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Abstract
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Professor Behcet Acikmese
William E. Boeing Department of Aeronautics and Astronautics

Driven by the growing demand for mobility and connectivity, future aerospace-based trans-
portation systems necessitate efficient coordination of not just one, or two, but a popula-
tion of intelligent vehicles that execute independent tasks in a shared operation environ-
ment. Combining techniques from game theory, optimization, and Markov decision process,
the dissertation tackles three key challenges in coordinating intelligent vehicles sharing a
disruption-prone environment: 1) maximizing safety in multi-vehicle trajectory planning, 2)
strengthening fleet resiliency to resource disruptions, and 3) optimizing individual perfor-
mance and safety when coordination is not possible. All three challenges revolve around
building a coordination framework for intelligent autonomous vehicles that prior-
itizes each vehicle’s performance and safety. Grounded in this goal, this dissertation
combines theoretical tools with data-driven verification to provably facilitate large-scale au-
tonomy in urban air spaces and ground transportation.

This dissertation uses Markov games and Markov decision processes to optimize decision-
making in environments influenced by unpredictable external disruptions. These models
help us understand how competitive route planning and unpredictable resource disruptions
impact individual safety and the overall congestion level in the environment. For instance,
how can multiple aircraft owned by different airlines collectively adjust their routes, so that
each aircraft’s collision risk is minimized despite uncertain airport delays? Modeling each
aircraft’s interdependent decision-making process as a coupled Markov decision process, this
dissertation derives efficient algorithms for finding routes that can be simultaneously optimal
for all aircraft. Furthermore, this dissertation uses these models to derive incentives that

produce fleet-level trends and investigate collision minimization techniques with and without



a central coordinator.

In the centralized coordination scheme, a Markov game is explicitly formulated for coor-
dinating individual decision-makers who must operate in a shared state-action space while
executing independent tasks. In Chapter 3, the Markov decision process routing game model
is expanded to atomic Markov games. The Markov game model is then applied to minimize
collision risks in air traffic management and optimize warehouse path planning considering
stochastic package arrival times. Multiple necessary and sufficient conditions on the player
cost functions that ensure the existence of Nash equilibrium are given, as well as a first-order
gradient descent method that uses iterative dynamic programming to compute the game’s
Nash equilibrium of the game. In Chapter 4, the Markov decision process congestion game
model is used to study the effectiveness of incentives in enforcing population constraints and
demonstrated on a group of ride-hail drivers in New York City. The stability of Markov
games under resource disruptions and adversarial learning dynamics are analyzed in Chap-
ters 5 and 6.

In the uncoordinated scheme, an individual decision maker who cannot explicitly coordi-
nate with others (but nonetheless share a state-action space) is modeled by a Markov decision
process with non-stationary parameter uncertainty, and the resulting non-stationary Bellman
iteration is analyzed via a novel set-theoretic approach. In Chapter 7, a novel perspective
on classic contraction operators used in Markov decision processes is introduced. Interaction
between decision-makers is abstracted as a compact set of parameter uncertainty on an indi-
vidual Markov decision process, and a set-based operator is introduced to derive convergence

guarantees for dynamic programming under non-stationary parameter uncertainty.
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Nomenclature

[N] {1,...,N}, NeN

Ay {yeRY | Y,y =1} A simplex of dimension N.
E[-] The expectation of a random variable.

P(X) The set of all non-empty compact subsets of X.
T {0,...,T}. Finite time horizon.

Il Norm of a real vector space.

1y A column vector of ones: 1y =[1,...,1]T € RV*L,

R(R;) The (positive) real number line.

B(z*) {z | ||x — 2*|| < €,x € R™}. The set of all elements in R™ that is at most € € R away
from the input z* € R™.

C"(R™,R) The set of continuously differentiable functions f : R — R, such that % exists
forallz e R"and 1 < j <r.

Iy An identity matrix of size N x N.

7"  When z = (z,27%), 27" is the strategy space of the opponents of player 1.
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Chapter 1

INTRODUCTION

This dissertation uses Markov decision process, game theory, and optimization to enable
large-scale trajectory planning and coordination between self-interested vehicles in shared op-
eration environments. The attraction towards large-scale systems of self-interested vehicles
is spurred by several technological disruptions in the aerospace industry: 1) reduced cost
of aircraft and spacecraft operating in urban air and orbital spaces [1], 2) proven capability
of autonomous guidance and navigation to safely operate in uncontrolled environments [79],
and 3) usage of aerospace systems for on-demand transportation and telecommunication ser-
vices [130, 85]. Together, these paradigm shifts have re-ignited public interest in developing
aerospace-based transportation at scale, particularly for on-demand mobility and connec-
tivity purposes. However, the untapped potential in aerospace-based solutions cannot be
fully explored without first addressing the following challenge: how can aerial and or-
bital spaces safely and efficiently accommodate a large number of autonomous
aircraft and spacecraft? This dissertation tackles this challenge by formulating a mathe-
matical framework that is geared toward enabling self-interested dynamical systems to safely

and efficiently share space with one another.

Publicly accessible air and orbital spaces. The aerospace industry has recently
witnessed many disruptive technologies from the commercial sector. In January 2023, SpaceX
completed its 200" flight using reusable rockets, with 145 of those launched via reusable
rockets [2]. Commercially available UAVs can carry loads of up to 225 kilogram for up to 45
minutes [3]. While these technologies are currently quite expensive for the average consumer,
they are the prime solution for addressing the growing global demand for on-demand mobility
and connectivity.

Growing on-demand mobility and connectivity markets. The global 5G core
and the on-demand transportation markets are set to grow at 30.7% and 22.8% compound
annual growth rates in the next decade [48, 47], respectively. As these markets grow, the
supporting infrastructure must also expand to accommodate the growing consumer demand.

Current mobility demands are primarily met through three transport modes: ground, air,



and marine. Among these, ground transportation is the sole means of performing door-to-
door on-demand mobility. However, it is already buckling under the current usage trends in
metropolitan cities around the world. Similarly, global mobile telecommunication services are
predominantly conducted through cell towers. While these towers provide reliable internet
service, they have limited coverage. The high start-up costs associated with cell towers
further discourage telecommunication companies from providing mobile internet services to
regions with low consumer density, resulting in limited internet access for many. As most
services become increasingly digitized, global internet coverage is no longer a privilege, but
a necessity for consumers. In summary, both current transportation and telecommunication

deal with insufficient spatial resources that hinders global mobility and connectivity.

(a) In-orbit satellites (b) Fixed wing and (c) Warehouse robots  (d) Robo-taxis navigating
awaiting maintenance rotary wing UAVs avoiding each other to on a congested road.
services. sharing air space. retrieve packages.

Air-based transportation and orbital-based telecommunication. Urban air and
orbital spaces are promising venues into which existing transportation and telecommuni-
cation infrastructure can expand into. Urban air enables three-dimension transportation,
therefore greatly increasing the traffic throughput within urban regions. On the telecommu-
nication front, orbital-based satellite networks offer the benefit of non-discriminating service
to urban and rural populations alike, as well as provide greater service flexibility. As demon-
strated by the recent Starlink initiative to assist Ukraine [131], satellite networks can be
easily reconfigured to complement real-time demand surges and ground service outages.

In creating aerospace solutions to alleviate the growing pressure of mobility and connec-
tivity demands on civil infrastructure, it is important to learn the lessons from building the
existing transportation and telecommunication systems. The key issues in current trans-
portation and telecommunication that reduce the efficacy of mobility and connectivity are
1) congested space usage, 2) unpredictable and potentially unsafe interactions between au-
tonomous vehicles and other road users, and 3) global propagation of local disruptions. These

challenges result in delays, collisions, and cascading service outages. When providing similar



services in urban air and orbital spaces, the following domain-specific complications have the
potential to significantly amplify the delays, collisions, and service outages that result from

real-time dynamic surges and unpredictable interactions.

1. Complex aerodynamics and orbital dynamics. Although aerospace-based telecom-
munication and transportation introduce greater flexibility in mobility, this freedom is
accompanied by greater navigation and guidance complexity. As opposed to ground
vehicles which only experience two-dimensional motion, aircraft and spacecraft are gov-
erned by three-dimensional aerodynamics and orbital dynamics. For example, fixed-
winged aircraft will leave turbulent waves in its wake, which introduces temporal-spatial

safety constraints to other aircraft operating in the vicinity.

2. Task and environment uncertainty. Aircraft and spacecraft both will experience
greater uncertainty than their vehicle counterpart due to the more complex dynamics
as well as the lack of sensing capabilities. For example, wind patterns in urban air
spaces are difficult to predict or fully map out. Since small load-carrying UAVs can be
quite sensitive to wind gusts, UAV controllers must be able to handle a wide range of
operational environments. In low Earth orbits, satellites must operate autonomously
for several hours while correcting their position under environmental factors including

radiation exposure, debris, and atmospheric drag, which are often locally unquantifi-
able.

3. Stringent resource limitations. Resources, both in terms of fuel and space, are ex-
tremely limited in air spaces. While space limitations also exist in ground transporta-
tion, they become more stringent and complex in air spaces, where the aerodynamic
mechanism that enables a UAV to stay afloat also generates predictable turbulent air
flows in its proximity. These air flows can be complementary or detrimental to UAVs
sharing the same air space. In orbital spaces, orbits, not satellites, tend to be the most
valuable asset. When an internet-providing satellite breaks down, it must vacate its
current orbit to allow an operational satellite to take its place and resume internet

services.

4. Elevated space usage control. Traditionally, safety requirements for aircraft are
more stringent than for ground vehicles due to their greater potential for catastrophe
and the lack of sensing capabilities in the air. In addition to vehicle design, main-

tenance, and emergency response requirements, air space traffic is tightly controlled
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via air traffic control, in which aircraft need to submit their flight plan typically an
hour before departure. In most commercial flights, airlines petition for flight space
and receive flight plans weeks in advance. In the low Earth orbit, several organizations

monitor and direct spacecraft traffic to mitigate the risk of space collisions.

Thesis Contributions

To enable efficient and safe aerospace-based mobility and connectivity services, this thesis

combines game theory, optimization, and Markov decision process to develop scalable plan-

ning frameworks that are resource-centric, ensure safety under uncoordinated interactions,

and attenuate the impact of local disruptions on fleet-level performance. A detailed list is

given below.

1. Existence of Nash equilibria for selfish multi-vehicle routing under envi-

ronmental uncertainty. We model a group of heterogeneous players responding
to stochastic demands as a congestion game under Markov decision process dynam-
ics [71, 69]. We formulate the player-specific optimization problem, prove the equiva-
lence between the Nash equilibrium and the solution of a potential minimization prob-
lem, and derive dynamic programming approaches to solve the Nash equilibrium with
linear computation complexity in the number of players. Under the Markov decision
process congestion game framework, we then study the problem of using incentives to
enforce population distribution constraints on irrational players in stochastic environ-
ments. We show that myopically updating incentive results in sublinear convergence of
the empirical average constraint satisfaction of irrational players with an upper bound

on their irrationality [66, 74].

Attenuating disturbances from fleet performance metrics. While disturbances
injected along a coordinate corresponding to any individual player’s actions can always
affect the overall learning dynamics, a subset of players can be disturbance decoupled.
We provide the necessary and sufficient conditions to guarantee disturbance decoupling
in games with quadratic cost functions [72]. Under the non-atomic Markov decision
process framework, we analyze the sensitivity of the congestion game’s Wardrop equi-
libria to perturbations in the player costs by applying implicit function analysis. The
stochastic Braess paradox is defined and shown to exist in simple Wheatstone net-
works [70].



3. Fixed point analysis for Bellman operator under MDP parameter uncer-
tainty. We study the effect of parameter uncertainty on contraction operators used
in dynamic programming and reinforcement learning. For compact parameter uncer-
tainty, we define a set-based value operator and show the existence of an invariant value
function set [67, 68]. The invariant value function set is interpreted in the context of
robust dynamic programming. We show that classic robust and optimistic policies
correspond to bounding elements of the invariant value function set. Furthermore, we
derive Hausdorff-distance convergence guarantees for diverging value iterations. We
relate the existence of extrema points of the invariant value function set to proper-
ties of the MDP parameter uncertainty set. In particular, we derive a containment
condition for guaranteeing the existence of the extremum points and relate it to the

rectangularity condition used in robust dynamic programming.



Chapter 2

MATHEMATICAL MODELS: CONSTRAINED
OPTIMIZATION, MARKOV DECISION PROCESS, AND
GAME THEORY

To model fleets of intelligent vehicles subjected to shared resource disruptions and
stochastic dynamics, this dissertation combines techniques from Markov decision process,
game theory, and optimization. In this chapter, the key models and concepts are introduced

along with the mathematical notation used throughout the rest of the dissertation.

2.1 Constrained Optimization

Optimization is widely employed in control theory for designing stable and optimal con-
trollers. Common techniques include model predictive control (MPC) [112], state-feedback
controller design [143], and linear quadratic regulator [58], among others. An optimization

problem has the following general form.

min f(z)
z€eR (21)
s.t. g(x) <0, h(x) =0,

where x is a vector that includes both the state and control decision variables', f : R® — R,
g :R"+— R™ and h : R® — RP are assumed to be continuous functions. The objective
function f quantifies the performance of any control input and the resulting trajectory. The
functions g and h typically enforce dynamic feasibility and physical constraints on control
input, safety, etc. The goal of (2.1) is to find a feasible set of controls that minimizes f while

satisfying the given constraints.

Definition 2.1 (Local and global optimality) [19, Sec.1.4] A point x* € R"™ is a local

Lwhile many optimal control problems separate the state and control variables [58], we keep them together
so that the optimization problem formulation (2.1) can also apply to the linear program formulation of
Markov decision processes.



mainimum for the optimization problem (2.1) if there exists € > 0, such that
f(@*) < f(x), Ve B(a).

If the inequality above is strict, f(z*) < f(x), then x* is a strict local minimum. If € = oo,

then x* 1s globally optimal.

Consider the unconstrained problem mingegn f(z) where f : R” — R is continuously dif-
ferentiable, a necessary condition for a candidate point x* to be locally optimal is that the
objective gradient df (z*)/dx = 0 € R™ [25]. However, when constraints such as g and h (2.1)
exist, a point x* can be the optimal solution with a non-zero gradient vector [19]. Thus,
a more general condition is needed to check whether a given point is a candidate for the
optimal solution. We introduce the Lagrangian function of the constrained optimization

problem (2.1) to facilitate the discussion of this more general condition.
L(z, o) = f(@) + 1 g(x) + 0 h(x), peRY, o eR?, (22)

Intuition for Lagrange multipliers. In (2.2), u € R} and o € RP are referred to as the La-
grange multipliers [19, Prop.1.29]. They penalize the original objective f(x) when x violates
g(x) < 0 or h(z) = 0. If the constrained optimization problem (2.1) satisfies known con-
straint qualifications [96], then there exists Lagrange multipliers, 0* € R? and p* € R7?, can
be tuned to specific values (p*, 0*) for which the optimization problem mingegn L(x, *, 0*)
and the constrained optimization problem (2.1) coincide in the locally or globally optimal
solution. Additionally, mingern L(z, u*, 0*)’s optimal solution 2* necessarily obeys the orig-
inal constraints g(2*) < 0 and h(z*) = 0. This intuition led to the development of the KKT

conditions.

Definition 2.2 (Kahn-Karush-Tucker (KKT) conditions) [19] The KKT conditions
for the optimization problem (2.1) are defined for vectors x € R*, u € R™, and o € RP, and

given by
)+ nm @)+ 0™ 0wy =0
g(x) <0
h(z) =0 (2:3)
>0
pigi(x) =0, Vi € [m]



Necessary conditions for constrained optimality. When the optimization objective
and constraint functions are continuously differentiable, f,g,h € C%(R™ R), and the op-
timization problem (2.1) satisfies certain constraint qualifications, Lagrange multipliers p*
and o* that satisfy the KKT conditions must exist at locally optimal and globally optimal
solutions [19, Prop.1.29]. Of the many constraint qualifications that have been defined [105],

the following ones address the optimization formulations found in this dissertation.

1. Affine constraints The constraints g and h are affine functions of x [14, Thm.10.5] .

2. Convexity The constraint function g and the objective f are convex in z, and the
equality constraint function h is affine in = [22, Chp.5.5]. In particular, the KKT
conditions are necessary and sufficient for optimality: there exist Lagrange multipliers
(*, X*) and a feasible vector z* € R" that satisfy the KKT conditions (2.3) if and only

if 2* is the globally optimal solution.

Under these constraint qualifications, Lagrange multipliers can be found via the following
min-max formulation.

e o, Tl L(z,p,0) (2.4)

The inner minimization problem is a function of the Lagrange multipliers p and o, and is

referred to as the dual function, d : R x RP — R, given by

d(p,0) = min L(z, p,0), p€ R}, 0 € R,

reER?

When the dual function d can be evaluated analytically, the dual form of constrained opti-

mization problem (2.1) is given by

d : 2.5

L, (k. 0) (2.5)

In Section 2.2, we use the KK'T conditions to derive the dual formulation of the Markov de-
cision process, a framework for decision-making in stochastic environments. KKT conditions
are also used in Markov decision processes to derive dynamic programming, where the value

function corresponds to the Lagrange multipliers introduced in KKT.



2.1.1  Frank-Wolfe

The Frank-Wolfe algorithm is an iterative first-order gradient descent algorithm for opti-
mization problems [62] with convex constraints. At each iteration, the algorithm minimizes
the gradient of the linearized objective function over the feasible set to obtain the search

direction. The next iterate is then obtained by moving along the search direction.

B¢ argmin Vi) y

yEeR™, g(y)<0, h(y)=0 (2.6)

2 = (1 — oF)z" + afykt!

Y

Frank-Wolfe can be leveraged to solve optimal control problems with complex objective
functions. We note that the first step in (2.6) is equivalent to solving the optimization
problem (2.1) with the objective replaced by its first-order approximation at x*, f(r) =
f(a®) + Vf(2*) " (x — 2¥). In subsequent sections, we apply this to game settings in which
players follow Markov decision process dynamics. We leverage existing dynamic program-
ming algorithms to solve Markov decision processes with coupled player costs. Frank-Wolfe

under a diminishing step size has a sublinear convergence rate [62].

Proposition 2.1 /55, Thm.1] When the objective function f in the optimization prob-
lem (2.1) is convex and continuously differentiable, constraint set X = {x € R* | g(z) <

0,h(z) = 0} has diameter R*, and the objective gradient NV f is B-Lipschitz continuous,

Frank-Wolfe (2.6) with a step size o = k%z converges to f’s optimal solution, x*, as
) - fa) < P pen
T k+1

2.2 Markov Decision Process

Markov decision processes (MDPs) [107] are widely used in artificial intelligence [135] and
control theory [107, 109], due to their flexibility and ability to model a wide range of decision-
making problems in uncertain and dynamic environments. In a discrete-time MDP, a decision
maker selects an action from the current state, which then determines the transition prob-
ability distribution for the next state. This probabilistic transition model is known and

only depends on the current state and action [107, Sec.2.1.3]. The decision maker’s goal

2The diameter of set X is given by max, yex ||z — v
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is to minimize the expected cumulative cost obtained over a finite or infinite time horizon.
Equivalently, the decision maker aims to find a policy, which maps states to actions, that
minimizes the expected cumulative costs. When the cost and transition parameters of an
MDP are unknown, the MDP becomes a reinforcement learning problem [126].

We focus on the discretized state-action MDP given by ([S], [A], P,C,~,T), where v €
(0, 1) is the discount factor, [S] = {1,..., S} is the finite set of states and [A4] = {1,..., A}
is the finite set of actions, and 7 = {0,..., T}, where " € NU {oo}, is the time horizon.

Without loss of generality, assume that every action is admissible from each state s € [S].

1. Costs: The cost of taking an action a from state s at time step t is a realization of
the random variable (s, a) that takes on values in real numbers. We assume that the
random variable ¢;(s, a) has a well-defined expected value E[c;(s, a)] = Cis, € R, which

represents the average cost over all possible realizations of ¢ (s, a).

2. Transition dynamics. At each time step ¢ in state s and while taking action a, the
decision maker’s next state is determined by a random variable p;(s, a) that takes on
a value in the state space [S]. The probability distribution associated with p(s;, a;)
only depends on the current state and action, (s;,a;). We denote the probability of
transitioning to state s’ at t+1 by Py, € Ry. The transition dynamics satisfy simplex

constraints at each time step and for each MDP state-action pair, given by

S Pasa = 1, Posa >0, V(t,5,5,0) €{0,..., T— 1} x [S] x [S] x [4].  (2.7)
s'€[S]

3. Policy. The decision maker selects actions at each state via a policy: a state-dependent
random variable 7(s) that takes on values in the action space. The action selected at
time ¢ at state s is given by m(s) that takes on values from the action set [A]. We
denote the conditional probability of choosing action a at (s,t) by ms, € Ry and the
probability distribution associated with the random variable m;(s) by ms € Ay A
policy is deterministic if at every state and time step (s,t), ms, = 1 for exactly one
action and 0 for all other actions. A non-deterministic policy is a stochastic policy.

A time-sequenced policy is given by 7 := [, ..., 77].

4. MDP Objective. The decision maker’s goal is to minimize the expected cost incurred

over a time horizon 7. When initialized at state s and following the policy m, the
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decision maker incurs an expected cumulative cost at time t,

Vis(m) = E[Z;{:t ’chk(sk,ﬂk(sk)> ‘ 50 = 8, Sg41 ~ Dk (Skﬂrk(sk))v Vk=t,... >T]7
(2.8)

which we call the value function V() € R.

When T' = oo, the infinite horizon value function is denoted as V>°(x) € RS. The
value function V.>°(7) exists if v < 1 and the cost, transition, and policies do not vary
with time. In addition, we assume that the Markov chains generated by policy 7 are
ergodic [107]—i.e., by following policy =, the decision maker asymptotically converges
to a unique probability distribution over the state space [S] and visits all states an

infinite number of times, regardless of where the decision maker started.

2.2.1 Linear Program Formulation

An MDP can be formulated as a constrained optimization problem [42, Sec. 2.3], given by

MiNg,eqy E[ZZZO Yrer (Sk; 7Tk<5k)> | S0 ~ 2,8k ~ Pr_1 <Sk—1; 7Tk—1<3k—1)>; Vk € [T]], =A%

(2.9)
If the decision maker’s initial state probability distribution is given by z € Ag, the objective
of the constrained optimization problem (2.9) is equivalent to > c g 25Vos(7) (2.8) when it
exists. Using the Bellman principle [107, Sec.4.3], the value function Vis(7) can be recursively

computed from the time step T as

VTs Z 7TTsaC(Tsav VS € [S]
a€lA]
(2.10)
t 1)3 Z T (t— l)sa( (t—1)sa + v Z P(t—l)s’sav;s’(ﬂ-)>> \V/(t, S) € [T] X [S]
a€lA] s'€[S]

We can then reformulate the constrained optimization (2.9) as a linear program with value

function as its decision variable.

max E 205 Vos
VeR(T+1)S
sels

s.t. Vs < Crsa, Vs,a € [S] x [A] (2.11)

Vt 1)s < Ct 1)sa + v Z P(tfl)s’sa‘/tsﬂ V(t, S7a) € [T] X [S] X [A]7
s'€[S]
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where m = 7, ..., mp the policy is implicitly defined through the value function V' as

1/|argmin Ctsa’ + fYZPf/s’sa"/(t—o—l)s’| ac argmin Ctsa/ + ’yzpts’sa"/(t—i-l)s’

Misq = a’€[A] s’ a’€[A] s!

0 0. W.

Remark 2.1 (Policy and value uniqueness) The optimal objective value in the linear
program formulation of the MDP (2.11) is unique while the corresponding optimal policy is
not. The set of optimal policies always includes at least one deterministic stationary policy
in the unconstrained setting [107, Thm 6.2.11]. If there are constraints on the policy and

state space, deterministic policies may become infeasible [38].

2.2.2  Dual Program Formulation

The linear programming formulation of MDP (2.11) can be interpreted as minimizing the
expected cost incurred by a state and time-dependent policy, with the policy being the
primary decision variable. However, as decision-makers share an operation space, knowing
each other’s position in addition to their policy is crucial to avoid collisions. Towards the
goal of incorporating knowledge about each decision maker’s position, we derive the dual
formulation of the linear program in (2.5).
State-action probability distribution/occupancy measure. We consider an alterna-
tive to the policy as the primary decision variable: the state-action probability distribution,
also known as the occupancy measure in MDP literature [8]. The state-action distribution
T € A;TH)S is defined such that each element x;,, denotes the probability that the decision
maker will be in state s and taking action a at time t.

The state-action probability distribution embeds more information than the policy. Given
a policy m, let 2™ € Ag‘”l) be the resulting probability distribution in the state space, i.e.,
zf is the probability that the decision maker is in state s at time ¢ under the policy 7. The

corresponding state-action probability distribution x is given by
Ltsa = Z;ﬂtsa’v (t,S,CL) € T X [S] X [A]

If 27 is unique for a given policy 7, then z is unique for 7. Conversely, we can also compute

the policy m that produces a state-action probability distribution x. Given a state-action



13

probability distribution x, one possible policy is given by

s Y gy > 0

Mysa = § et P @ . V(t,s,a) € T x [S] x [A]. (2.12)
% otherwise

Dual formulation of MDP. The state-action probability distribution combines both the

probability of being in a state and the probability of taking an action from a given state. The

set of all feasible state-action probability distributions under transition probabilities P (2.7)

and initial probability distribution z € Ag is given by

X(P, Z) = {.%' € A2T+1)S ‘ Z x(t—l—l) =7 Z Z Pts salts' a5 ZZ’Osa - ZS? t S) € [T] X [S]}

a€[A] s'€[S] a€lA]
(2.13)

We can show that the linear programming formulation of an MDP (2.11) [107, Sec.8.9] is in
fact the dual formulation of the following optimization problem with the state-action density

as the primary decision variable and constrained to X' (P, z) (2.13).

min E E g TtsaClsa
seR(T+1SA
+

teT selS] ac|A] (2.14)
s.t. x € X(P, z).

Proposition 2.2 When T < oo, the linear program (2.5) produces the dual linear pro-
gram (2.11).

Proof: We first write out the Lagrangian function (2.2) of the linear program (2.14)
by assigning the Lagrange multiplier v, for the constraints > %45, — ’st/,a Pisgat—1)s'a
vps for the constraints ) Zosq — 20s, and fus, for the constraints x5, > 0. The resulting

Lagrangian is

IL’ v, [L Zzzwtsa0t5a+zzyts ’sztssaxt 1)s thsa

teT s a s

+ Z Vos(20s — Z Z0sa) Z Z Z ftsaTisa-  (2.15)

teT s a

Since the optimization problem (2.11) is a linear program over a compact set of solution
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variable V| it has an optimal solution, and that solution must satisfy the KKT conditions.

We write out the KKT conditions applied to the Lagrangian (2.15).

oL
axosa :C()Sa + ’7; POs’sayls/ — Vps — MHosa — 0, v (8, Cl) S [S} X [AL (216&)
oL =Cisq + ZP v — Vs — =0, V(ts,a)e{l T—1} x[S] x [A]
amtsa =Utsa T 7 — ts'saV(t+1)s’ ts — Mtsa = YU, 79 PR >
(2.16b)
oL
=Crsq — Vrs — firsa = 0,  V(s,a) € [S] x [A], (2.16¢)
a-CETsa
> Zia =7 Y PuvaT-nysar Y(ts) €{0,..., T =1} x [9], (2.16d)
Tisa >0, V(t,s,a) € T x [S] x [4], (2.16e)
lisa 20, Y(t,s,a) € T x [S] x [A], (2.16)
Mtsaltsa :Oa V(t, S, a) €T x [S] X [A] (216g)

From complementary slackness properties of u, we can derive the following recursive rela-

tionship on v for t =0,...7T — 1,

Vig = Creq + 725/ PrsrsaV(t1)s Ttsa > 0 YVt =0 T—-1 (2.17)

Vs < Ctsa + Zs/ Pts’say(t—l-l)s’ Tiea =0

Vrs = C’Tsa TTsa > 0 P (2 18)

)

Urs < C1Tsa TTsa = 0

From here, we can derive the dual formulation with primal variable V' = v and by adding
> teTselS].aclAl xtsa% back into the Lagrangian (2.15), exactly as in (2.11) which we recall

below.

max E ZOS%S
VeR(T+1)S
s€[S]

s.t. Vrs < Orsa, Vs,a € [S] x [A]

‘/(t—l)s < C1(15—1)5(1 + Z P(t—l)s’sa‘/ts’y \V/(t, S,G) € [T] X [S] X [A]
s'€lS)
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|

In the infinite time horizon, T" = oo, a joint state-action probability distribution is feasible

if only if it is stationary for the policy-induced Markov chain [107] and does not depend on the

initial distribution under the ergodic assumption. We denote this set of feasible state-action
distributions as X (P).

XOO(P) = {?L’ c Ai ’ Z Lgqg =7 Z Z Pss’al‘s’aa Vse [S]} (219)
ac[A]

s'€[S] a€lA]

2.2.3  Dynamic Programming

Among MDP solution methods, value iteration is a dynamic programming algorithm that is
commonly used.
Finite horizon value iteration. Value iteration in the finite horizon requires evaluating

the Q-value [107] of individual state-actions.

Qrsa = Crsa, ¥ (s,a) € [S] x [A]

, (2.20)
Q(tfl)sa = C(tfl)sa + Zsl P(tfl)s’sanélln Qts’a’a v (ta S, CL) € [T] X [S] X [A]

Value iteration in the finite horizon setting can be derived from the KKT conditions and
converges to the optimal value functions [107, Thm.4.3.2]—i.e., Vi = mingea) Qsq for all
(t,s) € T x[5].

Infinite horizon value iteration. For discounted infinite horizon MDPs with stationary
costs and dynamics, the optimal value function for (2.11) is the fixed point of the Bellman

operator, a value function vector V* € R¥ such that

VX =min Cy, + Py, Vi, Vs € [5]. 2.21
min VS%;] [5] (2.21)

Proposition 2.3 [107, Thm.6.2.5] For discounted infinite horizon MDPs, where S < oo,
and Cs, < 00 for all (s,a) € [S] x [A],

1. There exists V* € RS, such that (2.21) holds.

2. V* € RS is the optimal value function of the optimization problem (2.11) under con-
straints Xoo(P) (2.19).
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2.3 Game Theory

Game theory is a branch of mathematics that studies strategic interactions among multiple
decision-makers. It provides a powerful framework for analyzing decision-making processes
where the outcomes of one decision-maker’s actions depend on the actions of others. In
the context of this thesis, game theory is used to analyze the interaction between mobile
autonomous agents in a resource-sharing environment. Specifically, we use game-theoretical
notions to model agent interactions and analyze the interaction outcome. In this section, we

summarize the non-cooperative game under a complete information framework.

2.3.1 Atomic Game with Continuous Action Spaces

In an atomic finite action game [111], a finite number of players [N] each optimizes their
own utility functions via their own actions, yet every player’s utility function depends on all
players’ actions. Player ¢ can select from a set of actions, denoted as A;, and the joint action
space is given by A = II;cn)A;. We assume that each player is selfish and only interested in
minimizing his or her own utility function f; : A — R. Each player’s coupled optimization

problem is given by
min f;(a;,a_;), Vi € [N]. (2.22)

a;€EA;
Since each player’s utility depends on the joint action, the simplest preferable outcome for
all players is to find a joint action in which everyone has minimized their individual utility
under the assumption that the rest of the players will not change their current actions. This
joint action is the Nash equilibrium of the game. A Nash equilibrium extends the concept
of optimality for (2.1) in the sense that one joint strategy now simultaneously optimizes N
different utility functions (2.22).

Definition 2.3 (Nash equilibrium) A joint action a* € A is a local Nash equilibrium

if for every player i € [N], there exists an open set M; C A; such that each a} € M;, and
fi(a:a atz) S fi(aiv ati)v v a; € Mz (223)
Moreover, if M; = A; for all i € [N], then a* is a global Nash equilibrium.

At Nash equilibrium, no player has the incentive to deviate from their current strategy if all

other players do not change their strategies.
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Continuous games We consider a class of games in which each player’s pure strategy is an
element of a finite-dimensional space, A; C R™ Vi € [N], and each player’s utility function
is twice differentiable over the joint action space, f; € C*(R™,R). Equivalently, players have
a continuum and an infinite number of actions to select from. The joint action space is
denoted as A =R™ =R™ x ... x R™V,

For continuous games, the set of Nash equilibria is equivalent to the set of joint ac-
tions whose player cost gradients and Hessians satisfy the following necessary and sufficient

conditions.

Proposition 2.4 (Necessary and sufficient conditions for Nash equilibria) [/10] If

the joint strateqy © = (x1,...,xy) is a local Nash equilibrium, then
w(@) = [0fi(2)/0n,...0fw(x) /D] =0, OFF () /002 = 0, ¥i € [N].

Continuous game models are used in Chapter 5 to understand how disturbances in players’

gradients affect the stability of other players in gradient-based learning dynamics.

2.4 Non-atomic MDP Congestion Games

In non-atomic MDP congestion games, a continuum of players competes for congested re-
sources under discrete state-action MDP dynamics [27].

In contrast to atomic games in which the player set is finite and each player’s dynam-
ics and objectives are unique, non-atomic games feature players who are identical in their
transition dynamics and costs. Instead of having a joint action, the player population action
profile within non-atomic games is characterized by a continuous distribution where an indi-
vidual player’s action contributes to the zero-measure subset of the joint action distribution
(see [59, Sec.2] for details). Non-atomic games are particularly useful for computing and
analyzing the trends of a large group of decision makers. In addition to the MDP congestion
game that we describe below, non-atomic games encompass routing games [114], continuous
stochastic games [125], and mean field games [64].

Consider a continuous population of players, each with identical MDP dynamics and
congestion costs over a state-action set [S] x [A] for (T'+ 1) time steps. The players have a
total population mass M and an initial population distribution pg € Ag over the state space.

All players follow MDP transition dynamics given by P (2.7). The set of feasible population
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distributions is given by

y(P,po) = {y S RSFT—H)SA‘ Zytsa = Z P(tfl)ss’ay(tfl)s/av ZyOSa = Dos v(t7 5) S [T} X [S]}v

(2.24)
where 14, is the portion of the playing population that takes action a from state s at time
t. We emphasize that y is a vector in RfH)SA whose coordinates are ordered as

T
Y= [yooo -+« Yoo --- Y00 --- yT(Sfl)(Afl)] . (2.25)

We allow T' = oco. Similar to infinite horizon MDPs, the set of feasible population distribu-

tions is only those that are stationary for the resulting Markov chain.

Voo (P) = {y € RiA‘ S o = ZS,’aPsslays,a}, (2.26)

Player costs. At the time ¢, each player incurs a cost as a function of the population
distribution y, given by £, : RTTV54 — R. We collect £y, into a cost vector £(y) € RT+DS4
under the same ordering as y in (2.25).

Non-stationary Q-value iteration. Similar to MDP literature, a player’s expected cost-

to-go at (t,s,a) is its Q-value function, recursively defined as

gtsa(y) t="1T

g(tfl)sa(y) + 7y Z P(tfl)s’sa min Qts’a’ (y) te [T]
s'c[S] a'€[A]

Qtsaly) = , Vs,ae[S] x[A]  (2.27)

When T = oo, the @)-value functions are vector-valued functions that satisfy the following
condition.
Quay) = luay) +7 Y Pysa i Qv (), Vs, € [S] x [4]. (2.28)
s'elS]

Non-atomic games have historically been used in traffic assignment research for modeling
competitive behavior in transportation systems [104], where the equilibrium is typically
referred to as a Wardrop equilibrium. In the case of non-atomic MDP congestion games,
while the Wardrop equilibrium and the Nash equilibrium evaluate as the same, we adopt the
convention used in traffic assignment literature and refer to the population distribution at

Nash equilibrium as Wardrop equilibrium.
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Definition 2.4 (MDP Wardrop Equilibrium [27]) A population distribution y* € Y (P, po) (2.24),
is an MDP Wardrop equilibrium for the MDP congestion game if its Q-value function (2.27)
satisfies

Vo > 0= Qua(y’) = min Quu(y'), ¥i(t,5,0) €T % [5] x [A] (2.29)

When T = oo, y* € Y(P) (2.26) is an MDP Wardrop equilibrium if its Q-value func-
tion (2.28) satisfies

yi, > 0= Qu(y*) = mi[,{xl] Qs (yF), Y(s,a) € [S] x [A]. (2.30)
a’e
At MDP Wardrop equilibrium, every positive portion of the decision-making population
exclusively chooses actions that incur the minimum expected cost-to-go.
An MDP congestion game has a unique MDP Wardrop equilibrium for the class of strictly

increasing congestion cost functions.

Assumption 2.1 {;,, : R — R is a strictly increasing function of yisa for all (t,s,a) €
T x [S] x [A].

In agreement with the colloquial definition of congestion, the cost in each time-state-action
triplet increases as more decision makers choose the triplet through their policy. When the
player cost functions satisfy Assumption 2.1, the MDP congestion game can be characterized
as a potential game. In Chapter 3, we show that other classes of congestion costs can also

generate a potential game.

Definition 2.5 (Potential game [117, 27]) We say that the MDP congestion game is a
potential game if there exists a continuously differentiable function F : RTH)*SXA 4 R sych

that OF (y)/0Yisa = lisa(y) for all (t,s,a) € T x [S] x [A] and y € Y(P,po) (2.24).

While a potential function may not always exist for an arbitrary congestion cost, multi-agent
systems in which the players compete for a shared resource (space, demand) are likely to
have a potential function. We show in Chapter 3 and Chapter 4 scenarios in air traffic
management, warehouse logistics, and transportation in which we can explicitly derive a
potential function. Furthermore, we show that nonconvexr potential games can be used to
model competitive air traffic routing.

Connection to stochastic games. MDP congestion games and stochastic games are both

multi-player extensions of MDP via its linear program formulation (2.11). The coupling
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quantities between players, the population distribution in MDP congestion games, and the
joint policy in stochastic games [122], are the primal and dual variables of the MDP [107,
Eqn 6.9.2], respectively. In stochastic games, each player’s cost function depends on the
joint policy m. On the other hand, MDP congestion games model congestion effects more
accurately by defining the congestion cost as a function of the population distribution y.
This key difference allows MDP congestion games to avoid superficially inflating congestion
costs, which can happen in stochastic games when a state-action pair (s, a) is assigned a high
cost despite the population having a low probability of being in state s. In MDP congestion
games, high congestion costs are assigned only when both the portion of players in state s
and the likelihood of these players taking action a are high. This leads to more precise and

realistic modeling of congestion effects in air traffic and ground transportation.
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Chapter 3

MARKOV GAMES WITH INDEPENDENT TRANSITION
DYNAMICS

As autonomous path planning algorithms become widely adapted in aerospace and robotics [144,
99], the standard assumption that the operating environment is stationary is no longer suffi-
cient. More likely, autonomous vehicles share the operating environment with other vehicles
that may have conflicting objectives. For single-vehicle planning without inter-vehicle coor-
dination, the possibility of collision has led to a greater emphasis on the algorithm’s obstacle
avoidance and robustness properties. However, assuming that a centralized communication
framework exists for autonomous vehicles, the overarching goal should be to coordinate each
vehicle path to achieve simultaneous optimality. We are motivated by applications such as

air traffic management [20] and warehouse package retrieval [61].

We focus on settings in which a group of heterogeneous players plan paths in a shared
environment and are collectively influenced by the same exogenous random variables. For
example, fleets of robo-taxis fulfilling ride demands while avoiding congestion in traffic [137],
warehouse robots retrieving packages that arrive at uncertain times [61, 76], and commercial
aircraft attempting to stick to scheduled paths subjected to weather and passenger loading
uncertainty. The common feature in these applications is that each vehicle has an indepen-
dent goal subjected to some exogenous random variable, yet competes for space in a shared
operation environment with other vehicles. We assume that the desired outcome is a com-
petitive equilibrium: every player has an optimal path for completing their independent task
in the shared operation space.

In this chapter, these path coordination problems are analyzed under the Markov game
framework. We extend the existing MDP congestion game framework to the atomic setting
for a finite number of players and non-symmetric game Jacobians. For the potential game
setting, we show that both convex and nonconvex potential functions arise in air traffic and
warehouse routing, and derive equivalence between KKT points and stationary points of
coupled Q-value iteration.

Contribution summary. We propose a Markov game with finite players and independent
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player probability distributions. We define dynamic programming-type optimality conditions
for the Nash equilibrium and provide necessary and sufficient conditions for its existence for
different subsets of game functions. For the multi-player path coordination problem, we
provide examples of player cost functions that result in jointly optimal paths that minimize
the probability of collision between players. Finally, we provide a distributed algorithm
that converges to the Nash equilibrium and give its convergence rate. We demonstrate our
model and algorithm on a two-dimensional autonomous warehouse navigation problem where
robots retrieve and deliver packages with stochastic arrival times while sharing a common
navigation space, and an air traffic management example in which each flight must minimize

its deviation from pre-scheduled flight plan while avoiding collision in shared air spaces.

3.1 Atomic Markov Game with Independent State Transitions

In this section, we formulate an atomic Markov game that extends individual MDPs from
Section 2.2, prove necessary and sufficient conditions for quantifying its Nash equilibrium via
non-stationary Q-value iteration, solve for the Nash equilibrium via Frank-Wolfe algorithm,
and provide application examples in air traffic management and warehouse logistics.

We consider N players each solving an MDP ([S], [A], T, P, (%, pi)) for i € [N]. Each player
controls their own location situated within the common state space [S], accesses a common set
of actions [A] at each state, and solves an MDP with time horizon 7 = {0,...,T}. Player
i’s state transitions are controlled by player i’s actions and are denoted by P! € AL
Player i’s state-action costs are coupled with the opponent state-action distributions via ¢,

described in detail below.

Joint state-action distribution. We collectively denote all players’ state-action distribu-

tions as
r=(z', ... ,2") € A]X(TH)S. (3.1)

Each player i’s state-action distribution is defined by (2.13). We assume that z is fully
observable and may denote it as @ = (2',27") where 7" = (27);en) 4} to emphasize the
strategies of player i’s opponents. Player i’s state-action distribution can be extracted from
player i’s policy 7 € A(ATH)S via (2.12).

Player costs. Also referred to as state-action costs, the player costs are defined for each

time-state-action triplet as continuously differentiable functions of the joint state-action
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distribution x, given in vector form as
¢ ANTHDS L RIEDSA N, (3.2)

Player i’s MDP cost function at time t € T, state s € [S], and action a € [A] is specifically

. AN(T-H)

referred to as ¢ A S R, and all players’ state-action costs as a vectored function

tsa °
£: A]X(TH)S — RN(T+DSA “sequentially ordered by increasing action, state, time, and player

number, in that order, as
€(x) = (031 (2), Bh1a(2), ..., g 4 (x)] € RYTTVIA, (3.3)

We assume that each player’s state-action cost ¢ is the gradient of a continuously differen-

tiable function.

Assumption 3.1 (Objective existence) For each player i € [N], there exists a continu-
ously differentiable function F* : ANV s R such that OF(x)/0xt,, = 01, (x), for all
(t,5,0) € T x [S] x [A] and z € AYTTYS.

Remark 3.1 Assumption 5.1 is analogous to assuming objective differentiability in games
with continuous action spaces [128]. If each x' is treated as a continuous playing population,

then Assumption 5.1 is identical to the existence of a potential function for each popula-
tion [32].

Individual MDP. Under Assumption 3.1, players solve MDPs with coupled objectives and

independent transitions, denoted as

min F' (2", 27") s.t. o' € X(P', pl), Vi € [N]. (3.4)

1-2

Remark 3.2 We make a distinction between the player’s MDP objective, F*, and the player’s
MDP state-action costs, {*. The objective is the overall function being minimized by player i,
while the state-action costs are the stage-wise incurred costs for being at a state-action pair.
Under Assumption 3.1, OF/0x" = (*. In a single-player finite horizon MDP, the objective
is given by Zts’a CisaTisa and the state-action costs are Cyg, al each (t,s,a) € T x [S] x [A].
The optimization problem is explicitly formulated in (2.14).
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Best response. When player ¢’s opponents select strategies that result in the state-

action distribution 2%, player i’s best response state-action distribution is given by the set

argmin r+ns Fi(u', 7). If all players simultaneously select the best response, the cor-
A

uteA
responding joint state-action distribution is a Nash equilibrium (Definition 2.3). We recall

Nash equilibrium from Definition 3.1 for Markov games below.

Definition 3.1 (Nash equilibrium) The joint state-action distribution x* € [, X (P, pp)
is a local Nash equilibrium if there exists an open set X; C X(P',p}) such that 2™ € X;,

and
Fi(z™ 200 < Fi(a' 209%), Vale X' C AEL‘TH)SA, i=1,...,N. (3.5)

If X' = X(P',p) for all i € [N], then z* is a global Nash equilibrium.

Definition 3.1 adapts the standard Nash optimality framework from Definition 2.3 to a
Markov environment via the dual formulation of MDPs (2.14).

Coupled Q-value functions. In MDP congestion games, we can evaluate whether the

playing population taking optimal strategies by checking the associated Q-value functions

Q € RI+DS4 (2.90) against the optimality condition (2.29). Similarly, given a joint state-

1 N

)

action distribution x = (z',...,2"), we want to be able to qualify it as a Nash equilibrium

SA

using the corresponding Q-value functions Q’(z) € R+ For Markov games of the

form (3.4), each player i’s Q-value at joint state-action z is given by

Qsa() = Uy (@), ¥ (i,8,a) € [N] x [S] x [A]
Qi 110a(®) 1= e 1100(2) + Ty Pl pyain @ (2), ¥ (111, 5,0) € [N] x [7]  [5] x [A].
(3.6)
In (3.6), player i’s Q-value changes both when its opponents change their policies and when
player ¢ changes its policy. This is a significant departure from the non-atomic setting in
which the playing population is represented via a continuous distribution in Section 2.4.
Q-value optimality. For a continuous population distribution y and corresponding Q-
values Q(y) (2.28), recall that y is the MDP Wardrop equilibrium (Definition 2.4) if and
only if Q(y) satisfies (2.23) . The analogous @-value optimality condition for atomic players
is given by

zl, > 0= a € argmin Q' ,(r), V(i,t,s,a) € [N] x T x [S] x [A]. (3.7)
a’€[A]

Unlike the non-atomic Markov games, having optimal Q-values is not equivalent to achieving
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Nash equilibrium. In the following section, we will show that for specific player cost struc-
tures, the equivalence will hold. However, for all player costs that satisfy Assumption 3.1,

Q-value optimality (3.7) remains a necessary condition for achieving Nash equilibrium.

Proposition 3.1 When the player costs & (3.3) satisfy Assumption 5.1, Q'(x) satisfies Q-
value optimality for i = 1,..., N if and only if the corresponding the joint state-action
distribution x = (z*,...,2N) (3.1) satisfies the KKT conditions (2.3) of playeri’s MDP (3.4)
fori=1,..., N with the appropriate Lagrange multipliers.

Proof:  Under Assumption 3.1, OF(x )/(%’ = (i(x) for all i € [N]. Assign the

(T+1)SA

dual variables u' € RY for ' > 0 and ¥ € RT+Y%4 for the equality constraints in

X (P, p}) (2.13). The Lagrangian of (3.4) for player i is given by

L('ri7yi7ﬂ) Fl LU y L Z Zutsaxtsa+z I/OS xOS Z'TOSa _'_Z Vts Zpt 1) ssa thsa

t,s,a

The KKT conditions are 1) primal feasibility x' € X(P%,p}), 2) dual feasibility u* > 0,
3) complementary slackness pi i, = 0, V(t,s,a) € T x [S] x [A], and 4) stationarity
condition (Definition 2.2). In particular, the stationary condition can be derived for all
(t,s,a) € T x [S] x [A] as

a‘,sa(x x—z) + Z ts sa -t+1) st + :U’isa t # T7

4 (3.8)
’lTsa('r’x Z):I/Ts_|_luT8a t="T.

We show that the KKT conditions (3.8) are equivalent to the Q-value definition (3.6) by
showing that one implies the other. To simplify notation, we use Q! to denote Qi ().
(=): suppose (z', 1", ') satisfy the KKT conditions. When z!,, > 0, v/, represents the
value function and v, + put,, represents Q-value. When xi_ = 0, we shift (v, u") to (07, i)
to generate the optimal Q-values. To this end, define \* € RT+)SA Al ¢ R(T+2)S /li €
RITH+DSA pi ¢ RT+DS recursively backwards in time from ¢t = T. At T = t, let A’TH , =

0 Vs € [S]. All other variables are recursively defined as

)\isa lutsa + Z ts’ saAZH»l A%s = mina/ Aisa’? ﬂisa = )\szsa A?ﬁs? ﬁtIS = yts + Alzfs
(3.9)
The variables ', A, i, 7* have the following recursive property: if ¢ > 0 implies \{,, =0

tsa

at time t for all (s,a) € [S] x [4], then w(tfl)sa > 0 implies that )\(tfl)sa =0 for all (s,a) €
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[S] x [A]. To see this: from complementary slackness, xétfl)sa > 0 implies pf&til)sa = 0.
Subsequently, A, )., = 0 (3.9) if P, . Al = 0Vs € [S]. At s" € [S], we can show
that either P, .., =0 or A;‘fs, = 0. Suppose P(t 1)s'sa
that %H)sa >0, P(t 1)s'sa (t 1sa > 0. Since 3 ey NED D P(itfl)s/saxétfl)sa > 0, there

o'sa > 0, under the original assumption

exists @’ € [A] such that ai,, > 0. From the induction condition, i, > 0 implies that
A = 0. Then, from its definition (3.9), A!, <0 . If Alt+1 > 0, then X!, > 0, therefore,

ts'a ts'a =

A}y cannot be negative and Af, = 0. This shows that I, , . Al =0Vs' € [S].
At t =T, zk,, > 0 implies %, = 0 and N, = 0. Therefore, the recursive property that
=0 holds for all t € T.

A’GH)S, to (3.8), simplify it via (3.9), and obtain

xl,, > 0 implies \!
We add >, P

tsa —

(t+1)s’sa

tsa( ) + Z ts sa v t+1) ﬁZs + laisa le [T]
gZTsa(m) = VTs + /‘LTsa 1= T

(3.10)

We define Qi,, = U}, + fii,,. From (3.9), fii,, is always non-negative, and ji!,, = 0 for some
a' € [A]. Therefore min, Q. , = f,, and Q' substituted in (3.10) is equivalent to the Q-value
definition (3.6).

(«<): given Q-values Q'(x) that satisfy (3.7) for @ = 1,..., N, we can construct the
dual multipliers {v', ' };eqn) that satisfy the KKT conditions. Let v}, = min, Q},, for all
(i,t,s) € [N] x T x [S], and pui,, = vi, — Q.,, for all (i,t,s,a) € [N] x T x [S] x [A4]. We
can show that (z%, 1%, u*) satisfy primal feasibility z* € X' (P, pi), 2) dual feasibility p* > 0,
and 3) complementary slackness izt = 0, V(t,s,a) € T x [S] x [A]. The stationarity
condition (3.8) is equivalent to the Q-value definition (3.6). [
KKT conditions characterize regular locally optimal solutions to optimization problems. We

show here that they are also necessary conditions for local Nash equilibria.

Lemma 3.1 (Necessary condition for Nash equilibrium) When Assumption 3.1 is sat-
isfied and each player solves a coupled MDP problem (3.4), the Markov game’s local Nash

equilibrium z* (2.23) generates Q-value functions Q'(z*) (3.6) that satisfies the Q-value op-

timality condition (3.7) fori=1,... N.

Proof: From Proposition 3.1, (z'*,. .., 2V*) satisfy the KKT conditions of the coupled
MDPs (3.4) for i = 1,..., N if and only if Q*(z*) satisfies (3.7) with respect to =™ for i =

1,..., N. Each optimization problem (3.4) optimizes a continuously differentiable objective
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over affine constraints X (P’ pj) (2.13). As such, the linear constraint qualification [105]
applies to (3.4), and the KKT conditions are necessary for local optimality. [ |

Proposition 3.1 shows that Q-value optimality (3.7) is necessary for a joint state-action
distribution x to be a Nash equilibrium, but whether or not it’s sufficient is yet to be deter-
mined. To show that Q-value optimality is indeed not enough for Nash equilibrium, we give
an example of when the Q-value optimality conditions are satisfied but the corresponding
state-action distribution is not optimal below in Example 3.1. This is a significant depar-
ture from non-atomic MDP congestion games, in which the MDP Wardrop equilibrium is
necessarily and sufficiently characterized by the continuous player Q-value optimality condi-
tion (2.29).

Remark 3.3 In non-atomic MDP congestion games, individual players cannot change the
state-action costs unilaterally, whereas, in atomic Markov games, the player-specific state-

action costs will change when individual players unilaterally change their policy.

Example 3.1 (Self-inflicted state-action congestion) We give an example of a state-
action distribution that is optimal with respect to the Q-values (3.7) but is not optimal for the
player-specific optimization problem (3.4). Consider a one-time step, single-state, two-action
MDP, such thatT =S =1 and A = 2. We assume that a single player occupies this MDP
state-action space, and denote the joint state-action distribution by r = (xo11,Te12) € Ag,
where xo11 1s the probability of the player taking action ay and xg15 1S the probability of the
player taking action ay. The single player MDP (3.4) can be written as

mxin 2x011 + 2012(3 — 22012) S.t. o1 + To12 = 1, To11, To12 > 0. (3.11)

The two state-action cost functions are given by loi1(z) = 2, Lo12(z) = 3 — 2x012. At the

joint state-action distribution x = (1,0), the corresponding Q-values are given by

Q(lm((l,O)) =2, Qém((lao)) =3. (3‘12)

We can verify that at the state-action distribution v = (1,0), the Q-values (3.12) satisfy
the optimality condition (3.7), but x = (1,0) is not an optimal solution to the linear pro-

gram (3.11) . In fact, any z. = (€, 1 — €) will incur a smaller cost if e € (0,1).

For the set of player cost functions that satisfy Assumption 3.1, Q-value optimality (3.7) is

necessary but insufficient for establishing simultaneous optimality (3.5). However, we can
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classify sets of player costs for which Q-value optimality (3.7) is both necessary and sufficient

for characterizing the corresponding joint state-action distribution x as a Nash equilibrium.

Lemma 3.2 (Sufficiency via convexity) When player cost functions (€*,...,0N) satisfy

Assumption 3.1,

1. if o0 (x™, x=™)/0x" = 0, for all i € [N] at a joint state-action distribution z* €
[Liepy X (P, 15), and Q*(x*) is Q-value optimal (3.7) for alli € [N], then x* is a local

Nash equilibrium;

2. if 0l'(x)/0x" = 0 for all v € [[;cny X (P',pp) and i € [N], and x* is Q-value opti-
mal (3.7) for all i € [N], then x* is a global Nash equilibrium.

Proof: Under Assumption 3.1, player ¢ solves (3.4) with objective F* for i =1,..., N.
Since F* is continuously differentiable, its Hessian 0% F'(x%, z7%) /(0x%)? exists and is equivalent
to the Jacobian of the cost player cost function, 9¢‘(x)/dz", which is positive definite by
lemma assumption. From the second-order sufficiency condition [96, Thm.12.6], = is a strict
local solution of the optimization problem (3.4) for player . Since this holds for all i € [V],
x* is a local Nash equilibrium.

If 90 (x) /02" = 0 for all 2 € X(P',py) and i = 1,..., N, then every player’s optimization
problem (3.4) is convex in z*, and their KKT conditions are necessary and sufficient for global
optimality. From Proposition 3.1, z%* satisfies the KKT conditions if and only if Q*(x™, x=*)
satisfies Q-value optimality (3.7) fori =1,..., N. [ |
In Lemma 3.2, the first result on local Nash effectively results from a second-order sufficient
condition due to strict convexity, while the second result on global Nash results from convex

optimization.

Remark 3.4 (Existence of Nash equilibria under convexity) In Lemma 3.2, the con-
dition 90'(x)/0x" = 0 for all ' € X(P',p}) implies that F'(z',x™") is convexr in ' for
i=1,...,N. This ensures that at least one Nash equilibrium will exist [115, Thm.1].

Remark 3.5 (Set of Nash equilibria under monotonicity) In Lemma 3.2, the condi-
tion that O0'(x)/dz" = 0 for all x* € X(P',p}) also implies that (z) (3.3) is a monotone
mapping, i.e., (x—y)" (&(x)—E&(y)) = 0 Va,y € [Ticiv X (P, pt), then convexity and unique-
ness properties for the set of Nash equilibria can be established via [120, Thm.3].
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3.1.1 MDP Congestion Games

Markov games of the form (3.4) are equivalent to N MDPs that are coupled in their cost
functions. We briefly discussed convexity and monotonicity restrictions in Remarks 3.4
and 3.5, where we restricted the structures of 9¢(z%,z7%)/0x" for i« = 1,...,N. In this
section, we restrict the structure of the gradient of ¢* with respect to 27 for all j # i and
i € [N], and show that under a specific symmetry condition, the resulting Markov game can
be reformulated as a single optimization problem via the existence of a universal potential

function.

Definition 3.2 (Universal Potential Function) The function F : RNT+DS4 3 R s ¢

universal potential function if it is continuously differentiable and satisfies

= 0", ..., 2N, V(! ye [ x(P.pi). Vie [N (3.13)

1€[N]

A universal potential function can only exist if Assumption 3.1 is satisfied. In Assumption 3.1
individual MDPs (3.4) are assumed to possess a unique objective function F* : RNT+DS4
R. If F' = F?2 = ... = F¥ then each F" is a universal potential function as defined in
Definition 3.2. However, note that having identical optimization objectives is not equivalent

to players having identical MDP costs.

Proposition 3.2 (External symmetry condition) [117] [63, Thm.3.2,Thm.3.4] A uni-
versal potential function F : RNTHDSA s R that satisfies (3.13) ewists if and only if the
player costs (%, ... N satisfy
ol ol
isa( )_ ts‘.’(x),V(i,t,s,a),(i’,t’,s/,a’)E[N]X’Tx[ S| x [A], Vx € HX Db

7
oxty oxk,, el

(3.14)

Remark 3.6 Proposition 3.2 provides intuition for when a universal potential function may
exist. When players are coupled to each other through sharing resources, Proposition 5.2
holds if congestion in the shared resource impacts all players equally. Symmetric congestion
effects occur in multi-agent pick-up and delivery [116], air traffic management [12/], and

ground vehicle collision avoidance [50].

The symmetry condition (3.14) is related to the Hessian assumptions made in Lemma 3.2:

in addition to requiring that 9¢'(x)/0x is symmetric, (3.14) further restricts ¢*(x)’s gradient
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with respect to all of z',...,2". On the other hand, the existence of a universal potential
function F' (3.13) does not imply that the individual MDP given by (3.4) is convex.
Finding the Nash equilibria of an MDP congestion game with the potential function F

is equivalent to solving the following optimization problem,

min F(z' 27" st. 2' € X(P',p}), Vi € [N]. (3.15)
Proposition 3.3 For a Markov game in which the player cost functions satisfy the symmetry

condition (3.14), the following conditions are equivalent.

1. 2" € [l X (P',pp) is a KKT point of (3.15),

2. x* = (x1*,...,2™N*) € [Liepw X (P, 1) has Q-value functions Q'(x) that satisfy (3.7)
fori=1,... N.

Proof: 1 = 2: if 2% € [[;cy X (P, p}) is a KKT point of (3.15), then 2% is a KKT
point of (3.4) with objective function F* = F for ¢ = 1,... N. From Proposition 3.1, '
satisfies (3.7) fori =1,... N.

2 = 1: from the symmetry condition (3.14), there exists a universal potential function
F (3.13) that satisfies Assumption 3.1 by taking F* = F for i = 1,..., N. From Proposi-
tion 3.1, 2™ satisfying (3.7) implies that »™ is a KKT point of mingcy(pi i) F(z’,277). If
this holds for all 4+ € [N], then x!,... 2" will be the KKT point of (3.15), which is simply

minimizing F over all inputs rather than one individual input . [ |

Remark 3.7 While Proposition 5.5 is very similar to Proposition 3.1, Proposition 3.3 states
that under the existence of a universal potential function, Q' (x),..., QN (x) being Q-value

optimal (3.7) is equivalent to satisfying the KKT condition of a single optimization problem.

Corollary 3.1 (Existence and uniqueness of Nash equilibrium) When a universal po-
tential function (3.13) exists under Assumption 5.1, at least one global Nash equilibrium
(Definition 3.1) exists.

If () = 0 for all x € [;c X (P, p), then there is a unique global Nash equilibrium.

Proof: ~ When a universal potential function (3.13) exists, (3.15) is an optimization
problem with a continuously differentiable objective F(x) and a non-empty set of compact

constraints [[;cy X (P*,py). From the Weierstrasse extreme value theorem, there exists a
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global solution to (3.15), which we denote by z* = (z'*,... zV*).

Since x* is the global
minimum solution, z* is a directional minimum solution within X (P*, p), which implies
that it is the global minimum solution to the individual coupled MDP problem (3.4) under
opponent strategy z("9* for i =1,..., N.

If £(x) = 0 for all feasible joint state-action distributions x, then there exists a unique
joint state-action distribution 2* that satisfies the KKT conditions of (3.15) and it must also

be the global minimum solution [22]. |

Remark 3.8 We note the existence of a global Nash equilibrium in these Markov games does
not rely on the convexity of player costs as in Remark 3.4. However, strict convexity of the
universal potential function F' is a sufficient condition for the uniqueness of the global Nash

equilibrium.

3.1.2  Games with Interaction-induced Congestion

In certain scenarios where multiple decision makers interact in a shared operation environ-
ment, individual decision makers’ state-action cost ¢*(x) is explicitly independent of its state-
action probability distribution, z’. We refer to this property as having interaction-induced

congestion and is captured by the following assumption.

Assumption 3.2 (Interaction-induced congestion) Playeri experiences interaction-induced
congestion if changes in its state-action distribution ' € X(P*, p}) does not change its state-
(@) for all (t,s,a) € T x [S] x [A]—i.e.,

action cost

Oy (@' 27" =0, Y(t,s,a) € T x [S] x [4], V(2',27") € H X(P',p}). (3.16)

axtsa = [N]

Under Assumption 3.2, the resulting Markov game is an atomic MDP congestion game with

a multi-linear potential function given by

Z ztsa tsa (317)

i,t,s,a
We prove this more formally below.

Corollary 3.2 (Sufficient conditions for NE) When playeri only ezperiences interaction-

induced congestion (3.16), fori=1,..., N, the resulting Markov game has a universal poten-
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tial function F given by (3.17), and all joint state-action distributions x € [J;cn X(P, py)
that satisfy the Q-value optimality condition (3.7) are global Nash equilibria.

Proof: Under Assumption 3.2, we first verify that OF (z!,... 2V) /02" = (i(x) for i =
1,...,N holds for F in (3.17). As F is written, 0F (', ... V) /0xi,, = i, (z) 4 a1, Lisa®

tsa Oz} .q
for all (i,t,s,a) € [N] x T x [S] x [A]. Under Assumption 3.2, %‘i(j) = 0. We next con-
sider the individual coupled MDP problem (3.4) for player i. Under Assumption 3.2, we note
that (3.4) is a linear program with solution variable 2%, as such, all feasible state-action distri-
butions z’ that satisfy the KKT conditions of (3.4) are optimal. From Proposition 3.3, a joint
state-action generates Q'(x),..., Q" (x) that satisfies the Q-value optimality condition (3.7)
if and only if 2* is a KKT point for player i’s coupled MDP problem (3.4). Therefore, a joint
state-action distribution x is a Nash equilibrium if and only if the corresponding Q-values

QY (z),...,QN(z) satisfy the Q-value optimality (3.7). [ |

Remark 3.9 Interestingly, the universal potential function F (3.17) produces a Hessian
matriz d*F(x)/dx? that has a diagonal of zero blocks, making it a hollow matriz and the
corresponding potential game (3.15) a nonconvex optimization problem. Furthermore, Corol-

lary 3.2 shows that any KKT point of this game is a global Nash equilibrium.

Under the interaction-induced congestion assumption, player ¢ solves a standard MDP when
its opponents do not change their policies. Player i’s Q-value iteration (3.6) is stationary
to changes in player i’s state-action distribution z?, and non-stationary to changes in the

opponent’s state-action distribution z .

3.2 Modeling Spatial Conflicts in Multi-player Non-cooperative Path Plan-
ning

When multiple autonomous vehicles owned by different organizations share an operation
space either in the air or on the ground, individual vehicles are non-cooperative yet non-
adversarial: any two vehicles owned by different organizations would compete for road space
to minimize their task completion time, yet both will avoid colliding with the other in the
close encounter situations. We assume that all vehicles have independently assigned tasks,
and no vehicle will change its actions to optimize its opponents’ paths. On the other hand,

if multiple vehicles collide due to conflicting paths, all vehicles will incur a penalty cost.
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3.2.1  Probability of Co-occupying the Same Operation Space

To evaluate all possible path conflicts between vehicles under MDP dynamics (3.4), we take
the probability of two or more autonomous vehicles co-occupying a common state (state-
action) as a proxy for collision.

Consider the finite time horizon finite state-action Markov game for NV players introduced

A(A:r+1)s

in Section 3. Player i’s state-action distribution is given by z° € . We can directly

compute the probability of co-occupying a state or state-action with another player.

Lemma 3.3 Under the joint state-action distribution v = (z*,...,2N) (3.1), player i’s

probability of being in state s and state-action (s,a) at time t with at least one other player

are respectively denoted by D: (x) and Gi

to(T) and computed as

Diy(x) = 1-TLu(1 =20 71,)s Giaalr) = 1-T] (1 —al) Vi t,s,a € [N]x T x [S]x [A].
(3.18)

Proof: ~ The probability of player j taking state-action (s,a) at time t is x{sa. The
probability that player j does not take state-action (s,a) at time ¢ is 1 —x{sa. The probability

tsa

that none of the players j # i take state-action (s,a) at time ¢ is [[,;(1 — x{,,). The
probability of at least one other player j # i taking state-action (s,a) at time ¢ is given by
Gz‘

tsa

(z) in (3.18). To derive D! (z) (3.18), we apply similar arguments to the probability of
player j being in state s at time ¢, given by zl,. u
Task completion under non-cooperative spatial conflicts. To model path conflicts

in a shared operation space, we consider the following state-action cost.

where ¢ € RT+DS4 models player i’s individual task completion cost, D’ : A]X(TH)S

|_>
RT+DS and G* : AX(TH)S — RIS are the co-occupation probabilities given in (3.18), and
k € Ry is a user-defined parameter that models the player i’s willingness to risk co-occupying
any state-action with an opponent. Risk-ignorant players can be modeled by x = 0, and

risk-averse players can be modeled by x — oo.

Remark 3.10 As shown in Section 5.5, D' and G* can be used to penalize flight separation
constraint violations in air traffic management, where the resources are air spaces and they

cannot be occupied by two aircraft at the same time.
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The resulting state-action cost ¢'(z) (3.19) is independent of player i’s state-action distri-
bution z°. Therefore, player i only experiences interaction-induced congestion and satisfies

Assumption 3.2 for i = 1,..., N. The corresponding potential function F' (3.17) is given by

F(a’J? tr :CN) = Zi,t,s,a xisaCZsa_FZt,s k ( Zi,a 2xisa+Hi€[N] (1_Za xisa)—i_z:a H'L’E[N} (1_'xisa)> :
(3.20)

Under Assumption 3.2, the Markov game under state-action costs modeled by (3.19) has at
least one global Nash equilibrium and any joint state-action distribution whose corresponding
Q-value functions Q'(z),...Q"N(x) satisfy the Q-value optimality condition (3.7) for i =
1,..., N is a global Nash equilibrium. Since the corresponding potential function, F' (3.20)

is multi-linear, there can be multiple Nash equilibria.

3.2.2  Resource Usage Approximation via Congestion Function

In Section 3.2.1, an underlying assumption is that the shared spatial resources are only
accessible by one player at a time. Next, we consider the setting in which each resource is
simultaneously accessible by multiple players, but its efficiency is reduced with greater player
access.

Extending the concept of co-occupation probabilities (3.18), it is technically feasible to
evaluate the resource efficiency under m players by computing the probability of at least m
players co-occupying any state-action for m = 2,..., N. However, the associated computa-
tion complexity will grow in m. To remain computationally feasible for an N player game,

we leverage the weighted congestion distribution.

Definition 3.3 (Weighted congestion distribution) Given a finite number of players
[N] in a Markov game, the weighted congestion distribution is the weighted sum of individual

state-action distributions, given by

In Definition 3.3, a higher «a; denotes a higher congestion impact. If all players contribute
to congestion equally, ; = + Vi € [N].

Task completion under congested spatial resources. To model shared resources with
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reduced efficiency under collective usage, we consider the following state-action cost.
gisa(Z/? xl) = aifts ( Za’ ytsa’) +aigt5“ (ytsa) +hisa<xisa>7 (27 t? S, CL) € [N] X TX [S] X [A]7 (322)

where «; € R is the same as in (3.21), fis : R — R is the state-dependent congestion and
takes the congestion level of (¢,s) as input, g5, : R — R is the state-action-dependent
congestion and takes the congestion level of (¢, s, a) as input, and Al : R — R is the player-
specific objective and takes player i’s probability of being in (¢, s, a) as input. Player-specific
objectives such as obstacle avoidance and target reachability can be incorporated as constant

offsets in h’.

Remark 3.11 As shown in Section 3.4, f and g can be interpreted as increased traversal
time in multi-robot warehouse path planning, in which low-level conflict resolution of multiple
robots attempting to cross a common work floor space will cause their traversal time to

decrease.

Effect of a; The impact factor «; scales player ¢’s relative impact on the total congestion
and the total congestion’s impact on player <. When «; < «; , player ¢ impacts congestion
less and cares about the congestion less than player j. When «; > «;, player ¢ impacts
congestion more and cares about the congestion more than player j.

Road-sharing vehicles often do not view congestion symmetrically. We give the following
example to illustrate how the impact factor «; from (3.22) can be used to reflect asymmetry

in congestion effects.

Example 3.2 (Heterogeneous congestion perceptions in road-sharing vehicles) Consider
a sedan (player 1, oy = 0.1) and a trailer (player 2, ay = 0.9) sharing a road. Player i wants

to reach state s; € [S]. The player-specific objective is hi (i) = —1[s = s;] + €;xl,,, where
1[w] is 1 when w is true and 0 otherwise. The term €;x},, where €; > 0 encourages player i
to randomize its policy over all optimal actions. Players experience state-based congestion as

Jis(w) = exp(w). The player cost (3.22) is Ui, (y,2") = a; exp(Y 0 Yisar) + €}, — L[s = si].

If the congestion functions f, g, and h', Vi € [N] are strictly increasing functions, the

resulting optimization problem is strongly convex and there exists a unique Nash equilibrium.

Proposition 3.4 Ifhi_ () is strictly increasing and fis(+), gisa(*) are non-decreasing V(i t, s,a) €

[N] x T x [S] x [A], then 1) the corresponding potential optimization formulation 3.15 is

strongly convezr and 2) there exists a unique Nash equilibrium.



36

Proof:  Let I be an identity matrix of size Z x Z, 15 be an one’s vector of size
Zx1,d = [aq,...,ay] € RV*V h(z) = [h(z),...,hN(2)] € RVNT+DSA and ® be a
Kronecker product. We define the matrices M = & ® [(r41)s4 and J = (Ii741)5 ® 1M,
and verify that for any joint state-action distribution = (3.1), 1)Mxz = y, where y is the
congestion distribution (3.21), 2) [Jx]ts = > Ytsa V(¢ 8) € TX[S], and 3) &(x) = J ' f(Jz)+
MTg(Mzx) + h(x).

Let w = Jx, we can take £’s (3.3) Jacobian as V&(z) = J 'V f(w)J+M "Vg(y) M+Vh(x).
Under Proposition assumptions, V f(w) and Vg(y) are non-negative diagonal matrices, and
Vh(z) is a strictly positive diagonal matrix. Therefore, V2F(x) = V&(z) = 0, and F is
strongly convex. Since (3.15) is a strongly convex optimization problem over linear and
feasible constraints, there exists a unique KKT point. From Lemma 3.2, there is a unique

Nash equilibrium. ]

Proposition 3.4 implies that a strictly increasing h' is crucial to ensuring a unique Nash

equilibrium. Therefore, h* can be interpreted as a regularization term.

The resulting state-action cost (3.22) satisfies the external symmetry condition (3.14), and

the associated universal potential function is given by

= 3 S (W) Y, [P (W)Y, oo pi (w)ou.  (3.23)

As opposed to the spatial conflict state-action cost (3.19), the resource congestion state-
action cost (3.22) implies that players can induce congestion by themselves. However, As-
sumption 3.1 is still satisfied as well as the cost symmetry condition (3.14). Therefore, there
is at least one global Nash equilibrium that satisfies the Q-value optimality conditions (3.7)
for Q'(x),..., Q" (x). If the player state-action costs additionally satisfy 9¢'(x)/dz" = 0 for
i=1,...N and for all 2 € X (P, p), then there will be at least one global Nash equilibrium.

3.3 Solving for Nash Equilibrium via Frank-Wolfe Learning Dynamics

When the state-action cost functions satisfy the external symmetry condition (3.14) and
there exists a universal potential function for the Markov game, we can compute a Nash
equilibrium by leveraging single-agent dynamic programming.

In Algorithm 3.1, players access an oracle that evaluates the player costs. In line 5, 7° €

AELXTH)S is any optimal policy for the finite time MDP with cost C*, transition probability
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Algorithm 3.1 Frank-Wolfe with dynamic programming

Input: {¢'}iepny, {P Fieny, {po}iey, N, [S],[AL T
Output: {Z4,, he7se(s),ac(a)-

1: 70 € X (P pi) € RTTVIA v 4 e [N].

2: fork=1,2,...,do

3 fort=1,...,N do

4 Ck = (i([xt*, ... 2VF])

5: mt = MDP(C*, P, [S], [A], T, po)

6: bik RETRIEVEDENSITY(P ph, ) > Alg. 3.2
7 p ) = (1= gq)a™ + bt

8 end for

9: end for

P, and initial distribution p). We use value iteration to recursively find 7 as

I i -
Vs = min, C’Tm, w4, € argmin, C%

sa’

Vv(ifl) — Hlll’la t 1)sa + Z ts sa‘/tg A S [ ] (324)

T(i_1)s € Argmin, C’Zt_l) + > PGV Yt e [T

ts sa

Algorithm 3.1 then retrieves the corresponding state-action density b%* via Algorithm 3.2
and combines it with the current state-action density ¥ to derive the next joint state-action

density. All steps within lines 4 to 7 are parallelizable.

Algorithm 3.2 Retrieving state-action distribution from 7

Input: P, z, 7.
Output: {disi}eT se(s].acla]
dOSTI'oS = Zg, Vs € [S]
fort=1,...,7 do
dts(ﬂis) - Za 25’ PtSS/ad(t—l)s’c“ v S & [S]
end for

Theorem 3.1 When a universal potential function F' (3.13) exists, if the player state-action

costs satisfy 00 (x)/0x* = 0 fori=1,..., N, then Algorithm 3.1 converges towards the Nash

equilibrium & = (z*,...,2V) as

~ill2
< e (3.25)

%ZiE[N] me -
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where Cr is the curvature constant of the potential function F (3.13), defined as

Cpi=  sup %(F(s) — (@) = Yy (27— wim(x)).
8" €X(P*,2))
- q€lo1]
wz:xz_’_,y(sz_xz)

Proof:  Algorithm 3.1 is a straightforward implementation of [55, Alg.2] for optimiza-
tion problem 3.15, which optimizes the universal potential function F' (3.13). Continuously
differentiable potential functions are locally Lipschitz. Therefore, (3.25) then follows directly
from [55, Thm.1] and Algorithm 3.1 converges to the nearest KKT point. If 9¢//dz" = 0
for all ¢ € [N], then the Markov game is convex, and therefore all KKT points are Nash

equilibria under Lemma 3.2. [ |
Remark 3.12 (Scalability) Algorithm 5.1 has linear complezity in the number of players.

Algorithm 3.1 has the following interpretation in repeated game play: each player executes
a fixed strategy determined at the start of each game without feedback and receives the state-
dependent costs based on the observed y* (3.21) at the end of game k. Algorithm 3.1 models
the players incrementally updating their policies each iteration using the best response of
that iteration. Their resulting state-action trajectory is then computed using Algorithm
3.2. Under diminishing step sizes, Algorithm 3.1 will converge to the Nash equilibrium

state-action distribution.

3.4 Warehouse Path Coordination under Stochastic Package Arrival Times

We apply our game model to a multi-player pick up and delivery scenario with stochastic
package arrival times. As shown in Figure 3.1, N players navigate a 2D space. Each player’s
goal is to transport packages from the pick up chutes to the drop off chutes while avoiding
collision with others. The code for the simulation is available at https://github.com/
1isarah/mdp_path_coordination.

Players operate in a two-dimensional grid world with 5 rows and 10 columns. In addition
to capturing location, each state also dictates whether the robot is in pick up or delivery

mode. The state space is given by

[S]:{(v,w,m) 11<v<5 1<w< 10, me{1,2}}.


https://github.com/lisarah/mdp_path_coordination
https://github.com/lisarah/mdp_path_coordination
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Drop off Chutes

Pick up chutes

Figure 3.1: Operation environment for multi-robot warehouse scenario.

At each state, available actions are [A] = {u,d,r,[, s}, corresponding to up, down, right,
left, stay. Player transition dynamics and rewards are stationary in time. The transition

probability of each state (v,w, m) extends the location-based transition probabilities PP.

Location-based transition. Let u = (v, w) denote the location component of the state.
At each location, each action either points to a feasible target wq,4(a) or is infeasible. The
set of all feasible targets from u is A (u). When a target exists, players have 1 > ¢ > 0

chance of reaching it and 1 — ¢ chance of reaching other states in N (u).

q u = utarg(a)a
Pia = il ' € N(u)/{ttrar(a)}, (3.26)
0 otherwise.

When the target location is infeasible, the player transitions into a neighboring state u’ €
N (u) at random.

1 !
U € N(u),
P = T W ENW (320
0 otherwise.
Full transition dynamics. Within the same mode, players transition between locations
via dynamics P°. Player modes transition at pick up chutes P and drop off chutes D, both

are subsets of the MDP state space, as illustrated in Figure 3.1.

1. When player i is in mode 1 (pick up) and about to transition into p* € P, player i’s
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mode has ¢ probability of switching to mode 2 (drop off).

t‘(p ,2)sa tp U'a . Vs = (u, 1), S € [S]
Ptl(pi,l)sa =1~ rl>Ptp"ua’

2. When player 7 is in mode 2 and about to transition into d* € D, player i switches to

mode 1 with probability 1.

Pi i - Poi )
t‘(d J1)sa td'ua Vs = (u’ 2), ERS [S]
Pt(pi,Q)sa =0,

Here, r* € R denotes the probability of package arrival when player i is in p’. Modeled
as an independent Poisson process with rate ); and interval At = 1s, r* = exp(—\;Ay).

Warehouse player costs For all (¢,s,a) € T x [S] x [A] and congestion distribution
y (3.21), player i’s cost is given by

gisa(:% xl) = 6'CEIZ,;sa - Cisa + aifts(y)'
The player-specific task completion objective ¢!, is defined as

]‘ (U’U)):pi’ m:]-a
Ci(v,w,m)a =91 ('U, U)) = di, m =2, (328)

0 otherwise.

The congestion function is strictly state-based and is an exponential function given by

ft(v,w,m) (y) = _/Bexp (ﬁ( Z Z Yt(vwma! — 1)), (329)

m/€{1,2} a’€[A]
where a; > 0 for all (¢,s,a) € T x [S] x [A]l. As opposed to ¢ (3.28), fiwwm)(y) (3.29)
computes the congestion in (v, w, ) using both (v, w,1)’s and (v, w, 2)’s congestion levels.
Simulation hyper-parameters. We simulate the path coordination game using parame-

ters from Table 3.1. Player i’s pick up locations is the i’ element of P = {(4,w*) | w' €
[8,7,2]}, and its drop-off location is the i*" element of D = {(0,w’) | w® € [4,5,8]}. Att =0,
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Figure 3.2: ||-||, of player i’s state-action distribution over Algorithm 3.1 iterations.
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Figure 3.3: Collisions per player as a function of MDP time step t.

players are initialized at their drop off location.

N ¢ v X\ o At T € §
3 098 099 05 {05,1,1.5} 1s 120s 1le-3 40

Table 3.1: Parameters for the simulation environment.

Results and discussion. We run Algorithm 3.1 for 100 iterations, where line 5 is solved
via value iteration (3.24). The two norm of x’ is shown in Figure 3.2 as a function of the
algorithm iterations, where the state-action densities stabilize in about 20 steps. Performance
is evaluated by: 1) the expected number of collisions, 2) the expected packages delivery time,
3)worst package delivery time. The results for 100 random trials are visualized in Figures 3.3
and 3.4.

We compare the jointly optimal congestion-free wait time computed using Algorithm 3.1

to the shortest wait time available in the absence of opponents. Each path is the number
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Figure 3.4: Average waiting time per package, worst case waiting time per package, and
average number of collisions in 7" for each player.

of steps to complete the drop off-pick up-drop off cycle. Based on the pick-up and drop-off
locations, each player’s shortest wait time without opponents is 16, 12, 20 respectively. This
matches well with the average wait time shown in Figure 3.4.

We set the player impact factors as {0.5,1,1.5} as in Table 3.1. From Figure 3.4, the
impact factors directly correlate with the rate of collision players experience. Player 0 impacts
congestion the least and is the least sensitive to congestion. As a result, it encountered the
most collisions. Player 2 impacts congestion the most and is the most sensitive to congestion.
As a result, it encountered the least collisions. The collision rate is spread out evenly over
T (Figure 3.3).

3.5 Collision Risk Reduction in Air Traffic via Multi-linear MDP Congestion
Game

Air traffic management operates under high operational uncertainty and strict collision risk
requirements [124]. Presently, air traffic authorities centrally plan deterministic trajecto-
ries and rely on human controllers to resolve local collision risks. Using the co-occupation
probabilities (3.18), we formulate a nonconvex MDP congestion game to embed real-time
operation uncertainty into path planning and find global collision risk-free trajectories

Individual aircraft MDP. We use an MDP to model the probability distribution of an
aircraft following a deterministic flight plan under operational uncertainty. Aircraft ¢’s flight
plan is {(wi, f}) |t € T'}, where w! are discrete waypoints used by the European Union
Aviation Safety Agency (EASA), fi are discrete flight levels from 0 (sea level) to 450 (45000

feet) in increments of 50, and 7" are timestamps of the waypoints and flight-levels.
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Figure 3.5: Left: Airspace state-action definitions. Center: Interval-based congestion com-
putation. Right: Expected aircraft trajectories without congestion costs D' (3.18). Colors
correspond to time.

Time horizon. Aircraft i’s time horizon is given by T*U{tr +bAt;, |0 < b < B}, where
T is from the flight plan, ¢; is the planned landing time, and At;,;, B € N are user-defined
parameters.

States. Each state (w, f) € [S] consists of a waypoint w and a flight level f, as shown
in Figure 3.5.

Actions. At state (w, f), actions correspond to reaching one of (w, f)’s neighbors in the
next time step. The set of neighbors is given by N(w, f) = {(v/, ") | w' € N(w), [ €
{f=50,f,f+50} 0< f < 450}, where AN(w) is the set of reachable waypoints from
w. Aircraft cannot loiter at (w, f). The action of going to (w’, f') is @y g, such that
[Aws] = {aw s | (', f') € N(w, [)}.

Transition Dynamics. Under action a,, ¢ from (w, f), an aircraft has g probability of
reaching (w’, f') and 1 — 8 probability of diverting to another state in A (w, f).

Cost: Each state-action pair (w, f, a,s /) has a flight-dependent deviation cost, given
by

Choga = d(wh,w) + oglf — i1+ L(tw, ), Y, ) € [Sha€ [Ausl, (330

where (wf, f}) is the aircraft i’s planned location at ¢, d(v,w) € N is the number of edges
between v and w, ay € R is a user defined parameter, and L : 7% X [S] — R is a tardiness
cost. If the aircraft plans to land at (wy, fr, T), then L(t,w, f) = 0 if (w, f) = (wr, fr) or
t < T, else L(t,w, f) = ctaray(t —T). The expected cost under the flight plan is zero and
strictly positive otherwise. Therefore, aircraft are inclined to follow the flight plan in the
absence of congestion.

Based on the individual aircraft MDP model, we build an MDP congestion game for the
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air traffic plan over France on July 3"¢, 2017. Between timestamps 39000 and 41000, 75
planes left the Paris airports CDG and ORY to various destinations as shown in Figure 3.5.
The collision risks D" and G* (3.18) can be interpreted as standard aircraft radial /vertical
separation and longitudinal separation [24], respectively. In our simulations, only D' in-
creases congestion costs.

Interval-based collision risk computation. Since each aircraft’s time stamp is
unique, we compute the congestion for time intervals. As shown in Figure 3.5, aircraft
whose time stamp fall into the interval [ty,t; + Atcong) Will contribute to the congestion in

time interval k.

10° i

“ T + 2400
z 3
=1

g 22200
& 4
= o
<) =)

O § 2000

1800

) ) 0 10 20 30 40 50
Algorithm Iteration (k) Algorithm Iteration (k)

Figure 3.6: Left: Collision risk as a function of Frank-Wolfe algorithm iteration. Right:
Congestion cost » kD:, (z) (3.19) as a function of Frank-Wolfe algorithm iteration.

i,t,s,a tsa

Results and discussion. We build the individual MDP and the interval-based congestion
costs with the following user-defined parameter values: At;,, = 300, B =3, 3 = 0.95, ay =
10, Ctaray = 2, Ateong = 19, and k = 10. First, we verify that when solved without congestion
cost D%, all individual MDPs result in expected trajectories that match the original flight
plan. The results are shown in Figure 3.5. We then define collision risk as >z}, Di.,(x),
and found that for multiple flights, the maximum collision risk at any time was greater than
10%. The overall spread of collision risks for the original flight plan is shown on the z = 10°
line in Figure 3.6 left. We then augment individual costs with congestion cost D* and solve
for the Nash equilibrium via the Frank Wolfe algorithm from [69, Alg.1]. The resulting
collision risks and objective values are shown in Figure 3.6. In the right figure, we see that
the objective value decreases from 2200 to 1900 within the first 50 iterations. Accompanying
this, we observe that the maximum collision risks drop from 94% to around 3% within the

first 10 iterations of the Algorithm. Therefore, we conclude that our model was effective in



reducing uncertainty-induced collision risks.
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Chapter 4

INCENTIVE DESIGN IN NON-ATOMIC MARKOV DECISION
PROCESS CONGESTION GAMES

In Chapter 3, we introduced the atomic Markov game model and used it to perform
scalable trajectory planning for completing individual tasks in a shared operation space. In
this chapter, we use Markov games, specifically the MDP congestion game model [28], to
design desirable user behavior for competitive users operating in large-scale network sys-
tems such as autonomous swarms [33], urban transportation [77], and competitive electricity
markets [87]. Specifically using incentives, we show that the Markov game model can help
system operators enforce user population constraints under resource uncertainty and user
irrationality. For example, the Department of Transportation tolls fossil fuel vehicles on
freeways to reduce travel-related carbon emissions [77]. In electricity markets, power auc-
tions often create power grid usage violations. A power system operator tolls grid users to
minimize the operational cost of addressing such violations [87].

A crucial assumption we make in this chapter is that the players are non-atomic: all the
players are equipped with identical congestion costs and transition probabilities in a finite
state-action space. Instead of computing individual trajectory plans, we focus on deriving
population behavior trends from the group probability distribution. Using network-level
trends, we study the feasibility and computation of system-level incentives for population
constraints.

Contributions. In Section 4.2, we formulate the constraint satisfaction problem as a
constrained optimization problem and prove that for non-atomic MDP congestion games, it
is possible to design finite state-action-based incentives that result in constraint-satisfying
Nash equilibria. We also show that the minimum toll value corresponds to the greatest lower
bound of the set of constraint-enforcing incentives and that it is equivalent to the optimal
dual multiplier value of the Lagrangian of the MDP congestion game.

In Section 4.4, we analyze the incentive design model with two additional assumptions:
player irrationality and private player costs. These assumptions are motivated by large-scale

network applications in transportation and electric grids, where human decision-makers with
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unknown objectives participate in the game. We derive an adaptive incentive design scheme
in which the empirical averages of the toll value, population distribution, and constraint
satisfaction are all proven to converge to the true minimum toll value, optimal constrained
population distribution, and zero, respectively, up to an error directly correlated with the
sub-optimality of the players. We apply our algorithm to adaptively enforce constraints on a
fictitious group of irrational ride-hail drivers in Manhattan, New York City using historical

neighborhood-based ride-demand data from December 2019.

4.1 Non-atomic MIDP Congestion Game with Irrational Players

The non-atomic MDP congestion game was first introduced in [28]. Similar to the atomic
MDP congestion game model from Chapter 3, the non-atomic game analyzes competitive
resource-sharing players following MDP dynamics. The crucial difference is that the play-
ers’ joint state-action distribution becomes a continuous population distribution, where each
player has identical transition dynamics, cost functions, and impacts on the overall conges-
tion (see [59, Sec.2] for details). Presently, we do not analyze the policies of individual players
and only study the resulting continuous population distribution. We quickly summarize some
key concepts from Section 2.4 that are used in this chapter.

Population state-action distribution. A continuous population of players with total
mass M € R, follows identical MDP dynamics (2.13) on a finite state-action space, denoted
as [S] x [A]. We denote this population distribution by y € RSFTH)SA (2.24).

RTXSXSXA

MDP dynamics. The transition dynamics are given by P € and explained in

detail in Section 2.2. The set of feasible population distributions, Y(P,p), is given by

Y(P,p) = {y € R S s = 3y P t)ssrali(t—1)sar Soalosa = Pss 5 € [S],t € [T]} :
(4.1)
Player costs and Q-value iteration. At time ¢, each player incurs a cost as a function of y,
lrsq : RTHDSA 5 RO A player’s expected cost-to-go at (¢, s, a) is its Q-value function (2.27),

recursively defined as

gtsa (y) t = T

Q sa(Z/) = X (42)
' gtsa(y) + ZR&s’saaI/Iél[g}Qt-&-l,s’a’(y) te [T]

Identical to the atomic scenario, each player aims to minimize their own Q-value function by
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choosing optimal actions at each state. We recall the definition of MDP Wardrop equilibrium
from Definition 2.4.

Definition 4.1 (MDP Wardrop Equilibrium [27]) A population distribution y* € Y(P,p) (4.1)
1s an MDP Wardrop equilibrium if

Y, > 0= a € argmin Q. (y*), V(t,s,a) € T x [S] x [A] (4.3)
a’€[A]

The set of MDP Wardrop equilibria is denoted by W({).

If ¢ is a continuous vector-valued function and there exists an explicit potential function F

satisfying VF(y) = {(y), then the MDP congestion game is a potential game [90].

Proposition 4.1 [27, Thm.1.5] Given a continuous population of players following identical
MDP transition dynamics P € AESA with initial population distribution p € Ag and game

cost vector €, if a potential function F satisfies
VF(y) =((y), F:RITOXEXAL R (4.4)

then the MDP Wardrop equilibrium of the MDP congestion game with player transition
dynamics P € AL and initial population distribution p € Ag is given by the optimal
argument of

myin F(y), st. y € Y(P,p). (4.5)

We can characterize the suboptimality of any feasible population distribution within Y(P, p)
by the difference in its potential function value from the potential value achieved by any

MDP Wardrop equilibria.

Definition 4.2 (e-MDP Wardrop equilibrium) For a game with the cost vector ¢, the
potential function F (4.4), MDP Wardrop equilibrium y* (4.3), and € > 0, the set of e-MDP

Wardrop equilibria is given by
W(l,e) == {i(e) € Y(P,p) | F(j(e)) < F(y*) + e} (4.6)

Among cost vectors ¢ that have explicit potential functions, we focus on those that are

strongly convex [18, Eqn B.6].
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Assumption 4.1 The cost vector ¢ has an explicit potential function F (4.4) that is a-
strongly convez for all y € Y(P,p).

Vo (y) = alyen € RPM M = (T +1)SA, a > 0.

Assumption 4.1 implies that congestion occurs in all state-action costs. To model games
in which some state-action costs are constant, we can approximate the constant costs by

increasing functions with infinitesimal growth rates.

Remark 4.1 If at each (t,s,a) € T x [S] X [A], ltsa : Ry — RV (t,5,a) € [T +1] x [S] x [4]
is scalar functions of a single input yisq, then Assumption 4.1 implies that each i, strictly
increases and satisfies o|Yisa — Yrsal < [CisaYisa) — lisa(Yteo)|, and that its potential function
15 given by

Folt) = Xy S lrsa (). (7

For an e-MDP Wardrop equilibria §(€), Assumption 4.1 implies ||§(€) — y*Hg < Z

4.2 Constraining Rational Players with Known Congestion Costs

In this section, we formulate system-level, affine population constraints and relate the inex-
act oracle of the tolled MDP congestion game to an e-MDP Wardrop equilibrium. Affine
constraints cover many design requirements for large-scale networks. For example, meet-
ing carbon emission goals in transportation and minimizing generator initialization costs in
power grids are affine constraints on the fossil fuel vehicle population and local grid voltages,
respectively.

Suppose we have an MDP congestion game defined with transition dynamics, initial
population distribution, and player costs, such that the potential form is given by (4.5).
The social planner may want to shift the equilibrium population distribution to satisfy the

constraints of the form
g'(y) >0, ¢ :RTVSA4 LRy e Y(Pp) Viel (4.8)

where ¢¢ are continuously differentiable concave functions in the player population distribu-
tion (4.1).
The social planner cannot explicitly constrain players’ behavior, but rather seeks to add

incentive functions {f},, }ier to the cost functions ¢(y) to shift the equilibrium to be within
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the constrained set defined by (4.8). The modified cost functions have the form

isaly) = lisay) + 2 Jla®) (4.9)

i€
When the game potential function F : RT*TDS4 R (4.4), player transition dynamics
P e ALS4 (4.1), and initial state distribution p € Ag (4.1) are known, the social planner first

solves the following constrained optimization problem to determine the incentive functions.

min F(y)
Y

s.t. Z Ysa = Z Z P(tfl)ss’ay(tfl)s/m Vite [T],
a€[A] s'€[S] a€[A]
Z Yosa = Ps) Vse [S],
acA
Yisa >0, Vse[S], ac[A], teT,
9i(y) <0, VieC, (4.10a)

The social planner can then compute the incentive functions f7,, : RT+Y54 5 R as

% * agZ
ftsa<y) =

T; %(y), V(t,s,a,i) € T x [S] x [A] xC, (4.11)

where {7 € R, }icc are the optimal Lagrange multipliers associated with the additional

constraints (4.10a).

The following theorem shows that the Wardrop equilibrium of the MDP congestion game
with the tolled player costs in (4.9) satisfies the new constraints in (4.10a).

Theorem 4.1 Consider a MDP congestion game (4.5) with costs £(y) with a potential func-
tion F (4.4) that is strictly convex. If y* is a MDP Wardrop equilibrium for the tolled
MDP congestion game with cost functions @m(y) = lisa(y) + D> o T 09"

1eC iaytsa
solves (4.10) and thus satisfies the additional constraints (4.8).

(y), then y* also
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Proof: The Lagrangian of (4.10) is given by

L(y> Ly ‘/7 7-) = F(y) - Z HUtsaYtsa + Z ngl(y> + z% Z (Z Pt,ss/ayt,s’a - Z yt+1,sa> ‘/H»l,s
t= as’ a

tsa 7 s

+> (Ps - Xa) ylsa> Vis

S

(4.12)

and note that by strict convexity, min max  L(y, p, V,7) has unique solution, which we
y>0 p>0,V,7>0

denote by (y*, u*, V*, 7). We then note that
F(y) = Fly) + >(1")¢'(y) (4.13)

is a potential function for the MDP congestion game with desired modified rewards. Since
F(y) is strictly concave, g'(y) is concave, and (7°)* is positive, F(y) is strictly concave. The
equilibrium for the MDP congestion game with modified rewards can be computed by solving
(4.10) with F(y) as the objective.

The Lagrangian for (4.10) with F(y) is given by L(y,pu, V) = L(y,u, V,7). Again by

strict convexity,

i L V) = mi L V, "
min max L(y, u, V) = min max L(y, i, V. 7)
has a unique solution which we denote as (7, z*, V*). It follows that * = y*. Thus the

game equilibrium with modified rewards, y* satisfies desired constraints. [ |

For the social planner, Theorem 4.1 has the following interpretation: in order to impose
constraints of form (4.8) on an MDP congestion game, the planner could solve the constrained

game (4.10) for optimal dual variables 7 and offer incentives of form (4.11).

4.3 Incentivizing Seattle Ride Hail Drivers to Satisfy Rider Demands

We demonstrate how a ride hail company can take on the role of social planner and shift
the equilibrium of the driver game for the following objectives: 1) ensuring minimum driver
density in various neighborhoods (Section 4.3.2), 2) improving the social welfare (Section
4.3.3).
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Figure 4.1: State representation of metro Seattle.

4.3.1 Ride Hail Driver Solving an MDP

Consider a fleet of ride hail drivers in metro Seattle. The rational drivers seek to earn
maximum individual profit by repeatedly working Friday nights. Assume that the rider is
constant for each Friday night. The time interval is set to AT = 15 minutes over a period
of 20 intervals, i.e. the average time for a ride, after which the driver needs to take a new

action.

We model Seattle’s individual neighborhoods as an abstract set of states, s € [S], as
shown in Fig 4.1. Adjacent neighborhoods are connected by edges. The following states are
characterized as residential: ‘Ballard’ (3), ‘Fremont’ (4), ‘Sand Point’ (8), ‘Magnolia’ (9),
‘Green Lake’ (11), ‘Ravenna’ (12). Assume drivers have equal probabilities of starting from
any of the residential neighborhoods.

Because drivers cannot see a rider’s destination until after accepting a ride, the game
has stochastic transition dynamics. At each state s, drivers can choose from two actions: 1)
ar, wait for a rider in s, or 2) a,,, transition to an adjacent state s;. When choosing a,, we
assume that the driver will eventually pick up a rider, although it may take longer if there
are many drivers waiting for a rider in that neighborhood. Longer wait times increase the

driver’s cost for choosing a,.

On the other hand, there are two possible scenarios when drivers choose as,. The driver
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either drives to s; and pays the travel costs without receiving a fare, or picks up a rider in
s;. We allow the second scenario with a small probability to model the possibility of drivers

deviating from their predetermined strategy during game play.

The probability of transition for each action at state s; are given below, where N; denotes

the set of neighboring states, and |V;| the number of neighboring states for state s;.

( 1

if se N;,a=a,

Ni|+1°
1 .
AN if s=s;,a=a,
N — 0.1 : _
P(s,a,s;) = AL if s € Ny, s # 85,0 = a,

0.9, if s € N;,s=s;,a = as,

J

0, otherwise
\

The cost function for taking each action is given by
. trav wait _ t it
gtsa<ytsa) - Es’ [Ctsls - mts/s] + Cy *Ytsa = Z Pts/sa [Ct?;’ - mts’s] + szal * Ytsa
Sl

where myys is the monetary cost for transitioning from state s to s, ¢f%V is the travel cost
from state s to s, ¢ is the coefficient of the cost of waiting for a rider. We compute these

various parameters as

Migs = (Rate) . (Dist) (4.14a)

iy =7 (Dist) (Vel) ~ + () ()~ (Dist) (4.14b)
mi hr/mi $/gal  gal/mi mi

-1
. Customer : _
T ( Demand Rate) ’ if a= Qy
wait ——
Cta = rides/hr (4 140)

: !
Etsasm ifa= Qg

where €4, , is the congestion effect from drivers who all decide to traverse from s to s’, and 7
is a time-money tradeoff parameter, computed as (%)’ where the average trip length,
Dy, is equivalent to the average distance between neighboring states. The values that are

independent of specific transitions are listed in Table 4.1.
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Rate  Velocity Fuel Price  Fuel Eff T D e
$6 /mi 8 mph  $2.5/gal 20 mi/gal $27 /hr 1.25 mi

Table 4.1: Parameters for the driver reward function.

bound value

% 201 —.— s7 unconstrained
G:>) : ; ' s7 constrained
5 10 | .:_' --------------------------------- 52 unconstrainod
/ — s9 constrained
0- Jﬂ" ---------------- toll charged
5 10 15 20
Time

Figure 4.2: Optimal state density of (4.10).

4.3.2  Ensuring Minimum Driver Density

To ensure rider satisfaction, the ride hail company aims to achieve a minimum driver density
of 10 drivers in ‘Belltown’, s = 7, a neighborhood with highly variable rider demand. To this
end, they solve the optimization problem in (4.10) where (4.10a) for t € {3,...,T}, s =7,
take on form ¢;(y) = >, Ytsa — 10. The modified rewards from Theorem 4.1 are given by
@tsa(y) = lisa(Ytsa) + 715, where each 775 is the optimal dual variable corresponding to each

new constraint.

The optimal population distribution in ‘Belltown’ (state 7) and an adjacent neighborhood,
‘Capitol Hill’ (state 2), are shown in Fig. 4.2. The imposed constraints also affect the optimal
population distribution of adjacent states, as shown by the population distribution of Capitol
Hill. Note that the incentive 77} is applied to all actions of state s. Furthermore, if the solution
to the unconstrained problem is feasible for the constrained problem, then 77, = 0—i.e. no
incentive is offered. We simulate drivers’ behavior with Algorithm 3.1, as a function of
decreasing termination tolerance €. In Fig. 4.3, the result shows that the optimal population
distribution from the FW algorithm converges to Wardrop equilibrium as the approximation

tolerance e decreases.



95

H
<
L

1y — y*l|2

—_
o
|
[\

1073

0 1000 2000
Iterations

Figure 4.3: Convergence of y° to y* normalized by |ly*||,.

4.8.3 Increasing Average Social Welfare of Ride Hail Drivers

In most networks with congestion effects, the population does not achieve the maximum social
welfare, which can be achieved by optimizing (4.5) with objective J(y) = > icir 2o sc(s) 2oacia) Ytsalrsa(y)-
In general, a gap exists between J(2*) and J(y*), where y* = {y;,,} is the optimal solution
to (4.5), and x* = {z},,} is the optimal solution to (4.5) with swapped objective J(y).

The typical approach to closing the social welfare gap is to impose mass-dependent in-
centives. An alternative method, perhaps under-explored, is to impose constraints. As
opposed to congestion-dependent taxation methods for improving social welfare [106, 15],
constraint-generated tolls are congestion independent.

We can compare the two distributions and generate upper/lower bound constraints with
an ¢ threshold—see Algorithm 4.1 for the constraint selection method. The number of
constraints increases with decreasing e. Since the objective function in (4.5) is continuous in
Yisa, as € approaches zero, the objective will also approach the socially optimal. In Fig. 4.4,
we compare the optimal social welfare to the social welfare at Wardrop equilibrium of the
unconstrained congestion game, modeled in Section 4.3.1, as a function of the population
size. We use CVXPY [35] to solve the optimization problem.

We utilize Algorithm 4.1 to generate incentives for the congestion game. Then, we simu-
late (4.10) and compare the game output to the social objective in Fig. 4.4. For a population
size of 3500, there is a discernible gap between the social and user-selected optimal values.
Note that with only 200 (¢,s,a) constraints, the gap between the social optimal and the
user-selected equilibrium is already less than 5%.

An interesting question is how much of the total market worth is affected by the incentives.

In Fig. 4.5, we demonstrate how payouts vary based on the number of constraints imposed.
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Algorithm 4.1 Constraint Generation
Input: 2*, y*.
Output: U = {(u;,t,s,a) € R x [T] x [S] x [A]}
L=A{(l;t s,a) e Rx[T] x[S] x [A]}
for each s € [S], a € [A], t € [T] do
if y;,, — 7}, > € then
(T}, by s,0) = U
else if y;,, — x},, < € then
(X}, ty8,0) = L
end if
end for

x 107
|
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=

<

= 8.01
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.z social objective

=

8 unconstrained user objective
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Figure 4.4: Constrained user optimal as a function of e.
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E 250 — |min(r, g — T
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Number of constraints imposed
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Figure 4.5: Maximum and minimum tolls as a function of the number of constraints (top).

The income/loss required to increase social welfare as a function of constraints imposed

(bottom).
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Let (1) = min{0,-} and (-); = max{0,-}. The total payout from the drivers to the social
planner and vice versa are given by hawy = D, Ytsal(Tesa)—| and Aplan = >, Yesa(Tesa)+-
The net revenue the social planner receives from tolls is hpet = D, ., Ytsa(Tisa) = Pplan — Pariv-

Fig. 4.5(b) shows how these quantities change as the total number of constraints is increased.

4.4 Constraining Irrational Players With Unknown Congestion Costs

In this section, we formulate system-level constraints using affine population distribution
inequalities and relate the inexact oracle of the tolled MDP congestion game to an e-MDP
Wardrop equilibrium. Affine constraints cover many design requirements for large-scale
networks. For example, certain roads may pass through residential neighborhoods in a city’s
traffic network, and a city planner may wish to limit traffic levels to ensure residents’ well-

being artificially.

Definition 4.3 (Affine Constraints) The set of population distribution constraints is given
by
C={yeRU™* | A4y —b<0} (4.15)

where A € REXTHDSA " ¢ RC and 0 < C < oo denotes the total number of constraints

mposed.

Let A; € RT*TDS4 be the i row of A. Instead of searching over all possible tolls, we only
consider tolls of the form 7,4, € RTTVSA for 7, € R,.. This formulation ensures that 7;
only affects the (¢, s,a) component of ¢ when A, 4, is non-zero, where the toll magnitude is

controlled by 7;. We denote the toll-augmented game cost vector as
C(y)=Ly)+A'r, 7eRS (4.16)

When ¢ satisfies Assumption 4.1, we denote £, ’s potential as L(-, 7), such that V, L(y, 7) = ¢,
and L augments F' (4.4) as

L(y,7) = F(y) + 7" (Ay — b). (4.17)
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Given a toll value 7, the toll-augmented game d(7) and the tolled MDP Wardrop equilibrium,
yr € W(L,), are given by

d(t)= min L(y,7), vy, € argmin L(y, 7). (4.18)

yey(Pp) yeY(Pp)
Under cost vector (4.16), any feasible affine population constraint will hold for large values
of 7 [73]. We specifically want to compute the minimum toll value to enforce C (4.15) on the

MDP Wardrop equilibrium of the toll-augmented game.

Definition 4.4 (Minimum toll value) Given a constraint set C (4.15), the minimum toll
value 7F € Ri 15 the smallest non-negative toll that ensures that the MDP congestion game

has constraint-satisfying MDP Wardrop equilibria—i.e.,
™ =min {7 € RY | W((;) C C}. (4.19)
The minimum toll value exists under the following sufficient condition [73].

Proposition 4.2 [73]: When C is convex, C N\ Y (P, po) is non-empty, and the cost vector £

satisfies Assumption 4.1, a unique minimum toll value 7™ (4.19) mazimizes d(T).

T = argmax [ min L(y,7)| = argmax d(7). (4.20)
reRG  LYEY(Pp) reRY

When ¢ is known, (4.20) directly computes 7*. When ¢ is unknown, we cannot explicitly

solve for either 7 or d(7).

Problem 4.1 For MDP congestion games with unknown but strictly increasing congestion
costs, find the minimum toll value 7 (4.19) that ensures the resulting MDP Wardrop equi-
librium y.« (4.18) satisfies the desired affine constraints C (4.15).

As summarized in Figure 4.6, we compute 7* by querying the e-MDP Wardrop equilibria of
d(7), 9-(€), and performing gradient descent with g, (¢). To see how the e-MDP Wardrop
equilibrium of a tolled game induces an inexact oracle for Vd(7), we first derive the analytical

expression of Vd(7).

Proposition 4.3 If the cost vector { satisfies Assumption 4.1 and C satisfies Definition 4.3,
d (4.18) has the following properties.
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Find the Approximate
smallest 7 that . Inexact PP
Gradient : MDP Wardrop
enforces D gradient ilibrium
Ay — b < 0for escent v
Y < oracle - WY
y c W(ET) yT S ( 7"6)

Yr
Figure 4.6: Using approximate MDP Wardrop equilibrium, we perform inexact gradient
descent on 7 to find the minimum toll value.

e d 1s concave.

2
1All2
(6

e d is a-smooth with a = . Le., for any 0,7 € R,

d(t) +Vvd(r) (o —7) — % |l — 7'||§ < d(o). (4.21)

o Let y, be defined as (4.18), then Vd(7) is given by

Vd(r) = Ay, — b. (4.22)

Proof: d(7) is the dual function of the optimization problem minycypp) F(x) s.t. Ay <
b. As the dual function of a convex optimization problem with linear constraints, it is con-
cave [18, Prop 5.1.2]. The smoothness constant of d(7) follows from [92, Thm 1|, where
« is the strong convexity factor of Fy. Finally, the computation of Vd(7) follows directly
from [18, Prop.B.25]. ]
When the costs £ are unknown, we can compute the e-MDP Wardrop equilibrium via learning
algorithms [145, 59, 142]. When applied to tolled games, the e-MDP Wardrop equilibria form

e-inexact oracles of d.

Definition 4.5 (e-inexact oracle) The e-inexact oracles of Vd(T) and d(T) are given by

Vd(r) = Aj-(e) —b, d(r) = L(§(e), 7), (4.23)
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where y,(€) € W(ly,€) (4.6) is an e-MDP Wardrop equilibrium satisfying
L(4r(€),7) < L(ys,7) + €. (4.24)

When € = 0, the oracle is exact. When ¢ > 0, the oracle’s accuracy directly affects the

concavity and the smoothness of d.

Lemma 4.1 (Concavity) Under Assumption j.1, all e-MDP Wardrop equilibria 3. (€) given
by (4.24) will generate e-inezact oracles (4.23) that satisfy d(o) < d(t) + Vd(r)T (o —
), Vo, 1€R?.

Proof: ~ We denote ¢,(¢) by gy, for simplicity. Since g, € W(l,,€) C Y(P,po), using
(4.18) we can show that
d(o) < L(gr,0). (4.25)

A

Combining (4.25) with the fact that L(§,,0) = L(§,,7)+Vd(r)" (0—7), we obtain Lemma 4.1.
|

Lemma 4.2 (e-approximate smoothness) Under Assumption 4.1, all e-MDP Wardrop
equilibria ,(€) (4.24) will generate inexact oracles (4.23) that satisfy

A

d(r) + Vd(r) (0 — ) = YL |g — 7|2 < d(0) + 2¢, ¥ 7,0 € RC. (4.26)

Proof: We denote 9. (€) by g, for simplicity and recall y, from (4.18). From Proposi-
tion 4.3, we know that
Vd(r) = Vd(7) + Aly. — ir). (4.27)

Substituting (4.27) into (4.21), we obtain the following

A

0<d(o)—d(r)—Vd(T) (o —7) + % |lo — 7'||§ — (A(yT — QT))T(J — 7). (4.28)

Furthermore, we can show

AN T N alln 2 Al2 2
(Al = 30) "0 = )| < 15 = 9l 14l - o = 7lly < 311G = rll3 + 2522 o — 713,

(4.29)

where the first inequality is due to the Cauchy—Schwarz inequality, and the second inequality

is due to the inequality of arithmetic and geometric inequalities.
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Next, we note that F' (4.4) and subsequently L(y,7) (4.17) are strongly convex under
Assumption 4.1. We combine this with the fact that L(y,,7) = d(7) from (4.18) to obtain

S = ell5 < L(Gr,7) — d(7), (4.30)

From (4.24), g, satisfies
L(y.,7) —d(7) <e. (4.31)

Summing up (4.24), (4.28), (4.29), (4.30), and 2x(4.31), we obtain (4.26), which completes
the proof. m

Lemma 4.3 Under Assumption 4.1, if v < 2”3“”2, 75 from Algorithm J.2 satisfies
2

HTSH — TH§ <||r¥ — ’7'||§ + 27(d(75+1) — L(y*, 7°) + 2¢° + @d(TS)T(TS — T)), Vr71e Rg, k> 0.
(4.32)

Proof: Given T € RY, let r* = ||7° — 7||5. We compute r*™' — r* using the law of cosine
as

(e )T ) e (439

From line 3 of Algorithm 4.2, 75%1 = [7* 4+ v(Ay® — b)],. Using [25, Lem 3.1], the projection
onto Rf implies that
0 < (7° +Vd(r%) — 75T (74 — 1) (4.34)

From (4.34), we can upper bound (757! — 7%)T(7**! — 7) and combine with (4.33) to obtain
P s < V()T (P = 1) = [ — 7 (4.3)
From Lemma 4.2, we recall
LOP, %) — d(r*th) — 26 < d(Ts)T(Ts — sty 4 % |75+t — Ts”; (4.36)
We can then combine (4.35) and 2yx(4.36) to derive

P =t 4 2y (L', ) — d(rHY) = 26) < 29Vd(r) (7 — 1) + (LA — 1) 7ot - o),
(4.37)

2
and use the fact that ’y% < 1 to eliminate the ||7* — 7'8”3 term and complete the proof.
|
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4.5 Tolling Algorithm for e-sub-optimal Players

The convergence of first-order gradient methods relies on the objective’s convexity and
smoothness. If an inexact gradient preserves concavity and smoothness, its gradient de-
scent will also converge [34]. In this section, we apply the same concept to tolling in MDP

congestion games and analyze how e-MDP Wardrop equilibria affect constraint violations.

Algorithm 4.2 Iterative toll synthesis

Input: ¢, P, ps, 7.
Output: 7V, y".
: for k=0,1,... do
Yy e W+ ATk €¥)
T = [T R (Ay* - D))y
end for

L

In Algorithm 4.2, we denote the k" toll charged, the k' e-MDP Wardrop equilibrium,
and the € in the k' e-inexact oracle as 7%, y*, and €*, respectively. When ¢¥ = 0 Vk € N,
Algorithm 4.2 is a projected gradient ascent on d(7) with sublinear convergence rates [25].

We analyze Algorithm 4.2’s convergence when €® > 0 through the following quantities:

k

s =k
ETay:
s=1

B

-1 k-1

Y, EF =Y ¢, (4.38)

| =
| =

T

©
Il
o
w
Il
o

where 7%/ 3% / E* is the average toll/average e-MDP Wardrop equilibrium /accumulated e up

to iteration k, respectively.

Theorem 4.2 [f the cost vector € satisfies Assumption 4.1, and v < W for each k € N,
2
then 7% from (4.38) satisfies

d(r) = d() < (|17 =73 + 2B, (4:39)

where 7 is the minimum toll value (4.19). and E* (4.38) is the total approximation error.

Proof: Our proof is inspired by [34, 91]. Let 7* = ||7° — 7*||3. From Lemma 4.3, when

< 2 we have
7= 2

Pt <t 2y (d(TH) - Ly, ) 4 26 + V()T (70 — 7)) (4.40)
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From Lemma 4.1, we have

Vd(m*)T(r5 — %) < L(y%, %) — d(1%) (4.41)
Summing up (4.40) and 2yx(4.41), we obtain

sl _ s < 27(d<7_s+1) _ d(T*) + 268) (442)

Summing over (4.42) for s = 0...,k — 1, we obtain 0 < 7* < 70 — 2y 3% (d(m*) —
d(1%)) +4vy S 74 €. Finally, the concavity of d from Proposition 4.3 implies that —kd(7%) =
—kd(3F_, %) < —=32F_ d(*). This completes the proof.

Remark 4.2 When € = ¢ is constant, (4.39) becomes d(7*) —d(7F) < %(% 170 — 7%13) + 2.
Similar to exact gradient descent, % |70 — 7'*”3 converges sublinearly in k. However, the term

2e > 0 causes a constant convergence error.

Constraint violation of 7* (4.38) is similarly bounded.

Corollary 4.1 If the cost vector { satisfies Assumption 4.1 and v < then the con-

2]\ All3 "
straint violation of the average population distribution y* from (4.38) satisfies

Az = el.ll, < & (il + 70 = 771, + 23/ BF). (4.43)

Proof: We first derive an upper bound for HTkHZ and then bound the left hand side
of (4.43) by ||7"]|,. Recall (4.42), we use d(7*) — d(7*) > 0 to derive r*T < r* + 4dye.

Summing over s =0,...,k — 1, we have
HTk—T*Hz < ||7'0—7'*H§+47Ek. (4.44)

Taking the square root of both sides of (4.44) and noting the identity va +b < y/a + Vb,
we obtain
17 =7, < 177 = [l + VA ER. (4.45)

We add ||7*||, to both sides of (4.45) and use the triangle inequality ||7"“H2 < ||7'k — 7'*||2 +
||7*||, to obtain
78], < 17l + |77 = 7], + Vv ™. (4.46)
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Next, we bound ||[Agjk - b]+H2 using HTkHz From line 3 of Algorithm 4.2, 7571 > 75 4+
v(Ay® —b). We sum over s =0,...,k — 1 to obtain 7% > 7% + vk(Ay* — b). Noting 7° € RY
can be dropped, vk[A7* — b], < 7% combined with (4.46) completes the proof. [ |

Remark 4.3 With a constant error oracle €¥ = €, the average constraint violation will still

asymptotically reduce to zero.

Unlike 7%, E¥’s effect on the average constraint violation can be reduced with larger step
sizes as 2\/Ek7fy*1 . We note that Corollary 4.1 shows that Algorithm 4.2 is not appropriate
for enforcing safety-critical system constraints.

Algorithm 4.2 also ensures that the average population distribution 7* (4.38) converges

to the optimal equilibrium for 7*.

6]

Theorem 4.3 If the cost vector ¢ satisfies Assumption 4.1 and v < then the average

2|43’
player population distribution given by y* (4.38) satisfies
_ 2 o
Hyk — y*H2 < mD(TO,T*,Ek), (4.47)

*

where T* is the minimum toll value, y* is the optimal population distribution for d(7*), and

D(7°, 7%, E¥) is given by
* 2 * * *
D(7°, 7%, E*) = max {§ |7°|l; + 2B, |75 + [|7*]l, 70 — 7%l + 2/ E*}. (4.48)

Proof:  We bound the term F(y*) — F(y*). First, consider the upper bound. From

Lemma 4.3, let 7 = 0,
74 < 13 + 20 () + 26 = Ly, ) + Fd(r) ). (1.49)

Recall from (4.22) and (4.17), Vd(7%) = Ay* — b and L(y*,7%) = F(y*) + (75)T(Ay* — b).
Therefore L(y®, 7°) — Vd(7°)T7° = F(y*). Then (4.49) becomes

S 2 S S S S
75 + 20(F () = d(r**)) < ||7°]; + 4ye (4.50)

Summing over s = 0,...k — 1, Y50 F(y®) — d(75t1) < % |7°]|2 + 2E*. Taking the average
y" and noting that d(7%) < d(7*) = F(y*) for all 7% € RY,

_ N 2 Kk
F(g*) = F(y*) < 57 I7°l; + % (4.51)
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Next, consider the lower bound of F(7*) — F(y*). By definition, y* solves min ey pp) F(y) +
(Ay — b)"7* where (Ay* — b)"7* = 0. This implies that F(y*) < L(7*,7*). We expand
L(y*,7*) with (4.17) to obtain

F(y) = F(¥") < (A7" = b) 7" < [Ag* — 8] .

We can then bound the difference F(y*) —F(3*) by [|[7*|, ||[A7* — b]+||,- From Corollary 4.1,

F(y*) — F(@*) < Zl(|r ), + 170 = 7, + 2/~ EF). (4.52)

Together, (4.51) and (4.52) imply |F(y*) — F(y*)| < %D(T*,TO, E*). Strong convexity of F
follows from Assumption 4.1, such that ngk — y*Hz < 2|F(y*) — F(y*)|- This completes the
proof. [ |

Remark 4.4 Similar to 7%, the convergence of §* to y* is sublinear in k and induces error

that scales linearly in E*. However, taking larger step sizes minimize this error.

Fast first-order gradient method. When ¢* = ¢ for all £ € N, the fast gradient
method [34] augments Algorithm 4.2 with the following update after Step 3,

Al k+1 /o7 .
T = e [ S VG DA )]+ kg

In large networked systems with low-accuracy oracles, the fast gradient method theoretically
and empirically diverges from d(7*) [34]. Since its constraint satisfaction results are compa-

rable to Algorithm 4.2 [91], we focus on the standard first-order gradient descent instead.

4.6 Alleviating Congestion for Irrational Drivers in a Stochastic Ride Hail
Network

In this section, we model competition among NYC’s ride hail drivers as an MDP congestion
game and apply Algorithm 4.2 to demonstrate how ride hail companies can implicitly enforce
constraints by utilizing tolls." Since origin-destination-specific trip data for ride hail compa-

nies are not publicly available, we use the rider demand distribution provided by the NYC

1Code for Manhattan’s ride hail MDP  congestion game is available at
github.com/lisarah /manhattan_MDP _queue_game.


http://github.com/lisarah/manhattan_MDP_queue_game
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TLC as a proxy for Uber’s rider demand distribution. In [118], the overall rider demand for
TLC is estimated to be about 40% of the rider demand for Uber.

4.6.1 Geographical Network of Stochastic Queues Modeled as an MDP Congestion Game

We consider a cohort of competitive ride hail drivers in Manhattan, NYC repeatedly oper-
ating between 9 am and noon. Using six hundred thousand trip data from the yellow taxi
data during January, 2019 [97], we model individual drivers as a finite time horizon MDP in
a queuing network.

Modeling assumptions. 1) All trips take discretized times of {15,20,30,...} minutes
based on the trip distance. 2) The initial driver distribution is uniform across all Manhattan
zones. We find that varying the initial distribution does not significantly impact the time-
averaged MDP Wardrop equilibrium or the toll norm, as long as the constraints are satisfied.
3) From [82], the Uber driver population in NYC is approximately 50000. We assume that
20% of the driver population works in Manhattan between 9 am and noon.

States. Each state is given by s = (2, ¢q) € [Z] x [Q], where z € [Z] is one of the sixty-three
(Z = 63) Manhattan zones are visualized in the right plot of Figure 4.7 (islands excluded),
and ¢ € [Q] is the queue level, with the maximum level being @@ = 7. At ¢ = 0, the driver is
in zone z without a rider. At ¢ > 0, the driver is ¢ time steps away from completing a ride
to zone z. Zone z’s geographically adjacent (sharing one or more edges) zones are given by
N(z).

Actions. The action set of state (z,q) is ¢-dependent and is given by A(z,¢). When ¢ > 0,
the driver is completing a ride. Therefore, the only action, a., is to finish the ride and A(z, q)
is the singleton set given by A(z,q) = {a.},Vz € [Z], ¢ > 0. When ¢ = 0, the driver can
either go to a neighboring zone (a,/) or pick up a rider in the current zone (a.). The action
set of (2,0) is A(2,0) = {ax| 2/ € N(2) U{z}}, Vz € [Z]. The g-dependent action model
follows the MDP model in Section 2.2 if we define A = max, ,|A(z,¢)|, and for all (z,q)
where |A(z, q)| < A, insert A — | A(z, ¢)| actions with infinite costs.

Time. The average trip time from the TLC data is 12.02 minutes. We add buffer time for
drivers to locate and drop off riders, such that the MDP time interval is 15 minutes between
9 am and noon for a total of 7' = 12 time steps.

Transition Dynamics. Transition dynamics is g-dependent. When ¢ > 0, the driver is

completing a ride (a,). Then, for all z € [Z] and ¢ € [T, the transition dynamics of (z, g, a,)
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is given by
. 1 ¢=(z,q-1)
P(t, s a,,z,q) = Vg>1. (4.53)
0 otherwise
When ¢ = 0, the driver may go to an adjacent zone ({a./|2’ € N(2)}) or pick up a rider (a,).

For a,/, the transition dynamics is given by

1—0, if s =(2,0),
P(t, s ay,z,q) = W, if s =(z,0),z € N(2)/{z}, (4.54)

0, otherwise,

where 0 € [0, 1) models the driver’s probability of real-time deviation from a chosen strategy.
We set 6 = 0.01.

For action a, from state (z,0), drivers will find a ride and transition to the appropriate
queue in the destination zone. The transition dynamics for (z,q,a,,t) is derived using the
TLC ride demand distribution at (z,0) [97]. Let N(z,2’,q,t) be the number of trips with
origin-destination (z, z’) at time step t that took between 15¢ and 15(¢ + 1) minutes. For all
2 € [Z] and q € [Q)] at time ¢ € [T, the transition probability to state (z’,q) is given by

N(z,72,q,t)
ZQG[Q} Zze[z] N(z,2,q,t)

P((2 ), (2,0), as ) =

Note that 2z’ need not be an adjacent zone to z.
Driver costs. Driver costs are g-dependent at each state s = (z,q). When ¢ > 0, the driver
cost is given by
Crsa(Yesa) = BYrsa, V€ [T], a € A(z,q),

where § models the minor congestion effect of drivers entering zone z at queue level q. We
set B =0.001.
When ¢ = 0, we follow the cost model in [73], given by

gtsa(fgtsa) - Es’ [Cg‘?z - mts/s] + C‘tNait *Ytsa = ES/ Pts’sa [ng — mts/s] + szait * Ytsa (455)

The parameters in (4.55) are action-dependent: myy, is the monetary reward, ¢! is the

congestion scaling coefficient, and %V is the fuel cost.

1. For a, and s’ = (2/,0), mygs = 0 and ¢’ = 0.01. The term ¢ is the fuel cost of
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reaching 2/, given by

C;;a;/ = Mizf.// (Vel) ! + \(Fuel Price)JSFuel Eff) ,v . (456)
mi b /mi $ /Eal gaf?ml mi

The parameter d,,/ is the estimated trip distance between z and z’. When 2’ = z, d,,
is the average distance (mi) for all (z, z) trips from the TLC data. When 2’ # z, d,.,
is the Haversine distance (mi) between z and z’. The parameter p is a time-money

trade-off parameter, given in Table 4.2 along with other parameters.

1 Velocity Fuel Price  Fuel Eff
$15 /mi 8 mph  $2.5/gal 20 mi/gal

Table 4.2: Parameters for the driver cost function.

2. For a = a, and s = (2/,0), myys is the monetary reward, defined using Uber’'s NYC

pay rate [9] as
Mpws — Max ($7, $2.55 + $0.35 - At + $1.75 - Ad), (4.57)

where At is the trip time (min) and Ad is the trip distance (mi). We set At = 12 as
the average trip time from the TLC data and Ad as the estimated Haversine distance

wait

between (z,2’). The parameter ¢} is the coefficient of congestion, scaled linearly by

the portion of drivers who are waiting for a rider, and is given by

-1
wait __
Cisa E/ [mts s] (Customer Demand Rate) , (458)

~
rides/At

where myy, is given by (4.57) and the customer demand rate is derived from TLC
data per time interval per day. We estimate the Uber ride demand to be 2.5 times
greater than Yellow Taxi’s ride demand in January 2019 [26] and scale the TLC data

accordingly.

4.6.2  Online Learning via Conditional Gradient Descent

When drivers optimize their strategies for the ride hail game in Section 4.6.1, we assume that
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Figure 4.7: Predicted ride hail traffic in Manhattan.

they cannot directly access the congestion costs model and transition dynamics. Instead,
they collectively receive costs for a chosen joint policy, and iterate to find the equilibrium
policy.

We implement the learning method from [73, Alg. 3]. Inspired by conditional gradient
descent (Frank-Wolfe), [73, Alg.3] implicitly enforces y € Y(P,py) by solving linearized
game potentials (4.7) via dynamic programming. Frank-Wolfe converges rapidly to low-
accuracy solutions. Based on Frank-Wolfe’s stopping criterion, the € in the e-MDP Wardrop
equilibrium is given by

ek = (0(yF) + ATTF) T (yF — i), (4.59)

We set ¥ = 1e3, which is approximately equal to a normalized error of 0.5% for the
unconstrained game potential. The corresponding e-MDP Wardrop equilibrium and the

driver densities of the most congested zones are shown in Figure 4.7.

4.6.3  Reducing Driver Presence in Congested Taxi Zones

Suppose the ride hail company wishes to reduce the driver density in congested zones to

below 350 per zone per time step via Algorithm 4.2. This constraint can be formulated as

S Yisa < 350, s = (2,0), ¥ (t,2) € [T +1] x [Z]. (4.60)
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Figure 4.8: Manhattan game under constraint (4.60). The top line plot shows congestion tolls
($/15min). The bottom line plot shows the congested driver distributions (drivers/15min).

Each (t,2) € [T + 1] x [Z] corresponds to a constraint 4; € RT*+YV54 where for all a €
N(z,0), the (,(z,0),a)™ entry is 1 and all other entries are 0. Thus, we enforce a total of

63 x 12 = 1008 constraints of form (4.60). The constraint matrix is A = [A44, ... ,A(TH)S]T €
R(T+1)S><(T+1)SA'

4.6.4  Discussion

We run Algorithm 4.2 for 2000 iterations at € = 0.5% of the unconstrained potential value.
The results are shown in Figure 4.8. The resulting constraint violation has a 2 norm of 10.24
for the whole time horizon. The toll’s 2 norm is 2.94.

In Figure 4.8 top, we see that for tolls around $1 per time step per state, the average
constraint violation decreases from over 200 drivers to less than 10 drivers for the whole
time horizon. This is comparable to the proposed toll value for lower Manhattan ($2.25 per
entry) [41]. For each of the zones shown, the highest toll does not occur at the time of the
largest constraint violation. In Figure 4.9 left, we evaluate Algorithm 4.2 by its toll value
convergence and the constraint violation during tolling. Note that the average constraint
violation [|[Ag* — b]+||2 differs from the last-iterate constraint violation ||[Ay" — b].|| ,» and
the last iterate constraint violation does not converge in part due to drivers’ imprecision in
finding the equilibrium strategy.

Social cost. A major concern is the effects of tolling on the average drivers’ earnings,

measured by the social cost [73]. When the social cost increases significantly, drivers may
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Figure 4.9: Left: average toll value and constraint violation during toll synthesis. Right:
average driver earnings during toll synthesis.
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Figure 4.10: € vs average toll and constraint violation at k& = 1000.

quit, thus reducing the ride hail workforce. We show empirically in Figure 4.9 (right) that
tolling does not significantly impact driver earnings: the average driver earnings during
the tolling process are normalized against the untolled average earnings. During tolling,
the social cost decreased, implying that the average driver’s earnings increased. Therefore,
congestion-based tolling is unlikely to cause quitting among the driver population.
Equilibrium accuracy. The effect of €* on the toll value ||7||, and the average constraint
violation [|[A7* — b4 H2 are shown in Figure 4.10 after 1000 iterations for e = [100, 1000, 5000, 10000, 50000].
The increased accuracy in € decreases both the toll value and the constraint violation during
the tolling process, thus providing more incentive to accurately compute the minimum toll

value.
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Chapter 5

MITIGATING DISRUPTION PROPAGATION IN
NETWORKED LEARNING DYNAMICS

In the previous chapters, much of the emphasis is placed on how to model large-scale
competitive players under shared resource uncertainty, and how to characterize and constrain
the playing population at Nash equilibria. In this chapter, we focus on how the player can

learn the Nash equilibrium using disturbance-prone observations of the shared environment.

As the application of learning in multi-agent settings gains traction, game theory has
emerged as an informative abstraction for understanding the coupling between algorithms
employed by individual players (see, e.g., [43, 84, 31]). For settings in which scalability to a
large number of players is crucial, a commonly employed class of algorithms in both games
and modern machine learning approaches to multi-agent learning is gradient-based learning,
in which players update their actions using the gradient of their objective with respect to
their action. In the gradient-based learning paradigm, continuous quadratic games stand out
as a benchmark due to their simplicity and ability to exemplify state-of-the-art multi-agent
learning methods such as policy gradient and alternating gradient-descent-ascent [83].

Despite the resurgence of interest in learning in games, a gap exists between algorithmic
performance in simulation and physical application in part due to disturbances in mea-
surements [121]. Robustness to environmental noise has been analyzed in a wide variety of
learning paradigms [75, 21]. Most analysis focuses on independent and identically distributed
stochastic noise drawn from a stationary distribution.

In contrast, we study adversarial disturbance without any assumptions on its dynamics
or bounds on its magnitude. Though some work exists on the effects of bounded adversarial
disturbance in multi-agent learning [57], there is limited understanding of how gradient
disturbance propagates through the network structure as determined by the coupling of the
players’ objectives. Does gradient-based learning fundamentally contribute to or reduce the
propagation of disturbance through player actions? Our analysis aims to answer this question
for gradient-based multi-agent learning dynamics. The insights we gain provide desiderata

to support algorithm synthesis and incentive design, and will lead to improved robustness of
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multi-agent learning dynamics.

Contributions. We provide a novel graph-theoretical perspective for analyzing distur-
bance decoupling in multi-agent learning settings. For quadratic games, we obtain a neces-
sary and sufficient condition, which can be verified in polynomial time, that ensures complete
decoupling between the corrupted gradient of one player and the learned actions of another
player, stated in terms of algebraic and graph-theoretic conditions. The latter perspective
leads to greater insight on the types of cost coupling structures that enjoy disturbance decou-
pling, and hence, provides a framework for designing agent interactions, e.g., via incentive
design or algorithm synthesis. Applied to LQ games, a benchmark for multi-agent policy
gradient algorithms, we show that disturbance decoupling enforces necessary constraints on
the controllable subspace to the unobservable subspace of individual players. Applied to
bilinear games, we show that disturbance decoupling enforces necessary constraints on the

players’ payoff matrices.

5.1 Continuous Games and the Game Graph Model

Consider an N-player continuous game (fi,..., fx) where for each i € [N], f; € C"(R",R)
with » > 2 is player ¢’s cost function and R = R™ x ... x R™ is the joint action space,
with R™ denoting player ¢’s action space and n = Zfil n;. Each player’s goal is to select an
action z; € R™ to minimize its cost f; : R — R given the actions of all other players. That

is, player ¢ seeks to solve the following optimization problem:

x?eliR%i fi(\x17...,zi,...,x]\[1>. (5.1)

-~

=T

One of the most common characterizations of the outcome of a continuous game is a Nash

equilibrium.

Definition 5.1 (Nash equilibrium) For an N-player continuous game (fi,...,fn), a

joint action x* = (z7,...,x%) € R" is a Nash equilibrium if for each i € [N],
fi(x®) < filad, .. @)y, 2,274, ..., 2y), ¥V o; € R™.

Gradient-based learning. We consider a class of simultaneous play, gradient-based multi-

agent learning techniques such that at iteration k, player i receives h;(z*) from an oracle to
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update its action as follows:

where ~; > 0 is player ¢’s step size,

hi(z%) = 280 4 g (5.3)
is player i’s gradient evaluated at the current joint action z* and affected by a player-specific,
arbitrary additive disturbance df € R™. In the setting we analyze, d¥ can modify z¥ to any
other action within R™.

Under reasonable assumptions on step sizes—e.g., relative to the spectral radius of the Ja-
cobian of h; in a neighborhood of a critical point—it is known that the undisturbed dynamics
converge [84, 31]. While such a guarantee cannot be given for arbitrary disturbances as con-
sidered in this paper, we provide conditions under which a subset of players still equilibrates
and follows the undisturbed dynamics.

Quadratic games. For an N—player continuous game (fi, ..., fy), the behavior of gradient-
based learning around a local Nash equilibrium can be approximated by linearizing the

learning dynamics, where the linearization corresponds to a quadratic game.

Definition 5.2 (Quadratic game) For each i € [N], f; : R" — R is defined by
file) = 2] Py + 2] (3, Py +14). (5.4)

Quadratic games encompass potential games [90] with P;; = P, and zero sum games [45]

with Pj; = —P; We give further examples of quadratic games jbelow.

Game graph. To highlight how an individual player’s action updates depend on others’
actions, we associate a directed graph to the gradient-based learning dynamics defined in
(5.2).

We consider a directed graph ([N], &), where [N] is the index set for the nodes in the
graph, and £ is the set of edges. Each node i € [N] is associated with action x; of the i*"
player. A directed edge (j,%) points from j to ¢ and has weight matrix W;; € R™*" such
that (j,7) € € if W;; # 0 element-wise. For each node 7, we assume the self loop edge (i, 1)
always exists and has weight W;; € R™*™ . The composite matrix W € R"*" with entries

Wi; is the adjacency matrix of the game graph.
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On a game graph, we define a path p = (i, vy, ...,v,_1, ) as a sequence of nodes connected

by edges. The set of paths Pfj includes all paths starting at ¢ and ending at j, traversing

k 4+ 1 nodes in total. For a path p = (i,v1,...,vk_1,7), we define its path weight as the
product of consecutive edges on the path, given by W, ,, ... W, = ;:01 W,

Vi+1,01°

In the absence of disturbances d;, the update in (5.2) for a quadratic game reduces to
ohtl = Wak — T7, (5.5)

.
where 7 = |:T;|— ce Tj—l\—[i| ) VVZ = ]nl _,%P“ Wl] - _/YZ-F)’L]7 and I' = diag<71]n17 s 77]\7-[711\/)'
To both illustrate the breadth of quadratic games and provide exemplars of the game

graph concept, we describe two important subclasses of games and their game graphs.

Example 5.1 (Finite horizon LQ game) Given initial state z° € R™ and horizon T,

each player i in an N-player, finite-horizon LQ game selects an action sequence (u? uT’I)

PRI I3

with ut € R™ in order to minimize a cumulative state and control cost subjected to state dy-

namics: . -
{rlél;ln %(Et:o(’zt)—r@izt + th_o (uf)TRzuf)
ujer™ (5.6)
s.t. zt+1:Azt+Zi]\il Bul, t=0,....,T —1.

The LQ game defined by the collection of optimization problems (5.6) for each i € [N] is

equivalent to a one-shot quadratic game in which each player selects Uy = [(u)) T, ... (ul ™)1 €

R™ with n; = Tm;, in order to minimize their cost f;(U) defined by %(Z?f:l GjUj+HZO)TQi(Z§V:1 G;U;+
H2%) + %UZTRZ-UZ-, where U = (Uy,...,Uy) is the joint action profile, and the cost matrices
are given by Q; = diag{Q;, ..., Q;},

0 0
1
B; .. 0
G; = . . | H = c s (57)
. T . AT
ATilBi ... B;

and R; = diag{R;,..., R;}. This follows precisely from observing that the dynamics are
equivalent to Z = SN GyU; + Hz® where Z = [(2°)7, ..., (z7)T|T. From here, it is straight
forward to rewrite the optimization problem in (5.6) as ming, f;(U). The LQ game is a
potential game if and only if Q; = Q; and R; = R; for all i,j € [N].
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LQ Game Graph. Suppose each player uses step size ;. Since, D, f;(U) is given by
(GIQiGi + R)U; + G Qi(X2,4, G;U; + H2°), (5.8)
the learning dynamics (5.5) are equivalent to
UM = WU* —T[Q,G4,...,QnGN] T H2, (5.9)

where W = I, — M, with M € R™™ a blockwise matriz having entries M;; = v,G] QG if
i # j and M;; = v(G] Q;G; + R;) otherwise.

Another important class of games is bilinear games. In adversarial learning, a number of
game formulations have a hidden bilinear structure [136]. In evaluating and selecting hyper-
parameter configurations in so-called test suites, pairwise comparisons between algorithms

are formulated as bimatrix games [13, 12].

Example 5.2 (Bilinear game) A two player bilinear game', a subclass of continuous quadratic
games, is defined by fi(x1,22) = x{ Azy and fo(zy,25) = 2] BT29 where A € RM*™ and

B € R™*™ gnd x; € R™. Common approaches to learning in games [136, 11], simultaneous
and alternating gradient descent both correspond to a linear system.

Game graph for simultaneous gradient play. Players update their strategies simulta-

neously by following the gradient of their own cost with respect to their choice variable:

ot = gh o Agk b = 2k — 4, Bat (5.10)

The simultaneous gradient play game graph is given by

I —’)/114

Wy =
—YB I

(5.11)

Game graph for alternating gradient play. In zero-sum bilinear games, it has been
shown that alternating gradient play has better convergence properties [11]. Alternating gra-

dient play is defined by

K+l _ k ko k+l _ k k+1
xi =af —nAxs, vy = x5 — By (5.12)

!The bilinear game formulation and corresponding game graph for different gradient-based learning rules
easily extend to an N-player setting, however the results in Sec. 5.2 are presented for two player games.
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Ezamining the second player’s update, we see that 5™ = (I + 417, BA)zk — v, Bak. The
game graph in this case is defined by

I —’}/114

W, =
—v2B I+ v17BA

. (5.13)

Remark 5.1 Convergence of (5.10) and boundedness of (5.12) depend on choosing appro-
priate step sizes y1 and vy [31, 11]. We consider disturbance decoupling for settings such as

these where the undisturbed dynamics are convergent.

5.2 Disturbance Decoupling on Game Graph

In this section, we derive the necessary and sufficient condition that ensures the decoupling
of gradient disturbance from the learning trajectory of a subset of players. We emphasize
that the condition holds for disturbances with arbitrary magnitudes and functions. This
is a useful result because it provides guarantees on both the equilibrium behavior and the

learning trajectory under adversarial disturbance.

Definition 5.3 (Complete disturbance decoupling) Given initial joint action z° € R",
game costs (f1,..., fn), step sizes I' € R™™ suppose that player i’s gradient update is
corrupted as in (5.3), then for player j # i, action x; is decoupled from the disturbance in

player i’s gradient if the uncorrupted and corrupted dynamics, given respectively by
e = Wak —Tr, " = WyP — T — Id* (5.14)

result in identical trajectories for player j when y° = 2°. That is, y;»“ = xf holds for all k > 0,
d* € D;, where
Di={d=di,...,dy]" €R" | d; =0,V j #1i}.

5.2.1 Algebraic condition

We first derive an algebraic condition on the joint action space for disturbance decoupling.
Define M+ = {z € R" | 272 =0, Vi € M} and let R(A) = {Az | x € R"} denote the
image of A € R™*™.

Proposition 5.1 Consider an N-player quadratic game (fi,..., fy) as in Definition 5.2

under learning dynamics as given by (5.2), where player i experiences gradient disturbance
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as giwen by (5.3). Let S(i) = {x = [x1,...,2n]" €R" | 2; =0, V j # i} be the joint action

subset. For player j # i, the following statements are equivalent:

(i) Player j is disturbance decoupled from player i.
(ii) Wrv € S(j)*, Vv e S(i), V0O <k <n.

(iii) ROWFE) C R(Y), V 0 < k < n, where E € R™™ and Y € R™ (") qre matrices
such that R(E) = 8(i) and R(Y) = S(j)*.

Proof:  For a quadratic game (fi,..., fy), the learning dynamics without and with

disturbances reduce to the equations in (5.14). Given initial joint action z°,

xk:kaO—[Wk_l WO]F[FT . fT]T,

Z/kzzck—[W’“*l WO}F{(dO)T (dkl)Tr.

Then, Definition 5.3 is equivalent to 1oy  WMI-1dl € S(j)* satisfied for M > 1 and
d' € 8(i). Since the condition holds for all M > 1, it is equivalent to W*d' € S(j)* for
all k > 0 and d' € S(i). This is then equivalent to W*d! € S(j)* for all 0 < k < n
and d' € S(i). To see this equivalence, consider the following result from Cayley-Hamilton
theorem, W* = S ' W' for some oy € R. Thus, for k > n and any d € S(i), W¥d =

;:01 Wiad = ;:01 Wld, where d; = ayd € S(i) for I = 0,...,n — 1, which implies that
W*d € S(j)*. This concludes the equivalence.

Finally, we note that (ii7) is a restatement of (i7). Furthermore, (ii7) can be verified in

polynomial time. [

Remark 5.2 In connection to geometric control theory, condition (iii) of Proposition 5.1
is equivalent the fact that R([E, ..., W" 1 E]), the smallest W -invariant subspace containing
R(E), must be a subset of S(j)* [133, Thm 4.6].

5.2.2  Graph-theoretic condition

Next, we derive the graph-theoretic condition on the joint action space for disturbance de-

coupling.

Theorem 5.1 Consider an N-player quadratic game (f1, ..., fx) as in Definition 5.2 under

learning dynamics as given by (5.2), where player i experiences gradient disturbance as given
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by (5.3). Player j # i is disturbance decoupled if and only if the path weights of paths with
length k satisfy

k—1
S TIWesiw =0, VO <k <n, (5.15)
pGPik]- =0
where (v, v141) denotes consecutive nodes on path p = (i,vq,...,Vk_1,]).

Proof: The result follows from the equivalence between Proposition 5.1 condition (i7)
and (5.15). Note that z € S(4) is equivalent to x, = 0 for all ¢ # i, and W*z € S(j)* is
equivalent to (W*z); = 0 for all n > k > 0. We prove the result by induction. For k = 0,
(WO); = 0V x € 8(i) holds if and only if ¢ # j. For k > 0, (W*z); = 0V x € S(i) is
equivalent to i # j and (W*);; = 0. Suppose that for 7,5 € [N], (W*);; is the sum of path
weights over all paths of length k, originating at i and ending at j, then (W**1);; is the
sum of path weights over all paths of length k + 1, originating at ¢ and ending at j. Let
W¥ = M, then (W*!),, = > geiv) MigWei, where Mo Wy is the sum of path weights over all
paths of length k + 1 from i to j each of which contains v; = ¢. Since we sum over ¢q € [N],
we conclude that (W**1);; is the sum of all paths weights of length k + 1 from i to j, i.e.,
(4,01, .., U, J) prjﬂ. [
The concept of disturbance decoupling is quite counter-intuitive: any change in player ¢’s
action does not affect player j’s action, despite f; being implicitly dependent on x; through
the network of player cost functions. As we see from the proof of Theorem 5.1, this situation
arises when the dependencies ‘cancel’ each other out, i.e. the sum of path weights from i to

j is always zero for equally lengthed paths.

Example 5.3 (Disturbance decoupled players) Consider a4 player quadratic game where
x; € R and the game graph is given in Figure 5.1. Fdge weights , 3, v, and § € R, while each
self loop has weight w; > 0. Paths of length k < 4 from player 1 to player 4 are enumerated as
Pl =10}, P ={(1,2,4),(1,3,4)}, and P}, = {(1,1,2,4),(1,1,3,4),(1,2,2,4),(1,3,3,4) ,
(1,2,4,4),(1,3,4,4)}. To satisfy Theorem 5.1, the sum of path weights for each P, must be

0 for 0 < k < 4. There are no paths of length one, summation for k = 2 implies the criteria
ay + 86 =0, and summation for k = 3 implies the criteria (wy + wy + wy)ay + (wy + w3 +
wy)B0 = 0. If wy = ws, ay + B9 = 0 is necessary and sufficient for disturbance decoupling
between player 1 and player 4.

Remark 5.3 Disturbance decoupling is a structural property of the game in terms of dis-

turbance propagation and attenuation. An open research problem is linking this structural
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Figure 5.1: A simple game graph between four players

property to robust decision-making under uncertainties in cost parameters P;, P;;, and step

siz€e8 ;.

The following corollary specializes to the class of potential games [90], which arise in many
applications [100, 80, 6].

Corollary 5.1 Consider an N -player quadratic potential game under learning dynamics as
given by (5.2), where player i experiences gradient disturbance as given by (5.3). Player i is
disturbance decoupled from player j # i if and only if player j is also disturbance decoupled

from player i.

Proof: In a potential game graph, W;; = %WJ Therefore, a path p with path weight
J

Wiy - Wy, i is equivalent to

’}/‘ ’71}7 '71) ,y
i gy Dokt ...T}WT zﬁm,m...va,l,j, (5.16)

Vg —1,] Vg —2,Vk—1 1,U1 .
Yvp—1 Yor_o i

where 1—? scales all path weights from ¢ to j. Since v;,7; > 0, % > 0. Therefore, (5.15) holds
from player ¢ to player j if and only if it holds from player j to player %. [ |

Corollary 5.2 Consider an N-player finite horizon LQ game as in (5.6) under learning
dynamics as given by (5.9), where player i experiences gradient disturbance as given by (5.3),

if disturbance decoupling holds between player j and gradient disturbance from player i, then

Q [Bi AT—lBi]:O (5.17)
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If Q; is positive definite and T' > m, the controllable subspace of (fl, BZ) must lie in the
unobservable subspace of (BJT, flT) where A = Q;/2AQ]~_1/2, B; = Q;/QBZ», and Bj = Q;/2Bj.

Proof: For player j to be disturbance decoupled from player i, edge (i, j) cannot exist,
ie. —y;,G}Q;G; =0 from (5.7). Expanding G| Q,;G; = M € R™>*™  M,, € R™*™ is given
by Zth_nlnn{p,q}BjT (AT)=PQ;A'™B;. We unwrap these conditions starting from p = T'— 1,
g = T — 1; in this case M,, = B]TQjBZ- = 0 is necessary. Then we consider Mrp_g 7 o
= B/ ATQ;AB; + B} Q;B; = 0, which implies that B ATQ;AB; is necessary. Subsequently,
this implies that all B/ (A")'Q;A'B; = 0 is necessary for ¢t € [0,T). Similarly, we note that
Myp_14 =B Q;A'B; =0 and M,y = B/ (AT)?Q;B; = 0. From these we can use the rest
of M to conclude that BjT (AT)PQ;A1B; = 0 for any p,q € [0,T). This condition is equivalent
to (5.17). ]
We apply Theorem 5.1 to two player bilinear games and prove a necessary condition for
disturbance decoupling between different coordinates of each player’s action space that is

independent of players’ step sizes.

Corollary 5.3 Consider a two player bilinear game under learning dynamics (5.10) and (5.12),
where coordinates x1; and xo; experience gradient disturbance as given by (5.3). If j # i and
coordinate x1 ; is disturbance decoupled from coordinate x1;, (A, B) must satisfy y_,>, bua; =

th

0, where a,, and by, denote the (p,q)"" elements of A and B, respectively. Similarly, if

J # i and coordinate x4 ; is disturbance decoupled from coordinate x4, (A, B) must satisfy
2 i bjean = 0.

Proof: 'We construct games played by nq+ns players with actions {z11,...,Z1n,, Z21, ..., T2, }
and whose game graphs are identical to Wy (5.11) and W, (5.13). First consider disturbance
decoupling of z; ; from z7,;. In both learning dynamics, {z11,...,%1,,} do not have any
edges between players. Therefore, paths between x;; and z;; with length 2 is given by
P = {(z14,220,215) | £ € [n2]}. We sum path weights over P to obtain _,2, bya,, = 0 for
disturbance decoupling of x; ; from x1; in (5.10) and (5.12). A similar argument follows for
disturbance decoupling of x5 ; from x5 ; in (5.10). For disturbance decoupling of x5 ; from x5 ;
in (5.12), we note that an edge from xs; to xy; exists with weight v172(BA);; when j # i.
Disturbance decoupling requires v,y2(BA);; = 0, therefore Y, | bjpan =0. [ |

Corollary 5.4 Consider a two player bilinear game under learning dynamics (5.10) and (5.12),
where coordinates x1,; and xs2,; experience gradient disturbance as given by (5.3). If coor-

dinate xoj is disturbance decoupled from coordinate xy,;, (A, B) must satisfy bj; = 0 and
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Doty bai 2oyty aggbje = 0, where ayy and by, denote the (p,q)" elements of A and B, respec-
tively. If coordinate xy; is disturbance decoupled from coordinate x2;, (A, B) must satisfy
aj; =0 and Y01 agi Y 2, begaje=0.

Proof: We construct games played by ny+ns players with actions {11, ..., 210, Z21, - - -
and whose game graphs are identical to W (5.11) and W, (5.13). In both learning dynam-
ics, disturbance decoupling requires no direct path between the decoupled players. Therefore
a;; = 0 or bj; = 0.

Consider disturbance decoupling of z; ; from z5; in (5.10), paths of length 3 from z5; to
x1,; without self loops is given by P = {(z2,, %14, T2, 1) | ¢ € [n1], € € [na]}. A path of
length 3 with self loops must also include (22, 1 ;), whose weight is 0. We sum path weights
over p € P to obtain Y /1 agi Y y2, bygaje = 0. A similar argument is made for disturbance
decoupling of 5 ; from z;; in (5.10).

Consider disturbance decoupling of xo; from x;; in (5.12), paths of length 2 from z;;
to xy; without self loops is given by Q = {(z1,, %24, %2;) | ¢ € [n2]}. A path of length
2 with self loops must also include (xq;,%2;), whose weight is 0. Weight of (24,22 ;)
is given by v172(BA)j; = M2 2 psy bjeasg. We sum path weights over p € Q to obtain
Zgil bgi > pty @egbje = 0. A similar argument is made for disturbance decoupling of z ;

from z; in (5.12). ]

5.3 Disturbance Decoupling for a Tug-of-war Game

We provide an example of disturbance decoupling in a LQ game. Consider a tug-of-war
game in which a single target z € R? is controlled by four players. We assume that player
i can move z along vector B; € R? by u; € R, and that z is stationary without any player
input, i.e., A = I. Starting with a randomized initial condition 2°, at each step ¢, the target
moves according to the dynamics 21 = 2* + 31 | Bju! where By = [1,0]7, By = [\/ig, \/LE]T

Y

B; = [\_/—%, %]T, B, =[0,1]". Each player i’s cost function is given by

2 8 2 2
312" —ailly + X0 3 12" = cilly + 10 |uilly
which describes player i’s objective to move target z towards ¢; € R? in a finite time 7" = 10

by using minimal amount of control. By designing the game dynamics to satisfy Theorem 5.1,

we ensure that player 4’s action is disturbance decoupled from player 1’s.

) xQ,ng}
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Using the equivalent formulation as described in Section 5.1,

0fi(U)
8Ui

= (GIQle + Rz)Ul + Z G:Qz(GJU] + HZO — CZ),
J7#i
where C; = [¢],...,¢]]". Hence, the learning dynamics are U1 = WU*+TQ,[G1, ..., Gn]T[(H2°—

’

Ol)T, . ( ZO—CN> ] s where VVZ'j = G;FQZ = E@BTB with BTBQ BTBg BTB4

<, BT33 B{By=0,B]By=—-L B]By=B]By=B]Bs=B]B;=1, and
] . -
7 1
E=|17 7 1| e R,
SR 1
1 1]

To ensure convergence of the undisturbed learning dynamics [31], we use uniform step
sizes such that T' = blkdiag(y1 7, . ..,74]) with ; = ‘f , where @ = Apin (F(W + WT)T(W +
WT)) and 8 = A\pax (WTW) with Apax(+) and Apin (¢ ) denoting the maximum and minimum
eigenvalues of their arguments, respectively. The associated game graph is given in Figure 5.1,
where a = 8 = v = \%E and § = _TE A path p = (1,vy,...,v5_1,4) of length k& must
have path weight (\’/—%)mé(\%)mka, where ms (m,) denotes the number of times the edge
with weight 0 (7) is traversed in p.

Disturbance decoupling between players 1 and 4 is guaranteed if all paths of length
k € (0,36) satisfy (5.15). We can numerically verify that Proposition 5.1 is satisfied or
make the following graph-theoretic observations based on Theorem 5.1. First, due to the
symmetry within the game graph, the existence of path p = (1,vy,...,v5_1,4) with path
weight L = (f)mfs(f)m“fEk implies the existence of path p = (1,01,...,0,_1,4) with path
weight [ = (ﬁ)mé(ﬂ)mVEk where m., = s and ms; = 7h,. Second, since edges (3,4)
and (2,4) form a cut between player 1 and player 4 in the game graph, any path between
them has the property that m. + ms is odd. From these observations, we can conclude that
L = —L. Since each path p of length k£ and weight L can be paired with path p of equivalent
length k and weight L = —L, we conclude that all path sets P, where k > 0 must satisfy

Theorem 5.1.

To numerically verify disturbance decoupling, we simulate the uncorrupted learning tra-
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Figure 5.2: Left: Trajectory of z with and without disturbances. Players’ preferred destina-
tions are given by triangles. Top right: Players’ game costs during learning. Bottom right:
Players’ control error as a function of disturbance magnitude.

jectory of z, shown in the left plot of Figure 5.2 in purple. We then inject a random dis-
turbance into player 1’s gradient updates as given by (5.3) with increasing magnitude, and
observe its effects on each player’s action. A sample corrupted trajectory is shown in the left
plot of Figure 5.2 in brown. In the bottom right plot of Figure 5.2, we show the total error in
each player’s action from to the uncorrupted optimal action. We observe that player 4 does
not deviate from the optimal action, while player 1’s action error increases as the disturbance
magnitude increases. We note that these results hold despite the fact that gradient-based
learning no longer converges. In the top right plot of Figure 5.2, individual player costs are
compared in one round of gradient-based learning where ||d;|| < 50 is injected. Interestingly,
despite action remaining uncorrupted, player 4’s cost is disturbance affected. Note that the

disturbance decoupling in actions does not necessarily imply disturbance decoupling in costs.
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Chapter 6

COMPUTING GAME EQUILIBRIUM SENSITIVITY TO
RESOURCE DISRUPTIONS

In Chapters 3 and 4, we used Markov games to model distributions of selfish decision
makers when competing for finite and uncertain resources. In particular, MDP congestion
games allow for stochastic dynamics in congestion games by mapping user inputs through
stochastic dynamics to probabilistic outcomes. An equilibrium concept similar to Wardrop
equilibrium of routing games [29], an MDP Wardrop equilibrium, describes steady-state pop-
ulation behavior at which no players can optimize their expected state-action costs through

further changes in their decision strategies.

In modeling a physical process as an MDP congestion game, the game equilibrium is
an approximation to the true steady state of the physical process; this is because models
inherently cannot predict the physical process with full accuracy. The underlying assumption
is that the modeling errors cause negligible deviations in prediction from physical equilibrium.
However, this is false if the steady state distribution is sensitive to changes in the modeling
parameters. This motivates our study of the sensitivity of the MDP congestion game to
state-action costs.

In this chapter, we quantify sensitivity for the occurrence of stochastic Braess paradoz,
and relate the paradox to its deterministic counterpart. We also define and derive conditions
for MDP dynamics and state-action costs under which our sensitivity analysis is valid. Fi-
nally, we found the sensitivity of a stochastic MDP congestion game in terms of the sensitivity
of its deterministic counterpart.

Here we’d also like to emphasize why we consider the sensitivity of Wardrop equilibrium
to the state-action cost parameters. In utilizing MDP congestion game models to forecast
the steady state behavior of a physical system, state-action costs are often parameterized by
experimental data, which typically has uncertainty. When the cost parameter uncertainty
is bounded, it is natural to consider bounding the deviation of true equilibrium from the
predicted equilibrium. Secondly, the sensitivity of game equilibrium is highly relevant to

Stackelberg games for the leader, who may utilize the sensitivity information to derive an
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optimal action sequence for its own objective [123]. Finally, we can consider a game designer
who has a certain ‘budget’ for changing the cost function and wishes to alter the existing game
equilibrium to maximize an external objective. In such settings, it’s valuable to know the
optimal direction of change that will achieve the most impact with respect to the designer’s

alternative objective.

We review existing literature on sensitivity and hypergraphs in section 6.1. In section 6.2,
we relate the MDP congestion game, game equilibria definition, and KKT characterization
to the hypergraph interpretation. Sensitivity results and stochastic Braess paradox charac-
terizations are given in section 6.3. We analyze stochasticity’s effect on paradox sensitivity
in section 6.4. Finally, we demonstrate the stochastic Braess paradox via sensitivity analysis

in section 6.5.

6.1 Related Literature

Our analysis resembles sensitivity work on Wardrop equilibria in traffic assignment litera-
ture [132, 108, 103], where the analysis is closely related to Braess paradox [23]. The occur-
rence of Braess paradox is known to be linked to the underlying graph of routing games [39].
The sensitivity of other games to modeling parameters has also been studied [102]. We note
that while similar techniques are used, our work is fundamentally different due to our MDP

network structure and focus on stochastic effects on the game equilibrium.

6.2 Directed Hypergraph for Infinite Horizon MIDP Congestion Games

In this section, we define a variational inequality-style game equilibrium for the infinite
horizon MDP congestion game introduced in Section 2.4. We then show how hypergraphs
can be used to describe an MDP.

First, recall the infinite horizon MDP congestion game from Section 2.4. This model was
first introduced in [29]. A continuous population of players experiences identical transition
dynamics in a shared state-action space. We assume that this transition dynamic is time-

invariant and can be represented by the probability kernel, P € R%*54. Instead of the
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simplex representation, we formulate P as a matrix in this section, element-wise defined as

P5151a1 P5181a2 cee P8182a1 cee PslssaA
PSQSlal P8281a2 e P3232a1 e PS2SSCLA

P = . )
Psnslal Psnslag cee Psn52a1 cee PsnSSaA

where Py, denotes the transition probability from state s’ to s when taking action a.
We exclusively consider time-invariant player population distributions with respect to the

transition kernel P. Recall the set of feasible population distributions are given by the set

y<P) = {y € R-S|_A ’ Za Lsq = M, Za Tsa = Zae[A] ZS’E[S] Psglal‘s/a, Vs & [S]}

We denote £ : R;grA — R54 as the vector of state-action costs. Each element ¢, is the
cost function that relates the population distribution y to the expected incurred cost at
state-action (s,a). The population dependency of ¢ reflects congestion effects: the greater
the population in a given state-action pair, the greater the cost of taking that state-action
for all decision-makers. This assumption is consistent with practical networked interactions
in traffic and telecommunications [98] where, e.g., the cost of traversing a road increases for

each driver when the number of cars on the road increases.

Assumption 6.1 The state-action costs ( : RiA — R4 are continuously differentiable and

VU is positive definite.

6.2.1 Directed Hypergraphs

We introduce the hypergraph structure of MDP in order to highlight the role that network
topology plays in an MDP congestion game. Hypergraphs have been previously used to
define a stochastic shortest path problem in finite horizon MDPs [40, 94].

We consider a weighted directed hypergraph [44], G = ([S], ), where [S] is the set of
states considered in MDP congestion game. £ denotes the set of hyperarcs. While hyperarcs
are defined with multiple heads and tails in general, we consider hyperarcs that have a single
tail and multiple heads. A hyperarc (s,a) € £ is defined for each state-action pair, such
that the tail of the hyperarc is always at s, and the head of the hyperarc is the set of states
H(s, a) that can be reached from state s taking action a—i.e., H(s,a) = {s’ € [S] | Pysa > 0}.
Each hyperarc is equivalent to a state-action pair. To simplify notation, we represent each

hyperarc by (s,a) € £.
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Figure 6.1: A directed hypergraph with 4 states. Black edges can be considered as both
directed edges on a graph or hyperarcs with one tail. Red hyperarcs have one tail but
multiple heads, denoting the possible outcomes that the hyperarc can result in next.

We define a hypergraph incidence matrix E € RS*I€l ag

(E)g (sa) = (6.1)
_Ps’sa s' 7& S.

Another formulation of the incidence matrix is F = (Ig ® 1% — P). In this form, we can
see that the difference between the probability in each state (i.e., >, xs,) before and after
a probabilistic transition (i.e., Pz) can be written as ) x4 — Px = Ex. Therefore a
stationary distribution & of an infinite horizon MDP satisfies Fx = 0.

The incidence matrix of a directed graph can be considered as a limiting case of the
incidence matrix defined here: when each action leads to a deterministic state, Py, = 1 for
a hyperarc (s,a) at a unique s’, and zero elsewhere. Alternatively, the hypergraph incidence
matrix can be considered as a convex relaxation of directed graph incidence matrices where
the tail of each hyperarc is fixed. Furthermore, like incidence matrices for directed graphs, the
15 vector is always in the null space of the incidence matrix for any hypergraph, £'1g = 0.

A directed hypergraph is strongly connected if every non-empty subset R C [S] has at
least one incoming hyperarc from the set [S]/R. We consider hypergraphs whose incidence

matrix has rank S — 1.

Assumption 6.2 (Incidence Rank) The hypergraph that corresponds to probability tran-
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sition kernel P 1is strongly connected, and its incidence matriz E has row rank S — 1.

When an infinite time horizon MDP congestion game has an associate universal potential

function F' (3.13), it is given by

min > Y /0 " () du (6.2a)

s€[S] a€[A]

st. Ey=0, (6.2b)
17y = M, (6.2¢)
y =0, (6.2d)

where constraints on y in (6.2) can be derived from the feasibility conditions of individual
decision-makers.
Let v € RS, A € R, u € RY* be dual variables corresponding to (6.2b), (6.2¢), (6.2d),

respectively. Then the optimal solution of (6.2) satisfies

H(y", v, X, i)

v

0,
(>0, (6.3)
y* >0,

v

where
) —E"v—Al—pu

Ey
17y — M
1y

H(y,v,\ p) =

The optimal dual variable \* € R quantifies the average expected cost for each decision
maker. In addition, v* € R can be interpreted as state potentials on the hypergraph such
that ETv* € Rl gives the expected potential for hyperarc (s,a) relative to the average
expected cost, A\. A detailed Karush-Khun-Tucker (KKT) analysis of an MDP congestion
game is given in [30].

Given the non-negativity of p, the first component of the KKT conditions can be written

as
y*) > ETv* + X1,

where equality holds at yX, > 0. Therefore, the optimal congestion costs ¢(y*) can be
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characterized by the dual variables v* and A\*.

When the cost functions satisfy Assumption 6.1, uniqueness of the tuple (y*, \*, u*) is
guaranteed [29]. We note that due to the rank deficiency of ET, v* must be non-unique.
However, when the hypergraph satisfies assumption 6.2, we can show that the feasibility
constraint Ey = 0 is equivalent to Ey = 0 where E is the incidence matrix with one row
removed and has full rank— i.e. the null space of ET = (). We'll see in the next section that

this is required to derive a unique sensitivity for MDP Wardrop equilibrium.

Lemma 6.1 (Full Row Rank Incidence Matrix) An MDP congestion game (4.5) which

satisfies Assumption 0.2 and (4.4) can be equivalently formulated as

min  F(y)
y
s.t. By=0, (6.4)
17y = M,
y =0,

F -
where £ = ] and E has full row rank.

eT

Proof: Consider removing row vector e' from the incidence matrix . By Assump-
tion 6.2, e is not identically 0. Clearly, Fy = 0 implies Ey = 0. To see that the opposite
implication is also true, we observe that ET1 = 0 is always true due to the conservation of

mass. Therefore, 17FE = —e, so that ey = 0 since Ey = 0. [ |

6.3 Sensitivity Analysis

In this section, we derive a sensitivity characterization of the stochastic Braess paradox. We
implicitly characterize the optimal distribution of an MDP congestion game by perturbing its
latency functions and performing a sensitivity analysis with respect to these perturbations.

To facilitate the analysis, we introduce perturbation dependent cost functions £ : R%4 x
R4 — RS54 where the additional second parameter represents cost perturbation. An MDP
congestion game is played with respect to a given perturbation € and a corresponding cost
(-, €). Parameterized by €, KKT conditions given by (6.3) implicitly define the optimal dis-

tribution y* and the corresponding dual variables, which we define as a point-to-set mapping
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given by
Qe {(y,v, \ ) H(e,\,v,y, 1) =0, p >0, y >0}

The point-to-set mapping, Q(e€), generalizes local differentiability of y* as a function of
€ [36]. When £(-, €) satisfies Assumption 6.1 in the first argument, the associated optimization
formulation (6.4) has a unique solution and Q(€) is a single valued set mapping; in this case
we denote the unique optimal distribution by y*(€). Unless otherwise stated, assumption 6.1

is assumed to hold from this point on.

Consider an MDP congestion game played with costs £(y, 0) and its optimal solution y*(0).
When Q(e) is a single-valued set mapping for an open set of € containing zero, the Jacobian
Vy*(0) exists and defines the sensitivity of MDP Wardrop equilibria—i.e., it describes how
much y*(0) changes when cost ¢ is perturbed by e.

We restrict our attention to MDP congestion games whose unique equilibrium y*(0) is
positive everywhere; such an assumption is equivalent to the fact that every state-action is

optimal due to having a sufficiently large total mass.

Assumption 6.3 (Positivity Condition) The optimal primal solution to the unperturbed

MDP congestion game, y*, is strictly positive.

We note that such an assumption is not restrictive in the following sense: when state-action
costs satisfy Assumption 6.1, Assumption 6.3 will always be satisfied for some total mass
M. Consider cost functions f,, which evaluates to by, € R with no mass density. If a
hyperarc from a state with positive mass is not optimal, i.e. has no mass, then by, must
be at least maxqe(a) loar (Yl 0). However, all other actions’ costs must increase as total
mass M increases, therefore a total mass threshold exists for which lsq (y%,/,0) > bs,, past
which (s,a) will become optimal. Furthermore, if the transition kernel results in a strongly

connected hypergraph, every state will have a positive mass.

Proposition 6.1 (Perturbation Map) If an MDP congestion game (6.2) satisfies As-
sumptions 0.1 and 6.2 with costs £(y,€) given €, and optimal distribution y*(€) satisfies

assumption 0.3, then the following mapping is a single-valued mapping at e,

Q:e{yecR*  veRI NcR | f(y,v,\e) =0}, (6.5)
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where f: RSAX(SATD) 3 R s defined as

U(e,y) + ETv+ M\
f vi,e| = Ey
A 1Ty — M

Proof: ~ From strict convexity assumptions, there exists a unique y*(e) > 0 solving
the KKT conditions (6.3) for costs ¢(-,€). The dual variable y* = 0 from complementary
slackness, and other dual variables can be uniquely determined. From (y*)" (¢(y*) — ETv* —
N1) = 0, \* = (y*)"(y*)/M. Furthermore, unique y* and unique \* implies ETv* =
{(y*) — X*1. Since ET has full rank v* is unique. Finally, the KKT conditions can be
simplified to f given above. [ |
Proposition 6.1 implies that when ¢ is continuously differentiable at y* and € = 0, there exists
a continuously differentiable and invertible function of the optimal distribution y in terms
of e. We note that similar sensitivity results which do not consider stochastic congestion
effects exist for routing games [132]. However, our results for MDP congestion games are

less restrictive due to the lack of dual route/link space.

Theorem 6.1 (MDP Congestion Game Flow Sensitivity) Consider an MDP conges-
tion game with costs ((y,€), such that ¢ is a continuously differentiable function of (y,€)
and satisfies Assumption 0.1, and the associated hypergraph satisfies Assumption 6.2. If the
equilibrium distribution y*(e*) > 0, the sensitivity of the MDP Wardrop equilibrium is given
by

V=G 'N(NTG'N)INTG™'T -G

Moreover, the sensitivity of optimal state-action costs is
Vl(y*,e)=NN'G'N)'NTG,
where N = [ET 1} , E as given by Lemma 6.1, G = V,0(y*(€*), €*), and J = VL(y*(€*), €*).

Proof: From Proposition 6.1, the game with costs ¢(-, €) has associated single valued
mapping @(€) in a neighborhood of €*; let v = Q(e). Then f(v,e) = 0 implies the total
derivative df (Q(e),€)/de = 0 for ||e — ¢*|| < §. Furthermore, f is continuously differentiable

in all of its inputs. From the implicit function theorem [36, Sec.1B], when V, f(v*,€*) is



93

invertible,

Vot = (va(v*, e*))_lvef(v*, €").

We wish to show the non-singularity of

G —-N
Vof(v*, ) = (NT 0 ) :

The Schur complement of V, f(v*, ") with respect to the lower block diagonal component
0is NTG™'N. From assumptions 6.2 and 6.1, N has full row rank and G > 0. Therefore
NTG™IN is positive definite and non-singular and equivalently, V, f(v*,€*) = 0 and non-

singular.

The partial gradient of f(v*,e*) with respect to € is

V() = (‘g 8) |

We use Gaussian elimination to invert V, f(v*, ") and get

(Vof(o*,e) ' = (g f;) :

where A, B, C, D are defined as follows:
A=G ' -G 'N(N'GT'N)INTG™,

B=-G'N(N'G'N)™!,

C=B"and D= (NTG7IN)~t. We decompose v' = (yT v’ /\T) and solve for V y*,

*

Y G(J = N(NTG'N)'NTG-LJ) 0
Ve lve | =— ,
N C(NTGIN)INTG-1J 0

-
where the first row corresponds to V.y*(¢*) and the second row corresponds to V. |:V* )\*] .

The first block corresponds to V.y*. Note that because y*(e*) > 0, we can express the optimal
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cost as

=g ]| =N L]
A* A*
The sensitivity of the costs £* with respect to perturbation is

V.l* = NV, [i] = N(NTG7'N)"'NTG1J.

6.3.1 Stochastic Braess Paradox

The sensitivity of the optimal edge costs and distribution is important from a game design
perspective. In the routing game literature, a well-known phenomenon that is related to
the sensitivity of optimal distribution is Braess paradoz [23]. The phenomenon refers to the
paradoxical effect that occurs when costs of traversing edges are decreased, resulting in an
increase in the player’s average cost. The occurrence of the Braess paradox has been shown
to be related to a routing game’s underlying network structure [89].

Here, we show that not only does a similar behavior occur in MDP congestion games,
but that a stochastic Braess paradox can be linked to the underlying hypergraph structure

through sensitivity analysis. Consider the social cost of an MDP congestion game,

J(y,0) =y l(y).

The stochastic Braess paradox can be defined by the sensitivity of the social cost of MDP

congestion games.

Definition 6.1 (Stochastic Braess Paradox) Consider two MDP congestion games (6.2)
defined on the same hypergraph with costs £ and €, respectively, such that both satisfies as-

sumption 6.1 and for any feasible stationary mass distribution,

Uy) —ly) >0, Y{y|Ey=0, 1Ty=M, y>0}.

Let the optimal distribution be y* and y*, a stochastic Braess paradox occurs when the social

cost satisfies J(y*,0) < J(y*,?).
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When ¢ is continuously differentiable, the existence of the Braess paradox suggests that

there is a perturbation that increases the state-action costs from ¢ to ¢ such that J(y*,¢) <

J(y*,0). We derive sufficient conditions for the stochastic Braess paradox using the sensitivity
of y* and ¢*.

Corollary 6.1 (Sufficient Conditions for stochastic BP) Consider a feasible MDP con-
gestion game (6.2) which satisfies Assumptions 6.1 and 6.2 with an optimal distribution

y* > 0. Its social cost sensitivity can be defined as

VJ =G 'NINTGIN) ™Y INTG™ — G He(y)

T -1 —1A7T =1 * (6'6)
+ N(NTGIN)INTG 1y~

Then, V.J ¢ RL‘EHA‘ 15 a sufficient condition for the occurrence of stochastic Braess paradox.

Proof: J is bilinear and therefore continuously differentiable in ¢* and y*. From Theo-
rem 6.1, there exists a neighbourhood ||¢|| < § within which J is continuously differentiable

in €, and the Jacobian is given as
VJW,y*) =V IJVy" + Vu JV L5

For any V.J ¢ RL‘EHA‘, there exists € € RL‘EHAl such that |l¢]| < § and €' V.J < 0. We then

consider the MDP congestion game with costs ¢ and equilibrium #*, where £ is defined by
(=10+e.
By the mean value theorem, there exists k& € (0, 1] where
J(@*, 0%) = J(y*, 0*) + (ke) "V .

Since ke V. J(8) < 0, J(y*,0) < J(y*, ¢*) holds. m

6.4 Role of Stochasticity

In this section, we consider the deterministic counterpart of MDP congestion games to eval-

uate how the introduction of stochasticity influences social cost sensitivity.
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6.4.1 Cycle Game

A directed primal graph [4] G4 = ([S], €4) can be derived from a hypergraph G = ([S], £), by

considering the same set of states and define edge set £; defined by
e=(s1,82) € Eif I (s1,a) s.t. Ps,s0 > 0.
Its incidence matrix D € R%*% is given by

1, if edge e starts at state i,
[D];e = —1, if edge e ends at state i,

0, otherwise.

An MDP congestion game (6.2) can be played on G, for a given cost ¢. The constraint
Dy = 0 implies that any feasible distribution must be a combination of cycles of G4 [49].
Therefore, we call a deterministic MDP congestion game where all state-action pairs lead to

deterministic outcomes, a cycle game [29].

The edge set of a primal graph dictates allowable transitions over state space [S]. A
hypergraph’s hyperarc set £ corresponds to a discrete set of particular probability distribu-
tions assignments to state-actions as given by £;. We consider a transformation T € R'fdMS'
between the incidence matrix of a hypergraph F, and that of its host graph, D, such that
E = DT. Columns of T" denote how an action a distributes mass over edges adjacent to s of
the primal graph,

Pgas, 81 =5,
Tis1,80),(s,0) = . (6.7)
0, otherwise.
In addition to being element-wise non-negative, 1" is also column stochastic—i.e.,
ZTe,(s,a) = Zps/as =1

ec&y s'eS

We provide an example in Fig. 6.2 in which four labeled edges are defined between three
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states, {A, B,C'}. The incidence matrix corresponding to Fig. 6.2 is given by

0 -1 0 1
D=1 1 -1 0
-1 0 1 -1
and the transformation is given by
04 0 0 0
06 1 0 0
T =
0 010
0 0 0 1

The eigenvalues of T' characterize the amount of stochasticity introduced by the MDP dy-
4 2
<1C3
1

Figure 6.2: Example graph structure of a cycle game.

namics. When T' = I, the MDP congestion game is itself a cycle game with no stochasticity.
When each state-action pair uniformly distributes the probability over available edges, T" has
a block diagonal structure with eigenvalues less than 1 if a state has two or more actions

available. Fig. 6.2 also provides an example of a feasible transformation that is invertible.

6.4.2 FEffects of Stochasticity

When the incidence matrix of a hypergraph is related to the incidence matrix of the cor-
responding primal graph by an invertible transformation 7', there is a direct relationship

between the equilibria of the MDP congestion game and cycle game played on these graphs.

Assumption 6.4 (Invertible Transformation T') A directed hypergraph G = ([S], ) can
be induced from its directed primal graph Gy = ([S], 1), such that |E| = |Eq4|, and the incidence
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matrices, E and D, of the two graphs, respectively, are related by an invertible transformation
T.

E=DT, TeR&E 1T —1T

Y

Proposition 6.2 (Equilibria Relationship) If the graph G of an MDP congestion game
satisfies Assumption 6.4, y* > 0 is an MDP Wardrop equilibrium if and only if Ty* is an

equilibrium of the cycle game defined on G4 with costs L. on its edges where
le(:) =T oo T7H().

Proof: Consider an MDP Wardrop equilibrium y* that satisfies Assumption 6.3, then
there exists dual variables v*, A\* that satisfy the KKT conditions (6.3) with p* = 0. We
can re-write H(y,v, A\, u) = 0 from (6.3) with transformations DT = E and z = Ty*, and
W =0,

T-"UT™'2) =D = X7~ "1 =0,
Dz =0, (6.8)
1'T'2— M =0.
Since T' is element-wise non-negative and invertible, and y > 0, Ty = z > 0. By construction,

T~ is column stochastic, therefore T-"1 = 1. Therefore (6.8) is equivalent to

T-"UT™'2) = D"v* — X1 =0,

Dz =0,

(6.9)
1"z — M =0,
z > 0.

We note that T- (V)T is positive definite, and while an individual state-action cost
(T~ ToloT1),, requires multiple hyperarcs’ population distribution to define the congestion
cost at (s,a), it defines a potential game [27] consistent with Assumption 6.1. This implies
that (6.9) coincides with the KKT conditions of a cycle game formulation with costs T~ o
¢ o T~ incidence matrix D, and mass M. Since z > 0 satisfies the KKT conditions of this
cycle game, z is the cycle game’s unique optimal distribution. [ |
The relationship between the equilibria of the deterministic game and the equilibria of the
game allows for a direct comparison between the sensitivity of the social cost in the two

games. We show next that the social cost sensitivity of an MDP congestion game can be
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directly bounded by the eigenvalues of T', ie the amount of stochasticity introduced.

Theorem 6.2 (Effects of Stochasticity) We consider an MDP congestion game (6.2)
and a cycle game (Section 0.4.1) whose graphs satisfy Assumption 6.2. Let the social cost
of the cycle game be J., and the social cost of the MDP congestion game be J, the sensitivity
of the cycle game can be bounded by

IVedelly < Ty 1Ve sl -

Proof: Let N, = [DT l}, where D is D with any row of D removed. We note
that from Assumption 6.2, the removed row cannot be identically zero as that would ensure
rank(D) < S — 2, then N, is related to N = [ET 1} by TTN. = N where E has the same
row removed.

Since z* = Ty*, the sensitivity of the cycle game social cost J. = (2*) T~ "¢(T12*) can
be evaluated at (y*, £*),

o) = (0 ) ()
((y*) 0 TB) \L(y")

where A = N(NTG7IN)"'NTG™ and B=G ' =G IN(NTG!N)")"INTG!. In com-

parison, the sensitivity of the MDP congestion game’s social cost is

") = (0 5) (i)
£(y*) 0 B) \Lly*)

We can compare the social cost sensitivity Jacobian for the cycle game and the MDP con-

gestion game, denoted by M, and M respectively.

IMclly = Omae{T~"AT'T,TB}
= Al TNy + 1]l 1311, (6.10)
< [T, [[M]] -

|
Intuitively, Theorem 6.2 states that given equivalent MDP Wardrop equilibria, the sensitivity
of the social cost in the deterministic cycle game is always bounded by the sensitivity of

the MDP congestion game and the amount of stochasticity introduced. Since ||T']|, < 1,
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Theorem 6.2 states that introducing stochasticity increases effects of Braess paradox.

6.5 Simulations

In this section, we use the results of sensitivity analysis on a hypergraph derived from a
directed Wheatstone graph. Wheatstone structure is known to induce the Braess paradox
for non-atomic routing games [89], we analyze its behavior under stochastic transitions and
show that not only does stochastic Braess paradox also occur, but we can avoid the paradox
by our sensitivity analysis. We demonstrate Theorem 6.1 by cost perturbations in both the
negative and positive directions of the social cost sensitivity and validate the predictions

with simulated results.

AN

3 2

5\©/4

Figure 6.3: Hypergraph structure of MDP congestion game

Consider an MDP congestion game defined on the hypergraph shown in Figure 6.3. We
play the MDP congestion game defined by (6.2), with a scaled mass distribution of M = 1.
The cost functions are defined as {4 (Ysa) = Asa¥sa + bsa-

All state-action pairs correspond to hyperarcs, but all state-action pairs except for hy-

perarc 3 define deterministic actions. The stochastic incidence matrix is defined by

1 0 0 0o 1 -1

o 0 -09 1 -1 0
0O -1 -01 -1 0 1

Note that when a hyperarc has one head state, its corresponding column of incidence matrix

E is identical to that of the cycle game incidence matrix D (Section 6.4.1). Stochastic
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Asa bsa
69 1
¢ 01 1
3 01 0
ly 9 1
/5 0.1 0.1
g 01 0

Table 6.1: Distribution dependent hyperarc costs

hyperarcs are convex combinations of the deterministic edges that correspond to allowable
state transitions originating from the same tail state.

We simulate each MDP congestion game by solving the convex optimization formulation
given by (6.2) with cvxpy. First, we verify in Figure 6.4 that at given costs ¢, the optimal

distribution y* is strictly positive.

Population Distribution

2 4
State Action Pairs

Figure 6.4: Optimal Distribution at with link costs from table 6.1

We consider perturbing the hyperarc costs modeled by

The sensitivity of social cost can be analytically derived from theorem 6.1 based on the

hypergraph structure as

.
VEJ:(O.023 0.501 —0.478 0.023 0.454 0.477) .
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= r——— /
0.21
0_
, 1 0.0 ]
0.00 0.25 0.00 0.25
€ €

Figure 6.5: Braess Paradox: Perturbing game costs with €[0, 0, 1, 0, 0, 0], where € € R
increases along x-axis. The right shows the game’s optimal distribution on each hyperarc.
Left shows the social cost at optimal distribution (blue) and the sensitivity for hyperarc 3
varying with e (orange).

The sensitivity vector V.J implies that increasing the third hyperarc cost would result
in the most decrease in social cost while increasing the second hyperarc cost would result
in the most increase in social cost. We verify both scenarios by successively increasing e
and re-evaluating the social cost at the optimal distribution y*(€), as solved by cvxpy. The

results are shown in Figures 6.5 and 6.6.

_________ e
1.01
0.2
0.81
0.1
0.61 e R
! | 0.0t ‘
0.00 0.05 0.00 0.05
€ €

Figure 6.6: No Braess Paradox: Perturbing the game costs with €[0, 1, 0, 0, 0, 0], where
€ € R, increases along x-axis. The right shows the game’s optimal distribution on each
hyperarc. Left shows the social cost at optimal distribution (blue) and the sensitivity value
for hyperarc 2 at given e (orange).

A couple of conclusions can be drawn from Figures 6.5 and 6.6. First, we see that there
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exists a continuous region around e where y*(¢) > 0, and therefore renders this sensitivity
analysis valid. Figure 6.5 shows a negative sensitivity value for the third hyperarc as we
increase €, which implies the stochastic Braess paradox. Then as predicted, the social cost
decreases as € is increased. In contrast, Figure 6.6 shows a positive sensitivity value for the
second hyperarc as we increase €, therefore the social cost should not decrease as € increases.
This is also confirmed as the social cost obtained from the output of cvxpy increases with e.
Both the Braess paradox and the absence of the Braess paradox are correctly predicted for
the regions where positive mass exists on every hyperarc.

Conclusion We derived sensitivity analysis for MDP congestion games when the optimal
mass distribution is strictly positive. From the sensitivity of optimal cost and distribution to
changes in state-action cost, we derived sufficient conditions for the occurrence of stochastic
Braess paradox defined in terms of network and cost structure. Finally, we considered the
effects of stochasticity on the magnitude of the Braess paradox. Our simulations explicitly
show the occurrence of stochastic Braess paradox on MDP congestion games. Future work
include generalizing the analysis to MDP congestion games whose optimal mass distribution

is not strictly positive.
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Chapter 7

VALUE FUNCTION SET INVARIANCE FOR SET-BASED
VALUE OPERATORS

MDP is a versatile model for decision-making in stochastic environments and is widely
used in trajectory planning [5], robotics [134], and operations research [37]. Given state-
action costs and transition probabilities, finding an optimal policy of the MDP is equivalent
to solving for the fixed point of the corresponding Bellman operator. This method is known
as dynamic programming and extends to the model-free setting via value-based reinforcement

learning [127].
Many applications of MDPs, including traffic light control, motion planning, and dexter-

ous manipulation, experience environmental non-stationarity—dynamically changing MDP
cost and transition probabilities due to external factors or the presence of interfering decision
makers. This environmental non-stationarity differs from stochasticity which is already mod-
eled by the MDP. For example, we can use a stationary Gaussian distribution to model the
arrival time uncertainty of a given flight. However, if a known windstorm disrupts the flight’s
trajectory, then the mean and variance of the arrival time distribution will be different.

To protect performance output against environmental non-stationarity, a common ap-
proach is to optimize the worst-case performance via robust control. Robust control-type
approaches for MDPs include robust dynamic programming [54, 95|, risk-sensitive reinforce-
ment learning [88], and zero-sum stochastic games [51]. By assuming that the MDP param-
eters are chosen adversarially, the worst-case approach can derive asymptotic bounds of the
value function trajectory affected by the parameter non-stationarity.

Within robust dynamic programming, much of the focus is on the worst-case analysis of
the MDP policy improvement and MDP policy evaluation problem under a rectangularity
assumption on a set of MDP parameters. In the model-based setting, policy improvement
and policy evaluation correspond to the Bellman and policy evaluation operators on the
space of value functions. However, recent progress in learning-based methods utilizes other
operators such as Q-learning [138] and temporal difference [129]. To broaden the application

of our results, we ground our analysis in a more general class of value operators, and ask
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the following question from a less adversarial perspective: is it possible to characterize the
transient behavior of a value function-based contraction operator with dynamically changing

MDP parameters?

Contributions. For compact sets of MDP parameter uncertainty, we propose a set-extension
of value operators: a general class of contraction operators that are order-preserving on the
space of value functions and Lipschitz in the space of MDP parameters. We prove the
existence of compact fixed point sets of the set-based value operators and show that the
set-based value iteration converges. In a non-stationary Markovian environment, standard
value iteration may not converge. However, we can show that the point-to-set distance of
the resulting value function trajectory to the fixed point set always goes to zero in the limit.
We derive a containment condition that is sufficient for the fixed point sets to contain their
extremal elements. Within robust MDPs, we show that the containment condition gener-
alizes the rectangularity condition, such that the optimal worst-case policy, or the robust
policy, exists when the containment condition is satisfied. We then derive the relationship
between the fixed point sets of 1) the set-based optimistic policy evaluation operator, 2) the
set-based robust policy evaluation operator, and 3) the set-based Bellman operator. Given
a value operator and a compact MDP parameter uncertainty set, we present an algorithm
that computes the bounds of the corresponding fixed point set and derives its convergence

guarantees.

Related research. MDP with parameter uncertainty is well-studied in robust con-
trol and reinforcement learning. In control theory, the worst-case cost-to-go under state-
decoupled parameter uncertainties is derived via the min-max variation of the Bellman oper-
ator in [46, 54, 95, 139]. The cost-to-go under parameter uncertainty with coupling between
states and time steps is similarly bounded in [81, 50]. The effect of statistical uncertainty
on the optimal cost-to-go is studied in [95, 81, 139, 141]. Recently, MDP with parameter
uncertainty has gained traction in the reinforcement learning community due to the presence
of uncertainty in real-world problems such as traffic signal control and multi-agent coordi-
nation [60, 65, 101]. Most RL research extends the min-max worst-case analysis to methods
such as Q-learning and SARSA. Recently, methods for value-based RL using non-contracting

operators have been investigated in [17].

As opposed to the worst-case approach to analyzing MDPs under parameter uncertainty,
we do not assume adversarial MDP parameter selection. Instead, we derive a set of cost-

to-gos that is invariant with respect to the compact parameter uncertainty sets for order-
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preserving, a-contracting operators, a class that the Bellman operator belongs to.
Chapter-specific notation. Matrices, vectors, and some integers are denoted by capital
letters, X, while sets are denoted by cursive typeset X'. The set of all compact subsets of
R? is denoted by KC(R?). A vector h € R® has equivalent notation (hy,...,h,), where hy is
the value of h in the s coordinate, s € [S]. Throughout the paper, ||| denotes the infinity

norm in R®.

7.1 Discounted Infinite-horizon MIDP

We re-introduce the discounted infinite horizon MDP definition from Chapter 2.2 using
the parameters ([S], [4], P,C, ), and augment the existing MDP parameter definition with
matrix and vector-based notation to facilitate this chapter’s discussion.

MDP costs. C € R%*4 is the matrix encoding the expected MDP cost. Each Cy, € R
is the cost of taking action a € [A] from state s € [S]. We also denote the cost of all actions
at state s by the vector ¢, = [Cy, ..., Csa] € R4, such that C = [cy,...,cs]".

MDP transition dynamics. The transition probabilities when action a is taken from
state s are given by the vector p,, € Ag. Collectively, all possible transition probabilities
from state s € [S] are given by the matrix Py = [pg1,...,psa] € A4 C R4 and all possible
transition probabilities in the MDP are given by the matrix P = [Py,...,Ps] € A4 C
RSXSA

MDP objective. We want to minimize the expected cost-to-go, or the value vector
V € R¥, defined per state as

V, = Es{ Z;iorytostat | 0 = S}a Vse [S]v (71)

where E¢{-} is the expected value of the input with respect to initial state s, and (s, a’) are
the state and action at time ¢. The value vector can be minimized by the choice of actions

a' at every time step t:
VS* = minaze[A] ES{ Eio ”thStat ’ 80 = S}, Vse [S], (72)

Remark 7.1 Although value function is the standard term for the expected cost-to-go state
values, we use the term value vector instead to emphasize that the cost-to-go state values of

finite MDPs belong in a finite-dimensional space.
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MDP Policy. We optimize the objective (7.2) via a policy, denoted as m = [my,...,7g] €
A%, where the a'" element of 7, € A is the conditional probability of action a being chosen
from state s. Under policy 7, the expected immediate cost at s is given by ¢/ 7, € R and

the expected transition probabilities from s is given by P,w, € Ag.

7.2 Value Operators

Solving an MDP is equivalent to finding the value vector and the associated policy that min-
imizes the objective (7.2). Typical solution methods utilize order preserving [119, Def.3.1],
a-contractive operators whose fixed points are the optimal value vectors (e.g. Bellman op-
erator [107, Thm.6.2.3], Q-value operator [86]).

Definition 7.1 (a-Contraction) Let (X, d) be a metric space with metric d. The operator
H : X — X is an a-contraction if and only if there exists a € [0,1) such that

d(H(\V),HV")) <ad(V,V'), YV, V eX. (7.3)

Definition 7.2 (Order Preservation) Let (X, <) be an ordered space with partial order
<. The operator H : X — X s order preserving if for all V,V' € X such that V < V',
H(V) < H(V').

These operators are typically locally Lipschitz in MDP parameter space.

Definition 7.3 (K (V)-Lipschitz) Let (X,dxy) be a metric space with metric dx and (Y, dy )
be a metric space with metric dy. The operator H : X x Y +— X is K(V)-Lipschitz for
M C Y if for allV € X, there exists K(V) € Ry such that

dx(H(V,m), HV,m")) < K(V)dy(m,m'), Ym,m' € M. (7.4)

Remark 7.2 The a-contraction property is a special instance of Lipschitz continuity in

which the input and output spaces are identical and the Lipschitz constant is less than 1.

To capture operators with these properties, we define a value operator that takes three
inputs: a value vector, an MDP cost matrix, and an MDP transition probability matrix.

The MDP cost and transition probability are selected from an MDP parameter set M.
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RS RS RS
Vi mVi,m M
h(V2 ,m h(Vv mZ)
v N
2 R(V,mq)

(a) (e)

Figure 7.1: Tllustration of the three value operator properties. (a) a-contraction on R®, (b)
Order preservation on R¥, and (c¢) K (V)-Lipschitz in input space M.

Definition 7.4 (Value operator) Consider the operator h,
h:RY x M RY M C R x A4, (7.5)

We say h (7.5) is a value operator on RS x M if

1. For allm € M, h(-,m) is an a-contraction in RS,
2. For allm € M, h(-,m) is order preserving in RS,
3. For allV € R%, h(V,-) is K(V)-Lipschitz on M.
Remark 7.3 While we only consider value operators whose input’s first component is R®,

Definition 7./ and the subsequent results can be extended to the space of Q-value functions
by replacing RS with R4 in Definition 7.4 [S6].

An immediate consequence of the value operator h being an a-contractive and order-preserving

operator on R? is that A is continuous on R® x M.

Lemma 7.1 (Continuity) If h (7.5) is a value operator on RS x M, then h is continuous
on RS x M.

Proof: Let (V,m) € R® x M and consider a sequence {(Vi,mi)}ren C R® x M
that converges to (V,m). It holds that [|h(Vj, mg) — R(V,m)|| < ||h(Vk, my) — h(V,my)|| +
|h(V,my) — h(V,m)||, where from the a-contractive property of h(-, m*), ||h(Vi, my) — h(V,my)]|| <
a ||V, = V|. From the K (V)-Lipschitz property of h(V,-),

[V, mp) = h(V,m) || < K(V) [lmy —m]|.
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As both limy_ [|Vk — V|| = 0 and limy_« ||mx — m|| — 0, ||A(Vk, mk) — R(V,m)|| — 0 and
h is continuous. [ |

We make the following assumption on the MDP parameter set M with respect to h.

Assumption 7.1 (Containment condition) The MDP parameter set M satisfies the con-

tainment condition with respect to h if M is compact and for all V € R,

ﬂ argmin hs(V, m) # 0, m argmax hs(V,m) # 0. (7.6)
sels] MM sels] MM
my h(V,m1)
—
my h(V, mg)\y
% m3. h(V, m3)
R?2 R?
Emax hi(V, m)

M .meM

Figure 7.2: We illustrate argmax,,c  hs(V,m) for a value operator h when S = 2. Here,
argmax,,c v 1 (V,m) = {mg, ms}, argmax,,c v  ha(V,m) = {mq, ma}. Therefore, my is the
common parameter that achieves max,,en hs(V, m) for all s € [S].

Remark 7.4 Assumption 7.1 defines the containment condition as a property of the set
M and requires that M satisfies specific constraints with respect to the operator h. The

containment condition is independent of M’s convexity and connectivity.

7.3 Bellman and Policy Evaluation Operators

Examples of value operators include the Bellman operator and the policy evaluation opera-
tors when the MDP cost and transition probability are input parameters rather than fixed

parameters.

Definition 7.5 (Policy evaluation operator) Given a policy m € 11, the vector-valued

operator g* = (g7, ..., g%) : RS x R4 x Ag4 +— RY is defined per state as

.
g*(V,C, P) := ¢!, +7(Ps7rs) V, Vs € [5]. (7.7)
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Given (C, P), g*(-,C, P) : R% — R® is a vector-valued operator whose fized point is the ex-
pected cost-to-go of the MDP ([S], [A], C, P,v) underw, denoted as V™ (C, P) [107, Thm.6.2.5].

V™(C,P)=g"(V™,C,P), V*(C,P) €R". (7.8)
When the context is clear, we denote V™ (C, P) as V7.

Definition 7.6 (Bellman operator) The vector-valued operator f = (fi,..., fs) : RS x

R4 x AZ4 +— RS is defined per each state as

fs(V,C,P):= inf g3(V,C,P), Vsel9] (7.9)

Ts€EA A

The corresponding optimal policy ™ = (77, ..., m;) is defined per state as 7wy € argmin, g7 (V,C, P) (7.9)

» s

and satisfies Lin* =1 Vs € [S]. One such policy is defined for all (s,a) € [S] x [A] by

>0 a € argmin Cy +plV,
= a€lA] (7.10)

0 otherwise.

where argminae[A}(h) is the set of minimizing actions for the function h. An optimal policy
in the form (7.10) always exists for a discounted infinite horizon MDP [107, Thm 6.2.10].
Given parameters (C, P), f(-,C,P) : RS + R® is a vector operator whose fized point is the
optimal cost-to-go for the MDP ([S], [A], P,C,7), denoted as VE(C, P).

VB(C,P)= f(VE C P), VP(C, P)eR®. (7.11)
When the context is clear, we denote VB(C, P) as VB.

We show that both (7.7) and (7.9) are value operators.

Lemma 7.2 The Bellman operator (7.9) and the policy evaluation operators (7.7) for all

7 € I are value operators on RS x M where M C R4 x AZ4 (7.5).

Proof: 'We show that both the Bellman operator f and the policy evaluation operator
g™ satisty the contractive, order preserving and Lipschitz properties given in Definition 7.4.
Contraction: given (C,P) € M, ¢"(-,C,P) and f(-,C, P) are both 7-contractions [107,
Prop.6.2.4] on the complete metric space (R, ||-||..), where v < 1 is the discount factor.
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Order preservation: given (C, P) € M, the operator ¢”(-,C, P) is order preserving [107,
Lem.6.1.2]. Consider U,V € R¥ where U < V. If g™ (-, C, P) is order-preserving, g* (U, C, P) <
g™ (V,C, P) for all m € II. Taking the infimum over I, we have f(U, C, P) = inf ey g™ (U, C, P) <
infren g (V, C, P) = [(V,C, P).

K (V)-Lipschitz: given (C, P),(C",P') € M and V € R, let 7 (7.10) be the optimal
policy for f(V,C’, P') and 7* be the optimal policy for f(V,C,P). For s € [S], sup-
pose fo(V,C', P') > f,(V,C, P), then 0 < f,(V,C',P') — fo(V,C,P) < (&) — el +
Y(Pa)'V — ~(Pr?)"V. Since 7* is sub-optimal for f(V,C’ P'), we can upper bound
|fs(V,C", P") — f,(V,C,P)| < (c. — cs)Tnr +~v[(P. — P,)m,*]"V. We conclude that

s(V,C P = [o(V,C.P)] < 1€, = cllg + 7 1P = Pullo max { 12l s sl b IV oo
(7.12)

Since 7}, 7y € Ay, ||7¥|l, < 1 and ||7s]],, < 1. By similar arguments, (7.12) is true if
fs(‘/a Clapl) < fs(V7 Ca P) We can upper bound f(‘/a m) - f(‘/a m/) = f - f/ as

17 = £l < ma{leh = eull + 7 (P = P)TVILL) (7.13)
< max(Ly[[VI].0) fm = ... (7.14)

The policy evaluation operator g™ satisfies (7.12) if max{||7}||,||7sl/..} is replaced by
7] .. Since ||ms||, <1, g™ is K(V)-Lipschitz. -

Remark 7.5 Beyond the policy evaluation operator and the Bellman operator, many algo-
rithms in reinforcement learning can be reformulated using value operators. For example,
it’s not difficult to show that the Q-learning operator [86] is a value operator on the vector

space R4,

7.4 Containment-satisfying MDP Parameter Sets

Assumption 7.1 restricts the structure of M with respect to the value operator h. Thus
whether or not M satisfies Assumption 7.1 must always be determined with respect to the
value operator h. When we take the value operator to be the Bellman operator f (7.9)
and the policy evaluation operators g™ (7.7), the following conditions in robust MDP are

sufficient for M to satisfy the containment condition laid out in Assumption 7.1.
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Definition 7.7 ((s,a)-rectangular sets [54, 95]) The MDP parameter set M C R¥*4 x

A1 s (s, a)-rectangular if

M= X Mu My CRxAg, ¥(s,a) € [S] x [A]. (7.15)

(s,a)€[S]x[A]

Intuitively, (s, a)-rectangularity implies that the MDP parameter uncertainty is decoupled
between each state-action. A more general condition is if the parameter uncertainty is

decoupled between different states but not between different actions within the same state.

Definition 7.8 (s-rectangular sets) The uncertainty set M C R¥*Ax A4 is s-rectangular
if
M= X M, M,CR*x A% Vsecl9]. (7.16)

s€[S]

s-rectangularity generalizes (s, a)-rectangularity—i.e. (s, a)-rectangularity implies s-rectangularity.

Example 7.1 (Wind uncertainty) Consider an MDP in which the states correspond to
geographical coordinates, the actions correspond to navigation choices (up, down, left, right),
and the transition probabilities correspond to the local wind patterns that vary between N
magjor wind trends over time per state. At state s € [S], the transition probabilities of trend
i € [N] are given by P!. If the wind pattern strictly switches between the discrete wind
trends, then the transition uncertainty at state s € [S] is P, = {PL,..., PN}. If the wind
pattern is a mizture of the discrete wind trends, the transition uncertainty at state s € [S] is

Ps = {>, ;P! | « € Ay}. Both wind patterns lead to s-rectangular uncertainty, given by
P =X, cls] Ps.

We show that the rectangularity conditions indeed are sufficient for satisfying Assumption 7.1
with respect to f (7.9) and g™ (7.7).

Proposition 7.1 If M is compact and s-rectangular (Definition 7.8), M satisfies Assump-
tion 7.1 with respect to the Bellman operator f (7.9) and the policy evaluation operator
g™ (7.7) for all m € I1.

Proof: ~ We first show that M satisfies Assumption 7.1 with respect to the Bellman
operator. Given s € [S], fs(V,C, P) only depends on the s component of C' and P. From
Lemma 7.1, f; is continuous in (c,, P;). Let (c§, PY) be the solution to argmin . p e, fs(V, C, P)
for all V' s € [S]. If M is compact, (¢}, P¥) € M,. We can construct C* = [¢], ..., cf] and
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Figure 7.3: MDP with parameter coupling in transition probability across different states.

P*=[Pf,..., P§|. If Mis s-rectangular, then (C*, P*) € M and (C*, P*) € argmin, .\, fs(V, C, P)
for all s € [S]. We conclude that M satisfies Assumption 7.1.

Given 7 € IT and s € [S], g7 only depends on ¢, and P; as well. We can similarly show
that there exists an optimal parameter (C*, P*) € argmin g pyerq 97 (V, C, P) for all s € [S]
such that (C*, P*) € M. ]
There are sets which satisfy Assumption 7.1 with respect to specific value operators, but not

s-rectangularity:.

Example 7.2 (Beyond rectangularity) In Figure 7.3, we visualize a four-state MDP
with transition uncertainty M parameterized by o. MDP states are the nodes and MDP
actions are the arrows. Actions that transition to multiple states are visualized by multi-
headed arrows. Each head has an associated tuple (Csq, Psasr) denoting its state-action cost
and transition probability. All states have a single action except for state s4, where two ac-
tions exist and are distinguished by different colors. Both sy and s3 are absorbing states with
a unique action, such that Vo = ﬁ and V3 = 0 for both f and g™ for all m € 11, where 7 is
the discount factor.

The states s1 and sy have transition uncertainty parametrized by o € [0,1]. Therefore, M
violates s-rectangularity (Definition 7.8). The optimal cost-to-go values Vi and Vy occur at
different a’s. Therefore, M wviolates Assumption 7.1 with respect to f. However, suppose that
at s4, we only consider policies that exclusively choose the action colored green in Fig. 7.5.
Then the expected cost-to-go at sy, Vi, is independent of oo. The minimum and maximum
values of Vi under m occur at a« = 1 and o = 0, respectively. Therefore, M satisfies

Assumption 7.1 with respect to operator g™ for all m = [7s,, ..., 7s,] where w5, = [1,0].
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7.5 Set-based Value Operators

Motivated by the uncertain MDP parameters encountered in robust MDP, stochastic games,
and reinforcement learning in uncertain environments, we now consider value operators with
respect to a compact set of uncertain MDP parameters. To understand the effect of both
stationary and dynamic parameter uncertainty on the value vector, we extend value operators
to set-based value operators, and prove the existence of fixed point sets on the space of
compact subsets of R,

To facilitate our set-based analysis, we first introduce Hausdorff-type set distances.

Definition 7.9 (Point-to-set Distance) The distance between a value vector and a set
V C RY is given by
W — d(W, V) := inf |W —-V|. (7.17)
Vey

On the space of compact subsets of RY, given by K(R®), the distance between value vector

sets extends (7.17) and is given by the Hausdorff distance [52].

Definition 7.10 (Set-to-set Distance) The Hausdorff distance between two value vector
sets V, W C R® is given by

de(V, W) := max {sup d(V, W), sup d(W,V) (7.18)

vey Wew } .

We use (K(R®),dx) to denote the metric space formed by the set of all compact subsets of

R® under the Hausdorff distance dx. The induced Hausdorff space is complete if and only

if the original metric space is complete [52, Thm 3.3]. Therefore, (K(R?),dx) is a complete
metric space.

For a value operator h (7.5), we ask the following question: what is the set of possible

value vectors when the MDP has parameter uncertainty given by M? To resolve this, we

define the set-based value operator H.

Definition 7.11 (Set-based Value Operator) The set-valued operator H is induced by
h on RS x M (7.5) and is defined as

HW) :={h(V,m) | (V,;m) €V x M} CR", (7.19)

where V C R is a subset of the value vector space.
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M
]RS h(V, ml) S

h(V, ml)

h ‘/7 ma ’
h(‘/7 m3!
WV,m) —

Figure 7.4: Ilustration of the set-based operator H()) applied to the singleton set V =
{V} C R¥, we compute h(V, m) for every parameter m € M and collect the output h(V,m),
such that H(V) = Upepmh(V,m).

We denote the set-based value operator induced by the Bellman operator (7.9) and policy
evaluation operators (7.7) as I’ and G™, respectively, such that for any value vector set
Y C R,

FV)={f(V,C,P) | (V,C,P) eV x M}, (7.20)

GT(V) = {g"(V,C,P) | (V,C,P) eV x M}, ¥ el (7.21)

The set-based Bellman operator F'is the union over all the optimal value vectors, where the
optimal policy that corresponds to each f(V,C, P) € F(V) varies based on (C, P). On the
other hand, GG, is the union over all value vectors that results from a constant 7= and all
possible (C, P) € M parameters.

We can ask the following question: is there a set of value vectors that is invariant with
respect to H? Similar to the value operators h from Definition 7.4, we can affirmatively

answer this question by showing that H is a-contractive on K(R¥).

Theorem 7.1 If h is a value operator on R® x M (7.5) and M is compact, then the induced
set value operator H (7.19) satisfies

e ForallV € K(R%), H(V) € K(R%);
e H is an a-contractive on (K(R),dx) (7.18) with a unique fized point set V* given by

H(V*) =V, Ve KRY); (7.22)

o The sequence {V*}ren where VETL = H(V*) converges to V* for any V° € K(R%).
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In particular, these hold for F (7.20) and G™ (7.21), whose fized point sets are denoted as
VB and V™, respectively.

FOVB) =VP e KR, G"(V") = V" € K(R®), Vr € IL. (7.23)

Proof: The first statement follows from Lemma 7.1, since the image of a compact set

by a continuous function is compact [115]. Let us prove the second statement: for some
B € (0,1), for all, V, V' € K(R®):

dic(H(V), H(V')) = max sup d(h(V,m),H)V")), Vsllg)}’ d(h(V',m/), H(V))
meM m'eM

SBdIC (Va V/)

Take (V,m) € VxM, then d(h(V,m), H(V")) < infyicyr |h(V,m) — h(V',m)|| < ainfyep ||V — V||
holds from the a-contractive property of h. Finally,
sup d(h(V,m), H(V')) <asup inf |V —=V'|| < adc(V,V')

v

Vey cy VeV
meM

We use the same technique to prove that

sup d(h(V',m"), HV)) < adc(V,V').
%
m'eM
Finally, dic(H(V), H(V')) < ade(V,V’). From the Banach fixed point theorem and the
completeness of (IC(R®), dx) [52, Thm 3.3], H has a unique fixed point H* in C(R®).
The third point is a consequence of the Banach fixed point theorem. Finally, f and g™

are value operators (7.5) on R¥ x M, therefore this theorem’s statements apply. [ |

Remark 7.6 (Set-based value iteration) An important consequence of Theorem 7.1 is

the existence of the set-based value iteration, given by
VL= H(VF), V0 € K(RY). (7.24)

Analogous to standard value iteration, (7.24) is a sequence of value vector sets in K(R®) that
converges to the fized point set V* € K(R%).
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7.6 Properties of the Fixed Point Set

For the MDP parameters (C, P), the fixed point of h(-,C, P) is typically only meaningful
for the corresponding MDP. For example, the fixed point of a policy evaluation operator
g™ (-,C, P) (7.7) is the expected cost-to-go under policy 7, and the fixed point of the Bellman
operator f(-,C, P) (7.9) is the minimum cost-to-go when 7 can be freely chosen. In this
section, we derive properties of the fixed point set V of H (7.19) in the context of non-

stationary value iteration.

7.6.1 FElements of the Fized Point Set for the Bellman Operator

In the case of the Bellman operator f on metric space R, the fixed point V# corresponds to
the optimal value vector of the MDP associated with stationary MDP parameters. However,
there is no direct association of any individual MDP to the set of MDP parameters M, we
cannot claim the same for the set-based Bellman operator and V*.

We consider the Bellman operator-based value iteration under a dynamic parameter
uncertainty model discussed in [95], where at every iteration, a new set of MDP parameters

mP¥ is chosen from M as
VL = f(VE mb), VO e RS, mF € M,Vk e N. (7.25)

In general, limy ;o f(V*, m*) may not exist. We build on the results of Theorem 7.1 that

the sequence {V*} converges to the value function set V2 (7.23) in the Hausdorff distance.

Proposition 7.2 The value vector sequence {V*}ren in (7.25) satisfies

1. . f k k o —

Jiminf [ FVEm®) = V][ =0,

where VB (7.23) is the unique fived point set of the set-based Bellman operator F with respect
to MDP parameter set M.

Proof: Define V' = {V°}, then from the set-based value operator Definition 7.11 for
the Bellman operator (7.20), V¥ = f(Vk m*) € F(V¥) for all k£ > 0. From Theorem 7.1,

V¥ converges to V* in Hausdorff distance, limj_,o dH(V’“,VB ) = 0. Therefore for every
§ > 0, there exists K such that for all k > K, dg(V*, VB) < §. Since f(VF mF) € VEHL
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infycys || f(VF,mP) — VHOO < dg(V¥1, VB) < § must also be true for all k > K. Therefore
limy,_ o infycpn Hf(Vk, mk) — VHOO =0. [

Proposition 7.2 implies that regardless of whether or not the sequence {f(V* m*)}ren
converges, the sequence {V*} must become arbitrarily close in Hausdorff distance to the
set VB. This has important interpretations in the game setting that is further explored in
Section 7.9. On the other hand, Proposition 7.2 also implies that if limj,_,. V* does converge,

its limit point must be an element of V*.

Corollary 7.1 We define the set of fized points of f(-,m) for each m € M as

U= J{Ver’|f(v,m =V},
meM

i.e., U is the set of optimal value functions for the set of MDPs ([S],[A], P,C,~) where
(C, P) € M. Furthermore, we consider all sequences {m*}.cn € M such that for V° € RY,
the iteration (7.25) converges to a limit point V = limy_,o, V¥, and define the set of all such

limit points as

w= {VeR5|§mfuﬂﬂMj:v;wmmv“eR%v“%:ﬂvﬂm%,k:Q1wu
—00

{mk}keNgM

(7.26)

thenUd CW C VB (7.20).
Proof: For any V € W and VB € V5,

V2=Vl < [[VZ = v mO], + [F V5 m") =V

is satisfied for all £ € N. Furthermore, by assumption, each V' € WV has an associated itera-
tion VA1 = f(V* m*) whose limit point is equal to V, i.e. limy_,o || f(V*, m*) — VHOO = 0.
Additionally,

lim inf | f(VF,m*)—-V?|_ =0,

k—oco VBcyB

follows from Proposition 7.2. Therefore,

inf [|[VP-V|_ <0, VVeWw.

VBeyB

From the fact that the infimum over a compact set is always achieved for an element of the
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set [115], V = VB € VB, Therefore W C VB, To see that Y C W, take m* = m for all
kE=0,1,..., then Y CW. [

Remark 7.7 We make the distinction between VB, W, and U to emphasize that VB is not
simply the set of fized points corresponding to f(-,m) for all possible M € M, given by U,
or the limit points of the iteration (7.25) for all possible sequences of parameters mF, given
by W. The fized point set VB contains all possible limiting trajectories of the non-stationary

value iteration (7.25) without assuming a limit point exists.

In Corollary 7.1, U can be easily understood as the set of optimal value functions for the
set of standard MDPs ([S], [4], P,C, ) generated by m € M. An interpretation for W is
perhaps less obvious. We use the following example to illustrate the differences between

these three sets.

Example 7.3 Consider a single state, two action MDP with a discount factor v = 0.9,
where there is uncertainty in the cost parameter, given by C = [O 1] , [0 2} , [1 1] }. Here,
U = {0,10} corresponds to the three optimal value functions when the cost is fivzed —i.e.,
where C* = C € C. We note that if {C*} C {[O 1] : [O 2}}, then VB = 0 regardless of
how C* is chosen. Therefore W = {0} UU = U. Finally, if C* is randomly chosen from C
and VO = 0, V¥ will randomly fluctuate but satisfy V* € VB C [0, 10].

In the context of robust MDPs, U contains all the fixed point value functions of regular
MDPs. The value function set VW contains the fixed point value functions that are invariant
to fluctuating MDP parameters within any subset of M. On the other hand, if the value
functions do not converge, the value function trajectory will still converge to VB, even if
VO ¢ VB, Therefore if the goal is to bound the asymptotic behavior of V¥, it is more useful
to determine V5.

We summarize our results on set-based Bellman operator as the following: given a com-
pact set of MDP parameters M, the set-based Bellman operator F' converges to a unique
compact set V2. The set V2 contains all the fixed points of f(-,m) for m € M. Furthermore,
VB also contains the limit points of f(V*, mF) for any {m*}ren € M, VO € RS, given that
limy,_,00 V¥ converges. Even if the limit does not exist, V¥ must asymptotically converge to
VB in the Hausdorff distance.
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7.6.2  Relationship to Non-stationary Value Iteration

Next, we extend the analysis on the non-stationary value iteration introduced in (7.25) to

the general value operators h on R% x M.
VL = n(VE mb), VO e RY, m* € M,Vk €N, (7.27)

In robust MDP literature [54, 95], m* is modified by an adversarial opponent of the MDP
decision maker such that (7.27) converges to a worst-case value vector. We consider a more
general scenario in which m” is chosen from the closed and bounded set M without any
probabilistic prior. In this scenario, convergence of V* in R® will not occur for all possible
sequences of {m*}ren. However, we can show convergence results on the set domain by

leveraging our fixed point analysis of the set-based operator H (7.19).

Proposition 7.3 Let V* be the fized point set of the set-based value operator H (7.19) in-
duced by h on RS x M (7.5). If the non-stationary value iteration (7.27) satisfies {m*}ren C
M, then the sequence {V*}ren defined by (7.27) satisfies

1. iy d(VF, V¥) = 0,

2. there exists a sub-sequence {V“D(k)}keN that converges to a point in V* as limy_, o yek) e
V.

Proof: Let {V*}1en be a sequence defined by V0 = {V%} and V¥ = H(VF), where
H (7.19) is the set operator induced by h on R® x M. We first show statement 1). From The-

orem 7.1, limy_,o, V¥ converges to V* in di.. Therefore, 0 < d(V*, V*) = inf ep- ||[VF — yHOO <

sup,epr infyeps ||z — yll, < dg(VF,V*) — 0 as k tends to +oo.

Next, for all k& € N, there exists N € N such that for all n > N, d(V™",V*) < (k+1)7%
We define the strictly increasing function #; : N — N, such that ¢;(0) = 0 and for all
k # 0, (k) := min{N > ¢y(k —1) : Vn > N, d(V",V*) < (k+ 1)7'}. Then, for
all k € N*, there exists y”*™ € V* such that [V —ynr®)|] < (k4 1)71 As V* is
compact, there exists 15 : N — N strictly increasing such that (y¥12(®)); converges to some
y* € V* [115, Thm 3.6]. Finally, let € > 0, there exist Ky, Ky € N such that for all [ > K7,
(2(1))™' < g/2 and for all I' > K, |ly**2) — y*|| < £/2. So, taking k > max{K;, K},
we have va(iﬁz(k)) — y*H < HVW(U&(’C)) — y%(lﬂz(k))H + Hy%(w(k)) — y*H < ¢ and (V%(wz(/f)))k
converges to y* € V*. [ |
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In addition to containing all asymptotic behavior of value vector trajectories under time-
varying value iteration, the fixed point set ) also contains all fixed points of the value
operator h(-,C, P) when (C, P) € M (7.5) are fixed.

Corollary 7.2 Let h (7.5) be a value operator on RS x M where M is compact. For all
m € M, if V.= h(V,m) € R® and V* is the fired point set of the induced set-based value
operator H (7.19), V € V*.

Proof: ~ We construct sequence {V*} where V¥t = h(V* m) and V® = V. Then
VF =V for all kK € N. From the second point of Proposition 7.3, V € V* follows. [ ]
Going further, we can bound the transient behavior of (7.27) when V? is an element of the
fixed point set V*.

Corollary 7.3 (Transient behavior) Let V* be the fized point of the set-based value op-
erator H (7.19) induced by h on RS x M. If M is compact and V° € V*, then the sequence
generated by (7.27) satisfies {V*}ren C V.

Proof:  As a fixed point set of H (7.19), V* (7.22) satisfies V* = H(V*), then the
following is true by definition of H: if V¥ € V*, then V1 = h(VE mk) € V*. If VO € V*,
then {V*},en € V* follows by induction. ]

Remark 7.8 Proposition 7.3 and Corollary 7.3 bound the asymptotic and transient behavior
of the sequence {h(V*, mF)}ren generated from (7.27), regardless of the convergence of the
value vector sequence. This is a more general result than the classic convergence results for
MDPs and robust MDPs.

Remark 7.9 Corollary 7.3 also implies that V* is invariant in the non-stationary value
iteration (7.27), and may prove useful in the analysis and design of MDPs with known

parameter uncertainties.

7.6.3 Bounds of the Fized Point Set

Given compact sets of MDP costs and parameters, a natural question is how to bound the
resulting fixed point set. In Theorem 7.1, the compactness of M implied the compactness of
V*. This relationship carries over to the supremum and infimum elements of M and V*—i.e.,
if M satisfies Assumption 7.1 with respect to h, then V* contains its own supremum and

infimum elements.
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Greatest and least elements. We define the supremum and infimum elements of a

value vector set V € K(R%) element-wise as follows,

V,:=supV,, V, = inf V,,Vs€[9] (7.28)
vev vey

R2 ...

% V? %

Figure 7.5: The greatest least bounds of three different value function sets V' € R%, where
(0,0) the origin is located on the lower left. Note that V? and V? contain their own greatest
and least elements, but V! does not. In V!, the coordinate-wise greatest and least elements
are achieved by some elements in V! but not at the same time.

If a set V C R® is compact, the projection of V on each state s is compact. Then, the
coordinate-wise supremum and infimum values for each state s are achieved by V. However,
in general, no single element of the set V may simultaneously achieve the minimum over all
the states—i.e., V(1) may not be an element of V. This is illustrated in Figure 7.5.

Given h and parameter uncertainty set M, we wish to 1) bound the supremum and
infimum elements of the fixed point set V* (7.22) and 2) derive sufficient conditions for
when they are elements of V*. To facilitate bounding V*, we introduce the following bound

operators.

Definition 7.12 (Bound Operators) The bound operators induced by the value operator

h on R® x M are coordinate-wise defined at each s € [S] as

h, (V) = inf hy(V,m), hy(V) = sup hs(V,m). (7.29)
meM meM

We want to bound the fixed point set V of the set-based value operator H (7.19) by the

bound operators h/h (7.29). First, we show that h/h are themselves a-contractive and order

preserving on R,
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Figure 7.6: We visualize the bound operator for H (V) for a given value operator h on R¥ x M.
The input set V is a singleton {V'} in R?. Here, because h; and h,are reached for two different
parameters m € M, the resulting h(V') lies outside of the fixed point set.

Lemma 7.3 (a-Contraction) If h (7.5) is a value operator on RS x M and M is compact,

then h and h (7.29) are a-contractions with fived points X, X, respectively.

MX)=X, hX)=X, X, X eR". (7.30)

Proof: From Lemma 7.1, h is continuous and M is compact, then for all X,Y € R,
there exists m(s) € M such that h (Y) = hs(Y,m(s)) and h (X) < hs(X,m(s)). We upper-
bound h (X) — h(Y) by hs(X,m(s)) — hs(Y,m(s)), and use the a-contraction property of

h to derive

hs(X) - hs(y) < |hs(X7m(8>> - hs(va(s))|
<alX =Y.

Since X and Y are arbitrarily ordered, we conclude that ||A(X) — (V)| < a||X =Y.

The proof for h follows a similar reasoning and takes 11(s) = sup,,,c o hs(X, m). The existence

[

of X(X) follows from applying Banach’s fixed point theorem. [ |

Lemma 7.4 (Order Preservation) The bound operators h and h (7.29) are order-preserving
on RS (Definition 7.2).

VUV ERS UKV =nU)<WV), hU)<hV).

Proof: ~ The lemma statement follows directly from the fact that order preserva-

tion is conserved through composition with inf and sup. If A(U,m) < h(V,m), then
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inf e R(U,m) < infen h(V,m). A similar argument follows for h(:) = sup,,ca h(-,m).
|

To prove the next result, we use the following lemma.

Lemma 7.5 Let {V,} C K(R®) be a converging sequence for di with V, — V as n — oo.

For all V €V, there exists a converging subsequence {V?™}, e whose limit is V' for ||-||.

Proof: Let V € V. We can define the strictly increasing function ¢ on N as follows:
©(0) := 0 and for all n € N, p(n + 1) := min{j > ¢(n) | IVI € VI ||V = VI|| =d(V,V7) <
(n+1)7'}. Finally, as for all n € N*, |V — V@(”)H < (p(n) +1)71, the result holds. [
We show that the fixed points X and X bounds the fixed point set V* of the set-based value
operator H (7.19).

Theorem 7.2 (Bounding fixed point sets) If h (7.5) is a value operator on RS x M and
M is compact,
X<V<LX, VVeV, (7.31)

where X and X (7.30) are the fized points of the bound operators h and h (7.29), and V* is
the fized point set of the set-based value operator H (7.19) induced by h (7.5) on R® x M.

Proof: For V° = {X, X} and V¥ = H(V¥) (7.24), we first show
X<V<<X,VVeVk (7.32)

via induction. Suppose that (7.32) is satisfied for V¥. The order preserving property of
h(-,m) implies that h(X,m) < h(V,m) < h(X,m) holds for all (V,m) € V¥ x M. We take
the infimum and supremum over h(X,m) and h(X,m), respectively, to show that for all
(V,m) € V¥ x M and s € [9],

inf hy(X,m') < hy(V,m) < sup hy(X,m').
m/eM m/eM
Since X and X are the fixed points of inf,c g b (-, m') and sup,,, e o hs(+, m’) for all s € [9)],
respectively, we conclude that (7.32) holds for VF*1.
Next, we show that X and X bounds the fixed point set V* for the h-induced operator
H (7.19). From Lemma 7.5, we know that for all V' € V*, there exists a strictly increasing

sequence ¢ : N — N and corresponding value vectors {W¢(”)} such that lim,_,. W™ =V
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and W™ € Y9 for the sequence of value vector sets generated from V° = {X, X}. Since
X < W*™ < X holds for all n, we conclude (7.31) holds. |
When Assumption 7.1 is satisfied, the fixed point of H (7.19) contains its supremum and

infimum.

Theorem 7.3 If h (7.5) on RS x M satisfies Assumption 7.1, then there exists m,m € M
such that h and h (7.29) and their fized points X and X (7.30) satisfies

(X)) =h(X,m) =X, h(X)="h(Xm)=X. (7.33)

Additionally, X and X are the least and the greatest elements of H’s fixed point set V*,
vV (7.28) respectively, and both belong to V* (7.22).

X=Vv"X=V", X, Xev~

Proof:  From Theorem 7.2, X and X are the lower and upper bounds on the fixed
point set V*. We show that these are the infimum and supremum elements of V* by showing
that they are also elements of V*. From Assumption 7.1, there exists m,m € M such that
he(X,m) = min,cpm ho(X,m) and hy(X,m) = min,ea hs(X,m) for all s € [S]. Since
X and X are fixed points of h(-,m) and h(-,/m), we apply Corollary 7.2 to conclude that
X, X e V- ]

7.7 Revisiting Robust MDP

We re-examine robust MDP with the set-theoretical analysis in this section, and show that
Assumption 7.1 generalizes the rectangularity assumption made in robust MDPs, thus en-
abling robust dynamic programming techniques to be available to a wider class of MDP
problems and contraction operators.

Recall the optimistic value vector W° € R® and robust value vectors W” € R of a
discounted MDP ([S], [A], C, P,~) from [54, 95] as the fixed points of the following operators.

W?= min min_g7(W°C,P),Vs €[S 7.34
s = mip min g7(W? C, P)¥s € [S] (7.34)

W’ = mi (W, C,P).Vs €[S 7.35
. ﬂggglA(C{ggMg( ,C, P),Vs € [S] (7.35)

The optimistic policy 7° and robust policy 7" are the optimal policies corresponding to (7.34)
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and (7.35), respectively.

w¢ € argmin min g7 (W° C,P),Vs €[S 7.36
C € argmin min, g7(V",C.P).Vs € I3 (7.3
7. € argmin max g7 (W" C, P),Vs € [S] (7.37)

TsEA 4 (C,P)EM

For readability, we denote the policy evaluation operator under 7° as ¢g° and the policy
evaluation operator under 7" as g".

When M is (s,a)-rectangular (7.15), the set of policies satisfying (7.36) and (7.37) is
non-empty and includes deterministic policies [54, Thm 3.1]. When M is s-rectangular and
convex, the set of policies satisfying (7.37) is non-empty but may be mixed [139, Thm 4].
When M is convex, we show that policies (7.36) and (7.37) exist.

Proposition 7.4 If the MDP parameter set M is compact and convez, then

1. W (7.34) and W™ (7.35) exist and satisfy f(W") = W", f(W°) = W°, where f and

f (7.29) are the bound operators of the Bellman operator (7.9).

2. w° (7.36) and w" (7.37) exist.

Proof: Recall the Bellman operator f (7.5). When M x A 4 is compact, the formulation
of the fixed point of f (7.29) is equivalently given by

f(X)= min min g7(X,C,P), Vs €[5]. (7.38)

We note that (7.38) is identical to the formulation of W° (7.34). Therefore, W° = X is
the fixed point of f. When M is compact, W¢ exists due to Lemma 7.3. From (7.36), m¢
is the optimal argument of ¢7(W?° C, P), a continuous function in 7, C, P minimized over
compact sets Ay x M for all s € [S]. Therefore 70 exists. Since 7° = (n{,...,7Z), the
optimal 7° € II exists.

For the robust scenario: when M is compact, the fixed point of f (7.29), X, exists from

Lemma 7.3 and is given by

X, = in ¢g7(X,C, P), Vs € [9]. 7.39
2, G P v 18 i

The function ¢7(X,C, P) is concave in (C, P) and convex in w. If M is convex, then we
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apply the minimax theorem [93] to switch the order of min and max in (7.39) to derive

X,= min max ¢7(X,C,P), Vse[S]. (7.40)
ms€A 4 (C,P)EM

Equation (7.40) is identical to (7.35), therefore W™ = X and exists by Lemma 7.3. In the

definition of X (7.40), maxc, pyem Jp (X, C, P) is piece-wise linear in 7, and A, is compact

for all s € [S], thus argmin, .5, max(c,pjem 97 (X, C, P) is non-empty. Finally since n" =

(7],...,m5), " exists. u

Remark 7.10 Since maxc pyem g™ (X, C, P) is piecewise linear in m,, the optimal 7" is a

mized policy in general. This is consistent with the results in [139].

Proposition 7.4 generalizes the results from [139] to show that (7.35) exists when M is
compact and convex instead of s-rectangular and convex. From Theorem 7.2, W° and W"
bound of the fixed point sets of the 7° and 7". They become infimum and supremum
elements when M satisfies Assumption 7.1 with respect to ¢° and ¢". We explicitly derive
this result next. First, we introduce some notations: let G° = G™, the fixed point of G° be
Vo G" = G™, and the fixed point of G" be V.

Ve = {g°(V,C,P) | (C,P) € M,V €V}, (7.41)

V' ={g'(V,C,P) | (C,P) € M,V € V"}. (7.42)

Additionally, the supremum elements of V° and V" are V° and V' respectively and the

infimum elements are V° and V", respectively.

V' =min Vi, V, = maxV,, Vs € [S]. (7.43)
Veyr Vev,

VO =minV,, Vi =maxV,, Vs [S]. (7.44)
Veve Veve

We compare these with the fixed point set of the Bellman operator, V2 = {min, ¢™(V,C, P) | (C, P) €
M,V € VB} (7.22), denoted by V" and VB as

B
s

VE = min[V],, V

- VeyB

= max V,, Vs € [9]. (7.45)

Veys

Our next result proves the relationship between V2, VO V", VB,VO,Vr when f, ¢°, and ¢"
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on R® x M satisfy Assumption 7.1.

Theorem 7.4 If f, g°, g" satisfy Assumption 7.1 on RS x M, then the bounding elements (7.44) (7.43) (7.45
of the corresponding fized point sets VB, V° (7.41) and V" (7.42) are ordered as

<
o

|
K
A\
<
<

I
<!
<l

(7.46)

Proof: Since V° is the infimum element for the fixed point set V° (7.44), we can apply
Theorem 7.3 to derive
Vo = ming, e g°(V°, C, P). (7.47)

By definition of 7, (7.36), minc, pyem 9°(V°, C, P) = min pyepm mingen 9" (V, C, P). As

the two minima commute,

(Crg)lgMg ‘(Ve°,C,P) = (C%}QM 17{1611111 g (Ve ,C,P). (7.48)
Combining (7.47) and (7.48), V?is exactly the unique fixed point of min( pye p mingemn g7 (-, C, P).
However, by applying Theorem 7.3 to f on R® x M, V' is also the unique fixed point of
min(e pyep Mingen g7 (-, C, P). Therefore V = VB,
From (7.43), V" = min pyem 9" (V", C, P), we can minimize over the policy space to
lower bound V" as

> "C P 7.49
R )

Since the right hand side of (7.49) is equivalent to f(V"), (7.49) is equivalent to V" > f(V").
From Lemma 7.4, f is order-preserving in V', we conclude that V° = V* < V".
From Theorem 7.3, V' is the fixed point of g7, such that

V' = "V, C,P). 7.50
e, g1 (VL G P) (7.50)
We apply min, to both sides of (7.50) and use the definition of 7, to derive that V" is the fixed
point of minecp maxc pyem g7 (V", C, P). From Assumption 7.1, there exists (C,P) € M
that maximizes ¢"(V,C, P), so V' equivalently satisfies
V' =ming"(V',C,P).

mell

From Corollary 7.2, this implies that V" € VB and therefore V' < VB. Next we show VB <
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V". From Theorem 7.3, 7" is the fixed point of f, such that VP = max ¢, pyepm Miny g* (VB, C, P),

From the min-max inequality,

v < min max g”(VB,C, P).
rell (C,P)eM

Since m, € II,

B B
Vo< (cr,%?é(/wg (V7,C,P). (7.51)
The right-hand side of (7.51) is g" (VB) (7.29), such that (7.51) is equivalent to VP < T(VB).
We consider the sequence V1 = g"(V*) where V! = VP Since g" is a contraction,
limy,_,oo V¥ = V7, the fixed point of §". From Lemma 7.4, §" is order preserving. Therefore
vi—vi<yr
Finally, Theorem 7.3 implies that V* is the fixed point of g°: V° = maxc,pyem 9° (V°,C, P).

By construction, V° > min,er maxc,pyem 9" (VO, C, P). From the min-max inequality,

min max ¢"(V°,C,P)> max ming™(V",C,P),
mell (C,P)eM (C,P)eEM 7€l
such that the right-hand side of the inequality is equivalent to f(V°). Following the mono-
tonicity properties of the Bellman operator f [107, Thm.6.2.2], we conclude that V> 74l
|

Remark 7.11 Through our fixed-point analysis, we see that in addition to having the best
worst-case performance among {V°,VE V'}, V" also has the smallest variation in perfor-

mance for the same uncertainty set M.

Finally, we generalize the s-rectangularity condition by showing that optimistic and robust

policies exist when the MDP parameter set M satisfies Assumption 7.1.

Corollary 7.4 (Robust MDP under Assumption 7.1) If M is compact and conver,
and f,g° g" satisfy Assumption 7.1 on RS x M, then W° (7.34) and W™ (7.35) are the
infimum and supremum value vectors for the policy evaluation operator under w° (7.36) and

7" (7.37), respectively.

W? = inf [V]s, W = sup [V]s, Vs € [5], (7.52)
Veye veyr
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Figure 7.7: Illustration of Theorem 7.4. The purple, green, and blue regions indicate the
ranges of V", V°, and VB, respectively.

where V° (7.41) and V" (7.42) are the fized point sets of policies m° and ©" under parameter

uncertainty M, respectively.

Proof: When f satisfies Assumption 7.1 on RS x M, Theorem 7.3 shows that V' =
we, VP = w1 f,9°, and g¢" also satisfy Assumption 7.1 on R® x M, then we apply
Theorem 7.4 to derive W° = V° and W" = V'. This proves the corollary statement. [ |
Remark 7.12 When Assumption 7.1 is not satisfied, W° and W' still provide a bound for
V° and V'. This result is also stated in [139].

7.8 Value Iteration for Fixed Point Set Computation

In the previous sections, we proved the existence of a fixed point set for value operators with
compact parameter uncertainty sets and re-interpreted robust control through our tech-
niques. Next, we derive an iterative algorithm for computing the bounds of the fixed point
set )V given a value operator h and parameter uncertainty set M.

Algorithm Sketch. Based on the set-based value iteration (7.24), we iteratively find
the one-step bounds of H(V¥) to converge the bounds of the fixed point set.

For any compact set V € K(RY), the one step bounds of H(V) are equivalent to the
one-step output of the bound operators h and h (7.29) applied to the extremal points of V.

Theorem 7.5 (One step H bounds) Consider a set operator H (7.19) and its bound op-
erators h and h (7.29) induced by h on RS x M (7.5). For a compact set V C R%, H(V) is
bounded by h(V) and h(V) (7.29) as

h(V)<V <h(V), VYV €H). (7.53)
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where V. and V (7.28) are the extremal elements of V. If h satisfies Assumption 7.1 on
R x M and V.,V €V, then h(V) and h(V) are the supremum and infimum elements of
H(V), respectively— for all s € [S], h,(V) and hy(V') satisfy

S

h, V)= inf hy(V,m), hy(V) = hs(V,m). 7.54
hy(V) L (Vim), hy(V) (V,ms)lelgx/\/l (V,m) (7.54)

Proof: For all s € [S], hy(V,m) < hy(V) for all m € M. If h is K(V)-Lipschitz and
a-contractions in M, then h is order-preserving (Lemma 7.4) such that h,(V) < h,(V) for
all V'€ V. We conclude that

h(V,m) < R(V), Y(V,m) € V x M. (7.55)

Since h is an upper bound, and sup is the least upper bound, it holds that supy.,,, [R(V,m)]s <
h(V). We use the definition of H(V) (7.19) to conclude that V' < h(V) for all V € H(V).
The inequality h(V) <V VV € H(V) can be similarly proved.

If h satisfies Assumption 7.1 on R® x M and V.,V € V, Assumption 7.1 states that there
exists m € M such that h(V,m) = h(V). Therefore, h(V) € H(V). Since h(V) also lower
bounds all the elements of H(V), it is the infimum element of H(V). The fact that the
greatest element of H(V) is h(V) can be similarly proved. |
Based on Theorem 7.5, we propose the following bound approximation algorithm of the fixed

point set V* (7.22) for a set-valued operator H (7.5).

Algorithm 7.1 Bound approximation of the fixed point set V
Input: C, P, VO, e

Output: V.,V

Vo=V =V

0 =121,

v

while ﬁek > ¢ do
VR = ming,ep he(VF,m), Vs € [S]
= maxX,,c m hs(vk,m), Vs € [9]
okl — max{ ||Kk+1 - Kk“ 7 Vk+1 B VkH }
E=k+1
end while

<
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7.8.1 Computing One-step Optimal Parameters

Algorithm 7.1 is stated for a general MDP parameter set M and does not specify how to

compute lines 4 and 5. Here we discuss solution methods for different shapes of M.

1. Finite M. If M = {m;,...,my} is a set with a finite number of elements, we can

directly compute line 4 as
VR = min {hs(zk,mi) li={1,..., N}}. (7.56)

For line 5, we replace min with max in (7.56).

2. Convex M. When M is a convex set, the computation depends on h. If h = g™ is
the policy operator, lines 4 and 5 can be solved as convex optimization problems. If A
is the Bellman operator f, lines 4 and 5 take on min-max formulation and is NP-hard
to solve in the general form [139]. When M can be characterized by an ellipsoidal set

of parameters, the solutions to lines 4 and 5 is given in [139].

We recall the stochastic path planning problem from Example 7.1 with the two different
parameter uncertainty scenarios. When the wind field uncertainty is discrete, M is finite,

when the wind field is a combination of the major wind trends, M is convex.

7.8.2  Algorithm Convergence Rate

When lines 4 and 5 are solvable, Algorithm 7.1 asymptotically converges to approzimations of
the bounding elements of V*. If M satisfies Assumption 7.1 with respect to h, Algorithm 7.1
derives the exact bounds of V. Algorithm 7.1 has similar rates of convergence in Hausdorff

distance as standard value iteration using h on R,

Theorem 7.6 Consider the value operator h, compact uncertainty set M, and the fized
point set V* of the set-based operator H (7.19) induced by h on RS x M. If M satisfies
Assumption 7.1 with respect to h, then at each iteration k,

st - v < ot - v [T -V <o [T - (7.57)

v

where all norms are infinity norms, and K*,V* are the infimum and supremum bounds of V,
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respectively. At Algorithm 7.1’s termination, V" ,Vk satisfies

max{[[V* = v, |[7* - V||t < (7.58)

Proof:  From Algorithm 7.1, v = E(Vk). From Lemma 7.3, h is an a-contraction.

We obtain HVkH — V*H <« Hvk — V*H and note that (7.57) holds by induction. Next, we

apply triangle inequality to HV’“ — WH to derive

—k+1

P <[ 7

+ HV’““ - V*H . (7.59)

We can then use HVkH — V*H <a HV’“ — V7| to bound (7.59) as HV’“ — V*H < ﬁ HV’“ i
A similar argument can show that HK’“ — K*H < ||Kk — Kk“H. When Algorithm 7.17s

while condition is satisfied, max{ HV’“ -V

)

vk K*H } < €. This concludes our proof.
|
In particular, the Bellman operator f and policy operator g™ are v-contractive on R®, where

v is the discount factor, therefore Theorem 7.5 applies with o = ~.

Remark 7.13 Theorem 7.6 implies that at the termination of Algorithm 7.1, the fixed point

set V* can be over-approximated by

V* g Vappro:r = H [K];H_l - 67V§+1 + da
s€[S]

where k is the last iterate before Algorithm 7.1 terminates.

7.9 Relationship to Nash equilibria Sets in Single Controller Stochastic Games

In this section, we consider the setting in which the MDP dynamics is stationary, but the

R4, relate this parameter uncer-

MDP cost has uncertainty characterized by the set C C
tainty to single controller stochastic games, and elaborate on the properties of the resulting
fixed point set VP in the context of single controller stochastic games. We show that with
an appropriate over-approximation of the Nash equilibria cost parameters, V¥ contains the
optimal value functions for player one at Nash equilibria.

We note that the stochastic games we discuss here implicitly assume imperfect informa-

tion [12, Def. 6.3.6] — at every state, both players have multiple actions to choose from.
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Therefore, each player’s choice of action induces uncertainty in their opponent’s costs.

7.9.1 Stochastic Game

In a two-player stochastic game, both players solve their own MDP while sharing the same
states and dynamics. As opposed to standard MDPs, each player’s cost and transition kernel
depends on the joint policy, m = (my,m3), where m; and my are respectively player one and
player two’s policies as defined for MDPs in Section 2.2. The set of joint policies is given by
I1, while player one’s and player two’s sets of policies are given by II; and Ils, respectively.
We denote the actions of player one by a and the actions of player two by b. Players share a
common state, given by s € [S]. The transition kernel of the shared dynamics is determined
by the tensor @ € R¥*9x41x42 where Q satisfies

> Quear =1, ¥ (s,a,b) € [S] x [A1] x [Ay)],

s'€[S]
Qs’sab Z 07 v (5/757a7b) € [S] X [S] X [Al] X [AQ]

Each player’s cost is given by D! € R941*42 where D!, and D2, denote player one and

sab

player two’s cost when the joint action (a,b) is taken from state s, respectively.

When player two applies policy 7o, player one’s transition kernel is given by

Pl(’ﬂ'g) c RSXSAI, P31’75a(7r2) = Z (WQ)sts’sab- (760)
be[A2]

Similarly, player one’s cost is given by

C'(my) €RTM, Cl () = > (ma)aDly, (7.61)
be[A2]

For a specific m; adopted by player one, player two’s cost C?(m;) and transition kernel
P?(m;) can be similarly defined. Each player then solves a discounted MDP given by
([S], [Ad], P'(m;), C*(;), ;). Since each player only controls a part of the joint action space,
the generalization to joint action space introduces non-stationarity in the transition and cost,

when viewed from the perspective of an individual player solving an MDP.

Given a joint policy (7, ms), each player attempts to minimize its value function. Player
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1’s optimal discounted infinite horizon expected cost is given by

V! = min E’”{ Z'yz vt ( }, vV selS]. (7.62)

m€ll;

As formulated by (7.62), we denote the value function of player one, V1, by V € R¥ and
the value function of player two, V2, by W € R®. Given a joint policy m, both players have

unique stationary value functions (V (my,m2), W (1, m)) given by

V (1, m3) =1t (11, 73) 4+ Y1 My, P (13) "V (101, 702), (7.63a)
W(Wl, 7T2) :l/2(7T1, 7T2) + ’}/QMTFQPQ(Wl)TW(Tﬁ, 7T2), (763b)

where v! (7, ™) = >icls] eie; My, (1s @ I4,)CY () Te; and v2(my, m) = dicls] eie] My, (1, ®
I4,)C?%(m) "e;. Since a stochastic game can be viewed as coupled MDPs, the MDP notion of
optimality must be expanded to reflect the dependency of a player’s optimal policy on the

joint policy space. We define a Nash equilibrium in terms of each player’s value function [42,

Sec.3.1].

Definition 7.13 [Two Player Nash Equilibrium/ A joint policy © = (n},75) is a Nash

equilibrium if the corresponding value functions as given by (7.63) satisfy
V(ry,m5) < V(m,my), Vmell,

W(ny,my) < W(ny,m), V m € ll.

We denote the Nash equilibrium value functions as V* = V(ny,n5), W* = W (n}, ) and
the set of Nash equilibria for a stochastic game as g C II.

Definition 7.13 implies that a Nash equilibrium is achieved when the joint policy simul-
taneously generates both value functions V* and W*, which are the fixed points of the
Bellman operator with respect to parameters <C’1 (m3), P! (7r2)> and (C’z(m),lm(m)), re-

spectively — i.e. V* = min {yl(m, ) + 'ylePl(W;)TV*}, and W* = min {y2(7r*f,7r2) -

w1 €lly mo€lly
9 M, P2(r) TW* |
A Nash equilibrium is not unique in general sum stochastic games. Furthermore, Nash
equilibrium policies are not necessarily composed of deterministic individual policies. There-

fore while each player’s Nash equilibrium value function is always the fixed point of the



136

associated Bellman operator, the Nash equilibrium policy for each player is not the optimal
deterministic policy associated with the Nash equilibrium value function in general. The ex-
istence of at least one Nash equilibrium for any general sum stochastic game is given in [42].
When the stochastic game is also zero sum, all Nash equilibria correspond to a unique value
function.

Since the technical content of this paper does not address non-stationarity in the transi-
tion kernel, we focus on analyzing non-stationarity in the cost term. Specifically, we constrain
our analysis to a single controller game [42], i.e. when the transition kernel is controlled by
player one only. Single controller stochastic games form an important class of games that
models dynamic control in queueing networks [7] and attacker-defender games with stochastic
transitions [10, 39]. Similar to our discussion of a two player Nash equilibrium, we exclusively
consider a two player single controller game. However, we note that the following definition
can be extended to an N player single controller stochastic game in which the transition

kernel is independent of all but one player’s actions.

Definition 7.14 (Single controller game) A single controller game is a two player stochas-
tic game where the probability transition kernel is independent of player two’s actions, i.e.,
for each (s',5,a) € [S] x [S] x [A]

Qs’sab = Qs’sab’7 v ba v € [A]v

1.€. Pl(ﬂ'g) = P, YV my € Ily and P2(7T1)8/75b = P2(7T1)s/,sb’; i b, b e [A], m € 1.

Although both players are still optimizing their value functions in a single controller
game, player two’s policy only affects its immediate cost at each state, while its transition
dynamic becomes a time-varying Markov chain. However, player two’s policy still affects
player one’s MDP through cost matrix C* (7).

We analyze a single controller game from the set-based MDP perspective by utilizing
Proposition 7.2. Suppose we are given a compact set C C R¥*4 that over-approximates the

set of CVP — i.e. cost parameters that player one observes at Nash equilibria,
CNE = {CM(n3) € R&A | (nf,73) € TIyp} C C. (7.64)

Then we show that the Nash equilibria value functions belong to the fixed point set of F¢.
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CNE

Valid over-approximations to can be easily found — the simplest being the interval

set of all feasible costs.

Example 7.4 (Interval set approximation) An approzimation to CNF can always be given
by interval sets. At each state-action pair (s,a), the MDP cost parameter for player one
is given by (7.61). Then we can take the maximum and minimum elements of the set
{D!,}veras) for all state actions pairs (s,a) to form an interval set C = Ciy X ... X Cga, €

H(R)S>A1 | such that
Csa = {D;ab}bG[Ag] = [Qs(p@sa],

where C.,, = minye(a, D}y and Csq = maxyea,) DYy, can be directly observed.

Interval sets will always give an admissible approximation. However, more general sets
such as polytopes allow for more precise representations of the limiting value function tra-

jectories for the game player.

Example 7.5 (Polytope set approximation) Consider the set of costs at a particular
state s in a two player single controller stochastic game, for which Ay = 2 and Ay = 3.
Player one’s costs corresponding to player two’s deterministic policies are given by points
(1,0,0), (0,1,0), and (0,0,1) in Figure 7.8. Any mized policy from player two will result
i an expected cost for player one that corresponds to a point within the blue region in
Figure 7.8. On the other hand, the interval set approximation from FExample 7./ is given
by the yellow polytope. In this example, we can observe that the interval set is a generous
over-approzimation of player one’s feasible costs.

An over-approximation of the set of feasible costs also over-approzimates possible limiting
tragectories for a player’s learning algorithm. We consider the point x1 = (C%, C1) in Fig-
ure 7.8. Fized at this cost, value iteration would choose ay corresponding to Ch, and return
the corresponding discounted value function and transition kernel from state s. However, the
feasible cost when action ay has an equivalent cost CY is at xo = (Cy,C%) on the boundary
of the blue polytope. Since X lies below the line Cy = Cs, ay corresponding to Cy is the
optimal action. Therefore, the resulting cost and transition kernel would have been different.

This corresponds to a different value function trajectory that would have been infeasible.

The set of feasible costs itself is an over-approximation of the set of Nash equilibria

costs CNF. As Example 7.5 shows, the extension from interval sets to compact sets enables
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Figure 7.8: Feasible player costs vs interval set over-approximation.

additional information (feasible costs and knowledge of opponents’ action constraints) to be
used to approximate CNVF to greater accuracy.

Given a compact set C that over-approximates the set of player one’s cost parameters at
Nash equilibria, CV¥, we now show that the Nash equilibria value functions for player one
must lie within V*, the fixed point set of Fp.

Theorem 7.7 In a single controller game, let C C R4 be an over-approzimation of Nash
equilibria costs for player one as in (7.64). If C is compact, then the set of stationary value
functions for player one at Nash equilibria policies (7.63a) is a subset of V*, the fized point
set of Fe.

Proof: 'We define the set of Nash equilibria value functions for player one as
PVE = {v ERS |V = f(V, cl(w;),P)}. (7.65)

For any V* € VNE  there exists C* = C'(73) € C such that V* is the fixed point of f(-, C*, P).
Then from Corollary 7.1, V* € VP (7.20).
|

Remark 7.14 Although the Nash equilibrium value function V* is always the unique fixed
point of the Bellman operator f(-,C*, P), where C* is player one’s cost at Nash equilibrium,
we note that in general, player one’s policy at Nash equilibrium is not the optimal determin-
istic policy of f(-,C*, P) given by (7.10); this is because the joint policy at Nash equilibrium
may not be composed of deterministic individual policies, while the solution to (7.10) is always
determanistic.

However, if we consider the set of all deterministic policies that solve (7.10), then player

one’s policy at Nash equilibrium must be a convex combination within this set [}2].
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We summarize the application of set-based MDP framework to single controller stochastic
games as the following: when C over-approximates the set of costs at Nash equilibria, the
fixed point set V* of the operator Fi contains all of the Nash equilibria value functions for

player one in a single controller stochastic game.

7.10 Example: Single Controller Stochastic Games

We demonstrate this by applying interval set-based value iteration in a two-player single-
controller stochastic game, and showing that both transient and asymptotic behaviors of
player one’s value function can be bounded, regardless of the opponent’s learning algorithm.

We consider a two-player single controller stochastic game as defined in Definition 7.14,
where each player solves a discounted MDP given by ([S], [A12], P,C"?,712), where A; =
Ay = A. Both players share an identical state-action space ([S], [A]) as well as the same

transition probabilities P controlled by player one’s actions. Player one’s cost is given by
Cl (m3) = Oy + Jama(s,b), V¥ (s,a) € [S] x [4],

while player two’s cost is given by
C2%(m) = Oy — Jeami(s,a), V (s,b) €[S] x [A],

where the matrix J € REXA is the same for the two costs.

While algorithms that converge to Nash equilibrium exist [78, 53] for such single controller
games, convergence is not guaranteed if players do not coordinate on which algorithm to use
between themselves. In this section, we utilize the set-based Bellman operator to show that
we can determine the value function set that player one’s Nash equilibrium value function
belongs to, and equivalently, the value function set that player one’s value function trajectory
converges to, regardless of what the opponent does.

We define the state space of a stochastic game on a 3 x 3 grid, shown in Figure 7.9 left,
where the total number of states is S = 9 and the total number of actions per state is A = 4.
State s’ is a neighboring state of s if it is immediately connected to s by a green arrow in
Figure 7.9 left. At state s, let NV, denote the set containing all neighboring states of s and
let N, denote the number of elements in N.

As shown in Figure 7.9 right, the actions available in each state are labeled ‘left’, ‘right’,

‘up’, or ‘down’. From each state s, an action is feasible if it coincides with a green arrow in



140

ﬁ'_‘»,;\ o
t 0+ 1 1
@S T et 4= = Right
1 $ \_
o e L
Down

Figure 7.9: (a): Each player’s state space [S], S = 9. Green actions lead to a neighboring
state and yellow actions are infeasible. (b): Actions space [A], A = 4.

Figure 7.9 right, and infeasible if it coincides with a yellow arrow. For feasible actions, its

transition probabilities are given as

0.7 & = target state

Pyso = % s’ # target state, s’ € N . (7.66)

0 otherwise

In (7.66), we define the target state s’ of state-action pair (s, a) to be the neighboring state of
s in the direction of action a. If action a is infeasible, its transition probabilities are defined

as

L JeN,
Py = N : (7.67)
0 otherwise

We select matrices C, J € R%** by randomly sampling each element Cj,, Jy, uniformly from
the interval [0, 1]. As in Example 7.4, we derive an over-approximation of player one’s feasible

costs as interval set C, given by
{C" e R™ | CL, € [Coa Cuat Tua), ¥ (s,0) € 19] < (4], (7.68)

where the upper bound Cj, + J,, is achieved when player two’s probability of taking action

b = a from state s is 1.

We consider a two-player value iteration algorithm presented in Algorithm 7.2 which
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forms the basis of many dynamic programming-based learning algorithms for stochastic
games [42, 78]. At each time step, player one takes the optimal policy 7**! given by (7.10)
that solves the Bellman operator f(V* C*, P), where C* is player one’s cost parameter at
step k and V¥ is player one’s value function at step k — i.e. player one performs value
iteration at every time step. Player two obtains its optimal policy using the function g :
[T, — II,, we do not make any assumptions of g, it may produce any policy ms in response

to the policy 7.

Algorithm 7.2 Two player VI

Input: ([S], [A], P,C"? v12), Vb.
Output: V* 77
(s) =73(s) =0,V s € [9]
for k=0,...,do
(Vk—H’ 7T]f+1) = f(vk7 Cl(ﬂllc’ 71—5)7 P)
ms = g(mi )

end for

Our analysis provides bounds on player one’s value function when we do not know how
player two is updating its policy — i.e. when g is unknown. In the simulation, we take g to
be different strategies and show that player one’s value functions are bounded by the interval
set analysis and converge towards the fixed point set of the corresponding Bellman operator.

Suppose both players are updating their policies via value iteration (7.10). Player one
performs value iteration with a discount factor of v = 0.7, while player two performs value
iteration with an unknown discount factor v € (0, 1). Assuming both players’ value functions
are initialized to be 0 in every state, we simulate player one’s value function trajectories for
different values of v in Figure 7.10.

Figure 7.10 shows that when player two utilizes different discount factors, player one
experiences different trajectories even though both players are utilizing value iteration to
minimize their losses. However, the value function trajectory that player one follows is always
bounded between the thresholds we derived from Proposition 7.2. As Figure 7.10 shows,
there does not seem to be any direct correlation between player two’s discount factor and
player one’s value function. However, the interval bounds we derived do tightly approximate
resulting value function trajectories.

Alternatively, suppose we know that player two has the same discount factor as player

one, but we do not know player two’s initial value function or if it is minimizing or maximizing
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Figure 7.10: Player one’s value function as a function of state at different iterations k& =

{1,49,99}. Range shown in blue is the bounded interval V = [Zk,vk]
iteration k.

at the corresponding

its discounted objective. We analyze both scenarios: when player two is also minimizing its
cost and when player two is maximizing its cost. In Figure 7.11, the infinity norm of player
one’s value function at each iteration £ is shown with respect to these two scenarios. Both
player one and player two’s initial value function is randomly initialized as V? € [0,1], V s €
[9]. Figure 7.11 plots player one’s value function trajectory when player two utilizes value
iteration towards different objectives: towards minimizing C? (player one’s value functions
shown in dotted lines) and towards maximizing C? (player one’s value functions shown in

solid lines). The grey region shows the predicted bounds as derived from Proposition 7.2.

As Figure 7.11 shows, player two’s policy change causes a significant shift in player one’s
value function trajectory. When player two attempts to maximize its expected cost, player
one’s function achieves the absolute lower bound as predicted by V. This is because at
least four actions with different costs are available in each state. Since both players are
only selecting from deterministic policies, they are bound to select different actions unless

all actions have the same cost. On the other hand, if player two is minimizing its value
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Figure 7.11: The infinity norm of player one’s value functions as a function of iteration k.

function, then both players would precisely select the same state-actions at every time step.
Then depending on the coupling matrix A, they may or may not choose a less costly action
at the next step. This causes the limit cycle behavior that the dotted trajectories exhibits. In
terms of the tightness of the bounds we derived in Proposition 7.2, we note that Figure 7.11
also shows the existence of trajectories that approach both the upper and lower bounds,

therefore in practice the set-based bounds are shown to be tight.

7.11 Path Planning in Time-varying Wind Fields

We apply set-based value iteration to wind-assisted probabilistic path planning of a balloon
in strong, uncertain wind fields [140]. MDP as a model for wind-assisted path planning of
balloons in the stratosphere and exoplanets has recently gained traction [140, 16]. Discrete
state-action MDPs are a viable high-level path planning model [140] for such applications.
Mission Objective. In the two-dimensional wind field, we assume that the wind-assisted
balloon is tasked with reaching the target state (8,8) in Figure 7.12 using minimum fuel.
Uncertain Wind Fields. By collecting a set of wind data on the environment’s wind
field, an MDP can be created and a policy that handles stochastic planning can be deployed.
However, wind can be a time-varying factor that causes the expected optimal policy to

have worse-than-expected worst-case performance. We built an ideal uncertain wind field to



144

demonstrate how the set Bellman operator can be used to predict the best and worst-case
behavior of a robust policy.

MDP Modeling Assumptions. Following the framework described in [140], we model
the path planning problem in an uncertain wind field as an infinite horizon, discounted MDP
with discrete state-actions in a two-dimensional space. While balloons typically traverse in
three dimensions, we assume that the wind is consistent in the vertical direction and that
the final target is any vertical position along the given two-dimensional coordinates. As a

result, we can disregard the vertical position during planning.

(0, 0) (8, 0)
Uncertain Wind
A
[A]
Gusty P .
Wind h ”
Calm wind Y
(0, 8) (8, 8)
(a) Wind field traversed by (b) At each state, 9
the balloon, discretized into  actions corresponding to
81 states. different thrust vectors are
available.

Figure 7.12

States. A total of 81 states represent the two-dimensional space, composed of three

different regions characterized by their wind variability as shown in Figure 7.12.

1. Calm wind. In calm states Scum, the wind magnitude varies uniformly between
0,0.5], and the wind direction is uniformly sampled between [0, 27]. Searm = {(4,7) | (0,0) <

(¢,5) < (2,8), (6,0) < (i,7) < (8,8)}.
2. Gusty wind. In states with gusts S, wind magnitude is consistently equal to 1,

while the wind direction is uniformly sampled between [0, 27]. Sgusty = {(7,7) | (3,3) <
(2,7) < (6,6)}.
3. Unreliable wind. In unreliable states Sy,reriabie, & predictable wind front occasionally

moves across an otherwise windless region. In other words, the wind magnitude is either

0 or 1 and the wind direction varies uniformly between [r/4, 7/2].
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Actions. The balloon is equipped with an actuator that provides a constant thrust of
1 in 8 discretized directions shown in Figure 7.12b. The only stationary action vector with
a zero magnitude is highlighted in blue in the center of Figure 7.12b. We assume that the
actuation force is enough to move the balloon across one state in wind with a magnitude less

than or equal to 0.5, and is otherwise not strong enough to overcome wind effects.

P2
S S S
é sl || 1s

(a) State transition (b) State transition (c) State transition
in calm wind. in unreliable wind. in gusty wind.

Figure 7.13: Transition probabilities for the three different wind regions.

Transition Probabilities. The transition probabilities in Scqm, and Sgysy, are certain.

At each state s, we consider the following neighboring states.
1. N(s): all 8 neighboring states of state s.
2. N(s,a,0): the neighboring state of s in the direction of a.

3. N(s,a,1): the neighboring state of s in the direction of a plus the two adjacent states

as shown in Figure 7.13a.

4. N(s,a,2): the up and upper-right neighbors of s, as shown in Figure 7.13b.

In the calm wind region, the transition probabilities are given by

p m, S/€N<S,a,]_)

0 otherwise

) Vse [Scalm]- (769)

In the gusty wind region, the transition probabilities are given by

L s eN(s
Psa,s’ - N(S) ( ) ) \V/ s € [Sgusty]v V a € [A] (770)
0

otherwise
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In the unreliable wind region, the transition probabilities vary between transition dynamics
P! and P2.

1, s eN(sa,o
pL = SENEA0) e 1S], Va € [A] (7.71)

sa,s’ .
0 otherwise

0.5, s eN(s a2
Py = ( ) , Vs € [Squsty]s ¥V a € [A]. (7.72)
0 otherwise

Collectively, P! and P2 collectively form the uncertainty set P, C A% defined at each state.

P = {P;a ’ 1€ {1,2},& S [A]}, Vs € [SunTeliable]- (773)

Cost. We define the following state-action cost to achieve the mission objective: at each
state-action, the cost is the sum of the current distance from the target position s, = (8, 8),

as well as the fuel expended by the given action.

C((52):0) = /6 = sarg 02 + G = swarg[12 + 5 Nl

We take a = 1 for all actions except for the staying still action, where a = 0.

7.11.1  Bellman, Optimistic Policy, and Robust Policy

We first compute the optimistic and robust bounds of the MDP with parameter uncertainty
in P when s € [Sunretianie] by running Algorithm 7.1. The results are shown in Figure 7.14.

We denote the optimistic policy as 7° and the robust policy as 7", and derive the bounds
of their respective value vector sets V° (7.41) and V" (7.42) using Algorithm 7.1. The output
is compared against the bounds of the set-based Bellman operator’s fixed point set V* in
Table 7.1.

Set Maximum value Minimum value

V* 70.61 62.25
Ve 101.58 62.25
V' 70.63 70.52

Table 7.1: Bellman, optimistic policy, robust policy value bounds of the uncertain wind field.
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Figure 7.14

Time-varying wind field Next, we consider a time-varying wind field: at each time
step k, the transition probability P* is chosen at random from P (7.73). In this time-varying
wind field, we compare three different policy deployments: 1) stationary optimistic policy 7°
as policy operator ¢g° (7.41), 2) stationary robust policy 7" as policy operator ¢g" (7.42), and
3) dynamically changing policy that is optimal for the MDP ([S], [A], P*,C,~) as f (7.9).
These three different policy deployments are given by

Vk+1 = go(vk, C; Pk)? (774)
VI = g"(VE, O, PY), (7.75)
VL — f(VE O, PF). (7.76)

The resulting cost-to-go at state s,.; = [0,0] is plotted in Figure 7.15. Here, we see that
the optimistic policy deployment (7.74) has the greatest variation in value over the course
of 50 MDP time steps. Both the robust policy deployment (7.75) and the dynamically
changing policy deployment (7.76) achieve better upper-bound at each MDP iteration. The
dynamically changing policy deployment (7.76) achieves less than 70 in cost-to-go on average,
which is the best among all three deployments. As we discussed in Remark 7.11, the robust

policy deployment has the smallest variance in value in the presence of wind uncertainty,
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achieving a value difference of less than 0.1.
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(a) Optimistic Policy with V°’s  (b) Robust Policy with V"’s (c) Dynamically changing policy

bounding values. bounding values. with VE’s bounding values.

Figure 7.15: Comparison of robust policy, optimistic policy, and Bellman policy’s value
trajectories in time-varying wind fields. The Center blue line is the average of over 50 trials.
The shaded blue region denotes the standard variation. The top and bottom lines are the
supremum and infimum values of the fixed points.

Sampled solutions. We can compute a sampled MDP model based on 50 samples of
wind vectors for each state. Based on these samples, we add the action vector and compute
the statistical distribution of state transitions. We then compute the value of this emph
stationary sampled MDPs, and compare 9 randomly selected states’ values. The resulting

scatter plot is shown in Figure 7.16.
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Figure 7.16: Comparison of different optimal value vectors under the Bellman operator for
50 randomly sampled MDPs. On the x-axis, the state number is computed as i x 9 + j.



149

7.12 Conclusion

In this chapter, we categorized a class of operators utilized to solve Markov decision processes
as value operators and lifted their input space from vectors to compact sets of vectors. We
showed using fixed point analysis that the set extensions of value operators have fixed point
sets that remain invariant given a compact set of MDP parameter uncertainties. These sets
were applied to robust dynamic programming to further enrich existing results and generalize
the k-rectangularity assumption for robust MDPs. Finally, we applied our results to a path-
planning problem for time-varying wind fields. For future work, we plan on applying set-
based value operators to stochastic games in the presence of uncoordinated players such as
humans, as well as applying value operators to reinforcement learning to synthesize robust

learning algorithms.
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Chapter 8

CONCLUDING REMARKS

This dissertation applies MDPs, Markov games, and optimization techniques to enhance the
safety, resilience, and robustness of large-scale autonomous systems in air traffic management
and transportation. By formulating air traffic re-routing and competitive ride-hail as atomic
MDP congestion games with specific potential functions, this dissertation opens up new pos-
sibilities for using reinforcement learning techniques to perform scalable trajectory planning
with provable convergence guarantees. By analyzing the sensitivity of game-optimal solutions
to changes in cost functions, we can develop urban air mobility infrastructure to be resilient
to unexpected changes in operating conditions. Additionally, the analytical solutions to the
gradient of the MDP Wardrop equilibrium and player cost coupling conditions offer a deeper
understanding of how individual players’ disturbances can propagate in gradient-based learn-
ing, which could inform the development of more efficient and stable autonomous systems.
The exploration of the effects of parameter uncertainty on MDP learning operators provides
insights into the challenges of implementing autonomous systems in real-world environments,
paving the way for future research on developing robust and adaptable autonomous systems.
Overall, this dissertation provides results that have the potential to advance the field of au-
tonomous systems and contribute to the development of more efficient, safe, and sustainable

transportation systems.

8.1 Future Directions

Today’s autonomous capabilities are not ready for mass deployment in shared and congested
spaces. While this dissertation analyzed a multi-agent model that addresses the fundamental
resource limitations, competition, and task uncertainty features of multi-vehicle dynamics
in large-scale transportation systems, much remains to be done. Based on the results from
this dissertation, we discuss several interesting extensions to realize fully autonomous vehicle

fleets in aerospace-based transportation systems
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8.1.1 Sustainable Aerial and Orbital Autonomy at Scale

As UAV and satellite technologies mature, the adoption of UAV fleets and satellite constel-
lations introduces distinct and domain-specific challenges to traditional aerial and orbital
traffic management. Based on the tactical air traffic management example in Chapter 3.5,
I propose an autonomous air traffic control scheme that explicitly accounts for vehicle
heterogeneity, data-driven weather forecasts, and space usage efficiency. Moving away from
human-based control also opens doors for noise compliance in real-time: by adaptively incen-
tivizing urban air spaces for different urban topography and real-time aerial traffic patterns,
the proposed air traffic scheme will autonomously uphold urban air traffic’s sustainability

metrics. Even the best satellites will eventually break down. With thousands of satellites in

orbit, a market is emerging for satellite ride-share services: spacecraft known as space
tugs that specialize in refueling, de-orbiting, and transporting satellites among orbits. I
propose an autonomous planning framework that combines orbital dynamics with ride-share
forecasts to pre-emptively place space tugs in optimal orbital positions, from which space

tugs can timely perform rendezvous with in-orbit satellites.

8.1.2 Conservative Autonomy in Human-shared Spaces

In a space congested with UAVs or robo-taxis, an immediate concern is how to share oper-
ational spaces without colliding with each other. I plan to extend existing game-theoretical
equilibrium concepts to find the trade-off between individual safety and fleet perfor-
mance, as well as to compute the level of conservatism that individual vehicles can adopt
without compromising on efficiency and stability at the fleet level. Within this framework,

I also plan to find inter-vehicle interactions that prioritize the safety of human-piloted
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vehicles. Then, integrating optimization techniques, I plan to solve the individual policies
that lead to stable and satisfactory fleet-level performance under customized safety con-

straints for autonomous and human-piloted vehicles.
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