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The immune system protects its host by detecting and neutralizing evolving pathogens
and malignant cells. To prevent self-damage while ensuring host survival, this response must
be both proportionate and rapid, requiring the massive expansion of a small pool of special-
ized cells. In jawed vertebrates, T cells are the central architects of this balance: they kill
infected or malignant cells, coordinate B cell activity, and maintain self-tolerance. Despite
recent progress in T cell immunology, the design principles that guide T cell responses, and
their limitations, remain unclear.

Here, we present three mathematical models—incorporating ecological dynamics, stochas-
tic processes, and optimization theory—to study T cell responses across three distinct con-
texts: acute infection, cancer, and the complex microbial ecology of the gut. By synthesizing
these frameworks, we demonstrate how the mechanistic design (e.g., gene regulation and
repertoire allocation) of the T cell response influences functional objectives, such as threat
clearance, memory formation and avoidance of self-damage. Crucially, we identify trade-offs
between objectives and show how T cell responses can be re-engineered to navigate them.
Our results provide a theoretical basis for the rational design of immunotherapies, vaccines,
and microbial therapies by pinpointing high-leverage mechanistic targets to enhance or redi-

rect T cell responses.
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Chapter 1

INTRODUCTION

1.1 Scope of this dissertation

In vertebrates, the immune system is a collection of organs and cells that surveil its host
for threats to healthy homeostasis and act to remove them (Fig. 1.1). It is insurance in a
dangerous world where a host is exposed to myriad external (e.g., viruses) and internal (e.g.,
cancer) threats. Physical barriers like the skin and mucosal surfaces in airways or gastroin-
testinal tracts are a first line of defense against external threats. Additionally, tissue cells
have built in mechanisms to limit the mutations, uncontrolled divisions and longevity that
lead to cancer. When these fail, the immune system steps in to clear the threat and keep the
host alive. As evidenced by the fact that many of us have recovered from multiple illnesses,
the immune system works. It is this remarkable efficacy that inspired this dissertation.
The fundamental agents of the vertebrate immune system are specialized cells that
recognize molecular patterns associated with a threat and act to remove the detected threat
[2]. Traditionally, these cells are delineated into two arms: an innate and an adaptive
system [3]. First, innate immune cells—such as neutrophils, dendritic cells and natural
killer cells—recognize a largely fixed repertoire of evolutionarily stable/conserved threat-
associated patterns that are encoded in the host’s genome. Its response to a potential threat

is typically fast-acting (i.e., hours) and is the first wave of immune defense. We can think
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Figure 1.1: The many facets of the immune system. The immune system protects the body
against threats by integrating molecular signals to influence gene regulation and marshal a multi-
cellular response tailored to the threat. The immune response also adapts to its threat environment
on multiple scales. Over generations, the innate immune response adapts in a population to better
match its pathogen environment. In the adaptive immune system, repertoire diversity, memory
formation and affinity maturation rapidly co-evolve within an individual’s lifetime to keep up with
threats. Reproduced from [1] (CC BY).

of it as traditional insurance for predictable risks: high probability, routine threats. For
instance, it reflects the likelihood of encountering a historically prevalent strain of bacteria
in the natural environment. Like insurance, innate immunity has costs. It is inherited and so

occupies space in the genome. Maintaining a specialized set of cells requires energy, and these

cells sometimes malfunction by attacking healthy host tissues, causing auto-inflammatory



diseases. More quantitatively, we can think of the innate immune system as a Bayesian
actor with a strong prior over the distribution of possible patterns that require a response.
“Trust, but verify.”

Second, the adaptive immune system consists of B and T cells, which through processes
of stochastic genetic recombination and mutation, are able to recognize a much broader set of
molecular patterns than the innate immune system [4]. However, because of this randomiza-
tion, there is no guarantee that a pattern recognized by a B or T cell corresponds to a threat
the host is likely to encounter [5]. Fortunately, cells of the adaptive immune system have an
incredible capacity to learn, forming memories of which patterns are likely harmful (mostly
foreign) and which are benign (mostly self, food or commensal microbes) over a lifetime.
Consequently, compared to the innate response, the adaptive response is slow (i.e., days)
and more specific. As insurance, adaptive immunity is protection from unpredictable risks,
such as previously unseen pathogens and evolved variants of previously encountered threats.
In terms of cost, the adaptive immune repertoire (i.e., the collection of recognized patterns)
is generally not inherited [6], and the genes responsible for generating the random repertoire
take up less genomic space than the innate immune system [3]. However, maintaining these
many cells requires energy, and autoimmune diseases caused by a malfunctioning adaptive
response are orders of magnitude more prevalent than auto-inflammatory (innate immune)
diseases: 1 in 10 of the global population versus 1 in 100,000 [7-9]. In the Bayesian frame-
work, the adaptive immune system is an actor with an initially weak prior on the distribution
of possible patterns which it iteratively updates: “Live and learn.”

B and T cells play distinct roles in the adaptive immune system. B cells (humoral
immunity) generate and secrete Y-shaped receptors/antibodies which can recognize com-
plex chemical/structural features of threats. Antibodies bind to viruses, bacteria and other
threatening agents and prevent them from replicating or mark them for degradation by other

parts of the immune system. Additionally, antibodies can also undergo a process of Dar-



winian selection called affinity maturation, wherein they are iteratively mutated and tested
to improve their binding to a desired target. On the other hand, T cells (cellular immunity)
display receptors on their surface that can only bind to short peptide sequences presented
on the surface of other cells. These short peptide sequences reflect the internal state of
the displaying cell since they are generated by chopping up proteins produced within that
cell. Consequently, an unpredictable risk can be managed, as the adaptive immune system
tries to cover the space of possible simple patterns (T cells) and generate antibodies that
can recognize arbitrary complex patterns (B cells). Furthermore, combining the capabilities
of the innate and adaptive immune systems, the immune system accomplishes a few ma-
jor goals: (1) stop threats from growing; (2) if possible, remove threats; and (3) remember
threats to improve future. These facts make it clear that the immune system learns molecular
signatures of pathogens “associatively” over time [10, 11].

The focus of this dissertation is understanding how the T cell response works and how
it fails in the varied contexts of acute infection, memory and the complex microbial ecology

Y

of the gut. These are our so-called “design principles.” The rest of this chapter dives into
the biology of the T cell response and briefly surveys the mathematical ideas used in this
work. In the following chapters, we ask: (1) How can T cells make memory commensu-
rate with the severity of an infection (Chapter 2)7 (2) How should T cells rationally use
the many signals generated during an infection to best protect the host (Chapter 3)? (3)
How does the T cell repertoire control the composition of microbes that colonize the gut
to maintain health (Chapter 4)7 These questions are multifaceted and have been stud-
ied experimentally. Here, we developed simple and intuitive models grounded in the idea
that the T cell response is trying to “do something™ to achieve some function(s) [12]. In
particular, we relate the dynamic and statistical properties of the T cell response to the

optimization of objectives: memory formation, pathogen clearance/management and avoid-

ing self-damage /immunopathology. Normative approaches like this have a long tradition in



mathematical biology, particularly in computational neuroscience and biophysics. They are
appealing because mathematical optimization can reduce the degrees of freedom inherent
in many biological systems by identifying a few optimal configurations in parameter space.
However, this approach is not perfect: one is always at risk of telling quaint, “just-so” sto-
ries. Responsible application requires consistent dialogue with other quantitative approaches,
such as mechanistic modeling, and experimental validation. We have threaded this needle
by working closely with experimentalists—Dr. Hao Yuan Kueh, Dr. Grégoire Altan-Bonnet
and Dr. Angelina Bilate—to “liv|e] dangerously by turning our thinking into formal math-
ematical predictions and confronting that math with experiments that have not yet been

done” [13] (Chapter 5).

1.2 Previous publication of dissertation content

This dissertation incorporates ideas, text, and materials from the following previously pub-

lished manuscripts, with contributions from all authors:

e O. A. Ukogu, A. Bilate, A. M. Walczak, T. Mora, A. Nourmohammad, “Rational T

cell repertoire allocation to control the gut microbiota,” in preparation.

e O. Ukogu, Z. Montague, G. Altan-Bonnet, A. Nourmohammad, “Design principles of
the cytotoxic CD8+ T-cell response,” PNAS (2026), pnas.2528202123.

e K. Abadie, ..., O. Ukogu et al., “Reversible, tunable epigenetic silencing of TCF1 gen-

erates flexibility in the T cell memory decision,” Immunity (2024), j.immuni.2023.12.006.

e R. Zhang, O. Ukogu, I. Bozic, “Waiting times in a branching process model of colorectal

cancer initiation,” Theoretical Population Biology (2023), j.tpb.2023.04.001.


https://doi-org.offcampus.lib.washington.edu/10.1073/pnas.2528202123
https://doi.org/10.1016/j.immuni.2023.12.006
https://doi.org/10.1016/j.tpb.2023.04.001

1.3 A brief primer on the T cell response

In this work, we focus on T cells, which have the ability to rapidly proliferate and form
memory in response to a perceived threat [14, 15]. In adult humans, the collection of T
cells (i.e., the repertoire) in the body numbers roughly 10'? cells. The repertoire consists
of many millions (10® — 10%) of distinct (i.e., genetically distinct), “clonal” sub-populations,
each consisting of 10 — 10* cells [16, 17]. T cell precursors are generated in the bone marrow
through the progressive differentiation of stem-like progenitor cells during a process called
hematopoiesis [18] (Fig. 1.2A). Hematopoiesis also generates blood, innate immune and B
cell precursors. Afterwards, T cell precursors migrate to an organ called the thymus where
they begin to express their surface receptors (TCRs) and gain the ability to recognize short
amino acid sequences bound to major histocompatibility complexes (MHCs) presented on
the surface of other cells (Fig. 1.2B).

The T cell receptor (TCR) protein consists of two variable regions (o and (3 chains).
Each T cell has multiple versions of three gene segments (V, D and J genes) that are es-
sentially concatenated—then transcribed and translated—to build the TCR: V-J for o and
V-D-J for § chain. In the thymus, T cell precursors undergo V(D)J recombination; dur-
ing which, versions/alleles of V, D and J segments are randomly combined together, and
random insertion and deletion mutations are made at the connecting junctions between the
gene segments. V(D)J recombination thus fixes the TCR sequence of a given cell while
generating many different TCR sequences. Sub-populations of T cells with identical TCRs
(called “clones”) emerge from this process. Estimates of the theoretical diversity of generated
sequences suggest over 10'® possible TCR receptors, compared to the 10® — 10° clones that
are typically present in humans [16, 19]. Notably, two-thirds of the TCR sequences gener-
ated are not functional 3], and V(D)J recombination is not entirely random so that certain

sequences have relatively high probabilities of generation [20, 21]. Thus, even though differ-
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Figure 1.2: The origin and life of a T cell. (A) In the bone marrow, hematopoiesis generates
T cells along with many other cell types. (B) In the thymus, V(D)J recombination and central
tolerance generate a repertoire of differentiated T cells with diversified functions and pattern recog-
nition capabilities. The repertoire is screened to minimize the risk of self-reactivity, however, many
self-reactive cells still enter peripheral tissues and must be calibrated there (peripheral tolerance).
Reproduced from [1] (CC BY).

ent individuals have largely different repertoires, some “public” TCR sequences are shared.
Finally, a major consequence of these stochastic processes is that the host does not yet know
which particular T cells are likely to be efficacious against threats or likely to recognize and
attack self-tissues.

After V(D)J recombination, a T cell receptor’s efficacy and safety is screened in the
thymus over a few days. First, during positive selection, T cells are systematically exposed

to self-peptides bound to major histocompatibility complexes (MHCs). T cells that do not

bind sufficiently strongly to self-peptide-MHC undergo apoptosis, removing them from the



repertoire. Approximately 5% of functional T cells make it through positive selection [22].
Next, during negative selection, T cells that bind strongly to self-peptides are selectively
killed, removing them from the repertoire. However, negative selection is leaky, and many
potentially self-reactive T cells still make it into the repertoire. Finally, based on their affinity
for one of two MHC variants (class I and II) T cells differentiate into either cytotoxic CD8"
T cells or helper CD4", so called because of their expression of the surface protein markers
CD4%/CD8" [23] (Fig. 1.2B). CD8" T cells (the focus of Chapters 2 and 3) have the ability
to kill cells expressing a recognized pattern/epitope. On the other hand, CD4" T cells (the
focus of Chapter 4) act as signal relays and orchestrators, helping B cells, innate immune
cells and other T cells respond appropriately to stimuli.

From the thymus, these “naive” or inexperienced T cell clones enter the periphery: blood,
tissues and lymphatic vessels. Naive T cells spend most of their time in specialized vessels
called secondary lymphoid organs (SLOs)—such as the spleen, tonsils, and lymph nodes—
where they sample the antigens present in the associated tissues [24, 25|. This process
of circulation and exposure establishes peripheral self-tolerance, wherein T cell clones are
further filtered and trained to be nonreactive to self-antigens encountered in the absence of
danger signals. During an infection at a tissue site, antigen presenting cells (APCs) and
other immune cells secrete cytokines which recruit T cells to the site(s) of infection, where
they are systematically exposed to the self and foreign peptides [26-28|. Typically, of the
many T cells in the repertoire, only a small subset will be responsive to a particular antigen:
about 1 in a million [17]. Thus, the immune response must quickly solve a “needle in a
haystack problem” and identify adequate responders [17, 24, 29].

During a first encounter with a pathogen (“primary infection”), a naive T cell is activated
to respond only if it binds strongly to a cognate peptide on an APC [30]. T cells integrate
the intensity and duration of TCR signaling through biochemical pathways that produce

unstable intermediates in proportion to stimulation [31-34]. Activation proceeds after a



threshold level of these intermediates has been accumulated. Only then is a complex program
of cellular proliferation and ligand secretion initiated [1]. An activated T cell responds to a
threat by rapidly dividing to greatly expand its numbers. For instance, a T cell clone that
initially consisted of a few hundred cells can expand a thousand-fold in a few days [15, 34, 35].
The realized extent of proliferation is determined by the nature of the threat and regulated
by the innate immune response [36].

After activation, responding T cells differentiate into phenotypically distinct subtypes
with specialized functions [37-44]. CD8" T cells differentiate into an effector or a memory
fate. Effector CD8" T cells travel to the sites of infection and display enhanced proliferation
capacity, anabolic metabolism for building macromolecules, and secretion cytolytic molecules
(cytokines) that can degrade targeted cells [45]. Comparatively, memory CD8" cells are not
similarly enhanced but pair the longevity of naive cells (months to years, versus days to
weeks) with lower thresholds of activation and/or residence in the affected tissues. These
qualities—longevity, sensitivity and proximity—constitute the potency of T cell memory
responses during reinfection.

Similarly, activated CD4" T cells differentiate into effector /conventional, memory or an
additional regulatory fate [46, 47|. Effector CD47 cells further specialize in two non-exclusive

ways:

1. Lineage specification: T helper 1 (Thl), Th2 or Th17 subsets characterized by distinct

cytokine profiles,

2. Functional localization: T follicular helper (Tth) cells, which migrate to B cell follicles
to direct antibody production, or non-follicular effectors that direct CD8" T and innate

cells.

CD47" effectors are complemented by regulatory CD4" T cells (Treg) that suppress the

activities of other T cell types to maintain self-tolerance and homeostasis [48]. Notably, while



most other CD4" effector fates differentiate exclusively in the periphery, Treg fates can be
determined either in the thymus or induced from effector T cells in peripheral tissues [47].
Finally, after pathogen clearance, a CD4" T cell of any fate may become a long-lived memory
cell.

However, T cell fates are not set in stone. Recent studies have shown that cell-fate
decisions are reversible, so that effector cells may differentiate into a memory-like state
(“effector memory”) [49, 50]. Eventually, the immune response ends (typically within a few
days to weeks) with most activated cells dying or entering an exhausted state, while a small
fraction become memory [14]. This allows the immune system to avoid clonal deletion of its
(best) responders after an infection clears. The memory cells thus formed are long-lived and
can respond (i.e., initiate proliferation) more rapidly to subsequent (“secondary”) infections
[51]. Unfortunately, the formation of persistent immune memory has also been linked to the
development of allergies and autoimmune diseases [52].

We conclude this section by noting that although the processes we have described are reg-
ulated and stereotyped to a degree, they are shaped by the chemical signaling and pathogenic
context in which they take place. For instance, recent studies have posited that T cell dif-
ferentiation is regulated by integrated signals despite having intrinsic rates [35, 36, 53-55|.

Thus, the T cell response is malleable and its functions can be effectively perturbed.

1.4 Modeling the T cell response

Quantitative immunology is a decades-old and rapidly-growing field, with sub-disciplines
tracking the development of new experimental techniques |1, 56-58]. Data-driven modeling
approaches in immunology draw on ideas from dynamical systems, information theory, sta-
tistical physics, probability theory, population genetics and optimization theory. Here, we

describe our main quantitative approaches for modeling the T cell response.
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1.4.1 FEcology

Dynamical systems models readily describe the population dynamics resulting from interac-
tions between agents in a closed system [59]. These models successfully described numerous
aspects of the T cell response, and every project in this dissertation adopts this approach in
some way [60-66]. For instance, a simple predator-prey model of the T cell response (T') to

a growing pathogen (v) can be written as:

dv

— = —0,T

dt (7’!} v )U7 (1 1)
dT '
T (yrv — o7)T,

where 7, is the growth rate of the pathogen, 4, is the rate at which T cells remove/kill
the pathogen, vr is the rate at which T cell interactions with the pathogen lead to growth,
and dr is the death rate of the T cells. Following the standard solution of a predator-prey
model, the populations of the virus and T cells will alternatively rise and fall, never going
extinct [59]. This model departs from the biological reality of the T cell response in key
ways. First, most pathogens do not grow indefinitely in the host as they quickly exhaust
the population of susceptible tissues or otherwise kill the host, precluding a T cell response.
In other words, growth saturates and there is a carrying capacity. For instance, we could
instead set 7,(v) o (1 — v/Umax). Second, although transient oscillations are sometimes
encountered in the T cell response, a successful immune response removes the pathogen or
arrests its growth [67]. For instance, we could instead set v,(v) & ©(v — vpin), where O(z)
is the Heaviside function. We could also raise similar objections about T cell growth and
killing dynamics. The point is that starting from a simple archetypal model, we can make
modifications/extensions and eventually build up to something more realistic.

One such extension is to expand the model to more viruses or antigens, v,,a = 1,...,n,

11



and more T cell clones, T;,7 =1,...,ny:

dv,
dt = (’711 - 51) ;Ca,iﬂ) Vq,
dT;
dt = (’YT ;C(mvi - 5T> T,

(1.2)

where the new parameters ¢,; > 0 quantify the interaction strength between virus/antigen a
and T cell clone i. More generally, we can include additional agents, such as susceptible and
infected cell populations, different types of T cells and components of the innate immune
system—enriching model relevance but complicating analysis (see Chapter 2). To study the
resulting high-dimensional and non-linear models, one can often analyze the steady-state
solutions by setting 0, = 0, 7; = 0. However, the biological phenomena we are often most
interested in are the transient dynamics of the system. To capture these, we can readily
turn to computational /simulation methods to investigate transient behaviors. Simulation
methods allow us to fine-tune the interactions between agents to more closely match true

biology and efficiently search model parameter space [68].

1.4.2 Stochasticity

As we have seen, the T cell response is stochastic. At the outset, the naive repertoire is con-
structed by stochastic developmental processes (VDJ recombination, positive and negative
selection, and fate specification) that bias the distribution of naive cells. This bias in turn
determines the likelihood that an individual can mount an effective response to a particular
pathogen |20, 21|. Starting from such a repertoire, naive cells stimulated under similar condi-
tions vary in their extent of proliferation and patterns of differentiation [15, 51, 69]. Sources
of this variation include intrinsic molecular noise (gene regulation, protein expression, signal

transduction, etc.), variation in local environmental conditions like APC availability and
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timing, and TCR heterogeneity in the population of responding cells. Like many biological
systems, T cells use chemical and physical signaling to reliably transmit information and
control properties of the distribution of responding cells [70-74]. For instance, consider an

irreversible transition regulated by a time-dependent signal o (¢):

where the probability density of the transition time is given by

(1) = b(t) exp {— /0 t b(s)ds} | (1.4)

Although the transition is stochastic, its speed and statistics (mean and variance) can still
be controlled. This is the case for many biological processes [75-77].

Next, suppose there are different T cells ¢ = 1,...,ny in the repertoire each with a
possibly different affinity ¢; > 0 for the signal o(t). Then the probability density of the

transition time for T cell 7 is

P2 (1) = cib(t) exp {— /O t cib(s)ds] . (1.5)

Thus, by controlling the signal magnitude, certain cells can be preferentially induced to
transition. If there are many T cells, a reliable response can then emerge despite stochasticity
following the law of large numbers |78, 79]. Similarly, multiple transitions can be regulated

by signals to control the T cell response. Suppose, we have

MWy and vz

The rates b(t) and d(t) can be regulated to dynamically control the probability of being in
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the intermediate state Y. In this dissertation, we will combine stochastic chemical reaction
networks like this with systems of ordinary differential equations to model aspects of the T

cells response (see Chapter 3).

1.4.3  Optimality

The T cell response is thought to have undergone a process of evolutionary selection akin
to stochastic optimization [2, 4, 80]. Understanding its limitations helps clarify the logic
of cellular decision-making and guide therapeutic perturbations for improving efficacy (63,
81, 82]. Although, the T cell response is likely not optimal in many of its functions, it is
sometimes useful to pretend it is, or to ask what it might look like (mechanistically) if it
were. Concretely, given degrees of freedom p) one first identifies a plausible objective F'(p)
and the admissible configurations of the system, p' € 2, specified by biologically relevant

constraints. Solving a problem of the form,
max F(p), (1.6)

analytically or numerically may then yield one or more optimal solutions/configurations of
the system [83|. For instance, the degrees of freedom could be the parameters/rates of a
system of ordinary differential equations (ODEs) or chemical reaction network, (7). We can
then ask what dynamics/statistics the optimal configurations exhibit, and relate them to the
behavior of true system (see Chapter 4). Deviations from optimality may point to missing
constraints or objectives and can suggest possibilities for improving system performance
[84]. We may account for additional objectives by performing multi-objective optimization

(MOO) of functions, Fy,k=1,... ,ng:

F 1.
max ;Sk k(D) (1.7)

14



where the weights s;, quantify the relative importance of the different objectives [83]. Dif-
ferent weights may then admit different solutions. For instance, while a system may not be
optimal in any one function, it may achieve a holistic balance between different objectives.

This approach has been applied successfully in developmental biology, where it explains
the high fidelity of embryonic development in fruit flies [76, 85|, and in immunology where
it has provided insights into the long-term dynamics of immune memory [62, 63, 80, 81].
Here, as we seek design principles of the T cell response, we are faced with another question:
“For which objectives is the T cell response optimized?” In general, we do not know and
inverse-inferences based on the observed functions of the evolved T cell response are difficult
to justify [86]. Thus, we have focused on the easier, though still illuminating, task of selecting
a few pertinent functions and evaluating the performance of the T cell response against these

heuristic metrics [87-89] (Chapter 3 and 4).
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Chapter 2

MODELING T CELL MEMORY DECISION-MAKING
STRATEGIES

The content of this chapter was previously published in [49] in collaboration with Dr. Hao
Yuan Kueh’s lab. For this project, we performed original mathematical analysis of ordi-
nary differential equations (ODE) models of the T cell response to acute infection. In this
chapter, we adapt the sections most relevant to our contributions, incorporating simulations

performed by Dr. Kueh.

2.1 Introduction

T cells are the watchdogs of the adaptive immune system and humans possess billions of T
cells capable of recognizing unique molecular targets called antigens. CD8" T cells are a
subset of T cells that help resolve immune threats by killing infected and malignant cells that
present targeted antigens on their cell surface. These T cells ordinarily circulate through
the body or reside in tissues in a inactive state. However, priming by the innate immune
system activates T cells, prompting them to differentiate into rapidly dividing, short-lived,
cytotoxic cells (effectors) or a slower-dividing, long-lived, non-cytotoxic cells (memory) [14].
After expanding to clear the infection, effectors die leaving behind a relatively small number

of memory cells.
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Figure 2.1: The stereotypical CD8" T cell response. Activation triggers an early but
reversible cell-fate decision into memory or effector fates. Abadie et al. (2024) demonstrated that
this flexibility is regulated by the epigenetic silencing of the T'c¢f7 gene. Effectors (T,g) rapidly divide
to clear the threat before dying. Memory cells (Tipem) divide more slowly but their numbers are
bolstered by a small fraction of effector cells which de-differentiate into memory cells. Experiments
indicate that, in the end, a small but consistent fraction of the total responding population (Tiotal =
Tof + Tiem) remains as memory: Tinem/Ttota] = constant. Reproduced from [49] (CC BY).

It has long been known that the magnitude of memory formed during a response scaled
with the severity of the infection (Fig. 2.1), but the mechanisms behind it were initially un-
known [90]. In particular, the timing of memory formation was disputed, with two leading
theories positing that memory was formed exclusively either early [91-93] or late [50, 94, 95]
in the immune response. Our collaborators in the Kueh lab performed in vitro and in vivo
experiments in mice to interrogate these mechanisms. They found that memory differenti-
ation was reversibly regulated by the epigenetic silencing of the Tc¢f7 gene in response to
stimulatory signals. Silencing Tecf7 prompts T cells to differentiate into the effector fate
early in the immune response and later reversing Tcf7 silencing prompts effectors to de-

differentiate into a memory state. They thus unified the two previous theories into a single

model of flexible T cell differentiation.

17



To rationalize these observations, we considered three mathematical models of CD8*
T cell memory decision making strategies in response to an acute infection: (1) memory
decisions are made in a flexible manner, occurring both early and late (“Flexible decision
model”); (2) memory decisions are made early and irreversibly (“Early decision model”)
[91-93|; and (3) memory decisions occur late after naive cells, following antigen encounter,
differentiate into effector cells (“Late decision model”) [50, 94, 95]. The models account for
replication of pathogen, its removal by effector T cells and innate immune cells, as well as the
differentiation of naive cells into effector and memory cells following different decision making
strategies. For simplicity, the model neglects CD4" T and B cells which also contribute to
pathogen clearance. In this chapter, we used simulations and mathematical analysis to
compare the ability of the different strategies to robustly produce memory that scales with
infection severity. We found that the observed flexible decision-making strategy is the only
one that satisfies this requirement, suggesting why it may have been selected for during

evolution.

2.2 Results

2.2.1 Flexible decision model

We begin by describing the reversible model of T cell memory decision making (Fig. 2.2A),
wherein naive cells first transition into memory cell precursors in the presence of pathogens.
These memory precursors then transition into effector cells with a probability that increases
with pathogen load. Both memory precursors and effector cells proliferate at similar rates
that increase with pathogen load, as previously observed [96]; however, only effector cells
undergo apoptosis as a result of activation-induced cell death, a reflection of their short-
lived nature. In addition to T cells, we also model the innate immune system in both its

inactive and active states. Effector T cells and innate cells mediate pathogen killing, both
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Figure 2.2: Flexible decision model allows memory to scale with infection severity.
(A) Schematic of the flexible decision model. Arrows indicate fate transitions/divisions/pathogen
clearance (black) and pathogen-load-mediated regulation. (B) Simulations of memory response
(top), total T cells (middle) and pathogen load (bottom) over time (hrs) for varying pathogen
replication rates (7,). Dotted lines (top) indicate memory concentration at fr,, = 0.05 of the peak
response (middle). (C) Comparison of flexible (top), early (middle) and late (bottom) decision
strategies. Left: model schematics as in (A). Middle: memory fraction (fr, ) vs. 7,. Dotted as in
(B). Right: T cell peak (Tiax; black) and final memory (yr,,; orange) vs. 7,. Dotted lines mark
initial concentration of naive cells, and shading marks the scalable memory regime. Solid, vertical
lines correspond to the pathogen replication rates in (B). Reproduced from [49] (CC BY).
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independently from each other and cooperatively. This model is described by the following

equations:
dT,
naive T cell: ditn = —a,vT,
dT, v K,
memory T cell: d—;ﬂ = a, v, + (v n Km) Ym L — (m) el + (ﬁ) BemTe
dT; v v K,
effector T cell: dte = (U T Ke) ’)/eTe + (m) Oém,eTm - (ﬁ) Be,mTe - (5eTe
dv v O\N % *
pathogen: i (e n v) YU — (6U1Te + 0y 2"+ Oy 2 Te) v
. . dz
inactive innate cell: o = —Q,vz
active innate cell: =t _ vz + ( ! ) Yar 25— Ge 2 (2.1)
' dt N v+ Kyl F ? '

Here, T{,) with subscripts n, m, and e denote naive, memory, and effector T cell types,
respectively, v denotes the pathogen population, and z and z* denote inactive and active
innate immune cells, respectively. The rates o, denote differentiation rates from cell type
x to y cell (for z,y € {n,m,e}), Bem denotes the de-differentiation rate from effector to
memory (i.e., the only reversed differentiation in the model), 7, denotes the proliferation
rate of cell type x, and J, denotes the death rate of cell type x. The parameters K. denote
the pathogen load required for a half maximal rate of the process indicated in the subscript.

A detailed description of model variables, parameters and initial conditions are given
in the two tables below (Tables 2.1, 2.2). Parameters were chosen based on the immune
compartment sizes as measured in mice, as well as T cell biological parameters that the
Kueh lab and others have measured. The initial conditions were chosen to reflect the initial
onset of an infection by a pathogen for which no prior immunological memory has been
developed; specifically, antigen-specific naive cells are present at low amounts, effector and
memory cells are absent and the initiating pathogen is introduced at a low initial level.

This system is fundamentally a Lotka-Volterra model where immune cells are predators

and pathogens are prey (see Chapter 1). However, we have modified this framework to
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Table 2.1: Variables and initial conditions for the flexible decision model.

Variable description Initial value
T, naive T cell 0.02 cells/pL
T memory T cell 0 cells/pL
T. effector T cell 0 cells/pnL
v pathogen load 1073 units /L
z inactive innate cell 1 cell/nL
z* activated innate cell 0 cells/pL

Table 2.2: Parameters for the flexible decision model.

Parameter description Value
ay, naive cell activation rate constant 5/(units/pL) /hr
Vm maximal memory cell proliferation rate constant 0.25/hr
K, pathogen load for half maximal memory cell proliferation | 0.1 units/pL
ame | maximal effector differentiation rate constant 0.25/hr
K., . | pathogen load for half maximal effector differentiation 0.1 units/pL
Ve maximal effector cell proliferation rate constant 0.25/hr
K. pathogen load for half maximal effector proliferation 0.1 units/pL
Bem | maximal rate of effector de-differentiation 8x107%/hr
K..m | pathogen load for half maximal effector de-differentiation | 2.5x107? units/uL
e rate constant for effector cell death 0.016/hr
Yo rate of pathogen replication 0.003-0.45/hr
€ pathogen load for extinction 107* /uL
N sharpness of extinction effect for pathogen 100
Ouy rate constant for T cell pathogen killing 4.5%1073 /(cells/uL) /hr
Oy rate constant for innate cell pathogen killing 1.5x1073/(cells/pL) /hr
O rate constant for T-cell assisted innate cell pathogen killing | 1.5x1073/(cells/uL)~2 /hr
Q. innate cell activation rate constant 2.5/(units/pL) /hr
o maximal activated innate cell proliferation rate 0.02/hr
K.« pathogen load for half maximal innate cell proliferation 0.01 units/pL
g turnover rate for activated innate cell 2x1074/hr

describe the immune response in the following ways: first, we have incorporated saturation
terms in the rates of pathogen-induced T cell and innate cell division (K,,, K.), as well as
T cell effector to memory differentiation (K,,.) and de-differentiation (K.,,). The values
for these saturation terms are chosen to reflect the biological upper-bounds for these cellular

processes. Second, we incorporate a threshold pathogen load, €, below which the pathogen
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replication rate drops to zero, reflecting extinction of the pathogen. This pathogen extinction
threshold ensures that this deterministic system of equations, when simulated, has a well-
defined behavior and is not subject to numerical integration errors at very low pathogen
loads [97]. However, we note that the dynamics of simulated responses do not generally
depend on the exact value of the extinction coefficient chosen.

From numerical simulations, we see that the flexible decision model reproduces the
canonical dynamics of the adaptive immune response (Fig. 2.2B). Initially, pathogens grow
exponentially, giving rise to a subsequent expansion of the T cell numbers from their initial
low levels in the naive cell population. This expansion occurs concomitantly with pathogen
clearance, and is followed by a decline in T cell numbers to a stable elevated baseline,
reflecting the generation of long-lived memory cells that can survive following pathogen
clearance. Next, we wish to ascertain whether this system can produce memory cells in
numbers that scale linearly with the peak T cell numbers during an infection, as observed
experimentally [90]. To this end, we performed simulations of eq. 2.1 with different values
of pathogen replication rate, v,, as a means to vary pathogen virulence. We found that
pathogens with different replication rates gave rise to different degrees of T cell expansion
and contraction, with faster-replicating pathogens generating a stronger T cell response, as
expected (Fig. 2.2B, middle row).

However, the fraction fr, of memory cells to the total number of T cells present
at the expansion peak approaches a fixed number as the viral replication rate increases
(Fig. 2.2B, C: shaded area). Specifically, in the regime where there is substantial T cell
expansion (> 102 fold relative to naive cell numbers), the memory fraction fr,, remains
constant for a broad range of viral replication rates 7,, spanning an order of magnitude
(Fig. 2.2C, top row, shaded area). On the other hand, for slowly growing pathogens (small
V), the memory fraction fr, is elevated, with a non-linear inverse dependence on the viral

replication rate (Fig. 2.2C); in this regime, effector differentiation is slow so the number of
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memory cells depends strongly on the initial number of naive cells present.
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Figure 2.3: Schematic model of T cell dynamics and memory magnitude under rapid
pathogen replication. When a pathogen (v, red curve) replicates rapidly relative to the immune
response thresholds (K(.), grey horizontal dashed line), the pathogen load significantly exceeds these
thresholds by the time naive T cells (7, magenta circle) undergo activation (ay,, star). Following
activation, effector T cells (T, black curve) undergo rapid expansion () and some memory cells are
formed. The effector response clears the infection, driving the pathogen population down towards
the response threshold at a characteristic time 7,_,+x (grey vertical dashed line), which aligns
closely with the peak of the effector response. After the pathogen is cleared, the effector population
undergoes contraction from its peak (e, + d.). This phase contributes to the long-term T cell
memory pool (T),).

To generalize these insights, we considered the dynamics of memory T, and effector T,
populations, given by eq. 2.1. We begin by identifying the dominant processes in different
regimes of accumulated viral load v. Specifically, we compare the viral load with the half
maximal loads (K(y’s in eq. 2.1), necessary for different processes. Below the terms that

are relevant for the dynamics of memory and effetor populations in the high viral load
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(v > K, Ky e) and the low viral load (v < K, ,,) regimes are indicated:

memory T cell: ddi;n = apvT, + (U +UKm> “YmTm — (%[(m,e) Qe + (%) “ Be,mTe
v Ko Ko e v<Kem ’
(2.2)
effector T cell: dj;e = (v +UK6) “YeTe + (#]{'me) e T — (vi{;gm) “BemTe —0eTe.
vV>Ke,Km,e ’ 'U<<}ge,m
(2.3)

We can formally integrate over the dynamical equation in eq. 2.2 to find a formal solution

for the number of memory cells T,,(t) at time ¢ post infection,

Ym($) Q0 (5)

Tn(t) = Tm(0) exp (/Ot 0(s) + K 0(s) + Km,ed8>
[ow ([ ot ot ) (ol + ol e ds] .

(2.4)

_|_

Because we are interested in a na'’ive response to an infection, we set the initial condition
T,,(0) = 0. If the pathogen grows rapidly before being cleared by the immune response
such that the typical viral load over the course of the infection is much higher than the rate
thresholds K, Ky e, K., and K., (Fig. 2.3), the time-dependent rates can be approximated

by their maximal rates:

min(t,7, _ + )
T (t) %/ exp [(Vm — Qm.e)(min(t, 7,+x) — s)] @,v(s)T5,(s)ds
0 . (2.5)
+ H(t — Ty +k) / BemTe(s)ds,

v—tTK

where 7,_,+ is the time when the pathogen is driven down to K = max{K,,, K¢, Kc, Kem }

from above, and H(t — 7,_,+x) is a heaviside step function that takes value 1 for t > 7,40,
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and 0, otherwise. Because pathogen expansion and clearance are exponentially fast, the time
spent in the transition windows v ~ K.y is negligible compared to the total duration of the
expansion and contraction phases (Fig. 2.3). Moreover, given parameters used for the model
(Table 2.2), we can neglect the effective growth of the memory pool, i.e., Y — Qe = 0.

With these assumptions, the size of the memory pool from eq. 2.5 follows,
min(t, v—>+K) t
Ton(t) ~ / a,v(s)Ty(s)ds + H(t — Tyy+k) / BemTe(s)ds,
0 Tost+K

and the following terms determine the size of the memory pool:
1. 7y_+x: time to effectively clear the infection;
2. Bem: the transition rate from effector to memory.

Our goal is to estimate the asymptotic (long-term) fraction of memory (7,,(c0)) to
the total number of T cells (primarily effector cells) at the expansion peak (T*), fr, =
T, (00) /T, The asymptotic amount of memory follows,

To—st+K s
lim T,,(t) ~ / a,v(s)T,(s)ds +/ BemTe(s)ds.
0

t—o0
T+ K

Then assuming the number of effectors peaks as the number of pathogens falls below de-
tectable levels, T,_,+x ~ Temax [60, 98] (Fig. 2.2B, 2.3):

o0

/e a,v(8)T,(s)ds + BemTe(s)ds
0

Temax

Trn(00)

Q

o

/ a,v(8)T,(s)ds + 5eva;naX6—(ﬂe,m+6e)st
0

Temax

Q

max

/O' e anU<S)Tn<S)dS + 5e’mm

Q

(2.6)
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where we used the relation T, (t > Temax) = T,e~(Bemtde)s indicating an exponential decay of
effector cells after the peak of the response (v =7 K. ,,), from eq. 2.3. From eq. 2.1, we can

also formally express the size of the naive pool as,

Therefore, the first term in the solution of eq. 2.6 follows,

o /0 )T (s)ds = T, (0) 1—e], with 7= /0 . @)

Here, V reflects the total amount of pathogens accumulated during the infection. Putting it

all together, we find

The memory fraction is then,

Tn(o0)  T,(0) o Bem
= R 1—e ] _— 2.9
me Ternax Temax |: € + ﬂe,m + 56 ( )

When 7 > T,,(0), we recover the constant memory fraction fr, ~ %
So far we have assumed that 7,, — ;. =~ 0. When this assumption does not hold,

following eq. 2.5, the first term in our expression for fr becomes,

o= [ exp | = ) e = 5) = [u)r] wlors 210
e 0 0

with a strong dependence on 7,, — oy, . Note that the innate immune dynamics does
not explicitly determine the memory fraction fr , however, it influences the magnitude of

V and so it is expected to be important in the low viral replication v, regime.
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These results demonstrate how a flexible switching strategy for T cell memory generation
allows the the amount of T cell memory generated to scale with the magnitude of the T cell

effector response (and thus the severity of the infection).

2.2.2  Farly decision model

Previous studies have proposed that memory cells originate from cells that have undergone
little or no effector differentiation, and that memory precursors, upon silencing the memory
regulator gene Tc¢f7 are committed to becoming short-lived effectors |91, 99|. Using the
mathematical modeling framework developed above, we evaluated whether this irreversible
effector decision strategy enables long-term memory T cell numbers (75,,(c0)) to scale linearly
with the peak T cell number (7).

We performed simulations of the above model, rendering effector differentiation irre-
versible by setting the rate of effector de-differentiation 3. ,, to zero. To perform a suitable
comparison of the flexible and early decision models [100], we chose a rate of effector dif-
ferentiation for the latter model to be a,, = 0.12/hr, such that the fraction of memory
cells generated under conditions of moderate pathogen virulence (7,,, = 0.04/hr) were equiv-
alent for the two models with fr,, = 0.05. All other parameters were kept constant. These
simulations show that the early switching model is unable to generate a constant fraction
of memory cells amid changes in pathogen replication rates (Fig. 2.2C, middle row). The
memory fraction was upheld at a similar value fr,, = 0.05 at moderate pathogen replication
rates 7, = 0.04/hr; however, this fraction decreased steadily with increasing =, eventually
approaching less than 0.01 at high pathogen replication rates (Fig. 2.2C, middle).

Indeed, following the analysis from the previous section (eq. 2.7) and setting S, = 0,

we found that the memory cell fraction has an inherently inverse dependence on the peak T
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cell population size, as follows:

T, (0 5
TR (0) 1—e V|, 2.11
m Tmax

where a, is the rate at which naive cells transition to the memory fate and V reflects the total
amount of pathogens accumulated during the infection (eq. 2.7). This dependence cannot
be flexibly scaled by infection severity when the fraction, 7,,(0)/7*, is much smaller than
unity, which is the case in the regime of high pathogen replication wherein large number of
effectors is needed to clear the pathogen. Thus, from these results, we conclude that the
early T cell decision making strategy cannot produce memory T cell numbers that scale

proportionally with the peak T cell population sizes.

2.2.3 Late decision model (obligate reversible decision model)

An alternate strategy for memory differentiation is that, upon activation, all naive cells must
first pass through the effector stage before differentiating into memory (Fig. 2.2C, bottom
row). This view was supported by the evidence that cells with a history of effector gene
expression can become memory cells [94], and that cells on the path to forming memory
retain chromatin signatures of the effector state, while harboring the ability to re-activate
memory genes that are silenced during effector differentiation [50]; this model can be thought
as an obligate reversible decision model.

To evaluate such a decision making strategy, we alter the model above (eq. 2.1), such
that naive cells, upon activation, directly transition to an effector state instead of a memory
precursor state (Fig. 2.2, bottom). Following the model in eq. 2.1, the ordinary differential

equations describing the T cell populations in the late decision model are modified as follows:

28



d7,

naive T cell: = —a,vT,
dt
dTm . () (Y e
memory T cell: Erai (U n Km> “Am T — (m) Qe Loy (U n Ke) - Bem T
dT. v v
effector T cell: Fr an,vT,, + (v " Ke) T, + (m) (oTRSY Jo8

Ke,m

- (M) : ﬂe,mTe - 5€T€

For direct comparison of this decision making strategy to the model with flexible switch-
ing, we keep all the parameters unchanged. From simulations, we find this obligate reversible
switching strategy can generate constant fractions of memory cells over a range of pathogen
proliferation rates, but fails to generate any substantial memory when pathogens replicate
slowly (small 7,) and the ensuing immune responses are mild (Fig. 2.2C, bottom). When
pathogens replicate rapidly and give rise to a substantial T cell expansion, memory cells
form robustly at a defined fraction, similar to the flexible switching model (Fig. 2.2C, bot-
tom); however, when pathogens proliferate very slowly, such that there is minimal amount
of T cell expansion, the number of formed memory cells constitutes only a small fraction of
the starting naive cells. Consequently, in this regime, the ability of T cells to respond to a
secondary challenge is greatly diminished.

Following the analysis of the flexible switching model, we can again identify the dominant
terms in different regimes of viral load. Following the derivations of eqs. 2.4-2.6 with a,, =0

and T,,,(0) = 0, we have

T0(0) _ Bom

me = Temax ~ Be,m_'_(se.

(2.12)

which holds in the regime of rapid viral dynamics, consistent with results from simulations

(Fig. 2.2).
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2.8 Discussion

By analyzing ordinary differential equation (ODE) models, we investigated how effector and
memory CD8" T cell populations scale during infection. While experimental studies have
cataloged the molecular and cellular actors involved, the logic governing commensurate scal-
ing of the memory response had remained unclear [50, 90-95]. We used mathematical models
to rationalize the experimental observation that memory lineage decisions are reversibly reg-
ulated by the Tcf7 gene locus [49]. Our modeling demonstrates that rigid early or late
lineage commitment models fail to produce the near-constant proportional scaling observed
in vivo. Instead, we show that flexible timing of differentiation allows the memory pool to
robustly scale with infection severity, ensuring a reservoir of cells that is commensurate with

the initial threat.
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Chapter 3

DESIGN PRINCIPLES OF THE CYTOTOXIC T CELL
RESPONSE

The contents of this chapter were previously published in [101].

3.1 Introduction

Cellular immunity hinges upon the regulated activation, expansion, and contraction of lym-
phocytes that clear an infection while limiting collateral tissue damage. We focus on CD8"
T cells—also known as killer or cytotoxic T cells—which are crucial for immune surveillance
and defense against infections and cancer. Pathogen recognition is mediated by T cell recep-
tors (TCRs) that bind short pathogen-derived peptides (or antigens) presented by major his-
tocompatibility complexes (MHCs) on antigen-presenting cells (APCs) and other target cells.
To recognize a multitude of pathogens, the immune system generates a diverse repertoire of
TCRs through a stochastic process known as V(D)J recombination, producing hundreds of
billions of distinct T cell clonotypes (i.e., T cells with unique receptors) [16, 102, 103].
Pathogen recognition triggers a response program in naive T cells, tuned by antigen
signal, pro- and anti-inflammatory signaling molecules (cytokines), and other environmental
signals generated by the infection and the host’s response (Fig. 3.1A) [104-108|. These signals

determine the extent of burst-like proliferation of short-lived effector T cells versus differen-
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tiation into long-lived, slowly dividing memory subsets. Effector T cells have the capacity
to rapidly divide—up to 19 cell divisions [107, 109-111]—and secrete cytolytic chemical
molecules that can degrade infected or unwanted cells |28, 112|. While most activated naive
cells differentiate into terminal effectors that undergo apoptosis once infection is cleared, a
small fraction survive as long-lived effector or central memory cells [49, 50, 112, 113].

The logic of signal integration for immune decision-making throughout a response re-
mains the central open problem. Simple additive models of antigen and cytokine inputs can
reproduce experimental patterns of clonal expansion in some settings [106-108]. However,
genetic and single-cell analyses reveal far richer control circuits governing activation, differ-
entiation, and contraction of T cells that involve intricate genetic programs and probabilistic
regulatory rules [34, 49, 50, 96, 111, 114-116|.

Pathogens vary in their immunogenicity—the ease with which they are recognized as
“non-self"—and in the degree of harm they impose via secreted toxins, inflammation, and
disruption of cellular function. The CD8' T cell response must have the potential to curb
“harm" across diverse infection scenarios [117, 118|, yet the evolutionary objectives and
biophysical constraints shaping their decision-making program remain unclear. Here, we
formalize one plausible objective for T cell decision-making: to minimize cumulative host
healthy-cell loss due to infection and collateral death of healthy cells due to the immune
response (immunopathology or toxicity).

We model the T cell decision-making program as a flexible, coarse-grained signal-
integration protocol. Specifically, we cast each CD8' T cell as a feedback controller whose
intra-cellular regulatory program modulates activation, differentiation, proliferation, and
death in response to intra-host cues, such as antigen levels and cytokine signals, which
themselves are dynamic in the course of an infection |64, 107].

We then ask how alternative immunological contexts require distinct effector programs.

First, we parameterize a broad class of feedback-controller designs, with varied signal sensi-
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tivities and integration rules. Next, by systematically sampling designs, we optimize for rapid
pathogen clearance while minimizing immunopathology. We find that optimal designs lie on
a Pareto front: further reductions in infection-induced harm entail increased immunopathol-
ogy. Accounting for the imperative to separate infection—microbial or malignant—from
transient inflammatory events (e.g., tissue damage) [119-123|, we show how a trade-off be-
tween pathogen-clearance and immunopathology (toxicity) may be encoded into the logic
of T cell responses. Optimizing these competing objectives yields effector programs con-
sistent with experiments with vertebrate organisms. Finally, applying our framework to a
minimal tumor-growth model, we demonstrate how modifying the endogenously encoded
effector program can improve the effectiveness of T cell cancer therapies, pointing to signal-
processing adjustments through genetic engineering that could enhance T cell-based cancer
immunotherapy.

The immune system’s true performance objective, and how evolution has fine-tuned it,
may ultimately be unknowable. Formulating and testing principled heuristics provides a
baseline to gauge the performance of real immune systems in responding to infections. This
perspective has yielded deep insights in other biological contexts, revealing the architectural
logic of genetic and regulatory networks [61, 68, 124-127]. In immunology, high-level mathe-
matical models have demonstrated how a finite lymphocyte repertoire can be distributed to
best confront a diverse pathogenic landscape [128-130] and how immune memory should be
allocated to counter future threats [10, 81, 131-133]. By extending this perspective to the
dynamics of CD8" T cell signal integration and response, our work provides a quantitative

framework that links observed decision-making to operating principles and trade-offs.
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Figure 3.1: CD8" T cell response to infections. (A) The schematic shows how upon infection,
susceptible cells S become infected I at rate b;. Infected cells provide an antigen signal oag o I,
and die at rate dy, which triggers an infection harm signal oj,¢. In response to infection, naive CD8"
T cells (with initial clone size of Ny, ) are activated N — N*, and can then differentiate into effec-
tor or memory fates (Fig. A.1). Effector cells can proliferate and kill infected and bystander cells,
generating a response-harm signal oyes, and finally become terminal or differentiate into memory.
Consequently, T cell transitions are modulated by the threes signals (0 ag, Oinf, Ores). Infection dy-
namics (S, I) are modeled by ODEs coupled to stochastic dynamics of the T cell response. Memory
transitions (gray arrows) are neglected in our model. (B) Representative trajectories of suscepti-
ble, infected, effector, and memory CD8" T cells are shown over time. Cell counts are reported
in units of the maximum number of susceptible cells Spax. (C) Each T cell transition has a rate
ri = r*g;(0Ag, Tint, Ores; 117, ¢), modulated by a sigmoidal function with baseline ¢ and signal sen-
sitivities 7,5 (egs. 3.4, 3.5). The regulatory parameters define the design of the effector program g
(eq. 3.6). (D) We assess design performance over diverse infections sampled from a broad range
of reproduction numbers Ry (eq. 3.1) and immunogenicities k (eq. 3.2). For each infection, we can
find an optimal design g(min) that minimizes total cell loss (harm). Harm decomposes into infection
harm Hiy (cells killed by the pathogen plus infected cells eliminated by effectors), and toxicity
Hioxic. (healthy bystanders killed by effectors), highlighting an intrinsic trade-off (eq. 3.7). Simula-
tion parameters in (B): Spax = 107, M. = 100, K7 = 1073 S0, K5 = Smaxs K = 1073 Siax, b =
2.0 x 10" 7day " per cell,d; = 0.5 day ™', Iy = 10" 4Spay, T = 30 days, 6 = (Yay = 2,07 = 2,¢bp =
—0.25, 0y N+ = —0.75, 0N+ p = —0.75,_,y = 0.75).

3.2 Model

To characterize the immune response to an infection, we model the large-population dynamics
of susceptible and infected cells in a host as deterministic processes, coupled to a stochastic,

time-inhomogeneous birth-death process for the CD8" T cell response (Fig. 3.1A, B and
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Appendix A).

Intra-host infection dynamics. We model a population of healthy, susceptible cells
S(t). Pathogen exposure seeds an infected subpopulation (), which grows over time ¢ via
encounters with an otherwise homeostatically stable susceptible cell population, and declines
through infected-cell death, triggering an immune response (Figs. 3.1A, B, A.1). Activated
effector T cells E(t) can kill both infected and susceptible cells, with clearance governed
by recognition thresholds K; and Kg, respectively, which quantify how readily effector cells
recognize each cellular subpopulation; higher thresholds indicate that more effector cells are
needed for recognition and killing. We model this dynamics as a deterministic birth-death
process with competitive interaction of T cells with infected and healthy cells; see Materials
and Methods and Appendix A.

We quantify within-host reproductive success of a pathogen by the intra-host basic

reproduction number,
bISmax

RO = d[ )

(3.1)

where b;/d; is the ratio of birth to death rates for infected cells, and Sp,.x is the maximum
number of susceptible cells in a tissue (Materials and Methods). Ry measures the expected
number of secondary infected cells generated by a single infected cell in an otherwise fully sus-
ceptible cell population. This definition mirrors the standard epidemiological reproduction
number [134, 135].

We model the T cell repertoire as initially consisting of a number of identical naive
T cells, and assume that the T cell recognition threshold for infected cells is lower than that
for susceptible cells (K; < Kg), such that T cells more readily respond to infected cells.

Accordingly, we define the immunogenicity of an infection as,

immunogenicity: k= K;'Kg. (3.2)
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This dimensionless quantity reflects how readily cognate T cells recognize antigens presented
by infected cells as “non-self" relative to those presented by healthy cells (self). We consider
infection scenarios with broad ranges of immunogenicity (x) and basic reproduction numbers

(Ro) (Appendix A).

Signal cues to modulate T cell decision-making. We express damage during an in-

fection in terms of cell deaths,

h(t) = hine(t) + hpi(t) + hes(t), (3.3)

J/

-~

:hres (t)

where hi,¢(t) represents the number of cells killed directly by the pathogen (infection), and
hg(t) and hgg(t) denote the number of infected and healthy cells, respectively, killed by
the effector T cell response, amounting to the total damage from the response hyes(t).

Cell deaths can produce different types of signals. Unprogrammed cell death (e.g.,
pyroptosis triggered by viruses and bacteria) can lead to the release of pro-inflammatory
danger-associated molecular patterns (DAMPs) [119]. On the other hand, cell death initiated
by CD8" T cells generates a heterogeneous signal that generates pro- and anti-inflammatory
cytokines (e.g., IFNvy, TNF«, IL-1ra, I1-4, IL-10, TGF-3) [119, 120, 123].

We simplify this picture by partitioning non-antigen cues into (i) infection-induced and
(ii) response-induced harms, whose accumulated effects trigger infection and response harm-
induced signals, oin(t) and oes(t), respectively. Presented antigens on APCs serve as an
additional cue. We take the infected-cell burden () as a proxy for the instantaneous antigen
signal oag(t), which together with the other two signals, modulate the cellular decision-
making processes in Fig. 3.1A; see Materials and Methods and Appendix A for details. By
disentangling these sources of (potentially redundant) signals, we probe how CD8" T cells

use these cues to make fate decisions. We do not pre-assign any signals to a pro- or anti-
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inflammatory role but allow optimization goals to determine their influence across diverse
infection scenarios.

We should emphasize that CD8* responses do not occur in isolation: the innate immune
system, regulatory T cells (Tregs), helper T cells, and B-cells can all directly or indirectly
shape CD8" dynamics. While these interactions are not modeled explicitly, we interpret
the harm and antigen signals as coarse-grained proxies for inputs from other immune com-
partments, capturing their net pro- and anti-inflammatory effects. In the same vein, our
immunogenicity parameter s (eq. 3.2) may also subsume regulatory constraints, e.g. through
Treg-mediated suppression that limits effector responses to self-like antigens, which in our
framework correspond to low-immunogenicity targets. Incorporating these additional com-
ponents explicitly would be an important direction for future work, enabling the study of

richer feedbacks and more granular immune regulation and dynamics.

Design of T cell programs for infection response. Naive T cells cycle through lym-
phoid tissues, becoming activated when they durably engage cognate peptide-MHC com-
plexes on activated APCs [42, 136]. Activated T cells can differentiate into an effector
phenotype, which participates in infection clearance, or into a long-lived memory state
(Figs. 3.1A, A.1). Here, we examine the course of CD8% T cells response during an in-

fection, dividing the process into four canonical response modules (Fig. 3.1A):
1. Activation: priming of naive T cells, N — N*,
2. Differentiation: commitment of the activated T cell to an effector phenotype, N* — F|
3. Expansion: division of effector cells, F — 2F,

4. Contraction: programmed loss of effector cells, E — ().

These response processes map onto partially distinct genetic programs: the MYC path-

way drives activation and proliferation [34]; the Wnt-Tcf7 pathway regulates effector versus
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memory fate decisions [49, 137|; contraction can be attributed to effector cell apoptosis
controlled by the Bcl-2-family of proteins, or the differentiation of effectors into effector-
memory cells [49]. The latter is regulated by the balance of T-bet/Blimp-1 (effector) versus
Bcl-6/Eomes (memory) programs, as well as metabolic pathways such as mTORC1 [138].
To reduce model degeneracy, we do not distinguish among these distinct biological sources
of contraction in our analysis.

For each process i, we represent its genetic regulation by a time-dependent transition
rate 7;(t), modulated by the instantaneous signals &(¢) (eq. 3.10) received by the T cell
(Fig. 3.1C),

T (t) =X i (O-Agy Oinf; Ores; 77;7 éz) ) (34)

where the maximal rate r™* is capped by the cell-cycle speed [28, 42, 116], and g; is a mono-
tonic response function of signal input, chosen from the modified Monod-Wyman-Changeux

functions (Hill-type family) [75, 139]:

1
I +exp [—Lz’(5§ Jm 52)] 7

with, (3.5)

gi(UAg,Uinf, Ures%@/)u&) =

Li(G3 i, ;) = € + Z Ui log[1 + 04 -
ace{Ag,inf,res}
The parameter ¢; sets the baseline propensity of transition ¢: in the absence of exter-
nal signals, the regulatory factor evaluates to go; = (1 + exp(—¢;))~" (Fig. 3.1C). The
weights {9, i re} encode the sensitivity and polarity (positive / negative — up /down-
regulation) of response to the antigen (oa,) and harm signals (oi,f and oyes). This formulation
abstracts away biochemical details while implementing the fold-change response to stimuli

observed in many biological circuits [61, 74, 140-142].
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Figure 3.2: Design parameters shape T cell response and infection clearance. (A)
Varying the design parameters influences effector trajectories. (B) Trajectories are shown for the
population size of effectors (top) and infected cells (bottom) for designs that vary a single baseline
transition rate go; (color) indicated atop each panel. Both quantities are measured in units of
the maximum number of susceptible cells, Siax, Which is a convenient reference scale for different
cell sub-populations. All other design parameters are fixed at: fast activation, go ny—n* = 0.95;
fast differentiation, go n+g = 0.95; slow contraction, gy p_,p = 0.05; and zero signal feedback,
Yag = Yinf = Yres = 0. Trajectories reflecting the impact of varying signal sensitivities ¢’s are
shown in Appendix A, Fig. A.2. (C) Peak effector count, measured in units of maximum number
of susceptible cells Spax, is shown by varying each of the three baseline transition rates (colors),
while keeping the rest of the parameters fixed (similar to (B)). Solid lines show the mean of effector
counts across n = 5 simulation replicates and shaded envelopes indicate one standard deviation
(Materials and Methods). Parameters are the same as Fig. 3.1, except for K; = 10725 ax.

To reflect shared regulatory programs while controlling complexity, we impose two sim-
plifications. First, activation and early expansion are both MYC-driven [36]; we therefore
require the modulatory factors, gy_.n+« and gg_sop, to share parameter values, even though
their realized rates will differ because signals vary in time, as cells transition between naive
and effector states. Second, logically, since extracellular cues should converge on coherent

effector programs, we enforce a common set of signal sensitivities across modules. With the

sign convention that positive sensitivities promote effector production, for each signal o, we

set ¥, = 7vbj‘\/—>N* = ¢73—>2E = ¢7V*—>E = _w%aﬁ)'
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The parameters of these constrained response functions define a response design 6 as,

0 - (wAgy ¢inf7 ¢re37 EN—>N* - EE—)QE) éN*—)E) KE—)(Z)) (36)
N N
TV
signal Egedback module-specific baselines

We systematically sample s to assess performance of designs against different infections
(Fig. 3.1D; Appendix A). While g is broadly sampled, we hold the remaining biological
rates and design parameters underlying the decision-making program in Fig. 3.1A within

empirically supported ranges reported in Appendix A, Table S1.

Cell economics of T cell response. Tracking all clinical sequelae of an infection is rarely
feasible, but tissue integrity degrades as cells are lost. Cumulative cell death correlates with
macroscopic readouts such as weight change, pathogen burden, and temperature dynam-
ics [143, 144]. We therefore adopt a cell-economics objective in which harm is measured by
the total number of cells lost over the course of infection. We evaluate the performance of
a given design § by simulating the response dynamics (Fig. 3.1D) and computing the total

cell death (or inflicted harm) as

T T
H( H) = / [hinf (75, 5) + hEer <t, 5)} dt—l—/ he.s (t, 5) dt,
Jo o Jo ) (3.7)
Hinf. (5) Htoxic. (5)

—

where Hi. (0) aggregates infection-related harm (cells killed by the pathogen, and infected
cells eliminated by effectors), Hioyic.( H) captures immunopathology (healthy bystander cells
killed by effectors), over the fixed time window 7". In our main simulations, we set 7' = 30
days to reflect the typical timescale of acute infections and the associated immune response
(Appendix A, Table S1), but we also assess the sensitivity of our results to variation in

T (Materials and Methods). This single, interpretable metric of harm (eq. 3.7) balances

clearance benefits against collateral damage, enabling principled comparison across designs
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Figure 3.3: Toxicity-infection harm trade-off across T cell regulatory designs. (A)
Density plots of toxicity Hioxic. versus infection harm Hi,s (eq. 3.7)—measured in units of the
maximum number of susceptible cells Spa—for 4.8 x 10° T cell regulatory designs, g, uniformly
grid-sampled across four infection scenarios (panels; columns: £ = 5.6 (left), k = 178 (right); rows:
Ry = 2.5 (bottom), Ry = 5.0 (top)). Designs are sampled uniformly across signal sensitivities
’s € [-3, 3] and baseline rates ¢’s € [—3, 3] (eq. 3.6). Infection scenarios are sampled by changing
K7 and by, while holding Spax, dr, and Kg fixed. Black points denote no-feedback designs (1/7 =0),
and the large magenta circle in each panel marks the design that minimizes total harm, glmin)
(B) For many different infection scenarios (k, Rp), we identify an ensemble of near-optimal designs
O(k, Ro), whose total harm is within 1072 x Syax of the minimum sampled total harm (as in
the magenta point in A). By computing the ensemble-averaged design parameters (9_}@(,{7 Ro) for
each infection scenario, and using these averages to cluster infections, we identify three pathogen
“archetypes" (colors): I-1II, as indicated (Appendix A). (C) Toxicity vs. infection harm associated
with the optimal harm-minimizing designs for each pathogen archetype in (B) is shown. Large points
indicate archetype means; small semi-transparent points show individual immune challenges sampled
in (B). Reducing infection harm (horizontal axis) comes at the expense of increased toxicity (vertical
axis). (D) Bars indicate the ensemble-mean of design parameters, <§>@<¢), computed by identifying
the ensemble of designs ©(?) which minimize cluster-averaged total harm for each archetype within
1072 X Spax of the minimum sampled cluster-averaged total harm (similar to (B)). Error bars
denote the standard deviation within this ensemble. All design variables are normalized by their
respective bounds (™?* = 3, ™ = 3). Unless otherwise noted, results represent the average of
n = 5 simulation replicates with parameters: Smax = 107, Njin. = 1072 Simax; Ks = Smax, Ky =
1073 S max, dr = 0.5 day ™!, Iy = 10~ *Spax.

and infections (Fig. 3.1D).
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3.8 Results

Cell-fate transitions determine effector response and pathogen clearance

How do rates of cell-fate transitions, determined by the regulatory design g (eq. 3.6), impact
the immune response and pathogen clearance? To isolate the effect of baseline propensities
(¢) independently of signal feedback (1), we first simulated “hard-wired" designs in which all
signal sensitivities were set to zero (JZ = 0). Each transition then happens at a fixed fraction
of its maximal rate go; = [1 + exp(—¢;)]~!, independently of antigen or harm signals; here,
i€ {N — N*/E —2E, N*— E,FE — (} indicates the transition module.

Varying these baseline rates produced strikingly different effector trajectories (Fig. 3.2).
Promoting activation /proliferation (go v n+, go.z—2r 1), or lowering the contraction baseline
rate (gog—p ) generated a rapid, high-amplitude effector burst that cleared the pathogen
quickly, after which effector numbers decay (Fig. 3.2B, C). In contrast, slowing activation and
division (go v N+, Jo.E—2E ), or accelerating contraction (go ¢ 1), yielded sluggish effector
accumulation, delayed clearance, and in extreme cases pathogen persistence, accompanied by
a prolonged plateau of few effectors. Interestingly, varying the baseline rate of differentiation
go.n+—r had a weaker impact on the overall effector profile and pathogen clearance (Fig. 3.2B,
C), suggesting its relevance may lie elsewhere in the response program.

Because effector and pathogen abundances determine the levels of antigen and cumula-
tive harm-associated (cytokine) signals, these baseline choices not only shape the immediate
effector response but also alter the available antigen and cytokine signals, which in turn

impact the T cell response through feedback regulation (Appendix A, Fig. A.2).

Effector designs trade infection harm for toxicity

Previous research has identified a trade-off between maximizing infection clearance and min-

imizing response toxicity (immunopathology) in the immune response [122, 123, 145]. Con-
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sistently, by systematically sampling the space of designs (Appendix A), we found the same
trade-off: plotting infection harm Hi, (6) (i.e., infected cells killed by pathogen or by effec-
tor response) versus the toxicity Hieic.(f) (i.e., bystander cells killed by effector response)
revealed that decreasing Hi,s comes at the cost of increasing Hioxic. (Fig. 3.3A). The extent
of this trade-off depends on pathogen characteristics. This trade-off is stronger for infections
with a higher intra-host reproductive number Rj or lower immunogenicity . Interestingly,
for scenarios with low Ry, many of the hard-wired response programs without signal feed-
back (Jl = 0; black dots) perform near-optimally, laying close to the Pareto front. Here,
the Pareto fronts at the boundaries of these graphs indicate the set of strategies for which
neither harm nor toxicity can be reduced without increasing the other, representing the
best achievable balance between these competing objectives (see Appendix A). For aggres-
sive high-Ry threats—be it acute infections (high k), or highly metastatic cancers (mid to
low k)—these same hard-wired designs fall far from the Pareto front and well inside the
sub-optimal region. Proportionate control in these cases requires designs with appropriate
sensitivities to antigen and cytokine/harm signals (15 # 0) to minimize infection harm while
limiting immunopathology.

Next, we explored regulatory design space by evaluating responses of different designs
against diverse infection scenarios, sampled on a grid of immunogenicities (k) and reproduc-
tion numbers (Ry) (Fig. 3.3B). For each infection scenario (k, Ry), we identified the ensemble
of near-optimal designs, ©(x, Ry). A design ] belongs to this ensemble if its incurred total
harm (eq. 3.7) is within 1072 x Syax of the minimum realized total harm from all sampled
designs for that infection; note that the maximum number of susceptible cells Sy, provides
a convenient reference scale against which to quantify harm (cell death). Finally, we clus-
tered infections based on their ensemble-averaged design parameters <_’>@(,€7 Ro) (Appendix A,

Fig. A.3). Three coherent design classes emerged, loosely corresponding to intuitive pathogen

“archetypes" (Fig. 3.3B): I-— highly immunogenic bacteria and viruses (high x or high Ry),
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Figure 3.4: Pareto-optimal designs balancing harm from acute infections and autoim-
munity. (A) Bi-objective optimization to minimize the weighted sum of harms associated with
T cell regulatory designs g across two pathogen archetypes (A, B) yields a Pareto front (magenta
curve); eq. 3.8. Points on the curve are Pareto-optimal designs, parameterized by the weight
A € [0, 1], quantifying the emphasis on archetype A; moving left to right corresponds to decreasing
A (less emphasis on archetype A). (B) The density plot shows harms (in units of the maximum
number of susceptible cells Syayx) incurred by 4.8 x 10% uniformly sampled designs in their response
to archetype I (immunogenic infection; high ) versus archetype II (non-replicating, self-like/ auto-
immune inducing or allergenic antigens; Ry = 1), as defined in Fig. 3.3B. Designs are sampled on a
uniform Cartesian grid of sensitivities ¢, € [—3, 3] and baseline rates ¢; € [—3,3] (as in Fig. 3.3A).
For many values of A\, we minimize the objective in (A), and trace out the Pareto front (magenta).
For each point A on the front, we identify the ensemble of designs closest to the Pareto front (©(\)),
where a design belongs to the near-Pareto ensemble at A if its incurred harm against archetypes
I and II simultaneously lie within 5% of the A-Pareto-optimal harm of the respective archetypes.
The black square indicates the elbow of the Pareto curve A\*: the point where further reductions in
archetype-II harm incur larger increases in archetype-I harm (Appendix A). (C) Decomposition of
total harm along the Pareto front in (B) into infection-related harm and toxicity (eq. 3.7). The black
dashed line indicates the position of the elbow from (B). (D) The magnitudes of the signal sensitivi-
ties 1 (left) and the baseline rates go(¢) (right), each scaled to variable bounds (¢p™** = 3, /™ = 3),
are shown as a function of harm incurred under archetype I along the Pareto curve (parameterized
by A). Solid and shaded envelopes show the mean and standard deviation of the design parameters,
respectively, across the near-Pareto ensemble of designs ©()), A € [0, 1] traced out by the Pareto
front. (E) For each archetype in Fig. 3.3B, total harm is shown for the archetype-specific minimizer
glmin) (circle) and for the average over the near-elbow ensemble in (B). See Appendix A, Fig. A.6 for
Pareto fronts formed by other pairs of archetypes. All simulation parameters other than the varied
K, by, and g match Fig. 3.1.
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associated with type-I immunity [146]; II— non-replicating, self-like/auto-immune inducing
or allergenic antigens (Ry = 1), in part associated with type-II immunity [146]; III— mid-
range threats (low-medium s and Ry) including difficult to detect pathogens and slowly grow-
ing tumors. The balance between minimizing toxicity and clearing infection (i.e., reducing
harm) differs across these archetypes, resulting in different design strategies: signal-sensitive
designs optimized for archetypes I and III prioritize pathogen clearance at the cost of in-
creased immunopathology, with the severity of the trade-off varying by scenario, whereas
the largely pre-programmed designs optimized for archetype II suppress toxicity to avoid
autoimmunity (Fig. 3.3C).
Design parameters of effector programs minimizing harm vary across archetypes (Fig. 3.3D).

For archetype II (non-replicating antigens) the optimal design is pre-programmed suppres-
sion of the immune response: signal sensitivities J are close to 0, and the baseline rates
are tuned to slow activation, proliferation, and differentiation, and enforce rapid effector
deletion. This damped response completely avoids toxicity when the threat does not grow
so infection harm is determined by the initial exposure and cannot be decreased. Across
the other two archetypes a common pattern emerges: the response-derived cytokine sig-
nal o,es acts as an anti-inflammatory brake (¢, < 0), with its magnitude tuned to context.
Moreover, antigen sensitivity 1a, grows with immunogenicity, with the designs optimized for
archetype I (strong immunogenicity) showing the largest sensitivity to antigens, while those
for archetype II (non-immunogenic) show no antigen sensitivity, and are largely hard-wired.
Overall, across all archetypes, near-optimal designs distinctively tune both the baseline rates
go’s and the infection-signal sensitivity ;¢ to balance clearance against toxicity and minimize

harm (Appendix A, Figs. A4, A.5).
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Endogenous T cell programs are shaped by minimizing harm from autoimmunity and acute
infections

Although the relative evolutionary pressures exerted by different threats are unknown, we
can still pose a principled multi-objective problem for the effector program, i.e., find a design

Omin (eq. 3.6) that minimizes the weighted sum of harms across a desired set of pathogen

archetypes:

Oumin = arg min Z AiH(i)(g), (3.8)
6 izarchetypes

where \; € [0,1] with the constraint ), A\; = 1. The weight \; specifies how strongly we
prioritize minimizing harm associated with the i'* pathogen archetype (i.e., an objective),
when identifying the optimal design Oin. For m archetypes, the solution to this family of
problems maps an m — l-dimensional simplex of A\ = (A1, ..., Am) values to a set of de-
signs that achieve the best possible trade-off between the different archetypes (Fig. 3.4A;
Appendix A). When optimizing performance against one archetype necessarily worsens per-
formance against another (i.e., a tradeoff), these optimal designs form a Pareto front: a set
of solutions for which no objective can be improved without degrading at least one other
(Fig. 3.4A). In contrast, if there are no such conflicts among archetypes, the Pareto front
collapses to a single design that is simultaneously optimal for all objectives. This framework
naturally accommodates uncertainty in the prevalence of pathogenic challenges and in the
effective “preferences" imposed by evolution or environment, in finding the optimal solution.

Similar approaches have been successfully applied in other biological systems [87, 147].
Even though optimization can be done simultaneously over all three archetypes, we
proceed by examining pairwise trade-offs that generate a one dimensional Pareto front, pa-
rameterized by a single scalar A (Fig. 3.4A). A biologically salient case contrasts archetype
I (immunogenic pathogens) with archetype II (non-replicating antigens). Non-replicating

antigens plausibly arise from un-programmed cell deaths or external trauma inducing inflam-
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mation and may be implicated in autoimmune flares. This bi-objective harm minimization
aims to find designs balancing effective clearance of immunogenic viral or bacterial infections
and suppression of autoimmune responses; see Appendix A, Fig. A.6 for Pareto fronts formed
by optimizing other pairs of clusters.

Fig. 3.4B shows harm from archetype II plotted against that of archetype I for a broad
range of sampled designs and highlights the Pareto front (magenta). Designs close to the
Pareto front achieve near-best total protection for a given compromise weight \; moving to
the right along the Pareto front shifts the emphasis from clearance of immunogenic pathogens
(A 1) to tolerance (A ). Decomposing total harm into infection-related harm and toxicity
(eq. 3.7) shows that along this Pareto front it is relatively easy to reduce toxicity to non-
replicating antigens without substantially worsening outcomes against immunogenic infec-
tions; this is demonstrated in Fig. 3.4C as substantial decreases in toxicity are achieved with
only minor changes in infection harm.

Next, we evaluated immune designs near the Pareto front (Fig. 3.4D; Appendix A).
For each point A, we identified an ensemble of designs near the Pareto front, ©(\). For
a design to belong to the near-Pareto ensemble, its incurred harm against archetypes I

and II must simultaneously lie within 5% of the Pareto optimal harm of those respective

Design Parameter Effect Source

baseline rates:

1. activation & prolif., gy N+, gr—2E low [34, 104]
2. differentiation, gy+«_ g low [49]
3. contraction, gg_.g moderate [34, 60|

sensitivity to signal:

4. antigen, ¥ag promote [104, 106, 148|
5. infection, ¥i,¢ promote [105, 123, 149|
6. response, Yyes suppress [122, 123]

Table 3.1: Endogenous design of CD8™ T cell response.
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Figure 3.5: Elbow-optimal designs recapitulating macro-dynamics of T cell expansion.
(A,B) In maroon (left vertical axis), fold expansion (i.e, peak clone size divided by the initial
precursor number) of antigen-specific CD8' T cells in mice plotted against (A) the initial precursor
number (data from [109]), and (B) the relative pMHC concentration required for half-maximal
activation ECs (data from [148]); in our model, ECs is proxied by K. In blue (right vertical axis),
simulated mean fold expansion for designs belonging to the near-elbow ensemble from Fig. 3.4B
(©(X*)) shown as a function of the initial precursor T cell number (A), and the immunogenicity of
the antigen s (B). Their sensitivity to the infection-harm signal (¢i,¢) is varied (shades of blue).
For each design in the near-elbow ensemble identified in Fig. 3.4, § € O(X*), we change s —
¢ X g for constants ¢ € {0,0.1,1.0}, and simulate responses against the broad sample of infections
(Fig. 3.3B). Trend lines are obtained by averaging over infections and designs in the near-elbow
ensemble (Appendix A, Figs. A.7, A.8). Elbow designs with reduced sensitivity to infection-derived
harm qualitatively match the experimental macro-dynamics of T cell expansion. Unless otherwise
indicated, simulation parameters: Smax = 107, Kg = Smax, Kg = 1073Smax, dr = 0.5 dayfl,lo =
104 Smax.

archetypes at the same compromise value A. The elbow of the Pareto front represents the
point on the curve, \*, at which further decreases in harm from archetype II will incur
disproportionally large increases in harm from archetype I (Fig. 3.4B; Appendix A). The
ensemble of designs near the elbow ©(\*) encodes a compelling logic: sensitivity from antigen
and infection cues promotes effector production (1a,,; > 0), whereas response-derived
cues act like a brake with a predominantly anti-inflammatory effect on the immune response

(res < 0); Fig. 3.4D. Sensitivity to these signals diminishes as A decreases (i.e., as avoidance

of autoimmunity is prioritized); see Fig. 3.4D. Baseline rates (go’s) of the designs at the
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elbow favor moderate to slow activation and proliferation of effectors, slow differentiation
to effector state, and moderate contraction (Fig. 3.4D). As X increases (leftward; clearance
weighes more), all baseline rates shift toward promoting more effector cells. As A decreases
below the elbow (rightward; toxicity weighs more), the already slow differentiation baseline
rate falls toward zero, while activation/proliferation and contraction are tuned to suppress
effector production, reflecting designs that minimize collateral damage even at the expense of
incomplete clearance. Notably, despite being optimized only for archetypes I and II, designs
in the near-elbow ensemble O(A\*) perform competitively for archetype III, incurring harm
close to the archetype-specific optimal designs (Fig. 3.4E; Appendix A, Fig. A.6).

From these analyses alone, it is not possible to ascertain the compromises encoded in
the endogenous T cell response program. However, experiments on T cell fate decisions in
endogenous immunological programs (Table 3.1) are qualitatively consistent with designs
that jointly minimize harm from immunogenic pathogens and auto-immune responses to
transient injuries (elbow in Fig. 3.4B).

The choice of design impacts the dynamics of the immune response, which we can
compare to experimental data. Prior experiments in mice [109, 148| indicate that peak fold-
expansion of T cell populations in response to a pathogen scales inversely with the initial
number of cognate T cells, and with the pMHC concentration for half-maximal response
(proxied by K in our model); see Fig. 3.5A, B. This pattern was recapitulated by explicitly
modeling competition for antigens in polyclonal T cell responses [63]. Without any parameter
fitting, near-elbow designs é()\*) from Fig. 3.4 reproduce this inverse dependence on initial
clone size but underestimate the steepness, and overestimate the magnitude of the trend
with respect to immunogenicity () (Fig. 3.5A, B).

Reducing the sensitivity to infection harm ;¢ of these designs by an order of magnitude
restores the observed dynamics range (Fig. 3.5B) while having only a minor effect on total

harm, and hence, our optimization objective (Fig. A.8). Interestingly, adjusting the other
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Figure 3.6: Engineering immune response for cancer immunotherapy. (A) The schematic
shows the potential clearance of replicating cancer tumor cells by T cells (e.g., infused during
immunotherapy), and the potential collateral damage of therapy to susceptible tissue cells. The
accessible levers in an immunotherapy include the dosage and antigenicity of the infused cells.
Antigenicity is a property of the interaction between a specific TCR-antigen pair, and it can be
increased by either changing the antigen or the TCR. Given a specific cognate T cell, immunogenicity
is the ratio of the antigenicity of a cancer cell to that of a healthy cell. (B) Averaged over the
tuned near-elbow ensemble (:)()\*), the heatmap displays harm (in units of the maximum number
of susceptible cells Spax) as a function of cancer antigenicity and dosage of administered T cells.
Yellow points correspond to the optimal dosage of T cells for a given immunogenicity /antigenicity.
(C) Total harm, harm from cancer, immune toxicity, and the final tumor size following the immune
response are shown as functions of cancer immunogenicity (k) at the optimal T cell dosage (yellow
circles in B). (D) Clearance response—defined as the derivative of negative harm (i.e., protection)
with respect to each design parameter 6;, —9H (6)/00; for § € ©(\*)—averaged over the tuned near-
elbow designs C:)()\*), is shown for different levels of tumor immunogenicity «; Left: zﬁ parameters;
right: gp parameters (colors). Shaded envelopes denote the standard deviation of outcomes over
0 e é()\*) For this analysis, we assume that T cells are administered at high dosage (Ny, =
1072Smax). Simulation parameters: Syax = 107, K = Smax, Kg = 1073 Smax, dr = 0.0 day ™!, Iy =
1071 Sax, by = 0.1 day 1.

sensitivities (g, Yres), Or the baseline rates go’s does not reproduce the dynamic range
observed in the experiments (Figs. A.7, A.8). Improved quantitative agreement may be
achieved by adjusting a subset of the model’s non-design parameters (Appendix A, Table S1),

an analysis that would benefit from a larger dataset to enable robust fitting and validation;
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see Appendix A and Figs. A.10-A.12 for the sensitivity of model performance to variation
in non-design parameters and to simulation noise.

To align responses with the observed macro-dynamic trends, subsequent analyses con-
sider near-elbow designs 0 c O(A*) with their infection-signal sensitivity reduced to one-tenth
of their original value: for ¥, — 0.1;,;. This ensemble of tuned designs is indicated by

(V).

Designing an effector response to a growing tumor

CD8" T cells are central to cancer surveillance and elimination of mutated pre-cancerous
cells. We therefore asked how the tuned elbow-optimal designs 6 € O(\*) identified for
infectious threats (Fig. 3.4B, Fig. 3.5) respond to cancer, which we modeled as a growing,
low-immunogenic tumor that kills healthy cells as it expands (Fig. 3.6A; Appendix A). We
quantified harm as the total number of healthy cells lost, combining cell death caused directly
by tumor expansion (replacing healthy cells) and collateral killing mediated by the immune
response (Fig. 3.6B,C).

Similar to the case of infection control, a clearance-toxicity trade-off arises, but it is
sharpened in cancer because many tumor antigens are only marginally distinct from self.
Even high-affinity recognition risks cross-reactivity and bystander damage. Tuned near-
elbow designs incur high total harm for low-immunogenic tumors (Fig. 3.6B, C). As tumor
immunogenicity increases, harm decreases due to reduced cross-reactive toxicity and en-
hanced tumor clearance (Fig. 3.6C).

Cancer immunotherapy leverages and improves upon the body’s own immune system
to target tumors [150]. Patient-specific tumor-infiltrating lymphocytes (TILs) and TCR-
engineered T cells (TCR-T’s) purified and expanded ex-vivo, and infused in patients to
recognize tumor peptide-MHC’s have shown clinical benefits. Chimeric antigen receptor

(CAR) T cells, on the other hand, target surface antigens without MHC restriction and can
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be deployed more broadly when targets are shared across patients. Contemporary CARs
incorporate co-stimulatory domains (e.g., CD28 or 4-1BB) that enhance activation, prolif-
eration, survival, and effector function [151]. In practice, three levers are pulled to engineer
a T cell therapy: (i) the antigen-recognition module (native TCR, TCR-T, or CAR) to
specifically target the tumor; (ii) the intracellular signaling architecture (co-stimulation and
engineered circuits) to sustains a robust and durable response; and (iii) the infused T cell
dose/schedule, tuned to maximize tumor control while limiting toxicity.

Our model predicts that the optimal dose should be tuned to tumor immunogenicity
(Fig. 3.6B), consistent with prior findings on antigen-dependent T cell dosing [152]. Exam-
ining the tuned near-elbow designs, we find: at low immunogenicity, clearance is inefficient
and toxicity dominates, so smaller infusion doses minimize harm; at high immunogenicity;,
recognition and in-situ expansion are efficient, so even modest doses suffice; at intermediate
immunogenicity, larger initial doses minimize total harm by accelerating tumor elimination
while keeping toxicity tolerable (Fig. 3.6C).

TCR engineering raises an additional nuance: increasing TCR-tumor affinity often in-
creases affinity to self [153], so that increasing tumor immunogenicity is difficult. To cap-
ture this, we evaluated treatment scenarios where the affinities/reactivities of tumor and self
to the engineered TCR/CAR are proportional, leaving tumor immunogenicity unchanged
(k = K;'Kg = constant; Appendix A, Fig. A.9). We quantify affinity or reactivity of a cell
by the ratio of the maximum healthy cell counts S to the number of target cells required
for half-maximal T cell response (ECy), i.e., K;'Smax for tumor cells, and Kg'Spay for
self targets. Provided that tumor immunogenicity x is not too small and self-reactivity re-
mains moderate, the dose-response as a function of tumor antigenicity (Fig. A.9 A) mirrors
its dependence on immunogenicity in Fig. 3.6B. Nevertheless, these cross-reactive regimes
(Fig. A.9B) yield higher total harm than scenarios where self-interaction is fixed so that

increasing tumor antigenicity increases immunogenicity (Fig. 3.6C). This highlights the cost
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of affinity-driven cross-reactivity in TCR engineering for cancer therapy [154-156].

Finally, we asked which aspects of the endogenous CD8" T cell program could be modu-
lated to improve tumor control. Using high-dose infusions for a broad range of immunogenici-
ties, we computed the sensitivity of negative harm (i.e., protection) to small changes in design
parameter values, i.e., —VH(g) forf € O(\*) (Fig. 3.6D). For very high-affinity T cells (those
able to respond at < 1/100 of the number of healthy cells), gains from further engineering
are limited. For intermediate affinities—arguably more relevant clinically—several levers are
impactful: increasing activation/proliferation baseline rates (go n—sn+, 9o g—2r T) [157] and
decreasing effector death (g g J) provide strong improvements but may entail perturbing
oncogene-linked pathways (e.g., MYC, BIM) and warrant caution [158]. Boosting antigen
and infection sensitivities (¥aq, Yine T), and tempering the anti-inflammatory brake (|t¢)yes| 1)
also enhance clearance, albeit with a risk of runaway inflammation [159]. Increasing the
baseline rate of differentiation (go ny+— g T) yields smaller gains. This suggests that reducing
effector differentiation—e.g., via Tef7 modulation [49, 157|—may provide a tractable knob to
promote memory production and reduce relapse risk. Reduced effector differentiation may
then be compensated for by tuning effector expansion and longevity.

Interestingly, recent CRISPR screens show that among other candidates, knocking out
FAS and PTPN2 genes in CAR T cells reduces apoptosis (go g—¢ J) and redirects differentia-
tion toward effector programs (go g—2r 1), thereby enhancing CAR T cell efficacy [160-163].
Our modeling framework can help prioritize targets for such screens to rationally identify
candidate genes that improve T cell immunotherapies. It should be noted that the achievable
benefit of any perturbation for T cell engineering will depend on patient- and tumor-specific
constraints. These include the extent to which affinity-driven TCR cross-reactivity can be
mitigated (Fig. A.9) and may require patient-specific measurements of T cell interactions

and signaling to calibrate designs for robust, durable therapy.
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3.4 Discussion

In this work, we modeled the CD8% T cell response as a feedback-controlled program that
integrates three cues (i.e., instantaneous antigen, time-integrated infection-derived harm,
and time-integrated response-derived harm) to minimize cumulative cell death during an
immune challenge. Modulation of response proportional to the antigen signal and the time-
integrated harm signals mirrors proportional-integral-derivative (PID) control of engineered
systems, a strategy known for its stable and robust steering of dynamical processes toward
desired outcomes [164].

Exploring an ensemble of biologically motivated controllers (designs) and optimizing for
pathogen clearance while minimizing immunopathology exposed a Pareto trade-off: a reduc-
tion in infection harm generally leads to an increased collateral damage to healthy tissues.
This pattern persisted across diverse immune challenges defined by their immunogenicity
and within-host basic reproduction number.

Three design principles emerged from our analyses: (i) Pre-programmed (baseline-
tuned) designs help restrain autoimmunity and slowly proliferating threats but are inefficient
against fast-proliferating infections or metastatic tumors; effective control there requires sig-
nal integration and feedback. (ii) Among signal sources, antigen and response-harm domi-
nate; sensitivity to infection-harm contributes comparatively little once CD8 effector T cell
expansion is underway. (iii) Feedback from response-harm acts as an anti-inflammatory
brake, enabling strong antigen-driven responses while limiting collateral damage when the re-
sponse overshoots—a characteristic consistent with endogenous effector programs [122, 123].
Table 3.1 further summarizes the characteristics of our inferred optimal designs and relates
them to supporting evidence from endogenous effector programs.

We posited that effector programs should attempt to solve a multi-objective problem

to minimize harm (cell death) inflicted by diverse pathogenic challenges. Interestingly, we
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found that a Pareto-optimal design that suppresses responses to frequent, self-like injuries
while clearing recognizable, replicating (e.g., acute) infections mirrors the endogenous T cell
programs in vertebrates: strongly antigen-driven with an anti-inflammatory brake, and con-
servative cell-fate transition speeds that prevent runaway effector responses. We note that,
beyond minimizing harm due to cell death, additional factors may also shape the objectives
optimized by effector T cell programs, including the metabolic costs of effector activity and
cytokine production, the cumulative burden of inflammation, and the long-term value of
generating memory cells. Although the relative importance of these contributions remains
unclear, they could be incorporated and analyzed within the same Pareto-optimization frame-
work we introduced in this work.

Memory formation is a key feature of CD8" T cell immunity, but here we focus on
acute infection control and therefore do not model memory expansion or recall explicitly.
In endogenous responses, immunological memory arises in part from the differentiation of a
small fraction of effector cells (~ 5—10% of the peak response [45, 49]) into effector-memory
cells, effectively removing them from the active response. In our model, this loss of effector
cells is captured by the contraction step, which can represent either effector apoptosis or
differentiation into memory. By aggregating these processes into a single contraction term,
we reduce degeneracy in the design parameters while retaining interpretability. Nonetheless,
memory “quality”" depends on differentiation timing and clone avidity [50, 116, 165, 166,
which would be relevant for the strength and durability of protection upon secondary immune
challenges. Extending our framework to an explicit allocation trade-off, where diverting cells
to memory reduces primary effector output but seeds future protection, will be an important
next step toward linking control designs to memory formation and the evolutionary pressures
shaping effector programs.

Using a minimal tumor model, we showed how the design objective informs rational im-

munotherapy protocols. First, it suggests that infused T cell dosage should depend on tumor
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immunogenicity—balancing clearance against collateral damage, as previously emphasized in
the literature [150, 152, 155]. Second, treating the design parameters as engineering targets
yields testable strategies to improve efficacy and safety, which is highly desirable [167-169].
For moderately immunogenic tumors, promoting effector output by raising baseline rates of
activation/proliferation or increasing antigen and infection sensitivities, while tempering the
anti-inflammatory brake, may produce robust responses.

To operationalize these ideas, abstract signal sensitivities and baseline rates must be
mapped to gene programs as targets of cell engineering (Table 3.1). Combining princi-
pled control-theoretic design with patient-specific measurements of antigenicity and damage
signaling may enable tailored effector programs that respect the fundamental trade-offs of

response from this study, while bending them toward better outcomes [170].

3.5 Materials and Methods

Data and code for all the analyses can be found in the Github repository: https://github.
com/StatPhysBio/designimmune. Previously published data from refs. [109, 148| were used

for this work.

Intra-host infection dynamics. We model a population of healthy, susceptible cells S(t),
initially consisting of Sy,.x identical cells. Pathogen exposure seeds an infected subpopulation
I(t), which grows via encounters with susceptible cells at rate by, and declines by infected-cell
death at rate dj, triggering an immune response (Figs. 3.1A,B, A.1). The dynamics of the

susceptible and infected cells follow,
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where dp is the maximal clearance rate of infected /susceptible cells by effector T cells £, and
K; and Kg are recognition thresholds, quantifying how readily effector cells can recognize
infected and susceptible cells, respectively, and consequently kill them; a larger K; or Kg
implies more effector cells are needed for recognition [171-173|. The functional form of the
last terms in these equations is motivated by considering competitive binding of T cells to
infected and healthy cells (Appendix A). Note that these equations describe dynamics dur-
ing the immune challenge and exclude the slow birth-death processes that homeostatically

maintain the susceptible cells in the absence of infection.

Stochastic T cell response model. We model the CD8% T cell response to an immune
challenge as a time-inhomogeneous birth-death process coupled to deterministic dynamics
of susceptible and infected cells. Beginning with an initial population of monoclonal naive
T cells, we track individual T cell lineages through recruitment of naive cells to interact with
antigen-presenting cells (APCs; N — APC - N), activation (APC - N — N*), differentia-
tion to effector (N* — E), expansion (F — 2F), and contraction (E — @)). Naive T cells
are recruited to APCs at a rate modulated by infection harm signals, and upon sustained
engagement, become activated and undergo 2-3 burst-like divisions largely independent of
continued antigenic input. During this early proliferative window, each activated cell com-
mits to an effector or memory fate according to the first arrival of a time-inhomogeneous
Poisson process with a signal-dependent rate; the number differentiating into effectors is
drawn as a binomial random variable, with remaining cells adopting a memory phenotype.
Effector cells subsequently divide and die at rates governed by time-varying antigen and
harm signals. Proliferation is capped by a maximum division number [107, 109-111], which
we set to 15 rounds, beyond which cells undergo terminal arrest (see Appendix A for details).

In our model, inter-lineage variability arises solely from stochastic differences in tran-

sition timing, capturing with prior observations [34, 49, 50, 96, 111, 114-116]. To quantify
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this stochasticity and demonstrate robustness, results are averaged over five independent full-
simulation replicates, with variability reported. The coefficient of variation averaged over
immune challenges is small (C.V. = 0.05; Fig. A.12), indicating that macroscopic quantities
such as total harm and effector peak are robust to stochasticity in T cell response dynam-
ics. We also characterize sensitivity to simulation parameters (Figs. A.10, A.11), which vary

across hosts and infection scenarios.

Infection and response signals. T cell activation relies on the integration of antigen
and harm signals. Cell deaths can induce harm in the host and produce pro- or anti-
inflammatory signals, depending on the underlying cause. We simplify this by distinguishing
infection-induced and response-induced harms, which in a cumulative form, generate signals
oinf(t) and o,e5(t), respectively. The instantaneous level of presented antigens, proxied by the
infected-cell burden I(t), defines a separate antigen signal oa,(t). Together, scaled by their
recognition thresholds, K for antigens and Ky for non-antigens (harm), the three signals

available to T cells follow,

antigen signal: oag(t) = Ky '1(t)
t (3.10)
harm signals: Oing/res(t) = Kf}l/ e~ (t=s)du Rint/res(s) ds.
0

where hiye(s) is the number of cells killed by the pathogen (infection), and hes(s) denotes
the number of cells killed by the effector T cell response at time s (eq. 3.3). The time-
integrated harm-induced signals are exponentially discounted at rate dy, reflecting the decay

of cytokines in the absence of ongoing stimulation (Appendix A).
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Chapter 4

RATIONAL T CELL REPERTOIRE ALLOCATION TO
CONTROL THE GUT MICROBIOTA

The contents of this chapter are being prepared for submission to a journal.

4.1 Introduction

The gut microbiome is a complex ecological community that influences its host’s metabolism,
development, immunity and other critical physiological processes [174-179]. Given its easy
accessibility, it is a promising delivery route for clinical therapies, such as antibiotics, probi-
otics, and fecal matter transplants (FMT). However, microbiota composition varies among
healthy individuals, making it difficult to identify stable drivers of health and disease [179-
181]. Recently, it was reported that despite compositional variation, the production of
many metabolites is stable across healthy individuals on similar diets [176]. Another study
found that host-secreted antibody-coating of strains can reliably identify colitogenic, harm-
ful strains in the gut [177]. These examples suggest certain properties of the microbiota—
metabolism, immunity, and perhaps others—are stably regulated by healthy hosts. Still,
given the complex ecological interactions in the gut, it is unclear how host health can be
reliably influenced by perturbing microbiota composition. Understanding the logic behind

host-control of microbiota composition could thus enhance the effectiveness of clinical ther-
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Figure 4.1: A model of adaptive immune control of the gut microbiota. Microbial
abundance in the gut lumen (g, ) is influenced, among other factors, by microbiota ecology and host
immunity. As strains cross the epithelium at rate (h,g,) and potentially trigger infection, they
stimulate cognate T cells that can bind to their antigens. T cells direct B cells to secrete antibodies
(Ar) into the lumen, which bind specifically (0,,) to strains and decrease their abundance. The
T-cell-dependent immune response may also trigger off-target harms to the host at a per antibody
cost 3.

apies [12, 182-184].

Few quantitative models have linked the immune response to microbiota composition
in the gut [182]. In the digestive tract, environmental and dietary factors determine which
strains are likely to be present, limiting the host’s control of microbiota composition (Fig.
4.1). Colonizing strains become entrenched by attaching to the gut epithelium and may harm
their host by breaching this barrier. Hosts, in turn, influence the abundance of invaders by
modulating their internal environment through metabolism and immunity, not unlike the
action of clinical pro- and anti-biotic treatments. The immune response recognizes microbial
signatures/epitopes, and can inhibit microbe growth through inhibitory mechanisms such as
secretion of bactericidal molecules and antibodies, or tolerate strains to maintain their abun-
dance [174, 177, 185]. The balance between inhibition and tolerance mechanisms directed
towards a microbe is thought to influence its abundance in the gut, with certain strains re-
liably inducing tolerizing or inhibitory immune responses [177, 185-198|. Conversely, given
the complex microbial ecology in the gut, and the likelihood of runaway immune responses
triggering gut dysbiosis, allergies or other pathologies, it is unclear how immune mechanisms

rationally control microbiota composition [174, 192, 199-205|.
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Here, we develop a quantitative model linking the T cell repertoire to microbial compo-
sition in the gut. Our approach is motivated by, and leverages data from, recent experiments
that measured immune interactions with strains in germ-free mice inoculated with a defined
microbial community [179, 206, 207]. We find that the immune response partly determines
microbial abundances, but that other factors, such as ecological interactions between strains,
may also matter. Our model further rationalizes the experimentally observed pattern of
sparse yet broad T-cell microbe interactions, showing it to be optimal for microbial control
when maintaining an immune repertoire is costly. We demonstrate that this optimal reper-
toire allocation is biologically plausible and can emerge from competition between T cells for
microbe-derived epitopes. Finally, we propose experiments to further refine the principles

governing immune control of gut microbiota composition.

4.2 Model

How can the T cell repertoire optimally control the composition of the gut microbiota to
maintain homeostasis? To answer this question, we developed a model wherein a T-cell-
driven immune response is allocated to jointly minimize the risk of microbe-driven systemic
infection and the cost of maintaining the repertoire (Fig. 4.1). We quantify each microbe’s
engagement with the immune system through its immune coverage CM(X) (forp=1,..., M)

which modulates microbial abundances:

R
immune coverage: C’u(X) = Z TprAr (4.1)
r=1
Here, A\, (for r = 1,..., R) is the inhibitory pressure exerted by the immune cell (here, a

T cell) carrying receptor r, and o, is the reactivity between microbe p¢ and the immune
receptor 7, defining a non-negative M x R interaction/reactivity matrix ¥ = [o,,] (Fig.

4.1). Mechanistically, this pressure (\,) corresponds to the magnitude of T-cell-dependent,
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high-affinity immunoglobulin A (IgA) secreted by B cells at the gut mucosal surface, which
can bind to a cognate epitope expressed by targeted strains and inhibit their growth [177,
208, 209]. The coverage C,, thus reflects the cumulative inhibitory pressure from all such
antibodies generated by the repertoire targeting detectable epitopes of microbe pu.

Given this immune coverage, we model the abundance g, of each microbe p=1,..., M
with logistic dynamics. Specifically, by exploiting niches in the gut, microbe i can grow to
a carrying capacity g;'®* that is modulated both by its repertoire/immune coverage C#(X)

and ecological interactions s, , with other strains o # p,

1 _ Gu
1 + Kal (CH(X> + Za;ﬁ,u Sp,,aga> glr?ax

(4.2)

where K¢ is the half-maximal constant of inhibition of microbe abundance. We note that
this formulation assumes a well-mixed population of strains and immune cells. Given the
spatial heterogeneity and the separation of microbial and immune niches in the gut, this is
a strong assumption that should be addressed in future work.

Because immune repertoire dynamics are slow (weeks [177, 207]) relative to microbial
turnover (days), we treat the repertoire coverage C), as a slow variable that sets the steady-
state abundances g, (for p = 1,..., M), holding it fixed over the fast reorganization of
microbial composition. Neglecting ecological interactions between strains yields the simpli-

fied expression:

max

~ 9y

9u(C) = T i (4.3)
c “u

Each microbe p has the potential to inflict systemic harm on the host by breaching
the gut epithelium at rate h,g,, with the constant h, > 0 reflecting the microbe’s potential

harmfulness (Fig. 4.1). For instance, harmfulness could be related to the rate at which a
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microbe breaches the gut epithelium [177, 195, 210]. We assume that the repertoire response
is mobilized to minimize harm by controlling the steady-state population of strains. Given
the reactivities ¥ = [0,,,] between strains (1) and receptors (1), we seek a repertoire that

minimizes the objective

M R
min F(X; ) = min {Z hugu(X) + Z )\r} : (4.4)

x>0 x>0

where the first term on the right represents the cumulative steady-state rate of harm inflicted
by the microbiota, and the second term captures the cost of maintaining the immune reper-
toire, arising from increased risk of autoimmunity associated with having more receptors,
the difficulty of generating particular receptors, competition among receptor-bearing cells
for limited survival signals and/or metabolic costs [174, 203, 211] (Fig. 4.1). The constant
[ specifies the marginal cost of adding to the repertoire, and the linear form of the second
term is chosen for simplicity. Readers may also recognize that the linear form of the second
term, chosen for simplicity, corresponds to a sparsity promoting L1 regularizer [83]. Here,
we solve this convex optimization problem in several illustrative cases to explain features of

the experimentally observed CD4-+ T cell repertoire in the gut (Appendix B).

4.3 Results

Sparse, generalist T cell coverage of the gut microbiota.

In recent experiments by Fischbach and colleagues, germ-free mice were inoculated with a
97-member microbial community (“hComl") [179, 206, 207|. Community composition from
fecal samples was profiled at weekly intervals, and the responding T cell repertoire was
profiled two weeks after inoculation by harvesting gut-associated lymph nodes. Responding

T cell clones/receptors found in lymph nodes were then systematically sequenced and profiled
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Figure 4.2: T cell repertoire reactivity and coverage in a complex microbial community.
(A) Top: Heatmap showing strain reactivity (secreted IL-2 concentrations; columns L-1 normalized)
of 45 microbial strains from a 97-member community (hComl) to 15 distinct T cell receptors.
The “GF” row provides a baseline for non-specific responses. K-means clustering based on these
reactivities identifies 8 reactive groups (clusters 1-8), while 52 non-reactive strains (cluster 0) are
omitted. Bottom: Estimated repertoire coverage (C),) per strain calculated as a reactivity-weighted
ratio of effector-to-regulatory cells (eq. 4.6). Coverage varies significantly across strains, with
potential pathobionts receiving higher coverage than commensals.

for their reactivity to individual strains in the community, generating an empirical reactivity
matrix (Fig. 4.2, top). Individual T cell clones recognized food-derived epitopes or limited
groups of taxonomically diverse strains expressing a common epitope, some of which could

be directly linked to strain metabolism. Furthermore, taxonomically related strains, which

are expected to express similar epitopes, were often not targeted by the same T cell clone.

64



Thus, the T cell repertoire consisted of generalists, which sparsely recognized taxonomically
diverse sets of strains.

T cells responding to gut strains are phenotypically heterogeneous, even among cells
sharing the same T cell receptor r € {1,..., R} (i.e., belonging to the same clone). Within
a single clone, cells differentiate into regulatory subsets (Treg: tTreg and pTreg), effector
subsets (Teff: Thl, Th2, Th17, and other effectors), memory cells, and additional phenotypes
(Appendix B, Fig. B.1). Assuming each clone recognizes a specific microbe-expressed epitope
through its unique TCR r, the balance of effector to regulatory cells within that clone reflects
the net immune pressure it exerts on its target [186-192, 212, 213|. To relate our theoretical

model to data, we define the immune pressure from a clone with receptor r as

A = [Teff] /[ Treg]. (4.5)

We exclude memory and other cell types from the analysis since their roles in the immune
response are more subtle. Using eq. 4.5 for immune pressure induced by each T-cell and an
empirically measured reactivity matrix ¥ = [0, ] between strains p and receptors r (Fig. 4.2,
top), we can then evaluate the repertoire coverage of microbe p as the reactivity-weighted
sum of clonal pressures C, = ) 0, A

To evaluate microbe-specific coverage in practice, we turned to data from Nagashima
and colleagues, who measured reactivities for R = 15 T-cell clones against M = 97 microbial
strains [206]; 45 of these strains elicited a response and form the basis of our analysis (Fig.
4.2, top). The remaining 52 strains were nonreactive to all sampled clones, and additional
profiled clones reactive to food-derived epitopes or taken from germ-free mice were likewise
excluded. Two features of the data complicate the direct use of eq. 4.2 to compute immune
coverage. First, cells were pooled from three replicate mice, so we cannot determine whether

the multiplicity of T cell clones reactive to similar groups of strains (Fig. 4.2) reflects a
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genuine within-host signature or an artifact of combining distinct repertoires. Second, per-
clone Teff and Treg counts ranged from zero to 15, making immune pressure A, (eq. 4.5)
measured as Teff-to-Treg ratio noisy, and undefined when [Treg] = 0 (Appendix B, Fig.
B.1).

To mitigate both issues, we aggregated counts across clones before taking the ratio,

approximating the relative repertoire coverage as

R R
C,~ Z o, | Teff] Z o[ Treg]. (4.6)
r=1

r=1

This expression retains the interpretation of coverage as a reactivity-weighted Teff-to-Treg
ratio while reducing sensitivity to sparsely sampled clones (Appendix B, Fig. B.1). Using this
measure, coverage varied substantially across strains (Fig. 4.2, bottom). For instance, Bac-
teroides coprocola, a commensal, exhibited the lowest coverage, while Ruminococcus gnavus,

a potential pathobiont, exhibited the highest [214, 215|.

Targeted repertoire coverage controls microbiota composition.

Recent research has shown that strain clustering approaches based on genetic similarity can
predict the metabolic outputs of complex communities [181, 216|. Here, we asked if clustering
strains based on their reactivities to the shared repertoire could identify the relationship
between composition dynamics of the hCom1l community and immune coverage. Clustering,
we identified nine microbial groups (0-8) in hCom1 (Fig. 4.2, middle; Appendix B), whereby
strains in cluster 0 (52 total) were nonreactive to experimentally extracted T cells, while those
in clusters 1-8 (45 total) were reactive to at least one T cell clone [206]. Clusters varied in
their relative abundance and exhibited distinct and reproducible compositional dynamics
(Fig. 4.3A and Appendix B, Fig. B.2), even as they contained multiple taxa (Fig. 4.2 and

and Appendix Fig. B.2). Strains of the same taxon were often dispersed across different
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clusters (Fig. 4.2), and clusters were dissimilar in taxon membership when measured by
their overlap in strain genera (Fig. 4.3B). Such immune-based clustering is distinct from
taxonomic relationship between strains and defines an aggregation of taxonomically diverse
strains in the microbiota based on their potential immune responses.

In vitro, the composition of hCom1 stabilizes within 48 hours in the absence of pertur-
bations [207], while in mice inoculated with a different community, the T cell response takes
weeks to develop [177]. We therefore interpret changes from week 0 to week 1 as reflecting
ecology and innate immune responses alone, and changes from week 1 to subsequent weeks
as additionally shaped by the adaptive immune response. First, we define the repertoire
coverage of the microbial cluster k, as the strain-abundance-weighted average of repertoire
coverage of its constituent strains using relative abundances g,/ )", go at week 2, when the

T cell repertoire was profiled (Appendix B, Fig. B.2)

1 g
Cor = Lo, 4.7
< #>k Zuedusterk g,u/ Za Ja Z Za Ja g ( )

pEcluster k
Next, we quantify cluster-level compositional shifts in the microbiota by computing the
centered log-ratio (CLR) transform of cluster relative abundances at each time ¢ > 0. For
each cluster £k =0,...,8, we have

where Gi(t) = > causters 9n(t) / Zﬁil gu(t) is the relative abundance of cluster k. This
transformation minimizes spurious correlations introduced by the sum-to-one constraint of
relative abundance data of the M microbial strains. CLR can be computed analogously
for individual strains (Appendix B). Changes in abundance were then computed between

sampled time points (¢; to t3) following inoculation, ACLR(t1, t2).
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Plotting the strain cluster compositional shifts ACLR (1, 2) from week 1 to week 2 shows

a strong inverse relationship with log-cluster coverage log(C), )i, (R2 = 0.66; Fig. 4.3C),

cluster
indicating that higher immune coverage more strongly constrains the abundance of a strain
cluster. This relationship persisted when comparing week 1 to weeks 3 and 4 and was robust
to dropping individual clusters or biological replicates (Appendix B, Fig. B.3). Notably,
clusters 1 and 2, which are the most abundant clusters at week 1, have the lowest coverages
and the largest CLR increases (Fig. 4.3A), consistent with previous reports that strains in
these clusters are likely commensals engaged in nutrient metabolism [206]. Furthermore, the
predominant (> 60%) strains in these clusters are Bacteroides cellulosilyticus (commensal)
and Clostridium hathewayi (commensal /opportunistic) [217, 218]. On the other hand, cluster
6 exhibits the highest repertoire coverage, the largest CLR decrease and persisted in the
microbiota (Fig. 4.3A). This cluster contains R. gnavus, a well-known pathobiont associated
with inflammatory bowel disease (IBD) [215]. Thus, high-coverage clusters were suppressed
but not eliminated, suggesting costs or diminishing returns to coverage. Together, these
results indicate that T cell repertoire coverage distinguishes commensal from harmful strains
and shapes microbiota composition accordingly. However, the inverse relationship observed
at the cluster level is absent at the level of individual strains (Fig. 4.3D), a disparity we

investigate later in this work.

Model of repertoire allocation explains repertoire sparsity and establishment of generalist
immune receptors

Next, we asked whether our model could explain two features of observed repertoires in the
gut: the prevalence of sparsely binding generalists and the variability in coverage across
microbial strains. For these analyses, we make the convenient change of variables, K IC'u —
C, expressing repertoire coverage in units of the unknown half-maximal constant of inhibi-

tion (K¢). First, we consider the simplest case wherein a single receptor is available to cover
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Figure 4.3: Repertoire coverage predicts compositional shifts of strain clusters. (A)
Longitudinal tracking of average cluster relative abundances over 4 weeks following inoculation.
Error bars indicate 1 standard deviation across 5 biological replicates. (B) Bray-Curtis similarity
heatmap showing low taxonomic (genera) overlap between all 9 clusters. (C) Scatter plot showing
relationship between cluster repertoire coverage ((Cy)) and the change in centered log-ratio (ACLR;
eq. 4.8) from week 1 to week 2 (R, ., = 0.66). Colors are as in (A) and points of the same color
are biological replicates. Dotted line represents fit to ACLRy = mlog;o((Cy)r) + b. Statistical
significance was quantified through a hierarchical permutation test by shuffling cluster and biological
replicate labels n = 10000 times while preserving the grouping of replicates. (D) No relationship
between individual strain composition changes (ACLR,,) from week 1 to 2 and repertoire coverage
(Cus R? = 0.02). Points indicate strains and their biological replicates. Dotted line represents

strain

fit to ACLR,, = mlog;y(C,,) +b. Statistical significance was quantified as in (C) at the strain level.

each microbe and each receptor is reactive to a single microbe. For a given microbe-receptor
pair with reactivity o > 0, repertoire coverage and microbe abundance are given by C' = o\
and g(\) = g™ (1 + o\)™! (eq. 4.3), respectively; g™ > 0 is the maximum achievable

abundance of the microbe. The optimal solution which minimizes the costs of microbial
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Figure 4.4: Model of repertoire allocation explains strain clustering and infers harm-
fulness of strain clusters. (A) Optimal repertoire coverage (C*) as a function of the marginal
protection-to-cost ratio (2 = ochg™3~1) in a repertoire where each receptor is reactive to a single
strain. When this ratio falls below one, no receptor is deployed. (B) Phase diagram of receptor
co-existence for two receptors as a function of their reactivities for two strains. Receptor 1 is a
generalist equally reactive to both strains (oq) while receptor 2 is a specialist reactive to a single
strain (o2). The heatmap shows the fraction of receptor 2 in the optimal repertoire (A5/(A\} 4+ A3)).
The region of viability for receptor 2 is highly restricted because receptor 1 tends to out-compete
it in the optimal repertoire. Parameters: hy = hy = 5. (C) Relationship between cluster reper-
toire coverage and cluster diversity in hComl. Each colored [as in (E)| dot represents a clus-
ter, and the dotted line shows a log-log fit between coverage ((C)))) and number of strains (|k|),
log1o((Cu)r) = mlogio(|k|)+0b, in each cluster (k =1,...,8). (D) Co-existing fraction of the poten-
tial repertoire as a function of average receptor breadth (b). A random of M X R reactivity matrix,
{X}s, are generated by drawing R columns corresponding to a receptor and its strain reactivities,
&y ~ Unif[0, 1] x Binomial(M,b). Solving eq. 4.4, optimal repertoire coverage is evaluated for each
matrix and averaged over an ensemble of random matrices. As receptor breadth (b) increases, the
fraction of the available repertoire deployed decreases. (E) Relative harmfulness of strain clusters
(eq. 4.11) as a function of the half-maximal constant of immune inhibition of microbial abundance
(K¢). The gray region denotes the £1.96 standard deviation parameter range obtained by fitting
a curve to data in Fig. 4.3C (Appendix, Fig. B.4). Unless otherwise specified, parameters are
M =10, R=20, hy =gy =p=1forp=1,..., M.
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pathogenicity and immune response in the host (eq. 4.4) satisfies,

max

ohg
g

C* = max [Q% -1, O} with, Q= (4.9)
where A > 0 is the harmfulness of the microbe, and /3 is the marginal cost of keeping a receptor
in repertoire, and thus, €2 is the protection-to-cost ratio. A similar square-root dependence of
the immune coverage has been obtained in models of optimal immune memory allocation and
optimal security screening, where it was interpreted as flattening the distribution of allocated
memory /surveillance [129, 219]. Here, it reflects the diminishing returns of marginal increases
of repertoire coverage (eq. 4.3).

Following eq. 4.9, a receptor is allocated, i.e., C* > 0, if Q > 1 (Fig 4.4A); that is, if its
protective potential is greater than its cost. Recall that previous experiments reported only
45 out of 97 strains were strongly reactive to detected T cells and that this reactive subset
did not include many high abundance strains in the microbiota [206]|. Similar observations
have been made for immunoglobulin A (IgA) reactive strains in the gut [177]. In the non-
reactive cluster (0), the three most abundant strains in cluster 0 (Bacteroides sp., Bacteroides
thetaiotaomicron and Akkermansia muciniphila) together account for nearly 50% of this
cluster’s abundance, and are well-established human gut commensals [220, 221], against
which mounting an immune response may not justify the cost. With the caveat that not all
responding T cells may have been sampled, this suggests that responses to the nonreactive
strains may be insufficiently cost-effective to warrant allocation.

Next, we asked if competitive exclusion between T cell clones could explain the sparsity
of the observed repertoires, where a few generalist clones cover taxonomically diverse strains.
Neglecting ecological interactions, we considered two strains p € {1,2}, and two T cell
clones with receptors r € {1,2}, coupled by a fixed 2 x 2 reactivity matrix X; we allow a

receptor to be reactive to both strains. For each microbe-receptor pair (p,r), we can define
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a protection-to-cost ratio, 2, , = 0y, -hyg;™ /B. As in previous case, we found that whenever
the reduction in harm from deploying either receptor exceeds the marginal cost of immunity
Zue{l,z} Q,, > 1for r € {1,2}, it is optimal to allocate at least one receptor to cover the
strains: i.e., Ay + Ay > 0 (see Appendix B for derivation). Furthermore, for both receptors
to co-exist in the repertoire, however, neither can be more reactive to both strains than the
other. Because satisfying this constraint requires fine-tuning of receptor reactivities, under
generic conditions, the optimal allocation favors generalist receptors that recognize common
epitopes shared across strains (Fig. 4.4B and Appendix B, Fig. B.4). This parallels prior
findings that broadly neutralizing antibodies, rather than antigen-specific ones, are favored
when responding to diverse viral strains that share common epitopes [222, 223|.

In the case of an optimal repertoire with a single generalist receptor, if the reactivity
of the generalist receptor r* is approximately equal for both strains o,,~ ~ ¢ > 0 (for
w € {1,2}), the coverage of the two strains by the generalist receptor in the optimal repertoire

follows

1/2
C* ~ max (ZQ#) —1,0 (4.10)
"

where €, ,+ is the protection-to-cost ratio for each microbe-receptor pair, and depends on
the potential harmfulness of the targeted strains hi, he. Assuming comparable receptor

max - we can ask how a

reactivities o and microbial niche sizes (maximum abundance) g
microbe’s harmfulness shapes immune coverage. A highly harmful microbe (£2 > 1) can on
its own justify a dedicated receptor against it in the repertoire, as implied by eq. 4.9. Less
harmful strains, by contrast, can collectively justify a generalist receptor r* targeting their
shared epitope whenever Zu Q> 1, as implied by eq. 4.10.

These results suggest that immune-reactive clusters containing many diverse strains

tend to contain less harmful strains that justify immune coverage collectively, whereas clus-
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ters with few strains tend to be associated with more harmful strains that justify coverage
individually. This is indeed what we observe in hComl, where the number of strains in a
cluster is strongly inversely related to the repertoire coverage averaged over the cluster’s con-
stituent strains (eq. 4.7; Fig. 4.3C). Although these conclusions rest on a simplified model of
repertoire reactivities, computational simulations and analysis of more complex microbiota-
repertoire compositions with arbitrary reactivity generalize these findings (Appendix B). In
particular, Fig. 4.3D shows that as the fraction of strains in the microbiota that the aver-
age receptor reacts to (receptor breadth, b € [0, 1]) increases, the fraction of the repertoire
deployed decreases and the efficiency of immune control increases (Appendix B Fig. B.4).
Taken together, our results suggest that through competitive exclusion, the availability
of broadly expressed epitopes biases the repertoire towards a subset of minimally overlap-
ping (i.e., sparse), broadly-reactive receptors. Indeed, accounting for TCR cross-reactivity,
the experimentally observed repertoire does not contain any receptors that bind to just one
microbe and there is little overlap in receptor reactivity patterns between clusters (Fig. 4.2).
Competitive exclusion has similarly been proposed as a principle shaping optimal memory
and regulatory T cell repertoires |66, 129]. This model of repertoire allocation is biolog-
ically plausible as its optimal solutions can be mapped to the steady-states of a model
for consumer-resource competition between T cell clones for limited microbe epitopes (Ap-
pendix B) [66, 129]. In doing so, the model recapitulates the biological intuition that the
visibility of microbial epitopes to the immune system is determined by factors beyond mi-

crobial abundance; here described by the harmfulness constant, h,,.

T cell repertoire coverage reflects cluster-level microbial harm

We next sought to infer a measure of the relative harm of microbial clusters from their
T cell repertoire coverage. While the physiological roles of strains in complex communities

are difficult to determine directly, the immune response provides a promising readout for
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distinguishing harmful from commensal strains [177, 182, 185, 195, 198|. Generalizing eqs. 4.9
and 4.10 to an arbitrary cluster of strains co-reactive to the same T cell, we relate the

expected harmfulness of strains in cluster k to the observed cluster coverage (C},)) as,

(K61<Cu>k’)2 +1

max ’
Ok Z,u € cluster k gu

(Wir(Kc) =~ B (4.11)

where K¢ is the (unmeasured) half-maximal constant of abundance inhibition by immune

coverage (eq. 4.2), ( is the (unmeasured) marginal cost of immunity, o is the constant

max

" is the maximum

reactivity of strains within the cluster to a common single receptor, and g
niche size of microbe p (see Appendix B for a detailed derivation).

The cost of immunity [ and total microbial abundance at week 1 are unknown. For
simplicity, we assume both are uniform across clusters, in which case they cancel when
harm is scaled by its maximum to compute relative harm. The reactivity of strains within
the cluster (o) is approximated using data from Fig. 4.2 as the cluster-averaged maximum
reactivity of strains within the cluster to all receptors r in the repertoire, oy, ~ (max, {0, } ).
The pre-coverage niche size of each cluster in the denominator of eq. 4.11 is approximated
as proportional to its relative abundance at week 1 with data from Fig. 4.3A. We then
systematically varied the remaining unknown parameter in eq. 4.11—the constant Ko—
which determines how strongly coverage determines the harmfulness of a cluster in eq. 4.11
(Fig. 4.4E): at high K¢, harmfulness tracks inverse niche size alone (abundance at week 1);
at low K¢, harmfulness tracks both microbial abundance and repertoire coverage.

We note that although the precise value of K¢ is unknown, regulatory T cells are
known to constitute 5 — 10% of peripheral CD4+ T cells in healthy individuals, suggesting
a homeostatic baseline ratio of conventional to regulatory T cells (i.e., immune coverage) of

C'% ~ 10— 20 [188, 224]. The half-maximal constant K¢ is expected to exceed this baseline

level. Using eqgs. 4.3 and 4.8, we derived an analytical expression for the compositional
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change (ACLRy) from pre- to post-immune coverage which was fit the data in Fig. 4.3C.
We obtained a plausible range (41.96 standard deviations) for the value of K¢ ~ 70.7 — 204
(Fig. 4.4E and Appendix B, Fig. B.4), which compares favorably to the known homeostatic
baseline. Within this plausible range for K¢, clusters 1-3 (commensals) are robustly inferred
as low-harm, and clusters 5 and 6 (pathobionts) as high-harm across a broad range of K¢
(Fig. 4.4E). This is consistent with prior work showing that Ruminococcus, Coprococcus, and
Clostridium—taxa in clusters 5 and 6—are highly IgA-coated in fecal samples from patients
with IBD [177|. Experiments that simultaneously titrate coverage and measure abundance
changes could pin down K and tighten these inferences [185]. Finally, we note that the
harmfulness inferred here cannot be unambiguously linked to the tendency of a microbe to
breach the gut epithelium, and is likely only one of many factors determining the abundance

of strains in the host gut.

Mucrobial ecology can limit immune control of microbiota composition.

A puzzling feature of our data is that the strong inverse relationship observed between

= 0.66; Fig. 4.3C) all but

cluster compositional changes and repertoire coverage (R2 ...,

disappears when clusters are disaggregated into their constituent strains (RZ,,;, = 0.02;
Fig. 4.3D). Repertoire coverage thus predicts the abundance dynamics of strain clusters
(and their targeted epitopes), but not that individual strains within them. One explanation
is spatial compartmentalization: because mucosal immune responses are localized to sites
of epithelial breaches [225], strains far from the breach that express the targeted epitope
may escape immune pressure. Evaluating this hypothesis requires experiments that collect
spatial data on microbial composition together with direct measurements of microbe-T cell
interactions, for instance, using methods such as LIPSTIC labeling [226].

Nonetheless, it is striking that the discrepancy is concentrated among low-abundance

strains. Progressively removing the lowest-abundance strains from each cluster restores
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Figure 4.5: Microbial ecology can modulate the precision of immune control. (A)
Recovery of strain-level coverage-abundance relationship (Rgtrain; left) and regression slope (Mgtrain;
right) as rarer strains whose relative abundance falls below e times that of the most abundant
strains in that cluster are removed. Regression analysis as in Fig. 4.3D, ACLR,, = mlog,(C,) +b.
(B) Relationship between coefficient of variation (CV) and mean suggests non-neutral sampling
noise. The relationship between replicate mean and CV (gray data points) deviates from the linear
dependence expected under a Dirichlet noisy sampling model (black line, MLE fit). (C) The
composition change gap (ACLRs; — ACLRest) between the most abundant strain and all other
strains in a cluster plotted against the immune coverage of the most abundant strain in each cluster
(Cist). Grey region indicates clusters whose observed coverage was below the biological baseline
(C'% = 10). Gray dotted line and black diamonds indicate the expected gap for each cluster
estimated using the fit in A (at e = 1) and coverage data from Fig. 4.2. For the gray line, only the
most abundant cluster is assumed to be covered by the immune response and the coverage of all
other strains set to the biological baseline, C'*¥ = 10. For the black diamonds, it is assumed that the
observed coverage reflects the true coverage of each strain. Red points indicate the observed gap and
error bars indicate 1 standard deviation. Statistical significance of gap (p < 0.05; *) was determined
through a paired t-test of 5 biological replicates and p-values were corrected for multiple testing
(Benjamini-Hochberg). (D) Numerical solution (eq. 4.4) of a minimal two-strain system under
shared immune pressure where strain 1 suppress the abundance of strain 2. Left axis (black): optimal
composition change gap as a function of ecological competition s between two strains (eq. 4.13);

right axis (red): optimal coverage (C*) of both strains. Parameters: hy = hy =5, gi* == 1.
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the coverage-abundance relationship at the strain level (Fig. 4.5A). To test whether this
low-abundance discrepancy simply reflects stochastic measurement noise, we fit a Dirichlet
distribution to the biological replicate data, a standard model for noise in compositional
measurements [227]. The model fit was poor, systematically over-estimated the observed
replicate variance (Fig. 4.5B). This suggests that variation across biological replicates might
not be explainable by measurement noise alone.

We next quantified the systematic divergence within clusters by calculating the compo-
sition change gap (ACLR;s — ACLR,est) between the most abundant strain (“1st”) and the
remainder of the cluster (Fig. 4.5C). Because individual strains within a cluster experience
different amounts of coverage (Fig. 4.2) their independent compositional changes are ex-
pected to diverge. Using the empirical fit from Fig. 4.5A (with e = 1), we constructed a null
model where only the most abundant strain in a cluster interacts with repertoire coverage
while the other strains experience tolerant baseline coverage (C'*% = 10; Fig. 4.5C) [188, 224].
Additionally, with the same empirical fit, we constructed a model of the expected composi-
tional change gap for each cluster based on observed difference between the immune coverage
of the most abundant strain and the abundance-weighted mean immune coverage of the re-
mainder strains (Fig. 4.5C). Intriguingly, the observed gap was frequently negative, deviating
from the null model and exceeding the expected gap for highly covered clusters (Fig. 4.5C).
This effect is most pronounced in cluster 6, which contains two strains involved in arginine
metabolism [179]. Here, the dominant pathobiont R. gnavus declines relative to the entire
microbiota while its less abundant cluster-mate Clostridium scindens expands (Appendix B,
Fig. B.5). This trend is absent in the less immunogenic, more taxonomically diverse com-
mensal clusters (1, 2 and 7). These results suggest that the strain-level breakdown reflects
a systematically biased gap between the compositional change of the most abundant strain
and the remainder strains in each cluster.

Ecological interactions among strains might provide another, non-exclusive explana-
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tion for these puzzling patterns. We therefore asked whether less abundant strains might be
shaped by ecological cascades triggered when repertoire coverage drives changes in the abun-
dance of more dominant strains within their cluster, akin to “competitive release" [183, 228
231]. To formalize this, we modeled the steady-state abundances of a minimal two-strain
system (eq. 4.2) under shared immune coverage (C'), where a dominant strain 1 suppresses

a subdominant strain 2 with interaction strength s > 0:

max max

~ g1 ~ 95
_ 9 _ 4.12
7(C) 1+C’ 5(C) 1+ C +5g,(C)’ (4.12)

max

where g Jy are their respective carrying capacities. For any combination of immune coverage
(C') and ecological interaction (s), the composition change gap between the two strains is

given by (Appendix B):

(4.13)

1 max
ACLR; — ACLR, = — log, ( 591 > .

1+ sg/(1+ C)?

For competitive interactions (s > 0), as immune coverage increases, eq. 4.13 predicts an in-
creasingly negative composition change gap between strain 1 and 2, consistent with Fig. 4.5C.
Numerically solving eq. 4.4 for the optimal immune coverage as a function of interaction
strength, recapitulates this negative gap (Fig. 4.5D). As ecological competition intensifies,
immune coverage becomes less effective at controlling the composition of the two strains and
the optimal immune coverage decreases.

Definitively attributing the strain-level breakdown to ecology requires targeted exper-
iments. The strain pair in cluster 6 (R. gnavus and C. scindens) represents an ideal can-
didate. Co-culture, selective depletion of the dominant partner, or pairwise reconstitution
in germ-free hosts would test whether subdominant strain dynamics are strongly driven by
their dominant partner, as the model predicts. Such experiments can be used to decouple

ecological and immune forces shaping the microbiota.
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4.4 Discussion

We modeled the gut-associated T cell repertoire as a rational allocation system that min-
imizes infection risks alongside the metabolic and regulatory costs of immunity (Fig. 4.1,
eq. 4.4). This framework rationalizes why the repertoire targets shared epitopes across tax-
onomically diverse microbial clusters rather than individual strains (Fig. 4.2, 4.3, eqs. 4.9,
4.10). This model offers a comparative basis for immune repertoire allocation across host-
associated mucosal barriers. For instance, because microbial harmfulness (h) scales inversely
with epithelial layer thickness, our framework predicts that baseline immune coverage should
be higher in the thin-walled lower lung than in the skin [232-235].

Furthermore, our model offers design principles for minimally disruptive microbiota
therapies. Altering a strain’s ecological niche shifts its protection-to-cost ratio (£2,,,), which
can reorganize the repertoire (eq. 4.10, Fig 4.4A), and vice versa [192]. This implies that
compatibility for interventions like fecal matter transplants may not require precise strain-
level matches; instead, aligning the broad epitope compositions of donor and host may
suffice. Additionally, mirroring the experimental approach of [177], we demonstrated how the
inherent harmfulness of strain clusters could be inferred from their steady-state repertoire
coverage (Fig. 4.4F). Finally, integrating ecological interactions into this framework, we
clarified how top-down adaptive immune control can be limited by bottom-up inter-strain
competition (Fig. 4.5D).

The observed sparsity of the T cell repertoire could simply reflect a limited availability
of cognate receptors or microbial epitopes; however, two lines of evidence suggest other-
wise. First, the peripheral repertoire cycles through the gut epithelium, making a diverse,
organism-wide receptor pool available for microbe recognition [236]. In mice, this periph-
eral repertoire contains approximately 10° unique clones, orders of magnitude larger than

the handful of responding clones identified in the data we analyzed [206, 237]. Second, de-
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spite the immense structural complexity and multi-epitope nature of taxonomically diverse
strains [238], the T cell response to a systemic infection is capable of targeting multiple epi-
topes derived from a single pathogen [17, 239, 240]. The targeted focus on specific clusters
observed here thus points to a rational strategy of allocation rather than happenstance.
Despite these insights, our study relies on a modest sample size (n = 5 mice for com-
positional data; n = 3 mice for pooled T cell repertoires), which precludes independent
verification of whether these specific microbial clusters are universal across all hosts. Fur-
thermore, our assumption that the host-microbiota interaction actively optimizes repertoire
allocation requires mechanistic validation. Nevertheless, our results demonstrate that a
data-driven mathematical approach can successfully rationalize complex immune-microbiota
interactions [65, 66, 81, 129, 183, 241-244|. Future studies pairing longitudinal, single-
animal microbiota profiling with single-cell TCR sequencing, metabolic outputs and spatial
tracking tools will be essential [179, 185, 226, 245, 246]. These efforts would benefit from
control studies in immuno-compromised (e.g., Rag™/ ~) mice to isolate purely ecological dy-
namics (192, 247, 248|, alongside targeted strain invasions or depletion experiments. These
studies will be essential for determining how the immune repertoire reorganizes in response

to a changing environment.t
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Chapter 5

CONCLUSION

5.1 Main contributions of this dissertation

Scientific understanding of the immune response has historically lagged behind our ability
to shape it. The earliest vaccines were discovered in the late 18th century, well before the
cellular basis of immunity was understood [249]. However, modern immunology has acceler-
ated the development of safer, more targeted interventions. It has also refined early efforts,
moving from broad-spectrum prophylaxis to specialized regimens such as the childhood polio
series, seasonal influenza updates, and age-targeted shingles vaccines. Likewise, contempo-
rary immunotherapies leverage our growing understanding of immune memory [150, 250],
augmenting immune cells to combat malignant cells or reeducating them to prevent autoim-
munity. These advancements hinge on the discovery of “design principles” encoded within
the immune response. This dissertation has posited that a quantitative understanding of
these principles can optimize vaccination schedules to develop long-lasting immune memory,
engineer T cells capable of infiltrating immunosuppressive tumor microenvironments, and
enable personalized therapies that synergize with natural immune homeostatic programs in

the gut.
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5.1.1 Commensurate memory formation

By analyzing ordinary differential equation (ODE) models, this work investigated how ef-
fector and memory CD8™' T cell populations scale during infection. We showed that flexible
timing of differentiation allows the memory pool to robustly scale with infection severity,
ensuring a reservoir of cells that is commensurate with the initial threat (Chapter 2). This
project contributes to a body of research showing that the immune response can be actively
shaped [53, 114, 251, 252|. This plasticity means that the immune response is influenced by
its history of previous exposures, making it a significant source of inter-individual variation
[188]. Recent work has shown that the timing of memory formation during an immune re-
sponse determines its longevity and tissue residency. Our work thus provides a blueprint for
modulating the quantity and quality of memory formed by perturbing the Tcf7 gene locus

and its associated regulatory pathways [157].

5.1.2  The control logic of the T cell response

In Chapter 3, we recast CD8' T cell effector response as a feedback-controlled program,
wherein the rates of activation, proliferation, differentiation and death are regulated through
antigenic, pro- and anti-inflammatory cues. By exploring a broad class of feedback-controller
designs as potential immune programs, we demonstrated how the speed and magnitude of
T cell responses emerge from optimizing signal-feedback to protect against diverse infection
settings. We recovered an inherent trade-off: infection clearance at the cost of immunopathol-
ogy. We showed how this trade-off is encoded into the logic of T cell responses by hierarchical
sensitivity to different immune signals. Notably, we found that T cell designs that balance
the harm from acute infections and autoimmunity produce immune responses consistent with
the experimentally observed patterns of T cell effector expansion in mice.

Extending this framework to immune-based T cell therapies for cancer tumors, we quan-
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tified the trade-off between the affinity for tumor antigens (“quality”) and the abundance
(“quantity”) of infused T cells necessary for effective treatment. Finally, we showed how
therapeutic efficacy can be improved by targeted genetic perturbations to T cells. Our find-
ings offer a unified control-logic for cytotoxic T cell responses and point to specific regulatory
programs that can be engineered (e.g., using CRISPR-Cas9 to enhance or suppress specific
gene programs) for more robust T cell therapies.

Key questions follow from this work. Our coarse-grained model elided many details of
tissue biology and micro-environment: how do tissue contexts impact the state of resident
cells and shift clearance-toxicity trade-offs [253, 254|? Endogenous immune responses are
polyclonal [17]: how do the proposed designs shape information flow and selection of domi-
nant clones in polyclonal responses? Do the optimization principles posited here predispose
the immune response to certain vulnerabilities, and what mechanisms might have evolved
to mask them? Would explicitly modeling interactions between CD8% T-cells and other
immune compartments, such as regulatory T-cells and innate immune system, enhance the
robustness of cytotoxic responses across different pathogenic challenges? Addressing these
issues through the lens of cell economics and immunological trade-offs may clarify the roles

of chance, contingency, and necessity in the evolution of effector programs.

5.1.83 Immune control of the gut microbiota

In Chapter 4, we transitioned from the response to acute threats to the management of
the gut micorbiota. This microbial ecosystem provides essential metabolic benefits to its
host while posing a systemic threat if the intestinal barrier is breached [174-176]. A central
challenge in microbiome research is predicting properties of the microbiota, such as metabolic
output and harmfulness, from its taxonomic composition. Large-scale composition profiling
has revealed inter-individual taxonomic variation in microbiota, even as certain metabolic

outputs remain stable [179-181]. This suggests that despite ecological complexity, simple
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mappings between microbial composition and host-relevant properties may exist.

We showed that a host’s CD4™ T cell repertoire implements a phenotypic mapping of
the microbiota, toggling between inhibition and tolerance to control its composition: rather
than tracking individual species, it targets molecular epitopes. We developed a mathematical
model of optimal immune control designed to minimize host harm. We demonstrated that
by regulating epitope abundance using generalist CD4" T cell receptors reactive to taxo-
nomically diverse subsets of the microbiota, the immune system collapses microbial complex-
ity into distinct microbe clusters based on potential harmfulness. This strategy minimizes
the cost of immune surveillance while effectively maintaining homeostasis. Furthermore,
our model explained observed microbiota dynamics and CD4" T cell repertoire structure,
while revealing how inter-microbial ecological interactions limit the precision of immune
control. These findings redefine host-microbe interactions as the strategic management of
harm-associated epitopes rather than species-specific recognition. For instance, the efficacy
of fecal matter transplants and probiotic interventions may be more robustly evaluated by
their influence on epitope rather than strain composition. Similarly, this model provides a
framework for understanding how the rapid depletion of specific taxonomic groups by an-
tibiotics can disrupt the allocation of immune surveillance in the gut microbiota, providing
opportunities for harmful microbes.

Future models/experiments should integrate high-throughput fecal sampling with com-
prehensive mapping of antibodies or T cells to specific strains, as demonstrated in a recent
studies [177, 185, 206]. Because microbiota composition and antibody coverage can be mea-

sured from fecal samples, such approaches open the door to more human-focused studies.
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5.2 Future research directions

As noted in Chapter 1, the immune system operates on many spatial and temporal scales.
This dissertation has focused primarily on acute and homeostatic temporal scales (spanning
days to months) while coarse-graining the underlying spatial architecture of lymphoid and

peripheral tissues. These limitations present two promising opportunities for future work.

5.2.1 Modeling circuit failures in peripheral tolerance

First, how T cells are educated in the periphery following imperfect central tolerance in
the thymus remains an open question [5, 255]. Recent studies indicate that the dynamic
balance between conventional and regulatory T cells, alongside the persistence of short-lived
innate immune memory, can predict when peripheral tolerance fails [187, 188, 191, 256,
257]. Formalizing this multicellular circuit into a mathematical framework would clarify
how immune homeostasis is established or disrupted. This could help identify new targets

for managing autoinflammatory and autoimmune diseases [252)].

5.2.2  Spatial models of immune-mediated tissue homeostasis

Second, a critical gap in immunology is understanding the sources of inter-individual vari-
ation of responses to infection and treatment. This variation partly reflects the fragility
of immune-controlled tissue homeostasis [258]. Tissues are not passive sites of immunity;
they are complex spatial structures with collective physiological functions. Beyond pathogen
surveillance, tissue-resident immune cells (e.g., macrophages, T cells, etc.) monitor paracrine
signaling gradients in their local tissue environments and drive cell state changes in nearby
cells to regulate tissue functions [259]. Dysregulation of immune-mediated homeostasis is
implicated in the development of autoimmune disorders [260]. On short timescales, the

spatial structure of a tissue can be encoded as a non-uniform graph of cells (nodes) with
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gene expression profiles (node features), and spatial interactions (edges). Given the new
widespread availability of spatial transcriptomic data, there is now an opportunity to de-
velop graph-based dynamical models of the immune response in tissues (e.g., networked
dynamical systems [261] and graph neural networks [262, 263|). In this setting, models have
the potential to identify cell types and cell-communication channels that are essential for

maintaining/perturbing specific tissue microenvironments.
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Appendix A

SUPPLEMENT FOR CHAPTER 3

A.1 Model of T cell response to infections

Competitive binding of T cells to healthy and infected cells

T cells are cross-reactive and can bind to a broad range of antigens. A cognate T cell for a
pathogen-derived antigen can be cross-reactive to antigens derived from self-proteins. Con-
sequently, when analyzing T cell recognition, it is essential to account for the potential com-
petition between binding to cells presenting cognate non-self antigens and to self-antigens.

To model this effect in a simple way, we consider the following coupled reactions:

k.ll
B 4 g g
ke

ke (Al)
E® 4 5@ 2 ¢y

kS
where E® denotes the number of unbound effector T cells, 1™ and S®™ represent the
numbers of unbound infected and susceptible cells, respectively, and C; and Cg correspond
to the bound complexes of effector T cells with those cells. Note that we take the number of
infected and susceptible cells as a proxy for the amount non-self and self antigens presented,

respectively. The parameters kéf) and k?_) are the rate constants for the association and
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dissociation of complexes ('), where the placeholder (-) can be substituted with either I

(infected) or S (susceptible healthy). The dynamics of these complexes over time follows,

dC a u u

d_tI = KEWIW _kic,
ac

d—: = kZEM™SW _ ey,

We assume a separation of timescales: binding and unbinding events occur much more
rapidly than T cell proliferation and effector killing of bound cells. The bound complexes

can be treated as being in quasi-equilibrium at all times, i.e., dC.)/dt = 0, which yields,
EWIW = K0y, EWSW = KyCy, (A.2)

where K7 = k4/k% and Kg = k¢ /k% are the dissociation constants of the effector cells from
infected and healthy cells, respectively.
Expressing eq. A.2 in terms of the total concentrations of effectors E = E® + C; + Cs,

infected cells I = I 4 O}, and healthy cells S = S™ + Cg, we arrive at,

0 = (E—Cp—Cs)(I —Cy) — KC;

0 = (E-Cr—0Cs)(S—Cs)— KsCg

Assuming that the number of bound complexes is small relative to that of unbound
cells, we can neglect the second order terms O(C%), O(C32), O(C;Cs), and solve for these

abundances in terms of the total number of effectors, and the infected and healthy cells,

ET ES

= 5 C = .
E+1+K +28g T E+S+Ks+ 2y

(A.3)

Cr
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E+Kyp E+KS
E+Ks S, and E+K;

The correction terms in the denominators ( I) capture the competition
between binding to self- and non-self-derived antigens. In the limit Kg > K (i.e., when
T cells bind more strongly to infected cells than healthy ones), the antagonistic effect vanishes
and C7 approaches the form for response in the presence of a single-antigen only, consistent
with ref. [63, 171]. However, as Kg — K (self and non-self antigens become comparable in
affinity), the fraction of effector cells bound to infection-derived antigens decreases, reflecting
the impact of self/non-self cross-reactivity and antagonism on recognition. Prior work has
explored the impact of antagonistic effects on T cell response in much more detail [72, 136].
Here, we only adopt a high-level perspective to capture how such effects shape responses to
low-immunogenicity infections and cancer.

The relative magnitude of infection- to self-derived antigenicities (i.e, the ratio of the
respective recognition thresholds) determine the immunogenicity of an infection, which we

define as,

immunogenicity: k= K; 'Kg. (A.4)

This dimensionless measure reflects how readily cognate T cells recognize antigens presented

by infected cells as “non-self” relative to those presented by uninfected cells (self).

Dynamics of growing (acute) infections

In the absence of infection, the population of susceptible cells (S) are homeostatically main-
tained by slow birth-death processes at a steady state, S(f = 0) = Spax. Upon infection,
there are initially a small number of infected cells—I(¢t = 0) = Iy—but susceptible cells
gradually become infected as they come into contact with other infected cells at rate b;.
The infected state of cells and their death, at rate d;, produce chemical signals, namely the
antigen signal oa.(¢) and the infection signal oi,¢(t), which are detected and transmitted by

the innate immune system. The innate response then triggers naive T cells in the adaptive
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immune response (N) to differentiate into effector cells (E). Differentiated effector cells kill
infected and susceptible cells, producing chemical response signals (o,e5(t)) that feedback on

the response. The dynamics of susceptible and infected cells follow,

S = —b,IS — dpCs,
(A.5)

I =0b,SI—d;I—dpCy,

where dg is the maximal clearance rate of infected/susceptible cells by effector T cells,

and Cg = E+S+K]§i giﬁff and C = E+I+K;E—i{ gigé S represent the number of susceptible or
infected cells bound to an effector cell at time ¢, respectively; see section A.1 for a derivation
of these quantities. This framework closely reflects viral or intracellular bacterial infections,
but also captures features of extracellular pathogens that damage or invade cells indirectly
(e.g., via toxins); we do not distinguish these mechanisms here.

The extent of pathogen reproduction during the lifetime of an infected cell is deter-
mined by the product of the infection rate and the characteristic survival time of the cell.
Specifically, over the infected-cell lifetime Tyeasn = d;*, an infected cell produces on average
b1S - Tdgeath = b1S/d; new infections. In epidemiology, this term is often referred to as the
effective reproduction number, whose maximum value—attained when S = S.,—is the ba-

sic reproduction number, by Spax/d; [134, 135]. This motivates defining the intra-host basic

reproduction number,
bISmaa:

R p—
0 d[ 3

(A.6)

which measures the expected number of secondary infected cells generated by a single infected
cell in an otherwise fully susceptible cell population. Note that Ry scales with Sp,.x, the total
number of cells in the modeled tissue. We simulate these dynamics over a time horizon 7' > 0
days, chosen to match the typical timescale of acute immune responses (approximately 2 — 3

weeks). A window that is too short underestimates cumulative harm, whereas a longer
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window increases computational cost. Figs. A.10, A.11 demonstrate how total harm and
effector cell fold expansion depend on the choice of T', over a wide range from 1 to 100 days.
In our main simulations, we set T" = 30 days to ensure that most responses generated by our

model are fully captured [109, 148, 264|. For related approaches see refs. [171, 265, 266].

Dynamics of slow-growing tumors

In Fig. 3.6, we show the efficacy of different T cell response designs for tumor clearance. In
this context, we model a tumor as a slowly growing cell population—maximum rate b;—
which grows by out-competing healthy tissue cells for limited space/resources, resulting in a
logistic growth of tumor cells [267]. We assume that at the time of treatment, the tumor is
already at detectable size, Iy = 10% Spax, and that tumor cells die at negligible rates during

our simulation window, d; = 0. The resulting dynamics are

. I
= by (1- I-
S br ( Smax) dpCs,

: I
I=b1- I —dgCy.
1( Srnax) ECT

(A.7)

Sampling pathogen space

To model diverse immune challenges, we sample a broad range of immunogenicities (k),
and basic reproduction numbers (Ry). We take Kg = Sy.. > K so that effector cells
typically bind more strongly to infected cells than healthy cells. We note that K; and Kg
are effective parameters reflecting the dynamics of antigen detection in the complex tissue
environment. The killer T cell response is delayed with respect to pathogen exposure—
typically around a few days [60, 264]—so there are limits on its effectiveness against fast-

replicating pathogens. We sample a range of reproduction numbers (Ry) to include non-
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replicating immune challenges Ry = 1 and fast replicating immune challenges which deplete
the reservoir of susceptible cells. Quantitatively, we can consider when the infected cell
population peaks in the absence of an immune response 77, . by setting dI/dt = 0 and

E =0ineq. A.5 to find:
Smax

0

S(Th.) =

In our simulations, we choose the maximum Ry such that S(77_,. ) < Smax, represent-
ing a pathogen that quickly infects most susceptible cells. Here, we chose (Kj, Ry) €
[1072 Siax, Smax] X [1,5], discretized into a 9 x 9 grid, to reflect the aforementioned con-

siderations; see Table A.1 for details on simulation parameter ranges.

Harm during T cell response to pathogens

We express harm (damage) to a host in terms of cell deaths. This depends on the details of
the programmed immune response, which we parametrize by ) (see below for details). The

rate of harm at a given time point can be expressed as

h(t) = hine(t, 0) + b (8, 0) + b s (2, 0), (A8)

:hres (t)

where hg 1 (t) = dgCi(t) and hg s(t) = dgCs(t) denote the loss of infected and healthy cells,
respectively, caused by the effector T cell response, amounting to the total damage by the
response hyes(t). Here, Cr(t) and Cg(t) are the expected number of infected and susceptible

cells bound to effectors at time ¢ (eq. A.3). We consider two scenarios:

e Harm associated with growing (acute) infections. The infection harm hi(?)
captures pathogen-induced harm, i.e., cells directly killed by the infection itself. Its

functional form depends on the biological context. For an acute, proliferating infection
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(eq. A.b), it follows:

— —

hin(t,0) = d;1(t,0) (A.9)

reflecting cell loss due to the death of infected cells. The total cell death (or inflicted

harm) then follows

T T
H(f) = [hin (t,§> +h (t,eﬂ dt+/ h (t,5> dt,
(@) /0 f b o+ | s S
Hintﬂ (5) Htoxic. ( _‘)

where Hinf,(g) aggregates infection-related harm (cells killed by the pathogen and in-
fected cells eliminated by effectors), Htoxic,(g) captures immunopathology (healthy by-
stander cells killed by effectors), and 7" > 0 is the simulation window. This single,

interpretable metric balances clearance benefits against collateral damage, enabling

principled comparison across designs and infections.

Harm associated with slow-growing tumors. For logistically growing cancer

tumors (eq. A.7), the harm from cancer takes the form

hcancer(t) - bI <]- - érii)x) ](t)7 (A].l)

reflecting net healthy cell loss due to tumor growth (eq. A.7). In this case, we define

the total harm as

H(G) = /0 e (1.0) a+ /0 s (1:0) ar. (A.12)

[\ J/
-~ -~
— —

Hcanccr( ) Htoxic.( )

—

Here, Hcancer(f) quantifies the loss of healthy cells as the tumor expands and replaces

—

normal tissue, while Hiuyic. (0) captures collateral healthy-cell death caused by the en-

93



suing immune response. Note that in the case of acute infections (eq. A.10), loss of
healthy cells is represented by Hi,s., the sum of cells killed directly by the pathogen and
infected cells eliminated by effectors. In cancer, by contrast, a slowly growing tumor
replaces healthy cells with malignant cells. Accordingly, harm is tied to the “birth” of

cancer cells captured by the time-integral of the birth term Acance:(t) in eq. A.11.

Signal cues for T cell response

We assume that T cells can sense three types of signals during infection:

e Antigen signal o,,.(t), which is proportional to the number of infected cells, and

expressed in units of the antigen recognition threshold K7,

antigen signal: oag(t) = K; ' I(t) < K; ' Smax (A.13)

e Infection-induced harm signal oy,¢(), reflecting cumulative damage caused directly

by the pathogen, and expressed in units of the harm recognition threshold Ky,

t
infection harm signal: oy,¢(t) = K;/ e~ (t=s)dn hint(s) ds < K;Smax. (A.14)
0

e Response-induced harm signal 0,.(t), reflecting cumulative damage caused by the

effector response, and expressed in units of the harm recognition threshold Ky,

t
response harm signal: o..5(t) = KHI/ e~ (t=s)du Pres(s) ds < Ko7' Smax- (A.15)
0

The harm-derived signals are time-integrated, reflecting the accumulation of cytokines during

an immune response, and are exponentially discounted at rate dg, reflecting the natural
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decay of cytokines in the absence of ongoing stimulation. Note that K; plays a dual role:
it represents both the recognition threshold of effectors binding to and killing infected cells
(see section A.1) and the recognition threshold for binding to and stimulating T cells.
Finally, although we do not explicitly model innate or regulatory T cell dynamics, these
populations act primarily as sources and sinks of pro- and anti-inflammatory mediators.
Their effects are therefore captured in part by our representation of antigen- and response-
induced harm signal production and decay. With this interpretation, the design parameters
and the latent biological factors that set their values implicitly encode the contributions of
these cell populations, albeit at a coarse-grained level. Moreover, in our framework, highly
immunogenic antigens (with large x) are those that elicit strong CD8" T cell responses,
whereas antigens with low immunogenicity have more subtle effects. This, in part, reflects
the suppressive role of Tregs in limiting effector responses against self-antigens, which in our
definition correspond to low-immunogenicity targets. Future extensions could more explicitly
incorporate the time-varying impact of Tregs and the innate immune system on the dynamics

of the immune response, similar to the approach in ref. [141].

Lineage-based model of CD8" T cell response

To characterize the immune response to a pathogenic challenge, we model the large-population
dynamics of susceptible and infected cells in a host as deterministic processes, coupled to a
stochastic, time-inhomogeneous birth-death process for the CD8' T cell response.

The T cell repertoire typically contains many precursors, and responses to a given
pathogen are often polyclonal. An interesting problem would be to assess how interactions
between different T cell clones impact the response in an individual, which we defer to future
work. In our simulations, we model a response mediated by a single clone of naive T cells
(i.e., cells sharing the same TCR). Upon activation, each naive cell can seed a lineage whose

progeny differentiate into effector cells that act against the source of the immune challenge
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(e.g., infection or tumor) or memory cells which do not participate in resolving the ongoing
immune challenge.

In what follows, we consider an initial population of Ny, monoclonal naive T cells,
and track the lineages of their progeny in response to an immune challenge. Each cell’s
decisions—to engage an antigen-presenting cell (APC), become activated, divide, differenti-
ate, or die—are governed by time-dependent antigen and infection harm signals (eqs. A.19).
We assume these signals are lineage-independent: cells in the same state but belonging to
different lineages share identical transition rates. Inter-lineage variability therefore arises
solely from stochastic differences in transition timing, consistent with experimental observa-

tions [35, 51, 266].

Recruitment of naive T cells to interact with APCs (N — [APC-N]). Naive T cells
recirculate through blood and lymph and may also reside in tissues [27]. Upon infection,
APCs become activated and acquire antigen as infected cells die [268]. This process is
coupled to the production of an infection harm signal oy, which serves as a proxy for the
“danger” associated with tissue damage caused by the immune challenge. As a result, naive
T cells can be recruited to the sites of infection and interact with APCs to initiate an immune

response. We model the recruitment rate of naive T cells to bind to the APCs as

max

= . _ "bind
rsaren () = i) = T T (T o)) (A.16)

where 2% ~ 1 [day]fl is the upper bound on the recruitment rate of T cells to lymph nodes
for sustained APC binding [29, 30, 269] (see Table A.1 for the biological range). The denom-
inator modulates this rate according to the strength of the infection harm signal activating
the APCs. We assume that recruitment of all the naive cells to APCs is mediated by the same

infection harm signal, and that these cells do not compete for APCs or infection harm signal.
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Activation of naive T cells ([APC-N] — N*). When a naive T cell engages an APC to
form a complex [APC - N|, the two cells may remain bound for several hours, leading to ac-
tivation of the bound T cell (“priming phase”). During this time, the immunological synapse
formed between the T cell and APC initiates a cascade of intracellular signaling events in
the naive T cell, enabling it to surpass a sharp activation threshold [31]. The strength of
antigenic stimulation, together with co-stimulatory signals, modulates the activation rate of
APC-bound naive T cells ry_,y+(t).

Experiments have shown that naive T cells can remain stably bound for 12-20 hours
before the first division [51| to become activated [APC - N] — N*. Following activation,
cells commit to a rapid proliferative program [104, 270|, resulting in k£ = 2 — 3 burst-like
divisions at a rate ry«_on+ [51] (Fig. A.1). Once initiated, these early doublings proceed
largely independently of continued antigen or cytokine input [42, 51|, and set an upper bound
N*_ = 2F for the number of activated cells generated prior to differentiation in a lineage;

max

we use N*_ = 22 in our simulations (Table A.1).

max

Differentiation of activated T cells to effector phenotype (N* — FE). During an
immune challenge, CD8" T cells follow a pathway from long-lived naive/memory cells to
short-lived effector cells. This fate is partially “reversible”: effectors can reacquire memory-
like traits (e.g., longevity), and become so-called effector memory [14, 49, 50]. We consider
differentiation from naive to effector state as the primary transition for activated cells, with
un-transitioned cells retaining the relative longevity and slow proliferation of naive cells.
Consistent with prior work [14, 15, 49, 51], we take the burst-like early proliferation phase
as the window during which effector commitment occurs (Fig. A.1).

Formally, for a given activated cell N*, we model effector commitment as the first

arrival of a time-inhomogeneous Poisson process with instantaneous rate, ry«_g(t). Given
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the stochastic time interval 7,5 to complete the initial burst-like divisions, the probability
that an activated cell differentiates into the effector state is computed as the probability that

the first arrival time is less than 7.,

Tburst
PN+—E = 1 —exp {—/ TN*%E(S)C‘[S} . (A.17)
0

Given N} . activated cells available at the end of the burst, the number that differentiate into
effectors is drawn independently as €gigerentiate ~ Binom(N? . . py+_ ), with the remaining
N — Edifferentiate Cells adopting a memory fate. This fate decision is executed independently

max

across lineages (Algorithms A.1-A.3; Fig. A.1).

Division and death of effector T cells (F — 2E, and F — (). Experiments have shown
that T cell lineages do not divide indefinitely [34]. By tracking proliferation markers in cell
lineages, it has been estimated that a naive precursor undergoes at most K., ~ 10 — 19
division rounds before terminal arrest [15, 35, 109, 110|, with differentiation into effector
possible along the way [15, 34, 35|. This sets an upper bound on the number of effector
cells in a lineage (if all cells turn into effector), which is Eyax = 25mex which we set to 2'°
in our simulations (Table A.1). A comparable bound for memory cells is less certain, as
establishing it would require years of longitudinal tracking.

Because effector commitment is stochastic, the maximum additional effector output be-
yond the initial committed pool varies by lineage. At the end of the early burst, the lineage

has completed log, N . semi-synchronous divisions. Each newly committed effector cell

ax

can therefore undergo at most Ky,ax — logy N = logy Frnax — logy, Nii . additional rounds.

max max

Thus, starting from egigerentiate €ffectors at the end of the burst phase, proliferation halts

E . ;
once the effector count reaches, Estop prolif. — Edifferentiate X (Nz:);>, see AlgOI‘ltth A 1-A.3.

Each differentiated effector cell undergoes division and death events at rates rgp_,g(t) and

re_p(t), respectively, which are modulated by the time-varying antigen and harm signals
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(see below). In lieu of tracking the division history/tree of cells in the lineage, as effector
cells divide, we keep a running count of the total number of effector division events in that
lineage, Bproliferation; and set the division rate to zero once Bpoliferation = Estop prolif. (Algo-

rithms A.1-A.3).

In summary, the dynamics for a single T cell responding to an immune challenge, through
activation by engaging APC’s, differentiation, expansion, and contraction are summarized

as follows,

SH+1 LT+1 -0,
exposure
dr

I — 0 = ot
clearance {]/S+ F % E+0— FE+ 0

.

APC+ N "9 apc. N

activation ¢ APC - N TNﬂ(g) N* + APC (A.18)
N* TNIZANT o \x TNIZANT 4

\

differentiation { N* TNﬂ(c?) E
expansion {E rE—2E(9) E+E

contraction { g el 0

Note that the transition rates are dependent on the three time-dependent signals ¢ =
(OAg, Oinf, Ores); See below for details. The programmatic details of these reactions, when

keeping track of different T cell lineages, are provided in Algorithms A.1-A.3.
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Regulation of T cell transition rates. Activated T cells undergo differentiation, prolif-
eration, and eventual contraction in response to antigen and and other signaling molecules
like cytokines [271-273]. These processes are shaped by both extrinsic noise (e.g., variability
in cytokine levels and spatial heterogeneity of APCs) and intrinsic noise (e.g., stochastic gene
expression and chromatin remodeling) [274]. We model the effector CD8" T cell response

as a sequence of four canonical modules:

1. Activation: priming of naive T cells, N — N*,
2. Differentiation: commitment of the activated T cells to effector phenotype, N* — F,
3. Expansion: division of effector cells, £ — 2F,

4. Contraction: programmed loss of effector cells, £ — ().

We model the complex genetic regulation of each transition ¢ as an inhomogeneous
Poisson process with a transition rate r;(¢), modulated by the signals that T cells receive at

a given time,
T (t) :Tmax g’L <0Ag7 Oinfy Ores; J’Lﬁ gz) 3 (A].9>

where the maximal rate r™** is bounded by the cell-cycle time (~ 5 — 6 hrs |28, 42, 116]),
and ¢ is a monotonic response function chosen from the modified Monod-Wyman-Changeux

(Hill-type) family |75, 139]:

1
1+ €exp [_Li(UAg7 Oinf; Ores; Q;ia Ez)

with (A.20)

I

gi(UAg7Uinf, Ures;¢ia€i) =

Li<0Ag7 Oinf, Ores; &iu gl) == gz + Z 1/1101 lOg [1 + O'a] .

a€c{Ag,inf,res}

100



The parameter ¢; sets the baseline propensity of transition ¢: in the absence of external
signals (¢ = 0), the regulatory factor evaluates to go; = (1 + exp(—/;))*. As ¢; increases,
this baseline transition rate approaches its ceiling ™. The weights {179, ™ 1%} encode
the sensitivity and polarity (positive / negative = up /down-regulation) of response to the
antigen (0a,) and harm-induced signals (oin, and oye). Each logarithmic term log[l + o,
becomes significant only once its corresponding cue o, ~ 1. This formulation abstracts away
many layers of biochemical detail, while implementing the fold-change response to stimuli
observed in many biological circuits |61, 74, 140-142].

The transition rates governing each of the four modules are parameterized by a response
function (eq. A.20), whose parameters we collect into a design vector 0 (up to 4 x 4 degrees
of freedom). These functions are expressive enough to include many three-signal logic cir-
cuits [139]. Introducing explicit non-linear interactions between signals would broaden the
expressivity of the model but at the cost of greater complexity and limited interpretability,

an extension that we leave for future work.

A.2 Numerical implementation of stochastic T cell response

Parameters governing our model and their biological ranges are given in Table A.1, and the
pseudo-code describing our numerical approach is provided in Algorithms A.1-A.3. Simulat-
ing our lineage-based model of T cell response with a fully agent-based Gillespie algorithm
with time-dependent rates is computationally challenging given the large number of agents
(~ 107) that must be tracked and updated [275]. We employ two approximations. First, we
model the dynamics of the susceptible and infected cells, and harm signals using a piece-
wise, deterministic-stochastic system of ODEs, implemented numerically with first-order
difference equations, and specified in Algorithms A.1-A.3. Second, we model the cellular

immune response as a time-inhomogeneous Markov process implemented with a tau-leaping
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scheme [276].
As long as the simulation time-step At is chosen carefully, this approach provides a
good compromise between computational speed and accuracy. In our case, it is sufficient to

choose At such that transition rates do not change much during this small time interval, i.e,

r(t + At) =~ r(t). Thus, we seek to bound

dr dg do
— = — A.21
a > G (A.21)

oce{Ag,infres}

where

% Y, 1 e—L(9)

dg
do 14+o0l4e L] 4 e L)

[¥] 1
e < /= (A.22)

~—1+02?%

The upper bound is observed by noting that the product of the last two terms is equivalent

to (1 —z) for x € (0,1). Next, using equations from section A.1, we compute

do df
d?g = KI_IE =0oag X (b;S —dy —dgCy/I),
dO'inf - -1y o -1 _ . A 23
dt KH Ping — dgoing = KH diI — dpoing, ( ’ )
d0res

dt - Kﬁlhres - dHUres - KﬁldECS - dHUre57

from which we conclude

doag
dt

doing
dt

does

dt

< OAg X (b15+d] + dEC]/I),

< Ky'diI(t) + dpois ~ 2d o, (A.24)

S K[:rldECS(t) + dHJres ~ 2dHO-res

where we rely on the homeostatic forms of the dynamical equations for oy, and 0. to

argue that typically, K'd;I(t) ~ dyome(t) and K5 dpCs(t) ~ dyores(t). Thus, we see that
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typically,

dr
dt

1+ 0ag 1+ oing + Ores

1 o Oin Ores

ST_rnaxz1 ( Ag "l/}Ag’(bIS—i_dI—i_dECI/[)_'— ! 2dH‘¢inf| + 1 2dH|wres|>
1

S Tmale (|¢Ag|(bls + dl —+ dEC]/]) + 2dH|¢inf| + 2dH|¢res|) .

(A.25)

With parameters chosen according to Table A.1, each term in eq. A.25 is at most on the

order of O(10). Thus, taking At = O(1072) guarantees that transition rates typically change

only minimally over each time interval,

dr) Ay <O(107h). (A.26)

Ir(t + At) —r(t)| =~ ”
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Algorithm A.1 Piecewise, deterministic-stochastic simulation of CD8" T cell
response to an immune challenge. Simulating the trajectories of susceptible and infected
cells, and T cells.

1: Input: ¢,4,br, K1, Kg, Kg7, 1™ Tg;n}TN*HQN* dl,dE,thNmax, Emax, AL, T

2: Initialize: S < Spax — lo, [ < Iy, N « I, @ « 0, E + 0, €stop prolif. < 0; Buifterentiate
07 Bproliferate «~0

3: fort=0,...,T—1 step At do

> (i) deterministic update of immune challenge dynamics, using INFECTION (Algorithm A.2)

4: (F7 hinfa hE,I7 hE,S) — INFECTION(Sa Ia E? 6:7 IO7 Nlin.a 1;’ Z bIa KI7 KS> KH7 pmax Tgi;;’é, TN*—=2N*, dI> dE7 At)
> —- shorthand notation: 7= {Fbind, "N*2N*, TN N*, 'N* B, TE—2E, TE—0 }—

5:

6: > (i) stochastic T cell response for all lineages l = 1,..., Ny, using RESPONSE (Algorithm A.3)

7 for i =1,..., Nj. do

9: ( l) [APC N](l N (0 E(l) M(l) :EQ)p prolif.’ BC(lll)ffeTel‘ltldte’ Bp()lr)ohferdte)
10: — RESPONSE(N, N*7 [APO N] E M 7, N:;lax7 maxs Estop prolif. Bdifferentiatea Bproliferate; At)
11: end for
12:
13: > (iii) record trajectories of observables at time t
14: Record S, 1, ]\7, ]\7*, E, ]\2, Ring, hE,1, hE,5 into []e
15: end for
16: = = . .
17: return ([S]e, [I]¢, [Nt [N*]¢, [E]e, [M e, [hintle; [hp 1]t [he,s]t)
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Algorithm A.2 Deterministic update of immune challenge dynamics. Infec-
tion variables (S, 1), harms (hint, hg s, hgs), signals (0ag, Oinf, Ores), and transition rates
(TbindarN*ﬁ2N*a 'N—N*, "TN*—»E, TE—2E, TE—>@) are computed.

1: function INFECTION(S,I,E,&; Io,Nhn‘,’(/J,f, b[,K[,Ks,KH, TmaX,Tg}f{ﬁ,T‘N*ﬁgN*, d[,dE7dH, At)

> (i) compute the number of T cell bound infected and susceptible cells Cr and Cg

2:
I Niin. EO S Niin. E®
Cr + i N 50 1 , Cg+ 2=t T

SN BO 4 T+ K + Zﬁl Y S PO 4 § 4+ Kg 4 Z=t s

Y-t B+ Ky Y2t BG4+ Ky

> (i) compute the infection harm hinys, and response harms hg 1, hg g
3:

hinf<—d[IAt7 hEJ (—dEC] At, hE',S' (—dECSAt

> (i11) update the number of susceptible and infected cells

4:
S+ S+ (*1]2](0)17[[5 — dECS)At
I+ 1+ (1]2](0)17[]5 —d;I — dEC[)At

> (iv) update the three signals &

5:
oag & K71
Oint < Tint + (K" hint — dgoing) At
Ores < Ores 1 (KﬁlhE,I + K;IlhE,S - dHUres)At
> (v) update the recruitment rate of naive cells to bind to APC’s ryinq and the transition rates r,, for
all the processes & € {N — N*,N* — E.E — 2E,E — (0}}

6:

max
"bind

<7
1+ exp[—log(1 + oint)]
7 forz e {N - N* N* - E,E —2FE,E — (0} do

Tbind

Lx = EI + Z wa log(l + Ua)a gz < (]. + eXp[-Lz])_17 Ty < ,rmaxgx
a:{Ag,inf,res}

8: end for

9: return 7 = {7hind, "N 2N+, TNN+, 'N*—E, TE—2E; TE—0}, Pint, hEI, hES, S, 1
10: end function
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Algorithm A.3: Stochastic response of a T cell lineage. Stochastic recruitment, activation,
proliferation, differentiation, and death of CD8" T cells are simulated for each lineage (lineage
superscripts dropped). The number of cells from different states (N, [APC- N|, N*, E, M), and the
variables determining the lineage’s fate (estop prolit., Bdifferentiate, Bproliferate) are evaluated.

1: function R,ESPONSE(N7 N*, [APC . N], E, M7 Fa N;;ax7 Emaxa €stop prolif.» Bdiﬁerentiatev Bproliferate; At)

> —- shorthand notation: 7= {Thind, TN N*, TN*2N*, TN* B TE—2E,TE—0} —-

. RPN TR * *
2: Initialize: (nbounda Nactivated s nproliferate’ N Qifferentiates Edifferentiate; MMldifferentiate 6contract) +~0

> (i) recruitment of naive cells to interact with APC for activation

3: if N >0 then

4: Nbound < Binom(N, rpingAt) > — binomial sampling of naive cells to bind to APC, rate rping

5: Nactivated < Binom([APC - N, ry_n+At) > —- binomial sampling to activate APC-bound
naives, rate ry_, n=

6: end if

> (1) burst-like proliferation of activated naives N*, differentiation to effectors E, or memory M

7. if 0 < N* < N, then

8: Nproliferate < BINOM(N™, ry+«_on~At) > binomial sampling to replicate N*, rate 7y-—2n+

(initial burst) —

9: Buaifferentiate < Bdifferentiate + 7 N*—s 5t —- updating likelihood of N* differentiating to £ by

time t —-

10: else if N* > N} . then

11: «~ N* > —- the number of activated naives that can differentiate —-

*
Ndifferentiate
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12:

13:

14:

15:

16:

17:
18:

19:

20:

21:
22:
23:
24:
25:

26:

Edifferentiate < Binom (N*, 1 — exp(— Bdifferentiate)) > — binomial sampling to differentiate N*

to F during burst —

Mifferentiate < IV — €differentiate > — number of activated cells differentiating to memory —-
Estop prolif. < Min(Eqifferentiates Nrmax) X % > —- maximum number of allowed effectors in the
lineage —
end if
> (i11) contraction and proliferation of effectors with rates rg_g, and rg_op, respectively
€contract < Binom(E, rp_gAt) > —- binomial sampling to remove F —-
if Bproliferate < €stop prolif. then
€proliferate < Binom(E, rg_opAt) > —- binomial sampling to replicate £ —-
Biproliferate < Bproliferate + €proliferate > — running count of the number of effector cell divisions
end if

> (iv) update the populations of naive N, naive bound to APC [APC- N], activated N*, effector E, and

memory M cells:

N+ N - Nbound

[APC - N] <= [APC - N] 4 Nhound — Mactivated
N* <= N* + Nactivated + n;roliferate - nsifferentiate
E+ FE+ Eproliferate — €contract + €differentiate

M <= M + Mgifferentiate

return N, [APC . N], N*, E, M, €stop prolif., Baifferentiate; Bproliferate
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27: end function
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A.3 Optimization of CD8" T cell response to pathogens

Design architecture of T cell programs for immune response

Infection clearance results from coordination of the effector trajectory E(t) in response to
an infection I(t). Physically, this corresponds to controlling/regulating the rates, 7(t) of
cell state transitions, divisions and deaths, potentially varying 4 x 4 = 16 module-specific

sensitivity and baseline parameters,

. . oA )
activation: ¢S v, YR e VSN Inone € R,

. . . . O’Ag Oinf Ores
differentiation: V.2, 5, YL 5 YL e IN-oE € R,

(A.27)

. w"Ag Cinf

. . Ores
proliferation: ¥z %, 5, Y™ op, V5%Sep Lo € R,

. g .
contraction: %, M, U7, Loy € R,

to generate effector response trajectories.

Accounting for shared regulatory programs and controlling the combinatorial complexity
of our model parameter space, we impose two simplifications. First, activation and prolif-
eration are both MYC-driven [36]; we therefore constrain the modulatory factors, gy, n-
and gg_,op, to share parameter values. Note, however, that their realized rates will differ
because signals vary in time, as cells transition between naive and effector states. Second,
we make the assumption that extracellular cues converge on coherent effector programs, and
thus enforce a common set of signal sensitivities across modules. With the sign convention

that positive sensitivities promote effector production, for each signal o, we set

Yo = w?\/—>N* - w%—ﬂE - ¢}‘V*—>E - —@D%—m-

Each module 7 nonetheless retains its own baseline parameter ¢;, or equivalently the baseline

rate go; = (1 + exp(—¢))~'. With this simplification we reduce the number of degrees of
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freedom in our model from 16 to six (three sensitivity and three baseline rates),

. . . O’Ag _ Tinf _ Ores _
activation: Yy e = Yoy YN N = Yo YNSNe = Yoress INone € R,

. . . . OAg o Tinf _ Ores _
differentiation: ¥y.%, p = o, ., VN = Vo VN E = Vorees Inem ER,

: on: CAE Tinf Ores _
proliferation: 9555 = Vou,, Vphop = Your YES28 = Vowsr (Es2E = INon- €R,

OAg Oinf

contraction: ’(/)EHQ) = _wUAg7 @Z)EH@ = _¢0inf’ ¢?3er = —@/)gres, lg_p € R.

(A.28)

Note the relationship, ¥f,_,; = —, reflects coordinated signal-regulation of effector-promoting
and effector-suppressing transitions.

The parameters of these constrained response functions define a response design 6 as

0 = (Yag, Yint, Yres; NN+ = EE—>2E>€N*—>E>€EHQ)- (A.29)
A >
signal Eeredback module-spegi,ﬁc baselines

For each transition i, we choose the baseline response parameter, ¢;, such that |¢;] < ™

with

ri(gmax) ~ ,r,max’ Ti(_émax) ~ T_l,

where T is the duration of the simulation. This range is set to be wide enough that at
the lower baseline rate (—¢™*) transitions are seldom observed during our simulation time
window, whereas at the upper baseline rate (£™**) they occur near the maximum rate. Here,
we take /™ = 3.0, so r;({™>* = 3) ~ 0.95 x r™**. For the signal-sensitivity parameter
15, we require that under weak stimulation (¢ = 1) the signal term in the response func-
tion (eq. A.20) is below the threshold of response, set by the maximal baseline term, i.e.,

Y Jog(1+ 1) < €™ and choose 2 = 3.0.
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Optimazing the performance of response designs

Optimal design for an immune challenge. We define high performing designs g as those
that tend to minimize the harm from an immune challenge. For a challenge characterized

by immunogenicity x and basic reproduction number Ry, we define the optimal design as,

0™k, Ry) = arg min H (f). (A.30)
g

—

where the harm H () is computed by eq. A.10 for growing (acute) infections, and by eq. A.12
for slow-growing cancer tumors.

To do this optimization for a fixed pathogenic threat (k, Ry), we perform a uniform grid
search over § € [—qmax yymax]3 x [_gmax gmax]3  We use a Cartesian grid with m = 13
equally spaced points per coordinate, yielding a total of 135 ~ 4.8 x 10° candidate designs.
For each 5, we simulate the immune response dynamics to compute the associated harm and

identify the design that minimizes harm gmin(ﬁ, Ry).

Multi-objective design optimization across pathogen archetypes. To find designs
that can perform well across pathogen archetypes, we pose a principled multi-objective prob-
lem for the immune program, i.e., choose a design g that minimizes the weighted sum of harms

across pathogen archetypes:

0({\}) =argmin > NHO(B), (A.31)

0 i:archetypes
where \; € [0,1] with the constraint ), A\; = 1. The weights {\;} determine the relative
importance of each archetype in determining the optimal design §'. The solution to this

family of problems forms a simplex over which \.s vary, called the Pareto front; see ref. [83]

for an extensive discussion on multi-objective optimization, and refs. [87, 147] for successful
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application of these methods in different biological systems.
Similar to the case of optimization for a single immune challenge, we estimate the Pareto
front by sampling designs on a grid and identifying the design that minimizes the weighted

—

harm N H® () for a given instance of {\;}.

i:archetypes

Finding the elbow of the two-dimensional Pareto curve. Even though optimization
can be done simultaneously over all three archetypes, we examine trade-offs between pairs
of archetypes A and B, generating one-dimensional Pareto fronts, with single independent
weights A = A4 = 1 — Ag. The curvature of the Pareto front quantifies the lowest achiev-
able increase in harm from one archetype that we must trade to decrease harm from the
other archetype by tuning design parameters. Given a convex Pareto front for archetypes A
and B, in some regions of the curve (values of ) the benefit of decreasing harm from one
archetype may be larger than the cost. A common heuristic for multi-objective optimization
in engineering problems is to identify the point along the curve, (H[B(A*)]D, H[G(A*)]B),
called the elbow or knee, at which no additional benefit can be obtained by tuning parameters
[277]. To estimate the elbow of the Pareto front, we first interpolate the discretely sampled
Pareto points to obtain a continuous curve. This procedure is sensitive to the density of
sampled points near the Pareto front and requires fine-tuning. For plots involving archetype
I (Fig. 3.4, A.6), we found that subsetting to points where H(g) (4) < 10725 ax, and linearly
interpolating this subset of performed best. Finally, we estimated the elbow point (\*) along

the interpolated curve using the Kneedle algorithm [277, 278|.

Identifying the ensemble of near-optimal designs. Since we are sampling over a finite
grid and our simulations are stochastic, we must contend with the likelihood that discretely

sampled points will not coincide with the true minimizer in the continuous space of designs
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and that stochastic effects will add noise to our measurements of harm. To capture this
uncertainty, we identify a near-optimal ensemble of designs defined as the set of designs 6
such that H(f) < H(#) + ¢, where @ is the sampled minimizer and 0 < e is a threshold.
We typically choose € = 1072S,,.«, and compute the mean and variance of designs in this
ensemble, as shown in Fig. 3.3 D.

In the case of multi-objective optimization, first we estimate the Pareto front for a pair
of archetypes {A, B}. For each point on the Pareto front, §'(\) (equation A.31), we identify

an ensemble of near-Pareto designs

—

O = {flH(O)W < (1+ a)HF (WY, HO)P < (1 +a)H[F (V)] (A.32)
with @ = 5 x 1072,

Clustering of pathogen archetypes

For each infection scenario (k, Ry), we identify the ensemble of sampled designs g such
that H(f) < H(f™") + ¢, where 6™ is the harm-minimizing design for that scenario and
€ = 1072S.x. We call this ensemble O(x, Ry), and compute its mean, <§>@(57R0) (Fig. A.3).
Next, we pool the mean vectors of all infection scenarios and normalize their distribution so
each design parameter has zero mean and unit variance. Finally, we use a spectral clustering
algorithm implemented in Python [279] to cluster scaled mean design parameters to identify
distinct pathogen archetypes. We selected the cluster number ngyusier = 3 that maximized

the mean silhouette coefficient (implemented in Python [279)]),

Z [b(k, Ro) — a(k, Ry)]/ max|a(k, Ry), b(k, Ro)],
(r,Ro)
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where a(k, Ry) is the mean distance between (0)e(x,r,) and every other point in its assigned
cluster, and b(x, Ry) is the mean distance between (§>@(n’ o) and every other point in its near-
est, neighboring cluster. The mean silhouette coefficient measures cohesiveness of clusters

and how distinct they are from each other.
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Figure A.1: Schematic of modeled early T cell division bursts and differentiation.
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Figure A.2: Design parameters shape T cell response and infection clearance. (A, B)
Time course of the relative population size of (A) effector cells E and (B) infected cells is shown for
designs when varying (color) a single sensitivity parameter 1, (indicated at the top of each column),
while keeping the rest fixed at: moderate activation / proliferation go n—yn+ = go.E—2r = 0.5;
moderate differentiation go n+— g = 0.5; moderate contraction gy p_,p = 0.5; and zero sensitivity to
the other signals 1)ag = ¥inf = ¥res = 0. All population sizes are measured in units of the maximum
number of susceptible cells Syax and sensitivities in units of ¥max. Other simulation parameters as
in Fig. 3.2.
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Figure A.3: Near-optimal performance and designs for each immune challenge. Heat
maps showing the near-optimal outcomes and design values that achieve them for each infection
scenario (k, Rg). The first row displays the average total harm, infection harm and toxicity incurred
by the near-optimal designs for each infection_} scenario. The last two rows display the average

near-optimal design values for each scenario, (0)g(x,r,). The data in the last two rows is used for
clustering infection scenarios in Fig. 3.3 B.
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Figure A.4: Dependence of harm on baseline rates in different archetypes. Total harm,
infection harm, and toxicity (colors) are shown as a function of baseline rates for (A) activation
/ proliferation go v N+ = go,p—2E, (B) differentiation go n+g and (C) contraction gy p_,p, in
different archetypes as indicated above each column. In each panel, the value of the design parameter
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charts in Fig. 3.3 D. Simulation parameters as in Fig. 3.3.
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Figure A.6: Pareto-optimal design balancing harm from autoimmunity and other
pathogen archetypes. Similar to Fig. 3.4, but showing the Pareto optimal designs resulting from
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optimization for archetypes I and II is shown in Fig. 3.4. Simulation parameters as in Fig. 3.4.
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Figure A.7: Dependence of T cell macro-dynamics on baseline rates. T cell fold expan-
sion (top) and total harm (bottom) are shown as functions of (A) initial T cell number Ny, , (B)
immunogenicity , (C) and the intra-host basic reproduction of the infection Ry. In each panel, out-
comes are shown for the “elbow” Pareto-optimal design from Fig. 3.4 B while varying a single baseline
rate (colors)—activation/proliferation baseline rate go n—sn+ = go.p—2r = (1 + exp(—n_n+)) !
(left), differentiation baseline rate go y+—g = (1 + exp(—fn+—g))~ ! (center), or contraction base-
line rate go g9 = (1 + exp(—Cp_p)) " (right)—with all other parameters held fixed. Trend lines
and standard deviation error bars are obtained by averaging over sampled immune challenges (in
Fig. 3.3 B) and designs in the near-elbow ensemble. Simulation parameters as in Fig. 3.5.
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Figure A.8: Dependence of T cell macro-dynamics on signal sensitivities. T cell fold
expansion (top) and total harm (bottom) are shown as functions of (A) initial T cell number Ny, ,
(B) immunogenicity , (C) and the intra-host basic reproduction of the infection Ry. In each
panel, outcomes are shown for the “elbow” Pareto-optimal program from Fig. 4B while varying a
single sensitivity parameter (colors)—antigen sensitivity 1a, (left), infection-harm sensitivity 9in¢
(center), or response-harm sensitivity tres (right)—with all other parameters held fixed. Trend lines
and standard deviation error bars are obtained by averaging over sampled immune challenges (in
Fig. 3.3 B) and designs in the near-elbow ensemble. Simulation parameters as in Fig. 3.5.
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Figure A.9: Impact of cross-reactivity on engineered immune responses for cancer
immunotherapy. As in Fig. 3.6, but incorporating cross-reactivity of engineered TCRs with
self and tumor antigens. We model cross-reactivity by assuming tumor and self reactivities are
proportional, fixing the tumor immunogenicity x = Kf_lK s = 10 while varying the antigenicity
of the tumor defined as Kl_lSmax (proxy for inverse ECsp, where larger values indicate higher
antigenicity). (A) With responses averaged over the tuned near-elbow ensemble ©(\*), the heat
map shows harm as a function of T cell dosage and tumor antigenicity. (B) Total harm, cancer harm,
immune toxicity, and the final tumor size following the immune response are shown as functions of
tumor antigenicity at the optimal T cell dosage (yellow circles in A). (C) Clearance response, defined
as sensitivity of protection (negative harm) to each design parameter—evaluated and averaged over
0 € (:)()\*)—is shown for different levels of tumor antigenicity for signal sensitivity parameters
Y’s (left), and for baseline parameters go’s (right). For this analysis, we assume that T cells are
administered at high dosage (Ny,. = 10_2Smax). Simulation parameters as in Fig. 3.6.
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and the thick black line is the average trend over all infections. The red dotted line indicates the
default parameter value used in simulations (Table A.1). Except when explicitly varied, simulation

parameters are as in Fig. 3.3.
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Figure A.12: Sensitivity of harm magnitude and T cell expansion to stochastic cell-fate
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in Fig. 3.3, are shown as functions of immunogenicity k. Insets report the coefficients of variation
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simulation parameters are as in Fig. 3.3.
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Table A.1: Model parameters for simulations. The * symbol indicates parameters that were varied as part of the

analysis.
Parameter Value Reference(s)
initial susceptible cell count (Sp) 107
initial infected cell count (1) 10°
infected cell death rate (d;) 0.5 day [280, 281]
susceptible cell infection rate (by)* 1 —5x 1077 infected cell 'day " | [280]
maximum cancer growth rate (bc) 0.1 day™*
effector cell killing rate (dg) 12 day [282]
infected cell recognition threshold (K;)* 10* — 107 cells [171]
healthy cell recognition threshold (Kg)* 107 cells
harm signal recognition threshold (Kp) 10* cells
max. binding rate of APCs to Naive cells (ri2X) | 1 day™' [60, 63, 269]
decay rate of harm signals (dy) 1.0 day™* [283]
initial naive cognate T cell count (Nyy,, )* 102 [17]
activation burst size (N,.) 22 [51]
max. effector count per lineage (Fpax) 215 [15, 35, 109, 110]
max. rate of T cell state transition (r™a) 4 day™! [28, 42, 51, 116]
rate of activated naive cell division (7y«_on+) % day™! [51]
signal sensitivity (¢,)* € [-3,3]
baseline parameter (¢;)* € [-3,3]
simulation duration (77) 30 days [109, 148, 264|
time step (At) 1072 days
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Appendix B

SUPPLEMENT FOR CHAPTER 4

B.1 Data analysis

Data and code availability

Data on microbial composition was previously published in [179, 207|, and data on T cell
reactivity and counts was previously published in [206]. All code for data processing and

statistical analysis will be made available on Github upon publication of the manuscript.

Clustering of strains

Reactive strains were grouped using K-means clustering based on their L-1 normalized re-
activities for the responsive T cells. We selected the cluster number K = 8 that nearly

maximized the mean silhouette coefficient (implemented in Python [279]),

45

> _[b(w) = a(w)]/ maxfa(u), ()],

p=1

where a(p) is the mean distance between strain p’s reactivity vector and every other point
in its assigned cluster, and b(u) is the mean distance between strain u’s reactivity vector

and every other point in its nearest, neighboring cluster. The mean silhouette coefficient
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measures the cohesiveness of clusters and how distinct they are from each other.

Processing and transformation of microbial composition data

Before analysis, strains that were undetected across all replicates at week 1 were dropped
from the analysis. Otherwise, missing relative abundance data was set to 1078, consistent
with the reported limit of detection in the study [207]. Relative abundance data for all
strains were then normalized to sum to 1, per time-point and replicate.

To quantify compositional shifts at the strain level, we computed the centered log-ratio
(CLR) transform of strain relative abundances at each time ¢ > 0, g,,(¢) / M gn(), p=

1,....M. For each strain, the CLR is

CLR,(t) = log,, 9“—(”/1” %) , B.1
0=t | o/ N0 (0

where M = 97 and the total abundance (322, ¢,,(t)) cancels out of the numerator and
denominator of the expression inside the logarithm. This transformation minimizes spurious
correlations introduced by the sum-to-one constraint of relative abundance data of the M
microbial strains. We can then compute the compositional change of each strain p from time

point 1 to ta:
ACLR,(t1,15) = CLR,(t2) — CLR,(t1)
M
gu(t2)) 1 <9m(t2))
=lo - — lo =,
810 <gﬂ(t1) Wi Xm: 810 gmlt)

from which we can observed that the first term is related to the abundance fold-change of

(B.2)

the strain g,(t2)/g,(t1), and the second term depends on the fold-change of every strain in
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the microbiota. If we consider the gap in the change in CLR between two strains (u, av),

ACLR,(f1, 5) — ACLR (t1, t2) = logy (ZZEE;) ~log, (gzﬁg) , (B.3)

this quantity depends only on the abundance fold-change of the two strains. Analogous

expressions hold for the CLR of microbial clusters.

Fitting microbial composition data to a Dirichlet distribution

The Dirichlet distribution, D(&) is a non-negative, continuous, m-dimensional probability
distribution parameterized by a vector of positive numbers & € R™. For m > 2, if X ~ D(a)

then Y ", X; =1 and its probability density function is:

F@a) = g [Lar (B4

with
B(&) _ Hi:l F(al)

['(ag)
where T'(+) is the standard gamma function, and ap = ) ;" ; o;. Importantly, the mean and

variance of X are given by:

B[X,] = z—o VarX;] = E[Xi]i . ?[Xib, (B.5)

fori=1,...,m.
Using the dirichlet package in Python (|284, 285]), we fit 5 biological replicates of relative
abundance data to a Dirichlet distribution to obtain a maximum likelihood estimate of the

parameters @ consistent with data.

130



B.2 Models of optimal repertoire allocation.

Model definition and analysis

We consider a model for a microbial ecology with strains g,, = 1,..., M, that can grow

max

. The immune response directed at

in the gut and achieve a maximum population size ¢

mircobe 1, C),, can inhibit the strain, decreasing its population:

g# = f<g7 Cﬂ;g/inax>7 (B6>

where,

A= 3 aui (B.7)
re{l,...,R}

is implemented by the balance of inflammatory and tolerant cells/receptors (\,) specific to
detectable epitopes, » = 1,..., R, derived from the microbiota. The relationship between
receptors,/antigens and strains is given by the entries of the matrix ¥ = [o,,], indicating

how strongly a strain p can be targeted by receptor/epitope 7.
Assuming that the immune repertoire is updated slowly compared to microbial dynam-
ics, then for a given immune coverage vector c , there may be a steady-state solution to the
growth dynamics for each strain population, gu(é ;gr) for u=1,..., M. For concreteness,

I

we consider

max

~ 9y

gu(Cp) = 1L K (B.8)
c “u

where K¢ is the half-maximal constant of inhibition of strain abundance. In the analyses
that follow, we make the convenient change of variables, K ICH — C, expressing repertoire

coverage in units of the unknown half-maximal constant of inhibition.
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We assume that once in the gut a strain causes harm to the host organism at rate
proportional to h,, and further that the objective of the immune response is to control the
steady-state population of strains in the gut to minimize harm. Given a set of available

receptors 2, we seek the solution to the optimization problem

A>0

min {FO:)} = min {Z hu(N) + T (X>} : (B.9)

where the first terms is the steady-state rate of harm induced by the strain and the second
term corresponds to additional costs from maintaining an immune repertoire. Here, we

specify the linear cost function,

I(N) =) BA. (B.10)

For example, the costs may describe an increased risk of autoimmunity associated with having
more receptors, and/or the difficulty of generating particular receptors, and/or competition
among receptor-bearing cells for limited survival signals.

To find the optimal solution, we write down the Lagrangian:

LX8) = hugu(C)+ > A+ 6, - (12 = N), (B.11)

where we have introduced slack variables, [, € R, and Lagrange multipliers, 6, € R, r =
1,..., R, to account for the non-negativity constraints on X.

Consider a system with M strains and R receptors, and immune coverage

Co= Y ourh (B.12)
re{l,..,R}
for w = 1,..., M, where A, corresponds to an inflammatory immune receptor/antibody .
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With §,(-) defined as in eq. B.8, we will solve

M R
i {Z M (CuD) + 3 mr}
- pn=1 r=1

by considering the Lagrangian

max

v g
Ls(X8) =3 hu o+ 2 [BA+ (= Ao
n H r

with
0Lg oC, 0g, ,~
— [t N\ _
NP ILTY rw A A
JoLg
— l —
00, A
forr=1,..., R, where
@™ g
oc,  (1+C)* (1+C)
and
oC
o, nr
Note that
Ozg—g;—ﬂ)asgléo.
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(B.14)

(B.15)

(B.16)
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Optimality conditions. From the KKT conditions, solutions satisfy

L g, -
0 2= oush ag“(}\)+6—5T:O,

O\, "oC,
5 " (B.18)
Lg
=012- )\ =0,
00, "
forr=1,...,R. If X* is a local minimizer, then 6; > 0, 7 =1,..., R, and if §7 > 0 for some

j €{1,..., R}, then we must be on a boundary, ¥ = 0. Define the rate of change in harm

from killing strain p as

. ag . gmaxh
M =hgd ) =~ s (8.19)

where the sign of y, is determined by h,,, the harm/benefits of strain p, and

lyll < |95 Rl - (B.20)

Note that ||y,|| < &. We will focus on the first system of equations which describes the
I

extremal conditions for A\,. The second set of equations imposes the non-negativity constraint

on A\, and we will check it at the end.

Recall the cross-responsiveness matrix,
Y = [o,,] € RM*E, (B.21)
We can now rewrite the first system of equations (Eq B.18),

oC,, 04, T
5’n_6:;h“8—)\rﬁ_@:;au’ryuiz y=24— (1. (B.22)

In eq. B.18, we need to solve a non-linear system of R equations in R variables, X, which
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are constrained to be non-negative. Any solution to that system is a solution to the “linear”
system in eq. B.22, with y € RM treated as a free variable and with the same choice
of § € R®. The converse statement is generally not true since even if X7 is invertible,

y* = (71)7 (8 — $1) may not be in the range of eq. B.19.

Convexity of the cost function. Computing the second derivative for a general cost

function Lg(C(X)) satisfying %(6(X)) >0forpe{l,...,M}:

0°Ly S 0°Ly

= OpuiOpr—o
w3 pr 2
aC?

TTONON
PLy]? 02Ls]? B.23
— ZO-I_LJ' [W} X O-,LL,’I' [W] ( )
o

0 w

= (4;))" A,

where the r-th column of A is

and

M

A = diag

9?Ls\ 2
ac?

=1 (B.24)

H=A"A.

Then H is positive semi-definite, since

v Hyv=v'A"Av = (vA)" Av > 0, (B.25)
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which is a quadratic form. This shows that the function is convex, although it is not strictly
convex unless ¥ is full rank. For example, when there are more receptors than strains

(R > M), 3 is not full rank.

Solving the general problem. We want the most protective immune coverage of the
microbiota with the fewest number of immune cells (and receptors). The KKT conditions
require

0=8+3Ty(\) -8 = VLg(\),

which is just an expression about the derivative of the Lagrangian. If X* is a local minimizer,
then ;7 > 0, r = 1,..., R, and if 07 > 0 for some j € {1,..., R}, then we must be on a
boundary, A} = 0.1 This tells us immediately that if §* < 0 at the boundary then X* is not
a local minima, since it means it is possible to minimize the objective further by increasing
Ar =0 — Ar > 0. Computationally, finding the optimal solution boils down, in part, to
selecting which 6f =0, r € ky C {1,..., R} (i.e. which receptors to use) and which not to
use 65 >0, A\; =0, j€{l,...,R} \ ky, and solving the system of equations
STy(N) = —B forrew™,

(B.26)
6; >0 for je{l,...,R} \ ky, (Local minimizer)

for a y* that is in the functional range of Equation B.19, and where T and 3 only include
rows (corresponding to receptors) in x.2 Naively, there are 27 possible receptor configura-
tions. Generally there should be |k | < M receptors (the number of strains) in the optimal
repertoire since we only have M variables to satisfy R constraints. However, additional

receptors may be able to co-exist if their reactivities satisfy a strict condition: groups of

From eq. B.18, we can infer that §* < f3,.
2If the rows of ¥1 are orthogonal, then the solution takes the form §* = Zrem ﬁrﬁ, where X, is
|12

the r-th column of 3. Since the entries of & are non-negative, this is only possible if each receptor covers a
distinct group of strains.
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vectors lying on the same hyperplane in RY, ¢; = >, o, with Y~ ¢, =1 and 0; > 0.
Otherwise satisfying the KKT conditions would require solving an over-determined system,
which is impossible.

If a vector y* < 0 can be found that solves the the reduced system of linear equations
(eq. B.26), we check that it is a feasible solution for the original non-linear problem. This

requires solving the non-linear equation for C* >0 (eq. B.19),

maxh

Iy

O G

from which the sign of the RHS is fixed. Thus

C(*

0

|:gmaxh

] } — 1. (Optimal immune coverage) (B.27)
Y

If ¢ > 0, to find X* we need to solve the linear system of equations,

Cr=" Y 0w (B.28)

re{l,..,R}

for pe {1,..., M}, with \;, =01if j € {1,..., R} \ k4 (i.e. 6; > 0). Finally, we must verify

that the solution we found is non-negative X > 0.

Ecological competition for epitopes can optimize the repertoire

Following [62], we ask if competition for antigens can generate the optimal repertoire. Specif-

ically, we claim the ecological dynamics

d ( Zam #ggu B)? (B.29)
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achieves this modified gradient descent of the cost function via competitive dynamics, where

multiplying by A, ensures that its value is never negative and [ acts like an attrition rate.
The term

hy, 09,

oc,

(X) =0, as g, — 0or h, =0,

corresponds to the availability of strain-derived antigens. With strain-immune response

functions as in eq. B.8, we have

agu . gLnax
“ac, N T Ty o

which models a monotonically decreasing epitope supply as immune coverage increases.
Since any point that satisfies the KKT conditions (eq. B.18) is a fixed point for the
ecological dynamics, dA,/dt =0, r = 1,..., R, it is immediate that the optimal repertoire
solution is a fixed point of the dynamics. Next, we show that stable fixed points of the
dynamics are exactly the solutions of the KKT equations. For a fixed point to be stable the
Jacobian matrix computed at the point must have only negative eigenvalues. The Jacobian

is given by

max

ag 2g,,
T = : ( Zam “aCH > Ar Zawaw "1t ) (B.30)

When A\, = 0, row r will have non-zero entries everywhere except the diagonal. The

requirement that the eigenvalue of the elementary vector €, be negative means that

dg
> Gurhug () + 6 >0

which is equivalent to the KKT conditions at the boundary (eq. B.18). When A, > 0 (and
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8}\r QQfaX
S = A = )‘T;CTHJ’O_MT/hH(1+CM>3
o [Bh g o
= LA+ G LA G

= (AT)TA;«

where the r-th column of A is

1 M
| 2Ahug N 2

T (1+C,u)3 UM,T 3

pn=1

and
A= di (%h"gﬁw)é]M $, J=ATA (B.32)
= diag 3 X 2, = ) )

acr) |

We have relied on the assumption that hy, g;** > 0, p = 1,..., M. Thus J is positive

semi-definite, since

v Jv=0v"ATAv = (vA)T Av > 0, (B.33)

which is a quadratic form. This shows that the function is convex, although it is not strictly
convex unless A, and thus X, has linearly independent columns. This is only possible when
there are fewer receptors than strains, R < M.

Finally, we show that the cost function (eq. B.13) is a Lyapunov function for the
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dynamics:

e aC dx, 95, -
R - < 0. .
dt ~ 2= n, dt Z A Z“’”’ woe, MOS0 (B:34)

One strain, one receptor

The immune coverage from the single receptor is given by C' = o\, and the Lagrangian (eq.

B.11) is,
LA\, 0) = hg(\) + BA+ 8- (1P — \), (B.35)
with
5 B gmax
9(C) = 1+0oA

From the KKT conditions, the optimal solution will satisfies,

8L_ dg B gr*o
0= 2 ha—i—ﬁ 0= erﬁ ) (B.36)
oL,
0= s =F-\ (B.37)

The second equation imposes the non-negativity constraint as it can only be satisfied when
A > 0. We have two cases to consider.

Case 1: A = 0. Here the inequality constraint is active and [ = 0 (and 6 may be nonzero),

so we check the value of the Lagrangian at this boundary:

L(\ = 0) = hg™>. (B.38)

Note that if A < 0, this is the only viable solution.
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Case 2: A > 0. Here the inequality constraint is inactive (i.e. satisfied) and [> > 0 and

6 = 0. From the KKT conditions we have:

B+ h% =0, (B.39)
gmaxho. _
= 3 G on = 0. (B.40)

From this we see that the magnitude of the second term is always less than ¢™**ho, and
since 8 > 0, a finite positive solution exists only when o > gm%h > (. These equations are

solved to find

~_0-7% gmaxh %_07%
5= [( ) ] (B.41)

The full solution is then,
maxh 1
g 2 -
-0 ,0 B.42
[( ) ] } (42

and the explicit ¢ dependence of the solution can be determined by setting A = 0 in eq.

N
N

A* = max {a

B.39:

receptor reactivity threshold: o* = p = (B.43)
gmax

such that 5\|azg* =0, and \* = 0 if 0 < ¢*. This means that for a receptor to be effective,

there is a threshold level of activity, ¢ > ¢*, that must be met.
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Two strains, two broadly reactive receptors.

We consider the simplest case of a “cluster” of immune-interacting strains: two strains and

two receptors. The cross-responsiveness matrix is assumed to be full-rank® and is given by

o o
E _ 1,1 1,2 7 (B44)
021 022
1 1 022 —012
Y= X . (B.45)

01,1022 — 021012 —091 011

To find the optimal solution, we must solve, as in eq. B.20, to equation B.22:

STHX) =6 — B1.

Case 1: \; = Ay = 0. This is always the optimal solution when Zu€{1,2} gffa"h#aw <p
for r € {1,2}. Using eq. B.14:

Lo(X=0,0)= > hugp™ (B.46)
ne{1,2}

with I, = 0, r € {1,2}.

Cases 2 and 3: Ay > 0, Ay =0, or A\; =0, Ay > 0. Without loss of generality, consider

A1 > 0,0 = 0 (i.e 6 = 0,02 # 0), after verifying that the reactivity threshold is satis-

fied (eq. B.65), we must solve

h/u gLIlaX

PR e

nef{1,2}

3This excludes certain degenerate solutions that arise when the augmented matrix [X7 | E] contains
redundant rows.
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which reduces to a quartic polynomial equation.

If we assume that 0, ; = o > 0 for all strains p, the equation simplifies to

1 o
A = p (\/B X (h1 g™ + hogh™) — 1)

Analogous results hold for the case A\; = 0, A2 > 0 (i.e 6; # 0,05 = 0).

(B.47)

Binary binding: Consider a simpler situation in which, oy, = 092, = 0, > 0 for r €

{1,2}. That is, strains express the same epitopes. Then, provided o, # o9, the receptor

j = argmax{oy, 09} will out-compete and exclude the other.

Case 4: A1, Ao > 0. If, without loss of generality, 0292 = 0, and 011 = 021,012 > 0, we

obtain the following simplifications to the previous conditions for co-existence, with

B 2

=)= - x
0102

02 — 01

Using eq. B.27, we seek to compute

C* = [@}2_17

" |y

and using eq. B.8,

1
P U |
o1+ G h '

m

We need to check that the solution is feasible:

(B.48)

(B.49)

(B.50)

1. Is harm decreased, i.e. ¥* < 0?7 For h, > 0, this requires that o; > 0 and oy > 0.

2. Is the immune coverage non-negative, C,, > 07 For strains p € {1,2} and receptors
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r € {1,2}, assuming oy > 07, we require

m * ﬁ max * 02 — 01 1 1
glaxh12|yl|zg_2» 93 hy 2 |y5] = B =pf({———-
The first inequality can be rewritten as

02 Z hlginaX’

which says that for receptor 2 to be in the repertoire it must be a cost-effective strategy
for controlling strain 1, i.e. the potential reduction in harm is greater than the cost.
The second inequality can be rearranged to

1

1 g

o1 B

O-QS if 01 <

hogy™’

which says that if receptor 2 is sufficiently reactive it can exclude receptor 1. However,

when o; > %, the condition holds for any value of oy and receptor 1 cannot
2

be excluded because it is guaranteed to cost-effectively decrease harm from strain 2.

Finally, when o, = % this condition is inconclusive and strain 2 does not matter.
2

If these conditions are satisfied, then

" ginaxhlaﬂ 3 . |:g§naxh2(710'2:| 3
Ci=|—/—| -1, C,=|=4/—F| —1 B.51
1 |: 6 2 5(0_2 . 0_1) ( )

. Attainable: Next, we use eq. B.28 to find

A o e
Hosr |7 2 Ly R (B.52)

010
)\2 O; 172 Ulcik —0103‘

Finally, we must check that A;, Ay > 0 (per the KKT conditions). For this to be true,
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we need to satisfy conditions on the immune coverages:

c3; >0, C7>C5. (B.53)

which simplifies to two strict inequalities

< o1 if <
Oy < ——F—a—, U 01 < —
[, hags™’
(P g™ + hags™)
09 > 01 p—— ,
h191

where the second condition is required for receptor 2 to be recruited.

Collectively, there are 3 conditions that must be satisfied for coexistence:

09 > ,

hlginax

(h1g™™ + hogy'™)
09 > 01 hox s B.54
hyg™® ( g )
01 .

02 < — e, AL 01 < v\

1— hngQJl hags

Unconstrained binding: If 0, , are allowed to take any non-negative, possibly bounded
value, case 4 becomes more complicated.

Case 4: A\, A2 > 0. Solving equation B.22 for the case of two and two strains receptors,

— ag — O
y =—(x7)p1 = & < [T (B.55)

01,1022 — 021012

01,1 — 01,2

Recall that y,(C),) is the rate at which harm is decreased by mitigating strain p, C, is

the immune coverage of strain p, and [|y,|| o< 7. Next we check that the solution is feasible:
"
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1. Is harm decreased? For h, > 0, this requires that o595 # 021 and o1 # 012 and

Sgn(01,102,2 - 02,101,2) = 89”(@,2 - 02,1),

Sgn(01,102,2 - 02,101,2) = 89%(01,1 - 01,2)-

By fixing the sign of the determinant and checking cases, we find that this requires

either

022 > 021,011 > 012 O 022 < 021,011 < 012,
that is, no single receptor is more reactive than the other to both strains.

2. Is the required rate of decrease achievable? According to equation B.20, for strains

{a, p} and receptors {r,j}, we require

O,:i— 0O o o
max * | ) M7 max k| a,r o]
ga h’a 2 ’ya| - B I gu hu Z ‘yp‘ - ﬁ
Assuming 0, ; > 0, and 04, > 04,
3 Ou,j — Opyr -8 Ouj — Opr
0-/1‘7.]‘0-&77' - 0-&7j0-ll7r 0‘,“'7.]‘0-0[7r - O-uzTO-a7T + O-H7TO-Q7T - O-amjo-;uﬂr
- Oa,r —0Oa,j ’
Tayr + Tur Op,j = Tpr
which implies
Oanr — Oa,j 5
Oar + Oy > ]y (B.56)
0‘/"7] - O-,Uﬂ" gO[ e

This sets a threshold on the weighted reactivity of the receptor most reactive to strain

a, accounting for cross-responsiveness. A similar expression holds for |y;|. If o, =0,
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the expression simplifies to

3. Attainable: If the last two conditions are satisfied, we may use eq. B.27 to solve for

C,, and find
A C* 1 02207 — 01205
I B ] B
" i 011022 — 021012 011C5 — 09.1C5

Finally, we must check that A, Ay > 0 (per the KKT conditions). For this to be true,

we need to satisfy conditions on the immune coverages:

o If 01,1022 — 021012 > 0:

C; 020 C5 091
= < s e > (B.58)
Cr o1 CF o1

) )

o If 01,1022 — 021012 < 0:

C; 022 C; 02,1

, : B.59
Of 0172 Of (7171 ( )

In two dimensions, this defines a subset of vectors. Going forward, without loss of

generality, assume 011022 — 021012 > 0, then this subset gets bigger as

01,2 021
= 5 0,

022 01,1
that is, as the receptors become less broadly reactive.

Towards understanding this condition, supposes that g"m;# > 1 (i.e. immune coverage
"
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Cr > 1), then from eq. B.27

o — [gffa"hu} S [gifaxhu] ? (B.60)
: |y |y

and from Equation B.8,

1
L g {gffa"!y;!r

— = B.61
= 1ycs h, (B.61)
Then
a3 N {géﬂaxhz(azz — (72,1)} 2 (B.62)
Ct g hy (010 —o12) |

and we see that the repertoire is sensitive to the fine details of receptor affinity.
In the most general case, the optimal repertoire is determined by comparing the solutions
from all four cases to find the global minimizer. Since convexity is guaranteed when ¥ is full

rank, the optimal solution is case 4 when that solution exists.

Many strains and receptors

If strains have private receptors: In general, each receptor may bind to many different
strains; however as a simplification, we assume that each strain « is recognized exclusively
by a distinct set of receptors ko = {7a;,...,70,} C {1,..., R} =, Ka. The population of
each strain can thus be controlled independently of all others, and the KKT conditions for

its associated receptors will be decoupled from all others, such that

oL 0 v B 0o v 0 — B
a)\r—awhaaca()\)—i—ﬁ 5 =0 = haacam_ o

’ (B.63)
OL _pp_ 5 =0
aér - Uy r — Y
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for r € k,. The RHS of the implication from first equation is identical for all receptors. For
the population of a receptor A, to be greater than zero, we must have 9, = 0. This cannot be
the case for any two receptors, A\, and \; except if 0., = 0,,;. To see this, first observe that
if two receptors, 7 and j, coexist they must satisfy the KKT conditions with 6, = §; = 0,

and

—

99.(\) B _ B

aca O—/"HT O—Mvj

Without loss of generality, suppose g—fj = 0 with §; =0, and o,, > 0, ; then

0300 _ B
¢ 8Ca Op,j
and
oL I5;
= = —Opr— — 0,
0 O\, Ja’ram oo

and since the sum of the first two terms on the RHS is negative, §, < 0. This means that we
can decrease harm by increasing A, so this cannot be a local minimum, and the repertoire
containing A; is suboptimal. Thus, we only need to select the receptor(s) that satisfy the

the leverage cutoff (eq. B.43) with the smallest cost-to-affinity ratio

rERyY

b } , (B.64)

Ju € argmin {
Op,r

for each of the M strains. If no receptor meets the leverage cutoff then we set all their

abundances to zero.

Broadly reactive receptors exclude specialists: From the the KKT conditions (Eq

B.18), we can conclude that if there exists a positive solution Af > 0 (and J, = 0), i.e.,
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inactive inequality constraint, then

gll’;lax ]

0<B=Y hou, | —L——
Z (1+ Cu(X))?

(B.65)
<D O 0,

I

where the LHS is the marginal cost of maintaining receptor r» and the RHS of the inequality
is the maximum rate of decrease in harm that can be effected by receptor r. Thus if this
condition is not satisfied for receptor r its optimal value must be A} = 0. This means that
a receptor should only be present if the total maximum marginal protection it confers is
greater than its cost.

Next, consider a receptor j that binds a single strain 4/, o, ; = 6,/,, and another receptor
r that binds the same strain and possibly others, m, = {u} > ¢/, 0., = 0,1,em,. Suppose

receptor r belongs to the optimal repertoire then

* * /B *
B=0r Luem (=) =00 > Luem, 10l = lywl = — = D Luem, - |y > 0
P r

M W

where we have used the fact that y; < 0. For receptor j to also belong to the optimal
repertoire, we must have
g g

y;«l| gii - Zu;éu’ 1M6mr : |y:2|’

Uu,j’y;" =p=0u; = |

from which we see that increased broad reactivity of receptor r makes it so that receptor
J needs to bind more strongly to be in the optimal repertoire. In this way receptors that
recognize many strains tend to exclude receptors that are more selective binders.

For a receptor r, consider another receptor j that only recognizes strains that receptor
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r binds to. Suppose A, > 0 is part of the optimal repertoire. Then from Eq B.22, we have

for some y* < 0. If 0, > o and 0, > 0, ; for at least one strain p,

oL )

=(oj—0.) Yy +o. Yy + 8-
=(oj—0.)'y" —B+5—9;

=(oj—0.) y" —§;

and since the first term is positive, §; > 0. This means that we can decrease the cost function
by decreasing A;, and so receptor j cannot be in the optimal repertoire if A\, > 0 is in the

repertoire. In this way, broadly reactive receptors tend to exclude narrowly reactive ones.

Limited ecological interactions

We consider a system with two strains and one-sided competitive interactions where immune

coverage is identical for both strains,

(g . 5
_ N _ o) B.66
5 91(1+C gl)’ 92 g2(1+(]+sg1 gQ) (B.66)

At steady-state, we find:

: g g
C) = , )= ———==. B.67
WO) = fig B0 = T (B.67)
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For any combination of immune coverage (C') and ecological interaction (s), using eq. B.2,

the composition change gap between the two strains induced by immune coverage is given

by:

ACLR; — ACLRy = logy(91(C)/91(0)) — 10g1(92(C)/g2(0))

o L+ sgp™™
T/ 0R )

(B.68)

Furthermore, the effect of immune coverage on the abundance of strain 2 will depend

on the strength of its ecological interaction with strain 1,

max g1
9gs 92 <5<1i0)2 - 1)

0C (140 +s85)?

which for a sufficiently strong ecological interaction, 1/sg***—1 > C', depends non-monotonically
on immune coverage C'. In the regime of a strong interaction, increasing immune coverage

may actually increase the abundance of strain 2.

B.3 FEstimating cluster harmfulness

Generalizing eq. B.47 to an arbitrary number of strains within a cluster co-reactive to the

same T cell, we obtain

h max %
mmax{{@Tuﬂ i 0}. (B.69)

Recall that K;' is the (unmeasured) susceptibility of microbial abundance to repertoire
coverage eq. B.8, and that our expression for C* is units of this quantity. Then, assuming

the observed cluster coverage, (C,)r = KcC*, we can it relate to the abundance-weighted
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harm of strains in cluster k:

max max __ ~ (K51<CM>I‘C)2 + 1
Z hugu / Z Iu _<h>kN50kZ

péEcluster k pEcluster k

(B.70)

max ’
pEcluster k gu

where 3 is the (unmeasured) marginal cost of immunity, oy is the constant reactivity of

max

M is the maximum niche size

strains within the cluster to a common single receptor, and g
of strain p.
From egs. B.8 and B.1, the compositional change (ACLRy) from pre- to post-immune

coverage follows
ACLR; = —log;o(1 + K" (Cui) + Y logyo (1 + K (C)k), (B.71)
k

where the second term can be treated as a constant term in a regression.

Numerical simulations

To obtain optimal repertoire allocations numerically, for a fixed reactivity matrix (X), eq.
B.9 was solved using thet scikit-learn package in Python [279]. Reactivity matrices can be
specified entry-wise or drawn randomly. In the latter case, ensembles of M x R reactivity
matrices, {3};, were generated, with each matrix constructed by drawing R columns corre-
sponding to a receptor and its strain reactivities, &, ~ Unif[0, 1] x Binomial(}M,b). Solving
eq. B.9, properties of the optimal repertoire can be evaluated for each matrix and averaged

over the ensemble.
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Strains

(A) Scatter plot showing T cell subtype counts

T cell repertoire composition.
sampled from the colonic lamina propria and mesenteric lymph nodes of inoculated mice. Colors

Figure B.1

indicate T cell subtypes. (B) Effector (red) and regulatory (blue) T cell reactivity-weighted counts

for strains in clusters 1-8.
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Figure B.2: Composition of microbial clusters. (A) Longitudinal relative abundance of a pre-
defined community of 97 microbial strains transplanted into germ free mice [179, 206]. Trajectories
are averaged over 5 biological replicates. Five of the 97 strains were not detected at week 1 and
were dropped from further analysis. Heat map color indicates strain relative abundance measured
at week 1. (B) Distribution of week 1 abundances (centered-log ratio) of non-reactive and reactive
strains are statistically indistinguishable, as confirmed by a Mann-Whitney test. (C) Heatmap
showing Bray-Curtis similarity score between clusters, measured by the overlap of normalized T cell
reactivities (Fig. 4.2) each microbial cluster. (D) Week 1 relative abundance of microbial clusters.
Box plots show the mean (orange line) and standard deviation (error bars) across 5 biological
replicates. (E) Relative abundance of clusters over time (weeks post-inoculation). Thin lines are
biological replicates and the thick dotted line is the mean across replicates. (F) and (G) show
strain genera and phylum counts of clusters respectively.
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Figure B.3: Robust relationship between microbiota compositional change and reper-

toire coverage.

(A) Scatter plot showing relationship between abundance changes (ACLR) and

repertoire coverage ((Cy)) of microbial clusters. Colors represent clusters and points are biological
replicates of the same experiment. In each panel, a single indicated biological replicate was dropped
to assess the robustness of the trend. Dotted line represents fit to ACLRy, = mlog;o((Cp)x) + b.
Statistical significance was quantified through a hierarchical permutation test (i.e., shuffling cluster
and replicate labels). (B) Same as (A) but with a single indicated cluster dropped to assess robust-

ness of the trend.
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