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Abstract

On the chromatic symmetric functions of trees

Michael Tang

Chair of the Supervisory Committee:
Ricky Ini Liu

Department of Mathematics

The chromatic symmetric function (CSF) of a graph, introduced by Richard Stanley in
1995, is a symmetric function generalization of the chromatic polynomial which enumer-
ates proper colorings by the number of uses of each color. We attack a long-standing open
question of Stanley that asks whether trees are distinguished by their CSFs. We prove new
structural results about the CSFs of well-known subclasses of trees, including an involution
on symmetric functions that swaps the CSFs of caterpillars in pairs, as well as a character-
ization of all linear relations between the CSFs of spiders. Then, we study a related graph
invariant, the generalized degree polynomial (GDP), introduced by Crew and shown to be
determined by the CSF by Aliste-Prieto et al. We present several classes of data about a
tree that can be recovered from its GDP (and thus also from its CSF), such as the double-
degree sequence and leaf adjacency sequence; this extends previous work of Martin, Morin,
and Wagner. Then, we consider vector-valued and matrix-valued variants of the GDP for
trees with distinguished vertices. By using linear relations that these GDPs satisfy, we prove

new recurrence relations for the ordinary GDP and give several constructions that produce



families of ordinary trees with the same GDP. In addition, we prove in some cases that the
trees produced by such constructions have different CSFs. Our work suggests a program for

further work using the GDP as an intermediary.
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Chapter 1

INTRODUCTION

This thesis studies a particular problem in graph coloring, a subfield of graph theory
that is concerned with methods of assigning labels (called “colors”) to the vertices or edges
of a graph so that certain conditions are satisfied. By far the oldest and most famous graph
coloring question is the four-color problem, first posed in 1852 but not settled until 1976.
Over its long history, this problem pioneered the study of graph coloring and inspired a great

deal of discoveries therein; graph coloring remains an extremely active area of research today.

A prominent development inspired by the four-color problem was the introduction by
Birkhoff in 1912 of the chromatic polynomial xg of a graph G. For a positive integer k, the
value of x¢(k) is the number of colorings of the vertices of G with k colors (usually taken to
be the integers 1,2, ..., k) which are proper, meaning that adjacent vertices always receive
different colors. While it was not particularly useful in solving the four-color problem,
the chromatic polynomial has proved fascinating in its own right. Furthermore, it directly
inspired the titular object of this thesis, a symmetric function generalization of the chromatic
polynomial.

A symmetric function is a formal power series (that is, an infinite weighted sum of

monomials z7" - acfk" in an infinite list of variables x1,x3,...) of bounded degree with
the property that it is symmetric in its variables, i.e., it is fixed under all permutations
of the x;. Examples of symmetric functions include the power sum symmetric functions
pn = 2 + 25 + -+ and the elementary symmetric functions e, =

i1 <in<...<im TirLig ** " Ti

n

(the sum of all products of n distinct variables).

The study of symmetric functions also has a long history because of its connection with

the solutions of polynomial equations, observed as early as the 16th century [14]. In modern



terms, we view symmetric functions as having a great deal of abstract algebraic structure:
in particular, the set of symmetric functions is an important example of a Hopf algebra,
which means that it is also an algebra, a coalgebra, a ring, and a vector space. For this and
many other reasons, symmetric functions are ubiquitous in mathematics (in particular, in
algebra, combinatorics, and representation theory) and even appear in such far-flung realms

as quantum mechanics.

Thus, this thesis is about graph coloring and symmetric functions: in particular, it is
about a particular symmetric function defined using graph colorings. Let G = (V, E) be a
graph. The chromatic symmetric function X¢, introduced by Richard Stanley in 1995 [31],
is a symmetric function that enumerates proper colorings of GG by the number of occurrences

of each color. Formally, we have

Xg(:ljl,:l?g, .o ) = Z H SL‘H(U),

K veV

where x ranges over all proper colorings of G with positive integers. Thus, the coefficient of

a monomial z{'x5? -+ in X is the number of proper colorings of G such that for each i,
the color ¢ is used exactly «; times. This means that X provides much more information
about a graph than the chromatic polynomial x¢: in particular, the value of xg (k) can be

recovered from X (z1,22,...) by setting 1 = ... = =1 and x; = 0 for all i > k.

In the thirty years since its introduction, the chromatic symmetric function has inspired
a great deal of research in algebraic combinatorics. Variants of the chromatic symmetric
function for weighted graphs [12], for rooted graphs [23], and in quasisymmetric functions
[30] have been developed; the latter is related to the cohomology of certain subvarieties of
the flag variety called Hessenberg varieties. In addition, the chromatic symmetric function
was shown to be a natural object associated to a graph in the sense that the mapping
G +— X defines a canonical morphism of combinatorial Hopf algebras [1]. Finally, the
famous Stanley-Stembridge conjecture [34], recently resolved by Hikita [19], states that the

chromatic symmetric functions of certain graphs called unit interval graphs have positive



expansions in the basis of elementary symmetric functions.
This thesis was inspired by the following question, which was posed by Stanley in the

same paper [31] introducing the chromatic symmetric function:

Question 1.1. Does the chromatic symmetric function distinguish trees? In other words,

must non-isomorphic trees have different chromatic symmetric functions?

To get some context for this question, note that by contrast, the chromatic polynomial
is nearly useless for distinguishing trees: indeed, all trees 1" with n vertices have the same
chromatic polynomial x7(k) = k(k — 1)". Meanwhile, Stanley observed that the chromatic
symmetric function does not distinguish among all graphs; the smallest non-isomorphic
graphs with the same chromatic symmetric function have just five vertices [31, Figure 1].
Later, Orellana and Scott showed that there are infinitely many pairs of connected graphs
with exactly one cycle that have the same chromatic symmetric function [26]. However,
Question 1.1 remains open: no one has discovered an example of non-isomorphic trees with
the same chromatic symmetric function or found a way to recover a tree from its chromatic
symmetric function.

Though Question 1.1 is unresolved, some interesting progress has been made towards
answering it. One common approach is to identify or construct special classes of trees whose
members are distinguished by their chromatic symmetric functions, which is a strategy used
in [3, 15, 17, 22, 35]. This approach essentially resolves a restricted version of Stanley’s
question, and one can hope that the methods used to do so generalize beyond the particular
class of trees being studied. Another common approach is to begin with the chromatic
symmetric function X7 of an arbitrary tree 7" and extract information about T' from the
coefficients of Xp. For instance, in 2008, Martin, Morin, and Wagner [25] proved that Xp
determines the degree sequence of T (the number of vertices of T' of each degree) and the
path sequence of T (the number of paths in T' of each length). As another example, Crew
[11] showed that X7 determines the lengths of the twigs of T', which are the maximal paths

in T consisting of a leaf and some number of degree-2 vertices. This approach shows that



trees with the same chromatic symmetric function must also agree on a wide range of more
concrete statistics. One can hope that all this information recovered from the chromatic
symmetric function, when taken together, will be enough to reconstruct the tree itself, or
else to narrow down the search for a counterexample.

While this thesis takes inspiration from both approaches, it mainly adopts the latter.
In particular, it focuses on the relationship between the chromatic symmetric function and
other graph invariants. Indeed, the above examples of information about 7" recovered from
X were not actually derived directly from the chromatic symmetric function; rather, the
authors of [25] and [11] employed an intermediary called the subtree polynomial. Defined in
[13], the subtree polynomial is a two-variable invariant of a tree that enumerates subtrees
by their size and number of leaf edges. It was shown in [25] that the chromatic symmetric
function determines the subtree polynomial: thus, any information that one can determine
about a tree from its subtree polynomial is also information determined by the chromatic
symmetric function. It was the subtree polynomial, whose coeflicients are easier to under-
stand and manipulate, that was used to recover the degree sequence, path sequence, and
twig sequence of a tree.

In this thesis, we focus on a particular three-variable tree invariant called the generalized
degree polynomial. Introduced by Crew in 2020 [11], the generalized degree polynomial
Gr(z,y, z) of a tree T enumerates subsets A of the vertices of T' by size as well as number of
internal edges (edges of T with both endpoints in A) and boundary edges (edges of T with
exactly one endpoint in A). Crew conjectured in [11] that X7 determines G, and this was
later proven by Aliste-Prieto, Martin, Wagner, and Zamora [4]. We devote much of this work
to examining information about a tree that can be recovered from its generalized degree
polynomial, as well as pairs of trees that have the same generalized degree polynomial. In
doing so, we make progress towards a better understanding of Stanley’s question.

This thesis' comprises six chapters, the first of which you are currently reading. In

'We note that this thesis consists largely of joint work with Ricky Liu. In particular, much of the content
of Chapter 4 also appears in the paper [21].



Chapter 2, we first introduce notations and conventions, and then present some background
about symmetric functions and the CSF. In particular, we note that the CSF satisfies a

deletion—near-contraction recurrence (Proposition 2.7).

In Chapter 3, we study the so-called chromatic bases, namely the star basis {st)} and
path basis {pay }. These are linear bases for the algebra of symmetric functions defined using
the CSFs of star and path graphs, respectively. We derive a new structural result regarding
these bases (Theorem 3.6), namely, that there is an involution on symmetric functions that
sends sty to — pa, for all partitions A\. Furthermore, we show that this involution swaps the
CSFs of complementary pairs of caterpillar graphs (up to sign). Next, we use chromatic
bases to study the chromatic symmetric functions of spider graphs. We expand the CSF
of a spider graph in the path basis {pay} (Theorem 3.12), and in doing so, we discover a
connection between the chromatic symmetric functions of spiders and the Bernstein creation
operators (Theorem 3.24). This allows us to compute the dimension of the span of Xg where
S ranges over all spiders of a fixed order (Theorem 3.25), as well as characterize all linear

relations between the Xg (Theorem 3.28 and Theorem 3.30).

The remaining chapters focus on the generalized degree polynomial (which we abbreviate
as the GDP). In Chapter 4, we define the generalized degree polynomial of a tree and give a
concise proof that it is determined by the chromatic symmetric function (Proposition 4.14)
by using Hopf algebraic methods. Then, we present several kinds of information about
a tree that is determined by its GDP (Theorem 4.20), organized around the notion of
degree embeddings of trees. For example, we show that the GDP determines the double-
degree sequence and leaf-adjacency sequence of a tree, which are both refinements of the
degree sequence. We also consider a trio of two-variable specializations of the GDP, one of
which is the subtree polynomial mentioned above; we prove a new formula relating two of
these specializations (Theorem 4.3) and resolve a related conjecture of Martin, Morin, and
Wagner (Theorem 4.5). Finally, we define a sequence of further generalizations of the GDP

(Definition 4.30) and show that they are all determined by the CSF.



In Chapter 5, we develop the theory of the generalized degree polynomial for rooted
graphs and polarized graphs (graphs with two distinguished vertices, a left pole and a right
pole). These variants of the GDP are vector-valued and matrix-valued, respectively, and
unlike the ordinary generalized degree polynomial, we can show that they are complete
invariants for rooted and polarized trees (Corollary 5.5 and Theorem 5.34). Despite this,
studying the GDPs of rooted and polarized trees can still tell us a great deal about the
GDPs of ordinary trees. Specifically, by using linear relations that exist between polarized
GDPs, as well as an operation for combining rooted and polarized trees called concatenation
(Definition 5.19), we prove two recurrence relations that can be used to efficiently compute
the ordinary GDP (Theorem 5.38 and Theorem 5.40). We also prove some surprising
divisibility facts about the GDP, such as Theorem 5.47.

Finally, in Chapter 6, we apply the machinery developed in the previous chapter to
give two general frameworks for constructing pairs (and larger families) of ordinary trees
with the same GDP: the reversal phenomenon (Section 6.1) and the switching phenomenon
(Section 6.2). We prove in some cases that these frameworks produce trees that have
different CSFs (Section 6.3). In addition, by analyzing computer calculations, we show that
these frameworks recover nearly all pairs of trees with order at most 23 that have the same
GDP (Section 6.4). Our work suggests a two-part program to attack Stanley’s question:
first, characterize all pairs of ordinary trees with the same GDP, and then decide whether
the trees in each pair have different chromatic symmetric functions. This thesis makes

partial progress on executing both steps.



Chapter 2

PRELIMINARIES

In this chapter, we present notation, conventions, and background information about the
topics studied in this thesis. Readers who are already familiar with the chromatic symmetric

function may skip to Chapter 3, referencing the contents of this chapter as needed.
2.1 Conventions and basic definitions

The cardinality of a set S will be denoted |S|. The notation S’ C S means that S’ is a
subset of .S, not necessarily proper. Given a nonnegative integer k, we write (*2) for the
collection of all subsets of S with cardinality k.

We write Z for the set of integers and Z-( for the set of positive integers. Given
a nonnegative integer n, we write [n] to mean the set {1,2,...,n} (where [0] = @ is the
empty set). For nonnegative integers a and b, we write [a, b] to mean the set {a,a+1,...,b}.

In general, the notation [m]f means the coefficient of m in f. Here f is an object such
as a polynomial (with m a monomial), a power series (with m a monomial), or an element
of a vector space expanded in a particular basis (with m an element of that basis). The
exact meaning should be clear from context.

Given objects 7 and j, the Kronecker delta ¢;; equals 1 if ¢ = j and 0 otherwise.

2.1.1 Graphs

We assume familiarity with the basic concepts of graph theory. All graphs are assumed to
be simple (no parallel edges or self-loops) and finite. Graphs will generally be unlabeled
and considered only up to isomorphism.

Given a graph G, we write V(G) and E(G) for its vertex set and edge set, respectively.



The order of G, denoted |G|, is the number of vertices of G. We denote the number of
connected components of G by ¢(G).

Given a vertex v € V(G), we denote its degree by degq(v), or just deg(v) if G is clear
from context. A vertex v is called an internal vertex if deg(v) > 2, and a leaf vertez if
deg(v) = 1. A leaf edge of G is an edge incident to at least one leaf of G. For a subset

A CV(G), we write G|A to mean the induced subgraph of G with vertex set A.

2.1.2  Compositions

Here we give some definitions related to integer compositions and partitions, which we will
use to discuss symmetric functions in the next section.

An integer composition, or composition for short, is a finite sequence o = (v, ..., ag)
of positive integers. Each «; is called a part of «, and the length of « is the number of parts
(in this case, k). The size of a, denoted |a/, is the sum of its parts: || = a; + -+ + ag. If
|a] = n, we say that « is a composition of n and write o F n. We write Comp for the set
of all compositions and Comp,, for the set of all compositions of n.

There is a unique composition with no parts, which thus has length 0 and size 0; we
denote this by 0. We also write positive integers interchangeably with the corresponding
compositions of length 1.

When writing explicit examples of compositions, we often omit commas and parentheses.
Thus, for instance, the composition (3,1, 3,4) would be abbreviated as 3134. In addition,
we use the notation a* to mean the part a repeated k times. For instance, the composition
(1,1,...,1,2) with k occurrences of 1 would be abbreviated 1%2.

It is well-known that the number of compositions of n is 27! for each n > 1. This is

because there is a bijection between compositions of n and subsets of [n — 1] given by

a=(ay,...,a) — Set(a) ={a1, a1 +ag, ..., a0+ +ap_1}

Conversely, if Set(a) = {r1 < 7o < --- < 1y}, then a = (r1,72 — 71,...,70 — 191,10 — 17p).



The complement of a composition a F n, denoted af, is the composition of n such that

Set(af) = [n — 1] \ Set(a).

Thus, complementation is an involution on compositions of n.

Example 2.1. Let a = 32114, a composition of n = 11. Then Set(a) = {3,5,6,7} and so

Set(af) ={1,2,4,8,9,10}. Hence, a® = 1124111. O

The reverse of a composition a = (g, ag,...,ax) is o = (ag, ..., a2, a1); we say that

a is a palindrome (or is palindromic) if a = o*.

Given two compositions « = (aq,...,ax) and 8 = (51,...,Be), their concatenation «f

is defined by
Olﬁ = (ala"',akaﬁla"',ﬁf)v

and their near-concatenation o ® 3 is defined (when a, 8 # 0) by

a®pf=(al,...,ap-1,a5+ B1,B2,...,0).

One can check that complementation, concatenation, and near-concatenation satisfy

(af)=a‘ o p° (2.1)

for all o, 8 # 0.

Given a composition « and k € Z~g, we write my(«) = |{i : a; = k}|, the number of
parts of a equal to k. We write o ~ (3 if and only if the parts of o can be rearranged to

form (; equivalently, o ~ 3 if my(a) = my () for all k.
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We define
a)!
— | l... =
aut(a) = mq(a)!ma(a)!--- | perm(q) ant(a)’
prod(a) = a1 - aya), 2o = aut(a) prod(a).

The number aut(a) can be interpreted as the number of ways to “permute” equal parts of
a, i.e., the number of permutations (w1, ..., wyq)) of [((a)] such that (cu,, ..., qw,,,) = o
By the orbit-stabilizer theorem, perm(«) is the number of compositions 8 with a ~ j, i.e.,

the number of distinct permutations of the parts of «.

Example 2.2. Again, let o = 32114. Then aut(a) = 2!(1!)3 = 2, so perm(a) = 5!/2 = 60.

We also have prod(a) =3-2-1-1-4=24 and z, = 2-24 = 48. O

2.1.8 Partitions

An (integer) partition is a composition A = (A1, ..., A¢) whose parts are in weakly decreasing
order: A\ > Ao > ... > M. A partition of n is a partition A with size n; we write A F n to
signify this. Let Par be the set of all partitions and Par, the set of all partitions of n. It
will sometimes be convenient to consider partitions to be padded on the right by infinitely
many zeros (so that a partition is an infinite, weakly decreasing sequence of nonnegative

integers whose sum is finite).

For any composition «, its parts can be rearranged in weakly decreasing order to form

a partition. We denote this partition by &, so that a ~ a.

Given a partition A = (A1,...,\p), its Young diagram is a grid of boxes with ¢ rows,
such that row ¢ from the top has A; boxes, all left-aligned. Then, the conjugate of X is the
partition \" whose Young diagram is obtained by reflecting the Young diagram of A over the

main diagonal (top-left to bottom-right). Algebraically, we have A = (\],...,A}) where
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A =5221 N = 43111

Figure 2.1: The Young diagrams of two conjugate partitions.

k=1 and X} = max{i: A\; > j}. This can be stated in an equivalent form as

)\9 =a if and only if Aa =7 > Aatl-

Example 2.3. The partition A = 5221 has conjugate N = 43111. The Young diagrams of

A and )\ are depicted in Figure 2.1. O
2.2 Symmetric functions

We now recall some parts of the theory of symmetric functions. Our treatment is extremely
terse, covering only what we will need; a detailed account can be found in e.g. [18, 24, 33].

We work over the field of rational numbers Q. Let x1,x2,... be an infinite list of com-
muting indeterminates. A symmetric function is a formal power series f € Q[[x1,x2,...]]
of bounded degree with the property that f is invariant under all permutations of the x;.
The set of all symmetric functions forms a Q-algebra Sym under the usual addition and
multiplication of power series. In addition, Sym has a grading Sym = ®n20 Sym,,, where
Sym,, is the set of all homogeneous symmetric functions of degree n.

The algebra Sym has several well-known bases, indexed by partitions A = (A1,...,\y),
which will play important roles throughout this work. (Each basis respects the grading on
Sym; the degree of a basis element equals the size of the corresponding partition.) The most

obvious basis is the monomial basis {my}, where my is the sum of all distinct monomials
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zgl - xyf such that (aq,...,ar) ~ A (This is not to be confused with the notation my(c)

for compositions « as defined in the previous section.) Next, for positive integers n, let

po = =l £ ah e

Ep = Min = E $il e xiz,

11<...<ly
h, = Zmn = Z Ty T,
AFn 1< <ig
We extend these definitions multiplicatively: given a partition A = (A1,...,A¢), we have

Dx = DPx, - Py, and similarly for ey and hy. This yields the power sum basis {py}, the
elementary basis {ex}, and the (complete) homogeneous basis {hy}. One can show that
these indeed form (graded) bases for Sym. By convention, we set pg = ¢y = hyp = 1, and
Pn = €, = hy, = 0 for integers n < 0. We can also define p,, hq, and e, in the same way for

compositions «; thus p, = pg and similarly for the other bases.

Finally, we define the celebrated Schur basis {s)}. Given a partition \, a semistandard
Young tableau of shape A is a filling of the boxes in the Young diagram of A with positive
integers such that the rows weakly increase from left to right, while the columns strictly
increase from top to bottom. If T' is a semistandard Young tableau, we define x” to be the

monomial z{*z5? - -+, where oy is the number of occurrences of k in 7. Then

=30
T

where T ranges over all semistandard Young tableaux of shape A. (It is not obvious from

the definition that sy is symmetric, but this can be shown using Bender-Knuth involutions.)

The Schur basis can be written in terms of the complete homogeneous basis using the
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Jacobi-Trudi formula: for a partition A = (A1,..., A7), we have
ha, SV N (S VWA
h,—1 hx o hagge2
sx = det [hy,—itj] < j<p = det 2 '2 . 2' . (2.2)
(VAR VAT R ha, |

The dual Jacobi-Trudi formula can be used to write the Schur basis in the elementary basis:

ex, EN+1 T BN 41
ex,—1 ex, B V)
sy = det [e)\<,i+j] .= det 2 ? ? (2.3)
‘ 1<iyg<
EX—e+1  EX—42 " €N,

2.2.1 The involution w and the Hall inner product

We define two important structural elements of the algebra of symmetric functions. Let
w: Sym — Sym be the (graded) algebra endomorphism defined by w(ey) = hy for all
partitions A\. Then in fact, w satisfies w(hy) = ey for all A, so it is an involution on Sym.

The involution w acts on the power sum basis by

w(pa) = (~1)PMNp,

and on the Schur basis by

(.L)(S)\) = S)/.

Next, define a bilinear form (-,-) : Sym x Sym — Q by

(mx, hy) = 0z,
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for partitions A and p, extended linearly in both arguments. It can be shown that this
bilinear form is symmetric and positive definite; it is called the Hall inner product. In
addition, the involution w is an isometry with respect to (-, -), that is, (w(f),w(g9)) = (f, g)
for all f,g € Sym.

By definition, the monomial basis {m,} and the complete homogeneous basis {h)} are

dual with respect to the Hall inner product. In addition, we have the formulas

(Pr,pu) = 2205, and (5x58u) = Oxps

so the power sum basis is orthogonal and the Schur basis is orthonormal with respect to

the Hall inner product.

2.2.2 Sym as a Hopf algebra

The algebra Sym can be given additional structure making it into a Hopf algebra. The
particular aspect of this that we will need is the comultiplication map on Sym, denoted
A: Sym — Sym ® Sym, which is linear and multiplicative. In general, to compute A(f)
for f(x1,x9,...) € Sym, one can replace the x; with a “doubly infinite” list of variables
T1,%2,...,Y1,Y2,..., evaluate f on these arguments, and then interpret the result as an
element of Sym ® Sym (where the x-variables correspond to the first copy of Sym and the y-
variables correspond to the second). In practice, though, it suffices to know how to compute
A on a basis of Sym, or on an algebraic generating set for Sym since A is multiplicative.

The formulas that we will need are
Alpn) =1@pn+pa®1 (2.4)
and

Alen) = Z€i®€j:€O®6n+el®€n—1+"'+€n®€0 (2.5)
i+j=n
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for n € Z+y.

We will use Sweedler notation for a generic element of the image of A. If f € Sym, then
there exist £ > 0 and fi;, fo; € Sym for 1 < i < k such that A(f) = Zle f1i ® fo;. We

abbreviate this to

A=) )@ fe. (2.6)

Let E be a Q-algebra and pup: F ® F — E its multiplication map. For any linear maps

w,%: Sym — E, the convolution of ¢ and v is the map ¢ * ¢ : Sym — E defined by

(e ¥)(f) = (upo (p @) o A)(f) = > _ @ f1)) ¥(f2))- (2.7)

This is also a linear map. Moreover, it can be shown that if ¢ and 1 are algebra maps, then

so is ¢ x 1, provided that F is commutative.
2.3 The chromatic symmetric function

Finally, we define the central object of this thesis and state some key facts about it.

Let G be a graph and X a nonempty set. A coloring of G with colors in X is a function
k: V(G) — X that assigns an element of X (called a “color”) to each vertex of G. In
this thesis, we will always take X to be Zsg or a subset thereof. A coloring x is proper if
adjacent vertices never get the same color: that is, if {v,w} € E(G), then k(v) # r(w).

Given a coloring k, we define a monomial x" in variables z1,xo,... by

K _ |k~ (3)|
X = H x/@(v) = H.I‘,L .
VeV (@) i>1
Definition 2.4 ([31]). The chromatic symmetric function (CSF) of a graph G, denoted
Xg, is defined by

Xg(l‘l,xg, .. ) = Z XH,

K proper
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where k ranges over all proper colorings of G with colors in Z~g.

a1 ag‘_
1 Lo

Thus, the coefficient of any monomial x - in X is the number of proper colorings
of GG such that each color i is used exactly «; times. This is invariant under permutations of
the numbers «;, so X is indeed a symmetric function. Furthermore, the definition implies
that X is homogeneous of degree n = |G|. We also note that Xg g, = Xg,Xg, for
graphs G and Go, where G1 U G is the disjoint union.

The chromatic symmetric function Xz can be used to recover the classical chromatic
polynomial xg. Recall that xg is a polynomial of degree m such that, for each positive

integer k, xc(k) is the number of proper colorings of G with colors in [k]. For any k, we

can take x1 =---=xp =1 and x; = 0 for ¢ > k to get

Xo(1¥) = Xg(1,1,...,1,0,0,...) = xg(k).
k

(Indeed, under this substitution, the term corresponding to a proper coloring « is sent to 1
if it only uses colors from [k], otherwise 0.) Therefore yi can be recovered from Xg.

A common way to study the chromatic symmetric function of a graph is to examine
its expansion in one of the many bases of Sym (defined in the previous section). For two
particular bases, the monomial basis and the power sum basis, the coefficients that one
obtains have combinatorial significance.

First, we consider the monomial basis expansion of Xg. A stable partition of a graph
G is an (unordered) set partition of V(G) into blocks that are independent sets of G. The
type of a stable partition is the integer partition of n whose parts are the sizes of the blocks
of the stable partition. Given A F n, let a)(G) be the number of stable partitions of G of

type A. Then, from the definition of X, we have the formula

Xg =) aut(A)ax(G)my,
AFn

which expresses X in the monomial basis. It follows that knowing X is equivalent to
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knowing all the numbers ay(G).

Next, in the case of a forest F', we consider the power sum basis expansion of Xgp. A
connected partition of F is a set partition of V(F') into blocks, each of which is the vertex
set of a connected subgraph of F. We write C + F if C is a connected partition of F. Let
bx(F') be the number of connected partitions of F' of type A (where the type is defined in

the same way as for stable partitions). Then we have the following result of Stanley.

Proposition 2.5 ([31, Corollary 2.8]). If F is a forest of order n, then

Xp =Y ()" (F)pr = > [T (- pa-

AFn CHF AeC

Thus, for a forest F', knowing X is equivalent to knowing all of the numbers by (F).
The power sum expansion of the CSF will turn out to be more useful for our purposes than

the monomial expansion.

Let us state one more nice fact about the CSF.

Proposition 2.6. For any graph G, we have

AXe)= Y. XguoXgsp, (2.8)
AUB=V(G)

where A and B ranges over all ways to partition V(G) into two sets.

This fact can be proven directly by using the monomial or power sum expansions of X,
or by using the theory of combinatorial Hopf algebras [1]. In particular, this means that if

FE is an algebra and f,g: Sym — E are linear maps, then their convolution satisfies

(f*9)Xg) = Z f(Xga) - 9(XgB)- (2.9)
)

AUB=V (G
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2.3.1 The deletion—near-contraction recurrence

We now describe a recurrence relation, first presented in [5], that can be used to compute
the chromatic symmetric function. To do so, it is helpful to recall the classical deletion-
contraction relation satisfied by the chromatic polynomial.

Let G be a graph and e = {u, v} be an edge of G. The deletion of e from G is the graph
G — e with vertex set V(G) and edge set E(G) \ {e}. The contraction of e in G is the graph
G /e obtained from G — e by identifying v and v (and then replacing any parallel edges by

a single edge to obtain a simple graph). Then, we have the well-known relation

xa (k) = xa—e(k) = xc/e(k),

which can be used to recursively compute the chromatic polynomial of any graph. Many
natural graph invariants satisfy a deletion-contraction—type relation; the most general such
invariant is the Tutte polynomial.

Unfortunately, the deletion-contraction relation does not have a direct analog for the
chromatic symmetric function; one reason for this is that G/e has one fewer vertex than G
and G —e, and so X/, does not have the same degree (in Sym) as X¢ and Xg—.. However,
the CSF does satisfy a similar relation, called the deletion—near-contraction relation. If e
is an edge of G, the near-contraction of e in G is the graph G © e obtained from G/e by
adding a new leaf adjacent to the identified vertex. (Note that if e is a leaf edge, then G©®e

is isomorphic to G.)

Proposition 2.7 ([5, Proposition 3.1]). Let G be a graph and let e be an (non-leaf) edge
of G. Then we have

Xae =Xg—e + Xcoe — P1Xq/e- (2.10)

This proposition was proved in [5] by using a weighted variant of the CSF (introduced

n [12]), but for completeness, we give a self-contained proof here.



19

Proof. Given any coloring of a graph, an edge is monochromatic if its endpoints are assigned

the same color. Thus, a coloring is proper if and only if it has no monochromatic edges.
Let e = {u,v}. Let A be the set of colorings r: V(G) — Zso of G with e as the only

monochromatic edge. Then the proper colorings of G — e are exactly the proper colorings

of G together with the colorings in A. It follows that

Xoo— Xo = Z X"
KEA

In G ® e, let u be the identified vertex and let w be the new leaf attached to it. Note that
P1Xag/e = X(G/e)ufw) since py is the CSF of a single-vertex graph; furthermore, G ©e can be
obtained from (G/e) L {w} by deleting the edge {u,w}. Then, by the same logic as before,

we have

plXG/e - XG@e = Z x" )
Kk'eB

where B is the set of colorings x’ of G ® e with {u,w} as the only monochromatic edge.
But there is a bijection between the colorings k € A and ' € B, where x(v) = £/'(w) and
k and k' agree on all other vertices. This implies that Xg_. — Xg = p1Xg /e — XGoe, and

the result follows. O

By recursively applying the deletion—near-contraction relation, one can compute X for
any graph G. This procedure always terminates because G — e and G/e have fewer edges
than G, while G ® e has the same number of edges but one fewer non-leaf edge than G.
The base cases of the procedure are therefore the graphs with no non-leaf edges. Each
component of such a graph is a star graph, whose chromatic symmetric functions we will

see in the next chapter.
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Chapter 3
CHROMATIC BASES AND SPECIAL CLASSES OF TREES

In this chapter, we discuss two bases for symmetric functions defined using the CSF,
the star and path bases, as well as two special classes of trees, caterpillars and spiders. The
star basis {st)} and path basis {pa,} were introduced in [10] and studied in more detail
in [2], where it was shown that for each basis, there is an involution on Sym swapping it
with the power sum basis {p)}. (This fact has come to be known as chromatic reciprocity.)
We present a related and seemingly overlooked result, namely, that there is an involution
of Sym that swaps sty and — pa, for all \. We also show that, up to sign, this involution
swaps the CSFs of pairs of “complementary” caterpillars.

Next, we use chromatic bases to study the chromatic symmetric functions of a special
class of trees called spiders. We give a formula for the expansion of the CSF of a spider in
the path basis, which specializes to a formula expressing the star basis in terms of the path
basis and vice versa. Then, we consider the subspace of Sym, spanned by the CSFs of all
spiders of order n. We compute the dimension of this space and give a basis for it; along
the way, we discover a surprising connection between spiders and the Bernstein creation

operators. Finally, we characterize all linear relations between the CSFs of spiders.
3.1 Stars, paths, and caterpillars

We begin by defining the star and path bases for Sym.

Let n be a positive integer. The star graph of order n, which we denote St,,, is the
n-vertex tree in which one vertex is adjacent to all others. The path graph of order n, which
we denote Pa,,, is the n-vertex tree whose vertices can be labeled vy,...,v, such that its

edges are {v;,vj41} for 1 <i<n-—1.
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Definition 3.1. Let A = (A1,...,\x) be a partition. The star symmetric function sty is
defined by

sty = sty ---sty,

where st, = Xgt, is the CSF of the star graph of order n. Similarly, the path symmetric

function pa, is defined by

bay = bay, - Pay,
where pa,, = Xp,, . By convention, stg = pay = 1.

(Like with the other multiplicative bases of Sym, we define st,, = stg and pa, = pag for
compositions a.) Using Proposition 2.5, we can derive formulas expressing st,, and pa,, in

the power sum basis. These are well-known; see e.g. [10, Theorem 8§].

Proposition 3.2. For a positive integer n, we have

& _1f{n—1
st, = Z(—l)k ! <k; B 1)p(k71nk) (3.1)

k=1

and

pa, = Y (=1)" " Wpo =3 (=1)""W perm(3) py. (3:2)

aFn AFn

The star and path bases were introduced by Cho and van Willigenburg in [10], where they
showed that {st)} and {pa, } are indeed (graded) bases for Sym. Equivalently, the symmetric
functions {st, },>1 are algebraically independent (over Q) and thus freely generate Sym as a
polynomial ring; the same is true for {pa,, },>1. In fact, they showed that for any family of
connected graphs {Gp}n>1 where |G| = n, the chromatic symmetric functions {Xg, }n>1
have the same property [10, Theorem 5]. However, among all possible families {G,,}, the
stars and paths are special because the corresponding bases exhibit a phenomenon known

as chromatic reciprocity:
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Theorem 3.3 ([2, Theorem 6.3]). Let {uy} be either the star or path basis. Then the
unique linear map ¢: Sym — Sym satisfying ¢(py) = uy for all A is also the unique linear

map satisfying ¢(uy) = py for all A\. In particular, ¢ is an involution.

(As shown in [2], the key property of the families {St, } and {Pa,} that gives rise to
chromatic reciprocity is that every connected partition of a star or path consists only of
stars and paths, respectively.) By applying the involutions in Theorem 3.3 to (3.1) and
(3.2), we get formulas writing the power sum basis in terms of the star and path bases,

respectively:

- 4 f{n—1

k=1

and

po=> (-1)""@pa, =3 "(~1)"""V perm(A) pa . (3.4)
aFn AFn

We will now show that, in fact, there is a third involution on Sym that (nearly) swaps the
star and path bases. Also, in the next section, we will give a formula expressing the star
basis in terms of the path basis and vice versa (Corollary 3.14).

Our involution behaves nicely not only on stars and paths, but on a larger class of trees
called caterpillars. A caterpillar is a tree whose internal vertices form a path. That path
is called the spine of the caterpillar, and the leaf edges are called the legs. Caterpillars
can be specified by giving the number of legs attached to each vertex along the spine, or
alternatively, by giving the degree of each spine vertex. We record this information in a

composition as follows:

Definition 3.4. Given a composition o = (a1,...,a;) # 0, let C(«) be the caterpillar
whose spine vertices vy, ..., v, have degrees deg(v;) = a; + 1. Equivalently, C'(«) is the
caterpillar such that v, has a1 legs attached, v has oy, legs attached, and v; has a; — 1 legs

attached for 2 <i < k — 1. Also, we define C'(0) to be the tree with two vertices.
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[T AL TAT A

Figure 3.1: The caterpillars C(12132), at left, and C'(13212), at right.

For all a, the caterpillar C'(a) has || +2 vertices.! In addition, the caterpillars C'(c) and
C(a*) are always isomorphic; otherwise, each caterpillar (of order at least 2) corresponds
to a unique composition up to reversal. Finally, note that stars and paths are both special

cases of caterpillars: St, = C(n — 2) and Pa,, = C(1"2).

Example 3.5. Figure 3.1 shows two caterpillars of order 11, which correspond respectively

to the compositions 12132 and 13212. ¢
We can now state our main result:

Theorem 3.6. Define a Q-algebra map : Sym — Sym by ¥(st,) = — pa,, for all positive

integers n. Then for all compositions a # 0, we have

V(X)) = —Xe(ae)-
In particular, taking a = 172 for n > 3, we get ¥(pa,,) = — sty 80 1 is an involution.

Proof. In this proof, we will abbreviate X¢(4) to X4 to improve readability.

We use induction on £(«a). If £(a) = 1, then X, = st,, and X,c = pa,, where n = a3 + 2,
so the statement is true by the definition of .

Now, fix a composition o = (a1,...,ax) where k > 2. We apply the deletion—near-

contraction recurrence (Proposition 2.7) to C'(«) at the edge between the first and second

'One way to see this is to count edges: C(a) has a1 4 (a2 — 1) + -+ (ap—1 — 1) + o = |a| — k + 2 legs
and k — 1 spine edges, so |a| + 1 edges total, which means |a| + 2 vertices.
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spine vertices. Letting 8 = (as, ..., a), this yields

Xa = Xalflx(ag—lﬂ) + X(oq—l—az,,@) - plX(a1+a2—1,ﬁ)'

Applying the algebra map ¥ to both sides and using the induction hypothesis, we get

1/}<Xa> = w(Xal—l)w(X(agfl,ﬁ)) + w(X(qurag,ﬁ)) - w(pl)w(x(a1+agfl,,8))

= X(a1-1)°X(az-1,8)° = X(ar+as,8)° ~ P1X(a;+az—1,8)°

(Note that p; = st; = paq, so ¥(p1) = —p1.) Using (2.1) on the right-hand side gives

w(Xa) == X1a1—1X1a2—1®ﬂc - X1a1+o¢2@6c _p1X1a1+a2—1®/8¢;. (35)

We now apply the deletion—near-contraction recurrence to the caterpillar C'(1217%2 & 3¢) at

the edge between the ajth and (a; + 1)th spine vertices. This gives

X1a1+a2®5c = Xlal—lx.lo@fl@lgc + X1a17121a271®ﬁc _p1X1a1+a271®Bc. (36)

Finally, we substitute (3.6) into the right-hand side of (3.5), which gives simply

w(Xa) — —X1a1—121a2—1®ﬁc.

We have af = (a1, a2)¢® 3¢ = 19171219271 © ¢, therefore (X, ) = —Xqe, completing the

induction and the proof. O
By multiplicativity, 1 (sty) = (—1)“W pa, and (pay) = (—1)WM sty for all partitions .

Remark 3.7. Recall that there is an algebra involution ¢ of Sym that sends f € Sym,,
to (—1)"f, that is, ¢ negates odd-degree (homogeneous) elements and fixes even-degree
elements. Furthermore, ¢ commutes with every graded endomorphism of Sym, so it follows

that 1)/ = ¢ o) is also an involution of Sym. This is an alternative version of our star-path
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o *—o—©
® ®
[ ] [ ]
Sp(311) Sp(221) Sp(2111) Sp(11111)

Figure 3.2: The four spiders of order 6.

involution; it satisfies 1/(sty) = (—1)M =™ pa, and ¢/(pa,) = (—1)M=tWN st
3.2 Spiders in the path basis

We now consider a different subclass of trees, namely spiders. A spider is a tree with exactly
one vertex of degree at least 3. That vertex is called the torso of the spider, and the paths
from the torso to the leaf vertices are called the legs of the spider.

Given a partition p Fn — 1, we can define a graph Sp(u) of order n by starting with a
single vertex and attaching a path of length p; for each i. Then the spiders of order n are
exactly the graphs Sp(u) for ¢(p) > 3. If instead ¢(u) < 2, then Sp(u) = Pa,,, the path of

order n (which can be viewed as a degenerate spider?). We write

Sp, = {Sp(w) : pFn—1, £(u) > 3}

for the set of all spiders of order n, and let Sp), = Sp,, U{Pa,}.

Example 3.8. There are four spiders with 6 vertices, corresponding to the four partitions

of 5 with length at least 3. These are shown in Figure 3.2. %

2We make this distinction primarily because the term “spider” as it is typically defined (and as we have
defined it here) excludes path graphs.
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It was proved in [25] that spiders can be recovered from their chromatic symmetric
functions, therefore settling Question 1.1 for the class of spiders. (In fact, a much stronger
result is true: only the two-part portion of the chromatic symmetric function, which consists
of all coefficients of py with ¢(\) = 2, is needed to distinguish spiders [25, Theorem 9].) Our

results in the rest of this chapter will provide further insight into the CSFs of spiders.

We will need the following definitions. A weak composition is a finite sequence v =
(Y1, --.,7v) of nonnegative integers. Given weak compositions v and ¢ of the same length,

we write v < § if v; < §; for all i. We analogously define v < 6§, v > 9, etc.

We begin with a preliminary formula for the chromatic symmetric function of a spider

in the path basis.

Proposition 3.9. Given a partition g = (u1,...,u¢) Fn — 1, we have

Xopoy = D », (=D pa,,, (3.7)

0<y<p aFn—|y|

where v is a weak composition with v < p and « is a usual (“strong”) composition.

Proof. Given a connected partition P of Sp(u), let A be the part containing the torso
together with a (possibly empty) prefix of the vertices on each leg. Also, let v; be the
number of vertices on the ith leg that are not in A. Then v is a weak composition with
v < pand A has size n—|v|. Furthermore, P consists of A together with connected partitions

of the paths Pa., for all <. Summing over all possible v, it follows from Proposition 2.5 that

Xsp(p) = Z H (—1)|B|_1p|B| = Z (—1)"_1_‘7‘pn_|ﬂ,| pa,, - pa., .

PHSp(u) BEP 0<y<pu
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Using (3.4), we can write this entirely in terms of the path basis:

Xspy = <—1>"-1-7< )» <—1>"-'V'-f<a>paa>pa7

0<y<p aFn—|v]

SO SR EICEr. 5)

0<~v<p aFn— ‘/y‘

as desired. O

Our goal is now to obtain a cancellation-free form of this formula. We use a generating

function argument. For m > 0, define a polynomial f,,(¢) with coefficients in Sym by
fm(t) =1+payt+pagt® +--- +pa,, t™

We extend this definition multiplicatively, so that f(t) = fy,..h,(t) = fru () -+ fr,(t) for

a weak composition v = (y1,...,7¢) (and fo(t) = 1). Also, define the formal power series

f(t) = Zizo pa; t.

Proposition 3.10. We have

M 3 o «
J;((t)) S Y (-1 pa e, (3.9)

0<~y<pu acComp

Thus, for u+n —1,

- _[tn]w_ (3.10)

Proof. Let pn= (p1, ..., pe). We first compute

fu®) = fru(®) - fu, (t) (Z pay, tk> (Z pay tk> = Z pa, thl,
k=0

0<y<p
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Next, we write

1 1
e o e Spnct) = 3 (1) pa el

>0 k>1 aceComp
Therefore,
< S pa, tlvl) < S (-1)% pa, t|a>
0<~y<pu acComp
Z Z 1)@ p o g+
0<~y<pu aeComp
as claimed. Comparing this with (3.7) yields the desired formula for Xg,,). O

It will be helpful to also consider other coefficients of the quotient f,(¢)/f(t). Given

pFn—1and an integer d, we define a symmetric function X, 4 by

X, = —[t"" Jult “ = > > ' pag, - (3.11)

0<y<p aFn+d—|y|

Thus, X, 0 = Xsp(u).‘3 In this section, we will find formulas for the path expansions of all

X4, as well as the dimension of the span of X, 4 for pmn — 1 (given any n and d).

We now rewrite the quotient f,(t)/f(t) as follows. (The next result is a general fact

about generating functions and does not actually involve the CSF.)

Lemma 3.11. For m > 0, define f,(t) = f(t) — fm(t) = > i1 Pa; th, and extend

multiplicatively to fy(t) for weak compositions 7. Then for any p = (u1,. .., pue), we have

0
Z fﬂl - (¢ )f/lj_‘.l..,ue(t) + (—1)5—1

Jj=1

(3.12)

3For d > 0, it can be shown that X, 4 is (up to sign) an example of a weighted chromatic symmetric
function: specifically, it is the CSF of the spider Sp(u) when its torso is given weight 1 + d and all other
vertices are given weight 1. More information about weighted CSFs can be found in [12].
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Proof. We have
¢
Ful®) = fun(®) -+ ) =TT () = Fu®)) -

i=1
We can index the terms in this product by subsets I C [{] consisting of the indices i for

which we choose f(t) instead of — f,, (). This gives

a0 = > 50" T (<) -

ICle e[\

When I = @, the corresponding term of this sum is (—1)* fu(t). When instead [ is nonempty,
suppose we fix the value of j = min(I). Then j is always an element of I, while all of [j — 1]
lies outside I. Let I = {j}UJ for J C [j + 1,¢]. Then, the sum of the corresponding terms

for this value of j is
SO (Y @) > O T (<)
JC[j+1,) i€lj+1,0\J

l
= ) () @) TT (£ = 7))

i=j+1

= f(t) : (_1)j71fﬂl“'ﬂj—1(t)fﬂjJrl"‘#Z (t)

To finish, we sum over all j (and remember to include the term I = &) to obtain

¢
Fu®) = F@ D DT froiya (D frgironne (8) + (1) Fu ()
j=1
Dividing by — f(t) yields the desired equation (3.12). O

By combining (3.10) and (3.12), we obtain for u - n — 1 that

L

X,u,d = Z<_1)j : [tn+d]ful---uj—1(t)fuj+1---ue (t) + (_1)£71 ) [tn+d]
j=1

fu(t)
f@)°

(3.13)

which we now use to give a cancellation-free formula for the path expansion of X, 4. The
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key fact is that for any A F n + d, at most one of the £ 4+ 1 terms on the right-hand side of
(3.13) can contain pa,. (Also, there is no cancellation within any individual term because
the fs and fs have all nonnegative coefficients.) Let us see why.

In the summation of (3.13), when each product fu1--~uj_1 (£) fuj 1o (1) is expanded, every
pa, that appears (in any coefficient) has ¢(\) < ¢ — 1. Meanwhile, in the last term, every
pa, that appears in a coefficient of f,,(t)/f(t) has £(\) > £. Thus we only need to consider
the terms of the summation. Suppose that A = (A,...,\y) F n+d with k < ¢ —1. If

pa, appears in [t”+d]fm...uj71(t)fujﬂ...m (t), then A\ must consist of j — 1 parts that are

respectively greater than pi,...,pj-1, and at most £ — j parts that are respectively less
than or equal to (some of) fj41,..., . Since X and p are partitions, it must be the case
that

Ai > for i=1,...,5—1

and

)\ig,ui_H for i:j,...,k.

This can only happen for at most one value of j: specifically, j must be the least index with*
Aj < py; (although the latter condition still might not hold, in which case [pay|X, 4 = 0).
This discussion, after some careful analysis, leads to a formula for the coefficient of any
pa, in the path expansion of X, 4. For a composition «, recall that perm(c) is the number
of distinct permutations of (the parts of) a. Let perms (;3) be the number of distinct
permutations of a whose parts are respectively greater than those of 3; define perm (a; 3)

analogously.

Theorem 3.12. Let A= (\1,..., \x) Fn+dand p= (u1,...,u) Fn—1 be partitions.

(i) If k > ¢, then

[Pay]Xya = (=1)* " perm, (A; 0" ).

f N > i forall i = 1,..., k, then we take j = k + 1.
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(ii) If k < ¢, let j be the least index such that A\; < pj, or j = k + 1 if none exists. Then

j l—k

[Py X,a = (=1) permy (A1 ... Aj_15 01 .- prj—1) perme (A ... A0 e o).

Proof. If k > ¢, then pa, can only appear in the term (—1)*~1[t"*9|f,(t)/f(t) of (3.13). We

have

%t)) _ ( S pa; ti) <Z pa; ti) > (-1 pa, ol

i>u i>p acComp
To obtain pa, "¢ from this product, we must choose a permutation of A so that the first
{ parts are respectively greater than uq, ..., 1y, with no restrictions on the last k — ¢ parts.
This is exactly the same as a permutation of A whose parts are respectively greater than
those of £0F~¢. Each permutation contributes (—1)~'-(=1)¥=¢ = (=1)*~! to the coefficient
of pay, so (i) is proved.
If k£ < £, then define j as in the theorem statement. As stated in our previous discussion,

pa, can only appear in the term (—1)/ [tn+d]fu1~--uj_1(t)fuj+1~-ue (t) of (3.13). We have

fﬂl“‘ﬂjfl (t)fujﬂ“'ﬂe (t)

= <Z pal-ti> ( Z paiﬁ) ( Z paiti> < Z paiti>.
i>p1 >pj-1 1<pj41 i<pig
To obtain pa, t"*+4 from this product, we must choose one pa; coefficient from each term,
comprising (in some order) the coefficients pa,,,...,pa,, as well as £ — k — 1 occurrences
of pay. The coefficients chosen from the first j — 1 terms must be pa,,, ... ;pay,_, in some
order, since A\; < p; < pj—1. Thus, the coefficients chosen from the last terms must be

pay ;... pay, as well as £ —k — 1 occurrences of pag. This proves (ii). O

As a corollary, we can combine the cases of Theorem 3.12 to give a concise criterion for

whether pay appears in the path expansion of X, 4.

Corollary 3.13. Let A - n+d and p - n — 1. Considering A and p to be padded



32

with infinitely many zeros, let j be the least positive integer such that A\; < p;. Then

[pay] X, q # 0 if and only if A; < piqq for all i > j.

Proof. Let k = £(\) and £ = ¢(u). If k < ¢, then Theorem 3.12(ii) immediately proves the
desired statement. So suppose that k > ¢. If [pay]X, 4 # 0, then Theorem 3.12(i) shows
that A\; > p; for ¢ = 1,..., 0. Then j = k+ 1, so \; = p;y1 = 0 for all ¢ > j, and the
condition is satisfied. Conversely, suppose that [pay]X, s = 0, so that A; < p; for some
i € [¢]. Then we must have j < ¢ by minimality, so j < ¢. But A\ > 0 while psy; = 0, so

the condition is not satisfied. O

In addition, since stars are examples of spiders, we can use Theorem 3.12 to write the

star basis in terms of the path basis and vice versa.

Corollary 3.14. For all integers n > 3, we have

st,, = Z (_1)m>1()\)+1 m>1()\)'(n — m>1()‘) — 2)' (314)

- aut(\)(n — 6(\) —2)1 P

AFn
L(N)<n—2

and

pa, = > (~1)m® mzlu(?()!)(?n__”za)(i)z_)f)!stA (3.15)

AFn
L(AN)<n—2

where m~1(\) = #{i: \; > 1} = £(\) — my(A). (Also, by definition, st,, = pa,, for n < 3.)

Proof. We apply Theorem 3.12 with d = 0 and p = 17!, so that X,da = Sty. Fix A =
(M,..., \g) Fn. If K >n—1, then all parts of A after the first are 1, so one can check that

Theorem 3.12(i) gives [pay]sty, = 0.

Suppose k <n—1. Then j =ms1(A)+1,s0that Ay > --- > 1 >1=X\=...= )\
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Therefore, Theorem 3.12(ii) gives

[pa,] sty = (—1)j perm. (A1...A\j_1; 1j_1) perm(\; - - A 0" R =2, ln_j_l)

= (_1)j perm()\]_ e )\j,l) perm(lk_j"!‘lon—k—Q)

gy G=DL (n—j—t
_( 1)]aut()\1...)\j,1) <k‘—]+1>

Substituting j = m~1(\) +1 and noting that aut(A; ... \j—1) = aut(\)/m1(\)! yields (3.14)

after some effort. To obtain (3.15), simply apply the involution ¢ of Theorem 3.6. O

We note that one may obtain (3.15) directly by applying the deletion—near-contraction
recurrence (Proposition 2.7) to a path graph, although the relevant computations are likely

to be rather involved; also see [5, Theorem 3.2].
3.3 Spider space

Next, we study the subspace of Sym spanned by the symmetric functions X, 4. Let
Snd =span{X, 4 : pFn—1} C Sym, ;.

When d = 0, we get S, 0 = span{Xg : S € Sp} }, the span of the CSFs of the spiders and
path of order n. (Later on, we will be able to modify our results to exclude the path.)
Our goal in this section is to give a basis for and compute the dimension of S, 4, as well as

characterize the linear relations between the X, ;.

3.3.1 Linearly independent spiders

We begin by giving a linearly independent set of functions X, 4, which will turn out to be

the desired basis for S,, 4. To describe this set, we need the following definition:

Definition 3.15. Let p be a partition and k be an integer. A k-fized point of p is an index

i such that p; = i+ k. We write Pargi) for the set of all partitions of m with a k-fixed point.
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In this definition, we consider i to be padded with infinitely many zeros: thus, if () < r
for some r, then r is a (—r)-fixed point of u. Observe that a k-fixed point of p is unique if

it exists.

Example 3.16. We have Parl ™ = {7,61,52,43,4111,3211,2221}. Note that the first four

partitions g in this set have pus3 = 0, while the last three have pug4 = 1. O

As another example of working with fixed points of partitions, we record the following

lemma for future use.

Lemma 3.17. Let a and b be integers with a +b = —1. Given any partition u, exactly one

of the following is true: (i) u has a a-fixed point; (ii) x' has a b-fixed point.

Proof. In this proof, we pad all partitions with infinitely many zeroes; we also use the
convention \g = +oo for partitions A (and do not consider this to be a part of \).

Suppose that y’ has a b-fixed point, say p; = j +b. Then pjrp > j > pjtpt1, S0
pjty— (j+b) > —b while pjpr1— (j+0+1) < —b—1. The sequence (pg — k)i>o is strictly
decreasing, so it never takes the value —b — 1 = a. Thus p does not have an a-fixed point.

Conversely, suppose that p’ does not have a b-fixed point. The sequence (u) — k)r>0
is strictly decreasing and does not take the value b, so there exists a unique k such that
py,—k > b >y —(k+1). Then pj, > b+Fk, which means ppy 1 > k, while p1j | < b+k+1,
which means ppq 41 < k+1. Thus ppyp41 =k, or pj = j+a where j = b+ k+1, so u has

an a-fixed point. O

We now seek to prove the following result.

Theorem 3.18. The functions X, 4 for u € Pargl__dl_Q) are linearly independent. Thus,

dim S, 4 > {Parfl__dl_z)‘
To prove this, we study the expansions of these symmetric functions in the path basis.

Suppose that p € Par(_dl_Q), and let i be the unique (—d — 2)-fixed point of u. We define a

n—
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corresponding partition & by

fo= (1 + 1,0 i1+ 1 g1, fli2, - )-

Then the size of g is g =|p|+(E—1)—ppi=Mn—-1)+G(—-1)— (i —d—2)=n+d.

Lemma 3.19. The map p — [ is a bijection from Parg;de) to{A: N e Parfizd}.

Proof. Let u € Par;__dl_z) be arbitrary with u; =i —d — 2. Then [ satisfies

fici=pi1+1>p+1=i—d—1 and Qi =pip1 <pi=i—d—2.

It follows that fi;_, ; =i—1, so ji’ has a d-fixed point as required.
We now construct the inverse map. Let A - n + d be a partition such that A has a
d-fixed point, say )\;- = j +d for some j. In other words, we have \j1q > j > A\jy441. The

fixed point j is unique, so we can define a partition A by
A= ()\l - 1) ) )‘j-f—d - ]-5.7 - 17 >\j+d+17)\j+d+25 s )

Then Aji 441 =5 — 1, 50 A has a (—d — 2)-fixed point at j 4 d + 1. It is easy to check that

the map A — \ is the desired inverse. ]

Lemma 3.20. If 4 € Parf;dfm, then [ is the lexicographically least partition A - n + d

such that [pay]X,, 4 # 0.

Proof. Let p; =i —d—2,s0that i = (1 +1,..., -1 + 1, it1, iva, ... ). Taking A = [
in Corollary 3.13, we get [pa;]| X, 4 # 0.

Now, choose an arbitrary A - n +d that satisfies [pay]X,, 4 # 0. We show that i weakly
precedes A in lexicographic order. By Corollary 3.13, there exists j such that Ax > uy for
1<k<j—1and M\ < pgaq for k> 5. If j > 4, then for all 1 < k <7 — 1 we have

Ak > ug + 1 = fig, while A\; > p; > i1 = ji;; thus, o precedes A in lexicographic order.
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Suppose instead that 7 < ¢. Then Ay > pup +1 = fip for all 1 < k < j — 1. If this
inequality is strict for any k, then i again precedes A in lexicographic order. Otherwise, we

have (A1,...,Aj—1) = (m +1,..., 051+ 1), so

A=+ + i+ )+ A+ A+
< (1) 4 (pg—r + 1) + g+ e+
= lpul+ (= 1) =
<S-D+0—-1) —p

=n+d.

But |A| = n+d, so equality must hold throughout. Thus, j =i and A\ = pgyq for all & > j,
which means \ = [i. O
(=d-2)
n—1

By Lemma 3.19, the partitions ji are all distinct for y € Par . Hence, Lemma 3.20

implies Theorem 3.18, as desired.

3.3.2 The Bernstein creation operators

We now seek to prove the corresponding upper bound on dimS,, 4. To do this, we relate
the symmetric functions X, 4 with a family of linear endomorphisms of Sym called the
Bernstein creation operators. First, we give some background on these operators, following
[7, Section 2.2] or [18, Exercise 2.9.1].

Let g be a symmetric function. The skewing operator associated to ¢ is the map
gt: Sym — Sym defined by gt (f) = <g, f(1)> f(2)- (Here we are using Sweedler notation

(2.6); recall that (-,-) is the Hall inner product on Sym.)

Definition 3.21. For an integer m, the Bernstein creation operator of order m is given by



37

Observe that By, raises degree by m: if g € Symy, then B,,(g) € Sym,, .

The importance of the B,,, and the reason that they are called “creation” operators, is

that they can be used to generate the Schur basis {sy} of Sym. Given any tuple of (not

necessarily positive) integers a = (aq, g, ..., ap), we define a symmetric function s, by
ha1 ha1+1 e ha1+€71
hag—l hag e ha2+€—2
Sq = det [hai—i+j]1gi,jgz = det ' ‘ . ' ) (3.16)
_ha[71€+1 hozgff+2 e hOé[ 1

When « is a partition, s, is the usual Schur function by the Jacobi-Trudi formula (2.2). In
general, by appropriately permuting the rows of the determinant in (3.16), one can show

that s, is either 0 or +s) for some partition \: for instance,

hl hQ h3 h4 h5 h6
5136 = det ho hy hy| =— det ho hs hy| = —S5433.
hy hs hg hi ho hs

Bernstein observed [24, pp. 96] that for all m € Z and o = (o, ..., ay) € Z¢, we have

Bm(sa) = S(m,ai,...,ap)" (317)

It follows that for any «, we have so = (Bq, © -+ © By, )(1); thus the Schur basis can be

“created” starting with 1 by iteratively applying the Bernstein operators.

The key property of the B,, that we will need is the relation

Bun 0 Bppi1 =0 (3.18)

for all m. To see why this is true, simply evaluate (B, © Bim+1)(Sa) = Bmm+1,a1,....a,) a0d

note that the corresponding determinant in (3.16) has its first two rows equal.
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We now present two more facts, which we then use to state and prove our theorem

relating spiders and the Bernstein operators.

Proposition 3.22 ([2, Remark 6.5]). There is an algebra map U: Sym — Sym that satisfies

U(hy) = pp and U(e,) = pa,, for all .

Lemma 3.23. For all p, we have ej(e,) = > o<y<u €. (Here 7 is a weak composition.)
yI=lpl=r

Proof. Recall that A(e,,) = > e; ® e; for all n. Because A is multiplicative, it follows

i+j=n
that A(ey) = > 5 +ry—p €8 ® €y, where 8 and v range over all pairs of weak compositions
such that 8; +v; = p; for all i. Hence, erl(eu) = Zﬁ+v=u (er,ep) €.

To compute (e, eg), we apply the involution w, giving (e,,eg) = (h,,hg). We have
hr = > 5, m, so it follows from the definition of the Hall inner product that (h,,hg)

equals 1 if |5| = r and 0 otherwise. The conclusion follows, since 5+ v = p and |5]| = r is

equivalent to 0 <y < p and |y| = |u| — 7. O

Theorem 3.24. For an integer d, define a linear map Fy;: Sym — Sym by Fy(pa,) = X4
for all partitions p. Then
(-=1)4F;=Uo By o UL

Proof. 1t suffices to check this equality on the path basis. We fix u +n — 1 and compute

(Bar1oU ") (pa,) = Basi(en) = Y (1) hariir e (e,)

r>0
:E (=1)"hgt14r Z €y
r>0 0<y<p
[v|=n—1-r
_ n—1—|vy
= E (=1 ||hn+d—\'y\€’77
0<y<p

where in the last step we swapped the order of summation and substituted r =n — 1 — |y|.



We now apply U to obtain

(UoBg1oU M(pa,) = Y (=" Mp,y i pa,

0<y<p

-y (_1)?1—1—7( T (_1)n+d—v—e(oop%)paV

0<y<pu aFn+d—|v|

= Z Z (_1)d—é(a)—1 Paqy

0<y<p aFntd—|y|

= (_1)dXM,d7
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where we used (3.4) and (3.11). This is exactly (—1)“Fy(pa,,), so the theorem is proved. [

It follows from the above theorem and (3.18) that F;_ 1 o F; = 0 for all d. This is the

fact we need to prove our main result.

Theorem 3.25. For all integers n > 1 and d, the subspace S, g = span{X, 4: pFn—1}

(—d-2)

n—1

(—d-2)

n—1 .

has basis given byX,, 4 for u € Par , and so its dimension is ‘Par

Proof. We have that the composition of maps
F, Fa—1
Sym,, ; —= Sym,, , g — Sym,, o4
is zero. Thus, S, 4 = im Fy C ker Fyy_1, so by the rank-nullity theorem,

rank Fy + rank Fy_; < dimSym,,, ; = |Par, 4|

(where we restrict the domains of Fy and Fy_; to Sym,,_; and Sym,, 4, respectively). On

the other hand, by the definition of Fj, we have

rank Fy = dim S, 4 > ‘Parfz_dl_m’
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by Theorem 3.18. Similarly,

(—d—l)’.

rank Fyy_1 = dimSp4q.9-1 > ‘Parner

Thus

2 (—d—l)‘

rank Fj; + rank Fy_1 > ‘Parfl__dl_ )‘ + ‘Parn+d

= ‘Par(d) ‘ + ‘Par

(=d-1)
n+d |

n+d

= |Par, 14|,

where we used Lemma 3.19 and then Lemma 3.17. Hence equality must hold everywhere:

in particular, dim S,, 4 = ‘Parg;dlﬂ”, as desired. O

The dimension-counting in the previous proof implies the following fact:
F, Fa- .
Corollary 3.26. The sequence Sym,, ; —= Sym,,, 4 —L Sym,, 1 9q is exact.

To arrive at these results, one could instead show that the corresponding sequence of
Bernstein operators is exact, or directly compute the rank of the Bernstein operators, and
then apply Theorem 3.24. These methods do not require first constructing an explicit basis
for S, 4. (This can all be done by analyzing the effect of the Bernstein operators on the
Schur basis, as is done in [18, Exercise 2.9.1].)

We can now take d = 0 to recover the span of the CSFs of the order-n spiders and
path. It is known that Xp,, = pa,, does not lie in the span of Xp for non-path trees T' [27,
Corollary 4.7], so excluding the path simply decreases the dimension of the span by 1. The

following corollary is therefore immediate from Theorem 3.25:

Corollary 3.27. Let n be a positive integer.

(i) The span of {Xs : S € Spy,} has basis {Xgp,) : 1 € Par,fl_j)} and dimension |Par£l__21)|.
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__21), ¢(u) > 3} and dimension

n

(ii) The span of {Xg : S € Sp,,} has basis {Xgp(,) : pt € Par

‘Parﬁf_? ‘ — 1.

3.3.8 Linear relations between spiders

Finally, we use our results to study the linear relations between the CSFs of spiders. To our
knowledge, this is the first nontrivial family of trees for which all linear relations between

their CSFs have been classified.

The key fact is the exactness described in Corollary 3.26. By the definition of Fj, the
linear relations between the symmetric functions X, 4 correspond to the elements of ker Fy
(when written in the path basis), which are exactly the elements of im Fy, 1. But im Fy 4 is
spanned by the symmetric functions X, 441, which we know how to write in the path basis.

Thus we have the following result:

Theorem 3.28. Fix integers n > 1 and d. Choose any partition v - n —d — 3, and expand

X, d+1 in the path basis as X, g11 = > au pay, for some coefficients a,, (which can be

uFn—1

computed using Theorem 3.12, equation (3.11), or equation (3.13)). Then

Z au, X, q=0.

pFn—1

Moreover, by varying v, these relations generate all linear relations between the X, 4 for
uhkn—1. (If we require that v has a (—d — 3)-fixed point, then the corresponding linear

relations are themselves linearly independent.)

Proof. We have Fyi1(pa,) = Xy 441 = ZM,_R_I a, pa,, and applying Fy gives the desired

relation. The rest follows from exactness and Theorem 3.18. O

Example 3.29. Here is an example application of Theorem 3.28. Let n = 10, d = 0, and
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v=3211Fn—d— 3. Using (3.13), we have

Xyar1 = Xao11,1 = — [t forr + [ F3(8) fra(t) — [£2) Faa(t) f1.(2) + [t°] fan () — [L‘g]fSLl(t)

= pag +2pag; + payy; — Pags —2 Pasy — Pasz; — Pagq; + Payss -

Therefore, Theorem 3.28 implies that

Xsp(9) + 2Xgpi1) T Xspr11) — Xsp(63) — 2Xsp(54) — Xsp(531) — Xsp(441) + Xspazz) =0

(where we used the fact that X, 0 = Xgp(,)). Note that Xgp,) = pag for p = 9 and

¢(p) < 2, so we can cancel out all such terms. This gives

Xsp(711) — Xsp(531) — Xsp(441) T Xsp(432) = 0,

a nontrivial linear relation between CSFs of spiders of order 10.° O

As an edge case, note that if n —d — 3 < 0, then no partitions v exist in the statement
of Theorem 3.28. Correspondingly, when n —d — 3 < 0, the X, 4 for p1 = n — 1 are linearly
independent. (This is due to Theorem 3.25: we have —d —2 < —(n — 1), so every partition
of n — 1 has a (—d — 2)-fixed point.)

Here is another way to generate relations between the X, 4, this time by using some

additional symmetric function theory.

Theorem 3.30. Fix integers n > 1 and d. Choose any partition A = (A1,...,\¢)) Fn—1

without a (—d — 2)-fixed point. Then we have®

Z (sx,mu) X, q =0.
pFn—1

®In any such relation (with d = 0), all the occurrences of the path must cancel out because, as previously
noted, pa,, is not in the span of the Xg,(,,).

5The coefficients (sx,m,,) are called the inverse Kostka numbers and are sometimes denoted K;)\l
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Furthermore, by varying A, this generates all linear relations between X, 4 for p = n —1,

and these relations are themselves linearly independent.

Proof. First, we show that sy is in the image of the Bernstein operator Byyo. Since A does
not have a (—d — 2)-fixed point, by Lemma 3.17, X" has a (d + 1)-fixed point. Let £(\) = k
and \; =i+ d+ 1 for some i € [k]. Then in the determinantal formula (3.16) for sy, the
ith row is (hgs2, hg+3, - - -, hark+1). By swapping rows to put this row on top while keeping
the other rows in the same relative order, we obtain

_ i—1
SN = (1) T S (2 N TN LN M)

Therefore, Bernstein’s result (3.17) shows that sy is in the image of Bgio. It follows that

(FgoU)(sy) =0 by Theorem 3.24 and (3.18). Now we have

sy =w(sy) =w (Z (5x, 1) hu) = Z (sx,my) ey

Ju 2

since the m-basis and h-basis are dual with respect to the Hall inner product. Applying U
sends e, to pa,,, and then applying Fy sends pa, to X, 4, giving the desired relation.

To conclude, note that the number of possible sy is exactly ’Pargldjll)’. By Lemma 3.19,
Theorem 3.25, and Theorem 3.24, this is equal to ‘Paréjjdi?} = rank F;11 = rank Bgo
(where we consider Fyi; and Bgyo as maps Sym,,_,;_ 3 — Sym,,_;). The sy are obviously

linearly independent, so it follows that they form a basis for im By, or equivalently, the

U(sy) form a basis for im Fy,q = ker Fy. O

In practice, the relations in Theorem 3.30 can be computed using the dual Jacobi-Trudi

formula (2.3), as in the following example.

Example 3.31. Here is an example application of Theorem 3.30. Let n = 10, d = 0, and

A = 432 (which lacks a (—2)-fixed point). We compute sy, by expanding the Jacobi-Trudi
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determinant

€4 €5 €6
SX:det[e/\i—i-i-j]lgi,jgé:det €2 €3 ey

€0 €1 €2

= €432 + €54 + €621 — €63 — €522 — €441 -

Applying Fy o U amounts to replacing each e, with X,,, so it follows that

Xsp32) T Xsp(s4) T Xsp(621) — Xsp(63) — Xsp(522) — Xsp(441) = 0,

or, after cancelling Xgp54) and Xgp63),

Xsp32) + Xsp(621) — Xsp(522) — Xsp(441) = 0,

another nontrivial relation between CSFs of spiders of order 10. O
3.4 Future directions

To conclude, we discuss two possible directions for future work based on our results.

First, it would be interesting to use the star and path bases to study the CSFs of other
subclasses of trees. In [17], the star basis was used in part to prove several structural results
regarding the family of caterpillars. Namely, by using the star basis, the authors showed
that the space spanned by the CSFs of caterpillars is exactly the same as that spanned by
the CSFs of all trees (unlike in the case of spiders, whose CSFs span a strict subspace),
and constructed a basis of caterpillars for this space. To our knowledge, however, it is not
precisely understood what kinds of linear relations exist between the CSFs of caterpillars.
Finding ways to generate or characterize such linear relations, whether for caterpillars or
other families of trees, could be a fruitful approach to attack Question 1.1 (since, after all,

an equality between two CSFs of trees is simply a linear relation of the form X7 — X = 0).
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The star and path bases may be particularly well suited for these purposes, since they are
defined using CSFs and possess many appealing properties (including our Theorem 3.6).

It would also be interesting to revisit the problem of recovering caterpillars from their
chromatic symmetric functions. In [3], it was shown that proper caterpillars are distin-
guished by the CSF; the method of this paper relied on a very difficult result, namely the
characterization of when two ribbon Schur functions are equal [9]. (Note that by applying
Theorem 3.6, we immediately get that the CSF distinguishes among the “dual” class of
caterpillars whose complements are proper. Unfortunately, most caterpillars are neither
proper nor have proper complements.) In addition, a proof is claimed in [22] that all cater-
pillars are distinguished by the CSF, but their method is rather ad hoc and does not appear
to easily generalize to other kinds of trees.” It is possible that by studying the CSFs of
caterpillars when expanded in chromatic bases, one could find more elementary or elegant

proofs of these results.

Second, we present a group of related conjectures regarding the space of spiders, which
we studied in Section 3.3. Based on computer calculations, there appear to exist other “nice”
bases for the subspace S, 4 = span{X%d : i F n—1} besides the one given in Theorem 3.25.
These correspond to additional enumerative results regarding k-fixed points of partitions,
which we now explain.

Given a partition A = (A1,..., A¢) with parts written in weakly decreasing order as usual,

its crank is an integer defined in the following way:

)\1 if m1(>\) == O,

#{Z : /\i > ml()\)} — ml()\) if ml(/\) > 0.

For instance, we have crank(6532111) = 2 — 3 = —1 because 6532111 has three 1s and two

parts greater than 3.

"Actually, I have been unable to verify that the argument in [22] is correct. In the future, I plan to post
a discussion of this matter to my webpage.
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It can be shown for n > 2 that the number of partitions of n with crank k is equal
to the number of partitions of n with crank —k; see [8, Appendix A] for a bijective proof.
Additionally, the number of partitions of n with a k-fixed point is equal to the number of
partitions of n with crank greater than k [20, Theorem 3.2] (or, equivalently, the number
with crank less than —k). This means that, at least in terms of dimension-counting, the

following conjectures are plausible:

Conjecture 3.32. For all integers n > 3 and d, the symmetric functions
{X,a:pnbEn—1, crank(p) < d+ 2}

form a basis for S, 4.

Conjecture 3.33. For all integers n > 3 and d, the symmetric functions
{X,a:pnbEn—1, crank(u®) > —(d+2)}

form a basis for S, 4.

Conjecture 3.34. For all integers n > 3, the symmetric functions
{Xsp(p) 1 -1 —1, crank(p, 1) <0}

form a basis for S, 0 = span{Xg : S € Sp),} (where crank(p,1) means the crank of the

partition (i1, ..., ty(u), 1)).8

Proving any of these conjectures would give an interesting algebraic parallel to the

enumerative results we have just discussed.

8To check the size of this conjectured basis: note that the number of - n — 1 with crank(u, 1) < 0 is
equal to the number of A F n with crank(A) < 0, since any partition with negative crank must have at
least one 1. This is equal to the number of partitions of n with a 0-fixed point, which by Lemma 3.19 is
equal to the number of partitions of n — 1 with a (—2)-fixed point, and that is the dimension of Sy ¢.
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Chapter 4

POLYNOMIAL TREE INVARIANTS

We now shift our attention to studying other tree invariants that are determined by the
chromatic symmetric function. Unlike the chromatic symmetric function, these invariants
are polynomials in finitely many variables and are therefore easier to work with (as we will

try to demonstrate).

The advantages of studying these invariants are twofold. First, because they are deter-
mined by the chromatic symmetric function, any data about a tree that one can recover
from such an invariant is also data that can be recovered from the chromatic symmetric
function. Collecting such data could be a fruitful approach for obtaining a positive answer
to Stanley’s question. Second, by finding instances in which these invariants fail to distin-
guish trees (that is, pairs of trees with the same value of a particular invariant), we can
construct good candidates for pairs of trees that may have the same chromatic symmetric
function and then see whether in fact they do. Considering such candidates could be a

fruitful approach for obtaining a negative answer to Stanley’s question.

Our primary focus for the remainder of this thesis will be a three-variable tree invariant
introduced by Logan Crew [11] called the generalized degree polynomial (GDP), denoted
Gr(x,y, z), which enumerates subsets of the vertices of a tree T according to size and number
of internal and boundary edges. In this chapter, we define the GDP, give a simple proof
that it is determined by the chromatic symmetric function, and present several types of tree
data that it determines. We also consider some specializations and further generalizations
of the GDP. Then, in Chapter 5 and Chapter 6, we build the theory of the GDPs of rooted
trees and polarized trees, which we use to derive a recurrence relation for the (ordinary)

GDP and give several constructions for families of trees with the same GDP.
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Besides the first section, the content of this chapter is largely drawn from the paper [21],

which is joint work with Ricky Liu.
4.1 Two-variable tree invariants

Before introducing the generalized degree polynomial, we first consider a trio of weaker
graph invariants: the subtree polynomial, connector polynomial, and half-generalized degree
polynomial. These are two-variable polynomial invariants that are determined by the CSF
(in fact, we will see that they are also determined by the GDP) and which were among the
first to be used to recover information about a tree from its CSF. In addition to providing
some historical context, we present a new formula relating these invariants, and prove a
conjecture on the relationship between these polynomials and the CSF.

Let T be a tree. A subtree of T is a connected subgraph of T' (with nonempty vertex
set); we denote the collection of subtrees of T by S(T'). For a subtree S € S(T), a boundary
edge of S is an edge of T' with exactly one endpoint in S, and an internal edge of S is an
edge of T with both endpoints in S (that is, an edge of S when considered as a tree in its
own right). Also recall that a leaf edge of S is an edge of S incident to at least one leaf
of S. Let d(S), e(5), and £(S) be the number of boundary edges, internal edges, and leaf
edges of 9, respectively. (Note that d(S) depends on T" as well as S, but e(S) and £(S) can
be computed only knowing the isomorphism type of S.)

We need one more definition. For every nonempty set of edges @ # A C E(T), there is
a unique minimal subset K(A) C E(T') \ A such that AU K(A) is the edge set of a subtree
of T. We call K(A) the connector of A.

Definition 4.1 ([4, 13, 25]). Let T be a tree.

(i) The subtree polynomial of T', denoted St(g,), is defined by

Sr(g,r)= Y ¢
Ses(T)
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(ii) The connector polynomial of T', denoted Kp(z,y), is defined by

Kr(rg)= > allysel
@#ACE(T)

(iii) The half-generalized degree polynomial of T', denoted Hr(y, 2), is defined by

SeS(T)

We note that our definition of Sy differs slightly from the one given in [25] because we
allow the subtree S to have one vertex and no edges. (However, our definition agrees with

the later definition of St given in [4].)

Example 4.2. Let T be the five-vertex tree depicted in Figure 4.1. We label the vertices

and edges of T as shown so that we can refer to them. Then

St(q,7) =5+ 4qr + 4¢*r* + 2¢°r* + ¢33 + ¢*3,
Kr(z,y) = 4z + 422 + 222y + 323 + 23y + 2*,

Hr(y,z) =3y + y2 + y3 +yz + 2y2z + ySz + y22 + 3y222 + 3y23 + 24

For instance, if S is the subtree of T with vertex set {a,b,c}, then S has one boundary
edge, namely h, and two internal edges, f and g, both of which are leaf edges. Thus, S
contributes ¢?r% to St(q,7) and yz% to Hr(y,2). As another example, for the subset of

edges A = {f,i}, we have K(A) = {h}, so A contributes 2%y to K (x,y). O

The subtree polynomial was introduced by Eisenstat and Gordon [13]. Later, Martin,
Morin, and Wagner studied the subtree and connector polynomials and their relationship
with the chromatic symmetric function [25]. Specifically, they showed that the subtree and

connector polynomials contain equivalent information about a tree, in the sense that each
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Figure 4.1: The tree T used in Example 4.2.

one can be obtained from the other via the pair of identities

Sr(q,r) =n+Kr(gr,q(l —r)) and Kr(z,y) = —n+Sr(z+y,z/(x+y))  (41)

for |T| = n (slightly modified from [25, Proposition 4] to match our definition of St).
Furthermore, they found formulas expressing St (q,r) and Kp(g,r) as linear combinations
of the coefficients of X7 in the power sum basis [25, Theorem 1], thus showing that St
and Kp are determined linearly by the CSF. Using this fact, they then showed that X
determines the degree sequence of T (the number of vertices of each degree) and the path
sequence of T' (the number of paths of each length).

The half-generalized degree polynomial Hy was introduced after Crew conjectured that
the CSF Xyp determines the generalized degree polynomial Gy [11]. As the name may
suggest, Hy is a specialization of G, and it was proved by Wang, Xu, and Zhang [35] that
X determines Hy. Later, Aliste-Prieto et al. showed (in the same paper settling Crew’s
conjecture) that Hp is equivalent to Sy and K [4, Theorem 8]. However, their method did
not directly lead to any identities relating Hy to either Sy or Kp (analogous to (4.1)). We

now present a pair of such identities.

Theorem 4.3. For any tree T" of order n, we have

Hr(y,z) = (n=1)(y = 1) +Sr(z,1+ (y = 1)/2) (4.2)
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and

Sr(g,r) = —(n—1)q(r —1) + Hr(qr —q+1,9). (4.3)

Proof. The proof idea is similar in spirit to that of [4, Theorem 8], but we present it in a
way that allows us to deduce the claimed identities. Let D(S) denote the set of boundary

edges of a subtree S € S(T'). We manipulate the sum defining Hy as follows:

i) = OO T e
Ses(T) SeS(T) ACD(S)
Next, we reparametrize this double summation. Let S be the subtree with edge set E(S)UA.

Then the elements of A are leaf edges of S. Thus, we get a map
{(5,4): S € S(T), AC D(S)} = {(5,4): 5 € 8(T), A< L(S)},

where L(S) is the set of leaf edges of S, such that e(S) = e(S) —|A|. This map is surjective,
but not quite injective. The only instance of non-injectivity is that, given an edge e = {u, v}
of T, the inputs ({u}, {e}) and ({v}, {e}) have the same output ({u,v},{e}). (Here we are
representing a subtree by its vertex set.) Therefore, to obtain a bijection, we should exclude
one pair of the form ({u},{e}) from the domain for each edge ¢ = {u,v}. There are n — 1

such pairs, and each contributes (y — 1)!2° = y — 1 to the double summation, so we get

Hr(y,z) = (n — 1)( Z Z (y —1)lAlz¢ (9)—14]

SeS(T) ACL(S)

=(n—-1)(y Z Z 1)/2)l4lz¢ e(S)

Ses(T) ACL(8)

—(-DE-D+ Y (14— 1)/2) O

Ses(T)

=(n—-1)(y—-1)+Sr(z,1+(y—1)/2).
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This is exactly (4.2), and (4.3) follows by putting (v, z) = (¢gr — g+ 1, ¢q). O

4.1.1 Proof of a positivity conjecture

We now prove a conjecture of Martin, Morin, and Wagner regarding their formula expressing
Kr(z,y) in terms of X7 [25, Theorem 1]. First, let us write this formula explicitly in terms

of the Hall inner product on Sym, as follows:

Theorem 4.4 ([25, p. 246]). Fix a positive integer n, and define

ZZxaybzw (A a, b p)\

a>1b>0 A
where the coefficients (A, a,b) are given by
%)

B a.b) = (_1)a+b<n_a_b_1> > (/\k—1>

Then for all trees T' of order n, we have Kr(x,y) = (¥, (z,y), X71).

N

(Note that = and y are treated as constants when computing the Hall inner product.)
The conjecture concerns the expansion of ¥, (z,y) into the complete homogeneous basis

{hx} of Sym. Define the rational numbers &(u, a,b) for p - n such that

y) =D > 2"y E(p,a,b)hy

a>1 b>0 pukEn

(In other words, >\, ¥(\, a, b)’;—i = n &1, a,b)hy, for all a and b.) Then the conjecture
states that (—1)""“0W¢(u, a,b)z, is a nonnegative integer for all a, b, and p [25, Conjectures

6 and 7]. We will prove this conjecture but with z, replaced by aut(su):
Theorem 4.5. For all a, b, and p - n, (—1)""“We(u, a,b) aut(y) is a nonnegative integer.

ecause aut(p) always divides z,, this is a slightly stronger version of the conjecture.
B t 1 divides z,, this i lightly st i f th ject
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The proof proceeds in several steps. We first find a formula for (—1)"~“W¢(u, a, b) aut ()
that shows it is an integer, and then prove that it is nonnegative.

We will use the following notation: if « is a composition (or partition) and I is a subset
of [{(a)] (or a cycle of a permutation on [{(a)]), let af = >, ; ;. For any permutation
w € G, let Cyc(w) be the set of cycles of w and cyc(w) = |Cyc(w)|. We use £(C') to denote
the length (number of elements) of a cycle C.

Here are two computational lemmas we will need.

Lemma 4.6. Given A, p - n, the coefficient of b, in the h-expansion of py/z) is

Sl
1y (S
O )

)

where &), is the set of all w € &y, such that the numbers pc for C € Cyc(w) are the

parts of A in some order. (In particular, cyc(w) = ¢()) for all such w.)

Proof. Let £(\) =k and £(u) = 4.
We use the identity [6, (11)], which expresses a noncommutative analog of the power
sum basis in terms of the noncommutative homogeneous basis. (See [16] for background on

noncommutative symmetric functions.) The symmetric version of this identity is

1
= prod(\ —1)B) N~y
DA pro ( )[g}\( ) 6(67)\) B
Here, 8 < X (8 refines A\) means that one can combine groups of adjacent parts of 5 to
obtain X (or equivalently, Set(\) C Set(3)). For a composition 3 = 1) ... 3() refining X,
where |3()] = \;, we define £(3,\) = £(81M)---£(8%)). Then the coefficient of h,, in p is

— pr -y Ly 1
Brp Brp

Let B, be the set of all compositions 3 such that 3 < A and 3 ~ p. (For instance, we

have By 2211 = {2211,2121,2112,1122}.) We want to relate By , with &) , so that we can
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use a double-counting argument. In order to be precise in doing this, we define a third set
with surjections to both B) , and &) ,.

Let Uy, be the set of all k-tuples u = (u(l), e u(k)) satisfying the following conditions:

(i) The u®® are sequences of integers that, together, contain every integer in [{] exactly

once (and no others).
(ii) For i =1,...,k, we have p,u) = \;.

There is a surjection Uy, — B, , that sends u = (u®, ... ,u("‘)) to the B obtained by

concatenating the compositions (1) for i = 1,...,k. (In other words, to get (3, we

jeul®
combine the sequences u? | giving a permutation of [(], and read off the corresponding parts
of u in order.) Note that then £(3,)) = £(u®) .. £(u®)). Under this surjection, the fiber
of any € B, has size aut(yu), since indices corresponding to equal parts of ;i can be
permuted without changing 3.

Also, there is a surjection Uy , — &) , that sends u = (u(l)7 ce u(k)) to the permutation
of [¢] whose cycles are the sequences u®, wrapping around from the last element to the first.
Under this surjection, the fiber of any w € &, , has size aut(A) [[oecye(w) £(C), since there
are aut(\) ways to permute cycles C' with equal values of p¢, and for each cycle C' there are
¢(C) sequences (linear orders) corresponding to it. Alternatively, for any u = (u®, ... u®)

in the fiber of w, the size of the fiber is aut(\) - £(uM) - .. ¢(u®)).

Using these two maps, we obtain

[hulpa = (1) prod(A) >
BEBX,

= (=1)*“prod()) - At (1) uEZU; (@) - (@)

= (=1)**prod(}) -

&
— (1)t Sl
aut(p)
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Dividing by z) gives the result. O

Lemma 4.7. For nonnegative integers n and k, let T'(n, k) = Zween(—l)cyc(w)_k (Cyck(w)).

ron=f] 7]

where [}] = #{w € &, : cyc(w) = k} is an unsigned Stirling number of the first kind.

Then

Proof. We have

T(n,k) = Z (—1)Cy0(w)—k (CYC]{EU})> — Z Z (_1)cy0(w)—k_

weS, weS, Ae(Cyi(w))

Given w and A, let w’ be the permutation on a subset of [n] whose cycles are the elements of
A. Then the remaining cycles of w form another permutation w” with cyc(w”) = cyc(w)—k.

Therefore, we can write
T(n,k) = Y (=1,
,u)l w//

where w’ ranges over permutations of some B C [n] with k cycles and w” ranges over
permutations of [n] \ B. It is well-known that the inner sum is zero unless the ground set
[n] \ B has size 0 or 1 (in which case the sum equals 1 or —1, respectively). If [n] \ B has
size 0, then B = [n] and w’ is any permutation on [n] with k cycles. If [n] \ B has size 1,
then there are n possible sets B, and w' is a permutation on a set of size n — 1 with k cycles.

The conclusion follows. O

We can now give a formula for the quantity we are considering. Fix a > 1, b > 0, and

n>1suchthata+b<n—1. Letc=n—a—b—12>0. Let p= (u1,...,pe) Fn.

Theorem 4.8. We have

l
(—1)”45(”,@, b) aut(u) = Z(m —Wop, T(l—m,n—a—>b—1), (4.4)

m=1
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where o, = Zle(m) (ll”(‘z_l).
Proof. By definition, £(u, a, b) is the coefficient of h, in the h-expansion of ) )., ¥(A, a, b) %'

By Lemma 4.6 and the definition of (), a, b), this equals

E(uya,b) = > (N, a,b)(—1)" N~ [Sw

A aut(p)
G R S VN AR APV W1

We now interchange the order of summation, so that w € G, and A is the partition of n

whose parts are the numbers pc for C' € Cyc(w). Then

cnan = S0 e ) 8 ()

aut(,u) wedy CeCyc(w)

Given w and C, let w' be the permutation of [¢] \ C' obtained by deleting C, so that

Cyc(w’) = Cyc(w) \ {C}. Interchanging the order of summation once again, we get

§(p,a,b) = ) EC: (Mca_ 1> 3 (_1)cyc(w’)+1< cye(w') >7

aut(pu) ST\ n—a—b—1

where C' ranges over all cycles on nonempty subsets of [¢]. Let I be the ground set of C
and let m = |I|. Then each I corresponds to (m — 1)! cycles C. Note that the inner sum

only depends on the value of m. Hence, we can instead sum over m, as follows:

a — w g m — E pr —1 E _ 1eye(w')+1 cyc(w’)
Sl = aut(y) m:l( v re(') ( ¢ ) w’eeem( v (n sambe 1>
_ (_1)a+b—€ ’ m — con - (— n—a—b —m.n—a—b—
= Gy 2o (T mn b
G e m—1)o —m,n—a—b—
- m§:1:( Vo T(¢ —m, b—1)

using Lemma 4.7. O
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The preceding theorem makes it clear that (—1)"~*¢(u, a,b)aut(p) is an integer. This
proves half of Theorem 4.5. For the positivity, we need some estimates on the size of the

numbers o,,.

Lemma 4.9. For all 1 < m </, we have o, < (671 ) ("71).

m—1 a

Proof. With a, ¢, m, and n all fixed, consider the left-hand side as a function o,,(u), where
p ranges over compositions of size n and length ¢. We claim that o(x) is maximized for
p=(n—~0+1, 1“1). Suppose p is a composition with at least two parts greater than one.
Without loss of generality, assume that @1 > pe > 2, and let v = (1 + 1, o — 1, s, . . ., pg).
Then it will suffice to show oy, (1) < 04, (v). In the difference oy, (v) — 04, (1), corresponding

terms (”’a_l) and (‘”a_l) cancel except when |I N {1,2}| = 1. Therefore

== |(0)- ()2 A(5) ()]

1€l
241 261

_ pr—1\ pr — 2

—Z(a_1> Z<a_1>- (46)
lel 1¢1
2¢1 2e1

Setting J = I \ {1,2} in both sums (so J is a size-(m — 1) subset of [3,/]), we get

CORLICEDY (G B G I} (17)

and each bracketed difference is nonnegative because pu; > po > 2. This proves the claim.

Thus,

(1) < omln — 0 +1,1¢71) = <7i__11> (n N Ezm N 1) + (E;L1> (ma_ 1). (4.8)
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Since a > 1, the function N — % (N a_l) is (weakly) increasing for positive integers N. Thus,

—1 — —1 —1 —1
= () ()
m—1 a m a
<€—1>n—€—|—m<n—1> f—m(f—l) m<n—1)
< oo - 4+ L0
—\m-—1 n a m m—1 n a
B -1 n—1
S \m—1 a
because m < £ < n, completing the proof. O

Corollary 4.10. If integers m and M satisfy 1 < m < M < ¢, then
(m— 11l —m)loy, < (M -1l — M)loy. (4.9)

Proof. First, fix S € (E\l}) Applying the result of Lemma 4.9 but with u replaced by the

partition whose parts are u; for ¢ € S, we obtain

Y o [P S

Te(;)

We now sum this over all S. On the right-hand side, we obtain (%:II)O'M, while on the

left-hand side, we get

> X (qu— 1) = > (qu— 1) = <J\€4_—TZn>0m' (4.11)

se(hn) () re()) s:Tese()

Hence ( ]@__Tn) om < (%:II)UM, which rearranges to the desired result. ]

We are almost ready to prove the theorem, after one more (easy) lemma.

Lemma 4.11. Let z1,...,2¢, 91, ...,y be real numbers such that 0 < z; < --- < xp, and

suppose there exist z1,...,2; > 0 such that y; = z; — ;41 for all ¢ (where zp11 = 0). Then

x1y1 + -+ xeye > 0.
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Proof. We have

Ty + o Fxpye = x1(21 — 22) +@2(22 — 23) + -+ @1 (2e—1 — 20) + X020

=x121 + (22 — x1)22 + (w3 — w2)23 + - - + (¥ — 2p—1) 20,
whence the conclusion follows, as all the terms are nonnegative. O

Proof of Theorem 4.5. Theorem 4.8 states that

l
(—1)71_65(/%@7 b) aut(:u) = Z(m - 1)! Om T(E -—m,n—a—>b— 1)7

m=1

which is clearly an integer. To show that it is nonnegative, we claim that we can take

Tm = (m—=1)1l—m)lop, Yym= -

PR el

n—a—5b—1
for 1 <m < /¢ in Lemma 4.11. The condition 0 < 7 < --- < xp is Corollary 4.10, and the

condition y; = z; — z;41 follows from Lemma 4.7. Therefore the lemma applies, giving

‘
T1Y1 + - F Ty = Z(m—l)!amT(f—m,n—a—b—l)20,

m=1

as desired. ]

4.2 The generalized degree polynomial

We now move to the generalized degree polynomial, our main focus. We begin by defining
the GDP of a forest F, following [4, Section 2.2]. Let A C V(F'). An internal edge of A is an
edge of F' with both endpoints in A, and a boundary edge of A is an edge of F' with exactly
one endpoint in A. (Note that an internal edge of A is the same as an edge of F|4.) Let
Er(A) and Dp(A) denote the sets of internal edges and boundary edges of A, respectively;
we write ep(A) = |Erp(A)| and dp(A) = |Dp(A)|. (When there is no risk of confusion, we
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will omit the subscripts.) Observe that

dp(A) +2ep(A) =) degp(v) (4.12)
vEA

by a double-counting argument. Finally, for nonnegative integers a, b, ¢, let
gr(a,b,c) =#{ACV(F): |A| =a, d(A) =0, e(A) =c}.
Definition 4.12. The generalized degree polynomial (GDP) of F is defined by

Grle,2)= 3 aMiygd@ e = 3™ oo, c)aybse,
ACV(F) a,b,c
Thus the generalized degree polynomial enumerates subsets A C V(F) by size and the
number of internal and boundary edges. In particular, if |[A| = 1, then A consists of a single
vertex v such that d(A) = deg(v) and e(A) = 0. This implies that Gr determines the degree

sequence of F: specifically, the number of vertices of F' with degree d is just gr(1,d,0).

Example 4.13. Suppose F = Sty, the star with 4 vertices. Then
Gp(z,y,2) = 2223 + 239y + 303y22 + 322922 4 32%y% 4+ 29> + 3zy + 1.

For example, the coefficient of 23y2? in Gpr(x,y, 2) is gr(3,1,2) = 3 because there are three
subsets of vertices A C V(F) such that |A| = 3, d(A) = 1, and e(A) = 2. (Specifically,

these subsets consist of the center vertex of F' and any two of its outer vertices.) O

From the definitions, it is clear that the generalized degree polynomial G of a tree T’
determines its half-generalized degree polynomial Hr, thus also its subtree and connector
polynomials Sp and Kp (defined in Section 4.1). However, the converse is not true: there
exist trees 77 and T, such that Hyy, = Hp, but G, # Gp,. One such pair of trees is

depicted in Figure 4.2 (and also appears in [4, Section 7.2]). We note that the results of
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Figure 4.2: Two trees with the same half-generalized degree polynomial but different GDPs.

this chapter will allow us to easily show that these trees have different GDPs by considering
their double-degree sequences.

Aliste-Prieto et al. [4] showed that for a tree T', the generalized degree polynomial G
is determined linearly by the chromatic symmetric function X7, that is, they exhibit an
explicit Q-linear map Sym — Q(z,y, z) that sends Xp to Gy for every tree 7. We now

prove a slight generalization of this statement by using the Hopf algebra structure of Sym.

Proposition 4.14. There exists a Q-algebra map ~v: Sym — Q(z,y, z) such that for every
forest I, we have

Y(Xr) =y Gp(z,y, 2).

(In particular, the chromatic symmetric function also linearly determines the generalized
degree polynomial when restricted to forests with a fixed number of components.) To prove

this statement, we will use the following lemma.

Lemma 4.15. There exists a Q-algebra map ¢, : Sym — Q[t, u] such that for every forest

F', we have
oru(Xp) = tFlyed), (4.13)

Proof. We claim that we can define ¢y, on the power sums py by ¢ (pr) = th(1 — w)Ft

(for £ > 1) and hence on the power sum basis {py} by

Gru(py) = (1 — w) A=,
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To show (4.13), let F' be a forest and let n = |F’|. By Proposition 2.5 we have

©r. u XF Z b)\ —L(N) | tn(l o u)n—ﬁ(k)
AFn
=" by(F)(u—1)" . (4.14)
AFn

Note that connected partitions of F' are in bijection with subsets of E(F'), where S C E(F)
corresponds to the connected partition C giving the components of the spanning subgraph
of F' with edge set S. If the type of C is A i n, then we have |S| = n — £()\), so it follows
that >, ba(F) = (ifi)) Therefore, letting ¢ = ¢(\) in (4.14), we have

Pru(Xp) =" Z <;(1_F)Z> (u—1)""" = "),

as claimed. O

We now use Lemma 4.15 together with (2.9) to prove Proposition 4.14.

Proof of Proposition 4.14. Take v = ¢z, 1, * ¢, ,—1. Given a forest F', we compute:

(pry,y*%' * @y,yil)(XF) = Z (pccy,yflz(XF\A) TPy y-1 (XF|B)
AUB=V (F)
= Y (o) W Pl e®)
AUB=V (F)
S Y M) e,
AUB=V(F)

Each edge of F is either an internal edge of A, an internal edge of B, or a boundary edge of

A (and these are mutually exclusive), so e(A) + e(B) + d(A) = |E(F)| = |F| — ¢(F). Thus,

(Payy—1z * Py y—1)(XF) = Z x4l yc(F)+d(A) 244 = Z/C(F)GF(HC, Y, 2)
ACV(F)

as desired. ]
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A couple of remarks are in order regarding the map = constructed above. First, since - is
multiplicative, it is determined by the values of v(p,) for n > 1. Since the comultiplication

of Sym obeys A(p,,) = p, ® 1 +1 ® py,, we have

V(Pn) = (Payy—12 % ©yy—1)(Pn)
= Payy=12(Pn) - Eyy=1 (1) + Py y=12(1) - 0y y-1(pn)
= (zy)"(L =y )"y (L -y )
=a"y(y —2)"" Hyly - )",
which provides an alternative characterization of «. Second, it can be shown by a direct
(albeit tedious) calculation that v agrees, up to scaling, with the Q-linear map from [4] that

sends X7 to Gp for trees T'. Specifically, in their notation, one has

fY(p/\) =Yy Z CU()\, a, b: C)waybzc'

a,b,c

In Section 4.5, we will discuss a further generalization of the generalized degree polynomial

that is obtained by a similar construction.

4.2.1 Tree augmentation

By contrast with Question 1.1, the generalized degree polynomial does not distinguish trees.
Figure 3.1 from the previous chapter shows the smallest pair of non-isomorphic trees with
the same GDP; both trees have order 11.

The entirety of Chapter 6 will be devoted to presenting constructions that produce pairs
(and larger families) of trees with the same GDP. For now, though, we present one possible
such construction that does not require any special machinery. It takes a known pair of
trees with the same GDP and modifies them in the same way, producing a pair of larger
trees which also have the same GDP.

Let T be a tree and let k be a positive integer such that k& > deg(v) for every v € V(T).
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We define the k-augmentation of T, denoted T™! to be the tree created by attaching

[]

k — deg(v) leaves to every vertex v of T. Thus, every internal vertex of T'"l has degree k,

and the subtree of T* induced by the internal vertices is isomorphic to T. We therefore

view T as embedded in T,

Proposition 4.16. Fix integers n,k > 2. Then there exists a Q-linear map Q(z,y,z) —

Q(z,y, 2) that sends Gr to G for trees T of order n.

[k

Proof. For convenience, let U = T We show that each coefficient of Gy is a linear

combination of coefficients of Gp. Let a,b,c > 0 and consider

gu(a,b,c) =#{ACV(U): |A| =a, dy(A) =b, ev(A) = c}.

By (4.12), we have b+ 2c = dy(A) 4 2ey(A) = >, c 4 degy(v). But every vertex of U has
degree either 1 (if it is a leaf of U) or k (if it is not a leaf of U and hence a vertex of T').

Let £17(A) and iy (A) denote the number of vertices in A of each type, respectively. Then,

ﬁU(A) + ’LU<A) =a,

ly(A)+k-ig(A) = b+ 2c,

which has a unique solution (¢;7(A),iy(A)) = (¢,%) in terms of a, b, c. It follows that

gu(a,b,c) = #{ACV(U): ly(A) =1, iy(A) =1, ey(A) = c}.

Now let Ay = AN V(T). This set must have size i, and it has some number of internal
and boundary edges, say er(Ag) = e and dp(Ag) = d. (See Figure 4.3 for an example, in
which the parameters have values (n,k) = (6,5), (a,b,c) = (8,11,4), (¢,i) = (4,3), and

(d,e) = (2,1).) We compute the number of choices for A\ Ay (consisting of leaves of U)
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Figure 4.3: An example illustrating the proof of Proposition 4.16. Solid black edges and
black vertices are in 7', dashed blue edges and smaller blue vertices are added to get U, and
circled vertices are in A.

such that £;7(A) = ¢ and ey (A) = c. First, observe that the number of leaves of U is

= Z (k — degp(v)) = kn — (2n — 2),
veV(T)

which is a constant. Of those leaves, the number that are adjacent to a vertex in Ay is

> (k — degp(v)) = ki — (d + 2e),
vEAQ

again using (4.12). Now A\ Ay must consist of ¢ of these leaves, and in order to make

ev(A) = ¢, exactly c— e of the leaves must be adjacent to vertices in Ag. Therefore we have

gu(a,b,c) = ZgT(i, d,e) <

d,e

m-«d+2@)<ﬁ-(h-{d+2@»‘

c—e l—(c—e)

Hence gy(a, b, c) is a linear combination of the coefficients of G, as desired. O

Thus if 77 and 75 are the trees in Figure 3.1, for example, then for all £ > 4, the
trees Tl[k] and TQW also have the same generalized degree polynomial. (In fact, we can take
repeated augmentations: for example, (Tl[k})[f] and (TQ[k])m have the same generalized degree

polynomial for £ > k > 4.)
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4.3 Degree embeddings

Our main result concerns several classes of information about a tree T that are determined
by Gp. This information can be organized using the idea of degree embeddings, which we

now define.

Definition 4.17. Let D be a tree whose vertices u are labeled with positive integers a,.
A degree embedding of D into T is an isomorphism ¢: D — T”, where T” is a subtree of T,
such that a,, = degp(p(u)) for all u € V(D). We define the degree embedding number of D
in T, denoted Np(T'), to be the number of subtrees 7" C T for which a degree embedding

exists with image T".

We adopt a simplified notation when D is a path, say with vertex labels ai,...,am
in that order. In this case, Np(T') is the number of paths (vi,...,v,) in T such that
a; = deg(v;) for i = 1,...,m. (Note that if the sequence aq,...,a,, is palindromic, then
these paths should only be counted up to reversal.) Then we will write Ng, . 4,.(T) to mean

Np(T). In particular, N4 (7T) is the number of vertices of T with degree a.

Example 4.18. For the tree T depicted in Figure 4.4, we have

Nl(T) = 9, NQ}Q(T) = 1, N173,1(T) = 1, and ND(T) = 4,

where D is the star on four vertices with center labeled 4 and outer vertices labeled 1,1, 4.

O

Clearly, a tree 1" can be recovered from all its degree embedding numbers because T
(with vertices labeled by degree) is the unique largest tree D with Np(T') # 0. However,
knowing any “bounded” collection of degree embedding numbers is not sufficient in general

to recover 1, as we now show.

Proposition 4.19. For every m > 1, there exist non-isomorphic trees 77 and 75 such that

Np(T1) = Np(T») for all D with |D| < m.
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Figure 4.4: The tree T of Example 4.18. Vertices are labeled with their degrees.

Proof. Let T be the tree created by attaching leaves to a path with 2m + 4 vertices so that

the path vertices have degrees

4,2,...,2,3,2,...,2,5
~—— =

m m—+1

in that order. Let T5 be the tree constructed analogously but using degrees

4,2,...,2,3,2,...,2,5.
—— N —
m+1 m
These trees are not isomorphic; however, we can give a bijection between subtrees S C T}
and So C T of order |S;| = |S2| < m that preserves vertex degrees (with respect to 77 and
T5). Suppose S; is a subtree of 77 with |S1| < m. If S; contains the degree-4 vertex of T,
then it contains at most m — 1 degree-2 vertices on the left side of T7. It follows that there
exists a corresponding subtree Sy on the left side of T» with the same vertex degrees. A

similar argument holds for the case in which S; contains the degree-5 vertex of T7.

Now the remaining subtrees of T and 75 are those not containing the degree-4 or degree-5
vertices. But when the degree-4 and degree-5 vertices of T and T5 are deleted, the resulting
graphs are isomorphic (under an isomorphism that preserves the original vertex degrees),
so a bijection between subtrees exists as desired. Thus, Np(71) = Np(T») whenever |D| <

m. O
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As a preview of the next section, we now present a list of degree embedding numbers
that we will be able to recover from Gp. (Note, however, that many degree embedding
numbers cannot be determined by Gp. For example, in Figure 3.1, let 77 be the tree on
the left and let T3 be the tree on the right. Then Gy, = Gr,, but one can check that

Ni23(T1) =1#0= Ni123(T2) and N132(T1) =2 # 3 = N1 32(12).)

Theorem 4.20. The generalized degree polynomial G determines the degree embedding

numbers Np(T') when D is any of the following:

(i) A path of order 2.

(ii) A path of order 3 with all vertex labels equal.
(iii) A path of order 3 with vertex labels a, a, b in that order, where b > 2a.
(iv) A path in which all vertices are labeled 2.

(v) A star in which the outer vertices are all labeled 1.

For completeness, we note that Gy determines Np(T') if D is a single vertex, since we
already know that Gp determines the degree sequence of T'. Additionally, Gy determines
Np(T) if D is a path with vertex labels 1,2,2,...,2 in that order; this is a consequence of a

result of Crew [11, Theorem 3| about the twigs of a tree, as mentioned in the introduction.

4.4 Degree embedding numbers from the generalized degree polynomial

To prove Theorem 4.20, we first construct a sequence of two-variable rational functions
(I’gC )) x>1 which, taken together, are equivalent to Gp. Then, by working with these rational

functions, we recover all the desired degree embedding numbers Np(T).
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4.4.1 The rational functions Fgf)

To define Fg,{c ), we will need the following notion. For a subset of edges S C E(T), let S
be the subset of V(T') consisting of all vertices incident to at least one edge in S. (That is,

considering each edge as a set of size 2, we have S = J, g e€.)

Definition 4.21. Let FFEFO) (z,y) = 1, and for positive integers k, define

deg
Z H 1+ xydeg(v

SCE(T)
IS|=k

2
and r = 24

Example 4.22. Let T' be the path on 6 vertices. For brevity, let ¢ = 7 +x Tray?

Then F(j} )(x, y) = 2qr + 3r? because two edges of T connect a leaf and a vertex of degree 2,

and the other three edges connect two vertices of degree 2. We also have
Fg) (z,y) = @12 + 4qr3 + r* + 21 + 203,

For example, the 213 term arises because there are two sets S C E(T) with |S| = 2 such

that S consists of three vertices of degree 2. O

We now show how Fgﬁ ) can be computed from Gr. The key is to take partial derivatives

of Gp(z,y, z) with respect to z.

Proposition 4.23. For each k, FE[{C) (x,y) is determined by Gr(x,y, z). Specifically, we have

2k 8k

Gr _
0 (2,y) = y,j, 0k L (2, y,9%) - Gr(z,y,47) 7" (4.15)

Proof. Since Gp(z,y,z) = ZAQV(T) 214l d(A) 2e(A) e have

Zk k e
H'aacf(xy’ 9= ¥ ((];4)) Ayl o) 3 Z Al d(A) e(4)

ACV(T) ACV(T) SCE(A
|S|= k
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Next, we set z = y?, which yields

y]:'k 8;STxyy Z Z LAl d(A)+2e(4) _ Z
' ACV

ACV(T) SCE(A SCE (
|1S|= k IS|=

IC
€A

by the identity (4.12). We now reverse the order of summation. Observe that for A C V(T)

and S C E(T), we have S C E(A) if and only if S C A. Therefore we can write

2k
S = Y Y [La

SCE(T)SCACV(T) veA

S|=k
z (nydeg(v) H (1+xydeg(v)>>
SCE(T) * veS veV(T)\S
|S|=k
= JI @+ayet) . 3 H oy e
deg(v)’
veV(T) SCE(T 1+:cy 1 ayee(t)
|S1= )
which shows that
2% gk
Yy 8 G eg(v
vy = [T G+ ay®™ ) - 1P ey
) veV(T)

By taking k = 0, we see that Gr(z,y,y%) = [loevm (1 + zydee®)) 5o (4.15) follows. O

(k)

Note that, conversely, Gt can be recovered from all of the I';;”. Indeed, the Taylor series

expansion of Gp(x,y, z) about z = 2 is
1 akGT
r(z,y,2) =) — (z,9,9%) - (z —y*)"

k;l
k>0

_GT:Byy ZQk F(kxy)( y)
k‘>0

so the Fg&c) determine the product Gr(z,v, 2) - Gr(x,y,y*)~'. We will see as a consequence

of the results of Section 4.4.2 that the ngc ) determine the degree sequence of T', so they
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determine Gr(z,y,y?) and thus Gr(x,y, 2).

Before proceeding, we comment on the relationship between Gr and the Fgf: ). Whereas

X7 determines G linearly, it is not true that G determines Fgc ) linearly. In other words,

treating F¥ ) as a formal power series in x and y, its coefficients are generally not linear
functions of the coefficients gr(a,b,c) of Gy (as one can check computationally); rather,
the formula (4.15) implies that each coefficient of I‘gfc ) can be written as a polynomial in
the gr(a,b,c). We also remark that some of the methods we will use to extract degree

(k)
T

embedding numbers from the I'.” are highly nonlinear (particularly those in Section 4.4.3

and Section 4.4.5).

4.4.2  Double-degree numbers

(Tl ), and thus Gp, determines

We now prove the first part of Theorem 4.20 by showing that I"
all the degree embedding numbers N, ;,(T"). (We call these double-degree numbers.) Observe

that by a double-counting argument,

N, (T) = 2 > Nop(T) + 2Nao(T)
b#a

Thus the double-degree numbers determine the degree sequence of T', as promised above.
Theorem 4.24. The rational function F(Tl ) determines all double-degree numbers N, (7).

Proof. By symmetry, we may consider only the double-degree numbers N, ;(T") where a < b.
We proceed by induction on the pairs (a,b) with a < b in lexicographical order. The base

case (a,b) = (1,1) is trivial because N1 1(T') = 1 if |T| = 2 and Ny 1(T") = 0 otherwise. For

the induction step, fix positive integers ag < by with by > 2; assume that Fgrl) determines

all Ngu(T) (with a < b) where (a,b) precedes (ag, by) lexicographically. We expand ngl) as
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a formal power series as follows:

deg(v) deg(w)
(1) LY LY
I‘T (:E,y) = Z d
eg(v) deg(w)
towyerr) L T IYEY T+ ayes
a b

Yy Yy
= E Nou(T)
bYa,
o 1+2y®1l+ay

=D > (M ey (ay’) Nop(T). (4.16)

a<b k,>1

Consider the coefficient C' of the monomial zb0gy®bo—e+bo in this power series. From (4.16),

we see that C' is a linear combination of terms N, ;(T"), where a < b satisfy
k+{¢=1by and ka + b = agby — ag + by

for some k,¢ > 1. (The sign (—1)*¢ = (=1)% is constant for all such terms, so there is no
cancellation.) These equations are satisfied when (a, b, k, £) = (ag, bo, bo — 1,1), 50 Ngg 4, (T)
appears as a term in the expression for C. We claim that for every other term N, ,(7T') that

appears, (a,b) precedes (ag, by) lexicographically. Indeed, we have
aby = (k‘ +€)a < ka+ b= apby — ag + by < (ao + 1)b0,
so a < ag + 1 and thus a < ag. Furthermore, if a = ag, then we have

gb = (aobo — ap + b()) — ka = (aobo — ap + bo) — (bo — E)ao = (ﬁ — l)ao =+ b() S Ebo,

8o b < bg. This proves the claim. It then follows from the induction hypothesis that I‘(Tl )

determines Ng, p, (7). O
This establishes Theorem 4.20(i).

Example 4.25. As an illustration of the above proof, we derive a formula for N 3(T) in

terms of coefficients of ngl)(x, y). For (ag,bo) = (2,3), we have gloy®obo—aotbo — 2347 and
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so using (4.16) we compute
[@®yT Ty = Nia(T) + N1 (T) + Noa(T):

It then remains to compute Ny 3(7) and Ny 5(T"). For (ag,bo) = (1,5), we get
[2%y°I0Y) = Nio(T) + Nia(T) + Nus(T),

so (by coincidence) the Nj 3(T") terms will cancel and we need only compute N; o(7'). For
(ao,bo) = (1,2), we have just
[x2y3]I‘(T1) = NLQ(T).

Therefore, we get the formula
1 1 1
Noa(T) = [y |0y = [®yI0y) + 2y,

O

Using this procedure, any double-degree number N, (7") can be expressed as a linear

)

combination of coefficients of F(Tl and hence as a polynomial in the coefficients of Gr.

4.4.8 Matchings and paths

We now prove parts (ii) and (iv) of Theorem 4.20. To do so, recall that for a graph G, the

matching-generating polynomial of G is the univariate polynomial
Mg(t) =Y 1%,
S

where S ranges over all matchings (collections of disjoint edges) of G. For d > 2, denote by

Tqy the induced subgraph of T" consisting of all degree-d vertices of T'.

Theorem 4.26. The polynomial Gy determines Mr, (¢) for all d.
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Proof. Let k be an arbitrary positive integer. Consider the product

deg(v)
k Ty
e ey = e 3 e
SCE(T S
e k ) ve

For any set of edges S C E with |S| = k, we have B‘ < 2k, with equality if and only S is a

matching. Therefore, if we set 2 = —y~? (so 1 + 2y¢ = 0), the only terms that survive are

those having 2k factors of 1+ zy¢ in the denominator. These terms occur exactly when S

is a matching of size k of T(4). Each such term evaluates to (—1)?% =1, so we recover the
(k)

number of such matchings for each k. Since k was arbitrary and G determines all I'},”, it

follows that Gr determines Mr, (t). O

Now, observe that the number of matchings of size 2 in T(4 is given by (ng(T)) —

Ng.q.q4(T). Because G determines Ny 4(7") from Section 4.4.2, it follows that G determines
Ng.q.q4(T) as well. This proves Theorem 4.20(ii).

To establish Theorem 4.20(iv), we will show that G determines T{) (up to isomor-
phism). Note that T, (2) 1s a disjoint union of paths since all of its vertices have degree at
most 2. Furthermore, G determines the order of T(5) (because this is simply Na(7')) as
well as the matching-generating polynomial Mr,,, (t). This information suffices to determine

1|2y because of the following elementary result.

Proposition 4.27. If G is a disjoint union of paths, then G is determined by |G| and
Ma(t).

Proof. For j > 0, let f;(t) be the matching-generating polynomial of a path on j vertices.

Because the matching-generating polynomial multiplies over disjoint unions, it follows that

Mq(t) = fa(t) - - fult)™ (4.17)

where n = |G| and ¢; > 0 is the number of components of G of order j. (Note that fi(t) =1,

so there is no fi(t) term.) We will show that all products of this form are distinct. The
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combinatorial definition of f;(t) yields the recurrence relation f;(t) = fj—1(t) +tfj—2(t) for

J > 2, with fo(t) = f1(t) = 1. One can then show by induction that
Uj(w) = 22) f; (—72)
where Uj(x) denotes the jth Chebyshev polynomial of the second kind. The roots of U;(x)

are the numbers z = COS(%) for k=1,2,...,7, so it follows that f;(t) has distinct roots

1

_40052(%)

t =

for 1 <k< %, a total of L%J roots. Since f; has degree L%J, these are all of its roots. In
particular, the largest root of f;(t) is t; = —1/(4 cos? J%), which increases with j, so t; is
not a root of any of fao(t),..., fj—1(t). It then follows that all products of the form (4.17)

are distinct: if

Fa()2 - fa(t) = f2() - fu(t)™

for some cj,d; > 0, then considering the order of the root ¢,, on both sides forces ¢, = d,,
and one can continue by induction to show that ¢; = d; for all j.
Therefore, M¢g(t) determines the number of components of G of order j for all j > 2.

Then, |G| determines the number of components of order 1, so G is fully determined. [J

It now follows that G determines N o(7") for all k, because this is the number of
~~

k
paths of order k in T(9). Thus, we have established Theorem 4.20(iv).

4.-4.4 Triple-degree numbers

We now consider degree embedding numbers of the form Ny (7)), which we call triple-
degree numbers. We will recover certain linear combinations of triple-degree numbers from

Gr, including Ny (T for b > 2a, which proves Theorem 4.20(iii).

Theorem 4.28. Let a > 2 be an integer. Then G determines all of the following:
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(1) Na,a,l(T) + Na,a,Z(T) + -+ Na,a,a—l(T)a
(ii) Ngaa—k(T) — Naaat+k(T) forall 1 <k <a—1, and
(iii) Ngqp(T) for all b > 2a.

Proof. Throughout this proof, we write Np instead of Np(T') for brevity. We know that

G determines the rational function

(2) deg
F Z H 1 +xydeg

SCE(T) v
IS|=2

For some of the terms in this sum, we have S C E (T(a)), that is, all the vertices in S have

degree a. Each such term equals either (24—)% or (+2£)3 depending on whether S is a

1+zy 1+3:y

matching or not, respectively. By Theorem 4.26, G determines the number of terms of

each type. Therefore, it follows that Gp determines the sum

~ deg
F(x7 y) - Z H + Ilﬁydeg
SCE(T) veS
SLE(T(a))
|S]=2

obtained by deleting all terms in Fg?)(l', y) where S C E(T(,)).

In each term of I'(z,y), the number of factors of 1+ zy® in the denominator is at most 3.
Furthermore, equality holds exactly when the two edges of S are disjoint, the endpoints of

one edge both have degree a, and the endpoints of the other edge have degrees a and b for

some b # a. Then the corresponding term of f(m,y) is (szl;a)?’liizb, and the number of

such terms for a given b is Ny Ny — Ngqp- Therefore if we take x = —y~“ in the product
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(14 zy*)3 - T(x,y), then the result is

ry
> (zy®)? =+ (NaaNay — Naja,p)
b#a 1+ Yy z=—y— @
ybfa
=2 T gpa’ (Na,aNa,p = Naap) -
b#a

Because G determines all N, , and N, ; by Theorem 4.24, it follows that G also determines

> N

b#a

Now we write

:_Zl—zab aab+ Z 1_ a,a,b
:_Zl—y a,a,a— k+z y aaa+k
:—Z(1+lgyk>Naaa k+z aaa+k

a—1 k 00
Yy y
= 5 Naaa k — E W(Na,a,a—k aaa+k + 5 1— y aaa—i—k
k=1 k=a

The rational functions 1 an

independent over Q because they
have roots of different orders at y = 0. Thus, G determines the coefficients of these rational

functions in the above expression, which are precisely the desired linear combinations. [

4.4.5 Leaf adjacency

Finally, we prove Theorem 4.20(v). Assume that |T| > 3, so that no two leaves of T" are
adjacent. For a vertex v € V(T'), let ¢(v) be the number of leaves of T" adjacent to v, and

let Ly ¢(T) be the number of vertices v with deg(v) = d and £(v) = £. The numbers Lq ¢(T)
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form the leaf adjacency sequence of T.

Theorem 4.29. Fix integers d > 2 and £ > 0. Then Gg determines Lg (7).

(k)(

Proof. Fix a positive integer k. Instead of I';.” (x, y), it will be more convenient to make the

substitution

Fg@ (xi Z H 1+ xydeg

SCE(T) vesS
[S]= k

For each term in the above sum, the number of factors of 1 4+ zy in the denominator is
at most k, with equality if and only if S C L(T'), where L(T) is the set of all edges of T’

adjacent to a leaf. Therefore, we have

(1+zy)* TP (@ y ™)

= Y Mo

TV SCL(T) ves
|S|=F
where S denotes the set of all internal vertices in 5. (Note that S has size at most k.) Now

fix an integer a > 2, and consider the product

“ Y e

SCL(T )vES
|S|=k

Let w = e2mi/(a=1)

, which is a root of 1 —y?~! if and only if (a — 1) | (d — 1), in which case it
is a simple root. If we set ¥y = w in the above product, the only terms that will survive are
those for which S has size k (thus, all the edges of S are disjoint), and every vertex v € S

satisfies (a — 1) | (deg(v) — 1). Let V() be the set of all such vertices:
V@ = {v e V(T) : deg(v) > 1 and (a — 1) | (deg(v) — 1)}.

Then each surviving term corresponds to a choice of k vertices from V(®) and a leaf edge
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incident to each chosen vertex. Therefore, setting y = w yields

S T (00— )

ya—l
(5 Y ylﬂ?u 1 — ydes(o)- >

ACV(a) vEA y=w Acv(a) veEA
|Al=k |A|=k
< a— 1
de
Acv(a) veEA g
|A|=k

o ()
b A§ ) 1€_£ deg(v) — 1
|Al=k

Ignoring the factor of (a — 1)F, this is the kth elementary symmetric sum of the multiset

Mw:{&égllwevw}.

Since k was arbitrary, it follows that G7 determines the multiset M(® for each a > 2.
We now show how the leaf adjacency sequence of T' can be recovered from the multi-
sets M@, For each d > 2, let Vy be the set of vertices of T' with degree d, so V(@ =

Uis1 Vitia—1)- Let Mg be the multiset

Md:{j(v)l vev}

so M@ = >1 Miyi(a—1)- In particular, if A is the largest degree of a vertex of T', then

M®) = Mx, so the multiset M is determined by Gp. Then, for 2 < d < A, we have

My=MD \ |_| Mi i1,
i>2

so by an inductive process, we can recover all the My from the M(® and thus from Grp.
Now My is clearly equivalent to the multiset of numbers ¢(v) for v € Vy, so the My together

determine the leaf adjacency sequence of T', as desired. O

This result is equivalent to Theorem 4.20(v). Indeed, let Sy, be the star of order k + 1
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with center vertex labeled d and outer vertices all labeled 1. Then we have

Ve () =3 () Bast),

1>k

so by triangularity, the numbers (Ng, , (7)) and (Lq(7T)) determine each other. (Note that

N, ,(T) = N1,41(T), so this recovers another sequence of triple-degree numbers of 7'.)
4.5 Higher-order generalized degree polynomials

In the final section of this chapter, we discuss a further generalization of the GDP: the
generalized degree polynomial of order m for positive integers m.

To define this polynomial, we first extend the notion of boundary edge from Section 4.2
as follows. Let F' be a forest and let A;,..., Ay, be disjoint subsets of V(F'). A boundary
edge of (A1,..., An) is an edge of F that is a boundary edge of at least one A;, that is, the

set of boundary edges of (A41,...,A4,,) is simply
D(Ay,...,Apn) =D(A)U---UD(A).

We write d(A1,...,Ap) = |D(A1,...,An)|. Thus, d(A1,...,An) <d(A1)+ -+ d(An).

Definition 4.30. The generalized degree polynomial of order m of a forest F is

(m) | A Am| ,d(A1,.;Am) | (A1) Am
Gr (X1, s Ty Yy 21, -y Zm) = Z xq :Elm |-y( 1 )'21 z,ig ),
AU--UAmCV(F)

where the sum is over tuples (41, ..., Ay,) of disjoint subsets of V(F).

Note that Gg) is equivalent to the usual generalized degree polynomial Gp. As in
Section 4.2, we will show that G%m) is a linear function of X . To do this, we first consider
a variant of X itself, the bad chromatic symmetric function Br, and show that in fact it

is equivalent to X . We will then show how B naturally gives rise to Gg,m).
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Definition 4.31. For a forest F', the bad chromatic symmetric function of F' is

K~ b
Br(z1,22,...521,20,...) = E Hl‘l 0,200,

where r: V(F) — Z is any vertex coloring (not necessarily proper) of F', and b,(i) is the

number of edges {v,w} € E(F) such that x(v) = k(w) = 1.

(This can be seen as a further generalization of Stanley’s symmetric function general-
ization of the bad coloring polynomial by setting z; = 1 + ¢; see [32, Section 3.1].)

If we let A; denote the set of vertices colored ¢, then we can alternatively write

Al _e(A;
Br(z1,22,...521,20,...) = Z Hxl ‘Zie( )
A1|_|A2L|-~~=V(F) )
where the sum ranges over all ways to express V(F) as a disjoint union of (possibly empty)
sets A;. We denote by Bgn) the polynomial in variables z1,...,Zm, 21, ..., 2m Obtained by
setting x; = z; = 0 in By for ¢ > m. Observe that Br can be recovered as an inverse limit

(m

over the polynomials B ) because any particular monomial of By appears in B%m) for all
sufficiently large m.

As a formal power series, Br is a MacMahon symmetric function, as defined in [28]: that
is, it is invariant under the diagonal action of the symmetric group of the positive integers
simultaneously permuting the x-variables and the z-variables. In addition, setting all z; = 0
in Bg recovers the chromatic symmetric function Xg. Note also that if A; is a nonempty
subset of V(F') inducing a connected subgraph of F, then e(4;) = |A;] — 1. Thus, for any
partition A - |F|, the coefficient of [, :Eg\iz?i_l in Bp is (up to a factor corresponding to
permuting equal parts of \) exactly by(F), the number of connected partitions of F' of type
A. It follows that one can also recover the power sum expansion of Xz from Bp.

While it might seem that Bg contains strictly more information than X g, the following

(m

proposition shows that Xz determines B, ) for each m, so Br and X are in fact equivalent.
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Proposition 4.32. For each m, there exists a Q-algebra map 3™ such that 8™ (Xp) =

Bg;,m) for all forests F'.

Proof. Recall the functions ¢, from Lemma 4.15. We consider the m-fold convolution

B(m) = Pz, ¥ F Pz,

For a forest F', iterating Proposition 2.6 yields

A" (X ) = > Xpja, ® - @ Xpa,,,
AU-UAm=V(F)
where Aq,..., A, partition the vertices of F'. Therefore, we have
B (Xr) = > Parar (Xpjay) -+ Pz (Xp)a,,)
AyUeUA =V (F)
AU LA =V (F)
which is precisely B%m). O

We now show that G%m) is essentially equivalent to BgnH). IfA U UAp = V(F),
then the boundary edges of (Aj,...,A,,) are precisely the edges whose endpoints lie in

different subsets A; and A; for some 1 <4 # j < m + 1. Hence

m+1 m—+1

d(Ay, . Ag) + > e(A) =) |Ai| = o(F)
=1

=1
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since both sides count the total number of edges in F'. Therefore

+1 — _ _
B (@yy, . ey v v 2y 2y Y)
_ 3 Al ST ALe(A)) o) e
A1|_|~--|_|Am{_|Am+1:V(F)
= Z ngﬂ [N xl‘rl?m‘ . yd(A17’Am)+C(F) . Z:T(Al) oo zfrEAm)

A1U-UA, CV(F)
(m)

= yC(F)GF (1’1, ey Tmy Yy 2Ly 72777,)'
It follows that there is a Q-algebra map (™ that sends Xz to y(& )G%m). Specifically, the

above computations show that we can take

(m)

v

= Priyy=la ¥ F Papyy—la, ¥ Pyy-l-

(When m = 1, this reduces to the map from Proposition 4.14.) We note that y(m) is

multiplicative and satisfies

Y™ (py) = 2ly(y — 20)" 7+ aly(y — )"+ y(y — D

4.5.1  Future work

A natural direction for future work is to investigate what information about a tree T is de-

termined by Ggpm) for each positive integer m. In particular, we pose the following question.

Question 4.33. Does there exist a positive integer m such that Ggﬂm) distinguishes trees?

As we already know, it is not true that G,Erl ) (i.e., Gp) distinguishes trees; the smallest

pair of non-isomorphic trees with the same generalized degree polynomial is depicted in
Figure 3.1. However, we have not been able to find a pair of non-isomorphic trees T and 75
with G% ) = G% ). A computer search indicates that no such trees exist with |T1| = |T>] < 23.

A positive answer to Question 4.33 would immediately imply a positive answer to Ques-
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tion 1.1. However, the converse does not necessarily hold, that is, it is possible that the

chromatic symmetric function distinguishes trees but no single Gt(rm) does. (This is because

)

our method to recover X7 from Bz and thus from the G%m requires m = |T'| — 1, which is

unbounded.) If this is indeed the case, then a construction to produce pairs (or larger sets)

of non-isomorphic trees with the same G,Erm) could be valuable in studying Question 1.1.
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Chapter 5

GENERALIZED DEGREE POLYNOMIALS OF ROOTED AND
POLARIZED GRAPHS

In this chapter, we consider variations on the generalized degree polynomial for graphs
with distinguished vertices, specifically rooted graphs (with one distinguished vertex called
the root) and polarized graphs (with two distinguished vertices called the left pole and right
pole). These variations on the generalized degree polynomial enumerate the same triple of
statistics over vertex subsets as the ordinary GDP, but do so while also tracking whether
the distinguished vertices lie in that subset.

Unlike ordinary trees, rooted trees and polarized trees are distinguished by their respec-
tive GDPs, as we show by adapting work of Loehr and Warrington [23]. However, studying
the GDPs of rooted and polarized trees will yield results about the GDPs of ordinary trees:
specifically, we present a recurrence relation satisfied by the ordinary GDP and prove some
divisibility results. In the next chapter, we will use the machinery of rooted and polarized

GDPs to give several constructions for families of ordinary trees that have the same GDP.
5.1 Rooted graphs

Recall that a rooted graph is a graph P together with a distinguished vertex r(P) called its
root.! Two rooted graphs P and @ are considered isomorphic, written P = @, if there is
an edge-preserving bijection V(P) — V(Q) that sends r(P) to 7(Q).

Given a rooted graph P, we define two polynomials GL(z,y, z) and G'(z,y,2) by

= Y Bl and = 3 glSlydS)e),

r(P)¢S r(P)eS

"We will use the letters P and @ to represent rooted graphs when possible.
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where in the first sum, S ranges over all subsets of V(P) not containing r(P), and in the

second sum, S ranges over all subsets of V(P) containing r(P).

Definition 5.1. The generalized degree polynomial (GDP) of a rooted graph P is the vector

Gl

Gp=| ©

Gy
If P is a rooted graph, then by default, “the GDP” of P should be understood to mean
Gp as just defined; we will also refer to Gp as “the rooted GDP” of P for clarity. However,
on occasion we may want to refer to “the ordinary GDP” of P, denoted Gp, which is the

GDP of P considered as an ordinary graph (forgetting about the root). This satisfies
GP:G£+GT:[11]GP

Example 5.2. If P is the path Pag with its root at one end, then we have

1+ 2y + 2y? + 2%yz
Gp=

xy + a:2y2 + xzyz + 2322

Before continuing, we remark that it is not entirely necessary to include both G} and
G’p in our definition of G p because, in fact, G}D and G» determine each other. To see why,
first, let n and m be the number of vertices and edges of P, respectively. Note that the

unique term of G}g with highest z-degree is ™~ 1ydesr(P) ;m—degr(P)

, obtained by choosing
the vertex subset S to contain all vertices of P except for r(P). Thus, n and m can
be recovered from G}D. Similarly, the unique term of G’ with highest x-degree is 2"2™,

obtained by choosing S to be all of V(P), so n and m can also be recovered from Gp.
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Next, suppose that S C V(P) and let S’ = V(P) \ S be the complement of S. Then

|5 =n— 5],
d(5') = d(9),

e(S") =m —d(S) — e(S).

Hence, the linear involution on Q[z, y, z] that sends z%y®2¢ to 2™~ %2™~0=¢ (if all the expo-

nents are nonnegative, otherwise zero) sends the monomial z!8lyd(S) ze(5) to x'S/‘yd(S/)ze(S/)
for all S C V(P). Since r(P) ¢ S if and only if r(P) € 5, it follows that this involution
swaps G}D and G'5. (We can apply this involution given G}D or G’ because we can first
recover the values of n and m.) Thus, knowing either GL or G, is enough to determine the
rooted GDP of P. Despite this, our choice of definition for G p is more symmetric and will

prove useful later on in our analysis.

5.1.1 Distinguishing rooted trees

Unlike for ordinary (unrooted) trees, rooted trees are completely distinguished by their
GDPs, as we now prove. To do so, we rely on a rooted version of the chromatic symmetric
function [23], defined by Loehr and Warrington, which also distinguishes rooted trees. In
fact, they proved a much stronger result, namely, that there is a univariate specialization

of the rooted CSF that distinguishes rooted trees.

Definition 5.3 ([23, Section 3.4]). Let P be a rooted graph and i € {0, 1,2,3}. We define

a polynomial

fpilq) = Z g oL

HECi(P)

where C;(P) is the set of all proper colorings x: V(P) — {0, 1,2, 3} such that x(r(P)) = i.

Note that fpo(q) = fp1(g) because, given a proper coloring k € Cy(P), replacing all

0s with 1s and 1s with Os gives a corresponding proper coloring ' € Cy(P). By a similar
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argument, fp2(q) = fp3(q). Furthermore, fpo(¢q) and fp2(q) determine each other because
their coefficient sequences are reverses of each other [23, Proposition 16(a)]. Specifically, if

P has n vertices, then there are nonnegative integers c1, ..., ¢, (depending on P) such that

fro(q) = cnq™ + cn1q" t -+ 2 + cig

and

fP,Q(CI) = Clqn_l + C2qn_2 + -+ cp—19 + Cp-

(This can be proved by considering the effect of switching 0 with 2 and 1 with 3 in proper
colorings of P.) Thus, the invariants fp;(q) are all equivalent. Loehr and Warrington

showed that they distinguish rooted trees [23, Theorem 17].

To bring the rooted GDP into this picture, we show that fp(¢) (and thus each fp;(q))

is a specialization of Gp when P is a rooted tree.

Theorem 5.4. For any rooted tree P, fpo(q) = G%(g,2,1) and fpa(q) = Gh(g,2,1).

Proof. Given a proper coloring k € Co(P), let S = k= 1({0,1}) be the set of all vertices
colored 0 or 1. Then S is a subset of V(P) containing r(P), and the contribution of x to

Bl

the sum defining fpo(q) is ¢'°'. Therefore

frolq) = Z ¢ #{r € Co(P): k71({0,1}) = S}.
r(P)eS
Now fix some S C V(P) with »(P) € S, and let S’ = V(P)\ S. Consider a proper coloring
k € Co(P) such that x~1({0,1}) = S. Under r, each component of P|S must be colored
with colors 0 and 1, while each component of P|S” must be colored with colors 2 and 3.
These components are all subtrees of P and can be colored independently. Each has exactly

two valid colorings, except for the component of P|S containing r(P), which has only one
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(since 7(P) must get color 0). Thus the number of possible & is

Ge(PIS)+e(PIS")~1 _ olS|—e(S)+1S'|—e(8)~1 _ 9d(S)
(since |S| + |S’| = |P|). We conclude that

frole) = > %1275 = Gh(g,2,1),
r(P)es
as claimed. To prove fpa(q) = Gh(g,2,1), we use the same argument: for each S, the
number of proper colorings k£ € Cy(P) such that x~1({0,1}) = S is still 2¢%) but now S

must not contain r(P). O
When this is combined with Loehr and Warrington’s result, we immediately obtain:
Corollary 5.5. Non-isomorphic rooted trees have different rooted GDPs.

In fact, we can prove a stronger result: non-isomorphic rooted trees must have linearly
independent rooted GDPs. To do so, we will need to perform a somewhat deeper analysis
of the polynomials fp;(¢) and the structure of rooted trees.

We say that a rooted tree is a flower if its root has degree 1. (In particular, the rooted
tree with one vertex is not a flower.) Then, every rooted tree P can be written uniquely
as a union of flowers with the same root as P and that only intersect at their roots. If
P = PyU---UPy is such a decomposition, then we can naturally identify the set of colorings
C;(P) with the Cartesian product C;(P;) x - -+ x C;(Py), for each i € {0,1,2,3}. It follows
that

frola) _ friole)  frioe)

fr2(q) = fr2(q)--- fp,2(q) and . . P

where in the latter equation we divide each polynomial by ¢ to avoid overcounting the root.
Gp  Gh,
- =)

(The rooted GDP factors similarly: G, = G}Dl e G}Dk and (i—;” =

Lemma 5.6. If P is a flower, then fpo(q)/q and fpa(q) are irreducible over Q[g].
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Proof. By Theorem 5.4, we have

frolg) = Gp(g,2,1) = > ¢%12%9
r(P)es

Since P is a flower, d({r(P)}) = degr(P) = 1. Furthermore, d(S) > 0 for all nonempty

proper subsets S of V(P). This means that
fro(@) = "+ cn1d" "t + -+ g’ + 2g

where n = |P| and ¢y,—1,...,co are even integers. Thus, Eisenstein’s criterion with respect
to the prime 2 shows that fpo(¢)/q is irreducible. Since fp2(g) is obtained by reversing the

coefficient sequence of fpo(g), its irreducibility follows immediately. O
We can now prove the desired strengthening of Corollary 5.5.

Theorem 5.7. If P and @) are non-isomorphic rooted trees, then Gp and Gg are linearly

independent.

Proof. Suppose that Gp and Gg are linearly dependent. Then G}D 0= GéG};. Making

the substitution (x,y, z) = (¢,2,1) and dividing by ¢, we get

, fp
fro fao _ foalP0.
q
Let P=PU---UP, and Q = Q1 U---UQy be the flower decompositions of P and Q.

Then we have

Joio Qi fpo  fr.o
fP7 fP .0 7’:']( 72--.f 72.7’...i'
1,2 k>2 q q Q1 Qe p p

By Lemma 5.6, all these terms are irreducible in Q[g], so we must be able to pair up terms
between the left and right sides such that the terms in each pair are rational multiples of

each other.
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However, observe that if C is a flower, then fc2(¢) has leading coefficient 2 and constant
coefficient 1, while fco(¢)/q has leading coefficient 1 and constant coefficient 2. Thus, for

this pairing to exist, we must have k = ¢, and fp, 2(q) = fo,2(¢) and fp,0(q)/q = f0,0(q)/q
for all 7 (relabeling the flowers P; as necessary). By [23, Theorem 17], this means that
P; 2 Q; for all ¢, and hence P = Q. O

5.2 Polarized graphs

Next, we consider a kind of graph with two distinguished vertices, which is lesser-known

but nonetheless will prove very useful in analyzing the generalized degree polynomial.

Definition 5.8. A polarized graph is a graph A together with two distinguished vertices,

called the left pole and right pole, and denoted by L(A) and R(A), respectively.?

We consider polarized graphs A and B to be isomorphic, written A = B, if there is an
edge-preserving bijection V(A) — V(B) that sends L(A) to L(B) and R(A) to R(B).

Note that the left and right poles of a polarized graph are allowed to be the same
vertex; such polarized graphs are essentially equivalent to rooted graphs. However, if they
are distinct, then it matters which pole is which: switching them generally produces a
non-isomorphic polarized graph.

It will be useful to have a standard notation for two small polarized graphs:
(i) We denote by e the polarized graph with one vertex (and no edges).
LR
(ii) We denote by oo the polarized graph with two vertices, no edges, and distinct poles.

Let us now define the generalized degree polynomial of a polarized graph.

Definition 5.9. Let A be a polarized graph. We define four polynomials G}4, GE, GL, and

2We will use the first few capital letters A, B, C, etc., to represent polarized graphs when possible.
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GﬁR in x,y, z as follows:

Gl = Z :EISIyd(S)ze(S), Gh = Z :EIS\yd(S)ze(S)’
L(A)¢S L(A)¢S
R(A)¢S R(A)es

Gﬁ: Z xISIyd(S)Ze(S>7 GﬁR: Z x\S\yd(S)Ze(S)'
L(A)eS L(A)eS
R(A)¢S R(A)eS

(In each sum, S ranges over subsets of V(A) that either do or do not contain L(A), and

either do or do not contain R(A).) Then the generalized degree polynomial of A is the matrix

Gy Gf

GL GhR

Gy =

If A is a polarized graph, then “the GDP of A” should be understood to mean the matrix
G 4 just defined; we will also use the term “polarized GDP of A” for clarity. Note that if A

is considered as an ordinary graph, then its ordinary GDP G4 is

1
Ga=GY+GE+GH+GEE = [1 1] G4
1

Example 5.10. For the polarized graph A depicted in Figure 5.1, we have

1+zy ry + 2%y?

N
I

xy? + 2?yz 2Pyz 4+ 2322

Note that when drawing a polarized graph, we label the left and right poles with © and =,

respectively.
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[,

L R

Figure 5.1: The polarized graph A of Example 5.10.

Example 5.11. The polarized GDPs of e and e e are respectively
LR L R

1 0 1 =z
G. = and G.. =
0 =z x x?
Note that we write G, and G, instead of the more cumbersome G o and Gy . O

LR LR

If A is a polarized graph and one of its components C' contains neither L(A) nor R(A),
then we have G4 = GG 4\ ¢, where A \ C is the union of the other components. That is,
the presence of a “non-polarized” component only multiplies the polarized GDP by a scalar.

(The analogous fact for rooted graphs is also true.)

Remark 5.12. It may seem strange to define the polarized GDP as a matrix, rather than
(say) a 4-dimensional vector. Omne reason for doing so is that this definition generalizes
readily to graphs with any number of distinguished vertices, so that the GDP of a graph
with an n-tuple of distinguished vertices is a tensor of order n over the field Q(z,y, z). In
addition, we will see several ways in which one can analyze polarized graphs by applying
linear algebra to their GDPs, and this is made much more elegant by using matrices. (In
particular, concatenation of polarized graphs will be essential to stating and proving our

main results, and its effect on GDPs is naturally described using matrix multiplication.)

5.2.1 Properties of polarized graphs

We now define some basic concepts related to polarized graphs, beginning with some prop-

erties they may possess.



94

Definition 5.13. A polarized graph A is called

(i) diagonal if L(A) = R(A);

(ii) symmetric if there is an automorphism of A (as an ordinary graph) that swaps L(A)

and R(A);

(iii) singular if L(A) and R(A) are in different connected components of A.

As we are about to show, these properties of polarized graphs are so named because

they imply the corresponding property (for matrices) of the polarized GDP.

Proposition 5.14. Let A be a polarized graph.

(i) If A is diagonal, then G4 is diagonal.
(ii) If A is symmetric, then G4 is symmetric.

(iii) If A is singular, then G4 is singular.

Proof. If A is diagonal, then clearly there are no subsets S C V(A) with L(A) € S and
R(A) ¢ S, or L(A) ¢ S and R(A) € S. Thus G§ = GE =0, so G4 is diagonal, proving (i).
If A is symmetric, let ¢ be an automorphism of A swapping L(A) and R(A). Then ¢
induces a bijection between subsets of V(A) that contain L(A) but not R(A), and those
that contain R(A) but not L(A). Therefore G = G%, so G4 is symmetric, proving (ii).
Finally, suppose that A is singular. Let P be the component of A containing L(A),
considered as a rooted tree with root L(A). Let @ be the union of all the other components,

considered as a rooted tree with root R(A). Then we have the equalities
Gy =GpGh,  Gi=GpGy,  GE=GpG), and  GHf =GhGy,

which implies G4 GL* = GEGE. Thus G4 is singular, proving (iii). (In the next section,

we will give a name to this decomposition of singular polarized graphs.) O
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Observe that the converse of (1) also holds, since if L(A) # R(A), then G4 and G are
both nonzero. Later in this chapter, we will be able to prove the converses of (2) and (3)

as well (assuming that A is a forest, which is the case we are most concerned with).

5.3 Operations on polarized and rooted graphs

We now consider some operations that can be performed on polarized and rooted graphs,

together with their effects on the polarized and rooted GDP.

Definition 5.15. Let A be a polarized graph. The opposite of A, denoted A*, is the
polarized graph derived from A by switching its poles: L(A*) = R(A) and R(A*) = L(A).

Thus, a polarized graph A is symmetric if and only if A = A* as polarized graphs.
From the definition of A*, it is clear that GY. = G and G4 = GEE, while G4, = G

and Gf, = Gﬁ. Therefore
Ga =G, (5.1)
that is, G4+ and G4 are transposes.

Next, we consider two ways to turn polarized graphs into rooted graphs.

Definition 5.16. Let A be a polarized graph. The left-rooting of A, denoted Ay, is the
rooted graph obtained from A by choosing its left pole L(A) as the root. Analogously, the

right-rooting of A, denoted Ap, is obtained from A by choosing R(A) as the root.

Observe that

Gy, =GL+Gf  and n, = Gh+GH~,

which means that the rooted GDP of A}, satisfies

Ga, =Ga : (5.2)
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Similarly, the rooted GDP of the right-rooting of A satisfies
Ga, = [1 1] Gy (5.3)

(treating G 4,, as a row vector for the purpose of this formula).

Conversely, here are some ways to turn rooted graphs into polarized graphs.

Definition 5.17. If P is a rooted graph, its polarization P is the polarized graph obtained
by P by taking L(P) = R(P) = r(P).

Thus, the polarization of a rooted graph is always diagonal, and its polarized GDP

satisfies

GL 0 GL 0
Gy=| * =" . (5.4)
0 GEf 0 G%

In other words, G is the diagonal matrix whose diagonal entries are the entries of Gp.

Definition 5.18. If P and () are any rooted graphs, we can consider their disjoint union
P U Q as a polarized graph with left pole r(P) and right pole r(Q). We call this polarized

graph the tensor product of P and @, and denote it by P ® Q.3

Observe that the tensor product of rooted graphs is always a singular polarized graph.
Furthermore, its polarized GDP satisfies
G1 GE GLGL aLar Gl
Gpoo = JLD®Q ZiQ _|=P ? PYQ| _ | VP {Gb GTQ] = GPGS, (5.5)
Gpso GPso GpGy GhGy G’
which justifies the name “tensor product” for this operation.
Conversely, for any singular polarized graph A, we can always find P and ) such that

A = P ® @, say, by taking P to be the component of A containing L(A) and taking @ to

3Note that the operation ® on rooted graphs is not symmetric; rather, P ® Q and Q ® P are opposites
of each other as defined above.
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Figure 5.2: Two polarized graphs and their concatenation.

be the union of all the other components. If A only has two components, then the pair
(P, @) is unique. Instead, if A has components containing neither L(A) nor R(A), then
these components can be chosen to be part of either P or Q). (However, in applications, our

graphs will generally not have any such components.)

5.3.1 Concatenation and cross-join

Now, we define the two most important operations on polarized graphs. We begin with

concatenation, which combines two polarized graphs by joining them end to end.

Definition 5.19. Let A and B be polarized graphs. The concatenation of A and B, denoted
AB, is the polarized graph obtained from the disjoint union A Ll B by identifying R(A) and
L(B), with poles L(AB) = L(A) and R(AB) = R(B). (Here we view A and B as embedded
inside AB.)

We say that polarized graphs A and B commute if AB = BA.
Example 5.20. Figure 5.2 depicts the concatenation of two polarized graphs. O

Example 5.21. If P and @Q are rooted graphs, then their tensor product P ® Q) can also

be written as the concatenation P (o o) Q ¢
L R

Note that the polarized graph e is the (two-sided) identity element for concatenation.
LR
As promised, here is the main reason for defining the polarized GDP as a matrix: con-

catenation of polarized graphs corresponds (very nearly) to multiplication of their GDPs.
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Theorem 5.22. For any two polarized graphs A and B, we have

Gup =GAaMGpg (5.6)
where M = [éxgl]'
Proof. The claimed equality is
Glp GﬁB G Gﬁ 1 0 GhL Gg (5.7)
Ghy axB| |of ax [0 o |op oy

For each entry on the left-hand side, a bijective argument shows that it is equal to the

corresponding entry of the product on the right-hand side. For example, taking the top-left

entry of both sides, we see that we want to prove

Glp =cLak + 27 'chak. (5.8)

Suppose that S C V(AB) is a subset containing neither L(AB) nor R(AB) (which are the

same as L(A) and R(B), respectively). There are two cases to consider:

(i)

If S does not contain the vertex R(A) = L(B) either, then we can uniquely write S
as a union S = 57 U Sy, where S; C V(A) and Se C V(B) such that L(A), R(A) ¢ S1
and L(B), R(B) ¢ Ss. Then the contribution to the sum defining GY 5 over such S is

exactly GY G}, giving the first term on the right-hand side.

If instead S contains R(A) = L(B), then we have S = S; U Sa, where S; C V(A)
and Sy C V(B) such that L(A) ¢ S1, R(A) € S1, L(B) € Sy, and R(B) ¢ Sy. The
contribution to Gi‘ p over such S is x_lGﬁGg, where the factor of 7! is necessary to
avoid double-counting the shared vertex R(A) = L(B). (That is, |S| = |S1| 4+ [S2| — 1
in this case, whereas in the previous case we had just |S| = |S1|+|S2|.) This gives the

second term on the right-hand side.
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By combining these cases, we obtain (5.8), as desired. The equations for the other entries

of (5.7) follow similarly. O

We can also define concatenation when one or both of the graphs are rooted. Specifically:

(i) If A is rooted and B is polarized, then AB is a rooted graph with root R(B), obtained
from AU B by identifying r(A) with L(B).

(ii) If A is polarized and B is rooted, then AB is a rooted graph with root L(A), obtained

from AU B by identifying R(A) with r(B).

(iii) If A and B are both rooted, then AB is an ordinary graph, obtained from A LI B by

identifying r(A) with r(B).

In all of these cases, equation (5.6) still holds (interpreting the GDPs so that the matrix
multiplication makes sense*). Here is one way to see this. Consider, for example, case (i),
in which A is rooted and B is polarized. Let A be the polarization of A. Then (5.6) gives
G iz = G ;MGp. Multiplying on the left by [11], we obtain G4 = G4MGp by (5.3),
since AB is the right-rooting of AB and A is the right-rooting of A. A similar argument

applies for cases (ii) and (iii).

Remark 5.23. Observe that the matrix M of Theorem 5.22 satisfies M = G !. Therefore,

taking A = o in (5.6) gives Gop = Gp, as expected because L.RB is isomorphic to B. (We

get a similar conclusion by taking B = e.) In addition, multiplying (5.6) on the right by
LR

M gives
GupM =GAMGgM

for all polarized graphs A and B. This implies that concatenation corresponds exactly to

matrix multiplication under the map A — G M.

4Namely, we should assume that in case (i) above, Gap and G4 are row vectors; in case (ii), Gap and
G p are column vectors; and in case (iii), Gap is a scalar, G 4 is a row vector, and G is a column vector.
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Remark 5.24. Theorem 5.22 can also be derived by considering a (vertex-)weighted version
of the polarized GDP. Let us sketch the details. A weighted polarized graph is a pair (A, w),
where A is a polarized graph and w is a function V(A) — Z. (When w is a constant function,
say w(v) = ¢ for all v, we write (A4, ¢) instead of (A, w).) We extend w to subsets of V(A)
additively and call w(S) the weight of S. Then the polarized GDP of (A, w), denoted G 4 4,
is defined by replacing |S| with w(S) throughout Definition 5.9; for example, G4, has

top-left entry

th = Z ww(s)yd(s)zds)'
L(A)¢S
R(A)¢S
(The entries of G 4., are Laurent polynomials in z,y, z, since w can take negative values.)

Note that G4,1 = G4, and in general, G 4. is obtained from G 4 by replacing x with z¢.

We define the concatenation of two weighted polarized graphs just like in the unweighted
case, except that we must specify the weight function. The most natural choice is to sum
the weights on the identified vertex v: that is, the concatenation of (A, w4) and (B,wp) is
(AB,wap), where wap(v) = wa(R(A))+wp(L(B)), and otherwise w4p restricts to w4 and
wp. Then one can show, using a similar bijective argument as above, that concatenation

corresponds exactly to matrix multiplication of the GDPs:
GaBwag = GAawsGBwg-

To recover Theorem 5.22, we cannot just take w4, wp = 1 in this formula, because then the
identified vertex R(A) = L(B) would have weight 2. However, we can correct for this by
inserting the polarized graph o whose single vertex has weight —1. That is, we take the
three weighted polarized graphs (A, 1), (LOR ,—1), and (B, 1), whose concatenation in that
order is (AB, 1), and therefore

Gap = GG, _1GB.
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A B A#B

Figure 5.3: The cross-join of two polarized graphs.

Theorem 5.22 now follows because Go —1 = [(1] xgl ]

Finally, we define a related operation to concatenation called cross-join, which turns two

polarized graphs into an ordinary graph.

Definition 5.25. Let A and B be polarized graphs, at least one of which is singular. The
cross-join of A and B, denoted A# B, is the ordinary graph obtained from the disjoint union
AU B by identifying R(A) and L(B), and identifying L(A) and R(B).?

Note that unlike concatenation, cross-join is a symmetric operation, in the sense that
A#B and B#A are isomorphic. We have the relation A#(BC) = (AB)#C when both
sides are defined.

The cross-join can also be written using concatenation. Suppose, for example, that B is

singular, and write it as a tensor product of rooted graphs B = PR Q. Then A#B = QAP.

Example 5.26. Figure 5.3 depicts polarized graphs A and B, with B singular, and their
cross-join A#B. ¢

Using our formula for the polarized GDP of a concatenation, we can also derive an

expression for the GDP of the cross-join of polarized graphs.

5Tt is possible to define A#B in this way even when both A and B are nonsingular. However, the resulting
graph could have multiple edges (for example, if the poles of A were adjacent and the poles of B were
adjacent) or self-loops (for example, if A were diagonal and the poles of B were adjacent) and so we would
need to adjust our notion of the GDP to handle non-simple graphs. However, even if we did so in the
most natural way, the below formula for the GDP of A#B would still be incorrect if both A and B were
diagonal. Instead, the present definition will suffice for our purposes and lets us avoid such complications.
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Theorem 5.27. Let A and B be polarized graphs, at least one of which is singular. Then
Gagp =tr(GaMGM), (5.9)

where M = [1 B ] as in Theorem 5.22.

0z !

Proof. Suppose that B is singular, and write B = P ® @ for rooted graphs P and (). Then

we have

Gy = Goap = GHEMGAMGp
= tr(GHMGAMGp)
= tr(GAMGpGHM)

= tr(G4MGpM),
where we used the fact that tr(XY) = tr(Y X) for matrices X and Y, as well as (5.5). The

case in which A is singular follows by symmetry. O

In view of Theorem 5.27, we define a bilinear form on 2 x 2 matrices over Q(z,y, z) by

(f,9) = tx(fMgM).
Then (5.9) says that Gaxp = (Ga, Gp). (Note that the form (-,-) is symmetric.)
Before continuing, we note an easy lemma that will be useful for a proof in Chapter 6.

Lemma 5.28. The bilinear form (-, -) is nondegenerate. That is, if f is a 2 x 2 matrix such

that (f,g) = 0 for all g, then we must have f = 0.

Proof. Let [ = [21 22} For i,j € {1,2}, let E;; be the 2 x 2 matrix with 1 in position

i,7) and zeros everywhere else. Taking g = M ~1E;; M ~!, one can check that
J

(f,9) =tr (fEij) = fi.
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Figure 5.4: A pair of polarized graphs that are doppelgéngers.

Thus all the entries of f are zero. O

5.4 Distinguishing polarized trees

We will now show that the polarized GDP distinguishes polarized trees. To do so, we will
need the analogous fact about rooted trees (Corollary 5.5), although it will not quite suffice
on its own.

Let A be a polarized tree. Its polarized GDP G4 determines G4, and G4, via (5.2)
and (5.3). Then, it follows from Corollary 5.5 that G4 determines both Ay, and Apg, up to
isomorphism of rooted graphs. Unfortunately, this information is not enough to recover A,
because there exist non-isomorphic polarized trees whose left-rootings are isomorphic and

whose right-rootings are isomorphic. Let us give these pairs of trees a name:

Definition 5.29. Two polarized graphs A and B are called doppelgdngers if A 2 B, but

A =2 By, and Ar = Bpg as rooted graphs.
Example 5.30. The two polarized graphs shown in Figure 5.4 are doppelgéingers. ¢

Of course, doppelgéingers are isomorphic as ordinary graphs. Hence, we can construct
any pair of doppelgéngers by taking an ordinary graph A and then choosing vertices u1, v1,

ug, and vy of A satisfying the following conditions:

(i) There exists an automorphism of A that sends u; to us.

(ii) There exists an automorphism of A that sends vy to vs.
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(iii) There is no automorphism of A that simultaneously sends u; to uz and v; to vs.

Then the corresponding doppelgéngers have left pole u; and right pole v;, for i € {1,2}.
Given Ay, and Apg, in order to distinguish A from its possible doppelgingers, it turns
out that we only need one more piece of information: the distance between the poles. We

first show that G4 determines this distance.

Lemma 5.31. If A is a polarized tree, then G4 determines the length (number of edges)
of the unique path in A between L(A) and R(A).

Proof. Let £ be the length of this path. Then GflR contains a term of the form z‘+1yF2¢ for
some k, obtained by choosing the vertex subset S to be exactly the vertices along the path.
Furthermore, GﬁR does not contain a term of the form z™+1y¥2™ for any k and m < ¢,
since such a term would correspond to a connected subgraph of A that contains both L(A)

and R(A) but has fewer than £ + 1 vertices. Hence G5 determines ¢, as desired. O

It remains to show that this information about a polarized tree A — namely, the isomor-
phism types of Ay, and Ag, as well as the distance between L(A) and R(A) — is enough to
recover A. This is a purely graph-theoretical task, not involving the GDP; our proof relies
on certain facts about automorphisms of ordinary trees.

Let T be a tree. Given vertices v; and vy of T', we write vy ~ vy if there is an auto-
morphism of T sending v1 to vy; note that ~ is an equivalence relation on V(T'). Also, let
d(v1,v2) be the distance between v; and vy, that is, the number of edges in the path in T’

between vy and vs.

Lemma 5.32. Let T be a tree and suppose v1 and v are vertices with v; ~ vo. Then there

is an automorphism of T' that swaps v; and vs.

Proof. Recall that every tree has a center, either a single vertex or a pair of adjacent
vertices, that must be fixed by any automorphism. (The center appears as the middle

vertex or vertices of any longest path in the tree.) If the center of T is a pair of adjacent
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vertices, we may subdivide their common edge so that the newly introduced vertex becomes
the center; this does not change the automorphism group of 7'. Then we may consider T" to
be rooted at its center vertex wu; let T;, denote the subtree of a vertex v.

If v1 ~ w9, then v; and v must have the same distance from wu; we induct on this distance.
If v; and vg are adjacent to u, then T}, and T, must be isomorphic as rooted trees, so there
is an automorphism of T' that swaps these subtrees and fixes all other vertices. This swaps
v1 and v, as desired.

Otherwise, let w; and wy be the parents of v; and wvo, respectively. Then w; ~ ws, so
by induction, there is an automorphism ¢ that swaps w; and ws, and hence also swaps
their subtrees. Let ¢(v1) = v € Ty, and p(ve) = v € Ty, . Then the subtrees of vy, v,
vg, and v}, are all isomorphic, so there is an automorphism of T,,, that swaps v; and v}, as
well as an automorphism of Ty, that swaps v] and vy. Composing these with ¢, we get an

automorphism of 7" that swaps v; and vo, as desired. ]

Lemma 5.33. Let T be a tree, and let uq, us, v1, and v be vertices of 1" such that u; ~ us
and v; ~ wvy. If additionally d(ui,v1) = d(ug,v2), then there is an automorphism of 7'

sending u; — ug and v; — vo.

Proof. Let ¢ be an automorphism of T' with ¢(v1) = ve, and let p(u1) = u}. If u] = ug
then we are done, so assume u} # us. We construct an automorphism ¢ with ¢ (u}) = us
that fixes vg; then 9 o ¢ will send u; — uo and vy — vo.

Let wg, w1, . .., wy, be the vertices on the unique path from u} = wy to ug = wy,; then T
decomposes as this path, together with rooted trees Ty, 71, ..., T, attached to each of the

vertices on the path. Notice that

d(uy,ve) = d(u1,v1) = d(ug,vs).

Therefore, m must be even, and vy must lie in the rooted tree T, 5.

By Lemma 5.32, there is an automorphism o that swaps u} and wug; this must also
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fix wy, /2 and restrict to an automorphism 7 of the rooted tree T, ;. Extend 7 to an

1

automorphism of 7' by fixing all vertices outside T, o; then 77" o o swaps v} and ug and it

fixes vg, as desired. O

Given our characterization of doppelgiangers above, Lemma 5.31 and Lemma 5.33 im-

mediately imply the desired theorem:
Theorem 5.34. The polarized GDP distinguishes polarized trees.

Finally, like with rooted trees, we can also extend this result to linear independence. We

need a fact about the relationship between the GDPs of doppelgéngers:
Proposition 5.35. If A and B are doppelgéngers, then G 4 — G g is a multiple of [_11 _11 ]

Proof. We have G4, = Gp,, so Ga[l] = Gg[}]. Similarly, G4, = Gp,, so [11]G4 =
[11]Gp. Hence G4 — Gp is a 2 X 2 matrix whose right kernel contains [}] and whose left

kernel contains [1 1]. This implies the claim. O

Theorem 5.36. If A and B are non-isomorphic polarized trees, then G4 and Gpg are

linearly independent.

Proof. Suppose that G 4 and Gp are linearly dependent. Then the rooted GDPs of Ay, and
By, are also linearly dependent (due to (5.2)), so by Theorem 5.7, Ay, and By, are isomorphic.
Similarly, A and Bpg are isomorphic. Therefore, A and B are doppelgéngers (or isomorphic,
in which case we are done), so G4 — Gp is a multiple of [_11 _11] by Proposition 5.35. But
we are assuming that G 4 and Gp are multiples of each other: thus, if G4 — Gp # 0, then
G4 and Gp must themselves be nonzero multiples of [_11 711]. However, this is absurd
because the entries of G4 and Gp are polynomials with nonnegative coefficients. Hence

G4 — Gp must be zero, so A =2 B by Theorem 5.34. ]

To conclude this section, we use the results we have built up to prove the converse of

Proposition 5.14 for polarized forests.
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Theorem 5.37. Let A be a polarized forest.
(i) If G4 is diagonal, then A is diagonal.
(ii) If G4 is symmetric, then A is symmetric.
(iii) If G4 is singular, then A is singular.

Proof. For (i), if G4 is a diagonal matrix, then GL = G§ = 0, which is only possible if
L(A) = R(A), so A is diagonal. (This argument works even if A is not a forest.)

For (ii), suppose that G4 is a symmetric matrix. Then G4, = G, (interpreting both
as column vectors) since G4, = Ga[}] and G4, = G%[1]. We distinguish two cases based
on whether A is singular. First, suppose that L(A) and R(A) are in the same component
C of A, and let E be the union of the other components. Then G4, = GgG¢, and
G4, = GgGcy, (where C has the same poles as A), so G¢, = Ggj,. Now C, and Cp are
rooted trees, so by Corollary 5.5, they must be isomorphic. Thus, there is an automorphism
of C (as an ordinary graph) that swaps L(A) and R(A) (see Lemma 5.32), and this can be
extended to all of A by fixing all of E/. Therefore, A is symmetric.

Second, suppose that A is singular. Without loss of generality, assume that A only has
two components, one containing L(A) and the other containing R(A). (The presence of any
other components does not affect whether G4 and A are symmetric.) Write A as a tensor

product A = P ® Q, where P and () are rooted trees. Then we have

G4, =GpGy and  Ga, = GpGy.

Hence, G p and Gg are linearly dependent, so P and () must be isomorphic by Theorem 5.7.
Then A = P ® @ is symmetric because an isomorphism between P and () can be extended
to an automorphism of A (as an ordinary graph) that swaps L(A) and R(A).

For (iii), we prove the contrapositive. Suppose that A is nonsingular. Without loss of

generality, we may assume that A is a polarized tree. (If A has more than one component,
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then one component must contain both poles, and the other components only serve to
multiply G4 by a nonzero scalar.) Let vy, vs,..., v, be the vertices on the unique path in
A from vy = L(A) to v, = R(A). Then A can be uniquely expressed as a concatenation
BiEByE - - - EB,,,, where each B; is a diagonal polarized tree with L(B;) = R(B;) = v;, and
E is a “polarized edge” (the polarized tree with two vertices whose poles are different). It

follows from Theorem 5.22 that

Ga=Gp MGpMGp,MGgM---MGp,,.

The matrices M and Gp, are nonsingular because they are diagonal with nonzero diagonal

entries, and Gg is nonsingular because we can explicitly calculate

1 =zy
Gg =
vy 222
so that det Gg = 22(2 — y?) # 0. Thus G4 is nonsingular, as desired. O

5.5 Recurrences for the generalized degree polynomial

In the rest of this chapter and all of the next, we explore several ways in which the generalized
degree polynomials of rooted and polarized graphs can be used to derive nontrivial facts
about the ordinary GDP. A running theme is that such results often arise from linear

dependences between polarized GDPs, which can be exploited by using concatenation.

Recall from Proposition 4.14 that there is an algebra map v that sends the chromatic
symmetric function to the generalized degree polynomial (up to factors of y). By applying
the map ~ to the deletion—near-contraction recurrence for the CSF (Proposition 2.7), we

can obtain one possible recurrence relation for the GDP, namely

Gr = yGr—c + Groe — y(z + 1)Gr/e
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Figure 5.5: The graphs A, B, and C' from the proof of Theorem 5.38.

for trees T' and (non-leaf) edges e. However, this recurrence is not a particularly efficient
way to compute Gp because T'® e and T'/e are about as large as T itself. In this section, we
use the technology of rooted and polarized GDPs to derive a pair of more efficient recurrence

relations for the ordinary GDP.

Theorem 5.38. Let T be a tree and e an (non-leaf) edge of T. Let T} and T be the two
components of T' — e, and set 7] = T1 U {e} and T} = T U {e}. Then

_ y z(z —y?)

= G G
T et y)(ay+ 1) BT (w1 y)(ay + 1)

Groe. (5.10)

Proof. Let e = {u,v}, where u is a vertex of T7 and v is a vertex of T. Consider 77 to be
rooted at u and T5 to be rooted at v. Then T can be written as the concatenation 17 AT5,
where A is a polarized edge. Similarly, the graph T' ® e can be written as T} BT, where B
is an edge with equal poles, and T} LI T3 can be written as T1CTs, where C is the disjoint
union of two edges with one pole in each component. (Figure 5.5 depicts A, B, and C.)

The key fact is that the polarized graphs A, B, and C' have linearly dependent GDPs:
namely, one can verify by direct computation that

_z(z—9?) y
 (zz+y)(zy + 1)GB + (zz +y)(zy +1)

Ge. (5.11)

Multiplying on the left by G, M and on the right by M Gr,, Theorem 5.22 gives

z(z —y?) y

r= (xz +y)(zy + 1)GT®E + (xz +y)(zy + 1)

Gryury-
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We have GTl’uTz’ = GT{GTQ/, so we are done. O

Thus, this recurrence relation comes as a result of the linear dependence between the
polarized GDPs G 4, G, and G¢. The existence of such a linear relation, with only three
terms, may be surprising, since 2 x 2 matrices over Q(z,y, z) form a 4-dimensional vector
space. However, later on (in Section 6.2), we will see a general method for generating such
relations, of which this is the simplest one.

Theorem 5.38 allows us to compute G for any tree T by choosing e to be any non-
leaf edge® and then recursively computing the GDPs of T}, T4, and T ® e. This process
terminates: even though T' ® e has the same number of vertices as 7', it has one fewer
non-leaf edge than 7. Thus, the base cases of this recurrence are the stars St,, (just like the

deletion—near-contraction recurrence). We have

Gsi, = (zy + )" P 4 z(zz +y)" !

by taking cases on whether or not the vertex subset contains the central vertex.

Remark 5.39. In [4, Section 5|, the authors obtained a similar recurrence relation for
the half-generalized degree polynomial Hy. In fact, it can be shown that our recurrence
(Theorem 5.38) specializes to theirs in the same way that Gp specializes to Hp; we leave

the details of the computation to the interested reader.

Although the ordinary GDP can be effectively computed using (5.10), by changing the
underlying linear dependence, we can obtain a different recurrence relation for the ordinary
GDP that expresses G in terms of the GDPs of four smaller trees, rather than two smaller

trees (T] and T4) and one tree of the same size (T'® e).

Theorem 5.40. Let T be a tree and e an (non-leaf) edge of T'. Let 77 and T3 be the two

51f we choose e to be a leaf edge, then (without loss of generality) T =T ®e 2 T and T} is the tree with
two vertices, and so one can check that (5.10) reduces to Gr = Gr.
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Figure 5.6: The graphs FE1, Fs, 3, E4 from the proof of Theorem 5.40.
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components of T' — e, and set 7] = T1 U {e} and T = T U {e}. Then
Gr = ulGTlGTQ + ug <GT1/GT2 + GTlGT2’> + U3GT{GT2/, (5.12)

where the constants u1, ue, ug are given by

Ayt oPer)  aooye
e (zz+y—ay—1)2 2 (zz +y—zy—1)% 3_(xz+y—xy—1)2'

Proof. As in the proof of the previous recurrence, the idea is to express G 4, where A is a
polarized edge, in terms of the polarized GDPs of other polarized graphs. In this case, we
use the four singular polarized graphs E1, Fo, F3, and E4 depicted in Figure 5.6, for which

it can be verified by direct calculation that

Gao =u1GE, +u2(Gg, + Gg,) + usGp,.

By concatenating on the left with 77 and on the right with 75, we obtain

Gr = wGnurn, + w2 (Grur, + Grun) +usGrury,

which yields the desired formula.

Unlike the linear dependence that underlies Theorem 5.38, the linear dependence be-
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tween G4 and the Gg, is one we would expect to exist because it involves the GDPs of
five polarized graphs. (That Gg, and Gg, have the same coefficient ug is also to be ex-
pected, because Gg, = G%Q while G4, Gg,, and Gg, are symmetric.) While it has more
terms than the previous relation, this one has the advantage that all the polarized graphs
E; are singular, and thus Gp, g,7,, factors into smaller components. We chose the E; so that
in these factorizations, the GDPs of only four trees (namely 71, Ts, T, and T3) appear,

further simplifying the computations.

Remark 5.41. When using SageMath [29] to compute the GDPs of trees for this project,
we typically applied one of the above recurrence relations, together with memoization of
previous results. We found that it was significantly faster to use (5.12) for this purpose

than to use (5.10), especially for large-scale computations.
5.6 Divisibility results for the generalized degree polynomial

Next, we prove some nontrivial divisibility facts regarding the GDPs of ordinary, rooted,
and polarized trees.” Our main result is the one for ordinary trees, Theorem 5.47. All our

results will involve the polynomial
n=xzz+y—zy—1.

We first define a basic operation on rooted trees that we call plucking.

Definition 5.42. Let A be a rooted tree, and let v be a (non-root) vertex of A. To pluck
A at v is to delete a non-root leaf vertex adjacent to v and then add a leaf vertex adjacent

to r(A).

The key calculation involves the relationship between the rooted GDPs of a rooted tree

and the result of plucking it once.

"In this section, we work over the polynomial ring Q[z,y, z] in order to discuss divisibility.
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Lemma 5.43. Let A be a rooted tree, let v be a (non-root) vertex of A, and let A’ be the

result of plucking A at v. Then 7 divides both entries of G4 — G 4/.

Proof. Let B be the result of removing a leaf vertex from A adjacent to v, considered as a
polarized tree with L(B) = v and R(B) = r(A). Notice that A and A’ can both be obtained
from B by concatenation with an appropriate tree and then right-rooting. Specifically, let

D be the unique diagonal polarized tree with two vertices. Then we have

A= (DB)R and A/ = (BD)R

We have Gp = [:cy0+1 r(zgﬂ/)}’ i

Ga=|1 1} GpMGpg

'}xy—i—l 0 1 0| |Gy GE
=11 1

0 z(zz+y)| |0 27| |G GLE

= |(zy + 1)(}%3 + (zz + y)Gé (xy + 1)G§ + (zz + y)GéR .

Similarly,

GA’: 1 1:| GBMGD

‘]G}BGglow—l—l 0
=1 1

GL GER| |0 27! 0 z(zz+y)

= |(zy + 1)GL + (vy + 1)GL (22 + y)GE + (22 + y)GLE| .

Subtracting these, we obtain

GA - GA’ =1 |:Gé —Gg:| )
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proving the claim. O

Using the above lemma, we can easily establish the following corollary that applies for

any pair of rooted trees of the same order:

Corollary 5.44. If A and B are rooted trees with |A| = | B|, then n divides both entries of

G4 —Gp.

Proof. Let n = |A| = |B|, and let S,, be the star graph of order n, rooted at its center
vertex. Observe that by repeatedly plucking A at all its (non-root) vertices, we eventually
obtain S,. It follows from Lemma 5.43 and transitivity that both entries of G4 — Gg, are
divisible by 7. The same holds for B, so Gp — Gg, also has both entries divisible by 7.
Then the result follows since G4 — Gp = (G4 — Gg,) — (Gp — Gg,). O

We can also prove an analog of this result for polarized trees, given an extra hypothesis.

Theorem 5.45. If A and B are polarized trees of the same order and with the same distance

between their poles, then n divides every entry of G4 — Gp.

Proof. In essence, we will prove this theorem by defining an analog of plucking for polarized
trees and reasoning in the same way as above. However, exactly mimicking those arguments
would require us to consider the GDP of a tree with three distinguished vertices, for which
the definitions get much messier to write down. Fortunately, we have the following shortcut
to cut down on notation.

Note that the vector G4, — Gp, = (G4 — Gp)[1], whose entries are the row sums of
G4 — Gp, has all its entries divisible by 1 because of Corollary 5.44. For the same reason,
the vector G 4, — Gp,, whose entries are the column sums of G4 — Gp, has all its entries

divisible by 7. It follows that

Gas—Gp= (mod 7n)
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for some t, where we are taking the entries modulo 1. Therefore, it suffices to show that
under the given hypotheses, any one entry of G4 — Gp, say G}4 — G}B, is divisible by 7.
Now, let A be a polarized tree, and let v # L(A) be a vertex of A that has an adjacent,
non-pole leaf. Let C' be the result of deleting that leaf and its corresponding edge from A,
and let A" be the result of adding a leaf to C' that is adjacent to L(A). (The operation that
turns A into A’ is our equivalent of plucking.) We will show that GYy — G, is divisible by .
Then the desired conclusion will follow, because by repeated plucking, we can turn A into
a star centered at L(A) together with a path from L(A) to R(A), and this tree can also be

obtained starting from any polarized tree with the same order and distance between poles.

Define
G = Z 151y d(S) e (S) and G = Z 2151y d(S) e(S)
L(A),R(A)v¢S L(A),R(A)¢S
vES

(These would be two of the entries of the GDP of C with distinguished vertices L(A), R(A),

and v.) Then a combinatorial argument gives

G}4 = (xy + 1)Gé + (zz +y)G¢

and

Gl = (zy + 1)GL + (2y + 1)GL.
Hence GlA — G}4, = 1G¢, completing the proof. O
Corollary 5.46. If A is a polarized tree, then 7 divides Gﬁ — Gﬁ.
Proof. Recall from (5.1) that the opposite A* of A satisfies G4+ = G%. Then

0 G - GE
Gys—Gy =Gy -Gl = Lo
GL -Gk 0
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Thus the result follows from applying Theorem 5.45 with B = A*. 0

Now that we have the desired divisibility results for rooted and polarized GDPs, we
can prove a surprising analog for ordinary GDPs, as well as for determinants of (differences

between) polarized GDPs.
Theorem 5.47. If T and U are trees with |T| = |U|, then n? divides Gy — Gy.

Proof. Suppose that A is a rooted tree and plucking it once gives some A’. In the proof of

Lemma 5.43, we computed that
Ga—Gu =1 [Gé —Gg]

for some polarized tree B. Then, adding these two entries, we have G4 —G 4 = n(Gng — Gg).
This is divisible by n? due to Corollary 5.46.

In other words: for any ordinary tree T', if we arbitrarily choose a root for it, pluck once,
and interpret the result as an ordinary tree 77, then Gy — G will be divisible by n?. The
result now follows by the same argument that we used to prove Corollary 5.44. Namely, any
tree T of order n can be turned into the star S,, by repeatedly applying this operation, so n?
divides G — Gg, for all T. Hence n? also divides Gy — Gy = (G —Gg,)— (Gy —Gg, ). O

Theorem 5.48. If A, B are polarized trees with |A| = |B|, then n? divides det(G 4 — Gp).

Proof. Note that Theorem 5.45 is not applicable, since A and B may not have the same
distance between poles. Instead, we use the following trickery. For any 2 x 2 matrix

N = [‘Cl g], we have the identity
det N=ad—bc=ala+b+c+d)— (a+b)(a+c).
Taking N to be G4 — Gp and reinterpreting the terms on the right-hand side, we obtain

det(Ga — Gp) = (G — Gp)(Ga — Gp) — (G, — Gp,) (Gl, — Gg,,) -
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By Theorem 5.47, G4 — Gp is divisible by n%. By Corollary 5.44, both GLL - G}BL and

G}4R — G}BR are divisible by 7. The result follows. O
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Chapter 6
TREES WITH EQUAL GENERALIZED DEGREE POLYNOMIALS

In this final chapter, we detail our main application of the theory of rooted and polarized
trees, which is to construct instances in which pairs (or larger families) of ordinary trees
have the same GDP. As in Section 5.5, linear dependences between the GDPs of polarized
graphs are our main tool for finding these instances. We present data of such instances for
all trees with at most 23 vertices, and show that our constructions are enough to recover
nearly all of them.

Furthermore, we show in certain cases that the trees in such instances, which are not
distinguished by their GDPs, are still distinguished by the chromatic symmetric function.
This gives some evidence that Question 1.1 has a positive answer and suggests a program

for further work on this question using the GDP as an intermediary.
6.1 The reversal phenomenon

Our constructions fall under two main frameworks, called the reversal phenomenon and the
switching phenomenon. We begin with the reversal phenomenon, which is the simpler of
the two to describe. (Despite this, the particular constructions that arise from the reversal
phenomenon are less well-understood.)

Recall from Section 5.2 that a polarized graph is singular if its poles lie in different

components. As before, we use o to denote the unique polarized graph with one vertex,

whose GDP is Go = [} ?].

Definition 6.1. Let A and B be polarized trees, and let C be a singular polarized forest.
We say that the triple (A, B; C) satisfies the reversal phenomenon if G4, Gp, G¢, and G

are linearly dependent.
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L. Lo

Figure 6.1: A triple of polarized graphs (A, B; C) satisfying the reversal phenomenon.

Note that (A, B;C) trivially satisfies the reversal phenomenon if two of A, B, and e
LR
are the same. However, these cases will not produce interesting results. Here is a more

nontrivial example of the reversal phenomenon.

Example 6.2. The polarized graphs A, B, and C depicted in Figure 6.1 satisfy the reversal

phenomenon. Specifically, by direct computation, one can check that
u1Ga +uGp + usGe + usGe =0,
where the constants up, uo, us, ug are given by

U =zz+xy+y+1,
ug = —(xz + 1),
uz = —y(zz + 1),

ug = zy(z — y?) (2322 + 22y? + 22%yz + 2y + 22y + 1). O

Later in this section, we will produce one family of triples (A, B; C) satisfying the reversal
phenomenon, including the triple from Example 6.2. (This will give a more enlightening
explanation for the existence of this example.) However, our overall understanding of the
structure of all such triples remains incomplete. For now, we show how instances of the

reversal phenomenon produce pairs of ordinary trees with the same GDP, which will also
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explain the use of the word “reversal.”

Theorem 6.3. Suppose that (A, B;C) satisfies the reversal phenomenon. Then for any

positive integer m and any Ei, Fo, ..., E, € {A, B}, the ordinary trees
(ElEQ cee Em)#C and (Em s EgEl)#C

have the same generalized degree polynomial.

Proof. The four matrices G4, Gp, G¢, and G, must satisfy a nontrivial linear relation.
However, G¢ and G, are linearly independent (since C is singular and hence not diagonal),
so the linear relation must involve at least one of G4 and Gpg. Thus, we may assume

without loss of generality that we can write
G4 =0Gp + cGeo + dG,

for some scalars b, c,d € Q(z,y, z).

We use induction on the number of As in the list Ey, ..., Ey,. If this number is zero,
then Fy = ... = E,, = B, so the statement is trivially true. Now, suppose that E; = A for
some i. Define polarized trees X and Y by X = Ey---E;_jand Y = E;y; - Ep,. (Ifi =1,

then we set X = e. Similarly, if i = m, then Y = o.) By Theorem 5.22, we have
LR

LR

Gg By B, = Gxay
=GxMG4MGy
= GxM(bGB +cGe + dG.)MGy

=bGxpy + cGxcy +dGxy.

Applying the map f — (f, G¢) to both sides, Theorem 5.27 gives

G(Ei By Baypc = VG(xBY 20 + ¢Gxov)no + dGxy)pc-
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Because C is singular, (XCY)#C can be written as a disjoint union (X#C) U (Y#C).

Hence

G(ElEQ..AEm)#C = bG(XBY)#C +cGxxcGyxc + dG(Xy)#C. (6.1)

Now, suppose that we perform the above calculations again but with the order of the FE;

reversed. This yields

G(Ep-mEnpc = WGy Bxuo + GyrgcGxrgo + dGyr xnuc, (6.2)

where X' = Ei—l ce E1 and Y/ = Em cee Ei+1-
Observe that XBY, X, Y, and XY are all concatenations of As and Bs that have
strictly fewer As than XAY = E1FEs--- Ep,. Therefore, the induction hypothesis applies to

each of these, implying that

GxByygc = G Bx)#c;
Gxyc = Gxrao,
Gygc = Gyrge,

Gxvyzc = Gy xngc-

It follows from comparing (6.1) and (6.2) that G(g, g,...E,.)%c = G(B,... B2 E1)#0, completing

the induction and the proof. ]

Theorem 6.3 shows that, for every triple (A, B; C) that satisfies the reversal phenomenon,
we obtain an infinite family of pairs of ordinary trees with the same GDP. Let us illustrate

this connection using the triple from Example 6.2.

Example 6.4. Let A, B, and C be the polarized graphs from Example 6.2, which we saw
satisfy the reversal phenomenon. Then by Theorem 6.3, both of the pairs of ordinary trees

shown in Figure 6.2 have the same GDP. (In fact, the trees (AB)#C and (BA)#C, which



122

(AB)#C (BA)#C

S P WS

(BABB)#C (BBAB)#C

RASUENR LI

Figure 6.2: Two pairs of trees with the same GDP that arise from the reversal phenomenon.

have order 12, are the second-smallest pair of trees with the same GDP, after the trees with

order 11 shown in Figure 3.1.) O

Next, we prove a converse of Theorem 6.3, essentially showing that a linear dependence

of the above form is the only way in which such equalities of GDPs can arise.

Theorem 6.5. Let A and B be polarized trees, and let C be a singular polarized forest. If

Gapyzc = G(payxc, then (A, B; C) satisfies the reversal phenomenon.

Proof. Suppose for contradiction that G4, Gp, G¢, and G, are linearly independent; then
they span the (four-dimensional) space of 2 x 2 matrices over Q(z,y,z). Also, we may
assume without loss of generality that C' only has two components, so C' = P ® () for rooted

trees P and Q.

Given a 2 x 2 matrix f over Q(z,v, z), define

o(f) = (f,Gac — Gca) -
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We claim that the function ¢ is identically zero. For any polarized graph D, we have

©(Gp) = Gpgac) — Gpxcay = Gpayge — Gupyzc (6.3)

Then it is clear from (6.3) that o(Ga) = ¢(Ge) = 0, as well as p(Gg) = 0 by our
assumption. Furthermore, we have (CA)#C = C#(AC) = (AC)#C, so o(G¢) = 0. It
follows that ¢ must be identically zero.

But (-,-) is a nondegenerate bilinear form by Lemma 5.28, so we must have

This means that the singular polarized forests AP ® Q and P ® QA have the same GDP.
However, note that if F' is a singular polarized forest, then G determines the order of the
component of F' containing L(F'): indeed, that order is the unique positive integer k such
ke k—1

that the monomial x appears in GIL;. Thus, AP and P must have the same order,

which forces A = e, contradicting our initial assumption. O
LR

The preceding two theorems combine to give a powerful tool for producing pairs of trees
with the same generalized degree polynomial, even without knowing anything about the
polarized GDP. Indeed, suppose that we have an example of trees T and U with have the
same GDP. If we can write ' = (AB)#C and U = (BA)#C, where A, B are polarized
trees and C' is a singular polarized forest, then Theorem 6.3 and Theorem 6.5 show that
(E1-- Ep)#C and (E,, - - - E1)#C have the same GDP for any m and Ey, ..., E, € {4, B}.
Thus, the fact that the first pair of trees in Example 6.4 have the same GDP directly implies

that the second pair does as well.

6.1.1 FExamples of the reversal phenomenon

We have just seen how a triple of polarized graphs (A, B;C') satisfying the reversal phe-

nomenon gives rise to pairs of ordinary trees with the same GDP. Knowing this, the natural
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Figure 6.3: The polarized graphs from Theorem 6.6.

next step is to study these triples and attempt to characterize them. This appears to be a
very difficult task, but as a partial result, we present one family of such triples. These were

discovered by examining data of small trees with the same GDP; see Section 6.4 for details.

Theorem 6.6. Let D, H, and I be polarized trees, with H and I symmetric, such that
HI and D commute. Let A, B, and C' be polarized graphs constructed from D, H, and 1

as depicted! in Figure 6.3. Then (4, B; C) satisfies the reversal phenomenon.

Note that if H is diagonal, then A and B are isomorphic, so the theorem is trivially true.
Also, when D and H are polarized edges and I = e, we recover Example 6.2. In general,
LR

we have
D=(KL* H=(KL’K and I=L(KL)"

where K and L are symmetric polarized trees and a,b,c > 0. (One can check that this is
equivalent to the conditions on D, H, and I.)

We will prove Theorem 6.6 not by explicitly giving a linear relation between the four
matrices G4, Gp, Go, and G,; instead, we will exhibit a nontrivial linear functional ¢

that annihilates them. (Since the space of 2 x 2 matrices over Q(z, y, z) is four-dimensional,

We draw H and I as ovals because they are symmetric polarized graphs. Since D might not be symmetric,
we draw it as a kite to specify its orientation; the “sharper” end is the right pole.
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this will suffice to prove the linear dependence.) First, we need a definition.
Definition 6.7. Given a 2 x 2 matrix U = [U“ Ul?} the asymmetry of U is U = Uy —Uss.

U21 Usz2 |?

Thus, for a polarized tree A, we have G4 = Gﬁ — Gﬁ. We also have 0U = tr(UQ),
where ) = [_01 é] (the standard 2 x 2 symplectic matrix). Observe that G+ = —0G 4,
and 0G4 = 0 if and only if A is symmetric (by Proposition 5.14 and Theorem 5.37).

Here are some additional facts about the asymmetry of polarized trees.
Proposition 6.8. If A and B are doppelgéngers, then §G4 = G p.
Proof. By Proposition 5.35, Gy — Gp = t[_ll jl] for some ¢, so the result follows. O
Proposition 6.9. Let A and B be polarized trees. Then G 4+pa = %5GB.

Proof. The proof is purely computational; here is one way to do it. One can check that for

any 2 x 2 matrix N, we have? NQNT = (det N)§2. Then

6Ga-pa =06 (MGA) " Gp(MG.,))

tr (MGA) Gp(MG4)Q)

((
tr (Gp(MGA)QUMG4)T)
tr (Gp det(MG4)R?)

= det(MG 4)5G 5.

The conclusion follows because det M = 1/z. O

Proposition 6.10. Suppose that polarized trees A and B commute. If B # . then
L
G4 € span(Gp, G).

Proof. Using the same idea as in Remark 5.23, we can translate this to an elementary fact

about multiplication of 2 x 2 matrices. Specifically, we are given that the 2 x 2 matrices

2This corresponds to the fact that the symplectic group and special linear group coincide in dimension 2.
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GaAM and GgM commute under the usual matrix multiplication. In addition, we know
that G g M is not a scalar multiple of Is by Theorem 5.36. Then, it is a standard fact (which
can be proved by analyzing the corresponding linear system) that G4 M € span(GgM, I5),

and this implies the desired result. O

Proposition 6.11. Let P and @ be rooted trees, and let A and B be commuting polarized

trees. Then?

G e ol A G = ol

Proof. If B = e, then this is obviously true, so assume otherwise. Then Proposition 6.10
LR

implies that G4 € span(Gp, G,). Since the desired identity is linear in G4, we need only
establish it for A = B and A = e. The former case can be done by direct computations
LR

like in the proof of Proposition 6.9, while the latter case is trivial as both sides are zero. [
Now we can prove our result.

Proof of Theorem 6.6. We first claim that ID is symmetric. If D = o then this follows
because [ is symmetric, so suppose otherwise. Since HI and D commute, Proposition 6.10
gives Gp € span(Gpr, Ge), so Gip € span(Grpgr, Gy). Since IHI and I are symmetric,
we have dGrp = 0, so I D is symmetric as claimed.

Let ¢ be the linear functional such that for all polarized trees X,

(,O(Gx) =detGg-Gyx +det Gp - G xy,

A
where § = @H},U: O(QXD,andV: @daﬁ . Note that ¢ is not

L R L R LR

identically zero: for instance, when X is diagonal, XV is also diagonal and so 6G xy = 0,

3For readability, we write G[C] instead of G¢ when C is represented by a drawing.
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but UX need not be symmetric. We will prove

©(Ga) = p(GB) = p(Go) = p(Ge) =0,

which will imply the desired linear dependence. When X = B or X = o both UX and

XV are symmetric (note that U = (ID)* = ID and thus U is symmetric), so ¢(Gx) = 0.

For X = C, we have

5Guo = 6G @ @ _ detGp s @
€T °
L R L

=S

and

0Geoy = 0G @L @@a ’ _ dethS 5C : @@a :

both by Proposition 6.9. Hence, det Gg - 0Gyc = —det Gp - §Gey, and so p(G¢) = 0.

For X = A, we have

_ det Gp det Gy

x T

0Gpa =0G 0G

L R

(again by Proposition 6.9). To simplify 0G4y, we use Proposition 6.11, Proposition 6.9,
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and Proposition 6.8 in that order to write

0G4y = 0G

_ det G; det Gg

ER 5G[]

_ det Gy det Gg

r 5G[]-

It follows that det Gg - dGya = —det Gp - 6G 4y, and so p(G4) = 0. O

6.2 The switching phenomenon

We now discuss the switching phenomenon, our second framework for constructing trees
with equal generalized degree polynomials. Unlike the reversal phenomenon, which can
only be used to find pairs of trees with the same GDP, the switching phenomenon can be
used to construct arbitrarily large families of trees with this property.

The switching phenomenon is also defined by a linear dependence condition, a stronger

version of the one defining the reversal phenomenon (Definition 6.1).

Definition 6.12. Let A and B be polarized trees, and let C be a singular polarized forest.
We say that the triple (A, B; C) satisfies the switching phenomenon if G4, G, and G¢

are linearly dependent.

(Throughout this section, we will implicitly assume that C only has two components
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A B C
L R LR L R

Figure 6.4: A triple (A, B; C) satisfying the switching phenomenon.

and that A # B.)

Example 6.13. If A, B, and C are the polarized graphs shown in Figure 6.4, then (A, B; C)
satisfies the switching phenomenon. Indeed, these are the same graphs as in the proof of

Theorem 5.38, and the linear relation between G 4, Gpg, and G¢ can be found there. O

Comparing Definition 6.12 with Definition 6.1, we see that any triple (A4, B;C) that
satisfies the switching phenomenon must also satisfy the reversal phenomenon. Thus, we
know from the previous section that certain pairs of trees of the form (E; --- E,,)#C, for
Ey,...,E, € {A, B}, have the same GDP (namely, those related by reversing the order of
the E;). However, by using the additional strength of the switching phenomenon, we can
show additional equalities of this kind. To state these equalities, we first introduce a way

to associate each tree (Ej - -- E,,)#C with an integer composition.

Definition 6.14. Let A and B be polarized trees, and let C be a singular polarized forest.

Given a composition a = (aq, ag,...,ax), we define a tree T'(«) by

T(a) = (B 'AB* 1A  AB“ h#C.

In other words, we have T'(a) = (Ej - - - Ey)#C, where m = |a| — 1 and

A if i € Set(a)
E; =

B if i ¢ Set(«)
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fori=1,...,m.
(Note that T'(«) depends on A, B, C, but we suppress this in the notation for readability.)

Example 6.15. When A, B, and C' are as in Figure 6.4, one can check that the tree T'(«)

is exactly the caterpillar C'(«) as given in Definition 3.4. O

Suppose o = (v, ..., ) is a composition and T'(«) = (E; - - - E,)#C for E; € {A, B}.

Then the reverse composition a* = (ay, ..., a1) satisfies

Thus, Theorem 6.3 can be rephrased in the following way: if (A, B; C) satisfies the reversal
phenomenon and the compositions « and 3 are reverses of each other, then Gp(,) = Gr(g).
We now seek to prove an analog of this fact for the switching phenomenon, where the
hypothesis “a and g are reverses of each other” is replaced by a weaker condition: that «
and [ are related by switching. Let us define this condition. (Our discussion closely follows
the characterization of compositions with the same ribbon Schur function [9]. It extends
the construction given in [4, Section 6] and is also structurally similar to the construction

of [2, Section 7], which deals with the chromatic symmetric functions of weighted graphs.)

Given compositions o = (a1,...,ar) and 8 = (f1,. .., B¢), recall the two operations
af = (a1,..., 0k B1,. .., B) (concatenation)
and
a®f=(a,...,0p-1,00 + 1, B2, .., Be). (near-concatenation)

Write 9™ for the m-fold near-concatenation of § with itself: st = 3, 3% = B ® 8, etc.

We now define a third operation on compositions, denoted by o, as follows:

aOB — /3@@15(9@2,“6@0%_
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For example, we have
23 0413 = (413)92(413)®3 = (41713)(4171713) = 417134171713.

We leave as an exercise the verification of the following algebraic properties of o:

Proposition 6.16. If «, 3, and « are compositions, then
(i) loa=aol =« (identity);
(ii) (aoB)oy=ao(Bor) (associativity);

(iii) (af)ory = (aoy)(Bo7)

(iv) (a©@B)oy=(aoy)®(Bov); and

(v) (o )" =a”of.

A factorization of a composition « is an equality a = o) o -+ 0 a(™ for compositions
a®, o alm), (Because o is associative, this expression can be interpreted unambiguously.)
We say that the factorization is nontrivial if (i) m > 2; (ii) none of the a(? are the compo-
sition 1; (iii) no two consecutive a( have length 1; and (iv) no two consecutive a(?) have
all parts equal to 1. Furthermore, we say that a composition « is irreducible if it has no
nontrivial factorization. It turns out that every composition « has a unique factorization

into irreducibles [9, Theorem 3.6]. We call this the irreducible factorization of a.

Definition 6.17. Let o and S be compositions. We say that « and 3 are related by

switching, written « ~g 3, if the irreducible factorizations
a=aVo...0alm and B=pW0o...0pm

have the same length, and for each i, either o = 8 or o) = (B(i))*.
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In particular, note that o and o* are always related by switching: if &« = aM o+ -0 al™

is the irreducible factorization of c, then Proposition 6.16(v) implies that?

In addition, by unique factorization, ~, is an equivalence relation on compositions.

We can now state our main result on the switching phenomenon.

Theorem 6.18. Suppose (A, B; C) satisfies the switching phenomenon. If o and ( are

compositions with a ~; 3, then Gp() = Gr(g).

Example 6.19. Let (A, B; C) be the polarized graphs from Figure 6.4. We take v = 12132
and 8 = 13212, which are related by switching because 12132 = 12012 and 13212 = 21012.

Then Theorem 6.18 tells us that the trees

T(12132) = (ABAABBAB)#C  and  T(13212) = (ABBABAAB)#C

have the same GDP. These are also the caterpillars C'(12132) and C(13212), as noted in
Example 6.15. In fact, these are the smallest pair of trees with the same GDP, as first
presented in Figure 3.1. We have illustrated this construction in Figure 6.5.

In general, using the same triple (4, B; C), we see that Ge(a) = Ge(g) if @ ~s B. O

Note that there are arbitrarily large families of compositions that are all related by
switching. Indeed, if v, ...,7*) are any compositions, then all compositions of the form
dMo...060) where each 8 is either v() or its reverse, are related by switching. If we take
each 4 to be irreducible and non-palindromic, then all 2¥ compositions of this form are

guaranteed to be distinct by unique factorization. Taken together with the triple (A, B; C)

4To show that o ~ 8, it suffices to find any two factorizations o = aMo-0a® and g=BMo...0 8"

of the same length — not necessarily irreducible — such that a® is either ﬂ(i) or its reverse for all 4.
The irreducible factorizations of « and 3 can then be obtained by further factoring the a® and 8, and
Proposition 6.16(v) guarantees that Definition 6.17 will be satisfied.
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A B C=P®Q
L R LR L R
T(12132) T(13212)

A A A A A A A A
. .
Q B BABBAP Q| B/\B |B B/ \P
Figure 6.5: Using the switching phenomenon to recover the smallest pair of trees with the
same GDP.

of Figure 6.4, this produces a family of 2! distinct caterpillars with the same GDP (since
C(«) and C(a*) are isomorphic).
We will prove Theorem 6.18 via a sequence of lemmas. For brevity, let us write o ~ (8

to mean Gp(q) = Gr(g). Then our goal is to show that
an~g implies a = f.
By the reversal phenomenon (Theorem 6.3), we already know that a ~ o* for all a.

Lemma 6.20. Suppose (A, B;C) satisfies the switching phenomenon. Then there exist

Kk, A € Q(z,y, z) such that, for any compositions o and f3,
Gr(ap) = KGr(aep) + AGT(a) G1(s)-
Hence, Grp(p) is determined by Gp(,eg) and the unordered pair {Gpay, Gr(g)}-

Proof. We are given that G4, Gp, and G¢ are linearly dependent. Neither of G4 and

G p (which are nonsingular matrices) can be a scalar multiple of G¢ (which is singular), so
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there must exist a linear relation of the form

Ga =rkGp+ \G(¢ (6.4)

for some k, A € Q(x,y,z). Now, fix compositions « = (aq,...,a) and § = (B1,..., B).
Define polarized trees X = B~ 1A... AB* LandY = BA~1A... AB%~1 sothat T(a) =
X#C and T(B) = Y#C. Then, one can check from the definitions that

T(ap) = (XAY)#C,
T(a® f) = (XBY)#C,

T() UT(B) = (XCOY)#C.

So, in (6.4), we multiply on the left by G x M and on the right by M Gy ; then we apply the

map f — (f, G¢) to both sides. This produces the desired equation. ]
Lemma 6.21. For any compositions o and 3, we have a o § ~ «a o g*.

Proof. We proceed by induction on ¢(«), with g fixed. If £(«) = 1, then o = «, so we have

aoﬁ:(a*oﬁ*)*:(aoﬁ*)*%aoﬁ*

where we applied Proposition 6.16(v). If ¢(a) > 2, let @ = &’a” for some nonempty

compositions o and ’. Then we have by Proposition 6.16(iii) that

0505:(ala//)oﬂ:(a/oﬁ)(a”oﬂ).

Therefore, Lemma 6.20 and Proposition 6.16(iv) imply

Gr(aos) = KGT((0/0B)a(a”0B)) T AGT(0r08) GT(ar08)

= KGr((0@a)op) T AGT(ar0p) GT(ar0p)-
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On the other hand, we can perform a similar calculation but with g replaced by g*, giving
GT(aoB*) = KGT((O/@()/’)OB*) + )\GT(O/OB*)GT(Q”O,@’*)'
By the induction hypothesis, we have

(CKIQ(X,/)OB%(O/QO//)OIB*,
04,06%0/06*,

Oé”OB%Oé”OB*.
Therefore we get Gr(aog) = Gr(aop+), completing the induction and the proof. O

Lemma 6.22. For all compositions «, 3,7, we have ao oy o * on.

Proof. This follows from Proposition 6.16(v) and two applications of Lemma 6.21:
aofoyraocfoy  =aoc(f oq) ~aoson. O
Finally, we can establish our theorem on the switching phenomenon.
Proof of Theorem 6.18. We are given compositions o and g with o ~5 8. Write
a=abo...0am and B=p8Wo...0pm
such that o is either B or its reverse for all i. We define compositions v(?), ..., (™) by

A0 = B0 66 B0 6 0+ 6.6 gm),

Thus, 9 = o and 4™ = 8. Observe that to get from v to v+, we replace al+h

with BUHD | which is either a1 or its reverse. It then follows (using Lemma 6.22 in the
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latter case®) that AU) a2 4G+ for all 0 < j < m — 1. Thus o ~ 3 by transitivity. 0

6.2.1 Examples of the switching phenomenon

Now that we have proved the main theorem behind the switching phenomenon, it remains
to understand the triples (A4, B;C) that satisfy the switching phenomenon, according to

Definition 6.12. Here is our main result on this matter.

Theorem 6.23. Suppose that A and B are polarized trees and D is a singular polarized
forest such that AD = BD and DA = DB. Then (A, B; ADB) satisfies the switching

phenomenon.

(Equivalently, if D = P ® @ for rooted trees P and @, then the condition is that
AP = BP and QA = @B as rooted trees.) Note that Example 6.13 is an example of this
theorem, where D = e o.

L R
To prove this theorem, we will need a small lemma about 2 x 2 matrices:

Lemma 6.24. Suppose that X and Y are 2 x 2 matrices (over any field) such that Y has
rank 1 and XY =Y X = 0. Then tr(X)Is — X is a multiple of Y.

Proof. Let Y = [§][cd] = [§¢94], where the vectors [§] and [§] are nonzero. Then XY =0
means that X[{] = 0, while YX = 0 means that [¢d]X = 0. This forces X = t[ bd *ad]

—bc ac

for some t. Hence

tr(X)Ip — X =t(bd + ac)[§ 9] —t[ U o] = ¢[c9d] =ty

—bc ac

as desired. O

Proof of Theorem 6.23. In this proof, let G4 = G M for polarized trees A. Hence the

formula from Theorem 5.22 becomes simply Gap = G4G 5. (Also see Remark 5.23.)

5To be more explicit, we use associativity to write
,Y(J') _ (5(1) 0. 0 B(J’)) 0atD o (a(j+2> 0. 0 a(m))

and then apply Lemma 6.22 to replace the second factor, Qb+, by its reverse, which gives 'y(j 1),
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By the Cayley-Hamilton theorem (or direct calculation), we have
X% =tr(X)X — det(X) I,
for all 2 x 2 matrices X. Taking X = G and multiplying on the right by Gpg, we get
Gaap = tr(GA)Gap — det(G4)G . (6.5)
Instead taking X = G and multiplying on the left by G 4, we get
Guapp = tr(Gp)Gp — det(G )G 4. (6.6)
We now subtract (6.6) from (6.5), which gives
Gaap — Gapp = t1(Ga — Gp)Gap — (det(Ga)Gp — det(Gp)Ga)
or when rearranged,
det(GA)Gp — det(Gp)Ga = Gy [t2(Ga — Gp)Ls — (Ga — éB)] Gp.  (6.7)

Since AD = BD, we have G ap = Gpp, so (GA—GB)GD = 0. Similarly, DA = DB implies
that GD(GA — GB) = (0. Therefore the matrices GA — GB and GD satisfy Lemma 6.24.

This means that the bracketed quantity in (6.7) is ¢ - Gp for some t € Q(z,y, z). Hence,
det(éB)GA — det(éA)éB =t- GADB-

Multiplying on the right by M~!, we obtain a nontrivial linear relation between G 4, G,

and GADB- ]

The preceding theorem gives a simple way to show that a triple (A, B; C) satisfies the
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switching phenomenon. Additionally, note that the condition on (A, B;C) (namely, that
G4, Gp, and G¢ are linearly dependent) is homogeneous. That is, if some (A, B;C)
satisfies the switching phenomenon, then so do (AE, BE;CFE) and (FA, EB; EC) for any

polarized tree E. This is because any linear relation

kGA+ NG+ pGe =0

can be multiplied on the right by M Gg to yield

kGag + AGpg 4+ uGeg =0,

or on the left by GgM to yield

kGga+ AGgp + pGee = 0.

We do not know whether combining these two results (Theorem 6.23, as well as the ability to
concatenate on the left and/or right by polarized trees) is enough to produce all nontrivial
triples (A, B; C') that satisfy the switching phenomenon.

For concreteness, we identify two common ways in which the conditions of Theorem 6.23

are met.

Corollary 6.25. Let H be a symmetric polarized tree and let P, () be rooted trees. Let A,
B, and C be the three polarized graphs depicted in Figure 6.6.° Then (A, B;C) satisfies

the switching phenomenon.

Proof. If D = P ® @, then one can check that AD = BD, DA= DB, and C = ADB. O

Corollary 6.26. If A and B are doppelgiangers, then (A, B;C) satisfies the switching

phenomenon where C'= Ay, LI Ap.

SHere is a formal description of these graphs: A = PHQ (recall that P denotes the polarization of P); B
is the polarization of (PQH)g; and C = (PHPQ)® (PQHQ). We believe that the pictoral representation
is more enlightening.
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e

A B

Figure 6.6: The graphs A, B, and C from Corollary 6.25.

Proof. Let D be the two-vertex polarized graph with no edges and distinct poles. Then we
have AD =2 BD, DA= DB, and C = ADB. O

To summarize our discussion in this section, we present a recipe for using the switching

phenomenon to generate a family of ordinary trees with the same GDP.

1. Find an example of polarized trees A, B and a singular polarized forest C' such that
G4, Gp, and G are linearly dependent (Definition 6.12). Our Theorem 6.23, and
more specifically Corollary 6.25 and Corollary 6.26, are possible sources of such an
example. In addition, any example can be concatenated freely on the left and /or right

by polarized trees (see the discussion after the proof of Theorem 6.23).

2. Choose a pair or larger family of compositions that are related by switching (Defi-
nition 6.17). This can be done by choosing any compositions A1 ~®) and then
computing the expression 6 o --- 0 §) over all choices of §() {’y(i), (fy(i))*} for

each i. (See also the discussion following Example 6.19.)

3. For each composition « chosen in the previous step, form the tree T'(a) with respect

to the chosen triple (A, B; C) from the first step (Definition 6.14).

4. Then the resulting trees will all have the same GDP (Theorem 6.18).
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6.3 Distinguishing trees with the CSF

Before concluding, we return to Question 1.1. In this chapter, we have seen a variety of
constructions for families of trees with the same GDP. Since the GDP is determined by
the CSF, studying these families could be fruitful in searching for an example of trees
with the same CSF. However, we can show that certain applications of our constructions
cannot produce such an example, which provides some evidence that Stanley’s question has
a positive answer. Let us give one instance of this for both the reversal phenomenon and

the switching phenomenon.

6.3.1 Distinguishing trees from the reversal phenomenon
First, we revisit our construction for the reversal phenomenon from Section 6.1.1.

Theorem 6.27. Define the polarized graphs D, H, I, A, B, and C as in Theorem 6.6.
Assume that D and H are not diagonal and deg R(D) = deg L(H) = deg R(H) = 1. Then
for m > 2, all trees of the form (Ej--- Ep)#C for Ei,...,E, € {A,B} have distinct

chromatic symmetric functions.
To prove this theorem, we will need some additional definitions and results.

Definition 6.28. Let T be a tree. A shape of T' is a proper subtree S C T that has exactly

one boundary edge: d(S) = 1.

For instance, a shape of order 1 is simply a leaf. (The term “shape” comes from [22].)
Let 0,(T) denote the number of shapes of T" with order a, and let o,;(T") denote the
number of pairs of shapes (S1,52) of T such that |S1| = a, |S2| = b, and S; C S,. Observe
that o,(T) = [z%'2*1Gr(x,y, 2), so the numbers o,(T) are determined by Gp. On the
other hand, the numbers o,;(T") are not determined by Gr in general, but certain linear

combinations of them are determined by X:

Lemma 6.29. Let |T'| = n. If a and b are positive integers such that a < band a+b < n—1,

then X7 determines 04 q45(T") + 0pa15(T) — 00p(T).
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Proof. We use the higher-order generalized degree polynomials, defined in Section 4.5, which
we proved are determined by the CSF. Specifically, consider the coefficient of the monomial
w92l y?2¢ 125 in G( ). This is the number of pairs of disjoint subtrees (S1,52) of T' with
order a and b, respectively, such that d(S1,S2) = 2. Then either S; and Sy are disjoint
shapes, or S1 U .Sy is a shape of order a + b.

Since a < b and a+b < n — 1, given any two shapes of order a and b, either they are
disjoint or the shape of order a is contained in the shape of order b. Therefore, if S; and
Sy are disjoint shapes, then the number of pairs (51, S2) equals o, (T)op(T) — 04 p(T). In
the second case, if S7 LI .S is a shape of order a + b, then either Sy is a shape of order a
contained in S7 LISy or Sy is a shape of order b contained in S; LI S5. Therefore, the number

of pairs (S1,52) in this case is 04,q45(T") + b a15(T"). Thus,

2 _a—1 b 11~(2)
[x1x2y 2 ]GT = Oga+tb+ Obatb + 0a0y — Ogp-

Since G determines o, and o3, (and X7 determines Gp and G(T2 )), the claim follows. [

We record an easy corollary of this lemma, which we will use in the proof of Theorem 6.6.

Corollary 6.30. Let T be a tree of order n and 2 < k < n — 2. Suppose that either

0k—1(T) =0 or 0411(T) = 0. Then X7 determines oy (7).

Proof. If o,_1(T') = 0, then o1 4—1(T") = o,—1,(T) = 0 as well, so taking (a,b) = (1,k — 1)

in Lemma 6.29 gives the result. If o441(7) = 0, then we can take (a,b) = (1, k) instead. [

Proof of Theorem 6.27. Let C = C1 ® Co, and fix a tree
T = (B, Ep)#C = CoE; -+ Ey,C,

with Ey,...,En € {A, B}. (Figure 6.7 illustrates the case m = 4 and T' = (ABAA)#C.)

We show how to recover the F; from X7 by analyzing the shapes of T
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Figure 6.7: An example from the proof of Theorem 6.27. The path W is the thick red line.

It will be more convenient in this proof to consider graphs by number of edges, rather
than number of vertices, since the number of edges is additive with respect to concatenation.
Recall that we use e(S) to denote the number of edges of S; let d = e(D), h = e(H), and

i = e(I). (By our assumptions, d > 0 and h > 0, but ¢ can be 0.) Then

e(T) = (2d +2h + 2i)m + (2d + h).

Let W be the unique path in T between the roots of Cy and C;. The shapes of T can

be classified into three groups:

(i) The outer shapes, whose boundary edge does not lie on W;

(ii) The left shapes, whose boundary edge lies on W and which contain r(Cs); and

(iii) The right shapes, whose boundary edge lies on W and which contain r(C}).

If S is an outer shape, then either e(S) < d+ 2h + i or e(S) > e(T) — (d + 2h + 7).

Instead, if .S is a left shape, then by inspection we have

e(S)e{2d+h+i,....3d+2h+2i—1} (mod 2d + 2h + 2).
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(By this, we mean that e(.5) is congruent modulo 2d 4 2h + 27 to one of the numbers in the

set.) Analogously, if S is a right shape, then

e(S)ef{d+h,...,2d+2h+i—1} (mod 2d + 2h + 21).

We now use this information to isolate shapes of T with specific orders. Fix an integer k

with 1 <k <m — 1, and consider shapes S with

e(S) = (2d + 2h + 2i)k + (d + h).

Our observations show that there are no outer shapes or left shapes satisfying this condition.
However, there is a unique right shape satisfying it, namely S = E,,,_g+1--- EnCi. (Our
assumptions on D guarantee that this is indeed a shape.) In addition, one can check that
there are no shapes S with one fewer edge: e(S) = (2d 4+ 2h + 2i)k 4+ (d + h — 1). Thus,
by Corollary 6.30, we can recover from Xp the number of leaves of T inside the shape
Enp—gy1--- By Ch. Since k was arbitrary, this holds for all 1 < k < m — 1. Furthermore,
our assumptions on H (namely, that it is not diagonal and has degree-1 poles) implies that
A and B contribute different numbers of leaves to this count. Hence, letting k vary, this
information determines whether each of Fs,..., E,, is A or B.

We can apply a similar argument to the left shapes. Fix an integer k with 1 <k <m—1

and consider shapes S with

e(S) = (2d + 2h + 2i)k + (d — 1).

There are no outer shapes or right shapes satisfying this condition, but there is a unique
left shape, namely CoFy - - - E}, with the edge incident to R(Ejy) removed. (Again, we need
the assumptions on D to know that this is a shape.) Furthermore, there are no shapes with
one more edge: e(S) = (2d + 2h + 2i)k + d. Thus, by Corollary 6.30, X1 determines the

number of leaves of T inside this shape. Letting k vary, this determines whether each of
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Ela---uEm—l is A or B.

We have thus shown that Ey,..., E,, can be recovered from X, so we are done. ]

6.3.2 Distinguishing trees from the switching phenomenon

Next, we consider families of trees produced using the switching phenomenon. Certain such
families consist of caterpillars, obtained by taking (A, B; C) as in Example 6.19. Specifically,
we noted that if o and 5 are compositions with o ~5 3, then C'(«) and C(3) have the same
GDP. We now show that these two caterpillars do not have the same chromatic symmetric
function (unless they are isomorphic).

Fix a composition o = («,...,ap) and let vq,..., vy be the spine vertices of C'(«), with
degv; = a; + 1. We ignore the shapes of C(«) of order 1 (which are leaves) and |C(a)| — 1
(which are complements of leaves). Every other shape S contains either vy or vy, but not
both. We call S a left shape if it contains v1 and a right shape if it contains vy. Then C(«)
has ¢ — 1 left shapes, which are nested in each other and whose orders are one more than
the elements of Set(«). Similarly, C(«) has ¢ — 1 right shapes, which are nested and whose
orders are one more than the elements of Set(a*).

To establish the claimed result, we rely on the following lemma, which contains the meat

of the proof.

Lemma 6.31. Fix a non-palindrome composition 7. Then X (go,) determines § for all

compositions f.

Proof. Let T = C(B o~), and write m = || and n = |y|. (Note that X7 determines m
because |T'| = |8 o y| + 2 = mn + 2 and we know n.)

Let s = min (Set(7y) \ Set(y*)), which exists because Set(vy) and Set(y*) are unequal but
have the same cardinality. If s = 1, then we can replace v with ~*, since the statements of

the lemma for v and ~* are equivalent. Thus, we may assume that 2 < s <n — 1.
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Using the definition of 3 o v, one can check that

Set(Bovy)={nb+c:0<b<m,ceSet(y)}U{nb:be Set(B)}

and similarly

Set(8*oy*) ={nb+c:0<b<m,ce Set(y")} U{nb:be Set(5%)}.

Thus, if b € [m — 1], then the number of shapes of T" of order 1 + nb (which is determined
by X7) equals the number of true statements among “b € Set(5)” and “b € Set(8*)”. We
now fix b such that exactly one of these statements is true and then determine which; this
will be enough to determine 3.

By Lemma 6.29, X7 determines the number

K = Og 14nb+s T Ol4nb, 14+nb+ts — Ts, 1+nb-

Since s € Set()\ Set(v*), it follows that 14 nb+ s is the order of a left shape but not a right
shape. Meanwhile, 1 + nb is either the order of a left shape (if b € Set(/3)) or a right shape
(if b € Set(B*)), but not both. In addition, we know whether s is the order of a left shape
or right shape (or both), because this depends on whether s —1 € Set(y) or s —1 € Set(y*),
respectively. Note that s —1 ¢ Set(y) \ Set(y*) by minimality of s, so s cannot be the order

of a left shape but not a right shape. This leaves three possibilities for s:

e Suppose that s is the order of both a left shape and a right shape. Then we have
Os, 14nbt+s = Os, 14nb = 1, SO K = O14np, 14nb+s- Lhis equals 1 if 1 + nb is a left shape

and 0 if 1 + nb is a right shape, so we can determine which is true.

e Suppose s is the order of neither a left shape nor a right shape. Then we have
Os, 14nb+s = Os, 14nb = 0, SO again K = 014nb, 14nb+s, and the logic from the previous

case applies.



146

e Suppose s is the order of a right shape but not a left shape. Then oy 14,545 = 0, so
K = Ol4nb, 14nb+s — Os,14npb- 1f 1 4+ nb is the order of a left shape, then this equals
1—0=1, and if 1 + nb is the order of a right shape, then this equals 0 — 1 = —1.

Thus, we can again determine which is true.

It follows that we can recover Set(f) and thus 5. O
We can now prove the desired result:
Theorem 6.32. If a ~; 3 and 3 ¢ {a,a"}, then X (o) # X(g)-

Proof. Let @« = aM o---0a® and g = M o--- 0 F) where ) is either al) or its
reverse for each j. Find the largest index 4 for which a(? is not a palindrome (which exists
since a # ). If B is the reverse of a(®, then we can replace 8 and all the ) with their

reverses. Thus, we may assume that o(?) = (). We define

7 B = 5(1) 0.0 /3(1'*1)’
7 5”:5(%')0...0/3(/?),

o = a(l) Q+++0 a(lil)

a” — a(z) O-+-+0 a(k)
so that & = o’ o’ and 8 = ' 0 3”. By our assumptions, we have al) = gl for all j >4, so
o = . In addition, otV ... a®) are all palindromes but ¥ is not, so o/’ and " are
not palindromes either. Finally, we have o/ # ' since a # 3. Thus, Lemma 6.31 implies

that XC(a) % XC(B)‘ O
To end this section, we state a related conjecture:
Conjecture 6.33. If G¢(q) = Gg(g) for compositions « and 3, then a ~; 3.

We know the converse of this statement to be true due to the switching phenomenon (see
Example 6.19). If this conjecture could be proved, then combining it with Theorem 6.32
would prove that non-isomorphic caterpillars have distinct chromatic symmetric functions.

(Recall that a proof of this result was claimed in [22].)
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n|11]12]13|14|15|16|17|18|19|20|21|22| 23 | Total

Pairs| 1|1 |15 ]1]7(19|15|23|56|22/90|160| 401
Switching]| 1 15(1]4]18]11|17|48|21|82|154] 363
Reversal 1 3112|681 |7] 3] 32
Unexplained 2 1] 3 6

Table 6.1: The number of pairs of trees with at most 23 vertices that have the same GDP.

6.4 Future directions

We conclude this chapter (and this thesis) by considering some directions for extending our
work and moving ever closer to resolving Question 1.1.

In this chapter, we discussed several ways to construct ordinary trees with the same GDP.
An exhaustive computer search indicates that there are 401 pairs of trees with order at most
23 that have the same GDP, and all but six of them arise from the reversal phenomenon
or switching phenomenon. (The switching phenomenon implies that there are families of
arbitrarily many trees with the same GDP, but up to order 23, only pairs exist.) We have
collected some summary statistics in Table 6.1,” and the remaining six pairs of trees appear
in Figure 6.8.

Furthermore, in Section 6.3, we were able to prove that some of these constructions
produce trees with different CSFs. Our work therefore suggests the following two-step
program for resolving Stanley’s question, which this thesis makes some progress towards

executing:

(i) Characterize all pairs of trees with the same generalized degree polynomial.

(ii) For each pair, decide whether the trees have the same chromatic symmetric function.

"There is some overlap between the constructions produced by the reversal and switching phenomena.
Specifically, if (A, B; C) satisfies the switching phenomenon, and thus also the reversal phenomenon, then
the fact that Gp(q) = Gr(a*) can be viewed as an instance of either phenomenon. For the purposes of
Table 6.1, we considered this an instance of the switching phenomenon. That is, the triples (A, B; C) that
produce the 32 examples of the reversal phenomenon do not satisfy the switching phenomenon.
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Figure 6.8: The six pairs of trees of order 23 with the same GDP that cannot be explained
using the reversal phenomenon or switching phenomenon.
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While we admit that this program is an ambitious one, we believe it is a promising
direction in which to take the study of Stanley’s question. Indeed, in our view, part of
the difficulty in studying Stanley’s question directly is the chromatic symmetric function
is “too complex”: in particular, we cannot examine concrete examples of trees with the
same CSF to look for patterns. (Of course, this is an obvious statement, since Stanley’s
question asks whether any examples exist at all!) On the other hand, our results suggest
that the generalized degree polynomial may lie in a certain “sweet spot” with regards to

this problem:

(i) First, the GDP is simple enough that many “small” pairs of trees with the same GDP
exist (and many can be well understood, as we have seen in this chapter). Furthermore,
it is much easier to compute the GDP than the CSF, in part because of the recurrence
relations of Section 5.5, so the GDP may be more amenable to computerized search

methods.

(ii) On the other hand, the GDP is still a complex enough invariant that it determines a
substantial amount of information about a tree (as we saw in Chapter 4). Because of
this, we believe that there ought to exist an articulable explanation for the existence
of most, if not all, pairs of trees with the same GDP (hopefully including the six pairs
of Figure 6.8).

It is also reasonable to ask whether replacing the GDP with a similar but different
invariant might result in a simpler or more elegant theory. For instance, one might consider
building up the analog of this theory for the half-generalized degree polynomial or subtree
polynomial (considered in Section 4.1). We know from Figure 4.2 that these are strictly
weaker tree invariants than the GDP, but they still determine, for instance, the degree and
path sequences of the tree [25].

In any case, we hope we have demonstrated that the generalized degree polynomial, as

well as all its specializations, generalizations, and variations, are also interesting objects in
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their own right. That they are related to the celebrated chromatic symmetric function is

simply a cherry on top.
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