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Abstract

Constraining the Neutrino Mass Using Cyclotron Radiation Emission Spectroscopy

Ali Ashtari Esfahani

Chair of the Supervisory Committee:
Professor Gray Rybka
Physics Department

The existing prototype to demonstrate the viability of the Cyclotron Radiation Emission

Spectroscopy (CRES) has been upgraded to incorporate tritium compatibility. The spectrum

of the conversion electrons from 83mKr has been measured with great linearity and a precision

of 2 eV over the energy range of 17−32. The first tritium beta-spectrum using CRES has also

been measured to conclude an endpoint value of E0 = 18574.1± (17.2)stat. +
(

+12.5
−21.1

)
sys.

eV .

The recorded tritium spectrum is analyzed to set the first CRES limit on the neutrino mass,

mβ < 146 eV (90% C.L.).
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Chapter 1

INTRODUCTION

Neutrino physics has been one of the driving forces in the progress of particle physics.

From the study of solar model in astrophysics to the study of nucleus structure in Nuclear

physics, neutrinos provide unique avenues for investigation of new physics.

What follows in this chapter is a brief historical background with the emphasis on the

importance of the search for the neutrino mass. We then discuss the current efforts in

the field of neutrino mass measurement. Finally we introduce the Cyclotron Radiation

Emission Spectroscopy and discuss the phased plan proposed by the Project 8 collaboration

to construct the next generation of the direct neutrino mass search experiments.

1.1 Historical Background

In 1914 Chadwick used a magnetic spectrometer to measure the energy spectrum of the

beta decay[12]. The observed continuous spectrum stands in contrast to the discrete nature

of the alpha and gamma decays. Later experiments confirmed that the electron carries a

fraction of the released energy in the decay[17][36]. This led to the speculation that the

energy conservation might fail in the microscopic realm.

In an attempt to preserve the energy conservation, Wolfgang Pauli postulated the exis-

tence of a neutral spin-half particle in a famous letter in 1930. This new particle (later named

”neutrino” by Enrico Fermi) would carry the missing energy and escape the detection.

Enrico Fermi formulated his theory of beta decay based on this postulation. He deduced

the functional form of the beta decay with the neutrino mass as a free parameter. He

showed that the effect of the neutrino mass is pronounced at higher energies where the

neutrino is almost at rest (Fig. 1.1). The maximum energy of the electron in this case is
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Figure 1.1: The effect of an exaggerated mβ = 1.5 keV on the tritium beta spectrum. The

exact functional form used in this plot will be explained in Chapter 5.

Emax = Q −me −mν − Erec, where Q is the released energy in the decay process and Erec

is the recoil energy of the daughter nucleus.

The electron anti-neutrino was directly detected in 1953 by Cowan and Reines[51]. They

used a 300 L tank of liquid scintillator to detect anti-neutrinos from the Hanford reactor.

The detection technique was based on the

νe + p −→ e+ + n (1.1)

reaction. The measurement of the 511 keV photons from positron annihilation and the

gamma rays from the neutron capture emitted a few microseconds later provided the signal

for detecting the anti-neutrinos. The experiment was repeated in 1956 at the Savannah River

reactor with 4200 L of liquid scintilator proving the existence of the neutrino particle [52].

The direct detection of muon and tau neutrinos in 1962 and 2001 completed the list of all

known flavors of neutrinos[15][32].

Experimental measurements supported the case of mass-less neutrinos prior to the forma-

tion of the Standard model of particle physics. In this model neutrinos were three mass-less

flavor states in correspondence to the three generations of the leptons. The surprising result

of the Homestake experiment in the study of the solar neutrinos was the first in a series
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of experiments studying neutrinos from different sources which led to the discovery of the

neutrino oscillation[13]. According to this model the neutrinos change their flavor state as

they propagate in space. This is due to the fact that the neutrino mass states do not coincide

with the flavor states. The detection of the neutrino oscillation of the atmospheric and solar

neutrinos by Super-K and SNO experiments provided the ultimate proof for the neutrino

oscillation conjecture[24][3].

The matrix which relates the mass and flavor states of neutrinos , Pontecorvo-Maki-

Nakagawa- Sakata (PMNS) matrix, can be parameterized with three angles and a CP-

violating phase,
νe

νµ

ντ

 =


c12c13 s12c13 s13e

−iδCP

−s12c23 − c12s23s13e
iδCP c12c23 − s12s23s13e

iδCP s23c13

s12s23 − c12c23s13e
iδCP −c12s23 − s12c23s13e

iδCP c23c13



ν1

ν2

ν3

 . (1.2)

Where ν1, ν2, and ν3 are the mass states and cij and Sij are used to denote the cos θij and

sin θij. The current values of the three angles and the CP-violating phase are listed in Tbl.

1.1 [43].

The observation of the neutrino oscillation has proved the existence of at least two non-

zero mass states for neutrinos. However the oscillation experiments are only sensitive to the

difference between mass squared values (Tbl. 1.1). Moreover, two different mass ordering

are possible for neutrinos due to the unknown sign of the ∆m2
23. The first scenario where

the third neutrino mass state is the heaviest is named the normal ordering. In the other case

the third neutrino mass state has the smallest value. This ordering is named the inverted

mass ordering scenario. Furthermore, the oscillation experiments cannot be used for the

absolute scale measurement of the neutrino mass. This search is an ongoing effort which we

will review in the next section.

1.2 Neutrino Mass Measurements

One particular question of the neutrino physics with a long history in the past century is

the measurement of the neutrino mass. Different areas of physics are sensitive to different
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Parameter Best fit 3σ

∆m2
21 [10−5eV 2] 7.37 6.93 - 7.96

∆m2
31(23) [10−3eV 2] 2.56 (2.54) 2.45 - 2.69 (2.42 - 2.66)

sin2 θ12 0.297 0.250 - 0.354

sin2 θ23,∆m
2
31(23) > 0 0.425 0.381 - 0.615

sin2 θ23,∆m
2
31(23) < 0 0.589 0.384 - 0.636

sin2 θ13,∆m
2
31(23) > 0 0.0215 0.0190 - 0.0240

sin2 θ13,∆m
2
31(23) < 0 0.0216 0.0190 - 0.0242

δCP/π 1.38 (1.31) 2σ: (1.0 - 1.9)

(2σ: (0.92 - 1.88))

Table 1.1: The best-fit values and 3σ allowed ranges of the 3-neutrino oscillation parameters,

derived from a global fit of the current neutrino oscillation data. The values in parenthesis

are corresponding to the inverted mass ordering scenario [43].

combinations of the mass states. In this section we briefly review the ongoing efforts.

Cosmological neutrinos have their mark on large structure formation in the universe.

This signature can be investigated using cosmic microwave background, large structure of

galaxy clusters, type Ia supernovae, and big bang nucleosynthesis data. These measurements

are sensitive to the sum of mass states,

mtot =
∑
i=1,2,3

mi. (1.3)

One limit based on the combination of all available data is,

mtot < 0.26 meV/c2 (95% C.L.)[41]. (1.4)

It should be emphasised that this limit relies on the accuracy of the ΛCDM model of the

universe.
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The neutrinos from a supernova can also be utilized for a neutrino mass search. Mea-

surements of the time of arrival and the energy of neutrinos lead to the determination of

their mass. The detected neutrinos from SN 1987A conclude that

mνe =

√ ∑
i=1,2,3

|Uei|2m2
i < 5.7 eV (95% C.L.) [40]. (1.5)

Another area of physics sensitive to the neutrino mass is the search for the beyond the

Standard Model process of neutrino-less double beta decay. Detection of such an event proves

the Majorana nature of the neutrino particles. This process if discovered is sensitive to,

m2
ββ =

∣∣∣∣∣ ∑
i=1,2,3

U2
eimi

∣∣∣∣∣
2

. (1.6)

Currently the best limit is from the investigation of double beta decay in 136Xe,

mββ < 61− 165 meV/c2 (90% C.L.)[25], (1.7)

in which the range is due to the uncertainty in the nuclear matrix element. The search is also

conducted using 130Te and 76Ge which resulted in independent limits[5][6][2]. In addition to

the complexity introduced by the unknown nuclear matrix elements, this technique relies on

the assumption that the neutrinos are Majorana fermions1.

The direct search is another method for the search for the neutrino mass. Fig. 1.1

illustrates how a non-zero mass can reshape the electron’s energy spectrum of the beta

decay. The direct measurement of the neutrino mass is sensitive to the effective value,

m2
β =

∑
i=1,2,3

|Uei|2m2
i . (1.8)

This method only relies on the kinematics of the decay process and is therefore the most

model independent technique for the neutrino mass measurement. This search can be carried

via either the electron capture or the beta decay.

1Majorana fermion is a spin-half particle that is its own anti-particle.
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Measurement of the electron capture on 163Ho is one active area of research. The binding

energy released by the capture of an electron increases the temperature of the detector

which can be measured with different calorimeter detectors[26][27]. This method provides a

measurement of the mass of the neutrinos in contrast with the beta decay measurement of

the mass of anti-neutrino particle. Therefore these measurements along with the beta decay

experiments can provide a test of CPT invariance.

Tritium is the most common element used in the direct search for the neutrino mass.

This beta decay element with relatively low endpoint energy is historically used for putting

the most stringent limits on the neutrino mass[10][11][42][56][34][7]. Currently, the KATRIN

experiment has the best limit on the neutrino mass in the direct search where

mβ < 1.1 eV/c2 (90% C.L.)[4]. (1.9)

The KATRIN collaboration utilizes the well-known MAC-E (Magnetic Adiabatic Collima-

tion - Electrostatic) filter for measuring electron’s energy. In this technique an electrostatic

field is used to reflect low energy beta particles back to the source. An integral spectrum

can be measured by altering this electrostatic field. However, an electric field is not enough

for reaching a sufficient energy resolution. The reason lies in the fact that the electrons are

emitted in different directions from the tritium nucleus. The electrostatic high-pass filter

acts only on the longitudinal component of the electron energy and therefore electrons with

larger transverse energy register as low energy electrons.

To solve this problem a magnetic field is added to the spectrometer. Electrons conserve

their magnetic moment,

µ =
E⊥
B
, (1.10)

in an adiabatically changing magnetic field. If the magnetic field decreases electron’s trans-

verse energy must decrease as well. The conservation of energy indicates that the decrease

in the transverse part of the energy should cause an increase in the longitudinal energy of

the electron. Hence the adiabatically decreasing magnetic field causes an energy transfer

from the transverse to longitudinal components. The electrostatic field can now act on the
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Figure 1.2: The basics of the KATRIN MAC-E filter. The magnetic field (shown in green)

collimates the electron emitted at different directions from the source. The electric field

(shown in blue) then reflects electrons with longitudinal energies less than qU0 back to the

source region. This figure is from [45].

collimated electrons and filter them solely based on their total energy. Fig. 1.2 shows the

basics of the KATRIN MAC-E filter spectrometer.

The energy resolution of a MAC-E filter is,

∆E

E
=
Bmin

Bmax

, (1.11)

where the source and detector are placed in the maximum field region and the minimum

magnetic field is placed at the center of the spectrometer. Achieving acceptable energy

resolution therefore relies on a considerable difference in magnetic field. This difference

forces a spatially extended spectrometer due to the conservation of the magnetic flux.

KATRIN’s main spectrometer is a 23 m long vessel with a 10 m diameter which has a

∆E = 2.8 eV energy resolution [4]. Construction and operation of this enormous spectrom-

eter is a marvelous achievement for the KATRIN collaboration. KATRIN is projected to
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be sensitive to neutrino masses above 0.2 eV
c2

. The search for the neutrino mass beyond this

limit demands the development of a new technique in the electron energy measurements.

Project 8 collaboration proposing an alternative technique for measuring the electron energy

which is going to be discussed in the next section.

1.3 Cyclotron Radiation Emission Spectroscopy (CRES)

Cyclotron Radiation Emission Spectroscopy is a technique for measuring relativistic elec-

tron’s energy based on a proposal by Joseph Formaggio and Benjamin Monreal [44]. In this

method the cyclotron frequency of an electron inside a magnetic field,

fc =
f0

γ
=

1

2π

eB

me +Ke/c2
, (1.12)

is used for measuring its kinetic energy. In this equation f0 is the non-relativistic cyclotron

frequency, γ = 1 + Ke/mec
2 is the Lorentz factor, B is the magnetic field, and e, me, and

Ke are electron’s charge, mass, and kinetic energy. The cyclotron frequency is ∼ 26 GHz for

the high-energy electrons of the tritium spectrum in a 1 T magnetic field.

This new technique has a number of advantages in comparison with the conventional

MAC-E filter spectrometers. First, there is no need for transporting electrons from the de-

cay region to the detector because the tritium gas is transparent to the cyclotron frequency

of the radiation. Second, due to the recent advancements in the time measurement with

the atomic clocks, the frequency is a quantity which can be measured with great precision.

This accuracy can translate into excellent energy resolutions in any CRES-type experiment.

Third, this method provides a simultaneous differential spectrum measurement which de-

creases the required running time and reduces the sensitivity of the measurement to the

minor instabilities. Fourth, due to the availability of both temporal and frequential infor-

mation, the pile-up is not a concern. Finally, any emitted electron from the surface of the

experiment travels back to the surface before it can radiate enough power to be detected.

Hence a low background is expected for the CRES-type experiments.
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1.4 Project 8: A Phased Plan for the Neutrino Mass Measurement

The Project 8 collaboration is formed to utilize the cyclotron radiation emission spectroscopy

for the search of the electron (anti)-neutrino mass in the full range allowed by the in-

verted mass hierarchy. To realize this goal a phased plan approach is deployed by the

collaboration[21].

The first phase of the experiment demonstrated the viability of this technique by mea-

suring the cyclotron radiation of the conversion electrons from 83mKr in a warm-bore su-

perconductor NMR magnet[9]. This isotope of krypton is a proper source for testing the

viability of the new technique because it provides mono-energetic electrons at 17.824 keV

which is close to the tritium endpoint energy. The radiation is collected using a rectangular

wave-guide in this phase.

Phase II of the experiment is where the first tritium spectrum is measured. For achieving

this goal a number of upgrades has been done to the Phase-I detector. A new gas system also

has been added to facilitate handling of the tritium gas. This phase is the main emphasis of

this work.

The major upgrade in the Phase III is the use of antenna arrays for harvesting the free-

space radiation from cyclotron electrons. This upgrade enables the collaboration to use a

larger volume for acquiring more electron events. The projected sensitivity for this phase is

∼ 2 eV/c2 which is planned to start data taking by 2022. The R&D efforts for this phase

has already initiated. Fig. 1.3 shows a potential design with the patch antenna arrays and

the trapping coils.

Ultimately, an atomic source of the tritium will be used in phase IV of the experiment.

The molecular motions of the remaining molecules with the remaining He nucleus of the beta

decay introduces systematic effects which can be avoided by employing atomic tritium. Fig.

1.4 illustrates the result of a study of the mass sensitivity of phase IV 2.

2This plot is the result of an analysis done by Hamish Robertson (rghr@uw.edu) and Talia Weiss

(tweiss@mit.edu).
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Figure 1.3: Potential design of the phase III with patch antenna arrays. The green rings are

the trapping coils and the blue cylinder is the 200 cc gas cell.

The main topic of discussion in this dissertation is the design, construction, and data

analysis of the second phase. In Chapter 2 we will briefly review the Phase-I apparatus

and then explain in more details the upgrades done for the second phase of the experiment.

Chapter 3 is devoted to the development of a phenomenological model for explaining the

power spectrum of a CRES signal. This chapter will start with studying the electron motion

and then concludes with the derivation of power spectral density of CRES radiation in a

waveguide geometry. In Chapter 4 we will use this phenomenological model to analyze the

krypton data taken as a calibration source. Finally, in Chapter 5 we will present the tritium

spectrum recorded in the second phase of the experiment and the analysis leading to the

first measurement of the tritium end-point energy and the derived constraint on the electron

neutrino mass using the CRES technique.
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Figure 1.4: Sensitivity of the experiments with different densities of the molecular and atomic

tritium. The horizontal line marks the design goal of project 8 collaboration. The lines are

the result of an analytical calculation while the dots represent the outcomes of a Bayesian

simulation.
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Chapter 2

CRES DEMONSTRATOR APPARATUS

The apparatus for a CRES experiment includes four main sub-systems. First, a gas

cell where the radioactive gas resides and emits electrons. Second, an RF receiver which

receives, amplifies, digitizes, and records the emitted cyclotron power. Third, a gas system

which feeds the gas cell with the right radioactive gas pressure and composition. Finally a

magnet which produces the required background field for performing a CRES experiment.

In this chapter we briefly discuss the phase I design. Then we explain the phase II systems

in more details and discuss the upgrades done by project 8 collaboration. A more detailed

review of the phase I apparatus is presented in [33].

2.1 Magnet

The first two phases of Project 8 happened in a 200 MHz Bruker Spectrospin superconductor

NMR magnet. The magnet coil is manufactured out of niobium-titanium alloy which acts as

a superconductor below the critical temperature of 9.2 K. To maintain the superconducting

state of the coil, it is submerged into a liquid helium bath. Since the liquid helium is an

expensive cryogenic liquid, its boil-off is minimized by isolating it from room temperature

by a reservoir of liquid nitrogen.

The magnet outline is shown in Fig. 2.1. It gets filled with liquid nitrogen twice a week.

The liquid Helium gets recharged every seven to eight weeks.

Using the seven provided shimming coils, a 10 ppm-level homogeneity is achieved across

the 52 mm diameter of the bore. A specifically designed NMR probe is used to map the field

inside the magnet’s bore. More details about the shimming and field homogeneity can be

found in [33]. Fig. 2.2 shows a more recent measurement of magnetic field strength along
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Figure 2.1: The 200 MHz spectrospin superconductor NMR magnet used in the first two

phases of the Project 8.



14

Figure 2.2: The magnetic field measurement at the center of the NMR magnet’s bore, per-

formed in April 2018.

the axis of the bore.

2.2 Gas Cell Design

The gas cell is the volume in which the radioactive decay happens. It confines the radioactive

gas and transfers the radiated power from the cyclotron electrons to the receiver chain.

The design of the gas cell should satisfy a number of requirements. First, the cell should

be an efficient microwave guide for the frequency region of interest. This necessity specifies

the dimensions of the waveguide design. Second, the gas cell should be able to confine the

radioactive gas inside the cell without disturbing its R.F. properties. Therefore a metallic

waveguide design is chosen with the addition of two R.F. transparent windows at the two

ends of the cell. The cell is built in room temperature and it should have the potential to be

operational at hydrogen’s boiling temperature1. And finally, the cell needs to be facilitated

1This is the lowest temperature that Project 8 can possibly measure a tritium spectrum at. At lower

temperatures the tritium would liquefy and make it impossible to perform a CRES measurement.
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with coils which can provide different magnetic bottle trap geometries. This need for a

magnetic trap will be discussed in more details in section 2.2.3.

2.2.1 Wave-guide Design

The wave-guide design has to be optimized for electron energies in the range of 10 keV - 30

keV. These electrons radiate power in the K-band frequency range of microwave spectrum in

the presence of a 1 T magnetic field. The k-band wavelength roughly defines cross sectional

dimensions of the wave-guides to be 1 cm− 2 cm.

The dimensions of the waveguide should be chosen with regard to a number of consid-

erations. First, the volume of the waveguide directly affects the number of radioactive gas

molecules in the cell at a given pressure and temperature. Therefore higher statistics can be

achieved by designing a larger gas cell. However, increasing the cross sectional dimensions of

a waveguide can introduce electron’s coupling to non-fundamental modes in the wave-guide

which will increase the complexity of the analysis. Increasing the length of the wave-guide

is also not desirable due to the small region of constant field inside the NMR magnet’s bore.

The other factor in deciding the right waveguide dimensions is the wave impedance2.

The cyclotron electron can be seen as a fixed current source in the wave-guide. Therefore

the radiated power from this source increases linearly with the wave impedance. Since the

wave impedance increases in proximity of the cut-off frequency for TE modes in the wave-

guide, selecting a cut-off frequency closer to the operational frequency might seem favorable.

However, the wave attenuation also increases by picking a cut-off frequency close to the

frequency range of interest (see Fig. 2.3).

With these regards, a WR-42 rectangular wave-guide is chosen for the first phase of the

experiment. Fig. 2.4 displays the wave impedance for the first five modes of this wave-guide.

The cut-off frequency for the fundamental mode is 14.051 GHz and the next mode emerges

2Wave impedance is defined as the ratio of the transverse component of the electric field to the transverse

component of the magnetic field.
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Figure 2.3: Wave impedance and attenuation at 25 GHz for the fundamental mode of a 0.17

inch high wave-guide vs. wave-guide width. The dashed line shows the WR-42 dimensions

used in the first phase of the experiment. The material used in the attenuation calculation

is aluminum which has a surface resistivity of 0.051 Ω at 25 GHz.
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Figure 2.4: Wave impedance for the first five wave-guide modes of WR-42 as a function of

operating frequency.

at 28.102 GHz. This ensures a single mode operation for the interested range of frequencies

(24.8 − 25.6 GHz). The attenuation for this waveguide is also below 0.5 dB/m for the

designed frequency range (see Fig. 2.5).

Fig. 2.6 shows the phase I gas cell manufactured out of aluminum. The cell is 76.2 mm

long and it encloses 3.5 cm3 of physical volume. Three trapping coils can be seen in the

picture. The importance of these coils will be discussed in Sec. 2.2.3.

A circular wave-guide geometry is chosen for the second phase of the experiment. This

upgrade is done based on two major consideration. First, since the radiated power of electron

is proportional to (J ·E)2 = (v ·E)2 (Look at Eq. (3.40) and (3.44)), the fundamental mode

of the circular waveguide can couple two times more efficiently to the cyclotron electron.

Fig. 2.7 compares the mode coupling for the phase I rectangular and phase II circular

gas cells 3. The enhanced coupling in the circular design is due to the presence of two

3The exact definition and derivation of mode coupling will follow in the next chapter.



18

Figure 2.5: Wave attenuation for the fundamental mode of aluminum WR-42 as a function

of operating frequency.

Figure 2.6: Phase I gas cell.
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Figure 2.7: Electron’s mode coupling comparison for rectangular and circular wave-guides

used in the first and second phases of the experiment, as a function of electron’s energy.

perpendicular electric fields in the fundamental mode of the circular waveguide while the

electric field of rectangular wave-guide’s fundamental mode has only one component along

its smaller side. Second, the circular waveguide provides a larger cross section which results

in an enlarged physical volume. This will increase the activity in the cell at a given pressure

and temperature.

Fig. 2.8 illustrates the first five modes of the circular wave-guide used in the second

phase of the experiment. Note that the TE11 and TM11 modes are doubly degenerate. It

can be confirmed that the single mode operation is not any longer valid for the second phase

of the experiment due to the proximity of TM01 to the fundamental mode of the circular

wave-guide.

The change of the cut-off frequency of the wave-guide’s fundamental mode from 14.1 GHz

to 17.5 GHz in the circular design increases the wave impedance at the CRES signal’s

frequencies. Therefore the radiated power of the electron is enhanced in the new design. The

increase in the attenuation of the wave is addressed by changing the wave-guide material from
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Figure 2.8: Wave impedance for the first five modes of a circular wave-guide with a 10.06

mm diameter, as a function of operating frequency.

Aluminium to Copper (see Fig. 2.9). Copper has a surface resistivity of 0.04 Ω which is 20%

smaller than Aluminium. Fig. 2.10 illustrates that even with the higher cut-off frequency,

the change of material and geometry keeps the attenuation lower than 0.25 dB/m, which is

an improvement over the phase I design.

Fig. 2.11 shows the gas cell for the second phase of the experiment. It is 142.2 mm

in length and encloses a physical volume of 45.6 cm3. Although, the physical volume has

increased by more than an order of magnitude, the activity scales with the effective gas

volume which is a function of trapping geometries and signal to noise ratio.

2.2.2 Windows Design

To confine the radioactive gas inside the gas cell, the two ends of the cell must be closed.

These caps should be RF transparent to avoid disturbing the CRES signal transmission to

the receiver. The window transparency can be achieved by either making a thin window

(smaller than λwin/10) or tune the window’s thickness to be a multiple of λwin/2. The
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Figure 2.9: Wave impedance and attenuation at 25 GHz for the fundamental mode of a

circular wave-guide vs. its radius. The dashed line shows the phase II wave-guide dimension.

The material used in the attenuation calculation is copper which has a surface resistivity of

0.041 Ω at 25 GHz.

Figure 2.10: Wave attenuation for the fundamental mode of phase II wave-guide as a function

of operating frequency.
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Figure 2.11: Phase II gas cell.

windows should also be mechanically stiff to stand 1 atm of pressure difference across their

sides.

In the first phase of the experiment a 127 µm of polyimide window is clamped between

two indium gaskets. This material can not be used in the second phase due to the diffusion

of tritium into this thin film. CaF2 is picked as the material for manufacturing the windows

based on the success of HFSS models and also proximity of its thermal expansion coefficients

to the copper’s [55]. However a thin layer of CaF2 cannot resist the pressure difference or

the gaskets’ force. Therefore a 2.4 mm thick window of CaF2 is chosen which corresponds

to half a wavelength at the operational frequencies 4.

After installing the CaF2 windows, the RF transmission properties of the gas cell are

measured with a network analyzer. The results shown in Fig. 2.12 assure a 1.2 GHz of

0.5 dB bandwidth.

2.2.3 Magnetic Bottle Design

Electrons with tens of kilo-electron volts energy travel tens of meters in a microsecond.

The short observation time causes two main challenges. First, since the resolution of the

4CaF2 has a relative permittivity of 6.5 at temperatures lower than 100 K [30]
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Figure 2.12: The transmission coefficient from simulation and measurement, for the full

gas cell assembly with two CaF2 windows. The discrepancy might be the result of a slight

difference in CaF windows width and/or dielectric constant.

frequency measurement is inversely proportional to the observation time,

∆f ∝ 1

∆t
, (2.1)

tracking the electron for a short period of time will limit the energy resolution of the exper-

iment,

∆E = (E +mc2)
∆fc
fc

. (2.2)

Second, detecting a short duration signal is an impossible task for the event reconstruction

algorithms. Therefore, the electron ought to be confined in the gas cell for a longer period

of time. This suggests the use of some trapping technique in the gas cell. Since the known

Penning trap method disturbs the electron’s energy, it is not a viable option for a CRES

experiment with the main goal of measuring electron’s energy. Thus a pure magnetic trap

is a must in Project 8.

A magnetic bottle trap is the simple trapping technique used in Project 8. To understand
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the working principle of this trap, one needs to consider an electron moving inside a varying

magnetic field region. The electron’s energy can be rewritten in terms of its velocity along

the magnetic field and perpendicular to it,

E =
1

2
mev

2
0 cos2(θ) +

1

2
mev

2
0 sin2(θ), (2.3)

where θ is called the pitch-angle defined as the angle between the magnetic field and the

electron’s velocity. The second term can be rewritten in terms of electron’s magnetic moment,

E =
1

2
mev

2
0 cos2(θ) + µB, (2.4)

with the magnetic moment defined as,

µ =
mev

2
0 sin2(θ)

2B
. (2.5)

In the adiabatic regime, where the change in the magnetic field is slow compared to the

cyclotron frequency, the magnetic moment is a constant of motion. Therefore, as the electron

traverses to regions with higher magnetic field, its pitch-angle increases. If the pitch-angle

approaches 90 degrees, the electron will change its direction of motion. Hence, electrons

with pitch-angle close to 90 degrees, can be trapped in a region of low magnetic field. The

condition for trapping electrons can be calculated with the adiabaticity assumption,

θbot > sin−1
√

1−∆B/Bmax, (2.6)

where θbot is the value of electron’s pitch-angle at the bottom of the trap. Since a greater

range of pitch-angles can be trapped with a deeper trap, more events are expected in these

traps 5.

The valley in the magnetic field required for trapping electrons, can be achieved by using

simple coils. In the first phase of the experiment three trapping coils are wrapped around the

gas cell (see Fig. 2.6). These coils can provide different trap depths in two different trapping

5A more systematic way of discussing electron’s motion in a region of varying magnetic field is presented

in the next chapter.
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Figure 2.13: The field profiles of a single coil running at 0.3 Amp, along its axis at different

radii. The coil is running at harmonic mode and the background field is set to zero.

geometries. First, utilizing a single trap with a polarity opposite to the background field

makes a short magnetic bottle trap. This trapping geometry is named “Harmonic Trap”

due to its resemblance to a harmonic potential. Running two coils with polarities along the

background field makes a longer trap which is named “Bathtub Trap”.

In the second phase of the experiment five trapping coils are wound around a Macor

support structure placed on the cell. AWG 26 wire gauge is used to wind the coils. There

are four layers of wires in every single coil. The first three layers are formed with 16 turns

while the last layer has 14 turns. Fig. 2.13 shows the magnetic profile of a coil with a

0.3 Amp current at different radii inside the cell.

The choice of material for the support structure is made due to Macor’s high heat con-

ductivity of 1 W
m.K

at 100 K [35]. The coils are 7.62 mm long and the outer radius of the

support structure is 7.44 mm. Thus the area of the coil in contact with the support structure

is 356.2 mm2. Therefore, the 1 mm thick Macor support structure can conduct 0.36 W of

heat in a situation with 1 K temperature difference. Since the coils’ resistances are 0.4 Ω,
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even a 1 K temperature difference provides enough cooling for the coils at 1 Amp. Varnish

is added between the coil layers to assist the heat transfer out of the coil structure.

To insure the effectiveness of the heat conductance a test was performed in which the

cell was cooled down with liquid nitrogen. The coils were run with currents while observing

their temperature. We concluded that running the coils with currents as high as 1 Amp does

not increase the cell temperature by more than 5 K.

2.3 Receiver

The radiation power from a single cyclotron electron in a 1 T field is around 1 fW . This low

intensity radiation necessitates an efficient receiver chain with low noise temperature and a

high value of gain.

Project 8 receiver is composed of three different sections. The first section is designed to

propagate the microwave power from the electron in the gas cell to the cryogenic amplifiers

residing outside of the magnetic field region. The signal is then amplified using two stages of

low noise amplifiers. In the next step the signal is down-converted from K band to L band

of the microwave spectrum. Further amplification and conversion follows from this stage to

match the signal to the dynamic range of the data acquisition systems.

In the following sections, we explain the receiver chain for the first two phases of the

experiment in more details.

2.3.1 Phase I Receiver

Since the phase I gas cell is manufactured from a WR-42 waveguide, the natural choice for

propagating the RF power to the amplifier stage is the same waveguide model. A 1.2 m

WR-42 copper waveguide is what we use for the purpose of transferring the signal out of the

field region.

In the next step two LNF-LNC22-40WA amplifiers are used to amplify the signal (Fig.

2.14). The amplifiers are cooled down to ∼ 40 K with a single-stage Gifford-McMahon

cooler. Each one of the amplifiers add a ∼ 28 dB gain to the signal [22].
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Figure 2.14: Two stages of low noise amplifiers connected with a WR-28 waveguide.
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The input port of the amplifiers is a WR-28 type wave-guide. Therefore a waveguide

taper is added prior to the first amplifier in order to convert WR-42 to WR-28 waveguide.

Another WR-28 waveguide with gold coating connects the two amplifiers.

In order to increase the signal to noise ratio, a copper plate is added to the other side of

the gas cell. This plate act as an RF reflector which increases the signal power by 3 dB.

The combination of the gas cell and the receiver chain up to, and including, the amplifier

stage is called the CRES insert. The insert is connected to a Cryomech AL60 cryogenic

refrigerator. The whole insert is attached to a copper bus bar which in addition to providing

the mechanical support, increases the heat conductance between the insert and the cold

head. A heater is connected next to the gas cell to increase its temperature for avoiding

krypton freeze at ∼ 120 K.

The signal has gained enough power to enter the room temperature after the two low

noise amplifiers . An adaptor is used to send the signal from the WR-28 to a coaxial cable.

Afterward, a 24.2 GHz Exodus Dynamics EDPLO-3000-24.20 phased lock oscillator is used

to down-convert the signal from the K band to L band of the microwave spectrum. Next,

the signal is sent to a Tektronix real-time spectrum analyzer, RSA6100B to be digitized and

recorded.

2.3.2 Phase II Receiver

In the second phase of the experiment the gas cell is upgraded to a circular waveguide as was

discussed in Sec. 2.2.1. In order to use the same piece of WR-42 waveguide for propagating

the microwave power out of the magnetic field region, a quarter-wave-plate is attached to

the gas cell. The plate converts the circular polarization of the cyclotron radiation signal to

a linearly polarized microwave. A transition piece then transfers the power from the circular

waveguide to the WR-42.

By investigating the noise sources in the first phase, we found that a significant source of

the frequential dependency in the noise was the back scattering of amplifiers’ noise from the

RF reflector. To terminate this noise a cryogenic circulator is added before the waveguide
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taper. The second port of the circulator is attached to a terminator. Hence, any RF signal

radiating from the amplifiers will be terminated without disturbing the power transition from

the gas cell into the amplifier stage.

As it was mentioned in the last section, the gas cell’s temperature is required to be kept

above krypton freezing point. Therefore a heater is connected near the gas cell. However

the heat from this heater increases the amplifier’s temperature and therefore increases the

thermal noise. To stop this heat to reach the amplifiers, a gold coated stainless steel WR-42

waveguide is added before the circulator. The poor thermal conductivity of stainless steel

halts the heat from the heater to warm up the amplifiers and the circulator. The gold coat

is added to maintain low RF attenuation.

Another significant upgrade in the phase II insert is the replacement of the RF reflector

with a terminator. This change is done, in spite of the obvious loss in the signal to noise

ratio, to avoid the complexity associated with the patterns caused by the interference of the

reflected and the propagated waves. In the next chapter we will discuss this phenomenon in

more details.

A cone shaped design is chosen for the terminator to provide a gradual change in the

impedance and thus to decrease the reflection (Fig. 2.15). A mixture of stycast 1266 epoxy

with superfine natural graphite spherical powder is used to build the terminator. These

materials are chosen due to their non-magnetic and dissipative features.

Three terminator with 0%, 10%, and 20% graphite concentration by weight are casted.

Next, the RF reflection of these three terminator is measured in the frequency range of

interest. Plot 2.16 shows the reflection coefficients of the three manufactured terminators

and compares them with an ANNE-50L+12 GHz SMA terminator 6. The terminator with

20% graphite concentration is chosen because of its least frequency dependent attenuation.

After the amplifier stage, the signal enters the room temperature where it is down-

converted by 24.5 GHz. A directional coupler then sends the signal into the two separate

6The terminator is designed for 12 GHz. That is the reason for the imperfect termination at 24-26.5

GHz frequency range.



30

Figure 2.15: The cone shaped terminator manufactured for the second phase of the experi-

ment. A mixture of epoxy and graphite is used to cast the terminator.

Figure 2.16: Comparison of reflection coefficient for three manufactured terminators with

Stycast epoxy and different carbon concentrations, and an SMA terminator.



31

data acquisition systems. The uncoupled port is connected to an 8-bit ROACH2 digitizer

which is the main Data Acquisition system used in the second phase of the experiment. The

coupled port is connected to the RSA which is used in the first phase of the experiment.

In order to measure the gain and the noise temperature of this complicated receiver chain,

the heater is used to change the terminator’s temperature. Then the power spectral density

of the RF background is recorded. The frequency dependent behavior is used to investigate

impedance mismatches. This study leads to the addition of the circulator to the second

phase’s design.

The temperature dependent changes in the recorded spectrum is used to estimate the

gain and the noise temperature of the receiver. This is done by developing a thermal model

for the insert and utilizing a Y-factor method. In this technique the output noise power of

the receiver is measured at different terminator’s temperatures. Fitting these measurements

with the functions from the thermal model provides information on the noise temperature

and the receiver gain at different frequency ranges. Fig. 2.17 illustrates the system gain and

Fig. 2.18 shows its noise temperature obtained from Y-factor method 7.

2.4 Field Shifting Solenoid

In the last section we showed that the receiver system’s noise and gain vary with frequency.

The signal to noise ratio variations in the frequency range of interest for tritium beta-decay

measurement, leads to a systematic effect in the count rates at different energy bins.

One strategy to investigate this systematic effect is to use an electron source with a non-

varying count rate in the energy range under study. However, there were no suitable electron

sources found. Another strategy is to use a mono-energetic electron source at different

magnetic field backgrounds. With an altering magnetic field, the cyclotron frequency of the

electron can be changed in the frequency range of interest.

We use the K shell conversion electrons from 83mKr with 17.83 keV energy, to map the

7The Y-factor measurement and analysis is done by Raphael Cervantes (raphaelc@uw.edu).



32

24.6 24.8 25.0 25.2 25.4 25.6 25.8 26.0
Frequency (GHz)

66

68

70

72

74

76

78

80

82
Sy

st
em

 G
ai

n 
(d

B)

Figure 2.17: The receiver system gain obtained from the Y-factor method measurements.
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Figure 2.18: The receiver system noise temperature obtained from the Y-factor method

measurements for the normal operating temperatures.
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Figure 2.19: The field shifting solenoid designed to change the background field, and hence

the cyclotron frequency of mono-energetic electrons from 83mKr. This coil is used in the study

of frequency-dependent systematic effects introduced by the complicated receiver chain. The

pipes are welded to the solenoid to cool it down during high current runs.

system response at different frequencies by changing the background field. Fig. 2.19 shows

the solenoid designed to shift the background magnetic field in the gas cell. This solenoid

has a 34.3 cm long coil supported from the bottom of the NMR magnet. Five rounds of

copper tubing are welded to the bottom of the solenoid in order to run cooling water and

prevent overheating. The coil is manufactured from two layers of AWG 24 wire potted with

varnish.

Fig. 2.20 shows a simulation of the magnetic field generated by the field shifting solenoid

running at 1 Amp 8. The 1 Amp current generates a 4.9 mT field which is enough to move

the 17.83 keV line by ∼ 130 MHz in the frequency domain. Furthermore, the coil is designed

long enough so that the field variation along the whole gas cell length is less than 0.04 mT .

2.5 Gas System

In the last two sections the gas cell and the receiver chain for detecting the CRES signal

were discussed. In this section we explain the gas system which has the burden of feeding

the gas cell with the radioactive gas.

8The exact number of rounds of the coil is unknown. The estimate is based on the solenoid length and

the wire’s outer diameter.
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Figure 2.20: The magnetic field generated by the field shifting solenoid running at 1 Amp

at different radii. Vertical lines display the position of the gas cell inside the field.

The first phase of Project 8 utilized mono-energetic conversion electrons emitted from

83mKr to demonstrate the viability of CRES technique. Phase I gas system is designed to

deliver krypton gas to the gas cell. A low background gas pressure is a key required feature

of this system. Electrons scatter off the residual gas in the presence of a non-negligible gas

pressure. A higher probability of scattering decreases the observation time for electrons.

This affects the efficiency of track reconstruction and also diminishes energy resolution as it

was discussed in Section 2.2.3.

The second phase of Project 8 utilizes tritium gas as a beta decay source. Delivering

tritium to the gas cell and regulating its pressure is one of the milestones in the second phase

of the project. The phase I gas system is designed to deliver 83mKr and is not capable of

handling tritium. Therefore, a brand new system is built. Since mono-energetic conversion

electrons from 83mKr are crucial calibration tools, the new design is made in a way to address

difficulties in handling tritium and krypton simultaneously.

In addition to the low background pressure requirement, the system should be facilitated
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with the capacity to regulate the tritium pressures in the gas cell. A higher tritium pressure

results in a higher event rate in the spectrum. Nevertheless, a high tritium pressure decreases

the mean free time of the electrons which reduces the number of detectable electrons due

to limited radiated energy. Adjusting the tritium pressure assists us to find the optimum

pressure for the greatest number of detectable events in the tritium beta-decay spectrum.

In this section we first briefly describe the phase I gas system. Then we discuss the

combined Kr/T2 gas system built for the second phase of the project.

2.5.1 Phase I Gas System

The phase I gas system utilizes a Pfeiffer HiCube 80 Eco turbo-molecular pump to reach

UHV pressures. However, this pump cannot be used during data taking. To pump on the

background pressure without pumping the radioactive gas, two SAES GP-50 non-evaporable

getter (NEG) are used. Pressures lower than 5 × 10−7 Pa are reached with utilizing these

two chemical getters.

The meta-stable krypton isotope used in Project 8 has a short half life of 1.8 hours.

Hence, a continuous source of 83mKr is needed in the system. 83Rb is selected as an active

source of 83mKr. This choice is based on the high branching ratio of 83Rb to 83mKr. 83Rb

also has a longer half lifetime of 86 days. A chloride salt of Rb is the chemical substance

used in the source. RbCl is adsorbed onto Zeolite beads with 2 mm diameters. The beads

are transferred in to a stainless steel ampoule. The decayed noble atoms of krypton do not

bind to Zeolite matrix. Therefore, they will diffuse out of the Zeolite in to the system. A

more detailed review of the phase I gas system is presented in [33].

2.5.2 Phase II Combined Kr/T2 Gas System

Fig. 2.21 shows the valve schematics for the combined Kr/T2 gas system. The system can

be understood by regarding the three distinct sections. The combined gas manifold attaches

the radioactive sources to the system. A similar 83Rb source is used to feed the cell with

83mKr gas.
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Figure 2.21: Valve Schematics for the combined Kr/T2 gas system. The three main sections

are represented. The red lines show the locations for bi-weekly swipe tests.
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Figure 2.22: The cylinder built for storing 2Ci of tritium. The VCR valves are welded to

the cylinder for safety reasons. They also facilitate a controlled release of tritium into the

gas system.

A cylinder, shown in Fig. 2.22, is designed to store 2 Ci of tritium gas. Two VCR full

metal valves are welded to the cylinder with a small volume between them. This specific

configuration is designed to facilitate a controlled release of the gas in to the system. In the

first step, the gas is expanded in to the volume in between the two valves by opening the

first one. The second valve can then be opened after the closure of the first one to release a

controlled amount of the tritium gas in to the system.

The second part of the system is the Yale vacuum manifold which contains the mea-

surement devices and pumps. Two Instrutech CVG101 convection gauges are measuring

pressures in the range of 1.3× 10−4 mbar to 1.33 mbar. An Instrutech BA602 ion-gauge is

added to measure low pressures down to 5.3 × 10−10 mbar. An EXtorr XT100 residual gas

analyzer is also attached to the system for partial pressure measurements.
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A Pfeiffer HiCube 80 is the main pump used to reach pressures below 1.3 × 10−9 mbar

after baking the system. In addition to the mechanical Turbo Molecular Pump, two non-

evaporable getters are added to this manifold. The disposal getter is a NEXTorr D 100-5

NEG, designed initially to pump the tritium out of the system after the conclusion of the

tritium runs. Since pumping on a tritiated system with the Turbo Molecular Pump rises

safety concerns, the disposal getter is additionally is used to reduce the background pressure

in the presence of residual tritium gas in the system. This pump is equipped with a diode ion-

pump which is a useful instrument for pumping the noble gases in cases where the mechanical

pump cannot be used.

Another non-evaporable getter pump is designed to produce a relatively high background

pressure (1 − 3 × 10−6 mbar) of hydrogen gas. The purpose of increasing the background

pressure is to simulate the tritium run conditions for calibration runs. The main objective

is to find the maximum pressure at which the track and event reconstruction algorithms can

efficiently find electrons. One of the two SAES GP-50 NEGs from the phase I gas system

is connected to the Yale manifold to produce this hydrogen background. The pressure is

controlled through a P.I.D. loop which controls the current injected into the chemical pump’s

activation filament.

The last section of the gas system is the tritium getter storage system which we will

explain separately in the following section.

Tritium getter storage system

Regulating the tritium pressure in the gas cell is one of the main objectives of the new gas

system design. While a higher pressure of tritium results in a higher number of beta-decay

electrons, it decreases the observation time which reduces the probability of detection. Thus,

a SAES st-172 zirconium based chemical getter (referred to as disposal getter from this point)

is placed adjacent to the gas cell. This type of non-evaporable getter controls the pressure
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Figure 2.23: The H2 equilibrium pressures of St 172 as a function of the hydrogen concen-

tration in the gettering material at different working temperatures.

of hydrogen via

H2 + 2ZrAl
absorption−−−−−−⇀↽−−−−−−
desorption

2(ZrAl −H) (2.7)

diffusion reaction. Heating the getter increases the desorption rate in comparison with the

absorption rate and releases hydrogen into the gas cell. For hydrogen isotopes in a metallic

getter, the equilibrium pressure, P , can be derived from Sieverts’ law in which

lnP = A+ 2 ln q − B

T
. (2.8)

Here q is the hydrogen concentration in the metallic alloy, T is the temperature, and A

and B are specific constants which should be measured for each getter separately. Fig.

2.23 illustrates how the equilibrium pressure varies with temperature at different hydrogen

concentrations in these getters [1].

Nitrogen, oxygen, carbon-monooxide, and carbon-dioxide can be pumped with this zir-

conium based getter through surface sorption at room temperature. Increasing the getter’s

temperature causes a diffusion of these gases into the bulk. These gases form stable chemical

compounds that cannot be decomposed even at high temperatures. Hence the process of

pumping these gases is an irreversible interaction.
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Figure 2.24: The tritium getter storage system before the final assembly. Two sets of wires

connect the getter’s heater and a C-type thermocouple to a feed-through connector. A copper

tube is welded around the mini-conflat half-nipple to cool down the system with water.

The getter additionally absorbs water vapor by cracking it to hydrogen and oxygen

molecules. The getter also absorbs hydrocarbons through similar cracking of these molecules

to hydrogen and carbon. However hydrocarbon molecules can only be cracked at tempera-

tures above 300◦C [1].

The storage getter is placed in a mini-conflat half nipple. A copper tube is welded around

this part that runs water to cool down the half nipple while the getter is running at high

temperatures. The delicate filament connectors are clamped into two small copper tubes

which are connected to a leak tight feed-through. A C-type thermocouple is placed inside

the donut shaped storage getter for measuring its temperature. This sensor is also connected

to the feed-through using Tungsten and Rhenium connectors9. Ceramic beads are used to

cover the connectors to avoid any undesirable contact. Fig. 2.24 shows this setup before the

final assembly.

A Kurt.J Lesker 354 series ion-gauge is added to the getter compartment to measure the

released pressure of tritium. This ion-gauge provides the feedback measurement to regulate

the pressure using a PID loop.

9Using different conductors would make additional thermocouples at the connection spots.
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D2 Tests

A series of tests are run to investigate the performance of the storage getter. The tritium

runs were avoided at this point due to safety concerns related to handling a tritiated getter

material.

A bottle of deuterium is connected to TV4 before installing the tritium cylinder (Fig.

2.21). A small pressure of deuterium gas is expanded into the region between TLV1, TV3,

and TV2. Then the leak valve, TLV1, was gradually opened to released deuterium while the

storage getter was heated to the designed operational temperature of 400◦C. This process

continued until an equilibrium pressure of 2.2× 10−6 torr is achieved.

In the next step the storage getter is cooled down to room temperature. Afterward, the

filament’s current is incremented with 0.5 amps steps. The partial pressures of hydrogen

isotopes measured with the residual gas analyzer are plotted in Fig. 2.25. An obvious

increase in the partial pressures can be observed. The main gas component is D2 with a

smaller partial pressure of HD in the system. There is also a small concentration of H2

inside the storage getter.

The KJL ion-gauge measurement can be used to find the equilibrium pressure for each

step with a given current10. Since the thermocouple temperature measurement depends on

the thermal coupling between the thermocouple and the surface of the getter, it cannot be

trusted as an accurate measurement. The filament resistance is a more precise measure of

the getter temperature. The filament’s resistance can be estimated using its voltage and

current at each step. Regarding the temperature coefficient for Molybdenum resistance

(α = 0.00482)11, a more accurate measurement for getter’s temperature is attainable.

Fig. 2.26 shows the equilibrium pressure in the system as a function of getter’s temper-

ature. The data is fitted with the Sievert’s law, Eq.(2.8), to get the empirical coefficients.

According to the SAES st 172 getter’s manual the value for the temperature coefficient (b

10The residual gas analyzer data cannot be used due to the unknown normalization scheme.

11https://pubs.acs.org/doi/abs/10.1021/je60025a028
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Figure 2.25: The measured partial pressures of hydrogen isotopes at different getter temper-

atures. The temperature measurement is from the c-type thermocouple touching the interior

surface of the getter.

in Eq.(2.8)) is 5730 K which is in agreement with our measured value of 5712 ± 43 K.

The concentration of deuterium in the getter can also be estimated using the fit. Comparing

Eq.(2.8) with the value of a = 4.45 from the manual to Fig. 2.26 concludes the concentration

of deuterium to be 2.3± 0.1 LTorr/g. The HI/7.5-7 model getter’s mass that we are using

is 550 mg. Therefore the total concentration of deuterium in the getter is 4.2± 0.2 LTorr.

After reaching equilibrium at the highest current, the getter is cooled down to the normal

operating temperature. We run the getter at this temperature to assess the partial pressures’

stability for several hours. Fig. 2.27 shows the partial pressure developments over a three

days time period. The temperature is stable within 1% and the deuterium pressure varies

at the ∼ 2% level. Note that this stable condition is reached without the support of any

control system.
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Figure 2.26: The equilibrium pressure vs. temperature for 8 different values of current

feeding the storage getter’s filament. The data is fitted with the Sievert’s law (Eq. (2.8).)

Figure 2.27: The partial pressure stability of hydrogen isotopes over a time period of three

days. A constant current is running through the getter filament.
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T2 Runs

After the conclusion of deuterium test, the tritium cylinder is connected to the system.

Tritium is released by opening TV1 and expanding the gas to the small volume in between

the two valves, closing TV1, and then opening TV2. Fig. 2.28 shows the evolution of the

partial pressures of the hydrogen isotopes. Note that the plot is showing the partial pressures

at the end of the filling process where the pressures are low enough to run the residual gas

analyzer.

As tritium is released into the system, the storage getter, which is at room temperature,

pumps on the T2, TH, and H2 molecules. However the gas with atomic mass 3 is not pumped

by the getter. The only gas with atomic mass 3 which cannot be pumped by a NEG is 3He.

3He is the product of tritium beta-decay and its presence in the tritium bottle is expected.

We used our ion-pump at the end of each cycle to pump the 3He out of the system without

wasting any tritium.

After filling the getter with tritium we close MV11 to isolate the insert and the tritium

getter storage system. The pressure then is increased to 2.2 × 10−6 torr and tritium run

starts.

One challenge in maintaining an acceptable tritium activity in the gas cell is the rise

of background pressure. This rise eventually surpasses the pressure set point and turns off

the voltage in the storage getter’s filament and stops the release of tritium into the gas cell.

3He is the major gas contributing to this background pressure. There are two sources of

3He which gradually increase the background pressure. First, the tritium deposited on the

stainless-steel walls of the getter compartment during the tritium fill releases 3He into the

system. Second, the 3He gas from the decay of the tritium molecules inside the getter, leaks

out of the storage getter and contribute to the background pressure.

To address the first source of 3He, we bake the getter compartment and the connections

to the gas cell. Fig. 2.29 shows the background pressure built-up as we close MV11, before

and after the bake. It can be seen that the rate of the increase in the background pressure
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Figure 2.28: The partial pressures of hydrogen isotopes and 3He in the gas system while the

getter is being loaded with tritium from the source cylinder. Hydrogen isotopes are being

pumped by the getter while the 3He pressure is increasing after each filling cycle.

drastically decreases. There is also a factor of 2 improvement in the equilibrium background

pressure.

To pump the 3He out of the storage getter we initially reactivate the getter to release a

large pressure of 3He into the getter compartment. We then cool down the getter to reabsorb

the tritium. Because the getter cannot reabsorb the 3He, we use the ion-pump to pump the

3He out of the system.

This technique is shown to be ineffective after we have stored the tritium inside the getter

for months. Therefore, a continuous pump on the gas cell with the ion-pump is suggested.

To reduce the amount of tritium pumped with the disposal getter and the ion-pump, a non-

conventional path from the cell to the ion-pump is chosen. The ion-pump section is isolated

from the cell and then they are connected via the leak valve (TLV1 in 2.21) in the combined

gas manifold 12. The leak valve can be controlled to optimize for the amount of helium and

12The exact valve configuration:
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Figure 2.29: The background pressure evolution in the tritium getter storage system before

and after baking the system.

tritium pumping.

The main concern in this new gas system configuration is a high pumping rate of tritium.

This has the potential to pump all the loaded tritium out of the disposal getter. To measure

the tritium pump rate, the valve to the ion pump is closed (MV3 in Fig. 2.21) and the

ExTorr residual gas analyzer is used to measure the pressure rise in the tritium gas. The

highest rate of increase is caused by AMU 4 (TH) which is 2.5× 10−9mBar/min. Using an

upper estimate of 10 L for the gas system volume, the amount of tritium pumped with the

ion-pump is estimated to be bellow 34 mCi/yr. The initial tritium activity loaded into the

storage getter is 2 Ci. Therefore this rate of tritium pumping is not a concern.

An SRS RGA100 residual gas analyzer is attached next to the getter compartment 2.21.

Open valves: IV3, IV4, MV11, SOV2, MV10, MV6, MV5, MV7, KrV3, TV3, TLV1, MV1, MV3, MV12,

KrV5

Closed valves: IV2, IV5, MV4, MV2, SOV1, MV8, TV4, TV2, TV1, KrV2, KrV1, KrV4, MV9, MV13
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Figure 2.30: The gas composition measured by ExTorr and SRS (look at Fig. 2.21) residual

gas analyzers during the tritium data taking. The SRS spectrum illustrates the presence of

3He, HT , H2 and T2 in the gas cell with a small partial pressure of CO.

This residual gas analyzer provides more accurate measurement of the gas composition inside

the gas cell due to its proximity to it.

This new configuration is used in the main tritium data taking campaign. The gas

composition remains stable over more than two months of tritium data taking. Fig. 2.30

compares the gas composition measured by the two residual gas analyzers during the normal

tritium data taking.
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Chapter 3

PHENOMENOLOGY OF THE CYCLOTRON ELECTRON
RADIATED POWER

The cyclotron frequency of an electron in a constant magnetic field follows the simple

relation introduced in Eq. 1.12. However, in the realistic case there are a number of effects

that break down this simplistic model.

First, the electron motion inside a magnetic trap is more complicated than a pure cy-

clotron motion. This motion causes the electron to observe different regions of the back-

ground field. Hence, the cyclotron frequency of the electron depends on the electron motion

inside the trap. This motion also changes the spectral features of cyclotron radiation via the

Doppler effect. Second, to have a reliable power calculation the Maxwell equations inside a

wave-guide needed to be solved.

In this chapter we first discuss the electron motion inside a magnetic trap. Afterward

we use this motion to calculate the CRES spectrum of an electron inside a wave-guide.

The model presented in this chapter assists us to fully understand the CRES features in a

wave-guide and to take the full advantage of this technique 1.

3.1 Electron’s Motion Inside a Magnetic Trap2

In the last chapter we showed the importance of a magnetic bottle trap for detecting electron’s

cyclotron radiation in Project 8. The non-uniformity in the magnetic field not only confines

the electron but also introduces nontrivial motions. In this section we will study the electron

motion inside a magnetic bottle trap in more details.

1Some of the content of this chapter is published in [19]

2The method used in this section for studying the electron motion inside a non-uniform magnetic field
is based on discussions presented in the first chapter of [46] and the second chapter of [23].
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3.1.1 Charged Particle in a Non-Uniform Magnetic Field

To find electron’s motion in a magnetic field, we need to solve the Lorentz equation in the

absence of the electric field 3,
d2r

dt2
=

e

γm

dr

dt
×B(r), (3.1)

in which γ is the lorentz factor. Solving this equation in the most generic case is challenging.

However in the case of slow changes in the magnetic field over a single cyclotron radius,

ρc ≡
γmv0

eB0

<< L, (3.2)

where L is the characterstic length of changes in the magnetic field, we can decouple electron’s

motion into a fast cyclotron circulation and a slow gyro-center drift,

r = R(t) + ρ(R,U, t, φ),

v = U(t) + u(R,U, t, φ),
(3.3)

in which R and U describe the drift motion while r and u model the fast cyclotron motion.

Here we introduced an independent variable φ to describe the periodic cyclotron motion.

The periodicity of gyration radius and velocity functions with respect to their last variable

enforces,

〈u〉 = 〈ρ〉 = 0, (3.4)

where angular brackets represent the average over a 2π period in φ.

A step by step solution of electron’s motion is presented in Appx. A. In that appendix

we calculate the first non-zero term for all the quantities in Eq. 3.3. The electron’s fast

motion can be described by building an orthonormal basis (e1, e2, b̃ ≡ B̃/B̃) (Eq. A.16),

ρ = ρc [−e1 cos(Ωct+ φ0) + e2 sin(Ωct+ φ0)] +O(ε)

u = v0 [e1 sin(Ωct+ φ0) + e2 cos(Ωct+ φ0)] +O(ε).
(3.5)

These equations describe a simple cyclotron motion as expected.

3The intrinsic magnetic moment of the electron is neglected in this calculation.
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To find the electron’s secular motion, we separate the parallel and perpendicular compo-

nents. For the parallel part we get (Eq. A.28),

dU‖
dt

= − µ

γm
·∇B +O(ε). (3.6)

This equation illustrates that there is an effective force exerted on the electron via the

gradient in the magnetic field. This effective force explains the fundamentals of magnetic

trapping. Electrons in a local minimum of the magnetic field can be confined using this

effective force.

The perpendicular component of the electron’s motion is (Eq. (A.32)),

U⊥ =
µ

γmΩc

b×∇B + γ
U2
‖

Ωc

b× (b ·∇)b+O(ε2). (3.7)

The first term in the above equation is called the “magnetic drift”. The non-uniformity in

the magnetic field induces a motion which is perpendicular to both the local magnetic field

and its gradient. The second term in Eq. (3.7) is known by the name of “curvature drift”.

This motion is caused by the curvatures in the field lines. This force can be understood

by noting that the quantity (b ·∇)b is the curvature vector pointing to the center of the

Osculating circle. Therefore this motion is perpendicular to both magnetic field direction

and its curvature vector. Combining the two drift velocities gives the general relation,

vdrift =
u2/2 + U2

‖

BΩc

b×∇B. (3.8)

for the perpendicular component of the secular motion’s velocity (Eq. (A.34)).

3.1.2 Electron Motion in a Magnetic Bottle Trap

A magnetic bottle consists of a local minimum in the magnitude of the background magnetic

field. If we define an electron’s instantaneous pitch-angle, θ(t), as the angle between the local

magnetic field and the electron’s momentum, and write down the effective force in Eq. (3.6)

as a potential term, the energy for an electron undergoing cyclotron motion can be written
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as

Ee = Ke‖ + Φmagnetic

=
1

2

p2
0

me

cos2 θ(t) + µ(t)B(t),
(3.9)

where p0 is the magnitude of the electron’s initial momentum and µ is the equivalent magnetic

moment of the electron, given by

µ(t) =
1

2

p2
0

me

sin2 θ(t)

B(t)
. (3.10)

In the adiabatic regime, where the change in the magnetic field direction is slow compared

with the cyclotron frequency, an electron’s equivalent magnetic moment is a constant of

motion. Electrons with pitch-angles of 90 + δθ or 90 − δθ degrees have the same motion;

therefore we only consider electrons with pitch-angles between 0 and 90 degrees. The pitch-

angle approaches 90 degrees for an electron exploring regions of increasing magnetic field,

whereas the pitch-angle decreases for an electron approaching the bottom of the trap. For

every electron, we define the pitch-angle at the bottom of the trap to be θbot. Due to

conservation of energy, the condition on pitch-angle for a trapped electron is

θbot ≥ sin−1

(√
1− ∆B

Bmax

)
, (3.11)

where Bmax is the maximum value of the magnetic field and ∆B is the trap depth.

The trapped electron undergoes an axial motion inside the trap, the frequency of which

can be found from Eq. (3.9),

Ω−1
a =

2

π

∫ zmax

0

dz√
2
m

(Ee − µB(z))
, (3.12)

where zmax is the maximum axial distance traveled by the electron inside the trap. To further

discuss the electron’s motion, we consider two specific trap examples. First, we consider an

idealized harmonic trap geometry for which an analytical solution is possible. Then we

provide a recipe for numerical calculation for any trap geometry. We will use this recipe to

study a more realistic trap geometry used in Project 8.
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Harmonic Trap

The simplest magnetic bottle is realized with a single trapping coil producing a field anti-

parallel to a background field. This geometry can be approximated by an axially parabolic

field,

Bz = a(ρ) + b(ρ)z2

Bρ = Bρ(z, ρ).
(3.13)

The two Maxwell’s equation for magnetic field can be utilized to find the unknowns in the

above equation and show that,

Bz = B0

(
1− 1

2

ρ2

L2
0

+
z2

L2
0

)
Bρ = −B0

ρz

L2
0

.

(3.14)

Here L0 is the characteristic length of the trap. Note that this approximation is accurate for

trapped electrons with pitch-angles close to 90 degree that cannot travel to high field regions

(Fig. 3.1). For the harmonic field approximation, electrons undergo simple harmonic motion

in the axial direction,

z(t) = zmax sin(Ωat), (3.15)

in which the axial frequency is determined by the axial velocity of electron at the bottom of

the trap,

Ωa =
v0 sin θbot

L0

. (3.16)

The maximum displacement for the electron is zmax = L0 cot θbot. Note that electron’s axial

motion is indifferent to its radial position.

As a result of the axial motion, the magnetic field experienced by the electron changes

over time. The change in the magnetic field causes a modulation in frequency of electron’s

cyclotron motion. For data acquisition systems with time resolution smaller than axial

motion’s period, an averaged cyclotron frequency is observed. This frequency can be found
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Figure 3.1: Magnetic field profile of a single harmonic trap (black) and the harmonic field

approximation given by Eq. 3.14 (red).

by using the magnetic profile by Eq. (3.14) and the electron’s equation of axial motion given

in Eq. (3.15).

Ω0 =
eB0

γme

(
1− ρ2

2L2
0

+
z2
max

2L2
0

)
. (3.17)

The drift motion for the electron can also be found from Eq. (3.8). For a strong back-

ground field the unit vector b can be approximated by e3. Hence,

b×∇B = e3 ×
(
∂B

∂ρ
ρ̂

)
=
∂B

∂ρ
φ̂.

(3.18)

Adding the field approximation given in Eq. (3.14) we have,

b×∇B =
B2

0ρ

BL2
0

[
−1 +

ρ2

2L2
0

]
φ̂. (3.19)

Because the drift velocity is slow compared to the axial motion, we need to average the above

term over a full axial motion’s period. However, since ρ does not change in axial motion,
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the averaged drift velocity is,

vdrift =
v2

0ρ

L2
0Ωc

(sin2(θbot)/2 + cos2(θbot))

[
−1 +

ρ2

2L2
0

]
φ̂, (3.20)

in which we assumed B0

B
' 1. Note that the drift velocity has only a component in φ direction

which will not change the radial position of the electron. The frequency of this drift motion

can be found next,

Ωm =
v2

0

L2
0Ωc

(sin2(θbot)/2 + cos2(θbot))

∣∣∣∣−1 +
ρ2

2L2
0

∣∣∣∣ (3.21)

Fig.3.2 illustrates how the electron’s averaged cyclotron frequency, axial frequency, and

drift motion’s frequency change with its pitch-angle and radial position in the trap.

Numerical Calculation for a Real Trap Geometry

The trapping field in project 8 apparatus is generated by a number of magnetic coils. The

field profile for these traps can be approximated by an array of perfect current coils (Fig.

2.13) for which the exact field profile in known. This field profile can be used to find the

frequencies of electron’s different motions.

The first step in this calculation is to solve electron’s equation of axial motion. Because

the relativistic effects are small, we can use the classical equation of motion. Furthermore,

because the magnetic field is stationary, the well known relation can be used where,

t =

∫ z0(t)

z0(0)

dz′√
2
m

(Ke − µB(z′))
. (3.22)

The above integral can be used to find the time that it takes the electron to travel from

z(0) = 0, at the center of the trap to z(T/4) = zmax. This time is a quarter of axial motion’s

period, hence,

Ω−1
a =

2

π

∫ zmax

0

dz√
2
m

(E0 − µB(z))
. (3.23)

Utilizing this information about electron’s axial motion, we can find the value of magnetic

field at any given time. This knowledge helps us to find the cyclotron frequency at any given
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Figure 3.2: Electron’s averaged cyclotron frequency (top), axial frequency (middle), and drift

motion frequency (bottom) as a function of its pitch-angle for different values of electron

radial position inside a harmonic trap.
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time. Integrating over the cyclotron frequency gives the cyclotron phase where,

Φc(t) =

∫ t

0

eB(t′)

γme

dt′. (3.24)

One important quantity in this calculation is the averaged value of electron’s cyclotron

frequency. In the next section we show that this averaged cyclotron frequency is what the

data acquisition system assigns to each electron event. The value for the averaged cyclotron

frequency is,

Ω0 =
Φc(Ta)

Ta
, (3.25)

in which Ta is the axial motion’s period. Finally, the drift motion’s frequency can also be

found,

Ωm = 〈 v2
0

L2
0Ωc

(
sin2(θbot)/2 + cos2(θbot)

) ∂B
∂ρ
φ̂〉, (3.26)

in which 〈...〉 represents averaging over an axial period. Fig.3.3 shows the frequencies of

electron’s cyclotron, axial, and drift motions as a function of its pitch-angle at different

radii.

3.2 Power Spectral Features of a CRES Signal4

In the last section we discussed the motion of an electron in a magnetic bottle trap. This

motion has an effect on the signal detected by the receiver via the coupling to the waveguide

modes.

Here, a detailed study of power spectrum of a CRES signal in a waveguide is presented.

This model provides the knowledge of the rich structure of the signal which can assists us to

extract kinematic parameters of the trapped electrons.

4Here we follow the conventions introduced in section 8.12 of [29]
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Figure 3.3: Electron’s averaged cyclotron frequency (top), axial frequency (middle), and drift

motion frequency (bottom) as a function of its pitch-angle for different values of electron

radial position inside a phase II trapping coil running at 0.3 Amps (Fig. 2.13). The zeros in

the drift motion’s frequency indicate a reversal in electron direction of drift motion.
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3.2.1 Fields in a Waveguide with a Localized Current Source

To find the power radiated in a waveguide, one needs to solve the Maxwell equations in the

presence of a source,

∇2E(r, t)− 1

c2

∂2E(r, t)

∂t2
=

1

ε0
∇ρ(r, t) + µ0

∂J(r, t)

∂t

∇2H(r, t)− 1

c2

∂2H(r, t)

∂t2
= ∇× J(r, t).

(3.27)

Here we assume that there is no net charge in the waveguide and the fields are generated by

a localized current source.

Since the source is localized in the waveguide, the Maxwell equations in Eq. (3.27) reduce

to wave equations in the absence of source. These equations were studied thoroughly in [29].

The solutions can be summarized in the form

E±λ (r, t, ω) = (Etλ(rt)± Ezλ(rt) ẑ) ei(±kλz−ωt)

H±λ (r, t, ω) = (Htλ(rt)±Hzλ(rt) ẑ) ei(±kλz−ωt),
(3.28)

in which

Htλ(rt) = ± 1

Zλ
ẑ× Etλ(rt), (3.29)

where the signs indicate the direction of propagation.

A convenient normalization can be introduced, where∫
A
Etλ · Etµda = δλµ. (3.30)

Eq.(3.29) then implies ∫
A
Htλ ·Htµda =

1

Z2
λ

δλµ. (3.31)

Another equation that can be deduced from Eq.(3.30) which is useful in power calculation is∫
A
Etλ ×Htµda =

1

Zλ
δλµ. (3.32)
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These relations also constrain the parallel components of electric and magnetic fields

TM Modes :∫
A
Ezλ · Ezµda = −γ

2
λ

k2
λ

δλµ

TE Modes :∫
A
Hzλ ·Hzµda = − γ2

λ

Z2
λk

2
λ

δλµ,

(3.33)

with γλ being the mode eigenvalues.

These normalized fields can be used to write a generic solution to source free Maxwell

equations,

E±(r, t) =
∑
λ

∫ ∞
−∞

A±λ (ω)E±λ (r, t, ω)dω

H±(r, t) =
∑
λ

∫ ∞
−∞

A±λ (ω)H±λ (r, t, ω)dω.

(3.34)

The fields are then fully described by the field amplitude, A±λ (ω).

To relate the field amplitudes to the current density, J, we introduce a form of Poynting’s

theorem using the source free Maxwell equations for E±λ and H±λ and Maxwell equations in

the presence of the source for E and H,

∇ ·
(
E×H±λ − E±λ ×H

)
= J · E±λ . (3.35)

Taking the volume integral of the two sides of the above equation and utilizing the divergence

theorem gives, ∫
S

(
E×H±λ − E±λ ×H

)
· n da =

∫
V

J(r, t) · E±λ d3r (3.36)

Now we place the surface, S, so it includes the walls of the waveguide and the two cross

section surfaces S+ and S− respectively to the right and left of the source. Assuming a

perfect conductor for the waveguide’s wall and choosing the lower signs in Eq.(3.36), the

surface integral on the wall vanishes and we get∫
S

(
E×H±λ − E±λ ×H

)
· n da =

∫
S+

(
E+ ×H−λ − E−λ ×H+

)
· ẑ da

+

∫
S−

(
E− ×H−λ − E−λ ×H−

)
· (−ẑ) da.

(3.37)
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The second integral is equal to zero. Using Eq.(3.32), the first integral can be calculated,∫
S+

(
E+ ×H−λ − E−λ ×H+

)
· ẑ da =

2

Zλ

∫ ∞
−∞

A+
λ (ω)ei(kλz−ωt) dω. (3.38)

By introducing Mode Excitation,

B±λ (t) =

∫ ∞
−∞

A±λ (ω)ei(kλz−ωt) dω, (3.39)

we find that,

B±λ (t) =
Zλ
2

∫
V

J(r, t) · E∓λ (r, t, ω)d3r, (3.40)

in which the relation for the lower signs can be proved by choosing the upper signs in

Eq.(3.36).

Taking the Fourier transform of the mode excitation we get

B̃±λ (ω) =
1

2π

∫ +∞

−∞
B±λ (t)eiωtdt = A±λ (ω)e±ikλz. (3.41)

Using the above equation we can finally find the field amplitudes

Ã±λ (ω) =
Zλ
4π

∫
V

∫ ∞
−∞

J(r, t) · E∓λ (r, t, ω) dtd3r. (3.42)

In conclusion, to find the fields in a waveguide in the presence of a localized current source,

one needs to find the propagating modes and normalize them according to Eq.(3.30). Then

Eq.(3.42) gives the field amplitude associated with the current J(r, t). And finally the fields

can be found by replacing the field amplitudes in Eq.(3.34).

3.2.2 Radiated Power in a Waveguide

Power is the relevant quantity which is used to detect electrons as we will show in the next

chapter. To find the radiated power we simply use the Poynting vector theorem where

P±(t) =

∫
A
E±(r, t)×H∗±(r, t) · (±ẑ) da. (3.43)

Replacing the fields from Eq.(3.34) and using the normalization relation in Eq.(3.32), the

radiated power is,

P±(t) =
∑
λ

1

Zλ

∣∣B±λ (t)
∣∣2 . (3.44)
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The power can also be studied in the frequency domain. To that aim we define the power

spectral density,

P̃±(ω) =
2π

T

∑
λ

1

Zλ

∣∣∣B̃±λ (ω)
∣∣∣2 . (3.45)

Note that the 2π factor comes from the convention we choose in defining the Fourier trans-

form,

f(ω) =
1

2π

∫ +∞

−∞
f(t)eiωtdt,

f(t) =

∫ +∞

−∞
f(ω)e−iωtdω.

(3.46)

With this choice, we can prove that∫ +∞

−∞
|f(t)|2 dt = 2π

∫ +∞

−∞
|f(ω)|2 dω. (3.47)

The 2π factor on the right hand side of the above equation is the reason for the inclusion of

the 2π factor in the definition of power spectral density in Eq.3.45.

3.2.3 Power Spectral Density of a Trapped Electron

In this section we use the proved relations in the last two sections to find the Power Spectral

Density of a single electron in a magnetic bottle trap. The current for this single electron in

the trap can be written as

J(r, t) = −ev(t)δ3(r− r0(t)). (3.48)

In the last chapter we decoupled the electron’s motion into three distinct periodic motions.

If we assume that the time slot in which the FFT is performed is much smaller than the

period of the drift motion, the effect of these two motions can be ignored in a single FFT.

Therefore the electron’s velocity can be written as

vt(t) = v0 sin θ(t) (cos Φc(t)r̂t1 + sin Φc(t)r̂t2)

vz(t) = v0 cos θ(t).
(3.49)
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To find the power, the dot product of electron’s velocity and the electric field should be

found,

v · (Etλ ± Ezλẑ) = v0 sin θ(t) (E1λ(x, y) cos(Φc(t))+

E2λ(x, y) sin(Φc(t)))± cos θ(t)Ezλ(x, y).
(3.50)

The z component is equal to zero for Transverse Electric (TE) modes and small in Transverse

Magnetic (TM) modes for electrons with pitch-angles close to 90 degree. Hence,

v · (Etλ ± Ezλẑ) ' v0

2
sin θ(t)

(
(E1λ − iE2λ)e

iΦc(t) + (E1λ + iE2λ)e
−iΦc(t)

)
. (3.51)

Using Eq. (3.42) we can write,

Ã±λ (ω) =
Zλ
4π

∫
V

∫ ∞
−∞
−ev · E∓λ (r, t, ω) δ3(r− r0(t)) dtd3r

= −eZλ
4π

∫ ∞
−∞

v · E∓λ (r0, t, ω)dt.

(3.52)

The value of electric field should be found at electron’s position. However, since the cyclotron

radius is much smaller than the waveguide dimensions, the fields can be approximated by

their values at the electron’s gyro-center. The phase oscillation induced by sin θ(t) is also

small compared with Φc(t) and can be neglected. Therefore,

Ã±λ (ω) = −eZλv0

8π
sin θ

[
(E1λ − iE2λ)

∫ ∞
−∞

eiΦc(t)e∓ikλzc(t)eiωtdt

+(E1λ + iE2λ)

∫ ∞
−∞

e−iΦc(t)e∓ikλzc(t)eiωtdt

]
.

(3.53)

where the electric fields are calculated at electron’s gyro-center.

zc(t) and Φc(t)−Ω0t are periodic with the electron’s axial motion’s frequency Ωa. There-

fore these terms can be expanded in two Fourier series

eiΦc(t)−iΩ0t =
∞∑

m=−∞

αme
imΩat (3.54)

and

eikλzc(t) =
∞∑

m=−∞

βm(kλ)e
imΩat. (3.55)
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As a result, the exponential term in Eq. (3.53) can be written as

eiΦc(t)+ikλzc(t) =
∞∑

n=−∞

an(kλ)e
i(Ω0+nΩa)t, (3.56)

in which

an(kλ) =
∞∑

m=−∞

αmβn−m(kλ). (3.57)

These coefficients, an, can be computed from a decomposition of the axial motion and the

cyclotron phase evolutions into harmonics of the axial frequency. This greatly simplifies the

study of the radiated power spectral density. Based on Eq. (3.57), we get

eiΦc(t)−ikλz0(t) =
∞∑

n=−∞

an(−kλ)ei(Ω0+nΩa)t,

e−iΦc(t)−ikλz0(t) =
∞∑

n=−∞

a∗n(kλ)e
−i(Ω0+nΩa)t,

e−iΦc(t)+ikλz0(t) =
∞∑

n=−∞

a∗n(−kλ)e−i(Ω0+nΩa)t.

(3.58)

Expanding the exponential terms in Eq.(3.53) and using the above Fourier series results in

Ã±λ (ω) = −eZλv0

2

[
(E1λ − iE2λ)

∞∑
n=−∞

an(∓kλ)δ(ω + Ω0 + nΩa)

+(E1λ + iE2λ)
∞∑

n=−∞

a∗n(±kλ)δ(ω − Ω0 − nΩa)

]
,

(3.59)

where sin(θ) has been approximated by 1. Next, the power spectral density for the waveguide

mode λ, can be calculated using the power spectral density definition in Eq. (3.45). Utilizing

conventional techniques of handling δ2 functions and the relationship between the wave-

number and frequency, we get

P̃±λ (ω) = P0,λ

∞∑
n=−∞

∣∣∣∣an(±Ω0 + nΩa

vp,λ

)∣∣∣∣2
× [δ(ω − (Ω0 + nΩa)) + δ(ω + Ω0 + nΩa)] ,

(3.60)

where P0,λ is defined as

P0,λ =
e2v2

0Zλ
8

[
E2

1λ + E2
2λ

]
, (3.61)
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Figure 3.4: The power spectral density for a 17.83 keV electron with a 89.5 degree pitch-

angle, trapped in an ideal harmonic trap with L0 = 0.3 m in the phase-I waveguide.

and vp,λ is the phase velocity in the waveguide for the mode λ. Note that there are possible

cross terms between the nth positive and the mth negative frequencies when n+m = −2Ω0

Ωa
.

Because of the small values of ans for large ns, these terms can be neglected.

The measured power spectrum exhibits a comb structure in the frequency domain as

shown in Fig. 3.4. For an electron with no axial motion, all the power radiates with a

frequency Ω0. An electron with pitch-angle other than 90 degrees at the bottom of the trap,

undergoes axial motion, and as a result some power radiates at the harmonic frequencies

which are nΩa away from Ω0. Eq. (3.60) indicates that the power in the nth harmonic is

Pn± = P0,λ

∣∣∣∣an(±Ω0 + nΩa

vp,λ

)∣∣∣∣2 . (3.62)

The signs indicate the direction of power radiation.

It is also beneficial to find the total radiated power of the electron. Assuming a single
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mode coupling for the electron in the waveguide, we get

Ptot = P0,λ

∑
i∈{−1,+1}

∞∑
n=−∞

∣∣∣∣an(iΩ0 + nΩa

vp,λ

)∣∣∣∣2 . (3.63)

Multiplying Eq.3.56 with its complex conjugate gives

1 =
∞∑

n=−∞

∞∑
m=−∞

an(kλ)a
∗
m(kλ)e

i(n−m)Ωat. (3.64)

Performing an integral over the electron’s axial period proves that

1 =
∞∑

n=−∞

∞∑
m=−∞

an(kλ)a
∗
m(kλ)

1

Ta

∫ Ta

0

ei(n−m)Ωatdt. (3.65)

Hence,

1 =
∞∑

n=−∞

|an(kλ)|2 . (3.66)

Using the above result we can find the electron’s total radiated power

Ptot = 2P0,λ. (3.67)

Note that this result does not depend on any specific trapping geometry. This shows that as

the power in the main peak decreases, other peaks in the power spectrum should gain power

in order for the total power to remain unchanged. As we will discuss in the next chapter, this

result shows that the total radiated power, which manifests in track slope, is independent of

electron’s pitch-angle5. This will assist us in handling trapping related systematics that will

be introduced in the next chapter.

3.2.4 Power in particular waveguide geometries

To find the electron’s radiated power in a given waveguide geometry, the mode coupling

coefficients, P0,λ, should be calculated. Detailed calculations of P0,λ for two interesting

examples are presented in Appx. C. For the TE10 mode in a rectangular waveguide we get

P0,TE10 =
Z10e

2v2
0

4wh
cos2

(πxc
w

)
, (3.68)

5The validity of this statement depends on the validity of Eq. (3.59) in which we approximated sin(θ)

by one. This is not valid for deep traps with the potential to trap electrons with lower pitch-angles.
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Figure 3.5: A 17.83 keV electron’s mode coupling to the fundamental mode of the phase-I

rectangular waveguide.

in which Z10 is the TE10 mode impedance, v0 is the electron velocity, w and h are the

waveguide’s width and height, defined to be along x and y directions respectively, and xc

is the x position of the electron’s gyrocenter. Fig.3.5 illustrates how the electron’s coupling

changes along the waveguide axis.

For the TE11 mode in a circular waveguide we get

P0,TE11 =
Z11e

2v2
0

8πα

(
J ′21 (kcρc) +

1

k2
cρ

2
c

J2
1 (kcρc)

)
, (3.69)

in which Z11 is the TE11 mode impedance, ρc defines the radial position of the gyrocenter of

the electron in cylindrical coordinates, kc is the wavenumber for the cutoff frequency of the

mode, and α is a constant defined in Eq. (C.8).

It is also beneficial, as we will discuss in the next chapter, to find the mode coupling for

the second mode in a circular waveguide. For TM01 mode we get,

P0,TM01 =
Z01e

2v2
0

16πβ
J ′20 (kcρ), (3.70)
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Figure 3.6: A 17.83 keV electron’s mode coupling to the two first modes of the phase II

circular waveguide.

where β is a constant defined in Eq.(C.12). Fig.3.6 compares the mode couplings of an

electron to the first two modes of the phase II circular waveguide.

3.2.5 Effects of Waveguide Reflection

In our discussion of waveguides we have assumed infinite length, whereas any experimental

realization of a CRES experiment must be finite in length. Allowing that one end of the

waveguide must have a receiver, we are left with several options for the treatment of signals

at the other end.

One option is to add a second receiver. The signal observed by each receiver is then

available for analysis, at the cost of supporting two receiver systems. Another option is to

install a terminator on one end of the waveguide. The receiver will detect only half of the

electron’s radiated power and the signal will be the same as the case of the infinite waveguide.

The final option is to install a conductive short to the end of the waveguide, reflecting signals

back to the receiver. The first two options have been already analyzed. In this section we
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calculate the effects of the short on the power spectral density of the CRES signal.

The total mode excitation at the receiver, B̃λ(ω), is a superposition of the direct wave,

B̃+
λ (ω), and the reflected wave, B̃−λ (ω). The reflection induces a phase shift of 180 degrees

on the reflected wave. As a consequence, the total mode excitation at the receiver can be

written as

B̃λ(ω) = B̃+
λ (ω) + B̃−λ (ω)eiπ

= B̃+
λ (ω)− B̃−λ (ω).

(3.71)

Using the definition of B̃±λ (ω) given by Eq. (3.2.1), we get

B̃λ(ω) = A+
λ (ω)eikλzr − A−λ (ω)eikλ(2|zs−zt|+zr), (3.72)

where the expression is being evaluated at the receiver’s position, zr, and zs and zt are the

positions of the reflector and the trap center respectively. The power spectral density then

follows by using Eq. (3.45),

Pλ(ω) = 4P0,λ

∞∑
n=−∞

∣∣∣∣an(Ω0 + nΩa

vp.λ

)∣∣∣∣2
cos2

[
(zt − zs)

Ω0 + nΩa

vp.λ

]
[δ(ω − (Ω0 + nΩa)) + δ(ω + Ω0 + nΩa)] .

(3.73)

Here we assumed that the trap is symmetric, in which case an(−k) can be written in terms

of an(k) as in Eq. (B.8) (see Appx. B).

This power spectrum still has a comb structure, similar to the one in the absence of a

reflector at the end of the waveguide. However, the amplitude of each peak is now modulated

with an extra cos2 factor, which depends on the distance between the reflector and trap

center, zt − zs. Therefore, while the introduction of a reflector increases the total power

collected by the receiver, it also introduces a frequency-dependent amplitude for each peak

in the power spectrum.
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3.2.6 Trapping Geometries

In the last Sections, we built the foundation for calculating the CRES signal’s spectral

features. From the obtained equations, it is clear that it is impossible to extract a simple

analytical solution that is valid and usable for every trap configuration. Therefore, in this

section we describe a step-by-step procedure to obtain the spectral properties of a CRES

signal. We will then apply this procedure to the idealized harmonic trap geometry. Then we

derive numerical solutions for a more complicated geometry following these steps:

� An appropriate field approximation B(z) must be found. In some cases, where the

expression of the exact magnetic field is complex, one can consider using a piecewise

approximation of the field.

� With the assumed field profile, the electron’s equation of axial motion, Eq. (3.9), can

be solved. Since the effective potential in this equation depends only on the axial

position of the electron, we can find a general solution,

t =

∫ z0(t)

z0(0)

dz′√
2
m

(Ke − µB(z′))
. (3.74)

� Once the axial motion of the electron is calculated, the axial frequency follows. For

the special case of a symmetric trap, we find

Ω−1
a =

2

π

∫ zmax

0

dz√
2
m

(E0 − µB(z))
. (3.75)

� Once the axial position of the electron is found at any given time, the value of the

magnetic field experienced by the electron at that time, B(t), follows. Finally, the

cyclotron phase is found to be

Φc(t) =

∫ t

0

eB(t′)

γme

dt′. (3.76)
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� To find the power in each peak, the Fourier coefficients introduced in Eq. (3.56) should

be determined by

an =
1

Ta

∫ Ta

0

ei(Φc(t)+kλz(t))e−i(Ω0+nΩa)tdt, (3.77)

in which Ω0 is the average cyclotron frequency given by

Ω0 =
Φc(Ta)

Ta
. (3.78)

� The power in each peak of the spectrum can be determined, using Eq. (3.62),

Pn = P0,λ|an|2. (3.79)

� Finally, the total power radiated by the electron can be calculated by summing over

the power of all peaks. This power defines the track slope that will be introduced in

the next chapter.

Power spectrum in a “harmonic trap”

The harmonic trap geometry was introduced in Sec.3.1.2. In that section we showed that

electron’s axial position follows simple harmonic motion (Eq.(3.15)). The equation of axial

motion can be used to find the magnetic field seen by the electron as a function of time,

where

Bz(t) = B0

(
1− ρ2

2L2
0

+
z2

max

2L2
0

− z2
max

2L2
0

cos(2Ωat)

)
. (3.80)

Therefore the cyclotron frequency of a trapped electron inside the harmonic trap is

Ωc(t) =
eB0

γme

(
1− ρ2

2L2
0

+
z2

max

2L2
0

− z2
max

2L2
0

cos(2Ωat)

)
. (3.81)

The last term describes the modulation in frequency and the first three terms determine the

average cyclotron frequency,

Ω0 =
eB0

γme

(
1− ρ2

2L2
0

+
z2

max

2L2
0

)
. (3.82)
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The cyclotron phase can be calculated by integrating over the cyclotron frequency,

Φc(t) = Ω0t+ q sin(2Ωat), (3.83)

in which the magnitude of the modulation is

q = − eB0

γme

z2
max

4L2
0Ωa

. (3.84)

To find the power spectrum of the electron’s radiation, Fourier coefficients in Eq. (3.56)

are needed. The coefficients can be calculated using the Jacobi-Anger expansion. Therefore

we get

eiΦc(t)+ikλz0(t) = ei(Ω0t+q sin(2Ωat)+kλzmax sin(Ωat))

=
∞∑

m,p=−∞

Jm(q)Jp(kλzmax)ei(Ω0+(2m+p)Ωa)t,
(3.85)

where Jn is the nth Bessel function of the first kind. Thus, the power for each harmonic can

be found from Eq. (3.79) by squaring

an(kλ) =
∞∑

m=−∞

Jm(q)Jn−2m(kλzmax) (3.86)

and using the appropriate P0,λ as found in section 3.2.4. Let us note that these coefficients,

an, correspond to the coefficients αm and βm defined by Eq. (3.54) and Eq. (3.55). The

relative magnitude of the main peak and sideband powers for typical parameters are shown

in Fig. 3.7.

It can be shown from Eq. (3.11) that a 4 mT deep trap in a 1 T background magnetic

field can trap electrons with pitch-angles as small as 86 degrees. In this case, the magnitude

of the modulation of the magnetic field experienced by the electron, q, is smaller than 0.6,

while the Doppler effect’s modulation, kλzmax, can be as large as 10.5. Therefore, Jm(q) can

be approximated with δm0. In this case, the power spectrum can be simplified to

P̃±λ (ω) = P0,λ

∞∑
n=−∞

J2
n(kλzmax)

× [δ(ω − (Ω0 + nΩa)) + δ(ω + Ω0 + nΩa)] .

(3.87)
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Figure 3.7: The power in the first three peaks of a 17.83 keV electron spectrum at the center

of phase II circular waveguide, trapped in an ideal harmonic trap.

This approximation works best for shallow traps in which ∆B
B
< 0.002.

Power spectrum in a real trap geometry

In Sec.3.1.2 we discussed electron motion in a real trap geometry. We can now utilize the

recipe given in Sec.3.2.6 to numerically calculate the power spectrum for this electron.

Fig. 3.8 shows the power propagating in the first three peaks of a 17.83 keV electron’s

power spectrum. The electron resides at the center of the phase II circular waveguide. This

plot shows how the power in these three peaks changes with the value of the pitch-angle.

Note that as the main peak loses power, the first peak gains power. This is an illustration of

the fact that the total radiated power is not pitch-angle dependent as it was proved in Eq.

(3.67) for any given trap geometry.

Fig. 3.9 shows how the main peak power of a 17.83 keV electron changes as a function

of its pitch-angle at different radii. The reduction in the total power is caused by the change

in the electron’s coupling to the circular waveguide mode as was illustrated in Fig. 3.6. The
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Figure 3.8: The power in the first three peaks of a 17.83 keV electron spectrum at the center

of phase II circular waveguide, trapped in a phase II trapping coil running at 0.3 Amps (Fig.

2.13).

functional form of the power also changes due to the different field profiles traversed by the

electron at different radii.

In Fig.3.10 we plotted the changes in the main peak’s normalized power and the averaged

cyclotron frequency for a range of pitch-angles and at different radii. The key feature in this

plot is that the normalized power is independent of electron’s radius. Furthermore, the total

electron’s radiated power is independent of its pitch-angle. Hence these two features in the

electron’s power spectrum, the total radiated power and the main peak’s normalized power,

can be used to find electron’s kinematic features. In the next chapter we will use this feature

to improve the energy resolution in Project 8 detector.
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Figure 3.9: The main peak’s power of a 17.83 keV electron spectrum as a function of its pitch-

angle, at different radii. The electron is assumed to be in the phase II circular waveguide

trapped in a phase II trapping coil running at 0.3 Amps (Fig. 2.13).
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Figure 3.10: The main peak’s power of a 17.83 keV electron spectrum as a function of its

averaged cyclotron frequency, at different radii. The electron is assumed to be in the phase

II circular waveguide trapped in a phase II trapping coil running at 0.3 Amps (Fig. 2.13).

All the lines are drawn for pitch-angle values in the range of (88◦, 90◦).
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Chapter 4

CALIBRATION DATA ANALYSIS USING CONVERSION
ELECTRONS FROM 83MKR

In the last chapter we constructed a phenomenological model that describes a magneti-

cally trapped electron’s radiation inside a waveguide. In this chapter we present the krypton

data that is taken with the project 8 CRES demonstrator, explained in Ch. 2. We will dis-

cuss the ways that the knowledge built in the last chapter can assist us to better understand

this data.

The analysis process in the project 8 collaboration consists of two main parts. In the first

step the recorded data is presented in a spectrogram. Any excess in the power caused by

the electron radiation is detected at this point. This part is managed by a set of algorithms

which are named Track and Event Reconstruction.

In the second step the recorded quantities from the first step are used to construct the

krypton spectrum. A detailed discussion of these two stages is the main objective of this

chapter’s discussion.

4.1 Track and Event Reconstruction

As it was mentioned in section 2.3, Project 8 uses two stages of low noise amplifiers to detect

the CRES signal which has ∼ 1fW of power. A mixer stage down-convert the amplified

signal from the K band to the L band of the RF spectrum. Finally, the down converted

signal digitized by a ROACH FPGA. The ROACH data acquisition system has a built in

Fourier transform operator. This operator is used to trigger on high power bins in the

frequency domain and save the full time series of surrounding data.

After digitization, the time series data are divided into time slices. An offline Fourier
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Figure 4.1: An electron spectrogram recorded by the ROACH system. The spectrogram

contains information about the time (on the X-axis), frequency (on the Y-axis), and power

(color code). Five tracks of excess in power can be detected in this event.

transform converts the data from the time domain into the frequency domain. The combined

information of time, frequency, and power can be shown in a spectrogram plot (Fig. 4.1).

The most apparent feature in this spectrogram is the presence of five distinct Tracks

with excess in power over the noise flour. These Tracks are the manifestation of the peaks

in the CRES spectrum discussed in Sec. 3.2, spanned over many time slices. The tilt in

the tracks is representing the electron’s power loss to radiation. The averaged electron’s

cyclotron frequency over a complete period of the its axial motion, including the power loss,

is

f =
1

2π

eB̃

me + Ekin(t)/c2

=
1

2π

eB̃

me + (E0 − Ptott)/c2

' 1

2π

eB̃

me + E0/c2
(1 +

Ptott

E0 +mc2
)

= f0 + S · t.

(4.1)
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Where the approximation in the third line is valid because the radiated power of an electron

in the time scale of a track in Project 8 (∼ 1 ms) is less than 10 eV and is smaller than the

mass of the electron (∼ 0.5 MeV ). The B̃ represents the averaged value of magnetic field

traversed by the electron inside the magnetic field. Eq.(4.1) shows that the start-frequency

of the track, f0, is exactly equal to the averaged value of cyclotron frequency introduced in

Eq. (3.25). Furthermore, the Slope of the track, S in Eq.(4.1), is related to the total radiated

power via,

S =
f0

mec2 + E0

Ptot. (4.2)

The first task in the Project 8’s analysis chain is to detect these electron tracks in a

spectrogram. Furthermore, the five tracks shown in Fig. 4.1 are from a single electron and

needed to be grouped together appropriately. As the electron loses energy in a scattering

off the residual gas molecules in the gas cell, its cyclotron frequency jumps in the spectro-

gram. For example the electron detected in Fig. 4.1 has experienced one scattering. Failure

in grouping Tracks which belong to a single electron Event, results in misidentifying the

electron’s initial energy at the instant of decay. An ideal Track and Event reconstruction

algorithm should be capable of detecting short tracks with low power without misidentifying

noise as an independent fake Track.

The first step in the track reconstruction after creating the spectrogram, is to remove the

background shape. This shape is a result of different factors including the thermal noise in

the waveguide, transfer function of different components of the receiver chain, and the digital

filters applied in the data acquisition system. By normalizing the background one insures a

time and frequency independent detection probability for Tracks in the spectrogram.

The standard background shape is shown in Fig. 4.2. Since the background shape varies

relatively slowly with frequency, third-order splines are used to fit its average amplitude and

variance. The normalized power in each bin is then,

P ′i =
Pi − µi
σi

, (4.3)

where P ′i , Pi, µi, and σi are respectively Normalized Power, un-normalized power, average



79

Figure 4.2: The 3rd-order spline fit to an average power spectrum amplitude.

amplitude in the i-th bin, and the standard deviation in that bin.

The next step in the Track reconstruction procedure is to remove the low-power bins in

the spectrogram. This results in a sparse spectrogram one example of which is shown in Fig.

4.3.

The sparse spectrogram then passed to the sequential track finder(STF). The STF algo-

rithm processes the data in each time slice separately. If STF finds a point which passes the

power threshold, it initializes a line. STF then chooses an initial slope, which has shown to

be insignificant in the success of track clustering. In the next slice the STF appends any

point in the sparse spectrogram to the line if the condition,

fi − (fend,l + sl · (ti − tend,l)) < ∆f, (4.4)

is satisfied, where fi, ti, fend,l, tend,l, sl, and ∆f are respectively, new point’s frequency,

new point’s time, line’s last point’s frequency, line’s last point’s time, line’s assigned slope,

and the fixed frequency acceptance. When a new point is added to the line, the slope is

re-evaluated accordingly,

sl =

∑N
i=1

pi−µi
σi
· fi−fstart,l
ti−tstart,l∑N

i=1
pi−µi
σi

. (4.5)
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Figure 4.3: The sparse spectrogram which is the result of passing the spectrogram shown in

Fig. 4.1 through a high bin power cut.

If a point is found that exceeds the power threshold without satisfying Eq. (4.4), a new

line will be started. A line will be inactive if the distance in time between its last point and

the current time slice exceeds a fixed time-gap-tolerance. After a line is inactive its start

and end points are trimmed until they satisfy a configurable trimming threshold. If the line

still contains enough points it will be passed to the next stage.

While the STF is efficient in detecting physical tracks, it occasionally identifies a single

track as multiple tracks due to power fluctuations in the track. Therefore a track segment

clustering (TSC) algorithm is used to recombine these broken tracks. The TSC algorithm

recombines two tracks if they satisfy one of the below conditions:

� The endpoint of a track coincides with the start point of another track in time, their

frequency difference is small, and their slopes are similar.

� The time distance between the start point of a track and the endpoint of the other

track is smaller than a certain limit, the frequency of the extrapolation of the first

track at the start time of the second track is close enough to the start-frequency of the
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second track, and their slopes are similar.

In this case the line will be registered as a track and its properties including power, slope,

start-frequency, and etc, will be calculated.

The final stage in track and event reconstruction is to regroup the detected tracks from

a single electron into an event. Electrons can generate multiple tracks in two different

topologies. The first topology is where there exist parallel tracks in the spectrogram which

have similar slopes and start and end time. These tracks which are called sidebands appear

in the spectrogram whenever two peaks in the electron spectrum have enough power to stand

above the noise flour. These event cluster to a single Multi-peak track (MPT) based on their

start and end time in the spectrogram.

The second topology occurs when the electron scatters off a residual gas molecule. If the

end time of the first MPT event is close enough to the start time of the second MPT event,

then the two events will be re-clustered into a single event.

4.1.1 Validating the Track and Event Reconstruction Algorithm

The algorithm discussed in the last section cannot detect all the tracks in a spectrogram,

mainly due to the presence of the noise in the system. The shorter and less-powered tracks

are the ones which have the least probability for detection. In order to quantitatively study

the efficiency of the track and event reconstruction algorithm, we have simulated events

using our simulation package [20]. One of the main objectives of this study is to investigate

the measurement precision of the tracks reconstructed features such as slope and power.

Furthermore, the detection efficiency of the reconstruction algorithm can be studied as a

function of different track properties.

The fake event generator utilizes the Locust software to generate realistic events with

simulated power, start-frequency, and time length. However the value of track slope is an

input for the simulation software. The fake event generator is used to simulate events with

various values for the track slope. Afterwards, the simulated events are sent to the official
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Figure 4.4: The detection rate (defined as the number of events detected over the number of

simulated events) for tracks with different values of power and length. The reconstruction

algorithm has the best performance for high-powered and longer tracks.

track and event reconstruction software. The comparison between the simulated events and

their reconstructed counterparts, assists us to quantitatively validate the track and event

reconstruction algorithm.

The success of the track and event reconstruction algorithm depends strongly on the

power and time length of the electron tracks in the spectrogram. Fig. 4.4 shows how

the detection rate changes with track power and time length for a specific track and event

reconstruction configuration. It is apparent that the very low power tracks cannot be detected

by the track and event reconstruction algorithm. The shorter tracks are also harder to detect.

However, the reconstruction algorithm is functioning effectively for longer and more powerful

tracks.

Fig. 4.5 illustrates that the track slope is also a relevant factor in the detection probability.

The higher slope tracks have a lower probability of detection by the track reconstruction

algorithm.

Next we can examine the precision of track and event reconstruction for the detected

events. Since the energy of the electron is reconstructed using the event’s start-frequency,
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Figure 4.5: The detection rate for tracks with different values of slope.

validating its measurement accuracy has the highest priority. Fig. 4.6 is the histogram

for the reconstructed start-frequency error. The track and event reconstruction algorithm

often register a higher start-frequency. The Gaussian distribution in Fig. 4.6 is caused

by the inefficiency of the algorithm in detecting the initial points in the first track of an

electron event. Fig. 4.10 illustrates that the reconstructed frequency error for longer tracks

is larger. This is due to the fact that the longer tracks provide the probability for the track

reconstruction to miss many bins in the track without missing the entire track.

The track power measurement is the next key aspect of the reconstruction algorithm

which should be validated. Fig. 4.7 plots the simulated vs. the reconstructed signal to

noise ratio. The red line is the result of a fit to the points with simulated signal to noise

ratio greater than 12.5. The reason for applying this cut is to avoid the hard cut that the

reconstruction algorithm applies around the signal to noise ratio of 8. One might expect the

fit to have a slope around one and a y-intercept around zero. The reason for the smaller slope

in the linear fit is that the tracks can go through multiple bins in a single time slot of the

spectrogram. However the power is constructed with one bin in each time slot. Therefore

the reconstructed power is a fraction of the simulated power. Furthermore, the non-zero

y-intercept is the result of the addition of the noise power to the track.
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Figure 4.6: The start-frequency measurement error(defined as the difference between the

reconstructed and the simulated tracks’ start frequencies) histogram.

The relative deviation of reconstructed SNR from the line fit in Fig. 4.7 is defined as the

SNR error percentage. Fig. 4.8 histograms this error percentage for the power measurement.

The error histogram can be approximately fitted with a Gaussian approximately centered

at zero with a ∼ 13% standard deviation. The most relevant factor in power measurement

accuracy is the track length. Fig. 4.10 illustrates how the error on the power changes with

track length. As expected the power is less accurate for shorter tracks.

The track slope measurement is the next criteria which needs to be validated. The error

in the slope measurement is histogrammed in Fig. 4.9. The error can be empirically fitted

with a Lorentzian distribution centered at zero with γ ∼ 0.04 MHz
ms

. The track length is once

more the most relevant factor in the efficiency of the slope measurement as it is apparent

from Fig. 4.10.

4.2 Spectrum Analysis

In the last section, we studied the track and event reconstruction algorithms and discussed

how the tracks are constructed and grouped together in a single electron event. The next

task in the analysis chain is to relate the measured features of an event to the electron’s
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Figure 4.7: Reconstructed SNR vs. simulated SNR. The red line represent the fit to the

points with reconstructed SNR above 12.5.

Figure 4.8: Power error percentage (defined as the percentage difference between the recon-

structed and the red line in Fig. 4.7) histogram.
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Figure 4.9: Slope error (defined as the difference between the reconstructed and simulated

slope) histogram. The slope error follows a Cauchy distribution with γ = 0.037 MHz
ms

.

kinematics including its energy.

Project 8 demonstrator’s main purpose is to measure a precise tritium spectrum from

which a tritium end-point can be evaluated. The ideal analysis chain in order to reach

this purpose can be characterized by a number of criteria. First, the main objective of the

analysis chain should be to facilitate the highest number of electron events available. The

event statistics has a significant effect on the precision of the tritium end-point measurement.

Second, energy resolution is the other feature which determines the precision of a tritium

end-point measurement. Third, we need to ensure that the simple cyclotron equation (Eq.

1.12) is the right relation for relating the energy and frequency of the electron. This feature,

which we named linearity, can be tested via changing electron’s energy or the strength of the

background magnetic field. Lastly, the receiver chain’s detection efficiency should be well

understood in the frequency range of interest. Failure in recognizing the detection efficiency

would result in a distorted tritium spectrum measurement.

In order to investigate the performance of the system and calibrate our analysis procedure,

we employ conversion electrons from 83mKr. As it was mentioned in chapter 2, a source of

83Rb is used to produce 83mKr continuously. The krypton then decays through two sequential
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Figure 4.10: Errors in the power, slope, and start-frequency as a function of track length.
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transitions of 32 keV and 9.4 keV. The energy of these transition are internally converted to

release electrons from the krypton’s shell. The energy of these electrons depend on the shell

to which they belonged initially. Tbl. 4.1 summarizes the experimental measurements using

the Mainz spectrometer.

Line Intensity

per Decay

(%)

Binding

Energy

(eV)

Natural

LineWidth

(eV)

Recoil En-

ergy (eV)

Conversion

Electron

Energy

(eV)

K 24.8(5) 14327.26(4) 2.71(20) 0.120 17824.2(5)

L2 24.3(3) 1731.91(6) 1.25(25) 0.207 30419.5(5)

L3 37.8(5) 1679.21(5) 1.19(24) 0.207 30472.2(5)

M2 4.02(6) 222.12(17) 1.6(2) 0.218 31929.3(5)

M3 6.24(9) 214.54(11) 1.1(1) 0.218 31936.9(5)

N2 0.300(4) 14.67(1) 0.03 0.219 32136.7(5)

N3 0.457(6) 14.00(1) 0.03 0.219 32137.4(5)

Table 4.1: Conversion electron lines for krypton’s 32 keV transition [14].

The most attractive electrons for Project 8 are those in the K line of the krypton spectrum

which have 17.83 keV of energy. This line is a compelling option for calibrating the analysis

chain due to its proximity to the end-point energy of the tritium spectrum.

In this section we first present electron data recorded in a standard candle trapping

geometry. We then use the model built in the last chapter to explain different spectral

features of this CRES signal. Then we show that the best energy resolution can be achieved

in a shallow trap geometry. This specific geometry will prove the potentials of the CRES

technique in high resolution electron spectroscopy.

We then present our investigation for finding the best trapping configuration. The ideal
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trapping configuration should have the potential for trapping the largest number of electrons

(feasible in deeper traps) while providing a satisfactory energy resolution(feasible in shal-

lower traps). We will discuss how these two criteria are incompatible for different trapping

configurations and our strategy in choosing the Final Trap Configuration.

We then present a novel technique in which using electron tracks’ power and slope assists

us to attain a better energy resolution in deeper traps. This technique is based on the

knowledge that we acquired in the last chapter by building a phenomenological model to

characterize the CRES signal in a waveguide.

Finally, we present the data taken utilizing the field shifting solenoid introduced in Sec.

2.4. This data assists us to study the frequency dependent systematics of our complicated

receiver chain, in the frequency range in which we measure the tritium spectrum.

It is also worth mentioning that there is a possibility that the electron events manifest

themselves in a non-trivial topology. These topologies happen when the electron radiate

most of its energy into the secondary peaks of the spectrum. These peaks show up in the

event spectrogram as parallel tracks. These topologies can further complicate the spectrum

analysis chain. However these structures are absent in the phase II spectrograms. There-

fore we present the discussion on sideband analysis in Appx. D. There we will show how

the knowledge we built in the last chapter can assist us to understand these non-trivial

spectrograms.

4.2.1 Spectral Features of the CRES Data

After a track has been reconstructed using the algorithms reviewed in Sec. 4.1, a number

of physical quantities can be extracted. The track’s start-frequency, power, slope, and time

length are the ones that carry the most significant physical information. In this section we

present the data taken with the phase II apparatus. Then we utilize the model built in the

last chapter along with the study of track and event reconstruction algorithms, to describe

the features apparent in the data.

The data presented here is from the K line electrons of krypton’s spectrum recorded in
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the trap coil 3 with a 0.3 A current in the harmonic mode configuration (a.k.a. standard

candle configuration).

To simulate the electron’s CRES signal one needs to have the information about its

energy, radial position, and pitch-angle at the bottom of the trap. Given these quantities the

electron track’s start-frequency, power, and slope can be calculated using the phenomenology

model built in the previous chapter. The effect of reconstruction algorithm is then modeled

using the result of the study presented in Sec. 4.1. This effect includes adding a track-length

dependent Lorentzian error to the track slope and a track-length dependent Gaussian error

to the track power.

The track-length is simulated assuming an exponential distribution with a half-life which

is directly assigned from the data. The reason for this assumption will be discussed shortly.

Next in the final step the track is tagged with either a ”detected” or ”undetected” label

based on its power and track length (Fig. 4.4). It worth mentioning that the last step is

far from ideal. The detectability of a track depends on a more complicated set of quantities

(such as track slope) which we overlook.

To model the other measured quantities, we start with simulating the energy of the

conversion electron with a Lorentzian distribution,

P (E) =
1

π

γ/2

γ2/4 + (E − E0)2
(4.6)

with E0 = 17824 eV and γ = 2.7 eV (Tbl. 4.1). The electron’s radial position follows a

linear distribution

P (ρ) =
2ρ

a2
, (4.7)

where a is the radius of the waveguide. Finally, the electron pitch-angle as it gets emitted

by the krypton atom follows a sinusoidal distribution,

P (θ0) = sin θ0. (4.8)

However to use the equations driven in the last chapter we need to find the value of electron’s

pitch-angle at the bottom of the trap. Eq. (3.10) can be used to extract this information.



91

Figure 4.11: The trapped electron’s pitch-angle at the bottom of the trap.

The local value of the magnetic field and the minimum value of the field traversed by the

electron is needed for this calculation. The axial position of the electron, which follows a

uniform distribution, and its radial positions can be used to estimate the local value of the

magnetic field based on the calculated values for the phase II trap coil geometry (Fig. 2.13).

Furthermore, since the electron’s axial motion does not change its radial position1, neither

does its slow grad-B motion, the minimum of the magnetic field is the minimum of the trap

field at the given radial position. Fig. 4.11 shows the electron pitch-angle value at the

bottom of the trap for the electrons that can be trapped using the phase II standard candle

trap geometry. Given this information the track’s associated quantities can be calculated.

Track length yields the information about the gas pressure and the electron’s cross section

with the residual gas inside the gas cell. Fig. 4.12 shows the track length histograms. Two

distinct features can be noticed in this plot. At large track length (t > 0.5 ms), the counts

follow a pure exponential distribution. This distribution is the result of the electron scattering

off the residual gas. The mean free time of electron can be extracted from this region of

the histogram. Afterward the mean free path can be extracted and it can be related to the

1This is true in the cases that we can ignore the radial component of the magnetic field. This holds when

the background field is much stronger than the trap field.
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Figure 4.12: Track length histogram of the simulated and measured data taken in standard

candle trapping geometry. The track length follows an exponential distribution at larger

values. The missing low track lengths are due to inefficiency of track and event reconstruction

in detecting the short tracks.

pressure inside the gas cell,

λ =
1

nσ
=
kBT

Pσ
, (4.9)

where σ is the electron-ion cross section. The next feature in the track-length histogram is

the inability of the track reconstruction algorithms to detect short tracks. Fig. 4.4 illustrates

this inefficiency in reconstructing these short tracks.

The next important feature is the track power in the spectrogram. The model in the

last section is used here to calculate the track power based on electron’s radial position,
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Figure 4.13: Calculated electron’s power distribution in a standard candle geometry.

pitch-angle, and energy. Fig. 4.13 shows the electron emitted power2 distribution. The

track power empirically follows an exponential distribution.

In the next step the power distribution of detectable tracks is evaluated. Fig. 4.14 shows

the averaged normalized unit power for the electron tracks. As can be seen, the power follows

a gamma distribution,

P (p) =
βα

Γ(α)
(p− p0)α−1e−β(p−p0). (4.10)

The polynomial term in the gamma distribution models the track and event reconstruction

inefficiencies to reconstruct low power tracks. The exponential term fits the probability of

the events to have higher power values. The simulated data has fairly modeled the power

distribution. The differences are most probably due to the non-ideal detectability model.

The track slope can also be calculated using the electron’s radial position and its energy.

As it was shown in the last chapter the total radiated power of an electron is approximately

2The power is the radiation by the electron in one direction. The total radiated power by the electron

are twice the values shown in Fig. 4.13
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Figure 4.14: Normalized power histogram of the simulated and measured data taken in

standard candle trapping geometry. The data follows a gamma distribution given in Eq.

(4.10).



95

Figure 4.15: First track’s slope histogram of the simulated and measured data taken in

standard candle trapping geometry. A 0.07 MHz/ms offset is added to simulated data as

the non-propagating mode’s contribution to slope.

independent of its pitch-angle value. Hence, Eq. (4.2) can be used to find the track slope,

S =
f0

mec2 + E
(2× P0,TE11 + Pnon) , (4.11)

where Pnon is the non-propagating power radiated by the electron. The factor of 2 is added

to include radiation in both directions. Fig. 4.15 shows the result of this simulation and

the measured data. The discrepancy between the simulation and measurement is due to

presence of resonant structures in the slope. We will discuss these effects in more details in

the next section. Here we assume a constant value for radiation into the non-propagating

mode

Snon ≡
f0

mec2 + E
Pnon = 0.07

MHz

ms
. (4.12)

Finally, the track start-frequency which is the quantity used directly in the energy mea-

surement can be calculated. The track start-frequency is equal to the averaged cyclotron

frequency of the electron over a full axial period. The averaged cyclotron frequency can be

deduced by using the information of the electron’s radial position and its pitch-angle at the
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bottom of the trap. Fig. 4.16 represent the data and compares it to the simulation. The

simulated data is fitted with a Voigt distribution with a fixed Lorentzian width given in Tbl.

4.1. The broadening of the line due to the field variation experienced by the electron can be

properly modeled with a Gaussian distribution.

One obvious feature which is absent in the simulation is the tail of the frequency his-

togram. The tail is the result of the combination of the shake-off and shake-up electrons and

the scattering events. The shake-up electrons are the ones which have excited another elec-

tron in the krypton atom orbitals. Therefore they have lost some energy and have a higher

cyclotron frequency. The shake-off electrons are similar to the shake-up electrons with the

only difference that they completely liberated another electron from the krypton shell.

However most events in the tail are caused by electron events for which the first tracks

cannot be detected. A glance at Fig. 4.11 proves that most of the electrons have a small

pitch-angle (∼ 87 degree) in the trap. The radiated power of these electrons is not sufficient

to be detectable. However, a single or multiple scatterings can change the electron pitch-

angle and increase its radiated power so it can be detected. At that time the electron has

lost some of its energy and therefore its cyclotron frequency has increased.

For modeling the line-shape we consider scattering off the krypton and hydrogen molecules

inside the gas cell. The line-shape function is

L =
N∑
n=0

n∑
i=0

(
n

i

)
aρ(1− ρ)nσnγiHγ

n−i
Kr f(i,n−i). (4.13)

Here a is an amplitude and ρ is the probability of detection for any given track. N is the

total number of scattering and i is the number of Hydrogen scatterings. σ is the total cross

section and γH and γKr are the relative contributions of the hydrogen and krypton molecules

in the scattering process. Finally, f(i,n−i) is the electron spectrum after i hydrogen and n− i

krypton scatterings3.

3This model is developed by Yu-Hao Sun (yxs682@case.edu), Nick Buzinsky(buzinsky@mit.edu), and

Eris Machado (emachado@uw.edu).
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Figure 4.16: Start-frequency histogram of the simulated and measured data taken in the

standard candle trapping geometry. The simulation data lacks the frequency tail of the

measurement caused by the scattered events in the trap. A Voigt distribution with a fixed

Lorentzian width is used to fit the simulated data. The line-shape in Eq. 4.13 is used to fit

the measured histogram.

The spectrum before any scattering, f(0,0), is a Lorentzian function with the addition of

the shake-off and shake-up spectrum [54]. The electron energy loss in an electron-hydrogen

scattering, f(1,0), is modeled using the measurement presented in [8]. The electron spectrum

after scattering off the krypton, f(0,1), is from [49]. The higher order scattering functions are

evaluated by convolving these two functions. At the final step this line-shape is convolved

with a Gaussian function to model the energy resolution of the detector. Fig. 4.16 shows

the result of this fit.

4.2.2 High Resolution Spectroscopy with the Shallow Trap Geometry

In the last section we showed how the change in the value of magnetic field in a trap causes

a broadening in the electrons’ frequency histogram. A more precise energy measurement is

hence achievable by employing a shallow trap geometry in which the trapping coil currents

are set to a minimum possible value. This geometry then causes small radial and axial

changes in the magnetic field of the trap. In the specific geometry used in this section,

trapping coil 3’s current is set to 12 mA and trapping coil 4 has a 17.85 mA current (Fig.
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Figure 4.17: The shallow trap geometry used in this section. Trap coils 3 and 4 are used

with their currents at 12 mA and 17.85 mA.

4.174).

Fig. 4.18, 4.19, 4.20, and 4.21 show the frequency histograms of conversion electrons

respectively from K, L, M, and N lines of 83mKr recorded in the shallow trap. These plots

are recorded simultaneously using three distinct channels of the ROACH data acquisition

system. The fits to K, L, and M lines are performed using a Voigt function with a Gaussian

and Lorentzian fixed width σ and γ. For fitting the N2+3 line a double Gaussian fit with

fixed separation and relative intensities is used. The fit is performed solely on the main peak

and the tail events are ignored in the fit.

The central frequencies found in the above fits can be used to check the linearity of the

system over 600 MHz of frequency band. This measurement can also be used to infer the

energy of the krypton’s 32 keV gamma ray.

The measured frequencies follow the known cyclotron frequency relation,

fi =
eB

2π

1

me +
(
Eγ−Ui−Ei(rec)

c2

) , (4.14)

where Eγ, Ui, and Eri are respectively the krypton’s 32 keV gamma energy, the binding

4The plot is by Hamish Robertson (rghr@uw.edu).
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Figure 4.18: The frequency histogram of electrons from the K line of Krypton spectrum

recorded in the shallow trap geometry. The peak is fitted using a Voigt distribution with a

fixed Lorentzian width. The value for the central frequency and the Gaussian width of the

Voigt function are given in the legend box.

Figure 4.19: The frequency histogram of electrons from the L2 and L3 lines of Krypton spec-

trum recorded in the shallow trap geometry. The peaks are fitted using Voigt distributions

with fixed Lorentzian widths. The value for the central frequencies and the Gaussian widths

of the Voigt functions are given in the legend box.
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Figure 4.20: The frequency histogram of electrons from the M2 and M3 lines of Krypton

spectrum recorded in the shallow trap geometry. The peaks are fitted using Voigt distribu-

tions with fixed Lorentzian widths. The value for the central frequencies and the Gaussian

widths of the Voigt functions are given in the legend box.

Figure 4.21: The frequency histogram of electrons from the N2+3 lines of Krypton spectrum

recorded in the shallow trap geometry. The peak is fitted using a Gaussian distribution due

to negligible natural linewidth. The value for the central frequency and the Gaussian width

are given in the legend box.
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energy of the ith line, and the recoil energy for the ith line. The values for the binding energy

of the lines and their corresponding recoil energy are from Tbl. 4.1.

Using the recipe presented in Appx. E one can build a chi-square to include the errors

in the binding energy,

χ2 =
∑ (

fi − e
2πm

B

(1+ 1
mc2

(Eγ−Ui−Ei(rec)))
2

)2

σ2
fi

+ σ2
Ui

(
e

2πm

)2 B2/m2c4

(1+ 1
mc2

(Eγ−Ui−Ei(rec)))
4

. (4.15)

The magnetic field and the 32 keV gamma energy are the two free parameters that can be

found by minimizing the chi-square. Fig. 4.22 shows the result of this minimization with

the values of magnetic field and the 32 keV gamma energy reported in the legend box.

The best estimate of the 32 keV gamma energy is from [14],

Eγ = 32151.7± 0.5 eV (D.Venos et. al.). (4.16)

This value is in agreement with our estimation,

Eγ = 32153.6± 2.4 eV (this work). (4.17)

4.2.3 Trap Configuration

The gas cell design for the second phase of Project 8 experiment is facilitated with five

trapping coils (Fig. 2.11). These trapping coils can generate both the “Harmonic” and

“Bathtub” trapping geometries. Finding the optimal geometry requires some investigation

into the spectral features of the electrons in each configuration. Electron count rate and

energy resolution are the most important aspect of an ideal trapping geometry.

A brief study of different bathtub geometries fails to meet any of the desired criteria.

Therefore this geometry is not studied in more comprehensive investigations. Trap coil

5 also fails to trap any electron at any currents lower than 500mA. The reason can be

understood by reviewing the background magnetic field shown Fig. 2.2. Trap coil 5 resides

in upper regions of the magnet bore where there is a steep fall in the value of background
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Figure 4.22: The measured frequencies vs. the known energy values of the krypton spectrum’s

main lines. The red line is a fit using the cyclotron frequency relation with floating magnetic

field and gamma energy values.
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Figure 4.23: Electron count rate in trapping coils 1-4 each powered with different trapping

currents. An hour of data is recorded for each point.

field. Therefore generating a valley in the magnetic field is not possible with the conventional

current values used in trapping coils.

Thus, the trap config search is narrowed to using the first four trapping coils. We used

currents of less than 500 mA to avoid overheating the gas cell and trapping coils. Six hours

of data is recorded for each trap in six different trap depth of 12.5 mA, 25 mA, 50 mA,

100 mA, 300 mA, and 500 mA. The count rate for different trap coils at different depths is

shown in Fig. 4.23. The count rate increases with trap depth for all of the trapping coils.

This is due to the deeper trapping coils capability for confining larger ranges of electron

pitch-angles (see Eq. (3.11)). The count rates for different trapping coils also depend on

their position inside the background field.

A satisfactory energy resolution is the next crucial feature of the desired trapping con-

figuration. Fig. 4.24 illustrates how the spectrum’s width increases for all of the trapping

coils with the value of the trapping coil’s current. Since the magnetic field inside a deeper

magnetic trap varies more broadly, electrons with different kinematics observe a more exten-

sive range of the field values. Therefore the electron’s start-frequency spectrum has a larger
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Figure 4.24: Spectrum’s energy resolution for trap coils 1-4 each powered with different

trapping currents. An hour of data was recorded for each point.

width 5.

A comparison between Fig. 4.23 and Fig. 4.24 suggests that the choice of trapping con-

figuration is a trade-off between count rate and energy resolution. One means to increase the

count rate without further compromising the energy resolution is to utilize all the trapping

coils together. This can be achieved by carefully tuning the trapping currents so that the

electrons in different magnetic traps observe similar field profiles. Since the start-frequency

is linearly dependent on the value of the magnetic field which is linearly proportional to the

trapping current, the start-frequency is expected to change linearly with the value of the

trapping coil’s current. Fig. 4.25 exhibits this linear relation between the spectrum’s mean

frequency and the value of trapping coil’s current. The linear fits can be used to align the

start-frequency spectra for electrons in different trapping coils. Note that the negative slope

is due to anti-alignment of harmonic trap fields with the background magnetic field. To

select the currents one needs to find the cross effect of coil currents on the magnetic field of

adjacent traps. The specific geometry of the each coil is used to calculate the coil’s magnetic

field at the position of the other three coils. After including this cross effect the trapping

5This will be discussed in more detail in the next section.
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Figure 4.25: The mean values of electron’s start-frequency spectrum for trap coils 1-4 pow-

ered with different trapping currents. The linear relation is evident for points with enough

statistics.

coil’s currents are selected to be,

I1 = 173.7644 mA

I2 = 248.7516 mA

I3 = 272.4751 mA

I4 = 286.4395 mA.

(4.18)

Fig. 4.266 represent this trap configuration known as Final Trap Configuration (a.k.a. Q-

300).

In the next section we propose a method in which we can use track’s power and slope to

increase the energy resolution without reducing the count rate.

4.2.4 Trapping Systematics

Fig. 3.3 shows how mono-energetic electrons with different pitch-angles at different radii

in the trap give rise to tracks with different start frequencies. The track start-frequency is

6The plot is by Hamish Robertson (rghr@uw.edu).
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Figure 4.26: The final trap configuration. In this geometry four trapping coils are used.

Their current is fine tuned to match the minimum value of the field in each trap. The shape

of the background field is also included in this plot.

the averaged value of electron’s cyclotron frequency over a full axial motion’s period. Since

electrons with lower values of pitch-angle traverse to higher field regions of the trap, their

tracks have higher start-frequencies. Furthermore, electrons at larger radii inside the trap

experience a lower field (see Fig. 2.13) which produces tracks with lower start-frequencies.

Thus, deducing the electron energy from the track start-frequency utilizing a single magnetic

field value causes a systematic effect which reduces the energy resolution in a CRES experi-

ment. Fig. 4.18 and the right panel in Fig. 4.16 show the energy resolution of the Phase II

apparatus for the shallow trap and a deep trap (Itrap = 300 mA) . Fig. 3.3 illustrates that

ignoring the effect of trapping in deducing the electron’s energy leads to a systematic effect

which can widen the detector’s response function by tens of mega-hertz.

In order to correct for the trapping systematic effect, we need to have the knowledge of

the electron’s pitch-angle and radial position. This can be achieved utilizing the track power

and slope.

Eq. 4.2 relates the track slope to the electron’s total radiated power. We proved in Sec.
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3.2 7 that the electron’s total radiated power is independent of its pitch-angle. Hence the

total radiated power is equal to the mode coupling of the electron to TE11 mode of the

waveguide defined in Eq. (3.69) and plotted in Fig. 3.6. Hence the slope is a direct measure

of electron’s radial position.

The track power has also radial position dependency due to the electron coupling’s de-

pendence on the radial position. The track power also depends on the value of electron’s

pitch-angle (Fig. 3.9). In order to construct a radial independent function, the track power

can be divided by its value of slope. Hence the coupling function cancels and a radial

independent quantity is constructed which only depends on the electron’s pitch-angle.

Fig. 4.27 shows the values of slope and main track’s power for the krypton’s L line

conversion electrons in a 300 mA deep trap. An obvious triangular structure can be seen in

this plot. The low power edge is the manifestation of the minimum power cut below which

the tracks cannot be distinguished from the noise. The points on the high slope edge of the

plot belong to the electrons at the center of the trap that have the highest electron coupling

to waveguide mode. The third edge consists of electron tracks for a given slope value that

have the most powerful tracks. These are the electrons that have a 90 degree pitch-angle.

Notice that this line has a non-zero x-intercept, S0. This non-zero value signals the existence

of electron power coupling into the non-propagating modes in the waveguide. Vertical lines

in the plot relate electrons at similar radial position in the trap and the positive slope lines

passing the S0 point connect the electrons with the same pitch-angle value.

To address the trapping systematic effect one can shift the measured track’s start-

frequency based on its value of slope and power. In the first step, we shift the measured

start-frequency using the slope as if the electron was at the center of the trap. Fig. 4.28

shows the slope vs. start-frequency for L line conversion electrons. An obvious edge can

be seen at lower frequencies. This edge consists of electrons with 90 degree pitch-angle for

which the start-frequency has the lowest value. The low slope points are from electrons

7Eq. (3.67)
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Figure 4.27: Track power vs. track slope for electrons from the L line of krypton spectrum

recorded in the standard candle trap geometry. Each point represents a single event. The

vertical lines connect events with similar radial position (ρ). The lines passing the S0 (Eq.

(4.12)) value on the slope axis connect events with similar pitch-angle values.

with smaller electron couplings. These are the electrons closer to the wall of the waveguide.

In a harmonic trap the magnetic field has the lowest value next to the trapping coils and

the wall of the waveguide. Thus these electrons generate tracks with lower start frequen-

cies. By moving to the higher values of slope in the plot one is observing electrons closer

to the center of the trap. The electron coupling increases for these electrons and therefore

the generated tracks have higher slopes. Moreover, the magnetic field increases by moving

toward the center of the trap which causes an increase in the track’s start-frequency. The

magnetic field change with the radius has a parabolic shape. Therefore the start-frequency

which is linearly dependent on the magnetic field also changes parabolically with respect to

the radius. Since the electron coupling to the waveguide mode plotted in Fig. 3.6 can also

be well-approximated with a parabola, the edge in the Fig. 4.28 has a linear form.

In the first step to correct the measured start-frequency, a line is used to find the edge in

Fig. 4.28. This line was then used to shift the measured start-frequency based on the value

of the track’s slope. Fig. 4.29 shows the slope vs. rho-corrected frequency for the same data
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Figure 4.28: Track slope vs. track start-frequency for electrons from the L line of krypton

spectrum recorded in the standard candle trap geometry. The radial structure can be recog-

nized in this plot. The events at larger radii experience a lower magnetic field and hence a

smaller start-frequency. These events also radiate less due to weaker electron’s coupling to

the fundamental waveguide mode. Thus these events also have a lower slope value.

previously shown in Fig. 4.28. The rho-corrected start-frequency is the frequency that the

electron track would have had if it had positioned at the center of the trap.

For finding the pitch-angle corrected frequencies we construct the quantity,

Pnorm(θ) =
P0(ρ, θ)

S(ρ)− S0

, (4.19)

where S0 is the non-propagating mode’s contribution to slope (Fig. 4.27). Fig. 4.30 plots the

Pnorm value vs. rho-corrected start-frequency. The doublet structure 8 is what we expected

in Fig. 4.30. Electrons with higher pitch-angle have higher values of Pnorm and lower values

of start-frequency. A parabola was used to fit the points in Fig. 4.30. The pitch-angle-

corrected start-frequency is then constructed by shifting the rho-corrected start-frequency

along the parabola. Fig. 4.31 shows the same data after applying the pitch-angle correction.

The pitch-angle-corrected start-frequency is the frequency that the electron track would have

8A result of the doublet energy of 83mKr’s L line.
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Figure 4.29: Track slope vs. track rho-corrected start-frequency for electrons from the L

line of krypton spectrum recorded in the standard candle trap geometry. The rho-corrected

start-frequency is the result of a shift applied to the recorded data in Fig. 4.28 to incorporate

the radial variation in the magnetic field. The rho-corrected frequency is the frequency that

these electrons would have radiated with if they had been placed at the center of the trap.
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Figure 4.30: Track Pnorm (Eq. (4.19)) vs. track rho-corrected start-frequency for electrons

from the L line of krypton spectrum recorded in the standard candle trap geometry. The

pitch-angle induced structure is visible in the plot. Electrons with lower value of pitch-angle

experience a larger averaged magnetic field and hence have a higher start-frequency. These

electrons also have a lower Pnorm value.

had if it had been placed at the center of the trap with a 90 degree pitch-angle.

Fig. 4.32 and 4.33 show the histogram for the raw and corrected start-frequencies. The

doublet structure which cannot be seen in the raw data emerges when we apply the correction.

Fig. 4.34 shows the result of applying the same correction to the K line of krypton’s

spectrum. Comparing the energy resolution of corrected start-frequency in Fig. 4.34 with

the raw data plotted in Fig. 4.16 proves that the power-slope correction improves the line

shape FWHM from 54 eV to 34 eV . However, the fine energy resolution of the shallow trap

cannot be reached by using this correction scheme due to the inaccuracy in the measurements

of the track power and slope 9.

9Fig. 4.9 and 4.8
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Figure 4.31: Track Pnorm (Eq. (4.19)) vs. track pitch-angle-corrected start-frequency for

electrons from the L line of krypton spectrum recorded in the standard candle trap geometry.

The pitch-angle correction is the result of a shift applied to the recorded data in Fig. 4.30

to incorporate the pitch-angle variation in the value of averaged magnetic field experienced

by the electron. The pitch-angle-corrected frequency is the frequency that these electrons

would have radiated with if they had been emitted at the center of the trap with a 90 degree

pitch-angle.
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Figure 4.32: Frequency histogram of electrons from the L line of krypton spectrum recorded

in the standard candle trap geometry. The doublet structure is invisible due to the radial

and pitch-angle dependent broadening of the lines.

4.2.5 Field Shifting Solenoid Data Analysis

In section 2.4 we introduced the field shifting solenoid. It was mentioned that this component

was added to the system as a means to study the frequency dependent systematic effects

in the Phase II receiver. This goal is achieved by altering the cyclotron frequency of the

conversion electrons from the K band of 83mKr. The change in the frequency is induced

through a change in the background magnetic field using the solenoid. In this section we

present the analysis performed using the field shifting solenoid data. This analysis helps us

in finding the efficiency curve which is a crucial part of the next chapter’s tritium analysis.

The efficiency curve is the curve which shows how efficiently the electrons are being detected

at any given frequency. It encapsulates the frequency dependent systematics in Phase II

receiver.

The field shifting solenoid data is recorded with five different trap configurations. The
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Figure 4.33: Pitch-angle-corrected frequency histogram of electrons from the L line of krypton

spectrum recorded in the standard candle trap geometry. The doublet structure, with 54 eV

separation, emerges after correcting the recorded frequencies for the radial and pitch-angle

dependent variations of the magnetic field in the trap.
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Figure 4.34: Pitch-angle-corrected frequency histogram of electrons from the K line of kryp-

ton spectrum recorded in the standard candle trap geometry. Comparing this plot with the

right plot in Fig. 4.16 proves a ∼ 30 eV improvement in the energy resolution.

main set uses the Final Trap Configuration (4.18) (a.k.a. Q-300). This trap configuration is

the main configuration with which the tritium data will be studied. This data is recorded

with the field shifting solenoid’s current changing from ∼ −1 A to ∼ 1A in 23 mA steps.

Fig. 4.35 represents the change of the krypton’s K line spectrum, recorded using the

Q-300 trap configuration, with field shifting solenoid’s current. The frequency shown in this

plot is the result of a fit to the krypton spectrum at each field shifting solenoid’s current

value. The frequencies are linearly dependent on the value of the current. This relationship

is expected since the electron’s cyclotron frequency changes linearly with the value of the

magnetic filed, which has a linear relationship with the field shifting solenoid’s current.

The other four trap configurations are the individual traps used in the Final Trap Con-

figuration (4.18). The data recorded with these individual traps will assist us to study the

efficiency curve.

Track power and slope are the two major factors shaping the efficiency curve. To that
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Figure 4.35: The central frequency of the krypton’s K line spectrum plotted vs. the field

shifting solenoid’s current. The frequencies are following a linear relationship with the current

values.
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Figure 4.36: The Slope vs. start-frequency for the field shifting solenoid’s data taken in the

Final Trap Configuration (Eq. 4.18). Each point represents a single electron event.

end we need to investigate the track power and slope structure of the data taken with the

aid of the field shifting solenoid over the frequency range of interest.

Fig. 4.36 shows the track’s slope vs. start-frequency for the Q-300 field shifting solenoid’s

data. Each point represents a single electron event. The most apparent structure in the slope

plot is a number of sharp peaks at different frequencies. The presence of these structures

can be explained with the knowledge we built in the previous chapters.

It was mentioned in section 2.2 that electrons in the circular waveguide couple to the

TE11 and TM01 modes of the circular waveguide. However it is the TE11 mode that can

propagate to the amplifier stage and determine the track power. Fig. 4.37 shows the track

power vs. start-frequency in the same configuration as in Fig. 4.36. It is obvious that the

sharp structures in the slope plot are absent in the power plot. Hence the changes in the

slope cannot be associated with the TE11 mode.

The TM01 mode on the other hand, cannot propagate in the WR-42 waveguide . There-

fore it reflects back and forms resonant structures in the gas cell. These resonant structures

alter the electron coupling’s to TM01 mode and therefore change the track’s slope. A more

cautious inspection of the large peaks in Fig. 4.36 reveals a multi-branch structure in the
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Figure 4.37: The normalized power vs. start-frequency for the field shifting solenoid’s data

taken in the Final Trap Configuration. Each point represents a single electron event.

slope. Comparing the plot in Fig. 4.36 with the single trap plot in Fig. 4.38 proves that

the branches are formed by electrons in different traps. This effect can be explained by

considering the axial dependency of electron’s coupling to the resonant structure of TM01

mode in different traps.

Although the power does not exhibit the sharp structures that are present in the slope

distribution in Fig. 4.36, a gradual change in the high value envelope of the track power

distribution is observable in Fig. 4.37 10. To quantify this change, the frequency range is

divided into 2 MHz wide bins. Next, track power at each frequency bin are fitted with the

gamma function as it was explained before.

Fig. 4.39 shows how the average value of the fitted gamma function changes with fre-

quency. In order to explain this pattern one needs to investigate the track power change of

each of the four traps individually.

Fig. 4.40 illustrates how the averaged track power varies with frequency for the four single

trap data. To model the power variation in the single traps we need to consider the places at

10The lower limit on the power is rooted in the track reconstruction algorithms. Therefore a frequency

dependent change is not expected with regard to this lower cut.
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Figure 4.38: The Slope vs. start-frequency for the field shifting solenoid’s data taken in the

single coil traps 2 and 3. Each point represents a single electron event.

Figure 4.39: The averaged power from the fitted gamma distribution to the tracks’ normalized

power as a function of the frequency. The data is taken in the final trap configuration.



120

Figure 4.40: The averaged power from the fitted gamma distribution to the tracks’ normalized

power as a function of the frequency. The data taken in trap coils 1-4 are shown. The fit

is performed with the use of the function in (4.20) which models the interference pattern

caused by reflection off the lower window and the terminator.

which the R.F. power can reflect back and make an interference pattern. The lower window

and the terminator are the only two places below the gas cell which can cause an interference

pattern traveling upward toward the amplifier stage. In the last chapter we worked out the

effect of a perfect reflector on the power spectrum. The effect of two physical reflectors on

the power spectrum can be modeled by multiplying the power with the reflection factor,

Qr(f) = a1 + a2 cos 2kl + a3 cos 2k (l − l0), (4.20)

in which k, l, and l0 are respectively the wave-number, the axial distance between the center

of the trap and the terminator, and the distance between the terminator and the lower

window. The fits presented in Fig. 4.40 are performed using this function to simultaneously

explain the power behavior of all the four traps.

The next step in this analysis is to relate the power to the number of electron counts in

each trap. Fig. 4.13 shows that the radiated cyclotron power from the trapped electrons
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follows an exponential distribution,

PP (p) = βe−βp. (4.21)

The power distribution in the interference pattern caused by the reflections can be calculated

using the above distribution. The track powers are multiplied by the factor in Eq. (4.20)

and hence,

PQr·P (p) =
β

Qr

e−
β
Qr

p. (4.22)

The number of detectable tracks can be deduced by modeling the track and event recon-

struction as a simple cut in the power. In this simplistic model the tracks are detectable if

their power is above a given threshold, P0. Therefore the number of counts are,

N = N0

∫ ∞
P0

PQr·P (p) dp

= N0

∫ ∞
P0

β

Qr

e−
β
Qr

p(p) dp

= N0e
− β
Qr

P0 ,

(4.23)

in which N0 is the total number of trapped electrons. Next we need to estimate the averaged

track power for any given reflection factor, Qr. The same assumption in the derivation of

the number of counts in Eq. (4.23) can be used here to find the averaged power,

P =
N0

N

∫ ∞
P0

p PQr·P (p) dp

=
N0

N

∫ ∞
P0

p
β

Qr

e−
β
Qr

p(p) dp

= P0 +
Qr

β
.

(4.24)

The two derived relations in Eq. (4.23) and (4.24) can be used to relate the number of

counts to the averaged power by substituting the Qr
β

factor. The result is a function relating

the number of counts to the averaged power,

N(P ) = N0 e

1

1− P
P0 . (4.25)
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Figure 4.41: Normalized count rate as a function of averaged track power. The fit is per-

formed with the use of the function in Eq. (4.25).

Fig. 4.41 shows the normalized count rate vs. the averaged power plotted in Fig. 4.40. The

fit is performed using the function in Eq. (4.25) using the technique introduced in Appx. E to

include the errors in the mean power. The points with lower count rate than expected belong

to the frequencies at which a large TM01 resonant structure is present. In these frequencies

a higher value of the slope reduces the number of detectable tracks. The dependency of the

track and event reconstruction efficiency on the track’s slope is represented in Fig. 4.5.

The two functions introduced in Eq. (4.25) and Eq. (4.20) provide enough information to

predict the count rate in the field shifting solenoid’s single trap data sets. Fig. 4.42 shows the

prediction made using these two functions. The deficit in the count rate at ∼ 25830 MHz

and ∼ 25930 MHz are modeled with a Lorentzian function. This function is used because

of the Lorentzian shape of a resonant mode. The count rate deficit in the second trap coil

at ∼ 25860− 25870 MHz has an irregular shape and hence a linear interpolation is used to

model it. The fall of the count rate at low frequencies is also expected. This can be explained

by recalling that there are no krypton spectrum recorded at lower frequencies (higher field

shifting solenoid currents 4.35). Hence the number of krypton lines with different field

shifting solenoid currents contributing to the count rate at lower frequencies is lower.
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Figure 4.42: Normalized count rate as a function of frequency. The prediction is made with

the use of the functions in Eq. (4.25) and Eq. (4.20). The deficit in the count rate is caused

by the high slope of the tracks in the frequencies where a strong TM01 resonant mode is

present.

At this point we have established a framework that can predict the power and efficiency

curve for the Q-300 trap configuration. For predicting the averaged power we use a weighted

sum of the averaged power in each trap using Eq. (4.25) and Eq. (4.20),

P =

∑4
i=1 Pi e

1

1− Pi
P0 Si(f)∑4

i=1 e

1

1− Pi
P0 Si(f)

, (4.26)

where Pi is the averaged power in the ith trap and Si(f) is the count deficit in the ith trap

caused by the high slope tracks. Fig. 4.43 illustrates the averaged track power in Q-300 trap

with the prediction made using the Eq. (4.26). The parameters in this equation are deduced

from the fits to single trap data sets.

The efficiency curve can also be predicted using the same framework. Similar to the

averaged power relation in Eq. (4.26), the expected count rate is,

N = N0

4∑
i=1

e

1

1− Pi
P0 Si(f). (4.27)
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Figure 4.43: Averaged track power as a function of frequencies in Q-300 trap geometry. The

prediction is made with the use of Eq. (4.26).

Fig. 4.44 shows the prediction and measured count rate in the Q-300 trap geometry. It is

obvious that the number of counts is less than expected.

The difference between the prediction and measured count rate is by no means surprising.

The count rate in the Q-300 trap geometry should be less than the combined count rate of

the three individual traps. The reason is the cross-effect of trap coils on each other. This

cross-effect is changes the shape of the individual traps at larger radii and axial positions

farther from the center of the trap. Therefore the effect is enhanced for the bins with higher

averaged power. The reason is that the higher averaged power bins can detect electrons at

larger radii with smaller pitch-angles. These electrons are the ones which are affected the

most with the cross-effect between traps. We use a simple line to model this effect and fix

the deficit in the count rate. The corrected prediction is shown in Fig. 4.45.
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Figure 4.44: Normalized count rate as a function of frequency in Q-300 trap geometry. The

prediction is made with the use of Eq. (4.27).

Figure 4.45: Normalized count rate as a function of frequency in Q-300 trap geometry. The

prediction is made with the use of Eq. (4.27). The prediction also includes a linear change

in the count rate to model the cross-effect of the trap coils in the Q-300 trap geometry.
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Chapter 5

TRITIUM SPECTRUM MEASUREMENT AND ANALYSIS

The main objective of the second phase of Project 8 experiment is to measure a tritium

spectrum and to infer an endpoint value and a neutrino mass limit. This chapter is dedicated

to the analysis of the tritium data recorded with the project 8 demonstrator’s apparatus.

Here we present the data analysis of the tritium spectrum. The importance of the cal-

ibration data analyzed in the last chapter will become evident here. The knowledge about

the CRES power spectrum discussed in chapter 3 will also be crucial in analysing the tritium

data.

5.1 Tritium Spectrum

Tritium is a super-allowed beta-decay isotope with an endpoint value of Q = 18575.72 ±

0.07 eV [47]. The relatively low value of the endpoint produces a larger fraction of electron

events with energies close to the endpoint. The super-allowed nature of the nuclear transition

also leads to an energy-independent nuclear matrix element. For tritium the value for this

matrix element is |M2
nuc| = 5.55 [53].

These advantageous features make the tritium a favorable isotope for the direct study of

the neutrino mass. Furthermore, the gaseous state of the tritium in temperatures above 25

K makes it a viable choice for CRES type spectroscopy.

The full spectrum of the tritium can be written as

Rβ(E) =
G2
F cos2 θc

2π3

∣∣M2
nuc

∣∣F (E,Z = 2)peε(E +me)
∑
i

|Uei|2
√
ε2 −m2

νi
Θ(ε−mνi) (5.1)

in which GF , Θc, pe, and E are the Fermi constant, the Cabibbo angle, electron’s momentum,

and the electron’s kinetic energy. ε = E0 − E is the electron anti-neutrino’s energy where
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E0 is the effective endpoint value of the tritium spectrum whose value is 1.72 eV lower than

the Q-value due to the recoil of the T2 molecule [47]. The Fermi function in Eq. (5.1),

F (E,Z) ≈ x

1− e−x
,

x =
2πZα

v/c

(5.2)

where α is the fine structure constant, models the Coulomb interaction of the emitted electron

with the daughter nucleus.

The sum in Eq. (5.1) is over the three mass states of the electron anti-neutrino with

Uei being the elements of Pontecorvo–Maki–Nakagawa–Sakata matrix. In cases where the

experiment’s energy resolution is wider than the mass differences, the spectrum can be

rewritten with an effective value of neutrino mass state where,

m2
β =

∑
i

|Uei|2m2
νi
. (5.3)

The final spectrum used in the analysis of the tritium data is

Rβ(E) = AF (E,Z = 2)peε(E +me)
√
ε2 −m2

β Θ(ε−mνi), (5.4)

where A is an amplitude used as a free parameter in the fit.

5.2 Tritium Data

The ultimate tritium data taking campaign started on December 12th 2019 and finished on

March 18th 2020. Three channels of the ROACH data acquisition system were used simulta-

neously to record electron events in the frequency range of 25820-26010 MHz corresponding

to the energy range of 15.7-19.6 keV (Fig. 5.11). This energy range was chosen to include a

1 keV region beyond the endpoint to illustrate the capability of the CRES type experiment

in recording low background spectra.

Fig. 5.2 shows the gas pressure evolution during this time. It is apparent that the tritium

storage getter has maintained a stable gas pressure. Fig. 2.30 shows the gas composition

1The analysis for this plot has been done by Christine Claessens (claessen@uni-mainz.de).



128

Figure 5.1: The alignment of the three data acquisition channels in the frequency domain.

The channel curves represent the efficiency of the channel in detecting electron events. The

curve is not measured at the frequency edges where the efficiency is lower. The tritium

spectrum shows the relative position of the channels.

recorded in the SRS Residual Gas Analyzer installed near the gas cell during the tritium

data taking (see Fig. 2.21).

During this data taking campaign a total of 5533 electron events were recorded. Fig.

5.3 shows the frequency histogram of the events recorded in each of the three Roach system

channels. To construct the final spectrum we performed a number of frequency cuts for

each channel. This was done to exclude double counting of the events that were registered

with two channels. The frequency cuts are marked in Fig. 5.1 with solid lines. Events in

channel A below 25945.6 MHz, in channel C above 25886.2 MHz, and in channel B below

25886.2 MHz and above 25945.6 MHz were cut. These cuts were also performed to ensure

that the channel efficiency does not play a role in the efficiency curve calculations. A total

number of 4478 unique electron counts survive these frequency cuts. Fig. 5.4 shows the

energy histogram of the final data set.

Fig. 5.5 illustrates the first track slope and start-frequency of the recorded events. The

presence of the resonant structures in the slope is apparent. A comparison with Fig. 4.36
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Figure 5.2: Gas pressure during the tritium run. The pressure is recorded with IG2 (Fig.

2.21).

Figure 5.3: start-frequency histogram for the electrons recorded in the three channels of the

Roach data acquisition system.
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Figure 5.4: Energy histogram of the electrons after applying the appropriate frequency cuts

to the events in the three channels of the data acquisition system. The efficiency curve

multiplied by the beta-decay spectrum is shown with the corresponding uncertainties. The

efficiency curve below 15.7 keV is not known due to the unknown channel efficiency.

proves that the resonant structure in the tritium data is identical to the ones discovered with

the frequency systematics study performed with the field shifting solenoid.

Fig. 5.6 presents the first track power and start-frequency of the tritium events. It was

shown in the last chapter that the track power plays a major role in shaping the efficiency

curve. One important effect that needs to be accounted for is that the electron’s coupling

to the waveguide mode is different for the krypton and the tritium data. In the case of

the systematic study performed with the field shifting solenoid the energy of the conversion

electron does not change. The frequency change is caused through a change in the background

field induced by the field shifting solenoid. However, the beta electrons from the tritium

have different energies in a constant magnetic field. Thus the cyclotron frequency of the

beta particles vary due to their energy variations. The electron coupling to the waveguide

for these two cases can be calculated using Eq. (3.69). Fig. 5.7 presents the result of

this calculation. As expected, tritium events with energies above the krypton’s conversion

electrons couple more strongly to the waveguide mode while the lower energy electrons have
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Figure 5.5: Slope vs. start-frequency for electrons recorded in the three channels of the

Roach data acquisition system.

a weaker coupling. We will use this calculation in the next section to modify the efficiency

curve calculation of the last section for the tritium spectrum.

5.3 Efficiency Curve

In the last chapter we showed how the power changes due to reflection from the terminator

and the lower window and the resonant structures in the slope shaped the efficiency curve.

In the last section we mentioned that the slope structures are similar in tritium and krypton

data. However to modify the efficiency curve for the tritium data the electron coupling

difference needs to be incorporated.

Eq. 4.24 shows how the reflection factor modifies the power in the systematic study

performed with the help of the field shifting solenoid. The reflection is a spectral feature

which is present independent of the gas type or the energy of the electron. To find the tritium

power we added a factor Qtr which is the ratio of the tritium coupling to the waveguide mode
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Figure 5.6: Normalized power vs. start-frequency for electrons recorded in the three channels

of the Roach data acquisition system.

Figure 5.7: Comparison of the radiated power of krypton’s conversion electrons in a varying

background field with the radiated power of beta electrons at different energies.
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to that of a krypton at a given frequency 2. Hence for the tritium power we get,

P̄tr = P0 +
QtrQr

β
. (5.5)

Comparing this equation to Eq.(4.24) helps us to find the modification we need for the

tritium data efficiency curve calculation, where

P̄tr = P0 +Qtr · (P̄kr − P0). (5.6)

Modifying the efficiency curve calculation presented in the previous chapter with this

equation produces the efficiency curve for the tritium data. Fig. 5.4 presents the tritium

data with the tritium spectrum multiplied by the efficiency curve. We do not include the

very high frequency events above 26012 MHz in our analysis due to the unknown efficiency

of the ROACH system channels at higher frequencies.

5.4 Line-Shape

In section 4.2.1 we studied the spectral features of the CRES signal using the krypton con-

version electrons. We used a complex line-shape model, presented in Eq. (4.13), to fit the

frequency spectrum. For modeling the line-shape for the beta electrons from the tritium

spectrum we start with the same model. The most significant difference is the gas compo-

sition inside the gas cell. The background during the tritium data taking mainly consists

of tritium and helium gases with an insignificant amount of krypton pressure. However the

exact gas composition is not known for the tritium run and hence a number of different

scenarios are used to find the appropriate line-shape. The gas composition uncertainty is

then translated into the parameters of the line-shape.

The model in Eq. 4.13 needs to be convolved first with a Gaussian to model the finite

energy resolution of the receiver, and then with the tritium spectrum in Eq. (5.4) for

evaluating the expected spectrum. For energy resolutions wider than 30 eV, the result of the

convolution with f(n,0) functions can be approximated with Gaussian functions. The mean

2Qtr is the result of dividing the red curve in Fig. 5.7 by the blue curve.
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and the standard deviation of these Gaussian functions are estimated by using empirical fits

to simulated data using the exact model presented in Eq. (4.13),

σn = P0n + P1n · FWHM

µn = P2n + P3n · ln(FWHM − 30),
(5.7)

where the FWHM is the energy resolution of the system in eVs. The four coefficients are

evaluated by fitting to fake events generated by our simulation package [20]. The result is

the simplified line-shape where 3

L =
N∑
n=0

N0P
nGn(−µn, σn). (5.8)

Comparing this simplified line-shape with Eq. (4.13) can relate the quantities of this model

to the physically motivated coefficients. Thus N0 = aρ is the amplitude multiplied by the

probability of track detection. Moreover, P = (1 − ρ)σγH is the probability that the first

track is not detected and the electron has scattered once after that. This coefficient is named

Survival Probability. Fig. 5.8 shows the line-shape with the inclusion of 20 scattering with a

36 eV wide energy resolution.

To find the two parameters of the line-shape model, the survival probability and the

energy resolution, a fit is performed to a krypton data set taken after the conclusion of the

tritium data campaign. This calibration data set is recorded with the exact same final trap

configuration. To propagate the uncertainty on the gas composition five slightly different

compositions are used to fit the data. These compositions are based on the residual gas anal-

yser data taken during the krypton run. The difference between the concluded parameters

is assigned to the uncertainty for the parameters of the fit.

The energy resolution uncertainty also has a contribution from the krypton systematic

study performed with the field shifting solenoid. The energy resolution distribution in the

field shifting solenoid data is added to incorporate any change in the frequency region of

3This model is developed by Xueying Huyan (xueying.huyan@pnnl.gov).
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Figure 5.8: Simplified Line-shape function according to Eq. (5.8) with the given parameters.

The line-shape is normalized and hence the y-axis represents the probability density.

interest. The magnetic field is another parameter which is derived from the fit to this data

set. The result of this study is presented in Tbl. 5.1 4.

Parameter Value Uncertainty

Survival Probability 0.67 0.11

Energy Resolution 36.5 eV 5.2 eV

Magnetic Field 0.9578095 T 8.5e-6 T

Table 5.1: Line-shape parameters extracted from the krypton systematic data.

5.5 Constructing the Log-Likelihood

To infer the tritium endpoint value and the neutrino mass, we perform a binned analysis.

The Poisson regression method is the technique used for building the log-likelihood due to

4This table is the result of an extensive study by Elise Novitski (en37@uw.edu), Talia Weiss

(tweiss@mit.edu), and Yu-Hao Sun (yxs682@case.edu).
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the Poisson nature of the radioactive decays.

The log-likelihood is,

−2 lnL(n;θ) = −2 ln

(
n∏
i=1

L(ni;µi)

L(ni;ni)

)
= −2 ln

(
n∏
i=1

µnii e
−µi

ni!

ni!

nnii e
−ni

)

= 2
n∑
i=1

[
µi(θ)− ni + ni ln

(
ni

µi(θ)

)] (5.9)

where θ is the set of m parameters, ni are the number of counts in the ith bin, and µi is

the expected number of counts in the ith bin. The L(ni;ni) is a constant factor added to

the log-likelihood which does not change the minimum of the function. The addition of this

extra factor makes the log-likelihood function to asymptotically obey the χ2 distribution

with n−m degrees of freedom [37].

To find the expected number of counts in each bin, first the convolution of the tritium

spectrum with the simplified line-shape introduced in the last section is calculated. We then

apply the tritium efficiency curve to the spectrum. The expected number of counts in each

bin is the average of the resulting curve over a bin size. Fig. 5.9 shows the tritium count

rate at every step of this calculation.

For fitting the spectrum shown in Fig. 5.4 two separate assumptions are used. First,

the neutrino mass is set to zero to measure the endpoint value. The value of the survival

probability and the energy resolution are fixed to the numbers given in Tbl. 5.1. A constant

background rate is also added to the spectrum. The iminuit package is used to minimize the

log-likelihood function. The free parameters in this fit are the amplitude (A), the effective

beta-decay endpoint energy (E0), and the background rate (b). The result of minimizing the

log-likelihood is,

E0 = 18574.1± 17.2 eV

b < 1.72× 10−10 (eV.s)−1 (90% C.L.).
(5.10)

The goodness of the fit can be expressed by stating the −2 lnL = 51.8 for 75 degrees of

freedom.
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Figure 5.9: The tritium raw spectrum, the spectrum with the inclusion of the simplified line-

shape (Fig. 5.8), and the spectrum with the inclusion of both the line-shape and the efficiency

curve. Note that the absolute amplitude of the curve with the efficiency is exaggerated for

comparison.

In the second scenario a non-zero neutrino mass is added to the model. The values for

the survival probability and the energy resolution are fixed again. The resulting parameters

from the log-likelihood minimization in this case are,

E0 = 18580.2± 23.2 eV

m2
β = 4020+17000

−82000 eV
2 (90% C.L.)

b < 1.76× 10−10 (eV.s)−1 (90% C.L.).

(5.11)

The minimum of the log-likelihood function for the fit is −2 lnL = 51.6 for 74 degrees of

freedom.

5.6 Systematic Effects

The main systematic effects in this analysis are the uncertainty in the survival probability

coefficient of the simplified line-shape model in Eq. (5.8), the energy resolution uncertainty,

the background field uncertainty, and the uncertainty in the efficiency curve. In order to

study these systematic effects a number of fake experiments with large statistics are run. The
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Figure 5.10: Result of the fake experiment runs for the study of the survival probability

effect on the endpoint measurement. Each point represents a single fake experiment with

the given survival probability. The endpoint is extracted with the fixed value of the survival

probability given in Tbl. 5.1. A linear fit is used to fit the points.

value of the parameters under study is altered during each experiment. The log-likelihood is

then constructed and minimized with the fixed values in Tbl. 5.1 to study the effect of the

miss-assignment of the parameter on the endpoint and the neutrino mass measurements.

Fig. 5.10 shows the result of this study for the survival probability in the simplified line-

shape. Each point in this plot represents a single fake experiment run with the given survival

probability. The value of the magnetic field and the energy resolution parameters are fixed

with the numbers provided in Tbl. 5.1. As can be seen, the uncertainty in the survival

probability leads to a miss-calculation of tritium endpoint energy. To find the systematic

uncertainty effect of survival probability the endpoint energy change corresponding to the

uncertainty of the survival probability presented in Tbl. 5.1 is calculated. The result is

shown in Tbl. 5.2.

The same technique is used to find the systematic effects of the magnetic field and the

energy resolution in Fig. 5.11 and 5.12. Tbl. 5.2 gives the result of these studies. To

calculate the contribution of the efficiency curve uncertainty to the systematics, similar plots
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Figure 5.11: Result of the fake experiment runs for the study of the magnetic field effect on

the endpoint measurement. Each point represents a single fake experiment with the given

magnetic field. The endpoint is extracted with the fixed value of the magnetic field given in

Tbl. 5.1. A second degree polynomial is used to fit the points.

are generated to find the changes in the endpoint energy with respect to the parameters in

the efficiency curve. These parameters are a1, a2, b, and l1− l4 from Eq. (4.20) and P0 from

Eq. (4.25). The covariance matrix from the fits shown in Fig. 4.40 is used to find the value

reported in Tbl. 5.2. At the end, the different systematic values are added in quadrature to

find the final systematic effect.

The final value of tritium endpoint extracted with the inclusion of the systematic and

statistical uncertainty is,

E0 = 18574.1± (17.2)stat. +
(
+12.5
−21.1

)
sys.

eV. (5.12)

Tbl. 5.3 shows the result of a similar study for the model with the neutrino mass.

These systematic uncertainties can be added to the statistical uncertainty to conclude a

mass-squared value. However this simplistic method ignores the fact that the mass-squared
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Figure 5.12: Result of the fake experiment runs for the study of the energy resolution effect

on the endpoint measurement. Each point represents a single fake experiment with the given

energy resolution. The endpoint is extracted with the fixed value of the energy resolution

given in Tbl. 5.1. A line is used to fit the points.



141Effect σ(E0) eV

Survival Probability +10.2
−19.8

Magnetic Field 7.2

Energy Resolution 0.1

Efficiency Curve 0.9

Total +12.5
−21.1

Table 5.2: Systematic effects on the tritium endpoint energy measurement.

cannot have negative values. This prior knowledge can be used to find the mass-squared

confidence interval. To do this the method introduced in [39] has been used.

Fig. 5.13 shows the plot resulted from applying this technique. The real value of the

mass-squared is represented in the y-axis while the estimated value is drawn on the x-axis.

The maroon region is representing the 90% confidence interval with only the statistical

uncertainty included. The systematic uncertainty is then calculated to add the navy band.

The confidence interval is the vertical distance in the band at the value of the neutrino mass-

squared found from log-likelihood minimization in Eq. (5.11). The final result is an upper

bound for the electron neutrino mass,

mβ < 146 eV (90% C.L.). (5.13)
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Effect σ(m2
β) eV 2 (90% C.L.)

Survival Probability +2700
−5700

Magnetic Field 1500

Energy Resolution 600

Efficiency Curve 700

Total +3200
−6000

Table 5.3: Systematic effects on the neutrino mass measurement.

Figure 5.13: Confidence interval for the neutrino mass-squared values. The y-axis is the

real value and the x-axis shows the estimated parameter. For any given estimation of the

mass-squared the 90% confidence interval can be found using the vertical line with the given

estimation x-value. The vertical dashed line represents the value[?] from the log-likelihood

minimization in Eq. 5.11.
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Chapter 6

CONCLUDING REMARKS

A decade after the proposal of the CRES technique, project 8 collaboration has measured

the first tritium spectrum. The success of the second phase of the experiment paved the road

for project 8 collaboration to construct the next generation of the neutrino mass measurement

experiments.

The major challenge in the next phase of the experiment is the detection of the cyclotron

radiation with an antenna array. This new detecting scheme requires major efforts starting

from the design and construction of the new gas cell. Developing an updated phenomeno-

logical model for the free-space cyclotron radiation is also required. These upgrades will

necessitate a revised data analysis chain.

The success of the project 8 in the second phase of the experiment has its effect on

other areas of nuclear physics. This new technique can be used by other collaborations for

measuring electron energies. Testing the noble element atomic energy levels and photoelectric

cross sections and the measurement of helium-6 spectrum are two examples of proposed

projects which can use CRES [31].

We finish this work by suggesting a number of changes that can assist other experiments

in their design and construction. Some of these proposed upgrades can also be used in the

next phase of the project 8 experiment.

6.1 Possible Improvements

6.1.1 Improving the Signal to Noise Ratio

As it was explained in Chapter 2, a terminator was used to absorb half of the radiated

cyclotron power of the electron. This was done to minimize the effect of reflection in the
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CRES spectrum. An alternative technique can be used to detect the full radiated power

without the challenges of the interference.

One possible solution is to employ two sets of antennas to detect the radiated power of

electrons emitting in both directions in the waveguide. Two RF circulators are needed to

stop the amplifier noise from re-emission to the gas cell.

One other advantage of using two sets of antennas is the better detection of the Doppler

effect. Detecting the radiation in both directions with proper time resolution can measure

the blue-shifted and red-shifted frequencies. This can be used to find the axial frequency of

the electron which is an extra piece of information that can provide better energy resolution

by determining the electron pitch-angle.

6.1.2 Improving the Gas System Design

Throughout the operation of the phase II gas system we encountered a number of challenges.

One of these challenges was the ever growing background pressure from helium-3. Helium-3

is the daughter nucleus remnant of the tritium beta decay.

There existed two main sources of helium-3. First, the tritium molecules deposited on the

walls of the gas system as the storage getter was loaded with 2 Ci of tritium, were releasing

a considerable amount of helium-3. Second, the tritium molecules in the storage getter also

release a substantial amount of helium-3 after they beta decay.

To minimize this background pressure a number of improvements can be made in the

next phases gas systems.

� Make the source closer to the storage getter to minimize the exposed surface to the

high pressures of tritium during the loading process.

� Separate the storage getter from the operation getter. This can help to minimize the

background pressure of helium-3 released from the getter during the operation. The

operation getter can be reloaded with tritium in the storage getter.
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� Add a high resolution residual gas analyzer close to the gas cell. This can help to

better understand the gas composition inside the gas-cell.

6.1.3 Miscellaneous

It was mentioned in Chapter 4 that the use of shallow traps can help us achieving great energy

resolution. A flat background field is a requirement for reaching sub-eV energy resolutions.

These resolutions are achievable with the use of super shallow traps that minimize the trap

field variations. The super shallow traps can operate only in the presence of a flat background.

The last suggestion is related to the resonant structures shown in Fig. 4.36. These

structures can be avoided by using a smaller radius of the circular waveguide. The smaller

radius results in a higher cut-off frequency for the TM01 mode in the circular waveguide.

Hence the radiated power of the electrons does not couple to this mode and hence the

resonant structure vanishes.
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Brent A VanDevender, Laura E Vertatschitsch, Megan Wachtendonk, Jonathan Wein-
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[36] W. Orthmann L. Meitner. Über eine absolute Bestimmung der Energie der primären
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Appendix A

ELECTRON’S MOTION IN A NON-UNIFORM MAGNETIC
FIELD

In this appendix we present the solution to electron’s motion in a non-uniform magnetic

field. Here we assume that the range of changes in the magnetic field, L, is much larger than

the cyclotron radius of the electron, ρc = γmv0
eB0

. To keep track of the term’s magnitude, we

first perform a transformation

B̃ = B(r)/B0,

t̃ = v0t/L,

r̃ = r/L,

(A.1)

where v0 is the initial velocity of electron and B0 is the value of the magnetic field strength

averaged over a cyclotron period. With this transformation, the Lorentz force in Eq. 3.1 can

be written as
d2r̃

dt̃2
=
L

ρc

dr̃

dt̃
× B̃(r̃). (A.2)

Following Eq. 3.3 the normalized gyration radius and velocity can be written as

r̃ = R̃(t) + ρ̃(R̃, Ũ, t, φ),

ṽ = Ũ(t) + ũ(R̃, Ũ, t, φ).
(A.3)

The periodicity condition (Eq. A.4) is also valid for the normalized gyration radius and

velocity,

〈ũ〉 = 〈ρ̃〉 = 0. (A.4)
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We can now expand normalized functions in Eq. (A.3) in terms of ε ≡ ρc/L,

R̃ = R̃0(t) + R̃1(t) +O(ε2)

ρ̃ = ρ̃0(R̃, Ũ, t, φ) + ρ̃1(R̃, Ũ, t, φ) +O(ε2)

Ũ = Ũ0(t) + Ũ1(t) +O(ε2)

ũ = ũ0(R̃, Ũ, t, φ) + ũ1(R̃, Ũ, t, φ) +O(ε2).

(A.5)

From the definition of ṽ and the periodicity condition we get

dR̃n

dt̃
= Ũn, (A.6)

and therefore,

dρ̃n

dt̃
= ũn. (A.7)

To rewrite similar expansion for the angular frequency of cyclotron motion, we note that

ωc ∼ 2π/T̃ ∼ 2πL/ρc ∼ 1/ε. Hence

dφ

dt̃
=

1

ε
ω−1(R̃, Ũ, t̃) + ω0(R̃, Ũ, t̃) +O(ε). (A.8)

We can now solve Eq. (A.2) for terms with similar ε order. For the lowest order (O(1/ε))

we get

ω−1
∂ũ0

∂φ
= ũ0 × B̃ + Ũ0 × B̃. (A.9)

Applying the continuity condition results in

Ũ0 × B̃ = 0. (A.10)

This means that the 0th order velocity is parallel to field (Ũ0 = Ũ0‖b̃). However this term is

undetermined at this order. Subtracting Eq. (A.10) from (A.9) gives

ω−1
∂ũ0

∂φ
= ũ0 × B̃. (A.11)

The solution to this equation can be found by constructing a standard basis (e1, e2, b̃ ≡

B̃/B̃),

ũ0 = c + ũ⊥

[
e1 sin(B̃φ/ω−1) + e2 cos(B̃φ/ω−1)

]
. (A.12)
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The periodicity condition requires ω−1(R̃, Ũ, t̃) = B̃ and c = 0. Also from the normalization

we have ũ⊥ = v0
v0

= 1. Therefore the phase evolution can be found to the first order in ε by

solving Eq. (A.8),

φ(t̃) =
B̃

ε
t̃+ φ0

=
eB(t)

γm
t+ φ0

= Ωct+ φ0.

(A.13)

To find ρ we use the lowest order in Eq. (A.7),

1

ε
ω−1

∂ρ̃0

∂φ
= ũ0. (A.14)

Integrating over Eq. (A.14) gives,

ρ̃0 = ρ̃c [−e1 cos(Ωct+ φ0) + e2 sin(Ωct+ φ0)] , (A.15)

where ρ̃c = ε
B̃

. Note that periodicity condition requires no constant in the solution.

These terms can be rewritten in the unnormalized coordinate,

ρ0 = ρc [−e1 cos(Ωct+ φ0) + e2 sin(Ωct+ φ0)]

u0 = v0 [e1 sin(Ωct+ φ0) + e2 cos(Ωct+ φ0)] ,
(A.16)

in which ρcΩc = v0.

Now let us consider the second order set of terms in ε,

dU 0

dt̃
+
du0

dt̃
+ ω0

du0

dφ
+ ω−1

du1

dφ
=

1

ε

[
(U 1 + u1)× B̃ + (U 0 + u0)× (ρ̃0 ·∇)B̃

]
(A.17)

Applying the periodicity condition reduce Eq. (A.17) to,

dŨ 0

dt̃
=

1

ε

[
Ũ 1 × B̃ + 〈ũ0 × (ρ̃0 ·∇)B̃〉

]
(A.18)

Replacing the 0th order solution from Eq. (A.15) and Eq. (A.12), we can show

〈ũ0 × (ρ̃0 ·∇)B̃〉 =
ρ̃c
2

[
e1 × (e2 ·∇)B̃ − e2 × (e1 ·∇)B̃

]
. (A.19)
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Calculating the first term in this equation gives

e1 × (e2 ·∇)B̃ = (e2 × b̃)× (e2 ·∇)B̃

= b̃(e2 · (e2 ·∇)B̃)− e2(b̃ · (e2 ·∇)B̃)

= b̃(e2 · (e2 ·∇)B̃)− e2(e2 ·∇B̃).

(A.20)

In which we make use of

b̃ · (e2 ·∇)B̃ = b̃ · (e2 ·∇)(B̃b̃)

= B̃
(
b̃ · (e2 ·∇b̃)

)
+ b̃ · (e2 ·∇B̃b̃)

=
B̃

2
e2 ·∇(b̃ · b̃) + (e2 ·∇B̃)(b̃ · b̃)

= e2 ·∇B̃,

(A.21)

Since b̃ · b̃ = 1. The same line of reasoning can be made to show

e2 × (e1 ·∇)B̃ = −b̃(e1 · (e1 ·∇)B̃) + e1(e1 ·∇B̃). (A.22)

Adding the Maxwell equation for magnetic field’s divergence,

∇ · B̃ = (e1 ·∇)B̃ + (e2 ·∇)B̃ + (b̃ ·∇)B̃ = 0, (A.23)

results in

2

ρ̃c
〈ũ0 × (ρ̃0 ·∇)B̃〉 = b̃

(
e1 · (e1 ·∇)B̃ + e2 · (e2 ·∇)B̃

)
− e1(e1 ·∇B̃)− e2(e2 ·∇B̃)

= b̃
(
−b̃ · (b̃ ·∇)B̃

)
− e1(e1 ·∇B̃)− e2(e2 ·∇B̃)

= −b̃(b̃ · ∂B̃
∂s

)− e1(e1 ·∇B̃)− e2(e2 ·∇B̃)

= −b̃∂B̃
∂s
− e1(e1 ·∇B̃)− e2(e2 ·∇B̃)

= −∇B̃.

(A.24)

Hence the second order equation of motion can be written as,

dŨ 0

dt̃
=

1

ε

[
Ũ 1 × B̃ −

ρ̃c
2
∇B̃

]
. (A.25)
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Replacing the value of ρ̃c and going back to the unnormalized quantities gives the equation

for the secular motion,
dU 0

dt
=

e

γm
U 1 ×B −

µ

γm
∇B. (A.26)

Where the magnetic moment vector is defined as

µ =
mγ2v2

0

2B
b (A.27)

It can be shown that magnetic moment is a constant of motion [46]. Utilizing the fact that

U 0 is parallel to the magnetic field, we can solve Eq. (A.26). For the velocity component

parallel to the field we get

γm
dU0

dt
= −µ ·∇B, (A.28)

in which we make use of the fact that b ·db/dt = 0. This equation illustrates that there is an

effective force exerted to the electron via the gradients in magnetic field. This is the basic

force which explains the fundamentals of magnetic trapping. The component of velocity

perpendicular to the field can also be found from Eq. (A.26),

U 1⊥ =
b

Ωc

[
dU 0

dt
+

µ

γm
∇B

]
(A.29)

Replacing the value of U 0 results in,

U 1⊥ =
µ

γmΩc

b×∇B +
U0‖

Ωc

b× db

dt
(A.30)

For a stationary magnetic field we get

db

dt
= γU0‖(b ·∇)b. (A.31)

Replacing this result in Eq. (A.30) gives,

U 1⊥ =
µ

γmΩc

b×∇B + γ
U2

0‖

Ωc

b× (b ·∇)b. (A.32)

In the absence of current in the trap, the second term can be rewritten using the identity,

(b ·∇)b =∇(b · b)− b× (∇× b) = −b× (∇× b)

= −b× 1

B
[∇×B −∇B × b]

=
∇⊥B
B

.

(A.33)
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Therefore the drift velocity can be written as,

U 1⊥ = γ
u2/2 + U2

0‖

BΩc

b×∇B. (A.34)
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Appendix B

PROPERTY OF THE FOURIER COEFFICIENTS IN A
SYMMETRIC TRAP

In a trap where the magnetic field distortion is symmetric with respect to the center of

the trap, we expect the same amplitude of radiation to propagate in both directions in the

waveguide. This means that we need to show that the coefficients in Eq. 3.56 satisfy

|an(−kλ)|2 = |an(kλ)|2 . (B.1)

Two useful expressions in symmetric traps assist us in deriving this relation. The first

one is from the periodicity of the electron’s position, z0, in a symmetric trap, given by

−(z0(t)− zt) = z0

(
t+

Ta
2

)
− zt, (B.2)

in which zt is the axial position of the center of the trap. Furthermore, a symmetric trap

forces the cyclotron frequency to be periodic, with period equal to half of the axial motion’s

period. Therefore the cyclotron phase satisfies

Φc

(
t+

Ta
2

)
= Ω0

Ta
2

+ Φc(t). (B.3)

Utilizing Eq. (B.2) for Φc(t) and Eq. (B.3) to rewrite kλz0(t), we can write

Φc(t)− kλz0(t) = Φc

(
t+

Ta
2

)
− Ω0

Ta
2

+ kλz0

(
t+

Ta
2

)
− 2kλzt.

(B.4)

Therefore we have

eiΦc(t)−ikλz0(t) = e−iΩ0
Ta
2
−2ikλzteiΦc(t+

Ta
2

)+ikλz0(t+Ta
2

). (B.5)
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Using Eq. (3.56), we expand the second exponent to get

eiΦc(t)−ikλz0(t) = e−2ikλzt−iΩ0
Ta
2

∞∑
n=−∞

an(kλ)e
i(Ω0+nΩa)(t+Ta

2
)

= e−2ikλzt

∞∑
n=−∞

(−1)nan(kλ)e
i(Ω0+nΩa)t.

(B.6)

By equating the coefficients with those of the first expression in Eq. (3.58), we arrive at

the form,

an(−kλ) = (−1)ne−2ikλztan(kλ), (B.7)

which is consistent with our expectation of equal power propagating in both directions, since

|an(−kλ)|2 = |an(kλ)|2 . (B.8)
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Appendix C

P0,λ CALCULATION FOR TWO SPECIFIC WAVEGUIDE
GEOMETRIES

The power amplitude, P0,λ, was introduced in Eq. (3.61) as a measurement of an electron’s

coupling to a waveguide mode. The calculation details for two particularly relevant cases

are shown here.

C.0.1 Rectangular waveguide TE10 mode

The first example is the fundamental mode of a rectangular waveguide. For such a waveguide,

with w being its longer dimension (defined to be along the x axis) and h the smaller one

(along the y axis), the electric field has the form

Ey(x) = K cos
(πx
w

)
ŷ. (C.1)

Eq. (3.30) can now be used to find the normalization factor, giving∫
A
K2 cos2

(πx
w

)
dxdy = 1⇒ K =

√
2

wh
. (C.2)

With the normalized field, the expression for P0,TE10 follows from the definition in Eq.

(3.61) and is found to be

P0,TE10 =
Z10e

2v2
0

8

(√
2

wh
cos
(πxc
w

))2

=
Z10e

2v2
0

4wh
cos2

(πxc
w

)
.

(C.3)

C.0.2 Circular waveguide TE11 and TM01 mode

The second example to consider is that of a circular waveguide with radius R. The TE11

mode has the lowest cutoff frequency in a circular waveguide and the associated wavenumber
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is kc = 1.841
R

. This mode consists of two degenerate modes for which the electric field can be

found in [50],

E1ρ(ρ, φ) = K
−iωµ
k2
cρ

cos(φ)J1(kcρ),

E1φ(ρ, φ) = K
iωµ

kc
sin(φ)J ′1(kcρ),

E1z(ρ, φ) = 0

(C.4)

and

E2ρ(ρ, φ) = K ′
−iωµ
k2
cρ

sin(φ)J1(kcρ),

E2φ(ρ, φ) = K ′
iωµ

kc
cos(φ)J ′1(kcρ),

E2z(ρ, φ) = 0.

(C.5)

The same technique is used to find the normalized fields,

1 =

∫
A

[
E2

1ρ(ρ, φ) + E2
1φ(ρ, φ)

]
ρdρdφ

= −K2π
ω2µ2

2k2
c

∫ R

0

[
J2

1 (kcρ)

k2
cρ

2
+ J ′21 (kcρ)

]
ρdρ.

(C.6)

Hence the normalization factor can be found to be

K = K ′ =
ikc

ωµ
√
πα

(C.7)

in which

α =

∫ R

0

[
J2

1 (kcρ)

k2
cρ

2
+ J ′21 (kcρ)

]
ρdρ =

1

2k2
c

(p
′2
11 − 1)J2

1 (kcR) ' 0.108858R2. (C.8)

The calculation of the coefficients P0,TE11 follows the rectangular waveguide calculation

with one difference. That is, to find the power in the waveguide, the two degenerate modes’

powers should be added together. This gives us

P0,TE11 =
Z11e

2v2
0

8

[
E2

1φ + E2
1ρ + E2

2φ + E2
2ρ

]
=
Z11e

2v2
0

8πα

(
J ′21 (kcρc) +

1

k2
cρ

2
c

J2
1 (kcρc)

)
.

(C.9)
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The TM01 mode is the second mode in a circular waveguide. The cutoff frequency for

this mode is kc = 2.405
R

and the field components are

Eρ(ρ, φ) = M
−i
√
k2 − k2

c

kc
J ′0(kcρ),

Eφ(ρ, φ) = 0,

Ez(ρ, φ) = MJ0(kcρ).

(C.10)

The same normalization technique can be used to find the M constant

M =
ikc√

k2 − k2
cµ
√

2πβ
, (C.11)

in which

β =

∫ R

0

J ′20 (kcρ)ρdρ ' 0.426741R2. (C.12)

The coefficient P0,TM01 can now be calculated. We get

P0,Tm01 =
Z11e

2v2
0

8
E2
ρ

=
Z10e

2v2
0

16π2β
J ′20 (kcρ).

(C.13)
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Appendix D

SIDEBAND ANALYSIS

The first phase of the project 8 experiment utilizes the rectangular waveguide for the gas

cell. It also uses a reflector to gain better signal to noise ratios. The presence of this reflector

causes the formation of interference patterns discussed in Chapter 3. Furthermore, the better

signal to noise ratio makes it possible to detect secondary peaks in the form of sidebands.

Mislabeling these tracks as the main track leads to incorrect electron energy measurement.

In this appendix we discuss these tracks and the methods by which we can distinguish them

from the main tracks.

D.1 Analyzing the CRES Data in the Presence of Sidebands

The sidebands are mainly detectable in bathtub trap geometry. In this section we discuss

the conversion electron data from the K, L, and M shells of 83mKr atom recorded in a 1

Amps deep bathtub trap. The bathtub trap geometry is formed by applying currents to two

separate trapping coils in a way that their field is parallel to the background field.

The frequency histogram recorded in the three frequency regions of interest is plotted in

Fig. D.1. The plotted frequency histogram represents a complicated structure. It is obvious

that converting these frequency measurements into energy values results in a drastically

invalid energy measurement.

The constructed knowledge in Chapter 3 can assist us to interpret this data. The power

and slope distribution is an effective way to start this analysis. Fig. D.2 illustrates the

measured values of power and slope for electrons from the K, L, and M shells of 83mKr.

The power-slope plots for the L and M shell electrons represent a clear structure in which

three distinct batches can be seen. Plotting these different power-slope characteristics in the
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Figure D.1: Frequency histograms of the conversion electrons from the K, L, and M (upper,

middle, and lower plots respectively) shells of the 83mKr.
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frequency histogram helps to unravel the complexity in the spectrum.

Fig. D.3 illustrates these different batches of data in power-slope plot in the frequency

histogram. The power vs. frequency plots in Fig. D.4 clearly links this data with the

discussions presented in Chapter 3. As it was mentioned, electrons with higher pitch angle

traverse in the lower field regions of the magnetic trap. Therefore the average magnetic field

observed by them is lower compared with lower pitch-angle electrons. This results in a lower

start frequency for higher pitch angles. In Sec. 3.2 we illustrate that the main track’s power

has also pitch angle dependency. The data presented in Fig. D.4 is consistent with the

expected behaviour predicted in Sec. 3.2. The high pitch angle events (dark green in Fig.

D.4, D.3, and D.4) have a smaller start frequencies. Decreasing the pitch angle decreases

the main peak’s power until it is no longer detectable. Further decrease in the pitch angle

increases the power above the detectable floor. This causes the emergence of the second

group of events with lower pitch angles and higher start frequencies (navy in Fig. D.4, D.3,

and D.4).

Decreasing the pitch angle also enhances the power emitted into the secondary peaks

which form the sidebands in the event spectrograms. Sidebands are tracks parallel to the

main track with frequency separation which equals the axial frequency of electron motion

inside the trap. The dark red dots in Fig. D.3 and Fig. D.4 indicate the events for which at

least one sideband is detectable.

There are two more structures in the M shell plot in Fig. D.3 which needs further

explanation. First there is a peak at 25.24 GHz which is the signature of the conversion

electrons from the N shell of 83mKr atom. Moreover, the structure apparent at higher

frequencies is the result of L shell conversion electrons which are detectable at the edge of

the data acquisition window.

So far we successfully explained the spectral features of L and M shell conversion electrons.

The structures caused by the conversion electrons from the K shell of the 83mKr atom need

some further discussion. Note that the K shell electrons have the closest energy to the

endpoint value of the tritium and hence have the most valuable features for study. The
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Figure D.2: Power-Slope plot of the conversion electrons from the K, L, and M (upper,

middle, and lower plots respectively) shells of the 83mKr.
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Figure D.3: Frequency histograms of the conversion electrons from the L and M (upper and

lower plots respectively) shells of the 83mKr with different power-slope behaviour plotted

separately. The color coding is similar to the one used in Fig. D.2.
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Figure D.4: Power density vs. frequency plot of the conversion electrons from the L and M

(upper and lower plots respectively) shells of the 83mKr.
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power-slope plot for the K shell electrons in Fig. D.2 does not represent the three distinct

batches observable in power-slope plots of L and M shell electrons. The reason is that the

main peak, for either high or low pitch angles, is not detectable for the K shell electrons.

The interference pattern caused by the reflector, makes a destructive superposition of the

radiated and reflected wave at the frequency of K shell electrons’ main track. Therefore the

frequency spectrum shown in Fig. D.1 is entirely made up of the sideband tracks. A more

through study of this spectrum is presented in the next section.

At the end of this section, it should be considered that the algorithm for choosing different

batches in the power-slope plots is an over-simplified model. A more sophisticated model

based on machine learning algorithm is presented in [18].

D.2 Energy Resolution Using the High Pitch-Angle Electrons

As it was discussed, electron pitch angle has an effect on the observed start frequency of the

tracks. Therefore, the pitch-angle variation would result in a broadening effect for the line

shapes. Choosing high pitch angle electrons for which the start frequency shift is minimal

can produce high resolution lines. We can use the power and slope information to choose

the high pitch-angle events as it was discussed in the last section. Fig. D.5 presents the

frequency histogram for the L and M shell electrons with a high pitch-angle cut. The fit

performed in the histograms uses Voigt distributions with the Lorentzian width fixed to the

values in Tbl. 4.1.

D.3 Explaining the Frequency Histogram of the K Shell Electrons

In Chapter 3 we showed that the secondary peaks in the CRES spectrum originate in elec-

tron’s axial motion inside the trap. The frequency difference between these peaks, which

manifest themselves in the form of parallel tracks in the spectrogram, is equal to the elec-

tron’s axial motion. Electrons with different pitch angles have different axial motions and

therefore different frequency spacing between their parallel tracks. The difference in the

pitch angle modifies the distribution of power between the main track and its sidebands. For



173

Figure D.5: Frequency histograms of the conversion electrons from the L and M (upper and

lower plots respectively) shells of the 83mKr. The power and slope information is used to

cut the electron events with high values of pitch-angle.
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(a) K shell electrons (b) L shell electrons (c) M shell electrons

Figure D.6: Track separation vs. start-frequency for electron events with multiple tracks.

a range of pitch angle values, these sidebands are detectable above the noise level.

In a bathtub trap electrons with smaller pitch angles have a larger axial frequency. Fig.

D.6 shows how this effect is represented in the data. In this plot the x-axis is the start-

frequency of the main track, while the y-axis shows the track separation. Blue dots are

the events with two tracks (main track and one sideband) and the red dots are the events

with three parallel tracks (main track and two sidebands). Lower pitch angle electrons have

a higher start frequency because they traverse inside a higher average field in the trap.

Moreover, since these electrons have a higher axial frequency, they represent larger track

separations. Hence, the electrons with higher start-frequencies have higher track separations

in the bathtub trap. This can be clearly seen in Fig. D.6.

Since the main track for the K shell electrons cannot be detected due to the destructive

interference caused by the RF reflector, the study of sidebands have a crucial role in their
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energy measurement. To investigate the complex spectrum of K Shell electrons, we use

events with parallel tracks. Then we histogram these events based on the track separation

in Fig. D.7.

There exist a small number of counts for which the main peak and the sidebands with

track separation of approximately 13 MHz, are detectable (blue in Fig. D.7). These events

are generated by electrons with large values of pitch-angle close to 90 degrees. For electrons

with a slightly lower value of pitch angle, the two sidebands are detectable with a separation

value of 30 MHz (orange in Fig. D.7). Decreasing the pitch angle reduces the power in this

sidebands. Further decrease of the pitch-angle value makes the sidebands to reappear above

the noise level. As a result of this decrease in the pitch angle, the axial frequency increases

and therefore the track separation jumps to 37 MHz (green in Fig. D.7). For some events in

this range of pitch angles, the detectable sidebands are not centered around the main peak.

This explains the events with 37 MHz track separation which are at 1.67 GHz and 1.79 GHz

in Fig. D.7. These sidebands are detected with the tracks at 1.71 and 1.75 GHz. The next

group of events have track separation of 75 MHz (red in Fig. D.7). These events happen

with the similar values of pitch-angle to the last group. Although instead of detecting two

adjacent sideband, sidebands with more separations are observed. The last group are the

tracks with 100 MHz separation. These sidebands are present at higher multiples of axial

frequency. Fig. D.7 shows how these five groups construct the whole spectrum. Note that

the spectrum has more counts than the sum of separated groups. That is due to the missing

second tracks in most of the cases. However the structure in the spectrum is now fully

understood.

Fig. D.6 shows these different groups in the plot representing track separation vs. start-

frequency. The start-frequency is calculated by reconstructing the main track’s position

based on what we discussed. Fig. D.8 shows the frequency histogram for the conversion

electrons from the K shell of 83mKr. The fit function is again a Voigt distribution with the

Lorentzian width fixed to the value in Tbl. 4.1.



176

Figure D.7: Frequency histogram for the K shell electrons. Events with parallel tracks are

plotted separately based on their track separation.

Figure D.8: Frequency histogram of the main track for K shell electrons. The frequency of

the missing track is reconstructed based on the knowledge about the sideband tracks.
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Appendix E

CONSTRUCTING A CHI-SQUARE FOR POINTS WITH
ERRORS IN BOTH THE DEPENDANT AND INDEPENDENT

VARIABLES

In this appendix we lay down a technique to construct chi-square that include the error

in the independent variable 1. We assume that the dependant variable y is related to the

independent value x via,

y = f(x). (E.1)

The uncertainty in y and x are respectively δy and δx. Using the Tailor series we have,

y + δy = f(x0) +

(
df

dx

)
x=x0

δx+O(δx2)

= a0 + a1δx+O(δx2).

(E.2)

If we neglect the higher terms and assume that δx and δy are following multivariate

Gaussian distribution with variances σx and σy and zero covariance, the chi-square can be

written as,

χ2 =
∑
i

(
δx2

i

σ2
xi

+
δy2

i

σ2
yi

)
. (E.3)

To find the best fit the chi-square should be minimized subjected to the constraints,

gi(δxi, δyi) = yi + δyi − a0i − a1iδxi = 0. (E.4)

To solve this optimization problem we use the Lagrange multipliers technique where,

∂χ2

∂δxi
+
∑
j

λj
∂gj(δxj, δyj)

∂δxi
= 0

∂χ2

∂δyi
+
∑
j

λj
∂gj(δxj, δyj)

∂δyi
= 0,

(E.5)

1This appendix follows closely the discussion presented in the 6th chapter of [16].
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and λj are Lagrange multipliers. The partial derivatives in Eq. (E.5) can be easily calculated

using Eq. (E.4),

∂gj(δxj, δyj)

∂δxi
= −a1iδ

i
j

∂gj(δxj, δyj)

∂δyi
= δij.

(E.6)

Therefore Eq. (E.5) can be rewritten as

2
1

σ2
xi

δxi − a1iλi = 0

2
1

σ2
yi

δxi + λi = 0.
(E.7)

Next δx and δy can be written in terms of the Lagrange multipliers,

δxi =
1

2
a1iσ

2
xiλi

δyi = −1

2
σ2
yi
λi

(E.8)

Replacing these values in Eq. (E.4) results in,

yi −
1

2
σ2
yi
λi = a0i + a1i

(
1

2
a1iσ

2
xi
λi

)
. (E.9)

Solving this equation gives the desired values of Lagrange multipliers,

λ =
2

σ2
yi

+ a2
1iσx

2
i

(yi − a0i). (E.10)

With the Lagrange multipliers, the error in x and y can be evaluated,

δxi =
a1iσ

2
xi

σy2
i + a2

1iσ
2
xi

(yi − a0i)

δyi = −
σ2
yi

σ2
yi

+ a2
1iσ

2
xi

(yi − a0i)

(E.11)

Finally the values of δxi and δyi can be replaced in Eq. (E.3) to find the Chi-square

value,

χ2 =
∑
i

1

σ2
yi

+ a2
1iσ

2
xi

(yi − a0i)
2. (E.12)


