ is the dimension of the linear cone, the number of variables in z that are
constrained to be in the nonnegative orthant. Similarly, the d; are the dimensions of each
second-order cone variable of the form of (5.20c). Each of these problem dimensions is known
at compile time and do not need to be updated.

The solver used for the numerical case studies in this chapter is the BSOCP solver [15].
The BSOCP solver uses an interior point method and was designed with the express goal
of solving powered descent guidance algorithms for real-time flight implementations. All
technical details relating to the solver are summarized in [161] and we do not attempt to
cover them here. The solver’s capabilities were demonstrated during the aforementioned G-
FOLD flight test campaign as part of the Autonomous Ascent and Descent Powered-Flight
Testbed (ADAPT) project led by NASA’s Jet Propulsion Laboratory in collaboration with
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Algorithm 4 The solve step.

Input: Matrices A, b, ¢ and the output data structure of the convexification step.
Output: The data structure output with the reference trajectory overwritten.
1 function SOLVE _SOCP

2 Call PARSE to update A, b, ¢

3 z* = bsocp(4, b, c) > Call solver BSOCP with pre-defined tolerance values
4 Compute output.delta_xp using (4.30)

5 Set outputs: > x*, u*, p* are retrieved from z*.
6 output.x = (Iy ®x S.)Z* + (1y @ ¢;)

7 output.u = (Iy ®x S,)u* + (1y Ry ¢;)

8 output.p = S,p* + ¢,

9 end function

Masten Space Systems [66, 67].

The parameters used to define numerical tolerances and convergence are listed in [161,
Table A.1|, and must be tailored to the specific problem instance being implemented. If z*
is the solution returned by the solver, we note that not all of z* needs to be retained. The
new reference trajectory {@y, @y, P}i_, can be extracted by unscaling the entries of z* that

correspond to &, w and p — which are the first three variables in block v;.

Prior to terminating the solve step, we leverage the fact that the scaled state and param-
eter vectors & and p are already available on the stack and compute the value of (4.30) for

later use in determining convergence.

5.1.5 Stopping Criteria

The final component of the algorithm is the stopping criteria. The details were covered
in 4.2.4, and Table 5.1 shows the possible exit conditions of the algorithm. Once the crite-
ria (4.30) is satisfied, the iterations are terminated provided that output.feasible is true.
Note that a trajectory cannot be dynamically feasible unless the virtual control norm is small
enough to allow this, and checking output.feasible is a more robust exit criterion than

checking the norm of the virtual control.
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Table 5.1: Possible exit conditions for the PTR algorithm based on the criterion (4.30).
Feasibility is assessed on line 13 of Algorithm 2 and line 6 of Algorithm 3 during the con-
vexification step.

Converged Feasible Description
v v Converged and feasible.
X ve Reached maximum PTR iterations before d5, < dto1. Sub-optimal.
v X Converged but not feasible. Do not use.
X X Not converged and not feasible. Do not use.

5.2 Case Study: Planar Landing

To illustrate the design methodology for real-time implementable algorithms, we examine
the propellant-optimal planar landing problem that was introduced in §3.3 of Chapter 3.
The reason that we use this problem is so that we may compare our results to the optimal

solution structure proven in Theorem 3.4 and Lemma 3.5.

The planar landing scenario is depicted in Figure 3.2. This problem has nonlinear dy-
namics that serve as the sole source of nonconvexity. While nonconvex constraints can be
added and the design process remains unchanged, we do not do so for this case study in
order to preserve the theoretical properties of the solution. Planar landing problems have

n, = 7 states, n, = 2 controls and n, = 1 parameter (the final time) for which to solve.

The state vector, x(t) € R", is comprised of the mass, m(t) € R,,, the landing-
frame position 7, (t) € R?, the landing-frame velocity, v, () € R?, a single attitude variable
6(t) € R and the angular velocity w(t) € R. The control, u(t) € R", is assumed to come
from a body-fixed rocket engine capable of generating variable thrust I'(¢) € R, and a
separate actuation mechanism capable of independently providing a torque 7(t) € R (e.g.,

an RCS system).

For this problem, because the control inputs are scalar and decoupled, we can formulate

bounds on their magnitude as the box constraints (3.27) — which are affine constraints on
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the input. For numerical solutions, we bound the state variable using
Lmin S "L'(t) S Lmax, (521)

for some @i, Tmax € R™. In this case study, we choose the components of @,,;, and @«
to be just large enough so that none of the bounds are active during the descent, thereby

using their numerical values for scaling purposes only.

The minimum propellant cost function can be expressed in Mayer form by using the final
mass of the vehicle. Maximizing the final mass is equivalent to minimizing the fuel consumed,
and so we take M (z(to), z(ty),t;) = —ej x(t;) = —m(ts) as the cost. The continuous time

optimal control problem that we wish to solve is given by

min — e x(t
0(to), u(-), ty ! (f) (5.22)
s.t. (3.26), (3.27), (3.28), (5.21).

Note that (5.22) is equivalent to Problem 5 with the addition of the (affine) state con-
straint (5.21).

The initial and final boundary conditions from (3.28) can be written as

1000000
0100000 Mc
0010000 TLic

Aow(t0> = a}'(to) = T, L = s (523&)
0001000 UL ic
000O01O0P®O0 W3, ic
000O0O0O0T1
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0100000
0010000 e
0001000 Ve s

A]\ﬂB(Iff) = w(tf) = Ly, Lfe = s (523b)
000O01O0O0 0
000O0O0OT1P®O wa, f
000O0O0O0T1

where ;. € R™ and x; € R" with ny =ny = 6.

Following the procedures discussed in §4.2, for each PTR iteration we solve the convex
subproblem given by Problem 10, posed for clarity using unscaled variables. This case study
uses N equally spaced temporal nodes during the convexification step. Note that we elect
to use a two-norm trust region in order to demonstrate the use of SOC variables. Use
of a different norm, such as the infinity norm, would allow the trust region to be written
using only linear constraints. However, Theorems 5.5 and 5.7 can be used to show that an
infinity norm trust region used in place of a two-norm trust region would in fact require
N(ng+n, —1) additional variables and N (n, +n,) additional rows in the A and b matrices.
Empirical results for this particular problem reveal that this increase in problem size has a
significant impact on the resulting solve times, even though the use of linear trust regions
leads to a linear program. Over 100 trials using both methods on the exact same problem,
the two-norm trust region provided an average decrease of 11 ms in solver time per PTR
iteration compared to the infinity norm trust region. While this speed-up may be specific to
this particular problem, we nonetheless proceed by using the two-norm trust region on both

the state and control.

Problem 10. Find the vectors {X, U, p, n, n,, V'} that solve the following parameter op-

timization problem:

min — el xy + wy|lV|1 +wylyn + Wer pMp (5.24a)
XanPV’IJIp’V

s.t. Lpy1 = Ak{L‘k + B,;’U,k + B;—’U,k_;,_l + Ekp + 7 + Vg, ke N (524b)
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Aoy = Xie, AnEn = Xy, (5.24c¢)
Tmin < Tk < Tmax, keN (5.24d)
Umin < Up < Umax, ke N (5.24e)
Pmin < P < Prax; (5.24f)
|2 — Zilo + [lur — w2 < keN (5.24g)
lp—p| < np, (5.24h)

where X = {x ), U = {w}Y, and V = {1

We then scale the solution variables in Problem 10 by substituting x; < S,&, + ¢,
up < Syur + ¢, and p < S,p + ¢, wherever they appear, except in the trust regions.

Following [72, Remark IV.1|, we scale the trust region constraints (5.24g) and (5.24h) using

2 — S (T — ea)ll2 + ix — S, (e — eu)lla < me, k€N (5.25a)

b= 5,7 (B — )l < mp. (5.25b)

5.2.1 Standard SOCP Form

Next, we introduce slack variables, the block vy variables, so that each of the affine inequal-
ity constraints (5.24d)-(5.24f) are expressed as equalities. This follows the general procedure
outlined in (5.14). Slack variables are also introduced in order to express the cost function as
a linear function of the solution variables by using equivalent problem transformations [10].
Each of these steps are straightforward. The implementation of the trust region is less
straightforward, and so it is highlighted here. The state and control trust region is imple-
mented by introducing a total of 2N variables, (1, fak) € Cq,, 1 a0d (Puk, Huk) € Co,, 11
for each k € N, such that

,l,l,x7k = iilk — Sz_l (ik — Cx) and Nu,k = ﬁk — S;l (ﬂk — Cz) s (526)
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whereafter ||, klle < nox and ||pukll2 < Mur are now equivalent to (5.25a). We can recon-
struct the original trust region, 7, if needed from 7, = 1, % + 1w k. Note that because 7,
and 7, are already solution variables, we do not need to add another slack variable (the
or in (5.18)) to express the trust region constraint in standard form. This illustrates the at

least qualification in the statement of Theorem 5.7.

Next, define the variables

Ne,1 Nu,1
M1 Mol
Xo= | 0| €RVET e = |8 L e RYED 1 X2 € Ry (5.27)
N, N T, N
_Hx,N_ _Nu,N_

The trust region constraints (5.25) can then be expressed as

&+ Hyoxo = bey, H,u = Iy ®x [Onle _ Inz] , keN (5.28a)
@+ HywXo = buy Hyw = Iy @ [Onuxl _]nu] . keN (5.28b)
P—=1p+ Xp1=Vbp, D+ — Xp2 = bp, (5.28¢)
where,
Sy (@1 —c.) S (g —¢y)
b, = : , by = : , by=5"(—¢). (5.29)
) Sy (uy — cy)

Note that because there is only a single parameter in this problem, the trust region (5.25b)

is a linear constraint; and each of p, 7,, xp1 and x, 2 reside in the linear cone.

Figure 5.2 shows the resulting structure of the matrices A, b and ¢ for this problem, with

the dotted gray lines indicating the block structure illustrated in Figure 5.1. Recall that
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the block vy variables are those that are used to write the equations of motion, the block
vy variables contain the linear slack variables added to write the problem in standard form,
and the block vz variables contain the variables related to the trust region implementations

and all SOC variables. Note that in Figure 5.2 we have defined
Hyw =13 @4 [1 0, | €RVYOD and Hyy= 10 @04 [1 044, | € RV,

The problem dimensions can be computed as a function of the base units N,n, and n,, (by

using n, = 1 and ng = ny =n, — 1) to be:

Variables: N(8ng, + 3n, +2) +5(1 —ny),
Equality constraints: N(5ng +2ny) + 1 — ng,
Linear cones: N(Tng +2n,) + 5(1 — n,),
Second order cones: 2N.
The first N SOCs are each of dimension n, + 1, whereas the last N SOCs are each of

dimension n, + 1.
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z
[ﬂf? w p v, V. S Sy 83 S84 85 S M Xp1 Xp2 Xz Xui|
C

(0 —€l] 0000 well. 00000 wy, 00 wyH,, thHn,u}

A b
[ [AoS: 0] N, = N [ @ie = Ave
. A B B, —I,. NZ =n, (N £1) R
0 Avs] | N, =n,N 2 — Aye,
Iy Iy —Iy Iy 0
Iy —Iy Iy - 0
Iy, Iy, 1y,
Iy, Iy, 1.,
1 1 1
1 1 -1 b,
1 11 by
I, H,, b,
L, Hy || b

Data that changes each iteration _

Figure 5.2: The A, b and ¢ matrices for the planar landing case study. All empty blocks are
zero, and the data that is not pre-parsed are highlighted by green boxes.
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Table 5.2: Percentage of the data defined during the pre-parse step for the planar landing
problem using a temporal density of N = 20. Note that A is 99.7% sparse.

Total Size Non-Zero Entries Defined at Pre-parse Pct. %

A 789 x 1285 2919 2410 73.3
b 789 506 193 38.1
¢ 1285 182 182 100

5.2.2  Initialization Step

The initial guess was computed by using the straight-line interpolation method between

the vectors (mic, TLics ULicy 0, w&,—c) and the vector (mf, Tr.f, Urf, O, w37f) where my =

MictMmin

5t Given that the optimal thrust solution is known to be always on the boundary of

the interval (3.27), we initialize the thrust input channel using

Iy = o (5.30)

The effect of the parameter n,,, on the computed solution for a fixed N is studied in Figure 5.6.
The optimal torque input does not necessarily activate either of its constraints (3.27b), and

so we initialize the torque to be zero at each temporal node.

The pre-parse step was implemented after forming the matrices in Figure 5.2. Each
non-zero entry that is not encompassed by a green box was set during the pre-parse step,
along with a subset of the data within the green boxes. For the planar landing problem,
Table 5.2 indicates the number of non-zero entries that can be populated during pre-parsing.
Decoupling the pre-parse and parse steps allows significant computational savings, because

only about 800 non-zero values need to be updated during each PTR iteration.
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Table 5.3: Nominal parameters used in the planar landing case study.

Parameter Value Units Parameter Value Units
tf,guess 8.0 S thaX/min 4.0/12.0 S
M 5.0 kg Mmin 2.0 kg
Tric (67 24) m T f (O, 0) m
Veic (_4, —2) Hl/S (N (O, 0) m/s
Wic 0 rad/s wy 0 rad/s
o € [—-m, 7] rad o 0 rad
i 1.5 N [Max 6.5 N
Tmax 0.1 Nm J 0.5 kg m?
I, 3 st g -1 m /s
Wyc 102 - Wi 5_2 —
Wiy, p 1072 - Naub 15 —
€feasible 1072 - 5tol 1073 —

5.2.3 Computational Results

Prior to discussing the computational performance, we briefly compare the computed trajec-
tory to one that is assumed to represent a locally optimal trajectory. The problem parameters
used for this comparison are given in Table 5.3. We use GPOPS-II to compute the locally
optimal solution for comparison [171]. Figure 5.3 shows the resulting trajectories in the
yr-z, plane, alongside the thrust and torque trajectories. For the real-time solution, the
circles represent the last reference solution {Z;}Y , obtained by the final solve step prior
to exiting the main PTR loop, whereas the solid line corresponds to the continuous state
trajectory obtained by integrating the solution {u,p}Y_, through the nonlinear dynamics
using the affine interpolation (4.4). The attitude of the vehicle is depicted by the red lines in
Figure 5.3a at identical temporal points in each trajectory, and it can be seen to match well
at each point. Both the state and control trajectories show some key differences; namely the
real-time control solution does not have the minimum thrust arc seen in the solution com-

puted by GPOPS-II and the torque solution follows a different albeit smoother trajectory.



25

Planar Landing Trajectory

149

8 T T T
— 1 —-—-= Constraint boundary
20 4t : ! Real time solution |-
= | 1 = — = GPOPS-II solution
o ! !
< L L
5 - L
— 15 Real-time solmi(l)u UU i é 3 )1 5 6 % é ;)
g - — -GPOPS-II solution . .
= " Time [s]
« | S e Initial guess
° 10 ——— Vehicle attitude . . . .
E [l :
Z, ‘ i
1\ !
5 % afu !
8 v !
= N '
0 g | | | . ) . . . L . . .
2 0 9 4 6 8 0 1 2 3 4 5 6 7 8 9

ye [m] Time [s]

(a) The computed inertial position trajectories (b) The computed control trajectories

Figure 5.3: The real-time solution using N = 20 compared to the (locally) optimal planar
landing solution. In (a), the circles represent solution nodes at each & € N and the vehicle
attitude is shown for both solutions at the same time instances.

The torque jitter in the GPOPS-II solution is likely an artifact of that software’s known
difficulty in finding singular solutions when encompassed by non-singular arcs [171|. These
control differences do not greatly impact the PTR algorithm’s ability to find an acceptable
sub-optimal solution, as the cost is not significantly affected by the presence of the minimum
thrust arc. As seen in Figure 5.4, the final mass is very close between the two trajectories.
In fact, the real-time solution finds a solution that is roughly 0.6% sub-optimal and with a
final time that is within 1.3% of the optimal solution. This sub-optimality is traded-off for

the ability to compute the solutions in real-time in an architecture that is appropriate for

flight code.

We now study the computational performance obtained by the real-time PTR algorithm
in addition to the sensitivity of key outputs to user-defined algorithm parameters. The solu-
tion method was implemented in C++ and run using a single 3.2 GHz Intel i5 processor with
8GB of RAM. All code was compiled using the -03 flag. Figure 5.5 shows the computational

times obtained as a function of the temporal density N. Each data point represents the mean
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Figure 5.4: Individual state trajectories for the planar landing case study. The real-time
results use NV = 20.

value of 100 trials using the specified value of N and all other parameters as in Table 5.3.
The error bars that are shown indicate one standard deviation. The contributions of the
pre-parse, convexification, parse and solve steps are shown individually, in addition to the
total solution time. The top plot in Figure 5.5 shows that the total solution time and the
solver time per PTR iteration follow the same trend as N increases. It is expected that the
solver time is cubic in N because the BSOCP solver performs a Cholesky factorization each
time it is called to obtain the Newton search direction [16], a function whose operation count
scales with the cube of the matrix dimension [170]. The cubic polynomial fit to the total time
(shown by the red line) supports the hypothesis that the total solution time is dominated by
the internal operations of the BSOCP solver, and in particular the Cholesky factorization.
The time spent outside the solver consumes on average 2% of the total solution time. The

desirable conclusion is that the PTR algorithm adds little computational overhead to what

6Because the results shown are on a per iteration basis, we hypothesize that varying the initial conditions

in a more traditional Monte Carlo test would not change the results as presented. There are no additional
constraints to activate and no additional non-zero entries in A or b to make the problem more challenging
to solve.
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is needed by the solver. However, caution should be used when extrapolating this result
to other problem instances, as the ratio of time spent in the solver to time spent in other
functions can vary between different problems and implementations.

The bottom four plots in Figure 5.5 show that the percent sub-optimality is roughly
constant across all tested values of N, and that the rumtimes of the pre-parse, convexification
and parse steps scale linearly with N. For the convexification step, this is expected based
on the computational complexity discussion presented in §5.1.2. Both the pre-parse and
parsing steps can be done very quickly, and do not impact the overall solution time of the
PTR algorithm appreciably.

Lastly, Figure 5.6 shows the variation in the final time, the final mass (i.e., the cost) and
the total solution time versus several parameters that are selected by the user. For each
plot, all nominal values given in Table 5.3 were held constant (with N = 15) and only the
variable shown on the horizontal axis was changed. The final time guess is seen to strongly
factor into the total solution time, and a minimum is observed around the optimal value
of ~ 9s, as expected. As mentioned during the case study in Chapter 4, final time guesses
that are much shorter than the optimal final time often lead to higher runtimes compared
to guesses that are longer than the optimal final time. The values chosen for the virtual
control and trust region weights can affect the dependent variables tested if they are chosen
improperly; the results suggest there is a rather large range for each parameter where the
computed solution remains nearly the same. The solution using w;, = 10~ produced results
that did not converge and are marked with a red x (the total solve time is off the chart). This
unsurprisingly indicates that if state and control deviations are not penalized enough, then
convergence suffers accordingly. The variations observed for the solution that uses w,, = 103
can be attributed to scaling issues that start to arise when this parameter is too large.

The fourth row of Figure 5.6 shows that the values of the inertia and specific impulse
can affect the total solution time, but do not strongly affect the final time or mass for this
case study. This implies that algorithm parameters tuned for nominal values do not need to

be changed if the actual values change by up to +10/-20%. Beyond this range, the algorithm
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parameters may need to be changed slightly to obtain the best computational performance.
The increased solution time for large I, is caused by the increasing optimal final time that
eventually requires an additional PTR iteration to converge to. Caution must be exercised
when extrapolating these latter two results to other problem instances, because different
dynamics, boundary conditions and/or constraints can change the relationship between J, I,
and the dependent variables studied here. A similar sensitivity analysis should be carried out
for each new implementation. Lastly, the fifth row of Figure 5.6 shows the effect of varying
Ny, in (5.30). While the final mass and final time are largely unaffected, it can be seen that
lower values of n,, produce faster convergence. The optimal choice in this case is n,, = 1,

the nominal value that is used.
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Figure 5.5: The computational times and percent sub-optimality obtained for each primary
step in the algorithm versus the discretization density N for the planar landing case study.
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Figure 5.6: Variations in the final time ¢, the final mass my and the total solve time versus
several key algorithm parameters. All tests were run using N = 15. The variable n,, is

defined in (5.30).
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Chapter 6

IMPLICIT TRAJECTORY OPTIMIZATION:
FUNNEL SYNTHESIS

%Wﬁ%/@/ﬂd/m %W& %/ %W%W/Z&ﬂd
— Dawvid Hilbert

This chapter builds on the explicit trajectory optimization methods that have been in-
troduced so far in order to develop what we call implicit trajectory optimization methods.
Implicit trajectory optimization provides one (or more) functions that implicitly define a set
of trajectories in both state and control space. Instead of a single trajectory that connects
two boundary conditions, we obtain a group of functions that connect two sets of initial and
terminal boundary conditions.The particular implicit trajectory optimization method that
is developed in this chapter is called funnel synthesis.

Explicit trajectory generation suffers from two fundamental drawbacks.? First, if a tra-
jectory is computed by an explicit method and any problem data is subsequently changed
(e.g., an initial condition), then this trajectory is no longer strictly feasible. An attempt to
follow the originally computed trajectory by executing the control commands would place an
undue burden on the downstream tracking controllers that would be responsible for cleaning
up the dispersions, and the satisfaction of state and control constraints may not be guaran-
teed. Explicit trajectory generation is inherently specific to the given problem data, and any
changes necessitate a full re-solve of the optimal control problem.

Second, there is a lack of formal convergence guarantees for the solution of noncon-
vex optimal control problems. No known algorithm can be formally guaranteed to solve a

nonconvex optimal control problem from an arbitrary initial guess. There is therefore no

!Trajectory generation and trajectory optimization are used synonymously in this chapter.
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theoretical reason that we should expect to always be able to solve a nonconvex trajectory
optimization problem in real-time — though certainly there is an empirical reason to expect
reliable convergence. It is natural, in response, to study alternative methods for which the
ability to provide a feasible trajectory in real-time can be theoretically established.

Consider the following guiding question: if problem data changes after an explicit method
is used to obtain a trajectory, can this trajectory be augmented to provide a new trajectory
without re-solving the original problem, and can we guarantee that these trajectories will be
both dynamically feasible and feasible with respect to all state and control constraints?

This question is intimately related to neighboring optimal control, a concept that was
initially developed by the trajectory optimization community [172, 173|. The main idea is to
use a first-order model of a nonlinear system and a second-order model of the cost function
around some trajectory, and study the necessary conditions for optimality given by the
maximum principle. A state feedback law that is obtained by a solution of these necessary
conditions can provide a near-optimal controller and one that is rather robust to parameter
variations. It is interesting to note that several of the authors whose works were cited in
earlier chapters on powered descent are the same authors who developed the earliest ideas of
neighboring optimal control. Since early work in the 1960s, neighboring optimal control has
been applied to several aerospace and robotics problems, including launch vehicle ascent [174,
175], aircraft wind gust alleviation [176], and robot trajectory tracking [177], among others.
The key difference between neighboring optimal control and the funnel synthesis methods
presented in this chapter are the use of a Lyapunov function (as opposed to the maximum
principle-based techniques) and by extension the degree to which state and control constraints
can be handled. We can do more than separate the topics based on their technical approaches;
neighboring optimal control is designed to seek out nearby optimal solutions, whereas our
funnel synthesis methods are designed to seek out nearby feasible trajectories.

The differences are somewhat analogous to the differences between solving optimal control
problems by using the maximum principle and by using sequential convex programming.

The implicit trajectory optimization methods discussed here also have roots in the field of
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robotics. Burridge et al. appear to be the first to have made the explicit connection between
Lyapunov functions and a “funnel” [178|. The authors discuss the sequential composition
of atomic funnels that are each designed for a single control objective; with the net result
of funnel composition being that a robot can achieve a broader control objective (called
preimage backchaining [179]). These ideas were advanced significantly in the recent decade
by Julius and Pappas, and Tedrake et al. [180, 181, 182, 183|. These works, for the most
part, use Sums-of-Squares (SOS) to compute polynomial Lyapunov functions for systems
whose dynamics can be represented as polynomial functions of the state and control vectors.
SOS optimization connects the search for a polynomial Lyapunov function with semidef-
inite programming, providing a practical connection between funnel synthesis and convex
optimization [184].

Prior to reviewing additional relevant literature (funnel synthesis fuses elements from
numerous different fields and has many interpretations in their contexts), it will be useful to

provide a formal definition of a funnel.

Definition 2 (Funnel). A funnel, denoted by F(t), is a time-varying set in state and control

space that is both invariant and lies entirely inside a feasible region.

The term funnel synthesis refers to the algorithmic procedure designed to compute a
funnel. The invariance property of a funnel means that if a particular initial condition is
inside the entry of the funnel (at some initial time ¢;), then the entire subsequent trajectory
remains inside the funnel as well [185]. Stated mathematically, if (2 (o), u(to)) € F(to) then
(x(t),u(t)) € F(t) for all ¢ > t5. Relative to existing definitions of a funnel, e.g., [181],
Definition 2 adds the second clause that requires the funnel to lie inside a feasible region
defined by a set of state and control constraints.

Based on the guiding question posed at the beginning of this chapter, it should be no
surprise that we seek the largest possible funnel size. This allows us to implicitly define a large
family of trajectories by using a set of functions that will define the funnel — providing the

ability to guarantee the availability of a feasible trajectory over a larger region of parameter
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variations.

A connection between funnel synthesis and convex optimization is also made in this work
by defining a subclass of funnels, called quadratic funnels. Instead of using SOS and polyno-
mial dynamics, we use a first-order approximation of the dynamics and derive a differential
matrix inequality (DMI) that is similar to a differential Riccati equation. In fact, the al-
gorithms that we propose are reminiscent of the Kleinman iteration [186], or of the D-K
iteration [187], but with additional requirements placed on the solution to ensure constraint
satisfaction and to maximize the funnel’s size.

The state-space portion of a funnel can also be viewed as an outer-approximation of the
forward reachable set or an inner-approximation of the backward reachable set; each defined
using the control-space portion of the funnel. Ideally, the funnel is as close as possible to
the backward reachable set. There has been a great deal of work on reachability analysis for
both linear and nonlinear systems subject to bounded control inputs [188|. The reachable set
of a nonlinear system is, in theory, obtained by a solution to the Hamilton-Jacobi-Bellman
equation [189, 190] — but for the systems we are interested in, the curse of dimensionality
precludes us from considering this as a practical solution method. Conservative approxi-
mations of nonlinear reachable sets abound, see, e.g., [191], and our methods fit into this
category.

The last comparison that we will discuss here is with robust control methods, such as
Hoo control, robust MPC, and LQG. We stress, however, that the algorithms presented in
this chapter are not designed to reject exogenous disturbances — though the formalism can
be extended to consider this in a relatively straightforward way — we merely use many of
the same mathematical frameworks and have borrowed ideas here and there. Many of the
matrix inequalities bear resemblance to differential Riccati equations found in H,, synthesis,
and some of the results can be interpreted in the frequency domain by using the KYP
lemma [192] under the assumption of time-invariant system matrices. We define a type of
structured nonlinearity that (intentionally) has the same form as the structured uncertainty

defined by Doyle [193]. We also account for input and output constraints using similar
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strategies to robust MPC (RMPC) methods. Time-domain discussions of H, control also
use the exact same general control architecture (and Lyapunov functions) as we do in order
to pose the funnel synthesis problem [188, 194, 195| — but the objective of the synthesis steps
are fundamentally distinct.

Setting aside the differences in control architecture between RMPC and our open-loop
trajectory optimization methods for a moment, the RMPC literature contains many of the
same matrix inequalities that we will use. Kothare, Balakrishnan, and Morari were perhaps
the first to pose a problem that is similar to what we shall derive for funnel synthesis in [196].
Similar results as those of Kothare, Balakrishnan, and Morari have appeared in subsequent
RMPC work [197, 198, 199, 200|. Tube-based MPC, a type of RMPC, is also based on
the basic idea of an invariant set that lies strictly inside a feasible region. These methods
are typically set-based [201, 202, and many of the minimax results in the literature in fact
depend on the use of a (quadratic) Lyapunov function, as well as the definition of quadratic
stability that we shall define and use shortly.

Philosophically, a portion of what differentiates this work from others is the intent to
maximize a controlled-invariant set for a nonlinear dynamical system, as opposed to mini-
mizing an invariant set in the presence of disturbances or parametric uncertainty. Funnel
synthesis aims to simultaneously approximate the largest invariant set around a nominal
trajectory of a nonlinear system while choosing the control policy that maximizes this same
invariant set. Funnel synthesis, as it is espoused here, can be viewed as a new combination of
old techniques in order to compute feasible solutions for nonconvex optimal control problems
in real-time.

This chapter provides three contributions on top of what seems to be known in the broad
literature just discussed. First, we obtain three different methods to systematically obtain
models of structured nonlinear systems around a nominal trajectory that are conducive to
funnel synthesis. So-called “black-box” approaches are derived that are not problem-specific
per se, and whenever possible allow an optimization routine to select the least conservative

characterization of the nonlinear terms that is consistent with the objective of funnel max-
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imization. Second, the temporal parameterization techniques used to derive a set of linear
matrix inequalities (LMIs) from a DMI appear to be new. Third, it can be regarded as a
contribution of this work that we have shown that funnel synthesis (and by extension, RMPC
and reachable set approximation) can be a practical tool for high dimensional systems. Hav-
ing solved numerous problems with > 12 states and > 6 controls, our methods scale well
and are able to solve a majority of the problems of interest in the aerospace domain. A
preliminary, and necessarily abridged, version of these ideas was presented in [203].

Before presenting the detailed construction of funnel synthesis for nonlinear systems,
we highlight the key ideas using a simpler linear time-varying system. This will allow us
to define the appropriate terms and outline the main steps necessary to derive LMI-based

funnel synthesis algorithms.
6.1 Linear Time-Varying Systems

Suppose that we have the linear time-varying system

@(t) = A(Dx(t) + B(t)ult), t€ [toty], (6.1)

where x(t) € R", u(t) € R™. We shall always assume that A(t) and B(t) are stabilizable
at each instant in time ¢ € [to, ]
Let u(t) = K(t)x(t) for some matrix-valued function of time K (t) € R™*"* so that the

closed-loop system becomes

o(t) = Au(t)z(t), (6.2)

with A,(t) = A(t) + B(t)K(t). A funnel F(¢) must be both invariant and feasible, and
so we require that any computed K (t) renders the closed-loop system (6.2) stable. The
funnel synthesis techniques that we develop are based on the notion of quadratic stability
as defined in [188] and [200, 204, 205|, the latter of which offer necessary and sufficient
conditions for stability based on quadratic Lyapunov functions. Lyapunov stability theory is

the most general approach when studying the stability of nonlinear systems [206]. But they
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also provide a very practical tool for designing matrices K (t) to achieve certain performance
objectives, and invariance of a particular set is one of them. To this end, consider the

scalar-valued function V : R x R™ — R defined by

V(t,z(t) ==(t)" Q) x(t), (6.3)

where Q(t) € S7, is a matrix-valued function of time whose range space lies in the set of

positive definite matrices. As a result, we have V(t, :v(t)) > 0 for all ¢ € [to,ts] whenever
x(t) #0.
We seek a pair {Q(t), K (t)}if:to that together ensure the function V' in (6.3) decays

sufficiently fast along trajectories of (6.2). Formally, we can ensure a decay rate of at least

a/2 by choosing {Q(t), K (1)}, so that

V(t,a:(t)) < —aV(t,a:(t)), t € [to, ty]. (6.4)

Having introduced each time-varying term, we henceforth drop the argument of time, t,
whenever possible, with the understanding that the preceding discussion can be referenced

to specify which terms are time-varying.

The condition (6.4) can be rewritten for system (6.2) as
wTQ&FQ‘L+Q_ULF—Q”QQ_L+aQ”>w55& (6.5)
which holds for any & € R™ if and only if
ASQT+ QAL QTR Q7 20, (6.6)
Multiplying on either side by the positive definite matrix @) leads to the equivalent condition

QA+ A4.Q —Q+aQ X 0. (6.7)
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Expanding A, and performing the variable substitution Y = K@ then gives
QAT+ AQ+BY +Y BT —Q+aQ <0. (6.8)

Equation (6.8) is a linear DMI that must be satisfied for all times ¢ € [to, ;] in order to
establish quadratic stability. It is linear in the variables ) and Y.

One of the main ideas underlying funnel synthesis is the use of the matrix decomposition
result in Lemma C.2 to rewrite the DMI (6.8) as a set of LMIs. To do so, we require the
following assumption regarding the time-varying structure of the problem’s matrix compo-

nents.

Assumption 6.1. The matrices Q(t), Y (t), A(t) and B(t) can be expressed as

Q(t) = Zai(t)Qia Y(t) = Zai(t)Y;, A(t) = Z%(ﬂfh, B(t) = Zai(t)Bia

for some integer nyy > 1 and some interpolating functions o;(t) > 0 such that > o;(t) = 1.

i

Note that Assumption 6.1 implies that (6.1) can equivalently be written as the linear
differential inclusion & € co {A;x + B;u}, where co {-} denotes the convex hull. This par-
ticular linear differential inclusion has appeared often in the literature, and we pause to
clarify why we have not obtained a control policy using those existing methods. Typically,
one either computes a common matrix @) that stabilizes each pair {A;, B;} as in [188], or
uses spatially-varying piecewise quadratic Lyapunov functions [207, 208, 209]. The key dif-
ference here is that we will know a priori the trajectory of the parameter that interpolates
the matrices {A;, B;} — whereas these existing methods do not have this information, and
must therefore proceed in a different direction. Interestingly, because we are effectively solv-
ing for a single case of the more general system & € co{A;x + B;u}, the resulting funnel
is larger, a consequence of having accounted for fewer possible transitions between system
representations.

The main result of this section can be stated as follows.
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Theorem 6.2. Suppose that Assumption 6.1 holds. If there exists a set of positive definite

matrices Q; = 0 and matrices Y; fori =1,...,ny such that the following matriz inequalities
hold:
Fi—Q=0, i=1,...,ny (6.9a)
Fj+F;i—2Q0=0, i=1,....ny—1, j=i+1,....ny (6.9b)
where,
Fij = QA + A;Q; + B;Y; + Y, B] 4+ aQ;, (6.10)

then condition (6.8) holds for all times t € [to,ts]. In this case, the function (6.3) is a
Lyapunov function that proves quadratic stability of the time-varying system (6.1) using the

controller K =Y Q1.

Proof. Notice that
QA" +AQ+BY +Y'B"+aQ = MN"+ NM"

where M = [A B %[} and N = [Q y’T Q} By invoking Lemma C.2 once on the
product MNT and once on NM T, we can establish that (6.9) are sufficient for (6.8) to hold.
This implies that (6.4) holds, where V (¢, ) is defined as in (6.3). The closed-loop system
under the action of K = Y Q™! is therefore quadratically stable and hence stable. O

An important corollary of Theorem 6.2 that ensures both boundedness and sufficient
decay of the Lyapunov function and state vector is established in Corollary 6.3. Versions of

these same inequalities can be found in |188].

Corollary 6.3. The Lyapunov function (6.3) and the state vector satisfy the following in-

equalities:

A2 ]3 < V(5 2) < Ak 3 (6.11a)

min
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|zl|s < rif2e™ 2 |a(to) | (6.11b)

where Amin and Amax are the minimum/mazimum eigenvalues of QQ, and kg = Amax/x;, is the

two-norm condition number of the matrix Q).
Several important remarks can now be made regarding Theorem 6.2. Because we have

nm

Q=2 6ihQs (6.12)

the equations (6.9) are linear in the variables @;, Y; for i = 1,...,ny. The precise formula
for () is dependent on the specific choice of interpolating functions o;(t).
Hu et al. have proposed a similar looking Lyapunov function in [210, 211]. They write

Q(7) = D™ 4 Q; for some parameter v € X" ~! and then use the Lyapunov function

V(t,x) = min z'Q(y) 'x. (6.13)

yexnm 1

The essential difference here is that we pre-suppose a time-varying function o(t) € L1
and commit to the Lyapunov function that results from this selection. We do not allow v to
be defined by the value of @ via the minimization problem in (6.13). In effect, our approach
is equivalent to using

V(t,z) = min z'Q(y) .
yexmM L y=0(t)

The difference is that in our case, () can be viewed as a temporal convex combination, whereas
that of Hu et al. results in a spatial convex combination. That is, the parameterization of
the matrix () used in our formulation is not state-dependent. Presupposing the time-varying
function o(t) in this way is beneficial (and indeed crucial) because: 1) we will need to know
the value of () at any given time ¢ € [t(, ;] to enforce constraints during the funnel synthesis
procedure, and 2) it will be most beneficial to allow temporal variations in @) to account for
temporal variations in the matrices A and B, in particular for trajectory generation where

the distance to a constraint boundary may change temporally. If the value of ) is tied to
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the value of @ through the minimization (6.13), then one would need to constrain each Q;
according to the minimum distance to a constraint boundary to ensure feasibility of the
funnel F(t). A temporal parameterization, by contrast, would constrain only the @); that
corresponds to the temporal point where the nominal trajectory is closest to a constraint

boundary. This can offer a significant improvement in the computable funnel volume.

As a final remark on Theorem 6.2, we note that its conditions are not necessary for (6.8)
to hold. This is primarily due to the fact that any necessary conditions must be dependent
on the choice of interpolating functions o (t), whereas the sufficient conditions of Theorem 6.2
are agnostic to this choice. We can also provide a simple counterexample for why they are
not necessary. If we have ny; = 2, t € [0,1], o1(t) = 1 — t, and 09(t) = t, then Q = Qs — Q4
and evaluating (6.8) at t = {0 : 1} shows that it is necessary for

)9

Filo+Fpy —2(Q2 — Q1) 22(Q2 — Q1) — Fiy — Fao. (6.14Db)

The right-hand side of (6.14b) is positive semidefinite due to (6.14a). Hence for this example,
it would be more restrictive than necessary to require that Fj o + Fo1 — 2(Q2 — Q1) = 0 as
called for by Theorem 6.2. It is straightforward to find numerical examples that support this

claim.

6.1.1 Quadratic Funnels

Using the preliminary notation introduced in this section, we formally define a quadratic
funnel — the specific class of funnels that is obtained by using quadratic stability.

First, we note that level sets of the Lyapunov function (6.3) are invariant sets, in the sense
that if V(to, x(to)) < p then V(t,x(t)) < p for all t > t, for the closed-loop system [188]|. The
1-level set of V(¢,x) is the set of states that satisfy the quadratic inequality ' Q 'z < 1,

which is also the equation of a non-degenerate n,-dimensional ellipsoid. We denote the
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ellipsoid defined by the positive definite matrix () and centered at the origin as
Eo={zeR™|z'Q 'z <1} ={Q"w||w|, < 1}. (6.15)

If ¢ € £, then Cx € Exger, a fact that can be proved easily via Schur complements
when C' is full row-rank.? The assumption that 4 = Kz used to form the closed-loop

system (6.2) thus results in the following implication:
x E(C:Q = ueé’KQKT. (616)

Suppose that X C R™ and & C R™ are the (possibly nonconvex) sets of feasible state
and control vectors, as they were for the general optimal control setting in Problem 1. Using

these feasible sets, we can formally define a quadratic funnel.

Definition 3 (Quadratic Funnel). A quadratic funnel, F(t), is a set in state and control
space that is parameterized by a time-varying positive definite matriz Q(t) € Si*. and a

time-varying matriz K(t) € R™*" . Specifically, we have
F = g@ X gKQKT and 5@ - X, gKQKT - Uu. (617)

We call K(t) the correction law associated with the quadratic funnel.

The invariance of a quadratic funnel is a consequence of the invariance of the 1-level set
of the Lyapunov function V(¢,x). The feasibility of a quadratic funnel is a consequence
of the set inclusions on the right half of (6.17). The funnel synthesis techniques presented
in the remainder of this chapter are designed to compute quadratic funnels for nonlinear
systems. Definition 2 (funnels) and Definition 3 (quadratic funnels) are intended to mirror
the definitions of stability and quadratic stability. Figure 6.1 provides an illustration of the

quadratic funnel concept.

*When C'is not full row-rank, the ellipsoid Ecgo is a degenerate ellipsoid.
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Figure 6.1: A depiction of a quadratic funnel in both state- and control-spaces. At each
instant of time, the quadratic funnel is an ellipsoid (green) centered around the nominal
trajectory (blue) that lies inside the feasible region. Any new trajectory (red) that starts in
the funnel will remain in the funnel.

As mentioned before, part of what differentiates this work from others is the intent to
maximize the (quadratic) funnel, as opposed to minimize an invariant set in the presence of
disturbances or uncertainty. We note that the work of Polyak et al. [212, 213] tackles the

latter strategy using similar invariant ellipsoid methods.

6.2 Nonlinear System Models

Having defined the basic terminology, we now proceed to develop a quadratic funnel synthesis

technique for nonlinear systems. We begin by deriving the nonlinear model used to synthesize
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a funnel around a nominal trajectory.® Consider the autonomous nonlinear dynamics
= f(x,u), tEeltoty], (6.18)

where & € R"* and u € R"™ represent the state and control signals. We assume that f is at

least once differentiable. We assume that ¢, is fixed throughout this chapter.

Because f is differentiable, we can write
&= Az + Bu+ g(z,u) (6.19)

for some nonlinear function g. Suppose then that we have a trajectory {&(t), u(t) if:to that

may or may not satisfy (6.18) exactly. Define
n(t) =x(t) —x(t) and £(t) = u(t) — u(t). (6.20)
Then using (6.19) we have

n=An+ B+ g(x,u) — g(x,u). (6.21)

It is true that for any nonlinear function g : R™ x R™ — R" there exists another

(nonlinear) function ¢ : R™ — R", where n, < (n, + n,) and n, < n, such that
g(z,u) = E¢(Cz + Du) (6.22)

for constant matrices £ € R"*" (' € R"™*"™ and D € R"*™  Using this fact, we can
write (6.21) as
n=An+ B¢+ E (¢(Cx + Du) — ¢(Cz + Du)) . (6.23)

3The nominal trajectory in the preceding linear time-varying system analysis can be understood as simply
the origin. This is generalized to arbitrary time-varying trajectories for the study of nonlinear systems.
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Define now

q. = Cx + Du, Cz+Du = g=g¢g,—q=Cn+D§ (6.24a)

q:=
D: = ¢(qm)v p = ¢(Q) = P=P:—DP= ¢(qz) - 925(6) (624b)

We now make two assumptions on the nature of the nominal trajectory that will lead to

the final model used by the funnel synthesis procedures.

Assumption 6.4. The trajectory {:E(t),ﬁ(t)}if:to satisfies the differential equation (6.18)

exactly for some initial condition x;. such that &(ty) = x;.

This assumption is not explicitly necessary, but is satisfied nonetheless by trajectories ob-
tained using the SCP-based explicit trajectory optimization methods described in Chapter 4
and it permits an overall cleaner exposition. All of the subsequent steps can proceed without
this assumptions. The important consequence of Assumption 6.4 is that g(z,u) = 0 when
A and B are chosen as the partial derivatives of f evaluated along the nominal trajectory.

To simplify the presentation, let us abuse notation slightly and write the following:

p=¢(q) = 0(q+4q) - ¢(q)

Assumption 6.4 then implies that F¢(q) = 0 and hence Ep = E¢(q + q). Consequently, the

dynamical system (6.18) can be expressed equivalently as the following system:

0(t) = A(t)n(t) + BO)E®) + Epl(?)
Cn(t) + DE(1) (6.25)

)
—~
~~
SN—
I

where we have explicitly added the argument of time to emphasize which terms are time-

varying and which are not.
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6.2.1 Structured Nonlinearity

We can think of the model (6.25) as being composed of a single nonlinear channel that takes
q as an input and provides p as an output. By grouping all of the nonlinear effects into a
single channel, we are effectively assuming that the nonlinear term g(x,w) is unstructured,
or that we have no further information about how the nonlinear effects are connected to the
chosen state and control vectors and underlying dynamical system. In practice, when the
dynamical system is derived in part from first principles physical laws, we often have a deeper
understanding of the system that we can use to our benefit. While unstructured nonlinearity
offers simplicity, it is often better, in the context of funnel synthesis, to decompose the
nonlinear terms described by g(, u) into several nonlinear channels.

As a simple example, consider a system whose dynamics are &, = x5 and &5 = 1 sin xs.
Only the second state has nonlinear components, but it is composed of two nonlinear chan-
nels: one from x; to zp and another from x, to zy. Suppose that we have a nominal
trajectory given by Z; and Z,. We can illustrate the benefit of considering these channels
separately by examining the Lipschitz constants of the nonlinear functions g;(x;) = x; sin Zo
and go(x9) = Zysinxe compared to that of g(x) = xysinxze. On the bounded interval
—m < @ < 7, the function g; has a local Lipschitz constant of |sinZy| < 1, and g, has a
local Lipschitz constant of |z;| < 7. On this same bounded set, the Lipschitz constant of
the function g is equal to w. Therefore if we look at each nonlinear channel separately, the
nominal trajectory can be leveraged to reduce the Lipschitz constant. Colloquially, these
Lipschitz constants can be understood as proxies for the “severity” of the nonlinearity in
the neighborhood of the nominal trajectory. For funnel generation, a reduction in the Lip-
schitz constant(s) obtained by exploiting the particular structure of the nonlinearities can
lead to significant improvements in terms of computable funnel size, especially as we move

to systems with complex dynamics and many states.?

4A caveat to this motivating example: we are not so much interested in the Lipschitz constant of f in the
dynamics & = f(x) as we allude to here, but in local Lipschitz constants for the second- and higher-order
components of f. The example merely provides the correct intuition without being overly complicated.
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Rather than simply stating the model (6.25) expanded to include several additional terms
q; and p;, it is beneficial to provide a more formal derivation. This leads to an understanding
of how one can select and construct the appropriate nonlinear channels. For notational
simplicity, let us consider the nonlinear function g : R — R" where R"> = R"* x R,

Let z,z € R" and decompose ¢ into K vector-valued functions so that

91(z) — 01(2) K
9(z) —g(z) = : = Ei(g(2) — 9(2)) (6.26)

9k (2) = gk (2)

where each gy : R — R™ and Ej, € R™*™* are constant matrices. Note that Zle my =
n.. Focusing on the k™ entry for a moment, let Z; C {1,...,n,} be some subset of indices,
and let zz, be the entries of the vector z that correspond to the indices in Z;. Then it is true

that we can write

gk(2) — gr(Z) = g (zzl, . ’ZIJk> — gk <211, e 21%) (6.27)

where the index sets {Z; }}'Ji1 are mutually distinct but need not cover all of {1,...,n.}. This
simply means that g, does not necessarily depend on all entries of the vector z, and we can
collect the entries that it does depend on into independent groupings. By cleverly adding

and subtracting new terms, we can rewrite (6.27) as

Jk
gk(Z) — gk;(i) = ng (211, ey BTGy e ’ZIJk> — gk (211, .. .,21]., ce 721—‘]]6) s (628)
j=1

where each summand only has one set of (grouped) indices that are different. Now, invok-

ing (6.22) on each term in the summand we have

9(2) — g(2) = Y Ei; (15 (Cijz) — 0 (Ci2)) (6.29)

j=1
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where ¢y; : R"™ — R" is a nonlinear function and E~’kj € R™*™; and Cj; € R"%*" are
constant matrices. Note that we’ve used n,, to represent the number of indices contained
in Z; (i.e., its cardinality). Consequently, we see that Cy; is simply a matrix that extracts
the desired entries from z — and so its entries can be (without loss of generality) assumed
to be either zero or one. The same is true of Ey; and Fj. Lastly, we can substitute (6.29)

into (6.26) and simplify to get

9(z Z E; Z Ey; (615 (Ciy2) — g (iji)))

j=1

ZZEk (61 (Ciy2) — iy (Ciy2)) (6.30)

where Fy; = EyEy; € R™ ™. By relabeling terms using the linear index i < (Zle Jl> +7,

the sum in (6.30) is equivalent to
Np
9(z) = 9(2) = Y Ei(6i(Ciz) — 6:(C;2)) (6.31)
i=1

with N, = Zszl Ji.  (The notation N, is used to differentiate between the number of
nonlinear channels, and their individual dimensions, which are n,,.) Equation (6.31) is a
structured decomposition of the nonlinear function g, where the matrices E; and C; can
be selected to reflect the particular system at hand. This so-called structured nonlinearity
(see [193]) affords greater modeling fidelity and has a profound impact on our ability to

synthesize funnels for dynamical systems with complex nonlinear equations of motion.

Recall that we substituted z for the stacked state and control vectors and so z composed
of & and u. Overloading the matrix C;, we therefore have C;z = C;x + D;u — the former
(left-hand side) definition was used solely for the derivation and only the latter (right-hand

side) will be used in the analysis that follows to avoid any confusion. Let us therefore make
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the analogous definitions to (6.24) as

q:i =Cix+Diu, q=Cx+Du = q=q:;—q=0Cn+ D (6.32a)

P = O(Qui), Di = ¢(q;) = Pi=Dsi —DPi = 0(qsi) — 0(q;) (6.32b)

Invoking Assumption 6.4 and working through the same consequences as done for the sin-
gle nonlinear channel case, we can express the dynamical system (6.18) equivalently using

structured nonlinearity as

0(t) = A@n() + BOE®) + S0 Epu(t)
(1) = Cin(t) + Di£(1), i=1,...,N, (6.33)
pi(t) = di(ai(t)), i=1,...,N,

where we have explicitly added the argument of time to re-emphasize which terms are time-

varying and which are not. Lastly, we can write the system (6.33) in a more compact form

by making the definitions

D1 q1 C D,
py, a, Cn, D,
Here, p € R"™ and q € R"7, where n, = j»V:”l np, and n, = Ejvjl ng,;, and hence C' € R™a* "=,

D € R"*™ and E € R"™*™. By constructing an appropriate function ¢ : R" — R" by

stacking each of the ¢;, we can write (6.33) as

n(t) = A(t)n(t) + B()&(t) + Ep(t)
Cn(t) + DE() (6.35)

Q

—
~

N—
|
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Because this system has precisely the same form as (6.25), we proceed to develop all of the
theory using this standard form model. Whenever necessary, we shall point out any special
considerations that must be taken into account when using structured nonlinearity in place

of its unstructured counterpart.

6.3 The Quadratic Funnel Synthesis Problem

System (6.35) can be thought of as the LTV system (6.1) augmented with N, nonlinear
feedback terms whose inputs are the g; and whose outputs are the p;. Because of Assump-
tion 6.4, the quadratic stability analysis presented in §6.1 is a necessary condition for the
system (6.35) to be quadratically stable.

Consider the quadratic function (6.3) again with Q(t) > 0 defined to be a matrix-valued
function of time. Our objective is to obtain a quadratic funnel parameterized by a pair
{Q(t), K (t)}if:to, where K(t) is the correction law associated with the quadratic funnel.

Applying the correction law to the system (6.35) results in the closed-loop system

I’;’ = Acln + Ep
q=0Cum (6.36)
P =9(q)

where A, := A+ BK and C,, ;= C + DK. Using the system model (6.36), we can split the
discussion of the invariance and feasibility properties of a quadratic funnel into two parts.

We begin with invariance.

6.3.1 Invariance of a Quadratic Funnel

For the system model (6.36), the condition that must be met to achieve quadratic stability

18

V(t,z) < —aV(t,x), Vteltts], Yq€& oo, P=0q) (6.37)
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The invariance property of a quadratic funnel, achieved as a consequence of (6.37), leads to
the set inclusion i € ;. This implies that the vector g, which is the input to the nonlinear

terms in system (6.36), satisfies the set inclusion

q S SCCZQCCIT. (638)

To use the condition (6.37) to synthesize a quadratic funnel, we need to express the
condition “Vq € & o0, P = ®(q)” in such a way that it is consistent with the quadratic
Lyapunov function V' (¢, ). To this end, we use multiplier matrices and the S-procedure.

Multiplier matrices and quadratic Lyapunov functions as we are using them have been an
object of study at least since Yakubovich in the 1960s [214, 215]. Much of the nomenclature
(and notation) that we use, however, is based on the work of Corless and Agikmese [204].

Multiplier matrices as defined in [204] account for the range space of ¢, but require (6.39)
to hold for all ¢ € R™. Because the funnel synthesis procedure results in a bounded set
of possible inputs to the nonlinear term, via (6.38), we are able to refine the definition of

multiplier matrices to a (new) “local” version.

Definition 4 (Local Multiplier Matrix). Let ¢ : R™ — R™ be a nonlinear map such that
q— ¢(q). A symmetric matriz M € S"at™) s a local multiplier matriz for ¢ over the set

Q if and only if
-

w(q) = M >0, forall qe€f. (6.39)
¢(q) ¢(q)

Denote the set of local multiplier matrices for ¢ over the set Q by
Mga={M €S | 1u(q) >0 forall g€ Q}. (6.40)

Note that a multiplier matrix is a local multiplier matrix, but the converse is not nec-
essarily true. The set My is a convex cone. Importantly, however, matrices M € My q

are not necessarily positive semidefinite (the set of which is also a convex cone). This is
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because we only require that (6.39) holds over the subset of R(™*7#) defined by the set €
and the range space of the function ¢. A positive semidefinite matrix M would of course
immediately satisfy the definition (6.39), but would enforce the inequality over all of R(™a*7)
and provide no characterization of the nonlinearity. As a result, using a positive semidefinite
matrix would be overly conservative (and as we will see, would lead to an infeasible funnel

synthesis problem).

Using local multiplier matrices, we can rewrite the quadratic stability condition (6.37) as

T

Vit,2) < —aV(tha), Vil v |1 M| >0 (6.41)
b b

for some M € Mg
tem (6.36) leads to

PSS Expanding this condition in terms of the closed-loop sys-
cl cl

T .
n| A QT+ QAL -QTIQQT +aQ QTIE| (1 <0
p ETQ™ 0 o
T T
. 0 C. 0
forall |7 ! M| M >0 (642)

0 I 0 I||p

Using the S-procedure, the condition (6.42) holds if and only if there exists a scalar A > 0
such that

ACZTQ_I + Q_IACL - Q_IQQ_l + aQ_l + )\CClTMllccl Q_IE _'_ )\CCZTMlz

<0, (6.43)
ETQ '+ \MLC,, AMo;
where we have used the block decomposition
My, M
M=|"" TP e My (6.44)

’ c'leCcl-r

M, My,
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Remark 6.5. In the case of multiple nonlinearities, N, > 1, the block decomposition shown
in (6.44) has a banded structure. Each matriz My, My and My is itself a block-diagonal
matriz, with the size of each block determined by the dimension of the respective nonlinear
channel, denoted by ng, and n,, in §6.2.1. This follows by constructing an independent
characterization of each nonlinear channel by using a suitable multiplier matriz, and the

definitions in (6.34).

For synthesis using convex optimization, we must pose the matrix inequality (6.43) as an
LMTI in the variable @, not its inverse [188]. Pre- and post-multiplying (6.43) by diag {Q, I'}

yields the equivalent condition

QA" +A.Q — Q +aQ +\QC,, ' M,C.,.Q E+\QC.," My,

. i =< 0. (6.45)

Immediately we can see that to satisfy (6.45) requires May < 0.

Remark 6.6. Because My q is a convex cone, it is true that if M € My q then AM € My q
for X > 0. It is therefore possible to exclude the parameter X in (6.45), as can be seen in most
works [204, 205, 216]. However, for numerical solution purposes, we keep the parameter.
Empirical evidence across a variety of examples supports that numerical solutions can suffer

numerical problems when X\ is omitted.

The matrix inequality (6.45) is a nonlinear DMI in four variables: the matrices @, K, M
and the scalar \. For later use, we reformulate (6.45) into another nonlinear DMI by ex-
panding the closed-loop system matrices and using the same change of variables Y = K@) as

done to derive (6.8). In particular, we have that (6.45) can be rewritten equivalently as

F—Q+ ) G MG E+ MG My,

<0,Q =0, A>0, (6.46)
ET + \MLG AMao
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for some M € Mgye -+ Where,
F=QA" + AQ+BY +Y'B" 4+ aQ, (6.47a)
G=CQ+DY. (6.47b)

Satisfaction of the nonlinear DMI (6.45) or (6.46) is the condition that provides the invariance

property of a quadratic funnel.

6.3.2 Feasibility of a Quadratic Funnel

We now discuss the conditions that must be met in order for a quadratic funnel to be
contained in a given feasible region. Suppose again that X C R" and U C R™ are the
(possibly nonconvex) sets of feasible state and control vectors. We assume that the nominal
trajectory satisfies & € int X and @ € intU, or, in words, the nominal trajectory lies in the
strict interior of the two respective sets. This assumption is necessary to avoid degenerate
solutions during funnel synthesis. Note that this assumption does not preclude nominal
trajectories that activate a constraint; it merely suggests that the constraint sets used for
funnel synthesis are slightly more relaxed than those imposed during nominal trajectory
synthesis, if necessary.

We also assume that Xy C R" is a set that determines the maximum funnel size at the
final time ¢ = t; (i.e., the acceptable set of state deviations at the final time).

Because quadratic funnels are constructed using ellipsoids, it is natural to compute the
largest ellipsoids that are able to fit in the feasible space defined by &X', ¢4 and X;. This is

equivalent to a “maximum quadratic funnel” denoted by F,.x that satisfies

fmax = ngax >< ngax a’nd ngax g X’ ngax g Z/l

where Qnax € S% and Ry € Si*. Inclusion in the terminal Xy can be guaranteed by

ensuring that &g, .. C Xy when t = t;.
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To compute the matrix Qmax at any time ¢t < ty, we assume that the set X can be
expressed as

X={z|h(z)<0,i=1,...,my |2|s< Tma} (6.48)

where each constraint function h; : R®™ — R is a scalar-valued nonlinear function of the
state. Note that equality constraints must be excluded from the definition (6.48) because of
the assumption that the nominal trajectory lies in the strict interior of the set X'. The best

quasi-polytopic approximation of X’ in the vicinity of the nominal trajectory is
Pe={z|lajz<b,i=1,...mtNn{z||z)> < Tmu} (6.49)

where the data {a;, b;}/*5 are first-order approximations to the functions h; computed using
either direct linearization along the nominal trajectory, or by using a project-and-linearize
technique if any h; is a concave function [127].° Note that if the state constraints h; are all

affine then X = Pj.

The matrix Qnax is computed as the maximum volume ellipsoid so that
TP Eg,.. CPs CX, (6.50)

where @ denotes the Minkowski sum of a vector and set. The term & @ &g, is equivalent
to the ellipsoid defined by Q.x centered at the vector &. The assumption that & lies in the

strict interior of X ensures that ().« describes a full n,-dimensional ellipsoid.

Using techniques described in [10], we can write the condition (6.50) as the following

5Common constraints that fit this description include ellipsoidal collision avoidance constraints, or in the
control space, a minimum two-norm constraint. The project-and-linearize technique enlarges the feasible
domain defined by the approximation and can lead to larger funnels.
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optimization problem:

QY2 (t) = arg max log det Z

st (| Zai(®)|o + a;(®) @) < bi(t), i=1,...,m, (6.51)

0 j A j mmaxInz

When t = ¢4, a set of constraints can be added to constrain &, C &. By assuming that
the set Xy can described in the same manner as &, this set of constraints is identical to those

that are shown in (6.51), albeit calculated using the data corresponding to A.

The matrices R, can be computed in precisely the same manner. Starting with the

analogous description of U as
U={u|hj(u) <0, j=1,....my, ||tz < tmnax}, (6.52)

we form the approximate quasi-polytopic constraint set Py in the vicinity of the nominal
trajectory as

Pa = {u | ajTu <bj,u=1,... ,mu} N{u] [|ulle < Umax} (6.53)

and then solve the following optimization problem for any time ¢ € [to, t¢]:

RY2 (1) = arg max log det Z

st | Za; ()2 +a;(t)Talt) <b(t), j=1,...,my, (6.54)

0 j Z j umaxlnu

Remark 6.7. If the problem at hand is posed with mized state and control constraints, then
we cannot separate the computation of Quax and Ruy.x into two independent problems. In
this case, one can define a combined set Pz 4 that contains the linearization of all state and

control constraints, including those that are only functions of one variable type. Next, a
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matrix

Zn 2
7= |71 TR el (6.55)
AR

can be computed using the procedure outlined above, where Z5 € R"**™ . Then, the required
matrices can be computed by projecting the (n, +n,)-dimensional ellipsoid defined by Z onto

its first n, components for Qi{fx and its last n, components for RYZ.

Problems (6.51) and (6.54) can be solved to obtain matrices that approximate the max-
imum ellipsoidal regions fully contained within the feasible state and control domains. Note

that if X = Pz, then this is not an approximation (similarly for U = Py).

Recall from the definition that a quadratic funnel is defined by the ellipsoids £; and
Exox. A sufficient condition to ensure that a quadratic funnel is fully contained within the

original feasible domain defined by X and U is
0 C EQuax  and  Exgrm € ERpax-

By using the definition of an ellipsoid, one can show that these conditions are equivalent to
Q = Qmax and KQK' =X R (6.56)

The former is affine in the variable (), whereas the latter is not jointly convex in the variables
@ and K. However, a brief reformulation provides the necessary remedy. Using a Schur
complement, we can rewrite the second matrix inequality in (6.56) to be

Q_l KT

Rix —KQK' -0 <«— > 0.
K Rmax
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Pre- and post-multiplying by diag {Q, I,,,} then yields the equivalent condition that

YT
? =0, (6.57)

Y Rpax
where we’ve reused the variable substitution ¥ = K. Together, the constraints () < Quax
and (6.57) ensure that a quadratic funnel is contained in the feasible region defined by X

and U. Both are linear matrix inequalities and convex in the variables () and Y.

Formal Problem Statement

We have now formulated the two properties of a quadratic funnel separately as a set of three
matrix inequalities. In this section, we combine these ideas and pose a single optimization
problem that can be solved in order to obtain a quadratic funnel.

After some experimentation, a good cost function to maximize the “size” of the funnel
was found to be the volume of its entry (the volume at time ¢ = ¢3). The continuous-time

quadratic funnel synthesis problem for the system (6.25) is summarized in Problem 11.

Problem 11 (Quadratic Funnel Synthesis). Given a nominal trajectory {&(t), ﬂ(t)}if:to that
satisfies Assumption 6.4, an appropriate definition of system (6.25) and o > 0, find the
matriz-valued functions of time Q(t), Y (t) and M(t) and scalar A(t) that solve the following

optimization problem.

max log det Q(t 6.58a
Q(), Y (), M(-), A() g det Q(to) : |
st 020 =2 Qnwe 02 Me M¢,5GQ*1GT7 te [t07tf]’ (6.58b)
FrOedGiinG ExiGTihe) € [to, /] (6.58¢)
- 0y “f1s .
ET + AMLG Ao

PR
Q =0, t € [to, tg]. (6.58d)

Y Rmax
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The matrices F' and G are given by (6.47).

Problem 11 is a nonlinear, nonconvex optimization problem with matrix variables. The
solution variable @) defines a (quadratic) Lyapunov function through (6.3) for the closed-loop
system that satisfies Corollary 6.3. The main difficulty in solving Problem 11 lies in the fact
that it is not possible (to the best of our knowledge) to express (6.58¢) as a linear DMI in the
problem’s variables. Moreover, the inclusion M € M, co-157 can at best be approximated

— a point we will discuss in more detail shortly.

A quadratic funnel obtained by solving Problem 11 can be used to generate a feasible
trajectory in the following manner. Let Z(¢y) be the initial condition of the reference state
trajectory for which Assumption 6.4 holds. For any initial condition x(ty) such that x(ty) —

x(to) € Eq), the state and control vectors

u(t) = u(t) + K(t)(x(t) — (1)), (6.59a)

2(t) = a(to) + / £ (@(0), w(0)) dC. (6.50b)

to

satisfy:

n=x—-xcfy and {=u—u=Knecxyxr

for all ¢t € [to,ts]. Feasibility with respect to the constraint sets X and U follows from the
fact that £g C £g,... € X and Exgrm C ER,a. € U. Notice that dynamic feasibility follows
from (6.59) by construction, and the control u is guaranteed to be stabilizing for the original

nonlinear dynamics.

Because a direct solution of Problem 11 is in general not possible, we now present two
different iterative methods. Each method has a different set of assumptions and a different

iterative structure, and consequently have different numerical properties.
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6.4 Solution Method 1: QM-Iteration

The first methodology to solve Problem 11 uses the following observation: if we fix the triple
(@Q,Y,\), then Problem 11 is convex in M provided we have an appropriate description of
the convex cone M, ;o-157; conversely, for a fixed M, Problem 11 is convex in (@, Y, A).
A natural and common technique is to alternate between fixing one set of variables and
solving for the other, and then swapping roles. This is the premise of the QM-iteration,
and has been used in similar contexts for funnel generation [181], as well as the Kleinman

iteration [186] and the D-K iteration [187].

6.4.1 The Q-Problem

We begin with a description of the subproblem obtained by fixing the multiplier matrix M
in Problem 11. We call this subproblem the Q-problem.
Consider the differential matrix inequality (6.58¢c). Let us make the assumption that

M;i; > 0. In this case, there exists a real matrix /N1 that satisfies
My = NNy
The matrix inequality (6.58c) can therefore be written

F—Q E + )G M, . GTN]|

S (D) [NuG 0] X0
ET +AMLG AMay 0

If £ # 0 then we must have A > 0. Hence we can use a Schur complement to arrive at the

equivalent condition

F—Q E+XG"My, GTN|
ET + \M,G MMy, 0 =0.
NG 0 2\
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Pre- and post-multiplying by diag {1, \"'I, I} gives the equivalent condition that

F—-Q vE+ G My, GTN|
vET + MLG v Moy 0 <0, v=\" (6.60)
NllG O —VI

The matrix inequality (6.60) is now a linear differential matrix inequality in the variables @,
Y and v. By using the temporal parameterization methods outlined in Section 6.1 we can

transform this into a set of LMIs.

The continuous time Q-problem is summarized below in Problem 12. It is assumed that
a nominal trajectory, system definition, and decay rate a > 0 have all been given. The
minimum funnel Q,.;,, referenced as an input to the Q-problem, is present for matters of

convergence and will be addressed in §6.4.3.

Problem 12 (Q-Problem). Given a minimum funnel Quin and a local multiplier matriz
M e M¢’£GQ*1GT’ extract the three constituent matrices as shown in (6.44). Compute Nyy
such that My, = N\ Ny1. Find the matriz-valued functions of time Q(t), Y (t) and scalar

v(t) that solve the following optimization problem.

max log det Q(t 6.61a
QYO 8 Qlto) (6.61a)
st Quin X Q =2 Quax, 0 <0, t € [to, tf], (6.61D)
F-Q vE+G My GTN]
vET + MLG v Mos 0 =0, tE€lt,ty], (6.61c)
NG 0 —v]
Q Y’
= 0, t € [to, ty]. (6.61d)
Y Rmax

The matrices F' and G are given by (6.47).
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6.4.2 The M-Problem

We now describe the subproblem obtained by fixing the triple (@, Y, A) in Problem 11. We
call this subproblem the M-problem.

Consider again the matrix inequality (6.58c). This constraint is already linear in the
multiplier matrix M. The main question that arises is what constitutes a good multiplier
matrix, in terms of being able to synthesize a large funnel as measured by the cost function

of the Q-problem.

Note that because of the assumption that M;; > 0, used to derive the Q-problem, we
must enforce this as a constraint in the M-problem. Because of this constraint, the \G" M, G
term in the (1,1) block of (6.58¢) is positive semidefinite. We therefore want this term to
be as small as possible, because the negative-definiteness of the (1,1) block is a necessary
condition for the overall matrix to be negative semidefinite. It is relatively straightforward to
see that Msy being large and negative definite is beneficial as well, because it alone occupies
the (2,2) block of (6.58c). Lastly, we would like to encourage M to be as small as possible

while still ensuring that M is a valid multiplier matrix.

Let us introduce three scalar variables that we use to embed these qualitative observations

into an optimization problem. Let p1, ps, p3 € R, and consider the constraints

0 j MH j pll and HM12|| S P2 and M22 j —pgl (662)

While the constraints (6.62) help to capture the qualitative description of a good multi-

plier matrix, we also introduce a solution variable py € R, and augment (6.58¢c) to be

F—Q+XG" MG E+AGTMy,

< _
. . = —pol, (6.63)
E'" + \M,G AMao

in order to select M so that the matrix inequality (6.58¢c) (and therefore (6.61c)) is not close

to being infeasible when the Q-problem is subsequently solved.
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Lastly, we must ensure that M is actually a valid multiplier matrix and satisfies the set

inclusion M € Md”chf We know that if v is a local Lipschitz constant for the nonlinear

16T "

function ¢ over the set £;o-147, then

M, = (6.64)

is a valid local multiplier matrix [204, 205]. We will discuss two strategies to compute y for
an arbitrary nonlinear function and set shortly in §6.5. One of these strategies is a sampling
based approach, where a finite number of samples are used to estimate the value of v and

We adopt a similar strategy for the M-problem to compute

—-1gT"*

approximate M, € Mye

the more general multiplier matrix M.
Recall the definition of u(q) in (6.39), repeated here:

T

/,L(q) = M Z 07 fOI" al]. q - (‘:GQflG‘T - ECCZQCCZT

Essentially, we sample a number of vectors 1y € &g, transform these to the corresponding
vectors qs = C,ms, and then enforce u(qs) > 0 for each sample. Given a large enough
number of samples, we have found that this strategy reliably computes local valid multiplier

matrices.

There is one central issue: beyond very simple dynamical systems, we do not have direct
access to ¢(q) when using the model (6.36). We can only compute E¢(q) for a known
E € R™>*™ _ Observe that for a sampled point 1, € g, we have g, = C,ms and

Ts =T+ Ure Ss = Kn57 us =u+ ‘ss (6653)

E¢(gs) = f(zs,us) — f(z,a) — An, — BE,. (6.65D)

When using structured nonlinearities, it is very often the case that n, > n, and that
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ETE € R™*™ is not invertible.® For example, consider a one-dimensional mass-spring-
damper system with a nonlinear spring and a nonlinear damper. After expressing the second-
order dynamics as two first-order differential equations, both nonlinearities can be seen to
affect the second state only. If the nonlinearities are considered independently, then F =
[62 62], and ETE is not invertible. In general, this phenomenon is a consequence of using
structured nonlinearity.

The following result helps to resolve this issue.

Lemma 6.8. If M € S(a+me) js q multiplier matriz (local or otherwise) for the nonlinear

function ¥(q) = E¢(q), then

I 0| _|I O My, My E
M = M = - - (6.66)
0 ET 0 E ETMs ETMynE
is a multiplier matriz (local or otherwise) for the nonlinear function ¢. For a local multiplier

matriz, the set ) in Definition 4 is consistent for both M and M.

Proof. Let M be a multiplier matrix for the nonlinear function 1 : R™ — R". We give the
proof for the more general case because this implies that it holds for the more specific class

of local multiplier matrices as well. We have that

— T —

q | |4 -
¥(q) ¥(q)

S

1 | 2 >0,
E¢lq)|  |Eolg)

T —

q I 0 Y I 0 q -0

o) [0 ET| |0 E| |¢(q)

50f course, if ETE is indeed invertible, then one can compute the term p = ¢(q) in (6.36) directly, and
subsequently solve the M-problem with M as a variable.
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Hence the matrix M as defined in (6.66) is a multiplier matrix for the function ¢. O]

The variable M becomes the solution variable for the M-problem, which is formally stated

below in Problem 13.

Problem 13 (M-Problem). Given a triple (Q,Y,v) obtained by solving Problem 12 (the Q-
problem), set A = v~'. Collect a set of Ny samples from the set Eg, and use these to compute
the values of qs and E¢(qs) for each s =1,..., Ny using (6.65). Using user-selected weights
wi, we,wy € Ry, find the matrices My, € S", My € R™*™ and My € S™ and slack

variables po, p1, p2, p3 € Ry that solve the following optimization problem.

. min _ pg+wip1 + wepr — W3p3 (6.67a)
M1, M12, Ma2
PO, P15 P2, P3

s.t. 0= My = pil, 0<p <+ (6.67b)

HM12EH S P2, 0 S P2 (667(3)

ETMyE < —psl, 0<ps<1 (6.67d)

F—Q+ )G MG (I+M\GTMy,)E
Q ) 11 ( i 12) < —pol, 0<py<1 (6.67e)
ET (I+ \MLG) AET My E

u(gs) >0, s=1,...,N; (6.67f)

6.4.3 Algorithm Summary and Convergence

Having stated the Q- and M-problems individually, we can now summarize how the QM-
iteration is constructed. A fair amount of input data is required to run the algorithm; a
feasible nominal trajectory {, '&}:f:to, matrices A and B that satisfy (6.19), and (constant)
matrices C, D and E that complete the definition of the model (6.35). In addition, definitions

of the constraint sets X, U and X; are required. The decay rate a > 0 should be specified,”

"It is possible to have this be a free parameter and chosen as part of the M-problem. However, the
objective of maximizing the funnel volume implies that o will always be selected as the minimum allowed
value — and so the user may as well specify this value and treat o as a parameter.
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Algorithm 5 The QM-iteration designed to solve the quadratic funnel synthesis problem.

Input: A nominal trajectory {.’E(t),ﬂ(t)}if:to, the system matrices for (6.35), decay rate
a > 0, constraint sets X', U and X, integers N, and ny,, weights wy, wo, w3 € Ry, and a
tolerance €, > O.

1 solve Problems (6.51) and (6.54) for Qumax and Ryax

2 set Qumin < €l,, and M + 0 > ¢ denotes a “small number”.
3 solve the Q-problem to get {Q©, Y© (0} > Problem 12
4 update Quax +— QO

5 for k=1,... do

6 solve the M-problem to get M®*) using {Q®* 1, Y=1 (k=11 > Problem 13
7 solve the Q-problem to get {Q®, Y ®) 1)} using M *) > Problem 12
8 if k=1 then

9 Qmin A Q(k)

10 else

11 Qmin(to) < Q¥ (to)

12 if |s®)(tg) — k¥ Y(to)| < €01 then > see (6.68)
13 break

14 end if

15 end if

16 end for

Output: Time-varying matrices Q(t) and K(t) that define a quadratic funnel in the sense
of Definition 3.

along with the number of sample points N,, M-problem weights w;, wy and w3, and the
number of discrete temporal points at which to solve for the funnel, n,,.

The QM-iteration is presented in Algorithm 5. Note that the value of a solution variable
Z at the k% iteration is denoted using Z®). The process begins by solving the Q-problem
with M = 0, which (after temporal parameterization) is equivalent to solving Theorem 6.2
with the additional feasibility constraints (6.56) and (6.57). (With “no nonlinearities”, sys-
tems (6.25) and (6.35) are equivalent to the LTV model (6.1).) The core steps of the algorithm
then simply alternate between the solution of the M-problem and of the Q-problem. The
latter steps of Algorithm 5 are designed to facilitate convergence, which is formally stated

in Theorem 6.9.
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Theorem 6.9. For any tolerance €y, > 0, the QM-iteration in Algorithm 5 converges to a

solution of Problem 11 if each individual Q- and M-problem are feasible.

Proof. 1f any Q- or M-problem is infeasible, then the iterations terminate, and convergence is
not achieved. Therefore, assume that each Q- and M-problem is feasible. For each iteration

k > 1, the initial funnel volume, Q®*) (o), must increase, because of the constraint

Q" (tg) = Qmin(to) = QW (to)

imposed by the Q-problem (see (6.61b)). The fill ratio computed by using

proj, & 12
C— min ( _POJice ) (6.68)
i=1,....ng prOJi E"Qmax

must therefore increase monotonically at the initial time ¢y because Q. does not change
throughout the iterations. The notation proj; &g denotes the projection of the ellipsoid &g
onto the dimension ¢, and is equivalent to the maximum distance that £ extends along the

i*" axis in n,-dimensional space.

The fill ratio is bounded above by 1 due to the constraint () < Qun.x. The sequence
{k®(t5)}22, is therefore a bounded and monotonically increasing sequence, and we can

conclude that for any €, > 0, there must exist some finite integer K > 2 for which

K5 (t0) — k5 (t0)] < €.

6.4.4 Case Study: Satellite Attitude Control

This section provides a numerical example of the QM-iteration applied to a simple satellite

attitude control problem. For this problem, we consider the state vector & to be composed
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of a set of 3-2-1 Euler angles and angular velocity with the following nonlinear dynamics

O 6 . T(@)QJB
€eR® and = f(x,u)= : (6.69)
wp J1 (u - wy JwB)

8
I

Here, J € R3*3 is the inertia matrix, u € R3 is the control input (a torque), and

% 1 sinptanf cosptanf
=10 = T©O) =10 cos @ —sin g
(8

0 sinpsec cospsect

A nominal trajectory was computed by using the PTR algorithm (see Algorithm 1) using

the boundary conditions x(ty) = Osx1 and x(ty) = (%, 21 0,0, O) and an optimized time
span of t; = 35 seconds. The constraints from the sets X and U as defined in (6.70) were
also enforced.

The matrices A and B are the partial derivatives of f along the reference trajectory. For

this example, the parameters C, D and E can be constructed by using structured nonlinearity

to be
I 0 I I
C = 3 3x3 ’ D:06><37 FE = 3 3 ’ iszcl3’ c>0’
_03><3 I | _O3><3 O3x3
Is  0Osx3 - , -
C=103¢3 I3 |, D=09x3, FE= ’ e : else.
O3x3 O3xz I3
| 033 I | -

For this example, we use the following constraint sets:

X ={z|zy <z <zy, |22 < 00}, (6.70a)
Z/{ = {u ‘ uy S u S Uyp, HUHZ S umax}> (670b)

X = EQuan.ss (6.70c)
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Table 6.1: The parameters for the satellite attitude control example used to demonstrate the
QM-iteration.

Parameter Value Parameter Value
J I3 kg m? o 0.1s
Ty —(m, 2, m, 0.15, 0.15, 0.15) Tup (m, Z, m, 0.15, 0.15, 0.15)
U —8.8x 1073 15 Uyp 8.8 x 1073 15
Umax 1.52 x 102 Nm Ny, ny 100, 30
€tol 1073 (wy, wa, ws3) (1,1,1)

the parameters for which are given in Table 6.1. For this example, we have X = Pz and
U= Psg.

To solve both the Q- and M-problems, a temporal discretization of the problem’s variables
is required. To this end, we use Assumption 6.1 for the matrices @, Y, A and B. We
extend this assumption to include Q. and Ry,.x, both of which are parameterized as linear
functions of time. We assume that M and v are piecewise constant over each discrete interval
(only the latter is without loss of generality).

The QM-iteration, as given in Algorithm 5, converged in 16 iterations for this problem
setup. Figure 6.2 provides a depiction of the quadratic funnel synthesized by the procedure,
along with a set of test cases obtained by sampling a random initial condition from the
synthesized funnel entry and numerically integrating the closed-loop system. As expected,
the correction law maintains both invariance of the funnel and ensures that each test case
(shown as a red trajectory) is feasible with respect to the constraints (6.70).

Figure 6.3 provides an illustration of how the fill ratio progresses across each iteration, as
well as the value of the V() for each test case. One can see that the fill ratio at the initial
time is monotonically increasing, as expected, and that no test case leaves the funnel — hence
invariance is achieved.

For this problem, the QM-iteration achieves a funnel entry that spans (plus or minus)
roughly 20 deg for each Euler angle state, and roughly 3 deg/s in each angular velocity state.

This means that for any initial condition within these bounds from the nominal trajectory,
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(a) In state space, Eq(t).
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(V]
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0 10 20 30 0 10 20 30 0 10 20 30
Time s Time ] Time s

(b) In control space, &g, -

Figure 6.2: The quadratic funnel computed by using the QM-iteration for the satellite at-
titude control problem. A set of test cases are also shown whose initial conditions were

randomly sampled from the funnel entry.

we can guarantee the availability of a feasible trajectory by numerically integrating the
dynamics (6.69) using the control input w = w + Kn. This can be done very quickly on

nearly any modern processor using standard fixed-step size numerical integration strategies.
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—— Test Case
—-=-Decay Rate
- - Invariance Limit

First Iteration
0.1 —— Last Iteration

~..
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- = Theoretical Bound

0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time [s] Time [s]

Figure 6.3: The fill ratio across each iteration of the QMe-iteration and the value of the
Lyapunov function V() for each test case for the satellite attitude control problem.

6.5 Solution Method 2: v-Iteration

The QM-iteration is a convergent algorithm designed to compute a quadratic funnel by de-
composing the nonconvex Problem 11 into two convex subproblems and alternating between
them. However, an issue has been observed for some more complex problems. The value of v
obtained by solving an instance of the Q-problem (Problem 12) can be quite small, at times
on the order of 107% or less. Once inverted and used to solve the subsequent M-problem, nu-
merical difficulties can arise that result in infeasibility and cause the algorithm to terminate

without solution.

The v-iteration is an alternative solution method that also solves Problem 11, but is not
susceptible to the same numerical challenges. The trade-off is that some simplifying assump-
tions are needed, and we effectively limit our search for solutions to the quadratic funnel
synthesis problem (Problem 11) to a subset of the feasible space to gain better numerical

conditioning.
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6.5.1 Simplification of the M-Problem

The ~v-iteration primarily simplifies the M-problem that was introduced in §6.4.2. Here, we
assume a specific structure for the local multiplier matrix M, and restrict our search to the

one-parameter family of matrices given by

M, = . (6.71)

Note that M, € M, if and only if 7 is a local Lipschitz constant for the function ¢ over
the set 2. By computing a suitable value for v, we proceed to solve the Q-problem using M,

as the input.

The quadratic inequality (6.39) under the assumption that A = M., becomes

pp<yq'q <= |pl:<gl- (6.72)

Introducing a matrix A € R"*" we can then rewrite the model (6.25) as

n=An+ B¢ + Ep,
q=Cn+DEg, (6.73)

p=A27Aq, [Al2<7.

By using the closed-loop matrices A, = A+ BK and C,, = C+ DK, we can rewrite (6.73)
as

n=(A,+EAC.)n, |Al <. (6.74)

The question becomes: How to compute, or estimate, the value of v? We have two
procedures for doing so; one method that is based on a nonlinear optimization problem,
and one method that is based on sampling. It is worth pointing out that Wood and Zhang

in [217] separate Lipschitz constant estimation methods into two categories: white box and
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black boz. In their context, a white box method poses an optimization problem for which the
analytical expression of the cost and its Jacobian are known. A black box method assumes
only to have the ability to query a function at any particular point. This terminology also

captures the spirit of the two methods that we now present.

Computing v via Nonlinear Optimization

We begin with the white box approach, wherein an optimization problem is constructed to
estimate 7, and analytical expressions for the cost function and all necessary Jacobians are

derived.

To compute the local multiplier matrix M., we would like to find the point nn € £ that

corresponds to the largest value of ||Ally. That is, we need to solve®

1
I =max =0*(n)?

no 2 (6.75)
st. neéy <= n'Q 'n<1,

where,

5(m) =min[|A];
(6.76)
st. n—A.n=FEAC .

The inner optimization problem (6.76) finds the smallest matrix (in the spectral norm) that
satisfies the nonlinear equations of the dynamic model at a particular point 7. This inner
problem is the key component that allows us to be as non-conservative as possible in our
search for a local Lipschitz constant. The outer optimization problem (6.75) then finds the

point 7 that maximizes the value of 6* inside the funnel. The desired Lipschitz constant can

8The cost function has been squared to ensure differentiability and to facilitate numerical solutions. The
factor of 1/2 is added to facilitate Jacobian calculations. Neither modification changes the argmax that is
being sought.
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then be computed by using

v = V2T, (6.77)

To facilitate an analytical solution to the inner problem (6.76), we reformulate it so that
the problem is expressed in terms of § := vec A € R™"». First, note that the inner problem’s

constraint can be rewritten as
n—Am=EAC.m = y(n)=H(n)s (6.78)
where, y(n) =1 — A,n and
H(n) = [E (efC.m) -+ E (e;amﬂ € R X (6.79)

Using the fact that ||Alls < [|A]lr = ||d]|2, the optimal cost of the inner problem (6.76) can
be upper bounded by the optimal cost of the optimization problem

5(n) = min (5],
(6.80)

The optimization problem (6.80) is a minimum-norm least squares problem, whose solution

can be computed via

& =H'(mym) = " (n)=1[0"2 (6.81)

Plugging this solution into the outer problem’s cost function, results in a single (nonconvex)

optimization problem:

O = max syl H () (m)y()
n (6.82)

st. n'Q 'np<1.

By solving (6.82), we can obtain an estimate of the local Lipschitz constant. Be-
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cause (6.82) is nonconvex program, in general we can only ensure local optimality; the
value of v* will be an underestimator of the true local Lipschitz constant. To minimize the
likelihood of arriving at a local minima, we solve Problem (6.82) using several different initial

guesses from within the feasible region (the ellipsoid &g).

Lastly, note that analytical Jacobians can be computed for both the cost function and

the constraint in (6.82). These are provided in Appendix B.

Example 6.10. To demonstrate how the solution of (6.82) works in practice, consider the
simple nonlinear oscillator with dynamics &1 = x9 and o = cosxi. The matrices used to

describe the model (6.25) are

0 1
A@)=| o=, B=|].
—sinx; O

and we use a nominal trajectory of € = 0. We assign a value to the funnel by selecting

Q =16 - 15. For this ezample, we have

y(n) = f(z) — f(z) — A(®)n, and H(n)= ECn,

from which we can construct the cost function of (6.82). The gradient is computed by using
the expressions in (B.16). For demonstration purposes, the optimization problem (6.82)
was solved from 100 initial guesses randomly chosen from Eg. It was found that Matlab’s®
fmincon, with well-selected parameters, can be quite effective for solving these problems [218],
even compared to commercial solvers like SNOPT [124]. The results are shown in Figure 6.4,
where the green circles are constructed by using the arg max and the optimal cost of (6.82) for
each trial. The cyan-magenta points are pre-sampled points used to illustrated the curvature
of how ~y wvaries as a function of x1 and x5 so that we may clearly see that a (local) mazima

was achieved for each test of (6.82).
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Figure 6.4: The results of solving the optimization problem (6.82) from 100 random initial
condition chosen inside the black circle (which is £;). The z-axis value is the optimal cost
of (6.82), and we can see that a maximum is achieved in each trial.

Computing v via Sampling

The second method is the black box approach, where we only assume to have the ability
to query the desired function value at a particular point. The function alluded to here is
the cost function of the outer optimization problem (6.75) — which is the inner optimization
problem (6.76). Rather than use a nonlinear programming solver to maximize its value over
the funnel, we instead sample the function’s value at several points inside the funnel and use
these to compute an estimate for ~*.

Because of the assumption that the local multiplier matrix is of the form (6.71), we will
not run into the same technical issues as were found during the QM-iteration and resolved
by Lemma 6.8.

By sampling a set of states {m; é\ﬁl from the ellipsoid &g, each at different temporal

points, and using the steps in (6.65a) N, times, we can compute at each time the data:

Acl:A_I'BKa Ccl:C+DK7 ﬁs:f(wsvus)_f(a_:;ﬂ’)'
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These are collected and the following optimization problem is solved to obtain again a lower

bound of the true local Lipschitz constant:

Y= max  87(n.) (6.83)

where 0* is given by the solution of (6.76). Note that no solver is used, we simply select the
sample that produces the maximum value across the N, samples.

This spatiotemporal sampling procedure has been observed to be accurate enough for
practical problems with a reasonable number of points N, (typically on the order of 103
or 10* for an entire trajectory). Note that because it is possible to solve N, independent
optimization problems, each of which is quite small, this sampling procedure can be done

very quickly and is parallelizable.

6.5.2 Algorithm Summary and Convergence

The Q-problem remains unchanged, save for the simplifications afforded by the assumed
structure of the local multiplier matrix M, in (6.71). Moreover, note that Ny; = vI,, can be
computed analytically. The M-problem is replaced by either a solution of (6.82) or of (6.83).
Consequently, the weights (wq, ws, w3) are no longer required as part of the algorithm design.

While it is perfectly valid to use the same iterative structure as the QM-iteration, we
present an alternative method here. The premise is the following: The QM-iteration increases
the funnel’s lower bound, Q,.;,, until it cannot be increased further and solutions of the Q-
problem return @) &~ Quin; but we can also decrease the upper bound, Q).., until we are
able to synthesize a funnel () & Q,.x. The ~v-iteration will be constructed using the latter
strategy.

The only steps from Algorithm 5 that need to change to facilitate this alternative approach
are steps 8 — 15. These are replaced with a contraction step that shrinks Q,.x by an amount
proportional to the fill ratio (6.68). The key idea that leads to a convergent algorithm for

which every iteration’s funnel is a valid quadratic funnel, is to use Quax and the initial
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step’s correction law to compute the value of M, at each iteration. We therefore discard
the intermediate solutions of the Q-problem, and only make use of the final iteration’s value
— this is the basis for the omission of “Q” in the name of this method (i.e., as opposed to
calling it the Qv-iteration).

The contraction step is simple, we maintain the shape of the ellipsoid &g, and shrink
its size by multiplying by a contraction factor ¢ € [Gmin, 1). The fill ratio determines the

value of the contraction factor in this interval through the use of a sigmoid function

S = Smin + (1 - gmin) = Qmax < ngaxa (684)

14+ eh(0.5—k)

where h is a width parameter and « is given by (6.68). Equation (6.84) is designed so that
when the fill ratio x is 0.5, the contraction factor is chosen as the midpoint of the interval
[Gmin, 1).  An example set of contraction factor curves versus the fill ratio is provided in

Figure 6.5 for an array of width parameters h.

Remark 6.11. It is also possible to use a spatiotemporal contraction factor, as opposed to the
solely temporal one given by (6.84). For this method, one would compute a diagonal matriz
S € R=*n= where the (i,4)™ entry is the minimand of (6.68). One then would notionally
compute Qmax < SQmaxS, but there is no guarantee that £sq,,..s € EQma., because the scaling
can rotate the ellipsoid. To remedy this, one simply solves for the maximum volume ellipsoid

that can be inscribed in the intersection of £g,... and Esq.s — see [188].

The ~v-iteration is detailed in Algorithm 6. Note that the solution variable v from Prob-
lem 12 is no longer required to compute M., and so it is simply omitted. The convergence
criteria is not the same as that of Algorithm 5, but is instead defined in terms of a minimum

fill ratio. Theorem 6.12 establishes the convergence properties of Algorithm 6.

Theorem 6.12. Suppose that there exists a € > 0 such that eI, = QW. If Assumption 6.4
holds, then for any tolerance 0 < k4 < 1, the ~y-iteration in Algorithm 6 converges to a

solution of Problem 11 in a finite number of iterations.
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Figure 6.5: Example range of contraction factors as a function of the width parameter h
using §min = 0.2.

Proof. Note that for each instance of Problem 12, the solution Q = 0 and Y = 0 is always
feasible, because Qi» = 0 at each iteration. Because the strict inclusions & € int X and
u € intU hold, the initial solution to Problem 12 is feasible and produces a non-zero and

positive definite solution Quax” < €101, for some ¢ > 0.

For any Qmax = 0, the local multiplier matrix obtained by either (6.82) or (6.83) will
be non-zero. Because @Quax is bounded from above and the dynamics (6.18) are assumed
to be differentiable, we know that at any iteration, there must exist some & > 0 such that
M, |l < 8.2 Let 6Y be this bound at the first iteration. Due to the first assumption in
the statement of the theorem, there exists some € > 0 such that there is a feasible solution
to the Q-problem at the first iteration that satisfies ef,,, < Q™). This implies that matrices

that satisfy @ < €l,,, are also feasible solutions to the Q-problem.

91f v < 1, then this bound is § = 1. Otherwise, it is 2.
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Algorithm 6 The ~v-iteration designed to solve the quadratic funnel synthesis problem.
Recall that a variable z at the k* iteration is denoted using 2.

Input: A nominal trajectory {Z(t), ﬁ(t)}if:to, the system matrices for (6.33), a decay rate
a > 0, constraint sets X', U and Xy, integers Ny and n), and a tolerance ro € (0, 1).

1 solve Problems (6.51) and (6.54) for Qmax and Ryax

2 set Qmin < 0 and M, <0

3 solve the Q-problem to get {Q©®, Y} > Problem 12
4 update Qma” +— Q© and Y0¥ « YO

5 for k=1,... do

6 solve cither (6.82) or (6.83) to get M, ™ using {Quax* ", Yinax ¥V}

7 solve the Q-problem to get {Q®, Y ®} using M, *) > Problem 12
8 if kM) (ty) > ki then > see (6.68)
9 Converged.

10 break

11 else

12 Qmax(k) — quax(k_l) and Y™ < ¢V ® 1 b contraction step, see (6.84)
13 end if

14 end for

Output: Time-varying matrices Q(¢) and K(t) that define a quadratic funnel in the sense
of Definition 3.

Suppose that the algorithm has not converged by iteration k& — 1, and that Quax* ™" <

(k=1) > 0. The contraction step implies that during the next iteration,

e,*=V I, for some €
we have Qmax(k) < el(k)lnm, where 6% = ¢e;*=Y due to the contraction factor 0 < ¢ < 1.
Because we hold K., constant through the iterations via the update rules in step 12, we
must have || M, ¥y < §® for some §*) < §*-=1. Therefore, there must still exist a feasible
solution to the Q-problem at the k™ iteration for which el,,, < Q). By induction on k, each

instance of the Q-problem has a feasible solution that satisfies el,,, = Q).

Because the contraction factor satisfies

1

7 oh05—ra) < 1

¢ < Smin + (1 - gmin)

Y

at each iteration prior to convergence, there must exist some finite integer K for which
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K)

the value of ¢;(5) < €. In this case, we have QmaX(K) = el,, , at hence QmaX(K) is a feasible

solution and results in a fill ratio of exactly one. Because the cost function (6.61a) maximizes
the volume of the fill ratio at the initial time, the optimal solution at the K™ iteration will

be Quax X and the algorithm will terminate. O]

6.5.3 Case Study: 6-DOF Powered Descent Guidance

This section provides a numerical example of the ~v-iteration applied to a 6-DOF powered
descent and landing problem. This example is intended to be more complex than the satellite
attitude problem presented in §6.4.4 in order to showcase the broader capabilities of quadratic

funnel synthesis and the ~-iteration in particular.

Because the definition of 1 in (6.20) requires that the difference between the nominal
state trajectory, &, and the actual state trajectory, &, be additive (and not multiplicative),
we cannot use either unit quaternions or dual quaternions to represent the state of the vehicle.
We therefore use the Cartesian variable dynamics, see §3.4.1, and parameterize the attitude

using the same 3-2-1 Euler angles as in the example of §6.4.4.

If we use solely the thrust vector from a single (gimbaled) main engine as the control
input, then we will find that the linearized system is not stabilizable (in the linear systems
sense of the term). As a result, any Lyapunov-type inequality that we must solve in order
to synthesize a funnel will be infeasible. While stabilizability in this sense was not an issue
for sequential convex programming in Chapter 4, it is a fundamental limitation of funnel
synthesis as we have presented it. To alleviate this issue, we must add another actuation
mechanism to the problem formulation; differential thrust from multiple rocket engines or a

reaction control system will suffice. We shall use the latter for this example.



206

The state, control, and nonlinear dynamics for this problem are taken to be

m —al|Fgl|
LS Vr
Fy )
= lveg|, U= , L= f(il:, u) = % (CLB(@)FB) +9gr , (685)
T8
® T(@)wlg
| ws | _J’1 (18 + 7 sF5 — wg leg)_

where the variables are defined as in §3.4.1 and in §6.4.4. Note that n, = 13 and n, = 6.
The nominal trajectory was computed by using the PTR algorithm (see Algorithm 1) with
the following boundary conditions and an optimized final time of ¢; = 29.7 s (cf. the case

studies in §4.3):

Atty: m=3250ke, 7z=(250,0,433)m, o, = (—35.7,0,—11.8) m/s,
e = (0, 598, 0) deg7 wp = O3><1
Atty: m=31303kg, 7,=(0,0,30)m, v =(0,0,—1)m/s,

© = 03x1, wp = O3x1.

For this example, we enforce two nonlinear control constraints that serve to demonstrate a
case where U # Py. In particular, the nominal trajectory is computed using both upper and
lower thrust bounds (see (3.62)) and a gimbal angle constraint (see (3.63)). Using the thrust

vector Fj, these constraints are
Fain < || Fsll2 € Frnax  and || Fgll2 < sec Omaxzp Fa. (6.86)
The constraint sets X, U and X} are taken to be

X=A{zx|zp <x <oy, 0T < T — T < 0Ty, || ]2 < 0}, (6.87a)

U={u|up <u<uy,, (6.86)}, (6.87b)
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— /2 _ g; 111111 7 m# @@ @®™ @™ @
Xf - 8Qmaxyf7 Qmax,f - dlag {16377 2192999474747 60° 60’ 60° 60° 60° 60 (687C)

Note that X enforces both an absolute bound on the state vector, as well as a bound on
the deviation from the nominal. The terminal constraints imposed by X ensures that any
trajectory does not deviate from the nominal path by more than 0.5 m in position, 0.25 m/s
in velocity, or 3 deg and 3 deg/s in attitude and angular rate in any direction. The sets X

and U are described by

2100, 150, 150, 0, 40, 40, 30, ™ 7T,0.5,0.5,O.5),

Ty — — 727

., = + (3737.7,350, 300, 500, 30, 30, 5, 7, T, 7, 0.5, 0.5,0.5) ,

725

(-
(
by, = — (00,100,100, 100, 00, 00, 00, 2w, 37, 3w, 2w, 27, 27)
(
—(
(

Sz = + (00,100, 100, 100, 00, 00, 00, 27, 21, 27, 21, 21 27r)

199 9" 9" g g
7695.5, 7695.5, —5400, 150, 150, 150),

Up =

uy, = + (7695.5, 7695.5, 24750, 150, 150, 150).

The remaining data for this problem are provided in Table 6.2, and are (loosely) based on

an Apollo-class lander.

The matrices A and B are the partial derivatives of f along the reference trajectory, and

the parameters C, D and E are constructed using a total of six (N, = 6) nonlinear channels

to be
Il 01><3 O1><3 O1><3 01><3 01><3 01><3
O3x1 O3x3 O3xz I3 O3xs O3x3 Osx3
O O3x1 O3xz Osxz I3 Osxs D= O3x3  Osxs |
03><1 03><3 O3><3 O3><3 IS 03><3 O3><3
O3x1 O3x3 O3xz O3xz I3 O3x3  O3x3
| O3x3 O3x3 O3x3 O3xz  Osxs] i I O3x3
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Table 6.2: The parameters for the powered descent case study used to demonstrate the
y-iteration.

Parameter Value Parameter Value
J diag {13600, 13600, 19150} kg m? Iy 225 s/m
TEB (0,0,—0.25) m 9z (0,0,—1.62) m/s’
Foin 5400 N Fax 24750 N
Omax 25 deg Ny, ny 100, 25
Ktol 0.5 o 0.1s

01x3 01><3 le3 01X3 le3 [1
O3x3 0O3x3 0O3x3 0O3xz Osxz O1x1

F = 13 13 O3><3 O3><3 03><3 O1><1 )

O3x3 O3xz I3 I3 0O3xz O1x1

03x3 03x3 O3x3 03x3 ]é lel_

and therefore we have n, = 16 and n, = 16 for this problem.

Again, we employ Assumption 6.1 in order to temporally discretize each problem variable
for the Q-problem, with the exception of v and ~, which are each be taken to be piecewise
constant. Only the former is without loss of generality, the latter can introduce some addi-
tional conservatism.

The ~-iteration, as given in Algorithm 6, converges after 6 iterations for this problem
setup. In the state space, the synthesized quadratic funnel has the following projections

onto each of the n, state dimensions at the initial time t:

20.6 1.2 10.6 6.0
m:3.0kg, 7,:(265| m, wvg: |43 m/s, O: |80 ]| deg, wg: |4.4| deg/s.
17.5 2.7 10.6 1.1

Figure 6.6 shows the computed quadratic funnel. In Figure 6.6a, the ellipsoid £y was

projected onto each state dimension (mass is omitted) and is depicted as the shaded gray area.
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The red trajectories correspond to test cases for which an initial condition was randomly
(uniformly) selected from the ellipsoid Eg,), and the nominal control and correction law
were used to numerically integrate the equations of motion according to (6.59). Figure 6.6b
shows the ellipsoid £, . projected into each control dimension along with the corresponding
control trajectories from each test case. Figure 6.7 further displays the three-dimensional
thrust space over the entire maneuver. The portion of the feasible set ¢/ that corresponds
to the thrust constraints, constructed from the (convex) thrust upper bound, (nonconvex)
thrust lower bound and (convex) gimbal angle constraints, is shown in green in order to
visually confirm the feasibility of the quadratic funnel in the thrust-space.

Figure 6.8a provides the fill ratio versus the iteration number. To give a better sense of
how the convergence process looks, the fill ratios shown are computed by using the three-
dimensional ellipsoids that result from projecting both £g and &g, into each of the position,
velocity, attitude, and angular rate dimensions. It can be seen that by the last iteration,
each of these projections has surpassed the desired fill ratio, with the attitude and angular
rate ratio’s being nearly at the theoretical limit of one.

These results are quite promising — the powered descent problem is a challenging problem
with nonlinear dynamics, some nonlinear and nonconvex constraints, and relatively large
state and control dimensions. What these results show is that we are able to generate feasible
trajectories (both dynamically and with respect to the constraints that were considered) for
any initial condition in a set that stretches more than 35 m in every position direction, 2 m/s
in each velocity direction, 16 deg in each Euler angle, and 2 deg/s in each angular velocity

direction, all by using a single quadratic funnel.



300 10 15 10
250
» 0 10 .
200 5 =7
— w 2
£ 150 —=-10 = S
= £ < 0 < 0
£100 320 - p
B -5 3
50 5
-30
0 10
-50 -40 15 10
0 10 20 10 20 0 10 20 0 10 20
30 Time [s] 5 Time [s] 80 Time [s] 10 Time [s]
5
- = E
= £ < 0
-5
10
0 10 20 0 10 20 0 10 20 0 10 20
Time [s] 0 Time [s] 15 Time [s] 10 Time [s]
400
= 10
5
300 = 10 5 =
£ = B B
- 200 £ =0 = Ob———
N .5"'-15 s 5 §
100 5
20 10
0 25 15 10
0 10 20 0 10 20 0 10 20 0 10 20
Time [s] Time [s] Time [s] Time [s]
(a) In state space, &g.
8 8 15
6 Funnel 6
Test case
4 Nominal 4
z z z
— 0 — 0 —10
8 = s
S o2 g
-4
-6

785 [Nm]

8,y [N'm]

(b) In control space, &g, -

78,2 [Nm]

210

Figure 6.6: The quadratic funnel computed by the ~-iteration for the 6-DOF powered descent
problem. The initial condition of each test case was randomly sampled from the funnel entry.
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Chapter 7
CONCLUDING REMARKS

M&Mﬁyfé?ﬁdéﬁmﬁyﬂ%mﬂ//&
%WW%M.%/W/‘/”W

27

— Doctor Copernicus, John Banuville

The theme of this dissertation is computational guidance and control. The primary ob-
jective was to develop new techniques for real-time trajectory optimization that can be used
on resource-constrained aerospace systems. Two different but related approaches were de-
tailed, namely explicit and implicit trajectory optimization. Throughout the text, examples
in powered descent and satellite attitude control were used to highlight the capabilities of
both approaches.

The main contribution of this work is an advancement in the state of the art in trajectory
generation. Explicit trajectory optimization using sequential convex programming is not
new, per se, but the maturity of the algorithm and its tailoring to real-time implementation
have advanced the readiness level of the technology to the point that it will have flown in
space on board two different space vehicles as a result of this work. The general strategy to
relate high-level algorithm development with real-time implementations is essential in order
to establish computational guidance and control as a viable element of a flight software
system.

For powered descent specifically, Chapter 3 likely represents the most comprehensive
overview of the various problem formulations available in the literature. The definition of
and solution to the planar landing problem are new, and the scope of the 6-DOF landing

problem is the widest that has been presented thus far. State-triggered constraints are
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a new way to represent logical relationships between optimization variables and problem
constraints without resorting to mixed-integer formulations. When it comes to subsequent
real-time algorithm implementation using mature (and flight proven) convex optimization
solvers, state-triggered constraints are an enabling design tool that allow the intended logical
implication to be properly represented, without requiring new solvers or sacrificing runtime
performance.

Often, simply finding a feasible solution to an optimal control problem with several state
and control constraints is challenging. As an offline design tool, SCP-based algorithms offer
a way to obtain feasible trajectories that can serve as reference points for subsequent mission
design and analysis. The ability to directly consider constraints can also enable an easier
study of new and ambitious mission architectures, such as landing near geological features on
Mars by using Hazard Relative Navigation, or by extending the operating life of a satellite
without changing the existing hardware by using more exotic maneuvers that save propellant.
The fortuitous bi-product of near-optimality also implies that these trajectories can offer a
good upper-bound on the achievable cost (e.g., propellant mass). Reduced conservatism in
the estimation of fuel consumption across a space vehicle’s concept of operations could lead
to a very valuable reduction in the required launch mass.

The order of Chapters 3-5 is a reflection of how I believe trajectory optimization should be
approached. First, an understanding of the (most general) equations of motion and problem
constraints is required. These equations can be simplified as appropriate to develop intuition
and understanding of special-case scenarios. While it is often difficult (and rather unlikely)
to be able to fully solve a complex and highly constrained optimal control problem using
the maximum principle, these properly simplified versions can provide invaluable insight.
The development of a numerical algorithm should not be undertaken with a blind eye to the
tools of optimal control. In reality, a parallel development of theoretical understanding and
numerical algorithms can be carried out. Often times, details observed during numerical
trials will help reveal where to begin theoretical analysis, or what to attempt to prove

or disprove. Conversely, parameters for numerical trials can be contrived to demonstrate
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theoretical properties of optimal solutions. Preliminary algorithm development should be
done using a high-level programming language that prioritizes ease of development over
computational resource utilization. The final step is to develop a real-time implementation
using a lower-level compiled programming language that reverses the priorities. Because
flight hardware is almost always resource constrained, minimizing the runtime and memory
footprint of the resulting implementation while adhering to the standards of safety-critical
code are of paramount importance. During this step, the specifics of the problem being
solved should be exploited to the maximum extent possible; specificity often leads to more

efficient algorithms.

The funnel-based implicit trajectory optimization methods in Chapter 6 represent a new
approach to funnel synthesis and feasible trajectory design. The definitions, algorithms, and
results have not yet been presented elsewhere. Implicit trajectory optimization represents a
paradigm shift from the more standard optimal-control-based explicit trajectory generation
methods, in so far as the state and control vectors are given implicitly, rather than explicitly,
as functions of time. The funnel synthesis algorithms are able to provide a very important
feature that is not available from SCP-based explicit trajectory optimization, namely that the
real-time computation of a feasible trajectory can be theoretically guaranteed from a certain
set of initial conditions, the funnel entry. If all problem and algorithm parameters are held
fixed, then SCP-based methods cannot be guaranteed in general to have a 100 percent success
rate across a fixed set of initial conditions, whereas funnel synthesis can. Moreover, the
number of floating point operations required to compute the implicit trajectory can be easily
computed, offering a computational complexity bound on the steps that must be executed
onboard the vehicle. The same statement cannot be made for SCP-based algorithms used
to solve nonconvex optimal control problems. As a result, implicit trajectory optimization
significantly reduces the amount of computations required in real-time, though perhaps at

the expense of additional memory storage requirements.
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Flight Implementations of the PTR Algorithm

Ultimately, all of the algorithms discussed in this work are designed to be capable of being
integrated into the flight software of an aerospace vehicle. Those who decide whether or not
such algorithms warrant integration are not always interested in the mathematical elegance
of the solution method. Rather, flight tests and rigorous numerical experimentation that is
backed with a solid understanding of the underlying theory is the best (and perhaps only)
way to convince those who remain skeptical about real-time optimization-based guidance
and control. And this skepticism is not unwarranted, primarily because there is limited
flight heritage for this class of algorithms. At the time of writing, I am proud to say that an
implementation of the PTR algorithm has been flown onboard Blue Origin’s New Shepard
vehicle to solve a 6-DOF powered descent problem in an open-loop fashion (i.e., the algorithm
received flight telemetry, computed solutions, and stored the results, but did not control the
rocket’s engines). To the best of our knowledge, this was the first time that sequential
convex programming was used in space, and represents a significant advancement in the
field of computational guidance and control. Subsequent flight tests are being planned, and
there is mounting evidence that real-time optimization-based guidance can and will play an
important role in the design of future precision landing missions.

A separate implementation of the PTR algorithm will be flown on the SOC-i satellite
that is planned for launch in 2022-23. This algorithm is designed to solve constrained at-
titude control problems with attitude keep-out and keep-in zones [219]. To the best of our
knowledge, this will be the first closed-loop demonstration of sequential convex programming
on any orbiting spacecraft. This will provide significant flight heritage, and the ability to

demonstrate the capabilities of these types of algorithms repeatedly over a six month mission.

Considerations for Future Work

Objectively, these two demonstrations advance the technology readiness level of the PTR

algorithm, and lower the psychological barrier to pursuing computational guidance methods
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in future applications. It is worth stressing at the same time that there remains a significant

amount of work to be done in this area.

Foremost are algorithmic changes to improve the runtime characteristics of real-time
implementations. As mentioned in Chapter 5, the dominating factor that determines the
algorithm’s runtime is the number of PTR iterations. At the same time, SCP-based methods
can be susceptible to a crawling phenomenon that increases the number of PTR iterations
without greatly improving the quality of the solution [147]. Of course, faster solvers will
always lead to faster SCP algorithms, but the relative maturity of interior point methods
likely implies that runtime improvements due to faster solvers will be incremental.! Changes
to the algorithm’s basic structure that allow each iteration to make more progress towards a
solution and to avoid the crawling phenomenon should be explored. Techniques analogous to
second-order corrections, acceleration methods, and other augmentations designed to achieve
faster and more robust algorithms have been studied in the classical optimization literature
for decades, but have not been explored in sufficient detail, somewhat paradoxically, for
SCP-based trajectory optimization. Any progress made in this direction will increase the
likelihood that the algorithm will be real-time capable on resource-constrained spaceflight

hardware.

With regards to funnel synthesis, Chapter 6 devised two provably-convergent algorithms
that are each capable of synthesizing quadratic funnels for problems of interest in the
aerospace domain. But funnel synthesis and nominal trajectory generation are coupled;
the nominal trajectory affects the computable funnel. It follows that in order to truly maxi-
mize the size of the funnel, the nominal trajectory should be chosen simultaneously. It is in
fact possible to do so. The nonconvex quadratic funnel synthesis problem, Problem 11, can
be augmented to be a “trajectory” optimization problem in the same spirit as a canonical
optimal control problem. This is done by reformulating the differential matrix inequality

into a set of ordinary differential equations and algebraic constraints. By combining these

1Specifically the class SOCP-based solvers.
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two ideas, we would obtain a rather fascinating design tool with which a nominal trajectory
and quadratic funnel are selected simultaneously.

Sensitivity of the computable funnel size with respect to vehicle parameters can also
provide insight into how to design the vehicle in the first place. A large funnel, loosely
speaking, implies a dynamical system that is easily controllable even in the presence of
a given set of state and control constraints. Assessing the relationship between vehicle
parameters, such as mass distribution (inertia) or actuator placement, and controllability in
a nonlinear and constrained sense is a fundamental challenge in vehicle design, especially
early in the prototype phase before any detailed control analysis and simulations have been
carried out. Funnel synthesis can offer an indication as to whether or not a particular set
of vehicle parameters improve or degrade the ease with which the vehicle may be controlled
during different operating conditions.

Lastly, we have not thoroughly studied the composition of several funnels to cover a
given set. Consider a scenario where a landing vehicle is given a 3o ellipsoid of possible
initial conditions at the beginning of a powered descent phase. Suppose that a funnel is
generated about a nominal path, and the entry to this funnel is smaller than the given 3o
ellipsoid. To ensure the availability of a feasible trajectory from anywhere inside the 3o
ellipsoid, we would need to then compute enough trajectory-funnel pairs so that the union
of all of the funnel entries overbounds the 3o ellipsoid. Obviously we would like to find the

minimum number of such pairs. How to do so is not obvious, and merits further study.
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Appendix A
HYPERCOMPLEX NUMBERS

Oree st £ e o sy at all limes
estead of froinls, svaght liscs. and prlianes
— David Hilbert

By the 19" Century, the utility of the complex unit 7, where i2 = —1, was already well-
established. The success of complex analysis and the two-dimensional geometry that could
be elegantly described by complex numbers offered a powerful driving force for the desire to
expand the ideas to beyond two dimensions. Hypercomplex numbers can be thought of as a
generalization of complex numbers to higher dimensional spaces. The role of this appendix is
to point out a common “generator” for the hypercomplex numbers used in this dissertation,
and to comment on the potential for new hypercomplex numbers to be used in the modeling
of dynamical systems for trajectory generation. Quaternions and dual quaternions have much
to offer in terms of algebraic elegance, computational efficiency, and in the regularity and
convexity of various dynamic and constraint functions. But there is nothing special, per se,
about quaternions and dual quaternions! in this regard; it is entirely possible that similarly
generated hypercomplex number systems may have similarly attractive properties. I believe
that we have only scratched the surface of how these parameters can be used for modeling
dynamical systems in the trajectory optimization literature. Some relevant understanding
may exist in the field of theoretical physics, where hypercomplex numbers are more often
studied and have found more applications, but this understanding has not permeated into

the field of computational guidance and control.

'Dual quaternions are not the same as the octonions mentioned in Hurwitz’s theorem [220].
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Hamilton pondered the question of how to generalize complex numbers to three dimen-
sions, and it is worth spending a moment to reflect on his original (incorrect) ideas. Recall
that for a regular complex number x +iy € C, the product (z +iy)(z —iy) = 2>+ y? returns
the length of the vector in the two-dimensional plane. In three dimensions, it would seem
natural then to simply use a second complex unit, 7, and express the new complex number
as * + 1y + jz. Using the same multiplication rules as for regular complex numbers then
leads to

(x+iy+j2)(x — iy — j2) = 2 + y* + 2° — yz(ij — ji). (A1)

Therefore, we should define ij = —ji in (A.1) so that the meaning of length is preserved.
This is fine, but the issues start to appear when we consider the more general product of two

distinct complex numbers:

(x+ 1y + jz)(a+ib+ jc) = (ax — by — cz) +i(ay + bx) + jlaz + cx) +ij(bz — cy). (A.2)

Even with ij = —ji, there is no way to remove the fourth term from (A.2). This implies that
the generalized algebra does not close; meaning that the product of two elements in the space
does not return an element of the same space. The resolution of this issue is what Hamilton
carved on the Brougham Bridge in October 16, 1843. By introducing a third complex unit,

k, the algebra would close. The carving in the bridge reads:

i? = j? = k* = ijk = —1, (A.3a)

ij = —ji, jk=—kj, ki=—ik, (A.3b)

So the idea of a quaternion was born using the four basis elements {1,4, j, k} and the multi-
plicative rules that result from (A.3).

Why can we use two-parameter complex numbers to represent two dimension, but need
four-parameter quaternions to represent three dimensions? What will happen if we want to

study things in four dimensions? Or five? What is the common foundation that complex



240

numbers and quaternions share? The useful tool of Clifford algebras offers an interesting
viewpoint on these questions, and can be interpreted as a sort of “generator” for the complex

numbers, the quaternions, and their higher-dimensional analogues.
A.1 Clifford Algebras

Consider a general n—dimensional vector space V over the field of real numbers R endowed
with a (symmetric) scalar product, - : V x V — R. A Clifford algebra, C'(V), is constructed
by using a product operation, ® : V x V — C(V) that satisfies the following properties: If
x,y,z €V and a, € R then

rR(yY+z)=zRy+zQ z, (A.4a)
(az) ® (By) = (af)z @y, (A.4b)
(zRY)Rz=z3 (Y 2), (A.4c)
rRYtyRcr=-2x- y)l, (A.4d)

where 1 is the multiplicative identity of C'(V). Properties (A.4a) and (A.4b) imply that the
product is a linear map, while (A.4c) makes it associative. The term algebra is indeed meant
as a shorthand for the term linear associative algebra [221]. The less familiar (A.4d) in turn
provides an anti-commutative property that is reminiscent of the properties in (A.3b).
Notice that (A.4d) is a rather counter intuitive expression, in that the left-hand side
is an element of the Clifford algebra, and the right-hand side is a scalar from the field of
real numbers times the multiplicative identity. Using conventional algebra, it would appear
that we are equating a vector to a scalar. But this is not conventional algebra, and in fact
both sides of the equation are elements of the Clifford Algebra because 1 € C(V). The
scalar product on the right hand side of (A.4d) shall provide crucial flexibility with which to
properly expand from complex numbers and quaternions to dual quaternions and beyond —
and its main role is to define the pairwise product of two (eventually orthonormal) elements

from a basis of V. The equation (A.4d) says that, under the chosen product operation,
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the vector product of two basis vectors anti-commutes if and only if the basis vectors are
orthogonal.

Elements of the Clifford algebra, denoted by C(V) for the vector space V, are generated
using all possible products between the basis vectors of V plus the multiplicative identity,
1. For a vector space of dimension n, the corresponding Clifford algebra has dimension 2",
with (Z) basis elements of “rank” k for each k = 0,...,n. We say a basis element (of the
Clifford algebra) has rank k if it is the product of k basis vectors from V. The product of
zero basis vectors is defined to be the multiplicative identity. This implies that the vector
space )V appears as a linear subspace in the Clifford algebra. The notion of “closedness”
that gave Hamilton fits is related to the parity of the rank of these basis elements. Only
the subalgebras generated by the basis vectors of even rank form closed algebras. The even

Clifford subalgebra is denoted by C* (V) and has dimension 2"

A.1.1 Complexr Numbers

To demonstrate how Clifford algebras can be used to generate hypercomplex numbers, con-
sider the vector space ¥V = R? under the usual Euclidean scalar product. The Clifford algebra

is denoted by C'(R?) and has dimension 22 = 4. The basis elements for C(R?) are
{1, e1, e2, €1 @ €3} (A.5)

where e; and e, are the standard basis vectors for R?. The elements of the basis (A.5) that
have even rank are {1, e; @ e, }. Hence the even Clifford subalgebra, C*(R?), is the subspace

spanned by these two vectors, and has dimension 2! = 2. Observe that (A.4d) implies that

€i®€j:
-1, i=j
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The associative property of the product ® in (A.4c) and the pairwise relationship (A.6) leads

to

(e1®er)’ = (e1®ey) ® (e ® ey)
—e1®(ea®er) Ve
=—e1®(e1Rey) Ve
=—(e1®e1) ®(ex® ey)
— 1.

Therefore the basis element e; ® ey becomes —1 when “squared”. Making the convenient

association i = e; ® ey, an element € C(R?) can be expressed as

x =1+ 1y, (A.7)

for z,y € R, which is a complex number. Hence the even Clifford subalgebra for the vector

space R? with the usual Euclidean inner product is isomorphic to the complex numbers, and

this is denoted by C*(R?) = C.
A.2 Quaternions

The utility of quaternions in mechanics is their association with three-dimensional rotations
of a rigid body. It was shown in §2.3.1 that this association is a result of the fact that the
multiplication of two specially defined quaternions provides the same result as successive
rotations using other parameterizations of rotation. The core piece is the multiplication
rules that quaternions obey, and we can use Clifford algebras to derive them. The choice of
vector space becomes V = R? and the usual Euclidean scalar product in R? is used, denoted

by - : R® x R® — R. The Clifford algebra is C'(R?) and has dimension 23 = 8. The basis
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elements are

{1, e1, e, €3, e, Qe 2R e€3, e33R e, e; ey ® es}f.

The basis elements with even rank are {1, e; ® ey, es ® €3, e3 ® e;}. The even Clifford
subalgebra, C*(R3?) is therefore spanned by these four vectors and has dimension 2% = 4.
Each of the pairwise products of basis elements of CT(IR?) satisfies (A.6), and hence we make
the associations

i=eyRe3, j=e3®e;, k=e ®ey (A.8)

from which it can be verified that each relationship in (A.3) holds. A general element

x € C*(R?) can therefore be written as

T = x4+ 10T + jTo + ka3 (A.9)

where x1, 29, 23,24 € R. This as a quaternion as described by Hamilton [30]. Hence the
even Clifford subalgebra for the vector space R? with the usual Euclidean inner product is
isomorphic to the set of quaternions, and we write C*(R?) = Q.

Consider the quaternion q € Q, where using our notation we have q = q4+1iq1 + jq2 + kqgs.
The scalar part is q4 and the vector part is q, = iq1 + jqo2 + kqs. Given a second quaternion

p € Q, the product g ® p is expressed using the rules (A.3) as

q X P = qaps — Q1P1 — Q2D2 — q3P4
+ (qap1 + @1pa + G2p3 — q3p2) i
+ (up2 + @2ps + @31 — ip3) J

+ (qup3 + gspa + qup2 — q2p1) k- (A.10)

This equation is the basis for (2.21) in §2.3.1.

The conjugation operation that is used often in complex analysis generalizes to quater-



244

nions in the expected way according to
q° = q—iq1 — jg2 — kg3 (A.11)
The scalar product in Q is ® : Q x Q — R, defined by

qOP=4q-p = qupi+ qpi+ ¢p2 + gsps. (A.12)

The conjugation and scalar product may be used to define a quaternion division by using
the so-called multiplicative inverse property that g = g ®@qg~! = 1+ 0i 4 05 + 0k, where the
quaternion inverse is defined to be ¢! = ¢q*/ (q ® q). Evidently the inverse and conjugate
coincide for quaternions that satisfy ¢ © ¢ = 1, which are exactly the unit quaternions
that were shown to represent rotations in three dimensions in §2.3.1. This division is the
basis for the (multiplicative) quaternion error. Because successive rotations are represented
by quaternion multiplication, we can think of “adding” rotations as being equivalent to
multiplying quaternions, whereas “subtracting” rotations to define an error is equivalent to

dividing quaternions.
A.3 Dual Quaternions

The more general dual quaternions extend the utility of quaternions to include both three-
dimensional rotation and three-dimensional translation of a rigid body. Using a similar but
subtly different construction, they too can be derived using Clifford algebras. The vector

space is V = R?*, but we define the scalar product - : R* x R* — R such that for all z, y € R*
T Y = 11Y1 + T2Y2 + T3Ys. (A.13)

This scalar product omits the fourth coordinate. It can be thought of as the usual Euclidean
inner product restricted to the hyperplane defined by {x € R* | z, = 1}. According to (A.4d),
this implies that e; ® e4 = 0.
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The Clifford algebra is C(R?) and has dimension 2% = 16. The even Clifford sub-algebra
is C*(R?), has dimension 23 = 8, and is represented by the span of the basis elements of

even rank:
{l,e1®er, e2®e3, e3@e, e5®0e, es,Q€e, e50e3, e Qe ®ez® ey}, (A.14)

The first four basis elements are exactly those that appeared for quaternions. More-
over, the scalar product (A.13) produces identical results to that which was used to derive
quaternions for any vector in the span of these first four basis elements. Hence the same
associations can be made as in (A.8) for the subalgebra C(R*). Furthermore, the eighth

basis vector satisfies
(e1RerResRes)’ =(e1@esRe3Rey) D (e Re@e3@ey) =0,
because e; ® e, = 0, and this leads to the association of the dual unit
ce=e Qe Re;® ey, (A.15)

where € # 0 but €2 = 0. This (seemingly bizarre) definition should be no less acceptable to
the reader than that of the complex unit i> = —1. The product of the eighth basis vector

and each of those given by (A.8) can then be computed, for example, to be

(e1®e)®(egReRe;Res) = —e3 Qe =ey ® ez = ke.
— - g

Similarly, it can be shown that the remaining two basis elements in (A.14) are ie and je.

A general element & € CT(R*) can therefore be written as

X = x4 +ix1 + joo + kxs + ex)y + iex| + jexh, + kel (A.16)

= x4 + iz + joo + kxs + € (x) + ix) + jal, + kal) (A.17)



246

where x1, x9, T3, T4, 2, 24, 245, 2, € R. Hence the even Clifford subalgebra for the vector space

R* with the inner product defined in (A.13) is isomorphic to the set of dual quaternions, and
we have O (R%) = Q.

Consider the dual quaternion q € @, which in our notation is written

d=qi+eqa=qa+iq1+ g2+ kqis+e(qa+ig:+ jgs +kegs).

We label the real part as the quaternion q; € Q and the dual part as the quaternion g, € Q.
Given a second dual quaternion p € @, the product ¢ ® p is expressed using the rules (A.3),

in addition to €2 = 0, as

GgOp=(q+€q:) @ (p1 + ep2)

=q ®@p1+e(q1 ®p2+q@pi) (A.18)

where the quaternion products in (A.18) also follow the rules defined in (A.10). This equation
is the basis for (2.34) in §2.3.2.

The scalar product in @ is defined as the pairwise quaternion scalar product between the
real and dual parts of two dual quaternions [31]. Denoting this product by ® : @ X @ — D,
where D = {x + ey | 2,y € R} is the set of dual numbers, permits the expression of the dual

quaternion dot product as

qOP=qOPp1+e(qOP2+qOp1). (A.19)

A unit dual quaternion is one for which the dual quaternion scalar product (A.19) evaluates

to the identity element of D), which is 1 + €0. Hence, a unit dual quaternion satisfies

gOq=qOq+e(q1Oq+q Oq) =1+ €0, (A.20)

from which it can be seen that g; © ¢ = 1 and q; © g = 0. This results in the definition of
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R® in (2.33).

A.3.1 Connection to Matriz-Vector Algebra

We now take a brief aside to explore the connection between the product ® and regular
matrix-vector algebra that was used in the main text. Consider the general Clifford subal-
gebra CT(V) with dimension 2"~!. Assume that the basis elements have been given some
ordering — the specific ordering does not matter, only that one has been assumed and that
it is kept consistent. Let @, y € C™(V) and consider the product x ® y. The product can

be expressed by the matrix equations

ry=[zlpy = [ylpz (A.21)

where [x]g, [y]s are each 2”71 x 2”71 matrices that are defined as follows. The columns of

(] are the product of & with each of the basis elements of C*(V) from the right. That is,

[T]ls = |z zRe - zRe, TR(E1Ve) - xR (1®--Vey)|,

where the ordering of the columns is consistent with the assumed ordering of the basis

elements. Similarly, the matrix [y]% is obtained by the same procedure, though the basis

elements are now multiplied from the left. Thus,

Ye=|y ey - e, Ry (e1Qe) Ry --- (el®---®en)®y]

where again the ordering of the columns is consistent with the assumed ordering of the basis
elements. These representations of the vector product x ® y are what give rise to the matrix-

vector definitions of the quaternion product (2.21) and dual quaternion product (2.34).
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A.4 Beyond Quaternions and Dual Quaternions

Interestingly, if we keep V = R?® but change the inner product to a similar version of the
that was used to “derive” dual quaternions, we can obtain the planar quaternions [31]. These
four-dimensional parameters can then be used to model two planar position coordinates and
one angular coordinate [222] — just like were used to study the planar landing problems.

If we change the underlying vector space, )V, or the scalar product on this vector space,
then the Clifford algebra will change. It is not clear that we have exhausted all useful av-
enues in this regard when it comes to obtaining parameter sets for trajectory generation. For
example, perhaps there is another inner product that one might use with V = R* and derive
a different parameterization that is able to represent 6-DOF motion with properties that are
different than those of dual quaternions. Perhaps by using higher dimensional vector spaces
but the usual Euclidean inner product, we can embed 6-DOF motion in a higher-dimensional
setting where the nonlinear equations of motion and/or constraint functions have properties
(e.g., convexity) more amenable to optimization using the techniques presented in this work.
This is not as crazy as it sounds; rotational kinematics represented using non-quaternion pa-
rameter sets (e.g., Euler angles) do not come close to the relatively benign bilinear nature of
the quaternion kinematics. Moreover, unit quaternions have two other properties not shared
by all attitude parameterization based on Euclidean geometry; namely that they are natu-
rally well-scaled (all entries have magnitude at most one), and they require fewer floating
point operations to perform basic operations such as successive rotations and evaluating the
kinematics. These kinds of properties are important to develop well-conditioned and com-
putationally efficient algorithms, and it is not unreasonable to suspect that yet undiscovered

parameter sets that represent more general motion could be derived with similar properties.
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Appendix B
SELECT ANALYTICAL JACOBIANS

This appendix provides expressions for the Jacobians of various functions used through-
out the main text. The Jacobians are necessary to recreate the case studies that were pre-
sented for each algorithm. First, some basic relations for quaternions are provided in §B.1.
Next, all partial derivatives required for the convexification step used by the 6-DOF powered
descent case studies presented in §4.3 are provided. These use the dual quaternion formula-
tion. Lastly, the Jacobians of auxiliary computations used for funnel synthesis are provided,

namely those that pertain to the solution of Problem (6.82).

B.1 Quaternions
Recall first from (2.29) that for a general vector z € R? the following relations hold

23 =Cprzr <= 23=q ®2,®4q, (B.1a)

Zr :CLZBZB <~ Zr :q®25®q*. (Blb)

Consider the derivative of either zz or zz with respect to the attitude quaternion (the
matrix Cp. is a function of this quaternion).

Consider first (B.1a), where Cp/ is given by

Cse = (4i — 4, qv) — 2019 + 29,9, (B.2)

The ™ column of Cpe will multiply the i entry of 2z, 2., for each i = 1,2,3. Since the
complete derivative of zz with respect to g should be a 3 x 4 matrix, differentiating the

columns of the matriz Czp with respect to the quaternion will provide three 3 x 4 matrices
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that are then multiplied by the appropriate scalar entry in the vector z, to compute the

resulting Jacobian. Formally, these are

g1 —q2 —43 Qo ) 2 @1 —q —Gg3
8035() aCBL()
oq =2|¢ @ qo qs | » oq =2|-¢ @ —¢ @ |
43 —qo q1 —Q2 _QO q3 Q42 q1
q3 G 41 42
oct)
94 =2|—q@ @ ¢ —a|-

—q1 —q2 g3 Qo

where C’g[); denotes the " column of Cz,. The Jacobian is then evaluated as

0z 8C£812 n 305622 n 30&332
9q ~ 0q ° aq - aq L

(B.3)

Similarly, the linearization of (B.1b) is achieved by observing that the entries in the i
column of Crp multiply the scalar terms zp; for each 7 = 1,2,3. The i column of Crp is
the same as the i row of Czs. The same process carried out to differentiate the columns of
Cpe = CJ5 with respect to the quaternion provides the three necessary 3 x 4 matrices that
are then used in the analogous way to (B.3).

The quaternion case is more easily computed by using the matrix expression given

in (2.22). In this case,

0z .. .

a—; =[q" ® zc]o +[ze @ qli ], [ =diag{~Is1}, (B.4a)
0z A

8_; = g ® z5lel + 28 ® ¢"]5,. (B.4b)

where the fourth row is removed to obtain the desired 3 x 4 matrix (we’ve implicitly assumed
that zp or z, is a pure quaternion in (B.1), the removal of this row reconciles this assumption

with the fact that zz and z, are in fact three-dimensional vectors).
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B.2 6-DOF Powered Descent

There are numerous partial derivatives needed to solve any nonconvex optimal control prob-
lem using the PTR algorithm. Recall that the (nonlinear) equations of motion are linearized
as part of the transcription process, and any nonconvex algebraic constraints must be ap-
proximated somehow by using convex functions of the solution variables. Regardless of
the method used for the latter, the Jacobian of the constraint with respect to the solution
variables that it depends on is useful. First-order approximations are relatively cheap to
compute, are guaranteed to be convex, and are likely the most widely applicable strategy
without further assumptions on the functional form of the nonconvex constraint.

For the 6-DOF powered descent guidance problem, the problem formulation was de-
scribed in §3.4. The presentation of the Jacobians is split into three parts: the equations of
motion, the boundary conditions, and the algebraic constraints (including the state-triggered
constraints). We include the aerodynamic effects and coast time, ., in the presentation of
the Jacobians, even though neither of these were used in the case studies presented (prob-
lems solved using each of them can be found in [78]). The parameter vector p is therefore

composed of t; and ¢, in that order.

Equations of Motion

Recall that the state vector is composed of the mass, position and velocity in the surface-
fixed landing frame, and the attitude quaternion and angular velocity in the body frame.
The position vector and attitude quaternion were combined into the unit dual quaternion, q,
whereas the velocity and angular velocity were combined into the dual quaternion, w. The

equations of motion were then derived to be

—alfull; =3
z=f(z,u) = lgoo . (B.5)
J! [(I)’U,B +mgp + Ppag —w O J(:J]
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Recall that after temporally normalizing (see (4.7)), these dynamics are written in terms of

the normalized time variable 7 as
x' = F(z,u,p) =t;f(z,u).
The partial derivatives of F' with respect to each of its inputs are:

O1x1 Oixs Oixs

A=V, F(&a,p) = |0 Ay Agw
Aum Aug Aue
Y

B =V,F(&,1,p) = |Ogs
B,

where,

Apo = I (@]od + [JOJ;, + @ Veag)

’U,T

B, =—-a—— B,=J'®
|2
1 Eo0o"ETE
VG) - — 3 ACa Ev Ev~ U—~1)U ;
e A CIEE Ry
- 0 I R .
Iy = b ! , Ig =L ®x 1

Iy Ogxa

(B.6)

(B.7a)

(B.7b)

(B.7¢)

(B.8a)

(B.8b)

(B.8c)

(B.8d)

(B.8e)

(B.8f)
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Note that the rows and columns that correspond to the (dual) scalar part of the dual
quaternion w will always be zero in each of A, B and E. As mentioned in the text be-
low (3.54), we typically treat @ as a six-dimensional vector in implementation in order to

reduce the state dimension from n, = 17 to n, = 15.

Boundary Conditions

The boundary conditions, including the coast time, are given by (3.65a) and (3.67a). These
boundary conditions do not depend on the control vector, and the terminal velocity con-
straints (3.67a) are all fixed values; hence we do not need to compute any partial derivatives
of them. Only the partial derivatives of (3.65a) with respect to the initial state vector and
the parameter vector are required.

For the mass, we have, using Leibniz’s rule:

Vim(ty) = —al(t.) — 5. (B.9)

The initial mass does not depend on the state vector in any way as we have formulated it.

For the initial dual quaternion, we have

Vat)ba(a(to) ) = | | 5 : (B.10a)
L (bt
Vi.bg(q(to), t.) = %[(I(tO)]gvtcbr,o(tc), (B.10b)
VQ(tO)b@(q@O)a tc) = ’ > (BIOC)
_[q(t(J)* & bv,O(tC)]@) + [bv,o(tC) & Q<t0)]gz)]
Vi.ba(q(to), te) = [q"(to)]z[a(to)]5 Ve.buo(te), (B.10d)

where the particular forms of Vi b, o(t.) and V b, o(t.) depend on the chosen coast trajec-
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tory. For the example engine-off aerodynamics-free case given in (3.66), these are
vtcbr,o(tc) = ULic + gﬁtm and Vtcbv,o(tc) =4gr.

State Constraints

All of the control constraints for the 6-DOF powered descent guidance problem, as presented,
are convex except for the thrust lower bound constraint. It is straightforward to derive the
partial derivative of this constraint, and so we omit it here in favor of presenting the necessary
Jacobians of the dual quaternion-based state constraints and the state-triggered constraints.

The approach cone constraint (3.57), while convex over the given domain, is not a second-
order cone, and therefore must be linearized when using the real-time implementation meth-
ods of Chapter 5. Moreover, it does not satisfy the disciplined convex programming rule
set required to prototype code using the popular CVX tool [19] — and therefore needs to be

linearized in that setting as well. The required Jacobian of the constraint (3.57) is

2q" Eq
—— COS Ymax (B.11)
| Eaq||2

Vac, = =24 M, +

For the state-triggered constraints, we provide expressions for the slant-range-triggered
LOS constraint and the speed-triggered AOA constraint. The former is an example of a
compound STC, and we begin by noting that all partial derivatives are given assuming that
all trigger conditions are satisfied. In this case, we have from (3.70) thato*(-) = —g(-).

The slant-range-triggered LOS constraint is given by (3.79). This constraint is a function

of the unit dual quaternion q only, and the associated Jacobians are

Vahe(@) = Vage1 (@) 9¢2(@)ce(q) + 9e.1(q)Vage2(q) ce(@)

+ 9¢1(q)9e2(q)Vace (q)  (B.12a)
29" By
[Eaqll2”

29" Eq
1 Eaqlla’

Vage1(q) = Vige2(q) (B.12b)
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29" Eq

| Eaql|2

Vice (@) =2¢" Me + €08 Emax- (B.12¢)

The speed-triggered angle of attack constraint is given in (3.84). This constraint is a

function of the dual velocity @ only, and the associated Jacobians are

Vaohea (GJ) = —Va0a (Q)ca(cb) — go(@)Vgeq (GJ) (B.13a)
. GO'E'E, .. GEE,
V&;ga (Ld) = m, VQCQ ((.«J) = Z5 EU + m COS O'max (B]_Sb)

B.3 Funnel Synthesis

This section provides the Jacobians for the cost and constraint functions for the optimization
problem (6.82). The cost function was constructed by creating the matrix H that satisfies

the equation

EACH = H(n)é,

where & = vec A for some matrices £ € R™*" A € R™»*" (C € R"*" and n € R".
Note that C' has been used in place of C, here to avoid excessive subscripts. The matrix H

is defined in (6.79) to be
H(n) = [E(elTCn) E(equn)] € Rm=xnamr,
The Jacobian of H with respect to 1 is an n, X nyn, x n, tensor that can be computed via
Vo (n) = |[ECyx - EC,,,| € R (B.14)

for each £ = 1,...,n, along the third dimension. The cost function for the optimization

problem (6.82) is
J = %y(n)THTT(n)HT(n)y(n)-
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where y(n) = 1 — A.n. The Jacobian of the cost with respect to i is then

Vo d = y(m)TH () [VoH! (n)y(n) + H (0)Vay(n)], (B.15)

where, as shown in [223],

Vo H (n) = —H'V,HH' + H'H!'V,HT (I, — HH)

+ (I, — H'H)V,H H'"H' (B.16a)
is an (ngn, X ng X n,) tensor, and,
Vay(n) =V, (f(z+n,u+ Kn) — A.m) = A+ BK — A, (B.16b)

where A = fo(a_c +n,u+ Kn) and B = Vuf(:?: +n,u+ Kn). The calculation of (B.15)
then proceeds by multiplying each

to create an (n,n, X 1 X n,) tensor that can be reduced to an n,n, x n, matrix by squeez-
ing along the second dimension. The resulting matrix is then summed with the matrix
H'(n)Vy4y(n) € R™™ ™ to produce the term in square brackets in (B.15).

Lastly, there is one constraint in the optimization problem (6.82) that ensures the solution

resides in the quadratic funnel. The constraint is given by

cm)=n"Q'n-1<0

and its Jacobian is

Vae(n) =2n'Q ' e RV, (B.17)
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Appendix C
TEMPORAL MATRIX DECOMPOSITIONS

Denote the standard n-dimensional simplex by

n+1
E"Z{UGR"H Y oi=1, aiZO,izl,...,n}. (C.1)

i=1
Let M(t) € R™™ and N(t) € R™*" be matrix valued functions of time. Suppose that
nar

M(t):Zai(t)M,- and N(t):igj(t)]\fj, (C.2)

where o(t) = (o1(t), ..., 00, (t)) € ™ and ¢(t) = (q(t), ...,y (t)) € TV 7L

We then have the following two results on the decomposition of the product M (t)N(t).

Lemma C.1. At any time t € R, the product M(t)N(t) € R"*"™ can be written as a convex

combination of the nymy matrices
MZ‘N]‘, izl,...,nM,jzl,...,nN. (CS)

Proof. Let M(t) and N(t) be as in (C.2). Then M(t)N(t) = > > 7% 03(t)s;(£) MiN;. It
is straightforward to show that ™ > "% 0(t);(t) = 1, and that o,(t);(t) > 0 for any
i,7. O

The second result is a special case of Lemma C.1 for which the dimensions of M (¢) and

N(t) are equal and the time-varying coefficients in the expansions (C.2) are the same.

Lemma C.2. Ifny = ny and o(t) = <(t) for anyt € Ry, then the product M (t)N(t) € R™*"
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can be written as a convexr combination of the %nM(nM + 1) matrices:

MiNi7 1= 1,...,7’LM (C4a)

MZNJ—FM]NZ, 2:1,,nM—1,j:@—|—1,,nM (C4b)

Proof. The proof is by construction. Let M (t) and N(t) be as in (C.2) with ny; = ny. From
the proof of Lemma C.1 we know that the product M (¢)N(t) can be written as the convex
combination M(t)N(t) = >0 30 0i(t)g;(t) MiNj, where > 7 >0 04(t)g;(t) = 1. If
o(t) = ¢(t) for any ¢t € Ry then we have o0;(t)s;(t) = 0,(t)s;(t), and so:

npM M
MEN() =) > oilt)s;()M:N,

i=1 j=1
v ’ nnm nym

=D ot)G(OMN; +) > ailt)g(8)MiN;
i=1 i=1 j=1,j#i
na ny—1 ny

= ZJZ(t)gj(t)MzNz + Z Z 0i(t)s;(t) (M;N; + M;N;)
=1 =1 j=i+1

The last expression establishes that the product M (¢)N(t) is a convex combination of the
matrices in (C.4). O
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