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In this thesis, we discuss systematic methods to futures trading and analyze the mathe-

matical problems that arise from trading futures. Firstly, we analyze the dynamic futures

trading strategies under a general multifactor Gaussian framework. Our framework captures

a number of well-known models, like the Schwartz model and Central Tendency Ornstein-

Uhlenbeck (CTOU) model. We also present a new multiscale CTOU model within this frame-

work. Secondly, we study the problem of dynamically trading futures in a general regime

switching market in which the stochastic market regime is represented by a continuous-time

finite-state Markov chain. As examples within our stochastic framework, we consider the

Regime-Switching Geometric Brownian Motion (RS-GBM) model and Regime-Switching Ex-

ponential Ornstein-Uhlenbeck (RS-XOU) model. Thirdly, we model the stochastic spreads

between the underlying spot price and associated futures prices by a multidimensional scaled

Brownian bridge. In addition, the portfolio optimization problem is incorporated with con-

straints on the futures position. Our general setup captures the dollar neutral and market

neutral constraints, which are widely used in industry. For all three problems, we apply

utility maximization approaches to determine the optimal futures trading strategy. This

leads to the analysis of the corresponding Hamilton-Jacobi-Bellman (HJB) equations, whose

solutions are obtained explicitly or in semi-explicit form. Numerical examples are provided

to illustrate the investor’s certainty equivalent, optimal futures positions, and wealth process



for each problem.
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Chapter 1

DYNAMIC FUTURES PORTFOLIOS UNDER A
MULTIFACTOR GAUSSIAN FRAMEWORK

1.1 Introduction

Futures are standardized exchange-traded bilateral contracts of agreement to buy or sell an

asset at a pre-determined price at a pre-specified time in the future. At the world’s largest

futures exchange, the Chicago Mercantile Exchange (CME), futures trading volume averages

over 15 million contracts per day.1

Managed futures portfolios play an integral role in hedge funds and alternative invest-

ments, with hundreds of billions under management. These investments are managed by

professional investment individuals or management companies known as Commodity Trading

Advisors (CTAs), and typically involve trading futures on commodities, currencies, interest

rates, and other assets. Regulated and monitored by both government agencies such as the

U.S. Commodity Futures Trading Commission (CFTC) and National Futures Association

(NFA), this class of assets has averaged over US$300 billion annually during 2011-2020.2

One appeal of managed futures strategies is their advertised potential to produce uncor-

related and superior returns, as well as different risk-return profiles, compared to the equity

market ([26, 22]). The classes of strategies are conceivably diverse among managed futures

funds, with the popular ones being long-short strategy and momentum strategy ([31]).

In this chapter, we discuss the optimal dynamic futures trading strategies under a general

Gaussian framework that the underlying asset’s log-price is modeled by a multifactor diffu-

sion process. Our framework incorporates some famous two-factor models, like the Schwartz

1Source: the CME Group daily exchange volume and open interest report.

2Source: Barclayhedge Managed Futures AUM data.
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model [55] and Central Tendency Ornstein-Uhlenbeck (CTOU) model [48]. We first derive

the no-arbitrage prices and historical price dynamics of the futures contracts. The optimal

futures trading strategy is determined by solving a stochastic control problem, whose ob-

jective is to maximize the expected utility from trading wealth. By analyzing and solving

the associated Hamilton-Jacobi-Bellman (HJB) equations, we present the value function and

optimal trading strategies explicitly.

In order to quantify the value of the futures trading opportunity, we define the portfolio

manager’s certainty equivalent. Intuitively, it should be more beneficial to be able to trade a

larger set of securities. Using certainty equivalent, we quantify the value of trading different

sets of futures, and show that the highest certainty equivalent is achieved from trading all

available contracts. On the other hand, it is surprising that the certainty equivalent does

not depend on the current spot and futures prices. We apply our stochastic framework to

the Schwartz model and CTOU model. In addition, we introduce a new multiscale CTOU

model that is driven by a fast and slow mean-reverting process. We provide the numerical

examples to examine model parameters for our new model.

While simpler models, like the two-factor Schwartz model and CTOU model, have the

advantage of interpretability, they are often inadequate in fitting observed prices of all traded

contracts, see [14]. The flexibility of multifactor models permits good fit to empirical term

structure as displayed in the market. Especially in deep and liquid futures markets, such as

crude oil or gold, with over ten contracts of various maturities actively traded at any given

time, multifactor models are particular useful. In the literature, [19] apply a multifactor

Gassian model for pricing oil futures. [18] introduce a multifactor stochastic volatility model

for commodity prices to enhance calibration against observed option prices.

The continuous-time stochastic control approach for portfolio optimization dates back to

[49], but much less has been done for dynamic futures portfolios. The utility maximization

approach is used to derive dynamic futures trading strategies under two-factor models in

[43] and [44]. A regime-switching framework for dynamic futures trading can be found

in [39]. There are a few alternative mathematical approaches and applications of futures
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trading. [21] study the trading and heding of bitcoin futures under mean-variance frameowrk.

As an alternative approach for capturing futures and spot price dynamics, the stochastic

basis model [4, 5] directly models the difference between the futures and underlying asset

prices, and solve for the optimal trading strategies through utility maximization. In other

applications, [8] study the Merton portfolio optimization problem under the Schwartz mean-

reverting model, and [15] and [27] apply stochastic control methods to trading cointegrated

securities in multifactor models.

The rest of this chapter is structured as follows. We describe the general market frame-

work and futures dynamics in Section 1.2. The futures portfolio optimization is discussed

in Section 1.3. Then, we apply our framework to Schwartz model and CTOU process in

Section 1.4. In addition, we introduce the multiscale CTOU model and apply our framework

in Section 1.5. Lastly, we provide numerical analysis in Section 1.6. Concluding remarks are

provided in Section 1.7.

1.2 Multifactor Gaussian Model

We consider a multifactor market model. LetXt be anN -dimensional vector (X
(1)
t , . . . , X

(N)
t )>,

where X(1) is the log-price of the underlying asset and (X(2), . . . , X(N)) are observable s-

tochastic factors. The asset’s spot price is defined by

St = eX
(1)
t . (1.1)

Under physical measure P, the vector of random factors Xt evolves according to

dXt = (µ−KXt)dt+ ΣdZ̃P
t , (1.2)

where µ = (µ1, · · · , µN)> is an N -dimensional column vector of constant drifts, K is an

N ×N matrix with constant entries kij, Σ = diag(σ1, · · · , σN) is an N ×N diagonal matrix

with constant volatility parameter σi, and Z̃P
t = (Z̃P,1

t , · · · , Z̃P,N
t )> is an N -dimensional

column vector of correlated Brownian motions such that (dZ̃P
t )(dZ̃P

t )> = Ωdt, where the

(i, j) element of the matrix Ω is the instantaneous correlation ρij ∈ (−1, 1).
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We assume that any Brownian motion in Z̃P
t could not be replicated by other N − 1

Brownian motions, which indicates that Ω is a symmetric positive definite matrix. Therefore,

by applying Cholesky decomposition to Ω, we have Ω = CC>, whereC is an invertible lower

triangular matrix. Thus, we can define dZP
t = C−1dZ̃P

t , which then is an N -dimensional

column vector of independent Brownian motion increments under measure P. Accordingly,

the SDE for Xt can be written as

dXt = (µ−KXt)dt+ ΣCdZP
t . (1.3)

Next, we denote the risk-neutral pricing measure by Q and the risk premium ζ =

(ζ1, · · · , ζN)>. The Q-Brownian motion is related to the P-Brownian motion through the

SDE

dZQ
t = dZP

t + ζdt, (1.4)

where ZQ
t = (ZQ,1

t , · · · , ZQ,N
t )> is the N -dimensional column vector of independent Q-

Brownian motions. Then, under measure Q, Xt evolves according to

dXt =

(
µ− λ−KXt

)
dt+ ΣCdZQ

t . (1.5)

where the N -dimensional column vector λ = (λ1, · · · , λN)> is given by λ = ΣCζ.

Now we consider a futures contract of maturity T written on the underlying asset S.

With the asset price defined in (1.1), the futures price at time t ∈ [0, T ] is given by

F (t,x) := IEQ[ exp(X
(1)
T ) |Xt = x

]
. (1.6)

Define the linear differential operator

LQ· =
(
µ− λ−Kx

)>
∇x ·+

1

2
Tr

(
ΣΩΣ∇xx ·

)
, (1.7)

where ∇x· = (∂x1·, · · · , ∂xN ·)> is the nabla operator and Hessian operator ∇xx· satisfies

∇xx· =


∂2
x1
· ∂x1x2· . . . ∂x1xN ·

∂x1x2· ∂2
x2
· . . . ∂x2xN ·

...
...

. . .
...

∂x1xN · ∂x2xN · . . . ∂2
xN
·

 . (1.8)
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Then, the futures price function F (t,x) solves the following PDE

(∂t + LQ)F (t,x) = 0, (1.9)

for (t,x) ∈ [0, T )× RN , with the terminal condition

F (T,x) = exp(e>1x)

for x ∈ RN , where e1 = (1, 0, · · · , 0)>.

Proposition 1. The price function of the futures contract with maturity T is given by

F (t,x) = exp

(
a(t)>x+ β(t)

)
, (1.10)

for (t,x) ∈ [0, T )× RN , where

a(t) = exp

(
− (T − t)K>

)
e1, (1.11)

β(t) =

∫ T

t

(µ− λ)>a(s) +
1

2
Tr

(
ΣΩΣa(s)a(s)>

)
ds. (1.12)

Proof. We substitute the ansatz solution (1.10) into PDE (1.9). The t-derivative is given by

∂tF (t,x) =

((
da(t)

dt

)>
x+

dβ(t)

dt

)
exp

(
a(t)>x+ β(t)

)
. (1.13)

Then, the first and second derivatives satisfy

∇xF (t,x) = a(t)F (t,x), (1.14)

∇xxF (t,x) = a(t)a(t)>F (t,x). (1.15)

By substituting (1.13), (1.14), and (1.15) into PDE (1.9), we obtain

da(t)

dt
−K>a(t) = 0, (1.16)

and
dβ(t)

dt
+ (µ− λ)>a(t) +

1

2
Tr

(
ΣΩΣa(t)a(t)>

)
= 0. (1.17)
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The terminal conditions of a(t) and β(t) are given by

a(T ) = e1, β(T ) = 0. (1.18)

By direct substitution, the solutions to ODEs (1.16) and (1.17) are given by (1.11) and

(1.12).

Next, we consider the futures price process, denoted by Ft. Under the risk-neutral mea-

sure Q, Ft is a martingale and satisfies the SDE

dFt
Ft

=
1

Ft
∇xF (t,Xt)

>ΣCdZQ
t = a(t)>ΣCdZQ

t . (1.19)

Next, using (1.4) and λ = ΣCζ, the P-dynamics for Ft is given by

dFt
Ft

= a(t)>λdt+ a(t)>ΣCdZP
t . (1.20)

We observe from (1.20) the drift term that depends on the market prices of risk λ and a(t),

which in turn depends on coefficient matrix K and maturity T .

1.3 Optimal Dynamic Futures Portfolio

Now consider a portfolio of M contracts of different maturities available to trade under N -

factor model. Since there are N sources of randomness in the model, trading N or more

than N futures will result in hedging away all the risk. Henceforth, we set M ≤ N .

We will denote by F (k)(t,x) as the price function of futures contract with maturity Tk,

with T1 < . . . < TM , and by F
(k)
t as the stochastic process for this contract, for k = 1, . . . ,M .

Recall from (1.20) that the Tk-futures price process satisfies

dF
(k)
t

F
(k)
t

= a(k)(t)>λdt+ a(k)(t)>ΣCdZP
t (1.21)

≡ µ
(k)
F (t)dt+ σ

(k)
F (t)>dZP

t , (1.22)

where we have defined

µ
(k)
F (t) ≡ a(k)(t)>λ, σ

(k)
F (t) ≡ C>Σ>a(k)(t). (1.23)
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Then, in matrix form, the system of futures dynamics is given by the set of SDE:

dFt = µF (t)dt+ ΣF (t)dZP
t , (1.24)

where

dFt =

(
dF

(1)
t

F
(1)
t

, · · · , dF
(M)
t

F
(M)
t

)>
, (1.25)

µF (t) =
(
µ

(1)
F (t), · · · , µ(M)

F (t)
)>

, and ΣF (t) =
(
σ

(1)
F (t), · · · ,σ(M)

F (t)
)>

. (1.26)

Here, we assume there be no redundant futures contract in the portfolio, which means

any futures contract could not be replicated by other M − 1 futures contracts. To that

end, we require that rank (ΣF ) = M . Since rank (ΣF ) 6= M if M > N , the rank condition

effectively excludes the case with more contracts than stochastic factors, as desired.

Next, we consider the trading problem for the investor. Let strategy πt =
(
π

(1)
t , · · · , π(M)

t

)>
,

where the element π
(k)
t denotes the amount of money invested in k-th futures contract. In

addition, we assume the interest rate be zero for simplicity. Then, for any admissible strategy

π, the wealth process is

dW π
t =

M∑
k=1

π
(k)
t

dF
(k)
t

F
(k)
t

= π>t µF (t)dt+ π>t ΣF (t)dZP
t . (1.27)

We note that the wealth process is only determined by the strategy πt and it is not affected

by factors variable X and futures prices F .

We consider a utility maximization approach to determine the optimal strategy. The

investor’s risk preference is described by the exponential utility

U(w) = − exp(−γw), (1.28)

where γ > 0 is the risk aversion parameter. The investor fixes a finite trading horizon

0 < T̃ ≤ T1, which means that T̃ has to be less than or equal to the maturity of the earliest

expiring contract.
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A strategy π is said to be admissible if π is real-valued progressively measurable and

satisfies the Novikov condition [50],

IEP
[

exp

(∫ T̃

t

γ2

2
π>s ΣF (s)Σ>F (s)πsds

)]
<∞. (1.29)

The investor seeks to maximize the expected utility of wealth at T̃ by solving the stochastic

control problem

V (t, w) = sup
π∈At

IEP[U(Wπ
T̃

)|Wt = w], (1.30)

where At denotes the set of admissible controls at the initial time t. Since the wealth SDE

(1.27) does not depend on the factors variable X and futures prices F , the value function

does not depend on them either.

Following the standard verification approach to dynamic programming ([24, 53, 51]), we

let C1,2 denote the set of all continuous functions f(t, x) that are continuously differentiable

in t and twice continuously differentiable in x. Then, we assume the existence of a sufficiently

smooth candidate solution u(t, w) ∈ C1,2, which will later be shown to be equal to the value

function V in (1.30). To facilitate presentation, we define

Lπ· = π>t µF (t)∂w ·+
1

2
π>t ΣF (t)Σ>F (t)πt∂ww · . (1.31)

Then, the candidate value function u(t, w) and optimal trading strategy π∗ is found from

the Hamilton-Jacobi-Bellman (HJB) equation

∂tu+ sup
π
Lπu = 0, (1.32)

for (t, w) ∈ [0, T̃ )× R, along with the terminal condition

u(T,w) = −e−γw, for w ∈ R.
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Theorem 1. 1. Define

Λ2(t) = µF (t)>
(
ΣF (t)ΣF (t)>

)−1
µF (t) . (1.33)

The unique solution to the HJB equation (1.32) is

u(t, w) = − exp

(
−γw − 1

2

∫ T̃

t

Λ2(s)ds

)
. (1.34)

2. The optimal strategy is given by

π∗(t) =
1

γ

(
ΣF (t)Σ>F (t)

)−1
µF (t). (1.35)

Proof. We will first use the ansatz

u(t, w) = −e−γwh(t), (1.36)

to factor out w. Using the relations

∂tu = −e−γw∂th(t), ∂wu = γe−γwh(t), ∂wwu = −γ2e−γwh(t), (1.37)

the PDE (1.32) becomes

− d

dt
h(t) + sup

πt

[
γπ>

t µF (t)h− 1

2
γ2π>t ΣF (t)Σ>F (t)πth

]
= 0, (1.38)

with terminal condition h(T̃ ) = 1. From the first-order condition, which is obtained from

differentiating the terms inside the supremum with respect to πt and setting the equation

to zero, we have

γµF (t)− γ2ΣF (t)Σ>F (t)πt = 0, (1.39)

Recall that rank(ΣF (t)) = M . Then, ΣF (t)Σ>F (t) is an M×M invertible matrix. According-

ly, we have the optimal strategy (1.35). Given the fact that A>A is the positive semidefinite

matrix for any matrixA, the time-dependent component Λ2(t) = µF (t)>(ΣF (t)ΣF (t)>)−1µF (t)

is always non-negative.
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Substituting π∗ back, the equation (1.38) becomes

− d

dt
h(t) +

1

2
Λ2(t)h(t) = 0. (1.40)

Accordingly, we have

h(t) = exp

(
− 1

2

∫ T̃

t

Λ2(s)ds

)
. (1.41)

Then, for a given wealth w, the candidate solution u is a non-increasing function with

respect to the time t. The solution to the HJB equation is not sufficient if a verification

theorem is not proven. The verification theorem connects the HJB equation (1.32) to the

control problem of maximizing the expected utility at the terminal time defined in (1.30).

Next, we provide the verification theorem for our problem:

Theorem 2. Let u(t, w) be given by (1.34). Then,

1. u(t, w) ≥ V (t, w) for all t ∈ [0, T̃ ] and w ∈ R,

2. the maximizer π∗ given by (1.35) is admissible. Therefore, u(t, w) = V (t, w) for all

t ∈ [0, T̃ ] and w ∈ R, and π∗ is an optimal strategy.

Proof. We need to show that for any admissible π such that ∂tu + Lπu ≤ 0, the expected

utility of terminal wealth will be less than or equal to what the value function would indicate,

namely,

IEP[U(Wπ
T̃

)|Ft] ≤ u(t,Wt), (1.42)

and that the equality holds when the wealth process is controlled optimally by π∗; that is,

V (t,Wπ∗

t ) ≡ sup
π∈At

IEP[U(Wπ
T̃

)|Ft] = IEP[U(Wπ∗

T̃
)|Ft] = u(t,Wπ∗

t ). (1.43)

Using Ito’s formula, we obtain

du(t,Wπ
t ) = (∂t + Lπ)u(t,Wπ

t )dt+ ∂wu(t,Wπ
t )π>t ΣF (t)dZP

t . (1.44)
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Since u < 0 and ∂wu = −γu, we have

d log(−u(t,Wπ
t ))

=

(
−γ

2

2
π>t ΣF (t)ΣF (t)>πt +

(∂t + Lπ)u(t,Wπ
t )

u(t,Wπ
t )

)
dt− γπ>t ΣF (t)dZP

t (1.45)

≥ −γ
2

2
π>t ΣF (t)ΣF (t)>πtdt− γπ>t ΣF (t)dZP

t . (1.46)

The last inequality holds due to the fact that (∂t + Lπ)u ≤ 0. Then, with the admissible

strategy satisfying the Novikov condition (1.29), we obtain

IEP [U(Wπ
T̃

)
∣∣Ft] = IEP

[
u(T̃ ,Wπ

T̃
)
∣∣Ft]

≤u(t,Wπ
t )E

(∫ T̃

t

−γπ>s ΣF (s)dZP
s

)
= u(t,Wπ

t ),
(1.47)

where E(·) denotes Doléans-Dade exponential. The equality holds if ∂tu+Lπu = 0. Finally,

since π∗ is a time-deterministic function, it is also admissible. Therefore, u(t, w) is indeed

the solution of our control problem.

We insert the optimal strategy (1.35) into the wealth process (1.27) to derive the SDE

for the optimal wealth process

dW ∗
t =

1

γ
Λ2(t)dt+

1

γ
µF (t)>(ΣF (t)ΣF (t)>)−1ΣF (t)dZP

t . (1.48)

From this, we see that the drift of the optimal wealth process is always positive. It is

proportional to Λ2(t) defined in (1.33). Both the drift and volatility terms are inversely

proportional to risk aversion γ.

In order to quantify the value of trading futures to the investor, we define the investor’s

certainty equivalent associated with the utility maximization problem. The certainty e-

quivalent is the guaranteed cash amount that would yield the same utility as that from

dynamically trading futures according to (1.30). This amounts to applying the inverse of the

utility function to the value function in (1.34). Precisely, we define

CE(t, w) = w +
1

2γ

∫ T̃

t

Λ2(s)ds. (1.49)
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Therefore, the certainty equivalent is the sum of the investor’s wealth w and a non-negative

time-dependent component 1
2γ

∫ T̃
t

Λ2(s)ds. The certainty equivalent is also inversely pro-

portional to the risk aversion parameter γ. This means that, all else being equal, a more

risk averse investor values the futures trading opportunity less. From (1.11), (1.23), (1.26)

and (1.33), we know the certainty equivalent depends on the coefficient matrix K, volatility

matrix Σ, correlation matrix C and market prices of risk λ. Nevertheless, the certainty

equivalent does not depend on the current values of the spot price and factors represented

by Xt.

1.4 Two-Factor Models

In this section, we discuss the application of our framework to two well-known two-factor

models: the Schwartz model and Central Tendency Ornstein-Uhlenbeck (CTOU) model. In

both cases, Theorem 1 can be applied directly, and we state the optimal strategies explicitly

using (1.35).

1.4.1 Schwartz Model

The Schwartz model is introduced by [55] that takes into account the stochastic convenience

yield in commodity prices. The Schwartz model belongs to our multifactor framework.

Indeed, this amounts to setting the coefficients in SDE (1.19) and (1.20) to be

µ =

 µ1 − σ2
1/2

κα

 , K =

 0 1

0 κ

 , Σ =

 σ1 0

0 σ2

 , C =

 1 0

ρ
√

1− ρ2

 ,
(1.50)

and

λ = (µ1 − r, λ2)>. (1.51)

where the means µ1, α, speed of mean reversion κ, interest rate r, the volatility parameters

σ1, σ2 and market price of convenience yield risk λ2 are constants and the instantaneous

correlation ρ lies in (−1, 1).
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Let’s consider two futures contracts F (1) and F (2), written on this commodity, whose

maturity are T1 and T2 respectively. The futures price F (k)(t,x) of maturity Tk is first

obtained by [55]. In our framework, we apply the Proposition 1 and obtain:

F (k)(t,x) = exp

(
a(k)(t)>x+ β(k)(t)

)
, (1.52)

where a(k)(t) satisfies

a(k)(t) =

(
1,
e−(Tk−t)κ − 1

κ

)>
, (1.53)

and β(k)(t) follows,

β(k)(t) =

(
r − α̂− ρσ1σ2

κ
+

σ2
2

2κ2

)
(Tk − t)

+

(
κα̂ + ρσ1σ2 −

σ2
2

κ

)
1− e−(Tk−t)κ

κ2
+
σ2

2

2

1− e−2(Tk−t)κ

2κ3
.

(1.54)

Next, we consider the trading problem that investor can choose to trade one futures

contract or two different futures contracts. In our framework, we directly apply the Theorem

1. For the portfolio with T1-futures only, we apply (1.23) and (1.26) to get the coefficients

for the futures price SDE:

µF (t) = µ1 − r +
e−(T1−t)κ − 1

κ
λ2, (1.55)

and

ΣF (t) =

(
σ1 + ρσ2

e−(T1−t)κ − 1

κ
, σ2

√
1− ρ2

e−(T1−t)κ − 1

κ

)
. (1.56)

Applying these to formula (1.35), the optimal strategy is given by

π(1)∗(t) =
1

γ

µF (t)

ΣF (t)Σ>F (t)
=

1

γ

κ2(µ1 − r) + κ(e−(T1−t)κ − 1)λ2

κ2σ2
1 + 2ρσ1σ2κ(e−(T1−t)κ − 1) + σ2

2 (e−(T1−t)κ − 1)
2 . (1.57)

As for the portfolio of both two futures, T1-futures and T2-futures, according to (1.26),

we have

µF (t) =

(
µ1 − r +

e−(T1−t)κ − 1

κ
λ2, µ1 − r +

e−(T2−t)κ − 1

κ
λ2

)>
, (1.58)
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and

ΣF (t) =

 σ1 + ρσ2
e−(T1−t)κ−1

κ
σ2

√
1− ρ2 e

−(T1−t)κ−1
κ

σ1 + ρσ2
e−(T2−t)κ−1

κ
σ2

√
1− ρ2 e

−(T2−t)κ−1
κ

 . (1.59)

Then, applying (1.35) yields the optimal strategies

π(1)∗(t) =− eκ(T1−t)
((

eκt − eκT2
)

(r − µ1)σ2
2

+
(
eκtλ2 + eκT2(rκ− λ2 − κµ1)

)
ρσ1σ2 + eκT2κλ2σ

2
1

)
/ (1.60)(

γ
(
eκT1 − eκT2

)
(1− ρ2)σ2

1σ
2
2

)
,

π(2)∗(t) =eκ(T2−t)
((

eκt − eκT1
)

(r − µ1)σ2
2

+
(
eκtλ2 + eκT1(rκ− λ2 − κµ1)

)
ρσ1σ2 + eκT1κλ2σ

2
1

)
/ (1.61)(

γ
(
eκT1 − eκT2

)
(1− ρ2)σ2

1σ
2
2

)
.

The results above are also obtained by [44] using a different method.

1.4.2 CTOU Process

This model is called the Central Tendency Ornstein Uhlenbeck (CTOU), studied by [48] for

pricing VIX futures. Later, [43] analyze the futures portfolio optimization problem under

this model. The CTOU process also belongs to our multifactor framework. Indeed, this

amounts to setting the coefficients in SDE (1.3) and (1.5):

µ =

 λ1

κ2θ + λ2

 , K =

 κ1 −κ1

0 κ2

 , Σ =

 σ1 0

0 σ2

 , C =

 1 0

ρ
√

1− ρ2

 ,
(1.62)

and

λ = (λ1, λ2)>, (1.63)

where the mean θ, speeds of mean reversion {κ1, κ2}, the volatility parameters {σ1, σ2}, and

adjusted market prices of risk {λ1, λ2} are all constants. We note that in [48] and [43], the

instantaneous correlation ρ is set to be 0.
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Then, consider two futures contracts F (1) and F (2), written on this underlying, whose

maturity are T1 and T2 respectively. Applying the Proposition 1, the futures price F (k)(t,x)

of maturity Tk satisfies

F (k)(t,x) = exp

(
a(k)(t)>x+ β(k)(t)

)
, (1.64)

where a(k)(t) satisfies

a(k)(t) =

(
e−(Tk−t)κ1 ,

κ1

κ1 − κ2

(
e−(Tk−t)κ2 − e−(Tk−t)κ1

))>
, (1.65)

and β(k)(t) follows,

β(k)(t) = θ −D1(Tk − t)θ +
σ2

1

4κ1

(
1− e−2κ1(Tk−t)

)
+ ρσ1σ2

κ1

κ1 − κ2

(
1− e−(κ1+κ2)(Tk−t)

κ1 + κ2

− 1− e−2κ1(Tk−t)

2κ1

)
+
σ2

2

2

(
κ1

κ1 − κ2

)2(
1− e−2κ2(Tk−t)

2κ2

+
1− e−2κ1(Tk−t)

2κ1

− 2
1− e−(κ1+κ2)(Tk−t)

κ1 + κ2

)
, (1.66)

with

D1(τ) =
κ1

κ1 − κ2

e−κ2τ − κ2

κ1 − κ2

e−κ1τ . (1.67)

When we set ρ = 0, the result is consistent with [48] and [43].

Next, we consider the trading problem for the investor. The investor can choose to trade

one futures contract or two different futures contracts. We apply the Theorem 1 directly.

If only futures contract F (1) is included in the portfolio, then according to (1.23) and

(1.26), we have µF (t) ≡ µF (t), where

µF (t) = e−(T1−t)κ1λ1 +D2(T1 − t)λ2 (1.68)

is a scalar, and

ΣF (t) =
(
e−(T1−t)κ1σ1 + ρD2(T1 − t)σ2,

√
1− ρ2D2(T1 − t)σ2

)
, (1.69)

with

D2(τ) =
κ1

κ1 − κ2

(
e−τκ2 − e−τκ1

)
. (1.70)
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Then, the optimal strategy (1.35) becomes

π(1)∗(t) =
1

γ

µF (t)

ΣF (t)Σ>F (t)
(1.71)

=
1

γ

e−(T1−t)κ1λ1 +D2(T1 − t)λ2

e−2(T1−t)κ1σ2
1 +D2

2(T1 − t)σ2
2 + 2ρe−(T1−t)κ1D2(T1 − t)σ1σ2

. (1.72)

By Theorem 1, we can also get

Λ2
1(t) = γπ(1)∗(t)µF (t) (1.73)

=

(
e−(T1−t)κ1λ1 +D2(T1 − t)λ2

)2

e−2(T1−t)κ1σ2
1 +D2

2(T1 − t)σ2
2 + 2ρe−(T1−t)κ1D2(T1 − t)σ1σ2

, (1.74)

and certainty equivalent

CE1(t, w) = w +
1

2γ

∫ T̃

t

Λ2
1(s)ds. (1.75)

As for trading two futures contracts F (1) and F (2), according to (1.26), we have

µF (t) =

 e−(T1−t)κ1λ1 +D2(T1 − t)λ2

e−(T2−t)κ1λ1 +D2(T2 − t)λ2

 , (1.76)

and

ΣF (t) =

 e−(T1−t)κ1σ1 + ρD2(T1 − t)σ2

√
1− ρ2D2(T1 − t)σ2

e−(T2−t)κ1σ1 + ρD2(T2 − t)σ2

√
1− ρ2D2(T2 − t)σ2

 . (1.77)

Then, applying formula (1.35), we obtain the optimal strategies

π∗1(t) =

(
κ1

(
e−(T2−t)κ2 − e−(T2−t)κ1

)
(σ2

2λ1 − ρσ1σ2λ2)

+ (κ1 − κ2)e−(T2−t)κ1(ρσ1σ2λ1 − σ2
1λ2)

)
/ (1.78)(

γκ1(1− ρ2)
(
e−(T1−t)κ1−(T2−t)κ2 − e−(T1−t)κ2−(T2−t)κ1

)
σ2

1σ
2
2

)
,

π∗2(t) =−
(
κ1

(
e−(T1−t)κ2 − e−(T1−t)κ1

)
(σ2

2λ1 − ρσ1σ2λ2)

+ (κ1 − κ2)e−(T1−t)κ1(ρσ1σ2λ1 − σ2
1λ2)

)
/ (1.79)(

γκ1(1− ρ2)
(
e−(T1−t)κ1−(T2−t)κ2 − e−(T1−t)κ2−(T2−t)κ1

)
σ2

1σ
2
2

)
.
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As a check, when we set ρ = 0 in (1.71), (1.78) and (1.79), we recover the optimal strategies

provided in [43].

We note that by substituting (1.76) and (1.77) in (1.33) and (1.34), we obtain

Λ2
2(t) =

λ2
2σ

2
1 − 2ρλ1λ2σ1σ2 + λ2

1σ
2
2

(1− ρ2)σ2
1σ

2
2

. (1.80)

and the value function:

u2(t, w) = − exp

(
−γw − 1

2

λ2
2σ

2
1 − 2ρλ1λ2σ1σ2 + λ2

1σ
2
2

(1− ρ2)σ2
1σ

2
2

(T̃ − t)
)
, (1.81)

which is surprisingly independent of the speeds of mean reversion κ1 and κ2. Furthermore,

if we represent the value function using the risk premia ζ = (ζ1, ζ2)>, where ζ satisfies

ζ = C−1Σ−1λ, then the value function is simplified as

u2(t, w) = − exp

(
−γw − ζ2

1 + ζ2
2

2
(T̃ − t)

)
, (1.82)

which reveals that the value function depends only on the risk premia. This is an interesting

contrast when compared to the case of trading only a single futures, where the certainty

equivalent, CE1(t, w) in (1.75), does not admit the same kind of simplification and depends

on other model parameters. This is intuitive since trading one futures exposes the investor

to unhedged risk in the model, so it is reasonable that the trading strategy should depend

on the model parameters.

In turn, the certainty equivalent is given by

CE2(t, w) = w +
1

2γ

λ2
2σ

2
1 − 2ρλ1λ2σ1σ2 + λ2

1σ
2
2

(1− ρ2)σ2
1σ

2
2

(T̃ − t) (1.83)

= w +
ζ2

1 + ζ2
2

2γ
(T̃ − t). (1.84)

Therefore, the value of trading opportunity is proportional to the squared sum of the two

risk premia (ζ2
1 + ζ2

2 ) associated with the two Brownian motions in the CTOU model. In

particular, this means that if the price dynamics of the spot asset under the historical measure

and risk-neutral measure are identical, which corresponds to the case of zero risk premia,



18

then the certainty equivalent will vanish. Lastly, as expected, it is also inversely proportional

to risk aversion γ.

In the following proposition, we show that it is more beneficial for the investor to trade

two futures instead of one.

Proposition 2. For any time t and wealth w, the following inequality holds:

CE2(t, w) ≥ CE1(t, w), (1.85)

where CE1(t, w) and CE2(t, w) are given by (1.75) and (1.83) respectively.

Proof. Both certainty equivalents admit the same form given by (1.49), so it remains to prove

that Λ2
1(t) ≤ Λ2

2(t) for any time t ≤ T̃ . Denote a = exp(−(T1 − t)κ1) and b = D2(T1 − t).

Then by (1.73), we have

Λ2
1(t) =

(aλ1 + bλ2)2

a2σ2
1 + b2σ2

2 + 2ρabσ1σ2

. (1.86)

Using this and (1.80), we have

Λ2
2(t)− Λ2

1(t) =
(σ2

1λ2a− σ2
2λ1b+ ρσ1σ2(bλ2 − aλ1))

2

(1− ρ2)(a2σ2
1 + b2σ2

2 + 2ρabσ1σ2)σ2
1σ

2
2

≥ 0, (1.87)

as desired.

Numerical examples of the certainty equivalents for CTOU model are presented in Section

1.6.

1.5 The Multiscale Central Tendency Ornstein-Uhlenbeck Model

In this section, we introduce the class of two-scale central tendency Ornstein-Uhlenbeck

(CTOU) process. We also discuss the futures pricing and futures trading problem under this

model.
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1.5.1 Model Formulation

Following the change of measure procedure described in Section 1.2, we donote the log-price

of the underlying asset by X
(1)
t and its evolution under the physical measure P is given by

the system of stochastic differential equations:

dX
(1)
t = κ

(
X

(2)
t +X

(3)
t −X

(1)
t

)
dt+ σ1dZ

P,1
t , (1.88)

dX
(2)
t =

1

ε

(
α2 −X(2)

t

)
dt+

1√
ε
σ2

(
ρ12dZ

P,1
t +

√
1− ρ2

12dZ
P,2
t

)
, (1.89)

dX
(3)
t = δ

(
α3 −X(3)

t

)
dt+

√
δσ3

(
ρ13dZ

P,1
t + ρ23dZ

P,2
t +

√
1− ρ2

13 − ρ2
23dZ

P,3
t

)
, (1.90)

where ZP,1 , ZP,2 and ZP,3 are independent Brownian motions under the physical measure P.

As such, the stochastic mean of log price X(1) is the sum of two factors X
(2)
t and X

(3)
t .

The first factor X
(2)
t is a fast mean reverting diffusion process. We denote by 1/ε the rate

of mean reversion of this process, with ε > 0 being a small parameter which corresponds

to the time scale of this process. It is an ergodic process and its invariant distribution is

independent of ε. This distribution is Gaussian with mean α2 and variance σ2
2/2. In addition,

we assume that the correlation coefficient ρ12 is constant and |ρ12| < 1.

The process X
(3)
t is slowly varying, obtained by slowing down the diffusion process with

a small parameter δ. We also assume the correlation coefficient ρ13 and ρ23 are constants,

which satisfy ρ2
13 + ρ2

23 < 1.

We specify the risk premium as ζi, for i = 1, 2, 3, which satisfy

dZQ,i
t = dZP,i

t + ζi, (1.91)

where ZQ,1, ZQ,2 and ZQ,3 are independent Brownian motions under risk-neutral measure Q.

We introduce the combined market prices of volatility risk λi, for i = 1, 2, 3, defined by

λ1 = ζ1σ1, (1.92)

(1.93)
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λ2 =
1√
ε
σ2

(
ζ1ρ12 + ζ2

√
1− ρ2

12

)
, (1.94)

λ3 =
√
δσ3

(
ζ1ρ13 + ζ2ρ23 + ζ3

√
1− ρ2

13 − ρ2
23

)
. (1.95)

Then, we write the evolution under the risk neutral measure as:

dX
(1)
t = κ

(
X

(2)
t +X

(3)
t −X

(1)
t − λ1/κ

)
dt+ σ1dZ

Q,1
t , (1.96)

dX
(2)
t =

1

ε

(
α2 −X(2)

t − ελ2

)
dt+

1√
ε
σ2

(
ρ12dZ

Q,1
t +

√
1− ρ2

12dZ
Q,2
t

)
, (1.97)

dX
(3)
t = δ

(
α3 −X(3)

t − λ3/δ
)
dt

+
√
δσ3

(
ρ13dZ

Q,1
t + ρ23dZ

Q,2
t +

√
1− ρ2

13 − ρ2
23dZ

Q,3
t

)
. (1.98)

This two-scale central tendency Ornstein-Uhlenbeck model belongs to our multifactor

model framework discussed in the previous sections. Indeed, this amounts to setting the

coefficients in SDE (1.3) and (1.5) to be

µ = (0, α2/ε, δα3)>, λ = (λ1, λ2, λ3)>, (1.99)

K =


κ −κ −κ

0 1/ε 0

0 0 δ

 , Σ =


σ1 0 0

0 σ2/
√
ε 0

0 0
√
δσ3

 , (1.100)

and

C =


1 0 0

ρ12

√
1− ρ2

12 0

ρ13 ρ23

√
1− ρ2

13 − ρ2
23

 . (1.101)

Remark 1. We remark that if the stochastic mean of log price X(1) is only modeled by X(2)

or X(3), instead of their sum, it will reduce to the CTOU model, which is discussed in the

Section 1.4.2. For example, if the log price X(1) evolves according to

dX
(1)
t = κ

(
X

(2)
t −X

(1)
t

)
dt+ σ1dZ

P,1
t , (1.102)
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where X
(2)
t admits the process (1.89), we can just apply the theory in Section 1.4.2 by setting

µ =

 0

α2/ε

 , K =

 κ −κ

0 1/ε

 , (1.103)

Σ =

 σ1 0

0 σ2/
√
ε

 , C =

 1 0

ρ12

√
1− ρ2

12

 , (1.104)

and

λ = (λ1, λ2)>, (1.105)

in (1.62) and (1.63).

1.5.2 Futures Pricing and Futures Trading

First, we consider three futures contracts F (1), F (2) and F (3), written on this underlying,

whose maturity are T1, T2 and T3 respectively. For convenience, we define the following

functions:

fk(p, t) := e−(Tk−t)p,

gk(p, t) :=
1− e−(Tk−t)p

p
.

Then, applying the Proposition 1, the futures price F (k)(t,x) of maturity Tk under this

multiscale CTOU model satisfies

F (k)(t,x) = exp

(
a(k)(t)>x+ β(k)(t)

)
, (1.106)

where a(k)(t) satisfies

a(k)(t) =

(
fk(κ, t),

εκ

1− εκ
(fk(κ, t)− fk(1/ε, t)) ,

κ

δ − κ
(fk(κ, t)− fk(δ, t))

)>
, (1.107)
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and β(k)(t) is given by

β(k)(t) =

∫ Tk

t

(µ− λ)>a(k)(s) +
1

2
Tr

(
ΣΩΣa(k)(s)a(k)(s)>

)
ds

=

(
−λ1 +

εκ

1− εκ
(α2/ε− λ2) +

κ

δ − κ
(δα3 − λ3)

)
gk(κ, s)

− εκ(α2/ε− λ2)

1− εκ
gk(1/ε, s)−

κ(δα3 − λ3)

δ − κ
gk(δ, s)

+
1

2

(
1 +

(
εκ

1− εκ

)2

+

(
κ

δ − κ

)2

+
2ρ12εκ

1− εκ
+

2ρ13κ

δ − κ

+
2
(
ρ12ρ13 + ρ23

√
1− ρ2

12

)
εκ2

(1− εκ)(δ − κ)

)
gk(2κ, t)

+
1

2

(
εκ

1− εκ

)2

gk(2/ε, s) +
1

2

(
κ

δ − κ

)2

gk(2δ, s)

−
((

εκ

1− εκ

)2

+ ρ12
εκ

1− εκ
+

(
ρ12ρ13 + ρ23

√
1− ρ2

12

)
εκ2

(1− εκ)(δ − κ)

)
gk(1/ε+ κ, s)

−
((

κ

δ − κ

)2

+ ρ13
κ

δ − κ
+

(
ρ12ρ13 + ρ23

√
1− ρ2

12

)
εκ2

(1− εκ)(δ − κ)

)
gk(δ + κ, s)

+

(
ρ12ρ13 + ρ23

√
1− ρ2

12

)
εκ2

(1− εκ)(δ − κ)
gk(1/ε+ δ, s). (1.108)

Next, we analyze the trading problem for the investor. According to (1.20), (1.23) and

(1.106), the stochastic process F
(k)
t for k-th futures contract admits the P-dynamics:

dF
(k)
t

F
(k)
t

= µ
(k)
F (t)dt+ σ

(k)
F (t)>dZP

t , (1.109)

where

µ
(k)
F (t) = fk(κ, t)λ1 +

εκ

1− εκ
(fk(κ, t)− fk(1/ε, t))λ2 +

κ

δ − κ
(fk(κ, t)− fk(δ, t))λ3, (1.110)
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and

σ
(k)
F (t)

=


fk(κ, t)σ1 + ρ12

εκ
1−εκ (fk(κ, t)− fk(1/ε, t))σ2 + ρ13

κ
δ−κ (fk(κ, t)− fk(δ, t))σ3√

1− ρ2
12

εκ
1−εκ (fk(κ, t)− fk(1/ε, t))σ2 + ρ23

κ
δ−κ (fk(κ, t)− fk(δ, t))σ3√

1− ρ2
13 − ρ2

23
κ
δ−κ (fk(κ, t)− fk(δ, t))σ3

 . (1.111)

As discussed in the Section 1.3, there are three options for the investor: trade one futures

contract, trade two different futures contracts and trade three different futures contracts.

If there is only one futures contract F (1) available in the market. Then by (1.26), we have

µF (t) = µ
(1)
F (t), ΣF = σ

(1)
F (t)>. (1.112)

Then, the optimal strategy (1.35) becomes

π(1)∗(t) =
1

γ

µF (t)

ΣF (t)Σ>F (t)
=

1

γ

µ
(1)
F (t)

σ
(1)
F (t)>σ

(1)
F (t)

. (1.113)

where µ
(1)
F (t) is shown as (1.110) and σ

(1)
F (t) is shown as (1.111).

If the investor trade two futures F (1) and F (2), then by (1.26), we have

µF (t) =
(
µ

(1)
F (t), µ

(2)
F (t)

)>
, ΣF (t) =

(
σ

(1)
F (t),σ

(2)
F (t)

)>
. (1.114)

Then, according to (1.35), we have the optimal strategy

π(1)∗(t) =
σ

(2)
F (t)>σ

(2)
F (t)µ

(1)
F (t)− σ(1)

F (t)>σ
(2)
F (t)µ

(2)
F (t)

γ

(
σ

(1)
F (t)>σ

(1)
F (t)σ

(2)
F (t)>σ

(2)
F (t)−

(
σ

(1)
F (t)>σ

(2)
F (t)

)2
) ,

π(2)∗(t) =
σ

(1)
F (t)>σ

(1)
F (t)µ

(2)
F (t)− σ(1)

F (t)>σ
(2)
F (t)µ

(1)
F (t)

γ

(
σ

(1)
F (t)>σ

(1)
F (t)σ

(2)
F (t)>σ

(2)
F (t)−

(
σ

(1)
F (t)>σ

(2)
F (t)

)2
) . (1.115)

If the investor trades three futures F (1), F (2) and F (3), then by (1.26), we have

µF (t) =
(
µ

(1)
F (t), µ

(2)
F (t), µ

(3)
F (t)

)>
, ΣF (t) =

(
σ

(1)
F (t),σ

(2)
F (t),σ

(3)
F (t)

)>
. (1.116)
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Then, according to (1.35), we have the optimal strategy
π(1)∗(t)

π(2)∗(t)

π(3)∗(t)

 =
1

γ


σ

(1)
F (t)>σ

(1)
F (t), σ

(1)
F (t)>σ

(2)
F (t), σ

(1)
F (t)>σ

(3)
F (t)

σ
(2)
F (t)>σ

(1)
F (t), σ

(2)
F (t)>σ

(2)
F (t), σ

(2)
F (t)>σ

(3)
F (t)

σ
(3)
F (t)>σ

(1)
F (t), σ

(3)
F (t)>σ

(2)
F (t), σ

(3)
F (t)>σ

(3)
F (t)


−1

µF (t). (1.117)

1.6 Numerical Illustration

We begin with numerical examples for the multiscale CTOU model discussed in the Section

1.5. With the closed-form expressions obtained in the Section 1.5.2, we now implement the

futures prices, optimal strategies and wealth processes numerically, using the parameters

in Table 1.1. Primarily, we let ε and δ be small parameters and we consider trading three

futures with maturities T1 = 1/12 year, T2 = 2/12 year and T3 = 3/12 year. Then, our

trading horizon will be T̃ = 1/12 year, no greater than the futures maturities. We use

’trading day’ as the x axis in some figures. We assume there be 252 trading days in a year

and 21 trading days for a month. Therefore, our trading horizon is 21 trading days in total.

X
(1)
0 X

(2)
0 X

(3)
0 α2 α3 κ ε δ σ1 σ2 σ3

1 0.5 0.5 0.5 0.5 5 0.05 0.01 0.8 0.02 0.3

ρ12 ρ13 ρ23 λ1 λ2 λ3 T1 T2 T3 T̃ γ

0 0 0 0.02 0.02 0.02 1/12 2/12 3/12 1/12 1

Table 1.1: Parameters for multiscale CTOU model.

In Figure 1.1, we generate the term structure of futures prices with different log-prices. In

the left figure, the log-price X(1) = 0.85, 0.9 and 0.95, which is smaller than the instantaneous

stochastic mean X(2) +X(3) = 1. Then the asset’s spot price is in contango and it will lead

to that the futures price increases for the time to maturity. In the right figure, where

X(1) > X(2) +X(3), the asset’s spot price is in backwardation and the futures price decreases

for the time to maturity.
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Figure 1.1: Left: the term structure of futures price in contango with X(1) = 0.95, 0.90 and

0.85. Right: the term structure of futures price in backwardation with X(1) = 1.15, 1.10 and

1.05. Other parameters are shown in Table 1.1.

In Figure 1.2, we plot the simulated paths and 95% confidence intervals for three factors

in the top figure and middle figure. As shown in the middle figure, the 95% confidence

interval of the slow-varying factor X(3) is much narrower than the one for fast-varying factor

X(2). At the bottom, we plot the spot price in the solid lines and futures prices in the dashed

lines. We observe that three paths for the futures prices are highly correlated and T1-futures

price is equal to the asset’s spot price at its maturity date T1, which is the 21st trading day.

In Figure 1.3, we plot the optimal positions (in dollars) as functions of time for different

portfolios. We illustrate the optimal strategies for one-contract portfolio, two-contract port-

folio and three-contract portfolio respectively. Solid lines represent the optimal investment

on T1-futures. Dashed lines represent the optimal investment on T2-futures. Dotted lines

represent optimal investment on T3-futures. The formula for optimal strategies are given

in (1.113)–(1.117). As it turns out, the optimal positions in cash amount are deterministic

functions for time, but the units of futures in the portfolios still depend directly on asset’s

spot price and futures prices.

When trading one futures, the investor faces significant risks exposure. Therefore, the
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position is relatively small due to risk aversion. Moreover, the investor takes significantly

larger position in three-contract portfolio since he can hedge all the risks. From a computa-

tional perspective, this is related to the large condition number of the matrix in 1.117 where

the optimal positions are calculated. Nevertheless, the net exposure is significantly reduced

by the opposite (long/short) positions. As shown in Figure 1.4, the net optimal positions

across all three portfolios are of the same order of magnitude and very close to zero.

Next, the wealth processes for three portfolios are shown in Figure 1.5. On the left,

we plot wealth processes as functions of time for one-contract portfolio and two-contract

portfolio. We observe that the wealth paths for these two portfolios are pretty close, and

they both seem to mostly follow the spot price process, which is also trending downward in

a similar manner. However, on the right, the wealth process for the three-contract portfolio

exhibits very different path behavior compared to those on the left. In particular, this wealth

process does not seem to follow the spot price.

We plot certainty equivalent for different portfolios on Figure 1.6. First, we observe that

the certainty equivalent increases with respect to the trading horizon T̃ . As the trading

horizon reduces to zero, the certainty equivalent converges to the initial wealth w, which is

set to be 0 in this example. It is consistent with equation (1.49). Second, with more contracts

to trade, the investor has a higher certainty equivalent, but different futures combinations

lead to varying values. In this example, trading the short-term futures, T1 and T2 futures,

yields the highest certainty equivalent. On the right, we see that risk aversion reduces the

certainty equivalent for any trading horizon T̃ .

In Table 1.2, we present the certainty equivalents for all possible futures combinations

and different correlation parameters ρ12 and ρ13. It also shows that the certainty equivalent is

much higher when there are more contracts to trade. In addition, if there is only one futures

contract to trade, the certainty equivalent is increasing with respect to its maturity, see first

three columns. In addition, the certainly equivalents depend on the correlation parameters

ρ12 and ρ13.

Lastly, we return to the CTOU model presented in 1.4.2. In Table 1.3, we present
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Figure 1.2: Top: simulated paths for asset’s log-price X(1). Dashed curves represent 95%

confidence intervals. Middle: simulated path for the fast-varying factor X(2) and slow-varying

factor X(2). Dashed curves represent 95% confidence intervals for X(2) and dotted curves

represent 95% confidence intervals for X(3). Bottom: simulated paths for asset’s spot price

and futures prices. Parameters are shown in Table 1.1.



28

0 5 10 15 20

0.04

0.06

0.08
One Futures Contract

0 5 10 15 20
−0.5

0.0

0.5

1.0
Two Futures Contracts

0 5 10 15 20
−2000

0

2000

Three Futures Contracts

Trading Day

Op
tim

al
 S

tra
te

gy
 π

(*
)

Figure 1.3: The optimal strategy π(∗) as a function of time for different futures portfolios.

In each plot when applicable, the solid line is the optimal investment on T1-futures, dashed

line is the optimal investment on T2-futures, and dotted line is the optimal investment on

T3-futures. Parameters are shown in Table 1.1.



29

0 5 10 15 20
Trading Day

−0.2

0.0

0.2
Ne

t O
pt

im
al

 P
os

iti
on

1-Futures
2-Futures
3-Futures

Figure 1.4: The net optimal positions for portfolios with different numbers of futures. The

maximum and minimum net optimal positions for the one-futures portfolio (solid line) are

0.08 and 0.03 respectively. The maximum and minimum net optimal positions for the two-

futures portfolio (dashed line) are 0.36 and 0.28 respectively. The maximum and minimum

net optimal positions for the three-futures portfolio (dotted line) are 0.14 and -0.34 respec-

tively.

0 5 10 15 20
Trading Day

0.992

0.994

0.996

0.998

1.000

1.002

1.004

1.006

W
ea

lth

One-Contract Portfolio
Two-Contract Portfolio

0 5 10 15 20
Trading Day

0.0

0.5

1.0

1.5

2.0

W
ea

lth

Three-Contract Portfolio

Figure 1.5: Left: wealth processes as functions of time for one-contract portfolio and two-

contract portfolio. Right: wealth process as function of time for three contract-portfolio.

Parameters are shown in the Table 1.1.
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the certainty equivalents corresponding to different values of the speed of reversion κ1 and

correlation ρ. We use the estimated parameters from the ”full sample” in Table 4 of [48] and

Table 1 of [43]. It shows that higher speed of mean reversion κ1 leads to higher certainty

equivalent. However, when two futures contracts are traded, the dependence of certainty

equivalents on κ1 and correlation parameter ρ disappears, which has been already shown

by value function (1.82). This phenomenon is also pointed out by [43] that the certainty

equivalent only depends on market prices of risk ζ1 and ζ2 when two futures are traded.
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Figure 1.6: Left: certainty equivalents as functions of trading horizon T̃ for one-contract

portfolios and two-contract portfolios. Right: certainty equivalents as functions of trad-

ing horizon T̃ for three-contract portfolio with different risk-aversion parameter γ. Other

parameters are shown in Table 1.1.

1.7 Conclusion

We have extended the study of optimal trading in commodity futures market under two-factor

models to a multifactor model. Closed-form expressions for the optimal controls and for the

value function are obtained. Using these, we illustrated the optimal strategies. Intuitively, it

should be more valuable to the investor to access a larger set of securities, and this intuition
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Parameters
Futures Combinations (Maturity)

T1 T2 T3 {T1, T2} {T1, T3} {T2, T3} {T1, T2, T3}

ρ12 = 0

ρ13 = −0.5 0.563 1.58 3.25 5.36 4.65 4.41 419

ρ13 = 0 0.502 1.09 1.74 3.09 2.62 2.41 417

ρ13 = 0.5 0.456 0.837 1.19 2.88 2.35 2.01 417

ρ12 = 0.5

ρ13 = −0.5 0.561 1.56 3.23 5.34 4.64 4.40 543

ρ13 = 0 0.500 1.08 1.73 3.08 2.62 2.40 542

ρ13 = 0.5 0.454 0.833 1.18 2.87 2.34 2.01 541

ρ12 = −0.5

ρ13 = −0.5 0.565 1.59 3.27 5.39 4.66 4.42 571

ρ13 = 0 0.504 1.10 1.75 3.11 2.63 2.41 569

ρ13 = 0.5 0.457 0.842 1.20 2.90 2.36 2.02 569

Table 1.2: The certainty equivalents (×10−4) for all possible futures combinations and dif-

ferent correlation parameters ρ12 and ρ13. Other parameters are shown in the Table 1.1.

Parameters
Futures Combinations (Maturity)

T1 T2 {T1, T2}

κ1 = 5.827

ρ = −0.5 3.66 45.6 209

ρ = 0 3.96 36.3 209

ρ = 0.5 2.48 19.4 209

κ1 = 0.827

ρ = −0.5 0.0281 0.290 209

ρ = 0 0.0393 0.377 209

ρ = 0.5 0.0264 0.259 209

Table 1.3: The certainty equivalents (×10−3) for all possible futures combinations, different

speed of reversion κ1 and correlation parameters ρ in CTOU model. Other parameters:

κ2 = 0.3, σ1 = 1.037, σ2 = 0.446, ζ1 = −0.010, ζ2 = 2.242, T1 = 1/12, T2 = 2/12 and

T̃ = 1/12.
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is confirmed quantitatively through the certainty equivalents associated with the optimal

futures portfolios.

In the presence of market frictions, trading more contracts might not necessarily be more

beneficial. Therefore, it is practically important to determine the right number of contracts

and rebalancing strategies accounting for transaction costs. Such an extension to our model

would be interesting for future research.

Another direction is model estimation. In fact, one advantage of the multifactor model,

as argued by [19], is the ease of estimation via Kalman filter. In other related studies

([55, 29, 60]), Kalman filtering and other calibration methodologies can handle multifactor

models with hidden state variables and measurement errors. Inclusion of measurement errors

is necessary since the number of available market prices is generally higher than the number

of state variables that need to be estimated.
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Chapter 2

DYNAMIC FUTURES PORTFOLIO IN A
REGIME-SWITCHING MARKET FRAMEWORK

2.1 Introduction

Asset prices are often seen as being dependent on the market conditions. Market regimes

may change suddenly and persist for a period of time. The unpredictability of the timing

of regime changes also means that associated risks are almost impossible to hedge. In order

to capture these crucial properties of market dynamics, one major approach is to represent

stochastic market regimes by a finite-state Markov chain. In most cases, the Markov chain

is an exogenous random process and is not directly tradable. The effects of the Markov

chain are reflected in the asset price dynamics. In particular, the asset’s expected return and

volatility may vary across regimes.

Regime switching models date back to [30], who introduced a regime switching time series

model to capture the movements of the stock prices and showed that the regime switching

model represents the stock returns better than the model with deterministic coefficients.

Thereafter, regime switching has been applied to many problems in economics and finance,

including derivatives pricing ([13], [23], and [2], among many others), and portfolio selection

([62, 54, 36, 17, 57]).

In this chapter, we present a stochastic control approach to generate dynamic futures

trading strategies. We consider a general regime-switching framework in which the stochastic

market regime is represented by a continuous-time finite-state Markov chain. The underlying

asset’s spot price is modeled by a Markov-modulated diffusion process. Then, we derive the

no-arbitrage price dynamics for the futures contracts and determine the optimal futures

trading strategy by solving a utility maximization problem. By analyzing and solving the
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associated Hamilton-Jacobi-Bellman (HJB) equations, we derive the investor’s value function

and optimal trading strategies.

In comparison to related studies on portfolio optimization with regime switching, we in-

vestigate the dynamic trading of futures, rather than stocks, in a general regime-switching

market framework that can be applied to an array of regime-switching models. This differ-

ent setup leads to the interaction between the historical measure and risk-neutral pricing

measure, and how they affect the evolution of futures prices and portfolio wealth. In partic-

ular, the regime-switching feature also leads to jumps in the futures prices and the investor’s

wealth process, even though the underlying asset price has continuous paths. Moreover,

under our regime-switching framework, the certainty equivalent is the same across different

underlying models as long as the market price of risk stays the same.

Among our findings, we show that the investor’s value function admits a separable form

under a general regime-switching market framework, and the original HJB equations are

reduced to a system of linear ODEs. In addition, we also define the investor’s certainty

equivalent to quantify the value of the futures trading opportunity to the investor. Surpris-

ingly both the value function and certainty equivalent do not depend on the current spot

and futures prices, and admits a universal form across different model specifications. Nev-

ertheless, the risk premia associated with the regime-switching model play a crucial role,

not only in the value function and certainty equivalent, but also in the optimal strategy. In

addition, we show two applications of our model, regime-switching Geometric Brownian Mo-

tion (RS-GBM) and regime-switching Exponential Ornstein-Uhlenbeck (RS-XOU) model.

Exponential Ornstein-Uhlenbeck model is one of the mean reversion models used to analyze

futures market.

The rest of this chapter is structured as follows. We describe the general market frame-

work in Section 2.2. The dynamic futures portfolio optimization is discussed in Section 2.3.

We apply our framework to the RS-GBM model and RS-XOU model in Sections 2.4 and 2.5,

respectively. Concluding remarks are provided in Section 2.6.
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2.2 Futures Price Dynamics

We fix a probability space (Ω,G,Q), where Q is the risk-neutral pricing measure Q. Let ξ be

a continuous-time irreducible finite-state Markov chain with state space E = {1, 2, . . . ,M}.

The generator matrix of ξ, denoted by Q̃, has entries Q̃(i, j) = q̃(i, j) such that q̃(i, j) ≥ 0

for i 6= j and
∑

j∈E q̃(i, j) = 0 for i ∈ E. This Markov chain represents the changing market

regime and influences the underlying asset’s price dynamics.

We can use a stochastic integral with respect to a Poisson random measure to represent

Markov chain ξ. For i, j ∈ E with i 6= j, let ∆(i, j) be the consecutive left-closed, right-open

intervals of the real line, each having length q̃(i, j). Define a function h : E × R→ R by

h(i, z) =
∑

j∈E\{i}

(j − i)I{z∈∆(i,j)}. (2.1)

Then, under measure Q, the Markov chain ξt evolves according to

dξt =

∫
R
h(ξt, z)N(dt, dz), (2.2)

whereN(dt, dz) is the Poisson random measure with intensity dt×µ̃(dz) and µ̃ is the Lebesgue

measure satisfying ∫
R
I{z∈∆(i,j)}µ̃(dz) = |∆(i, j)| = q̃(i, j), (2.3)

with |∆(i, j)| being the length of ∆(i, j). We can also express SDE (2.2) as

dξt =
∑

j∈E\{ξt}

q̃(ξt, j)(j − ξt)dt+

∫
R
h(ξt, z)M

Q(dt, dz), (2.4)

using the compensated Poisson process under measure Q defined by

MQ(dt, dz) = N(dt, dz)− dt× µ̃(dz). (2.5)

The underlying asset’s spot price is denoted by St. Its log-price, Xt = log(St), evolves

according to

dXt = ã(t,Xt, ξt)dt+ b(t,Xt, ξt)dZ
Q
t , (2.6)
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where ZQ is the standard Brownian motion under the measure Q and independent of ξ. The

drift and volatility functions ã(·, ·, ·) and b(·, ·, ·) are assumed to satisfy the conditions such

that SDE (2.6) has a strong solution.

Consider a futures contract on the underlying asset S with maturity T . Like (1.6) in

Chapter 1, the no-arbitrage price of this futures at time t ≤ T is given by the conditional

expectation under the risk-neutral pricing measure Q:

Fi(t, x) = IEQ[exp(XT )|Xt = x, ξt = i]. (2.7)

The futures price function Fi(t, x) is determined from the following system of PDEs

∂tFi + LQ
i Fi +

∑
j∈E\{i}

q̃(i, j)(Fj − Fi) = 0, (2.8)

for (t, x) ∈ [0, T )× R and i = 1, . . . ,M , where

LQ
i · := ã(t, x, i)∂x ·+

b2(t, x, i)

2
∂xx · . (2.9)

To facilitate presentation, we have dropped the variables from different functions in (2.8)

and will do the same in PDEs that follow when no ambiguity arises.

For the futures trading problem, asset and futures prices are observed under the physical

measure P. Under measure P, the Markov chain ξ has generator matrix Q with entries

Q(i, j) = q(i, j), where i, j ∈ E. Since P and Q are equivalent measures, we have q(i, j) = 0

iff q̃(i, j) = 0. To relate the Poisson random measures under measures P and Q, we denote

by µ(dz) the intensity measure of N(dt, dz) under measure P such that

µ(dz) =


q(i, j)

q̃(i, j)
µ̃(dz), for z ∈ ∆(i, j),

µ̃(dz), others,

(2.10)

under the convention that 0/0 = 1. Then, the compensated Poisson process under measure

P is

MP(dt, dz) = MQ(dt, dz)−
∑

i,j∈E,i 6=j

q(i, j)− q̃(i, j)
q̃(i, j)

I{z∈∆(i,j)}dt× µ̃(dz). (2.11)
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Accordingly, the Markov chain ξt satisfies

dξt =
∑

j∈E\{ξt}

q(ξt, j)(j − ξt)dt+

∫
R
h(ξt, z)M

P(dt, dz). (2.12)

To relate the Brownian motions under measures P and Q, we denote by ζ(ξt) the risk

premium associated with the Brownian motion such that

dZQ
t = dZP

t + ζ(ξt)dt. (2.13)

In turn, the log spot price satisfies

dXt = a(t,Xt, ξt)dt+ b(t,Xt, ξt)dZ
P
t , (2.14)

whose drift is given by

a(t, x, i) := ã(t, x, i) + ζ(i)b(t, x, i).

Here, ZP is the standard Brownian motion under P and is independent of ξ.

Applying Itô’s lemma, the futures price Ft satisfies the stochastic differential equation

(SDE),

dFt = η(t,Xt, ξt)dZ
Q
t +

∫
R

∑
j∈E\{ξt}

∆F (t,Xt, ξt, j)I{z∈∆(ξt,j)}M
Q(dt, dz), (2.15)

where we have defined

η(t, x, i) = b(t, x, i)∂xFi(t, x), (2.16)

∆F (t, x, i, j) = Fj(t, x)− Fi(t, x), (2.17)

for i, j ∈ E. In particular, ∆F (t, x, i, i) = 0 by definition. We note that Ft is a Q-martingale.

Applying (2.13), the futures price Ft admits the P-dynamics:

dFt =

(
η(t,Xt, ξt)ζ(ξt) +

∑
j∈E\{ξt}

(q(ξt, j)− q̃(ξt, j))∆F (t,Xt, ξt, j)

)
dt

+ η(t,Xt, ξt)dZ
P
t +

∫
R

∑
j∈E\{ξt}

∆F (t,Xt, ξt, j)I{z∈∆(ξt,j)}M
P(dt, dz).

(2.18)

A key feature of this regime-switching framework is that the futures price process is a jump-

diffusion even though the spot price process has continuous paths. The jumps in the futures

prices will have direct impact on the strategies in dynamic futures portfolio.
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2.3 Futures Portfolio Optimization

We now consider the problem of dynamic trading futures contracts. Consider M futures

F = (F (1), . . . , F (M)) written on the same asset S with different maturities, denoted by

T1 < T2 < . . . < TM without loss of generality. We define M ×M coefficient matrix by

Γ(t, x, i) =



η(1)(t, x, i) η(2)(t, x, i) · · · η(M)(t, x, i)

∆
(1)
F (t, x, i, 1) ∆

(2)
F (t, x, i, 1) · · · ∆

(M)
F (t, x, i, 1)

...
...

...
...

∆
(1)
F (t, x, i, i− 1) ∆

(2)
F (t, x, i, i− 1) · · · ∆

(M)
F (t, x, i, i− 1)

∆
(1)
F (t, x, i, i+ 1) ∆

(2)
F (t, x, i, i+ 1) · · · ∆

(M)
F (t, x, i, i+ 1)

...
...

. . .
...

∆
(1)
F (t, x, i,M) ∆

(2)
F (t, x, i,M) · · · ∆

(M)
F (t, x, i,M)


. (2.19)

The intuition here is that the coefficient matrix gives a link between the traded futures and

sources of randomness:


dF

(1)
t

dF
(2)
t

· · ·

dF
(M)
t

←→



dZQ
t∫

R I{z∈∆(ξt,j)}M
Q(dt, dz)

· · ·∫
R I{z∈∆(ξt,ξt−1)}M

Q(dt, dz)∫
R I{z∈∆(ξt,ξt+1)}M

Q(dt, dz)

· · ·∫
R I{z∈∆(ξt,M)}M

Q(dt, dz)


.

It follows from (2.15) that if this M×M matrix Γ is invertible, then it is sufficient to these M

futures to fully replicate any other futures on S with a different maturity, up to the shortest

maturity. To see this, for a futures with an arbitrary maturity T , its price is connected with
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the prices of the M futures as follows:

dFt=
[
dF

(1)
t dF

(2)
t · · · dF

(M)
t

]
Γ(t,Xt, ξt)

−1



η(t,Xt, ξt)

∆F (t,Xt, ξt, 1)
...

∆F (t,Xt, ξt, ξt − 1)

∆F (t,Xt, ξt, ξt + 1)
...

∆F (t,Xt, ξt,M)


,

for 0 ≤ t ≤ T∧T1. In other words, the T -futures is redundant in this market with M regimes.

2.3.1 Utility Maximization

We consider a portfolio of M futures with different maturities T1 < T2 < . . . < TM . We

assume that these futures are not redundant, and the interest rate is zero. We fix the trading

horizon T̃ , which must not exceed the shortest maturities of the futures in the portfolio.

Hence, we require that T̃ ≤ T1.

Like (1.27) in Chapter 1, we let strategy πt =
(
π

(1)
t , · · · , π(M)

t

)>
, where the element π

(k)
t

denotes the amount of money invested in k-th futures contract. Then, the wealth process is

given by

dW$
t =

M∑
k=1

π
(k)
t

dF
(k)
t

F
(k)
t

(2.20)

=
M∑
k=1

$
(k)
t dF

(k)
t , (2.21)

where $
(k)
t = π

(k)
t /F

(k)
t represents the units of futures F (k) in the portfolio.

We now reorganize terms in wealth process (2.21). To that end, we define the transformed
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strategies by

$̃
(0)
t =

M∑
k=1

$
(k)
t η(k)(t,Xt, ξt), (2.22)

$̃
(j)
t =

M∑
k=1

$
(k)
t ∆

(k)
F (t,Xt, ξt, j), for j ∈ E. (2.23)

In particular, since ∆
(k)
F (t, x, i, i) = 0, for ∀k = 1, . . . ,M and ∀i ∈ E, according to (2.17), it

follows that

$̃
(ξt)
t =

M∑
k=1

$
(k)
t ∆

(k)
F (t,Xt, ξt, ξt) = 0.

In matrix form, we have

$̃t = Γ(t,Xt, ξt)$t, (2.24)

where $̃t = ($̃
(0)
t , $̃

(1)
t , · · · , $̃(ξt−1)

t , $̃
(ξt+1)
t , · · · , $̃(M)

t )>. Applying (2.15), (2.22), and (2.23)

to (2.21), the wealth process becomes

dW$
t =

(
ζ(ξt)$̃

(0)
t +

∑
j∈E\{ξt}

(q(ξt, j)− q̃(ξt, j))$̃(j)
t

)
dt

+ $̃
(0)
t dZP

t +

∫
R

∑
j∈E\{ξt}

$̃
(j)
t I{z∈∆(ξt,j)}M

P(dt, dz).

(2.25)

Notice that the wealth process is subject to jumps whenever the market regime switches

states.

We consider a utility maximization approach to determine the optimal futures trading

strategy. The investor seeks to maximize the expected utility by dynamically trading the

futures continuously over time. We assume the associated coefficient matrix Γ(t,Xt, ξt)

be invertible, and it would act as a bijection mapping between $t and $̃t. This allows

us to solve the portfolio optimization problem by maximizing over $̃t. Notice the wealth

process (2.25) does not explicitly depend on Xt. The investor solves the following utility

maximization problem

ui(t, w) = sup
$̃

IEP[U(W$
T̃

)|Wt = w, ξt = i
]
, (2.26)
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where U(w) = −e−γw is exponential utility function with a constant risk aversion parameter

γ > 0.

The investor’s value function ui(t, w) is determined from a system of Hamilton-Jacobi-

Bellman (HJB) equations. Precisely, we have

∂tui + max
$̃t

{(
ζi$̃

(0)
t −

∑
j∈E\{i}

q̃ij$̃
(j)
t

)
∂wui +

($̃
(0)
t )2

2
∂wwui

+
∑

j∈E\{i}

qij

(
uj(t, w + $̃

(j)
t )− ui(t, w)

)}
= 0,

(2.27)

for i ∈ E and t ∈ [0, T̃ ). The terminal condition is ui(T̃ , w) = −e−γw, for i ∈ E. We have

used the shorthand notations: q̃ij ≡ q̃(i, j), qij ≡ q(i, j) and ζi ≡ ζ(i).

Performing the optimization in the HJB equation (2.27) and assuming that ∂wwui ≤ 0

(which will be verified later), we obtain the first-order conditions for the optimal strategy:
$̃(0)∗(t, w, i) = −ζi

∂wui(t, w)

∂wwui(t, w)
,

∂wuj(t, w + $̃(j)∗(t, w, i)) =
q̃ij
qij
∂wui(t, w),

(2.28)

for i ∈ E and j ∈ E \ {i}. Plugging this into (2.27), the HJB equations become

∂tui −
(ζi∂wui)

2

2∂wwui
−

∑
j∈E\{i}

q̃ij$̃
(j)∗
i ∂wui +

∑
j∈E\{i}

qij

(
uj(t, w + $̃

(j)∗
i )− ui(t, w)

)
= 0,

(2.29)

for i ∈ E, where we have denoted $̃
(j)∗
i ≡ $̃(j)∗(t, w, i).

We now consider the transformation for the value function

ui(t, w) = −e−γw+ϕi(t). (2.30)

Applying this to the first-order conditions (2.28) and HJB equation (2.29), the optimal

strategy can be written explicitly
$̃

(0)∗
i =

ζi
γ
,

$̃
(j)∗
i (t) = −1

γ

(
log

q̃ij
qij

+ ϕi(t)− ϕj(t)
)
,

(2.31)
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for i ∈ E and j ∈ E \ {i}. We note that both $̃
(0)∗
i and $̃

(j)∗
i (t) do not depend on wealth w.

Substituting the transformation (2.30) and optimal strategy (2.31) into (2.29), we obtain

a system of ODEs for ϕi(t):

ϕ>i (t)−
∑

j∈E\{i}

q̃ij

(
ϕi(t)− ϕj(t)

)
− αi = 0, (2.32)

where

αi =
ζ2
i

2
+

∑
j∈E\{i}

q̃ij log
q̃ij
qij
− q̃ij + qij, (2.33)

for i ∈ E and t ∈ [0, T̃ ). The terminal condition is ϕi(T̃ ) = 0 for i ∈ E. This ODE system

admits the solution

ϕ(t) = −
∫ T̃

t

exp
(
Q̃(T̃ − s)

)
α ds , (2.34)

where Q̃ is the generator matrix for ξt under measure Q, ϕ(t) = (ϕ1(t), · · · , ϕM(t))> and

α = (α1(t), · · · , αM(t))>.

With this solution, along with transformation (2.30), direction calculations now show

that the second-order condition ∂wwui = γ2ui ≤ 0 is satisfied. Therefore, the solution to the

HJB system (2.27) is indeed given by (2.30). In addition, the optimal strategy $∗ can be

recovered from (2.24).

The ODE system (2.32) implies a probabilistic representation for ϕi(t), given by

ϕi(t) = IEQ
[
−
∫ T̃

t

α(ξs)ds

∣∣∣∣ξt = i

]
, (2.35)

where α(i) = αi is given by (2.33). Given that x log x − x + 1 ≥ 0, ∀x > 0, it follows that

α(i) ≥ 0 and ϕi(t) ≤ 0. Intuitively, exp(ϕi(t)) acts like a discounting factor that depends

directly on the regime-switching market price of risk. Since the exponential utility is negative

and ϕi(t) ≤ 0, this implies that ui(t, w) ≥ −e−γw, which means that the investor achieves a

higher expected utility by dynamically trading the futures, as compared to only holding the

same constant cash amount w.
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Next, by putting the optimal strategy $̃
(0)∗
i and $̃

(j)∗
i (t) in (2.25), we obtain the optimal

wealth process

dW ∗
t =

1

γ

(
ζ2(ξt)−

∑
j∈E\{ξt}

(
q(ξt, j)− q̃(ξt, j)

)(
log

q̃(ξt, j)

q(ξt, j)
+ ϕ(t, ξt)− ϕ(t, j)

))
dt

+
ζ(ξt)

γ
dZP

t −
1

γ

∫
R

∑
j∈E\{ξt}

(
log

q̃(ξt, j)

q(ξt, j)
+ ϕ(t, ξt)− ϕ(t, j)

)
I{z∈∆(ξt,j)}M

P(dt, dz),

(2.36)

where we have denoted ϕ(t, i) = ϕi(t), for i ∈ E. The coefficients of the optimal wealth pro-

cess in (2.36) do not depend on the spot price Xt but are modulated by the continuous-time

Markov chain ξt. The optimal wealth is connected with the risk-neutral pricing measure and

futures prices through the market price of risk ζ(ξt). The investor’s risk aversion parameter

γ also affects the optimal wealth. In particular, a higher γ will reduce the magnitude of the

drift and volatility of the optimal wealth process.

Remark 2. When M = 2, the ODE system (2.32) admits an explicit solution

ϕi(t) = − 1

λ̃1 + λ̃2

(
(λ̃2α1 + λ̃1α2)(T̃ − t) + λ̃i(αi − αj)

1− e−(λ̃1+λ̃2)(T̃−t)

λ̃1 + λ̃2

)
, (2.37)

where λ̃i = q̃ij, for (i, j) ∈ {(1, 2), (2, 1)} and t ∈ [0, T̃ ]. In turn, the optimal strategy is given

by  $
(1)∗
i (t, x)

$
(2)∗
i (t, x)

 =

− 1

γb(t, x, i)((F
(2)
j (t, x)− F (2)

i (t, x))∂xF
(1)
i (t, x)− (F

(1)
j (t, x)− F (1)

i (t, x))∂xF
(2)
i (t, x)) −ζi(F (2)

j (t, x)− F (2)
i (t, x))− b(t, x, i)∂xF (2)

j (t, x)(log λ̃i
λi

+ ϕi(t)− ϕj(t))

ζi(F
(1)
j (t, x)− F (1)

i (t, x)) + b(t, x, i)∂xF
(1)
j (t, x)(log λ̃i

λi
+ ϕi(t)− ϕj(t))

 ,
(2.38)

where λi = qij, for (i, j) ∈ {(1, 2), (2, 1)} and (t, x) ∈ [0, T̃ ]× R.

2.3.2 Certainty Equivalent

In order to quantify the value of trading futures to the investor, we define the investor’s cer-

tainty equivalent associated with the utility maximization problem. The certainty equivalent
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is the guaranteed cash amount that would yield the same utility as that from dynamical-

ly trading futures according to (2.26). This amounts to applying the inverse of the utility

function to the value function in (2.30), that is,

CEi(t, w) := U−1(ui(t, w)) = w − ϕi(t)

γ
. (2.39)

Therefore, the certainty equivalent is the sum of the investor’s wealth w and a time-dependent

component −ϕi(t)
γ

. From the probabilistic representation in (2.35), we know that ϕi(t) is neg-

ative. The certainty equivalent is also inversely proportional to the risk aversion parameter

γ, which means that a more risk averse investor has a lower certainty equivalent, valuing the

futures trading opportunity less.

Under our regime-switching framework, the certainty equivalent is the same across differ-

ent underlying models as long as the market prices of risk stay the same. Therefore, without

picking a specific model, we can still compute the certainty equivalent. Figure 2.1 illustrates

the certainty equivalents under two risk aversion levels under two regimes in a two-regime

market. Under each regime, the less risk averse investor (γ = 0.5) has a higher certainty

equivalent than the more risk averse investor (γ = 2). According to the parameters for the

two regimes, Regime 2 has a higher market price of risk than regime 1, which explains that

the investor’s certainty equivalent is higher in regime 2 than in regime 1. All else being equal,

the certainty equivalent is higher when there is more time to trade. Hence, as the trading

horizon reduces to zero, the certainty equivalent converges to the initial wealth w, which is

set to be 1 in this example. This means that the second term in (2.39) converges to zero

since ϕi(t)→ 0 as t→ T̃ .

In the next two sections, we consider two model specifications and provide numerical

examples.

2.4 Regime-Switching Geometric Brownian Motion

Suppose the log-price of the underlying asset follows the SDE

dXt = µ(ξt)dt+ σ(ξt)dZ
Q
t , (2.40)
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Figure 2.1: The certainty equivalents corresponding to two different risk aversion levels in a

two-regime market. They are plotted as functions of the trading horizon, for γ = 0.5 (solid

lines) and γ = 2 (dashed lines) in regime 1 (dark color) and regime 2 (light color). Common

parameters are q̃12 = q12 = 0.8, q̃21 = q21 = 0.6, w = 1, ζ1 = 0.1 and ζ2 = 0.3.

under the risk-neutral measure Q. We call this model the regime-switching Geometric Brow-

nian Motion (RS-GBM) because without ξ the spot price S is simply a GBM. This model

belongs to our regime-switching framework discussed in the previous section. Indeed, this

amounts to setting the coefficients in SDE (2.6) to be

ã(t,Xt, ξt) = µ(ξt), and b(t,Xt, ξt) = σ(ξt). (2.41)

Substituting (2.41) into (2.8), we obtain the PDE system for the futures price function

under this model. Precisely, for i ∈ E, we have

∂tFi + µi∂xFi +
σ2
i

2
∂xxFi +

∑
j∈E\{i}

q̃(i, j)(Fj − Fi) = 0, (2.42)

with µi = µ(i) and σi = σ(i). The terminal condition is Fi(T, x) = ex, x ∈ R.

Under this model, the futures price admits the separation of variables:

Fi(t, x) = ex gi(t), (2.43)
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where (gi(t))i=1,...,M solve the system of ODEs:

dgi(t)

dt
+ (µi +

σ2
i

2
)gi(t) +

∑
j∈E\{i}

q̃(i, j)(gj(t)− gi(t)) = 0, (2.44)

for t ∈ [0, T ), with the terminal condition gi(T ) = 1, for i = 1, . . . ,M . Defining g(t) =

(g1(t), . . . , gM(t))>, we can write the solution as

g(t) = exp

(
(G+ Q̃)(T − t)

)
1, (2.45)

where Q̃ is the generator matrix under the measure Q and

G = diag(
2µ1 + σ2

1

2
,
2µ2 + σ2

2

2
, . . . ,

2µM + σ2
M

2
). (2.46)

In addition, the ODE system (2.44) implies a probabilistic representation for gi(t):

gi(t) = IEQ
[

exp

(∫ T

t

µ(ξs) +
σ2(ξs)

2
ds

) ∣∣∣∣ξt = i

]
. (2.47)

To sum up, the futures price in regime i is given by

Fi(t, x) = exp(x)

(
exp

(
(G+ Q̃)(T − t)

)
1

)
i

, (2.48)

where the subscript i denotes the ith entry of the vector.

In turn, using (2.15), the futures price satisfies the SDE

dFt =

(
σ(ξt)F (t,Xt, ξt)ζ(ξt) +

∑
j∈E\{ξt}

(q(ξt, j)− q̃(ξt, j))
(
F (t,Xt, j)− F (t,Xt, ξt)

))
dt

+ σ(ξt)F (t,Xt, ξt)dZ
P
t +

∫
R

∑
j∈E\{ξt}

(
F (t,Xt, j)− F (t,Xt, ξt)

)
I{z∈∆(ξt,j)}M

P(dt, dz).

(2.49)

Next, we consider a portfolio of futures with M different maturities T1 < T2 < · · · < TM .

If the associated coefficient matrix Γ is invertible, we can apply results in the Section 2.3.

To that end, we have following proposition for coefficient matrix Γ.
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Proposition 3. If Γ(t0, x, i) is invertible for some specific time t0 ≤ T1, then Γ(t, x, i) is

invertible for any time t ≤ T1.

Proof. By (2.19), the coefficient matrix is given by

Γ(t, x, i) = ex



σig
(1)
i (t) σig

(2)
i (t) · · · σig

(M)
i (t)

g
(1)
1 (t)− g(1)

i (t) g
(2)
1 (t)− g(2)

i (t) · · · g
(M)
1 (t)− g(M)

i (t)
...

...
...

...

g
(1)
i−1(t)− g(1)

i (t) g
(2)
i−1(t)− g(2)

i (t) · · · g
(M)
i−1 (t)− g(M)

i (t)

g
(1)
i+1(t)− g(1)

i (t) g
(2)
i+1(t)− g(2)

i (t) · · · g
(M)
i+1 (t)− g(M)

i (t)
...

...
. . .

...

g
(1)
M (t)− g(1)

i (t) g
(2)
M (t)− g(2)

i (t) · · · g
(M)
M (t)− g(M)

i (t)


, (2.50)

for i ∈ E. The determinant of coefficient matrix Γ is denoted by

Φi(t, x) = det Γ(t, x, i), i ∈ E. (2.51)

We define the matrix Γ̃ by adding 1/σi of the first row to other rows in matrix Γ. Then,

we define the matrix Hk by taking t-derivative in the k-th row of matrix Γ̃. For example,

H1(t, x, i) = ex



σi
d
dt
g

(1)
i (t) σi

d
dt
g

(2)
i (t) · · · σi

d
dt
g

(M)
i (t)

g
(1)
1 (t) g

(2)
1 (t) · · · g

(M)
1 (t)

...
...

...
...

g
(1)
i−1(t) g

(2)
i−1(t) · · · g

(M)
i−1 (t)

g
(1)
i+1(t) g

(2)
i+1(t) · · · g

(M)
i+1 (t)

...
...

. . .
...

g
(1)
M (t) g

(2)
M (t) · · · g

(M)
M (t)


. (2.52)

Then, holding the log-price x fixed, we differentiate to get

d

dt
Φi(t, x) =

d

dt
det Γ̃(t, x, i) =

M∑
k=1

detHk(t, x, i). (2.53)

Applying (2.44) and
∑

j∈E\{i} q̃(i, j) = −q̃(i, i), we get

M∑
k=1

detHk(t, x, i) =
M∑
k=1

−
(
µk +

σ2
k

2
+ q̃(k, k)

)
Φi(t, x), (2.54)
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for i ∈ E.

Combining (2.53) and (2.54), we have

d

dt
Φi(t, x) +

M∑
k=1

(
µk +

σ2
k

2
+ q̃(k, k)

)
Φi(t, x) = 0. (2.55)

Then, for any t0, t ≤ T1, Φi(t, x) satisfies

Φi(t, x) = exp

(
−

M∑
k=1

(
µk +

σ2
k

2
+ q̃(k, k)

)
(t− t0)

)
Φi(t0, x). (2.56)

Thus, if Γ(t0, x, i) is invertible for some specific time t0 ≤ T1, then Γ(t, x, i) is invertible for

any time t ≤ T1.

Example 1. Market with Two Regimes Assume a market with two regimes, i.e. E = {1, 2}.

The coefficient matrix Γ for futures pair (F (1), F (2)) is given explicitly by

Γ(t, x, i) = ex

 σig
(1)
i (t) σig

(2)
i (t)

g
(1)
j (t)− g(1)

i (t) g
(2)
j (t)− g(2)

i (t)

 , (2.57)

for (i, j) ∈ {(1, 2), (2, 1)}. Then, the matrix determinant Φi(t, x) is also explicit:

Φi(t, x) = e2xσi(g
(1)
i (t)g

(2)
j (t)− g(1)

j (t)g
(2)
i (t)), (2.58)

for (i, j) ∈ {(1, 2), (2, 1)}.

Applying Proposition 3, the coefficient matrix Γ is invertible for any time t ≤ T2, if and

only if Φi(T2, x) = e2xσi(g
(2)
j (T2)−g(2)

i (T2)) 6= 0, which is equivalent to µ1 +σ2
1/2 6= µ2 +σ2

2/2

accorinding to the probabilistic representation (2.47).

If µ1 + σ2
1/2 6= µ2 + σ2

2/2, we can apply the results in Section 2.3. The value function

ui(t, w) satisfies

ui(t, w) = −e−γw+ϕi(t), (2.59)

where ϕi(t) is given by (2.37). Applying (2.38), we immediately obtain the optimal strategy $
(1)∗
i (t, x)

$
(2)∗
i (t, x)

 =− e−x

γσi(g
(1)
i (t)g

(2)
j (t)− g(1)

j (t)g
(2)
i (t)) −ζi(g(2)

j (t)− g(2)
i (t))− σig(2)

i (t)
(

log λ̃i
λi

+ ϕi(t)− ϕj(t)
)

ζi(g
(1)
j (t)− g(1)

i (t)) + σig
(1)
i (t)

(
log λ̃i

λi
+ ϕi(t)− ϕj(t)

)
 ,

(2.60)
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for (i, j) ∈ {(1, 2), (2, 1)} and (t, x) ∈ [0, T̃ ]× R.

If µ1 + σ2
1/2 = µ2 + σ2

2/2, the futures prices will be the same in two states according to

(2.47). Therefore, the futures price SDE becomes

dFt = σ(ξt)F (t,Xt, ξt)ζ(ξt)dt+ σ(ξt)F (t,Xt, ξt)dZ
P
t , (2.61)

which, in contrast to (2.49), has continuous paths.

To illustrate the futures trading problem under this model, we simulate the sample paths

for spot price, futures price, optimal investment, and optimal wealth process. The regime

switching between two states, with transition probabilities q12 = 2 and q21 = 4 which are

entries of generator matrix Q. The trading horizon T̃ = 0.6 which is no greater than the

maturity of the futures contract T1 = 0.6 and T2 = 0.8. All parameters are summarized in

the Table 2.1.

q̃12 = q12 q̃21 = q21 ζ(1) ζ(2) γ T̃

2 4 0.1 0.3 1 0.6

µ1 µ2 σ1 σ2 T1 T2

-0.2 0.2 0.2 0.3 0.6 0.8

Table 2.1: Parameters for the RS-GBM model for Figures 2.2–2.5.

As shown in Figure 2.2, the market starts in regime 2, then switches to regime 1 at time

t1 before returning to regime 2 at time t2. Under RS-GBM model, the futures price (see

(2.48)) tends to amplify the spot price. Thus, the futures price is volatile relative to the spot

price. Moreover, each regime switch can cause an instant jump in the futures price but not

in the spot price. Since the trading horizon coincides with the maturity of the T1-futures,

the corresponding futures price converges to the spot price towards the end.

In Figure 2.3, we illustrate the sample paths of the optimal positions in the two futures

over the trading horizon. As we can see, the optimal positions are of opposite signs, meaning
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Figure 2.2: Sample paths of the spot price, T1-futures price, and T2-futures price over the

trading horizon under the RS-GBM model. The market starts in regime 2, then switches to

regime 1 at time t1, before switching back to regime 2 at time t2.

that the investor will go long on the T1-Futures and short on the T2-Futures. Long-short

strategies are very common in futures trading, and they can help mitigate the effect of regime

switching. As the market switches from regime 2 to regime 1 at time t1, the magnitude of the

futures position is reduced immediately. The investor then take larger long-short positions

when the market returns to regime 2 from regime 1 at time t2. According to the sample

paths, the optimal positions tend to decay in time during each regime, meaning that the

investor gradually reduces investments towards the end of the trading horizon.

Figure 2.4 shows the wealth process corresponding to the optimal trading strategy in

Figure 2.3. The long-short strategy tends to reduce the shock in portfolio vlaue due to

regime switching. Therefore, no sizable jumps in the wealth process are observed at the

regime-swtiching times t1 and t2. As we can see, the wealth process decreases slightly in

regime 1. This is intuitive since regime 1 has lower risk premium than in regime 2. The

wealth increases sharply in regime 2 towards the end of the trading horizon, even though the
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Figure 2.3: Sample paths of the optimal positions ($(1), $(2)) in the T1-futures and T2-futures

respectively under the RS-GBM model. The futures positions tend to decrease over time

and approaches zero near the end of the trading horizon. Jumps in both positions occur at

the regiem-switching times t1 and t2.
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Figure 2.4: Sample path of the optimal wealth process over the trading horizon under the

RS-GBM model.
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Figure 2.5: Sample path of the absolute value of the determinant Φ for the coefficient matrix

Γ under the RS-GBM model.

positions are gradually reduced over time.

In Figure 2.5, we plot the sample path for the absolute value of coefficient matrix deter-

minant |Φ| corresponding to the sample paths of the spot and futures prices. Recall from

(2.56), |Φ| is exponentially increasing or decreasing overtime. Moreover, in our numerical

settings, the term q̃(i, i) = −q̃(i, j) dominates the term µi + σ2
i /2. Therefore, |Φ| appears to

be exponentially increasing in time. Since |Φ| is not equal to 0, Γ is invertible and we are

able to apply the results in the Section 2.3 for the RS-GBM model.

2.5 Regime-Switching Exponential Ornstein-Uhlenbeck Model

As is well known, the Exponential Ornstein-Uhlenbeck process and its variations are wide-

ly used to model commodity prices. We now consider the regime-switching Exponential

Ornstein-Uhlenbeck (RS-XOU) model and illustrate the optimal trading strategies under

this model. In the RS-XOU model, the log spot price evolves according to

dXt = κ(ξt)(θ(ξt)−Xt)dt+ σ(ξt)dZ
Q
t , (2.62)
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where κ(ξt), θ(ξt) and σ(ξt) are the functions of regimes. This amounts to setting ã(t,Xt, ξt) =

κ(ξt)(θ(ξt)−Xt) and b(t,Xt, ξt) = σ(ξt) in (2.6).

2.5.1 Futures Dynamics and Utility Maximization

The futures price function Fi(t, x) satisfies PDE (2.8). Substituting (2.62) into (2.15), we

obtain the Q-dynamics for futures price Ft:

dFt = η(t,Xt, ξt)dZ
Q
t +

∫
R

∑
j∈E\{ξt}

(
F (t,Xt, j)− F (t,Xt, ξt)

)
I{z∈∆(ξt,j)}M

Q(dt, dz),

(2.63)

where the volatility term is given by

η(t, x, i) = σi∂xFi(t, x). (2.64)

In addition, under the measure P,

dFt =

(
ζ(ξt)η(t,Xt, ξt) +

∑
j∈E\{ξt}

(q(ξt, j)− q̃(ξt, j))
(
F (t,Xt, j)− F (t,Xt, ξt)

))
dt

+ η(t,Xt, ξt)dZ
P
t +

∫
R

∑
j∈E\{ξt}

(
F (t,Xt, j)− F (t,Xt, ξt)

)
I{z∈∆(ξt,j)}M

P(dt, dz).

(2.65)

Example 2. Market with Two Regimes We consider a portfolio of futures with two different

maturities T1 and T2 in a two-state market, i.e. E = {1, 2}. The associated coefficient matrix

is given by

Γ(t, x, i) =

 σi∂xF
(1)
i (t, x) σi∂xF

(2)
i (t, x)

F
(1)
j (t, x)− F (1)

i (t, x) F
(2)
j (t, x)− F (2)

i (t, x)

 , (2.66)

for (i, j) ∈ {(1, 2), (2, 1)}. Moreover, we assume Γ(t, x, i) be invertible. Under this assump-

tion, we can apply the result in Section 2.3. The value function ui(t, w) = −e−γw+ϕi(t), where

ϕi(t) is given by (2.37), holds.
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Applying (2.38), we immediately obtain the optimal strategy $
(1)∗
i (t, x)

$
(2)∗
i (t, x)


= − 1

γσi((F
(2)
j (t, x)− F (2)

i (t, x))∂xF
(1)
i (t, x)− (F

(1)
j (t, x)− F (1)

i (t, x))∂xF
(2)
i (t, x)) −ζi(F (2)

j (t, x)− F (2)
i (t, x))− σi∂xF (2)

j (t, x)(log λ̃i
λi

+ ϕi(t)− ϕj(t))

ζi(F
(1)
j (t, x)− F (1)

i (t, x)) + σi∂xF
(1)
j (t, x)(log λ̃i

λi
+ ϕi(t)− ϕj(t))

 ,
(2.67)

for (i, j) ∈ {(1, 2), (2, 1)} and (t, x) ∈ [0, T̃ ]× R.

Remark 3. If the speed of mean reversion is identical in all regimes, i.e. κi = κ ∀i, then

the futures price admits the following form

Fi(t, x) = exp

(
e−κ(T−t)x

)
hi(t), (2.68)

where (hi(t))i=1,...,M solves the ODE system

hi(t)

dt
+

(
κθie

−κ(T−t) +
σ2
i

2
e−2κ(T−t)

)
hi(t) +

∑
j∈E\{i}

q̃(i, j)(hj(t)− hi(t)) = 0, (2.69)

with the terminal condition hi(T ) = 1, for i = 1, . . . ,M .

The price formula (2.68) means that η(t, x, i) = σie
−κ(T−t)Fi(t, x) in (2.15). As a result,

the futures price satisfies the SDE

dFt = σ(ξt)e
−κ(T−t) exp

(
e−κ(T−t)Xt

)
h(t, ξt)dZ

Q
t

+ exp

(
e−κ(T−t)Xt

)∫
R

∑
j∈E\{ξt}

(
h(t, j)− h(t, ξt)

)
I{z∈∆(ξt,j)}M

Q(dt, dz),
(2.70)

where we have denoted h(t, i) ≡ hi(t).

2.5.2 Numerical Implementation & Examples

We now discuss the numerical procedure to compute the futures price under the RS-XOU

model in this section. We have computed and checked our prices using the finite difference

method (FDM) and fast Fourier transform (FFT).
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To apply the finite difference method, we first re-write futures price PDE (2.8) in terms

of s = ex to get

∂tFi +

(
κi(θi − ln s) +

σ2
i

2

)
s∂sFi +

σ2
i s

2

2
∂ssFi +

∑
j∈E\{i}

q̃(i, j)(Fj − Fi) = 0, (2.71)

for (t, s) ∈ [0, T ) × R+, with the terminal condition Fi(T, s) = s. Then we can apply the

Crank-Nicolson method to equation (2.71) directly with Dirichlet boundary conditions. The

method is standard, so we omit the details here.

Next, we discuss the Fourier time-stepping method. begin first by discretizing the

continuous-time Markov chain ξt with time step of size δt, and we keep ξt constant on

each time interval (tn, tn+1] (tn = nδt), for n = 0, . . . , T/δt− 1, with transition probabilities

Pkl :=

1 + q̃llδt, k = l,

q̃klδt, otherwise.
(2.72)

In turn, the futures price satisfies the recursive relation

Fi(tn, x) =
∑

j=1,...,M

PijFj(tn+, x), (2.73)

where Fj(tn+, x) = limt↓tn Fj(t, x).

Since we assume Markov chain ξt stay constant on time intervals (tn, tn+1], the martingale

property of futures price implies that

Fi(tn+, x) = IEQ[Fi(tn+1, Xtn+1)|Xtn = x], (2.74)

for i = 1, . . . ,M , and n = 0, . . . , T/δt− 1. Therefore, we have following PDE for the futures

price within each time interval (tn, tn+1] and regime i,

∂tFi + κi(θi − x)∂xFi +
σ2
i

2
∂xxFi = 0. (2.75)

Next, we apply Fourier transform to PDE (2.75). To that end, we define

F [f ](ω) =

∫ ∞
−∞

f(x) exp(−jωx)dx, (2.76)
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where j denotes the imaginary identity and ω denotes the frequency. Then, we obtain a

first-order PDE for F̂ := F [F ]:

∂tF̂i + κiω∂ωF̂i +

(
κiθijω + κi −

ω2σ2
i

2

)
F̂i = 0, (2.77)

for (t, ω) ∈ [0, T )×R, where F̂ (t, ω) ≡ F [F ](t, ω). Noted that we use the following property

of the Fourier transform to derive PDE (2.77),

F [xfx] = −F [f ]− ωFω[f ]. (2.78)

To solve PDE (2.77) we employ the method of characteristics to get

F̂i(tn+, ω) = φi(δt, ω)F̂i(tn+1, e
κiδtω), (2.79)

with

φi(δt, ω) = exp

(
κiδt− θijω(1− eκiδt) +

σ2
i ω

2

4κi
(1− e2κiδt)

)
.

Combining equation (2.73) and (2.79), we have following backward equation in the fre-

quency space,

F̂i(tn, ω) =
∑

j=1,...,M

Pijφj(δt, ω)F̂j(tn+1, e
κjδtω), (2.80)

for i = 1, . . . ,M , and n = 0, . . . , T/δt − 1. We then apply backward induction via (2.80)

to calculate F̂i(t, ω). To recover the original futures price function, we apply inverse Fouri-

er transform. For the numerical implementation of Fourier transform and inverse Fourier

transform, we utilize the standard fast Fourier transform algorithm. This FST method has

been applied more broadly by [33] to solve partial-integro differential equations (PIDEs) that

arise in options pricing problems. For more details and other applications of this numerical

approach, we refer to [58] and [33], and references therein.

We simulate the sample paths for spot price, futures prices, optimal investment, and op-

timal wealth process. The regime switching between two states, with transition probabilities

q12 = 2 and q21 = 4 which are entries of generator matrix Q. The trading horizon T̃ = 0.6,

and the two futures contracts have maturities T1 = 0.6 and T2 = 0.8. All parameters are
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summarized in the Table 2.2.

q̃12 = q12 q̃21 = q21 ζ(1) ζ(2) κ1 κ2 γ

2 4 0.1 0.3 1 2 1

θ1 θ2 σ1 σ2 T1 T2 T̃

2.5 2.7 0.2 0.3 0.6 0.8 0.6

Table 2.2: Parameters for the RS-XOU model for Figures 2.6–2.9.

For the sample paths shown in Figure 2.6, the market starts in regime 2, then switches

to regime 1 at time t1) before returning to regime 2 at time t2. The two price levels exp(θ1)

and exp(θ2) are the long-run means of the spot price in regimes 1 and 2 respectively. In each

regime, the spot price tends to move towards the corresponding mean level. The spot and

futures prices tend to move in tandem. Nevertheless, like in Figure 2.2, each regime switch

can cause an instant jump in the futures price but not in the spot price.

Figure 2.7 shows the sample path of the optimal positions in the two futures over the

trading horizon. The optimal strategy is to long T1-Futures and short T2-Futures. The

long-short positions help reduce the effect of regime switching. As the market switches from

regime 2 to regime 1 at time t1, the magnitude of the futures position is immediately reduced.

The investor then take larger positions when the market returns to regime 2 from regime

1 at time t2. According to the sample paths, the optimal positions tend to decay in time

during each regime, meaning that the investor gradually reduces investments towards the

end of the trading horizon.

Figure 2.8 shows the optimal wealth process over time. By placing opposite position in

two futures, we reduce the shock in portfolio vlaue due to regime switching. Therefore, we

do not observe sizable jumps in the wealth process at the regime-swtiching times t1 and t2.

Just like the futures and spot prices, the wealth process tends to decrease in regime 1 and
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Figure 2.6: Sample paths of the spot price, T1-futures price, and T2-futures price over the

trading horizon under the RS-XOU model. The market starts in regime 2, then switches to

regime 1 at time t1, before switching back to regime 2 at time t2.

increase in regime 2 (towards the end of the trading horizon).

Lastly in Figure 2.9, we plot the sample path for |Φ|, which is the absolute value of

coefficient matrix determinant Γ. The strict positivity of |Φ| informs us that Γ is invertible

and thus the results in Section 2.3 can be applied. Like in Figure 2.5, |Φ| tends to increase

exponentially in time.

2.6 Conclusion

We have analyzed the problem of dynamically trading a portfolio of futures in a regime-

switching market. Under a general market framework, the portfolio optimization problem

leads to the analytical and numerical studies of a system of HJB equations, which are solved

explicitly. The optimal trading strategies and optimal wealth process are also given analyt-

ically and illustrated numerically. Our methodology has been applied to the RS-GBM and

RS-XOU models, but it can also be used for other model specifications within the framework
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Figure 2.7: Sample paths of the optimal positions ($(1), $(2)) in the T1-futures and T2-futures

respectively under the RS-XOU model. The futures positions tend to decrease over time and

approaches zero near the end of the trading horizon. Jumps in both positions occur at the

regiem-switching times t1 and t2.
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Figure 2.8: Sample path of the optimal wealth process over the trading horizon under the

RS-XOU model.
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Figure 2.9: Sample path of the absolute value of the determinant Φ for the coefficient matrix

Γ under the RS-XOU model.

or adapted to study models with additional factors.

Moreover, one can also utilize our framework to examine other classes of trading strate-

gies, such as rolling and timing strategies. We refer to [41] and [37] for such strategies

under mean-reverting models without regime switching. Another major application of fu-

tures portfolios is for tracking or gaining exposure to a commodity or index (see e.g. [42] and

references therein). It would be of practical interest to examine the effect of regime switching

on the strategies and tracking errors. Other than futures portfolio, it is also useful to study

the dynamic trading of other derivatives, such as options and swaps, in a regime-switching

market.
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Chapter 3

DYNAMIC FUTURES PORTFOLIOS WITH CONSTRAINTS

3.1 Introduction

In the previous chapters, the futures portfolios consist of multiple futures contracts written

on the same underlying asset. A natural extension is to include futures of different underlying

assets. This will drastically expand the set of trading instruments and increase the diversity

of exposure. As a result, the portfolio manager has access to various assets within the same

asset class (e.g. gold, silver, copper) as well as across asset classes (e.g. precious metals,

agricultural commodities, oil and gas, equity, and volatility).

Such a portfolio expansion also come with some new challenges. With more different

underlying assets and futures, the dimension of the portfolio optimization problem is sig-

nificantly increased. Furthermore, one must address the dependency structure among the

underlying assets and their futures, even if the underlying assets are not traded. This calls

for a stochastic model that can capture the correlation among all the futures and underlying

assets while maintaining analytical tractability, numerically efficiency, and interpretability.

Motivated by these observations, we introduce in this chapter an alternative way to model

the joint price dynamics of the underlying assets and associated futures. The key idea is as

follows. In practice, market frictions and inefficiencies may render the futures price different

from the spot price prior to maturity. For each futures contract, the spread between the

two prices is called the basis. By no-arbitrage theory, futures prices must converge to the

spot price at expiry, so the basis process is expected to converge to zero as the associated

futures contract expires as well. This price behavior leads us to (i) express each futures price

process through the associated basis, and (ii) model the random basis using a Brownian

bridge. With multiple futures contracts, we apply a multidimensional Brownian bridge,
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where each component converges to zero at the respective maturity. The model is presented

in Section 3.2.

In Section 3.3, we analyze the problem of dynamically trading futures with different

underlying assets under the stochastic basis model. Compared to the previous chapters,

another new element of our utility maximization problem is the incorporation of portfolio

constraints on the futures positions. Our general setup captures the dollar neutral and mar-

ket neutral constraints, which are widely used in industry. The optimal strategies for both

unconstrained and constrained cases are derived. This is achieved by solving the associat-

ed Hamilton-Jacobi-Bellman (HJB) equations. We also provide verification theorem that

confirms the solution to value function is indeed the solution to the associated HJB equa-

tion. Moreover, we show that the original HJB equations are reduced to a system of linear

ODEs and the investor’s value function admits a separable form under our stochastic basis

framework.

In Section 3.4, we define the certainty equivalents corresponding to portfolios with d-

ifferent constraints. This allows us to quantify the impact of portfolio constraints on the

value of futures trading. In addition, we solve for the optimal constraint that maximizes the

certainty equivalent for the risk-averse portfolio manager. Numerical examples are provided

in Section 3.5 to illustrate how certainty equivalent depend on number of traded futures and

different portfolio constraints.

In the literature, evidence of futures basis has motivated several studies on related trading

strategies. [56] examine the VIX (volatility index) futures basis and discuss trading strategies

involving VIX futures and S&P index futures. [12] present a link between the option market

frictions to changes in the VIX futures basis and find that market information embedded in

illiquid S&P options is reflected in the VIX but not in VIX futures.

Several studies have modeled the stochastic basis for trading purposes. For example,

[9, 10] assume that the basis of an index futures follows a Brownian bridge. Using an optimal

stopping approach, they compute the value of the timing option to trade the basis, along with

the optimal trading boundaries. Also under a standard Brownian bridge model, [20] provide



63

an alternative trading strategy and specification of transaction costs. Another related work

by [46] assume that the basis follows a scaled Brownian bridge and the investor is subject to a

collateral constraint, and derive the strategy that maximizes the expected logarithmic utility

of terminal wealth. Our stochastic basis model is closest to that introduced by [4, 5], but

in contrast the portfolio optimization problem herein involves multiple different underlying

assets that are not traded, and the portfolio is subject to constraints.

In a number of companion papers [43, 44, 39], the utility maximization approach is used to

derive dynamic futures trading strategies under various stochastic models without portfolio

constraints. Market neutral constraint is taken into consideration to determine optimal

pair trading in [47] and [3], while [61] propose a mean-reverting portfolio design with an

investment budget constraint. Most recently, [45] analyze the optimal portfolio for multiple

co-integrated assets with a general linear constraint. Compared to these studies, our model is

a multidimensional stochastic basis framework for futures trading with portfolio constraints.

Our analysis show how optimal strategies and value function depend on the stochastic basis

and different portfolio constraints.
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3.2 Model Formulation

We fix a physical probability space (Ω,F ,P), where P is the physical probability measure.

The market consists of M risky underlying assets St,i for i ∈ {1, . . . ,M}, along with a positive

constant rate r ≥ 0. The asset’s spot prices St,i evolve according to a multidimensional

geometric Brownian motion:

dSt,i = St,i

(
µi,Sdt+

i∑
k=1

σi,k,SdZt,k

)
, i ∈ {1, . . . ,M}, (3.1)

where µi,S is the constant drift, σi,k,S, for 1 ≤ k ≤ i, are constant volatility parameters, and

(Zt,1, . . . , Zt,M)> is a standard M -dimensional Brownian motion under the measure P. We

assume that this underlying asset or index is not continuously traded, which is typical in

many futures markets. As studied by [6] for the VIX futures market, the futures contract

and underlying are not linked by a no-arbitrage condition. Therefore, unlike Chapters 1 and

2 where the futures price is defined as a condition expectation of the future spot price, in this

chapter the prices of the futures and underlying assets are linked through a multidimensional

stochastic basis process.

For each underlying asset St,i, there are Ni futures contracts Ft,i,j written on this asset

with expiration dates Ti,j, for j ∈ {1, . . . , Ni}. For counting and indexing, we define the

order numbers

Pi,j =
i−1∑
k=1

Nk + j, i ∈ {1, . . . ,M}, j ∈ {1, . . . , Ni}, (3.2)

and total number

N =
M∑
k=1

Nk = PM,NM . (3.3)

Then, we can line up all N futures one by one, where the futures Ft,i,j is the Pi,j-th contract.

Next, we derive the futures price dynamics via the random basis process. To that end,

we define the log-value of the random basis for the futures contract Ft,i,j by

Yt,i,j := log

(
Ft,i,j
St,i

)
− r(Ti,j − t); 0 ≤ t ≤ Ti,j, i ∈ {1, . . . ,M}, j ∈ {1, . . . , Ni}. (3.4)



65

Then, we assume the log-basis Yt,i,j evolve according to multidimensional Brownian bridge:

dYt,i,j =

(
mi,j −

κi,jYt,i,j
Ti,j − t

)
dt+

Pi,j+M∑
k=1

σPi,j ,k,Y dZt,k, (3.5)

for i ∈ {1, . . . ,M}, j ∈ {1, . . . , Ni}, where drift mi,j, coefficient κi,j and volatility parame-

ter σPi,j ,k,Y are constants for 1 ≤ k ≤ Pi,j +M , and (Zt,1, . . . , Zt,N+M)> is a standard N +M

dimensional Brownian motion under the measure P. We define the filtration F = (Ft)t≥0 be-

ing the augmented σ-algebra generated by {(Zu,1, . . . , Zu,N+M); 0 ≤ u ≤ t} and satisfies the

usual conditions. By construction, each log-basis Yt,i,j converges to 0 at the corresponding

futures maturity Ti,j.

From the basis process, we derive the futures price dynamics using Ito’s lemma. Precisely,

each futures price satisfies the stochastic differential equation (SDE)

dFt,i,j = Ft,i,j

(θi,j − κi,jYt,i,j
Ti,j − t

)
dt+

Pi,j+M∑
k=1

σPi,j ,k,FdZt,k

 , (3.6)

where the drift parameter θi,j is given by

θi,j = −r +mi,j + µi,S +
1

2

2
i∑

k=1

σi,k,SσPi,j ,k,Y +

Pi,j+M∑
k=1

σ2
Pi,j ,k,Y

 , (3.7)

and volatility parameter σPi,j ,k,F satisfies

σPi,j ,k,F =

σi,k,S + σPi,j ,k,Y , 1 ≤ k ≤ i,

σPi,j ,k,Y , i < k ≤ Pi,j +M,
(3.8)

for i ∈ {1, . . . ,M} and j ∈ {1, . . . , Ni}.

In order to rewrite SDEs (3.1), (3.5) and (3.6) in the matrix form, we define the vector

of assets St ∈ RM , the vector of log-basis process Yt ∈ RN and the vector of futures prices

Ft ∈ RN as

St := (St,1, . . . , St,M)>,

Yt := (Yt,1,1, . . . , Yt,1,N1 , Yt,2,1, . . . , Yt,M,NM )>,

Ft := (Ft,1,1, . . . , Ft,1,N1 , Ft,2,1, . . . , Ft,M,NM )>.

(3.9)
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We also define coefficients vectors and standard Brownian motions by

µ := (µ1,S, . . . , µM,S)> ∈ RM ,

θ := (θ1,1, . . . , θ1,N1 , θ2,1, . . . , θM,NM )> ∈ RN ,

m := (mt,1,1, . . . ,mt,1,N1 ,mt,2,1, . . . ,mt,M,NM )> ∈ RN ,

K(t) := diag

(
κ1,1

T1,1 − t
, . . . ,

κ1,N1

T1,N1 − t
,

κ2,1

T2,1 − t
, . . . ,

κM,NM

TM,NM − t

)
∈ RN×N ,

Zt,1 := (Zt,1, . . . , Zt,M)> ∈ RM ,

Zt,2 := (Zt,M+1, . . . , Zt,N+M)> ∈ RN .

(3.10)

Considering M underlying assets, we denote by Σ̃S ∈ RM×M the volatility matrix asso-

ciated with the spot price process; that is,

Σ̃S =


σ1,1,S 0 . . . 0

σ2,1,S σ2,2,S . . . 0
...

...
. . .

...

σM,1,S σM,2,S . . . σM,M,S

 . (3.11)

Also, we define the volatility parameter matrices Σ̃Y S ∈ RN×M , Σ̃Y ∈ RN×N for N log-bases

by

Σ̃Y S =


σ1,1,Y . . . σ1,M,Y

σ2,1,Y . . . σ2,M,Y

...
. . .

...

σN,1,Y . . . σN,M,Y

 , Σ̃Y =


σ1,M+1,Y 0 . . . 0

σ2,M+1,Y σ2,M+2,Y . . . 0
...

...
. . .

...

σN,M+1,Y σN,M+2,Y . . . σN,M+N,Y

 , (3.12)

and the volatility parameter matrices Σ̃FS ∈ RN×M , Σ̃F ∈ RN×N for N futures by

Σ̃FS =


σ1,1,F . . . σ1,M,F

σ2,1,F . . . σ2,M,F

...
. . .

...

σN,1,F . . . σN,M,F

 , Σ̃F =


σ1,M+1,F 0 . . . 0

σ2,M+1,F σ2,M+2,F . . . 0
...

...
. . .

...

σN,M+1,F σN,M+2,F . . . σN,M+N,F

 . (3.13)
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With these notations, the SDEs (3.1),(3.5), and (3.6) can be written in matrix form:

dSt = diag(St)
[
µdt+ Σ̃SdZt,1

]
, (3.14)

dYt = (m−K(t)Yt)dt+ Σ̃YSdZt,1 + Σ̃YdZt,2, (3.15)

dFt = diag(Ft)
[
(θ −K(t)Yt)dt+ Σ̃FSdZt,1 + Σ̃FdZt,2

]
. (3.16)

We note that by (3.8), we have Σ̃Y = Σ̃F and

Σ̃FS − Σ̃YS =



σ1,1,S 0 . . . 0
...

...
. . .

...

σ1,1,S 0 . . . 0

σ2,1,S σ2,2,S . . . 0
...

...
. . .

...

σ2,1,S σ2,2,S . . . 0
...

...
. . .

...

σM,1,S σM,2,S . . . σM,M,S

...
...

. . .
...

σM,1,S σM,2,S . . . σM,M,S︸ ︷︷ ︸
M



N1

N2

NM

. (3.17)

3.3 Portfolio Optimization

Most speculative futures trading strategies involve only the futures but not the underlying

assets. Indeed, many underlying assets cannot be traded directly (e.g. volatility index) or

traded with sufficient liquidity (e.g. agricultural commodities). In other cases where the

underlying asset is traded or accessible via an ETF (e.g. gold and silver), futures are traded

as a proxy for their underlying assets because of their attractive trading characteristics such

as liquidity, leverage, and the ease of taking short positions.

Motivated by these practical applications, we formulate and solve the optimal investment

problem faced by a investor who invest in the market but only trades the futures contracts.
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This is an optimal investment problem in an incomplete market, since the underlying assets

are not tradable.

Like (1.27) in Chapter 1 and (2.21) in Chapter 2, we denote by Wπ
t the value of investor’s

portfolio and assume πt,i,j be the money amount invested on the futures Ft,i,j. For simplicity,

we assume a zero interest rate. Then, the wealth process Wπ
t evolves according to

dWπ
t =

M∑
i=1

Ni∑
j=1

πt,i,j
dFt,i,j
Ft,i,j

(3.18)

= π>
t

[
(θ −K(t)Yt)dt+ Σ̃FSdZt,1 + Σ̃FdZt,2

]
, (3.19)

where we have defined the strategy as the vector

πt := (πt,1,1, . . . , πt,1,N1 , πt,2,1, . . . , πt,M,NM )>. (3.20)

In this section, we discuss the optimal trading strategy for futures portfolio with or with-

out constraints through utility maximization. Among our findings, the associated Hamilton-

Jacobi-Bellman equation (HJB) reduces to a series of ODE equations, which could be solved

numerically. In addition, we provide the verification theorem for our utility maximization

problem.

Like in previous chapters, the investor’s risk preferences are modeled by the exponential

utility

U(w) = −e−γw, (3.21)

where γ > 0 is the risk aversion parameter.

Let’s begin with general strategies without constraints, which we use superscript ‘no’ to

denote ‘no constraints’ in our presentation.

3.3.1 Futures Portfolio without Constraints

In this section, we will discuss the case that the investor puts no portfolio constraints on

the strategy π. Then, the investor seeks an admissible strategy π ∈ Ano, that maximizes

the expected utility of wealth at T , where 0 < T < Ti,j for all i ∈ {1, . . . ,M} and j ∈
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{1, . . . , Ni}. It means trading stops strictly before the expiry of the futures contracts. Then,

the convergence between asset’s price St,i and futures price Ft,i,j is not realized in the market.

This non-convergence has practical relevance since speculative futures trades are always

closed out before the delivery date.

Before defining the set of admissible trading strategies, we construct an auxiliary process

corresponding to any given strategy π by

Aπt =

∫ t

0

(
−Y >s Hno(t) + gno(t)>

) (
Σ̃Y SdZs,1 + Σ̃Y dZs,2

)
−γπ>s

(
Σ̃FSdZs,1 + Σ̃FdZs,2

)
,

(3.22)

where Hno(t), gno(t) are deterministic functions that depend only on the model parameters,

which will appear later in Theorem 3 by solving the corresponding ODEs. Next, we define

the set of admissible strategies.

Definition 1 (Admissibility). We denote Ano the set of all Ft-adapted processes {πt}0≤t≤T ,

such that

(i) IEP
(∫ T

0
|π>t Yt|+ ‖πt‖2dt

)
<∞;

(ii) Wπ
t ∈ D, P -a.s., for all t ∈ [0, T ], where D = R and (Wπ

t )0≤t≤T is given by (3.18);

(iii) IEP (exp
(
AπT − 1

2
〈Aπ〉T

))
= 1.

Condition (i) is a general integrability condition to ensure the existence of the wealth

process, condition (ii) is to assure that the wealth should be positive almost surely, and

condition (iii) can be found in many places, e.g. [35], which guarantees that the stochastic

exponential of Aπt is a martingale.

Then, the value function for the investor’s utility maximization problem is defined by

V no(t,y, w) = sup
π∈Ano

IEP[U(Wπ
T )|Yt = y,Wπ

t = w]. (3.23)



70

To solve the portfolio optimization problem, we define the volatility matrices ΣY ∈ RN×N ,

ΣFY ∈ RN×N and ΣF ∈ RN×N matrix, as

ΣY = Σ̃YSΣ̃>YS + Σ̃YΣ̃>Y, (3.24)

ΣFY = Σ̃FSΣ̃>YS + Σ̃FΣ̃>Y, (3.25)

ΣF = Σ̃FSΣ̃>FS + Σ̃FΣ̃>F. (3.26)

Also to facilitate the presentation, we define the linear operator

L · = (m−K(t)y)>∇y ·+
1

2
Tr(ΣY∇2

y·), (3.27)

where ∇y· = (∂y1,1 ·, . . . , ∂y1,N1
·, ∂y2,1·, . . . , ∂yM,NM ·)

> is the nabla operator, and the Hessian

operator ∇2
y· satisfies

∇2
y· =


∂2
y1,1
· ∂y1,1∂y1,2· . . . ∂y1,1∂yN,NM ·

∂y1,2∂y1,1· ∂2
y1,2
· . . . ∂y1,2∂yN,NM ·

...
...

. . .
...

∂yN,NM ∂y1,1· ∂yN,NM ∂y1,2· . . . ∂2
yN,NM

·

 . (3.28)

and column-valued-function ano(t,y, w)

ano(t,y, w) = (θ −K(t)y)∂wu
no + ΣFY∇y∂wuno. (3.29)

Then, we obtain the HJB equation for the candidate value function uno(t,y, w),

∂tu
no + Luno + max

π∈A

{
π>ano(t,y, w) +

∂wwu
no

2
π>ΣFπ

}
= 0, (3.30)

for (t,y, w) ∈ [0, T )×RN ×D, where operator L is defined in (3.27). The terminal condition

is

uno(T,y, w) = U(w) = −e−γw, (3.31)

for (y, w) ∈ RN ×D.

Next, we present the solution to the HJB equation (3.30). To that end, we first define

Σno = ΣY −Σ>FY Σ−1
F ΣFY , (3.32)

which is a N ×N matrix.



71

Theorem 3. 1. The matrix Riccati differential equation below has a unique solution that

is positive definite for all t ∈ [0, T ],

d

dt
Hno(t) =

(
K(t)−K(t)Σ−1

F ΣFY

)
Hno(t)

+Hno(t)
(
K(t)−K(t)Σ−1

F ΣFY

)>
(3.33)

+Hno(t)ΣnoHno(t)−K(t)>Σ−1
F K(t),

Hno(T ) = 0N×N ,

where 0N×N denotes the zero matrix of dimension N ×N .

2. The solution of the HJB equation (3.30) is given by

uno(t,y, w) = U(w) exp

(
−1

2
y>Hno(t)y + y>gno(t) + fno(t)

)
, (3.34)

for (t,y, w) ∈ [0, T ] × RN × R+, where Hno(t) ∈ RN×N satisfies the matrix Riccati

differential equation (3.33), gno(t) ∈ RN satisfies the following ODE system,

d

dt
gno(t) = K(t)gno(t) +Hno(t)m+

(
Hno(t)Σno −K(t)Σ−1

F ΣFY

)
gno(t)

−
(
K(t) +Hno(t)Σ>FY

)
Σ−1
F θ, (3.35)

gno(T ) = 0N×1,

and fno(t) ∈ R follows the ODE,

d

dt
fno(t) = −m>gno(t) +

1

2
tr (ΣYH

no(t))− 1

2
gno(t)>ΣY g

no(t)

+
1

2
(θ + ΣFY g

no(t))>Σ−1
F (θ + ΣFY g

no(t)) , (3.36)

fno(T ) = 0.

3. The optimal strategy is given by

π∗(t,y) =
1

γ
Σ−1
F

(
θ −K(t)y + ΣFY

(
gno(t)−Hno(t)y

))
. (3.37)
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Proof. A detailed proof is provided in Section 3.7.1.

Futures portfolios often come with portfolio constraints, among which dollar neutrality

or market neutrality are the most popular. Within the stochastic basis framework, we now

give a rigorous definition of portfolio constraints, and introduce a general class of constraints

that includes both dollar and market neutrality.

3.3.2 Constrained Futures Portfolio

We consider linear constraints, so the portfolio constraints can be written in the form:

Γ>π = c, (3.38)

where Γ is a N × d matrix, and c ∈ Rd is a column vector. Furthermore, we assume these

d constraints are linearly independent, i.e. rank(Γ) = d. Otherwise, some constraints are

either redundant or infeasible.

The admissible set A for constrained case is almost the same that in Definition 1, except

that Hno and gno in the auxiliary process Aπ should be replaced by H and g (given in

(3.46) and (3.48) below) respectively. With this, the investor seeks an admissible strategy

π ∈ {π ∈ A |Γ>πt = c, for t ∈ [0, T ]} that maximizes the expected utility of wealth at T .

Therefore, the value function is defined as

V (t,y, w) = sup
π∈A,Γ>π=c

IEP[U(Wπ
T )|Yt = y,Wπ

t = w]. (3.39)

Next, we define the column-vector-valued function

a(t,y, w) = (∂wu)(θ −K(t)y) + ΣFY (∂w∇yu). (3.40)

Then, the corresponding HJB equation for the candidate value function u(t,y, w) follows

∂tu+ Lu+ max
π∈A,Γ>π=c

{
π>a(t,y, w) +

∂wwu

2
π>ΣFπ

}
= 0, (3.41)
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for (t,y, w) ∈ [0, T ) × RN × D, where the set D contains all possible values for the wealth

w. The terminal condition is

u(T,y, w) = U(w), (3.42)

for (y, w) ∈ RN ×D.

Now we present the solution to the HJB equation (3.41). To that end, we first define

DΓ ∈ Rd×d, ΣΓ ∈ RN×N and Σ ∈ RN×N as

DΓ = Γ>Σ−1
F Γ, (3.43)

ΣΓ = Σ−1
F ΓD−1

Γ Γ>Σ−1
F , (3.44)

Σ = ΣY −Σ>FY (Σ−1
F −ΣΓ)ΣFY . (3.45)

Note that DΓ is invertible due to the assumption that rank(Γ) = d.

Theorem 4. Assume the investor’s utility is given by (3.21). Then, the following statements

hold.

1. The matrix Riccati differential equation below has a unique solution that is positive

definite for all t ∈ [0, T ],

H ′(t) =
(
K(t)−K(t)(Σ−1

F −ΣΓ)ΣFY

)
H(t)

+H(t)
(
K(t)−K(t)(Σ−1

F −ΣΓ)ΣFY

)>
(3.46)

+H(t)ΣH(t)−K(t)(Σ−1
F −ΣΓ)K(t),

H(T ) = 0N×N ,

where 0N×N denotes the zero matrix of dimension N ×N .

2. The solution of the HJB equation (3.41) is given by

u(t,y, w) = U(w) exp

(
−1

2
y>H(t)y + y>g(t) + f(t)

)
, (3.47)
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for (t,y, w) ∈ [0, T ] × RN × R+, where H(t) ∈ RN×N satisfies the matrix Riccati

differential equation (3.46), g(t) ∈ RN satisfies the following ODE system

g′(t) =
(
K(t) +H(t)Σ−K(t)(Σ−1

F −ΣΓ)ΣFY

)
g(t) +H(t)m

−
(
K(t) +H(t)Σ>FY

) (
(Σ−1

F −ΣΓ)θ + γΣ−1
F ΓD−1

Γ c
)
, (3.48)

g(T ) = 0N×1,

and f(t) ∈ R follows the ODE,

f ′(t) = −m>g(t) +
1

2
Tr (ΣYH(t))− 1

2
g(t)>ΣY g(t)

+
1

2
(θ + ΣFY g(t))> (Σ−1

F −ΣΓ) (θ + ΣFY g(t)) (3.49)

+ γ (θ + ΣFY g(t))>Σ−1
F ΓD−1

Γ c−
γ2

2
c>D−1

Γ c,

f(T ) = 0.

3. The optimal strategy is given by

π∗(t,y) = Σ−1
F ΓD−1

Γ c+
1

γ
(Σ−1

F −ΣΓ)

(
θ −K(t)y + ΣFY

(
g(t)−H(t)y

))
. (3.50)

Proof. See Section 3.7.2.

Remark 4. If instead inequality constraints of the form Γ>π ≤ c are imposed in (3.41), then

one must maximize the Lagrangian function (3.85) with constraints λ(t) ≥ 0. There is no

analytic solution to this constrained quadratic optimization problem, so numerical methods

need to be developed for this extension, which is not discussed in this book.

Let’s look at the optimal strategies associated with some well-known portfolio constraints.

Example 3. Dollar Neutral Strategy A dollar neutral strategy invests the same amount of

money in long and short positions. The resulting portfolio is certainly not risk-free and end

up positively or negatively correlated with the underlying assets. Mathematically, a portfolio

is said to be dollar neutral if the corresponding strategy satisfies the single constraint:

1>N×1π = 0, (3.51)
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where 1N×1 is a vector of N ones. This amounts to set c = 0 (scalar) and Γ = 1N×1 in

(3.38). When N = 1, meaning that only one futures is traded, the strategy π has to be zero

to satisfy the dollar neutral constraint.

Then, according to Theorem 4, the optimal strategy for dollar neutral portfolio is given

by

π∗t =
1

γ
(Σ−1

F −ΣΓ)

(
θ −K(t)y + ΣFY

(
g(t)−H(t)y

))
. (3.52)

Example 4. Market Neutral Strategy A market neutral strategy is designed to eliminate

the correlation between the portfolio and market (see [52, 59]). For futures portfolios, a

trading strategy is said to be market neutral if the resulting portfolio wealth process Wπ
t is

uncorrelated with the underlying assets Si,t, satisfying

dWπ
t dSi,t = 0, (3.53)

for i ∈ {1, . . . ,M}. Hence, the market neutral constraints are described by the system of

equations:

(Σ̃FSΣ̃>S)>π = 0M×1. (3.54)

This amounts to setting Γ = Σ̃FSΣ̃>S and c = 0 in (3.38). In particular, if Γ is an invertible

matrix, then it follows that π∗t = 0N×1, which means that the only feasible strategy is to not

trade anything at all. This issue can be remedied by increasing the number of futures traded

(see Figure 3.3 and its discussion below).

Then according to Theorem 4, the optimal strategy for the market neutral portfolio is

given by

π∗t =
1

γ
(Σ−1

F −ΣΓ)

(
θ −K(t)y + ΣFY

(
g(t)−H(t)y

))
. (3.55)

Since ΣΓ, H(t) and g(t) depend on the choice of portfolio constraints, Γ and c, the

optimal strategy presented in two examples are different.

In order to unify the two special constraints above, we introduce a class of constraints

that enforces neutrality with respect to any given constraint matrix Γ.
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Definition 2 (Γ-Neutral). A strategy π is said to be Γ-neutral if it satisfies the constraints:

Γ>π = 0. (3.56)

Remark 5. Recall that π stands for the amount money invested, but the Γ-neutral condition

also holds for portfolio weights.

With the definition of Γ-neutral strategy, we can now view the dollar neutral strategy

as setting Γ = 1 and the market neutral strategy as setting Σ̃SF Σ̃>S . Moreover, we can

decompose the optimal strategies for general constraints Γ>π = c into two components,

one of which is dominated by the Γ-neutral case, and the remaining component reveals the

hedging demand when c 6= 0. To that end, we first decompose the coefficient functions g(t)

and f(t) as follows:

Lemma 1. There exist Ψ(t), β(t), Λ(t), which are N × d, 1× d and d× d matrices, respec-

tively, such that

g(t) = g0(t) + Ψ(t)c,

f(t) = f0(t) + β(t)c+ c>Λ(t)c,
(3.57)

where g0(t) and f0(t) correspond to the solutions of ODEs (3.48) and (3.49) under the Γ-

neutral constraint Γ>π = 0. In addition, Λ(t) is positive semidefinite.

Proof. The detailed proof is provided in Section 3.7.3.

While g(t) and f(t) are found from solving an ODE system and may not be fully explicit,

the decomposition in Lemma 1 reveals some interesting structure in terms of the effects of

c. Since the functions Ψ(t), β(t), and Λ(t) are all independent of c. Additionally, given

that the ODEs for H(t) do not depend on c, H(t) is the same as that in Γ-neutral case.

Hence, applying Lemma 1 and rearranging (3.50), we obtain the following decomposition for

optimal strategy.
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Proposition 4. The optimal strategy in (3.50) can be decomposed into two components:

π∗(t,y) = Σ−1
F ΓD−1

Γ c+
1

γ
(Σ−1

F −ΣΓ)

(
θ −K(t)y + ΣFY

(
g(t)−H(t)y

))
,

=
1

γ
(Σ−1

F −ΣΓ)

(
θ −K(t)y + ΣFY

(
g0(t)−H(t)y

))
︸ ︷︷ ︸

Γ-neutral holding position

+

(
Σ−1
F ΓD−1

Γ +
1

γ
(Σ−1

F −ΣΓ)ΣFY Φ(t)

)
c︸ ︷︷ ︸

hedging demand for c

.

(3.58)

The first component of the optimal strategy reflects the portion due to the Γ-neutral

constraint. The second component has linear dependence on c, which is called the hedging

demand as it represents extra positions required due to a non-zero constraint vector c.

In general, any admissible strategy in the constrained portfolio case is also admissible in

unconstrained case, so one expects the value function for the unconstrained portfolio to dom-

inate that for the constrained one. Furthermore, by directly comparing (3.34) and (3.47), we

can in fact find a direct link between the value functions by analyzing the associated HJB

equations and solutions u(t,y, w) and uno(t,y, w).

Proposition 5. Define the auxiliary functions:

H̃(t) = Hno(t)−H(t), (3.59)

g̃(t) = gno(t)− g(t), (3.60)

f̃(t) = fno(t)− f(t). (3.61)

Then, we have u(t,y, w) and uno(t,y, w) :

u(t,y, w) = uno(t,y, w) exp

1

2

(
y>, 1

) H̃(t), −g̃(t)

−g̃(t)>, −2f̃(t)

y
1

 . (3.62)

In addition, the matrix

 H̃(t), −g̃(t)

−g̃(t)>, −2f̃(t)

 is positive semidefinite.
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Proof. See Section 3.7.4.

Since the matrix

 H̃(t), −g̃(t)

−g̃(t)>, −2f̃(t)

 is positive semidefinite by Proposition 5, the ex-

ponential term in (3.62) is greater than 1. Couple this with the fact that the value functions

uno(t,y, w) and u(t,y, w) are negative, we have the following result.

Corollary 1. We have inequality

u(t,y, w) ≤ uno(t,y, w). (3.63)

Next, we verify that the value function (3.39) coincides with the solution of HJB equation

(3.41) from Theorem 4. We also identify the optimal trading strategy.

Theorem 5 (Verification Theorem). 1. The value function in (3.23) is equal to the func-

tion uno given in Theorem 3. Furthermore, the optimal trading strategy is given by

(3.37).

2. The value function in (3.39) is equal to the function u given in Theorem 4. Further-

more, the optimal trading strategy is given by (3.50).

Proof. Since the unconstrained scenario is just a special constrained case where Γ = 0 and

c = 0, it suffices to prove the second statement. See Section 3.7.5.

3.4 Certainty Equivalent

In order to quantify the value of investing in a dynamic futures portfolio, we utilize the notion

of certainty equivalent (CE). Certainty equivalent is the guaranteed cash amount that would

yield the same utility as that from optimally and dynamically trading futures. This amounts

to applying the inverse of the exponential utility function to the value function associated

with the futures trading problem.

Since there are several cases with and without constraints, let us denote CE(t,y, w) to

be the certainty equivalent value for the general constrained portfolio, and CEno(t,y, w) for
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the unconstrained case. They are defined as follows:

CE(t,y, w) = w +
1

γ

(
1

2
y>H(t)y − y>g(t)− f(t)

)
, (3.64)

and

CEno(t,y, w) = w +
1

γ

(
1

2
y>Hno(t)y − y>gno(t)− fno(t)

)
. (3.65)

In particular, for the Γ−neutral case, the certainty equivalent is defined by

CE0(t,y, w) = w +
1

γ

(
1

2
y>H0(t)y − y>g0(t)− f0(t)

)
, (3.66)

where f0, g0 are given in Lemma 1 and H0(t) = H(t).

In Theorem 5, we compare the unconstrained and constrained portfolio optimization

problems through the corresponding value functions. We can now do the same using certainty

equivalents.

Proposition 6. We have the following equality between constrained and unconstrained case:

CE(t,y, w) = CEno(t,y, w)− 1

2γ

(
y>, 1

) H̃(t), −g̃(t)

−g̃(t)>, −2f̃(t)

y
1

 . (3.67)

In addition, CE(t,y, w) ≤ CEno(t,y, w).

We can also connect the certain equivalent of a Γ-constrained portfolio with the Γ-neutral

certainty equivalent.

Theorem 6. The certainty equivalent admits the following decomposition:

CE(t,y, w) = CE0(t,y, w)︸ ︷︷ ︸
Γ-neutral CE

− 1

γ

(
y>Ψ(t)c+ β(t)c+ c>Λ(t)c

)
︸ ︷︷ ︸

opportunity multiplier by c

, (3.68)

as indicated in the equation, the first part in the certainty equivalent corresponds to Γ-neutral

case, and the second part is a multiplier in quadratic form w.r.t c.

Proof. Substituting in the decomposition given in Lemma 1 for g and f , we obtain the

decomposition for certainty equivalents as above.
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By Theorem 6, the second part is exponential of a quadratic form, whose convexity is

guaranteed by positive semidefinite property of Λ(t). Therefore, the corresponding certainty

equivalent CE(t,y, w) has a global maximum when optimized over the constraint vector c.

This leads us to define the optimal constraint vector c∗

Definition 3. The c for maximizing the certainty equivalent in exponential utility is denoted

by

c∗(t,y, w) = arg max
c∈Rd

CE(t,y, w), (3.69)

moreover, if Λ(t) is strictly positive, then c∗(t,y, w) is unique.

With Theorem 6, seeking the optimal c is equivalent to maximize the part with the

opportunity multiplier generated by c. And if Λ(t) is strictly positive, then c∗ admits the

formula

c∗(t,y, w) = −Λ(t)−1
(
Ψ(t)>y + β(t)>

)
. (3.70)

Remark 6. 1. Like Γ, the constraint vector c is exogenously imposed on the portfolio,

which means it is not a choice by the investor. The vector c∗ serves as reference

that allows the investor to observe the difference between c and c∗ and compare the

corresponding certainty equivalents. In other words, the investor can determine the

value lost, measured by the reduction in certainty equivalent, due to using the constraint

vector c instead of c∗.

2. Note that c∗ does not depend on wealth w. Moreover, it has linear dependence on the

basis y.

3. If Γ = 1N×1, c ≡ c (a scalar) represents the required net exposure of portfolio, with 1

meaning 100% exposure.

We provide some numerical examples for certainty equivalents in Section 3.5.
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3.5 Numerical Illustration

In this section, we simulate the asset’s spot prices, futures prices and optimal strategies for

our basis model. We also generate empirical wealth distribution at terminal time and cer-

tainty equivalents for different constraints and parameters. Primarily, we consider a market

with two different assets S1 and S2 and three futures that F1,1 is written on S1, while F2,1

and F2,2 are written on S2. Their maturities are T1,1 = T2,1 = 2/12 year and T2,2 = 3/12

year, respectively. Then, our trading horizon is set to be T = 1/12 year, strictly less than

the futures maturities. We use ‘months’ or ‘trading day’ as the w axis in figures. For clar-

ification, we assume there be 252 trading days in a year and 21 trading days for a month.

Therefore, our trading horizon is 21 trading days in total. For other model parameters, we

list them as follows.

µ = (0.1, 0.2)>, m = (0, 0, 0)>, (κ1,1, κ2,1, κ2,2) = (0.5, 0.5, 0.5), (3.71)

Σ̃S =

 0.5 0

0.3 0.4

 , Σ̃Y S =


−0.25 0

−0.15 −0.2

−0.15 −0.2

 , Σ̃Y =


0.1 0 0

0 0.1 0

0 0 0.1

 . (3.72)

We obtain the values for θ, Σ̃FS and Σ̃F by equations (3.4), (3.7) and (3.8):

θ =


0.18625

0.27625

0.23625

 , Σ̃FS =


0.25 0

0.15 0.2

0.15 0.2

 , Σ̃F =


0.1 0 0

0 0.1 0

0 0 0.1

 . (3.73)

In Figure 3.1, we simulate the sample paths for the underling asset price St, futures price

Ft and log-basis Yt. The top plot shows the price paths for asset S1 and its 2-month futures

F1,1. The price paths for asset S2 and its two futures F2,1 and F2,2 are presented in the middle

plot. The bottom one shows the simulated paths for the three log-bases associated with the

three futures F1,1, F2,1, and F2,2. The initial prices for both assets are $10. The log-basis

vector Yt is a multidimensional Brownian bridge that starts from Y0 = (0.02, 0.02, 0.02)>
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Figure 3.1: Simulated path for assets prices St, futures prices Ft and log-bases Yt. Top: asset

S1 with its 2-month futures F1,1. Middle: asset S2 with its 2-month futures F2,1 and 3-month

futures F2,2. Bottom: log-basis Yt. Initial value: S0 = (10, 10)> and Y0 = (0.02, 0.02, 0.02)>.
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Figure 3.2: Optimal strategies. Top left: unconstrained three-futures portfolio. Top right:

unconstrained two-futures portfolio. Bottom left: dollar neutral three-futures portfolio. Bot-

tom right: dollar neutral two futures portfolio.
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and converges to zero, which guarantees that each futures price is equal to corresponding

asset price at maturity, which are T1,1 = T2,1 = 2 months and T2,2 = 3 months, respectively.

In Figure 3.2, we illustrate the path behaviors of the optimal strategies under different

settings. In the top and bottom left plots, we illustrate optimal unconstrained strategy and

optimal dollar neutral strategy for three-futures portfolio. For the dollar neutral strategy,

the sum of positions for all futures must be equal to zero in order to satisfy the constraint.

Interestinly, the two sets of strategies look similar, which means that the unconstrained

optimal strategy is close to being dollar neutral. Also, we observe that in both cases the

portfolio has a long-short combinations with opposite positions in two sets of futures, i.e.

F2,1 vs F1,1 and F2,2. The same phenomenon can be observed for the two-futures portfolios

(right panel) as well. With two futures F1,1 and F2,1, the investor tends to long one and

short the other whether the dollar neutral constraint is enforced or not. Lastly, in our model

the optimal strategies depend crucially on the log-basis vector process Yt over time. This is

unlike the optimal strategies obtained by [43, 44], which are time-deterministic.

In Figure 3.3, we present the empirical distributions of terminal wealth associated with

portfolios with different number of futures and constraints under different risk aversion pa-

rameters γ. From top to bottom, the wealth distributions are for (i) three-futures portfolio

with γ = 0.5; (ii) two-futures portfolio with γ = 0.5; (iii) three-futures portfolio with γ = 0.1;

(iv) two-futures portfolio with γ = 0.1. Like Figure 3.2, we use the combination of F1,1 and

F2,1 as the two-futures portfolio. We note that for the two-futures portfolio, the market

neutral constraint matrix

Γ = Σ̃FS[1, 2; 1, 2]Σ̃>S =

 0.25 0

0.15 0.2

 0.5 0.3

0 0.4

 , (3.74)

is invertible. This implies π∗ = 0, meaning that the only feasible strategy is not to invest at

all. Therefore, the market neutral strategy does not appear in the second and fourth charts.

Among the strategies, the market neutral strategy leads to a more narrow and centralized

distribution of terminal wealth, while the unconstrained portfolio wealth has a wider distri-

bution with the heaviest tails. This reflects that the unconstrained strategy has the highest
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degree of freedom and the investor ends up bearing more risk when no constraint is imposed.

On the other hand, risk aversion also plays a role in the terminal wealth distribution. If we

compare the top two charts to the bottom two, the more risk averse investor (γ = 0.5), the

distribution is more centralized than those for the less risk averse investor (γ = 0.1). Given

that the optimal strategy π∗ is inversely proportional to γ according to Theorem 4, the less

risk averse investor is likely to hold larger net positions in futures and bear more risk as a

result.

For the wealth distributions in Figure 3.3, we provide the summary statistics, including

average one-month P&L, standard deviation, and quantiles, in Table 3.1. In addition, we

report the average net exposure and maximum net exposure for each portfolio, which are

defined as 1
T

∫ T
0

1>πtdt and max0≤t≤T |1>πt|, respectively. The statistics for the less risk

averse investor (γ = 0.1) is shown in the upper table, while the other one (γ = 0.5) is shown

in lower table. From the average one-month P&L, we see that the unconstrained strategy

is most profitable and the market neutral strategy is the least when trading three futures in

the portfolio with γ = 0.1. Also, in terms of standard deviation, the unconstrained portfolio

is the riskiest and the market neutral strategy is the most conservative, which is consistent

with Figure 3.3. Furthermore, comparing the top and bottom tables, we observe that the

average one-month P&L, standard deviation and net exposure are inversely proportional to

risk aversion for all three strategies. This phenomenon is expected from the optimal strategy

formulas in (3.37) and (3.50).

In Figure 3.4, we plot the certainty equivalents for the dollar constraint portfolios, where

the total amount invested 1>π is set to be a fixed parameter c. In other words, the dollar

neutral constraint is a special case with c = 0.

The green and red curves represent the certainty equivalents for the three-futures portfolio

and two-futures portfolio, respectively. Since, with respect to dollar constraint, the admis-

sible strategy for two-futures portfolio is always the admissible strategy for three-futures

portfolio, the three-futures portfolio’s certainty equivalent must be higher than the two-

futures portfolio’s certainty equivalent for any c. Figure 3.4 confirms this. For comparison,
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Figure 3.3: The distributions of terminal wealth for the unconstrained and constrained

portfolios. From top to bottom: (i) three-futures portfolio with γ = 0.5; (ii) two-futures

portfolio with γ = 0.5; (iii) three-futures portfolio with γ = 0.1; (iv) two-futures portfolio

with γ = 0.1.
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γ = 0.1
3 Futures 2 Futures

NC DN MN NC DN

Average One-Month P&L 1.68 1.27 0.77 1.10 0.58

Standard Deviation 4.67 3.50 2.52 4.18 2.61

Lower Quartile -1.27 -0.84 -0.51 -1.56 -0.89

Median 1.11 0.96 0.69 0.35 0.18

Upper Quartile 3.97 3.07 2.02 2.97 1.57

Average Net Exposure 27.06 0 0 26.31 0

Maximum Net Exposure 61.11 0 0 66.92 0

γ = 0.5
3 Futures 2 Futures

NC DN MN NC DN

Average One-Month P&L 0.34 0.25 0.15 0.22 0.12

Standard Deviation 0.93 0.70 0.50 0.84 0.52

Lower Quartile -0.25 -0.17 -0.10 -0.31 -0.18

Median 0.22 0.19 0.14 0.07 0.04

Upper Quartile 0.79 0.61 0.40 0.59 0.31

Average Net Exposure 5.41 0 0 5.26 0

Maximum Net Exposure 12.22 0 0 13.38 0

Table 3.1: Average one-month P&L, standard deviation and quantiles for the wealth distri-

butions in Figure 3.3. ’NC’, ’DN’ and ’MN’ stand for ’no constraint’, ’dollar neutral’ and

’market neutral’, respectively. The top panel corresponds to a lower risk aversion (γ = 0.1)

and the bottom panel corresponds to a higher risk aversion (γ = 0.5).
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Figure 3.4: The certainty equivalent (CE) as the function of constraint parameter c. The

top and bottom plots correspond to the cases with γ = 0.1 and γ = 0.5 respectively. In each

plot, the blue dashed line shows the CE for unconstrained three-futures portfolio, which

is independent of c. The green curve represents the CE for the constrained three-futures

portfolio, and the red curve is the CE for the constrained two-futures portfolio. The black

dashed line represents the initial wealth. Each cross marks the optimal parameter c∗ (on

the x-axis) and the corresponding maximum certainty equivalent CE∗ (on the y-axis). Op-

timal parameters: c∗1 = 23.4, c∗2 = 22.2, c∗3 = 4.54 and c∗4 = 4.53, and maximum certainty

equivalents: CE∗1 = 0.562, CE∗2 = 0.381, CE∗3 = 0.112 and CE∗4 = 0.076.
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we use a blue dashed line to mark the certainty equivalent for the no constraint three-futures

portfolio. As expected, it is higher than the certainty equivalent for the constrained port-

folios. We also put a dark dashed line to show the initial wealth. If portfolio’s certainty

equivalent is lower than its initial wealth, then it is not worthwhile to trade.

For each portfolio, there is an optimal constraint parameter c∗ (marked by a cross) that

maximizes the certainty equivalent. For the less risk averse investor (γ = 0.1), the best

parameters c∗ for the three-futures and two-futures portfolios are c∗1 = 23.4 and c∗2 = 22.2,

and the corresponding certainty equivalents are CE∗1 = 0.562 and CE∗2 = 0.381, respectively.

In contrast, for the more risk averse investor (γ = 0.5), the highest certainty equivalents

for two portfolios are lower with CE∗3 = 0.112 and CE∗4 = 0.076, and the corresponding

constraint parameters are c∗3 = 4.54 and c∗4 = 4.53, respectively. Generally, the less risk

averse investor can achieve a higher certainty equivalent than the more risk averse investor

for each portfolio.

Lastly, we present in Figure 3.5 the certainty equivalent as a function of the constraint

vector c = (c1, c2) for the market-constrained three-futures portfolios. For the market con-

straint, the strategy satisfies (Σ̃FSΣ̃>S)>π = c for some fixed c ∈ RM×1, where M = 2 is

the number of assets in our example. The dashed contours denote the certainty equivalent

of value zero, same as the initial wealth W0 = 0. For portfolios corresponding to the interior

of the contour, the certainty equivalent is higher than the investor’s initial wealth, which

means it is worthwhile to trade. The contour region for less risk averse investor (γ = 0.1)

is bigger than the contour region for more risk averse investor (γ = 0.5). Moreover, the less

risk averse investor achieves a higher certainty equivalent with same portfolio. In both plots,

the optimal constraint parameters c∗ are marked by crosses, such that c∗1 = (1.71, 3.01)>

and the corresponding certainty equivalent CE∗1 = 0.39 for γ = 0.1, and c∗2 = (0.34, 0.59)>

and CE∗2 = 0.08 for γ = 0.5.
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Figure 3.5: The certainty equivalent (CE) for the market-constrained three-futures portfolio

with different risk aversion levels (top: γ = 0.1; bottom: γ = 0.5). The dashed contours

denote the certainty equivalent with initial wealth W0 = 0, and the optimal parameters c∗

are marked by crosses. The optimized constraint vectors are c∗1 = (1.71, 3.01)> (top) and

c∗2 = (0.34, 0.59)> (bottom), and the corresponding certainty equivalents are CE∗1 = 0.39

and CE∗2 = 0.08 respectively.
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3.6 Conclusion

We have analyzed constrained dynamic futures portfolios in continuous time under a mul-

tidimensional stochastic basis model. One key element of our utility maximization problem

is the incorporation of general portfolio constraints on the futures positions, which captures

the dollar neutral and market neutral constraints. We have derived the optimal strategies in

the unconstrained and constrained cases by solving the associated Hamilton-Jacobi-Bellman

(HJB) equations, and presented a number of decomposition results for the corresponding

optimal strategies and certainty equivalents.

Our model is related to a number of studies in finance involving Brownian bridges. Ap-

plications include modeling the flow of information in the market. For example, [11] use a

Brownian bridge as the noise in the information about a future market event, and derived

option pricing formulas based on this asset price dynamics and market information flow. For

algorithmic trading, [16] utilize a randomized Brownian bridge (rBb) to model the mid-price

of an asset with a random end-point perceived by an informed investor, and determined the

optimal placements of market and limit orders. [40] also apply a similar rBb framework to

derive the optimal timing strategies for options trading.

The random end point of a randomized Brownian bridge can be used to describe the non-

convergence of futures. This is a common observation among several agricultural futures,

where the futures prices may deviate from the spot price at expiry due to a number of

factors, including storage costs. This non-convergence phenomenon has been illustrated in a

few studies, including [32], [1], and [25]. We refer to [28] for a stochastic model for capturing

this price behavior and pricing agricultural futures.

Apart from basis trading and utility maximization, there are a number of applications of

futures. In practice, futures are commonly used as the sole or primary instruments in the

design of many exchange-traded products. They are often advertised to provide tracking or

exposure to certain commodity or index (see e.g. [38], and [42]). This should motivate future

research on how to optimally and dynamically adjust futures positions so as to achieve the
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best tracking or exposure control.

3.7 Proofs

3.7.1 Proof of Theorem 3

Before proving the Theorem 3, we begin with a lemma.

Lemma 2. Σno is positive semidefinite.

Proof. By (3.32), it suffices to show that ΣY −Σ>FY Σ−1
F ΣFY is positive semidefinite. Define

AS = Σ̃>FS − Σ̃>Y S. Then by (3.24), (3.25), (3.26) and Σ̃F = Σ̃Y , we have

Σ>FY Σ−1
F ΣFY = (ΣF − Σ̃FSAS)>Σ−1

F (ΣF − Σ̃FSAS). (3.75)

Therefore, we obtain

ΣY −Σ>FY Σ−1
F ΣFY = A>S(I − Σ̃>FSΣ−1

F Σ̃FS)AS. (3.76)

Then, we only need to show I − Σ̃>FSΣ−1
F Σ̃FS is the non-negative matrix. Therefore, it

remains to show that the eigenvalues of Σ̃>FSΣ−1
F Σ̃FS are bounded between [−1, 1]. Suppose

v is an eigenvector for Σ̃>FSΣ−1
F Σ̃FS such that

Σ̃>FSΣ−1
F Σ̃FSv = λv. (3.77)

Then, we have

λv>v = v>Σ̃>FSΣ−1
F Σ̃FSv = v>Σ̃>FSΣ−1

F ΣFΣ−1
F Σ̃FSv

≥ v>Σ̃>FSΣ−1
F Σ̃FSΣ̃>FSΣ−1

F Σ̃FSv = λ2v>v. (3.78)

Therefore, we obtain λ ∈ [0, 1].

Now, we give the proof for Theorem 3. According to Appendix A in [5], the Riccati

equation (3.33) has a unique symmetric non-negative definite solution, since Σ−1
F and Σno

are positive semidefinite.
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Next, performing optimization in (3.30) and assuming that ∂wwu ≤ 0 (which will be

verified later), we obtain the first-order condition for the optimal strategy π∗t ,

ano(t,y, w) + (∂wwu)ΣFπ
∗
t = 0. (3.79)

Then, we obtain

π∗t = −Σ−1
F a

no(t,y, w)

∂wwu
. (3.80)

Plugging (3.80) back to the HJB (3.30), we have

∂tu
no + Luno − 1

2∂wwuno
ano(t,y, w)>Σ−1

F a
no(t,y, w) = 0. (3.81)

With the transformation uno(t,y, w) = U(w) exp
(
−1

2
y>Hno(t)y + y>gno(t) + fno(t)

)
, where

Hno(t) ∈ RN×N is a symmetric matrix and gno(t) ∈ RN , we obtain the matrix Riccati equa-

tion (3.33) for Hno(t), ODE system (3.35) for gno(t) and ODE (3.36) for fno(t). In addition,

∂wwu = γ2u ≤ 0.

3.7.2 Proof of Theorem 4

Before proving Theorem 4, we first give two lemmas.

Lemma 3. The matrix Σ−1
F −ΣΓ is positive semidefinite.

Proof. By (3.44), we have

Σ−1
F −ΣΓ = Σ−1

F −Σ−1
F ΓD−1

Γ Γ>Σ−1
F . (3.82)

Since ΣF is symmetric positive definite matrix, we define an auxiliary matrixA =
√

Σ−1
F Γ ∈

RN×d. Thus, we obtain DΓ = A>A. Then, it suffices to show√
ΣF (Σ−1

F −Σ−1
F ΓD−1

Γ Γ>Σ−1
F )
√

ΣF = I −A(A>A)−1A>, (3.83)

is non-negative definite. Since, Av is the eigenvector of A(A>A)−1A>, for any v ∈ Rd and

rank(A) = d, the eigenvalues for A(A>A)−1A> are 0 or 1. Therefore, I −A(A>A)−1A>

is positive semidefinite.



94

Lemma 4. The matrix Σ is positive semidefinite.

Proof. By (3.45), we can decompose Σ into two components, i.e.

Σ = Σno + Σ>FY ΣΓΣFY . (3.84)

According to Lemma 2, Σno ≥ 0. Besides, the second term is also positive semidefinite.

Therefore, Σ is positive semidefinite.

Now, we show the proof for Theorem 4. According to Appendix A in [5], To show that

the Riccati Equation (3.46) has a unique symmetric positive semidefinite solution, it suffices

to demonstrate that Σ−1
F −ΣΓ and Σ being the coefficients of quadratic and constant terms

are positive semidefinite, which are proved in Lemma 3 and Lemma 4.

Next, we turn to solve the HJB equation (3.41) by the method of Lagrange multiplier,

similarly seen in [45]. Let λ(t) = (λ1(t), . . . , λd(t))
> be the (vector) Lagrange multiplier, and

we define the Lagrangian function for the constrained control model

L(t,π,λ) = π>a(t,y, w) +
∂wwu

2
π>ΣFπ − λ(t)>(Γ>π − c). (3.85)

Then, it suffices to solve∇πL = a(t,y, w) + (∂wwu)ΣFπ − Γλ(t) = 0,

∇λL = Γ>π − c = 0.
(3.86)

Therefore, we obtain

πt = −Σ−1
F

a(t,y, w)− Γλ(t)

∂wwu
, (3.87)

and

λ(t) = (Γ>Σ−1
F Γ)−1(Γ>Σ−1

F a(t,y, w) + (∂wwu)c). (3.88)

Inserting λ back to formula (3.87), we have

πt = Σ−1
F ΓD−1

Γ c−
(Σ−1

F −ΣΓ)a(t,y, w)

∂wwu
, (3.89)
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where DΓ and ΣΓ are given by (3.43) and (3.44), respectively. We verify that the optimal

strategy must satisfy the constraints

Γ>πt = Γ>Σ−1
F ΓD−1

Γ c−
Γ>(Σ−1

F −ΣΓ)a(t,y, w)

∂wwu
= c. (3.90)

Putting the candidate πt back to the HJB equation (3.41), we obtain

∂tu+ Lu− a(t,y, w)>(Σ−1
F −ΣΓ)a(t,y, w)

2∂wwu
+ c>D−1

Γ Γ>Σ−1
F a(t,y, w)

+
∂wwu

2
c>D−1

Γ c = 0.

(3.91)

With the ansatz u(t,y, w) = U(w) exp
(
−1

2
y>H(t)y + y>g(t) + f(t)

)
, where H(t) ∈ RN×N

is a symmetric matrix and g(t) ∈ RN , we obtain the matrix Riccati equation (3.46) for

H(t), ODE system (3.48) for g(t), and ODE (3.49) for f(t). Lastly, putting u(t,y, w) into

the (3.89), we obtain the formula of optimal strategy.

3.7.3 Proof of Lemma 1

First, a direct observation from matrix Riccati equation (3.46) shows that H(t) doesn’t

depend on c. Then, substituting the decomposition (3.57) into the ODE system (3.48) and

ODE (3.49), we obtain the ODE system for g0(t) ∈ RN as follows:

g′0(t) = K(t)g0(t) +H(t)m+
(
H(t)Σ +K(t)(Σ−1

F −ΣΓ)ΣFY

)
g0(t)

+
(
K(t)−H(t)Σ>FY

)
(Σ−1

F −ΣΓ)µF , (3.92)

g0(T ) = 0N×1,

and the ODE for f0(t):

f ′0(t) = −m>g0(t) +
1

2
tr (ΣYH(t))− 1

2
g0(t)>ΣY g0(t)

+
1

2
(θ + ΣFY g0(t))> (Σ−1

F −ΣΓ) (θ + ΣFY g0(t)) , (3.93)

f0(T ) = 0,
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along with the ODEs for Ψ(t),β(t),Λ(t),

Ψ′(t) = K(t)Ψ(t) +
(
H(t)Σ +K(t)(Σ−1

F −ΣΓ)ΣFY

)
Ψ(t)

+ γ
(
K(t)−H(t)Σ>FY

)
Σ−1
F ΓD−1

Γ , (3.94)

β′(t) = −m>Ψ(t)− g0(t)ΣΨ(t) + µ>F (Σ−1
F −ΣΓ)ΣFY

+ γ(µF + g0(t)ΣFY )>Σ−1
F ΓD>Γ , (3.95)

Λ′(t) = −1

2
Ψ(t)>ΣΨ(t) +

γ

2
Ψ(t)>Σ>FY Σ−1

F ΓD−1
Γ +

γ

2
D−1

Γ Γ>Σ−1
F ΣFY Ψ(t)

− γ2

2
D−1

Γ . (3.96)

Besides, we can check that g0, f0 solve the corresponding ODEs for Γ-neutral constraint.

As for matrix Λ(t), we have

Λ′(t) = −1

2
Ψ(t)>ΣΨ(t) +

γ

2
Ψ(t)>ΣFY Σ−1

F ΓD−1
Γ

+
γ

2
D−1

Γ Γ>Σ−1
F Σ>FY Ψ(t)− γ2

2
D−1

Γ

≤ −1

2
Ψ(t)>Σ>FY ΣΓΣFY Ψ(t)

+
γ

2
Ψ(t)>Σ>FY Σ−1

F ΓD−1
Γ +

γ

2
D−1

Γ Γ>Σ−1
F ΣFY Ψ(t)− γ2

2
D−1

Γ

= −1

2

(
Γ>Σ−1

F ΣFY Ψ(t) + γ
)>
D−1

Γ

(
Γ>Σ−1

F ΣFY Ψ(t) + γ
)
,

(3.97)

where the first inequality comes from equation (3.45) that

Σ = ΣY −Σ>FY (Σ−1
F −ΣΓ)ΣFY ≥ Σ>FY ΣΓΣFY .

Hence, we have shown that Λ′(t) is negative semidefinite, so Λ(t) is positive semidefinite as

Λ(T ) = 0.

3.7.4 Proof of Proposition 5

The ODEs for the auxiliary functions H̃(t) = Hno(t) − H(t), g̃(t) = gno(t) − g(t), and

f̃(t) = fno(t) − f(t) can be described in multiple ways. We opt to express them without
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involving Hno(t), g(t) or fno(t) as follows:

H̃ ′(t) =
(
K(t) +K(t)Σ−1

F ΣFY +H(t)Σno
)
H̃(t)

+ H̃(t)
(
K(t) +K(t)Σ−1

F ΣFY +H(t)Σno
)>

+ H̃(t)ΣnoH̃(t)− (H(t)Σ>FY −K(t))ΣΓ(ΣFYH(t)−K(t)), (3.98)

g̃′(t) = K(t)g̃(t) + H̃(t)m+ H̃(t)Σnog + H̃Σnog̃ +HΣnog̃

+K(t)Σ−1
F ΣFY g̃ − H̃Σ>FY Σ−1

F µF

− (H(t)Σ>FY −K(t))ΣΓ(ΣFY g + µF − γΣFπ),

f̃ ′(t) = −m>g̃(t) +
1

2
tr
(
ΣY H̃(t)

)
− 1

2
g̃(t)>Σnog̃(t)− g>Σnog̃ + µ>FΣ−1

F ΣFY g̃

+
1

2
(θ + ΣFY g(t) + γΣFπ)>ΣΓ (θ + ΣFY g(t) + γΣFπ) ,

H̃ ′(T ) = 0N×N ,

g̃′(T ) = 0N×1,

f̃ ′(T ) = 0.

Now, we denoteM (t) =

 H̃(t), −g̃(t)

−g̃(t)>, −2f̃(t)

 , and show the matrix function satisfying some

proper Riccati differential equation as following by direct calculation:

M ′(t) = M (t)

Σno, 0

0, 0

M (t) +

K(t) +HΣno +K(t)Σ−1
F ΣFY , 0

−m> − g>Σno + µ>FΣ−1
F ΣFY , 0

M (t)

+M(t)

K(t) +HΣno +K(t)Σ−1
F ΣFY , 0

−m> − g>Σno + µ>FΣ−1
F ΣFY , 0

> +

Q1, Q2

Q>2 , Q4

 ,

(3.99)

where

Q1 = −(ΣFYH(t)−K(t))>ΣΓ(ΣFYH(t)−K(t)),

Q2 = (H(t)Σ>FY −K(t))ΣΓ(ΣFY g + µF − γΣFπ),

Q4 = −tr(ΣY H̃)− (θ + ΣFY g(t)− γΣFπ)>ΣΓ (θ + ΣFY g(t) + γΣFπ) .
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Moreover, the differential question (3.98) implies that H̃ is positive semidefinite. There-

fore, there exists matrix B such that H̃ = B>B, then −tr(ΣY H̃) = −tr(BΣYB
>) ≤ 0.

Combining p < 0, we know thatQ1, Q2

Q>2 , Q4

 =

0, 0

0, −tr(ΣY H̃)

−
 K(t)−H(t)Σ>FY

θ> + g(t)>Σ>FY − γπ>ΣF

ΣΓ

 K(t)−H(t)Σ>FY

θ> + g(t)>Σ>FY − γπ>ΣF

> ,
(3.100)

is negative semidefinite. In addition, Σno is positive semidefinite. Therefore, M(t) is the

corresponding unique positive semidefinite solution for the Riccati equation (3.99).

3.7.5 Proof of Theorem 5

Let u be the solution given in Theorem 4. We prove the following two assertions:

(a) With any admissible strategy π ∈ A, satisfying linear constraints Γ>π = c, we have

u(t,y, w) ≥ IEP
t,y,w[U (Wπ

T )], (3.101)

for all (t,y, w) ∈ [0, T ]× RN ×D, where IEP
t,y,w[·] denotes the conditional expectation

IEP[·|Wπ
t = w,Yt = y] and Wπ

T is the terminal wealth.

(b) There exists an admissible strategy π∗ ∈ A, satisfying Γ>π∗ = c such that

u(t,y, w) = IEP
t,y,w[U (Wπ∗

T )], (3.102)

for (t,y, w) ∈ [0, T ]× RN ×D.

Combining the above two statements, (a) implies u ≥ V, and (b) implies u ≤ V, therefore,

u = V as desired.
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Proof. (a) Given π ∈ A, satisfying the constraint Γ>π = c, we apply Ito’s formula to

u(t,y, w), to get

du(t,Yt,W
π
t ) =

{
ut + (m−K(t)Yt)∇yu+

1

2
tr(ΣY∇2

yu)

+π>(µF +K(t)Yt)uw + π>ΣFY∇y(uw) +
1

2
π>ΣFπ∂wwu

}
dt

+ (∇yu)>
(
Σ̃Y SdZt,1 + Σ̃Y dZt,2

)
+ uwπ

>
(
Σ̃FSdZt,1 + Σ̃FdZt,2

)
.

(3.103)

According to the HJB equation (3.41) for u(t,y, w), we have

du(t,Yt,W
π
t ) ≤ (∇yu)>

(
Σ̃Y SdZt,1 + Σ̃Y dZt,2

)
(3.104)

+ uwπ
>
(
Σ̃FSdZt,1 + Σ̃FdZt,2

)
= u(t,Yt,W

π
t )

(
(g(t)−H(t)Yt)

>
(
Σ̃Y SdZt,1 + Σ̃Y dZt,2

)
− γπ>

(
Σ̃FSdZt,1 + Σ̃FdZt,2

))
= u(t,Yt,W

π
t )dAπt . (3.105)

Therefore, we obtain

U (Wπ
T ) ≤ u(t,Yt,W

π
t )E (Aπ· − Aπt )T . (3.106)

Taking the conditional expectation for both sides completes the proof of assertion (a)

above. Moreover, the equality holds when taking π = π∗.

(b) It suffices to show that π∗ is admissible. We combine the integral form of Yt according

to Remark 3.5 in [5] and integration by parts technique to check that Yt satisfies

Benes condition below, thus, the corresponding integrand of Aπ
∗

also satisfies Benes
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condition. That is, there exists some constant K such that

‖(−Y >t H(t) + g(t)>)Σ̃Y S‖L1 ≤ K(1 + max
0≤s≤t

‖(Zs,1,Zs,2)‖L1),

‖(−Y >t H(t) + g(t)>)Σ̃Y ‖L1 ≤ K(1 + max
0≤s≤t

‖(Zs,1,Zs,2)‖L1),

‖π∗>t Σ̃FS‖L1 ≤ K(1 + max
0≤s≤t

‖(Zs,1,Zs,2)‖L1),

‖π∗>t Σ̃F ‖L1 ≤ K(1 + max
0≤s≤t

‖(Zs,1,Zs,2)‖L1),

(3.107)

where π∗ is given by (3.50). See [7] or [34], which verifies the admissibility conditions.
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