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Abstract

The Koszul dual to n-Lie, n-Com algebras, and Young tableaux

Cody Tipton

Chair of the Supervisory Committee:
James Zhang

Department of Mathematics

We study the operad n-Lied, whose algebras are n-Lie algebras, which was first introduced

in Nambu mechanics to extend Hamiltonian mechanics to more than one Hamiltonian. We

find the Koszul dual of n-Lie−d+n−2 to be the operad n-Comd, whose relations come from

the Specht module S(n,n−1). We combine the operads n-Lie and m-Com to construct the

operad (m,n) − Poiss, where the rewriting rule that relates them is through a generalized

Leibniz rule.

We generalize the above Koszul duality to different types of generalization of Lie and

Com which arise from the eigenspaces of the general Kneser graphs On,s, where the operads

n-Lie (n-Com) and Liedn (Comd
n) appear on different sides of the spectrum based on the

parameter s.

With the introduction of the new class of n-Com algebras through the Koszul duality, we

take our first step in exploring these new types of algebras. Specifically, we start the work of

trying to classify finite-dimensional simple 3-Com algebras C using the Peirce decomposition

through semisimple idempotents e through χe = m3(e, e,−) to obtain important structural

properties. In particular, it decomposes the 3-Com algebra C =
⊕

Ce(t) for eigenvalues

t for χe in which Ce(1) is a commutative unital associative k-algebra acting on the other

components, which is almost associative.

Furthermore, we briefly construct an analog of the Killing form for 3-Com algebras, de-



noted as κ, and define non-degeneracy when the form is non-degenerate and fully degenerate

when κ = 0. We use this to show that every non-degenerate 3-Com algebra is a direct prod-

uct of non-degenerate simple 3-Com algebras. However, one very interesting aspect of this

is that not every finite-dimensional 3-Com algebra is non-degenerate, as our main example

is fully degenerate.

Towards some classifications of simple 3-Com algebras, if e is primitive semisimple idem-

potent with exactly two eigenvalues, and C is simple, then its eigenvalues consist of {1,−1}

which help give a classification in dimension 2 and 3.

Finally, we construct combinatorial objects, called Young n-trees, which are just rooted

trees with a local Young tableaux structure at each edge following what is happening in

the n-Com operad. In particular, we use these to give an upper bound to the arities of the

dimension for the operad n-Comd, which gives a description for it.



TABLE OF CONTENTS

Page

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

Chapter 1: Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.1 Rooted Trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.2 Catalan Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.3 Young Tableaux and Representation Theory of Σn . . . . . . . . . . . . . . . 17

1.3.1 Permutation Module . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.3.2 Dominance Ordering . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.3.3 Specht Modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.3.4 Basis for Sλ and Garnir Relations . . . . . . . . . . . . . . . . . . . . 22

1.4 Operads . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.4.1 O-Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

1.4.2 Free Operad . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

Chapter 2: (n,m)-Quadratic Operads and Koszul Duality . . . . . . . . . . . . . . 32

2.1 (n,m)-Quadratic Operads and Koszul Duality . . . . . . . . . . . . . . . . . 33

2.1.1 Description of F (E)(2) . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.1.2 Koszul Dual of (n,m)-Quadratic Operads . . . . . . . . . . . . . . . 36

2.1.3 Symmetric and Skew-symmetric (n,m)-Quadratic Operads . . . . . . 39

Chapter 3: The Generalizations of Lie . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.1 The Operad Liedn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.1.1 General Definition of Lien Algebras of Degree d . . . . . . . . . . . . 44

3.1.2 Quadratic Representation for Liedn . . . . . . . . . . . . . . . . . . . 45

3.2 The Operad n-Lied . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.2.1 General Definition of n-Lie Algebras of Degree d . . . . . . . . . . . 46

3.2.2 Quadratic Representation for n-Lied . . . . . . . . . . . . . . . . . . 52

i



Chapter 4: The Generalizations of Com . . . . . . . . . . . . . . . . . . . . . . . . 53

4.1 The Operad Comd
n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.2 The Operad n-Comd . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.2.1 General Definition of n-Com Algebras of Degree d . . . . . . . . . . . 54

4.2.2 Associative Algebra induced by n-Com algebra . . . . . . . . . . . . . 61

4.2.3 3-Com algebras of dimension m . . . . . . . . . . . . . . . . . . . . . 69

4.2.4 Module n-Com algebras . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.2.5 Quadratic Representation for n-Comd . . . . . . . . . . . . . . . . . . 79

Chapter 5: Eigen-Algebras and Simple 3-Com algebras . . . . . . . . . . . . . . . 83

5.1 Eigen-Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5.2 Simples n-Com algebras and Ideals . . . . . . . . . . . . . . . . . . . . . . . 88

5.2.1 Bilinear form on 3-Com algebra . . . . . . . . . . . . . . . . . . . . . 98

5.3 Invariant Properties of non-zero idempotents . . . . . . . . . . . . . . . . . . 104

Chapter 6: The Generalizations of Pois . . . . . . . . . . . . . . . . . . . . . . . . 117

6.1 Definitions of the Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

6.2 (n,m)-Module Poisson algebras . . . . . . . . . . . . . . . . . . . . . . . . . 122

6.3 (m,n)-Potential Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

6.4 The Corresponding Operads . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

Chapter 7: Odd Operads . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

7.1 Generalized Odd Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

7.1.1 Spectrum of On . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

7.2 Proof of lemma 7.1.1.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

7.2.1 Balanced Matrix Sequences . . . . . . . . . . . . . . . . . . . . . . . 146

7.2.2 Properties of the vertices in On . . . . . . . . . . . . . . . . . . . . . 148

7.2.3 The Adjacency Matrix of On . . . . . . . . . . . . . . . . . . . . . . . 152

7.3 Odd Operads . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

Chapter 8: Young Trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

8.1 Young n-Trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

8.1.1 General Definitions of Young n-Trees . . . . . . . . . . . . . . . . . . 164

8.1.2 Young (r, n)-trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

ii



8.1.3 Properties of Young (r, n)-trees and Standard Edges . . . . . . . . . . 171

8.1.4 Symmetric Group actions . . . . . . . . . . . . . . . . . . . . . . . . 174

8.1.5 Various Poset Structures . . . . . . . . . . . . . . . . . . . . . . . . . 178

8.1.6 Monomial Order on Shuffle Young (r, n)-trees . . . . . . . . . . . . . 182

8.2 Specht Operad . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

8.2.1 Polytrees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184

8.2.2 Properties of V d
r,n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

iii



LIST OF FIGURES

Figure Number Page

1 Koszul Dual . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.1 Example of rooted tree . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.2 Grafting of Cor3 and Cor2 at e, where e is the 3rd input edge of Cor3. . . . 15

2.1 Tree with two vertices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

5.1 Examples of ideals appearing in a decomposition . . . . . . . . . . . . . . . . 107

7.1 The graph O2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

7.2 The Peterson Graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

7.3 Graph K10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

7.4 The parameter s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

8.1 Example of a Young 7-Tree . . . . . . . . . . . . . . . . . . . . . . . . . . . 166

8.2 Example of representation of Young 7-tree . . . . . . . . . . . . . . . . . . . 167

8.3 Why Shuffle Young n-trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168

8.4 Example of Permuting the planar order . . . . . . . . . . . . . . . . . . . . . 170

8.5 Example of Co-standard Young (3, 3)-tree . . . . . . . . . . . . . . . . . . . 172

8.6 Description for all standard shuffle Young (r, n)-trees . . . . . . . . . . . . . 173

8.7 Example of Young (4, 3)-tree T . . . . . . . . . . . . . . . . . . . . . . . . . 175

8.8 Ungrafting the subtrees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

8.9 The Young Tree T ◦e σ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

8.10 Example of Ordering of Young (r, n)-trees . . . . . . . . . . . . . . . . . . . 179

8.11 Young (3, 3)-tree of degree d . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

iv



ACKNOWLEDGMENTS

I express my deepest gratitude to my doctoral committee members for their invaluable

guidance, support, and encouragement throughout this journey.

First and foremost, I am indebted to James Zhang for his guidance as an advisor during

my time at the University of Washington, insightful feedback on my work, seminar talks,

and paper writing.

I would like to express my sincere gratitude to Zihao Qi for his invaluable support, encour-

agement, and feedback on my papers and research. He has been very encouraging when the

pressure of completing work on challenging problems and extremely helpful in their knowl-

edge of operads and Grobner basis theory.

I would like to thank my colleague and especially my friend Albert Artiles for their con-

structive criticism, encouragement, and dedication to fostering intellectual curiosity through-

out my work. They have always been there when the times were rough and when the times

were full of joy. I do not think I could have done what I have done today without their

support and making me laugh when I needed it.

I extend my sincere appreciation to Medha Sagar, who came into my life in the latter half

of my PhD journey, which has supported me emotionally and given me distractions away

from my mathematical pursuits in cooking together, board games, movies, and many more.

Finally, I would like to thank my family members for their unwavering support back from

Texas, whose support has been a source of strength in pursuing the goal I decided to take

on years ago.

This world would not have been possible without the support and contributions of every

individual mentioned above, my colleagues, and friends. Thank you all for being a part of

v



this incredible journey.

vi



DEDICATION

To my Friends and Family

vii



1

Introduction

There are various generalizations of the operads Com and Lie to n-arity operation by either

extending the defining relations for them, changing the perspective of generalization, or

weakening the relation in some way. For the operad Lie, if we let ν be its generator, then

its defining relation is essentially the sum

ν ◦1 ν + (ν ◦1 ν)(1 2 3) + (ν ◦1 ν)(1 3 2) = 0

using the even representatives of the right cosets of Σ1×Σ2 in Σ3, (where Σ1 is the subgroup

of the permutation group Σ3 which fixes 1 and 2). One can generalize this for any n-arity

operation by extending this sum to all the even representatives of the right cosets of Σn−1×Σn

in Σ2n−1. This gives us the Liedn-algebras, which are graded vector spaces L with a n-arity

skew-symmetric bracket [−, . . . ,−] : L⊗n → L of degree d such that∑
σ∈Sh(n,n−1)

ξ(σ, x1, . . . , xn)Sgn(σ)[[xσ(1), . . . , xσ(n)], xσ(n+1), . . . , xσ(2n−1)] = 0

for every x1, . . . , x2n−1 ∈ L and where ξ(σ, x1, . . . , xn) is the Koszul sign rule from the

permutation. When d = 2−n then these are essentially L∞-algebras with only a non-zero n-

arity operation, which was first discovered by Jim Stasheff in [26] and used in the celebrated

formality conjecture by Maxim Kontsevich in [13] with implications for the deformation

theory of Poisson manifolds.

On the other side of the spectrum, we can think of the Lie algebra relation as a derivation

and generalize the relation accordingly. This gives us the n-Lie algebras of degree d, or simply

as n-Lied-algebras, which are graded vector spaces L with an n-arity skew-symmetric bracket

[−, . . . ,−] : L⊗n → L of degree d such that for any n − 1 elements, [−, x1, . . . , xn−1] is a

derivation on L. The most natural example of a n-Lie algebra of degree 0 is taking the

polynomial ring A = k[x1, . . . , xn] and defining

[f1, . . . , fn] = Jac(f1, . . . , fn),
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where the right-hand side is the determinant of the Jacobian matrix of the n polynomials

f1, . . . , fn ∈ A. Nambu first introduced the concept of 3-Lie bracket in [20] to extend

the principles of Hamiltonian mechanics beyond a single Hamiltonian. In the algebraic

setting, the general concept of n-Lie algebras was first introduced by Filippov in [8], who

studied the representation theory and constructed simple n-Lie algebras of dimension n+1 in

characteristic not equal to 2. Later, Kasymov in [12] started the pioneering work of studying

the nilpotency and solvability of n-Lie algebras and proved generalizations of Engel’s theorem

and Cartan’s solvability criterion.

On the other side, since the operad Com is Koszul dual to Lie, we should expect to be

able to construct generalizations of commutative associative algebras which are Koszul dual

to the various generalizations of the operad Lie. A straightforward generalization to Com is

the Comd
n-algebras, which have symmetric n-arity operations mn of degree d, that is totally

associative:

mn ◦i mn = mn ◦j mn

for all 1 ≤ i, j ≤ n. These are the most natural and easier to work with as total associativity

is a very strong property to generalize the usual notations from commutative associative

algebras. Since both Comd
n and Liedn are very similar to their classical counterparts, the

Koszul duality of Liedn and Com−d+n−2
n holds due to essentially the same argument, with

some shifts in degrees.

Regarding the Koszul dual of n-Lied, its relations are a lot more complicated as they come

from the Specht module S(n,n−1). In particular, a n-Comd-algebra is a graded k-module C

equipped with a symmetric n-arity operation mn : C⊗n → C of degree d, satisfying the

(n, n− 1)-polytabloid relation ∑
σ∈Cn

Sgn(σ)(mn ◦1 mn)
σ = 0,

where Cn is the group generated by (1 n + 1), . . . , (n − 1 2n − 1). Both of these operads

are connected through the eigenspaces of a sequence of graphs {On}, called the Odd graphs,
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which are a certain subset of the Kneser graphs, whose eigenvalues (−1)n+1 have multiplicity

Cn, the nth Catalan number. Using these connections, we can prove the following theorem.

Theorem 0.0.0.1. For all n ≥ 2 and d ∈ Z, the operads n-Lied and n-Com−d+n−2 are

Koszul dual.

This gives a proof that (n-Lied)(2n− 1) ∼=↑2d S(n,n−1)t , where (n, n− 1)t is the transpose

partition.

Since the n-Com algebras are a new type of algebra, we set out to explore these types of

algebra by constructing lots of examples and exploring some invariants connected to them.

In particular, we construct examples of n-Com algebras of degree 0 by deforming augmented

modules over a commutative k-algebra, using a derivation on a commutative k-algebra, and

finding finite-dimensional examples derived from a certain collection of matrices with some

relations. For explicit examples, let Mn(k) be the k-algebra of n × n matrices over k, and

let Tr :Mn(k) → k be the trace map. Then we can construct a 3-Com algebra structure on

Mn(k) with

µTr(A,B,C) = Tr(A)Tr(B)C + Tr(A)Tr(C)B + Tr(B)Tr(C)A.

Alternatively, if A is a commutative k-algebra equipped with a derivation D : A → A, we

can define a n-Com algebra structure on A by defining

mD
n (a1, . . . , an) = D(a1 · · · an)

for n > 2.

To gain insight into the structure of finite dimensional n-Com algebra structure, we use

the theory of Peirce decompositions on our spaces and study primitive semisimple idempo-

tents to find examples and, in particular, give some criteria of when they are not simple. To

do this, we take a primitive semisimple idempotent e in a finite-dimensional n-Com algebra

C and look at the eigenvalues of the endomorphism χe = mn(e, . . . , e,−), which gives us the

decomposition C =
⊕

Ce(α), where the sum runs over distinct eigenvalues of the endomor-

phism χe, i.e., distinct elements in the Peirce spectrum σ(e) (the eigenvalues of χe including
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multiplicity).

In the case n = 3, we are able to obtain important structure properties of finite dimen-

sional 3-Com algebras and some small classification results using these tools. In particular,

the subspace Ce(1) has an unital commutative associative k-algebra structure with multipli-

cation

θe(x, y) := m3(e, x, y)

and each of the Ce(γ) for γ ∈ σ(e) have a Ce(1)-action that is almost associative. Further-

more, the multiplication is graded in the sense that θe(x, y) ∈ Ce(t+ s− 1) if x ∈ Ce(t) and

y ∈ Ce(s). Using these properties, one can determine what an arbitrary finite-dimensional

3-Com algebra structure and multiplication are if it has a semisimple idempotent and you

know its spectrum σ(e).

In the case where the only eigenvalue in σ(e) is 1, we have C = Ce(1) and this shows that

the 3-Com algebra structure with multiplication m3 actually comes from the commutative

associative algebra structure on Ce(1) through

m3(x, y, z) = θe(θe(x, y), z).

Even more, C is simple if and only if Ce(1) is a simple commutative associative k-algebra

with a unit, i.e., a field. So we know when a 3-Com algebra comes from a commutative

k-algebra by looking if it has only one distinct eigenvalue for a semisimple idempotent.

In the case where the semisimple primitive idempotent e has exactly 2 distinct eigenval-

ues, the grading structure induces strong conditions on what the eigenvalues can be in this

situation.

Theorem 0.0.0.2. If C is a m-dimensional simple 3-Com algebra with m ≥ 2 equipped

with a semisimple primitive non-zero idempotent e with exactly two Peirce numbers, then

σ(e) = {1,−1,−1, . . . ,−1}, where the algebraic(geometric) multiplicity of −1 is m− 1.

In particular, this shows that every simple 2-dimensional 3-Com algebra with a primitive
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semisimple idempotent is isomorphic to a 3-Com algebra SC2 with basis e, f and multipli-

cation

m3(e, e, e) = e m3(e, e, f) = −f

m3(e, f, f, ) = 0 m3(f, f, f) = e.

Hence, we have used these two cases to classify all simple 3-Com algebras of dimension less

than or equal to 2 equipped with a semisimple idempotent. We can go further into dimension

3 and show there does not exist any simple 3-dimensional 3-Com algebras.

Theorem 0.0.0.3. There does not exist a simple 3-dimensional 3-Com algebra equipped with

a semisimple primitive idempotent.

In analog to Lie algebras, we are also able to define a symmetric associative bilinear

form on any finite-dimensional 3-Com algebra as follows. We define χx,y = m3(x, y,−),

which is bilinear and symmetric in both x and y and let κ(x, y) = Tr(χx,y) with satisfies the

associative identity:

κ(m3(x, y, z), w) = κ(x,m3(y, z, w)).

This enables us to define fully degenerate and non-degenerate 3-Com algebras as follows.

Definition 0.0.0.1. A finite-dimensional 3-Com algebra C is non-degenerate if and only if

κ is non-degenerate. We say C is fully degenerate if and only if κ = 0.

This enables us to show that any non-degenerate 3-Com algebras are a direct product

of non-degenerate simple 3-Com algebras. Furthermore, if e is a semisimple idempotent

of a non-degenerate 3-Com algebra C, then Ce(1) is a commutative Frobenius algebra by

restricting the bilinear form κ onto Ce(1).

This gives us two types of simple 3-Com algebras, ones that are fully degenerate and the

others that are non-degenerate. So far, the non-degenerate simple 3-Com algebras we know

are fields and more closely resemble what happens for commutative associative k-algebras.
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On the other hand, the fully degenerate ones are new and do not resemble anything that

happens for commutative associative algebras. One can think of this as follows: we have gone

up by an arity in our multiplication which enables non-traditional properties to be obtained,

like simple 3-Com algebras which are not fields.

For the classical operads Com and Lie, we can combine them together to obtain the

Poisson operad Pois ∼= Com ◦ Lie ∼= Com ∧γ Lie with respect to some rewriting rule γ

coming from the Leibniz rule. We can apply a similar construction to the generalizations of

Com and Lie above to construct various generalizations of the Poisson operad. To do this, we

extend the Leibniz rule in the following way. Suppose P is a vector space with a symmetric

operation µ : P⊗m → P and a skew-symmetric operation ν : P⊗n → P . Therefore, the

generalized Leibniz rule is defined as

ν(µ(f1, . . . , fm), g1, . . . , gn−1) =
m∑
i=1

(−1)εiµ(f1, . . . , , fi−1, ν(fi, g1, . . . , gn−1), fi+1, . . . , fm)

for some appropriate Koszul signs εi. These considerations lead to the following two defini-

tions of algebraic structures, combining the operads mentioned above.

Definition 0.0.0.2. A Poisdm,dn
m,n -algebra is a graded vector space P with a m-arity symmetric

operation µ : P⊗m → P of degree dm and a n-arity skew-symmetric operation ν : P⊗n → P

of degree dn such that

• (P, µ) is a Comdm
m -algebra

• (P, ν) is a Liednn -algebra

• and µ and ν satisfies the generalized Leibniz rule.

Definition 0.0.0.3. A (m,n)−Poisdm,dn-algebra is a graded vector space P with a m-arity

symmetric operation µ : P⊗m → P of degree dm and a n-arity skew-symmetric operation

ν : P⊗n → P of degree dn such that

• (P, µ) is a m− Comdm-algebra
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• (P, ν) is a n-Liedn-algebra

• and µ and ν satisfies the generalized Leibniz rule.

The (2, n)-Poisson algebras are classically called n-Lie Poisson algebras and have been

studied in Physics through Nambu mechanics and Nambu-Poisson manifolds, see [28]. The

natural example is the n-Lie algebra A = k[x1, . . . , xn] with {f1, . . . , fn} = Jac(f1, . . . , fn)

as defined above satisfies the generalized Leibniz rule with the ordinary multiplication in A.

As we explained before, the connection between n-Lied and n-Com−d+n−2 is through the

eigenvalues of certain graphs we mentioned above; in fact, this happens for all of the general-

izations of Lie and Com. There exists a class of graphs On,s which can connect both sides of

the generalizations through the eigenspaces in a very natural process. The graphOn,s has ver-

tices consisting of ordered sequences (a1, . . . , an−1) of elements a1, . . . , an−1 ∈ {1, . . . , 2n −

1} with an edge between (a1, . . . , an−1) and (b1, . . . , bn−1) if and only if |(a1, . . . , an−1) ∩

(b1, . . . , bn−1)| < s. These include famous graphs like the triangle, the Peterson graph,

K10, etc. Using these graphs we can create a vast collection of operads Odddn,s(λ) and

AOdddn,s(λ) where λ is an eigenvalue of the graph On,s such that Odddn,s(λ) is Koszul dual

to AOdd−d+n−2
n,s (λ), see figure 1. These operads give us all of the different generalizations of

Odddn,1(λn,1) Odddn,n−1(λn,n−1)Odddn,s(λn,s)

AOdd−d+n−2
n,s (λn,s)AOdd−d+n−2

n,1 (λn,1) AOdd−d+n−2
n,n−1 (λn,n−1)

Koszul

Dual

Koszul

Dual

Koszul

Dual

Figure 1: Koszul Dual

the Com and Lie operads, including the operads we mentioned above.
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lemma 0.0.0.4. We have the following isomorphism of operads

n-Comd
∼= Odddn,1((−1)n+1)

n-Lied ∼= AOdddn,1((−1)n+1)

Comd
n
∼= Odddn,n−1(−1)

Liedn
∼= AOdddn,n−1(−1)

for all n ≥ 2 and d ∈ Z.

This shows that n-Comd, n-Lied, Lie
d
n, and Com

d
n exist on different sides of the spectrum

for generalizations of the operads Com and Lie for n ≥ 3, where at n = 2 they coincide. So

with Odddn,s(λ), we should think of s as some parameter that deforms the different gener-

alizations to either side of the spectrum, as in figure 1. As for the generalizations of Com,

when s = n − 1 it is associative, and as we make s smaller towards 1, it becomes more

non-associative until we get to n-Comd which has a very non-associative relation.

For the structure of this paper, chapter 1 is the background on the necessary information

about rooted trees, representation of the symmetric groups, Catalan numbers, and operad

theory. Chapter 2 defines (n,m)-quadratic data and Koszul duality with this information

which will be used later to define our operads and prove Koszul duality of n-Comd and

n-Lie−d+n−2. Chapters 3 and 4 study the generalizations of the operads Lie and Com,

respectively, and give examples for each of these operads. In chapter 5 we explore simple

3-Com algebras by defining Peirce decomposition for these types of algebras and exploring

the consequences, and show that we can classify the simple 3-Com algebras of dimension

2. For chapter 6, we combine the generalizations of Lie and Com together to construct the

(m,n)-Poisson algebras and its operad. We explore different examples and show that we

can construct a full class of them through strong n-Lie Poisson algebras. Chapter 7 is the

exploration of the Generalized Odd graphs and using them to construct the odd operads,

which give pairs of Koszul dual operads, which include the operads we discussed in chapters
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3 and 4. Finally, for chapter 8, we construct Young (r, n)-trees, which give us the elements

in the operad n-Comd and hence help us describe the space and a bound for the dimensions

of the arities.

Notation and Conventions

Let n ≥ 2 and denote by Σn the symmetric group on n letters. If m ≥ n, we will consider

Σn as a subgroup of Σm, whose elements fix the last m− n elements of {1, . . . ,m}, and we

denote by Σn the subgroup of Σm whose elements fix the first m−n elements of {1, . . . ,m}.

Denote by Sh(n,m) the set of (n,m)-shuffles in Σn+m.

Let k be a field and denote by GV ectk the category of graded k-modules, and by V ectk

for the category of vector spaces over k. For the whole paper, we will assume that the

characteristic of the field k is zero unless otherwise stated. It is not needed for most of the

definitions, but for applying the irreducible representations of Σn and our results, we need

to have non-positive characteristics.

Let V be a graded k-module and define the right action of Σn on V ⊗n as follows: for

v1, . . . , vn ∈ V , define

σ · (v1 ⊗ · · · ⊗ vn) = ξ(σ, v1, . . . , vn)vσ−1(1) ⊗ · · · ⊗ vσ−1(n)

where ξ(σ, v1, . . . , vn) is the Koszul sign rule from permutating the elements in the tensor

product by σ−1. Furthermore, if we have a n-arity function f : V ⊗n → V of degree d, we

define

fσ(v1 ⊗ · · · ⊗ vn) = f(σ · v1 ⊗ · · · ⊗ vn) = ξ(σ, v1, . . . , vn)f(vσ−1(1) ⊗ · · · ⊗ vσ−1(n)).
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Chapter 1

BACKGROUND
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1.1 Rooted Trees

There are various ways to define the free operad in the setting of vector spaces; the route

we will take is through the combinatorial description using rooted trees. There is a natural

relationship between identifying operations in an operad with its corresponding rooted tree,

which gives an intuitive description of the composition of the free operad in terms of grafting.

Furthermore, we will need the language of rooted trees to help describe the operads n-Comd

in section 8.1.1 using Young n-trees. We will follow [29] for the presentation and definitions

for our rooted trees.

Definition 1.1.0.1. Letm,n ≥ 0. A directed (m,n)-graph is a quadruple G = (V,E, inG, outG)

consisting of

• a directed graph (V,E), where V are the abstract vertices and E are the ordered edges,

and

• disjoint subsets inG and outG of V such that the following conditions hold.

– |inG| = m and |outG| = n.

– Each v ∈ inG, we have |in(v)| = 0 and |out(v)| = 1, where in(v) is the set of

input edges of v and out(v) is the set of outgoing edges of v.

For any directed (m,n)-graph G, define V in
G to be the set of elements in V that are not

in inG ∪ outG. We call elements of inG the inputs of G, the elements of outG the outputs of

G, and all elements of V in
G the vertices of G or the internal vertices of G, while the vertices

in inG ∪ outG are the external vertices.

Definition 1.1.0.2. A rootedm-tree T is a connected, acyclic, directed (m, 1)-graph (V,E, inT , outT )

such that |out(v)| = 1 for every v ∈ V tT .

For an m-rooted tree T , we call the unique outgoing edge of T the root edge and denote

it by erT , and denote by rt, the unique initial vertex v of the root edge, called the root vertex,
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provided that v is not in inT , otherwise it does not exist. An edge from an external vertex

to an internal vertex is called a leaf, and denote the set of leaves at an internal vertex v by

leavesv. Edges between internal vertices are called internal edges, and we will denote the

subset of ET consisting of internal edges as Ein
T .

Example 1.1.0.1. For an example, let T be the rooted planar tree as in figure 1.1 which has

a1 a2

b1 b2
b3

c1

c2
c3

rT

rootT

d1 d2

Figure 1.1: Example of rooted tree

the properties

V in
T = {b2, c1, c3, rootT}

Ein
T = {(b2, c1), (c1, rootT ), (c3, rootT )},

and

inT (c1) = {b1, b2, b3}

intT (b2) = {a1, a2}

inT (c3) = {d1, d2}

intT (rootT ) = {c1, c2, c3}.

A planar structure on a rooted m-tree is a collection of maps Ψv : [|inT (v)] → intT (v)
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for v ∈ V in
T , where [n] = {1, . . . , n}. A vertex-input labeling on a rooted m-tree T by a

set S is a collection of maps λv : inT (v) → S for all v ∈ V in
T . An input labeling on a rooted

m-tree T by a set S is injective map λ : inT → S, and if S = [m], then we call T a rooted

m-labeled tree, which in this case we will, without loss of generality, assume inT = [m].

Definition 1.1.0.3. Let T and S be rooted m-trees.

• An isomorphism between T and S is a pair of bijections fV : VT → VS and fE : ET →

ES such that if (u, v) ∈ ET if and only if (fV (u), fV (v)) ∈ ES. We let Treem be the

set of isomorphism classes of rooted m-trees.

• If T and S have planar structures {Ψv}v∈V in
T

and {Ψ′
u}u∈V in

S
respectively, then we say

the isomorphism is an isomorphism of rooted planar trees if fV (Ψv(i)) = ΨfV (v)(i) for

1 ≤ i ≤ |inT (v)| for all v ∈ V in
T . We let PTreem be the set of isomorphism classes of

planar rooted m-trees.

• If T has vertex-input labeling {λv}v∈V in
T

and S has a vertex-input labeling {λ′u}u∈V in
S

on the same set X, then the isomorphism preserves the input labeling if and only if

λv(w) = λfV (v)(fV (w)) for all w ∈ inT (v) and all v ∈ V in
T .

• If T and S have input labeling on the set [m], then an isomorphism between T and S

preserves the input labeling if fV is an identity on inT = [m] → inS = [m]. We will

denote by Tree(m) the set of isomorphism classes of rooted m-labeled trees.

Suppose T is a rooted m-labeled tree and σ ∈ Σm, then we define σ∗(T ) to be the rooted

m-labeled tree with the same vertices, but with the inputs inT re-indexed by σ through

the induced map σ : intT = [m] → inσ∗(T ) = [m]. This induces natural isomorphism

σ∗ : ET → Eσ∗(T ) and σ∗ : intT (v) → inσ∗(T )(v) for each v ∈ V in
T by applying σ on the

elements of inT and the identity on the rest.

Next, we will briefly describe the process of grafting two trees, as this will be important
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for defining the composition of the free operads and the construction of the operad SpOd
n in

section 8.2. The following definition of grafting of rooted trees is taken from [29], where they

go into more detail than what we will do here.

Definition 1.1.0.4. Let T1 be an rooted m-tree and T2 be an rooted n-tree. Let e be a input

edge of T1 and define S = T1◦eT2 to be the rooted n+m−1-tree with the following properties:

• The set of abstract vertices V = VT1

∐
VT2;

• The set of edges E = ET1

∐
ET2 \ (e ∼ erT2 ), where erT2 is the root edge of T2;

• The root vertex rS = rT1;

• and the inputs inS = (inT1

∐
inT2) \ {v} where v is the external vertex for the input

edge e.

In the situation where T1 is a rooted m-labeled tree, T2 is a rooted n-labeled tree, and e

corresponds to the ith edge of T1, then we define inS = [n +m − 1] and re-index the input

labels as follows: the inputs of T1 with labels lower then i are unaffected, the original ith spot

is now occupied by the inputs of T2, so each one is bumped up by i− 1, and the inputs of T1

with labels greater then i are bumped up by n− 1.

If T1 has planar structure {Ψv} be and T2 has a planar structure {Ψ′
u}, then S = T1 ◦e T2

has planar structure {Ψ′′
v} with Ψ′′

v = Ψv if v ∈ VT1 or Ψ′′
v = Ψ′

v for v ∈ VT2.

Denote by ↓ for the trivial rooted 1-labeled tree with no vertices, which is the unique

tree up to 1-tree isomorphism. For m ≥ 0, denote by Corm the rooted m-labeled tree with

a single internal vertex v and edges (i, v) for 1 ≤ i ≤ m, these trees are called the m-Corolla

rooted trees and are very important since all other trees are grafting of such trees. For an

example of grafting two corolla trees, see 1.1. Another essential property of Corolla trees is

that they are invariant under any permutation of Σm: if σ ∈ Σm, then σ
∗(Corm) ∼= Corm

through an identity map.
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◦e =

1 2 3 1 2

1 2

3 4

Figure 1.2: Grafting of Cor3 and Cor2 at e, where e is the 3rd input edge of Cor3.

1.2 Catalan Numbers

The Catalan numbers are a sequence of numbers that occur in vast amounts of different

counting problems in combinatorics to the dimensions of the Specht module Sλ for certain

partitions λ of 2n− 1 which appears in the representation theory of the symmetric groups. I

cannot explain all of the beautiful connections that Catalan numbers have to various counting

problems, but luckily for us, there is already a very well-written book on the history and

properties of Catalan numbers by Richard P. Stanley in [24]. This section will only present

the basic definitions and results we need for this thesis.

One of the first instances of the Catalan numbers appeared in counting the number of

different ways of triangulating a convex n-polygon. This gives a natural way to define the

Catalan numbers in a recursive formula as follows.

Definition 1.2.0.1. The Catalan numbers are the numbers Cn such that C0 = 1 and Cn =∑
i+j=n
i,j≥0

CiCj.

Using the recurrence formula defined above, we can go further and find the generating

function for the Catalan numbers; for more information about generating functions, see [25].

One important example of a generating function, first proved by Issac Newton, called the

”generalized binomial theorem” is

(1 + x)a =
∑
n≥0

a
n

xn
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where a is any complex number or indeterminate. Note that this is just the Taylor series

for the function (1 + x)a based at x = 0, but for our purposes, we consider this as a formal

equation and ignore any information about convergence.

Proposition 1.2.0.1. Let C(x) =
∑

n≥0Cnx
n be the generating function for the Catalan

numbers, then

C(x) =
1−

√
1− 4x

2x

From the generating function, we can now easily find an explicit formula for the Catalan

numbers.

Theorem 1.2.0.2. We have Cn = 1
n+1

2n

n


One can go further and generalize the Catalan numbers to the (k)-fold convolutions of

{Cn}, and this will be important for us as these will appear in the dimensions of various

operads.

Definition 1.2.0.2. The (k)-fold convolution Catalan number C
(k)
n is defined as

C(k)
n =

∑
i1+···+ik+1=n

Ci1 · · ·Cik+1

Note that the Catalan numbers are the (0)-fold convolution C
(0)
n , and this naturally gen-

eralizes the Catalan numbers. There is an extremely nice formula for the (k)-fold convolution

of the Catalan numbers, first due to Catalan in [3].

Theorem 1.2.0.3. For every k ≥ 0 and n ≥ 0 we have

C(k)
n =

k + 1

n+ k + 1

2n+ k

n


For various different proofs and interpretation of the (k)-fold convolution of the Catalan

numbers, see [21, 15, 27].
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1.3 Young Tableaux and Representation Theory of Σn

For this section, we will state the definitions and results needed about the representation

theory of the symmetric groups in characteristic 0. In particular, the Specht modules for

a partition λ play a big part in studying the generalizations of the operads Com and Lie.

Most of the material in this section will follow [22].

1.3.1 Permutation Module

A partition of an integer n is a sequence of integers λ = (λ1, . . . , λm) such that λ1+· · ·+λm =

n and we will write λ ⊢ n. We also use the notation |λ| =
∑m

i=1 λi so that a partition of n

satisfies |λ| = n. We can visualize a partition using a Young diagram.

Definition 1.3.1.1. Let λ = (λ1, . . . , λm) ⊢. A Young diagram of shape λ is an array of n

cells having m left-justified rows with row i containing λi cells for 1 ≤ i ≤ m.

The cell in row i and column j has coordinates (i, j) as in a matrix. For example, suppose

we have λ = (4, 3, 2), then a Young diagram of this shape is of the form

.

Recall that if T is a set, then ΣT is the set of permutations of T .

Definition 1.3.1.2. Let λ = (λ1, . . . , λm) ⊢ n. Then the corresponding Young subgroup of

Σn is

Σλ = Σ{1,...,λ1} × Σ{λ1+1,...,λ1+λ2} × · · · × Σ{n−λm+1,n−λm+2,...,n

which is isomorphic to the group Σλ1 × Σλ2 × · · · × Σλm.

Next, we will define the various versions of Young tableaux that appear in the literature

and help understand the representations of the symmetric group.
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Definition 1.3.1.3. Suppose λ ⊢. A Young tableau of shape λ is Young diagram T with the

cells filled in with numbers 1, . . . , n bijectively. We will also call Young tableau of shape λ a

λ-tableau.

If T is a Young tableau, we let Ti,j stand for the entry of T in position (i, j), just as in a

matrix. Note that there are n! number of Young tableau for a certain shape λ. Furthermore,

there is a natural left-action of the symmetric group on the set of Young tableaux of shape

λ by just applying the permutation on each number in the cells, i.e., if σ ∈ Σn, then

σT = (σ(Ti,j)). An important subclass of Young tableaux is the standard Young tableaux,

where each of the rows increases from left to right, and the columns increase from top to

bottom. We will use these later to find a basis for the various irreducible representations of

the symmetric groups. The following theorem is the hook length formula, which counts the

number of standard Young tableaux of shape λ; see [22] for more information.

Theorem 1.3.1.1. Let λ = (λ1, . . . , λm) ⊢ n, and let T be the corresponding Young diagram.

For each cell (i, j) of T , define Hλ(i, j) to be the set of cells (a, b) such that a = i and b ≥ j

or a ≥ i and b = j. The hook length hλ(i, j) = |Hλ(i, j)|. The hook length formula

fλ =
n!∏

i,j hλ(i, j)
(1.1)

where the product is over cells (i, j) of T , counts the number of standard Young tableaux of

shape λ.

Another generalization of Young tableaux is by relaxing the condition that the set of

numbers in the cells has to be a bijection.

Definition 1.3.1.4. Let λ ⊢ n. A semistandard Young tableaux of shape λ is a Young

diagram with the cells filled in with the numbers 1, . . . , n where the rows are weakly increasing,

and the columns are strictly increasing. Note there can be repeats along the rows.

Given two partitions λ, µ ⊢, a semistandard Young tableau of shape λ and content µ is a

semistandard Young tableaux T of shape λ such that i appears µi number of times in T .
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Definition 1.3.1.5. Two λ-tableaux T1 and T2 are row-equivalent, T1 ∼ T2, if the corre-

sponding rows of the two tableaux contain the same elements. A λ-tabloid is an equivalence

class

{T} = {S : T ∼ S}.

For an example, suppose λ = (2, 1) and Young tableau

T = 1 2

3

, then its corresponding Young tabloid is

{T} = { 1 2

3
, 2 1

3
}

. If λ = (λ1, . . . , λm) ⊢ n, the number of λ-tabloids is just n!
λ!
, where λ! = λ1! · · ·λm!. The

natural action on tableaux by the symmetric group induces an action on the Young tableaux

by setting σ{T} = {σT}, which is well-defined. Hence, this gives us a natural Σn-module as

follows.

Definition 1.3.1.6. Suppose λ ⊢ n. Let Mλ be the k-module generated by all of the λ-

tabloids, which has dimension n!
λ!
. Then Mλ is called the permutation module corresponding

to λ.

Example 1.3.1.1. • If λ = (n), then M (n) is the trivial representation of Σn.

• If λ = (1n), then M (1n) ∼= k[Σn] with the regular representation since every λ-tabloid

corresponds to a unique permutation.

• If λ = (a, b) for a + b = n and b < a, then M (a,b) is isomorphic to the k-linear

space spanned by ordered tuples (a1, . . . , ab) since each of the λ-tabloids are uniquely

determined by the elements in the bottom row.
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1.3.2 Dominance Ordering

The collection of partitions has two important orderings that enable us to study the spaces

Mλ effectively and find the irreducible submodules. We will use these orderings later in our

theory of Young n-trees to find appropriate orderings for studying the operad n-Comd.

Definition 1.3.2.1. Suppose λ = (λ1, . . . , λm) and µ = (µ1, . . . , µl) are partitions of n.

Then λ dominates µ, written λ▷ µ, if

λ1 + · · ·+ λi ≥ µ1 + · · ·+ µi

for all i ≥ 1. If i > l, then we take λi = 0, and similarly for µ.

We have the fundamental lemma concerning the dominance order through the corre-

sponding Young tableaux.

lemma 1.3.2.1 (Dominance Lemma for Partition). Let T and S be Young tableaux of shape

λ and µ, respectively. If, for each index i, the elements of row i of S are all in different

columns in T , then λ▷ µ.

The second ordering on partitions is as follows.

Definition 1.3.2.2. Let λ = (λ1, . . . , λm) and µ = (λ1, . . . , λl) be partitions of n. Then

λ < µ in lexicographic order if, for some index i,

λj = µj for j < i and λi < µi.

This gives us a total ordering on the set of partitions, which is a refinement of the

dominance ordering, i.e., if λ, µ ⊢ n with λ▷ µ, then λ ≥ µ.

1.3.3 Specht Modules

Here we will review the Specht modules Sλ, which give us the irreducible representations of

Σn.
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Definition 1.3.3.1. Let T be a Young tableau of shape λ. If R1, . . . , Rm are the rows of T

and C1, . . . , Cl are the columns of T , then we define

RT = ΣR1 × · · · × ΣRm

CT = ΣC1 × · · · × ΣCl
,

called the row-stabilizer and column-stabilizer of T , respectively.

For each Young tableau T of shape λ, we can form a group element

κt =
∑
σ∈CT

Sgn(σ)σ ∈ k[Σn],

which we will use to define very important elements in Mλ.

Definition 1.3.3.2. If T is a Young tableau of shape λ, then the associated polytabloid is

eT = κT{T} =
∑
σ∈CT

Sgn(σ){σT}. (1.2)

With this, we can define our Specht modules.

Definition 1.3.3.3. For any partition λ, define Sλ to be the submodule of Mλ spanned by

the polytabloids eT , where T is a Young tableau of shape λ.

The spaces Sλ have the following very nice properties. For the proof of these statements,

see [22].

Theorem 1.3.3.1. Let n ≥ 0. The Sλ for λ ⊢ n form a complete list of irreducible Σn-

modules in characteristic 0.

Furthermore, these irreducible modules give a decomposition of the permutation module

with multiplicities counted by the Kostka numbers, see [22].

Theorem 1.3.3.2. The permutation module decomposes as

Mλ =
⊕
µ▷λ

Kµ,λS
µ

where Kµ,λ are the Kostka numbers. The Kostka numbers Kµ,λ are counted by the number

of semistandard Young tableaux of shape µ and content λ.
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1.3.4 Basis for Sλ and Garnir Relations

In general, the set of polytabloids in Sλ do not give a linearly independent, but it turns

out that the set of eT where T is standard gives a basis using the dominance ordering to

prove linear independence and the Garnir relations to show they span the space. One can

extend the dominance ordering to tabloids in the following way. First, define a composition of

n to be an ordered sequence of non-negative integers (λ1, . . . , λm) such that
∑

i λi = n. Note

that every partition is a composition, but not every composition is a partition. Furthermore,

one can extend Young diagrams and tableaux to compositions. Let λ ⊢ n and {T} be

a λ-tabloid. For each index i such that 1 ≤ i ≤ n, let {T i} be the tabloid formed by all

elements ≤ i in {T} and λi be the composition which is the shape of {T i}. For an example,

let

{T} = 2 4

1 3

. Then

{T 1} = 0

1
, {T 2} = 2

1
, {T 3} = 2

1 3
, {T 4} = 2 4

1 3

λ1 = (0, 1), λ2 = (1, 1), λ3 = (1, 2), λ4 = (2, 2)

Definition 1.3.4.1. If {T} and {S} are two tabloids with composition sequences {λi} and

{µi}, respectively. Then {S} dominates {T}, written {S}▷ {T}, if λi ⊵ µi for all i.

With this, we have the following dominance lemma for tabloids.

lemma 1.3.4.1. If k < l and k appears in a lower row than l in {T}, then

{T}◁ (k l){T}. (1.3)

The dominance lemma can be used to prove a few properties about the polytabloids.

corollary 1.3.4.2. If T is a standard Young tableau and {S} appears in eT , then {T}⊵{S}.
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lemma 1.3.4.3. Let v1, . . . , vm be elements in Mλ. Suppose for each vi, we choose a tabloid

{Ti} appearing in vi such that

• {Ti} is maximum in vi, and

• the {Ti} are all distinct.

Then v1, . . . , vm are linearly independent.

Since the set of {eT} for standard Young tableaux T satisfies lemma 1.3.4.3 , then the

set {eT : T is standard λ-tabloid} is linearly independent.

On the other hand, to show that the set eT for standard Young tableaux T spans Sλ,

one has to use the straightening algorithm, or in other words, the Garnir relations to relate

between different eT .

Definition 1.3.4.2. Let A and B be two disjoint finite sets of positive integers and choose

permutations π such that

ΣA∪B =
⋃
π

π(ΣA × ΣB).

Let G(A,B) be the set of π satisfying the relation above. Then, a corresponding Garnir

element is

gA,B =
∑

π∈G(A,B)

Sgn(π)π.

These Garnir elements associated with a tableau T are used to eliminate a descent in a

row of T if T has all increasing columns.

Definition 1.3.4.3. Let T be a Young tableau with increasing columns and let A and B be

subsets of the jth and (j + 1)st columns of T , respectively. The Garnir element associated

with T (and A,B) is gA,B =
∑

π Sgn(π)π, where π have been chosen so that the elements of

A ∪B are increasing down the columns of πT .
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For T ,A, and B as in the definition for Garnir element. If |A ∪ B| is greater than

the number of elements in columns j of T , then gA,BeY = 0, where eY is the polytabloid

associated with T . Since one of the elements in G(A,B) for the tableau T is the identity

element, then we obtain

eY = −
∑

π∈G(A,B)\{id}

Sgn(π)eπY .

Using the Garnir relations, one can show that the set of eT for standard T spans Sλ and

hence gives the theorem.

Theorem 1.3.4.4. For λ ⊢ n, the set of {eT : T standard λ-tableau} is a basis for Sλ.

Furthermore, the dimension of Sλ is fλ.

1.4 Operads

Peter May introduced operads in [18] to study the loop spaces in algebraic topology. These

objects parameterize classes of different types of algebras by essentially describing the n-ary

operations and their relationships. We will be following the notation and definitions in [16]

for this section.

The underlying structure for operads are Σ-modules, which are a familyM = (M(1), . . . ,M(n), . . . )

of right k[Σn]-modules for n ≥ 1. This is equivalent to a functor M : Σop → V ectk, where

Σ is the permutation groupoid. One should think of each M(n) as holding the n-ary oper-

ations in the form of n-arity trees, which is the intuition for the free operad later discussed

in section 1.4.2. A morphism f :M → N of Σ-modules is a natural transformation between

their functors, i.e., a collection of right k[Σn]-module homomorphisms fn : M(n) → N(n).

Each Σ-module M defines a Schur functor M : V ectk → V ectk by defining

M(V ) =
⊕
n≥1

M(n)⊗Σn V
⊗n,

and we will denote elements in M(V ) as (µ; v1, . . . , vn) for µ ∈M(n) and v1, . . . , vn ∈ V .

To help define the combinatorial free operad on a Σ-module, we will need the use of
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linear species, which are similar to Σ-modules but are defined on more general finite sets.

Any Σ-module M can be made into a linear species M̃, where for any finite set X with

cardinality n, where

M̃(X) =

 ⊕
f∈Bij([n],X)

M(n)


Σn

, (1.4)

and where Bij is the category of finite sets with their morphism of bijections. Equivalence

classes in M̃ are represented by (f ;µ), where f ∈ Bij([n], X) and µ ∈ M(n), and the right

Σn action inside of the coinvariants is defined as

(f ;µ)σ = (fσ;µ)

If h : X → Y is any bijection of sets with cardinality n, then we obtain a isomorphism

M̃(h) : M̃(Y ) → M̃(X) where

M̃(h)(f ;µ) = (h−1f ;µ)

Furthermore, if ι : Σ → Bij is the natural inclusion functor, then we obtain a natural

isomorphism of functors τ : M̃ι→M with τn([f ;µ]) = µf−1
. In other words, if σ ∈ Σn, then

we have

M(σ)τn([f ;µ]) =M(σ)(µf−1

) = (µf−1

)σ = µf−1σ

= τn([σ
−1f ;µ]) = τn(M̃(σ)([f ;µ])).

This implies that M̃([n]) ∼= M(n) for any n ≥ 1.

There are a few different equivalent ways to define an operad in the literature, such as

the monoid in a certain monoidal category of Σ-modules or as Σ-modules with some binary

partial compositions. For our purposes, we will use the latter, which is the classical definition

described in [18], as it is more useful for computations with the free operad regarding rooted

trees. For more information about operads and their different equivalent ways to define them

in the algebraic setting, see [16].
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Definition 1.4.0.1. A pseudo-operad is a tuple (O, ◦, η) consisting of the following data;

• O is a Σ-module;

• for each n,m ≥ 1 and 1 ≤ i ≤ n it is equipped with a k-linear map

− ◦i − : O(n)⊗O(m) → O(n+m− 1)

• and a k-linear map ηO : k → O(1), which we define ηO(1) = 1,

satisfying the following axioms.

• For n ≥ 2 and 1 ≤ i < j ≤ n, then the horizontal associativity for µ ∈ O(n), ν ∈ O(m)

and γ ∈ O(l) is

(µ ◦i γ) ◦j−1+l ν = (µ ◦j ν) ◦i γ.

• For n,m ≥ 1, 1 ≤ i ≤ n and 1 ≤ j ≤ m, then the vertical associativity relation for

µ ∈ O(n), ν ∈ O(m), and γ ∈ O(l) is

µ ◦i (ν ◦j γ) = (µ ◦i ν) ◦i−1+j γ.

• For n ≥ 1 and 1 ≤ i ≤ n, and any µ ∈ O(n) we have

µ ◦i ηO(1) = µ

and

ηO(1) ◦1 µ = µ.

• For n ≥ 1, 1 ≤ i ≤ n, σ ∈ Σn, and τ ∈ Σm, the equivariance relation for µ ∈ O(n)

and ν ∈ O(m) is

(µ ◦σ(i) ν)σ◦iτ = µσ ◦i ντ
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where σ ◦i τ ∈ Σn+m−1 is the permutation in

(σ ◦i τ) = σ(id⊕ · · · id⊕ τ ⊕ id⊕ · · · ⊕ id)

with i− 1 identity maps on the left of τ and n− i identity maps on the right of τ .

Definition 1.4.0.2. A morphism between operads P and Q is a Σ-module morphism f :

P → Q such that we have

• for µ ∈ P(m) and ν ∈ P(n), then

f(µ ◦i ν) = f(µ) ◦i f(ν)

• and f ◦ ηP = ηQ.

Example 1.4.0.1. The following is a list of the traditional examples of algebraic operads in

the literature.

• Given any vector space V , define EndV to be the Σ-module such that EndV (n) =

Homk(V
⊗n, V ) with the natural right Σn action induced from left action on V ⊗n. For

f ∈ EndV (n) and g ∈ EndV (m), define the partial composition

(f ◦i g)(v1, v2, . . . , vn+m−1) = f(v1, . . . , vi−1, g(vi, . . . , vi+m−1), vi+m, . . . , vn+m−1)

and define the unit map η : k → EndV (1) = Homk(V, V ) as sending 1 to the identity

map. This becomes an operad in a very natural way.

• The associative operad has Σ-module Ass, where Ass(n) = k[Σn] for n ≥ 1. Let

µn be the generator of k[Σn] as a right k[Σn]-module and we define the composition

µn ◦i µm = µn+m−1. This becomes an operad in a natural way, and its algebras are

exactly the non-unital associative k-algebras.

• The commutative operad has Σ-module Com with Com(n) = kνn, where νn has the

trivial action. Defining the partial composition as in Ass, this becomes an algebraic

operad as well.
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• The Lie operad has Σ-module Lie where Lie(n) is the vector space of rooted planar

n-trees with the inputs labeled by {1, . . . , n} quotient by the relations of antisymmetry

and the Jacobian identity. This becomes an algebraic operad through the grafting of

trees.

1.4.1 O-Algebras

As with any algebraic object, one would like to understand the objects it acts on. In par-

ticular, given an operad O, the most important objects they act on are the corresponding

algebras they define.

Definition 1.4.1.1. An algebra over an operad O, or a O-algebra for short, is a vector

space A with a morphism f : O → EndA of operads. More specifically, A is equipped with a

k-linear map γA : O(A) → A such that the following axioms are satisfied

• For each µ ∈ O(m), ν ∈ O(n), and a1, . . . , an ∈ A we have

γA(µ ◦i ν; a1, . . . , an+m−1) = γA(µ; a1, . . . , γA(ν, ai, . . . , ai+n−1), ai+n, . . . , an+m−1)

• and for all a ∈ A, we have

γA(η(1); a) = a.

Example 1.4.1.1. • For any operad P, we can define the free P-algebra on the vector

space V to be P(V ) with multiplication γP(A) : P(P(A)) → P(A) such that for µ ∈

P(m), ν ∈ P(n), and a1, . . . , an+m−1 ∈ V we have

γP(µ; (1; a1), . . . , (ν; ai, . . . , ai+n−1), . . . , (1; an+m−1)) = (µ ◦i ν; a1, . . . , an+m−1).

• The Ass-algebras are exactly the non-unital associative algebras. In particular, if A is

an Ass-algebra and we define m2(a1, a2) = γA(µ2; a1, a2) for all a1, a2 ∈ A, then we
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have the associativity relation

m2(m2(a1, a2), a3) = γA(µ2 ◦1 µ1; a1, a2, a3)

= γA(µ3; a1, a2, a3) = γA(µ2 ◦2 µ2; a1, a2, a3) = m2(a1,m2(a2, a3)).

The free Ass-algebras on the vector space V is the non-unital tensor algebras T (V ) =⊕
n≥1 V

⊗n.

• The Com-algebras are exactly the non-unital commutative and associative algebras.

The associativity relation is similar to how Ass gives an associativity relation and the

commutative relation comes from

γC(µ2, a1, a2) = γC(µ
(1 2)
2 ; a1, a2) = γC(µ2; a2, a1).

The free Com-algebras on the vector space V is the non-unital symmetric algebra S(V ).

1.4.2 Free Operad

To construct examples of operads, we would like to construct a free object so we can generate

examples through generators and relations. One way to think of the free operad associated

with a Σ-module E is as the collection of n rooted trees with the vertices labeled by the

elements of E. To do this, we need to use the language of linear species as explained in 1.4

to help us define this notion. There are various ways to define the free operad associated

with a Σ-module, but for our purposes, we will follow the construction outlined in [29]. For

the other equivalent way to define the free operad in terms of the monoidal structure on the

category of Σ-modules, see [16].

Definition 1.4.2.1. Let M be a linear species, and suppose we have an isomorphism class

[T ] ∈ Tree(n) with m = |VT |. Define the M-decoration of [T ] as

M [T ] =

 ⊕
f∈Bij([m],VT )

M(inT (f(1)))⊗ · · · ⊗M(inT (f(m)))


Σm
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where elements are expressed as (f ;µ1, . . . , µm) for f ∈ Bij([m], VT ) and µi ∈M(inT (f(i)))

and where the right action of σ ∈ Σm on an element (f ;µ1, . . . , µm) is defined as

(f ;µ1, . . . , µm)
σ = (fσ;µσ−1(1), . . . , µσ−1(m))

If T is the unique tree ↓, then we define M [↓] = k.

Note that this definition is independent of the representative of the class [T ] since iso-

morphic trees induce identities on M(InT (v)). Furthermore, if σ ∈ Σn, then we have an

isomorphism σ∗ :M [σ∗(T )] →M [T ] induced by the isomorphismsM(σ∗) :M(Inσ∗(T )(v)) →

M(InT (v)) coming from σ∗
v : InT (v) → Inσ∗(T )(v) for each v ∈ VT .

lemma 1.4.2.1. Let E be a Σ-module and let T1 be an n-tree with |VT1 | = q and T2 be a

m-tree with |VT2| = p. Suppose e is the ith edge of T1, then we have the map

Ψ : E[T1]⊗ E[T2] → E[T1 ◦e T2]

[f1;µ1 ⊗ · · · ⊗ µq]⊗ [fs; ν1 ⊗ · · · ⊗ νp] 7→ [f1 × f2;µ1 ⊗ · · · ⊗ µq ⊗ ν1 ⊗ · · · ⊗ νp]

where

(f1 × f2)(i) =

f1(i) if 1 ≤ i ≤ q

f2(i− q) if q + 1 ≤ i ≤ q + p.

Now that we have all the main ingredients, we can define the free operad associated with

a Σ-module E.

Definition 1.4.2.2. For any Σ-module E, define (F (E), ◦, η) as follows.

• For each n ≥ 1, define

F (E)(n) =
⊕

[T ]∈Tree(n)

E[T ]

with right Σn-action induced by M(σ∗) :M [σ∗(T )] →M [T ] for each σ ∈ Σn.
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• Define the unit η : k → F (E)(1) as the following composition

k F (E)(1) = E[↓]

E[↓]

η

=
inclusion

• Define the ◦i composition as follows. Since ⊗ commutes with direct sums on each side,

then we have the natural right Σn × Σm equivariant isomorphism

(F (E))(n)⊗ (F (E)(m)) =

 ⊕
[T1]∈Tree(n)

E[T ]

⊗

 ⊕
[T2]∈Tree(m)

E[T2]


∼=

⊕
([T1],[T2])∈Tree(n)×Tree(m)

E[T1]⊗ E[T2].

So it suffices to define ◦i restricted to a direct summand

E[T1]⊗X[T2] X[T1 ◦e T2]

F (E)(n)⊗ F (E)(m) F (E)(n+m− 1)

Ψ

inclusion inclusion

−◦i−

where e is the is the ith edge of T1 and T1 ◦e T2 is the grafting of T1 and T2 along e.

There is a natural weight grading on the free operad F (E) as follows: for n ≥ 0, define

a Σ-submodule F (E)(n) of F (E) with

F (E)(n)(m) =
⊕

[T ]∈Treen(m)

E[T ]

where Treen(m) is the equivalence classes of rooted m-labeled trees with n vertices.
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Chapter 2

(N,M)-QUADRATIC OPERADS AND KOSZUL DUALITY
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2.1 (n,m)-Quadratic Operads and Koszul Duality

Recall from [16], they define quadratic data as a pair (E,R) with E is a Σ-module and

R ⊆ F (E)(2). For our context, we are interested in a particular type of quadratic operads,

ones that are generated in arity n,m ≥ 2. This models algebras with either one n-arity

operation when n = m or two operations where one is n-arity and the other is m-arity. We

say a quadratic data (E,R) is an (n,m)-quadratic data if E is concentrated in arity n and

m and R is a Σ-module of F (E)(2). When n = m, we say that (E,R) is a n-quadratic data.

An (n,m)-quadratic operad is a quadratic operad P(E,R) = F (E)/(R) for (n,m)-

quadratic data (E,R). Furthermore, if n = m, then we call these n-quadratic operads.

If n = m = 2, these are exactly the binary quadratic operads as studied by Ginzburg and

Kapranov in their study of Koszul duality in [10].

2.1.1 Description of F (E)(2)

Here, we want to find a nice description for the weight 2 part of (n,m)-quadratic operads

as this will make it easier to describe our relations and give a connection of F (E)(2) with

various vertices of graphs.

Since our free operads are defined by rooted labeled trees, we need some description for

the rooted labeled trees with exactly 2-vertices and the symmetric group action on them. Let

Tree2(n,m) be the subset of Tree2(n+m− 1) consisting of isomorphism classes of [T ] with

exactly two vertices v1 and v2 such that v2 ∈ InT (v1) and |inT (v1)| = n and |inT (v2)| = m,

see figure 2.1. We have the following description of Tree2(n,m) in terms of the left cosets of

Σm in Σn+m−1.

lemma 2.1.1.1. The set Tree2(n,m) ∼= Σn+m−1/(Σn−1 × Σm) × {[Corn ◦1 Corm]}, where

Σn+m−1/(Σn−1 × Σm) is the collection of left cosets of Σn−1 × Σm.

Proof. Any rooted n+m− 1-labeled tree with two vertices v1 and v2 such that v2 ∈ inT (v1)

and |intT (v1)| = n and |inT (v2)| = m is isomorphic to the tree σ∗(Corn ◦1 Corm) for some
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· · · · · ·

· · ·

v1

v2

Figure 2.1: Tree with two vertices

permutation σ ∈ Σn+m−1 that preserves the order of the inputs, and where Corn ◦1 Corm
has its inputs for the vertices ordered from 1 to m for the inputs into Corm and m + 1 to

m+ n− 1 for the inputs of Corn excluding the one that is connected to the root of Cm.

To do this, take our rooted m-labeled tree T and

inT (v1) = {v2, i1, . . . , in−1}

inT (v2) = {j1, . . . , jm}

where i1, . . . , in−1, j1, . . . , jm are distinct elements of [n+m−1]. We can define a permutation

σ such that σ({i1, . . . , in−1} = {m+1, . . . ,m+n− 1} and σ({j1, . . . , jm}) = {1, . . . ,m} and

its ordered i.e. if ip < iq then σ(ip) < σ(iq). Hence, we have the rooted m-labeled tree

σ∗(T ) ∼= Corn ◦1 Corm and T ∼= (σ−1)∗(Corn ◦1 Corm).

Next, let σ1 = 1, σ2, . . . , σl be the l = (n+m−1)!
(n−1)!m!

representatives for the left cosets of

Σn−1 × Σm in Σn+m−1. Take any rooted m-labeled tree T in Tree2(n,m), and by above,

T = τ ∗(Corn ◦1 Corm) for some permutation τ ∈ Σn+m−1. Then we have τ = σiω for some

1 ≤ i ≤ n and ω ∈ Σn−1 × Σm. Therefore, we have

T = τ ∗(Corn ◦1 Corm) = (σiω)
∗(Corn ◦1 Corm) = σ∗

i (Corn ◦1 Corm).

This shows that Tree2(n,m) = Σn+m−1/(Σn−1 × Σm)× {[Corn ◦1 Corm]}.
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With our description for Tree2(n,m), we can push this through and find a useful descrip-

tion for F (E)(2) in the case where E is concentrated in arities n and m.

lemma 2.1.1.2. Let E be a Σ-module concentrated in arity n and m. Then F (E)(2) has the

following description:

F (E)(2)(p) =


⊕

[T ]∈Tree2(p)
E[T ] if p = 2n− 1, n+m− 1, 2m− 1

0 otherwise.

and furthermore, we have

F (E)(2)(n+m− 1) = Ind
Σ2n−1

Σn×Σm−1
(E(m)⊗ E(n))⊕ Ind

Σ2n−1

Σm×Σn−1
(E(n)⊗ E(m)) (2.1)

if n ̸= m and we also have

F (E)(2)(2n− 1) = Ind
Σ2n−1

Σn×Σn−1
(E(n)⊗ E(n)) (2.2)

F (E)(2)(2m− 1) = Ind
Σ2n−1

Σm×Σm−1
(E(m)⊗ E(m)). (2.3)

Proof. We will prove equation 2.1, as the other are similar. By definition, we have

F (E)(2)(n+m− 1) =
⊕

[T ]∈Tree2(n+m−1)

E[T ]

=
⊕

[T ]∈Tree2(n,m)

E[T ]⊕
⊕

[S]∈Tree2(m,n)

E[S]

since if a tree with two vertices did not have a vertex with n inputs or m inputs, then

the E-decoration of that tree would be zero. Pick representatives σ1 = 1, σ2, . . . , σl for

l =

n+m− 1

m

 for the left cosets of Σm × Σn−1 in Σn+m−1. Then by lemma 2.1.1.1, we

have ⊕
[T ]∈Tree2(n,m)

E[T ] =
l⊕

i=1

E[σ∗
i (Corn ◦1 Corm)]

∼=
l⊕

i=1

E[Corn ◦1 Corm]σ−1
i .
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As right Σm × Σn−1-modules, we have

E[Corn ◦1 Corm] = E(intT (v1))⊗ E(intT (v2))

where v1 and v2 are the vertices with intT (v1) = {v2,m+ 1, . . . ,m+ n− 1}, inT (v2) = [m],

and intT (rCorn◦1Corm) = {v1}. By the cardinalities of the input sets for each of the internal

vertices we obtain

E(inT (v1))⊗ E(inT (v2)) ∼= E(n)⊗ E(m)

as right Σm × Σn−1-modules. This finally shows

⊕
[T ]∈Tree2(n,m)

E[T ] ∼= IndΣm×Σn−1
(E(n)⊗ E(m)),

which completes the proof.

The elements in E in F (E)/(R) can be thought of as operations µ which act on formal

elements x1, . . . , xn through µ(x1, . . . , xn). Therefore, elements of F (E)(2)(n+m− 1) can be

thought of as elements µ ◦σ ν, where µ acts on n elements and ν acts on m elements, who

act on n+m− 1 formal elements x1, . . . , xn+m−1 where

(µ ◦σ ν)(x1, . . . , xn+m−1) = (µ ◦1 ν)σ(x1, . . . , xn+m−1)

= (µ ◦1 ν)(xσ(1), . . . , xσ(n+m−1))

= µ(ν(xσ(1), . . . , xσ(m)), xσ(m+1), . . . , xσ(n+m−1)).

2.1.2 Koszul Dual of (n,m)-Quadratic Operads

For this subsection, we will describe how to find the Koszul dual for any (n,m)-quadratic

operad using some bilinear pairing on the weighted 2 part of the free operad by following

the ideas in [17], where they generalized the Koszul duality of binary operads to quadratic

operads with n-arity generators.
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For any Σ-module E, define E ⊗ Sgn to be the Σ-module with (E ⊗ Sgn)(n) = E(n)⊗

Sgnn, where Sgnn is the signed representation of Σn. Furthermore, let E∗ be the Σ-module

with E∗(n) = E(n)∗, the k-linear dual with the induced right Σn-action. Combining these

two definitions, define E∨ to be the Σ-module with E∨(a) =↑a−2 E∗(a)⊗ Sgna, where ↑a−2

denotes the suspension iterated a− 2 times, which is naturally a Σ-module. More explicitly

the action of Σn on the right is defined as follows: if f ∈↑n−2 E∗(n), v ∈ E(n), and σ ∈ Σn,

then

fσ(v) = Sgn(σ)f(vσ
−1

).

Hence, if E is concentrated in arity n with degree dn and in arity m with degree dm, then E
∨

is concentrated in arity n with degree −dn + n− 2 and in arity m with degree −dm +m− 2.

Definition 2.1.2.1. A pairing between two Σ-modules M and N , is a Σ-module map

⟨−,−⟩ :M ⊗H N → Com⊗ Sgn.

If L is a sub Σ-module of N , then L⊥ is the sub Σ-module of M with L⊥(n) = {x ∈

M : ⟨x, L(n)⟩ = 0}.

Explicitly, the pairing has the following relation: if f ∈ M(n), g ∈ N(n), and σ ∈ Σn,

then

⟨fσ, gσ⟩ = Sgn(σ)⟨f, g⟩.

Let (E,R) be (n,m)-quadratic data. Following the binary quadratic operad situation, we

want to define a non-degenerate bilinear pairing ⟨−,−⟩ : F (E∨)(2)⊗HF (E)
(2) → Com⊗Sgn.

To start, let Si+j−1
i,j be a collection of representatives of the right cosets of Σj×Σi−1 in Σn+m−1

consisting of even permutations for i, j ∈ {n,m}. By definition of induced representation,

we have

Ind
Σi+j−1

Σj×Σi−1
(E(i)⊗ E(j)) =

⊕
σ∈Si+j−1

i,j

E(i)⊗ E(j)σ (2.4)
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and denote our elements in this space as µ◦σν to represent the image of the elements (µ⊗ν)σ

for µ ∈ E(i), ν ∈ E(j), and σ ∈ Si+j−1
i,j for all i, j ∈ {n,m}. If τ ∈ Σi+j−1, then

(µ ◦σ ν)τ = µy ◦ω νh

for some y × h ∈ Σi−1 × Σj and ω ∈ Si+j−1
i,j such that (y × h)ω = στ . Let i, j, p, q ∈ {n,m},

then for α∗ ∈ E(p), β∗ ∈ E(q), µ ∈ E(i), ν ∈ E(j), σ ∈ Sp+q−1
p,q , and τ ∈ Si+j−1

i,j , define

⟨α∗ ◦σ β∗, µ ◦τ ν⟩ =

α
∗(µ)β∗(ν) if i = p, j = q, and σ = τ

0 otherwise

(2.5)

This is exactly the same bilinear form defined in [17], where here we are only composing

elements at the first components, which does not produce any extra signs.

lemma 2.1.2.1. The pairing ⟨−,−⟩ : F (E∨)⊗H F (E)
(2) → Com⊗Sgn is a non-degenerate

bilinear pairing of Σ-modules.

Proof. It is obvious that this is non-degenerate since it is defined through the basis elements,

so it suffices to show it respects the permutation actions. For i, j ∈ {n,m}, let α∗ ∈ E(i),

β∗ ∈ E(j), µ ∈ E(i), ν ∈ E(j), σ, ω ∈ Si+j−1
i,j , and τ ∈ Σi+j−1. By definition, we have

⟨(α∗ ◦σ β∗)τ , (µ ◦ω ν)τ )⟩ = ⟨(α∗)yσ ◦σ′ (β∗)hσ , µyω ◦ω′ νhω⟩

where (yσ × hσ)σ
′ = στ and (yω × hω)ω

′ = ωτ for some hσ, hω ∈ Σj, yσ, yω ∈ Σi−1, and

σ′, ω′ ∈ Σi+j−1.

By definition of our pairing,

⟨α∗ ◦σ′ (β∗)hσ , µ ◦ω′ νhω⟩ =

Sgn(yσ)Sgn(hσ)α
∗(µyωy

−1
σ )β∗(νhωh

−1
σ ) if σ′ = ω′

0 otherwise

In the case where σ′ = ω′, we have

(y−1
ω × h−1

ω )ωτ = ω′ = σ′ = (y−1
σ × h−1

σ )στ,
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which implies (yσ × hσ)(y
−1
ω × h−1

ω )ω = σ. This says that ω and σ are representatives of the

same right coset, hence they are equal. Therefore, we obtain hω = hσ and yσ = yω, and this

gives

⟨α∗ ◦σ′ (β∗)hσ , µ ◦ω′ νhω⟩ =

Sgn(yσ)Sgn(hσ)α
∗(µyωy

−1
σ )β∗(νhωh

−1
σ ) if σ′ = ω′

0 otherwise

=

Sgn(yσ)Sgn(hσ)α
∗(µ)β∗(ν) if σ′ = ω′

0 otherwise

= Sgn(yσ)Sgn(hσ)⟨α∗ ◦σ β∗, µ ◦ω ν⟩.

Since (yσ × hσ)σ
′ = στ and both σ and σ′ are even permutations, then Sgn(yσ)Sgn(hσ) =

Sgn(yσ × hσ) = Sgn(τ). This completes the proof.

As in the binary quadratic operad, we have the same description for the Koszul dual for

a n-quadratic operad; see [16] and [17].

Definition 2.1.2.2. Let P = P(E,R) be a n-quadratic operad. Then its Koszul dual P ! is

the n-quadratic operad

P ! = P(E∨, R⊥).

2.1.3 Symmetric and Skew-symmetric (n,m)-Quadratic Operads

The operads we are interested in are the ones with n-arity operations and m-arity operations

that are either symmetric or skew-symmetric. In this scenario, the weight 2 part of the free

operads has a particularly useful description suitable for computations. To help with the

cluttering of symbols, define Σi−1,j = Σi−1 × Σj for any i, j.

Let n,m ≥ 2 for this section. If σ, τ ∈ Σn+m−1, then σn−1,mσ = Σn−1,mτ if and only if

σ−1(i) = τ−1(h(i)) and σ−1(j) = τ−1(y(j)) for some y × y ∈ Σn−1,m and for 1 ≤ i ≤ m and

m+1 ≤ j ≤ n+m−1. This shows that the distinct right cosets of Σn−1,m are entirely based
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on where the inverse of the representatives send the set of numbers m+1, . . . , n+m− 1, up

to any permutation in Σn−1.

Let a1, . . . , an−1 be distinct elements in {1, . . . , n+m−1} and define Σn−1,m{a1, . . . , an−1}

to be the collection of permutations σ ∈ Σn+m−1 such that

σ−1({m+ 1, . . . , 2n− 1}) = {a1, . . . , an−1).

The set of Σn−1,m{a1, . . . , an−1} for distinct elements a1, . . . , an−1 ∈ {1, . . . , n + m − 1}

is equivalent to the set of right cosets of Σn−1,m by sending Σn−1,mσ 7→ Σn−1,n{σ−1(m +

1), . . . , σ−1(n+m−1)}. Denote by Λn,m to be the set of finite sets {a1, . . . , an−1} for distinct

elements a1, . . . , an−1 ∈ {1, . . . , n+m−1}. The natural action of Σn+m−1 on the right cosets of

Σn−1,m transfers to a natural action on the collection of Σn−1,m{a1, . . . , an−1} in the following

way: for σ ∈ Σn+m−1, define Σn−1,m{a1, . . . , an−1}σ = Σn−1,m{σ−1(a1), . . . , σ
−1(an−1)}.

If M is a right Σn−1,n-module where M either the signed representation or the trivial

representation, then we choose representatives for the right cosets of Σn−1,m to be even so

that

Ind
Σn+m−1

Σn−1,m
(M) ∼=

⊕
{a1,...,an−1}

M{a1, . . . , an−1},

where M{a1, . . . , an−1} are isomorphism to M as graded k-modules with elements denoted

as e{a1, . . . , an−1} for e ∈ M and {a1, . . . , an−1} ∈ Λn,m. The action on the right is defined

as

e{a1, . . . , an−1}σ =

e{σ
−1(a1), . . . , σ

−1(an−1)} if M is the trivial representation

Sgn(σ)e{σ−1(a1), . . . , σ
−1(an−1)} if M is the signed representation

for σ ∈ Σn+m−1.

The above formulation gives us a way to show that the space F (E)(2)(i+j−1) corresponds

to the vertices of certain graphs that we will explain later in section 7.3, and gives us nice

tools to study these spaces. Next, we define a few free operads that will be important to us

and which all of our operads in this paper will be a quotient of.
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Definition 2.1.3.1. Let n ≥ 2 and d ∈ Z.

• Let En,d be a graded Σ-module such that En,d(n) =↑2d kνn,d with νσn,d = Sgn(σ)νn,d for

every σ ∈ Σn, and zero everywhere else. Define the free operad ASMagn,d = F (En,d).

• Let Hn,d be the graded Σ-module such that Hn,d(n) =↑2d kµn,d such that µσ
n,d = µ for

all σ ∈ Σn, and zero everywhere else. Define the free operad SMagn,d = F (Hn,d).

The algebras over ASMagn,d are exactly the graded k-modules L with a degree d n-arity

bracket [−, . . . ,−] with Sgn(σ)ξ(σ, v1, . . . , vn)[v1, . . . , vn] = [vσ(1), . . . , vσ(n)] for all v1, . . . , vn ∈

L and σ ∈ Σn. The n-quadratic operads, which are a quotient of ASMagn,d, will be called

Lie-type operads. In chapter 3, we will describe an entire collection of Lie-type operads

and their algebras, by generalizing the Jacboian identity in various ways. In particular, the

operad of n-Lie algebras will be a Lie-Type operad and is in some ways a maximal one in

the spectrum of Lie-type operads.

Similarly, the algebras over SMagn,d are exactly the graded k-modules C with a degree

d n-arity operation (−, . . . ,−) such that (v1, . . . , vn) = ξ(σ, v1, . . . , vn)(vσ(1), . . . , vσ(n)) for all

v1, . . . , vn ∈ C and σ ∈ Σn. The n-quadratic operads which are a qoutient of SMagn,d will

be called Com-type operads. In chapter 4, we will describe an entire collection of Com-type

operads and their algebras. The relations for these operads will come from the relations

in Sλ for various partitions λ of 2n − 1 and these operads will be the non-trivial minimal

Com-type operads.

We can also combine En,dn and Hm,dm together to obtain the free operad FP(n,dn),(m,dm) =

F (En,dn ⊕ Hm,dm). We will use this free operad to construct various generalizations of the

Poisson operads that come from combining the Lie-type operads and Com-type operads in

chapter 6.

By lemma 2.1.1.2, the weight 2 parts of the free operads above can be described as follows:
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for n,m ≥ 2 and dn, dm ∈ Z we have

F (En,dn)
(2)(2n− 1) =

⊕
a1<···<an−1

En,dn(n)⊗ En,dn(n){a1, . . . , an−1}

F (Hm,dm)
(2)(2m− 1) =

⊕
b1<···<bm−1

Hm,dm(m)⊗Hm,dm(m){b1, . . . , bm−1}

and F (En,d ⊕Hm,dm)
(2) has the following spaces in their respective arities:

F (En,dn)
(2)(2n− 1)⊕

a1<···<an−1

En,dn(n)⊗Hm,dm(m){a1, . . . , an−1} ⊕
⊕

b1<···<bm−1

Hm,dm(m)⊗ En,dn{b1, . . . , bm−1}

F (Hm,dm)
(2)(2m− 1).

In particular, we let νd{a1,...,an−1} represent the image of νn,d⊗ νn,d{a1, . . . , an−1} in En,dn(n)⊗

En,d(n){a1, . . . , an−1}, and similarly we let µd
{b1,...,bm−1} represent the image of the element

µm,dm ⊗ µm,dm{b1, . . . , bm−1} in Hm,dm(m)⊗Hm,dm(m){b1, . . . , bm−1}. For the cross terms in

F (En,dn ⊕Hm,dm), we let µdmνdn{b1,...,bm−1} to represent µm,dm ⊗ νn,dn{b1, . . . , bm−1} and we let

νdnµdm{a1, . . . , an−1} represent the elements νn,dn ⊗ µm,dm{a1, . . . , an−1}.

The cross terms in FP(n, dn), (m, dm) are used to set up the relation between the Lie-type

and Com-type operads. There are various relations one can use here to relate both of the

operations, but the most natural choice is the Leibniz relation, which we will use to construct

various generalizations of the Poisson operad.
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Chapter 3

THE GENERALIZATIONS OF LIE
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In this chapter, we will give a few examples of generalizations of the Operad Lie in

various ways. In particular, we will give the quadratic representations for the operads Liedn

and n-Lied, which generalize the Jacobian identity. We will construct more examples of these

types of operads in section 7.3 when we give a large class of operads that happen to be a

generalization of Lie through the Odd graphs.

3.1 The Operad Liedn

3.1.1 General Definition of Lien Algebras of Degree d

The relations for Lie are generated by the sum of all the even representatives of the right

cosets of Σ1 × Σ2 in Σ3, i.e the relation

ν2,d + ν
(1 2 3)
2,d + ν

(1 3 2)
2,d . (3.1)

Therefore, one natural generalization of Lie with an n-arity operation is to make the relation

the sum of all the even representatives of the right cosets of Σn−1,n in Σ2n−1. In terms of the

algebras, these are expressed using (p, q)-shuffles as in the following definition.

Definition 3.1.1.1. Let n ≥ 2. A Lie n-algebra of degree d is a graded k-module L with a

skew-symmetric n-arity bracket [−, . . . ,−] : L⊗n → L satisfying the following properties.

• For every v1, . . . , vn ∈ L and σ ∈ Σn we have

Sgn(σ)ξ(σ, v1, . . . , vn)[v1, . . . , vn] = [vσ(1), . . . , vσ(n)];

• and for every v1, . . . , v2n−1 we have∑
σ∈Sh(n,n−1)

Sgn(σ)ξ(σ, v1, . . . , v2n−1)[[vσ(1), . . . , vσ(n)], vσ(n+1), . . . , vσ(2n−1)] = 0.

More compactly, if ν = [−, . . . ,−] is the bracket, then we want∑
σ∈Sh(n,n−1)

Sgn(σ)(ν ◦1 ν)σ
−1

= 0. (3.2)
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In the case when d = n − 2, then Lie n-algebras of degree n − 2 are exactly the L∞-

algebras L with operations {lm}m≥1 such that lm = 0 for all m ̸= n.

The relation for n-Lie algebras of degree d can be simplified even further so that we do

not have any negative signs that appear in the front, i.e., it has only even permutations

acting on it. For each permutation σ ∈ Sh(n, n − 1), we can choose a permutation tσ such

that tσ = (σ(1), σ(2)) if σ is odd, or tσ = id if σ is even. In this way, if L is a Lie n-algebra

of degree d with skew-symmetric operation ν, then we can rewrite the relation as

∑
σ∈Sh(n,n−1)

(ν ◦1 ν)tσσ
−1

= 0 (3.3)

This shows that we can express the relation using only even permutations, which makes it

possible to write the relations for the corresponding operad.

3.1.2 Quadratic Representation for Liedn

Fix n ≥ 2 and d ∈ Z. Let LRn,d(2n− 1) be the right Σ2n−1-module of F (En,d)
(2)(2n− 1) in

degree 2d generated as a right k[Σ2n−1]-module by

lrn,d =
∑

a1<···<an−1

ν{a1,...,an−1}

and LRn,d(j) = 0 for all j ̸= 2n− 1. It is easy to see LRn,d
∼= S(1,...,1), for partition (1, . . . , 1)

with 2n − 1 1’s, and hence 1-dimensional representation of Σ2n−1. By equation 3.3, these

relations give us exactly the relations for Lie n-algebras of degree d so we can define its

corresponding operad.

Definition 3.1.2.1. For every n ≥ 2, and d ∈ Z, we define Liedn = ASMagn,d/(RLn,d).

In particular, when n = 2 and d = 0, then Lie02 is just the classical Lie operad.

3.2 The Operad n-Lied
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3.2.1 General Definition of n-Lie Algebras of Degree d

For the n-Lie algebras, these are the generalizations where we think of the Jacobian identity

as a derivation property, which is very different from the relations in Liedn for n > 2.

Definition 3.2.1.1. Let n ≥ 2. An n-Lie algebra of degree d is a graded k-module L with a

n-ary operation ln = [−, . . . ,−] : L⊗n → L of degree d satisfying the following properties:

• for any n elements v1, . . . , vn ∈ L, and any σ ∈ Σn,

Sgn(σ)[v1, . . . , vn] = ξ(σ, v1, . . . , vn)[vσ(1), . . . , vσ(n)]

• and for any 2n−1 elements v1, . . . , v2n−1 ∈ L, the n-ary operation satisfies the following

generalized Jacobi-identity:

[[v1, . . . , vn], vn+1, . . . , v2n−1] =
n∑

i=1

(−1)εi [v1, . . . , vi−1, [vi, vn+1, . . . , v2n−1], vi+1, . . . , vn]

where

εi = d(
i−1∑
j=1

|vj|) + (
n∑

j=i+1

|vj|)(
2n−1∑
r=n+1

|vr|).

In this definition, if d = 0 and the underlying algebra is concentrated in degree 0, then

we will call these just n-Lie algebras. Note in this definition, we see that [−, x1, . . . , xn−1]

are derivations on the space L.

Example 3.2.1.1. • Let A = k[x1, . . . , xn+1] be the polynomial ring on n+ 1-variables.

Then we can define a n+ 1-ary bracket on the elements p1, . . . , pn+1 ∈ A

[p1, . . . , pn+1] = Jac(p1, . . . , pn+1)

where the right-hand side is the determinant of the associated Jacobian matrix of the

polynomials p1, . . . , pn+1. This is naturally a n + 1-Lie algebra and of great interest,

specifically for n = 3 in Nambu mechanics.
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• More generally, suppose A is a commutative k-algebra with commuting derivations

D1, . . . , Dn. Then A is an n-Lie algebra with bracket

[a1, . . . , an] =
1

n!

∑
σ∈Σn

Sgn(σ)Dσ(1)(a1) · · ·Dσ(n)(an) = det


D1(a1) · · · D1(an)

... · · ·
...

Dn(a1) · · · Dn(an).


• Let n ≥ 3 and let L be any n-Lie algebra with bracket [−, . . . ,−]. Pick Ω ∈ L, which

is called the potential, and define a n− 1-ary bracket

[p1, . . . , pn−1]Ω = [p1, . . . , pn−1,Ω]

which gives L a n− 1-Lie algebra structure.

• In Filippov’s study of n-Lie algebras and their algebraic properties in [8], they defined

the following example which helped in the classifications for simple n-Lie algebras of

finite dimensions. Let An be a n+1 dimensional vector space with basis {v1, . . . , vn+1}.

Define the n-bracket

[v1, . . . , v̂i, . . . , vn+1] = (−1)n+1+ivi

which gives An a n-Lie algebra structure. Filippov showed that every n+1-dimensional

simple n-Lie algebra is isomorphic to one of the form An.

• More generally, let L be a finite-dimensional vector space with basis e1, . . . , em and let

[ei1 , . . . , ein ] =
m∑
l=1

ai1,...,inel

for some ai1,...,in ∈ k such that Sgn(σ)ali1,...,in = aiσ(1),...,iσ(n)
for all σ ∈ Σn. For the

above bracket to be a n-Lie algebra, we must have the following relations with the

coefficients

m∑
l=1

ali1,...,ina
q
l,j1,...,jn−1

=
n∑

t=1

m∑
r=1

arit,j1,...,jn−1
aqi1,...,it−1,r,it+1,...,in

for all i1, . . . , in, j1, . . . , jn−1, q.
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Example 3.2.1.2. There exists an very nice example of a 3-Lie algebra structure on the

general linear lie algebra gln(k) of n× n with the commutator bracket [A,B] from [1]. They

define

[A,B,C] = Tr(A)[B,C] + Tr(B)[C,A] + Tr(C)[A,B]

where Tr is the normal trace, which gives gln(k) a 3-Lie algebra structure.

More generally, if L is a (n − 1)-Lie algebra with n − 1 arity bracket [−, . . . ,−] and

g : L → k is a k-linear map such that g([x1, . . . , xn−1]) = 0. Then there is a n-Lie algebra

structure on L with bracket

[x1, . . . , xn]
g =

n∑
i=1

(−1)i−1g(xi)[x1, . . . , x̂i, . . . , xn]

where x̂i means to take it out of the sequence.

Example 3.2.1.3. Let A be a symmetric Frobenius algebra, i.e. an associative unital algebra

A with a non-degenerate symmetric bilinear form ⟨−,−⟩ : A × A → k such that ⟨ab, c⟩ =

⟨a, bc⟩ for all a, b, c ∈ A. Then we have e = ⟨1,−⟩ = ⟨−, 1⟩ ∈ A∗ which has the property

e(ab) = ⟨1, ab⟩ = ⟨a, b⟩ = ⟨b, a⟩ = ⟨1, ba⟩ = e(ba).

Therefore, e : A→ k is a linear functional which induces a 3-Lie algebra structure on A with

[a, b, c]e = e(a)[b, c] + e(b)[c, a] + e(c)[a, b].

Example 3.2.1.4. A metric n-Lie algebra is a n-Lie algebra L equipped with a non-degenerate

symmetric bilinear form B : L× L→ k such that

B([x1, . . . , xn−1, y], z) = −B([x1, . . . , xn−1, z], y) (3.4)

for x1, . . . , xn−1, y, z ∈ L. These were first introduced by Figueroa-O’Farril and Papadopoulos

in their study of the classification of maximally supersymmetric type IIB supergravity, see

[6, 7]. Let n ≥ 3 and L is a metric n-Lie algebra. We can choose a potential Ω ∈ L and
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define [−, . . . ,−]Ω to be a n−1 bracket which makes L into a metric (n−1)-Lie algebra with

form B. Then we can define a k-linear map BΩ : L→ k as

BΩ(x) = B(x,Ω)

which has the property

BΩ([x1, . . . , xn]Ω) = B([x1, . . . , xn]Ω,Ω) = −B([x1, . . . , xn−1,Ω]Ω, xn) = 0.

Therefore, by example 3.2.1.2 we have a n bracket [−, . . . ,−]BΩ
on L with

[x1, . . . , xn]BΩ
=

n∑
i=1

(−1)i−1BΩ(xi)[x1, . . . , x̂i, . . . , xn]Ω.

To help with defining the corresponding operad to n-Lie algebras of degree d, we need

to be able to express the relations for these types of algebras using only permutations and

the operations in the following way.

lemma 3.2.1.1. Let L be a n-Lie algebra of degree d and let ln = [−, . . . ,−] be the n-ary

bracket on L. If λ = (1, 2, . . . , 2n − 1) is the standard 2n − 1-cycle and ω = (1, 2, . . . , n) is

the standard n-cycle in Σ2n−1, then the defining relation for a n-Lie algebra of degree d is

ln ◦1 ln + (−1)n
n−1∑
i=0

(−1)i(n+1)(ln ◦1 ln)λ
nωi

= 0 (3.5)

where f ◦i g is defined in operad example 1.4.0.1.

Proof. For ease of calculations, here are the expressions for λnωi for 0 ≤ i ≤ n− 1:

λnωi =



 1 2 · · · n− 1 n n+ 1 · · · 2n− 1

n+ 1 n+ 2 · · · 2n− 1 1 2 · · · n

 i = 0

 1 2 · · · n− i− 1 n− i n− i+ 1 · · · n n+ 1 · · ·

n+ i+ 1 n+ i+ 2 · · · 2n− 1 1 n+ 1 · · · n+ i 2 · · ·

 1 ≤ i ≤ n− 2

1 2 3 · · · n n+ 1 n+ 2 · · · 2n− 1

1 n+ 1 n+ 2 · · · 2n− 1 2 3 · · · n

 i = n− 1
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Let v1, . . . , v2n−1 ∈ L, then the equation 3.5 applied to these elements give us

(ln ◦1 ln)(v1, . . . , v2n−1) + (−1)n
n−1∑
i=0

(−1)i(n+1)(ln ◦1 ln)λ
nωi

(v1, . . . , v2n−1)

= ln(ln(v1, . . . , vn), vn+1, . . . , v2n−1)

+ (−1)nξ(λn, v1, . . . , v2n−1)ln(ln(vn, . . . , v2n−1), v1, . . . , vn−1)

+ (−1)n
n−2∑
i=1

(−1)i(n+1)ξ(λnωi, v1, . . . , v2n−1)ln(ln(vn−i, vn+1, vn+2, . . . , v2n−1), vn−i+1, . . . , vn, v1, . . . , vn−i−1)

+ (−1)nξ(λnωn−1, v1, . . . , v2n−1)ln(ln(v1, vn+1, . . . , v2n−1), v2, . . . , vn)

For each of these terms in the equation above, if we move the ln(∗, . . . , ∗) term to the right to

their appropriate place, it will cancel the appropriate permuted terms in ξ(λnωi, v1, . . . , v2n−1)

and we keep the terms

(
n∑

j=i+1

|vj|

)(
2n−1∑
r=n+1

|vr|

)
,

and since we are moving a degree d operation ln as well, we add in d
(∑n−i−1

j=1 |vj|
)
. This

will give us exactly the relations for a n-Lie algebra of degree d.

In the last lemma, if n is odd, then λnωi is always an even permutation and we obtain

the relation

(ln ◦1 ln)−
n∑

i=0

(ln ◦1 ln)λ
nωi

= 0

In the case when n is even, we have that λnωi is odd if and only if i is odd. Therefore, to

make sure that we can use these equations in the construction of our operads, we need to

make sure the permutations acting on our operations are even. Therefore, in the case when
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n is even, we have

(ln ◦1 ln) +
n−1∑
i=0

(−1)i(ln ◦1 ln)λ
nωi

= (ln ◦1 ln) +
n−1∑
i=0

(−1)i(ln ◦1 ln)(1 2)i(1 2)iλnωi

= (ln ◦1 ln) +
n−1∑
i=0

(−1)i(−1)i(ln ◦1 ln)(1 2)iλnωi

= (ln ◦1 ln) +
n−1∑
i=0

(ln ◦1 ln)(1 2)iλnωi

= 0

where we used the fact that (1 2) acting on ln is −ln. Hence, we have a representation of the

relations for n-Lie algebras of degree d using even permutations.

The relations in lemma 3.5 can be thought of as some generalized Garnir relation as

explained in [9]. This gives some explanation of why the relations for the Koszul dual of

n-Lied would be coming from Young symmetrizer relations as shown in section 7.3

We can generalize the relations in definition 3.2.1.1 slightly based on a integer 1 ≤ j ≤ n.

We will see later in section 7.3 that this generalization of the relation is enough to constitute

all of the ”maximal” n-quadratic operads with skew-symmetric generators.

Definition 3.2.1.2. Let n ≥ 2, d ∈ Z, 1 ≤ j ≤ n, λ = (1 2 · · · 2n − 1) be the standard

2n− 1 cycle. and ω = (1 2 · · · n) be the standard n-cycle in Σ2n−1. A n-Lie algebra of type

j and degree d is a graded k-module L with a n-arity operation ln = [−, . . . ,−] : L⊗n → L

satisfying the following properties:

• for any n elements v1, . . . , vn ∈ L, and any σ ∈ Σn,

Sgn(σ)[v1, . . . , vn] = ξ(σ, v1, . . . , vn)[vσ(1), . . . , vσ(n)];

• and the n-arity operation satisfies the following generalized Jacboi-identity of type j:

(−1)n+jj(ln ◦1 ln)−
n−1∑
i=0

(−1)i(n+1)(ln ◦1 ln)λ
nωi

= 0.
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For the case when j = 1, we get the ordinary n-Lie as defined in definition 3.2.1.1. Note

that even if we are just multiplying the first component by an integer, this will drastically

change the relations it can have. We will show later that when j = n, then we can reduce

these relations to more simple relations that look like associativity relations.

3.2.2 Quadratic Representation for n-Lied

Fix n ≥ 2, d ∈ Z, 1 ≤ j ≤ n, and let λ = (1, 2, . . . , 2n − 1) be the standard (2n − 1)-cycle

and let ω = (1, 2, . . . , n) be the standard n-cycle in Σ2n−1. Let Rj
n,d(2n − 1) be the right

Σ2n−1-submodule of F (En,d)
(2)(2n− 1) in degree 2d generated by

rjn,d = jv{n+1,...,2n−1} + (−1)n+j−1v{1,2,...,n−1}(−1)n+j−1

n−2∑
i=2

v{n−i+1,...,n−1,n,1,...,n−i−1} + (−1)n+j−1v{2,...,n},

and Rj
n,d(i) = 0 for all i ̸= 2n − 1. By lemma 3.2.1.1, the relation rjn,d gives us exactly the

relation for an n-Lie algebra of degree d and of type j. By applying every element of

Σ2n−1 to the generator of Rj
n,d, then R

j
n,d is spanned by the elements

(rjn,d)
σ−1

:= Sgn(σ)v{σ(n+1),...,σ(2n−1)} + Sgn(σ)(−1)n+j−1v{σ(1),...,σ(n−1)}

+ Sgn(σ)(−1)n+j−1

n−2∑
i=2

v{σ(n−i+1),...,σ(n−1),σ(n),σ(1),...,σ(n−i−1)}

+ Sgn(σ)(−1)n+j−1v{σ(2),...,σ(n)}

for all σ ∈ Σ2n−1.

Definition 3.2.2.1. For every n ≥ 2, 1 ≤ j ≤ n and d ∈ Z, we define n-Liejd =

ASMagn,d/(R
j
n,d).

For d = 0 and n = 2 this is just the ordinary operad Lie.
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Chapter 4

THE GENERALIZATIONS OF COM
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4.1 The Operad Comd
n

For the algebras over Com, its main relations are commutativity and associativity, the former

being easy to generalize while the latter can have a lot of different generalizations. The

most natural generalization of associativity, called total associativity in [11], for an n-arity

operation µ is to assume µ ◦i µ = µ ◦j µ for all 1 ≤ i, j ≤ n. This gives us our first natural

generalization of commutative associative algebras.

Definition 4.1.0.1. Let n ≥ 2. A Com n-algebra of degree d is a graded k-module C with

a symmetric n-arity operation µn : C⊗n → C such that

µn ◦j µn = µn ◦i µn

for all 1 ≤ i, j ≤ n.

Note that for n = 2, these are exactly the non-unital commutative and associative graded

k-algebras with a degree d binary operation. For n ≥ 3, one can always make a Com n-

algebra of degree d by defining µn as an iterated application of the original binary operation.

To define the corresponding operad, let CSn,d be the k[Σ2n−1] subspace of F (Hn,d)
(2)(2n−

1) generated by the relations

µ{n+1,...,2n−1} − µ{σ(n+1),...,σ(2n−1)} (4.1)

for all σ ∈ Σ2n−1, which is exactly the associative relations with symmetric operations.

Definition 4.1.0.2. For n ≥ 2 and d ∈ Z, define Comd
n = SMagn,d/(CSn,d).

4.2 The Operad n-Comd

4.2.1 General Definition of n-Com Algebras of Degree d

The notion of n-Com algebras of degree d is a generalization of commutative algebras in the

direction n-arity operations that are not associative for n ≥ 3, but associative up to some
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twisted terms. Let n ≥ 2 and fix the partition (n, n− 1) of 2n− 1. Let Tn be the standard

Young tableau on (n, n − 1) whose entries first increase along the rows and then increase

along the columns as in

Tn =

1 2 · · · n− 1 n

n+ 1 n+ 2 · · · 2n− 1

(4.2)

Furthermore, let Cn be the columns-stabilizer of Tn i.e. it is generated by the disjoint

transpositions (1 n+ 1), . . . , (n− 1 2n− 1).

Definition 4.2.1.1. An n-Com algebra of degree d is a graded k-module C with a n-ary

operation mn : C⊗n → C of degree d satisfying the following properties.

• For any n elements u1, . . . , un ∈ C, and for σ ∈ Σn, we have

mn(u1, . . . , un) = ξ(σ, u1, . . . , un)mn(uσ(1), . . . , uσ(n)),

• and we have the following relation

Φ(mn) =
∑
σ∈Cn

Sgn(σ)(mn ◦1 mn)
σ = 0.

Explicitly, for any 2n− 1 elements u1, . . . , u2n−1 ∈ C, we have the following relation:

Φ(mn)(u1, . . . , u2n−1)

=
∑
σ∈Cn

Sgn(σ)ξ(σ, u1, . . . , u2n−1)((uσ−1(1), . . . , uσ−1(n)), uσ−1(n+1), . . . , uσ−1(2n−1)) = 0.

The relation for n-Comd is independent of the standard Young tableau of type (n, n−1),

as they are all permutations of each other. Furthermore, if the degree d = 0 and the graded

k-module is concentrated in degree 0, then we just call them n-Com algebras. We denote by

Algn-Comd
the category of n-Com algebras of degree d, and if d = 0 we denote by Algn-Com
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the category of n-Com algebras. A morphisms of n-Com algebras A and C is just a k-linear

map F : A→ C such that

mC
n (F (a1), . . . , F (an)) = F (mA

n (a1, . . . , an))

for any a1, . . . , an ∈ A.

Example 4.2.1.1. For these examples, we will look at the relation for when mn is of degree

0 to simplify the presentation. When mn is of degree d, there are extra signs coming from

permuting the inputs.

• For n = 2, these are just the non-unital commutative associative k-algebras, since

CT(2,1)
= ⟨(1 3)⟩ and this gives us the associative relation

mn(mn(u1, u2), u3)−mn(u1,mn(u2, u3)) = 0

using commutativity of the multiplication.

• For n = 3, if C is a 3-Com algebra, then CT(3,2)
is generated by (1 4), (2 5) and this

gives us the relation

mn(mn(u1, u2, u3), u4, u5)−mn(u1,mn(u2, u3, u4), u5) +mn(u1, u2,mn(u3, u4, u5))

= mn(mn(u1, u3, u5), u2, u4).

• For n = 4, CT(4,3)
is generated by (1 5), (2 6), (3 7) and this gives us the relation

mn(mn(u1, u2, u3, u4), u5, u6, u7)−mn(u1,mn(u2, u3, u4, u5), u6, u7)

+mn(u1, u2,mn(u3, u4, u5, u6), u7)−mn(u1, u2, u3,mn(u4, u5, u6, u7))

= mn(mn(u1, u3, u4, u6), u2, u5, u7) +mn(mn(u1, u2, u4, u7), u3, u5, u6)

−mn(mn(u2, u4, u5, u7), u1, u3, u6)−mn(mn(u1, u4, u6, u7), u2, u3, u5).

In the examples above, for n ≥ 3, we have some partial associativity up to some twisted

factors, which shows that these are non-trivial generalizations of commutative associative
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algebras.

Next, we will give a few examples of n-Com algebras of degree 0 to give some idea of

where these structures can arise.

Example 4.2.1.2. Let A be any commutative k-algebra and let D a derivations on A. We

will show that we can define a n-Com algebra structure on B using this derivation. For

n ≥ 3, define

mn(f1, . . . , fn) = D(f1 · · · fn)

for f1, . . . , fn ∈ B. For a1, . . . , a2n−1 ∈ A, we have

∑
σ∈Cn

Sgn(σ)mn(mn(aσ(1), . . . , aσ(n−1), an), aσ(n+1), . . . , aσ(2n−1))

=
∑
σ∈Cn

Sgn(σ)D(D(aσ(1) · · · aσ(n−1), an)aσ(n+1) · · · aσ(2n−1))

=
∑
σ∈Cn

n−1∑
p=1

Sgn(σ)D(aσ(1) · · ·D(aσ(p)) · · · aσ(n−1)anaσ(n+1) · · · aσ(2n−1))

+
∑
σ∈Cn

Sgn(σ)D(aσ(1) · · · aσ(n−1)D(an)aσ(n+1) · · · aσ(2n−1)).

By commutativity, the last sum is just D(a1 · · ·D(an) · · · a2n−1) multiplied by a finite alter-

nating sum of 1’s, with an even amount of elements, which is zero. Let Hp be the subgroup of

Cn that fixes p, which is generated by the transpositions (1, n+1), . . . , (p− 1, n+ p− 1), (p+

1, n+ p+ 1), . . . , (n− 1, 2n− 1). Using commutativity, the first sum becomes

∑
σ∈CTλn

n−1∑
p=1

Sgn(σ)D(aσ(1) · · ·D(aσ(p)) · · · aσ(n−1)anaσ(n+1) · · · aσ(2n−1))

=
∑
σ∈Hp

n−1∑
p=1

Sgn(σ)D(a1 · · ·D(ap) · · · an−1anan+1 · · · a2n−1)

+
∑

σ∈Cn\Hp

n−1∑
p=1

Sgn(σ)D(a1 · · · an+p−1D(an+p)an+p+1 · · · a2n−1).
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Since both Hp and Cn have even cardinality, then both of these sums are zero. This shows

that we have ∑
σ∈Cn

Sgn(σ)(mn ◦1 mn)
σ = 0.

Therefore, mn gives B a n-Com algebra structure. Note thatmn−1(f1, . . . , fn−1) = mn(f1, . . . , fn−1, 1)

if 1 is the unit in B.

For an explicit example, suppose B = k[x1, . . . , xm] is the polynomial ring on m variables.

We have m natural derivations ∂
∂xi

for all 1 ≤ i ≤ m and we can define

mi
n(f1, . . . , fn) =

∂

∂xi
(f1 · · · fn),

for each i, which gives B a n-Com algebra structure. Even more, we can define

mn(f1, . . . , fn) =
m∑
i=1

mi
n(f1, . . . , fn) =

n∑
i=1

∂

∂xi
(f1 · · · fn)

and this gives the polynomial ring B a n-Com algebra structure since the sum of derivations

is a derivation.

Next, we will explore some examples of n-Com algebras on finite rank modules over a

commutative k-algebra A. Let M be any A-module of finite rank and with basis elements

e1, . . . , em. Let T :M⊗n →M be any symmetric A-linear map and using the basis elements

we can express T as follows:

T (ei1 , . . . , ein) =
m∑
i=1

λji1,...,inej

for some symmetric coefficients λji1,...,in ∈ A in the i1, . . . , in. Plugging these into the defining

equation for n-Com, we have∑
σ∈Cn

Sgn(σ)T (T (eiσ(1)
, . . . eiσ(n−1)

, ein), eiσ(n+1)
, . . . , eiσ(2n−1)

)

=
∑
σ∈Cn

m∑
j=1

Sgn(σ)λjiσ(1),...,iσ(n−1),in
T (ej, eiσ(n+1)

, . . . , eiσ(2n−1)
)

=
∑
σ∈Cn

m∑
j=1

m∑
l=1

Sgn(σ)λjiσ(1),...,iσ(n−1),in
λlj,iσ(n+1),...,iσ(2n−1)

el
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Therefore, for T to be give M a n-Com algebra structure, it suffices for us to have

∑
σ∈Cn

m∑
j=1

Sgn(σ)λjiσ(1),...,iσ(n−1),in
λlj,iσ(n+1),...,iσ(2n−1)

= 0

for all 1 ≤ l ≤ m.

Example 4.2.1.3. Let n ≥ 3, δ ∈ A, and define λji1,...,in = δ whenever j ∈ {i1, . . . , in}, and

zero otherwise. Then we have∑
σ∈Cn

m∑
j=1

Sgn(σ)λjiσ(1),...,iσ(n−1),in
λlj,iσ(n+1),...,iσ(2n−1)

=
∑
σ∈Cn

n−1∑
r=1

Sgn(σ)λ
iσ(r)

iσ(1),...,iσ(n−1),in
λliσ(r),iσ(n+1),...,iσ(2n−1)

+
∑
σ∈Cn

Sgn(σ)λiniσ(1),...,iσ(n−1),in
λlin,iσ(n+1),...,iσ(2n−1)

=
∑
σ∈Cn

n−1∑
r=1

Sgn(σ)δλliσ(r),iσ(n+1),...,iσ(2n−1)

+
∑
σ∈Cn

Sgn(σ)δλlin,iσ(n+1),...,iσ(2n−1)
.

If l /∈ {i1, . . . , i2n−1}, then the last two sums are automatically zero by definition. Otherwise,

l could be any number of the elements i1, . . . , i2n−1 (there could be some redundancy in this

list of indices). If l = in, then the last sum is always zero since Cn is of even order. On the

other hand, suppose l = is1 = · · · = ist for some 1 ≤ t ≤ 2n− 1, then we can find a subgroup

Hl consisting of the permutations that fix any one of the s1, . . . , st. Since CTλn
is even, then

subgroup Hl has to be even as well by Lagrange’s theorem. Therefore, the last sum is∑
σ∈Cn

Sgn(σ)δλlin,iσ(n+1),...,iσ(2n−1)
=
∑
σ∈Hl

Sgn(σ)δ2 = 0

By the same argument for the other sum, when we fix r, this shows that A-module M

with the A-linear map T is a n-Com algebra. Note that this can fail when n = 2, as it is not

generally associative.
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Example 4.2.1.4. Here is an example derived from geometry. Let X = Rn for n ≥ 1 and

let V ect(X) be the collection of vector fields on X. The space V ect(X) is a C∞(X)-module

of finite rank with basis ∂
∂xi for i = 1, . . . , N . Pick a section π ∈ Γ(Sm(T ∗M) ⊗ TM) for

m ≥ 3 expressed as

π =
∑

i1≤···≤im

∑
k

δki1,...,imdx
i1 ⊗ · · · ⊗ dxim ⊗ ∂

∂xk

where

δki1,...,im =

1 if k ∈ {i1, . . . , im}

0 if otherwise

.

Note that δki1,...,im is symmetric in the i1, . . . , im indices. We can define a m-ary multiplication

on V ect(X) through πm : V ect(X)⊗Rm → V ect(X) defined as

πm(V1, . . . , Vm) = π(V1, . . . , Vm) =
∑

i1,...,im,k

δki1,...,imV1(x
i1) · · ·Vn(xim)

∂

∂xk
.

On the basis elements of V ect(X), we have

πm

(
∂

∂xj1
, . . . ,

∂

∂xjm

)
=
∑
k

δkj1,...,jm
∂

∂xk

This is exactly the case as in example 4.2.1.3 with δ = 1 and this gives V ect(X) a n-Com

algebra structure.

Explicitly, if X = R and m ≥ 2, we have

πm(V1, . . . , Vm) = V1(x) · · ·Vm(x)
d

dx

and one can easily see this satisfies the relation for a n-Com algebra for m ≥ 2.

In the next few sections we will explore more constructions and examples of n-Com

algebras.
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4.2.2 Associative Algebra induced by n-Com algebra

In this section, we will show that we can construct an associative algebra from some certain

operators on a n-Com algebra A. As a motivation, suppose C is a Com-algebra, then it is

very natural to construct µc : C → C for every c ∈ C such that µc(a) = ca. We can combine

these together to get elements of the endomorphism ring µc ∈ End(C) of C, which is usually

not commutative. But if we take the subcollection of µc, these are in the center of End(C)

using the commutativity and associativity of C.

Let C be any n-Com algebra and we have the associative algebra End(C) of endomor-

phisms of C, and we will construct similar endomorphisms as µc for this case. In this case,

because our algebras are not necessarily associative, these new elements will not necessarily

commute.

Definition 4.2.2.1. Let C be a n-Com algebra with multiplication mn and let y1, . . . , yn−1 ∈

C, then we define χy1,...,yn−1 = mn(y1, . . . , yn−1,−), which is a endomorphism of C. Let Γ(C)

be the sub associative k-algebra of End(C) generated by χy1,...,yn−1 for y1, . . . , yn−1 ∈ C.

This defines a linear map χ : Sn−1(C) → End(C), where Sn−1(C) = (C⊗n−1)Σn−1 is the

n− 1th symmetric power of C.

The following lemma is just a consequence of the definition of χ and the relation we

have in n-Com algebras. To make the presentation clearer, let Ĉn be the subgroup of Σ2n−2

generated by the transpositions (1 n), . . . , (n− 1 2n− 2).

lemma 4.2.2.1. For any y1, . . . , yn−1, yn, . . . , y2n−2 ∈ C we have

∑
σ∈Ĉn

Sgn(σ)χyσ(1),...,yσ(n−1)
χyσ(n),...,yσ(2n−2)

= 0 (4.3)

and for any z1, . . . , zn−2, x, y ∈ C

χz1,...,zn−2,x(y) = χz1,...,zn−2,y(x).
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We can rewrite the equation 4.3∑
σ∈Ĉn
σ(1)=1

Sgn(σ)χy1,yσ(2),...,yσ(n−1)
χyn,yσ(n+1),...,yσ(2n−2)

=
∑
σ∈Ĉn
σ(1)=n

Sgn(σ)χyn,yσ(2),...,yσ(n−1)
χy1,yσ(n+1),...,yσ(2n−2)

= (−1)n−2
∑
σ∈Ĉn
σ(1)=n

Sgn(σ)χyn,yσ(n+1),...,yσ(2n−2)
χy1,yσ(2),...,yσ(n−1)

.

Proof. This is just an easy consequence of the definition of n-Com algebra.

Example 4.2.2.1. Here we will explore the equation ?? for different n and see how far it is

from being commutative.

• For n = 2, we have

χyχz = χzχy

which is exactly what we should expect since χy(b) = yb.

• For n = 3, we obtain the equations

χy1,y2χy3,y4 − χy1,y4χy3,y2 = −(χy3,y4χy1,y2 − χy3,y2χy1,y4)

• For n = 4, we have the equations

χy1,y2,y3χy4,y5,y6 − χy1,y5,y3χy4,y2,y6 − χy1,y2,y6χy4,y5,y3 + χy1,y5,y6χy4,y2,y3

= χy4,y5,y6χy1,y2,y3 − χy4,y2,y6χy1,y5,y3 − χy4,y5,y3χy1,y2,y6 + χy4,y2,y3χy1,y5,y6

Now suppose C is a finite-dimensional n-Com algebra with basis e1, . . . , em, and we can

define

χi1,...,in := χei1 ,...,ein
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for all i1, . . . , in ∈ [m].

If V is a m-dimensional vector space with basis e1, . . . , em, then define the k-linear maps

γji : V → V for any i, j ∈ [m] such that

γji (et) =

ej if t = i

0 otherwise.

It is clear that the γji satisfy γji γ
s
r = δsi γ

j
r for all i, j, r, s ∈ [m], where δsi is 1 if i = s and 0

otherwise. Therefore, γji in matrix form is the matrix with 0’s everywhere, and 1 at position

(i, j) where i is the column and j is the row, which the collection gives a basis for Mm(k).

lemma 4.2.2.2. If C is finite dimensional n-Com algebra with basis e1, . . . , em, then∑
σ∈Ĉn

Sgn(σ)χiσ(1),...,iσ(n−1)
χiσ(n),...,iσ(2n−2)

= 0

for any i1, . . . , i2n−2 ∈ [m]. Furthermore, for any i1, . . . , in−2, i, j ∈ [m] we have

χi1,...,in−2,iγ
j
i = χi1,...,in−2,jγ

i
i .

Proof. The first equation is the obvious consequence of the definition of n-Com algebra.

Furthermore, we have

χi1,...,in−2,iγ
j
i (er) =

χi1,...,in−2,i(ej) if r = i

0 otherwise

=

χi1,...,in−2,j(ei) if r = i

0 otherwise

= χi1,...,in−2,jγ
i
i(er).

The last lemma shows how we can systematically figure out when a finite-dimensional

vector space has a n-Com algebra structure. In particular, we will show that finite dimen-

sional vector spaces that are left modules over a particular associative algebra give n-Com

algebra structure.



64

Definition 4.2.2.2. For m ≥ 1 let ∇m be the associative k-algebra

∇m = k⟨ξji | 1 ≤ i, j ≤ m⟩/Im

where Im is the ideal generated by

ξji ξ
s
r − δi,sξ

j
r .

The associative k-algebra ∇m is finite dimensional with basis 1 and ξji for all i, j, i.e. we

have ∇m = k ⊕ (
⊕

i,j kξ
j
i ). In some cases we don’t even need the unit in ∇m, so we define

∇m to be the non-unital k-algebra generated by only ξji for all i, j. In particular, we have

∇m is isomorphic to the subalgebra of Mm(k) generated by the matrices with only a 1 in the

(i, j)-spot and zero everywhere else, and the identity matrix.

For any m, there is a natural algebra homomorphism ∆m : ∇m → End(V ) for any m-

dimensional vector space V by sending ∆m(ξ
j
i ) = γji . Next, we will show that if M is a

module over ∇m with vector space dimension m and has a non-trivial action then we can

apply a change of basis to get the action through γji .

lemma 4.2.2.3. If we have a k-algebra homomorphism F : ∇m → End(V ) such that F (ξji ) ̸=

0 for some i, j, then there exists an k-algebra isomorphism φ : End(V ) → End(V ) such that

∇m End(V ) End(V )F

∆m

φ

commutes.

Proof. Let hji = F (ξji ) and we will show hji is a basis for End(V ). We know dim(End(V )) is

of dimension m2 so we just need to show it is linearly independent. Suppose hts ̸= 0, then by

the relations in ∇m we have

hts = htjh
j
s = htih

i
jh

j
s
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and since hts ̸= 0, then we must have hij ̸= 0 for all i, j. Furthermore, if we let
∑

i,j ai,jh
j
i = 0

then we can multiply it on the right by hst to get

0 =
∑
i,j

ai,jh
j
ih

s
t =

∑
i,j

ai,jδ
s
ih

j
t = as,jh

j
t

which shows as,j = 0 and hence this shows linear independence. Therefore, hji gives a basis

for End(V ) and gives us a way to define a k-algebra isomorphism φ : End(V ) → End(V ) by

sending hji to γ
j
i and we get the following commutative diagram

∇m End(V ) End(V ).F

∆m

φ

The last lemma states that as long as we have a non-trivial action of ∇m on a m-

dimensional vector space then we can go through a change of basis to get the action through

γji .

Furthermore, we can define the following associative k-algebra with the correct relations

needed for particular modules over it to have a n-Com algebra structure, but note that

not every m-dimensional module will have a n-Com algebra structure as we need some

compatibility with ∇m.

Definition 4.2.2.3. Let n ≥ 2 and m ≥ 1. Define the associative k-algebra Ωn,m to be

Ωn,m := k⟨xi1,...,xn−1 : i1, . . . , in−1 ∈ [m]/Jn,m

where Jn,m is generated by ∑
σ∈Ĉn

Sgn(σ)xiσ(1),...,iσ(n−1)
xiσ(n),...,iσ(2n−2)

(4.4)

for i1, . . . , i2n−2 ∈ [m] and by

xiσ(1),...,iσ(n−1)
− xi1,...,xn−1

for i1, . . . , in−1 ∈ [m] and τ ∈ Σn−1.



66

Note that Ωn,m is a locally finite connectedN-graded algebra, i.e. the 0 degree component

is just k. Furthermore, Ωn,m is a quadratic algebra, since we can take V be the finite

dimensional vector space with basis elements xi1,...,in−1 for i1, . . . , in−1 ∈ [m] with the natural

Σn−1 action acting on the indices and we have Ωn,m = T (VΣn−1)/(R) where R is the relation

in equation 4.4. We can combine both Ωn,m and ∇m to obtain the free product Ωn,m⋆∇m,

which is the coproduct in the category of associative k-algebras:

Ωn,m ⋆∇m = k⟨xi1,...,in−1 , ξ
j
i : i1, . . . , in−1, i, j ∈ [m]⟩/Jn,m ⋆ In,m (4.5)

with Jn,m ⋆ In,m is generated by the relations in Jn,m and In,m. Note that if V is a module

over Ωn,m which is also m-dimensional vector space then it is a module over the free product

Ωn,m ⋆∇m using the γji actions. But this is not enough give us a n-Com algebra structure

as we need the compatibility condition xi1,...,in−2,iξ
j
i = xi1,...,in−2,jξ

i
i . In particular, we define

Γn,m = Ωn,m ⋆∇m/Wn,m where Wn,m is generated by

xi1,...,in−2iξ
j
i − xi1,...,xn−2,jξ

i
i (4.6)

for all i1, . . . , in−2, i, j ∈ [m].

lemma 4.2.2.4. Let V be a m-dimensional vector. The space V has a n-Com algebra

structure if and only V is a left Γn,m-module with at least one of the ξji acts non-trivially on

V .

Proof. If V is a n-Com algebra structure, then by lemma 4.2.2.2 we have a k-algebra homo-

morphism F : Γn,m → End(V ) with F (ξji ) ̸= 0 for all i, j.

On the other hand, suppose V is a left Γn,m-module with ξts acts non-trivally on V for

some s, t. Then we have a k-algebra homomorphism F : Γn,m → End(V ) with F (ξts) is non-

zero. Then by lemma 4.2.2.3 there is a change of basis such that we have the commutative

diagram

∇m

Γn,m End(V ) End(V )F
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where F (ξji ) gets sent to γ
j
i in End(V ). This composition shows that we can induce a n-Com

algebra structure on V .

In particular, this gives us the following definition for modules in Ωn,m.

Definition 4.2.2.4. Let n ≥ 2 and m ≥ 1. We say a Ωn,m-module V is a n-Com module

algebra if and only if V is m-dimensional and we have

xi1,...,in−2iγ
j
i (v) = xi1,...,in−2,jγ

i
i(v)

for all v ∈ V and i1, . . . , in−2, i, j ∈ [m].

If V and W are isomorphic as n-Com module algebras, then they are isomorphic as

n-Com algebras, by taking appropriate changes of basis. This change of perspective gives

us a way to study finite dimensional n-Com algebras through the tools on modules over an

associative k-algebra. Note that in general, Ωn,m and Γn,m are not finite dimensional algebras

and, in general, not commutative for n > 2 and m > 1.

Let m ≥ 1 and let Iji be the m × m matrix with a 1 in the ith column and in the

jth row and zero everywhere else, which gives a basis for Mm(k). If we have the matrix

A = (ai,j) ∈Mm(k) with

A =


a1,1 a1,2 · · · a1,m

a2,1 a2,2 · · · a2,m
...

... · · ·
...

am,1 am,2 · · · am,m


then AIji extracts the jth column of A and puts it at the ith column, i.e. we have

AIji =


0 · · · a1,j · · · 0

0 · · · a2,j · · · 0
... · · ·

... · · · 0

0 · · · an,j · · · 0


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corollary 4.2.2.5. Let n ≥ 2 and m ≥ 1. An m-dimensional vector space V is a n-Com

algebra if and only if we can find matrices Xi1,...,in−1 ∈Mm(k) for i1, . . . , in−1 ∈ [m] such that∑
σ∈Cn

Sgn(σ)Xiσ(1),...,iσ(n−1)
Xiσ(n),...,iσ(2n−2)

= 0,

Xi1,...,in−1 = Xiσ(1),...,iσ(n−1)

for σ ∈ Σn−1, and

Xi1,...,in−2,iI
j
i = Xi1,...,in−2,jI

i
i

for all i1, . . . , in−2, i, j ∈ [m].

Example 4.2.2.2. • For the case n = 2 and m ≥ 1, we have

Ω2,m = k[x1, . . . , xm]

and

Γ2,m
∼=
k[x1, . . . , xm] ⋆∇m

(xih
j
i − xjhii)

.

If V is a m-dimensional Γ2,m-module with ξji acts through γji , then V has a 2-Com

algebra structure by defining eiej = xi(ej) = xj(ei), which is a non-unital commutative

associative k-algebra. Hence, to find the commutative algebras of dimension m, one

just needs to find a collection of m commuting matrices with the additional property

XiI
j
i = XjI

i
i .

• For any n ≥ 2 and m = 1 we have

Ωn,1 = k[x]

and hence the n-Com algebras of dimension 1 are very easy to describe, i.e. we just

have mn(e, . . . , e) = λe for any λ ∈ k.
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4.2.3 3-Com algebras of dimension m

For this section, we will use the algebras Ω3,m to help us find examples of 3-Com algebras of

dimension m. By definition, the algebra Ω3,m has generators xi,j for i, j ∈ [m] with xi,j = xj,i

and relations

xi,jxs,t − xi,txs,j − xs,jxi,t + xs,txi,j = 0.

Note that if i = j and s or t is i then this gives us trivial relations and does not give us

anything new.

lemma 4.2.3.1. For m ≥ 2, the only non-trivial relations in Ω3,m are

xi,ixs,t − xi,txs,i − xs,ixi,t + xs,txi,i = 0

for 1 ≤ s < t ≤ m with s, t ̸= i for all 1 ≤ i ≤ m and

xi,ixj,j + xj,jxi,i = 2x2i,j

Proof. Through the relations, if i ̸= j, then we have the relations

xi,ixj,j − xi,jxj,i − xj,ixi,j + xj,jxi,i = 0

which simplifies down to

xi,ixj,j + xj,jxi,i = 2x2i,j.

On the other hand, if 1 ≤ s < t ≤ m with s, t ̸= i then we have

xi,ixs,t − xi,txs,i − xs,ixi,t + xs,txi,i = 0

which is non-trivial since s, t are not equal to i, otherwise if one of the s or t was equal to i,

say t, then we would have xi,ixs,i and xs,ixi,i repeat and hence gives a trivial relation.
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We will focus on the casee m = 2 and use this to find the simple 3-Com algebras. In this

case, the algebra Ω3,2 is

Ω3,2 =
k⟨x, y, z⟩

(xz + zx− 2y2)

where in the original notation we have x = x1,1, y = x1,2 = x2,1 and z = x2,2. We won’t need

it for the results in this section, but by the work in [30], the algebra Ω3,2 is a non-Noetherian

AS-regular algebra of global dimension 2 and Gorenstien index 0.

To find examples of 3-Com algebras of dimension 2 we need to find matrices X, Y, Z ∈

M2(k) such that

XZ + ZX = 2Y 2

with XI21 = Y I11 and ZI12 = Y I22 . If we have

X =

a1,1 a1,2

a2,1 a2,2

 Z =

b1,1 b1,2

b2,1 b2,2

 (4.7)

then the relations XI21 = Y 1
1 and ZI12 = Y 2

2 tell us the the first column of Y is the second

column of X and the second column of Y is the first column of Z, i.e. we have

Y =

a1,2 b1,1

a2,2 b2,1.


With this, we can find an entire family of 3-Com algebras of dimension 2 when we are over

the field C of complex numbers.

Proposition 4.2.3.2. If k = C and V is a 2-dimensional vector space over k and suppose

X, Y, Z ∈ M2(k) such that XZ + ZX = 2Y 2 and XI21 = Y I11 and ZI12 = Y I22 , then X

is diagonalizable. The matrices X, Y, Z can only be one of the following cases, where X =λ1 0

0 λ2

.
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• If λ1 = λ2, then we have

X =

λ1 0

0 λ1

 Z =

b1,1 b1,2

b2,1 b2,2

 Y =

 0 b1,1

λ1 b2,1


where λb1,2 = b1,1b2,1 and λ(b2,2 − b1,1) = b22,1 i.e. we have λZ = Y 2.

• If λ1 ̸= λ2, then we have the following cases.

– If λ1 = 0, then we have

X =

0 0

0 λ2

 Z =

0 0

0 0

 Y =

 0 0

λ2 0

 .

– If λ2 = 0, then we have

X =

λ1 0

0 0

 Z =

0 0

0 0

 Y =

0 0

0 0

 .

– If λ1 and λ2 are both non-zero, then

X =

λ1 0

0 λ2

 Z =

0 0

0 0

 Y =

 0 0

λ2 0


or

X =

−λ2 0

0 λ2

 Z =

0 b1,2

0 0

 Y =

 0 0

λ2 0

 .

Proof. Since we are over C, we can find the Jordan canonical form for the matrix X by a

change of basis in V , i.e. it is of the form

λ 1

0 λ

 or

λ1 0

0 λ2

 . Suppose for a contradiction

X is of the form

λ 1

0 λ

 and let Z be as in equation 4.7 so that Y becomes the matrix
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1 b1,1

λ b2,1

. Computing XZ + ZX and 2Y 2 we obtain

XZ + ZX =

2λb1,1 + b2,1 2λb2,1 + b1,1 + b2,2

2λb1,2 2λb2,2 + b1,2


2Y 2 =

 2 + 2λb1,1 2b1,1 + 2b1,1b1,2

2λ+ 2λb1,2 2λb1,1 + 2b212

 .

Since both of these have to be equal to each other, then we must have

2λ+ 2λb1,2 = 2λb1,2

2λb1,1 + b2,1 = 2 + 2λb1,1

and hence λ = 0 and b2,1 = 2. But this would imply

2 · 22 = 2b21,2 = b1,2 = 2

on the (2, 2)-position of the matrices, which is a contradiction. Therefore, X must be diag-

onalizable with the geometric and algebraic multiplicities are the same, i.e. X =

λ1 0

0 λ2


for some λ1, λ2 ∈ k. In this case and going through the equations we have

XZ + ZX =

 2λ1b1,1 (λ1 + λ2)b1,2

(λ1 + λ2)b2,1 2λ2b2,2


2Y 2 =

2λ2b1,1 2b1,1b2,1

2λ2b2,1 2λ2b1,1 + 2b22,1

 .

If λ1 = λ2 = λ, then we get ZX+XZ = 2Y 2 if and only if λb1,2 = b1,1b2,1 and λ(b2,2−b1,1) =

b22,1. On the other hand, if λ1 ̸= λ2, then equating both of these equations, we obtain

(λ1 − λ2)b1,1 = 0

(λ1 + λ2)b2,1 − 2λ2b2,1 = (λ1 − λ2)b2,1 = 0
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which implies b2,1 = b1,1 = 0, since λ1 and λ2 are distinct. This simplifies the equations to

(λ1 + λ2)b1,2 = 0

λ2b2,2 = 0

in this case.

This gives us a few cases for b1,2, b2,2 and the eigenvalues λ1, λ2. If λ2 = 0 or λ1 = 0 then

we must have b2,2 = b1,2 = 0 and hence Z is the zero matrix. On the other hand, if both λ1

and λ2 are not zero, then we must have b2,2 = 0 and either b1,2 = 0 or λ1 = −λ2. This gets

us all of our possible matrices X, Y, Z which satisfies the equations.

The last lemma shows what all the possible 3-Com algebra structures are on 2-dimensional

C vector space as shown by the next lemma, which gives the explicit 3-arity multiplications.

lemma 4.2.3.3. If V is a 2-dimensional C-vector space with basis e1, e2, with a 3-Com

algebra structure m3, then m3 can is one of the following structures.

(1) Let λ ∈ k and b1,1, b1,2, b2,1, b2,2 ∈ k such that λb1,2 = b1,1b2,1 and λ(b2,2 − b1,1) = b22,1

then

m3(e1, e1, e1) = λe1 m3(e1, e1, e2) = λe2

m3(e1, e2, e2) = b1,1e1 + b2,1e2 m3(e2, e2, e2) = b1,2e1 + b2,2e2.

(2) Let λ1, λ2 ∈ k such that λ1 ̸= λ2, then we have the following cases.

(a) If λ1 = 0, then

m3(e1, e1, e1) = 0 m3(e1, e1, e2) = λ2e2

m3(e1, e2, e2) = 0 m3(e2, e2, e2) = 0.

(b) If λ2 = 0, then we have

m3(e1, e1, e1) = λ1e1 m3(e1, e1, e2) = 0

m3(e1, e2, e2) = 0 m3(e2, e2, e2) = 0.
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(c) If λ1 and λ2 are both non-zero, then we either have

m3(e1, e1, e1) = λ1e1 m3(e1, e1, e2) = λ2e2

m3(e1, e2, e2) = 0 m3(e2, e2, e2) = 0

or we have λ1 = −λ2 and some b ∈ k such that

m3(e1, e1, e1) = −λ2e1 m3(e1, e1, e2) = λ2e2

m3(e1, e2, e2) = 0 m3(e2, e2, e2) = be1.

Later in chapter 5, we will show from the examples we constructed above, only one

of them is simple, up to isomorphism. To do this, we will develop some useful tools and

invariants to determine when a 3-Com algebra is simple.

4.2.4 Module n-Com algebras

In this section we will give a construction on any module over a commutative algebra R

equipped with a R-module homomorphism into R and construct a n-Com algebra. For this

section, we let R be any commutative k-algebra and ModR be the category of R-modules.

Definition 4.2.4.1. Let R be a commutative k-algebra. An augmented R-module is a R-

module M equipped with an R-module homomorphism f : M → R. Let ModAug
R be the

category consiting of augmented R-modules (M, fM), where a morphism F : (M, fM) →

(N, fN) is a R-module homomorphism F : M → N such that fNF = fM . Furthermore,

there is a forgetful functor ModAug
R →ModR.

Example 4.2.4.1. Here, we will give examples of augmented R-modules, and we will use

these later to define examples of n-Com algebras.

• Let M = R[x1, . . . , xn] be the polynomial ring over R. Let a = (a1, . . . , an) ∈ Rn and

define eva :M → R as eva(f(x)) = f(a), which is an R-module homomorphism.
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• Let F be a free module over R with generating set E. For each x ∈ E, there is a unique

linear combination x =
∑

e∈E aee where all but a finite number of the ae are non-zero.

Then we can define π : F → R as π(x) =
∑

e∈E ae, which is a finite sum and unique.

In particular, F = R, then π = idR. For R-module homomorphisms R → R, these are

parameterized by elements a ∈ R by defining σa : R → R as σa(b) = ab.

• Suppose M is a R-module and (N, fN) is an augmented R-module, then we can make

HomR(M,N) into an augmented HomR(M,R)-module, where HomR(M,R) is a com-

mutative R-algebra with product (f · g)(a) = f(a)g(a), with the augmentation

HomR(M,N) HomR(M,R).
f∗
M

• If (M, fM) and (N, fN) are augmented R-modules, then M ⊗R N is an augmented

R-module with augmentation

fM ⊗ fN :M ⊗R N → R⊗R R ∼= R.

• Let GLn(R) be the general linear group of n × n invertable matrices. We can induce

the determinant map to a R-algebra homomorphism det : R[GLn(R)] → R.

• Let Mn(R) be the R-algebra of n × n matrices over R. Then we have the R-module

homomorphism Tr :Mn(R) → R, which is just the ordinary trace map.

• Given a Hopf algebra (H,m, u,∆, ε) over R, then the counit ε : H → R defines a

R-module homomorphism.

If g : R → S is a morphism of k-algebras, then −⊗RS defines a functor from the category

ModAug
R to ModAug

S . Furthermore, submodules of an augmented R-module are augmented

in a natural way.

Next, we can use a augmented R-moduleM to define a n-arity multiplication onM based

on the augmented map.
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Definition 4.2.4.2. Let R be a commutative k-algebra and M is an augmented R-module

with augmentation f :M → R. Define µf
n :M⊗n →M as

µf
n(m1, . . . ,mn) =

n∑
i=1

f(m1) · · · f̂(mi) · · · f(mn)mi (4.8)

for m1, . . . ,mn ∈ M and where f̂(mi) means to take it out of the product. We denote by

M(f) =M for the space M with the product µf
n.

Note that the multiplication µf
n is not generally associative, even in the case n = 2. But,

this is enough to satisfy the n-Com relation as shown next.

Proposition 4.2.4.1. Let R be a commutative k-algebra and M is a augmented R-module

with augmentations f : M → R. The space (M(f), µf
n) is a n-Com algebra. Furthermore,

the construction defines a functor Ln
R : ModAug

R → Algn-Com sending (M, f) to (M(f), µf
n)

and sending a morphism F to Ln
R(F ) = F .

Proof. For m1, . . . ,m2n−1 ∈M we have∑
σ∈Cn

Sgn(σ)µf
n(µ

f
n(mσ(1), . . . ,mσ(n−1),mn),mσ(n+1), . . . ,mσ(2n−1)

=
∑
σ∈Cn

n−1∑
i=1

f(mσ(1)) · · · ̂f(mσ(i)) · · · f(mσ(n−1))f(mn)µ
f
n(mσ(i),mσ(n+1), . . . ,mσ(2n−1))

+
∑
σ∈Cn

sgn(σ)f(mσ(1)) · · · f(mσ(n−1))µ
f
n(mn,mσ(n+1), . . . ,mσ(2n−1))

=
∑
σ∈Cn

n−1∑
i=1

sgn(σ)f(mσ(1)) · · · ̂f(mσ(i)) · · · f(mσ(2n−1))mσ(i)

+
∑
σ∈Cn

n−1∑
i=1

2n−1∑
j=n+1

sgn(σ)f(mσ(1)) · · · ̂f(mσ(j)) · · · f(mσ(2n−1))mσ(j)

+
∑
σ∈Cn

sgn(σ)f(mσ(1)) · · · f̂(mn) · · · f(mσ(2n−1))mn

+
∑
σ∈Cn

2n−1∑
j=n+1

sgn(σ)f(mσ(1)) · · · ̂f(mσ(j)) · · · f(mσ(2n−1))mσ(j).
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In each of these sums, we can rewrite

∑
σ∈Cn

sgn(σ)f(mσ(1)) · · · ̂f(mσ(i)) · · · f(mσ(2n−1))

=
∑
σ∈Cn
σ(i)=i

sgn(σ)f(m1) · · · f̂(mi) · · · f(m2n−1)mi

+
∑
σ∈Cn

σ(i)=n+i

sgn(σ)f(m1) · · · ̂f(mn+i) · · · f(m2n−1)mn+i = 0.

Hence, this gives M a n-Com algebra structure.

For the functorial part, suppose F : (M, fM) → (N, fN), then F defines a n-Com algebra

morphism since for any m1, . . . ,mn we have

FµfM
n (m1, . . . ,mn) =

n∑
i=1

fA(m1) · · · f̂A(mi) · · · fA(mn)F (mi)

=
n∑

i=1

fB(F (m1)) · · · ̂fB(F (mi)) · · · fB(F (mn))F (mi)

= µfB
n (F (m1), . . . , F (mn)).

Example 4.2.4.2. • Let a ∈ R and let σa : R → R be the R-module homomorphism

defined in example 4.2.4.1. Then this induces a n-Com algebra structure on R by

µσa(r1, . . . , rn) =
n∑

i=1

(ar1) · · · âri · · · arnai

=
n∑

i=1

an−1r1 · · · rn

= nan−1r1 · · · rn.

• Let n ≥ 1 and let π : Rm → R be the augmentation from example 4.2.4.1. Then Rm
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obtains the n-Com algebra structure

µπ((a11, . . . , a
1
m), . . . , (a

n
1 , . . . , a

n
m)) =

n∑
i=1

(
m∑

j1=1

a1j1) · · ·
̂

(
m∑

ji=1

aiji) · · · (
m∑

jn=1

anjn)(a
i
1, . . . , a

i
m)

=
n∑

i=1

∑
(j1,...,ĵi,...,jn)∈[m]n−1

a1j1 · · · â
i
ji
· · · anjn(a

i
1, . . . , a

i
m)

• If (M, fM) and (N, fN) are augmented R-modules and M ⊗R N has its induced aug-

mented R-module structure as in example 4.2.4.1, then it has a n-Com algebra structure

with

µfM⊗fN ((a1 ⊗ b1), . . . , (an ⊗ bn))

=
∑
i=1

fM(a1)fN(b1) · · · f̂M(ai)f̂N(bi) · · · fM(an)fN(bn)ai ⊗ bi.

• Let det : R[GLn(R)] → R be the induced map from the determinant map. Then

R[GLn(R)] has a n-Com algebra structure µdet with

µdet(A1, . . . , An) =
n∑

i=1

det(A1 · · · Âi · · ·An)Ai

for A1, . . . , An ∈ GLn(R). More generally, given any group homomorphism G → R×,

this induces a R-algebra homomorphism f : R[G] → R, and hence we can induce a µf
n

on R[G] to give it a n-Com algebra structure.

• Let Tr :Mn(R) → R be the ordinary trace map and we have a n-Com algebra structure

on Mn(R) with

µTr
n (A1, . . . , An) =

n∑
i=1

Tr(A1) · · · T̂ r(Ai) · · ·Tr(An)Ai.

• Let A = R[x1, . . . , xm] be the polynomial ring over R and let p = (p1, . . . , pm) ∈

Rm. Then mp = (x1 − p1, . . . , xm − pm) is a maximal ideal, which is the kernel of
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the augmentation map evp : R[x1, . . . , xm] → R. Then we can define µ
evp
n to give

R[x1, . . . , xm] a n-Com algebra structure with

µevp(f1, . . . , fm) =
n∑

i=1

f1(p) · · · f̂i(p) · · · fn(p)fi(x).

Note that if f1, . . . , fn are homogeneous polynomials of degree r, then µ
evp
n (f1, . . . , fn) is

a homogeneous polynomial of degree r by definition. So each of the graded components

of the polynomial ring are also n-Com algebras.

Since ker(evp) = mp, then mt
p ⊆ mp and hence we have the maps evp : A/m

t
p → R for all

t ≥ 1. We can then define Âp = limt→∞A/mt
A which has a R-algebra homomorphism

evp : Âp → R through the universal property of the limit. Therefore, we can also define

an n-Com algebra structure on Âp through

µevp([f1], . . . , [fn]) =
n∑

i=1

f1(p) · · · f̂i(p) · · · fn(p)[fi].

• Let M be any R-module and (N, fN) is an augmented R-module, then with the aug-

mentation structure on HomR(M,N) over the commutative R-algebra HomR(M,R),

we have the n-Com algebra structure

µf∗
N (h1, . . . , hn) =

n∑
i=1

(fN ◦ h1) · · · f̂N ◦ hi · · · (fN ◦ hN)hi.

4.2.5 Quadratic Representation for n-Comd

To construct the operad associated to n-Com algebras of degree d, we will find a certain

submodule of F (H∨
n,d)(2n − 1) that is isomorphic to ↑2d S(n,n−1), the Specht module with

respect to the partition (n, n− 1) of 2n− 1. This will give us exactly the relations we want

for our n-Com algebras as defined in definition 4.2.1.1. Let Ln,d = F (Hn,d)
(2)(2n−1) and

Sn,d be a sub k[Σ2n−1]-module of Ln generated by

sn,d =
∑

σ∈CTλ

Sgn(σ)uσ{n+1,...,2n−1} =
∑

σ∈CTλ

Sgn(σ)u{σ−1(n+1),...,σ−1(2n−1)}
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which is in degree 2d.

lemma 4.2.5.1. The relation sn defined in above is exactly the relations for n-Com algebras.

Proof. Let x1, . . . , x2n−1 be formal graded elements in which µ acts on. Then we have

sn,d(x1, . . . , x2n−1) =
∑

σ∈CTλ

Sgn(σ)uσ[n+1,...,2n−1](x1, . . . , x2n−1)

=
∑

σ∈CTλ

Sgn(σ)ξ(σ, x1, . . . , x2n−1)u[n+1,...,2n−1](xσ(1), . . . , xσ(2n−1))

=
∑

σ∈CTλ

Sgn(σ)ξ(σ, x1, . . . , x2n−1)µ(µ(xσ(1), . . . , xσ(n)), xσ(n+1), . . . , xσ(2n−1)).

This gets us exactly the relations for n-Com algebras.

Since Sn,d gives us exactly the relations for a n-Com algebra of degree d, we can define

the following operad to represent these algebras.

Definition 4.2.5.1. Define the n-Comd operad to be the quadratic operad SMagn,d/(Sn,d).

From our intuition so far about n-Comd having relations coming from a Standard Young

Tableau, we should expect a relation with the irreducible representation corresponding to

the Young diagram, in fact, we will show Sn,d
∼=↑2d S(n,n−1).

Let n ≥ 2 and choose any Young tableau T of shape (n, n − 1), for each (i, j)th cell of

T , let T(i,j) represent the number in that cell. Let M (n,n−1) represent the right k[Σ2n−1]-

module generated by all (n, n − 1)-tabloids. Define Φn,d :↑2d M (n,n−1) → Ln,d by taking a

(n, n− 1)-tabloid ↑2d {T} and sending it to

Φ(↑2d {T}) = u{T(1,2),...,T(n−1,2)},

which is well-defined for any representative S ∈ {T} since they are equivalent to any permu-

tation of the rows in the Young Tableau. This gives an isomorphism between ↑2d M (n,n−1)

and Ln,d as right k[Σ2n−1]-modules through the generators.

Next, take ↑2d eTn =
∑

σ∈CTn
Sgn(σ) ↑2d {Tnσ} be the shifted (n, n − 1)-polytabloid
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corresponding to Tn as in the standard Young tableau in figure 4.2 and apply Φn,d on to this

element to obtain

Φ
(
↑2d eTn

)
=
∑

σ∈CTn

Sgn(σ)Φ(↑2d {Tnσ})

=
∑

σ∈CTn

Sgn(σ)Φ(↑2d {Tn})σ

= sn,d.

This induces an isomorphism between S(n,n−1) and Sn,d using the generators, and by the

hook length formula we have dimSn,d = dimSλn = Cn, where Cn is the nth Catalan number.

By lemma 1.3.3.2, the space M (n,n−1) decomposes into irreducible representations as

M (n,n−1) ∼= S(n,n−1) ⊕
⊕

(n,n−1)◁µ

kµ,(n,n−1)S
µ.

The only partitions µ of 2n− 1 with µ▷ (n, n− 1) are the partitions

µn,k = (n+ k, n− k − 1)

for 1 ≤ k ≤ n − 1, where if there is a 0 in the partition we ignore it. Recall from section

1.3.3.2, the Kostka numbers Kµ,λ for partitions µ and λ of n is the number of semistandard

Young tableaux of shape µ and content λ. Therefore, the number of semistandard Young

tableaux of shape µn,k with content (n, n − 1) for 0 ≤ k ≤ n − 1 is Kµn,k,(n,n−1) = 1 by a

simple observation. Therefore, we have

M (n,n−1) ∼=
n−1⊕
k=0

Sµn,k

which gives us an explicit decomposition of Ln,d through Φn as

Ln,d =
n−1⊕
k=0

Sk
n,d

where S0
n,d = Sn,d

∼= S(n,n−1) and Sk
n,d

∼= Sµn,k for 1 ≤ k ≤ n− 1.

The above decomposition shows that we can define even more operads through the other
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irreducible representations based on Sk
n,d, but in general it is unclear what these relations

would be except for some special cases.

Definition 4.2.5.2. For n ≥ 2, 0 ≤ k ≤ n − 1, and d ∈ Z, let n-Comµn,k

d be the operad

F (Hn,d)/(S
k
n,d). Note n-Com

µn,0

d = n-Comd.

For an example with µn,n−1 = (2n− 1), suppose we take sn−1
n,d =

∑
a1<···<an−1

u{a1,...,an−1}

which gives us a 1-dimensional sub-representation which is equal to Sn−1
n,d . Therefore, we

have Sn−1
n,d generated by sn−1

n,d defined above, and this gives us a way to describe the algebras

over the operad n-Com
(2n−1)
d . A better way to describe the relation sn−1

n,d is as follows:

since we want to essentially permute through all possible distinct sets {a1, . . . , an−1} such

that a1 < · · · < an−1, this is the same as looking at all {σ(n + 1), . . . , σ(2n − 1)} for all

σ ∈ Sh(n, n− 1). Since being even or an odd permutation does not produce any signs then

we can rewrite the relation as ∑
σ∈Sh(n,n−1)

u{σ(n+1),...,σ(2n−1)},

which gives us a way to write the relation for the algebras.

Definition 4.2.5.3. An n-Com algebra of type µn,n−1 = (2n − 1) of degree d is a graded

k-module C with a degree d symmetric operation mn : C⊗n → C such that∑
σ∈Sh(n,n−1)

ξ(σ, v1, . . . , vn)mn(mn(vσ(1), . . . , vσ(n)), vσ(n+1), . . . , vσ(2n−1)) = 0

More generally, can we find a description for the algebras over n-Com
µn,k

d for any 0 ≤

k ≤ n− 1?

More generally, for any µn,k, we can define S
µn,k

n,d to be the sub k[Σ2n−1] module of Ln

generated by

s
µn,k

n,d =
∑

σ∈Cn,k

Sgn(σ)uσ{n+1,...,2n−1}
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Chapter 5

EIGEN-ALGEBRAS AND SIMPLE 3-COM ALGEBRAS
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To study simple finite dimensional associative k-algebra, one usually finds idempotents

in the space and uses it to try to decompose the underlying algebra into smaller pieces. In

particular, the classical non-commutative simple k-algebras are the matrix k-algebras, which

has a basis of orthogonal idempotents, and one can show that if an algebra has such a basis,

then it is isomorphic to a matrix algebra.

For the non-associative world, one can still define idempotents, but it becomes a lot

harder to use the decomposition of the space as the lack of associativity makes it harder

to define ’nice’ ideals and subalgebras. A central tool called the Peirce decomposition is

used to study non-associative algebras and extract useful information for them. These were

used effectively for Jordan algebras to give a general description for their decomposition and

determine when they are simple, see [5]. There, they were able to show that Jordan algebras

can contain only the Peirce numbers 0, 1
2
, 1 and the eigenspace corresponding to 1

2
determines

when a Jordan algebra is simple or not. Furthermore, one can study the geometry of the

underlying space of idempotents as in [14], which can help determine how many idempotents

a ’generic’ non-associative commutative k-algebras one has.

Here, we will define simple n-Com algebras, idempotents, ideals, and the Peirce decom-

position in this case. We will then focus on finite-dimensional 3-Com algebras and use the

Peirce decomposition to extract some important invariants and conditions for when they are

simple. The Peirce decomposition for 3-Com algebras has a particular algebraic structure

that is almost commutative associative up to some 3-arity factor and contains commutative

associative unital k-algebras coming from the eigenvalue 1 for the corresponding idempotent.

Furthermore, we briefly talk about non-degenerate 3-Com algebras and show that we can

define a symmetric bilinear form on 3-Com algebras that is associative with respect to the

3-arity multiplication; this is the analog of the Killing form on Lie algebras. Furthermore, we

define a non-degenerate 3-Com algebra to be such that the bilinear form is non-degenerate

and show that we can decompose such a 3-Com algebra as a direct product of simple 3-Com

algebras.
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5.1 Eigen-Algebras

In lots of finite dimensional structures, we would like to explore the eigenvalues coming from

the endomorphisms induced by the elements in that space. This provides a tractable way to

understand the underlying structure by decomposing the space into its eigenspaces. In this

section, we will define a commutative structure that is associative up to some 3-arity function.

Later in section 5.2, we show that eigen-algebras arise naturally from 3-Com algebras, which

gives us a binary operation one can potentially use to study algebra.

Definition 5.1.0.1. A eigen-algebra is a graded space A =
⊕

i∈k Ai, where we denote α(x) =

i for homogenous elements x ∈ Ai, equipped with a symmetric product m : A ⊗ A → A, a

symmetric 3-arity map f : A⊗3 → A, and a element e ∈ A1 satisfying the following properties.

• The product is graded such that for i, j ∈ k, we have m(Ai, Aj) ⊆ Ai+j−1.

• The element is a ”eigen”-unit in the sense

m(e, a) = α(a)a

for any homogenous element a ∈ A.

• The productm is associative up to a affine factor of f in the following way: if x, y, z ∈ A

are homogenous elements, then

m(m(x, y), z)−m(x,m(y, z)) = (α(x)− α(z))f(x, y, z).

• Finally, the function f satisfies the following compatibility condition:

m(f(x1, x2, x3), x4)−m(x1, f(x2, x3, x4)) = f(m(x1, x3), x2, x4)− f(x1, x2,m(x3, x4))

for all elements x1, x2, x3, x4 ∈ A.

We denote eigen-algebras as (A,m, e, f).
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From the definitions, we can see that we can define an endomorphism µe = (e,−) and

we can see that Ai are the eigenspaces concerning the eigenvalue i; this is the reasoning for

the name on e.

lemma 5.1.0.1. If (A,m, e, f) is a eigen-algebra, then A1 is a unital commutative associative

k-algebra. Furthermore, Ai has a A1-action, which is associative up to some factor of f :

m(m(x, y)h) = m(x,m(y, h)) + (1− α(h))f(x, y, h)

for x, y ∈ Ce(1) and h ∈ Ai.

Proof. First, by definition, m(A1, A1) ⊆ A1 and hence m can be restricted to a well-defined

binary operation on A1. Furthermore, if x, y, z ∈ A1, then we have

m(m(x, y), z)−m(x,m(y, z)) = (1− 1)f(x, y, z) = 0

and this shows A1 is associative. Furthermore, every element of A1 is an eigenvector of e with

eigenvalue 1, so hence it is a unit. The action of A1 on to Ai is clear, and the associativity

up to some factor comes from the relations.

For our application towards studying simple 3-Com algebras, we want to study the ideals

of the eigen-algebras and their properties when they are simple. But, because of the extra

map f , there are two types of ideals that are of interest to us. An ideal of an eigen-algebra

(A,m, e, f) is a subspace I such thatm(a, b) ∈ I if b ∈ I for all a ∈ A, which is the traditional

definition. An f -ideal is a subspace I such that I is an ideal, and it has f(a, b, c) ∈ I if a ∈ I

for b, c ∈ A. Note that every f -ideal is an ideal by definition, but it does not go the other

way, as we can show later. Furthermore, we can descend ideals from A to its underlying

commutative algebra A1 by just taking the intersection: if I is an ideal of A, then I ∩ A is

an ideal of A using the grading of A.

Let S be a subset of an eigen-algebra (A,m, e, f) and define ⟨S⟩f to be the subspace
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spanned by the elements

m(s, a), f(s, a, b), f(m(s, a), b, c), . . . , f(m(m(. . .m(s, a1), a2), . . . , an), b).

for s, a, b, c, a1, . . . , an ∈ A for any n ≥ 1. The subspace ⟨S⟩ is an f -ideal since for every

s ∈ S and a, b, c ∈ A, we have

m(m(s, a), b) = m(s,m(a, b)) + (α(s)− α(b))f(s, a, b) ∈ ⟨S⟩

and

m(f(s, a, b), c) = m(s, f(a, b, c)) + f(m(s, b), b, c)− f(s, a,m(b, c)) ∈ ⟨S⟩

for any s, a, b, c ∈ A, and the other cases come from a similar relation. On the other hand,

let ⟨S⟩ be the subspace of A spanned by the elements

m(m(· · ·m(m(s, a1), a2), . . . , an−1), an)

for s ∈ S and a1, . . . , an ∈ A and any n ≥ 1. It is clear ⟨S⟩ is an ideal, and normally it is not

a f -ideal since we won’t necessarily contain f(s, a, b) if s ∈ I and s, a, b are all of the same

degrees.

Definition 5.1.0.2. We say an eigen-algebra (A,m, e, f) is simple if its multiplication m

and f are not-trivial and it does not have any non-trivial ideals (neither the 0 ideal nor

the whole space). We say it is f -simple if m and f are not-trivial and have no non-trivial

f -ideals.

We can see that an eigen-algebra A is simple, implying it is f -simple since every f -ideal

is an ideal. Simple eigen-algebras are important to us since if there is a 3-Com algebra

connected to one, as we will construct in the next section, the property that A is simple

implies that the 3-Com algebra is simple. But, in the converse direction, it will only imply

f -simple.
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5.2 Simples n-Com algebras and Ideals

As with any algebraic structure, one would like to quotient the objects by equivalence re-

lations to obtain new objects with the same algebraic structure. Furthermore, we would

like to determine which of these algebraic objects can not be quotient into a smaller non-

trivial algebra. Here, we will define ideals for n-Com algebras in an obvious way and define

when a n-Com algebra is simple. In the latter half of this section, we will define the Peirce

decomposition for n-Com algebra and idempotents and give a few results of these structures.

Definition 5.2.0.1. Let C be a n-Com algebra with n-arity multiplication mn. A n-Com

ideal of C, or just an ideal, is a subspace I of C such that mn(c1, . . . , cn) ∈ I if and only if

one of the ci ∈ I for some i.

For any two ideals I and J of an n-Com algebra, the intersection I ∩J and the sum I+J

are both ideals in C. Furthermore, the usual isomorphism theorems hold that we can take

the quotient C/I as an ideal to obtain a new n-Com algebra in our context. We say that an

ideal of a n-Com algebra C is trivial if it is the 0 ideal or equal to all of C.

Since n-Com algebras are usually not associative for n > 2, a lot of the ideal constructions

that use associativity are not as nice. For example, let C be a n-Com algebra and S is a

subset of C, then we define ⟨S⟩ as the intersection of all ideals that contain S. In this case,

this will have products of the form mn(mn(· · · (mn(a, b1, . . . , bn−1), . . . , ), . . . ), . . . , ) which

will not necessarily simplify down to something of the form mn(x, y1, . . . , yn−1) for x ∈ S.

But, for any n-Com algebra C, we can always define the ideal mn(C, . . . , C), consisting

of finite sums of elements of the form mn(c1, . . . , cn) for ci ∈ C. But, replacing C with any

other ideals does not work in general, except for some special cases. For example, suppose

C is a 3-Com algebra and I,J are both ideals of C and define m3(I, J, C) be the linear span

of elements of the form mn(a, b, x) for a ∈ I, b ∈ J and x ∈ C. This becomes an ideal since

m3(m3(a, b, x), y1, y2) = m3(m3(y1, b, x), a, y2) +m3(m3(a, y2, x), y1, b)

−m3(m3(y1, y2, x), a, b) ∈ m3(I, J, C).
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If we were to increase 3 to any n > 3, this would not work in general as the transpositions

actions will make it not possible for both I and J to be in separate spots.

Definition 5.2.0.2. An n-Com algebra C with n-arity multiplicationmn is simple ifmn(C, . . . , C) ̸=

0 and C has no non-trivial ideals.

For examples of simple n-Com algebras when n > 2, we can always take the 1-dimensional

n-Com algebra k with multiplicationmn(1, . . . , 1) = λ for any λ ∈ k× and by dimension there

is no other ideals. The following example is an example of a 2-dimensional simple 3-Com

algebra.

Example 5.2.0.1. Let V be a 2-dimensional 3-Com algebra with basis elements e1, e2, λ, b ∈

k× and multiplication

m3(e1, e1, e1) = λe1 m3(e1, e1, e2) = −λe2

m3(e1, e2, e2) = 0 m3(e2, e2, e2) = be1.

This is a 3-Com algebra by 4.2.3.3 and we will show it is simple. If I is an ideal of V that

contains either e1 or e2, then it must contain both using the operations above and hence be

equal to V . Next, suppose ae1 + be2 ∈ I such that a, b ̸= 0, then we have

m3(ae1 + be2, e1, e2) = −λae2

which implies e2 ∈ I since λa ̸= 0. Therefore, I must be all of C, which shows that V is

simple.

For n = 2, the simple 2-Com algebras are exactly the fields over k which is implied by

the fact that every a has a unique b such that ab = 1.

lemma 5.2.0.1. If C is a finite-dimensional n-Com algebra with basis e1, . . . , em, then for

each i there exists non-zero elements ai1, . . . , a
i
n ∈ C such that

ei = mn(a
i
1, . . . , a

i
n).
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Proof. Since C is simple, thenm3(C, . . . , C) is a non-zero ideal and hencem3(C, . . . , C) = C.

This implies the result.

An idempotent for commutative associative algebras is an element c ∈ C such that c2 = c,

and we say it is 2-nilpotent if c2 = 0. These notations can be naturally generalized to n-Com

algebras as follows.

Definition 5.2.0.3. Let C be a n-Com algebra and let (c1, . . . , cn−1) be a n − 1-tuple of

elements in C. We say (c1, . . . , cn−1) is an idempotent tuple if

mn(c1, . . . , cn−1, ci) = ci

for any i ∈ {1, . . . , n− 1}. In particular, if c1 = · · · = cn−1 = c, then we say c is idempotent

if mn(c, . . . , c) = c. We denote by Idm(C) to be the set of non-zero tuples (c1, . . . , cn−1) that

are idempotent on C, and let Idm1(C) to be the set of x ∈ C that are idempotent, which can

be thought of as a subset of Idm(C) through x 7→ (x, . . . , x).

On the other hand, we say (c1, . . . , cn−1) is n-nilpotent if

mn(c1, . . . , cn−1, ci) = 0

for any i ∈ {1, . . . , n− 1}. Furthermore, if c1 = · · · = cn−1 = c, then we say c is n-nilpotent

if mn(c, . . . , c) = 0. We denote by Nil(C) be the collection of elements c ∈ C which are

n-nilpotent.

If c = (c1, . . . , cn−1) is a n − 1 tuple of elements in C, then as before, we define χc =

χc1,...,cn−1 = mn(c1, . . . , cn−1,−), which is an endomorphism of the space C. If c = (x, . . . , x)

then we define χx := χx,...,x for simplicity. If C is finite-dimensional, then we can compute the

eigenvalues and the eigenspaces for each endomorphism as usual. Define chc(t) = det(χc−tI)

for t ∈ k to be the characteristic polynomial of the endomorphism χc for any n − 1 tuple

c = (c1, . . . , cn−1). Furthermore, we define σ(c) to be the set of roots of the polynomial chc(t)

counting multiplicity, which is called the Peirce spectrum, and we call the distinct numbers
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of σ(c) the Peirce numbers of c, and we denote the set of them as Pσ(c). Furthermore, we

define

Cc(t) := ker(χc − tI)

called the Peirce subspace, which is just the eigenspace if t is a eigenvalue of χc. For

x ∈ Cc(t), we define α(x) = c the Peirce subspace it is contained in. We will assume that our

n-Com algebra C is finite-dimensional to use all of our linear algebraic tools. Furthermore,

in practice, the ones that are more useful for us are the endomorphisms χe = mn(e, . . . , e,−)

for a single element e ∈ C, as the others are a lot harder to calculate.

Suppose e is a non-zero idempotent in C, then e is a eigenvector of the endomorphism

χe with eigenvalue 1, so that 1 ∈ σ(e). On the other hand, if f is a n-nilpotent element then

f is an eigenvector of χf with eigenvalue 0 and hence 0 ∈ σ(f). If e is idempotent (f is

n-nilpotent) and Ce(1) is 1-dimensional (Cf (1) is 1-dimensional) , then we call e primitive

(f primitive). On the other hand, if e is a non-zero idempotent such that the only Peirce

number for e is 1, then we call e unipotent. Let σ(C) be the set of all Peirce numbers of C

concerning only idempotent e ∈ Idm1(C) of C, and hence we will always have 1 ∈ σ(C) if

there exists a non-zero idempotent. We call a non-zero idempotent e ∈ Idm1(C) semisimple

if C is decomposable as the sum of the corresponding Peirce subspaces:

C =
⊕
λ

Ce(λ)

where λ are the Peirce numbers of e. We also say a non-zero n-nilpotent f is semisimple if

it decomposes the space in a similar fashion with respect to its Peirce numbers.

If C and D are both n-Com algebra that are isomorphic through F : C → D, then

idemopotents e of C give us idempotents F (e) of D such that σ(e) = σ(F (e)) and therefore

σ(C) = σ(D). This shows that the collection of idempotents and their corresponding Peirce

spectrums give an invariant for the n-Com algebras. All n-Com algebras might have the same

collection of Peirce numbers with respect to an idempotent, in which case it will be easier

to study the spaces. This happens for other non-associative algebras, like Jordan algebras,
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which can only have Peirce numbers 0, 1, 1
2
, and they can obtain information about the space

using 1
2
. The following examples show that we can get drastically different Peirce numbers

for different n-Com algebras, but we can use this to our advantage to give a good invariant

for n-Com algebras and use these to determine when they are simple.

Example 5.2.0.2. Lets look back at the 2-dimensional simple 3-Com algebra from example

5.2.0.1. In this case, there are only two idempotent elements

c1 =
1

λ1/2
e1

c2 =
1

i
√
3
√
λ
e1 +

41/3

3i2/3λ1/3b2/3
e2

which one can show by finding all the possible p, q ∈ C such that m3(pe1+qe2, pe1+qe2, pe1+

qe2) = pe1 + qe2. For c1, it has eigenvector c1 with eigenvalue 1 and eigenvector e2 with

eigenvalue −1. On the other hand, χc2 has the matrix

χc2 =

 −1/3 42/3b1/3

3i2/3λ1/3

−2·41/3λ1/3

i4/33b1/3
1/3


which has eigenvalues 1 and −1. Therefore, both c1 and c2 are semisimple idempotents so

that

C = Cc1(1)⊕ Cc1(−1) = Cc2(1)⊕ Cc2(−1)

and σ(C) = {1,−1}.

Example 5.2.0.3. Here is another example of a 2-dimensional 3-Com algebra that is not

simple. Let C be 2-dimensional with basis e1, e2 and numbers λ1, λ2 ∈ C, and define

m3(e1, e1, e1) = λ1e1 m3(e1, e1, e2) = λ2e2

m3(e1, e2, e2) = 0 m3(e2, e2, e2) = 0

which is not simple since ⟨e2⟩ does not contain e1. Suppose pe1 + qe2 is a non-trivial idem-

potent element of C, then we must have

p3λ1 = p

3p2qλ2 = q



93

If λ2/λ1 ̸= 1/3, then C has only one non-trivial idempotent which is

c =
1

λ
1/2
1

e1

with eigenvalues 1 and λ2/λ1 and it is semisimple and hence σ(C) = {1, λ2/λ1} in this case.

We can always choose λ1 = −λ2 to get σ(C) = {1,−1} which shows that having −1 in σ(C)

is not enough to make it simple. But, we will see later that this is a singularity, i.e., from

example 5.2.0.2 for the 3-Com algebra in this situation, if we let b = 0, then we get this

example.

If λ2/λ1 = 1/3, then the non-trivial idempotents are

c1 =
1

λ
1/2
1

e1

c2 =
1

λ
1/2
1

e1 + qe2

for any non zero q ∈ C. Both χc1 and χc2 have eigenvalues 1 and 1/3 and hence shows

σ(C) = {1, 1/3} in this case.

Example 5.2.0.4. Let (M, f) be am ≥ 2 dimensional augmented R-module and let (M(f), µf
n)

be its corresponding n-Com algebra from section 4.2.4. An idempotent e of M(f) is one such

that

µf
n(e, . . . , e) = nf(e)n−1e = e

so that

f(e) =
1

n
1

n−1

.

Since M is finite dimensional, then we have ker(f) has dimension m− 1 and we can find a

basis e, e1, . . . , em−1 inM such that e1, . . . , em−1 is a basis for the kernel of f and f(e) = 1

n
1

n−1
.

In this case, the matrix for χe is a diagonal matrix with 1 1 and m − 1 instances of 1
n
.

Therefore, σ(e) = {1, 1
n
, . . . , 1

n
}. This is easily shown to be not simple because the ideal

ker(f) is not trivial. Later, we can use a quick method to determine if it’s not simple because

the negative of an eigenvalue is not in σ(e).
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From all of the examples we define above, we always had a semisimple idempotent which

we can use to decompose the space. But, in general, semisimple non-zero idempotents will

not always exist, as follows from the last example.

Example 5.2.0.5. Let V be the 2-dimensional 3-Com algebra with basis and multiplication

m3(e1, e1, e1) = 0 m3(e1, e1, e2) = e2

m3(e1, e2, e2) = 0 m3(e2, e2, e2) = 0.

suppose ae1 + be2 is an idempotent, then we would have

m3(ae1 + be2, ae1 + be2, ae1 + be2) = 3a2be2 = ae1 + be2

which implies a = 0 and hence b = 0 which would show it has to be zero. Therefore, there do

not exist non-zero idempotents in this 3-Com algebras, but we have two non-zero 3-nilpotents

e1 and e2 so we have

C = Ce1(0)⊕ Ce1(1)

C = Ce2(0).

Next, let’s study some properties of the idempotents and the corresponding Peirce sub-

spaces on 3-Com algebras.

lemma 5.2.0.2. Let C be a finite dimensional 3-Com algebra with multiplication m3 and

suppose e is an idempotent of C.

• If x1, x2, x3 ∈ C such that xi ∈ Ce(ti) for 1 ≤ i ≤ 3, then we have the equation

m3(m3(x3, e, x1), e, x2)−m3(m3(x3, e, x2), e, x1) = (t1 − t2)m3(x1, x2, x3).

• For x1 ∈ Ce(t1) and x2 ∈ Ce(t2) we have the equation

χe(m3(x1, x3, e)) = (t1 + t3 − 1)m3(x1, x3, e)

so that m3(x1, x3, e) ∈ Ce(t1 + t3 − 1).
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• Finally, for x1, x2, x3 ∈ C such that xi ∈ Ce(ti) for all i we have

χe(m3(x1, x2, x3)) + t1m3(x1, x2, x3) = m3(e, x2,m3(x1, e, x3)) +m3(e, x3,m3(x1, x2, e))

where m3(e, x2,m3(x1, e, x3)) and m3(e, x3,m3(x1, x2, e)) are elements of Ce(t1 + t2 +

t3 − 2).

Proof. First, by definition of 3-Com algebra we have

m3(e, e,m3(x1, x2, x3)) = m3(x1, e,m3(e, x2, x3)) +m3(e, x2,m3(x1, e, x3))−m3(x1, x2,m3(e, e, x3))

= m3(x1, e,m3(e, x2, x3)) +m3(e, x2,m3(x1, e, x3))− t3m3(x1, x2, x3)

= m3(x2, e,m3(e, x1, x3)) +m3(x1, x3,m3(e, e, x2))−m3(x2, x3,m3(e, e, x1))

+m3(e, x2,m3(x1, e, x3))− t3m3(x1, x2, x3)

= 2m3(e, x2,m3(e, x1, x3)) + (t2 − t1 − t3)m3(x1, x2, x3).

Permuting the variables, we also get the equation

χe(m3(x1, x2, x3)) = 2m3(e, x1,m3(e, x2, x3)) + (t1 − t2 − t3)m3(x1, x2, x3)

and taking the difference between these two equations gets us

0 = 2m3(e, x2,m3(e, x1, x3)) + (t2 − t1 − t3)m3(x1, x2, x3)− 2m3(e, x1,m3(e, x2, x3))

− (t1 − t2 − t3)m3(x1, x2, x3)

which gives us the equation

m3(e, x2,m3(e, x1, x3))−m3(e, x1,m3(e, x2, x3)) = (t1 − t2)m3(x1, x2, x3)

since the t3 will cancel out. This proves the first equation.

Now if we were to pick x2 = e, then this equation would reduce to

m3(e, e,m3(e, x1, x3)) = m3(e, x1,m3(e, e, x3)) + (t1 − 1)m3(x1, x2, x3)

= (t1 + t3 − 1)m3(e, x1, x3)
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which gives us the second equation.

Finally, for the last, this is just an application ofm3(e, e,m3(x1, x2, x3)) and using the relation

for 3-Com algebras.

One thing to note from the last lemma is that this enables us to define a binary operation

on C as follows. Suppose e is an idempotent of C and define θe : C ⊗ C → C as

θe(x1, x2) = m3(e, x1, x2)

for x1, x2 ∈ C, which is commutative. For call elements x ∈ Ce(t) for some tσ(e) a homoge-

nous element of C. We will also define a function α on homogenous elements x ∈ Ce(t)

defined as α(x) = t to make the equations we derive more easily readable.

Proposition 5.2.0.3. Let C be a finite dimensional 3-Com algebra with a idempotent e. We

have the following properties:

(a) The space Ce(1) is a unital commutative associative k-algebra with unit e and multi-

plication θe. In particular, if Ce(1) is 1-dimensional, then Ce(1) ∼= k.

(b) The spaces Ce(t) for t ∈ k have Ce(1)-actions with µ
t
e(x, b) = m3(e, x, b) with x ∈ Ce(1)

and b ∈ Ce(t) with the relation

µt
e(θe(x, z), b) = µt

e(x, µ
t
e(z, b)) + (1− t)m3(x, b, z)

for x, z ∈ Ce(1) and b ∈ Ce(t).

(c) For homogenous element z ∈ C and elements x, y ∈ C we have

χe(m3(x, y, z)) + α(z)m3(x, y, z) = θe(θe(x, z), y) + θe(x, θe(z, y)).

(d) If t, s ∈ σ(e) such that t+ s− 1 /∈ σ(e), then

m3(e, x, y) = 0
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for x ∈ Ce(t) and y ∈ Ce(s). Even more, if t, s, r ∈ σ(e) such that t+ s− 1, t+ r− 1 /∈

σ(e), then

m3(x, y, z) ∈ Ce(−t)

for x ∈ Ce(t), y ∈ Ce(s), and z ∈ Ce(r).

(e) If x ∈ Ce(t), y ∈ Ce(s), and Z ∈ Ce(r) and t+ s+ r − 2 /∈ σ(e), then

m3(x, y, z) ∈ Ce(−t) ∩ Ce(−s) ∩ Ce(−r).

If either of the t, s, or r are not equal to each other then m3(x, y, z) = 0, other wise if

t = s = r then m3(x, y, z) ∈ Ce(−t).

(f) If e is semisimple, then C =
⊕

t∈k Ce(t) and (C, θe, e,m3) is an eigen-algebra, which

we denote as C(e).

Proof. Part (a), (b), (f) are consequences of lemma 5.2.0.2. For part (c), for homogenous

element z ∈ C and elements x, y ∈ C, we have

χe(m3(x, y, z)) = m3(m3(x, y, z), e, e) = m3(m3(e, y, z), x, e) +m3(m3(x, e, z), e, y)

−m3(m3(e, e, z), x, y)

= θe(θe(y, z), x) + θe(θe(x, z), y)− α(z)m3(x, y, z)

which proves part (c).

For part (d), if t, s ∈ σ(e) such that t+ s− 1 /∈ σ(e), then by lemma 5.2.0.2 we have

χe(m3(e, x, y)) ∈ Ce(t+ s− 1) = 0

for x ∈ Ce(t) and y ∈ Ce(s).

For part (e), this is a consequence of part (c) using the symmetry of the arguments.

If C is a finite dimensional 3-Com algebra with semisimple idempotent e, then we can

transfer between the ideals of C and C(e), i.e. a subspace I of C = C(e) is an ideal of C as
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a 3-Com algebra if and only if I is an m3-ideal of C(e) as a eigen-algebra. Furthermore, if J

is an ideal of C as a 3-Com algebra, then it is also an ideal of C(e) as an eigen-algebra, but

this normally does not go the other way unless it is a m3-ideal.

lemma 5.2.0.4. Let C be a finite dimensional 3-Com algebra with semisimple idempotent

e. We have the following statements:

(1) If C(e) is simple, then C is simple.

(2) The space C is simple if and only if C(e) is m3-simple.

Proof. For (1), let I be an ideal of C, then I is an ideal of C(e) and since C(e) is simple

then we must have I = 0 or I = C(e). Therefore, C is simple.

For (2), if C(e) is m3-simple then by the same argument as part (1), C is simple. On the

other hand, suppose C is simple. If J is an m3-ideal of C(e), then J is an ideal of C and

hence J = 0 or J = C which shows that C(e) is m3-simple.

5.2.1 Bilinear form on 3-Com algebra

For this section, we will study a natural bilinear form κ on the finite-dimensional 3-Com

algebras reminiscent of Killing from Lie algebras. But, as we will see, there are some proerties

that are not like the traditional scenario. For example, we have finite-dimensional simple 3-

Com algebras with κ = 0, which we call fully degenerate. We think of these fully degenerate

simples as something that separates 3-Com algebras from 2-Com algebras since every simple

2-Com algebra is a field. This shows the departure of 3-Com algebras from 2-Com and shows

there are some interesting examples that are not trivial.

Let x, y ∈ C and we define χx,y = m3(x, y,−) just as before, and it is clear this is bilinear

in both x and y.

lemma 5.2.1.1. Let C be a finite-dimensional 3-Com algebra. We have the following prop-

erties with the trace Tr(−).
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(a) For x, y, z, w ∈ C we have

χw,yχx,z − χx,yχw,z = χw,zχx,y − χx,zχw,y.

Furthermore, we obtain

Tr(χw,yχx,z) = Tr(χx,yχw,z).

(b) For x, y, z, w ∈ C, we have

Tr(χm3(x,y,z),w) = Tr(χx,m3(y,z,w))

Proof. For part (a), let x, y, z, w, a ∈ C and by definition we have

m3(m3(x, y, z), w, a) = m3(m3(w, y, z), x, a) +m3(m3(x, a, z), w, y)−m3(m3(w, a, z), x, y)

m3(m3(x, y, z), w, a) = m3(m3(w, y, z), x, a) +m3(m3(x, y, a), w, z)−m3(m3(w, y, a), x, z)

and subtracting these gets us the equation

m3(m3(x, a, z), w, y)−m3(m3(w, a, z), x, y) = m3(m3(x, y, a), w, z)−m3(m3(w, y, a), x, z)

which is true for all a. This gives us

χw,yχx,z − χx,yχw,z = χw,zχx,y − χx,zχw,y.

The second equation with the trace in part (b) is proved using the fact Tr(ab) = Tr(ba) and

we are in characteristic 0.

For part (b), if x, y, z, w, a ∈ C, then we have

m3(m3(x, y, z), w, a) = m3(m3(w, y, z), x, a) +m3(m3(x, a, z), w, y)−m3(m3(w, a, z), x, y)

which is true for all a and gets us the equation

χm3(x,y,z),w = χm3(w,y,z),x + χw,yχx,z − χx,yχw,z.

Applying the trace map gets us the result using part (b).



100

From the above lemma, we are able to define a very special bilinear form on any 3-Com

algebra that respects the 3-Com multiplication.

Definition 5.2.1.1. Let C be a finite-dimensional 3-Com algebra and define the bilinear

map κ : C ⊗ C → k as

κ(x, y) = Tr(χx,y)

which is well-defined and symmetric. We call κ the Killing form on C. Furthermore, κ

respects the multiplication m3 as follows:

κ(m3(x, y, z), w) = κ(x,m3(y, z, w))

for any x, y, z, w ∈ C. Let Rad(κ) be the subspace of C defined as

Rad(κ) = {x ∈ C : κ(x, y) = 0 for all y ∈ C},

which we call the radical of κ.

lemma 5.2.1.2. The subspace Rad(κ) is an ideal of C.

Proof. For x ∈ RadC , and y, z ∈ C, we have

κ(m3(x, y, z), w) = κ(x,m3(y, z, w) = 0

for all w ∈ C and hence this shows m3(x, y, z) ∈ Rad(κ).

We define the following definition, where when κ is non-degenerate, it sort of resembles

semisimplicity as in the commutative algebraic world. But, as we will see, not every simple

finite-dimensional 3-Com algebra has a non-degenerate Killing form.

Definition 5.2.1.2. Let C be a finite-dimensional 3-Com algebra. We say C is non-

degenerate if κ is non-degenerate. On the other side, we say C is fully degenerate if κ = 0.

lemma 5.2.1.3. If C is a finite-dimensional simple 3-Com algebra, then C is either fully-

degenerate or non-degenerate.
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The next example shows that we can produce a 2-dimensional 3-Com algebra that is fully

degenerate and simple, showing that not every simple 3-Com algebra is non-degenerate.

Example 5.2.1.1. Let C be the 2-dimensional 3-Com algebra as in example 5.2.0.2 with

multiplications

m3(e, e, e) = e m3(e, e, f) = −f

m3(e, f, f) = 0 m3(f, f, f) = e

and by definition we have

χe =

1 0

0 −1

 χf =

0 1

0 0


χe,f =

 0 0

−1 0


and we see κ(e, e, ) = κ(e, f) = κ(f, f) = 0. This shows that this 3-Com algebra is fully

degenerate by definition.

The fact that simple property does not imply non-degenerate is a little discouraging in

using this definition, especially as it is very hard to find examples of simple 3-Com algebras

in dimension 2 and 3 that have a non-zero Killing form, as we will see in the next section.

But, we can always take C =
⊕

C as a finite direct product of 3-Com algebras which gives

us an example of a non-degenerate 3-Com algebra.

A big question I have is the following: does every non-degenerate simple finite-dimensional

3-Com algebra have to be a field? Furthermore, if we have a simple finite-dimensional 3-Com

algebra with a dimension greater than or equal to 2, does it have to be fully degenerate?

From the next section, the only simple 3-Com algebras with dimension less than or equal to

3 is either a field or fully degenerate.

Next, we will explore the properties we can obtain through just the definition of κ de-

scending it to certain subspaces of a 3-Com algebra.
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lemma 5.2.1.4. Let C be a finite-dimensional 3-Com algebra. We have the following prop-

erties for the Killing form κ.

(1) For any x ∈ C, it is a symmetric k-linear map with respect to κ :

κ(χx(y), z) = κ(y, χx(z)).

Furthermore, if C is non-degenerate, then eigenvectors corresponding to different eigen-

values for χx are orthogonal with respect to κ.

(2) If e is an idempotent of C, then κ restricts to a bilinear form on Ce(1), defined as

κe = κ|Ce(1)×Ce(1), satisfying the following property:

κe(θe(x, y), z) = κe(x, θe(y, z))

for any x, y, z ∈ Ce(1). Furthermore, if we let Rad(κe) be the radical of κe, then

Rad(κ) ∩ Ce(1) ⊆ Rad(κe).

If C is non-degenerate and e is semisimple, then we get equality and hence κe is non-

degenerate.

(3) If I is an ideal of C, then κ restricts to the Killing form κI = κ|I×I on I. Furthermore,

we have

I ∩ Rad(κ) ⊆ Rad(κI)

Proof. Part (a), is clear from χe = m3(e, e,−) and eigenvectors corresponding to different

eigenvectors are orthogonal if κ is non-degenerate is a standard linear algebra argument. For

part (b), the bilinear form descends to Ce(1) satisfying

κ(θe(x, y), z) = κ(x, θe(y, z))
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since θe(−,−) = m3(e,−,−).

Next, let x ∈ Rad(κ) ∩ Ce(1), then since κ(x, y) = 0 for all y ∈ C, then it is true for

all y ∈ Ce(1) and hence this shows Rad(κ) ∩ Ce(1) ⊆ Rad(κe). If C is non-degenerate and

1, λ1, . . . , λm are the m + 1 distinct eigenvalues of χe, then Ce(1), Ce(λ1), . . . , Ce(λm) are

orthogonal with respect to κ. Furthermore, if e is semisimple, x ∈ Rad(κe), y ∈ C, then

y = z +
∑m

i=1 fi for z ∈ Ce(1) for fi ∈ Ce(λi. This implies

κ(x, y) = κ(x, z) +
m∑
i=1

κ(x, fi) = 0

by orthogonality of eigenvectors and x ∈ Rad(κe). This shows Rad(κe) ⊆ Ce(1) ∩ Rad(κ)

and shows equality.

For part (3), let I be an ideal and κI is the Killing form for I. We will show κI = κ|I×I ,

i.e., the restriction of κ on C to I. Choose a basis for I and extend the basis to all of L,

then χx,y for x, y ∈ I has matrix of the formχx,y|I ⋆

0 0

 .

This shows κI = κI×I since the trace is independent of the chosen basis. Furthermore, for

Rad(κ) ∩ I ⊆ Rad(κI), this is a similar argument as part (2).

Similarly, for part (3), κ restricts to the Killing form κI on I and the argument Rad(κ)∩

I ⊆ Rad(κI) is the same.

lemma 5.2.1.5. If C be a finite-dimensional non-degenerate 3-Com algebra and e is a

semisimple non-zero idempotent, then Ce(1) is a Frobenius algebra with Frobenius form κe.

Next, let I be any ideal of C, and define I⊥ to be the orthogonal complement of I with

respect to the form κ:

I⊥ = {x ∈ C : κ(x, y) = 0 for all y ∈ I}.

Then it is easy to show that I⊥ is an ideal of C using the same argument as in lemma 5.2.1.2

and the fact that I is an ideal: if x ∈ I⊥, y, z ∈ C, and w ∈ I, we have

κ(m3(x, y, z), w) = κ(x,m3(y, z, w)) = 0
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since m3(y, z, w) ∈ I.

lemma 5.2.1.6. Let C be a finite-dimensional non-degenerate 3-Com algebra. If I ̸= 0 is

an ideal of C, then κI is non-degenerate, and hence I is also non-degenerate.

Proof. Since I is an non-zero ideal and κ is non-degenerate, then C = I⊕I⊥. Let x ∈ Rad(κI)

and y ∈ C so that y = u+ v for u ∈ I and v ∈ I⊥. Then we have

κ(x, y) = κ(x, u) + κ(x, v) = 0

for all y ∈ C. This shows x ∈ Rad(κ) = 0 and therefore Rad(κI) = 0. Hence I is non-

degenerate.

Theorem 5.2.1.7. Let C be a finite-dimensional 3-Com algebra. If C is non-degenerate,

then

C = I1 ⊕ · · · ⊕ Im

for non-degenerate simple ideals I1, . . . , Im.

Proof. We will prove this by induction on the dimension of C. If C is simple, then we are

done; otherwise, suppose there exists a non-trivial ideal I, which is minimal, hence simple.

Since κ is non-degenerate then C = I⊕I⊥ as vector spaces. Each I and I⊥ are non-degenerate

3-Com subalgebras of lesser dimension by lemma 5.2.1.6. Since I ∩ I⊥=0, then C = I ⊕ I⊥

is a direct product of 3-Com algebras. Since I⊥ is non-degenerate 3-Com algebras, so by

induction I⊥ is a direct sum of non-degenerate simple ideals and finishes the proof.

5.3 Invariant Properties of non-zero idempotents

In this subsection, we will explore some of the implications we can obtain from the corre-

sponding eigen-algebra C(e) for a finite-dimensional 3-Com algebra C with non-zero idem-

potent e. In particular, we will give some restrictions for σ(e) and, even more, provide

restrictions for the Peirce spectrum σ(C).
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lemma 5.3.0.1. Suppose C is a finite dimensional 3-Com algebra with a semisimple unipo-

tent non-zero idempotent e. Then we have the following properties.

(1) The space C = Ce(1) as vector spaces.

(2) If x, y, z ∈ C, then

m3(x, y, z) = θe(θe(x, y), z)

(3) The space C is simple as a 3-Com algebra if and only if Ce(1) is simple as an unital

commutative, associative algebra, i.e. if Ce(1) is a field.

Proof. Part (1) is obvious by definition. For part (2), if x, y, z ∈ C, which are all homogenous

of degree 1, then we can use part (c) in lemma 5.2.0.3 to show

χe(m3(x, y, z)) +m3(x, y, z) = θe(θe(x, y), z) + θe(θe(x, z), y) = 2θe(θe(x, y), z).

Since χe is the identity map on Ce(1), then we obtain

2m3(x, y, z) = 2θe(θe(x, y), z)

which proves part (2).

For For part (3), suppose Ce(1) is a field and I is an ideal of C as a 3-Com algebra. Then

I is an ideal of Ce(1) as a commutative k-algebra and hence I = 0 or I = Ce(1) = C. This

shows that C is simple. On the other hand, suppose C is simple and let J be an ideal of

Ce(1) as a commutative k-algebra. Next, we will show J is an ideal in C as a 3-Com algebra.

If a ∈ J and x, y ∈ C, then we have

m3(a, x, y) = θe(θe(a, x), y) ∈ J

which shows m3(a, x, y) ∈ J . Therefore, J is an ideal in C as a 3-Com algebra, and since C

is simple, then J = 0 or J = C. This shows Ce(1) is simple as a commutative k-algebra and,

therefore, a field.
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The last lemma essentially says that 3-Com algebras with unipotent semisimple non-zero

idempotents come from commutative unital associative k-algebras through the multiplication

θe, and hence do not give us any ”new” 3-Com algebras.

lemma 5.3.0.2. Let C be a finite-dimensional simple 3-Com algebra with a non-zero semisim-

ple unipotent idempotent e.

• If k = C, then C ∼= C.

• If k = R, then C ∼= C or C ∼= R.

In essence, we have classified all of the possible finite-dimensional simple 3-Com algebras

with a semisimple unipotent idempotent. Our next goal is to explore the examples with

primitive idempotents and see what information we can get from them. From the conditions

in 5.2.0.3, we are able to find some restrictions that must be met for finite-dimensional 3-Com

algebras to be simple, which constricts what the possible Peirce numbers can be.

Theorem 5.3.0.3. Let C be a finite dimensional 3-Com algebra with primitive idempotent

e and γ ∈ σ(e) \ {1} such that γ + β − 1 /∈ σ(e) for β ∈ σ(e) \ {1}. If C is simple, then

−γ ∈ σ(e).

Proof. We will prove this by contrapositive. Suppose −γ /∈ σ(e) and we will show Ce(γ) is

a non-trivial ideal. Since γ + β − 1 /∈ σ(e) for all β ∈ σ(e) \ {1}, then we must have

m3(x, y, z) = 0

for all y ∈ Ce(s) and z ∈ Ce(r) for s, r ∈ σ(e) such that both r, s are not 1. For the case

r = s = 1, then since e is primitive Ce(1) = ke and thereforem3(Ce(γ), Ce(1), Ce(1)) ⊆ Ce(γ).

This shows that Ce(γ) is a non-trivial ideal in C; hence, C is not simple.

Theorem 5.3.0.4. Let C be a finite dimensional 3-Com algebra with a primative idempotent

e and 0 ∈ σ(e). If β − 1 /∈ σ(e) for all β ∈ σ(e) \ {1}, then C is not simple.
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Proof. Since β − 1 /∈ σ(e) for β ∈ σ(e) \ {1}, then by theorem 5.2.0.3 we have

m3(x, y, z) ∈ Ce(0)

for all y ∈ Ce(t) and z ∈ Ce(s). This shows Ce(0) is an ideal, and it is non-trivial since

0, 1 ∈ σ(e). Hence C is not simple.

One thing to note here about the preceding results is the following: if there exists an

eigenvalue γ ∈ σ(e) such that the space Ce(γ) is ’isolated’ in the decomposition, i.e. there is

no way to go from Ce(γ) to another Ce(β) for β ∈ σ(e) through some multiplication, then

Ce(γ) will become an ideal in C. In other words, for us to find simple 3-Com algebras, one has

to make sure that every Peirce subspace can be multiplied by another distinct Peirce subspace

non-trivially. More generally, if we have a collection of Peirce numbers γ1, . . . , γn ∈ σ(e),

such that
⊕n

i=1Ce(γi) does not equal to C such that the actions of the space C keeps them

in this direct sum, then this will become an ideal as well, see figure 5.1. In particular, one

Ce(1) Ce(γ) Ce(β)Ce(−γ)

Figure 5.1: Examples of ideals appearing in a decomposition

can only have one set of Peirce numbers in the 2-dimensional case since many numbers will

become isolated, except for 1 and −1 as the next result shows.

corollary 5.3.0.5. If C is a simple m-dimensional 3-Com algebra with m ≥ 2 with a

primitive semisimple non-zero idempotent e with only 2-Peirce numbers, then we must have

σ(e) = {1,−1,−1, . . . ,−1}, where the algebraic (geometric) multiplicity of −1 is m− 1.
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Proof. Since e is primitive and semisimple with only 2-eigenvalues, σ(e) = {1, γ} for some

γ ∈ k that is not equal to 1. Since C is simple and 2γ − 1 /∈ σ(e) (the only way for

2γ − 1 ∈ σ(e) is if γ = 1 which is not true in this scenario), then we must have −γ ∈ σ(e).

Therefore, we either have −γ = 1 or −γ = γ which gets us γ = −1 or γ = 0. By lemma

5.3.0.4, since 0 − 1 = −1 /∈ σ(e), we must have γ = −1, since C is simple. This completes

the proof.

The last lemma states that in dimension 2, if C has a semisimple idempotent e, then it

must have 2-distinct eigenvalues and hence we must have σ(e) = {1,−1}, and furthermore

σ(C) = {1,−1}. This gives us a hint as to what all of the simple 3-Com algebras should be,

which have primitive semisimple idempotents.

Definition 5.3.0.1. Let b ∈ k and let SC2(b) be a 2-dimensional vector space with basis

e1, e2. Define the symmetric 3-arity multiplication m3 : SC2(b)
⊗3 → SC2(b) such that

m3(e1, e1, e1) = e1 m3(e1, e1, e2) = −e2

m3(e1, e2, e2) = 0 m3(e2, e2, e2) = be1

which makes SC2(b) into a 3-Com algebra, see proposition 4.2.3.3.

It is easy to show SC2(b) has a primitive semisimple idempotent e1 such that σ(e) =

{1,−1}, which is simple when b ̸= 0 and not simple when b = 0, by examples 5.2.0.3 and

5.2.0.2. Furthermore, we can define a 3-Com algebra isomorphism F : SC2(b) → SC2(1)

when b ̸= 0 with F (e1) = e1 and F (e2) =
1

b1/2
e2 so that SC2(b) ∼= SC2(1) for b ̸= 0.

corollary 5.3.0.6. If C is a 2-dimensional simple 3-Com algebra with primitive semisimple

idempotent e, then C ∼= SC2(b) for b ̸= 0. On the other hand, SC2(b) is 2-dimensional simple

3-Com algebra with a primitive semisimple idempotent when b ̸= 0. In conclusion, every 2-

dimensional simple 3-Com algebra C with a primitive semisimple idempotent is isomorphic

SC2(1).
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Proof. If C is a 2-dimensional simple 3-Com algebra with a primitive semisimple idempotent

e, then we must have σ(e) = {1,−1} by corollary 5.3.0.5. With the decomposition C =

Ce(1) ⊕ Ce(−1), let f ∈ Ce(−1) be the non-zero element which gives e, f is a basis for C.

By the properties of σ(e) = {1,−1}, we have

m3(e, e, e) = e m3(e, e, f) = −f

m3(e, f, f) = 0 m3(f, f, f) ∈ Ce(1).

Therefore, m3(f, f, f) = be for some b ∈ k and since C is simple then we must have b ̸= 0.

This shows C ∼= SC2(b) and proves the first part.

On the other hand, SC2(b) for b ̸= 0 is a 2-dimensional simple 3-Com algebra with a

primitive semisimple idempotent e which has σ(e) = {1,−1}.

The last result gives a complete classification of all the 2-dimensional simple 3-Com

algebras equipped with a primitive semisimple idempotent. Furthermore, we have also shown

that there are no 2-dimensional semisimple simple 3-Com algebras since κ = 0 for SC2(1) as

shown in example 5.2.1.1. In particular, combining this with lemma 5.3.0.2 we obtain the

following proposition.

Proposition 5.3.0.7. Let C be a 2-dimensional simple 3-Com algebra with a non-zero idem-

potent.

• If k = C, then C ∼= SC2(1).

• If k = R, then C is either isomorphic to C with its induced 3-Com algebra structure

through the ordinary multiplication, or SC2(1).

Next, we will use the structure results we proved above to give examples of simple 3-Com

algebras in dimensions higher than 1 and 2. Let n ≥ 2 and B = (bi,j,r) be a collection of

elements in k symmetric in the i, j, r such that 1 ≤ i, j, r ≤ n − 1 and define SCn(B) be

the n-dimensional space with SCn(B) = C(1) ⊕ C(−1) with C(1) has basis e and C(−1)
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has basis f1, . . . , fn−1. Define the the 3-arity multiplication m3 : SCn(B)⊗3 → SCn(B) as

follows:

m3(e, e, e) = e m3(e, e, fi) = −fi

m3(e, fi, fj) = 0 m3(fi, fj, fr) = bi,j,re

for 1 ≤ i, j, r ≤ n− 1.

lemma 5.3.0.8. For n ≥ 3 the space SCn(B) is a 3-Com algebra if and only if B = 0 and

it has a primitive semisimple idempotent e Peirce numbers 1 and −1.

Proof. The operations m3 give us the following matrices

X0,0 =


1 0 · · · 0

0 −1 · · · 0
...

... · · · 0

0 0 · · · −1

 , X0,i =



0 0 · · · 0

0 0 · · · 0
...

... · · · 0

−1 0 · · · 0
...

... · · ·
...

0 0 · · · 0


, Xi,j =


0 bi,j,1 · · · bi,j,n−1

0 0 · · · 0
...

... · · · 0

0 0 · · · 0



for 1 ≤ i, j ≤ n− 1, where X0,i has the −1 in the ith row, and we need to show these satisfy

the equations

X0,0Xi,i +Xi,iX0,0 = 2X2
0,i

Xi,iXj,j +Xj,jXi,i = 2X2
i,j

X0,0Xs,t −X0,sX0,t −X0,tX0,s +Xs,tX0,0 = 0

Xi,iXs,t −Xi,sXi,t −Xi,tXi,s +Xs,tXi,i = 0

for 1 ≤ i ≤ n − 1 and 0 ≤ s < t ≤ n − 1 from lemma 4.2.3.1. It is easy to see that

X0,0Xi,j = Xi,j and Xi,jX0,0 = −Xi,j and we have X0,iX0,j = 0 for any 1 ≤ i, j ≤ n − 1.

From the last equations, we must have bi,j,1, . . . , bi,j,n−1 must all be zero.
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For SCn(B), the element e is semisimple primitive idempotent with σ(e) = {1,−1, . . . ,−1}

through X0,0. This completes the proof.

Since the only time when SCn(B) is a 3-Com algebras, for n ≥ 3, is when B = 0 and

these are always non-simple since Ce(−1) will be a non-trivial ideal. With this, if C is

a finite-dimensional 3-Com algebra with a semisimple primitive idempotent e with Peirce

numbers 1 and −1, then it must be of the form SC2(B) for some B. But, by the above

lemma, we must have B = 0 and hence can not be simple.

lemma 5.3.0.9. If C is a finite-dimensional simple 3-Com algebra with semisimple primitive

idempotent e with Peirce numbers 1 and −1, then C ∼= SC2(1) and must be 2-dimensional.

Next, we will explore what the possible Peirce numbers are for when an idempotent has

exactly 3 distinct Peirce numbers, but as we will see, there exist no examples as follows.

lemma 5.3.0.10. There exists no finite-dimensional simple 3-Com algebra equipped with a

semisimple primitive idempotent e with exactly three Peirce numbers.

Proof. Since e has exactly 3 Peirce numbers, then Pσ(e) = {1, γ, β} for distinct numbers

1, γ, β ∈ k. If γ and β are such that γ + β − 1 /∈ σ(e), 2γ − 1, 2β − 1 /∈ σ(e), then this would

imply we must have −γ,−β ∈ σ(e) for C to be simple. Therefore, we must have either of

the cases:

− γ = 1 − γ = γ − γ = β.

If −γ = 1, then we must have β = 0 since β ̸= 1, but we would have 2β − 1 = −1 ∈ σ(e)

which can not happen in this case. If −γ = γ, then we must have γ = 0 and hence β = −1,

and again, we do not have this in this case. The final case is when −γ = β, with the property

that γ−γ−1 = −1 /∈ σ(e), and 2γ−1,−2γ−1 /∈ σ(e). In conclusion, we have the following

case in this scenario:

Pσ(e) = {−γ, 1, γ}
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where 2γ − 1,−2γ − 1 /∈ σ(e). In this case, we have the following multiplications through

proposition 5.2.0.3:

m3(Ce(1), Ce(γ), Ce(γ)) = 0

m3(Ce(1), Ce(γ), Ce(−γ)) = 0

m3(Ce(1), Ce(−γ), Ce(−γ)) = 0

m3(Ce(γ), Ce(γ), Ce(γ)) = 0

m3(Ce(γ), Ce(γ), Ce(−γ)) = 0

m3(Ce(γ), Ce(−γ), Ce(−γ)) = 0

m3(Ce(−γ), Ce(−γ), Ce(−γ)) = 0

since 2γ − 1,−2γ − 1,−1 /∈ σ(e). Therefore, the subspace I = Ce(−γ) ⊕ Ce(γ) is a non-

trivial ideal. This shows that C has a non-trivial ideal and, hence, is not simple. Thus

Pσ(e) ̸= {−γ, 1, γ} with 2γ − 1,−2γ − 1 /∈ σ(e).

We have shown that in the case where γ + β − 1, 2γ − 1, 2β − 1 /∈ σ(e) does not give us

any simple 3-Com algebras, so let us suppose we have at least one of the γ + β − 1, 2γ − 1,

or 2β − 1 to be in σ(e). If γ + β − 1 ∈ σ(e), then we either have

γ + β − 1 = 1 γ + β − 1 = γ γ + β − 1 = β.

The latter two cases can not happen since β and γ are not 1, so we must have γ + β = 2.

This gives us the Peirce numbers Pσ(e) = {1, γ, 2− γ}.

Next, we will show that the possible multiplications for the case Pσ(e) = {1, γ, 2−γ} are
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as follows:

m3(Ce(1), Ce(1), Ce(t)) ⊆ Ce(t)

m3(Ce(1), Ce(γ), Ce(γ)) = 0

m3(Ce(1), Ce(γ), Ce(2− γ)) = 0

m3(Ce(1), Ce(2− γ), Ce(2− γ)) = 0

m3(Ce(γ), Ce(γ), Ce(γ)) ⊆ Ce(−γ)

m3(Ce(γ), Ce(γ), Ce(2− γ)) = 0

m3(Ce(γ), Ce(2− γ), Ce(2− γ)) = 0

m3(Ce(2− γ), Ce(2− γ), Ce(2− γ)) ⊆ Ce(−(2− γ)).

Note that 2γ − 1, 3γ − 2, 3− 2γ /∈ σ(e), as these would result in γ = 1, which is not the

case. Through proposition 5.2.0.3, we get the following multiplications

m3(Ce(1), Ce(1), Ce(t)) ⊆ Ce(t)

m3(Ce(1), Ce(γ), Ce(γ)) = 0

m3(Ce(1), Ce(γ), Ce(2− γ)) ⊆ Ce(1)

m3(Ce(1), Ce(2− γ), Ce(2− γ)) = 0

m3(Ce(γ), Ce(γ), Ce(γ)) ⊆ Ce(−γ)

where the last equation comes from the fact that 2γ − 1 /∈ σ(e).

For x ∈ Ce(γ) and y ∈ Ce(2 − γ), then m3(e, x, y) ∈ Ce(1), so there exists a ∈ k such

that me(e, x, y) = ae. Then we have

m3(m3(x, y, e), x, y) = m3(m3(x, x, e), y, y) +m3(m3(y, y, e), x, x)−m3(m3(x, y, e), x, y)

which gives us the equation

2a2e = 2m3(m3(x, y, e), x, y) = 0
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through the multiplication above. This shows a = 0 and hence this showsm3(Ce(1), Ce(γ), Ce(2−

γ)) = 0.

We need to consider the other three last cases to determine where m3 sends these ele-

ments. The equations

m3(Ce(γ), Ce(γ), Ce(2− γ)) = 0

m3(Ce(γ), Ce(2− γ), Ce(2− γ)) = 0

are similar arguments and we will show the first one. Let x, y ∈ Ce(γ) and a ∈ Ce(2 − γ)

and we have

(2− γ)m3(x, y, a) = m3(x, y,m3(a, e, e)) = m3(a, y,m3(x, e, e)) +m3(x, e,m3(a, y, e))

−m3(a, e,m3(x, y, e))

= m3(a, y,m3(x, e, e)) +m3(x, e,m3(a, y, e))

= γm3(x, y, a)

where m3(x, y, e) = 0 and m3(a, y, e) = 0. This gives us the equation

2(1− γ)m3(x, y, a) = 0

and since (1−γ) ̸= 0 then we must have m3(x, y, a) = 0. Therefore, m3(Ce(γ), Ce(γ), Ce(2−

γ)) = 0 and proves equations.

With this multiplication we just derived, if −γ /∈ σ(e) or −(2 − γ) /∈ σ(e), then this

would result in a non-trivial ideal Ce(γ) or Ce(2 − γ). Therefore, we must have −γ and

−(2− γ) ∈ σ(e) in this scenario. If −γ ∈ σ(e), then we would have

− γ = 1 − γ = γ − γ = 2− γ

with the resulting cases

Pσ = {γ = −1, 3, 1}

Pσ = {γ = 0, 2, 1}.
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But note that −(2− γ) /∈ σ(e) in both cases and hence they will have non-trivial ideals. A

similar argument holds we start when we start with −(2 − γ) ∈ σ(e), and this shows that

we do not get any simple 3-Com algebras in this case.

For the next case, suppose we have 2γ − 1 ∈ σ(e), then we must have either of the

following cases:

2γ − 1 = 1 2γ − 1 = γ 2γ − 1 = β.

The former two cases can not happen since γ ̸= 1, so we must have 2γ − 1 = β, and hence

Pσ(e) = {1, γ, 2γ − 1}. We will show in this case, that only one spectrum is possible in

which it does not give us a non-simple 3-Com algebra. Note that the numbers 3γ − 2, 4γ −

3, 5γ − 4, 6γ − 5 /∈ σ(e), since if they were it would result in γ = 1, which is a contradiction.

Therefore, in this case, using proposition 5.2.0.3 we have the following multiplications:

m3(Ce(1), Ce(1), Ce(t)) ⊆ Ce(t)

m3(Ce(1), Ce(γ), Ce(γ)) ⊆ Ce(2γ − 1)

m3(Ce(1), Ce(γ), Ce(2γ − 1)) = 0

m3(Ce(1), Ce(2γ − 1), Ce(2γ − 1)) = 0

m3(Ce(γ), Ce(γ), Ce(γ)) ⊆ Ce(−γ)

m3(Ce(γ), Ce(γ), Ce(2γ − 1)) = 0

m3(Ce(γ), Ce(2γ − 1), Ce(2γ − 1)) = 0

m3(Ce(2γ − 1), Ce(2γ − 1), Ce(2γ − 1)) ⊆ Ce(−2γ + 1).

If −2γ + 1,−γ /∈ σ(e), then Ce(γ)⊕ Ce(2γ − 1) would be a non-trivial ideal. Hence, we

must have either −2γ − 1 ∈ σ(e) or −γ ∈ σ(e).
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If −2γ + 1 ∈ σ(e) or −γ ∈ σ(e), we obtain the cases:

Pσ(e) = {−1, γ = 0, 1}

Pσ(e) = {−1

3
, γ =

1

3
, 1, }

Pσ(e) = {−3, γ = −1, 1}

Pσ(e) = {0, γ =
1

2
, 1},

where we note which element γ is equal to for reference. We go through each of the cases and

show that they have to have non-trivial ideals and hence do not give simple 3-Com algebras.

• For the case Pσ(e) = {−1, γ = 0, 1}, the subspace Ce(−1) ⊕ Ce(1) is a non-trivial

ideal using the fact that m3(Ce(1), Ce(1), Ce(0) = 0 by definition and using the above

multiplication.

• For the case Pσ(e) = {−1
3
, γ = 1

3
, 1}, the subspace Ce(−1

3
)⊕Ce(

1
3
) is a non-trivial ideal.

• For the case Pσ(e) = {−3, γ = −1, 1}, the subspace Ce(−3) is a non-trivial ideal.

• For Pσ(e) = {0, γ = 1
2
, 1}, the subspace Ce(0) is a non-trivial ideal and hence it is not

simple in this case.

This completes the proof.

Therefore, we have just shown there exist no examples of 3-dimensional simple 3-Com

algebras with a semisimple primitive idempotent.
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Chapter 6

THE GENERALIZATIONS OF POIS
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6.1 Definitions of the Algebras

Here we will define two different classes of generalizations of Poisson algebras based on the

various generalizations of Com and Lie we defined in sections 4 and 3.

Definition 6.1.0.1. Let n,m ≥ 2 and dn, dm ∈ Z. A Poisson (n,m)-algebra of degree

(dn, dm) is a graded k-module P with a degree dn operation mn : P⊗n → P and a degree dm

operation lm : P⊗m → P such that

• (P,mn) is a Com n-algebra of degree dn;

• (P, lm) is a Lie m-algebra of degree dm;

• and for p1, . . . , pn+m−1 ∈ P we have

lm(mn(p1, . . . , pn), pn+1, . . . , pn+m−1)

=
n∑

i=1

(−1)εimn(p1, . . . , pi−1, lm(pi, pn+1, . . . , pn+m−1), pi+1, . . . , pn)

where

εi = dm

(
i−1∑
j=1

|pj|

)
+

(
n∑

j=i+1

|pj|

)(
m∑

r=n+1

|pr|

)
.

Definition 6.1.0.2. Let n,m ≥ 2 and dn, dm ∈ Z. An (n,m)-Poisson algebra of degree

(dn, dm) is a graded k-module P with a degree dn operation mn : P⊗n → P and a degree dm

operation lm : P⊗m → P such that

• (P,mn) is an n-Com algebra of degree dn;

• (P, lm) is an n-Lie algebra of degree dm;

• and for p1, . . . , pn+m−1 ∈ P we have the generalized Leibniz rule

lm(mn(p1, . . . , pn), pn+1, . . . , pn+m−1)

=
n∑

i=1

(−1)εimn(p1, . . . , pi−1, lm(pi, pn+1, . . . , pn+m−1), pi+1, . . . , pn)
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where

εi = dm

(
i−1∑
j=1

|pj|

)
+

(
n∑

j=i+1

|pj|

)(
m∑

r=n+1

|pr|

)
.

Example 6.1.0.1. We have a very interesting example of a (3, 2)-Poisson algebra structure

on the space k[GLn(k)], the group algebra over the general linear group GLn(k). By example

4.2.4.2, we have a 3-Com algebra structure with the 3-arity operation

mdet(A,B,C) = det(AB)C + det(AC)B + det(BC)A

on k[GLn(k)]. On the other hand, we can let [−,−] be the commutator bracket on the space

k[GLn(k)], which is non-zero since the group GLn(k) is non-commutative. These operations

satisfy the generalized Leibniz rule as follows. Let A1, A2, A3, B ∈ GLn(k) and we have

[mdet(A1, A2, A3), B] = det(A1A2)[A3, B] + det(A1A3)[A2, B] + det(A2A3)[A1, B].

On the other hand, since det([A,B]) = 0 we have

mdet([A1, B], A2, A3) +mdet(A1, [A2, B], A3) +mdet(A1, A2, [A3, B]) = det(A2A3)[A1, B]

+ det(A1A3)[A2, B] + det(A1A2)[A3, B]

which shows k[GLn(k)] with the commutator bracket and mdet is a (3, 2)-Poisson algebra.

Even more, if we let

[A,B,C] = Tr(A)[B,C] + Tr(B)[C,A] + Tr(C)[A,B]

then k[GLn(k)] has a 3-Lie algebra structure and this will also be compatible with mdet with

the generalized Leibniz rule to make it into a (3, 3)-Poisson algebra structure.

In both of the generalizations of Poisson algebras, they both have the common generalized

Leibniz rule and just like for the relation in n-Lie algebras, we can express it in a very

compact manner using permutations useful for defining the corresponding operads. Let

λn,m = (1 2 · · · n+m−1) and ωn,m = (1 2 · · ·n) be permutations in Σn+m−1. The following

lemma is a similar proof as lemma 3.2.1.1.
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lemma 6.1.0.1. Let P be either a Poisson (n,m)-algebra of degrees (dn, dm) or a (n,m)-

Poisson algebra of degrees (dn, dm) with symmetric n-arity operation mn and skew-symmetric

operation lm. Then the generalized Leibniz rule in both cases can be expressed as

lm ◦1 mn −
n−1∑
i=0

(mn ◦1 lm)λ
m
n,mωi

n,m = 0.

For each n,m ≥ 2, we have the following description for the permutations λmn,mω
i
n,m.

• For i = 0 we have

λmn,m =

 1 2 · · · n− 1 n n+ 1 · · · n+m− 1

m+ 1 m+ 2 · · · n+m− 1 1 2 · · · m

 .

• For 1 ≤ i ≤ n− 2 we have

λmn,mω
i
n,m =

 1 2 · · · n+ i− 1 n− i n− i+ 1 · · · n n+ 1 · · ·

m+ i+ 1 m+ i+ 2 · · · n+m− 1 1 m+ 1 · · · m+ i 2 · · ·

 .

• For i = n− 1 we have

λmn,mω
n−1
n,m =

1 2 3 · · · n n+ 1 n+ 2 · · · n+m− 1

1 m+ 1 m+ 2 · · · n+m− 1 2 3 · · · m

 .

To use these relations for the operads, we need to change the permutations slightly so

that the permutations are all even. Since we are dealing with a pair of positive integers

(n,m), there are four cases that we need to deal with.

lemma 6.1.0.2. Let P be as in lemma 6.1.0.1 above. Then the Leibniz relation can be

rewritten as

lm ◦1 mn −
n−1∑
i=0

(−1)m(n+i+1)+i(mn ◦1 lm)(1 2)m(n+i+1)+iλm
n,mωi

n,m = 0, (6.1)

where σn,m,i := (1 2)m(n+i+1)+iλmn,mω
i
n,m is even permutation for all i.
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Proof. We just need to explore when λmn,mω
i
n,m is odd or even depending on n and m and

then we just put id = (1 2)(1 2) on (mn ◦1 lm) if λmn,mωi
n,m using the fact that permuting lm

by (1 2) produces a sign.

We will go through the cases for when n,m is even or odd. Depending on the parity of n

and m, this will affect the parity of λmn,m and ωi
n,m, which we can determine since these are

powers of cyclic permutations.

Case 1 If n and m are odd, then n+m− 1 is odd which implies λn,m and ωn,m are both even

permutations. Therefore, λmn,mω
i
n,m is even for 0 ≤ i ≤ n− 1.

Case 2 If n is odd and m is even, then n+m− 1 is even. Therefore, λn,m and ωn,m is odd and

hence λmn,m is even and ωi
n,m is odd if and only if i is odd. Then λmn,mω

i
n,m is odd if and

only if i is odd.

Case 3 If n is even and m is odd, then n +m − 1 is even. Therefore, λn,m is a odd and ωn,m

is even. Since m is odd, then λmn,m is odd and hence λmn,mω
i
n,m is odd for all i.

Case 4 If n and M are both even, then n+m− 1 is odd which implies λn,m is even and ωn,m

is odd. Therefore, λmn,m is even and ωi
n,m is odd for all odd i. Then λmn,mω

i
n,m is odd if

and only if i is odd.

From these cases, we have the following parity

Sgn(λmn,mω
i
n,m) = (−1)m(n+i+1)+i

The (2, n)-Poisson algebras of degree (0, 0) are the n-Lie Poisson algebras originally ex-

plored by Nambu in [20] and more generally [28] as in the next definition.

Definition 6.1.0.3. Let n ≥ 2. An n-Lie Poisson algebra is a commutative associative

algebra P equipped with a n-arity bracket {−, . . . ,−} : P⊗n → P which makes P into a
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n-Lie algebra and satisfies the following generalized Leibniz rule: for g1, g2, f1, . . . , fn−1 ∈ P

we have

{g1g2, f1, . . . , fn−1} = {g1, f1, . . . , fn−1}g2 + g1{g2, f1, . . . , fn−1}.

Example 6.1.0.2. The n+1-Lie algebra structure on A = k[x1, . . . , xn+1] defined in example

3.2.1.1 with the ordinary commutative and associative multiplication gives A a n + 1-Lie

Poisson algebra structure. Even more, if Ω ∈ A, called a potential, ten [−, . . . ,−]Ω gives A

a n-Lie Poisson algebra structure as well.

6.2 (n,m)-Module Poisson algebras

In this section, we will construct a large class of (n,m)-Poisson algebras which naturally

extend examples in ?? and 3.2.1.2 by introducing trace-like maps.

Definition 6.2.0.1. Let n ≥ 3, m ≥ 2, and let M be an R-module. Suppose M is a m-Lie

algebra over R with bracket [−, . . . ,−] which is multi-linear over R, i.e. an m-Lie algebra

over R.

• We say a R-linear map f :M → R is trace-like map with respect to [−, . . . ,−] if

f([x1, . . . , xm]) = 0

for all x1, . . . , xm ∈M .

The following definition is a restatement of example 3.2.1.2 and definition 4.2.4.1 using

these trace-like maps.

Definition 6.2.0.2. Let n ≥ 3, m ≥ 2 and let M be an m-Lie algebra over R equipped with

a trace-like map f :M → R with respect to the bracket. We define µf
n :M⊗n →M as

µf
n(m1, . . . ,mn) =

n∑
i=1

f(m1) · · · f̂(mi) · · · f(mn)mi
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for y1, . . . , yn ∈M . Define [−, . . . ,−]f :M⊗m+1 →M as

[y1, . . . , ym+1]f =
m+1∑
i=1

f(yi)[y1, . . . , ŷi, . . . , ym+1]

Proposition 6.2.0.1. If M is a m-Lie algebra over R equipped with a trace-like map f :

M → R with respect to its bracket, then (M,µf
n, [−, . . . ,−]) is a (n,m)-Poisson algebra.

In particular, if g : M → R is another trace-like map with respect to the bracket, then

(M,µf , [−, . . . ,−]g) is a (n,m+ 1)-Poisson algebra.

Proof. We know that M is a n-Com algebra structure with µf
n by proposition 4.2.4.1, so we

just need to show µf
n and [−, . . . ,−] satisfy the generalized Leibniz rule. Let x1, . . . , xn, y1, . . . , ym ∈

M and we have

n∑
i=1

µf
n(x1, . . . , [xi, y1, . . . , ym], . . . , xn)

=
n∑

i=1

∑
j ̸=i

f(x1) · · · f([xi, y1, . . . , ym]) · · · f̂(xj) · · · f(xn)xj

+
n∑

i=1

f(x1) · · · f(xi−1)f(xi+1) · · · f(xn)[xi, y1, . . . , ym]

=
n∑

i=1

f(x1) · · · f(xi−1)f(xi+1) · · · f(xn)[xi, y1, . . . , ym]

= [µf
n(x1, . . . , xn), y1, . . . , ym].

where we used the fact f([xi, y1, . . . , ym]) = 0. This shows (M,µf
n, [−, . . . ,−]) is a (n,m)-

Poisson algebra.

If g : M → R is another trace-like map, then we can define [−, . . . ,−]g and since

f([−, . . . , ]) = 0, then f([−, . . . ,−]g) = 0 so that from the same argument above we have

(M,µf
n, [−, . . . ,−]g) is a (n,m+ 1)-Poisson algebra.

The last theorem expresses how easy it is to find a (n,m)-Poisson structure on a m-Lie

algebra given that you have some module map to a commutative k-algebra that is trivial for

any bracket.
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Example 6.2.0.1. Let M = Mn(R) over some commutative k-algebra R, and we have

the natural trace map Tr : Mn(R) → R, which is R-linear. Furthermore, if we let [−,−]

be the commutator bracket in Mn(R), then Tr([A,B]) = 0 and hence we have a (n, 2)-

Poisson structure on Mn(R) using µTr
n and the commutator bracket. Even more, we can

define [−,−,−]Tr and have a (n, 3)-Poisson structure as well.

Example 6.2.0.2. Let m ≥ 3 and let L be a metric m-Lie algebra with metric B : L⊗L→ k.

By example 3.2.1.4, if we pick a potential Ω ∈ L then we have a metric (m− 1)-Lie algebra

L [−, . . . ,−]Ω and we can define the trace-like map BΩ : L → k with BΩ(x) = B(x,Ω). By

propostion 6.2.0.1 we have a (n,m− 1)-Poisson structure on L with the bracket [−, . . . ,−]Ω

and the n-Com algebra structure

µBΩ
n (x1, . . . , xn) =

n∑
i=1

BΩ(x1) · · · B̂Ω(xi) · · ·BΩ(xn)xi.

Furthermore, we have the (n,m)-Poisson structure with (L, µBΩ
n , [−, . . . ,−]BΩ

).

6.3 (m,n)-Potential Algebras

For this section we will construct a vast collection of (m,n)-Poisson algebras that are induced

by the n-Lie Poisson algebras Pn(Ω) by a certain subset of polynomials that satisfy a system

of equations of partial derivatives and Jacobians with respect to Ω.

Let n ≥ 2 and let P be any n-Lie Poisson algebra. We will first go through a general

construction on P and give some conditions that are needed to make it into a (m,n)-Poisson

algebra. Pick a finite subset Γ of P such that |Γ| ≥ n− 1 and for any m ≥ 3. which we call

a P -Com set, we can define the m-arity product µm
Γ : P⊗m → P with

µm
Γ (f1, . . . , fm) =

∑
γ1,...,γn−1∈Γ

{f1 · · · fm, γ1, . . . , γn−1}. (6.2)

By example 4.2.1.2, this gives P a m-Com algebra structure, but in general, it will not satisfy

the generalized Leibniz rule.

How can we ensure that the operations {−, . . . ,−} and µm
Γ satisfy the generalized Leibniz
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rule? Lets suppose we have f1, . . . , fm, g1, . . . , gn−1 ∈ Pm(Γ) and going through the equations

we obtain

{µm
Γ (f1, . . . , fm), g1, . . . , gn−1} =

∑
γ1,...,γn−1∈Γ

{{f1 · · · fm, γ1, . . . , γn−1}, g1, . . . , gn−1}

=
∑

γ1,...,γn−1∈Γ

{{f1 · · · fm, g1, . . . , gn−1}, γ1, . . . , γn−1}

+
∑

γ1,...,γn−1∈Γ

n−1∑
i=1

{f1 · · · fm, γ1, . . . , γi−1, {γi, g1, . . . , gn−1}, γi+1, . . . , γn−1}

=
∑

γ1,...,γn−1∈Γ

m∑
j=1

{f1 · · · fj−1{fj, g1, . . . , gn−1}fj+1 · · · fm, γ1, . . . , γn−1}

+
∑

γ1,...,γn−1∈Γ

n−1∑
i=1

{f1 · · · fm, γ1, . . . , γi−1, {γi, g1, . . . , gn−1}, γi+1, . . . , γn−1}

=
∑

γ1,...,γn−1∈Γ

m∑
j=1

µm
Γ (f1, . . . , fj−1, {fj, g1, . . . , gn−1}, fj+1, . . . , fm)

+
∑

γ1,...,γn−1∈Γ

n−1∑
i=1

{f1 · · · fm, γ1, . . . , γi−1, {γi, g1, . . . , gn−1}, γi+1, . . . , γn−1}.

So for µm
Γ and {−, . . . ,−} to satisfy the generalized Leibniz rule, we must have the last sum

to be zero. In other words, for each γ1, . . . , γn−1 ∈ Γ, we define Sγ1,...,γn−1 : (P
⊗n → P as

Sγ1,...,γn−1(g1, . . . , gn) =
n∑

i=1

{g1, γ1, . . . , γi−1, {γi, g2, . . . , gn}, γi+1, . . . , γn−1}, (6.3)

then we say P is Γ-compatible if Sγ1,...,γn−1 = 0 for all γ1, . . . , γn−1 ∈ Γ. With this definition

and the calculations above, we have the following consequence.

lemma 6.3.0.1. If P is Γ-compatible, then (P, {−, . . . ,−}, µm
Γ ) is a (m,n)-Poisson algebra.

In particular, we can let JΓ(P ) be the n-Lie Poisson ideal of P generated by Sγ1,...,γn−1}(g1,...,gn)

for all g1, . . . , gn ∈ P . We can define P (Γ) = P/JΓ(P ), which is Γ-compatible by definition,

which gives the space (P (Γ), {−, . . . ,−}, µm
Γ ) a (m,n)-Poisson algebra structure.

Now that we have our (m,n)-Poisson algebras, which are quotients of n-Lie Poisson al-

gebras P through the relations Sγ1,...,γn−1 for all γ1, . . . , γ ∈ Γ, we need to find a way to
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easily describe these relations. Note that Sγ1,...,γn−1 is generally not a derivation in each of

its arguments, except for the first argument as this is always a derivation. This would make

it hard to find the relations coming from the n-Lie Poisson ideal, so we need to find some

conditions on P so that Sγ1,...,γn−1 is a derivation in all of its arguments. This would make

it possible to describe the ideal JΓ(P ) based on the generators on P . The next condition

comes from determining when Sγ1,...,γn−1 is a derivation.

Definition 6.3.0.1. Let P be a n-Lie Poisson algebra and Γ a P -Com set. We say P is Γ

semi-strong if for every f, g, h1, . . . , hn−1 ∈ P and γ1, . . . , γn−1 ∈ Γ we have

Tγ1,...,γn−1(f, g, h1, . . . , hn−1) =
n−1∑
i=1

(−1)i{γ1, . . . , γ̂i, . . . , γn−1, f, g}{γi, h1, . . . , hn−1} = 0.

The condition to be Γ semi-strong is just enough to be able to make Sγ1,...,γn−1 into a

derivation in each of its arguments as follows.

lemma 6.3.0.2. Let P be a Γ semi-strong n-Lie Poisson algebra, then for every γ1, . . . , γn−1 ∈

Γ the map Sγ1,...,γn−1 is a derivation in each of its arguments.

Proof. Let v1, . . . , vn ∈ P . It is obvious that SP,γ1,...,γn−1(v1, . . . , vn) is a derivation at v1 since

{−, . . . ,−} is a derivation in each of its inputs. For the v2, . . . , vn components and gj ∈ P ,
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we have

SP,γ1,...,γn−1(v1, . . . , vjg, . . . , vn, γ1, . . . , γn−1) =
n−1∑
i=1

{v1, γ1, . . . , γi−1, {γi, v2, . . . , vjg, . . . , vn}, γi+1, . . . , γn−1}

=
n−1∑
i=1

{v1, γ1, . . . , γi−1, vj{γi, v2, . . . , gj, . . . , vn}, γi+1, . . . , γn−1}

+
n−1∑
i=1

{v1, γ1, . . . , γi−1, {γi, v2, . . . , vj, . . . , vn}gj, γi+1, . . . , γn−1}

=
n−1∑
i=1

vj{v1, γ1, . . . , γi−1, {γi, v2, . . . , gj, . . . , vn}, γi+1, . . . , γn−1}

+
n−1∑
i=1

{v2, γ1, . . . , γi−1, vj, γi+1, . . . , γn−1}{γi, v2, . . . , gj, . . . , vn}

+
n−1∑
i=1

{v1, γ1, . . . , γi−1, {γi, v2, . . . , vn}, γi+1, . . . , γn−1}gj

+
n−1∑
i=1

{γi, v2, . . . , vn}{v1, γ1, . . . , γi−1, gj, γi+1, . . . , γn−1}

= vjSP,γ1,...,γn−1(v1, v2, . . . , gj, . . . , vn) + SP,γ1,...,γn−1(v1, v2, . . . , vn)gj

+
n−1∑
i=1

{v2, γ1, . . . , γi−1, vj, γi+1, . . . , γn−1}{γi, v2, . . . , gj, . . . , vn}

+
n−1∑
i=1

{γi, v2, . . . , vn}{v1, γ1, . . . , γi−1, gj, γi+1, . . . , γn−1}.

The last two sums in the last equation are zero by the fact that P is a Γ semi-strong n-Lie

Poisson algebra, and the remaining terms shows that Sγ1,...,γn−1 is a derivation in vj spot.

This proves the lemma.

To find examples of Γ semi-strong n-Lie Poisson algebras P , we can take quotients of a

particular class of strong n-Lie Poisson algebras by a very specific n-Lie Poisson ideal. By
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[4] that a strong n-Lie Poisson algebra is a n-Lie Poisson algebra P such that

n∑
i=1

(−1)i{v1, . . . , v̂i, . . . , vn+1}{vi, u1, . . . , un−1} = 0 (6.4)

for all v1, . . . , vn+1, u1, . . . , un−1 ∈ P , and we call this the strong condition. The strong

condition is used to establish sufficient conditions for when the symmetric algebra S(L) of

a n-Lie algebra L is a n-Lie Poisson algebra, for more information see [4]. In particular, the

n-Lie Poisson algebra Pn(Ω) is a strong n-Lie Poisson algebra.

lemma 6.3.0.3 ([4]). For any Ω ∈ Pn, the n-Lie Poisson algebra Pn(Ω) is a strong n-Lie

Poisson algebra.

Proof. Let Y : (Pn(Ω))
⊗2n → Pn(Ω) be the linear map

Y (v1, . . . , vn+1, u1, . . . , un−1) =
n∑

i=1

(−1)i{v1, . . . , v̂i, . . . , vn+1}{vi, u1, . . . , un−1}.

Since Y is skew-symmetric in the variables u1, . . . , un−1 and a derivation in each of its argu-

ments, then it suffices to look v1, . . . , vn+1, u1, . . . , un−1 are the generators x1, . . . , xn+1. In

particular, we have

Y (x1, . . . , xn+1, x3, . . . , xn+1) = −{x2, . . . , xn+1}{x1, x3, . . . , xn+1}

+ {x1, x3, . . . , xn+1}{x2, x3, . . . , xn−1}

= −1 + 1 = 0.

This proves Pn(Ω) is strong.

Suppose P is a strong n-Lie Poisson algebra and Γ is a P -Com set. We can define the

functions

Fγ1,...,γn−1(f, g, h1, . . . , hn−1) = {γ1, . . . , γn−1, f}{g, h1, . . . , hn−1} − {γ1, . . . , γn−1, g}{f, h1, . . . , hn−1}

for every γ1, . . . , γn−1 ∈ Γ and f, g, h1, . . . , hn−1 ∈ P . With this, define IΓ(P ) be the n-Lie

Poisson ideal generated by the image of Fγ1,...,γn−1 for all γ1, . . . , γn−1 ∈ Γ. Since P is strong,
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we have
n−1∑
i=1

(−1)i{γ1, . . . , γ̂i, . . . , γn−1, f, g}{γi, h1, . . . , hn−1} = (−1)nFγ1,...,γn−1(g, f, h1, . . . , hn−1) ∈ IΓ

by definition, so that P (Γ) = P/IΓ(P ) is Γ semi-strong.

Now that we have our conditions which make Sγ1,...,γn−1 into a derivation, we can finally

find some explicit examples with some description for the ideals.

Definition 6.3.0.2. Let n,m ≥ 3, Ω ∈ Pn, and Γ is a Pn-Com set. Define Pn(Γ,Ω) =

Pn(Ω)/I(Pn(Ω)), which is a Γ semi-strong n-Lie Poisson algebra. Furthermore, define

Pm,n(Γ,Ω) = Pn(Γ,Ω)/JΓ(Pn(Γ,Ω)) with the n-Lie Poisson algebra structure {−, . . . ,−}Ω
and the m-Com algebra structure µm

Γ . We call Pm,n(Γ,Ω) the (m,n)-Potential algebra with

respect to Γ and Ω and this is a (m,n)-Poisson algebra by lemma 6.3.0.1.

With all of the nice properties we have defined above, we are able to describe the ideals

JΓ(Pn(Ω)) in Pn(Ω) and IΓ(Pn(Γ,Ω)) in Pn(Γ,Ω), which are generated by certain systems

of partial differential equations. For simplicity, if x1, . . . , xn+1 are n + 1 variables, define

Jaci(f1, . . . , fn) to be the determinant of the Jacobian matrix of f1, . . . , fn with respect to

the variables x1, . . . , xi−1, xi+1, . . . , xn+1. Furthermore, denote by {f, g}p,q the 2-arity bracket

with

{f, g}p,q =
∂f

∂xp

∂g

∂xq
− ∂f

∂xq

∂g

∂xp

for 1 ≤ p, q ≤ n+ 1.

Theorem 6.3.0.4. Let m,n ≥ 3, Γ is a Pn-Com set and Ω ∈ Pn.

• The ideal IΓ(Pn(Ω) is generated by

Jaci(γ1, . . . , γn−1,Ω)
∂Ω

∂xi
− Jacj(γ1, . . . , γn−1,Ω)

∂Ω

∂xj

for all 1 ≤ i, j ≤ n+ 1 and by

Jacq(γ1, . . . , γn−1,Ω)
∂Ω

∂xp

for q ̸= p and for all γ1, . . . , γn−1 ∈ Γ.
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• The ideal JΓ(Pn(Γ,Ω)) is generated by

n∑
i=1

Jacj(γ1, . . . , γi−1, [γi,Ω]p,q, γi+1, . . . , γn−1,Ω)

for all 1 ≤ j, p, q ≤ n+ 1 and γ1, . . . , γn−1 ∈ Γ.

• The space (Pn(Ω), {−, . . . ,−}Ω, µm
Γ ) is a (m,n)-Poisson algebra if

∂

∂xi
Jaci(γ1, . . . , γn−1,Ω) = Jaci(γ1, . . . , γn−1

∂Ω

∂xi
)

Jaci(γ1, . . . , γn−1,Ω)
∂Ω

∂xi
= 0

for all 1 ≤ i ≤ n+ 1 and γ1 . . . , γn−1 ∈ Γ.

Proof. To find the description for the ideal IΓ(Pn(Ω)), note that Fγ1,...,γn−1 for γ1, . . . , γn−1 ∈

Γ is a derivation in each of its arguments and it is skew-symmetric in the last n−1 arguments.

It suffices to look at the generators x1, . . . , xn−1 and we have

Fγ1,...,γn−1(xa, xb, xi1 , . . . , xin−1) = {γ1, . . . , γn−1, xa}Ω{xb, xi1 , . . . , xin−1}Ω

− {γ1, . . . , γn−1, xb}Ω{xa, xi1 , . . . , xin−1}Ω.

such that i1 < · · · < in−1. If a, b ∈ {i1, . . . , in−1}, then this sum is just zero. If exactly

one of the a or b is in {i1, . . . , xn−1}, say a and j is the unique element in {1, . . . , n +

1}{b, xi1 , . . . , in−1}, then we have

Fγ1,...,γn−1(xa, xb, xi1 , . . . , xin−1) = {γ1, . . . , γn−1, xa,Ω}{xb, xi1 , . . . , xin−1 ,Ω}

= (−1)n−1+aJaca(γ1, . . . , γn−1,Ω)(−1)b
∂Ω

∂xj
.

In other words, we have

Jaci(γ1, . . . , γn−1,Ω)
∂Ω

∂xj

is a generator of IΓ(Pn(Ω)) for i ̸= j.

Next, suppose a, b ∈ {1, . . . , n + 1} \ {i1, . . . , in−1} and Fγ1,...,γn−1(xa, xb, xi1 , . . . , xin−1) is
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of the form

(−1)n−1+a+bJaca(γ1, . . . , γn−1,Ω)
∂Ω

∂xa
− (−1)n−1+b+aJacb(γ1, . . . , γn−1,Ω)

∂Ω

∂xb
.

Therefore, we also have the elements

Jaca(γ1, . . . , γn−1,Ω)
∂Ω

∂xi
− Jacj(γ1, . . . , γn−1,Ω)

∂Ω

∂xj

are generators for all 1 ≤ i, j ≤ n+ 1.

For the ideal JΓ(Pn(Γ,Ω)), the space Pn(Γ,Ω) is Γ semi-strong and hence the maps

Sγ1,...,γn−1 is a derivation in each of its arguments and skew-symmetric in the last n − 1

inputs. For i1 < · · · < in−1, 1 ≤ j ≤ n + 1, and p, q are the unique integers in {1, . . . , n +

1} \ {i1, . . . , in−1} we have

Sγ1,...,γn−1(xj, xi1 , . . . , xin−1) =
n∑

i=1

{xj, γ1, . . . , γi−1, {γi, xi1 , . . . , xin−1}Ω, γi+1, . . . , γn−1}Ω

=
n∑

i=1

{xj, γ1, . . . , γi−1, {γi, xi1 , . . . , xin−1}, γi+1, . . . , γn−1}Ω

=
n∑

i=1

(−1)n−1{xj, γ1, . . . , γi−1, [γi,Ω]p,q, γi+1, . . . , γn−1,Ω}

=
n∑

i=1

(−1)n−1+jJacj(γ1, . . . , γi−1, [γi,Ω]p,q, γi+1, . . . , γn−1,Ω).

Therefore, JΓ(Pn(Γ,Ω)) is generated by the elements

n∑
i=1

Jacj(γ1, . . . , γi−1, [γi,Ω]p,q, γi+1, . . . , γn−1,Ω)

for all 1 ≤ j, p, q ≤ n+ 1.

The last statement is a consequence of the fact that if the corresponding equations are

zero, then the corresponding ideals are trivial, and hence we get the result.

Now that we have our description with respect to some partial differential equations, let’s

find some explicit examples.
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Example 6.3.0.1. Let n = 2 and P2 = k[x, y, z], and pick γ,Ω ∈ P2. Then by theorem

6.3.0.4 the ideal Iγ(P2(Ω)) is generated by

Jacx(γ,Ω)
∂Ω

∂x
− Jacy(γ,Ω)

∂Ω

∂y
, Jacx(γ,Ω)

∂Ω

∂x
− Jacz(γ,Ω)

∂Ω

∂z
,

Jacx(γ,Ω)
∂Ω

∂y
, Jacx(γ,Ω)

∂Ω

∂z
,

Jacy(γ,Ω)
∂Ω

∂x
, Jacy(γ,Ω)

∂Ω

∂z
,

Jacz(γ,Ω)
∂Ω

∂x
, Jacz(γ,Ω)

∂Ω

∂y
.

For the ideal Jγ(P2(Γ,Ω), we have the generators

Jacx([γ,Ω]x,y,Ω) Jacx([γ,Ω]x,z,Ω) Jacx([γ,Ω]y,z,Ω)

Jacy([γ,Ω]x,y,Ω) Jacy([γ,Ω]x,z,Ω) Jacy([γ,Ω]y,z,Ω)

Jacz([γ,Ω]x,y,Ω) Jacz([γ,Ω]x,z,Ω) Jacz([γ,Ω]y,z,Ω).

Note that there might be some redundancies and they will not be the minimal generators for

the ideals. Next, we will pick appropriate γ and Ω and find the corresponding (m, 2)-Poisson

algebras.

• Let γ = x+ y + z and Ω = xyz and by direct calculation, we have

Jacx(γ,Ω)
∂Ω

∂x
− Jacy(γ,Ω)

∂Ω

∂y
= (xy − xz)yz − (xy − yz)xz = xy2z − x2yz

Jacx(γ,Ω)
∂Ω

∂x
− Jacy(γ,Ω)

∂Ω

∂y
= xy2z − x2yz + xy2 − xyz2

Jacx(γ,Ω)
∂Ω

∂y
= (xy − xz)xz = x2z(y − z)

Jacx(γ,Ω)
∂Ω

∂z
= (xy − xz)xy = x2y(y − z)

and similarly by symmetry and reducing the redundancies, the ideal Iγ(P2(Ω)) is gen-
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erated by

xyz(x− y) xyz(x− z) x2y(y − z), xy2(x− z)

x2z(y − z) y2z(x− z)

xz2(x− y) yz2(x− y).

In P2(Ω)/IΓ(P2(Ω)) we have

Jacx([γ,Ω]x,y,Ω) = Jacx(xz − yz, xyz) = −xyz − xz(x− y) = x2z

Jacx([γ,Ω]x,z,Ω) = Jacx(xy − yz, xyz) = xy(x− z) + xyz = x2y

Jacx([γ,Ω]y,z,Ω) = Jacx(xy − xz, xyz) = x2y + x2y

and by symmetry and reducing the equations the ideal Jγ(P2(γ,Ω)) is generated by

x2z x2y xy2 y2z xz2 yz2.

In conclusion, we obtain the (m, 2)-Poisson algebra

Pm,2(γ,Ω) =
k[x, y, z]

⟨x2y, x2z, xy2, y2z, xz2, yz2⟩

with the m-Com multiplication

µm
γ (f1, . . . , fm) =

∂

∂x
(f1 · · · fm)x(y − z)− ∂

∂y
(f1 · · · fm)y(x− z) +

∂

∂z
(f1 · · · fm)z(x− y)

This is just a finite-dimensional vector space with basis 1, x, y, z, x2, y2, z2, xy, xz, yz, xyz

and with operations

{x, y}Ω = xy {x, z}Ω = xz {y, z}Ω = yz

µm
γ (x, 1, . . . , 1) = x(y − z) µm

γ (y, 1, . . . , 1) = −y(x− z) µm
γ (z, 1, . . . , )) = z(x− y)

with µm
γ on the other basis elements is zero.
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• Let γ = x4 − y4 and Ω = x4 − z4 and by direction calculation we have

Jacx(γ,Ω)
∂Ω

∂x
− Jacy(γ,Ω)

∂Ω

∂y
= 43x3y3z3, Jacx(γ,Ω)

∂Ω

∂x
− Jacz(γ,Ω)

∂Ω

∂z
= 2 · 43x3y3z3,

Jacx(γ,Ω)
∂Ω

∂y
= 0, Jacx(γ,Ω)

∂Ω

∂z
= −43y3z6,

Jacy(γ,Ω)
∂Ω

∂x
= −43x6z3, Jacy(γ,Ω)

∂Ω

∂z
= 43x3z6,

Jacz(γ,Ω)
∂Ω

∂x
= 43x6y3, Jacz(γ,Ω)

∂Ω

∂y
= 0.

In other words, the ideal Iγ(P2(Ω)) is generated by x3y3z3, x6z3, y3z6, x3z6, x6y3. For

the ideal Jγ(P2(γ,Ω)), computing the relations we obtain

Jacx([γ,Ω]x,y,Ω) = −3 · 43x3y2z3 Jacx([γ,Ω]x,z,Ω) = 0

Jacx([γ,Ω]y,z,Ω) = −3 · 43y2z6 Jacy([γ,Ω]x,y,Ω) = −3 · 43x2y3z3

Jacy([γ,Ω]x,z,Ω) = 3 · 43x2z6 + 3 · 43x6z2 Jacy([γ,Ω]y,z,Ω) = −3 · 43x3y3z2

Jacz([γ,Ω]x,y,Ω) = −3 · 43x6y2 Jacz([γ,Ω]x,z,Ω) = 0

Jacz([γ,Ω]y,z,Ω) = 0.

This shows that the ideal Jγ(P2(γ,Ω)) is generated by

x2y3z3, x3y2z3, x3y3z2, x6y2, x2z6 + x6z2

and hence

Pm,2(γ,Ω) =
k[x, y.z]

⟨x2y3z3, x3y2z3, x3y3z2, x6y2, x2z6 + x6z2⟩

with the m-Com multiplication

µm
γ (f1, . . . , fm) =

∂

∂x
(f1 · · · fm)y3z3 +

∂

∂y
(f1 · · · fm)x3z3 +

∂

∂z
(f1 · · · fm)x3y3.

In other words, Pm,2(γ,Ω) is the infinite-dimensional vector space with the operations

{x, y}Ω = −4z3 {x.z}Ω = 0 {y, z}Ω = 4x3
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and

µm
γ (x, 1, . . . , 1) = y3z3 µm

γ (y, 1, . . . , 1) = x3z3 µm
γ (z, 1, . . . , 1) = x3y3

and it is not too hard to compute the others.

6.4 The Corresponding Operads

In all of these generalizations, they have one particular relation that they all have in common:

the generalized Leibniz relation that relates the symmetric operation and the skew-symmetric

operation. Recall from section 2.1.3, that we have the free operad FP(n,dn),(m,dm) for n,m ≥ 2

and dn, dm ∈ Z, which has⊕
a1<···<an−1

Em,dm(m)⊗Hn,dn(n){a1, . . . , am−1} ⊕
⊕

b1<···<bn−1

Hn,dn(n)⊗ Em,dm{b1, . . . , bn−1}

in the space FP(n,dn),(m,dm)(n+m− 1). This is where we have the relationship between the

operations µn,dn and νm,dm in terms of the generalized Leibniz rule. In terms of the rewriting

rule, let γn,m be the rewriting rule defined as taking

γn,m(ν
dmµdn

{n+1,...,n+m−1}) =
n−1∑
i=0

(−1)m(n+i+1)+i(µdnνdm{n+1,...,n+m−1})
σn,m,i . (6.5)

and all appropriate permutations. Thus we have GLeibn,m to be the Σn+m−1-submodule of

FP(n,dn),(m,dm)(n+m− 1) generated by νdmµdn
{n+1,...,2n−1} − γn,m(ν

dmµdn
{n+1,...,2n−1}). Then we

can define the Σ-submodule RPn,m of FP
(2)
(n,dn),(m,dm) with

RPn,n(2n− 1) = Sn,d ⊕GLeibn,n ⊕R0
n,dotherwise (6.6)

if n = m and

RPn,m(2n− 1) = Sn,d

RPn,m(2m− 1) = R0
m,d

RPn,m(n+m− 1) = GLeibn,m

when n ̸= m.
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Definition 6.4.0.1. For n,m ≥ 2 we define (n,m)−Pois(dn,dm) = FP(n,dn),(m,dm)/(RPn,m) ∼=

(n-Comdn) ∧γ (m− Liedm).
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Chapter 7

ODD OPERADS
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7.1 Generalized Odd Graphs

In this section, we will review the construction and properties of the generalized Kneser

graphs which will be useful for constructing our operads based on these graphs.

Definition 7.1.0.1. For n ≥ 2, let Λ(n) be the collection of ordered sequences (a1, . . . , an−1)

of elements a1, . . . , an−1 ∈ {1, . . . , 2n− 1}. For each n ≥ 2 and 1 ≤ s ≤ n− 1, define On,s to

be the graph with vertices Λ(n) and an edge between σ and τ in Λ(n) if and only if |σ∩τ | < s.

In the literature, On,s = K(2n − 1, n − 1, s) where K(n, r, s) is the generalized Kneser

graphs. Furthermore, when s = 1 the graphs On are called the Odd graphs and are a subset

of the collection of Kneser graphs whose spectrum is known in general.

Furthermore, there is a natural action Σ2n−1 on the set of vertices Λ(n) by just applying

σ ∈ Σ2n−1 on the elements in the tuple and then reordering the tuple.

Example 7.1.0.1. • For n = 2 and s = 1, the graph O2,1 = O2 is just the triangle in

figure 7.1 with the vertices {1}, {2}, {3} with an edge between each of them.

Figure 7.1: The graph O2

• For n = 3 and s = 1, O3,1 = O3 is the Peterson graph in figure 7.2, with vertices

(1, 2), (1, 3), (1, 4), (1, 5), (2, 3), (2, 4), (2, 5), (3, 4), (3, 5), (4, 5).

• For n = 3 and s = 2, we obtain the graph the K10, the complete graph on 10 vertices

as in figure 7.3.
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Figure 7.2: The Peterson Graph

Figure 7.3: Graph K10

• In general, if n ≥ 2 and s = n − 1 then the graph On,n−1 is the complete graph Km

where m = |Λ(n)| =

2n− 1

n− 1

.

For n ≥ 2 and 1 ≤ s ≤ n − 1, the adjacency matrix B(On,s) associated with On,s is

defined as

B(On,s)τ,ω =

1 if |τ ∩ ω| < s

0 otherwise

(7.1)

for any ω, τ ∈ Λ(n) with respect to the ordered basis on kΛ(n) with respect to the lexico-
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graphical ordering. The associated linear map Tn,s : kΛ(n) → kΛ(n) is defined as

Tn,s(ω) =
∑

τ∈Λ(n)
|τ∩ω|<s

τ. (7.2)

. Furthermore, the maps Tn,s are invariant under the Σ2n−1 actions and hence the Ker(Tn,s−

λI) and Im(Tn,s − λI) are all left k[σ2n−1]-modules for every eigenvalue λ of Tn,s.

7.1.1 Spectrum of On

Recall that if we have a graph G with eigenvalues λn ≥ · · · ≥ λ1, then its spectrum is

Spec(G) =

λn · · · λ1

mn · · · m1

 (7.3)

where mi is the multiplicity of λi. For this section, we will give a self-contained proof of the

spectrum of On for all n ≥ 2 and show that the multiplicities of the eigenvalues (−1)n+1 are

the Catalan numbers Cn.

We can compute the spectrum of O2 and O3 fairly easily using basic linear algebra tools.

Example 7.1.1.1. • For O2, its adjacency matrix is
0 1 1

1 0 1

1 1 0


which it is easy to show that its spectrum is

Spec(O2) =

2 −1

1 2


• For O3, this is the Peterson graph, and it is known in the literature to have spectrum

Spec(O3) =

3 1 −2

1 5 4


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• For n ≥ 2 and s = n−1, the graph On,n−1 is the complete graph Km for m =

2n− 1

n− 1


and hence its spectrum is m− 1 −1

1 m− 1

 . (7.4)

Furthermore, the eigenspace Ker(Tn,n−1 + I) has a basis consisting of σ − τ for σ < τ .

Before we compute the spectrum of On for n ≥ 2, we need to state a few results about

a particular proper Riordan array that is associated with the spectrum of On. A Riordan

array is a pair (d(t), h(t)) of formal power series such that d(0) ̸= 0 and h(0) ̸= 0, as defined

in [19]. This defines a infinite, lower triangular array {dn,k}n,k∈N such that

dn,k = [tn]d(t)(th(t))k

where [tn] is saying to extract the coefficient in front of tn. In other words, d(t)(th(t))k is

the generating function for the kth column of this array.

Next, we will define a proper Riordan array that was first introduced by B. Shapiro in

[23] in the study of a walk problem on the non-negative quadrant on the integral square

lattice in two-dimensional Euclidean space, which they called the Catalan triangle.

Definition 7.1.1.1. Let E = {En,k}n,k∈N be the lower triangular array with

En,k = En−1,k−1 + 2En−1,k + En−1,k+1

for all n, k ≥ 0 and define

E0,0 = 1

En,k = 0 for n < k.

One can use the explicit characterizations in [19] to show that E is a proper Riordan

array with

d(t) = h(t) =
c(t)− 1

t
=

∞∑
i=0

Ck+1t
i
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where C(t) is the generating function for the Catalan numbers as in section 1.2.0.1. Fur-

thermore, it is known that C
(1)
n = Cn+1 for all n ≥ 1 by theorem 1.2.0.3, where C

(k)
n is

the k-fold convolution of the Catalan numbers. Therefore, the generating function for the

(1)-fold Catalan numbers is

d(t) =
∞∑
i=0

C(1)
n ti

In other words, we have En,0 = C
(1)
n . Furthermore, the generating function dk(t) for the kth

column of {En,k} is

fk(t) = d(t)(th(t))k

= tk(d(t))k+1

where d0(t) = d(t). The first few lines of the lower triangular array En,k are

1

2 1

5 4 1

14 14 6 1

42 48 27 8 1

132 165 110 44 10 1

429 572 429 208 65 12 1
...

...
...

...
...

...
...

As one may notice, the columns are exactly counted by the k-fold convolutions C
(k)
n where

k is odd, which we will now prove.

lemma 7.1.1.1. For any n ≥ 0 and 0 ≤ k ≤ n, we have

En,k = C
(2k+1)
n−k .
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Proof. It suffices to describe the generating function d(t)k+1 and show it is the generating

function for the (2k + 1)-fold convolution of the Catalan numbers. By the Cartan multipli-

cation, we have

[tn]d(t)k+1 =
∑

x1+···xk+1=n

C(1)
x1

· · ·C(1)
xk+1

and since each C
(1)
xi =

∑
yi1+yi2=xi

Cyi1
Cyi2

for each i, then this implies

∑
x1+···xk+1=n

C(1)
x1

· · ·C(1)
xk+1

=
∑

yi1+yi2=xi : 1≤i≤k+1
x1+···+xk+1=n

Cy11
Cy12

· · ·Cyk+1
1
Cyk+1

2

=
∑

y11+y12+y21+···+yk+1
1 +yk+1

2 =n

Cy11
Cy12

· · ·Cyk+1
1
Cyk+1

2

= C(2k+1)
n .

Therefore, we have

[tn]dk(t) = C
(2k+1)
n−k

and this proves dk(t) is the generating function for the (2k+1)-fold convolution of the Catalan

numbers shifted and hence proves the lemma.

By theorem 1.2.0.3, it is known that the (k)-fold convolution of the Catalan numbers is

given by the formula

C(k)
n =

k + 1

n+ k + 1

2n+ k

n

 .

Therefore, if n ≥ 0 and k < n, then we have

En,k =
2k + 2

n+ k + 2

2n+ 1

n− k


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On the other hand, if we let µn,k = (n+k, n−k−1) be a partition of 2n−1 for 0 ≤ k ≤ n−1,

then by the hook length formula we have

fµn,k =
(2n− 1)!∏n−1

i=k+1(i+ k + 2)(2k + 1)!(n− k − 1)!

=
(2n− 1)!(2k + 2)

(n+ k + 1)!(n− k − 1)!

=
2k + 2

n+ k + 1

 2n− 1

n− k − 1

 .

Therefore, we have

fµn+1,k =
2k + 2

n+ k + 2

2n+ 1

n− k

 = En,k

from above, which shows En,k is counting the number of standard Young tableaux of shape

µn+1,k.

Using the proper Riordan array E , we can find the spectrum for On for all n ≥ 2 by using

a useful property about the sequence of adjacency matrices {B(On)}n≥2 in which we can

use induction to compute the characteristic polynomials. The proof of the following lemma

is postponed to section 7.2, where we will develop the required tools and lemmas needed to

prove the following lemma.

lemma 7.1.1.2. For any n ≥ 2, On has eigenvalues λn1 , . . . , λ
n
n where

λni = (−1)n+ii.

If mn,i are the multiplicities for λni , then

mn,i = En−1,i−1.

We have a natural left k[Σ2n−1]-module isomorphism φn : M (n,n−1) → kΛ(n) by defining

φn({T}) = (a1, . . . , an−1), where a1 < · · · < an−1 is the bottom row of T . We know M (n,n−1)

decomposes into a direct sum of Sµn,i for 0 ≤ i ≤ n− 1 by 1.3.3.2 which implies

dimkΛ(n) =
n−1∑
i=0

fµn,i .
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On the other hand, we have the eigenvalues for Tn,1 with each En
i = ker(Tn,1 − λni I) has

dimension En−1,i−1 = fµn,i−1 . This shows that kλ(n) =
⊕n

i=1E
n
i has the decomposition into

its eigenspaces. Furthermore, let σ = (a1, . . . , an−1) and DS(σ) is the set of ω ∈ Λ(n) such

that σ ∩ ω = ∅. If g ∈ Σ2n−1 and ω ∈ DS(σ), then ωg is in DS(σg) by the fact that they

permute the same numbers and they will be disjoint to each other under the action. This

shows that

Tn,1(σ
g) =

∑
theta∈DS(σg)

θ =
∑

ω∈DS(σ)

ωg = Tn,1(σ)
g

and hence Tn,1 is Σ2n−1-invariant. Therefore, we have En
i are each Σ2n−1-modules which

decompose the space kΛ(n).

lemma 7.1.1.3. The space En
i are irreducible and are isomorphic to Sµn,i−1 through the

isomorphism φn :M (n,n−1) → kΛ(n).

Proof. Through the isomorphism φn : M (n,n−1) → kΛ(n) for each 1 ≤ i, j ≤ n this isomor-

phism induces Σ2n−1-equivariant maps φi,j
n : Sµn,i−1 → En

j for 1 ≤ i, j ≤ n such that they

are an isomorphism for only one of the j’s through the decomposition and isomorphism. By

comparing the dimensions; we must have φi,i
n is an isomorphism, and the rest are zero. This

shows the proof.

The last lemma shows that through the isomorphism φn we have En
1 is a Σ2n−1-cyclic

module with generator
∑

g∈Cn
sgn(g)(n+ 1, . . . , 2n− 1)g. These are exactly the relations in

the n-Com operad as we will show later.

7.2 Proof of lemma 7.1.1.2

In this subsection, we will lay out the groundwork of definitions and technical lemmas that

are used to prove lemma 7.1.1.2. First, we define balanced matrix sequences, which consist

of a sequence of matrices with certain properties that make it possible to give a description

of the characteristic polynomial in a recursive manner. Next, we will use the properties of



146

Λ(n) to show that the sequence of matrices {B(On)}n≥1 is a balanced matrix sequence and

hence prove lemma 7.1.1.2.

7.2.1 Balanced Matrix Sequences

Definition 7.2.1.1. A balanced matrix sequence is a triple {(B(n), C(n), D(n))}n≥1 of ma-

trices with

B(n) =

 0 C(n)

C(n)T J



C(n) =

 0 D(n)

B(n− 1) J


with with

D(n)TD(n) + I = JB(n− 1)2J

, where J is the anti-diagonal square identity matrix. We will denote such sequences as

(B,C,D).

For any such sequence, define a sequence of tuples (Nn,Mn) where C(n) is a Nn ×Mn

matrix and all the other sizes of the matrices are derived from these two indices. For any

square matrix A, denote by PA(x) = det(A− xI) the characteristic polynomial of A.

Theorem 7.2.1.1. If (B,C,D) is a balanced matrix sequence, then we have the following

relationship between the characteristic polynomials:

PB(n)(x) = −(−1)Nn+Nn−1xNn−MnPB(n−1)(−x)2PB(n−1)(x− 1)PB(n−1)(x+ 1)

Proof. This proof just uses some standard theorems from linear algebra. First, note by
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standard multiplication of block matrices we have

C(n)TC(n) =

B(n− 1)2 B(n− 1)J

JB(n− 1) D(n)TD(n) + I


=

B(n− 1)2 B(n− 1)J

JB(n− 1) JB(n− 1)2J



By definition of characteristic polynomial

PB(n)(λ) = det(B(n)− λI)

= det

 −λI C(n)

C(n)T J − λI


= det(−λI)det(J − λI +

1

λ
C(n)TC(n))

= (−1)NnλNn−Mndet(λJ − λ2I + C(n)TC(n)),

where we used Schur’s complement for the second determinant. Row-reducing the matrix

λJ − λ2I + C(n)TC(n), we obtain the matrix 0 −f(λ,B(n− 1))J

JB(n− 1) + λJ JB(n− 1)2J − λ2J


where

f(x, b) = x3 − x2b− x(1 + b2)− b+ b3

Note that f(x, b) can be decomposed as

f(x, b) = (b− x− 1)(b− x+ 1)(b+ x)

so that our matrix becomes 0 −(B(n− 1)− (λ+ 1)I)(B(n− 1)− (λ− 1)I)(B(n− 1) + λI)J

JB(n− 1) + λJ JB(n− 1)2J − λ2I

 .

Computing the determinate of this gets us our result.
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7.2.2 Properties of the vertices in On

Recall the definition of Λ(n) from section 7.3, which give us the basis elements that construct

our adjacency matrix B(On). For each 1 ≤ i ≤ n+ 1, define Λi(n) to be the subset of Λ(n)

consisting of elements starting with i and Λi+(n) to be the set
∏n+1

j=i+1 Λi(n). Then for each

1 ≤ i ≤ n, define Λi,i+1(n) to be the subset of Λi(n) consisting of ordered lists containing

both i and i+ 1, and Λi,i+1,+ to be the complement of Λi,i+1(n) in Λi(n).

Define the usual set operations on the elements of Λ(n) by using the associated set to each

sequence. Furthermore, we can put a natural lexicographic ordering on Λ(n), which gives

us a way to define a distance function between any two elements. For σ, τ ∈ Λ(n), define

d(σ, τ) to be equal to one plus the number of elements between them with the ordering and

0 if they are the same element.

One particular case that will be useful for us is the following. Let ω = (a1, . . . , an−1) ∈

Λ(n) which is not (n+1, . . . , 2n−1), and suppose τ ∈ Λ(n) such that ω ≤ τ and d(ω, τ) = 1.

In ω, there is a maximal i with 1 ≤ i ≤ n− 1 such that

ω = (a1, . . . , ai, n+ 1 + i, n+ 2 + i, . . . , 2n− 1)

with ai < n+ i. Then τ can be explicitly described as

τ = (a1, . . . , ai−1, ai + 1, ai + 2, . . . , ai + n− i).

For our purposes, we want to preserve the ordering and the distance at the same time.

Define the signed distance function dS with

dS(σ, τ) =

d(σ, τ) if σ ≤ τ

−d(σ, τ) if τ ≤ σ

.

It is an easy consequence of this definition that we have the following identity for any

σ, τ, ω ∈ Λ(n):

dS(σ, τ) + dS(τ, ω) = dS(σ, ω).
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Next, we have a few technical lemmas that describe the relationship between the subsets

and some properties of the signed distance function.

lemma 7.2.2.1. We have the following properties for Λ(n).

(a) We have the following cardinalities:

|Λ(n)| =
(
2n− 1

n− 1

)
|Λi(n)| =

(
2n− 1− i

n− 2

)
|Λi,i+1(n)| =

(
2n− 2− i

n− 3

)
|Λi,i+1,+(n)| =

(
2n− 2− i

n− 2

)
|Λi+(n)| =

(
2n− 1− i

n− 1

)

(b) We have |Λ2(n)| = |Λ2+(n)| = 1
2
|Λ1+(n)|.

(c) For each σ ∈ Λ(n), the set of elements disjoint from σ has cardinality n.

(d) For each σ ∈ Λ2(n), there is a unique Γ2(σ) ∈ Λ2+(n) such that Γ2(σ) ∩ σ = ∅.

(e) For any σ ∈ Λ12(n), there is a unique Γ12(σ) ∈ Λ2+(n) such that Γ12(σ) ∩ σ = ∅.

Proof. Part (a) and (c) uses standard counting arguments and part (b) uses binomial coef-

ficient identities.

Part (d) and part (e) are similar proofs, so we will just prove part (d). For any σ ∈ Λ2(n),

it is of the form

σ = (2, a2, . . . , an−1)

with a2, . . . , an−1 ∈ {3, . . . , 2n− 1}. The set {3, . . . , 2n− 1} \ {a2, . . . , an−1} has cardinality

2n − 3 − n + 2 = n − 1. Hence, there is only one other element that is disjoint with σ, i.e.

Γ2(σ).
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Note that the functions Γ2 and Γ12 are their own inverses, since if we have Γ2(σ)∩σ = ∅,

then Γ2Γ2(σ) ∩ Γ2(σ) = ∅, then by uniquness we must have Γ2Γ2(σ) = σ, and a similar

argument for Γ12.

Next, we will see how the new functions Γ2 and Γ12 interact with the signed distance

function in the following lemma.

lemma 7.2.2.2. We have the following properties.

(a) Suppose ω, τ ∈ Λ2(n) such that ω ≤ τ , then Γ2(τ) ≤ Γ2(ω).

(b) If ω, τ ∈ Λ2(n) such that dS(τ, ω) = 1, then dS(Γ2(ω),Γ2(τ)) = 1.

(c) For any ω ∈ Λ2(n), we have

dS((2, . . . , n), ω) = dS(Γ(ω), (n+ 1, . . . , 2n− 1)).

(d) If ω, τ ∈ Λ2(n), then |ω ∩ τ | = n− 2 if and only if |Γ2(ω) ∩ Γ2(τ)| = n− 3.

Proof. For part (a), if ω ≤ τ , then there exists an i with 1 ≤ i ≤ n− 2 such that

ω = (2, a2, . . . , ai−1, ai, . . . , an−1)

τ = (2, a2, . . . , ai−1, bi, . . . , bn−1)

with ai < bi. Therefore,

Γ2(ω) = (c1, . . . , cr, cr+1, . . . , cn−1)

Γ2(τ) = (c1, . . . , cr, dr+1, . . . , dn−1),

where the first r elements are the same since the first i− 1 elements are the same for τ and

ω and dr+1 = ai since ai−1 < ai < bi and cr+1 is any element ai < cr+1, and this shows

Γ2(τ) ≤ Γ2(ω).

For part (b), suppose for a contradiction that dS(Γ2(ω),Γ2(τ)) ̸= 1. If dS(Γ2(ω),Γ2(τ)) =
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0, then Γ2(ω) = Γ2(τ) and by part (a), we have ω = τ which contradicts dS(ω, τ) = 1. If

dS(Γ2(Ω),Γ2(τ)) > 1, then there exists σ ∈ Λ2(n) such that

Γ2(ω) < σ < Γ2(τ)

which implies

τ < Γ2(σ) < ω

and this contradicts dS(τ,Ω) = 1.

For part (c), we will prove this by induction. First, it is clear

dS((2, . . . , n), (2, . . . , n)) = dS((n+ 1, . . . , 2n− 1), (n+ 1, . . . , 2n− 1))

= dS((Γ2((2, . . . , n)), (n+ 1, . . . , 2n− 1)).

Next, suppose σ ∈ Λ2(n) such that (2, . . . , n) ≤ σ and it is not the last element in Λ2(n)

such that

dS((2, . . . , n), σ) = dS(Γ2(σ), (n+ 1, . . . , 2n− 1)).

If τ ∈ Λ2(n) such that dS(σ, τ) = 1, then we have

dS((2, . . . , n), τ) = dS((2, . . . , n), σ) + dS(σ, τ)

= dS(Γ2(σ), (n+ 1, . . . , 2n− 1)) + dS(Γ2(τ),Γ2(σ))

= dS(Γ2(τ), (n+ 1, . . . , 2n− 1)),

which proves part (c).

For part (d), if |ω ∩ τ | = n− 2, then we have

ω = (2, a1, . . . , ai, ai+1, . . . , an−2)

τ = (2, a1, . . . , ai, bi+1, ai+2, . . . , an−2)

where ai+1 ̸= bi+1. We have

{3, . . . , 2n− 1} \ {a1, . . . , an−2} ∩ {3, . . . , 2n− 1} \ {a1, . . . , ai, bi+1, ai+2, . . . , an−2}
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has n − 3 elements since we took out almost all the same elements except for one in both

that is not common. This implies |Γ2(ω) ∩ Γ2(τ)| = n− 3.

Similar statements hold for Γ12 with similar proofs.

7.2.3 The Adjacency Matrix of On

With the technical information about the vertices, we can apply this to show that B(On)

gives us a balanced matrix sequence.

lemma 7.2.3.1. For any n ≥ 2, we have

B(On)
2
τ,ω =


n if τ = ω

1 if |τ ∩ ω| = n− 2

0 if 0 ≤ |τ ∩ ω| ≤ n− 3

.

Proof. By definition, for any τ, ω ∈ Λ(n) we have

(B(On)
2)τ,ω =

∑
σ∈Λ(n)

B(On)τ,σB(On)σ,ω

=
∑

σ∈Λ(n)
σ∩τ=σ∩ω=∅

1.

There are only three cases we need to consider to describe our matrix:

• τ = ω,

• |τ ∩ ω| = n− 2,

• and 0 ≤ |τ ∩ ω| ≤ n− 3.

For τ = ω, by lemma 7.2.2.1, the number of σ ∈ Λ(n) such that σ ∩ τ = ∅ is n. Therefore,

(B(On)
2)τ,τ = n.
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When |τ ∩ ω| = n− 2, then the number of elements in {1, . . . , 2n− 1} \ (τ ∪ ω) is n− 1.

Hence, there are only
(
n−1
n−1

)
= 1 element that intersect both trivially. Therefore,

(B(On)
2)τ,ω = 1

in this case.

Finally, when 0 ≤ |τ ∩ ω| ≤ n− 3, we have

|{1, . . . , 2n− 1} \ (τ ∪ ω)| ≤ n− 2.

Therefore, there is no other element that intersects both trivially and hence

(B(On)
2)τ,ω = 0.

This gives us our result.

Next, we will describe the adjacency matrix for On, using the fact that it will contain the

adjacency matrix of On−1 in a very particular way.

lemma 7.2.3.2. We have the following properties for our adjacency matrices.

(a) Let Nn = |Λ1(n)| and Mn = |Λ1+(n)|. The adjacency matrix B(On) satisfies the

following block form

B(On) =

 0 C(On)

C(On)
T J


where J is the anti-diagonal identity-matrix of the correct size, and C(On) is Nn×Mn-

submatrix for ω ∈ Λ1(n) and τ ∈ Λ+(n) such that

C(On)ω,τ = B(On)ω,τ .
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(b) The matrix C(On) satisfies the block form

C(On) =

 0 D(On)

B(On−1) J


for some matrix D(On) with D(On)

TD(On) + I = JB(On−1)
2J , where J is the anti-

diagonal matrix of the correct size.

Proof. For part (a), the top left block has rows and columns indexed by Λ1(n). Since every

element of Λ1(n) has a 1 in it, then they all intersect non-trivially, hence this block is the zero

matrix. The bottom right block has rows and columns indexed by Λ1+ = Λ2(n)
∐

Λ2+(n). By

lemma 7.2.2.1, for each σ ∈ Λ2(n), there is a unique Γ2(σ) ∈ Λ2+(n) such that Γ2(σ)∩σ = ∅

with

dS((2, . . . , n), σ) = dS(Γ2(σ), (n+ 1, . . . , 2n− 1)).

This shows that the bottom right block is J from the ordering. The top right and bottom

left blocks come from B(On), which is a symmetric matrix.

For part (b), the top left block is zero since the rows are indexed by Λ12(n) and the

columns are indexed by Λ2(n) which all have 2’s in them. The bottom right block is J as a

consequence of lemma 7.2.2.2. For the bottom left block of the matrix C(On), the rows are

indexed by Λ12+(n) and the columns are indexed by Λ2(n). We have well-defined bijections

φn : Λ(n− 1) → Λ2(n) and ψn : Λ(n− 1) → Λ12+(n) defined as

φn((a1, . . . , an−2)) = (2, a1 + 2, . . . , an−2 + 2)

ψn((a1, . . . , an−2)) = (1, a1 + 2, . . . , an−2 + 2).

It is clear that the intersection is preserved: if σ, τ ∈ Λ(n− 1), then σ∩ τ = ∅ if and only

if φn(σ) ∩ ψn(τ) = ∅. With these bijections, we have that the bottom left block is exactly

B(On−1). For the top right block, its rows are indexed by Λ12(n) and its columns are indexed
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by Λ2+(n), and denote this submatrix as D(On). By definition, for any τ, ω ∈ Λ2+(n) we

have

(D(On)
TD(On))τ,ω =

∑
σ∈Λ12(n)

D(On)σ,τD(On)σ,ω

=
∑

σ∈Λ12(n)
σ∩τ=σ∩ω=∅

1.

Following the same proof as in lemma 7.2.3.1, we obtain

(D(On)
TD(On))τ,ω =


n− 2 if τ = ω

1 if |τ ∩ ω| = n− 2

0 if 0 ≤ |τ ∩ ω| ≤ n− 3

Next, we will show D(On) has the required property D(On)
TD(On) + I = JB(On−1)

2J .

The maps φn and Γ2 induce the following linear map

kΛ(n− 1) kΛ2(n) kΛ2+(n)
φn Γ2

which has matrix representation J by lemma 7.2.2.2. By lemma 7.2.3.1 and our description

for D(On)
TD(On) we have the following: if τ = (a1, . . . , an−1) ∈ kΛ2+(n), then

JB(On−1)
2J−1(τ) = JB(On−1)

2(φ−1
n Γ2(τ))

= J((n− 1)φ−1
n Γ2(τ) +

∑
|φ−1

n Γ2(τ)∩ω|=n−3

ω)

= (n− 1)τ +
∑

|φ−1
n Γ2(τ)∩ω|=n−3

Γ2(φn(ω))

= (n− 1)τ +
∑

|τ∩Γ2(φnω))|=n−2

Γ2(φn(ω))

= (n− 1)τ +
∑

|τ∩σ|=n−2

σ

which is exactly D(On)
TD(On) + I.
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, we see that JB(On−1)
2J−1 = JB(On−1)

2J = D(On)
TD(On) + I, which completes the

proof.

This shows that {(B(On), C(On), D(On))} is a balanced matrix sequence as in the def-

inition 7.2.1.1, which gives us a way to relate the characteristic polynomial of B(On) with

B(On−1) by lemma 7.2.1.1. Since {(B(On), C(On), D(On)} is a balanced matrix sequence,

we have the sequence (Nn,Mn) as in definition 7.2.1.1 where

Nn =

2n− 2

n− 2


Mn =

2n− 2

n− 1



by lemmas 7.2.2.1 and 7.2.3.2 and hence by definition of the Catalan numbers we have

Mn −Nn = Cn−1.

proof of theorem 7.1.1.2 . We will prove this by induction on n. For n = 2, we already

described the spectrum of O2, which gives us m2,1 = 2 = E1,0 and m2,2 = 1 = E1,1.

Next, suppose n−1 > 2 and On−1 satisfies the properties in the statement of the theorem.

Since {(B(On), C(On), D(On))} is a balanced matrix sequence, then by lemma 7.2.1.1, we

have

PB(On)(x) = −(−1)Nn−Nn−1xNn−MnPB(On−1)(−x)2PB(On−1)(x− 1)PB(On−1)(x+ 1)

where PA is the characteristic polynomial of a matrix A, and Nn −Mn = −Cn−1. Since we

know the eigenvalues and multiplicities of B(On−1), we have PB(On)(x) is of the form

±x−Cn(x+ λn−1
1 )2mn−1,1 · · · (x+ λn−1

n−1)
2mn−1,n−1

· (x− (λn−1
1 + 1))mn−1,1 · · · (x− (λn−1

n−1 + 1))mn−1,n−1

· (x− (λn−1
1 − 1))mn−1,1 · · · (x− (λn−1

n−1 − 1))mn−1,n−1
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In this product, we either have (x− (λn−1
1 − 1)mn−1,1 = xmn−1,1 or (x− (λn−1

1 +1)mn−1,1 =

xmn−1,1 depending on if n is odd or even. In either case, mn−1,1 = En−2,0 = Cn−1 and this

cancels out the x−Cn−1 in the front of the product. Furthermore, the eigenvalues switch signs,

and we obtain λnn = n and λni = −λn−1
i for 1 ≤ i ≤ n− 1.

From this product, the multiplicities are

mn,i = mn−1,i−1 + 2mn−1,i +mn−1,i+1 =

= En−2,i−2 + 2En−2,i−1 + En−2,i

= En−1,i−1

for 1 ≤ i ≤ n where mi,j = 0 for j > i and j < 0. This proves the result by induction.

7.3 Odd Operads

In this section we will use the graphs On,s and their eigenvalues to construct various operads

with symmetric operations and their natural Koszul duals with skew-symmetric operations.

For each n ≥ 2, there is a right Σ2n−1-isomorphism Ξn,d :↑2d kΛ(n) → F (Hn,d)
(2)(2n− 1)

sending the ordered list (a1, . . . , an−1) to the element u{a1,...,an−1}. On the other hand, we

have a right k[Σ2n−1]-isomorphism ηn,d :↑2d kΛ(n) ⊗ Sgnn → F (En,d)
(2)(2n − 1) by sending

(a1, . . . , an−1) to ν{a1,...,an−1}.

If λ is an eigenvalue of Tn,s, we define Kλ
n,s = Ker(Tn,s − λI) as a subspace of kΛ(n) and

we define Iλn,s = Im(Tn,s − λI)⊗ Sgn2n−1 as a subspace of kΛ(n)⊗ Sgn2n−1.

Definition 7.3.0.1. Let n ≥ 0, 1 ≤ s ≤ n− 1 and λ to be an eigenvalue of On,s. We define

the two n-quadratic operads

Odddn,s(λ) = SMagn,d/(Ξn,d(↑2d Kλ
n,s)) (7.5)

and

AOdddn,s(λ) = ASMagn,d/(ηn,d(↑2d Iλn,s)). (7.6)
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This gives us a plethora of examples of n-quadratic operads, where Odddn,s(λ) has a

generator which is a symmetric n-arity operation and AOdddn,s(λ) has a generator which is

an skew-symmetric n-arity operation.

Next, we will show that the n-quadratic operads above are Koszul dual to each other

up to some change in degree d. To do this, we need to extend the non-degenerate bilinear

form used in the Koszul dual of quadratic operads to kΛ(n). We define ⟨−,−⟩ : (kΛ(n) ⊗

Sgn2n−1)⊗ kΛ(n) → k with

⟨τ, ω⟩ =

1 if τ = ω

0 otherwise.

This non-degenerate bilinear form has the property ⟨τσ, ωσ⟩ = Sgn(σ)⟨τ, ω⟩ for any σ ∈

Σ2n−1 by definition.

lemma 7.3.0.1. For any τ ∈ kΛ(n)⊗ Sgn2n−1 and ω ∈ kΛ(n), we have

⟨τ, ω⟩ = ⟨Ξn,d ↑2d τ, ηn,−d+n−2 ↑2(−d+n−2) ω⟩

where the right-hand side is with the non-dengenerate bilinear form ⟨−,−⟩ : F (En,d)
(2)(2n−

1)⊗ F (Hn,−d+n−2)
(2)(2n− 1) → k defined in section 2.1.3.

Proof. This is clear through the isomorphisms we have between ↑2d kΛ(n) ⊗ Sgn2n−1 and

F (En,d)
(2)(2n−1) and the isomorphism between ↑2(−d+n−2) kΛ(n) and F (Hn,−d+n−2)

(2)(2n−

1).

Theorem 7.3.0.2. The operads Odddn,s(λ) and AOdd−d+n−2
n,s (λ) are Koszul dual to each

other.

Proof. Recall that we have a non-degenerate bilinear form ⟨−,−⟩ : F (En,d)
(2)(2n − 1) ⊗

F (Hn,−d+n−2)
(2)(2n−1) → k and non-degenerate bilinear form ⟨−,−⟩ : (kΛ(n)⊗Sgn2n−1)⊗

kΛ(n) → k such that for any τ ∈ kΛ(n)⊗ Sgn2n−1 and ω ∈ kΛ(n) we have

⟨τ, ω⟩ = ⟨Ξn,d ↑2d τ, ηn,−d+n−2 ↑2(−d+n−2) ω⟩
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by lemma 7.3.0.1.

Therefore, it suffices to show

(Iλn,s)
⊥ = Kλ

n,s

for any n and s. By definition, if u =
∑

ω∈Λ(n) Γωω ∈ Kλ
n,s, then we have

0 = (Tn − λI)(u) =
∑

ω∈Λ(n)

Γω(Tn(ω)− λω)

=
∑

ω∈Λ(n)

Γω(
∑

τ∈Λ(n)
|τ∩ω|<s

τ − λω)

=
∑

ω,τ∈Λ(n)
|τ∩ω|<s

Γωτ − λ
∑

ω∈Λ(n)

Γωω

=
∑

ω,τ∈Λ(n)
|τ∩ω|<s

Γτω − λ
∑

ω∈Λ(n)

Γωω

=
∑

ω∈Λ(n)

(
∑

τ∈Λ(n)
|τ∩ω|<s

Γτ − λΓω)ω

where we switched τ and ω the second the last line above. The above equation implies

0 =
∑

τ∈Λ(n)
|τ∩ω|<s

Γτ − λΓω

which shows that the coefficients in u =
∑

ω∈Λ(n) Γωω satisfies the above equation.

On the other hand, if u =
∑

ω∈Λ(n) Γωω ∈ (Iλn,s)
⊥, then for any x in Λ(n), we have

0 = ⟨Tn,s(x)− λx, u⟩ =
∑

ω∈Λ(n)

Γω⟨Tn,s(x), ω⟩ −
∑

ω∈Λ(n)

Γω⟨λx, ω⟩

=
∑

ω∈Λ(n)

∑
τ∈Λ(n)
|τ∩x|<s

Γω⟨τ, ω⟩ − Γxλ

=
∑

τ∈Λ(n)
|τ∩x|<s

Γτ − λΓx
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which is exactly the same equation we got before. This shows (Iλn,s)
⊥ = Kλ

n,s.

Therefore, the graphsOn,s and each of their eigenvalues gives pairs of Koszul dual operads.

Next, we will give explicit examples of these types of operads, and we will see that

Odddn,s(λ) gives generalizations of Com and AOdddn,s(λ) will give generalizations of Lie.

Example 7.3.0.1. Let n ≥ 2, s = n − 1, d ∈ Z and λ = −1 for the graph On,n−1. By

example 7.1.1.1, we know that K−1
n,n−1 has a basis consisting of σ − τ for σ < τ , which has

dimension

2n− 1

n− 1

−1. In its image in the operad Odddn,n−1(−1), this gives us the relations

generated by

µ{n+1,...,2n−1} − µ{σ(n+1),...,σ(2n−1)}

for all σ ∈ Σ2n−1 \ {id}, which is exactly the relations for Comd
n. Its not hard to see

I−1
n,n−1

∼= S(2n−2,1) by

For the Koszul dual operad AOdddn,n−1(−1), the space I−1
n,n−1 is generated by∑

τ∈Λ(n)

τ

which is 1 dimensional. In the corresponding operad AOdddn,n−1(−1), it has relations gener-

ated by ∑
a1<···<an−1

ν{a1,...,an−1}

which is exactly the relations for Liedn.

From theorem 7.3.0.2, we have Odd−d+n−2
n,n−1 (−1) = Com−d+n−2

n and AOdddn,n−1(−1) =

Liedn are Koszul dual to each other.

Example 7.3.0.2. When we have s = 1, we know that I
λn
j

n,1 is generated by the elements of

the form ∑
i=1,...,n

(1, . . . , î, . . . , n)− (−1)n+jj(n+ 1, . . . , 2n− 1)



161

for 1 ≤ j ≤ n, which through the isomorphism ηn,d will give us exactly the space Rj
n,d. This

shows AOddn,1(λ
n
j )

∼= n-Liejd.

On the other hand, we proved after lemma 7.1.1.2 that K
λn
j

n,1
∼= Sµn,j−1 for 1 ≤ j ≤ n

through φn :M (n,n−1) → kΛ(n) by lemma 7.1.1.3 and in particular this shows Odddn,1(λ
n
j )

∼=

n-Com
µn,j−1

d .

In conclusion, we have the following tables of dimensions for these spaces.

The last example gives us the following result giving the Koszul duality of the constructed

operads we have before.

corollary 7.3.0.3. The operads n-Liejd and n-Com
µn,j−1

−d+n−2 are Koszul dual for all 1 ≤ j ≤ n.

Proof. Since n-Liejd = AOdddn,1(λ
n
j ) and n-Com

µn,j−1

−d+n−2 = Odd−d+n−2
n,1 (λnj ), then they are

Koszul dual by theorem 7.3.0.2.

The Koszul duality we have for these operads gives us some interesting results, in par-

ticular n-Com
µn,j−1

d are the minimal n-quadratic operads which is a non-trivial quotient of

SMagn,d. This comes as a consequence of the fact that their relations are coming from irre-

ducible representations of Σ2n−1. In particular, if P = P(Hn,d, Q) is any n-quadratic operad

with generators Hn,d and relations Q ≤ SMag
(2)
n,d(2n − 1), then Q must contain one of the

irreducible submodules Sµn,j for some 0 ≤ j ≤ n− 1 and hence we have the injective map of

operads n-Com
µn,j

d → P using the fact that its relations are irreducible. Hence, the operads

n-Com
µn,j

d are the minimal non-trivial Com-type operads.

On the other side, using the Koszul duality we have the following result.

Theorem 7.3.0.4. If P = P(En,d, R) is any n-quadratic operad, then there is an operad

map into n-Liejd for some 1 ≤ j ≤ n.

Proof. Since P is a n-quadratic operad, then it has a Koszul dual P ! = P(Hn,d, R
⊥). By

above, there exists a injective map n-Com
µn,j−1

−d+n−2 → P ! for some 1 ≤ j ≤ n. Taking the

Koszul duals again, we obtain the map P → n-Liejd and this proves the claim.
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From our work, we can think of the s in the Odddn,s(λ) and AOdddn,s(λ) deforms the

defining associative and Jacobian identity, respectively for these operads, see figure 7.4.

As far as we know, the defining relations for 1 < s < n − 1 are unknown, and it would be

interesting to find all possible relations that come from this range of integers. Even for s = 1,

for the other eigenvalues, it is also not known what the relations should be for Odddn,1(λ) for

λ ̸= (−1)n+1.

Odddn,1(λn,1) Odddn,s(λn,s) Odddn,n−1(λn,n−1)

s1 n− 1

Figure 7.4: The parameter s

Some more questions one could ask: can we construct all of the possible quadratic operads

with symmetric or skew-symmetric generators through combinations of the odd operads we

constructed above? If so, this would show that the graphs On,s would classify all the possible

symmetric and skew-symmetric quadratic operads that are possible.
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Chapter 8

YOUNG TREES
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8.1 Young n-Trees

In this section, we will introduce some combinatorial objects, called Young n-trees, that

underlie the operad n-Comd. These are essentially planar rooted trees such that at each

internal edge, it is represented by a Young tableau corresponding to an input labeling at

each internal vertex. This information is useful for describing the relations in the operad

n-Comd, which are derived by the Specht module S(n,n−1). The local and global behavior of

the tree interact to create very complex relations arising in the operad n-Comd.

For this section, recall that Treen is the set of isomorphism classes of n-trees and we

denote by Treer,n to be the set of isomorphism classes of rn − r + 1-trees with r internal

vertices and each vertex has n-inputs. Furthermore, we let Y T r
m to be the set of Young

tableau on any partition λ = (λ1, . . . , λr) of n ≤ m on the set [m].

In this section, we will deal a lot with a non-standard Young tableau as these are the

main players in the operad SpOd
n. In particular, we say a Young tableau T of shape λ is

divergent if it is not standard and co-standard if its columns are all decreasing.

8.1.1 General Definitions of Young n-Trees

The combinatorial objects Young n-trees are essentially trees with Young tableaux of shape

(n,m) locally at each internal edge. There are some choices when defining these trees de-

pending on how we want to label the internal edges. For us, we will label them using the

minimal element on the initial vertex, which follows what one does in shuffle operads and

Groebner basis.

Definition 8.1.1.1. A Young n-tree is a rooted tree T with planar structure {Ψv}v∈V in
T
,

an input-vertex labeling {λv : inT (v) → [n]}v∈V in
T

and a set map ΦT : Ein
T → Y T 2

n satisfying

the following properties.

• For each v ∈ V in
T , we have λv(u) = min1≤i≤n{λu(Ψu(i))} for u ∈ inT (v) ∩ V in

T and we
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have the following bijection ∐
v∈V in

T

λv :
∐

v∈V in
T

leavesv → [n].

• For each internal edge e = (u, v) in T , with ω1 = |inT (u)| and ω2 = |inT (v)| and i is a

positive integer such that Ψv(i) = u, then we define ΦT (e) to be the Young tableau of

shape (ω1, ω2 − 1) defined as

λu(Ψu(1)) λu(Ψu(ω1))

λv(Ψv(1))

λv(Ψv(ω2 − 1))

λu(Ψu(ω2))

· · ·

· · ·

· · ·

λv(Ψv(i− 1)) λv(Ψv(i+ 1)) · · ·

· · ·λu(Ψu(i− 1)) λu(Ψu(i))

An isomorphism of Young n-trees is an isomorphism of rooted planar trees preserving

the input-vertex labeling, and such that isomorphic internal edges give the same Young

tableau. We let Y Treen be the set of isomorphism classes of Young n-trees.

In essence, Young n-trees partition the set [n] in a tree-like way such that there are Young

tableaux relationships between those sets when an internal edge connects them. We will call

the Young tableau ΦT (e) a local Young tableau at e and think of these as the ”local charts”

of our Young n-tree analogous to a local chart in a manifold. If e = (u, v) is an internal edge

of T , we define λT : Ein
T → [n] to be defined as λT (e) := λv(u), which puts the input-vertex

labeling structure onto the internal edges as well.

For our pictorial representation, we will identify external input vertices with their corre-

sponding labeling from λv for ease of presentation. For example, suppose we have the Young

7-tree T whose underlying planar rooted tree is as in figure 8.1 with λb2(a1) = 1, λb2(a2) = 2,

λc1(b1) = 3, λc1(b3) = 4, λrootT (c2) = 5, λc3(d1) = 6, and λc3(d2) = 7, then we can represent

this as in figure 8.2. We will also suppress the internal vertices labeling in the pictorial

representation for our future figures of Young n-trees, and we will label the internal edges if

we need to for clarity.
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a1 a2

b1 b2
b3

c1

c2
c3

rT

rootT

d1 d2

Figure 8.1: Example of a Young 7-Tree

Example 8.1.1.1. Let T be the Young 7-tree in figure 8.2, then its local Young tableaux are

ΦT ((b2, c1)) =
1 2

3 4

ΦT ((c1, rootT )) =
3 1 4

5 6

ΦT ((c3, rootT )) =
6 7

1 5

.

Since Young n-trees are locally Young tableaux, we can define local properties on our

trees depending on the properties of Young tableaux. If T is a Young n-tree an, e is an

internal edge of T , and P is a property of a Young tableaux, then we say e is P if ΦT (e)

is P . In particular, we say that a Young n-tree is standard if each of its internal edges is

standard. Similarly, we say a Young n-tree is divergent (co-standard) if each of its local

tableaux is divergent (co-standard). We also define a quasi-standard Young n-tree as a

Young n-tree with at least one standard internal edge. For Young n-tree T , we define sta(T )

as equal to the number of standard internal edges of T , which measures how far it is from

being divergent.

Following the local nature of these objects, we can define symmetric groups on each of

the edges depending on the local Young tableaux. For instance, if T is a Young n-tree
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1 2

3 b2
4

c1

5
c3

rT

rootT

6 7

Figure 8.2: Example of representation of Young 7-tree

and e = (u, v) is an internal edge of T , we define ΣT (e) to be the permutation group on

the numbers that appear in ΦT (e). Furthermore, define CT (e) to be the subgroup of ΣT (e)

generated by the permutations that stabilize the columns of ΦT (e), i.e., the columns-stabilizer

group as in definition 1.3.3.1. With these local groups, we can define the global spaces

Σ∏(T ) =
∏

e∈Ein
T
ΣT (e), C∏(T ) =

∏
e∈Ein

T
CT (e)

Σ∐(T ) =
∐

e∈Ein
T
ΣT (e), C∐(T ) =

∐
e∈Ein

T
CT (e)

where the former with products are groups and the latter with disjoint unions are groupoids.

For example, if T is the Young 7-tree as in figure 8.2, then its local permutation groups are

CT ((b2, c1)) = ⟨(1 3), (2 4)⟩

CT ((c1, rootT )) = ⟨(3 5), (1 6)⟩

CT ((c3, rootT )) = ⟨(3 6), (5 7)⟩.

As above, with the internal edges, we can look at local symmetric groups on each of the

internal vertices as well. Let v be a internal vertex of T and define RT (v) to be the group

Σ(λv(inT (v))). We can also define local properties at each of the internal vertices by saying

an internal vertex is increasing if we have λv(Ψv(1)) < · · · < λv(Ψv(n)). A shuffle Young
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n-tree is a Young n-tree such that every internal vertex is increasing. We will denote by

⊔⊔ YTree(n) as the set of all shuffle Young n-trees.

The condition that the internal vertices are increasing is different from the rows increasing

in ΦT (e), since we can have Young n-trees with increasing rows, but not have increasing

vertex. For example, the trees in figure 8.3 have standard edges, but the bottom vertex on

the left is increasing, while the one on the right is not. On the other hand, if e = (u, v) is an

1 2 3 4

5 6
7 5

1 2 3
4

6
7

Figure 8.3: Why Shuffle Young n-trees

internal edge of T with v is increasing, then the bottom row of ΦT (e) is increasing. Similarly,

if u is increasing, then the top row of ΦT (e) is increasing. However, note that the leftmost

tree is a shuffle young tree, which shows why we would like to restrict our attention to these

types of trees.

8.1.2 Young (r, n)-trees

For our context, we care about a particular class of Youngm-trees where the underlying trees

are n-arity trees with a specified number of internal vertices. These types of trees model the

composition of r n-arity operations, making it possible to study the operad n-Comd.

Definition 8.1.2.1. Let r ≥ 0 and n ≥ 2. A Young (r, n)-tree is a Young rn − r + 1 tree

with r internal vertices such that the local Young tableaux at each internal edge is of shape

(n, n− 1).
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Let Y Treer,n be the set of isomorphism classes of Young (r, n)-trees, and we let ⊔⊔

Y Treer,n to be the subset of Y Treer,n consisting of shuffle Young (r, n)-trees.

If we have two Young trees, the usual grafting of rooted planar trees with input labeling

is defined in the usual way with the induced structure, and the local Young tableaux are the

same at every internal edge except for the new internal edge that appears from the grafting,

which is induced by the input-vertex labeling and the planar structure. Hence, if T is a

Young (r, n)-tree and S is a Young (s, n)-tree, then T ◦i S is a Young (r+ s, n)-tree, where i

is the input-vertex labeling at a leaf on T . This gives us a well-defined partial composition

on these trees that we will use later to define our operads.

Just as we can define Young tabloids coming from identifying Young tableaux whose rows

have the same numbers, we can do the same with Young n-trees, but for our context, we

want to keep track of the degrees as these will correspond to degree d operations at each

vertex. So, we need a way to keep track of these degrees to apply the Koszul sign rule when

interchanging them.

Definition 8.1.2.2. A Young n-tree of degree d is a Young n-tree T equipped with a

input labeling {degv : inT (v) → {0, d}}v∈V in
T

such that

degv(u) =

d+
∑

w∈inT (u) degu(w) if u ∈ V in
T

0 otherwise.

We call {degv}v∈V in
T

a degree labeling on T .

For an example, if T is the Young 7-tree of degree d with underlying rooted planar tree

as in figure 8.2, then its degree labeling is

degc1(b2) = d degrootT (c1) = 2d degrootT (c3) = d

and the rest are zero.

The degree labeling on a Young n-tree lets us apply the Koszul sign rule when we switch
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between two internal edges connected to a single internal vertex. Let Y Treedr,n be the set of

isomorphism classes of Young (r, n)-trees of degree d and define Md
r,n =↑rd k[Y Treedr,n], the

k-module with basis element consisting of elements in Y Treedr,n.

Next, we will define a symmetric group structure on each of the internal vertices that

changes the planar structure underlying it. Let T ∈ Y Treedr,n, v is a internal vertex, ΨT
v is

the planar structure at v, and σ ∈ Σn. Define T ∧v σ to be the same exact rooted tree T but

with ΨT∧vσ
v = ΨT

v σ. For an example, see figure 8.4, where we interchange the leftmost edge

on v and the rightmost edge at v.

1 2

3

4 5 6

T =
T ∧v (1 3) =

1 2

3

4 5 6

v
v

Figure 8.4: Example of Permuting the planar order

With the action ∧v, define J d
r,n to be the subspace of Md

r,n generated by

[T ∧v (i j)]− (−1)degv(Ψ
T
v (i))degv(Ψ

T
v (j)[T ]

and define RMd
r,n = Md

r,n/J d
r,n. We denote by {T} to represent the equivalence class for [T ]

in RMd
r,n, which we call symmetric Young (r, n)-trees of degree d. Let RY Treedr,n be the set

of all symmetric Young (r, n)-trees of degree d. The relation on RMd
r,n says that if we switch

two internal edges on a single vertex, we have a (−1)d
2
= (−1)d sign appear. If d is even,

then {T} = {S} if and only if T and S are isomorphic as non-planar trees, preserving the

input-vertex labeling and degree labeling.

In RMd
r,n, for any element {T}, we can find Sh({T}) = {S}, where S is the corresponding

shuffle tree. Furthermore, there is an extra sign that comes out from this, specifically, define

Sgn(T ) to be such that {T} = Sgn(T )Sh({T}). Hence, the basis for RMd
r,n consist of {T}
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such that T is a shuffle Young (r, n)-tree and dim(RMd
r,n) is equal to the number of Shuffle

Young (r, n)-trees. We let ⊔⊔ RY Treedr,n to be the set of {T}, where T is a shuffle Young

(r, n)-tree.

8.1.3 Properties of Young (r, n)-trees and Standard Edges

The following lemma shows how restrictive being standard at an internal edge is in the sense

that only at most one internal edge at every vertex can be standard.

lemma 8.1.3.1. Let T be a Young (r, n)-tree and suppose e and e′ are two internal edges of

T with the same terminal vertex. At most, one of the internal edges can be standard.

Proof. Suppose for a contradiction that e and e′ are both standard internal edges and let

e = (u, v) and e′ = (u′, v). Suppose furthermore that Ψ−1
v (u) = i and Ψ−1

v (u′) = j with

i < j. We have that the local Young tableaux are of the form

ΦT (e) =
a1 a2 · · · aj−1 aj aj+1 · · · an−1 an

c1 c2 · · · cj−1 b1 cj · · · cn−2

ΦT (e
′) =

b1 b2 · · · bi−1 bi ai+1 · · · an−1 an

c1 c2 · · · ci−1 a1 ci · · · cn−2

.

Since both of these are standard, then we must have

a1 < a2 < · · · < aj−1 < aj < b1 < b2 < · · · < bi < a1

which is a contradiction. This proves the lemma.

This shows that a Young (r, n)-tree that is standard at every edge must have a linear

ordering on its set of internal vertices. On the other hand, we can have a Young (r, n)-tree

T , which is co-standard at every edge, and its set of internal vertices does not have a linear
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1
2 4 6 3 5

7

e

e′

Figure 8.5: Example of Co-standard Young (3, 3)-tree

order. For an example, if T is the Young (3, 3)-tree as in figure 8.5, then both edges e and

e′ are co-standard since

ΦT (e) =
2 4 6

1 3

ΦT (e
′) =

3 5 7

1 2

Another property of standard edges is that the edges have to be right combs if the tree

has increasing rows.

lemma 8.1.3.2. If T is a shuffle Young (r, n)-tree and e = (u, v) is a standard internal edge,

then Ψv(1) = u.

Proof. Suppose for a contradiction that Ψv(i) = u for some i > 1. This implies there is a

labeling λT (Ψv(1)) = a where a is less than a labeling in the top row of ΦT (e), which is a

contradiction to e being standard.

Combining lemmas 8.1.3.2 and 8.1.3.1, the standard edges for Shuffle trees all have to

be right combs. In particular, if T is a standard shuffle Young (r, n)-tree, then they are all

right combs as in figure 8.6, where every internal edge ei is standard for 1 ≤ i ≤ r − 1.

Furthermore, we have the standard Young tableaux
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a1,1 an,1

an−1,2

an−1,r

· · ·

· · ·

· · ·

· ·
·

e1

er−1

Figure 8.6: Description for all standard shuffle Young (r, n)-trees

ΦT (e1) =

a1,1 a2,1 · · · an−1,1 an,1

a1,2 a2,2 · · · an−1,2

ΦT (ei) =

a1,1 a1,i · · · an−2,i an−1,i

a1,i+1 a2,i+1 · · · an−1,i+1

for 2 ≤ i ≤ r− 1. Since a1,1 = 1 by the shuffle and standard structure, then we can combine

these standard Young tableaux to construct a Skew Young tableaux of shape λr,n/µr, where

λr,n = (n+ r− 1, n+ r− 2, . . . , n− 1) and µr = (r− 1, r− 2, . . . , 1). For an example, if n = 4

and r = 3, then they are of the form
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In particular, this gives a bijection between the set of standard skew Young tableaux of

shape λr,n/µr and standard shuffle Young (r, n)-trees. Note that if T was not standard and

shuffle, the tree will not correspond to a skew Young tableau of shape λr,n/µr, as many more

relations can appear.

8.1.4 Symmetric Group actions

Here, we will discuss the natural symmetric group actions that occur on Young n-trees

and define a particular local symmetric group action that will be useful for describing a

generalization of the Specht module S(n,n−1) to Young Trees. First, there is a natural left

action of Σn on the set Y Treen by applying the permutation to the elements of the input

labeling. This is analogous to the action of the symmetric group on the set of Young tableaux.

In particular, we have a natural left action on Y Treer,n.

Continuing with our ideas of a local structure to our Young trees, we will show that we

can define a local action of Σ2n−1 on each of the internal edges of a Young (r, n)-tree derived

from the action on the local Young tableaux of shape (n, n− 1). This will not only permute

the input labeling but also permute the subtrees whose roots are connected to any of the

two vertices of the internal edge when we apply the action.

Let T be a Young (r, n)-tree, e = (u, v) is an internal edge of T , and σ ∈ Σ(e) ∼= Σ2n−1.

Note that we can also put an ordering on the vertices induced by the ordering v ≤ w if

v ∈ in(w). We define T ◦e σ as follows. Let Te to be the subtree of T with V in
Te

= (V in
T \ {w ∈

V in
T : w ≤ v})

∐
{u}, and intTe(w) = inT (w) for all w ∈ V in

Te
with the same input labeling.

For each internal vertex a in inT (u) and in inT (v) \ {u}, define Sa to be the subtree of

T with V in
Sa

= {w ∈ V in
T : w ≤ a} and inSa(w) = inT (w) for all w ∈ V in

Sa
with the

same input labeling derived from T . Furthermore, define outa to be the integer λTu (a) for

a ∈ inT (u) ∩ V in
T or λTv (a) for a ∈ (inT (v) \ {u}) ∩ V in

T . Next, we can order the elements in

(inT (u)
∐
(inT (v) \ {u})) ∩ V in

T with a1, . . . , am where outai < outai+1
and define

T ◦e σ = ((Te)
σ ◦a1 Sa1) · · · ) ◦am Sam
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where the grafting does not renumber the input labeling.

Furthermore, the action of ◦eσ will change the subgroup RT (w) for w ∈ {u, v} to

RT◦eσ(w) = σ−1RT (w)σ. In particular, if σ ∈ CT (e) and ΦT (e) is of the form

ΦT (e) =
a1 a2 · · · ai−1 ai · · · an−1 an

b1 b2 · · · bi−1 bi+1 · · · bn

where bi corresponds the the edge e, then

ΦT◦eσ(e) =

σ−1(a1) σ−1(a2) · · · σ−1(ai−1) σ−1(ai) · · · σ−1(an−1) σ−1(an)

σ−1(b1) σ−1(b2) · · · σ−1(bi−1) σ−1(bi+1) · · · σ−1(bn)

.

If τ ∈ RT◦eσ(w) for w ∈ {u, v}, then it is clear by the action that στσ−1 ∈ RT (w) which

shows σ−1RT (w)σ = RT◦eσ(w).

Example 8.1.4.1. Here is a small non-trivial example. Let T be the Young (4, 3)-tree in

figure 8.7 and we let e be the internal edge (u2, u4). Therefore, we have Te and Su1 are

5

1

7

4

6 3 2
u1

u3

u4

8 9

u2

Figure 8.7: Example of Young (4, 3)-tree T

the rooted trees in figure 8.8. For our internal edge e, we have Σ(e) = Σ({1, 4, 5, 6, 7}). If
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5

1

7

4

6 3 2

u1

u3

u4

8 9

u2

1

Su1 Te= =

Figure 8.8: Ungrafting the subtrees

5
1

7 4
6 3 2

u1 u3

u4

8 9

u2

Figure 8.9: The Young Tree T ◦e σ

σ = (1 4 7), then we have T ◦e σ as the tree in figure 8.9.

Similarly, if v is an internal edge of T , we can define a similar action of RT (v) ∼= Σn on

T at the internal vertex v. Let τ ∈ RT (v) and define T ◦v τ to be the tree where we pluck

the subtrees attached to the vertex, use the permutation τ to permute the leaves of the n

leaves on v and then graft the subtrees back on the vertex v with respect to their input

labeling λv. Furthermore, it is not hard to show that if τ ∈ RT (w) for w ∈ {u, v}, then

CT◦vτ (e) = τ−1CT (e)τ .

Next, we will show a relationship between the actions of RT (v) through ◦v and Σn through

∧v at each internal vertex v. If we let ΨT
v be the planar structure of T at v, then we can

define a group isomorphism Ψ̃T
v : Σn → RT (v) sending a permutation σ ∈ Σn to τ = Ψ̃T

v (σ)
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where τ is defined as

τ(λv(Ψ
T
v (i))) = λv(Ψ

T
v (σ(i)))

for all i ∈ {1, . . . , n}. Therefore, we have the following easy consequence of the isomorphism

Ψ̃T
v .

lemma 8.1.4.1. If T is a Young (r, n)-tree with a planar structure {Ψv}v∈V in
T
, v is a internal

vertex of T , and σ ∈ Σn, then

T ∧v σ = T ◦v Ψ̃T
v (σ).

The following lemma is a straightforward computation locally at the internal edge, which

explains what happens when you graft a new tree to a tree with a permutation action at the

internal edge.

lemma 8.1.4.2. Let r ≥ 2. If T is a Young (r, n)-tree, e is an internal edge of T , j is the

input labeling at a leaf l on T , S is a (s, n)-tree, and σ ∈ Σ(e), then

(T ◦e σ) ◦j S ∼= (T ◦j S) ◦e σ′,

where σ′ is the permutation where its number changes in the same way when we reorder the

leaves in the grafting of the trees.

On the other hand, if W is another Young (w, n)-tree with w ≥ 1 and i is a input labeling

for a leaf a in W , then

W ◦i (T ◦e σ) ∼= (W ◦i T ) ◦e σ′′

where σ′′ is the permutation where its number change corresponds to the same change from

the grafting of the trees.

The actions of Σrn−r+1 on Y Treer,n induce actions on Y Treedr,n by ignoring the degree

input labeling. In particular, these induce left k[Σrn−r+1 actions on M
d
r,n and on its quotient

RMd
r,n. For {T} ∈ RMd

r,n, e an internal edge of T , σ ∈ Σ(e), we define {T} ◦e σ = {T ◦e
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σ}, which is independent of the representative T with the corresponding change of the

permutation σ.

With our symmetric group actions on RMd
r,n and the grafting of Young (r, n)-trees of

degree d are well-defined, then we can define the operad of Young (r, n)-trees for all r ≥ 0.

Definition 8.1.4.1. Define the graded Σ-module Y Od
n with

Y Od
n(rn− r + 1) =↑rd RMd

r,n

for r ≥ 0 and zero everywhere else. Then Y Od
n becomes a graded operad with grafting of

Young trees as the composition, and the unique tree [↑] with no internal vertices is the unit

element. We call Y Od
n the Young n-arity operad of degree d.

If we were to ignore the local Young tableaux structure on the elements in Y Od
n(rn−r+1),

then these are just rn−r+1 arity rooted trees, and it is clear that Y Od
n
∼= F (Hn,d) = SMagn,d

as operads.

8.1.5 Various Poset Structures

Next, we will discuss various partial orderings on specific sets of Young (r, n)-trees of degree

d, which will be a crucial tool in measuring how far a symmetric Young (r, n)-tree of degree

d is away from being standard or divergent. One should think of standard and divergent

properties as opposite sides of the spectrum with respect to the orderings we will define.

Recall that the set of Young tabloids of shape ω ⊢ n has a partial ordering ◁ from section

1.3.2, which is used to prove the polytabloids corresponding to standard Young tableaux are a

basis for the Specht modules. One of the defining properties of this ordering is the following:

if {Y } is a Young tabloid with decreasing columns and σ ∈ C(Y ), the column permutation

group corresponding to Y , then {σY }◁{Y }. We will use the same ideas to generate a poset

structure on RY Treedr,n, similar to the one for Young tabloids.

Definition 8.1.5.1. Let {T} and {S} be two symmetric Young (r, n)-trees of degree d. We

say {T} ≺ {S} if and only if there exists an internal edge e of T such that ΦT (e) has elements
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i < j such that i is in a higher row then j and we have {T ◦e (i j)} = {S}, or {S} = {T}.

Note that the first condition is equivalent to {S} having an internal edge e′ such that

ΦS(e
′) has at least a single column that is decreasing, say r < s, and we have {T} =

{S ◦e′ (r s)}.

This relation essentially takes a symmetric Young (r, n)-tree {T} of degree d, which is

standard at e, and makes it less standard by switching one of the columns to be decreasing.

In essence, the bigger elements are the ones that are closer to being divergent, and the smaller

elements are closer to being standard.

Example 8.1.5.1. Here are a few examples of the relation ≺ applied to Y Treed3,3. For the

7

4

6

3

21

5

≺

7

4

63

1

5

2

≺

7
4

63
1 5

2

Figure 8.10: Example of Ordering of Young (r, n)-trees

first relation in 8.10, we look at 5 and 3 on the first internal edge from the top, and the

second relation comes from looking between 3 and 1 on the second internal edge from the top.

lemma 8.1.5.1. The relation ≺ on symmetric Young (r, n)-trees of degree d is reflexive and

antisymmetric.

Proof. The relation is automatically reflexive by definition, so we need to show it is anti-

symmetric. Suppose we have {T} ≺ {S} and {S} ≺ {T} with {T} ≠ {S}. By definition,
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there exists an edge eS in S and an edge eT in T with transpositions σ, τ ∈ Σ2n−1 such that

{S ◦eS σ} = {T} and {T ◦eT τ} = {S}. Without loss of generality, we may assume

T = S ◦eS σ

S = T ◦eT τ

which implies

T = (T ◦eT τ) ◦eS σ.

For this to happen, since τ and σ are transpositions the edges eT and eS must be the same

edge. This implies

T = (T ◦eT τσ)

which would imply that τ = σ since they are transpositions. Hence, τ = σ = (i j) and i < j

with i is in a higher row then j at the internal edge eT in T . But this is not true for S

since S = T ◦eS (i j) which is a contradiction. This implies {T} = {S} and completes the

proof.

With this relation, we can take the transitive closure of ≺ to define a poset structure on

RY Treedr,n as in the following definition.

Definition 8.1.5.2. We say {T} ◁ {T ′} if and only if there is a sequence of symmetric

Young (r, n)-trees {S1}, . . . , {Sm} of degree d such that

{T} ≺ {S1} ≺ · · · ≺ {Sm} ≺ {T ′}.

We call this ordering the Young ordering in RY Treedr,n.

The following lemma explains the statement we had before in that the smaller an element

is in RY Treedr,n, the more standard it becomes, and vice-versa, the bigger the element, the

more divergent it becomes.
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lemma 8.1.5.2. Suppose T is a shuffle Young (r, n)-tree. If {T} is a minimal element with

respect to the poset ◁, then {T} is standard. Similarly, if {T} is a maximal element, it is

co-standard.

Proof. We will prove the case when {T} is a minimal element and show it is standard as

the other case is similar. Suppose for a contradiction {T} is not standard, then this implies

that there exists an internal edge e such that ΦT (e) has a decreasing column, say i < j. We

can apply (i j) to get {T ◦e (i j)} < {T} which is a contradiction of the minimality of {T}.

Hence, {T} must be standard. This proves the lemma.

Since the set RY Treedr,n is finite, if {T} is any symmetric Young (r, n)-trees, there exists

a standard symmetric Young (r, n)-tree {S} of degree d and a divergent symmetric Young

(r, n)-tree {D} of degree d such that

{S}⊴ {T}⊴ {D}

by essentially applying permutations on either increasing columns to go up or decreasing

columns to go down. This shows that this relation is a measure between being standard or

divergent.

On the other hand, we can define a partial ordering where we switch rows to columns

for the equivalence classes. This will allow us to use the Garnir relations for Young tabloids

and apply them to the relations in n-Comd later in 8.2.2.

Let P d
r,n be the set of triples (T, e), where T is a Young (r, n)-tree of degree d, e is an

internal edge of T . We call the tuples (T, e) pointed Young (r, n)-tree of degree d. An

isomorphism between pointed Young (r, n)-trees of degree d is an isomorphism between the

underlying Young trees such that the corresponding internal edges are mapped to each other

under the isomorphism. Define Y Treed,pointedr,n to be the set of isomorphism classes of pointed

Young (r, n)-trees, and we denote such a class as [T, e].

Next, define {T, e}c to be the equivalence class of elements [T ◦e σ, e] for σ ∈ CT (e), and

let CY Treed,pointedr,n to be the set of these equivalence classes. Like with RY Treedr,n, we can

put a poset structure on the set CY Treedr,n.
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Definition 8.1.5.3. Let {T, e}c and {S, e′}c be two elements in CY Treed,pointedr,n . We say

{T, e}c ≺ {S, e′}c if and only if one of the following properties holds:

• either we have {T, e}c = {S, e′}c,

• or there exists k < l in ΦW
T (e) such that l is in a lower column then k and we have

{S, e′,W ′}c = {T ◦e (k l), e,W}c.

In a similar proof as in lemma 8.1.5.1, the relation ≺ for CY Treed,pointedr,n is reflexive and

antisymmetric. Furthermore, we can take the transitive closure of the relation ≺ to produce

a partial ordering ◁ on CY Treed,pointedr,n . We have the following proof that is similar to the

row version.

lemma 8.1.5.3. Let T be a shuffle Young (r, n)-tree of degree d, e an internal edge e. If

{T, e}c is minimal, then T is standard at e.

8.1.6 Monomial Order on Shuffle Young (r, n)-trees

The set of shuffle n-trees are an important set of objects in the theory of Groebner basis

and operads. In particular, the set of shuffle trees on a particular alphabet X define the free

shuffle operad T⊔⊔(X ) as constructed in [2]. The set of shuffle Young (r, n)-trees is a subset

of the set ⊔⊔TreeX (rn− r+1) consisting of shuffle rn− r+1 trees on the alphabet X = {∗}.

The set of such trees has a natural monomial ordering that helps with studying the elements

in an operad.

The next definitions are from [2], but we specify them for our context of shuffle Young

n-trees.

Definition 8.1.6.1. Let T be a shuffle Young n-tree. For each leaf l of T in the total ordering

induced by the input labeling, we record the labels of internal vertices of the path from the

root of T to l, forming a word consisting of ∗. The sequence of these words denoted Path(T ),

is called the path sequence of the shuffle Young tree T .
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As noted in [2], the path sequence of a shuffle Young n-tree does not determine a shuffle

Young n-tree uniquely. To fix this, we need to add in the permutation data.

Definition 8.1.6.2. Let T be a shuffle Young n-tree. The leaf permutation of T is the

permutation σ(T ) for which σ(T )(j) = λ(lj), where lj is the jth leaf of T in the total planar

order of leaves.

The path-permutation data of a shuffle Young n-tree is the pair (Path(T ), σ(T )).

lemma 8.1.6.1. ([2]) A shuffle Young n-tree is uniquely determined by its path-permutation

data.

Next, we can use this data to define a total ordering on the set of shuffle Young n-trees.

Definition 8.1.6.3. Suppose T and S are two shuffle Young trees. The gpathpermlex

ordering is defined as follows.

• If T has less leaves then S, then T ≤ S.

• If T and S have the same number of leaves, then we compare Path(T ) and Path(S)

word by word, comparing words in {∗} using the lexicographical ordering.

• If T and S have the same number of leaves and Path(T ) = Path(S), then we compare

the permutations σ(T ) and σ(S) using the lexicographical ordering.

Example 8.1.6.1. Put examples of ordering here.

We can induce the monomial ordering we defined above to the symmetric Young (r, n)-

trees as follows: if {T} and {S} are both symmetric Young (r, n)-trees of degree d with T

and S are shuffles trees, then we define {T} ≤⊔⊔ {S} if and only if T ≤ S with the monomial

ordering. This can be induced to every symmetric Young tree in an obvious way, and we will

call this ordering the monomial ordering on RY Treedr,n.
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Next, we will show that the Young tableaux ordering implies the monomial ordering on

RY Treedr,n.

lemma 8.1.6.2. If {T} ≺ {S} for symmetric Young (r, n)-trees, then {T} <⊔⊔ {S}.

8.2 Specht Operad

In this section, we will construct the operad SpOd
n whose relations are built from the Young

antisymmetrizer relation defined in the Specht module S(n,n−1). As it turns out, the operad

SpOd
n
∼= n-Comd allows us to find bounds to the dimensions of the arities of the operads.

8.2.1 Polytrees

In this section, we generalize the permutation and Specht module of the partitions (n, n− 1)

in terms of our Young trees.

Definition 8.2.1.1. Let T be a Young (r, n)-tree of degree d and e an internal edge of T .

Define

ΩT,e =
∑

σ∈CT (e)

Sgn(σ){T ◦e σ} ∈ RMd
r,n,

where we extended ◦e action linearly. We call ΩT,e polytrees of T at e.

Later, we will need to deal with these polytrees where the terms are shuffle trees to find

our basis. Hence, we can rewrite the polytrees ΩT,e as follows:

ΩT,e =
∑

σ∈CT (e)

Sgn(σ)Sgn(T ◦e σ)Sh({T ◦e σ}).

The following two lemmas are used to ensure that the grafting of trees, i.e., the operadic

structure in Y Od
n, is compatible with the polytrees ΩT,e.
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lemma 8.2.1.1. If T is a Young (r, n)-tree of degree d with r ≥ 2, e is an internal edge of

T , S is a Young (s, n)-tree with s ≥ 0, and l is a leaf of T corresponding to the input label

j, then

ΩT,e ◦j S = ΩT◦jS,e.

Additionally, if Q is a Young (q, n)-tree with q ≥ 1, and a is a leaf of Q corresponding to

an input labeling i, then

Q ◦i ΩT,e = ΩQ◦iT,e.

Example 8.2.1.1. Let T be the Young (3, 3)-tree as in figure 8.11, then we have

1

2
3

e1

4

5

e2

6

7

e3

e4

8
9

10
11

Figure 8.11: Young (3, 3)-tree of degree d

ΩT,e1 = {T} − {T ◦e1 (5 6)} − {T ◦e1 (3 4)}+ {T ◦e1 (5 6)(3 4)},

ΩT,e2 = {T} − {T ◦e2 (4 6)} − {T ◦e2 (5 7)}+ {T ◦e2 (4 6)(5 7)},

ΩT,e3 = {T} − {T ◦e3 (1 6)} − {T ◦e3 (3 11)}+ {T ◦e3 (1 6)(3 11)},

ΩT,e4 = {T} − {T ◦e4 (4 7)} − {T ◦e4 (2 10)}+ {T ◦e4 (4 7)(2 10)}.

Next, for r ≥ 2, n ≥ 2 and d even, define V d
r,n to be the subspace of RMd

r,n generated by

ΩT,e for all Young (r, n)-trees T of degree d and internal edges e of T . Similarly, if d is odd, we

define V d
r,n to be generated in the same way, except we restrict ourselves to trees T that are
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right combs at e to help deal with the problems of negatives that appear from interchanging

internal edges. For example, if T is a Young (r, n)-tree of degree d and e = (u, v) is an

internal edge of T that is not a right comb, then we can choose τ ∈ RT (v) so that T ◦v τ is

a right comb and use ΩT◦vτ,e. For r < 2, we define V d
1,n = V0,n = 0.

It is clear that the space V d
r,n are k[Σrn−r+1]-submodules of RMd

r,n and we can define the

k[Σrn−r+1]-modules Cd
r,n = RMd

r,n/V
d
r,n and denote its elements as {T}.

Example 8.2.1.2. Here are some examples of the spaces RMd
r,n, V

d
r,n, and C

d
r,n for small r.

• When r = 0, we have Cd
0,n = RMd

0,n = M0
r,n

∼= k[↑], where ↑ is the unique Young

(0, n)-tree of degree d with no internal vertices.

• When r = 1, we have Cd
1,n = RMd

1,n
∼=↑d k{Corn}, where Corn is the corolla n-tree with

a single internal vertex, n inputs, and with labeling ordered from left to right starting

at 1 and ending at n.

• For r = 2, we have RMd
2,n

∼=↑2d M (n,n−1), the permutation module consisting of all

k-linear combinations of Young tabloids of shape (n, n − 1), since we have a bijection

between symmetric Young (2, n)-trees and tabloids of shape (n, n− 1) through the local

tabloid structure. Furthermore, V d
2,n is isomoprhic to ↑2d S(n,n−1), which has a basis

consisting of ΩT,eT for all standard Young (2, n)-trees T of degree d, where eT is the

unique internal edge of T .

Next, we will use the relations ΩT,e to generate a operadic ideal of Y Od
n in a natural way.

Let Sd
n be the graded Σ-module of Y Od

n with Sd
n(rn−r+1) =↑rd V d

r,n for all r ≥ 0 and n ≥ 2,

with the rest being zero. Lemma 8.2.1.1 explicitly shows that Sd
n is an operadic ideal of Y Od

n

and it shows that Sd
n is spanned by the following elements. For each Young (r, n)-tree T of

degree d, with r ≥ 2, and e an internal edge of T , there exists positive integers a1, . . . , ar−1,

an 1 ≤ i ≤ r − 1, an 1 ≤ j ≤ n, and a permutation σ ∈ Σrn−r+1 such that

ΩT,e = ±(· · · ((· · · ((Corn ◦a1 Corn) ◦a2 Corn) · · · ) ◦ai ΩCorn◦jCorn,ej) ◦ai+1
Corn) · · · ) ◦ar−1 Corn) · · · )σ
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where ej is the unique internal edge of Corn ◦j Corn. In conclusion, the submodule Sd
n is the

operadic ideal generated by V d
2,n in arity 2n− 1.

Definition 8.2.1.2. Define SpOd
n to be the quotient operad Y Od

n/Sd
n, which we call the

Specht n-arity Operad of degree d.

From this definition, we can see that SpOd
n(rn− r+1) =↑rd Cd

r,n for all r ≥ 0 and n ≥ 2.

Furthermore, since V d
2,n

∼=↑2d Sn,d in section 4.2.5.1, then the operadic ideal Sd
n
∼= Jn,d under

the isomorphism F (Hn,d) ∼= Y Od
n and this shows n-Comd

∼= SpOd
n as graded operads.

8.2.2 Properties of V d
r,n

The space V d
r,n is very reminiscent of the Specht module in the sense it is generated by a

higher version of the Young antisymmetrizer relation on the internal edges of trees. However,

as we can see, there are huge differences based on the interaction between the trees and the

local Young tableaux structure. In particular, we will see that V d
r,n has a basis that does not

entirely consist of ΩT,e where T is standard at e.

The first property that is similar to the properties of the Specht module is the following

lemma that shows when n elements are linearly independent.

lemma 8.2.2.1. For any elements v1, . . . , vm ∈ RMd
r,n such that we can choose a symmetric

Young (r, n)-tree {Ti} in vi for all i satisfying the following:

• {Ti} is minimal among the elements of vi with respect to the monomial order or the

Young order,

• and {Ti} are all distinct and not negative multiples of each other.

Then v1, . . . , vm are linearly independent.

Proof. Let suppose
∑m

i=1 civi = 0 and let {T1} be minimal among all of the {T1}, . . . , {Tm}

that are comparable to {T1}. Note that {T1} can not appear in any vi for all i ̸= 1 by
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minimality of {T1} and the ones that are not comparable to {T1}. In other words, c1 = 0 by

linear independence in RMd
r,n, and we can proceed by induction to get the rest. This finishes

the lemma.

On the other hand, we can use the partial ordering RY Treedr,n, we can show that the set

of shuffle divergent Young (r, n)-trees of degree d give a spanning set for SpOd
n(rn − r + 1)

for all r ≥ 2.

lemma 8.2.2.2. The set of {T} for divergent shuffle Young (r, n)-trees T of degree d span

Cd
r,n for r ≥ 1.

Proof. We will prove by induction on the partial ordering on the elements RY Treedr,n. For

maximal element {D}, it is divergent by 8.1.5.2 and is automatically in the span.

For the induction step, let {T} be any symmetric Young (r, n)-tree of degree d in RMd
r,n

such that all other {S} with {T} < {S}, we have {S} is in the span. If {T} is divergent,

then we are done. Otherwise, if there exists an internal edge e that is standard, then we can

use the relation from V d
r,n to get

{T} = −
∑

σ∈C(e)\{id}

Sgn(σ){T ◦e σ}

and from our relation we have {T} < {T ◦e σ}, since all the columns of ΦT (e) are increasing.

By induction, {T ◦eσ} is in the span, and hence {T} is in the span. This proves the result.

The last lemma states that we have

dim(SpOd
n(rn− r + 1)) ≤ divr,n,

where divr,n is the number of shuffle divergent Young (r, n)-trees, and hence we must have

some subcollection of shuffle divergent trees be a basis for SpOd
n(rn − r + 1) for all r ≥ 2.

When r = 2, this is automatically true by what we proved in chapter 4.
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[7] José Figueroa-O’Farrill and George Papadopoulos. Plücker-type relations for orthogonal
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