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Abstract

Distance and Symmetry: Two Pillars of a Good Code

Oscar Sprumont

Chair of the Supervisory Committee:
Anup Rao
Computer Science & Engineering

This thesis explores the benefits of distance and symmetry in the design of error correcting
codes. Our main measure of distance will be the minimum distance of a code, i.e., the smallest
number of coordinates any two codewords may differ in. Our main criterion for symmetry will
be transitivity, i.e., the requirement that any two coordinates be interchangeable. We will also
consider generalizations of these two notions, for instance double transitivity (the requirement
that any two pairs of coordinates be interchangeable) and generalized distances (the minimum
number of nontrivial coordinates in any subcode of a certain size). We argue that codes with
large distances and high symmetry present desirable properties for communication on noisy

channels. Concretely, we prove the following results:

1. Any linear code that achieves list decoding capacity and has superconstant minimum

distance also achieves capacity on the symmetric channel.

2. For any linear code C' C {0,1}" with large enough generalized distances, the bit-
decoding and block-decoding thresholds of C' on the erasure channel are asymptotically

equal.

hq(a)-dim C

3. Any transitive linear code C' C F év contains at most ¢ codewords of weight

aN. This upper bound is tight, as evidenced by repetition codes.



4. For every doubly transitive code C' C {0,1}", there is a range of noises p € [0, %]
for which C' achieves the information-theoretic optimal trade-off between rate and list

decoding size.

5. The canonical example of linear codes with large distances and high symmetries is the
family of Reed-Muller codes. We show that for appropriate choices of Reed-Muller
codes C1, Cy and Cj3, the tensor code C7 ® Cy ® C3 achieves capacity on the symmetric

channel with quasilinear decoding time.
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Chapter 1

INTRODUCTION

The field of coding theory is centered around the following fundamental question: if two
parties are communicating in an environment that partially corrupts their messages, how can
they ensure that no valuable information is lost? As one might expect, the correct approach
is to send messages containing enough redundant information that any corrupted parts can

be recovered without much ambiguity.

Such sets of potential messages are called error correcting codes. The code you use
most often in your day-to-day life is perhaps the English language. In English, errors are
correctable because words with different meanings tend to sound very different. Thus when a
toddler says “Vee doggo doggo hepy,” you might be able to understand that they mean “The
dog is happy,” even though they did not pronounce a single word of that sentence correctly.
Things would of course be much harder if the English language contained 200 two-syllable
words sounding somewhere between “dog” and “doggo,” or if “heppi” was a synonym of

“asleep.”

The exact same principle applies to binary codes C C {0,1}", the computer equivalent
of human languages. If any two codewords ¢, € C are far away from each other - in the
sense that ¢ and ¢ differ in many coordinates - then a few errors here and there are very
unlikely to cause any confusion. The exact definition of what constitutes a “confusion” will
vary depending on our noise model and our decoding framework, but we will worry about
that in due time (that is, Sections and . One aspect that will remain fairly constant
throughout our discussion however is that for a fixed length N, codes of larger sizes tend
to be more vulnerable to corruptions than codes of smaller sizes. Intuitively, this is simply

because every codeword you add to your set C' is one more string the receiver needs to be



able to distinguish from the codeword you sent them.
On the other hand, for obvious reasons - computers, just like humans, do not enjoy
listening to a 10 minute explanation that should have taken 30 seconds - we want to minimize

the amount of redundant information we transmit. The main challenge is then to design codes

that both

(a) introduce as little redundancy as possible; and

(b) tolerate as many errors as possible.

This thesis will be concerned with trying to identify global and structural properties of
a code C' C {0,1}" that ensure certain guarantees regarding points (a) and (b) above. In
particular, we will rely heavily on the concepts of distance and symmetry. We loosely use the
term distance to refer to the minimum number of coordinates we need in order to differentiate
the sent message ¢ € C' from any subset of codewords S C C' of a certain size; we loosely use
the term symmetry to refer to the requirement that every coordinate - or sometimes, group
of coordinates - be in some sense “equivalent.”[l] Our goal will be to show that distance and

symmetry can be leveraged to reliably communicate over noisy channels.

1.1 Overview of Main Contributions

A g-ary code of length N is simply a subset C' C Fflv , where F, is the finite field with
g elements. As mentioned in the previous section, our goal is to design codes with low
redundancy and high tolerance to noise. The redundancy of a code C' C Fflv is quantified by

its rate, which we define as
log, |C|
R:=—"2—¢cl0,1].
N E [ Y ]

Codes of larger rates have lower redundancy, as they contain more messages (and thus

convey more information) than codes of lower rates. The tolerance to noise is dependent on

1See Section for a more formal definition of the notions of distance and symmetry.



the communication channel used by the two parties. We will consider the following channels,

each parametrized by some constant p € [0, 1].

(i) In the adversarial model, the adversary is allowed to corrupt up to pN coordinates.
They get to choose which entries to corrupt and which elements of F, to replace them

with.

(ii) In the stochastic model, each coordinate is corrupted independently at random with
probability p. The two forms of corruptions we will consider are random erasures (each
corrupted entry is replaced by an erasure symbol) and random errors (each corrupted

entry ¢; is replaced by a uniformly random element in F \ ¢;).

In the stochastic model, the optimal tradeoff between redundancy and noise tolerance is

known (see Section . The largest rate at which one can recover from p-noisy erasures is
R=1-p,
whereas for p-noisy errors it is
R =1—hy(p), (1.1)

where h, denotes the g-ary entropy function

1 qg—1
he(p) := (1 — p)log, s + plog, o

Any sequence of codes that achieves the optimal tradeoff between rate and noise tolerance
for a specific channel is said to achieve capacity on that channel.

In the adversarial channel, the optimal tradeoff between redundancy and noise tolerance
is still unknownﬂ. However, in the list decoding framework - where instead of outputting one

codeword, the receiver only needs to output a list of L codewords with the guarantee that

2It is unknown for constant values of ¢ (although there are known lower and upper bounds, see Sec-
tion [2.2.2)). For ¢ tending to infinity, we know that the optimal tradeoff is R =1 — p.



the sent message is in that list - the optimal tradeoff is well understood. As long as the list

size L is superconstant, there are codes of rate
R=1-h,(p) (1.2)

that can list-decode p/N adversarial errors.

We will be interested in leveraging the structural properties of certain linear codes to
obtain good decoding performance on noisy channels, in both the unique decoding and the
list decoding frameworks. The first property we will rely on is the concept of distance. We
define the minimum distance of a code C' to be the minimum Hamming distance?| between
any two codewords ¢, ¢ € C. We define the r'"" generalized distance of a linear code C to be
the minimum support sizeE| of any r-dimensional subcode of C'.

The second property we will be interested in is symmetry, and in particular transitivity.
We say that a code C' C IF{IV is transitive if for any two indices i,j € [IN], there exists a
permutation 7 : [N] — [N] such that n(i) = j and such that rearranging the coordinates
of any codeword ¢ € C' according to 7 gives you another codeword. We say that a code
C C FY is doubly transitive if for any pairs of indices (i, k), (j,1) € [N] with i # k and j # [,
there exists a permutation 7 : [N] — [N] such that (i) = j,n(k) = [, and rearranging
the coordinates of any codeword ¢ € C according to m gives you another codeword. This

dissertation makes the following contributions:

Leveraging Distance

e The reader may have noticed that the capacity of the symmetric channel under unique
decoding is exactly the same as the capacity of the adversarial channel under list
decoding (see (1.1)) and (1.2))). This is not a coincidence. We show that any linear

code C C IFfIV that achieves list decoding capacity and has superconstant minimum

3The Hamming distance between two points z,y € F(]IV is the number of coordinates ¢ € [N] where
Ti # Yi-
4The support of a set S C Fév is the set of coordinates i € [N] such that there exists some ¢ € S with



distance also achieves capacity on the symmetric channel [58]. As a consequence of
this result, we obtain new capacity-achieving codes for the symmetric channel, notably

multiplicity codes and algebraic geometry codes.

e Fix any linear code C' C FY and define py;; € [0, 1] to be the smallest erasure probability
at which we can still reliably decode any one coordinate of our sent codeword ¢ € C.
Define ppy € [0,1] to be the smallest erasure probability at which we can reliably
decode the entire sent codeword c¢. We show that as long as C has large enough
generalized distances, ppi; and pgy are asymptotically equal [59]. This gives a new
proof of the celebrated result [49, 50] that Reed-Muller codes achieve capacity on the

erasure channel.

Leveraging Symmetry

e We prove upper bounds on the weight distribution of transitive and doubly transitive

linear codes.

1. We show that for any o € (0, 1), any transitive linear code C' C Fév has at most

qha(@)dim € cqdewords ¢ € C' with aN nonzero entries [61]. This upper bound is

tight, since it is attained by repetition codes.

2. We give a simpler proof of the fact that for every doubly transitive linear code
C C FY of large enough rate, there exists an interval I C [0, N] of linear size
centered around % such that the weight distribution of C' on I is the same as the

binomial distribution. This fact was originally proven in [64].

e We give list decoding bounds for decoding transitive and doubly transitive linear codes
from random errors [61]. In some regimes, our bounds for doubly transitive codes
achieve the information-theoretic optimal trade-off between the rate of the code and

the size of the list needed for decoding.



e For any rate R € (0,1), we show that one can combine three Reed-Muller codes
(formally, by taking their tensor product) to obtain a code C' of rate R that is decodable

to capacity in quasilinear time [2].



Chapter 2

NOTATION, CONVENTIONS AND NECESSARY
BACKGROUND

We denote the set of all non-negative integers by
N:={0,1,2,3,...}.

For any positive integer m, we define the set [m] := {1,2,...,m}. For any m,d € N, we also

use the notation
m <+ d] == {(m—(ﬂ,(m—d} +1,...,Lm+dj}.

For any non-negative integers d < m, we define the binomial coefficient

()

where m! = [[" | ¢ denotes the factorial function. For convenience, we will use the shorthand

(£ = () () e ()

for any integer d < m and
m m
(5) =2 (%)
seS

for any subset S C {0,1,...,m}. We denote by F, the finite field with ¢ elements. For any

notation

z € F", we write

wt(x) 1= ‘{j € [m] : x; %0}‘



to denote the Hamming weight of x. For any x € ]Fflv ,any i € [N]| and any a € F,, we define
"7 e F év to be the vector with coordinates
a ifj =i,

i»—)a]j _

[z
x; otherwise.

We say that a function f : Fy — {0, 1} is monotone increasing if for any index i € [n], any

point z € Fy, and any a € {1,2,...,q — 1}, we have

F@™0) < ™). (2.1)
We say that f: Fj — {0,1} is monotone decreasing if 1 — f is monotone increasing.

2.1 Linear Codes

An N-bit g-ary code is a subset C' C Fflv . We call each element ¢ € C' a codeword of C.
Whenever C' is a subspace of Fév , we say that C is a linear code. Any linear code C' C Fflv
can be represented by its generator matrix, which is a N x dim C matrix G whose columns

form a basis of C'. The matrix G generates all codewords of C' in the sense that
C={Gv:ve ]ngm 1.

Another useful way to describe a linear code C' C F éV is via its parity-check matrix, which is
an N x (N —dim C) matrix H whose columns span the orthogonal complement C* of ({]

The linear code C' can then be expressed as
C:{CEFQV:CTHIG}.

The tensor product C' = Cy ® Cy of two codes Cy € F)" and C, € F)? is a code of length
N = Nj - Ny and dimension dim C - dim C5. Its generator matrix is the tensor product of
the generator matrices of C; and (5. Equivalently, C' is the set of all matrices A € IFQWNI

where each row of A is a codeword of C and each column of A is a codeword of Cs.

'We call C+ the dual code of C.



As mentioned in the introduction, we think of a code C' C ]Fév as the set of all possible
messages that one party may want to transmit to another. The sender chooses some codeword
¢ € C and transmits it over a communication channel’] The receiver then sees a corrupted
version of this message and must recover the original codeword correctly. We typically want
to pick a subset C' that is as large as possible, since a code C' of small size would be “wasting”
a large number of coordinates. On the other hand, we cannot afford to choose a code C' of too
large a size, since every codeword we add to C' is one more string the original message could
be confused with. For instance, if the two parties were to choose the code C' = IF(JIV , then
any error introduced by the channel would make it impossible for the receiver to recover
the original codeword. The main challenge is then to design codes that convey as much

information as possible while still tolerating as many errors as possible.

Definition 1. The rate R of a code C' C Fflv is defined to be

Cl

R = logq q_N

The rate of a code is a measure of the efficiency with which the code conveys information.
For C' C FY, if a sender transmits a uniformly random codeword ¢ € C, then on average

each bit of ¢ conveys R bits of information to the receiver.
2.2 Coding Channels and Noise Models

When the sender transmits a codeword ¢ € C through a communication channel, the sent

codeword gets corrupted. We define the notion of communication channel below.
Definition 2. A communication channel is a function
fi2f x Y — p(2h),

where Y is any finite alphabet and P(SN) is any probability distribution over L.

2See Definition
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We call any element of F, or ¥ a symbol. We think of the first input to f as the code
C C IFfJV that the two parties will use. We think of the second input to f as the codeword
¢ € C that the sender wants to communicate to the receiver. The output f(C,c) is then the
probability distribution over all corrupted messages that the receiver might see. We note
that the probability distribution f(C,c) can sometimes be independent of C' (see e.g. the
two stochastic channels described in Section or concentrated on a single point (see e.g.
the adversarial channel described in Section . One of the most important properties of

any communication channel is its capacity.

Definition 3. The capacity of a communication channel f : 2Fa’ x Fév — P(ZN) is the

smallest rate of any code C' C ]Ff]V that admits reliable communication over f.

By “admits reliable communication over f,” we mean that there exists a decoder D :
»N — C such that for any codeword ¢ € C, we have Pr[D(f(C,c)) =c] > 1 —o(1). We
define the capacity of a sequence of channels {fy} to be the infimum limit of the capacity
of fx as N tends to infinity. Similarly, we define the rate of a sequence of codes {Cy} to be

the infimum limit of the rate of Cy as N tends to infinity.

2.2.1 Stochastic Channels

In every stochastic channel that we will discuss in this thesis, the coordinates are corrupted
independently at random with some probability p. We will consider the following two different

forms of noise.

(i) The g-ary erasure channel (qEC,): every corrupted coordinate is replaced by an erasure

symbol.

(ii) The g-ary symmetric channel (qSC,): every corrupted coordinate ¢; is replaced by a

uniformly random element in F, \ ¢;.

The Symmetric Channel
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When a sender sends some codeword ¢ € C' through the channel gSC,, a p-noisy error string
zeF év (which we will call the error pattern) is sampled and the receiver receives the vector

y € FY with coordinates
Yi = Ci + Zi

The receiver’s goal is then to recover the sent codeword c. The capacity of the symmetric

channel qSC,, is known to be 1 — hy(p).
Theorem 1 ([69]). The capacity of the q-ary symmetric channel ¢SC, is 1 — hy(p).

Proof. We will first show that any code C' C FY of rate 1 — hg(p) + Q(1) is not resilient
to p-noisy errors. For this, we note that on the qSC,, with high probability the received
message will be a distance pN + o(IN) away from the sent codeword c. In order for the
decoder to succeed with probability greater than %, there must then be at least one weight
P’ = p £ o(1) for which the majority of strings z € F}’ with d(c,z) = p'N get decoded to c.
By the volume bound (Lemma7 this means that for each codeword ¢ € C, there must be

)N—o

at least ¢ha(® (M) distinct strings = € IF(]]V that get decoded to c. Since there are only ¢

strings in FY, we must then have |C] - ¢"«"N=oN) < ¢V “and thus |C| < gl —ha@IN+e(V),
For the second part of the proof, we will show that a uniformly random codeword ¢ of a

uniformly random code C' C F)Y of size |C| = gt ha )N =N/

is resilient to p-noisy errors
with high probability. This would prove our claim, since we can then take C’ to be the
code C' minus all the codewords of C' that are not resilient to p-noisy errors. Thus take a
uniformly random codeword ¢ of our uniformly random code C, and apply p-noisy errors to
c. The received message z is a uniformly random point in IFéV , and by the Chernoftf bound
we have d(c,z) < pN + N3/* with high probability. Now z leads to a decoding error if
and only if there exists a different codeword ¢ € C' such that d(z,¢) < d(x,c). But by

the volume bound (Lemma and the subadditivity of entropy (Lemma there are only
hq(p+N~YHN qhq(p)N+N4/5

q q
hq(p)N+N4/5

that any such ¢ is in our code C' is then bounded by |C| - ¥——F—— < o(1). O
q

such potential strings ¢’. By the union bound, the probability
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The Erasure Channel

When a sender sends some codeword ¢ € C through the erasure channel qEC,, a p-noisy
string 2z € {0, 1}*V (which we will call the erasure pattern) is sampled and the receiver receives

a vector y € {0,1,...,q — 1,*}" with coordinates

C; if Zi = O,
Yi =
*  otherwise.

A notion that will be important in our analysis is the notion of covered codeword. For any
erasure pattern z € {0, 1}, we say that a codeword ¢ € C' is covered by z if z; = 1 for all

coordinates ¢ € [N] where ¢; # 0. We denote this by
zZ = cC.

We note that if the erasure pattern z covers some codeword ¢ # 0, then it is impossible for
the receiver to distinguish between a sent message ¢’ € C' and the codeword ¢+ ¢’. We denote

the subcode of C' covered by an erasure pattern z by

Sc(z) == {c eC:z»> c}. (2.2)
The capacity of the erasure channel qEC, is known to be 1 — p.
Theorem 2. The capacity of the q-ary erasure channel ¢EC, is 1 — p.

Since the proof is almost identical to the proof of Theorem [I] we defer it to Section [AT]

Theorems [1| and [2| motivate the following capacity definitions.

Definition 4. A sequence of codes {Cn C IFfIV} of rate 1 — p achieves capacity over the

erasure channel if with high probability, it can recover from random errors of rate p — o(1).

Definition 5. A sequence of codes {Cy C Fflv} of rate 1 — hy(p) achieves capacity over the

symmetric channel if with high probability, it can recover from random errors of rate p—o(1).
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Several families of codes are now known to achieve capacity over both the erasure and
error channels. In his seminal paper [69], Shannon established that uniformly random codes
achieve capacity. The first explicit families of codes to provably achieve capacity were only
obtained decades later: Forney introduced concatenated codes in [21], Gallagher designed
LDPC codes in [22] (see also [54} [51]), and Berrou constructed turbo codes in [12]. More
recently, Arikan showed that polar codes - which have both a deterministic construction and
efficient encoding and decoding algorithms - also achieve capacity [7]. This gave renewed
attention to the closely related Reed-Muller codes, which were shown to achieve capacity

over both the symmetric and erasure channels in [4], 49| 62 [].

Binary Memoryless Symmetric Channels

Binary Memoryless Symmetric (BMS) channels are a generalization of the binary Erasure
Channel and the binary Symmetric Channel. Denoting by z € {0,1}" the input to the
channel and by y € % the output to the channel (where ¥ must be a subset of R), a BMS

channel is any communication channel with the following properties:

e The random variable y; only depends on z;.

e The probability that y; € [a,b] conditioned on z; = 1 is equal to the probability that

y; € [=b, —a| conditioned on z; = 0.

The binary symmetric channel and the binary erasure channel are both BMS channels.
Another common BMS channel is the binary additive white Gaussian noise channel, where

independent Gaussian noise is added to each coordinate.

2.2.2 Adversarial Channels

In an adversarial channel with parameter p € [0, %], the adversary is allowed to corrupt up
to pN coordinates. The adversary gets to choose which coordinates to corrupt, and which

elements of F, to replace them with.
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Claim 3. A code C C ]F(]JV 15 resilient to pN adversarial errors if and only if its minimum

dz’stanceﬁ satisfies dmin(C) > 2pN.

Proof. Suppose two codewords ¢, ¢ € C satisfy d(c,c’) < 2pN. Then there exists a string
x € IF(]JV such that d(z,c) < pN and d(z, ) < pN. If the adversary corrupts both ¢ and ¢ to

x, the receiver cannot distinguish ¢ from ¢'. O

Note 4. The reader may be curious as to why we did not also consider adversarial erasures
as a standalone channel. The reason is that a code C' C Fflv 18 resilient to adversarial erasures
of rate p if and only if its minimum distance satisfies dyin(C') > pN. By Claim@ this means
that the adversarial erasure channel is simply a reparametrization of the adversarial error

channel.

Somewhat surprisingly, the exact capacity of the adversarial channel is still unknown.

There are however some well-known bounds. We start with two upper bounds.

Lemma 5 (The Hamming bound [37]). Any code C' C Fév that can decode pN adversarial

errors must have rate
R <1—hy(p)+o(1).

Proof. We have already seen in Theorem (1| that there exists some § = o(1) such that any
code of rate R > 1 — hy(p) + 0 cannot reliably decode p-noisy errors. O

Lemma 6 (The Singleton bound [70]). Any code C' C F}' that can decode pN adversarial

errors must have rate
R<1-2p+o(1).
Proof. By Claim [3] it will be sufficient to prove that

RN 4 dmin(C) < N + 1. (2.3)

3see Definition |§|
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But there are ¢*V codewords in C, whereas there are only ¢f"V~! possible evaluations on
the first RN — 1 coordinates. Thus there must exist two codewords ¢, € C' that have the
exact same evaluation on the first RN — 1 coordinates. These two codewords are a distance
< N — RN + 1 away from each other, which immediately gives us equation (2.3)).

O

We note that for ¢ = 2, the Hamming bound is strictly stronger than the Singleton
bound. For ¢ > 2, the Hamming bound is stronger for smaller values of p but weaker for
larger values of p. We also state a well-known lower bound on the rate of the largest code

that can decode pn adversarial errors.

Lemma 7 (The Gilbert-Varshamov bound [25, [78]). There exists a code C C F) that can

decode pN adversarial errors and has rate
R>1— h,(2p).

Proof. We greedily construct a code C' with the desired properties. Initialize our set of
“available points” S C Fév to be S = ]Fév . Pick any point ¢ € S and add it to C. Remove
from S all the points x € ]Fflv satisfying d(z,c) < 2pN. Then pick any other point ¢ in our
updated set S and add it to the code C. Remove from S all points y satisfying d(y, ) < 2pN.
Keep arbitrarily picking points in S and removing the ball of radius 2p/N around them, until
the set S is empty. By construction, the minimum distance of the code C' you obtain is at
most 2p/N. Thus by Lemma [3] C' can decode pN adversarial errors. On the other hand, by
Lemma , every time a point ¢ € Fév gets added to C, at most ¢"®PN points get removed

from S. Thus by the time S is empty, C' will contain at least ¢(*="2P)N codewords. O

Note that limg e he(2p) = 2p (see Lemma [18). Thus by Theorems [0 and [7] in the
setting where the alphabet size ¢ is allowed to grow to infinity with the length N of the code,
the capacity of the symmetric channel under adversarial errors is R = 1 — 2p; meanwhile

by Theorems [I] and the capacity of the symmetric channel under random errors in this



16

setting is R = 1 — p. So over large alphabets, one can reliably decode twice as many random

errors as adversarial ones.
2.3 List Decoding

As we have seen in Sections [2.2.1] and [2.2.2] the best possible trade-off between the code rate

R and the noise parameter p is worse in the adversarial case than it is in the stochastic case.
We will now consider a notion that bridges these two worlds: list decoding. Introduced by
Elias [20] and Wozencraft [81], list decoding can be thought of as a relaxation of what we
consider a successful decoding. The decoder’s goal is no longer to return only the transmitted
codeword ¢ € (', but rather a short list of possible codewords that is guaranteed to include

c. A code that can always list decode from pN adversarial errors with list size L is called

(p, L)-list decodable.
Definition 6. A code C C FY is (p, L)-list-decodable if for all x € FY,
|{c€ C :d(z,c) gpN}‘ < L.

The best possible trade-off between R, p and L in the list-decoding setting is well under-

stood.

Theorem 8 ([20]). Consider any ¢ > 2, any 0 < p < 1— % and any € > 0 small enough.

Then we have:

1. For every R <1—hy(p) —¢, there exists a sequence of (p, %)—lz’st decodable codes {Cy}
of rate R.

2. For every R > 1—hy(p)+e, there exists no (p, L)-list decodable sequence of codes {Cy}
of rate R with L < ¢°N).

Proof. We first prove the first statement. Consider ¢V independent uniformly random

points ¢!, ..., 7" € FY and let C' = {c', ... ,c@"™™ 1. Note that with high probability, C' will
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have size |C| > ¢N=°("), Now fix any x € IF(]IV. By the volume bound (Lemma , for any
choice of % codewords ¢, 2, ..., c'/=, the probability that all these codewords lie in the ball

of radius p/N around z is bounded by
Pr|ct ¢, ... v e B(CU,PN)] < g0t @N,

By union bound, the probability that there exists some point =z € IF(]ZV for which }C’ N
B(x,pN)‘ > % is then bounded by

RN
Pr [C is not (p,1/e) - list decodable} < gV (ql/ )qs(lh‘?(p))N
5

N4+BN N he@®N
< q £ . q € €
N—Nhg(p)—eN N | hq(p)N
< NS e
=1.

By the probabilistic method, there must thus exist a code C' C ]Fflv of rate R — o(1) that
is (p, %)—list decodable. We now prove the second statement. Fix any code C' C ]Fév of rate
R — o(1). Then by the volume bound (Lemma [I7), for every ¢ € C' we have that for a
uniformly random point x € IF;V ,

Pr_[c € B(x,pn)] > g~ O-ha@)N=ol),

ze€FY

Thus for a uniformly random point z € IF(]JV , we have

E [’O n B(:B,pN)‘] > C_ZRN_O(N) . q_(l_hq(P))N—O(N)
zeFY
> qEN—O(N).

By the probabilistic method, there must then exist a point x € Fflv such that ‘B(x, pN)NC ‘ >

qu—o(N) ) ]

Theorem [8 motivates the following definition of list decoding capacity.
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Definition 7. A sequence of codes {Cn C IF(]ZV} of rate 1 — h,(p) achieves list decoding
capacity if for every function L(N) = w(1l), there exists a function p(N) = o(1) such that
each Cy is (p — p(N), L(N))-list decodable.

We note that by our proof of Theorem [§] uniformly random codes achieve list decoding
capacity with p(N) = O(ﬁ) But in general, we allow for worse dependence of p on L: we
only require that p go to 0 as IV goes to infinity.

Many families of codes are now known to achieve list decoding capacity. The original
work of Elias and Wozencraft showed that uniformly random codes achieve list-decoding
capacity with high probability, and a more recent line of work has established the same for
uniformly random linear codes [84, 291 80}, 53] [30].

The first explicit constructions were obtained by Guruswami and Rudra, who showed in
[31] that folded Reed-Solomon codes achieve list decoding capacity (see also the follow-up
work of 47, [75], [72], 18]). Guruswami, Kopparty and Wang then extended these results to
other families of codes, including multiplicity codes [34], 46].

All of these families have growing alphabet sizes. Turning to constructions of capacity-
achieving list-decodable codes with constant alphabet sizes, we have Gallager’s ensemble of
LDPC codes [57], Guruswami and Rudra’s concatenated codes [32], and constructions based
on algebraic geometry (AG) codes, for example [35] 38, 27, [36], [16].

All of these codes use an alphabet of size larger than 2. One of the most important open
problems in coding theory is to find an explicit family of binary codes C' C FY that achieves

list decoding capacity.
2.4 Decoding Algorithms

In order for a code to be useful in practice, one should be able to decode it efficiently. An
important subfield of coding theory is thus the design of decoders D : FY — C with efficient
algorithms. The following standard lemma states that for any linear code C' with parity

check matrix H, if one can recover the string z from its image H z, then one can also recover
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any codeword ¢ € C' that is corrupted by the error pattern z. This will simplify the analysis

in many of our calculations.

Lemma 9. Let H be an N x (N —dim C) parity-check matriz of a linear code C C IF,]]V and
let p € (0,%), k € N be arbitrary. Then for every decoder D' : FY~—4m¢ — (FéV)Xk, there
exists a decoder

D:F) — C**
such that for every c € C', we have
z€D'(Hz) = c€ D(c+ z).

We note that the lemma above applies to both unique decoding (k£ = 1) and list decoding
(k>1).

Proof. Consider the following decoder D: on any input y € IFéV , compute ¥y’ = Hy and return

the set y — D'(y'). We claim that whenever z, D’ satisfy
z€ D'(Hz), (2.4)

we also have ¢ € D(c+z). To see this, consider any codeword ¢ € C'. Since H is a parity-check

matrix of C, we have

H(c+z)=Hc+ Hz

= Hz.

Thus on input y = ¢ + z, by definition, D will output the set ¢ + z — D'(Hz). By our
assumption (2.4), we then have ¢ € D(c + z).
O

Perhaps the most basic decoder is the mazimum-likelihood decoder, which can be used

on any code.
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Definition 8. For any code C' C IFfIV, the mazximum-likelihood decoder Dy, : Fév — C does

N

the following: gwen input v € F,,

compute d(z,c) for every ¢ € C. Return a codeword c

that is closest to .

Note that the maximum-likelihood decoder has runtime polynomial in |C|, which ren-
ders it impractical for most applications. One major goal of coding theory is to obtain
practical (i.e., polynomal-time in N) decoding algorithms for codes that are known to be-
have well under maximum-likelihood decoding. For instance, [66] showed that there exists
a polynomial-time decoder D for the binary Reed-Muller code RM(m — 2t, m) with the fol-
lowing property: if the maximum-likelihood decoder for RM(m — ¢, m) correctly decodes an
erasure pattern z € {0,1}", then D correctly decodes the corresponding error pattern z.

See Section for a description of Reed-Muller codes.

Theorem 10 ([60]). Fiz any integers n and t < n. There exists an O(Z”-poly((gt))) - time
decoder D for the code RM(n,n — 2t) with the following property. For every z € {0,1}*", if

{x € RM(n,n —t) : z; > a; for all z} = {0},
then every ¢ € RM(n,n — 2t) satisfies
D(c+z) =c

One tool that will come in handy when analyzing the runtime of certain algorithms is

the Master theorem.

Lemma 11 (The Master theorem). Suppose T'(n) denotes the running time of an algorithm

on an input of size n, and suppose T'(n) can be expressed recursively as
n
T(n) <aT (—) + O(n)
a

for some constant a > 0. Then if T'(1) = O(1), we have T'(n) < O(nlogn).
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2.5 Probability Theory

A real-valued random variable is a function X : A — R, where A is a probability space. We
will make use of three very standard results in probability theory (see e.g. [14]): Markov’s

inequality, Chernoff’s bound, and Hoeffding’s inequality.

Lemma 12 (Markov’s inequality). Let X be a non-negative random variable. Then for any

a > 0, we have
E[X]

a

Pr[X >a] <

Lemma 13 (Chernoff bound). Let X1, Xs, ..., X,, be i.i.d. random variables taking values
in {0,1} and define p := E[X}]. Then for any ¢ € (0,1), we have

n EQTT'L
Pr [’ZXi—pm‘>€-pm] <2 E.

i=1
Furthermore, for any ¢ € [0,1 — p|] we have

1 m
Pr |— X; > )
IR

=1

< Q—D(eréHp)m7

where D(x || y) := zlog £ + (1 — z)log <}%y)

Lemma 14 (Hoeffding’s inequality). Let X, X, ..., X, be independent random variables

taking values in [0,1]. Then for any t > 0, we have

Pr [in > Zm:E[Xi] +t| < %
=1 =1
and
Pr iXi<§:]E[XZ]—t <o

For any probability distribution D over a set X, we will use the notation z ~ D to denote

a random element z € X sampled according to D. The main probability distribution that
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we will consider is the p-noisy distribution over Iﬁ‘év , and for this specific distribution we use

the following shorthand notation. For p € [0, 1], we write
Z~p

to denote a p-noisy string z € IF , meaning that for each i € [N], the i® entry is indepen-

dently

0 with probability 1 — p,
Zi =

j  with probability ﬁ, for each j € {1,2,...,q — 1}.
Given any subset of points S C IFf]V , we will abuse notation and write

Pr[]

€S

to identify the uniform distribution over the set 5.
2.6 Entropy and Volume Bounds

In this section, we will go over one of the most useful tools we have for analyzing the behavior
of codes: entropy. Consider any probability space A with probability distribution p. For a
random variable X : A — B, we abuse notation and write p(b) := >_, v,)—, p(a) for every
b € B. The entropy of X is then the quantity

Zp log

beB
For any random variable Y : A — C, the conditional entropy of X on Y is the quantity

H(X|Y): Zpbclog

vop ’ 2
ceC

The following theorem states a few well-known properties of entropy.

Theorem 15. For any random variables X : A — B and Y : A — C, we have:
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o FExtremal values: 0 < H(X) < log|B|.
o Subbaditivity: H(X,Y) < H(X)+ H(Y).
e Conditioning doesn’t increase entropy: H(X|Y) < H(X).

One random variable that will be of great importance to us is the identity random variable

X :F, = F, (i.e. the map X(a) = a) with probability distribution

1—¢ ifa=0,
pla) =

[

= otherwise.
q—1

This random variable corresponds to the errors introduced by the communication channel
qSC,. The entropy of this random variable will be of such use to us that we attribute it
its own name: multiplying by a constant factor that simply keeps the function in [0, 1], we

define the g-ary entropy function h, : [0, 1] — [0, 1] to be

1 qg—1
hg(e) := (1 —¢)log, T— + elog, —

For the case ¢ = 2, we will often omit the subscript and simply write h(z) := hy(z). One

useful property of the entropy function is that it is subadditive.

Lemma 16. For any positive integer q, any « € [0,1] and any y € [0,1 — z|, we have
he(z +y) < he(z) + he(y).

This can be seen as a consequence of the second bullet point in Theorem|[I5] Alternatively,
it can be proven by noting that the g-ary entropy function is concave and that any concave,
positive function is subadditive (see e.g. [26], page 83, statement 103).

One major use of the g-ary entropy function is that it gives good bounds on the number

of points in the ball of radius r» around any point = € IFf]V . Define

B(z,r) ={y € IF,]]V cd(x,y) <r}
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and

S(x,r):={y € FY +d(z,y) =r}.
Then the quantity ¢"«"/"¥ is a very good approximation for the size of both these objects.

Lemma 17. For any integer ¢ > 2, any point x € Fév and any radius 0 < r < (1 — é)N, we

have

1
——= "N < |S(x,1)| < [B(a,r)| < g

V3N 1

Proof. We start with the rightmost inequality. Suppose without loss of generality that 2 = 0
and let X = (X1, Xs,..., Xy) denote a uniformly random element in B(ﬁ, r). Note that by

symmetry, since every point in B(0,r) has weight < 7, we must have

p:=Pr[X; #0]=--- =Pr[Xy #0] < N (2.5)
By subadditivity of entropy (the second point of Lemma , we have
N
H(X) <Y H(X)
i=1
al 1
=3 (1= pog— + H(XIX £0).
i=1
But for any s,t € {1,2,...,¢g— 1} and any v € IFN the vectors v"* and v*~* have the same

Hamming weight (thus either both of them are in B(0,r) or neither of them are). It follows
that under the condition X; # 0, the entry X; is uniformly distributed on {1,2,...,¢ — 1},

which means we get

+(g—1)

1 —1
Z(l— log -qfllogqp )

N
=1
N

Z hq(p) - log(q

=1
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Since X was taken uniformly at random from B(0,7), we have H(X) = log|B(0,r)|, and
thus

B(0,r)] =27

< 2Nha(p)log(q)
— qhq(p)N
< ghatr/NIN

— Y

where the last line follows from (2.5)) and from the fact that f,(p) is increasing on p € [0,1—_].
We now turn to proving the leftmost inequality. We may assume that 1 < r < N — 1, as

otherwise the claim is trivial. We will need Stirling’s inequality, which states that for any

m € N,
1
V2rm -m™e ™ < m! < V2rm - mMe ™ 12m,

From Stirling’s inequality, we compute

sl = (V) =1y

. .o 12r 12(N—r) . — 1",
2rr(N —7r) r"(N —r)N-r ¢ (q )

N U T .
But (N —r) = %(1 - %)N2 < NTQ, and e 12r 12(N-1) > e~% since we assumed that 1 <r<

N —r. Thus we get
Sz, r)| =
>

]

Some useful facts to know about the g-ary entropy function h,(p) are that it is always

larger than p and that it tends to p as ¢ goes to infinity.
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Lemma 18. For any q > 2 and any p € [0,1 — %], we have

hy(p) > p.
Furthermore, for any constant p € (0,1) we have

lim h,(p) = p.

q—o0

Proof. For the first inequality, we note that for any p < 1 — % = % we have log, q% >

log, q = 1. It then follows that

1 qg—1
fmm=41—mm&yj;+pm&—;—

-1
Zplogqu

> p.

For the second inequality, we note that by definition, we have

1 1
he(p) = (1 —p)log, ﬂ + plog, 1—? +plog,(q —1)

hQ(p)
=7 19l —1).
log, g p qu<q )

Since @ — 0 and log,(¢ — 1) — 1 as ¢ — oo, we indeed get

lim h,(p) = p.

q— 0

]

Finally, we will need a way to bound the binary entropy near 1/2. The following lemma

is essentially a 2-way version of Pinsker’s inequality - see Appendix for the proof.

Lemma 19. For any p € (0,1), we have

2

K L —p 2
<1-h(—2) <2
22 = ( >—“
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2.7 Distance and Symmetry

Two properties that will play a key role throughout this thesis are distance and symmetry.
Definition 9. The minimum distance of a code C C Fév 15 the quantity

dmin(C) := min {Wt(c — c')}.

c,c'eC
We note that if C' is linear, then its minimum distance is simply the minimum Hamming
weight of any codeword ¢ € C. For linear codes, we generalize the concept of minimum

distance to larger subspaces as follows.

Definition 10. For any linear code C C ]Fflv and any r < dim C, the r*® generalized distance
of C is
d.(C) := d'rsnglsg_ {Isupp(9)I},

where we define the support of the subcode S to be
supp(S) := {i € [N]: Jc € S with ¢; = 1}.

We note that for any linear code C' C FY', the quantity di(C) is simply the minimum
distance of C. As we will see in Chapters[fand [} linear codes with large generalized distances
possess useful properties. We have already seen that a code C' can decode pN adversarial
errors if and only if its minimum distance is at least 2pN (see Claim [3). But even for
random errors, the distance of a code plays an important role. For instance, the probability
of a decoding success for any linear code C' with superconstant minimum distance transitions
rapidly from 1 — o(1) to o(1) as a function of the error rate, and the bit and block decoding
thresholds of any linear code with large generalized distances lie very close to one another.
See Section [4.3] and Chapter [5] for more details.

The concepts of symmetry we will rely on speak of symmetry between the different
coordinates of our code C. The first level of symmetry we will consider is transitivity, which
intuitively requires that any two coordinates i, j € [N] of the code be equivalent up to some

rearrangement of the coordinates.
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Definition 11. A code C' C IF(JIV is transitive if for every coordinates i,j € [N|, there exists

a permutation w : [N] — [N] such that
(1) m(i) = j
(ii) For every codeword ¢ = (c1, ¢, ..., cn) € C, we have (Cry, Cr(2),-- -, Cr(n)) € C.

Many well-known and widely used codes are transitive, e.g. Reed-Muller codes, Reed-
Solomon codes, general BCH codes, and all cyclic codes. In addition, Reed-Muller codes
and extended primitive narrow-sense BCH codes are doubly transitive. Intuitively, double
transitivity is the requirement that any two pairs of coordinates (i, k), (j,1) be equivalent,

again up to some rearrangement of the coordinates.

Definition 12. A code C C Fév is doubly transitive if for every coordinates i,j,k,{ € [N]
with i # k and j # {, there exists a permutation w : [N]| — [N] such that

(i) ©(i) =7 and w(k) = ¢
(ii) For every codeword c = (c1,c¢a,...,cn) € C, we have (Cr1y, Cx(2), - - -, Cr(ny) € C.

We note that the dual code of a transitive code is transitive, and that the dual code of a

doubly transitive code is doubly transitive (see Appendix for the proofs).
Claim 20. The dual code C* of a transitive code C C FY is transitive.
Claim 21. The dual code C* of a doubly transitive code C C FY is doubly transitive.

Kudekar, Kumar, Mondelli, Pfister, Sagoglu and Urbanke showed in [49] that any doubly
transitive code C' C FY of rate R < 1 — p can with high probability recover any one erased

bit under (p — o(1))-noisy erasureql]

4In the theorem below, the quantity Sc(z) is the subcode covered by z - see l)
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Theorem 22 ([49]). Let C C FY be a doubly transitive linear code of rate R. Fizr any

coordinate i € [N], and define p* € [0,1] to be the noise parameter at which

Pr [z € supp(Sc(z))} = 1

zeop* 2

Then p* > 1 — R — o(1). Moreover, for all p < p*, we have

Pr [l S Supp(SC(z))} < 6—(p*_p)log(N—1)‘

zZ~p

2.8 Reed-Muller Codes

Reed-Muller codes will be featured heavily in this thesis, as they have both large distances
and good symmetry. We will denote by RM(n, d) the Reed-Muller code with n variables and
degree d. The codewords of the Reed-Muller code RM(n, d) are the evaluation vectors (over
all points in F%) of all multivariate polynomials of degree < d in n variables. The dimension

of the code is known to be (S”d). (See e.g. page 5 of [9]).

Fact 23. The dimension of the Reed-Muller code RM(n,d) is

dim(Rl\/I(n,d)) - (gnd)'

Throughout this section, we let M be the generator matrix of RM(n, d); this is an (Snd) x N
matrix whose rows are indexed by subsets of [n] of size at most d, and whose columns are
indexed by elements of F3. For S C [n],|S| < d and = € F3, the entry of M whose row is
indexed by S and whose column is indexed by x is

Mg, = H Zj.
j€s
If S is empty, this entry is set to 1. The parity-check matrix of the Reed-Muller code is
known to be the same as the generator matrix of a different Reed-Muller code. Namely, let
H be the (Snfd_l) x N generator matrix for the code RM(n,n —d — 1). Then H has full
rank, and M HT = 0. So, the rows of H are a basis for the orthogonal complement of the

span of the rows of M. Reed-Muller codes also have well-known algebraic features, notably

double transitivity.



30

Fact 24. For all non-negative integers n and d < n, the Reed-Muller code RM(n, d) is doubly

transitive.

Proof. Recall that the codewords of the Reed-Muller code RM(n, d) are the evaluations (over
F2) of all multilinear polynomials of degree < d in the variables x, . .., x,. But for any points
u,v,u/,v" € FY with u # v and v/ # v/, there exists an affine map A : FY — FY such that
A(u) = v and A(u') = v'. Moreover, for any affine map A : FY — F) and any polynomial
p(z1,...,x,) of degree < d, the function ¢(z1,...,z,) := p(A(xy,...,2,)) is a polynomial
of degree < d in the variables x4, ..., x,. Thus the permutation of the coordinates given by

A TFY — FY maps u to v/, v to v/, and maps any codeword of RM(n, d) to another codeword

of RM(n, d). O

In addition to good symmetry, Reed-Muller codes also have large generalized distances.
The following result of Wei, which states that the subcodes of Reed-Muller codes with
smallest supports are Reed-Muller codes of smaller degrees on fewer variables, gives us a

useful way to bound the generalized distances of RM(n, d).

Theorem 25 ([79]). For everyt < d < n, a (;;_tt) -dimensional subcode of RM(n,d) with

smallest support is the subcode Sy C RM(n,d), which contains the evaluation vectors of all

polynomials of the form
t
P(Tig1, Tigay oy Tp) H x;,
i=1

for p(xis1, Tpsa, - - ., xy) any polynomial of degree < d —t in the variables xi1, Tyio,. .., Ty.

Kudekar, Kumar, Mondelli, Pfister, Sagoglu and Urbanke showed in [49] that Reed-Muller

codes achieve capacity on the erasure channel.

Theorem 26 ([49]). For every constant R € (0,1), any sequence of Reed-Muller codes
{RM(n;, d;)} with rate R can with high probability decode from (1 — R —o(1))-noisy erasures.

Abbe and Sandon proved in [I] that Reed-Muller codes of constant rate achieve capacity

on the symmetric channel.
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Theorem 27 ([1]). Consider any error parameter p € (0,3), and let {RM(n;,d;)} be a
sequence of Reed-Muller codes with rate R < 1 — h(p). Then the mazimum-likelihood decoder

Dy, satisfies that for every ¢ € RM(ny, d;),

Pr [DML(C +z)=c| >1- 9=(V2%)

zrp
One major open problem in coding theory is to find polynomial-time decoding algorithms

for Reed-Muller codes of constant rates.

2.9 Tensor Reed-Muller Codes

For any choice of Reed-Muller codes RM(ny,d;), RM(ns, ds), ..., RM(ny, d;), we define the
Tensor Reed-Muller code TRM(ny, dy;ng,ds; .. .51y, dy) as follows: consider n := ), n; vari-

ables {x;;}7=]"" and define the set

S = {Sl USyU---US;: foralli, S; C{xpn,...,xm,} and |S;| < di}.

Abusing notation, we say that a monomial is in S if the set of its constituent variables is in
S. Then the evaluation vector of a polynomial f(z11,...,Z,,) over all points in {0, 1}™ is
in TRM(ny,dy;...;ndy) if and only if all the monomials of f are in S. We note that the
generator matrix of the code TRM(ny,dy;...;n,d;) is the tensor product of the generator
matrices of the Reed-Muller codes RM(ny,d;), ..., RM(n, d;). We also note that the code-
words of TRM(ny,dy;. . .;ny, d;) can be seen as the t-dimensional tensors A € {0, 1}2"<~x2"
satisfying the condition that for every i € [t], every i-axis vector of A is a codeword of

RM(n;, dz)ﬁ Finally, we note that the rate of TRM(ny,d;...;ny, d;) is equal to the product
of the rates of the codes {RM(n;, d;)}

t
i=1"

Although we do not yet have polynomial algorithms for decoding Reed-Muller codes,

Emmanuel Abbe, Colin Sandon and I showed that certain families of Tensor Reed-Muller

codes can be decoded to capacity in quasilinear time. See Chapter

®We say that a vector v € {0,1}" is an i-axis vector of a tensor A € {0,1}"1X-*"¢ if it is a “row” of
A along the i*™™ axis - formally, if there exist indices {ji € [ni]}re\: such that for all s € [n;], we have

Us = A]‘lv--vjifl157ji+17~~-=jt'
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2.10 Fourier Analysis

The Fourier basis is a useful basis for the space of functions mapping FY to the real numbers.
We recall some of its properties below (see e.g. [19]). For f,g € FY — R, define the inner

product

(F.9) = 55 O F@o(a)

ng?

For every z,y € FY, define the character
Xy () = (1) Z5r .
These functions form an orthonormal basis, namely for y,y’ € FY,
1 ify =y,
(Xy> Xy) =

0 otherwise.

We define the Fourier coefficients f(y) :=(f,xy). Then for f,g:FY — R, we have

(f.9) =Y f)-ay)

yeFY

In particular,
z€FY y€eFY
2.11 Krawtchouk Polynomials

For any non-negative integers N and s < N, the Krawtchouk polynomial of degree s is the

o5 ()(17)

.
=0 J

real polynomial

where for any polynomial p(z) we abused notation to write (” (f)) = P (m)fl)j'!' (@) ) For

any subset S C {0,1,..., N}, we will be interested in the polynomial Kg(x) := > o Ks().

For v € F}, we will sometimes abuse notation and use Kg(v) to mean Kg(wt(v)). The
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following proposition follows from standard results (see for instance [48], or Theorem 16 in

[55])-

Proposition 28. For any N and any S C {0,1,..., N}, we have
—mn ()
—_— Ks(5)* =1.
N Z . s\J
ZSES (s) j=0 J
Good estimates for Krawtchouk polynomials of any degree were obtained in [43] 140, [60]

(see for e.g. [60], Lemma 2.1). These estimates are asymptotically tight in the exponent.
Note that |K(z)| = |Ks(N —z)| = |Ky_s(x)| by symmetry (see for e.g. equations (2.8) and

(2.9) in [60]), so it suffices to understand the case z,s < %.

Theorem 29 ([43, 40, 60]). Let p,d € (0,1) be arbitrary. If § > 5 — \/p(1 — p), then

N
2

| KN (6N)| < 9(1+h(p)—h(5))

—25-sgn(1-26)y/(1-207—2p(1p)
If < % —/p(1 —p), define w := 1-20—sgn(1-20) (1)26) b DR A

2(1—26

(1 —w)®N(1 + w)d-ON
wpN '

[ Kpn (ON)] <

As the second expression can be somewhat cumbersome to use, [60] also gives the following

weaker bound.

Theorem 30 (Lemma 2.2 and equation 2.10 in [60]). For any p € (0,3) and any § <

+ — /p(1 = p), we have

|K,n(ON)] < 9h(p)N+pN log(1-26)
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Chapter 3
FORMAL STATEMENT OF MAIN RESULTS

In this chapter, we formalize the results mentioned in Section
3.1 Leveraging Distance

Francisco Pernice, Mary Wootters and I showed that any linear code C' C ]Fév that achieves
list decoding capacity and has superconstant minimum distance also achieves unique decod-

ing capacity over the qSC.

Theorem 31. Fiz any finite field Fy and any p € (0,3). Let {C,, € F2} be a family of
linear codes that achieves list-decoding capacity on the adversarial channel that introduces a

p-fraction of corruptions. If dmin(Cy) = w(l), then {C,} achieves capacity on the ¢SC,.

The main tool we used to prove this fact is the following sharp transition result. The

case ¢ = 2 had previously been proven by Tillich and Zémor in [76].

Theorem 32 ([76, 58]). Let C C F) be any linear code with superconstant minimum dis-
tance. Then as a function of the error rate p, the interval between a decoding error probability

of o(1) and a decoding error probability of 1 — o(1) is of subconstant width.

See Chapter [ for the proof of Theorems and In another paper with Henry
Pfister and Gilles Zémor, we showed that on the erasure channel, the bit-error threshold
and the block-error threshold of any linear code C' with large generalized distances must be

asymptotically equal (see Chapter [5)).

Theorem 33. Consider any linear code C C FY and let p,§ € (0,1) be such that upon

transmitting any codeword ¢ € C" along the channel BEC,, we have for any individual i € [N]
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that

Pr [cannot recover ci] < 4.
p-erasures

Suppose additionally that for allr =1,2,...,V/8N, the r™ generalized distance of C satisfies
d,(C) = w(rlog N). Then there exists p’ = p — o(1) such that

Pr  |cannot recover ¢| < V& + o(1).

p’-erasures

In the same paper, we also showed that Reed-Muller codes satisfy the above criterion,
yielding an alternative proof of the celebrated result [49] 0] that Reed-Muller codes achieve

capacity on the erasure channel.
3.2 Leveraging Symmetry

Anup Rao and I derived the following bound on the weight distribution of any transitive

linear code. See Chapter [0] for the proof.

Theorem 34. Let C' C Fév be any transitive linear code. Then for any a € (0,1), we have
‘{c eC: wt(c) = QN}‘ < qhq(oc)-dim c

As one might expect, requiring further symmetry from a linear code induces stronger
bounds on its weight distribution. Samorodnitsky proved in [64] that for every doubly
transitive linear code C' C FY, there exists an interval I C [0, N| of linear size over which
the weight distribution of C' is very close to the binomial distribution (see Theorem . We

provide here a simpler argument that yields a weaker result. See Chapter [6] for the proof.

Theorem 35. There exists a constant B > 0 such that the following holds: for any doubly
1-R
5 +o(1)

1-R+
transitive linear code C C FY of rate R and any relative Hamming weight o € [ 5

we have

Pr [Wt(c) = ozN] < 9—(1=h(a))N+o(N)
ceC -

1
9|
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In joint work with Anup Rao, we obtained the following list decoding bounds for transitive

and doubly transitive linear codes. See Chapter [7] for the proof.

Theorem 36. Fiz any p € (0,%) and n € (0,1). Then any transitive linear code C C F} of
dimension dim C' = nN can with high probability list-decode p-noisy errors using a list T' of

size
|| = 2vN1es(Z5)+o(N) 4 gtpN+o(N)

Theorem 37. Fiz any p € (0,3) and any v < 1 —log(1+27*). Then any doubly transitive
linear code C C FY of dimension dim C = (1 — )N can with high probability list-decode

p-noisy errors using a list T of size

|T| = 2"PIN=7NFolN)

Although our lists have exponential size, the list size is non-trivial in the sense that it
is much smaller than the number of noise vectors (which is about (p]]VV) ~ 2MPIN) and the
number of codewords in the code (which is 24™ ¢ = 20=N) In fact, a standard calculation
(see Section shows that any code C' C FY of dimension (1 — )N that can successfully

list-decode errors of probability p with list size |T'| must satisfy
7| > 9(h(p)=7)N (3.1)

Our bound in Theorem [37| shows that doubly transitive codes achieve these optimal param-
eters, at least in some regimes. (Since the requirement v < 1 —log(1 + 27%) can be a bit
hard to digest, we note e.g. that 1.3p < 1 —log(1 + 27%) for all p € (0, %), so Theorem
implies that any doubly transitive code of rate > 1 — 1.3p achieves the optimal list size for

decoding p-noisy errors).

3.3 Reed-Muller Codes: Distance and Symmetry

Reed-Muller codes are the prototypical example of a linear code with large distance, large

generalized distances, and doubly transitive permutation group. They were shown to achieve
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capacity on the erasure channel by Kudekar, Kumar, Mondelli, Pfister, Sasoglu and Urbanke
[49], and on the symmetric channel by Abbe and Sandon [I]. However, apart from some
extreme regimes - where either the rate of the code is non-constant or the capacity of the
channel is much higher than the code rate - there is currently no known algorithm for decoding
Reed-Muller codes in (provably) polynomial timeﬂ. In joint work with Emmanuel Abbe and
Colin Sandon, we used existing results to prove that tensor products of Reed-Muller codes

achieve capacity on the symmetric channel and are decodable in quasilinear time.

Theorem 38. Consider any noise probability p and any rate R < 1 — h(p). Then we can
construct a Tensor Reed-Muller code TRM(ny,dy;. .. ;n4,dy) of rate R that achieves capacity
and has quasilinear decoding time. For any blocklength N, we provide two constructions of

such codes:

1. Our first construction (with t = 3) has error probability N=“U°8N) and decoding time

O(N loglog N).

5= 3rpmgy o)
2. Our second construction, for any t > 4, has error probability 9N 20D and de-

coding time O(N log N).
The remainder of this thesis will be organized as follows:

e In Chapter [, we prove our results relating list decoding capacity and capacity on the

symmetric channel (Theorems 31| and .

e In Chapter 5, we prove our bound on the gap between the bit and block thresholds on
the erasure channel (Theorem [33)).

e In Chapter [6], we prove our weight bounds for transitive and doubly transitive codes

(Theorems [34] and [35)).

L Although they lack theoretical guarantees, several algorithms have been developed which in practice
seem to perform quite well. See e.g. [65] [82] 24].
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e In Chapter [, we prove our list decoding results for transitive and doubly transitive

codes (Theorems [36 and [37).

e In Chapter[§| we prove that Tensor Reed-Muller codes achieve capacity with quasilinear

decoding time (Theorem [38).



39

Chapter 4

LARGE DISTANCE I - LIST DECODING CAPACITY IMPLIES
CAPACITY ON THE SYMMETRIC CHANNEL

In this chapter, we will prove that any linear code C' C Fév that has superconstant min-
imum distance and achieves list decoding capacity also achieves capacity on the symmetric

channel. The following theorem will be our main goal.

Theorem . Fiz any finite field F, and any p € (0, %) Let {Cy C IFéV} be a family of
linear codes that achieves list-decoding capacity on the adversarial channel that introduces
a p-fraction of corruptions. If duin(Cn) = w(1), then {Cn} achieves capacity on the g-ary

Symmetric Channel.

We note that in the binary case ¢ = 2, Sasoglu showed in [67] that if a linear code C' C FY

has an 0(%) error probability over the BSC channel with capacity v, then it has an o(1)
error probability over all binary memoryless symmetric channels (BMS) of capacity 7' > .
Thus one corollary of our Theorem is that any binary linear code C that achieves list
decoding capacity and has large enough minimum distance also achieves capacity on all BMS

channels.

Theorem 39. Suppose a family of linear codes {Cy C FY} achieves list-decoding capacity
on the adversarial channel. If dyim(Cn) = w(log® N), then {Cy} also achieves capacity on

all binary memoryless symmetric channels.

Theorems 31} and [39| follow from a more general statement about (p, L)-list-decodability,

which we state below.

Theorem 40. Let C' C Ffzv be any linear, (p, L)-list decodable code with minimum distance

dmin > 4q. Then there exists a decoder D : IF(JJV — C' such that for any 6 > 0 and any c € C,
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we have

,_
|
iS]

Ql
£
=]

>

Pr D(c+z) = C] >1—-2Le * &7

1
zrp—N~4 -4

where z is a (p — N-1— d)-noisy random string.

We first present a high level overview of our argument in Section before formally
proving our main results in Sections - [B4 We also prove the following result for the
erasure channel in Section [4.5] Note that in this case, we are able to drop the linearity
requirement.

Theorem 41. Let C C Zy be a (p, L)-list decodable code with minimum distance w(log L).

logn

Then C' admits reliable communication on the qECy for p' =p — R

We show in Section that the requirement that the minimum distance be large cannot
be avoided entirely. More precisely, we show that there exist codes C' C Fy with constant
minimum distance that achieve list decoding capacity but do not achieve capacity on the

g-ary symmetric channel.
4.1 Overview of the Proof

Consider any code C' C IF(]JV that achieves list decoding capacity and let D* : IFfIV — C be a
maximum-likelihood decoder on the qSC,. As C' is linear, we can pick D* so that its success
depends only on the error vector z, and we may assume without loss of generality that the

transmitted codeword was ¢ = 0. Define the function

1 if D*(z) =0,
f(z) = ) (4.1)

0 otherwise.

The expectation of f is exactly the probability that D* outputs the correct codeword. Show-
ing that C allows reliable communication on qSC,, for some p’ = p — o(1) is thus equivalent

to showing that

E [f(z)]=1-0(1). (4.2)

zrop!



41

The first key observation is that if C' is (p, L)-list-decodable, then we must have

—o(1) (4.3)

S

E [f(2)] =

zrop!

/4 Indeed, consider the following decoder D: upon receiving some

for, say, p = p— N~
corrupted codeword z € IF(]ZV , find all the codewords ¢ € C such that d(x,c) < pN, and output
one such codeword uniformly at random. Since C'is (p, L)-list decodable, there can never
be more than L codewords ¢ € C' satistying d(z,c) < pN. Thus as long as the error string z
has weight smaller than p/N, the decoder D will succeed in outputting the correct codeword
with probability at least % But if z ~ p/, then z has weight smaller than pN with high
probability. So when z ~ p/, our decoder D outputs the correct codeword with probability
at least T+ — o(1). Since the max-likelihood decoder D* is optimal, it must perform at least
as well as the decoder D, and we thus get .

In order to deduce from ([4.3)), it will then suffice to show that the function g(p') =
E.~p[f(2)] has a sharp transition as a function of p’. This was proven for ¢ = 2 by Tillich
and Zémor in [83] [76] and generalized to larger ¢ in our work [58]. Formally, our goal will be
to bound the derivative of E[f] by

d
o B [f(2)] < —w()- E[f(2)](1 - E[f()]). (4.4)

zZ~p zZ~p zZ~p

Margulis [56] and Russo [63] pioneered the use of such inequalities for proving that the
expectations of certain Boolean functions transition quickly from 1 —o(1) to o(1). The point
is that whenever E[f] is away from 0 and away from 1, we have E[f](1 — E[f]) away from
0, and thus the w(1) term in ensures that in this regime the derivative of E[f] is large.
Now for any monotonﬂ decreasing function f : F év — {0, 1}, we can bound the derivative of

the expectation as

E[/(2)] < ——— E [hs(2)] (4.5)

1See 1} for a definition of monotonicity.
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where

{i € [N]:2 =0and Ja € F, s.t. (2" :O}‘ if f(z)=1

he(z) = (4.6)

0 otherwise.
For ¢ = 2, the inequality (4.5)) first appeared in [50, 63] and is called Russo’s Lemma; our
generalization to larger q is stated as Lemma . To make use of (4.5)), we prove in Section
the following isoperimetric inequality, which is a generalization of a bound proven by
Talagrand for ¢ = 2:

E [hy(2)] = *52VA; - E[f(](0 - E [f(:), (4.7)

where we denoted the minimum positive value of h; by

A= min {hs(x)}.

w€F7:hy(z)#0
To obtain our desired inequality from the bounds and , it will then suffice
to show that our specific function f (the indicator function of a successful decoding defined
in (4.1)) satisfies Ay = w(1). That is, we want to show that if z € F) is some error string
that leads to correct decoding, and if one of the neighbors of z leads to incorrect decoding,
then there must be many such “bad” neighbors of z. Intuitively, this is because in order for
z and one of its neighbors to be mapped to different codewords, it must be the case that z
is about halfway between the transmitted codeword and some other codeword c. Formally,

it must be the case that
d(z,0) < d(z,¢) < d(z,0) + 2,

assuming again that the sent codeword was 0. For simplicity, in this section we will assume
that d(z,¢) = d(z,0) + 1. Then for any coordinate i € [N] where z = 0 and ¢; # 0, the
neighbor 2’ of z obtained by setting the i*" coordinate to ¢; is closer to ¢ than to 0. Each

such neighbor 2’ thus satisfies f(2’) = 0, and we have

hy(z) > |{i € [N] : 2 =0,¢; %OH
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The exact number of such coordinates i € [N] can be bounded in terms of the distance

between 0 and ¢, which itself is bounded by the minimum distance of the code. See Section

4.3| for more details. Once we obtain a lower bound on A, our desired inequality (4.4
f
follows from equations (4.5 and (4.7)).

4.2 An isoperimetric inequality over finite fields

In this section, we generalize an Fs-result of Talagrand to finite fields of all sizes. For any

N

4 » our goal will be to relate the

monotone function f : FY — {0,1} and any point z € F
quantities E[f] and E[h]. The theorem below was proven for the case of ¢ = 2 by Talagrand

in [73]; we extended his result to arbitrary field sizes in [5§].

Theorem 42 ([73, B8]). For any monotone decreasing function f : FY — {0,1} and any

noise parameter p € [0, 1], we have

e [i()] 2 5L BreI(1- E1G).

zZ~p z~p zZ~p

Proof. We proceed by induction on N. For the base case N = 1, either we have f(0) = f(a)
for all a € IF, in which case the right-hand side is 0 and the inequality holds trivially; or we
have f(0) =1 and f(a) = 0 for some a € {1,2,...,q — 1}, in which case we get

s[vi] -1

> P B[f(1 - El).

We thus turn to the induction step. Suppose the desired statement holds for N — 1, and

consider some function f : ]Fév — 5. We may assume that

E[VAf] < 52 (19

as otherwise the desired claim is trivial. For each a € F,, define the following function of

N — 1 variables.

fa(x) := f(xa),
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where we define the vector za € IF(]JV to have the same entries as x in coordinates 1,2,..., N—1
and to have value a in the last coordinate. For convenience, we will denote the expectation

of each of these functions by E, := E.,[f.(2)]. By definition, we have

Ef()]=0-pF+ — Z E,, (4.9)

zZ~p

and thus

ae]F;;
1-(1 P
_( _p)EO_TlZEa
q aE]Fg
= (1 -p)Ey (1~ By + 9By — L5 3T )
aEIF;;
E(l—E n 1——E>
q—l% ( 1)

p P
- Ea(l— E _ )
q_lz ( p) 0+q_1ZEb
aGIF;; bE]FZ

b#a

Extracting from the expression above the terms corresponding to the variance of each f,,

we get
EL/](1 - ELf]) = (1= p)Bo(1 — Bo) + 2 ZFj (1~ B,)
+ (1= p)pEo( By - L ) E,)
+ q% ; El((1- q%)Ea —(1-p)E)
% 521)2 % E. B, (4.10)
beF;\{a}

The first line in the equation above is the sum of the individual variances. We will now want

to bound the contribution of the other terms. For this it will be useful to replace each factor
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of 1 — p by a factor of 1 — —, so that we can complete the square. That is, we write the

summands in the two middle lines of (4.10)) as

(1—p)pE0( 0——ZE>

a€lFy

=(1- q—l q—lZEO Eo—

acFy

(Ep — E

q_l q_laEF*

and

Combining the two equations above with (4.10]), we get

E[f1(1 = E[f]) = (1 = p)Eo(1 — Eo) + -1 Z E.(1 - E,)

———~— ) E.E,. (4.11)

a€lFy
beIE‘*\{a}

Replacing the factor of ¢ — 2 in the fourth and fifth sums of (4.11)) by a summation over g — 2

elements of I, we get
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E[fI(1 - Elf]) = (1 = p)Eo(1 — Ey) +—ZE 1-F

aEF*
b p 2
r1--L2Hy L N (B -E,
( q—l)q—laeF*( ’ )
—p2 Z EO(EO—E) EbEO—i—EEb
acF; (g —1)
beF:\{a}

Defining the quantity
Ein = E [mln {f ”H“)}},

zr\/p"—l QEF*

we can then bound the variance of f by

ELf)(1 - EIf)) < (1= p)Bo(1 — o) + 2 E Y B

aEF*

p 2

2

- (qf—l)g Z (Eo — Ey)(Eo — Ea)

a€lFy
beF:\{a}
< (1—p)Eo(1 — Ey) +—ZE
acky
2

Now that we have obtained a convenient expression for the right-hand side of our theorem’s
inequality, we turn to bounding the left-hand side. Recall that for any z € Fgfl and any

a € Fy, we defined za € F} to be the vector with coordinates

z; for i #n,
[za); =

a fori=n.

By the definition of hy, for any function f : FY — {0,1}, any z € F)~" and any a € F}, we

must have

hy(za) = hy,(2). (4.13)



47

In the case where we append a 0 instead of an nonzero element a, we have
hy(20) = hy(2) + 1{3b € Fy s.t. f(zb) < f(20)}. (4.14)

Defining the function f~(2) := f(20) — min,ep: {f(za)}, we then get

E V)] =0=p E_[\/hsz0)

+ 2 > E [ hf(Za)]

-1 ~
4 acF; P

=(1-p) E_[{h(z)+ ()

ey

P
P E [ hy (2 } 4.15
2 5 [V (4.15)

where the second equality follows from (4.13)) and (4.14). But applying the Cauchy-Schwarz
inequality E[v/gh|* < E[g] E[h] and the equality (a + b)(a — b) = a® — b*, we have

2

U= 8 [V~ Vi) (VA F T+ Vi) ]
<E [Vt T - Vi B[V F T+ Vi)

where in the first line we used the fact that f~ takes values in {0,1}, and thus \/f=(z) =

f~(2) for all z € F)~'. We can now bound the expected square root of hy, + f~ by

= ELf )
E[\/hfojtf } Z]E[\/h_fo} +E[ — hﬁ)}

N E[f )"
>E Vi ST e vy

where in the last line we used the fact that /a2 + b2 < \/(a +0)2 =a+b, with a = \/hy,
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and b = /f~. Combining the inequality above with equation (4.15)), we get

E[VﬁiZ(L—ME[¢E1+%1_MELﬁ?J£$i%E
ZE [ hfa]

aE]F*
>(1-pE [ hfo} +— Y E [ hfa}
aGIF
+ #(Eo — Emin),

where in the last line we used assumption {D and equation (4.15]) to get E [\ /h f0i| < %
Applying our induction hypothesis to the functions { f,}scr,, we then have

p 1—p 1—p
Y 5 Bl = Ba) + — By — Buin)”.

Combining this with equation (4.12)), we indeed get

E[VAy] > 52 B0 - E).

We now denote the minimum non-zero value of h¢(z) by
Ay :=min {hs(2) : 2 € [, such that hs(z ) #0}.
The expectation of hy can then be bounded as follows.

Theorem 43. For any monotone decreasing function f : ]Fév — [y and any noise parameter

p € [0, 1], we have

E [hy] >1T Ay -E[f](1 - E[f]),

where all the expectations are taken with respect to the g-ary p-noisy distribution.
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Proof. By Theorem |42 and the Cauchy-Schwarz inequality
E[\/9192]2 < E[g1] E[gz], we have

% ‘ElfI(1 -E[f]) <E [\/h_f} < \/E [hf] Pr[hys(2) #0].

By definition of Ay, we then get

%-E[ﬁ(l—wns\/la[hf}- 5, — s Bl

4.3 Sharp Transition of the Probability of a Decoding Error

In this section, we will show that the decoding error probability of a linear code C' C Fflv
over the channel qSC, transitions rapidly from 0 to 1 (as a function of p). For ¢ = 2, this
was proven by Tillich and Zémor in [83] [76]. We generalize their results to arbitrary field
size ¢ in [58]. The first building block of our argument is Russo’s Lemma, which for ¢ = 2
first appeared in [56, 63]. Over arbitrary field size ¢ and for our particular definition of

monotonicity, it generalizes as follows.

Lemma 44. Let f: Fév — {0, 1} be a monotone decreasing function. Then we have

d 1

dp ZINEp[f(Z)] < ] ZINEp[hf(Z)]'

Proof. We think of the parameter p as a vector (p1,pa, ..., p,) with p; = p for all i € [N].

By definition, we have

d 3 d =0 i—a
rEAUCIED I A LR C R A )]
=3 E [~ 1)+ 1), (4.16)

where a is taken uniformly at random from Fj. Since f is monotone decreasing, we have

f(z70) > f(27¢) for all a € F}, and thus every z € F} has a non-positive contribution to
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the expectation in (4.16)). We can then bound the expectation by

1{z =0} E_[If(z) - £

|
I3
4
i)
—

IA
|
(]
?
i)

1{z = 0} - qulll{Ha st |f(2) = ()] = 1)]

[]

From Lemma , it is clear that for any monotone decreasing function f : IFfIV — Fy, any
lower bound on E[hf] will yield an upper bound on the width of the threshold of E[f]. We
thus turn to proving bounds on E[h¢|, for f the indicator function of a successful decoding.
For this we will need the following helpful lemma. Recall that for any vectors a,b € ]Ff]V , We

denote by d(a,b) the Hamming weight of a — b.
Lemma 45. Let C' C ]Fév be any linear code. Suppose z € IF(]]V and ¢ € C'\ {0} satisfy
d(z,0) < d(z,c).
Then we must have
uppe) supp(z)| = 2 — (e, e) -+ minfa(z. ),
Proof. For notational simplicity, we define the set
S = supp(c) \ supp(z)

and the slack quantity

v:=d(z,¢) — min{d(z, )}

ceC
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Our goal is to show that |S| > % — v. We first note that since d(z,c¢) > d(z,0), we must

have

S| > [{i € supp(c) Nsupp(2) : ¢; = z}|. (4.17)

We also note that

|{i € supp(z) Nsupp(c) : ¢; = z;}| > 1}supp( ) Nsupp(z)| — v. (4.18)

This is because for all « € {1,2,...,q — 1}, we have

d(z,ac) = |supp(z) \ supp(c)| + |supp(c) \ supp(z)|

+ |{@ € supp(z) Nsupp(c) : ac; # z,}|,

while by averaging there must be some o € {1,2,...,¢ — 1} such that

. 1
|[{i € supp(z) Nsupp(c) : ac; = z}| > — |supp(z) N supp(c)|.

Since d(z, ¢) < d(z, ac) +v for every codeword ac, we then get equation (4.18). With respect
to the minimum distance of our code C|, this gives us
dmin (C) < wt(c)

= |supp(c) \ supp(z)| + [supp(c) N supp(z)|
< |S[+ (g = 1)(|S] +v)

< qlS| + qv,
where in the third line we used equations (4.17)) and (4.18)). ]

We are now ready to prove our bound on E[h¢], for f the indicator function of a successful
decoding. Consider the following total order < on F}. If wt(a) < wt(b), then a < b. If
wt(a) = wt(b) and the support of a comes after the support of b in the lexicographic order,
then a < b. For completeness’ sake (this last point will not appear in our analysis), if a

and b have the same support and a comes after b in the full lexicographic order (i.e. the
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lexicographic order with order 0 <1 <2 < ... < ¢—1 over F,), then we say a < b. Consider

the max-likelihood decoder D* : IFJqV — (' defined by

D*(z) == Icrélél{z —c}, (4.19)

where the comparisons between vectors are taken with respect to the total order < . For

each codeword ¢ € C, we define the decoding region of ¢ as follows.
Q. :={z € FY : D*(2) = c}.
Claim 46. For all c € C, we have

Pr[D*(z 4 c¢) = c] = Pr[z € Q.

Proof. 1t is clear that

Pr[D*(z) = 0] = Pr[z € Q).

Z~p zZ~p
Thus it will suffice to show that for any codeword ¢ € C, the map z — 2z + ¢ is a bijection
between () and (2.. But this is indeed the case, as by linearity of C' we have
2€Q > z2=<z—Cforald eC
< z+c—c<z+c—Cdforalld el

<= z+c €.

For simplicity, when looking at the 0 codeword we will drop the subscript and write
Q= QO-
We will also abuse notation and write Ag and hq to mean A, and hy, respectively.

Lemma 47. Consider any linear code C' C IFéV . Its corresponding decoding region ) satisfies
dmin
q

Aq >

_3’

where dyi, s the minimum distance of C.
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Proof. Consider any z € IF(]JV with hq(z) # 0. By definition, the following two conditions
must hold.

(i) D*(z) =0,

(i) There exist a codeword ¢ € C' and a coordinate i € [N] such that D*(2"7¢) = c.

Our goal will be to show that there are at least d‘gi“ — 3 choices of coordinates ¢ where z; = 0

and point (ii) above holds. We note that points (i) and (ii) imply that
d(z,0) < d(z,c) <d(z,0)+ 2. (4.20)
By Lemma 45, we must then have

Gmin _ o (4.21)

[supp(c) \ supp(z)| >
We now consider two separate cases, depending on the weight of z — c.
Case 1: d(z,c) € {d(z,0),d(z,0) + 1}. Then for every j € supp(c) \ supp(z), we have
d(z77% ) = d(z,c) — 1
< d(z,0)

=d(z7%,0) — 1,

and thus 277% ¢ Q. By equation |4.21| we thus have hq(z) > dmﬁ — 2.

Case 2: d(z,c¢) = d(z,0) + 2. Then for every j € supp(c) \ supp(z), we have

d(z77% ¢) = d(z,c) — 1
=d(z,0)+1
=d(77%,0). (4.22)

We want to show that for all but one choices of j € supp(c) \ supp(z), we have

279 — e < T,
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or equivalently that the support of /7% — ¢ comes after the support of /7% in the lexi-
cographic order. We note that by point (ii) above, there exists a coordinate i € [IN] such
that supp(z"~“ — ¢) comes after supp(z"~“) in the lexicographic order. But this means that

supp(z — ¢) must come after supp(z) in the lexicographic order. Define the coordinate
4 := min {j € supp(z —¢) \ supp(z)}
— min {j € supp(c) \ supp(2) },
where the minimum is taken over the standard order 1 < 2 < 3... < n. Then for any
coordinate j > j*, supp(2/~% — ¢) must come after supp(z/~%) in the lexicographic order.

Combining this with equation (4.22)), we get that for every coordinate j € supp(c) \ supp(z),
j # j*, we have

27— < T,

By equation (4.21)), there are at least d“‘% — 3 such coordinates. Thus

dmin

]

Combining our results from Sections and [L.3] we get the following bound on the

derivative of the decoding success probability.

Lemma 48. Consider any linear code C' C IFéV with minimum distance dy;, > 4q, and any

noise parameter p € [0,1]. The decoding region ) for the code C' satisfies

d 1 —p dmin
g lEea s - Vq3/2 Pr|z € Q](1 Pz e Q]),

where all the probabilities are taken with respect to the q-ary p-biased distribution z ~ p.

Proof. By definition, the decoding region () is monotone decreasing. By Lemma and

Theorem [43], we then get

d 1
— P Q< —— h
Pl €2 <~ Elha(2)

1—p
< —m\/A_QZP:E)[z € Q](l—zlil;[z € Q])
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Applying Lemma 7] we must thus indeed have

d I—p Armin
G Pilzeal< —2<q_1>,/ : —3Pr[zeQ]<1—Pr[z€Q]>

1_p Vdmin
< - gn Pr[z € Q] (1 —Pr[z € Q])

]

We are now ready to prove our sharp transition result. Given a fixed code C', we denote
the probability of a decoding success by

g(p) := Pr[z € Q].

z~p

The theorem below shows that the function g transitions very rapidly from 1 to 0. In spirit,
it states that for any noise parameters py < p; that aren’t extremely close to each other,

either g(po) =~ 1 or g(p1) =~ 0.

Theorem 49. Consider any linear code C' C Fév with minimum distance dyi, > 4q and any

noise parameters 0 < pg < p; < 1. Then the function g associated with C' satisfies

_l—p .\/dmin _
g(p1)<1 —g(po)> <e it 32 (p1 po)7

where d,;, denotes the minimum distance of the code C.

Proof. Define the function

Then by Lemma [48] we have
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By the fundamental theorem of calculus, we then have

P1 dG
CMM—G@DZ—/-—W
po AP
1 - V dmin
> b (p1——po).

4 P

By definition of G, we thus get

9p1) 11— g(po)
o) (1-gm)) < g 200 =0

— G(P1)=G(po)
1-p1 vV dmin

<e 2 23/2 (Pl*po)‘

4.4 Proof of Main Results

In this section, we use our results from Section [£.3] to prove Theorems [31} [39] and 40} We
start with Theorem [0l

Theorem Let C C IF(]IV be any linear, (p, L)-list decodable code with minimum distance

dmin > 4q. Then for any 6 > 0 and any ¢ € C, we have

_1-p V4min 5
Pr [D*(c—l—z):c] >1—2Le * &7 7,

z~p—N7%—5
Proof. Define the following decoder D ]Fév — (. Upon seeing a message m € IFfIV , the
decoder D finds all codewords ¢ € C' that satisfy wt(m — ¢) < pN, and outputs one of them
uniformly at random. The probability of success of this decoder under errors of probability

p— N7 is bounded by

Pr [D(c+z)=c > Pr [wt(z)<pN]
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where in the second inequality we used Hoeffding’s inequality (Lemma for the first term,
and the fact that C' is (p, L)-decodable for the second term. Now the maximum-likelihood

decoder D* can only have a better decoding probability than D, so we have

Pr [D*(c+2z2) = > —. (4.23)
z~p—N7% 2L
By Theorem [49) and Claim [46], we then get
_1-p, Vdmin§
Pr  [D'(c+z2)=c >1—-2Le * &7 .
z~p—N7%—5
[l

We now turn to proving Theorems [31] and [39] from Theorem [40]

Theorem Fiz any finite field Fy and any p € (0,3). Let {Cy C IFéV} be a family of
linear codes that achieves list-decoding capacity on the adversarial channel that introduces
a p-fraction of corruptions. If duin(Cn) = w(1), then {Cn} achieves capacity on the g-ary

Symmetric Channel.

Proof. By Definition , there exists a function p(N) = o(1) such that each Cy is (p —
DN, dmin)—list decodable. Applying Theorem K0 with 6 = - o(1), we then get

min

Pr ) [D*(c +2) # c] < 2dmine_ﬂ(diﬁ)

zrp—pN—N—1-6

< o(1).

In order to prove Theorem we will need the following result of Sasoglu [67].

Proposition 50. [follows from [67], Proposition 7.1] Let V' be the binary symmetric Channel
with capacity ¢ and V' be any binary memoryless symmetric channel with capacity ¢ > c.
Fiz any linear code C C {0,1}". Denote by Py and Py the probabilities that the mazimum-
likelihood decoder fails to recover a codeword of C' sent through the channels V and V' re-

spectively. Then we have

Py < N - Py + h(Py).
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Combining Sasoglu’s result with our Theorem [0 immediately gives us the following.

Theorem . Suppose a family of linear codes {Cn C FY} achieves list-decoding capacity
on the adversarial channel. If dui,(C,) = w(log* N), then {Cn} also achicves capacity on

all binary memoryless symmetric channels.

Proof. By Deﬁnition there exists a function p(N) = o(1) such that each Cy is (p—pn, N)-
list decodable. Applying Theorem [40| with § = ——, we then get

log N’

Pr [D*(c +z) # c] < 2Ne o)

zvp—pN—N~ 2§
< 1
ol —= .
- N

The claim then follows immediately from Proposition 50| O
4.5 Proof of the Erasure Case

In this Section, we give a short proof of Theorem [41], which states that list-decodability also

gives good decoding guarantees on the erasure channel.

Theorem Let C C Zy be a (p, L)-list decodable code with minimum distance w(log L).

Then C' admits reliable communication on the qECy for p' =p — 1‘3%5

Proof. Fix any sent codeword ¢ € C. For every erasure pattern z € {0,1}", we define the

set of codewords that could be mistaken for ¢ as

S(’Z> = {Cl eC: C‘{ie[n}:ziztﬂ = Cl’{ie[n]:ziZO}}'

Our goal will be to show that with high probability over the choice of z, ¢ is the only element
in S(z). We first note that by Hoeffding’s inequality (Lemma [14]), we have

Pr [wt(z) > pn] < g 2log’n, (4.24)

logn

Zp—=
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We also note that by our assumption on the minimum distance of C, the probability that

any ¢ € C be in S(z) can be bounded by

logn wt(c+c’)
Pr [d e S(z)] = (p— )
Zp— 1% vn
< pw(logL)
1
= 0(3)-

(4.25)

But since C'is (p, L)-list decodable, there are at most L codewords ¢’ € C' satisfying wt(c +

') < pn. Combining equations (4.24]) and [4.25)) and applying the union bound, we thus get

Pr [|S(z)|>1] < Pr [wt(z) > pn]
zwp—lo% Zp— 5

<o(l)+L- 0(%) — o(1).
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Chapter 5

LARGE DISTANCE II - BIT AND BLOCK THRESHOLDS ON
THE ERASURE CHANNEL

In this chapter, we will prove that the bit error threshold and the block error threshold
of any linear code with large generalized Hamming weights are asymptotically equal. The

following theorem is a formal version of Theorem [33]

Theorem 51. Consider any linear code C C FY with N > 10. Let p,§ € [0,1] be such that
dim C > VON and

Pr [@ € Supp(Sc(z))} <6

zZ~p

for every i € [N]. Define

Then we have

5.1 Overview of the Proof

Our proof of Theorem [51] is based on a well-known work of Tillich and Zémor [76], who
established sharp threshold results for the symmetric and erasure channels. For a linear

code C C FY and a string z € {0, 1}", we define

Sc(z) = {c €eC:¢<zforallie [N]} (5.1)
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to be the set of codewords that are indistinguishable from the O-vector once you erase all
coordinates ¢ € [N] where z; = 1. Note that So(2) is a subcode of C. Tillich and Zémor
showed in [76] that for any fixed r € {1,2,...,dim C}, the function

fr(p) := Pr |dim Se(z) > r (5.2)

zZ~p

transitions rapidly from ~ 0 to =~ 1 as a function of p. They also showed that for any r,

the curves f,(p) and f, stay within a distance of about ——— from each other, where
f (p) I +1 (p) y \/m

d,(C) denotes the minimum support weight of any r-dimensional subcode of C.

In Section [5.2] we first strengthen their result to show that the curves f,.(p) and f,11(p)
in fact stay within a distance of about m from each other (see the proof of Theorem .
We then leverage the fact that every doubly transitive code achieves capacity under bit-MAP
decoding to prove that for some 79 = N'=°()| the function f,, corresponding to any doubly

transitive code C' C F} satisfies

fro (1 — rate(C') — 0(1)> = o(1).

Since the distance between the curves f,.(p) and f,+1(p) can be bounded in terms of the
minimum support weight d,.(C'), we are then able to prove (see Theorem that the function
f1(p) corresponding to any doubly transitive code C' C F% with large enough minimum

support weights satisfies

f1<1 ~ rate(C) — 0(1)) — o(1). (5.3)

But the left hand side above is exactly the probability that a sent codeword ¢ € C' can be
uniquely recovered from random erasures of probability 1 —rate(C) —o(1), so equation (5.3)
shows that any doubly transitive linear code C' C FY with large enough minimum support
weights {d,(C)} achieves capacity on the erasure channel under block-MAP decoding. See

Theorem [51] for the formal statement.
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5.2 General Linear Codes

In this section, we will provide general conditions under which the bit and block error thresh-
olds of an arbitrary linear code C C FY are close to one another. For every r < dim C, we

define the function g,: {0,1}¥ — {0,1} to be

1 if dim Se(z) > r,
gr(2) == (5.4)

0 otherwise.

For any fixed linear code C' C FY, we will be interested in the expected value of its corre-

sponding function g,

Or() = [ (e). (5.5)

We will make use of a well-known work of Tillich and Zémor [76], who proved the following

result.

Lemma 52 (follows from [76], page 476). Consider any linear code C' C FY. Then for every

1 <r <dim C and every z € FY such that g.(z) > 0, we have
gr-(2) > d,(C).
Additionally, for 1 <r < dim C'— 1 we have

Pr [hgr(z) # 0} = Pr [gr(z) = 1] — Pr [gr+1(z) = 1]

Our first step will be to bound the distance between the curves 6, («) and 6y, («), for any

Ny > 1. Recall the definition of the 6, curves in (5.5)).
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Theorem 53. Fiz any linear code C C FY and any integer Ny < dim C. Then, letting

Mg = nyzol_l ﬁ, we have that for any

0<a<1 ",
the functions 0, and Oy, associated with C' satisfy
0, (a —|—/7N0) > 91\[0(0&) —MWNo -

Proof. Consider any r < dim C. By Lemmas [44] and [52] the function f, associated with our

code C' satisfies

d

) = P [hgr(@ a 0} +dr(C)

= (£:) = fr1(1) ) r(©). (5.6)

Since each 6, is the inverse function of f,., the area between the curves 6,.(«) and 0,,1(«) is

the same as the area between the curves f,.(p) and f,.1(p). Thus, we find that

/01 (6r01(0) ~ () ) do = /0 (£:0) = fra(p) ) d

< 1
— dr(c)7

(5.7)

where the last line follows from applying the Fundamental Theorem of Calculus to ([5.6)). Tak-
ing v uniformly at random from the interval [0, 1] and applying (5.7]) with r = 1,2,..., Ng—1
then gives

E [QNO(a) —91(a)] - /0 1 <9N0(a) —Ol(a)>da

a€l0,1]
No—1

— Z /01 <97+1(a) — Qr(a)>da
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By Markov’s inequality, we must then have that for a uniformly random in [0, 1],

— < .
13, -0 0] <

In particular, we see that, for any o € [O, 1 —’YNO}, there must be some o' € [a, Q +’YNO] such

that
9]\70 (a,) - 81(0/) SPYNO'
Since the functions 6, are increasing, it follows that

On, () — 61 (a0 +Mvg) < v

We now recall and prove our main result.

Theorem [51 Consider any linear code C C FY with N > 10. Let p,d € [0,1] be such that
dim C > VN and

Pr [z € supp(Sc(z))} <46

zZ~p

for every i € [N]. Define

Then we have

log N
Pr [36602Z>C]§\/g+ 08 )
2~p— log N A
A
Proof. Note that we may assume that
log N
Vo2t <, (5.8)

A S

as otherwise the claim is trivial. By linearity of expectation, we have

E [supp(Sc(z))] < ON.

zZ~p
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Since the dimension of a subspace can at most be as large as its support, Markov’s inequality

then gives us

Fanp [supp(Sc(Z))]
VON

Pr |dim(Sc(2)) = VON| <
<V,

or equivalently,

05 (V0) > p. (5.9)

On the other hand, by definition of A we have

V6N 1 1\/31\/1
> TSR
r=1 T(C) Ar:lr
log N
< 1
<22 (5.10)

where in the last line we used the facts that N > 10 and that 27],\[:/1% < In(N') + 1 for

all N’ > 1. By inequalities (5.8) and (5.10)), the conditions of Theorem [53| are satisfied for
Ny = V6N and a = V4. Applying Theorem , we then have

VN
01<\/5+\/10gAN>201 Vo + Zd(lc)

=1

VN 1
= 9\/31\/(\/5) - Z m

log N
A Y

2 9\/31\/(\/5) -

where in the first and third lines we used the inequality (5.10]). By equation (5.9)), we get

log N log N
>p— .
0, <\/5+ A )_p \/ A

Since 6, is the inverse function of f;, this inequality is equivalent to our desired claim. [
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5.3 Doubly Transitive Codes

In this section, we apply our Theorem [51|to doubly transitive codes to bound the gap between

the bit and block error thresholds of any doubly transitive linear code.

Theorem 54. Let C C FY be any doubly transitive linear code with N > 10. Define
p* € [0,1] to be the noise parameter at which Pr,.,- [1 € Sc(z)} = %, and fir any p < p*.
Suppose dim C' > Ne P52 108(N=1) - Thep, defining

d.(C) }

A = min {
* _
r=1,2,..., Ne~ Bzt los(N—-1) r

we have

Pr [Elc eC:z»> c] < log N + e*p*{p log(N—1)

/T A
Proof. By Theorem [22] we have that for all i € [N],

Pr [@ € Supp(SC(Z))] < e~ (P"—p)log(N-1)

zZ~p

Applying Theorem [51| with § = e~ =P)108(N=1) e then get

log N 2 —p
Pr [HC cC:z» C] < & + e—Tlog(N—l).
B Vs

5.4 Reed—Muller Codes

We will now use Theorem [54fto show that Reed-Muller codes achieve capacity on the erasure
channel. For any ¢t < d < n, consider the subcode S; C RM(n,d) defined in Theorem .
Recall that Wei showed in [79] that S; is a subcode of minimal support for its dimension (see

Theorem . We bound its dimension and support explicitly below.

Lemma 55. For every n € N, every d < § + /nlogn and every t € [5/nlogn,d|, the
corresponding subcode S; C RM(n,d) satisfies

|supp(Sy)| = 2",
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dim(s,) < 27t . 2 (57).

Proof. The first statement follows from the fact that the evaluation vector of the monomial
H§:1 x; is in Sy, and the fact that H;l x; evaluates to 1 on all points x € Fy with x; = 25 =

--- = x; = 1. For the second statement, we compute

. n—t
dim(S;) = (<d—t>
n—t
< n 4t |
=327 %

: . n n t : m h(Z)m
where in the second line we used the fact that d < 3 ++/nlogn < 3+ z Since (Ss) < 2h()

for all s < (see for example [23], Theorem 3.1) we then get

Nol—
IS
iy

3l \

51 ) (n—t)

-

dim(S)) < i

1- 3t

< 2h< 1) (n—t)

)

4z
5 pr—
11—z

o] —

where in the second line we used the Taylor expansion ﬁ =1+ Z;}il 27 to bound

x x : : : —z z?
3— m <1—-%forallz €[0,1). Applying the inequality h(+5%) < 1— 5%, we then get
dim(5,) < 20— 220,
as desired. ]

As a corollary of Lemma [55] we get the following bound on the minimum size of the

support of any r-dimensional subcode of a Reed—Muller code.

Corollary 56. For every n large enough, every d < §++/nlogn and every p € {6 105", %] ,

we have

for all r < 2n7P",
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Proof. We first note that since the minimum distance of RM(n,d) is 2"~¢, it will suffice to
27L
prove our claim for every r € [2"*d*p1*0,2"_p”]. Consider any such r, and let the integer

tepn— pf—él,d — 1] be such that
2n 2n
I < < vt (5.11)

Note that by Lemma [55 and our theorem’s condition on p, for any t € [pn — pligl, d—1]

we have

+2

dim(S;) < 2t 2~ 8 2 (1),

But the function 2?(1 — ) is increasing over [0, 2]. Since ¢t < 2 + v/nlogn < 2* for all n

large enough, we then get (because % >p— 1”—2)

where in the second line we used the fact that p < % Combining this with the leftmost

277.
inequality of (5.11)), we get r > 2"~*~1="%5 > dim(S,). By Theorem [25/ and Lemma , we

must then have

dr(Rl\/l(n, d)) > ‘SuPp<St>‘

> 2n7t

Combining this inequality with the right-hand side of (5.11]), we get
d,(RM(n,d p2n
(RM(n. ) _

270,
, =

]

We are now ready to prove that the bit and block error thresholds of Reed—Muller codes
are asymptotically equal. Since every doubly transitive code achieves capacity under bit-
MAP decoding [49], this implies that Reed—Muller codes achieve capacity under block-MAP

decoding.
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Theorem 57. For every n large enough, every d € [5 —+/nlogn, 5 + y/nlogn| and every
p > 204/ 2% the Reed—Muller code RM(n,d) satisfies

271
Pr [3060:2»6} §2’%,

Z~p*—p

where p* € [0, 1] is such that Pr,.,» [1 € SUPP(SC(Z))} =1

Proof. Note that we may assume that p < 1. Note also that

(&)
(<) Vrwar)

_ Qh(%*\/_%
\/_

where in the third line we used the inequality (

dlm RM(n, d

| /\

vV
= A
NI:

v

) > L. ohk/m)n (see for example [55], page

n
k Von
) =

309, Lemma 7). Applying the inequality h( 1 — 22, we then get

1 logn
dim(RM(n, d)) > ——=20-477)n

> M _p(n 1)

By Theorem [54} for every p < p* — £, we then have

Pr [Elc cC:z > c] < % + o5 log(27-1)
sp—y/E \/
n _p*—p(n_l)
Syate (5.12)

for
d,(RM(n,d
A = min { ( ( ))}
r=1,2,..., Neiin("fl) r
Letting p = p* — % - = and applying Corollary |56/ with parameter = (the conditions of

Corollary [56| are satisfied by our theorem’s condition on p), we get

p2n p2n
A > 29007 > n2's 42,
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and thus equation ({5.12)) becomes

p2n pn

Pr , [3060:2}6] <2710 L4 eE
z~p727%
277.
<27,

27'L
But by definition p = p* — % - 2= and by our theorem’s conditions 200 < £, so we get

p2"

Pr |[deeC:z>¢c| <2 100,
zZrp*—p

]

Remark. The work of Tillich and Zémor gives very sharp block error decays in terms of
the minimum distance of a linear code [76]. Thus, the primary purpose here is to bound the
distance in p between the block-error and bit-error thresholds. Once we have a bound such as

the one given by our Theorem we immediately get a strong error decay by [706].

Remark. For Reed—Muller codes specifically, the ratios {df} are large enough that one does
not need the full power of Theorem’s bit-error decay, Pr,.,[bit error| < e~ "=Pn Ty show
that the bit-error and block-error thresholds of Reed—Muller codes are asymptotically equal, it
would have been sufficient to use a bit error decay of e~ @ —P)avVnlogn for qny q = w(1). This

is because by Corollary we have % > n'® for all r < 2n=10Vnleen - Setting p = p* — 20102

and applying Theorem [51] would then have given that the block-error probability under noise

% _ 20ln2

P n—14 15 bounded by %
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Chapter 6

SYMMETRY I - WEIGHT BOUNDS FOR TRANSITIVE AND
DOUBLY TRANSITIVE CODES

In this chapter, we will obtain bounds on the weight distribution of transitive and doubly

transitive linear codes.

6.1 Transitive Codes

We first recall and prove Theorem We note that the bound we get is essentially tight,

since for any finite field I, and any integer divider j of IV, the repetition code
C = {(z,z,...,z) EIF(JIV:ZEIEZ}
is transitive, has dimension j, and has weight distribution

Pr [wt(c) = aN| = ¢ ( J >(q_ yes

e~D(C) (1-a)j

S g gkt | gedlog,(a-)
2j
_ A 0k
2j

Theorem Consider any finite field F, and let C C Fév be any transitive linear code.

for all a € (0,1) such that aj € N.

Then for any o € (0,1), we have

HC e C: Wt(c) = QN}‘ < qhq(a)dim 07

where hy is the g-ary entropy

1 qg—1
hq(Oé) = (1 — Oé) logq E —+ Oélqu T
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Proof. Let r = dim C', and let M the r x N generator matrix of C. Without loss of generality,

suppose that the first r columns of M span the column-space of M. Define
C@ .= {ceC:wt(c)=aN},

and let Z = (Z1, Zs,...,Zx) be a uniformly random codeword in C®. Now C' is transi-
tive, so for every j.k € {1,2,..., N} the random variables Z; and Zj are identically dis-
tributed. By linearity of expectation and by definition of C(®), we thus have that for every
je{1,2,...,N},

Pr [Z;=0/=1-a 6.1
et %3 =0 a (6.1)

Now for any nonzero a,b € F,, there must be as many codewords ¢ € C, with ¢; = a as
there are codewords ¢ € C, with ¢; = b (because C'is a linear subspace, so the mapping

¢+ ba~t - ¢ maps codewords to codewords). The entropy of Z; can thus be expressed as

1 o' qg—1
Zi)=(1—-a)lo +(q—1)- lo
ZND(c(a>)( j) =1 —a)log -——+ (¢~ 1) 1ey

= he(a) log(q). (6.2)

We will now show that H(Z;|Z;, Zs,...,Z;—1) = 0 for every j > r. To this end, fix some
j > r. Recall that the columns {M;, My, ..., M,} span the column-space of M, so we can
write the column M; as M; = >, _, M} for some £y, 52 ..., 5, € F. But any codeword

¢ € C can be expressed as v(9 M for some v(© € F", so any codeword ¢ € C satisfies
¢; =vOM; = Zﬁkv(c)Mk = Zﬁkcic
k=1 k=1
The random variable Z; is thus determined by {Z;, Z,, ..., Z,}, and so we indeed have

H (Zj‘Zl,Zg,..‘,Zj_l):O
Z~D(C()
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for every j > r. Applying (6.2)) and the chain rule for entropy then gives

IﬂZ):HQﬁ%+§5HQMZhZ%“wZiQ

i=2
< Z H(Z:)
i=1
<7 - hy(a)log(q)
But Z is sampled uniformly from C(®) so H(Z) = log <|C(°‘)|>. We thus have

|| = 2H@)

< qhq (a) T .

6.2 Doubly Transitive codes

For doubly transitive codes, Samorodnitsky obtained the following weight bound.

Theorem 58 ([64]). Let C C FY be a doubly transitive linear code of rate R := 92< For
any j € {1,2,...,N}, define j* := min{j, N — j}. Then for any j € {1,2,...,N},

{CE C :wt(c) :jH < 20 (#)J

Moreover, if 7* > (1 — 281N,

HCE C :wt(c) :j}‘ <o) A

We note that in particular, there is an interval of linear length centered around % where
the weight distribution of any doubly transitive code of rate R behaves essentially like the
weight distribution of a uniformly random code. In unpublished work, I found a much
simpler proof of a weaker version of Theorem 58] It also gives that the weight distribution of
a doubly transitive linear code is essentially identical to the uniform distribution over some
interval of linear length, but the length of this interval is smaller than in Samorodnitsky’s

result.
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Theorem There exists a constant 3 > 0 such that the following holds. For any
doubly transitive linear code C C FY of rate R and any relative Hamming weight o €

[1—R+,/1ﬁ,’*+o(1) 1]
2 12

, we have

Pr [Wt(c) = ozN] < 9= (1=h(a))N+o(N)
ceC -

I will first give an overview of the proof in Section [6.2.1] before proving it formally in
Sections [6.2.2] - [6.2.4]

6.2.1 Overview of the Proof

The proof of Theorem (35| is based on the result of [49] that every doubly transitive linear
code achieves capacity on the erasure channel under bit-MAP decoding, as well as the idea
that if a random string x € {0, 1} has very small probability of having all-Os on any small
set of indices, then it must be very unlikely to have too small of a Hamming weight overall
(for a formal statement see our Lemma , which was heavily inspired by the Chernoff bound
proof of [39]).

Consider any linear code C' C FY of rate R whose dual code achieves bit-capacity on
the erasure channel. Then a random subset 7" C [N] of about Rn coordinates is unlikely to
fully cover the support of any dual codeword. But for any subset T that doesn’t cover any
dual codeword, it must be the case that a uniformly random codeword of C' has uniformly
random distribution on the indices of 7' (see Claim [60]). Thus for most choices of T' of size
IT| = Rn, a random codeword in C' has probability 277" of being all-0 on those indices.

If we could show that Prece rj=rnlcr = 6} = 2~ Fnto(n) then our Lemma would kick in
and we would get our desired weight bound. But even for codes whose dual achieves capacity
on the erasure channel, we need to worry about the possibility that with probability o(1),
an R-noisy random string could cover 2™ codewords.

One way to ensure that this doesn’t happen is to rely on generalized distances: as we

show in Lemma for any transitive code C, all the minimum subcode supports d,(C)
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satisfy d,.(C) > o). Combining this with the work of Tillich and Zémor [76], one can

bound the probability that the covered subcode of C* has dimension larger than .

6.2.2 A Criterion for Binomial Distribution

In this section, we will give a sufficient criterion for ensuring that the weight distribution of
a linear code is close to the binomial distribution. We start with the following useful lemma,

which is a small spin on an argument of [39)].

Lemma 59. Consider any code C C FY and any parameter o € (0,1). Suppose that for
X € C a uniformly random codeword and T C [N] a uniformly random subset of size

IT| = (1 —2a)N, we have
Pr [Xi — 0 foralli T} < 9~ (1-20)N+o(N)
X,T
Then we have
Pr [wt(X) = aN} < 9—(1=h(a))N+o(N)
% <
Proof. Note that by our lemma’s assumption,
Pr |X; =0 for all i € T'| < 27 (1720)N+o(V), (6.3)
X,T

On the other hand, we have

>
N
>
Il
[a)
S
=
=
m
=
=
=
s
Il
Q
=

Pr [X,. — 0 forallie T] > Pr [wt(X) - ocN} P
(6.4)

Combining inequalities (6.3) and (6.4)), we get
Pr |:Wt(X) _ OzN:| < 2—(1—2a)N+0(N) . 2h(1—2a)N . 2—(1—a)h(%)N
- <

_ o~ (1—h(a))n+o(N)

)

where the last line follows from simple algebraic manipulations (see Appendix [C.2]).
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Now that we have Lemma [59] it will suffice to establish that for a uniformly random
subset T of size exactly (1 —2a) N, the probability that a uniformly random codeword c of a
doubly transitive linear code C' satisfies ¢p = 0 is close to to 2-0-207 As we will now show,

this is equivalent to showing that the subset T' of indices is unlikely to cover any codeword

in the dual code C*.

Claim 60. Consider any linear code C C FY and any fived subset T C [N]. Then for a

uniformly random codeword c € C', we have

Pg [ci =0forallic T} = 9~ |Tl+dim S5 (T)
ce

Proof. We will first need to show that for any linear code C' C FY and any subset of
coordinates 7' C [N], the restriction Cr C IF‘2T‘ of C to T satisfies

(Cr)* = {u e BTl 470 ¢ CL}. (6.5)
To prove 1' we note that for any u € IF‘QTl, we have
u € (Cp)t <= Yee C, (cr,u) =0
— Veel, (c,u™) =0
— et

Now that we have proven (6.5)), we are ready to prove our claim. Note that by linearity of

C, for every vector u € Cr there are exactly % codewords ¢ € C with ¢z = u. Thus when

we sample a uniformly random codeword, we have

} 1
XPerC[Xi:OforalleT _m
(et
21T -

Combining this with (6.5)), we then get

Pr [Xl =0 forallie T] — 9= |T|+dim S, (T)
XeC
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We are now ready to obtain a concrete criterion that ensures that the weight distribution

of a linear code C C IFéV is close to the binomial distribution.

Lemma 61. Suppose a linear code C C FY satisfies

E [[Scx(2)]] < 2oV
lx|=TN

for some T € (0,1). Then for every o € [1_77, %} , we have

Pr [Wt(c) = aN] < 9~ (1=h(a))N+o(N)
ceC -

Proof. By Lemma |59} it suffices to prove that for X € C' a uniformly random codeword and

T C [N] a uniformly random subset of size |T'| = (1 — 2a) N, we have
Pr [Xi — 0 forallie T} < 9~ (1=20)N+o(N) (6.6)
But by Claim [60, we have

Pr [Xi =0forallie T} [2*|T|+dim SCJ-(T)i|
XT

=E
T
= 202N g |80 ()|

where the last line follows from our lemma’s assumption and the fact that the function

Sci(z) is monotone. O

6.2.3 Bounding the Generalized Distances of Any Transitive Linear Code

In this section, we show that the r'" generalized distance of any transitive linear code C' can

be lower bounded by mtgﬁ

Lemma 62. For any transitive linear code C C FY and any 1 <r < dim C, we have

dT(C)> N
r  — dim C’
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Proof. Suppose for contradiction that our claim is false, and let

[supp(U)] __

L A. Since C is transitive
dim U )

Consider a subspace U of maximal dimension satisfying

there exists a permutation 7 : [N] — [N] such that
1. n(U) #U,
2. w(U) is a subspace of C.

Now UNm(U) is a subspace of C, so either it has dimension 0 or the ratio between its support

size and its dimension is at least A. In either case, we must have

|supp(U)| - dim U N w(U)

> .
supp(U N (V)] > i (67)
But if this is true, we claim that the subspace V := U + 7 (U) satisfies
supp(V)| _ [supp(U)] (6.5)

dmV = dmU ’
which would contradict the dimension-maximality of U. To prove , we note that by

equation (6.7) we have

[supp (V)| = [supp(U)] + [supp(7(U))| — [supp(U) N supp(r(V))|
)

< [supp(U)] + [supp(w(U))| — [supp(U N« (U))]|
 lsupp(U)] - dim(U N2 (V)
dim(U) ’

< 2-|supp(U)|

while the dimension of V' is simply

dim V = dim(U) 4+ dim(7(U)) — dim(U N7 (U))
=2-dim(U) — dim(U N w(V)).
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Combining these two expressions gives us

dim(UN=(U))
supp(V)] < lsupp(U))| ' 2- dim(U)
dmV — dimU 9 _ dm@m))
dim(U)
_ [supp(U)]
dim U
as desired. We have proven , so we are done. O]

6.2.4 Proof of our Weight Bound for Doubly Transitive Codes
We are now ready to prove our section’s main result. We recall and prove Theorem |35| below.

Theorem There exists a constant B > 0 such that the following holds. For any

doubly transitive linear code C C FY of rate R and any relative Hamming weight o €
[1—R+ 58 1o(1)

1
5 , 5] , we have

Pr [Wt(c) = ozN] < 9= (1=h(a))N+o(N)
ceC -

Proof. For every r =1,...,dim C, define the function

fr(p) := Pr[dim Sgi(z) > 7].

zZ~p
Note that since doubly transitive codes achieve capacity on the erasure channel with respect

to bit-MAP decoding [49], there exists some Ry = R — o(1) and some 1y = o(N) such that
fr(Ro) = o(1)
for all r > ry. We pick an absolute constant S > 0 such that
folp) < 27O
for every r > ro, which is possible by [76]. For py = Ry — \/% , we then get

Frlpy) < 27 (7RH(ED)

<o, (6.9)



where the last line follows from Lemma [62] Since

P (1ol = w1 2 0 ().,

Z~po

we have
dim C
E SqL(T)]] <2 + Pr [dim S (T) =7r]-2"
i S @ ; o S (1) =71

dim C

<210 (VN) PORATOR

< 20(1\7)’

where the third line follows from (6.9). By Lemma we then get

Pr |:Wt(C) = aN] < 27 (1=h(@)N+o(N)
ceC B

1-po 1}

foreveryoze[ 5 5

30



81

Chapter 7

SYMMETRY II - LIST DECODING BOUNDS FOR
TRANSITIVE AND DOUBLY TRANSITIVE CODES

In this chapter, we will prove the list decoding results that Anup Rao and I obtained in

[61] for transitive and doubly transitive codes.

Theorem . Fiz any p € (0,3) and n € (0,1). Then any transitive linear code C C F} of
dimension dim C' = nN can with high probability list-decode p-noisy errors using a list T' of

size

IT| = 9PN log(72)+o(N) 4 94pN+o(N).
Theorem Fiz any p € (0,3) and any v < 1 —1log(1+27*). Then any doubly transitive
linear code C C FY of dimension dim C = (1 — )N can with high probability list-decode

p-noisy errors using a list T of size

|T| _ 2h(p)N—ny+o(N) )

7.1 Overview of the Proof

We will make use of a connection between the probability of a decoding error and the ¢,
norm of the coset distribution of the code. To explain the intuition, let us start by assuming
that exactly pN coordinates of the codeword are flipped. Let z be the vector in F} that
represents the errors introduced by the channel and let H be the parity check matrix of the
code. Then by standard arguments, if z can be recovered from Hz, the codeword can be
decoded. In the case where z is uniformly distributed on vectors of weight p/N, this amounts

to showing that with high probability, there is no w € FY, w # z of weight wt(w) = pN
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such that Hz = Hw . This can be understood by computing the norm
IFI5:= > f)?* =D Pr[Hz=y],
y y

where f(y) = Pr[Hz = y|. This norm computes the probability that two independent,

uniformly random strings z, 2’ of weight pN collide under the mapping z — Hz. Note that

N
pN

close to (p]X,)fl, then the code can be decoded with high probability. If || f||3 is larger than

| £1I3 is always at least ( )_1, because with probability (p]yv)_l we have z = 2/. If || f||3 is

(pzjvv) _1, then we show that the code can be list-decoded with high probability, where the size
of the list is proportional to (p]}\rv) I f1I3.
Thus, to understand decoding, it suffices to understand || f||3. Using Fourier analysis, we

express this quantity as

N
1 . .
11 = ——5 3" Prfwt(ch) = j]- Kon (5)7, (7.1)
(pN) Jj=0
where ¢ is a uniformly random codeword in the dual code and K,y is the Krawtchouk

polynomial of degree pN. We note that was proven in a slightly different form in [§]
(see Theorem 2.1 and Lemma 4.1), whereas over RY results of this type had previously been
derived in [13], [71].

Using estimates for the magnitude of Krawtchouk polynomials and bounds for the weight
distribution of the dual code C* (our Theorem [34 for transitive codes and Samorodnitsky’s
Theorem [58| for doubly transitive codes), one can thus bound the norm || f||3 in the set-up
where the error string z is a random vector of weight exactly p/N. Using essentially the same
techniques, one can also bound the norm || f||3 when the error string z is a random vector
of weight &~ pN, i.e. z is taken uniformly at random from the set S = {z € FY : wt(z) =
pN £+ N3/4},

Our next step is then to show that the 5 norm corresponding to the p-noisy distribution
is very similar to the ¢ norm corresponding to the uniform distribution over S. Intuitively,
this is because S only contains a very small range of weights, so the p-noisy distribution and

the uniform distribution must behave very similarly over strings of weight in S.
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7.2 Collisions vs Decoding

The goal of this section will be to analyze the relationship between the decoding of an error
string and the collision probability of strings z € F within the map z — Hz. Intuitively, the
more collisions there are within this mapping, the harder it is for our decoder to correctly
identify the error string z upon seeing only its image Hz. However, certain error strings
might be unlikely enough to occur that our decoder can safely ignore them. For example,
if we are interested in a p-noisy error string z, then z is unlikely to have weight wt(z) far
away from p/N. We could thus choose to ignore all strings whose weights do not lie in the set
S = [pN =£l], for some integer . In order to analyze the collisions that occur when strings are
required to have weight wt(z) € S, we define for every z € FY and every S C {0,1,..., N}
the set of S-colliders of z, i.e. the set of strings y € FY that lie in the coset of z and have

weight wt(y) € S:

Definition 13. For any z € FY, any matriz H with N columns and entries in Fy, and any

subset S C {0,1,..., N}, define
QS = {y eF) : wt(y) € Sand Hy = Hz} .
When H s clear from context, we will drop the superscript and write 2.

This definition captures a natural parameter for how large of a list we need before we can
confidently claim that it contains the error string: if we are given Hz and are told that with
high probability the error string z has weight wt(z) € S, then we should output the list Q.
For unique decoding we want to argue that |QJ| = 1 with high probability, whereas for list
decoding we want to argue that |QJ| < k with high probability, for some integer k¥ > 1. The
expectation of |2J] will thus be a key quantity in our analysis. We will call this expectation

the “collision count.”

Definition 14. For any subset S C {0,1,...,N} and any matriz H with N columns and
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entries in Fy, define
Colly(S):= E [|QF]].
wi(z)€S
When the set S only contains one or two weights (i.e. S = {w} or S = {w,w'}), we will
abuse notation and write Colly (w) and Colly (w,w") to mean Colly ({w}) and Colly({w,w'})
respectively. In the following lemma, we use Markov’s inequality to bound the probability

of a list decoding error in terms of Collg(95).

Lemma 63. For any subset S C {0,1,..., N}, any matrizx H with N columns and entries

in Fy, and any integer k > 1, we have

_ Colly($) —1

Pr [|Q] > k] < 3

wt(z)rES
Proof. Note that || > 1 for any 2z € FY with weight wt(z) € S, so the random variable
Q9| — 1 is always non-negative. Applying Markov’s inequality (i.e. Lemma , we then
have

P 05> 4] = Pr [9%] -1 4]
wt(z)€S wt(z)eS

< CO”H(S> - 1
- k
0

When the error string z is sampled uniformly at random from the set {z € FY : wt(z) €
S}, the above lemma allows us to relate the decoding error probability to the collision count
Colly(S). The problem we are most interested in, however, is when z is sampled not from
some uniform distribution, but from the p-noisy probability distribution. We will now show
how to connect these two decoding problems. The intuition is that by the Chernoff bound,
we only need to concern ourselves with strings whose weights lie in S = [p/N £ ], for some
appropriately chosen [. But in this weight band all strings have similar weight, and so are
given similar probability under the p-noisy distribution. Intuitively, the p-noisy decoder must

then perform very similarly to the decoder that considers the uniform distribution on strings
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whose weight lies in S. The following proposition makes this idea precise, and then uses
Lemma (63| to bound the probability of a decoding error. We define Dy, : F — (FY)®* to be
the maximum-likelihood decoder
Di(2) := argmin  {wt(z!) + wt(z?) + ... + wt(2")},
{z1,22,..., xk}gFé\[
Hz'=z for all i

where ties are broken according to the lexicographic order.

Proposition 64. Let H be any matriz with N columns and entries in Fy. Consider any

noise parameter p € (0, 3) and any | € [1, min{pN, (3 — p)N}]. Then
(i) We have the following unique-decoding bound.

l2

< 2¢ 3N — .

Prfs ¢ Dy(Hz) <2097 +4(1+1) max {couH(S) 1}
1<[8]<2

(ii) Consider some integer k > 1 satisfying 52— € N. Then we have the following list-

2041
decoding bound for list size k.
_2 0 A4(l+1)
Pr[z ¢ Dy(Hz)] < 2¢” 5% 4 " 2) { I —1}.
Prlz ¢ Dy(Hz)] < 2e75% + — e Colly(w)

Proof. We will consider the unique decoding case (k = 1) and the list-decoding case (k > 1)
separately.

Case 1: Unique decoding, i.e. k=1

Let ¢t be the number of rows in the matrix H. We will show that a slightly less performant
decoder D, : F, — FY satisfies the desired probability bound. We define D; as follows: upon
receiving input z € F%, D; outputs the minimum-weight string from the set {Z ceFY :Hz=
xz,wt(z) € [pN £ l]} If this set is empty, the decoder fails. If there are multiple minimal-
weight strings in the set, the decoder outputs the first one in the lexicographic order. It is
clear that

Pr(z # Dy(Hz)] < Pr[z # Dy(Hz)],

zZ~p zZ~p
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since D; always returns the most likely string whereas D; may not. We thus turn to proving
the desired bound for D;. We first bound the probability that the error string wt(z) be far

away from its mean. Letting
B={z€eF) :|wt(z) —pN| <1},
we have by Chernoft’s bound (i.e. Lemma that

Pr(z # Dy(Hz)] < Pr[z ¢ B] +2P~1;3[Z # f)l(Hz)|z € B

z~p zZ~p

< 26735"721\’ + Prlz # Dl(Hz)|z € BJ. (7.2)

z~p

We want to bound the second term. For any z € B, we define the set of “problematic
weights” S(z) := {[pN — 1], [pN — 1]+ 1,...,wt(z)} . We note that for z € B, our decoder
Dy can only fail if there is some string 2/ # z satisfying Hz' = Hz and wt(z) € S(2).
Recalling the definition Q2 := {2 : Hz = Hz, wt(z) € S}, we can then rewrite our equation

72 as

Pr(z # Dy(Hz)] < 2¢”5% + Pr [|05¢)] > 1|z € B].
zep

zZ~p

Considering the most problematic weight level w within the region [p/N £1] and using a union

bound over all lower levels w’ < w, we get
~ 12
P Dy(Hz)| < 2¢ 3N Pr [|Q5®)] > 1 =
Prle # Dylt9)] <2755 + e { P [1059] > 1we(z) = u]

2
< 9¢ N 4 (2l+1) max {Pr [[Qfwwd) > 1wt(z) = w] } .
ww' €[pN+l] | 2~p
w' <w

We now note that under the condition wt(z) = w, the p-noisy probability distribution and

the uniform distribution on strings of weight {w, w'} are identical (they are both uniform on

strings of weight w). We can thus rewrite our last inequality as

z~p w,w €[pNEl] | wt(z)e{w,w’}
w' <w

Pr[z # Di(Hz)] < 9%~ W (2014+1) max { Pr [|in’“’/}] > 1|wt(z) = w] } .
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But by basic conditional probability we know that

Pr [|in’w/}| >1] > Pr [wt(z) =w]-  Pr [|in’“’/}| > 1|wt(z) = w],

wt(z)e{w,w'} wt(z)e{w,w'} wt(z)e{w,w'}

so we can bound our previous expression by

~ 2 Prw z)e{w,w’ in,w’} >1
Prlz # Dy(Hz) < 2¢ %% + (20 +1) max @etuy | ESING (7.3)
zep w,w’e,[<pNil} Prot(z)efwuw} [Wt(z) = w}

Now, from our theorem’s assumption on [, we know that any w,w’ € [pN £1] must lie in the

interval [0, &]. Combining this with the fact that w’ < w, we have

Pr [wt(2) = w] = (g) > (]u\f)

wt(z)e{w,w’'}

(7.4)

It then follows from (7.3)) and ((7.4) that

~ 2

Dy(Hz)| <2e 38 +2(20 +1) - P Q% >1] Y.

Pr [z ¢ Di(Hz)] <2797 +2(2 +1) Sgn[f;gél]{ Pr [lof1> }}
1S|e{1,2}

The theorem statement then follows from Lemma [63]

Case 2: List decoding, i.e. £ > 1
Let t be the number of rows in the matrix H. We will show that a slightly less performant

decoding function Dy; : F5 — (FY)®* satisfies the desired probability bound. We define Dy,

as follows: upon receiving input = € Fh, Dy, outputs m strings from {z € FY : Hz =

x,wt(z) = w}, for each w € [pN %1]. If there are fewer than 5~ strings in some level w, the

2l+1

decoder returns all of them. If there are more than 5"~ strings in some level w, the decoder

2l+1

returns the first 57 +1 ones in lexicographic order. It is clear that for any [ we have

Pr(z ¢ Dy(Hz)] < Pr[ ¢ Dy (Hz),

zp
since Dy, returns the k£ most likely strings while Dy, ; returns at most £ strings. We thus turn

to proving the desired bound for Dy ;. Letting

B:{zEFéV:|wt(z)—pN‘ Sl},
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we have by Chernoft’s bound (i.e. Lemma that

Pr(z ¢ Dy (Hz)] < 2135) [z ¢ B] + ZPE) [z ¢ Dy (Hz)|z € B]

zZ~p

<2 4 max {Pr[z ¢ Dyy(H2)|wi(z) = w]} .

we[pN+l] | z~p
Since the distribution p gives the same probability to any two strings of equal weights, we

get

2
P Dy (Hz)| <2e 3N P Dy (H
Pyl @ Dz <2050 4 s, {m(;ww kil Zﬂ}

12 k
< 2e” N P Q)2 J I Sp—
=€ * wen[lpja\f)g:l] {wt(z)rw U z | - 20 + 1} }
Applying Lemma we get
2 241
Pr[s ¢ Dy (Hz)) < 2¢ 8 + 2~ {cn —1}.
Priz ¢ Dyi(Hz)] < 2e75% + — o Co H(w)

7.3 A Criterion for Decoding

In this section, we give a criterion that certifies that a linear code C' C FY is resilient to
errors of probability p. We give such a criterion for both unique decoding and list decoding.

The function we will need to make this connection is the Krawtchouk polynomial of degree

K@) = 3 (1) (j) @—_ ;)’

J=0

s, which is defined as

where for any polynomial p(x) we abused notation to write (p (f)) = 2@ (x)_l)j'!' @)=+ por

vectors v € FY, we will abuse notation and write K(v) to mean K (wt(v)). For convenience,
we also define for any S C {0,1,..., N} the function
Ks(r) =) K,(x).
ses
In the following proposition, we use basic Fourier analysis tools to rewrite the collision count

Collg(S) in terms of the Krawtchouk polynomial Kg. We note that Proposition m was
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previously proven in a different form in [§] (see Theorem 2.1 and Lemma 4.1), and can be

seen as describing the coset weight distribution of the code.

Proposition 65. Fiz p € (0, %), and let H be at x N matrix with entries in Fy. Then for

any S C {0,1,..., N}, we have

CO”H(S) = ]E [KS(UTH)2].

(g) velF}
Proof. The main tool we will use is Parseval’s Identity, which relates the evaluations f(z) of
a function f : FY — R to its Fourier coefficients f (y) by
1 .
5 2 F@) =2 fw)?* (7.5)
z€F} y€F?

We will first need to rewrite Colly(S) as the f2 norm of some function f. For this, we recall

the definition QF := {y € FY : wt(y) € S and Hy = Hz} and note that

We are now ready to apply Parseval’s Identity. Letting f(x) = Pryy(;)es[H 2 = 2] in equation
(7.5)), we get

Coll(S) = (g) > fla)?

z€F}
N .
- 2t( S) S Fw)?
y€F}
But by definition of the Fourier transform, we have

fly) =27 Z %}{z eF) :wt(z) € Sand Hz = x}| - (—1)¥*

z€F} (S)
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S0 our previous equation can be rewritten as

Collz(S) = 2! (Z) > (2-t > %(—DW {z € FY :wt(z) € S and Hz = x}})2

NS z€F, \S

zzt Z(Z sz) (7.6)

yGIFt z€FY
Wt(z)GS

We now note that by definition, for any non-negative integer s < N we have

s

Ky H) = 3 (~1) (Wt@_TH >) <N - Wt(z_/TH))

prs J 5=
o e
zEFéV
wt(z)=s

where we used the convention that (‘;) = 0 when a < b. Combining this with equation 1’

we get

Colly (S Z Kg(yTH)?

yE]Ft

]

We will now combine Propositions and |65 to obtain a bound on the decoding error

probability in terms of Krawtchouk polynomials. (You want to think of the parameter [ as
l2

being [ >> +/N in both the case k£ = 1 and the case k > 1, so that the error term e 3V is

small).

Theorem 66. Let H be any t X N matriz with entries in Fy. Consider any noise parameter

p€(0,3) and any | € [1,min{pN, (53 — p)N}]. Then

(i) We have the following unique-decoding bound.

l2

p Dy (Hz2) < 2”5 + 4(1 + 1 {— K TH2—1}.

Prle ¢ DuH2] <27 +40+ 1) o {7y B [Ks(TH)]
1<[S|<2
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(i) Consider some integer k > 1 satisfying € N. Then we have the following list-

_k_
20+1
decoding bound for list size k.

2 401+ 1)

l 1
p Do (H2)| < 2¢~ 3% {— K, TH2—1}.
ZNl;[z ¢ k’( Z)] > z€ + L wen[lp?V}Sl:l] (];Jf) Ugg [ (U ) ]

Proof. The theorem statement follows directly from Propositions [64] and O

One interesting consequence of Theorem that if the weight distribution of the dual
code C* is close enough to the binomial distribution, then C is resilient to p-errors. In order

to state our result, we first define the set
A, :={aN e€N:h(a) >1—h(p) - N5}

Corollary 67. Let p € (0, %) be arbitrary and let C C FY be any linear code. Suppose that

for every j € A,, we have

yfcrL [wt(y) = 4] < (1+ O(N_l))Q_N'

Suppose also that

N

: . ZigAp (]j)

2N

Pr wt Al <N
yND(oi)[ (y) ¢ p]—

Then C' is resilient to p-noisy errors.

See Appendix for the proof. As a proof of concept, we note that a uniformly random
linear code of dimension (1 — h(p))N — v/N satisfies all the conditions of Corollary [B.1
simultaneously with high probability.

As another application of Theorem [66] we present the following bound on the probability
of making a list-decoding error for a code C'. We note that once again, our bound depends

only on the weight distribution of the dual code C*.

Proposition 68. Fiz any p € (0, %), and define f = 122vpi=n) Vf(l_ﬁ) forp=p+ \/lol@W' Let

B = [BN, (1 — B)N], and let k* = (QL\ACJZWJ + 1)m for some integer m > 0. Then for any
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1
integer N > 2¢°0-p)? 1 and all list sizes k > k*, we have that any t X N matriz H with

entries in Fy satisfies

N 2N
Pr{z ¢ Dy(Hz)| < D¢ WloEN + —max{ Pr (wt(vTH) = j] - 7 — 1}

zZ~p * jeB | veF} (])
h(p)N+5h(——=2=)N
2 Viog N ;
+ - max{ Pr [wt(vTH) = j] ‘221’N1°g1215|} :
ke i¢B | veF,

Proof. We will use Theorem to bound the decoding error probability in terms of the
Krawtchouk polynomials Ks(j) and the probability factors Pr,.,, [wt(vTH) = j]. Some of
these terms will then be bounded using Proposition [28, and some will be bounded using

Theorem [30] We proceed with the proof; applying Theorem to the list size k* with

parameter [ = L%J, we get

Prl ¢ Di(H2)) < Pr[z ¢ Die(Hz)]

zZ~p

x N L\
< 2e WleN 4+ ——  max —~ Pr [wt(vTH) = j|Ku(j)* — 1}'
wE[pNi\/h])VW] ( ) ]z:; [ }

(7.7)

We want to bound the summation in the second term. We will start with the central terms
J € B. For these we rely on Proposition , which states that % Z;V:O (];7) - K(j)? =1 for
all we {0,1,...,N}. For any w € {0,1,..., N}, we thus get

%Z Pr [Wt(UTH) :j]Kw(j)2 < Lmax{ Pr [wt(vTH) = j] - (%}

(w) je T (]zX) JeB | vely ) jeB
1
N T _ .
<2 max {vlé’%g[wt(v H) =j] _(1]\/) } . (7.8)

We then want to bound the contribution of the faraway terms j ¢ B to the summation in

(7.7), i.e. we want to bound

max {% Z Pr [wt(vTH) = j] Kw(j)Q}. (%)
welpN+ 5] ( )jg{BU H

w
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Bounding this quantity by N times its maximum value over j and applying Theorem [30, we

get

< + max { Pr [wt(vTH) = j] Kw(j)z}

wepN+ N _] Lo~
(pr— \/W~|) €lp j@?B\/logN]
N T 7 52h(L)N+2wlog|1— 2|
< —x% % max Pr [wt(vTH) = j] - 2"~
([pN* m]) wE[pN,;tB\/lOgN] vels
j

But by Lemma (17| and subadditivity of entropy (i.e. Lemma , we know that

N L hp——2e)N L hp)N—h(—2)N
> — "W Ve n ) > —_o"P VigN
[p - 1) ~ V3N =~ V3N

~ VigN
Additionally, for any w € {pN + } we have (again by subadditivity of entropy, i.e.

Lemma
1 1

w
2h(—)N < 2h(p + N < 2h(p)N + 2h N.
(N < 2o+ SV < 2H()N + 20—
Fmally, for any w € {pN + == } and any j ¢ B, we have 2wlog |1 — 2| < 2pN log |1 —
-2 logN Toew 08 |1 — 20| < 2pN log |1 - 2J| + h(\/IOT)N7 where the last inequality follows

from our assumption that N > 2?20*?)2 . Overall, we then get

. ) < V3N: . 2! e N L oh(p)N max{

JjgB

Pr [Wt(UTH) = j} . 92pN log |13 |
veF}
< % L9 TmemIN L k(9N max{

Pr [Wt(UTH) — ]] . 22pN10g|1—|} ’
Jj¢B

IS
where the last line follows from our assumption that N > 2'7 > 50 and the fact that for all

N > 50, we have log(v2N2) < 3log N < \/&N < h(

NG gN)N Combining this bound for
the faraway terms with our bound ([7.8]) for the central terms of the summation, we bound

the right-hand side of equation ([7.7]) by

__~_ N : 2V
Pr(z ¢ Dy(Hz)] < 2¢7 7057 4 2= max i [wt(vTH) = j] - ™ 1

k* j¢B

2h( p)N+5h( W)N {
+ max
velF}

Pr [ (TH> } 22leog\1— |}
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7.4 List Decoding for Transitive Codes

We now turn to proving Theorem [36] In section [7.3] we bounded the minimum size for the
decoding list of a linear code in terms of the weight distribution of its dual code. But as we
stated in Claim the dual code of a transitive code is also transitive. For any transitive
linear code C, we can thus apply our Theorem 34 for the weight distribution of C* to get a
bound on the size of the decoding list for C. We restate and prove our Theorem |36 below.

Theorem . Fiz any p € (0,3) and n € (0,1). Then any transitive linear code C C F} of

dimension dim C' = nN can with high probability list-decode p-errors using a list T of size

‘T‘ _ 2leog(%)+o(N) + 24pN+o(N).

1
Proof. We will show that for all N > 2#»*0-»? +1, there exists a function 7" mapping every

r € FY to a subset T'(z) C C of size

()] = eivben - 2wV (2t | go¥los(s25))
with the property that for every codeword ¢ € C' we have

Prc¢ T(c+2)] < e~ Triog ¥

z~p
Let H denote the parity-check matrix of C. By Lemma [9] it is sufficient to show that for

any list size k > N, we have

25h(ﬁ)N+1
Pr(z ¢ Dy(Hz)| < 2~ Wi + - (24N 4 PN los(r25)y (7.9)

zZep k

1
Setting the list size k = eiriogn . 99w (241N 4 oPN log(%)) in equation ([7.9)) will then
recover our theorem statement. We thus turn to proving l} . We note that 2 L%J +1< %

, so there exists some k* € [%, k| satisfying the conditions of Proposition . Proposition

then yields the following bound on the left-hand side of ((7.9):

N 2N 2N
Pr(z ¢ Dy(Hz)] < 2e” #leN + —max | Pr [wt(vTH) = j] - 5~
z~p k jeB veF} (])

2h(p)N+5h(\/10%gN)N+1 {
+ max
k j¢B

Pr [wt(vTH) = j] -22PN1°g|1?vj|}, (7.10)

velF}



95

where § := 3 <1 —24/p(1 —ﬁ)) for p:=p+ ﬁ, and B := [3N, (1 — B)N]. Our goal will
be to bound both the central terms j € B and the faraway terms j ¢ B by using our bounds
on the weight distribution of transitive codes. As we saw in Chapter , the dual code C* is
a transitive linear code of dimension N — dim C. By Theorem we thus have that for all
j€{0,1,...,N},

Pr [wt(vTH) = j] < 270-rGA-0N, (7.11)

t
velFs,

For any 5 € B, we then have by Lemma (17| that

N
Pr [wt(oTH) = j] - 2 < 2-(-hG/ANNA-N

veF} (]]V)

2N
o/ - 26NN

— /3N . o1=h(G/N)nN

But for 7 € B we have 5 <
Applying Lemma [19] we get

% < 1 — f, so the right-hand side is maximized at j = [GN].

2N
max{ Pr [wt(vTH) = j] . T} < V3N . 2(=h(B)uN

JEB | veF, (])
< V3N . 21PN, (7.12)

We now turn to the faraway terms of equation (7.10)). By equation (7.11)), we have

max{ Pr [wt(vTH) = j] - 22pN1°g|1?\]}|} < max {27 1-HONO=DN . 92pNlog(1-20)1

j#¢B | veF), 5<p
Note that by definition of 3, any ¢ € (0, 5) can be written as § = =2 Of(l P for some a > 1
By Lemma [19] we can then rewrite our previous expression as
max ¢ Pr [wt(vTH) = j] - 92Nlog -1 L 1o {2_ 20 (1-n)N | QPNlog(4aﬁ(1—ﬁ))} '
Jj¢B | velF} T oa>l
But for any positive constant ¢, the derivative of log(a) — ca is ﬁ — ¢, and the second

derivative is always negative. Thus, the above expression achieves its maximum when a =
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m. We then get

H;aBX{ Prt [Wt(UTH) _ ]] X 22pN10g\1—% } < 2—% . 2pN10g(127—n)
7 velF)
< 9 h®IN QPNIOg(ﬁ)’ (7.13)

where in the last line we used the inequality log(l — z) > BTy

h(p) < —plog(p) + 5. We now use equations ([7.12)) and (7.13) to bound the central and
faraway terms of ([7.10|) respectively. This gives

for x < 1 to get

5h(\/%)N+1
Prlz ¢ Dy(Hz)] < 2¢ s + % V3N . 94PN 2+ 9PN log(+2;)
z~p
5h( =) N+1
< Q¢ TloEN 4 2 IZN (2t gPNlos(55)y
We have shown ([7.9)), and so we are done. O

7.5 List Decoding for Doubly Transitive Codes

We will now turn to proving our list-decoding bounds for doubly transitive codes. We restate

and prove our Theorem [37] below.

Theorem Fiz any p € (0,3) and any v < 1 —1log(1+27*). Then any doubly transitive
linear code C C FY of dimension dim C' = (1 — )N can with high probability list-decode

p-errors using a list T' of size

T = h(p)N=yN+o(N)

1
Proof. We will show that for all N > 2»*0-»? +1, there exists a function 7" mapping every

x € FY to a subset T'(z) C C of size

IT(z)| = 9h(p)N—yN+o(N)

Y

with the property that for every codeword ¢ € C' we have

Prcé¢ T(c+2)] < 3¢ Tog W

zZ~p



97

Let H denote the parity-check matrix of C. By Lemmal[9] it is sufficient to show that for any

1
S L
N > 27022 and any list size k > N, we have

Pr[z ¢ Dy(Hz)] < 2" whosv + %  QhpIN=N (7.14)

zZ~p

for some a = 2°). Setting the list size k = a- earios . QMEIN=IN iy equation ([7.14]) will then

recover our theorem statement. We thus turn to proving ((7.14)). We note that 2| ﬁj +1<

k
2

then yields the following bound on the left-hand side of (7.14)).

[E

5, k] satisfying the conditions of Proposition . Proposition

so there exists some k* €

2N N
Pr[z ¢ Dy(Hz)] < 2¢” 5or% + =~ max < Pr [wt(vTH) = j] -
zep JEB | veFt (j)
ohlp )N+5h( g )N +1 ;
+ ? %aéc{ Pr [wt(vTH) = j] -QQPNlogll—?vl}, (7.15)
vely

where 8 = % (1 —24/p(1— )> for p == p+ \/W’ and B := [GN, (1 — S)N]. Our goal
will be to bound both the central terms j € B and the faraway terms ;7 ¢ B by using
Samorodnitsky’s weight distribution bound for doubly transitive codes. Now by Claim [21]
the dual code of a doubly transitive code is itself doubly transitive. Applying Theorem [58],
we thus get that for all j € {0,1,..., N},

1 >min{J}N—j}

. —yN+o(N
Pr [wt(vTH) = j] <2777 )'(m

t
velR;

(7.16)

It then follows that

N 1—
max 3 Pr Ft(o ) — i1« 2 b < 1nax {Q—ny—aNlog(Q 7_1)+N—h(o¢)N+o(N)}‘ 717
j€B {veng [ ( ) j} (]]V) } SR ( )

We want to bound the expression on the right-hand side by 2/PIN=7N+o(N)

For this we

define the function
f(a) = —yN —aNlog(2""" — 1) + N — h(a)N

and compute its derivative

% = —Nlog(2"™"" — 1) — Nlog

l—«
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We note that over the interval [0, 1], the second derivative ZiTJ; = m is positive. Thus
over [0,1], the function f is minimized at the point a* satisfying 1;—“ =277 — 1 (ie.
a* =1—2""1) and f is monotone on either side of a*. In particular, over the interval [, %]
the function f must be maximized at either a = [ or o = % But since v < 1 —log(1+27%)

by our theorem assumption, we have
f(5) < =yN+2pN
< —yN + h(p)N. (7.18)

On the other hand we have 8 = —Y2U"F) Virlop) o(1) , so in order to show that

2

f(B) < h(p)N — N + o(N), (7.19)
it suffices to show that
Lo 45(1—]9) log(21_7—1)+1—h<1_ 45(1_]9)) —h(p) <0.

But the left-hand is an increasing function of 7, so by our theorem assumption that v <

1 —log(1 + 27%), it suffices to show that

1 —/4p(1 —
2p(1 — \/4p(1—p))+l—h< ;’( p)) — h(p) < 0. (7.20)
We postpone the proof of this fact to Appendix Assuming this fact we get equation

(7.19), which when combined with ([7.18)) and ([7.17)) gives us

2N
T _ .2 < h(p)N—’yN—i-o(N)‘ )
GeB {ﬁ%@ t(wrH) = 1 (’j)} =7 (720

This finishes our analysis of the central terms of equation ([7.15)). For the faraway terms, by
(7.16]) we have
, j .
max < Pr[wt(vTH) = j] - 92PN log|1-F 1 U < 1oy { 9= 7N o) L) 92PN log(1-%)
i¢B | veF Ty 21-v —1

— 9= ¥N+o(N) o {2—3' log(2!~7—1)+2pN log<1—%)} .
i<

(7.22)
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Now the function

9
ﬂﬁ:Z—Jk%@“”—1)+2meﬁ1—7%)

has first derivative

d 4

= log(2 - 1) - —ija

dj In2-(1-2)
and second derivative

dg? 8

d?j 2 -N(1- %)

Thus g(j) achieves its maximum at j* = & + 5

% and is decreasing over [j
Whenever 1 — v > log(1 + 2_1%), we have j* < 0; in that case the argument in equation
(7.22) is maximized at j = 0 and we get

max{ Pr [wt(vTH) = j] - 22pN1°g|1?Vj|} < 27N Ho(N)

Jj¢B | veF}
We now combine this bound for the faraway terms with the bound (7.21) for the central

1

terms to bound the right-hand side of ([7.15). We get that for all N > 2r°0-»? H, we have

20(N)
Pr(z ¢ Dy(Hz)] < Qe_ﬁ + - oh(P)N—yN

zZ~p

We have shown (7.14)), so we are done. O
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Chapter 8

SYMMETRY III - TENSOR REED-MULLER CODES
ACHIEVE CAPACITY WITH QUASILINEAR DECODING
TIME

This chapter will be dedicated to proving a result of Emmanuel Abbe, Colin Sandon and
I, where we show that Tensor Reed-Muller codes achieve capacity on the symmetric channel

and are decodable in quasilinear time.

Theorem . Consider any noise probability p and any rate R < 1 — h(p). Then we can
construct a Tensor Reed-Muller code TRM(ny,dy;. .. ;ny,d;) of rate R that achieves capacity
and has quasilinear decoding time. For any blocklength N, we provide two constructions of

such codes:

e Our first construction (with t = 3) has error probability N=<1eN) and decoding time

O(N loglog N).

—o(1)

and de-

11
e QOur second construction, for any t > 4, has error probability 9-N? 2

coding time O(N log N).

We will give an overview of the proof in Section before proving it formally in Sections
to

8.1 Overview of the Proof

The starting point of our approach is the fact that there are two regimes in which we currently

have efficient decoding algorithms for Reed-Muller codes:

1. When the noise is smaller than 1 — @, one can use Theorem [10[ to decode a code

27L
RM(n — 2t,n) of length N = 2",
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2. When the blocklength of the code is very small, brute-force decoding, which runs in

time O(2"), may have reasonable runtime.

We will combine the two regimes above to obtain an efficient decoder for Tensor Reed-Muller
codes. We take a short code RM(ny,d;) of rate R — o(1) and tensor it with a longer code
RM(ng, dy) of rate 1 — o(1). The codewords of the resulting code TRM(ny, d;; no, ds) are all
the matrices A € {0,1}2"**2"" such that each row of A is a codeword of RM(ny,d;) and
each column of A is a codeword of RM(ny, dy). To decode our tensor code, we first use the
brute-force algorithm to decode each row of A independently. After this first step, which
takes polynomial time as long as 2™ =~ log N, only a o(1) fraction of A’s entries will have
been incorrectly decoded. We then use the high-rate algorithm of [66] (see Theorem

to decode each column of A independently. At the end of this second decoding step, the

1

N), allowing us to take a

fraction of incorrectly decoded entries will have dropped below o (
union bound over all coordinates. To further reduce the decoding error probability, we can
take the tensor product of TRM(ny,d;;ns, ds) with an even longer RM code RM(ns, ds) of
rate 1 — o(1) and repeat the same argument.

The ideas outlined above, further iterated, would allow us to decode t-Tensor Reed-Muller

27N1/4

codes (for some t) with a decoding failure probability of about . To bring this error rate

(*/N), we introduce a new algorithm for decoding tensor

closer to the distance-optimal 27
codes from adversarial errors. This algorithm works for any tensor code €} ® ... ® C} and
relies on the fact that erasures are generally easier to decode than errors[] First, replace
each row that is not a codeword of C'; by an all-erasures row. Then, go through each column
and determine whether or not there is a unique codeword ¢ € Cy compatible with the (now

partially-erased) column. If so, replace the column by ¢; otherwise, replace every entry in the

column by an erasure symbol. For ¢t > 2, repeat this process with every additional axis. By

1For any linear code C' C {0,1}", given a partially-erased codeword of C, one can use the parity-check
matrix to obtain a system of N — dim C' linear equations in e < N unknowns, where e is the number of
erased coordinates. This can be solved by Gaussian elimination in time O(N?3). For Reed-Muller codes,
we improve this decoding time to O(N log N) whenever the number of erasures is below the minimum
distance - see Lemma
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adding additional checks that ensure we never return subtensors that are too far away from
the corresponding input, we obtain in Theorem [71] an algorithm for decoding any arbitrary
tensor code C' = 1 ® ... ® C; from % — 1 adversarial errors. For Reed-Muller
codes, this algorithm runs in time O(N log N).

Our final construction combines the ideas of the above two paragraphs: the first two
Reed-Muller codes RM(ny,d;) and RM(ng,dsy) are of subpolynomial lengths and taken as

in the first paragraph. As mentioned above, this allows us to bring the error probability

down to about N~«(°¢N) The remaining Reed-Muller codes {Rl\/l(ni,di)}i:?)m . all have

3/4
n; = bg]ﬂ# and d; = "ﬁ" . By the arguments we outlined in the second paragraph,
1 1
we can recover any sent codeword of TRM(ng, ds; . .. ;ny,d;) with fewer than about N2~ 22

errors. But since the first pass on RM(ny, d;) and RM(ns, dy) brought the error rate down to

N-«logN) ‘hy the Chernoff bound, the probability that there are more than N2~ 27307 errors

—o(1)
is bounded by 2~ N C)

8.2 Helpful Lemmas

In this section, we will prove performance guarantees for two decoding algorithms that will
be used as subroutines throughout this paper. We start with an algorithm for efficiently

testing and correcting Reed-Muller codes from adversarial erasures.

Lemma 69. For any nonnegative integers d < n, there is an O(n2")-time algorithm which,
given an input stringy € {0, 1,x}*" with fewer than 2"~¢ erasure symbols, determines whether
or not there exists a codeword ¢ € RM(n,d) such that y; € {c;,x} for all i € [2"]. The

algorithm returns such a codeword c if it exists and an error message otherwise.

Proof. Our decoder is given in Algorithm [, We first prove by induction on n that it always
finds the desired codeword ¢ € RM(n,d) if such a codeword exists. Note that the base case
n = 1 holds trivially, since Algorithm [1] always succeeds when d = 0 or d = n.

For the inductive case, suppose there exists a codeword ¢ € RM(n, d) such that y agrees

with ¢ on all non-erased entries. Let f(z1,...,z,) be the unique polynomial whose evaluation
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Algorithm 1: Codeword testing and erasure correction for Reed-Muller codes

10

11

12

13

14

15

Input: Two integers 0 < d < n and a vector y € {0, 1, *}?" with fewer than 274
erasure entries.
Output: A codeword ¢ € RM(n,d) with y; € {¢;, *} for all i € [2"], if such a ¢
exists; an error message otherwise.
if d =0 then
If there exists b € {0, 1} such that y; € {b,*} for all i, output (b,b,...,b).

Otherwise, output an error message.

end

else if d = n then

Output y.
end
else
Define 3° := (y1,...,92:-1) and y' := (ygn-141,...,%0) and let y** := 3y 4 y?
(defining yf"™ = % whenever either y? = x or y} = *). Run Algorithm [I| on input
(n—1,d —1,4*"™) and denote the output you receive by ¢"™. If ¢*"™ is an error
message, abort and output an error.
if y° contains fewer erasure symbols than y' then
Run Algorithm [1f on input (n — 1,d, 3°), denoting the output you receive by
. If ¢ is an error message, abort and output an error. Otherwise, define ¢
to be the concatenation ¢ := (¢, @ + &™), If y; € {¢;, *} for all 7 € [2"],
output ¢; otherwise, output an error.
end
else
Run Algorithm [1fon input (n — 1,d, y'), denoting the output you receive by
ct. If ¢! is an error message, abort and output an error. Otherwise, define ¢
to be the concatenation ¢ := (¢! + "™, ¢'). If y; € {¢;, x} for all i € [27],
output c; otherwise, output an error.
end
end
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vector is ¢ and express f as

flz, ..o xn) = folxe, ..o xn) + 21 - fi(ma, ..o x,). (8.1)
We make the following two observations:

1. Define ¢® € {0,1}*>""" to be the vector containing the first half of ¢’s entries. Then c°

is the evaluation vector of the polynomial fy(zo,...,x,).

2. Define ¢* € {0,1}*"" to be the vector containing the second half of ¢’s entries. Then

c! is the evaluation vector of fo(wa, ..., x,) + fi(wa, ..., 2,).

Both and follow immediately from the fact that the indices of ¢ are ordered lexico-
graphically (and thus an index v € F} is in the first half if and only if v; = 0).

Now, since 3° := (y1,...,%2n) is a corrupted evaluation vector for the polynomial f, and
y' := (yany1,...,Yy2n) is a corrupted evaluation vector for the polynomial fo + fi, the vector

sum - — 90 + 9! must be an evaluation vector for f; corrupted with fewer than 2"~ erasures.

)
By induction, since f; has degree < f — 1, running Algorithm [l on input (n —1,d — 1, y*"™)
will then return the correct evaluation vector ¢®™ for the polynomial fi(xs,...,2,). (See
line[§])

Furthermore, since y contains fewer than 2"~ erasures, one of y° or y' must contain
fewer than 2"~9~! erasures. Without loss of generality, we assume that y° contains fewer
erasuresﬂ By induction, running Algorithm [1] on input (n,d — 1,4°) will then return the
correct evaluation vector ¢ for the polynomial fy. (See line ) Since ¢! is the evaluation
vector for fy + f1 and we have obtained the evaluation vectors ¢, "™ for f; and f;, setting
ct = @ + " will successfully recover ¢'. Thus the algorithm indeed outputs the correct
codeword ¢ = (¢, ¢1). (See line [10])

We have proven that whenever there exists a (by our theorem’s requirement, unique)

codeword ¢ € RM(n, d) that is consistent with y, our algorithm returns it. Note also that

2The proof is identical in the other case, with the roles of ° and y' reversed.
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Algorithm (1| never outputs a codeword ¢ € RM(n,d) that is not consistent with y; this is
because before returning ¢, the algorithm verifies that y; € {¢;, *} for all i € [2"] (see lines
and . Thus Algorithm [1{ always succeeds. As for the runtime analysis, we note that at
each step, the algorithm spends O(2") time performing basic computations and then makes
2 recursive calls on instances of length 2”71, By the Master theorem (Lemma , the total
runtime will thus be O(n2").

O

Our second lemma is essentially a special case of the work of [66] (Theorem [L0]), which we
will use in the following form to bound the running time and error probability of a decoder

for high-rate Reed-Muller codes.

—ntd ‘
2 Then there exists a

Lemma 70. Consider any integers n >t > 0 and any p <

decoder D for the Reed-Muller code RM(n,n — t) with the following two properties.

<

1. D runs in time O<2” - poly((.! )))

N+

2. Under random errors of probability p, D succeeds in decoding any sent codeword ¢ €

RM(n — t,n) with probability

Pr [D(c+ ) =c| >1-272"

zZ~p

Proof. By Theorem , it will suffice to show that the Reed-Muller code RM(n,n — %) can

recover from p-noisy erasures with success probability 1 — 2-2"* Since the code RM(n,n— %)

has minimum distance 2/2, it is enough to prove that for independent Bernoulli variables

9 "t
5

X1, Xo, ..., Xon with Bernoulli parameter p < , we have
Pr [Xl + Xo . Xgn > 2“2} < 972",

But this follows immediately from the Chernoff bound (Lemma [13)). O
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8.3 Decoding Arbitrary Tensor Codes from Adversarial Errors

In this section, we will give an algorithm for decoding any tensor product code from adver-
sarial errors. For any code C' C {0,1}", define the function fc : {0,1,*}¥ — {0,1, %}V to
be
c if ce O, x; € {¢;,x} for all i, and = has < dy,;,(C) erasures
fo(x) = (8.2)
(%,...,%) otherwise.
The function fo essentially tells us whether or not a partially-erased binary string with fewer
than dp,;, (C) erasures is consistent with any codeword of C. It can always be computed in
time O(N?) (see Note 1), and its runtime dictates the runtime of our following decoder for

adversarial errors.

Theorem 71. Consider any linear codes Cy C {0,1}M,....C; C {0, 1} and define N :=
[1._, Ni. Suppose there exists a function T : N — N such that T(n) > n for alln € N
and such that for all i € [t], there is a T(N;)-time algorithm for computing the function
feo, defined in . Then there is an O (Z:Zl % -T(Ni)> -time algorithm for decoding the
tensor code C' :=C1 ® ... ® C} from

dmin(C)

{2 max {dmin(01), e ,dmin(Ct)} !

adversarial errors.

Remark. By Notell], for any linear codes Cy, . .., C; we can take T(N) = O(N?®), which gives
us a runtime of O (N>, N?). But for Reed-Muller codes, we can do better: by Lemma @
we can take T(N) = O(Nlog N), which gives a runtime of O(>_, Nlog N;) = O(Nlog N).

Remark. Note that in Algorithm[3, at each layer i = 2,...,t of the decoding process, the
1-azis erasure pattern is the same for all i-axis vectors within the same i-subtensor of A.
One could thus use Gaussian elimination to express the erased entries in this erasure pattern

as a linear combination of the non-erased entries, then go through each i-axis vector of A
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and correct the erasures accordingly. If Cy is taken to be the code of mazximum length among
Ch,...,Cy, this will give a running time of O(N ) . N;) for decoding the tensor product of
any linear codes C1, ..., Cy of lengths Ny, ..., N;.

Proof. Note that we may assume that each N; is greater than 1, as otherwise C' trivially
reduces to a tensor product of ¢ — 1 codes. Our algorithm for the case where each N; is
greater than 1 is given in Algorithm [2l We first show by induction that it always outputs
either a codeword of 1 ®...®C, or the all-erasures tensor. The base case t = 1 is trivial. For
the case t > 1, we note that by induction, after the line for loop completes, each (t — 1)-
subtensor of A is either a valid codeword of C7 ® ... ® C; or a tensor filled with erasure
symbols. Thus the erasure pattern of each t-axis vector in the line [8or loop is identical.
In particular, if there is a unique consistent codeword for each of these t-axis vectors, then
the erased entries of each t-axis vector can be expressed as the same linear combination of
non-erased coordinates. This means that the erased (¢ — 1)-subtensors can be expressed as
linear combinations of the non-erased (¢ — 1)-subtensors; since the code is linear, the newly
recovered subtensors must then be codewords of '} ® ... ® Cy_;. Combining this with the
fact that by line @ each t-axis vector is a codeword of C} (otherwise by line , we would
output an all-erasures tensor), we get that any Boolean output must indeed be a codeword
of C1®...®C,.

Now that we have proven that our algorithm always outputs either a valid codeword or a

tensor filled with erasures, we turn to showing that the algorithm correctly ouputs the sent
dmin (C)

2 max {dmin(Cl),,..,dmin(Ct)

by induction. The base case t = 1 is trivial. For the general case, we note that in order for

dmin (Cl ) '--~'dmin (Ct)
2

codeword as long as there are fewer than } errors. We again proceed

our Algorithm [2[ to fail in decoding a noisy codeword containing fewer than

errors, one of the following two statements must hold:

1. After we decode all the (¢ — 1)-dimensional subtensors {A’}icqn, (see line @, there is

a non-erasure erroneous entry in at least one of the updated subtensors A°.

2. After we decode all the (¢t — 1)-dimensional subtensors {A'};cn,], there are at least
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Algorithm 2: A polynomial-time decoder for arbitrary tensor codes

10

11

12

13

14

15

Input: An N; x ... x N; Boolean tensor A.
Output: Either a codeword of the tensor code C7 ® ... ® C; or an Ny X ... X N;

tensor filled with erasure symbols.

if t =1 then
If A has fewer than dy,;,(C7) erasures and there is a codeword ¢ € C with
A; € {c;, %} for all i € [Ny], replace A by c¢. Otherwise replace every entry in A
by an erasure symbol.
end
else
fori=1,2,...,N; do
Run Algorithm [2/ on the N; x ... x N;,_; tensor A* whose entries are given by
A;"lmjt—l = A, j,_.i- Replace the entries {Aj, j, ,;} of A by the output
entries.
end
for every t—azis vector v € {0,1,%}M of A (see deﬁmtz'onEl) do
If v has fewer than d,;,(C;) erasures and there is a codeword ¢ € C; with
v; € {c;, *} for all i, replace v by ¢. Otherwise, replace v by (x,*, ..., *).
end
if the updated tensor A contains erasure symbols or its Hamming distance from
the original input is at least dm“‘(cl)'é"dmi“(ot) then
Replace every entry of A by an erasure symbol.
end
end

Output the updated tensor A.
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dmin(Cy) values of ¢ € [N;] for which the updated subtensor A’ contains one or more

erasures.

Indeed, if neither of these occur, then our line [J] will allow us to recover every entry
of A correctly. We now show that neither point nor point can occur. Suppose
for contradiction that there exists a subtensor A’ as described in point . Note that by
line the Hamming distance between A® and its corresponding input must be less than

dmi“(cl)""édmi“(c“l). Since A’ is a codeword of O} ®...®C;_; (we proved in the first paragraph

that any output of our algorithm is a codeword) and since C} ® ... ® C;_; has minimum

distance dyin(C1) « . . . * din(Cy—1), there must have been at least dmi“(cl)"”édmi“(ct‘l) corrupted

entries in the i subtensor to begin with. This contradicts our theorem’s requirement on

the total number of errors.
Suppose instead that there are dy, (Cy) subtensors {A™, . .., A"min(©) } satisfying point

above. Since each of these subtensors is decoded independently, by our inductive hypothesis
dmin(cl)'~~~'dmin(ct—1) > dmm(c)

Qmax{dmin(cl),..-ydmin(ct—l)} B 2Ina‘x{dmin(c’l) ----- dmin(Ci)}

errors. But this again contradicts our theorem’s requirement on the total number of errors.

there must have been at least dy;,(C}) -

This concludes the proof of correctness. We now turn to the runtime analysis. Define
R(Ny,...,N;) to be the maximal runtime of Algorithm [2] on any code C' = C] ® ... ® C}
with C! C {0, 1} for all i. Note that for ¢ > 1, we have

N
R(Nl, Ce 7Nt) S Nt . R(Nl, .. '7Nt—l) —|— FT(Nt) +O{N,
t

where the first and second terms correspond to the bulk of the runtime of Algorithm [2] for
the for-loops [5| and [§] respectively, whereas the constant « is chosen to be big enough that
the aN-term covers all the other operations needed throughout the algorithm. We claim

that

R(Nla"'th>

A
)
_l_
=

Ing

Z
=
=



110

For t = 1, the statement is obvious. For ¢ > 1, by induction we have

-1

N/N, N
R(Ny,...,Ny) < (a+1)N, Z /t Ni) + 5 T(Ne) + aN
t

<@+ 1Y Yrow),

i=1
where in the last line we used the fact that by our theorem’s requirement on 7', we have

8.4 Decoding Tensor Reed-Muller Codes from Random Errors

In this section, we leverage our Algorithm [2[to prove the following formal version of Theorem
. Note that it is sufficient to prove Theorem |38| for t < y/log IV, since after that the O (%)
improvement in the error probability is subsumed by the o(1) term (one can always artificially

increase t by taking tensor products with the trivial Reed-Muller code {0, 1}).

Theorem 72. Consider any constants p € (0, %) and R < 1 — h(p). Let N € N be some

growing parameter and consider any corresponding integer 3 <t < y/log N. Define

e n; = [loglog N — 3| and d; to be any integer such that () _ R=+0(1)

2m

e ny := [10loglog N| and dy := [% + /nalogn,|

3/4

'ngz...:nt::(log]\;i#} and ds = .. _dt'_(n3+n3 —|

Then the Tensor Reed-Muller code TRM(ny,dy;. .. ;ne,dy) has length N and rate R +

o(1). Moreover, there ezists a decoder D with the following properties:

1. D has runtime O (N loglog N) in the case t = 3 and runtime O (N log N) in the case
t>3.
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2. For every codeword ¢ € TRM(ny,dy;... ;ng,dy), D has decoding failure probability

] wa(logN) th — 3}

= —o(1)
2 2 t 2 .
9-NZ 2072 otherwise.

Proof. Note that TRM(ny,dy;. .. ;ns,d;) has rate

HS 0(1))1_[ 1_22—;

where the first inequality follows from the fact that ( ) < 20n for all integers n and
d < Z. the second inequality follows from the fact that h (1 ) 1 — 55 for any p € (0, 1),
and the third inequality follows from the fact that (1 + )" > 1 4 rz for all x > —1 and
r > 1. Since t < y/log N and ng = Q(logN) our code TRM(ny,dy;. .. ;ng, d;) indeed has rate
R+ o(1). Tt also has length 2™+72 . 20~ DIETEF] _ NLo(),

The decoder D we use for decoding our code is given in Algorithm We represent
each codeword of TRM(ny,dy;... ;ny,d;y) as a 2™ x ... x 2™ Boolean tensor. For any tensor

7

A € {0,1}2"*2" we call any vector along the first axis of A a “row” of A and call any
vector along the second axis of A a “column” of A. We first bound the probability that
Algorithm (3] makes a decoding mistake. Note that the only way a decoding mistake can

occur is if either:
1. Our algorithm would fail even if the counter condition (last sentence of line was
disregarded.

og lo 1/4
2. The counter eventually exceeds P
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Algorithm 3: An efficient decoder for t-tensor Reed-Muller codes
Input: A 2™ x ... x 2™ Boolean tensor A.

Output: A 2™ x ... x 2™ Boolean tensor.
1 Create a look-up table Dy : {0,1}*"" — RM(ny,d;).
2 for each vector s € {0,1}*"" do
3 ‘ Use brute-force search to find the ¢ € RM(ny,d;) closest to s. Set Dy[s] = c.
4 end
5 for each row u of A do
6 ‘ Replace u by D [u].
7 end
8 counter < 0.
9 for each column v of our updated tensor A do
10 Use Lemma 69| to check if v € RM(ngy, dy). If not, increase counter by 1 and
replace the column v by the codeword Dsy(v) € RM(ng, ds), where Dy is the

1/4

decoder from Lemma |70 for the code RM(nsy, dy). If counter > N 2leste M

abort the entire algorithm and return the 0 codeword.

11 end
12 If ¢t = 3, output the updated tensor A. If ¢ > 3, run Algorithm [2lon A and return the
output (if Algorithm [2| outputs a tensor filled with erasure symbols, return the 0

codeword).

We first show that point is very unlikely to occur. Note that by Theorem , the
lookup table D; used in the row-for loop of our Algorithm [3] (line [6)) satisfies that for any
C1 c RM(TLl,dl),

Pr [Dl [Cl + Z] # C1 < 272Q(ﬁ)

zp
S 2_2Q(\/W) (83)
Thus at the end of the row-for loop, every entry of A has probability ¢ < 272"V % f
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being different from the corresponding entry of the sent codeword B. Furthermore, since D,
was applied independently to every row of A, any coordinates of A that are not in the same
row have uncorrelated probabilities of being correct.

In particular, at the end of the row-for loop, the entries of any given column of A have
uncorrelated probabilities of being incorrect. Now, since ¢ < % for all n large enough, we
get from Lemma [70| that for any ¢ € RM(ng,ds), the decoder Dy used in the column-for
loop (line of our Algorithm 3| satisfies

zZrE

Pr |:D2(CQ +2z)# CQ] <0 (2_2n22d2)

o 2_22.510glogNj:o(loglogN)
S 27w(log2 N) (84)

Thus at the end of our column-for loop, if we disregard the counter condition when running

the algorithm, then every entry of A has probability
5/ < wa(logN) (85)

of being incorrect. Taking a union bound over all coordinates then concludes the analysis of
point for the case t = 3. For the case t > 3, we define for every k € [2™3] x ... x [2"] the
Boolean random variable X, that is 1 if and only if upon running Algorithm (3| without the
counter condition, at the end of the column-for loop (line[L1)), there exists (i, j) € [2"] x [2"2]
such that the entry A;;; is incorrect. By , since D; was applied independently to
every row and Dy was applied independently to every column, the random variables { X}
are independent Bernoulli random variables with probability parameter at most 2™ "2’ =

N~—0¢N) By the Chernoff bound (Lemma [13)), we then have

dmin (TRM(nLdl;m ;"tvdt))

— .p—o(1)
PI‘ Z Xk Z dmin (TRM(”I; d17 e ;nty dt)) S 2 drin (RM(n3,d3))
- 2n1+n2+1dmin(RM<n37 d3))

< g-NEED T
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Thus if we disregard the counter condition when running the algorithm, we get that with
A—o(l) .
. 2_N2(i—2) ’ there are S dmln (TRM(n17d17 7nt7dt))
2dmin (RM(n37d3))
line{9| for loop. By Theorem [71], line [12] will then succeed with probability at least 1 —

27N%7 2(t172) —o(1)

point is very unlikely to occur. Note that by (8.3)), at the end of the row-for loop (line

probability 1 errors remaining after the

. This concludes our analysis for point . We then turn to showing that

7)) of our algorithm, for any k € [2"3] x ... x [2"] we have

Pr [El(z',j) € [2™] x [2"?] such that A; ; is incorrect} < gnz . g 2ViEE )

Q(/loglog N
S2_2(\/gg )'

Since Algorithm |3| processes each k € [2"3] x ... x [2"] independently up to the end of the
column-for loop (line [L1]), we get

N2~
_9(loglo N)1/4 _9(loglo N)l/4
Pr [counter exceeds N272°7 } < Pr g oMy, > N2 2%
k=1

for {Y%} independent Bernoulli variables of probability g-20Vierlos ). By the Chernoff bound
(Lemma [13), we then have

. /4
og lo. 1/4 79 N2_2(10g10gN)1 2”1)
Pr [counter exceeds N2~ 2" ] <2 ( / <0 (2‘”) .

Combining this bound for point with our previously established bound for point , we
get

Pr [D(c—i—z) #C] < N~wlogN) L (27\/N>

z~p

for the case t = 3 and
33 oW
Pr[Dict2) #¢| <27 7 T 40 (27Y)
z~p

for the case t > 3, as desired. We now turn to bounding our algorithm’s runtime. Since

there are 22 vectors in {0,1}?™, creating the look-up table D; takes time

22" . 022" 2") = o(N). (8.6)
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N

Since there are 57 rows in the tensor A and since looking up a value in the table D; takes

time O(2™), the row-for loop (line |5)) then takes time

N

S 0@ =0(N). (8.7)

For the column-for loop (line @), since there are 2% columns in the tensor A, by Lemmas

and [70] the algorithm takes time

ﬁ . O(n22n2) + N2_2(10g10g1\]>1/4

o .20(2) — O (Nloglog N). (8.8)

Combining equations (8.6)), (8.7) and (8.8), we get that our decoder D has total runtime
O (N loglog N) when t = 3. When ¢ > 3, the algorithm additionally has to process line ,

which takes time
O (NlogN) (8.9)

by Theorem [71] and Lemma [69 This brings the total runtime for the case ¢ > 3 to
O(NlogN).
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Appendix A
CHANNEL LOWER BOUNDS

In this appendix, we will prove some fundamental lower bounds on the capacity of com-

munication channels.
A.1 Proof of Erasure Channel Capacity

We restate and prove Theorem 2]
Theorem . The capacity of the q-ary erasure channel ¢EC, is 1 — p.

Proof. We will first show that a uniformly random codeword ¢ of a uniformly random code
C CFY of size |C| = q(1—PN=VN g resilient to p-noisy erasures with high probability. This
would prove our claim, since we can then take C’ to be the code C' minus all the codewords of
C that are not resilient to p-noisy erasures. Thus take a uniformly random code C' C IF{IV of
size PN ~VN and consider a uniformly random codeword ¢ € C'. Without loss of generality,
we may assume that ¢ = 0. Now note that with probability 1 — %, foreachi=1,2,..., N

(V) (a=1)i-gt-PIN-VN : , :
- o~ codewords ¢ € C' of weight wt(c) = i. Also, with

there are at most N2 -
high probability the erasure pattern has weight smaller than p/N. Thus by taking a union
bound over every codeword in C, we get that the probability of a decoding mistake when

sending the codeword 0 can be bounded by

-1 (1-p)N-vN (N
Pr[decoding mistake] < o +Z NZ2. )a—1) Nq _ (p]}fv—z)
q (pN)

= o(1) + qu—pw—mz <p£V) (g 1)

=1

’

o(1) + N2qg~VN
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where in the last line we used the fact that > ;" (")a’ = (a + 1)™. For the second part
of the statement, we want to show that for any constant ¢ > 0, no code C' C IFf]V of size
¢ PN is resilient to p-noisy erasures. But note that with high probability, there will be at
least (p —&/2)N erasures. Whenever this happens, there are < ¢=775/2N strings consistent
with the erasure pattern z. Thus there can at most be ¢(*=P*¢/2N — 1 codewords that are
uniquely-decodable from erasure pattern z, which means that a uniformly random codeword

(I—p+e/2)N

¢ € C has probability < qq(l,TE)N < q_% of being uniquely decodable from z. O
A.2 Lower Bounds for List Decoding

In this section, we prove the result mentioned in equation (3.1]), Section .

Claim 73. Let p € (0, %) be arbitrary, and consider any N > %. Suppose a code C C FY

and a decoder dy, : FY — C®F satisfy

3
Pric € di(c+ 2)] > -.
Z~p 4
ceC
Then we must have
9—h(p)N®/*
k> |C|- 2" U-hEIN —

Proof. We will first show that in order for the decoder dj to succeed with high probability,

there must be many codewords ¢ € C' for which
{z e FY : c € dp(x)}]| = 2"V,

Intuitively, this is because the sphere of radius pN around any codeword ¢ contains ~ 2PN
points (and for any transmitted codeword ¢, with high probability the received message m
will satisfy wt(m+c¢) ~ pN). We will then simply double-count the number of pairs (z, ¢) for
which ¢ € di(z). On the one hand, there are 2 - k such pairs, since every received message
is mapped to k codewords; on the other hand, there must be at least about |C| - 2"®N pairs,
since most codewords in C' need to be matched to at least ~ 2"®N points. It follows that

we must have
oh(p)N
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Formally, we first note that the theorem condition implies that at least @ codewords

¢ € C' must satisfy

Prlc € di(c+ 2)] >

zZ~p

Fix any such ¢. Now from Chernoft’s bound (i.e Lemma , we have for N > % that

. (A1)

N | —

Pr [wt(z) < pN —pN3/4} < 2%
z~p
1

< -,

4
In order for ¢ to satisfy ¢ € di(c+ z) with probability at least %, there must then be a subset
S, C{x € F}) :wt(c+ x) > pN — pN3/*} satisfying both

r €S, = cé€dy(x) (A.2)
and
Prizes] > (A3)
z~p el = 4

But every element x € S, satisfies wt(c + ) > pN — pN3/4, so every x € S, satisfies

Pr [Z =c+ I} < ppN_pN3/4(1 - p)(l_p)N+pN3/4

Z~p

< 9~ (I=NTVDR(N (A.4)

Equations (A.3) and (A.4) imply that any ¢ € C that can be list-decoded by dj with

A-N~"YHnp)N

probability > I must satisfy |S.| > 2 1

5 It then follows from (|A.2) that any

such ¢ must satisfy
9(1=N"Y")h(p)N

’{xEJFéV:cedk(x)}}Z 1

By double counting, we get

2N.k:ZHIEFéVZCEdk(x)}|

ceC
C| 9(1=N"Y*")h(p)N
>
- 2 4
— |_C’ . 9h(p)N—h(p)N3/*
3 )

The result then follows from rearranging terms. O
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Appendix B
MINOR RESULTS

In this appendix, we will prove some minor results we stated but did not prove in the

main text.
B.1 Proof of Corollary [67]
Recall that for any p € (0, 1), we defined
A, :={aN e N:h(a) >1—h(p) - N~V/°}.
We now restate and prove our Corollary [67]

Corollary . Let p € (0, %) be arbitrary and let C C FY be any linear code. Suppose that

for every j € A,, we have

Suppose also that

3
P t Al <Nt
yND(rcl) [wt(y) ¢ A,] < N

Then C' is resilient to p-noisy errors.

Proof. Applying Lemma |§| and Theorem |66{ with & = 1 and [ = N3/4, we get that whenever

N > m, there exists some decoder d : FY — C such that for all ¢ € C,
2

N
VN 1
Pr [d(C“‘ Z) 7£ C] < 26737;’\] + N max {T Z Pr [Wt(y) = ]:I Ks(])2 — 1} (Bl)
z~p SC[pN+N3/4] (s) =0 y~C+
1<[5|<2 =
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Let v € (0, 1) be such that h(v) =1 — h(p) — N~'/%, and note that we have

A, = {[vN],[vN1+1,....[(1-v)N|}.

We will start by bounding the central terms j € A, in equation (B.1)). Applying Proposition
and the first condition in our theorem statement, we immediately get that for any S C
{0,1,..., N},

@ 2 B () = K56 < 1ol (B.2)
s jed, ™

We now turn to the faraway terms j ¢ A,. For these, we note that for any non-negative

integers 7, s < N we have

where we used the convention that () =0 when a < b. For any S C {0,1,..., N}, we can
then bound the faraway terms j ¢ A, of equation (B.1]) by

i 2 P el = s < () P, ) ¢ 4,

(];) J¢A, y~C* y~Ct

Applying the second condition in our theorem statement in combination with Lemma [I7 and

the subadditivity of entropy (Lemma [16), we get

1 . . N _ _n4/5 3/4
ma — Pr t =11 K 2} <9 .9.9 h(p)N—N*/°+N
SgpNﬁW]{(N) Z{;ML [wt(y) = j] Ks(j)* | < (LpN+N3/4J)

1<|5]<2 57 i¢Ap

<. 2h,(p)N+h(N_1/4)N ) 2—h(p)N—N4/5+N3/4
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Combining this bound for the faraway terms with our bound (B.2)) for the central terms, we
bound equation (B.1]) by

Prid(c+2) £¢) <2 % + N o(%)

< o(1).

B.2 Duals of Transitive Codes

In this section, we prove Claims [20] and [21} that is, we show that the dual of a (doubly)

transitive code is itself (doubly) transitive.
Claim The dual code C* of a transitive code C' C FY is transitive.

Proof. Let i,j € [N] be arbitrary. Since C' is transitive, we know there exists a permutation
7w : [N] — [N] such that 7(j) = i and for any ¢ = (c1,¢o,...,cn) € C, we have ¢, :=
(Cx(1)s Cr@)s - - Cxvy) € C . Clearly 71 satisfies 771(i) = j, and we claim that it also
satisfies that v,-1 € C* for all v € C*. For this we note that since ¢, € C for every ¢ € C,

we have by definition that every v € C* satisfies

kacﬂ(k) =0 forall ceC.
k

We thus have
ve(Ct = kacﬂ(k) =Q0forallceC
k
= Zvﬂq(k)ck =0 forall ceC

k

= Up-1 € Cct.

Claim The dual code C* of a doubly transitive code C C FY is doubly transitive.
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Proof. Let i,7,k,l € [N] be such that ¢ # k and j # [. Since C' is doubly transitive, we
know there exists a permutation 7 : [N] — [N] such that 7(j) = 4, 7(l) = k, and for any
¢ = (c1,¢9,...,cn) € C, we have ¢, := (Cr(1), Cr(2)s - - Cr(n)) € C . Clearly 7! satisfies
771(i) = j and 7= (k) = [, and we claim that it also satisfies that v,-1 € C* for all v € C*.
For this we note that since ¢, € C for every ¢ € C, we have by definition that every v € C+
satisfies

Z vy = 0 for all c € C.
t=1

We thus have

veCt = thcﬂ(t) =0forallceC
t
== vafl(t)ct =0forallceC
t

= v, € Ct.

B.3 Necessity of the Distance Condition in Theorem

We will show that there exists a linear code C C Iﬁ‘év of constant distance that achieves
list-decoding capacity but not BSC, capacity (we mentioned this fact in the introduction
to Chapter 4). First, start with a linear code C" C FY of rate 1 — h(p) that achieves list-
decoding capacity. Our goal will be to show that the code C' = span{e;, C'} also achieves
list decoding capacity. Indeed, consider any sequence Ly = w(1l). Since C" achieves list
decoding capacity, there exists a sequence €y = o(1) such that C" is (p —e, %)—list decodable.
We claim that C' must be (p — 2¢, L)-list decodable. Indeed, consider any z € Fév and its
associated ball C' N B,_opynt1(2) = {c1, ..., ¢t} Since (p — 2¢)N < (p — €)N — 1, we must
have C'N B_opyn(2) C {c1,...,c,e1 +er,...,co+er}. As C' was (p — €, %)—list decodable,
C must be (p — 2¢, L) list decodable.

However, it is clear that C' cannot achieve BSC capacity. Indeed, if we send some ¢ € C

and the first bit gets corrupted, we cannot distinguish between ¢ and ¢ + e;.
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In this appendix, we will go over a few technical inequalities whose proof we deferred to

the appendix.

C.1 A version of Pinsker’s Inequality

In this section, we prove Lemma |19,

Lemma [19] For any p € (0,1), we have

o0 2

1—pu 1 7
1— —
h( 2 ) 21n2;i(2z‘—1)’
2
H —H 2
<1-—h < u”.
22 = < 2 >—“

1-— 1-— 1-— 1 1
1—h(—’u):1+ Mlog( #)—i- +,u1 (ﬂ>

and thus

Proof.

2 2 2 2

14
= Llog(1—p) + L

Thusl—h(T“)Z“—jandl—h(l £y < A C.’Oﬁzﬁﬂln?u?:;ﬂ

2In2 =1 4(2i—1)
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C.2 An Inequality for Lemma

In this section, we prove an equality that was used in the proof of Lemma [59]

Claim 74. For any o € (0,1), we have

1 -2«

1—2a—h(1—2a)+(1—a)h(1_a

)=1—h(a).

Proof. We compute

1 -2«
l1—«a

1—2a—h(1—-2a)+ (1 —a)h( )=1-2a+ (1 —2a)log(l — 2a) 4 2 log(2a)

1-2 1-2
—(1—&)( alog .2 log a )

11—« 1l—« 1l—« 11—«

:1—204—|—2a—i—20¢10g(34—{—(1—204)10g(1—04)—(leog1 a

=1l+aloga+ (1 —a)log(l —a)
=1—h(a).

C.3 An Inequality for Theorem

In this section, we prove the inequality (7.20)), which was used in the proof of Theorem .

Claim 75. For any p € [0, 3], we have

h(l — 45(1 _p)) +h(p) =1+ 2p(1 — /Ap(1 — p)).

Proof. Writing the Taylor expansion of h as in the proof of Lemma |19, we have

1— \/4p(1 — p) 1 o (4p(1 —p))' + (1 —2p)*
h( 2 )Jrh(p):2_21n2Z i(2i — 1) '

=1




125

) 1 o . . .
But > .2, e = 21n 2, so our previous expression can be rewritten as

h(l - 45(1 _p)> +h(p) =1+ 21112 2 L L _p;();z'_—(i)_ o)

=

1 = 1—p(l=p))2—=(1—4p(1—p))?
T (4p(1 = p))* — (1 —4p(1 - p))

1
* i(2i— 1) ’

>
- 21n2

i=2
where in the second line we used the fact that the term ¢ = 1 in the summation is 0. We will

now need the following inequality:

4ln2-(1—\/4p(1—p)). (1)

1= (4p(1 = p))* = (1 —4p(1 = p))* = ST 1

Once we establish (C.1]), our claim follows from bounding our previous inequality by

1—/4p(1 —p) 1 4ln2(1—/Ap(1-p)) = 1
h( 2 >+h(p)21+21n2' 2In2 — 1 §¢(2¢—1)
2p(1 = VAp(1 —p)) (~—~ 1
=1t 2In2 — 1 (Zi(%—l)_l)

=1+ 2p(1 —+/4p(1 —p))

It thus only remains to prove (C.1)). For this, we note that the right-hand side of (C.1]) can
be bounded by

4In2- (1 — /4p(1 - p)) < 8p(1 — /4p(1 — p)),

2In2 -1
while the left-hand side of (C.1)) expands to

1= (4p(1 = p))* = (1 — 4p(1 — p))* = 8p — 40p* + 64p° — 32p".
Thus it is sufficient to show that
Bp — 8p? + 4p® < \/4p(1 — p),
or equivalently (squaring both sides and dividing by p) that the function

g(p) == 16p° — 64p* 4+ 104p> — 80p* 4 29p — 4
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satisfies

9(p) <0 (C.2)

for all p € [0, 5. But the derivative of g is

d
d—g — 80p* — 256p° + 312p — 160p + 29
P
= (1 —2p)?(20p? — 44p + 29),
and the polynomial 20p? —44p+29 has the two complex roots %6/6". Thus over the interval

0, ], the function g(p) must be maximized at either p = 0 or p = 1. Since ¢(0) = —4 and
2 2
g(3) =0, we have

9(p) <0

for all p € [0, 5]. We have thus shown (C.2)), and we are done. O
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