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Abstract

On the chromatic symmetric functions of trees

Michael Tang

Chair of the Supervisory Committee:

Ricky Ini Liu

Department of Mathematics

The chromatic symmetric function (CSF) of a graph, introduced by Richard Stanley in

1995, is a symmetric function generalization of the chromatic polynomial which enumer-

ates proper colorings by the number of uses of each color. We attack a long-standing open

question of Stanley that asks whether trees are distinguished by their CSFs. We prove new

structural results about the CSFs of well-known subclasses of trees, including an involution

on symmetric functions that swaps the CSFs of caterpillars in pairs, as well as a character-

ization of all linear relations between the CSFs of spiders. Then, we study a related graph

invariant, the generalized degree polynomial (GDP), introduced by Crew and shown to be

determined by the CSF by Aliste-Prieto et al. We present several classes of data about a

tree that can be recovered from its GDP (and thus also from its CSF), such as the double-

degree sequence and leaf adjacency sequence; this extends previous work of Martin, Morin,

and Wagner. Then, we consider vector-valued and matrix-valued variants of the GDP for

trees with distinguished vertices. By using linear relations that these GDPs satisfy, we prove

new recurrence relations for the ordinary GDP and give several constructions that produce



families of ordinary trees with the same GDP. In addition, we prove in some cases that the

trees produced by such constructions have different CSFs. Our work suggests a program for

further work using the GDP as an intermediary.
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Chapter 1

INTRODUCTION

This thesis studies a particular problem in graph coloring, a subfield of graph theory

that is concerned with methods of assigning labels (called “colors”) to the vertices or edges

of a graph so that certain conditions are satisfied. By far the oldest and most famous graph

coloring question is the four-color problem, first posed in 1852 but not settled until 1976.

Over its long history, this problem pioneered the study of graph coloring and inspired a great

deal of discoveries therein; graph coloring remains an extremely active area of research today.

A prominent development inspired by the four-color problem was the introduction by

Birkhoff in 1912 of the chromatic polynomial χG of a graph G. For a positive integer k, the

value of χG(k) is the number of colorings of the vertices of G with k colors (usually taken to

be the integers 1, 2, . . . , k) which are proper, meaning that adjacent vertices always receive

different colors. While it was not particularly useful in solving the four-color problem,

the chromatic polynomial has proved fascinating in its own right. Furthermore, it directly

inspired the titular object of this thesis, a symmetric function generalization of the chromatic

polynomial.

A symmetric function is a formal power series (that is, an infinite weighted sum of

monomials xα1
i1

· · ·xαk
ik

in an infinite list of variables x1, x2, . . . ) of bounded degree with

the property that it is symmetric in its variables, i.e., it is fixed under all permutations

of the xi. Examples of symmetric functions include the power sum symmetric functions

pn = xn1 +xn2 + · · · and the elementary symmetric functions en =
∑

i1<i2<...<in
xi1xi2 · · ·xin

(the sum of all products of n distinct variables).

The study of symmetric functions also has a long history because of its connection with

the solutions of polynomial equations, observed as early as the 16th century [14]. In modern
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terms, we view symmetric functions as having a great deal of abstract algebraic structure:

in particular, the set of symmetric functions is an important example of a Hopf algebra,

which means that it is also an algebra, a coalgebra, a ring, and a vector space. For this and

many other reasons, symmetric functions are ubiquitous in mathematics (in particular, in

algebra, combinatorics, and representation theory) and even appear in such far-flung realms

as quantum mechanics.

Thus, this thesis is about graph coloring and symmetric functions: in particular, it is

about a particular symmetric function defined using graph colorings. Let G = (V,E) be a

graph. The chromatic symmetric function XG, introduced by Richard Stanley in 1995 [31],

is a symmetric function that enumerates proper colorings of G by the number of occurrences

of each color. Formally, we have

XG(x1, x2, . . . ) =
∑
κ

∏
v∈V

xκ(v),

where κ ranges over all proper colorings of G with positive integers. Thus, the coefficient of

a monomial xα1
1 xα2

2 · · · in XG is the number of proper colorings of G such that for each i,

the color i is used exactly αi times. This means that XG provides much more information

about a graph than the chromatic polynomial χG: in particular, the value of χG(k) can be

recovered from XG(x1, x2, . . . ) by setting x1 = . . . = xk = 1 and xi = 0 for all i > k.

In the thirty years since its introduction, the chromatic symmetric function has inspired

a great deal of research in algebraic combinatorics. Variants of the chromatic symmetric

function for weighted graphs [12], for rooted graphs [23], and in quasisymmetric functions

[30] have been developed; the latter is related to the cohomology of certain subvarieties of

the flag variety called Hessenberg varieties. In addition, the chromatic symmetric function

was shown to be a natural object associated to a graph in the sense that the mapping

G 7→ XG defines a canonical morphism of combinatorial Hopf algebras [1]. Finally, the

famous Stanley-Stembridge conjecture [34], recently resolved by Hikita [19], states that the

chromatic symmetric functions of certain graphs called unit interval graphs have positive
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expansions in the basis of elementary symmetric functions.

This thesis was inspired by the following question, which was posed by Stanley in the

same paper [31] introducing the chromatic symmetric function:

Question 1.1. Does the chromatic symmetric function distinguish trees? In other words,

must non-isomorphic trees have different chromatic symmetric functions?

To get some context for this question, note that by contrast, the chromatic polynomial

is nearly useless for distinguishing trees: indeed, all trees T with n vertices have the same

chromatic polynomial χT (k) = k(k − 1)n. Meanwhile, Stanley observed that the chromatic

symmetric function does not distinguish among all graphs; the smallest non-isomorphic

graphs with the same chromatic symmetric function have just five vertices [31, Figure 1].

Later, Orellana and Scott showed that there are infinitely many pairs of connected graphs

with exactly one cycle that have the same chromatic symmetric function [26]. However,

Question 1.1 remains open: no one has discovered an example of non-isomorphic trees with

the same chromatic symmetric function or found a way to recover a tree from its chromatic

symmetric function.

Though Question 1.1 is unresolved, some interesting progress has been made towards

answering it. One common approach is to identify or construct special classes of trees whose

members are distinguished by their chromatic symmetric functions, which is a strategy used

in [3, 15, 17, 22, 35]. This approach essentially resolves a restricted version of Stanley’s

question, and one can hope that the methods used to do so generalize beyond the particular

class of trees being studied. Another common approach is to begin with the chromatic

symmetric function XT of an arbitrary tree T and extract information about T from the

coefficients of XT . For instance, in 2008, Martin, Morin, and Wagner [25] proved that XT

determines the degree sequence of T (the number of vertices of T of each degree) and the

path sequence of T (the number of paths in T of each length). As another example, Crew

[11] showed that XT determines the lengths of the twigs of T , which are the maximal paths

in T consisting of a leaf and some number of degree-2 vertices. This approach shows that
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trees with the same chromatic symmetric function must also agree on a wide range of more

concrete statistics. One can hope that all this information recovered from the chromatic

symmetric function, when taken together, will be enough to reconstruct the tree itself, or

else to narrow down the search for a counterexample.

While this thesis takes inspiration from both approaches, it mainly adopts the latter.

In particular, it focuses on the relationship between the chromatic symmetric function and

other graph invariants. Indeed, the above examples of information about T recovered from

XT were not actually derived directly from the chromatic symmetric function; rather, the

authors of [25] and [11] employed an intermediary called the subtree polynomial. Defined in

[13], the subtree polynomial is a two-variable invariant of a tree that enumerates subtrees

by their size and number of leaf edges. It was shown in [25] that the chromatic symmetric

function determines the subtree polynomial: thus, any information that one can determine

about a tree from its subtree polynomial is also information determined by the chromatic

symmetric function. It was the subtree polynomial, whose coefficients are easier to under-

stand and manipulate, that was used to recover the degree sequence, path sequence, and

twig sequence of a tree.

In this thesis, we focus on a particular three-variable tree invariant called the generalized

degree polynomial. Introduced by Crew in 2020 [11], the generalized degree polynomial

GT (x, y, z) of a tree T enumerates subsets A of the vertices of T by size as well as number of

internal edges (edges of T with both endpoints in A) and boundary edges (edges of T with

exactly one endpoint in A). Crew conjectured in [11] that XT determines GT , and this was

later proven by Aliste-Prieto, Martin, Wagner, and Zamora [4]. We devote much of this work

to examining information about a tree that can be recovered from its generalized degree

polynomial, as well as pairs of trees that have the same generalized degree polynomial. In

doing so, we make progress towards a better understanding of Stanley’s question.

This thesis1 comprises six chapters, the first of which you are currently reading. In

1We note that this thesis consists largely of joint work with Ricky Liu. In particular, much of the content
of Chapter 4 also appears in the paper [21].
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Chapter 2, we first introduce notations and conventions, and then present some background

about symmetric functions and the CSF. In particular, we note that the CSF satisfies a

deletion–near-contraction recurrence (Proposition 2.7).

In Chapter 3, we study the so-called chromatic bases, namely the star basis {stλ} and

path basis {paλ}. These are linear bases for the algebra of symmetric functions defined using

the CSFs of star and path graphs, respectively. We derive a new structural result regarding

these bases (Theorem 3.6), namely, that there is an involution on symmetric functions that

sends stλ to −paλ for all partitions λ. Furthermore, we show that this involution swaps the

CSFs of complementary pairs of caterpillar graphs (up to sign). Next, we use chromatic

bases to study the chromatic symmetric functions of spider graphs. We expand the CSF

of a spider graph in the path basis {paλ} (Theorem 3.12), and in doing so, we discover a

connection between the chromatic symmetric functions of spiders and the Bernstein creation

operators (Theorem 3.24). This allows us to compute the dimension of the span of XS where

S ranges over all spiders of a fixed order (Theorem 3.25), as well as characterize all linear

relations between the XS (Theorem 3.28 and Theorem 3.30).

The remaining chapters focus on the generalized degree polynomial (which we abbreviate

as the GDP). In Chapter 4, we define the generalized degree polynomial of a tree and give a

concise proof that it is determined by the chromatic symmetric function (Proposition 4.14)

by using Hopf algebraic methods. Then, we present several kinds of information about

a tree that is determined by its GDP (Theorem 4.20), organized around the notion of

degree embeddings of trees. For example, we show that the GDP determines the double-

degree sequence and leaf-adjacency sequence of a tree, which are both refinements of the

degree sequence. We also consider a trio of two-variable specializations of the GDP, one of

which is the subtree polynomial mentioned above; we prove a new formula relating two of

these specializations (Theorem 4.3) and resolve a related conjecture of Martin, Morin, and

Wagner (Theorem 4.5). Finally, we define a sequence of further generalizations of the GDP

(Definition 4.30) and show that they are all determined by the CSF.
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In Chapter 5, we develop the theory of the generalized degree polynomial for rooted

graphs and polarized graphs (graphs with two distinguished vertices, a left pole and a right

pole). These variants of the GDP are vector-valued and matrix-valued, respectively, and

unlike the ordinary generalized degree polynomial, we can show that they are complete

invariants for rooted and polarized trees (Corollary 5.5 and Theorem 5.34). Despite this,

studying the GDPs of rooted and polarized trees can still tell us a great deal about the

GDPs of ordinary trees. Specifically, by using linear relations that exist between polarized

GDPs, as well as an operation for combining rooted and polarized trees called concatenation

(Definition 5.19), we prove two recurrence relations that can be used to efficiently compute

the ordinary GDP (Theorem 5.38 and Theorem 5.40). We also prove some surprising

divisibility facts about the GDP, such as Theorem 5.47.

Finally, in Chapter 6, we apply the machinery developed in the previous chapter to

give two general frameworks for constructing pairs (and larger families) of ordinary trees

with the same GDP: the reversal phenomenon (Section 6.1) and the switching phenomenon

(Section 6.2). We prove in some cases that these frameworks produce trees that have

different CSFs (Section 6.3). In addition, by analyzing computer calculations, we show that

these frameworks recover nearly all pairs of trees with order at most 23 that have the same

GDP (Section 6.4). Our work suggests a two-part program to attack Stanley’s question:

first, characterize all pairs of ordinary trees with the same GDP, and then decide whether

the trees in each pair have different chromatic symmetric functions. This thesis makes

partial progress on executing both steps.
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Chapter 2

PRELIMINARIES

In this chapter, we present notation, conventions, and background information about the

topics studied in this thesis. Readers who are already familiar with the chromatic symmetric

function may skip to Chapter 3, referencing the contents of this chapter as needed.

2.1 Conventions and basic definitions

The cardinality of a set S will be denoted |S|. The notation S′ ⊆ S means that S′ is a

subset of S, not necessarily proper. Given a nonnegative integer k, we write
(
S
k

)
for the

collection of all subsets of S with cardinality k.

We write Z for the set of integers and Z>0 for the set of positive integers. Given

a nonnegative integer n, we write [n] to mean the set {1, 2, . . . , n} (where [0] = ∅ is the

empty set). For nonnegative integers a and b, we write [a, b] to mean the set {a, a+1, . . . , b}.

In general, the notation [m]f means the coefficient of m in f . Here f is an object such

as a polynomial (with m a monomial), a power series (with m a monomial), or an element

of a vector space expanded in a particular basis (with m an element of that basis). The

exact meaning should be clear from context.

Given objects i and j, the Kronecker delta δij equals 1 if i = j and 0 otherwise.

2.1.1 Graphs

We assume familiarity with the basic concepts of graph theory. All graphs are assumed to

be simple (no parallel edges or self-loops) and finite. Graphs will generally be unlabeled

and considered only up to isomorphism.

Given a graph G, we write V (G) and E(G) for its vertex set and edge set, respectively.
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The order of G, denoted |G|, is the number of vertices of G. We denote the number of

connected components of G by c(G).

Given a vertex v ∈ V (G), we denote its degree by degG(v), or just deg(v) if G is clear

from context. A vertex v is called an internal vertex if deg(v) ≥ 2, and a leaf vertex if

deg(v) = 1. A leaf edge of G is an edge incident to at least one leaf of G. For a subset

A ⊆ V (G), we write G|A to mean the induced subgraph of G with vertex set A.

2.1.2 Compositions

Here we give some definitions related to integer compositions and partitions, which we will

use to discuss symmetric functions in the next section.

An integer composition, or composition for short, is a finite sequence α = (α1, . . . , αk)

of positive integers. Each αi is called a part of α, and the length of α is the number of parts

(in this case, k). The size of α, denoted |α|, is the sum of its parts: |α| = α1 + · · ·+ αk. If

|α| = n, we say that α is a composition of n and write α � n. We write Comp for the set

of all compositions and Compn for the set of all compositions of n.

There is a unique composition with no parts, which thus has length 0 and size 0; we

denote this by 0. We also write positive integers interchangeably with the corresponding

compositions of length 1.

When writing explicit examples of compositions, we often omit commas and parentheses.

Thus, for instance, the composition (3, 1, 3, 4) would be abbreviated as 3134. In addition,

we use the notation ak to mean the part a repeated k times. For instance, the composition

(1, 1, . . . , 1, 2) with k occurrences of 1 would be abbreviated 1k2.

It is well-known that the number of compositions of n is 2n−1 for each n ≥ 1. This is

because there is a bijection between compositions of n and subsets of [n− 1] given by

α = (α1, . . . , αk) 7−→ Set(α) = {α1, α1 + α2, . . . , α1 + · · ·+ αk−1}.

Conversely, if Set(α) = {r1 < r2 < · · · < r`}, then α = (r1, r2 − r1, . . . , r` − r`−1, n − r`).
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The complement of a composition α � n, denoted αc, is the composition of n such that

Set(αc) = [n− 1] \ Set(α).

Thus, complementation is an involution on compositions of n.

Example 2.1. Let α = 32114, a composition of n = 11. Then Set(α) = {3, 5, 6, 7} and so

Set(αc) = {1, 2, 4, 8, 9, 10}. Hence, αc = 1124111. ♦

The reverse of a composition α = (α1, α2, . . . , αk) is α∗ = (αk, . . . , α2, α1); we say that

α is a palindrome (or is palindromic) if α = α∗.

Given two compositions α = (α1, . . . , αk) and β = (β1, . . . , β`), their concatenation αβ

is defined by

αβ = (α1, . . . , αk, β1, . . . , β`),

and their near-concatenation α� β is defined (when α, β 6= 0) by

α� β = (α1, . . . , αk−1, αk + β1, β2, . . . , β`).

One can check that complementation, concatenation, and near-concatenation satisfy

(αβ)c = αc � βc (2.1)

for all α, β 6= 0.

Given a composition α and k ∈ Z>0, we write mk(α) = |{i : αi = k}|, the number of

parts of α equal to k. We write α ∼ β if and only if the parts of α can be rearranged to

form β; equivalently, α ∼ β if mk(α) = mk(β) for all k.
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We define

aut(α) = m1(α)!m2(α)! · · · , perm(α) =
`(α)!

aut(α)
,

prod(α) = α1 · · ·α`(α), zα = aut(α) prod(α).

The number aut(α) can be interpreted as the number of ways to “permute” equal parts of

α, i.e., the number of permutations (w1, . . . , w`(α)) of [`(α)] such that (αw1 , . . . , αw`(α)
) = α.

By the orbit-stabilizer theorem, perm(α) is the number of compositions β with α ∼ β, i.e.,

the number of distinct permutations of the parts of α.

Example 2.2. Again, let α = 32114. Then aut(α) = 2!(1!)3 = 2, so perm(α) = 5!/2 = 60.

We also have prod(α) = 3 · 2 · 1 · 1 · 4 = 24 and zα = 2 · 24 = 48. ♦

2.1.3 Partitions

An (integer) partition is a composition λ = (λ1, . . . , λ`) whose parts are in weakly decreasing

order: λ1 ≥ λ2 ≥ . . . ≥ λ`. A partition of n is a partition λ with size n; we write λ ` n to

signify this. Let Par be the set of all partitions and Parn the set of all partitions of n. It

will sometimes be convenient to consider partitions to be padded on the right by infinitely

many zeros (so that a partition is an infinite, weakly decreasing sequence of nonnegative

integers whose sum is finite).

For any composition α, its parts can be rearranged in weakly decreasing order to form

a partition. We denote this partition by α̃, so that α ∼ α̃.

Given a partition λ = (λ1, . . . , λ`), its Young diagram is a grid of boxes with ` rows,

such that row i from the top has λi boxes, all left-aligned. Then, the conjugate of λ is the

partition λ′ whose Young diagram is obtained by reflecting the Young diagram of λ over the

main diagonal (top-left to bottom-right). Algebraically, we have λ′ = (λ′1, . . . , λ
′
k) where
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λ = 5221 λ′ = 43111

Figure 2.1: The Young diagrams of two conjugate partitions.

k = λ1 and λ′j = max{i : λi ≥ j}. This can be stated in an equivalent form as

λ′j = a if and only if λa ≥ j > λa+1.

Example 2.3. The partition λ = 5221 has conjugate λ′ = 43111. The Young diagrams of

λ and λ′ are depicted in Figure 2.1. ♦

2.2 Symmetric functions

We now recall some parts of the theory of symmetric functions. Our treatment is extremely

terse, covering only what we will need; a detailed account can be found in e.g. [18, 24, 33].

We work over the field of rational numbers Q. Let x1, x2, . . . be an infinite list of com-

muting indeterminates. A symmetric function is a formal power series f ∈ Q[[x1, x2, . . . ]]

of bounded degree with the property that f is invariant under all permutations of the xi.

The set of all symmetric functions forms a Q-algebra Sym under the usual addition and

multiplication of power series. In addition, Sym has a grading Sym =
⊕

n≥0 Symn, where

Symn is the set of all homogeneous symmetric functions of degree n.

The algebra Sym has several well-known bases, indexed by partitions λ = (λ1, . . . , λ`),

which will play important roles throughout this work. (Each basis respects the grading on

Sym; the degree of a basis element equals the size of the corresponding partition.) The most

obvious basis is the monomial basis {mλ}, where mλ is the sum of all distinct monomials
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xα1
i1

· · ·xα`
i`

such that (α1, . . . , α`) ∼ λ. (This is not to be confused with the notation mk(α)

for compositions α as defined in the previous section.) Next, for positive integers n, let

pn = mn = xn1 + xn2 + · · · ,

en = m1n =
∑

i1<...<i`

xi1 · · ·xi` ,

hn =
∑
λ`n

mn =
∑

i1≤...≤i`

xi1 · · ·xi` .

We extend these definitions multiplicatively: given a partition λ = (λ1, . . . , λ`), we have

pλ = pλ1 · · · pλ`
, and similarly for eλ and hλ. This yields the power sum basis {pλ}, the

elementary basis {eλ}, and the (complete) homogeneous basis {hλ}. One can show that

these indeed form (graded) bases for Sym. By convention, we set p0 = e0 = h0 = 1, and

pn = en = hn = 0 for integers n < 0. We can also define pα, hα, and eα in the same way for

compositions α; thus pα = pα̃ and similarly for the other bases.

Finally, we define the celebrated Schur basis {sλ}. Given a partition λ, a semistandard

Young tableau of shape λ is a filling of the boxes in the Young diagram of λ with positive

integers such that the rows weakly increase from left to right, while the columns strictly

increase from top to bottom. If T is a semistandard Young tableau, we define xT to be the

monomial xα1
1 xα2

2 · · · , where αk is the number of occurrences of k in T . Then

sλ =
∑
T

xT

where T ranges over all semistandard Young tableaux of shape λ. (It is not obvious from

the definition that sλ is symmetric, but this can be shown using Bender-Knuth involutions.)

The Schur basis can be written in terms of the complete homogeneous basis using the
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Jacobi-Trudi formula: for a partition λ = (λ1, . . . , λ`), we have

sλ = det [hλi−i+j ]1≤i,j≤` = det



hλ1 hλ1+1 · · · hλ1+`−1

hλ2−1 hλ2 · · · hλ2+`−2

...
... . . . ...

hλ`−`+1 hλ`−`+2 · · · hλ`


. (2.2)

The dual Jacobi-Trudi formula can be used to write the Schur basis in the elementary basis:

sλ = det
[
eλ′

i−i+j

]
1≤i,j≤`

= det



eλ′
1

eλ′
1+1 · · · eλ′

1+`−1

eλ′
2−1 eλ′

2
· · · eλ′

2+`−2

...
... . . . ...

eλ′
`−`+1 eλ′

`−`+2 · · · eλ′
`


. (2.3)

2.2.1 The involution ω and the Hall inner product

We define two important structural elements of the algebra of symmetric functions. Let

ω : Sym → Sym be the (graded) algebra endomorphism defined by ω(eλ) = hλ for all

partitions λ. Then in fact, ω satisfies ω(hλ) = eλ for all λ, so it is an involution on Sym.

The involution ω acts on the power sum basis by

ω(pλ) = (−1)|λ|−`(λ)pλ

and on the Schur basis by

ω(sλ) = sλ′ .

Next, define a bilinear form 〈·, ·〉 : Sym × Sym → Q by

〈mλ, hµ〉 = δλµ
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for partitions λ and µ, extended linearly in both arguments. It can be shown that this

bilinear form is symmetric and positive definite; it is called the Hall inner product. In

addition, the involution ω is an isometry with respect to 〈·, ·〉, that is, 〈ω(f), ω(g)〉 = 〈f, g〉

for all f, g ∈ Sym.

By definition, the monomial basis {mλ} and the complete homogeneous basis {hλ} are

dual with respect to the Hall inner product. In addition, we have the formulas

〈pλ, pµ〉 = zλδλµ and 〈sλ, sµ〉 = δλµ,

so the power sum basis is orthogonal and the Schur basis is orthonormal with respect to

the Hall inner product.

2.2.2 Sym as a Hopf algebra

The algebra Sym can be given additional structure making it into a Hopf algebra. The

particular aspect of this that we will need is the comultiplication map on Sym, denoted

∆: Sym → Sym ⊗ Sym, which is linear and multiplicative. In general, to compute ∆(f)

for f(x1, x2, . . . ) ∈ Sym, one can replace the xi with a “doubly infinite” list of variables

x1, x2, . . . , y1, y2, . . . , evaluate f on these arguments, and then interpret the result as an

element of Sym⊗Sym (where the x-variables correspond to the first copy of Sym and the y-

variables correspond to the second). In practice, though, it suffices to know how to compute

∆ on a basis of Sym, or on an algebraic generating set for Sym since ∆ is multiplicative.

The formulas that we will need are

∆(pn) = 1⊗ pn + pn ⊗ 1 (2.4)

and

∆(en) =
∑

i+j=n

ei ⊗ ej = e0 ⊗ en + e1 ⊗ en−1 + · · ·+ en ⊗ e0 (2.5)
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for n ∈ Z>0.

We will use Sweedler notation for a generic element of the image of ∆. If f ∈ Sym, then

there exist k ≥ 0 and f1i, f2i ∈ Sym for 1 ≤ i ≤ k such that ∆(f) =
∑k

i=1 f1i ⊗ f2i. We

abbreviate this to

∆(f) =
∑

f(1) ⊗ f(2). (2.6)

Let E be a Q-algebra and µE : E ⊗E → E its multiplication map. For any linear maps

ϕ,ψ : Sym → E, the convolution of ϕ and ψ is the map ϕ ∗ ψ : Sym → E defined by

(ϕ ∗ ψ)(f) = (µE ◦ (ϕ⊗ ψ) ◦∆)(f) =
∑

ϕ(f(1))ψ(f(2)). (2.7)

This is also a linear map. Moreover, it can be shown that if ϕ and ψ are algebra maps, then

so is ϕ ∗ ψ, provided that E is commutative.

2.3 The chromatic symmetric function

Finally, we define the central object of this thesis and state some key facts about it.

Let G be a graph and X a nonempty set. A coloring of G with colors in X is a function

κ : V (G) → X that assigns an element of X (called a “color”) to each vertex of G. In

this thesis, we will always take X to be Z>0 or a subset thereof. A coloring κ is proper if

adjacent vertices never get the same color: that is, if {v, w} ∈ E(G), then κ(v) 6= κ(w).

Given a coloring κ, we define a monomial xκ in variables x1, x2, . . . by

xκ =
∏

v∈V (G)

xκ(v) =
∏
i≥1

x
|κ−1(i)|
i .

Definition 2.4 ([31]). The chromatic symmetric function (CSF) of a graph G, denoted

XG, is defined by

XG(x1, x2, . . . ) =
∑

κ proper
xκ,
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where κ ranges over all proper colorings of G with colors in Z>0.

Thus, the coefficient of any monomial xα1
1 xα2

2 · · · in XG is the number of proper colorings

of G such that each color i is used exactly αi times. This is invariant under permutations of

the numbers αi, so XG is indeed a symmetric function. Furthermore, the definition implies

that XG is homogeneous of degree n = |G|. We also note that XG1tG2 = XG1XG2 for

graphs G1 and G2, where G1 tG2 is the disjoint union.

The chromatic symmetric function XG can be used to recover the classical chromatic

polynomial χG. Recall that χG is a polynomial of degree n such that, for each positive

integer k, χG(k) is the number of proper colorings of G with colors in [k]. For any k, we

can take x1 = · · · = xk = 1 and xi = 0 for i > k to get

XG(1
k) = XG(1, 1, . . . , 1︸ ︷︷ ︸

k

, 0, 0, . . . ) = χG(k).

(Indeed, under this substitution, the term corresponding to a proper coloring κ is sent to 1

if it only uses colors from [k], otherwise 0.) Therefore χG can be recovered from XG.

A common way to study the chromatic symmetric function of a graph is to examine

its expansion in one of the many bases of Sym (defined in the previous section). For two

particular bases, the monomial basis and the power sum basis, the coefficients that one

obtains have combinatorial significance.

First, we consider the monomial basis expansion of XG. A stable partition of a graph

G is an (unordered) set partition of V (G) into blocks that are independent sets of G. The

type of a stable partition is the integer partition of n whose parts are the sizes of the blocks

of the stable partition. Given λ ` n, let aλ(G) be the number of stable partitions of G of

type λ. Then, from the definition of XG, we have the formula

XG =
∑
λ`n

aut(λ)aλ(G)mλ,

which expresses XG in the monomial basis. It follows that knowing XG is equivalent to
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knowing all the numbers αλ(G).

Next, in the case of a forest F , we consider the power sum basis expansion of XF . A

connected partition of F is a set partition of V (F ) into blocks, each of which is the vertex

set of a connected subgraph of F . We write C ` F if C is a connected partition of F . Let

bλ(F ) be the number of connected partitions of F of type λ (where the type is defined in

the same way as for stable partitions). Then we have the following result of Stanley.

Proposition 2.5 ([31, Corollary 2.8]). If F is a forest of order n, then

XF =
∑
λ`n

(−1)n−`(λ)bλ(F )pλ =
∑
C`F

∏
A∈C

(−1)|A|−1p|A|.

Thus, for a forest F , knowing XF is equivalent to knowing all of the numbers bλ(F ).

The power sum expansion of the CSF will turn out to be more useful for our purposes than

the monomial expansion.

Let us state one more nice fact about the CSF.

Proposition 2.6. For any graph G, we have

∆(XG) =
∑

AtB=V (G)

XG|A ⊗XG|B, (2.8)

where A and B ranges over all ways to partition V (G) into two sets.

This fact can be proven directly by using the monomial or power sum expansions of XG,

or by using the theory of combinatorial Hopf algebras [1]. In particular, this means that if

E is an algebra and f, g : Sym → E are linear maps, then their convolution satisfies

(f ∗ g)(XG) =
∑

AtB=V (G)

f(XG|A) · g(XG|B). (2.9)
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2.3.1 The deletion–near-contraction recurrence

We now describe a recurrence relation, first presented in [5], that can be used to compute

the chromatic symmetric function. To do so, it is helpful to recall the classical deletion-

contraction relation satisfied by the chromatic polynomial.

Let G be a graph and e = {u, v} be an edge of G. The deletion of e from G is the graph

G− e with vertex set V (G) and edge set E(G) \ {e}. The contraction of e in G is the graph

G/e obtained from G− e by identifying u and v (and then replacing any parallel edges by

a single edge to obtain a simple graph). Then, we have the well-known relation

χG(k) = χG−e(k)− χG/e(k),

which can be used to recursively compute the chromatic polynomial of any graph. Many

natural graph invariants satisfy a deletion-contraction–type relation; the most general such

invariant is the Tutte polynomial.

Unfortunately, the deletion-contraction relation does not have a direct analog for the

chromatic symmetric function; one reason for this is that G/e has one fewer vertex than G

and G−e, and so XG/e does not have the same degree (in Sym) as XG and XG−e. However,

the CSF does satisfy a similar relation, called the deletion–near-contraction relation. If e

is an edge of G, the near-contraction of e in G is the graph G � e obtained from G/e by

adding a new leaf adjacent to the identified vertex. (Note that if e is a leaf edge, then G� e

is isomorphic to G.)

Proposition 2.7 ([5, Proposition 3.1]). Let G be a graph and let e be an (non-leaf) edge

of G. Then we have

XG = XG−e +XG�e − p1XG/e. (2.10)

This proposition was proved in [5] by using a weighted variant of the CSF (introduced

in [12]), but for completeness, we give a self-contained proof here.
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Proof. Given any coloring of a graph, an edge is monochromatic if its endpoints are assigned

the same color. Thus, a coloring is proper if and only if it has no monochromatic edges.

Let e = {u, v}. Let A be the set of colorings κ : V (G) → Z>0 of G with e as the only

monochromatic edge. Then the proper colorings of G − e are exactly the proper colorings

of G together with the colorings in A. It follows that

XG−e −XG =
∑
κ∈A

xκ.

In G� e, let u be the identified vertex and let w be the new leaf attached to it. Note that

p1XG/e = X(G/e)t{w} since p1 is the CSF of a single-vertex graph; furthermore, G�e can be

obtained from (G/e)t {w} by deleting the edge {u,w}. Then, by the same logic as before,

we have

p1XG/e −XG�e =
∑
κ′∈B

xκ′
,

where B is the set of colorings κ′ of G � e with {u,w} as the only monochromatic edge.

But there is a bijection between the colorings κ ∈ A and κ′ ∈ B, where κ(v) = κ′(w) and

κ and κ′ agree on all other vertices. This implies that XG−e −XG = p1XG/e −XG�e, and

the result follows.

By recursively applying the deletion–near-contraction relation, one can compute XG for

any graph G. This procedure always terminates because G − e and G/e have fewer edges

than G, while G � e has the same number of edges but one fewer non-leaf edge than G.

The base cases of the procedure are therefore the graphs with no non-leaf edges. Each

component of such a graph is a star graph, whose chromatic symmetric functions we will

see in the next chapter.
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Chapter 3

CHROMATIC BASES AND SPECIAL CLASSES OF TREES

In this chapter, we discuss two bases for symmetric functions defined using the CSF,

the star and path bases, as well as two special classes of trees, caterpillars and spiders. The

star basis {stλ} and path basis {paλ} were introduced in [10] and studied in more detail

in [2], where it was shown that for each basis, there is an involution on Sym swapping it

with the power sum basis {pλ}. (This fact has come to be known as chromatic reciprocity.)

We present a related and seemingly overlooked result, namely, that there is an involution

of Sym that swaps stλ and −paλ for all λ. We also show that, up to sign, this involution

swaps the CSFs of pairs of “complementary” caterpillars.

Next, we use chromatic bases to study the chromatic symmetric functions of a special

class of trees called spiders. We give a formula for the expansion of the CSF of a spider in

the path basis, which specializes to a formula expressing the star basis in terms of the path

basis and vice versa. Then, we consider the subspace of Symn spanned by the CSFs of all

spiders of order n. We compute the dimension of this space and give a basis for it; along

the way, we discover a surprising connection between spiders and the Bernstein creation

operators. Finally, we characterize all linear relations between the CSFs of spiders.

3.1 Stars, paths, and caterpillars

We begin by defining the star and path bases for Sym.

Let n be a positive integer. The star graph of order n, which we denote Stn, is the

n-vertex tree in which one vertex is adjacent to all others. The path graph of order n, which

we denote Pan, is the n-vertex tree whose vertices can be labeled v1, . . . , vn such that its

edges are {vi, vi+1} for 1 ≤ i ≤ n− 1.
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Definition 3.1. Let λ = (λ1, . . . , λk) be a partition. The star symmetric function stλ is

defined by

stλ = stλ1 · · · stλk

where stn = XStn is the CSF of the star graph of order n. Similarly, the path symmetric

function paλ is defined by

paλ = paλ1
· · · paλk

where pan = XPan . By convention, st0 = pa0 = 1.

(Like with the other multiplicative bases of Sym, we define stα = stα̃ and paα = paα̃ for

compositions α.) Using Proposition 2.5, we can derive formulas expressing stn and pan in

the power sum basis. These are well-known; see e.g. [10, Theorem 8].

Proposition 3.2. For a positive integer n, we have

stn =
n∑

k=1

(−1)k−1

(
n− 1

k − 1

)
p(k,1n−k) (3.1)

and

pan =
∑
α�n

(−1)n−`(α)pα =
∑
λ`n

(−1)n−`(λ) perm(λ) pλ. (3.2)

The star and path bases were introduced by Cho and van Willigenburg in [10], where they

showed that {stλ} and {paλ} are indeed (graded) bases for Sym. Equivalently, the symmetric

functions {stn}n≥1 are algebraically independent (over Q) and thus freely generate Sym as a

polynomial ring; the same is true for {pan}n≥1. In fact, they showed that for any family of

connected graphs {Gn}n≥1 where |Gn| = n, the chromatic symmetric functions {XGn}n≥1

have the same property [10, Theorem 5]. However, among all possible families {Gn}, the

stars and paths are special because the corresponding bases exhibit a phenomenon known

as chromatic reciprocity:
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Theorem 3.3 ([2, Theorem 6.3]). Let {uλ} be either the star or path basis. Then the

unique linear map ϕ : Sym → Sym satisfying ϕ(pλ) = uλ for all λ is also the unique linear

map satisfying ϕ(uλ) = pλ for all λ. In particular, ϕ is an involution.

(As shown in [2], the key property of the families {Stn} and {Pan} that gives rise to

chromatic reciprocity is that every connected partition of a star or path consists only of

stars and paths, respectively.) By applying the involutions in Theorem 3.3 to (3.1) and

(3.2), we get formulas writing the power sum basis in terms of the star and path bases,

respectively:

pn =

n∑
k=1

(−1)k−1

(
n− 1

k − 1

)
st(k,1n−k) (3.3)

and

pn =
∑
α�n

(−1)n−`(α) paα =
∑
λ`n

(−1)n−`(λ) perm(λ) paλ . (3.4)

We will now show that, in fact, there is a third involution on Sym that (nearly) swaps the

star and path bases. Also, in the next section, we will give a formula expressing the star

basis in terms of the path basis and vice versa (Corollary 3.14).

Our involution behaves nicely not only on stars and paths, but on a larger class of trees

called caterpillars. A caterpillar is a tree whose internal vertices form a path. That path

is called the spine of the caterpillar, and the leaf edges are called the legs. Caterpillars

can be specified by giving the number of legs attached to each vertex along the spine, or

alternatively, by giving the degree of each spine vertex. We record this information in a

composition as follows:

Definition 3.4. Given a composition α = (α1, . . . , αk) 6= 0, let C(α) be the caterpillar

whose spine vertices v1, . . . , vk have degrees deg(vi) = αi + 1. Equivalently, C(α) is the

caterpillar such that v1 has α1 legs attached, vk has αk legs attached, and vi has αi− 1 legs

attached for 2 ≤ i ≤ k − 1. Also, we define C(0) to be the tree with two vertices.



23

Figure 3.1: The caterpillars C(12132), at left, and C(13212), at right.

For all α, the caterpillar C(α) has |α|+2 vertices.1 In addition, the caterpillars C(α) and

C(α∗) are always isomorphic; otherwise, each caterpillar (of order at least 2) corresponds

to a unique composition up to reversal. Finally, note that stars and paths are both special

cases of caterpillars: Stn = C(n− 2) and Pan = C(1n−2).

Example 3.5. Figure 3.1 shows two caterpillars of order 11, which correspond respectively

to the compositions 12132 and 13212. ♦

We can now state our main result:

Theorem 3.6. Define a Q-algebra map ψ : Sym → Sym by ψ(stn) = −pan for all positive

integers n. Then for all compositions α 6= 0, we have

ψ(XC(α)) = −XC(αc).

In particular, taking α = 1n−2 for n ≥ 3, we get ψ(pan) = − stn, so ψ is an involution.

Proof. In this proof, we will abbreviate XC(α) to Xα to improve readability.

We use induction on `(α). If `(α) = 1, then Xα = stn and Xαc = pan where n = α1+2,

so the statement is true by the definition of ψ.

Now, fix a composition α = (α1, . . . , αk) where k ≥ 2. We apply the deletion–near-

contraction recurrence (Proposition 2.7) to C(α) at the edge between the first and second

1One way to see this is to count edges: C(α) has α1 + (α2 − 1) + · · ·+ (αk−1 − 1) + αk = |α| − k+ 2 legs
and k − 1 spine edges, so |α|+ 1 edges total, which means |α|+ 2 vertices.
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spine vertices. Letting β = (α3, . . . , αk), this yields

Xα = Xα1−1X(α2−1,β) +X(α1+α2,β) − p1X(α1+α2−1,β).

Applying the algebra map ψ to both sides and using the induction hypothesis, we get

ψ(Xα) = ψ(Xα1−1)ψ(X(α2−1,β)) + ψ(X(α1+α2,β))− ψ(p1)ψ(X(α1+α2−1,β))

= X(α1−1)cX(α2−1,β)c −X(α1+α2,β)c − p1X(α1+α2−1,β)c .

(Note that p1 = st1 = pa1, so ψ(p1) = −p1.) Using (2.1) on the right-hand side gives

ψ(Xα) = X1α1−1X1α2−1�βc −X1α1+α2�βc − p1X1α1+α2−1�βc . (3.5)

We now apply the deletion–near-contraction recurrence to the caterpillar C(1α1+α2 �βc) at

the edge between the α1th and (α1 + 1)th spine vertices. This gives

X1α1+α2�βc = X1α1−1X1α2−1�βc +X1α1−121α2−1�βc − p1X1α1+α2−1�βc . (3.6)

Finally, we substitute (3.6) into the right-hand side of (3.5), which gives simply

ψ(Xα) = −X1α1−121α2−1�βc .

We have αc = (α1, α2)
c � βc = 1α1−121α2−1 � βc, therefore ψ(Xα) = −Xαc , completing the

induction and the proof.

By multiplicativity, ψ(stλ) = (−1)`(λ) paλ and ψ(paλ) = (−1)`(λ) stλ for all partitions λ.

Remark 3.7. Recall that there is an algebra involution ι of Sym that sends f ∈ Symn

to (−1)nf , that is, ι negates odd-degree (homogeneous) elements and fixes even-degree

elements. Furthermore, ι commutes with every graded endomorphism of Sym, so it follows

that ψ′ = ι ◦ ψ is also an involution of Sym. This is an alternative version of our star-path
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Sp(311) Sp(221) Sp(2111) Sp(11111)

Figure 3.2: The four spiders of order 6.

involution; it satisfies ψ′(stλ) = (−1)|λ|−`(λ) paλ and ψ′(paλ) = (−1)|λ|−`(λ) stλ.

3.2 Spiders in the path basis

We now consider a different subclass of trees, namely spiders. A spider is a tree with exactly

one vertex of degree at least 3. That vertex is called the torso of the spider, and the paths

from the torso to the leaf vertices are called the legs of the spider.

Given a partition µ ` n− 1, we can define a graph Sp(µ) of order n by starting with a

single vertex and attaching a path of length µi for each i. Then the spiders of order n are

exactly the graphs Sp(µ) for `(µ) ≥ 3. If instead `(µ) ≤ 2, then Sp(µ) = Pan, the path of

order n (which can be viewed as a degenerate spider2). We write

Spn = {Sp(µ) : µ ` n− 1, `(µ) ≥ 3}

for the set of all spiders of order n, and let Sp′n = Spn ∪{Pan}.

Example 3.8. There are four spiders with 6 vertices, corresponding to the four partitions

of 5 with length at least 3. These are shown in Figure 3.2. ♦

2We make this distinction primarily because the term “spider” as it is typically defined (and as we have
defined it here) excludes path graphs.
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It was proved in [25] that spiders can be recovered from their chromatic symmetric

functions, therefore settling Question 1.1 for the class of spiders. (In fact, a much stronger

result is true: only the two-part portion of the chromatic symmetric function, which consists

of all coefficients of pλ with `(λ) = 2, is needed to distinguish spiders [25, Theorem 9].) Our

results in the rest of this chapter will provide further insight into the CSFs of spiders.

We will need the following definitions. A weak composition is a finite sequence γ =

(γ1, . . . , γ`) of nonnegative integers. Given weak compositions γ and δ of the same length,

we write γ ≤ δ if γi ≤ δi for all i. We analogously define γ < δ, γ > δ, etc.

We begin with a preliminary formula for the chromatic symmetric function of a spider

in the path basis.

Proposition 3.9. Given a partition µ = (µ1, . . . , µ`) ` n− 1, we have

XSp(µ) =
∑

0≤γ≤µ

∑
α�n−|γ|

(−1)`(α)−1 paαγ , (3.7)

where γ is a weak composition with γ ≤ µ and α is a usual (“strong”) composition.

Proof. Given a connected partition P of Sp(µ), let A be the part containing the torso

together with a (possibly empty) prefix of the vertices on each leg. Also, let γi be the

number of vertices on the ith leg that are not in A. Then γ is a weak composition with

γ ≤ µ and A has size n−|γ|. Furthermore, P consists of A together with connected partitions

of the paths Paγi for all i. Summing over all possible γ, it follows from Proposition 2.5 that

XSp(µ) =
∑

P`Sp(µ)

∏
B∈P

(−1)|B|−1p|B| =
∑

0≤γ≤µ

(−1)n−1−|γ|pn−|γ| paγ1 · · · paγ` .
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Using (3.4), we can write this entirely in terms of the path basis:

XSp(µ) =
∑

0≤γ≤µ

(−1)n−1−|γ|
( ∑

α�n−|γ|

(−1)n−|γ|−`(α) paα

)
paγ

=
∑

0≤γ≤µ

∑
α�n−|γ|

(−1)`(α)−1 paαγ , (3.8)

as desired.

Our goal is now to obtain a cancellation-free form of this formula. We use a generating

function argument. For m ≥ 0, define a polynomial fm(t) with coefficients in Sym by

fm(t) = 1 + pa1 t+ pa2 t
2 + · · ·+ pam t

m.

We extend this definition multiplicatively, so that fγ(t) = fγ1···γ`(t) = fγ1(t) · · · fγ`(t) for

a weak composition γ = (γ1, . . . , γ`) (and f0(t) = 1). Also, define the formal power series

f(t) =
∑

i≥0 pai t
i.

Proposition 3.10. We have

fµ(t)

f(t)
=

∑
0≤γ≤µ

∑
α∈Comp

(−1)`(α) paαγ t
|α|+|γ|. (3.9)

Thus, for µ ` n− 1,

XSp(µ) = −[tn]
fµ(t)

f(t)
. (3.10)

Proof. Let µ = (µ1, . . . , µ`). We first compute

fµ(t) = fµ1(t) · · · fµ`
(t) =

(
µ1∑
k=0

pak t
k

)
· · ·

(
µ∑̀
k=0

pak t
k

)
=

∑
0≤γ≤µ

paγ t
|γ|.



28

Next, we write

1

f(t)
=

1

1− (−
∑

k≥1 pak t
k)

=
∑
`≥0

(
−
∑
k≥1

pak t
k

)`

=
∑

α∈Comp
(−1)`(α) paα t

|α|.

Therefore,

fµ(t)

f(t)
=

( ∑
0≤γ≤µ

paγ t
|γ|
)( ∑

α∈Comp
(−1)`(α) paα t

|α|
)

=
∑

0≤γ≤µ

∑
α∈Comp

(−1)`(α) paαγ t
|α|+|γ|,

as claimed. Comparing this with (3.7) yields the desired formula for XSp(µ).

It will be helpful to also consider other coefficients of the quotient fµ(t)/f(t). Given

µ ` n− 1 and an integer d, we define a symmetric function Xµ,d by

Xµ,d = −[tn+d]
fµ(t)

f(t)
=

∑
0≤γ≤µ

∑
α�n+d−|γ|

(−1)`(α)−1 paαγ . (3.11)

Thus, Xµ,0 = XSp(µ).3 In this section, we will find formulas for the path expansions of all

Xµ,d, as well as the dimension of the span of Xµ,d for µ ` n− 1 (given any n and d).

We now rewrite the quotient fµ(t)/f(t) as follows. (The next result is a general fact

about generating functions and does not actually involve the CSF.)

Lemma 3.11. For m ≥ 0, define f̃m(t) = f(t) − fm(t) =
∑∞

i=m+1 pai t
i, and extend

multiplicatively to f̃γ(t) for weak compositions γ. Then for any µ = (µ1, . . . , µ`), we have

−fµ(t)
f(t)

=
∑̀
j=1

(−1)j f̃µ1...µj−1(t)fµj+1...µ`
(t) + (−1)`−1 f̃µ(t)

f(t)
. (3.12)

3For d ≥ 0, it can be shown that Xµ,d is (up to sign) an example of a weighted chromatic symmetric
function: specifically, it is the CSF of the spider Sp(µ) when its torso is given weight 1 + d and all other
vertices are given weight 1. More information about weighted CSFs can be found in [12].
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Proof. We have

fµ(t) = fµ1(t) · · · fµ`
(t) =

∏̀
i=1

(
f(t)− f̃µi(t)

)
.

We can index the terms in this product by subsets I ⊆ [`] consisting of the indices i for

which we choose f(t) instead of −f̃µi(t). This gives

fµ(t) =
∑
I⊆[`]

f(t)|I|
∏

i∈[`]\I

(
−f̃µi(t)

)
.

When I = ∅, the corresponding term of this sum is (−1)`f̃µ(t). When instead I is nonempty,

suppose we fix the value of j = min(I). Then j is always an element of I, while all of [j−1]

lies outside I. Let I = {j} ∪ J for J ⊆ [j + 1, `]. Then, the sum of the corresponding terms

for this value of j is

f(t) · (−1)j−1f̃µ1···µj−1(t)
∑

J⊆[j+1,`]

f(t)|J |
∏

i∈[j+1,`]\J

(
−f̃µi(t)

)

= f(t) · (−1)j−1f̃µ1···µj−1(t)
∏̀

i=j+1

(
f(t)− f̃µi(t)

)
= f(t) · (−1)j−1f̃µ1···µj−1(t)fµj+1···µ`

(t).

To finish, we sum over all j (and remember to include the term I = ∅) to obtain

fµ(t) = f(t)
∑̀
j=1

(−1)j−1f̃µ1···µj−1(t)fµj+1···µ`
(t) + (−1)`f̃µ(t).

Dividing by −f(t) yields the desired equation (3.12).

By combining (3.10) and (3.12), we obtain for µ ` n− 1 that

Xµ,d =
∑̀
j=1

(−1)j · [tn+d]f̃µ1...µj−1(t)fµj+1...µ`
(t) + (−1)`−1 · [tn+d]

f̃µ(t)

f(t)
, (3.13)

which we now use to give a cancellation-free formula for the path expansion of Xµ,d. The
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key fact is that for any λ ` n+ d, at most one of the `+ 1 terms on the right-hand side of

(3.13) can contain paλ. (Also, there is no cancellation within any individual term because

the fs and f̃s have all nonnegative coefficients.) Let us see why.

In the summation of (3.13), when each product f̃µ1···µj−1(t)fµj+1···µ`
(t) is expanded, every

paλ that appears (in any coefficient) has `(λ) ≤ ` − 1. Meanwhile, in the last term, every

paλ that appears in a coefficient of f̃µ(t)/f(t) has `(λ) ≥ `. Thus we only need to consider

the terms of the summation. Suppose that λ = (λ1, . . . , λk) ` n + d with k ≤ ` − 1. If

paλ appears in [tn+d]f̃µ1···µj−1(t)fµj+1···µ`
(t), then λ must consist of j − 1 parts that are

respectively greater than µ1, . . . , µj−1, and at most ` − j parts that are respectively less

than or equal to (some of) µj+1, . . . , µ`. Since λ and µ are partitions, it must be the case

that

λi > µi for i = 1, . . . , j − 1

and

λi ≤ µi+1 for i = j, . . . , k.

This can only happen for at most one value of j: specifically, j must be the least index with4

λj ≤ µj (although the latter condition still might not hold, in which case [paλ]Xµ,d = 0).

This discussion, after some careful analysis, leads to a formula for the coefficient of any

paλ in the path expansion of Xµ,d. For a composition α, recall that perm(α) is the number

of distinct permutations of (the parts of) α. Let perm>(α;β) be the number of distinct

permutations of α whose parts are respectively greater than those of β; define perm≤(α;β)

analogously.

Theorem 3.12. Let λ = (λ1, . . . , λk) ` n+ d and µ = (µ1, . . . , µ`) ` n− 1 be partitions.

(i) If k ≥ `, then

[paλ]Xµ,d = (−1)k−1 perm>(λ;µ0
k−`).

4If λi > µi for all i = 1, . . . , k, then we take j = k + 1.
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(ii) If k < `, let j be the least index such that λj ≤ µj , or j = k + 1 if none exists. Then

[paλ]Xµ,d = (−1)j perm>(λ1 . . . λj−1;µ1 . . . µj−1) perm≤(λj . . . λk0
`−k−1;µj+1 . . . µ`).

Proof. If k ≥ `, then paλ can only appear in the term (−1)`−1[tn+d]f̃µ(t)/f(t) of (3.13). We

have
f̃µ(t)

f(t)
=

(∑
i>µ1

pai t
i

)
· · ·
(∑

i>µ`

pai t
i

) ∑
α∈Comp

(−1)`(α) paα t
|α|.

To obtain paλ t
n+d from this product, we must choose a permutation of λ so that the first

` parts are respectively greater than µ1, . . . , µ`, with no restrictions on the last k− ` parts.

This is exactly the same as a permutation of λ whose parts are respectively greater than

those of µ0k−`. Each permutation contributes (−1)`−1 ·(−1)k−` = (−1)k−1 to the coefficient

of paλ, so (i) is proved.

If k < `, then define j as in the theorem statement. As stated in our previous discussion,

paλ can only appear in the term (−1)j [tn+d]f̃µ1···µj−1(t)fµj+1···µ`
(t) of (3.13). We have

f̃µ1···µj−1(t)fµj+1···µ`
(t)

=

(∑
i>µ1

pai t
i

)
· · ·
( ∑

i>µj−1

pai t
i

)( ∑
i≤µj+1

pai t
i

)
· · ·
(∑

i≤µ`

pai t
i

)
.

To obtain paλ t
n+d from this product, we must choose one pai coefficient from each term,

comprising (in some order) the coefficients paλ1
, . . . , paλk

as well as ` − k − 1 occurrences

of pa0. The coefficients chosen from the first j − 1 terms must be paλ1
, . . . , paλj−1

in some

order, since λj ≤ µj ≤ µj−1. Thus, the coefficients chosen from the last terms must be

paλj
, . . . , paλk

as well as `− k − 1 occurrences of pa0. This proves (ii).

As a corollary, we can combine the cases of Theorem 3.12 to give a concise criterion for

whether paλ appears in the path expansion of Xµ,d.

Corollary 3.13. Let λ ` n + d and µ ` n − 1. Considering λ and µ to be padded
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with infinitely many zeros, let j be the least positive integer such that λj ≤ µj . Then

[paλ]Xµ,d 6= 0 if and only if λi ≤ µi+1 for all i ≥ j.

Proof. Let k = `(λ) and ` = `(µ). If k < `, then Theorem 3.12(ii) immediately proves the

desired statement. So suppose that k ≥ `. If [paλ]Xµ,d 6= 0, then Theorem 3.12(i) shows

that λi > µi for i = 1, . . . , `. Then j = k + 1, so λi = µi+1 = 0 for all i ≥ j, and the

condition is satisfied. Conversely, suppose that [paλ]Xµ,d = 0, so that λi < µi for some

i ∈ [`]. Then we must have j ≤ i by minimality, so j ≤ `. But λ` > 0 while µ`+1 = 0, so

the condition is not satisfied.

In addition, since stars are examples of spiders, we can use Theorem 3.12 to write the

star basis in terms of the path basis and vice versa.

Corollary 3.14. For all integers n ≥ 3, we have

stn =
∑
λ`n

`(λ)≤n−2

(−1)m>1(λ)+1 m>1(λ)!(n−m>1(λ)− 2)!

aut(λ)(n− `(λ)− 2)!
paλ (3.14)

and

pan =
∑
λ`n

`(λ)≤n−2

(−1)m1(λ) m>1(λ)!(n−m>1(λ)− 2)!

aut(λ)(n− `(λ)− 2)!
stλ (3.15)

where m>1(λ) = #{i : λi > 1} = `(λ)−m1(λ). (Also, by definition, stn = pan for n ≤ 3.)

Proof. We apply Theorem 3.12 with d = 0 and µ = 1n−1, so that Xµ,d = Stn. Fix λ =

(λ1, . . . , λk) ` n. If k ≥ n− 1, then all parts of λ after the first are 1, so one can check that

Theorem 3.12(i) gives [paλ] stn = 0.

Suppose k < n− 1. Then j = m>1(λ) + 1, so that λ1 ≥ · · · ≥ λj−1 > 1 = λj = . . . = λk.
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Therefore, Theorem 3.12(ii) gives

[paλ] stn = (−1)j perm>(λ1 . . . λj−1; 1
j−1) perm≤(λj · · ·λk0n−k−2; 1n−j−1)

= (−1)j perm(λ1 . . . λj−1) perm(1k−j+10n−k−2)

= (−1)j
(j − 1)!

aut(λ1 . . . λj−1)

(
n− j − 1

k − j + 1

)
.

Substituting j = m>1(λ)+1 and noting that aut(λ1 . . . λj−1) = aut(λ)/m1(λ)! yields (3.14)

after some effort. To obtain (3.15), simply apply the involution ψ of Theorem 3.6.

We note that one may obtain (3.15) directly by applying the deletion–near-contraction

recurrence (Proposition 2.7) to a path graph, although the relevant computations are likely

to be rather involved; also see [5, Theorem 3.2].

3.3 Spider space

Next, we study the subspace of Sym spanned by the symmetric functions Xµ,d. Let

Sn,d = span{Xµ,d : µ ` n− 1} ⊆ Symn+d.

When d = 0, we get Sn,0 = span{XS : S ∈ Sp′n}, the span of the CSFs of the spiders and

path of order n. (Later on, we will be able to modify our results to exclude the path.)

Our goal in this section is to give a basis for and compute the dimension of Sn,d, as well as

characterize the linear relations between the Xµ,d.

3.3.1 Linearly independent spiders

We begin by giving a linearly independent set of functions Xµ,d, which will turn out to be

the desired basis for Sn,d. To describe this set, we need the following definition:

Definition 3.15. Let µ be a partition and k be an integer. A k-fixed point of µ is an index

i such that µi = i+k. We write Par(k)m for the set of all partitions of m with a k-fixed point.
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In this definition, we consider µ to be padded with infinitely many zeros: thus, if `(µ) < r

for some r, then r is a (−r)-fixed point of µ. Observe that a k-fixed point of µ is unique if

it exists.

Example 3.16. We have Par(−3)
7 = {7, 61, 52, 43, 4111, 3211, 2221}. Note that the first four

partitions µ in this set have µ3 = 0, while the last three have µ4 = 1. ♦

As another example of working with fixed points of partitions, we record the following

lemma for future use.

Lemma 3.17. Let a and b be integers with a+ b = −1. Given any partition µ, exactly one

of the following is true: (i) µ has a a-fixed point; (ii) µ′ has a b-fixed point.

Proof. In this proof, we pad all partitions with infinitely many zeroes; we also use the

convention λ0 = +∞ for partitions λ (and do not consider this to be a part of λ).

Suppose that µ′ has a b-fixed point, say µ′j = j + b. Then µj+b ≥ j > µj+b+1, so

µj+b− (j+ b) ≥ −b while µj+b+1− (j+ b+1) < −b−1. The sequence (µk−k)k≥0 is strictly

decreasing, so it never takes the value −b− 1 = a. Thus µ does not have an a-fixed point.

Conversely, suppose that µ′ does not have a b-fixed point. The sequence (µ′k − k)k≥0

is strictly decreasing and does not take the value b, so there exists a unique k such that

µ′k−k > b > µ′k+1−(k+1). Then µ′k > b+k, which means µb+k+1 ≥ k, while µ′k+1 < b+k+1,

which means µb+k+1 < k+1. Thus µb+k+1 = k, or µj = j + a where j = b+ k+1, so µ has

an a-fixed point.

We now seek to prove the following result.

Theorem 3.18. The functions Xµ,d for µ ∈ Par(−d−2)
n−1 are linearly independent. Thus,

dimSn,d ≥
∣∣Par(−d−2)

n−1

∣∣.
To prove this, we study the expansions of these symmetric functions in the path basis.

Suppose that µ ∈ Par(−d−2)
n−1 , and let i be the unique (−d− 2)-fixed point of µ. We define a
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corresponding partition µ̂ by

µ̂ = (µ1 + 1, . . . , µi−1 + 1, µi+1, µi+2, . . . ).

Then the size of µ̂ is |µ̂| = |µ|+ (i− 1)− µi = (n− 1) + (i− 1)− (i− d− 2) = n+ d.

Lemma 3.19. The map µ 7→ µ̂ is a bijection from Par(−d−2)
n−1 to {λ : λ′ ∈ Par(d)n+d}.

Proof. Let µ ∈ Par(−d−2)
n−1 be arbitrary with µi = i− d− 2. Then µ̂ satisfies

µ̂i−1 = µi−1 + 1 ≥ µi + 1 = i− d− 1 and µ̂i = µi+1 ≤ µi = i− d− 2.

It follows that µ̂′i−d−1 = i− 1, so µ̂′ has a d-fixed point as required.

We now construct the inverse map. Let λ ` n + d be a partition such that λ′ has a

d-fixed point, say λ′j = j + d for some j. In other words, we have λj+d ≥ j > λj+d+1. The

fixed point j is unique, so we can define a partition λ̂ by

λ̂ = (λ1 − 1, . . . , λj+d − 1, j − 1, λj+d+1, λj+d+2, . . . ).

Then λ̂j+d+1 = j − 1, so λ̂ has a (−d− 2)-fixed point at j + d+ 1. It is easy to check that

the map λ 7→ λ̂ is the desired inverse.

Lemma 3.20. If µ ∈ Par(−d−2)
n−1 , then µ̂ is the lexicographically least partition λ ` n + d

such that [paλ]Xµ,d 6= 0.

Proof. Let µi = i− d− 2, so that µ̂ = (µ1 + 1, . . . , µi−1 + 1, µi+1, µi+2, . . . ). Taking λ = µ̂

in Corollary 3.13, we get [paµ̂]Xµ,d 6= 0.

Now, choose an arbitrary λ ` n+ d that satisfies [paλ]Xµ,d 6= 0. We show that µ̂ weakly

precedes λ in lexicographic order. By Corollary 3.13, there exists j such that λk > µk for

1 ≤ k ≤ j − 1 and λk ≤ µk+1 for k ≥ j. If j > i, then for all 1 ≤ k ≤ i − 1 we have

λk ≥ µk + 1 = µ̂k, while λi > µi ≥ µi+1 = µ̂i; thus, µ̂ precedes λ in lexicographic order.
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Suppose instead that j ≤ i. Then λk ≥ µk + 1 = µ̂k for all 1 ≤ k ≤ j − 1. If this

inequality is strict for any k, then µ̂ again precedes λ in lexicographic order. Otherwise, we

have (λ1, . . . , λj−1) = (µ1 + 1, . . . , µj−1 + 1), so

|λ| = (µ1 + 1) + · · ·+ (µj−1 + 1) + λj + λj+1 + · · ·

≤ (µ1 + 1) + · · ·+ (µj−1 + 1) + µj+1 + µj+2 + · · ·

= |µ|+ (j − 1)− µj

≤ (n− 1) + (i− 1)− µi

= n+ d.

But |λ| = n+d, so equality must hold throughout. Thus, j = i and λk = µk+1 for all k ≥ j,

which means λ = µ̂.

By Lemma 3.19, the partitions µ̂ are all distinct for µ ∈ Par(−d−2)
n−1 . Hence, Lemma 3.20

implies Theorem 3.18, as desired.

3.3.2 The Bernstein creation operators

We now seek to prove the corresponding upper bound on dimSn,d. To do this, we relate

the symmetric functions Xµ,d with a family of linear endomorphisms of Sym called the

Bernstein creation operators. First, we give some background on these operators, following

[7, Section 2.2] or [18, Exercise 2.9.1].

Let g be a symmetric function. The skewing operator associated to g is the map

g⊥ : Sym → Sym defined by g⊥(f) =
∑〈

g, f(1)
〉
f(2). (Here we are using Sweedler notation

(2.6); recall that 〈·, ·〉 is the Hall inner product on Sym.)

Definition 3.21. For an integer m, the Bernstein creation operator of order m is given by

Bm(g) =
∑
r≥0

(−1)rhm+re
⊥
r (g).
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Observe that Bm raises degree by m: if g ∈ Symk, then Bm(g) ∈ Symm+k.

The importance of the Bm, and the reason that they are called “creation” operators, is

that they can be used to generate the Schur basis {sλ} of Sym. Given any tuple of (not

necessarily positive) integers α = (α1, α2, . . . , α`), we define a symmetric function sα by

sα = det [hαi−i+j ]1≤i,j≤` = det



hα1 hα1+1 · · · hα1+`−1

hα2−1 hα2 · · · hα2+`−2

...
... . . . ...

hα`−`+1 hα`−`+2 · · · hα`


. (3.16)

When α is a partition, sα is the usual Schur function by the Jacobi-Trudi formula (2.2). In

general, by appropriately permuting the rows of the determinant in (3.16), one can show

that sα is either 0 or ±sλ for some partition λ: for instance,

s136 = det


h1 h2 h3

h2 h3 h4

h4 h5 h6

 = −det


h4 h5 h6

h2 h3 h4

h1 h2 h3

 = −s433.

Bernstein observed [24, pp. 96] that for all m ∈ Z and α = (α1, . . . , α`) ∈ Z`, we have

Bm(sα) = s(m,α1,...,α`). (3.17)

It follows that for any α, we have sα = (Bα1 ◦ · · · ◦ Bα`
)(1); thus the Schur basis can be

“created” starting with 1 by iteratively applying the Bernstein operators.

The key property of the Bm that we will need is the relation

Bm ◦Bm+1 = 0 (3.18)

for all m. To see why this is true, simply evaluate (Bm ◦Bm+1)(sα) = B(m,m+1,α1,...,α`) and

note that the corresponding determinant in (3.16) has its first two rows equal.
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We now present two more facts, which we then use to state and prove our theorem

relating spiders and the Bernstein operators.

Proposition 3.22 ([2, Remark 6.5]). There is an algebra map U : Sym → Sym that satisfies

U(hµ) = pµ and U(eµ) = paµ for all µ.

Lemma 3.23. For all µ, we have e⊥r (eµ) =
∑

0≤γ≤µ
|γ|=|µ|−r

eγ . (Here γ is a weak composition.)

Proof. Recall that ∆(en) =
∑

i+j=n ei ⊗ ej for all n. Because ∆ is multiplicative, it follows

that ∆(eµ) =
∑

β+γ=µ eβ ⊗ eγ , where β and γ range over all pairs of weak compositions

such that βi + γi = µi for all i. Hence, e⊥r (eµ) =
∑

β+γ=µ 〈er, eβ〉 eγ .

To compute 〈er, eβ〉, we apply the involution ω, giving 〈er, eβ〉 = 〈hr, hβ〉. We have

hr =
∑

λ`rmλ, so it follows from the definition of the Hall inner product that 〈hr, hβ〉

equals 1 if |β| = r and 0 otherwise. The conclusion follows, since β + γ = µ and |β| = r is

equivalent to 0 ≤ γ ≤ µ and |γ| = |µ| − r.

Theorem 3.24. For an integer d, define a linear map Fd : Sym → Sym by Fd(paµ) = Xµ,d

for all partitions µ. Then

(−1)dFd = U ◦Bd+1 ◦ U−1.

Proof. It suffices to check this equality on the path basis. We fix µ ` n− 1 and compute

(Bd+1 ◦ U−1)(paµ) = Bd+1(eµ) =
∑
r≥0

(−1)rhd+1+r e
⊥
r (eµ)

=
∑
r≥0

(−1)rhd+1+r

∑
0≤γ≤µ

|γ|=n−1−r

eγ

=
∑

0≤γ≤µ

(−1)n−1−|γ|hn+d−|γ|eγ ,

where in the last step we swapped the order of summation and substituted r = n− 1− |γ|.
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We now apply U to obtain

(U ◦Bd+1 ◦ U−1)(paµ) =
∑

0≤γ≤µ

(−1)n−1−|γ|pn+d−|γ| paγ

=
∑

0≤γ≤µ

(−1)n−1−|γ|
( ∑

α�n+d−|γ|

(−1)n+d−|γ|−`(α) paα

)
paγ

=
∑

0≤γ≤µ

∑
α�n+d−|γ|

(−1)d−`(α)−1 paαγ

= (−1)dXµ,d,

where we used (3.4) and (3.11). This is exactly (−1)dFd(paµ), so the theorem is proved.

It follows from the above theorem and (3.18) that Fd−1 ◦ Fd = 0 for all d. This is the

fact we need to prove our main result.

Theorem 3.25. For all integers n ≥ 1 and d, the subspace Sn,d = span{Xµ,d : µ ` n− 1}

has basis given byXµ,d for µ ∈ Par(−d−2)
n−1 , and so its dimension is

∣∣Par(−d−2)
n−1

∣∣.
Proof. We have that the composition of maps

Symn−1
Fd−−→ Symn+d

Fd−1−−−→ Symn+2d

is zero. Thus, Sn,d = imFd ⊆ kerFd−1, so by the rank-nullity theorem,

rankFd + rankFd−1 ≤ dimSymn+d = |Parn+d|

(where we restrict the domains of Fd and Fd−1 to Symn−1 and Symn+d, respectively). On

the other hand, by the definition of Fd, we have

rankFd = dimSn,d ≥
∣∣Par(−d−2)

n−1

∣∣
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by Theorem 3.18. Similarly,

rankFd−1 = dimSn+d,d−1 ≥
∣∣Par(−d−1)

n+d

∣∣.
Thus

rankFd + rankFd−1 ≥
∣∣Par(−d−2)

n−1

∣∣+ ∣∣Par(−d−1)
n+d

∣∣
=
∣∣Par(d)n+d

∣∣+ ∣∣Par(−d−1)
n+d

∣∣
= |Parn+d|,

where we used Lemma 3.19 and then Lemma 3.17. Hence equality must hold everywhere:

in particular, dimSn,d =
∣∣Par(−d−2)

n−1

∣∣, as desired.

The dimension-counting in the previous proof implies the following fact:

Corollary 3.26. The sequence Symn−1
Fd−−→ Symn+d

Fd−1−−−→ Symn+2d is exact.

To arrive at these results, one could instead show that the corresponding sequence of

Bernstein operators is exact, or directly compute the rank of the Bernstein operators, and

then apply Theorem 3.24. These methods do not require first constructing an explicit basis

for Sn,d. (This can all be done by analyzing the effect of the Bernstein operators on the

Schur basis, as is done in [18, Exercise 2.9.1].)

We can now take d = 0 to recover the span of the CSFs of the order-n spiders and

path. It is known that XPan = pan does not lie in the span of XT for non-path trees T [27,

Corollary 4.7], so excluding the path simply decreases the dimension of the span by 1. The

following corollary is therefore immediate from Theorem 3.25:

Corollary 3.27. Let n be a positive integer.

(i) The span of {XS : S ∈ Sp′n} has basis {XSp(µ) : µ ∈ Par(−2)
n−1 } and dimension

∣∣Par(−2)
n−1

∣∣.
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(ii) The span of {XS : S ∈ Spn} has basis {XSp(µ) : µ ∈ Par(−2)
n−1 , `(µ) ≥ 3} and dimension∣∣Par(−2)

n−1

∣∣− 1.

3.3.3 Linear relations between spiders

Finally, we use our results to study the linear relations between the CSFs of spiders. To our

knowledge, this is the first nontrivial family of trees for which all linear relations between

their CSFs have been classified.

The key fact is the exactness described in Corollary 3.26. By the definition of Fd, the

linear relations between the symmetric functions Xµ,d correspond to the elements of kerFd

(when written in the path basis), which are exactly the elements of imFd+1. But imFd+1 is

spanned by the symmetric functions Xµ,d+1, which we know how to write in the path basis.

Thus we have the following result:

Theorem 3.28. Fix integers n ≥ 1 and d. Choose any partition ν ` n− d− 3, and expand

Xν,d+1 in the path basis as Xν,d+1 =
∑

µ`n−1 aµ paµ for some coefficients aµ (which can be

computed using Theorem 3.12, equation (3.11), or equation (3.13)). Then

∑
µ`n−1

aµXµ,d = 0.

Moreover, by varying ν, these relations generate all linear relations between the Xµ,d for

µ ` n − 1. (If we require that ν has a (−d − 3)-fixed point, then the corresponding linear

relations are themselves linearly independent.)

Proof. We have Fd+1(paµ) = Xν,d+1 =
∑

µ`n−1 aµ paµ, and applying Fd gives the desired

relation. The rest follows from exactness and Theorem 3.18.

Example 3.29. Here is an example application of Theorem 3.28. Let n = 10, d = 0, and
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ν = 3211 ` n− d− 3. Using (3.13), we have

Xν,d+1 = X3211,1 = −[t9]f211 + [t9]f̃3(t)f11(t)− [t9]f̃32(t)f1(t) + [t9]f̃321(t)− [t9]
f̃3211(t)

f(t)

= pa9+2pa81+pa711−pa63−2 pa54−pa531−pa441+pa432 .

Therefore, Theorem 3.28 implies that

XSp(9) + 2XSp(81) +XSp(711) −XSp(63) − 2XSp(54) −XSp(531) −XSp(441) +XSp(432) = 0

(where we used the fact that Xµ,0 = XSp(µ)). Note that XSp(µ) = pa9 for µ ` 9 and

`(µ) ≤ 2, so we can cancel out all such terms. This gives

XSp(711) −XSp(531) −XSp(441) +XSp(432) = 0,

a nontrivial linear relation between CSFs of spiders of order 10.5 ♦

As an edge case, note that if n− d− 3 < 0, then no partitions ν exist in the statement

of Theorem 3.28. Correspondingly, when n− d− 3 < 0, the Xµ,d for µ ` n− 1 are linearly

independent. (This is due to Theorem 3.25: we have −d− 2 < −(n− 1), so every partition

of n− 1 has a (−d− 2)-fixed point.)

Here is another way to generate relations between the Xµ,d, this time by using some

additional symmetric function theory.

Theorem 3.30. Fix integers n ≥ 1 and d. Choose any partition λ = (λ1, . . . , λ`) ` n − 1

without a (−d− 2)-fixed point. Then we have6

∑
µ`n−1

〈sλ,mµ〉Xµ,d = 0.

5In any such relation (with d = 0), all the occurrences of the path must cancel out because, as previously
noted, pan is not in the span of the XSp(µ).
6The coefficients 〈sλ,mµ〉 are called the inverse Kostka numbers and are sometimes denoted K−1

µλ .
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Furthermore, by varying λ, this generates all linear relations between Xµ,d for µ ` n − 1,

and these relations are themselves linearly independent.

Proof. First, we show that sλ′ is in the image of the Bernstein operator Bd+2. Since λ does

not have a (−d− 2)-fixed point, by Lemma 3.17, λ′ has a (d+ 1)-fixed point. Let `(λ′) = k

and λ′i = i + d + 1 for some i ∈ [k]. Then in the determinantal formula (3.16) for sλ′ , the

ith row is (hd+2, hd+3, . . . , hd+k+1). By swapping rows to put this row on top while keeping

the other rows in the same relative order, we obtain

sλ′ = (−1)i−1s(d+2,λ′
1+1,...,λ′

i−1+1,λ′
i+1,...,λ

′
k)
.

Therefore, Bernstein’s result (3.17) shows that sλ′ is in the image of Bd+2. It follows that

(Fd ◦ U)(sλ′) = 0 by Theorem 3.24 and (3.18). Now we have

sλ′ = ω(sλ) = ω

(∑
µ

〈sλ,mµ〉hµ

)
=
∑
µ

〈sλ,mµ〉 eµ

since the m-basis and h-basis are dual with respect to the Hall inner product. Applying U

sends eµ to paµ, and then applying Fd sends paµ to Xµ,d, giving the desired relation.

To conclude, note that the number of possible sλ′ is exactly
∣∣Par(d+1)

n−1

∣∣. By Lemma 3.19,

Theorem 3.25, and Theorem 3.24, this is equal to
∣∣Par(−d−3)

n−d−3

∣∣ = rankFd+1 = rankBd+2

(where we consider Fd+1 and Bd+2 as maps Symn−d−3 → Symn−1). The sλ′ are obviously

linearly independent, so it follows that they form a basis for imBd+2, or equivalently, the

U(sλ′) form a basis for imFd+1 = kerFd.

In practice, the relations in Theorem 3.30 can be computed using the dual Jacobi-Trudi

formula (2.3), as in the following example.

Example 3.31. Here is an example application of Theorem 3.30. Let n = 10, d = 0, and

λ = 432 (which lacks a (−2)-fixed point). We compute sλ′ by expanding the Jacobi-Trudi
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determinant

sλ′ = det [eλi−i+j ]1≤i,j≤` = det


e4 e5 e6

e2 e3 e4

e0 e1 e2


= e432 + e54 + e621 − e63 − e522 − e441.

Applying F0 ◦ U amounts to replacing each eµ with Xµ, so it follows that

XSp(432) +XSp(54) +XSp(621) −XSp(63) −XSp(522) −XSp(441) = 0,

or, after cancelling XSp(54) and XSp(63),

XSp(432) +XSp(621) −XSp(522) −XSp(441) = 0,

another nontrivial relation between CSFs of spiders of order 10. ♦

3.4 Future directions

To conclude, we discuss two possible directions for future work based on our results.

First, it would be interesting to use the star and path bases to study the CSFs of other

subclasses of trees. In [17], the star basis was used in part to prove several structural results

regarding the family of caterpillars. Namely, by using the star basis, the authors showed

that the space spanned by the CSFs of caterpillars is exactly the same as that spanned by

the CSFs of all trees (unlike in the case of spiders, whose CSFs span a strict subspace),

and constructed a basis of caterpillars for this space. To our knowledge, however, it is not

precisely understood what kinds of linear relations exist between the CSFs of caterpillars.

Finding ways to generate or characterize such linear relations, whether for caterpillars or

other families of trees, could be a fruitful approach to attack Question 1.1 (since, after all,

an equality between two CSFs of trees is simply a linear relation of the form XT −XT ′ = 0).
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The star and path bases may be particularly well suited for these purposes, since they are

defined using CSFs and possess many appealing properties (including our Theorem 3.6).

It would also be interesting to revisit the problem of recovering caterpillars from their

chromatic symmetric functions. In [3], it was shown that proper caterpillars are distin-

guished by the CSF; the method of this paper relied on a very difficult result, namely the

characterization of when two ribbon Schur functions are equal [9]. (Note that by applying

Theorem 3.6, we immediately get that the CSF distinguishes among the “dual” class of

caterpillars whose complements are proper. Unfortunately, most caterpillars are neither

proper nor have proper complements.) In addition, a proof is claimed in [22] that all cater-

pillars are distinguished by the CSF, but their method is rather ad hoc and does not appear

to easily generalize to other kinds of trees.7 It is possible that by studying the CSFs of

caterpillars when expanded in chromatic bases, one could find more elementary or elegant

proofs of these results.

Second, we present a group of related conjectures regarding the space of spiders, which

we studied in Section 3.3. Based on computer calculations, there appear to exist other “nice”

bases for the subspace Sn,d = span{Xµ,d : µ ` n−1} besides the one given in Theorem 3.25.

These correspond to additional enumerative results regarding k-fixed points of partitions,

which we now explain.

Given a partition λ = (λ1, . . . , λ`) with parts written in weakly decreasing order as usual,

its crank is an integer defined in the following way:

crank(λ) =


λ1 if m1(λ) = 0,

#{i : λi > m1(λ)} −m1(λ) if m1(λ) > 0.

For instance, we have crank(6532111) = 2− 3 = −1 because 6532111 has three 1s and two

parts greater than 3.

7Actually, I have been unable to verify that the argument in [22] is correct. In the future, I plan to post
a discussion of this matter to my webpage.
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It can be shown for n ≥ 2 that the number of partitions of n with crank k is equal

to the number of partitions of n with crank −k; see [8, Appendix A] for a bijective proof.

Additionally, the number of partitions of n with a k-fixed point is equal to the number of

partitions of n with crank greater than k [20, Theorem 3.2] (or, equivalently, the number

with crank less than −k). This means that, at least in terms of dimension-counting, the

following conjectures are plausible:

Conjecture 3.32. For all integers n ≥ 3 and d, the symmetric functions

{Xµ,d : µ ` n− 1, crank(µ) < d+ 2}

form a basis for Sn,d.

Conjecture 3.33. For all integers n ≥ 3 and d, the symmetric functions

{Xµ,d : µ ` n− 1, crank(µc) > −(d+ 2)}

form a basis for Sn,d.

Conjecture 3.34. For all integers n ≥ 3, the symmetric functions

{XSp(µ) : µ ` n− 1, crank(µ, 1) < 0}

form a basis for Sn,0 = span{XS : S ∈ Sp′n} (where crank(µ, 1) means the crank of the

partition (µ1, . . . , µ`(µ), 1)).8

Proving any of these conjectures would give an interesting algebraic parallel to the

enumerative results we have just discussed.

8To check the size of this conjectured basis: note that the number of µ ` n − 1 with crank(µ, 1) < 0 is
equal to the number of λ ` n with crank(λ) < 0, since any partition with negative crank must have at
least one 1. This is equal to the number of partitions of n with a 0-fixed point, which by Lemma 3.19 is
equal to the number of partitions of n− 1 with a (−2)-fixed point, and that is the dimension of Sn,0.
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Chapter 4

POLYNOMIAL TREE INVARIANTS

We now shift our attention to studying other tree invariants that are determined by the

chromatic symmetric function. Unlike the chromatic symmetric function, these invariants

are polynomials in finitely many variables and are therefore easier to work with (as we will

try to demonstrate).

The advantages of studying these invariants are twofold. First, because they are deter-

mined by the chromatic symmetric function, any data about a tree that one can recover

from such an invariant is also data that can be recovered from the chromatic symmetric

function. Collecting such data could be a fruitful approach for obtaining a positive answer

to Stanley’s question. Second, by finding instances in which these invariants fail to distin-

guish trees (that is, pairs of trees with the same value of a particular invariant), we can

construct good candidates for pairs of trees that may have the same chromatic symmetric

function and then see whether in fact they do. Considering such candidates could be a

fruitful approach for obtaining a negative answer to Stanley’s question.

Our primary focus for the remainder of this thesis will be a three-variable tree invariant

introduced by Logan Crew [11] called the generalized degree polynomial (GDP), denoted

GT (x, y, z), which enumerates subsets of the vertices of a tree T according to size and number

of internal and boundary edges. In this chapter, we define the GDP, give a simple proof

that it is determined by the chromatic symmetric function, and present several types of tree

data that it determines. We also consider some specializations and further generalizations

of the GDP. Then, in Chapter 5 and Chapter 6, we build the theory of the GDPs of rooted

trees and polarized trees, which we use to derive a recurrence relation for the (ordinary)

GDP and give several constructions for families of trees with the same GDP.
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Besides the first section, the content of this chapter is largely drawn from the paper [21],

which is joint work with Ricky Liu.

4.1 Two-variable tree invariants

Before introducing the generalized degree polynomial, we first consider a trio of weaker

graph invariants: the subtree polynomial, connector polynomial, and half-generalized degree

polynomial. These are two-variable polynomial invariants that are determined by the CSF

(in fact, we will see that they are also determined by the GDP) and which were among the

first to be used to recover information about a tree from its CSF. In addition to providing

some historical context, we present a new formula relating these invariants, and prove a

conjecture on the relationship between these polynomials and the CSF.

Let T be a tree. A subtree of T is a connected subgraph of T (with nonempty vertex

set); we denote the collection of subtrees of T by S(T ). For a subtree S ∈ S(T ), a boundary

edge of S is an edge of T with exactly one endpoint in S, and an internal edge of S is an

edge of T with both endpoints in S (that is, an edge of S when considered as a tree in its

own right). Also recall that a leaf edge of S is an edge of S incident to at least one leaf

of S. Let d(S), e(S), and `(S) be the number of boundary edges, internal edges, and leaf

edges of S, respectively. (Note that d(S) depends on T as well as S, but e(S) and `(S) can

be computed only knowing the isomorphism type of S.)

We need one more definition. For every nonempty set of edges ∅ 6= A ⊆ E(T ), there is

a unique minimal subset K(A) ⊆ E(T ) \A such that A∪K(A) is the edge set of a subtree

of T . We call K(A) the connector of A.

Definition 4.1 ([4, 13, 25]). Let T be a tree.

(i) The subtree polynomial of T , denoted ST (q, r), is defined by

ST (q, r) =
∑

S∈S(T )

qe(s)r`(S).
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(ii) The connector polynomial of T , denoted KT (x, y), is defined by

KT (x, y) =
∑

∅6=A⊆E(T )

x|A|y|K(A)|.

(iii) The half-generalized degree polynomial of T , denoted HT (y, z), is defined by

HT (y, z) =
∑

S∈S(T )

yd(S)ze(S).

We note that our definition of ST differs slightly from the one given in [25] because we

allow the subtree S to have one vertex and no edges. (However, our definition agrees with

the later definition of ST given in [4].)

Example 4.2. Let T be the five-vertex tree depicted in Figure 4.1. We label the vertices

and edges of T as shown so that we can refer to them. Then

ST (q, r) = 5 + 4qr + 4q2r2 + 2q3r2 + q3r3 + q4r3,

KT (x, y) = 4x+ 4x2 + 2x2y + 3x3 + x3y + x4,

HT (y, z) = 3y + y2 + y3 + yz + 2y2z + y3z + yz2 + 3y2z2 + 3yz3 + z4.

For instance, if S is the subtree of T with vertex set {a, b, c}, then S has one boundary

edge, namely h, and two internal edges, f and g, both of which are leaf edges. Thus, S

contributes q2r2 to ST (q, r) and yz2 to HT (y, z). As another example, for the subset of

edges A = {f, i}, we have K(A) = {h}, so A contributes x2y to KT (x, y). ♦

The subtree polynomial was introduced by Eisenstat and Gordon [13]. Later, Martin,

Morin, and Wagner studied the subtree and connector polynomials and their relationship

with the chromatic symmetric function [25]. Specifically, they showed that the subtree and

connector polynomials contain equivalent information about a tree, in the sense that each
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Figure 4.1: The tree T used in Example 4.2.

one can be obtained from the other via the pair of identities

ST (q, r) = n+KT (qr, q(1− r)) and KT (x, y) = −n+ ST (x+ y, x/(x+ y)) (4.1)

for |T | = n (slightly modified from [25, Proposition 4] to match our definition of ST ).

Furthermore, they found formulas expressing ST (q, r) and KT (q, r) as linear combinations

of the coefficients of XT in the power sum basis [25, Theorem 1], thus showing that ST

and KT are determined linearly by the CSF. Using this fact, they then showed that XT

determines the degree sequence of T (the number of vertices of each degree) and the path

sequence of T (the number of paths of each length).

The half-generalized degree polynomial HT was introduced after Crew conjectured that

the CSF XT determines the generalized degree polynomial GT [11]. As the name may

suggest, HT is a specialization of GT , and it was proved by Wang, Xu, and Zhang [35] that

XT determines HT . Later, Aliste-Prieto et al. showed (in the same paper settling Crew’s

conjecture) that HT is equivalent to ST and KT [4, Theorem 8]. However, their method did

not directly lead to any identities relating HT to either ST or KT (analogous to (4.1)). We

now present a pair of such identities.

Theorem 4.3. For any tree T of order n, we have

HT (y, z) = (n− 1)(y − 1) + ST (z, 1 + (y − 1)/z) (4.2)
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and

ST (q, r) = −(n− 1)q(r − 1) + HT (qr − q + 1, q). (4.3)

Proof. The proof idea is similar in spirit to that of [4, Theorem 8], but we present it in a

way that allows us to deduce the claimed identities. Let D(S) denote the set of boundary

edges of a subtree S ∈ S(T ). We manipulate the sum defining HT as follows:

HT (y, z) =
∑

S∈S(T )

yd(S)ze(S) =
∑

S∈S(T )

∑
A⊆D(S)

(y − 1)|A|ze(S).

Next, we reparametrize this double summation. Let Ŝ be the subtree with edge set E(S)∪A.

Then the elements of A are leaf edges of Ŝ. Thus, we get a map

{(S,A) : S ∈ S(T ), A ⊆ D(S)} → {(Ŝ, A) : Ŝ ∈ S(T ), A ⊆ L(Ŝ)},

where L(Ŝ) is the set of leaf edges of Ŝ, such that e(S) = e(Ŝ)−|A|. This map is surjective,

but not quite injective. The only instance of non-injectivity is that, given an edge e = {u, v}

of T , the inputs ({u}, {e}) and ({v}, {e}) have the same output ({u, v}, {e}). (Here we are

representing a subtree by its vertex set.) Therefore, to obtain a bijection, we should exclude

one pair of the form ({u}, {e}) from the domain for each edge e = {u, v}. There are n− 1

such pairs, and each contributes (y − 1)1z0 = y − 1 to the double summation, so we get

HT (y, z) = (n− 1)(y − 1) +
∑

Ŝ∈S(T )

∑
A⊆L(Ŝ)

(y − 1)|A|ze(Ŝ)−|A|

= (n− 1)(y − 1) +
∑

Ŝ∈S(T )

∑
A⊆L(Ŝ)

((y − 1)/z)|A|ze(Ŝ)

= (n− 1)(y − 1) +
∑

Ŝ∈S(T )

(1 + (y − 1)/z)`(Ŝ)ze(Ŝ)

= (n− 1)(y − 1) + ST (z, 1 + (y − 1)/z).
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This is exactly (4.2), and (4.3) follows by putting (y, z) = (qr − q + 1, q).

4.1.1 Proof of a positivity conjecture

We now prove a conjecture of Martin, Morin, and Wagner regarding their formula expressing

KT (x, y) in terms of XT [25, Theorem 1]. First, let us write this formula explicitly in terms

of the Hall inner product on Sym, as follows:

Theorem 4.4 ([25, p. 246]). Fix a positive integer n, and define

Ψn(x, y) =
∑
a≥1

∑
b≥0

xayb
∑
λ`n

ψ(λ, a, b)
pλ
zλ
,

where the coefficients ψ(λ, a, b) are given by

ψ(λ, a, b) = (−1)a+b

(
`(λ)− 1

n− a− b− 1

) `(λ)∑
k=1

(
λk − 1

a

)
.

Then for all trees T of order n, we have KT (x, y) = 〈Ψn(x, y),XT 〉.

(Note that x and y are treated as constants when computing the Hall inner product.)

The conjecture concerns the expansion of Ψn(x, y) into the complete homogeneous basis

{hλ} of Sym. Define the rational numbers ξ(µ, a, b) for µ ` n such that

Ψn(x, y) =
∑
a≥1

∑
b≥0

xayb
∑
µ`n

ξ(µ, a, b)hµ.

(In other words,
∑

λ`n ψ(λ, a, b)
pλ
zλ

=
∑

µ`n ξ(µ, a, b)hµ for all a and b.) Then the conjecture

states that (−1)n−`(µ)ξ(µ, a, b)zµ is a nonnegative integer for all a, b, and µ [25, Conjectures

6 and 7]. We will prove this conjecture but with zµ replaced by aut(µ):

Theorem 4.5. For all a, b, and µ ` n, (−1)n−`(µ)ξ(µ, a, b) aut(µ) is a nonnegative integer.

(Because aut(µ) always divides zµ, this is a slightly stronger version of the conjecture.)
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The proof proceeds in several steps. We first find a formula for (−1)n−`(µ)ξ(µ, a, b) aut(µ)

that shows it is an integer, and then prove that it is nonnegative.

We will use the following notation: if α is a composition (or partition) and I is a subset

of [`(α)] (or a cycle of a permutation on [`(α)]), let αI =
∑

i∈I αi. For any permutation

w ∈ Sn, let Cyc(w) be the set of cycles of w and cyc(w) = |Cyc(w)|. We use `(C) to denote

the length (number of elements) of a cycle C.

Here are two computational lemmas we will need.

Lemma 4.6. Given λ, µ ` n, the coefficient of hµ in the h-expansion of pλ/zλ is

(−1)`(λ)−`(µ) |Sλ,µ|
aut(µ)

,

where Sλ,µ is the set of all w ∈ S`(µ) such that the numbers µC for C ∈ Cyc(w) are the

parts of λ in some order. (In particular, cyc(w) = `(λ) for all such w.)

Proof. Let `(λ) = k and `(µ) = `.

We use the identity [6, (11)], which expresses a noncommutative analog of the power

sum basis in terms of the noncommutative homogeneous basis. (See [16] for background on

noncommutative symmetric functions.) The symmetric version of this identity is

pλ = prod(λ)
∑
β�λ

(−1)`(β)−`(λ) 1

`(β, λ)
hβ.

Here, β � λ (β refines λ) means that one can combine groups of adjacent parts of β to

obtain λ (or equivalently, Set(λ) ⊆ Set(β)). For a composition β = β(1) · · ·β(k) refining λ,

where |β(i)| = λi, we define `(β, λ) = `(β(1)) · · · `(β(k)). Then the coefficient of hµ in pλ is

[hµ]pλ = prod(λ)
∑
β�λ
β∼µ

(−1)`(β)−`(λ) 1

`(β, λ)
= (−1)k−` prod(λ)

∑
β�λ
β∼µ

1

`(β, λ)
.

Let Bλ,µ be the set of all compositions β such that β � λ and β ∼ µ. (For instance, we

have B24,2211 = {2211, 2121, 2112, 1122}.) We want to relate Bλ,µ with Sλ,µ so that we can
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use a double-counting argument. In order to be precise in doing this, we define a third set

with surjections to both Bλ,µ and Sλ,µ.

Let Uλ,µ be the set of all k-tuples u = (u(1), . . . ,u(k)) satisfying the following conditions:

(i) The u(i) are sequences of integers that, together, contain every integer in [`] exactly

once (and no others).

(ii) For i = 1, . . . , k, we have µu(i) = λi.

There is a surjection Uλ,µ → Bλ,µ that sends u = (u(1), . . . ,u(k)) to the β obtained by

concatenating the compositions (µj)j∈u(i) for i = 1, . . . , k. (In other words, to get β, we

combine the sequences u(i), giving a permutation of [`], and read off the corresponding parts

of µ in order.) Note that then `(β, λ) = `(u(1)) · · · `(u(k)). Under this surjection, the fiber

of any β ∈ Bλ,µ has size aut(µ), since indices corresponding to equal parts of µ can be

permuted without changing β.

Also, there is a surjection Uλ,µ → Sλ,µ that sends u = (u(1), . . . ,u(k)) to the permutation

of [`] whose cycles are the sequences u(i), wrapping around from the last element to the first.

Under this surjection, the fiber of any w ∈ Sλ,µ has size aut(λ)
∏

C∈Cyc(w) `(C), since there

are aut(λ) ways to permute cycles C with equal values of µC , and for each cycle C there are

`(C) sequences (linear orders) corresponding to it. Alternatively, for any u = (u(1), . . . ,u(k))

in the fiber of w, the size of the fiber is aut(λ) · `(u(1)) · · · `(u(k)).

Using these two maps, we obtain

[hµ]pλ = (−1)k−` prod(λ)
∑

β∈Bλ,µ

1

`(β, λ)

= (−1)k−` prod(λ) · 1

aut(µ)

∑
u∈Uλ,µ

1

`(u(1)) · · · `(u(k))

= (−1)k−` prod(λ) · 1

aut(µ)

∑
w∈Sλ,µ

aut(λ)

= (−1)k−`zλ
|Sλ,µ|
aut(µ)

.
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Dividing by zλ gives the result.

Lemma 4.7. For nonnegative integers n and k, let T (n, k) =
∑

w∈Sn
(−1)cyc(w)−k

(cyc(w)
k

)
.

Then

T (n, k) =

[
n

k

]
− n

[
n− 1

k

]
where

[
n
k

]
= #{w ∈ Sn : cyc(w) = k} is an unsigned Stirling number of the first kind.

Proof. We have

T (n, k) =
∑
w∈Sn

(−1)cyc(w)−k

(
cyc(w)

k

)
=
∑
w∈Sn

∑
A∈(Cyc(w)

k
)

(−1)cyc(w)−k.

Given w and A, let w′ be the permutation on a subset of [n] whose cycles are the elements of

A. Then the remaining cycles of w form another permutation w′′ with cyc(w′′) = cyc(w)−k.

Therefore, we can write

T (n, k) =
∑
w′

∑
w′′

(−1)cyc(w
′′),

where w′ ranges over permutations of some B ⊆ [n] with k cycles and w′′ ranges over

permutations of [n] \ B. It is well-known that the inner sum is zero unless the ground set

[n] \ B has size 0 or 1 (in which case the sum equals 1 or −1, respectively). If [n] \ B has

size 0, then B = [n] and w′ is any permutation on [n] with k cycles. If [n] \ B has size 1,

then there are n possible sets B, and w′ is a permutation on a set of size n−1 with k cycles.

The conclusion follows.

We can now give a formula for the quantity we are considering. Fix a ≥ 1, b ≥ 0, and

n ≥ 1 such that a+ b ≤ n− 1. Let c = n− a− b− 1 ≥ 0. Let µ = (µ1, . . . , µ`) ` n.

Theorem 4.8. We have

(−1)n−`ξ(µ, a, b) aut(µ) =
∑̀
m=1

(m− 1)!σm T (`−m,n− a− b− 1), (4.4)
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where σm =
∑

I∈([`]
m
)
(|µI |−1

a

)
.

Proof. By definition, ξ(µ, a, b) is the coefficient of hµ in the h-expansion of
∑

λ`n ψ(λ, a, b)
pλ
zλ

.

By Lemma 4.6 and the definition of ψ(λ, a, b), this equals

ξ(µ, a, b) =
∑
λ`n

ψ(λ, a, b)(−1)`(λ)−` |Sλ,µ|
aut(µ)

=
(−1)a+b−`

aut(µ)

∑
λ`n

(−1)`(λ)
(

`(λ)− 1

n− a− b− 1

) `(λ)∑
k=1

(
λk − 1

a

) ∑
w∈Sλ,µ

1.

We now interchange the order of summation, so that w ∈ S` and λ is the partition of n

whose parts are the numbers µC for C ∈ Cyc(w). Then

ξ(µ, a, b) =
(−1)a+b−`

aut(µ)

∑
w∈S`

(−1)cyc(w)

(
cyc(w)− 1

n− a− b− 1

) ∑
C∈Cyc(w)

(
µC − 1

a

)
.

Given w and C, let w′ be the permutation of [`] \ C obtained by deleting C, so that

Cyc(w′) = Cyc(w) \ {C}. Interchanging the order of summation once again, we get

ξ(µ, a, b) =
(−1)a+b−`

aut(µ)

∑
C

(
µC − 1

a

) ∑
w′∈S([`]\C)

(−1)cyc(w
′)+1

(
cyc(w′)

n− a− b− 1

)
,

where C ranges over all cycles on nonempty subsets of [`]. Let I be the ground set of C

and let m = |I|. Then each I corresponds to (m − 1)! cycles C. Note that the inner sum

only depends on the value of m. Hence, we can instead sum over m, as follows:

ξ(µ, a, b) =
(−1)a+b−`

aut(µ)

∑̀
m=1

(m− 1)!
∑

I∈([`]
m
)

(
µI − 1

a

) ∑
w′∈S`−m

(−1)cyc(w
′)+1

(
cyc(w′)

n− a− b− 1

)

=
(−1)a+b−`

aut(µ)

∑̀
m=1

(m− 1)! · σm · (−1)n−a−b T (`−m,n− a− b− 1)

=
(−1)n−`

aut(µ)

∑̀
m=1

(m− 1)!σm T (`−m,n− a− b− 1)

using Lemma 4.7.
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The preceding theorem makes it clear that (−1)n−`ξ(µ, a, b) aut(µ) is an integer. This

proves half of Theorem 4.5. For the positivity, we need some estimates on the size of the

numbers σm.

Lemma 4.9. For all 1 ≤ m ≤ `, we have σm ≤
(
`−1
m−1

)(
n−1
a

)
.

Proof. With a, `, m, and n all fixed, consider the left-hand side as a function σm(µ), where

µ ranges over compositions of size n and length `. We claim that σ(µ) is maximized for

µ = (n− `+ 1, 1`−1). Suppose µ is a composition with at least two parts greater than one.

Without loss of generality, assume that µ1 ≥ µ2 ≥ 2, and let ν = (µ1+1, µ2−1, µ3, . . . , µ`).

Then it will suffice to show σm(µ) ≤ σm(ν). In the difference σm(ν)−σm(µ), corresponding

terms
(
νI−1
a

)
and

(
µI−1
a

)
cancel except when |I ∩ {1, 2}| = 1. Therefore

σm(ν)− σm(µ) =
∑
1∈I
2/∈I

[(
µI
a

)
−
(
µI − 1

a

)]
+
∑
1/∈I
2∈I

[(
µI − 2

a

)
−
(
µI − 1

a

)]
(4.5)

=
∑
1∈I
2/∈I

(
µI − 1

a− 1

)
−
∑
1/∈I
2∈I

(
µI − 2

a− 1

)
. (4.6)

Setting J = I \ {1, 2} in both sums (so J is a size-(m− 1) subset of [3, `]), we get

σm(ν)− σm(µ) =
∑
J

[(
µJ + µ1 − 1

a− 1

)
−
(
µJ + µ2 − 2

a− 1

)]
, (4.7)

and each bracketed difference is nonnegative because µ1 ≥ µ2 ≥ 2. This proves the claim.

Thus,

σm(µ) ≤ σm(n− `+ 1, 1`−1) =

(
`− 1

m− 1

)(
n− `+m− 1

a

)
+

(
`− 1

m

)(
m− 1

a

)
. (4.8)
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Since a ≥ 1, the function N 7→ 1
N

(
N−1
a

)
is (weakly) increasing for positive integers N. Thus,

σm(µ) ≤
(
`− 1

m− 1

)(
n− `+m− 1

a

)
+

(
`− 1

m

)(
m− 1

a

)
≤
(
`− 1

m− 1

)
n− `+m

n

(
n− 1

a

)
+
`−m

m

(
`− 1

m− 1

)
· m
n

(
n− 1

a

)
=

(
`− 1

m− 1

)(
n− 1

a

)

because m ≤ ` ≤ n, completing the proof.

Corollary 4.10. If integers m and M satisfy 1 ≤ m ≤M ≤ `, then

(m− 1)!(`−m)!σm ≤ (M − 1)!(`−M)!σM . (4.9)

Proof. First, fix S ∈
([`]
M

)
. Applying the result of Lemma 4.9 but with µ replaced by the

partition whose parts are µi for i ∈ S, we obtain

∑
T∈(S

m
)

(
µT − 1

d

)
≤
(
M − 1

m− 1

)(
µS − 1

d

)
. (4.10)

We now sum this over all S. On the right-hand side, we obtain
(
M−1
m−1

)
σM , while on the

left-hand side, we get

∑
S∈([`]

M
)

∑
T∈(S

m
)

(
µT − 1

d

)
=

∑
T∈([`]

m
)

∑
S: T⊆S∈([`]

M
)

(
µT − 1

d

)
=

(
`−m

M −m

)
σm. (4.11)

Hence
(
`−m
M−m

)
σm ≤

(
M−1
m−1

)
σM , which rearranges to the desired result.

We are almost ready to prove the theorem, after one more (easy) lemma.

Lemma 4.11. Let x1, . . . , x`, y1, . . . , y` be real numbers such that 0 ≤ x1 ≤ · · · ≤ x`, and

suppose there exist z1, . . . , z` ≥ 0 such that yi = zi − zi+1 for all i (where z`+1 = 0). Then

x1y1 + · · ·+ x`y` ≥ 0.
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Proof. We have

x1y1 + · · ·+ x`y` = x1(z1 − z2) + x2(z2 − z3) + · · ·+ x`−1(z`−1 − z`) + x`z`

= x1z1 + (x2 − x1)z2 + (x3 − x2)z3 + · · ·+ (x` − x`−1)z`,

whence the conclusion follows, as all the terms are nonnegative.

Proof of Theorem 4.5. Theorem 4.8 states that

(−1)n−`ξ(µ, a, b) aut(µ) =
∑̀
m=1

(m− 1)!σm T (`−m,n− a− b− 1),

which is clearly an integer. To show that it is nonnegative, we claim that we can take

xm = (m−1)!(`−m)!σm, ym =
T (`−m,n− a− b− 1)

(`−m)!
, zm =

1

(`−m)!

[
`−m

n− a− b− 1

]

for 1 ≤ m ≤ ` in Lemma 4.11. The condition 0 ≤ x1 ≤ · · · ≤ x` is Corollary 4.10, and the

condition yi = zi − zi+1 follows from Lemma 4.7. Therefore the lemma applies, giving

x1y1 + · · ·+ x`y` =
∑̀
m=1

(m− 1)!σm T (`−m,n− a− b− 1) ≥ 0,

as desired.

4.2 The generalized degree polynomial

We now move to the generalized degree polynomial, our main focus. We begin by defining

the GDP of a forest F , following [4, Section 2.2]. Let A ⊆ V (F ). An internal edge of A is an

edge of F with both endpoints in A, and a boundary edge of A is an edge of F with exactly

one endpoint in A. (Note that an internal edge of A is the same as an edge of F |A.) Let

EF (A) and DF (A) denote the sets of internal edges and boundary edges of A, respectively;

we write eF (A) = |EF (A)| and dF (A) = |DF (A)|. (When there is no risk of confusion, we
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will omit the subscripts.) Observe that

dF (A) + 2eF (A) =
∑
v∈A

degF (v) (4.12)

by a double-counting argument. Finally, for nonnegative integers a, b, c, let

gF (a, b, c) = #{A ⊆ V (F ) : |A| = a, d(A) = b, e(A) = c}.

Definition 4.12. The generalized degree polynomial (GDP) of F is defined by

GF (x, y, z) =
∑

A⊆V (F )

x|A|yd(A)ze(A) =
∑
a,b,c

gF (a, b, c)x
aybzc.

Thus the generalized degree polynomial enumerates subsets A ⊆ V (F ) by size and the

number of internal and boundary edges. In particular, if |A| = 1, then A consists of a single

vertex v such that d(A) = deg(v) and e(A) = 0. This implies that GF determines the degree

sequence of F : specifically, the number of vertices of F with degree d is just gF (1, d, 0).

Example 4.13. Suppose F = St4, the star with 4 vertices. Then

GF (x, y, z) = x4z3 + x3y3 + 3x3yz2 + 3x2y2z + 3x2y2 + xy3 + 3xy + 1.

For example, the coefficient of x3yz2 in GF (x, y, z) is gF (3, 1, 2) = 3 because there are three

subsets of vertices A ⊆ V (F ) such that |A| = 3, d(A) = 1, and e(A) = 2. (Specifically,

these subsets consist of the center vertex of F and any two of its outer vertices.) ♦

From the definitions, it is clear that the generalized degree polynomial GT of a tree T

determines its half-generalized degree polynomial HT , thus also its subtree and connector

polynomials ST and KT (defined in Section 4.1). However, the converse is not true: there

exist trees T1 and T2 such that HT1 = HT2 but GT1 6= GT2 . One such pair of trees is

depicted in Figure 4.2 (and also appears in [4, Section 7.2]). We note that the results of
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Figure 4.2: Two trees with the same half-generalized degree polynomial but different GDPs.

this chapter will allow us to easily show that these trees have different GDPs by considering

their double-degree sequences.

Aliste-Prieto et al. [4] showed that for a tree T , the generalized degree polynomial GT

is determined linearly by the chromatic symmetric function XT , that is, they exhibit an

explicit Q-linear map Sym → Q(x, y, z) that sends XT to GT for every tree T . We now

prove a slight generalization of this statement by using the Hopf algebra structure of Sym.

Proposition 4.14. There exists a Q-algebra map γ : Sym → Q(x, y, z) such that for every

forest F , we have

γ(XF ) = yc(F )GF (x, y, z).

(In particular, the chromatic symmetric function also linearly determines the generalized

degree polynomial when restricted to forests with a fixed number of components.) To prove

this statement, we will use the following lemma.

Lemma 4.15. There exists a Q-algebra map ϕt,u : Sym → Q[t, u] such that for every forest

F , we have

ϕt,u(XF ) = t|F |ue(F ). (4.13)

Proof. We claim that we can define ϕt,u on the power sums pk by ϕt,u(pk) = tk(1 − u)k−1

(for k ≥ 1) and hence on the power sum basis {pλ} by

ϕt,u(pλ) = t|λ|(1− u)|λ|−`(λ).
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To show (4.13), let F be a forest and let n = |F |. By Proposition 2.5 we have

ϕt,u(XF ) =
∑
λ`n

bλ(F )(−1)n−`(λ) · tn(1− u)n−`(λ)

= tn
∑
λ`n

bλ(F )(u− 1)n−`(λ). (4.14)

Note that connected partitions of F are in bijection with subsets of E(F ), where S ⊆ E(F )

corresponds to the connected partition C giving the components of the spanning subgraph

of F with edge set S. If the type of C is λ ` n, then we have |S| = n − `(λ), so it follows

that
∑

`(λ)=i bλ(F ) =
(
e(F )
n−i

)
. Therefore, letting i = `(λ) in (4.14), we have

ϕt,u(XF ) = tn
∑
i

(
e(F )

n− i

)
(u− 1)n−i = tnue(F ),

as claimed.

We now use Lemma 4.15 together with (2.9) to prove Proposition 4.14.

Proof of Proposition 4.14. Take γ = ϕxy,y−1z ∗ ϕy,y−1 . Given a forest F , we compute:

(ϕxy,y−1z ∗ ϕy,y−1)(XF ) =
∑

AtB=V (F )

ϕxy,y−1z(XF |A) · ϕy,y−1(XF |B)

=
∑

AtB=V (F )

(xy)|A|(y−1z)e(A) · y|B|(y−1)e(B)

=
∑

AtB=V (F )

x|A| y|F |−e(A)−e(B) ze(A).

Each edge of F is either an internal edge of A, an internal edge of B, or a boundary edge of

A (and these are mutually exclusive), so e(A) + e(B) + d(A) = |E(F )| = |F | − c(F ). Thus,

(ϕxy,y−1z ∗ ϕy,y−1)(XF ) =
∑

A⊆V (F )

x|A| yc(F )+d(A) ze(A) = yc(F )GF (x, y, z)

as desired.
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A couple of remarks are in order regarding the map γ constructed above. First, since γ is

multiplicative, it is determined by the values of γ(pn) for n ≥ 1. Since the comultiplication

of Sym obeys ∆(pn) = pn ⊗ 1 + 1⊗ pn, we have

γ(pn) = (ϕxy,y−1z ∗ ϕy,y−1)(pn)

= ϕxy,y−1z(pn) · ϕy,y−1(1) + ϕxy,y−1z(1) · ϕy,y−1(pn)

= (xy)n(1− y−1z)n−1 + yn(1− y−1)n−1

= xny(y − z)n−1 + y(y − 1)n−1,

which provides an alternative characterization of γ. Second, it can be shown by a direct

(albeit tedious) calculation that γ agrees, up to scaling, with the Q-linear map from [4] that

sends XT to GT for trees T . Specifically, in their notation, one has

γ(pλ) = y ·
∑
a,b,c

ω(λ, a, b, c)xaybzc.

In Section 4.5, we will discuss a further generalization of the generalized degree polynomial

that is obtained by a similar construction.

4.2.1 Tree augmentation

By contrast with Question 1.1, the generalized degree polynomial does not distinguish trees.

Figure 3.1 from the previous chapter shows the smallest pair of non-isomorphic trees with

the same GDP; both trees have order 11.

The entirety of Chapter 6 will be devoted to presenting constructions that produce pairs

(and larger families) of trees with the same GDP. For now, though, we present one possible

such construction that does not require any special machinery. It takes a known pair of

trees with the same GDP and modifies them in the same way, producing a pair of larger

trees which also have the same GDP.

Let T be a tree and let k be a positive integer such that k ≥ deg(v) for every v ∈ V (T ).
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We define the k-augmentation of T , denoted T [k], to be the tree created by attaching

k − deg(v) leaves to every vertex v of T . Thus, every internal vertex of T [k] has degree k,

and the subtree of T [k] induced by the internal vertices is isomorphic to T . We therefore

view T as embedded in T [k].

Proposition 4.16. Fix integers n, k ≥ 2. Then there exists a Q-linear map Q(x, y, z) →

Q(x, y, z) that sends GT to GT [k] for trees T of order n.

Proof. For convenience, let U = T [k]. We show that each coefficient of GU is a linear

combination of coefficients of GT . Let a, b, c ≥ 0 and consider

gU (a, b, c) = #{A ⊆ V (U) : |A| = a, dU (A) = b, eU (A) = c}.

By (4.12), we have b + 2c = dU (A) + 2eU (A) =
∑

v∈A degU (v). But every vertex of U has

degree either 1 (if it is a leaf of U) or k (if it is not a leaf of U and hence a vertex of T ).

Let `U (A) and iU (A) denote the number of vertices in A of each type, respectively. Then,


`U (A) + iU (A) = a,

`U (A) + k · iU (A) = b+ 2c,

which has a unique solution (`U (A), iU (A)) = (`, i) in terms of a, b, c. It follows that

gU (a, b, c) = #{A ⊆ V (U) : `U (A) = `, iU (A) = i, eU (A) = c}.

Now let A0 = A ∩ V (T ). This set must have size i, and it has some number of internal

and boundary edges, say eT (A0) = e and dT (A0) = d. (See Figure 4.3 for an example, in

which the parameters have values (n, k) = (6, 5), (a, b, c) = (8, 11, 4), (`, i) = (4, 3), and

(d, e) = (2, 1).) We compute the number of choices for A \ A0 (consisting of leaves of U)
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Figure 4.3: An example illustrating the proof of Proposition 4.16. Solid black edges and
black vertices are in T , dashed blue edges and smaller blue vertices are added to get U , and
circled vertices are in A.

such that `U (A) = ` and eU (A) = c. First, observe that the number of leaves of U is

`∗ =
∑

v∈V (T )

(k − degT (v)) = kn− (2n− 2),

which is a constant. Of those leaves, the number that are adjacent to a vertex in A0 is

∑
v∈A0

(k − degT (v)) = ki− (d+ 2e),

again using (4.12). Now A \ A0 must consist of ` of these leaves, and in order to make

eU (A) = c, exactly c− e of the leaves must be adjacent to vertices in A0. Therefore we have

gU (a, b, c) =
∑
d, e

gT (i, d, e)

(
ki− (d+ 2e)

c− e

)(
`∗ − (ki− (d+ 2e))

`− (c− e)

)
.

Hence gU (a, b, c) is a linear combination of the coefficients of GT , as desired.

Thus if T1 and T2 are the trees in Figure 3.1, for example, then for all k ≥ 4, the

trees T [k]
1 and T

[k]
2 also have the same generalized degree polynomial. (In fact, we can take

repeated augmentations: for example, (T [k]
1 )[`] and (T

[k]
2 )[`] have the same generalized degree

polynomial for ` ≥ k ≥ 4.)
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4.3 Degree embeddings

Our main result concerns several classes of information about a tree T that are determined

by GT . This information can be organized using the idea of degree embeddings, which we

now define.

Definition 4.17. Let D be a tree whose vertices u are labeled with positive integers au.

A degree embedding of D into T is an isomorphism ϕ : D → T ′, where T ′ is a subtree of T ,

such that au = degT (ϕ(u)) for all u ∈ V (D). We define the degree embedding number of D

in T , denoted ND(T ), to be the number of subtrees T ′ ⊆ T for which a degree embedding

exists with image T ′.

We adopt a simplified notation when D is a path, say with vertex labels a1, . . . , am

in that order. In this case, ND(T ) is the number of paths (v1, . . . , vm) in T such that

ai = deg(vi) for i = 1, . . . ,m. (Note that if the sequence a1, . . . , am is palindromic, then

these paths should only be counted up to reversal.) Then we will write Na1,...,am(T ) to mean

ND(T ). In particular, Na(T ) is the number of vertices of T with degree a.

Example 4.18. For the tree T depicted in Figure 4.4, we have

N1(T ) = 9, N2,2(T ) = 1, N1,3,1(T ) = 1, and ND(T ) = 4,

where D is the star on four vertices with center labeled 4 and outer vertices labeled 1, 1, 4.

♦

Clearly, a tree T can be recovered from all its degree embedding numbers because T

(with vertices labeled by degree) is the unique largest tree D with ND(T ) 6= 0. However,

knowing any “bounded” collection of degree embedding numbers is not sufficient in general

to recover T , as we now show.

Proposition 4.19. For every m ≥ 1, there exist non-isomorphic trees T1 and T2 such that

ND(T1) = ND(T2) for all D with |D| ≤ m.
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1 2 2 4 4 3 1

1 1 11
4

1 1 1

Figure 4.4: The tree T of Example 4.18. Vertices are labeled with their degrees.

Proof. Let T1 be the tree created by attaching leaves to a path with 2m+4 vertices so that

the path vertices have degrees

4, 2, . . . , 2︸ ︷︷ ︸
m

, 3, 2, . . . , 2︸ ︷︷ ︸
m+1

, 5

in that order. Let T2 be the tree constructed analogously but using degrees

4, 2, . . . , 2︸ ︷︷ ︸
m+1

, 3, 2, . . . , 2︸ ︷︷ ︸
m

, 5.

These trees are not isomorphic; however, we can give a bijection between subtrees S1 ⊆ T1

and S2 ⊆ T2 of order |S1| = |S2| ≤ m that preserves vertex degrees (with respect to T1 and

T2). Suppose S1 is a subtree of T1 with |S1| ≤ m. If S1 contains the degree-4 vertex of T1,

then it contains at most m− 1 degree-2 vertices on the left side of T1. It follows that there

exists a corresponding subtree S2 on the left side of T2 with the same vertex degrees. A

similar argument holds for the case in which S1 contains the degree-5 vertex of T1.

Now the remaining subtrees of T1 and T2 are those not containing the degree-4 or degree-5

vertices. But when the degree-4 and degree-5 vertices of T1 and T2 are deleted, the resulting

graphs are isomorphic (under an isomorphism that preserves the original vertex degrees),

so a bijection between subtrees exists as desired. Thus, ND(T1) = ND(T2) whenever |D| ≤

m.
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As a preview of the next section, we now present a list of degree embedding numbers

that we will be able to recover from GT . (Note, however, that many degree embedding

numbers cannot be determined by GT . For example, in Figure 3.1, let T1 be the tree on

the left and let T2 be the tree on the right. Then GT1 = GT2 , but one can check that

N1,2,3(T1) = 1 6= 0 = N1,2,3(T2) and N1,3,2(T1) = 2 6= 3 = N1,3,2(T2).)

Theorem 4.20. The generalized degree polynomial GT determines the degree embedding

numbers ND(T ) when D is any of the following:

(i) A path of order 2.

(ii) A path of order 3 with all vertex labels equal.

(iii) A path of order 3 with vertex labels a, a, b in that order, where b ≥ 2a.

(iv) A path in which all vertices are labeled 2.

(v) A star in which the outer vertices are all labeled 1.

For completeness, we note that GT determines ND(T ) if D is a single vertex, since we

already know that GT determines the degree sequence of T . Additionally, GT determines

ND(T ) if D is a path with vertex labels 1, 2, 2, . . . , 2 in that order; this is a consequence of a

result of Crew [11, Theorem 3] about the twigs of a tree, as mentioned in the introduction.

4.4 Degree embedding numbers from the generalized degree polynomial

To prove Theorem 4.20, we first construct a sequence of two-variable rational functions

(Γ
(k)
T )k≥1 which, taken together, are equivalent to GT . Then, by working with these rational

functions, we recover all the desired degree embedding numbers ND(T ).
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4.4.1 The rational functions Γ
(k)
T

To define Γ
(k)
T , we will need the following notion. For a subset of edges S ⊆ E(T ), let S

be the subset of V (T ) consisting of all vertices incident to at least one edge in S. (That is,

considering each edge as a set of size 2, we have S =
⋃

e∈S e.)

Definition 4.21. Let Γ
(0)
T (x, y) = 1, and for positive integers k, define

Γ
(k)
T (x, y) =

∑
S⊆E(T )
|S|=k

∏
v∈S

xydeg(v)

1 + xydeg(v)
.

Example 4.22. Let T be the path on 6 vertices. For brevity, let q = xy
1+xy and r = xy2

1+xy2
.

Then Γ
(1)
T (x, y) = 2qr+3r2 because two edges of T connect a leaf and a vertex of degree 2,

and the other three edges connect two vertices of degree 2. We also have

Γ
(2)
T (x, y) = q2r2 + 4qr3 + r4 + 2qr2 + 2r3.

For example, the 2r3 term arises because there are two sets S ⊆ E(T ) with |S| = 2 such

that S consists of three vertices of degree 2. ♦

We now show how Γ
(k)
T can be computed from GT . The key is to take partial derivatives

of GT (x, y, z) with respect to z.

Proposition 4.23. For each k, Γ(k)
T (x, y) is determined by GT (x, y, z). Specifically, we have

Γ
(k)
T (x, y) =

y2k

k!
· ∂

kGT

∂zk
(x, y, y2) ·GT (x, y, y

2)−1. (4.15)

Proof. Since GT (x, y, z) =
∑

A⊆V (T ) x
|A|yd(A)ze(A), we have

zk

k!
· ∂

kGT

∂zk
(x, y, z) =

∑
A⊆V (T )

(
e(A)

k

)
x|A|yd(A)ze(A) =

∑
A⊆V (T )

∑
S⊆E(A)
|S|=k

x|A|yd(A)ze(A).
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Next, we set z = y2, which yields

y2k

k!
· ∂

kGT

∂zk
(x, y, y2) =

∑
A⊆V (T )

∑
S⊆E(A)
|S|=k

x|A|yd(A)+2e(A) =
∑

A⊆V (T )

∑
S⊆E(A)
|S|=k

∏
v∈A

xydeg(v)

by the identity (4.12). We now reverse the order of summation. Observe that for A ⊆ V (T )

and S ⊆ E(T ), we have S ⊆ E(A) if and only if S ⊆ A. Therefore we can write

y2k

k!
· ∂

kGT

∂zk
(x, y, y2) =

∑
S⊆E(T )
|S|=k

∑
S⊆A⊆V (T )

∏
v∈A

xydeg(v)

=
∑

S⊆E(T )
|S|=k

( ∏
v∈S

xydeg(v)
∏

v∈V (T )\S

(
1 + xydeg(v)

))

=
∏

v∈V (T )

(1 + xydeg(v)) ·
∑

S⊆E(T )
|S|=k

∏
v∈S

xydeg(v)

1 + xydeg(v)
,

which shows that

y2k

k!
· ∂

kGT

∂zk
(x, y, y2) =

∏
v∈V (T )

(1 + xydeg(v)) · Γ
(k)
T (x, y).

By taking k = 0, we see that GT (x, y, y
2) =

∏
v∈V (T )(1 + xydeg(v)), so (4.15) follows.

Note that, conversely, GT can be recovered from all of the Γ
(k)
T . Indeed, the Taylor series

expansion of GT (x, y, z) about z = y2 is

GT (x, y, z) =
∑
k≥0

1

k!
· ∂

kGT

∂zk
(x, y, y2) · (z − y2)k

= GT (x, y, y
2)
∑
k≥0

1

y2k
· Γ(k)

T (x, y) · (z − y2)k,

so the Γ
(k)
T determine the product GT (x, y, z) ·GT (x, y, y

2)−1. We will see as a consequence

of the results of Section 4.4.2 that the Γ
(k)
T determine the degree sequence of T , so they
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determine GT (x, y, y
2) and thus GT (x, y, z).

Before proceeding, we comment on the relationship between GT and the Γ
(k)
T . Whereas

XT determines GT linearly, it is not true that GT determines Γ
(k)
T linearly. In other words,

treating Γ
(k)
T as a formal power series in x and y, its coefficients are generally not linear

functions of the coefficients gT (a, b, c) of GT (as one can check computationally); rather,

the formula (4.15) implies that each coefficient of Γ
(k)
T can be written as a polynomial in

the gT (a, b, c). We also remark that some of the methods we will use to extract degree

embedding numbers from the Γ
(k)
T are highly nonlinear (particularly those in Section 4.4.3

and Section 4.4.5).

4.4.2 Double-degree numbers

We now prove the first part of Theorem 4.20 by showing that Γ(1)
T , and thus GT , determines

all the degree embedding numbers Na,b(T ). (We call these double-degree numbers.) Observe

that by a double-counting argument,

Na(T ) =
1

a

∑
b6=a

Na,b(T ) + 2Na,a(T )

 .

Thus the double-degree numbers determine the degree sequence of T , as promised above.

Theorem 4.24. The rational function Γ
(1)
T determines all double-degree numbers Na,b(T ).

Proof. By symmetry, we may consider only the double-degree numbers Na,b(T ) where a ≤ b.

We proceed by induction on the pairs (a, b) with a ≤ b in lexicographical order. The base

case (a, b) = (1, 1) is trivial because N1,1(T ) = 1 if |T | = 2 and N1,1(T ) = 0 otherwise. For

the induction step, fix positive integers a0 ≤ b0 with b0 ≥ 2; assume that Γ
(1)
T determines

all Na,b(T ) (with a ≤ b) where (a, b) precedes (a0, b0) lexicographically. We expand Γ
(1)
T as
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a formal power series as follows:

Γ
(1)
T (x, y) =

∑
{v,w}∈E(T )

xydeg(v)

1 + xydeg(v)
xydeg(w)

1 + xydeg(w)

=
∑
a≤b

xya

1 + xya
xyb

1 + xyb
Na,b(T )

=
∑
a≤b

∑
k,`≥1

(−1)k+`(xya)k(xyb)`Na,b(T ). (4.16)

Consider the coefficient C of the monomial xb0ya0b0−a0+b0 in this power series. From (4.16),

we see that C is a linear combination of terms Na,b(T ), where a ≤ b satisfy

k + ` = b0 and ka+ `b = a0b0 − a0 + b0

for some k, ` ≥ 1. (The sign (−1)k+` = (−1)b0 is constant for all such terms, so there is no

cancellation.) These equations are satisfied when (a, b, k, `) = (a0, b0, b0−1, 1), so Na0,b0(T )

appears as a term in the expression for C. We claim that for every other term Na,b(T ) that

appears, (a, b) precedes (a0, b0) lexicographically. Indeed, we have

ab0 = (k + `)a ≤ ka+ `b = a0b0 − a0 + b0 < (a0 + 1)b0,

so a < a0 + 1 and thus a ≤ a0. Furthermore, if a = a0, then we have

`b = (a0b0 − a0 + b0)− ka = (a0b0 − a0 + b0)− (b0 − `)a0 = (`− 1)a0 + b0 ≤ `b0,

so b ≤ b0. This proves the claim. It then follows from the induction hypothesis that Γ
(1)
T

determines Na0,b0(T ).

This establishes Theorem 4.20(i).

Example 4.25. As an illustration of the above proof, we derive a formula for N2,3(T ) in

terms of coefficients of Γ(1)
T (x, y). For (a0, b0) = (2, 3), we have xb0ya0b0−a0+b0 = x3y7, and
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so using (4.16) we compute

[x3y7]Γ
(1)
T = N1,3(T ) +N1,5(T ) +N2,3(T ).

It then remains to compute N1,3(T ) and N1,5(T ). For (a0, b0) = (1, 5), we get

[x5y9]Γ
(1)
T = N1,2(T ) +N1,3(T ) +N1,5(T ),

so (by coincidence) the N1,3(T ) terms will cancel and we need only compute N1,2(T ). For

(a0, b0) = (1, 2), we have just

[x2y3]Γ
(1)
T = N1,2(T ).

Therefore, we get the formula

N2,3(T ) = [x3y7]Γ
(1)
T − [x5y9]Γ

(1)
T + [x2y3]Γ

(1)
T .

♦

Using this procedure, any double-degree number Na,b(T ) can be expressed as a linear

combination of coefficients of Γ(1)
T and hence as a polynomial in the coefficients of GT .

4.4.3 Matchings and paths

We now prove parts (ii) and (iv) of Theorem 4.20. To do so, recall that for a graph G, the

matching-generating polynomial of G is the univariate polynomial

MG(t) =
∑
S

t|S|,

where S ranges over all matchings (collections of disjoint edges) of G. For d ≥ 2, denote by

T(d) the induced subgraph of T consisting of all degree-d vertices of T .

Theorem 4.26. The polynomial GT determines MT(d)
(t) for all d.
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Proof. Let k be an arbitrary positive integer. Consider the product

(1 + xyd)2k · Γ(k)
T (x, y) = (1 + xyd)2k

∑
S⊆E(T )
|S|=k

∏
v∈S

xydeg(v)

1 + xydeg(v)
.

For any set of edges S ⊆ E with |S| = k, we have
∣∣S∣∣ ≤ 2k, with equality if and only S is a

matching. Therefore, if we set x = −y−d (so 1 + xyd = 0), the only terms that survive are

those having 2k factors of 1 + xyd in the denominator. These terms occur exactly when S

is a matching of size k of T(d). Each such term evaluates to (−1)2k = 1, so we recover the

number of such matchings for each k. Since k was arbitrary and GT determines all Γ(k)
T , it

follows that GT determines MT(d)
(t).

Now, observe that the number of matchings of size 2 in T(d) is given by
(Nd,d(T )

2

)
−

Nd,d,d(T ). Because GT determines Nd,d(T ) from Section 4.4.2, it follows that GT determines

Nd,d,d(T ) as well. This proves Theorem 4.20(ii).

To establish Theorem 4.20(iv), we will show that GT determines T(2) (up to isomor-

phism). Note that T(2) is a disjoint union of paths since all of its vertices have degree at

most 2. Furthermore, GT determines the order of T(2) (because this is simply N2(T )) as

well as the matching-generating polynomial MT(2)
(t). This information suffices to determine

T(2) because of the following elementary result.

Proposition 4.27. If G is a disjoint union of paths, then G is determined by |G| and

MG(t).

Proof. For j ≥ 0, let fj(t) be the matching-generating polynomial of a path on j vertices.

Because the matching-generating polynomial multiplies over disjoint unions, it follows that

MG(t) = f2(t)
c2 · · · fn(t)cn (4.17)

where n = |G| and cj ≥ 0 is the number of components of G of order j. (Note that f1(t) = 1,

so there is no f1(t) term.) We will show that all products of this form are distinct. The
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combinatorial definition of fj(t) yields the recurrence relation fj(t) = fj−1(t) + tfj−2(t) for

j ≥ 2, with f0(t) = f1(t) = 1. One can then show by induction that

Uj(x) = (2x)jfj
(
− 1

4x2

)
,

where Uj(x) denotes the jth Chebyshev polynomial of the second kind. The roots of Uj(x)

are the numbers x = cos( kπ
j+1) for k = 1, 2, . . . , j, so it follows that fj(t) has distinct roots

t = − 1

4 cos2( kπ
j+1)

for 1 ≤ k < j+1
2 , a total of b j2c roots. Since fj has degree b j2c, these are all of its roots. In

particular, the largest root of fj(t) is tj = −1/(4 cos2 π
j+1), which increases with j, so tj is

not a root of any of f2(t), . . . , fj−1(t). It then follows that all products of the form (4.17)

are distinct: if

f2(t)
c2 · · · fn(t)cn = f2(t)

d2 · · · fn(t)dn

for some cj , dj ≥ 0, then considering the order of the root tn on both sides forces cn = dn,

and one can continue by induction to show that cj = dj for all j.

Therefore, MG(t) determines the number of components of G of order j for all j ≥ 2.

Then, |G| determines the number of components of order 1, so G is fully determined.

It now follows that GT determines N2,...,2︸︷︷︸
k

(T ) for all k, because this is the number of

paths of order k in T(2). Thus, we have established Theorem 4.20(iv).

4.4.4 Triple-degree numbers

We now consider degree embedding numbers of the form Na,b,c(T ), which we call triple-

degree numbers. We will recover certain linear combinations of triple-degree numbers from

GT , including Na,a,b(T ) for b ≥ 2a, which proves Theorem 4.20(iii).

Theorem 4.28. Let a ≥ 2 be an integer. Then GT determines all of the following:
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(i) Na,a,1(T ) +Na,a,2(T ) + · · ·+Na,a,a−1(T ),

(ii) Na,a,a−k(T )−Na,a,a+k(T ) for all 1 ≤ k ≤ a− 1, and

(iii) Na,a,b(T ) for all b ≥ 2a.

Proof. Throughout this proof, we write ND instead of ND(T ) for brevity. We know that

GT determines the rational function

Γ
(2)
T (x, y) =

∑
S⊆E(T )
|S|=2

∏
v∈S

xydeg(v)

1 + xydeg(v)
.

For some of the terms in this sum, we have S ⊆ E(T(a)), that is, all the vertices in S have

degree a. Each such term equals either ( xya

1+xya )
4 or ( xya

1+xya )
3 depending on whether S is a

matching or not, respectively. By Theorem 4.26, GT determines the number of terms of

each type. Therefore, it follows that GT determines the sum

Γ̃(x, y) =
∑

S⊆E(T )
S*E(T(a))

|S|=2

∏
v∈S

xydeg(v)

1 + xydeg(v)

obtained by deleting all terms in Γ
(2)
T (x, y) where S ⊆ E(T(a)).

In each term of Γ̃(x, y), the number of factors of 1+xya in the denominator is at most 3.

Furthermore, equality holds exactly when the two edges of S are disjoint, the endpoints of

one edge both have degree a, and the endpoints of the other edge have degrees a and b for

some b 6= a. Then the corresponding term of Γ̃(x, y) is ( xya

1+xya )
3 xyb

1+xyb
, and the number of

such terms for a given b is Na,aNa,b −Na,a,b. Therefore if we take x = −y−a in the product
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(1 + xya)3 · Γ̃(x, y), then the result is

∑
b 6=a

(xya)3
xyb

1 + xyb
· (Na,aNa,b −Na,a,b)

∣∣∣∣
x=−y−a

=
∑
b 6=a

yb−a

1− yb−a
· (Na,aNa,b −Na,a,b) .

Because GT determines allNa,a andNa,b by Theorem 4.24, it follows that GT also determines

∑
b6=a

yb−a

1− yb−a
Na,a,b.

Now we write

∑
b 6=a

yb−a

1− yb−a
Na,a,b

= −
a−1∑
b=1

1

1− ya−b
Na,a,b +

∞∑
b=a+1

yb−a

1− yb−a
Na,a,b

= −
a−1∑
k=1

1

1− yk
Na,a,a−k +

∞∑
k=1

yk

1− yk
Na,a,a+k

= −
a−1∑
k=1

(
1 +

yk

1− yk

)
Na,a,a−k +

∞∑
k=1

yk

1− yk
Na,a,a+k

= −
a−1∑
k=1

Na,a,a−k −
a−1∑
k=1

yk

1− yk
(Na,a,a−k −Na,a,a+k) +

∞∑
k=a

yk

1− yk
Na,a,a+k.

The rational functions 1 and yk

1−yk
for k ≥ 1 are linearly independent over Q because they

have roots of different orders at y = 0. Thus, GT determines the coefficients of these rational

functions in the above expression, which are precisely the desired linear combinations.

4.4.5 Leaf adjacency

Finally, we prove Theorem 4.20(v). Assume that |T | ≥ 3, so that no two leaves of T are

adjacent. For a vertex v ∈ V (T ), let `(v) be the number of leaves of T adjacent to v, and

let Ld,`(T ) be the number of vertices v with deg(v) = d and `(v) = `. The numbers Ld,`(T )
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form the leaf adjacency sequence of T .

Theorem 4.29. Fix integers d ≥ 2 and ` ≥ 0. Then GT determines Ld,`(T ).

Proof. Fix a positive integer k. Instead of Γ(k)
T (x, y), it will be more convenient to make the

substitution

Γ
(k)
T (x−1, y−1) =

∑
S⊆E(T )
|S|=k

∏
v∈S

1

1 + xydeg(v)
.

For each term in the above sum, the number of factors of 1 + xy in the denominator is

at most k, with equality if and only if S ⊆ L(T ), where L(T ) is the set of all edges of T

adjacent to a leaf. Therefore, we have

(1 + xy)k · Γ(k)
T (x−1, y−1)

∣∣∣∣
x=−y−1

=
∑

S⊆L(T )
|S|=k

∏
v∈Ŝ

1

1− ydeg(v)−1
,

where Ŝ denotes the set of all internal vertices in S. (Note that Ŝ has size at most k.) Now

fix an integer a ≥ 2, and consider the product

(1− ya−1)k
∑

S⊆L(T )
|S|=k

∏
v∈Ŝ

1

1− ydeg(v)−1
.

Let ω = e2πi/(a−1), which is a root of 1−yd−1 if and only if (a−1) | (d−1), in which case it

is a simple root. If we set y = ω in the above product, the only terms that will survive are

those for which Ŝ has size k (thus, all the edges of S are disjoint), and every vertex v ∈ Ŝ

satisfies (a− 1) | (deg(v)− 1). Let V (a) be the set of all such vertices:

V (a) = {v ∈ V (T ) : deg(v) > 1 and (a− 1) | (deg(v)− 1)}.

Then each surviving term corresponds to a choice of k vertices from V (a) and a leaf edge
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incident to each chosen vertex. Therefore, setting y = ω yields

(1− ya−1)k
∑

A⊆V (a)

|A|=k

∏
v∈A

(
`(v)

1

1− ydeg(v)−1

) ∣∣∣∣
y=ω

=
∑

A⊆V (a)

|A|=k

∏
v∈A

(
`(v) lim

y→ω

1− ya−1

1− ydeg(v)−1

)

=
∑

A⊆V (a)

|A|=k

∏
v∈A

(
`(v)

a− 1

deg(v)− 1

)

= (a− 1)k
∑

A⊆V (a)

|A|=k

∏
v∈A

`(v)

deg(v)− 1
.

Ignoring the factor of (a− 1)k, this is the kth elementary symmetric sum of the multiset

M (a) =

{
`(v)

deg(v)− 1
: v ∈ V (a)

}
.

Since k was arbitrary, it follows that GT determines the multiset M (a) for each a ≥ 2.

We now show how the leaf adjacency sequence of T can be recovered from the multi-

sets M (a). For each d ≥ 2, let Vd be the set of vertices of T with degree d, so V (a) =⋃
i≥1 V1+i(a−1). Let Md be the multiset

Md =

{
`(v)

d− 1
: v ∈ Vd

}
,

so M (a) =
⊔

i≥1M1+i(a−1). In particular, if ∆ is the largest degree of a vertex of T , then

M (∆) =M∆, so the multiset M∆ is determined by GT . Then, for 2 ≤ d < ∆, we have

Md =M (d) \
⊔
i≥2

M1+i(d−1),

so by an inductive process, we can recover all the Md from the M (a) and thus from GT .

Now Md is clearly equivalent to the multiset of numbers `(v) for v ∈ Vd, so the Md together

determine the leaf adjacency sequence of T , as desired.

This result is equivalent to Theorem 4.20(v). Indeed, let Sd,k be the star of order k + 1
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with center vertex labeled d and outer vertices all labeled 1. Then we have

NSd,k
(T ) =

∑
`≥k

(
`

k

)
Ld,`(T ),

so by triangularity, the numbers (NSd,k
(T )) and (Ld,`(T )) determine each other. (Note that

NSd,2
(T ) = N1,d,1(T ), so this recovers another sequence of triple-degree numbers of T .)

4.5 Higher-order generalized degree polynomials

In the final section of this chapter, we discuss a further generalization of the GDP: the

generalized degree polynomial of order m for positive integers m.

To define this polynomial, we first extend the notion of boundary edge from Section 4.2

as follows. Let F be a forest and let A1, . . . , Am be disjoint subsets of V (F ). A boundary

edge of (A1, . . . , Am) is an edge of F that is a boundary edge of at least one Ai, that is, the

set of boundary edges of (A1, . . . , Am) is simply

D(A1, . . . , Am) = D(A1) ∪ · · · ∪D(Am).

We write d(A1, . . . , Am) = |D(A1, . . . , Am)|. Thus, d(A1, . . . , Am) ≤ d(A1) + · · ·+ d(Am).

Definition 4.30. The generalized degree polynomial of order m of a forest F is

G
(m)
F (x1, . . . , xm, y, z1, . . . , zm) =

∑
A1t···tAm⊆V (F )

x
|A1|
1 · · ·x|Am|

m ·yd(A1,...,Am) ·ze(A1)
1 · · · ze(Am)

m ,

where the sum is over tuples (A1, . . . , Am) of disjoint subsets of V (F ).

Note that G
(1)
F is equivalent to the usual generalized degree polynomial GF . As in

Section 4.2, we will show that G
(m)
F is a linear function of XF . To do this, we first consider

a variant of XF itself, the bad chromatic symmetric function BF , and show that in fact it

is equivalent to XF . We will then show how BF naturally gives rise to G
(m)
F .
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Definition 4.31. For a forest F , the bad chromatic symmetric function of F is

BF (x1, x2, . . . ; z1, z2, . . . ) =
∑
κ

∏
i

x
|κ−1(i)|
i z

bκ(i)
i ,

where κ : V (F ) → Z>0 is any vertex coloring (not necessarily proper) of F , and bκ(i) is the

number of edges {v, w} ∈ E(F ) such that κ(v) = κ(w) = i.

(This can be seen as a further generalization of Stanley’s symmetric function general-

ization of the bad coloring polynomial by setting zi = 1 + t; see [32, Section 3.1].)

If we let Ai denote the set of vertices colored i, then we can alternatively write

BF (x1, x2, . . . ; z1, z2, . . . ) =
∑

A1tA2t···=V (F )

∏
i

x
|Ai|
i z

e(Ai)
i ,

where the sum ranges over all ways to express V (F ) as a disjoint union of (possibly empty)

sets Ai. We denote by B(m)
F the polynomial in variables x1, . . . , xm, z1, . . . , zm obtained by

setting xi = zi = 0 in BF for i > m. Observe that BF can be recovered as an inverse limit

over the polynomials B(m)
F because any particular monomial of BF appears in B(m)

F for all

sufficiently large m.

As a formal power series, BF is a MacMahon symmetric function, as defined in [28]: that

is, it is invariant under the diagonal action of the symmetric group of the positive integers

simultaneously permuting the x-variables and the z-variables. In addition, setting all zi = 0

in BF recovers the chromatic symmetric function XF . Note also that if Ai is a nonempty

subset of V (F ) inducing a connected subgraph of F , then e(Ai) = |Ai| − 1. Thus, for any

partition λ ` |F |, the coefficient of
∏

i x
λi
i z

λi−1
i in BF is (up to a factor corresponding to

permuting equal parts of λ) exactly bλ(F ), the number of connected partitions of F of type

λ. It follows that one can also recover the power sum expansion of XF from BF .

While it might seem that BF contains strictly more information than XF , the following

proposition shows that XF determines B(m)
F for eachm, so BF and XF are in fact equivalent.
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Proposition 4.32. For each m, there exists a Q-algebra map β(m) such that β(m)(XF ) =

B(m)
F for all forests F .

Proof. Recall the functions ϕt,u from Lemma 4.15. We consider the m-fold convolution

β(m) = ϕx1,z1 ∗ · · · ∗ ϕxm,zm .

For a forest F , iterating Proposition 2.6 yields

∆m−1(XF ) =
∑

A1t···tAm=V (F )

XF |A1
⊗ · · · ⊗XF |Am

,

where A1, . . . , Am partition the vertices of F . Therefore, we have

β(m)(XF ) =
∑

A1t···tAm=V (F )

ϕx1,z1(XF |A1
) · · · ϕxm,zm(XF |Am

)

=
∑

A1t···tAm=V (F )

x
|A1|
1 · · ·x|Am|

m · ze(A1)
1 · · · ze(Am)

m ,

which is precisely B(m)
F .

We now show that G
(m)
F is essentially equivalent to B(m+1)

F . If A1 t · · · tAm+1 = V (F ),

then the boundary edges of (A1, . . . , Am) are precisely the edges whose endpoints lie in

different subsets Ai and Aj for some 1 ≤ i 6= j ≤ m+ 1. Hence

d(A1, . . . , Am) +
m+1∑
i=1

e(Ai) =
m+1∑
i=1

|Ai| − c(F )
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since both sides count the total number of edges in F . Therefore

B(m+1)
F (x1y, . . . , xmy, y; y

−1z1, . . . , y
−1zm, y

−1)

=
∑

A1t···tAmtAm+1=V (F )

x
|A1|
1 · · ·x|Am|

m · y
∑m+1

i=1 (|Ai|−e(Ai)) · ze(A1)
1 · · · ze(Am)

m

=
∑

A1t···tAm⊆V (F )

x
|A1|
1 · · ·x|Am|

m · yd(A1,...,Am)+c(F ) · ze(A1)
1 · · · ze(Am)

m

= yc(F )G
(m)
F (x1, . . . , xm, y, z1, . . . , zm).

It follows that there is a Q-algebra map γ(m) that sends XF to yc(F )G
(m)
F . Specifically, the

above computations show that we can take

γ(m) = ϕx1y,y−1z1 ∗ · · · ∗ ϕxmy,y−1zm ∗ ϕy,y−1 .

(When m = 1, this reduces to the map from Proposition 4.14.) We note that γ(m) is

multiplicative and satisfies

γ(m)(pn) = xn1y(y − z1)
n−1 + · · ·+ xnmy(y − zm)n−1 + y(y − 1)n−1.

4.5.1 Future work

A natural direction for future work is to investigate what information about a tree T is de-

termined by G
(m)
T for each positive integer m. In particular, we pose the following question.

Question 4.33. Does there exist a positive integer m such that G
(m)
T distinguishes trees?

As we already know, it is not true that G
(1)
T (i.e., GT ) distinguishes trees; the smallest

pair of non-isomorphic trees with the same generalized degree polynomial is depicted in

Figure 3.1. However, we have not been able to find a pair of non-isomorphic trees T1 and T2

with G
(2)
T1

= G
(2)
T2

. A computer search indicates that no such trees exist with |T1| = |T2| ≤ 23.

A positive answer to Question 4.33 would immediately imply a positive answer to Ques-
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tion 1.1. However, the converse does not necessarily hold, that is, it is possible that the

chromatic symmetric function distinguishes trees but no single G
(m)
T does. (This is because

our method to recover XT from BT and thus from the G
(m)
T requires m = |T | − 1, which is

unbounded.) If this is indeed the case, then a construction to produce pairs (or larger sets)

of non-isomorphic trees with the same G
(m)
T could be valuable in studying Question 1.1.
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Chapter 5

GENERALIZED DEGREE POLYNOMIALS OF ROOTED AND
POLARIZED GRAPHS

In this chapter, we consider variations on the generalized degree polynomial for graphs

with distinguished vertices, specifically rooted graphs (with one distinguished vertex called

the root) and polarized graphs (with two distinguished vertices called the left pole and right

pole). These variations on the generalized degree polynomial enumerate the same triple of

statistics over vertex subsets as the ordinary GDP, but do so while also tracking whether

the distinguished vertices lie in that subset.

Unlike ordinary trees, rooted trees and polarized trees are distinguished by their respec-

tive GDPs, as we show by adapting work of Loehr and Warrington [23]. However, studying

the GDPs of rooted and polarized trees will yield results about the GDPs of ordinary trees:

specifically, we present a recurrence relation satisfied by the ordinary GDP and prove some

divisibility results. In the next chapter, we will use the machinery of rooted and polarized

GDPs to give several constructions for families of ordinary trees that have the same GDP.

5.1 Rooted graphs

Recall that a rooted graph is a graph P together with a distinguished vertex r(P ) called its

root.1 Two rooted graphs P and Q are considered isomorphic, written P ∼= Q, if there is

an edge-preserving bijection V (P ) → V (Q) that sends r(P ) to r(Q).

Given a rooted graph P , we define two polynomials G1
P (x, y, z) and Gr

P (x, y, z) by

G1
P =

∑
r(P )/∈S

x|S|yd(S)ze(S) and Gr
P =

∑
r(P )∈S

x|S|yd(S)ze(S),

1We will use the letters P and Q to represent rooted graphs when possible.
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where in the first sum, S ranges over all subsets of V (P ) not containing r(P ), and in the

second sum, S ranges over all subsets of V (P ) containing r(P ).

Definition 5.1. The generalized degree polynomial (GDP) of a rooted graph P is the vector

GP =

G1
P

Gr
P

 .
If P is a rooted graph, then by default, “the GDP” of P should be understood to mean

GP as just defined; we will also refer to GP as “the rooted GDP” of P for clarity. However,

on occasion we may want to refer to “the ordinary GDP” of P , denoted GP , which is the

GDP of P considered as an ordinary graph (forgetting about the root). This satisfies

GP = G1
P +Gr

P =

[
1 1

]
GP .

Example 5.2. If P is the path Pa3 with its root at one end, then we have

GP =

 1 + xy + xy2 + x2yz

xy + x2y2 + x2yz + x3z2

 .
♦

Before continuing, we remark that it is not entirely necessary to include both G1
P and

Gr
P in our definition of GP because, in fact, G1

P and Gr
P determine each other. To see why,

first, let n and m be the number of vertices and edges of P , respectively. Note that the

unique term of G1
P with highest x-degree is xn−1ydeg r(P )zm−deg r(P ), obtained by choosing

the vertex subset S to contain all vertices of P except for r(P ). Thus, n and m can

be recovered from G1
P . Similarly, the unique term of Gr

P with highest x-degree is xnzm,

obtained by choosing S to be all of V (P ), so n and m can also be recovered from Gr
P .
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Next, suppose that S ⊆ V (P ) and let S′ = V (P ) \ S be the complement of S. Then

|S′| = n− |S|,

d(S′) = d(S),

e(S′) = m− d(S)− e(S).

Hence, the linear involution on Q[x, y, z] that sends xaybzc to xn−aybzm−b−c (if all the expo-

nents are nonnegative, otherwise zero) sends the monomial x|S|yd(S)ze(S) to x|S′|yd(S
′)ze(S

′)

for all S ⊆ V (P ). Since r(P ) /∈ S if and only if r(P ) ∈ S′, it follows that this involution

swaps G1
P and Gr

P . (We can apply this involution given G1
P or Gr

P because we can first

recover the values of n and m.) Thus, knowing either G1
P or Gr

P is enough to determine the

rooted GDP of P . Despite this, our choice of definition for GP is more symmetric and will

prove useful later on in our analysis.

5.1.1 Distinguishing rooted trees

Unlike for ordinary (unrooted) trees, rooted trees are completely distinguished by their

GDPs, as we now prove. To do so, we rely on a rooted version of the chromatic symmetric

function [23], defined by Loehr and Warrington, which also distinguishes rooted trees. In

fact, they proved a much stronger result, namely, that there is a univariate specialization

of the rooted CSF that distinguishes rooted trees.

Definition 5.3 ([23, Section 3.4]). Let P be a rooted graph and i ∈ {0, 1, 2, 3}. We define

a polynomial

fP,i(q) =
∑

κ∈Ci(P )

q|κ
−1({0,1})|,

where Ci(P ) is the set of all proper colorings κ : V (P ) → {0, 1, 2, 3} such that κ(r(P )) = i.

Note that fP,0(q) = fP,1(q) because, given a proper coloring κ ∈ C0(P ), replacing all

0s with 1s and 1s with 0s gives a corresponding proper coloring κ′ ∈ C1(P ). By a similar
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argument, fP,2(q) = fP,3(q). Furthermore, fP,0(q) and fP,2(q) determine each other because

their coefficient sequences are reverses of each other [23, Proposition 16(a)]. Specifically, if

P has n vertices, then there are nonnegative integers c1, . . . , cn (depending on P ) such that

fP,0(q) = cnq
n + cn−1q

n−1 + · · ·+ c2q
2 + c1q

and

fP,2(q) = c1q
n−1 + c2q

n−2 + · · ·+ cn−1q + cn.

(This can be proved by considering the effect of switching 0 with 2 and 1 with 3 in proper

colorings of P .) Thus, the invariants fP,i(q) are all equivalent. Loehr and Warrington

showed that they distinguish rooted trees [23, Theorem 17].

To bring the rooted GDP into this picture, we show that fP,0(q) (and thus each fP,i(q))

is a specialization of GP when P is a rooted tree.

Theorem 5.4. For any rooted tree P , fP,0(q) = Gr
P (q, 2, 1) and fP,2(q) = G1

P (q, 2, 1).

Proof. Given a proper coloring κ ∈ C0(P ), let S = κ−1({0, 1}) be the set of all vertices

colored 0 or 1. Then S is a subset of V (P ) containing r(P ), and the contribution of κ to

the sum defining fP,0(q) is q|S|. Therefore

fP,0(q) =
∑

r(P )∈S

q|S|#{κ ∈ C0(P ) : κ
−1({0, 1}) = S}.

Now fix some S ⊆ V (P ) with r(P ) ∈ S, and let S′ = V (P ) \ S. Consider a proper coloring

κ ∈ C0(P ) such that κ−1({0, 1}) = S. Under κ, each component of P |S must be colored

with colors 0 and 1, while each component of P |S′ must be colored with colors 2 and 3.

These components are all subtrees of P and can be colored independently. Each has exactly

two valid colorings, except for the component of P |S containing r(P ), which has only one
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(since r(P ) must get color 0). Thus the number of possible κ is

2c(P |S)+c(P |S′)−1 = 2|S|−e(S)+|S′|−e(S′)−1 = 2d(S)

(since |S|+ |S′| = |P |). We conclude that

fP,0(q) =
∑

r(P )∈S

q|S|2d(S) = Gr
P (q, 2, 1),

as claimed. To prove fP,2(q) = G1
P (q, 2, 1), we use the same argument: for each S, the

number of proper colorings κ ∈ C2(P ) such that κ−1({0, 1}) = S is still 2d(S), but now S

must not contain r(P ).

When this is combined with Loehr and Warrington’s result, we immediately obtain:

Corollary 5.5. Non-isomorphic rooted trees have different rooted GDPs.

In fact, we can prove a stronger result: non-isomorphic rooted trees must have linearly

independent rooted GDPs. To do so, we will need to perform a somewhat deeper analysis

of the polynomials fP,i(q) and the structure of rooted trees.

We say that a rooted tree is a flower if its root has degree 1. (In particular, the rooted

tree with one vertex is not a flower.) Then, every rooted tree P can be written uniquely

as a union of flowers with the same root as P and that only intersect at their roots. If

P = P1∪· · ·∪Pk is such a decomposition, then we can naturally identify the set of colorings

Ci(P ) with the Cartesian product Ci(P1)× · · · × Ci(Pk), for each i ∈ {0, 1, 2, 3}. It follows

that

fP,2(q) = fP1,2(q) · · · fPk,2(q) and
fP,0(q)

q
=
fP1,0(q)

q
· · ·

fPk,0(q)

q
,

where in the latter equation we divide each polynomial by q to avoid overcounting the root.

(The rooted GDP factors similarly: G1
P = G1

P1
· · ·G1

Pk
and Gr

P
x =

Gr
P1
x · · ·

Gr
Pk
x .)

Lemma 5.6. If P is a flower, then fP,0(q)/q and fP,2(q) are irreducible over Q[q].
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Proof. By Theorem 5.4, we have

fP,0(q) = Gr
P (q, 2, 1) =

∑
r(P )∈S

q|S|2d(S).

Since P is a flower, d({r(P )}) = deg r(P ) = 1. Furthermore, d(S) > 0 for all nonempty

proper subsets S of V (P ). This means that

fP,0(q) = qn + cn−1q
n−1 + · · ·+ c2q

2 + 2q

where n = |P | and cn−1, . . . , c2 are even integers. Thus, Eisenstein’s criterion with respect

to the prime 2 shows that fP,0(q)/q is irreducible. Since fP,2(q) is obtained by reversing the

coefficient sequence of fP,0(q), its irreducibility follows immediately.

We can now prove the desired strengthening of Corollary 5.5.

Theorem 5.7. If P and Q are non-isomorphic rooted trees, then GP and GQ are linearly

independent.

Proof. Suppose that GP and GQ are linearly dependent. Then G1
PG

r
Q = G1

QG
r
P . Making

the substitution (x, y, z) = (q, 2, 1) and dividing by q, we get

fP,2
fQ,0

q
= fQ,2

fP,0
q
.

Let P = P1 ∪ · · · ∪ Pk and Q = Q1 ∪ · · · ∪ Q` be the flower decompositions of P and Q.

Then we have

fP1,2 · · · fPk,2 ·
fQ1,0

q
· · ·

fQ`,0

q
= fQ1,2 · · · fQ`,2 ·

fP1,0

q
· · ·

fPk,0

q
.

By Lemma 5.6, all these terms are irreducible in Q[q], so we must be able to pair up terms

between the left and right sides such that the terms in each pair are rational multiples of

each other.
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However, observe that if C is a flower, then fC,2(q) has leading coefficient 2 and constant

coefficient 1, while fC,0(q)/q has leading coefficient 1 and constant coefficient 2. Thus, for

this pairing to exist, we must have k = `, and fPi,2(q) = fQi,2(q) and fPi,0(q)/q = fQi,0(q)/q

for all i (relabeling the flowers Pi as necessary). By [23, Theorem 17], this means that

Pi
∼= Qi for all i, and hence P ∼= Q.

5.2 Polarized graphs

Next, we consider a kind of graph with two distinguished vertices, which is lesser-known

but nonetheless will prove very useful in analyzing the generalized degree polynomial.

Definition 5.8. A polarized graph is a graph A together with two distinguished vertices,

called the left pole and right pole, and denoted by L(A) and R(A), respectively.2

We consider polarized graphs A and B to be isomorphic, written A ∼= B, if there is an

edge-preserving bijection V (A) → V (B) that sends L(A) to L(B) and R(A) to R(B).

Note that the left and right poles of a polarized graph are allowed to be the same

vertex; such polarized graphs are essentially equivalent to rooted graphs. However, if they

are distinct, then it matters which pole is which: switching them generally produces a

non-isomorphic polarized graph.

It will be useful to have a standard notation for two small polarized graphs:

(i) We denote by •
LR

the polarized graph with one vertex (and no edges).

(ii) We denote by •
L
•
R

the polarized graph with two vertices, no edges, and distinct poles.

Let us now define the generalized degree polynomial of a polarized graph.

Definition 5.9. Let A be a polarized graph. We define four polynomials G1
A, GR

A, GL
A, and

2We will use the first few capital letters A, B, C, etc., to represent polarized graphs when possible.
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GLR
A in x, y, z as follows:

G1
A =

∑
L(A)/∈S
R(A)/∈S

x|S|yd(S)ze(S), GR
A =

∑
L(A)/∈S
R(A)∈S

x|S|yd(S)ze(S),

GL
A =

∑
L(A)∈S
R(A)/∈S

x|S|yd(S)ze(S), GLR
A =

∑
L(A)∈S
R(A)∈S

x|S|yd(S)ze(S).

(In each sum, S ranges over subsets of V (A) that either do or do not contain L(A), and

either do or do not contain R(A).) Then the generalized degree polynomial of A is the matrix

GA =

G1
A GR

A

GL
A GLR

A

 .

If A is a polarized graph, then “the GDP of A” should be understood to mean the matrix

GA just defined; we will also use the term “polarized GDP of A” for clarity. Note that if A

is considered as an ordinary graph, then its ordinary GDP GA is

GA = G1
A +GL

A +GR
A +GLR

A =

[
1 1

]
GA

1
1

 .

Example 5.10. For the polarized graph A depicted in Figure 5.1, we have

GA =

 1 + xy xy + x2y2

xy2 + x2yz x2yz + x3z2

 .
Note that when drawing a polarized graph, we label the left and right poles with L and R,

respectively.

♦
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L R

Figure 5.1: The polarized graph A of Example 5.10.

Example 5.11. The polarized GDPs of •
LR

and •
L
•
R

are respectively

G• =

1 0

0 x

 and G• • =

1 x

x x2

 .
Note that we write G• and G• • instead of the more cumbersome G •

LR
and G•

L
•
R
. ♦

If A is a polarized graph and one of its components C contains neither L(A) nor R(A),

then we have GA = GCGA\C , where A \ C is the union of the other components. That is,

the presence of a “non-polarized” component only multiplies the polarized GDP by a scalar.

(The analogous fact for rooted graphs is also true.)

Remark 5.12. It may seem strange to define the polarized GDP as a matrix, rather than

(say) a 4-dimensional vector. One reason for doing so is that this definition generalizes

readily to graphs with any number of distinguished vertices, so that the GDP of a graph

with an n-tuple of distinguished vertices is a tensor of order n over the field Q(x, y, z). In

addition, we will see several ways in which one can analyze polarized graphs by applying

linear algebra to their GDPs, and this is made much more elegant by using matrices. (In

particular, concatenation of polarized graphs will be essential to stating and proving our

main results, and its effect on GDPs is naturally described using matrix multiplication.)

5.2.1 Properties of polarized graphs

We now define some basic concepts related to polarized graphs, beginning with some prop-

erties they may possess.
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Definition 5.13. A polarized graph A is called

(i) diagonal if L(A) = R(A);

(ii) symmetric if there is an automorphism of A (as an ordinary graph) that swaps L(A)

and R(A);

(iii) singular if L(A) and R(A) are in different connected components of A.

As we are about to show, these properties of polarized graphs are so named because

they imply the corresponding property (for matrices) of the polarized GDP.

Proposition 5.14. Let A be a polarized graph.

(i) If A is diagonal, then GA is diagonal.

(ii) If A is symmetric, then GA is symmetric.

(iii) If A is singular, then GA is singular.

Proof. If A is diagonal, then clearly there are no subsets S ⊆ V (A) with L(A) ∈ S and

R(A) /∈ S, or L(A) /∈ S and R(A) ∈ S. Thus GL
A = GR

A = 0, so GA is diagonal, proving (i).

If A is symmetric, let ϕ be an automorphism of A swapping L(A) and R(A). Then ϕ

induces a bijection between subsets of V (A) that contain L(A) but not R(A), and those

that contain R(A) but not L(A). Therefore GL
A = GR

A, so GA is symmetric, proving (ii).

Finally, suppose that A is singular. Let P be the component of A containing L(A),

considered as a rooted tree with root L(A). Let Q be the union of all the other components,

considered as a rooted tree with root R(A). Then we have the equalities

G1
A = G1

PG
1
Q, GL

A = Gr
PG

1
Q, GR

A = G1
PG

r
Q, and GLR

A = Gr
PG

r
Q,

which implies G1
AG

LR
A = GL

AG
R
A. Thus GA is singular, proving (iii). (In the next section,

we will give a name to this decomposition of singular polarized graphs.)
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Observe that the converse of (1) also holds, since if L(A) 6= R(A), then GL
A and GR

A are

both nonzero. Later in this chapter, we will be able to prove the converses of (2) and (3)

as well (assuming that A is a forest, which is the case we are most concerned with).

5.3 Operations on polarized and rooted graphs

We now consider some operations that can be performed on polarized and rooted graphs,

together with their effects on the polarized and rooted GDP.

Definition 5.15. Let A be a polarized graph. The opposite of A, denoted A∗, is the

polarized graph derived from A by switching its poles: L(A∗) = R(A) and R(A∗) = L(A).

Thus, a polarized graph A is symmetric if and only if A ∼= A∗ as polarized graphs.

From the definition of A∗, it is clear that G1
A∗ = G1

A and GLR
A∗ = GLR

A , while GL
A∗ = GR

A

and GR
A∗ = GL

A. Therefore

GA∗ = GT
A, (5.1)

that is, GA∗ and GA are transposes.

Next, we consider two ways to turn polarized graphs into rooted graphs.

Definition 5.16. Let A be a polarized graph. The left-rooting of A, denoted AL, is the

rooted graph obtained from A by choosing its left pole L(A) as the root. Analogously, the

right-rooting of A, denoted AR, is obtained from A by choosing R(A) as the root.

Observe that

G1
AL

= G1
A +GR

A and Gr
AL

= GL
A +GLR

A ,

which means that the rooted GDP of AL satisfies

GAL
= GA

1
1

 . (5.2)
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Similarly, the rooted GDP of the right-rooting of A satisfies

GAR
=

[
1 1

]
GA (5.3)

(treating GAR
as a row vector for the purpose of this formula).

Conversely, here are some ways to turn rooted graphs into polarized graphs.

Definition 5.17. If P is a rooted graph, its polarization P̂ is the polarized graph obtained

by P by taking L(P̂ ) = R(P̂ ) = r(P ).

Thus, the polarization of a rooted graph is always diagonal, and its polarized GDP

satisfies

GP̂ =

G1
P̂

0

0 GLR
P̂

 =

G1
P 0

0 Gr
P

 . (5.4)

In other words, GP̂ is the diagonal matrix whose diagonal entries are the entries of GP .

Definition 5.18. If P and Q are any rooted graphs, we can consider their disjoint union

P tQ as a polarized graph with left pole r(P ) and right pole r(Q). We call this polarized

graph the tensor product of P and Q, and denote it by P ⊗Q.3

Observe that the tensor product of rooted graphs is always a singular polarized graph.

Furthermore, its polarized GDP satisfies

GP⊗Q =

G1
P⊗Q GR

P⊗Q

GL
P⊗Q GLR

P⊗Q

 =

G1
PG

1
Q G1

PG
r
Q

Gr
PG

1
Q Gr

PG
r
Q

 =

G1
P

Gr
P

[G1
Q Gr

Q

]
= GP GT

Q, (5.5)

which justifies the name “tensor product” for this operation.

Conversely, for any singular polarized graph A, we can always find P and Q such that

A = P ⊗ Q, say, by taking P to be the component of A containing L(A) and taking Q to

3Note that the operation ⊗ on rooted graphs is not symmetric; rather, P ⊗ Q and Q ⊗ P are opposites
of each other as defined above.
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L R

A

L R

B

L

AB

R

Figure 5.2: Two polarized graphs and their concatenation.

be the union of all the other components. If A only has two components, then the pair

(P,Q) is unique. Instead, if A has components containing neither L(A) nor R(A), then

these components can be chosen to be part of either P or Q. (However, in applications, our

graphs will generally not have any such components.)

5.3.1 Concatenation and cross-join

Now, we define the two most important operations on polarized graphs. We begin with

concatenation, which combines two polarized graphs by joining them end to end.

Definition 5.19. Let A and B be polarized graphs. The concatenation of A and B, denoted

AB, is the polarized graph obtained from the disjoint union AtB by identifying R(A) and

L(B), with poles L(AB) = L(A) and R(AB) = R(B). (Here we view A and B as embedded

inside AB.)

We say that polarized graphs A and B commute if AB ∼= BA.

Example 5.20. Figure 5.2 depicts the concatenation of two polarized graphs. ♦

Example 5.21. If P and Q are rooted graphs, then their tensor product P ⊗ Q can also

be written as the concatenation P̂
(
•
L
•
R

)
Q̂. ♦

Note that the polarized graph •
LR

is the (two-sided) identity element for concatenation.

As promised, here is the main reason for defining the polarized GDP as a matrix: con-

catenation of polarized graphs corresponds (very nearly) to multiplication of their GDPs.
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Theorem 5.22. For any two polarized graphs A and B, we have

GAB = GAMGB (5.6)

where M =
[
1 0
0 x−1

]
.

Proof. The claimed equality is

G1
AB GR

AB

GL
AB GLR

AB

 =

G1
A GR

A

GL
A GLR

A


1 0

0 x−1


G1

B GR
B

GL
B GLR

B

 . (5.7)

For each entry on the left-hand side, a bijective argument shows that it is equal to the

corresponding entry of the product on the right-hand side. For example, taking the top-left

entry of both sides, we see that we want to prove

G1
AB = G1

AG
1
B + x−1GR

AG
L
B. (5.8)

Suppose that S ⊆ V (AB) is a subset containing neither L(AB) nor R(AB) (which are the

same as L(A) and R(B), respectively). There are two cases to consider:

(i) If S does not contain the vertex R(A) = L(B) either, then we can uniquely write S

as a union S = S1 ∪ S2, where S1 ⊆ V (A) and S2 ⊆ V (B) such that L(A), R(A) /∈ S1

and L(B), R(B) /∈ S2. Then the contribution to the sum defining G1
AB over such S is

exactly G1
AG

1
B, giving the first term on the right-hand side.

(ii) If instead S contains R(A) = L(B), then we have S = S1 ∪ S2, where S1 ⊆ V (A)

and S2 ⊆ V (B) such that L(A) /∈ S1, R(A) ∈ S1, L(B) ∈ S2, and R(B) /∈ S2. The

contribution to G1
AB over such S is x−1GR

AG
L
B, where the factor of x−1 is necessary to

avoid double-counting the shared vertex R(A) = L(B). (That is, |S| = |S1|+ |S2| − 1

in this case, whereas in the previous case we had just |S| = |S1|+ |S2|.) This gives the

second term on the right-hand side.
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By combining these cases, we obtain (5.8), as desired. The equations for the other entries

of (5.7) follow similarly.

We can also define concatenation when one or both of the graphs are rooted. Specifically:

(i) If A is rooted and B is polarized, then AB is a rooted graph with root R(B), obtained

from A tB by identifying r(A) with L(B).

(ii) If A is polarized and B is rooted, then AB is a rooted graph with root L(A), obtained

from A tB by identifying R(A) with r(B).

(iii) If A and B are both rooted, then AB is an ordinary graph, obtained from A t B by

identifying r(A) with r(B).

In all of these cases, equation (5.6) still holds (interpreting the GDPs so that the matrix

multiplication makes sense4). Here is one way to see this. Consider, for example, case (i),

in which A is rooted and B is polarized. Let Â be the polarization of A. Then (5.6) gives

GÂB = GÂMGB. Multiplying on the left by [ 1 1 ], we obtain GAB = GAMGB by (5.3),

since AB is the right-rooting of ÂB and A is the right-rooting of Â. A similar argument

applies for cases (ii) and (iii).

Remark 5.23. Observe that the matrix M of Theorem 5.22 satisfies M = G−1
• . Therefore,

taking A = •
LR

in (5.6) gives G•B = GB, as expected because •
LR
B is isomorphic to B. (We

get a similar conclusion by taking B = •
LR

.) In addition, multiplying (5.6) on the right by

M gives

GABM = GAMGBM

for all polarized graphs A and B. This implies that concatenation corresponds exactly to

matrix multiplication under the map A 7→ GAM .

4Namely, we should assume that in case (i) above, GAB and GA are row vectors; in case (ii), GAB and
GB are column vectors; and in case (iii), GAB is a scalar, GA is a row vector, and GB is a column vector.
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Remark 5.24. Theorem 5.22 can also be derived by considering a (vertex-)weighted version

of the polarized GDP. Let us sketch the details. A weighted polarized graph is a pair (A,w),

where A is a polarized graph and w is a function V (A) → Z. (When w is a constant function,

say w(v) = c for all v, we write (A, c) instead of (A,w).) We extend w to subsets of V (A)

additively and call w(S) the weight of S. Then the polarized GDP of (A,w), denoted GA,w,

is defined by replacing |S| with w(S) throughout Definition 5.9; for example, GA,w has

top-left entry

G1
A,w =

∑
L(A)/∈S
R(A)/∈S

xw(S)yd(S)ze(S).

(The entries of GA,w are Laurent polynomials in x, y, z, since w can take negative values.)

Note that GA,1 = GA, and in general, GA,c is obtained from GA by replacing x with xc.

We define the concatenation of two weighted polarized graphs just like in the unweighted

case, except that we must specify the weight function. The most natural choice is to sum

the weights on the identified vertex v: that is, the concatenation of (A,wA) and (B,wB) is

(AB,wAB), where wAB(v) = wA(R(A))+wB(L(B)), and otherwise wAB restricts to wA and

wB. Then one can show, using a similar bijective argument as above, that concatenation

corresponds exactly to matrix multiplication of the GDPs:

GAB,wAB
= GA,wA

GB,wB
.

To recover Theorem 5.22, we cannot just take wA, wB ≡ 1 in this formula, because then the

identified vertex R(A) = L(B) would have weight 2. However, we can correct for this by

inserting the polarized graph •
LR

whose single vertex has weight −1. That is, we take the

three weighted polarized graphs (A, 1), ( •
LR
,−1), and (B, 1), whose concatenation in that

order is (AB, 1), and therefore

GAB = GAG•,−1GB.
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A

L R

B A#B

Figure 5.3: The cross-join of two polarized graphs.

Theorem 5.22 now follows because G•,−1 =
[
1 0
0 x−1

]
.

Finally, we define a related operation to concatenation called cross-join, which turns two

polarized graphs into an ordinary graph.

Definition 5.25. Let A and B be polarized graphs, at least one of which is singular. The

cross-join of A and B, denoted A#B, is the ordinary graph obtained from the disjoint union

A tB by identifying R(A) and L(B), and identifying L(A) and R(B).5

Note that unlike concatenation, cross-join is a symmetric operation, in the sense that

A#B and B#A are isomorphic. We have the relation A#(BC) ∼= (AB)#C when both

sides are defined.

The cross-join can also be written using concatenation. Suppose, for example, that B is

singular, and write it as a tensor product of rooted graphs B = P ⊗Q. Then A#B = QAP .

Example 5.26. Figure 5.3 depicts polarized graphs A and B, with B singular, and their

cross-join A#B. ♦

Using our formula for the polarized GDP of a concatenation, we can also derive an

expression for the GDP of the cross-join of polarized graphs.

5It is possible to define A#B in this way even when both A and B are nonsingular. However, the resulting
graph could have multiple edges (for example, if the poles of A were adjacent and the poles of B were
adjacent) or self-loops (for example, if A were diagonal and the poles of B were adjacent) and so we would
need to adjust our notion of the GDP to handle non-simple graphs. However, even if we did so in the
most natural way, the below formula for the GDP of A#B would still be incorrect if both A and B were
diagonal. Instead, the present definition will suffice for our purposes and lets us avoid such complications.
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Theorem 5.27. Let A and B be polarized graphs, at least one of which is singular. Then

GA#B = tr(GAMGBM), (5.9)

where M =
[
1 0
0 x−1

]
as in Theorem 5.22.

Proof. Suppose that B is singular, and write B = P ⊗Q for rooted graphs P and Q. Then

we have

GA#B = GQAP = GT
QMGAMGP

= tr(GT
QMGAMGP )

= tr(GAMGPG
T
QM)

= tr(GAMGBM),

where we used the fact that tr(XY ) = tr(Y X) for matrices X and Y , as well as (5.5). The

case in which A is singular follows by symmetry.

In view of Theorem 5.27, we define a bilinear form on 2× 2 matrices over Q(x, y, z) by

〈f, g〉 = tr(fMgM).

Then (5.9) says that GA#B = 〈GA,GB〉. (Note that the form 〈·, ·〉 is symmetric.)

Before continuing, we note an easy lemma that will be useful for a proof in Chapter 6.

Lemma 5.28. The bilinear form 〈·, ·〉 is nondegenerate. That is, if f is a 2× 2 matrix such

that 〈f, g〉 = 0 for all g, then we must have f = 0.

Proof. Let f =
[
f11 f12
f21 f22

]
. For i, j ∈ {1, 2}, let Eij be the 2 × 2 matrix with 1 in position

(i, j) and zeros everywhere else. Taking g =M−1EijM
−1, one can check that

〈f, g〉 = tr (fEij) = fji.
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L R L R

Figure 5.4: A pair of polarized graphs that are doppelgängers.

Thus all the entries of f are zero.

5.4 Distinguishing polarized trees

We will now show that the polarized GDP distinguishes polarized trees. To do so, we will

need the analogous fact about rooted trees (Corollary 5.5), although it will not quite suffice

on its own.

Let A be a polarized tree. Its polarized GDP GA determines GAL
and GAR

via (5.2)

and (5.3). Then, it follows from Corollary 5.5 that GA determines both AL and AR, up to

isomorphism of rooted graphs. Unfortunately, this information is not enough to recover A,

because there exist non-isomorphic polarized trees whose left-rootings are isomorphic and

whose right-rootings are isomorphic. Let us give these pairs of trees a name:

Definition 5.29. Two polarized graphs A and B are called doppelgängers if A 6∼= B, but

AL
∼= BL and AR

∼= BR as rooted graphs.

Example 5.30. The two polarized graphs shown in Figure 5.4 are doppelgängers. ♦

Of course, doppelgängers are isomorphic as ordinary graphs. Hence, we can construct

any pair of doppelgängers by taking an ordinary graph A and then choosing vertices u1, v1,

u2, and v2 of A satisfying the following conditions:

(i) There exists an automorphism of A that sends u1 to u2.

(ii) There exists an automorphism of A that sends v1 to v2.



104

(iii) There is no automorphism of A that simultaneously sends u1 to u2 and v1 to v2.

Then the corresponding doppelgängers have left pole ui and right pole vi, for i ∈ {1, 2}.

Given AL and AR, in order to distinguish A from its possible doppelgängers, it turns

out that we only need one more piece of information: the distance between the poles. We

first show that GA determines this distance.

Lemma 5.31. If A is a polarized tree, then GA determines the length (number of edges)

of the unique path in A between L(A) and R(A).

Proof. Let ` be the length of this path. Then GLR
A contains a term of the form x`+1ykz` for

some k, obtained by choosing the vertex subset S to be exactly the vertices along the path.

Furthermore, GLR
A does not contain a term of the form xm+1ykzm for any k and m < `,

since such a term would correspond to a connected subgraph of A that contains both L(A)

and R(A) but has fewer than `+ 1 vertices. Hence GLR
A determines `, as desired.

It remains to show that this information about a polarized tree A — namely, the isomor-

phism types of AL and AR, as well as the distance between L(A) and R(A) — is enough to

recover A. This is a purely graph-theoretical task, not involving the GDP; our proof relies

on certain facts about automorphisms of ordinary trees.

Let T be a tree. Given vertices v1 and v2 of T , we write v1 ∼ v2 if there is an auto-

morphism of T sending v1 to v2; note that ∼ is an equivalence relation on V (T ). Also, let

d(v1, v2) be the distance between v1 and v2, that is, the number of edges in the path in T

between v1 and v2.

Lemma 5.32. Let T be a tree and suppose v1 and v2 are vertices with v1 ∼ v2. Then there

is an automorphism of T that swaps v1 and v2.

Proof. Recall that every tree has a center, either a single vertex or a pair of adjacent

vertices, that must be fixed by any automorphism. (The center appears as the middle

vertex or vertices of any longest path in the tree.) If the center of T is a pair of adjacent



105

vertices, we may subdivide their common edge so that the newly introduced vertex becomes

the center; this does not change the automorphism group of T . Then we may consider T to

be rooted at its center vertex u; let Tv denote the subtree of a vertex v.

If v1 ∼ v2, then v1 and v2 must have the same distance from u; we induct on this distance.

If v1 and v2 are adjacent to u, then Tv1 and Tv2 must be isomorphic as rooted trees, so there

is an automorphism of T that swaps these subtrees and fixes all other vertices. This swaps

v1 and v2, as desired.

Otherwise, let w1 and w2 be the parents of v1 and v2, respectively. Then w1 ∼ w2, so

by induction, there is an automorphism ϕ that swaps w1 and w2, and hence also swaps

their subtrees. Let ϕ(v1) = v′1 ∈ Tw2 and ϕ(v2) = v′2 ∈ Tw1 . Then the subtrees of v1, v′1,

v2, and v′2 are all isomorphic, so there is an automorphism of Tw1 that swaps v1 and v′2, as

well as an automorphism of Tw2 that swaps v′1 and v2. Composing these with ϕ, we get an

automorphism of T that swaps v1 and v2, as desired.

Lemma 5.33. Let T be a tree, and let u1, u2, v1, and v2 be vertices of T such that u1 ∼ u2

and v1 ∼ v2. If additionally d(u1, v1) = d(u2, v2), then there is an automorphism of T

sending u1 → u2 and v1 → v2.

Proof. Let ϕ be an automorphism of T with ϕ(v1) = v2, and let ϕ(u1) = u′1. If u′1 = u2

then we are done, so assume u′1 6= u2. We construct an automorphism ψ with ψ(u′1) = u2

that fixes v2; then ψ ◦ ϕ will send u1 → u2 and v1 → v2.

Let w0, w1, . . . , wm be the vertices on the unique path from u′1 = w0 to u2 = wm; then T

decomposes as this path, together with rooted trees T0, T1, . . . , Tm attached to each of the

vertices on the path. Notice that

d(u′1, v2) = d(u1, v1) = d(u2, v2).

Therefore, m must be even, and v2 must lie in the rooted tree Tm/2.

By Lemma 5.32, there is an automorphism σ that swaps u′1 and u2; this must also
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fix wm/2 and restrict to an automorphism τ of the rooted tree Tm/2. Extend τ to an

automorphism of T by fixing all vertices outside Tm/2; then τ−1 ◦ σ swaps u′1 and u2 and it

fixes v2, as desired.

Given our characterization of doppelgängers above, Lemma 5.31 and Lemma 5.33 im-

mediately imply the desired theorem:

Theorem 5.34. The polarized GDP distinguishes polarized trees.

Finally, like with rooted trees, we can also extend this result to linear independence. We

need a fact about the relationship between the GDPs of doppelgängers:

Proposition 5.35. If A and B are doppelgängers, then GA−GB is a multiple of
[

1 −1
−1 1

]
.

Proof. We have GAL
= GBL

, so GA[ 11 ] = GB[ 11 ]. Similarly, GAR
= GBR

, so [ 1 1 ]GA =

[ 1 1 ]GB. Hence GA −GB is a 2× 2 matrix whose right kernel contains [ 11 ] and whose left

kernel contains [ 1 1 ]. This implies the claim.

Theorem 5.36. If A and B are non-isomorphic polarized trees, then GA and GB are

linearly independent.

Proof. Suppose that GA and GB are linearly dependent. Then the rooted GDPs of AL and

BL are also linearly dependent (due to (5.2)), so by Theorem 5.7, AL and BL are isomorphic.

Similarly, AR and BR are isomorphic. Therefore, A and B are doppelgängers (or isomorphic,

in which case we are done), so GA −GB is a multiple of
[

1 −1
−1 1

]
by Proposition 5.35. But

we are assuming that GA and GB are multiples of each other: thus, if GA −GB 6= 0, then

GA and GB must themselves be nonzero multiples of
[

1 −1
−1 1

]
. However, this is absurd

because the entries of GA and GB are polynomials with nonnegative coefficients. Hence

GA −GB must be zero, so A ∼= B by Theorem 5.34.

To conclude this section, we use the results we have built up to prove the converse of

Proposition 5.14 for polarized forests.
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Theorem 5.37. Let A be a polarized forest.

(i) If GA is diagonal, then A is diagonal.

(ii) If GA is symmetric, then A is symmetric.

(iii) If GA is singular, then A is singular.

Proof. For (i), if GA is a diagonal matrix, then GL
A = GR

A = 0, which is only possible if

L(A) = R(A), so A is diagonal. (This argument works even if A is not a forest.)

For (ii), suppose that GA is a symmetric matrix. Then GAL
= GAR

(interpreting both

as column vectors) since GAL
= GA[ 11 ] and GAR

= GT
A[

1
1 ]. We distinguish two cases based

on whether A is singular. First, suppose that L(A) and R(A) are in the same component

C of A, and let E be the union of the other components. Then GAL
= GEGCL

and

GAR
= GEGCR

(where C has the same poles as A), so GCL
= GCR

. Now CL and CR are

rooted trees, so by Corollary 5.5, they must be isomorphic. Thus, there is an automorphism

of C (as an ordinary graph) that swaps L(A) and R(A) (see Lemma 5.32), and this can be

extended to all of A by fixing all of E. Therefore, A is symmetric.

Second, suppose that A is singular. Without loss of generality, assume that A only has

two components, one containing L(A) and the other containing R(A). (The presence of any

other components does not affect whether GA and A are symmetric.) Write A as a tensor

product A = P ⊗Q, where P and Q are rooted trees. Then we have

GAL
= GPGQ and GAR

= GPGQ.

Hence, GP and GQ are linearly dependent, so P and Q must be isomorphic by Theorem 5.7.

Then A = P ⊗Q is symmetric because an isomorphism between P and Q can be extended

to an automorphism of A (as an ordinary graph) that swaps L(A) and R(A).

For (iii), we prove the contrapositive. Suppose that A is nonsingular. Without loss of

generality, we may assume that A is a polarized tree. (If A has more than one component,
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then one component must contain both poles, and the other components only serve to

multiply GA by a nonzero scalar.) Let v1, v2, . . . , vm be the vertices on the unique path in

A from v1 = L(A) to vm = R(A). Then A can be uniquely expressed as a concatenation

B1EB2E · · ·EBm, where each Bi is a diagonal polarized tree with L(Bi) = R(Bi) = vi, and

E is a “polarized edge” (the polarized tree with two vertices whose poles are different). It

follows from Theorem 5.22 that

GA = GB1MGEMGB2MGEM · · ·MGBm .

The matrices M and GBi are nonsingular because they are diagonal with nonzero diagonal

entries, and GE is nonsingular because we can explicitly calculate

GE =

 1 xy

xy x2z


so that detGE = x2(z − y2) 6= 0. Thus GA is nonsingular, as desired.

5.5 Recurrences for the generalized degree polynomial

In the rest of this chapter and all of the next, we explore several ways in which the generalized

degree polynomials of rooted and polarized graphs can be used to derive nontrivial facts

about the ordinary GDP. A running theme is that such results often arise from linear

dependences between polarized GDPs, which can be exploited by using concatenation.

Recall from Proposition 4.14 that there is an algebra map γ that sends the chromatic

symmetric function to the generalized degree polynomial (up to factors of y). By applying

the map γ to the deletion–near-contraction recurrence for the CSF (Proposition 2.7), we

can obtain one possible recurrence relation for the GDP, namely

GT = yGT−e +GT�e − y(x+ 1)GT/e
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Figure 5.5: The graphs A, B, and C from the proof of Theorem 5.38.

for trees T and (non-leaf) edges e. However, this recurrence is not a particularly efficient

way to compute GT because T �e and T/e are about as large as T itself. In this section, we

use the technology of rooted and polarized GDPs to derive a pair of more efficient recurrence

relations for the ordinary GDP.

Theorem 5.38. Let T be a tree and e an (non-leaf) edge of T . Let T1 and T2 be the two

components of T − e, and set T ′
1 = T1 ∪ {e} and T ′

2 = T2 ∪ {e}. Then

GT =
y

(xz + y)(xy + 1)
GT ′

1
GT ′

2
+

x(z − y2)

(xz + y)(xy + 1)
GT�e. (5.10)

Proof. Let e = {u, v}, where u is a vertex of T1 and v is a vertex of T2. Consider T1 to be

rooted at u and T2 to be rooted at v. Then T can be written as the concatenation T1AT2,

where A is a polarized edge. Similarly, the graph T � e can be written as T1BT2, where B

is an edge with equal poles, and T ′
1 t T ′

2 can be written as T1CT2, where C is the disjoint

union of two edges with one pole in each component. (Figure 5.5 depicts A, B, and C.)

The key fact is that the polarized graphs A, B, and C have linearly dependent GDPs:

namely, one can verify by direct computation that

GA =
x(z − y2)

(xz + y)(xy + 1)
GB +

y

(xz + y)(xy + 1)
GC . (5.11)

Multiplying on the left by GT1M and on the right by MGT2 , Theorem 5.22 gives

GT =
x(z − y2)

(xz + y)(xy + 1)
GT�e +

y

(xz + y)(xy + 1)
GT ′

1tT ′
2
.
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We have GT ′
1tT ′

2
= GT ′

1
GT ′

2
, so we are done.

Thus, this recurrence relation comes as a result of the linear dependence between the

polarized GDPs GA, GB, and GC . The existence of such a linear relation, with only three

terms, may be surprising, since 2 × 2 matrices over Q(x, y, z) form a 4-dimensional vector

space. However, later on (in Section 6.2), we will see a general method for generating such

relations, of which this is the simplest one.

Theorem 5.38 allows us to compute GT for any tree T by choosing e to be any non-

leaf edge6 and then recursively computing the GDPs of T ′
1, T ′

2, and T � e. This process

terminates: even though T � e has the same number of vertices as T , it has one fewer

non-leaf edge than T . Thus, the base cases of this recurrence are the stars Stn (just like the

deletion–near-contraction recurrence). We have

GStn = (xy + 1)n−1 + x(xz + y)n−1

by taking cases on whether or not the vertex subset contains the central vertex.

Remark 5.39. In [4, Section 5], the authors obtained a similar recurrence relation for

the half-generalized degree polynomial HT . In fact, it can be shown that our recurrence

(Theorem 5.38) specializes to theirs in the same way that GT specializes to HT ; we leave

the details of the computation to the interested reader.

Although the ordinary GDP can be effectively computed using (5.10), by changing the

underlying linear dependence, we can obtain a different recurrence relation for the ordinary

GDP that expresses GT in terms of the GDPs of four smaller trees, rather than two smaller

trees (T ′
1 and T ′

2) and one tree of the same size (T � e).

Theorem 5.40. Let T be a tree and e an (non-leaf) edge of T . Let T1 and T2 be the two

6If we choose e to be a leaf edge, then (without loss of generality) T ′
1
∼= T � e ∼= T and T ′

2 is the tree with
two vertices, and so one can check that (5.10) reduces to GT = GT .
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Figure 5.6: The graphs E1, E2, E3, E4 from the proof of Theorem 5.40.

components of T − e, and set T ′
1 = T1 ∪ {e} and T ′

2 = T2 ∪ {e}. Then

GT = u1GT1GT2 + u2

(
GT ′

1
GT2 +GT1GT ′

2

)
+ u3GT ′

1
GT ′

2
, (5.12)

where the constants u1, u2, u3 are given by

u1 =
(z − y2)(x2z + 2xy + 1)

(xz + y − xy − 1)2
, u2 = − (z − y2)(x+ 1)

(xz + y − xy − 1)2
, u3 =

z − 2y + 1

(xz + y − xy − 1)2
.

Proof. As in the proof of the previous recurrence, the idea is to express GA, where A is a

polarized edge, in terms of the polarized GDPs of other polarized graphs. In this case, we

use the four singular polarized graphs E1, E2, E3, and E4 depicted in Figure 5.6, for which

it can be verified by direct calculation that

GA = u1GE1 + u2(GE2 +GE3) + u3GE4 .

By concatenating on the left with T1 and on the right with T2, we obtain

GT = u1GT1tT2 + u2(GT ′
1tT2

+GT1tT ′
2
) + u3GT ′

1tT ′
2
,

which yields the desired formula.

Unlike the linear dependence that underlies Theorem 5.38, the linear dependence be-
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tween GA and the GEi is one we would expect to exist because it involves the GDPs of

five polarized graphs. (That GE2 and GE3 have the same coefficient u2 is also to be ex-

pected, because GE3 = GT
E2

while GA, GE1 , and GE4 are symmetric.) While it has more

terms than the previous relation, this one has the advantage that all the polarized graphs

Ei are singular, and thus GT1EiT2 factors into smaller components. We chose the Ei so that

in these factorizations, the GDPs of only four trees (namely T1, T2, T ′
1, and T ′

2) appear,

further simplifying the computations.

Remark 5.41. When using SageMath [29] to compute the GDPs of trees for this project,

we typically applied one of the above recurrence relations, together with memoization of

previous results. We found that it was significantly faster to use (5.12) for this purpose

than to use (5.10), especially for large-scale computations.

5.6 Divisibility results for the generalized degree polynomial

Next, we prove some nontrivial divisibility facts regarding the GDPs of ordinary, rooted,

and polarized trees.7 Our main result is the one for ordinary trees, Theorem 5.47. All our

results will involve the polynomial

η = xz + y − xy − 1.

We first define a basic operation on rooted trees that we call plucking.

Definition 5.42. Let A be a rooted tree, and let v be a (non-root) vertex of A. To pluck

A at v is to delete a non-root leaf vertex adjacent to v and then add a leaf vertex adjacent

to r(A).

The key calculation involves the relationship between the rooted GDPs of a rooted tree

and the result of plucking it once.

7In this section, we work over the polynomial ring Q[x, y, z] in order to discuss divisibility.
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Lemma 5.43. Let A be a rooted tree, let v be a (non-root) vertex of A, and let A′ be the

result of plucking A at v. Then η divides both entries of GA −GA′ .

Proof. Let B be the result of removing a leaf vertex from A adjacent to v, considered as a

polarized tree with L(B) = v and R(B) = r(A). Notice that A and A′ can both be obtained

from B by concatenation with an appropriate tree and then right-rooting. Specifically, let

D be the unique diagonal polarized tree with two vertices. Then we have

A = (DB)R and A′ = (BD)R.

We have GD =
[
xy+1 0
0 x(xz+y)

]
, so

GA =

[
1 1

]
GDMGB

=

[
1 1

]xy + 1 0

0 x(xz + y)


1 0

0 x−1


G1

B GR
B

GL
B GLR

B


=

[
(xy + 1)G1

B + (xz + y)GL
B (xy + 1)GR

B + (xz + y)GLR
B

]
.

Similarly,

GA′ =

[
1 1

]
GBMGD

=

[
1 1

]G1
B GR

B

GL
B GLR

B


1 0

0 x−1


xy + 1 0

0 x(xz + y)


=

[
(xy + 1)G1

B + (xy + 1)GL
B (xz + y)GR

B + (xz + y)GLR
B

]
.

Subtracting these, we obtain

GA −GA′ = η

[
GL

B −GR
B

]
,
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proving the claim.

Using the above lemma, we can easily establish the following corollary that applies for

any pair of rooted trees of the same order:

Corollary 5.44. If A and B are rooted trees with |A| = |B|, then η divides both entries of

GA −GB.

Proof. Let n = |A| = |B|, and let Sn be the star graph of order n, rooted at its center

vertex. Observe that by repeatedly plucking A at all its (non-root) vertices, we eventually

obtain Sn. It follows from Lemma 5.43 and transitivity that both entries of GA −GSn are

divisible by η. The same holds for B, so GB − GSn also has both entries divisible by η.

Then the result follows since GA −GB = (GA −GSn)− (GB −GSn).

We can also prove an analog of this result for polarized trees, given an extra hypothesis.

Theorem 5.45. If A and B are polarized trees of the same order and with the same distance

between their poles, then η divides every entry of GA −GB.

Proof. In essence, we will prove this theorem by defining an analog of plucking for polarized

trees and reasoning in the same way as above. However, exactly mimicking those arguments

would require us to consider the GDP of a tree with three distinguished vertices, for which

the definitions get much messier to write down. Fortunately, we have the following shortcut

to cut down on notation.

Note that the vector GAL
−GBL

= (GA −GB)[ 11 ], whose entries are the row sums of

GA −GB, has all its entries divisible by η because of Corollary 5.44. For the same reason,

the vector GAR
−GBR

, whose entries are the column sums of GA −GB, has all its entries

divisible by η. It follows that

GA −GB ≡

 t −t

−t t

 (mod η)
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for some t, where we are taking the entries modulo η. Therefore, it suffices to show that

under the given hypotheses, any one entry of GA −GB, say G1
A −G1

B, is divisible by η.

Now, let A be a polarized tree, and let v 6= L(A) be a vertex of A that has an adjacent,

non-pole leaf. Let C be the result of deleting that leaf and its corresponding edge from A,

and let A′ be the result of adding a leaf to C that is adjacent to L(A). (The operation that

turns A into A′ is our equivalent of plucking.) We will show that G1
A−G1

A′ is divisible by η.

Then the desired conclusion will follow, because by repeated plucking, we can turn A into

a star centered at L(A) together with a path from L(A) to R(A), and this tree can also be

obtained starting from any polarized tree with the same order and distance between poles.

Define

G1
C =

∑
L(A),R(A),v /∈S

x|S|yd(S)ze(S) and Gv
C =

∑
L(A),R(A)/∈S

v∈S

x|S|yd(S)ze(S).

(These would be two of the entries of the GDP of C with distinguished vertices L(A), R(A),

and v.) Then a combinatorial argument gives

G1
A = (xy + 1)G1

C + (xz + y)Gv
C

and

G1
A′ = (xy + 1)G1

C + (xy + 1)Gv
C .

Hence G1
A −G1

A′ = ηGv
C , completing the proof.

Corollary 5.46. If A is a polarized tree, then η divides GL
A −GR

A.

Proof. Recall from (5.1) that the opposite A∗ of A satisfies GA∗ = GT
A. Then

GA −GA∗ = GA −GT
A =

 0 GR
A −GL

A

GL
A −GR

A 0


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Thus the result follows from applying Theorem 5.45 with B = A∗.

Now that we have the desired divisibility results for rooted and polarized GDPs, we

can prove a surprising analog for ordinary GDPs, as well as for determinants of (differences

between) polarized GDPs.

Theorem 5.47. If T and U are trees with |T | = |U |, then η2 divides GT −GU .

Proof. Suppose that A is a rooted tree and plucking it once gives some A′. In the proof of

Lemma 5.43, we computed that

GA −GA′ = η

[
GL

B −GR
B

]

for some polarized tree B. Then, adding these two entries, we have GA−GA′ = η(GL
B−GR

B).

This is divisible by η2 due to Corollary 5.46.

In other words: for any ordinary tree T , if we arbitrarily choose a root for it, pluck once,

and interpret the result as an ordinary tree T ′, then GT −GT ′ will be divisible by η2. The

result now follows by the same argument that we used to prove Corollary 5.44. Namely, any

tree T of order n can be turned into the star Sn by repeatedly applying this operation, so η2

divides GT −GSn for all T . Hence η2 also divides GT −GU = (GT −GSn)− (GU −GSn).

Theorem 5.48. If A, B are polarized trees with |A| = |B|, then η2 divides det(GA−GB).

Proof. Note that Theorem 5.45 is not applicable, since A and B may not have the same

distance between poles. Instead, we use the following trickery. For any 2 × 2 matrix

N =
[
a b
c d

]
, we have the identity

detN = ad− bc = a(a+ b+ c+ d)− (a+ b)(a+ c).

Taking N to be GA −GB and reinterpreting the terms on the right-hand side, we obtain

det(GA −GB) = (G1
A −G1

B)(GA −GB)−
(
G1

AL
−G1

BL

) (
G1

AR
−G1

BR

)
.
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By Theorem 5.47, GA − GB is divisible by η2. By Corollary 5.44, both G1
AL

− G1
BL

and

G1
AR

−G1
BR

are divisible by η. The result follows.
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Chapter 6

TREES WITH EQUAL GENERALIZED DEGREE POLYNOMIALS

In this final chapter, we detail our main application of the theory of rooted and polarized

trees, which is to construct instances in which pairs (or larger families) of ordinary trees

have the same GDP. As in Section 5.5, linear dependences between the GDPs of polarized

graphs are our main tool for finding these instances. We present data of such instances for

all trees with at most 23 vertices, and show that our constructions are enough to recover

nearly all of them.

Furthermore, we show in certain cases that the trees in such instances, which are not

distinguished by their GDPs, are still distinguished by the chromatic symmetric function.

This gives some evidence that Question 1.1 has a positive answer and suggests a program

for further work on this question using the GDP as an intermediary.

6.1 The reversal phenomenon

Our constructions fall under two main frameworks, called the reversal phenomenon and the

switching phenomenon. We begin with the reversal phenomenon, which is the simpler of

the two to describe. (Despite this, the particular constructions that arise from the reversal

phenomenon are less well-understood.)

Recall from Section 5.2 that a polarized graph is singular if its poles lie in different

components. As before, we use •
LR

to denote the unique polarized graph with one vertex,

whose GDP is G• = [ 1 0
0 x ].

Definition 6.1. Let A and B be polarized trees, and let C be a singular polarized forest.

We say that the triple (A,B;C) satisfies the reversal phenomenon if GA, GB, GC , and G•

are linearly dependent.
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Figure 6.1: A triple of polarized graphs (A,B;C) satisfying the reversal phenomenon.

Note that (A,B;C) trivially satisfies the reversal phenomenon if two of A, B, and •
LR

are the same. However, these cases will not produce interesting results. Here is a more

nontrivial example of the reversal phenomenon.

Example 6.2. The polarized graphs A, B, and C depicted in Figure 6.1 satisfy the reversal

phenomenon. Specifically, by direct computation, one can check that

u1GA + u2GB + u3GC + u4G• = 0,

where the constants u1, u2, u3, u4 are given by

u1 = xz + xy + y + 1,

u2 = −(xz + 1),

u3 = −y(xz + 1),

u4 = xy(z − y2)(x3z2 + x2y2 + 2x2yz + xy2 + 2xy + 1). ♦

Later in this section, we will produce one family of triples (A,B;C) satisfying the reversal

phenomenon, including the triple from Example 6.2. (This will give a more enlightening

explanation for the existence of this example.) However, our overall understanding of the

structure of all such triples remains incomplete. For now, we show how instances of the

reversal phenomenon produce pairs of ordinary trees with the same GDP, which will also
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explain the use of the word “reversal.”

Theorem 6.3. Suppose that (A,B;C) satisfies the reversal phenomenon. Then for any

positive integer m and any E1, E2, . . . , Em ∈ {A,B}, the ordinary trees

(E1E2 · · ·Em)#C and (Em · · ·E2E1)#C

have the same generalized degree polynomial.

Proof. The four matrices GA, GB, GC , and G• must satisfy a nontrivial linear relation.

However, GC and G• are linearly independent (since C is singular and hence not diagonal),

so the linear relation must involve at least one of GA and GB. Thus, we may assume

without loss of generality that we can write

GA = bGB + cGC + dG•

for some scalars b, c, d ∈ Q(x, y, z).

We use induction on the number of As in the list E1, . . . , Em. If this number is zero,

then E1 = . . . = Em = B, so the statement is trivially true. Now, suppose that Ei = A for

some i. Define polarized trees X and Y by X = E1 · · ·Ei−1 and Y = Ei+1 · · ·Em. (If i = 1,

then we set X = •
LR

. Similarly, if i = m, then Y = •
LR

.) By Theorem 5.22, we have

GE1E2···Em = GXAY

= GXMGAMGY

= GXM(bGB + cGC + dG•)MGY

= bGXBY + cGXCY + dGXY .

Applying the map f 7→ 〈f,GC〉 to both sides, Theorem 5.27 gives

G(E1E2···Em)#C = bG(XBY )#C + cG(XCY )#C + dG(XY )#C .



121

Because C is singular, (XCY )#C can be written as a disjoint union (X#C) t (Y#C).

Hence

G(E1E2···Em)#C = bG(XBY )#C + cGX#CGY#C + dG(XY )#C . (6.1)

Now, suppose that we perform the above calculations again but with the order of the Ei

reversed. This yields

G(Em···E2E1)#C = bG(Y ′BX′)#C + cGY ′#CGX′#C + dG(Y ′X′)#C , (6.2)

where X ′ = Ei−1 · · ·E1 and Y ′ = Em · · ·Ei+1.

Observe that XBY , X, Y , and XY are all concatenations of As and Bs that have

strictly fewer As than XAY = E1E2 · · ·Em. Therefore, the induction hypothesis applies to

each of these, implying that

G(XBY )#C = G(Y ′BX′)#C ,

GX#C = GX′#C ,

GY#C = GY ′#C ,

G(XY )#C = G(Y ′X′)#C .

It follows from comparing (6.1) and (6.2) that G(E1E2···Em)#C = G(Em···E2E1)#C , completing

the induction and the proof.

Theorem 6.3 shows that, for every triple (A,B;C) that satisfies the reversal phenomenon,

we obtain an infinite family of pairs of ordinary trees with the same GDP. Let us illustrate

this connection using the triple from Example 6.2.

Example 6.4. Let A, B, and C be the polarized graphs from Example 6.2, which we saw

satisfy the reversal phenomenon. Then by Theorem 6.3, both of the pairs of ordinary trees

shown in Figure 6.2 have the same GDP. (In fact, the trees (AB)#C and (BA)#C, which
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(AB)#C (BA)#C

(BABB)#C (BBAB)#C

Figure 6.2: Two pairs of trees with the same GDP that arise from the reversal phenomenon.

have order 12, are the second-smallest pair of trees with the same GDP, after the trees with

order 11 shown in Figure 3.1.) ♦

Next, we prove a converse of Theorem 6.3, essentially showing that a linear dependence

of the above form is the only way in which such equalities of GDPs can arise.

Theorem 6.5. Let A and B be polarized trees, and let C be a singular polarized forest. If

G(AB)#C = G(BA)#C , then (A,B;C) satisfies the reversal phenomenon.

Proof. Suppose for contradiction that GA, GB, GC , and G• are linearly independent; then

they span the (four-dimensional) space of 2 × 2 matrices over Q(x, y, z). Also, we may

assume without loss of generality that C only has two components, so C = P ⊗Q for rooted

trees P and Q.

Given a 2× 2 matrix f over Q(x, y, z), define

ϕ(f) = 〈f,GAC −GCA〉 .
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We claim that the function ϕ is identically zero. For any polarized graph D, we have

ϕ(GD) = GD#(AC) −GD#(CA) = G(DA)#C −G(AD)#C . (6.3)

Then it is clear from (6.3) that ϕ(GA) = ϕ(G•) = 0, as well as ϕ(GB) = 0 by our

assumption. Furthermore, we have (CA)#C = C#(AC) ∼= (AC)#C, so ϕ(GC) = 0. It

follows that ϕ must be identically zero.

But 〈·, ·〉 is a nondegenerate bilinear form by Lemma 5.28, so we must have

GAC −GCA = 0.

This means that the singular polarized forests AP ⊗ Q and P ⊗ QA have the same GDP.

However, note that if F is a singular polarized forest, then GF determines the order of the

component of F containing L(F ): indeed, that order is the unique positive integer k such

that the monomial xkzk−1 appears in GL
F . Thus, AP and P must have the same order,

which forces A = •
LR

, contradicting our initial assumption.

The preceding two theorems combine to give a powerful tool for producing pairs of trees

with the same generalized degree polynomial, even without knowing anything about the

polarized GDP. Indeed, suppose that we have an example of trees T and U with have the

same GDP. If we can write T = (AB)#C and U = (BA)#C, where A,B are polarized

trees and C is a singular polarized forest, then Theorem 6.3 and Theorem 6.5 show that

(E1 · · ·Em)#C and (Em · · ·E1)#C have the same GDP for any m and E1, . . . , Em ∈ {A,B}.

Thus, the fact that the first pair of trees in Example 6.4 have the same GDP directly implies

that the second pair does as well.

6.1.1 Examples of the reversal phenomenon

We have just seen how a triple of polarized graphs (A,B;C) satisfying the reversal phe-

nomenon gives rise to pairs of ordinary trees with the same GDP. Knowing this, the natural
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Figure 6.3: The polarized graphs from Theorem 6.6.

next step is to study these triples and attempt to characterize them. This appears to be a

very difficult task, but as a partial result, we present one family of such triples. These were

discovered by examining data of small trees with the same GDP; see Section 6.4 for details.

Theorem 6.6. Let D, H, and I be polarized trees, with H and I symmetric, such that

HI and D commute. Let A, B, and C be polarized graphs constructed from D, H, and I

as depicted1 in Figure 6.3. Then (A,B;C) satisfies the reversal phenomenon.

Note that if H is diagonal, then A and B are isomorphic, so the theorem is trivially true.

Also, when D and H are polarized edges and I = •
LR

, we recover Example 6.2. In general,

we have

D = (KL)a H = (KL)bK and I = L(KL)c

where K and L are symmetric polarized trees and a, b, c ≥ 0. (One can check that this is

equivalent to the conditions on D, H, and I.)

We will prove Theorem 6.6 not by explicitly giving a linear relation between the four

matrices GA, GB, GC , and G•; instead, we will exhibit a nontrivial linear functional ϕ

that annihilates them. (Since the space of 2×2 matrices over Q(x, y, z) is four-dimensional,

1We draw H and I as ovals because they are symmetric polarized graphs. Since D might not be symmetric,
we draw it as a kite to specify its orientation; the “sharper” end is the right pole.
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this will suffice to prove the linear dependence.) First, we need a definition.

Definition 6.7. Given a 2×2 matrix U =
[
U11 U12
U21 U22

]
, the asymmetry of U is δU = U21−U12.

Thus, for a polarized tree A, we have δGA = GL
A − GR

A. We also have δU = tr(UΩ),

where Ω =
[

0 1
−1 0

]
(the standard 2 × 2 symplectic matrix). Observe that δGA∗ = −δGA,

and δGA = 0 if and only if A is symmetric (by Proposition 5.14 and Theorem 5.37).

Here are some additional facts about the asymmetry of polarized trees.

Proposition 6.8. If A and B are doppelgängers, then δGA = δGB.

Proof. By Proposition 5.35, GA −GB = t
[

1 −1
−1 1

]
for some t, so the result follows.

Proposition 6.9. Let A and B be polarized trees. Then δGA∗BA = detGA
x δGB.

Proof. The proof is purely computational; here is one way to do it. One can check that for

any 2× 2 matrix N , we have2 NΩNT = (detN)Ω. Then

δGA∗BA = δ
(
(MGA)

TGB(MGA)
)

= tr
(
(MGA)

TGB(MGA)Ω
)

= tr
(
GB(MGA)Ω(MGA)

T
)

= tr (GB det(MGA)Ω)

= det(MGA)δGB.

The conclusion follows because detM = 1/x.

Proposition 6.10. Suppose that polarized trees A and B commute. If B 6= •
LR

, then

GA ∈ span(GB,G•).

Proof. Using the same idea as in Remark 5.23, we can translate this to an elementary fact

about multiplication of 2 × 2 matrices. Specifically, we are given that the 2 × 2 matrices

2This corresponds to the fact that the symplectic group and special linear group coincide in dimension 2.
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GAM and GBM commute under the usual matrix multiplication. In addition, we know

that GBM is not a scalar multiple of I2 by Theorem 5.36. Then, it is a standard fact (which

can be proved by analyzing the corresponding linear system) that GAM ∈ span(GBM, I2),

and this implies the desired result.

Proposition 6.11. Let P and Q be rooted trees, and let A and B be commuting polarized

trees. Then3

δG

[
P B A B Q

L R

]
=

detGB

x
δG

[
P A Q

L R

]
.

Proof. If B = •
LR

, then this is obviously true, so assume otherwise. Then Proposition 6.10

implies that GA ∈ span(GB,G•). Since the desired identity is linear in GA, we need only

establish it for A = B and A = •
LR

. The former case can be done by direct computations

like in the proof of Proposition 6.9, while the latter case is trivial as both sides are zero.

Now we can prove our result.

Proof of Theorem 6.6. We first claim that ID is symmetric. If D = •
LR

, then this follows

because I is symmetric, so suppose otherwise. Since HI and D commute, Proposition 6.10

gives GD ∈ span(GHI ,G•), so GID ∈ span(GIHI ,GI). Since IHI and I are symmetric,

we have δGID = 0, so ID is symmetric as claimed.

Let ϕ be the linear functional such that for all polarized trees X,

ϕ(GX) = detGS · δGUX + detGD · δGXV ,

where S =
D
H

L R
, U =

L R
D I , and V = D

H
I H

LR
. Note that ϕ is not

identically zero: for instance, when X is diagonal, XV is also diagonal and so δGXV = 0,

3For readability, we write G[C] instead of GC when C is represented by a drawing.



127

but UX need not be symmetric. We will prove

ϕ(GA) = ϕ(GB) = ϕ(GC) = ϕ(G•) = 0,

which will imply the desired linear dependence. When X = B or X = •
LR

, both UX and

XV are symmetric (note that U = (ID)∗ ∼= ID and thus U is symmetric), so ϕ(GX) = 0.

For X = C, we have

δGUC = δG


L
D I

D
H

D

R

 =
detGD

x
δG


L
I
D
H

R


and

δGCV = δG

 D
H D

H
I H

D

L R

 =
detGS

x
δG


D
H
I

L R

 ,
both by Proposition 6.9. Hence, detGS · δGUC = −detGD · δGCV , and so ϕ(GC) = 0.

For X = A, we have

δGUA = δG


D I

D

H

I
H I D

L R


=

detGD

x
· detGI

x
δG


D

H

I
H

L R


(again by Proposition 6.9). To simplify δGAV , we use Proposition 6.11, Proposition 6.9,
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and Proposition 6.8 in that order to write

δGAV = δG


D

H

I
H I D

L R

D
H

I

H



=
detGHI

x
δG

 D
H I D

L R

D
H


=

detGHI

x
·
detG

[
LRD
]

x
δG

[
H I D

L R
H

]

=
detGI

x
· detGS

x
δG

[
H I D

R
H

L

]

=
detGI

x
· detGS

x
δG

[
IHD

R
H

L

]
.

It follows that detGS · δGUA = −detGD · δGAV , and so ϕ(GA) = 0.

6.2 The switching phenomenon

We now discuss the switching phenomenon, our second framework for constructing trees

with equal generalized degree polynomials. Unlike the reversal phenomenon, which can

only be used to find pairs of trees with the same GDP, the switching phenomenon can be

used to construct arbitrarily large families of trees with this property.

The switching phenomenon is also defined by a linear dependence condition, a stronger

version of the one defining the reversal phenomenon (Definition 6.1).

Definition 6.12. Let A and B be polarized trees, and let C be a singular polarized forest.

We say that the triple (A,B;C) satisfies the switching phenomenon if GA, GB, and GC

are linearly dependent.

(Throughout this section, we will implicitly assume that C only has two components
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L R
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LR
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Figure 6.4: A triple (A,B;C) satisfying the switching phenomenon.

and that A 6= B.)

Example 6.13. If A, B, and C are the polarized graphs shown in Figure 6.4, then (A,B;C)

satisfies the switching phenomenon. Indeed, these are the same graphs as in the proof of

Theorem 5.38, and the linear relation between GA, GB, and GC can be found there. ♦

Comparing Definition 6.12 with Definition 6.1, we see that any triple (A,B;C) that

satisfies the switching phenomenon must also satisfy the reversal phenomenon. Thus, we

know from the previous section that certain pairs of trees of the form (E1 · · ·Em)#C, for

E1, . . . , Em ∈ {A,B}, have the same GDP (namely, those related by reversing the order of

the Ei). However, by using the additional strength of the switching phenomenon, we can

show additional equalities of this kind. To state these equalities, we first introduce a way

to associate each tree (E1 · · ·Em)#C with an integer composition.

Definition 6.14. Let A and B be polarized trees, and let C be a singular polarized forest.

Given a composition α = (α1, α2, . . . , αk), we define a tree T (α) by

T (α) = (Bα1−1ABα2−1A · · ·ABαk−1)#C.

In other words, we have T (α) = (E1 · · ·Em)#C, where m = |α| − 1 and

Ei =


A if i ∈ Set(α)

B if i /∈ Set(α)
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for i = 1, . . . ,m.

(Note that T (α) depends on A,B,C, but we suppress this in the notation for readability.)

Example 6.15. When A, B, and C are as in Figure 6.4, one can check that the tree T (α)

is exactly the caterpillar C(α) as given in Definition 3.4. ♦

Suppose α = (α1, . . . , αk) is a composition and T (α) = (E1 · · ·Em)#C for Ei ∈ {A,B}.

Then the reverse composition α∗ = (αk, . . . , α1) satisfies

T (α∗) = (Em · · ·E1)#C.

Thus, Theorem 6.3 can be rephrased in the following way: if (A,B;C) satisfies the reversal

phenomenon and the compositions α and β are reverses of each other, then GT (α) = GT (β).

We now seek to prove an analog of this fact for the switching phenomenon, where the

hypothesis “α and β are reverses of each other” is replaced by a weaker condition: that α

and β are related by switching. Let us define this condition. (Our discussion closely follows

the characterization of compositions with the same ribbon Schur function [9]. It extends

the construction given in [4, Section 6] and is also structurally similar to the construction

of [2, Section 7], which deals with the chromatic symmetric functions of weighted graphs.)

Given compositions α = (α1, . . . , αk) and β = (β1, . . . , β`), recall the two operations

αβ = (α1, . . . , αk, β1, . . . , β`) (concatenation)

and

α� β = (α1, . . . , αk−1, αk + β1, β2, . . . , β`). (near-concatenation)

Write β�m for the m-fold near-concatenation of β with itself: β�1 = β, β�2 = β � β, etc.

We now define a third operation on compositions, denoted by ◦, as follows:

α ◦ β = β�α1β�α2 · · ·β�αk .
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For example, we have

23 ◦ 413 = (413)�2(413)�3 = (41713)(4171713) = 417134171713.

We leave as an exercise the verification of the following algebraic properties of ◦:

Proposition 6.16. If α, β, and γ are compositions, then

(i) 1 ◦ α = α ◦ 1 = α (identity);

(ii) (α ◦ β) ◦ γ = α ◦ (β ◦ γ) (associativity);

(iii) (αβ) ◦ γ = (α ◦ γ)(β ◦ γ)

(iv) (α� β) ◦ γ = (α ◦ γ)� (β ◦ γ); and

(v) (α ◦ β)∗ = α∗ ◦ β∗.

A factorization of a composition α is an equality α = α(1) ◦ · · · ◦ α(m) for compositions

α(1), . . . , α(m). (Because ◦ is associative, this expression can be interpreted unambiguously.)

We say that the factorization is nontrivial if (i) m ≥ 2; (ii) none of the α(i) are the compo-

sition 1; (iii) no two consecutive α(i) have length 1; and (iv) no two consecutive α(i) have

all parts equal to 1. Furthermore, we say that a composition α is irreducible if it has no

nontrivial factorization. It turns out that every composition α has a unique factorization

into irreducibles [9, Theorem 3.6]. We call this the irreducible factorization of α.

Definition 6.17. Let α and β be compositions. We say that α and β are related by

switching, written α ∼s β, if the irreducible factorizations

α = α(1) ◦ · · · ◦ α(m) and β = β(1) ◦ · · · ◦ β(m)

have the same length, and for each i, either α(i) = β(i) or α(i) =
(
β(i)
)∗.
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In particular, note that α and α∗ are always related by switching: if α = α(1) ◦ · · · ◦α(m)

is the irreducible factorization of α, then Proposition 6.16(v) implies that4

α∗ =
(
α(1)

)∗ ◦ · · · ◦ (α(m)
)∗
.

In addition, by unique factorization, ∼s is an equivalence relation on compositions.

We can now state our main result on the switching phenomenon.

Theorem 6.18. Suppose (A,B;C) satisfies the switching phenomenon. If α and β are

compositions with α ∼s β, then GT (α) = GT (β).

Example 6.19. Let (A,B;C) be the polarized graphs from Figure 6.4. We take α = 12132

and β = 13212, which are related by switching because 12132 = 12◦12 and 13212 = 21◦12.

Then Theorem 6.18 tells us that the trees

T (12132) = (ABAABBAB)#C and T (13212) = (ABBABAAB)#C

have the same GDP. These are also the caterpillars C(12132) and C(13212), as noted in

Example 6.15. In fact, these are the smallest pair of trees with the same GDP, as first

presented in Figure 3.1. We have illustrated this construction in Figure 6.5.

In general, using the same triple (A,B;C), we see that GC(α) = GC(β) if α ∼s β. ♦

Note that there are arbitrarily large families of compositions that are all related by

switching. Indeed, if γ(1), . . . , γ(k) are any compositions, then all compositions of the form

δ(1)◦· · ·◦δ(k), where each δ(i) is either γ(i) or its reverse, are related by switching. If we take

each γ(i) to be irreducible and non-palindromic, then all 2k compositions of this form are

guaranteed to be distinct by unique factorization. Taken together with the triple (A,B;C)

4To show that α ∼s β, it suffices to find any two factorizations α = α(1) ◦ · · · ◦α(k) and β = β(1) ◦ · · · ◦β(k)

of the same length — not necessarily irreducible — such that α(i) is either β(i) or its reverse for all i.
The irreducible factorizations of α and β can then be obtained by further factoring the α(i) and β(i), and
Proposition 6.16(v) guarantees that Definition 6.17 will be satisfied.
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Figure 6.5: Using the switching phenomenon to recover the smallest pair of trees with the
same GDP.

of Figure 6.4, this produces a family of 2k−1 distinct caterpillars with the same GDP (since

C(α) and C(α∗) are isomorphic).

We will prove Theorem 6.18 via a sequence of lemmas. For brevity, let us write α ≈ β

to mean GT (α) = GT (β). Then our goal is to show that

α ∼s β implies α ≈ β.

By the reversal phenomenon (Theorem 6.3), we already know that α ≈ α∗ for all α.

Lemma 6.20. Suppose (A,B;C) satisfies the switching phenomenon. Then there exist

κ, λ ∈ Q(x, y, z) such that, for any compositions α and β,

GT (αβ) = κGT (α�β) + λGT (α)GT (β).

Hence, GT (αβ) is determined by GT (α�β) and the unordered pair {GT (α),GT (β)}.

Proof. We are given that GA, GB, and GC are linearly dependent. Neither of GA and

GB (which are nonsingular matrices) can be a scalar multiple of GC (which is singular), so
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there must exist a linear relation of the form

GA = κGB + λGC (6.4)

for some κ, λ ∈ Q(x, y, z). Now, fix compositions α = (α1, . . . , αk) and β = (β1, . . . , β`).

Define polarized trees X = Bα1−1A · · ·ABαk−1 and Y = Bβ1−1A · · ·ABβ`−1, so that T (α) =

X#C and T (β) = Y#C. Then, one can check from the definitions that

T (αβ) = (XAY )#C,

T (α� β) = (XBY )#C,

T (α) t T (β) = (XCY )#C.

So, in (6.4), we multiply on the left by GXM and on the right by MGY ; then we apply the

map f 7→ 〈f,GC〉 to both sides. This produces the desired equation.

Lemma 6.21. For any compositions α and β, we have α ◦ β ≈ α ◦ β∗.

Proof. We proceed by induction on `(α), with β fixed. If `(α) = 1, then α∗ = α, so we have

α ◦ β = (α∗ ◦ β∗)∗ = (α ◦ β∗)∗ ≈ α ◦ β∗

where we applied Proposition 6.16(v). If `(α) ≥ 2, let α = α′α′′ for some nonempty

compositions α′ and α′′. Then we have by Proposition 6.16(iii) that

α ◦ β = (α′α′′) ◦ β = (α′ ◦ β)(α′′ ◦ β).

Therefore, Lemma 6.20 and Proposition 6.16(iv) imply

GT (α◦β) = κGT ((α′◦β)�(α′′◦β)) + λGT (α′◦β)GT (α′′◦β)

= κGT ((α′�α′′)◦β) + λGT (α′◦β)GT (α′′◦β).
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On the other hand, we can perform a similar calculation but with β replaced by β∗, giving

GT (α◦β∗) = κGT ((α′�α′′)◦β∗) + λGT (α′◦β∗)GT (α′′◦β∗).

By the induction hypothesis, we have

(α′ � α′′) ◦ β ≈ (α′ � α′′) ◦ β∗,

α′ ◦ β ≈ α′ ◦ β∗,

α′′ ◦ β ≈ α′′ ◦ β∗.

Therefore we get GT (α◦β) = GT (α◦β∗), completing the induction and the proof.

Lemma 6.22. For all compositions α, β, γ, we have α ◦ β ◦ γ ≈ α ◦ β∗ ◦ γ.

Proof. This follows from Proposition 6.16(v) and two applications of Lemma 6.21:

α ◦ β ◦ γ ≈ α ◦ β ◦ γ∗ = α ◦ (β∗ ◦ γ)∗ ≈ α ◦ β∗ ◦ γ.

Finally, we can establish our theorem on the switching phenomenon.

Proof of Theorem 6.18. We are given compositions α and β with α ∼s β. Write

α = α(1) ◦ · · · ◦ α(m) and β = β(1) ◦ · · · ◦ β(m)

such that α(i) is either β(i) or its reverse for all i. We define compositions γ(0), . . . , γ(m) by

γ(j) = β(1) ◦ · · · ◦ β(j) ◦ α(j+1) ◦ · · · ◦ α(m).

Thus, γ(0) = α and γ(m) = β. Observe that to get from γ(j) to γ(j+1), we replace α(j+1)

with β(j+1), which is either α(j+1) or its reverse. It then follows (using Lemma 6.22 in the
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latter case5) that γ(j) ≈ γ(j+1) for all 0 ≤ j ≤ m− 1. Thus α ≈ β by transitivity.

6.2.1 Examples of the switching phenomenon

Now that we have proved the main theorem behind the switching phenomenon, it remains

to understand the triples (A,B;C) that satisfy the switching phenomenon, according to

Definition 6.12. Here is our main result on this matter.

Theorem 6.23. Suppose that A and B are polarized trees and D is a singular polarized

forest such that AD ∼= BD and DA ∼= DB. Then (A,B;ADB) satisfies the switching

phenomenon.

(Equivalently, if D = P ⊗ Q for rooted trees P and Q, then the condition is that

AP ∼= BP and QA ∼= QB as rooted trees.) Note that Example 6.13 is an example of this

theorem, where D = •
L
•
R
.

To prove this theorem, we will need a small lemma about 2× 2 matrices:

Lemma 6.24. Suppose that X and Y are 2× 2 matrices (over any field) such that Y has

rank 1 and XY = Y X = 0. Then tr(X)I2 −X is a multiple of Y .

Proof. Let Y = [ ab ][ c d ] =
[
ac ad
bc bd

]
, where the vectors [ ab ] and [ cd ] are nonzero. Then XY = 0

means that X[ ab ] = 0, while Y X = 0 means that [ c d ]X = 0. This forces X = t
[

bd −ad
−bc ac

]
for some t. Hence

tr(X)I2 −X = t(bd+ ac)[ 1 0
0 1 ]− t

[
bd −ad
−bc ac

]
= t
[
ac ad
bc bd

]
= tY

as desired.

Proof of Theorem 6.23. In this proof, let G̃A = GAM for polarized trees A. Hence the

formula from Theorem 5.22 becomes simply G̃AB = G̃AG̃B. (Also see Remark 5.23.)

5To be more explicit, we use associativity to write

γ(j) = (β(1) ◦ · · · ◦ β(j)) ◦ α(j+1) ◦ (α(j+2) ◦ · · · ◦ α(m))

and then apply Lemma 6.22 to replace the second factor, α(j+1), by its reverse, which gives γ(j+1).
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By the Cayley-Hamilton theorem (or direct calculation), we have

X2 = tr(X)X − det(X)I2

for all 2× 2 matrices X. Taking X = G̃A and multiplying on the right by G̃B, we get

G̃AAB = tr(G̃A)G̃AB − det(G̃A)G̃B. (6.5)

Instead taking X = G̃B and multiplying on the left by G̃A, we get

G̃ABB = tr(G̃B)G̃AB − det(G̃B)G̃A. (6.6)

We now subtract (6.6) from (6.5), which gives

G̃AAB − G̃ABB = tr(G̃A − G̃B)G̃AB −
(
det(G̃A)G̃B − det(G̃B)G̃A

)
,

or when rearranged,

det(G̃A)G̃B − det(G̃B)G̃A = G̃A

[
tr(G̃A − G̃B)I2 − (G̃A − G̃B)

]
G̃B. (6.7)

Since AD ∼= BD, we have G̃AD = G̃BD, so (G̃A−G̃B)G̃D = 0. Similarly, DA ∼= DB implies

that G̃D(G̃A − G̃B) = 0. Therefore the matrices G̃A − G̃B and G̃D satisfy Lemma 6.24.

This means that the bracketed quantity in (6.7) is t · G̃D for some t ∈ Q(x, y, z). Hence,

det(G̃B)G̃A − det(G̃A)G̃B = t · G̃ADB.

Multiplying on the right by M−1, we obtain a nontrivial linear relation between GA, GB,

and GADB.

The preceding theorem gives a simple way to show that a triple (A,B;C) satisfies the
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switching phenomenon. Additionally, note that the condition on (A,B;C) (namely, that

GA, GB, and GC are linearly dependent) is homogeneous. That is, if some (A,B;C)

satisfies the switching phenomenon, then so do (AE,BE;CE) and (EA,EB;EC) for any

polarized tree E. This is because any linear relation

κGA + λGB + µGC = 0

can be multiplied on the right by MGE to yield

κGAE + λGBE + µGCE = 0,

or on the left by GEM to yield

κGEA + λGEB + µGEC = 0.

We do not know whether combining these two results (Theorem 6.23, as well as the ability to

concatenate on the left and/or right by polarized trees) is enough to produce all nontrivial

triples (A,B;C) that satisfy the switching phenomenon.

For concreteness, we identify two common ways in which the conditions of Theorem 6.23

are met.

Corollary 6.25. Let H be a symmetric polarized tree and let P,Q be rooted trees. Let A,

B, and C be the three polarized graphs depicted in Figure 6.6.6 Then (A,B;C) satisfies

the switching phenomenon.

Proof. If D = P ⊗Q, then one can check that AD ∼= BD, DA ∼= DB, and C = ADB.

Corollary 6.26. If A and B are doppelgängers, then (A,B;C) satisfies the switching

phenomenon where C = AL tAR.

6Here is a formal description of these graphs: A = P̂HQ̂ (recall that P̂ denotes the polarization of P ); B
is the polarization of (P̂ Q̂H)R; and C = (P̂HP̂Q)⊗(PQ̂HQ̂). We believe that the pictoral representation
is more enlightening.
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Figure 6.6: The graphs A, B, and C from Corollary 6.25.

Proof. Let D be the two-vertex polarized graph with no edges and distinct poles. Then we

have AD ∼= BD, DA ∼= DB, and C = ADB.

To summarize our discussion in this section, we present a recipe for using the switching

phenomenon to generate a family of ordinary trees with the same GDP.

1. Find an example of polarized trees A,B and a singular polarized forest C such that

GA, GB, and GC are linearly dependent (Definition 6.12). Our Theorem 6.23, and

more specifically Corollary 6.25 and Corollary 6.26, are possible sources of such an

example. In addition, any example can be concatenated freely on the left and/or right

by polarized trees (see the discussion after the proof of Theorem 6.23).

2. Choose a pair or larger family of compositions that are related by switching (Defi-

nition 6.17). This can be done by choosing any compositions γ(1), . . . , γ(k) and then

computing the expression δ(1) ◦ · · · ◦ δ(k) over all choices of δ(i) ∈
{
γ(i),

(
γ(i)
)∗} for

each i. (See also the discussion following Example 6.19.)

3. For each composition α chosen in the previous step, form the tree T (α) with respect

to the chosen triple (A,B;C) from the first step (Definition 6.14).

4. Then the resulting trees will all have the same GDP (Theorem 6.18).
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6.3 Distinguishing trees with the CSF

Before concluding, we return to Question 1.1. In this chapter, we have seen a variety of

constructions for families of trees with the same GDP. Since the GDP is determined by

the CSF, studying these families could be fruitful in searching for an example of trees

with the same CSF. However, we can show that certain applications of our constructions

cannot produce such an example, which provides some evidence that Stanley’s question has

a positive answer. Let us give one instance of this for both the reversal phenomenon and

the switching phenomenon.

6.3.1 Distinguishing trees from the reversal phenomenon

First, we revisit our construction for the reversal phenomenon from Section 6.1.1.

Theorem 6.27. Define the polarized graphs D, H, I, A, B, and C as in Theorem 6.6.

Assume that D and H are not diagonal and degR(D) = degL(H) = degR(H) = 1. Then

for m ≥ 2, all trees of the form (E1 · · ·Em)#C for E1, . . . , Em ∈ {A,B} have distinct

chromatic symmetric functions.

To prove this theorem, we will need some additional definitions and results.

Definition 6.28. Let T be a tree. A shape of T is a proper subtree S ( T that has exactly

one boundary edge: d(S) = 1.

For instance, a shape of order 1 is simply a leaf. (The term “shape” comes from [22].)

Let σa(T ) denote the number of shapes of T with order a, and let σa,b(T ) denote the

number of pairs of shapes (S1, S2) of T such that |S1| = a, |S2| = b, and S1 ⊆ S2. Observe

that σa(T ) = [xay1za−1]GT (x, y, z), so the numbers σa(T ) are determined by GT . On the

other hand, the numbers σa,b(T ) are not determined by GT in general, but certain linear

combinations of them are determined by XT :

Lemma 6.29. Let |T | = n. If a and b are positive integers such that a ≤ b and a+b ≤ n−1,

then XT determines σa,a+b(T ) + σb,a+b(T )− σa,b(T ).
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Proof. We use the higher-order generalized degree polynomials, defined in Section 4.5, which

we proved are determined by the CSF. Specifically, consider the coefficient of the monomial

xa1x
b
2 y

2za−1
1 zb−1

2 in G
(2)
T . This is the number of pairs of disjoint subtrees (S1, S2) of T with

order a and b, respectively, such that d(S1, S2) = 2. Then either S1 and S2 are disjoint

shapes, or S1 t S2 is a shape of order a+ b.

Since a ≤ b and a + b ≤ n − 1, given any two shapes of order a and b, either they are

disjoint or the shape of order a is contained in the shape of order b. Therefore, if S1 and

S2 are disjoint shapes, then the number of pairs (S1, S2) equals σa(T )σb(T ) − σa,b(T ). In

the second case, if S1 t S2 is a shape of order a + b, then either S1 is a shape of order a

contained in S1tS2 or S2 is a shape of order b contained in S1tS2. Therefore, the number

of pairs (S1, S2) in this case is σa,a+b(T ) + σb,a+b(T ). Thus,

[xa1x
b
2 y

2za−1
1 zb−1

2 ]G
(2)
T = σa,a+b + σb,a+b + σaσb − σa,b.

Since GT determines σa and σb (and XT determines GT and G
(2)
T ), the claim follows.

We record an easy corollary of this lemma, which we will use in the proof of Theorem 6.6.

Corollary 6.30. Let T be a tree of order n and 2 ≤ k ≤ n − 2. Suppose that either

σk−1(T ) = 0 or σk+1(T ) = 0. Then XT determines σ1,k(T ).

Proof. If σk−1(T ) = 0, then σ1,k−1(T ) = σk−1,k(T ) = 0 as well, so taking (a, b) = (1, k − 1)

in Lemma 6.29 gives the result. If σk+1(T ) = 0, then we can take (a, b) = (1, k) instead.

Proof of Theorem 6.27. Let C = C1 ⊗ C2, and fix a tree

T = (E1 · · ·Em)#C = C2E1 · · ·EmC1

with E1, . . . , Em ∈ {A,B}. (Figure 6.7 illustrates the case m = 4 and T = (ABAA)#C.)

We show how to recover the Ei from XT by analyzing the shapes of T .
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Figure 6.7: An example from the proof of Theorem 6.27. The path W is the thick red line.

It will be more convenient in this proof to consider graphs by number of edges, rather

than number of vertices, since the number of edges is additive with respect to concatenation.

Recall that we use e(S) to denote the number of edges of S; let d = e(D), h = e(H), and

i = e(I). (By our assumptions, d > 0 and h > 0, but i can be 0.) Then

e(T ) = (2d+ 2h+ 2i)m+ (2d+ h).

Let W be the unique path in T between the roots of C2 and C1. The shapes of T can

be classified into three groups:

(i) The outer shapes, whose boundary edge does not lie on W ;

(ii) The left shapes, whose boundary edge lies on W and which contain r(C2); and

(iii) The right shapes, whose boundary edge lies on W and which contain r(C1).

If S is an outer shape, then either e(S) < d + 2h + i or e(S) ≥ e(T ) − (d + 2h + i).

Instead, if S is a left shape, then by inspection we have

e(S) ∈ {2d+ h+ i, . . . , 3d+ 2h+ 2i− 1} (mod 2d+ 2h+ 2i).
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(By this, we mean that e(S) is congruent modulo 2d+2h+2i to one of the numbers in the

set.) Analogously, if S is a right shape, then

e(S) ∈ {d+ h, . . . , 2d+ 2h+ i− 1} (mod 2d+ 2h+ 2i).

We now use this information to isolate shapes of T with specific orders. Fix an integer k

with 1 ≤ k ≤ m− 1, and consider shapes S with

e(S) = (2d+ 2h+ 2i)k + (d+ h).

Our observations show that there are no outer shapes or left shapes satisfying this condition.

However, there is a unique right shape satisfying it, namely S = Em−k+1 · · ·EmC1. (Our

assumptions on D guarantee that this is indeed a shape.) In addition, one can check that

there are no shapes S with one fewer edge: e(S) = (2d + 2h + 2i)k + (d + h − 1). Thus,

by Corollary 6.30, we can recover from XT the number of leaves of T inside the shape

Em−k+1 · · ·EmC1. Since k was arbitrary, this holds for all 1 ≤ k ≤ m − 1. Furthermore,

our assumptions on H (namely, that it is not diagonal and has degree-1 poles) implies that

A and B contribute different numbers of leaves to this count. Hence, letting k vary, this

information determines whether each of E2, . . . , Em is A or B.

We can apply a similar argument to the left shapes. Fix an integer k with 1 ≤ k ≤ m−1

and consider shapes S with

e(S) = (2d+ 2h+ 2i)k + (d− 1).

There are no outer shapes or right shapes satisfying this condition, but there is a unique

left shape, namely C2E1 · · ·Ek with the edge incident to R(Ek) removed. (Again, we need

the assumptions on D to know that this is a shape.) Furthermore, there are no shapes with

one more edge: e(S) = (2d + 2h + 2i)k + d. Thus, by Corollary 6.30, XT determines the

number of leaves of T inside this shape. Letting k vary, this determines whether each of
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E1, . . . , Em−1 is A or B.

We have thus shown that E1, . . . , Em can be recovered from XT , so we are done.

6.3.2 Distinguishing trees from the switching phenomenon

Next, we consider families of trees produced using the switching phenomenon. Certain such

families consist of caterpillars, obtained by taking (A,B;C) as in Example 6.19. Specifically,

we noted that if α and β are compositions with α ∼s β, then C(α) and C(β) have the same

GDP. We now show that these two caterpillars do not have the same chromatic symmetric

function (unless they are isomorphic).

Fix a composition α = (α1, . . . , α`) and let v1, . . . , v` be the spine vertices of C(α), with

deg vi = αi + 1. We ignore the shapes of C(α) of order 1 (which are leaves) and |C(α)| − 1

(which are complements of leaves). Every other shape S contains either v1 or v`, but not

both. We call S a left shape if it contains v1 and a right shape if it contains v`. Then C(α)

has ` − 1 left shapes, which are nested in each other and whose orders are one more than

the elements of Set(α). Similarly, C(α) has `− 1 right shapes, which are nested and whose

orders are one more than the elements of Set(α∗).

To establish the claimed result, we rely on the following lemma, which contains the meat

of the proof.

Lemma 6.31. Fix a non-palindrome composition γ. Then XC(β◦γ) determines β for all

compositions β.

Proof. Let T = C(β ◦ γ), and write m = |β| and n = |γ|. (Note that XT determines m

because |T | = |β ◦ γ|+ 2 = mn+ 2 and we know n.)

Let s = min (Set(γ) \ Set(γ∗)), which exists because Set(γ) and Set(γ∗) are unequal but

have the same cardinality. If s = 1, then we can replace γ with γ∗, since the statements of

the lemma for γ and γ∗ are equivalent. Thus, we may assume that 2 ≤ s ≤ n− 1.
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Using the definition of β ◦ γ, one can check that

Set(β ◦ γ) = {nb+ c : 0 ≤ b < m, c ∈ Set(γ)} t {nb : b ∈ Set(β)}

and similarly

Set(β∗ ◦ γ∗) = {nb+ c : 0 ≤ b < m, c ∈ Set(γ∗)} t {nb : b ∈ Set(β∗)}.

Thus, if b ∈ [m− 1], then the number of shapes of T of order 1 + nb (which is determined

by XT ) equals the number of true statements among “b ∈ Set(β)” and “b ∈ Set(β∗)”. We

now fix b such that exactly one of these statements is true and then determine which; this

will be enough to determine β.

By Lemma 6.29, XT determines the number

κ = σs, 1+nb+s + σ1+nb, 1+nb+s − σs, 1+nb.

Since s ∈ Set(γ)\Set(γ∗), it follows that 1+nb+s is the order of a left shape but not a right

shape. Meanwhile, 1 + nb is either the order of a left shape (if b ∈ Set(β)) or a right shape

(if b ∈ Set(β∗)), but not both. In addition, we know whether s is the order of a left shape

or right shape (or both), because this depends on whether s−1 ∈ Set(γ) or s−1 ∈ Set(γ∗),

respectively. Note that s− 1 /∈ Set(γ) \Set(γ∗) by minimality of s, so s cannot be the order

of a left shape but not a right shape. This leaves three possibilities for s:

• Suppose that s is the order of both a left shape and a right shape. Then we have

σs, 1+nb+s = σs, 1+nb = 1, so κ = σ1+nb, 1+nb+s. This equals 1 if 1 + nb is a left shape

and 0 if 1 + nb is a right shape, so we can determine which is true.

• Suppose s is the order of neither a left shape nor a right shape. Then we have

σs, 1+nb+s = σs, 1+nb = 0, so again κ = σ1+nb, 1+nb+s, and the logic from the previous

case applies.
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• Suppose s is the order of a right shape but not a left shape. Then σs, 1+nb+s = 0, so

κ = σ1+nb, 1+nb+s − σs, 1+nb. If 1 + nb is the order of a left shape, then this equals

1 − 0 = 1, and if 1 + nb is the order of a right shape, then this equals 0 − 1 = −1.

Thus, we can again determine which is true.

It follows that we can recover Set(β) and thus β.

We can now prove the desired result:

Theorem 6.32. If α ∼s β and β /∈ {α, α∗}, then XC(α) 6= XC(β).

Proof. Let α = α(1) ◦ · · · ◦ α(k) and β = β(1) ◦ · · · ◦ β(k), where β(j) is either α(j) or its

reverse for each j. Find the largest index i for which α(i) is not a palindrome (which exists

since α 6= β). If β(i) is the reverse of α(i), then we can replace β and all the β(j) with their

reverses. Thus, we may assume that α(i) = β(i). We define

α′ = α(1) ◦ · · · ◦ α(i−1), β′ = β(1) ◦ · · · ◦ β(i−1),

α′′ = α(i) ◦ · · · ◦ α(k), β′′ = β(i) ◦ · · · ◦ β(k),

so that α = α′ ◦α′′ and β = β′ ◦β′′. By our assumptions, we have α(j) = β(j) for all j ≥ i, so

α′′ = β′′. In addition, α(i+1), . . . , α(k) are all palindromes but α(i) is not, so α′′ and β′′ are

not palindromes either. Finally, we have α′ 6= β′ since α 6= β. Thus, Lemma 6.31 implies

that XC(α) 6= XC(β).

To end this section, we state a related conjecture:

Conjecture 6.33. If GC(α) = GC(β) for compositions α and β, then α ∼s β.

We know the converse of this statement to be true due to the switching phenomenon (see

Example 6.19). If this conjecture could be proved, then combining it with Theorem 6.32

would prove that non-isomorphic caterpillars have distinct chromatic symmetric functions.

(Recall that a proof of this result was claimed in [22].)
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n 11 12 13 14 15 16 17 18 19 20 21 22 23 Total
Pairs 1 1 1 5 1 7 19 15 23 56 22 90 160 401

Switching 1 1 5 1 4 18 11 17 48 21 82 154 363
Reversal 1 3 1 2 6 8 1 7 3 32

Unexplained 2 1 3 6

Table 6.1: The number of pairs of trees with at most 23 vertices that have the same GDP.

6.4 Future directions

We conclude this chapter (and this thesis) by considering some directions for extending our

work and moving ever closer to resolving Question 1.1.

In this chapter, we discussed several ways to construct ordinary trees with the same GDP.

An exhaustive computer search indicates that there are 401 pairs of trees with order at most

23 that have the same GDP, and all but six of them arise from the reversal phenomenon

or switching phenomenon. (The switching phenomenon implies that there are families of

arbitrarily many trees with the same GDP, but up to order 23, only pairs exist.) We have

collected some summary statistics in Table 6.1,7 and the remaining six pairs of trees appear

in Figure 6.8.

Furthermore, in Section 6.3, we were able to prove that some of these constructions

produce trees with different CSFs. Our work therefore suggests the following two-step

program for resolving Stanley’s question, which this thesis makes some progress towards

executing:

(i) Characterize all pairs of trees with the same generalized degree polynomial.

(ii) For each pair, decide whether the trees have the same chromatic symmetric function.

7There is some overlap between the constructions produced by the reversal and switching phenomena.
Specifically, if (A,B;C) satisfies the switching phenomenon, and thus also the reversal phenomenon, then
the fact that GT (α) = GT (α∗) can be viewed as an instance of either phenomenon. For the purposes of
Table 6.1, we considered this an instance of the switching phenomenon. That is, the triples (A,B;C) that
produce the 32 examples of the reversal phenomenon do not satisfy the switching phenomenon.
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Figure 6.8: The six pairs of trees of order 23 with the same GDP that cannot be explained
using the reversal phenomenon or switching phenomenon.
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While we admit that this program is an ambitious one, we believe it is a promising

direction in which to take the study of Stanley’s question. Indeed, in our view, part of

the difficulty in studying Stanley’s question directly is the chromatic symmetric function

is “too complex”: in particular, we cannot examine concrete examples of trees with the

same CSF to look for patterns. (Of course, this is an obvious statement, since Stanley’s

question asks whether any examples exist at all!) On the other hand, our results suggest

that the generalized degree polynomial may lie in a certain “sweet spot” with regards to

this problem:

(i) First, the GDP is simple enough that many “small” pairs of trees with the same GDP

exist (and many can be well understood, as we have seen in this chapter). Furthermore,

it is much easier to compute the GDP than the CSF, in part because of the recurrence

relations of Section 5.5, so the GDP may be more amenable to computerized search

methods.

(ii) On the other hand, the GDP is still a complex enough invariant that it determines a

substantial amount of information about a tree (as we saw in Chapter 4). Because of

this, we believe that there ought to exist an articulable explanation for the existence

of most, if not all, pairs of trees with the same GDP (hopefully including the six pairs

of Figure 6.8).

It is also reasonable to ask whether replacing the GDP with a similar but different

invariant might result in a simpler or more elegant theory. For instance, one might consider

building up the analog of this theory for the half-generalized degree polynomial or subtree

polynomial (considered in Section 4.1). We know from Figure 4.2 that these are strictly

weaker tree invariants than the GDP, but they still determine, for instance, the degree and

path sequences of the tree [25].

In any case, we hope we have demonstrated that the generalized degree polynomial, as

well as all its specializations, generalizations, and variations, are also interesting objects in
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their own right. That they are related to the celebrated chromatic symmetric function is

simply a cherry on top.
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