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This dissertation develops methods for constructing simplified models of unsteady fluid
flows in regimes ranging from weakly nonlinear to fully turbulent. These models can
provide valuable insights into the flow physics, as well as inexpensive surrogate mod-
els suitable for analytic study and controller design. The emphasis is on extending tra-
ditional methods using recent advances in data-driven modeling in a manner that pre-
serves the interpretability and robustness of classical analysis. Throughout, the pro-
posed methodological developments are critically evaluated against extensive compu-
tational fluid dynamics simulations and experimental wind tunnel observations repre-
senting a variety of fundamental features of unsteady flows.

This work takes three distinct approaches to model reduction. First, a perspective of the
fluid flow as a high-dimensional, dissipative dynamical system with emergent large-
scale coherence leads to approximations in terms of low-dimensional nonlinear dynam-
ics. These models can be derived by projection of the governing equations or sparse
model discovery; in either case it is crucial to systematically account for the influence

of unresolved degrees of freedom. Alternatively, in fully-developed turbulence the evo-
lution of global integral quantities can be viewed as deterministic motion forced by in-

coherent fluctuations. The analogy with statistical mechanics cannot be made rigorous



for turbulence, but an empirical method is developed to approximate these generalized
Brownian motions from limited experimental data. Finally, the observation that the be-
havior of physical systems is often determined by a dominant balance between a small
subset of physical mechanisms motivates the development of an algorithm for objec-
tive identification of regions with different active physics. Underlying all of these frame-
works is a unifying perspective of the flow as a system with complex nonlinear interac-

tions across a wide range of spatiotemporal scales.
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Flow configurations modeled in this thesis. The flows range span more than three orders
of magnitude in Reynolds number from DNS of the laminar, two dimensional flow past
a cylinder at Re = 100 (Chapter 5) to experimental measurements of a three-dimensional
fully turbulent bluff body wake at Re ~ 2 x 10° (Chapter 9). The shear-driven cavity
(Chapter 6) and mixing layer (Chapter 7) are of intermediate dynamical complexity.

Vizualization of the Ruelle-Takens route to chaos. In this scenario the steady flow first
loses stability to a periodic limit cycle in a supercritical Hopf bifurcation. A secondary
limit cycles leads to quasiperiodic dynamics on a 2-torus. A third bifurcation typically
precipitates a breakdown into chaos. The large figure on the left is constructed by plotting
the leading three proper orthogonal decomposition coefficients computed from a global
analysis of the shear-driven cavity flow presented in Chapter 6 across different Reynolds
numbers. The trajectories on the right apply Eq. (6.17) to the leading two pairs of oscilla-
torymodes. . . ... Lo

The Richardson-Kolmogorov turbulent energy cascade. For isotropic turbulence, the
Fourier space dynamics suggests that energy is transferred from the largest integral scales
to the smallest dissipative scales by the nonlinear triadic interactions. Scaling analysis
suggests that the energy content should decay with wavenumber like E ~ k=%/3.

Rayleigh-Bénard flow The fluid between differentially heated plates conducts heat up-
wards with zero fluid velocity at low values of the control parameter (Rayleigh number).
Above a critical value the steady conducting state is unstable to perturbations, eventually
reaching a new nonlinear equilibrium. This flow is a prototypical example of instability
and pattern formation. . . . . . ... o000

Stability of the Swift-Hohenberg equation. Above the critical value r., the steady solu-
tion is unstable to perturbations near the critical wavenumber k. with maximum growth
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4.1

51
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The Swift-Hohenberg model. The approximate amplitude equation (2.20) predicts the
qualitative symmetry-breaking and nonlinear stability of the model above the threshold
of instability. The numerical simulation was performed with a pseudospectral Fourier
method and a second-order Crank-Nicolson/Adams-Bashforth implicit-explicit timestep-

pingscheme. . . . . . . . ... oL

Types of linear instability in a model of shear flow While disturbances decay exponen-
tially in absolutely stable flow (a), the distinction between convective and absolute insta-
bility is a matter of Galilean reference frame. Perturbations are amplified as they travel
downstream in convective instability (b), while grow at a fixed point in space for absolute
instability (c). The plots are adapted from Bagheri ef al. (20090) and show a modified linear

Ginzburg-Landauequation. . . . . . . . . ..o

Model discovery applied to the Lorenz system. The SINDy algorithm assumes that un-
known governing equations for a dynamical system can be approximated by a sparse
linear combination of candidate functions. The coefficient vectors can then be identified
by solving a sparse regression problem. Note that the matrices ® and = are the transpose

of the usual SINDy formulation. Figure adapted from Brunton et al. (2016a4). . . . . . . .

Two-dimensional flow past a cylinder. The simulation domain (top left) is the same
as Noack et al. (2003). The post-transient flow is characterized by periodic vortex shedding
(top right). This limit cycle is stabilized by Reynolds stress-mediated base flow deforma-
tion, which can be captured in POD-Galerkin models by augmenting the POD basis with a
“shift mode” 1A capturing the deformation of the base flow (middle). The standard POD
modes 11 2, g appear in pairs (bottom); phase-lagged oscillations allow the fixed spatial

structures to capture advection of the vortex street. . . . . . . . .. ... ... ..

Transient evolution of the leading POD coefficients. The pair a1, as describe the peri-
odic vortex shedding, which begins as a linear instability with exponential energy growth.
Eventually the base flow deformation (parameterized by the shift mode aa) grows to bal-
ance the perturbations, stabilizing the limit cycle. The self-exciting, self-limiting oscillation

is characteristic of dynamics above a supercritical Hopf bifurcation. . . . . . . . . . ..

POD coefficients for the post-transient Re = 100 cylinder wake. The POD coefficients
are guaranteed to be linearly uncorrelated, but the phase portraits (a) show clear evidence
of nonlinear correlation. The Lissajous figures are characteristic of pure harmonics of the
fundamental pair (aq, a2). The modes appear in pairs with approximately the same energy

(b), typical of oscillations or traveling wavesintheflow. . . . . . . . . ... ... ...
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5.6

6.1

Low-dimensional models of the transient cylinder wake. A model based on the post-
transient limit cycle (grey) is structurally unstable without the addition of a shift mode
capturing the base flow deformation (grey-blue). An analytic invariant manifold reduc-
tion (blue) is a more accurate approximation, although the lack of resolution for higher
harmonics results in an overestimate of post-transient energy. This is corrected by the
sparse Galerkin (SINDy) model (orange), which has the same structure as the invariant
manifold model and can capture higher harmonics (also see Fig. 5.6). The nine degrees
of freedom required for kinematic resolution approximately evolve on a two-dimensional
parabolic manifold (b). Even when stable, POD-Galerkin models are not confined to the
inertial manifold (left). The invariant manifold and SINDy models restrict the dynamics

to the manifold (middle, right). . . . . . . . ... ... 00000000

Linear stability of the cylinder flow. Both the linearized Navier-Stokes and POD-Galerkin
systems have one pair of unstable eigenvalues with growth rate o > 0. The Galerkin
model is based on an expansion around the marginally stable mean flow, so it tends to un-
derestimate the growth rate relative to the true Navier-Stokes equations linearized around
the unstable steady state. This can also be seen in the relatively slow growth of perturba-

tions in the Galerkin models shown in Fig. 54a. . . . . . . .. .. .. ... ... ..

Resolving higher harmonics. The analytic invariant manifold reduction computes a
quadratic approximation to the manifold, resolving the second harmonic a3, a4. However,
a cubic SINDy model with a fourth-order sparse polynomial manifold equation can cap-
ture the higher harmonics. The resulting model achieves significantly better accuracy (Fig.

BA). e

Schematic of the model reduction approach exploiting nonlinear correlations. The flow
fields are first projected onto a linear modal basis ¥, yielding modal coefficients a(t). The
quasiperiodic dynamics can be described by four degrees of freedom; the rest of the modal
coefficients can then be reconstructed with polynomial functions consistent with triadic
interactions in the frequency domain. The dynamics of the active degrees of freedom can
be modeled either by restricting the POD-Galerkin dynamics to the toroidal manifold or
by identifying a simple, interpretable dynamical system with the SINDy algorithm.
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6.3
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6.6
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Linear advection equation with errors ¢, ~ N (0, ¢?) in the dispersion relation w,, = ck,,.
The Galerkin model (grey) loses coherence with the exact solution (black) over a time
scale 1/e. If the polynomial correlations implied by the dispersion relation are enforced
explicitly, the model is robust to such errors. Nonlinear correlation in the true system,
given by (6.5), appears in the Lissajous-type phase portraits of the Fourier coefficients
(right). Similar behavior manifests in Galerkin models of nonlinear advection-dominated

flOWS. . . o e e e e e e e e e e e e e e e e s e

Open cavity flow configuration Computational domain and representative instantaneous
vorticity field for the shear-driven cavity flow at Re = 7500 highlighting the vortical struc-

tures developing along the shearlayer. . . . . . . . . ... ... ... .. ......

Fourier spectrum |E/(w)| of the fluctuation’s kinetic energy at Re = 7500. The high-
frequency peak (w, ~ 12) corresponds to the shear layer instability while the low fre-
quency peak (w. ~ 3) are associated to the inner-cavity dynamics. A few other peaks
have been labelled based on the quadratic interactions on the two fundamental frequen-
cies for the sake of illustration. Multiple closely-spaced peaks are associated with nearby
frequency combinations (e.g. 2w, ~ ws; — 2w, ~ 6). Also shown are the real parts of the

DMD modesatws and we.  « v v v v v e e e e e e e e e e e e e e e e e e e e e e e

Eigenspectrum of the Navier-Stokes operator at Re = 7500. The spectrum is estimated
in three ways: linearized in the vicinity of the base flow (BF, black circles), mean flow (MF,
blue circles), and from dynamic mode decomposition (DMD, red crosses). For the linear
stability analyses, only eigenvalues for which a 107 convergence has been achieved are
plotted. These eigenspectra have been computed using a time-stepper Arnoldi algorithm
with a sampling period AT = 0.1 and a Krylov subspace dimension of 1024 and 512 for

the base and mean flows, respectively. . . . . . . . ..o

Singular value spectrum of the quasiperiodic cavity flow. Black dots represent the nor-
malized squared singular values of the snapshot correlation matrix, indicating the fraction
of fluctuation kinetic energy resolved by each mode. Red crosses indicate the fraction of
residual energy, or normalized cumulative sum of squared singular values. Dashed lines

indicate the number of modes retained (r =64). . . . . . . .. . ..o L.

Harmonic modes identified from POD and DMD analysis. The spatial fields and phase
portraits both indicate that certain mode pairs are harmonics arising from the description
of wavelike motion in the shear layer and inner cavity. Because DMD is based on both
spatial and temporal correlation, this structure is especially pronounced in the DMD coef-
ficients. The vorticity plots are real parts of the DMD modes, but analogous modes exist

inthe PODDbasis. . . . . .« . o i e e e e e e e e e e e e e e e e e e
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DMD frequencies wj;, and average energy Ei, = (|ay|?) along with vorticity plots for
the real part of the most energetic modes. The second mode pair (k = 3, 4) is a harmonic
of the leading pair (k = 1, 2), while the third pair (k = 5, 6) represents the low-frequency
inner cavity motion. Other modes (e.g. k = 7, 8) are either harmonics or indicate nonlinear

frequency crosstalk between these leading modes, as in figure6.4. . . . . . . . . . ...

POD-Galerkin models for open cavity flow. The time series shows the evolution of the
fluctuation kinetic energy predicted by POD-Galerkin reduced-order models of various
dimensions along with DNS values. Though all values of r shown here capture sufficient
dissipation to remain at finite energy, none resolves the true quasiperiodic dynamics.

Nonlinear correlations in modal coefficients. Subplots show phase portraits of DMD
coefficients along with measures of linear and nonlinear correlation (Pearson’s p and the
randomized dependence coefficient, respectively). While «; and o3 are linearly uncor-
related (p = 0), the clear functional relationship between the two is reflected in the RDC
value; physically, a3 is a pure harmonic of a;. On the other hand, a7 corresponds to a
nonlinear crosstalk mode that has no clear correlation with «;, either linear or nonlinear.
Nevertheless, it can be accurately approximated by a simple polynomial function of the

active degrees of freedom, as shown by Table 6.2 and Fig. 6.12. . . . . . . ... . ...

Identification of the active degrees of freedom with the randomized dependence coef-
ficient (RDC). The lower triangular portion of the figure shows phase portraits of the real
(horizontal axes) and imaginary (vertical axes) DMD coefficients, while the upper triangu-
lar portion depicts the RDC values scaled linearly in color and radius. Two approximately
independent clusters can be identified: the shear layer dynamics (blue) and inner cavity
oscillations (red). Each of these is associated with a dominant mode pair (solid borders)
and pure harmonics (dashed borders) that are strongly nonlinearly correlated with the
dominant modes. The other modes also have simple polynomial relationships with the
active degrees of freedom but include cross terms that break the one-to-one nonlinear cor-

relation (see Table 6.2 and Figs. 6.10and 6.12). . . . . . . . . . . . ... ... .. ...

Example coefficient reconstructions o ~ ¢ (&) based on the leading DMD coefficients
(—). The sparse polynomial approximation (- -) for higher-order modes with pure fre-
quency content (e.g. a7 =~ p17(&)) tends to be more accurate than for modes with mixed

content ((a7). =+ v a e e e e e e e e e e e e e e e e e e e e e e e e e e e

Evolution of the fluctuation kinetic energy for the reduced-order models compared to
DNS. By accounting for nonlinear correlations, both the manifold Galerkin and SINDy
models remain at the correct energy level at long times, despite having many fewer de-
grees of freedom than the standard Galerkin model (top). Similarly, both models resolve
the nonlinear interactions leading to the discrete peaks in the power spectrum (bottom).
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6.14

6.15

6.16

6.17

7.1

Phase portraits for the POD coefficients reconstructed from the manifold Galerkin and
SINDy reduced-order models (left). Both models accurately capture the shear layer in-
stability and its harmonics (e.g. a1, a3, a3, ae3), though the manifold Galerkin model
tends to underestimate the amplitude of the inner cavity motions (e.g. as, ag2, 50). A
Poincare section of the toroidal attractor confirms this discrepancy, but shows clearly that

both models are quasiperiodic and remain on the approximate attractor. . . . . . . . ..

Approximation strategies of the slow manifold. For small-amplitude perturbations rel-
atively close to a bifurcation, the classical center manifold approximation is a good choice
(left, Chapter 5). For phase-locked or quasiperiodic dynamics, a SINDy-type sparse poly-
nomial approximation to the manifold equation is a straightforward, interpretable alter-
native (middle, Sec. 6.5). When the flow exhibits broadband chaos, these methods will
fail and a deep autoencoder offers a more flexible class of function approximation (right,

SEC. 6.6). . . i e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

Deep manifold models of shear-driven cavity flow. The flow at Re = 7500 is quasiperi-
odic (top), with approximately discrete peaks in the power spectrum, but has transitioned
to chaos by Re = 10? (bottom). Both the phase portraits in the latent space (left) and the
power spectra for the reconstructed POD coefficients (right) show qualitative agreement.
The quasiperiodic power spectrum is estimated with the FFI, while the chaotic case is

estimated with Welch’'smethod. . . . . . . . . . . . . . . . . . . .. ...

Bifurcation diagram for the parametric deep manifold model. The model was trained
on data from Re = 7500 and 10000 and evaluated on 4500 < Rey < 11000. The points
shown here are a Poincare section of the reconstructed coefficients corresponding to inner
cavity oscillations (see text for details). The appearance of a loop near Re ~ 7000 indicates
the onset of quasiperiodicity (dashed lines on = — y plane), while the breakdown into a
cloud of points shows chaos (shaded section on « — y plane). Selected trajectories in the

latent space show a limit cycle, 2-torus, and chaotic motion. . . . . . . . ... ... ..

Illustration of multiscale closure model applied to a mixing layer. The visualization
of the network of average energy transfer between the leading harmonic modes shows
the cascade of energy to higher-order modes. The multiscale model reduction (MMR)
method approximates the effects of unresolved higher-order modes via stochastic aver-
aging, which leads to a generalized Stuart-Landau-type equation with cubic nonlinear
interactions. Note that the while the network visualization of energy transfers (left) is
computed from the modal coefficients and Galerkin model for the leading harmonics, that
of of the multiscale approximation (right) is a notional illustration of the origin of the cu-
bic terms in Eq. (7.24b). See Sec. 7.4 for details on the construction of this figure and the

low-dimensional model of the mixing layer. . . . . . . .. ... ... ... ... ..
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74
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7.6

7.7

Schematic of nonlinear interactions in the multiscale closure scheme. The dynamics
of one variable (a1) in a system with two slow variables involve quadratic interactions
between fast and slow variables that would be neglected in a standard truncation. Instead,
the proposed method averages over the fast scales, ultimately generating effective cubic

nonlinearities in the closed equations. . . . . . . . . . .. ... . 000000

Reduced-order models of the cylinder wake. The standard 9-mode Galerkin model ac-
curately estimates the stable limit cycle (a), but the transient dynamics deviate from the
slow manifold, leading to an energy overshoot (b). Both the two-dimensional invariant
manifold reduction in Sec. 5.4 and MMR closure models prevent this by eliminating the
rapidly-equilibrating variable associated with mean flow deformation, but MMR more ac-
curately estimates the limit cycle amplitude. The full flow field can be reconstructed by

approximating the harmonics with polynomial regression (c). . . . . . . . . . ... ..

An incompressible mixing layer at Re = 500. The hyperbolic tangent base flow is con-
vectively unstable, amplifying small perturbations as they are carried downstream. The
primary shear layer instability forms Kelvin-Helmholtz waves that roll up into vortices,
which in turn undergo successive vortex pairing. We force the flow at the inlet with eigen-
functions of inviscid flow equations linearized around the base flow (left). The central part
of the domain is used for further modeling to avoid boundary effects, while the down-
stream extent = € (250, 300) is strongly damped to prevent numerical instability at the

outlet. . . . . L e e e e e e e e e e e e e e e e e e e e e

Proper orthogonal decomposition (POD) applied to the mixing layer. Modes computed
on both the short and long domains reveal modes related to the dominant flow features:
the shear layer instability and the downstream vortex pairing. Although the vortex pair-
ing is secondary to the upstream instability, on the longer domain it accounts for a larger
proportion of the fluctuation kinetic energy. Higher-order modes not pictured here in-
clude harmonics, nonlinear crosstalk, and modes related to irregularity in the location of

the vortex pairingevents. . . . . . . .. L. L0 L0000

Standard reduced-order models of the mixing layer. The plots show the fluctuating ki-
netic energy in the first 16 modes of POD-Galerkin (top) and FTT closure models (bottom)
for the mixing layer on the longer domain. Although the FTT closure model does stabi-
lize the energy at a much lower level than the unmodified Galerkin system, it does not

reproduce the natural dynamics of the flow over long time horizons. . . . . . . . . . ..

Models of the mixing layer on a short domain. The phase portraits of the mode pairs (left)
show phase-locking between the fundamental mode pair (a4, a2), the subharmonic vortex
pairing (as, a4), and the first harmonic (as, ag). These phase relationships are preserved
by the MMR closure, resulting in physically consistent flow field estimates (right).
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8.2

8.3

8.4

Models of the mixing layer on the long domain. While standard POD-Galerkin models
are energetically unstable until at least = 64, the multiscale closure stabilizes the model
with only 16 variables (left). The model also remains coherent on long integration times
(see also Fig. 7.9), producing flow field predictions that are consistent with the large-scale

structure of the DNS (right). . . . . . . . . . . o

Phase portraits of the mixing layer model on the long domain. The MMR closure (or-
ange) closely matches the DNS trajectories (black) for the most energetic modes, even
though the structure is more complicated than the Lissajous-type harmonics on the short
domain (Fig. 7.7). This figure does not show a Galerkin model for comparison because

they are energetically unstable (Fig.7.8). . . . . . . .. ... ... ... .......

Schematic of Langevin regression (top) with example applications (bottom). Given a
long time series of a macroscopic variable describing a complex system, we seek to iden-
tify an approximate stochastic model. The variable x might represent a reaction coordi-
nate capturing metastable protein configurations or the temporal coefficient of a domi-
nant global hydrodynamic mode, for instance. Langevin regression uses both the forward
and adjoint Fokker-Planck operators to optimize free parameters £ of the model, ensuring
consistency with observed statistics such as the finite-time Kramers-Moyal coefficients

m(Tn)(x) (€€ 5eC. 8.1). . . i e e e e e e

Dual scale separation for stochastic modeling. Even the fastest scales of continuous phys-
ical systems are characterized by some finite decorrelation rate « (e.g. Eq. (8.7)). However,
if the macroscopic dynamics have a much slower characteristic timescale w < «, we may
be able to choose a sampling rate 7~ which can simultaneously resolve the dominant dy-
namics and allow the unresolved scales to decorrelate. For example, the power spectrum
of the radial center of pressure of the turbulent wake is shown at bottom along with the

subsampling rateused inSec. 8.3. . . . . . .. Lo

Schematic of Kramers-Moyal coefficient estimation for the first moment (drift). The
drift estimate is determined by the conditional mean of the state evolution over the in-
terval, while the diffusion is given by the conditional variance. The conditional moments
can be approximated by dividing a long time series into histogram bins and taking the
mean and variance within each bin. For example, the Kramers-Moyal drift estimate gives
an approximate discretized vector field for the deterministic component of the dynamics

(right). . . . . e e

PDF evolution from the Fokker-Planck operator £. The distribution used to evaluate
the conditional finite-time moments (8.4) can be interpreted as the evolution of a delta
function initial condition over the sampling interval 7, where the state is known to be z’

attimet. . . . L e e e e e e e e e e e e e e e e e e e e e e e e
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8.5 Schematic of the Langevin regression optimization problem. The Fokker-Planck equa-
tion can be used to compare the conditional moments and distribution for a proposed
model to those observed empirically. The model parameters are chosen to minimize the
discrepancy between the model and observations. The form of the model may be simul-
taneously identified with the model selection procedure outlined in Sec. 82 . . . . . . . 144

8.6  Pitchfork normal form forced by time-correlated (colored) noise. Top: the noise induces
random switching between the metastable equilibria. Bottom: if the Kramers-Moyal co-
efficients are computed with a sampling rate faster than the decorrelation of the noise
(o), the drift still appears cubic but the amplitude is underestimated by approximately an
order of magnitude. On the other hand, if the noise is allowed to decorrelate (A), the
estimated Kramers-Moyal coefficients are the right order of magnitude, but are distorted
from the zero-time value. The diffusion appears multiplicative and quadratic. The adjoint
finite-time corrections recover a consistent Langevin model driven by white noise (——). . 150

8.7 Particle in a one-dimensional double-well potential. Even when the system is far from
the pitchfork bifurcation (¢ = 20), the dynamics are dominated by bistable switching be-
havior (top). Langevin regression identified a reduced-order approximation to this system
(middle), which is consistent with both the state probability distribution (bottom left) and
the distribution of metastable dwell times (bottom right). . . . . . . . . ... ... .. 153

8.8 Finite-time effects in Kramers-Moyal average. Non-Markovian effects from order re-
duction cause the Kramers-Moyal average to fail at high sampling rates (o). The forcing
appears uncorrelated when the system is subsampled (A). Langevin regression identifies
a model (—) which is consistent with the Kramers-Moyal average at finite sampling rate

8.9 Comparison of models far from bifurcation with Monte Carlo simulation. Both the
normal form (NF) and the PDF fit (Rigas et al., 2015) quickly fail to match the metastable
dwell time, while the Langevin regression (LR) model continues to be accurate far from
the bifurcation. The Kullback-Leibler divergence Dxr, measures the difference between
the model and system probability distribution. . . . . . . .. ... .00 155

8.10 Experimental configuration for the axisymmetric wake. The bluff body is mounted from
the wind tunnel ceiling (left) and the base pressure distribution is measured from 64 pres-
sure taps (middle). The symmetry-breaking instability of the laminar flow persists in the
fully turbulent wake, although the center of pressure appears to wander randomly, as seen
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Schematic of the dominant balance identification procedure applied to a turbulent
boundary layer. High-resolution direct numerical simulation results (a, visualized with a
turbulent kinetic energy isosurface) are averaged to compute the terms in the Reynolds-
averaged Navier-Stokes equations (b). The equation space representation of the field
enables clustering and sparse approximation methods to extract the distinct geometri-
cal structures in the six-dimensional space corresponding to dominant balance physics
(c). Finally, the entire domain can be segmented according to these interpretable balance
models, identifying distinct physical regimes (d). A curve fit to the wall-normal extent of
the post-transition region of the identified inertial sublayer shows an approximate scaling

0.81

of £ ~ 981 consistent with the theoretical prediction of 24/ from boundary layer theory.

The 99 % free-stream velocity (U ) contour is also shown for reference. . . . . . . . ..

Dominant balance of the viscous Burgers’ equation. The fields highlight identified dom-
inant balance (a), with constituent terms shown in (b). The viscous term acts to diffuse
sharp gradients and prevent formation of a discontinuous shock, but away from the shock
front the dynamics are essentially inviscid. Away from the shock front, the field is approx-
imately restricted to the vu,, = 0 plane (c). This is reflected in the covariance matrices

learned by the Gaussian mixture model (d). . . . . . . . . ... ... ... ..

Vorticity snapshot for the wake behind a cylinder at Re = 100 (a). A Gaussian mixture
model (GMM) assigns field points to clusters by looking for groups with distinct mean
and covariance (b). For instance, some clusters vary mainly in the acceleration-advection
directions, while others vary principally in the viscous-advection directions. We would ex-
pect these to represent the far-field and boundary regions, respectively. This is confirmed
by the sparse principal components analysis (SPCA) reduction, where clusters with sig-
nificant nonzero variance in the same directions are grouped together (c). These directions
can be interpreted as active terms in the balance relation (d). As anticipated, the region
near the cylinder is dominated by a balance between viscosity and advection and pressure

forces, while the far wake is approximately inviscid (e). . . . . . . . . . ... ... ..

The role of nonlinearity in stabilizing a von Karman vortex street. The transient flow
evolves from an unstable steady-state through the exponential growth of a linear instabil-
ity mode to the vortex shedding limit cycle (a, visualized with lift coefficient C). Only
one balance is identified that includes the nonlinear term (v’ - V)u/'. This balance does not
appear significantly in the linear growth regime (d), consistent with the correspondence
between the fluctuations and the instability mode. The fully saturated limit cycle is dom-
inated by this balance, however, confirming the interpretation of the stabilizing feedback
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10.5 Self-similarity in the transitional boundary layer. The spatial dominant balance regimes
are consistent with known self-similarity in the boundary layer. The laminar balance
(Fig. 10.1, purple and green) extends to approximately « = 200, a region over which the
mean profile approximately matches the Blasius solution (left). Similarly, the turbulent
viscous sublayer (Fig. 10.1, red) implies scaling with wall units (right). The mean profile
with this scaling collapses until approximately the wall-normal extent of the identified
viscous layer, as indicated by dashed lines. . . . . . .. ... ... ... ... ..
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Part I
INTRODUCTION

For more than two hundred years, the study of fluid mechanics has played a central
role in a wide range of applied sciences due to the prevalence of a variety of fluid flows in
the natural and engineered world. Once the basic theory of ideal and viscous flows was
established, the field rapidly expanded to other domains; modern fluid dynamics encom-
passes topics as disparate as oceanography, plasma physics, hypersonic aerodynamics,
biophysics, combustion, and atmospheric sciences. Despite the diversity of the physi-
cal phenomena relevant in each of these regimes, all are characterized by rich, complex
structure spanning a wide range of spatiotemporal scales.

Turbulent flow is particularly notorious as Richard Feynman’s “most important un-
solved problem of classical physics.” While that may remain true from a theoretical per-
spective, in terms of practical engineering the intervening six decades have seen remark-
able advances in applied math and scientific computing, many of them inspired by open
problems in fluid dynamics. For instance, computational power and advances in numer-
ical methods and turbulence models have made it routine for mechanical and aerospace
engineers to run simulations that would not have been imaginable on the world’s largest
supercomputer in the days of Feynman’s Lectures.

Still, the virtuous cycle of theory and application may soon be tested by the staggering
complexity characterizing many of the most exciting problems. For example, the major-
ity of standard engineering simulations are designed to approximate a mean flow profile,
disregarding any time variation in the flow. This is necessarily the case, since the compu-
tational cost of simulating unsteady flow to statistical convergence at full resolution and
under realistic conditions strains the limits of even modern computational power, mak-
ing it impractical for multi-query engineering problems such as uncertainty quantification
and design optimization. However, neglecting time variation precludes the analysis and
optimization of fundamentally transient phenomena such as acoustics, fluid-structure in-
teraction, unsteady aerodynamics, active flow control, and the transition to turbulence.

There are a number of approaches to bridging this divide between fidelity and feasi-
bility in unsteady fluid flows. As a classic example, in many regimes the equations can
be simplified as a matter of dimensional analysis. Nonlinear advection may be negligible
in small-scale biological fluid flows so that linear Stokes flow is a good approximation.
In the other extreme, an analysis of high-speed external aerodynamics could assume that
inertia is dominant and disregard viscous effects.

Numerically, large eddy simulation (LES) avoids the scaling problem of fully-resolved
direct numerical simulation (DNS) by filtering out small-scale features of the flow while



Cylinder wake (Re~1 0%) Shear-driven cavity (Re~1 0%

Axisymmetric wake (Re~1 0%)
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Figure 1.1: Flow configurations modeled in this thesis. The flows range span more than three orders of
magnitude in Reynolds number from DNS of the laminar, two dimensional flow past a cylinder at Re = 100
(Chapter 5) to experimental measurements of a three-dimensional fully turbulent bluff body wake at Re ~
2 x 10° (Chapter 9). The shear-driven cavity (Chapter 6) and mixing layer (Chapter 7) are of intermediate
dynamical complexity.

trying to approximate their influence on the resolved scales. Alternatively, the fluid flow
can be approximated as perturbations to a fixed profile and analyzed with tools borrowed
from linear systems or control theory, such as stability analysis or input/output modeling.

Somewhat more abstractly, fluid flow can be treated as a large-scale, dissipative, non-
linear dynamical system. In this case unsteadiness is of primary importance; the flow
might be approximated as a set of fixed spatial modes with time-varying coefficients that
specify the evolution of the flow. This perspective became especially popular after the
discovery that many turbulent flows are dominated by spatiotemporal coherent struc-
tures that evolve on relatively long scales in space and time compared to the incoherent
background turbulence.

Although this may depart from standard terminology, in a sense all of these methods
are a form of model reduction. The “full-order model” is the Navier-Stokes (or equiva-
lent) governing equations derived from first-principles physics. Since it is often imprac-
tical and unnecessary to deal with directly with the governing equations, empirical or
analytical simplifications must be introduced to reduce their complexity.

Beginning from this point of view, this thesis is devoted to exploring several model
reduction strategies that directly exploit the multiscale structure of unsteady fluid flow.
These include analytic and data-driven methods for low-dimensional modeling, non-
linear stochastic system identification, and an automatic procedure that can determine
which terms in the governing equations are locally dominant in space and time. The
theoretical development of these methods is paired throughout with their application



to numerical and experimental data from flows spanning a wide range of complexity, as
shown in Fig. 1.1. Although all of these flows are idealized, canonical configurations, they
collectively exhibit key features found in practical flows, including symmetry-breaking,
vortex shedding, shear layer instability, and broadband turbulence.

1.1 Survey of model reduction and related topics

Historical context Arguably the earliest form of model reduction for fluid flows was
linear stability analysis; Lord Rayleigh derived the equation governing infinitesimal per-
turbations to an inviscid, parallel shear flow in 1880, for instance. Hydrodynamic sta-
bility theory only grew in importance following Osborne Reynolds’ classic 1883 exper-
iment illustrating the transition to turbulence in pipe flow in (Schmid & Henningson,
2001; Drazin & Reid, 2004; Charru, 2011). This transition is triggered by the relative bal-
ance of inertial and viscous forces in the flow; remarkably, this can be fully specified by
a single dimensionless number now known as the Reynolds number when the govern-
ing equations are appropriately scaled. While the linear theory deals with the onset of
instability and turbulence at relatively low Reynolds numbers, statistical theories of tur-
bulence became central to the description of flows at higher Reynolds numbers (Taylor,
1935; Kolmogorov, 1941; Monin & Yaglom, 1971; Tennekes & Lumley, 1972; Pope, 2000).

The beginnings of the dynamical systems perspective of turbulence might be traced
to two key advances in the latter half of the twentieth century. The first of these was the
extension of hydrodynamic stability analysis to the weakly nonlinear regime via multiple-
scale expansions (Landau, 1944; Landau & Lifshitz, 1959; Stuart, 1958, 1960, 1967, 1971).
This enabled the description of flows near the threshold of instability in terms of a set
of fixed spatial modes with time-varying coefficients whose evolution is governed by
low-dimensional nonlinear amplitude equations. The second major development was
the discovery of the existence and importance of large-scale coherent structures in turbu-
lent flows (Brown & Roshko, 1974; Winant & Browand, 1974; Sirovich, 1987; Jiménez,
2018), along with the statistical tools to approximate them from data. The latter has pro-
gressed from proper orthogonal decomposition (POD) (Lumley, 1967; Berkooz et al., 1993;
Sirovich, 1987; Holmes et al., 1996) and linear stochastic estimation (Adrian, 1975, 1979;
Tung & Adrian, 1980) to modern modal analysis (Taira et al., 2017, 2020), including non-
modal stability analysis (Schmid, 2007; McKeon & Sharma, 2010), dynamic mode decom-
position (DMD) (Schmid, 2010; Rowley et al., 2009; Tu et al., 2014; Kutz et al., 2016), Koop-
man analysis (Mezi¢, 2005, 2013; Arbabi & Mezi¢, 2017; Brunton et al., 2022), and spectral
proper orthogonal decomposition (Towne et al., 2018; Towne, 2021; Schmidt, 2020). More
recently, it has been shown that in some globally unstable flow configurations the turbu-
lent coherent structures may be closely related to the linear instability modes (Rigas et al.,
2014, 2016, 2017), connecting the coherent structures to weakly nonlinear analysis.

In conjunction with the contemporary discovery of deterministic chaos by Lorenz
(1963), these developments raised the possibility of conceptualizing turbulence as a rela-



Figure 1.2: Vizualization of the Ruelle-Takens route to chaos. In this scenario the steady flow first
loses stability to a periodic limit cycle in a supercritical Hopf bifurcation. A secondary limit cycles leads
to quasiperiodic dynamics on a 2-torus. A third bifurcation typically precipitates a breakdown into chaos.
The large figure on the left is constructed by plotting the leading three proper orthogonal decomposition
coefficients computed from a global analysis of the shear-driven cavity flow presented in Chapter 6 across
different Reynolds numbers. The trajectories on the right apply Eq. (6.17) to the leading two pairs of oscil-
latory modes.



tively low-dimensional dynamical system, enabling new types of analysis. For instance,
Landau proposed that the transition to turbulence might take place via a series of Hopf
bifurcations, each of which added a new periodic component with incommensurate fre-
quency until the spectrum appeared continuous (Landau & Lifshitz, 1959). Later, (Ruelle
& Takens, 1971) showed that it was far more likely that the third in such a series of bifurca-
tions would tend to destabilize the quasiperiodic flow, leading to a breakdown into chaos
(see Fig. 1.1). These breakthroughs spurred the development of sophisticated analytic
dynamical systems analyses (Lanford, 1982; Coullet & Spiegel, 1983; Golubitsky & Stew-
art, 1985; Golubitsky & Langford, 1988; Guckenheimer, 1986), often in an abstract math-
ematical context or for simplified, highly symmetric flow configurations such as plane
Poiseuille, Taylor-Couette, and Rayleigh-Bénard flow. The Ruelle-Takens route to chaos
is now thought to be one of the primary scenarios for a transition to turbulence in glob-
ally unstable flows (Gollub & Swinney, 1975; Swinney & Gollub, 1981), although other
importan scenarios include transient energy amplification in convectively unstable shear
flows (Monkewitz & Huerre, 1982; Huerre & Monkewitz, 1985, 1990; Trefethen et al., 1993;
Reddy et al., 1993; Schmid & Henningson, 2001; Schmid, 2007) and the spatial growth of
turbulent patches (Eckhardt et al., 2007; Hof et al., 2010; Avila et al., 2011; Barkley et al.,
2015).

Low-dimensional modeling The connection between coherent structures in turbulence
and the dynamical systems perspective was further expanded by the seminal work of Aubry
et al. (1988), who developed a low-dimensional model of a turbulent boundary layer by
projecting the Navier-Stokes equations onto a POD basis derived from experimental mea-
surements. The key appeal of this method is that it allows low-dimensional dynami-
cal systems to be derived from the Navier-Stokes equations for arbitrary geometries by
means of the empirical POD representation. This framework was soon applied to a va-
riety of other flows, including vortex shedding in the cylinder wake (Deane et al., 1991; Ma
& Karniadakis, 2002), three-dimensional coherent structures in a boundary layer (Rempfer
& Fasel, 1994), a turbulent mixing layer (Ukeiley et al., 2001), and compressible cavity
flow (Rowley et al., 2004; Rowley & Williams, 2006).

Although POD-Galerkin models are derived from combining an energy-optimal modal
basis with the first-principles governing equations, all of these early models were unsta-
ble at long times unless they incorporated a carefully tuned “turbulent viscosity” term
approximating the energy dissipated at scales of the flow that were not resolved by the
leading POD modes. Later developments in projection-based modeling methodology for
fluid flows have largely centered on stabilization schemes, including accounting for the
Stuart-Landau mean flow deformation mechanism (Noack et al., 2003), modeling the pro-
jected pressure gradient term (Noack et al., 2005; Caiazzo et al., 2014), and subscale clo-
sure models (Noack et al., 2008; Wang et al., 2012; Cordier et al., 2013; Balajewicz et al.,
2013; Osth et al., 2014; Mohebujjaman et al., 2017, 2018; Xie et al., 2018; San & Maulik,
2018a,b; Maulik et al., 2019; Menier et al., 2022). See Chapter 4 for further discussion of



POD-Galerkin projection and Holmes et al. (1996); Noack et al. (2011) for more in-depth
presentations.

Whether derived from POD-Galerkin projection, linear model reduction, or system
identification, a longstanding objective of low-dimensional modeling has been the design
of model-based controllers for closed-loop flow control (Noack et al., 2011; Brunton &
Noack, 20154; Rowley & Dawson, 2017). This has been explored for a variety of flows,
including the cylinder wake (Tadmor et al., 2004, 2011), cavity flow (Rowley & Juttiju-
data, 2005; Rowley & Williams, 2006; Rowley et al., 2006; Barbagallo et al., 2009; Sipp
et al., 2010; Leclercq et al., 2019), boundary layer (Bagheri et al., 2009a), high-lift config-
uration (Luchtenburg et al., 2009), and unsteady aerodynamics (Ma et al., 2011; Brunton
et al., 2014; Hemati et al., 2017). Although these studies have shown promising results, sig-
nificant challenges remain for practical flow control based on empirical models, including
capturing parametric variation and predicting the response to unseen actuation (related
to sensitivity or adjoint modes of the flow).

Data-driven modeling Just as rapidly expanding computational capabilities have en-
abled advances in numerical simulation, they have also driven the emergence of the so-
called fourth paradigm of data science (after experimental, analytic, and numerical meth-
ods). Machine learning has led to recent breakthroughs and even superhuman perfor-
mance in a variety of computational domains, such as computer vision, natural language
processing, and reinforcement learning (Goodfellow et al., 2016). It has become a common
refrain that these techniques also stand to revolutionize scientific and engineering disci-
plines. Despite the obvious promise of machine learning, significant obstacles remain
before this renaissance can be realized (Brenner et al., 2019; Brunton et al., 2020).

For example, deep learning is often framed as a high-dimensional nonlinear regres-
sion problem which relies on particulars of architecture and training algorithms com-
bined with enormous training sets to implicitly constrain and regularize an otherwise
non-convex optimization problem. In contrast, many problems of interest in science and
engineering are characterized by data that is relatively expensive to acquire (compared
to image recognition, for example). Furthermore, problems are often constrained explic-
itly by centuries of domain expertise. Although fully black-box machine learning models
have shown promise (Gautier et al., 2015; Verma et al., 2018; Pathak et al., 2018; Hesthaven
& Ubbiali, 2018; Wan et al., 2018), it is usually at the cost of discarding significant physical
knowledge.

One perspective that is gaining attention and has already produced some remarkable
results is “physics-informed machine learning,” where the goal is typically to incorporate
insights from domain knowledge as additional constraints to the learning problem (Ling
et al., 2016; Thomas et al., 2018; Schiitt et al., 2018; Raissi & Karniadakis, 2018; Noé et al.,
2019; Bar-Sinai et al., 2019; Cranmer et al., 2020a). The methods discussed in this thesis
will generally align with the alternate perspective of “data-informed physics.” Rather
than designing machine learning algorithms which incorporate physics constraints, we



will instead focus on the use of simple and targeted data-driven methods to fill specific
gaps which have proven challenging to traditional analysis.

A specific framework that is especially well-suited to this philosophy is the sparse
identification of nonlinear dynamics (SINDy) algorithm. Originally proposed by (Brun-
ton et al., 2016a) and later extended to partial differential equations (Rudy et al., 2017;
Kaheman et al., 2020), constrained systems (Loiseau & Brunton, 2018; Kaptanoglu et al.,
2021a), exogenous inputs (Brunton et al., 2016b), coordinate system discovery (Champion
et al., 2019a), stochastic dynamics (Boninsegna et al., 2018; Callaham et al., 2021b), and
with several optimization algorithms (Champion et al., 2019b; de Silva et al., 2021; Kap-
tanoglu et al., 2022), the method is essentially sparse polynomial regression applied to
nonlinear dynamical systems. It has been successfully applied to a variety of systems,
including the cylinder wake (Loiseau & Brunton, 2018; Loiseau et al., 2018a,b), thermal
convection (Loiseau, 2020), the fluidic pinball (Deng et al., 2020), magnetohydrodynam-
ics (Kaptanoglu et al., 2021b), electroconvection (Guan et al., 2021), and shear-driven cavity
flow (Callaham et al., 2022). See Sec. 4.2 for a presentation of the basic SINDy algorithm,
Chapter 8 for an extension to stochastic systems, and Chapters 5, 6, and 9 for applications.

Operator-based analysis Although they will not be applied in this thesis, there is a fi-
nal important category of methods in modern fluid dynamics modeling that should be
mentioned. These might be described broadly as operator-based methods, since they rely
on computational manipulation of the discretized Navier-Stokes operators and are thus
neither standard time-marching numerical simulations nor traditional analytic methods.

For example, traditional linear stability analysis relied on assuming there was only
one inhomogeneous direction in the flow, thus restricting the method to parallel or weakly
nonparallel flows (Schmid & Henningson, 2001; Drazin & Reid, 2004; Charru, 2011). Along-
side improvements in computational capacity, the development of matrix-free methods
based on Krylov sequences (Edwards et al., 1994; Stewart, 2001; Knoll & Keyes, 2004; An-
toulas, 2005) has enabled the efficient solution of the large-scale linear algebra problems
arising in two- and three-dimensional stability analysis (Theofilis, 2011; Loiseau et al.,
2019).

Resolvent analysis is a closely related topic to global stability analysis; rather than
searching for the perturbations with the largest exponential growth rate, resolvent analy-
sis uses a singular value decomposition to identify the most-amplified perturbations over
a finite time horizon (Trefethen et al., 1993; Reddy et al., 1993; Schmid, 2007; McKeon &
Sharma, 2010; McKeon et al., 2013; Sharma & McKeon, 2013). The distinction is subtle
but important in shear-driven flows, for which the linearized operator may be globally
stable but still exhibit significant transient energy amplification as a result of operator
non-normality. Resolvent analysis has proven to be a powerful framework for analysis
and control of turbulent flows (Luhar et al., 2014; McKeon, 2017; Saxton-Fox & McKeon,
2017; Symon et al., 2018; Yeh & Taira, 2019; Rosenberg & McKeon, 2019; Rosenberg et al.,
2019; Jacobi et al., 2021; Bae et al., 2021; Ahmed et al., 2021; Pickering et al., 2021; Liu et al.,



2021).

As with stability analysis, the classical weakly nonlinear analyses presented by Stuart
and others relied on highly symmetric flows, typically with only one inhomogeneous di-
rection. The method requires solving a series of high-dimensional linear systems and both
direct and adjoint eigenvalue problems. Since the extension to fully inhomogeneous flows
in a finite element framework by Sipp & Lebedev (2007), weakly nonlinear analysis has
been used to study bluff body wakes (Meliga et al., 2009; Rigas et al., 2017), vortex-induced
vibrations (Meliga & Chomaz, 2011), and thermoacoustic instabilities (Orchini et al., 2016;
Ghirardo et al., 2016). Although weakly nonlinear analysis is a rigorous and accurate
method close to the bifurcation point, its validity quickly decays in the non-asymptotic
regime (Gallaire et al., 2016). Alternatively, Manti¢-Lugo et al. (2014); Manti¢-Lugo & Gal-
laire (2016) recently proposed the self-consistent mean flow modeling framework, which
is able to accurately predict both the mean flow and instability modes by iteratively solv-
ing a sequence of linear problems until the two are in a Reynolds stress-mediated equilib-
rium. The self-consistent method has also been extended to second order to examine the
generation of harmonics in cavity flow (Meliga, 2017).

Although operator-based methods are often more technically and computationally de-
manding than other approaches to modeling, they benefit from a lack of dependence on
an ensemble of observations. In principle, this suggests that they may generalize to differ-
ent geometries, controller designs, or parametric regimes more readily than methods that
rely heavily on empirical approximation. Although many of the operator-based meth-
ods are still early in their development, it is a promising line of research, particularly as
computational capabilities and linear algebra algorithms continue to advance.

1.2 Organization and contributions

The objective of this thesis is to develop semi-empirical model reduction methods that
leverage the multiscale structure of unsteady fluid flows. The contributions can be broadly
separated into three parts: approximating unresolved variables in reduced-order mod-
els, nonlinear stochastic system identification, and dominant balance modeling. Before
presenting these contributions, Part II provides a fairly comprehensive introduction to
reduced-order modeling. The objective of these early chapters is to establish terminology
and conceptual background that will be common throughout the later chapters, making
the document as self-contained as possible.

Chapter 2 contains an overview of the key mathematical concepts that will be used
throughout the development of the proposed modeling methods. This chapter begins
with a brief summary of relevant properties of the incompressible Navier-Stokes equa-
tions (Sec. 2.1). Section 2.2 continues with a simplified weakly nonlinear analysis that
both illustrates a mechanism by which low-dimensional structure emerges in dissipative
partial differential equations (PDEs) and introduces important mathematical concepts in
the context of a toy problem. In the same vein, Sec. 2.3 presents some relevant aspects



of dynamical systems theory, in particular the center manifold reduction. Finally, Sec. 2.4
provides an introduction to the representation of nonlinear dynamics in terms of linear
PDEs, likely the most abstract content in this thesis.

Chapters 3 and 4 review standard results in modal analysis and low-dimensional mod-
eling, respectively. These chapters do not introduce novel contributions and are intended
mainly for reference and completeness, covering topics such as proper orthogonal de-
composition (Sec. 3.2), Galerkin projection (Sec. 4.1), and the SINDy framework (Sec. 4.2).
Finally, Chapter 5 demonstrates the application of the model reduction machinery devel-
oped in Chapters 2, 3, 4 to vortex shedding in the flow past a cylinder. This chapter has
the structure of an abridged review article and serves as a more intuitive presentation
of the more technical material in the earlier chapters of Part II. The remaining chapters
represent the core contributions of this thesis.

Part III explores improvements in accuracy and stability of low-dimensional models
of fluid flow based on dynamical systems analysis. Chapter 6 generalizes the analytic
center manifold reduction to flows that are not close to a bifurcation. The concept is
tirst developed in terms of nonlinear correlations analysis and model problems, before
a SINDy-type polynomial regression is used to reduce quasiperiodic shear-driven cavity
flow to a highly accurate 4-dimensional model. The chapter concludes with an even more
flexible representation of the manifold equation in terms of a deep autoencoder, which is
able to model the cavity flow throughout the full Ruelle-Takens route to chaos.

Chapter 7 builds on the variable-elimination strategy of the previous chapter. How-
ever, rather than approximating the unresolved variables directly as algebraic functions
of the remaining degrees of freedom as in the manifold model, this chapter introduces a
stochastic averaging strategy that only attempts to capture the average influence of the
subscale variables. This approach transforms the linear-quadratic Galerkin system into
a cubic generalized Stuart-Landau equation that can be viewed as a system of coupled
nonlinear oscillators. This method is shown to be consistent with the invariant manifold
model of the cylinder wake presented in Chapter 5 before it is applied to more complex
flows, including the mixing layer shown in Fig. 1.1.

Part IV shifts focus from physics-based reduced-order modeling to empirical nonlin-
ear stochastic system identification. The scale separation is now implied in the model
structure, where any unobserved variables are treated as process noise. Chapter 8 first
presents the Langevin regression algorithm, a stochastic variant of SINDy, including its
application to several test problems. Chapter 9 then applies Langevin regression to exper-
imental measurements of the turbulent axisymmetric wake shown in Fig. 1.1. In conjunc-
tion with a novel parametric modal decomposition that generalizes the mean flow model
presented in Chapter 5 for the cylinder wake, Langevin regression identifies a compact
stochastic model that captures key aspects of the symmetry-breaking wake deflection in
the turbulent flow.

Finally, Part V offers a different perspective on model reduction in terms of scaling
analysis. Rather than modeling the flow as a dynamical system, each point in the domain
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is treated as a vector in an “equation space” in which the dominant balance between terms
in the governing PDE emerges naturally as geometric structure. The subset of active local
terms can then be identified with simple clustering and classification tools from machine
learning. The proposed dominant balance identification method is demonstrated on the
mean flow profile of a boundary layer in transition to turbulence, as well as the unsteady
cylinder wake.

Part VI concludes with a summary and outlook, including a critical assessment of the
viability of these strategies for the engineering objectives of analysis, design, and control.
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Chapter 2
MATHEMATICAL BACKGROUND

2.1 Governing equations for incompressible fluid flow

We will consider the incompressible Navier-Stokes equations as our prototype physical
system, although many of the techniques described here will generalize to similar linear-
quadratic dynamics (Rowley et al., 2004; Qian et al., 2020; Kaptanoglu et al., 2021b). For
an incompressible flow the state is given by the velocity u(x,t) = (u, v, w) and pressure
field p(x,t). If the fluid has density p and dynamic viscosity i and the flow is character-
ized by length scale U and velocity scale L, the equations of motion can be expressed in
dimensionless form, parameterized by the Reynolds number Re = pU L/ p:

0 1
v, (u®u)=-Vp+ R—eVQ'u, (2.1a)

ot
V-ou=0. (2.1b)

For a viscous flow, solid boundaries have no-slip Dirichlet boundary conditions v =
0, while other appropriate boundary conditions depend on the flow configuration and
numerical schemes. For incompressible flows, the divergence form of the nonlinearity
V - (u ® u) is equivalent to the more common advection form (u - V)u via the tensor di-
vergence identity V- (u®u) = (u- V)u +u(V - u) and incompressibility condition (2.1b).

The Reynolds number is essentially a balance parameter that captures the relative im-
portance of advection and diffusion in the flow. High Reynolds-number configurations
like external aerodynamic flows are characterized by strong advection and weak diffu-
sion away from thin viscous layers near boundaries. In the opposite regime advection
is negligible and the flow is a balance between viscosity and the pressure gradient (also
known as Stokes flow). Chapter 10 will return to the idea of dominant balance and intro-
duce an algorithm for automatically identifying regions of a flow with different effective
balances.

The Reynolds number also often acts as a bifurcation parameter; low Reynolds num-
ber flows are typically smooth and laminar, while high Reynolds number turbulence is
chaotic and irregular, with broadband spectral content in both space and time. Scaling
arguments show that the ratio between the largest and smallest scales of a flow should
scale with Re”* (Tennekes & Lumley, 1972). The transition between the two is a sub-
ject of long-standing debate (Burgers, 1948; Hopf, 1948; Hof et al., 2003; Eckhardt et al.,
2007; Avila et al., 2011; Barkley et al., 2015). It may occur via several scenarios, includ-
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Figure 2.1: The Richardson-Kolmogorov turbu-
lent energy cascade. For isotropic turbulence, the
Fourier space dynamics suggests that energy is
transferred from the largest integral scales to the
smallest dissipative scales by the nonlinear triadic
interactions. Scaling analysis suggests that the en-
@ ergy con/tent should decay with wavenumber like
E ~ k=5/3,

log £

Dissipation

log k

ing a sequence of Hopf bifurcations (Fig. 1.2, see also (Ruelle & Takens, 1971; Gollub &
Swinney, 1975)), intermittency, or bypass transitions (Barkley, 2016). One of the goals of
low-dimensional modeling is to enable analysis of fluid flows as large-scale dynamical
systems and reach a better understanding of phenomena such as the transition to chaos
and turbulence.

Nonlinearity: spectral dynamics and the Richardson-Kolmogorov cascade There are
many challenges in dealing with the Navier-Stokes equations analytically and numer-
ically, but one of the more important from a modeling standpoint is the effect of the
quadratic nonlinearity. For a broad class of boundary conditions, the nonlinearity is
energy-conserving in the sense that its role is to transfer energy between scales, rather
than add or remove it from the system (Kraichnan & Chen, 1989; Holmes et al., 1996;
Schlegel & Noack, 2015). This can be most easily seen for homogeneous isotropic turbu-
lence in the Fourier domain.

First, assuming the spatial domain is either infinite or periodic, the velocity and pres-
sure fields can be expanded in Fourier series, e.g.

w(@,t) =Y dp(t)e™®. (2.2)
k

Substituting the Fourier expansion into the momentum equation and making use of the
convolution theorem and orthogonality properties of Fourier series (Tennekes & Lumley,
1972),

Qg = — > (ik - Gg_p) g — ik — || iy, (2.3)
€

The advective nonlinearity becomes a convolutional sum in the spectral domain, where

the flow at one spatial scale can be influenced by pairwise interactions between all other

scales. This phenomenon is known as triadic interaction. Note that the pressure may be

turther eliminated by means of the continuity equation (2.1b), leading to an additional

quadratic term, but this does not substantially change the nature of the nonlinearity.
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The evolution equation in Fourier space also highlights the scale-dependent nature of
viscous effects. The dissipation in the spectral domain scales with |k|?, so it is strongest at
the smallest scales. These observations lead to the idea of a “turbulent cascade” (Richard-
son, 1922). If energy is transferred between scales by triadic interactions which are pre-
dominantly local in wavenumber space and dissipated at the smallest scales, turbulence
can be conceptualized as a cascade of energy from the largest energy-containing scales to
the smallest dissipative scales (Fig. 2.1).

Based on considerations of spectral dynamics, Kolmogorov (1941) proposed a univer-
sal equilibrium theory of turbulence. In this theory, large-scale anisotropy introduced by
boundary conditions or body forcing is destroyed at smaller scales by the isotropic ac-
tion of pressure gradient forces. If the Reynolds number is large enough that there are
several orders of magnitude between the large energy-containing scales and the scales at
which viscosity is dominant, there should be an intermediate region characterized by nei-
ther significant anisotropy nor dissipation. Kolmogorov argued that this “inertial range”
should be close to statistical equilibrium and used scaling analysis to show that the spec-
tral energy content E (k) should scale fall off with (k) oc |k|~%/3.

This theory was developed for high-Reynolds number turbulence, but many of the
qualitative conclusions are thought to hold for a wide range of flows. In particular, the
importance of the triadic interactions introduces a “closure problem” to many modeling
efforts. Since the full range of scales is dynamically significant, unresolved degrees of
freedom must be accounted for in order to for the models to be physically relevant. For
example, heavily truncated reduced order models can become unstable if accurate dissi-
pation is not ensured (Aubry et al., 1988; Rempfer & Fasel, 1994; Noack et al., 2008; Cordier
et al., 2013; Osth et al., 2014).

Reynolds averaging and the closure problem In many applications it is neither neces-
sary nor desirable to solve the full unsteady Navier-Stokes equations. For instance, an
engineer interested in the aerodynamic performance of a car or aircraft wing would typ-
ically only need average profiles of surface pressure, skin friction, etc., but not detailed
time-resolved measurements of the turbulent flow field.

A straightforward approach is to neglect the time derivative in the momentum equa-
tion (2.1a), which yields the steady-state equations

1
V- (ug ®ug) = —Vpo + ﬁv%o, (2.4a)

Voup=0 (2.4b)

for the stationary flow fields uo(z) and py(x). The problem with this approach is that at
even moderate Reynolds numbers the steady state is often strongly unstable, meaning
that a typical unsteady flow field may not resemble the steady solution in any useful way.

The reason for this is that the mean flow u(x), p(x) is not necessarily the same as the
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steady state!. This can be seen by defining the Reynolds decomposition for velocity
u(w, ) = (@) + (=, 1), 2.5)

and likewise for pressure. Substituting into the Navier-Stokes equations and averaging,
with use of the fact that the fluctuations u’, p’ have zero mean by definition,

1
@VQ’E (26&)

Vi(u@u)+V-(veu)=-Vp+
u = 0. (2.6b)

V -

Equations (2.6) are known as the Reynolds-averaged Navier-Stokes (RANS) equations.
Comparing to the steady-state equations (2.4), the effect of the fluctuations is to deform
the base flow via the Reynolds stress tensor V - (v’ ® u/). The mean flow need not even be
a solution to the regular Navier-Stokes equations. Clearly, this discrepancy between the
mean and steady-state is a result of the nonlinear interactions, giving a complementary
mean-flow view of the role of nonlinearity to the energy cascade.

Unfortunately, since the Reynolds stress is not a fundamental quantity of the flow but
a second moment, the RANS equations are not algebraically closed in the sense that there
are more unknowns than equations. While it is possible to develop an equation for the
Reynolds stresses, it includes terms depending on the third moment (Tennekes & Lum-
ley, 1972; Pope, 2000). Although a significant amount of work has gone into modeling
the Reynolds stresses and approximations with varying degrees of accuracy are widely
used, the closure problem remains open. Turbulence methods for the RANS equations
are not directly connected to reduced-order modeling, but Reynolds stress deformation
and the importance of the closure problem remain essential to modern perspectives on
low-dimensional modeling in fluid dynamics (Noack et al., 2003; Sipp & Lebedev, 2007;
Noack et al., 2008; Meliga et al., 2009).

2.2 Motivation for low-dimensional modeling

Many systems with complex, multiscale structure are nevertheless characterized by emer-
gent large-scale coherence (Haken, 1983; Cross & Hohenberg, 1993), generating low-dimensional
structure often conceptualized as an attracting or slow manifold. This phenomenon is es-
pecially relevant in fluid dynamics, where successive bifurcations can lead to increasingly
complex behavior and eventually the transition to turbulence (Landau, 1944; Stuart, 1958;
Lorenz, 1963; Ruelle & Takens, 1971; Swinney & Gollub, 1981). Dynamical models that
capture this intrinsic low-dimensional structure can improve our physical understand-
ing and are critical for real-time optimization and control objectives (Noack et al., 2011;

!The ensemble average will typically be used interchangeably with the time-averaged flow here, as-
suming ergodicity when necessary
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(a) Steady conduction at (Ra < Ra,) (b) Steady convection rolls (Ra > Ra.)

Figure 2.2: Rayleigh-Bénard flow The fluid between differentially heated plates conducts heat upwards
with zero fluid velocity at low values of the control parameter (Rayleigh number). Above a critical value
the steady conducting state is unstable to perturbations, eventually reaching a new nonlinear equilibrium.
This flow is a prototypical example of instability and pattern formation.

Brunton & Noack, 2015b; Rowley & Dawson, 2017).

Close to a bifurcation, the dynamics are approximately restricted to the invariant man-
ifold described by the amplitudes of the unstable eigenmodes. The evolution equations
for these effective coordinates are given by the normal form for the bifurcation (Guck-
enheimer & Holmes, 1983), the form of which can be deduced with symmetry argu-
ments (Golubitsky & Langford, 1988; Glaz et al., 2017; Deng et al., 2020), weakly nonlinear
analysis (Stuart, 1958; Sipp & Lebedev, 2007; Meliga et al., 2009), or a center manifold
reduction (Carini ef al., 2015). Normal forms can describe a wide range of stereotypical
dynamics, including bistability, self-sustained oscillations, and chaos.

Before delving into the details of constructing stable and accurate reduced-order mod-
els, it may be helpful to examine some of the mechanisms by which this reduction in effec-
tive dimension occurs. Historically, much progress was made in the study of instability,
bifurcations, and the nonlinear dynamics in large-scale dissipative systems by studying
canonical configurations such as Rayleigh-Bénard convection, Taylor-Couette flow, and
Poiseuille (pipe or channel) flow (Cross & Hohenberg, 1993). These flows are geometri-
cally simple and highly symmetric, making them ideal candidates both for experimental
design and theoretical analysis. In all of these cases, the complexity of the flow is gov-
erned by one or more control parameters; at low values the solutions are steady, with
instability and pattern formation occurring spontaneously above a critical value.

Although these flows are simplified relative to those of practical significance in engi-
neering applications, they are still three-dimensional and involve the intricacies of treat-
ing interactions between primitive variables (buoyancy, pressure Poisson equations, etc).
As an even more simplified model problem that exhibits many of the same features as
these canonical problems, Swift & Hohenberg (1977) introduced a model that approxi-
mates the Boussinesq equations governing Rayleigh-Bénard convection. For a one-dimensional
scalar field ¢(z,t) (representing velocity in the full fluid flow equations, for instance), the



17

©
Q
@
fﬁs Figure 2.3: Stability of the Swift-Hohenberg
° equation. Above the critical value r,, the steady
O solution is unstable to perturbations near the crit-
ical wavenumber k. with maximum growth rate
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2 212 Ly o
o= (r—re)g—(0;+k2)q+ iaxq : x € (—00,00), (2.7)

where 7 is the control parameter, 7. and k. are real constants, and 9;, 0, indicate partial
derivatives with respect to the subscript variable. The linear part of this equation can be
derived from the Boussinesq equations, while the Burgers nonlinearity 9,.¢* is a simplified
one-dimensional analogue of the quadratic nonlinearity in the Navier-Stokes equations.

As will be seen, below r = r. the steady solution ¢ = 0 is stable, while above this criti-
cal value a linear instability corresponding to steady convection rolls in Rayleigh-Bénard
flow emerges (see Fig. 2.2). The linear theory cannot predict the behavior of the flow once
it reaches finite amplitude, but a multiple-scale expansion shows that it in fact reaches
a new equilibrium state that is stabilized by the nonlinear self-interaction of the fluctu-
ations. Although this type of analytic treatment cannot be applied to even the slightly
more complicated geometries that will be introduced in subsequent chapters, the pro-
posed methods for model reduction are motivated by this view of the role of nonlinear
interactions. Moreover, the following procedure is nearly identical (though simpler) to
that used for weakly nonlinear analysis of fluid flows (Sipp & Lebedev, 2007).

It can easily be seen from Eq. (2.7) that ¢y = 0 is a steady solution. To gauge its stability,
we will perturb ¢, with wavelike fluctuations proportional to ¢?*@=<) for real wavenum-
ber k, and complex wave speed ¢ = ¢, + ic;. If ¢; > 0, the perturbation will grow expo-
nentially with growth rate o = k¢;. Since ¢, # 0 is not admissible in the linearized form of
Eq. (2.7), this leads to the dispersion relation

o= (r—r.)— (k¥ —k*? (2.8)

Figure 2.3 shows the stability profile of growth rate as a function of wavenumber
above and below the critical value. For r slightly above 7. the growth rate at k& = k. is
€ = r — r.. Smaller and larger wavenumbers are both stable, with |k| > k. subject to espe-
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cially large damping. We therefore expect that the behavior on a slow timescale 7 = et will
be primarily driven by the pair of marginally stable modes with £ = +k.. These modes
are said to span the center manifold of the system at the bifurcation point, in contrast to the
stable manifold spanned by the remaining eigenfunctions.

Introducing the small parameter ¢ = r — r., we will look for a perturbation series
solution valid for Oe < 1.

q(z,t,7) = qo(x) + Veq (x, t,7) + eqa(x, t,7) + ev/eqgs(x, t,7) + . . .. (2.9)

The time derivative must now be taken with respect to both timescales, so that 9, —
0, + €0,. Substituting into the governing equation (2.7), we can isolate each order in /e.

€%:  The zeroth-order equation gives the condition for the steady-state solution ¢o(z). In

this case ¢o(z) = 0 and can be dropped from further analysis, but more generally the
steady solution is nonzero and must be carried through to higher orders.

1/2,

€ The first-order equation is the linear problem

Based on the previous discussion, we will take as the first-order solution the neutrally-
stable mode modified by a slowly-varying complex amplitude A(7):

q(z,7) = A(T)e™* + c.c.. (2.11)

If we could find an evolution equation for the amplitude A(7), which would give a closed
ODE approximation to the PDE (2.7) close to the bifurcation. However, this will require
solving for higher-orders in e until the slow dynamics for A(7) can by identified.

Before proceeding to higher orders in ¢, note that because ¢, is not a function of the fast
time scale ¢, the linear problem can also be written as a homogeneous equation in terms
of the operator £ = —(9? + k2)*:

Lg = 0. (2.12)

Since ¢, and its conjugate are the only eigenfunctions of £ with zero eigenvalue according
to the dispersion relation (2.8), they span its nullspace. Note that in general the frequency
of the marginally stable mode will not be zero, so the relevant linear operator would be
frequency-dependent (Sipp & Lebedev, 2007).

This likewise implies that the adjoint operator L1, defined for any functions p(z), ¢()
by (p|Lq) = (Lp|q) for the inner product

(wla) = / P (@)q(z)da, (2.13)
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has a two-dimensional nullspace spanned by the adjoint mode p; and its conjugate, which
solves the adjoint equation
Lipy = 0. (2.14)

In this case L is self-adjoint, so p; = ¢; up to some complex normalization p;. Although p,
could be a function of the slow time 7, for the purposes of deriving an amplitude equation
it can be treated as a constant without loss of generality.

The utility of this digression is the Fredholm alternative, which can be roughly stated as
the condition that, for an inhomogeneous linear operator equation Lq = f, one and only
one of the following is true:

1. Lq = f has a unique solution ¢(z)

2. L'p = 0 has a solution with (p|f) # 0.

The Fredholm alternative can be used to establish solvability conditions on the linear
equation. In particular, in order for L¢g = f to have a unique solution (case 1), the forcing
function f(x) must be orthogonal to the nullspace of L' (thereby ruling out case 2). Since
the nullspace of L' is spanned by p; and its conjugate, the solvability condition for £g = f
is simply that (p;|f) = 0, and likewise for its conjugate pj. This is a more general form
of the resonance condition used to eliminate secular terms in classical analyses of weakly
nonlinear oscillators (Bender & Orszag, 1999).

€': The second-order equation is the inhomogeneous linear problem

1
(0 —L)g2 = 5&(13 (2.15a)

= ik A%e?* 4 cc.. (2.15b)

Based on the right-hand side forcing, ¢, can be identified as the response of the linear
operator to the self-interaction of the neutrally stable mode ¢;(z, 7). In other words, ¢, is
the harmonic of ¢;.

The solvability condition from the Fredholm alternative is trivially satisfied in this case
due to the orthogonality property of Fourier modes, since the right-hand side forcing is
at wavenumber 2k, while the adjoint mode p; has wavenumber k.. That is, ¢, is not an
eigenvector of £. The equation may then be solved directly by assuming a form of ¢, that
matches the forcing, i.e.

Q@(x,7) = A% 4 cc.. (2.16)

Substituting this ansatz, Eq. (2.15a) can be solved for the complex constant ¢ = i/9k2.
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€3/2:  The third-order equation is another inhomoegeneous linear problem:

(0~ )t = (1 - 0,)as + 30unae = il 7). 217)

The ¢, forcing term at this order comes from the O(¢) linear term in the full PDE acting
on the O(y/¢) term ¢;. As with the second-order forcing, the nonlinear term in f5 can be
interpreted as the interaction of the perturbation ¢; with the harmonic ¢,.

Expanding the lower-order terms ¢; and ¢, the forcing is
fs(x,7) = =0, Ae™ " + { Ae™" + 3ik.Go APe* " + ikoGo Al AP 4 c.c.} (2.18)

Since the forcing once again does not depend on ¢, neither does ¢;, and Eq. (2.17) reduces
to —Eq;g = fg.

It is not necessary to actually solve this third-order problem in order to derive an
amplitude equation at leading order. Instead, the solvability condition from the Fredholm
alternative finally gives an equation governing A(7). In particular, the condition that the
forcing is orthogonal to the nullspace of the adjoint is that

0= (pilfa) = / pre ke fy(z, 7)da (2.19)

While this condition was automatically satisfied for the second-order equation since
the forcing term was at a different wavenumber than p;, in this case the solvability condi-
tion is nontrivial for components of f; proportional to e¢**<*. Retaining these components
and dropping the arbitrary multiplicative constant, Eq. (2.19) reduces to

dA

— = A — pA|A)? (2.20)

dr
with u = 1/9k? after substituting the value of ¢, from the second-order equation. The
cubic term is a result of the nonlinear interaction between the fluctuation ¢; and the har-
monic ¢, in the forcing term.

For small perturbations to the steady state A = 0, the cubic term is negligible and
the perturbation grows exponentially. However, once A reaches finite amplitude, the
nonlinearity becomes active and stabilizes the solution in a nonlinear equilibrium at A =
1/\/1t = 3k,, scaling with /e (since this is the coefficient of A in the perturbation series
solution ¢.). A typical interpretation of this behavior is that the amplitude A? of second-
order harmonic is “slaved” to that of the fundamental mode. The quadratic interaction
between the two will on average transfer energy from the unstable mode ¢; (for ¢ > 0)
to the dissipative harmonic until the two are in balance in the nonlinear equilibrium (see
Fig. 2.4).

Equation (2.20) is known as a Stuart-Landau equation after the seminal work by Landau
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Figure 2.4: The Swift-Hohenberg model. The approximate amplitude equation (2.20) predicts the qual-
itative symmetry-breaking and nonlinear stability of the model above the threshold of instability. The
numerical simulation was performed with a pseudospectral Fourier method and a second-order Crank-
Nicolson/Adams-Bashforth implicit-explicit timestepping scheme.

(1944); Landau & Lifshitz (1959) and Stuart (1958, 1960, 1967, 1971) on nonlinear stability
theory. Although it was derived here from a simplified model equation, Stuart-Landau-
type equations are ubiquitous in low-dimensional modeling of fluid flows and will play
a central role through this work in different forms.

More broadly, the Swift-Hohenberg example illustrates many key features of fluid
flows that are central to low-dimensional modeling, most importantly the general picture
of large-scale instability, small-scale dissipation, and nonlinear interactions mediating en-
ergy transfer between them. In this example the stabilizing mechanism was the transfer
of energy to higher harmonics, but there can be other interactions that contribute to the
amplitude equations. For instance, when the steady solution is nonzero there can be a
stabilizing contribution from the interaction of the fundamental mode and its conjugate.
This effect is often described as a deformation of the base flow from an unstable steady
state to a neutrally stable mean flow. Mean flow deformation will be discussed at length
in the following, particularly in Chapters 5 and 9.

Although the effect of the cubic nonlinearity is stabilizing in this example, this is not
necessarily the case (i.e. 1 can be negative). In some important scenarios, including plane
Poiseuille flow and thermoacoustic instabilities, the nonlinear term acts to further amplify
fluctuations (Stewartson & Stuart, 1971; Orchini et al., 2016; Ducimetiere et al., 2022). In
this case, the bifurcation is termed subcritical (as opposed to the supercritical case discussed
here) and finite amplitude perturbations can be significantly amplified even below the
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threshold of linear instability.

For example, the steady convection rolls that result from the instability modeled here
in Rayleigh-Bénard flow (e.g. Fig. 2.2b) are unstable to perturbations of sufficiently long
wavelength. These fluctuations are amplified until the convection roll pattern breaks
down completely and a new pattern of stable rolls eventually emerges This phenomenon
is known as the Eckhaus secondary instability (Charru, 2011). Although subcritical bifur-
cations are important in many flows, this work will primarily deal with the supercritical
case in which effective cubic terms are stabilizing.

The method of solution via a perturbation series applied in this section is also known
as weakly nonlinear analysis. It was pioneered in fluid dynamics by Stuart (1958, 1960)
for highly symmetric geometries such as plane Poiseuille and Taylor-Couette flow, but
more recently has been extended to more complex geometries and bifurcation scenarios
with the aid of modern matrix-free computations (Sipp & Lebedev, 2007; Meliga et al.,
2009; Meliga & Chomaz, 2011; Orchini et al., 2016; Rigas et al., 2017; Ducimetiere et al.,
2022). A similar asymptotic series expansion will also be used to develop a multiscale
closure for reduced-order models in Chapter 7.

Finally, it is worth noting that besides reducing the partial differential equation (2.7)
to the Stuart-Landau ordinary differential equation (2.20), the solution could also be ex-
panded in multiple scales in both space and time. This approach, which is particularly
important in the study of pattern formation, often leads to coarse-grained PDEs called
Ginzburg-Landau equations, in which cubic terms appear by a similar process as out-
lined here (Stewartson & Stuart, 1971; Cross & Hohenberg, 1993; Charru, 2011).

2.3 Fluid flow as a nonlinear dynamical system

Section 2.2 presented an example of low-dimensional behavior arising in a partial differ-
ential equation near the onset of linear instability. The weakly nonlinear analysis reveals
a picture of the nonlinear interactions transferring energy from the linearly unstable large
scales to the smaller, dissipative scales. Since the small scales equilibrate much faster
than the weakly unstable degrees of freedom, they can be eliminated from the dynamics,
resulting in an effective reduction in dimensionality of the system. In this example, the
PDE could be analytically reduced to a scalar-valued Stuart-Landau ODE by means of a
perturbation series expansion.

Further from the threshold of instability this type of analysis tends to break down, but
it suggests an alternative view of unsteady fluid flow as a large-scale dissipative dynam-
ical system. When expanded about a fixed point x, such a system can be written in the
general form

z=Lxy;p)x+ N(z) = f(x), (2.21)

where € R" and in the case of the Navier-Stokes equations and similar fluid equations
the dependence on the set of parameters p (for simplicity, we will take y1 = Re) is restricted
to the linear term L. The discrete set variables (t) (not to be confused with the spatial
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coordinates) might come from a numerical discretization of the PDE system or projection
onto a linear subspace, for example.

Again, for low values of the Reynolds number (e.g. Re = O(1)), the fixed point x is
stable to arbitrary perturbations. That is, solutions (), v) to the eigenvalue problem

A = Lv (2.22)

will have Re{\} < 0. Since eigenvectors evolve with e, this corresponds to exponential
decay in amplitude.

Above some critical Reynolds number Re, (which may vary widely depending on the
flow but is typically O(102—10?)), the system undergoes a bifurcation, or qualitative change
in dynamical behavior. This is accompanied by a change in sign of the real part of some
subset of the eigenvalues, and the bifurcation is categorized by the number of eigenvalues
that simultaneously change sign and whether they are real or complex.

A wide variety of bifurcations have been identified since the study of nonlinear dy-
namics rose to prominence, but a few are particularly prevalent in fluid dynamics. One of
these is the pitchfork bifurcation, in which a single real eigenvalue changes sign. This of-
ten accompanies a steady symmetry-breaking transition such as a wake deflection (Meliga
etal.,2009; Rigas et al., 2015; Deng et al., 2020) or Taylor vortices (Taylor, 1923). Both the on-
set of steady convection rolls in Rayleigh-Bénard flow (Fig. 2.2) and the simplified Swift-
Hohenberg model of this instability (Fig. 2.4) are also examples of pitchfork bifurcations.
Another common scenario is the Hopf bifurcation, in which a complex-conjugate pair of
eigenvalues becomes unstable. This often indicates the onset of oscillations such as vortex
shedding in the wake of a bluff body (Jackson, 1987) or spiral vortices in Taylor-Couette
flow (Taylor, 1923).

The new equilibria reached above a bifurcation point generally often lose stability
themselves in a secondary bifurcation when the control parameter is further increased.
For example, if a Hopf bifurcation is supercritical, meaning that the dynamics settle on a
stable, periodic limit cycle, this limit cycle can lose stability in a Neimark-Sacker bifurca-
tion which generates quasiperiodic dynamics on a stable torus (Fig. 1.2). An early theory
of the transition to turbulence proposed by Landau & Lifshitz (1959) was that an increas-
ingly frequent series of these bifurcations would add incommensurate frequencies to the
flow until a crisis point caused a breakdown into turbulence. However, Ruelle & Takens
(1971) later argued on geometric grounds that following Hopf and Neimark-Sacker bifur-
cations in a generic dynamical system, another Hopf-type bifurcation would most likely
not result in a new stable torus. Instead, the dynamics would typically break down into
chaos, with the post-transient trajectories evolving on a complicated geometric structure
called a strange attractor (of which the Lorenz “butterly” attractor (Lorenz, 1963) is likely
the most famous example). See Chapter 6 for an example of these secondary bifurcations
and the route to chaos in shear-driven cavity flow.
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The center manifold reduction Returning to the primary bifurcation, above the critical
point the set of eigenvectors can be partitioned based on the growth rate into the sta-
ble manifold, spanned by damped eigenvectors, and the unstable manifold, spanned by the
instability modes. At the critical point there is also a center manifold, spanned by eigen-
vectors with zero real value, as briefly discussed in the previous section. We can write the
eigenvector bases for these manifolds as V*°, V", and V¢, respectively.

Above the critical point, the system tends to be dominated by instability modes, since
dynamics along the stable manifold are exponentially damped. Naively, one might at-
tempt to reduce the order of the system by projecting the dynamics onto the span of the
unstable eigenvectors. For instance, with the full eigenvector basis the linear term can be
diagonalized with

2=Az+ V7 IN(Vz) = f\(2), (2.23)

where A = V'LV is the diagonal matrix of eigenvalues, sorted in order of decreasing
real part and z € C” are generalized coordinates defined by = Vz.

This system could then be truncated by discarding any elements z; of z for which
Re{);} < 0. However, note that in the case of general nonlinearity, the full state  must
be reconstructed in order to evaluate the nonlinear term. This motivates advanced model
reduction methods like least-squares Petrov-Galerkin projection (Carlberg et al., 2011), hy-
perreduction (Everson & Sirovich, 1995; Carlberg et al., 2013), and “lifting” the variables
to a space of observables in which the dynamics are bilinear (Qian et al., 2020). Since we
will primarily consider the quadratically nonlinear incompressible Navier-Stokes equa-
tion, these topics fall beyond the present scope.

Even for purely quadratic nonlinearity, the fundamental problem with this approach
is that the projected dynamics do not resolve the critical mechanism of nonlinear energy
transfer to higher orders, as illustrated by the weakly nonlinear expansion in Sec. 2.2. In
fact, the standard POD-Galerkin modeling method, introduced in Chapter 4, is closely re-
lated to the truncation of Eq. (2.23). As will be shown, this approach often fails unless the
model reduction is constructed to systematically account for the effect of the unresolved
degrees of freedom.

One classical method for achieving this close to the threshold of bifurcation is the cen-
ter manifold reduction (Coullet & Spiegel, 1983; Guckenheimer & Holmes, 1983; Wiggins,
1990; Carini et al., 2015). In this case the system is marginally stable, so the dynamics are
approximately restricted to the center manifold. We can then partition the state into the
“active” and “stable” variables with z = [zc zS}T and z € C". However, rather than
discarding the stable degrees of freedom, they are approximated with an algebraic mani-
fold equation z ~ Z = ¢(z°). Substituting this into the partitioned dynamics for the stable
variables and applying the chain rule gives the consistency condition (Guckenheimer &
Holmes, 1983; Pavliotis & Stuart, 2012)

Jo(2)2° = f(p(29)), (2.24)
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where J,(2°) is the Jacobian of ¢ at z°. The original N-dimensional system has been
reduced to order r by retaining only the “slow”, or marginally stable degrees of freedom.

In the case where the manifold equation is only used to approximate the fast variables

zZ=[z° <p(zc)]T and the the first r rows of the consistency condition are trivially sat-
isfied, since the leading r rows of the Jacobian are the simply the identity matrix. The
conditions corresponding to the slow variables become the (N — r)-dimensional system
of nonlinear partial differential equations for ¢ in the slow variables z¢

(p-Ve) f9(2) = 7 (2), (2.25)

where f* = [f€ fS]T and the subscript on the del operator indicates that the gradient
is taken with respect to the slow variables z¢. This is not an obvious gain over the orig-
inal system, but there are at least two approaches to rendering the consistency condition
tractable.

The first is the classical method of solution in dynamical systems theory. Close to the
bifurcation the state variables are typically small, so the manifold equation can be ex-
panded in a power series. Substituting the power series expansion into Eq. (2.25) and
equating powers of z¢ reduces the PDE to an algebraic linear system for the expansion
coefficients. Once this is solved, the reduced-order model can be calculated explicitly
(See the example below and Sec. 5.4 for examples of this computation). An example of
this procedure for a three-dimensional model problem is given below; for more details
see standard dynamical systems references such as Guckenheimer & Holmes (1983); Wig-
gins (1990). An alternative perspective on the consistency condition in terms of operator
theory will also be presented in Section 2.4.

Even for systems that are already very low-dimensional this procedure is not trivial,
and the algebra involved quickly becomes tedious as the dimension of the state space
grows. Alternatively, if the Jacobian J, is available, the consistency condition (2.24) can
be solved as an algebraic system of equations for z¢ at each timestep, i.e.

Jo(z)7 = £ (p(9)) (2.26)

With modern matrix-free iterative solvers the Jacobian itself need not even be formed
to solve for z¢, provided the Jacobian-vector product can be efficiently computed. See
for example Sec. 6.6 for an application of this approach using a deep neural network to
approximate ¢ and automatic differentiation to compute the Jacobian.

Although this approach is automated, a significant drawback to this solution method
is that it requires forming the N-dimensional right-hand side f* at each time step, so that
it still scales with the dimension of the original state. It is therefore more appropriately
used as a stabilization of moderately-sized systems rather than a primary model reduc-
tion method. For instance, Chapter 6 proposes applying this technique as a secondary
model reduction of POD-Galerkin systems, so that /V is already low-dimensional.
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Example manifold reduction in a toy problem As an instructive example of the power
series approach to center manifold reduction, consider the three-dimensional “mean-
tield” model modified from the example introduced by Noack et al. (2003) to model mean
flow deformation in the cylinder wake (see also Chapter 5):

4 |7 e —w 0 T —(pxy — vag)xs
T To| = |w € 0 o | + | —(uxe + vay)zs| . (2.27)
T3 0 -1 x3 27% + ZL‘%
The linear operator has eigenvalues )\ » = e+iw and A3 = —1, so in this case the system is

already partitioned into the slow variables x1, z; and fast variable z; and diagonalization
is not necessary.

For e < 0 all three eigenvalues have negative real part, so the origin is stable. As e
crosses zero, the leading pair of eigenvalues loses stability with complex-conjugate fre-
quency, indicating a Hopf bifurcation. The preceding dicussion suggests that near ¢ = 0
the stable variable x5 can be approximated as an algebraic function x5 ~ ¢(z1,22). Ex-
panding ¢ in a power series with unknown constants c,

oy, 29) = O + cgl)xl + cg)xQ + c@xf + 052)1'1%2 + cgz)xg +.... (2.28)
The constant and linear terms ¢ and cglg can be eliminated based on requiring that
©(0) = 0 and J,(0) = 0, or in other words that the manifold equation is tangent to the
center manifold at the origin.

Since we have not modified the slow variables z;, x5, the consistency condition only
applies to the fast variable, i.e. p(x1,22) = f3(z1, 22, (21, 22)). Applying the chain rule
to the left-hand side time derivative at e = 0 and dropping the superscript (2) since only
quadratic terms remain,

0 0
_gpfl(xthaSD(gjlamQ)) + 3_;;

81’1
(2c121 + 212) (—waa + O(2%)) + (c2w1 + 2¢322) (w1 + O(?))

2 2 2 2
=x] + x5 — (clxl + cox129 + 03902) .

fo(@1, 2, p(21,22)) = f3(21, 22, p(21, 72)) (2.29)

(2.30)

The first equation is the consistency condition, which reduces to an algebraic equation,
from which terms proportional to %, x1x,, and z3 can be isolated to form a system of
three equations in three unknowns:

1 w 0 c1 1
—2w 1 2wl |c| = [0]. (2.31)
0 —w 1 C3 1

Thesolutionc = [1 0 1] ’ may be determined by inspection, leading to the parabolic
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manifold equation x3 &~ 27 + z3. Finally, the reduced system for small ¢ is the linear-cubic
nonlinear oscillator

T = exy — wry — (pxy — vwg) (2t + 23) (2.32a)
Ty = €Ty + wry — (pxe +vay)(z] + 23). (2.32b)

In terms of the leading eigenvector z = (1 + ix2)/2, this simplifies further to the Stuart-
Landau equation
= (e+iw)z — (u+iv)z|z|% (2.33)

This equation is also known as the normal form for a Hopf bifurcation, since it is the
simplest generic model for any system near the threshold of such a bifurcation, including
for instance oscillatory vortex shedding instabilities in fluid flow (see Chapter 5). If ;1 > 0,
the nonlinear term will stabilize the energy of the system in an equilibrium similar to the
case derived via weakly nonlinear analysis in Sec. 2.2, although ; may also be negative
in the case of a subcritical bifurcation. The imaginary term v in the nonlinearity indicates
amplitude-dependent modulation of the base frequency w.

The algebra involved in the center manifold reduction scales rapidly with the system
size, even for this highly simplified case. Although the full derivation is given here to
illustrate the concept, the original presentation by Noack et al. (2003) gives a much more
straightforward approach to eliminating 3 by a method known as adiabatic elimination. If
we note that the nonlinear forcing z7 + z3 in the z3 dynamics is independent of the phase
and that the linear damping acts on a much faster time scale than the instability ¢, we
may directly derive the manifold equation by setting @5 = 0 on the slow time scale so that
r3 = x3 + 3. This is closely related to the stochastic averaging procedure introduced in
Chapter 7; the two will compared at greater length in Sec. 7.1.

Finally, the center manifold reduction will be examined further in the model of a cylin-
der wake presented in Chapter 5, including a higher-order data-driven manifold model
based on sparse polynomial regression that does not require solving the consistency con-
dition. The nonlinear correlations analysis and deep learning stabilization methods intro-
duced in Chapter 6 can also be viewed as generalizations of the center manifold reduction;
these concepts will be revisited frequently throughout this work.

2.4 Generators of deterministic and stochastic processes

In the study of mechanics there are often several equivalent representations of the same
system (e.g. Lagrangian, Hamiltonian, evolution equations, etc.) that may variously be
useful depending on the application. One of these, which will be particularly helpful
in the development of multiscale closure modeling in Chapter 7 and nonlinear stochastic
system identification in Chapter 8, is the operator theoretic perspective. This section gives
a brief overview of topics necessary for the development of these closure models; for a
more in-depth presentation of these topics see references such as Risken (1996); Pavliotis
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& Stuart (2012); Klus et al. (2020); Brunton et al. (2022). Perhaps the most widely-discussed
of the operator-theoretic methods in recent work on the analysis of fluid flows and other
large-scale nonlinear dynamics is Koopman theory, making it a convenient place to begin
the discussion.

Asin Sec. 2.3, suppose the state z(t) of a system is governed by the autonomous (ODE)

z = f(x), xeX. (2.34)

We will assume unless otherwise specified that states are real-valued, e.g. X = R", and
that all functions (e.g. p, ¢) are L*-integrable with inner product

wla) = [ @h(e)d. 23
x
As usual, the adjoint of a linear operator A is denoted A" and defined by the relationship

(plAg) = (A'|q). (2.36)

The Koopman operator K acts on the L?-integrable space of scalar observables g(x) :
X — R, advancing them forward time ¢. More precisely, let « be the solution to the initial
value problem of (2.34) with 0 < ¢t < T and x(0) = x,. Then the Koopman operator is
defined as

K" g(0) = g(x(T)). (2.37)

Although the Koopman operator is generally difficult to either represent explicitly or
approximate in a useful finite-dimensional subspace, analysis of its spectral properties
has drawn great interest in recent work. For our purposes, the infinitesimal generator £,
defined by

t

Lg—TlimN9—9 (2.38)

t—0 t

and sometimes called the Lie operator, is more theoretically useful. If we consider g(x(t))
to be an explicit function of time, then £ can be derived by applying the chain rule to g.
With a slight abuse of notation, if g(x, t) is taken to be a function of both time and initial
state « (i.e. in the Lagrangian frame of reference), then this can be extended to a PDE over

all of state space:

0
a—‘z =Lg= f(x)- Vg. (2.39)

Thus the generator £ is a linear advection operator governing the evolution of scalar
observables of the system described by (2.34). Comparing Egs. (2.39) and (2.24), each
entry in the consistency condition (2.24) can be viewed as a Lie operator governing the
evolution of the fast variables as approximated by the manifold approximation ¢. In
other words, the approximated fast variables are the observables g whose evolution is
determined by the slow dynamics f according to Eq. (2.39).
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The adjoint of Eq. (2.39),

dp

o = Llo==V-(of(x)), (2.40)
is a continuity equation governing the evolution of densities p(x,t) in phase space. As
a point of reference, equation (2.40) reduces to the Liouville equation from classical me-
chanics under the incompressibility condition V - f = 0, and the adjoint £ is also known
as the generator of the Perron-Frobenius operator.

This description of dynamics can readily be extended to systems governed by stochas-
tic differential equations (SDEs) of the form

T = f(x)+ Sw(t), (2.41)

where the deterministic component f(x) is known as the drift function and the diffusion
¥ modifies a vector-valued Gaussian white noise process w(t)?. In this case the evolu-
tion of the probabilitiy distribution p(x,t) is governed by the stochastic analog of (2.40),
known as the forward Kolmogorov, or Fokker-Planck, equation:

dp ¥ T

S =Llp ==V (pf) +VV": (sD), (2.42)
where D(z) = ¥X7 /2 is the diffusion tensor and the colon indicates tensor contraction.
The associated backwards Kolmogorov equation is the adjoint of Eq. (2.42):

99

5 = Lg=f-Vg+D:VV'y. (2.43)

To interpret Eq. (2.43), consider the expectation of a scalar observable g(x) : X — R
defined by the inner product of g with the probability distribution py(x):

Elg] = (polg) = /X pol@)g(x)da. (2.44)

The probability distribution is advanced in time by p(x,t) = ¢~ po(z). Using the defini-
tion of the adjoint from Eq. (2.36), the expectation of g at time ¢ can be written equivalently
as

Elg](t) = (plg) = /X pol@)eg()d. (2.45)

Therefore, just as the Koopman operator advances an observable in time, the backwards
Kolmogorov equation describes the evolution of the expectation of an observable.

2State-dependent diffusion is also possible; see Chapter 8
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The Ornstein-Uhlenbeck process As a simple example relevant for the stochastic mod-
eling methods in 7 and Chapters 8, consider the linear stochastic Ornstein-Uhlenbeck pro-
cess defined by the SDE

T =v(u—1x)+ow(t) (2.46)

for positive constants v, 11, and 0. The stationary distribution p*>°(z) is given by the steady-
state Fokker-Planck equation

0=t =L@ —a)+ TL ) 2.47)
I U I PRl '
along with the usual normalization condition on p>. This can be solved analytically with
a Gaussian distribution with mean p and variance ¢?/2v. Defining an observable that
is the state itself g(z) = z, the evolution is given by the backwards Kolmogorov equa-
tion (2.43), which in this case reduces to the initial value problem

Y vp-g) 9O == 249

dt
The expectation at time ¢ is the solution ¢(¢), which in this case is exponential decay to-
wards the mean p:

Elz](t) = g(t) = p — (z — p)e™". (2.49)

Given that the model reduction procedures described throughout this work generally
aim to reduce the physics model from an infinite-dimensional partial differential equation
to a finite-dimensional system of ordinary differential equations, it may be counterintu-
itive that it would be helpful to return to an infinite-dimensional function space and rep-
resent the dynamics with a partial differential equation. The primary advantage in doing
so is that these generators are linear operators, which in some cases can enable approaches
that are unavailable for the nonlinear dynamics of the ODE (2.34) or SDE (2.41). Neverthe-
less, aside from simple one-dimensional or linear examples like the Ornstein-Uhlenbeck
process, it is typically very difficult to solve these PDEs analytically, motivating the ap-
proximation in terms of an asymptotic expansion in Chapter 7.

2.5 Summary

Unsteady low-speed fluid flow is governed by the incompressible Navier-Stokes equa-
tions, a set of nonlinear partial differential equations that is notoriously challenging to
approach analytically or computationally. The main purpose of this chapter, besides in-
troducing mathematical background that will be useful throughout, is to motivate the
treatment of unsteady fluid flow as a high-dimensional, dissipative, nonlinear dynamical
system with latent low-dimensional structure.

Close to the threshold of instability, the effective dimensionality of the system can be
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reduced considerably by approximating all but the marginally stable spatial structures
as asymptotically strongly damped and modeling the evolution of the instability modes
on a slow time scale. This analytic approach begins to lose validity further from the crit-
ical point, but experimental and theoretical evidence suggests that even high-Reynolds
number turbulence continues to be dominated by relatively low-dimensional coherent
structures that evolve relatively slowly and regularly compared to the fast turbulent fluc-
tuations.

Roughly speaking, the working picture of fluid dynamics presented here is that of
large-scale instability and small-scale dissipation, with energy transfers between the scales
mediated by nonlinear interactions. The objective of the model reduction methods dis-
cussed in this work is to model the highly energetic large-scale motions while approx-
imating the effect of the unresolved small scales in a consistent manner, with ultimate
goals including describing phenomena such as the routes to chaos and turbulence, and
developing compact approximations suitable for real-time feedback control.

The mathematical tools presented in this chapter, including dynamical systems anal-
ysis, perturbation series expansions, and operator theory, are central to these objectives.
The following three chapters will introduce further background material necessary for
the applications in the latter half of this work, although for the most part these will be
significantly less abstract and technical than the current chapter. Chapter 3 will introduce
several relevant topics in modal analysis that enable identification of the dominant large-
scale structures in the case that intrusive methods such as weakly nonlinear analysis are
not practical. Once the large-scale modes are identified, Chapters 4 will deal with the
problem of approximating their dynamics, either with physics-based projection methods
or data-driven model discovery.
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Chapter 3

MODAL ANALYSIS

Linear modal analysis is a powerful tool for extracting low-dimensional coherent struc-
ture in flows, even those characterized by strong nonlinearity; see for instance Taira et al.
(2017, 2020) for a comprehensive survey. We will approximate the flow fields g with trun-
cated (rank-r) affine decompositions of the form

q(@,t) ~ qo(z) + Y Pi(a)ar(t), (3.1)

including for example modal stability analysis (Theofilis, 2011), proper orthogonal de-
composition (Lumley, 1967; Berkooz et al., 1993; Holmes et al., 1996), and dynamic mode
decomposition (Schmid, 2010; Rowley et al., 2009), but excluding approaches such as non-
modal stability analysis (Schmid, 2007; McKeon & Sharma, 2010) and spectral proper or-
thogonal decomposition (Towne et al., 2018). Broadly speaking, the goal of modal anal-
ysis is to identify a suitable basis {t;}}_, in which the flow kinematics can be repre-
sented, while the reduced-order dynamical systems models discussed in Chapter 4 treat
the time evolution of the coefficients a(t). Since the approximate state is specified by the
r-dimensional coefficient vector, equation (3.1) is a linear dimensionality reduction.

Depending on the context, the state g may either consist of only the velocity field, or

the concatenated velocity and pressure fields, i.e. ¢ = [u p] ‘) Usually the inner product
between states is based on the velocity:

<q1|q2> = / U’T T U2 dma Tc Q> (32)
Q

so that if q(z,t) = g(x) + q'(x, t) for mean flow g(x) and the density p is constant, then
(d'|q") is proportional to the fluctuation kinetic energy

K(t) =2 /Q (@, 1) - (1) da. (33)

Since the data is often on a nonuniform mesh, Eq. (3.2) can be approximated with a
weighted sum
<QQ, q1> ~ U? WUQ, (34)

where u is the discrete approximation to u, and W is a diagonal weight matrix containing
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the cell volumes (or lumped mass matrix, in a finite element context). The transpose in
Eq. (3.4) is understood to include complex conjugation in the case that the fields or modes
are complex-valued.

Many of the numerical algorithms for modal analysis assume that the state can be
written as a vector, or one-dimensional array. If the state includes the pressure, the energy

inner product can be implemented by defining the discretized state vector g = [u p]”
and setting the diagonal entries of W corresponding to pressure to zero. Then qf Wg,
is equivalent to Eq. (3.4) and the inner product has the same interpretation in terms of
kinetic energy, but the associated pressure fields are automatically carried through the
computations.

Modal analysis methods can generally be classified into two groups: empirical and
operator-based. Operator-based methods are rooted in the analysis of the governing
equations, while empirical methods are based on statistical analysis of some collection of
experimental or numerical data. The two categories are complementary; operator-based
methods tend to be more detailed, mechanistic, and predictive, but require discretized
approximations of the governing equations and are often restricted to a limited regime of
validity (e.g. linearity or proximity to a bifurcation). On the other hand, empirical meth-
ods give a “true” statistical picture of the flow in any condition and are non-intrusive, but
may not generalize under modifications of the geometry or flow conditions.

This chapter gives a brief overview of three modal analysis techniques that will play
major roles in this work. Section 3.1 introduces linear stability analysis, the only operator-
based method discussed at length here, followed by proper orthogonal decomposition
(POD) in Section 3.2 and the more recent dynamic mode decomposition (DMD) in Sec-
tion 3.3.

3.1 Linear stability analysis

Due to the difficulties in treating nonlinearity analytically, one of the foundational tools
in the study of dynamics across physical domains is linear stability analysis. Assuming
an equilibrium solution gy(x) is known that satisfies the steady-state Navier-Stokes equa-
tions (2.4), linear stability theory is concerned with the fate of perturbations ¢'(x, t) to the
base flow go(x). Such a steady state is often difficult to determine analytically but Eq. (2.4)
can be solved numerically, for instance with a Newton-Krylov (Knoll & Keyes, 2004) or
selective frequency damping (Akervik et al., 2006) method.

Substituting the perturbed base flow into the Navier-Stokes momentum equations
(2.1) and neglecting the quadratic term V - (v’ ® u’), we find the linearized Navier-Stokes
equations

o’ 1
81; +V-(yo@u +u @uy) =—-Vp + @VQu’ (3.5a)

V- =0. (3.5b)
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The linearized Navier-Stokes equations are parameterized by Reynolds number, and
can be used to investigate the stability properties of various configurations; if any of the
eigenvalues )\, have positive real part then the energy of the corresponding modes is pre-
dicted to grow exponentially. This exponential growth is likely the reason that linearly
unstable structures such as Tollmien-Schlichting waves, Rossiter modes, Rayleigh-Bénard
rolls, and von Karman vortex streets are often commonly observed, even in the fully non-
linear regime. This is also one reason why linear theory can be successfully used in flow
control schemes (Rowley & Williams, 2006; Bagheri et al., 20094; Sipp et al., 2010; Brunton
& Noack, 2015b).

Introducing a normal mode ansatz

q(x.t) =) Gu(w)e™,
n=1

the linearized Navier-Stokes equations can be recast as a generalized eigenvalue problem

\ {I 0} [un] _ {—v (o @ (4) + (-) @ ug) + Re™'V? —V} [un] (3.6)
"10 0] |pn] v 0 | [Pn]” '

Under most two- or three-dimensional discretizations, this becomes a very large, sparse
system of equations that is difficult to solve with standard (dense) linear algebra methods.
Stability analyses are therefore usually classified as either local if the base flow is parallel
and Eq. (3.6) can be simplified to a one-dimensional problem (discussed further below),
or global if the full multidimensional problem is solved. Historically, the field of hydrody-
namic stability analysis developed around local or weakly nonparallel analyses (Schmid
& Henningson, 2001; Drazin & Reid, 2004; Charru, 2011) since the global problem was
computationally intractable, although the global problem is likely more recognizable to
those with a background in linear systems theory.

However, recent decades have seen not only the development of significantly greater
computational power, but also of advanced matrix-free linear algebra methods for solving
Eq. (3.6) and similar problems (Edwards et al., 1994; Stewart, 2001; Antoulas, 2005). When
global stability analysis is presented in this work, the results have been computed us-
ing a Krylov-Schur time-stepping algorithm implemented in the spectral element solver
Nek5000 (Fischer et al., 2008). The details of these matrix-free eigenvalue solvers are not
important for present purposes, but for more details see Antoulas (2005); Bagheri et al.
(2009b); Sipp et al. (2010), or the recent review chapter Loiseau et al. (2019).

Convective instability and transient energy growth Although recent algorithmic de-
velopments have made fully three-dimensional global stability analysis possible, the frame-
work of local stability analysis is still theoretically important for reduced-order modeling,
not least because of the distinction it makes between two fundamental types of hydrody-
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(a) Absolute stability (b) Convective instability (c) Absolute instability

Figure 3.1: Types of linear instability in a model of shear flow While disturbances decay exponentially in
absolutely stable flow (a), the distinction between convective and absolute instability is a matter of Galilean
reference frame. Perturbations are amplified as they travel downstream in convective instability (b), while
grow at a fixed point in space for absolute instability (c). The plots are adapted from Bagheri et al. (2009b)
and show a modified linear Ginzburg-Landau equation.

namic instability.

Consider a two-dimensional flow with a parallel base flow, i.e. uo(z,y) = U(y)i, where
i is the unit vector in the z-direction. This includes boundary layers, free shear layers,
channel flows, and, in radial coordinates, pipe flow and Taylor-Couette flow between
counter-rotating cylinders. If the z-coordinate extends to infinity, streamwise variations
can be represented with Fourier modes. The infinitesimal disturbances ¢'(x,t) then take
the wave-like form

q'(z,y,t) = g(y)e*== (3.7)

for real wavenumber & and complex speed ¢ = ¢, + ic;'. There will be a different eigen-
value problem for each wavenumber £, each with eigenvalue c. Comparing to the modal
ansatz for the global problem, the temporal growth rate is then ¢ = k¢;, with oscilla-
tion frequency w = kc,. As in the global case, when o < 0 any perturbations will decay
exponentially.

The critical distinction is between absolute and convective instability, as introduced
by Monkewitz & Huerre (1982); Huerre & Monkewitz (1985) and illustrated in Fig. 3.1
for a one-dimensional model of shear flow. In absolute instability o > 0 for a mode with
zero group velocity ¢, and the instability will grow at a fixed point in space (Fig. 3.1c).

! Alternatively, a stability analysis of a parallel flow can be framed a spatial problem with modes growing
or decaying in space rather than in time, in which case the Fourier modes are constructed so that the
wavenumber is complex and the oscillation frequency is real.
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If ¢, # 0 for all modes with o > 0, then the instability is convected downstream as it is
amplified, but it will at any fixed spatial location (Fig. 3.1b). Absolutely and convectively
unstable flows are also sometimes known as “oscillator” and “amplifier” flows, respec-
tively, due to their tendency to either reach an oscillatory nonlinear equilibrium state or
exhibit transient amplification of small disturbances.

For reduced-order models based on global modes (whether or not the modes were
derived from a global stability analysis), this distinction is also important. Since per-
turbations eventually decay to zero at all fixed points in space for convectively unstable
flows, these flows will be identified as linearly stable in a global analysis. Instead, the con-
vective instability manifests as strong non-normality in the linear operator, which implies
that perturbations may have significant algebraic energy growth before decaying expo-
nentially (Trefethen et al., 1993; Reddy et al., 1993; Chomaz, 2005). In this case a nonmodal
analysis based on the “pseudospectrum” of the operator (also known as a resolvent anal-
ysis) may be more appropriate than the traditional modal stability analysis (Schmid &
Henningson, 2001; Schmid, 2007; McKeon & Sharma, 2010; McKeon et al., 2013; Symon
et al., 2018, 2019).

Mean flow stability Although linear stability analysis is often conducted in an expan-
sion around a steady solution of the Navier-Stokes equations, this does not need to be the
case. In fact, there is increasing interest in the role that the mean flow can play in stability
analysis.

Although it is not a steady-state solution of the Navier-Stokes equations, several stud-
ies have shown that linearizing about the mean flow @ (x) nonetheless provides valuable
insights into the dynamics of coherent structures existing in the nonlinear flow (Malkus,
1956; Barkley, 2006; Manti¢-Lugo et al., 2014; Beneddine et al., 2016; Meliga, 2017). The
analysis is the same as before, replacing the base flow go(x) with the mean flow g(z). In
some cases, a mean flow expansion can predict the structure and frequencies of the dom-
inant modes in the nonlinear flow much more accurately than a steady-state expansion.

This improvement of the stability analysis about the mean flow accounts for its in-
creasing popularity in both modal (Sipp & Lebedev, 2007; Beneddine et al., 2016) and
nonmodal (McKeon & Sharma, 2010) analysis. It is also appealing experimentally, since
the mean flow can be estimated practically for statistically stationary flows, while un-
stable steady states are difficult to produce. However, from a numerical perspective
standard mean flow analysis is not predictive in the sense that fully-converged statis-
tics are necessary to compute the mean flow prior to the stability analysis. Predictive
mean flow analysis is the subject of ongoing work, for example with eddy viscosity-
based Reynolds-averaged Navier-Stokes mean flow estimates (Pickering et al., 2021) or
self-consistent modeling (Manti¢-Lugo et al., 2014; Manti¢-Lugo & Gallaire, 2016; Meliga,
2017).

From the perspective of reduced-order modeling, this has several consequences. In
particular, even in an empirical analysis the expansion could be conducted about either
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the steady base flow or the mean. This can have ramifications for the accuracy of the
model; while a base flow expansion can allow the model to resolve the stabilizing mech-
anism of mean flow deformation (Noack et al., 2003), the base flow is not necessarily rel-
evant for strongly nonlinear flows. If the Reynolds stresses in Eq. (2.6) are strong enough
to significantly deform the base flow and the unsteady solution rarely passes near the
unstable steady state, a mean flow expansion may be a better choice.

3.2 Proper orthogonal decomposition (POD)

One of the most widely used techniques for dimensionality reduction and modal analysis
is proper orthogonal decomposition (POD), which solves the optimization problem

= (Wild) ¥

i=1

2

subject to (v;|thr) = djx (3-8)

min g
{5} d

assuming an expansion of the form (3.1), where the expectation is an ensemble average,
approximated in practice by a time average, and ¢, is the Kroenecker delta. The objective
is to minimize the residual energy in a linear subspace of r orthonormal modes, providing
an optimal low-rank representation of the flow.

This problem can be solved with the calculus of variations as follows. Replacing the
ensemble average with a time average under the assumption of ergodicity and expanding
the norm in Eq. (3.8), the problem becomes

) 1 T N
I{?é?f/o Jz_; (ila’) v (3.9)

) 1 T N
:%ﬁﬂr}lf/o { 2;| (sl +j;1 (¥;lq) ¢qu><¢]!¢k>} (3.10)
—gl;jn—jz: / (¥;|q")|>dt  subjectto  (3;|9r) = b, (3.11)

where the last step takes advantage of orthonormality of the basis functions, and removes
the norm (q’|q’) (which doesn’t depend on the basis functions).

This constrained optimization problem can be solved to find some particular mode 1)
by introducing the Lagrangian functional

£l == [ lasla)Pde A (P~ 1) (3.12)
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with Lagrange multiplier \. Minima of this cost functional satisfy

iﬁ [ + ep, Al =0 (3.13)
de I

for any function ¢(x) in the same space as 1 (x). For real-valued data ¢'(x,t), modes
{¥(z)}, and test function ¢(x), this optimality condition evaluates to

1 T
7| tela) e at = el o (314

The inner products are just velocity integrals over the fixed spatial domain, so the order
of integration can be exchanged with the time average. Then, since the test function ¢(x)
is arbitrary, the factors in the integrands can be equated:
1 (T
/ b(@) (:F / (1) - (@, t)dt> da’ = \p(x). (3.15)
Q 0

This optimality condition is an eigenvalue problem for the eigenfunctions {1/,} of the
two-point spatial correlation tensor of the velocity fluctuations C(x, '):

/ Clx, ' )p;(x')dQ = J?T,bj(ﬂf), (3.16)
Q

where C(x,2') = E [u(z,t)u* (2, t)] and {o;} are the POD eigenvalues, representing the
average fluctuation kinetic energy captured by each mode. The coefficients a(t) can be
extracted with the projection a;(t) = (¢;(x)|q'(x, t)).

In practice the correlation tensor is often not feasible to construct, since it scales with
the square of the discretized state dimension. Instead it is approximated numerically
with either a singular value decomposition (SVD) or the snapshot method (Sirovich, 1987;
Holmes et al., 1996; Taira et al., 2017). In this work we use the snapshot method as imple-
mented in the modred library (Belson et al., 2014), since it does not require storing the
entire time series of high-dimensional discretized velocity fields in memory.

The method of snapshots is based on simple linear algebraic manipulations of the dis-
cretized form of the eigenvalue problem (3.16); see Holmes et al. (1996) for a derivation.
Rather than form the spatial correlation tensor C(x, '), we compute a temporal correla-
tion matrix R with entries defined by

1 .
R]k = M <q/<t.]>|q/(tk)>7 j7k: 1727"‘7M' (3'17)
The temporal correlation matrix R has dimensions M x M, and is typically much smaller

than the discretized spatial correlation tensor. The eigenvalues of R approximate those of
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C, and the modes that solve the discretized form of (3.16) are given by

1 &
Py, = - m;q(tj)vjk, (3.18)

where RV = VX2 is the eigendecomposition of R.
The proper orthogonal decomposition has the following useful properties:

1. The spatial modes form an orthonormal set: (1, |11) = d;%.
2. The temporal coefficients are linearly uncorrelated: E[a;a;] = 7.

3. The modes can be ranked hierarchically by average energy content o7.

Since POD can be viewed as a continuous form of the SVD, these properties are analo-
gous to unitarity of the matrices of left and right singular vectors. The singular values
quantify the statistical variance captured by the low-rank SVD approximation. As a con-
sequence of the hierarchical ordering, the POD can be computed without a priori speci-
fication of the rank r, with the truncation determined later by a threshold based on the
residual energy. Finally, since the modes are a linear combination of DNS snapshots, the
reconstruction (3.1) automatically satisfies the incompressibility constraint and boundary
conditions.

Although POD analysis is a powerful tool, it suffers from several limitations. First,
it assumes a space-time separation of variables, which is typically appropriate for closed
flows, but is often a poor approximation of inhomogeneous open flows dominated by
traveling waves. Second, the condition that the temporal coefficients be linearly uncor-
related does not rule out nonlinear correlations. Finally, the optimality guarantee of the
POD approximation is purely based on the instantaneous flow field and does not account
for any time dynamics. The relationship between the first two issues will be examined
at length in Chapter 6; nonlinear correlations will be shown to stabilize reduced-order
models of advection-dominated flows while reducing the dimensionality of the model.
The third issue motivates alternative modal decompositions like dynamic mode decom-
position (Rowley et al., 2009; Schmid, 2010; Mezi¢, 2013) and spectral POD (Towne et al.,
2018).

3.3 Dynamic mode decomposition (DMD)

Although proper orthogonal decomposition is guaranteed to provide an energy-optimal
spatial reconstruction of the flow field, it sacrifices all temporal information in the com-
putation of the correlation tensor. The POD basis is therefore purely kinematic and con-
tains no dynamic information. An alternative approach is to compute the discrete Fourier
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transform of the fields, which suffers from the opposite issue: frequency information is
perfectly resolved, but the result is not necessarily associated with a useful reduced-order
linear subspace for kinematic representation. Dynamic mode decomposition (DMD), in-
troduced by Schmid (2010), is a useful compromise between these extremes.

DMD seeks to approximate a discrete-time linear evolution operator defined by
mJ‘itnIE |w(x, tyyr) — Au(z, t,)|°. (3.19)

The description of nonlinear dynamics in terms a linear evolution operator acting on ob-
servables has a deep connection to Koopman theory (Rowley et al., 2009; Mezi¢, 2013;
Brunton et al., 2022), but in terms of modal analysis it is often more useful to think of
DMD as solving an alternative optimization to equation (3.8).

Given a series of snapshots, a least-squares solution to equation (3.19) could be found
in terms of the pseudoinverse of the snapshot matrix. However, this calculation is typi-
cally computationally prohibitive, ill-conditioned, and disregards low-dimensional struc-
ture in the flow. Instead, DMD seeks to approximate the spectral properties of the oper-
ator A without explicitly forming it. There are a variety of algorithms to compute DMD
in conditions with limited or noisy data, but beginning with high-fidelity DNS snapshots
we follow the simple exact DMD algorithm introduced by Tu et al. (2014).

Beginning with a truncated POD basis and associated coefficients {a(t,)}2.,, the co-
efficients are arranged into time-shifted matrices X = [a(t;) a(t;) --- a(ty —1)] and
X' = [a(t:) a(ts) --- a(ty)]. Here we assume the {t,} are evenly sampled in time, but
it is possible to account for situations where this is not the case. A least-squares solution
to (3.19) in the POD subspace is A = X’'X*, where X is the pseudoinverse. With some
assumptions, the spectrum of A is approximated by the spectrum of the low-dimensional
approximation A, which can now be easily computed via an eigendecomposition:

A= VAV, (3.20)

where V, A € C™" and V is the eigendecomposition of A (different from Eq. (3.18)). For
details on theory and algorithms of dynamic mode decomposition, see Tu et al. (2014);
Kutz et al. (2016). Based on this eigendecomposition, complex-valued DMD modes {¢;(x)}
and associated projection coefficients () are linear combinations of the POD modes and
coefficients, given by

Sr(@) =D _ @)V a(t) = V'a(t). (3.21)

In principle the approximate time evolution is specified by the DMD eigenvalues {)\;} =
diag(A), but in terms of reduced-order modeling the decomposition can also be viewed
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as an alternative expansion to (3.1):

r

u(a, ) ~a(@) + Y dr(x)on(t). (3.22)

k=1

The DMD coefficient vector a(¢) may then be modeled as a time series, as with the POD
coefficients a(t).

This representation is essentially a similarity transformation of the POD basis; the
two encode the same information and span the same subspace. However, the time-
dependence in the optimization problem leads DMD to transform the POD basis to modes
that tend to have similar frequency content (see Fig. 6.7, for instance). This can be lever-
aged in modeling strategies that exploit triadic interactions in the frequency domain, for
instance; whereas POD happens to identify modes that are roughly coherent in time by
coincidence only, the DMD modes are closer to pure harmonics.

3.4 Summary

Modal analysis of fluid flows is a deep field in its own right that has led to important
advances in our understanding of flow physics; see for instance Taira et al. (2017); Towne
et al. (2018); Taira et al. (2020); Barthel et al. (2021, 2022); Brunton et al. (2022) for recent
advances. This chapter only introduces selected topics that will be important for later
discussion of low-dimensional modeling. From that limited perspective, modal analysis
seeks to address the spatial component of the space-time separation of variables in stan-
dard model reduction. This is made explicit in the generic modal decomposition (3.1).

With that in mind, arguably the two most important techniques for deriving a set of
spatial modes are linear stability analysis and proper orthogonal decomposition (POD).
Whereas linear stability analysis is an operator-based method that describes the evolution
of infinitesimal perturbations, POD is a fully empirical approach that approximates the
most energetic coherent structures in a statistical ensemble of fully nonlinear transient
flow data. On the other hand, dynamic mode decomposition is a more recent alternative
that might be thought of as an intermediate between stability analysis and POD. As with
POD, it is an empirical modal decomposition, but like linear stability analysis, it produces
modes that are coherent in both space and time, along with approximate eigenvalues
describing their evolution.

While these will be the primary techniques used to develop modal bases in this work,
it is worth bearing in mind at least one key limitation of the modal analysis framework. As
suggested by the discussion of local stability analysis and transient energy growth, this
problem is the artificial separation of space and time variables assumed by all of these
methods. While this can be justified in the analysis of many PDEs, including diffusion-
dominated fluid flow, it is ill-suited for the description of advection, or traveling waves.
Along with the complications of nonlinearity introduced in Chapter 2, this will be a crit-
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ical challenge faced by low-dimensional models constructed in this setting, with some
strategies presented in Chapters 6 and 9.

Nevertheless, POD, DMD, and stability analysis are powerful and robust techniques
for identifying coherent structures in unsteady fluid flows and will form the foundation
of the low-dimensional modeling methods in Chapter 4.
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Chapter 4
REDUCED-ORDER MODELING

Broadly speaking, reduced-order modeling is an interdisciplinary field of applied math-
ematics concerned with developing compressed approximations of high-dimensional dy-
namical systems, including PDEs (Antoulas, 2005; Noack et al., 2011; Benner et al., 2015;
Rowley & Dawson, 2017). The modal analyses discussed in Chapter 3 may be viewed
as linear dimensionality reduction methods that transform the system to a compact co-
ordinate system in which low-dimensional dynamical systems models can be developed.
In addition to acting as an inexpensive surrogate for the flow, such models can provide
valuable insight into latent structure of the physical solutions. This chapter introduces
the two key methods for developing nonlinear reduced-order models that will be ap-
plied throughout the remainder of this work: projection-based modeling (Sec. 4.1) and
the SINDy framework for system identification (Sec. 4.2). The discussion of model reduc-
tion methods will continue in Chapter 8 with a proposed method for stochastic system
identification.

4.1 Galerkin projection

We have already motivated model reduction from the perspective of dissipative nonlinear
dynamics in Chapter 2, but there are even more basic reasons for such an approach that
can be succinctly framed in terms of the spectral properties of linear operators. In a sense,
a standard eigendecomposition is the simplest form of model reduction. Suppose for
instance a discrete state vector z(t) € R" evolves according to the linear system

=Lz 4.1)

and the dynamics matrix L has eigenvalue decomposition LV = VA for the set of eigen-
vectors V and diagonal eigenvalue matrix A in order of descending real part. The left
eigenvectors W solve the adjoint eigenvalue problem and may be normalized so that
wrv =1.

If there is a spectral gap in the eigenvalues, so that the first r eigenvalues have real part
O(e) for some ¢ < 1 and the remaining N — r eigenvalues are damped with negative
real part O(1) or greater, then after a time ¢/¢, any component of « in a direction of the
higher-order modes will be exponentially damped. In this case the solution x(t) will be
approximately restricted to the linear subspace spanned by the leading r modes. That is,
x(t) ~ V,z(t), where V, consists of the leading r eigenvectors and z(t) is the vector of
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their coefficients. Then a reduced-order model of the dynamics = ~ V, 2 is the projected
model
2=W'LV,z = A,z (4.2)

where the W, is the matrix of truncated adjoint eigenvectors.

The basis vectors in V, and W, make up the “trial” and “test” bases, respectively.
If they happen to coincide, the projection is called a Galerkin projection; otherwise it is
often referred to as a Petrov-Galerkin projection. The eigenvector transformation is par-
ticularly simple since it diagonalizes the dynamics, but different choices of basis may be
appropriate in different circumstances. For example, linear model reduction is especially
important for actuated systems, where low-latency models are at a premium; see for in-
stance Antoulas (2005); Benner et al. (2015). In this case it is often more accurate to use
methods such as balanced truncation (Moore, 1981) or the eigensystem realization algo-
rithm (Juang & Pappa, 1985), which construct projection subspaces that account for the
controllability and observability of a state-space system.

Alternatively, the projection basis can be constructed using an empirical method such
as POD or DMD (see for instance Taira et al. (2017) or Chapter 3). POD is a convenient
choice since the basis is orthonormal by construction. If V is an r-dimensional basis of
POD modes and ¢ ~ Vz, then the Galerkin projection of the dynamics (4.1) onto this
subspace is

z2=VILVz, (4.3)

where the reduced-order dynamics matrix will not generally be diagonal. Assuming that
the flow is statistically stationary and the ensemble is sufficiently resolved, the POD ap-
proximation provides optimal kinematic resolution in an orthonormal basis.

Controllability, observability, and the proper orthogonal decomposition are connected
via the Gramian matrices, which allows for analysis in terms of linear systems theory (Bagheri
et al., 2009b) and hybrid methods such as balanced POD (Rowley, 2005). In the context of
fluid dynamics, linear models have been particularly successful for shear flows (Bagheri
et al., 2009a; McKeon & Sharma, 2010; Luhar et al., 2014; Zare et al., 2017; Rowley & Daw-
son, 2017), since these are often dominated by the linear mechanism of non-normal tran-
sient energy amplification.

However, in many cases nonlinearity is a key feature of the dynamics. The Galerkin
projection framework can be readily extended to nonlinear dynamics as follows. Suppose
that for a general autonomous dynamical system

= f(x), x c RY, (4.4)

we wish to approximate the state in an r-dimensional linear subspace x ~ Vz with V ¢
RN*". For simplicity (and because it will be the case for the POD basis), we will assume
that the modes are orthonormal, so that V'V = [, although the extension to Petrov-
Galerkin projection for different test and trial bases is straightforward (Benner et al., 2015).

Writing the ODE (4.4) in the implicit form N(x) = — f(x) = 0, there will inevitably be
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some residual error r(z) = N(Vz) in the dynamics approximation. To realize the optimal
approximation of the dynamics in this subspace, this residual should be orthogonal to the
subspace, so that V7r(z) = 0. Expanding the implicit form, this condition implies that
the reduced-order dynamics are

2=VIf(Vz). (4.5)

If f(x) is linear, this simplifies immediately to the linear reduced-order model (4.3).
However, for arbitrary nonlinearity Eq. (4.5) cannot be reduced further. This means that
the N-dimensional right-hand side f(Vz) must be evaluated before projecting back to
the low-dimensional subspace. There are a number of strategies for avoiding this costly
step (Carlberg et al., 2011; Amsallem & Farhat, 2012; Carlberg et al., 2013; Carlberg, 2015;
Carlberg et al., 2017), but as will be seen below, when the nonlinearity is polynomial the
projection can be computed offline.

Galerkin models of fluid flow Linear model reduction is an appealing and practical
framework for a number of reasons (not least the breadth of analytic tools available for
linear systems), but it disregards the critical role played by nonlinear interactions in mul-
tiscale fluid flows. As suggested by the discussion in Chapter 2, this is particularly impor-
tant for flows with absolute instability. Fortunately, the nonlinear extension of Galerkin
projection can be calculated in closed form for the Navier-Stokes equations (2.1), result-
ing in a linear-quadratic system of equations that parallels the spectral dynamics equa-
tions (2.3) for homogeneous flows.

As with the general case above, let N[q] = 0 be the Navier-Stokes equations written

in implicit form with g(z,t) = [u” p] ", Note that « here is the spatial variable, which

should not be confused with the state vector « in the dynamical systems notation above.
By approximating the flow field with a POD basis, we expect some residual error r(x, )
in the approximated dynamics defined by

r(@,t) =N |qo(@) + > Yu(m)a(t)]| . (4.6)

where go(x) might be the mean flow, a stationary solution, or any other time-invariant
divergence-free base flow.

In order to minimize the residual in this basis, the Galerkin projection condition is that
that the residual be orthogonal to each mode, so that (¢;|r) = 0 for any mode ;.. The
mass equation (2.1b) may be ignored if all spatial modes are assumed to be divergence-
free, while the projected the momentum equation gives the low-dimensional dynamics a.
The derivation is straightforward and is given in standard references (Holmes et al., 1996;
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Noack et al., 2011), leading to the linear-quadratic system of ODEs

ar = Fi + Z Lyear + Z Z Qrem e, (4.7)
=1 =1 m=1
with constant, linear, and quadratic terms given by
1
Fk = <'¢)k -V (’U,O X ’U,g) + EVQ’U,O> (4:8&)
1
Ly = <¢k —V - (ug @ up + up @ ug) — Vpp + R—eV2ue> (4.8b)
Qrem = (Y| =V - (U, @ U + U @ uyy,)) (4.8¢)

Here the modes consist of both velocity and pressure components, so that ¢, = [u] pi] T
The pressure gradient term can often be neglected, depending on the flow configuration.
In this work the only case where it is not negligible is the mixing layer in Chapter 7.
Here we assume that each POD mode was calculated with an associated pressure field as
described in Sec. 3.2, but there are several strategies for modeling the pressure term if it is
retained; for a detailed discussion of the pressure term see Noack et al. (2005).

Also note that the constant term vanishes if the flow is expanded about a steady-state
solution of the governing equations. However, if g is the mean flow it is typically not a
stationary solution, in which case this term represents important mean-flow forcing and
is not negligible.

As discussed above, for general nonlinear dynamics a closed-form low-dimensional
system cannot be computed. In this case, because the nonlinearity in the incompressible
Navier-Stokes equations is purely quadratic, the projection of this term can be computed
offline, leading to the quadratic tensor Q. Under certain assumptions, the same can be
done for isentropic compressible flow (Rowley et al., 2004) and magnetohydrodynamics
equations (Kaptanoglu et al., 2021b).

In principle, we might expect that the POD-Galerkin system (4.7) leads to approximate
solutions with comparable accuracy to the resolution of the expansion basis. However, for
reasons that will be discussed below, the long-time behavior of the reduced-order model
may deviate significantly from that of the underlying physical system. The accuracy may
not even necessarily improve with increasing subspace dimension . A central issue is
that solutions of the model are not constrained to lie on an invariant manifold of the flow.
This is a particular problem for advection-dominated flows, where coefficients associated
with harmonics evolve independently from the fundamental modes, eventually leading
to an unphysical loss of coherence. See Chapter 6 for a detailed investigation and pro-
posed solution to this issue.

A model similar to (4.7) may also be derived beginning with the DMD expansion (3.22).
In this case, since the DMD basis is not orthonormal, the Galerkin projection must be re-
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placed with the more general oblique projection of Petrov-Galerkin methods (Benner et al.,
2015). We implement this with a coordinate transform of the standard POD-Galerkin
model based on the DMD eigenvector matrix. This can be useful for instance if the stabi-
lization strategy benefits from modes with pure frequency content, as will be the case in
Chapter 6.

Symmetries and conservation properties The combination of proper orthogonal de-
composition and Galerkin projection is a popular choice for model reduction of incom-
pressible flows, in part because it provides a semi-empirical “gray-box” framework that
combines some of the advantages of data-driven analysis with physics-based modeling.
One consequence of this is that the dynamical system Eq. (4.7) inherits certain properties
from the Navier-Stokes equations.

For example, although we will usually take the base flow 1, (x) to be the time-averaged
mean flow, if the the flow is instead expanded about the steady-state solution the constant
forcing term F vanishes, ensuring that the origin is a fixed point. If, in addition, an en-
ergy inner product such as Eq. (3.2) is used for projection, the reduced-order model also
preserves Lyapunov stability of the origin, although not necessarily the stability of limit
cycles or other fixed points (Rowley et al., 2004).

A key feature of the quadratic nonlinearity of the Navier-Stokes equations is that it
is energy-preserving, in the sense that it has no net contribution to the evolution equa-
tion for kinetic energy in the spectral domain (with some restrictions on boundary con-
ditions) (Kraichnan & Chen, 1989). This is the foundation of the energy cascade picture
of turbulence, in which the role of the nonlinearity is to transfer energy from the large
scales to the small, dissipative scales. For the Galerkin system, the energy preservation
condition implies that (Schlegel & Noack, 2015)

Qiji + Qi + Qjir + Qjki + Qrij + Qrji = 0. (4.9)

This is often approximately true numerically for POD-Galerkin systems, but enforcing it
explicitly can improve the stability of the model (Cordier et al., 2013). Based on the struc-
ture of the linear-quadratic system (4.7), the quadratic tensor can also be symmetrized in
the last two indices:

Qijr. = Q- (4.10)

Finally, Schlegel & Noack (2015) showed that the long-term boundedness of the Galerkin
system can be guaranteed if a criterion based on generalized Lyapunov functions is satis-
tied. Although this is a dynamical systems analysis and not an a priori theoretical guaran-
tee, it can also be used as a constraint in sparse model identification to construct empirical
Galerkin-type models with guaranteed stability (Kaptanoglu et al., 2021a).

Shortcomings of the Galerkin method Although the POD-Galerkin framework is a
popular and theoretically convenient starting place for low-dimensional modeling, it suf-
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fers from several key limitations. First, linear representations of advection-dominated
flows fundamentally suffer from a large Kolmogorov n-width, or a linear subspace that
slowly approaches full kinematic resolution with increasing dimension (Grimberg et al.,
2020). In this case, even when enough modes are retained to reconstruct the flow field,
the Galerkin model may not faithfully represent the underlying physics.

Reduced-order models based on heavily truncated linear representations are therefore
known to suffer from severe instabilities without careful closure modeling (Aubry et al.,
1988; Noack et al., 2008; Wang et al., 2012; Maulik et al., 2019). From a numerical per-
spective, part of the problem is the Galerkin formulation commonly used to derive a set
of time-continuous ordinary differential equations (Carlberg et al., 2017; Grimberg et al.,
2020), but there are also at least two physical reasons for the instability of projection-based
models:

1. The higher-order modes tend to represent smaller scales of the flow, which are re-
sponsible for the bulk of energy dissipation, so that truncated models may not accu-
rately capture the energy cascade in the flow. This motivates eddy viscosity-type
modifications by analogy with classical turbulence closure models (Aubry et al.,
1988; Wang et al., 2012) as well as alternative Galerkin schemes that explicitly tar-
get energy balance (Balajewicz et al., 2013; Mohebujjaman et al., 2017).

2. The dimensionality of the linear subspace required to reconstruct the flow field may
significantly exceed the intrinsic dimension of the attractor of the system. Since tra-
ditional model reduction methods have one state variable per mode, the projected
dynamics may have many more degrees of freedom than the physical system. For
instance, the traveling wave solution to a linear advection equation on a periodic
domain may require arbitrarily many Fourier modes for a linear reconstruction, yet
with the method of characteristics the state is determined by a single degree of free-
dom: the scalar phase. This intuition can be used to develop empirical manifold
models that eliminate spurious variables; see Chapter 6 and Callaham et al. (2022).

The competition between these two effects tends to lead to fragile Galerkin systems
without further modeling. Enough modes must be retained to sufficiently resolve dissi-
pation, but this large number of kinematic modes may be considerably larger than the
number of dynamic degrees of freedom. Therefore, the dynamics of models that include
a large number of modes may not resemble those of the underlying flow. A case study
of these considerations is the pioneering work of Noack et al. (2003) modeling the two-
dimensional flow past a cylinder. With an augmented POD basis and a dynamical sys-
tems analysis, they reduce a structurally unstable eight-dimensional Galerkin system to a
two-dimensional cubic model that reproduces the dominant flow physics; see also Chap-
ter 5 for an updated presentation of this model.

The issues of stability and validity are intimately connected to the question of cor-
relation. The temporal coefficients of POD modes are linearly uncorrelated on aver-
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age (Holmes et al., 1996), but no such guarantee is available for nonlinear correlation. For
example, one mode may be a harmonic of another; in this case their temporal coefficients
are linearly uncorrelated but the harmonic is a perfect algebraic function of the funda-
mental. If these coefficients are modeled independently, as in a classical Galerkin system,
slight inaccuracies can lead to decoherence and unphysical solutions. Later chapters will
explore nonlinear dimensionality reduction (Chapter 6) and stochastic averaging (Chap-
ter 7) as systematic solutions for stabilizing these models while respecting their natural
dynamics.

4.2 Sparse identification of nonlinear dynamics

As an alternative to projection-based reduced-order modeling, a low-dimensional system
can be approximated directly from the data in a procedure typically called system iden-
tification. In a continuous-time setting, this is done by estimating parameters = for a
function f(a;ZE) ~ a that solve the approximation problem

minimize E ||a@ — f(a; E)|°. (4.11)

This is similar to the residual minimization in Galerkin projection, except that knowledge
of the governing equations is neither required nor assumed. Instead, some intuition about
the structure of the dynamics is typically encoded in the parameterization of f. Different
parameterizations lead to symbolic regression (Schmidt & Lipson, 2009), operator infer-
ence (Peherstorfer & Willcox, 2016), or deep learning (Vlachas et al., 2018). In the discrete-
time counterpart to (4.11), the NARMAX framework provides a powerful approach that
can incorporate time delays, stochastic forcing, and exogenous inputs (Billings, 2013).

In this work we apply the sparse identification of nonlinear dynamics (SINDy) approach
to system identification (Brunton et al., 2016a), illustrated in Fig. 4.1. Let ®(a) denote a
library of candidate functions of the time series a(?), e.g.

@([al aQ]T>:[a1 as ai ajay ai ]T (4.12)

We seek a sparse approximation @ ~ f(a;E) = Z2@(a) in the range of these candidate
functions. We can frame this as a linear algebra problem by forming the r x M data matrix
X as in the DMD method of Sec. 3.3, where each column is a snapshot of modal coefficients
in time. Similarly, we estimate the time derivative X , for instance with second-order finite
differencing. The SINDy formulation of the optimization problem (4.11) is then

m;n]‘x—E@(X)]]z+VIIE||O, (4.13)

=1

where ||-||, indicates the p—norm and v is some regularization weight. This optimization
problem is non-convex and requires a combinatorial search over function combinations.
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Figure 4.1: Model discovery applied to the Lorenz system. The SINDy algorithm assumes that unknown
governing equations for a dynamical system can be approximated by a sparse linear combination of candi-
date functions. The coefficient vectors can then be identified by solving a sparse regression problem. Note

that the matrices ® and = are the transpose of the usual SINDy formulation. Figure adapted from Brunton
et al. (2016a).

To avoid this, we approximate the solution to (4.13) with the greedy forward regression
orthogonal least squares (FROLS) algorithm used in NARMAX analysis (Billings, 2013).
Other possible optimization algorithms include sequential thresholding (Brunton et al.,
20164), SR3 (Champion et al., 2019b), and convex relaxation (Loiseau, 2020). See also Brun-
ton et al. (2016a); Loiseau & Brunton (2018); Loiseau (2020); Callaham et al. (2022) for de-
tails on SINDy reduced-order modeling of fluid flows.

Although the systems obtained from POD-Galerkin projection will be dense in gen-
eral, we expect that the dynamics can be closely approximated by a sparse combination
of candidate functions. This may be justified intuitively by the sparse structure of the
triadic interactions in isotropic flow (see Section 2.1), where only r* out of r* possible
interactions are admissible (Rubini ef al., 2020). Moreover, as observed in Section 3.3,
DMD approximates a diagonalization of the evolution operator, so that by analogy with
normal form theory we may reasonably hope for a minimal representation of the dynam-
ics if we work with DMD coefficients « rather than POD coefficients a (Loiseau, 2020;
Callaham et al., 2022). More generally, sparsity promotion reflects the inductive bias of
Occam’s razor or Pareto analysis, where we expect that the most important features of
the dynamics will be due to a small subset of terms. For incompressible flows, it has been
repeatedly demonstrated that a library of low-order polynomials provides a good basis of
functions. Quadratic terms are clearly necessary to capture the advective nonlinearity of
the Navier-Stokes equations, but cubic terms allow the model to resolve Stuart-Landau-
type nonlinear stability mechanisms (Loiseau & Brunton, 2018).



51

For PDEs with more general nonlinearity, low-order polynomials still present an at-
tractive basis for SINDy. In many interesting regimes the effect of the nonlinearity may
be relatively weak, so that quadratic and cubic polynomials can be seen as second- or
third-order Taylor series approximations to the underyling nonlinearity. Moreover, even
strongly nonlinear systems can be lifted with a change of variables to a coordinate system
wherein the dynamics are linear-quadratic (Rowley et al., 2004; Qian et al., 2020; Kap-
tanoglu et al., 2021b).

Enforcing physical constraints Although the SINDy method presented above is uncon-
strained, Loiseau & Brunton (2018); Loiseau (2020) and Kaptanoglu et al. (2021a) showed
that an effective alternative to sparse regression is regularized, constrained regression.
This approach replaces the optimization problem (4.13) with

ménH"‘—E@“)HZ””E”? (4.14)

subject to CE = 0, H= < 0.

For example, if the library only contains linear and quadratic terms in the state variables,
the symmetries and conservation properties (4.9) and (4.10) of the Galerkin system can
be used to derive equality constraints on the relationships between the coefficients of
the nonlinear terms (Loiseau & Brunton, 2018). See Loiseau (2020) for examples of other
physically-motivated equality and inequality constraints, including equivariance, dissi-
pative dynamics, and preservation of the stable manifold.

Besides enforcing hard constraints on the coefficients, Kaptanoglu et al. (2021a) derived
a stability-promoting optimization scheme based on the trapping theorem due to Schlegel
& Noack (2015). This method is based on a generalized form of Lyapunov stability anal-
ysis; although the derivation and implementation is somewhat technical, results show a
dramatic improvement in long-time stability of the SINDy models, even when the input
data is highly corrupted by measurement noise.

The energy-preserving and trapping conditions are based on analysis of linear-quadratic
dynamics and it is still currently not clear how they might be applied to cubic models.
Since both constraints and cubic terms have been shown to significantly improve SINDy
models of fluid flow (Loiseau & Brunton, 2018), combining the two could be a power-
ful advance. One possibility is to first identify a constrained linear-quadratic system and
then perform a secondary reduction to a cubic model by averaging over fast variables in
the quadratic system; see Chapter 7 for further discussion.

Other extensions Since its introduction, the SINDy framework has been extended in a
number of directions. These include generalizations to actuated systems (Brunton et al.,
2016b; Kaiser et al., 2018), stochastic differential equations (Boninsegna et al., 2018; Calla-
ham et al., 2021D), partial differential equations (Rudy et al., 2017; Schaeffer et al., 2017),
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weak-form equations (Reinbold et al., 2020; Messenger & Bortz, 2021), and implicit equa-
tions (Mangan et al., 2016; Kaheman et al., 2020). The basic sparse regression algorithm has
also been refined with more robust numerical optimization (Champion et al., 2019b) and
other techniques for noisy observational data (Delahunt & Kutz, 2022; Fasel et al., 2022).
Many of these advances, including the constrained and trapping optimizations discussed
above, are available in the open-source PySINDy library (de Silva et al., 2020; Kaptanoglu
et al., 2022)'.

4.3 Summary

This chapter reviews the two reduced-order modeling methods that will be central to the
remainder of this thesis: POD-Galerkin projection and the SINDy model discovery frame-
work. Of course, there are many important alternative model reduction methods. These
include physics-based methods such as balanced POD (Rowley, 2005), resolvent analy-
sis (McKeon & Sharma, 2010; McKeon et al., 2013; Sharma & McKeon, 2013), center mani-
fold reduction (Carini et al., 2015), and weakly nonlinear analysis (Sipp & Lebedev, 2007;
Meliga et al., 2009; Meliga & Chomaz, 2011; Rigas et al., 2017). Empirical system identifi-
cation is also crucial when analytic approaches are not practical; these methods include
the eigensystem realization algorithm (Juang & Pappa, 1985; Ma et al., 2011; Brunton et al.,
2014), the NARMAX framework (Billings, 2013), symbolic regression (Schmidt & Lipson,
2009; Cranmer et al., 2020b), black-box forecasting (Gautier et al., 2015; Vlachas et al., 2018;
Pathak et al., 2018; Hesthaven & Ubbiali, 2018; Wan & Sapsis, 2018), and other time-series
analysis methods (Crutchfield & McNamara, 1987; Kantz & Schreiber, 2003; Bradley &
Kantz, 2015; Tabar, 2019).

As always, the appropriate algorithm will typically be application-dependent. For the
purposes of deriving compact, nonlinear dynamical systems approximations to unsteady
fluid flow, Galerkin projection and SINDy are particularly useful because they are inter-
pretable, relatively simple to implement, and balance inputs from observational data and
physical models. After Chapter 5 illustrates the application of both methods to the cylin-
der wake, Chapters 6 and 7 introduce extensions to Galerkin and SINDy modeling based
on multiscale dynamical systems analysis. Chapter 8 returns to the topic of system identi-
fication to present the Langevin regression algorithm, an extension of SINDy to stochastic
differential equations.

thttps:/ / github.com /dynamicslab/pysindy
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Chapter 5
CASE STUDY: THE CYLINDER WAKE

For all that it bears no obvious resemblance to any practical problems, the flow past a
cylinder has played an outsized role in the history of fluid dynamics, including d”Alembert’s
paradox, the Kutta-Joukowski theorem connecting circulation and lift, and airfoil theory
(via conformal mapping and the Joukowski transform). More recently, the stable vortex
shedding limit cycle at moderate Reynolds numbers has generated renewed interest in
the cylinder wake, including stability analysis (Zebib, 1987; Barkley & Henderson, 1996;
Barkley, 2006; Sipp & Lebedev, 2007), low-dimensional modeling (Deane et al., 1991; Ma
& Karniadakis, 2002; Noack et al., 2003; Brunton et al., 2016a; Loiseau et al., 2018a), and
closed-loop flow control (Tadmor et al., 2011).

Alongside seminal works such as Lorenz (1963); Ruelle & Takens (1971); Aubry et al.
(1988); Holmes et al. (1996) the reduced-order model for the cylinder wake developed
by Noack et al. (2003) is one of the centerpiece examples of the dynamical systems perspec-
tive on fluid dynamics. Because it highlights much of the important physics of model re-
duction reviewed in Chapters 2, 3, and 4, this chapter briefly summarizes relevant results
of that paper in Sections 5.2-5.4. Section 5.5 concludes with an example of a data-driven
manifold closure using sparse regression which yields a highly accurate two-dimensional
Galerkin-type model.

5.1 Flow configuration

We model the two-dimensional incompressible flow past a cylinder at Reynolds number
Re = UL/v = 100. As in Noack et al. (2003), the simulation domain is x € (—5,15), y €
(—5,5); this configuration is shown in Fig. 5.1. Atlow Reynolds numbers, the equilibrium
solution is a stable, symmetric, laminar profile similar to that predicted by potential flow
theory but modified by a shear-induced recirculation bubble.

At Re, =~ 46, the flow undergoes a supercritical Hopf bifurcation where the wake
becomes unstable to perturbations and tends toward a stable vortex shedding limit cy-
cle. The post-transient flow at Re = 100 is therefore characterized by a von Karman
vortex street, as shown in Fig. 5.1. The transient evolution of the flow is captured by
the time history of the leading POD coefficients in Fig. 5.2; the instability grows from the
initial unstable steady state until the flow reaches the stable limit cycle. This transient
growth/saturation behavior is determined by the Reynolds stress deformations (Noack
et al., 2003; Sipp & Lebedev, 2007). Consequently, the flow can be accurately described by
a cubic Stuart-Landau equation, as shown below.
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Figure 5.1: Two-dimensional flow past a cylinder. The simulation domain (top left) is the same as Noack
et al. (2003). The post-transient flow is characterized by periodic vortex shedding (top right). This limit cycle
is stabilized by Reynolds stress-mediated base flow deformation, which can be captured in POD-Galerkin
models by augmenting the POD basis with a “shift mode” 1 capturing the deformation of the base flow
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Figure 5.2: Transient evolution of the leading
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We solve the Navier-Stokes equations with direct numerical simulation (DNS) using
the spectral element solver Nek5000 (Fischer et al., 2008). The domain is discretized with
2622 sixth-order spectral elements, refined close to the boundaries and centerline. Dif-
fusive terms are integrated with third-order backwards differentiation, while convective
terms are advanced with a third-order extrapolation.

5.2 Modal analysis

The localized, periodic nature of the post-transient evolution suggests that modal anal-
ysis should be able to successfully describe the main features of this flow. We compute
the mean-subtracted proper orthogonal decomposition (POD) using the method of snap-
shots (Sirovich, 1987) from 100 fields on the vortex shedding limit cycle. The fields are
separated by an interval At = 0.056 so that the integration time corresponds to one full
period. As shown in Fig. 5.3b, the leading 8 POD modes provide near-perfect kinematic
resolution, with a relative fluctuation kinetic energy residual of order 104

The leading modes themselves are visualized by vorticity in Fig. 5.1. Each pair of
modes (first and second, third and fourth, etc.) is analogous to the complex-conjugate
eigenvectors describing propagating waves; they capture the same spatial scales, but are
phase-shifted slightly. In fact, this illustrates one of the main challenges of modal analysis
for advection-diffusion problems. Although the limit cycle flow is purely oscillatory, the
modal decomposition introduces an artificial space/time separation and the modal basis
must span several times the intrinsic dimensionality of the system in order to resolve the
advecting structures.

Another useful property of POD analysis is that the orthogonality of right singular
vectors guarantees that the time evolution of the coefficients a,(¢) are linearly uncorre-
lated in time. However, this does not exclude nonlinear correlations. In fact, as explored
by Loiseau et al. (2018a); Callaham et al. (2022) and Chapter 6, we might well expect that
for an oscillating flow, the triadic interactions arising from projecting a modal decompo-
sition of the form of Eq. (3.1) onto the dynamics would generate higher harmonics in the
higher modes. That is, if the leading modes evolve at the natural frequency, a; 5 ~ e,
the triadic terms proportional to a? and a3 will excite higher-order modes at e*?*!. Mean-
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Figure 5.3: POD coefficients for the post-transient Re = 100 cylinder wake. The POD coefficients
are guaranteed to be linearly uncorrelated, but the phase portraits (a) show clear evidence of nonlinear
correlation. The Lissajous figures are characteristic of pure harmonics of the fundamental pair (a1, a2). The
modes appear in pairs with approximately the same energy (b), typical of oscillations or traveling waves in
the flow.
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while, nonlinear interactions such as a;a, have zero frequency and instead modulate the
amplitude. This is borne out by a weakly nonlinear analysis of the flow near the bifurca-
tion point; see Sipp & Lebedev (2007) and Chapter 2.

We can observe this effect for the cylinder wake by plotting phase portraits for the
temporal coefficients, as in Fig. 5.3a. These Lissajous-type figures show clear evidence
of higher harmonics in the higher-order modes. Therefore, although the coefficients are
linearly uncorrelated, the post-transient evolution of the coefficients are nonlinearly cor-
related in the sense that the higher-order coefficients can be expressed as algebraic func-
tions of the pair (a;,as) (see Sec. 5.5). This evidence also supports the idea that the slow
dynamics are inherently two-dimensional; if nonlinear correlations can explain all the
higher-order terms then we only need a phase and amplitude of the leading pair of modes
to fully characterize the state of the system.

5.3 POD-Galerkin model

The first successful POD-Galerkin model of the vortex shedding past the cylinder was
developed by Deane et al. (1991), who modeled the evolution of the leading eight POD
modes in the post-transient regime. Although this set of modes can reconstruct the flow
with high accuracy and the model dynamics were shown to match the DNS over one
period of the flow, this model is in fact structurally unstable. That is, the model may
perfectly describe the limit cycle in theory, but small errors in the estimates of the Galerkin
operators and lead to asymptotic instabilities in the model. In other words, there is no
mechanism to stabilize the limit cycle; Fig. 5.4a (grey) shows that from an infinitesimal
perturbation the energy grows exponentially.

The reason for this is that the model based on an expansion about the mean flow does
not resolve the Stuart-Landau nonlinear stability mechanism. On the other hand, the
model naturally stabilizes if the POD basis is augmented with a “shift mode” that ac-
counts for the base flow deformation (Noack et al., 2003). The shift mode ga(x) is com-
puted from the the difference g — gy between the mean flow g and the linearly unstable
steady-state base flow g, orthonormalized with respect to the rest of the POD basis using
a Gram-Schmidt procedure. Figure 5.1 shows the computed shift mode.

The modal ansatz (3.1) is then replaced by

q(z,t) = qo(x) + aa(t)qalz) + Z a;(t);(x), (5.1)

where the new temporal coefficient aa(t) parameterizes the mean flow deformation en
route to the limit cycle. For notational convenience, we will treat the A index of the shift
mode as the final integer index, so that if we use a basis of eight POD modes, ax = ay.
The linear and quadratic operators are the same as in Egs. (4.7) and (4.8), except that
the constant term vanishes for an expansion around the steady-state base flow qy. The
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(a) Energy comparison of the reduced-order models.
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(b) Parabolic manifold for the transient cylinder wake.

Figure 5.4: Low-dimensional models of the transient cylinder wake. A model based on the post-
transient limit cycle (grey) is structurally unstable without the addition of a shift mode capturing the base
flow deformation (grey-blue). An analytic invariant manifold reduction (blue) is a more accurate approx-
imation, although the lack of resolution for higher harmonics results in an overestimate of post-transient
energy. This is corrected by the sparse Galerkin (SINDy) model (orange), which has the same structure as
the invariant manifold model and can capture higher harmonics (also see Fig. 5.6). The nine degrees of
freedom required for kinematic resolution approximately evolve on a two-dimensional parabolic manifold
(b). Even when stable, POD-Galerkin models are not confined to the inertial manifold (left). The invariant
manifold and SINDy models restrict the dynamics to the manifold (middle, right).
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pressure gradient term is also negligible for this flow (Noack et al., 2003, 2005).
Visualizing the transient evolution with the additional degree of freedom ax (t) for the
shift mode makes clear the parabolic structure of the underlying manifold (Fig. 5.4b).
The deformation grows in proportion to the energy of the perturbations until the two are
in balance in the limit cycle. Noack et al. (2003) show that this correction stabilizes the
model, even when the POD basis only includes the leading pair of modes (Fig. 5.4a, red).

5.4 Invariant manifold model

Although the shift mode correction effectively stabilizes the model on a limit cycle, this
approach has two main physical flaws. First, since the leading order terms tend to donate
energy to the higher-order terms on average (see Fig. 9 in Noack et al. (2003)), truncation
of the modal basis at two terms also truncates the “cascade”. Without higher-order terms
to receive and dissipate the energy, the final limit cycle amplitude is overestimated.

This can be rectified by retaining the additional POD modes in the model (Fig. 5.4a,
grey-blue), at the cost of increasing the model dimensionality to » = 9. A second problem
is that the transfer of energy between modes happens more slowly in the model than
in the flow. This manifests in a transient overshoot in the fluctuation amplitude before
stabilizing to the limit cycle. Physically, this may be because the local interactions in
the PDE system “equilibrate” to the manifold more rapidly than the global ODE model.
Dynamically, the problem is that the system is not restricted to the invariant manifold, as
shown in Fig. 5.4b

This can be corrected using methods from dynamical systems theory, in particular a
center manifold reduction (see Guckenheimer & Holmes (1983); Wiggins (1990), and the
simple example in Sec. 2.3). As shown in Fig. 5.5, stability analysis of the fixed point of
the r = 9 Galerkin system shows that there are only two unstable eigenvectors (consis-
tent with stability of the flow itself). The fundamental assumption of the invariant man-
ifold reduction is that the stable directions quickly decay towards a manifold on which
the dynamics can be expressed in terms of the two “active” coordinates. The other de-
grees of freedom may be kinematically relevant (i.e. to reconstruct the full flow field), but
are”slaved” to the active coordinates.

In other words, the full state is decomposed into active coordinates a;, a; with the
remaining stable directions a; an algebraic function of the active coordinates, so that
aj = @j(ai,az). This equation determines the geometry of the manifold. Assuming that
the deformation is relatively small, a power series expansion of the manifold equation
implies it is parabolic to leading order. With the further assumption that the dynamics
are restricted to the manifold, we can derive the expansion coefficients for the manifold
equation as follows.

Since the base flow in the expansion (5.1) is a steady state, the origin should be a
fixed point of the Galerkin system. The first step in the center manifold reduction is
to partition the system into slow and fast degrees of freedom, where slow degrees of
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freedom have eigenvalues with real part O(e) for ¢ < 1. Assuming the linear operator
can be diagonalized with the eigenvector transformation

LV = VA, (5.2)
the coefficient vector can be transformed into generalized eigenvector coordinates with

a = Vb.

This transformation results in a Galerkin model with diagonal linear part, in the form
of (2.23). In particular, if V is invertible then the dynamics of b are

bi=Abi+ > Qibjbr, (5.3)

Jk=1

where QiAjk = Vi[ngmanj Vo 1s the quadratic tensor transformed into eigenvector coor-
dinates.

In this case there are two weakly unstable eigendirections (active coordinates), as
shown in Fig. 5.5. Following the scale separation arguments in Chapter 2, we can sep-
arate the state space into active and stable variables b, and b,, respectively, with

bo=[b1 by 0 --- 0]" (5.4)
bo=1[0 0 b3 by -] =~ p(by) (5.5)
br~b=b,+ pb,). (5.6)

We first derive the manifold equation ¢ on the fast time scale by neglecting the small
real part of the unstable eigenvalues so that \; » = *iw, and b, is on a center manifold.
The fast variables can then be eliminated from the dynamics on the slow time scale via
substitution of the manifold equation.

As introduced in Chapter 2, the dynamic consistency condition for the manifold equa-
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tion is that

Ijs = aso(ba) = J<ba)ba (57)

Fo(b) = Jy(ba) fa(b), (5.8)

where J,(b,) is the Jacobian of ¢ evaluated at b, and f = [fT fI }T. This consistency
condition is a system of PDE:s for the function ¢ that is generally difficult to solve exactly.

However, assuming the coordinates are small, the manifold equation can be expanded
in a power series expansion. Requiring that the manifold equation preserves the fixed
point and is tangent to the center manifold at the origin implies that ¢(0) = 0 and J,,(0) =
0. Then the first nontrivial terms in the power series are quadratic:

©;(b1, o) = @110 + Pj1obiby + Pjosbs + ...,  j=3,4,....,1 (5.9)
The j** row of the Jacobian (for j = 3,4,...,7)is
Jj(bh bz) = |:2q)j11b1 + q)j12b2 Qq)jQQbQ + (I)jIle] (510)

and the consistency condition can be expanded as

Aj Z D 1obrbg + Z Q;-\kgbkbz:iw0(2®j11b1+®j12b2)b1—iw0(2¢j22b2+q)j12bl>bz- (5.11)

k,0=1.2 k=12

Comparing powers of b, leads to simple closed-form formulae for the expansion coef-
ficients:

A11 A12 A22
Gy = ——2IL—— D = ——2 Pigg = —— L= 5.12
J11 QiWO —_ )\j’ 712 )\j ) 722 _ino — )\j ( )

Finally, retaining the leading-order correction, the invariant manifold reduction is a gen-
eralized Stuart-Landau equation:

k=12 k.£m=12 n=3

This model is two-dimensional, but contains a leading-order approximation to the
higher-order modes. As Fig. 5.4 shows, the manifold equation prevents the overshoot of
the standard Galerkin model. Although the analytic manifold reduction presented here
is an effective technique for stabilizing the cylinder wake, its applicability is somewhat
limited in general for two reasons.

First, it relies on the diagonalization and expansion around a fixed point. This not a
problem for simple configurations where the Galerkin model preserves fixed points of
the fluid flow, or if the steady state is used as the base of the modal expansion. However,
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when the flow is far from a bifurcation point it is often better to expand around the mean
flow; the resulting Galerkin models may not necessarily have fixed points that coincide
with meaningful states of the underlying system.

Second, the invariant manifold technique relies theoretically on smallness of the coef-
ficients (justifying the power series expansion) and the assumption that the higher-order
modes can be expressed as instantaneous algebraic functions of the active coefficients.
The elimination of constant and linear terms in the parabolic approximation furthermore
requires that the real parts of the slow eigenvalues vanish, or at least is small enough to be
neglected on the fast time scale. For more complex dynamics far from bifurcation points
none of these is necessarily justified. Later chapters propose solutions to these limita-
tions, including data-driven invariant manifold modeling (Chapter 6) and replacing the
manifold equation with a stochastic average (Chapter 7).

5.5 SINDy model

Although the invariant manifold model avoids the energy overshoot problem of the stan-
dard POD-Galerkin models, it does not solve the problem of overestimating the limit
cycle energy (Fig. 5.4a, blue). This is primarily because the power series approximation
of the manifold equation is only a first-order approximation to the influence of the higher-
order terms. As Fig. 5.6 shows, the parabolic equation roughly approximates the second
harmonic, but capturing the third and fourth harmonics would require cubic and quartic
Taylor series expansions of the manifold equation.

This is possible in principle, but as the derivation in Sec. 5.4 shows, even the leading-
order approximation is relatively involved and the complexity grows rapidly in the poly-
nomial degree. Since we have a sense of the structure of the model, but deriving the exact
terms and coefficients analytically is impractical, this problem is a natural candidate for
sparse Galerkin regression (SINDy), introduced in Brunton et al. (2016a) and reviewed
in Sec. 4.2. With this method we look for sparse polynomial representations of both the
leading-order dynamics a4, a; and the manifold equation a; = ¢;(a;,a2) fori =3,...,r.

Using libraries of polynomials up to third order for the dynamics and fourth order for
the manifold, we find

d [ar]  [MI—mr?) —wd+or?)] [a
dt [Gj n [w(l +or?)  A(1— MQrQ)} LJ (5.14)

with r? = a] + a3. This is consistent with the normal form for the Hopf bifurcation (2.33)
and mean field theory; the linear growth rate is modulated by the perturbation amplitude
r? until the two are in balance on the limit cycle. We also find that the frequency has a
weak amplitude dependence, as can also be observed in the DNS data in Fig. 5.2.

Figure 5.6 shows that the fourth-order SINDy approximation to the manifold equation
allows accurate reconstruction of the higher-order modes. The full evolution of the SINDy
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model reaches the correct limit cycle energy without overshoot (Fig. 5.4a, orange) by
preserving manifold invariance (Fig. 5.4b).

5.6 Summary

The cylinder flow has proven to be a rich test case for the development of reduced-order
modeling methodology. It is relatively simple to implement numerically, easy to vali-
date against computational and experimental results, and the flow physics is now well-
understood. Still, as illustrated here a full description of the transient dynamics touches a
wide range of topics, including linear and nonlinear stability, modal analysis, and dynam-
ical systems theory. So although this section largely reviews existing results (in particular
Noack et al. (2003); Loiseau et al. (2018a)), the example is both demonstrative of much
of the conceptual background of Chapters 2-4 and is a good example of fusing physical
analysis with targeted applications of simple machine learning methods.

In this case ultimately the SINDy model is both more accurate and significantly sim-
pler than the nearest analytic equivalent (the invariant manifold model). At the same
time, it preserves the same deep connection to flow physics and the dynamical systems
perspective. Similar methods have recently been used to model open cavity flow (Loiseau
& Brunton, 2018; Callaham et al., 2022), chaotic convection (Loiseau, 2020; Guan et al.,
2021), magnetohydrodynamics (Kaptanoglu et al., 2021b), and bifurcations in the “fluidic
pinball” system (Deng et al., 2020).

Later chapters exploring flows with more complicated dynamics will return to many
of the concepts illustrated here on the simpler cylinder wake. In particular, Chapter 6
expands on the idea of empirical manifold modeling, generalizing beyond the case where
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the higher-order modes are pure harmonics of the fundamental. Chapter 7 replaces the
manifold model with a more general stochastic averaging procedure that results in mod-
els with similar cubic structure. Finally, Chapters 8 and 9 introduce a stochastic variant
of SINDy and apply it to experimental measurements of a turbulent wake in order to de-
velop a description of mean flow deformation analogous to that presented here for the
cylinder wake.
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NONLINEAR DYNAMICS
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Chapter 6
EMPIRICAL INVARIANT MANIFOLD REDUCTION

The discussion and examples in Part II of this thesis suggest that many unsteady flows
are characterized by emergent low-dimensional structure, proper treatment of which can
substantially improve reduced-order models. In particular, when the flow is advection-
dominated, the modal coefficients can exhibit strong nonlinear correlations related to the
traveling-wave behavior of the PDE solutions. In this chapter we will see that nonlinear
dimensionality reduction can identify and enforce this latent structure, as shown schemat-
ically in Fig. 6.1. Section 6.1 begins the chapter with an analysis of two model PDEs,
demonstrating the connection between advection and nonlinear correlation.

Sections 6.2- 6.5 explore this relationship with an in-depth analysis of quasiperiodic
shear-driven cavity flow. After projecting data from a direct numerical solution onto a ba-
sis of DMD modes, the recently proposed randomized dependence coefficient (Lopez-Paz
et al., 2013) allows us to clearly distinguish the active degrees of freedom from correlated
higher harmonics and nonlinear crosstalk. In this minimal representation, the dynamics
occur on a 2-torus, while the rest of the modes, which arise as triadic interactions of the
active variables in the frequency domain, can be expressed as polynomial functions of the
dynamically active variables. The restriction to this manifold stabilizes a standard POD-
Galerkin model, avoiding both decoherence and energy imbalance. This representation
is also a natural basis for data-driven system identification methods; we apply the sparse
identification of nonlinear dynamics (SINDy) algorithm (Brunton et al., 2016a) and show
that the flow can be accurately described by two independent Stuart-Landau equations.

The view of the nonlinear correlations as triadic interactions in the frequency domain
is only valid for flows with discrete spectral content (i.e. periodic or quasiperiodic dy-
namics), but the problem of linear modal decompositions overestimating the number of
dynamically active degrees of freedom is relevant for advection-dominated flows with
more complex dynamics. In this vein, Sec. 6.6 generalizes the polynomial manifold ap-
proximation with a deep learning model, extending the validity of the empirical manifold
modeling approach to the chaotic regime. A parametric deep manifold model constructed
from simulations of the cavity configuration at two Reynolds numbers is also able to re-
produce the series of bifurcations in the Ruelle-Takens route to chaos (Fig. 1.2).

6.1 Advection and nonlinear correlation

Many features of projection-based models of advection-dominated flows are demonstrated
by simple scalar PDEs. In particular, limitations of the Galerkin representation of hyper-
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Figure 6.1: Schematic of the model reduction approach exploiting nonlinear correlations. The flow
fields are first projected onto a linear modal basis ¥, yielding modal coefficients a(t). The quasiperiodic
dynamics can be described by four degrees of freedom; the rest of the modal coefficients can then be re-
constructed with polynomial functions consistent with triadic interactions in the frequency domain. The
dynamics of the active degrees of freedom can be modeled either by restricting the POD-Galerkin dynamics
to the toroidal manifold or by identifying a simple, interpretable dynamical system with the SINDy algo-
rithm.
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bolic problems can be seen in the linear constant-coefficient advection equation, while
Burgers’ equation is a minimal example of the key role of nonlinearity in the full Navier-
Stokes equations.

The linear dispersion relation as nonlinear correlation One of the fundamental rea-
sons that Galerkin models of advection-dominated flows tend to be fragile is that they
introduce additional variables that do not correspond to physical degrees of freedom.
This is perhaps illustrated most clearly by the linear advection equation on a periodic
domain:

up + cuy =0, x € (0,L). (6.1)

For any initial condition u(z,0) = wug(x), this equation has the simple traveling wave
solution u(z,t) = wuo(z — ct). Given the initial condition, the only effective degree of
freedom is the phase ct/L. However, the problem could also be solved by means of a

Fourier expansion
o

u(z,t) = Z an(t)e*n® (6.2)

n=—oo

with k,, = 27n/L. The Galerkin system in this orthogonal basis (see Chapter. 4) is
an(t) = —iwpan(t), Wy = kpen =0, £1,£2, ... (6.3)

The relationship between frequency w and wavenumber £, is the dispersion relation; in this
case it implies that all scales are carried at the same speed c.

With this analytic dispersion relation, (6.3) is equivalent to the traveling wave solution,
since a,(t) = e~ “ntq,(0):

[e.o]

u(z,t) = Z an (0)eF Tt — o (z — ct). (6.4)

n=—oo

However, the Galerkin model has introduced many degrees of freedom in the harmonics
a, by artificially separating space and time. If the projection is approximated numerically
or with empirical basis modes, the estimated system may include some error, so that
Wy, = kyc + €,. In this case the Galerkin system will be dispersive, i.e. each wavenumber
will propagate with a slightly different speed. The traveling wave solution will tend to
lose coherence on a timescale 1/¢, as shown in figure 6.2.

An alternative perspective on the dispersion relation is that it specifies nonlinear cor-
relations between the temporal coefficients a,, removing the spurious degrees of freedom
introduced by Galerkin projection. The linear dispersion relation w,, = nk;c implies the
nonlinear relationship for harmonics

an(t) = e 1%a, (0) o af, (6.5)
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Figure 6.2: Linear advection equation with errors ¢, ~ N(0, €?) in the dispersion relation w,, = ck,.
The Galerkin model (grey) loses coherence with the exact solution (black) over a time scale 1/e. If the
polynomial correlations implied by the dispersion relation are enforced explicitly, the model is robust to
such errors. Nonlinear correlation in the true system, given by (6.5), appears in the Lissajous-type phase
portraits of the Fourier coefficients (right). Similar behavior manifests in Galerkin models of nonlinear
advection-dominated flows.

with the proportionality determined by the initial condition. Then the only degree of free-
dom is a;, and the traveling wave solution is recovered by the Galerkin model projected
onto this mode. In dynamical systems terminology, the solution is restricted to a one-
dimensional manifold: a circle representing the phase of the leading Fourier coefficient.
In this case the decoherence does not lead to instability because the system is purely linear
with purely imaginary eigenvalues, but in nonlinear systems with nonzero linear growth
rates the departure from the solution manifold can be catastrophic.

Triadic interactions and the energy cascade For more general linear systems the pre-
ceding analysis is complicated by non-normality and physical dispersion, and the con-
cept of a dispersion relation is not well-defined for nonlinear dynamical systems. Nev-
ertheless, analogous concepts are similarly important in models of nonlinear PDEs. For
example, Burgers’ model is a paradigmatic scalar conservation equation illustrating many
features of gas dynamics and nonlinear flows more broadly. Burgers’ equation with vis-
cosity e is

ou  Ou  0*u

ot "o = “ou
On a periodic domain, we can apply the same Fourier expansion (6.2) with L = 27, lead-
ing to the Galerkin ODE system

x € (0,27). (6.6)

dk = —ekQak — ik Z ApQp_y, k= O, :|:1, :|:2, ce (67)

{=—o00

The two right-hand side terms in (6.7), originating from the viscous and nonlinear
PDE terms respectively, capture several key features of the full Navier-Stokes equations.
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First, the convolution-type sum over wavenumbers ¢ includes only pairs that sum to k;
these are the so-called “triadic” scale interactions. Second, it can be shown that the nonlin-
ear term is energy-preserving in the sense that when the energy a,a; is summed over all
wavenumbers the nonlinear term does not contribute to a net change in energy of the sys-
tem'. This suggests that the only role of nonlinearity is to transfer energy between scales.
Meanwhile, the dissipation rate of each mode scales quadratically with wavenumber so
that the bulk of dissipation occurs at the smallest scales.

The overall picture of the dynamics in the spectral domain is therefore that the non-
linear term transfers energy from the more energetic large scales to the dissipative small
scales. Since (6.7) is very similar to the spectral form of the momentum equations for
isotropic turbulence (see Chapter 2), this “energy cascade” is an important feature of real
viscous flows as well. The energy cascade points to another often-discussed issue with
Galerkin models: if the system is truncated at a wavenumber  which is not sufficiently
large to capture the net dissipation rate, the energy cascade is interrupted and the system
of ODEs will overestimate the energy, potentially even becoming unstable.

This issue is fundamentally different from the decoherence discussed in the context
of the linear advection equation. For example, the issue of fine-scale dissipation is also
present in the heat equation, given by equations (6.6)-(6.7) without the convective non-
linearity. Whereas the Fourier-Galerkin representation of advection introduces spurious
degrees of freedom, this discussion suggests that in the representation of the heat equation
all coefficients are dynamically important (self-similarity notwithstanding). The Galerkin
system is therefore an ideal representation of the parabolic dynamics of the heat equation,
where the fundamental assumption of separation of variables is valid.

The inability of Fourier decomposition and POD to produce efficient representations
of traveling wave physics has long been recognized. Fundamentally, these decomposi-
tions rely on a space-time separation of variables, which is not a valid assumption for
traveling waves. Many extensions to POD have been developed for translationally in-
variant systems and systems with other symmetries (Rowley & Marsden, 2000; Reiss et al.,
2018; Rim et al., 2018; Mendible et al., 2020).

For general viscous, nonlinear, advection-driven fluid flows, we might expect advec-
tion, triadic interactions, and small-scale dissipation to all be relevant as a result of the
joint hyperbolic-parabolic structure of the Navier-Stokes equations. The intrinsic dimen-
sionality of the system and, conversely, the inaptitude of the Galerkin model, may not be
a priori clear as a result of a complex interplay between these mechanisms.

For example, if the leading degree of freedom a, tends to oscillate at a frequency wy,
representing either a standing or traveling wave, then the a, dynamics include a term
of the form af ~ e**0!. Similarly, a3 x ajay ~ €**°'. In the energy cascade picture,
these higher-order modes act as forced, damped oscillators and will tend to respond at
the forcing frequencies. In this manner, triadic interactions in the wavenumber domain

LA similar result holds for inhomogeneous flows (Schlegel & Noack, 2015)
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can also give rise to nonlinear correlations in time and triadic structure in the frequency
domain.

This effect is not necessarily limited to systems with spatial or temporal periodic-
ity; Rubini et al. (2020) investigated the application of system identification methods to
a chaotic lid-driven cavity flow and showed that sparse nonlinear coupling, analogous to
triadic interactions, were critical for resolving energy transfers across scales of the flow.
They distinguish between this empirical, a posteriori sparsity appearing in the statistics
and data-driven models, and the structural, a priori sparsity of systems such as (6.7),
which is generally lost in Galerkin models of inhomogeneous flows. Similarly, Schmidt
(2020) recently proposed a bispectral modal analysis technique that leverages approxi-
mate sparsity in frequency interactions.

In analogy with the dispersion relation, these processes may result in latent structure
not immediately obvious in the Galerkin representation. If this structure is ignored, the
behavior of the model may depart significantly from that of the underlying system. For
example, Majda & Timofeyev (2000) showed that a truncated Galerkin model of the invis-
cid Burgers equation tends towards equipartition of energy rather than a physical solution
as a result of a catastrophic decoherence mechanism. Consequentially, in the following
sections we argue that nonlinear correlation and manifold restriction plays an important
role in the stability and accuracy of reduced-order models of advection-dominated fluid
flows.

6.2 Shear-driven open cavity flow

The flow considered in the present work is the incompressible shear-driven cavity flow
visualized in figure 6.3. It is a geometrically-induced separated boundary layer flow hav-
ing a number of applications in aeronautics (Yu, 1977) or for mixing purposes (Chien
et al., 1986). The leading two-dimensional instability of the flow is localized along the
shear layer delimiting the outer boundary layer flow and the inner cavity flow (Sipp &
Lebedev, 2007; Sipp et al., 2010). This oscillatory instability relies essentially on two mech-
anisms. First, the convectively unstable nature of the shear layer causes perturbations to
grow as they travel downstream. Once the perturbations impinge upon the downstream
corner of the cavity, instantaneous pressure feedback re-excites the upstream portion of
the shear layer. Coupling of these mechanisms gives rise to a linearly unstable feedback
loop at sufficiently high Reynolds numbers (Re. 2 4120, see Sipp & Lebedev (2007)).

A similar unstable loop exist for compressible shear-driven cavity flows, wherein the
instantaneous pressure feedback is replaced by upstream-propagating acoustic waves
(Rossiter, 1964; Rowley et al., 2002; Yamouni et al., 2013). At higher Reynolds numbers,
the slowly recirculating flow inside the cavity can also perturb the shear layer. This inner
cavity mode is similar in spatial structure and oscillation frequency to those observed in
two-dimensional lid-driven cavity flows (Arbabi & Mezi¢, 2017). Since the shear layer
instability and inner cavity recirculation occur at incommensurate frequencies, the non-
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linear coupling between these modes leads to quasiperiodic dynamics, as illustrated in
tigure 6.4.

Despite its apparent simplicity, this strictly two-dimensional linearly unstable flow
configuration has served multiple purposes over the past decade: illustration of optimal
control and reduced-order modeling (Barbagallo et al., 2009; Loiseau et al., 2018b; Leclercq
et al., 2019), investigation of the nonlinear saturation process of flow oscillators (Sipp
& Lebedev, 2007; Meliga, 2017), or as an introduction to dynamic mode decomposition
(Schmid, 2010). Recent work has also explored the linear stability of its three-dimensional
counterpart, in particular the influence of spanwise end-walls (Liu et al., 2016; Picella et al.,
2018).

The dynamics of the flow are governed by the incompressible Navier-Stokes equa-
tions (2.1). The Reynolds number is set to Re = 7500 based on the free-stream velocity U,
and the depth L of the open cavity. The computational domain and boundary conditions
considered herein are the same as in Sipp & Lebedev (2007); Sipp et al. (2010); Loiseau
et al. (2018D); Bengana et al. (2019); Leclercq et al. (2019), shown schematically in figure 6.3.

We perform direct numerical simulaton (DNS) of the flow with the Nek5000 spectral
element solver (Fischer et al., 2008). The mesh consists of 6100 seventh-order spectral el-
ements, equivalent to roughly 3.8 x 10° grid points, refined towards the walls and shear
layer. The domain is therefore somewhat over-resolved compared to similar studies in or-
der to minimize any numerical errors in the Galerkin projection for higher-order modes.
Diffusive terms are integrated with third order backwards differentiation, while convec-
tive terms are advanced with a third order extrapolation. We retain 30000 snapshots from
the DNS at sampling rate At = 1072, a frequency roughly fifty times larger than the high-
frequency oscillation of the shear layer.

Figure 6.3 depicts an instantaneous vorticity field obtained from direct numerical sim-
ulation once the flow has reached a statistical steady state. It shows the advection of a
vortical structure along the shear layer before it impinges the downstream corner of the
cavity. These shear layer oscillations arise as a linear instability mode of the steady base
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Figure 6.4: Fourier spectrum | F(w)| of the fluctuation’s kinetic energy at Re = 7500. The high-frequency
peak (ws >~ 12) corresponds to the shear layer instability while the low frequency peak (w. ~ 3) are associ-
ated to the inner-cavity dynamics. A few other peaks have been labelled based on the quadratic interactions
on the two fundamental frequencies for the sake of illustration. Multiple closely-spaced peaks are associ-
ated with nearby frequency combinations (e.g. 2w. ~ ws; — 2w, =~ 6). Also shown are the real parts of the
DMD modes at w and w...

flow above Re. 2 4120 (Sipp & Lebedev, 2007). However, the Reynolds number of the
present flow (Re = 7500) is significantly larger than this critical Reynolds number, so the
typical amplitude of fluctuations is not infinitesimal and the associated Reynolds stressed

are not negligible.

The physics of this flow are therefore fundamentally nonlinear in at least two respects.
First, the growth of the instability modes is checked by the Stuart-Landau nonlinear sta-
bility mechanism, in which finite Reynolds stresses deform the steady base flow into the
post-transient mean (Sipp & Lebedev, 2007; Meliga, 2017). Second, a stability analysis of
the time-averaged mean flow at this Reynolds number reveals a second, weaker insta-
bility associated with lower-frequency oscillations inside the cavity; see Sec. 6.3 and Sipp
etal. (2010). The incommensurate frequencies of these two instabilities give rise to quasiperi-
odic oscillatory dynamics.

Because the unstable base flow is of limited relevance in the statistically stationary
regime, it is more natural to decompose the instantaneous velocity field into a time-
averaged mean flow u(x) and zero-mean fluctuations u'(x,t). For a detailed analysis
of the choice between base- and mean-flow expansions, see Sipp & Lebedev (2007).

Figure 6.4 shows the Fourier spectrum of the kinetic energy of the fluctuating compo-
nent

B(t) = % /Q (@ 1) - (. 1) A0 6.8)
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Figure 6.5: Eigenspectrum of the Navier-Stokes operator at Re = 7500. The spectrum is estimated in
three ways: linearized in the vicinity of the base flow (BE, black circles), mean flow (MF, blue circles), and
from dynamic mode decomposition (DMD, red crosses). For the linear stability analyses, only eigenvalues
for which a 10~® convergence has been achieved are plotted. These eigenspectra have been computed using
a time-stepper Arnoldi algorithm with a sampling period AT = 0.1 and a Krylov subspace dimension of
1024 and 512 for the base and mean flows, respectively.

integrated over the domain (2. Such a spectrum is characteristic of quasiperiodic dynam-
ics, as recently observed for a similar flow by Leclercq et al. (2019). As demonstrated
below, the two main frequencies correspond either to the dynamics of the vortical struc-
tures along the shear layer (w;) or to the low-frequency unsteadiness taking place within
the cavity (w.). The power spectrum consists of approximately discrete peaks, each of
which can be accounted for by the sum or difference of these fundamental frequencies
and their harmonics. The observation that this spectrum can be generated using only
two main frequencies lets us hypothesize that the dynamics of the fluctuation u'(x,?)
around the mean flow u(x) are amenable to a low-dimensional representation. This flow
is therefore of intermediate complexity, between weakly nonlinear flows, which can be
accurately described with normal form dynamics, and fully turbulent flows, which have
many dynamical degrees of freedom and would likely require careful closure modeling
to approximately model the evolution of large-scale coherent structures.

6.3 Reduced-order modeling

Modal analysis Before analyzing the results of the DNS, a global stability analysis of-
fers a useful perspective on the dominant dynamics of the flow. We compute the lead-
ing eigenvector-eigenvalue pairs of the Navier-Stokes equations linerized about both the
unstable steady state and the mean of the DNS using an in-house Krylov-Schur time-
stepping algorithm (Edwards et al., 1994; Stewart, 2001) implemented in the spectral ele-
ment solver Nek5000 (Fischer et al., 2008).

Figure 6.5 depicts the eigenspectra of the operator linearized about base and mean
flows. Four complex conjugate pairs of eigenvalues lie within the upper-half complex
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plane, indicating the base flow is strongly unstable. The most unstable eigenvalue is
o +iw = 0.90 & 10.867, where 0 and w are the growth rate and circular frequency of the
instability mode, respectively.

Although the stability analysis of the base flow provides some insight about the phys-
ical origin of the high-frequency shear layer oscillation, there are two main reasons it is
insufficient to describe the nonlinear flow. First, there is no trace of the three additional
unstable modes predicted by the stability analysis in the DNS. Second, at the Reynolds
number considered in this work, linear stability analysis of the base flow is unable to pre-
dict the low-frequency inner-cavity oscillation. The higher harmonics are also missing
from the stability analysis, though this is to be expected of a linear analysis. To the au-
thors” knowledge, there has not yet been a detailed explanation of the process by which
the additional unstable modes are superseded by the low-frequency dynamics. For more
details about the shear layer instability and its saturation process at lower Reynolds num-
ber, see Meliga (2017).

In this case, the mean flow stability analysis supports the picture suggested by the
analysis of the power spectrum; the four active degrees of freedom are related to the two
mode pairs corresponding to the shear layer instability and inner cavity oscillation. In
the nonlinear DNS, interactions between these modes generate harmonics and frequency
crosstalk, although this structure is fully dependent on the active degrees of freedom. Lin-
ear stability analysis assumes the perturbations have negligible energy and so it cannot
resolve the nonlinear interactions responsible for this behavior.

While the mean flow stability analysis does appear to predict the dominant structures
in the DNS, we develop the reduced-order model in an empirical modal basis in order
to maximally resolve the fully nonlinear flow. To that end, we first compute the proper
orthogonal decomposition (POD) from 4000 fields sampled at At = 0.05, approximately
ten times the shear layer frequency, using the method of snapshots (Sirovich, 1987). This
is around 13% of the total number of fields retained from the DNS, but is sufficient for
statistical convergence of the leading modes.

The singular value spectrum and residual energy are shown in figure 6.6. The singular
values converge relatively quickly; the first pair of modes contain 70% of the fluctuation
kinetic energy, the first six account for ~ 90%, and by r = 64 approximately 99.97% of the
energy is recovered. We retain 64 modes for further analysis and note that our modeling
results are insensitive to moderate changes in truncation. Still, as we will show in Sec-
tion 6.4, the intrinsic dimensionality of the system is much smaller than that of the linear
subspace required for reconstruction. As with the advection system in Section 6.1, this is
partly due to the representation of traveling waves, as shown in Fig. 6.7.

The approximately discrete spectral content of the flow further clarified by a dynamic
mode decomposition (DMD) analysis (Sec. 3.3); each DMD eigenvalue (shown in fig-
ure 6.8) can be identified with some combination of the fundamental frequencies of modes
k =1 and k£ = 5. Based on the results in Sections 6.4 and 6.5, we hypothesize that DMD
also filters frequency content and accentuates nonlinear correlations for modes that are
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Figure 6.6: Singular value spectrum of the quasiperiodic cavity flow. Black dots represent the nor-
malized squared singular values of the snapshot correlation matrix, indicating the fraction of fluctuation
kinetic energy resolved by each mode. Red crosses indicate the fraction of residual energy, or normalized
cumulative sum of squared singular values. Dashed lines indicate the number of modes retained (r = 64).
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Figure 6.7: Harmonic modes identified from POD and DMD analysis. The spatial fields and phase por-
traits both indicate that certain mode pairs are harmonics arising from the description of wavelike motion
in the shear layer and inner cavity. Because DMD is based on both spatial and temporal correlation, this
structure is especially pronounced in the DMD coefficients. The vorticity plots are real parts of the DMD

modes, but analogous modes exist in the POD basis.



77

0.0010
O] ®
[y 0-0005
‘.‘ .\
0.0000 - = e oo (O] e = ?) PN @o) e 2 @ s o =
—90 ~10 0 10 20
w

Figure 6.8: DMD frequencies w;, and average energy Ej, = (|ox|?) along with vorticity plots for the
real part of the most energetic modes. The second mode pair (k = 3,4) is a harmonic of the leading pair
(k = 1,2), while the third pair (k = 5, 6) represents the low-frequency inner cavity motion. Other modes
(e.g. k = 7,8) are either harmonics or indicate nonlinear frequency crosstalk between these leading modes,
as in figure 6.4.

Base flow 0.90 £10.867 | 0.73 £13.75¢ | 0.49 £ 7.85¢ 0.02 £ 16.657
Mean flow || 0.22+£11.68; | 0.09 £ 3.03: | 0.06 2.38¢ 0.03 £+ 14.68:
DMD 0.00 £11.68¢ | 0.00 & 23.36¢ | 0.00 +2.87: | 0.02 £ 3.68¢ height

Table 6.1: Spectrum of the linearized cavity flow. Eigenvalues o +iw correspond to the least stable modes
in a stability analysis of the base and mean flows, along with DMD eigenvalues for the most energetic
modes.

not pure harmonics. This approximate nonlinear algebraic dependence clearly indicates
a manifold structure of much lower dimensionality than the linear subspace. Given these
implications, the results presented in Secs. 6.4 and 6.5 are based on the DMD expan-
sion (3.22).

The leading eigenvalues of the DMD and global stability analyses are compared in
Table 6.1. The dominant frequency predicted by the mean flow stability analysis differs
by only 5% to 10% from the dominant peak of the DNS (Figure 6.4) and that given by
the DMD analysis. The associated eigenfunction (not shown) also closely resembles the
leading DMD mode ¢, shown in Figures 6.7 and 6.8.

POD-Galerkin model Beginning with the POD basis, we compute the linear-quadratic
Galerkin system (4.7), as described in Sec. 4.1. Figure 6.9 shows the evolution of the
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Figure 6.9: POD-Galerkin models for open cavity flow. The time series shows the evolution of the
fluctuation kinetic energy predicted by POD-Galerkin reduced-order models of various dimensions along
with DNS values. Though all values of » shown here capture sufficient dissipation to remain at finite energy,
none resolves the true quasiperiodic dynamics.

fluctuation kinetic energy as predicted by the POD-Galerkin system for various levels
of truncation r. Although the estimate does tend to improve with increasing r, none of
these models capture the quasiperiodic dynamics of the flow, and most exhibit significant
instability. This is true despite (and, we will argue, because of) the fact that these models
have many more kinematic degrees of freedom than the true dynamics underlying the
post-transient cavity flow.

We also transform the model into the DMD coordinate system «(t), effectively com-
puting a Petrov-Galerkin projection in the DMD basis. The dynamics of the two mod-
els are identical at this stage because they are related through a similarity transform.
However, for the secondary model reduction based on nonlinear correlations analysis
in Sec. 6.4, the DMD-based model is able to more clearly isolate triadic interactions in the
frequency domain.

6.4 Nonlinear correlations analysis

With the modal expansion and model reduction described in Sec. 6.3, the formally infinite-
dimensional PDE can be reduced to a set of coupled, nonlinear ODEs mimicking the struc-
ture of the physical system. However, the POD analysis indicates that dozens of modes
are necessary for an approximately complete kinematic representation in a linear basis,
while the DMD analysis and power spectrum suggest that the dynamics of the flow are
quasiperiodic. A minimal description of the post-transient flow should therefore require
only a pair of oscillators evolving on a 2-torus, comprising four degrees of freedom.

This discrepancy can be understood qualitatively in light of the discussion in Sec. 6.1.
Advection of nearly periodic fluctuations leads to the appearance of harmonic modes,
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as shown in Figs. 6.7 and 6.8. Similarly, crosstalk between the incommensurate domi-
nant frequencies gives rise to modes that are not pure harmonics of either frequency. In
the low-dimensional subspace spanned by the leading POD/DMD modes, these can be
viewed as triadic interactions in the frequency domain. Again, since we seek structure
that is coherent at distinct frequencies, we will focus on the DMD coefficients in the fol-
lowing.

A model quasiperiodic cascade Consider a model system of ODEs including cascading
triadic-type interactions of the form of Eq. (6.7) where self-sustaining oscillations drive
higher-order degrees of freedom:

a; = Ae™et by = Be™!t (6.9a)
ap = Z ApQr—yp, b}c = Z bgbk_g, Cp = Z agbk_g, k>1 (69b)
[¢|<k [¢|<k [¢|<k
For k = 2 the only interactions are at |{| = 1, generating second harmonics for a; and

by, and oscillations at w, + w;, for c;. At k = 3, the forcing includes the £ = 2 terms,
generating third harmonics for a3 and b3 and crosstalk for c3. Up to some complex scaling
the solutions take the form

ag = A?e%et by = B2t ¢y = ABe'Watwn)t (6.10a)
az = A3€3iwat’ bg _ B363i<,ubt7 3 = ABQ€i(wa+2wb)t + A2Bei(2w6l+wb)t. (610b)

By k = 3 the response of the ¢; crosstalk variable does not represent pure frequency
content. If these represented modal coefficients we would expect the dynamics at (for
instance) w, + 2w, and 2w, + wj, correspond to different spatial structures so c; and higher-
order terms would be separated into distinct coefficients. This serves to emphasize that
the temporal coefficients and low-dimensional ODEs are only convenient representations
of the full spatiotemporal dynamics and are not fundamental physical quantities.

A global observable such as the energy analogue >, (|ax|* + |bg|* + |cx|?) will have
frequency content at all integer combinations of w, and w;. As with the linear advection
equation in Section 6.1, these higher-order coefficients can be expressed as algebraic func-
tions of the fundamental oscillators. For instance, the crosstalk variable c; can be replaced
by a1b? + ajby, up to scaling. This example shows that periodic oscillation with cascading
triadic interactions can generate quasiperiodic time series, point spectra similar to Fig. 6.4,
and nonlinear algebraic dependence without direct interactions between the oscillators,
provided the dominant oscillation frequencies are incommensurate.

The randomized dependence coefficient As discussed in Sec. 3.2, the POD coefficients
are guaranteed to be linearly uncorrelated. The same is not necessarily true of DMD
coefficients, but in practice they tend to be minimally correlated. However, as in the
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Figure 6.10: Nonlinear correlations in modal coefficients. Subplots show phase portraits of DMD coeffi-
cients along with measures of linear and nonlinear correlation (Pearson’s p and the randomized dependence
coefficient, respectively). While o; and a3 are linearly uncorrelated (p = 0), the clear functional relationship
between the two is reflected in the RDC value; physically, a3 is a pure harmonic of ;. On the other hand,
a7 corresponds to a nonlinear crosstalk mode that has no clear correlation with o, either linear or nonlin-
ear. Nevertheless, it can be accurately approximated by a simple polynomial function of the active degrees
of freedom, as shown by Table 6.2 and Fig. 6.12.

previous example, a network of triadic interactions forced by a limited number of driving
oscillators can exhibit pure algebraic dependence on the active degrees of freedom. In
other words, the higher-order variables can have perfect nonlinear correlation, even when
uncorrelated in a linear sense.

This is an intuitive result, but challenging to evaluate in a principled way. In a proba-
bilistic setting, mutual information is the most natural metric for generalized correlation,
but it requires estimating integrals over conditional probability distributions. This is ex-
pensive and difficult for multidimensional signals, and the concept of mutual informa-
tion itself is not necessarily well-suited for purely deterministic systems. To address this
issue, various nonlinear generalizations of the standard (Pearson’s) linear correlation co-
efficient have been proposed in the statistics community. Recently, Lopez-Paz et al. (2013)
proposed the randomized dependence coefficient (RDC) as an efficient and convenient metric
for nonlinear correlation that has the properties defined by Reényi (1959) for generalized
measures of dependence between variables.

The RDC combines linear canonical correlations analysis with randomized nonlinear
projections to estimate nonlinear dependence; details are presented in Lopez-Paz et al.
(2013). Figure 6.10 gives examples of both the standard linear correlation coefficient and
the RDC for several pairs of DMD coefficients. Coefficient pairs that are pure harmonics
tend to score highly on the RDC, while coefficients with nonlinear crosstalk or multiple
frequency components do not, even if there is a simple functional dependence on two
active coefficients. This limits the potential of the RDC for unraveling the multivariate
structure of the manifold, although it is a convenient diagnostic and visualization tool for
identifying independent, dynamically active modes.

For example, Fig. 6.11 shows both the phase portraits of leading DMD coefficients
(lower triangular portion) and the RDC values (upper triangular). In some cases (colored
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Figure 6.11: Identification of the active degrees of freedom with the randomized dependence coeffi-
cient (RDC). The lower triangular portion of the figure shows phase portraits of the real (horizontal axes)
and imaginary (vertical axes) DMD coefficients, while the upper triangular portion depicts the RDC values
scaled linearly in color and radius. Two approximately independent clusters can be identified: the shear
layer dynamics (blue) and inner cavity oscillations (red). Each of these is associated with a dominant mode
pair (solid borders) and pure harmonics (dashed borders) that are strongly nonlinearly correlated with the
dominant modes. The other modes also have simple polynomial relationships with the active degrees of
freedom but include cross terms that break the one-to-one nonlinear correlation (see Table 6.2 and Figs. 6.10
and 6.12).
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outlines), the modes are clearly pure harmonics of one of the two driving mode pairs.
This is reflected in the large values of the RDC for the harmonics, indicating that these
coefficients can be directly expressed as algebraic functions of one or the other driving
modes. However, based on the previous discussion we expect that coefficients represent-
ing frequency crosstalk might be multivariate functions of both driving mode pairs. In
this case it is clear based on the energy content and harmonic structure of Fig. 6.11 that
the pairs (o, as) and (a5, ag) are the driving degrees of freedom, but chaotic or turbulent
flows might have more opaque causal structure.

Manifold reduction via sparse regression Based on the RDC analysis, it is clear that
certain modes are pure algebraic functions of one or the other driving mode pairs. In
particular, harmonic modes such as those illustrated in Fig. 6.7 are polynomial functions
of the fundamental mode. However, as demonstrated by the model quasiperiodic cas-
cade, triadic interactions can also generate multivariate nonlinear correlations for modes
representing frequency crosstalk. In addition, from a dynamical systems perspective we
expect that a quasiperiodic system with two dominant frequencies should have a post-
transient attractor described by four degrees of freedom: two generalized amplitude and
phase pairs.

If this is the case, the modes that are not pure harmonics may still be approximately
polynomial functions of the shear layer and inner cavity modes. This can be viewed as
a data-driven generalization of the analytic center manifold reduction in Sec. 2.3. We
explore this hypothesis with the same approach as outlined in Sec. 4.2 for the SINDy
algorithm. Denoting these “active” degrees of freedom by &(t) = [0 ay a5 ag] ,
the library ® () is defined as in Eq. (4.12). We assume the full coefficient vector can be
approximated as

a~x ®0(a), (6.11)

where the coefficient matrix ® is relatively sparse, as for = in the SINDy optimization
problem. For rows corresponding to active degrees of freedom, ® are unit vectors that
produce an identity map (e.g. o = &)

In this case one motivation for sparse regression is that the library ® tends to be fairly
ill-conditioned, so that approximation with a sparse combination of polynomials may
help avoid overfitting. In addition, based on the preceding discussions about DMD and
triadic interactions in frequency space, it is reasonable to expect that relatively few com-
binations of the driving frequencies will correspond to each DMD coefficient. Once the
coefficient matrix @ is identified via a sparse regression algorithm (we use FROLS, as for
the SINDy optimization), the functional relationships give a simple nonlinear dimension-
ality reduction; in this case the “latent variables” are the active degrees of freedom & and
we can approximate the full coefficient vector with the function o ~ p(&) = 2O (a).

The key advantage to this representation of the modal coefficients is that it dramati-
cally restricts the dimensionality of the state space. In the case of the quasiperiodic shear-
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driven cavity, we reduce from the r = 64-dimensional subspace spanned by the DMD
modes to a 4-dimensional space of &. Moreover, as oy, = o] and o = of, these mode
pairs represent two generalized amplitude-phase pairs, as expected for dynamics with a
toroidal attractor. This eliminates the redundant variables introduced by the linear space-
time separation of variables via a nonlinear manifold reduction.

The benefit of this reduced state space is immediately clear for system identification;
we can apply SINDy to model the evolution of & and reconstruct the full state from this
minimal representation. However, the manifold representation can also be used to im-
prove the stability and accuracy of the projection-based Galerkin models. For a general
nonlinear embedding of the form a = ¢(a) and dynamical system a = f(a), consistency
requires a = Jw(d)&, where J,(a) is the Jacobian of ¢ evaluated at a. Equivalently,

%0 gl (@)a = I} (@) fp(a). (612)
where J7 is the pseudoinverse of J,. This condition defines the reduced dynamics by
constraining the velocity of a to the tangent space of the manifold defined by ¢ (Gucken-
heimer & Holmes, 1983; Lee & Carlberg, 2020).

In the case of the linear-quadratic Galerkin dynamics (4.7) with the sparse polynomial
manifold Eq. (6.11), the Jacobian consists of rows of the identity matrix by virtue of the
fact that the reduced states & are also contained in the full coefficient vector . Then the
manifold Galerkin dynamics are

/=1 (=1 m=1

where the tilde denotes the original POD-Galerkin operators rotated to the DMD coor-
dinates (see Chapters 3 and 4). Note that if ¢ contains polynomials up to order d, the
quadratic interactions in (6.13) lead to an effective nonlinearity of order 2d. This can be
viewed as a generalization of Stuart-Landau-type mean field models (Noack et al., 2003)
or center manifold expansions (Guckenheimer & Holmes, 1983; Carini et al., 2015), though
in these cases the manifold equation ¢ is usually represented as a Taylor series truncated
at second-order. This is sufficient near bifurcations, but the more general form enabled by
sparse regression allows improved resolution of the manifold structure.

Despite the near-perfect kinematic resolution of the flow field in the POD basis, there
is no level of truncation, up to at least r = 64, that leads to a Galerkin system that is both
stable and reproduces the quasiperiodic dynamics of the flow, as illustrated in Fig. 6.9.
In this section we show that polynomial nonlinear correlations can be used to construct a
4-dimensional model that captures the major structure of the post-transient flow. Based
on these results, we argue that accurate kinematic resolution of the advection-dominated
flow in the modal basis creates spurious dynamic variables and fragility in the Galerkin
systems, as for the linear advection example in Sec. 6.1.



84

6.5 Polynomial manifold approximation

Nonlinear correlation analysis As discussed in the DMD analysis of Sec. 6.3, several of
the modal coefficients are nearly pure harmonics of one of the two dominant frequencies,
as a result of the the space-time separation of variables of traveling wave-type structure
in the physical field. This signature is clear in the phase portraits in Figs. 6.7 and 6.11,
where some coefficient pairs form Lissajous orbits, which are characteristic of harmonic
oscillators with frequencies at an integer ratio. This is reflected in the relatively large
scores of the RDC metric of dependence between harmonic mode pairs (Fig. 6.11, upper
triangular). This measure also confirms that the shear layer dynamics and inner cavity
motions are nearly independent.

However, the modal analysis in Sec. 6.3 and the power spectrum in Fig. 6.4 both in-
dicate that the flow cannot be described by purely independent oscillation. Instead, the
flow behaves more like the model in Eq. (6.9), where a linear-quadratic system is driven
by self-sustaining oscillators at incommensurate frequencies, with higher-order modes
connected via cascading nonlinear interactions. If this is indeed the case, the resulting tri-
adic structure would lead to energy content at frequencies that are not pure harmonics. In
other words, coefficients that are not significantly correlated with the driving oscillators
according to the RDC may instead have multivariate nonlinear correlation, or frequency
crosstalk.

Based on this intuition, we apply the sparse manifold regression approach described in
Sec. 6.4. By applying FROLS with a residual tolerance of 0.1 we find that DMD coefficients
up to asy can be reconstructed with at least 90% accuracy in a library of polynomials
in & up to seventh order. Of these, 24 coefficients can be approximated with residual
1072 — 10~* with only one polynomial function of the active variables, indicating that the
mode approximately is a product of a single triadic interaction. None of the coefficients
require more than five terms (out of a library of 330).

This analysis also reveals that the higher-order coefficients have three distinct relation-
ships to the active degrees of freedom, as illustrated in Fig. 6.12 and Table 6.2:

1. Pure harmonics /
aj oc ada;?, ke (1,5). (6.14)

In this case the dominant frequency will be w; ~ (d — d')wy. These coefficients have
a high RDC score and have Lissajous-type phase portraits.

2. Nonlinear crosstalk
a; o< afai adaz? (6.15)

with dominant frequency w; ~ (¢ — ¢')w, + (d — d')w.. These coefficients have mul-
tivariate nonlinear correlation with the active degrees of freedom, so may not have
high RDC score. Two-dimensional phase portraits will also not appear meaningful.
Still, the coefficients have energy content at a single frequency:.
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Coefficient | Active terms | Triadic frequencies | DMD eigenvalue | RDC vs. a3
as at?an 2 205 —0.000 + 23.41 0.86
a7 adas Bws + we —0.007 + 37.94 0.08
Qa7 aloé, alag ws + 2we, ws + 3we —0.020 + 17.54¢ 0.26

Table 6.2: Representative nonlinear correlations identified by sparse regression. Correlation types
include pure harmonic (a3), nonlinear crosstalk («;7), and mixed frequency content (az7). Polynomial
combinations give rise to oscillations at frequencies in terms of the shear layer w; ~ 11.7 and inner cavity
we =~ 2.7. For modes with nearly pure frequency content (e.g. a3, a17), the resulting frequencies are close
to those predicted by the DMD analysis. The randomized dependence coefficient (RDC) between the coef-
ficient and «; is strongest for pure harmonics (a3), even though mixed-frequency modes can be accurately
approximated with a simple polynomial function. See Fig. 6.11 for pairwise RDC values for the leading 24
DMD coefficients.

3. Mixed frequency content: these coefficients cannot be expressed as a single polyno-
mial term in ¢&, but require 2-5 terms for a reasonably accurate approximation. The
coefficients may still be an algebraic function of the active variables (i.e. a sum of
terms like (6.14) and (6.15)), but will have energy content at various frequencies.

As shown by Fig. 6.12, the polynomial approximations tend to be more accurate for
coefficients with pure frequency content, although they do capture the dominant trends
for coefficients with mixed content. These sparse polynomial representations of higher-
order coefficients determine the manifold equation o = (&) based on Eq. (6.11).

Manifold Galerkin model This manifold restriction leads to effective higher-order non-
linearity in the reduced dynamics for &, given by Eq. (6.13). In particular, since we include
up to 7*"-order polynomials in the manifold equation, the effective dynamics based on the
quadratic Galerkin model involves 14*™-order terms. Fortunately, provided the coefficient
matrix ® is sufficiently sparse, the overall cost of evaluating the reduced-order model still
only scales with r® (from O(r) evaluations of the quadratic term). The advantage of this
additional nonlinearity is that the system is now constrained to the manifold determined
by ¢(&). This mitigates both the issue of spurious degrees of freedom in the Galerkin
representation of hyperbolic dynamics and the effect of truncating the dissipative scales
of the energy cascade.

Simulation results for the manifold Galerkin model are shown in Fig. 6.13 along with
the SINDy model discussed below. Whereas the standard Galerkin model eventually
overestimates the fluctuation energy and becomes aperiodic, the manifold restriction ap-
plied to the same operators continues at the correct energy level and with approximately
discrete peaks in the frequency spectrum at the correct locations. Of course, there is some
phase drift for all models at long times, but the manifold reduction prevents the higher-
order coefficients from losing coherence with the dominant oscillations and causing the
amplitude drift as in the standard Galerkin model.
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Figure 6.13: Evolution of the fluctuation kinetic energy for the reduced-order models compared to
DNS. By accounting for nonlinear correlations, both the manifold Galerkin and SINDy models remain
at the correct energy level at long times, despite having many fewer degrees of freedom than the standard
Galerkin model (top). Similarly, both models resolve the nonlinear interactions leading to the discrete peaks

in the power spectrum (bottom).
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SINDy model The manifold restriction applied to the Galerkin model results in a signif-
icant reduction in dimensionality and improvement in stability and accuracy. However,
the full evolution equation (6.13) is dense with O(r?) entries, where r is the size of the
POD/DMD subspace, not the number of active degrees of freedom. This is still a signifi-
cant improvement over both the DNS and the standard Galerkin model, but the physical
picture of coupled nonlinear oscillators giving rise to the quasiperiodic dynamics sug-
gests that a simpler model may capture the dominant features of the flow.

This desire for minimalistic models has been the motivation for several recent appli-
cations of SINDy and related system identification techniques to model reduction. How-
ever, when these methods are applied to modal coefficients, they also face the fundamen-
tal representation issue challenging Galerkin models. That is, models with full kinematic
resolution will include spurious dynamical degrees of freedom. The issue is exacerbated
in data-driven methods, since both the dimension and the conditioning of the library ma-
trices tend to scale poorly with dimensionality.

For example, it is well known that the flow past a cylinder at Reynolds number 100 can
be accurately described by a Stuart-Landau equation with two degrees of freedom. How-
ever, fully reconstructing the post-transient vortex street requires on the order of ten POD
modes, all of which are harmonics of the leading pair. Loiseau et al. (2018a) addressed
this by identifying the Stuart-Landau equation with SINDy along with a similar sparse
regression approach to Eq. (6.11) to algebraically reconstruct the harmonics.

Here we take a similar approach and assume that we do not need the full order-r dy-
namics and manifold equation to describe the dynamics of the active degrees of freedom
&. In particular, we anticipate that the minimal description will take the form of coupled
Stuart-Landau equations. As described in Sec. 6.4, we construct a library of candidate
polynomials including up to cubic terms in oy, o, a5, and .

We identify symbolic equations for o and «; dynamics with the FROLS algorithm, for
DMD coefficients oy = of and o = of. FROLS is an iterative, forward greedy algorithm
that requires a stopping condition. Often a residual-error criterion is used, as for the
sparse polynomial manifold model, but in this case the DMD modes are so close to pure
linear oscillation that a single linear term leaves a residual ~ 1076, Instead, we stop
the iteration at the second term in each equation, retaining a stabilizing cubic term. The
resulting model takes the form

éél = )\1@1 — /L1a1|C¥1’2 (616a)
& = Ao — psois|as |, (6.16b)

where all \ and y coefficients are complex.?
The system in Eq. (6.16) is a pair of independent nonlinear Stuart-Landau oscillators.
Recalling the toy model in Sec. 6.4, independent oscillators that drive a cascade of triadic

2See https:/ /github.com/dynamicslab/pysindy/examples for a simplified presentation of these results
using the pysindy library
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Figure 6.14: Phase portraits for the POD coefficients reconstructed from the manifold Galerkin and
SINDy reduced-order models (left). Both models accurately capture the shear layer instability and its
harmonics (e.g. o1, a3, @13, ae3), though the manifold Galerkin model tends to underestimate the amplitude
of the inner cavity motions (e.g. «s, 22, a50). A Poincare section of the toroidal attractor confirms this
discrepancy, but shows clearly that both models are quasiperiodic and remain on the approximate attractor.

interactions can lead to quasiperiodic dynamics, even without direct dynamical coupling
between the oscillators. In contrast to the manifold Galerkin model, it is not necessary to
reconstruct the full vector of coefficients to solve this minimal system. Of course, the full
vector of coefficients can still be reconstructed after simulating Eq. (6.16) via the manifold
function .

Figure 6.13 compares the fluctuation kinetic energy based on reconstructions from the
SINDy model to the standard and manifold Galerkin models. As for manifold Galerkin,
the SINDy model remains at the correct energy level at long times and reproduces the
characteristic structure of the power spectrum. A slightly more sensitive evaluation is
given in Fig. 6.14, which compares Lissajous figures of reconstructed near-harmonic POD
modes. Both models accurately capture the harmonics associated with the shear layer
instability, but the Galerkin system somewhat underestimates the amplitude of the inner
cavity mode and its harmonics.

Although the reduced state space of the pair of complex coefficients is four-dimensional,
the quasiperiodic oscillatory nature of the dynamics also offers a convenient symmetry
reduction for the purposes of visualization. With the amplitude-phase representation
o, = Rpe'®, we can approximate the toroidal attractor in the three-dimensional space by
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representing a; as an expansion about the point in the complex plane defined by a;:

x = (Ry + Ry cos ¢2) cos ¢y (6.17a)
y = (R1 + Racos ¢g) sin ¢y (6.17b)
2z = Ry sin ¢s. (6.17¢)

Finally, the models can be compared in detail with a Poincare section of this torus about
any convenient plane (we choose x = 0); both the three-dimensional phase portrait and
Poincare section are also shown in Fig. 6.14.

As a result of the slight underestimation of energy in the inner cavity motions, the
Poincare section for the manifold Galerkin model shows a somewhat smaller attractor
than the DNS and SINDy. In contrast, SINDy slightly overestimates the energy of the
inner cavity oscillation, leading to an attractor section with somewhat larger radius. The
highly simplified structure of the SINDy model also leads to a circular section, while the
Galerkin system captures the rounded-square shape of the true section. This is likely a
consequence of the high-order effective nonlinearity in the Galerkin system, which allows
it to resolve more complex attractor shapes. Nevertheless, the SINDy system does give
an accurate estimate of the typical amplitude in the slice and preserves the coherence of
the harmonic modes for both the shear layer and inner cavity oscillations.

In both the manifold Galerkin and SINDy models, the nonlinear correlations play a
critical role in the accuracy and stability of the reduced-order dynamics. The space-time
separation of variables applied to an advection-dominated flow introduces a significant
number of modes that are necessary to reconstruct the field, but do not correspond to in-
dependent degrees of freedom in the dynamics. Nonlinear correlations analysis provides
a straightforward, principled approach to restricting the Galerkin dynamics to the set of
active degrees of freedom, as well as convenient coordinates for system identification.

6.6 Deep manifold models and the route to chaos

As demonstrated in the previous section, the manifold reduction strategy based on non-
linear correlations and sparse polynomial regression is an accurate and efficient approach
to deriving compact nonlinear dynamical systems models of flows with approximately
discrete frequency content. In the language of Koopman theory, such a flow has a dis-
crete or point spectrum (Mezi¢, 2013; Arbabi & Mezi¢, 2017); more sophisticated analysis
would be necessary to extend these results to chaotic or turbulent systems with contin-
uous spectra. The reason for the qualifier on frequency content is that the polynomial
manifold approximation relies implicitly on the assumption that the higher-order modes
are generated by triadic interactions in the frequency domain, as in the model cascade
introduced in Sec. 6.4. This includes periodic and quasiperiodic dynamics, for instance,
but excludes broadband chaos.

However, in principle any invertible nonlinear dimensionality reduction method could
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Figure 6.15: Approximation strategies of the slow manifold. For small-amplitude perturbations rela-
tively close to a bifurcation, the classical center manifold approximation is a good choice (left, Chapter 5).
For phase-locked or quasiperiodic dynamics, a SINDy-type sparse polynomial approximation to the man-
ifold equation is a straightforward, interpretable alternative (middle, Sec. 6.5). When the flow exhibits
broadband chaos, these methods will fail and a deep autoencoder offers a more flexible class of function
approximation (right, Sec. 6.6).

be used to the same end. For instance, deep autoencoder networks (Bengio et al., 2013)
are an unsupervised method that learns a compressed representation of high-dimensional
data. Autoencoders have recently been explored for black-box forecasting (Vlachas et al.,
2018), system identification (Champion et al., 2019a), and model reduction (Lee & Carl-
berg, 2020). This section extends the empirical invariant manifold reduction to the chaotic
regime of shear-driven cavity flow with a deep autoencoder. See Fig. 6.15 for a schematic
of these increasingly general approximations of the slow manifold.

The autoencoder reduction The deep manifold has a similar structure to the encoding
diagram shown in Fig. 6.1, but replaces the polynomial-based nonlinear correlations with
an autoencoder. As with the polynomial approximation, the starting point for this method
is the state vector of modal coefficients. In this case we use the POD coefficients a(t) € R"
rather than the DMD coefficients, since the autoencoder will not rely on approximately
pure frequency content. The autoencoder learns a low-dimensional embedding a € Ry,
with 7y < r for the coefficient vector using two standard multilayer perceptrons (feedfor-
ward neural networks). The first, which we denote a = ¢~!(a), encodes the state, while
the second approximates the manifold equation a ~ ¢(a). Note that the encoder is not
necessarily an exact inverse of the decoder, but it is functionally equivalent.

By learning an approximate identity map a ~ ¢ '(¢(a)), the autoencoder performs
an unsupervised nonlinear dimensionality reduction. Since the embedding is purely kine-
matic, a “dynamics regularization” can also be applied, which encourages the network to
learn an approximation that is consistent with the original dynamics @ = f(a). In partic-
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ular, the loss function for the autoencoder is

V(a) = la— ¢ 'e(a)|’ +ul|f(a) - Fle " v(@)], (6.18)

where 7 is a small weight (hyperparameter). The network is trained with batch stochastic
gradient descent as usual: this loss function is evaluated across a batch of training samples
and the neural network weights that parameterize ¢ and ¢! are updated.

The cavity flow models in this section begin from a POD-Galerkin model f withr = 16
and use a latent dimension of r, = 4. The network is constructed in the jax ecosys-
tem (Bradbury et al., 2018; Hennigan et al., 2020; Hessel et al., 2020). The output sizes of
the encoder are (16, 32, 64, 64, 32, 16, 8, 4), with the inverse for the decoder, and the dynam-
ics regularization is 7 = le — 3. These hyperparameters were not chosen by an exhaustive
search, but give the network enough flexibility for an accurate reconstruction while still
being efficient to evaluate during the online model simulation. The latent space dimen-
sionry = 4 was simply chosen because that was the dimension of the active POD subspace
for the quasiperiodic model in Sec. 6.5. The autoencoder parameters are trained with an
ADAM optimizer using learning rate 10~* and batch size 1000. The POD coefficients are
divided with a 90% train/test split and the training proceeds until the training and test
losses both stop decreasing.

Of course, the true validation of the deep manifold model is an evaluation of its dy-
namical behavior. Once the neural network is trained, the model can be simulated in the
latent space. Chapter 2 derived the consistency condition (6.13) for an arbitrary manifold
reduction a ~ ¢(a) applied to the dynamics a = f(a), where a € R" and a € R{ with
ro < r. The usual dynamical systems view of this condition as a system of nonlinear PDEs
for the equation ¢(a), as expressed by Eq. (2.25). This is the starting point of the classical
power series approximation of the center manifold (see Secs. 2.3 and 5.4).

However, it can also be viewed as the linear system of equations (2.24) restricting the
dynamics to the tangent space of the manifold (Lee & Carlberg, 2020). In the present
case this point of view is more convenient because the manifold equation has already
been learned by the training procedure. The latent state a is advanced using a standard
explicit Dormand-Prince scheme in scipy. At each time step the Jacobian J,(a) € R™"™
is evaluated using the automatic differentiation capabilities in jax and the linear system
is solved as in (6.13). This approach combines the physics-based Galerkin system with
the deep manifold reduction for a compact, expressive low-dimensional model.

Modeling the route to chaos The shear-driven cavity flow described in Sec. 6.2 under-
goes a supercritical Hopf bifurcation at Re. ~ 4126. Shortly thereafter it passes through
a complex series of bifurcations between 4300 < Re < 4600 before a single stable limit
cycle finally emerges. See Sipp & Lebedev (2007); Meliga (2017); Bengana et al. (2019) for
detailed analyses of this regime. By Re = 7500 this limit cycle is no longer stable and
the post-transient flow is quasiperiodic, as discussed in Sec. 6.2 and by Sipp et al. (2010).
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Upon further increase of the Reynolds number, the quasiperiodic 2-torus itself loses sta-
bility and the flow breaks down into chaos.

Although this is a fairly coarse description and much remains to be done in character-
izing the sequence of bifurcations in this flow, the transitions to periodic, quasiperiodic,
and finally chaotic flow appear to follow the canonical Ruelle-Takens route to chaos. The
purpose of this section is not a careful study of the sequence of bifurcations in shear-
driven cavity flow, but rather (i) to demonstrate that a deep manifold model can accu-
rately model chaotic flow, and (ii) to show that this model can itself reproduce the Ruelle-
Takens scenario.

Reduced-order modeling generally becomes much more difficult when parametric de-
pendence is introduced, even in the linear case (Benner et al., 2015). The simplest, and least
efficient, approach is to recompute the entire POD-Galerkin model beginning with the
high-fidelity simulation at each parameter value (Reynolds number, in this case). Another
straightforward method is to perform simulations at a small number of representative pa-
rameter values and compute a “global POD” basis from snapshots at different Reynolds
numbers. In the latter case, the linear-quadratic reduced-order model (4.7) can then be
computed offline and simply evaluated at any Reynolds number, since the parametric
dependence is affine in Re™'. Although computationally efficient, this method cannot
capture parametric deformation of the modes themselves, which can be significant across
large changes in Reynolds number. More sophisticated methods such as Grassmann in-
terpolation (Amsallem & Farhat, 2011; Benner et al., 2015; Loiseau et al., 2018a) could be
used to this end, although this is beyond the scope of the present work.

To explore the transition to chaos, we repeat the DNS described in Sec. 6.2, changing
only the Reynolds number to 10%, at which point the flow is chaotic. We compute both a
new “local” POD basis at this Reynolds number and a “global” basis combining the same
snapshots from the DNS at Re = 7500 and Re = 10*. Figure 6.16 compares simulations of
deep manifold models trained at each Reynolds number to the statistics of the true POD
coefficients. Although each model misses some detailed features both in the latent space,
both the phase portraits and power spectra show close agreement, demonstrating that the
deep manifold model can generalize beyond the limitations of polynomial regression to
chaotic flows.

Finally, we construct a global POD-Galerkin model by computing separately elements
of the constant and linear Galerkin tensors in Eq. 4.8 that vary with Reynolds number (the
viscous terms) and those that do not (advective terms). The system may then be imme-
diately assembled and evaluated at any Reynolds number. In addition, we train a new
deep manifold model using coefficients from the projected DNS fields at both parameter
values without dynamics regularization.

Figure 6.17 shows a bifurcation diagram for this global model. This diagram is con-
structed by first decoding the 16-dimensional vector of estimated POD coefficients and
then taking an approximate Poincare section, interpolating the coefficients to each signed
zero crossing of a; as in Fig. 6.14. The coordinates of the estimated POD coefficients cor-
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Figure 6.16: Deep manifold models of shear-driven cavity flow. The flow at Re = 7500 is quasiperiodic
(top), with approximately discrete peaks in the power spectrum, but has transitioned to chaos by Re = 10*
(bottom). Both the phase portraits in the latent space (left) and the power spectra for the reconstructed POD
coefficients (right) show qualitative agreement. The quasiperiodic power spectrum is estimated with the
FFT, while the chaotic case is estimated with Welch’s method.

responding to the inner cavity oscillations in this global basis (a4, as) are then plotted
at each Reynolds number. Isolated points therefore indicate the flow is on a limit cycle,
while loops indicate a section of a 2-torus and a cloud of points suggests chaos.

As illustrated by this figure, the deep manifold model does follow the Ruelle-Takens
route to chaos parameterized by Reynolds number in this flow. The correspondence with
the actual flow is largely qualitative, since the critical Reynolds numbers are not accu-
rately predicted. For instance, the autoencoder model does not become chaotic until
Re ~ 11000, while the DNS is chaotic by Re = 10000. In addition, the model does not
accurately predict the initial Hopf bifurcation, although this might be expected from the
relatively high Reynolds numbers at which the POD modes and Galerkin system were
computed.

This suggests several possibilities for refinement of this approach. For example, the
global POD basis is a very coarse approximation; there is significant mode deformation
between the steady flow at Re ~ 4000 and the chaos at Re ~ 10* that certainly modifies the
dynamics of the Galerkin system. An interpolation approach could significantly improve
the fidelity of the Galerkin model. Second, the hyperparameters used in this demonstra-
tion are not expected to be optimal; the behavior of the deep manifold model could be
improved with a proper choice of dynamics regularization, for instance. The accuracy
of the simple SINDy model in Sec.6.5 also raises the possibility of combining the autoen-
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Figure 6.17: Bifurcation diagram for the parametric deep manifold model. The model was trained
on data from Re = 7500 and 10000 and evaluated on 4500 < Rey < 11000. The points shown here are
a Poincare section of the reconstructed coefficients corresponding to inner cavity oscillations (see text for
details). The appearance of a loop near Re ~ 7000 indicates the onset of quasiperiodicity (dashed lines on
x — y plane), while the breakdown into a cloud of points shows chaos (shaded section on x — y plane).
Selected trajectories in the latent space show a limit cycle, 2-torus, and chaotic motion.
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coder framework with SINDy model discovery, as proposed by Champion et al. (2019a).
Finally, the shear-driven cavity flow at these Reynolds numbers is purely academic, since
three-dimensional instabilities would almost surely have appeared by Re = 10*. Future
studies of the route to turbulence would benefit from three-dimensional simulations that
might give more insight into realistic flow configurations.

Despite the present shortcomings, these results show that a physics-constrained deep
learning model can reproduce the Ruelle-Takens route to chaos with a four-dimensional
reduced-order model. More broadly, this confirms that even chaotic fluid flow at high
Reynolds numbers can have strongly low-dimensional dynamics, provided that a flex-
ible enough dimensionality reduction technique is used. As in the case of polynomial
correlations, we have shown here that linear modal bases such as POD and DMD are
not necessarily the most compact coordinate systems for low-dimensional modeling. Re-
gardless of the method, nonlinear embedding recognizes the intrinsic dimensionality of
the dynamics as distinct from that of the linear subspace required to reconstruct the flow
field.

6.7 Discussion

It has been widely recognized for some time that Galerkin-type models of advection-
dominated flows are prone to fragility and instability. The majority of work addressing
this issue has focused on truncation of the energy cascade, leading to closures in the vein
of subgrid-scale large eddy simulation models (Rempfer & Fasel, 1994; Wang et al., 2012;
Cordier et al., 2013; Osth et al., 2014; Pan & Duraisamy, 2018).. However, recent work
including Carlberg et al. (2017); Grimberg et al. (2020); Lee & Carlberg (2020) has begun
questioning the fundamental suitability of Galerkin projection for hyperbolic problems,
pointing out for instance that any notion of optimality associated with the Galerkin sys-
tem is lost upon time discretization. This perspective is supported by the observation that
Galerkin-type reduced-order models often do not significantly improve with increasing
rank, as one might expect if the primary issue was under-resolved dissipation, even when
the dissipation rate is fully resolved. On the other hand, when the modal basis is selected
carefully and the flow is not advection-dominated, heavily truncated Galerkin systems
have been shown to accurately reproduce key features of turbulent shear flows (Moehlis
et al., 2004; Grimberg et al., 2020; Cavalieri, 2021). Again, this suggests that resolving en-
ergy transfer mechanisms is central to constructing accurate reduced-order models.

In this work we have used a nonlinear correlations analysis of a quasiperiodic shear-
driven cavity flow to argue that decoherence resulting from the linear modal representa-
tion of advecting structures also deserves consideration. This decomposition introduces
one temporal coefficient per spatial mode; in many cases this may result in many more
coefficients than there are degrees of freedom in the post-transient flow. Galerkin models
treat each coefficient as an independent degree of freedom; small errors in the system of
differential equations can lead to catastrophic decoherence and instability. Instead, we
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show that exploiting statistical structure and algebraic dependence in the temporal coef-
ficients enables the reduction of the dynamical system to the true rank while preserving
the kinematic resolution of the modal basis.

The cavity flow is dominated by two key modal structures: a high-frequency shear
layer instability and low-frequency inner cavity oscillation. The natural dynamics of the
flow are quasiperiodic, as can be seen from the characteristic power spectrum in Fig-
ure 6.4. Both the shear layer and inner cavity features can be identified by a stability
analysis of the time-averaged mean flow. However, linear modal representations (POD or
DMD) approximate the traveling wave structures in the nonlinear flow with not only the
fundamental stability modes, but also higher harmonics and nonlinear crosstalk modes,
each of which can be associated with one of the approximately discrete peaks in the power
spectrum.

The physical coherence (non-dispersion) of the fundamental flow features appears
as nonlinear correlation between temporal coefficients associated with harmonics and
crosstalk. This can also be conceptualized as triadic interactions in the frequency do-
main. After using a randomized dependence coefficient (RDC) analysis to identify the
dynamically active modes, we use sparse polynomial regression to uncover simple alge-
braic relationships that account for ~ 99.5% of the fluctuation kinetic energy.

We give examples of two ways in which these relationships can be used to improve
reduced-order models. First, they act as a simple manifold equation constraining the
Galerkin dynamics to the post-transient attractor; this may be viewed as a data-driven
generalization of analytic invariant manifold reductions (e.g. Noack et al. (2003)), which
rely on scale-separation arguments. Alternatively, the driving coefficients offer a con-
venient basis for nonlinear system identification; we use the SINDy framework (Brunton
et al., 2016a) to identify a simple model of the flow as a pair of independent Stuart-Landau
oscillators. The full flow field may then be reconstructed with the manifold equation.

The manifold Galerkin system connects the reduced-order system to the governing
equations and may allow for more natural parametric variation, but requires accurate es-
timates of the gradients of the POD modes and/or intrusive access to the full-order solver.
On the other hand, the SINDy model is compact, non-intrusive, and more amenable to
analytical treatment, though it cannot be directly connected to the underlying physical
equations and it is more difficult to capture parametric variation. In general, the most
appropriate choice is likely to be application-dependent. Regardless of the chosen model
reduction technique, we conclude that exploiting nonlinear structure in the modal co-
efficients is a natural and efficient approach to improving the stability and accuracy of
low-order models of this flow.

In a broader sense, approaching this analysis (with the RDC and sparse polynomial
regression) can be seen as simple, interpretable manifold learning. This is sufficient for
quasiperiodic dynamics, since the form of the nonlinear dependence can be readily de-
duced by reasoning about the triadic interactions. For more complex dynamics, the poly-
nomial approximation can be extended with a deep manifold model based on an autoen-
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coder embedding. This generalization can reproduce the dynamics in the chaotic regime
of the shear-driven cavity flow and capture the sequence of bifurcations characteristic of
the Ruelle-Takens route to chaos.

There are also many opportunities for further work in reduced-order model devel-
opment. For instance, accounting for nonlinear correlations does not address the issue
of truncating the energy cascade. This does not pose a problem for the present laminar,
two-dimensional flow, but severe dimensionality reduction of any multiscale or turbulent
dynamics will necessarily act as a spatiotemporal filter. In other words, the dissipative
scales will generally not be correlated in any way with the large-scale dynamics and a
closure strategy is likely to be necessary in order to accurately capture the dissipation
rate. This is typically less of an issue in the system identification framework, since the
natural dynamics are estimated at once, including any effective closure models within
the span of the candidate functions. However, for more complex flows it may be neces-
sary to employ a more sophisticated optimization (Champion et al., 2019b), physics-based
constraints (Loiseau et al., 2018b), or enforcement of long-term stability (Schlegel & Noack,
2015; Kaptanoglu et al., 2021a). Despite prospective challenges in scaling this approach to
chaotic and turbulent flows, we expect that there are significant stability and robustness
benefits to be realized by exploiting nonlinear correlations in reduced-order models of
coherent structures in advection-dominated flows.



98

Chapter 7
MULTISCALE CLOSURE MODELS VIA STOCHASTIC AVERAGING

Despite the complex and often chaotic dynamics exhibited by many unsteady fluid
flows, they are often dominated by energetic coherent structures evolving on relatively
long length and time scales (Holmes et al., 1996). This realization made it possible to
study fluid flows as high-dimensional dynamical systems evolving on a low-dimensional
manifold, providing answers to longstanding questions on topics such as the route to
turbulence (Landau, 1944; Hopf, 1948; Ruelle & Takens, 1971; Swinney & Gollub, 1981)
and the role of nonlinear interactions (Stuart, 1958; Landau & Lifshitz, 1959). The per-
sistent nature of these coherent structures eventually also raised the possibility of using
low-dimensional surrogate models for optimization and control objectives (Noack et al.,
2011; Brunton & Noack, 2015a; Rowley & Dawson, 2017).

The fundamental challenges in constructing such reduced-order models may be bro-
ken into two categories: approximating the structures themselves, and approximating
their evolution. We refer to these as the kinematic and dynamic approximations, re-
spectively. A modal separation of variables assumption is often employed for the for-
mer task (Taira et al., 2017, 2020), but although this may be suitable for many closed
or diffusion-dominated flows, it is not a natural representation of traveling waves or
advection-dominated flows (Rowley & Marsden, 2000; Reiss et al., 2018; Rim et al., 2018;
Grimberg et al., 2020; Mendible et al., 2020). This issue is inextricably linked to the prob-
lem of modeling the coherent structure dynamics; as is well known in many domains,
a proper choice of coordinates can greatly simplify the modeling task (Champion et al.,
2019a).

The multiscale nature of fluid flows further complicates both the kinematic and dy-
namic aspects of low-dimensional modeling. For instance, the effective dimensionality
of a chaotic or turbulent flow may be orders of magnitude greater than that of a laminar
flow with one or two instability modes. Meanwhile, the “triadic” structure of the non-
linear interactions in the wavenumber or frequency domain ensures that the dynamics of
all scales across the flow are linked. Thus, even if the large, energetic coherent structures
can be approximated with a low-dimensional basis, models of their dynamics that do not
account for the role played by the unresolved degrees of freedom are often unstable or
physically inconsistent (Noack et al., 2011; Callaham et al., 2022). Similar considerations
impact the development of numerical methods (Bazilevs et al., 2007), self-consistent mean
flow modeling (Meliga, 2017), and resolvent analysis (Padovan et al., 2020; Rigas et al.,
2021; Barthel et al., 2021, 2022).

The need for subscale modeling was apparent even in early work combining empir-
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Figure 7.1: Illustration of multiscale closure model applied to a mixing layer. The visualization of
the network of average energy transfer between the leading harmonic modes shows the cascade of energy
to higher-order modes. The multiscale model reduction (MMR) method approximates the effects of un-
resolved higher-order modes via stochastic averaging, which leads to a generalized Stuart-Landau-type
equation with cubic nonlinear interactions. Note that the while the network visualization of energy trans-
fers (left) is computed from the modal coefficients and Galerkin model for the leading harmonics, that of of
the multiscale approximation (right) is a notional illustration of the origin of the cubic terms in Eq. (7.24b).
See Sec. 7.4 for details on the construction of this figure and the low-dimensional model of the mixing layer.
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ical modal approximations, such as the proper orthogonal decomposition (POD), with
physics-based model reduction, such as Galerkin projection. For example, low-dimensional
models of vortex shedding in the globally unstable cylinder wake could accurately pre-
dict the dynamics over short times, but were subject to structural instability over a longer
time horizon (Deane et al., 1991; Ma & Karniadakis, 2002). Eventually Noack et al. (2003)
showed that this was a result of the failure of the standard post-transient POD basis to re-
solve the Stuart-Landau mechanism of mean flow deformation associated with nonlinear
interactions between the fluctuations (Landau, 1944; Stuart, 1958), an insight that enabled
low-dimensional modeling of natural and actuated flows with increasingly more complex
dynamics (Luchtenburg et al., 2009; Deng et al., 2020; Sieber et al., 2020; Deng et al., 2020;
Callaham et al., 2021c).

Contemporary work on POD-Galerkin modeling of turbulent shear flows also rec-
ognized the need for closure models that could approximate the effect of unresolved
scales (Aubry et al., 1988; Rempfer & Fasel, 1994; Ukeiley et al., 2001). These efforts tar-
geted two distinct physical mechanisms: mean flow deformation and subscale dissipa-
tion. For flows that are either parallel (Aubry et al., 1988) or weakly nonparallel under the
assumption of Taylor’s frozen turbulence hypothesis (Ukeiley et al., 2001), these authors
developed a Boussinesq eddy viscosity relationship between the resolved scales and a
slowly varying parallel mean flow, leading to stabilizing cubic terms consistent with the
Stuart-Landau description. To capture dissipation due to the unresolved scales, these
models also adopted a linear mixing length approximation.

Although these studies remain landmark explorations of low-dimensional coherent
structure modeling, there are several opportunities to improve the proposed closure strate-
gies. First, it is difficult to generalize the Reynolds stress models applied to parallel shear
flows by Aubry et al. (1988) and Ukeiley et al. (2001) to fully inhomogeneous flows. While
the “shift mode” approach to mean flow modeling via an augmented POD basis intro-
duced by Noack et al. (2003) is agnostic to the geometry of the flow, it requires computa-
tion of the unstable steady state of the Navier-Stokes equations, which is not generally ex-
perimentally accessible. Second, in the Richardson-Kolmogorov energy cascade descrip-
tion, energy is transferred from large to small scales through nonlinear interactions, where
it is finally dissipated. This is not consistent with a linear mixing length model, a fact ex-
ploited by later work investigating nonlinear models of subscale dissipation (Wang et al.,
2012; Cordier et al., 2013; Osth et al., 2014), particularly the finite time thermodynamics
approach, which is centered on modeling unresolved nonlinear energy transfers (Noack
et al., 2008).

Recent years have seen a surge in interest in data-driven and machine learning-based
methods (Brenner et al., 2019; Duraisamy et al., 2019; Brunton et al., 2020), including a
number of proposed closure and stabilization schemes for reduced-order models, either
through regression to additional linear-quadratic terms (Xie et al., 2018; Mohebujjaman
et al., 2017, 2018) or by adding a deep learning model to approximate the residual (San &
Maulik, 2018b,a; Menier et al., 2022). Alternative work has explored interpretable system
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identification methods that forego the projection-based model altogether (Brunton et al.,
2016a; Loiseau & Brunton, 2018; Peherstorfer & Willcox, 2016; Qian et al., 2020; Callaham
et al., 2021c), but may incorporate physical constraints derived from the Galerkin sys-
tem (Loiseau et al., 2018b; Deng et al., 2020; Kaptanoglu et al., 2021a). If an accurate, non-
intrusive model is more important than interpretability or satisfying physical constraints,
then the traditional projection-based framework can be eliminated altogether with black-
box neural network forecasting methods (Hesthaven & Ubbiali, 2018; Wan et al., 2018).

These empirical closure models are constructed on the assumption that the influence
of the unresolved variables can be approximated based on information from the resolved
variables alone. The success of the Reynolds stress-mean flow models (Aubry et al.,
1988; Ukeiley et al., 2001; Manti¢-Lugo et al., 2014), invariant or center manifold reduc-
tions (Guckenheimer & Holmes, 1983; Coullet & Spiegel, 1983; Noack et al., 2003; Carini
et al., 2015), and weakly nonlinear analysis (Stuart, 1958; Sipp & Lebedev, 2007; Meliga
et al., 2009; Meliga & Chomaz, 2011) suggests that there may be circumstances where this
relationship may be derived analytically via traditional analysis. The unifying thread be-
tween these methods is the assumption of a scale separation between the resolved and
unresolved variables that can be exploited to develop an asymptotically correct closure
model.

Beyond the field of fluid dynamics, the method of adiabatic elimination (Haken, 1983;
Risken, 1996) has long been used to discard the fast variables in systems with emer-
gent large-scale coherence when there is a separation in time scales, while heterogeneous
multiscale methods have played an important role in simulating physical systems with
widely separated scales (E & Engquist, 2003; E et al., 2007; E, 2011). A similar stochastic
averaging approach has been successful in climate modeling (Majda et al., 2001), where
the primitive equations have the same quadratic nonlinearity as the usual Navier-Stokes
equations without rotation, buoyancy, topography, etc. This method, also called homog-
enization in the multiscale modeling literature, has its roots in the theory of singular
perturbations of Markov processes (Kurtz, 1973; Papanicolaou, 1976) and is rigorously
supported for stochastic systems with asymptotic scale separation; see Majda et al. (2001);
Givon et al. (2004); E (2011), or Pavliotis & Stuart (2012) for in-depth presentations. With
some assumptions on ergodicity, a similar approach can also be taken with deterministic
systems, even in a regime where the scale separation is not in the asymptotic limit (Majda
et al., 2006).

This chapter explores the application of multiscale stochastic averaging methods de-
veloped by Majda et al. (2001), Givon et al. (2004); E (2011); Pradas et al. (2012), Pavliotis &
Stuart (2012), and others to the closure problem in reduced-order models of incompress-
ible flow or other systems reducible to linear-quadratic dynamics (Rowley et al., 2004;
Qian et al., 2020; Kaptanoglu et al., 2021b), including introducing an approximation to the
form of the fast dynamics that allows for computation of the averaged dynamics in closed
form. The procedure is summarized in Fig. 7.1 and shown schematically in Fig. 7.2. We re-
fer to this secondary dimensionality reduction of the Galerkin system as multiscale model
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Figure 7.2: Schematic of nonlinear interactions in the multiscale closure scheme. The dynamics of
one variable (a1) in a system with two slow variables involve quadratic interactions between fast and slow
variables that would be neglected in a standard truncation. Instead, the proposed method averages over
the fast scales, ultimately generating effective cubic nonlinearities in the closed equations.

reduction (MMR).

Since fluid flows generally do not have a true scale separation away from the thresh-
old of instability, we demonstrate via numerical simulations that this method is a robust
and systematic approach to stabilizing low-dimensional models. This extends the work
of Majda et al. (2006) exploring the application of this class of methods to systems be-
yond the parameter regimes where their validity can be rigorously proven. Multiscale
model reduction is a unified framework for understanding the origin and importance of
cubic terms in reduced-order models of the linear-quadratic Navier-Stokes equations, ca-
pable of capturing both mean flow deformation and subscale dissipation. Throughout
this work we also highlight connections to other modeling methods, including Koopman
theory and weakly nonlinear analysis.

7.1 Multiscale closure modeling

One of the primary difficulties of reduced-order modeling for fluid flows is that the non-
linear interactions in the Navier-Stokes equations transfer energy between all scales of the
flow. This means that the restriction to a low-dimensional subspace can lead to a poor dy-
namic approximation, as discussed at length in Chapter 6. Generally speaking, the goal of
closure modeling is to augment this truncated model with additional terms that account
for the effect of the unresolved scales.

The multiscale approach to closure modeling accomplishes this by first partitioning
the dynamics into fast and slow variables, and then approximating the solution to the
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associated backwards Kolmogorov equation with a perturbation series expansion. The
result can be interpreted as a Koopman generator of the form of Eq. (2.39) corresponding
to the coarse-grained dynamics for the slow variables. As we will show, when applied
to the linear-quadratic Galerkin system (4.7), this leads to a generalized Stuart-Landau
equation including cubic terms.

An interesting feature of cubic Stuart-Landau-type models of fluid flow is that they
are often more accurate than linear-quadratic models, even though the nonlinearity in
the underlying governing equations is quadratic (Noack et al., 2003; Loiseau & Brunton,
2018). One reason for this is the artificial space-time separation of variables introduced
by the modal representation (3.1), which can introduce spurious degrees of freedom that
represent phase-locked harmonics of traveling waves, for instance (Callaham et al., 2022).
As a result, POD-Galerkin models are vulnerable to decoherence and can fail to improve
with increasing rank, even when the kinematic approximation of the flow field becomes
nearly perfect. As illustrated by the examples in Secs. 7.3 and 7.4, the introduction of
cubic terms can mitigate this, either by modifying the dynamics to resemble phase-locked
nonlinear oscillators or by eliminating spurious degrees of freedom altogether.

Although the more general method of multiscale averaging can be rigorously justified
when there is a strict separation of timescales (Majda et al., 2001; Pavliotis & Stuart, 2012),
there is no such strict separation of timescales in most fluid flows of practical interest.
The proposed method for model reduction should therefore properly be viewed as an
approximate closure model motivated by the asymptotic limit in the spirit of the varia-
tional multiscale approach to turbulence modeling (Bazilevs et al., 2007). Nevertheless, it
provides a systematic method for stabilizing low-dimensional models and also highlights
a generic mechanism by which higher-order nonlinearities can arise from the quadratic
term in the governing equations.

Averaging over unresolved variables Beginning with the Galerkin dynamics (4.7) for
the state consisting of POD coefficients a(t) € R”, where we assume that r is large enough
for an accurate kinematic reconstruction of a typical flow field, we partition the system
into slow variables x(t) € X = R’ and fast variables y(¢t) € Y = R"7"°, so that a =
T .77
EE T
For concise notation we will use the Einstein convention that repeated indices imply
summation and we will omit explicit summation unless not doing so would lead to am-
biguity. We will index the slow variables with Roman subscripts i, j, k, ¢ ranging from 1
to r¢ and the fast variables with Greek subscripts ¢, 3, v ranging from 1 to r — ro. Without
loss of generality we will also assume that the quadratic term has been symmetrized in
the last two indices, so that );;x = Qix;. Then the partitioned Galerkin system is

i = f{(x,y) = F} + Lijz; + Lijys + Qo + 2Q4 5795 + Qi ysyy (7.1a)

Yo = [U(m,y) = F3 + L2x; + Lys + Q%pnxjey + 2Q%5x5y8 + Q5% Yy (7.1b)
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Standard truncation of this system is equivalent to retaining only the terms F*, L',
and Q"'!. Here we will attempt to approximate the terms involving the fast variables in
f*(x,y) in an average sense in order to derive a closed system & = f(x), largely following
the approach of Pavliotis & Stuart (2012).

We assume that the time scales of the fast and slow dynamics are separated by a pa-
rameter ¢ < 1, so that we may define f*(z,y) = ¢ fx(a:, y). Furthermore, we note that
the role of the fast self-interaction term Q*?(y, y) is to transfer energy between the unre-
solved scales. Since this mechanism is of secondary importance to the transfers between
slow and fast scales, we apply a version of the “working assumption of stochastic model-
ing” (Majda et al., 2001):

32527?/597 N oawa(t), (7.2)
where w(t) is a Wiener process and o is an as-yet-undefined constant forcing amplitude.

Finally, we coarse-grain the dynamics on the time scale 7 = ¢t, leading to the slow/fast
system

ox; =

836 = [ (z,y) (7.3a)
T

0yo, 1 1

8_?47 = Jalz,y) + %0a5w6(7)7 (7.3b)

where we have also used the scaling property of Wiener processes that w(et) = /ew(t).
Defining an arbitrary scalar-valued observable ¢*(z,y), the backwards Kolmogorov
equation (2.43) associated with Eq. (7.3) is

dge . o 20 . . o .
5 = Y (e, y)ay +7a— g +;fz- (w,y)a%g. (7.4)
hS £

Note that £, can be viewed as the generator of a stochastic process in y with « as a
fixed parameter. Consequently, we make the following assumptions related to the ergod-
icity of y:

1. The operator £, has a one-dimensional nullspace spanned by constants in y:

Log(x) =0 (7.5)

2. The Fokker-Planck operator £ has a one-dimensional nullspace corresponding to
the stationary distribution p3°, where again x is treated as a fixed parameter:

LipZ(y) =0, (7.6)

along with the usual normalization condition [}, p3*dy = 1.
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These assumptions obviate the need to express the fast scale y as an instantaneous
function of x, as in an invariant manifold model (Guckenheimer & Holmes, 1983; Pavli-
otis & Stuart, 2012). Instead, the fast variable is modeled with a simplified distribution
that can be averaged over as follows. We assume that the backwards Kolmogorov equa-
tion (7.4) can be approximated by means of an asymptotic expansion

ge(wv Yy, T) = 3Jo + €g1 + 0(62)' (77)

Substituting into Eq. (7.4) and equating powers of ¢ gives the consistency conditions

0= Eog(), (78&)
9]
_ag() = /Jogl + Elgg. (78b)
T

By virtue of the assumption of a one-dimensional nullspace, Eq. (7.8a) is satisfied if g is
not a function of y, or gy = go(x, 7). As expected, the leading-order solution does not
depend on the fast variable.

An effective evolution equation for g, can be derived by considering Eq. (7.8b) as a
linear equation for ¢, (x, y, 7). The Fredholm alternative introduced in Sec. 2.2 in the con-
text of weakly nonlinear analysis specifies that for any equation of the form Lyg; = b to
have a unique solution, all functions p in the nullspace of the adjoint operator £ must
be orthogonal to b. Since we have assumed that the nullspace of £{ is one-dimensional
and spanned by the stationary distribution p3°(y), this implies that (p3°,b) = 0. In other
words, the solvability condition for

0
Logr = —% + L190 (7.9)
T
is that the right-hand side of Eq. (7.9) has zero mean with respect to the stochastic process
generated by L:

/ Pa (Y) [_027' + 51] go(z, 7)dy = 0. (7.10)
Y

Using the normalization condition for p2°, this simplifies to a closed evolution equation
for go(x, 7):

990 7 990

£ = o z d . 7.11

5 Vypw (Y)fi (2, y) y] e, (7.11)
Again, the observable g itself is arbitrary, but Eq. (7.11) has the form of the generator of
a Koopman operator corresponding to the coarse-grained dynamics in = alone. Undoing
the e scaling in 7 and f7, Eq. (7.11) can be written as

O .
SE=f@) V. (7.12)
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corresponding to the averaged dynamics
& = f(x), (7.13a)
fla) = [ ey (7.130)

Yy

The distribution p3°(y) specifies the probability distribution of the fast variables y and
is stationary on the fast timescale, but implicitly time-varying since it is parameterized
by the state x of the slow variables. In the simplest case p3° might be proportional to a
delta function in x, indicating that the fast variables are a direct function of the slow vari-
ables. Physically this might correspond to the case where y represents a slow amplitude-
dependent deformation of the base flow or phase-locked higher harmonics, for instance.

More generally the functional form of this distribution might be complicated, but it
is not necessary to specify it in closed form provided the integral in Eq. 7.13b can be
evaluated. For instance, when the dynamics are linear-quadratic then Eq. 7.13b simplifies
to first and second moments of the distribution. Then the key to the MMR closure for the
POD-Galerkin is deriving an approximation of the fast dynamics that is consistent with
the original system but allows for computation of these moments in closed form.

As an aside, although the disappearance of the fictitious small parameter e is necessary
for consistency with the original Galerkin system, it does call into question the validity of
the perturbation series approximation (7.7). In this work we do not attempt to make this
more rigorous, but instead demonstrate by example that it is a useful heuristic capable of
resolving important features of the flow physics. We justify this based on the observation
that the underlying linear-quadratic Galerkin systems often poorly approximate the true
dynamics, so it would not be useful to perfectly match the original model even if it was
possible to do so.

Stochastic averaging for a model system Before applying the formal solution (7.13) to
the linear-quadratic Galerkin dynamics, we first illustrate the stochastic averaging proce-
dure on a simple two-dimensional fast-slow system:

d
& e —ay (7.14a)
dr
d
ed—y = —y + pz? + Veow(t), (7.14b)
T

This SDE system is associated with the following backwards Kolmogorov equation for an
arbitrary scalar observable ¢°(z,y, 7):

896_71 . Y 7Y e _ — | g
5 = € (—y + pz?) y+ 2}9 —i—[()\x xy) x]g (7.15)
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Here L, is the backwards Kolmogorov operator associated with an Ornstein-Uhlenbeck
process in y, which we assume satisfies the ergodicity requirements (7.5) and (7.6). By
comparison of £} with the steady-state Fokker-Planck equation for an Ornstein-Uhlenbeck
process (2.47), the stationary distribution p2° is a Gaussian with mean and variance

) [e’e} 0_2
/ yp (y)dy = pa®, / Y2 (y)dy = 5 (7.16)

[e.9] o0

In this case, the solvability condition (7.10) reduces to

% = U_Z e (y)( Az — my)dy} % =0. (7.17)

Comparing with Eq. (7.11), this condition corresponds to a Koopman operator for the
averaged dynamics. Using the normalization condition on the probability distribution p2°
and the mean given by Eq. (7.16), the fast variable can be integrated analytically, giving
the coarse-grained dynamics

do_ / () — 2y)dy (7.18)

dr )
= \x — pa’. (7.19)

Finally, we note that in this case the same solution could have been reached by neglect-
ing the diffusion term in the y dynamics from the beginning, as in an invariant manifold-
type model (Guckenheimer & Holmes, 1983; Noack et al., 2003; Pavliotis & Stuart, 2012),
since due to the form of the slow dynamics the effect of the noise disappears on averag-
ing. This would give the approximation y = pa?, which could then be substituted into
the z-dynamics to recover Eq. (7.18). The difference between that approach and the one
described here lies in Eq. (7.17); rather than assuming the fast variables can be expressed
as an instantaneous function of the slow variables, they are assumed to fluctuate and their
effect is accounted for by averaging. Later we will discuss some general conditions under
which the two are equivalent, but in this example if there was a term proportional to 3 in
the x dynamics, the solvability condition would include the second moment of y and the
diffusion o would appear in the coarse-grained dynamics.

Application to the Galerkin system As illustrated by the previous example, in order to
make practical use of the averaging procedure, we must be able to perform the integral
over the distribution p°(y) of the fast variables. This distribution is the solution for fixed
x to the steady-state Fokker-Planck equation

yazl_y, (7.20)
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corresponding to the linear stochastic process
o = [Fo + LZaj + Q2asm] + [L2 + 2Q%%x;] ys + gawa(t). (7.21)

The stationary distribution is a multivariate Gaussian with mean and covariance that can
be determined analytically from the solution of a Lyapunov equation (Risken, 1996), but
this would need to be done at each value of . Instead, we propose the diagonal drift
approximation

Yo = Va(T) (Ha(T) — Ya) + 0awa(t), (7.22)

for which the stationary distribution is a product of univariate Gaussians solving the 1-
dimensional Fokker-Planck equation (2.47), i.e. yo, ~ N (ita, 02 /2v,). By comparison with
Eq. (7.21), the conditional mean is naturally defined as

r

pa(@) = Y vt [Le; + Qami] . (7.23)

7,k=1

Here we have omitted the contribution of the constant forcing term F? so that the approx-
imate fast process y preserves the zero-mean property of the POD coefficients for = 0.
In this work we will make the simplifying assumption that the effective damping coeffi-
cients v, are constant, although more generally they could be functions of . Appropriate
values for v, can be determined from energy balance, as described below.

With these approximation the average in Eq. (7.13) is a straightforward calculation
resulting in the generalized Stuart-Landau model

filw) = F} + Lzljle + Lidpa(z) + Qz‘ljlklxjxk + QQz‘ljlc%xjﬂa(m) +1,'Qiaa0a0a/2  (7.24a)
= [+ f/ij$j + Qz‘jkl‘jxk + éijkijxkxfa (7.24b)

with the following closed quantities denoted by a hat:

Fy=F'+ ;' Q%2 0004/2 (7.25a)
Lij =L} +v,'L2L% (7.25b)
Qi = QL +va ' (L2Q2L +2Q17L2) (7.25¢)
Cijre = 203 QL2Q%. (7.25d)

We will refer to the secondary reduction of a standard rank-r POD-Galerkin model to
the cubic model (7.24b) as the multiscale model reduction (MMR) approach to closure
modeling.

The terms in the closure model are computed by summing the Galerkin tensors over
the fast variables. As a mnemonic for these averaged quantities, the superscripts for the
partitioned system could be thought of as tensor contractions with the modification of the
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damping v *. For example, the cubic term Q};7v, " Q% is suggestive of the slow variables

“filtering through” the fast dynamics via the quadratic interactions Q*'! and Q2.

Although the constant, linear, and quadratic terms are all modified as a result of the
stochastic averaging procedure, the appearance of this cubic term is perhaps the most
noteworthy. It represents the leading-order contribution of the fast-slow nonlinear inter-
action in the slow dynamics due to the slow-slow interaction in the fast dynamics. We
will explore this in more detail in the following section, but it is a generalization of the
weakly nonlinear Stuart-Landau mechanism (Stuart, 1958; Landau & Lifshitz, 1959) that
is capable of resolving the stabilizing influences of both mean flow deformation and the
energy cascade.

The final ingredient in the multiscale closure model (7.24b) is the determination of the
damping and diffusion coefficients v, and o,. A reasonable approximation for the diffu-
sion could be the mean of the neglected term o, = } 5 22212 although in our numerical
examples we find little difference with neglecting the diffusion altogether.

For the damping term we apply an energy balance condition on the closed model,
derived from the assumption that the system is statistically stationary so that the average
variation of kinetic energy vanishes (Noack et al., 2011):

d—
S = fw)w = 0. (726)

When the closed tensors (7.25) are substituted for f (x), this simplifies to a linear system
of equations for v~!. The energy balance approximation does not require statistics of the
fast variables, but due to the cubic term it does require well-converged fourth moments
of the slow variables. In particular, the vector v;,, which is the element-wise inverse of v
is the solution to the linear system

Av,,, +b=0, (7.27a)

E : 12 1211
i a]a a; + L a]ka ajay
J,k=1

"o (7.27b)
+2 Z QzljlozéLikala]ak +2 Z Q}]f 2 i gy
Ji.k=1 gk 0=1
ro
bi=Lila?+ > Qliaaa (7.27¢)

J,k=1

In general the damping should be positive since the linear stochastic approximation (7.21)

and its diagonal simplification is only plausible if the mean p(x) is linearly stable for all «.
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This is physically consistent with the energy cascade picture, in which we expect that en-
ergy will primarily flow “downhill” from the slow variables, representing large coherent
structures and global instabilites, to the fast variables representing the smaller, dissipative
scales of the flow. On this basis negative values of the damping coefficients can also be
set to zero to avoid introducing unphysical instabilities in the cubic term, for example.

We conclude the discussion of the application to Galerkin-type systems with a note
on the computational scaling of the closure model. While the simulation of the original
linear-quadratic model is dominated by the quadratic term, which requires O(r*) opera-
tions to evaluate, the cubic term in the closure model (7.24b) requires O(r{) operations to
evaluate. In some cases this may mean that the cubic model is actually more expensive to
simulate than the original Galerkin system, although whether or not this is the case will
depend on the specific values of 7, the dimension of the linear-quadratic system, and ry,
the dimension of the closed model. For the examples given below either rj < r?, as in
Secs. 7.2 and 7.3, or the two are the same order of magnitude, as in Sec. 7.4. As we will
show, the primary advantage of this approach is not necessarily that it is faster to simu-
late than the usual POD-Galerkin system, but that it is more stable and physically faithful
with many fewer modes.

Relationship to invariant manifold modeling The invariant manifold reduction, intro-
duced in Sec. 2.3 and applied to the cylinder flow in Sec. 5.4, is a method in which the fast
variables are assumed to depend algebraically on the slow variables. It is often applied
near the threshold of bifurcation, when one may assume that there are only a small num-
ber of weakly unstable directions in the modal subspace and that the modal coefficients
are typically small.

Under these assumptions, the fast variables can be approximated with a power series
expansion with coefficients determined by a dynamical consistency condition (Gucken-
heimer & Holmes, 1983; Pavliotis & Stuart, 2012). For example, if the dynamics are close to
a supercritical Hopf bifurcation then the leading-order approximation is a parabolic man-
ifold that depends quadratically on the slow variables; replacing the fast variables with
this approximation results in a cubic evolution equation for the slow variables similar to
Eq. (7.24b). This approach is closely related to the technique of center manifold reduction,
which is typically applied to the large-scale system at the bifurcation point, yielding nor-
mal form-type amplitude equations for the evolution of the instability modes (Coullet &
Spiegel, 1983; Carini et al., 2015). Here we recapitulate the parabolic invariant manifold
approximation in order to give a comparison with the stochastic averaging method, but
we will conclude by showing that a different manifold model gives an equivalent result
to Eq. (7.25) for o = 0.

The central assumption of the invariant manifold model is that the fast variables can
be expressed as an instantaneous function y ~ ¢(x) of the slow variables. Dynamical
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consistency for the fast variables then requires that, to leading order,

y=fYz ()= %(p(w) (7.28)
= Jy(x) f*(x, p(z)) (7.29)

where J,, () is the Jacobian of ¢ evaluated at  (Guckenheimer & Holmes, 1983; Pavliotis
& Stuart, 2012).

Assuming all of the state variables in b are typically small, the manifold equation can
be expanded as a power series in x. Preservation of the fixed point at the origin requires
h(0) = 0, and in the case of a center manifold reduction where the real parts of the slow
eigenvalues vanish, the condition that the ¢(x) be tangent to the center manifold at the
origin also implies that J,,(0) = 0. Under these conditions the first nontrivial terms in the
expansion are quadratic and the expansion coefficients can be determined by matching
powers of x in the consistency condition (7.29).

The connection between this methods and stochastic averaging can be made clear by
viewing y(t) = ¢(x,t) as an explicit function of time and rewriting the dynamical con-
sistency condition as a Koopman generator acting on the o component of the manifold
equation:

0¢q o

e = £ (@ () - Ve (7.30)
Since the observable in such an equation is arbitrary, this is equivalent to the averaged
backwards Kolmogorov equation (7.12) if

[z, p(x)) = /y pe (Y) fi(x,y)dy. (7.31)

In the limit of zero diffusion in the fast process, the stationary distribution approaches
a Dirac delta function p* = 6V "(y — pu(x)) and the two are equivalent with ¢(x) =
p(x). With the diagonal drift approximation (7.22) and constant damping v, the zero-
diffusion limit of the proposed Galerkin closure in Sec. 7.1 can be seen as an invariant
manifold model with ¢(x) defined as the conditional mean (7.23). Because we derived
the stochastic averaging model with the assumption of real-valued coefficients and the
parabolic model uses the complex-valued eigenvector coordinates, is less obvious that the
parabolic invariant manifold corresponds to a particular choice of v and p in Eq. (7.22).

Although the invariant manifold reduction is more theoretically straightforward than
the stochastic averaging closure, it generally requires stronger assumptions on the system.
In particular, the development of the parabolic manifold model requires that the origin
be a fixed point and that the real part of the slow eigenvalues is zero. This does not raise
any difficulties for simple weakly unstable configurations where the Galerkin model pre-
serves fixed points of the fluid flow, or if the steady state is used as the base of the modal
expansion. However, when the flow is far from a bifurcation point the mean flow is often
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MMR | FIT
p | pyiz) | ply;t)
Elyi] | pi(z) 0
Ely:] | of | 2Ei(t)

Table 7.1: Statistics of unresolved variables for the multiscale and finite-time thermodynamics models.
MMR assumes the distribution is parameterized by the slow variables a, while FTT assumes it is indepen-
dent and zero-mean, although with possibly fluctuating variance. We have found the variance o7 to be
negligible in MMR if it is assumed constant, but more generally it could be also modeled as a function of x.
Note that the unresolved variables y are also defined differently between the two methods (see Sec. 7.1).

a more relevant base of the expansion; in this case the resulting Galerkin models may
not necessarily have fixed points that coincide with meaningful states of the underlying
system. In addition, the invariant manifold reduction relies on smallness of the coeffi-
cients (justifying the power series expansion) and the assumption that the higher-order
modes can be expressed as instantaneous algebraic functions of the active coefficients.
For chaotic or turbulent dynamics neither of these is necessarily justified.

Finite-time thermodynamics Before concluding the discussion of the multiscale closure
model, we give a brief comparison to the finite-time thermodynamics (FTT) framework
introduced by Noack et al. (2008). This approach begins from the linear-quadratic POD-
Galerkin system, Eq. (4.7), but rather than assuming that the unresolved variables are the
higher-order modal coefficients, the FTT model decomposes the modal coefficients a(t) €
R" into an “ensemble-averaged” value x(t) € R" and a “fluctuating” value y(¢) € R" in
the spirit of the Reynolds decomposition. As a result, both the resolved and unresolved
variables correspond to the same spatial modes, and the modal expansion (3.1) becomes

u(w, t) ~ Po(x) + Z(mi(t) + i (8)) i (). (7.32)

The second major difference is the assumption of the behavior of the unresolved vari-
ables y on ensemble averaging. The ensemble average is with respect to the probability
distribution p of the fluctuations y. The MMR method assumes that this distribution is
parameterized explicitly by the slow variables x, so that p = p(y; (t)) (written as p2°(y)
in the derivation of MMR above). On the other hand, the Reynolds-averaging analogy
in FTT leads to the assumption that the distribution p may be time-varying but does not
depend on z, so that p = p(y;t).

By definition, the fluctuating amplitudes y have zero mean with respect to this distri-
bution, so that

Blu = [ wolwstidy =0, =12 (7:33)
Yy
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Here we use the notation [E[-] to denote the ensemble average with respect to the unknown
distribution p(y, t) to distinguish it from the usual time average of observed values used
in the rest of this work.

As aresult of Eq. (7.33), the mean and fluctuating amplitudes are linearly uncorrelated
with respect to this average:

E[z;y;] =0, i, =1,2,...7. (7.34)

The normalization of the probability distribution also implies that E[z;] = ;. Finally, FTT
assumes that the fluctuations themselves are uncorrelated, with the usual variance-kinetic
energy relationship for POD coefficients. Combining these assumptions, the second-order
statistics of the POD coefficients with respect to the ensemble average defined by p(y;¢)
are

E[&Z’Clj] = T;Zj -+ QEZ(t)dlj, (735)

where E;(t) = E[y?]/2. A comparison of the assumptions on the distributions is shown in
Table 7.1. Note that since the variance £; must be non-negative, Eq. (7.35) implies that the
statistics of a and x are not identical unless E(t) = 0 for all time.

Expanding the POD coefficients into mean and fluctuating component and taking the
ensemble average gives a set of 27 evolution equations for the mean values x and the
fluctuation kinetic energy E:

T = Z Lijx; + Z Qijur;T) + 2 Z Qiji Ej (7.36a)
j=1 j.k=1 Jj=1
E; =2 Z (Lii + 2Quijz5) Ej + Z Qijr By - (7.36b)
j=1 Jk=1

The remainder of the FTT method centers on deriving a nonlinear closure model for the
third-order statistics E[y;y,vx|; see Noack et al. (2008) for details.

The main similarity between the FTT and multiscale methods is that both seek to
approximate the effect of unresolved fluctuations on the resolved variables, resulting in
nonlinear closure models. However, the two are philosophically different in that MMR
assumes the unresolved variables correspond to different spatial structures and evolve on
faster time scales, while FIT models them as linearly uncorrelated fluctuations associated
with the same spatial modes as the resolved variables.

Noack et al. (2008) showed that the FIT model is quite successful at predicting post-
transient energy levels in several flow configurations, including the cylinder wake and
a turbulent homogeneous shear flow. This method also has the advantage that it does
not assume any separation of scales in amplitude or time. On the other hand, there are
some theoretical difficulties in working with the FTT framework, including that Eq. (7.35)
muddies the relationship between the second-order statistics of the modal coefficients a
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and x, which are foundational to the POD method. FTT also increases the state dimension
by a factor of two and cannot be used to derive the generalized Stuart-Landau equations
that directly account for effects such as mean flow deformation and the energy cascade.
However, Cordier et al. (2013) showed that a simplified nonlinear closure model based
on Eq. (7.36) has been shown to stabilize POD-Galerkin models of a mixing layer similar
to that examined in Sec. 7.4 without increasing the state dimension. Although this FTT
closure model is energetically stable, we will show that it does not reproduce the statistics
or phase relationships of the DNS in the present case.

7.2 Prototypical fast effects

There are two principal mechanisms by which nonlinear interactions with higher-order
modes effectively stabilize the flow: Reynolds stress-induced mean flow deformation and
the energy cascade. Before demonstrating the MMR closure introduced in Sec. 7.1 on
DNS of unsteady fluid flow, we first confirm that it can resolve both of these effects by
examining simple representative analytic models.

Nonlinear stability in a mean-field model Nonlinear stability analysis was born out of
the observation that the exponential energy growth predicted by the linear theory when
the flow has at least one unstable eigenvalue is untenable at long times, and furthermore
that the key assumption of infinitesimal perturbation amplitudes is violated once the in-
stability grows to finite amplitude. It is conceivable that the energy growth eventually
leads to a breakdown into turbulence, but it was observed experimentally (e.g. Taylor
(1923)) that this is not always the case.

Instead, if the perturbations are assumed to be of small but finite amplitude, the lin-
ear stability problem can be considered the first term in an asymptotic expansion. The
next-order terms suggest that the Reynolds stresses from the nonlinear self-interaction of
the perturbation tends to deform the slowly-varying background flow from the unsta-
ble steady-state towards a neutrally stable mean flow Stuart (1958). This type of weakly
nonlinear analysis has since been applied to a wide range of flows and bifurcation sce-
narios (Sipp & Lebedev, 2007; Meliga et al., 2009; Meliga & Chomaz, 2011; Rigas et al.,
2017). Although this has proven to be a highly successful approach, it is only strictly ap-
plicable near the threshold of bifurcation and requires invasive access to various linear
operators. The self-consistent mean flow modeling framework (Manti¢-Lugo et al., 2014;
Manti¢-Lugo & Gallaire, 2016; Meliga, 2017; Rigas et al., 2021) is more general in terms of
parametric dependence, but it does not lead to a low-dimensional dynamical system.

Resolving mean flow deformation was shown to be a key ingredient in stabilizing
reduced-order models. While models that only included POD modes derived from ex-
pansion around the mean gave accurate approximations on short time horizons but even-
tually tended towards structural instability (Deane et al., 1991; Ma & Karniadakis, 2002),
explicitly incorporating this stabilizing feedback mechanism via Reynolds stress model-



115

ing (Aubry et al., 1988; Holmes et al., 1996), an augmented POD basis (Noack et al., 2003;
Luchtenburg et al., 2009; Noack et al., 2011), or a normal form ansatz (Deng et al., 2020) in
models of globally unstable flows significantly improved their robustness. Here we show
that if the POD basis spans the mean flow deformation, the proposed multiscale model
reduction method can resolve its stabilizing effect without introducing additional degrees
of freedom. This is consistent with the invariant manifold reduction approach of Noack
et al. (2003), but does not require treating the mean flow deformation differently than any
of the other unresolved fast variables.

A classic illustrative model of the nonlinear stability mechanism is the three-dimensional
“mean-field” system proposed by Noack et al. (2003), identical to the model problem in
Sec. 2.3 without nonlinear frequency modulation. The model consists of a pair of unstable
slow variables a; and a, along with the fast variable ax:

a1 = A\a; — wag — a0 (7.37a)
(9 = Wa; — \as — A0 (7.37b)
an = —ap + plal + ad). (7.37¢)

The slow variables represent amplitudes of a pair of global instability modes, while ax
models a background deformation that tends to reduce the linear growth rate. This sys-
tem is a simplified model with similar behavior to the cylinder wake discussed in Sec. 7.3.

In many cases the growth rate ) is relatively small, so that the standard approach is to
use the approximation @y = 0. The fast variable is then given by an algebraic relationship
that pins the system to the parabolic invariant manifold ax ~ u(a? + a3). Replacing aa
in Eq. (7.37) to a single cubic Stuart-Landau equation for the complex amplitude A(t) =
aj + iasq:

A= (\+iw)A — pAlA>% (7.38)

We restate these results in order to show that this mechanism is also resolved by the
multiscale closure (7.24b). Here the fast dynamics are already linear in ax with damping
constant v = 1. The fast-slow linear blocks L'? and L*! are also zero, so the only mod-
ification due to the closure model is the cubic term €. The only nonzero entries in the
quadratic tensor are QQ11a = Q22a = —1 and Qa1 = Qa2 = i, leading to cubic terms
Ciinn = Chigg = Conyy = Congo = —p. Replacing the fast-slow nonlinear interactions in
Eq. (7.37) with the cubic closure, the three-dimensional model reduces to

4y = Aay — way — pai(a: + a3) (7.39a)
Gy = way — Aag — pas(a? + a3), (7.39b)

identical to the real and imaginary parts of the invariant manifold reduction (7.38).
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Energy transfer in the Burgers model Along with mean flow interactions, one of the
primary challenges in applying model reduction to the Navier-Stokes equations is the
under-resolution of the fine scales of the flow, which typically results in underestimating
the energy dissipation. In the classic spectral dynamics picture of isotropic turbulence,
although the bulk of the energy is contained in the larger scales of the flow, the viscous
energy dissipation scales with the square of the wavenumber, so that even very small
scales play a key role in the energy balance of the flow. The problem of truncating the
cascade of energy from large to small scales thus applies equally well to “model reduc-
tion” in the sense of discretizing the governing equations on a mesh that cannot resolve
the finest scales of the flow.

Since POD modes are order hierarchically by average energy content, this problem
often manifests in reduced-order modeling when attempting to severely truncate a POD
representation; the higher-order modes are often much more dissipative, even though
they may not be of practical interest (Noack et al., 2011). Further complicating this is the
issue that advection-dominated flows may require many more modes for even a good
energetic approximation than for a good dynamic approximation, and these additional
degrees of freedom can lead to decoherence and instability in the reduced-order model,
as shown in Chapter 6. The approach of partitioning the system and averaging over
the “fast” variables can address both of these issues by retaining only the most energetic
degrees of freedom while accounting for the average effect of unresolved dissipation at
fine scales.

To illustrate the role of nonlinear advection Burgers (1948) and Hopf (1948) introduced
simple one-dimensional toy models of turbulence, now generally studied as Burgers’
equation. Here we apply the multiscale closure approach to the Fourier-Galerkin rep-
resentation of a forced, viscous Burgers’ equation on a periodic domain (Noack et al.,
2008):

ou  Ou  0*u

E + u% = 77@ + Cg(xat)a S (07 27?), (740)

where 7 and ¢ are the viscous and forcing amplitudes, respectively, and the forcing g(x,t)
is constructed to act on only the leading wavenumbers. Majda et al. (2006) used a similar
model to explore a similar stochastic model reduction procedure on large deterministic
systems without asymptotic scale separation.

Since the domain is periodic, we forego the empirical POD basis and expand the solu-

tion in a Fourier basis
[o@)

u(a,t) = Y ap(t)e™”. (7.41)

k=—o0

The standard Galerkin projection gives the coupled system of ODEs
ar = —nk‘zak — laga_y + C51|k|ak, (7.42)

where the forcing reduces to the Kronecker delta function 4, by construction. The
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quadratic nonlinearity would typically result in a double sum over wavenumbers, but
the orthogonality property of the Fourier basis restricts the interaction to the “triads”
(k, ¢,k — 0). As for the full Navier-Stokes equations, this nonlinearity satisfies the con-
servative property discussed in Sec. 4.1. The system is forced at large scales |k| = 1,
dissipative at smaller scales |k| > 1, and the triadic interactions mediate energy transfers
between these scales. Although the closure method described in Sec. 7.1 was derived for
real-valued systems, Eq. (7.42) could easily be transformed to be purely real by separat-
ing the real and imaginary parts of the complex-conjugate pairs, as was done for instance
by Noack et al. (2008). In this case the system is simple enough that it does not matter, so
we work with the complex representation for compact notation.

We can apply the results of Sec. 7.1 directly by rewriting the quadratic term with the
sparse tensor Q defined by

—il, l+m=k
Qrem = { 0 (7.43)

otherwise.

The closure modeling is simplified by the diagonal structure of the linear term, so that

the only modification to Eq. (7.42) is the cubic term C given by Eq. (7.25d). Based on the
sparse structure of @, the sum over fast scales disappears so that

Vg—e |0, otherwise.

1 {—km, l+m+n=k
Note that these entries are also nonzero only for k, ¢, m, and n in the slow scales and k—/ in
the fast scales. For example, if we model only the forced scales |k| = 1 as slow variables,

the only nonvanishing contributions to C are from the wavenumber sets (k,¢,m,n) =
(1,-1,1,1) and (—1,1,—1, —1). Since the slow quadratic tensor Q is also zero for |k| =1,
the closed ODE system simplifies to the one-dimensional Stuart-Landau equation

i = (¢ —mnar — vy ag|ay]?. (7.45)

The cubic term in Eq. (7.45) captures the leading-order influence of the energy transfers
to smaller scales. This effect is naturally stabilizing; as in the physical mechanism, if the
slow variables are excited, the amplitude term |a;|? representing the unresolved scales
increases and the cubic damping term removes energy from the resolved scales.

In this case the multiscale closure directly accounts for only the next set of wavenum-
bers |k| = 2 because the purely triadic structure of the quadratic interactions does not
admit contributions from any smaller scales. The damping constant 1, must therefore be
selected so that the explicitly modeled transfers from |k| = 1 to |k| = 2 are representative
of the entire cascade. This can be accomplished with the energy balance method described
in Sec. 7.1, for example.
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Figure 7.3: Reduced-order models of the cylinder wake. The standard 9-mode Galerkin model ac-
curately estimates the stable limit cycle (a), but the transient dynamics deviate from the slow manifold,
leading to an energy overshoot (b). Both the two-dimensional invariant manifold reduction in Sec. 5.4 and
MMR closure models prevent this by eliminating the rapidly-equilibrating variable associated with mean
flow deformation, but MMR more accurately estimates the limit cycle amplitude. The full flow field can be
reconstructed by approximating the harmonics with polynomial regression (c).

While traditional closure models for Galerkin systems approximate the dissipation at
higher orders with a linear linear eddy-viscosity-type closure (Aubry et al., 1988; Rempfer
& Fasel, 1994), the mechanism of energy transfer to smaller scales is fundamentally non-
linear in nature. As clearly illustrated by this model problem, the multiscale closure
model preserves the nonlinearity of the energy transfer in its approximation of the ef-
fects of the unresolved small scales. This is consistent with the findings of (Osth et al.,
2014) that a nonlinear term modeling subscale turbulence can outperform the linear eddy
viscosity closure in POD-Galerkin models.

7.3 Vortex shedding in the cylinder wake

In this section we revisit the canonical two-dimensional flow past a circular cylinder ex-
amined at length in Chapter 5 to show that the MMR closure can naturally resolve the
stabilizing effects both of mean flow deformation and of energy transfer to higher-order
modes without assuming proximity to a bifurcation.

In keeping with previous work demonstrating that the cylinder wake can be mod-
eled accurately with as few as two degrees of freedom, we reduce the 9-mode POD-
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Galerkin system to a 2-mode generalized Stuart-Landau model (7.24b) with the closure
model (7.25) and damping derived from the energy-balance relation (7.26). In this case,
the elimination of the higher-order modes does not require sacrificing kinematic resolu-
tion, since the unresolved coefficients can be approximated with sparse polynomial func-
tions of the resolved variables, as detailed in Chapter 6.

Figure 7.3a compares the energy of the first mode pair E(t) = a3(t) +a3(t) predicted by
the POD-Galerkin model and the 2-mode closure model to DNS of the transient flow ini-
tialized from the unstable steady state perturbed by the least-stable eigenmode. Also in-
cluded for comparison in the invariant manifold model introduced by Noack et al. (2003)
and described in Sec. 5.4. Although the Galerkin model is stable and accurately predicts
the amplitude of the vortex shedding, it exhibits a transient energy overshoot before set-
tling onto the limit cycle. Figure 7.3b shows the reason for this; whereas the DNS is re-
stricted to an approximately parabolic invariant manifold, the finite relaxation time in the
shift mode dynamics means that the energy of the leading modes continues its exponen-
tial growth for longer before the energy can be absorbed into the mean flow deformation.

In contrast, the cubic term in the MMR and invariant manifold models approximates
the relaxation of the shift mode dynamics as instantaneous, pinning its amplitude to that
of the primary mode pair. While the structure and interpretation of the two models is
the same, there are quantitative differences in their accuracy. In particular, the manifold
model slightly overestimates the energy of the limit cycle, with mode amplitudes larger
than the DNS by ~ 13%, while the multiscale closure accurately predicts the limit cycle
amplitude. This discrepancy can most likely be attributed to the energy balance proce-
dure used to estimate the subscale damping v in the MMR model, which is not used in
the invariant manifold model.

Finally, the full flow field can also be reconstructed from the two degree-of-freedom
multiscale model by means of the sparse polynomial approximation to the nonlinear cor-
relations in the higher-order modes (Fig. 7.3c). The flow field predicted by the model
gives a good approximation of the DNS solution, although over long times the phase of
the vortex shedding tends to drift from that of the high-dimensional solution. By system-
atically averaging over the fast variables, the multiscale closure method is thus able to
reduce the dimensionality of the model while also improving its fidelity.

7.4 Convective instability and vortex pairing in the mixing layer

As a more difficult test of the proposed MMR closure method, we also examine models
of an incompressible mixing layer, pictured in Fig. 7.4. The mixing layer is a canoni-
cal example of a free shear flow exhibing convective instability (Monkewitz & Huerre,
1982; Huerre & Monkewitz, 1985, 1990). Inlet forcing excited Kelvin-Helmholtz instabil-
ity waves, which roll up into approximately discrete vortices. These vortices are subject to
a secondary instability (Brancher & Chomaz, 1997) and undergo successive helical pair-
ing at the subharmonic of the primary Kelvin-Helmholtz frequency, a process that drives
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Figure 7.4: An incompressible mixing layer at Re = 500. The hyperbolic tangent base flow is convec-
tively unstable, amplifying small perturbations as they are carried downstream. The primary shear layer
instability forms Kelvin-Helmholtz waves that roll up into vortices, which in turn undergo successive vor-
tex pairing. We force the flow at the inlet with eigenfunctions of inviscid flow equations linearized around
the base flow (left). The central part of the domain is used for further modeling to avoid boundary effects,
while the downstream extent € (250, 300) is strongly damped to prevent numerical instability at the out-
let.

the linear growth of the mixing layer (Winant & Browand, 1974). At higher Reynolds
numbers and in three dimensions, the turbulent mixing layer is dominated by the linear
growth of coherent structures similar to those seen in 2D simulation (Brown & Roshko,
1974; Stanley & Sarkar, 1997), which play a major role in mixing, transport, and entrain-
ment of the turbulent flow (Hussain, 1981). From a global perspective, the flow behaves
as an amplifier, where strong non-normality in the linear operator results in transient al-
gebraic energy growth of small perturbations (Chomaz, 2005).

By analogy to numerical methods, modeling an advection-dominated flow with a
POD-Galerkin approach is generally ill-advised in much the same way that pseudospec-
tral methods are not ideal for solving hyperbolic problems. Although the vortices shed in
the flow past a cylinder are also traveling waves in a sense, the Kelvin-Helmholtz insta-
bility in the mixing layer is convective in nature as opposed to the absolute instability in
the cylinder wake. For these reasons, Galerkin projection onto a global modal basis such
as POD is not a natural way to approximate shear flows like the mixing layer. Neverthe-
less, both free and wall-bounded shear layers are present in a wide variety of flows, so
in order to employ a low-dimensional dynamical systems model it is important that it be
able to capture these features. The challenge of modeling advection-driven phenomena in
a global reduced-order modeling framework motivates the use of similar configurations
in several studies of stabilization methods for Galerkin-type systems (Ukeiley et al., 2001;
Noack et al., 2005; Cordier et al., 2013; Balajewicz et al., 2013).
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Since the flow becomes increasingly complex downstream, the difficulty of modeling
the flow can be tuned by varying the streamwise extent of the domain. We construct
models on both short (L, = 150) and long domains (L, = 250) as shown in Fig. 7.5. Over
the extent of the short domain, the flow is mainly characterized by the initial instability
and vortex rollup, with the earliest signs of vortex pairing at 2 130. On the full domain,
the vortex pairing accounts for a much larger fraction of the fluctuation kinetic energy, as
shown by the POD analysis below.

Flow configuration The inlet profile is a standard hyperbolic tangent:
U(y) = U + (AU/2) tanh 2y, (7.46)

where U = (U; +Us)/2 = 1 and AU = U, — U, in terms of the free-stream velocities U; and
U, above and below the layer, respectively, and the length scale is nondimensionalized by
the initial vorticity thickness ¢, = %. We define a Reynolds number Re = §,(0)AU/v
based on intial vorticity thickness, velocity difference AU across the layer, and kinematic
viscosity v and set Re = 500 in the simulation. The domain consists of 5200 eleventh-order
spectral elements on z,y € (—10, 300) x (—50, 50), but the full streamwise extent is masked
to z,y € (0,250) x (—20,20) for modeling in order to discount any boundary effects. The
domain is shown in Fig. 7.4.

This configuration roughly follows that described by Balajewicz et al. (2013) and Cordier
et al. (2013), with two key differences. First, we simulate incompressible flow, while these
authors simulate isothermal compressible flow at low Mach numbers (Ma ~ 0.1). Conse-
quently, we replace the “sponge” boundary conditions for far-field acoustic waves with
a region of increased viscous damping corresponding to Re = 50 for z > 250 to avoid
numerical instability at the outflow. Second, rather than disturbing the inlet with random
solenoidal perturbations, we use eigenfunction forcing similar to that employed by Colo-
nius et al. (1997). The flow acts an amplifier (Huerre & Monkewitz, 1985, 1990; Chomaz,
2005), so the downstream flow is highly sensitive to the inlet conditions; eigenfunction
forcing accentuates the natural dynamics of the flow.

Since the dominant Kelvin-Helmholtz instability is inviscid (Michalke, 1964), we de-
rive the forcing from a temporal stability analysis of the inviscid equations linearized
about the parallel hyperbolic tangent inlet profile u(x) = (U(y),0). Defining a perturba-
tion streamfunction ¢ (x, t) with real wavenumber o and complex velocity ¢ = ¢, + ic;:

v(@,1) = Re {(y)e i}, (7.47)
the evolution of the perturbation is given by the Rayleigh equation (Schmid & Henning-
son, 2001)

(U —¢) (dd—; — a2) v —U") = 0. (7.48)
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For each wavenumber ¢, this can be written as a generalized eigenvalue problem
A(0)d;(y; a) = P B(a);(y; ) (7.49)

for the j* velocity ¢ and perturbation streamfunction ¢, where we use the convention of
sorting by decreasing Im{c\/)}.

The base profile is odd, so the real phase velocity is the midline value ¢, = U (Michalke,
1964). With U = 1, perturbations oscillate with frequency w = « and growth rate o(a) =
ac;(a). For further details on linear stability analysis of shear flows, see for example Huerre
& Monkewitz (1985); Schmid & Henningson (2001); Chomaz (2005).

We choose a spectral discretization of Eq. (7.48) using a Hermite collocation scheme
from a Python implementation of the dmsuite library (Weidemann & Reddy, 2000). We
find the least stable wavenumber a* by maximizing the growth rate o (i.e. minimizing

—acl(-l)) using an implementation of the BFGS algorithm available in scipy. Since this
departs from the standard shooting method, we validate this method against Michalke
(1964), who uses the profile U(y) = 0.5(1 + tanhy) based on nondimensionalizing with
the shear layer thickness §,,/2 rather than vorticity thickness. With that profile we find
a least-stable wavenumber o* = 0.4449 and growth rate ¢ = 0.0949 compared to the
reported results of a* = 0.4446 and o = 0.0949. For the present base profile (7.46) we find
a* =0.8912 and o = 0.2129.

Once the wavenumber o* and eigenfunction ¢, corresponding to the maximum growth
rate is identified, the inlet velocity perturbation can be computed from

a1 (y; a) = Y (y; ), i1 (y; ) = iy (y; o). (7.50)

The optimal perturbations are shown in Fig. 7.4. Following Colonius et al. (1997), we
also apply forcing at the first three subharmonics of the least-stable mode computed from
solving (7.48) at a*/2, o*/4, and «a*/8, rescaling each so so that the maximum value of
iy is 1073AU. We perturb the inlet profile by Re{w(y, a,)e™'} for n = 1,2,4,8 and
o, = w, = o*/n and use a simulation time step of At = 0.00705 = 1072 x 27/a*, so that
the sampling rate of the simulation is commensurate with the forcing frequency.

The DNS is run until a final time of ¢ = 2820, corresponding to fifty periods of the
lowest-frequency component of the eigenfunction forcing, saving at every tenth time step.
The POD modes are then computed from the first 10% of these snapshots (4000 fields),
with the remainder reserved for statistical comparison with the models. The domain
truncation can be accomplished by simply setting elements of the weight matrix W in
Eq. (3.4) to zero for mesh locations with z > L, so that these locations do not contribute
to the statistics in the correlation matrix. For the mixing layer we compute modes with
both velocity and pressure fields as described in Chapter 3, since the pressure gradient
term is not necessarily negligible in Galerkin models of free shear flows (Noack et al.,
2005).

Figure 7.5 shows the leading POD eigenvalues and modes for both domains. In both
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Figure 7.5: Proper orthogonal decomposition (POD) applied to the mixing layer. Modes computed
on both the short and long domains reveal modes related to the dominant flow features: the shear layer
instability and the downstream vortex pairing. Although the vortex pairing is secondary to the upstream
instability, on the longer domain it accounts for a larger proportion of the fluctuation kinetic energy. Higher-
order modes not pictured here include harmonics, nonlinear crosstalk, and modes related to irregularity in
the location of the vortex pairing events.
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cases the bulk of the fluctuation kinetic energy is contained in the first four modes, with
the remainder of the spectrum decaying relatively slowly. As expected, the dominant
mode pair for the shorter domain corresponds to the Kelvin-Helmholtz waves, while the
second pair represents the onset of vortex shedding at roughly half the spatial wavenum-
ber. Higher-order modes are either harmonics (such as the third mode pair) or less regular
downstream structures related to slight variations in the vortex pairing.

The directed graph of energy transfers in Fig. 7.1 is constructed from the modes com-
puted on the short domain. Specifically, the leading mode pair and its first three harmon-
ics are shown for a straightforward visualization of the energy cascade; the nodes labeled
a1 —ag thus actually correspond to mode pairs (¢1, ¥2), (@5, ¥6), (P17, P1s), and (P24, P25)-
The thickness of the edge from node q; to a; is proportional to ) °, Q;;,@;a;ay for quadratic
Galerkin tensor @, which is roughly related to average nonlinear energy transfer from
one mode to the other, although it should not necessarily be interpreted in any rigorous
way beyond the purposes of conceptual visualization of the energy cascade.

On the longer domain the vortex pairing makes up a larger proportion of the fluctu-
ation kinetic energy. Consequently, the leading four modes are spatially localized down-
stream, representing vortex pairing, while the upstream linear instability is not evident
until the third mode pair, even though the vortex pairing is secondary to the shear layer
instability from a physical perspective.

The slowly decaying POD spectrum and wavelike spatial structure of the modes are a
consequence of the advection-driven nature of this flow. It is well known that the space-
time separation of variables assumed by POD is not a natural representation of traveling
waves. This is one reason that free shear flows have long posed a challenge for POD-
Galerkin modeling.

Reduced-order model of the mixing layer In one sense, the dynamics of the mixing
layer are relatively simple. The flow close to the inlet is dominated by the shear layer
instability and subsequent vortex roll-up. These vortices are advected downstream at ap-
proximately the midline flow velocity, until the secondary vortex pairing begins at the
subharmonic of the primary instability frequency. However, since this behavior unfolds
as the disturbances are carried downstream, a principal challenge for low-dimensional
models based on global POD modes is to preserve phase coherence between the har-
monics and subharmonics, so that the reconstructed flow fields consist of approximately
discrete vortices undergoing the vortex pairing.

As discussed above, both the POD modes and the difficulty of modeling this flow
therefore depends on the streamwise extent of the domain. Since the subharmonic vor-
tex pairings are energetically dominant downstream, the leading POD modes computed
from a longer domain will be related to vortex pairing, even though the primary shear
layer instability drives the dynamics from a causal perspective. To illustrate this effect we
consider two domain lengths: one that is dominated the primary instability and vortex
roll-up, and the full modeling domain with vortex pairing.
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Figure 7.7: Models of the mixing layer on a short domain. The phase portraits of the mode pairs (left)
show phase-locking between the fundamental mode pair (a1, az), the subharmonic vortex pairing (as, as),
and the first harmonic (as, ag). These phase relationships are preserved by the MMR closure, resulting in
physically consistent flow field estimates (right).

In this case the POD-Galerkin models do not necessarily improve with rank trun-
cation; for both domains the best dynamical approximation appears to be models con-
structed from r = 24 modes (Fig. 7.6, including comparison with FIT closure model). On
the short domain (L, = 150), this model is energetically stable but eventually approaches
an unphysical fixed point (Fig. 7.7), while for the longer domain (L, = 250) it initially
follows the DNS trajectory before eventually becoming unstable (Fig. 7.8). In either case,
increasing the dimension of the POD-Galerkin model resulted in worse models. We then
reduce the 24-dimensional Galerkin systems to ry = 16-dimensional generalized Stuart-
Landau models with the MMR closure.

Figure 7.7 shows the comparison of the closed model to the DNS and Galerkin sys-
tems for the short domain. The MMR model closely matches the phase portraits of the
DNS, indicating that it preserves the phase relationships between the various modes, in-
cluding the early subharmonic vortex pairing (as, a4) and higher harmonics, e.g. (as, a).
This remains true even when integrated to very long times (the final integration time is

= 2820 in this case, as with the DNS). As a result, the approximated fields are highly
coherent, with the same pattern of vortex roll-up, advection, and pairing as seen in the
DNS (Fig. 7.7, right).

On the longer domain, the multiscale closure also stabilizes the Galerkin model Fig-
ure 7.8 compares the true energy content of the POD coefficients to that predicted by
the model both in the time and frequency domain. Although the evolution of the en-
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Figure 7.8: Models of the mixing layer on the long domain. While standard POD-Galerkin models are
energetically unstable until at least = 64, the multiscale closure stabilizes the model with only 16 variables
(left). The model also remains coherent on long integration times (see also Fig. 7.9), producing flow field
predictions that are consistent with the large-scale structure of the DNS (right).

ergy matches at the dominant frequencies, the MMR model does not capture the weakly
chaotic dynamics exhibited by the DNS as a result of slight irregularity in the vortex pair-
ing. Instead, after a brief transient the solution becomes approximately periodic with
phase locking between the modes (Fig. 7.9). As with the short domain, this synchroniza-
tion ensures that the predicted flow fields remain coherent, even when integrated for long
times (Fig. 7.8, right).

As might be anticipated based on the more complex dynamics on the longer domain,
the fields predicted by the MMR model do not match the DNS quite as closely as on the
shorter domain, particularly closer to the inlet. This is likely because fine-scale resolution
of the upstream region of the flow requires higher harmonics of the primary instabil-
ity that do not appear in the POD modes of the longer domain until much higher-order
modes. Higher-resolution predictions might therefore be constructed by applying non-
linear correlations analysis and polynomial regression to selected higher-order modes, as
in the cylinder reconstruction in Chapter 6. Still, the dominant vortices are still evident in
the prediction of the low-dimensional model, even in the downstream pairing region.

On both domains, the synchronization and long-time phase coherence between the
modes reinforces the picture of the closure model as consisting of coupled nonlinear os-
cillators. Although the description of this flow in terms of spatially fixed global modes is
not an ideal representation of the advection-driven dynamics, the proposed MMR closure
method is able to successfully stabilize the POD-Galerkin models and accurately capture
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Figure 7.9: Phase portraits of the mixing layer model on the long domain. The MMR closure (orange)
closely matches the DNS trajectories (black) for the most energetic modes, even though the structure is more
complicated than the Lissajous-type harmonics on the short domain (Fig. 7.7). This figure does not show a
Galerkin model for comparison because they are energetically unstable (Fig. 7.8).
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the phase relationships necessary for accurate predictions of the full flow fields.

7.5 Discussion

In this chapter, we have developed a multiscale model reduction (MMR) approach to
improve linear-quadratic dynamical systems, derived from POD-Galerkin projection of
the Navier-Stokes equations, with the addition of systematically computed cubic closure
terms. These cubic closure terms are derived through an adaptation and application of a
multiscale stochastic averaging method that originated in singular perturbation theories
of Markov processes (Kurtz, 1973; Papanicolaou, 1976; Majda et al., 2001; E, 2011; Pavli-
otis & Stuart, 2012). Whereas the standard truncation of the Galerkin system disregards
the influence of unresolved variables, the proposed multiscale model reduction method,
accounts for their effect in an average sense through averaging via the stochastic Koop-
man operator. In particular, this approach is able to model nonlinear interactions between
resolved and unresolved variables, capturing key mechanisms such as mean flow defor-
mation and the energy cascade. The closed model includes cubic terms, taking the form
of generalized Stuart-Landau equations that often act as coupled nonlinear oscillators.

Since the derivation of the MMR closure method relies on an asymptotic timescale sep-
aration between resolved and subscale variables that is generally absent in fluid flows, we
do not attempt to prove the general validity of this approach when the flow is not close
to a bifurcation. Instead, we have demonstrated by example that the method dramati-
cally improves the stability and accuracy of low-dimensional models of unsteady fluid
flow compared to the standard POD-Galerkin models. After a comparison to the well-
known benchmark problem of vortex shedding in a cylinder wake, we have shown that
the proposed method can reproduce chaotic dynamics in lid-driven cavity flow. Finally,
we developed models of an incompressible mixing layer and showed that the coupled-
oscillator MMR closures not only stabilize the models, but preserve phase relationships
between the modes, which is critical for physically consistent predictions of advection-
driven flow.

These results raise several possibilities for interesting future work. For example, the
mixing layer is an “amplifier” flow characterized by convective instability and transient
energy growth. It is therefore highly sensitive to the nature of the upstream flow; models
developed for a specific inlet forcing may not generalize. Further consideration of this
issue could be the foundation of a multiscale approach to input/output models in the
resolvent framework (McKeon & Sharma, 2010; Sharma & McKeon, 2013; Zare et al., 2017;
Pickering et al., 2021).

As discussed for the mixing layer in Sec. 7.4, we have observed that the MMR models
often tend towards phased-locked periodic or quasiperiodic solutions rather than chaos,
consistent with the idea of a system of weakly coupled oscillators. However, we expect
that in the development of models of chaotic or turbulent flows it may be helpful to re-
introduce some degree of stochasticity to better match the flow statistics. Fortunately,
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this is straightforward in the multiscale modeling framework (E, 2011; Pavliotis & Stuart,
2012). For instance, the homogenization method (Majda et al., 2001) begins from slightly
different scaling assumptions and results in a closed model in which the fast-scale stochas-
tic forcing appears as a new diffusion term. A careful investigation of different scale sep-
aration assumptions and stochastic approximations could be valuable in extending this
framework to turbulent flows.

In this work we have only considered linear-quadratic dynamics derived from POD-
Galerkin projection. This has the advantage of being based on the governing equations,
but recent work has shown that data-driven model discovery can be a powerful alterna-
tive (Brunton et al., 2016a; Loiseau & Brunton, 2018; Loiseau et al., 2018a,b; Rubini et al.,
2020; Deng et al., 2020; Callaham et al., 2022). Data-driven modeling is especially use-
ful when the governing equations are unknown or projection-based modeling is not as
straightforward as for incompressible fluid flow (Loiseau, 2020; Guan et al., 2021). In a
sense, data-driven modeling might circumvent the need for closure modeling by fitting
directly to the time series, including leveraging the intuition that cubic terms will ap-
pear in the effective dynamics (Loiseau & Brunton, 2018). However, the linear-quadratic
system has certain symmetries and conservation properties that can be enforced in con-
strained regression to a quadratic model (Schlegel & Noack, 2015; Loiseau & Brunton,
2018; Kaptanoglu et al., 2021a,b), while extending these properties to cubic nonlinearity is
not straightforward. Another interesting future direction could be exploring a two-step
process, first identifying a quadratic model that satisfies the constraints, and then apply-
ing the MMR closure to reduce it to a lower-dimensional cubic model. Since the empirical
models are often sparse, this could potentially result in models with improved stability
and scaling compared to the projection-based approach. Alternatively, a more flexible
deep-learning model could be used to replace the proposed diagonal drift approxima-
tion, for instance with a modified variational autoencoder (Kingma & Welling, 2013) that
parameterizes the distribution of subscale variables conditioned on the slow variables.

It will also be interesting to extend this analysis to systems where the leading-order
cubic terms tend to destabilize the system, such as the subcritical bifurcation in plane
Poiseuille flow (Stewartson & Stuart, 1971). This is an important scenario in the transition
to turbulence, particularly for shear flows in which non-normal energy amplification can
activate the nonlinearity even when the flow is globally stable. Higher-order effective
nonlinearity could potentially be incorporated into the framework via state-dependent
diffusion or an alternative fast drift model, for instance.

Finally, the analytic elimination of small scales in the Fourier-Galerkin model of Burg-
ers’ equation raises the possibility of a subscale LES closure model based on multiscale
analysis. This might take the form of a multiple-scale expansion in both space and time
or of a filter designed for the isotropic scales of turbulence, for instance. In either case,
the Stuart-Landau form of the MMR closure model suggests that a spatioteporal analysis
would be akin to a Ginzburg-Landau theory of variational multiscale turbulence model-

ng.
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Beyond the context of POD-Galerkin reduced-order modeling, the multiscale model
reduction framework represents a general theory of effective cubic nonlinearity arising in
amplitude equations for global modes in quadratically nonlinear fluid flow. The system
of generalized Stuart-Landau equations produced by the closure model presents a picture
of the flow as a set of coupled nonlinear oscillators describing the evolution of mode pairs.
Close to the threshold of instability the MMR closure is consistent with a weakly nonlin-
ear analysis, but it does not rely on proximity to a bifurcation. The multiscale modeling
methodology is therefore an alternative to standard asymptotic expansions that may have
implications for a variety of theoretical and numerical approaches to modeling the large,
slow scales of unsteady fluid flows.
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Part IV
STOCHASTIC SYSTEM IDENTIFICATION
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Chapter 8
STOCHASTIC MODELING WITH LANGEVIN REGRESSION

It is widely accepted in physics that nominally deterministic systems with many de-
grees of freedom can often be modeled more effectively from a statistical point of view.
In many complex multiscale systems, a variety of processes lead to emergent large-scale
structures whose dynamics are described by a relatively small set of macroscopic vari-
ables (Haken, 1983; Cross & Hohenberg, 1993). The influence of the unresolved degrees
of freedom can be approximated with random forcing in the spirit of statistical mechan-
ics (Risken, 1996; Friedrich et al., 2011; Tabar, 2019). This stochastic treatment of unre-
solved variables has become commonplace in fields including climate science (Majda &
Wang, 2006), ecology (Levin, 1992), epidemiology (Allen, 2008), protein folding (Prinz
et al.,2011), neuroscience (Harrison et al., 2005), and turbulence (Kraichnan & Chen, 1989).

The stochastic evolution of a state z is often represented with Langevin dynamics
T = f(z) + o(x)w(t). (8.1)

The deterministic “drift” dynamics f(z) describe the evolution of the slow macroscopic
variables, while the fluctuations are parameterized by the diffusion term o (z)w(t), where
w(t) is typically assumed to be a Gaussian white noise process. If this model cannot be
derived from first principles, a model can sometimes be inferred from observations of the
natural dynamics of the system, as illustrated in Fig. 8.1

A significant challenge in constructing approximate stochastic models is that many
of these systems are far enough from thermal equilibrium that even when the micro-
scopic governing equations are known, fundamental principles such as detailed balance
and the fluctuation-dissipation theorem cannot be readily applied. For example, widely
separated time scales for forcing and dissipation prevents viscous turbulence from ap-
proaching a state of equipartition (Kraichnan & Chen, 1989; Noack et al., 2008). This scale
separation is captured by the Reynolds number, which can be interpreted as a ratio of the
time scales characterizing the energetic large-scale dynamics and the small-scale viscous
motions (Tennekes & Lumley, 1972).

As with equilibrium statistical physics and quantum mechanics, there are several ways
to represent stochastic dynamics, as exemplified by the differing treatments of Brow-
nian motion by Einstein (1905) and Langevin (1908). Einstein’s theory is constructed
around a diffusion equation governing the evolution of the distribution of particles, while
Langevin’s describes an individual trajectory of a particle subject to friction and a ran-
dom fluctuating force. This duality persists in the modern theory; the same stochastic
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Figure 8.1: Schematic of Langevin regression (top) with example applications (bottom). Given a long
time series of a macroscopic variable describing a complex system, we seek to identify an approximate
stochastic model. The variable x might represent a reaction coordinate capturing metastable protein con-
figurations or the temporal coefficient of a dominant global hydrodynamic mode, for instance. Langevin
regression uses both the forward and adjoint Fokker-Planck operators to optimize free parameters ¢ of the
model, ensuring consistency with observed statistics such as the finite-time Kramers-Moyal coefficients

m{™ (z) (see Sec. 8.1).
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process can be represented with a generalized Langevin-type differential equation gov-
erning trajectories or a Fokker-Planck equation for the evolution of the probability distri-
bution (Risken, 1996).

Linear dynamics can be analyzed from either perspective, but in the nonlinear case the
most convenient representation often depends on the application. Nonlinear Langevin-
type stochastic differential equations are difficult to treat analytically, but fit more natu-
rally with low-dimensional modeling and control objectives. On the other hand, Fokker-
Planck equations replace nonlinear trajectory dynamics with a linear partial differential
equation for the probability distribution. The ensemble perspective also facilitates com-
parison with long time series measurements of ergodic systems.

In this work we seek to exploit these equivalent representations to identify Langevin
dynamics by using both the forward and adjoint Fokker-Planck equations to ensure con-
sistency with observations. We propose a framework for identifying nonlinear stochas-
tic models from noisy experimental data, building on previous work in sparse regres-
sion (Brunton et al., 2016a; Boninsegna et al., 2018) and adjoint-based parameter estima-
tion (Honisch & Friedrich, 2011). After presenting background material on stochastic
dynamics in Sec. 8.1, we describe the method in Sec. 8.2. Finally, we demonstrate its ap-
plication to three example systems in Sec. 8.3: a cubic model driven by colored noise,
a particle in a double-well potential, and a symmetry-breaking instability in a turbulent
wake.

Related work Stochastic systems can be broadly categorized according to the type of
dynamics, noise, and stochasticity. Dynamics may be linear or nonlinear, the noise pro-
cess may be white (uncorrelated in time) or colored (time-correlated), and the strength of
the fluctuations may be constant (additive diffusion) or state-dependent (multiplicative
diffusion). Similarly, stochastic model identification methods can be similarly categorized
by the type of models they are able to construct.

For example, realization algorithms are a mainstay of engineering disciplines, although
these methods are restricted to linear input/output systems with additive white noise (Juang
& Pappa, 1985; Juang et al., 1991; Van Overschee & De Moor, 1994). Perhaps the most gen-
eral and successful nonlinear approach is the NARMAX framework, which can construct
nonlinear models driven by state-dependent colored noise (Billings, 2013). However,
NARMAX models typically cannot be transformed to continuous time, which is often
the most natural setting for physical problems, making them difficult to interpret. More
recent work has explored a variety of strategies for modeling nonlinear stochastic sys-
tems, including operator theoretic methods (Klus et al., 2020), optimal transport (Arbabi
& Sapsis, 2019), deep learning (Want et al., 2019; Noé et al., 2019, 2020), and identifying
distribution evolution equations (Bakarji & Tartakovsky, 2020), although none of these
pursues a representation in terms of nonlinear state-space dynamics. On the other hand,
recent work has demonstrated that a stable linear system driven by colored noise can
accurately reproduce second-order turbulent statistics (Zare et al., 2017).
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Recent advances have made significant inroads towards continuous-time model dis-
covery in deterministic nonlinear systems (Kantz & Schreiber, 2003; Schmidt & Lipson,
2009). For example, sparse identification of nonlinear dynamics (SINDy) approximates
time derivatives with a sparse linear combination of candidate functions (Brunton et al.,
2016a). However, even without the difficulties of estimating time derivatives from noisy
data, a major challenge for extending deterministic methods to stochastic modeling lies
in disambiguating the macroscopic dynamics from the unresolved degrees of freedom.
In cases where the dynamics can be closely approximated by one-dimensional dynamics
forced by additive white noise, parameters may be identified by regression to analytic
solutions of the PDF (Rigas et al., 2015; Brackston et al., 2016). For more general systems,
recent work has approached the parameter estimation problem with inference methods
based on ensemble Kalman filtering Schneider et al. (2020) and information theory (Frish-
man & Ronceray, 2020; Briickner et al., 2020). Alternatively, Boninsegna et al. introduced
a major contribution to stochastic modeling by demonstrating that SINDy could be ex-
tended to stochastic systems without Monte Carlo approximation via the conditional mo-
ments used in the Kramers-Moyal expansion (Boninsegna et al., 2018). This stochastic
SINDy method was capable of recovering the correct model structure and parameters
from large libraries of candidate functions.

Approximating stochastic dynamics from data with the Kramers-Moyal average has a
long history of successful modeling in a wide range of fields (Friedrich et al., 2011). How-
ever, as with many theoretical results, it is predicated on the assumption that the dynam-
ics are driven by Gaussian white noise. As recognized by Einstein, even the molecular
forcing involved in Brownian motion has some finite decorrelation time since it is a con-
tinuous physical system (Einstein, 1905). Moreover, omitting degrees of freedom from
an otherwise Markovian' system generally leads to explicit memory effects in the dy-
namics (Zwanzig, 2001). We therefore expect that all systems will have some characteris-
tic “Einstein-Markov” time scale over which the time evolution of macroscopic variables
may depart significantly from the standard assumptions of stochastic modeling (Friedrich
et al., 2011). For Brownian motion this time scale is on the order of picoseconds, while for
complex, multiscale, far-from-equilibrium systems it may even be longer than experimen-
tal sampling rates.

These considerations make the sampling rate used to construct stochastic models from
experimental time series an important choice. Theoretical difficulties introduced by time-
correlated forcing and non-Markovian effects can be avoided to some extent by delib-
erately subsampling. This has been established in finance (Zhang et al., 2005; Ait-Sahalia
etal.,2005) and shown for artificial dynamics with two widely separated time scales (Pavli-
otis & Stuart, 2007). Qualitatively, coarse sampling allows the unresolved degrees of
freedom to decorrelate, while ideally still resolving the coherent macroscopic scales (see
Fig. 8.2). If the fluctuations appear uncorrelated in time, standard theoretical tools, such

!In this context, meaning that the evolution of the system only depends on its current state and not its
time history
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as the Kramers-Moyal average, may once again be applied. However, coarse sampling
leads to distorted estimates of the conditional moments used in the Kramers-Moyal ex-
pansion (Ragwitz & Kantz, 2001), although these finite-time effects can be accounted for
using the adjoint Fokker-Planck equation (Lade, 2009).

The relevance of this result for parameter estimation in stochastic models was realized
by Honisch & Friedrich, who proposed an optimization framework designed to correct
for finite sampling-rate effects (Honisch & Friedrich, 2011). This technique has recently
been refined and applied to parameter estimation for amplitude equations describing sev-
eral different physical systems by Boujo & Noiray (2017); Boujo & Cadot (2019); Boujo et al.
(2020). As with the majority of work in nonlinear time series analysis (Takens, 1981; Kantz
& Schreiber, 2003; Bradley & Kantz, 2015), existing studies have focused on modeling
scalar observables, although the theory readily generalizes to complex- or vector-valued
systems.

Here we show that these finite-time corrections generalize the stochastic SINDy method (Bonin-
segna et al., 2018) to the broad class of systems for which the forcing cannot be treated as
white noise. Specifically, we explore systems for which the fast scales have nontrivial dy-
namics, the exclusion of which formally breaks the Markovian properties of the full phys-
ical system. This includes colored noise, latent variables, and “microscopic” degrees of
freedom with significantly nonzero time correlations. Furthermore, we extend the adjoint
Fokker-Planck optimization problem with the forward steady-state solution to enforce
consistency between the model and the empirical probability distribution.

Contributions The proposed modeling framework, which we refer to as Langevin re-
gression, is designed to identify nonlinear Langevin-type equations directly from noisy
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experimental data. This method combines the advantages of three previously distinct
approaches: adjoint-based parameter estimation with the Kramers-Moyal average (Lade,
2009; Honisch & Friedrich, 2011), learning unknown model structure with sparse regres-
sion (Brunton et al., 2016a; Boninsegna et al., 2018), and steady-state PDF fitting (Rigas
et al., 2015).

We explore the proposed nonlinear stochastic model identification method on sev-
eral example systems. First, we illustrate the importance of judicious subsampling and
finite-time corrections for correlated forcing by recovering a nonlinear Langevin equa-
tion driven by colored noise. We then show that the Langevin regression can construct a
reduced-order model approximating the second-order dynamics of a particle in a double-
well potential with a first-order bifurcation normal form. Both of these illustrative exam-
ples avoid the latent variable problem for the unresolved degrees of freedom by learning
stochastic closure models. An implementation of Langevin regression along with code to
reproduce the results from the simulated system is available on GitHub?.

Finally, we apply Langevin regression to experimental measurements of a turbulent
bluff-body wake; the sparse model selection procedure identifies a model similar to that
proposed by Rigas et al. (2015), but with an additional nonlinear noise term that improves
the correspondence with both the empirical probability distribution and power spectral
density. This wake model will be expanded in Chapter 9, with a particular focus on ex-
ploring the spatial fields and modeling the mean flow deformation mechanism. Langevin
regression draws from both the long legacy of stochastic modeling and recent advances
in data-driven methods to form a flexible and general framework for approximating com-
plex nonlinear dynamics with statistically consistent stochastic models.

8.1 Background on stochastic modeling

This section briefly reviews relevant theoretical concepts in stochastic modeling, includ-
ing the Fokker-Planck equation, the Kramers-Moyal conditional average, and adjoint cor-
rections for finite-time sampling effects. For more comprehensive background on the
topics of nonequilibrium statistical mechanics and the physical applications of stochastic
differential equations we refer the reader to reference texts such as Risken (1996); Zwanzig
(2001); Tabar (2019).

In this work we seek to model the macroscopic variables z € R? with Langevin dy-
namics of the form given by Eq. (8.1). The influence of unresolved degrees of freedom
on the standard deterministic dynamics ¢ = f(x) is modeled with the diffusion term
o(z)w(t), where w(t) is a white noise process. The diffusion is called additive if o(z) is
a constant, or multiplicative if it is state-dependent. The majority of stochastic models
assume additive noise, since is easier to treat analytically and is often a reasonable ap-
proximation for systems without strong coupling across scales. For instance, additive

Zhttps:/ / github.com/dynamicslab /langevin-regression
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process noise is the standard assumption for linear state-space models of electronic cir-
cuits subject to thermal fluctuations. However, for systems such as fluid dynamics where
the quadratic nonlinearity leads to bidirectional coupling between the coherent and tur-
bulent degrees of freedom, state-dependent noise may improve the model (Majda et al.,
2001).

Perhaps the most restrictive assumption is that placed on the noise process w(t). In or-
der to treat Langevin dynamics analytically, the forcing is typically taken to be Gaussian-
distributed and delta-correlated in time, i.e. (w(t)w(t')) = d(t — t’). If this is not the case,
the following discussion becomes more complicated (Risken, 1996; Zwanzig, 2001). For a
macroscopic or integral quantity, the assumption of Gaussian statistics can be argued by
appealing to the central limit theorem, but the time-correlation requirement is generally
more difficult to justify.

Fokker-Planck equation The Langevin equation (8.1) describes individual trajectories,
but due to the variability inherent in stochastic dynamics, it is often more natural to ap-
proach stochastic dynamics from the ensemble perspective. For the Langevin dynamics
given by Eq. (8.1), conservation of probability requires that the probability density func-
tion (PDF) p(x,t) evolves in time according to the Fokker-Planck equation®:

Op(z,t) 0 0>

[aij(x)p(x, )] = Lp, (8.2)

where the diffusion tensor a(x) is given by a;;(z) = 0;(z)o;(x)/2 and the subscripts indi-
cate Einstein summation notation. See also Sec. 2.4 for a more abstract operator-theoretic
discussion of the Fokker-Planck and related equations. As an alternative approach to
Langevin equations, the multiscale interactions in complex spatiotemporal systems can
be modeled explicitly with Fokker-Planck equations (Peinke et al., 2019).

Often we are interested in the case where the system is statistically stationary, so that
Lp = 0 and p = p(x). For example, if = is a scalar and the diffusion ¢ is a constant, the
steady-state solution can be determined analytically:

p(x) = Cexp [% / f(:z:)dm], (83)

where the constant C is determined by the normalization condition [ p(z)dz = 1. How-
ever, solving the Fokker-Planck equation for general nonlinear dynamics is challenging
and typically must be approached approximately or numerically (Risken, 1996).

Kramers-Moyal average The Fokker-Planck equation may also be derived by express-
ing the time evolution of a general PDF as a Taylor series of conditional finite-time mo-

3Here and throughout we use the It interpretation of stochastic integrals.
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Figure 8.3: Schematic of Kramers-Moyal coefficient estimation for the first moment (drift). The drift
estimate is determined by the conditional mean of the state evolution over the interval, while the diffusion
is given by the conditional variance. The conditional moments can be approximated by dividing a long time
series into histogram bins and taking the mean and variance within each bin. For example, the Kramers-
Moyal drift estimate gives an approximate discretized vector field for the deterministic component of the
dynamics (right).

ments m\"” (x), where the conditional finite-time moments m{" (x) are

m{" (z) = ((2/(t +7) — x'(t))n>m,(t):z . (8.4)

This leads to the Kramers-Moyal expansion. For scalar z,

A a\" m"(z)
E‘l%?z(_a_x> P, (®.5)

Viewing the conditional mean in Eq. (8.4) as a finite-difference formula, the first moment
m(Tl)(x) gives the average displacement over a time interval 7 if the system is in state
x. Likewise, the second moment mg)(x) gives a conditional variance of the short-time
evolution.

However, according to Pawula’s theorem, if the system is driven by Gaussian white
noise all moments n > 3 vanish (Risken, 1996), leading to the Fokker-Planck equation (8.2).
The leading moments are related to the drift and diffusion functions of the corresponding
Langevin equation in the limit of vanishing time interval, i.e.

file) = lim ~ Gal(t 4+ 7) = 2 (8.60)
() = lim % (@it +7) = 20) (@5t +7) = 23)) - (8.6b)

We refer to these relationships as the Kramers-Moyal average.
In principle, these averages could offer a way to approximate unknown drift and dif-
fusion functions from data by binning the time series into histograms and computing (8.6)
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with the sampling rate 7 = 1/ f;, as illustrated in Fig. 8.3. This is a classic approach to con-
structing approximate Langevin equations from data (Friedrich & Peinke, 1997; Friedrich
et al., 2011). Boninsegna et al also demonstrated that the Kramers-Moyal average can be
combined with SINDy sparse regression to discover analytic drift and diffusion equations
from data (Boninsegna et al., 2018).

Finite-time effects The Kramers-Moyal average has chiefly been a theoretical tool; its
application to time series analysis depends strongly on the assumption of Gaussian white
noise and fast enough sampling rates to approximate 7 — 0. In practice, these two re-
quirements tend to be in tension; if the forcing originates with unresolved scales, then
increasing the sampling rate leads to stronger correlations in the “noise”. The assump-
tion of uncorrelated forcing is never strictly satisfied for continuous physical systems.
Einstein recognized this in his work on Brownian motion (Einstein, 1905), although in
that case the separation of scales is pronounced enough that experimental sampling rates
run little risk of capturing correlation effects in the molecular forcing. In complex systems
of modern interest, the scale separation is typically much less obvious.

As a simple illustrative model, consider a system driven by a colored noise process

n(t):

T = f(x)+ o.m (8.7a)
n=—an+ o,w(t), (8.7b)

where w(t) is a true Gaussian white noise process. In this case, the forcing 7(t) is character-
ized by a decorrelation time a~'. When f(z) is a stable Navier-Stokes operator linearized
about a turbulent mean profile, colored noise forcing has been shown to accurately re-
produce turbulent statistics (Zare et al., 2017). A generalized Langevin equation driven
by time-correlated forcing can also be derived from the Euler equations using the direct-
interaction approximation (Kraichnan & Chen, 1989). This perspective is also popular in
climate modeling, where models of this form can be derived from the governing equa-
tions using perturbation arguments (Majda et al., 2001).

Despite the formally non-Markovian nature of the resolved variables, it is advanta-
geous to approximate the forcing as white-in-time, since most foundational theoretical
tools are based on this assumption. One strategy to avoid dealing with the latent variable
n(t) is deliberate subsampling, as illustrated in Fig. 8.2. If the macroscopic dynamics have
a characteristic timescale w, we may be able to choose a sampling rate f, = 7~! such that
w < fs < «a and the forcing appears decorrelated. That is, (n(t + k7)n(t)): =~ dxo. In this
case the forcing appears to be (band-limited) white noise.

The minimum 7 for which this is true is often called the Einstein-Markov scale (Friedrich
et al., 2011). This time scale is not necessarily related to the autocorrelation time of the
macroscopic dynamics z, but may be identified from data by checking the Markov prop-
erty at different sampling rates (Friedrich et al., 2011; Callaham et al., 2021b). This strat-
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Figure 8.4: PDF evolution from the Fokker-
Planck operator L. The distribution used to evalu-
€ p(:c, t+ 7'|x/, t) ate the conditional finite-time moments (8.4) can be

p(z,t)

interpreted as the evolution of a delta function ini-
tial condition over the sampling interval 7, where
the state is known to be =’ at time ¢.

egy of subsampling at the approximate Einstein-Markov scale was proposed to model
spatial fluctuations in turbulence (Friedrich et al., 1998) and the cosmic microwave back-
ground (Ghasemi et al., 2006).

In order to sample the resolved dynamics coarsely enough that the forcing is decor-
related, finite-time effects in the Kramers-Moyal estimates of drift and diffusion must be
accounted for (Ragwitz & Kantz, 2001). However, these effects can be determined exactly
in terms of the adjoint Fokker-Planck operator (Lade, 2009). For notational clarity, we give
the result for scalar z, although the result generalizes naturally to higher dimensions.

The conditional moments defined in Eq. (8.4) can be written equivalently as

mi (z) = / (2 — 2)p(e!, t + 7]z, £)da, 8.8)

o0

where p(2/,t + 7|x,t) indicates the conditional joint probability that the system is in state
2’ at time ¢ + 7 given that it was in state z at time ¢. If the drift and diffusion are not
time-dependent, then the conditional probability p(z’, t + 7|z, t) can be interpreted as the
propagation of uncertainty over an interval 7 if the state x is known at time ¢, as shown
in Fig. 8.4. According to Eq. (8.2), this evolution is given by the Fokker-Planck equation
acting on a Dirac delta function:

pla’ t + 7|z, t) = @5 () — z). (8.9)

Using the definition of the adjoint operator and evaluating the integral with the delta
function,

() = [E O —ay] (8.10)
where the adjoint Fokker-Planck operator is given in tensor summation notation by
0 0?
T = f(r)— () ———
Li(z) = fi(z) B T % € I (8.11)

Thus, Lade (2009) showed that the effect of coarse sampling rates can be understood
as the adjoint Fokker-Planck operator evolving the moments of the distribution in time.
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Honisch and Friedrich demonstrated the use of this relationship to optimize free param-
eters in a Langevin model (Honisch & Friedrich, 2011); the proposed method in Sec. 8.2
builds on this result.

The close correspondence between the Fokker-Planck and Liouville operators also
suggests an interpretation of this result in terms of Koopman theory (Mezi¢, 2005, 2013).
The adjoint Fokker-Planck operator is a linear generator of the time evolution of observ-
able functions, even when the underlying dynamics are nonlinear (Zwanzig, 2001; Klus
et al., 2020). In this case, the observables are the conditional moments (z" — x)".

These corrections are difficult to compute analytically for nonlinear dynamics, so Eq. (8.10)
is typically approximated on a discretized domain. The matrix exponential ¢™*" is rela-
tively inexpensive in one dimension, but more generally it may be helpful to interpret
the correction as the solution of a PDE. That is, if w™(z,) is the solution to the adjoint
Fokker-Planck equation

Hw™

T L (z)w™ (z,1), w™ (z,0) = 2", (8.12)

then by linearity of L' the finite-time conditional moments mt? (x), m? (x) are given by

Wz, 7) - (8.13a)

e
w? (z,7) = 22w (z,7) — 22, (8.13b)

8.2 Proposed Langevin regression method

The decomposition of a multiscale system into dominant deterministic dynamics and
stochastic forcing is conceptually simple. However, the gulf between detailed first-principles
descriptions and a simple Langevin model is large enough that developing accurate stochas-
tic models is difficult. This is especially true when the dynamics are nonlinear and the
unresolved scales have internal dynamics and cannot be treated as true Gaussian white
noise.

Due to the intrinsic volatility of individual trajectories, model identification methods
typically rely on ergodicity and exploit the connection to ensemble properties via the
Fokker-Planck equation. For example, a scalar model with additive noise can be deter-
mined by fitting to the analytic steady-state probability distribution given by Eq. (8.3).
However, this fitting procedure cannot independently estimate drift and diffusion; an
additional quantity, such as mean-square displacement, must also be used (Rigas et al.,
2015; Brackston et al., 2016). This presents a challenge for modeling multiplicative noise,
which some studies have suggested is important for capturing interactions between the
resolved and unresolved degrees of freedom (Friedrich & Peinke, 1997; Majda et al., 2001).
Furthermore, the use of a time average to estimate steady-state statistics destroys tempo-
ral information, so that oscillatory dynamics cannot be resolved.
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Figure 8.5: Schematic of the Langevin regression optimization problem. The Fokker-Planck equation
can be used to compare the conditional moments and distribution for a proposed model to those observed
empirically. The model parameters are chosen to minimize the discrepancy between the model and ob-
servations. The form of the model may be simultaneously identified with the model selection procedure
outlined in Sec. 8.2

Seeking to address a number of these challenges, several recent studies have pro-
posed methods whereby stochastic models may be derived from the Kramers-Moyal av-
erage (Honisch & Friedrich, 2011; Boujo & Noiray, 2017; Boninsegna et al., 2018). Here we
synthesize and extend these methods into a single optimization framework for identify-
ing sparse, interpretable Langevin-type models from experimental data by constraining
the model to both the stationary PDF and the Kramers-Moyal average. In particular, we
generalize the stochastic SINDy method proposed by Boninsegna et al. (2018) with finite-
time corrections that enable modeling systems whose forcing is not approximately given
by Gaussian white noise.

Known model structure: Fokker-Planck optimization Estimating the Kramers-Moyal
coefficients (8.6a) and (8.6b) by binning a long time series is an attractive option for esti-
mating drift and diffusion functions directly from data. However, as discussed in Sec. 8.1,
the sampling rate must be chosen carefully for unresolved dynamics to decorrelate. This
subsampling can introduce significant finite-time distortion to the empirical Kramers-
Moyal coefficients. This distortion is given in terms of the adjoint Fokker-Planck equation
by Eq. (8.10), although constructing the Fokker-Planck operator itself requires the drift
and diffusion.

Based on these considerations, Honisch & Friedrich (2011) suggested an iterative pro-
cedure to estimate free parameters of drift and diffusion functions, which may be sum-
marized as follows. If the Langevin model is given in terms of a set of parameters ¢, so
that

&= f(z;§) + o(z; Hw(t), (8.14)

then the problem is to choose the parameters such that the finite-time conditional mo-
ments are consistent with the empirical Kramers-Moyal estimates. Leaving aside numer-
ical details, the optimization consists of the following:
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Parameter optimization

1. Select an appropriate sampling rate 7 (see appendix of Callaham et al. (2021b) for
some suggestions);

2. Estimate empirical finite-time conditional moments " ( ) forn = 1,2 using Eq. (8.4);

3. For a set of parameters &, construct the adjoint Fokker-Planck operator £ in Eq. (8.11);
4. Compute the exact moments m" (x ¢) using the adjoint correction given by Eq. (8.10);

5. Choose ¢ to rrumrmze the discrepancy between the empirical moments m(”)( ) and
the exact moments m" "z, €).

More concretely, the optimal £ solves the following problem on a discrete domain of N
points z;:

min Z Z wl(n) [mi”)(mi, €) —m™ (24)] 2 (8.15)

Here the weights wl(") reflect pointwise uncertainty in the empirical estimate of the mo-
ments.

Due to the diffusive nature of the Fokker-Planck equation, it is not clear that this prob-
lem is necessarily well-posed. That is, when the system is sampled coarsely there may be
a range of parameters that are consistent with the observed conditional moments within
experimental uncertainty.

We propose “regularizing” the optimization problem (8.15), as proposed by Ref. (Honisch
& Friedrich, 2011), with the Kullbeck-Leibler (KL) divergence Dk, between the empirical
PDF p(x) and the solution of the steady-state Fokker-Planck equation p(z,¢), given by
Eq. (8.2). The modified cost function is

mlnzzw(” m (2, €) — il (2:)]” + 0D, (b(x), pla, €)), (8.16)

where 7 is the relative weight of the two contributions to the cost function. The KL di-
vergence is a statistical measure of the difference between two probability distributions p

and ¢, defined as ( )
_ p(x

This regularization ensures that the resulting Langevin model is consistent with both the

tinite-time Kramers-Moyal coefficients and the asymptotic steady-state probability dis-
tribution. The optimization problem in Langevin regression is shown schematically in
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Fig. 8.5. Because the typical dimension of ¢ is relatively small compared to the dimen-
sion z, we find that gradient-free optimization methods such as a Nelder-Mead simplex
search are more efficient than those designed for large parameter spaces and relatively
inexpensive cost function evaluations, such as automatic differentiation.

The resulting optimization problem requires solution of both the forward and adjoint
Fokker-Planck equations at each evaluation of the cost function. For a scalar variable z,
the steady-state solution to the forward equation can be computed directly with Eq. (8.3).
In higher dimensions, there is no analytic steady-state solution to the forward equation;
a spectral numerical solver is described at the end of this section. We solve the adjoint
equation with a second-order finite difference method. In one and two dimensions, the
matrix exponential is a relatively inexpensive method of solving the initial-value problem,
while for higher dimensions a time-stepping approach that exploits the sparse operator
structure is more efficient.

Unknown model structure: stochastic SINDy If the form of the model can be assumed
up to a set of unknown parameters, the Fokker-Planck optimization problem detailed in
the previous section is sufficient to estimate the free parameters. However, in many cases
we might have some partial prior assumptions about the model structure (e.g. the model
consists of polynomials with a particular symmetry, or that one variable is forced by an-
other), but the exact form is unknown. The sparse identification for nonlinear dynamics
(SINDy) method has recently shown promise for obtaining nonlinear reduced-order mod-
els of laminar flows (Brunton et al., 2016a; Loiseau & Brunton, 2018; Loiseau et al., 2018b;
Loiseau, 2020; Deng et al., 2020) from data. However, SINDy typically relies on estimated
time derivatives, which is a significant barrier to modeling experimental data or multi-
scale systems. In related work, SINDy has recently been leveraged for turbulence closure
modeling (Beetham & Capecelatro, 2020).

Boninsegna et al. (2018) recently proposed a stochastic SINDy algorithm based on the
Kramer-Moyal average without an adjoint correction for finite-time effects. Empirical es-
timation of conditional moments gives point estimates of drift and diffusion at each his-
togram bin; if the moments are estimated reliably, then the system identification problem
reduces to fitting a curve through these points. In its simplest form, a parsimonious model
can be chosen using the SINDy framework, where the model parameters are a coefficient
vector for a “library” matrix whose columns consist of candidate functions (Brunton et al.,
2016a). For instance, the library ©(z) might consist of polynomials in z; then we look for
polynomial representations of the drift f(z) and diffusion o(z), so that

(@) = ©F(2)¢; o(x) = 0, (2)&, (8.18)

where &; and &, are sparse vectors that have as many zero entries as possible while still
capturing the observed dynamics. Standard sparse regression algorithms can be used to
select a set of functions balancing parsimony and accuracy.



147

In the deterministic SINDy algorithm, this regression problem is constructed by con-
catenating column vectors of an estimated time derivative = and the evaluations of the
candidate functions. In the present case, however, the regression is performed over the
discretized spatial domain rather than a long time series. The conditional finite-time coef-
ficients are estimated by computing Eq. (8.4) over observations that fall into each spatial
histogram bin, as visualized in Fig. 8.3. The regression problem is constructed over these
bins rather than the direct time series. In practice this typically reduces the length of the
column vectors from O(10°) to O(10?).

One consequence of this formulation is that standard sparse regression algorithms,
such as thresholded least squares or forward regression orthogonal least squares, do
not work well. A simple alternative is the reverse-greedy stepwise sparse regression
(SSR) (Boninsegna et al., 2018). With this method, terms are sequentially removed from
the model according to some criteria. In the original SSR algorithm, the coefficients were
identified with a simple least squares and terms with the smallest absolute value were re-
moved. However, in general the smallest coefficient does not necessarily imply the least
important contribution. For this reason we sequentially remove terms corresponding to
the smallest increase in cost function. The cost function itself can then serve as a model-
selection criterion; for a Pareto-optimal model the cost function should jump significantly
from a near-minimum value once important terms begin to be discarded.

When combined with the forward/adjoint Fokker-Planck optimization described in
the previous section, this model selection procedure represents a flexible and general
framework for identifying stochastic approximations to multiscale nonlinear dynamics,
which we refer to as Langevin regression. In the following section, the Fokker-Planck pa-
rameter estimation is demonstrated on two example systems for which the form of the
model is clear. The ability of Langevin regression to simultaneously identify the struc-
ture and parameters of a model from data is demonstrated in Sec. 8.3 for experimental
measurements of a turbulent wake.

Steady-state solvers for the Fokker-Planck equation Since the optimization problem
requires repeated evaluation of the stationary PDEF, this section describes an efficient spec-
tral solver for the multi-dimensional steady-state Fokker-Planck equation. The method is
based on the Hermite-Galerkin method described by Soize (1988), but in our case the
empirical PDF is approximated by a histogram on a uniform grid, for which a function
approximation based on Hermite polynomials will suffer from the Runge phenomenon.
Instead we propose approximating the PDF with a Fourier series; alternatively, a .

For z € R?, the steady-state Fokker-Planck equation is

O b (e)pla) + -2

ox,, TnTom

0= A (2)p(), (8.19)
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where the indices imply summation. We use the Fourier representation of the PDF:

p(z) ! /OO p(k)erdk, p(k) = /00 p(x)e”**dz. (8.20)

27 —00 0

The normalization condition implies p(0) = 1.

In practice, the Fourier representation will be truncated at a finite number of modes.
After substituting the approximate representation of p(z) we find the residual

1
o

2

p(k)dk {—a—x (f(z)e™™) + 52 (a(x)e“””)} . (8.21)

Minimizing the residual requires that it is orthogonal to the subspace spanned by the
Fourier modes. Project onto an arbitrary wavenumber £’ and simplifying,:

0= / p(k)dk [—z’k’ FE — k) — Kk — k)} . (8.22)

This equation must be true for all £'. Practically, the integral must be approximated as a
sum over wavenumbers. Finally, the normalization condition can be applied to obtain an
inhomogeneous linear equation for p:

b(K') = ik, fu(K) + K, ki (K) (8.23a)
AR k) = =ikl fo(K — k) — kLK apm (K — k) (8.23b)
b(k') = A(K, k)p(k). (8.23¢)

k#0

Constructing the Galerkin operators becomes increasingly difficult in higher dimen-
sions; an alternative is to avoid explicitly constructing the Fokker-Planck operators and
instead approximate the steady-state solution with an iterative method (Antoulas, 2005).
Assuming the Fokker-Planck equation has a unique steady-state solution, this solution is
the eigenvector of the Fokker-Planck operator £ with zero eigenvalue. This eigenvector
can be approximated with matrix-free iterative methods, such as Arnoldi iteration. This
approach only requires defining the action of the operator £ on a probability distribution
p (a “matrix-vector” product). In this method we discretize the Fokker-Planck operator
with a pseudospectral approach:

Lp =Y Fo {—iknFul ful@)p(x)} — K2 Fu{an(@)p(x)}} | (8.24)

where F, and F, ! denote the forward and inverse Fourier transforms in the n-th dimen-
sion.
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8.3 Results

In this section we apply Langevin regression to three example problems of increasing
complexity. First, we show that the coarse sampling and scale separation ideas discussed
in Sec. 8.1 enable the identification of stochastic systems with time-correlated forcing. For
this example, we assume knowledge about the structure of the model in order to high-
light the effects of colored noise and parameter estimation in the case where the correct
structure is known.

Second, we demonstrate the construction of a statistically consistent reduced-order
model by approximating the second-order dynamics of a particle in a double-well po-
tential with the corresponding first-order bifurcation normal form. A stochastic normal
form model can be derived analytically for this system, although its accuracy quickly de-
grades away from the bifurcation point. We fix the structure of the model and show that
Langevin regression can maintain statistical accuracy even far from the bifurcation point.

Finally, we derive an accurate and efficient stochastic model for the turbulent flow in
the wake of an axisymmetric bluff body from experimental measurements. This exam-
ple presents several challenges, including partial and noisy measurements of a multiscale
system, and has relevance to numerous industrial applications (Brunton & Noack, 20154).
Although the structure of the drift dynamics may be inferred from laminar stability anal-
ysis, we instead apply sparse model selection to discover this structure entirely from data.
Our procedure identifies a simple and interpretable nonlinear model with a multiplica-
tive noise term that improves the correspondence with the empirical power spectrum and
probability distribution compared with previous stochastic modeling results.

The synthetic examples are simulated using the SRIW1 stochastic Runge-Kutta method (Rofler,
2010), available in the DifferentialEquations.jl package (Rackauckas & Qing, 2017). Langevin
regression is performed on Kramers-Moyal coefficients and empirical PDFs computed
from a time series of 107 points sampled at At = 10~2. The turbulent wake model is based
on the aerodynamic center of pressure, a global integral quantity estimated from 64 evenly
spaced pressure taps (Rigas et al., 2014). The model is estimated from a time series of
8.9 x 10° experimental measurements of the center of pressure sampled at 225 Hz. Monte
Carlo evaluation of this model is performed in Python using a standard Euler-Maruyama
numerical integration scheme at the same sampling rate. The coarse subsampling rate for
Kramers-Moyal averaging is chosen for each system according to the criteria discussed
in Callaham et al. (2021b). The relative weight n of the Kullback-Leibler divergence in the
optimization function is a multiple of 10, which is chosen to be roughly equal to the min-
imum cost function with n = 0. In other words, the Kramers-Moyal coefficients and the
PDF are given roughly equal weight in the optimization.

Pitchfork bifurcation normal form The normal form for a supercritical pitchfork bifur-
cation provides a canonical example of bistability, where an eigenvalue with zero imagi-
nary part crosses the real axis as a parameter is varied. For example, this normal form de-
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Figure 8.6: Pitchfork normal form forced by time-correlated (colored) noise. Top: the noise induces
random switching between the metastable equilibria. Bottom: if the Kramers-Moyal coefficients are com-
puted with a sampling rate faster than the decorrelation of the noise (o), the drift still appears cubic but
the amplitude is underestimated by approximately an order of magnitude. On the other hand, if the noise
is allowed to decorrelate (A), the estimated Kramers-Moyal coefficients are the right order of magnitude,
but are distorted from the zero-time value. The diffusion appears multiplicative and quadratic. The adjoint

finite-time corrections recover a consistent Langevin model driven by white noise (——).
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scribes the amplitude equation governing the symmetry-breaking mode of the wake be-
hind a circular disk, which can be derived by a weakly nonlinear stability analysis (Meliga
et al.,2009). This result inspired the use of a stochastically forced pitchfork normal form to
model the turbulent evolution of the centroid of the base pressure distribution on the back
of an axisymmetric bluff body (Rigas et al., 2014) and the bistability of a three-dimensional
Ahmed body wake (Brackston et al., 2016).

However, unresolved degrees of freedom in a turbulent flow do not typically resem-
ble delta-correlated white noise. Here we investigate the impact of correlated noise on
stochastic system identification by considering the supercritical pitchfork normal form
forced by colored noise:

&=\ —pxd+n (8.25a)
n=—an+ow(t). (8.25b)

Here 7 is an Ornstein-Uhlenbeck process with characteristic relaxation time o', which
acts as an effective low-pass filter on the white noise process w(t). We choose ;1 = A\ =
B =1,a=10% and o = 0.5« so that the typical amplitude of 7 is around 0.5.

The nonzero relaxation rate for the Ornstein-Uhlenbeck process introduces temporal
correlations that invalidate many of the standard analytic approaches to stochastic mod-
eling if 7 is not directly observed. However, if the relaxation rate is much larger than
any natural dynamics of the slow variable (i.e. a > \) we can appeal to the dual scale
separation idea of Fig. 8.2 and approximate the fast scales as uncorrelated noise.

As demonstrated in Fig. 8.6, the correlated forcing destroys the Kramers-Moyal aver-
age as the sampling interval 7 — 0. This can be mitigated by sampling coarsely enough
that the noise decorrelates and appears to whiten. For instance, if we choose 7 = 0.5 =
50a = 0.5) (slower than the noise decorrelation but faster than the drift dynamics), the
Kramers-Moyal average is of the correct order of magnitude. However, finite-time sam-
pling rates now significantly deform the observed drift and diffusion, even introducing
apparent state dependence in the diffusion (Fig. 8.6, bottom middle). This observation by
Ragwitz & Kantz called into question many earlier attempts to use the Kramers-Moyal
average for modeling without accounting for finite-time effects (Ragwitz & Kantz, 2001).

Langevin regression accounts for these distortions with the adjoint Fokker-Planck op-
erator, recovering a one-dimensional model nearly identical to Eq. (8.25a), but forced by
additive white noise. The identified coefficients (given in Table 8.1) differ from the true
values by around 5%, but the model closely matches both the observed finite-time con-
ditional moments and the empirical probability distribution (Fig. 8.6, bottom row). This
suggests that the proposed subsample-and-correct approach is capable of identifying sta-
tistically consistent Langevin models, even in the presence of correlated noise. This result
depends fundamentally on the dual scale separation principle of Fig. 8.2; the success of
this approach may be limited when these timescales cannot be clearly separated with the
coarse sampling rate.
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Model A i o
True system (colored noise) 1.0 1.0 | —
Stochastic SINDy (no adjoint) 0.43 | 0.43 | 0.44
Langevin regression (white noise) | 0.96 | 0.96 | 0.49

Table 8.1: True parameters for the pitchfork normal form forced by colored noise along with those
estimated from data. Without the adjoint Fokker-Planck corrections for finite sampling rates, the true
coefficients are underestimated by a factor of 2. On the other hand, Langevin regression with full adjoint-
based optimization identifies a statistically consistent model driven by white noise forcing, where the drift
coefficients are a close match to the true system.

Double-well potential In many cases, Langevin-type stochastic models are intended
to be reduced-order approximations of the large-scale dynamics of a complex system,
rather than faithful representations of first-principles physics. The “microscopic” degrees
of freedom in these systems generally have finite correlation times, as with the colored
noise in the previous example. Eliminating these variables from the model leads to ex-
plicit memory effects in the Langevin equations (Zwanzig, 2001), unless the scale separa-
tion principle can be employed to identify a memory-free reduced-order stochastic model
from data. Low-order polynomial dynamics, such as normal forms, can arise naturally
in this context as a way to describe the macroscopic behavior, even when the underlying
physical description appears completely different (Guckenheimer & Holmes, 1983).

For example, the one-dimensional motion of a particle of unit mass in a general po-
tential U(z) subject to thermal fluctuations is given by

4yt + U'(z) = /2vksTw(t), (8.26)

where 7 is the damping ratio, kg is Boltzmann’s constant, 7" is the temperature, and w(t)
is a white noise process (Risken, 1996). We consider the double-well potential

Ulx) = —595 + B:LA (8.27)

An example trajectory of this system is shown in Fig. 8.7, displaying both small oscilla-
tions within each well and random large jumps between wells.

We model a particle of unit mass in a symmetric double-well potential subject to ther-
mal fluctuations with the second-order Langevin dynamics

¥+ 2vi = ax — B’ + \/2ykpTw(t). (8.28)

Nondimensionalizing with the relaxation timescale v~* and the length scale \/~2?/[ given
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Figure 8.7: Particle in a one-dimensional double-well potential. Even when the system is far from the
pitchfork bifurcation (¢ = 20), the dynamics are dominated by bistable switching behavior (top). Langevin
regression identified a reduced-order approximation to this system (middle), which is consistent with both
the state probability distribution (bottom left) and the distribution of metastable dwell times (bottom right).
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by the nonlinear term, the dynamics are
P 421 =ex — 2% + ow(t), (8.29)

where € = «/+* and 02/2 is the dimensionless energy of the thermal fluctuations.
The equation of motion generated by this potential can be nondimensionalized to the

form 1 . X .
T T
ioli] L2 B G e 20

The drift undergoes a supercritical pitchfork bifurcation at ¢ = 0, where the origin loses
stability to the pair of fixed points © = ++/e. For small ¢, an invariant manifold approxi-
mation gives a first-order model based on the pitchfork bifurcation normal form:

&= MNe)x — ple)x® + cw(t). (8.31)

Note that this does not correspond to the large dissipation limit in which the second-order
dynamics can be approximately reduced to a first-order equation for the velocity.

The stochastic normal form may be derived as follows. If the system is recast into first-
order form and linearized about the origin, the eigenvalues are \;, = 1 + /1 + ¢, with
eigenvector representation

li] = v1¢1(t) + vaga(t), (8.32)

where v, 5 are the corresponding eigenvectors. Close to the bifurcation, we assume the
following;:

1. Invariant manifold reduction: The dynamics are restricted to the one-dimensional
subspace spanned by the unstable eigenvector v,. Since the eigenvectors are not
orthogonal, the amplitude of the stable eigenvector is an algebraic function of ¢ (t)
on restriction to this subspace. To leading order, ¢ = h¢;.

2. Normal form: The drift dynamics in this subspace are given by the normal form for
the pitchfork bifurcation with unknown parameter y:

Q.Sl = )\1 (€)¢1 — M(E)Qﬁ + a¢w(t). (833)

3. Dynamical consistency: The reduced-order dynamics preserve the fixed points of
the drift function of the full system. Thatis, i =& = 0atxz = 0, +/e.

These assumptions imply that h = —\;/\; and pu = (1 + h)?); /e. Furthermore, under the
similarity transform and Itd’s lemma for a change of variables (Risken, 1996) the diffusion
coefficient becomes o, = 0,/2v/1 + €. Inverting the transformation,  ~ (1 + h)¢;, which
can be used to recast the eigenvector dynamics into the form of Eq. (8.31).
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As Fig. 8.7 shows for € = 20, even far from the bifurcation the bistability still dominates
the dynamics, although the invariant manifold approximation used to reduce the order
of the normal form model no longer holds. A first-order equation of the form of Eq. (8.31)
can capture this bistability at the cost of ignoring the small oscillations within each po-
tential well. In other words, the goal is to coarse-grain the dynamics while preserving the
statistical properties of the system.

Constructing a first-order Langevin model for the position z is made difficult by the
fact that the time series is smoothed by integration of the thermal fluctuations forcing  in
Eq. (8.30). The neglected degree of freedom introduces non-Markovian behavior and con-
founds the Kramers-Moyal average, which tends towards zero with fast sampling rates
(Fig. 8.8). However, by choosing a coarse enough sampling rate so the subsampled dy-
namics appear Markovian and correcting for the finite-time effects, Langevin regression
is able to identify a first-order model that captures both the probability distribution p(z)
and the distribution of residence times in each metastable well.

As shown in Fig. 8.9, the Langevin regression model has similar fidelity to the ana-
lytic normal form close to the bifurcation, but the data-driven model maintains statistical
accuracy well beyond the region where the normal form is valid. Also shown are results
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Figure 8.10: Experimental configuration for the axisymmetric wake. The bluff body is mounted from the
wind tunnel ceiling (left) and the base pressure distribution is measured from 64 pressure taps (middle).
The symmetry-breaking instability of the laminar flow persists in the fully turbulent wake, although the
center of pressure appears to wander randomly, as seen in the probability distribution p(z, y) (right).

for the same model structure, but with parameters estimated by regression to the em-
pirical PDF. At each value of the bifurcation parameter ¢, the second-order dynamics are
driven by noise o = (y/€ + €)/2 so that the mean dwell time maintains a similar order of
magnitude throughout the range of comparison.

Turbulent axisymmetric wake Turbulence is a notoriously challenging problem that ex-
emplifies many of the difficulties of stochastic modeling. A turbulent fluid flow is deter-
ministic in principle, but the large and continuous range of spatiotemporal scales often ne-
cessitates statistical analysis. However, unlike Brownian motion, turbulence is far enough
from equilibrium that it does not obey the principle of detailed balance; the machinery of
statistical mechanics cannot easily be applied to viscous turbulence (Kraichnan & Chen,
1989). Nevertheless, many turbulent flows are dominated by large-scale coherent struc-
tures whose regular evolution is suggestive of low-dimensional dynamics, despite the
unpredictability introduced by strong coupling to the smaller scales in the flow. In par-
ticular, high Reynolds number flows are characterized by a wide separation between the
slow macroscopic dynamics and the faster turbulent fluctuations (Tennekes & Lumley,
1972).

In this context, Langevin regression is a natural extension of the data-driven modeling
methods that have proven successful at identifying low-dimensional dynamics in lami-
nar flows (Loiseau & Brunton, 2018; Loiseau et al., 2018b; Loiseau, 2020; Deng et al., 2020).
Just as these methods are capable of generalizing the near-bifurcation results of weakly
nonlinear analyses (Sipp & Lebedev, 2007; Meliga et al., 2009) and POD-Galerkin mod-
els (Noack et al., 2003), here we aim to further extend this philosophy to turbulent flows
by modeling all but the most important degrees of freedom as stochastic forcing.

We demonstrate stochastic model identification on the experimentally measured pres-
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sure distribution on an axisymmetric bluff body, visualized in Fig. 8.10 and described
in detail by Rigas et al. (2014). The Reynolds number based on the body diameter is
Re ~ 2 x 10°. This flow is a stereotypical configuration that exhibits several features
important to drag reduction applications.

The low Reynolds number laminar wake behind an axisymmetric bluff body is sym-
metric, but undergoes a supercritical pitchfork bifurcation at Re ~ 107 so that the center
of pressure is offset at a nonzero radial amplitude (Meliga et al., 2009). Since the unsta-
ble symmetric wake has lower drag than the asymmetric configuration, stabilizing the
symmetric state is a major goal of flow control studies (Beaudoin et al., 2006; Brackston
et al., 2016). Simple low-dimensional models that accurately represent process noise, en-
ergy transfers, and frequency dynamics could significantly improve closed-loop control
schemes. The symmetry-breaking instability continues to dominate the wake dynamics
in the turbulent regime, although the location of the center of pressure tends to wander
randomly (Grandemange et al., 2013; Rigas et al., 2014, 2015).

As a macroscopic proxy for the amplitude of the symmetry-breaking, we model the
evolution of the center of pressure, or the centroid of the pressure distribution on the
back of the body. The base pressure distribution is measured using 64 evenly spaced taps,
as shown in Fig. 8.10. Since the center of pressure is a global integral quantity, we expect
that fluctuations will be roughly Gaussian, based on the central limit theorem, although
time correlations in the forcing still necessitates the use of subsampling and finite-time
corrections.

A simple dynamical model that captures the symmetry-breaking behavior is the nor-
mal form of the pitchfork bifurcation forced by Gaussian white noise (Rigas et al., 2015).
The radial component of the Langevin equation for a symmetric two-dimensional pitch-
fork bifurcation forced by additive white noise is

0.2

5 T owl®), (8.34)
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where the 1/r term appears as a consequence of Ito’s lemma for a change of variables
in stochastic systems. In one dimension, the steady-state Fokker-Planck equation can be
solved analytically for this model and the free parameters can be identified based on a
fit to the empirical probability distribution and mean-square displacement (Rigas et al.,
2015).

As shown in Fig. 8.11, this model agrees reasonably well with the observed statistics
for the center of pressure, suggesting that the stochastic modeling approach is a promis-
ing description for the leading global degrees of freedom. However, it is difficult to ex-
tend this modeling methodology to more complex systems. Even in one dimension, the
drift and diffusion do not appear independently in the analytic steady-state PDF; additive
noise can be estimated from the mean-square displacement, but this poses a challenge for
multiplicative noise. In higher dimensions, the Fokker-Planck equation does not have an
analytic solution for general drift and diffusion, although model parameters might be es-
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Figure 8.11: Statistical evaluation of the axisymmetric wake models. The Langevin regression model
(blue) better matches both the power spectral density (left) and tails of the PDF (right) compared with
the pitchfork normal form (8.34) with coefficients estimated by PDF fitting, as in Rigas et al. (2015). The
models are similar, but Langevin regression identifies a quadratic state-dependent noise (Fig. 8.12). The
power spectrum is premultiplied by Strouhal number St = fU/D, a dimensionless frequency. The large
peak at St ~ 0.2 corresponds to vortex shedding, which is essentially indistinguishable from the symmetry-
breaking instability in the base pressure distribution (Brackston et al., 2016).

timated by optimizing the solution of a numerical solver. This approach cannot resolve
oscillatory behavior such as vortex shedding, since temporal information is lost in the
steady-state distribution.

Since we do not have a known form of the model in this case, besides the intuition for
the pitchfork normal form, we apply the stochastic SINDy procedure described in Sec. 8.2.
Based on symmetry considerations, we include only odd polynomials in the library of
drift functions. The 1/r term in the drift, due to the representation in polar coordinates,
is also accounted for in the optimization routine. The model selection criteria shown in
Fig. 8.12 show a clear Pareto-optimal model of the form

0.2
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Fig. 8.12 also shows that the finite-time Kramers-Moyal coefficients predicted by this
model closely match those estimated by the finite-time conditional average.

The identified model is similar to that proposed by Rigas et al. (2015), with the addi-
tion of quadratic multiplicative noise. This modification better matches the tails of the
probability distribution, as shown in Fig. 8.11. Monte Carlo simulation of the Langevin
models also shows that the multiplicative noise leads to a more accurate power spec-
tral density than the model based on fitting the PDF. Quadratic multiplicative noise was
previously proposed as an important modification for a spatial Langevin model of turbu-
lence (Ragwitz & Kantz, 2001). Multiplicative terms may be a result of neglecting degrees
of freedom with bilinear coupling to the macroscopic variables (Majda et al., 2001).
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Figure 8.12: Model selection and Kramers-Moyal coefficients for the axisymmetric wake. The reverse-
greedy Sparse Stepwise Regression identifies a hierarchy of candidate models with varying tradeoffs be-
tween accuracy and complexity. The optimal model has the fewest terms before the cost function begins to
climb, indicating the remaining terms are essential. In this case, the optimal model is a pitchfork bifurcation
normal form forced by quadratic multiplicative noise (top). The model to the right of the optimal model
includes only additive noise and corresponds to the model proposed by Rigas et al. (2015), while additional
terms leads to a higher-order Stuart-Landau equation. The selected model closely matches the empirical
finite-time Kramers-Moyal coefficients (bottom), the state PDF, and the power spectral density (Fig. 8.11).
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This model for the symmetry-breaking instability does not resolve the peak in the
power spectrum near St ~ 0.2, which is related to vortex shedding in the wake (Rigas
et al., 2014, 2017). Analysis of the corresponding laminar flow indicates that a more com-
plete model of the wake might include three complex amplitudes to capture this periodic
component and its interactions with the symmetry-breaking mode (Meliga et al., 2009).
However, the vortex shedding is only weakly observable from base pressure sensors,
since it mainly takes place downstream from the body (Brackston et al., 2016); for the
same reason it is less important aerodynamically than the symmetry-breaking.

Langevin regression is therefore able to clearly identify a simple low-dimensional
model from experimental measurements of turbulence. The sparse stochastic model is
consistent with both known flow physics and empirical statistics, suggesting that ap-
proximating the evolution of global variables with nonlinear Langevin dynamics may
be a promising direction in the low-dimensional modeling of turbulent flows.

8.4 Discussion

There is a long history in the physical sciences of approximating complex multiscale sys-
tems with reduced-order models driven by stochastic forcing. However, as this approach
has spread in popularity, it is not always clear that the assumptions underpinning the
rigorous treatment of nonequilibrium statistical mechanics continue to hold. For exam-
ple, the subscale degrees of freedom in systems like turbulent fluid flows often do not
decorrelate fast enough to appear as delta-correlated white noise. Nevertheless, experi-
ence suggests that simple stochastic models are often good approximations to systems
that violate some of these assumptions. Data-driven modeling has gained significant at-
tention in this context for its ability to construct consistent empirical models without the
restrictions of classical analytic approaches.

In this work, we have integrated and generalized three previously disparate approaches
to data-driven stochastic modeling, combining sparse model selection based on the Kramers-
Moyal average (Boninsegna et al., 2018) with finite sampling-rate corrections (Lade, 2009;
Honisch & Friedrich, 2011) and steady-state PDF fitting (Rigas et al., 2015). The pro-
posed modeling framework is designed to identify nonlinear Langevin-type dynamics
from noisy experimental data, optimizing parameter estimates with both the forward and
adjoint Fokker-Planck equations. Critically, the finite-time corrections allow the method
to model systems driven by correlated noise, or fast deterministic degrees of freedom,
while sparse stepwise regression can be used to discover the structure of the model when
it is unknown a priori.

We have demonstrated the flexibility and generality of Langevin regression on three
examples. First, the method reconstructs a noisy Stuart-Landau oscillator from partial
observations, illustrating the capability to model higher-dimensional systems. Second,
we investigated reducing the second-order dynamics of a particle in a one-dimensional
double-well potential to the corresponding first-order normal form. The data-driven
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model closely matches the statistical behavior of the system far from the bifurcation, well
beyond the region where the analytic normal form is valid. Finally, we apply Langevin
regression to experimental measurements of a turbulent bluff body wake, identifying a
model for the evolution of the base center of pressure. In this case the SSR model se-
lection procedure identifies a model consistent with previous work (Rigas et al., 2015),
but modified with a quadratic, state-dependent noise term that better approximates the
power spectrum and the long tails of the PDE.

These results indicate that the proposed method is capable of accurately modeling a
broad range of systems from limited experimental observations. However, we recognize
two limitations of the method as presented here. First, we can currently only construct
first-order models. In principle, higher-order dynamics can be recast as a system of first-
order equations, provided generalized coordinates and velocities can be measured, but
this is often not the case in practice. It may therefore be easiest to model systems with
stereotypical macroscopic dynamics reminiscent of a normal form or amplitude equation.
Second, although the theory generalizes naturally to higher dimensions (and we have
demonstrated a two-dimensional system), the practical limitation lies in constructing n-
dimensional histograms for Kramers-Moyal coefficients and in solving the Fokker-Planck
equations on the resulting grid. This challenge might be addressed either with more
efficient Fokker-Planck solvers or with recently-proposed methods that avoid the need
for histograms at the price of enforcing consistency with the PDF (Schneider et al., 2020;
Frishman & Ronceray, 2020; Briickner et al., 2020).

Despite these limitations, the proposed method can still be readily applied to a broad
range of systems; nonlinear stochastic systems with one or two degrees of freedom have
been used to model the global behavior of systems ranging from neuroscience (Laing et al.,
2010) to molecular dynamics (Legoll & Lelievre, 2010) and aerodynamics (Rigas et al.,
2015). The success of simple heuristics combined with stochastic models for feedback
control (e.g. Brackston et al. (2016)) also suggests that these data-driven models could be
integrated in a control scheme, although this will require modeling the effects of actuation
on the system in addition to the homogeneous behavior.

Another goal of modeling is to uncover the latent low-dimensional structure of macro-
scopic dynamics. In fluid dynamics, for instance, this is often conceptualized as a small
set of global modes whose amplitudes evolve according to low-dimensional nonlinear
dynamics (Holmes et al., 1996). Moving beyond integral quantities such as the center of
pressure, Langevin regression could be used to identify a data-driven, stochastic counter-
part to Galerkin-type reduced-order models and resolve important nonlinear interactions
between the large-scale structures of the flow.

In a broader context, the ability to identify reduced-order stochastic models from noisy
experimental measurements of multiscale nonlinear dynamics will unlock a powerful set
of tools for a much wider range of systems. Data-driven methods allow for the treatment
of not only systems which break the strict assumptions of classical stochastic modeling,
but also data from ecology, epidemiology, and neuroscience for which first-principles gov-
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erning equations are unavailable. Tools such as the Kramers-Moyal average already have
a history of success in a variety of fields. It is our hope that the proposed method will
build on this legacy and extend these successes to an even more extensive class of com-
plex systems.
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Chapter 9
A MEAN-FIELD MODEL OF THE AXISYMMETRIC WAKE

Despite being nominally deterministic, turbulent flows are characterized by multiscale
spatiotemporal chaos. Many traditional analyses have therefore relied on statistical de-
scriptions (Monin & Yaglom, 1971). However, it is now known that many inhomogeneous
flows are dominated by energetic coherent structures at large scales and low frequencies
relative to Kolmogorov’s universal equilibrium range (Aubry et al., 1988; Berger et al.,
1990; Holmes et al., 1996). By leveraging this intrinsic structure, reduced-order models of
turbulent flows promise to advance engineering objectives in design, optimization, and
control (Noack et al., 2011; Brunton & Noack, 20154; Rowley & Dawson, 2017). However,
balancing accuracy and efficiency by simultaneously modeling the evolution of the large-
scale structures while accounting for the effects of incoherent fluctuations has been noto-
riously challenging, especially in a non-invasive fashion that is suitable for experimental
measurements.

This modeling challenge stems from the multiscale nature of turbulence. In contrast to
systems that can be treated by classical statistical mechanics, there is no strict separation
of scales between low-frequency coherent dynamics and turbulent fluctuations. Govern-
ing equations for filtered or averaged variables can be derived, but the influence of the
unresolved scales cannot be eliminated from the coarse-grained equations, leading to the
closure problem. Numerous deterministic closure models have been proposed in the con-
text of high-dimensional Reynolds-averaged Navier-Stokes (RANS) or large eddy simu-
lation (LES) methods (Pope, 2000), although these approaches are still high-dimensional
and computationally expensive.

Alternatively, in order to take advantage of persistent, energetic coherent structures,
semi-empirical projection-based methods can be used to derive a compact approximation
to the dynamics in the form of amplitude equations governing the evolution of global
modes. For example, perhaps the most widely used reduced-order modeling method
in fluid dynamics is Galerkin projection of the Navier-Stokes equations onto a modal ba-
sis (Aubry et al., 1988; Holmes et al., 1996; Noack et al., 2003). However, because projection-
based methods act as a spatial filter, they face the same closure problems as RANS and
LES methods. Projection methods also require access to both a high-fidelity numerical
solver and information about the flow that is difficult to obtain experimentally.

To address the analytic challenges of turbulence modeling, data-driven methods have
long played a role in modal analysis (Taira et al., 2017) and reduced-order modeling (Noack
et al., 2011; Rowley & Dawson, 2017). Recent advances in machine learning have gener-
ated increased interest in data-driven methods for fluid dynamics (Brenner et al., 2019;
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Figure 9.1: Overview of the model development. Beginning with an order parameter A(t) computed
from the base pressure measurements, the spatial modes 1), are computed at each wavenumber m by
conditional averaging. These modes define an approximate slow manifold 1(A) that captures the dominant
anti-symmetric behavior. To fully resolve the symmetric fluctuations, we introduce a generalized shift
mode with amplitude B(t), defined by projection onto the tangent space of this manifold. Finally, we
identify a nonlinear stochastic dynamical system model with Langevin regression. We can compare the
statistics, including the empirical probability distribution p, of the model to the experiment with Monte
Carlo evaluation of the stochastic system. Because the proposed model (bottom row) is random in nature,
it can only reproduce the experimental data (top row) in a statistical sense; in general neither the time series
nor the pressure distributions will match on a point-by-point basis.

Bar-Sinai et al., 2019; Brunton et al., 2020; Raissi et al., 2020), including for turbulence mod-
eling (Ling et al., 2016; Duraisamy et al., 2019; Maulik et al., 2019) and forecasting (No-
vati et al., 2021). Despite the expressive power of modern machine learning methods, it
is challenging to develop models that are robust, generalizable, and interpretable. The
sparse identification of nonlinear dynamics (SINDy) framework (Brunton et al., 2016a)
has promise for interpretable low-dimensional modeling, and it is able to incorporate
partial physical knowledge including symmetries, conservation laws, and invariant man-
ifold structure (Loiseau & Brunton, 2018; Loiseau et al., 2018a; Deng et al., 2020). SINDy
has mainly been applied to laminar flows with the exception of recent work developing
RANS closure models (Beetham & Capecelatro, 2020). Following these successes, our
objective is to model coherent structure dynamics with a SINDy-type approach, approxi-
mating turbulent fluctuations as noise acting on a few global integral quantities.

In this chapter, we develop a sparse nonlinear model of a fully turbulent wake exper-
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iment. Our model takes the form
i = f() + o(@)u(d), ©9.1)

where 7 is a generalized state vector and w(t) is Gaussian white noise. Whereas RANS
and LES models use a relatively high-dimensional discretization of the flow field, here
we assume that x represents a small set of modal coefficients, order parameters, or other
integral quantities capturing relevant large-scale structure in the flow. Moreover, this
description in terms of deterministic drift dynamics f(x) forced by diffusion o(z) is a fun-
damentally different approach to turbulence modeling. RANS and LES methods seek a lo-
cal, deterministic closure model for the effects of the unresolved scales in terms of resolved
variables, (9.1) approximates the global, statistical influence of turbulent fluctuations on
the state .

We learn the model in (9.1) using the Langevin regression method described in Chap-
ter 8 (see Fig. 9.1). Progress in model discovery has advanced our ability to approximate
stochastic dynamics from limited experimental data (Ragwitz & Kantz, 2001; Honisch &
Friedrich, 2011; Boujo & Cadot, 2019; Boninsegna et al., 2018; Callaham et al., 2021b; Sieber
et al., 2020; Frishman & Ronceray, 2020; Schneider et al., 2020), even if the model struc-
ture is a priori unknown (Boninsegna et al., 2018; Callaham et al., 2021b; Billings, 2013).
These methods extend traditional stochastic modeling beyond near-equilibrium systems,
providing a useful approximation despite the absence of a strict scale separation.

We demonstrate this approach to model the turbulent wake behind an axisymmetric
bluff body, shown in Fig. 9.3. We reduce the dimension of the experimental measure-
ments by modal decomposition. Traditional methods decompose the field into a fixed set
of spatial modes with time-varying amplitudes. The Fourier basis is a convenient repre-
sentation for coordinates with translational or rotational symmetry. In the present case,
the flow is rotationally symmetric, so azimuthal variations can be expanded with Fourier
modes ™.

Analysis of the Navier-Stokes equations in the wavenumber domain reveals that the
nonlinear advective term only admits triadic interactions in which both the forced and
forcing modes have wavenumbers that sum to zero. In particular, the axisymmetric fluc-
tuations at m = 0 are driven by the “self-interaction” of the complex-conjugate compo-
nents at m = +1, £2, etc., as shown in Fig. 9.2. The full nonlinear flow is made up of a
complicated network of such interactions across all scales, making it notoriously difficult
to construct simplified models with reduced degrees of freedom.

One approach to circumventing this problem, typically near the threshold of some in-
stability, is to perform an asymptotic multiscale expansion and assume that higher-order
nonlinear interactions may be neglected. This approximation can resolve the leading-
order mean flow deformation due to the self-interaction of the instability mode, a cen-
tral feature of the Stuart-Landau nonlinear stability mechanism (Stuart, 1958; Landau &
Lifshitz, 1959). The triadic interactions are truncated at leading order (Fig. 9.2). In this
weakly nonlinear regime, the mean flow deformation can be treated as another fixed spa-
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tial mode with an amplitude that depends on the strength of the instability (Noack et al.,
2003; Sipp & Lebedev, 2007; Meliga et al., 2009).

However, these tools are largely theoretical and numerical; here the flow is fully tur-
bulent and thus strongly nonlinear. In order to avoid the assumption of weak nonlin-
earity and explore the spatial structure of the mean flow deformation, we estimate the
modes from measurements of the base pressure distribution by reducing the symmetry
via phase alignment and averaging conditioned on the center of pressure. The amplitude
dependence of the symmetric mode deviates significantly from the polynomial scaling
predicted by weakly nonlinear analysis, confirming the need for a parametric basis to
capture the effect of strongly nonlinear interactions.

Following the conditional average, the method proceeds as shown schmatically in
Fig. 9.1. The modal expansion yields physically meaningful order parameters A(¢) and
B(t) related to symmetry-breaking and mean-field deformation in the wake, respectively.
We apply Langevin regression to identify an interpretable dynamical system that mod-
els the broadband turbulence as stochastic forcing of the low-dimensional symmetry-
breaking dynamics. The resulting model is a stochastic Stuart-Landau equation similar
to those proposed in previous studies of similar configurations (Rigas et al., 2015; Brack-
ston et al., 2016; Boujo & Cadot, 2019; Herrmann et al., 2020), but with the addition of
state-dependent forcing and an additional degree of freedom. Monte Carlo evaluation
of the Langevin system compares favorably to the experimental statistics, and the model
provides new physical insights into low-frequency fluctuations of the axisymmetric recir-
culation bubble. Each of these will be investigated below.
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9.1 Symmetry-breaking in the blutf body wake

The turbulent wake in Fig. 9.3 provides a rich test system for model discovery. Flow with
free-stream velocity U, and kinematic viscosity v is deflected around a cylindrical blunt-
nosed body with diameter D. The spatiotemporal dynamics of the wake are determined
by the Reynolds number Re = DU, /v. Flows past bluff bodies at low Reynolds num-
ber often exhibit stereotypical global instabilities such as von Karman vortex streets or
steady symmetry-breaking wake deflection (Berger et al., 1990; Noack et al., 2003; Meliga
et al., 2009; Grandemange et al., 2012; Osth et al., 2014). In the laminar regime, nonlinear
saturation of the exponential growth of these instabilities can often be described by Stuart-
Landau theory, in which the fluctuations deform the mean flow in a stabilizing feedback
loop Stuart (1958); Landau & Lifshitz (1959). The amplitude A(¢) of the instability mode
is governed by the cubic Stuart-Landau equation:

U= (- lap) A 9.2)
The term in parentheses is the effective eigenvalue of the instability mode, as modified by
the mean flow deformation. When the real part of X is positive, small perturbations grow
exponentially until the instantaneous growth rate reaches a balance with | A%

Global modes that are qualitatively similar to the laminar instabilities appear to dom-
inate these flows well into the turbulent regime (Grandemange et al., 2013; Rigas et al.,
2014, 2016). Although the Stuart-Landau mechanism is typically derived via an asymp-
totic weakly nonlinear analysis, the resulting amplitude equations are often assumed to
approximately describe the evolution of turbulent coherent structures as well (Rigas et al.,
2015; Brackston et al., 2016; Boujo & Cadot, 2019; Herrmann et al., 2020; Sieber et al., 2020).

At very low Reynolds number, the wake is steady, axisymmetric and laminar. The flow
undergoes two bifurcations, becoming linearly unstable to a steady symmetry-breaking
mode (Re, ~ 424) and a second pair of unsteady vortex-shedding modes (Re? ~ 605),
both with azimuthal wavenumber m = =£1 (Rigas et al., 2016). By approximating these
as a single codimension-2 bifurcation, the weakly supercritical flow can be approximated
with an asymptotic expansion and normal form dynamics (Meliga et al., 2009). These in-
stability modes continue to dominate the coherent part of the flow even in fully developed
turbulence, as has been shown for the present experimental data at Re ~ 2 x 10° (Rigas
et al., 2014). The base pressure distribution is measured from a set of 64 equally spaced
pressure taps from which a time series of 8.9 x 10° measurements are sampled at 225 Hz;
further details are given in (Rigas et al., 2014). Equally spacing the pressure taps allows
us taking advantage of the geometric symmetry with a Fourier series representation of
the pressure field. Hence, the sensor distribution determines the wavenumber resolution
of the analysis. In particular, eight sensor stations restricts the Fourier representation to
wavenumbers m = £3, although we find that only m = 0, £1, 2 are strongly correlated
with the symmetry-breaking.
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Even though the time series of measurements appears stochastic at this Reynolds num-
ber, the flow is characterized by semi-regular energetic structures, including vortex shed-
ding and a symmetry-breaking wake deflection (Berger et al., 1990; Grandemange et al.,
2013; Rigas et al., 2014). These structures can be directly linked to the instability modes
and weakly nonlinear dynamics of the corresponding laminar flow (Meliga et al., 2009;
Rigas et al., 2017). Although the vortex shedding is dynamically important in the wake,
it is only weakly observable from the pressure signal on the bluff body itself. This also
suggests that the vortex shedding is potentially less important to practical drag reduc-
tion than the symmetry-breaking wake deflection. In this work we therefore restrict our
attention to the steady symmetry-breaking instability.

This wake deflection is particularly important as it represents generic spatial symmetry-
breaking behavior that occurs in a wide variety of three-dimensional bluff body wakes (Meliga
et al., 2009; Grandemange et al., 2012; Boujo & Cadot, 2019). Moreover, this symmetry-
breaking is associated with increased pressure drag, making it the target of a variety of
active flow control investigations (Osth et al., 2014; Barros et al., 2016; Brackston ef al., 2016;
Rigas et al., 2017; Herrmann et al., 2020). In several of these studies, reduced-order models
have played a key role in designing and understanding the actuated system.

9.2 Mean-field theory of symmetry-breaking transitions

The Stuart-Landau nonlinear stability theory is typically derived as an asymptotic expan-
sion in multiple timescales (see example in Section 2.2, for instance). It therefore falls into
the category of weakly nonlinear analysis and is only strictly applicable near the thresh-
old of instability, although the effect is generally understood to persist much beyond the
asymptotic regime in many cases (Noack et al., 2003; Luchtenburg et al., 2009; Mantic-
Lugo et al., 2014). However, Landau also considered another limiting case of dynamics:
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symmetry-breaking phase transitions of systems in thermodynamic equilibrium. Turbu-
lence is both strongly nonlinear and far from thermodynamic equilibrium, but the obser-
vation that both limiting regimes can be described with similar equations motivates the
development of phenomenological Stuart-Landau-type models for symmetry-breaking
behavior in the turbulent axisymmetric wake.

A generic system in thermodynamic equilibrium that undergoes a continuous symmetry-
breaking phase transition at critical temperature 7. (or temperature analogue such as
Reynolds number) has an effective potential V' (7', A) which we assume can be expanded
in the magnitude of a (generally complex) order parameter A. A canonical example of this
is the Ising model, in which the statistically symmetric disorder of the high-temperature
system is broken in a phase transition to a ferromagnetic state below a critical tempera-
ture. Based on physical symmetries, the effective potential can be expanded as:

V(T) = Vo(T) + Vi(T)|AP + Va(T)A]* + ... 9.3)

This order parameter, which here we assume to be small when suitably nondimensional-
ized, quantifies the degree of symmetry-breaking in the system. The equilibrium condi-
tion A, ata given temperature is determined by the minimum free energy with respect to
|A|. To leading order, A.(T) = /—Vi(T)/2Va(T).

For the high Reynolds number axisymmetric wake studied in this work, the unsteady
aerodynamic center of pressure serves as an order parameter capturing the symmetry-
breaking wake deflection. When nondimensionalized by the body diameter, its value is
small even far from the bifurcation with mean value A ~ 0.032.

The system is unsteady but statistically stationary. In the thermodynamic perspec-
tive, the instantaneous field is disturbed from the minimum-potential state by broad-
band turbulence. We model this as near-equilibrium thermal fluctuations in overdamped
Langevin dynamics (Risken, 1996):

dA

= =~ VV(A) + S(A)w(), 94)

where w(t) is a white noise process and X is the diffusion function. Expanding V' (A) in
|A| to third order, the Langevin model would take the form of the Stuart-Landau equa-
tion (9.2) forced by white noise. Although this qualitative symmetry-based argument
suggests the expected structure of the dynamics, we use the Langevin regression method
for identifying nonlinear stochastic models (Callaham et al., 2021b) to identify the drift
and diffusion functions rather than presuppose this form, as described below.

9.3 Parametric modal expansion

Reduced-order models such as (9.1) rely on dominant low-dimensional structure in or-
der to approximate salient features of the flow with a small set of variables; such low-
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dimensionality in fluid flows often arises as a consequence of global instability. The in-
stability mode responsible for the steady wake deflection in the laminar flow stabilizes at
finite amplitude due to mean flow deformation, with temporal evolution given by com-
pact normal form dynamics (Meliga et al., 2009). The turbulent wake exhibits qualitatively
similar behavior; recent studies have modeled the aerodynamic center of pressure with
stochastic Stuart-Landau equations (Rigas et al., 2015; Boujo & Cadot, 2019). However,
while the relationship between the amplitude equations and spatial mean flow deforma-
tion is clear for the weakly nonlinear laminar case, it has been unexplored in the phe-
nomenological models developed for turbulent flows.

Standard model reduction methods decompose the field into a set of spatial modes (Taira
et al., 2017) with coefficients whose time evolution is governed by the amplitude equa-
tions. Within this framework, one way to resolve mean flow deformation is with the ad-
dition of a spatial mode parameterizing the difference between the unstable steady state
and the mean flow. This additional shift mode can either be derived empirically (Noack
et al., 2003) or as a natural product of an asymptotic expansion (Sipp & Lebedev, 2007). In
either case, the assumption of weakly nonlinear interactions implies polynomial scaling
of the deformation amplitude with respect to the amplitude of the dominant instability.
This approach has proven successful in low-dimensional models of a variety of laminar
flows (Meliga et al., 2009; Luchtenburg et al., 2009; Loiseau & Brunton, 2018; Deng et al.,
2020). However, in strongly nonlinear turbulent flows this fixed modal basis cannot gen-
erally be expected to resolve the mean flow deformation.

In order to describe the symmetry-breaking and associated mean-field deformation,
we model the evolution of the base pressure distribution p(r, §,t), where r and ¢ are po-
lar coordinates on the circular bluff body base. Although the pressure is not a dynamic
variable in incompressible flow, the base pressure can be used as a convenient and exper-
imentally accessible proxy for the energetic coherent structures in the wake, since these
limited observations can be clearly connected to previously observed wake structures
based on symmetries and spectral energy content (Rigas et al., 2014). The radial coordi-
nate of the unsteady aerodynamic center of pressure is also a natural order parameter for
the degree of symmetry-breaking.

Let p°(r) be the pressure associated with the unstable axisymmetric steady state, which
is unknown and experimentally inaccessible, and p(r) be the temporal mean field esti-
mated from the pressure taps. The self-interaction of the velocity fluctuations associated
with p’ deforms the unstable steady state to the mean flow via the Reynolds stresses (Pope,
2000).

We define the unsteady aerodynamic center of pressure on the bluff body base as a
complex-valued order parameter A(?):

1
N [ p(r,0,t)rdrdé

A(t) /p(r, 0,t)re?drds. (9.5

The amplitude | A(t)| is a measure of the degree of asymmetry in the wake, while its phase
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Figure 9.4: Illustration of phase-aligned conditional averaging. We assume that the average at small
amplitudes is representative of the pressure distribution associated with the unstable steady state g”. The
field at any other point can be approximated with spline interpolation, allowing us to explore the amplitude
dependence of the coherent fields. Also shown for reference is the unconditional phase-aligned mean field
and the two-dimensional log-probability distribution, which is roughly analogous to a potential field.

gives the azimuthal orientation of the wake deflection. We approximate this integral with
a Riemann sum over the 64 pressure sensor locations.

The instantaneous strength of the coherent antisymmetric fluctuations associated with
| A(t)| are responsible for the axisymmetric mean flow deformation and nonlinear equilib-
rium of the instability mode (Meliga et al., 2009). The mean field p and steady state p"
are therefore associated with the mean amplitude A = |A(¢)| and A = 0, respectively,
although both fields are themselves axisymmetric. Similarly, an instantaneous amplitude
|A(t)| between 0 and A is associated with an axisymmetric field interpolating between
p°(r) and p(r), though the amplitude itself only directly represents antisymmetric fluc-
tuations. In other words, the part of the instantaneous m = 0 field that resolves the
Stuart-Landau deformation mechanism is a direct function of the order parameter. More
broadly, we expect that the part of the field that is coherent with the order parameter can
be revealed with an average conditioned on its amplitude.

Coherent fields via conditional averaging We expect that the higher-order nonlinear
interactions in the turbulent wake may lead to more complicated amplitude dependence
compared to the weakly nonlinear laminar regime. We therefore propose identifying
parametric modes with a phase-aligned conditional average on the order parameter. The
phase alignment reduces the symmetry of the fields; without this step all asymmetry
would vanish on averaging. On the other hand, the conditional average captures the nat-
ural variation of the field with the order parameter amplitude without any assumptions
on the functional form of the A-dependence.

Beginning with the Fourier decomposition into modes p,,(r,t), we compute the order
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parameter with (9.5) in amplitude-phase representation A = |A|e’?. The phase of the order
parameter can then be removed from each field:

p'(r,0,1) mert m(0=o(t) mert ml (9.6)

We divide the space of observed order parameter amplitudes |A| into histogram bins cen-
tered on A; with width 2AA. For each wavenumber m and histogram bin ¢, the radial
component of 1, (r, A;) is approximated with

b A} = <za;L<r, t>\!|A<t>| Al < AA>. ©7)

We also estimate the base field p°(r) as the conditional mean at m = 0 for the smallest
histogram, i.e. over fields for which |A(t)| < AA.

Based on the symmetry of the flow, we expand the pressure field with a Fourier series
p(r,0,t) = >, Dm(r,t)e™?. The preceding discussion suggests that the part of the field
that is coherent with the symmetry-breaking might be approximated with a parametric
modal decomposition p,,(r,t) ~ ¥, (r, A(t)). In contrast to a fixed space-time separation
of variables, such as is used in proper orthogonal decomposition or dynamic mode de-
composition, this approach allows the modes to naturally deform with the instantaneous
order parameter amplitude. Once the modes v, (1, A) are known, such a representation
reduces the field to a function of this single complex degree of freedom.

For example, if the self-interaction of the fluctuations are assumed to be weakly non-
linear and higher-order nonlinearity is neglected, the axisymmetric component can be
approximated with the leading term in a polynomial expansion, i.e. 1y(r, A) = p°(r) +
|A|?pa(r) + O(]A]*). In a numerical setting, the “shift mode” pa(r) can be determined
either through an asymptotic expansion about the unstable base flow (Sipp & Lebedev,
2007; Meliga et al., 2009), or from the difference between the base and mean flows (Noack
et al., 2003).

Experimentally, neither of these approaches is viable, since the unstable steady state
is typically unavailable. Instead, we propose identifying the parametric modes with a
phase-aligned conditional average on the order parameter, visualized in Fig. 9.4. This
procedure, described in detail in the Materials & Methods section, estimates the part of
the field at each wavenumber that is correlated with the order parameter amplitude |A(?)].
A continuous estimate of the modes can then be constructed with a spline interpolation
of the conditional averages ,,(r, |4;|).

Fig. 9.5 shows the radially integrated modes, along with the axisymmetric mode at
each radial sensor location. The conditional average is compared to a fixed mode ap-
proximation where the spatial structure is fixed at its value at the mean amplitude A. We
draw several conclusions from the amplitude scaling of these modes. First, the axisym-
metric field at m = 0 cannot be described by a fixed mode. The weakly nonlinear scaling
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Figure 9.5: Field deformation in the conditional average. The phase-aligned average gives the coherent
fields as a function of instability amplitude |A| for various azimuthal wavenumbers m. The deformation of
the axisymmetric part of the field cannot be explained by a single fixed mode or weakly nonlinear scaling
(A), even though the deformation has a smooth dependence on the amplitude (C). We approximate this
amplitude dependence with a spline fit (C, dashed lines). On the other hand, the symmetry-breaking fields
at m = %1, £2 are consistent with the fixed-mode assumption of Stuart-Landau theory (B, D).

Yo ~ |AJ* clearly does not hold for typical amplitudes in this case. Fig. 9.5C also shows
the value of the m = 0 field at each of the 8 radial sensor locations as a function of |A|?; a
single fixed mode cannot explain this behavior even if its integrated amplitude is a com-
plicated function of |A|. This indicates that the nonlinear axisymmetric self-interaction
and higher antisymmetric harmonics play a significant role in altering the spatial struc-
ture of the axisymmetric deformation as the fluctuation amplitude changes. However, to
a good approximation both the m = +1 and m = %2 Fourier components can be rea-
sonably well-described by a single fixed mode with linear dependence on |A|. This is
consistent with the typical assumption of the Stuart-Landau theory that the instability is
a fixed eigenmode of the linear operator with variable eigenvalue. Higher wavenumbers
show weak coherence with the order parameter; we therefore truncate the reconstruction
at |m| = 2.

The conditional average can be viewed as an empirical approximation of the slow
manifold related to the symmetry-breaking behavior. Fig. 9.2 visualizes this manifold by
revolving the radially integrated axisymmetric deformation about the ||p||-axis, while
the parabolic “theoretical” manifold is generated from the weakly nonlinear |A|* scaling.

This conditional averaging approach can be viewed as an empirical approximation to
the self-consistent mean-field model (Manti¢-Lugo et al., 2014), since it gives the fields at
arbitrary fluctuation amplitudes without assuming a fixed spatial structure as in standard
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modal analyses. In contrast to the self-consistent model, however, we do not neglect the
influence of higher harmonics on the base flow. Since the modes are derived directly from
experimental data, they naturally account for nonlinear interactions at all orders and can
resolve arbitrary deformations of the axisymmetric component.

Residual projection for mean flow modification Since the symmetry-breaking is linked
to an instability mode, we expect that antisymmetric modes will not significantly deform
with amplitude, so ., (r, |A(t)|) = |A(t)|¢n(r) for m # 0. This is confirmed by the con-
ditional averaging analysis above. However, the coherent part of the axisymmetric com-
ponent is dominated by nonlinear deformations induced by Reynolds stresses, so it may
have a complicated amplitude dependence.

For weakly nonlinear laminar flows, an asymptotic analysis indicates that axisymmet-
ric deformations can be expressed as a function of the instability amplitude |A(¢)|?, pin-
ning the state to the slow manifold (Sipp & Lebedev, 2007; Meliga et al., 2009). However,
the structure of models based on Galerkin projection onto a set of fixed spatial modes sug-
gests that there may be some finite relaxation time to the equilibrium state determined by
|A(t)] (Noack et al., 2003).

In other words, the conditional average defines an approximate slow manifold (illus-
trated in Fig. 9.2), though we would like to avoid assuming the state always resides on
this surface. We address this by introducing an additional (real) degree of freedom B(t)
representing the difference between the axisymmetric field po(r, ¢) and the manifold field
Yo(r, |A(t)[?). If this difference is typically small, the axisymmetric field can be expressed
as a linearization about |A(t)| by defining a new m = 0 mode ¢5(r, |A(t)]?) from the gra-
dient of the manifold:

po(r, A, B) = p°(r) + o (r, |A*) + 2| A| Bys(r, |A[]?) (9.8a)
o

A . 9.8b

ol AR = G| (.80)

This model for the axisymmetric part of the field is a generalization of the fixed “shift
mode” model proposed by (Noack et al., 2003). In particular, if the axisymmetric field
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does have the weakly nonlinear scaling (7, |A(¢)]*) = |A(¢)|*¢o(r) and the linearization
is about the unstable fixed point A = 0, then the tangent field in (9.8) is just 1y(r). For
models based on Galerkin projection it is more natural to define a single coefficient for
each mode. That is, in the models introduced by Noack et al. (2003) and Sieber et al.
(2020), B is defined so that py(r, B(t)) ~ B(t)(r). However, the proposed parametric
expansion in the present work allows the model more flexibility to capture the natural
variations of the flow, without assuming any scaling behavior.

The instantaneous value of this secondary order parameter B(t) can be estimated by

projecting the part of the axisymmetric field not correlated with | A| onto the tangent space
of the slow manifold (see Fig. 9.6):

J (Po(t) = bo(t)) p(t)rdr
[ st s(t)rdr

where the explicit dependence on r and |A(t)| has been omitted everywhere for notational
clarity. In practice, if the axisymmetric mode 1 (r, |A(t)|?) is interpolated in |A|? with a
spline, the tangent field v5(r, | A(t)|*) can be computed with a derivative of the spline at
each radial position .

B(t) ~ (9.9)

We emphasize that the conditional averaging has already resolved the axisymmetric
deformations associated with the Stuart-Landau nonlinear stability mechanism. This sec-
ondary order parameter 5(t) is therefore not strictly necessary to describe the symmetry-
breaking behavior, but it significantly improves the resolution of the model for the ax-
isymmetric fluctuations, reducing the error in the modal approximation by 37%. More-
over, as shown below, the new degree of freedom B(¢) that allows for deviations from
the slow manifold introduces the a finite relaxation timescale that can account for a pre-
viously unexplained peak in the symmetric power spectrum.

With this modal expansion, the base pressure field can be reconstructed with

p(r,0,t) = p°(r) +do(r, |A]*) + 2| A| Byp(r, | A]")

TV
axisymmetric

+ |A‘ Z wm(r)eim(G-‘r(b(t))’ (910)

J

vV
antisymmetric

where the time dependence of A(t) and B(t) has been omitted for brevity. The full model
consists of seven modes: the unstable steady state p°, the symmetric deformation v, the
linearization of the manifold 5, and the instability mode at wavenumber m = +£1, 2.
However, the model only has three degrees of freedom: the complex instability ampli-
tude A(t) and the real axisymmetric deviation from the manifold B(¢). The modal ex-
pansion (9.10) has a straightforward dependence on these degrees of freedom, so it will
behave predictably even when evaluated for a state not in the original data set. All of
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the modes, along with their parametric variation in A, can be directly computed from
experimental observations. An example reconstructed field is shown in Fig. 9.3.

9.4 Reduced-order model of symmetry-breaking

We identify a stochastic model of the form of (9.1) by applying Langevin regression to
the generalized modal coefficients A(t) and B(t), approximating the incoherent turbulent
fluctuations as Gaussian white noise. This method optimizes unknown parameters of a
proposed nonlinear stochastic model using forward and adjoint Fokker-Planck equations
to enforce consistency with experimental statistics. If the form of the model is unknown,
a simple reverse-greedy model selection procedure can identify the simplest model that
explains the observed data (Callaham et al., 2021b). This method explicitly treats inherent
fluctuations of the system as process noise.

Reduced-order models of turbulent flows are generally challenging to construct for
the same reason that the statistical perspective was so successful historically; signals are
dominated by apparently random turbulent fluctuations. The most common approach to
dealing with the fluctuations is to introduce a closure model that approximately captures
their effects, for instance via an eddy viscosity term to achieve the correct dissipation,
without explicitly treating the fast scales (Aubry et al., 1988; Holmes et al., 1996, Noack
et al., 2008).

A major difficulty in treating the fast fluctuations directly is that there is not a strict
enough separation of scales to apply the machinery of near-equilibrium statistical me-
chanics. Although they cannot be formally justified, in practice some approximations
based on statistical mechanics have been successful. For example, while Eulerian statistics
are usually non-Gaussian, central limit theorem arguments suggest that both Lagrangian
variables and integral quantities have near-normal distributions (Monin & Yaglom, 1971;
Kraichnan & Chen, 1989). Similarly, although the turbulent fluctuations are correlated
in time, various modeling methods have nevertheless been successful by approximating
them as white noise (Majda et al., 2001, McKeon & Sharma, 2010; Rigas et al., 2015). Al-
ternatively, recent work has investigated the use of colored noise in linearized flow mod-
els (Zare et al., 2017; Towne, 2021), although classical statistical physics tools such as the
Fokker-Planck equation, which is integral to our system identification method, cannot be
applied in this case.

In previous work the evolution of the order parameter magnitude | A(¢)| has been suc-
cessfully modeled by a stochastic cubic amplitude equation, inspired by the weakly non-
linear normal form (Rigas et al., 2015). However, the weakly nonlinear analysis is pred-
icated on a fixed-mode decomposition, which is at odds with the proposed amplitude-
dependent spatial modes. Nevertheless, as described above a dynamical model with
similar structure can also arise from the mean-field theory of symmetry-breaking phase
transitions, which does not rely on fixed spatial modes or weak nonlinearity.
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Nonlinear stochastic system identification We use the recently proposed Langevin re-
gression method for identifying nonlinear stochastic models (Callaham et al., 2021b) to
identify the drift and diffusion functions rather than presuppose a form based on qual-
itative arguments. This method enables identification of a statistically consistent low-
dimensional nonlinear generalized Langevin equation of the form (9.1). Langevin re-
gression, a stochastic variant of the sparse identification of nonlinear dynamics (SINDy)
approach (Brunton et al., 2016a), optimizes free parameters of a Langevin model via solu-
tions of both the forward and adjoint Fokker-Planck equations. The steady-state solution
of the forward equation gives the steady-state probability distribution, while the adjoint
solution gives the finite-time propagation statistics of the Langevin model (Risken, 1996;
Zwanzig, 2001). Langevin regression simultaneously minimizes the discrepancy between
the Fokker-Planck solutions and statistics computed from the experimental data. This
system identification approach does not require access to the governing equations and
can be applied to arbitrary quantities of interest. Details about the algorithm and numer-
ical methods for solving the Fokker-Planck equations are given in (Soize, 1988) and the
supplementary information of Callaham et al. (2021b).

Moreover, this approach can be combined with the simple reverse-greedy stepwise
sparse regression (SSR) procedure for selecting a parsimonious, but maximally descrip-
tive model from a set of candidates (Boninsegna et al., 2018; Callaham et al., 2021b). This
algorithm sequentially discards functions whose exclusion is associated with the smallest
increase in cost function. The Pareto-optimal model can then be chosen as the simplest
model with a small cost function, as shown in Fig. 9.7. We use a library of polynomi-
als consistent with the expected symmetries as candidate functions. The drift and diffu-
sion functions are approximated by sparse linear combinations of these functions. For
instance, the drift and diffusion libraries for A are

O} (A) = [A AJA]* AJA]* AJA]%] (9.11a)
©2(A) =1[1 |4 |AP]. (9.11b)

Then the approximate drift function is f4(A) = ©4(A)€7, where £ is a relatively sparse
coefficient vector that identifies the library terms that are active in the dynamics. We do
not include the axisymmetric deviation amplitude B because it is not associated with any
symmetry-breaking in the flow and therefore would not appear in the effective potential
for A. The rotational symmetry of the physical system implies that {7 should be purely
real, but since Langevin regression is based on a least-squares method a small imaginary
part will generally be retained. For the sake of a minimum-complexity model we enforce
that £7 is real, although allowing complex-valued coefficients does not noticeably change
the results.
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Likewise, the libraries for B are

©f(B)=[B B* B’ (9.12a)

e’(B)=[1 B BY. (9.12b)
Again, we do not expect strong coupling between the order parameters A and B, since B
was defined primarily to capture fluctuations that were uncorrelated with A.

Decoupling the dynamics also reduces the maximum dimensionality of the regression
problems from three dimensions to two, since the real and imaginary parts of A must
be treated separately. Since Langevin regression is a histogram-based method where the
Fokker-Planck equation is solved and evaluated on a grid, it does not scale well to higher
dimensions. For problems with multiple coupled instability modes, histogram-free ap-
proaches such as Langevin inference (Briickner et al., 2020; Frishman & Ronceray, 2020)
may be more appropriate, although this does not enforce consistency with the steady-
state probability distribution.

The two key parameters in this method are the finite sampling rate, which allows the
fast turbulent fluctuations to appear approximately uncorrelated in the time series, and
the weight of the Kullback-Leibler (KL) divergence between the empirical probability dis-
tribution and the steady-state solution of the Fokker-Planck equation. The latter controls
the relative weight factor of the forward and adjoint Fokker-Planck solutions in the objec-
tive function. We choose sampling rates 200 times slower than the experimental sampling
rate for A and 50 times slower for B and select the KL divergence weight so that the for-
ward and adjoint Fokker-Planck solutions have approximately equal contributions in the
optimization. The values are 10~ and 10? for the A and B optimizations, respectively.
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A m oA YA o oB | VB
1.9 | -19 | 0.840.7¢ | 0.340.37 | —26.7 | 6.7 | 0.2

Table 9.1: Identified coefficients for the Langevin models (9.13).

Model analysis and evaluation Langevin regression identifies clear Pareto-optimal mod-
els for both the A and B dynamics, as shown in Fig. 9.7. That is, we can clearly select a
model with minimal complexity in the sense that neglecting any more terms would cause
the optimization loss function to significantly increase. The full identified model is

A= NA— pA|AP + (04 + 74l AP wi(t) (9.13a)
B = —aB + (op + v B*)ws(t), (9.13b)

with coefficients given in Table 9.1.

The drift function for the order parameter A identified by the model selection has the
form of a Langevin-Stuart-Landau equation, while the drift of the axisymmetric deforma-
tion B is linear relaxation. Physically, since B is defined as the difference between the in-
stantaneous axisymmetric component of the field and that given by the conditional aver-
age on | A[, this models noisy relaxation towards the location on the slow manifold defined
by the instantaneous value of A. This is consistent with the Fourier-decomposed Navier-
Stokes equations; the axisymmetric field does not instantaneously reach the equilibrium
corresponding to the amplitude of the antisymmetric instability, although the relaxation
timescale is often considered negligible in weakly nonlinear laminar flows (Noack et al.,
2003; Meliga et al., 2009).

The method also identifies quadratic state-dependent diffusion for both A and B. This
is perhaps surprising, since the turbulent fluctuations are expected to be locally isotropic
and therefore approximately independent of the large-scale motions (Pope, 2000). How-
ever, similar state-dependent diffusion arises in the case that slow macroscopic dynamics
are averaged over fast degrees of freedom that are excited by stochastic forcing due to
nonlinear coupling across scales (Majda et al., 2001; Pradas et al., 2012). In particular, the
diffusion functions in (9.13) have the same form as a Taylor expansion of the diffusion de-
rived by (Pradas et al., 2012) for an unstable mode with quadratic coupling to stable modes
driven by additive white noise. The state-dependent diffusion also allows the Langevin
model to better resolve the long tails of the probability distributions, as observed by Calla-
ham et al. (2021b).

To evaluate the model, we simulate the Langevin models and construct approximate
pressure fields using the parametric modal expansion (9.8). This reconstruction returns
from the three-dimensional state space of the Langevin model to the 64-dimensional space
of the pressure measurements. We compare the full base pressure distributions in order
to test the ability of the entire model, including both Eq. (9.10) and (9.13), to capture the
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Figure 9.8: Statistical evaluation of the model. The mean-field modal expansion accurately captures
most features of the radially averaged premultiplied power spectrum based only on the order parameters
A(t) and B(t) (gray). Monte Carlo evaluation of the Langevin model (blue) shows that it reproduces the the
empirical probability distributions and dominant frequency content at the leading azimuthal wavenum-
bers.

physical behavior.

The results are compared to both the experimental data and the reconstruction based
on the modal expansion and experimental values of A and B in Fig. 9.8 using both the
empirical probability distribution and the radially averaged premultiplied power spec-
tra. We compare the premultiplied spectra St - ®,,(5t), where ®,,(St) is the estimated
power spectral density of the radially integrated m-th Fourier component, rather than
the power spectral density itself since the area under the premultiplied spectrum directly
corresponds to signal energy. This makes it better suited for comparison of the dominant
energy scales. Although the model is clearly too simplified to capture the full power spec-
trum, it does reproduce the dominant peak for the leading wavenumbers and accurately
approximates the probability distributions.

The compact empirical model (9.13) therefore resolves the dominant physical mecha-
nisms associated with symmetry-breaking in the turbulent wake, including linear insta-
bility, mean-field deformation, and the influence of higher harmonics. Since Eq. (9.13)
gives the drift and diffusion in terms of simple analytic expressions, the behavior of the
model can be fully characterized throughout the low-dimensional state space. For exam-
ple, the Fokker-Planck equation can be used to either numerically compute the steady-
state probability density or predict the evolution of an uncertain distribution of states.
Thus, although the model is fit to a finite data set, its behavior in “unseen” regions (e.g.
|A| > A) can be completely quantified.
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Critically, the model also reproduces the dominant frequency peak in the axisymmet-
ric power spectrum, previously described as a “bubble-pumping mode” (Berger et al.,
1990; Rigas et al., 2014; Boujo & Cadot, 2019), although it does not appear in any stability
analysis (Rigas et al., 2016). This model suggests that this spectral peak may instead be
viewed as the result of a finite relaxation timescale towards the axisymmetric deforma-
tion induced by the amplitude of the instability mode. The spatial field associated with
these dynamics is the gradient of the manifold defined by the conditional average. These
relaxation dynamics are consistent with the underlying Navier-Stokes equations, but this
timescale is often considered negligible for weakly nonlinear laminar flows.

9.5 Discussion

We have demonstrated a data-driven modeling approach to learning interpretable nonlin-
ear models for fluid coherent structures, where multiscale turbulence is treated as state-
dependent stochastic forcing. This approach has been used to develop a simplified mean-
field model of the symmetry-breaking behavior in a turbulent axisymmetric wake. The
empirical model comprises seven parametrically varying spatial modes and three dy-
namical degrees of freedom, and was constructed entirely from experimental observa-
tions. Using a phase-aligned conditional average with respect to the center of pressure,
we have shown that the fixed-mode ansatz of standard modal decompositions cannot
explain the mean-field deformation related to the symmetry-breaking instability of the
turbulent axisymmetric wake. This reflects the higher-order influences as well as non-
linear self-interaction of the axisymmetric part of the flow, both of which are typically
negligible for weakly supercritical laminar flows.

Modeling approaches based on weakly nonlinear approximations have proven highly
successful in laminar flows. However, in this work we have shown that the extension
of this perspective to turbulent flows is more subtle than adding stochastic forcing to
the weakly nonlinear model. The amplitude scaling and structure of the axisymmetric
deformation is inconsistent with the quadratic dependence implied by such an approach,
although the proposed conditional averaging procedure can capture the natural behavior
of the mean flow deformation.

Langevin regression identifies a simple Stuart-Landau-type model for the modal co-
efficients, as well as a quadratic nonlinear state-dependent noise model. This form of
diffusion is consistent with analysis of fast-slow systems with quadratic nonlinearities
where only the fast scales are stochastically forced (Majda et al., 2001; Pradas et al., 2012).
Monte Carlo evaluation of the model matches the stationary probability distributions of
the experimental data and resolves the dominant peak in the power spectrum at the lead-
ing azimuthal wavenumbers. Moreover, the model is simple and interpretable, yielding
physical insights into physical mechanisms including the mean flow deformation and
low-frequency modulation of the recirculation bubble.

Beyond the context of the axisymmetric wake, these results support the parameteri-
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zation of turbulent fluctuations as stochastic forcing of the quasi-deterministic coherent
structures evolving near a slow manifold, at least as an approximation for empirical mod-
els. We emphasize that this description relies on a strict separation of scales, which is
known to be absent in turbulent flows. Even with this caveat, this simplification is ap-
pealing enough for engineering applications such as closed-loop flow control that it may
be useful even if it only holds in an approximate sense. For example, a feedback controller
based on a nonlinear Langevin model has been shown to produce power-efficient drag re-
duction on an Ahmed body with a similar symmetry-breaking instability (Brackston et al.,
2016).

More broadly, we hope that this work illustrates a principled approach to constructing
stochastic reduced-order models from limited experimental observations of a turbulent
flow. Although much progress has recently been made in developing stochastic mod-
els of turbulent flows using the linearized governing equations (Zare et al., 2017; Towne,
2021) and with empirical models of experimental data (Rigas et al., 2015; Sieber et al.,
2020; Herrmann et al., 2020), there are many open questions about how the heuristics
of low-dimensional models of weakly nonlinear flows will translate to fully-developed
turbulence. In this work we have chiefly focused on the mean-field deformation asso-
ciated with the symmetry-breaking bifurcation, but recent studies have highlighted the
role of higher-order triadic nonlinear interactions in capturing the dynamics of both nat-
ural (Schmidt, 2020) and actuated (Herrmann et al., 2020) turbulent wakes. Capturing
the interactions between instability modes (for instance, symmetry-breaking and vortex-
shedding) may also prove critical in developing models suitable for active flow control.

As fully empirical data-driven methods continue to grow in popularity and utility,
ensuring consistency with the underlying physics remains a central challenge. The model
proposed in this work captures many of the essential statistical features of the data and
leads to new hypotheses about the behavior of the axisymmetric wake in particular and
globally unstable turbulent flows in general.
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Chapter 10
DATA-DRIVEN DOMINANT BALANCE MODELING

It is well known across the engineering and physical sciences that persistent behaviors
in complex systems are often determined by the balance of just a few dominant physical
processes. This heuristic, which we refer to as dominant balance, has played a pivotal
role in our study of systems as diverse as turbulence (Holmes et al., 1996), geophysical
fluid dynamics (Gill, 1982; Lighthill, 1966), and fiber optics (Blow & Wood, 1989). It is
also thought to play a role in the emerging fields of pattern formation (Cross & Hohen-
berg, 1993; Morris et al., 1993; Grzybowski et al., 2000), wrinkling (Cerda & Mahadevan,
2003), droplet formation (Shi et al., 1994), and biofilm dynamics (Seminara et al., 2012).
These balance relations provide reduced-order mechanistic models to approximate the
full complexity of the system with a tractable subset of the physics.

The success of dominant balance models is particularly evident in the field of fluid
mechanics. The Navier-Stokes equations describe behavior across a tremendous range
of scales, from water droplets to supersonic aircraft and hurricanes. Thus, much of our
progress has required simplifying the physics with nondimensional parameters that de-
termine which terms are important for a specific problem. Perhaps the most well-known
dimensionless quantity, the Reynolds number, embodies the balance between inertial and
viscous forces in a fluid. Other nondimensional numbers capture the relative importance
of inertial and Coriolis forces (Rossby number), inertia and buoyancy (Froude number),
and thermal diffusion and convection (Rayleigh number), among dozens of other pos-
sible effects. In many situations, the magnitude of these coefficients determine the im-
portant mechanisms at work in a flow; conversely, they determine which mechanisms
may be safely neglected. In geophysical flows, balance arguments bypass the incredible
complexity of the ocean and atmosphere to identify driving mechanisms such as geostro-
phy, the thermal wind, Ekman layers, and western boundary currents (Lighthill, 1966;
Gill, 1982). Lighthill, one of the most influential fluid dynamicists of the 20th century,
often relied on dominant balance arguments as physical motivation for his mathematical
analyses (Lighthill, 1952, 1966). Beyond fluid mechanics, asymptotic methods have been
crucial in characterizing a diverse range of physical behavior.

Advanced statistical tools now allow analysis of the increasing wealth of data from
modern experimental and numerical methods, but to date there is no direct link between
this data and the powerful insights of asymptotic scaling analysis. This presents an ex-
citing opportunity to leverage data-driven methods, which are driving changes in a wide
range of fields, from control (Pastoor et al., 2008; Verma et al., 2018) to turbulence model-
ing (Duraisamy et al., 2019), forecasting (Lguensat et al., 2017), and extreme event predic-
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Figure 10.1: Schematic of the dom-
inant balance identification procedure
applied to a turbulent boundary layer.
High-resolution direct numerical simu-
lation results (a, visualized with a tur-
bulent kinetic energy isosurface) are av-
eraged to compute the terms in the
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tion (Wan et al., 2018). Although some studies have addressed the dominant balance prob-
lem by using expert knowledge to design application-specific clustering algorithms (Port-
wood et al., 2016; Lee & Zaki, 2018) or a post hoc interpretation of unsupervised clustering
in terms of dominant balance (Sonnewald et al., 2019), to our knowledge the general chal-
lenge of identifying local dominant balance regimes directly from data remains open.

In this work, we develop a generalized data-driven method to identify dominant bal-
ance regimes in complex physical systems. Figure 10.1 demonstrates the method applied
to fluid flow over a flat plate in transition to turbulence. We introduce a geometric per-
spective on dominant balance in which standard machine learning tools can automatically
identify dominant physical processes. The geometric approach naturally links the analy-
sis to the underlying equation so that the entire procedure can be easily interpreted and
visualized. This data-driven method is designed to be applied in tandem with, rather than
supplant, classical asymptotic analysis; the flexibility and generality of this combination
extends balance modeling to a broader range of systems.

Our approach begins with a governing equation, which might be derived from funda-
mental physics (e.g. Maxwell’s equations or the Navier-Stokes equations) but could also
result from a model discovery procedure (Schmidt & Lipson, 2009; Brunton et al., 20164;
Rudy et al., 2017). These governing equations are physical models capable of describing
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a wide range of phenomena. However, it is well understood that the full complexity of
such models is not always necessary to describe the local behavior of a system. In many
regimes the dynamics are governed by just a subset of the terms involved in the global
description.

We introduce the idea of an equation space, where each coordinate is defined by one
of the terms in the governing equation. Each term may be evaluated individually at any
point in space and time, resulting in a vector with each entry corresponding to a term in
the governing equation. We define a dominant balance regime as a region where the evo-
lution equation is approximately satisfied by a subset of the original terms in the equation;
the remaining terms may be safely neglected. When a point in the field is approximately
in dominant balance, the equation space representation of the field will have near-zero
entries corresponding to negligible terms. Clearly, the equation space representation of a
tield is not unique; a fluid flow might be represented by velocity, vorticity, or streamfunc-
tion, for example. The interpretation of the dominant physics therefore depends on the
choice of an appropriate governing equation for the application.

Dominant balance physics thus has a natural geometric interpretation in equation
space, allowing standard machine learning tools to automatically identify regions where
groups of terms have negligible contributions to the local dynamics. From this perspec-
tive, a dominant balance regime is characterized by a cluster of points that have significant
covariance in directions of equation space corresponding to active physical processes. The
covariance structure of this cluster is sparse in the sense that there is weak variation in
directions that represent the negligible terms. This corresponds to the mathematical con-
dition that the governing equation is approximately satisfied by a subset of its terms in a
local region.

While such dominant balance regimes might be identified by many possible algo-
rithms, we choose to cluster the data using Gaussian mixture models (GMM) (Bishop,
2006) and then extract a sparse approximation to the direction of maximum variance for
each cluster using sparse principal components analysis (SPCA) (Zou et al., 2012). We
take the active terms in each cluster to be those that correspond to nonzero entries in the
sparse approximation to the leading principal component.

In simple cases, this two-step GMM-SPCA procedure may be equivalent to applying
a hard threshold, where a term is considered active if it exceeds some small value. How-
ever, our approach considers the local, relative importance of terms, whereas thresholding
describes global, absolute importance. This distinction is important in multiscale systems
where the scale of the dynamics varies significantly throughout the domain.

The data-driven approach to dominant balance analysis generalizes traditional meth-
ods in several critical directions. First, it does not rely on any explicit assumption of
asymptotic scaling. Second, the clustering method yields pointwise estimates of the spa-
tiotemporally local dominant balance not afforded by traditional scaling analysis in com-
plex geometries. Third, while many dominant balance regimes have been proposed or
assumed based on heuristic or intuitive arguments, this method provides an objective,
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reproducible approach to testing these hypotheses. Finally, the probabilistic Gaussian
mixture modeling framework is fully compatible with the relative nature of dominant
balance analysis, providing natural estimates of uncertainty in the identified balance

This chapter includes an overview of the proposed method (Sec. 10.1) along with ex-
ample applications to the unsteady cylinder wake (Sec. 10.2) and the mean profile of a
boundary layer in transition to turbulence (Sec. 10.3). For further analysis and additional
examples, including a geophysical flow and a combustion analog, see the original work
by Callaham et al. (2021a).

10.1 Unsupervised dominant balance identification

In many fields of physics, painstaking analyses have produced models that are capable of
describing a wide range of physical phenomena. However, it is well understood that the
full complexity of such models is not always necessary to describe the local behavior of a
system. We find that in many regimes the dynamics are governed by just a subset of the
terms involved in the global description. A general evolution equation for the field u(z, t)
on the domain (z,t) € D can be written as

K
N (u) :Zfi(u,uw,um,...,ut,...) =0. (10.1)
i=1

For example, the viscous Burgers’ equation is
N(u) = up + vty — Vg, =0 (10.2)

We represent the equation in this implicit form rather than the typical v, = F(u) form
for two reasons. First, it includes arbitrary PDEs which are not easily expressed in the
standard form. Second, this form highlights the fundamental balance of the equation; all
terms must sum to zero. If some subset is are dominant, the rest must be relatively small.
We assume the total number of terms K is known, either from the physical model or as
the result of a model selection procedure (Mangan et al., 2017).

Consider an “equation space” where each coordinate is defined by one of the K terms
in Eq. (10.1). Ateach point (z,t) in space and time, each of the K terms f; in the governing
equations (10.1) may be evaluated at u(z, t), resulting in a vector f € R¥:

Flot) = [fi(u(z,t),...) folulz,t),...) - fr(ulz,b),..)]". (10.3)

By construction, 17 f(z,t) = N(u) = 0 for all (z,¢) € D. Simulated or measured field data
is typically discretized, so the domain is approximated by N spacetime points: D ~ {(z,t)/
The field at each of these points corresponds to a point in equation space.

We define a dominant balance regime as a region R C D where the evolution equation
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is approximately satisfied by a subset of p < K of the original terms in the equation; the
remaining terms may be neglected. In this case f(z,t) will have near-zero entries corre-
sponding to negligible terms when (z,t) € R. Geometrically, the field is approximately
restricted to p of the original K dimensions of the equation space, resulting in a subspace
that is aligned with the active p terms.

This geometric perspective on dominant balance physics leads naturally to segmen-
tation via unsupervised clustering. For example, the Gaussian mixture model (GMM)
framework learns a probabilistic model by assuming the data are generated from a mix-
ture of Gaussian distributions with different means and covariances (Bishop, 2006). The
learned covariances for each cluster can then be interpreted in terms of active and inac-
tive terms in the evolution equation. The N spacetime points in D are used to train a
mixture model; the algorithm treats points from a dominant balance regime as if they
were generated from a distribution with near-zero variance in the directions correspond-
ing to negligible terms. Data beyond the original inputs can efficiently be assigned to a
balance model using the trained GMM.

In practice, there is no reason to expect the points will even approximate a mixture
of Gaussian distributions. We therefore expect that the number of clusters required to
capture all of the relevant physics will exceed the number of distinct balance regimes, re-
sulting in redundant clusters. Furthermore, there is some ambiguity in the interpretation
of “near-zero variance”. We address both of these issues using sparse principal compo-
nents analysis (SPCA) (Zou et al., 2012), which uses ¢; regularization to extract a sparse
approximation to the leading principal component. If a cluster describes a dominant bal-
ance regime, it should be well-described by its direction of maximum variance. Moreover,
this leading principal component should have many near-zero entries. We apply SPCA
to the set of points in each GMM cluster and take the active terms in the cluster to be
those which correspond to nonzero entries in the sparse approximation to the leading
principal component. The number of models can then be reduced by grouping clusters
with the same set of active terms (or equivalently, the same sparsity pattern in the SPCA
approximation).

Dominant balance identification can be seen as a localized active subspace analysis in
equation space (Constantine et al., 2014). Rather than assuming that there is a global de-
composition into approximately active and inactive subspaces, we simultaneously search
for subspaces corresponding to different balance relations and the regions of the domain
where the dynamics are well-described by this subspace.

Burgers’ equation One of the simplest models that demonstrates dominant balance is
the viscous Burgers’ equation, shown in Fig. 10.2. Shocks form from the nonlinear ad-
vection and are dissipated by the viscous term. Away from the shock front, however, the
gradients of the field are relatively weak, so viscosity does not contribute significantly to
the dynamics. Figure 10.2 demonstrates the balance identification procedure applied to a
snapshot of the viscous Burgers” equation example. Most of the field is classified into two
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Figure 10.2: Dominant balance of the viscous Burgers’ equation. The fields highlight identified domi-
nant balance (a), with constituent terms shown in (b). The viscous term acts to diffuse sharp gradients and
prevent formation of a discontinuous shock, but away from the shock front the dynamics are essentially
inviscid. Away from the shock front, the field is approximately restricted to the vu,, = 0 plane (c). This is
reflected in the covariance matrices learned by the Gaussian mixture model (d).
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clusters, corresponding to either no dynamics or an inviscid balance between acceleration
and advection. Only a narrow slice along the shock front belongs to a cluster in which
viscosity is active.

In simple cases, this two-step GMM-SPCA procedure might be replaced with a hard
threshold; if a term exceeds some value ¢ it is “on”. However, the proposed method of-
fers two main advantages over thresholding. First, the idea of dominant balance has a
natural geometric interpretation in equation space, thereby avoiding setting an arbitrary
threshold for which diagnostics and interpretation may not be straightforward. Second,
our method considers the local, relative importance of terms, whereas thresholding de-
scribes global, absolute importance. For example, this distinction is significant in multi-
scale systems with some background process underlying intermittent bursts of activity.
The intermittency is dominated by a balance between terms which may be much larger
than the background process, although the dynamics during quiescent periods would
be determined primarily by the background process. In this case an absolute threshold-
ing method would either choose the background process to be always on or always off,
whereas a relative approach recognizes that the dominant local balance simply changes
during the intermittent activity.

10.2 The unsteady cylinder wake

Flow past a cylinder at moderate Reynolds number is a prototypical flow configuration
for bluff body wakes. The wake transitions from steady laminar flow to periodic vortex
shedding via a Hopf bifurcation at Re ~ 46. The transition from linear instability to a sta-
ble limit cycle is itself a fascinating example of dominant balance in fluid mechanics and
dynamical systems. The quadratic nonlinearity, initially inactive in the linear regime, me-
diates energy transfer between the mean flow and instability modes, deforming both until
an energy balance is reached in the periodic limit cycle. This nonlinear stability mecha-
nism was first described by Stuart (1958); Landau & Lifshitz (1959) and later employed for
reduced-order modeling (Noack et al., 2003). Even in the stable limit cycle, however, the
local dynamics of the flow vary widely throughout the domain, highlighting mechanisms
that give rise to von Karman-type vortex streets in a wide variety of flows.

We simulate this configuration at Re = 100 with unsteady incompressible DNS using
the open source spectral element solver Nek5000 (Fischer et al., 2008). The domain con-
sisted of 17,432 seventh order spectral elements on z,y € (—20,50) x (—20, 20), refined
close to a cylinder of unit diameter centered at the origin. Diffusive terms are integrated
with third order backwards differentiation, while convective terms are advanced with
a third order extrapolation. The results of this simulation have been validated against
those of the immersed boundary projection method (Taira & Colonius, 2007) by com-
paring aerodynamic coefficients and vortex shedding frequency. We extract the vorticity
field and spatial terms in equation (10.5) directly from the solver for further analysis.
Time derivatives for dominant balance identification were estimated with a second order
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central difference.

Governing equations and analytic scaling This unsteady, incompressible, viscous flow
is governed by the two-dimensional Navier-Stokes equations:

1
a+ (a-V)u = —;vgs +vVia (10.4a)
V-a=0, (10.4b)

where w is the velocity field, p is the pressure, p is the density, and v is kinematic viscosity.
Of course, these equations themselves involve some degree of approximation, ignoring
effects such as compressibility and gravity, making use of the Newtonian form of the
stress tensor, and assuming Fickian diffusion, though they have proven highly accurate
when applied in the correct regime. Nevertheless, there are distinct regimes in this simple
wake flow.

For the wake behind a circular cylinder, the most relevant scales are the cylinder di-
ameter L and free-stream velocity U. Dimensional analysis then suggests that

1 0 U

Y o 2 ) AN — () ~
anU,  perlh VO~ g ()~

Nondimensionalizing with respect to these scales, we find that the viscous term is smaller
than the others by a factor of the Reynolds number, Re = UL /v, resulting in the familiar
nondimensional form of the Navier-Stokes equations:

1
@v% (10.5a)

V.ou=0 (10.5b)

u+ (u-V)u=-Vp+

The variables and operators have been nondimensionalized according to the previous
scales. For even moderately large Reynolds numbers, we would expect the flow to behave
in an approximately inviscid manner away from the cylinder. Thus, structures formed in
the near-wake region will be advected downstream by the mean flow with only weak
dissipation, as observed in the vortex street.

Near the cylinder, the no-slip boundary conditions due to viscosity change the behav-
ior qualitatively. If we examine the flow at a point a distance § < L from the wall, then
4 is a more appropriate length scale for the gradients. However, since the near-wall flow
varies on a similar timescale to the wake, suppose that U/L is still a good scale for the
time derivative. The various terms then scale as

_U? _ _ U?
g ~ (U'V)UNT -
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We find that the acceleration term is now smaller by a factor of §/L, and expect the vis-
cous term to be balanced by advection and the pressure gradient. The relatively strong
gradients near the wall give rise to the vortex structures which characterize the wake.

Identified dominant balance Figure 10.3 shows an example vorticity field along with
views of the 4D equation space corresponding to Eq. (10.5). Although the method treats
space and time equivalently, here we freeze time and explore a single snapshot; since the
flow is periodic we expect the results to be representative. The visualization in equation
space clearly reveals signatures of balance relations. One set of GMM clusters is nearly
restricted to the the zero-viscosity plane, while another has reduced variance in the accel-
eration direction. The sparse approximations to the leading principal components of each
cluster confirms this intuition; we use SPCA to construct balance models by grouping the
Gaussian models with non-negligible variance in the same directions. As expected, the
far wake is approximately inviscid, while the region near the cylinder is dominated by
a balance between viscosity, pressure, and advection. This method also identifies other
approximate regions, such as a low-pressure-gradient balance between acceleration and
advection (blue), slowly varying potential flow (green), and a far-field region with near-
zero dynamics (white).

Nonlinear stability The cylinder wake at moderate Reynolds number is of particu-
lar interest in the reduced-order modeling community because it is a canonical exam-
ple of a self-limiting instability exhibiting the Stuart-Landau nonlinear stability mecha-
nism (Noack et al., 2003; Sipp & Lebedev, 2007; Manti¢-Lugo et al., 2014). The steady-state
solution (ug, py), defined as'

(ug - V)ug = —Vpy + Re™'V3uy, (10.6)

becomes unstable to infinitesimal perturbations at Re. ~ 46. At this critical parameter
value, the flow undergoes a Hopf bifurcation (Jackson, 1987; Provansal et al., 1987); the
asymptotic solution is the limit-cycle vortex shedding explored above.

The mechanism by which the exponential energetic growth of the linear instability
transitions to a stable limit cycle may be understood in terms of the Stuart-Landau mean
tield theory. An arbitrary flow field may be decomposed into the steady-state “base” flow
uo and a time-varying perturbation u':

u(x,t) = up(x) + u'(x,t). (10.7)

A similar expansion can be applied to the pressure field. Expanding the momentum equa-

L All fields are understood to be divergence-free; here we give only the momentum equations for brevity.
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Figure 10.3: Vorticity snapshot for the wake behind a cylinder at Re = 100 (a). A Gaussian mixture
model (GMM) assigns field points to clusters by looking for groups with distinct mean and covariance (b).
For instance, some clusters vary mainly in the acceleration-advection directions, while others vary princi-
pally in the viscous-advection directions. We would expect these to represent the far-field and boundary
regions, respectively. This is confirmed by the sparse principal components analysis (SPCA) reduction,
where clusters with significant nonzero variance in the same directions are grouped together (c). These
directions can be interpreted as active terms in the balance relation (d). As anticipated, the region near the
cylinder is dominated by a balance between viscosity and advection and pressure forces, while the far wake
is approximately inviscid (e).
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Figure 10.4: The role of nonlinearity in stabilizing a von Karman vortex street. The transient flow
evolves from an unstable steady-state through the exponential growth of a linear instability mode to the
vortex shedding limit cycle (a, visualized with lift coefficient C1). Only one balance is identified that in-
cludes the nonlinear term (u’ - V)u'. This balance does not appear significantly in the linear growth regime
(d), consistent with the correspondence between the fluctuations and the instability mode. The fully sat-

urated limit cycle is dominated by this balance, however, confirming the interpretation of the stabilizing
feedback loop mediated by the nonlinearity.
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tions, we find that the fluctuations evolve according to
)+ (ug - V)u' + (u' - Vug + (v - V)u' = —=Vp' + Re 'V (10.8)

The only part of these equations that is nonlinear in u’ is the advection term (u' - V)u'.
Linear stability analysis proceeds by assuming the fluctuations are weak enough that this
term is negligible.

However, the exponential growth of unstable modes implies that eventually this as-
sumption cannot hold; in order for the energy of the flow to be bounded at long times
the nonlinearity must play a stabilizing role. This is typically conceptualized as a mean
field deformation. The mean of the limit cycle has a much shorter recirculation region
than the steady-state solution and is approximately neutrally stable (Barkley, 2006). The
role of the nonlinearity is thus understood as a feedback mechanism. The base flow is
deformed in a manner that reduces the growth rate of the instability. The two come into
energetic balance on the limit cycle, where the mean flow becomes neutrally stable; this
is the basis for the “self-consistent” mean field modeling approach (Manti¢-Lugo et al.,
2014). Although this argument is based on a linear perturbation analysis of a smoothly
deforming base flow, it can be confirmed more rigorously close to the critical Reynolds
number with a weakly nonlinear expansion (Sipp & Lebedev, 2007).

The role of the nonlinearity can also be examined from the perspective of dominant
balance, without assuming either linearity or proximity to the bifurcation. Figure 10.4
shows the transient evolution of the cylinder wake, from the unstable steady-state through
the linear growth region and ultimately to the vortex shedding limit cycle. We apply
dominant balance anlysis to the evolution equation for the base-subtracted snapshots,
Eq. (10.8) in both the linear instability regime and the post-transient limit cycle. The
method identifies four dominant balances: a far-field steady balance between base flow
advection and the pressure gradient (green), a steady viscous region (orange), an inviscid
linear balance (blue), and finally a balance including the nonlinear term (purple).

The nonlinear balance is largely absent from the transient growth snapshot. This is
expected from the assumptions of linear stability analysis; the fluctuations at this stage
are nearly identical to the linear instability mode (Barkley, 2006). On the other hand,
the wake region of the post-transient snapshot is largely nonlinear, which confirms the
picture of the role of nonlinearity in stabilizing the limit cycle.

Moreover, this analysis clearly demonstrates the instantaneous local balance of the
terms, without relying on either assumptions of linearity or limiting parameter regimes.
This distinguishes it from analyses such as weakly nonlinear expansions, self-consistent
modeling, and energy balance arguments. Furthermore, this method is non-intrusive and
could be applied to either experimental or numerical observations with more complex
decomposition structures such as the harmonic balance expansion approach to nonlinear
resolvent analysis (Rigas et al., 2021).
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10.3 A turbulent boundary layer

One of the major breakthroughs in the study of fluid mechanics in the 20th century was
the development of boundary layer theory (Schlichting, 1955; Pope, 2000). In many prac-
tical applications fluids can be treated as inviscid, but close to solid boundaries strong
velocity gradients lead to significant viscous forces. Prandtl showed in 1904 that careful
scaling analysis applied to the governing Navier-Stokes equations reveals distinct regimes
where the behavior of the fluid is essentially determined by a small subset of the full equa-
tions. In turn, these balance relations can be used to derive powerful scaling laws such as
the so-called “law of the wall”.

Although such analyses can be intractable for general turbulent flows, one of the most
important canonical configurations is zero pressure gradient flow over a flat plate par-
allel to the free stream velocity. The zero pressure gradient ensures that the free-stream
velocity is constant in the streamwise direction at large distances from the wall. This
tlow is statistically two-dimensional; the configuration does not vary in the cross-stream
direction so the mean flow only varies in the streamwise and wall-normal directions.

To study dominant balance physics in the turbulent boundary layer, we use the tran-
sitional DNS by Lee and Zaki (Zaki, 2013; Lee & Zaki, 2018; Wu et al., 2019), openly
available from the Johns Hopkins Turbulence Database (Perlman et al., 2007; Li et al.,
2008)?. The full computational domain consists of a long flat plate with an elliptical
leading edge. The extent of the domain (in units defined by the plate half-thickness) is
(z,y, z) € (1040, 40, 240) with periodic boundary conditions in the spanwise (z) direction,
discretized to (Nz, Ny, Nz) = (4097, 257,2049). Since the configuration of interest is a zero
pressure gradient flat plate boundary layer, the DNS results are only saved once the flow
passes the elliptical leading edge (z > 30.2185). The inflow consists of small amplitude
free-stream turbulence superimposed on a uniform streamwise velocity Uy, incident on
the plate. The interactions of these perturbations with the laminar boundary layer cause
a downstream transition to turbulence (Zaki, 2013).

Since we are interested here in the mean momentum balance, we only use the 2D mean
tield (also available from JHTDB), which was computed from 4701 data snapshots once
the flow reached a statistically stationary state. Without direct access to the gradients, we
compute the constituent terms of the RANS equations with second-order accurate finite
differences, as shown in Fig. 10.1b. Although some of these fields show small fluctuations,
the overall smoothness suggests the statistics are approximately converged.

Governing equations and analytic scaling After performing the Reynolds decomposi-
tion of the variables into mean and fluctuating components, e.g. u = @ + v/, the mean
flow is determined by the Reynolds-averaged Navier-Stokes (RANS) equations. For the

2https:/ /doi.org/10.7281/T17S7KX8
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streamwise mean velocity u, the equation is
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The terms on the left represent mean flow advection, while those on the right are the pres-
sure gradient, viscosity, wall-normal Reynolds stress, and streamwise Reynolds stress,
respectively.

One of the challenges in studying this flow is that there are multiple length scales. Fol-
lowing (Holmes et al., 1996), we may consider a streamwise length scale L, a wall-normal
length scale ¢, and a viscous length scale n = v/u,, where u, is the “friction velocity”
associated with the shear stress at the wall.

Beginning with the “outer” region of the boundary layer (where y > 1), suppose the
mean streamwise velocity @ scales with the free stream U, while the turbulent fluctua-
tions «’, v’ scale with u.. As with the previous example, assume that the derivatives scale
with the corresponding length scale, so that for instance (-), ~ 1//. For instance, the con-
tinuity equation @, + v, = 0 implies that v ~ U (¢/L). By this reasoning typically we
would expect the mean velocity gradient u, to scale with U, /¢, but as argued in (Holmes
et al., 1996), the gradients in the outer part of the layer are much weaker than near the
wall, and empirically a better estimate is @, ~ u,/¢. Then for the streamwise momentum
equation we find

2
N Uz, —_— U Uso i vU P VU,
L’ Y L m L2’ v 2’

Uy

2
—_— (%
@)y~ (W)~ 7

and the pressure gradient is negligible by construction. Since L > ¢ we neglect the
streamwise Reynolds stress compared to the wall-normal term. On the other hand, since
Uss > u,, we can assume the mean flow advection is dominated by the streamwise com-
ponent u,. Finally, the viscous terms are smaller than the advection by a factor on the
order of the Reynolds number Re;, = U, L/v > 1. The outer part of the boundary layer
is then determined by an inertial balance between streamwise mean flow advection and
wall-normal Reynolds stress:

(W), = —ui,. (10.10)

However, this relation cannot describe the near-wall regime, where viscosity is known
to be important. In this region we expect the wall-normal derivatives to scale with (-), ~
1/n = u,/v. As a consequence of the no-slip boundary conditions, in this region the free-
stream velocity is not an appropriate scale for the streamwise component and we should
instead use the friction velocity u,, so that

2
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In this case the wall-normal Reynolds stress is larger than the mean flow advection by
a factor of L/n > 1 and must instead be balanced by the viscosity. Therefore, in a thin
viscous sublayer near the wall the dominant balance is

(W), = vily,. (10.11)

The overall picture is then that the Reynolds stress must be balanced by mean flow
advection in the inertial sublayer and by viscosity in the near-wall region. Outside of the
turbulent boundary layer the Reynolds stresses and mean wall-normal velocity are neg-
ligible, so small variations, for instance due to incompletely converged statistics, should
be described by the balance u, = —p~'p,. In a true zero pressure gradient flow both of
these would be zero in the free stream.

Identified dominant balance Figure 10.1 shows the equation space clusters and associ-
ated dominant balance models for the mean fields. As with the cylinder example, some
sets of points have significantly reduced variance in certain directions of equation space,
a strong signature of the dominant balance phenomenon.

The method identifies regions corresponding to the viscous sublayer (10.11), inertial
sublayer (10.10), and slightly perturbed free stream. It also identifies a region near the
inlet characterized by a lack of Reynolds stresses, suggesting the mean profile here should
be consistent with the laminar solution. The boundaries between balance regimes need
not be sharp, however, especially in a transitional flow. In this case a cluster containing
all of the active terms in the zero-pressure-gradient flat plate turbulent boundary layer
equation is identified between the laminar inflow region and fully developed turbulence
downstream.

Equations (10.10) and (10.11) are a starting point for many of the results of boundary
layer theory; from these a range of useful laws can be derived, such as the logarithmic
mean velocity profile in the inertial sublayer. Although we ultimately hope that data-
driven balance identification will open new avenues of analysis, we can also use estab-
lished results to examine the validity of the proposed method.

For example, the dominant length scale ¢ in the inertial sublayer is expected to depend
on the streamwise coordinate = via a power law ¢ ~ 2%° (Schlichting, 1955). It is not
usually obvious how to extract a specific value of ¢ for which this scaling can be checked.
However, as a rough proxy we may consider the wall-normal coordinate at which the
dominant balance changes from that of the inertial sublayer to the free-stream. Figure
10.1 shows the growth of the inertial sublayer thickness according to this definition along
with a power law fit with exponent 0.81, showing close agreement with the expected
value of 4/5. Although this evidence is somewhat circumstantial, it is at least suggestive
that the balance model identification procedure reflects the underlying physics.
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Figure 10.5: Self-similarity in the transitional boundary layer. The spatial dominant balance regimes
are consistent with known self-similarity in the boundary layer. The laminar balance (Fig. 10.1, purple and
green) extends to approximately « = 200, a region over which the mean profile approximately matches the
Blasius solution (left). Similarly, the turbulent viscous sublayer (Fig. 10.1, red) implies scaling with wall
units (right). The mean profile with this scaling collapses until approximately the wall-normal extent of the
identified viscous layer, as indicated by dashed lines.

Self-similarity Boundary layers are known to exhibit distinct self-similarity in both
the laminar and turbulent regimes (Schlichting, 1955). In the laminar regime, Prandtl’s
boundary layer equations may be solved by introducing a similarity variable = y/Us /vz
and a dimensionless streamfunction f(7n) such that u(z, y) = U f'(n). With this ansatz the
momentum equations reduce to the Blasius equation

2"+ f"f =0 (10.12)

with boundary conditions f(0) = f/(0) = 0 and f/(c0) = 1. We expect that the mean field
of the transitional boundary layer will be approximately given by the Blasius solution
in the regions identified with negligible Reynolds stress (green and purple in Fig. 10.1),
which extend to approximately x = 200.

The left panel of Fig. 10.5 confirms this by comparing the numerically computed Bla-
sius solution to the mean DNS profile. The mean flow closely matches the Blasius profile
for the region identified with a laminar dominant balance (solid lines), but significant
discrepancies appear in the transitional region (dotted lines).

The scaling of the turbulent region is significantly more complicated, and aspects of it
are still a topic of debate (Barrenblatt et al., 1997; Zagarola & Smits, 1998; Morrison et al.,
2004; Nickels et al., 2005; Marusic et al., 2010; Smits et al., 2011; Marusic et al., 2013). In the
inner layer, the balance between Reynolds stress and viscosity given by (10.11) suggests
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the relevant length scale is determined by the friction velocity (Jiménez, 2013). In this case
the appropriate scaling is in “wall-units”:

+ = y;‘ = (10.13)

Y

The specific variation of u™ with y* is usually throught to transition from a linear depen-
dence in the very near-wall region to a the logarithmic “law of the wall” before the scaling
changes to that of the outer inertial sublayer. Regardless of the specific functional form,
the velocity profile should be self-similar in wall units throughout the viscous-dominated
region (red in Fig. 10.1).

The right panel of Fig. 10.5 shows that the mean profile of the turbulent region does
indeed collapse in wall units until approximately y™ ~ O(10%), as expected (Jiménez,
2013). The dashed lines indicate the wall-normal extent of the viscous layer; the self-
similarity begins to noticeably deteriorate above this point for all streamwise locations.

The identified dominant balance regions are thus consistent with expected self-similarity
in the boundary layer, in both laminar and turbulent regimes. This behavior is not built
into the algorithm in any way, but the result suggests that the method does indeed iden-
tify the correct physical balance in space.

10.4 Discussion

In one guise or another, dominant balance analysis has played a major role in the devel-
opment of our understanding of many complex systems. In this paper, we have proposed
a method of identifying dominant balance regimes in an unsupervised manner directly
from data. This approach leverages our understanding of the full physical complexity in
the form of governing equations, but by using simple clustering and sparse approxima-
tion methods, we avoid any a priori assumptions about balance relations. Nevertheless,
the method identifies dominant balance relationships that either recover classical scaling
analysis (in the case of the boundary layer and Gulf of Mexico) or confirm arguments
based on physical intuition (in the case of nonlinear optics, the Hodgkin-Huxley model,
and the combustion analog).

The critical step in this process is the equation space perspective. By considering each
term in the governing equation to describe a direction in this space, the dominant balance
relations naturally manifest via restriction to subspaces, dramatically reducing variance
in directions corresponding to negligible terms. This observation enables the Gaussian
mixture model to identify clusters with variance in different directions, and the sparse
principal components analysis to extract sparse subspaces by finding directions with sig-
nificantly nonzero variance. These machine learning tools are applied in a targeted and
clearly motivated context, and the equation space perspective necessarily ties the output
to underlying physics.

This data-driven approach has the same goal as traditional methods such as scaling
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analysis, but introduces several new features. It is a principled, objective approach that
does not require the assumption of asymptotic parameter regimes, while providing an es-
timate of the locally active physical processes throughout domains with arbitrarily com-
plex geometries. The proposed method retains the advantages of the classic approach,
but generalizes to a range of disciplines to which traditional analysis cannot readily be
applied.

Dominant balance analysis has historically been a critical tool for understanding local
physical behavior in complex systems. Non-asymptotic data-driven methods could be
used to better understand the behavior of more exotic dynamics such as non-Newtonian
turbulence (Samanta et al., 2013) or to study important transitional behavior in cases
where the asymptotics are already well known (Hof et al., 2004; Eckhardt et al., 2007; Avila
et al., 2011). In the latter case, a clear understanding of the active mechanisms has proven
crucial to successful control strategies (Du & Karniadakis, 2000; Hof et al., 2010).

The existence of dominant balance limiting regimes even in complex nonlinear spa-
tiotemporal systems is consistent with the observation that these systems can often be
described with sparse representations in function space (Brunton et al., 2016a; Rudy et al.,
2017). Building on this insight, we may even be able to identify local dominant balance
behavior in spatiotemporal systems without clear governing equations, such as neuro-
science, epidemiology, ecology, active fluids, and schooling. For example, the inclusion
of spurious terms in the governing equation can be readily detected in the equation space
representation (see Supplementary Information); in future work this feature might be
leveraged to identify local balance relations in the absence of global conservation equa-
tions. This approach thus stands to shed light on more exotic physical processes that have
remained elusive to traditional analysis.

However, as with all applications of machine learning and data science methods to
physical systems, a critical step in application to any system will be careful validation
that the balance identification procedure reproduces the expected results. The dominant
balance modeling approach described here is designed to build on, rather than circum-
vent, physical expertise. The study of dominant balance regimes has been foundational
to our understanding of many complex systems; we hope that data-driven methods can
integrate with this legacy to enable even wider applicability.
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Part VI
OUTLOOK

This thesis has proposed a variety of methods for modeling unsteady fluid flows, in-
cluding applications to numerical simulations and experimental data. These methods are
unified by their objective of characterizing and exploiting the multiscale nature of these
flows through low-dimensional modeling and scaling analysis.

After reviewing foundational material in Part II, Part III began from the perspective
of standard POD-Galerkin modeling. By examining the structure of these models for
advection-dominated flows in Chapter 6, we saw fundamental shortcomings in the use
of a linear modal decomposition for low-dimensional modeling. In a dynamical systems
perspective this issue can be framed in terms of a latent nonlinear slow manifold embed-
ded in the linear reduced-order subspace, leading to manifold modeling methods ranging
from analytic power series expansions to deep autoencoders. These strategies accurately
approximated the dynamics of shear-driven cavity flow in quasiperiodic and chaotic
regimes. Chapter 7 further expanded on the concept of a slow manifold by proposing
a multiscale averaging method that treats subscale variables as asymptotically fast rela-
tive to the resolved scales. The leading-order correction includes a cubic tensor, extending
the Galerkin model to a generalized Stuart-Landau model. When applied to vortex pair-
ing in a spatially developing mixing layer, this approach results in a model of the flow as
a set of coupled nonlinear oscillators that preserves complicated phase relationships.

Part IV turned to system identification, proposing the Langevin regression extension
to the SINDy model discovery framework for stochastic dynamicsin Chapter 8. In the
present context, this method was motivated by the multiscale view of turbulent flows,
where we approximate the broadband turbulence as Gaussian white noise acting on a
small number of global integral quantities, or order parameters. Chapter 9 explored an
in-depth application of Langevin regression to experimental measurements of symmetry-
breaking in a turbulent wake. Along with a mean-flow model inspired by the laminar
cylinder wake in Chapter 5, the Langevin regression model reproduced the dominant
features of the wake data. This combination of physically-motivated modeling with sys-
tem identification is highly interpretable, suggesting a new explanation for axisymmetric
fluctuations observed in the experimental data but inconsistent with linear and weakly
nonlinear stability analyses.

Finally, Part V took a completely different perspective of model reduction in terms
of scaling analysis. Rather than constructing a low-dimensional model of the flow with
ordinary or stochastic differential equations, this approach aims to directly simplify the
governing partial differential equations by identifying local regions where a subset of
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the terms are active. Chapter 10 showed how this dominant balance analysis could be
automated using simple machine learning algorithms and demonstrated the application
to both the unsteady cylinder wake and the mean profile of a boundary layer in transition
to turbulence. The dominant balance models capture key features of both flows, including
nonlinear saturation and self-similarity.

Whether through dynamical systems analysis, stochastic approximations of turbu-
lence, or dominant balance modeling, these approaches leverage the multiscale struc-
ture of the flow to derive simplified models. While many of these methods have long
been applied analytically in limiting regimes (e.g. near the threshold of instability or for
asymptotically large Reynolds number), the work in this thesis has sought to combine
these classical approaches with targeted applications of data-driven modeling in order to
extend the range of their validity. Throughout, a key focus has been on applying the meth-
ods to flows in these intermediate regimes where traditional modeling methods break
down, including extensive simulations of laminar flows and experimental observations
of high-Reynolds number turbulence.

The final section in each chapter has offered a discussion including potential for fu-
ture work related to further development of these methods. Some of this work has al-
ready continued beyond what is presented in this thesis, including the application of
Langevin regression to finite-size scaling in a system of Kuramoto oscillators (Snyder
et al., 2021), the development of automated scaling analysis for dimensionally consis-
tent learning (Bakarji et al., 2022), and ongoing work applying both Langevin regression
and dominant balance modeling to unsteady shock-boundary layer interactions in wall-
bounded hypersonic turbulence. Rather than restate proposed future extensions, these
final paragraphs offer an opportunity for reflection on the broader context of this work.

A longstanding promise of reduced-order modeling is the possibility of using the low-
dimensional surrogate models for design and control. While this has been accomplished
to some extent in controlled academic settings (see Sec. 1.1, there are two critical factors
that hinder its development as a robust engineering practice.

First, both design and control optimization depend crucially on the sensitivity of the
flow to actuation or design changes (Jameson, 1988; Gunzburger, 2003; Noack et al., 2011).
This places the adjoint linear operators in a privileged role in optimization. The same is
true in operator-based modeling methods, including weakly nonlinear analysis (Sipp &
Lebedev, 2007) and nonmodal stability theory (Sujith et al., 2016; Barthel et al., 2022). This
presents a key challenge for data-driven modeling methods, since it is difficult to empiri-
cally approximate adjoint sensitivities without substantial information about the response
to perturbations (Juang & Pappa, 1985; Juang et al., 1991; Ma et al., 2011; Herrmann et al.,
2021). This is particularly true when the system is strongly nonlinear or non-normal.

Second, even in the case that the system is linear and all direct and adjoint operators
are fully accessible, resolving parametric dependence in a model reduction framework
is still not straightforward, particularly if there are a large number of parameters (Ben-
ner et al., 2015). Dependence on physical parameters such as Reynolds, Mach, or Prandtl
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numbers can typically be separated from the operators, as in Sec. 6.6, but the performance
of low-order model-based controllers can still be highly sensitive to variable flow condi-
tions (Rowley & Juttijudata, 2005). Moreover, any change to the geometry or control law
will generally modify the operators themselves.

As a result of both of these challenges, one of the more exciting recent developments
in scientific computing is the development of accessible tools for differentiable program-
ming, or adjoint-enabled simulation. Modern differentiable programming tools include
general-purpose packages originally designed for machine learning (e.g. PyTorch, Jax,
and Flux,l), but also adjoint-capable open-source multiphysics simulation frameworks
such as OpenFOAM, SU2, and FEniCS/Firedrake. While the general mathematical frame-
work for PDE-constrained optimization has been in place for more than 50 years in the
context of optimal control theory (Lions, 1971), its application to practical problems has
been limited by both computational capabilities and the relative difficulty of applying
source-to-source automatic differentiation tools to legacy simulation codes.

As a result, the current landscape suggests that high-level differentiable programming
tools in conjunction with advancements in matrix-free Krylov methods for large-scale lin-
ear algebra problems (Edwards et al., 1994; Stewart, 2001; Knoll & Keyes, 2004; Antoulas,
2005) stand to deliver the advances in robust simulation-based engineering that have long
been promised by reduced-order modeling. This approach combines elements of the com-
putational architecture supporting deep learning with traditional physics and engineer-
ing, but does not require any “training” in the standard machine learning sense. For
instance, recent work has explored application of differentiable physics models to con-
trol (Belbute-Peres et al., 2018; Innes et al., 2019), deisgn optimization (Hoyer et al., 2019),
accelerated simulation (Bar-Sinai et al., 2019; Kochkov et al., 2021), and self-assembly (Goodrich
et al., 2021)°. When either the numerical code or the underlying physical model is not dif-
ferentiable, graph-based interaction networks (Battaglia et al., 2018; Thomas et al., 2018;
Pfaft et al., 2020) could serve as a flexible, GPU-accelerated, differentiable surrogate mod-
els for optimization (Sanchez-Gonzalez et al., 2018; Allen et al., 2022).

This discussion might be summarized concisely with the prediction that even rel-
atively coarse differentiable physics simulations will ultimately be a more robust ap-
proach to engineering optimization objectives than low-dimensional modeling, especially
as computational and numerical analysis tools continue to advance. On the other hand,
the analysis of unsteady fluid flow as a high-dimensional dissipative nonlinear dynamical
system has already produced significant contributions to our understanding of basic phe-
nomena such as hydrodynamic stability and the transition to turbulence. A key result of
this thesis is that it is possible to capture the dominant features of relatively complex flows
with very low-dimensional models; further development of these methods and analysis
of the models themselves could yet provide insights into the fundamental physics and
nonlinear dynamics of unsteady fluid flow.

3See also https://su2code.github.io/publications.html for an extensive reference list of
aerodynamics applications.
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