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A central problem in arithmetic geometry is understanding the existence and structure of

rational points on varieties. Over fields with interesting arithmetic, the study of rational

points is tied deeply to both the number theoretic properties of the field as well as the

geometric properties of the variety. In this thesis, we present two projects involving rational

point problems. The first investigates superelliptic curves over Henselian fields and explains

the structure of their degree sets, an object which captures a shadow of the arithmetic

properties of the curve. The second proves the Hasse principle, a method of establishing the

existence of rational points, over even degree extensions of the ground field for a large class

of conic bundles over the projective line.
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Chapter 1

INTRODUCTION

The field of arithmetic geometry lies at the intersection of algebraic geometry and number

theory, as solutions to polynomial equations correspond to points of the associated geometric

object. While classical algebraic geometers often work over algebraically closed fields, the

arithmetic setting prefers (finite extensions of) the rational numbers, where the existence

of solutions and structure of solution sets can be very complicated questions to answer. In

particular, notions of the integers and prime numbers become involved, opening the door to

number-theoretic input. A famous result of Faltings’ [Fal83] states that a curve of genus at

least 2 has finitely many solutions over a number field; this is a motivating example of the

philosophy that geometry controls arithmetic. In this case, the geometric data of the genus

of the curve dictates the arithmetic data of the infinitude of rational points. This slogan

guides our exploration of arithmetic geometry.

The existence of rational points on varieties over a global field K is a difficult question.

A necessary condition for the presence K-points is the existence of Kv-points for every

completion Kv (i.e., the variety is locally soluble). Finding Kv-points tends to be a more

tractable problem, as these fields are complete with respect to an absolute value, allowing for

solutions to be constructed from successive approximation. When Kv is archimidean, this is

known as Newton’s method, and when Kv is nonarchimidean, we can use Hensel’s lemma to

accomplish the same result. In joint work with Alexander Galarraga [GW25], we study the

degree sets of superelliptic curves over Henselian fields, a shadow of the arithmetic data

describing the field extensions over which a curve possesses points.

Varieties which are locally soluble do not necessarily have global points, and it is a

special situation when the existence of local points for every completion guarantees the
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existence of global points. The classes of varieties which have this property are said to

satisfy the Hasse principle (examples include Severi-Brauer varieties and certain torsors

over an abelian variety). When the Hasse principle holds, proving the existence of rational

points can be reduced to a finite computation, and thus understanding the Hasse principle

is of great arithmetic interest. However, even if a variety X is locally soluble, Manin showed

that elements of the Brauer group Br(X) can obstruct the existence of K-points; this is

known as the Brauer–Manin obstruction [Man71]. In some cases, the Brauer–Manin

obstruction fully explains the failure of the Hasse principle, highlighting its importance in

the study of rational points. For example, a guiding conjecture of Colliot-Thélène posits that

the Brauer–Manin obstruction is the only obstruction to the Hasse principle for geometrically

rational varieties [CT92].

Over a fixed field of definition, the Brauer–Manin obstruction has been studied for many

classes of varieties; however, investigating how it persists over extensions of the ground field

is a relatively new area of research. In joint work with Sam Roven [RW26], we produce one

of the first results of this type, establishing the Hasse principle for conic bundles over even

degree extensions.

1.1 Organization

This thesis is structured as follows. In Chapter 2, we provide the preliminaries of arithmetic

geometry and the theory of rational points on varieties, including a brief discussion of the

Brauer–Manin obstruction. In Chapter 3, we discuss results regarding degree sets of superel-

liptic curves over Henselian fields, in joint work with Alexander Galarraga, and available as

an independent paper [GW25]. In Chapter 4, we discuss results regarding the Hasse principle

for conic bundles over even degree extensions, in joint work with Sam Roven, and available

as an independent paper [RW26].
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Chapter 2

GEOMETRY AND ARITHMETIC OF CURVES AND
SURFACES

In this chapter, we review the geometry and arithmetic of curves and surfaces. Through-

out this text, we say that a variety X over a field k is a integral scheme whose structure

morphism to Spec(k) is separated and of finite type. A nice variety is a variety which is

smooth, projective, and geometrically integral. A curve is a variety of dimension 1, and a

surface is a variety of dimension 2.

2.1 Arithmetic of global and local fields

We begin with a discussion of the fields which appear in our results.

Definition 2.1.1. A global field is either:

• a number field (a finite extension of Q), or

• Fq(t), where Fq denotes the finite field of q elements.

Definition 2.1.2. Let k be a global field. Then, two absolute values | · |1 and | · |2 on k

are equivalent if they define the same topology on k. A place of k is an equivalence class of

absolute values of k. We write Ωk to denote the set of places of k.

If a place v ∈ Ωk corresponds to an archimedean absolute value, we say that v is

archimedean, otherwise we say that v is nonarchimedean. For a number field k, the

nonarchimedean places of k correspond to the primes of the ring of integers of Ok, while the

archimedean places of k correspond to the embeddings of k into C. We can define the ring

of integers of k, denoted Ok as the integral closure of Z in k, if k is a finite extension of Q,
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and as the integral closure of Fq[t] in k, if k is a finite extension of Fq(t). For a prime p of Ok,

we can produce a discrete valuation vp on k which induces an absolute value |x|p = e−vp(x). If

a place v ∈ Ωk is of this form, we say that v is finite, otherwise we say that v is infinite. If

k is a number field, the finite places are precisely the nonarchimedean places and the infinite

places are precisely the archimedean places. However, when k is a global function field, this

correspondence can fail.

Definition 2.1.3. A field L is a local field if it is the completion of a global field k at a

place v ∈ Ωk. If v is nonarchimedean, the ring of integers of L is the ring

OL := {x ∈ L | |x|v ≤ 1}.

In particular, O is a local ring, with maximal ideal

mL := {x ∈ L | |x|v < 1}

and residue field OL/mL. A principal generator π for mL is called a uniformizer for OL

(or L).

Alternatively, one may take the intrinsic definition of a local field as a field with a non-

trivial absolute value under which it is locally compact [Poo17, Section 1.1.2].

Example 2.1.4. When k = Q, Ostrowski’s theorem [Kob84, Theorem I.1] asserts that

Ωk = {primes p} ∪ {∞}

where ∞ denotes the standard absolute value. Completing k at a finite place v = p yields

the p-adic numbers Qp, while completing k at v = ∞ produces R.

We can package the set of completions of a global field together, which will be a useful

tool to keep track of varieties which have points over all completions of a global field.

Definition 2.1.5. Let k be a global field. The adele ring of k, denoted Ak, is given by the

restricted product

Ak :=
∏′

v∈Ωk

(kv,Ov)

where all but finitely many elements of the product lie in Ov.
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When v is archimedean, we can take Ov = kv, since this does not affect the condition

that all but finitely many elements of the product must be integral.

2.2 Nonarchimedean local fields and Henselian fields

This section provides many of the basic theory and necessary tools for our analysis in Chap-

ter 3.

Lemma 2.2.1 (Hensel’s Lemma, [Neu99, Theorem II.4.6]). Let K be a nonarchimedean local

field with ring of integers OK and residue field k. Then, if P ∈ OK [x] is a monic polynomial

with image P ∈ k[x], then every factorization of P in k[x] into coprime polynomials can be

lifted uniquely to a factorization of P ∈ O[x].

In particular, if P has a simple root in k, then this can be lifted uniquely to a simple root

α ∈ O of P . Hensel’s lemma is very useful in order to solve polynomial equations over local

fields, and can be thought of as a p-adic analogue of Newton’s method for finding roots over

R. As such, we define a class of fields over which Hensel’s lemma applies.

Definition 2.2.2. LetK be a field with a valuation v. Then,K isHenselian if the valuation

ring of K satisfies Hensel’s lemma. We say that K is strictly Henselian if in addition the

residue field of K is separably closed.

In Chapter 3, we will examine extensions of local fields. In particular, the structure

of extensions is controlled by the ramification of the uniformizer and the extension of the

residue field.

Definition 2.2.3. Let L/K be an extension of local fields, with πK a uniformizer for OK

and πL a uniformizer for OL. Let ℓ and k be the residue fields of L and K, respectively.

Then, for some unit u ∈ O∗
K and positive integer e, we have that

πe
L = uπK

and we say that e = eL/K is the ramification degree of L/K. We say that

f = fL/K := [ℓ : k]
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is the inertia degree of L/K.

Theorem 2.2.4 ([Neu99, Proposition II.6.8]). Let L/K be an extension of Henselian fields.

Then, we have that [L : K] ≥ ef , and furthermore [L : K] = ef if the valuation is discrete

and L/K is separable.

Theorem 2.2.5 ([Neu99, Theorem II.6.2]). If K is Henselian, and L/K is algebraic, then

there is a unique extension of | · |K to L. If L/K is finite, then the extension is given by

|x|L =
(
NmL/K(x)

) 1
[L:K]

and OL is the integral closure of OK in L.

Theorem 2.2.5 shows that we can read off the ramification degree using the valuation (or

corresponding absolute value), since we must have that ν(πK) = 1 and ν(πL) =
1
e
.

Over a Henselian field, we can obtain information about the valuation of the roots of

polynomials using Newton polygons, a technique often used in tropical geometry.

Definition 2.2.6. Let f(x) = anx
n + · · ·+ a1x+ a0 over a Henselian field K with valuation

ν. The Newton polygon of f is the lower convex hull of the points

{(i, ν(ai))}ni=0

given as a piecewise linear set in R2.

Theorem 2.2.7 ([Neu99, Proposition II.6.3]). Let f(x) = anx
n + · · · + a1x + a0. Then,

for every segment of the Newton polygon of f of horizontal width w and slope m, f has w

corresponding roots of valuation −m.

In Chapter 3, we will use the Newton polygon of F (x) to deduce information regarding

the ramification points of the superelliptic curve defined by yp = F (x).
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2.3 Rational points on varieties

For a variety X, we want to be able to understand the points of X, corresponding to solutions

of the defining equations of X. However, this depends on the ring in which the coordinates of

the points are defined. As such, we would like a definition that is independent of coordinates.

Definition 2.3.1. Let X be a variety. For a scheme S, an S-valued point of X is a map

Spec(S) → X. The set of S-points of S is given by

X(S) := Hom(S,X).

Wemotivate this definition with several examples, to illustrate that this definition matches

our intuition for a “point” of X.

Example 2.3.2. Let k = k be a field. Suppose R = k[x, y]/f(x, y), and let X = Spec(R).

Then, let Spec(k) → X be a point. The data of such a map corresponds to a ring map

R → k, which is an assignment of x and y to elements of k satisfying f(x, y) = 0.

Example 2.3.3. Let L/K be an extension of fields. A K-point Spec(K) → X is the choice

of an image point x ∈ X such that k(x) ⊆ K. Composing with the map Spec(L) → Spec(K)

induced by inclusion gives an L-point Spec(L) → X, which is the data of the same point

and k(x) ⊆ K ⊆ L.

Example 2.3.3 shows that we can interpret X(k) as the set of points which have residue

field contained in k, and are therefore defined over k.

Remark 2.3.4. The assignment X(S) : S 7→ Hom(S,X) is often called the functor of

points of X. If X is a scheme over a base scheme T , then the Yoneda lemma tells us that

X is determined as a T -scheme up to isomorphism by X(S) for all T -schemes S.

A central question in arithmetic geometry is determining X(Q), the set of rational points

of a variety X. More generally, for a global field K, it is a difficult question to determine

X(K), or even if X(K) is empty.



8

Example 2.3.5. Consider X = V (x2 + y2 − 3z2) ⊆ P2. Clearing denominators, we can

search for integer points of X. Then, x2 and y2 are both divisible by 3 an even number of

times, and since the squares modulo 3 are {0, 1}, x2 + y2 must also be divisible by 3 an even

number of times. However, 3z2 will be divisible by 3 an odd number of times, showing that

no integer solutions can exist.

This is an example of a local obstruction, as we have shown that X(Q) ⊆ X(Q3) = ∅,

and therefore X(Q) = ∅. More generally, for a number field K, we have that X(K) ⊆ X(Kv)

for all places v ∈ ΩK . If X(Kv) = ∅ for any place v ∈ Kv, then this is enough to show that

X(K) = ∅.

We can examine the points of X over all completions at once by investigating the adelic

points, given by the restricted product

X(AK) =
∏′

v∈ΩK

(X(Kv), X(Ov))

where all but finitely many entries of the product must lie in X(Ov). Note that if X is

proper, then by the valuative criterion for properness, we have that X(Kv) = X(Ov), and

thus X(AK) is simply the product of X(Kv) over all places v ∈ ΩK .

In order for X(K) to be nonempty, we must have that X(AK) is nonempty. However, the

reverse implication does not always hold, and we investigate it further in the work presented

in this thesis.

Definition 2.3.6. Let C be a class of varieties. We say that C satisfies the Hasse principle

(or local-to-global principle) over K if

X(AK) ̸= ∅ =⇒ X(K) ̸= ∅

for all X ∈ C.

Example 2.3.7. The Hasse-Minkowski Theorem asserts that a quadratic form over a global

field K represents 0 over K if and only if it represents 0 over every completion of K, and

therefore quadratic forms satisfy the Hasse principle over global fields.
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2.4 The Brauer group

In this section, we introduce the Brauer group, a group associated to a variety which captures

geometric and arithmetic data.

Definition 2.4.1. A central simple algebra over a field K is a finite dimensional K-

algebra A such that

• A is simple (i.e. has no nontrivial two-sided ideals), and

• the center of A is isomorphic to K.

We write CSA(K) for the set of central simple algebras over K.

Example 2.4.2. For n ∈ N, we have that Mn(K), the set of n× n matrices over K, form a

central simple algebra.

Theorem 2.4.3 (Artin–Wedderburn, [GS17, Theorem 2.1.3]). Let A be a central simple

algebra over K. Then, there exists a unique division algebra D/K such that A ∼= Mn(D).

As a simple consequence, we have that dim(A) is a square for all central simple algebras

A, and we say that
√

dimk(A) is the degree of A. The Artin–Wedderburn Theorem allows

us to better understand the structure of central simple algebras, and also provides the basis

for endowing a group structure on the set of central simple algebras.

Definition 2.4.4. Let A,B ∈ CSA(K). Then, we say that A and B areMorita equivalent

if there exist integers m,n such that Mn(A) ∼= Mm(B). Equivalently, if A ∼= Mn(D1) and

B ∼= Mn(D2) via the Artin–Wedderburn Theorem, then A and B are Morita equivalent if

and only if D1
∼= D2.

Definition 2.4.5. The Brauer group of K, denoted Br(K), is given by

Br(K) :=
CSA(K)

Morita equivalence
.

In particular, the group structure of Br(K) is given by tensor product, andMn(K) represents

the identity element.
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The assignment K to Br(K) is functorial, in the sense that for a field extension L/K, we

have a map Br(K) → Br(L) mapping A 7→ A⊗kL. We say that L splits A if A⊗kL ∼= Mn(L),

or equivalently that A ∈ ker(Br(K) → Br(L)).

Equivalently, we have that Br(K) ∼= H2(K,Gm), the second Galois cohomology group of

K. Since central simple algebras are separably split, they represent Gal(Ksep/K)-forms of

Mn(K), which are classified by H1(K,PGLn(K)). Using the exact sequence

0 Gm GLn(K) PGLn(K) 0

and taking cohomology, we can identify a central simple algebra with its class inH1(K,PGLn(K)) →

H2(K,Gm) = Br(K).

We now discuss quaternion algebras, a specific type of central simple algebra which is

particularly amenable to computations.

Definition 2.4.6. For a field K, we can define the quaternion algebra (a, b)K to be the

4-dimensional K-algebra given by the relations i2 = a, j2 = b, and ij = −ji.

To each quaternion algebra, we have an associated conic, given by the correspondence

(a, b)K ↔ ax2 + by2 = z2. This is an example of a Severi–Brauer variety, a variety which

is geometrically isomorphic to projective space. Such varieties have a close correspondence

with elements of the Brauer group.

Lemma 2.4.7 ([GS17, Proposition 1.3.2]). Let (a, b)K be a quaternion algebra, and let C :

ax2 + by2 = z2 ⊆ P2
K be the associated conic. Then, (a, b)K is split if and only if C(K) ̸= ∅.

Class field theory gives us an understanding of the Brauer groups of local and global

fields.

Lemma 2.4.8 ([Poo17, Theorem 1.5.34]). We have that

• Br(C) = 0,

• Br(R) = Z/2Z, generated by the quaternion algebra (−1,−1)R,
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• Br(K) = Q/Z, if K is a nonarchimedean local field.

Lemma 2.4.9 ([GS17, Corollary 6.5.4]). Let K be a number field. Then, the sequence

0 Br(K) Br(AK) =
∏

v∈ΩK
Br(Kv) Q/Z 0

is exact. The rightmost map is given by choosing a sequence of compatible isomorphisms for

each Br(Kv) with Q/Z, and summing over these maps.

We can extend the notion of a Brauer group from fields to schemes using the cohomological

definition.

Definition 2.4.10. Let X be a scheme. Then, the Brauer group of X, denoted Br(X), is

given by

Br(X) := H2
ét(X,Gm).

Note that when X = Spec(K) for a field K, this agrees with the previous definition.

This definition is also functorial, although contravariant for schemes. We highlight some

nice properties of Brauer groups of schemes below.

Lemma 2.4.11 ([CTS21, Theorem 3.5.5, Corollary 6.2.11]). The following are properties of

the Brauer group of schemes.

1. If X is a smooth geometrically integral variety over a field K with char(K) = 0, then

the generic point η : Spec(k(X)) → X gives an inclusion Br(X) → Br(k(X)).

2. If X and Y are smooth projective varieties which are birationally equivalent, then

Br(X) ∼= Br(Y ).

Theorem 2.4.12 ([Poo17, Theorem 6.8.3]). Let X be a nice variety over a number field K

with generic point η : Spec(k(X)) → X. Then, there is an exact sequence

0 Br(X) Br(k(X))
⊕

D∈X(1)

H1(k(D),Q/Z)

where the last map is given by a sum of residues at codimension 1 subschemes.
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We interpret Theorem 2.4.12 as stating that the Brauer classes on X are the Brauer

classes on k(X) which have no residues at any codimension 1 subschemes of X.

2.5 The Brauer–Manin obstruction to the Hasse principle

For a schemeX and a closed point x ∈ X(K), the map x : Spec(K) → X induces a functorial

map on Brauer groups x∗ : Br(X) → Br(K). We therefore have, for every field K over which

X is defined, a pairing

⟨−,−⟩ : X(K)× Br(X) → Br(K)

⟨x, α⟩ 7→ x∗α

which is linear in the Br(X) component. This fits into the following diagram

X(K)× Br(X) X(AK)× Br(X)

0 Br(K)
⊕

v∈ΩK

Br(Kv) Q/Z 0

which commutes by the exactness of the bottom row, by Lemma 2.4.9. We then make the

following observation: if X(K) ̸= ∅, then for any α ∈ Br(X), commutativity of the diagram

asserts that the image of x∗α must be 0 ∈ Q/Z. Thus, given α ∈ Br(X), we can define

X(AK)
α :=

{
(xv) ∈ AK

∣∣∣∣∣ ∑
v∈ΩK

x∗vα = 0 ∈ Q/Z

}

as the set of adelic points orthogonal to α. Then, X(K) ⊆ X(AK)
α for all α ∈ Br(X), and

thus we have that

X(K) ⊆ X(AK)
Br(X) :=

⋂
α∈Br(X)

X(AK)
α.

Definition 2.5.1. We say that X(AK)
Br(X) is the Brauer–Manin set of X. If X(AK) ̸= ∅

but X(AK)
Br(X) = ∅, then necessarily X(K) = ∅, and we say that X has a Brauer–Manin

obstruction to the Hasse principle.
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Remark 2.5.2. If X is a scheme over K with structure morphism π : X → Spec(K), then

note that for α ∈ Br(K), we have that X(AK)
π∗α = X(AK). In other words, the Brauer

classes coming from the ground field cannot obstruct the Hasse principle. This means that in

order to compute a Brauer–Manin obstruction, it suffices to consider Br(X)/Br0(X), where

Br0(X) denotes the image of Br(K) inside Br(X).

Lemma 2.5.3 ([Poo17, Corollary 6.7.8]). Let X be a nice variety over a number field K.

Then, the Hochschild–Serre spectral sequence gives an isomorphism

Br1(X)

Br0(X)
∼= H1(Gal(ksep/k),Pic(X))

where Br1(X) denotes the kernel of the map Br(X) → Br(X) induced by base change to a

separable closure.

WhenX is a curve or geometrically rational surface, Br(X) = Br1(X), and so Lemma 2.5.3

is very useful for computing the Brauer–Manin obstruction on X. In particular, Châtelet

surfaces are geometrically rational, and so Lemma 2.5.3 allows us to compute the Brauer

group in Chapter 4.
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Chapter 3

DEGREE SETS OF SUPERELLIPTIC CURVES OVER
HENSELIAN FIELDS

This chapter represents the work of a long and fruitful collaboration with Alexander

Galarraga, available at [GW25] and has been submitted for publication. We maintain that

the work is done with equal contribution; however, for the purposes of this thesis, we attribute

Section 3.4 and Theorem 3.6.1 to Alexander Galarraga, and Section 3.3 and Section 3.5 to

the author.

3.1 Main results

Given a variety V/K over a field K, one would like to determine V (K), the set of K-rational

points. If it happens that V (K) is empty, one would then like to determine for which

extensions L/K does V acquire points over L. Explicitly, define the degree set of V/K by

D(V/K) := {degK(P ) | P ∈ V, P closed}

where degK P denotes the degree of the residue field k(P ) over K, and the index of V/K by

ind(V/K) := gcdD(V ). We would like to determine the degree set of V/K.

When K is a discretely valued Henselian field, determining the index and the degree set

is possible. Gabber, Liu, and Lorenzini have shown that that the index over K depends only

on data related to the special fiber [GLL13, Theorem 8.2], and Creutz and Viray showed that

the degree set can be computed explicitly from the special fiber of a strict normal crossings

model [CV25, Theorem 1.1]. Thus, provided knowledge of the special fiber, one can compute

the degree set. For a large class of curves with affine model f(x, y) = 0, [Dok21, Theorem 1.1]

gives an effective method, and for hyperelliptic curves with potential semistable reduction,
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[FN20, Theorem 1.2] describes the special fiber in terms of cluster diagrams. In general,

however, the special fiber is difficult to compute.

Creutz and Viray give examples of curves C/K with index 1 having degree set that

excludes infinitely many integers. These degree sets do not arise over finite fields or global

fields. Indeed, over finitely generated fields, the degree set contains all sufficiently large

multiples of the index (e.g. [LL18, Theorem 7.5]). Since ind(C/K) is the greatest common

divisor of the degrees in D(C/K), we always have a containment D(C/K) ⊆ ind(C/K)N.

We say that D(C/K) is cofinite if the complement of D(C/K) in ind(C/K)N is finite, and

not cofinite otherwise. We investigate when this behavior occurs for curves C/K which are

superelliptic of prime degree (curves with a cyclic cover C → P1 of prime degree q). Over

fields of characteristic not q, superelliptic curves are birational to an affine plane curve of

the form yq = F (x). When q is 2, the curve is hyperelliptic.

Following [DDMM19], we give an answer in terms of clusters. A cluster is a subset of

the roots of F (x) contained in an open disk. As the absolute Galois group Gal(K/K) acts on

the roots of F (x), there is a natural action of Gal(K/K) on clusters (see Definition 3.3.1).

Let O(s) denote the orbit of a cluster s under Gal(K/K), let cs be the integer defined

in Lemma 3.3.4, and let γs ∈ K be defined as in Lemma 3.4.2. Note that cs and γs are

computable by hand from the roots of F (x), see Example 3.7.1.

Theorem 3.1.1. Suppose that the residue field of K is algebraically closed and that every

root of F (x) is tamely ramified. Then, D(C/K) is not cofinite if and only if ν(F (0)) ̸≡ 0

(mod q), and for every Galois-invariant cluster s of roots of F (x),

(i) |s| ≡ 0 (mod q) and cs ̸≡ 0 (mod q), and

(ii) if γs ∈ Xs, then ν(F (γs)) ̸≡ 0 (mod q).

When these conditions are satisfied, we have that

D(C/K) ⊆ qN ∪
⋃

snot Galois
invariant

|O(s)|N.
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The two main tools used in the proof of Theorem 3.1.1 are Lemma 3.3.4 and Lemma 3.5.1.

Lemma 3.3.4 provides a formula to compute ν(F (x0)) as a function of x0 ∈ K and the nearest

cluster, and as such may be of independent interest. Lemma 3.5.1 shows that there is an

obstruction to the degree set being cofinite arising from the valuation to points of arbitrary

degree.

The results of [CV25] together with Theorem 3.1.1 show that the sizes of the orbits of the

clusters must relate to the multiplicities of the components of the special fiber of a regular

model with strict normal crossings. Following the construction of [Dok21], for many Galois

invariant clusters s (specifically, for those that fall in case (a) of Lemma 3.4.1), there exists

a v-edge Ls, and that δLs equals 1 if and only if the conditions of Theorem 3.1.1 are not

satisfied. When δLs equals 1, there are intersecting copies of P1 with coprime multiplicity,

and thus [CV25, Theorem 1.1] shows that for some r, N>r ⊆ D(C/K). We compute the

degrees of all points reducing to the P1’s arising from Ls simultaneously in Lemma 3.5.5.

When C/K is not ∆v-regular, the methods of [Dok21] do not give a regular model, see

Remark 3.7.2. As in Example 3.7.1, we can often compute the degree set even when C/K is

not ∆v-regular.

Restricting briefly to the case of hyperelliptic curves, [FN20, Theorem 1.2] shows that, if

the curve has potential semistable reduction (which is equivalent to every root of F (x) being

tamely ramified), the special fiber can be computed from a cluster diagram (see [DDMM23]

or the overview [BBB+22]) and thus the degree set depends only on the cluster diagram.

Using an additional quantity cs, both |s| and ν(F (γs)) can be computed from the cluster

diagram (see Remark 3.5.4). We do not know how cs relates to the cluster diagram.

Theorem 3.1.2. Let K be a discretely valued Henselian field with algebraically closed residue

field of characteristic p. Let q be a prime not equal to p, and let n1, . . . , nℓ be positive integers.

Then, there exists a superelliptic curve C/K such that

D(C/K) = qN ∪ n1N ∪ . . . ∪ nℓN.

As a special case of Theorem 3.1.2, we find that for every pair of odd primes p and q,
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there exists a curve C/K such that D(C/K) = pN ∪ qN. Thus, the density of D(C/K) in

ind(C/K)N can be arbitrarily small.

3.2 Generalities on arithmetic over Henselian fields

3.2.1 Notation

Throughout this chapter, let K be a discretely valued Henselian field with value group Z,

let ν be the valuation on K normalized with respect to K and associated absolute value | · |,

uniformizer π, and residue characteristic p. A curve is a smooth, projective, geometrically

integral, dimension 1 scheme over a field. For a prime q ̸= p, a superelliptic curve C/K

of degree q and genus g is the normalization of the projective closure of an affine variety

given by yq = F (x), where F (x) has no q-th powers. Let F (x) = ad
∏

i=1(x − αi) be the

factorization over K.

3.2.2 General lemmas

Lemma 3.2.1. Let p be a prime, let k be a field, and let a ∈ k∗. The polynomial h(y) = yp−a

is either irreducible or a ∈ k×p.

Proof. This follows from [Lan02, Chapter VI, Theorem 9.1].

Lemma 3.2.2. For integers a, b, c, and r, let ρ : 1
r
Z → 1

rb
Z be an affine map defined by

ρ(x) =
a

b
x+

c

b
.

The image of ρ intersects 1
r
Z if and only if gcd(a, b) divides rc. If this condition holds, then

for any open interval I of length greater than b+1
r
, im(ρ) restricted to I ∩ 1

r
Z intersects 1

r
Z.

Proof. As 1
r
Z and 1

rb
Z are isomorphic to Z, we construct a map φ : Z → Z from ρ. Explicitly,

let θ : Z → 1
r
Z be division by r, and let ψ : 1

rb
Z → Z be multiplication by rb. Define φ by

φ(x) := (ψ ◦ ρ ◦ θ)(x) = ax + rc. Then, im(ρ) intersects 1
r
Z if and only if im(φ) intersects

bZ, as bZ is the image of 1
r
Z under ψ. The image of φ intersects bZ precisely when there is
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a solution to ax ≡ −rc (mod b), which is solvable if and only if gcd(a, b) divides rc. For an

interval I, if |I| > b+1
r
, then by the pigeonhole principle, the numerators of I ∩ 1

r
Z contain a

complete set of representatives of congruence classes modulo b.

3.2.3 Results about Henselian fields

The following is a strengthening of Krasner’s lemma, provided that one works with Kt, the

tamely ramified closure, rather than K.

Lemma 3.2.3. Let B be an open ball in K such that B ∩ Kt is nonempty. There exists

β ∈ B such that for all α ∈ B, K(β) ⊆ K(α) and degK(β) equals the size of the orbit of B

under Gal(Kt/K).

Proof. This is the one dimensional case of [Duc13, Theorem 3.5].

Lemma 3.2.4. Assume that the residue field of K is algebraically closed. If r is coprime to

the residue characteristic of K, then K( r
√
π) is the unique extension of K of degree r.

Proof. This follows from [Lan13, Chapter II, Proposition 12].

3.2.4 Structure of degree sets of general schemes over Henselian fields

We establish two lemmas that are crucial to the computation of degree sets. Both follow

from a result of Liu and Lorenzini [LL18]. We state them here in the form we require for

our argument.

Lemma 3.2.5. Let X/K be a geometrically integral and smooth scheme of finite type and

positive dimension. Let m ∈ N. If m ∈ D(X/K), then mN ⊆ D(X/K).

Proof. Since K is Henselian, K is a large field [Pop10, Theorem 1.1]. If m ∈ D(X/K), there

exists some extension L/K of degree m such that X(L) is nonempty, and hence contains

a smooth point. From [LL18, Proposition 8.3], we find that over any separable extension

M/L, X gains infinitely many new points. We can then pick a separable extension Mn/L of
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degree n for each n ∈ N, as for example, if π is a uniformizer for K, then Xn + πX + π will

be an irreducible and separable polynomial. Thus, we find that mN ⊆ D(X/K).

Lemma 3.2.6. Let X/K be a geometrically integral and smooth scheme of finite type and

positive dimension. Let W be a Zariski open subset of X. Then, D(W/K) = D(X/K).

Proof. As W embeds into X, we have that D(W/K) ⊆ D(X/K). If m ∈ D(X/K), then

there exists some L/K of degree m such that X(L) is nonempty. Since K is Henselian, L

is also Henselian, and hence is a large field [Pop10, Theorem 1.1], so that X(L) is Zariski

dense. Thus, W (L) is nonempty, and hence there exists some point of W having degree

dividing m. Applying Lemma 3.2.5, we find that m ∈ D(W/K).

3.3 The valuation of a polynomial

In this section we address the question of determining, for any x0 ∈ K, the valuation of

F (x0) in terms of the valuation of x0. We give a complete answer in terms of the roots {αi}

of the polynomial F (x).

Definition 3.3.1 (see [DDMM19, Definition 1.1]). A cluster is a nonempty subset s ⊆ {αi}

of the form s = D ∩ {αi} for some disk Dz, d = {x ∈ K | |x − z| ≤ d} for some z ∈ K and

d ∈ R. Let O(s) denote the orbit of s as a set under Gal(Ksep/K), and let sc denote the

complement of s in {αi}.

Lemma 3.3.2. Let x0 ∈ K, and let {αi} be the roots of F (x). Let Rx0 = mini |x0 − αi| and

let S be the set of roots that achieve the minimum. Then, S is a cluster.

Proof. Choose z = x0 and d = Rx0 . We then have that S = Dz,d ∩ {αi}.

Definition 3.3.3. For any cluster s, let Xs ⊆ K be the set

Xs = {x ∈ K | ∀α ∈ s, |x− α| = Rx, ∀α′ ̸∈ s, |x− α′| > Rx}.

We think of Xs as partitioning K by the roots of minimal distance. By construction, the

collection of {Xs} forms an open cover of K as s varies over all clusters.
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Lemma 3.3.4. Fix a cluster s. There exists cs ∈ Q such that for all x0 ∈ Xs and any α ∈ s,

ν(F (x0)) = |s| · ν(x0 − α) + cs,

where cs is given by

cs = ν(ad) +
∑
β∈sc

ν(α− β)

and all expressions above are independent of the choice of α ∈ s.

Note that for any choice of α ∈ s, the expression |s| ν(x0−α) is equivalent to
∑

α′∈s ν(x0−

α′), since all roots in s are equidistant from x0. This definition is more symmetric in s but

less useful computationally.

Remark 3.3.5. By Lemma 3.3.4, |s| and cs are the coefficients of the piecewise affine linear

function given by the slope formula, see [BPR13, Theorem 5.15].

Proof of Lemma 3.3.4. For β ∈ sc,

Rx0 < |x0 − β| = |x0 − α + α− β| ≤ max{|x0 − α|, |α− β|} = max{Rx0 , |α− β|}.

We therefore have that |α−β| > Rx0 and thus by strong triangle inequality, |x0−β| = |α−β|

and we have the same equality on valuations. Thus, we have

ν(F (x0)) = ν(ad) +
∑
α′∈s

ν(x0 − α′) +
∑
β∈sc

ν(x0 − β) = ν(ad) +
∑
α′∈s

ν(x0 − α) +
∑
β∈sc

ν(α− β)

= |s| · ν(x0 − α) +

(
ν(ad) +

∑
β∈sc

ν(α− β)

)

which gives the desired formula for x0 ∈ Xs (note that the choice of α was arbitrary).

3.4 Properties of clusters

Lemma 3.4.1. Let s be a cluster. Then, at least one of the following is true:

(a) there exists some root αmin of s such that s = {α | ν(α) ≥ ν(αmin)}, or
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(b) all roots of s are contained in B|α|(α) for any α ∈ s, and further Xs ⊆ B|α|(α).

Proof. Let αmin denote a root of s of minimal valuation. Suppose that (a) does not hold, that

is, there exists some β ∈ sc such that |β| ≤ |αmin|. Let x ∈ Xs. As β ∈ sc, by definition of

Xs, |x−β| > |x−αmin|. If |x| ̸= |αmin|, then |x−αmin| = max{|x|, |αmin|} ≥ max{|x|, |β|} ≥

|x − β|, a contradiction, and thus |x| = |αmin|. As |β| ≤ |αmin| = |x|, the strong triangle

inequality gives that |x − β| ≤ |x|, and hence |x − αmin| < |x − β| ≤ |x| = |αmin|, so that

x ∈ B|αmin|(αmin). For all α ∈ s, by the definition of Xs, |x−α| = |x−αmin| < |αmin|. Hence,

|αmin − α| = |αmin − x+ x− α| ≤ max{|x− αmin|, |x− α|} < |αmin|.

As all elements of B|αmin|(αmin) have the same absolute value and any element of the ball can

be chosen as the center, the ball B|α|(α) does not depend on choice of α ∈ s.

Lemma 3.4.2. Suppose that the residue field of K is algebraically closed and that the roots

of F (x) are tamely ramified. Let s be a Galois-invariant cluster. There exists γs ∈ K and

αmin ∈ s such that s = {α | ν(α− γs) ≥ ν(αmin − γs)}.

Proof. If |s| = 1, then we can take γs = α for the unique α ∈ s, which is an element of K as

s is fixed by the Galois action. Now suppose |s| > 1, and fix some α ∈ s. Define

ϵs := max
α′∈s

{|α− α′|} δs := min
β∈sc

{|α− β|}.

For the remainder of the proof, let α′ ∈ s be such that |α− α′| = ϵs, and let β ∈ sc be such

that |α− β| = δs. Let x ∈ Xs, so that by the definition of Xs,

δs = |α− β| = |α− x+ x− β| ≤ max{|α− x|, |x− β|} = |x− β|,

ϵs = |α− α′| = |α− x+ x− α′| ≤ max{Rx, Rx} < |x− β| = δs.

Now, let L/K be the splitting field of F (x). As all roots of F (x) are tamely ramified, by

Lemma 3.2.4, there exists r ∈ N and a uniformizer τ for L such that τ r = π and L = K(τ).

Expanding α, α′ and β in τ , we have that

α =
∑
i

biτ
i α′ =

∑
i

b′iτ
i β =

∑
i

ciτ
i.
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Let N be the smallest integer such that bN ̸= cN , so that δs = |α − β| = |τN |, and let N ′

be the smallest integer such that bN ′ ̸= b′N ′ , so that ϵs = |α − α′| = |τN ′ |. We have that

|τN ′ | < |τN |, so that N < N ′. Let γs :=
∑N ′−1

−∞<i biτ
i. Note that by construction of γs and

definition of β, for all β′ ∈ sc and all α′′ ∈ s,

ν(β′ − γs) ≤ ν(β − γs) = N ν(τ) < N ′ ν(τ) = ν(α′ − γs) ≤ ν(α′′ − γs). (3.1)

Thus, γs has the desired property. Finally, we show that γs ∈ K. As L/K is tamely

ramified and the residue field of K is algebraically closed, char K ∤ [L : K], and hence L/K

is separable and thus Galois. Suppose for the sake of contradiction that γs ̸∈ K, so that

there exists σ ∈ Gal(L/K) such that σ(γs) ̸= γs. As the residue field of K is algebraically

closed, for all i, σ(bi) = bi. Thus, we see there must exist some minimal M < N ′ such

that σ(τM) ̸= τM and bM ̸= 0. However, this shows that σ(α) ̸= α′, and hence as s is

Galois invariant, there exists αmin ∈ s such that |α − αmin| = |τM | > |τN ′| = |α − α′| = ϵs,

contradicting the definition of ϵs.

Remark 3.4.3. For a cluster s, there must exist some cluster s′ such that γs ∈ Xs′ . From

Equation (3.1), for any α ∈ s and β′ ∈ sc, |β′ − γs| > |α − γs|, and thus the collection of

roots closest to γs is a subset of s, that is, s′ ⊆ s. When γs is closest to some root α, then

by Galois-invariance of the valuation, ν(γs − α′) is constant for every conjugate α′ of α. We

therefore conclude that s′ ⊆ s must be Galois-invariant, and furthermore if s contains no

Galois-invariant subclusters, then γs ∈ Xs.

Lemma 3.4.4. Suppose that the residue field of K is algebraically closed and that the roots

of F (x) are tamely ramified. Let s be a Galois-invariant cluster. Then cs ∈ Z.

Proof. Note that we can apply a rational change of coordinates: if γ ∈ K, consider F (x+γ).

The set sγ = {α − γ | α ∈ s} is a Galois-invariant cluster for F (x + γ) and csγ = cs. By

Lemma 3.4.2, we can assume that there exists αmin such that s = {α | ν(α) ≥ ν(αmin)}.

As ν(ad) ∈ Z, we must show that
∑

β∈sc ν(αmin − β) ∈ Z. Both s and the set of roots

{αi} are Galois invariant, so sc is as well. For each Galois orbit contained in sc, pick some
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representative η with minimal polynomial fη, and let M ⊆ sc be the set of all η. The sum∑
β∈sc ν(αmin − β) equals

∑
η∈M ν(fη(αmin)). We show that for all η ∈ M, ν(fη(αmin)) ∈ Z.

For all β ∈ sc, ν(β) < ν(αmin), specifically, we have that for all η ∈ M, ν(η) < ν(αmin).

As fη is irreducible, all roots have the same valuation. Thus, by the strong triangle inequality,

ν(fη(αmin)) = ν

 ∏
β|fη(β)=0

(αmin − β)


=

∑
β|fη(β)=0

ν(αmin − β) =
∑

β|fη(β)=0

ν(β) = (deg fη) · ν(η).

As fη is the minimal polynomial of η, a Newton polygon argument shows that the denomi-

nator of ν(η) divides deg fη, and hence ν(fη(αmin)) ∈ Z as desired.

Remark 3.4.5. Neither Lemma 3.4.2 nor Lemma 3.4.4 necessarily hold if the roots of

F (x) are wildly ramified. Consider F (x) = (x3 − 3)(x2 − 3) over Q3. Let ζ3 = −1+
√
−3

2

be a root of the second cyclotomic polynomial, x2 + x + 1, so that the roots of F (x) are

{
√
3,−

√
3, 3
√
3, ζ3

3
√
3, ζ23

3
√
3}, and let s = { 3

√
3, ζ3

3
√
3, ζ23

3
√
3}. As s = B| 3

√
3|(

3
√
3)∩ {αi}, s is a

Galois-invariant cluster. For all γ ∈ K, either ν(γ) ≥ 1, in which case ν(α − γ) = ν(α) for

all α, or ν(γ) ≤ 0, in which case ν(α − γ) = ν(γ) for all α. Therefore, no γ can satisfy the

conclusions of Lemma 3.4.2 for s. Further,

cs = ν(1) + ν
(

3
√
3−

√
3
)
+ ν

(
3
√
3 +

√
3
)
=

2

3
.

Remark 3.4.6. The proof of Lemma 3.4.4 shows that if there exists αmin ∈ s such that

s = {α | ν(α) ≥ ν(αmin)}, then cs is an integer.

3.5 Degree sets of superelliptic curves

We study the degree set of a superelliptic curve C/K via the affine open U ⊆ C such that

U ≃ V (yq − F (x))∖ {(αi, 0)}. We consider the x-coordinate map x : C → P1.
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3.5.1 Obstructing points of arbitrary degree

We first use the valuation to show that under certain modular arithmetic conditions, we

cannot obtain points of arbitrary degree.

Lemma 3.5.1. Suppose that the residue field of K is algebraically closed and that every root

of F (x) is tamely ramified. Fix a Galois-invariant cluster s. Let γs be constructed from s as

in Lemma 3.4.2. Let r be a natural number not divisible by q. If there exists P ∈ U(K) of

degree r with x(P ) ∈ Xs, then one of the following holds:

(i) |s| ̸≡ 0 (mod q), or

(ii) |s| ≡ 0 (mod q) and cs ≡ 0 (mod q), or

(iii) 0 ∈ Xs and ν(F (0)) ≡ 0 (mod q), or

(iv) γs ∈ Xs and ν(F (γs)) ≡ 0 (mod q).

Remark 3.5.2. The quantities appearing in conditions (i) and (ii) in Lemma 3.5.1 are the

coefficients appearing in the slope formula, see Remark 3.3.5.

Proof of Lemma 3.5.1. Let (x0, y0) ∈ U(K) with [K(x0, y0) : K] = r. By Lemma 3.2.1,

either K(x0, y0) is a degree q extension of K(x0), or F (x0) ∈ K(x0)
×q. The first case is not

possible by assumption, so we must have that F (x0) ∈ K(x0)
×q and that K(x0, y0) = K(x0).

As the residue field of K is algebraically closed, K(x0) is totally ramified with value group

1
r
Z, so that ν(F (x0)) is a multiple of q in 1

r
Z. As x0 ∈ Xs, by Lemma 3.3.4, for any α ∈ s,

ν(F (x0))

q
=

|s|
q
ν(x0 − α) +

cs
q
.

We consider the possibilities for ν(x0−α), which by strong triangle inequality, are as follows:

1. ν(x0 − α) = ν(x0) ≤ v(α)

2. ν(x0 − α) = ν(α) < ν(x0)
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3. ν(x0 − α) > ν(α) = ν(x0).

Case 1: First suppose that ν(x0 − α) = ν(x0). Then, as ν(F (x0))
q

∈ 1
r
Z, we have that the

map 1
r
Z → 1

r
Z given by x 7→ |s|

q
x+ cs

q
satisfies the conditions of Lemma 3.2.2, so that |s| ̸≡ 0

(mod q) or |s| ≡ 0 (mod q) and cs ≡ 0 (mod q).

Case 2: Now assume that ν(x0−α) = ν(α) and ν(x0) > ν(α). As case (b) of Lemma 3.4.1

does not hold, case (a) must hold, so there exists αmin such that s = {α′ | ν(α′) ≥ ν(αmin)}.

As ν(x0−α) is independent of the choice of α ∈ s, all roots of s must have the same valuation,

which further must be the maximal valuation among all roots of F (x). Thus, for any root α′

of F (x), ν(x0) > ν(α′). We see that 0 ∈ Xs as 0 is closest to the roots of maximal valuation,

so

ν(F (x0)) = ν(ad) +
∑
i

ν(x0 − αi) = ν(ad) +
∑
i

ν(αi) = ν(F (0)).

Thus, ν(F (x0)) ∈ Z. As ν(F (x0)) is a multiple of q in 1
r
Z and q does not divide r, ν(F (x0)) =

ν(F (0)) = ν(F (γs)) is a multiple of q in Z.

Case 3: Finally, suppose that ν(x0 − α) > ν(α) = ν(x0). By Lemma 3.4.2, there exists

γs ∈ K and αmin ∈ s such that s = {α | ν(α − γs) ≥ ν(αmin − γs)}. Let G(x) = F (x + γs),

consider the isomorphic curve yq = G(x), and let s′ be the G(x)-cluster {α− γS | α ∈ s}.

We show that for all α ∈ s, x0 − γs is not contained in B|α−γs|(α − γs). If |s| = 1, then

γs = α and as P ∈ U(K), x(P ) does not equal α, and hence x0 − γs ̸∈ B0(0). Now suppose

that |s| > 1, and let α′ ∈ s be such that |α− α′| is maximal as in the proof of Lemma 3.4.2.

By construction of γs, |α− γs| = |α− α′|. As x0 ∈ Xs, we have that

|x0 − γs − (α− γs)| = |x0 − α| = |x0 − α′ + α′ − α|

≤ max{|x0 − α′|, |α′ − α|} = max{|x0 − α|, |α− γs|}.

If |α−γs| > |x0−α|, then the strong inequality gives a contradiction. Thus, |α−γs| ≤ |x0−α|,

and hence x0 − γs ̸∈ B|α−γs|(α − γs) as desired. Then, ν((x0 − γs) − (α − γs)) ≤ ν(α − γs),

and hence x0 − γs must fall in either case 1 or case 2 when considering the G(x)-cluster s′.
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As |s′| = |s| and cs′ = cs, in case 1 the congruence conditions hold. Finally, G(0) = F (γs),

and thus in case 2 we have that ν(F (γs)) ∈ qZ.

Remark 3.5.3. If γs ̸= 0, for all α ∈ s, v(α) = v(γs). If there exist α, α′ ∈ s such that

ν(αj) ̸= ν(αj′), then γs = 0. Thus, for many Galois-invariant s, γs is not contained in Xs.

Remark 3.5.4. Define the depth of s by ds := minα,α′ ν(α−α′). When |s| > 1 and γs ∈ Xs,

we have that ν(γs − αj) = ds, and hence ν(F (γs)) = |s|ds + cs.

3.5.2 Constructing points of large degree

We prove a strengthening of the converse of Lemma 3.5.1. Using Hensel’s lemma, we show

that if there exists a point P ∈ U(K) with degree not a multiple of q, then the degree set

contains points of all sufficiently large degrees.

Lemma 3.5.5. Suppose that the residue field of K is algebraically closed and that every root

of F (x) is tamely ramified. Fix a Galois-invariant cluster s. If one of the following holds:

(i) |s| ̸≡ 0 (mod q), or

(ii) |s| ≡ 0 (mod q) and cs ≡ 0 (mod q), or

(iii) 0 ∈ Xs and ν(F (0)) ≡ 0 (mod q), or

(iv) γs ∈ Xs and ν(F (γs)) ≡ 0 (mod q),

then there exists r0 ∈ N such that for all r ≥ r0 with gcd(r, q) = 1, there exists a point

P ∈ U(K) of degree r with x(P ) ∈ Xs.

Proof. Following the argument in the proof of case 3 of Lemma 3.5.1, without loss of gener-

ality we can take γs = 0, so condition (iv) reduces to condition (iii). Suppose that condition

(iii) holds, so that 0 ∈ Xs and hence s is the set of roots of maximal valuation. We let r0 = 1
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and construct points of all degrees r ≥ r0. Let N be an integer greater than max{ν(α)},

and let x0 = πN+ 1
r . By construction, x0 ∈ Xs, and hence by Lemma 3.3.4, for any α ∈ s,

ν(F (x0)) = |s| ν(x0 − α) + cs = |s| ν(α) + cs = ν(F (0)) ≡ 0 (mod q).

Thus, (x0,
q
√
F (x0)) is a K-point of degree r over K.

Now suppose that either condition (i) or condition (ii) holds. As γs = 0, by Lemma 3.4.2,

there exists αmin such that s indexes the set {α | ν(α) ≥ ν(αmin)}. Let N = ν(αmin) and let

M = maxβ∈sc{ν(β)}. Let r0 be the smallest integer greater than q+1
N−M

+ 1. We construct a

point of degree r for all r ≥ r0. Consider the affine map ρ : (M,N) ∩ 1
r
Z → 1

rq
Z given by

ρ(x) = |s|
q
x + cs

q
. By Lemma 3.2.2, there exists a

r
∈ (M,N) such that ρ

(
a
r

)
∈ 1

r
Z. Write

a
r
= su

st
with gcd(u, t) = 1, and let x′0 be a root of xt − πu, so that x′0 has degree t. Let τ be

a uniformizer for K(x′0) and let R be an integer larger than s · u
t
relatively prime to s. Let ε

be a root of xs − τR. A Newton polygon argument shows that the degree of ε over K(x′0) is

s and that ν(ε) = R
s
> ν(x′0). Let x0 = x′0 + ε, so that K(x0) has degree st = r over K, and

ν(x0) = ν(x′0) =
a
r
. As M < ν(x0) < N , x0 ∈ Xs, and further

ν(F (x0))

q
=

|s|
q
ν(x0 − α) +

cs
q
=

|s|
q
ν(x0) +

cs
q
= ρ

(a
r

)
∈ 1

r
Z.

Thus, ν(F (x0)) is a multiple of q in 1
r
Z, and hence (x0,

q
√
F (x0)) has degree r over K.

Lemma 3.5.6. The degree set D(C/K) contains qN.

Proof. We show that either 1 ∈ D(C/K) (and hence equals N) or that q ∈ D(C/K), which

is sufficient by Lemma 3.2.5. Set x = 0 and consider yq = F (0). By Lemma 3.2.1, either

yq−F (0) is irreducible, or there exists b ∈ K such that bq = F (0). If yq−F (0) is irreducible,

(0, F (0)1/q) has degree q, otherwise, the point (0, b) has degree 1.

Lemma 3.5.7. Suppose F has a separable irreducible factor of degree r. Then, rN ⊆

D(C/K).

Proof. Let α be a separable root of degree r and let ℓ be the multiplicity of α as a root of

F (x). Since F is assumed to be free of q-th powers, let i be a lift of ℓ−1 (mod q). Consider
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the isomorphic curve given by yq = (F (x))i. After eliminating q-th powers from (F (x))i, the

resulting isomorphic curve is smooth at (α, 0), showing that D(C/K) contains degα.

3.6 Proofs of main theorems

Proof of Theorem 3.1.1. By Lemma 3.2.6, D(C/K) = D(U/K). Let P ∈ U(K) and consider

x(P ). As the collection {Xs} covers A1(K), there exists some s such that x(P ) ∈ Xs. If s is

Galois invariant, then Lemma 3.5.1 shows that either q divides the degree of x(P ), or that one

of the conditions (i)-(iv) holds. By Lemma 3.5.5, if one of the conditions (i)-(iv) hold, then

the degree set contains N≥r0 and is cofinite. Thus, D(C/K) is not cofinite if and only if the

conditions (i)-(iv) do not hold. If s is not Galois invariant, the degree of x(P ) is a multiple

of |O(s)|, and degK(P ) is a multiple of the degree of x(P ), so that degK(P ) ∈ |O(s)|N.

Theorem 3.6.1. Let D be a positive integer divisible q, and let {nk} ⊆ N be a finite sequence

such that q (
∑

k nk) = D. Suppose that q is odd, or that the number of times 1 occurs in the

sequence {nk} is even. Then, there exists a superelliptic curve C/K with equation yq = F (x),

where D = degF (x), such that

D(C/K) = qN ∪
⋃
nk>1

nkN.

The added condition when q is even is necessary, as when the residue field of K is

algebraically closed, [CV25, Lemma 5.8] shows that there does not exist a curve y2 = F (x)

such that D(C/K) = 2N with degF (x) ≡ 2 (mod 4).

Proof. We begin with the case where q is odd. Define mk = {nk | nk > 1}, and reorder so

that both nk and mk are weakly increasing. We construct a superelliptic curve C/K with

equation yq = F (x) such that

D(C/K) = qN ∪
⋃
nk>1

nkN = qN ∪
⋃
k

mkN.
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Define c := D− q
∑

kmk and let a be relatively prime to c, congruent to 1 (mod q), and less

than −c. As D is a multiple of q, so is c. Define F (x) by

F (x) := π(xc − πa)
∏
nk>1

q∏
i=1

(xnk − π) (3.2)

and consider the curve C/K defined by yq = F (x). By Lemma 3.5.6 and Lemma 3.5.7, we

have that qN ∪
⋃

nk>1 nkN ⊆ D(C/K). We show that D(C/K) ⊆ qN ∪
⋃

nk>1 nkN. Let

P ∈ U(K) and let s be such that x(P ) ∈ Xs. By Lemma 3.4.1, Xs ⊆ B|α|(α) or there exists

αmin such that s indexes the set {α | ν(α) ≥ ν(αmin)}.

Consider the first case. By construction, the roots of F (x) have valuations a
c
or 1

nk
, and as

x(P ) ∈ B|α|(α), ν(x(P )) =
a
c
or ν(x(P )) = 1

nk
. Let d denote the denominator of ν(x(P )). We

have a chain of divisibility conditions: d divides [K(x(P )) : K], which divides [K(P ) : K],

and as d = nk or q | c = d, [K(P ) : K] ∈ qN ∪
⋃

k nkN.

In the second case, there exists αmin such that s indexes the set {α | ν(α) ≥ ν(αmin)}.

We see that s is Galois invariant. Note that F (x) may have wildly ramified roots, so that the

assumptions of Lemma 3.5.1 fail. For this specific s, however, all P ∈ U(K) fall into case 1 or

case 2, and the proof proceeds as written provided we verify the conclusion of Lemma 3.4.4

(that cs is an integer). Let k0 be the largest index such that 1
mk0

< ν(αmin). We compute

cs = ν(π) +
∑
β∈sc

ν(αmin − β) = 1 +
∑
β∈sc

ν(β)

= 1 + c
(a
c

)
+ qm1

(
1

m1

)
+ . . .+ qmk0

(
1

mk0

)
∈ Z.

As a ≡ 1 (mod q), cs ≡ 2 (mod q), and as q ≥ 3, cs ̸≡ 0 (mod q). We compute |s|.

The roots of F (x) have valuations a
c
< 1

m1
≤ 1

m2
≤ · · · . The number of roots of each

valuation is a multiple of q, and thus the number of roots α such that ν(αmin) ≤ ν(α) is a

multiple of q. Thus, |s| ≡ 0 (mod q). Finally, we check that ν(F (0)) ̸≡ 0 (mod q), which

is necessary for case 2. Let k1 be the largest index in the sequence {mk}. By construction,

ν(F (0)) = ν(πa+1πqk1) ≡ a + 1 (mod q) and as before, 1 + a ̸≡ 0 (mod q). As |s| ≡ 0

(mod q), cs ̸≡ 0 (mod q), and ν(F (0)) ̸≡ 0 (mod q), we conclude that for all P ∈ U(K)

such that x(P ) ∈ Xs, q | degP , as in (the contrapositive of) Lemma 3.5.1.
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When q is 2, we construct F (x) as in Equation (3.2), with slight modifications. Note that

cs ≡ 1 + a (mod 2), and thus if we want 2 ∤ cs, we must have a ≡ 0 (mod 2). Thus, choose

a such that a ≡ 2 (mod 4) and is smaller than −cnk for all k. Then, as

c = D − 2
∑
nk>1

nk = 2
∑
nk=1

nk

and the number of k such that nk = 1 is even by assumption, c ≡ 0 (mod 4), so that a
c
(in

lowest terms) has even denominator. The rest of the proof is similar to when q is odd.

Proof of Theorem 3.1.2. If there exists k such that nk = 1, pick a curve C/K with a rational

point. Otherwise, the proof is immediate from Theorem 3.6.1.

3.7 Examples

Our results also provide a method for computing degree sets. Although our lemmas assume

algebraically closed residue field, this example is computed over Q7, as the points constructed

of minimal degree (i.e., do not arise from having degree a multiple of a degree already in the

degree set) are totally ramified, so the degree set is unchanged over Qunr
7 .

Example 3.7.1. Let α = 7
1
2 + 7

3
5 , β = 2 · 7 1

2 + 7
3
5 , and γ = 3 · 7 1

2 + 7
3
5 as elements of Q7,

and let f1(x), f2(x), and f3(x) be the minimal polynomials of α, β, and γ respectively over

Q7. Let F (x) = 7f1(x)f2(x)f3(x), and let C/Q7 be the curve given by y3 = F (x). Then, we

have

D(C/Q7) = 3N ∪ 2 ({8, 11, 13, 14} ∪ N>15) ∪ 10N ⊆ 3N ∪ 2N.

Proof. Fix a primitive 5th root of unity ζ5 and let s be a cluster for F (x). By Lemma 3.4.1,

all roots of s are contained in B|α|(α), or there exists αmin such that s = {α | ν(α) ≥ ν(αmin)}.

We first consider the case where there exists αmin such that s = {α | ν(α) ≥ ν(αmin)}. As

all roots of F (x) have the same valuation, s must contain all roots of F (x). Then, |s| = 30

and cs = 1, and hence we have that

ν(y(P )) =
30

3
ν(x(P )− α) +

1

3
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so that by Lemma 3.2.2, 3 divides the denominator of ν(y(P )), and hence degP ∈ 3N. Thus,

we can suppose that all roots of s are contained in B|α|(α). Each B|α|(α) contains exactly 5

roots of F (x), and as all roots in B|α|(α) are equidistant, either |s| = 5 or |s| = 1.

If |s| = 1, then there exists α ∈ s such that x(P ) is closer to α than all Galois conjugates

of α, and Krasner’s lemma implies that 10 | deg x(P ) | degP , showing that degP ∈ 10N.

As the roots of F (x) have degree 10, by Lemma 3.5.7, D(C/K) contains 10N.

Suppose |s| = 5. We detail only the case where s = {7 1
2 + ζ i57

3
5}5i=1, as the other cases are

similar. We have that cs =
27
2
. Fix α ∈ s. By Lemma 3.4.1, we have that Xs ⊆ B|α|(α), and

applying Lemma 3.2.3, we find that for all η ∈ B|α|(α), K(7
1
2 ) ⊆ K(η), so that if x(P ) ∈ Xs,

then K(7
1
2 ) ⊆ k(x(P )). We extend to K(7

1
2 ) and renormalize the valuation, remembering

that we have divided the degree of our point by 2. Following Lemma 3.5.5 over K(7
1
2 ), we

have that γs = 7
1
2 and (M,N) = (1, 6

5
). If ν(x(P )− γs) =

a
r
, then

ν(y(P )) =
5

3
· a
r
+

27

3
=

5a+ 27r

3r

and so 3 divides the denominator of ν(y(P )) unless 5a+27r ≡ 0 (mod 3), which occurs if and

only if a ≡ 0 (mod 3). We search for r ∈ N that produce a
r
∈ (1, 6

5
) such that a ≡ 0 (mod 3).

For r large enough, by Lemma 3.2.2, this condition is always satisfied, and a computer finds

the condition is satisfied for 8, 11, 13, 14, and all integers greater than 15.

Remark 3.7.2. The code of [Dok21] applied to Example 3.7.1 gives the following diagram.

6
F1

•a •b •c 3 3

Note that this method is unable to fully compute the special fiber, and thus is insufficient

for computing the degree set in this case. Using the main result of [CV25] and the fact that

Example 3.7.1 will have the same degree set over Qunr
7 , we see that every component of the

special fiber must have multiplicity divisible by 2 or 3.
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3.8 Degree sets and maps between curves

In this section, we describe a more general setting in which our ideas can be applied. For

a point P ∈ C(K), the complete Galois orbit of P is a closed point of C/K. We let k(P )

denote the residue field of this closed point. We make the following observation:

Lemma 3.8.1. Let X/K and Y/K be curves with a map X → Y . Then, D(X/K) ⊆

D(Y/K).

Proof. Let P ∈ X(K) be a point of degree d and let Q ∈ Y (K) be the image of P . Let d′ be

the degree of Q. We have an inclusion of residue fields k(Q) → k(P ), which shows that d′

divides d. By Lemma 3.2.5, D(Y/K) contains all multiples of d′, and hence contains d.

A general curve X/K, however, has simple Jacobian, and hence admits no maps X → Y

to a curve Y/K of positive genus. When Y/K has genus 0, D(Y/K) is either N or 2N. Hence,

for a general curve X/K, Lemma 3.8.1 is not very helpful for studying D(X/K). We thus

add structure by studying two maps simultaneously:

Lemma 3.8.2. Let X/K, Y/K, and Z/K be curves with maps φ : X → Y and θ : X → Z.

Let P ∈ X(K). Then, lcm{degK φ(P ), degK θ(P )} divides the degree of P over K.

Proof. We have inclusions of residue fields k(φ(P )) → k(P ) and k(θ(P )) → k(P ). Thus,

degK P is divisible by both degK φ(P ) and degK θ(P ), and hence is divisible by the least

common multiple.

For a general curve X/K, both Y/K and Z/K must have genus 0. We therefore consider

the case where both Y/K and Z/K are P1
K , and use the structure of K to study points on

P1
K . This reduces to the analysis conducted in Section 3.6.

As K is a Henselian discretely valued field, we have a unique extension of the valuation to

a map ν : K → Q∪ {∞}. Thus, ν induces a Galois equivariant map ν : A1(K) → Q∪ {∞}.

Fix an affine open W ⊆ X not including poles of φ and θ, so that φ|W and θ|W map to A1.

We study the degrees of points P ∈ W (K) by studying their image under the compositions
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ν ◦φ|W and ν ◦θ|W . By Lemma 3.2.6, D(W/K) equals D(X/K), and hence it suffices to

only study points in W . Let denom
(
a
b

)
denote the denominator of a

b
when written in lowest

terms.

Lemma 3.8.3. Let X/K be a curve with two maps φ, θ : X → P1, and let W ⊆ X be an

affine open away from the poles of φ and θ. Let P ∈ W (K). Define

∆P, φ, θ := lcm{denom(ν(φ(P ))), denom(ν(θ(P )))}.

Then, ∆P, φ, θ divides the degree of P over K.

Proof. We first show that denom(ν(φ(P ))) divides degK φ(P ). As φ(P ) ∈ A1(K), there

exists some element γ ∈ K such that φ(P ) is the prime ideal (x − γ). We have that

k(φ(P )) = K(γ) and that ν(φ(P )) = ν(γ). As ν(γ) is an element of the value group of

K(γ), the denominator of ν(γ) divides the ramification degree of K(γ)/K, which divides the

degree of K(γ)/K, as desired.

The statement is symmetric in φ and θ, and thus denom(ν(θ(P )) divides degK θ(P ).

Hence, denom(ν(φ(P )) and denom(ν(θ(P )) both divide lcm{degK φ(P ), degK θ(P )}, and

hence ∆P, φ, θ divides lcm{degK φ(P ), degK θ(P )} as well. Finally, Lemma 3.8.2 shows that

∆P, φ, θ | lcm{degK φ(P ), degK θ(P )}, which divides degK P .

Lemma 3.8.4. Let X/K be a curve with two maps φ, θ : X → P1, and letW ⊆ X be an affine

open away from the poles of φ and θ. Suppose that there exists a finite set {r1, . . . , rn} ⊆ N

such that for all P ∈ W (K), there exists ri (depending on P ) such that ri divides ∆P, φ, θ.

Then,

D(X/K) ⊆
⋃
i

riN.

Proof. By Lemma 3.2.6, D(X/K) = D(W/K), thus it suffices to bound D(W/K). For all

P ∈ W (K), ∆P, φ, θ divides degK P by Lemma 3.8.3, and thus by hypothesis there exists ri

such that ri divides degK P . Hence, degK P ∈ riN and the result follows.
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Theorem 3.1.1 can be rephrased to show that if C/K is a superelliptic curve with equation

yq = F (x) such that F (x) has no roots of integer valuation, then in fact D(C/K) is cofinite

if and only if there exists such a set {r1, . . . , rn}.

In general, it is not resonable to expect one pair of maps to completely explain why the

degree set is not cofinite. We can weaken the conditions on Lemma 3.8.4 by letting the pair

of maps vary, and show that if C/K is a superelliptic curve with equation yq = F (x) and

the roots of F (x) are tamely ramified, then in fact D(C/K) is cofinite if and only if there

exists a finite collection of maps (θi, φi) obstructing the degrees of points.

Lemma 3.8.5. Let X/K be a curve with a finite set of pairs of maps {(φ1, θ1), . . . , (φm, θm)}

to P1, and let W ⊆ X be an affine open away from the poles of φ1, θ1, . . . , φm, θm. Suppose

there exists a finite set {r1, . . . , rn} ⊆ N such that for all P ∈ W (K), there exists i, j such

that ri divides ∆P, φj , θj . Then,

D(X/K) ⊆
⋃
i

riN.

Proof. By Lemma 3.2.6, D(X/K) = D(W/K), thus it suffices to bound D(W/K). By

hypothesis, for all P ∈ W , there exists some pair of maps φj : W → P1 and θj : W → P1

such that ri divides ∆P, φj , θj , and hence we can apply Lemma 3.8.3. The result follows.
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Chapter 4

THE HASSE PRINCIPLE FOR CONIC BUNDLES OVER
EVEN DEGREE EXTENSIONS

This chapter represents the work of a collaboration with Sam Roven, available at [RW26].

In particular, many of the results on conic bundles were proven by Roven in his thesis; the

extension of the results to general conic bundles, particularly in Lemma 4.2.4, Lemma 4.2.5,

Lemma 4.2.6, case (ii) of Corollary 4.2.7, and Corollary 4.3.4, were done by the author.

4.1 Main results

Let X → P1
k be a smooth conic bundle over a global field k of characteristic not equal to

2. Over local and global fields, the arithmetic of such conic bundles has been well studied.

By the Hasse-Minkowski theorem, conic bundles over Q with two geometric singular fibers

always satisfy the Hasse principle and work of Iskovskikh shows that conic bundles over Q

with three geometric singular fibers always have rational points [Isk96]. However, there exist

conic bundles with 4 geometric singular fibers, specifically Châtelet surfaces, that fail the

Hasse principle, see [Isk71] for the case over Q and [Poo09, §5] for a general construction

over a number field.

Since conics have numerous quadratic points, for any conic bundle there are numerous

quadratic extensions over which they gain global points. However, we show that a much

stronger statement holds, namely that for a large class of conic bundles with 4 geomet-

ric singular fibers, the Hasse principle holds over every even degree extension. The main

arithmetic idea in the proof dates back to work of Kanevsky [Kan87].

Theorem 4.1.1. Let k be a number field, let X → P1
k be a conic bundle with four geometric

singular fibers, and assume that either Br(X)
Br0(X)

̸= 0 or X(Ak) ̸= ∅. Then, if L/k is an even
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degree extension, we have

X(L) ̸= ∅ ⇔ X(AL) ̸= ∅.

For arbitrary conic bundles we do not have such unconditional results, however, we can

extend our prior results to conic bundles with more geometric singular fibers at the expense

of assuming Schinzel’s hypothesis as well as restricting to quadratic extensions.

Theorem 4.1.2. Let k be a number field and let X → P1
k be a conic bundle. Then, there

exists an explicit finite set S of quadratic extensions of k such that for every quadratic

extension L/k /∈ S, we have

X(AL)
Br ̸= ∅ ⇔ X(AL) ̸= ∅.

In particular, if X has at most 5 geometric singular fibers, or assuming Schinzel’s hypothesis,

then X satisfies the Hasse principle over L.

The set S depends only on the closed points P ∈ P1
k over which X has a singular fiber,

together with the residues at such P of the generic fiber Xη considered as an element of

Br(k(t)).

The proofs of Theorem 4.1.1 and Theorem 4.1.2 consist of two steps. We first show

that Brauer classes in the image of the restriction map ResL/k :
Br(X)
Br0(X)

→ Br(XL)
Br0(XL)

for even

degree extensions L/k do not obstruct the existence of rational points. Then, we provide a

characterization of when the restriction map is surjective (and therefore the Brauer–Manin

set is nonempty) in terms of the singular fibers and the residues of the Brauer class corre-

sponding to the generic fiber at these points. Combining work of Colliot-Thélène and Coray

[CTC79], Colliot-Thélène, Sansuc, and Swinnerton-Dyer [CTSSD87], and Colliot-Thélène

and Swinnerton-Dyer [CTSD94] show that the Brauer–Manin obstruction is the only ob-

struction to rational points for conic bundles with five or fewer geometric singular fibers,

and if one assumes Schinzel’s hypothesis, this can be extended to conic bundles with arbi-

trarily many geometric singular fibers, see Theorem 4.2.9.
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In 2009, Pete Clark coined the notion of a potential Hasse principle failure for smooth,

geometrically irreducible varieties over number fields. In particular, given such a variety V/k,

we say that it is a potential Hasse principle failure (PHPF) if there exists an extension L/k

such that V fails the Hasse principle over L. Clark showed the existence of infinitely many

curves which were PHPFs. It was also conjectured that for any positive genus curve C/k

with no k-rational points, C is a PHPF, see [Cla09, Theorem 1, Conjecture 4]. Theorem 4.1.1

shows that most conic bundles with four geometric singular fibers are not PHPFs, although

there do exist cases where new Brauer classes can give a Brauer–Manin obstruction over L.

If the conditions of Theorem 4.1.1 are not met, it is possible for there to exist a quadratic

extension L/k, where the singular fibers of XL → P1
L lie over two closed points of degree 2,

over which the Hasse principle could possibly fail.

Theorem 4.1.3. The Châtelet surface X/Q given by

y2 − 5z2 =
3

5
(5t4 + 7t2 + 1)

has no AQ points, but fails the Hasse principle over L = Q(
√
29), i.e. X is a potential Hasse

principle failure.

Indeed, we show that for Châtelet surfaces, quadratic extensions not contained in the

set S described by Theorem 4.1.2 are the only even degree extensions over which the Hasse

principle can fail, and for general conic bundles with four singular fibers, there are only two

possible types of behavior (see Corollary 4.3.2). In addition, we trace the failure of the Hasse

principle to a parity condition on the number of ramification places of a conic that splits in

a fixed quadratic extension (see Theorem 4.4.1).

4.2 Generalities on Brauer groups of conic bundles

4.2.1 Notation

Throughout this chapter, let k be a global field of characteristic not equal to 2. We say that

X → P1
k is a conic bundle over P1

k if X is smooth and geometrically integral over k and the
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morphism to P1
k is proper where the generic fiber is a smooth conic. We assume that X is

minimal; that is, there does not exist a (−1)-curve on X which can be blown down.

Lemma 4.2.1. Let k be a local field and let C/k be a smooth conic. If L/k is an even degree

extension then C(L) ̸= ∅.

Proof. From local class field theory, the restriction map factors as

ResL/k : Br k ∼= Q/Z [L:k]−−→ Q/Z ∼= BrL

Using the correspondence between smooth conics and quaternion algebras, we can apply this

to any element of Br k[2] and obtain the result.

4.2.2 The Brauer group of a conic bundle

After a change of coordinates, since k is infinite, we may assume that the fiber over the

point at infinity, X∞, is a smooth conic. Let Sk be the finite set of closed points in A1
k with

geometric singular fiber, where we will write S = Sk when the ground field is unspecified,

and let |S| denote the number of such closed points, not counting degree, i.e. if X has four

geometric singular fibers and |S| = 1, then S contains one closed point of degree 4.

For any point P ∈ A1
k, let k(P ) denote its residue field. For P ∈ S, the fiber XP

degenerates to the union of two lines, ℓP and ℓ′P , defined over k(P )(
√
αP ) for some αP ∈

k(P )∗. Since X is assumed to be minimal, if P ∈ S is a degree 1 point, then αP cannot be

a square in k, as both ℓ and ℓ′ would be (−1)-curves defined over k. Note that the generic

fiber of X → P1 is a Severi-Brauer variety over k(t) and therefore an element of Br(k(t)),

and αP is the residue of this Brauer class at P . The group Br(X)
Br0(X)

is then determined by k(P )

and αP for P ∈ S, as shown in the following lemma.

Lemma 4.2.2. [CTS21, Corollary 11.3.5] Let π : X → P1
k be a conic bundle with singular

fibers over S ⊆ P1. Let V ⊆ F|S|
2 be defined by

V =

{
ε = (εP )P∈S ∈ F|S|

2

∣∣∣∣∣ ∏
P∈S

Nmk(P )/k(αP )
εP ∈ k×2

}
.
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Then, Br(X)
Br0(X)

is isomorphic to V modulo the subspace generated by (1, . . . , 1). The vector

ε ∈ V corresponds to the image of π∗(Aε) ∈ Br(X), defined by

Aε =
∑
P∈S

εP Cork(P )(t)/k(t) AP

where AP = (αP , t − τP ) ∈ Br(k(P )(t)) and τP ∈ k(P ) denotes the image of t in k(P ) =

k[t]/P (t).

In particular, in order for this quotient to be well-defined, note that
∏

P∈S Nmk(P )/k(αP ) ∈

k×2 [Sko15, Lemma 2.2]. For a detailed explanation of this construction, see [CTS21, Section

11.3.1].

Corollary 4.2.3. Let π : X → P1
k be a conic bundle. We have that Br(X)

Br0(X)
is generated by

images of elements of ker(Br(X)[2] → Br(X∞)).

Proof. Use the notation of Lemma 4.2.2. For each P ∈ S, we have that AP (∞) = (1, aP ) =

0 ∈ Br(k(P )). Since Cork(P )/k is a group homomorphism, we have that each

Aε ∈ ker(Br(k(P1))[2]
∞∗
−−→ Br(k)[2])

and so π∗(Aε) ∈ ker(Br(X)[2] → Br(X∞)).

Lemma 4.2.4. Let L/k be a finite extension such that SL = Sk. For every T ⊆ S, let βT :=∏
P∈T Nmk(P )/k(αP ). If βT ∈ k×2 ⇔ βT ∈ L×2 for all T ⊆ S, then the map ResL/k :

Br(X)
Br0(X)

→
Br(XL)
Br0(XL)

is an isomorphism.

Proof. Using [CTS21, Proposition 11.3.4] on both k and L, we have the diagram

0 Br(k) Br(X) F|Sk|
2 /(1, . . . , 1) k×/k×2

0 Br(L) Br(XL) F|SL|
2 /(1, . . . , 1) L×/L×2

where the last horizontal map sends ε ∈ F|Sk|
2 /(1, . . . , 1) to

∏
P∈S Nmk(P )/k(αP )

εP and anal-

ogously for L, and the vertical maps are induced by ResL/k. In particular, we have that the
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map F|Sk|
2 /(1, . . . , 1) → F|SL|

2 /(1, . . . , 1) sends eP , the basis vector corresponding to P , to the

sum eQ1 + · · · + eQn , where P splits into Q1, . . . , Qn over L. The diagram above induces

isomorphisms compatible with restriction

Br(X)
Br(k)

ker
(
F|Sk|
2 /(1, . . . , 1) → k×/k×2

)

Br(XL)
Br(L)

ker
(
F|SL|
2 /(1, . . . , 1) → L×/L×2

)
where the vertical maps are given by ResL/k. Since S = SL and using the explicit descrip-

tion of the map above, the map F|Sk|
2 /(1, . . . , 1) → F|SL|

2 /(1, . . . , 1) is an isomorphism. The

condition on βT precisely implies that the kernels will be equal, and therefore ResL/k is an

isomorphism as desired.

Lemma 4.2.5. Let k be a global field of characteristic not equal to 2 and let X/k be a

minimal conic bundle with four geometric singular fibers. Then

Br(X)

Br(k)
∼=


(Z/2Z)2 if |S| = 4 and αPαQ ∈ k×2∀P,Q ∈ S, P ̸= Q

(Z/2Z) one of the following three conditions hold

0 otherwise

where the conditions are given by

(i) |S| = 2 with P ∈ S degree 2 and Nmk(P )/k(αP ) ∈ k×2,

(ii) |S| = 3 with P,Q ∈ S degree 1, and αPαQ ∈ k×2,

(iii) |S| = 4 with #{αPαQ ∈ k×2 | P,Q ∈ S and P ̸= Q} = 2.

Proof. Using the description of Br(X)
Br(k)

in Lemma 4.2.2, we proceed by cases on the size of S

and degrees of points in S. If |S| = 1, then V ∼= F2 giving a quotient of 0.

If |S| = 2 and contains P of degree 1 and Q of degree 3, in the quotient we can assume

εQ = 0. The condition then reduces to αεP
P ∈ k×2, and since αP is assumed to not be a

square, we must have εP = 0 and therefore Br(X)
Br(k)

= 0.
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If |S| = 2 and contains P,Q both of degree 2, then without loss of generality take εQ = 0.

We must check if Nmk(P )/k(αP )
εP ∈ k×2, and so if Nmk(P )/k(αP ) ∈ k×2 then εP ∈ F2,

otherwise εP = 0.

If |S| = 3 containing P and Q of degree 1 and R of degree 2, then without loss of

generality take εR = 0. We then need αεP
P α

εQ
Q ∈ k×2, and we know αP , αQ /∈ k×2. Thus if

αPαQ ∈ k×2 then (εP , εQ) ∈ {(0, 0), (1, 1)}, otherwise (εP , εQ) = (0, 0).

If |S| = 4, let S = {Pi}4i=1 with all deg(Pi) = 1 and αPi
/∈ k×2. We consider the product

αε1
P1
αε2
P2
αε3
P3
αε4
P4

and note that since αP1αP2αP3αP4 ∈ k×2 but no individual αPi
∈ k×2, we

cannot have any product of three be a square in k. It remains to consider how many pairs

αPi
αPj

for i ̸= j are squares in k, and we can check that there must be either 0, 2, or (all)

6 pairs which product to a square. If 0 products are squares, ε ∈ {(0, . . . , 0), (1, . . . , 1)}

and thus Br(X)
Br(k)

= 0. If 2 products are squares, they must correspond to disjoint pairs

S = {Pa, Pb} ⊔ {Pc, Pd} with εPa = εPb
and εPc = εPd

, and thus after taking the quotient we

have Br(X)
Br(k)

= Z/2Z. If all 6 products are squares, any ε with a sum congruent to 0 modulo

2 will produce a square, thus after taking the quotient we have Br(X)
Br(k)

= (Z/2Z)2.

In the case where X is a Châtelet surface, all αPi
are equal, so Br(X)

Br(k)
is (Z/2Z)2 when

|S| = 4, (Z/2Z) when S has at least one point of degree 2, and 0 otherwise.

Lemma 4.2.6. Let k be a global field of characteristic not equal to 2 and let X → P1
k

be a conic bundle with four geometric singular fibers. If X(k) = ∅ and Br(X)
Br0(X)

̸= 0, then

S = {P1, P2} with deg(Pi) = 2 and Nmk(Pi)/k(αPi
) ∈ k×2 for i ∈ {1, 2}, and Br(X)

Br0(X)
= Z/2Z.

Proof. This follows from Lemma 4.2.5, however we provide a direct proof. Using the descrip-

tion of Br(X)
Br0(X)

in Lemma 4.2.2, we proceed by cases on the size of S and degrees of points

in S. If |S| = 1, then V ∼= F2 giving a quotient of 0, which violates our assumption that

Br(X)
Br0(X)

̸= 0. If any of the singular fibers of X lie over a degree 1 point P ∈ A1
k, then we can

obtain a k-rational point on X by taking the intersection point of the lines ℓP and ℓ′P for

such P ∈ S. Thus, if |S| = 3 or |S| = 4, then at least one P ∈ S must be degree 1, violating

the assumption that X(k) = ∅. Therefore, if X(k) = ∅ and Br(X)
Br0(X)

̸= 0, we must have |S| = 2
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consisting of two points of degree 2. If either Nmk(Pi)/k(αPi
) /∈ k×2, then Br(X)

Br0(X)
= 0, so both

must be non-squares in k.

Corollary 4.2.7. Let k be a global field of characteristic not equal to 2 and let X → P1
k be

a conic bundle with four geometric singular fibers. If there exists an even degree extension

L/k such that X(L) = ∅ and ResL/k :
Br(X)
Br0(X)

→ Br(XL)
Br0(XL)

is not surjective, then either

(i) |Sk| = 1 and |SL| = 2 with P,Q ∈ SL both degree 2 and interchanged by Gal(L/k), or

(ii) |Sk| = |SL| = 2 with P,Q ∈ SL both degree 2 and fixed by Gal(L/k), with Nmk(P )/k(αP ) /∈

k×2 and NmL·k(P )/L(αP ) ∈ L×2 (equivalently for Q).

Furthermore, in both cases, we must have Br(X)
Br0(X)

= 0.

Proof. Let L/k be an even degree extension such that X(L) = ∅ and ResL/k :
Br(X)
Br0(X)

→
Br(XL)
Br0(XL)

is not surjective. In particular, Br(XL)
Br0(XL)

̸= 0, so by Lemma 4.2.6, we must have that

SL = {P,Q} both of degree 2, Br(XL)
Br0(XL)

∼= Z/2Z and NmL·k(P )/L(αP ) ∈ L×2. Since SL is

the base change of Sk, either Sk consists of one point of degree 4 split into P and Q over

L, which gives case (i). Otherwise, Sk consists of P and Q both degree 2 points over k.

If Nmk(P )/k(αP ) ∈ k×2, the hypotheses of Lemma 4.2.4 would be satisfied, and thus the

restriction map would be an isomorphism. We conclude that Nmk(P )/k(αP ) /∈ k×2, which

gives case (ii). Additionally, since X(k) ⊆ X(L) = ∅, the contrapositive of Lemma 4.2.6

shows that Br(X)
Br0(X)

= 0.

Remark 4.2.8. If X is a Châtelet surface given by the affine equation y2 − az2 = f(x) for

a quartic polynomial f(x), then S is geometrically given by the roots of f over a splitting

field, αP = a for all P ∈ S, and the only possible case of Corollary 4.2.7 is (i).

The following theorem is a consequence of work of Colliot-Thélène and Coray, Colliot-

Thélène and Swinnerton-Dyer, and Colliot-Thélène, Sansuc, and Swinnerton-Dyer, and is a

critical ingredient in our results, as it implies that in order to prove the existence of rational

points, it suffices to show that the Brauer–Manin set is nonempty.
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Theorem 4.2.9. Let X/k be a conic bundle with five or fewer geometric singular fibers.

Then, X(k) ̸= ∅ if and only if X(Ak)
Br(Xk) ̸= ∅. Moreover, if one assumes Schinzel’s

hypothesis, the statement is true for conic bundles with arbitrarily many geometric singular

fibers.

Proof. For Châtelet surfaces, this is proven in [CTSSD87, Theorem B.i.a]. Now assume that

X/k is a general a conic bundle with five or fewer geometric singular fibers. Any point of

X(Ak)
Br(Xk) is an adelic 0-cycle of degree 1 orthogonal to the Brauer group, and if there is

no Brauer–Manin obstruction to the existence of a 0-cycle of degree 1, then there exists a

0-cycle of degree 1 [CTSD94, Theorem 5.1]. Then, X(k) ̸= ∅ if and only if there exists a zero

cycle of degree one over k [CTC79, Corollaire 4]. The case of arbitrarily many geometric

singular fibers assuming Schinzel’s hypothesis is proven in [CTSD94, Theorem 4.2].

4.3 Proofs of main theorems

Theorem 4.3.1. Let k be a global field of characteristic not equal to 2 and let X → P1
k be a

conic bundle with four geometric singular fibers. Then, for any even degree extension L/k

X(AL)
ResL/k(Br(Xk)) ̸= ∅ ⇔ X(AL) ̸= ∅.

In particular, if ResL/k :
Br(X)
Br0(X)

→ Br(XL)
Br0(XL)

is surjective, then X(AL)
Br(XL) ̸= ∅ ⇔ X(AL) ̸= ∅.

Proof. We begin by observing that one direction is immediate since X(AL) = ∅ implies that

X(AL)
ResL/k(Br(Xk)) = ∅. Now assume that X(AL) ̸= ∅ and let Ωk denote the set of places of

k.

We first show that for all v ∈ Ωk and all w | v, there exists a point (Pw) ∈ X(L ⊗k kv)

such that
∑

w|v invw(evA(Pw)) = 0 for all A ∈ ker(Br(X)[2] → Br(X∞)). We first consider

the case when X(kv) ̸= ∅. Choose a point Pv ∈ X(kv), and for all w | v, set Pw = Pv. Then∑
w|v

invw(evA(Pw)) =
∑
w|v

invw(ResLw/kv(evA(Pv))) =
∑
w|v

[Lw : kv] invv(evA(Pv))

= invv(evA(Pv))
∑
w|v

[Lw : kv] = invv(evA(Pv)) · [L : k] = 0 ∈ Q/Z.
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Now consider the case where X(kv) = ∅. By [CTC79], X(kv) ̸= ∅ if and only if there exists

a 0-cycle of degree 1, hence X(kv) = ∅ implies that X(Lw) = ∅ for all odd degree extensions

Lw/kv. Since X(L ⊗k kv) ̸= ∅, Lw/kv is an even degree extension for all w | v. Thus, by

Lemma 4.2.1, there exists a point Pw ∈ X∞(Lw), and this satisfies invw(evA(Pw)) = 0 as

A ∈ ker(Br(X)[2] → Br(X∞)).

Following this construction for each place v ∈ Ωk, we produce (Pw) ∈ X(AL) satisfying

∑
v∈Ωk

∑
w|v

invw(evA(Pw)) = 0.

By Corollary 4.2.3, we have that Br(X)
Br0(X)

is generated by images of elements of ker(Br(X)[2] →

Br(X∞)), and therefore we have that X(AL)
ResL/k(Br(Xk)) ̸= ∅.

Proof of Theorem 4.1.1. By work of Colliot-Thélène and Coray, Colliot-Thélène and Swinnerton-

Dyer, and Colliot-Thélène, Sansuc, and Swinnerton-Dyer (see Theorem 4.2.9), we have that

X(k) ̸= ∅ if and only if X(Ak)
Br(X) ̸= ∅, so it suffices to show the Brauer–Manin set is

nonempty.

Suppose Br(X)
Br0(X)

= 0 and X(Ak) ̸= ∅. Then, we have that

∅ ̸= X(Ak) = X(Ak)
Br(X)

and therefore X(k) ̸= ∅ and so X(L) ̸= ∅ for every even degree L/k.

Suppose Br(X)
Br0(X)

̸= 0. If X(L) ̸= ∅, we are done, so assume X(L) = ∅. By Theorem 4.3.1,

it suffices to show that ResL/k :
Br(X)
Br0(X)

→ Br(XL)
Br0(XL)

is surjective. If ResL/k :
Br(X)
Br0(X)

→ Br(XL)
Br0(XL)

is

not surjective, Corollary 4.2.7 shows Br(X)
Br0(X)

= 0, giving a contradiction.

Corollary 4.3.2. Let k be a global field of characteristic not equal to 2, let X → P1
k be a

conic bundle with four geometric singular fibers. There exists a minimal collection (of size

at most three) of quadratic extensions ki/k such that for all even degree extensions L/k that

do not contain any ki, we have

X(AL)
Br(XL) ̸= ∅ ⇔ X(AL) ̸= ∅.
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Proof. By Theorem 4.3.1, it suffices to show that if L/k is an even degree extension such

that ResL/k :
Br(X)
Br0(X)

→ Br(XL)
Br0(XL)

is not surjective, then L contains one of at most three possible

quadratic extensions ki/k. By Corollary 4.2.7, if the restriction map is not surjective, then

there are two cases to consider.

Suppose |Sk| = 1 and |SL| = 2, where the two points of L are degree 2 and interchanged

by Gal(L/k). Here, the problematic extensions ki/k are precisely the extensions for which

the singular fibers of Xki → P1
ki

lie over two degree 2 closed points that are interchanged

by Gal(ki/k). Then, the unique closed point of Sk is of degree 4 and corresponds to either

a polynomial of the form Nmk0/k(g(t)) for k0/k quadratic and g(t) ∈ k0[t] an irreducible

quadratic, or of the form NmF/k(ℓ(t)) for F/k biquadratic and ℓ(t) ∈ F [t] linear. Thus, L

will contain k0 in the first case or any of the three quadratic subfields of F in the second

case.

Suppose |Sk| = 2 and |SL| = 2 with Nmk(P )/k(αP ) /∈ k×2 and NmL·k(P )/L(αP ) ∈ L×2 for

P ∈ Sk = SL. Since the points of Sk do not split over L, we must have that k(P ) is linearly

disjoint from L, and therefore NmL·k(P )/L(αP ) = Nmk(P )/k(αP ). In order for NmL·k(P )/L(αP )

to be a square in L, the field L must then contain the quadratic field k(
√

Nmk(P )/k(αP )).

WhenX has arbitrarily many singular fibers, we can extend Theorem 4.3.1 at the expense

of restricting to quadratic extensions.

Theorem 4.3.3. Let k be a global field of characteristic not equal to 2 and let X → P1
k be a

conic bundle, then for any quadratic extension L/k

X(AL)
ResL/k(Br(Xk)) ̸= ∅ ⇔ X(AL) ̸= ∅.

Proof. Observe that one direction is again immediate, hence we assume that X(AL) ̸= ∅. In

a similar fashion to the proof of Theorem 4.3.1, we will show that for all v ∈ Ωk there exists

a point (Pw) ∈ X(L ⊗k kv) such that
∑

w|v invw(evA(Pw)) = 0 for all A ∈ ker(Br(X)[2] →

Br(X∞)), and thus X(AL)
ResL/k(Br(Xk)) ̸= ∅.

If X(kv) ̸= ∅ then by an identical argument to the proof of Theorem 4.3.1, there exists a

point (Pw) ∈ X(AL) such that
∑

w|v invw(evA(Pw)) = 0 for all A ∈ ker(BrX[2] → BrX∞).
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If X(kv) = ∅ and X(L ⊗k kv) ̸= ∅, then v is non-split and so Lw/kv is quadratic. Thus,

Lemma 4.2.1 implies the existence of a point Pw ∈ X∞(Lw) which satisfies invw(evA(Pw)) = 0

for all A ∈ ker(Br(X)[2] → Br(X∞)).

When considering extensions analogous to the extensions ki of Corollary 4.3.2 for ar-

bitrary conic bundles there are more issues that can arise, but nonetheless, there are still

only finitely many. These problematic extensions arise in a similar manner to those of

Corollary 4.3.2. Namely, if S ⊆ P1
k is the finite set of closed points with geometric sin-

gular fiber, then the problematic extensions, ki/k, are those which either coincide with

residue fields k(P ) for P ∈ S, or adjoin square roots of norms of residues Nmk(P )/k(αP ).

Over these extensions, Reski/k :
Br(X)
Br0(X)

→ Br(Xki
)

Br0(Xki
)
could fail to be surjective and new Brauer

classes in
Br(Xki

)

Br0(Xki
)
could give a Brauer–Manin obstruction to Xki . For all extensions L/k

over which both the points in S remain unchanged and the (products of) norms of residues

do not become squares, Lemma 4.2.4 tells us that ResL/k is an isomorphism, and indeed

X(AL)
Br(XL) ̸= ∅ ⇔ X(AL) ̸= ∅. Since there are only finitely many geometric singular

fibers, there are only finitely many problematic extensions of this form, hence we have the

following corollary.

Corollary 4.3.4. Let k be a global field of characteristic not equal to 2, let X → P1
k

be a conic bundle, and let L/k be a quadratic extension. For every T ⊆ S, let βT :=∏
P∈T Nmk(P )/k(αP ). Define

M =

(⋃
P∈S

{k(P )}

)
∪

(⋃
T⊆S

{
k
(√

βT

)})
.

Then, if L ̸⊆ ki for all ki ∈M , then

X(AL)
Br(XL) ̸= ∅ ⇔ X(AL) ̸= ∅.

Proof. Since L is disjoint from the fields contained in M , we can apply Lemma 4.2.4 to

show that ResL/k :
Br(X)
Br0(X)

→ Br(XL)
Br0(XL)

is an isomorphism. The result then follows using Theo-

rem 4.3.3.
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Proof of Theorem 4.1.2. This follows from Corollary 4.3.4 and the case of Theorem 4.2.9

using Schinzel’s Hypothesis.

Remark 4.3.5. Quite generally, if k is a number field and X/k is a smooth, projective, and

geometrically rational variety, then Pic(X) is a Galois lattice split by a finite Galois extension

K/k. If E/k is a finite field extension which is linearly disjoint from K/k, then the map

ResE/k :
Br(X)
Br0(X)

→ Br(XE)
Br0(XE)

is an isomorphism, and in particular, is surjective. Corollary 4.3.4

is a slight refinement of this result for the case of conic bundles, where the problematic fields

are quadratic and made explicit.

Proof of Theorem 4.1.3. We first show that X(Qp) ̸= ∅ if and only if p = 3. Note that the

fiber at infinity X∞ is given by y2 − 5z2 = 3w2 which has Qp points for all p ̸= 3, 5, and

the fiber X1 over t = 1 is given by y2 − 5z2 = 39
5

which has Q5 points since −39 ∈ Q×2
5 .

When p = 3, note that 5 /∈ Q×2
3 , so Q3(

√
5) is a quadratic unramified extension of Q3, and

y2−5z2 is a norm from Q3(
√
5) and thus has even valuation. Since 5t4+7t2+1 is irreducible

in F3, the minimum valuation of each term is attained uniquely and thus always has even

valuation, and so 3
5
(5t4+7t2+1) always has odd valuation and cannot be of the form y2−5z2.

This shows that X(AQ) = ∅. Thus, X(Q) = ∅, and since 5t4 + 7t2 + 1 is irreducible, by

Lemma 4.2.6 we must have Br(X)
Br0(X)

= 0.

Now consider L = Q(
√
29). Since [Q3(

√
29) : Q3] = 2, Lemma 4.2.1 showsX(Q3(

√
29)) ̸=

∅ and thus X(AL) ̸= ∅. We see that XL is given by

y2 − 5z2 = 3

(
t2 +

1

10
(7 +

√
29)

)(
t2 +

1

10
(7−

√
29)

)
hence by a computation using Lemma 4.2.2 we have Br(XL)

Br0(XL)
∼= Z/2Z = ⟨A⟩, where A denotes

the quaternion algebra
(
5, t2 + 1

10
(7 +

√
29)
)
.

It remains to show thatX(AL)
Br(XL) = ∅ and we do so by first showing that evA : X(Lw) →

Br(Lw) is identically zero for all w ∤ 5. Begin by observing that for all primes w | p where

p ̸= 3, 5, we know that X∞(Lw) ̸= ∅, hence evA : X(Lw) → Br(Lw) takes the value 0 at

such primes, as A evaluates to (5, 1) = 0 ∈ Br(Lw). Since the evaluation map is constant
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at all primes w of good reduction [CTS13, Theorem 3.1], it remains to check evA (X(Lw))

for primes w lying over p = 2, 3, 5, and 29. Now observe that, for w | 2, 3, 29, we have that

5 ∈ L×2
w hence the algebraA =

(
5, t2 + 1

10
(7 +

√
29)
)
is identically zero and evA (X(Lw)) = 0.

Thus for any (Pw) ∈ X(AL) we have

∑
w∈ΩL

invw (evA(Pw)) =
∑
w|5

invw (evA(Pw)) .

Let w1 and w2 denote the places lying over 5 corresponding to the embeddings in which
√
29 ≡ 2 (mod 5) and

√
29 ≡ 3 (mod 5) respectively and let Pi = (ti, yi, zi) ∈ X(Lwi

). We

now show that

invwi
(A(Pi)) =


1
2

if i = 1

0 if i = 2

.

Let α = 1
10
(7 +

√
29) and α = 1

10
(7−

√
29). Over Q5, we have

X/Q5 : y
2 − 5z2 = 3(t2 + α)(t2 + α)

hence
BrXQ5

BrQ5
is generated by the quaternion algebra A = (5, t2 + α). Note that in BrX,

the quaternion algebra A is equivalent to the algebra B = (5, 3(t2 + α)). This will be an

important tool in the final part of our proof.

First we consider the place w1 and observe that since
√
29 ≡ 2 (mod 5), we have w1(α) =

−1. Moreover, since αα = 1
5
, it follows that w1(α) = 0. Take P1 = (t1, y1, z1) and suppose

w1(t1) < 0, and consider the polynomial P (t) = 3
5
(5t4+7t2+1). We have that 5−4w1(t1)P (t) ≡

3 (mod 5) hence P (t) is never a norm from Q5(
√
5), so we must have w1(t1) ≥ 0 for all

P1 ∈ X(Lw1). Then, by the strong triangle inequality, w1(t
2
1 + α) = w1(α) and since 5α ≡

1
2
(7 +

√
29) ≡ 2 (mod 5), it follows that 10(t21 + α) ∈ Q×2

5 , meaning evA(P1) = (5, 10) which

is a non-split quaternion algebra in Br(Q5). This shows that invw1 (evA(P1)) =
1
2
.

We now consider the case of w2 and recall that in this case,
√
29 ≡ 3 (mod 5), hence

w2(α) = 0 and w2(α) = −1. Take P2 = (t2, y2, z2) and observe that just as in the previous
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case, if P2 ∈ X(Lw2) we must have w2(t2) ≥ 0. If w2(t2) > 0 then by the same argument for

when w1(t1) ≥ 0, we have that t22 +α is always a square in Q5, hence evA(P2) = 0 ∈ Br(Q5).

It remains to consider the case when w2(t2) = 0 and for this, we consider the algebra

B = (5, 3(t2 + α)) and show that evB(P2) is identically zero in Br(Q5). For such values of t2

we have w2 (3(t
2 + α)) = w2(α) hence 5 (3(t

2 + α)) ≡ 3α (mod 5), which by Hensel’s lemma,

is a square in Q5. It now follows that for all P2 ∈ X(Lw2) we have invw2(evA(P2)) = 0.

We can now conclude that for any Pw ∈ X(AL) we have

∑
w∈ΩL

invw (evA(Pw)) =
1

2

and thus X fails the Hasse principle over L.

4.4 An additional condition on Châtelet surfaces

We have showed that the failure of the Hasse principle for X over an even degree extension

is explained by quadratic extensions associated to the singular fibers of X. In the case of

Châtelet surfaces, this can occur for surfaces X/k of the form

y2 − az2 = cNmF/k(g(t))

where a, c /∈ k×2, g(t) ∈ F [t] is a monic, irreducible polynomial, and NmF/k denotes the

usual norm map. In contrast to Theorem 4.1.3, not all such extensions F/k are guaranteed

to produce a Brauer–Manin obstruction over F . In order for such an obstruction to exist,

the fiber X∞, the places for which it has no local points, and the places of bad reduction,

must satisfy several necessary conditions.

Theorem 4.4.1. Let k be a number field, let F/k be a quadratic extension, and let X/k be

the Châtelet surface given by

y2 − az2 = cNmF/k(g(t))

where a, c /∈ k×2 and g(t) ∈ F [t] is monic irreducible of degree 2. Let Ωk denote the set of
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places of k, let ΩF denote the set of places of F , and assume X(Ak) = ∅. If∑
v∈Ωk

v splits in F

invv(a, c) = 0 ∈ Q/Z

then for all even degree extensions L/k, we have X(L) ̸= ∅ ⇔ X(AL) ̸= ∅.

Proof. Let v ∈ Ωk, let w ∈ ΩF such that w | v. Let A = (a, g(t)) be a generator of Br(XF )
Br0(XF )

and let σ denote the generator of Gal(F/k). If [Fw : kv] = 2 then there exists a point

Pw ∈ X∞(Fw) such that invw(A(Pw)) = 0 by Lemma 4.2.1. Now assume that Fw = kv, then

there exists a unique place w′ such that w′ ̸= w and w′ | v, hence Fw = Fw′ = kv. Take

Pv ∈ X(kv) and set Pv = Pw = Pw′ = (tv, yv, zv). We then have

invw(A(Pv)) + invw′(A(Pv)) = invw

(
(a, g(tv)) + (a, σ(g)(tv))

)
= invw

(
a, g(tv)σ(g)(tv)

)
= invv((a, c)).

Now, picking (Pw) ∈ X(AF ) as above, we have∑
w∈ΩF

invw

(
A(Pw)

)
=

∑
w∈ΩF

[Fw : kv ]=2

0 +
∑
w∈ΩF

[Fw : kv ]=1

invw

(
A(Pw)

)
=

∑
v∈Ωk

v splits in F

invv(a, c)

Now, if ∑
v∈Ωk

v splits in F

invv(a, c) = 0 ∈ Q/Z

then X(AF )
Br(XF ) ̸= ∅ and it follows that X(F ) ̸= ∅. Since F/k is the only even degree

extension over which the set S decomposes as two points of degree 2, it follows from Corol-

lary 4.2.7 that if L/k is any even degree extension, then X(L) ̸= ∅ ⇔ X(AL) ̸= ∅.
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MR891437 ↑4.1

2511.15951


53

[Kob84] Neal Koblitz, p-adic numbers, p-adic analysis, and zeta-functions, Second, Graduate Texts in

Mathematics, vol. 58, Springer-Verlag, New York, 1984. MR754003 ↑2.1.4

[Lan02] Serge Lang, Algebra, 3rd ed., Graduate Texts in Mathematics, vol. 211, Springer-Verlag, New

York, 2002. ↑3.2.2

[Lan13] , Algebraic number theory, 2nd ed., Graduate Texts in Mathematics, vol. 110, Springer-

Verlag, New York, 2013. ↑3.2.3

[LL18] Qing Liu and Dino Lorenzini, New points on curves, Acta Arith. 186 (2018), no. 2, 101–141.

↑3.1, 3.2.4, 3.2.4

[Man71] Y. I. Manin, Le groupe de Brauer-Grothendieck en géométrie diophantienne, Actes du Congrès
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