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Abstract

The Koszul dual to n-Lie, n-Com algebras, and Young tableaux

Cody Tipton

Chair of the Supervisory Committee:
James Zhang
Department of Mathematics

We study the operad n-Liey, whose algebras are n-Lie algebras, which was first introduced
in Nambu mechanics to extend Hamiltonian mechanics to more than one Hamiltonian. We
find the Koszul dual of n-Lie_g4,, o to be the operad n-C'omg, whose relations come from
the Specht module S™"~ Y. We combine the operads n-Lie and m-Com to construct the
operad (m,n) — Poiss, where the rewriting rule that relates them is through a generalized
Leibniz rule.

We generalize the above Koszul duality to different types of generalization of Lie and
Com which arise from the eigenspaces of the general Kneser graphs O,, 5, where the operads
n-Lie (n-Com) and Lie? (Com¢) appear on different sides of the spectrum based on the
parameter s.

With the introduction of the new class of n-Com algebras through the Koszul duality, we
take our first step in exploring these new types of algebras. Specifically, we start the work of
trying to classify finite-dimensional simple 3-Com algebras C' using the Peirce decomposition
through semisimple idempotents e through y. = ms(e, e, —) to obtain important structural
properties. In particular, it decomposes the 3-Com algebra C' = @ C,(t) for eigenvalues
t for x. in which C.(1) is a commutative unital associative k-algebra acting on the other
components, which is almost associative.

Furthermore, we briefly construct an analog of the Killing form for 3-Com algebras, de-



noted as x, and define non-degeneracy when the form is non-degenerate and fully degenerate
when k = 0. We use this to show that every non-degenerate 3-Com algebra is a direct prod-
uct of non-degenerate simple 3-Com algebras. However, one very interesting aspect of this
is that not every finite-dimensional 3-Com algebra is non-degenerate, as our main example
is fully degenerate.

Towards some classifications of simple 3-Com algebras, if e is primitive semisimple idem-
potent with exactly two eigenvalues, and C' is simple, then its eigenvalues consist of {1, —1}
which help give a classification in dimension 2 and 3.

Finally, we construct combinatorial objects, called Young n-trees, which are just rooted
trees with a local Young tableaux structure at each edge following what is happening in
the n-Com operad. In particular, we use these to give an upper bound to the arities of the

dimension for the operad n-Comg, which gives a description for it.
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Introduction

There are various generalizations of the operads C'om and Lie to n-arity operation by either
extending the defining relations for them, changing the perspective of generalization, or
weakening the relation in some way. For the operad Lie, if we let v be its generator, then

its defining relation is essentially the sum
vorv+ (wor )12 4 (vo, )13 =0

using the even representatives of the right cosets of X; x 3y in X3, (where ¥ is the subgroup
of the permutation group X3 which fixes 1 and 2). One can generalize this for any n-arity
operation by extending this sum to all the even representatives of the right cosets of ¥,,_1 x 3,
in ¥y, ;. This gives us the Lied-algebras, which are graded vector spaces L with a n-arity
skew-symmetric bracket [—, ..., —] : L®" — L of degree d such that
Z E(o, @1, ..,2)Sgn(0)[[To(1)s - - - s Tom)]s Tont1)s - - - > Tozn—1)] = 0
o€Sh(n,n—1)

for every xi,...,x9,1 € L and where {(0,z1,...,x,) is the Koszul sign rule from the
permutation. When d = 2 —n then these are essentially L..-algebras with only a non-zero n-
arity operation, which was first discovered by Jim Stasheff in [26] and used in the celebrated
formality conjecture by Maxim Kontsevich in [13] with implications for the deformation
theory of Poisson manifolds.

On the other side of the spectrum, we can think of the Lie algebra relation as a derivation
and generalize the relation accordingly. This gives us the n-Lie algebras of degree d, or simply
as n-Lieg-algebras, which are graded vector spaces L with an n-arity skew-symmetric bracket
[—, ..., =] : L®" — L of degree d such that for any n — 1 elements, [—, z1,..., 7, 1] is a
derivation on L. The most natural example of a n-Lie algebra of degree 0 is taking the

polynomial ring A = k[z1,...,z,] and defining

[fla"'afn] :Jac(f17"'vfn)a



where the right-hand side is the determinant of the Jacobian matrix of the n polynomials
fi,-.., fn € A. Nambu first introduced the concept of 3-Lie bracket in [20] to extend
the principles of Hamiltonian mechanics beyond a single Hamiltonian. In the algebraic
setting, the general concept of n-Lie algebras was first introduced by Filippov in [8], who
studied the representation theory and constructed simple n-Lie algebras of dimension n+1 in
characteristic not equal to 2. Later, Kasymov in [12] started the pioneering work of studying
the nilpotency and solvability of n-Lie algebras and proved generalizations of Engel’s theorem
and Cartan’s solvability criterion.

On the other side, since the operad Com is Koszul dual to Lie, we should expect to be
able to construct generalizations of commutative associative algebras which are Koszul dual
to the various generalizations of the operad Lie. A straightforward generalization to Com is
the Comd-algebras, which have symmetric n-arity operations m,, of degree d, that is totally

assoclative:
My, O My = My, O My

for all 1 <14,j < n. These are the most natural and easier to work with as total associativity
is a very strong property to generalize the usual notations from commutative associative
algebras. Since both Com? and Liel are very similar to their classical counterparts, the
Koszul duality of Lie? and Com_ %2 holds due to essentially the same argument, with
some shifts in degrees.

Regarding the Koszul dual of n-Liey, its relations are a lot more complicated as they come
from the Specht module S™"=1 In particular, a n-Comg-algebra is a graded k-module C
equipped with a symmetric n-arity operation m,, : C®" — C of degree d, satisfying the
(n,n — 1)-polytabloid relation

Z Sgn(o)(my o1 my,)? =0,

oeChp
where C,, is the group generated by (1 n+1),...,(n — 1 2n — 1). Both of these operads
are connected through the eigenspaces of a sequence of graphs {O,,}, called the Odd graphs,



which are a certain subset of the Kneser graphs, whose eigenvalues (—1)""! have multiplicity

C,,, the nth Catalan number. Using these connections, we can prove the following theorem.

Theorem 0.0.0.1. For alln > 2 and d € 7Z, the operads n-Lie; and n-Com_gy,_o are
Koszul dual.

This gives a proof that (n-Lieq)(2n — 1) 2424 S0»»=D" \where (n,n — 1)! is the transpose
partition.

Since the n-Com algebras are a new type of algebra, we set out to explore these types of
algebra by constructing lots of examples and exploring some invariants connected to them.
In particular, we construct examples of n-Com algebras of degree 0 by deforming augmented
modules over a commutative k-algebra, using a derivation on a commutative k-algebra, and
finding finite-dimensional examples derived from a certain collection of matrices with some
relations. For explicit examples, let M, (k) be the k-algebra of n x n matrices over k, and

let Tr : M,,(k) — k be the trace map. Then we can construct a 3-Com algebra structure on

M, (k) with
p' (A, B,C) = Tr(A)Tr(B)C + Tr(A)Tr(C)B + Tr(B)Tr(C)A.

Alternatively, if A is a commutative k-algebra equipped with a derivation D : A — A, we

can define a n-Com algebra structure on A by defining
D _
m,, (a1,...,a,) = D(ay---ay)

for n > 2.

To gain insight into the structure of finite dimensional n-Com algebra structure, we use
the theory of Peirce decompositions on our spaces and study primitive semisimple idempo-
tents to find examples and, in particular, give some criteria of when they are not simple. To
do this, we take a primitive semisimple idempotent e in a finite-dimensional n-Com algebra
C' and look at the eigenvalues of the endomorphism y. = m,(e, ..., e, —), which gives us the
decomposition C' = @ C.(«), where the sum runs over distinct eigenvalues of the endomor-

phism Y., i.e., distinct elements in the Peirce spectrum o(e) (the eigenvalues of x. including



multiplicity).

In the case n = 3, we are able to obtain important structure properties of finite dimen-
sional 3-Com algebras and some small classification results using these tools. In particular,
the subspace C.(1) has an unital commutative associative k-algebra structure with multipli-

cation

06(I7 y) = m3(€a z, y)

and each of the C,(v) for v € o(e) have a C.(1)-action that is almost associative. Further-
more, the multiplication is graded in the sense that 6.(z,y) € C.(t +s—1) if x € C.(t) and
y € Co(s). Using these properties, one can determine what an arbitrary finite-dimensional
3-Com algebra structure and multiplication are if it has a semisimple idempotent and you
know its spectrum o(e).

In the case where the only eigenvalue in o(e) is 1, we have C' = C,(1) and this shows that
the 3-Com algebra structure with multiplication ms actually comes from the commutative

associative algebra structure on C,.(1) through

ms(x,y, 2) = 0.(0:(x,y), 2).

Even more, C is simple if and only if C.(1) is a simple commutative associative k-algebra
with a unit, i.e., a field. So we know when a 3-Com algebra comes from a commutative
k-algebra by looking if it has only one distinct eigenvalue for a semisimple idempotent.

In the case where the semisimple primitive idempotent e has exactly 2 distinct eigenval-
ues, the grading structure induces strong conditions on what the eigenvalues can be in this

situation.

Theorem 0.0.0.2. If C' is a m-dimensional simple 3-Com algebra with m > 2 equipped
with a semisimple primitive non-zero idempotent e with exactly two Peirce numbers, then

ole) ={1,—-1,—1,...,—1}, where the algebraic(geometric) multiplicity of —1 is m — 1.

In particular, this shows that every simple 2-dimensional 3-Com algebra with a primitive



semisimple idempotent is isomorphic to a 3-Com algebra SCy with basis e, f and multipli-

cation

m3(€, 6,6) =€ m3(e7€a f) = _f

mS(eﬁfafa):O m3(f,f,f):6.

Hence, we have used these two cases to classify all simple 3-Com algebras of dimension less
than or equal to 2 equipped with a semisimple idempotent. We can go further into dimension

3 and show there does not exist any simple 3-dimensional 3-Com algebras.

Theorem 0.0.0.3. There does not exist a simple 3-dimensional 3-Com algebra equipped with

a semisimple primitive idempotent.

In analog to Lie algebras, we are also able to define a symmetric associative bilinear
form on any finite-dimensional 3-Com algebra as follows. We define x,, = ms(z,y,—),
which is bilinear and symmetric in both = and y and let x(z,y) = Tr(x4,) with satisfies the

associative identity:

I{<m3(l‘7 Y, 2)7 w) = I{(ZL’, m3(ya <, w))
This enables us to define fully degenerate and non-degenerate 3-Com algebras as follows.

Definition 0.0.0.1. A finite-dimensional 3-Com algebra C' is non-degenerate if and only if
k 1s non-degenerate. We say C' is fully degenerate if and only if k = 0.

This enables us to show that any non-degenerate 3-Com algebras are a direct product
of non-degenerate simple 3-Com algebras. Furthermore, if e is a semisimple idempotent
of a non-degenerate 3-Com algebra C', then C,(1) is a commutative Frobenius algebra by
restricting the bilinear form x onto C.(1).

This gives us two types of simple 3-Com algebras, ones that are fully degenerate and the
others that are non-degenerate. So far, the non-degenerate simple 3-Com algebras we know

are fields and more closely resemble what happens for commutative associative k-algebras.



On the other hand, the fully degenerate ones are new and do not resemble anything that
happens for commutative associative algebras. One can think of this as follows: we have gone
up by an arity in our multiplication which enables non-traditional properties to be obtained,
like simple 3-Com algebras which are not fields.

For the classical operads Com and Lie, we can combine them together to obtain the
Poisson operad Pois = Com o Lie = Com A, Lie with respect to some rewriting rule 7
coming from the Leibniz rule. We can apply a similar construction to the generalizations of
Com and Lie above to construct various generalizations of the Poisson operad. To do this, we
extend the Leibniz rule in the following way. Suppose P is a vector space with a symmetric
operation u : P®™ — P and a skew-symmetric operation v : P®" — P. Therefore, the

generalized Leibniz rule is defined as

m

V(,u(fla s 7fm)>gla s 7gn71) = Z(_l)&u(fh s 77fi717y(f’i7gl? s 7gn71)7f’i+17 .- 7fm)

i=1
for some appropriate Koszul signs €;. These considerations lead to the following two defini-

tions of algebraic structures, combining the operads mentioned above.

Definition 0.0.0.2. A Poisfn"jﬁd”-algebm 18 a graded vector space P with a m-arity symmetric
operation p . P®™ — P of degree d,, and a n-arity skew-symmetric operation v : P — P

of degree d,, such that
e (P, i) is a Com%m-algebra
e (P,v) is a Lie®-algebra
e and p and v satisfies the generalized Leibniz rule.

Definition 0.0.0.3. A (m,n) — Poisg,, 4,-algebra is a graded vector space P with a m-arity
symmetric operation u : P®™ — P of degree d,, and a n-arity skew-symmetric operation

v: P®" — P of degree d,, such that

e (P ) is am— Comg, -algebra



e (P,v) is a n-Lieg, -algebra
e and p and v satisfies the generalized Leibniz rule.

The (2,n)-Poisson algebras are classically called n-Lie Poisson algebras and have been
studied in Physics through Nambu mechanics and Nambu-Poisson manifolds, see [28]. The
natural example is the n-Lie algebra A = k[zy,...,2,] with {f1,..., fu} = Jac(f1,..., fn)
as defined above satisfies the generalized Leibniz rule with the ordinary multiplication in A.

As we explained before, the connection between n-Liey and n-Com_4y,_» is through the
eigenvalues of certain graphs we mentioned above; in fact, this happens for all of the general-
izations of Lie and Com. There exists a class of graphs O,, ; which can connect both sides of
the generalizations through the eigenspaces in a very natural process. The graph O, ; has ver-
tices consisting of ordered sequences (ay, ..., a, 1) of elements ay,...,a,-1 € {1,...,2n —
1} with an edge between (ay,...,a,—1) and (by,...,b,—1) if and only if |(ai,...,a,-1) N
(b1,...,bp_1)] < s. These include famous graphs like the triangle, the Peterson graph,
Ko, etc. Using these graphs we can create a vast collection of operads Oddis(/\) and
AOddg (\) where X is an eigenvalue of the graph O, such that Odd; ,()) is Koszul dual

to AOdd,t"=2(\), see figure 1. These operads give us all of the different generalizations of

Oddi,l(/\n,l) Oddi,s(/\n,S) Oddz,n—l()‘n,n—l)
Koszul Koszul Koszul
Dual Dual Dual
AO0dd, T2 (An 1) AOdd,; T2 (N, ) AO0dd, ST (A1)

Figure 1: Koszul Dual

the Com and Lie operads, including the operads we mentioned above.



lemma 0.0.0.4. We have the following isomorphism of operads

n-Comy = Oddg | ((—1)"*)
n-Lieq = AOdd] ((=1)")
Com¢ = Odd®, ,(—1)

n,n—1

Lie® = AOdd®, (1)

n,n—1

foralln >2 and d € 7.

This shows that n-Comyg, n-Lieg, Lied, and Com? exist on different sides of the spectrum
for generalizations of the operads Com and Lie for n > 3, where at n = 2 they coincide. So
with OddZ ((X), we should think of s as some parameter that deforms the different gener-
alizations to either side of the spectrum, as in figure 1. As for the generalizations of Com,
when s = n — 1 it is associative, and as we make s smaller towards 1, it becomes more
non-associative until we get to n-C'omy which has a very non-associative relation.

For the structure of this paper, chapter 1 is the background on the necessary information
about rooted trees, representation of the symmetric groups, Catalan numbers, and operad
theory. Chapter 2 defines (n, m)-quadratic data and Koszul duality with this information
which will be used later to define our operads and prove Koszul duality of n-Comg and
n-Lie_4.,_o. Chapters 3 and 4 study the generalizations of the operads Lie and Com,
respectively, and give examples for each of these operads. In chapter 5 we explore simple
3-Com algebras by defining Peirce decomposition for these types of algebras and exploring
the consequences, and show that we can classify the simple 3-Com algebras of dimension
2. For chapter 6, we combine the generalizations of Lie and C'om together to construct the
(m, n)-Poisson algebras and its operad. We explore different examples and show that we
can construct a full class of them through strong n-Lie Poisson algebras. Chapter 7 is the
exploration of the Generalized Odd graphs and using them to construct the odd operads,

which give pairs of Koszul dual operads, which include the operads we discussed in chapters



3 and 4. Finally, for chapter 8, we construct Young (7, n)-trees, which give us the elements
in the operad n-C'omg, and hence help us describe the space and a bound for the dimensions

of the arities.
Notation and Conventions

Let n > 2 and denote by ¥,, the symmetric group on n letters. If m > n, we will consider
Y., as a subgroup of ¥,,, whose elements fix the last m — n elements of {1,...,m}, and we
denote by X, the subgroup of X, whose elements fix the first m —n elements of {1,...,m}.
Denote by Sh(n, m) the set of (n, m)-shuffles in ¥,,,,,.

Let k be a field and denote by GVecty, the category of graded k-modules, and by Vecty
for the category of vector spaces over k. For the whole paper, we will assume that the
characteristic of the field % is zero unless otherwise stated. It is not needed for most of the
definitions, but for applying the irreducible representations of ¥, and our results, we need
to have non-positive characteristics.

Let V be a graded k-module and define the right action of ¥, on V®" as follows: for

v1,...,0, €V, define
o (@ ®uy) =&(0,01,...,Un)Vs1(1) @+ @ Up—1(n)

where £(o,vq,...,v,) is the Koszul sign rule from permutating the elements in the tensor

product by o~ 1.

define

Furthermore, if we have a n-arity function f : V®" — V of degree d, we

fJ(U1®"'®Un> :f(U'U1®"'®Un) :S(Uavla"'avn)f<va—1(l)®"'®UJ—1(n))'
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BACKGROUND
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1.1 Rooted Trees

There are various ways to define the free operad in the setting of vector spaces; the route
we will take is through the combinatorial description using rooted trees. There is a natural
relationship between identifying operations in an operad with its corresponding rooted tree,
which gives an intuitive description of the composition of the free operad in terms of grafting.
Furthermore, we will need the language of rooted trees to help describe the operads n-Comy
in section 8.1.1 using Young n-trees. We will follow [29] for the presentation and definitions

for our rooted trees.

Definition 1.1.0.1. Let m,n > 0. A directed (m,n)-graph is a quadruple G = (V, E,ing, outg)

consisting of

e a directed graph (V, E), where V are the abstract vertices and E are the ordered edges,

and

o disjoint subsets ing and outg of V' such that the following conditions hold.

— |ing] = m and |outg| = n.

— FEach v € ing, we have |in(v)| = 0 and |out(v)| = 1, where in(v) is the set of

input edges of v and out(v) is the set of outgoing edges of v.

For any directed (m,n)-graph G, define V" to be the set of elements in V' that are not
in ing U outg. We call elements of ing the inputs of GG, the elements of outs the outputs of
G, and all elements of V" the vertices of G or the internal vertices of G, while the vertices

in 1ng U outq are the external vertices.

Definition 1.1.0.2. A rooted m-tree T is a connected, acyclic, directed (m, 1)-graph (V, E,ing, outr)
such that |out(v)| =1 for every v € Vip.

For an m-rooted tree T', we call the unique outgoing edge of T" the root edge and denote

it by e,., and denote by 7, the unique initial vertex v of the root edge, called the root vertex,
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provided that v is not in iny, otherwise it does not exist. An edge from an external vertex
to an internal vertex is called a leaf, and denote the set of leaves at an internal vertex v by
leaves,. Edges between internal vertices are called internal edges, and we will denote the

subset of Er consisting of internal edges as E¥.

Example 1.1.0.1. For an example, let T be the rooted planar tree as in figure 1.1 which has

a1 a2

rr

Figure 1.1: Example of rooted tree

the properties

Vi = {by, c1, c3, 700t}

E%? e {(bQ, 01)7 (Cl, TOOtT), (037 T'OOtT)},

and
inp(c1) = {b1, b2, b3}
Z’fltT(bg) = {Cll, (1,2}
inp(c3) = {di,da}
intr(rooty) = {c1, ca,c3}.

A planar structure on a rooted m-tree is a collection of maps WU, : [|ing(v)] — inty(v)
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for v € V", where [n| = {1,...,n}. A vertex-input labeling on a rooted m-tree T by a
set S is a collection of maps A, : inyp(v) — S for all v € V". An input labeling on a rooted
m-tree T by a set S is injective map A : inp — S, and if S = [m], then we call T a rooted

m-labeled tree, which in this case we will, without loss of generality, assume iny = [m)].

Definition 1.1.0.3. Let T and S be rooted m-trees.

e An isomorphism between T and S is a pair of bijections fyv : Vp — Vs and fg : Ep —
Eg such that if (u,v) € Er if and only if (fv(u), fv(v)) € Es. We let Tree,, be the

set of isomorphism classes of rooted m-trees.

o IfT and S have planar structures {V,},cyin and {¥ } ey respectively, then we say
the isomorphism is an isomorphism of rooted planar trees if fy(V,(i)) = Yy, ) (2) for
1 <i < |inp(v)| for all v € Vi, We let PTree,, be the set of isomorphism classes of

planar rooted m-trees.

o If T has vertez-input labeling {\y}yeysn and S has a vertez-input labeling {X, }yeyin
on the same set X, then the isomorphism preserves the input labeling if and only if

Ao(W) = Mgy (o) (fv(w)) for all w € ingp(v) and all v € V™.

o [fT and S have input labeling on the set [m|, then an isomorphism between T and S
preserves the input labeling if fyv is an identity on iny = [m] — ing = [m]. We will

denote by Tree(m) the set of isomorphism classes of rooted m-labeled trees.

Suppose 7" is a rooted m-labeled tree and o € ¥,,, then we define 6*(7T") to be the rooted
m-labeled tree with the same vertices, but with the inputs iny re-indexed by o through
the induced map o : inty = [m] — in,-r) = [m|. This induces natural isomorphism
0* 1 Ep — Ey«r) and o* @ intp(v) — ings(ry(v) for each v € V" by applying o on the
elements of inr and the identity on the rest.

Next, we will briefly describe the process of grafting two trees, as this will be important
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for defining the composition of the free operads and the construction of the operad SpO¢ in
section 8.2. The following definition of grafting of rooted trees is taken from [29], where they

go into more detail than what we will do here.

Definition 1.1.0.4. Let T} be an rooted m-tree and T, be an rooted n-tree. Let e be a input

edge of Ty and define S = Tyo. T, to be the rooted n+m— 1-tree with the following properties:

e The set of abstract vertices V=V, [[ Vi,
o The set of edges E = Er, [[ Er, \ (€ ~ €, ), where e, is the root edge of Ty;
o The root vertex rg =17, ;

e and the inputs ing = (ing, [[ing,) \ {v} where v is the external vertex for the input

edge e.

In the situation where Ty is a rooted m-labeled tree, Ty is a rooted n-labeled tree, and e
corresponds to the ith edge of Ty, then we define ing = [n + m — 1] and re-index the input
labels as follows: the inputs of T\ with labels lower then i are unaffected, the original ith spot
15 now occupied by the inputs of Ty, so each one is bumped up by v — 1, and the inputs of T}
with labels greater then v are bumped up by n — 1.

If Ty has planar structure {U,} be and Ty has a planar structure {V’}, then S =T} 0. Ty
has planar structure {U"} with V" =W, if v € Vi, or V! =W! forv e Vy,.

Denote by | for the trivial rooted 1-labeled tree with no vertices, which is the unique
tree up to 1-tree isomorphism. For m > 0, denote by Cor,, the rooted m-labeled tree with
a single internal vertex v and edges (i,v) for 1 < i < m, these trees are called the m-Corolla
rooted trees and are very important since all other trees are grafting of such trees. For an
example of grafting two corolla trees, see 1.1. Another essential property of Corolla trees is
that they are invariant under any permutation of ¥,,: if o € X,,, then ¢*(Cor,,) = Cor,,

through an identity map.
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Figure 1.2: Grafting of Cors and Cory at e, where e is the 3rd input edge of Cors.

1.2 Catalan Numbers

The Catalan numbers are a sequence of numbers that occur in vast amounts of different
counting problems in combinatorics to the dimensions of the Specht module S* for certain
partitions A\ of 2n — 1 which appears in the representation theory of the symmetric groups. I
cannot explain all of the beautiful connections that Catalan numbers have to various counting
problems, but luckily for us, there is already a very well-written book on the history and
properties of Catalan numbers by Richard P. Stanley in [24]. This section will only present
the basic definitions and results we need for this thesis.

One of the first instances of the Catalan numbers appeared in counting the number of
different ways of triangulating a convex n-polygon. This gives a natural way to define the

Catalan numbers in a recursive formula as follows.

Definition 1.2.0.1. The Catalan numbers are the numbers C,, such that Cy =1 and C,, =
Y irj=n CiC}.

1,520

Using the recurrence formula defined above, we can go further and find the generating
function for the Catalan numbers; for more information about generating functions, see [25].
One important example of a generating function, first proved by Issac Newton, called the

"generalized binomial theorem” is
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where a is any complex number or indeterminate. Note that this is just the Taylor series
for the function (1 + x)* based at x = 0, but for our purposes, we consider this as a formal

equation and ignore any information about convergence.

Proposition 1.2.0.1. Let C(z) = Y ., Cna" be the generating function for the Catalan

numbers, then

From the generating function, we can now easily find an explicit formula for the Catalan

numbers.

2n

Theorem 1.2.0.2. We have C,, = HLH

n

One can go further and generalize the Catalan numbers to the (k)-fold convolutions of
{C,}, and this will be important for us as these will appear in the dimensions of various

operads.

Definition 1.2.0.2. The (k)-fold convolution Catalan number ) s defined as
o = Z Ciy -+ Cip,
i1t Fig41=n

Note that the Catalan numbers are the (0)-fold convolution C’,(LO), and this naturally gen-
eralizes the Catalan numbers. There is an extremely nice formula for the (k)-fold convolution

of the Catalan numbers, first due to Catalan in [3].
Theorem 1.2.0.3. For every k > 0 and n > 0 we have

o _ k41 2n +k

" n+k+1 n

For various different proofs and interpretation of the (k)-fold convolution of the Catalan

numbers, see [21, 15, 27].
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1.3 Young Tableaux and Representation Theory of ¥,

For this section, we will state the definitions and results needed about the representation
theory of the symmetric groups in characteristic 0. In particular, the Specht modules for
a partition A\ play a big part in studying the generalizations of the operads C'om and Lie.

Most of the material in this section will follow [22].

1.3.1 Permutation Module

A partition of an integer n is a sequence of integers A = (A, ..., Ay,) such that A\;+-- -+, =
n and we will write A = n. We also use the notation [A| = >, A; so that a partition of n

satisfies |\| = n. We can visualize a partition using a Young diagram.

Definition 1.3.1.1. Let A = (Ay,..., A\n) F. A Young diagram of shape X is an array of n

cells having m left-justified rows with row i containing \; cells for 1 <1 < m.

The cell in row ¢ and column j has coordinates (i, j) as in a matrix. For example, suppose

we have A = (4, 3,2), then a Young diagram of this shape is of the form

Recall that if T is a set, then X7 is the set of permutations of 7.

Definition 1.3.1.2. Let A = (A1,..., \n) F n. Then the corresponding Young subgroup of
Y 18

Xy = Z{1,...,,\1} X Z{A1+1,...,)\1+)\2} X X E{n—xm+1,n—>\m+2,...,n
which is isomorphic to the group Xy, X Xy, X -+ X Xy, .

Next, we will define the various versions of Young tableaux that appear in the literature

and help understand the representations of the symmetric group.
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Definition 1.3.1.3. Suppose A\ =. A Young tableau of shape X is Young diagram T with the
cells filled in with numbers 1,...,n bijectively. We will also call Young tableau of shape X a

A-tableau.

If T is a Young tableau, we let T; ; stand for the entry of 7" in position (4, j), just as in a
matrix. Note that there are n! number of Young tableau for a certain shape A. Furthermore,
there is a natural left-action of the symmetric group on the set of Young tableaux of shape
A by just applying the permutation on each number in the cells, ie., if ¢ € ¥,, then
ol = (0(T;;)). An important subclass of Young tableaux is the standard Young tableaux,
where each of the rows increases from left to right, and the columns increase from top to
bottom. We will use these later to find a basis for the various irreducible representations of
the symmetric groups. The following theorem is the hook length formula, which counts the

number of standard Young tableaux of shape A; see [22] for more information.

Theorem 1.3.1.1. Let A = (A1, ..., \p) Fn, and let T be the corresponding Young diagram.
For each cell (i,7) of T, define Hx(i,j) to be the set of cells (a,b) such that a =1 and b > j
ora>1 and b= j. The hook length hy(i,7) = |Hx(i,7)|. The hook length formula

n!
B Hi,j h)\<27j)

where the product is over cells (i,7) of T, counts the number of standard Young tableauz of

P (1.1)

shape \.

Another generalization of Young tableaux is by relaxing the condition that the set of

numbers in the cells has to be a bijection.

Definition 1.3.1.4. Let A - n. A semistandard Young tableauz of shape X\ is a Young
diagram with the cells filled in with the numbers 1, ... ,n where the rows are weakly increasing,
and the columns are strictly increasing. Note there can be repeats along the rows.

Given two partitions A\, i b, a semistandard Young tableau of shape \ and content u is a

semistandard Young tableauz T of shape \ such that © appears p; number of times in T.
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Definition 1.3.1.5. Two A-tableaur Ty and Ty are row-equivalent, Ty ~ Ty, if the corre-
sponding rows of the two tableaux contain the same elements. A A\-tabloid is an equivalence

class
{Ty={S : T~ S5}

For an example, suppose A = (2,1) and Young tableau

2

T —

, then its corresponding Young tabloid is

(T} = { 127 21}
3

I A= (N\,...,\n) F n, the number of A-tabloids is just ’;—i, where Al = A\ !--- Al The
natural action on tableaux by the symmetric group induces an action on the Young tableaux
by setting o{T} = {oT'}, which is well-defined. Hence, this gives us a natural 3,,-module as

follows.

Definition 1.3.1.6. Suppose A = n. Let M be the k-module generated by all of the \-

n!

tabloids, which has dimension 3;. Then M A s called the permutation module corresponding

to .

Example 1.3.1.1. o If X\ = (n), then M™ is the trivial representation of ¥,.

o If X\ = (17), then M) = E[S,] with the reqular representation since every A-tabloid

corresponds to a unique permutation.

e If \ = (a,b) fora+b = n and b < a, then M*® is isomorphic to the k-linear
space spanned by ordered tuples (ay,...,ap) since each of the A-tabloids are uniquely

determined by the elements in the bottom row.
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1.3.2  Dominance Ordering

The collection of partitions has two important orderings that enable us to study the spaces
M? effectively and find the irreducible submodules. We will use these orderings later in our

theory of Young n-trees to find appropriate orderings for studying the operad n-C'omy.

Definition 1.3.2.1. Suppose A = (A1,...,\n) and pp = (p1, ..., ) are partitions of n.
Then A dominates p, written A > p, if

A N> g
foralli>1. Ifv > [, then we take \; =0, and similarly for p.

We have the fundamental lemma concerning the dominance order through the corre-

sponding Young tableaux.

lemma 1.3.2.1 (Dominance Lemma for Partition). Let T' and S be Young tableaux of shape
A and p, respectively. If, for each index i, the elements of row i of S are all in different

columns in T, then \ > pu.
The second ordering on partitions is as follows.

Definition 1.3.2.2. Let A = (Ay,...,\p) and p = (M\1,...,\;) be partitions of n. Then

A < p in lexicographic order if, for some index i,
Aj = forg <iand N <.

This gives us a total ordering on the set of partitions, which is a refinement of the

dominance ordering, i.e., if \, u = n with A > p, then X\ > pu.

1.3.3  Specht Modules

Here we will review the Specht modules S*, which give us the irreducible representations of

Y-
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Definition 1.3.3.1. Let T be a Young tableau of shape \. If Ry, ..., R, are the rows of T
and C1,...,Cy are the columns of T, then we define
RTZERl X Xsz

CT:ZCl X oo XEC”
called the row-stabilizer and column-stabilizer of T', respectively.

For each Young tableau T of shape A\, we can form a group element

ZSgn Jo € k[X,],

oceCr

which we will use to define very important elements in M*.

Definition 1.3.3.2. If T is a Young tableau of shape X\, then the associated polytabloid is

er =rp{T} = Y _ Sgn(o){oT}. (1.2)

oceCr

With this, we can define our Specht modules.

Definition 1.3.3.3. For any partition \, define S* to be the submodule of M* spanned by

the polytabloids er, where T is a Young tableau of shape .

The spaces S* have the following very nice properties. For the proof of these statements,

see [22].

Theorem 1.3.3.1. Let n > 0. The S* for A F n form a complete list of irreducible ¥,,-

modules in characteristic 0.

Furthermore, these irreducible modules give a decomposition of the permutation module

with multiplicities counted by the Kostka numbers, see [22].

Theorem 1.3.3.2. The permutation module decomposes as

=P K,n5"

u>A

where K, \ are the Kostka numbers. The Kostka numbers K, \ are counted by the number

of semistandard Young tableaux of shape p and content .



22

1.8.4 Basis for S and Garnir Relations

In general, the set of polytabloids in S* do not give a linearly independent, but it turns
out that the set of ey where T is standard gives a basis using the dominance ordering to
prove linear independence and the Garnir relations to show they span the space. One can
extend the dominance ordering to tabloids in the following way. First, define a composition of
n to be an ordered sequence of non-negative integers (Aq, ..., A,,) such that > . \; = n. Note
that every partition is a composition, but not every composition is a partition. Furthermore,
one can extend Young diagrams and tableaux to compositions. Let A - n and {T'} be
a A-tabloid. For each index ¢ such that 1 < i < n, let {T"} be the tabloid formed by all
elements < ¢ in {T} and A" be the composition which is the shape of {T"}. For an example,
let

ry= |2
1

. Then

= 2 s 2L = 2 e 20
1 1 1 1

AL = (0, 1), A2 = (1,1), N = (1,2), N = (2,2)

Definition 1.3.4.1. If {T'} and {S} are two tabloids with composition sequences {\'} and
{u'}, respectively. Then {S} dominates {T}, written {S} > {T}, if X' > pu* for all i.

With this, we have the following dominance lemma for tabloids.
lemma 1.3.4.1. If k < and k appears in a lower row than l in {T}, then
{T} < (k D{T}. (1.3)
The dominance lemma can be used to prove a few properties about the polytabloids.

corollary 1.3.4.2. If T is a standard Young tableau and {S} appears in er, then {T}>{S}.
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lemma 1.3.4.3. Let vy, ..., v, be elements in M*. Suppose for each v;, we choose a tabloid

{T;} appearing in v; such that
e {T;} is maximum in v;, and
o the {T;} are all distinct.

Then vy, ..., U, are linearly independent.

Since the set of {er} for standard Young tableaux 7" satisfies lemma 1.3.4.3 | then the
set {er : T is standard A-tabloid} is linearly independent.

On the other hand, to show that the set ep for standard Young tableaux 7 spans S*,
one has to use the straightening algorithm, or in other words, the Garnir relations to relate

between different er.

Definition 1.3.4.2. Let A and B be two disjoint finite sets of positive integers and choose

permutations m such that

Saus = m(Sa x Tp).

T

Let G(A, B) be the set of w satisfying the relation above. Then, a corresponding Garnir

element s

gAB = Z Sgn(m)m.

me€G(A,B)

These Garnir elements associated with a tableau T are used to eliminate a descent in a

row of T if T has all increasing columns.

Definition 1.3.4.3. Let T be a Young tableau with increasing columns and let A and B be
subsets of the jth and (j + 1)st columns of T, respectively. The Garnir element associated
with T (and A,B) is gag = Y, Sgn(m)w, where © have been chosen so that the elements of

AU B are increasing down the columns of ©T.
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For T A, and B as in the definition for Garnir element. If |A U B| is greater than
the number of elements in columns j of 7', then g4 ey = 0, where ey is the polytabloid
associated with 7". Since one of the elements in G(A, B) for the tableau T is the identity
element, then we obtain

ey = — Z Sgn(m)ery.
T€G(A,B)\{id}

Using the Garnir relations, one can show that the set of e for standard T spans S* and

hence gives the theorem.

Theorem 1.3.4.4. For \ - n, the set of {er : T standard \-tableau} is a basis for S*.

Furthermore, the dimension of S* is f*.

1.4 Operads

Peter May introduced operads in [18] to study the loop spaces in algebraic topology. These
objects parameterize classes of different types of algebras by essentially describing the n-ary
operations and their relationships. We will be following the notation and definitions in [16]

for this section.

The underlying structure for operads are ¥-modules, which are a family M = (M(1),...,M(n), ...

of right k[3,]-modules for n > 1. This is equivalent to a functor M : £ — Vecty, where
Y. is the permutation groupoid. One should think of each M (n) as holding the n-ary oper-
ations in the form of n-arity trees, which is the intuition for the free operad later discussed
in section 1.4.2. A morphism f : M — N of Y-modules is a natural transformation between
their functors, i.e., a collection of right k[¥,]-module homomorphisms f, : M(n) — N(n).
Each Y-module M defines a Schur functor M : Vecty, — Vect, by defining
M(V) =@ Mn) ex, V",
n>1
and we will denote elements in M (V) as (u;v1,...,v,) for p € M(n) and vy,...,v, € V.

To help define the combinatorial free operad on a Y-module, we will need the use of

)
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linear species, which are similar to ¥-modules but are defined on more general finite sets.
Any Y-module M can be made into a linear species M , where for any finite set X with

cardinality n, where

Mx)={ @ Mm| (1.4)

feBij([n],X) 5,
and where Bij is the category of finite sets with their morphism of bijections. Equivalence
classes in M are represented by (f; ), where f € Bij([n], X) and p € M(n), and the right

>, action inside of the coinvariants is defined as

(f;n) = (fo;p)

If h: X — Y is any bijection of sets with cardinality n, then we obtain a isomorphism

M(h) : M(Y) — M(X) where

M(h)(f;p) = (b7 f; )

Furthermore, if ¢ : ¥ — Bij is the natural inclusion functor, then we obtain a natural
isomorphism of functors 7 : M — M with .([f;1]) = p/ ™. In other words, if o € %, then

we have

-1

M(o)ro([fsp]) = M(o) (/™) = (u)7 = pf 0

=1.([c7 s ) = Tn(M(U)([fé m))-

This implies that ]/\\/[/( [n]) =2 M(n) for any n > 1.

There are a few different equivalent ways to define an operad in the literature, such as
the monoid in a certain monoidal category of ¥-modules or as >-modules with some binary
partial compositions. For our purposes, we will use the latter, which is the classical definition
described in [18], as it is more useful for computations with the free operad regarding rooted
trees. For more information about operads and their different equivalent ways to define them

in the algebraic setting, see [16].
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Definition 1.4.0.1. A pseudo-operad is a tuple (O, 0,n) consisting of the following data;

e O is a X-module;

o for eachn,m >1 and 1 <1 < n it is equipped with a k-linear map
—0;,—:0(n)®@0(m) = O(n+m—1)

e and a k-linear map no : k — O(1), which we define no(1) = 1,

satisfying the following axioms.

e Forn>2andl <i< j<mn, then the horizontal associativity for p € O(n), v € O(m)
and v € O(1) is

(Hoiy)oj_1piv = (ojv)o;.

e formm>1,1<1i<nand1l < j < m, then the vertical associativity relation for

pe On), ve Olm), and v € O() is
proi (vojy) = (1o;v)oi14;7.
e Forn>1and1<i<n, and any p € O(n) we have

o no(l) = p

and
no(1) o1 p = p.
e forn>1,1<i<mn, o€, and T € ¥, the equivariance relation for p € O(n)

and v € O(m) is

(1 00(e) V)77 = 17 01"
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where 0 0; T € Ypim_1 1S the permutation in
(coj7)=0(id® - idBTDIdD - Did)
with © — 1 identity maps on the left of T and n — v identity maps on the right of T.

Definition 1.4.0.2. A morphism between operads P and Q is a >-module morphism f :
P — O such that we have

e for € P(m) and v € P(n), then

flpoiv) = f(p)oi f(v)

e and fonp =ng.

Example 1.4.0.1. The following is a list of the traditional examples of algebraic operads in

the literature.

e Given any vector space V', define Endy to be the X-module such that Endy(n) =
Homy,(V®™ V') with the natural right 3, action induced from left action on V®™. For

f € Endy(n) and g € Endy(m), define the partial composition

(f O; g)(Ul, Vo, ... 7vn+m—1) = f(Ul, ey Ui, g(’l}i, e ;Ui+m—1)7 Vidtmy - - - 7Un+m—1>

and define the unit map n : k — Endy(1) = Hom(V, V) as sending 1 to the identity

map. This becomes an operad in a very natural way.

e The associative operad has 3-module Ass, where Ass(n) = k[X,] forn > 1. Let
Wy be the generator of k[3,] as a right k[3,]-module and we define the composition
fhn O iy = Hnim—1- This becomes an operad in a natural way, and its algebras are

exactly the non-unital associative k-algebras.

e The commutative operad has X-module Com with Com(n) = kv, where v, has the
trivial action. Defining the partial composition as in Ass, this becomes an algebraic

operad as well.
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e The Lie operad has X-module Lie where Lie(n) is the vector space of rooted planar
n-trees with the inputs labeled by {1,...,n} quotient by the relations of antisymmetry
and the Jacobian identity. This becomes an algebraic operad through the grafting of

trees.

1.4.1 O-Algebras

As with any algebraic object, one would like to understand the objects it acts on. In par-
ticular, given an operad O, the most important objects they act on are the corresponding

algebras they define.

Definition 1.4.1.1. An algebra over an operad O, or a O-algebra for short, is a vector
space A with a morphism f : O — FEnds of operads. More specifically, A is equipped with a
k-linear map v4 : O(A) — A such that the following axioms are satisfied

e For each € O(m), v € O(n), and ay,...,a, € A we have

7A<:u o;iag, ... aaner*l) = ’YA(:Ua ag, ... 7714(1/’ gy - . 7ai+n*1)7 Qjgmy - - - 7an+m*1)

e and for all a € A, we have

va(n(l);a) = a.

Example 1.4.1.1. e [For any operad P, we can define the free P-algebra on the vector
space V' to be P(V') with multiplication ypcay : P(P(A)) — P(A) such that for p €

P(m), v € P(n), and ai, ..., ay1m-1 €V we have

’Y'P(,ua (1a CL1)7 R (V;a'h s aai—l—n—l)) R (1;a'n+m—1)) = (M o lian, ... 7an+m—1)-

o The Ass-algebras are exactly the non-unital associative algebras. In particular, if A is

an Ass-algebra and we define ma(ar,az) = va(po;ar,az) for all a;,as € A, then we
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have the associativity relation

m2(m2(a1, a2)7 Cl3) = ’YA(Mz 01 M1 4z, az, as)

= %4(,&3; ay, Az, a3) = %4(#2 Og l2; A1, az, as) = mz(ah m2(a2, as))-

The free Ass-algebras on the vector space V is the non-unital tensor algebras T(V) =

@nZl V®n :

e The Come-algebras are exactly the non-unital commutative and associative algebras.
The associativity relation is similar to how Ass gives an associativity relation and the

commutative relation comes from

ve(pa, a1, a2) = ve (i P ar, a3) = e (pe; az, ay).

The free Com-algebras on the vector space V is the non-unital symmetric algebra S(V').

1.4.2  Free Operad

To construct examples of operads, we would like to construct a free object so we can generate
examples through generators and relations. One way to think of the free operad associated
with a Y-module E is as the collection of n rooted trees with the vertices labeled by the
elements of . To do this, we need to use the language of linear species as explained in 1.4
to help us define this notion. There are various ways to define the free operad associated
with a X-module, but for our purposes, we will follow the construction outlined in [29]. For
the other equivalent way to define the free operad in terms of the monoidal structure on the

category of ¥-modules, see [16].
Definition 1.4.2.1. Let M be a linear species, and suppose we have an isomorphism class

[T) € Tree(n) with m = |Vr|. Define the M-decoration of [T] as

MIT] = D Mlne(f(1) @--- @ M(ing(f(m)))

feBij(lm].Vr) 5.
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where elements are expressed as (f; p1, ..., um) for f € Bij([m],Vr) and p; € M(ing(f(i)))

and where the right action of o € ¥, on an element (f; 1, ..., tm) is defined as

(fa M1y num)g = (fav Ho=1(1)5 - - - 7#0—1(771))
If T is the unique tree |, then we define M[]] = k.

Note that this definition is independent of the representative of the class [T] since iso-
morphic trees induce identities on M (Inp(v)). Furthermore, if o € ¥, then we have an
isomorphism o* : M[o*(T")] — M|T] induced by the isomorphisms M (c*) : M (In.-y(v)) —

M (Ingp(v)) coming from o : Inp(v) = Ing-p)(v) for each v € Vp.

lemma 1.4.2.1. Let E be a X-module and let Ty be an n-tree with |Vr,| = q and Ty be a

m-tree with |Vr,| = p. Suppose e is the ith edge of Ty, then we have the map

W E[Tl] & E[TQ] — E[Tl O¢ Tg]

1@ @y @[f;h @ @) = [ix fos 1 @ Qg @1 & -+ - @ 1]
where

f1(@) if1<i<gq

fali—q) ifqg+1<i<qg+p.

(fl X f2)(i> =

Now that we have all the main ingredients, we can define the free operad associated with

a Y-module F.

Definition 1.4.2.2. For any Y-module E, define (F(FE),o,n) as follows.

e For eachn > 1, define

FE)m = @ B

[T€Tree(n)

with right ¥, -action induced by M(c*) : M[o*(T)] — M[T] for each o € %,.
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e Define the unit n: k — F(E)(1) as the following composition

k
l %ion

B[

e Define the o; composition as follows. Since @ commutes with direct sums on each side,

then we have the natural right X, X X, equivariant isomorphism

(FE)m e FEEm)=| H EIe| H B

[T1]€Tree(n) [T2]€Tree(m)

& E[Ty] ® E[Ty).

([T1),[T2])€Tree(n) x Tree(m)

1%

So it suffices to define o; restricted to a direct summand

E[T)| ® X[T}) —Y—— X[T} o, T3]

linclusion linclusion

F(E)(n)® F(E)(m) —= F(E)(n+m—1)

where e is the is the ith edge of Ty and T o, Ty is the grafting of T and T along e.

There is a natural weight grading on the free operad F(F) as follows: for n > 0, define
a Y-submodule F(E)™ of F(E) with

FE)"(m)= @ ET]

[T€Tree,(m)

where Tree,(m) is the equivalence classes of rooted m-labeled trees with n vertices.
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2.1 (n,m)-Quadratic Operads and Koszul Duality

Recall from [16], they define quadratic data as a pair (E, R) with E is a ¥-module and
R C F(E)®. For our context, we are interested in a particular type of quadratic operads,
ones that are generated in arity n,m > 2. This models algebras with either one n-arity
operation when n = m or two operations where one is n-arity and the other is m-arity. We
say a quadratic data (F, R) is an (n, m)-quadratic data if F is concentrated in arity n and
m and R is a ¥-module of F(E)®. When n = m, we say that (E, R) is a n-quadratic data.

An (n,m)-quadratic operad is a quadratic operad P(E,R) = F(FE)/(R) for (n,m)-
quadratic data (F,R). Furthermore, if n = m, then we call these n-quadratic operads.
If n = m = 2, these are exactly the binary quadratic operads as studied by Ginzburg and

Kapranov in their study of Koszul duality in [10].

2.1.1 Description of F(E)®

Here, we want to find a nice description for the weight 2 part of (n, m)-quadratic operads
as this will make it easier to describe our relations and give a connection of F(E)® with
various vertices of graphs.

Since our free operads are defined by rooted labeled trees, we need some description for
the rooted labeled trees with exactly 2-vertices and the symmetric group action on them. Let
Trees(n, m) be the subset of Trees(n +m — 1) consisting of isomorphism classes of [T'] with
exactly two vertices v; and vy such that vy € Inp(vy) and |ing(v1)| = n and |ing(v2)| = m,
see figure 2.1. We have the following description of Trees(n, m) in terms of the left cosets of

Y N X1

lemma 2.1.1.1. The set Trees(n,m) = X, im_1/(Xn_1 X X)) X {[Cor, o1 Cory|}, where

Yotm—1/(En_1 X ) is the collection of left cosets of 3p_1 X X,

Proof. Any rooted n+m — 1-labeled tree with two vertices v; and vy such that vy € ingp(vy)

and |inty(vy)| = n and |iny(ve)| = m is isomorphic to the tree o*(Cor,, oy Cory,) for some
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Figure 2.1: Tree with two vertices

permutation o € ¥,,,, 1 that preserves the order of the inputs, and where Cor, oy Cory,
has its inputs for the vertices ordered from 1 to m for the inputs into Cor,, and m + 1 to
m +n — 1 for the inputs of Cor,, excluding the one that is connected to the root of C,,.

To do this, take our rooted m-labeled tree T" and

inT(vl) = {’UQ, il, e ,Z'nfl}

ing(va) = {J1, - Jm}
where iy,...,4,_1,J1,- - ., jm are distinct elements of [n+m—1]. We can define a permutation
o such that o({i1,...,i,1} ={m+1,...,m+n—1} and o({j1,...,jm}) = {1,...,m} and

its ordered i.e. if i, < i, then o(iy) < o(iy). Hence, we have the rooted m-labeled tree

o*(T) = Cor, oy Cor,, and T = (671)*(Cor,, oy Cor,,).

Next, let oy = 1,09,...,0; be the | = ((’; tT)T;L),' representatives for the left cosets of
Y1 X Xy in 341 Take any rooted m-labeled tree T' in Trees(n,m), and by above,
T = 7*(Cory oy Cor,,) for some permutation 7 € ¥, 4,,,—1. Then we have 7 = o,w for some

1<i<nand w € X,_1 X X,,. Therefore, we have
T = 7(Cory, o1 Cory,) = (o;w)*(Cory, o1 Cory,) = of (Cory, 01 Cory,).

This shows that Trees(n,m) = 3, 1m-1/(Xn-1 X X)) X {[Cor,, o1 Cor,,]}. O
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With our description for T'rees(n, m), we can push this through and find a useful descrip-

tion for F(E)® in the case where E is concentrated in arities n and m.

lemma 2.1.1.2. Let E be a X-module concentrated in arity n and m. Then F(E)® has the

following description:

@ ree E[T] ifp:2n—1,n+7R—1,2m—1
F(E)?(p) = [T]€Trees(p)

0 otherwise.

and furthermore, we have

F(EY (n+m—1)=Ind>2 (E(m)® EM)® nd>"L (B ®E(m)) (2.1)

Enxfm,l EmXin,1
if n #m and we also have
F(E)?(2n—1) = ]nd?”;% 71(E(n) ® E(n)) (2.2)
F(E)?(2m—1) = Ind" L (E(m) @ E(m)). (2.3)

Proof. We will prove equation 2.1, as the other are similar. By definition, we have

F(E)P(n+m—1)= D E[T]

[T)€Treez(n+m—1)

= P Ere @ ES

[T|€Treez(n,m) [S]€Treez(m,n)

since if a tree with two vertices did not have a vertex with n inputs or m inputs, then

the E-decoration of that tree would be zero. Pick representatives o = 1,0,,...,0; for
n+m-—1 — )
l = for the left cosets of ¥, x ¥, 1 in ¥,,,,—1. Then by lemma 2.1.1.1, we
m
have

!
EB E[T) = @ Elo}(Cor, o1 Cory,)]
[T]€Treez(n,m) =1
!
o @ E[Cor, oy Cory)o; .

=1



36

As right ¥,, x ¥,,_1-modules, we have
E[Cor, 0y Cory,] = E(intr(v1)) ® E(inty(vs))

where v; and vy are the vertices with inty(vy) = {ve,m+1,...,m+n — 1}, inp(ve) = [m),
and int7(rcor,o,corn) = {v1}. By the cardinalities of the input sets for each of the internal

vertices we obtain
E(inr(v1)) ® E(ing(vz)) = E(n) ® E(m)
as right 3,, x 3,_;-modules. This finally shows

D BT =hdg, s, (En)© Em),

[TeTreez(n,m)
which completes the proof. O]
The elements in £ in F(F)/(R) can be thought of as operations p which act on formal

elements w1, ..., x, through u(zy,...,x,). Therefore, elements of F(E)® (n+4m —1) can be

thought of as elements u o, v, where u acts on n elements and v acts on m elements, who

act on n +m — 1 formal elements x4, ..., 2x,1m_1 Where
(Koo V)(@1s - Tpym—1) = (Lo1V)7(T1, . .-, Tpgm—1)
= (,u o] V) (mg(l), Ce ,SCU(n_,_m_l))
= [L(V(.Tg(l), <. 7xa(m))v Lo(m+1)s - - - 7x0(n+m71))-

2.1.2  Koszul Dual of (n, m)-Quadratic Operads

For this subsection, we will describe how to find the Koszul dual for any (n,m)-quadratic
operad using some bilinear pairing on the weighted 2 part of the free operad by following
the ideas in [17], where they generalized the Koszul duality of binary operads to quadratic

operads with n-arity generators.
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For any ¥-module E, define £ ® Sgn to be the ¥-module with (£ ® Sgn)(n) = E(n) ®
Sgn,, where Sgn,, is the signed representation of ¥,,. Furthermore, let E* be the ¥-module
with E*(n) = E(n)*, the k-linear dual with the induced right ¥,-action. Combining these
two definitions, define EV to be the ¥-module with EY(a) =12 E*(a) ® Sgn,, where 1472
denotes the suspension iterated a — 2 times, which is naturally a >-module. More explicitly
the action of 3, on the right is defined as follows: if f €12 E*(n), v € E(n), and 0 € %,,,
then

—1

f7(v) = Sgn(o)f(v® ).

Hence, if F is concentrated in arity n with degree d,, and in arity m with degree d,,,, then EV

is concentrated in arity n with degree —d,, +n — 2 and in arity m with degree —d,,, +m — 2.

Definition 2.1.2.1. A pairing between two Y-modules M and N, is a X-module map

(—,—):M®y N— Com® Sgn.

If L is a sub YX-module of N, then Lt is the sub Y-module of M with L*(n) = {z €
M : (z,L(n)) = 0}.

Explicitly, the pairing has the following relation: if f € M(n), g € N(n), and o € %,
then

(f7,97) = Sgn(o)(f, g)-

Let (E, R) be (n, m)-quadratic data. Following the binary quadratic operad situation, we
want to define a non-degenerate bilinear pairing (—, —) : F(EV)? @y F(E)? — Com® Sgn.
To start, let SZJJ” ! he a collection of representatives of the right cosets of 3; X Y11 Spgm_1
consisting of even permutations for i,j € {n,m}. By definition of induced representation,
we have

Ind*2' (BE()®E(j) = @ E@)eE(j)e (2.4)

Ej ><E,~,1
i+j—1
UESm.
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and denote our elements in this space as po, v to represent the image of the elements (u®v)o

for p € E(i), v € E(j), and 0 € Sf;j_l for all 4, j € {n,m}. If 7 € ¥;4,_1, then

(MOUV>T:NyOth

for some y x h € ¥; 1 x ¥j and w € Sf;j_l such that (y X h)w = o7. Let i,7,p,q € {n,m},
then for o* € E(p), 8* € E(q), p € E(i), v € E(j), 0 € Skt and 7 € Sf;j_l, define

o (p)p*(v) ifi=p j=qg,ando =71
<Oé* OU ﬁ*7/1/oq— I/> — ( ) ( ) (25)

0 otherwise

This is exactly the same bilinear form defined in [17], where here we are only composing

elements at the first components, which does not produce any extra signs.

lemma 2.1.2.1. The pairing (—, —) : F(EY)®y F(E)? — Com ® Sgn is a non-degenerate

bilinear pairing of -modules.

Proof. 1t is obvious that this is non-degenerate since it is defined through the basis elements,
so it suffices to show it respects the permutation actions. For i,5 € {n,m}, let o* € E(i),

p* € E(j), p€ E@), veEy),owe Sfjjfl, and 7 € ¥, 4;_1. By definition, we have

(o 05 )7, (10w v)7)) = (") 0gr (B°)"7, 1 0ur 1)

where (y, X hy)o’ = o7 and (y, X h,)w' = wr for some hy, h, € Xj, Yo,y € X1, and
O',,UJ/ € Zi+j71'
By definition of our pairing,
Sgn(ya)sgn(ha)a*(uywy?)ﬁ*(thhgl) if o = o

(@ o (B*)', oy V™) =
0 otherwise

In the case where ¢/ = W', we have

(yo' x hYwr =o' =0 = (y;' x h;1)or,

w w
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which implies (y, X hy)(y,! X h;')w = 0. This says that w and o are representatives of the
same right coset, hence they are equal. Therefore, we obtain h,, = h, and y, = y.,, and this
gives

San(y,)Sgn(hy)a* (peve ) g (vhehe ) if ¢! = o'
o (o iy | SIS0

0 otherwise
\

Sgn(yo)Sgn(he)a(p)5(v) if o' = '

0 otherwise
\

= Sgn(y,)Sgn(hs){a” o, B*, o, v).

Since (y, X h,)o' = o1 and both ¢ and ¢ are even permutations, then Sgn(y,)Sgn(hy) =

Sgn(ys X hy) = Sgn(7). This completes the proof. O

As in the binary quadratic operad, we have the same description for the Koszul dual for

a n-quadratic operad; see [16] and [17].

Definition 2.1.2.2. Let P = P(E, R) be a n-quadratic operad. Then its Koszul dual P’ is

the n-quadratic operad
7)/ — P(EV, RJ_)

2.1.3  Symmetric and Skew-symmetric (n, m)-Quadratic Operads

The operads we are interested in are the ones with n-arity operations and m-arity operations
that are either symmetric or skew-symmetric. In this scenario, the weight 2 part of the free
operads has a particularly useful description suitable for computations. To help with the
cluttering of symbols, define ¥, ; ; = ¥;_; x ¥; for any i, j.

Let n,m > 2 for this section. If 0,7 € ¥,4+,,,—1, then 0,1 ,,0 = ¥,,_1,,,7 if and only if

o~ t(i) = 77(h(i)) and o1 (j) = 771 (y(4)) for some y X y € ¥,,_1,, and for 1 < i < m and

m+1 < j <n+m—1. This shows that the distinct right cosets of X,_; ,, are entirely based
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on where the inverse of the representatives send the set of numbers m+1,...,n+m—1, up
to any permutation in X,_;.
Let ay, ..., a,—1 be distinct elements in {1,...,n+m—1} and define ¥,y . {a1, ..., an_1}

to be the collection of permutations o € ¥,,1,,_1 such that
ot {m+1,....2n—1}) ={ay,...,an1).

The set of ¥,_1m{a1,...,a,—1} for distinct elements ay,...,a,-1 € {1,...,n +m — 1}
is equivalent to the set of right cosets of ¥, 1, by sending %, 1,0 — X, 1,{o" (m +

1),...,0 Y (n+m—1)}. Denote by A, ,, to be the set of finite sets {ay, ..., a,_1} for distinct

elements ay,...,a,—1 € {1,...,n+m—1}. The natural action of ,,,,,,_1 on the right cosets of
Yn—1,m transfers to a natural action on the collection of ¥,,_; ., {a1, ..., a,—1} in the following
way: for 0 € ¥4 1, define 3,1, {a1,...,an_1}0 =S, 1m{c Har),...,0 an_1)}-

If M is a right ¥, ,-module where M either the signed representation or the trivial

representation, then we choose representatives for the right cosets of X,,_; ,,, to be even so

that
ETL m— Y
Indg™™ 1 (M) = EB M{ai,... an 1},
{a1,...,an—1}
where M{ay,...,a,_1} are isomorphism to M as graded k-modules with elements denoted

as e{ay,...,an—1} for e € M and {ay,...,an_1} € Ap,m. The action on the right is defined
as

e{foHay),...,0 an_1)} if M is the trivial representation
elay,...,an_1}0 =

Sgn(o)e{o™a1),...,07(a,_1)} if M is the signed representation
for o € Ypimo1-

The above formulation gives us a way to show that the space F'(E)® (i+j—1) corresponds

to the vertices of certain graphs that we will explain later in section 7.3, and gives us nice
tools to study these spaces. Next, we define a few free operads that will be important to us

and which all of our operads in this paper will be a quotient of.
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Definition 2.1.3.1. Letn > 2 and d € Z.

o Let E, 4 be a graded X-module such that E,, 4(n) =1%* kv, 4 with vy g = Sgn(o)vna for

every o € ¥, and zero everywhere else. Define the free operad ASMagnqa = F(Eyq).

e Let H, 4 be the graded Y-module such that H, 4(n) =12 ki, 4 such that o g = p for
all 0 € ¥, and zero everywhere else. Define the free operad SMag, q = F(Hy.q).

The algebras over ASMag,, 4 are exactly the graded k-modules L with a degree d n-arity
bracket [—, ..., =] with Sgn(c)&(o,v1,...,vn)[V1, ..., Vn] = [Vo1)s - - - s Vo)) forall vy, ... v, €
L and o € ¥,. The n-quadratic operads, which are a quotient of ASMag, 4, will be called
Lie-type operads. In chapter 3, we will describe an entire collection of Lie-type operads
and their algebras, by generalizing the Jacboian identity in various ways. In particular, the
operad of n-Lie algebras will be a Lie-Type operad and is in some ways a maximal one in
the spectrum of Lie-type operads.

Similarly, the algebras over SMag,, 4 are exactly the graded k-modules C' with a degree
d n-arity operation (—, ..., —) such that (vi,...,v,) = &(0,v1,...,0)(Vo(1)s - - - » Vo(n)) for all
v1,...,v, € C and o € ¥,,. The n-quadratic operads which are a qoutient of SMag, 4 will
be called C'om-type operads. In chapter 4, we will describe an entire collection of C'om-type
operads and their algebras. The relations for these operads will come from the relations
in S* for various partitions A of 2n — 1 and these operads will be the non-trivial minimal
Com-type operads.

We can also combine E,, 4, and H,, 4,, together to obtain the free operad F' P, 4,),(m.d,) =
F(E, 4, ® Hna, ). We will use this free operad to construct various generalizations of the
Poisson operads that come from combining the Lie-type operads and C'om-type operads in
chapter 6.

By lemma 2.1.1.2; the weight 2 parts of the free operads above can be described as follows:
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for n,m > 2 and d,,, d,, € Z we have

F(Ena,)?2n—1)= € FEna.(n) @ Epa,(n){ar,... a5}

a1<-<Gn-1

F(Hpa,)?2m=1)= @B  Huna,(m) @ Hypa, (m){br,... . bn}

b1 <--<bm-1

and F(E,q® H,,4,,) has the following spaces in their respective arities:

F(E,q,)%2n—1)

@ En,dn (n) X Hm,dm (m){alu s )an—l} ¥ @ Hm,dm (m) X En,dn{bl) e 7bm—1}

a1<-<ap—1 b1 <--<bm—1

F(H,pq,)®2m —1).

In particular, we let V?alp--,anfl} represent the image of v, 4 @ vy, a{as, ..., ap—1} in E, 4, (n) ®
E,a(n){ai,...,an—1}, and similarly we let “?bl,...,bm_l} represent the image of the element
Pomdy @ tndn 101, - -y Om—1} 0 Hpp g, (M) @ Hpp g, (m){b1, ..., by_1}. For the cross terms in
F(Ena, ® Hpa, ), we let pdm V?l?l,.‘.,bmfl} to represent L, a4, @ Vna,{b1,-..,bm—1} and we let
virp®n{ay, ... a, 1} represent the elements v, 4, ® fim.d,, {01, -, Qn 1}

The cross terms in F'Pn,d,), (m, d,) are used to set up the relation between the Lie-type
and Com-type operads. There are various relations one can use here to relate both of the
operations, but the most natural choice is the Leibniz relation, which we will use to construct

various generalizations of the Poisson operad.
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In this chapter, we will give a few examples of generalizations of the Operad Lie in
various ways. In particular, we will give the quadratic representations for the operads Lied
and n-Liey, which generalize the Jacobian identity. We will construct more examples of these
types of operads in section 7.3 when we give a large class of operads that happen to be a

generalization of Lie through the Odd graphs.

3.1 The Operad Liel

3.1.1 General Definition of Lie, Algebras of Degree d

The relations for Lie are generated by the sum of all the even representatives of the right

cosets of X1 x 3y in X3, i.e the relation

Vod + Vél T Vé,lds 2, (3.1)

)

Therefore, one natural generalization of Lie with an n-arity operation is to make the relation
the sum of all the even representatives of the right cosets of ¥, ,, in ¥9,_1. In terms of the

algebras, these are expressed using (p, ¢)-shuffles as in the following definition.

Definition 3.1.1.1. Let n > 2. A Lie n-algebra of degree d is a graded k-module L with a

skew-symmetric n-arity bracket [—, ..., —] : L™ — L satisfying the following properties.
e For every vy,...,v, € L and o € X,, we have
Sgn(o)&(o,v1, ..., 0p) V1, - V] = [Vo1)s - - -5 Vo)
e and for every vy, ..., V9, 1 we have

Z Sgn(o-)é.(o-u Uiy 7U2n—1)[[%(1)7 cee 7va(n)]a Vo(n+1)s - - - ,Ua(zn—l)] =0.
c€Sh(n,n—1)

More compactly, if v =[—, ..., —] is the bracket, then we want

Z Sgn(o)(voiv)”  =0. (3.2)

o€Sh(n,n—1)
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In the case when d = n — 2, then Lie n-algebras of degree n — 2 are exactly the L..-
algebras L with operations {l,, };n>1 such that [, = 0 for all m # n.

The relation for n-Lie algebras of degree d can be simplified even further so that we do
not have any negative signs that appear in the front, i.e., it has only even permutations
acting on it. For each permutation o € Sh(n,n — 1), we can choose a permutation ¢, such
that t, = (0(1),0(2)) if o is odd, or ¢, = id if o is even. In this way, if L is a Lie n-algebra

of degree d with skew-symmetric operation v, then we can rewrite the relation as

Z (vorv)s” =0 (3.3)

c€Sh(n,n—1)

This shows that we can express the relation using only even permutations, which makes it

possible to write the relations for the corresponding operad.

8.1.2  Quadratic Representation for Lied

Fix n > 2 and d € Z. Let LR, 4(2n — 1) be the right 3, ;-module of F(E, 4)®(2n — 1) in

degree 2d generated as a right k[Xs,_1]-module by

lr”vd = : : V{ala---yanfl}

and LR, 4(j) = 0 for all j # 2n — 1. Tt is easy to see LR, 4 = SU-b  for partition (1,...,1)
with 2n — 1 1’s, and hence 1-dimensional representation of 5, ;. By equation 3.3, these
relations give us exactly the relations for Lie n-algebras of degree d so we can define its

corresponding operad.
Definition 3.1.2.1. For every n > 2, and d € Z, we define Lie? = ASMagy, q/(RLy.q).

In particular, when n = 2 and d = 0, then LieY is just the classical Lie operad.

3.2 The Operad n-Liey
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3.2.1 General Definition of n-Lie Algebras of Degree d

For the n-Lie algebras, these are the generalizations where we think of the Jacobian identity

as a derivation property, which is very different from the relations in Lie? for n > 2.

Definition 3.2.1.1. Let n > 2. An n-Lie algebra of degree d is a graded k-module L with a

n-ary operation l, = [—,...,—| : L®" — L of degree d satisfying the following properties:
e for any n elements vy,...,v, € L, and any o € X,

Sgn(o)[vi, ..., vp) = &(0,v1, ..., V) Va(1)s - - - 5 Vo))

e and for any 2n—1 elements vy, ..., vy,—1 € L, the n-ary operation satisfies the following

generalized Jacobi-identity:

n

[[Ulv s 7’Un]7vn+17 e aUQn—l] = Z(_l)az [U17 ey Ui, [Uhvn—‘rb cee 7U2n—1]7 Vit1y- - - avn]
i=1
where
i—1 n 2n—1
e =dO) o)+ (D DD Tul).
7j=1 j=i+1 r=n+1

In this definition, if d = 0 and the underlying algebra is concentrated in degree 0, then
we will call these just n-Lie algebras. Note in this definition, we see that [—, z1,...,2,_1]

are derivations on the space L.

Example 3.2.1.1. o Let A =k[xy,...,xu41] be the polynomial ring on n + 1-variables.

Then we can define a n + 1-ary bracket on the elements py,...,ppi1 € A

[pla s 7pn+1] = JCLC(pl, e 7pn+1)

where the right-hand side is the determinant of the associated Jacobian matrixz of the
polynomials p1,...,ppr1. This is naturally a n + 1-Lie algebra and of great interest,

specifically for n = 3 in Nambu mechanics.
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e More generally, suppose A is a commutative k-algebra with commuting derivations

Dq,...,D,. Then A is an n-Lie algebra with bracket

Di(ay) - Dl(an)
1
[ai,...,a,] = o Z Sgn(0)Dy1y(a1) - - - Do(ny(an) = det
oEX,
Dy,(a1) -+ Dyp(ay).
o Let n > 3 and let L be any n-Lie algebra with bracket [—, ... —]. Pick Q € L, which

1s called the potential, and define a n — 1-ary bracket

hha"'apn—lk?:: Bhw"'7pn—1agu

which gives L a n — 1-Lie algebra structure.

e [n Filippov’s study of n-Lie algebras and their algebraic properties in [8], they defined
the following example which helped in the classifications for simple n-Lie algebras of
finite dimensions. Let A, be a n+1 dimensional vector space with basis {vy, ..., Un41}-

Define the n-bracket
[2)1, C.. ,@', .. ,vn+1] — (_1>n+1+ivi

which gives A, a n-Lie algebra structure. Filippov showed that every n—+ 1-dimensional

simple n-Lie algebra is isomorphic to one of the form A,.

e More generally, let L be a finite-dimensional vector space with basis ey, ..., e, and let

m
[em s aein] = E Qjy,... 0 €1
=1

for some a;, ;. € k such that Sgn(a)aé1 = a; for all o0 € X,. For the

yin eyin a(1)sto(n)

above bracket to be a n-Lie algebra, we must have the following relations with the

coefficients

m n

m
l q _
§ :ail,m,inal,jh.--,jn—l _§ : a%mh sJn—1 21, STt —1,T5 04150500
t=1 r=1

=1

foralliy, ... 00,01, Jn-1,q.
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Example 3.2.1.2. There exists an very nice example of a 3-Lie algebra structure on the
general linear lie algebra gl (k) of n x n with the commutator bracket [A, B] from [1]. They
define

[A, B,C) = Tr(A)[B,C] + Tr(B)[C, A] + Tr(C)[A, B]

where Tr is the normal trace, which gives gl (k) a 3-Lie algebra structure.
More generally, if L is a (n — 1)-Lie algebra with n — 1 arity bracket [—,...,—] and
g: L — k is a k-linear map such that g([x1,...,2,—1]) = 0. Then there is a n-Lie algebra

structure on L with bracket
w1, wa)? =) (=) (@) T )

where T; means to take it out of the sequence.

Example 3.2.1.3. Let A be a symmetric Frobenius algebra, i.e. an associative unital algebra
A with a non-degenerate symmetric bilinear form (— —) : A x A — k such that {(ab,c) =

(a,bey for all a,b,c € A. Then we have ¢ = (1,—) = (—, 1) € A* which has the property
e(ab) = (1,ab) = (a,b) = (b,a) = (1,ba) = e(ba).
Therefore, ¢ : A — k is a linear functional which induces a 3-Lie algebra structure on A with
[a,b,c]® = e(a)b, c] + e(b)]c,a] + e(c)[a,b].

Example 3.2.1.4. A metric n-Lie algebra is a n-Lie algebra L equipped with a non-degenerate

symmetric bilinear form B : L x L — k such that

B([z1, ... xn-1,y],2) = —=B([z1,. .., Xn—1, 2], ) (3.4)

forxy,...,x,_1,y,2 € L. These were first introduced by Figueroa-O’Farril and Papadopoulos
in their study of the classification of maximally supersymmetric type IIB supergravity, see

[6, 7]. Let n > 3 and L is a metric n-Lie algebra. We can choose a potential 2 € L and
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define [—, ..., —]q to be a n—1 bracket which makes L into a metric (n—1)-Lie algebra with

form B. Then we can define a k-linear map Bq : L — k as
Bq(z) = B(z,9Q)
which has the property
Ba([z1, ..., z5]a) = B([z1, ..., 20]a, Q) = =B([z1, ..., 21, Qq, 2,) = 0.

Therefore, by example 3.2.1.2 we have a n bracket [—, ..., —|p, on L with

Q

n

[T1, ..., Ty = Z(_l)i_lBQ(l‘i)[$17 cey Ty T

i=1
To help with defining the corresponding operad to n-Lie algebras of degree d, we need
to be able to express the relations for these types of algebras using only permutations and

the operations in the following way:.

lemma 3.2.1.1. Let L be a n-Lie algebra of degree d and let I, = [—,...,—] be the n-ary
bracket on L. If A = (1,2,...,2n — 1) is the standard 2n — 1-cycle and w = (1,2,...,n) is

the standard n-cycle in Yo, 1, then the defining relation for a n-Lie algebra of degree d is

—_

Lyor by + (=)™ (=1 0(1, 01 L) =0 (3.5)

i

Il
=)

where f o; g is defined in operad example 1.4.0.1.

Proof. For ease of calculations, here are the expressions for Aw’ for 0 <i < n — 1:

(

1 2 -eooon—1 n n+1 -+ 2n-—1
n+1 n+2 --- 2n—1 1 2 n
} 1 2 oo mn—1—1 n—2 n—es+1 --- n n+1
Aan:
n+t14+1 n+14+2 --- 2n — 1 1 n+1 R 2
1 2 3 n n+l1 n+2 -+ 2n—1
1l n+1 n+2 --- 2n-—1 2 3 n
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Let vq,...,v9,_1 € L, then the equation 3.5 applied to these elements give us

—_

n—

(ln o1 ln)(Ul, e 7U2n71> + (-1)” (_1)1(n+1) (ln o1 ln))\nwi (’017 e ,'Ugn,l)

%

Il
=)

- ln(ln(vla ce 7vn)> Un+1y--- 71}271—1)

+ (=1)"EA" v, o)l (I (Vns - oo V20-1), 01, V1)

n—2

+ (=1)" (—1)i(n+1)§()\nwi, V1, - V2 1)l (I (Vn—is Vn1s Ung2, -+ o3 V2n-1)5 Uneig 1y -+ s Uny ULy -+ o5 Uni1)
i=1

+ (_1)n§<)\nwnfl7 Ve e 7v2n71)ln(ln(/017 Un+41, - - - 7U2n71)7 Vs e e 7Un)

For each of these terms in the equation above, if we move the [,,(x, ..., *) term to the right to

their appropriate place, it will cancel the appropriate permuted terms in E(A"w", vy, ..., V2,_1)

and we keep the terms

and since we are moving a degree d operation [,, as well, we add in d (Z}:f_l \vj]). This

will give us exactly the relations for a n-Lie algebra of degree d. m

In the last lemma, if n is odd, then \"w? is always an even permutation and we obtain

the relation

n
(ln 01 ln) - (ln 01 lrb))\nwZ =0
i=0
In the case when n is even, we have that \"w' is odd if and only if i is odd. Therefore, to
make sure that we can use these equations in the construction of our operads, we need to

make sure the permutations acting on our operations are even. Therefore, in the case when
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n is even, we have

[airy

n—

(ln o ln) + (_1)z(ln o ln))\” wt l ol + Z l ol (1 2)4(1 2)*A"w?

%

Il
o

l Ol +Z l o l)(l 2)EAmw?

lol —I—Zlol ZZO

where we used the fact that (1 2) acting on l,, is —[,,. Hence, we have a representation of the
relations for n-Lie algebras of degree d using even permutations.

The relations in lemma 3.5 can be thought of as some generalized Garnir relation as
explained in [9]. This gives some explanation of why the relations for the Koszul dual of
n-Lieg would be coming from Young symmetrizer relations as shown in section 7.3

We can generalize the relations in definition 3.2.1.1 slightly based on a integer 1 < j < n.
We will see later in section 7.3 that this generalization of the relation is enough to constitute

all of the "maximal” n-quadratic operads with skew-symmetric generators.

Definition 3.2.1.2. Letn >2,de€ Z, 1 <j<n, A= (12 --- 2n— 1) be the standard
2n —1 cycle. andw = (12 -+ n) be the standard n-cycle in Xo,_1. A n-Lie algebra of type
J and degree d is a graded k-module L with a n-arity operation l,, = [—,...,—] : L®" — L

satisfying the following properties:
e for any n elements vy,...,v, € L, and any o € ¥,

Sgn(o)[vl, s 7Un] = 6(07 V- - 7vn)[va(1)7 s 7UU(7’L)];

e and the n-arity operation satisfies the following generalized Jacboi-identity of type j:

—_

(—=1)"5(l, 01 L) = (=1 D(1, 01 L) = 0.

i

Il
o
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For the case when j = 1, we get the ordinary n-Lie as defined in definition 3.2.1.1. Note
that even if we are just multiplying the first component by an integer, this will drastically
change the relations it can have. We will show later that when 7 = n, then we can reduce

these relations to more simple relations that look like associativity relations.

3.2.2  Quadratic Representation for n-Liey

Fixn>2 deZ,1<j<n,andlet A = (1,2,...,2n — 1) be the standard (2n — 1)-cycle
and let w = (1,2,...,n) be the standard n-cycle in ¥, 1. Let R{Ld(2n — 1) be the right
Yo, _1-submodule of F(E, 4)®(2n — 1) in degree 2d generated by

n—2

Ti,d = jv{n+1,.‘.,2n—1} + (—1)n+j71?1{1,2,,.,,n—1}(-Unﬂ;l Z U{n—i+1,..n—1n,1,..,n—i—1} T (—1)n+j71U{2,‘..,n},
i=2

and Rfl,d(i) = 0 for all i # 2n — 1. By lemma 3.2.1.1, the relation Ti,d gives us exactly the

relation for an n-Lie algebra of degree d and of type j. By applying every element of

Yon_1 to the generator of Rf;h 40 then RZL, 4 1s spanned by the elements

i o1 n+j—
(r.a)7 = Sgn(o)viomn),...o@n—1} + Sgn(@) (=17 via), om-1))
n—2
+ Sgn<0-)(_l)n+]_1 Z V{o(n—i+1),...,0(n—1),0(n),0(1),....,0(n—i—1)}
=2

+8gn(0)(=1)" 7 vio), o)
for all o € Y9, _1.

Definition 3.2.2.1. For every n > 2, 1 < j < n and d € Z, we define n—Lz’e‘Zl =
ASMagmd/(RfL’d).

For d = 0 and n = 2 this is just the ordinary operad Lie.
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4.1 The Operad Com?

For the algebras over C'om, its main relations are commutativity and associativity, the former
being easy to generalize while the latter can have a lot of different generalizations. The
most natural generalization of associativity, called total associativity in [11], for an n-arity
operation 4 is to assume po; u = po; p for all 1 <4, 5 < n. This gives us our first natural

generalization of commutative associative algebras.

Definition 4.1.0.1. Let n > 2. A Com n-algebra of degree d is a graded k-module C with

a symmetric n-arity operation i, : C®" — C such that
Mn Of Hn = [ Of HUn
forall1 <i,j5 <n.

Note that for n = 2, these are exactly the non-unital commutative and associative graded
k-algebras with a degree d binary operation. For m > 3, one can always make a Com n-
algebra of degree d by defining p,, as an iterated application of the original binary operation.

To define the corresponding operad, let C'S,, 4 be the k[, 1] subspace of F(H,, 4)® (2n—

1) generated by the relations

Hi{n+1,...2n—1} — H{o(n+1),....,0(2n—1)} (4-1)
for all o € ¥, 1, which is exactly the associative relations with symmetric operations.
Definition 4.1.0.2. Forn > 2 and d € Z, define Com® = SMag,.4/(CSn.q)-

4.2 The Operad n-Comy

4.2.1 General Definition of n-Com Algebras of Degree d

The notion of n-Com algebras of degree d is a generalization of commutative algebras in the

direction n-arity operations that are not associative for n > 3, but associative up to some



95

twisted terms. Let n > 2 and fix the partition (n,n — 1) of 2n — 1. Let T}, be the standard
Young tableau on (n,n — 1) whose entries first increase along the rows and then increase

along the columns as in

1 2 n—1 n

n+1|n+2 e |2n—1

Furthermore, let C,, be the columns-stabilizer of 7T, i.e. it is generated by the disjoint

transpositions (1 n+1),...,(n—12n —1).

Definition 4.2.1.1. An n-Com algebra of degree d is a graded k-module C' with a n-ary
operation m,, : C®" — C' of degree d satisfying the following properties.

e For any n elements uy,...,u, € C, and for o € ,,, we have
My (U1, - .5 Un) = E(0, U1, o Un)My (Ug(1)s - - - 5 Uo(n))5
e and we have the following relation
d(my,) = Z Sgn(o)(m, oy m,)° = 0.
Explicitly, for any 2n — 1 elements uq, ..., us,—1 € C, we have the following relation:

D(my,)(ury .. Uzp—1)

= Z Sgn(o)é(o,ur, ..., Uzp—1)((Ug—1(1)s - - - Us—1(n))s Ug—1(n41)5 - - - » Uo—1(2n—1)) = 0.

The relation for n-C'om, is independent of the standard Young tableau of type (n,n—1),
as they are all permutations of each other. Furthermore, if the degree d = 0 and the graded
k-module is concentrated in degree 0, then we just call them n-Com algebras. We denote by

Algn-com, the category of n-Com algebras of degree d, and if d = 0 we denote by Alg,-com
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the category of n-Com algebras. A morphisms of n-Com algebras A and C' is just a k-linear

map F': A — C such that

for any ay,...,a, € A.

Example 4.2.1.1. For these examples, we will look at the relation for when m,, is of degree
0 to simplify the presentation. When m, is of degree d, there are extra signs coming from

permuting the inputs.

e For n = 2, these are just the non-unital commutative associative k-algebras, since

Cr,., = ((1 3)) and this gives us the associative relation
M (M (U1, u2), ug) — M (ur, Mg (uz, uz)) = 0

using commutativity of the multiplication.

o Forn =3, if C is a 3-Com algebra, then Cr,, is generated by (1 4),(2 5) and this

gives us the relation

Mo, (M (U1, U, Ug), Uay Us) — M (U, M (U, Us, Wa ), Us) + Mg (Ur, Ug, M, (Us, U, Us))

- mn(mn(U1, us, U5), Uy, U4).

o Forn =4, Cr,, is generated by (1 5),(2 6),(3 7) and this gives us the relation

mn(mn(ubu27u37u4)7u57u67u7) - mn(u17mn(u27u37u47u5)7u67u7>
+ My (U, Uy, My (U3, Uy, Us, Ug), Ur) — M (U, Uz, U3, My (Us, Us, Us, U7) )
- mn(mn(u17u37 Uy, u6)7u27 Us, U7) + mn(mn(U1, U2, Uyg, U7), us, us, UG)

- mn(mn(UQ, Uyg, Us, U7)7 Uy, us, UG) - mn<mn(u17 Uyg, Ug, ’LL7>, Ug, U3, u5)'

In the examples above, for n > 3, we have some partial associativity up to some twisted

factors, which shows that these are non-trivial generalizations of commutative associative
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algebras.
Next, we will give a few examples of n-Com algebras of degree 0 to give some idea of

where these structures can arise.

Example 4.2.1.2. Let A be any commutative k-algebra and let D a derivations on A. We
will show that we can define a n-Com algebra structure on B wusing this derivation. For

n > 3, define

mn(fhvfn):D(flfn)

for fi,....fn € B. Foray,...,as,_1 € A, we have

ceCy

- Z Sgn(U)D(D<aU(1) ©Oo(n—1), an>aa(n+1) ce CLz7(2n—1))

oceChp
n—1

= > D S9n(0) Do)+ Dlto(p) **+ Go(n-1)@nlo(nt1) * * Ao(2n1)
oceCy p=1

+ Z Sgn(o)D(ag( - - Go(n—1)D(0n)Asm+1) * - Qo(2n-1))-
oeCy,

By commutativity, the last sum is just D(ay--- D(ay) - - as,—1) multiplied by a finite alter-
nating sum of 1’s, with an even amount of elements, which is zero. Let H), be the subgroup of
C,, that fizes p, which is generated by the transpositions (1,n+1),...,(p—L,n+p—1),(p+
Lm+p+1),...,(n—1,2n—1). Using commutativity, the first sum becomes

n—1
Z ZSgn(U)D(aam o D(as(p)) " Ao(n—1)nlo(n+1) " * * Ao(2n-1))

UGCTAn p=1

n—1
= Z Z Sgn(c)D(ay---D(ay) - - Gp_10nani1 -~ Q2p—1)

oc€H, p=1

n—1
+ Z Z Sgn(o)D(ay - - 'an+p—1D(an+p)an+p+l e Gopo1)-

ceCp\H)p p=1
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Since both H,, and C,, have even cardinality, then both of these sums are zero. This shows

that we have

Therefore, m,, gives B an-Com algebra structure. Note that my,_1(f1,. -, fu—1) = ma(f1y- -y foo1,1)
if 1 1s the unit in B.
For an explicit ezample, suppose B = k[z1, ..., xy] is the polynomial ring on m variables.

We have m natural derivations % for all 1 <i <m and we can define

i a
mn(fl?' . 7fn) - a$z<f1 o fn)7
for each ©, which gives B a n-Com algebra structure. Fven more, we can define

m ) n a
mn(frreo f) = D m(fr fa) = D o= )
i=1 i=1 v

and this gives the polynomial ring B a n-Com algebra structure since the sum of derivations

1s a derivation.

Next, we will explore some examples of n-Com algebras on finite rank modules over a
commutative k-algebra A. Let M be any A-module of finite rank and with basis elements
€1,...,em. Let T : M®" — M be any symmetric A-linear map and using the basis elements

we can express 1" as follows:
m
_ E J
T(ei17 s 7ein> - )\il,‘..,ine]’
i=1

for some symmetric coefficients )\gh“ ;€ Aintheiy,..., i, Plugging these into the defining

X
equation for n-C'om, we have

Z Sgn(U)T(T(6i0(1>, e eig(nil) y 6in)7 6i0<n+1>, PN 62'0(2”71))

O’EC’n

m
_ E E J sy ,
- Sgn(g)Aigu),...,i(,(n,l),inT(e]7 eza(nJrl)’ Tt 6ZO’(27L71))

oeCy j=1

m m
— E E E J l
- Sgn(a)Aia(l),...,ia(n_l),in Aj,ig(n+l)a---7ia(2nfl) €

oceCy j=1 I=1
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Therefore, for T' to be give M a n-Com algebra structure, it suffices for us to have

l —
Z Z S‘gn Z o(1)s- 7o'(n 1) Z’nA] Za(n+1) ----- io(2n71) - 0

oceCy j=1

foralll <l <m.

Example 4.2.1.3. Let n >3, 6 € A, and define X!

iy = 0 whenever j € {iy, ... iy}, and

zero otherwise. Then we have

m
J l
Z ZSgn(o-))\Za(l) ----- io(nfl)vi'ﬂ )\jzia(n-‘—l)v"'aio'@n—l)

ceCy j=1
n—1
_ Ao l
o Z ZSgn(o_ i o(1)s o'(n 1)77’”)\Z0(r) ZU('fH»l)? 70(2n 1)
ceCy r=1
in l
+ Z Sgn )\ o(1)s- 70‘(n 1),177,)\7/71, lo(n41)r-- 7U(2n 1)
oceCp
l
Z Z Sgn 5>\ (r)» Zo(n+l) © a(2n71)
oceCy r=1
+ Z S'gn 7'717 cr(n+1)7 70‘(2n 1)°
oceCp
Ifl ¢ {i1, ... ion_1}, then the last two sums are automatically zero by definition. Otherwise,
[ could be any number of the elements iy, ..., is,_1 (there could be some redundancy in this

list of indices). If l = iy, then the last sum is always zero since C,, is of even order. On the
other hand, suppose l =115, = -+ =15, for some 1 <t < 2n—1, then we can find a subgroup
H; consisting of the permutations that fix any one of the sy, ..., s;. Since Cr, s even, then

subgroup H; has to be even as well by Lagrange’s theorem. Therefore, the last sum is

Z Sgn(o (5)\57“10 ity in(ant) = Z Sgn(o)d? =

oceCr ccH,;

By the same argument for the other sum, when we fix r, this shows that A-module M
with the A-linear map T is a n-Com algebra. Note that this can fail when n =2, as it is not

generally associative.
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Example 4.2.1.4. Here is an example derived from geometry. Let X = R"™ forn > 1 and
let Vect(X) be the collection of vector fields on X. The space Vect(X) is a C*(X)-module
of finite rank with basis 52 for i = 1,...,N. Pick a section = € D'(S™T*M) @ TM) for

m > 3 expressed as

0
_ k : i
= Z 2511 ..... zmdxl® ®dl’ ®@
11<<im  k
where
51'1 ----- im
0 if otherwise
Note that 551 _____ ;18 symmetric in the iy, ..., i, indices. We can define a m-ary multiplication

Wm(‘/l,--.,vm):W(%,---,Vm): Z 52161 ..... im‘/l(xll)"'vn(ajzm)%.

On the basis elements of Vect(X), we have

om (ale’”.7axjm) :Xk:éjl ----- ]m@

This is exactly the case as in example 4.2.1.83 with 6 = 1 and this gives Vect(X) a n-Com

algebra structure.

Explicitly, if X =R and m > 2, we have

B (Vi Vi) = Vae) Vi)

and one can easily see this satisfies the relation for a n-Com algebra for m > 2.

In the next few sections we will explore more constructions and examples of n-Com

algebras.
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4.2.2  Associative Algebra induced by n-Com algebra

In this section, we will show that we can construct an associative algebra from some certain
operators on a n-Com algebra A. As a motivation, suppose C' is a C'om-algebra, then it is
very natural to construct p. : C' — C for every ¢ € C such that u.(a) = ca. We can combine
these together to get elements of the endomorphism ring . € End(C') of C, which is usually
not commutative. But if we take the subcollection of ., these are in the center of End(C)
using the commutativity and associativity of C.

Let C be any n-Com algebra and we have the associative algebra End(C) of endomor-
phisms of C', and we will construct similar endomorphisms as . for this case. In this case,
because our algebras are not necessarily associative, these new elements will not necessarily

commute.

Definition 4.2.2.1. Let C be a n-Com algebra with multiplication m,, and let yy,...,yn_1 €
C, then we define Xy, ...y 1 = Mn(Y1, .., Yn—1, —), which is a endomorphism of C. Let I'(C)
be the sub associative k-algebra of End(C') generated by Xy, .. yns for y1, ..., yn—1 € C.

This defines a linear map x : S"}(C) — End(C), where S"1(C) = (C®" 1)y is the

n — 1th symmetric power of C.

The following lemma is just a consequence of the definition of y and the relation we
have in n-Com algebras. To make the presentation clearer, let (ﬁn be the subgroup of ¥, o

generated by the transpositions (1 n),...,(n —1 2n — 2).

lemma 4.2.2.1. For any y1,...,Yn—1,Yn, - - - Yon—2 € C we have

Z Sgn(o'>Xya(1)7"'7yo'(n71)Xyo'(n)v"'zyo'(2n72) = 0 (43)

O’Eén

and for any z1,...,zn_9, 2,y € C

le,...7zn_2,1‘(y) = XZI,...,Zn_Q,y(:U)'
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We can rewrite the equation 4.3

E Sgn<O-)Xyl7yo(2)1'“)yd(n—l) Xynuya(n+l)7~~43ya(2n—2)

ae@n
o(1)=1
= : : Sgn(o->xy’ﬂvy0'(2)»"'7ycr(n—1)Xyl»ya(n+1)7"'ayo'(2n—2)
O'Ean
o(l)=n
_ n—2 E
- (_1) Sgn<0)Xyn7ya(n+l)7"'7yo'(2n72)Xy17yo-(2)7"'7y0(n71)'
aeén
o(l)=n
Proof. This is just an easy consequence of the definition of n-Com algebra. m

Example 4.2.2.1. Here we will explore the equation 7?7 for different n and see how far it is

from being commutative.

e Forn =2, we have

XyXz = XzXy

which is exactly what we should expect since x,(b) = yb.
e Forn =3, we obtain the equations
X2 Xyawa — XyrwaXuswe = —(Xus,waXyr,s = Xyawa Xon,va)
e Forn =4, we have the equations

Xu,y2,u3 Xya,use — Xu1,ys,u3 Xvarwze — Xuty2.06 Xvarws,ys T Xu1,ys,v6 Xya,v2,ys

= Xuya,ys,96 Xy1,u2,93 — Xva,y2,06 Xv1,05:93 — Xva,usw3 Xv1,v2,06 T Xuayo,vs Xv1,u5,06

Now suppose C' is a finite-dimensional n-Com algebra with basis eq,...,e,,, and we can

define

Xit,oofin = X€i1 yeees€in
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for all iy, ...,4, € [m].

If V' is a m-dimensional vector space with basis eq,...,e,,, then define the k-linear maps
v) .V = V for any i,j € [m] such that
6j ift=1

%j (er) =
0 otherwise.

It is clear that the 77 satisfy /7% = 627 for all i,j,7,s € [m], where 67 is 1 if i = s and 0
otherwise. Therefore, yf in matrix form is the matrix with 0’s everywhere, and 1 at position

(,7) where 7 is the column and j is the row, which the collection gives a basis for M,, (k).

lemma 4.2.2.2. If C is finite dimensional n-Com algebra with basis eq, ..., e, then
Z Sgn<U)Xio'(1)7"'vio'(n71)Xio’(n)v"'vio'(2n72) = O
UEén

for any iy, ... is—o € [m]. Furthermore, for any iy, ..., i,_2,1,j € [m] we have

o A~ Al
Xit,ein—2,4Yi = Xit,oin—2, V5"

Proof. The first equation is the obvious consequence of the definition of n-Com algebra.

Furthermore, we have

;

j Xilvw-,inf%i(ej) lf r=1
Xityeosin—2, Vi (67") =
0 otherwise

Xityovinoj(€i) fr=1

0 otherwise

= Xiryoin_2 Vi (€r)-

O

The last lemma shows how we can systematically figure out when a finite-dimensional
vector space has a n-Com algebra structure. In particular, we will show that finite dimen-
sional vector spaces that are left modules over a particular associative algebra give n-Com

algebra structure.
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Definition 4.2.2.2. For m > 1 let V,, be the associative k-algebra
V= kg | 1<) <m)/Ln
where I, is the ideal generated by
€16 — b8l

The associative k-algebra V,, is finite dimensional with basis 1 and ff for all 7, 7, i.e. we
have V,, = k & (D, k&7). In some cases we don’t even need the unit in V,,, so we define
V.. to be the non-unital k-algebra generated by only gg’ for all 4, 5. In particular, we have
V. is isomorphic to the subalgebra of M,,(k) generated by the matrices with only a 1 in the
(7, 7)-spot and zero everywhere else, and the identity matrix.

For any m, there is a natural algebra homomorphism A,, : V,, — End(V) for any m-
dimensional vector space V' by sending Am(fg ) = 727 . Next, we will show that if M is a
module over V,, with vector space dimension m and has a non-trivial action then we can

apply a change of basis to get the action through ’yf .

lemma 4.2.2.3. If we have a k-algebra homomorphism F : V., — End(V') such that F(€)) #

0 for some i,j, then there exists an k-algebra isomorphism ¢ : End(V') — End(V') such that

Am

TN

Vi —— End(V) —2— End(V)
commutes.

Proof. Let h! = F(&/) and we will show h? is a basis for End(V). We know dim(End(V)) is
of dimension m? so we just need to show it is linearly independent. Suppose h% # 0, then by

the relations in V,,, we have

Bt = hihd = Rihih)

7'75'%s
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and since h% # 0, then we must have h;'» # 0 for all 7, j. Furthermore, if we let ZZ ;@i hg =0
then we can multiply it on the right by A; to get
0="> ai;hlh; = a;;6;hi = a,;hi
irj irj
which shows a,; = 0 and hence this shows linear independence. Therefore, h? gives a basis
for End(V') and gives us a way to define a k-algebra isomorphism ¢ : End(V') — End(V') by

sending h{ to ’yg and we get the following commutative diagram

A'm
Vi —— End(V) —2— End(V).
O

The last lemma states that as long as we have a non-trivial action of V,, on a m-
dimensional vector space then we can go through a change of basis to get the action through
7

Furthermore, we can define the following associative k-algebra with the correct relations
needed for particular modules over it to have a n-Com algebra structure, but note that

not every m-dimensional module will have a n-Com algebra structure as we need some

compatibility with V,,.
Definition 4.2.2.3. Let n > 2 and m > 1. Define the associative k-algebra €, ,,, to be

Qnm = k<xi1,...,xn_1 : il, R ,’l'nfl € [m]/Jn,m

)

where J,, ., is generated by

Z Sgn(a)xio'(l)v"'vio'(nfl)zio’(n)v"'»io(anQ) (44)
o€Cn
foriy, ... is,—2 € [m] and by
xio(l)an'uio(n—l) - Iil,...,:ﬂn71

foriy, ... in—1 € [m] and T € ¥,,_;.
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Note that €2, ,,, is a locally finite connected N-graded algebra, i.e. the 0 degree component
is just k. Furthermore, €,,, is a quadratic algebra, since we can take V' be the finite

dimensional vector space with basis elements x;, for i1, ...,i,_1 € [m] with the natural

ensin—1
Y,—1 action acting on the indices and we have 0, ,,, = T(Vs, ,)/(R) where R is the relation
in equation 4.4. We can combine both €, ,,, and V,, to obtain the free product €, ,,xV,,,

which is the coproduct in the category of associative k-algebras:
Qn,m * VTn - k<x’i1,...,in717£g : il? L 7in717 Z?j E [m]>/’]n,m * In,m (45)

with J, , * I, is generated by the relations in J,,, and I, ,,. Note that if V' is a module
over {2, ,, which is also m-dimensional vector space then it is a module over the free product
Qp.m * V,,, using the ’yij actions. But this is not enough give us a n-Com algebra structure
as we need the compatibility condition :Ul-hm,in_”fg = $il,...,in_2,jff- In particular, we define

Lom = Qo * Vi /W where W, ,, is generated by

xila“-»in72i£’g - $i1,-~~7$n727j£z? (4'6)
for all i1,...,4,_2,1,7 € [m].

lemma 4.2.2.4. Let V' be a m-dimensional vector. The space V has a n-Com algebra

structure if and only V is a left Iy, ,,,-module with at least one of the §f acts non-trivially on

V.

Proof. If V is a n-Com algebra structure, then by lemma 4.2.2.2 we have a k-algebra homo-
morphism F : T, — End(V) with F(&) # 0 for all 4, ;.

On the other hand, suppose V' is a left T, ,-module with & acts non-trivally on V' for
some s,¢. Then we have a k-algebra homomorphism F : T, ,,, — End(V) with F(£!) is non-

zero. Then by lemma 4.2.2.3 there is a change of basis such that we have the commutative

/\

Com N End(V) —— End(V)

diagram
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where F/(¢)) gets sent to v/ in End(V). This composition shows that we can induce a n-Com

algebra structure on V. O
In particular, this gives us the following definition for modules in €2,, ,,.

Definition 4.2.2.4. Let n > 2 and m > 1. We say a €, ,,-module V is a n-Com module

algebra if and only if V' is m-dimensional and we have

B e s 0) = 2y a0
forallv eV and iy, ..., i, 2,1,j € [m].

If V and W are isomorphic as n-Com module algebras, then they are isomorphic as
n-Com algebras, by taking appropriate changes of basis. This change of perspective gives
us a way to study finite dimensional n-Com algebras through the tools on modules over an
associative k-algebra. Note that in general, €, ,,, and I',, ,,, are not finite dimensional algebras
and, in general, not commutative for n > 2 and m > 1.

Let m > 1 and let If be the m x m matrix with a 1 in the ¢th column and in the
jth row and zero everywhere else, which gives a basis for M,,(k). If we have the matrix

A= (ai,j) € Mm(k‘) with

11 Q12 - A1m

Q21 Q22 -+ (A2m
A=

Am,1 Gm2 **° Amm

then Alzj extracts the jth column of A and puts it at the ith column, i.e. we have

0 - a1y 0

Alij _ as 0
0

0 -+ apy 0
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corollary 4.2.2.5. Let n > 2 and m > 1. An m-dimensional vector space V is a n-Com

algebra if and only if we can find matrices X;, € M, (k) foriy, ... in,_1 € [m] such that

~~7in—1

z : Sgn(o-)Xio'(l)7"'7i0(n71)Xio‘(n)»"'vio'(anQ) = 07

1reein—1 o(l)?"'?io(nfl)

foro e ¥, 1, and

J i
Xi il = Xiy a1

Lyeosbn—2,
Jor all iy, ... in_2,1,j € [m].

Example 4.2.2.2. e For the case n =2 and m > 1, we have
Qom = kl[z1,.. ., 20

and

r, o Elxy, ..., 2m] * Vi,

| (wihi — a;hi)

If V is a m-dimensional 'y ,,-module with gg' acts through ’yf, then V' has a 2-Com
algebra structure by defining e;e; = x;(e;) = x;(e;), which is a non-unital commutative
associative k-algebra. Hence, to find the commutative algebras of dimension m, one

just needs to find a collection of m commuting matrices with the additional property

X, Il = X;I0.

e For anyn > 2 and m =1 we have

and hence the n-Com algebras of dimension 1 are very easy to describe, i.e. we just

have my(e, ... ,e) = Xe for any \ € k.
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4.2.8  3-Com algebras of dimension m

For this section, we will use the algebras (23, to help us find examples of 3-Com algebras of

dimension m. By definition, the algebra Q3 ,,, has generators z; ; for i, 7 € [m] with z; ; = =,

and relations
T jTst — TipTsj — Ts jTiy + TsyXy 5 = 0.

Note that if 7+ = j and s or t is ¢ then this gives us trivial relations and does not give us

anything new.
lemma 4.2.3.1. For m > 2, the only non-trivial relations in (3, are
TiiTst — TitTsi — T ilip + Ts1Ti; = 0
for1 <s<t<m withs,t#1i forall1l <i<m and
T+ T T = 2%2,]‘
Proof. Through the relations, if 7 # j, then we have the relations
TiiTj 5 — TijTji— TjiTi;+ TjTi; =0
which simplifies down to
Tighj 5+ T = inj.
On the other hand, if 1 < s <t < m with s,t # ¢ then we have

TiiTst — TitTsi — T ilip + To1Ti; = 0

which is non-trivial since s,t are not equal to i, otherwise if one of the s or t was equal to 1,

say t, then we would have x;;x,; and x,,;v;; repeat and hence gives a trivial relation. O
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We will focus on the casee m = 2 and use this to find the simple 3-Com algebras. In this

case, the algebra (34 is

k(x,y, z)
(xz + zx — 2y?)

Q39 =

where in the original notation we have © = 11, ¥y = 212 = 721 and 2z = x25. We won’t need
it for the results in this section, but by the work in [30], the algebra €35 is a non-Noetherian
AS-regular algebra of global dimension 2 and Gorenstien index 0.

To find examples of 3-Com algebras of dimension 2 we need to find matrices X, Y, 7 €

M, (k) such that
XZ+7ZX =2Y?
with X12 = Y1} and ZI} = YI2. If we have

11 A12 51,1 b1,2

X = Z = (4.7)
Q21 Q22 52,1 b2,2
then the relations X7 = Y{! and ZI} = Y3 tell us the the first column of Y is the second
column of X and the second column of Y is the first column of Z, i.e. we have

a12 b1,1
Y =

a2 9 52,1-
With this, we can find an entire family of 3-Com algebras of dimension 2 when we are over

the field C of complex numbers.

Proposition 4.2.3.2. If k = C and V s a 2-dimensional vector space over k and suppose
X,Y,Z € My(k) such that XZ + ZX = 2Y? and XI} = YI} and ZI} = Y13, then X

15 diagonalizable. The matrices X, Y, Z can only be one of the following cases, where X =

A1 0
0 Ao
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o [f A\ = \g, then we have

A O b b 0 b
Y 1 7 _ 1,1 012 - 1,1

0 N ba1 bao A1 bag

where \by 2 = by 1ba1 and A(bao — by1) = bg’l i.e. we have \Z =Y?2.
o If A1 # )Xo, then we have the following cases.

— If Ay =0, then we have

0 0 0 0 0 0
Y
0 Ao 0 0 A2 0

— If Ao =0, then we have

X = Z = Y =
0 0 0 0 0 0

— If A\ and Xy are both non-zero, then

MO 00 0 0
X = 7 = Y =
0 N 00 Ay 0
or
X 0 0 b 0 0
X = ? 7 = b Y =
0 0 0 Ao 0

Proof. Since we are over C, we can find the Jordan canonical form for the matrix X by a

1 A1 0
change of basis in V/, i.e. it is of the form or |7 . Suppose for a contradiction

0 A 0 A

X is of the form and let Z be as in equation 4.7 so that Y becomes the matrix
0 A
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1 b171
A by

. Computing XZ + ZX and 2Y? we obtain

2Ab1 1 +ba1 2Mbaq + big + bao
2y o 2Mba o + by 2

XZ+7ZX =

2 + 2)\61,1 2b171 + 2b171b172
2N+ 2\b1o  2Mby g + 203,

Since both of these have to be equal to each other, then we must have

2\ + 2\by 5 = 2A\by

2)\[)1,1 + 62,1 = 2 + 2)\()1’1
and hence A = 0 and by ; = 2. But this would imply
2-22 =207, =b1p =2

on the (2,2)-position of the matrices, which is a contradiction. Therefore, X must be diag-
A O

0 A

onalizable with the geometric and algebraic multiplicities are the same, i.e. X =

for some Ay, Ay € k. In this case and going through the equations we have

2M1b1 1 (A1 + A2)bi o
(A1 + A2)b2 2Xab2 2

XZ+7ZX =

2)\219171 2[71,1172,1
2)\2b2’1 2)\2b1,1 + 26%,1

2Y?

If )\1 = )\2 = )\7 then we get ZX+XZ = 2Y2 if and only if )\b172 = b1,1b2,1 and )\(b272 - b171) =
b%l. On the other hand, if A\; # Ay, then equating both of these equations, we obtain

()\1 - >\2)bm =0
(/\1 + )\2)62,1 — 2)\2b271 = ()\1 — )\2)6271 =0
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which implies by = 011 = 0, since A\; and Ay are distinct. This simplifies the equations to

()\1 + )\2)[)172 - 0
)\26272 - 0
in this case.
This gives us a few cases for b; 2, by 2 and the eigenvalues A1, Ao. If Ao = 0 or Ay = 0 then
we must have by 9 = b1 2 = 0 and hence Z is the zero matrix. On the other hand, if both A\,

and Ay are not zero, then we must have by = 0 and either b; o = 0 or \; = —A,. This gets

us all of our possible matrices X, Y, Z which satisfies the equations. O

The last lemma shows what all the possible 3-Com algebra structures are on 2-dimensional

C vector space as shown by the next lemma, which gives the explicit 3-arity multiplications.

lemma 4.2.3.3. If V is a 2-dimensional C-vector space with basis ey, ez, with a 3-Com

algebra structure mgz, then mz can is one of the following structures.

(1) Let A € k and b171761727b271,b2’2 € k such that )\b172 = b171b271 and /\(b272 — b1’1> = b%,l
then

mg(el, €1,€1) = )\61 mg(el,el,eQ) = )\62

mg(eq, ez, e2) = by ey + by ey ms(eg, €2, €2) = by 2e1 + ba2es.

(2) Let \i, As € k such that Ay # Ao, then we have the following cases.
(a) If \y =0, then

ms(er,e1,e1) =0 mg(er, €1, e2) = Ag€y

ms(ey, ez, e2) =0 ms(ez, €, €2) = 0.
(b) If Ao =0, then we have

ms(eq, e1,e1) = Areg mg(e1,er,e2) =0

mg(ey, e2,e2) =0 mg(ez, e2,e2) = 0.
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(¢) If Ay and Xy are both non-zero, then we either have

m3(€1,€1, 61) = A\iey m3(€1,61,€2) = A\a€y
ms(e1, ez, €2) =0 mg (e, e2,€2) =0

or we have Ay = —Ag and some b € k such that
m3(€1, €1, 61) = —Xeg m3(€17€1>€2) = Ag€y
ms(eq, ez, e2) =0 ms (e, €2, €2) = bey.

Later in chapter 5, we will show from the examples we constructed above, only one
of them is simple, up to isomorphism. To do this, we will develop some useful tools and

invariants to determine when a 3-Com algebra is simple.

4.2.4  Module n-Com algebras

In this section we will give a construction on any module over a commutative algebra R
equipped with a R-module homomorphism into R and construct a n-Com algebra. For this

section, we let R be any commutative k-algebra and Modg be the category of R-modules.

Definition 4.2.4.1. Let R be a commutative k-algebra. An augmented R-module is a R-
module M equipped with an R-module homomorphism f : M — R. Let Modfz”g be the
category consiting of augmented R-modules (M, fur), where a morphism F : (M, far) —
(N, fn) is a R-module homomorphism F : M — N such that fyF = fy. Furthermore,
there is a forgetful functor Modgug — Modg.

Example 4.2.4.1. Here, we will give examples of augmented R-modules, and we will use

these later to define examples of n-Com algebras.

o Let M = Rxy,...,x,] be the polynomial ring over R. Let a = (ay,...,a,) € R" and

define ev, : M — R as ev,(f(x)) = f(a), which is an R-module homomorphism.
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o Let F be a free module over R with generating set E. For each x € E, there is a unique
linear combination x =) _p a.e where all but a finite number of the a. are non-zero.
Then we can define m: F' — R as m(x) = ) .y Ge, which is a finite sum and unique.
In particular, F' = R, then m = i1dg. For R-module homomorphisms R — R, these are

parameterized by elements a € R by defining 0, : R — R as 0,(b) = ab.

e Suppose M is a R-module and (N, fx) is an augmented R-module, then we can make
Homgr(M, N) into an augmented Homg(M, R)-module, where Homg(M, R) is a com-
mutative R-algebra with product (f - g)(a) = f(a)g(a), with the augmentation

Homun(M, N) —25 Homp(M, R).

o If (M, fr) and (N, fn) are augmented R-modules, then M ®g N is an augmented

R-module with augmentation

fu®fn: M@ N —>R®rR=R.

e Let GL,(R) be the general linear group of n X n invertable matrices. We can induce

the determinant map to a R-algebra homomorphism det : R|[GL,(R)| — R.

e Let M,(R) be the R-algebra of n X n matrices over R. Then we have the R-module

homomorphism Tr : M,(R) — R, which is just the ordinary trace map.

e Given a Hopf algebra (H,m,u, A ) over R, then the counit ¢ : H — R defines a

R-module homomorphism.

If g : R — S is a morphism of k-algebras, then —®gz S defines a functor from the category
Modi" to Mod5". Furthermore, submodules of an augmented R-module are augmented
in a natural way.

Next, we can use a augmented R-module M to define a n-arity multiplication on M based

on the augmented map.
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Definition 4.2.4.2. Let R be a commutative k-algebra and M is an augmented R-module
with augmentation f : M — R. Define ul : M®" — M as

phma. . my) = 3 ) - F(m) -+ f(ma)m (4.8)

o —

for my,...,m, € M and where f(m;) means to take it out of the product. We denote by
M(f) = M for the space M with the product i .

Note that the multiplication u/ is not generally associative, even in the case n = 2. But,

this is enough to satisfy the n-Com relation as shown next.

Proposition 4.2.4.1. Let R be a commutative k-algebra and M is a augmented R-module
with augmentations f : M — R. The space (M(f),ul) is a n-Com algebra. Furthermore,
the construction defines a functor L : Mody"® — Algn-com sending (M, f) to (M(f), ul)

and sending a morphism F to L} (F) = F.

Proof. For my, ..., mo,_1 € M we have

Z Sgn(o-)u;f],(ufl,(ma(l)7 <oy Me(n-1), mn)7 Ma(n+1)s - -+ Mo(2n-1)
ceChp

—

= > D o) fmow) -+ f (M) f (M) 1 (Mo (i), M), - Mig(2n1)

ceCy =1

+ Z Sgn(g)f<ma(1)) e f(ma(n—l)),ufl(mna Mo(n+1)y - - - amU(Zn—l))

oeCy
n—1 o
= Z ngn<o-)f(ma(1)) T f(ma(i)) T f(mU(Qn—l))mo(i)
ceC, 1=1
n—1 2n—1

—

+ > > > sgn(0)f(mow) - f(meg) - f(Moan—1))mo()

ceCyp i=1 j=n+1
+ Z sgn(o) f(mea)) -+ f(ma) -+ f(Mo@n—1))Mn
ceCy,

2n—1
—_—

+ > sgn(0)f(meq) - f(mag) - (Ma(an-1)mag).

oceCy j=n+1
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In each of these sums, we can rewrite

—

Z Sgn<0)f(ma(1)) U f(mv(i)) e f(mtf(?n—l))
oeCp

= " sgn(o)f(ma) -+ F(ma) -+ f(man-1)m,

oeChp,
o(i)=i

+ sgn(0)f(m) -+~ f(mes) -+ f (mgn_1)ms; = 0.

oeChy,
o(i)=n+i

Hence, this gives M a n-Com algebra structure.
For the functorial part, suppose F': (M, fi) — (N, fn), then F defines a n-Com algebra

morphism since for any my,...,m, we have

Fpl(ma, . my) = 37 falma) - Falmg) - fa(ma)F(m)

—

= ZfB(F(mO) e fe(F(myg)) - f(F(my)) F(m;)

= 17 (F(my), ..., F(my)).

Example 4.2.4.2. e Leta € R and let 0, : R — R be the R-module homomorphism
defined in example 4.2.4.1. Then this induces a n-Com algebra structure on R by

n

ol (ry, .o ) = Z(arl) ATy ATy
i=1

n
= g a"tryoory
i=1

=na"" ey,

o Letn > 1 and let m: R™ — R be the augmentation from example 4.2.4.1. Then R™
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obtains the n-Com algebra structure

pr((at, e, ap) =Y ) Cah) O al) (D ab )(ad, . al,)
i=1 ji=1 Ji=1 Jn=1

If (M, far) and (N, fn) are augmented R-modules and M ®gr N has its induced aug-
mented R-module structure as in example 4.2.4.1, then it has a n-Com algebra structure

with

pMEIN ((ay @ b)), (an © b))

= fulan) v (br) - Far(aa) fv (0:) -+ far(an) fv (bn)as © bi.
i=1
Let det : R|GL,(R)] — R be the induced map from the determinant map. Then
R[GL,(R)] has a n-Com algebra structure u with

PN AL A =D det(Ay Ay Ay A
=1

for Ay, ..., A, € GL,(R). More generally, given any group homomorphism G — R*,
this induces a R-algebra homomorphism f : R|G] — R, and hence we can induce a p

on R|G] to give it a n-Com algebra structure.

Let Tr : M,,(R) — R be the ordinary trace map and we have a n-Com algebra structure
on M, (R) with

n
—

" (Ar, o Ap) = Tr(Ar) - Tr(Ay) - Tr(Ay) As.

i=1

Let A = R[xq,...,%,] be the polynomial ring over R and let p = (p1,...,pm) €

R™. Then m, = (1 — DP1,...,Tm — Pm) @S a mazimal ideal, which is the kernel of
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the augmentation map ev, : Rl|z1,...,xm) — R. Then we can define pn"* to give

Rlzy, ..., x| a n-Com algebra structure with
B (oo f) = D Fi0) - Fi0) - Fulo) i),

Note that if fi, ..., fu are homogeneous polynomials of degree v, then pn " (f1, ..., fa) is
a homogeneous polynomial of degree r by definition. So each of the graded components
of the polynomial ring are also n-Com algebras.

Since ker(ev,) = m,, then m) C m,, and hence we have the maps ev, : A/m/ — R for all
t > 1. We can then define gp = limy_,o, A/mY which has a R-algebra homomorphism
evp A\p — R through the universal property of the limit. Therefore, we can also define

an n-Com algebra structure on 121\,, through
pr (A D) = 20 A) - Fio) - Fup)IF]

o Let M be any R-module and (N, fx) is an augmented R-module, then with the aug-
mentation structure on Homg(M, N) over the commutative R-algebra Homg(M, R),

we have the n-Com algebra structure

n

5 (has ) = > (fw o ha) - fv o by (fi 0 hiy)hs.

i=1

4.2.5 Quadratic Representation for n-Comg

To construct the operad associated to n-Com algebras of degree d, we will find a certain
submodule of F(H,/;)(2n — 1) that is isomorphic to $2¢ S~V the Specht module with
respect to the partition (n,n — 1) of 2n — 1. This will give us exactly the relations we want
for our n-Com algebras as defined in definition 4.2.1.1. Let £,4= F(H,q)®(2n—1) and

Sh.a be a sub k[Xy,_q]-module of £, generated by

O'GCTA UGCTA



30

which is in degree 2d.
lemma 4.2.5.1. The relation s, defined in above is exactly the relations for n-Com algebras.

Proof. Let xy,...,x9, 1 be formal graded elements in which p acts on. Then we have

Spa(T1y ... Tape1) = Z Sgn(o)uf, 1. on-1(T1, -, T2n—1)

= Z Sgn(a)f(a, L1y 71‘21171):“’(”(1:0(1)7 s 7x0'(n))7 xa(n+1)7 s 7x0'(2n—1))-

O‘ECT/\

This gets us exactly the relations for n-Com algebras. O

Since S, 4 gives us exactly the relations for a n-Com algebra of degree d, we can define

the following operad to represent these algebras.
Definition 4.2.5.1. Define the n-Comy operad to be the quadratic operad SMagy, 4/ (Sn.q)-

From our intuition so far about n-C'om, having relations coming from a Standard Young
Tableau, we should expect a relation with the irreducible representation corresponding to
the Young diagram, in fact, we will show S, 4 2124 S(n=1),

Let n > 2 and choose any Young tableau T' of shape (n,n — 1), for each (i, 7)th cell of
T, let T}, ) represent the number in that cell. Let M (nn=1) yepresent the right k[¥an—1]-
module generated by all (n,n — 1)-tabloids. Define ®,, 4 12 M®n—1) — & , by taking a
(n,n — 1)-tabloid 12¢ {T'} and sending it to

¢(T2d {T}) = u{T(1,2)7"'7T(n71,2)}’

which is well-defined for any representative S € {T'} since they are equivalent to any permu-
tation of the rows in the Young Tableau. This gives an isomorphism between 12¢ ) (n=1)
and £, 4 as right k[2s,_;]-modules through the generators.

Next, take 124 e, = > Sgn(a) 12¢ {T,,0} be the shifted (n,n — 1)-polytabloid

UGCTn
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corresponding to 7}, as in the standard Young tableau in figure 4.2 and apply ®,, ; on to this

element to obtain

¢ (1*er,) = Y Sgn(0)2(t* {Tuo})
oeCr,

= Y Sgn(o)®(1** {T.})°
oeCr,
= Sn,d-

This induces an isomorphism between S~ and Sh,d using the generators, and by the
hook length formula we have dimsS,, 4 = dimS M = (' where C,, is the nth Catalan number.
By lemma 1.3.3.2, the space M™"~=1) decomposes into irreducible representations as
MO 22 st g (B k- S™.

(nyn—1)<1p

The only partitions p of 2n — 1 with p > (n,n — 1) are the partitions
fng = Mn+kn—k—1)

for 1 < k < n —1, where if there is a 0 in the partition we ignore it. Recall from section
1.3.3.2, the Kostka numbers K,  for partitions ; and A of n is the number of semistandard
Young tableaux of shape pu and content A. Therefore, the number of semistandard Young

tableaux of shape i, with content (n,n —1) for 0 < k <n—11is K

fin i (nn—1) = 1 by a

simple observation. Therefore, we have

M(n=1) o neal Sk
k=0
which gives us an explicit decomposition of £, 4 through ®,, as
n—1
La=EPSk,
k=0

where S ; = Spa = (=1 and Sk =Stk for 1 <k <n—1.

The above decomposition shows that we can define even more operads through the other
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irreducible representations based on S ;, but in general it is unclear what these relations

would be except for some special cases.

Definition 4.2.5.2. Forn > 2, 0<k <n—1, and d € Z, let n-Com;"* be the operad
F<Hnad)/(sﬁ,d)- Note n-Com/™* = n-Comy.

For an example with (i, ,—1 = (2n — 1), suppose we take SZ;ll =D arcocay_ War,man_1}

which gives us a 1-dimensional sub-representation which is equal to Sﬁ;l. Therefore, we

have Szgll generated by sz;ll defined above, and this gives us a way to describe the algebras

over the operad n—C’oméQn_l). A better way to describe the relation sz_dl is as follows:
since we want to essentially permute through all possible distinct sets {ai,...,a,_1} such

that a; < --- < a,_1, this is the same as looking at all {o(n + 1),...,0(2n — 1)} for all
o € Sh(n,n —1). Since being even or an odd permutation does not produce any signs then
we can rewrite the relation as
Z U{o(n+1),...,0(2n—1)}>
oc€Sh(n,n—1)

which gives us a way to write the relation for the algebras.
Definition 4.2.5.3. An n-Com algebra of type pinn—1 = (2n — 1) of degree d is a graded
k-module C' with a degree d symmetric operation m,, : C®" — C such that

Z 6(0, U1y - avn)mn(mn(vo(l)a ce aUU(n))a Vo(n+1)s - - - 71}0'(277,71)) =0
o€Sh(n,n—1)

More generally, can we find a description for the algebras over n—C’omS"‘k for any 0 <
k<n-—17
More generally, for any i, , we can define Sg:fj”“ to be the sub k[¥s,_1] module of £,
generated by
SZTLd’k = Z Sgn<o-)u?n+1,‘..,2nfl}

UECn,k
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To study simple finite dimensional associative k-algebra, one usually finds idempotents
in the space and uses it to try to decompose the underlying algebra into smaller pieces. In
particular, the classical non-commutative simple k-algebras are the matrix k-algebras, which
has a basis of orthogonal idempotents, and one can show that if an algebra has such a basis,
then it is isomorphic to a matrix algebra.

For the non-associative world, one can still define idempotents, but it becomes a lot
harder to use the decomposition of the space as the lack of associativity makes it harder
to define 'nice’ ideals and subalgebras. A central tool called the Peirce decomposition is
used to study non-associative algebras and extract useful information for them. These were
used effectively for Jordan algebras to give a general description for their decomposition and

determine when they are simple, see [5]. There, they were able to show that Jordan algebras

1
592

can contain only the Peirce numbers 0, =, 1 and the eigenspace corresponding to % determines
when a Jordan algebra is simple or not. Furthermore, one can study the geometry of the
underlying space of idempotents as in [14], which can help determine how many idempotents
a ’generic’ non-associative commutative k-algebras one has.

Here, we will define simple n-Com algebras, idempotents, ideals, and the Peirce decom-
position in this case. We will then focus on finite-dimensional 3-Com algebras and use the
Peirce decomposition to extract some important invariants and conditions for when they are
simple. The Peirce decomposition for 3-Com algebras has a particular algebraic structure
that is almost commutative associative up to some 3-arity factor and contains commutative
associative unital k-algebras coming from the eigenvalue 1 for the corresponding idempotent.
Furthermore, we briefly talk about non-degenerate 3-Com algebras and show that we can
define a symmetric bilinear form on 3-Com algebras that is associative with respect to the
3-arity multiplication; this is the analog of the Killing form on Lie algebras. Furthermore, we
define a non-degenerate 3-Com algebra to be such that the bilinear form is non-degenerate

and show that we can decompose such a 3-Com algebra as a direct product of simple 3-Com

algebras.
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5.1 Eigen-Algebras

In lots of finite dimensional structures, we would like to explore the eigenvalues coming from
the endomorphisms induced by the elements in that space. This provides a tractable way to
understand the underlying structure by decomposing the space into its eigenspaces. In this
section, we will define a commutative structure that is associative up to some 3-arity function.
Later in section 5.2, we show that eigen-algebras arise naturally from 3-Com algebras, which

gives us a binary operation one can potentially use to study algebra.

Definition 5.1.0.1. A eigen-algebra is a graded space A = @, A;, where we denote o(x) =
1 for homogenous elements x € A;, equipped with a symmetric product m : AQ A — A, a

symmetric 3-arity map f : A®? — A, and a element e € A, satisfying the following properties.
e The product is graded such that for i,j € k, we have m(A;, Aj) C Aitj_1.
o The element is a "eigen”-unit in the sense
m(e,a) = a(a)a
for any homogenous element a € A.

e The product m is associative up to a affine factor of f in the following way: if r,y,z € A

are homogenous elements, then
m(m(z,y), z) —m(z,m(y, z)) = (a(z) — a(2)) f(z,y, 2).
o Finally, the function f satisfies the following compatibility condition:
m(f(x1, @2, x3), x4) — m(a1, [ (22, 23, 24)) = f(m(@1, 23), 22, 24) — f(21, 22, m(23, 24))
for all elements x1, w9, x3, 14 € A.

We denote eigen-algebras as (A,m,e, f).
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From the definitions, we can see that we can define an endomorphism p. = (e, —) and
we can see that A; are the eigenspaces concerning the eigenvalue ; this is the reasoning for

the name on e.

lemma 5.1.0.1. If (A, m,e, f) is a eigen-algebra, then Ay is a unital commutative associative

k-algebra. Furthermore, A; has a Ai-action, which is associative up to some factor of f:

m(m(z,y)h) = m(z,m(y, h)) + (1 — a(h))f(z,y, h)
forx,y € C.(1) and h € A;.

Proof. First, by definition, m(A;, A;) C A; and hence m can be restricted to a well-defined

binary operation on A;. Furthermore, if z,y, z € Ay, then we have

m(m(xvy)’ Z) - m(x,m(y, Z)) = (1 - 1)f(I,y,Z) =0

and this shows A is associative. Furthermore, every element of A; is an eigenvector of e with
eigenvalue 1, so hence it is a unit. The action of A; on to A; is clear, and the associativity

up to some factor comes from the relations. O

For our application towards studying simple 3-Com algebras, we want to study the ideals
of the eigen-algebras and their properties when they are simple. But, because of the extra
map f, there are two types of ideals that are of interest to us. An ideal of an eigen-algebra
(A,m,e, f) is a subspace I such that m(a,b) € I'if b € I for all a € A, which is the traditional
definition. An f-ideal is a subspace I such that [ is an ideal, and it has f(a,b,c) € [ 'ifa € I
for b,c € A. Note that every f-ideal is an ideal by definition, but it does not go the other
way, as we can show later. Furthermore, we can descend ideals from A to its underlying
commutative algebra A; by just taking the intersection: if I is an ideal of A, then I N A is
an ideal of A using the grading of A.

Let S be a subset of an eigen-algebra (A, m,e, f) and define (S); to be the subspace
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spanned by the elements

m(s,a), f(s,a,b), f(m(s,a),b,c),..., f(m(m(...m(s,a1),a2),...,a,),b).

for s,a,b,c,a1,...,a, € A for any n > 1. The subspace (S) is an f-ideal since for every

s€ S and a,b,c € A, we have
m(m(s,a),b) = m(s,m(a,b)) + (a(s) — a(b))f(s,a,b) € (S)
and

m(f(s,a,b),c) =m(s, f(a,b,c))+ f(m(s,b),b,c) — f(s,a,m(b,c)) € (S)

for any s,a,b,c € A, and the other cases come from a similar relation. On the other hand,

let (S) be the subspace of A spanned by the elements
m(m(---m(m(s,a1),as),...,ap_1),an)

for s € S and ay,...,a, € A and any n > 1. It is clear (S) is an ideal, and normally it is not
a f-ideal since we won’t necessarily contain f(s,a,b) if s € I and s, a,b are all of the same

degrees.

Definition 5.1.0.2. We say an eigen-algebra (A,m,e, f) is simple if its multiplication m
and f are not-trivial and it does not have any non-trivial ideals (neither the 0 ideal nor

the whole space). We say it is f-simple if m and f are not-trivial and have no non-trivial

f-ideals.

We can see that an eigen-algebra A is simple, implying it is f-simple since every f-ideal
is an ideal. Simple eigen-algebras are important to us since if there is a 3-Com algebra
connected to one, as we will construct in the next section, the property that A is simple
implies that the 3-Com algebra is simple. But, in the converse direction, it will only imply

f-simple.
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5.2 Simples n-Com algebras and Ideals

As with any algebraic structure, one would like to quotient the objects by equivalence re-
lations to obtain new objects with the same algebraic structure. Furthermore, we would
like to determine which of these algebraic objects can not be quotient into a smaller non-
trivial algebra. Here, we will define ideals for n-Com algebras in an obvious way and define
when a n-Com algebra is simple. In the latter half of this section, we will define the Peirce

decomposition for n-Com algebra and idempotents and give a few results of these structures.

Definition 5.2.0.1. Let C' be a n-Com algebra with n-arity multiplication m,,. A n-Com
ideal of C, or just an ideal, is a subspace I of C' such that m,(cy,...,c,) € I if and only if

one of the ¢; € I for some 1.

For any two ideals I and J of an n-Com algebra, the intersection /N J and the sum I+ J
are both ideals in C'. Furthermore, the usual isomorphism theorems hold that we can take
the quotient C'/I as an ideal to obtain a new n-Com algebra in our context. We say that an
ideal of a n-Com algebra (' is trivial if it is the 0 ideal or equal to all of C'.

Since n-Com algebras are usually not associative for n > 2, a lot of the ideal constructions
that use associativity are not as nice. For example, let C' be a n-Com algebra and S is a
subset of C, then we define (S) as the intersection of all ideals that contain S. In this case,
this will have products of the form m,, (m, (- (m,(a,b1,...,b0-1),...,),...),...,) which
will not necessarily simplify down to something of the form m,(x,y,...,y,—1) for z € S.

But, for any n-Com algebra C, we can always define the ideal m,(C, ..., (), consisting
of finite sums of elements of the form m,(ci,...,c,) for ¢; € C. But, replacing C' with any
other ideals does not work in general, except for some special cases. For example, suppose
C'is a 3-Com algebra and I,J are both ideals of C' and define m3(1, J, C') be the linear span

of elements of the form m,(a,b,z) for a € I, b € J and x € C. This becomes an ideal since

m3(m3<a7 ba x):yla y?) = m3(m3(y17 b7 ‘T)? a, yQ) + m3(m3<a7 y27$)7 Y1, b)

- mS(m3<ylay27$)aa'7 b) € mS([a Ja O)
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If we were to increase 3 to any n > 3, this would not work in general as the transpositions

actions will make it not possible for both I and J to be in separate spots.

Definition 5.2.0.2. Ann-Com algebra C' with n-arity multiplication m,, is simple if m,(C, . ..

0 and C' has no non-trivial ideals.

For examples of simple n-Com algebras when n > 2, we can always take the 1-dimensional
n-Com algebra k with multiplication m,,(1,...,1) = A for any A € £* and by dimension there
is no other ideals. The following example is an example of a 2-dimensional simple 3-Com

algebra.

Example 5.2.0.1. Let V' be a 2-dimensional 3-Com algebra with basis elements ey, es, A\, b €

k> and multiplication

ms(er, e1,€1) = Aey mz(e1, e1,e2) = —Aeg

m3(61,€2,€2) = 0 m3<€2,€2, 62) = b€1.

This is a 3-Com algebra by 4.2.3.3 and we will show it s simple. If I is an ideal of V' that
contains either ey or eg, then it must contain both using the operations above and hence be

equal to V. Next, suppose aey + bes € I such that a,b # 0, then we have
ms(ae; + bey, €1, €3) = —Aaey

which implies es € I since \a # 0. Therefore, I must be all of C', which shows that V is

simple.

For n = 2, the simple 2-Com algebras are exactly the fields over k which is implied by
the fact that every a has a unique b such that ab = 1.

lemma 5.2.0.1. If C is a finite-dimensional n-Com algebra with basis eq, ..., e, then for

each i there exists non-zero elements a', ..., a: € C such that

e; =my(al, ... al).
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Proof. Since C'is simple, then m3(C, ..., C) is a non-zero ideal and hence m3(C,...,C) = C.
This implies the result. [

An idempotent for commutative associative algebras is an element ¢ € C' such that ¢ = c,
and we say it is 2-nilpotent if ¢ = 0. These notations can be naturally generalized to n-Com

algebras as follows.

Definition 5.2.0.3. Let C' be a n-Com algebra and let (cy,...,cn_1) be a n — 1-tuple of

elements in C. We say (c1,...,cn—1) is an idempotent tuple if
Mp(C1, .5 Cno1,Ci) = G
foranyi € {1,...,n—1}. In particular, if ¢, = -+ = ¢,_1 = ¢, then we say c is idempotent

if mp(c,...,c) =c. We denote by Idm(C') to be the set of non-zero tuples (ci,...,cn—1) that
are idempotent on C, and let Idmy(C') to be the set of v € C that are idempotent, which can
be thought of as a subset of Idm(C') through x — (x,. .., x).

On the other hand, we say (cq,...,c,_1) is n-nilpotent if
mn(cl, ey Cp_1, Ci) =0
for anyi € {1,...,n—1}. Furthermore, if ¢c; = -+ = ¢,_1 = ¢, then we say ¢ is n-nilpotent

if mp(c,...,c) = 0. We denote by Nil(C) be the collection of elements ¢ € C which are

n-nilpotent.

If ¢ = (¢1,...,¢n-1) is a n — 1 tuple of elements in C, then as before, we define y. =
Xeroens = Mp(C1y ..., Ch1,—), which is an endomorphism of the space C. If ¢ = (z,...,z)
then we define x, 1= Xy, , for simplicity. If C' is finite-dimensional, then we can compute the
eigenvalues and the eigenspaces for each endomorphism as usual. Define ch.(t) = det(x.—tI)
for t € k to be the characteristic polynomial of the endomorphism x. for any n — 1 tuple
c¢=(c1,...,¢4_1). Furthermore, we define o(c) to be the set of roots of the polynomial ch,(t)

counting multiplicity, which is called the Peirce spectrum, and we call the distinct numbers
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of o(c) the Peirce numbers of ¢, and we denote the set of them as P,(c). Furthermore, we

define
C.(t) := ker(x. — tI)

called the Peirce subspace, which is just the eigenspace if ¢ is a eigenvalue of y.. For
x € C.(t), we define a(z) = ¢ the Peirce subspace it is contained in. We will assume that our
n-Com algebra C' is finite-dimensional to use all of our linear algebraic tools. Furthermore,
in practice, the ones that are more useful for us are the endomorphisms x. = my,/(e, ..., e, —)
for a single element e € (', as the others are a lot harder to calculate.

Suppose € is a non-zero idempotent in C, then e is a eigenvector of the endomorphism
Xe with eigenvalue 1, so that 1 € o(e). On the other hand, if f is a n-nilpotent element then
f is an eigenvector of xy with eigenvalue 0 and hence 0 € o(f). If e is idempotent (f is
n-nilpotent) and C,(1) is 1-dimensional (Cf(1) is 1-dimensional) , then we call e primitive
(f primitive). On the other hand, if e is a non-zero idempotent such that the only Peirce
number for e is 1, then we call e unipotent. Let o(C) be the set of all Peirce numbers of C'
concerning only idempotent e € Idm;(C) of C, and hence we will always have 1 € o(C) if
there exists a non-zero idempotent. We call a non-zero idempotent e € Idm,; (C') semisimple

if C' is decomposable as the sum of the corresponding Peirce subspaces:

c=c.n
A

where A are the Peirce numbers of e. We also say a non-zero n-nilpotent f is semisimple if
it decomposes the space in a similar fashion with respect to its Peirce numbers.

If ¢ and D are both n-Com algebra that are isomorphic through F' : C — D, then
idemopotents e of C' give us idempotents F'(e) of D such that o(e) = o(F(e)) and therefore
0(C) = o(D). This shows that the collection of idempotents and their corresponding Peirce
spectrums give an invariant for the n-Com algebras. All n-Com algebras might have the same
collection of Peirce numbers with respect to an idempotent, in which case it will be easier

to study the spaces. This happens for other non-associative algebras, like Jordan algebras,
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1

which can only have Peirce numbers 0, 1, 5, and they can obtain information about the space

using % The following examples show that we can get drastically different Peirce numbers
for different n-Com algebras, but we can use this to our advantage to give a good invariant

for n-Com algebras and use these to determine when they are simple.

Example 5.2.0.2. Lets look back at the 2-dimensional simple 3-Com algebra from example

5.2.0.1. In this case, there are only two idempotent elements

1

1 413
which one can show by finding all the possible p,q € C such that ms(pe; + qes, pey + qea, per +

C1

C2

qes) = pey + qea. For ci, it has eigenvector c; with eigenvalue 1 and eigenvector ey with

eigenvalue —1. On the other hand, x., has the matriz
2/331/3
_1/3 ;2/3&1/3

2.41/3)1/3
T j4/33pl/3 1/3

Xeo =
which has eigenvalues 1 and —1. Therefore, both c¢; and co are semisimple idempotents so
that

C=C,,1)dC,(—1)=C,(1)® C,(-1)
and o(C) = {1,—1}.

Example 5.2.0.3. Here is another example of a 2-dimensional 3-Com algebra that is not

simple. Let C' be 2-dimensional with basis ey, e and numbers A\, Ao € C, and define
ms(ey, e1,e1) = Aeg ms(e1, e1,e2) = Aageo
ms(ey, ez, e2) =0 ms(eg, €2, €2) = 0

which is not simple since (e3) does not contain ey. Suppose pey + qes is a non-trivial idem-

potent element of C, then we must have
p*h =p

3p°ghe = ¢q
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If \y/ A1 # 1/3, then C has only one non-trivial idempotent which is

1
c= —=e;
1/2

A

with eigenvalues 1 and \y/ Ny and it is semisimple and hence o(C) = {1, Ao/ A1} in this case.
We can always choose \y = — Xy to get o(C) = {1, =1} which shows that having —1 in o(C)
1s not enough to make it simple. But, we will see later that this is a singularity, i.e., from
example 5.2.0.2 for the 3-Com algebra in this situation, if we let b = 0, then we get this
example.

If Ao/ A1 = 1/3, then the non-trivial idempotents are

1
C1 = —/5»61
A2
—1 +
Co = €1 T g€y
)\1/2

1

for any non zero q € C. Both x., and x., have eigenvalues 1 and 1/3 and hence shows

o(C) ={1,1/3} in this case.

Example 5.2.0.4. Let (M, f) be am > 2 dimensional augmented R-module and let (M (f), uf)

be its corresponding n-Com algebra from section 4.2.4. An idempotent e of M(f) is one such

that
plile,....e)=nf(e)" le=e
so that
fle) = =
na1

Since M 1is finite dimensional, then we have ker(f) has dimension m — 1 and we can find a

basis e, ey, ..., em_1 10 M such thatey,. .., ey, 1 is a basis for the kernel of f and f(e) = n%

In this case, the matriz for x. is a diagonal matriz with 1 1 and m — 1 instances of %
Therefore, o(e) = {1, %,,%} This is easily shown to be not simple because the ideal
ker(f) is not trivial. Later, we can use a quick method to determine if it’s not simple because

the negative of an eigenvalue is not in o(e).
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From all of the examples we define above, we always had a semisimple idempotent which
we can use to decompose the space. But, in general, semisimple non-zero idempotents will

not always exist, as follows from the last example.

Example 5.2.0.5. Let V' be the 2-dimensional 3-Com algebra with basis and multiplication

mg(er,er,e1) =0 ms(eq, e1,€2) = €

ms(ey, ez, e2) =0 mz(es, €2, €3) = 0.
suppose aey + bes is an idempotent, then we would have
ms(ae; + bey, aer + bea, aey + bey) = 3a*bey = aey + bey

which implies a = 0 and hence b = 0 which would show it has to be zero. Therefore, there do
not exist non-zero idempotents in this 3-Com algebras, but we have two non-zero 3-nilpotents

e1 and ey so we have

C= Ce1 (O) S Cel<1)
C= Cez(o)'

Next, let’s study some properties of the idempotents and the corresponding Peirce sub-

spaces on 3-Com algebras.

lemma 5.2.0.2. Let C' be a finite dimensional 3-Com algebra with multiplication ms and

suppose e is an idempotent of C'.
o [fxy, 29,23 € C such that z; € C.(t;) for 1 <i < 3, then we have the equation

mga(ms(xs, e, x1),e,x2) — mg(ms(xs, €, 22),€,21) = (t1 — ta)ms(x1, T2, 3).

o Forxy € C.(ty) and x4 € Ce(ty) we have the equation

Xe(ms(x1,x3,€)) = (t1 +t3 — 1)ms(xy, 3, €)

so that ms(xq,x3,e) € Co(ty +t3 — 1).
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o Finally, for 1,29, x5 € C such that x; € C(t;) for all i we have
Xe(ms(21, T2, x3)) + timg (21, Ta, 3) = ma(e, v, ms(x1, e, x3)) + ms(e, x3, mg(r1, T2, €))

where ms(e, xg, m3(x1, e, x3)) and ms(e, x3, mg(x1,xe,€)) are elements of Ce(ty + to +

ts —2).
Proof. First, by definition of 3-Com algebra we have

m3(e,e,m3(x1,x2,x3)) = mg(x1,e,ms(e,xra,x3)) + m3(€,372,m3($17 €,$3)) - m3($1,$27m3(€,€a$3))

+ mg(.’lfl, €3, m3(67 €, 332)) - m3(x27 X3, m3(e7 €, xl))

( ( )
ms(x1, e, ms(e, 2, x3)) + mg(e, xo, ms(x1, €, x3)) — tgms(z1, T, 3)
ms(xa, e, ms(e, x1,x3))

)

+ mg(e, x2, ms(x1, €, x3)) — tamg(z1, x9, 3)

= 2mg(e, xa, ms(e, x1,3)) + (ta — t1 — t3)ms(z1, 2, x3).
Permuting the variables, we also get the equation
Xe(ms(xy, 22, 23)) = 2mgs(e, x1, m3(e, x2, 23)) + (t1 — to — t3)ms(zy, T2, 3)
and taking the difference between these two equations gets us

0 = 2mg(e, x2, ms(e,x1,x3)) + (ta — t1 — t3)ms(z1, 2, x3) — 2ms(e, x1, ms(e, xa, x3))

— (t1 = ty — tg)mg(x1, 22, 73)
which gives us the equation
ms(e, v2, ms(e, r1,23)) — ms(e, x1,ms(e, x2, x3)) = (t1 — ta)ms(x1, 22, 3)

since the t3 will cancel out. This proves the first equation.

Now if we were to pick x5 = e, then this equation would reduce to

m3(ea €, m3(e> X1, x3)) = m3(67 I, m3(67 €, xS)) + (tl - 1)m3(x1, T2, %3)

= (tl + t3 — 1)m3(e,x1, 1'3)
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which gives us the second equation.
Finally, for the last, this is just an application of ms(e, e, ms(x1, x2, 23)) and using the relation

for 3-Com algebras. m

One thing to note from the last lemma is that this enables us to define a binary operation

on C' as follows. Suppose e is an idempotent of C' and define 0, : C ® C' — C as
ee(xly '1'2) = mS(ea L1, x?)

for x1,x9 € C, which is commutative. For call elements « € C(t) for some to(e) a homoge-
nous element of C. We will also define a function o on homogenous elements = € C,(t)

defined as a(x) =t to make the equations we derive more easily readable.

Proposition 5.2.0.3. Let C be a finite dimensional 3-Com algebra with a idempotent e. We

have the following properties:

(a) The space C.(1) is a unital commutative associative k-algebra with unit e and multi-

plication 0,. In particular, if Ce(1) is 1-dimensional, then C.(1) = k.

(b) The spaces C.(t) fort € k have C.(1)-actions with ' (x,b) = ms(e, x,b) with x € C.(1)
and b € C.(t) with the relation

pe(Oe(, 2), b) = pre(, pre(2,0)) + (1 = t)ms (2, b, 2)

forz,z € C.(1) and b € C(t).
(¢) For homogenous element z € C' and elements x,y € C we have

Xe(ms(z,y,2)) + a(z)mg(z,y, 2) = 0.(0:(x, 2),y) + Oc(x,0.(2,7)).

(d) Ift,s € o(e) such thatt+s—1¢ o(e), then

m3(e>$ay) =0
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forxz € C.(t) and y € C.(s). Even more, ift,s,r € o(e) such thatt+s—1,t+r—1¢
o(e), then

mg(z,y,2) € Ce(—t)

forxz e C.(t), y € Ce(s), and z € Cc(r).

(e) If v € C.(t), y € Ce(s), and Z € Ce(r) and t +s+1r —2 ¢ o(e), then
ms(z,y, z) € Ce(—t) N Ce(—s) N Ce(—T).

If either of the t, s, or r are not equal to each other then mg(z,y, z) = 0, other wise if

t =s=r then mz(z,y,z) € Ce(—t).

(f) If e is semisimple, then C' = @, ., Cc(t) and (C,0,,e,m3) is an eigen-algebra, which

we denote as C(e).

Proof. Part (a), (b), (f) are consequences of lemma 5.2.0.2. For part (c), for homogenous

element z € C and elements z,y € C, we have

Xe(m?)(xay?Z)) = ms(m3(l’71/72)7e;€> = m3(m3<€uyvz>7x7€> + m3(m3(x7672)7 e7y)
- m3(m3(e>€a z),x,y)

= 06(06(y7 Z)?‘T) + ee(ge(m’ 2)7 y) - Oz(z)m3($, Y, Z)

which proves part (c).
For part (d), if t,s € o(e) such that t + s — 1 ¢ o(e), then by lemma 5.2.0.2 we have

Xe(ms(e,z,y)) € Ce(t+s—1) =0

for v € C.(t) and y € C.(s).

For part (e), this is a consequence of part (c) using the symmetry of the arguments. [

If C'is a finite dimensional 3-Com algebra with semisimple idempotent e, then we can

transfer between the ideals of C' and C/(e), i.e. a subspace I of C'= C(e) is an ideal of C' as
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a 3-Com algebra if and only if I is an mg-ideal of C'(e) as a eigen-algebra. Furthermore, if J
is an ideal of C' as a 3-Com algebra, then it is also an ideal of C'(e) as an eigen-algebra, but

this normally does not go the other way unless it is a ms-ideal.

lemma 5.2.0.4. Let C' be a finite dimensional 3-Com algebra with semisimple idempotent

e. We have the following statements:
(1) If C(e) is simple, then C' is simple.
(2) The space C is simple if and only if C(e) is mg-simple.

Proof. For (1), let I be an ideal of C, then I is an ideal of C(e) and since C(e) is simple
then we must have I = 0 or I = C(e). Therefore, C' is simple.

For (2), if C(e) is ms-simple then by the same argument as part (1), C' is simple. On the
other hand, suppose C' is simple. If J is an mg-ideal of C'(e), then J is an ideal of C' and
hence J =0 or J = C which shows that C(e) is ms-simple. O

5.2.1 Bilinear form on 3-Com algebra

For this section, we will study a natural bilinear form s on the finite-dimensional 3-Com
algebras reminiscent of Killing from Lie algebras. But, as we will see, there are some proerties
that are not like the traditional scenario. For example, we have finite-dimensional simple 3-
Com algebras with x = 0, which we call fully degenerate. We think of these fully degenerate
simples as something that separates 3-Com algebras from 2-Com algebras since every simple
2-Com algebra is a field. This shows the departure of 3-Com algebras from 2-Com and shows
there are some interesting examples that are not trivial.

Let z,y € C and we define x,, = ms(x,y, —) just as before, and it is clear this is bilinear

in both x and y.

lemma 5.2.1.1. Let C be a finite-dimensional 3-Com algebra. We have the following prop-

erties with the trace Tr(—).
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(a) For z,y,z,w € C we have

XwyXz,z — XeyXw,z = Xw,zXz,y — Xe,zXw,y-

Furthermore, we obtain
Tr(Xw,yX:r,Z) = TT(Xm,wa,Z)'
(b) Forz,y,z,w € C, we have

Tr (Xms (:v,y,z),w) =1Tr (Xac,ma (y,2,w) )

Proof. For part (a), let z,y, z,w,a € C and by definition we have

m3(m3(x,y, z),w,a) = m3(m3(w7y7 z),x,a) + 7TL3(m3<l’,CL,Z),’U),y) - m3(m3(w7a7 Z),C(f,y)

mg(ms(x,y, 2),w,a) = ms(ms(w,y, 2),x,a) + ms(ms(z,y,a), w, z) —mg(ms(w,y,a),x, 2)
and subtracting these gets us the equation
mg(ms(z,a, z),w,y) — mg(mz(w, a, z),x,y) = mz(ms(z,y,a),w, z) — mz(ms(w,y,a),z,z)
which is true for all a. This gives us
XwyXz,z = XeyXw,z = XwzXzy — Xz,zXw,y-

The second equation with the trace in part (b) is proved using the fact Tr(ab) = Tr(ba) and
we are in characteristic 0.

For part (b), if z,y,z,w,a € C, then we have
m3(m3(x, Y, 2)7 w, (l) - m3(m3(w7 Y, 2)7 Z, CL) + mg(m3(x, a, Z)’ w, y) - m3(m3(w7 a, 2)7 z, y)
which is true for all a and gets us the equation

Xmg(:p,y,z),w - Xmg(w,y,z),:): + XwyXz,z — XeyXw,z+

Applying the trace map gets us the result using part (b). O
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From the above lemma, we are able to define a very special bilinear form on any 3-Com

algebra that respects the 3-Com multiplication.

Definition 5.2.1.1. Let C' be a finite-dimensional 3-Com algebra and define the bilinear
map k:C®C — k as

R, y) = Tr(Xay)

which is well-defined and symmetric. We call k the Killing form on C. Furthermore, K

respects the multiplication ms as follows:
k(ms(x,y, 2),w) = k(x,m3(y, z,w))
for any x,y,z,w € C. Let Rad(k) be the subspace of C' defined as
Rad(k) ={x € C : k(z,y) =0 forallye C},

which we call the radical of k.
lemma 5.2.1.2. The subspace Rad(k) is an ideal of C.
Proof. For x € Rad¢, and y, z € C', we have

k(ms(x,y, z),w) = k(z,mz(y, z,w) =0
for all w € C' and hence this shows ms(x,y, z) € Rad(k). O

We define the following definition, where when x is non-degenerate, it sort of resembles
semisimplicity as in the commutative algebraic world. But, as we will see, not every simple

finite-dimensional 3-Com algebra has a non-degenerate Killing form.

Definition 5.2.1.2. Let C be a finite-dimensional 3-Com algebra. We say C' is non-

degenerate if k is non-degenerate. On the other side, we say C' is fully degenerate if k = 0.

lemma 5.2.1.3. If C is a finite-dimensional simple 3-Com algebra, then C' s either fully-

degenerate or non-degenerate.



101

The next example shows that we can produce a 2-dimensional 3-Com algebra that is fully

degenerate and simple, showing that not every simple 3-Com algebra is non-degenerate.

Example 5.2.1.1. Let C be the 2-dimensional 3-Com algebra as in example 5.2.0.2 with

multiplications

ms(e,e,e) =e ma(e,e, f) = —f

ms(e, f, f) =0 ms(f, f, f) =e

and by definition we have

X@,f =

and we see k(e e,) = k(e, f) = k(f, f) = 0. This shows that this 3-Com algebra is fully

degenerate by definition.

The fact that simple property does not imply non-degenerate is a little discouraging in
using this definition, especially as it is very hard to find examples of simple 3-Com algebras
in dimension 2 and 3 that have a non-zero Killing form, as we will see in the next section.
But, we can always take C' = @ C as a finite direct product of 3-Com algebras which gives
us an example of a non-degenerate 3-Com algebra.

A big question I have is the following: does every non-degenerate simple finite-dimensional
3-Com algebra have to be a field? Furthermore, if we have a simple finite-dimensional 3-Com
algebra with a dimension greater than or equal to 2, does it have to be fully degenerate?
From the next section, the only simple 3-Com algebras with dimension less than or equal to
3 is either a field or fully degenerate.

Next, we will explore the properties we can obtain through just the definition of x de-

scending it to certain subspaces of a 3-Com algebra.
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lemma 5.2.1.4. Let C be a finite-dimensional 3-Com algebra. We have the following prop-

erties for the Killing form k.

(1) For any x € C, it is a symmetric k-linear map with respect to k :

(X2 (y), 2) = K(Y, Xa(2))-

Furthermore, if C' is non-degenerate, then eigenvectors corresponding to different eigen-

values for x, are orthogonal with respect to kK.

(2) If e is an idempotent of C, then k restricts to a bilinear form on C.(1), defined as

Ke = K|c.(1)xC.(1), Satisfying the following property:
'%e(&e(xa y)v Z) = /{e(xa ee(ya Z))
for any x,y,z € C.(1). Furthermore, if we let Rad(k.) be the radical of k., then

Rad(k) N C.(1) C Rad(ke).

If C' is non-degenerate and e is semisimple, then we get equality and hence k. is non-

degenerate.

(3) If I is an ideal of C, then k restricts to the Killing form k; = K|;x; on I. Furthermore,

we have

IN Rad(k) C Rad(ky)

Proof. Part (a), is clear from y. = ms(e, e, —) and eigenvectors corresponding to different
eigenvectors are orthogonal if k is non-degenerate is a standard linear algebra argument. For

part (b), the bilinear form descends to C.(1) satisfying

R(be(2,y), 2) = K(2,0e(y, 2))
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since 0.(—, —) = ms(e, —, —).

Next, let z € Rad(k) N Ce(1), then since x(x,y) = 0 for all y € C, then it is true for
all y € C,(1) and hence this shows Rad(k) N C(1) C Rad(k.). If C is non-degenerate and
1, A1, ..., A\ are the m + 1 distinct eigenvalues of x., then C.(1),Ce(A1),...,Ce(N,) are
orthogonal with respect to k. Furthermore, if e is semisimple, z € Rad(k.), y € C, then

y=z+y " fifor z€ C.(1) for f; € Ce(N;. This implies

k(x,y) = k(x, z) + Z k(x, f;) =0

by orthogonality of eigenvectors and = € Rad(k.). This shows Rad(k.) € C.(1) N Rad(k)
and shows equality.

For part (3), let I be an ideal and r; is the Killing form for 7. We will show x; = K|7x7,
i.e., the restriction of k on C to I. Choose a basis for I and extend the basis to all of L,

then x,, for z,y € I has matrix of the form

Xyl *
0 0
This shows k; = Ky since the trace is independent of the chosen basis. Furthermore, for
Rad(x) NI € Rad(ky), this is a similar argument as part (2).
Similarly, for part (3),  restricts to the Killing form x; on I and the argument Rad(x) N

I C Rad(ky) is the same.

lemma 5.2.1.5. If C' be a finite-dimensional non-degenerate 3-Com algebra and e is a

semisimple non-zero idempotent, then Ce(1) is a Frobenius algebra with Frobenius form k..

Next, let I be any ideal of C, and define I+ to be the orthogonal complement of I with

respect to the form x:
I={zecC : k(z,y)=0 forally € I}.

Then it is easy to show that I+ is an ideal of C' using the same argument as in lemma 5.2.1.2

and the fact that I is an ideal: if x € I+, y,2 € C, and w € I, we have

k(ms(z,y,2),w) = k(x,ms(y, z,w)) =0
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since m3(y, z,w) € I.

lemma 5.2.1.6. Let C' be a finite-dimensional non-degenerate 3-Com algebra. If I # 0 is

an ideal of C, then kj is non-degenerate, and hence I is also non-degenerate.

Proof. Since I is an non-zero ideal and x is non-degenerate, then C' = I®I+. Let x € Rad(k;)

and y € C so that y = u +v for u € I and v € I*. Then we have
k(z,y) = k(z,u) + k(z,v) =0

for all y € C. This shows € Rad(k) = 0 and therefore Rad(k;) = 0. Hence I is non-
degenerate.

]

Theorem 5.2.1.7. Let C' be a finite-dimensional 3-Com algebra. If C is non-degenerate,
then

C=L®& ---®l,
for non-degenerate simple ideals I, ..., I,,.

Proof. We will prove this by induction on the dimension of C'. If C' is simple, then we are
done; otherwise, suppose there exists a non-trivial ideal I, which is minimal, hence simple.
Since k is non-degenerate then C' = I@® I+ as vector spaces. Each I and I+ are non-degenerate
3-Com subalgebras of lesser dimension by lemma 5.2.1.6. Since I N I+=0, then C' = I @ I+
is a direct product of 3-Com algebras. Since I+ is non-degenerate 3-Com algebras, so by

induction I+ is a direct sum of non-degenerate simple ideals and finishes the proof. O
5.3 Invariant Properties of non-zero idempotents

In this subsection, we will explore some of the implications we can obtain from the corre-
sponding eigen-algebra C'(e) for a finite-dimensional 3-Com algebra C' with non-zero idem-
potent e. In particular, we will give some restrictions for o(e) and, even more, provide

restrictions for the Peirce spectrum o(C).
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lemma 5.3.0.1. Suppose C' is a finite dimensional 3-Com algebra with a semisimple unipo-

tent non-zero idempotent e. Then we have the following properties.
(1) The space C = C¢(1) as vector spaces.
(2) If z,y,z € C, then
ms(z,y, z) = 0c(0c (2, y), 2)
(8) The space C' is simple as a 3-Com algebra if and only if C.(1) is simple as an unital
commutative, associative algebra, i.e. if C.(1) is a field.

Proof. Part (1) is obvious by definition. For part (2), if z,y, 2 € C', which are all homogenous

of degree 1, then we can use part (c) in lemma 5.2.0.3 to show
Xe(ms(x,y,2)) + ms(x,y, 2) = Oc(0c(2,y), 2) + Oc(be(x, 2),y) = 20c(0e(x,y), 2).
Since . is the identity map on C,(1), then we obtain
2mg(z,y, 2) = 20.(0.(x,y), 2)

which proves part (2).

For For part (3), suppose C,(1) is a field and [ is an ideal of C' as a 3-Com algebra. Then
I is an ideal of C.(1) as a commutative k-algebra and hence I =0 or I = C,(1) = C. This
shows that C' is simple. On the other hand, suppose C' is simple and let J be an ideal of
C.(1) as a commutative k-algebra. Next, we will show J is an ideal in C' as a 3-Com algebra.

If a € Jand z,y € C, then we have
ms(a,z,y) = 0.(0.(a,z),y) € J

which shows mg(a, z,y) € J. Therefore, J is an ideal in C' as a 3-Com algebra, and since C'
is simple, then J = 0 or J = C. This shows C,(1) is simple as a commutative k-algebra and,

therefore, a field. |
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The last lemma essentially says that 3-Com algebras with unipotent semisimple non-zero
idempotents come from commutative unital associative k-algebras through the multiplication

6., and hence do not give us any "new” 3-Com algebras.

lemma 5.3.0.2. Let C be a finite-dimensional simple 3-Com algebra with a non-zero semisim-

ple unipotent idempotent e.
o I[fk=C, then C =C.
o I[fk=R, thenC=C or C =R.

In essence, we have classified all of the possible finite-dimensional simple 3-Com algebras
with a semisimple unipotent idempotent. Our next goal is to explore the examples with
primitive idempotents and see what information we can get from them. From the conditions
in 5.2.0.3, we are able to find some restrictions that must be met for finite-dimensional 3-Com

algebras to be simple, which constricts what the possible Peirce numbers can be.

Theorem 5.3.0.3. Let C' be a finite dimensional 3-Com algebra with primitive idempotent
e and v € o(e) \ {1} such that v+ 5 —1 ¢ o(e) for B € o(e) \ {1}. If C is simple, then

—v € a(e).
Proof. We will prove this by contrapositive. Suppose —v ¢ o(e) and we will show C,(7) is
a non-trivial ideal. Since v+ 5 —1 ¢ o(e) for all 5 € o(e) \ {1}, then we must have

ms(z,y,z) =0

for all y € C.(s) and z € C,(r) for s,r € o(e) such that both r, s are not 1. For the case
r = s = 1, then since e is primitive C,(1) = ke and therefore ms3(Ce(7), Cc(1), Ce(1)) C Ce(7).

This shows that C.() is a non-trivial ideal in C'; hence, C' is not simple. n

Theorem 5.3.0.4. Let C' be a finite dimensional 3-Com algebra with a primative idempotent

eand0 e ole). If f—1¢ a(e) for all € a(e) \ {1}, then C is not simple.
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Proof. Since f —1 ¢ o(e) for 5 € o(e) \ {1}, then by theorem 5.2.0.3 we have
m3<37, Y, Z) S Ce(o)

for all y € C.(t) and z € C.(s). This shows C,(0) is an ideal, and it is non-trivial since

0,1 € o(e). Hence C' is not simple. O

One thing to note here about the preceding results is the following: if there exists an
eigenvalue v € o(e) such that the space C.(7) is ’isolated’ in the decomposition, i.e. there is
no way to go from C.(7) to another C.(f3) for § € o(e) through some multiplication, then
C.(7y) will become an ideal in C'. In other words, for us to find simple 3-Com algebras, one has
to make sure that every Peirce subspace can be multiplied by another distinct Peirce subspace
non-trivially. More generally, if we have a collection of Peirce numbers ~,...,v, € o(e),
such that @@, C.(v;) does not equal to C' such that the actions of the space C' keeps them

in this direct sum, then this will become an ideal as well, see figure 5.1. In particular, one

Figure 5.1: Examples of ideals appearing in a decomposition

can only have one set of Peirce numbers in the 2-dimensional case since many numbers will

become isolated, except for 1 and —1 as the next result shows.

corollary 5.3.0.5. If C is a simple m-dimensional 3-Com algebra with m > 2 with a
primitive semisimple non-zero idempotent e with only 2-Peirce numbers, then we must have

ole) ={1,—-1,—-1,...,—1}, where the algebraic (geometric) multiplicity of —1 is m — 1.
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Proof. Since e is primitive and semisimple with only 2-eigenvalues, o(e) = {1,~} for some
v € k that is not equal to 1. Since C is simple and 2y — 1 ¢ o(e) (the only way for
2y —1 € o(e) is if v = 1 which is not true in this scenario), then we must have —y € o(e).
Therefore, we either have —y = 1 or —y = v which gets us v = —1 or v = 0. By lemma
5.3.0.4, since 0 — 1 = —1 ¢ o(e), we must have v = —1, since C' is simple. This completes

the proof. n

The last lemma states that in dimension 2, if C' has a semisimple idempotent e, then it
must have 2-distinct eigenvalues and hence we must have o(e) = {1, —1}, and furthermore
o(C) = {1,—1}. This gives us a hint as to what all of the simple 3-Com algebras should be,

which have primitive semisimple idempotents.

Definition 5.3.0.1. Let b € k and let SCy(b) be a 2-dimensional vector space with basis
e1, ea. Define the symmetric 3-arity multiplication msz : SCo(b)®3 — SCy(b) such that

ms(e, e1,6e1) = e ms(eq, er,e2) = —es

ma(e1, e2,e2) =0 ms(eg, €, €2) = bey
which makes SCy(b) into a 3-Com algebra, see proposition 4.2.3.3.

It is easy to show SCy(b) has a primitive semisimple idempotent e; such that o(e) =
{1, —1}, which is simple when b # 0 and not simple when b = 0, by examples 5.2.0.3 and
5.2.0.2. Furthermore, we can define a 3-Com algebra isomorphism F' : SCy(b) — SCy(1)
when b # 0 with F(e1) = e; and F(e3) = ez so that SCy(b) = SCy(1) for b # 0.

corollary 5.3.0.6. If C is a 2-dimensional simple 3-Com algebra with primitive semisimple
idempotent e, then C' = SCy(b) for b # 0. On the other hand, SCy(b) is 2-dimensional simple
3-Com algebra with a primitive semisimple idempotent when b # 0. In conclusion, every 2-

dimensional simple 3-Com algebra C' with a primitive semisimple idempotent is isomorphic

SCh(1).
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Proof. 1f C' is a 2-dimensional simple 3-Com algebra with a primitive semisimple idempotent
e, then we must have o(e) = {1, —1} by corollary 5.3.0.5. With the decomposition C' =
Ce(1) ® Ce(—1), let f € C.(—1) be the non-zero element which gives e, f is a basis for C.
By the properties of o(e) = {1, —1}, we have

mg(e, e e) =e ms(e,e, f) = —f

ms(e, f, f) =0 ms(f, [, f) € Ce(1).

Therefore, ms(f, f, f) = be for some b € k and since C' is simple then we must have b # 0.
This shows C' = SCy(b) and proves the first part.
On the other hand, SC5(b) for b # 0 is a 2-dimensional simple 3-Com algebra with a

primitive semisimple idempotent e which has o(e) = {1, —1}. O

The last result gives a complete classification of all the 2-dimensional simple 3-Com
algebras equipped with a primitive semisimple idempotent. Furthermore, we have also shown
that there are no 2-dimensional semisimple simple 3-Com algebras since k = 0 for SC5(1) as
shown in example 5.2.1.1. In particular, combining this with lemma 5.3.0.2 we obtain the

following proposition.

Proposition 5.3.0.7. Let C be a 2-dimensional simple 3-Com algebra with a non-zero idem-

potent.
o I[fk=C, then C = SCy(1).

o If k=R, then C is either isomorphic to C with its induced 3-Com algebra structure
through the ordinary multiplication, or SCs(1).

Next, we will use the structure results we proved above to give examples of simple 3-Com
algebras in dimensions higher than 1 and 2. Let n > 2 and B = (b, ,) be a collection of
elements in & symmetric in the ¢, j,r such that 1 < ,5,7 < n — 1 and define SC,(B) be
the n-dimensional space with SC,(B) = C(1) & C(—1) with C(1) has basis e and C(—1)
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has basis fi,..., fn_1. Define the the 3-arity multiplication m3 : SC,,(B)®* — SC,(B) as

follows:

m3(€7€7 6) =€ m3(eaeafi) = _fi

mg(e, fi, f]) =0 m3(fi7fj7 f?“) = biv]'ﬂ“e
for 1 <u,5,7r <n-—1

lemma 5.3.0.8. For n > 3 the space SC,,(B) is a 3-Com algebra if and only if B =0 and

it has a primitive semisimple idempotent e Peirce numbers 1 and —1.

Proof. The operations ms give us the following matrices

0o 0 - 0
1 0 0 0 0 0 0 bija bijn—1
0 —1 0 0 0 O 0
XOO_ 7X0,i_ 7Xz]:
0 -1 0 - 0 0
0 0 —1 0 O 0
0 0 0

for 1 <1i,j <n—1, where Xy, has the —1 in the ith row, and we need to show these satisfy

the equations

Xo,0Xi, + X X0 = 2X§,i
XiiXjj+ X; X = 2X7;
X0,0Xst — Xo,sXot — Xo,tXos + X5t Xoo=0

XiiXsp — XioXip — X1 Xis + X5 X5 =0

for 1 <i<m—1land 0 < s <t <n-—1"fromlemma 4.2.3.1. It is easy to see that
XO,OXi,j = i,j and Xi7jX[)70 = —A4j and we have X()J‘XOJ‘ = 0 for any 1 S Z,j S n — 1.

From the last equations, we must have b; ;1,...,b; j,—1 must all be zero.
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For SC,,(B), the element e is semisimple primitive idempotent with o(e) = {1,—1,...,—1}
through X . This completes the proof.
[l

Since the only time when SC,(B) is a 3-Com algebras, for n > 3, is when B = 0 and
these are always non-simple since C.(—1) will be a non-trivial ideal. With this, if C' is
a finite-dimensional 3-Com algebra with a semisimple primitive idempotent e with Peirce
numbers 1 and —1, then it must be of the form SCy(B) for some B. But, by the above

lemma, we must have B = 0 and hence can not be simple.

lemma 5.3.0.9. If C' is a finite-dimensional simple 3-Com algebra with semisimple primitive

idempotent e with Peirce numbers 1 and —1, then C = SCy(1) and must be 2-dimensional.

Next, we will explore what the possible Peirce numbers are for when an idempotent has

exactly 3 distinct Peirce numbers, but as we will see, there exist no examples as follows.

lemma 5.3.0.10. There exists no finite-dimensional simple 3-Com algebra equipped with a

semisimple primitive idempotent e with exactly three Peirce numbers.

Proof. Since e has exactly 3 Peirce numbers, then P,(e) = {1,~, 5} for distinct numbers
1,7,8 € k. If v and 3 are such that v+ 3 —1 ¢ o(e), 2y — 1,25 — 1 ¢ o(e), then this would
imply we must have —v, —f € o(e) for C' to be simple. Therefore, we must have either of

the cases:
—v=1 —7=7 —v=20

If —y =1, then we must have § = 0 since § # 1, but we would have 25 — 1 = —1 € o(e)
which can not happen in this case. If —y = v, then we must have v = 0 and hence § = —1,
and again, we do not have this in this case. The final case is when —y = (3, with the property
that y—y—1=—1¢ o(e), and 2y —1,—2y—1 ¢ o(e). In conclusion, we have the following

case in this scenario:

Pa(e) = {_,77 17 f}/}
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where 2y — 1, -2y — 1 ¢ o(e). In this case, we have the following multiplications through
proposition 5.2.0.3:

since 2y — 1,—2y — 1,—1 ¢ o(e). Therefore, the subspace I = C.(—7) @& C.(7) is a non-
trivial ideal. This shows that C' has a non-trivial ideal and, hence, is not simple. Thus
P,(e) #{—v,1,7} with 2y — 1, -2y — 1 & o(e).

We have shown that in the case where v+ — 1,2y — 1,25 — 1 ¢ o(e) does not give us
any simple 3-Com algebras, so let us suppose we have at least one of the v+ 5 — 1,2y — 1,

or 20 —1tobeino(e). If y+ 5 —1 € o(e), then we either have

y+p-1=1 Y+B—-1=1v Y+B8—-1=4.

The latter two cases can not happen since § and 7 are not 1, so we must have v+ 3 = 2.
This gives us the Peirce numbers P,(e) = {1,7,2 —~}.
Next, we will show that the possible multiplications for the case P,(e) = {1,v,2 —~} are
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as follows:

m3(Ce(1), Ce(1), Ce(t)) S Ce(t)
m3(Ce(1),Ce(7), Ce(7)) = 0
m3(Ce(1), Ce(7), Ce(2 = 7)) =0
m3(Ce(1), Ce(2 —7), Ce(2 — 7)) =0
m3(Ce(7), Ce(7), Ce(7)) € Ce(—)
m3(Ce(7), Ce(7), Ce(2 = 7)) =0
m3(Ce(7), Ce(2 —7),Ce(2—7)) =0
m3(Ce(2 =7),Ce(2 —7),Ce(2—7)) € Ce(=(2—7))

Note that 2y — 1,3y — 2,3 — 2y ¢ o(e), as these would result in v = 1, which is not the

case. Through proposition 5.2.0.3, we get the following multiplications

M3<Oe(1), Ce(l)v Ce(t

)
m3(Ce(1>7Ce<7)7Ce<7)) 0
m3(06(1)7 Ce(7>7 Ce(z - 7)) - Ce(l)
m3(Ce(1)v 06(2 - ’7)7 06(2 - 7))
)

where the last equation comes from the fact that 2y — 1 ¢ o(e).
For z € C.(y) and y € C.(2 — ), then ms(e,x,y) € Cc(1), so there exists a € k such

that m.(e, z,y) = ae. Then we have
m3<m3($, Y, 6), xz, y) - m3(m3($a xz, 6), Y, y) + mS(m3<y7 Y, 6), xz, ZL’) - mS(mB(:U7 Y, 6), xz, y)
which gives us the equation

2a°%e = 2ms(ms(z,y,e),z,y) =0
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through the multiplication above. This shows a = 0 and hence this shows mg(C.(1), Ce(7), Ce(2—
7)) =0.

We need to consider the other three last cases to determine where ms sends these ele-

ments. The equations

m3(06(7)7 Oe(7>7 08(2 - 7)) =0
m3<Ce<7)> Ce(2 - 7)7 Ce<2 - ”}/)) =0

are similar arguments and we will show the first one. Let x,y € C.(y) and a € C.(2 — 7)
and we have
(2 —y)ms(z,y,a) = ms(x,y,ms(a, e, e)) = ms(a,y, ms(z, e, e)) +ms(z,e,ms(a,y,e))
—mgs(a, e, mz(x,y,e))
= ms(a,y, ms(z, e, e)) + ms(z, e,ms(a,y,e))
= yms(z,y,a)

where mgs(z,y,e) = 0 and ms(a,y,e) = 0. This gives us the equation
2(1 - ’Y)mg(flf, Y, CL) =0

and since (1 —+) # 0 then we must have mg(z,y,a) = 0. Therefore, ms(Ce(7), Ce(y), Ce(2 —
7)) = 0 and proves equations.

With this multiplication we just derived, if —y ¢ o(e) or —(2 — ) ¢ o(e), then this
would result in a non-trivial ideal C.(v) or C.(2 — 7). Therefore, we must have —y and

—(2 —7) € o(e) in this scenario. If —y € o(e), then we would have
—y=1 —7=9 —r=2-9
with the resulting cases

Pa:{’Y:—l,&l}

P, ={y=0,21}.
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But note that —(2 —7) ¢ o(e) in both cases and hence they will have non-trivial ideals. A
similar argument holds we start when we start with —(2 — ) € o(e), and this shows that
we do not get any simple 3-Com algebras in this case.

For the next case, suppose we have 2y — 1 € o(e), then we must have either of the

following cases:

2yv—1=1 2y —1=7 2v—1=p.

The former two cases can not happen since v # 1, so we must have 2y — 1 = /3, and hence
P,(e) = {1,7,2y — 1}. We will show in this case, that only one spectrum is possible in
which it does not give us a non-simple 3-Com algebra. Note that the numbers 3v — 2,4y —
3,57 —4,67 —5 ¢ o(e), since if they were it would result in v = 1, which is a contradiction.

Therefore, in this case, using proposition 5.2.0.3 we have the following multiplications:

ms(Ce(1), Ce(1), Ce(t)) € Ce(t)
m3(Ce(1), Ce(7), Ce(7)) € Ce(2y — 1)
m3(Ce(1), Ce(7), Ce(2y — 1)) =0
m3(Ce(1), Ce(2y — 1), Ce(2y — 1)) =0
m3(Ce(7), Ce(7), Ce(7)) € Ce(—7)
m3(Ce(7), Ce(7), Ce(2y = 1)) = 0
m3(Ce(7), Ce(2y = 1),Ce(2y = 1)) =0
my(Ce(2y — 1), Ce(2y — 1), Ce(2y — 1)) € Ce(—27 + 1),

If =2y +1,—7 ¢ o(e), then C.(v) ® Ce(2y — 1) would be a non-trivial ideal. Hence, we

must have either —2y — 1 € g(e) or —v € o(e).
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If -2y +1 € o(e) or —y € o(e), we obtain the cases:

Pa(e) = {_177 = 07 1}
Pe) = {57 =51}
Pa(e) = {_377 = _17 1}

Pa(e) = {077 = %7 1}7

where we note which element ~ is equal to for reference. We go through each of the cases and

show that they have to have non-trivial ideals and hence do not give simple 3-Com algebras.

For the case P,(e) = {—1,7 = 0,1}, the subspace C.(—1) & C.(1) is a non-trivial
ideal using the fact that m3(C.(1),C.(1),C.(0) = 0 by definition and using the above

multiplication.

For the case P,(e) = {—3,7 = 3,1}, the subspace C,(—3) ®C.(3) is a non-trivial ideal.

For the case P,(e) = {—3,7 = —1, 1}, the subspace C.(—3) is a non-trivial ideal.

For P,(e) = {0, = 3,1}, the subspace C.(0) is a non-trivial ideal and hence it is not

simple in this case.

This completes the proof.
O

Therefore, we have just shown there exist no examples of 3-dimensional simple 3-Com

algebras with a semisimple primitive idempotent.
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Chapter 6
THE GENERALIZATIONS OF POIS
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6.1 Definitions of the Algebras

Here we will define two different classes of generalizations of Poisson algebras based on the

various generalizations of C'om and Lie we defined in sections 4 and 3.

Definition 6.1.0.1. Let n,m > 2 and d,,d,, € Z. A Poisson (n,m)-algebra of degree
(dp,dy,) is a graded k-module P with a degree d, operation m, : P®" — P and a degree d,,

operation l,, : P®™ — P such that

e (P,my) is a Com n-algebra of degree d,;
e (P,l,,) is a Lie m-algebra of degree d,,;

e and for pi,...,Pprm-1 € P we have
lm(mn(plv s 7pn) Pn+i1,--- 7pn+m—1)

- Z €1mn p17 -y PDi—1, lm(piapn—i—h e apn+m—1)7pi+1a s 7pn>

— dp, (g |ij) + (j:z:l |pj|> (21:; |pr|> .

Definition 6.1.0.2. Let n,m > 2 and d,,d,, € Z. An (n,m)-Poisson algebra of degree

where

(dn,dn) is a graded k-module P with a degree d,, operation m,, : P*" — P and a degree d,,

operation 1, : P®™ — P such that

e (P,m,) is an n-Com algebra of degree d,,;
e (P l,,) is an n-Lie algebra of degree d,,;
e and for pi,...,Ppem-1 € P we have the generalized Leibniz rule

lm(mn(pla cee 7pn) Pn+1y- - - 7pn+m71)

Z Dmu(p1s -« s Diety ln(Pis Prt1s -+« s Prtm—1)s Pit 15 -+« 5 Pn)
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where

Example 6.1.0.1. We have a very interesting example of a (3,2)-Poisson algebra structure
on the space k[GLy(k)], the group algebra over the general linear group GL, (k). By example

4.2.4.2, we have a 3-Com algebra structure with the 3-arity operation
m¥ (A, B,C) = det(AB)C + det(AC)B + det(BC)A

on k[GL,(k)]. On the other hand, we can let [—, —] be the commutator bracket on the space
k[GL,(k)], which is non-zero since the group GL, (k) is non-commutative. These operations

satisfy the generalized Leibniz rule as follows. Let Ay, Ay, As, B € GL, (k) and we have

[mdet(Al, AQ, Ag), B] = det(AlAg)[Ag, B] + det(AlAg)[Az, B] + det(AQAg)[Al, B]

On the other hand, since det([A, B]) = 0 we have
det([Ah B]) A27 A3) + md6t<A17 [A27 B]7 A3) + det(Ala A2a [A?n B]) = det(AQA?))[Al? B]
+ det(A1A3)[A2, B] + det(AlAg)[Ag, B]

which shows k[GL,(k)] with the commutator bracket and m® is a (3,2)-Poisson algebra.

Even more, if we let
[A,B,C] =Tr(A)[B,C]+ Tr(B)[C, Al +Tr(C)[A, B]

then k|G L, (k)] has a 3-Lie algebra structure and this will also be compatible with m® with

the generalized Leibniz rule to make it into a (3,3)-Poisson algebra structure.

In both of the generalizations of Poisson algebras, they both have the common generalized
Leibniz rule and just like for the relation in n-Lie algebras, we can express it in a very
compact manner using permutations useful for defining the corresponding operads. Let
A = (12 -+ n+m—1) and w,,,, = (12 ---n) be permutations in ¥,,,_1. The following

lemma is a similar proof as lemma 3.2.1.1.
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lemma 6.1.0.1. Let P be either a Poisson (n,m)-algebra of degrees (d,,d,,) or a (n,m)-
Poisson algebra of degrees (d,,, dy,) with symmetric n-arity operation m, and skew-symmetric
operation l,,. Then the generalized Leibniz rule in both cases can be expressed as

n—1

I 01 My — Z(mn 0y Ly ) MFom&im = (),

=0

For each n,m > 2, we have the following description for the permutations AT, wy, ..

e For i = 0 we have

\m 1 2 n—1 n n+l -+ n+m-—1

m+1 m+2 --- n+m-—1 1 2 m

e For 1 <i<n—2 we have

. 1 2 oo o n+1—1 n—7 n—i+1 --- n n+1
Am w’L —

n,m>“n,m

m+t1+1 m+i+2 --- n+m-—1 1 m—+1 eeoom -+ 2

e For i =n — 1 we have

ym el 1 2 3 n n+1l n+2 -+ n+m-—1
w =

n,m-’n,m
1 m+1 m+4+2 -~ n+m-—1 2 3 m
To use these relations for the operads, we need to change the permutations slightly so
that the permutations are all even. Since we are dealing with a pair of positive integers

(n,m), there are four cases that we need to deal with.

lemma 6.1.0.2. Let P be as in lemma 6.1.0.1 above. Then the Leibniz relation can be

rewritten as

n—1

I, o1 m, — Z(_1>m(n+i+1)+i<mn o lm)(l 2)m(n+i+1)+i)\mmw;7m =0, (6.1)
=0

where 0y, i i= (1 2)mOHHD+Am i s even permutation for all i.

n,m="n,m
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Proof. We just need to explore when \™ w! is odd or even depending on n and m and

n,m>-n,m

then we just put id = (1 2)(1 2) on (my, 01 ly,) if A7, w?, , using the fact that permuting /,,,
by (1 2) produces a sign.

We will go through the cases for when n, m is even or odd. Depending on the parity of n
and m, this will affect the parity of AT, and w!  which we can determine since these are

n,m?

powers of cyclic permutations.

Case 1 If n and m are odd, then n +m — 1 is odd which implies \,, ,,, and w,, ,,, are both even

permutations. Therefore, N w! s even for 0 <i<n — 1.

nm>nm

Case 2 If n is odd and m is even, then n+m — 1 is even. Therefore, A, ,,, and w;, ,, is odd and
hence A7, is even and wy, ,,, is odd if and only if 7 is odd. Then A}, w; ,, is odd if and

nm>-n,m

only if ¢ is odd.

Case 3 If n is even and m is odd, then n +m — 1 is even. Therefore, A, ., is a odd and w, .,

is even. Since m is odd, then A7, is odd and hence A}, w, , is odd for all i.

n,m=n,m

Case 4 If n and M are both even, then n +m — 1 is odd which implies A, ., is even and wy, .,

is odd. Therefore, X" is even and w}, ,, is odd for all odd i. Then A, w? . is odd if

nm>n,m

and only if 7 is odd.

From these cases, we have the following parity

Sgn()\m wi ): (_1>m(n+i+1)+i

nm>n,m

[]

The (2, n)-Poisson algebras of degree (0,0) are the n-Lie Poisson algebras originally ex-

plored by Nambu in [20] and more generally [28] as in the next definition.

Definition 6.1.0.3. Let n > 2. An n-Lie Poisson algebra is a commutative associative

algebra P equipped with a n-arity bracket {—,...,—} : P®" — P which makes P into a
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n-Lie algebra and satisfies the following generalized Leibniz rule: for g1, 9o, f1,.. ., funo1 € P

we have

{g192, fro s foay ={o fry - fami}ge + {2, i, faa )

Example 6.1.0.2. The n+1-Lie algebra structure on A = k[z1, ..., x,.1] defined in example
3.2.1.1 with the ordinary commutative and associative multiplication gives A a n + 1-Lie
Poisson algebra structure. Even more, if Q € A, called a potential, ten [—, ..., —]q gives A

a n-Lie Poisson algebra structure as well.

6.2 (n,m)-Module Poisson algebras

In this section, we will construct a large class of (n,m)-Poisson algebras which naturally

extend examples in 77 and 3.2.1.2 by introducing trace-like maps.

Definition 6.2.0.1. Let n > 3, m > 2, and let M be an R-module. Suppose M is a m-Lie

algebra over R with bracket [—, ..., —| which is multi-linear over R, i.e. an m-Lie algebra
over R.
e We say a R-linear map f : M — R is trace-like map with respect to [—, ..., —] if

f(z1,...,zm]) =0

forall xq,...,x, € M.

The following definition is a restatement of example 3.2.1.2 and definition 4.2.4.1 using

these trace-like maps.

Definition 6.2.0.2. Let n > 3, m > 2 and let M be an m-Lie algebra over R equipped with
a trace-like map f : M — R with respect to the bracket. We define puf - M®" — M as

phms,ma) = 7 () - J(me) - f(m)m,
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foryi,...,yn € M. Define [_7"'7_]f3M®m+1—>M s

m+1
W Uil = 3 F@W - Tis s Y]
i=1

Proposition 6.2.0.1. If M is a m-Lie algebra over R equipped with a trace-like map f :
M — R with respect to its bracket, then (M,pul [—, ..., —]) is a (n,m)-Poisson algebra.
In particular, if g : M — R is another trace-like map with respect to the bracket, then
(M, u? [—,...,=]y) is a (n,m + 1)-Poisson algebra.

Proof. We know that M is a n-Com algebra structure with u/ by proposition 4.2.4.1, so we
just need to show p/ and [—, ..., —] satisfy the generalized Leibniz rule. Let zy,..., %, Y1, .., Ym €

M and we have

sz(:z:l,...,[xi,yl,...,ym], cey T)
i=1

n

SN F ) Sy l) - F@) o ),
i=1 j#i
£ Flan) e @) i) - f@) oy )
i=1
= Z flan) - fleima) f(@iza) - f(@n)[@i y1, - - Yl
i=1
= [l (21, Tn), Y, - Yl
where we used the fact f([z;,v1,...,Um]) = 0. This shows (M, ul, [—,...,=]) is a (n,m)-
Poisson algebra.
If g : M — R is another trace-like map, then we can define [—,..., -], and since
f(—,-..,]) =0, then f([—,...,—],) = 0 so that from the same argument above we have
(M, uf,[—,...,—],) is a (n,m + 1)-Poisson algebra. O

The last theorem expresses how easy it is to find a (n, m)-Poisson structure on a m-Lie
algebra given that you have some module map to a commutative k-algebra that is trivial for

any bracket.
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Example 6.2.0.1. Let M = M,(R) over some commutative k-algebra R, and we have
the natural trace map Tr : M,(R) — R, which is R-linear. Furthermore, if we let [—, —]
be the commutator bracket in M, (R), then Tr([A,B]) = 0 and hence we have a (n,2)-
Poisson structure on M, (R) using ul" and the commutator bracket. Even more, we can

define [—, —, —|rr and have a (n,3)-Poisson structure as well.

Example 6.2.0.2. Let m > 3 and let L be a metric m-Lie algebra with metric B : LQL — k.
By example 3.2.1.4, if we pick a potential Q) € L then we have a metric (m — 1)-Lie algebra
L [—,...,—]a and we can define the trace-like map Bq : L — k with Bo(z) = B(x,Q2). By
propostion 6.2.0.1 we have a (n,m — 1)-Poisson structure on L with the bracket [—, ... —|q

and the n-Com algebra structure
pho (@1, .. xn) =Y Ba(n1) -+ Bo(a;) - - Ba(w,);.
i=1

Furthermore, we have the (n,m)-Poisson structure with (L, 22 [— ... —]5,).
6.3 (m,n)-Potential Algebras

For this section we will construct a vast collection of (m, n)-Poisson algebras that are induced
by the n-Lie Poisson algebras P, (§2) by a certain subset of polynomials that satisfy a system
of equations of partial derivatives and Jacobians with respect to 2.

Let n > 2 and let P be any n-Lie Poisson algebra. We will first go through a general
construction on P and give some conditions that are needed to make it into a (m, n)-Poisson
algebra. Pick a finite subset I" of P such that |[T'| > n — 1 and for any m > 3. which we call

a P-Com set, we can define the m-arity product uf* : P¥™ — P with

PR dn) = D> A s ) (6.2)

Y1y V1€
By example 4.2.1.2, this gives P a m-Com algebra structure, but in general, it will not satisfy
the generalized Leibniz rule.

How can we ensure that the operations {—, ..., —} and pj" satisfy the generalized Leibniz
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rule? Lets suppose we have fi,..., fm, 91, .-, 9,—1 € P™(I') and going through the equations

we obtain

{H?<f17"'7fm)7gl7"'7gn71}: Z {{fl"'fm;fyl’-"77“*1}7‘917"'79”*1}

717"'7’Yn—1€F

= Z {{fl"'fm7glv‘"7971—1}7717"'7771—1}

Y15y Yn—1€EL

n—1
+ Z Z{fl"'fm7717"'77i*17{7i7917"'7gn*1}7’y’i+17"-77n71}

Y1yeesYn—1€L =1

= Y D AAfiadlign g i fa s T}

Y1y Yn—1€0 j=1

n—1
+ Z Z{fl"'fm771w--7%‘—17{%‘7917'--7gn—1}7%+17---77n—1}

Y15 Yn—1€L i=1

= Z ZM?(fh---, i1 {5 g1 G by ins s fin)

’Yl,n-y’Yn—lEF .7:1

n—1
+ Z Z{fl'”fm7,717"'77@’—1’{’%’91""7gn—1}a7i+17"'77n—1}'

Vs n—1 €T i=1

So for u* and {—, ..., —} to satisfy the generalized Leibniz rule, we must have the last sum
to be zero. In other words, for each v1,..., 7,1 € I', we define S,, ., : (P®" — P as
S’yh...,'yn_l(gb v 7gn) = Z{gla Y1, - -5 Vi1, {7@7 g2, .. 7gn}> Yi+1s - - 77n71}7 (63)
i=1

then we say P is I'-compatible if S,, .. , =0 for all y,...,7,-1 € I'. With this definition

and the calculations above, we have the following consequence.
lemma 6.3.0.1. If P is I'-compatible, then (P,{—,..., =}, uf) is a (m,n)-Poisson algebra.

In particular, we can let Jp(P) be the n-Lie Poisson ideal of P generated by S, . 1. _1}(g1,...9n)
for all ¢1,...,g, € P. We can define P(I") = P/Jr(P), which is I'-compatible by definition,
which gives the space (P(T"),{—,...,—}, uf") a (m,n)-Poisson algebra structure.

Now that we have our (m,n)-Poisson algebras, which are quotients of n-Lie Poisson al-

gebras P through the relations S, .., for all v,...,7 € I', we need to find a way to
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easily describe these relations. Note that S, ., , is generally not a derivation in each of
its arguments, except for the first argument as this is always a derivation. This would make
it hard to find the relations coming from the n-Lie Poisson ideal, so we need to find some
conditions on P so that S,, . ., , is a derivation in all of its arguments. This would make
it possible to describe the ideal Jr(P) based on the generators on P. The next condition

comes from determining when S, is a derivation.

cYn—1

Definition 6.3.0.1. Let P be a n-Lie Poisson algebra and I' a P-Com set. We say P is I’

semi-strong if for every f,g,hy,....,hn_1 € P and v1,...,v-1 € ' we have

i
L

T’yh...,’Yn—l(fvgv h17 ey hn—l) = (_1)Z{713 s 7,/7\1'7 <oy Yn—1, f)g}{’%) hla sy hn—l} = 0.

=1

The condition to be I' semi-strong is just enough to be able to make S,, . , into a
derivation in each of its arguments as follows.
lemma 6.3.0.2. Let P be a I semi-strong n-Lie Poisson algebra, then for every yi,...,Yn-1 €
I' the map S, .. ~._, is a derivation in each of its arguments.
Proof. Let vq,...,v, € P. It is obvious that Sp,, -, ,(v1,...,v,) is a derivation at v; since

{—,...,—} is a derivation in each of its inputs. For the v,,..., v, components and g; € P,
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we have
n—1

SPrtrma (V1,300 e Uny Y1y e e ey Y1) = g {vr, v, e, Vi V2, UG Ut Vit e Yt )
i=1

n—1

= Z{Uh%’ Y- V2, G U Vit - Yt )
i=1
n—1

+ Z{U17717 ey Vi1, {71’5”27 ceey Ujyen 7Un}gj7fyi+17 s 777171}
=1
n—1

= Zvj{/vlvala <oy Yi-1, {72’7@27 ey Gy avn}77i+17 s 7’.)/71—1}
=1
n—1

+ Z{U%’yla s 7,711—17Uj7,7i+17 CI a’yn—l}{’YiaUQ) ce 7gja cee 7Un}
=1

n—1
+ Z{Ula Y1y Vi1, {/ylv V2, ... 7?)71}7’7i+17 s a’)/n—l}gj
=1

n—1
+§ {’71'71)27"'7’071}{7}17717”" i—15 97 Vit1s -+ n—l}
=1
= UjSP,'Ylw~:’Yn—1<v17 V2y-- 5855 7vn> + SP,'yh...,'yn_1<U1, Vg, ... ,Un)gj

n—1
+ Z{U27’717 cees Vi1, Vg Yk - - - 77”—1}{77271)27 s Ggs - 7UTL}
i=1

n—1
+ Z{f}/’hv% cee 7UTL}{,U17717 e 7/775717gj77i+17 v 7fyn*1}'
=1

The last two sums in the last equation are zero by the fact that P is a I" semi-strong n-Lie
Poisson algebra, and the remaining terms shows that S,, . , is a derivation in v; spot.

This proves the lemma. O

To find examples of I' semi-strong n-Lie Poisson algebras P, we can take quotients of a

particular class of strong n-Lie Poisson algebras by a very specific n-Lie Poisson ideal. By
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[4] that a strong n-Lie Poisson algebra is a n-Lie Poisson algebra P such that

n

Z(—l)i{vl, ey Oy ey U H{u ug, w1} =0 (6.4)

i=1

for all vy,..., 0541, u1,...,u,_1 € P, and we call this the strong condition. The strong
condition is used to establish sufficient conditions for when the symmetric algebra S(L) of
a n-Lie algebra L is a n-Lie Poisson algebra, for more information see [4]. In particular, the

n-Lie Poisson algebra P,(f) is a strong n-Lie Poisson algebra.

lemma 6.3.0.3 ([4]). For any Q € P,, the n-Lie Poisson algebra P,(Q2) is a strong n-Lie

Poisson algebra.

Proof. Let Y : (P,(Q))®*" — P,(2) be the linear map

n

Y(Ula <o Ung1, Uty - - aunfl) = Z(_l)i{vh ce 71/)\1'7 s 7Un+1}{vi>u17 s 7un71}-

i=1
Since Y is skew-symmetric in the variables uq,...,u,_1 and a derivation in each of its argu-
ments, then it suffices to look vy, ..., v,41,u1, ..., u,_1 are the generators xy,...,x,11. In
particular, we have
Y(21,. . Tng1, 23,0, Tpgr) = —{T2, -+, Tnp1 [H{T1, T3, -+, Ty )
+{x1, w3, T H{e, T3, T )
=—1+1=0.
This proves P,(f2) is strong. O

Suppose P is a strong n-Lie Poisson algebra and I' is a P-Com set. We can define the

functions

F’yl,..‘,"/n—l(f7g7h17 .. '7hn71) = {’717 cee 77n717f}{97 hh .. '7hn71} - {’717 cee 7’7717179}{][7 h17 e

for every v1,...,7-1 € ' and f,g,h1,...,h,—1 € P. With this, define Zp(P) be the n-Lie

Poisson ideal generated by the image of F, . , forall v,...,7,-1 € I'. Since P is strong,

) hnfl}
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we have

by definition, so that P(I') = P/Zp(P) is I' semi-strong.
Now that we have our conditions which make S, ., , into a derivation, we can finally

find some explicit examples with some description for the ideals.

Definition 6.3.0.2. Let n,m > 3, Q € P,, and I" is a P,-Com set. Define P,(I',Q) =
P,()/Z(P,(2)), which is a I' semi-strong n-Lie Poisson algebra. Furthermore, define
Pon(,Q) = P,(I',Q)/Jr(P.(I',2)) with the n-Lie Poisson algebra structure {—,...,—}q
and the m-Com algebra structure pi. We call Py, (I, Q) the (m,n)-Potential algebra with

respect to I' and Q0 and this is a (m,n)-Poisson algebra by lemma 6.3.0.1.

With all of the nice properties we have defined above, we are able to describe the ideals
Jr(P.(2)) in P,(2) and Zp(P,(I',2)) in P,(I',2), which are generated by certain systems
of partial differential equations. For simplicity, if xq,...,2,.1 are n + 1 variables, define
Jac;(f1,..., fn) to be the determinant of the Jacobian matrix of fi,..., f, with respect to
the variables 1, ..., 21, Ti41, . . ., Tny1. Furthermore, denote by { f, g}, the 2-arity bracket
with

Gon _ Of 09 0f oy
e = Oz, 0x, Oz, 0z,

for 1 <p,qg<n+1.
Theorem 6.3.0.4. Let m,n > 3, I' is a P,-Com set and Q) € P,.

o The ideal Ir(P,(2) is generated by

ox2 oY)
J&Ci(’}/l, s 7771—179)81.' - Jacj(’ylv ey Yn—1, Q)%

J

foralll1 <i,5 <n+1 and by

o0}

JCLCq(’}/l, ey Yn—1, 9)87
p

for q # p and for all v1,...,y_1 €.
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o The ideal Jr(P,(T',)) is generated by

Z Jacj(Vh - Yi-1, [727 Q]p,tp Vil -5 Yn—1, Q)
i=1

foralll1 <jgp,g<n+1andy,...,ym1 €.

e The space (P,(2),{—,...,—}a, ui) is a (m,n)-Poisson algebra if
0 00
8_%!]@02‘(/71’ cey n—1; Q) = J(lCi(’}/h cee nynfla_i)
o0

=0

J(ICZ'(’M, N Q) ax

foralll1<i<n+1and~vy ..., €1T.

Proof. To find the description for the ideal Zr(P,(2)), note that F,, . , foryy,...,y—1 €

I' is a derivation in each of its arguments and it is skew-symmetric in the last n—1 arguments.

It suffices to look at the generators x1,...,z,_1 and we have
Fommi@ay iy, ooy, ) ={m, oo Y1, Tafod e, Tigs -, Ty Fo
- {’yla <o In—1, xb}ﬂ{maa Ligy - 7xin—l}ﬂ'
such that iy < -+ < ip,_q. If a,b € {i1,...,in_1}, then this sum is just zero. If exactly
one of the a or b is in {iy,..., 2,1}, say a and j is the unique element in {1,...,n +

1Hb,zi,...,in_1}, then we have

F’Yla“-»'}/nfl(‘ra? Tpy Lijqy - 7:6@'”71) = {717 <oy Yn—1, La, Q}{xba LiyyeryLip_qs Q}

oS}
= <_1)n71+aJaCa(7b <oy Yn—1, Q)<_1)b

In other words, we have

o

Jaci(Wl? v 7’7n—179)%
J

is a generator of Zr(P,(2)) for i # j.

Next, suppose a,b € {1,...,n+ 1} \ {i1,... 91} and F,, . (Ta, Tp, Tiyy ..., 24, ) 1S
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of the form

0N} 01}
—1)" M Jac, (1, -y Vo1, — (=1)nttbtag e Y1, Q)
( ) ac (717 y Yn—1, )axa ( ) acb(Vb y Yn—1, )al'b
Therefore, we also have the elements
o) o0
Jaca (v, Vo1, Q)a—xZ —Jac; (1, -y Yoot, Q)ﬁ_x]

are generators for all 1 <4¢,7 <n+ 1.

For the ideal Jr(P,(T,()), the space P,(I',Q) is I' semi-strong and hence the maps
Syt,m_1 18 a derivation in each of its arguments and skew-symmetric in the last n — 1
inputs. For iy < -+ <i,_1, 1 <j<mn+1, and p,q are the unique integers in {1,...,n +
13\ {é1,...,in_1} we have

n
S’yl,...,’yn_l(mjyajip-"7xin_1) = E {ajjavla"'/}/i—lv{’yiaxip"'7$in_1}§277i+1a"'7771—1}9
=1

n
= E {xja’YIa ey Vi1, {’yivxiu s 7xin71}7’7’i+17 s a7n—1}Q
i=1

n

= Z(_:l)n_l{xja Y155 Yi—1, [/717 Q]p,q7 Yitls o5 Yn—1, Q}

=1
n

= Z(_l)niprj‘]acj(/ylu ey Yie1, [727 Q]p,qv Yi+1s -5 Yn—1, Q)

i=1

Therefore, Jr(P,(I',2)) is generated by the elements

Z Jac;(v1y - -5 Yie1s [is Qpigs Vit - -+ Y1, Q)
=1

forall 1 < j,p,g<n+1.
The last statement is a consequence of the fact that if the corresponding equations are

zero, then the corresponding ideals are trivial, and hence we get the result. O

Now that we have our description with respect to some partial differential equations, let’s

find some explicit examples.
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Example 6.3.0.1. Let n = 2 and P, = klz,y, 2|, and pick v,Q) € P,. Then by theorem
6.5.0.4 the ideal Z,(P5(2)) is generated by

o0 o0 o0 o0

Q)— — Q)— Q)— — Q)—
Jacx</y7 ) ax Jacy(,y7 ) ay ) ‘]aCCC (’}/7 ) ax JaCZ(,Y7 ) az 9
o0 o0

Jacg (7, Q)a_y’ Jacg (7, Q)g,
of2 o0

Jacy (7, Q)%, Jacy (7, Q)E,
o0 o0

J(ZCZ<’Y, Q)%? JCLCZ<’}/, Q)a_y

For the ideal J,(P»(I',Q2), we have the generators

Jacx([%Q]Z,wQ) Jacx([%ﬂ]z,mQ) Jacm(['y, Q]y,z’ Q)
Jacy([% Q]m,ya Q) Jacy([% sz, ) Jacy([% Q]y,zv Q)
Jac,([v, Qzy, Q) Jac, ([, )z, Q) Jac, ([, Qy.z, ).

Note that there might be some redundancies and they will not be the minimal generators for
the ideals. Next, we will pick appropriate v and Q and find the corresponding (m,2)-Poisson

algebras.

o Lety=2x+y+ 2z and Q) =zyz and by direct calculation, we have

o) o)
Jacy (7, Q)% — Jacy(v, Q)a—y = (vy — 22)yz — (vy — y2)vz = oY’z — %Yz
Q Q
Jac, (7, Q)g_x — Jacy(v, Q)g—y = zy?z — 2?yz + ay® — 2y’
Q
Jac, (7, Q)g— = (vy — x2)v2 = 2%2(y — 2)
Y

o0
Jacy(7,9) 5= = (wy —wz)ry = *y(y — z)

and similarly by symmetry and reducing the redundancies, the ideal Z.(P»(€2)) is gen-
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erated by
ryz(x —y) ryz(z — 2) $2y(y —2), 1'92(95 — 2)
2 2(y — 2) v z(r — 2)
v2%(x —y) yz*(z —y).

In Py(Q)/Zr(P(R2)) we have

Jacy ([v, Quy, Q) = Jac,(v2 — yz,2y2) = —vyz — xz(x —y) = %2
Jacm<[77 Q]$,27 Q) = JCLC;,;(:Cy — yZ,xyZ) = Q;y(x — Z) + xyz — ny

Jacy([v, Qy.2, Q) = Jac,(vy — xz,2y2) = 2’y + 2y

and by symmetry and reducing the equations the ideal J.,(Ps(7y,)) is generated by

%z 2y Y Y2z r2? Y22,

In conclusion, we obtain the (m,2)-Poisson algebra

Poua(,9) = e,y 7]

with the m-Com multiplication

i) = g Fudaly = 2) = S (e e = )+ 5 (e f)o(o =)

This is just a finite-dimensional vector space with basis 1, z,y, z, 2%, y%, 2%, vy, 12, yz, vy2

and with operations

{377y}ﬂ =y {96'7 Z}Q =Xz {% Z}Q =Yz

P (e, ) =a(y—2) ' (y, 1. ) = —y(e —2) pli(z,1,...,))=z2(z—y)

with w3 on the other basis elements is zero.
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4

o Lety=a*—y* and Q = 2* — z* and by direction calculation we have

Q) Q) Q Q)
Jac, (v, Q)a— — Jacy (v, Q)a— = 43239523, Jac, (7, Q)a— — Jac, (v, Q>88_z =2 432323,

ox dy ox
o0 o0
Q Q)= = —43y32°
Jac, (v, )8y 0, Jaca(7,9) 5 Yy
Q Q
Jacy (v, Q)g— = 432523 Jacy (v, Q)g = 437320
x z
o0 o0
Q = 43257, Q = 0.
Jac, (7, )(% "y Jac, (7, )8y 0

In other words, the ideal I,(Py(2)) is generated by x3y?z3 2023 4325 228 2543, For

the ideal J.,(Ps(v,?)), computing the relations we obtain

Jacy ([, Qay, ) = =3 43933y223 Jac,([y, Uzzr Q) =

Jaco([7, Qy,z, Q) = =3 - 4%y Jacy([v, Uzy, Q) = =3 - 422%y%2°

Jacy ([, ez, Q) = 3 - 4%222° + 3 - 4%2° Jacy([v,Q)y., Q) = 4323y3 22

Jac.([7, Uy, Q) = =3 - £2%° Jac:([7, Qa,, Q) =

Jac.([, 9y, Q) =
This shows that the ideal J,(P2(,)) is generated by

x2y323, x3y223, x3y322, x6y2, 1220 4 2522
and hence
P, Q) klx,y.z]

(221323, 13223, 13322, ay2, 2226 + 1622)
with the m-Com multiplication

B ) = s B2 4 5 (e a3 4 (e F)a

In other words, P, 2(7y, Q) is the infinite-dimensional vector space with the operations

{35, y}Q = _423 {QSZ’}Q =0 {y’ z}Q = 4$3



135

and

o (z,1,...,1) =y32* ,u;”(y,l,...,l):ﬁzg u:"”(z,l,...,l):x3y3

and it is not too hard to compute the others.
6.4 The Corresponding Operads

In all of these generalizations, they have one particular relation that they all have in common:
the generalized Leibniz relation that relates the symmetric operation and the skew-symmetric
operation. Recall from section 2.1.3, that we have the free operad ', 4,,),(m.d,,) for n,m > 2
and d,,, d,, € Z, which has
P Ena.(m)®Hug,(0){ar,..can1}® @ Hua,(n) @ By, {br, - bos}
a1<<an—1 b1 < <bn_1
in the space F' P, 4,),(m,d)(n +m — 1). This is where we have the relationship between the

operations i, 4, and v, 4,, in terms of the generalized Leibniz rule. In terms of the rewriting

m

rule, let 7, ,, be the rewriting rule defined as taking

n—

1
’Yn,m(Vdm/“L?z—f—l,...,n—i—m—l}) — Z(_1)m(n+z+1)+z(MdnViﬁ_lw’n_i_m_l})an,m,i' (65)
=0

and all appropriate permutations. Thus we have G Leib,, ,,, to be the X, ., i-submodule of
F P ) (mdm) (0 +m — 1) generated by v ufn o v = Ym0 (i, 5,_1y). Then we

can define the ¥-submodule RP, ,, of FP((Z) ). (i)

with
RP,,(2n —1) = S, 4 ® GLeib,, & R, jotherwise (6.6)

if n =m and

RPn,m(Zn - 1) == Sn,d
RP,m(2m —1) = R?n,d

RP, ,,(n +m — 1) = GLeib,,,

when n # m.
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Definition 6.4.0.1. Forn,m > 2 we define (n, m)—Pois, a,,) = FPu.d.),(mdm)/ (RPnm) =

(n-Comg,) N\ (m — Lieg,,).
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Chapter 7
ODD OPERADS
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7.1 Generalized Odd Graphs

In this section, we will review the construction and properties of the generalized Kneser

graphs which will be useful for constructing our operads based on these graphs.

Definition 7.1.0.1. Forn > 2, let A(n) be the collection of ordered sequences (aq,. .., Gp_1)
of elements ay, ... ,a,—1 € {1,...,2n—1}. For eachn >2 and 1 < s <n—1, define O, to

be the graph with vertices A(n) and an edge between o and T in A(n) if and only if |oNT| < s.

In the literature, O, s = K(2n — 1,n — 1, s) where K(n,r,s) is the generalized Kneser
graphs. Furthermore, when s = 1 the graphs O,, are called the Odd graphs and are a subset
of the collection of Kneser graphs whose spectrum is known in general.

Furthermore, there is a natural action X, ;1 on the set of vertices A(n) by just applying

0 € Yo,1 on the elements in the tuple and then reordering the tuple.

Example 7.1.0.1. o forn =2 and s = 1, the graph Oy1 = Oy is just the triangle in
figure 7.1 with the vertices {1}, {2}, {3} with an edge between each of them.

Figure 7.1: The graph O,

o f'orn =3 and s =1, O3 = Oz is the Peterson graph in figure 7.2, with vertices
(1,2),(1,3),(1,4),(1,5),(2,3),(2,4),(2,5),(3,4),(3,5), (4,5).

e Forn =3 and s = 2, we obtain the graph the Ky, the complete graph on 10 vertices

as in figure 7.3.
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Figure 7.2: The Peterson Graph

Figure 7.3: Graph Kj

e In general, if n > 2 and s = n — 1 then the graph O, ,_1 is the complete graph K,,
2n — 1
where m = |[A(n)| =

n—1

For n > 2 and 1 < s < n — 1, the adjacency matrix B(O,, ;) associated with O, , is
defined as

1 iflrnw|l<s
B(Op5)rw = (7.1)

0 otherwise

for any w, 7 € A(n) with respect to the ordered basis on kA(n) with respect to the lexico-
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graphical ordering. The associated linear map 7), s : kA(n) — kA(n) is defined as

To.w)= Y (7.2)

TEA(n)
|[TNw|<s

. Furthermore, the maps T,, s are invariant under the ¥, actions and hence the Ker(7,, s —

Al) and Im(T;, s — AI) are all left k[og,—1]-modules for every eigenvalue A of T, .

7.1.1  Spectrum of O,
Recall that if we have a graph GG with eigenvalues A\, > --- > A1, then its spectrum is

Spec(G) = Ao A (7.3)

mn PR ml

where m; is the multiplicity of A;. For this section, we will give a self-contained proof of the
spectrum of O, for all n > 2 and show that the multiplicities of the eigenvalues (—1)"*! are
the Catalan numbers C,,.

We can compute the spectrum of O, and Oj fairly easily using basic linear algebra tools.

Example 7.1.1.1. o [For Oy, its adjacency matriz is

011
1 01
110

which it 1s easy to show that its spectrum is

2 -1
1 2

Spec(Oq) =

o [or Oz, this is the Peterson graph, and it is known in the literature to have spectrum

31 =2
1 5 4

Spec(O3) =
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2n —1
o forn > 2 ands =n—1, the graph O,, 1 1s the complete graph K,, for m =
n—1
and hence its spectrum s
m—1 -1
(7.4)
1 m—1

Furthermore, the eigenspace Ker(T,, ,—1 + I) has a basis consisting of o — 1 for o < 7.

Before we compute the spectrum of O, for n > 2, we need to state a few results about
a particular proper Riordan array that is associated with the spectrum of O,,. A Riordan
array is a pair (d(t), h(t)) of formal power series such that d(0) # 0 and h(0) # 0, as defined

in [19]. This defines a infinite, lower triangular array {d,, s} rew such that
1, = [t"]d(t) (th(t))"

where [t"] is saying to extract the coefficient in front of ¢". In other words, d(t)(th(t))* is
the generating function for the kth column of this array.

Next, we will define a proper Riordan array that was first introduced by B. Shapiro in
23] in the study of a walk problem on the non-negative quadrant on the integral square

lattice in two-dimensional Euclidean space, which they called the Catalan triangle.
Definition 7.1.1.1. Let £ = {&, k }nren be the lower triangular array with
Enk =En1hm1 + 2801k + En1 k11
for all n,k > 0 and define
Eop=1
Eni =0 forn<k.

One can use the explicit characterizations in [19] to show that £ is a proper Riordan

array with

d(t) = h(t) = C(t)t_ L i Choat
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where C(t) is the generating function for the Catalan numbers as in section 1.2.0.1. Fur-

thermore, it is known that o = w1 for all n > 1 by theorem 1.2.0.3, where o s

the k-fold convolution of the Catalan numbers. Therefore, the generating function for the

(1)-fold Catalan numbers is

In other words, we have &, = ngl). Furthermore, the generating function di(t) for the kth

column of {&, x} is

fi(t) = d(t)(th(1))*
= M (d()*!

where dy(t) = d(t). The first few lines of the lower triangular array &, are

1
2 1
) 4 1

14 14 6 1

42 48 27 8 1

132 165 110 44 10 1
429 572 429 208 65 12 1

As one may notice, the columns are exactly counted by the k-fold convolutions O where

k is odd, which we will now prove.
lemma 7.1.1.1. For anyn >0 and 0 < k <n, we have

k
Enp = CPHHD.
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Proof. Tt suffices to describe the generating function d(t)**! and show it is the generating
function for the (2k + 1)-fold convolution of the Catalan numbers. By the Cartan multipli-

cation, we have

n k+1 _ (1) 1
(@)t = Y ool

T1+ - Tpp1=n

and since each C;E,l.) =5 Cyi Cyé for each 4, then this implies

yitys=i
1 1
ool = > CyiCyy -+ Cppnr Cn
Il+"'xk+1:" yi—‘,—y%:xz : 1§2Sk2+1
T1++Tpp1=n
= ) CppCyy - O Gy

k+1 k+1
yitys Yy g =

— O2k+1)

Therefore, we have

and this proves d(t) is the generating function for the (2k+1)-fold convolution of the Catalan

numbers shifted and hence proves the lemma. O]

By theorem 1.2.0.3, it is known that the (k)-fold convolution of the Catalan numbers is

given by the formula

*) kE+1 2n+k
" n+k+1

Therefore, if n > 0 and k£ < n, then we have

2k+2 [2n+1

I
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On the other hand, if we let ji,,;, = (n+k,n—k—1) be a partition of 2n—1for 0 < k <n-—1,
then by the hook length formula we have
prni — (2n —1)!
[T G+ k+2)(2k + D)i(n — k — 1)!

B (2n — 1)!(2k + 2)

S (n+k+D(n—k—1)

. 2k+2 2n —1

k41, g

Therefore, we have

fhntik = —Qk +2 2n+1 =Cnk

n+k-+2 n—k
from above, which shows &, is counting the number of standard Young tableaux of shape

Hnd-1,k-

Using the proper Riordan array £, we can find the spectrum for O,, for all n > 2 by using
a useful property about the sequence of adjacency matrices {B(O,,)},>2 in which we can
use induction to compute the characteristic polynomials. The proof of the following lemma
is postponed to section 7.2, where we will develop the required tools and lemmas needed to

prove the following lemma.
lemma 7.1.1.2. For any n > 2, O,, has eigenvalues \}, ..., N\ where

A= (—1)"*,

(2
If my,; are the multiplicities for A}, then
Mypi; = Cn—1,-1-

We have a natural left k[, 1]-module isomorphism ¢, : M™"=Y — kA(n) by defining
on({T}) = (ay,...,a, 1), where a; < --- < a,_; is the bottom row of 7. We know M (71

decomposes into a direct sum of S#ni for 0 <7 < n — 1 by 1.3.3.2 which implies

n—1
dimkA(n) = Z fHme
i=0
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On the other hand, we have the eigenvalues for T,,; with each E!' = ker(T,,; — AI'l) has
dimension &, ;-1 = f#mi-1. This shows that kA(n) = @;_, EI" has the decomposition into
its eigenspaces. Furthermore, let 0 = (ay,...,a,_1) and DS(0) is the set of w € A(n) such
that cNw = 0. If g € ¥y, 1 and w € DS(0), then w9 is in DS(07) by the fact that they
permute the same numbers and they will be disjoint to each other under the action. This

shows that

Toa(o®)= > 0= ) w=Tyn(o)

thetacDS(c9) weDS(o)

and hence T),; is Xg,_i-invariant. Therefore, we have EI' are each Xg,_;-modules which

decompose the space kA(n).

lemma 7.1.1.3. The space E! are irreducible and are isomorphic to S*m=' through the

isomorphism @, : M™"=1) — kA(n).

Proof. Through the isomorphism ¢, : M"Y — kA(n) for each 1 < i,j < n this isomor-
phism induces ¥, j-equivariant maps @/ : SHmi-1 — E? for 1 <4,j < n such that they
are an isomorphism for only one of the j’s through the decomposition and isomorphism. By
comparing the dimensions; we must have %" is an isomorphism, and the rest are zero. This

shows the proof. n

The last lemma shows that through the isomorphism ¢, we have ET is a X9, _1-cyclic

module with generator » sgn(g)(n+1,...,2n — 1)9. These are exactly the relations in

geClhp

the n-Com operad as we will show later.
7.2 Proof of lemma 7.1.1.2

In this subsection, we will lay out the groundwork of definitions and technical lemmas that
are used to prove lemma 7.1.1.2. First, we define balanced matrix sequences, which consist
of a sequence of matrices with certain properties that make it possible to give a description

of the characteristic polynomial in a recursive manner. Next, we will use the properties of
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A(n) to show that the sequence of matrices { B(O,,)},>1 is a balanced matrix sequence and

hence prove lemma 7.1.1.2.

7.2.1 Balanced Matrixz Sequences

Definition 7.2.1.1. A balanced matriz sequence is a triple {(B(n),C(n), D(n))}n,>1 of ma-

trices with

B(n) = 0 C(n)
cn)t J

Cn) = 0 D(n)
Bn—-1) J

with with

D(n)'D(n)+1I=JB(n—1)*J

, where J 1is the anti-diagonal square identity matriz. We will denote such sequences as

(B,C, D).

For any such sequence, define a sequence of tuples (N, M,,) where C(n) is a N,, X M,
matrix and all the other sizes of the matrices are derived from these two indices. For any

square matrix A, denote by Pa(x) = det(A — xI) the characteristic polynomial of A.

Theorem 7.2.1.1. If (B,C, D) is a balanced matriz sequence, then we have the following

relationship between the characteristic polynomials:
Ppy () = = (=1)" 1=t Py, 1) (—2)? Ppguo1) (2 — 1) Ppgu-1) (2 + 1)

Proof. This proof just uses some standard theorems from linear algebra. First, note by
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standard multiplication of block matrices we have

Bn—-1?  B(n-1)J )

C(n)"C(n) =
e (JB(nl) D(n)'D(n) + I

B(n—1)> B(n—1)J
JB(n—1) JB(n—1)3J

By definition of characteristic polynomial

PB(n)(/\) = det(B(n) — /\])

A C(n)
= det
Cn)t J— NI
1
= det(—=\)det(J — N\ + XC(n)TC(n))
= (=) AN Mrget(NJ — N1 + C(n) O (n)),
where we used Schur’s complement for the second determinant. Row-reducing the matrix

A — AT + C(n)T'C(n), we obtain the matrix
0 —f(A\,B(n—1))J
JB(n—1)+ A\ JB(n—1)2J — \2J
where
f(z,b) = 2° — 2*b — z(1 +b*) — b+ b°
Note that f(x,b) can be decomposed as
flx,b)=b—2xz—-1)(0b—ax+1)(b+x)

so that our matrix becomes
0 —(Bn-1)—A+1D)H(Bn—1)—A=1H(Bn—1)+AI)J
JB(n—1)+ \J JB(n —1)2] — 2] '

Computing the determinate of this gets us our result. O
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7.2.2  Properties of the vertices in O,

Recall the definition of A(n) from section 7.3, which give us the basis elements that construct
our adjacency matrix B(O,,). For each 1 <7 < n+ 1, define A;(n) to be the subset of A(n)
consisting of elements starting with ¢ and A;(n) to be the set H?;lﬂ A;(n). Then for each
1 <i < n, define A;,;1(n) to be the subset of A;(n) consisting of ordered lists containing
both ¢ and ¢ + 1, and A; ;41 + to be the complement of A;;+1(n) in A;(n).

Define the usual set operations on the elements of A(n) by using the associated set to each
sequence. Furthermore, we can put a natural lexicographic ordering on A(n), which gives
us a way to define a distance function between any two elements. For o,7 € A(n), define
d(o,T) to be equal to one plus the number of elements between them with the ordering and
0 if they are the same element.

One particular case that will be useful for us is the following. Let w = (aq,...,a,-1) €
A(n) which is not (n+1,...,2n—1), and suppose 7 € A(n) such that w < 7 and d(w,7) = 1.

In w, there is a maximal 7 with 1 <7 <n — 1 such that
w=(ay,...,an+1+i,n+2+14,...,2n—1)

with a; < n+1¢. Then 7 can be explicitly described as
T=1(ay,...,a;_1,a; +1,a; +2,...,a; +n —1).

For our purposes, we want to preserve the ordering and the distance at the same time.

Define the signed distance function dg with

dio,7) ifo<rT
dS(Oa T) = :
—d(o,7) ifr <o

It is an easy consequence of this definition that we have the following identity for any

o, T,w € A(n):

ds(U,T) —Fds(T,W) = ds(O’,w).
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Next, we have a few technical lemmas that describe the relationship between the subsets

and some properties of the signed distance function.

lemma 7.2.2.1. We have the following properties for A(n).
(a) We have the following cardinalities:

A= (7)) gl = (1)

2n —2 —1
[Aiiri(n)] = ( n—3 ) [Aii1+(n)]

2n—1—1
n—1

(b) We have [As(n)] = [Ass(n)] = L A1 ()],

[

VR
s

S
N

B
.
N———

[Ais(n)]

(c) For each o € A(n), the set of elements disjoint from o has cardinality n.
(d) For each o € Ay(n), there is a unique T'y(0) € Aoy (n) such that To(o) No = 0.
(e) For any o € Aia(n), there is a unique I'12(0) € Aoy (n) such that T'ia(o) No = 0.

Proof. Part (a) and (c) uses standard counting arguments and part (b) uses binomial coef-
ficient identities.
Part (d) and part (e) are similar proofs, so we will just prove part (d). For any o € Ay(n),

it is of the form
o= (2,a2,...,a,_1)

with ag,...,a, 1 € {3,...,2n—1}. The set {3,...,2n — 1} \ {az,...,a, 1} has cardinality
2n —3 —n+ 2 =n — 1. Hence, there is only one other element that is disjoint with o, i.e.

FQ(O‘). [l
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Note that the functions T's and T'y5 are their own inverses, since if we have T'y(0) No = (),
then T'sI'y(0) N Ty(0) = B, then by uniquness we must have I'sI'3(0) = o, and a similar
argument for I'ys.

Next, we will see how the new functions I'y and I'15 interact with the signed distance

function in the following lemma.

lemma 7.2.2.2. We have the following properties.
(a) Suppose w, T € Nay(n) such that w < 7, then T'y(7) < T'y(w).
(b) If w, T € Ay(n) such that ds(T,w) =1, then ds(I's(w),T'2(7)) = 1.
(c) For any w € Ay(n), we have

ds((2,...,n),w) =ds(I'(w),(n+1,...,2n — 1)).

(d) If w, 7 € Aa(n), then |wN 7| =n—2 if and only if |I'y(w) NTo(7)] =n — 3.
Proof. For part (a), if w < 7, then there exists an ¢ with 1 <4 < n — 2 such that

W= (27a27'"aai—lyaia"'7an—1)

T = (2, as, . .. ,ai_l,bi, Ce 7bn—1)
with a; < b;. Therefore,

FZ(W) = (Cla <o Cry Gy e e 7cn71)

Lo(7) = (c1y- -0y Crydigty ooy dp1),

where the first r elements are the same since the first ¢ — 1 elements are the same for 7 and
w and d,,1 = a; since a;_1; < a; < b; and ¢,y is any element a; < ¢,y1, and this shows
[a(7) < Ty(w).

For part (b), suppose for a contradiction that dg(I'y(w), a(7)) # 1. If dg(T'2(w), y(7)) =
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0, then I'y(w) = I's(7) and by part (a), we have w = 7 which contradicts dg(w,7) = 1. If
ds(T5(2),T9(7)) > 1, then there exists o € Ay(n) such that

Fa(w) < o < Ty(7)
which implies
T<Iy(o) <w

and this contradicts dg(7,2) = 1.

For part (c), we will prove this by induction. First, it is clear

ds((2,...,n),(2,...,n)) =ds((n+1,....2n—=1),(n+1,...,2n — 1))

= ds((To((2, ..., n)), (n+1,....2n — 1)).

Next, suppose o € Ag(n) such that (2,...,n) < o and it is not the last element in Ay(n)
such that

dS((27 B ,n),a) = dS<F2(U)7 (TL + 17 BRI 2n — 1))
If 7 € Ay(n) such that dg(o, 7) = 1, then we have

ds((2,...,n),7) =ds((2,...,n),0) + ds(o,T)
=dg(Ta(0),(n+1,...,2n—1)) + ds(To(7), [2(0))

=ds(Ta(7), (n+1,...,2n—1)),

which proves part (c).
For part (d), if |w N 7| = n — 2, then we have

W= (27(11,. coy @iy Qg 1y - - - 7an—2)
T = (2,@1, e ,ai,bi+1,ai+2, Ce ,an_Q)

where a;11 # b;11. We have

{3,...,2n—1}\{ar,...,ano}N{3,....2n — 1} \{a1, ..., ai, bis1, 012, ..., an_2}
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has n — 3 elements since we took out almost all the same elements except for one in both

that is not common. This implies |I'y(w) N To(7)] = n — 3. O

Similar statements hold for I';5 with similar proofs.

7.2.3 The Adjacency Matrixz of O,

With the technical information about the vertices, we can apply this to show that B(O,)

gives us a balanced matrix sequence.

lemma 7.2.3.1. For any n > 2, we have

(
n ift=uw

B(O,)7., =11 if [TNw|=n-—2

0 f0<|tNw|<n-3
\

Proof. By definition, for any 7,w € A(n) we have

og€A(n)
oNT=cNw=0

There are only three cases we need to consider to describe our matrix:
o T =uw,
o [TNwW|=n-—2,
e and 0 < |TNw| <n-—3.
For 7 = w, by lemma 7.2.2.1, the number of ¢ € A(n) such that 0 N7 = @ is n. Therefore,

(B(On)z)fﬁ =n.
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When |7 Nw| = n — 2, then the number of elements in {1,...,2n — 1} \ (TUw) isn — 1.

Hence, there are only (Zj) = 1 element that intersect both trivially. Therefore,
(B(On>2)7,w =1

in this case.

Finally, when 0 < |7 Nw| < n — 3, we have
{1,....2n—1}\ (TUw)| <n-—2.
Therefore, there is no other element that intersects both trivially and hence

(B(On)*)rw = 0.

This gives us our result. O]

Next, we will describe the adjacency matrix for O,,, using the fact that it will contain the

adjacency matrix of O, _; in a very particular way.

lemma 7.2.3.2. We have the following properties for our adjacency matrices.

(a) Let N, = |A1(n)| and M, = |A14(n)|. The adjacency matriz B(O,,) satisfies the
following block form

0 C0)

B(O,) =
CO)" J

where J is the anti-diagonal identity-matriz of the correct size, and C(O,,) is N, x M, -

submatriz for w € Ai(n) and 7 € Ay (n) such that
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(b) The matriz C(O,,) satisfies the block form

0 D(O,)
B(O..) J

C(On) -

for some matriz D(O,,) with D(0,)"D(0,) + I = JB(O,,_1)?J, where J is the anti-

diagonal matriz of the correct size.

Proof. For part (a), the top left block has rows and columns indexed by A;(n). Since every
element of A;(n) has a 1 in it, then they all intersect non-trivially, hence this block is the zero
matrix. The bottom right block has rows and columns indexed by A, = As(n) [[ Asy(n). By
lemma 7.2.2.1, for each o € Ay(n), there is a unique I'y(0) € Agy (n) such that Ta(o)No = ()
with

ds((2,...,n),0) =ds(Is(0),(n+1,...,2n —1)).

This shows that the bottom right block is J from the ordering. The top right and bottom
left blocks come from B(O,,), which is a symmetric matrix.

For part (b), the top left block is zero since the rows are indexed by Ajz(n) and the
columns are indexed by Ay(n) which all have 2’s in them. The bottom right block is J as a
consequence of lemma 7.2.2.2. For the bottom left block of the matrix C'(0O,,), the rows are
indexed by Aj2,(n) and the columns are indexed by As(n). We have well-defined bijections
on:A(n—1) = Ay(n) and ¢, : A(n — 1) = Aja1(n) defined as

on((ag, ... an9))=(2,a1+2,... 0,2+ 2)

1/Jn((a1, P ,an_g)) = (1,(11 + 2, ey Qp_9 + 2)

It is clear that the intersection is preserved: if o,7 € A(n—1), then o N7 = ) if and only
if pn(0) N,(7) = 0. With these bijections, we have that the bottom left block is exactly

B(O,,—1). For the top right block, its rows are indexed by Aj2(n) and its columns are indexed
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by Asi(n), and denote this submatrix as D(O,,). By definition, for any 7,w € Agy(n) we

have

(D(On)TD(On))T,w = Z D(On)a,rD(On)o,w

c€Ai2(n)

= > 1

oc€Mi2(n)
oNT=0cNw=0

Following the same proof as in lemma 7.2.3.1, we obtain

(
n—2 ifr=w

(D(On)TD(On))T,w = 1 if ‘7‘ N w\ =n-—2

0 ifo<|rNw|<n-3

Next, we will show D(O,,) has the required property D(O,)" D(0,) + I = JB(O,_1)*J.

The maps ¢, and I'y induce the following linear map

kA(n — 1) =2 kAo(n) —2 kAss (n)

which has matrix representation J by lemma 7.2.2.2. By lemma 7.2.3.1 and our description

for D(0,)TD(0,,) we have the following: if 7 = (ay,...,a,_1) € kAyy (n), then

JB(On1)* T (1) = JB(On1) (9, 'Ta(7))
=J((n-1p, () + >, W)

|on T (T)Nw|=n—3

=n-1r+ Y. Talpaw)

lon T2 (7)Nw|=n—3

=(n-D7+ Y Dipaw))

[TAl2 (pnw)) | =n—2

=(n-1)71+ Z o

|TNo|=n—2

which is exactly D(O,)" D(0,,) + I.
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, we see that JB(O,_1)*J~! = JB(0O,_1)*J = D(0,)'D(0,) + I, which completes the
proof. O]

This shows that {(B(O,),C(0,),D(0,))} is a balanced matrix sequence as in the def-
inition 7.2.1.1, which gives us a way to relate the characteristic polynomial of B(O,,) with
B(O,-1) by lemma 7.2.1.1. Since {(B(0,),C(0,), D(O,,)} is a balanced matrix sequence,

we have the sequence (N,,, M,,) as in definition 7.2.1.1 where

_ 2n — 2
" n—2
B 2n — 2
" n—1

by lemmas 7.2.2.1 and 7.2.3.2 and hence by definition of the Catalan numbers we have
M, — N, = C,_.

proof of theorem 7.1.1.2 . We will prove this by induction on n. For n = 2, we already
described the spectrum of O,, which gives us mo; =2 =& 9 and mgos =1 =& ;5.

Next, suppose n—1 > 2 and O,,_; satisfies the properties in the statement of the theorem.
Since {(B(0,),C(0,),D(0,))} is a balanced matrix sequence, then by lemma 7.2.1.1, we

have
Ppo,y(x) = —=(=1)NNn1gn=Me pp - (—=2)*Ppio,_y) (@ — 1) Ppo,_y)(x + 1)

where P, is the characteristic polynomial of a matrix A, and N,, — M,, = —C,,_1. Since we

know the eigenvalues and multiplicities of B(O,-1), we have Pg(o,)() is of the form
j:x_cn (I + A71’L—1>2mn71,1 . (I + )\Z:i)anfl,nfl
(o= 4T ) (] e

(o= G =) (= (T e
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In this product, we either have (z — (A\f™! — 1)™n-11 = gmn-11 or (3 — (A} 7L 4 1)mn-11 =
™11 depending on if n is odd or even. In either case, m,_11 = &,-20 = C,,—1 and this
cancels out the 7“7~ in the front of the product. Furthermore, the eigenvalues switch signs,
and we obtain A" =n and A\ = —\""! for 1 <i<n— 1.

From this product, the multiplicities are

Mpi = Mp—1,i—1 T 2Mp_1; +Mp_141 =

=& 0i0+ 2801+ &2

= Cn—1,i-1
for 1 <7 < n where m;; = 0 for j >4 and j < 0. This proves the result by induction. O]
7.3 0Odd Operads

In this section we will use the graphs O,, ; and their eigenvalues to construct various operads
with symmetric operations and their natural Koszul duals with skew-symmetric operations.

For each n > 2, there is a right Xy, ;-isomorphism =, 4 112 kA(n) — F(H,4)® (2n — 1)
sending the ordered list (ay,...,a,—1) to the element Ufay,..an_1}- O the other hand, we
have a right k[, ;]-isomorphism 7,4 12 kA(n) ® Sgn,, — F(E,4)®(2n — 1) by sending

(a1, an-1) 10 Vfay, .an_1}-
If X is an eigenvalue of T, ;, we define K}, = Ker(T,,; — Al) as a subspace of kA(n) and
we define [n’\,s = Im(7, s — AI) ® Sgna,—1 as a subspace of kA(n) ® Sgna,—1.

Definition 7.3.0.1. Letn > 0,1 < s <n—1 and X to be an eigenvalue of O, ;. We define

the two n-quadratic operads
Oddy, () = SMagy.a/(Zn,a(1* K ) (7.5)
and

AOdd;, ,(\) = ASMagn.a/ (n..a(1* I.,)). (7.6)
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This gives us a plethora of examples of n-quadratic operads, where Oddi,S(A) has a
generator which is a symmetric n-arity operation and AOdd‘fL’S()\) has a generator which is
an skew-symmetric n-arity operation.

Next, we will show that the n-quadratic operads above are Koszul dual to each other
up to some change in degree d. To do this, we need to extend the non-degenerate bilinear
form used in the Koszul dual of quadratic operads to kA(n). We define (—, —) : (kA(n) ®
Sgnon_1) @ kA(n) — k with

1 fr=w
(T,w) =

0 otherwise.
This non-degenerate bilinear form has the property (77,w?) = Sgn(o){(r,w) for any o €

Yon_1 by definition.

lemma 7.3.0.1. For any 7 € kA(n) ® Sgna,—1 and w € kA(n), we have

<7-7 w) = <En,d T2d Ty Mn,—d+n—2 T2(7d+n72) w)

where the right-hand side is with the non-dengenerate bilinear form (—, —) : F(E, 4)® (2n —
) ® F(Hy —ain_2)?(2n — 1) = k defined in section 2.1.3.

Proof. This is clear through the isomorphisms we have between 12¢ kA(n) @ Sgna,_; and
F(E,4)®(2n—1) and the isomorphism between 12=4"=2 kA(n) and F(H,, _41n_2)? (2n—
1). O

Theorem 7.3.0.2. The operads Odde (\) and AOdd,**"~2(\) are Koszul dual to each

other.

Proof. Recall that we have a non-degenerate bilinear form (—,—) : F(E,)®(2n — 1) ®
F(H, _gin-2)?(2n—1) = k and non-degenerate bilinear form (—, —) : (kA(n) ® Sgng,_1) ®
kA(n) — k such that for any 7 € kA(n) ® Sgna,_1 and w € kA(n) we have

<Ta w) = <En,d T2d T, Mn,—d+n—2 TQ(_dJrn_Q) w)



by lemma 7.3.0.1.

Therefore, it suffices to show
AL A
(‘[n,s) - Kn,s
for any n and s. By definition, if u=}_ ) Tww € K}, ,, then we have

0= (T —AD)(u) = Y Tu(Th(w) — )

weA(n)

= ) T ) T-)w)
w€eA(n) T€A(n)

|TNw|<s

= Z | Z I',w
w,TEA(n) weA(n)
|[TNw|<s

= > Tw-X)> Tw
w,T€A(n) weA(n)
|[TNw|<s

= > () L= Alw

weA(n) TEA(n)
|[TNw|<s

where we switched 7 and w the second the last line above. The above equation implies

which shows that the coeficients in u =3} _ An) Lww satisfies the above equation.

On the other hand, if u =3}, Tww € (Ip,)*, then for any = in A(n), we have

0= (Ths(x) = Az,u) = Z [( Z L, (\x,w)

weA(n) weA(n)

= > D Tulrw)—TuA

weA(n) TeA(n)
|TNz|<s

= Y I, -AIL

TEA(n)
|[TNz|<s

159
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which is exactly the same equation we got before. This shows (I, )" = K, ,.

]

Therefore, the graphs O,, s and each of their eigenvalues gives pairs of Koszul dual operads.
Next, we will give explicit examples of these types of operads, and we will see that

Odds (\) gives generalizations of Com and AOdd{ ,(\) will give generalizations of Lie.

Example 7.3.0.1. Letn > 2, s =n—1,d € Z and A\ = —1 for the graph O, 1. By
example 7.1.1.1, we know that K} | has a basis consisting of o — T for o < T, which has

n,n—1
_ 2n —1
dimension —1. In its image in the operad Odd,
n—1

d

o n_1(—1), this gives us the relations

generated by

Min+1,...2n-1} — H{o(n+1),...,0(2n—1)}

for all o € g, 1 \ {id}, which is exactly the relations for Com<. Its not hard to see
[T e g2 gy

n,n—1

For the Koszul dual operad AOdd?, (—1), the space I71 . is generated by

n,n—1 n,n—1
7

TEA(n)
d

n,n—1

which is 1 dimensional. In the corresponding operad AQOdd (—1), it has relations gener-

ated by

Z Viar,..oan_1}

a1<--<an-1
which is exactly the relations for Liel.

From theorem 7.8.0.2, we have Odd, ™ 2(—~1) = Com;, "2 and AOdd?, ,(—1) =

n,n—1 n,n—1

Lied are Koszul dual to each other.

Example 7.3.0.2. When we have s = 1, we know that Y

21 18 generated by the elements of

the form

> i m) = ()" + 1, 20— 1)
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for 1 < j <mn, which through the isomorphism n, 4 will give us exactly the space Rﬁl’d. This
shows AOdd,,;(\}) = n-Lie),.

On the other hand, we proved after lemma 7.1.1.2 that K,;\;ll = Skni-1 for 1 < 53 <n
through @, : M"Y — kA(n) by lemma 7.1.1.83 and in particular this shows Oddy} (A7)

12

n-Com/;™ .

In conclusion, we have the following tables of dimensions for these spaces.

The last example gives us the following result giving the Koszul duality of the constructed

operads we have before.
corollary 7.3.0.3. The operads n—Lz’efl and n—Com’fj’_’@l_Q are Koszul dual for all1 < j <n.

Proof. Since n-Lie), = AOdd? {(X?) and n-Com!™' , = Odd, T *(\"), then they are
Koszul dual by theorem 7.3.0.2. [

The Koszul duality we have for these operads gives us some interesting results, in par-

ticular n—C’om’;”’j ~! are the minimal n-quadratic operads which is a non-trivial quotient of

SMag,q. This comes as a consequence of the fact that their relations are coming from irre-

ducible representations of ¥y, ;. In particular, if P = P(H, 4, Q) is any n-quadratic operad

with generators H, 4 and relations @ < SM agff()i(Zn — 1), then @ must contain one of the

irreducible submodules S#™i for some 0 < j < n — 1 and hence we have the injective map of

operads n-Com!™” — P using the fact that its relations are irreducible. Hence, the operads

n-Com!™ are the minimal non-trivial Com-type operads.

On the other side, using the Koszul duality we have the following result.

Theorem 7.3.0.4. If P = P(E, 4, R) is any n-quadratic operad, then there is an operad

map into n—Liefl for some 1 < j <n.

Proof. Since P is a n-quadratic operad, then it has a Koszul dual P' = P(H,, 4, R*). By

Hn,j—1

Cdin_g P! for some 1 < j < n. Taking the

above, there exists a injective map n-Com

Koszul duals again, we obtain the map P — n—Lz’eiI and this proves the claim. O
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From our work, we can think of the s in the OddZ ()\) and AOdd] ,(\) deforms the
defining associative and Jacobian identity, respectively for these operads, see figure 7.4.
As far as we know, the defining relations for 1 < s < n — 1 are unknown, and it would be
interesting to find all possible relations that come from this range of integers. Even for s = 1,

for the other eigenvalues, it is also not known what the relations should be for Oddfb,l()\) for

pY 75 (_1)n+1.

Odd;, ; (An.1) Oddg (An.s) Oddy, 1 (Ann-1)

Figure 7.4: The parameter s

Some more questions one could ask: can we construct all of the possible quadratic operads
with symmetric or skew-symmetric generators through combinations of the odd operads we
constructed above? If so, this would show that the graphs O,, s would classify all the possible

symmetric and skew-symmetric quadratic operads that are possible.
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Chapter 8
YOUNG TREES
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8.1 Young n-Trees

In this section, we will introduce some combinatorial objects, called Young n-trees, that
underlie the operad n-C'om,. These are essentially planar rooted trees such that at each
internal edge, it is represented by a Young tableau corresponding to an input labeling at
each internal vertex. This information is useful for describing the relations in the operad
n-C'omg, which are derived by the Specht module S™"~1). The local and global behavior of
the tree interact to create very complex relations arising in the operad n-C'omy.

For this section, recall that Tree, is the set of isomorphism classes of n-trees and we
denote by T'ree,, to be the set of isomorphism classes of rn — r + 1-trees with r internal
vertices and each vertex has n-inputs. Furthermore, we let Y7 to be the set of Young
tableau on any partition A = (A1,...,A.) of n < m on the set [m].

In this section, we will deal a lot with a non-standard Young tableau as these are the
main players in the operad SpO¢. In particular, we say a Young tableau T of shape ) is

divergent if it is not standard and co-standard if its columns are all decreasing.

8.1.1 General Definitions of Young n-Trees

The combinatorial objects Young n-trees are essentially trees with Young tableaux of shape
(n,m) locally at each internal edge. There are some choices when defining these trees de-
pending on how we want to label the internal edges. For us, we will label them using the
minimal element on the initial vertex, which follows what one does in shuffle operads and

Groebner basis.

Definition 8.1.1.1. A Young n-tree is a rooted tree 1" with planar structure {W,}yeyin,
an input-vertex labeling {\, : in(v) — [n]}yevin and a set map ¢ @ EF* — Y'T,? satisfying

the following properties.

e For each v € Vi, we have \,(u) = mini<i<p{ (Vo (2))} for u € inp(v) NV and we
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have the following bijection

H At H leaves, — [n].
veVin veVin
e For each internal edge e = (u,v) in T, with wy = |iny(u)| and wy = |iny(v)| and i is a
positive integer such that V,(i) = u, then we define ®r(e) to be the Young tableau of
shape (w1, ws — 1) defined as

ML) | @i — 1) (@) |7 | Ae(Talen = 1)) [ [ AulPulen)

AUy oo [ AWy — D)) [ A(Ty(i+ 1)) [oon | Au(Pulw2))

An isomorphism of Young n-trees is an isomorphism of rooted planar trees preserving
the input-vertexr labeling, and such that isomorphic internal edges give the same Young

tableau. We let YTree, be the set of isomorphism classes of Young n-trees.

In essence, Young n-trees partition the set [n] in a tree-like way such that there are Young
tableaux relationships between those sets when an internal edge connects them. We will call
the Young tableau ®7(e) a local Young tableau at e and think of these as the ”local charts”
of our Young n-tree analogous to a local chart in a manifold. If e = (u, v) is an internal edge
of T, we define Ay : Ef" — [n] to be defined as Ar(e) := A, (u), which puts the input-vertex
labeling structure onto the internal edges as well.

For our pictorial representation, we will identify external input vertices with their corre-
sponding labeling from A\, for ease of presentation. For example, suppose we have the Young
7-tree T whose underlying planar rooted tree is as in figure 8.1 with Ay, (a1) = 1, Ay, (a2) = 2,
Aoy (01) = 3, Aoy (b3) = 4, Mooty (C2) = B, Aes(d1) = 6, and A, (d2) = 7, then we can represent
this as in figure 8.2. We will also suppress the internal vertices labeling in the pictorial
representation for our future figures of Young n-trees, and we will label the internal edges if

we need to for clarity.
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rr

Figure 8.1: Example of a Young 7-Tree

Example 8.1.1.1. Let T be the Young 7-tree in figure 8.2, then its local Young tableauz are

1] 2 3|1 1] 4
CI)T((bQ, Cl)) = (DT«Cl, T‘OOtT)) =
3| 4 5| 6
6 | 7
O ((c3, rootr)) =
115

Since Young n-trees are locally Young tableaux, we can define local properties on our
trees depending on the properties of Young tableaux. If T is a Young n-tree an, e is an
internal edge of T', and P is a property of a Young tableaux, then we say e is P if ®r(e)
is P. In particular, we say that a Young n-tree is standard if each of its internal edges is
standard. Similarly, we say a Young n-tree is divergent (co-standard) if each of its local
tableaux is divergent (co-standard). We also define a quasi-standard Young n-tree as a
Young n-tree with at least one standard internal edge. For Young n-tree T', we define sta(7T)
as equal to the number of standard internal edges of T', which measures how far it is from
being divergent.

Following the local nature of these objects, we can define symmetric groups on each of

the edges depending on the local Young tableaux. For instance, if T is a Young n-tree
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rr

Figure 8.2: Example of representation of Young 7-tree

and e = (u,v) is an internal edge of T, we define Xr(e) to be the permutation group on
the numbers that appear in ®r(e). Furthermore, define C'r(e) to be the subgroup of ¥7(e)
generated by the permutations that stabilize the columns of ®7(e), i.e., the columns-stabilizer

group as in definition 1.3.3.1. With these local groups, we can define the global spaces

SH(T) = Maegy Sr(e), C(T) = ey Cr(e)

21(T) = Heepe Erle), Cri(T) = [eepim Cr(e)

where the former with products are groups and the latter with disjoint unions are groupoids.

For example, if T" is the Young 7-tree as in figure 8.2, then its local permutation groups are

Cr((ba, 1))
Cr((c1, rootr))

Cr((cs, rootr))

((13),(24))
((35),(16))
((36),(57)).

As above, with the internal edges, we can look at local symmetric groups on each of the
internal vertices as well. Let v be a internal vertex of T and define Ry(v) to be the group
Y(Ay(inr(v))). We can also define local properties at each of the internal vertices by saying

an internal vertex is increasing if we have A\, (¥,(1)) < --- < Ay(¥,(n)). A shuffle Young
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n-tree is a Young n-tree such that every internal vertex is increasing. We will denote by
LLI YTree(n) as the set of all shuffle Young n-trees.

The condition that the internal vertices are increasing is different from the rows increasing
in ®r(e), since we can have Young n-trees with increasing rows, but not have increasing
vertex. For example, the trees in figure 8.3 have standard edges, but the bottom vertex on

the left is increasing, while the one on the right is not. On the other hand, if e = (u,v) is an

1 2 3,

5 6
7 i) 67

Figure 8.3: Why Shuffie Young n-trees

internal edge of T' with v is increasing, then the bottom row of ®1(e) is increasing. Similarly,
if u is increasing, then the top row of ®r(e) is increasing. However, note that the leftmost
tree is a shuffle young tree, which shows why we would like to restrict our attention to these

types of trees.

8.1.2  Young (r,n)-trees

For our context, we care about a particular class of Young m-trees where the underlying trees
are m-arity trees with a specified number of internal vertices. These types of trees model the

composition of r n-arity operations, making it possible to study the operad n-Comy.

Definition 8.1.2.1. Let r > 0 and n > 2. A Young (r,n)-tree is a Young rn —r + 1 tree
with v internal vertices such that the local Young tableaux at each internal edge is of shape

(n,n—1).
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Let YTree,, be the set of isomorphism classes of Young (r,n)-trees, and we let LI

YTree,, to be the subset of YTree,,, consisting of shuffle Young (r,n)-trees.

If we have two Young trees, the usual grafting of rooted planar trees with input labeling
is defined in the usual way with the induced structure, and the local Young tableaux are the
same at every internal edge except for the new internal edge that appears from the grafting,
which is induced by the input-vertex labeling and the planar structure. Hence, if T" is a
Young (r,n)-tree and S is a Young (s, n)-tree, then T o; S is a Young (r + s, n)-tree, where i
is the input-vertex labeling at a leaf on 1. This gives us a well-defined partial composition
on these trees that we will use later to define our operads.

Just as we can define Young tabloids coming from identifying Young tableaux whose rows
have the same numbers, we can do the same with Young n-trees, but for our context, we
want to keep track of the degrees as these will correspond to degree d operations at each
vertex. So, we need a way to keep track of these degrees to apply the Koszul sign rule when

interchanging them.

Definition 8.1.2.2. A Young n-tree of degree d is a Young n-tree T equipped with a
input labeling {deg, : in(v) = {0,d}} ey such that

d+ > pcinm d€g,(w) if u e Vi
deg () = { vt AR L) '

0 otherwise.

We call {deg,}yeyn a degree labeling on T

For an example, if T" is the Young 7-tree of degree d with underlying rooted planar tree

as in figure 8.2, then its degree labeling is

degcl (b2) =d degrootT (Cl) =2d degrootT <C3) =d

and the rest are zero.

The degree labeling on a Young n-tree lets us apply the Koszul sign rule when we switch
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between two internal edges connected to a single internal vertex. Let YTree] , be the set of
isomorphism classes of Young (r,n)-trees of degree d and define M, =1"* k[Y Treel ], the
k-module with basis element consisting of elements in YTreef,n.

Next, we will define a symmetric group structure on each of the internal vertices that

d

T,

changes the planar structure underlying it. Let T' € YTree?, , v is a internal vertex, U7 is
the planar structure at v, and o € ¥,,. Define T'A, o to be the same exact rooted tree T but
with WI"we = U For an example, see figure 8.4, where we interchange the leftmost edge

on v and the rightmost edge at v.

Figure 8.4: Example of Permuting the planar order

With the action A,, define jr‘fn to be the subspace of M,ffn generated by
[T A, (3 §)] — (—1)%eB (P2 (@)desu (TG

and define RM¢,, = M, /.. We denote by {T'} to represent the equivalence class for [T]
in RM?

rn?

which we call symmetric Young (r, n)-trees of degree d. Let RYT?"eefm be the set
of all symmetric Young (r,n)-trees of degree d. The relation on RMjn says that if we switch

@ — (—1)% sign appear. If d is even,

two internal edges on a single vertex, we have a (—1)
then {T'} = {S} if and only if 7" and S are isomorphic as non-planar trees, preserving the
input-vertex labeling and degree labeling.

In RM¢

,n?

for any element {7T'}, we can find Sh({T'}) = {5}, where S is the corresponding
shuffle tree. Furthermore, there is an extra sign that comes out from this, specifically, define

Sgn(T) to be such that {T'} = Sgn(T)Sh({T}). Hence, the basis for RM¢, consist of {T'}
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such that T is a shuffle Young (r,n)-tree and dim(RM,) is equal to the number of Shuffle
Young (r,n)-trees. We let LLI RY Treel, to be the set of {T'}, where T is a shuffle Young

(r,n)-tree.

8.1.3 Properties of Young (r,n)-trees and Standard Edges

The following lemma shows how restrictive being standard at an internal edge is in the sense

that only at most one internal edge at every vertex can be standard.

lemma 8.1.3.1. Let T be a Young (r,n)-tree and suppose e and €' are two internal edges of

T with the same terminal vertex. At most, one of the internal edges can be standard.

Proof. Suppose for a contradiction that e and €’ are both standard internal edges and let
e = (u,v) and ¢ = (u/,v). Suppose furthermore that ¥ '(u) = i and ¥ !(v') = j with

1 < 7. We have that the local Young tableaux are of the form

aq Qg | - |Aj—1| A5 |Aj41| © |Gp—1| An
r(e) =
Cl CQ “e ijl bl cj “e CTL*Q
, by | by |-+ |bic1| bi |Gigr| - |an—1| an
r(ef) =
Ci | C | |C—1| Q1 | C |+ |Cp—2

Since both of these are standard, then we must have
g <ay<--<aj1<a;<b <b<---<b<ay

which is a contradiction. This proves the lemma. O

This shows that a Young (r,n)-tree that is standard at every edge must have a linear
ordering on its set of internal vertices. On the other hand, we can have a Young (r,n)-tree

T, which is co-standard at every edge, and its set of internal vertices does not have a linear
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Figure 8.5: Example of Co-standard Young (3, 3)-tree

order. For an example, if 7" is the Young (3, 3)-tree as in figure 8.5, then both edges e and

e’ are co-standard since

Pr(e) = r(e’) =

Another property of standard edges is that the edges have to be right combs if the tree

has increasing rows.

lemma 8.1.3.2. IfT is a shuffle Young (r,n)-tree and e = (u,v) is a standard internal edge,

then W, (1) = w.

Proof. Suppose for a contradiction that W,(i) = u for some ¢ > 1. This implies there is a
labeling Ar(¥,(1)) = a where a is less than a labeling in the top row of ®7(e), which is a

contradiction to e being standard. O

Combining lemmas 8.1.3.2 and 8.1.3.1, the standard edges for Shuffle trees all have to
be right combs. In particular, if 7" is a standard shuffle Young (r,n)-tree, then they are all
right combs as in figure 8.6, where every internal edge e; is standard for 1 <7 < r — 1.

Furthermore, we have the standard Young tableaux
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Qp—1,r

€r—1

Figure 8.6: Description for all standard shuffle Young (7, n)-trees

ay Q21 s Ap—1,1 Qp,1
(I)T(€1> =
1.2 a2 2 ce Ap—1,2
ay ay; ce Ap—24 | An—1,
(I)T<€i) =
A1,i41 | G2,i4+1 Q=141

for 2 <7 <r —1. Since a;; = 1 by the shuffle and standard structure, then we can combine
these standard Young tableaux to construct a Skew Young tableaux of shape A, ,, /., where
Am=m+r—1,n+r—2,...,n—1)and p, = (r—1,7—2,...,1). For an example, if n = 4
and r = 3, then they are of the form
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In particular, this gives a bijection between the set of standard skew Young tableaux of
shape A.,,/p, and standard shuffle Young (r, n)-trees. Note that if 7" was not standard and
shuffle, the tree will not correspond to a skew Young tableau of shape A,,,/u,, as many more

relations can appear.

8.1.4 Symmetric Group actions

Here, we will discuss the natural symmetric group actions that occur on Young n-trees
and define a particular local symmetric group action that will be useful for describing a
generalization of the Specht module S™"~1) to Young Trees. First, there is a natural left
action of Y, on the set YT'ree, by applying the permutation to the elements of the input
labeling. This is analogous to the action of the symmetric group on the set of Young tableaux.
In particular, we have a natural left action on YT'ree, .

Continuing with our ideas of a local structure to our Young trees, we will show that we
can define a local action of ¥, 1 on each of the internal edges of a Young (r, n)-tree derived
from the action on the local Young tableaux of shape (n,n — 1). This will not only permute
the input labeling but also permute the subtrees whose roots are connected to any of the
two vertices of the internal edge when we apply the action.

Let T be a Young (r,n)-tree, e = (u,v) is an internal edge of T, and o € X(e) = 3y, 1.
Note that we can also put an ordering on the vertices induced by the ordering v < w if
v € inw). We define T o, o as follows. Let T to be the subtree of 7" with V;"" = (Vi \ {w €
Vi o w < wo}) [T{u}, and inty, (w) = inp(w) for all w € Vi with the same input labeling.
For each internal vertex a in ing(u) and in ingp(v) \ {u}, define S, to be the subtree of
T with V" = {w € Vj* : w < a} and ing,(w) = inp(w) for all w € V& with the
same input labeling derived from 7. Furthermore, define out, to be the integer A\I(a) for
a € inp(u) NV or AI'(a) for a € (inp(v) \ {u}) NVi". Next, we can order the elements in

(ing(uw) [[(ing(v) \ {u})) N Vi* with ay, ..., a,, where out,, < out,,, , and define

ai+1

To,o=((Te)” 0a, Say) ") Cap S,

am



where the grafting does not renumber the input labeling.
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Furthermore, the action of o.o will change the subgroup Rp(w) for w € {u,v} to

Rro.o(w) = 07 Ry(w)o. In particular, if o € Cr(e) and ®r(e) is of the form

where b; corresponds the the edge e, then

®Toea(€> -

Or(e) = ap | az Qj—1| G5 | - |Gp-1| Apn
by | by “bi—1|bix1| - | by
o a) | o7 az) o ai-1)| o7} (a)
o (b)) | o7 (ba) o (bi—1) |07 (big)

If 7 € Ryo,o(w) for w € {u,v}, then it is clear by the action that 7o' € Ry(w) which

shows 07! Ry(w)o = Ryo o (w).

Example 8.1.4.1. Here is a small non-trivial example. Let T be the Young (4,3)-tree in

figure 8.7 and we let e be the internal edge (ug,uy).

Figure 8.7: Example of Young (4, 3)-tree T

Therefore, we have T, and S,, are

the rooted trees in figure 8.8. For our internal edge e, we have ¥(e) = ¥({1,4,5,6,7}). If
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1 8 9
Suy =
Uy
Figure 8.8:
5 7
! 1 8 9 6 3 2
)

Uy Uus

4

Figure 8.9: The Young Tree T o, o

o= (14T7), then we have T o, o as the tree in figure 8.9.

Similarly, if v is an internal edge of T', we can define a similar action of Ry(v) = %, on
T at the internal vertex v. Let 7 € Rr(v) and define T o, 7 to be the tree where we pluck
the subtrees attached to the vertex, use the permutation 7 to permute the leaves of the n
leaves on v and then graft the subtrees back on the vertex v with respect to their input
labeling A,. Furthermore, it is not hard to show that if 7 € Ryp(w) for w € {u,v}, then
Cro,-(€) = 771Cr(e)T.

Next, we will show a relationship between the actions of Rr(v) through o, and 3, through
A, at each internal vertex v. If we let U7 be the planar structure of T at v, then we can

define a group isomorphism \TIZ : ¥, — Rr(v) sending a permutation o € 3, to 7 = \Tlf(a)
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where 7 is defined as

T(A(P,(0))) = Xo(P,, (0(i)))

for alli € {1,...,n}. Therefore, we have the following easy consequence of the isomorphism
oT
lemma 8.1.4.1. IfT is a Young (r,n)-tree with a planar structure {¥, },cym, v is a internal

vertex of T', and o € X,,, then
T Ayo =T o, ¥(0).

The following lemma is a straightforward computation locally at the internal edge, which
explains what happens when you graft a new tree to a tree with a permutation action at the

internal edge.

lemma 8.1.4.2. Let r > 2. If T is a Young (r,n)-tree, e is an internal edge of T, j is the

input labeling at a leafl on T, S is a (s,n)-tree, and o € X(e), then
(T'oc0)o0; 8= (T'0;85) o0, a,

where o' is the permutation where its number changes in the same way when we reorder the
leaves in the grafting of the trees.

On the other hand, if W is another Young (w,n)-tree with w > 1 and i is a input labeling
for a leaf a in W, then

Wo, (To,c)=(Wo;T)o,d"

where " is the permutation where its number change corresponds to the same change from

the grafting of the trees.

The actions of ¥,,_,41 on YTree,, induce actions on YTreeffyn by ignoring the degree

input labeling. In particular, these induce left k[¥,, .1 actions on Mfm and on its quotient

RM,. For {T} € RM/

7”’

e an internal edge of T', 0 € X(e), we define {T'} o, 0 = {T o,
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o}, which is independent of the representative 7' with the corresponding change of the
permutation o.
With our symmetric group actions on RM¢ and the grafting of Young (r,n)-trees of

degree d are well-defined, then we can define the operad of Young (7, n)-trees for all > 0.

Definition 8.1.4.1. Define the graded ¥-module Y O with
YOL(rn —r+1) =t"" RM{,

for r > 0 and zero everywhere else. Then YOI becomes a graded operad with grafting of
Young trees as the composition, and the unique tree [1] with no internal vertices is the unit

element. We call YO? the Young n-arity operad of degree d.

If we were to ignore the local Young tableaux structure on the elements in Y O4 (rn—r+1),
then these are just rn—r+1 arity rooted trees, and it is clear that YOI = F(H,, 4) = SMag, 4

as operads.

8.1.5 Various Poset Structures

Next, we will discuss various partial orderings on specific sets of Young (r,n)-trees of degree
d, which will be a crucial tool in measuring how far a symmetric Young (r, n)-tree of degree
d is away from being standard or divergent. One should think of standard and divergent
properties as opposite sides of the spectrum with respect to the orderings we will define.
Recall that the set of Young tabloids of shape w F n has a partial ordering <1 from section
1.3.2, which is used to prove the polytabloids corresponding to standard Young tableaux are a
basis for the Specht modules. One of the defining properties of this ordering is the following;:
if {Y'} is a Young tabloid with decreasing columns and ¢ € C(Y'), the column permutation
group corresponding to Y, then {oY } <{Y'}. We will use the same ideas to generate a poset

structure on RY Treel . similar to the one for Young tabloids.

T,n?

Definition 8.1.5.1. Let {T'} and {S} be two symmetric Young (r,n)-trees of degree d. We
say {T} < {S} if and only if there exists an internal edge e of T' such that ®r(e) has elements
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i < j such that i is in a higher row then j and we have {T o. (i j)} ={S}, or {S} ={T}.
Note that the first condition is equivalent to {S} having an internal edge €' such that
dg(e') has at least a single column that is decreasing, say r < s, and we have {T'} =
{Sou (rs)}.
This relation essentially takes a symmetric Young (r,n)-tree {T'} of degree d, which is
standard at e, and makes it less standard by switching one of the columns to be decreasing.

In essence, the bigger elements are the ones that are closer to being divergent, and the smaller

elements are closer to being standard.

Example 8.1.5.1. Here are a few examples of the relation < applied to YTreegs. For the

5 6 7

Figure 8.10: Example of Ordering of Young (r, n)-trees

first relation in 8.10, we look at 5 and 3 on the first internal edge from the top, and the

second relation comes from looking between 3 and 1 on the second internal edge from the top.

lemma 8.1.5.1. The relation < on symmetric Young (r,n)-trees of degree d is reflezive and

antisymmetric.

Proof. The relation is automatically reflexive by definition, so we need to show it is anti-

symmetric. Suppose we have {T'} < {S} and {S} < {T'} with {T'} # {S}. By definition,
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there exists an edge es in S and an edge ey in T" with transpositions o, 7 € Yy, 1 such that

{So., 0} ={T} and {T o, 7} = {S}. Without loss of generality, we may assume

T =So0.,0
S=To. T
which implies
T = (T 0¢p T) Ocg 0.

For this to happen, since 7 and ¢ are transpositions the edges er and eg must be the same

edge. This implies

T = (T o, T0)

which would imply that 7 = o since they are transpositions. Hence, 7 =0 = (i j) and i < j
with ¢ is in a higher row then j at the internal edge er in 7. But this is not true for S
since S = T o., (¢ j) which is a contradiction. This implies {7} = {S} and completes the
proof. n

With this relation, we can take the transitive closure of < to define a poset structure on

RYTree], as in the following definition.

Definition 8.1.5.2. We say {T'} < {T"} if and only if there is a sequence of symmetric
Young (r,n)-trees {S1},...,{Sm} of degree d such that

{T} < {S1} < - <{Sn} < {T"}.
We call this ordering the Young ordering in RYTTeef’n.

The following lemma explains the statement we had before in that the smaller an element

is in RY Tree?

vn» the more standard it becomes, and vice-versa, the bigger the element, the

more divergent it becomes.
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lemma 8.1.5.2. Suppose T is a shuffle Young (r,n)-tree. If {T} is a minimal element with
respect to the poset <, then {T'} is standard. Similarly, if {T} is a maximal element, it is

co-standard.

Proof. We will prove the case when {T'} is a minimal element and show it is standard as
the other case is similar. Suppose for a contradiction {7’} is not standard, then this implies
that there exists an internal edge e such that ®1(e) has a decreasing column, say i < j. We
can apply (i j) to get {T o, (i j)} < {T} which is a contradiction of the minimality of {7'}.
Hence, {T'} must be standard. This proves the lemma. O

Since the set RY Treel | is finite, if {7} is any symmetric Young (r, n)-trees, there exists
a standard symmetric Young (r,n)-tree {S} of degree d and a divergent symmetric Young

(r,n)-tree {D} of degree d such that
{s}2 {1} 2 (D}

by essentially applying permutations on either increasing columns to go up or decreasing
columns to go down. This shows that this relation is a measure between being standard or
divergent.

On the other hand, we can define a partial ordering where we switch rows to columns
for the equivalence classes. This will allow us to use the Garnir relations for Young tabloids
and apply them to the relations in n-C'omy later in 8.2.2.

Let PY, be the set of triples (T',e), where T is a Young (r,n)-tree of degree d, e is an
internal edge of T. We call the tuples (T, ¢) pointed Young (r,n)-tree of degree d. An
isomorphism between pointed Young (r,n)-trees of degree d is an isomorphism between the
underlying Young trees such that the corresponding internal edges are mapped to each other
under the isomorphism. Define Y'Tree:2°™ to be the set of isomorphism classes of pointed
Young (r,n)-trees, and we denote such a class as [T}, e].

Next, define {T, e}. to be the equivalence class of elements [T o, o, €] for o € Cr(e), and
let CYTreelko™ed to be the set of these equivalence classes. Like with RYTree?  we can

T,n)

put a poset structure on the set CYTreef, .
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Definition 8.1.5.3. Let {T,e}. and {S,e'}. be two elements in CY Treelre™  We say
{T,e}. < {S,€'}. if and only if one of the following properties holds:

e cither we have {T,e}. = {5, €'},

e or there exists k < 1 in ®(e) such that | is in a lower column then k and we have

{S, e/, W'}, ={T o (k1),e,\W}..

In a similar proof as in lemma 8.1.5.1, the relation < for C'Y Treef:2°™ed is reflexive and
antisymmetric. Furthermore, we can take the transitive closure of the relation < to produce
a partial ordering < on CYTreel2°™ed. We have the following proof that is similar to the

row version.

lemma 8.1.5.3. Let T be a shuffle Young (r,n)-tree of degree d, e an internal edge e. If

{T, e}. is minimal, then T is standard at e.

8.1.6  Monomial Order on Shuffle Young (r,n)-trees

The set of shuffle n-trees are an important set of objects in the theory of Groebner basis
and operads. In particular, the set of shuffle trees on a particular alphabet X define the free
shuffle operad 7.,,(X) as constructed in [2]. The set of shuffle Young (r,n)-trees is a subset
of the set LLITreey (rn —r+ 1) consisting of shuffle rn —r 41 trees on the alphabet X' = {x}.
The set of such trees has a natural monomial ordering that helps with studying the elements
in an operad.

The next definitions are from [2], but we specify them for our context of shuffle Young

n-trees.

Definition 8.1.6.1. Let T be a shuffle Young n-tree. For each leafl of T in the total ordering
induced by the input labeling, we record the labels of internal vertices of the path from the
root of T' to l, forming a word consisting of x. The sequence of these words denoted Path(T),
s called the path sequence of the shuffle Young tree T.
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As noted in [2], the path sequence of a shuffle Young n-tree does not determine a shuffle

Young n-tree uniquely. To fix this, we need to add in the permutation data.

Definition 8.1.6.2. Let T' be a shuffle Young n-tree. The leaf permutation of T s the
permutation o(T') for which o(T')(j) = A(l;), where l; is the jth leaf of T in the total planar
order of leaves.

The path-permutation data of a shuffle Young n-tree is the pair (Path(T),o(T)).

lemma 8.1.6.1. (/2]) A shuffle Young n-tree is uniquely determined by its path-permutation
data.

Next, we can use this data to define a total ordering on the set of shuffle Young n-trees.

Definition 8.1.6.3. Suppose T' and S are two shuffle Young trees. The GPATHPERMLEX

ordering is defined as follows.

o [fT has less leaves then S, then T < S.

e [fT and S have the same number of leaves, then we compare Path(T) and Path(S)

word by word, comparing words in {x} using the lexicographical ordering.

e [fT and S have the same number of leaves and Path(T) = Path(S), then we compare

the permutations o(T) and o(S) using the lexicographical ordering.

Example 8.1.6.1. Put examples of ordering here.

We can induce the monomial ordering we defined above to the symmetric Young (r,n)-
trees as follows: if {T'} and {S} are both symmetric Young (r,n)-trees of degree d with T’
and S are shuffles trees, then we define {7} <, {S} if and only if 7" < S with the monomial
ordering. This can be induced to every symmetric Young tree in an obvious way, and we will

call this ordering the monomial ordering on RYTreef,n.
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Next, we will show that the Young tableaux ordering implies the monomial ordering on

RYTree] .

lemma 8.1.6.2. If {T'} < {S} for symmetric Young (r,n)-trees, then {T'} <., {S}.
8.2 Specht Operad

In this section, we will construct the operad SpO? whose relations are built from the Young
antisymmetrizer relation defined in the Specht module S™"~1_ As it turns out, the operad

SpO? = n-Comy allows us to find bounds to the dimensions of the arities of the operads.

8.2.1 Polytrees

In this section, we generalize the permutation and Specht module of the partitions (n,n — 1)

in terms of our Young trees.

Definition 8.2.1.1. Let T be a Young (r,n)-tree of degree d and e an internal edge of T
Define

Qe = Z Sgn(o){T o, o} € RM

(Y
oeCr(e)

where we extended o, action linearly. We call Qr . polytrees of T' at e.

Later, we will need to deal with these polytrees where the terms are shuffle trees to find

our basis. Hence, we can rewrite the polytrees Q7. as follows:
Qre= Y Sgn(c)Sgn(T 0. 0)Sh({T o, 7}).
ceCr(e)

The following two lemmas are used to ensure that the grafting of trees, i.e., the operadic

structure in YO!, is compatible with the polytrees Q7.
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lemma 8.2.1.1. If T is a Young (r,n)-tree of degree d with r > 2, e is an internal edge of
T, S is a Young (s,n)-tree with s > 0, and [ is a leaf of T' corresponding to the input label
7, then

QT,E Oj S = QTojS,e-

Additionally, if Q is a Young (q,n)-tree with ¢ > 1, and a is a leaf of Q corresponding to

an input labeling i, then
Q O; QT,e - QQoiT,e

Example 8.2.1.1. Let T' be the Young (3,3)-tree as in figure 8.11, then we have

1 g

Figure 8.11: Young (3, 3)-tree of degree d

QT,e1 = {T} - {T Oeq 56 }_ {T Oeq 3 4)} + {T Oey (5 6 (3 4)}
(57}

)(3 11)},
Qpe, ={T} = {Toc, (4 T)} = {T 0, (2 10)} +{T o, (4 7)(2 10)}.

(5 6) ( ) ,
QT,eQ = {T} - {T Oey (4 6)} - {T Oey (5 7)} + {T Oey (4 6) )
Qre, ={T} —{T 0e (16)} —{T o0, (311)} +{T 0., (16
(47) (

Next, for r > 2, n > 2 and d even, define Vrdn to be the subspace of RMZH generated by
Q. for all Young (r, n)-trees T of degree d and internal edges e of T'. Similarly, if d is odd, we

define V;dn to be generated in the same way, except we restrict ourselves to trees 1" that are
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right combs at e to help deal with the problems of negatives that appear from interchanging
internal edges. For example, if T" is a Young (r,n)-tree of degree d and e = (u,v) is an
internal edge of T' that is not a right comb, then we can choose 7 € Ry (v) so that T o, 7 is
a right comb and use Q... For r < 2, we define Vldn = Vo = 0.

It is clear that the space V%, are k[X,,_,41]-submodules of RM, and we can define the

k[Srn—ri1]-modules C¢, = RM, /V% and denote its elements as {T'}.

Example 8.2.1.2. Here are some examples of the spaces RM¢ V< = and C’;il’n for small r.

rmo Y rmn

o When r = 0, we have C§, = RMg, = M, = k[1], where 1 is the unique Young

(0,m)-tree of degree d with no internal vertices.

o Whenr =1, we have C’f’n = RMﬁn >d kL Cor,}, where Cor, is the corolla n-tree with
a single internal vertex, n inputs, and with labeling ordered from left to right starting

at 1 and ending at n.

e Forr = 2, we have RMg’n ep2d N r(un=1) - the permutation module consisting of all
k-linear combinations of Young tabloids of shape (n,n — 1), since we have a bijection
between symmetric Young (2,n)-trees and tabloids of shape (n,n — 1) through the local
tabloid structure. Furthermore, an is isomoprhic to 12 S " which has a basis
consisting of Qre, for all standard Young (2,n)-trees T' of degree d, where er is the

unique internal edge of T

Next, we will use the relations Q7. to generate a operadic ideal of YO in a natural way.
Let 8¢ be the graded ¥-module of YO with Si(rn—r+1) =t V4 for all+ > 0 and n > 2,
with the rest being zero. Lemma 8.2.1.1 explicitly shows that S¢ is an operadic ideal of Y O4
and it shows that 8% is spanned by the following elements. For each Young (r,n)-tree T of
degree d, with » > 2, and e an internal edge of T', there exists positive integers a4, ..., a,_1,

an 1 <:<r—1,an1 <75 <n,and a permutation ¢ € ., .1 such that

Q7= (- ((--- (Cory 04, Cory) 04, Cory) -+ ) 0q, QCOTnOJCOTmej) Oa;41 Cory)-++)0q,_, Cory)---)°
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where e; is the unique internal edge of Cor,, o; Cor,. In conclusion, the submodule 8¢ is the

operadic ideal generated by Vzdn in arity 2n — 1.

Definition 8.2.1.2. Define SpO2 to be the quotient operad Y OL/S%, which we call the

Specht n-arity Operad of degree d.

From this definition, we can see that SpOZ(rn —r+1) =174 C¢, for all r > 0 and n > 2.
Furthermore, since Vzdn 424 G 5 in section 4.2.5.1, then the operadic ideal S 2 7, 4 under

the isomorphism F(H,, 4) = YO and this shows n-Comy = SpO? as graded operads.

8.2.2  Properties of V;dn

The space V;‘fn is very reminiscent of the Specht module in the sense it is generated by a
higher version of the Young antisymmetrizer relation on the internal edges of trees. However,
as we can see, there are huge differences based on the interaction between the trees and the
local Young tableaux structure. In particular, we will see that V;in has a basis that does not
entirely consist of {2y, where T" is standard at e.

The first property that is similar to the properties of the Specht module is the following

lemma that shows when n elements are linearly independent.

lemma 8.2.2.1. For any elements vy, ..., v, € RMffn such that we can choose a symmetric

Young (r,n)-tree {T;} in v; for all i satisfying the following:

o {T;} is minimal among the elements of v; with respect to the monomial order or the

Young order,

o and {T;} are all distinct and not negative multiples of each other.

Then vy, ..., U, are linearly independent.

Proof. Let suppose Y., c;v; = 0 and let {77} be minimal among all of the {T1},...,{T},}
that are comparable to {T}}. Note that {7} can not appear in any v; for all ¢ # 1 by
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minimality of {77} and the ones that are not comparable to {71}. In other words, ¢; = 0 by
linear independence in RM¢ . and we can proceed by induction to get the rest. This finishes

rn’

the lemma. O

d

r,n?

On the other hand, we can use the partial ordering RY Tree’ , we can show that the set
of shuffle divergent Young (7, n)-trees of degree d give a spanning set for SpO%(rn —r + 1)

for all » > 2.

lemma 8.2.2.2. The set ofm for divergent shuffle Young (r,n)-trees T of degree d span

C’ﬁ{n forr >1.

Proof. We will prove by induction on the partial ordering on the elements RYTreefm. For
maximal element {D}, it is divergent by 8.1.5.2 and is automatically in the span.

For the induction step, let {T'} be any symmetric Young (r, n)-tree of degree d in RM;fn
such that all other {S} with {T'} < {S}, we have {S} is in the span. If {T} is divergent,
then we are done. Otherwise, if there exists an internal edge e that is standard, then we can

use the relation from V%, to get

{Ty=-= > Sgn(o){T o. o}
oceC(e)\{id}

and from our relation we have {T'} < {T o, o}, since all the columns of ®r(e) are increasing.

By induction, {T'o.0} is in the span, and hence {T} is in the span. This proves the result. [

The last lemma states that we have
dim(SpOL(rn —r 4+ 1)) < div,.,

where div,,, is the number of shuffle divergent Young (r, n)-trees, and hence we must have
some subcollection of shuffle divergent trees be a basis for SpO%(rn — r + 1) for all r > 2.

When r = 2, this is automatically true by what we proved in chapter 4.
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