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This thesis examines advanced methodological approaches for addressing complex inference and

decision-making challenges in digital and economic environments characterized by uncertainty,

measurement error, and endogeneity. The development of robust methodological solutions in this

domain is increasingly critical as organizations rely on algorithmic decision-making for high-stakes

business decisions, platforms design experimentation systems for continuous optimization, and re-

searchers leverage AI-generated variables for econometric analyses. Traditional methods often fail

in these contexts, potentially leading to biased inferences, suboptimal decisions, and misguided

strategies that can significantly impact business outcomes and research validity. Through three

interconnected essays, this thesis demonstrates novel frameworks that enhance both theoretical

understanding and practical applications in causal inference and decision making for online and

offline settings, providing essential methodological tools for researchers and practitioners navigat-

ing the complexities of modern digital economics.

The first essay introduces the ϵ-BanditIV algorithm to address endogeneity issues in online

dynamic decision-making contexts. By incorporating instrumental variables into the Multi-Armed

Bandit (MAB) framework, this approach achieves both optimal regret minimization and asymp-

totically consistent parameter estimation, establishing a methodological foundation for unbiased

causal inference in adaptive experimentation settings with endogenous covariates.

The second essay addresses the critical challenge of measurement error in machine learning



(ML) or artificial intelligence (AI) generated regressors within partially linear models. By devel-

oping estimators that utilize Two-Stage Least Square (TSLS) and Generalized Method of Moments

(GMM) under the Double Machine Learning (DML) framework, this work provides a robust solu-

tion for debiasing predictions, advancing causal inference where ML/AI tools are used to generate

feature variables for econometric analysis.

The third essay investigates decision-making processes in livestream e-commerce, focusing

on hosts’ product selection and presentation timing behaviors. Using structural models that com-

bine online learning frameworks with survival analysis, this research reveals how livestream hosts

balance exploration-exploitation trade-offs and optimize product transitions to maximize sales per-

formance, providing both theoretical insights and practical recommendations for livestream com-

merce optimization.

Together, these essays contribute to advancing methodological approaches across economet-

rics, machine learning, and information systems, offering frameworks that address fundamental

challenges in causal inference and decision-making. The first two essays develop theoretical solu-

tions to estimation challenges that threaten causal validity in both sequential learning environments

and static models with ML/AI-generated variables. The third essay then demonstrates how struc-

tural modeling of online learning processes can reveal opportunities for improved decision-making

in practice. This complementary relationship between theoretical advances in causal inference and

empirical applications in decision optimization creates a cohesive contribution with significant im-

plications for marketing, e-commerce, and digital platform design in environments characterized

by dynamic interactions, endogeneity concerns, and imperfect information.
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Chapter 1

INTRODUCTION

The digital transformation of economic activities has created unprecedented opportunities for

data-driven decision-making while simultaneously introducing complex methodological challenges

in causal inference and optimization. As businesses, platforms, and policymakers increasingly rely

on algorithms and automated systems to guide their strategies, addressing issues such as endogene-

ity, measurement error, and exploration-exploitation trade-offs has become crucial for ensuring ac-

curate analysis and effective decision-making. Traditional econometric methods often struggle to

account for the dynamic nature of these environments, where decisions are sequential, covariates

may be endogenous, and many key variables are generated through imperfect machine learning or

artificial intelligence systems. These complexities call for innovative methodological approaches

that can preserve causal validity while adapting to the unique characteristics of digital and online

settings. This thesis addresses these challenges through three interconnected essays that develop

novel frameworks for robust causal inference and online decision-making. Each essay tackles a

specific methodological problem at the intersection of econometrics, machine learning, and online

learning, together forming a comprehensive approach to inference and decision-making in complex

digital environments.

Chapter 3 examines a critical limitation in the application of Multi-Armed Bandit (MAB) algo-

rithms: the prevalent assumption of exogeneity in arm covariates. In many practical applications,

arm characteristics are often correlated with unobserved error terms, leading to biased estimation

and suboptimal decisions when traditional bandit algorithms are employed. To address this chal-

lenge, this essay develops ϵ-BanditIV, an algorithm that incorporates instrumental variables into

the online learning framework to correct for endogeneity bias. The approach achieves two simul-

taneous objectives: (1) it minimizes expected regret with an upper bound of Õ(k
√
T ), where k is
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the dimension of the instrumental variable and T is the number of rounds, and (2) it ensures the

asymptotic consistency and normality of parameter estimates, enabling valid statistical inference.

Through extensive Monte Carlo simulations and empirical applications to iOS app pricing and

Real-Time Bidding data, this essay demonstrates that ϵ-BanditIV significantly outperforms exist-

ing methods in endogenous settings. The developed framework provides both theoretical contribu-

tions to the bandit literature and practical tools for marketers to simultaneously optimize decisions

and conduct valid causal inference in adaptive experimentation settings.

Chapter 4 addresses an increasingly common challenge in information systems research: bias

introduced by measurement errors in machine learning (ML) or artificial intelligence (AI) gener-

ated regressors. As researchers increasingly leverage ML/AI technologies to predict feature vari-

ables from unstructured data for use in econometric models, the imperfections in these predictions

can lead to biased estimation and inaccurate conclusions. This essay examines the problem of de-

biasing ML/AI-generated regressors specifically in partially linear regression models, which have

gained popularity for their ability to effectively combine traditional econometric analysis with

powerful machine learning approaches. The developed methodology extends existing debiasing

frameworks to semi-parametric settings and proposes estimators utilizing Two-Stage Least Square

(TSLS) and Generalized Method of Moments (GMM) under the Double Machine Learning (DML)

framework. Through theoretical analysis, the essay establishes the asymptotic consistency and

normality of the proposed estimators. Monte Carlo simulations and empirical applications demon-

strate that these methods outperform alternative approaches in correcting measurement error bias.

The work advances causal inference in information systems research by providing robust tools for

addressing the measurement error problems that commonly arise when using ML/AI-generated

variables in economic analysis.

Chapter 5 investigates the strategic decision-making processes of hosts in livestream e-commerce,

an increasingly important sales channel in digital markets. Focusing on two fundamental decisions

that hosts must navigate—which products to present and when to transition between different

items—this essay develops a novel structural modeling approach that combines online learning

frameworks with survival analysis. Employing customized Multi-Armed Bandit models, the re-
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search examines how hosts balance exploration and exploitation in product selection within the

dynamic livestream environment. The analysis reveals that hosts explore with consistently high

probability, with exploration behavior significantly influenced by platform activity levels, social

network characteristics, previous livestream experience, and demographic factors. Using a strat-

ified Cox proportional hazards model, the essay further demonstrates how product set character-

istics and livestream environment features impact hosts’ presentation timing decisions. Based on

these empirical findings, simulation experiments evaluate alternative product selection strategies,

showing that modified approaches such as Thompson Sampling and adaptive ϵ-Greedy strategies

can significantly improve sales performance. The effectiveness of these strategies varies substan-

tially across host characteristics, suggesting the value of targeted, customized support systems for

different host segments.

This thesis makes several important contributions to the fields of econometrics, machine learn-

ing, and information systems. First, it advances the theoretical understanding of causal inference in

complex digital environments by developing frameworks that address endogeneity, measurement

error, and strategic learning. Second, it provides practical methodological tools that can be im-

plemented by researchers, platforms, and practitioners to improve decision-making and estimation

in real-world settings. Third, it offers specific insights into important domains including adaptive

experimentation, ML/AI integration in economic analysis, and livestream commerce optimization.

The remainder of this thesis is organized as follows: Chapter 2 shows related literature. Chap-

ters 3, 4, and 5 present the three essays in their entirety. Chapter 6 synthesizes the findings, dis-

cusses their broader implications, and outlines directions for future research. Finally, the appen-

dices provide supplementary technical details, proofs, and additional empirical results to support

the main analyses presented in the essays.
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Chapter 2

LITERATURE REVIEW

This thesis contributes to several interconnected streams of literature spanning econometrics,

machine learning, information systems, and marketing. By developing methodological frame-

works that address endogeneity, measurement error, and strategic decision-making in digital en-

vironments, this work advances both theoretical understanding and practical applications across

these domains. The first essay relates primarily to instrumental variables and online learning liter-

ature, developing a novel approach to address endogeneity in contextual multi-armed bandits. The

second essay builds on measurement error correction in ML/AI-generated variables and extends

this to partially linear models. The third essay connects to livestreaming commerce and online

learning models, specifically exploring how hosts make dynamic product selection decisions. The

following literature review synthesizes the relevant research that informs and contextualizes these

three essays.

2.1 Causal Inference with Endogeneity

2.1.1 Instrumental Variables and Endogeneity Correction

This thesis relates closely to the literature on instrumental variable methods for addressing endo-

geneity. Seminal works by Griliches (1977), Hausman (1983), Angrist and Imbens (1995), and

Chen et al. (2005) provided theoretical analysis of instrumental variables in linear models. These

foundational approaches have proven essential for establishing causal relationships when explana-

tory variables are correlated with error terms.

However, unlike standard offline analysis, endogeneity issues can be exacerbated by the dy-

namic interactions between data generation and analysis that arise in online settings (Li et al.,

2021). The first essay in this thesis builds on offline instrumental variable techniques while ac-



5

counting for the complications of online learning. It demonstrates how instrumental variables can

be used in online settings to improve decision-making, for instance, in the estimation of price

effects and ad exposure effects, thereby enhancing decision policy performance.

Prior work by Ngo et al. (2021) and Kallus (2018) utilized arm pulls as an instrumental variable

for a second stage regression after running a standard Multi-Armed Bandit (MAB) to address

the noncompliance problem, where the treatment assigned may differ from the treatment applied.

The approach in this thesis deviates significantly from theirs as it focuses on non-independent

endogenous arm covariates with fully compliant treatment.

2.1.2 Measurement Error in ML/AI-Generated Variables

As an innovative endeavor in the information systems literature, researchers have begun addressing

bias stemming from measurement error in ML/AI-generated variables. Yang et al. (2018) exam-

ined a simulation-based method, MC-SIMEX, to correct estimation bias arising from regressing

outcomes on ML/AI-generated variables in the Ordinary Least Square (OLS) model. Qiao and

Huang (2021) theoretically studied consistent estimators for cases where ML/AI-generated vari-

ables are discrete valued and outcome models are generalized linear models.

Fong and Tyler (2021) constructed a Generalized Method of Moments (GMM) estimator utiliz-

ing a sample splitting method to rectify bias in linear regression models and provided a theoretical

guarantee of consistency and asymptotic normality. Wei and Malik (2022) proposed a two-step

learning strategy for linear regression models, discrete choice models, instrumental variables, and

general structural models, demonstrating its performance through simulations.

More recently, Yang et al. (2022) introduced an innovative method to address measurement

error bias by exploiting random forest algorithms, extending their utility beyond prediction to cre-

ate instrumental variables that facilitate bias correction. Burtch et al. (2023) proposed a three-part

”EnsembleIV” method that mitigates measurement error by generating candidate instruments from

ensemble learning techniques, transforming these instruments to satisfy exclusion conditions, and

selecting strong instruments for unbiased instrumental variable regression estimates. Allon et al.

(2023) considered a general framework of measurement errors in parametric models, showing how
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bias would be introduced by measurement error in ML algorithms and providing two consistent

correction methods.

The second essay in this thesis expands upon this existing theoretical framework by proposing

two-step estimators and GMM estimators for partially linear models, while keeping linear models

as a special case. This work is particularly innovative in addressing measurement error in ML/AI-

generated regressors within the increasingly popular class of partially linear models.

2.2 Online Learning and Multi-Armed Bandits

2.2.1 Interactive Learning and Inference with MABs

Multi-armed bandit (MAB) algorithms have garnered surging attention for adaptive experimen-

tation in digital marketing. Examples include applications in advertising (Schwartz et al., 2017;

Tang et al., 2015), healthcare (Durand et al., 2018), pricing (Misra et al., 2019), and personalized

product recommendations (Li et al., 2010; Qin et al., 2014; Aramayo et al., 2022). The first and

third essays in this thesis build upon the contextual multi-armed bandit framework (Auer, 2002),

which utilizes contextual information of arms in the learning and decision-making process.

Since the formulation of the contextual bandit problem, a wide range of variants have been

investigated with corresponding solutions (Yang and Zhu, 2002; Dani et al., 2008; Rigollet and

Zeevi, 2010; Chu et al., 2011; Abbasi-Yadkori et al., 2011; Agarwal et al., 2012; Perchet and

Rigollet, 2013; Qian and Yang, 2016; Bastani and Bayati, 2020). However, the extant literature

has relied on the independence between the contexts and unobserved error term, ignoring the po-

tential correlation between them. The first essay extends this literature by accounting for potential

endogeneity using instrumental variables.

The theoretical performance of bandit algorithms is evaluated by examining their regret per-

formance, defined as the difference between the total reward obtained by consistently selecting the

optimal arm and the actual total reward obtained by the algorithm’s decisions. Early work by Vovk

(1997) used linear regressions under the bandit framework and showed an O(d log T ) regret as-

suming bounded outcomes. Both SupLinRel by Auer (2002) and SupLinUCB by Chu et al. (2011)
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achieved a bounded regret of O(log3/2(KT log T )
√
dT ), where K is the number of arms.

To address issues with large K, more practical linear bandit algorithms independent of arm

numbers were developed. Dani et al. (2008) used confidence ellipsoids to achieve regrets upper

bounded by Õ(d
√
T ) and Õ(d3/2

√
T ). State-of-the-art performance is generally attributed to lin-

ear bandit algorithms by Rusmevichientong and Tsitsiklis (2010) and Abbasi-Yadkori et al. (2011),

which achieve regrets of Õ(d
√
T ) with bounded action sets. By comparison, the ε-BanditIV al-

gorithm developed in the first essay achieves an upper bound of Õ(k
√
T ), where k denotes the

number of instruments, matching state-of-the-art performance in the just-identified case.

2.2.2 Learning and Exploration Models in Practice

The third essay of this thesis applies online learning frameworks, especially Multi-Armed Ban-

dits (MAB), to understand hosts’ product assortment decisions under uncertainty in livestream e-

commerce. Two specific approaches within this framework are applied: ε-Greedy and Thompson

Sampling (TS).

The ε-Greedy bandits provide a straightforward yet effective method for addressing the exploration-

exploitation dilemma. In this approach, the algorithm exploits the current best-known action with

probability 1 − ε, while exploring random actions with probability ε (Sutton, 2018). This strat-

egy ensures continuous exploration of the action space while increasingly focusing on high-reward

actions.

Thompson sampling offers a Bayesian approach to the MAB problem, maintaining a poste-

rior distribution over unknown parameters and sampling from this distribution to make decisions

(Agrawal and Goyal, 2013). Thompson sampling has shown excellent empirical performance and

has theoretical guarantees in many settings. In online decision-making, it has been successfully

applied to dynamic pricing (Bastani et al., 2022; Ferreira et al., 2018; Jain et al., 2024), trans-

portation (Lagos et al., 2024), personalized recommendations (Zhou et al., 2023), and vaccination

testing (Wang et al., 2024).

The contextual MAB framework is utilized in the third essay to model hosts’ product selection

decisions. Contextual MABs extend the traditional MAB framework by incorporating relevant
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contextual information to guide decision-making, allowing for more nuanced and adaptive deci-

sions.

2.3 Partially Linear Models and Double Machine Learning

Partially linear models have gained increasing popularity in econometrics theory and real-world

applications. These models facilitate the effective utilization of various ML algorithms for causal

inference, as detailed by Chernozhukov et al. (2018). More generally, partially linear specifications

significantly enhance the compatibility of causal models with recent substantial advancements in

ML.

Partially linear models can alleviate endogeneity concerns resulting from misspecifications of

linear models (e.g., omitting high-order or interaction terms) in empirical research (Yu et al., 2020;

Wang et al., 2021). They are especially useful in high-dimensional causal inference where the

number of control variables can be substantial. For instance, when studying user behaviors on

digital platforms, there may be thousands of variables of user profiling that need to be controlled.

Partially linear models can adeptly integrate dimension-reduction ML algorithms (e.g., random

forest, LASSO, kernel ridge regression), effectively addressing challenges posed by the curse of

dimensionality (Chernozhukov et al., 2018).

Under the assumption of a partially linear model, Double Machine Learning (DML) harnesses

intricate black-box ML models to generate consistent estimates of parameters of interest from

observational data with high-dimensional covariates (Fingerhut et al., 2022). The DML method has

been extensively employed in empirical contexts for causal inference. Yu et al. (2020) exploited

a DML framework to discern the influence of negative emotional expression on the diffusion of

online content. Dube et al. (2020) used a DML estimator to identify how task vacancy durations

are influenced by task rewards and provided empirical evidence of monopsony in a large online

labor market. Knaus (2021) conducted DML estimation to investigate the impact of engaging in

musical practice on child development, while Knaus (2022) employed a DML-based approach for

assessing labor market policies. Ye et al. (2023) integrated deep learning with DML estimation.

The second essay of this thesis extends the DML framework to address measurement error in
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ML/AI-generated regressors, thereby advancing causal inference in information systems research

with partially linear models.

2.4 Adaptive Experimentation and Market Applications

2.4.1 Adaptive Experimentation in Business

There has been significant recent research on how digital advertising impacts outcomes of interest

like demand (Gordon et al., 2021; Zantedeschi et al., 2017; Rafieian and Yoganarasimhan, 2021).

Product recommendations have gained traction as a form of advertising in digital markets to di-

rectly stimulate consumer demand. Extensive literature has studied product recommendations in

digital markets, tracing back to early work by Ansari et al. (2000), Koren et al. (2009), Agrawal

et al. (2013), and Dzyabura and Tuzhilin (2013).

To address the challenge of scaling advertisements and personalized recommendations cost-

effectively, adaptive experimentation has gained popularity. Adaptive experiments can reduce costs

compared to static designs by requiring smaller sample sizes, allowing for early stopping when

results are conclusive, dropping ineffective treatment arms, optimizing resource allocation to more

promising treatments, and avoiding failed experiments.

Dzyabura and Hauser (2011) proposed an active machine learning method to select questions

and learn consumers’ heuristic decision rules adaptively. Nuara et al. (2018) modeled online joint

advertising bid optimization into a combinatorial-bandit problem and used Gaussian Process re-

gressions to estimate the ad effect. Recent work (Zhao et al., 2013; Wang et al., 2016, 2017) has

explored product recommendation through adaptive experimentation.

For treatment effect estimation, Dimakopoulou et al. (2021) proposed doubly adaptive Thomp-

son sampling to conduct causal inference of true means of arm rewards sequentially. Simchi-Levi

and Wang (2023) mathematically derived conditions for a Pareto optimal solution where both the

statistical power of treatment inference and efficiency are optimal in Multi-armed bandit experi-

mental design.

The first essay of this thesis contributes to this literature by addressing endogeneity concerns in
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adaptive experimentation settings, which have been largely ignored in previous work despite their

prevalence in marketing applications.

2.4.2 Livestreaming Commerce

The third essay examines decision-making in livestreaming e-commerce, a rapidly evolving field

that has attracted significant scholarly attention. Recent studies have explored various aspects of

this novel sales channel, each contributing to our understanding of this dynamic marketplace.

Coupon targeting strategies have been examined by Liu (2023), who developed dynamic ap-

proaches to optimize promotional efforts in livestream sales. Lin et al. (2022) examined complex

negotiation dynamics between brands and key opinion leaders in livestream commerce. The criti-

cal role of influencer selection in livestream marketing was studied by Gu et al. (2024a), offering

insights into factors determining influencer effectiveness.

Lin et al. (2021) and Bharadwaj et al. (2022) investigated the impact of livestream sellers’ emo-

tional displays on consumer engagements and purchasing decisions, highlighting the importance

of affective factors in this interactive sales environment. Lo et al. (2022) focused on determinants

influencing consumers’ impulsive buying behaviors within the context of livestreaming. Xie et al.

(2022) examined the effect of presentation duration on sales, comparing outcomes across single-

brand and multi-brand livestreams. Gu et al. (2024b) examined how live streamers should balance

entertainment content versus product information to maximize commission.

Despite this growing body of research, the third essay addresses a significant gap in under-

standing how livestream hosts navigate the complex decision-making process regarding product

assortment and presentation timing. It introduces a novel approach to modeling the dynamic

decision-making process of livestream hosts using a contextual Multi-Armed Bandit framework,

which captures the sequential nature of decisions in an environment characterized by uncertainty.

2.5 Research Gaps and Contributions

The literature review reveals several key research gaps that this thesis addresses:
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1. Endogeneity in Online Learning: Despite the widespread application of MAB algorithms

in marketing and recommendation systems, existing approaches fail to account for endo-

geneity in arm covariates, potentially leading to biased estimates and suboptimal decisions.

The first essay directly addresses this gap by developing an instrumental variable approach

within the MAB framework.

2. Measurement Error in ML/AI-Generated Variables: As researchers increasingly use

ML/AI tools to generate variables for econometric analysis, the measurement error in these

predictions can bias subsequent analyses. While some recent work has begun addressing

this in linear models, the second essay extends these approaches to the increasingly popular

partially linear models.

3. Empirical Understanding of Exploration-Exploitation Decisions: While theoretical mod-

els of exploration-exploitation trade-offs are well-developed, there is limited empirical re-

search on how decision-makers navigate these trade-offs in practice. The third essay fills

this gap by applying structural models to understand product selection and timing decisions

in livestream commerce.

By addressing these gaps, this thesis contributes to advancing methodological approaches in

causal inference and decision-making under uncertainty, with significant implications for research

and practice in digital marketing, e-commerce, and platform economics.
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Chapter 3

CAUSAL BANDITS: ONLINE DECISION-MAKING IN ENDOGENOUS
SETTINGS

3.1 Problem Setting

3.1.1 Problem Introduction

Let T be the number of rounds and K the number of arms in each round. In each round t, the

learner observes a feature vector xt,a ∈ Rd, a ∈ {1, · · · , K}, with ∥xt,a∥2 ≤ Lx, for each arm. We

use the subscript a to represent the ath arm from theK-arm set and Lx to represent a constant upper

bound for ∥xt,a∥2. After observing the feature vectors, the learner selects an arm a and receives a

reward yt,a ∈ R, with |yt,a| ≤ Ly where Ly is a constant upper bound for |yt,a|. Under the linear

realizability assumption, we specifically assume yt,a as the following.

yt,a = β′
0xt,a + et,a (3.1)

where et,a ∈ R is a 1-subgaussian error term, s.t. E[et,a] = 0, and β0 ∈ Rd is an unknown true

coefficient vector. We denote the cumulative distribution of et,a as Pe. Unlike traditional bandit

algorithms, we have a twofold goal in this problem: (i) to estimate the main coefficient of interest

β0 (ii) to achieve the largest reward by selecting the optimal arm.

Standard Contextual Linear Bandit settings have E[et,axt,a] = 0, which implies that the error

term is independent with the feature vector. However, this assumption can be violated in various

cases such as when we have omitted variables in the error term, measurement error in the regressor,

simultaneous equation estimation, etc. Mathematically, when we have the following,

E[et,axt,a] ̸= 0
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the endogeneity problem occurs. The ordinary least square (OLS) estimator for the coefficient

of interest β0 is inconsistent in endogenous settings. Econometrics literature uses Instrumental

Variable (IV) method to address the endogeneity problem. A variable zt,a is a valid instrumental

variable if it satisfies the following two conditions (M Wooldridge, 2014): (i) it is uncorrelated

with the error term et,a, i.e. E[zt,aet,a] = 0, (ii) it is correlated with the endogenous covariates xt,a,

and it has no direct effect on the reward yt,a. Consider a valid instrumental variable zt,a ∈ Rk,

with ∥zt,a∥2 ≤ Lz where Lz is a constant upper bound for ∥zt,a∥2. We assume E[zt,ax′t,a] ∈ Rk×d

has full column rank d.1 and the minimum eigenvalue of E[zt,az′t,a] is positive. Now, consider the

projection of xt,a on zt,a:

xt,a = Γ′
0zt,a + ut,a (3.2)

where Γ0 ∈ Rk×d is an unknown true coefficient vector, each element in ut,a ∈ Rd is a 1-

subgaussian error term with mean zero. Note that Γ0 is a linear projection matrix and the inde-

pendency condition E[zt,au′t,a] = 0 is satisfied by construction and Γ0 does not capture the true

causal relationship between xt,a and zt,a. By plugging the equation of xt,a (Equation (3.2)) into

Equation (3.1), we have

yt,a = (Γ0β0)
′zt,a + vt,a (3.3)

where vt,a = β′
0ut,a + et,a. We can prove that each element of vt,a is (∥β0∥1 + 1)-subgaussian

(we provide the proof in Appendix A.0.7). We denote Γ0β0 as ϑ0, and (∥β0∥1 + 1) as σv, for the

simplicity of analysis.

It is known that Two-Stage Least Squares (2SLS) estimator is consistent in offline settings.

In this essay, we adopt the standard two-stage least square procedure to the online setting and

demonstrate how one can use instrumental variables to address the issue of endogeneity in linear

contextual bandits. For readers who are not familiar with Two-Stage Least Squares estimator, we

provide a brief review in the following section.

1The assumption E[zt,ax′t,a] ∈ Rk×d has full column rank d implies that k ≥ d.
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We aim to design an online decision-making algorithm that learns the coefficient of main inter-

est β0 so that we can maximize the total expected reward after pulling arms under the endogeneity

problem. We define the total expected regret of an algorithm after T rounds as

RT =
T∑
t=1

E[yt,a∗t − yt,at ] =
T∑
t=1

E[⟨Γ′
0zt,a∗t , β0⟩ − ⟨Γ

′
0zt,at , β0⟩]

where a∗t = argmaxa⟨Γ′
0zt,a, β0⟩ is the best arm at round t according to the true coefficient vectors

β0 and Γ0, and at is the arm selected by the algorithm at round t.

3.1.2 Preliminaries and Assumptions

Two-Stage Least Squares estimator is an instrumental variable method commonly used in offline

settings to correct estimation bias in the endogeneity problem. Consider vector Y ∈ RT with

yt,a as its elements, matrix X ∈ RT×d with x′t,a as its rows, matrix Z ∈ RT×k with z′t,a as its

rows, where t ∈ {1, · · · , T}. We briefly illustrate Two-Stage Least Squares estimation procedure

in offline settings as the following: (i) First, regress the set of feature vectors X on the set of

instrumental variable vectors Z using OLS method to obtain a set of estimated sample features X̂;

(ii) Then regress Y on the estimated feature vectors X̂ to obtain the estimator β̂X̂,Y using OLS

method again.

Definition 3.1.1 (Two-Stage Least Squares Estimator).

X̂ = PZX,PZ = Z(Z ′Z)−1Z ′

β̂X̂,Y = (X̂ ′X̂)−1X̂ ′Y

To facilitate further analysis on the Two-Stage Least Squares estimator, we also define related

OLS estimators as the following, where ϑ̂Z,Y = Γ̂Z,X β̂X̂,Y (to see this equation, refer to Appendix

A.0.7 for the proof).
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Definition 3.1.2 (First Stage OLS Estimator).

Γ̂Z,X = (Z ′Z)−1Z ′X

Definition 3.1.3 (OLS Estimator Based on Instrumental Variable).

ϑ̂Z,Y = (Z ′Z)−1Z ′Y

We relist key assumptions in this essay as the following,

Assumption 3.1.1. ∥zt,a∥2 ≤ Lz, ∥xt,a∥2 ≤ Lx, ∥yt,a∥2 ≤ Ly for all t and a.

Assumption 3.1.2. The minimum eigenvalue of E[zt,az′t,a] is larger than a positive constant λ.

Assumption 3.1.1 ensures that the ∥ · ∥2 of instrumental variables, feature vectors, and the

reward are bounded by positive constants. Notice that the ∥ · ∥∞ of a vector is smaller than the

∥ · ∥2 of the vector, which implies that the ∥ · ∥∞ of the instrumental variables, features, and the

reward are also upper bounded by these constants, Lz, Lx, and Ly respectively. Assumption 3.1.2

guarantees that, with high probability, the sample second moment
∑t

s=1 zs,az
′
s,a is non-singular so

that the OLS estimators Γ̂Z,X and ϑ̂Z,Y exist. We need these assumptions to bound the total regret

and the inference bias.

3.2 BanditIV Algorithm

In this section, we propose the ϵ-BanditIV Algorithm (Algorithm 1) by incorporating instrumental

variables in online settings. The algorithm is based on existing linear bandit algorithms, especially

the OFUL algorithm proposed by Abbasi-Yadkori et al. (2011).

The ϵ-BanditIV algorithm takes as input initial regularization parameters γz, γx > 0, confidence

set parameters {Gt}∞t=1, {Bt}∞t=1, as well as a sequence of non-increasing exploration parameters

{ϵt}∞t=1. We will specify the confidence set parameters in Section 3.2.1.

Estimation: The algorithm maintains four matrices Ut, Vt,Wt, Qt to calculate estimated pa-

rameters in each round as described in the pseudocode of Algorithm 1. If the current time t is after
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the first round, the algorithm utilizes past-choice-related instrumental variables Zt−1 and past-

choice-related feature variables Xt−1 to estimate Γ0 through ridge OLS and obtain an estimated

Xt−1, which is X̂t−1. Then, based on X̂t−1 and past observations of rewards Yt−1, the algorithm

estimates β0 by ridge OLS again. We denote the estimator for β0 when γz = γx = 0, in the

ϵ-BanditIV algorithm as the ϵ-BanditIV estimator.

Confidence Sets: Following the Optimism in the Face of Uncertainty principle (OFU), we

need to maintain confidence sets for all unknown parameters in the model. As described in Section

3.1, we have two unknown parameters, Γ0 and β0. Thus, we construct two confidence sets C1,s,

C2,s, s ∈ {1, · · · , T} for the first and the second stage estimation respectively in each round. The

idea for the confidence sets is to make the estimation optimistic with the conditions that “with high

probability” the true coefficients are in the confidence sets, and we can calculate the confidence

sets from the past-choice-related feature variables Xt−1, related instrumental variables Zt−1, and

rewards Yt−1.

Execution: In each round, we conduct a stochastic decision with probability ϵt for choosing a

random arm and probability 1 − ϵt for choosing the estimated best arm. The estimated best arm

generated by the algorithm is an arm at which is related to an instrumental variable zt that can max-

imize the estimated reward jointly with a pair of optimistic estimates of two-stage coefficients in

the confidence sets. To maximize the estimated reward, the algorithm chooses a pair of optimistic

estimates (Γ̃t, β̃t) = argmaxΓ∈C1,tβ∈C2,t(maxa∈At⟨Γ′
tza, β⟩) and then chooses an arm at such that

at = argmaxa∈At⟨Γ̃′
tza, β̃t⟩, where we denote the arm set at time t as At. Equivalently, the esti-

mated best arm at, is stated in Equation (3.4). After an arm is chosen, we observe the reward yt,at

as stated in Equation (3.1).

at = argmax
a∈At

max
Γ∈C1,t

max
β∈C2,t

⟨Γ′za, β⟩ (3.4)

Note that when ϵt = 0 for t ∈ {1, 2 · · · ,∞}, the algorithm chooses the estimated best arm in

each round. To simplify the analysis, we denote the algorithm when ϵt = 0 for t ∈ {1, 2 · · · ,∞}

as BanditIV.
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Algorithm 1 ϵ-BanditIV
Input: γz, γx, {Gt}∞t=1,{Bt}∞t=1, {ϵt}∞t=1

Set U0 = γzI ∈ Rk×k, V0 = 0 ∈ Rk×d,W0 = γxI ∈ Rd×d, Q0 = 0 ∈ Rd×1

Set C1,s = {Γ : ∥Γ(i) − Γ̂
(i)
s ∥Us ≤ Gs}, C2,s = {β : ∥β − β̂s∥Ws ≤ Bs}, ∀s ∈ {1, 2, · · · T},

∀i ∈ {1, 2, · · · d}
Nature reveals Z0 and X0. We randomly choose and play a0 ∈ A0 and then observe the reward ya0 . We
set Z0 = za0 , X0 = xa0 and Y0 = ya0 .
for t := 1, 2, · · · , T , do

Ut = Ut−1 + zt−1z
′
t−1, Vt = Vt−1 + zt−1x

′
t−1

Γ̂t = U−1
t Vt, X̂t−1 = Zt−1Γ̂t

Wt =W0 + X̂ ′
t−1X̂t−1, Qt = Q0 + X̂ ′

t−1Yt−1

β̂t =W−1
t Qt

Nature reveals Zt and Xt. With probability ϵt, we uniformly choose a random at ∈ At. With proba-
bility 1− ϵt, we choose at = argmaxa∈At maxΓ∈C1,t maxβ∈C2,t⟨Γ′za, β⟩

We observe the reward yat and update Zt = [Z ′
t−1 zat ]

′, Xt = [X ′
t−1 xat ]

′, Yt = [Y ′
t−1 yat ]

′.
end for

For the simplicity of notations, we omit the subscript a of zt,a, xt,a, and yt,a from below. By

xt, we mean one arm chosen by the algorithm from the arm set Xt at time t; the variable zt is the

instrumental variable related to xt; the variable yt is the reward generated by choosing the arm xt.

By x∗t , we mean the true optimal arm from the arm set Xt at time t; z∗t is the instrumental variable

related to x∗t .

3.2.1 Regret Analysis

In this section, we give upper bounds on the regret of the ϵ-BanditIV algorithm as well as the

BanditIV algorithm. The proofs can be found in Appendix A.0.6. We first show an Õ(k
√
T )

upper bound for the total expected regret with parameters of confidence set by Theorem 3.2.1 and

Corollary 3.2.1, where Õ(·) omits constants and the polylogarithmic factors in k and T . Then, by

Lemma 3.2.1 and Lemma 3.2.2, we present that the true coefficients are in the confidence sets with

high probability, and we also give accurate definitions for confidence set parameters.

Theorem 3.2.1. The expected cumulative regret of the ϵ-BanditIV at time T, with probability at
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least 1− δ, is upper-bounded by

RT ≤ 3BT

√
2Td log(

T + dγx
dγx

) + G̃T

√
2Tk log(

T + kγz
kγz

)+

+ 2BT
4∥Γ0∥2Lz√

λ(λmin(Γ0)−
√
2d
γz
GT )

(
√
T −

√
T † − 1) + 2Ly((1− ϵ1)T † + ϵ1T )

where BT =
√
γx∥β0∥2 +

√
2 log(6T

δ
) + d log(2TkL2

z

dγx
∥Γ0∥2F + 4kT

γx
log(6Td

δ
) log(T+kγz

kγz
) + 1),

G̃T =
√
γz∥Γ0β0∥2 + ∥β0∥1

√
2 log(3T

δ
) + 2 log(∥β0∥1) + k log(TL2

z

γz
+ 1),

GT =
√
γz maxi∈{1,··· ,d} ∥Γ(i)

0 ∥2 +
√
2 log(6Td

δ
) + k log

(
TL2

z

γz
+ 1
)

,

and T † = 6L2
z

λ
log(6k

δ
).

From Theorem 3.2.1, we can see that the upper bound is Õ(k
√
T ), which means that when

the number of rounds T increases, the cumulative expected regret increases sublinearly, i.e., the

difference between the true optimal reward and the reward generated from our algorithm is not

increasing proportionally with time. Sublinear regret is a desirable characteristic for bandit al-

gorithms. Having sublinear regret implies that the algorithm is learning from its exploration and

improving its decision-making capabilities over time.

The classical OFUL algorithm proposed in Abbasi-Yadkori et al. (2011) achieves Õ(d
√
T )

without assuming endogenous covariates, where d is the dimension of the covariates. This result is

at the state of the art. By Theorem 3.2.1, the regret of our algorithm matches the regret of OFUL

in respect of T implying that our algorithm obtains a regret at the state of the art in stochastic con-

textual linear bandits while accommodating more general settings, especially endogeneity cases.

Remark 3.2.1. The upper bound for the expected regret increases with the dimensions of the feature

vector and the instrumental variable. Thus, if we have feature vectors of a large dimension, we may

need to utilize feature selection techniques to reduce the dimension and hence improve the regret

bound in practice.

Remark 3.2.2. Notice that when ϵt increases, the regret bound also increases, which implies that

the regret bound of an ϵ-BanditIV algorithm with a positive ϵt will always be larger than the regret
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bound of the BanditIV algorithm.

Remark 3.2.3. In order to guarantee an Õ(k
√
T ) upper bound for the total expected regret of

the ϵ-BanditIV algorithm, we need a small enough ϵt, such as ϵt ≤
√

log(t)
√
t

or ϵt ≤
√

log log(t)
√
t

.

To see the validity of these examples, note that the total expected regret can be written as upper

bounded by Õ(k
√
T ) + 2Ly

∑T
t=1 ϵt, where 2Ly

∑T
t=1 ϵt can be upper bounded by Õ(

√
T ) if we

have ϵt ≤ Õ( 1√
t
). The BanditIV algorithm which is a special case with ϵt = 0 in ϵ-BanditIV

algorithm, naturally satisfies this condition.

By setting ϵt = 0, we can derive the following corollary directly,

Corollary 3.2.1. The expected cumulative regret of the BanditIV at time T, with probability at

least 1− δ, is upper-bounded by

RT ≤ 3BT

√
2Td log(

T + dγx
dγx

) + G̃T

√
2Tk log(

T + kγz
kγz

)+

+ 2BT
4∥Γ0∥2Lz√

λ(λmin(Γ0)−
√
2d
γz
GT )

(
√
T −

√
T † − 1) + 2LyT

†

Lemma 3.2.1 (Optimistic estimation of β0). With high prob 1− δ

3
, for all t ∈ {1, 2, · · · , T},

∥β̂t − β0∥Wt ≤ Bt

where Bt =
√
γx∥β0∥2 +

√
2 log(6t

δ
) + d log(2tkL

2
z

dγx
∥Γ0∥2F + 4kt

γx
log(6td

δ
) log( t+kγz

kγz
) + 1).

Lemma 3.2.2 (Optimistic estimation of Γ0). With high prob 1 − δ

6
, for all t ∈ {1, 2, · · · , T} and

all i ∈ {1, 2, · · · , d},

∥Γ̂(i)
t − Γ

(i)
0 ∥Ut ≤ Gt

where Gt =
√
γz maxi∈{1,··· ,d} ∥Γ(i)

0 ∥2 +
√

2 log(6td
δ
) + k log

(
tL2

z

γz
+ 1
)
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We construct double confidence intervals for the two-stage estimators to guarantee the regret

bound. In every round, the algorithm chooses estimates for Γ0 and β0 from the confidence sets as

we describe in Section 3.2. Lemmas 3.2.1 and 3.2.2 show that β0 and Γ0 with high probability fall

in ellipsoids with center at β̂t and Γ̂t respectively, i.e., in the double confidence sets.

3.3 Inference and Confidence Intervals

Due to the adaptive nature of multi-armed bandits, calculating confidence intervals is not straight-

forward as the collected data is no longer i.i.d. anymore. In this section, we show asymptotic

properties of the ϵ-BanditIV estimator following Chen et al. (2021) and Bastani and Bayati (2020).

We first present the consistency of the online OLS estimator and the ϵ-BanditIV estimator, then

we demonstrate the normality of the ϵ-BanditIV estimator. The proofs are presented in Appendix

A.0.6.

Proposition 3.3.1 (Tail bounds for the online OLS estimators). In the online decision-making

model with the ϵ-greedy policy, if Assumptions 3.1.1 and 3.1.2 are satisfied, and ϵt is non-increasing,

then for any η1, η2 > 0, any i ∈ {1, . . . , d},

P (∥ϑ̂t − ϑ0∥1 ≤ η1) ≥ 1− exp(−tϵt
8
)− k exp(− tϵtλ

12L2
z

)− 2k exp(− tϵ2tλ
2η21

128k2σ2
vL

2
z

)

P (∥Γ̂(i)
t − Γ

(i)
0 ∥1 ≤ η2) ≥ 1− exp(−tϵt

8
)− k exp(− tϵtλ

12L2
z

)− 2k exp(− tϵ2tλ
2η22

128k2σ2
uL

2
z

)

where σu = 1 and σv = ∥β0∥1 + 1.

To simplify the notations, we use ϑ̂t and Γ̂t in this section to denote the OLS estimators ϑ̂Zt,Yt

and Γ̂Zt,Xt defined in Section 3.1 respectively. Proposition 3.3.1 states that both the OLS estimator

based on the instrumental variable and the first stage OLS estimator are consistent if tϵ2t → ∞ as

t→∞. Based on this result, we derive the tail bound for the ϵ-BanditIV estimator as the following.

Proposition 3.3.2 (Tail bound for the ϵ-BanditIV estimator). In the online decision-making model

with ϵ-greedy policy, if the Assumptions 3.1.1 and 3.1.2 are satisfied, and ϵt is non-increasing, then
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for any η1, η2 > 0, η2 ̸= λmin(Γ0)√
d

,

P (∥β̂t − β0∥1 ≤ Cβ) ≥ 1− (P1 + dP2)

where Cβ =

√
2(η1 + η2∥β0∥1)

λmin(Γ0)− η2
√
d

, λmin(Γ0) denotes the smallest nonzero singular value of the

matrix Γ0, and

P1 = exp(−tϵt
8
) + k exp(− tϵtλ

12L2
z

) + 2k exp(− tϵ2tλ
2η21

128k2σ2
vL

2
z

),

P2 = exp(−tϵt
8
) + k exp(− tϵtλ

12L2
z

) + 2k exp(− tϵ2tλ
2η22

128k2σ2
uL

2
z

)

Remark 3.3.1. Following the Proposition 3.3.1, if tϵ2t → ∞ as t → ∞, then the probability of

∥β̂t − β0∥ ≤ Cβ goes to 1 for any η1, η2 > 0, η2 ̸= λmin(Γ0)√
d

. Combining the Theorem 3.2.1

and Proposition 3.3.2, in order to guarantee both the regret bound and the tail bound, we need to

carefully choose the value for ϵt. Some reasonable examples can be ϵt =
√

log(t)
√
t

or ϵt =
√

log log(t)
√
t

.

It’s important to note that although BanditIV makes use of instrumental variables, the exploita-

tive nature of bandit algorithms produces biased estimates. The ϵ-BanditIV overcomes this lim-

itation. One might prefer using BanditIV when the primary concern is maximizing cumulative

reward, whereas ϵ-BanditIV is more suitable when interpretability or establishing causal relation-

ships also matters to the decision-maker. A situation where one could prefer ϵ-BanditIV is in clin-

ical trials of a new procedure, where maximizing the cumulative reward (e.g., mortality outcomes)

is important, but understanding how patient features affect those outcomes is also crucial.

Remark 3.3.2. The probability of ∥β̂t − β0∥ ≤ Cβ decreases with the dimension of instrumental

variables, the variance of error terms in both stages of the regression model, and Lz. Moreover,

the probability of ∥β̂t − β0∥ ≤ Cβ increases with the lower bound of the minimum eigenvalue of

E[ztz′t].

Following from the Propositions 3.3.1 and 3.3.2, we obtain the consistency of the OLS estima-

tors ϑ̂t and Γ̂t, and the ϵ-BanditIV estimator β̂t easily.
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Corollary 3.3.1 (Consistency of the online OLS estimators). If Assumptions 3.1.1 and 3.1.2 are

satisfied, ϵt is non-increasing and tϵ2t → ∞ as t → ∞, then the online OLS estimators Γ̂t is a

consistent estimator for Γ0 and ϑ̂t is a consistent estimator for ϑ0.

Corollary 3.3.2 (Consistency of the ϵ-BanditIV estimator). If Assumptions 3.1.1 and 3.1.2 are

satisfied, ϵt are non-increasing and tϵ2t →∞ as t→∞, then the online ϵ-BanditIV estimator β̂t is

a consistent estimator for β0.

Theorem 3.3.1 (Asymptotic normality of the online OLS estimator). If Assumptions 3.1.1 and

3.1.2 are satisfied, then

√
t(ϑ̂t − ϑ0)

d−→ Nk(0,E[v2t ](
∫
zz′dPz)

−1)

Based on the above results, we can derive the normality of the ϵ-BanditIV estimator by ap-

plying Slutsky Theorem. We also provide a consistent estimator for the variance of the normal

distribution. The proof for the consistency of the variance estimator can be found in Appendix

A.0.6.

Theorem 3.3.2 (Asymptotic normality of the ϵ-BanditIV estimator). If Assumptions 3.1.1 and 3.1.2

are satisfied, ϵt is non-increasing and tϵ2t →∞ as t→∞. Then

√
t(β̂t − β0)

d−→ Nd(0, S)

where S = E[v2t ](Γ′
0

∫
zz′dPzΓ0)

−1.

A consistent estimator for S is given by

t∑
s=1

v̂2s(Γ̂
′
t

t∑
s=1

zsz
′
sΓ̂t)

−1

where v̂s = ys − (Γ̂sβ̂s)
′zs.

Theorem 3.3.2 provides a theoretical guarantee that the ϵ-BanditIV estimator asymptotically

follows a normal distribution with mean zero and variance S. We can see that this variance depends
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on the expectation of the error term vt, which includes the errors in both the first stage and the

second stage. The variance also depends on the distribution of the instrumental variable,Pz. Notice

that, although we need the assumption about ϵt to guarantee the consistency of the estimator, the

asymptotic variance of the ϵ-BanditIV estimator does not depend on ϵt.

To compute confidence intervals of our estimate of β0 post running our bandits, we provide two

ways as the following. As the first way, we use directly Theorem 3.3.2. The data set is constructed

as illustrated in Section 3.4 with ρ = 5, k = 1,and dexo = 1. We run 1,000 trials in total. In each

trial, we take the final estimation β̂ from a pre-run ϵ-BanditIV with 2,000 rounds as the mean of

the confidence interval and calculate the estimated standard deviation as the theorem provides to

construct one confidence interval. Among the 1,000 trials, we get a 95.5% coverage for the 95%

confidence interval, which is close to the ideal.

As the second way, we use a re-randomization test similar to that of Bojinov et al. (2020) and

Farias et al. (2022). For the estimate β̂, we test the sharp null hypothesis that the β0 = τ for all t.

The sharp null hypothesis implies that the new outcome is yt + τ(pHt − pt) where pHt is a newly

pulled arm in the post test and pt is a pulled arm by the pre-run ϵ-BanditIV.

We conduct exact tests by using the known assignment mechanism to simulate new assignment

paths. Algorithm 2 provides the details of how to implement it, where we stack [x′t, pt]
′, t ∈

{1, ..., T}, together denoted as X . In particular, we propose τ by a downward search method based

on the estimate from the bandit algorithm. Under the sharp null hypothesis of β0 = τ , a new arm

assignment path leads to a sequence of observed outcomes yt + τ(pHt − pt) for t ∈ {1, · · · , T}. To

obtain a confidence interval, we invert a sequence of exact hypothesis tests to identify the region

outside where the null hypothesis is violated at the prespecified significance level (Imbens and

Rubin, 2015; Bojinov et al., 2020).

Consistent with the setting illustrated in the first way, all of these experiments are run on syn-

thetic data constructed as in Section 3.4, and we consider the case k = 1, dexo = 1 and ρ = 5.

We run 50 trials and in each trial, we propose 20 hypotheses for β0 based on β̂ from a pre-run

ϵ-BanditIV with 2,000 rounds and construct confidence intervals for the estimate of β0. For each

hypothesis of β0, we run the sharp null hypothesis test where we set NH as 200. We choose
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Algorithm 2 Sharp Null Hypothesis Test

Require: Fix NH , total number of samples drawn; Given β̂, Γ̂, X , and Y from a pre-run bandit
algorithm; Given a prespecified significance level α
for i in 1 : NH do

Sample a new assignment path, pHt , for t ∈ {1, · · · , T} according to the assignment mecha-
nism under the null hypothesis β0 = τ

Change the sequence of original outcomes yt to yt + τ(pHt − pt) for t ∈ {1, · · · , T}
Compute τ̂ [i] as the original algorithm does, i.e.,

X̂H = ZH Γ̂

τ̂ [i] = γI + ((X̂H)′X̂H)−1(X̂H)′Y H

end for
Compute α̂ = N−1

H

∑NH

i=1 1{|τ̂ [i]| > |β̂|}
Reject the null hypothesis if α̂ < α

the significance level to be α = 0.05. Under ϵ-BanditIV, the coverage of the test is 96%. We

can see that, given the significance level as 0.05, the coverage of the test is close to ideal. Thus,

the re-randomization tests and corresponding confidence intervals reported here are adequate for

inference of the main treatment effect.

3.4 Numerical Experiments

In this section, we will construct synthetic data to evaluate the empirical performance of our al-

gorithms. We will focus on the problem of a platform operator who aims to recommend products

to its customers in an online setting, with recommendations being made at each time period. To

construct the data generation process, we extend the previous simulation setup of Bakhitov and

Singh (2021), adapting it to the online setting.

Consider a platform operator that wants to recommend products to customers. For every period

t = 1, · · · , T , the platform operator has to choose among Jt = 50 products (or arms) where each

product (or arm) is associated with features xt,a ∈ Rdexo×1 and price pt,a ∈ R. For our simulation,

we exogenously draw each element of xt,a from a normal distribution with mean 0 and variance 1.
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We simulate the reward (yt,a ∈ R) the platform operator gets if it selects arm a ∈ At as follows –

yt,a = ω′
0xt,a + β0pt,a + ρξ1,t,a + ξ2,t,a,

where ξ1,t,a, ξ2,t,a ∈ R are drawn independently from a normal distribution with mean 0 and stan-

dard deviation 0.1; ρ ∈ R is the degree of endogeneity; we set all elements in ω0 = 1 and set the

parameter β0 = −1 and assume it is the main parameter of interest. Now to model the endogeneity

in the data-generating process, we simulate pt,a in the following way

pt,a = Γ′
0zt,a + ξ1,t,a + ξ3,t,a (3.5)

where ξ3,t,a ∈ R is drawn from a normal distribution with mean 0 and standard deviation 0.1; we

exogenously draw each instrumental variable in zt,a ∈ Rk×1 from a normal distribution with mean

0 and variance 1, and we set all elements in Γ0 ∈ Rk×1 as 1.

In our simulations, we will vary the endogeneity degree ρ to see how it affects the performance

of algorithms. We also vary the dimension of exogenous variable xt and the dimension of instru-

mental variable zt to see whether these dimensions affect the algorithm performance. We show the

simulation results in Figures 3.1, 3.2, and 3.3.

We have two objectives in the simulation: (i) to achieve the maximum reward through selecting

optimal arms, and (ii) to obtain an accurate estimation of the causal relation between the endoge-

nous variable pt and the reward yt, which is -1 in this setting. We compare the performance of

our algorithm on these two metrics with three other bandit algorithms – ϵ-Greedy, Linear TS, and

OFUL. We adopt these algorithms as benchmarks because they have good theoretical and empirical

performance, making them the most popular families of algorithms in both practical application

and research. Many recent studies in bandit algorithms have also employed these benchmarks for

comparison purposes (Dimakopoulou et al., 2019; Hao et al., 2020).

We run T = 2, 000 time steps for each algorithm and collect the regret and estimation bias

over time. We use the absolute difference between the estimated coefficient of pt and the true
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value of the coefficient, -1, to measure the estimation bias. Across all simulations in this section,

the dimension of the endogenous variable is fixed at 1. In Figure 3.1, we set both the dimensions

of the exogenous variable and the instrumental variable as 1. Then, in Figure 3.2, we change

the dimension of the exogenous variable to 2, and in Figure 3.3, we set the dimension of the

instrumental variable as 2. With the instrument dimension equal to or larger than the endogeneity

dimension, the endogenous effect becomes just-identified or overidentified. The first, second, and

third columns of each figure present results for ρ = 0, 5, 10 respectively. We use blue lines to

represent BanditIV results, orange lines to represent ϵ-BanditIV results, green lines to represent

Linear TS results, red lines to represent OFUL results, and purple lines to represent ϵ-Greedy

results. Broadly, two persistent results emerge: first, when there is no endogeneity, i.e., ρ = 0,

all algorithms perform similarly in respect of both regret and estimation bias (we do notice that

BanditIV and ϵ-BanditIV can have a higher regret especially compared to Linear TS and OFUL

when ρ = 0, and provide a discussion at the end of this section); but as the endogeneity issue

becomes more severe, i.e., ρ increases, our proposed algorithms outperform more significantly

than ϵ-Greedy, Linear TS and OFUL both on regret and inference. Second, BanditIV reaches lower

actual regret than ϵ-BanditIV, but ϵ-BanditIV yields slightly less biased estimation. On average,

ϵ-BanditIV is approximately 6.9% less biased than BanditIV in our simulation. To further see

how a noisier instrumental variable can affect the algorithm performances, we show simulation

results with various values of the variance of the errors ξ1,t and ξ3,t in Appendix A.0.2.

Note that the estimation bias in β0 could be either upward or downward, depending on the sign

of ρ.2 For instance, if ρ is positive, the bias will be upward (β̂ ≥ −1), while if ρ is negative, the bias

will be downward (β̂ ≤ −1). Note that, in the specific case where xt,a = 0 and if ρ is selected to be

negative, then regardless of the degree of endogeneity (and thus the magnitude of bias), ϵ-Greedy,

TS and OFUL will all choose the arm with the smallest value of pt,a with the highest probabilty,

i.e., the arm that maximizes ŷt,a = 0 + β̂ · pt,a. This might result in the same arm getting selected

across varying endogeneity levels, thus resulting in the same regret.

2Bandit algorithms like TS and OFUL implicitly estimate a ridge or ordinary least squares regression. Thus, one
can use the directional bias in static settings as intuition to predict the direction of bias in online settings.
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In addition, when there is no endogeneity (ρ = 0), the performance of BanditIV and ϵ-BanditIV

can be slightly worse compared to state of the art traditional approaches like OFUL and Linear TS.

This is because BanditIV and ϵ-BanditIV introduce an additional estimation step to account for

potential endogeneity, which can introduce extra variance in the estimators when endogeneity is

absent, particularly in smaller samples.

However, this tradeoff is a well-known phenomenon in instrumental variable (IV) methods

more broadly: when endogeneity is present, IV-based approaches provide crucial bias correction,

but when endogeneity is absent, the additional estimation step can slightly increase variance. This

underscores an important practical consideration—if a practitioner is confident that no endogeneity

exists in their application, state of the art traditional bandit methods such as OFUL and Linear

TS remain well-suited. On the other hand, in settings where endogeneity is uncertain or likely,

BanditIV and ϵ-BanditIV provide a robust alternative.

3.5 Real-world Applications

In this section, we will apply our proposed algorithms to real-world data to test their practical

performance. It is important to note that evaluating the real-world applicability of bandit algorithms

is challenging, as it requires deploying them in practice, which is often not feasible. As a result,

most of the extant literature on online learning relies on pseudo-real-world demonstrations of the

algorithms’ abilities. Following the extant literature, we will conduct our evaluations in a two-step

process. First, we will use real-world data to estimate the parameters of a model that captures

the underlying contextual primitives. This model will serve as a representation of the real-world

environment in which the algorithms will be tested. In the second step, the estimated model from

the first step will be used to simulate the real world. The algorithms will then be run in this

“simulated” real world to assess their performance and applicability.
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(a) ρ = 0 (b) ρ = 5 (c) ρ = 10

(d) ρ = 0 (e) ρ = 5 (f) ρ = 10

Figure 3.1: Simulation results on synthetic data with endogeneity when k = 1, dexo = 1

The x-axis shows the number of time steps and the y-axis shows the performance indicator which is either
estimation bias or the actual regret. We use the absolute difference between the estimated coefficient of pt
and the true value of the coefficient -1 to measure the estimation bias and the actual cumulative regret to
measure the regret. As mentioned before in this essay, we denote the ϵ-BanditIV algorithm with ϵt = 0

for t = 1, 2, · · · , T as the BanditIV algorithm. Our findings indicate that the ϵ-BanditIV algorithm is, on
average, approximately 6.9% less biased than BanditIV .
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(a) ρ = 0 (b) ρ = 5 (c) ρ = 10

(d) ρ = 0 (e) ρ = 5 (f) ρ = 10

Figure 3.2: Simulation results on synthetic data with endogeneity when k = 1, dexo = 2

The x-axis shows the number of time steps and the y-axis shows the performance indicator which is either
estimation bias or the actual regret. We use the absolute difference between the estimated coefficient of pt
and the true value of the coefficient -1 to measure the estimation bias and the actual cumulative regret to
measure the regret. As mentioned before in this essay, we denote the ϵ-BanditIV algorithm with ϵt = 0

for t = 1, 2, · · · , T as the BanditIV algorithm. Our findings indicate that the ϵ-BanditIV algorithm is, on
average, approximately 6.9% less biased than BanditIV .
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(a) ρ = 0 (b) ρ = 5 (c) ρ = 10

(d) ρ = 0 (e) ρ = 5 (f) ρ = 10

Figure 3.3: Simulation results on synthetic data with endogeneity when k = 2, dexo = 1

The x-axis shows the number of time steps and the y-axis shows the performance indicator which is either
estimation bias or the actual regret. We use the absolute difference between the estimated coefficient of pt
and the true value of the coefficient -1 to measure the estimation bias and the actual cumulative regret to
measure the regret. As mentioned before in this essay, we denote the ϵ-BanditIV algorithm with ϵt = 0

for t = 1, 2, · · · , T as the BanditIV algorithm. Our findings indicate that the ϵ-BanditIV algorithm is, on
average, approximately 6.9% less biased than BanditIV .
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3.5.1 Mobile App Recommendation

We will first examine the problem of product recommendations, focusing on the challenge faced by

Apple in recommending apps to its users. For this exercise, we will slightly simplify the problem

faced by Apple. Consider Apple, which wants to recommend one app to its users every day. Apple

wants to choose among a set of apps At, where each app is associated with specific features xt,a

and price pt,a, and recommend them to a fixed userbase of M customers. Given the vast number of

apps on the Apple app store, it is extremely difficult for customers to discover non-top apps. Next,

we assume that if an app is not recommended to the user base under consideration, it remains

undiscoverable and receives 0 downloads.

If Apple recommends app a ∈ At to the users, we model the downloads it receives as follows:

yt,a = ω′
0xt,a + β0pt,a + ρξ1,t,a + ξ2,t,a,

where ξ1,t,a and ξ2,t,a capture demand shocks unobservable to Apple, and ρ captures the degree of

correlation between price (pt,a) and unobservable consumer demand shocks ξ1,t,a. Note that gen-

erally, for growing platforms, customer engagement numbers are more important than immediate

revenue. For instance, 100 customers downloading a free app might be more valuable to platform

growth than one customer buying an expensive app.3 In addition, in practical recommendation

settings where contextual bandits are commonly used (Li et al. (2010); Nguyen et al. (2014)), the

objective is to learn the relationship between contextual features (e.g., user and product attributes)

and user engagement metrics (e.g., click-through rate, conversion rate, or ratings). Following this

literature, we use demand (number of downloads) as a proxy for engagement and use the number

of downloads as a measure of reward (yt,a).

3For paid apps, Apple generates revenue through two sources: (i) upfront payments and (ii) in-app purchases.
Some apps may charge a higher upfront price and lower in-app purchase prices, while others might do the opposite.
To use revenues as a measure of reward, additional assumptions on handling in-app purchases would be needed. If
one ignores the revenue through in-app purchases, the upfront revenue, i.e., p*Downloads, can also be used as the
reward in our framework.
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To model the correlational structure, we assume pt,a is set in the following way:

pt,a = Γ′
0zt,a + ξ1,t,a + ξ3,t,a,

where ξ3,t,a captures exogenous shocks.

Estimates of data-generating process from real-world data We use a dataset from Apple’s

iOS app store on paid mobile apps. The dataset records daily downloads for 926 unique iOS paid

apps during the period from Jan 2, 2013, to Sep 30, 2014. For each app, we observe the values

of the feature vector (Age, Version, VersionAge, Rating, and Price4) for each day during the study

period. The pools of potential apps to recommend vary over time due to the entries and exits of

apps in the market. To calculate the values of parameters ω0 and β0, we estimate an instrumental

variable regression with the number of downloads as the dependent variable. We also collect the

name of the country where the headquarters of each app is located. For each country, we then

collect the daily exchange rate (ExchangeRate) with USD as the base currency and use that as

an instrument for app prices. Similar instruments have been used in prior literature, such as in

Clements and Ohashi (2005). We report the results of the ordinary least squares (Model I) and

two-stage least squares (Model II) using our instrumental variable in Table 3.1. We report the first

stage regression result of Model II in Table 3.2. We find that the coefficient of price in Model I is

positive, which indicates the presence of endogeneity. Our instrumental variable is able to correct

for this in Model II. Therefore, we use values from Model II for parameters ω0, β0 and Γ0 (see

Equations (3.6) and (3.7)). Then we draw ξ1,t exogenously from a normal distribution with a mean

of 0 and a standard deviation of 0.2. We draw ξ2,t and ξ3,t independently from a normal distribution

with a mean of 0 and a standard deviation of 0.01.

4Age is the number of days an app has been available in the market; Version is a version index of an app and
increments with each new release; VersionAge is the number of days a particular version of app has been available
in the market; Rating is the average review rating an app has received up to the current date; Price is the amount
users must pay to download the app.
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Table 3.1: Regression Coefficients from Observational Data

Dependent Variable: Downloads
Model I Model II

Price 0.545*** -20.785***
(2.708) (-28.118)

Rating 5.061*** 1.888***
(12.175) (6.099)

Age -0.018*** -0.015***
(-15.253) (-20.886)

Version 0.397*** 0.596***
(6.433) (14.111)

VersionAge -0.022*** 0.018***
(-3.643) (4.049)

Const. 25.062*** 88.708***
(12.692) (31.312)

Observations 100,086 100,086
R2 0.005 -0.107
Notes. t-statistics are in brackets. *p<0.1, **p<0.05, ***p<0.01



34

Table 3.2: First-Stage Regression Result

Variables Price
ExchangeRate 0.012***

(31.069)
Rating -0.120***

(-17.328)
Age 0.000***

(8.388)
Version 0.017***

(21.638)
VersionAge 0.002***

(16.073)
Const. 2.654***

(86.413)
Observations 100,086
R2 0.048
F-statistic 648.0
Notes. t-statistics are in brackets. *p<0.1, **p<0.05, ***p<0.01
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Downloadst,a =88.708− 20.785Pricet,a + 0.018VersionAget,a + 0.596Versiont,a−

0.015Aget,a + 1.888Ratingt,a + ρξ1,t,a + ξ2,t,a (3.6)

Pricet,a =2.654 + 0.012ExchangeRatet,a + 0.002VersionAget,a + 0.017Versiont,a−

0.000Aget,a − 0.120Ratingt,a + ξ1,t,a + ξ3,t,a (3.7)

Additionally, to demonstrate substantial intertemporal variation in app prices within our syn-

thetic dataset, for each app, we calculate the relative price range during our study period using

the formula Pricei,max−Pricei,min

Pricei,min
, where we use subscript i to denote an app. Figure 3.4 shows the

distribution of this price variation across apps. We can see that apps exhibit considerable price

variation across time.

Figure 3.4: Price Variation of Mobile Apps

We run synthetic simulations for 637 days mimicking the time window the dataset covers. In

Figure 3.5, we show the regret and estimation bias for four algorithms – BanditIV, ϵ-BanditIV,

ϵ-Greedy, Linear TS and OFUL on the Apple iOS data. We find that BanditIV and ϵ-BanditIV

significantly outperform the other three classic algorithms both on regret and estimation bias, es-

pecially under higher endogeneity cases. When there are no endogeneity issues, i.e., ρ = 0, all of

the algorithms have close-to-zero estimation bias. Meanwhile, we notice that the Linear TS and

OFUL algorithms have slightly lower regrets. As discussed in Section 3.4, the BanditIV approaches

incorporate an additional estimation procedure to account for potential endogeneity. When endo-
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geneity is absent, especially in smaller sample sizes, this extra step can introduce unnecessary

variance into the estimators which leads to higher regret. When endogeneity increases, including

the cases where ρ = 50, 100, the estimation bias from classic algorithms increases dramatically

while ϵ-BanditIV algorithms still keep extremely low estimation bias and achieve lower regret. To

conclude, our proposed algorithms consistently outperform state-of-art algorithms like ϵ-Greedy,

Linear TS, and OFUL, in both aspects of regret and inference especially when endogeneity issues

exist.

Note that that our proposed framework is not intended as a standalone replacement for existing

recommender systems but rather as a component in modern recommendation pipelines. Large-

scale recommender systems typically employ an ensemble of methods—including collaborative

filtering, matrix factorization, and contextual bandits—to address challenges such as dynamic pric-

ing, and new-user or new-item scenarios (Koren et al., 2009; Li et al., 2010). Companies such as

Instacart (link), Netflix (link), and Expedia (link) integrate contextual bandits as part of their rec-

ommendation system pipelines.

Contextual bandits are specifically adopted in recommendation settings to learn new user pref-

erences and new item (or product) feature effects in real time. This is useful in scenarios where

limited interactions or newly introduced items require rapid adaptation (Li et al., 2010; Nguyen

et al., 2014). Our method augments existing contextual bandit-based recommendation systems

by explicitly addressing endogeneity within the bandit framework—a crucial factor in real-world

settings where user engagement and item exposure can be influenced by confounded variables.

In endogenous settings, if traditional bandit algorithms are used without accounting for endo-

geneity, the learned policy may be systematically biased, leading to suboptimal recommendations.

This, in turn, results in higher regret, as demonstrated in our experiments (see Figure 3.5). The

consequence of higher regret is lower user engagement—undermining the fundamental goal of a

recommendation system, which is to maximize user interaction with relevant products. Our method

addresses this issue by incorporating endogeneity correction within the bandit framework, making

it particularly valuable in real-world recommendation applications where various factors (such as

price) can distort the learning process.

https://tech.instacart.com/using-contextual-bandit-models-in-large-action-spaces-at-instacart-cb7ab4d8fa4f
https://www.geteppo.com/blog/netflix-lyft-yahoo-contextual-bandits
https://medium.com/expedia-group-tech/adaptive-products-and-contextual-bandits-a-new-way-of-optimising-websites-be5e02626642
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(a) ρ = 0 (b) ρ = 50 (c) ρ = 100

(d) ρ = 0 (e) ρ = 50 (f) ρ = 100

Figure 3.5: Simulation results on mobile app data with different endogeneity degrees

The x-axis shows the number of time steps and the y-axis shows the performance indicator which is either
estimation bias or the regret. We use actual cumulative regret to measure the difference between the numbers
of downloads from the true optimal at each time and from the focal algorithm. We use the absolute difference
between the true value of the price effect and the estimated price effect by the focal algorithm to measure
the estimation bias. As mentioned before in this essay, we denote the ϵ-BanditIV algorithm with ϵt = 0 for
t = 1, 2, · · · , T as the BanditIV algorithm.
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3.5.2 Real-Time Bidding Auctions

RTB is a dominant auction mechanism for selling ad exposures in display markets. A consumer

entering a publisher’s website generates an ad impression opportunity for advertisers. An auction

takes place for every single impression opportunity. In RTB, an advertiser makes a buying decision

in the auction immediately after the consumer arrives at the publisher’s website. Buying decisions

of impressions involve programmatic automation. The advertiser’s ad is served to the consumer

only if the advertiser wins the auction of the impression.

An advertiser makes buying decisions based on impression-specific information, like the width,

height, and visibility of an ad slot, and the user’s profile. Generally, the advertiser’s objective is

twofold: first, to measure the marginal value of the ad exposure; second, to achieve the largest

profit through optimizing the bidding price. Notice that the advertiser has to bid in an auction to

win the impression opportunity. Either overbidding or underbidding may bring significant costs

to the advertiser. The advertiser can obtain a higher winning probability with a very high bid, but

may not cover the paying price with the profit of ad exposure. On the contrary, the advertiser will

be less likely to win with a low bid.

We will model the advertiser’s ad bidding problem as a linear contextual bandit. Consider an

advertiser that in every period t bids on customer impressions. Each impression is characterized

by a set of features denoted by qt. If the advertiser chooses to bid an amount bt ∈ At, where At

represents the set of all potential bids the advertiser considers, it realizes some profit yt,bt . We

model the profit (yt,bt) the advertiser gets if it wins the auction as the sum of a base revenue (β(0)),

the revenue generated from the ad exposure (β(1)) subtracted by the paying price (BCP,t), and a

random error (et,bt).

yt,bt = β(0) + (β(1) −BCP,t)I{BCP,t < bt}+ et,bt , (3.8)

We assume a second-price auction and use BCP,t to denote the highest bidding price among the

advertiser’s competitors at time t. The base revenue is a part of the revenue the advertiser will

always receive, regardless of whether it wins the auction or not. We use β(0) to represent the
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expected base revenue. The marginal revenue of the ad exposure, β(1), is our main coefficient of

interest and is also referred to as the treatment effect, i.e., the effect of ad exposures on revenue. To

determine whether the advertiser wins the auction or not, we use an indicator function, I{BCP,t <

bt}, where bt is the advertiser’s bidding price at time t. The unobserved demand shock at time t is

denoted by the error term et,bt .

Note that, even if the advertiser were to randomize the bids (bt) it places, it still cannot random-

ize the ad exposure (I{BCP,t < bt}). This is due to the fact that the ad exposure (I{BCP,t < bt})

depends on the “best” competing bid and cannot be controlled by the focal advertiser. In the above

data-generating process, the arm covariate I{BCP,t < bt} can be correlated with the error term

et,bt . Certain competing advertisers might be able to anticipate consumer demand shocks (captured

by et,bt) better than the focal advertiser and adjust their bids accordingly. This could create a po-

tential correlation between BCP,t and et,bt , and thus a correlation between I{BCP,t < bt} and et,bt .

Our assumption is that only the “best” competing bid needs to be correlated with demand shocks,

which could occur even if one of the competitors has access to more market trends or customer

information compared to the focal bidder. We do not assume that every bidder can observe the

market demand shocks equally. Our model accounts for the possibility of information asymmetry

among bidders, which is a realistic representation of real-world bidding scenarios. To model the

competing bid (BCP,t), we use the following data-generating process:

BCP,t = ψ(0)qt + ψ(1)νt + ξ1,t + ξ3,t, (3.9)

where qt captures the characteristics of the impression (including ad slot width, height, visibility,

and floor price), νt captures certain exogenous market shocks uncorrelated with consumer demand

shocks (et,bt), ξ1,t captures demand shocks unobservable to the focal advertiser which are correlated

with consumer demand shocks (et,bt), and ξ3,t captures exogenous shocks unobservable to the focal

advertiser.

To model the correlational structure, we rewrite the error term (et,bt) as the sum of two error

terms: ξ1,t and ξ2,t,bt . We assume that I{BCP,t < bt} is correlated with the first error term, ξ1,t,
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while uncorrelated with the second error term, ξ2,t,bt . The parameter ρ indicates the degree of

endogeneity, with larger |ρ| implying higher endogeneity.

et,bt = ρξ1,t + ξ2,t,bt (3.10)

Estimates of data-generating process from real-world data We now use real data from

iPinYou (Liao et al., 2014) to calibrate the parameters of our data-generating process. The iPinYou

RTB dataset is publicly available and includes data on ad bidding, impressions, clicks, and final

conversions. For this study, we focus on the impression data for the Telecom product category. The

auction mechanism used in this setting was a second-price auction. As a result, for every auction

on an impression, we observe the highest competing bidding price (BCP,t), which is also the bid-

der’s paying price, in the dataset. To estimate the parameters of the data-generating process for

simulating the best competing bid (Equation (3.9)), we first regress the observed values of the best

competing bids on impression features, such as ad slot width, height, visibility, and floor price.

The parameter results are reported in Table 3.3, and these values are used to construct ψ(0). Next,

we synthetically simulate an instrumental variable, νt, by drawing samples from a uniform distri-

bution within the range [6, 6.2] and assume the value of ψ(1) to be 1. We draw ξ1,t exogenously

from a normal distribution with a mean of 0 and a variance of 1, and ξ3,t from a normal distribu-

tion with a mean of 0 and a standard deviation of 0.5. To calibrate the parameters for simulating

the profit (yt,bt), we need to estimate the values of β(0) and β(1), where β(1) represents the effect

of ad exposures on revenue. As the iPinYou dataset does not directly provide revenue data for

advertisers, we use the average paying price for advertisers as an approximation, which reflects

their valuation for the ad exposure, and set β(1) = 288. For β(0), we consider multiple values:

β(0) ∈ [100, 1000, 10000]. We provide results with β(0) ∈ [1000, 10000] in Appendix A.0.4. Fi-

nally, the error term ξ2,t,bt is drawn from a normal distribution with a mean of 0 and a variance of

1.

The variable νt will serve as the instrumental variable to address the endogeneity bias. An

instrumental variable must satisfy two requirements: (i) E[νtet] = 0, meaning that the instrument
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Table 3.3: Regression Coefficients from Observational Data

Variable BCP,t

Slot Width 0.029***
(43.638)

Slot Height 0.077***
(65.136)

Slot Visibility -8.305***
(-165.663)

Floor Price 0.607***
(274.459)

Const. 73.097***
(138.719)

Observations 354,320
R2 0.311
Notes. t-statistics are in brackets.
*p<0.1, **p<0.05, ***p<0.01

is uncorrelated with the error term, (ii) νt affects I{BCP,t < bt}, indicating that the instrument has

a direct effect on the endogenous variable, and νt does not affect yt,bt directly.

One potential example of exogenous data that can be used as an instrumental variable in RTB

auctions is the intensity of political ads (Sinkinson and Starc (2019)) at a given time. As demon-

strated by Sinkinson and Starc (2019), political ads have a displacement effect on commercial ads,

yet they do not directly affect the revenue generated from commercial ads. Therefore, the variation

in political ad intensity can represent exogenous variation in an advertiser’s likelihood of winning

an auction and serve as a potential instrument in the RTB problem.

It is important to note that the relationship between I{BCP,t < bt} and νt is not linear, while

both our algorithms require a linear relationship between the endogenous variable and the instru-

mental variable. This discrepancy could lead to misspecification bias and adversely affect the

performance of our algorithms. Despite this limitation, in our simulations, we will execute our

algorithms while ignoring the non-linear relationship. Our simulations do reveal a small bias due
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to this assumption.

We run our simulation for 2,000 time periods. In each time period, the advertiser is shown

an impression opportunity. The impression characteristics (qt) are randomly sampled from our

dataset. At every time period t, the advertiser must choose a bid bt from a set of available prices

At. Each price bt,a ∈ At is regarded as an arm, and we define the minimum and maximum values in

setA to correspond to the lowest and highest paying prices found in the dataset. Unlike traditional

bandit settings, the arm features are not revealed at period t. In this case, the arm feature is the

value I{BCP,t < bt}. At time t, the advertiser does not know the value of BCP,t. However, we

assume that the advertiser can compute the value of E[BCP,t] using the true values of ψ(0) and ψ(1).

Thus, in this setup, regardless of the bandit algorithm employed, when deciding which arm (or bid)

to choose, the advertiser makes that decision by computing profit using E[BCP,t] instead of BCP,t.

The actual values of BCP,t are realized by the advertisers only after the auction has taken place.

Once the advertiser bids with the chosen arm, bt, they observe whether they have won the auction

and the realized revenue.

In our simulation, to predict the value of I{BCP,t < bt}, the classical algorithms includ-

ing ϵ-Greedy, Linear TS and OFUL first conduct a linear projection of historical observations

{I{BCP,s < bs}}t−1
s=0 on {B̂CP,s}t−1

s=0 and {bs}t−1
s=0 and then predict I{BCP,t < bt} based on the

projection, E[BCP,t], and bt. In contrast, the BanditIV and ϵ-BanditIV algorithms incorporate a

projection step onto the instruments, that is, a linear projection of {I{BCP,s < bs}}t−1
s=0 on {νs}t−1

s=0,

{qs}t−1
s=0 and {bs}t−1

s=0, and then predict I{BCP,t < bt} based on the projection, νt, qt, and bt.

In Figure 3.6, we show the regret and estimation bias for four algorithms – BanditIV, ϵ-

BanditIV, ϵ-Greedy, Linear TS and OFUL on the RTB data. We compare algorithm performance

under different endogeneity cases. We find that BanditIV and ϵ-BanditIV significantly outper-

form the other three classic algorithms both on regret and estimation bias, especially under higher

endogeneity cases. When there are no endogeneity issues, i.e., ρ = 0, all of the algorithms have

close-to-zero estimation bias while the BanditIV and the ϵ-BanditIV algorithms have slightly higher

regrets. When endogeneity increases, including the cases where ρ = 50, 100, the estimation bias

from classic algorithms increases dramatically while BanditIV algorithms keep extremely low es-
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timation bias and regret.

(a) ρ = 0 (b) ρ = 50 (c) ρ = 100

(d) ρ = 0 (e) ρ = 50 (f) ρ = 100

Figure 3.6: Simulation results on RTB data with different endogeneity degrees and β(0) = 100

The x-axis shows the number of time steps and the y-axis shows the performance indicator which is either
estimation bias or regret. We use actual cumulative regret to measure the difference between the revenue
from the true optimal at each time and from the focal algorithm. We use the absolute difference between the
true value of the ad effect and the estimated ad effect by the focal algorithm to measure the estimation bias.
As mentioned before in this essay, we denote the ϵ-BanditIV algorithm with ϵt = 0 for t = 1, 2, · · · , T as
the BanditIV algorithm.

3.6 Discussion

In this essay, we study the endogeneity problem in online decision-making settings where we

formulate the decision-making process as a contextual linear bandit model. We discuss how many

economic settings can be characterized by endogeneity and extant methods can lead to estimation

bias and suboptimal decisions. To correct the bias and optimize online decisions, we propose the ϵ-

BanditIV algorithm by utilizing both existing linear bandit algorithms and instrumental variables.

We present the theoretical properties of our algorithm. We first show an upper bound for the
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total expected regret, and then show the consistency, asymptotic normality of the estimator in the

algorithm. On the applied side, we conduct extensive simulations on synthetic data. We find

that the ϵ-BanditIV algorithm outperforms several benchmark linear bandit algorithms when the

endogeneity problem occurs. Finally, we use datasets on both the mobile app recommendation and

the RTB system to demonstrate how ϵ-BanditIV can be effective in estimating the causal impact of

price and advertising respectively while maintaining close to oracle regret.
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Chapter 4

DEBIASING ML- OR AI-GENERATED REGRESSORS IN PARTIALLY
LINEAR MODELS

4.1 Problem Setting

In this section, we introduce the problem settings of ML/AI-generated variables in general models.

Let Yi denote an R-valued data observation of the dependent variable, and {D∗
i , Zi} denote a set

of data observations of independent variables. Assume that the variable Z is RdZ -valued and we

already have all data observation of this variable. Nevertheless, the variable D∗ is RdD-valued and

we need to extract D∗
i from an unstructured dataset through methods like human annotation. We

are interested in the causal effect of D∗ on Y . Ideally, we need a dataset {Yi, D∗
i , Zi}ni=1, where

n is the size of the whole dataset. Yet, due to reasons like high human annotation cost, we can

only observe {Yi, D∗
i , Zi}nl

i=1 for a small subset of the data with a size nl, where we use subscript

l to represent “labeled”. We use ιi to indicate whether the data observation is in the labeled set

(if in the labeled set, ιi = 1). To simplify our notation, we denote the subset of the labeled data

as {Yi, D∗
i , Zi}nl . Note that all the data observations are i.i.d. drawn from unknown population

distributions.

Consider that an ML/AI algorithm is used to predict the independent variable D∗
i for the whole

dataset. We denote the predicted value for D∗
i as Di, which is also RdD-valued. As a result,

we can observe the data {Yi, Di, Zi}ni=1 through this ML/AI algorithm. Let Xi := (D′
i, Z

′
i)

′ and

X∗
i := ((D∗

i )
′, Z ′

i)
′. The true model is described in (4.1), where ϕo(·) is a general function, and we

will specify the function form later in Sections 4.2. The term εi is a random error independent of

X∗
i and Xi. That is,

Yi = ϕo (X
∗
i ) + εi, E [ε | X∗, X] = 0. (4.1)

The second part in Equation (4.1) is the identification assumption. Loosely speaking, it assumes



46

the gap between ML/AI-generated variable D and the true variable D∗ will not affect the causal

relationship between Y and X∗, provided one can observe the observations for X∗. This condition

is relatively mild because the causal relationship in the subsequent econometric model is usually

irrelevant to the training objective. It typically involves using the true label and input, such as

unstructured data, to train the ML/AI algorithm and is not related to the estimation of the causal

parameter.

Suppose we are interested in the causal effect of D∗ on Y ; the parameter of interest can be

written as follows:

θo = E

[
∂Y

∂D∗

]
. (4.2)

The model specification and estimation strategy are detailed in Section 4.2. With a labeled

dataset, one can estimate θo without bias. However, as we assume that nl ≪ n, this estimation

strategy can cause a large variance due to the limited finite sample, and hence low statistical power.

Combining with the unlabeled dataset, we could have a much larger dataset. But naively replacing

D∗
i by Di in estimating θo may introduce bias, thus not ideal for empirical researchers. Therefore,

in the following section, we propose debiased estimation strategies for a general partially linear

model specification, with the linear model as a special case.

4.2 Models and Estimators

4.2.1 Illustration Using Linear Model

First, we consider a linear model, i.e., ϕo(·) is a linear function. The model can be written as:

Yi = β′
oX

∗
i + εi, E [ε | X∗, X] = 0. (4.3)

where X∗
i := ((D∗

i )
′, Z ′

i)
′ is an RdD+dZ -valued random variable. It is known that running Ordinary

Least Squares (OLS) of Yi on Xi using the entire dataset directly can result in estimation bias. As

illustrated in Greene (2003), Carroll et al. (1995), and Yang et al. (2018), if we consider classical

measurement error, i.e., Xi = X∗
i + ωi, where ωi is independent of εi and X∗

i , we can see an
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attenuation bias as well as asymptotic inconsistency generated by the OLS estimation on the whole

dataset. If we consider nonclassical measurement error, like Xi = ϖX∗
i + ωi, where ϖ < 1

represents a multiplicative systematic error and ωi is independent of εi and X∗
i , we can see an

amplification bias as well as asymptotic inconsistency by the OLS estimation on the whole dataset

(Yang et al., 2018). One way to obtain a potentially unbiased estimation of β is to run an OLS of

Yi on the true labels X∗
i using the labeled dataset only as in Equation (4.4).

Estimator 1 (OLS on the labeled dataset only)

β̂ols =

(
n∑

i=1

ιiX
∗
iX

∗′
i

)−1( n∑
i=1

ιiX
∗
i Yi

)
. (4.4)

We can easily obtain unbiasedness and asymptotic consistency for the estimation of βo through

Estimator 1. However, the drawback of Estimator 1 is that, in our setting, the size of the labeled

dataset is small, which may still lead to unfavorable finite sample properties (finite-sample bias and

unreliable standard errors). Another way to correct the estimation bias for βo is to run a Two-Stage

Least Square (TSLS) on the full dataset as described in Equation (4.6).

Estimator 2 (TSLS on the full dataset)

1. Estimate the projection coefficient matrix Γ̂ by performing a linear projection of X∗
i on Xi

using the labeled dataset {X∗
i , Xi}nl . Then, predict {X̂∗

i }ni=1 using {Xi}ni=1 and Γ̂. That is,

Γ̂ = (
n∑

i=1

ιiXiX
′
i)

−1(
n∑

i=1

ιiXiX
∗′), X̂∗

i = Γ̂′Xi for i = 1, . . . , n. (4.5)

Notice that Γ̂ is an estimator for Γo = E[XX ′]−1E[XX∗′]. Let ξi = X∗
i − Γ′

oXi, we have

E [ξX ′] = 0 is satisfied by the definition of Γo, provided that E[XX ′] is positive definite.

2. Run an OLS of Yi on X̂∗
i using

{
Yi, X̂∗

i

}n

i=1
. The TSLS estimator of βo is given by

β̂tsls =

(
n∑

i=1

X̂∗
i X̂

∗
i

′
)−1( n∑

i=1

X̂∗
i Yi

)
. (4.6)
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Estimator 2 in Equation (4.6) is equivalent to the estimator in the first example in Qiao and Huang

(2021). We provide the proof for the equivalence in Appendix (B.6). The Estimator 2 is consistent

but not the most efficient given the current moment condition in (4.3). Intuitively, TSLS estimator

only uses the moment condition E [εX] = 0, while does not jointly account for the variance for

both moments: E [εX] = 0 and E [ξX ′] = 0. Therefore, we construct a GMM estimator that uses

both moment conditions to gain efficiency.

Let g1(b) := E[X∗(Y − (X∗)′b)], g2(b) := E[X(Y − (X∗)′b)], ĝ1(b) := 1
nl

∑n
i=1 ιiX

∗
i (Yi −

(X∗
i )

′b) and ĝ2(b) := 1
n

∑n
i=1Xi(Yi − X̂∗

i

′
b). We have that g1(βo) = g2(βo) = 0 by (4.3). To

simplify the analysis, we denote g(b) := [(g1(b))
′ (g2(b))

′]′ and ĝ(b) := [(ĝ1(b))
′ (ĝ2(b))

′]′.

The GMM estimator is given as follows:

Estimator 3 (GMM on the full dataset)

Denote β̃ as a consistent estimator for βo, e.g., β̂ols as described in Estimator 1. We first follow

(4.5) to get X̂∗
i for i = 1, . . . , n. Let λl := limn,nl→∞

nl

n
∈ (0,∞). Then the GMM estimator can

be written as

β̂gmm = argmin
b

ĝ(b)TWĝ(b), (4.7)

where ĝ(b) =

ĝ1(b)
ĝ2(b)

 and W is a pre-fixed positive definite weighting matrix, which is given by

W−1 =
1

nl

n∑
i=1

hih
′
i, where hi =

 ιiX
∗
i (Yi − (X∗

i )
′β̃)

λlXi(Yi − (Γ̂′Xi)
′β̃)−ιiXi(X

∗
i − Γ̂′Xi)

′β̃

 . (4.8)

Let

B :=

 1
nl

∑n
i=1 ιiX

∗
i Yi

1
n

∑n
i=1XiYi

 , A :=

 1
nl

∑n
i=1 ιiX

∗
i (X

∗
i )

′

1
n

∑n
i=1XiX̂∗

i

′

 . (4.9)
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We can also write ĝ(b) = B − Ab and

β̂gmm = (A′WA)−1A′WB. (4.10)

Assumption 4.2.1 (Hansen (2022); Newey and McFadden (1994)). Recall that ∥ · ∥ denotes the

Euclidean norm. Assume the followings hold1: (a) The full dataset {Yi, Xi}ni=1 are i.i.d. samples

drawn from fY,X and the labeled dataset {X∗
i , Xi}nl

i=1 are i.i.d. samples drawn from fX∗,X ; (b)

λl = limnl−→∞ nl/n ∈ [0, 1];

All the three linear estimators exhibit consistency and asymptotic normality, which are key

properties for valid causal inference. See B.4 for the theoretical results.

Remark 4.2.1. Notice that here Di can be continuous and is not limited to one dimension, which

is different from the setting in Qiao and Huang (2021). Both TSLS estimator and GMM estimator

can achieve lower variances as λl → 0, which implies that, asymptotically adding extra unlabeled

data can improve estimation efficiency for both TSLS estimator and GMM estimator.

Remark 4.2.2 (Efficiency Gain). Our proposed GMM estimator, being a weighted average of the

OLS and TSLS estimators where the weight inversely correlates with estimator variance, ensures

that it has the smallest variance given current model assumptions.

4.2.2 Partially Linear Model

To accommodate more flexible forms, especially high dimensional features, while maintaining the

linear form for the main effect, we consider the following partially linear model in this section,

Yi = θoD
∗
i + so (Zi) + εi, E (ε|D,D∗, Z) = 0, (4.11)

D∗
i = ro (Zi) + ui, E (u|Z) = 0, (4.12)

Di = mo (Zi) + ei, E (e|Z) = 0, (4.13)

1For conciseness and to maintain focus, we present the standard regularization assumptions in Appendix B.3.
These assumptions are usually readily satisfied in empirical applications.
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where we assume the dimension of D as dD = 1 in this section and so(·), ro(·),mo(·) are arbitrary

nonparametric functions of Z with high dimensional parameters. Our parameter of main interest

is θo. To simplify the analysis, we denote lo (Z) := E (Y |Z), νi := Yi − lo(Zi) = θoui + εi, and

ηo := (lo(Z), ro(Z),mo(Z)).

Chernozhukov et al. (2018) provided a consistent, approximately unbiased, and asymptotically

normally distributed estimator, DML, for θo in the partially linear model. Thus, we first revisit

the DML method as Estimator 4 and highlight its limitation in our context. Let g1,dml(θo) :=

E[(Y − lo(Z)− θo(D∗ − ro(Z)))(D∗ − ro(Z))]. We have g1,dml(θo) = 0 by (4.11).

Estimator 4 (DML on the labeled dataset only)

1. Take a K-fold random partition (Ik,l)
K
k=1 of observations with true labels such that the size of

each fold Ik,l is Nl = nl/K. Also, for each k ∈ [K] = {1, . . . , K}, define Il as the index set

of the dataset with true labels, and Ick,l := Il\Ik,l.

2. For each k ∈ [K], construct an ML estimator η̂k,l = η̂((Wi)i∈Ick,l) of ηo, where the random-

ness of η̂k,l depends only on the subset of data indexed by Ick,l.

3. Construct the estimator θ̂dml as the solution to (if not exactly, as close as)

ĝ1,dml(θ̂dml) :=
1

K

K∑
k=1

Êk,l[ψ(W ; θ̂dml, η̂k,l)] = 0,

ψ(Wi; θ, η) = (Yi − l(Zi)− θ(D∗
i − r(Zi)))(D

∗
i − r(Zi)), (4.14)

where Êk,l is the empirical expectation over the kth fold of the data with true labels, i.e.,

Êk,l[ψ(W )] = N−1
l

∑
i∈Ik,l ψ(Wi).

Notice that D∗
i is only available for the labeled dataset, and Estimator 4 is calculated on the

labeled dataset only. Similar to the drawbacks of Estimator 1, a small size of the labeled dataset

can cause large finite-sample bias and standard errors through Estimator 4. To improve the finite

sample property and lower the variance, we propose a two-step DML estimator by utilizing both
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labeled and unlabeled datasets. Let g2,dml(θo) := E[(Y −lo(Z)−θo(D∗−ro(Z))(D−mo(Z))] = 0,

and Γplr
o := (E [(D −mo(Z))

2])
−1

(E [(D∗ − ro(Z)(D −mo(Z))]) .

Estimator 5 (Two-step DML on the full dataset)

1. Take a K-fold random partition (Ik)
K
k=1 of observation indices [n] = {1, . . . , n} such that

the size of each fold Ik is N = n/K. Also, for each k ∈ [K] = {1, . . . , K}, define Ick :=

{1, . . . , N}\Ik. For each k ∈ [K], construct an ML estimator (l̂k, m̂k) = (l̂((Wi)i∈Ick), m̂((Wi)i∈Ick))

of (lo,mo), where the randomness of (l̂k, m̂k) depends only on the subset of data indexed by

Ick.

2. Take a K-fold random partition (Ik,l)
K
k=1 of observations with true labels such that the size of

each fold Ik,l is Nl = nl/K. Also, for each k ∈ [K] = {1, . . . , K}, define Il as the index set

of the dataset with true labels, Ick,l := Il\Ik,l. For each k ∈ [K], construct an ML estimator

r̂k = r̂((Wi)i∈Ick,l) of ro, where the randomness of r̂k depends only on the subset of data

indexed by Ick,l.

3. Construct the two-step estimator θ̂tsdml as the solution to (if not exactly, as close as) 2

1

K

K∑
k=1

Êk,l[ψ1(W ; Γ̂tsdml, η̂k)] = 0, and (4.15)

ĝ2,dml(θ̂tsdml) :=
1

K

K∑
k=1

Êk[ψ2(W ; θ̂tsdml, Γ̂tsdml, η̂k)] = 0, where (4.16)

ψ1(Wi; Γ, η) = (D∗
i − r(Zi)− Γ(Di −m(Zi)))(Di −m(Zi)), and (4.17)

ψ2(Wi; θ,Γ, η) := (Yi − l(Zi)− θΓ(Di −m(Zi)))(Di −m(Zi)). (4.18)

Here, Êk,l denotes the empirical expectation over the kth fold of the data with true labels,

2This is called the two-step DML estimator because both ψ1 and ψ2 possess the Neyman Orthogonality property
that their pathwise derivatives with respect to η vanish when evaluated at the true parameter η0, i.e.,

∂ηE
[
ψ1

(
W ; Γplr

o , ηo
)]

[η − η0] = 0, ∂ηE
[
ψ2

(
W ; θo,Γ

plr
o , ηo

)]
[η − η0] = 0.

We provide the proof of the Neyman Orthogonality property in B.9.
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i.e., Êk,l[ψ(W )] = N−1
l

∑
i∈Ik,l ψ(Wi), and Êk is the empirical expectation over the kth fold

of the data, i.e., Êk[ψ(W )] = N−1
∑

i∈Ik ψ(Wi).

To improve estimation efficiency, we propose the following GMM-DML estimator, θ̂gdml.

Estimator 6 (GMM DML on the full dataset)

θ̂gdml = argmin
θ

ĝdml(θ)
TWdmlĝdml(θ), (4.19)

where ĝdml(θ) =

ĝ1,dml(θ)

ĝ2,dml(θ)

 and Wdml is a pre-fixed positive definite weighting matrix:

Wdml = E

 ψ(W ; θo, ηo)

λlψ2(W ; θo,Γ
plr
o , ηo)−ψ1

(
W ; Γplr

o , ηo
)
θo

 ψ(W ; θo, ηo)

λlψ2(W ; θo,Γ
plr
o , ηo)−ψ1

(
W ; Γplr

o , ηo
)
θo

′ .
We will give an estimator for Wdml later. By rewriting (4.19) as follows, we can derive the

closed-form expression for the GMM estimator. Let Γ̂tsdml be the solution to (4.15) and let

Bplr =

 1
K

∑K
k=1 Êk,l[(Yi − l̂(Zi))(D

∗
i − r̂(Zi))]

1
K

∑K
k=1 Êk[(Yi − l̂(Zi))(Di − m̂(Zi))]

 , Aplr =

 1
K

∑K
k=1 Êk,l[(D

∗
i − r̂(Zi))

2]

1
K

∑K
k=1 Êk[Γ̂tsdml(Di − m̂(Zi))

2]

 .

(4.20)

We can have ĝdml(θ) = Bplr−Aplrθ and ∂
∂θ
ĝdml(θ) = −Aplr. Through the first-order condition,

we have

θ̂gdml = (A′
plrWdmlAplr)

−1A′
plrWdmlBplr. (4.21)

Assumption 4.2.2. Assume the followings hold3: (a) The full dataset {Yi, Xi}ni=1 are i.i.d. samples

drawn from fY,X and the labeled dataset {X∗
i , Xi}nl

i=1 are i.i.d. samples drawn from fX∗,X ; (b)

3For conciseness and to maintain focus, we present the standard regularization assumptions in Appendix B.3.
These assumptions are usually readily satisfied in empirical applications.
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Equations (4.11), (4.12), and (4.13) hold; (c) λl = limnl−→∞ nl/n ∈ [0, 1]

Assumption 4.2.2.(b) outlines the moment conditions required for the partially linear model.

Theorem 4.2.1 (Consistency). Under Assumption 4.2.2, any estimator θ̂ ∈ {θ̂dml, θ̂tsdml, θ̂gdml} is

a consistent estimator for θo, i.e.,

θ̂
p−→ θo, as n→∞. (4.22)

Theorem 4.2.2 (Asymptotic Normality). Under Assumption 4.2.2, any estimator θ̂ ∈ {θ̂dml, θ̂tsdml, θ̂gdml}

follows asymptotically normality, i.e.,

√
nl(θ̂ − θo)

d−→ N (0, Vplr) (4.23)

where we denote the variance Vplr for θ̂dml, θ̂tsdml, θ̂gdml as Vdml, Vtsdml, Vgdml as follows:

Vdml = (E[u2])−1Ξdml(E[u
2])−1, where Ξdml = E[ε2u2].

Vtsdml = J−1
o ΞtsdmlJ

−1
o , where Jo = E

[
Γplr
o e2

]
and

Ξtsdml = λlE[(ν − θoΓplr
o e)2e2] + E[(u− Γplr

o e)2e2θ2o]−2λlE[(ν − θoΓplr
o e)(u− Γplr

o e)e2θo].

Vgdml = (△′
dmlΞ

−1
gdml△dml)

−1, where△dml = (−E[u2] − E[ue])′ and Ξgdml =

 Ξdml Ξdml,tsdml

Ξdml,tsdml Ξtsdml


with Ξdml,tsdml = λlE[(ν − θou)(ν − θoΓplr

o e)eu]−E[(ν − θou)(u− Γplr
o e)ueθo].

We provide the proofs of Theorems 4.2.1 and 4.2.2 in Appendix (B.10).

Based on Theorem 4.2.1, we are able to construct the confidence intervals for the scalar param-

eter θo. We provide the confidence intervals in Appendix (B.5)

An estimator for the optimal weighting matrix is given by

W−1
dml =

1

K

K∑
k=1

hk,dmlh
′
k,dml, where hk,dml =

 Êk,l[ψ(W ; θ̂, η̂)]

λ̂lÊk[ψ2(W ; θ̂, Γ̂, η̂)]−Êk,l[ψ1

(
W ; Γ̂, η̂

)
θ̂]

 ,



54

and λ̂l = nl

n
. The estimators θ̂ and Γ̂ are some consistent estimator of θo and Γplr

o (such as the

DML estimators on the labeled set, θ̂dml and Γ̂tsdml), the estimator η̂ is an estimator for ηo under

Assumption 4.2.2.

Remark 4.2.3. While the partially linear model involves more complex estimation steps because

it does not assume a fully parametric model, the underlying intuition remains consistent with the

linear model discussed in section 4.2.1. Asymptotically, we can further reduce the estimation

variance and improve efficiency through the Two-step DML estimator or the GMM DML estimator

as we add more unlabeled data. Moreover, the GMM DML estimator combines the DML estimator

on the labeled dataset only and the Two-step DML estimator with a weight inversely correlated with

the estimator variances. As a result, the GMM DML estimator can achieve the lowest estimation

variance compared with the DML estimator on the labeled dataset only and the Two-step DML

estimator.

Remark 4.2.4. We can further write the asymptotic variance of the Two-step DML estimator Vtsdml

into the following form:

Vtsdml = J−2
o

(
λlE

[
(θoγ + ε)2e2

]
+ E

[
γ2e2

]
θ2o−2λlE

[
(θoγ + ε)γe2θo

])
= J−2

o

 λlE
[
ε2e2

]︸ ︷︷ ︸
variance for estimating θo using labeled dataset

+ (1− λl)θ2oE
[
γ2e2

]︸ ︷︷ ︸
variance due to missing true labels

 , (4.24)

where γ is the residual after projecting u on the space of e, that is: u = Γplr
o e + γ. Recall that

e := D −mo(Z), u := D∗ − ro(Z), and ε := Yi − θoD∗
i − so(Zi).

When the asymptotic proportion of the labeled dataset λl becomes closer to 1, the asymptotic

variance tends to be driven more by the first component as outlined in (4.24), making it more akin

to the variance observed in a classical Two-Stage Least Squares (TSLS) method with balanced

sample sizes (i.e., nl = n). When λl becomes closer to zero, the asymptotic variance tends to be

driven more by the second component, which is the variance due to missing true labels. Moreover,

θ2oE [γ2e2] contains the asymptotic variance for estimating the linear projection coefficient, that is,

estimating Γplr
o .
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Remark 4.2.5. The effect of ML/AI-generated measurement error on asymptotic variance is cap-

tured by the second-order moment of γ, as detailed in (4.24). Notably, this ML/AI-generated

measurement error is distinct from γ; γ represents the residual from projecting this error onto the

space of D and Z. In other words, it embodies the component that cannot be linearly explained

by D and Z. The intuition is that if we write the ML/AI-generated variable as D = D∗ + ω, with

ω denotes the ML/AI-generated measurement error. Directly plugging in the ML/AI-generated

variable could lead to a biased estimator for θo due to endogeneity—D being correlated with the

measurement error ω. Our Two-step DML approach amends this by establishing orthogonality

through projection: projecting ω onto the space of D and Z. This allows us to construct a mo-

ment condition for estimation without endogeneity. It is interesting to note that the component

of the ML/AI-generated measurement error that can be explained by D and Z does not influence

the asymptotic variance, and is captured by the projection coefficient Γo. It is the residual, γ, that

contributes to the asymptotic variance. Consequently, a higher variance in γ leads to an increased

asymptotic variance for the Two-step DML estimator, θ̂tsdml.

4.3 Numerical Experiments

We utilize synthetic data to validate the effectiveness of our proposed estimator in this section.

We first simulate measurement error in the variable of interest and then set up a linear regression

model as well as a partially linear model for the outcome and feature vectors in Section 4.3.1

and Section 4.3.2. We examine the performance of our proposed estimators compared with other

existing estimators.

Based on the measurement error simulation setup in Yang et al. (2018), we focus on the sys-

tematic independent nonclassical measurement error in this section, i.e.,

Di = 0.9D∗
i + ς1,i. (4.25)

For each observation i, D∗
i is the true label. Di is the ML/AI-generated label for D∗

i and maintains

a linear relation with D∗
i . The measurement error of the ML/AI algorithm here includes both a
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systematic error 0.1 and a random term ς1,i.

4.3.1 Linear Case

Following the setup of case 1 in Sections 3.1 and 4.1 in Qiao and Huang (2021), we assume the

true Data Generating Process (DGP) is as follows,

Yi = 1 + 2D∗
i + 3Zi + ς2,i, (4.26)

where all variables stated in Equations (4.25) and (4.26) are scalars. The parameter of our interest

is the coefficient before D∗
i in Equation (4.26), which equals 2 here. Zi denotes the observations

of the control variable, and Yi denotes the observations of the outcome variable. We generate

D∗
i and Zi through two independent normal distributions. We set both the mean and variance of

the distribution of D∗
i as 1. We set the mean and variance of the distribution of Zi as 2 and 0.5,

respectively. The two random noise terms ς1,i and ς2,i are i.i.d. drawn from two independent normal

distributions. The noise term ς2,i follows a standard normal distribution. Meanwhile, we vary the

mean µ1 and variance σ1 of the distribution of ς1,i to see the effect of measurement error on the

parameter estimation.

The sample size of the whole dataset is 1,000. We observe (Yi, Di, Zi) for the entire dataset,

and we can also observe (Yi, D
∗
i , Di, Zi) for a smaller labeled dataset. We vary the proportion of

the labeled data nl

n
to see the effect of these parameters on the main effect estimation. We apply

our proposed method to gain estimators from this simulated dataset and compare the performance

of our estimators with other existing estimators, including OLS on the labeled data only (Estimator

1) and OLS on the full dataset.

We repeat the estimation for 1,000 runs and plot the empirical distributions of the estimators

from all runs in Figure B.1. In the plots, we denote the direct OLS estimation of Yi on (Di, Zi)

on the full dataset as “ols full” with a blue line, Estimator 1 as “ols labelonly” with an orange

line, our proposed Estimator 2 as “2step full” with a green line and Estimator 3 as “gmm full”

with a red line. We use a red dotted vertical line to represent the true value of the main effect.
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We can see from the plots the direct OLS estimation of Yi on (Di, Zi) on the full dataset always

has an upward bias, while Estimators 1, 2, and 3 generally have a much lower bias. Comparing

the variance among estimators with low bias, our proposed Estimators 2 and 3 always have lower

variance than Estimator 1 does in our experiments. The outperformance of Estimators 2 and 3

remains significant even when the proportion of the labeled dataset in the entire dataset increases.

The effect of the measurement error in ML/AI algorithms. The mean of the measurement

error does not influence performance (neither bias nor efficiency). The intuition is the effect of the

mean of the measurement error is captured by the constant term in the second step econometric

model and thus does not affect our estimation of the parameter of interest.

However, the variance of the measurement error does affect performance by introducing bias

and reducing efficiency. For instance, when comparing Figures B.1 (a) and 1 (b), it appears that an

increase in variance reduces the bias in the direct/naive OLS estimation using ML-predicted labels

(ols full). Yet, this observation does not imply that higher variance always results in less bias or

a superior estimator. This is because, in our context, the ML-predicted label tends to underpredict

the true label (Di = 0.1D∗
i + ς1,i), leading to an amplification bias. Meanwhile, the variance in

the measurement error introduces an attenuation bias. As the variance increases, the attenuation

bias also increases, further offsets the amplification bias. Consequently, we observe a reduction in

bias with increased variance in ς1,i, but this does not necessarily indicate a less biased estimator.

Instead, it reveals the intricate impact of the ML/AI algorithm measurement error on the estimation

of the second-step parameter of interest, potentially leading to misleading results.

Additionally, we note that an increase in the variance of the measurement error reduces the

efficiency of both the GMM and TSLS estimators, as depicted in Figures B.1 (a) and 1 (b). Loosely

speaking, a higher variance in the measurement error dilutes the information about the true label

contained in the predicted label, thereby diminishing the efficiency of both the GMM and TSLS

estimators. Nevertheless, it is noted that these estimators remain unbiased despite the increased

variance in measurement error.

The effect of labeled data proportion. As we increase the proportion of the labeled dataset,

the OLS estimator, the TSLS estimator, and the GMM estimator all achieve lower variance while
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keeping the estimation unbiased (see Figures B.1 (a) and 1 (e)). Increasing the labeled data propor-

tion while keeping the whole dataset size the same leads to an increased labeled dataset size and a

reduced unlabeled dataset size. An increased sample size for the labeled dataset naturally reduces

the variation of OLS estimator and the first step in the TSLS estimator, which further reduces the

variance of the GMM estimator.

Meanwhile, we observe that the reduction in the variance of the GMM estimation is slightly

larger than the reduction in the variance of the TSLS estimator (see Figure B.1 (g)). This is because

the benefit attained in the estimation efficiency for the OLS estimator is larger than TSLS estimator.

As the GMM estimator is a weighted average of the OLS and the TSLS estimators with a weight

inversely correlated with the estimator variance, GMM estimator can achieve a larger efficiency

improvement due to the OLS estimation efficiency improvement.

4.3.2 Partially Linear Case

In the partially linear case, the true DGP is specified as follows:

Yi = 1 + 2D∗
i + 3Zi + 4Z2

i + 3Z3
i + ς2,i. (4.27)

Here, the variable of interest,D∗
i , maintains a linear relationship with the outcome Yi. However, the

control variables exhibit increased complexity compared to those in the linear DGP. The parameters

for D∗
i , Zi, ς1,i, and ς2,i are identical to those outlined in Section 4.3.1.

Again, we set the sample size of the whole dataset as 1,000. We can only observe (Yi, Di, Zi)

for the whole dataset, while we can observe (Yi, D
∗
i , Di, Zi) for the labeled dataset. We vary the

proportion of the labeled data nl

n
, the mean µ1 and variance σ1 of ς1,i to see the effect of these

three parameters on the main effect estimation. We estimate the nuisance functions, denoted as

η, utilizing two machine learning (ML) algorithms: Random Forest (RF) and Gradient Boosting

(GB). Subsequently, we calculate our proposed estimators. We compare the performance of our

estimators (Estimator 5 and Estimator 6) with other existing estimators. This includes the DML

approach applied solely to the labeled data (Estimator 4), and the DML estimator which regresses
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Y on (D,Z) using the full dataset.

We repeat the estimation for 1,000 runs and plot the empirical distributions for all estimators

examined from all runs in Figure B.2 with GB and Figure B.3 with RF. In the plots, we denote the

direct DML estimation of Yi on (Di, Zi) on the full dataset with GB as “dml full gb” with a blue

line, Estimator 4 with GB or RF as “dml labelonly gb” or “dml labelonly rf” respectively with an

orange line, Estimator 5 with GB or RF as “2step dml full gb” or “2step dml full rf” respectively

with a green line, Estimator 6 with GB or RF as “gmm dml full gb” or “gmm dml full rf” respec-

tively with a red line. Again, we use a red dotted vertical line to represent the true value of the

main effect. As observed in Figure B.1, the plots in Figures B.2 and B.3 indicate that the direct

DML estimation of Yi on (Di, Zi) across the entire dataset also consistently exhibits an upward

bias. In contrast, Estimators 4, 5, and 6 demonstrate significantly lower bias. Comparing the vari-

ance among estimators with low bias, we found that our proposed Estimators 5 and 6 consistently

exhibit lower variance than Estimator 4 in our experiments. The outperformance of Estimator 5

and Estimator 6 is significant when we increase the proportion of the labeled dataset in the whole

dataset. The results with RF and the results with GB are quite consistent.

The partially linear regression model employs a more complex functional form than standard

linear specifications. Simply plugging in predicted values from an ML/AI model into the double

machine learning estimator is insufficient for accurately recovering treatment effects in partially

linear contexts. Doing so can introduce bias and sometimes can also inflate the variance around

estimates. Moreover, we can conclude from the figures that when we increase the proportion of

the labeled dataset while keeping the whole dataset size the same, we can generally reduce the

variances of the DML estimator on the labeled dataset only, the Two-step DML estimator, and the

GMM DML estimator (see Figures B.2 (a) and B.2 (e)).

4.4 Real-world Application on App Review

To further evaluate our estimators, we follow the existing literature (Yang et al., 2018) to test an

empirical question in this section: How does review sentiment affect review helpfulness? Un-

derstanding the effect of review sentiment on review helpfulness can help enhance the overall
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usefulness and quality of reviews on the platform. Therefore, it has been a central question in the

digital marketing and information systems disciplines (Yin et al., 2017; Qiao and Huang, 2021;

Yu et al., 2023). Review helpfulness is usually indicated by helpfulness votes; the sentiment of

a textual review can be identified using natural language processing methods (Yang et al., 2018).

In Sections 4.4.1 and 4.4.2, we adopt a commonly used ML algorithm, XGBoost, and a recently

emerging generative AI, ChatGPT, to predict sentiment scores for review content. We demon-

strate the performance of our proposed Two-step and GMM estimators by comparing them with a

labeled-only estimator and an estimator that uses predicted labels (i.e., by XGBoost or ChatGPT).

To conduct this empirical exercise and examine the performance of our estimators, we adopt

an open dataset of Tinder App reviews from Kaggle4. This dataset collects 590,780 user reviews

for the online dating app5, Tinder, posted on the Google Play Store. This dataset contains variables

mainly including user name, user profile image, review content, user rating for the app, number of

helpfulness votes to the review, app version the review regards to, and review time. We preprocess

the data as follows: first, we drop all records that miss comment content or user name, which

reduces the dataset size to 589,438 observations; second, we construct several new covariates based

on user reviews and review time, including word count of a review, whether it is a weekend for a

review time, whether it is a holiday for a review time, year of a review time, month of a review

time, time bin in a day for a review time6. We use the number of helpfulness votes as the dependent

variable. Following Yang et al. (2018), we treat the user rating as the ground truth of the review

sentiment. Due to the subjective nature of sentiment, one might argue that the star rating might not

be the perfect ground truth for sentiment, while the rating provides an objective label to evaluate

the estimators (Yang et al., 2018). Alternatively, one can view the relationship of interest as review

rating and review helpfulness. Notably, in many cases, the rating is not available (Godes and

Mayzlin, 2004). Then, researchers may use the review text and ML algorithms to achieve a noisy

4https://www.kaggle.com/datasets/shivkumarganesh/tinder-google-play-store-review?resource=download
5Note that this dataset keeps adding new records. We downloaded the dataset on July 3, 2023.
6We divide each day into three time periods. The value of the time-period variable is 0 if the review time belongs

to 0:00-8:00, 1 if it belongs to 8:00 - 16:00, or 2 if it belongs to 16:00 - 24:00.
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prediction of the review rating and then to understand its effect on review helpfulness.

We use the true labels on the full dataset to conduct a benchmark estimation for the sentiment

effect, as illustrated in Equation (4.28), where so is a random forest predicting model and θo is the

parameter of our interest. Mimicking the practical constraints where we only have the true labels

on a small proportion of the full dataset, we estimate the sentiment effect through our proposed

estimators (Two-step and GMM estimators) by following the steps outlined in Section 4.2.2 for

Estimators 5 and 6. Additionally, we provide the estimator that utilized the labeled dataset, follow-

ing the steps described in Section 4.2.2 for Estimator 4. We also provide an estimator that utilizes

the predicted label from the full dataset, following the steps similar to Estimator 4, but replacing

the true label with predicted labels. In Appendix B.3, we provide a detailed explanation of how

Assumption 2 is satisfied in this context.

We use the bootstrap method to calculate standard errors for all estimators. We compare esti-

mated effects and standard errors from all the estimations with the true effect which is estimated

by random forest using all the true labels.

ReviewHelpfulnessi = θoReviewSentimenti + so(ControlVariablesi) + εi (4.28)

4.4.1 Correcting ML-predicted Variable Bias

In this section, we use review content to predict sentiment labels through machine learning algo-

rithms and then use the predicted sentiment variable to conduct estimations of the effect θo through

our proposed estimators and other estimators. Specifically, we extract TF-IDF features from review

content and then adopt XGBoost algorithm to fit regression models of the user rating on TF-IDF

features. We use out-of-sample predictions for the user ratings based on the fitted XGBoost model

as ML-predicted sentiment. There might be a concern that ML-predicted sentiment of a review

is correlated with user ratings of other reviews if the fitting model uses all reviews’ user ratings.

To avoid such concern, we utilize sample splitting before we fit the models. We use a part of the

data to fit the XGBoost model and use another part of the data to predict the review sentiment and

conduct further process.
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It is noticeable that XGBoost is an ensemble supervised learning algorithm which combines

multiple decision tree models’ predictions. The predicting performance of XGBoost is dependent

on parameters. We will show how the estimation of θo is affected by the parameter and number of

estimators in XGBoost in this section. Number of estimators is the number of trees in the ensemble.

Increasing the number of estimators would lead to improvement of the model fitting but can also

potentially cause the overfitting issue.

We use the bootstrap method to calculate the means and standard deviations of estimations.

Bootstrapping allows us to empirically validate our estimations by resampling the dataset. To

further illustrate our estimation method, we list the whole process with bootstrap in the following.

1. Construct Dataset: Randomly draw 200,000 samples from the original dataset with re-

placement as a superior dataset. Shuffle the superior dataset and split it with a proportion

ratio of 5%:95%. We use the 5% dataset with user ratings and use the 95% dataset without

user ratings to construct a Pre-Full Dataset. The way we construct the Pre-Full Dataset is to

mimic the situation where we only have true sentiment labels (user ratings) for a small pro-

portion (5%) of the data. We call the 5% dataset with user ratings as the Labeled Dataset and

the 95% dataset without user ratings as the Unlabeled Dataset. We extract TF-IDF features

from review content for the whole superior dataset. For a visual representation of our data

splitting methodology, please refer to Figure B.4 in Appendix;

2. Train Sentiment via ML: Train an XGBoost regression model of user ratings on the TF-IDF

features. To avoid violation with the iidness of a review’s predicted user rating and another

review’s TF-IDF features, we use 50% of the Labeled Dataset to do the training and only

keep those data not used in the training to conduct further prediction.

3. Predict Sentiment: Predict user ratings for the remaining 50% (not used in the training)

of the Labeled dataset and the Unlabeled Dataset. The prediction is based on the fitted

XGBoost regression model in step 2 and the TF-IDF features of these datasets. We call the

combination of these two datasets (remaining 50% of the Labeled dataset and the Unlabeled
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Dataset) as Full Dataset;

4. Estimate the Effect θo: Use the Full Dataset to conduct Two-step and GMM DML esti-

mations. Meanwhile, we also conduct classical DML estimations with the remaining 50%

(not used in the training) of the Labeled dataset and the full dataset separately as benchmark

estimations.

5. Repeat step 1 to step 4 300 times and calculate the means and standard deviations of the

results from all estimation methods.

We present the results in Tables B.1. By running the DML on the original dataset with true

labels, we obtain the true effect θo and we calculate the estimation bias as (θ̂o − θo), where we use

θ̂o to denote the estimation for θo. DML(Full) estimation uses the full dataset and the predicted

sentiment variable without accessing the true sentiment variable. The DML(Labeled) estimation

method only uses the labeled dataset so the changes in the number of estimators in XGBoost do not

affect the DML(Labeled) estimation result. As mentioned earlier, the sample size of the labeled

dataset is much smaller than the sample size of datasets used by other estimation methods. As

a result, the standard deviation of the DML(Labeled) estimation is highest among all estimation

results. TwoStep DML uses the full dataset and conducts the Estimator 5. GMM DML uses the full

dataset and conducts the Estimator 6. The number of random partition folds is 5 in both TwoStep

DML and GMM DML. Overall, we can see that the GMM DML estimation achieves the lowest

magnitude of average bias as well as standard deviation. As we increase the number of estimators

in the XGBoost algorithm, the sentiment prediction performs better and all estimations leveraging

ML-predicted sentiment variables improve.

4.4.2 Correcting GPT AI-Predicted Variable Bias

In this section, we leverage the recent emerging generative AI ChatGPT to predict sentiment la-

bels and then estimate the effect of the sentiment variable on the review helpfulness through our
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proposed estimator and other potential estimators. Rather than training a complex machine learn-

ing model that requires substantial labeled data and time-intensive feature engineering, leveraging

the ChatGPT would allow us to efficiently access exceptionally accurate sentiment predictions.

ChatGPT has been trained on a vast dataset, and has state-of-the-art natural language processing

capabilities built-in. By making API calls, we tap directly into these powerful capabilities to predict

user sentiment scores for review content.

Specifically, we construct a dataset of 10,000 reviews by randomly drawing samples from the

original dataset without replacement. Then we provide the dataset and a prompt for ChatGPT API

to generate sentiment ratings for all reviews in the dataset. We list our prompt in the following.

“As an AI with expertise in language and emotion analysis, your task is to give a

sentiment rating of the following text without explanation. Please consider the overall

tone of the discussion, the emotion conveyed by the language used, and the context in

which words and phrases are used. Indicate a rating within the range from 1 to 5,

where 1 means extremely negative and 5 means extremely positive. A higher rating

means less negative and more positive. A rating of 3 means neutral.”

We show the joint probability density distribution of the predicted rating from the ChatGPT API

and the true rating labels in Figure B.5. The ChatGPT API predictions exhibit a slight conservative

bias relative to the true ratings, as illustrated in the figure. When the true rating indicates an

extremely negative sentiment (a rating of 1), ChatGPT’s predicted rating tends to be slightly higher.

Conversely, for reviews with a very positive true rating of 5, ChatGPT’s predictions tend to be

modestly lower. Given that 39.15% of the true ratings are at the lowest end of the scale (indicating

extremely negative sentiment), ChatGPT’s more centered, conservative predictions appear higher

on average compared with the true ratings.

We describe the afterward whole estimation process as follows.

1. Construct Dataset: Randomly draw 2,000 samples from the dataset of 10,000 reviews with

replacement as the Full Dataset. Shuffle the 2,000 samples and split them with a proportion
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ratio of 10%:90%. We use the 10% dataset with true user ratings (and with ChatGPT AI-

predicted sentiment) as the Labeled Dataset and use the 90% dataset without true user ratings

(but with ChatGPT AI-predicted sentiment) as the Unlabeled Dataset.

2. Estimate the Effect θo: Use the Full Dataset to conduct Two-step and GMM DML estima-

tions. Meanwhile, we also conduct classical DML estimations with the Labeled dataset and

the full dataset separately as benchmark estimations.

3. Repeat step 1 and step 2 100 times and calculate the means and standard deviations of the

results from all estimation methods.

Notice that in the above process, we set the proportion of the labeled dataset as 10%. To exam-

ine the estimation performance under different proportions of labeled datasets, we also conduct

estimations with proportions 20% and 30%. We present the empirical distributions of estimation

results in Figures B.6. We follow the notations in figures in Section 4.3.2. By running the DML on

the dataset with true labels, we obtain the true effect of sentiment, −0.023, which is presented as a

black vertical line in the figures.

As shown in Figure B.6, estimations from all estimators perform quite well with little bias

and low variance. The direct DML estimation using the entire dataset (with GPT predictions but

without true labels) exhibits a slight upward bias, especially as presented in Figure B.6 (c). This

upward bias can be caused by the conservative predictions from ChatGPT especially on reviews

of extremely negative sentiment. In contrast, Estimators 4 (denoted as dml labelonly in figures),

5 (denoted as 2step dml full in figures), and 6 (denoted as gmm dml full in figures) demonstrate

lower bias by utilizing the labeled dataset to correct the bias. For the estimation variance, our

proposed Estimators 5 and 6 consistently exhibit lower variance than other estimators. The out-

performance of Estimator 6 is more significant when we increase the proportion of the labeled

dataset in the dataset. In summary, the sentiment predictions from the ChatGPT API demonstrate

impressively high accuracy. As a result, using these predictions directly for the DML estimation

introduces minimal bias. However, by applying our proposed estimators, especially the GMM
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DML estimator, we can further refine the estimates reducing bias and improving efficiency. There-

fore, coupling ChatGPT with our proposed estimators (Estimators 5 and 6) enables efficient and

accurate estimations of θo.

4.5 Discussion

With the significant advancements in ML and AI (including LLMs) and the widespread availabil-

ity of various APIs, IS researchers are presented with promising opportunities to utilize ML/AI-

generated regressors for deriving new insights using econometric analysis (Shin et al., 2020; Zhang

et al., 2022; Yu et al., 2023, 2024). Meanwhile, empirical researchers are increasingly turning to

partially linear models for econometric analysis due to their ability to integrate various ML algo-

rithms and their strengths in high-dimensional causal inference (Chernozhukov et al., 2018; Yu

et al., 2020; Wang et al., 2021). Consequently, it is timely and crucial to address the debiasing of

ML/AI-generated regressors in both linear and partially linear models.

This essay proposes two-step estimators and GMM estimators for debiasing ML/AI-generated

regressors in partially linear models while keeping linear models as special cases. Therefore, our

work advances the IS and management science literature on ML/AI-generated regressors and lin-

ear models (Yang et al., 2018; Qiao and Huang, 2021; Fong and Tyler, 2021; Allon et al., 2023).

In addition, we contribute to the econometrics literature by extending the classical DML frame-

work (Chernozhukov et al., 2018) to accommodate the case when we have generated regressors

in the full sample and their true labels in a small subsample. Further, we theoretically prove the

asymptotic consistency and normality of our proposed two-step estimators and GMM estimators,

which advances the extant studies focusing on algorithmic development and simulations (Yang

et al., 2018; Wei and Malik, 2022). We provide consistent variance estimators, which are instru-

mental for statistical inference. Further, we synthetically simulate cases of measurement errors in

linear regression and partially linear regression models. Through the comparison of other methods

and our proposed estimators, we show the outperformance of our two-step estimators and GMM

estimators in both unbiasedness and low variance in the numerical experiments. We also provide

empirical applications of our proposed estimators on an app review dataset demonstrating the per-
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formance of our estimators versus other estimators. In the empirical applications, we show how our

proposed estimators can correct the estimation bias from ML-predicted and ChatGPT AI-predicted

sentiment variables as well as improve estimation efficiency.

Our work offers important practical implications. First, experimental systems are commonly

integrated into large digital platforms to make high-dimensional causal inferences and generate

valuable practical insights. Partially linear models are especially useful for high-dimensional

causal inferences and are commonly adopted in large-scale experimental systems (e.g., Tencent

Fast Causal Inference, Amazon AWS DoubleML services, Microsoft EconML tool). Our frame-

work can enhance the current experimental systems by debiasing ML/AI-generated regressors in

partially linear models. Second, ML/AI predictions are biased, which has become a key concern

for the use of ML/AI in causal inference and high-stake decision-making in recent years. Our

work does not restrict the sources of errors generated by ML/AI, and therefore, has the potential

generalizability to address ML/AI biasedness and promote ML/AI fairness. We show that ML/AI-

generated predictions can be asymptotically reliable in understanding causal effects, given a small

human-annotated subsample. The debiased causal estimation can then be leveraged for unbiased

ML/AI-driven decision-making. Third, our work is compatible with leveraging LLMs for estima-

tion and inference. LLMs have the capability of zero- or few-shot predictions. For example, they

can predict textual sentiments with zero or few examples. However, due to the randomness of

LLMs, it is questionable whether we may obtain reliable predictions and econometric estimation.

Our work can unleash the power of zero- or few-shot predictions by LLMs, particularly for partially

linear models. Fourth, although our primary motivation stems from ML/AI-driven IS practices, our

framework possesses the versatility to be applicable in a variety of other domains and disciplines.

Our work opens new opportunities for future researchers. First, we keep the parameters of

interest linear for the interpretation of the “average effect” and model the control variables as non-

parametric, resulting in a semi-parametric model. However, our framework may be extended to

a fully non-parametric specification in future research. Second, we focus on the estimation and

inference for the regression coefficients of interest. Future researchers may extend our work to

debias decision-making with ML/AI-generated variables. Third, we debias the ML/AI-generated
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regressors using a small labeled dataset. However, sometimes labeled datasets may be difficult or

costly to obtain. Without using labeled datasets, future researchers may leverage partial identifica-

tion approaches to establish identification sets or utilize distributional robust optimization methods

to provide estimators that are robust to potentially unknown distributions of measurement errors.
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Chapter 5

WHAT AND WHEN TO SELL IN LIVESTREAMING:
A STRUCTURAL ANALYSIS OF ONLINE DECISION-MAKING

5.1 Research Context and Data

5.1.1 Research Context

Our research context is primarily focused on the dynamic environment of livestream sales, specif-

ically within one of China’s largest video platforms. Livestream shopping has emerged as a pow-

erful e-commerce tool, combining real time video content with interactive shopping experiences.

Each livestream operates within a limited timeframe, typically lasting several hours. Prior to the

commencement of a livestream, hosts are allocated a specific product pool. This pool comprises

the items they are authorized to present and sell during the broadcast. The selection and timing of

product presentations within this allocated pool become critical decisions for the hosts.

The livestream environment is characterized by its highly dynamic and interactive nature. Hosts

actively showcase products, emphasizing their features and benefits to attract potential buyers. This

real-time presentation allows for immediate engagement with the audience, creating an experience

that closely mimics in-person shopping. Throughout the duration of a livestream, the audience

composition is in constant flux. New viewers may join at any point, while others may leave. This

continuous ebb and flow of consumers creates a dynamic atmosphere that hosts must navigate

skillfully. Throughout the livestream, hosts have access to real-time metrics such as viewer count

and purchase amounts. This immediate feedback allows them to gauge the effectiveness of their

presentation strategies and product selections. Based on this information, hosts can dynamically

adjust their approach to maximize total sales.

Compared to Online Commerce: In livestreams, products are demonstrated in real-time, al-

lowing hosts to showcase features, answer questions, and address concerns immediately. Online
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shopping relies on static images, pre-recorded videos, and written descriptions, which, while in-

formative, lack the dynamic and responsive nature of livestream presentations.

In livestream settings, recommendations are geared towards a crowd of viewers simultaneously,

based on real-time audience engagement and feedback. These recommendations are often influ-

enced by the host’s ability to read the audience and adapt, creating a ”group shopping” experience

that feels more organic and spontaneous. Livestream recommendations may leverage trending

items or time-limited offers to create urgency, catering to the collective interests of the viewing

audience. In contrast, online shopping platforms typically employ personalized recommendation

systems tailored to individual users. These systems utilize sophisticated algorithms and machine

learning to analyze a user’s browsing history, purchase behavior, and demographics, predicting in-

dividual preferences with often high accuracy. While these personalized recommendations can be

highly effective, they may sometimes feel impersonal or overly predictive. Online shopping plat-

forms often present these as ”You might also like” or ”Frequently bought together” suggestions.

The dynamic, crowd-oriented nature of livestream recommendations contrasts sharply with the

data-driven, individualized approach of traditional e-commerce, each offering unique advantages

in engaging and converting customers.

Compared to Offline (In-Store) Sales: While livestream commerce brings many elements of

the in-store experience online, it differs from traditional offline sales in several key aspects related

to our work. Livestream commerce can reach a much larger audience simultaneously, unrestricted

by physical store capacity or geographic location. This allows for potentially greater sales volume

and wider market reach compared to individual physical stores.

Livestream commerce holds a significant advantage in its ability to harness real-time data for

rapid optimization of sales strategies. During a livestream, hosts and platform algorithms can con-

tinuously track viewer engagement metrics, such as view counts and purchase behaviors. This

wealth of instantaneous data allows for dynamic adjustments to product selections, presentation

styles, and promotional strategies within the same streaming session. For instance, if a particular

product or feature generates high viewer interest, hosts can allocate more time to it or introduce

similar items. In contrast, offline commerce faces considerable challenges in collecting and utiliz-
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ing such granular, real-time consumer data. Traditional brick-and-mortar stores typically rely on

historical sales data, periodic customer surveys, and general market trends to inform their strate-

gies. The lag between data collection and strategy implementation in offline settings makes it dif-

ficult to respond swiftly to changing consumer preferences or to optimize product presentations in

real-time. While some offline retailers are adopting technologies like IoT sensors and mobile apps

to bridge this gap, they still cannot match the immediacy and depth of data available in livestream

commerce. This disparity in real-time data utilization capabilities gives livestream commerce a

distinct edge in rapidly understanding and catering to evolving consumer preferences, potentially

leading to more effective sales optimization and higher conversion rates.

5.1.2 Data Description

Our dataset contains 5,178 livestreams by 114 livestream hosts during the time window from April

5, 2023 to April 28, 2023 on the platform. The data has 238,985 observations where each ob-

servation represents a product selected by a host for presentation at a specific time point during a

livestream. On average, each livestream contains 13 sessions (product sets), with approximately 67

products sold and generating revenue of 47,256 USD. Within each session, hosts typically present

5 products as a product set, spending an average of 4 minutes per session. We provide plots of

the distribution of the number of sessions per livestream in Figure C.1 and the distribution of the

session duration in Figure C.2 in Appendix. This rich dataset allows us to examine the hosts’ prod-

uct selection and presentation timing decisions based on various aspects of livestream commerce,

including sales outcomes, environmental factors, product characteristics, and host attributes. We

detail the collection and construction of variables of an observation in the following.

First, to model the livestream hosts’ demand learning behavior, we use the sales of each prod-

uct presented as the outcome variable within the demand learning process. Specifically, we calcu-

late this as the total sales generated after the product’s presentation. We also collect several key

livestream environment features and product features to model the demand learning. To simplify

the analysis, we denote each presentation (including all interactions between the livestream hosts

and audience) for a product set as a session and record the session numbers in time order. For each
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session within a livestream, we record the number of viewers present at the time of introduction.

This viewer count serves as a crucial environmental variable, acting as a proxy for the potential

audience size and engagement level. We collect product price, brand status, and category as the

main product features that livestream hosts consider in demand learning. Product categories are

encoded using one-hot encoding. Furthermore, we encode the brand status as a binary variable,

where 1 represents a branded product and 0 indicates a non-branded product.

Second, to model the hosts’ presentation timing behavior, we collect time length of each session

(presentation time window for each product set selected) and construct feature variables for each

productset selected in the data. We begin by measuring the diversity of product categories within

each set. The variable SetCategoryDiversity represents the number of unique categories present

in a productset, providing insight into the range of products hosts choose to present together. To

capture the overall brand presence in a productset, we calculate SetIsBrand as the average brand

status across all products in the set. We also compute several aggregate measures to characterize

the economic potential of each productset. SetSales and SetRevenue represent the average sales

and revenue generated by the products in the set, respectively. These variables allow us to assess

the effect of overall performance of product sets on hosts’ presentation timing decisions. We also

calculate the average price of products in the set as the variable SetPrice. Further, we include

SetSize, which simply counts the number of products in a productset.

Lastly, to model the heterogeneity in hosts’ decisions, we use the comprehensive set of vari-

ables capturing host characteristics in the dataset. We use the total number of videos posted by

each host to serve as an indicator of their experience and content production volume. To measure

host’s popularity and engagement within the platform community, we use two variables: the num-

ber of favorites they have given to others’ content and the number of favorites their content has

received on the platform. We also capture the host’s influence and connectivity within the platform

ecosystem by using the number of followers they have and the number of users they follow. Host

demographics are also included in our dataset. Gender is encoded using a trichotomous scheme:

0 for teams including both male and female hosts, 1 for male hosts, and 2 for female hosts. We

also include a binary variable for education, where 1 indicates the host attended university and 0
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indicates they did not.

Summary statistics for key variables are presented in Table 5.1.

Table 5.1: Descriptive Statistics

Variable Min Max Mean Median Std. dev.
Product Features
Log(Sales) 0.0000 11.8501 1.1761 0.6931 1.6345
Log(Price) -4.6052 12.2051 5.7350 5.5759 1.9131
Log(Viewers) 0.0000 12.7032 5.5985 5.3613 1.8941
IsBrand 0.0000 1.0000 0.6435 1.0000 0.4790
Product Set Features
SetCategoryDiversity 1.0000 22.0000 1.7320 1.0000 1.6895
SetIsBrand 0.0000 1.0000 0.6435 1.0000 0.4634
Log(SetSales) 0.0000 11.8501 2.4345 1.9459 2.2243
Log(SetRevenue) 0.0000 16.4180 6.5830 7.6000 3.8779
Log(SetPrice) 0.0100 12.2051 5.9139 5.6553 1.8048
Log(SetSize) 0.0000 4.5850 1.3310 1.3860 1.1608
Host Features
Log(TotalVideoCount) 1.0986 9.4957 6.5212 6.5432 1.3142
Log(FavoritingCount) 0.0000 10.3796 0.2349 0.0000 1.3393
Log(TotalFavorited) 8.9582 20.3765 14.2266 14.1434 2.0177
Log(FollowerCount) 11.1727 17.3720 14.3003 14.3662 1.0923
Log(FollowingCount) 0.0000 9.1041 3.4914 3.1772 1.8989
Gender 0.0000 2.0000 0.7826 0.0000 0.9251
Education 0.0000 1.0000 0.1043 0.0000 0.3070

5.2 Model

In this section, we propose a learning and decision-making model to describe the dynamics of

livestream hosts’ product selection and presentation scheduling behaviors. First, we present the se-

quence of decisions a livestream host conducts in Section 5.2.1. Second, we model how livestream

hosts learn about the demand through a process of exploration and exploitation over time and

make product selection decisions in Section 5.2.2. For this learning and decision-making process,

we propose several strategies hosts can potentially take in Sections 5.2.2 and 5.2.2. We also dis-

cuss benchmark strategies, especially non-learning strategies, in Section 5.2.2. Furthermore, given
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the product selection decisions, we model how livestream hosts utilize product features, dynamic

livestream engagement, and the time to schedule the product presentations in Section 5.2.3.

5.2.1 Sequence of Decisions

Each host can hold multiple livestreams sequentially (see Figure 5.1), with each livestream con-

sisting of distinct selling sessions where the host presents products and interacts with viewers in

real-time. The success of these sequential livestreams can be influenced by various factors includ-

ing the host’s experience and the strategic selection of products and presentation timing. We begin

by summarizing the sequence of decisions by the host in each session within a livestream. We

provide an illustration of the decision sequence within a livestream in Figure 5.2.

The host’s objective is to maximize the total sales throughout a livestream l by deciding the

product assortment Sl,t and the presentation duration Dl,t over time. In the first time period of a

livestream l (t = 1),

1. The host selects one or multiple products from a given product pool Al. We denote the

selected products (assortment) as Sl,t.

2. The host presents the products selected Sl,t and observes the number of staying viewers Vl

in real time until the host decides to stop the current presentation, leading to the duration of

the presentation of Sl,t as Dl,t.

3. The host observes the sales πl,it of each product i ∈ Sl,t.

4. The decisions above are repeated in the following periods (t = 2, 3, · · · ).

Figure 5.1: Multiple livestreams of a host k
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Figure 5.2: Timeline of hosts’ decisions in livestream l

5.2.2 Step 1: Product Selection

We discuss how hosts conduct product selection decisions in this section. Before a livestream

l begins, the host is assigned a pool of products Al. The host needs to optimize the product

assortment decisions throughout the whole livestream to maximize the total sales at the end of

the livestream. The sales of a product i at the time period t of the livestream l, denoted as πl,it,

is a function of the product features (including price, category, and brand status), the livestream

engagement (measured by number of viewers), and the number of sessions elapsed. We provide

the function in Equation (5.1)):

πl,it = f(xi, Vl,t, t) + ζl,it, (5.1)

where the variable xi ∈ Rd denotes the feature vector of product i, the variable Vl,t denotes the

number of viewers at session t in livestream l, and ζl,it represents a random error term.

Given the real-time nature of livestream commerce and the need for quick decision-making,

hosts typically favor simple, interpretable models over complex ones. While nonparametric func-

tions might offer greater flexibility in capturing complex relationships, they require substantially

more data and computational resources, which may not be practical during live sessions. More-

over, linear functions provide hosts with intuitive interpretations of the impact of various factors on
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sales performance. Following this practical consideration, we formalize the host’s approach as the

following. Heuristically, the host assumes that the function f is linear with unknown parameters

βo ∈ Rd,γo ∈ R4 and the error term ζl,it follows a normal distribution N (0, σ2
ζ ). We provide the

linear function in Equation (5.2), where we use superscript (k) to represent the kth element of a

vector.

f(xi, Vl,t, t) = x′
iβo + γ(1)

o + γ(2)
o log(t) + γ(3)

o log(Vl,t). (5.2)

Now the host’s objective is to maximize the total sales of a livestream, which is

max
[St]Tt=1

∑
t=1,··· ,T

∑
i∈St

πl,it, (5.3)

where we use T to denote the total number of sessions in the livestream l, and [St]
T
t=1 to denote

the sequence of product sets selected throughout the livestream l. To simplify later analysis, let

x̃l,it =
[
x′
i 1 log(t) log(Vl,t)

]′
and θo =

[
β′
o γ ′

o

]′
.

To achieve this objective, the host can potentially learn consumer preferences based on sales

observations and utilize the learned results to improve later product selection decisions. During this

process, the host needs to balance learning consumer preferences while simultaneously maximiz-

ing immediate sales. This creates an inherent tension between exploration and exploitation - hosts

must decide whether to experiment with new or unfamiliar products to gather information about

viewer preferences (exploration) or to rely on their existing knowledge to select products that have

historically performed well (exploitation). Too much exploration may lead to missed sales oppor-

tunities, while excessive exploitation might prevent the discovery of potentially high-performing

products. Given this fundamental trade-off, we model the host’s learning and decision-making

process through the Linear Multi-Armed Bandit framework. This framework is particularly well-

suited for capturing the hosts’ heuristic decision-making in product assortment selection, as it

explicitly addresses the exploration-exploitation dilemma.

In the subsequent sections, we develop two Linear Multi-Armed Bandit strategies tailored to
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the livestream commerce context. For each proposed strategy, we derive rigorous likelihood for-

mulations that facilitate empirical validation and comparative analysis of hosts’ decision-making

patterns.

Learning in ϵ-Greedy Style

Livestream hosts can employ an ϵ-Greedy style strategy to select products. This approach balances

exploitation of known high-performing products with exploration of potentially undiscovered gems

through the random probability (parameter) ϵ. A higher ϵ encourages more exploration, which can

be beneficial in rapidly changing markets or when introducing new products. A lower ϵ favors

exploitation, which can maximize short-term sales but may miss out on identifying new trends or

successful products.

For a first-time host with no prior livestream experience, product selection in the initial ses-

sion can be random since no historical data exists. Thus in our model, we assume a host conducts

random decisions in the first session of the first livestream. For experienced hosts, the selection de-

cisions become data-driven: they can leverage sales data from their previous livestream to forecast

potential first-session sales for each product in the available pool. We assume that hosts conduct

ridge regressions to estimate the linear coefficients θo based on historical observations. Then with

probability 1 − ϵ, the host selects products with positive sales predictions; with probability ϵ, the

host selects products randomly.

After the first session of a livestream l, the host can utilize the observation data generated from

the previous sessions to conduct the estimation of θo as the following,

Bl,t−1 = Id+4 +
t−1∑
τ=1

∑
i,j∈Sl,τ

x̃l,iτ x̃
′
l,jτ , (5.4)

θ̂l,t−1 = B−1
l,t−1

(
t−1∑
τ=1

∑
i,j∈Sτ

x̃l,iτπl,jτ

)
, (5.5)

where Id+4 is an identity matrix of dimension (d+4). Then, for each product in the given poolAl,
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host use the estimation θ̂l,t−1 to predict the potential sales in the current session t,

π̂l,it = θ̂′
l,t−1x̃l,it. (5.6)

Recall that the objective is the sum of sales generated from all products selected, a natural greedy

strategy is to choose products that have positive predicted sales. Here, with probability (1 - ϵ),

hosts select products with positive sales predictions. This exploits knowledge gained from past

performance, focusing on products likely to sell well. With probability ϵ, hosts perform a random

product set selection from the entire product pool within the current livestream. This allows for

exploration, giving a chance to products that might not have shown promise based on limited past

data or changing market conditions. We summarize this ϵ-Greedy style product selection strategy

in Algorithm 3.

The value of ϵ can be adjusted over time, with two main approaches considered: (1) Constant ϵ:

The value of ϵ remains constant throughout each livestream, maintaining a fixed balance between

exploration and exploitation. (2) Diminishing ϵ: The value of ϵ decreases over time within each

livestream, gradually shifting from more exploration at the beginning to more exploitation towards

the end. Both strategies have their merits: a constant ϵ ensures consistent exploration, while a di-

minishing ϵ allows for more targeted product selection as more data is gathered during the stream.

By implementing this ϵ-Greedy strategy, livestream hosts can effectively balance the need to pro-

mote consistently well-performing products while also discovering new potential bestsellers. This

approach helps in adapting to changing consumer preferences and market dynamics, ultimately

optimizing the overall sales performance of the livestream.

Assuming the hosts conduct ϵ-Greedy style product selection decision, The parameters to be

estimated are {[ϵl]}5,178l=1 . We provide the calculation formula for the likelihood of the observed

product selection decisions in our dataset in the following and then estimate the parameters ϵl,t

through Maximum Likelihood Estimation (MLE). First, when a host randomly selects products,

two random decisions are involved: (i) Choosing how many products to select (np), (ii) Selecting

specific products given this chosen number. Thus, for random selection, the probability of selecting
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Algorithm 3 ϵ-Greedy Product Selection Strategy
Require: Product pool Al, exploration rate ϵl,t
Ensure: Selected product set Sl,t

1: Initialize empty product set Sl,t ← ∅
2: if l = 1 and t = 1 then ▷ First session of first livestream
3: Sl,t ← Random subset of products from Al

4:
5: else
6: if t = 1 then ▷ First session of later livestreams
7: Compute θ̂l−1,Tl−1

using previous livestream data ▷ Tl−1 is last session of previous
livestream

8: else ▷ Later sessions within livestream
9: Compute Bl,t−1 = Id+4 +

∑t−1
τ=1

∑
i,j∈Sl,τ

x̃l,iτ x̃
′
l,jτ

10: Compute θ̂l,t−1 = B−1
l,t−1(

∑t−1
τ=1

∑
i,j∈Sl,τ

x̃l,iτπl,jτ )
11: end if
12: Predict sales π̂l,it = θ̂′

l,t−1x̃l,it for all i ∈ Al

13: Generate random number r ∼ Uniform(0, 1)
14: if r > ϵl,t then ▷ Exploitation phase
15: Sl,t ← {i ∈ Al : π̂l,it > 0} ▷ Select products with positive predicted sales
16: else ▷ Exploration phase
17: Sl,t ← Random subset of products from Al

18: end if
19: end if
20: return Sl,t
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any single product can be calculated as the following,

Prob(a product is selected) =
|Al|∑
np=1

Prob(the number of products is chosen to be np)×

Prob(a product is selected|the number of products is chosen to be np)

=

|Al|∑
np=1

1

|Al|
× np

|Al|

=
1 + |Al|
2|Al|

. (5.7)

Here, 1
|Al|

represents the uniform probability of choosing np products, and np

|Al|
is the probability of

selecting a specific product given np products are chosen. Hence, the complete likelihood of the

ϵ-Greedy style strategy for a livestream l is

T∏
t=1

L(Sl,t|ϵl,Data) =
T∏
t=1

 ∏
iin∈Sl,t

(1− ϵl)1{x̃′
iin
θ̂l,t−1 > 0}+ ϵl

1 + |Al|
2|Al|

×
 ∏

iout∈Sl,t

(1− ϵl)1{x̃′
ioutθ̂l,t−1 ≤ 0}+ ϵl(1−

1 + |Al|
2|Al|

)

 . (5.8)

This likelihood function accounts for (i) Selected products (iin ∈ Sl,t). They could be chosen

either through exploitation ((1 − ϵl) when predicted sales are positive) or exploration (ϵl times

the random selection probability). (ii) Non-selected products (iout ̸∈ Sl,t). They could be excluded

either through exploitation ((1−ϵl) when predicted sales are negative) or not chosen during random

exploration. By maximizing this likelihood function, we can estimate the exploration rate ϵl that

best explains the observed product selection decisions in our dataset.

Learning in Thompson Sampling Style

Livestream hosts can also employ a Thompson Sampling style strategy to select products. This

approach strikes a balance between featuring proven bestsellers and testing promising new items



81

by creating a probability distribution based on the host’s estimates of consumer preference θo, with

the variance parameter σ reflecting their exploration degree.

The estimation process is the same as the process in the ϵ-Greedy style decisions in Section

5.2.2. The host begins with a random product selection decision in the first session in the first

livestream. After the first livestrem, the host utilizes the estimation of θo from the last livestream

to predict sales in the first session. After the first session, the host utilizes the observed sales within

the current livestream to conduct ridge regression estimation of θo, which is denoted by θ̂l,t−1.

Instead of directly using the estimation θ̂l,t−1 to predict the sales, the host construct a normal

distribution around θ̂l,t−1 and randomly draw a θ̃ from this normal distribution to make sales pre-

diction in the Thompson Sampling style strategy. Specifically, the host holds a prior for θo at the

beginning of the time period t in livestream l as given by N (θ̂l,t−1, σlB
−1
l,t−1). Upon observing the

sales at the end of time period t, the host updates the posterior distribution of the parameters as,

Prob(θ̃|πl,t) ∝ Prob(πl,t|θ̃)Prob(θ̃)

∝ exp

− 1

2σ2
l

(πl,t −
∑
i∈Sl,t

θ̃′x̃l,it)
2 + (θ̃ − θ̂t)

′Bl,t−1(θ̃ − θ̂t)


∝ N (θ̂t, σ

2
lB

−1
l,t ). (5.9)

Note that the matrix Bl,t is always positive definite and increases with t, which leads to a weaker

effect of σl on the distribution N (θ̂l,t, σ
2
lB

−1
l,t ) as t increases. Subsequently, the host of livestream

l samples a θ from the posterior distribution N (θ̂l,t, σ
2
lB

−1
l,t ) and selects the products with positive

sales predictions based on θ. We summarize this strategy in Algorithm 4.

The fundamental logic behind these selections is based on predicted sales. Hosts make their

choices by drawing random guesses around their best estimates, with the amount of randomness

controlled by their exploration parameter σl. A host who explores more will have more variation

in their guesses, leading to more diverse product selections. This randomness in their predictions

creates uncertainty, which is essential for balancing exploration of new products with exploitation

of known successful ones.
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The exploration dynamic evolves naturally over time under this Thompson Sampling style

strategy. As Bl,t grows with more observations, its inverse shrinks, reducing the variance of the

posterior distribution. This creates an automatic transition from exploration to exploitation. In

early sessions, the higher variance encourages exploration; while in later sessions, reduced variance

leads to more focused exploitation. The parameter σl acts as a tuning knob for this exploration-

exploitation trade-off.

Algorithm 4 Thompson Sampling Product Selection Strategy
Require: Product pool Al, exploration parameter σl
Ensure: Selected product set Sl,t

1: Initialize empty product set Sl,t ← ∅
2: if l = 1 and t = 1 then ▷ First session of first livestream
3: Sl,t ← Random subset of products from Al

4: else
5: if t = 1 then ▷ First session of later livestreams
6: Use θ̂l−1,T from previous livestream ▷ T is last session
7: Bl,0 ← Bl−1,T ▷ Initialize precision matrix
8: else ▷ Later sessions within livestream
9: Compute Bl,t−1 = Id+4 +

∑t−1
τ=1

∑
i,j∈Sl,τ

x̃l,iτ x̃
′
l,jτ

10: Compute θ̂l,t−1 via ridge regression
11: end if
12: Draw θ ∼ N (θ̂l,t−1, σ

2
lB

−1
l,t−1)

13: Predict sales π̂l,it = θ′x̃l,it for all i ∈ Al

14: Sl,t ← {i ∈ Al : π̂l,it > 0}
15: end if
16: return Sl,t

The parameters to be estimated in the Thompson Sampling style strategy are {[σl]}5,178l=1 . To

estimate these parameters, note that a host always chooses products that achieve x̃′
l,it+1θl,t > 0 and

θl,t ∈ N (θ̂l,t, σ
2
lB

−1
l,t ) so that the host can maximize the total predicted sales π̂l,t+1. When calculat-

ing likelihoods, we consider two distinct scenarios. For products that were selected, we calculate

how likely it was for the host to predict positive sales. The higher their confidence in positive

predictions, the more likely they were to select those products. However, more exploration makes

these predictions more uncertain, potentially leading to selections that might seem counterintuitive
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based on past performance alone. Conversely, for products that weren’t selected, we calculate how

likely it was for the host to predict negative sales, with similar principles applying to the role of

uncertainty in these decisions.

Hence, the likelihood of observed product assortment decisions over time within a livestream l

by a host is given in Equation (5.10).

T∏
t=1

L(Sl,t|σl,Data) =
T∏
t=1

∏
iin∈Sl,t

Prob(iin ∈ Sl,t|iin ∈ Al)
∏

iout∈Al/Sl,t

Prob(iout /∈ Sl,t|iout ∈ Al)

=
T∏
t=1

∏
iin∈Sl,t

Prob(x̃′
iin
θl,t−1 > 0|iin ∈ Al)×

∏
iout∈Al/Sl,t

Prob(x̃′
ioutθl,t−1 ≤ 0|iout ∈ Al)

=
T∏
t=1

∏
iin∈Sl,t

(1− Φ(−
x̃′
iin
θ̂l,t−1

x̃′
iin
σlB

−1
l,t x̃iin

))×
∏

iout∈Sl,t

Φ(−
x̃′
ioutθ̂l,t−1

x̃′
iout
σlB

−1
l,t x̃iout

).

(5.10)

By finding the exploration parameter σl that maximizes this likelihood, we can estimate each

host’s natural tendency to balance exploring new options versus exploiting known successes. This

statistical approach provides insights into how hosts learn from past performance and adapt their

strategies over time, helping us understand their decision-making process in the dynamic environ-

ment of livestream commerce.

Exploration and Exploitation: Both the constructions of θ in the Thompson Sampling strat-

egy and the ϵl-greedy mechanism capture how hosts balance the exploration and exploitation during

a livestream. The host explores by sampling θ from the posterior distribution, which allows the

host to consider a range of plausible parameter values and gather information about the choices’ po-

tential rewards (sales). The uncertainty σ2
lB

−1
l,t in the posterior distribution encourages exploration,

as the host may sample parameters that lead to selecting less explored choices. With probability ϵl,

the host explores by randomly selecting a product assortment, regardless of predicted sales. This

also allows the host to gather information about all choices, even those that may not have been

selected based on current reward estimates. Thus, larger σl and ϵl imply a higher uncertainty of

the product selection decisions allowing the host to learn more about unexplored product choices’
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sales distribution.

Benchmark Models

To better understand host product selection behaviors reflected in the data, we propose three other

alternative models of product selection: Random selection decisions, Fixed Group selection de-

cisions, and Greedy selection decisions. Through a comparative analysis using likelihood-based

metrics, we aim to determine which model best fits the observed host behaviors based on the data.

Random Decisions In the random product selection model, hosts do not rely on past perfor-

mance data or predictions. Instead, the number of products to present in each session is randomly

determined, and products are uniformly randomly selected from the available pool within each

livestream. This approach provides maximum exploration, potentially discovering unexpected

trends or popular products. However, it ignores valuable historical data and may lead to incon-

sistent performance.

Fixed Group Decisions Another benchmark product selection strategy the livestream hosts

can potentially adopt is a mixture of random decisions and fixed sequence of decisions. Hosts

can potentially present lower-priced and branded products to attract consumers at the beginning

of a livestream and then turn to higher-priced and non-branded products to gain profit. To capture

such a strategy, we model that a livestream host sort the products in the given pool by price and

branded variables at the very beginning of each livestream. Then the host divided the whole pool of

products into two groups based on the sorting: first group with lower-priced and branded products,

second group with higher-priced and non-branded products. During the first half of the livestream,

the host always randomly draw product sets from the first group; during the second half of the

livestream, the host always randomly draw product set from the second group.

Greedy Decisions The greedy selection model represents the opposite extreme of random se-

lection. In this approach, hosts strictly adhere to estimations based on past observations of sales

and x̃, selecting only products with positive sales predictions. The process involves estimating lin-

ear coefficients θ using historical (sales, x̃) data, predicting sales for all available products, and then

selecting only products where positive sales predictions. This method maximizes short-term per-
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formance based on historical data but lacks exploration, potentially missing new trends or changes

in consumer behavior. The greedy model assumes hosts are purely profit-driven and have high

confidence in their predictive models.

The estimation results are presented in Table 5.2, which compares the log likelihood, Akaike

Information Criterion (AIC), and Bayesian Information Criterion (BIC) for each model.

Table 5.2: Likelihood Comparison of Models without Host Features Embedded

Without Learning With Learning
Random Fixed Group Greedy TS ϵ-Greedy(2) ϵ-Greedy(1)

Log Likelihood -3,957,941 -103,624,589 -79,671,028 -3,417,737 -11,696,789 -1,227,680
AIC 7,915,882 207,249,178 159,342,056 6,845,830 23,403,934 2,465,716
BIC 7,915,882 207,249,178 159,342,056 6,899,599 23,457,703 2,519,485
Notes. For Random and Greedy models, we do not estimate parameters so AIC is equal to BIC.
ϵ-Greedy(2) refers to the ϵ-Greedy model with a diminishing ϵ over time within each livestream.
ϵ-Greedy(1) refers to the ϵ-Greedy model with a constant ϵ over time within each livestream.

The ϵ-Greedy (2) model, which maintains a constant ϵwithin each livestream, demonstrates the

best fit to the observed data. It exhibits the highest log likelihood (-1,227,680) and the lowest AIC

(2,465,716) and BIC (2,519,485) values among all models. This finding suggests that hosts tend to

maintain a consistent balance between exploration and exploitation throughout their livestreams,

rather than adjusting their strategy as the stream progresses. The Thompson Sampling (TS) model

emerges as the second-best performer, with the next highest log likelihood and next lowest AIC and

BIC values. This indicates that some hosts may be employing a more sophisticated probabilistic

approach to balance exploration and exploitation, though not to the same extent as the ϵ-Greedy

strategy.

Comparing the two ϵ-Greedy models, we observe that the constant ϵ model (ϵ-Greedy (2))

significantly outperforms the diminishing ϵ model (ϵ-Greedy (1)) in fitting the data. This result

further supports the notion that hosts do not tend to reduce their exploration rate as the livestream

progresses, instead maintaining a consistent approach throughout. Both the Random and Greedy

models perform poorly compared to the other strategies, with the Greedy model showing the worst

fit. This indicates that hosts neither rely on purely random selection nor depend solely on past per-
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formance when choosing products to showcase. The particularly poor performance of the Greedy

model underscores the importance of ongoing exploration in the dynamic livestream environment.

It is noteworthy that the models incorporating learning (ϵ-Greedy and Thompson Sampling)

generally outperform the non-learning models (Random and Greedy). This supports the hypothesis

that hosts dynamically adjust their strategies based on ongoing performance during the livestream,

rather than adhering to a fixed approach.

5.2.3 Step 2: Presentation Timing

Now we model how livestream hosts decide the presentation schedule using a survival analysis.

The survival analysis estimates the instantaneous probability (hazard rate) of a livestream host

stopping the presentation of the current product set and turning to another set of products (termed

as an event) conditional on the observable features (including product set features, current sales

performance, current livestream engagement level, etc.) given that the host presented the current

product set so far.

Specifically, we use the stratified Cox Proportional Hazards model (Cox, 1972) through the

survival package in R (Therneau et al., 2015) for the estimation. The stratified Cox Proportional

Hazards model allows the hosts’ scheduling decisions dependent on the dynamic of the livestream

through different baseline hazards over time within a livestream. In addition, the model uses non-

parametric estimation for the baseline hazard function, making it more flexible and less restrictive

compared to parametric survival models. The hazard rate is formulated in Equation (5.11).

ht(Dl,t) =h0k(Dl,t)×

exp

(
z′
l,Sl,t

βc + γ(1)c (Nl −
t∑

τ=1

Sl,τ ) + γ(2)c Vl,t + γ(3)c IsWeekendl + γ(4)c IsDaytimel

)
,

(5.11)

where ht(Dl,t) is the hazard rate for the tth time period, i.e., the instantaneous probability of stop-

ping the current presentation at Dl,tth second in the tth time period of a livestream. The hazard
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rate is the product of a baseline hazard rate h0k(Dl,t) and an exponential function of a linear com-

bination of covariates. The subscript k represents a host. The baseline hazard rate varies with

different hosts and is estimated non-parametrically. The linear component includes features of the

current product set Sl,t, denoted by zSl,t
, as well as the number of products which have not been

selected to present until the current time period, denoted by Nl −
∑t

τ=1 Sl,τ (RemainingProducts),

the number of viewers Vt. The variable zSl,t
includes number of products in Sl,t (SetSize), total

revenue achieved for Sl,t (SetRevenue), the average price of products in Sl,t (SetPrice), total sales

achieved for Sl,t (SetSales), the probability that a product is branded in Sl,t (SetIsBrand, i.e., num-

ber of branded products divided by the total number of products in Sl,t), number of distinct product

categories in Sl,t (SetCategoryDiversity). Additionally, we use variables IsWeekend and IsDaytime

to control for the effects of the day of a week and the time of a day on the hazard rate.

Estimation of Timing Strategy

We present the results of a stratified Cox proportional hazards ratio model in Table 5.3. The model

identifies key factors that influence a host’s presentation-stopping decision during livestream sales.

The product set characteristics (size, revenue, sales, branding, category diversity), viewership,

remaining products, and timing of the livestream all play significant roles in shaping the instanta-

neous probability of stopping the current presentation.

Specifically, a one-unit increase in the logged set size multiplies the hazard rate by exp(0.9349)

= 2.55, holding other variables constant. In other words, larger product sets are associated with

a substantially higher instantaneous probability of the host stopping the current presentation and

switching to a new product set. Similarly, branded product sets have exp(0.3295) = 1.39 times

the hazard rate of non-branded sets, all else being equal. Higher product set sales and a greater

number of remaining products also increase the hazard rate, suggesting that hosts are more likely

to stop current presentation when sales are high or when there are many products left to present.

On the other hand, factors such as higher set revenues, more diverse set categories, a larger number

of viewers, and daytime livestreams are associated with a lower hazard rate. For instance, a one-

unit increase in the logged number of viewers multiplies the hazard rate by exp(-0.0996) = 0.91,
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indicating a 9% decrease in the instantaneous probability of stopping the current presentation for

each unit increase in the logged viewer count. In addition, the model’s concordance of 0.708

indicates a good predictive power, suggesting that the model can accurately discriminate between

high-probability and low-probability cases. The likelihood ratio test with 10 degrees of freedom is

highly significant (p < 0.01), indicating that the model as a whole is statistically significant.

5.3 How Host Features Affect Exploration

To gain deeper insights into the factors influencing product selection strategies, we extended our

ϵ-Greedy model to incorporate host features. This extension allows us to examine how various

characteristics of the livestream hosts affect their degree of exploration versus exploitation. We

model the exploration parameter ϵl as a function of host features, using a logistic transformation to

ensure ϵl remains between 0 and 1.

ϵl =
1

1 + exp (αϵzl)
, (5.12)

where zl denotes the vector of host features for livestream l. These features include host gender,

number of videos posted, number of likes received, number of followers, number of accounts

followed, education level, and livestreaming experience.

We formulate the likelihood function for the observed product assortments in Equation (5.13),

capturing the probability of selecting each product in the assortment Sl,t for livestream l at time

t. The likelihood incorporates both the exploitation component, governed by the estimated util-

ity x̃′
iθl,t−1, and the exploration component, represented by the uniform probability 1/2|Al|. The

ϵl parameter, modeled as a function of host features zl, determines the balance between these

two components. This formulation allows us to estimate the impact of host characteristics on the

exploration-exploitation trade-off while accounting for the evolving livestream environment over
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Table 5.3: Cox Proportional Hazards Ratio Model Estimation Results

Dependent Var.: Hazard Rate Coef.

Log(SetSize) 0.9349 ***
(0.0234)

Log(SetRevenue) -0.0304 ***
(0.0033)

Log(SetPrice) 0.0096
(0.0067)

Log(SetSales) 0.1769 ***
(0.0079)

SetIsBrand 0.3295 ***
(0.0294)

SetCategoryDiversity -0.0477 ***
(0.0145)

Log(Viewers) -0.0996 ***
(0.0091)

Log(RemainingProducts) 0.0512 ***
(0.0083)

IsWeekend -0.0513
(0.0419)

IsDaytime -0.0805 **
(0.0329)

Observations 226,786
Concordance 0.708

(0.003)
Likelihood Ratio Test (10 Degrees of Freedom) 98798***

Notes. Standard errors are presented in parentheses.
*p<0.1, **p<0.05, ***p<0.01
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time.

T∏
t=1

L(Sl,t|αϵ,Data) =
T∏
t=1

 ∏
iin∈Sl,t

(1− 1

1 + exp (αϵzl)
)1{x̃′

iin
θl,t−1 > 0}+ 1

1 + exp (αϵzl)

1 + |Al|
2|Al|

×
 ∏

iout∈Sl,t

(1− 1

1 + exp (αϵzl)
)1{x̃′

ioutθl,t−1 ≤ 0}+ 1

1 + exp (αϵzl)
(1− 1 + |Al|

2|Al|
)

 .

(5.13)

Table 5.4 presents the maximum likelihood estimation results for the ϵ-Greedy model incorporating

host features. The estimation results provide several interesting insights into how host characteris-

tics influence the balance between exploration and exploitation in product selection. The negative

coefficient (-0.3327) for gender suggests that female hosts tend to have a lower ϵ, indicating a

higher propensity for exploitation compared to male hosts. Hosts who post more videos tend to

have a lower ϵ, suggesting that more active content creators rely more on exploitation strategies.

Regarding popularity metrics, hosts with more likes and followers are more inclined towards ex-

ploration. Interestingly, the number of accounts a host follows has the strongest positive impact

on exploration, suggesting that hosts who are more engaged with the platform community tend to

be more exploratory in their product selections. Hosts with higher education show a slightly lower

tendency for exploration, although the effect is relatively small. The positive coefficient for live

experience indicates that more experienced hosts tend to engage in more exploration, possibly due

to increased confidence in their ability to handle diverse products.

These findings have several implications for understanding host behavior and platform dynam-

ics. More experienced hosts and those with larger networks (followers and following) tend to be

more exploratory. This could be due to their confidence in handling diverse products and their

ability to leverage their network for successful promotion of new items. The negative relation-

ship between video posting activity and exploration suggests that hosts who are more focused on

content creation might prefer a more stable, exploitation-focused product selection strategy. The

gender effect indicates potential differences in risk-taking or product knowledge between male
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and female hosts, which could be further explored in future research. The slight negative effect

of higher education on exploration could indicate that more educated hosts might rely more on

analytical approaches to product selection, favoring exploitation of known successful products.

Table 5.4: Effect of Host Features on ϵ: MLE Estimation Results

αϵ

Gender -0.3327 ***
(0.0036)

Log(VideoPosted) -0.2182 ***
(0.0016)

Log(Favorited) 0.0854 ***
(0.0016)

Log(Follower) 0.1182 ***
(0.0028)

Log(Following) 2.2338 ***
(0.0168)

HighEducation -0.0192 **
(0.0092)

Log(LiveExperience) 0.8820 ***
(0.0009)

Observations 238,985
Log Likelihood -1,400,481
AIC 2,800,976
BIC 2,801,049

Notes. Standard errors are presented in parentheses.
*p<0.1, **p<0.05, ***p<0.01

5.4 Simulations

Our prior analysis demonstrates how livestream hosts learn and explore to make product assortment

decisions, how host features affect their exploration behaviors, and how host features affect their

timing behaviors. While our model structure captures the indirect effect of host features on sales,

the precise magnitude of this effect is not directly quantifiable through estimated parameters alone.
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Figure 5.3: Distribution of Exploration Degree ϵ among Hosts

To address this limitation and provide a more comprehensive understanding, we employ simula-

tions in this section. These simulations explicitly demonstrate how host characteristics ultimately

influence sales performance through their impact on learning, exploration, product assortment and

presentation timing.

We use our parameter estimates αϵ, βc and γc to simulate livestream hosts’ product assortment

and timing decisions, and sales generated from the viewers. To begin with, we assume that the

viewer arrivals in each livestream follow Poisson distributions, where the intensity of the Poisson

arrivals can vary with hosts (see Equation (5.14)).

Prob(Vl,t = v) =
λvk exp (−λk)

v!
. (5.14)

We estimate the Poisson arrival rate for each host from the data by Maximum Likelihood Estima-

tion. Specifically, viewers can arrive as well leave. Thus, to estimate the arrival rate, we first fix

a departure rate at 0.01 and assume the number of viewers can decrease (0.01× Time Duration)
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if there are no new arrivals. Further, we simulate sales as a linear function of product features

and livestream environment features as given in Equation (5.2). We estimate the linear coefficients

from the original data.

Given the products of each livestream in the original dataset, we simulate that each host con-

ducts product assortment decisions following the ϵ-Greedy framework with the estimate of αϵ.

Then, based on the product set selected, the host decides the presentation timing following a Cox

proportional hazards framework with the estimates of βc and γc. To simulate the presentation

timing, we use the estimated cumulative baseline hazard function H0(t) and calculate the inverse

function H−1
0 (t) by linear interpolation. Specifically, by Leemis (1987) and Bender et al. (2005),

we know that the presentation timing can be generated through (5.15),

H−1
0

(
− log(u) exp

(
z′
l,Sl,t

βc + γ(1)c (Nl −
t∑

τ=1

Sl,τ ) + γ(2)c Vl,t + γ(3)c IsWeekendl + γ(4)c IsDaytimel

))
,

(5.15)

where u is randomly drawn from a uniform distribution ranging from [0, 1]. Since we assume that

the hazard function is nonparametric, we can only get step functions forH0(t) from the estimation.

Thus, we use linear interpolation technique to estimate H−1
0 (t). Based on this set up, we conduct

simulations to see how to improve sales heuristically in the following section.

5.4.1 Improving Sales Heuristically

In this section, we apply our model estimation results from Section 5.3 to demonstrate directive

heuristic policy-making methods to improve livestream sales. Our analysis compares the perfor-

mance of several potential product selection strategies, leveraging the insights gained from our

earlier modeling efforts. Specifically, we evaluate five strategies: the original estimated ϵ-Greedy

approach (denoted as ϵ-Greedy(1)), a strictly Greedy strategy, an ϵ-Greedy strategy with dimin-

ishing ϵ over time within each livestream (denoted as ϵ-Greedy(2)), an ϵ-Greedy strategy with

constant ϵ over time within each livestream (denoted as ϵ-Greedy(3)) where ϵ is lower than original

estimated from the data, and the Thompson Sampling (TS) strategy.
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Table 5.5 presents the mean sales and standard deviation for each strategy. The Thompson

Sampling strategy achieves the highest mean sales at 1757.8, followed closely by ϵ-Greedy(3) at

1751.2 and ϵ-Greedy(2) at 1735.0. All three strategies substantially outperform both the strictly

Greedy approach (1674.0) and the original strategy (1482.6). The improvement rates range from

12.91% for the Greedy strategy to 18.56% for Thompson Sampling, with all improvements being

statistically significant (p-values < 0.01).

To better understand the effectiveness of these strategies across different host characteristics,

we conducted a heterogeneity analysis presented in Table 5.6. The results reveal several distinctive

patterns in strategy effectiveness across different host segments. Our analysis of host activity levels

shows that while all strategies demonstrate significant improvements for both more and less active

hosts, less active hosts particularly benefit from Thompson Sampling, achieving a 23.56% increase

compared to a 12.36% increase for more active hosts.

The impact of these strategies varies dramatically based on the host’s follower count. Hosts

with more followers experience substantial improvements ranging from 25% to 33% across differ-

ent strategies, while those with fewer followers see performance decreases between 17% and 19%.

This stark contrast suggests that these optimization strategies are most effective when applied to

hosts with established audiences.

Examining social network engagement reveals that hosts with more followings consistently

show stronger improvements, ranging from 16% to 25% across strategies, compared to those with

fewer followings, where the improvements are either minimal or negative. This pattern indicates

that hosts who are more actively engaged in following others on the platform may be better posi-

tioned to benefit from these optimization strategies.

The analysis of education levels yields an unexpected finding: hosts with lower education lev-

els demonstrate remarkably higher improvements, ranging from 81% to 91% across strategies,

compared to those with higher education levels, where the improvements are not statistically sig-

nificant. This suggests that these optimization strategies might serve as particularly valuable tools

for hosts with less formal education, potentially helping to level the playing field in livestream

commerce.
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In terms of platform engagement, hosts with fewer favorites received show stronger improve-

ments (17-26% across strategies) compared to those with more favorites. This pattern suggests

that these strategies might be particularly beneficial for hosts who are still building their reputation

on the platform, offering them tools to improve their performance despite having less established

content popularity.

These findings illustrate that while all proposed strategies can significantly improve upon the

original approach, their effectiveness varies substantially across different host segments. The

Thompson Sampling strategy consistently shows strong performance across different host char-

acteristics, while the ϵ-Greedy variants demonstrate particular strength in specific contexts. This

heterogeneity in strategy effectiveness highlights the importance of considering host characteris-

tics when implementing optimization strategies in livestream commerce platforms, suggesting that

a more nuanced, targeted approach to strategy deployment might yield the best results.

Table 5.5: Simulated Sales Comparison over Different Strategies

Sales Original Greedy ϵ-Greedy(2) ϵ-Greedy(3) TS
Mean 1482.627 1674.004 1735.031 1751.247 1757.842
Std. 9913.010 9193.994 9936.557 11347.735 11165.471
Mean Increase Rate - 12.91% 17.02% 18.12% 18.56%
p-value - 0.0057 0.0013 0.0094 0.0050
Notes. All p-values are based on paired t-tests that compare each strategy to the Original. ϵ-Greedy(2)
refers to the ϵ-Greedy model with a diminishing ϵ over time within each livestream. ϵ-Greedy(3) refers
to the ϵ-Greedy model with a constant ϵ over time within each livestream where ϵ is lower than the
original strategy estimated.

5.5 Discussion

Livestream sales have become increasingly popular in recent years. Hosts, aiming to maximize

total sales throughout livestreams, face crucial decisions regarding product assortment and presen-

tation timing. Despite the importance of these decisions, few studies have explored this area. Our

work contributes to the literature by investigating how livestream hosts make product assortment

and presentation timing choices using real-world data and structural modeling techniques.
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Figure 5.4: Comparison of 95% Confidence Intervals of Simulated Sales

Table 5.6: Host Heterogeneity in Simulated Sales Improvement over Different Strategies

Mean Increase Rate Greedy ϵ-Greedy(2) ϵ-Greedy(3) TS

Less Active 13.49%∗∗∗ 17.22%∗∗∗ 18.87%∗∗∗ 23.56%∗∗∗

More Active 12.18%∗∗∗ 16.78%∗∗∗ 17.19%∗∗∗ 12.36%∗∗∗

Less Followers -17.50%∗∗∗ -18.81%∗∗∗ -19.16%∗∗∗ -18.58%∗∗∗

More Followers 25.03%∗∗∗ 31.31%∗∗∗ 32.98%∗∗∗ 33.37%∗∗∗

Less Followings 2.36% -5.75%∗ -3.50% 2.76%
More Followings 16.37%∗∗∗ 24.50%∗∗∗ 25.21%∗∗∗ 23.75%∗∗∗

High Educated -8.00% -0.44% 1.26% 0.46%
Low Educated 91.57%∗∗∗ 82.70%∗∗∗ 81.52%∗∗∗ 86.65%∗∗∗

Less Favorited -0.17% -7.44% -5.05% -1.36%
More Favorited 17.50%∗∗∗ 25.61%∗∗∗ 26.24%∗∗∗ 25.55%∗∗∗

Notes. *p<0.1, **p<0.05, ***p<0.01. ϵ-Greedy(2) refers to the ϵ-Greedy model with a diminishing ϵ
over time within each livestream. ϵ-Greedy(3) refers to the ϵ-Greedy model with a constant ϵ over time
within each livestream where ϵ is lower than the original strategy estimated.
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To study product assortment decisions, we focus on how hosts learn about viewer demand

over time and exploit this knowledge to optimize their choices. We fit the livestream sales data into

Multi-Armed Bandit (MAB) models, which allows us to examine the learning and exploitation pro-

cess. Additionally, we identify how hosts’ characteristics influence their exploration and exploita-

tion behaviors in product assortment decisions. The maximum likelihood estimation results reveal

that a host’s exploration behavior, as measured by the parameters ϵl, is significantly influenced

by their activeness and social network on the platform, past livestream experience, and personal

demographic characteristics. This finding highlights the dynamic nature of hosts’ decision-making

processes and the importance of considering both historical and contextual factors.

Furthermore, we investigate product presentation timing decisions using a stratified Cox pro-

portional hazards model. This model allows us to examine the factors that influence a host’s de-

cision to stop the current product presentation and move on to the next one. Our analysis reveals

that product set characteristics, viewership, remaining products, and the timing of the livestream

play significant roles in shaping the instantaneous probability of stopping the current presentation.

Specifically, larger product set sizes, branded products, higher sales, and a greater number of re-

maining products are more likely to lead to a presentation switch. Conversely, higher revenues,

category diversity, viewership, and daytime livestreams are associated with a lower probability

of stopping the current presentation. These findings provide valuable insights into the complex

interplay of factors that drive hosts’ presentation timing decisions.

Building on these empirical findings, we conducted simulation experiments to evaluate vari-

ous product selection strategies and their potential for improving sales performance. Our results

demonstrate that alternative strategies, particularly Thompson Sampling and modified ϵ-Greedy

approaches, can significantly outperform the current practices, with improvements ranging from

12.91% to 18.56% in overall sales. However, the effectiveness of these strategies varies substan-

tially across different host segments. Hosts with larger follower bases show remarkable improve-

ments of 25-33%, while those with fewer followers may experience decreased performance. Sim-

ilarly, hosts with lower education levels demonstrate particularly strong improvements of 81-91%,

suggesting these strategies could serve as valuable tools for democratizing success on the plat-
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form. The heterogeneous effects extend to other host characteristics, with less active hosts, those

with more followings, and those with fewer favorites generally showing stronger improvements

from these optimization strategies.

Our work offers several important implications for livestream sales practitioners and platform

providers. By understanding the factors that influence hosts’ product assortment and presentation

timing decisions, platforms can develop targeted tools and features to support different host seg-

ments in making informed choices. For instance, platforms could provide customized real-time

analytics and recommendations based on viewer engagement, sales performance, and product set

characteristics, with particular attention to supporting hosts who might benefit most from optimiza-

tion strategies, such as those with fewer followers or less platform experience.

Moreover, our research lays the groundwork for future AI and ML-assisted livestream sales.

The insights gained from our empirical analysis and simulation experiments can inform the devel-

opment of intelligent systems that support hosts in real-time decision-making. These systems could

be tailored to different host segments, recognizing that the effectiveness of optimization strategies

varies significantly across host characteristics. AI or ML models can be trained on historical data to

predict viewer demand, recommend optimal product assortments, and suggest presentation timing

based on real-time livestream performance, with customizations for different host profiles. Such

targeted support could significantly enhance hosts’ abilities to adapt to dynamic market conditions

and make data-driven decisions, ultimately improving the overall effectiveness of livestream sales

while helping to level the playing field across different host segments.
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Chapter 6

CONCLUDING REMARKS

As digital platforms continue to evolve and AI systems become more prevalent in decision-

making contexts, the methodologies and insights developed in this dissertation provide valuable

tools for ensuring that these systems make optimal decisions based on accurate causal understand-

ing. By addressing fundamental challenges such as endogeneity, measurement error, and dynamic

learning, this research contributes to the development of more reliable, effective, and equitable

data-driven decision systems.

This concluding chapter synthesizes the key findings from the three essays, highlights their

interconnections, and outlines promising directions for future research that build upon this founda-

tion.

The first essay addressed the critical problem of endogeneity in online decision-making con-

texts. By formulating the decision-making process as a contextual linear bandit model, we demon-

strated how many economic settings characterized by endogeneity can lead to biased estimation

and suboptimal decisions. Our proposed ϵ-BanditIV algorithm integrates instrumental variables

with existing linear bandit algorithms to correct this bias and optimize online decisions. The the-

oretical properties of our algorithm include an upper bound for the total expected regret and the

consistency and asymptotic normality of the estimator. Through extensive simulations on syn-

thetic data, we demonstrated that the ϵ-BanditIV algorithm outperforms several benchmark linear

bandit algorithms in endogenous settings. Empirical validation using datasets from mobile app

recommendation and Real-Time Bidding (RTB) systems confirmed the algorithm’s effectiveness

in estimating causal impacts while maintaining near-oracle regret performance.

The second essay addressed the growing prevalence of ML and AI-generated regressors (in-

cluding those from Large Language Models) in econometric analysis. With researchers increas-
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ingly turning to partially linear models for their ability to integrate various ML algorithms and their

strengths in high-dimensional causal inference, we developed novel two-step estimators and GMM

estimators to debias ML/AI-generated regressors in these models. Our work extended the classical

Double Machine Learning (DML) framework to accommodate scenarios with generated regres-

sors in a full sample alongside true labels in a small subsample. Theoretical proofs established

the asymptotic consistency and normality of the proposed estimators, and we provided consis-

tent variance estimators for statistical inference. Synthetic simulations demonstrated the superior

performance of our methods in terms of unbiasedness and low variance compared to existing ap-

proaches. Empirical applications using app review data showed how our estimators effectively

correct bias from ML-predicted and ChatGPT-predicted sentiment variables while improving esti-

mation efficiency.

The third essay examined how livestream hosts make product assortment and presentation tim-

ing decisions to maximize sales. Using real-world data and structural modeling techniques, we in-

vestigated how hosts learn about viewer demand and optimize their choices over time. For product

assortment decisions, we employed Multi-Armed Bandit (MAB) models to examine hosts’ learn-

ing and exploitation processes. Maximum likelihood estimation revealed that a host’s exploration

behavior is significantly influenced by their activeness, social network presence, past livestream

experience, and demographic characteristics. For presentation timing decisions, a stratified Cox

proportional hazards model identified factors influencing when hosts switch products, including

product set characteristics, viewership, remaining products, and livestream timing. Simulation ex-

periments evaluating alternative product selection strategies found that Thompson Sampling and

modified ϵ-Greedy approaches can improve overall sales by 12.91% to 18.56%, with effectiveness

varying across host segments. Particularly notable were the improvements for hosts with larger fol-

lower bases (25-33%) and those with lower education levels (81-91%), suggesting these strategies

could serve as valuable tools for democratizing success on livestream platforms.

Building upon the foundation established by these three essays, several promising directions for

future research emerge. First, future research could develop bandit algorithms that can handle both

endogeneity (from the first essay) and noisy ML/AI-generated features (from the second essay) in
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online decision-making contexts. This would extend both theoretical frameworks while providing

practical tools for applications such as personalized recommendation systems or adaptive pricing

strategies. Second, building on insights from all three essays, future work could also develop

AI-assisted decision support systems for livestream hosts that correct for both endogeneity and

measurement error while optimizing product assortment and timing decisions. By incorporating

the theoretical advances from the first two essays into the applied context of the third, such systems

could provide real-time, theoretically grounded recommendations to hosts. Third, all three essays

employ linear or partially linear models for their theoretical guarantees and interpretability. Future

research could extend these frameworks to fully non-parametric specifications that can capture

more complex relationships while maintaining statistical guarantees. This would be particularly

valuable for the debiasing framework in the second essay and could enhance the performance of

the bandit algorithms in the first and third essays.
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Appendix A

APPENDIX TO CAUSAL BANDITS

A.0.1 Illustration Figure for Endogeneity and Diagram for Literature Review

We provide a figure to illustrate the endogeneity problem in product recommendation in Figure

A.1 and a diagram to illustrate the relationship between related literature and this essay in Figure

A.2.

A.0.2 Synthetic Simulation Results with Noisier Instrumental Variables

To investigate whether our proposed algorithms are robust to noisier instrumental variables, we

vary the variances of errors ξ1,t and ξ3,t in Equation (3.5) and report the comparison results in

Figure A.3. Here are our main observations:

• When the variance of the error term which includes the exogenous error ξ3,t and the endoge-

nous error ξ1,t increases, the finite sample estimation bias of all methods in our comparison

would increase and all the regrets would increase;

• Among all cases, the BanditIV algorithm and ϵ-BanditIV algorithm persistently outperform

benchmark algorithms.

A.0.3 Extra Simulation Results on Mobile App Recommendation

The flexibility of our proposed framework allows it to capture a wide range of market conduct

behaviors, including strategic interactions between firms, without requiring the researcher to ex-

plicitly model these relationships. Specifically, the error component ξ3,t,a in Equation (3.7) can
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Figure A.1: Illustration for endogeneity in product recommendation

In this figure, we illustrate how endogeneity can occur in the context of a platform operator recommending
products to customers in an online fashion. Every period, the platform has n products to choose from and
aims to make recommendations that maximize some cumulative reward (say demand). The realized reward
for any chosen arm (Djt) depends on that product’s features {pricejt, xjt} and unobserved demand shocks
ejt, that are unknown to the platform operator. These product features are determined by third-party sellers
or merchants. Specifically, merchant j can adjust the pricejt of product j in response to the realization of
demand shocks ejt, meaning that pricejt is a function (fprice) of ejt. This potential correlation, if ignored,
can lead to sub-optimal recommendation decisions.
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Figure A.2: Literature Overview Diagram

incorporate strategic pricing responses to competitors. For instance, ξ3,t,a could represent a func-

tion of competitors’ prices: ξ3,t,a = f(Price−a,t′), where we use −a to denote competitors of the

focal app and t′ to denote a specific time. This allows firms to engage in strategic price-setting

based on competitor behavior without requiring us to explicitly model the precise form of compe-

tition.

To demonstrate the robustness of our proposed approach, we generate data where firms explic-

itly respond to competitor pricing through the following data generating process:

ξ3,t,a ∼ N (Mean(Price−a,t−1),Var(Pricet−1)).

Our results, presented in Figure A.4, show that our methodology maintains its effectiveness even

when firms engage in strategic pricing behavior.
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(a) σξ3,t = 0.1, σξ1,t = 0.1, ρ =
5

(b) σξ3,t = 0.2, σξ1,t = 0.2, ρ =
5

(c) σξ3,t = 0.3, σξ1,t = 0.3, ρ =
5

(d) σξ3,t = 0.1, σξ1,t = 0.1, ρ =
5

(e) σξ3,t = 0.2, σξ1,t = 0.2, ρ =
5

(f) σξ3,t = 0.3, σξ1,t = 0.3, ρ =
5

Figure A.3: Noisier instrumental variable: Simulation results on synthetic data with different noise
levels on IV

The x-axis shows the number of time steps and the y-axis shows the performance indicator which is either
estimation bias or the actual regret. We use the absolute difference between the estimated coefficient of pt
and the true value of the coefficient -1 to measure the estimation bias and the actual cumulative regret to
measure the regret. As mentioned before in this essay, we denote the ϵ-BanditIV algorithm with ϵt = 0 for
t = 1, 2, · · · , T as the BanditIV algorithm.
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(a) ρ = 0 (b) ρ = 50 (c) ρ = 100

(d) ρ = 0 (e) ρ = 50 (f) ρ = 100

Figure A.4: Simulation results on mobile app data with ξ3,t,a drawn from a normal distribution
N (Mean(Price−a,t−1),Var(Pricet−1))

The x-axis shows the number of time steps and the y-axis shows the performance indicator which is either
estimation bias or the regret. We use actual cumulative regret to measure the difference between the numbers
of downloads from the true optimal at each time and from the focal algorithm. We use the absolute difference
between the true value of the price effect and the estimated price effect by the focal algorithm to measure
the estimation bias. As mentioned before in this essay, we denote the ϵ-BanditIV algorithm with ϵt = 0 for
t = 1, 2, · · · , T as the BanditIV algorithm.

A.0.4 Extra Simulation Results on RTB

We provide results with β(0) ∈ [1000, 10000] in Figure A.5. The results are similar with the result

of β(0) = 100 reported in Section 3.5.2. Our proposed BanditIV and ϵ-BanditIV significantly

outperform the other three classic algorithms both on regret and estimation bias, especially under

higher endogeneity cases. When there are no endogeneity issues, i.e., ρ = 0, all of the algorithms

have close-to-zero estimation bias while the BanditIV and the ϵ-BanditIV algorithms have slightly

higher regrets. When endogeneity increases (ρ = 100), the estimation bias from classic algorithms

increases dramatically while BanditIV algorithms still keep extremely low estimation bias and

regret.
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(a) ρ = 0, β(0) =
1, 000

(b) ρ = 100, β(0) =
1, 000

(c) ρ = 0, β(0) =
10, 000

(d) ρ = 100, β(0) =
10, 000

(e) ρ = 0, β(0) =
1, 000

(f) ρ = 100, β(0) =
1, 000

(g) ρ = 0, β(0) =
10, 000

(h) ρ = 100, β(0) =
10, 000

Figure A.5: Simulation results on RTB data with different endogeneity degrees and different β(0)

The x-axis shows the number of time steps and the y-axis shows the performance indicator which is either
estimation bias or the regret. We use actual cumulative regret to measure the difference between the revenue
from the true optimal at each time and from the focal algorithm. We use the absolute difference between the
true value of the ad effect and the estimated ad effect by the focal algorithm to measure the estimation bias.
As mentioned before in this essay, we denote the ϵ-BanditIV algorithm with ϵt = 0 for t = 1, 2, · · · , T as
the BanditIV algorithm.
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A.0.5 Hyperparameter Search

To ensure fair comparison between bandit algorithms, we perform hyperparameter tuning for each

method. While this typically requires a validation set, bandit algorithms present unique challenges

since they operate in online learning environments rather than offline supervised settings. Our

hyperparameter tuning process follows three distinct steps. First, we generate a validation simula-

tor whose data generating process precisely mimics that of the final test environment, but with a

time horizon set to 30%1 of the test dataset’s duration. Second, we run each bandit algorithm with

various hyperparameter configurations in this validation simulator. Third, we select the specific hy-

perparameter setting for each algorithm that minimizes its total cumulative regret on the validation

data. This approach maintains statistical consistency between validation and testing environments

while providing sufficient data for hyperparameter optimization without compromising test data

integrity. Specifically, using a separate validation dataset prevents data leakage from the test set,

avoids overfitting hyperparameters to test data patterns, and eliminates selection bias that could

occur if algorithms were optimized directly on the evaluation benchmark.

Note that theoretically, if we know the upper bound (denoted by S in Abbasi-Yadkori et al.

(2011)) of the l2 norm of β0, upper bound (denoted by R in Agrawal et al. (2013) and Abbasi-

Yadkori et al. (2011)) of errors, we can fix the value of v by fixing the values of ε and δ, and fix

the value of Ct by fixing the value of λ and δ. Similarly, if we know the true value of Lz and the

upper bound of ∥β0∥2, ∥Γ0∥2F , maxi∈{1,··· ,d} ∥Γ(i)
0 ∥2, we can fix the values of Bt and Gt by fixing

the values of γx, γz, and δ. However, in simulation or practical settings, the true values of S, R, Lz,

and the upper bound of ∥β0∥2, ∥Γ0∥2F , maxi∈{1,··· ,d} ∥Γ(i)
0 ∥2 are hard to be specified. Thus we fine

tune the hyperparameters v, Ct, Bt, Gt and ε by introducing multipliers that scale these variance,

confidence bounds, or random probability appropriately. This approach allows us to control the

level of exploration without requiring precise knowledge of the theoretical upper bounds, while

1For synthetic simulations in Section 3.4, the final test task has 2,000 rounds and we set the number of rounds
in validation simulator as 600 which is 30% of the time horizon in the test task. For the mobile app application in
Section 3.5.1, the total rounds in the final test task is 637 which is short and we set the number of rounds in the
validation simulator as 600 to ensure sufficient learning in the validation process.
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maintaining the structural form of variance, confidence bounds, or random probability.

A.0.6 Proof of Main Results

We provide proofs for main results in Appendix A.0.6 and auxiliary lemmas in Appendix A.0.7.

Theorem 1 (Theorem 3.2.1.). The expected cumulative regret of the ϵ-BanditIV at time T, with

probability at least 1− δ, is upper-bounded by

RT ≤ 3BT

√
2Td log(

T + dγx
dγx

) + G̃T

√
2Tk log(

T + kγz
kγz

)+

+ 2BT
4∥Γ0∥2Lz√

λ(λmin(Γ0)−
√
2d
γz
GT )

(
√
T −

√
T † − 1) + 2Ly((1− ϵ1)T † + ϵ1T )

where BT =
√
γx∥β0∥2 +

√
2 log(6T

δ
) + d log(2TkL2

z

dγx
∥Γ0∥2F + 4kT

γx
log(6Td

δ
) log(T+kγz

kγz
) + 1),

G̃T =
√
γz∥Γ0β0∥2 + ∥β0∥1

√
2 log(3T

δ
) + 2 log(∥β0∥1) + k log(TL2

z

γz
+ 1),

GT =
√
γz maxi∈{1,··· ,d} ∥Γ(i)

0 ∥2 +
√
2 log(6Td

δ
) + k log

(
TL2

z

γz
+ 1
)

,

and T † = 6L2
z

λ
log(6k

δ
).

Proof. Proof. This regret can be decomposed into

RT =
T †∑
t=1

Eut [⟨x∗t , β0⟩ − ⟨xt, β0⟩] +
T∑

t=T †+1

Eut [⟨x∗t , β0⟩ − ⟨xt, β0⟩]

≤ 2T †Ly +
T∑

t=T †+1

(1− ϵt)Eut [⟨x∗t , β0⟩ − ⟨xt, β0⟩]1[xt = Γ′
0zt]+

+
T∑

t=T†+1

ϵtEut [⟨x∗t , β0⟩ − ⟨xt, β0⟩]1[xt ̸= Γ′
0zt]

≤ 2T †Ly +
T∑

t=T †+1

(⟨Γ′
0z

∗
t , β0⟩ − ⟨Γ′

0zt, β0⟩) + 2ϵ1(T − T †)Ly

Next, we will upper bound the second term. Let (Γ̃t, β̃t) = argmaxΓ∈C1,t,β∈C2,t⟨Γ′zt, β⟩. By



121

using the two-stage optimism we can decompose our regret as follows,

T∑
t=T †+1

⟨Γ′
0z

∗
t , β0⟩ − ⟨Γ′

0zt, β0⟩

≤
T∑

t=T †+1

max
Γ∈C1,t

max
β∈C2,t

⟨Γ′z∗t , β⟩ − ⟨Γ′
0zt, β0⟩

≤
T∑

t=T †+1

⟨Γ̃′
tzt, β̃t⟩ − ⟨Γ′

0zt, β0⟩

=
T∑

t=T †+1

⟨(Γ̃t − Γ0)
′zt, (β̃t − β0) + β0⟩+ ⟨x̂t + (Γ0 − Γ̂t)

′zt, β̃t − β0⟩

≤
T∑

t=T †+1

∥x̂t∥W−1
t
∥β̃t − β0∥Wt +

T∑
t=T †+1

⟨(Γ0 − Γ̂t)
′zt, β̃t − β0⟩

+
T∑

t=T †+1

β′
0(Γ̃t − Γ0)

′zt +
T∑

t=T †+1

⟨(Γ̃t − Γ0)
′zt, β̃t − β0⟩

≤
T∑

t=T †+1

∥x̂t∥W−1
t
∥β̃t − β0∥Wt +

T∑
t=T †+1

|β′
0(Γ̃t − Γ0)

′zt|+ 2
T∑

t=T †+1

|⟨(Γ0 − Γ̂t)
′zt, β̃t − β0⟩|

where the first inequality comes from the Lemma 3.2.1, 3.2.2 that Γ0 ∈ C1,t, β0 ∈ C2,t for all t, the

second inequality comes from the definition of zt, the first equality comes from the definition of x̂t

and some careful decomposition, and the third inequality comes from Cauchy-Schwartz inequality.

Now, our goal is to upper bound these three terms, which mainly comes from the estimation

error of Γ0 in the first stage and the estimation error of β0 in the second stage. For the first term,

by applying Cauchy-Schwartz inequality and the standard elliptical potential lemma in Carpentier

et al. (2020), we have

T∑
t=T †+1

∥x̂t∥W−1
t
∥β̃t − β0∥Wt ≤ max

t∈{1,2,··· ,T}
∥β̃t − β0∥Wt

T∑
t=T †+1

∥x̂t∥W−1
t

≤ max
t∈{1,2,··· ,T}

∥β̃t − β0∥Wt

√
2Td log(

T + dγx
dγx

)
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For the second term, by using similar arguments, we have that

T∑
t=T †+1

|β′
0(Γ̃t − Γ0)

′zt| ≤
T∑

t=T †+1

∥β′
0(Γ̃t − Γ0)

′∥Ut∥zt∥U−1
t

≤ max
t∈{1,2,··· ,T}

∥β′
0(Γ̃t − Γ0)

′∥Ut

√
2Tk log(

T + kγz
kγz

)

Finally, for the third term,

2
T∑

t=T †+1

|⟨(Γ0 − Γ̂t)
′zt, β̃t − β0⟩| ≤ 2

T∑
t=T †+1

(|⟨Γ′
0zt, β̃t − β0⟩|+ |⟨Γ̂′

tzt, β̃t − β0⟩|)

≤ 2
T∑

t=T †+1

∥Γ′
0zt∥W−1

t
∥β̃t − β0∥Wt + 2

T∑
t=T †+1

∥x̂t∥W−1
t
∥β̃t − β0∥Wt

≤ 2max
t
∥β̃t − β0∥Wt

T∑
t=T †+1

∥Γ′
0zt∥W−1

t
+ 2 max

t∈{1,2,··· ,T}
∥β̃t − β0∥Wt

√
2Td log(

T + dγx
dγx

)

Therefore, by combing these three terms and Lemmas 3.2.1, A.0.1, and A.0.2, we complete the

proof.

Lemma 1 (Lemma 3.2.1.). With high prob 1− δ/3, for all t ∈ {1, 2, · · · , T},

∥β̂t − β0∥Wt ≤ Bt

Proof. Proof. At any fixed time t, we denote x̂ts = Γ′
tzs for all s ≤ t, and the X̂t defined in the

algorithm is a collection of all {x̂ts}s≤t. For convenience, we drop the superscript t here. We also

denote et ∈ Rt as a collection of {es}s≤t. Now we get the closed-form for β̂t by ridge two-stage
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least squares estimator as follows,

β̂t = W−1
t Qt

= W−1
t X̂ ′

t−1(Xt−1β0 + et−1)

= W−1
t X ′

t−1PZt−1(Xt−1β0 + et−1)

= W−1
t (Wt − γxI)β0 +W−1

t X̂ ′
t−1et−1

where we denote Zt−1(Z
′
t−1Zt−1)

−1Z ′
t−1 as PZt−1 . Therefore, we can write the following

∥β̂t − β0∥Wt = ∥W−1
t X̂ ′

t−1et−1 − γxW−1
t β0∥Wt

= ∥X̂ ′
t−1et−1 − γxβ0∥W−1

t

≤ ∥X̂ ′
t−1et−1∥W−1

t
+ γx∥β0∥W−1

t

≤ ∥X̂ ′
t−1et−1∥W−1

t
+ γx∥β0∥(γxI)−1

= ∥X̂ ′
t−1et−1∥W−1

t
+
√
γx∥β0∥2

Finally, by noticing that each element in et is 1-subgaussian, and according to Lemma 20.2 and

Theorem 20.4 in Lattimore and Szepesvári (2020), that exp(⟨q, X̂ ′
t−1et−1⟩ −

∥q∥2Wt

2
) for all q ∈ Rd

is a supermartingale, we have that, with probability at least 1− δ/(6T ),

∥X̂ ′
t−1et−1∥W−1

t
≤

√
2 log(

6T

δ
) + log(

det(Wt)

γdx
)

By combining the above result, the explicit calculation of Wt detailed in Lemma A.0.7 and the

Boole’s inequality, we complete the proof.

Lemma 2 (Lemma 3.2.2.). With high prob 1 − δ/6, for all t ∈ {1, 2, · · · , T} and all i ∈

{1, 2, · · · , d},

∥Γ̂(i)
t − Γ

(i)
0 ∥Ut ≤ Gt
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Proof. Proof. The proof steps are similar to the previous lemma. At any fixed time t and dimension

i ∈ {1, 2, · · · , d}, we denote u(i)
t ∈ Rt as a collection of {u(i)s }s≤t and ut ∈ Rt×d as a collection of

{us}s≤t. We again get the closed-form of Γ̂t as

Γ̂t = U−1
t Vt = U−1

t (Ut − γzI)Γ0 + U−1
t Z ′

t−1ut−1 = Γ0 − γzU−1
t Γ0 + U−1

t Z ′
t−1ut−1

And therefore, ∥Γ̂(i)
t − Γ

(i)
0 ∥Ut ≤ ∥Z ′

t−1u
(i)
t−1∥U−1

t
+
√
γz∥Γ(i)

0 ∥2.

Finally, again by noticing that each element in ut is 1-subgaussian and according to Lemma

20.2 and Theorem 20.4 in Lattimore and Szepesvári (2020), that exp(⟨q, Z ′
t−1u

(i)
t−1⟩−

∥q∥2Ut

2
) for all

q ∈ Rk is a supermartingale, we have that, with probability at least 1− δ/(6Td),

∥Γ̂(i)
t − Γ

(i)
0 ∥Ut ≤

√
γz∥Γ(i)

0 ∥2 +

√
2 log(

6Td

δ
) + log(

det(Ut)

γkz
)

where the last inequality comes from the explicit calculation of Ut detailed in Lemma A.0.7. We

complete the proof by the Boole’s inequality.

Lemma A.0.1. With high prob 1− δ/3, for all t ∈ {1, 2, · · · , T},

∥(Γ̂t − Γ0)β0∥Ut ≤
√
γz∥Γ0β0∥2 + ∥β0∥1

√
2 log(

3T

δ
) + 2 log(∥β0∥1) + k log(

TL2
z

γz
+ 1) ≡ G̃T

Proof. Proof. Following the proof of Lemma 3.2.2, we have ∥(Γ̂t − Γ0)β0∥Ut ≤

∥Z ′
t−1ut−1β0∥U−1

t
+
√
γz∥Γ0β0∥2.

Again by noticing that each element in utβ0 is ∥β0∥1-subgaussian and according to Lemma

20.2 and Theorem 20.4 in Lattimore and Szepesvári (2020), that exp(⟨q, Z ′
t−1ut−1β0⟩−

∥β0∥21∥q∥2Ut

2
)
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for all q ∈ Rk is a supermartingale, we have that, with probability at least 1− δ/(3T ),

∥(Γ̂t − Γ0)β0∥Ut ≤
√
γz∥Γ0β0∥2 + ∥β0∥1

√
2 log(

3T

δ
) + log(

∥β0∥21 det(Ut)

γkz
)

≤ √γz∥Γ0β0∥2 + ∥β0∥1

√
2 log(

3T

δ
) + 2 log(∥β0∥1) + k log(

TL2
z

γz
+ 1)

where the last inequality comes from the explicit calculation of Ut detailed in Lemma A.0.7.

Lemma A.0.2.

T∑
t=T †+1

∥Γ′
0zt∥W−1

t
≤ 4∥Γ0∥2Lz√

λ(λmin(Γ0)−
√
2d
γz
GT )

(
√
T −

√
T † − 1), w.p. ≥ 1− δ

3

where T † = 6L2
z

λ
log(6k

δ
).

Proof. Proof. On the one hand, by Weyl’s inequality and Lemma A.0.4, we have the following

with a high probability at least 1− δ/6,

λmin(Z
′
tZt) ≥ tλmin(Σ̂t) ≥

t

4
λ, for all t ≥ T †

On the other hand, by Lemmas 3.2.2 and A.0.6, we have the following with a high probability at

least 1− δ/6,

∥Γ̂t − Γ0∥1 = max
i∈{1,...,d}

∥Γ̂(i)
t − Γ

(i)
0 ∥1 ≤ max

i∈{1,...,d}

√
2∥Γ̂(i)

t − Γ
(i)
0 ∥2 ≤ max

i∈{1,...,d}

√
2

γz
∥Γ̂(i)

t − Γ
(i)
0 ∥Ut ≤

√
2

γz
Gt

and hence,

λmin(Γ̂t) ≥ λmin(Γ0)−
√
2

γz
Gt

√
d
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By Min-max theorem,

λmin(X̂
′
t−1X̂t−1) = λmin(Γ̂

′
tZ

′
t−1Zt−1Γ̂t)

= min
∥a∥2=1

a′Γ̂′
tZ

′
t−1Zt−1Γ̂ta

(Γ̂ta)
′(Γ̂ta)

(Γ̂ta)′(Γ̂ta)

≥ λmin(Z
′
t−1Zt−1) min

∥a∥2=1
(Γ̂ta)

′(Γ̂ta)

= λmin(Z
′
t−1Zt−1)λmin(Γ̂

′
tΓ̂t)

= λmin(Z
′
t−1Zt−1)(λmin(Γ̂t))

2

λmin(X̂
′
t−1X̂t−1) ≥

t− 1

4
λ

(
λmin(Γ0)−

√
2d

γz
Gt

)2

, for all t > T †

By Cauchy–Schwarz inequality,

T∑
t=T †+1

∥Γ′
0zt∥W−1

t
≤

T∑
t=T †+1

∥Γ′
0zt∥2

√
λmax(W

−1
t )

≤ ∥Γ0∥2Lz

T∑
t=T †+1

√
λmax(W

−1
t )

= ∥Γ0∥2Lz

T∑
t=T †+1

√
1

λmin(Wt)

≤ ∥Γ0∥2Lz

T∑
t=T †+1

√
1

λmin(X̂ ′
t−1X̂t−1)

≤ ∥Γ0∥2Lz

T∑
t=T †+1

√√√√ 4

(t− 1)λ
(
λmin(Γ0)−

√
2d
γz
Gt

)2
≤ 4∥Γ0∥2Lz

λmin(Γ0)−
√
2d
γz
GT

(
√
T −

√
T † − 1)
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where the last inequality is from the fact that
∑T

t=T †+1

1√
t− 1

=
∑T

t=T †+1

∫ t

t−1
ds

√
t− 1

≤∑T
t=T †+1

∫ t

t−1

ds√
s− 1

=
∫ T

T †
ds√
s− 1

≤ 2
√
T − 1− 2

√
T † − 1.

Lemma A.0.3. (Dependent OLS Tail Inequality). For the online decision-making model, if all

realizations of zt satisfy ∥zt∥∞ ≤ Lz for all t, and Σ̂ = 1
t

∑t
s=1 zsz

′
s has minimum eigenvalue

λmin(Σ̂) > λ for some λ > 0 almost surely. Then for any η > 0,

P (∥ϑ̂t − ϑ0∥1 ≤ η) ≥ 1− 2k exp (− tλ2η2

2k2σ2
vL

2
z

)

Proof. Proof. Based on the proofs provided by Chen et al. (2021) and Bastani and Bayati (2020),

we make some minor changes. The relation between eigenvalue and l2 norm of a symmetric matrix

gives ∥Σ̂−1∥2 = λmax(Σ̂
−1) = (λmin(Σ̂))

−1. Therefore,

∥ϑ̂t − ϑ0∥2 = ∥Σ̂−1(
1

t

t∑
s=1

zsvs)∥2 ≤
1

t
∥Σ̂−1∥2∥

t∑
s=1

zsvs∥2 ≤
1

tλ
∥

t∑
s=1

zsvs∥2

Hence, we have

P (∥ϑ̂t − ϑ0∥2 ≤ η) ≥ P (∥
t∑

s=1

zsvs∥2 ≤ tλη)

≥ P (|
t∑

s=1

z(1)s vs| ≤
tλη√
k
, . . . , |

t∑
s=1

z(k)s vs| ≤
tλη√
k
)

= 1− P (
k⋃

j=1

{|
t∑

s=1

z(j)s vs| >
tλη√
k
})

≥ 1−
k∑

j=1

P (|
t∑

s=1

z(j)s vs| >
tλη√
k
)

Because we know that vs in the above inequality are i.i.d. subgaussian and vs ⊥ zs, we can apply
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Lemma 1 of Chen et al. (2021) and have the following

P (|
t∑

s=1

z(j)s vs| >
tλη√
k
) ≤ 2 exp(− tλ2η2

2kσ2
vL

2
z

)

Thus,

P (∥ϑ̂t − ϑ0∥1 ≤ η) ≥ P (∥ϑ̂t − ϑ0∥2 ≤
η√
k
) ≥ 1− 2k exp(− tλ2η2

2k2σ2
vL

2
z

)

Lemma A.0.4. Let {zt : t = 1, . . . , T} be a sequence of i.i.d. k-dimension random vectors such

that all realizations of zt satisfy ∥zt∥2 ≤ Lz for all t. Denote Σ̂t =
1
t

∑t
s=1 zsz

′
s. If Σ = E[ztz′t] has

minimum eigenvalue λmin(Σ) > λ for some λ > 0, then for a fixed t,

P (λmin(Σ̂t) ≤
λ

4
) ≤ k exp(− tλ

6L2
z

)

Proof. Proof. This proof is based on the proof of Lemma 3 in Chen et al. (2021) with minor

changes. First, we have

λmax(
zsz

′
s

t
) = max

∥a∥2=1
a′(
zsz

′
s

T
)a =

1

t
max
∥a∥2=1

(a′zs)
2 ≤ 2

t
max
∥a∥2=1

k∑
i=1

(a(i)z(i)s )2 ≤ 2

t

k∑
i=1

(z(i)s )2 ≤ 2L2
z

t

µmin ≡ λmin(EΣ̂t) = λmin(
1

t

t∑
s=1

E[zsz′s]) = λmin(Σ) > λ

Then, notice that 41/8 = 2
7
5
/(4· 7

5
) < exp(1/(4 · 7

5
)) = exp( 5

28
), using the Matrix Chernoff bound in

Theorem 5.1.1 in Tropp et al. (2015),

P (λmin(Σ̂t) ≤
µmin

4
) ≤ k

(
exp(−3

4
)

(1/4)1/4

)µmint

2L2
z

= k exp(−3µmint

8L2
z

)4
µmint

8L2
z ≤ k exp(−µmint

L2
z

11

56
) ≤ k exp(−µmint

L2
z

1

6
)

P (λmin(Σ̂t) ≤
λ

4
) ≤ P (λmin(Σ̂) ≤

µmin

4
) ≤ k exp(−tµmin

6L2
z

) ≤ k exp(− tλ

6L2
z

)
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Lemma A.0.5.

∥Γ̂(β̂ − β0)∥1 ≥
λmin(Γ̂)√

2
∥β̂ − β0∥1

where λmin(Γ̂) =

√
λmin(Γ̂′Γ̂), i.e., the smallest nonzero singular value of Γ̂.

Proof. Proof. By doing Singular Value Decomposition for Γ̂, we have the following,

∥Γ̂(β̂ − β0)∥1 ≥ ∥Γ̂(β̂ − β0)∥2 = ∥UΣV ′(β̂ − β0)∥2 = ∥ΣV ′(β̂ − β0)∥2

where the last equality is due to the orthonormality of U . WLOG, we assume rank(Γ̂) =

min{k, d} = d.

∥ΣV ′(β̂ − β0)∥2 =

√√√√ d∑
j=1

|σj
d∑

i=1

V (i)(j)(β̂(i) − β(i)
0 )|2

≥ λmin(Γ̂)

√√√√ d∑
j=1

|
d∑

i=1

V (i)(j)(β̂(i) − β(i)
0 )|2

= λmin(Γ̂)∥V ′(β̂ − β0)∥2

= λmin(Γ̂)∥(β̂ − β0)∥2 (A.1)

where the last equality is due to that V is orthonormal. Lastly, because

∥(β̂ − β0)∥22 =
d∑

i=1

(β̂(i) − β(i)
0 )2 ≥ 1

2
(

d∑
i=1

|β̂(i) − β(i)
0 |)2 =

1

2
∥(β̂ − β0)∥21, (A.2)

combing inequalities (A.1) and (A.2), we complete the proof.

Lemma A.0.6. If ∥Γ̂− Γ0∥1 ≤ η2, then we have

λmin(Γ̂) ≥ λmin(Γ0)− η2
√
d (A.3)
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Proof. Proof. On the event that ∥Γ̂ − Γ0∥1 ≤ η2, we can rewrite the equation for each element in

Γ̂ using a newly defined matrix A ∈ Rk×d, s.t.∥A∥1 ≤ 1 and

Γ̂ = Γ0 + η2A (A.4)

We know that all singular values are non-negative. Here, due to the requirement of the instru-

mental variable method, we assume the singular values of Γ0 are strictly positive. We can write

the singular values of Γ0 and Γ̂ as two increasing sequences, 0 < σ
(1)
Γ ≤ σ

(2)
Γ ≤ · · · ≤ σ

(d)
Γ and

σ(1) ≤ σ(2) ≤ · · · ≤ σ(d), respectively. Using the min-max principle for singular values, we have

σ
(1)
Γ = min

S:dim(S)=1
max
a∈S

∥a∥2=1

∥Γ0a∥2 = min
a∈Rd

∥a∥2=1

∥Γ0a∥2

where the first equality is directly derived by applying the min-max theorem. The second equality

is from the two facts. First, a should be of order d × 1 to fit the order of Γ0. Second, there are

only two unique vectors fitting the constraint ∥a∥2 = 1 in the given space S and they generate

the same objective values ∥Γ0a∥2. Similarly, we can rewrite the smallest singular value of Γ̂ as

σ(1) = min a∈Rd

∥a∥2=1

∥Γ̂a∥2.

min
a∈Rd

∥a∥2=1

∥Γ̂a∥2 ≥ min
a∈Rd

∥a∥2=1

∥Γ0a∥2 − η2∥Aa∥2

≥ min
a∈Rd

∥a∥2=1

∥Γ0a∥2 − η2∥A∥2∥a∥2

= min
a∈Rd

∥a∥2=1

∥Γ0a∥2 − η2∥A∥2

≥ min
a∈Rd

∥a∥2=1

∥Γ0a∥2 − η2
√
d

= σ
(1)
Γ − η2

√
d

where the first inequality is derived from the equation (A.4) and triangle inequality. The third
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equality is from the constraint that ∥a∥2 = 1. The fourth inequality is from the fact that ∥A∥2 ≤
√
d∥A∥1

Proposition 1 (Proposition 3.3.1.). In the online decision-making model with the ϵ-greedy policy,

if Assumptions 3.1.1 and 3.1.2 are satisfied, and ϵt is non-increasing, then for any η1, η2 > 0, any

i ∈ {1, . . . , d},

P (∥ϑ̂t − ϑ0∥1 ≤ η1) ≥ 1− exp(−tϵt
8
)− k exp(− tϵtλ

12L2
z

)− 2k exp(− tϵ2tλ
2η21

128k2σ2
vL

2
z

)

P (∥Γ̂(i)
t − Γ

(i)
0 ∥1 ≤ η2) ≥ 1− exp(−tϵt

8
)− k exp(− tϵtλ

12L2
z

)− 2k exp(− tϵ2tλ
2η22

128k2σ2
uL

2
z

)

Proof. Proof. Following the proof of Proposition 3.1 in Chen et al. (2021), we provide this proof

adapted to our setting. Denote St = {1, . . . , t} and define Σ̂(I) = |I|−1
∑

s∈I zsz
′
s for any I ⊆ St,

where |I| is the number of element in the set I and |St| = t. We have

ϑ̂t − ϑ0 = (
1

t

t∑
s=1

zsz
′
s)

−11

t

t∑
s=1

zsvs = {Σ̂(St)}−11

t

t∑
s=1

zsvs

Under ϵ-greedy policy, we pull the estimated optimal arm with probability ϵs at each time point s.

We denote the collection of time points up to the time t when the estimated optimal arm is chosen

as Rt. We will first bound the minimum eigenvalue of Σ̂(Rt) and then use it to infer the bound of

the minimum eigenvalue of Σ̂(St).

We denote the following event,

E := {λmin(Σ̂(Rt)) >
λ

4
}
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Applying Lemma A.0.4, if λmin(Σ) > λ, then we have

P (E) ≥ 1− k exp(−|Rt|λ
6L2

z

)

Meanwhile, we know that

Σ̂(St) =
|Rt|
|St|

Σ̂(Rt) +
|St| − |Rt|
|St|

Σ̂(St\Rt)

By Weyl’s inequality, on event E,

λmin(Σ̂(St)) ≥ λmin(
|Rt|
|St|

Σ̂(Rt)) + λmin(
|St| − |Rt|
|St|

Σ̂(St\Rt)) ≥
|Rt|
|St|

λmin(Σ̂(Rt)) ≥
λ|Rt|
4t

Applying Lemma A.0.3, we have

P (∥ϑ̂t − ϑ0∥1 ≤ η|E) ≥ 1− 2k exp (− |Rt|2λ2η2

32tk2σ2
vL

2
z

)

Hence,

P (∥ϑ̂t − ϑ0∥1 ≤ η) ≥ P (∥ϑ̂t − ϑ0∥1 ≤ η|E)P (E)

≥ 1− 2k exp (− |Rt|2λ2η2

32tk2σ2
vL

2
z

)− k exp(−|Rt|λ
6L2

z

) + 2k2 exp(−|Rt|λ
6L2

z

− |Rt|2λ2η2

32tk2σ2
vL

2
z

)

≥ 1− 2k exp (− |Rt|2λ2η2

32tk2σ2
vL

2
z

)− k exp(−|Rt|λ
6L2

z

)

≡ P (f̃(|Rt|))

The checking step for that |Rt| is large enough is exactly the same as that in Chen et al. (2021)

and we obtain P (|Rt| ≤ tϵt
2
) ≤ exp(− tϵt

8
). Let event Ẽ := {|Rt| > tϵt

2
} and we know this event

is with a probability at least 1 − exp(− tϵt
8
). We complete the proof by combining all the results
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above,

P (∥ϑ̂t − ϑ0∥1 ≤ η) ≥ P (f̃(|Rt|)|Ẽ)P (Ẽ) ≥ inf P (f̃(|Rt|)|Ẽ)P (Ẽ)

≥
(
1− 2k exp (− tϵ2tλ

2η2

128k2σ2
vL

2
z

)− k exp(− tϵtλ

12L2
z

)

)
(1− exp(−tϵt

8
))

≥ 1− exp(−tϵt
8
)− k exp(− tϵtλ

12L2
z

)− 2k exp(− tϵ2tλ
2η2

128k2σ2
vL

2
z

)

We can prove the inequality for P (∥Γ̂(i)
t − Γ

(i)
0 ∥1 ≤ η2) by similar steps.

Proposition 2 (Proposition 3.3.2.). In the online decision-making model with ϵ-greedy policy, if

the Assumptions 3.1.1 and 3.1.2 are satisfied, and ϵt is non-increasing, then for any η1, η2 > 0,

η2 ̸= λmin(Γ0)√
d

,

P (∥β̂t − β0∥1 ≤ Cβ) ≥ 1− (P1 + dP2)

where Cβ =

√
2(η1 + η2∥β0∥1)

λmin(Γ0)− η2
√
d

,

P1 = exp(−tϵt
8
) + k exp(− tϵtλ

12L2
z

) + 2k exp(− tϵ2tλ
2η21

128k2σ2
vL

2
z

),

P2 = exp(−tϵt
8
) + k exp(− tϵtλ

12L2
z

) + 2k exp(− tϵ2tλ
2η22

128k2σ2
uL

2
z

)

Proof. Proof. On the events that ∥Γ̂ − Γ0∥1 ≤ η2 and ∥ϑ̂ − ϑ0∥1 ≤ η1, we can prove the upper

bound of ∥β̂ − β0∥1 as the following by utilizing triangle inequalities.

∥Γ̂(β̂ − β0)∥1 − ∥(Γ̂− Γ0)β0∥1 ≤ ∥Γ̂(β̂ − β0) + (Γ̂− Γ0)β0∥1 = ∥Γ̂β̂ − Γ0β0∥1 = ∥ϑ̂− ϑ0∥1 ≤ η1

Hence,

∥Γ̂(β̂ − β0)∥1 ≤ η1 + ∥(Γ̂− Γ0)β0∥1 ≤ η1 + ∥Γ̂− Γ0∥1∥β0∥1 ≤ η1 + η2∥β0∥1 (A.5)

Combining inequality (A.5), Lemma A.0.5 and Lemma A.0.6, we complete the proof by the
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Boole’s inequality(or the union bound).

Theorem 2 (Theorem 3.3.1). If Assumptions 3.1.1 and 3.1.2 are satisfied, then

√
t(ϑ̂t − ϑ0)

d−→ Nk(0,E[v2t ](
∫
zz′dPz)

−1)

Proof. Proof. In this proof, we mainly use the martingale central limit theorem.

By definition of the OLS estimator ϑ̂t, we have

√
t(ϑ̂t − ϑ0) = (

1

t

t∑
s=1

zsz
′
s)

−1(
1√
t

t∑
s=1

zsvs)

We define for 1 ≤ j ≤ t, t ≥ 1, and any q ∈ Rk, the σ-field Ftj as Fj ,

Htj =
1√
t

j∑
s=1

q′zsvs.

We have E[q′zsvs|Fs−1] = 0. We also notice that {Htj,Ftj, 1 ≤ j ≤ t, t ≥ 1} is a martingale

array. Hence we are going to prove the convergence of Htt.

We first check the Linderberg condition as follows, for each fixed ζ > 0,

t∑
s=1

E[
1

t
(q′zs)

2v2sI{|q′zsvs| > ζ
√
t}|Ft,s−1]

≤ ∥q∥
2
2L

2
z

t

t∑
s=1

E[v2sI{v2s >
ζ2t

∥q∥22L2
z

}|Fs−1]

≤ ∥q∥22L2
zE[v21I{v21 >

ζ2t

∥q∥22L2
z

}]

where vs, s = 1, · · · , t are i.i.d. from Pv. Notice that v21I{v21 >
ζ2t

∥q∥22L2
z
} is dominated by v21 with

E[v21] ≤ (∥β0∥1 + 1)2. Also, v21I{v21 >
ζ2t

∥q∥22L2
z
} converges to 0 almost surely when t → ∞. Thus,
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applying dominated convergence theorem, we can get, as t→∞,

t∑
s=1

E[
1

t
(q′zs)

2v2sI{|q′zsvs| > ζ
√
t}|Ft,s−1]→ 0

Then we are to find the limit of the conditional variance for Htt. Notice that

E[(q′zs)2|Fs−1] =

∫
q′zsz

′
sqdPz

and q′E[zsz′s]q ≤ ∥q∥22L2
z. Therefore,

t∑
s=1

E[
1

t
(q′zs)

2v2s |Ft,s−1]

=
E[v21]
t

t∑
s=1

E[(q′zs)2|Fs−1]

p−→ E[v21]q′(
∫
zsz

′
sdPz)q (A.6)

Applying Martingale Limit Theorem, we have

1√
t

t∑
s=1

zsvs
d−→ Nk(0,E[v21]

∫
zsz

′
sdPz) (A.7)

Now we are to find the limit of 1
t

∑t
s=1 q

′zsz
′
sq for any q ∈ Rk. We know that q′zsz′sq is Fs-

measurable for each s and E[q′zsz′sq] ≤ q′11′qL2
z <∞. Thus, by Theorem 2.19 in Hall and Heyde

(2014), we have

1

t

t∑
s=1

(q′zsz
′
sq − E[q′zsz′sq|Fs−1])

p−→ 0 (A.8)

From the result in (A.6) and (A.8), we have 1
t

∑t
s=1 q

′zsz
′
sq

p−→ q′(
∫
zsz

′
sdPz)q. Applying
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Lemma 6 in Chen et al. (2021) and Continuous Mapping Theorem, we obtain

(
1

t

t∑
s=1

zsz
′
s)

−1 p−→ (

∫
zsz

′
sdPz)

−1 (A.9)

Combining the results in (A.7) and (A.9), we complete the proof.

Proof of “consistency of the variance estimator” in Theorem 3.3.2

Proof. Proof. We want to show that

t∑
s=1

v̂2s(Γ̂
′
t

t∑
s=1

zsz
′
sΓ̂t)

−1 p→ S (A.10)

By rewriting the squared error term in (A.10), we have

1

t

t∑
s=1

v̂2s =
1

t

t∑
s=1

((ϑ0 − ϑ̂t)
′zs + vs)

2 =
1

t

t∑
s=1

((ϑ0 − ϑ̂t)
′zs)

2 +
2

t

t∑
s=1

(ϑ0 − ϑ̂t)
′zsvs +

1

t

t∑
s=1

v2s

(A.11)

Now we analyze the asymptotic properties for the three terms in (A.11). Notice that by Proposition

3.3.1, the first term in (A.11) can be written as

1

t

t∑
s=1

((ϑ0 − ϑ̂t)
′zs)

2 ≤ 1

t

t∑
s=1

∥ϑ0 − ϑ̂t∥22∥zs∥22 ≤ L2
z∥ϑ0 − ϑ̂t∥21

p→ 0

For the second term, by Proposition 3.3.1 and Lemma A.0.9,

(ϑ0 − ϑ̂t)
′2

t

t∑
s=1

zsvs
p→ 0
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For the third term, we apply the weak law of large numbers and obtain

1

t

t∑
s=1

v2s
p→ E[v2s ]

Combining the results above and Proposition 3.3.1 with continuous mapping theorem, we com-

plete the proof.

A.0.7 Auxiliary Lemmas

Lemma A.0.7. For each t, we can explicitly upper bound the following terms,

Wt ≤ X ′
tZt(Z

′
tZt)

−1Z ′
tXt + γxI, X̂t ≤ PZtXt, PZt = Zt(Z

′
tZt)

−1Z ′
t

log(det(Wt)) ≤ d log(
2TkL2

z

d
∥Γ0∥2F + 4kT log(

6Td

δ
) log(

T + kγz
kγz

) + γx),w.p ≥ (1− δ/(6T ))

log(det(Ut)) ≤ k log
(
TL2

z + γz
)

Proof. Proof. First, we have

X̂t = ZtΓ̂t = Zt(Z
′
tZt + γzI)

−1Z ′
tXt ≤ Zt(Z

′
tZt)

−1Z ′
tXt = PZtXt

Following the above result, we obtain the upper bound of Wt by Wt = X̂ ′
tX̂t + γxI . Second, we

have

log(det(Wt)) ≤ d log

(
1

d
trace(Wt)

)
= d log(

1

d
(trace(X̂ ′

tX̂t) + trace(γxI)))

= d log(
1

d
(

t∑
s=1

trace(x̂sx̂′s) + γxd))

= d log(
1

d

t∑
s=1

∥x̂s∥22 + γx)
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Now from the triangle inequality,

∥x̂t∥2 ≤ ∥Γ′
0zt∥2 + ∥(Γ̂t − Γ0)

′zt∥2

We first prove the upper bound for ∥Γ′
0zt∥2 and then for ∥(Γ̂t − Γ0)

′zt∥2 in the following.

∥Γ′
0zt∥2 =

√√√√ d∑
j=1

(
k∑

i=1

Γ
(i)(j)
0 z

(i)
t )2 ≤

√√√√ d∑
j=1

(
k∑

i=1

Γ
(i)(j)
0 )2L2

z ≤

√√√√ d∑
j=1

k∑
i=1

(Γ
(i)(j)
0 )2kL2

z =
√
kLz∥Γ0∥F

where the second inequality is from the Cauchy–Schwarz inequality. To prove an upper bound for

∥(Γ̂t−Γ0)
′zt∥2, we first prove an upper bound of q′(Γ̂(i)

t −Γ
(i)
0 ) for any q ∈ Rk and then let q = zt

as follows.

Γ̂t − Γ0 = (γzI + Z ′
tZt)

−1Z ′
tXt − Γ0

= (γzI + Z ′
tZt)

−1Z ′
t(ZtΓ0 + Ũt)− Γ0

= ((γzI + Z ′
tZt)

−1Z ′
tZt − I)Γ0 + (γzI + Z ′

tZt)
−1Z ′

tŨt

≤ (γzI + Z ′
tZt)

−1Z ′
tŨt =MtŨt

where we denoteMt = (γzI+Z
′
tZt)

−1Z ′
t ∈ Rk×t and Ũt = Xt−ZtΓ0. Hence, we have Γ̂(i)

t −Γ
(i)
0 ≤

MtŨ
(i)
t .



139

Let r̃ =M ′
tq ∈ Rt, λ̃ = δ

∥r̃∥22
. We have

P(q′MtŨ
(i)
t > δ) ≤ exp (−λ̃δ)E[exp (λ̃

t∑
s=1

r̃(s)Ũ
(i)(s)
t )]

= exp (−λ̃δ)
t∏

s=1

E[exp (λ̃r̃(s)Ũ (i)(s)
t )]

≤ exp (−λ̃δ)
t∏

s=1

exp (
λ̃2(r̃(s))2

2
)

= exp (−λ̃δ) exp ( λ̃
2

2
∥r̃∥22)

= exp (− δ2

2∥r̃∥22
)

where the first inequality is due to the Chernoff Bound for any λ̃ ∈ R; the second equality and

inequality are due to the independency between Ũ (i)(s)
t and the subgausianity of Ũ (i)(s)

t for s ∈

{1, 2, · · · , t}, respectively. Meanwhile, we have

∥r̃∥22 = r̃′r̃ = q′MtM
′
tq ≤ q′(γzI + Z ′

tZt)
−1q = ∥q∥2(γzI+Z′

tZt)−1

Letting q = zt, we have the following with a high probability at least 1− δ,

z′t(Γ̂
(i) − Γ

(i)
0 ) ≤ z′tMtŨ

(i)
t ≤

√
2 log(

1

δ
)∥r̃∥2 ≤

√
2 log(

1

δ
)∥zt∥(γzI+Z′

tZt)−1

Therefore, with a high probability at least 1− δ,

t∑
s=1

∥(Γ̂s − Γ0)
′zs∥2 =

t∑
s=1

√√√√ d∑
i=1

(z′s(Γ̂
(i)
s − Γ

(i)
0 ))2 ≤

t∑
s=1

√
2d log(

d

δ
)∥zs∥U−1

s+1
≤

√
2d log(

d

δ
)tk log(

t+ kγz
kγz

)

where the last inequality is from the elliptical potential lemma (Carpentier et al., 2020).
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Combining the results above, we can obtain, with a high probability at least 1− δ/(6T ),

t∑
s=1

∥x̂t∥22 ≤ 2
t∑

s=1

∥Γ′
0zs∥22 + 2

t∑
s=1

∥(Γ̂t − Γ0)
′zt∥22 ≤ 2T (

√
kLz∥Γ0∥F )2 + 2(

t∑
s=1

∥(Γ̂t − Γ0)
′zt∥2)2

≤ 2TkL2
z∥Γ0∥2F + 4dkT log(

6Td

δ
) log(

T + kγz
kγz

)

which completes the proof for the upper bound of log(det(Wt)).

Lastly, we have

log(det(Ut)) ≤ k log

(
1

k
trace(Ut)

)
= k log

(
1

k
trace(Z ′

tZt + γzI)

)
= k log

(
1

k
trace(Z ′

tZt) + γz

)
= k log

(
1

k
∥Zt∥2F + γz

)
≤ k log

(
tL2

z + γz
)

Lemma A.0.8. Consider a sequence of vectors (xt)Tt=1, xt ∈ Rd, and assume that ∥xt∥2 ≤ a for all

t. Let Vt = λI +
∑t

s=1 xsx
′
s for some λ > 0. Then, we will have that ∥xt∥V −1

t−1
> b at most

d log(1 + a2T/λ)/ log(1 + b)

times.

Lemma A.0.8 is directly from lemma 6.2 in Wagenmaker et al. (2021).

Proof of “vt,a is (∥β0∥1 + 1)-subgaussian”

Proof. Proof. First we prove that β(i)
0 u

(i)
t,a is |β(i)

0 |-subgaussian as follows. Because each element in
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ut,a is 1-subgaussian, for any i ∈ {1, . . . , d}, λ ∈ R,

E[exp(λ(β(i)
0 u

(i)
t,a))] ≤ exp(

λ2|β(i)
0 |2

2
)

Then we prove that
∑d

i=1 β
(i)
0 u

(i)
t,a + et,a is (∥β0∥1 + 1)-subgaussian as follows. Using Holder’s

inequality, for any sequence pi > 1, i ∈ {1, ..., d+ 1}, s.t.,
∑d+1

i=1
1
pi
= 1,

E[exp(λvt,a] = E[exp(λ(
d∑

i=1

u
(i)
t,aβ

(i)
0 + et,a))]

≤
d∏

i=1

E[exp(λpiu(i)β(i)
0 )]

1
piE[exp(λpd+1et,a)]

1
pd+1

≤
d∏

i=1

exp(
λ2piβ

(i)2

0

2
)exp(

λ2pd+1

2
) (A.12)

where the last inequality is because that u(i)t,a and et,a are 1-subgaussian with mean zero.

By letting pi =
∥β0∥1+1

|β(i)
0 |

,∀i ∈ {1, ..., d} and pd+1 = ∥β0∥1 + 1, we have

d∏
i=1

exp(
λ2piβ

(i)2

0

2
)exp(

λ2pd+1

2
) = exp(

λ2(∥β0∥1 + 1)2

2
) (A.13)

Combining (A.12) and (A.13), we complete the proof.

Proof of “ϑ̂ = Γ̂Z,X β̂X̂,Y ”

Proof. Proof. We want to prove the following equation

Γ̂Z,X β̂X̂,Y = ϑ̂ (A.14)

Multiplying ((ZΓ̂Z,X)
′ZΓ̂Z,X)

−1(ZΓ̂Z,X)
′Z to both sides of Equation (A.14), we can obtain the

exact form of two-stage least squares estimator which we defined before. Therefore, we can com-
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plete the proof.

Lemma A.0.9. Suppose {Ft : t = 1, . . . , T} is an increasing filtration of σ-fields. Let {W̃t : t =

1, . . . , T} be a sequence of random variables such that W̃t is Ft−1 measurable and |W̃t| ≤ Lw̃

almost surely for all t. Let {ẽt : t = 1, . . . , T} be independent σẽ-subgaussian, and ẽt ⊥ Ft−1 for

all t. Let S̃ = {s1, . . . , s|S̃|} ⊆ {1, . . . , T} be an index set where |S̃| is the number of elements in

S̃. Then for κ > 0,

P (
∑
s∈S̃

W̃sẽs ≥ κ) ≤ exp(− κ2

2|S̃|σ2
ẽL

2
w̃

) (A.15)

Lemma A.0.9 is from Lemma 1 in Chen et al. (2021).
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Appendix B

APPENDIX TO DEBIASING ML/AI GENERATED REGRESSORS

B.1 Tables and Figures

Table B.1: Estimation Results Comparison with ML-predicted Ratings

DML(Full) DML(Labeled) TwoStep DML GMM DML
No. Estimators in XGBoost = 4

Avg(Bias) -0.0089 0.0012 -0.0011 -0.0008
Std 0.0040 0.0043 0.0031 0.0028

No. Estimators in XGBoost = 5
Avg(Bias) -0.0068 0.0012 -0.0008 -0.0006
Std 0.0034 0.0043 0.0029 0.0026

No. Estimators in XGBoost = 6
Avg(Bias) -0.0053 0.0012 -0.0006 -0.0004
Std 0.0030 0.0043 0.0026 0.0024

No. Estimators in XGBoost = 7
Avg(Bias) -0.0043 0.0012 -0.0006 -0.0004
Std 0.0028 0.0043 0.0025 0.0023

B.2 Literature Comparison

Comparison between this essay and existing literature:

1. Solutions for continuous independent variable

2. Solutions for binary independent variable

3. Solutions for binary dependent variable

4. Closed-form solutions

5. Can solutions correct the estimation inconsistency?
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6. Can solutions be directly applied to semi-parametric models?

7. Do solutions include inference for semi-parametric models?

8. Do solutions utilize cross-fitting methods to prevent overfitting?

Yang et al. (2018) Qiao and Huang (2021) Wei and Malik (2022) Fong and Tyler (2021) Allon et al. (2023) This essay
1 Yes No No Yes Yes Yes
2 Yes Yes Yes Yes Yes Yes
3 No Yes No No Yes No
4 No(simulation) Yes No Yes Yes Yes
5 Partially Completely Partially Completely Completely Completely
6 Yes No Models estimable by MLE or GMM No No Yes
7 No No No No No Yes
8 No No No No No Yes

B.3 Additional Assumptions

We consolidate the standard regularization assumptions required for Theorems 1-4 below. These

assumptions are readily satisfied in typical empirical applications.

First, for Theorems 1 and 2, we have the following additional assumptions: 1(c) E[X∗(X∗)′]

and E[XX ′] are positive definite; 1(d) E[Y 2] <∞, E[∥X∗∥2] <∞, E[∥X∥2] <∞, E[X∗X ′] <

∞; 1(e) E[Y 4] < ∞, E[∥X∗∥4] < ∞; 1(f) E[X∗(X∗)′ε2] < ∞, E[(ξ′βo)2XX ′] < ∞,

E[εξ′βoXX
′] <∞; 1(g) βo ∈ interior(B) and B ⊂ RdD+dZ is compact.

Assumptions 1(c)-1(g) are commonly adopted regularity assumptions for consistency and

asymptotic normality of the TSLS estimator and GMM estimator. Similar assumptions are used in

Chernozhukov et al. (2018).

Second, for Theorems 3 and 4, we have the following extra assumptions: For all probability

laws P ∈ P forW = (Y,D∗, D, Z), q > 2, the following conditions hold:2(c) ∥Y ∥P,q+∥D∗∥P,q+

∥D∥P,q ≤ C; 2(d) ∥εu∥P,2 ≥ c2, ∥εe∥P,2 ≥ c2, ∥ue∥P,2 ≥ c2, EP [u
2] ≥ c, and EP [e

2] ≥ c; 2(e)

∥EP [ε
2|Z]∥P,∞ ≤ C, ∥EP [u

2|Z]∥P,∞ ≤ C, ∥EP [v
2|Z]∥P,∞ ≤ C, and ∥EP [e

2|Z]∥P,∞ ≤ C; and

2(f) given a random subset I of [n] of size NI =
n

k
, the nuisance parameter estimators η̂ :=

(l̂, r̂, m̂) = η̂(Wi)i∈Ic obeys the following conditions for all NI ≥ 1. Let {∆n}n≥1 and {δn}n≥1 be

some sequences of positive constants converging to zero. With P-probability no less than 1−∆n,
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∥η̂ − ηo∥P,q ≤ C, ∥η̂ − ηo∥P,2 ≤ δn. For the score ψ in (4.14), ∥r̂ − ro∥P,2 × ∥ŝ − so∥P,2 ≤

δnn
−1/2, and ∥r̂ − ro∥P,2 × (∥r̂ − ro∥P,2 + ∥l̂ − lo∥P,2) ≤ δnn

−1/2. For the score ψ1 in (4.17),

∥m̂−mo∥P,2 × (∥m̂−mo∥P,2 + ∥r̂ − ro∥P,2 + ∥l̂− lo∥P,2) ≤ δnn
−1/2; 2(g) θo ∈ interior(Θ), and

Θ ⊂ R is compact.

Assumptions 2(c)-2(g) represent the standard regularity assumptions necessary to guarantee a

finite asymptotic variance. Specifically, Assumption 2(f) imposes an assumption on the conver-

gence rate in estimating the function using the ML algorithm. Unlike the typical root-n conver-

gence required for establishing asymptotic variance, this assumption allows the ML algorithm to

converge at a rate slower than root-n.

Now we provide a detailed explanation for how Assumption 2 is satisfied in empirical applica-

tion, especially in the context of Section 4.4.

Assumption 2(a) states that the data generating process follows a standard partially linear

model. This assumption is valid in our context, where we aim to study the linear impact of re-

view sentiment on review helpfulness while controlling for all other possible confounding factors.

The partially linear structure allows us to isolate the direct effect of sentiment while accounting

for the high-dimensional features of text data, including higher-order terms and interaction effects,

without imposing restrictive functional form assumptions on these complex relationships.

Assumption 2(b) states that the Lq norms of the random variables Yi, D∗
i , Di are bounded by

a constant C. This assumption is satisfied in our dataset since these variables have finite ranges.

These empirical constraints ensure that the moment conditions required by the assumption are met.

Assumption 2(c) ensures that the variances and covariances of the error terms are bounded away

from zero. In our review helpfulness context, this is naturally satisfied because there will always

be unexplained variation in both review helpfulness and sentiment that cannot be fully captured

by observable features. The presence of these unobservable factors—such as reader preferences

and idiosyncratic elements of writing style—guarantees that the error terms maintain sufficient

variation for identification, making this assumption realistic in our empirical setting.

Assumption 2(d) places uniform bounds on the conditional second moments of the error terms.

In our context, this condition is naturally satisfied because the variables Yi, Di, and D∗
i all have
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finite ranges. Since these variables are bounded, their corresponding error terms necessarily have

bounded conditional variances regardless of the conditioning set Z.

Assumption 2(e) specifies the accuracy requirements for estimating the nuisance parameters

η̂ := (l̂, r̂, m̂). This assumption requires that with high probability (1 − ∆n), these estimators

are bounded and converge to the true parameters at specific rates. Particularly, the product of

estimation errors must be smaller than δnn−1/2. These conditions are indeed mild and can be sat-

isfied by many modern machine learning methods, as established in Chernozhukov et al. (2018).

For instance, lasso, random forests, neural networks, and boosting algorithms can achieve these

convergence rates under standard regularity conditions. The beauty of these requirements is that

they allow for individual nuisance components to be estimated at slower rates (e.g., n−1/4) as

long as their product achieves the faster n−1/2 rate. This ”product rate” condition is central to

the double/debiased machine learning framework, enabling us to handle high-dimensional con-

trols while maintaining
√
n-consistency and asymptotic normality of our target parameter. In our

implementation, we employ random forest and gradient boosting that have been shown to satisfy

these theoretical guarantees.

For Assumption 2(f), this condition is naturally satisfied in our empirical context. Our param-

eter of interest represents the effect of review sentiment on review helpfulness, which is expected

to be finite and bounded. For estimation purposes, we work with a parameter space that contains

the true parameter value well within its boundaries, not at the edges. This is a standard regularity

assumption in statistical estimation that ensures our estimator exists and is uniquely defined. Such

an assumption is routinely satisfied in applications like ours and poses no practical restrictions on

our estimation procedure.

B.4 Theoretical Results of Linear Estimators

Theorem B.4.1 (Consistency). For the linear model described in (4.3), and under Assumption

4.2.1, any estimator β̂ ∈ {β̂ols, β̂tsls, β̂gmm} is a consistent estimator for βo, i.e.,

β̂
p−→ βo, as n→∞. (B.1)
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Theorem B.4.1 shows that the provided estimators converge in probability to the true estimator

as the sample size increases and ensures the asymptotic accuracy for the provided estimators. This

is important in business as consistent estimators enable better downstream decision-making. We

provide the proof of Theorem B.4.1 in Appendix (B.7).

Theorem B.4.2 (Asymptotic Normality). Under Assumption 4.2.1, any estimator β̂ ∈

{β̂ols, β̂tsls, β̂gmm} is asymptotically normal, i.e.,

√
nl(β̂ − βo)

d−→ N (0, V ), (B.2)

where X∗
i := ((D∗

i )
′, Z ′

i)
′ is an RdD+dZ -valued random variable. where we denote the variance V

for β̂ols, β̂tsls, β̂gmm as Vols, Vtsls, Vgmm, and the expressions are given as below.

Vols = (E[X∗(X∗)′])−1Ξols(E[X
∗(X∗)′])−1, where Ξols = E[X∗(X∗)′ε2].

Vtsls = ([E[XX ′]Γo]
−1Ξtsls[Γ

′
oE[XX

′]]−1, where

Ξtsls = λlE[(ε+ ξ′βo)
2XX ′] + E[(ξ′βo)

2XX ′]−2λlE[(ε+ ξ′βo)ξ
′βoXX

′].

Vgmm = (△′Ξ−1△)−1, where△ =

−E[X∗(X∗)′]

−E[X(X∗)′]

 , and Ξ =

 Ξols Ξols,tsls

Ξols,tsls Ξtsls

 with

Ξols,tsls = λlE[ε (ε+ ξ′βo)X
∗X ′]−E[εξ′βoX∗X ′].

Theorem B.4.2 facilitates statistical inference by utilizing the properties of the normal distri-

bution. The following remark provides further details on conducting inference using confidence

intervals. The proof of the Theorem B.4.2 is provided in Appendix (B.8).

Remark B.4.1 (Confidence Intervals). Based on Theorem B.4.2, we are able to construct the con-

fidence intervals for the scalar parameter t′βo for some (dD + dZ) × 1 vector t. The confidence

interval for each estimator β̂ ∈ {β̂ols, β̂tsls, β̂gmm}:

CI :=

[
t′β̂ ± Φ−1(1− α/2)

(
t′V̂ t

)−1/2

/
√
nl

]
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obeys limnl→∞ Pr (βo ∈ CI) = 1 − α, where V̂ represents a consistent estimator of V , Φ−1 rep-

resents the inverse of the CDF of a standard normal distribution. Potential choices for consistent

estimators of Vols, Vtsls, and Vgmm are provided by

V̂ols =

(
1

nl

n∑
i=1

ιi
[
X∗

i (X
∗
i )

′])−1
1

nl

n∑
i=1

ιi

[
X∗

i (X
∗
i )

′
(
Yi − β̂′

olsX
∗
i

)2]( 1

nl

n∑
i=1

ιi
[
X∗

i (X
∗
i )

′])−1

.

V̂tsls =

(
1

n

n∑
i=1

[XiX
′
i] Γ̂

)−1

Ξ̂tsls

(
Γ̂′ 1

n

n∑
i=1

[XiX
′
i]

)−1

, where

Ξ̂tsls =
nl

n

n∑
i=1

ιi

[(
Yi − β̂′

tslsX
∗
i +

(
X∗

i − Γ̂′Xi

)′
βo

)2

XiX
′
i

]
+

1

n

n∑
i=1

[((
X∗

i − Γ̂′Xi

)′
βo

)2

XiX
′
i

]

−2nl

n

n∑
i=1

ιi

[(
Yi − β̂′

tslsX
∗
i +

(
X∗

i − Γ̂′Xi

)′
βo

)(
X∗

i − Γ̂′Xi

)′
βoXiX

′
i

]
.

V̂gmm =
(
△̂′Ξ̂−1△̂

)−1

, where △̂ =

− 1
nl

∑n
i=1 ιi

[
X∗

i (X
∗
i )

′]
− 1

nl

∑n
i=1 ιi

[
Xi (X

∗
i )

′]
 ,

and a consistent estimator for Ξ is given by

Ξ̂ =
1

nl

n∑
i=1

hih
′
i, with hi =

 ιiX
∗
i (Yi − (X∗

i )
′β̃)

λ̂lXi(Yi − (Γ̂′Xi)
′β̃)−ιiXi(X

∗
i − Γ̂′Xi)

′β̃

 . (B.3)

Here λ̂l = nl

n
and β̃ is some consistent estimator of βo (such as the OLS estimator on the labeled

set).

B.5 Confidence Intervals for DML Estimators

The confidence interval for each estimator θ̂ ∈ {θ̂dml, θ̂tsdml, θ̂gdml}:

CI :=

[
θ̂ ± Φ−1(1− α/2)

(
V̂plr

)−1/2

/
√
nl

]

obeys limnl→∞ Pr (θo ∈ CI) = 1 − α, where V̂plr represents a consistent estimator of Vplr, Φ−1

represents the inverse of the CDF of a standard normal distribution. Potential choices for consistent
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estimators of Vdml, Vtsdml, and Vgdml are provided by

V̂dml = (
1

K

K∑
k=1

Êk,l[(D
∗ − r̂k(Z))2])−1 1

K

K∑
k=1

Êk,l[(Y − l̂k(Z)− θ̂dml(D
∗ − r̂k(Z)))2(D∗ − r̂k(Z))2]

× (
1

K

K∑
k=1

Êk,l[(D
∗ − r̂k(Z))2])−1.

V̂tsdml = Ĵ−1Ξ̂tsdmlĴ
−1, where Ĵ =

1

K

K∑
k=1

[
Γ̂ (D − m̂k (Z))

2
]
, and

Ξ̂tsdml = λl
1

K

K∑
k=1

Êk[(Y − l̂k(Z)− θ̂Γ̂(D − m̂k(Z)))
2(D − m̂k(Z))

2]

+
1

K

K∑
k=1

Êk,l[(D
∗ − r̂k(Z)− Γ̂(D − m̂k(Z)))

2(D − m̂k(Z))
2θ̂2]

−2λl
1

K

K∑
k=1

Êk,l[(Y − l̂k(Z)− θ̂Γ̂(D − m̂k(Z)))(D
∗ − r̂k(Z)− Γ̂(D − m̂k(Z)))(D − m̂k(Z))

2θ̂].

V̂gdml = (△̂′
dmlWdml△̂dml)

−1, and △̂dml =

 − 1
K

∑K
k=1 Êk,l(D

∗ − r̂k(Z))2

− 1
K

∑K
k=1 Êk,l(D

∗ − r̂k(Z))(D − m̂k(Z))

 .

B.6 Proof of the equivalence between Estimator 2 and the estimator in the first example in
Qiao and Huang (2021)

Proof. Proof. We abuse the notation of X,X∗ in this proof to be the matrices of the observations.

Let Y be a vector of the observations. The TSLS estimator:

X̂∗ = PXX
∗, PX = X(X ′X)−1X ′

(θ̂, β̂′)′ = (X̂∗′X̂∗)−1(X̂∗′Y ) = (X ′X∗)−1X ′Y



150

Their estimator:

(θ̂, β̂′)′ = (I − (X ′X)−1X ′(X −X∗))−1(X ′X)−1X ′Y

= ((X ′X)−1X ′X∗)−1(X ′X)−1X ′Y

= (X ′X∗)−1X ′Y

where we assume X ′X∗ is invertible.

B.7 Proof of Theorem B.4.1.

Theorem 3 (Theorem 1.). [Consistency] For the linear model described in (4.3), and under As-

sumption 4.2.1, any estimator β̂ ∈ {β̂ols, β̂tsls, β̂gmm} is a consistent estimator for βo, i.e.,

β̂
p−→ βo, as n→∞. (B.4)

Proof. Proof. The consistency of the OLS estimator, GMM estimator is directly from Theorem

6.2.1 in Hansen (2022), Theorem 2.6 in Newey and McFadden (1994), respectively. We provide

the proof of the consistency of the TSLS estimator as the following.

By Weak Law of Large Number (WLLN) and Assumption 4.2.1.3, 4.2.1.5,

1

n

n∑
i=1

X̂∗
i (X̂

∗
i )

′ =
1

n

n∑
i=1

((
1

nl

n∑
j=1

ιiX
∗
jX

′
j)(

1

nl

n∑
j=1

ιiXjX
′
j)

−1XiX
′
i(
1

nl

n∑
j=1

ιiXjX
′
j)

−1(
1

nl

n∑
j=1

ιiXj(X
∗
j )

′)

= (
1

nl

n∑
j=1

ιiX
∗
jX

′
j)(

1

nl

n∑
j=1

ιiXjX
′
j)

−1 1

n

n∑
i=1

XiX
′
i(
1

nl

n∑
j=1

ιiXjX
′
j)

−1(
1

nl

n∑
j=1

ιiXj(X
∗
j )

′)

p−→ E[X∗X ′]E[XX ′]−1E[X(X∗)′] (B.5)
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1

n

n∑
i=1

X̂∗
i Yi =

1

n

n∑
i=1

((
1

nl

n∑
j=1

ιiX
∗
jX

′
j)(

1

nl

n∑
j=1

ιiXjX
′
j)

−1Xi(β
′
oX

∗
i + εi))

= (
1

nl

n∑
j=1

ιiX
∗
jX

′
j)(

1

nl

n∑
j=1

ιiXjX
′
j)

−1((
1

n

n∑
i=1

Xi(X
∗
i )

′βo) +
1

n

n∑
i=1

Xiεi)

p−→ E[X∗X ′]E[XX ′]−1E[X(X∗)′]βo (B.6)

By Slutsky Theorem,

β̂tsls
p−→ (E[X∗X ′]E[XX ′]−1E[X(X∗)′])−1E[X∗X ′]E[XX ′]−1E[X(X∗)′]βo = βo (B.7)

B.8 Proof of Theorem B.4.2.

Theorem 4 (Theorem 2.). [Asymptotic Normality] Under Assumption 4.2.1, any estimator β̂ ∈

{β̂ols, β̂tsls, β̂gmm} is asymptotically normal, i.e.,

√
nl(β̂ − βo)

d−→ N (0, V ) (B.8)
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where we denote the variance V for β̂ols, β̂tsls, β̂gmm as Vols, Vtsls, Vgmm, and the expressions are

given as below.

Vols = (E[X∗(X∗)′])−1Ξols(E[X
∗(X∗)′])−1,

Ξols = E[X∗(X∗)′ε2],

Vtsls = ([E[XX ′]Γo]
−1Ξtsls[Γ

′
oE[XX

′]]−1,

Ξtsls = λlE[(ε+ ξ′βo)
2XX ′] + E[(ξ′βo)

2XX ′]−2λlE[(ε+ ξ′βo)ξ
′βoXX

′],

Vgmm = (△′Ξ−1△)−1,

Ξ =


Ξols

λlE[ε (ε+ ξ′βo)X
∗X ′]

−E[εξ′βoX∗X ′]

λlE[ε (ε+ ξ′βo)X(X∗)′]

−E[εξ′βoX(X∗)′]
Ξtsls

 ,

△ =

−E[X∗(X∗)′]

−E[X(X∗)′]

 .

Proof. Proof. The asymptotic normality of β̂ols is directly from Theorem 6.3.2 in Hansen (2022).

We provide the proof of the asymptotic normality of β̂tsls as the following.

The moment condition for the TSLS estimator is E[X(Y − (X∗)′βo)] = 0. β̂ satisfies ĝ2(β̂) =
1
n

∑n
i=1Xi(Yi − X̂∗

i

′
β̂) = 1

n

∑n
i=1Xi(Yi − (Γ̂′Xi)

′β̂) = 0. This can be further rewritten as the

following,

0 = ĝ2(β̂)

=
1

n

n∑
i=1

Xi(Yi − (Γ̂′Xi)
′βo) +

∂

∂β
(
1

n

n∑
i=1

Xi(Yi − (Γ̂′Xi)
′β))|β=βo(β̂ − βo) (B.9)
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By rearranging Equation (B.9), we have that

√
nl(β̂ − βo)

=

(
∂

∂β
(
1

n

n∑
i=1

Xi(Yi − (Γ̂′Xi)
′β))|β=βo

)−1(
−
√
nl

n

n∑
i=1

Xi(Yi − (Γ̂′Xi)
′βo

)
(B.10)

In the meantime, by Assumptions 1.1, 1.3, E[ξX ′] = 0 and Hansen (2022), we have Γ̂
p−→ Γo, and

√
nl(Γ̂− Γo) =

1
√
nl

n∑
i=1

ιi(X
∗
i − Γ′

oXi)X
′
iE[XX

′]−1 + oP (1) (B.11)

From the law of large number and the continuous mapping theorem, we have

(
∂

∂β
(
1

n

n∑
i=1

Xi(Yi − (Γ̂′Xi)
′β))|β=βo)

−1 = −( 1
n

n∑
i=1

XiX
′
iΓ̂)

−1 p−→ (−E[XX ′]Γo)
−1 (B.12)

Further,

√
nlĝ2(βo) =

√
nl

n

n∑
i=1

Xi(Yi − (Γ̂′Xi)
′βo)

=

√
nl

n

n∑
i=1

[Xi(Yi − (Γ′
oXi)

′βo)−XiX
′
i(Γ̂− Γo)βo]

=

√
nl

n

n∑
i=1

[Xi(Yi − (Γ′
oXi)

′βo)]− E[XX ′]
√
nl(Γ̂− Γo)βo + oP (1)

=

√
nl

n

n∑
i=1

Xi(Yi − (Γ′
oXi)

′βo)−
1
√
nl

n∑
i=1

ιiXi(X
∗
i − Γ′

oXi)
′βo + oP (1)

=
1
√
nl

n∑
i=1

[
nl

n
Xi(Yi − (Γ′

oXi)
′βo)−ιiXi(X

∗
i − Γ′

oXi)
′βo] + oP (1)

=
1
√
nl

n∑
i=1

[
nl

n
Xi(εi + ξ′iβo)−ιiXiξ

′
iβo] + oP (1)

=

√
nl√
n

√
n
1

n

n∑
i=1

g̃2(βo) + oP (1) (B.13)
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where we denote (εi + ξ′iβo)Xi− n
nl
ιiξ

′
iβoXi ≜ g̃2(βo) to simplify the notation.

Notice that

lim
nl→∞

nl

n
E[g̃2(βo)g̃

′
2(βo)] = λlE[(ε+ ξ′βo)

2XX ′] + E[(ξ′βo)
2XX ′]−2λlE[(ε+ ξ′βo)ξ

′βoXX
′] ≜ Ξtsls

(B.14)

Hence, combining Equations (B.10), (B.12) and (B.14), we conclude that

√
nl(β̂tsls − βo)

d−→ N (0, ([E[XX ′]Γo]
−1Ξtsls[Γ

′
oE[XX

′]]−1) (B.15)

The proof of the asymptotic normality of β̂gmm is based on Theorem 3.4 in Newey and McFad-

den (1994). We can construct the weighting matrix W as the following,

W−1 =
1

nl

n∑
i=1

hih
′
i (B.16)

hi =

 ιiX
∗
i (Yi − (X∗

i )
′β̃)

λlXi(Yi − (Γ̂′Xi)
′β̃)−ιiXi(X

∗
i − Γ̂′Xi)

′β̃

 (B.17)

where λl = limnl→∞
nl

n
and β̃ is some

√
nl consistent estimator of βo (such as the OLS estimator

on the labeled set).

We denote△ = plimnl→∞
∂
∂b
g(b), and have

△ =

−E[X∗(X∗)′]

−E[X(X∗)′]

 (B.18)

Hence,

√
nl(β̂gmm − βo)

d−→ N (0, (△′Ξ−1△)−1) (B.19)

where Ξ is the first-order asymptotic variance of
√
nlg(βo) and W−1 consistently estimates Ξ.
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Now we calculate Ξ through the following. We rewrite g1(βo) and g2(βo) as the following,

g1(βo) = E[X∗ε],

g2(βo) = E[X(Y − (X∗)′βo)]

To simplify the notations, we denote n
nl
ιiX

∗
i εi ≜ g̃1(βo), and recall that we have denoted Xi(Yi −

(Γ′Xi)
′βo) +

n
nl
ιiXi(X

∗
i − Γ′Xi)

′βo = (εi + ξ′iβo)Xi +
n
nl
ιiξ

′
iβoXi ≜ g̃2(βo).

Meanwhile, notice that the labeled set is randomly assigned and is independent ofXi, X
∗
i , εi, ξi,

i.e., E[ιf(X,X∗, ε, ξ)] = E[ι] · E[f(X,X∗, ε, ξ)], where f(·) can be any functions and

E[ι] = E[ι2] = Prob(ι = 1) =
nl

n

Hence, we have

g̃1(βo)g̃
′
1(βo) =

n2

n2
l

ι2i ε
2
iX

∗
i (X

∗
i )

′

g̃2(βo)g̃
′
1(βo) =

n

nl

ιiεi(εi + ξ′iβo)Xi(X
∗
i )

′−n
2

n2
l

ι2i εiξ
′
iβoXi(X

∗
i )

′

lim
nl→∞

nl

n
E[g̃1(βo)g̃

′
1(βo)] = E[ε2X∗(X∗)′]

lim
nl→∞

nl

n
E[g̃2(βo)g̃

′
1(βo)] = λlE[ε(ε+ ξ′βo)X(X∗)′]−E[εξ′βoX(X∗)′]
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combining the result in Equation (B.14), which gives that

Ξ =



E[ε2X∗(X∗)′]
λlE[ε (ε+ ξ′βo)X

∗X ′]

−E[εξ′βoX∗X ′]

λlE[ε (ε+ ξ′βo)X(X∗)′]

−E[εξ′βoX(X∗)′]

λlE[(ε+ ξ′βo)
2XX ′]

+E[((ξ′βo)
2XX ′)]

−2λlE[(ε+ ξ′βo) ξ
′βo (XX

′)]


.

B.9 Proof of Neyman Orthogonality

Let t be a scalar in this proof.

∂ηE
[
ψ1

(
W ; Γplr

o , ηo
)]

[η − η0]

=∂tE
[
ψ1

(
W ; Γplr

o , ηo + t(η − ηo)
)]
|t=0

=∂tE[(D
∗
i − (ro(Zi) + t (r(Zi)− ro(Zi)))− Γplr

o (Di − (mo(Zi) + t(m(Zi)−mo(Zi)))×

(Di − (mo(Zi) + t(m(Zi)−mo(Zi))))]|t=0,

=E[(ro(Zi)− r(Zi) + Γplr
o (m(Zi)−mo(Zi)))× (Di − (mo(Zi) + t(m(Zi)−mo(Zi))))+

(D∗
i − (ro(Zi) + t (r(Zi)− ro(Zi)))− Γplr

o (Di − (mo(Zi) + t(m(Zi)−mo(Zi)))× (mo(Zi)−m(Zi))]|t=0

=E[(ro(Zi)− r(Zi) + Γplr
o (m(Zi)−mo(Zi)))× (Di −mo(Zi))+(

D∗
i − ro(Zi)− Γplr

o (Di −mo(Zi)
)
× (mo(Zi)−m(Zi))].
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Similarly,

∂ηE
[
ψ2

(
W ; θo,Γ

plr
o , ηo

)]
[η − η0]

=∂tE[(Yi − (lo(Zi) + t(l(Zi)− lo(Zi)))− θoΓplr
o (Di − (mo(Zi) + t(m(Zi)−mo(Zi)))))×

(Di − (mo(Zi) + t(m(Zi)−mo(Zi))))]|t=0

=E[(lo(Zi)− l(Zi)) + θoΓ
plr
o (m(Zi)−mo(Zi))× (Di − (mo(Zi) + t(m(Zi)−mo(Zi))))+

(Yi − (lo(Zi) + t(l(Zi)− lo(Zi)))− θoΓplr
o (Di − (mo(Zi) + t(m(Zi)−mo(Zi)))))×

(mo(Zi)−m(Zi))]|t=0

=E[(lo(Zi)− l(Zi) + θoΓ
plr
o (m(Zi)−mo(Zi)))× (Di −mo(Zi))+

(Yi − lo(Zi)− θoΓplr
o (Di −mo(Zi)))× (mo(Zi)−m(Zi))].

From E[D −mo(Z)] = E[Y − lo(Z)] = E[D∗ − ro(Z)] = 0 and Assumption 4.2.2, we complete

the proof.

B.10 Proof of Theorems 4.2.1 and 4.2.2.

Theorem 5 (Theorem 3.). [Consistency] Under Assumptions 4.2.2, any estimator θ̂ ∈

{θ̂dml, θ̂tsdml, θ̂gdml} is a consistent estimator for θo, i.e.,

θ̂
p−→ θo, as n→∞. (B.20)

Theorem 6 (Theorem 4.). [Asymptotic Normality] Under Assumptions 4.2.2, any estimator θ̂ ∈

{θ̂dml, θ̂tsdml, θ̂gdml} follows asymptotically normality, i.e.,

√
nl(θ̂ − θo)

d−→ N (0, Vplr), (B.21)
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where we denote the variance Vplr for θ̂dml, θ̂tsdml, θ̂gdml as Vdml, Vtsdml, Vgdml as follows:

Vdml = (E[u2])−1Ξdml(E[u
2])−1,

Vtsdml = J−1
o ΞtsdmlJ

−1
o ,

Vgdml = (△′
dmlΞ

−1
gdml△dml)

−1,

and

Ξdml = E[ε2u2], Jo = E
[
Γplr
o e2

]
, △dml =

(
−E[u2] − E[ue]

)′
,

Ξtsdml = λlE[(ν − θoΓplr
o e)2e2] + E[(u− Γplr

o e)2e2θ2o]−2λlE[(ν − θoΓplr
o e)(u− Γplr

o e)e2θo],

Ξgdml =


Ξdml

λlE[(ν − θou)(ν − θoΓplr
o e)eu]

−E[(ν − θou)(u− Γplr
o e)ueθo]

λlE[(ν − θou)(ν − θoΓplr
o e)eu]

−E[(ν − θou)(u− Γplr
o e)ueθo]

Ξtsdml

 .

Proof. Proof. We omit the proof of the asymptotic consistency and normality of the DML estimator

θ̂dml as it is provided or can be trivially derived based on the proofs in Chernozhukov et al. (2018).

In the following, we mainly provide the proofs of the consistency and asymptotic normality of the

proposed θ̂tsdml and θ̂gdml.

(i) Asymptotic consistency and normality of θ̂tsdml: Let Γplr
o denote the projection of residual

D∗ − ro (Z) on residual D −mo (Z), that is

Γplr
o = E[(D −mo(Z))(D

∗ − ro (Z))]E[(D −mo(Z))(D −mo(Z))]
−1 (B.22)

ζi = D∗
i − ro (Zi)− Γplr

o (Di −mo (Zi)) (B.23)

θo =

(
E
[(
Γplr
o (D −mo (Z))

) (
Γplr
o (D −mo (Z))

)′])−1

E
[
(Y − lo (Z)) Γplr

o (D −mo (z))
]

(B.24)

Notice that E (ζ|Z) = 0 by definition of (lo, ro,mo), and E (ζ (D −mo (Z))) = 0 is naturally
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satisfied by the construction of Γplr
o .

The estimator θ̂tsdml can be written as

θ̂tsdml =

(
1

K

K∑
k=1

Êk

[(
Γ̂tsdml (D − m̂k (Z))

)(
Γ̂tsdml (D − m̂k (Z))

)′])−1

·(
1

K

K∑
k=1

Êk

[(
Y − l̂k (Z)

)
Γ̂tsdml (D − m̂k (Z))

])
,

where

Γ̂tsdml =

(
1

K

K∑
k=1

Êk,l

[
(D∗ − r̂k,l (Z)) (D − m̂k (Z))

′])( 1

K

K∑
k=1

Êk,l

[
(D − m̂k (Z)) (D − m̂k (Z))

′])−1

.

In the following proof, notice that we have assumed Y,D∗, D, so(·),mo(·) ∈ R.

Step 1:

We employ the score function in (4.17) to obtain Γ̂. Following the proof of Theorem 4.1 in

Chernozhukov et al. (2018), we can easily obtain

√
nl

(
Γ̂tsdml − Γplr

o

)
=

(
1
√
nl

n∑
i=1

ιi(D
∗
i − ro (Zi)− Γplr

o (Di −mo (Zi)))(Di −mo(Zi))

)(
E
[
(D −mo(Z))

2
])−1

+ oP (1).

(B.25)

which we can rewrite as
(
Γ̂tsdml − Γplr

o

)
= OP (n

−1/2
l ) or

(
Γ̂− Γplr

o

)
= oP (1).

Step 2: We employ the score function in (4.18) to obtain θ̂, where we set Γ = Γ̂tsdml from the

first step in Equation (4.15).

Notice that ψ2(W ; θ,Γ, η) = ψa(W ; Γ, η)θ + ψb(W ; η), where

ψa(W ; Γ, η) = −Γ(D −m(Z))2 (B.26)

ψb(W ; η) = (Y − l(Z))(D −m(Z)) (B.27)
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We write the negative expectation of ψa(W ; Γ, η) as Jo and its sample analog as Ĵ ,

Jo := EP

[
Γplr
o (D −mo (Z))

2] ,
Ĵ :=

1

K

K∑
k=1

Êk

[
Γ̂ (D − m̂k (Z))

2
]
,

In the following, we first show that

Ĵ = Jo + op(1) (B.28)

√
nl

1

K

K∑
k=1

Êk[ψ2(W ; θo,Γ
plr
o , η̂k)] =

√
nl

n

n∑
i=1

ψ2(Wi; θo,Γ
plr
o , ηo) + oP (1) (B.29)

√
nl

{
1

K

K∑
k=1

Êk

[
∂

∂Γ
ψa(W ; Γplr

o , η̂k) + oP (1)

]}
θo

(
Γ̂tsdml − Γplr

o

)
= − 1
√
nl

n∑
i=1

ιiψ1(Wi; Γ
plr
o , ηo)θo + oP (1) (B.30)

To show (B.28), note that by equation (A.5) in Chernozhukov et al. (2018) and Assumptions

4.2.2.(a), 4.2.2.(e), we have

1

K

K∑
k=1

Êk

[
ψa
(
W ; Γplr

o , η̂k
)]
− E

[
ψa
(
W ; Γplr

o , ηo
)]

= oP (1). (B.31)

By continuous mapping theorem and Γ̂tsdml − Γplr
o = oP (1) from equation (B.25), we have

Ĵ :=
1

K

K∑
k=1

Êk

[
ψa
(
W ; Γ̂tsdml, η̂k

)]
=

1

K

K∑
k=1

Êk

[
ψa
(
W ; Γplr

o , η̂k
)]

+ oP (1) = Jo + oP (1).

To show (B.29), by (A.6) in Chernozhukov et al. (2018), we have

1

K

K∑
k=1

Êk[ψ2(W ; θo,Γ
plr
o , η̂k)] =

1

n

n∑
i=1

ψ2(Wi; θo,Γ
plr
o , ηo) + oP

(
n−1/2

)
,
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Hence (B.29) holds.

To show (B.30), by Assumptions 4.2.2.(d), 4.2.2.(e) and the definition of ψa(·) in (B.26), taking

the derivative with respect to Γplr
o in (B.31) gives us,

1

K

K∑
k=1

Êk

[
∂

∂Γ
ψa(W ; Γplr

o , η̂k) + oP (1)

]
= −E

[
(D −mo(Z))

2]+ oP (1).

Moreover, note that by (B.25), Assumption 4.2.2.(d), and the definition of ψ1(·), we have

√
nl

{
1

K

K∑
k=1

Êk

[
∂

∂Γ
ψa(W ; Γplr

o , η̂k) + oP (1)

]}
θo

(
Γ̂tsdml − Γplr

o

)

=
{
−E

[
(D −mo(Z))

2]+ oP (1)
}
θo


(

1√
nl

∑n
i=1 ιi(D

∗
i − ro (Zi)− Γplr

o (Di −mo (Zi)))(Di −mo(Zi))
)

(E [(D −mo(Z))
2])

−1
+ oP (1)


= − 1
√
nl

n∑
i=1

ιi
[
D∗

i − ro (Zi)− Γplr
o (Di −mo (Zi))

]
(Di −mo(Zi))θo + oP (1)

= − 1
√
nl

n∑
i=1

ιiψ1(Wi; Γ
plr
o , ηo)θo + oP (1).

Hence (B.30) holds.

Now let’s derive the asymptotic linear representation for θ̂ − θo. Note that, ĝ2,dml(θ̂tsdml) = 0,

which can be rewritten as

ĝ2,dml(θ̂tsdml) =
1

K

K∑
k=1

Êk[ψ
a(W ; Γ̂tsdml, η̂k)]θ̂ +

1

K

K∑
k=1

Êk[ψ
b(W ; η̂k)]

=
1

K

K∑
k=1

Êk[ψ
a(W ; Γ̂tsdml, η̂k)]θo +

1

K

K∑
k=1

Êk[ψ
b(W ; η̂k)]

+

{
1

K

K∑
k=1

Êk[ψ
a(W ; Γ̂tsdml, η̂k)] + op(1)

}(
θ̂ − θo

)
,
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Then, by (B.28), (B.29) and (B.30), we can write

√
nl

(
θ̂ − θo

)
= −
√
nl

{
1

K

K∑
k=1

Êk[ψ
a(W ; Γ̂tsdml, η̂k)] + op(1)

}−1

{
1

K

K∑
k=1

Êk[ψ
a(W ; Γ̂tsdml, η̂k)]θo +

1

K

K∑
k=1

Êk[ψ
b(W ; η̂k)]

}

= −
{
Ĵ + oP (1)

}−1√
nl

{
1

K

K∑
k=1

Êk[ψ
a(W ; Γ̂tsdml, η̂k)]θo +

1

K

K∑
k=1

Êk[ψ
b(W ; η̂k)]

}

= −
{
Ĵ + oP (1)

}−1√
nl


1
K

∑K
k=1 Êk[ψ

a(W ; Γplr
o , η̂k)]θo +

1
K

∑K
k=1 Êk[ψ

b(W ; η̂k)]

+ 1
K

∑K
k=1 Êk

[
∂
∂Γ
ψa(W ; Γplr

o , η̂k) + oP (1)
]
θo

(
Γ̂tsdml − Γplr

o

)


= −{Jo + oP (1)}−1

{
1
√
nl

n∑
i=1

[nl

n
ψ2(Wi; θo,Γ

plr
o , ηo)−ιiψ1

(
Wi; Γ

plr
o , ηo

)
θo

]}
+ oP (1)

= −{Jo + oP (1)}−1

{√
nl√
n

√
n
1

n

n∑
i=1

[
ψ2(Wi; θo,Γ

plr
o , ηo)−

n

nl

ιiψ1

(
Wi; Γ

plr
o , ηo

)
θo

]}
+ oP (1)

To simplify the notation further, we let

g̃2,dml(θo) := ψ2(Wi; θo,Γ
plr
o , ηo)−

n

nl

ιiψ1

(
Wi; Γ

plr
o , ηo

)
θo

Notice that

lim
nl→∞

nl

n
E[g̃2,dml(βo)g̃

′
2,dml(βo)] =λlE[(ν − θoΓplr

o e)2e2] + E[(u− Γplr
o e)2e2θ2]

−2λlE[(ν − θoΓplr
o e)(u− Γplr

o e)e2θo] (B.32)

This is from the facts below. Notice that ιi follows a Bernoulli distribution with probability λl when

n, nl approach infinity and ιi is independent with Wi. As a result, we have limn,nl→∞E[ n
nl
ι] = 1
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and limn,nl→∞E[ι2] = 1 · λl + 0 = λl. Hence, we have

lim
n,nl→∞

E[
n2

n2
l

ι2] = lim
n,nl→∞

n2

n2
l

E[ι2] =
1

λl

By central limit theorem and Slutsky Theorem, we have

√
nl

(
θ̂ − θo

)
d−→ N (0, Vtsdml) ,

where Vtsdml = J−1
o ΞtsdmlJ

−1
o , and

Ξtsdml = λlE[(ν − θoΓplr
o e)2e2] + E[(u− Γplr

o e)2e2θ2]

−2λlE[(ν − θoΓplr
o e)(u− Γplr

o e)e2θo]

(ii) Asymptotic consistency and normality of θ̂gdml: Lastly, we prove the asymptotic nor-

mality of the estimator θ̂gdml by Lemmas 5.2-5.4 in Newey (1994) and consistency can be trivially
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derived. We write the moment conditions g1,dml(θo) and g2,dml(θo) as the following,

g1,dml(θo) = E[ψ(W ; θo, ηo)]

= E[(Y − lo(Z)− θo(D∗ − ro(Z)))(D∗ − ro(Z))]

= E[(ν − θu)u],

g2,dml(θo) = E[ψ2(W ; θo,Γ
plr
o , ηo)]

= E[(Y − lo(Z)− θo(D∗ − ro(Z))(D −m(Z))]

= E[(ν − θoue]

ĝ1,dml(θo) =
1

K

K∑
k=1

Êk,l[ψ(W ; θo, η̂k)]

ĝ2,dml(θo) =
1

K

K∑
k=1

Êk[ψ2(W ; θo, Γ̂tsdml, η̂k)]

=
1

K

K∑
k=1

Êk[ψ
a(W ; Γ̂tsdml, η̂k)]θo +

1

K

K∑
k=1

Êk[ψ
b(W ; η̂k)]

Let g̃1,dml(θo) :=
n
nl
ιi(νi − θoui)ui. Through the proofs of Theorems 3.1 and 4.1 in Chernozhukov

et al. (2018), we know that

∥
√
nlĝ1,dml(θo)∥ = OP (1)

√
nlĝ1,dml(θo)

d−→ N(0, E[((ν − θu)u)2])

From Equation (B.32), we know that

√
nlĝ2,dml(θo)

d−→ N(0,Ξtsdml)
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We can construct the weighting matrix Wdml as the following,

W−1
dml =

1

nl

n∑
i=1

hi,dmlh
′
i,dml (B.33)

hi,dml =

 ιiψ(W ; θ̃, η̃)

λlψ2(Wi; θ̃, Γ̃
plr, η̃)−ιiψ1

(
Wi; Γ̃

plr, η̃
)
θ̃

 (B.34)

where λl = limnl,n→∞
nl

n
, the estimators θ̃ and β̃ are some

√
nl consistent estimator of θo and Γplr

o

(such as the DML estimators on the labeled set, θ̂dml and Γ̂tsdml), the estimator η̃ is an estimator

for ηo under Assumptions 4.2.2.

We denote△dml = plimnl,n→∞
∂
∂θ
gdml(θ), and have

△dml =

 −E[(D∗ − ro(Z))2]

−E[(D∗ − ro(Z))(D −mo(Z))]

 (B.35)

Hence,

√
nl(θ̂gdml − θo)

d−→ N (0, (△′
dmlΞ

−1
gdml△dml)

−1) (B.36)

where Ξgdml is the first-order asymptotic variance of
√
nlgdml(θo) and W−1

dml consistently estimates

Ξgdml.

Meanwhile, notice that

g̃1,dml(θo)g̃
′
1,dml(θo) =

n2

n2
l

ι2i (νi − θoui)2u2i

g̃2,dml(θo)g̃
′
1,dml(θo) =

n

nl

ιi(νi − θoui)(νi − θoΓplr
o ei)eiui−

n2

n2
l

ι2i (νi − θoui)(ui − Γplr
o ei)uieiθo

lim
nl→∞

nl

n
E[g̃1,dml(θo)g̃

′
1,dml(θo)] = E[(ν − θou)2u2]

lim
nl→∞

nl

n
E[g̃2,dml(θo)g̃

′
1,dml(θo)] = λlE[(ν − θou)(ν − θoΓplr

o e)eu]−E[(ν − θou)(u− Γplr
o e)ueθo]
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combining the result above, which gives that

Ξgdml =



E[(ν − θu)2u2]
λlE[(ν − θou)(ν − θoΓplr

o e)eu]

−E[(ν − θou)(u− Γplr
o e)ueθo]

λlE[(ν − θou)(ν − θoΓplr
o e)eu]

−E[(ν − θou)(u− Γplr
o e)ueθo]

Ξtsdml


.

As νi = θoui + εi, we complete the proof.
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(a) (nl
n ,µ1,σ1):(0.1,0,0.1) (b) (nl

n ,µ1,σ1):(0.1,0,0.2)

(c) (nl
n ,µ1,σ1):(0.1,1,0.1) (d) (nl

n ,µ1,σ1):(0.1,1,0.2)

(e) (nl
n ,µ1,σ1):(0.3,0,0.1) (f) (nl

n ,µ1,σ1):(0.3,0,0.2)

(g) (nl
n ,µ1,σ1):(0.3,1,0.1) (h) (nl

n ,µ1,σ1):(0.3,1,0.2)

Figure B.1: Linear case results
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(a) (nl
n ,µ1,σ1):(0.1,0,0.1) (b) (nl

n ,µ1,σ1):(0.1,0,0.2)

(c) (nl
n ,µ1,σ1):(0.1,1,0.1) (d) (nl

n ,µ1,σ1):(0.1,1,0.2)

(e) (nl
n ,µ1,σ1):(0.3,0,0.1) (f) (nl

n ,µ1,σ1):(0.3,0,0.2)

(g) (nl
n ,µ1,σ1):(0.3,1,0.1) (h) (nl

n ,µ1,σ1):(0.3,1,0.2)

Figure B.2: Partially linear case results using gradient boosting
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(a) (nl
n ,µ1,σ1):(0.1,0,0.1) (b) (nl

n ,µ1,σ1):(0.1,0,0.2)

(c) (nl
n ,µ1,σ1):(0.1,1,0.1) (d) (nl

n ,µ1,σ1):(0.1,1,0.2)

(e) (nl
n ,µ1,σ1):(0.3,0,0.1) (f) (nl

n ,µ1,σ1):(0.3,0,0.2)

(g) (nl
n ,µ1,σ1):(0.3,1,0.1) (h) (nl

n ,µ1,σ1):(0.3,1,0.2)

Figure B.3: Partially linear case results using random forest
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Figure B.4: Illustration of Datasets and Sample Splitting

Figure B.5: Joint Distribution of GPT AI-Predicted Rating and True Rating
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(a) nl
n = 0.1 (b) nl

n = 0.2 (c) nl
n = 0.3

Figure B.6: Estimation Results Comparison with GPT AI-predicted Ratings
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Appendix C

APPENDIX TO WHAT AND WHEN TO SELL IN LIVESTREAMING

Number of Sessions within a Livestream
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Figure C.1: Distribution of Number of Sessions within Each Livestream
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Log(Session Duration) in minutes
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Figure C.2: Session Duration Distribution


	List of Figures
	List of Tables
	Introduction
	Literature Review
	Causal Inference with Endogeneity
	Online Learning and Multi-Armed Bandits
	Partially Linear Models and Double Machine Learning
	Adaptive Experimentation and Market Applications
	Research Gaps and Contributions

	Causal Bandits: Online Decision-Making in Endogenous Settings
	Problem Setting
	BanditIV Algorithm
	Inference and Confidence Intervals
	Numerical Experiments
	Real-world Applications
	Discussion

	Debiasing ML- or AI-Generated Regressors in Partially Linear Models
	Problem Setting
	Models and Estimators
	Numerical Experiments
	Real-world Application on App Review
	Discussion

	What and When to Sell in Livestreaming: A Structural Analysis of Online Decision-Making
	Research Context and Data
	Model
	How Host Features Affect Exploration
	Simulations
	Discussion

	Concluding Remarks
	Appendix to Causal Bandits
	Appendix to Debiasing ML/AI Generated Regressors
	Tables and Figures
	Literature Comparison
	Additional Assumptions
	Theoretical Results of Linear Estimators
	Confidence Intervals for DML Estimators
	Proof of the equivalence between Estimator 2 and the estimator in the first example in qiao2021correcting
	Proof of Theorem B.4.1.
	Proof of Theorem B.4.2.
	Proof of Neyman Orthogonality
	Proof of Theorems 4.2.1 and 4.2.2.

	Appendix to What and When to Sell in Livestreaming

