
c©Copyright 2014

Silas Bergen





Spatial measurement error methods in
air pollution epidemiology

Silas Bergen

A dissertation
submitted in partial fulfillment of the

requirements for the degree of

Doctor of Philosophy

University of Washington

2014

Reading Committee:

Adam Szpiro, Chair

Lianne Sheppard

Ali Shojaie

Program Authorized to Offer Degree:
School of Public Health–Biostatistics





University of Washington

Abstract

Spatial measurement error methods in
air pollution epidemiology

Silas Bergen

Chair of the Supervisory Committee:

Adam Szpiro

Biostatistics

Air pollution epidemiology cohort studies often implement a two-stage approach to estim-

ating associations of continuous health outcomes with one or more exposures. An inherent

problem in these studies is that the exposures of interest are usually unobserved. Instead ob-

servations are available at misaligned monitoring locations. The first stage entails building

exposure models with the monitoring data and predicting at subject locations; the second

stage uses the predictions to estimate health effects. This induces measurement error that

can induce bias and affect the standard error of resulting estimates. Berkson-like error

arises from smoothing the exposure surface, while classical-like error comes from estimating

the exposure model parameters. Accurately characterizing and correcting for both types of

measurement error depends on assumptions made about the spatial surface and exposure

model used to derive predictions. This dissertation addresses spatial measurement error

in air pollution epidemiology. We first describe and apply parametric measurement error

methodology when assuming the exposure surface is a stochastic Gaussian process. We

extend these parametric approaches by deriving P-SIMEX, which yields more flexible bias

correction. We then motivate a semi-parametric framework wherein the exposure surface

is viewed as fixed and modeled with penalized regression splines. We discuss the resulting

measurement error, describe how the exposure model penalty regulates measurement error,

and derive an analytic bias correction. Finally we extend the semi-parametric methodology



to the multi-pollutant setting. We show the direction of the biases are unpredictable, and

the magnitude of the biases are much larger than those in single-pollutant studies. We

derive a multi-pollutant bias correction that can be combined with a simple non-parametric

bootstrap to achieve accurate 95% confidence interval coverage. Throughout we apply our

methods to analyzing associations of continuous health outcomes with predicted exposures

in the Multi-Ethnic Study of Atherosclerosis and the Sister Study of the National Institute

of Environmental Health Sciences.



TABLE OF CONTENTS

Page

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

Chapter 1: Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

Chapter 2: A national prediction model for components of PM2.5 and measure-
ment error corrected health effect inference . . . . . . . . . . . . . . . 3

2.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.3 Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.3.1 Monitoring data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.3.2 Geographic covariates . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.3.3 MESA Cohort . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.4 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.4.1 Spatial prediction models . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.4.2 Health modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.5 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.5.1 Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.5.2 Spatial prediction models . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.5.3 Health models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.6.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.6.2 National exposure models . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.6.3 Epidemiologic case study . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.6.4 Measurement error correction . . . . . . . . . . . . . . . . . . . . . . . 22

2.6.5 Limitations and model considerations . . . . . . . . . . . . . . . . . . 22

2.6.6 Implications and future directions . . . . . . . . . . . . . . . . . . . . 23

i



Chapter 3: Minimizing the impact of measurement error when using penalized
regression to model exposure in two-stage air pollution epidemiology
studies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.3 Analytic framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.3.1 Data generating mechanisms . . . . . . . . . . . . . . . . . . . . . . . 35

3.3.2 Penalized regression exposure model . . . . . . . . . . . . . . . . . . . 36

3.4 Measurement error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.4.1 Analyzing behavior of β̂n∗ . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.4.2 Accounting for measurement error . . . . . . . . . . . . . . . . . . . . 44

3.5 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.5.1 Description of simulation studies . . . . . . . . . . . . . . . . . . . . . 45

3.5.2 Simulation Results: Fixing λ . . . . . . . . . . . . . . . . . . . . . . . 47

3.5.3 Simulation results: Estimating λ . . . . . . . . . . . . . . . . . . . . . 48

3.6 Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.6.1 PM2.5 and elevated blood pressure in the NIEHS Sister Study . . . . . 49

3.6.2 Exposure models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.6.3 Health model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.6.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

Chapter 4: Multi-pollutant measurement error in air pollution epidemiology stud-
ies arising from predicting exposures with penalized regression splines 64

4.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.2 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.3 Analytic framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.3.1 Data generating mechanisms . . . . . . . . . . . . . . . . . . . . . . . 66

4.3.2 Penalized regression exposure model . . . . . . . . . . . . . . . . . . . 69

4.4 Measurement error . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.4.1 Decomposing the measurement error . . . . . . . . . . . . . . . . . . . 71

4.4.2 Infinite n∗ bias . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.4.3 Finite n∗ bias . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.5 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.5.1 Bias estimation and correction . . . . . . . . . . . . . . . . . . . . . . 75

4.5.2 Standard error estimation . . . . . . . . . . . . . . . . . . . . . . . . . 76

ii



4.5.3 Model selection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.6 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.6.1 Primary scenario . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.6.2 Sensitivity scenarios . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.6.3 Simulation results: primary scenario . . . . . . . . . . . . . . . . . . . 80

4.6.4 Simulation results: sensitivity scenarios . . . . . . . . . . . . . . . . . 81

4.7 Associations of SBP with PM2.5 and NO2 in the Sister Study . . . . . . . . . 82

4.7.1 Previous analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

4.7.2 Measurement error analysis: Exposure models . . . . . . . . . . . . . 83

4.7.3 Measurement error analysis: Health models . . . . . . . . . . . . . . . 84

4.7.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.8 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

Appendix A: Appendix for Chapter 2 . . . . . . . . . . . . . . . . . . . . . . . . . . 101

A.1 Joint exposure and health modeling . . . . . . . . . . . . . . . . . . . . . . . 101

A.1.1 Joint maximum likelihood . . . . . . . . . . . . . . . . . . . . . . . . . 101

A.1.2 Bayesian model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

A.1.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

A.1.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

Appendix B: Appendix for Chapter 3 . . . . . . . . . . . . . . . . . . . . . . . . . . 116

B.1 Asymptotic definitions of moments . . . . . . . . . . . . . . . . . . . . . . . . 116

B.2 Statement and proof of Lemma 1. . . . . . . . . . . . . . . . . . . . . . . . . . 116

B.3 Estimation of Lemma 1 quantities . . . . . . . . . . . . . . . . . . . . . . . . 120

Appendix C: Appendix for Chapter 4 . . . . . . . . . . . . . . . . . . . . . . . . . . 124

C.1 Derivation of low-rank common component model (LRCCM) . . . . . . . . . 124

C.2 Proof of Lemma 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

iii



LIST OF FIGURES

Figure Number Page

2.1 PLS coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.2 National kriging prediction maps . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.3 P-SIMEX results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.1 LRK: Fixed λ results for Scenario 1 . . . . . . . . . . . . . . . . . . . . . . . 55

3.2 TPRS: Fixed λ results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3.3 LRK: Estimated λ results for Scenario 1 . . . . . . . . . . . . . . . . . . . . . 57

3.4 LRK: Estimated λ results for Scenario 2 . . . . . . . . . . . . . . . . . . . . . 58

3.5 TPRS: Estimated λ results for Scenario 1 . . . . . . . . . . . . . . . . . . . . 59

3.6 TPRS: Estimated λ results for Scenario 2 . . . . . . . . . . . . . . . . . . . . 60

3.7 Sister Study participant and 2006 PM2.5 monitoring locations . . . . . . . . . 61

3.8 Estimated change in SBP (in mmHg) associated with a 10-µg/m3 increase in
year 2006 annual average PM2.5 predicted by various exposure models. The
top two rows of each panel shows the health effect estimated using predictions
from regionalized or national universal kriging models. The other rows show
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Chapter 1

INTRODUCTION

Air pollution epidemiology cohort studies often implement a two-stage approach to es-

timating associations of continuous health outcomes with one or more exposures. An inher-

ent problem in these studies is that the exposures of interest are usually unobserved. Instead

observations are available at misaligned monitoring locations. The first stage entails building

exposure models with the monitoring data and predicting at subject locations; the second

stage uses the predictions to estimate health effects. This induces spatial measurement error

that can bias and affect the standard error of resulting estimates. Berkson-like error arises

from smoothing the exposure surface, while classical-like error comes from estimating the

exposure model parameters. Accurately characterizing and correcting for this measurement

error depends on assumptions made about the spatial surface and exposure model used to

derive predictions. This dissertation addresses spatial measurement error in air pollution

epidemiology.

Chapter 2 applies and extends parametric measurement error methods for a single pol-

lutant. We develop a national prediction model for elemental carbon (EC), organic carbon

(OC), silicon (Si) and sulfur (S) in the Multi-Ethnic Study of Atherosclerosis (MESA) co-

hort. Our prediction models use partial least squares as the mean of universal kriging mod-

els. Universal kriging assumes the exposure surface is a realization of a parametric Gaussian

process. In this setting the Berkson-like error does not induce bias while classical-like error

can, and both error types affect the standard error. We review the parametric and para-

meter bootstrap methods for correcting for bias and accurately estimating standard errors

under this assumption. We generalize the parameter bootstrap by developing parameter

simulation extrapolation (P-SIMEX), a more flexible bias correction method analogous to

standard simulation extrapolation (SIMEX). We apply these methods to single-pollutant
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association studies of carotid intima media thickness with EC, OC, Si and S in the MESA

cohort. In the accompanying Appendix A we compare the parametric bootstrap approaches

to joint maximum-likelihood and Bayesian approaches that account for measurement error

by jointly fitting the health and exposure models.

Chapter 3 develops semi-parametric methods for a single pollutant. We motivate viewing

the exposure surface as fixed and unknown rather than a realization of a Gaussian process,

and using fixed- but high-rank penalized regression splines to approximate universal kriging

in this setting. We decompose the measurement error into Berkson-like and classical-like

components, both of which can induce bias in this setting. We analyze how the expos-

ure model penalty parameter regulates a trade-off between these two types of error and

propose a method for selecting the penalty parameter to mitigate bias from measurement

error. We develop a post-hoc measurement error correction methodology that combines an

analytic bias correction with a design-based nonparametric bootstrap of the exposure and

health data. We demonstrate these methods using simulation studies and apply them to an

association study of systolic blood pressure with annual average PM2.5 in the Sister Study.

Chapter 4 extends the methodology developed in Chapter 3 to simultaneously estimat-

ing associations of health with multiple pollutants. We again decompose the multivariate

measurement error into a Berkson-like and classical-like component and develop an analytic

bias correction that corrects for both types of error. We examine the extent of measurement

error and the efficacy of the bias correction in multi-pollutant studies through simulations

and in estimating the joint association of systolic blood pressure with PM2.5 and NO2 in

the Sister Study.
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Chapter 2

A NATIONAL PREDICTION MODEL FOR COMPONENTS OF PM2.5

AND MEASUREMENT ERROR CORRECTED HEALTH EFFECT
INFERENCE

2.1 Summary

Studies estimating health effects of long-term air pollution exposure often use a two-stage

approach, building exposure models to assign individual-level exposures which are then used

in regression analyses. This requires accurate exposure modeling and careful treatment of

exposure measurement error. To illustrate the importance of carefully accounting for expos-

ure model characteristics in two-stage air pollution studies, we consider a case study based

on data from the Multi-Ethnic Study of Atherosclerosis (MESA). We present national spa-

tial exposure models that use partial least squares and universal kriging to estimate annual

average concentrations of four PM2.5 components: elemental carbon (EC), organic carbon

(OC), sulfur (S), and silicon (Si). Our models perform well, with cross-validated R2s ran-

ging from 0.62 to 0.95. We predict PM2.5 component exposures for the MESA cohort and

estimate cross-sectional associations with carotid intima-media thickness (CIMT), adjust-

ing for subject-specific covariates. In näıve analyses that do not account for measurement

error, we find statistically significant associations between CIMT and increased exposure

to OC, S, and Si. We correct for measurement error using recently developed parametric

methods that account for the spatial structure of predicted exposures. OC exhibits little

spatial correlation, and the corrected inference is unchanged from the näıve analysis. The

S and Si exposure surfaces display notable spatial correlation, resulting in corrected confid-

ence intervals (CIs) that are 50% wider than the näıve CIs, but that are still statistically

significant. The impact on health effect inference is concordant with the degree of spatial

correlation in the exposure surfaces.
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2.2 Introduction

The relationship between air pollution and adverse health outcomes has been well-documented

(Samet et al., 2000; Pope et al., 2002). Many studies focus on particulate matter, specifically

particulate matter less than 2.5 µm in aerodynamic diameter (PM2.5) (Miller et al., 2007;

Kim et al., 2009). Health effects of PM2.5 could depend on characteristics of the particles,

including shape, solubility, pH, or chemical composition (Vedal et al., 2012), and a deeper

understanding of these differential effects could help inform policy. One of the challenges in

assessing the impact of different chemical components of PM2.5 in an epidemiological study

is the need to assign exposures to study participants based on monitoring data at different

locations (i.e., spatially misaligned data). When doing this for many components, the pre-

diction procedure needs to be streamlined in order to be practical. Whatever the prediction

algorithm, using the estimated rather than true exposures induces measurement error in the

subsequent epidemiologic analysis. This paper describes a flexible and efficient prediction

model that can be applied on a national scale to estimate long-term exposure levels for

multiple pollutants and implements existing methods of correcting for measurement error

in the health model.

Current methods for assigning exposures include land-use regression (LUR) with Geo-

graphic Information System (GIS) covariates (Hoek et al., 2008) and universal kriging (UK)

that also exploits residual spatial structure (Kim et al., 2009; Mercer et al., 2011). Often

hundreds of candidate correlated GIS covariates are available necessitating a dimension re-

duction procedure. Variable selection methods that have been considered in the literature

include exhaustive search, stepwise selection, and shrinkage by the “lasso”(Tibshirani, 1996;

Mercer et al., 2011). However, stepwise variable selection methods tend to be computation-

ally intensive, feasible perhaps when considering a single pollutant but quickly becoming

impractical when developing predictions for multiple pollutants. A more streamlined altern-

ative is partial least squares (PLS) (Sampson et al., 2009), which finds a small number of

linear combinations of the GIS covariates that most efficiently account for variability in the
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measured concentrations. These linear combinations reduce the covariate space to a much

smaller dimension and can then be used as the mean structure in a LUR or UK model in

place of individual GIS covariates. This provides the advantages of using all available GIS

covariates and eliminating potentially time-consuming variable selection processes.

Using exposures predicted from spatially misaligned data rather than true exposures in

health models introduces measurement error that may have implications for β̂, the estim-

ated health model coefficient of interest (Szpiro et al., 2011b). Berkson-like error that arises

from smoothing the true exposure surface may inflate the standard error of β̂. Classical-like

error results from estimating the prediction model parameters, and may bias β̂ in addition

to inflating its standard error. Bootstrap methods to adjust for the effects of measurement

error have been discussed by Szpiro et al. (2011b). We present a case study to illustrate a

holistic approach to two-stage air pollution epidemiology modeling, which includes expos-

ure modeling in the first stage and health modeling that incorporates measurement error

correction in the second stage. We build national exposure models using PLS and UK, and

employ them to estimate long-term average concentrations of four chemical species of PM2.5:

elemental carbon (EC), organic carbon (OC), silicon (Si) and sulfur (S), selected to reflect

a variety of different PM2.5 sources and formation processes and to have differing chemical

composition (Vedal et al., 2012). After developing the exposure models we derive predic-

tions for the Multi-Ethnic Study of Atherosclerosis (MESA) cohort. These predictions are

used as the covariates of interest in health analyses assessing associations between carotid

intima-media thickness (CIMT), a subclinical measure of atherosclerosis, and exposure to

PM2.5 components. We apply measurement error correction methods to account for the fact

that predicted rather than true exposures are being used in these health models. We discuss

our results and the insight it provides into how exposure surfaces impact health inference.
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2.3 Data

2.3.1 Monitoring data

Data on EC, OC, Si and S were collected to build the national models. These data con-

sisted of annual averages from 2009-2010 as measured by the EPA’s Interagency Monitoring

for Protected Visual Environments (IMPROVE) and Chemical Speciation Network (CSN)

(EPA 2009). The IMPROVE monitors form a nation-wide network located mostly in re-

mote areas. The CSN monitors are in more urban areas. These two networks provide data

that are evenly dispersed throughout the lower 48 states (Figure 2.2).

All CSN and IMPROVE monitors that had at least 10 data points per quarter and a

maximum of 45 days between measurements were included in our analyses. For Si and S, av-

erages were over 01/01/2009-12/31-2009. The EC/OC data set consisted of 204 IMPROVE

and CSN monitors averaged over 01/01/2009-12/31-2009, and 51 CSN monitors averaged

over 05/01/2009-04/30/2010. The latter period was used since prior to 05/01/2009 these

monitors used a protocol that was incompatible with the IMPROVE network. Compar-

ing averages over 05/01/2009-04/30/2010 to those which used comparable protocol over

01/01/2009-12/31-2009 indicated little difference between the time periods.

2.3.2 Geographic covariates

For all monitor and subject locations, approximately 600 LUR covariates were available.

These included distances to A1, A2, and A3 roads (Census Feature Class Codes (CFCC));

land use within a given buffer; population density within a given buffer; and normalized

difference vegetation index (NDVI) which measures the level of vegetation in a monitor’s

vicinity. CFCC A1 roads are limited access highways; A2 and A3 roads are other major

roads such as county and state highways without limited access (Mercer et al., 2011). For

NDVI a series of 23 monitor-specific, 16-day composite satellite images were obtained, and

the pixels within a given buffer averaged for each image. PLS incorporated the 25th, 50th

and 75th percentile of these 23 averages. The median of “high-vegetation season” image
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averages (defined as April 1-September 30) and “low-vegetation season” averages (October

1-March 31) were also included.

The geographic covariates were pre-processed to eliminate LUR covariates that were too

homogeneous or outlier-prone to be of use. We eliminated variables with > 85% identical

values, and those with the most extreme standardized outlier > 7. We log-transformed

and truncated all distance variables at 10 km and computed additional “compiled” distance

variables such as minimum distance to major roads, distance to any port, etc. These

compiled variables were then subject to the same inclusion criteria. All selected covariates

were mean-centered and scaled by their respective standard deviations.

2.3.3 MESA Cohort

The Multi-Ethnic Study of Atherosclerosis (MESA) is a population-based study that began

in 2000, with a cohort consisting of 6,814 participants from six U.S. cities: Los Angeles,

CA; St. Paul, MN; Chicago, IL; Winston-Salem, NC; New York, NY; and Baltimore, MD.

Four ethnic/racial groups were targeted: white, African American, Hispanic, and Chinese

American. All participants were free of clinical cardiovascular disease at time of entrance.

As the health outcome for our case study we selected the common carotid intima-media

thickness (CIMT) endpoint in MESA. CIMT, a subclinical measure of atherosclerosis, was

measured by B-mode ultrasound using a GE Logiq scanner, and the endpoint was quantified

as the right far wall CIMT measures conducted during MESA exam 1, which took place for

2000-2002 (Vedal et al., 2012). We considered the 5,501 MESA participants who had CIMT

measures during exam 1; our analysis was based on the 5,298 MESA participants who had

CIMT measures during exam 1 and complete values of confounding variables.

2.4 Methods

The following sections describes our methods. Section 2.4.1 describes the first stage of the

two-stage approach, building the exposure models which use PLS scores to model the mean

in UK models. We describe the cross-validation we implemented to select the number of
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PLS scores, to determine how reliable predictions from each exposure model were, and to

assess the extent to which spatial structure was present for each pollutant. Section 2.4.2

describes the second, health modeling stage. We describe the health models we fit, and the

measurement error correction methods we employed. Readers interested in a more detailed

technical exposition are referred to Bergen et al. (2012).

2.4.1 Spatial prediction models

Notation

To describe our exposure models, we introduce some notation. Let X∗ denote the n∗ × 1

vector of observed concentrations at monitor locations; R∗ the n∗ × p matrix of geographic

covariates at monitor locations; X the n× 1 vector of unknown concentrations at the unob-

served subject locations; and R the n×pmatrix of geographic covariates at subject locations.

Note that for our exposure models, X∗ and X play the role of the dependent variables, while

R∗ and R play the role of the independent variables. PLS was used to decompose R∗ into

a set of linear combinations of much smaller dimension than R∗. Specifically,

R∗H = P∗.

Here, H is a p×k matrix of weights for the geographic covariates, and P∗ is an n∗×k mat-

rix of PLS components or scores. These scores are intelligently-found linear combinations of

the geographic covariates that maximize the covariance between X∗ and all possible linear

combinations of R∗. One might notice similarities between PLS and principal components

analysis (PCA). Although the two methods are similar in that they are both dimension

reduction methods, the scores from PLS maximize the covariance between X∗ and all other

possible linear combinations of R∗, whereas the scores from PCA are found only to explain

as much as possible the covariance of R∗. Thus, though both methods aim to reduce the di-

mension of R∗, PLS more efficiently captures any information about the association between

the geographic covariates and the observed exposures. For more details see Sampson et al.
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(2013). PLS scores at unobserved locations are then derived as P = RH.

Once the PLS scores P and P∗ were obtained for the unobserved and monitoring loca-

tions, the following joint model was assumed to motivate predictions,

 X

X∗

 =

 P

P∗

α+

 η

η∗

 . (2.1)

Here α is a vector of regression coefficients for the PLS scores and η, η∗ are n × 1 and

n∗ × 1 vectors of errors. Our primary exposure models assumed that the error terms ex-

hibited spatial correlation that could be modeled with a kriging variogram (Cressie, 1993).

Specifically,

 η
η∗

 ∼ N

0

0

 ,

Σ11(θθθ) Σ12(θθθ)

Σ21(θθθ) Σ22(θθθ)


 . (2.2)

Here each corner of the covariance matrix is a kriging covariance matrix parameterized by a

common vector of parameters θθθ = (τ2, σ2, φ). τ2 is the nugget, interpretable as the amount

of variability in the pollution exposures that is unexplainable by spatial structure; σ2
η is the

partial sill, interpretable as the amount of variability that is explainable by spatial structure;

and φ is the range, interpretable as the maximum distance between two locations beyond

which they may no longer be considered spatially correlated. We estimated these para-

meters and the regression coefficients α via profile maximum likelihood, using exponential

variograms for each pollutant. Having obtained parameter estimates, predictions W were

defined as

W = Pα̂+ Σ12(θ̂θθ)Σ22(θ̂θθ)−1(X∗ −P∗α̂).

As a comparison to our primary kriging models we also derived predictions from PLS

alone without fitting a kriging variogram. This is analogous to a pure land-use regression

model using the PLS scores instead of actual geographic covariates. For this analysis η

and η∗ were assumed to be independent, and α was estimated using a least-squares fit to
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regression of X∗ on P∗. PLS-only predictions at the unobserved locations were then derived

as W = Pα̂.

Cross-validation and Model Selection

10-fold cross-validation (CV) (Hastie et al., 2001) was used to assess the models’ prediction

accuracy, to select the number of PLS components to use in the final prediction models,

and to compare predictions generated using PLS only to our primary models which used

both PLS and UK. Data were randomly assigned to one of ten groups. One group (a “test

set”) was omitted, and the remaining groups (a “training set”) were used to fit the model

and generate test set predictions. Each group played the role of test set until predictions

were obtained for the entire data set. At each iteration, the following steps were taken

to cross-validate our primary models; similar steps were followed to derive cross-validated

predictions that used PLS only:

1. PLS was fit using the training set, and K scores were computed for the test set, for

K = 1, ..., 10.

2. UK parameters θθθ and coefficients α were estimated via profile maximum likelihood

using the training set. The first K PLS scores played the role of P∗ in Equation 2.1,

for K = 1, ..., 10.

3. Predictions were derived using the first K PLS components and the corresponding

UK, using kriging parameters estimated from the training set.

The R package pls was used to fit the PLS. UK was done using the R package geoR. The

best-performing models were selected out of those that used both PLS and kriging based on

their cross-validated root mean squared prediction error (RMSEP) and corresponding R2.

For a data set with n∗ observations and corresponding predictions, the formulae for these

performance metrics are given by
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RMSEP =

√∑n∗

i=1(Obsi − Predi)2

n∗
,

R2 = max

(
0, 1− RMSEP2

Var(Obs)

)
.

These metrics are sensitive to scale; accordingly they are useful for evaluating model per-

formance for a given pollutant, but not for comparing models across pollutants.

2.4.2 Health modeling

Disease model

Multivariable linear regression models were used to estimate the effects of PM2.5 component

exposure on CIMT. Each model included a single PM2.5 component along with a vector of

subject-specific covariates. Let Y be the 5298×1 vector of health outcomes, X the 5298×1

vector of unobserved exposures, W the 5298 × 1 vector of predictions, and Z a matrix

of potential confounders. We assume a truly linear relationship between Y, X and Z, as

follows:

Y = β0 + Xβ + ZβZ + ε. (2.3)

Here (ε1, ..., εN ) are i.i.d. N(0, σ2
ε ) random variables, and we estimate β by ordinary least

squares (OLS) using W instead of X.

Measurement Error Correction

The model in Equation 2.3 was fit using the predicted exposures W instead of the true

exposures as the covariate of interest. Using predictions rather than true exposures in

health modeling introduces two sources of measurement error that potentially influence the

behavior of β̂. Berkson-like error arises from smoothing the true exposure surface and could

inflate the standard error of β̂. Classical-like error arises from estimating the exposure model
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parameters α and θθθ. The classical-like error potentially inflates the standard error of β̂ and

could also bias the estimate. We implemented the parametric and parameter bootstraps

to assess and correct for the effects of measurement error. See Szpiro et al. (2011b) for

additional background and details.

We describe the parametric bootstrap in the context of predictions that use both PLS

and UK; the approach would be very similar if PLS alone was used (though we did not

implement that correction here).

1. Estimate exposure model parameters α and log(θθθ) by nonlinear optimization using

X∗ and P∗, exploiting the likelihood defined by Equations 2.1 and 2.2.

2. Derive W and use in place of X along with Z to obtain β̂0, β̂, β̂Z and σ̂2
ε .

3. For j = 1, ..., B bootstrap samples:

(a) Simulate X∗j (and Xj) from Equation 2.1 and Yj from Equation 2.3, using α̂, θ̂θθ,

β̂0, β̂, β̂Z and σ̂2
ε in place of unknown parameters

(b) Estimate new exposure parameters α̂j and log(θ̂θθj) by nonlinear optimization using

X∗j

(c) Use α̂j , θ̂θθj and X∗j to derive Wj

(d) Calculate β̂j using Wj by OLS.

4. Let B̂iasp(β̂) =
(
Ep(β̂

B)− E0(β̂B)
)

, were Ep(β̂
B) denotes the empirical mean of

the β̂j . We define E0(β̂B) when we define the parameter bootstrap; for now it can

be thought of as a bootstrap mean that only incorporates Berkson-like error. The

corresponding corrected effect estimate is β̂CX,p = β̂ − B̂iasp(β̂).

5. Estimate the bootstrap standard error as

ŜE(β̂) =

√√√√∑B
j=1

(
β̂j − 1

B

∑B
j=1(β̂j)

)2

B
.
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For the parametric bootstrap we set B = 15, 000. Note that using Step 5 to estimate the

standard error of β̂Cp will give an underestimate, as it does not account for the additional

variability introduced by B̂iasp(β̂). To fully account for this variability we would need to

perform a nested bootstrap within each original bootstrap sample; however as discussed in

Szpiro et al. (2011b) (and as exemplified in our results) the estimated bias is so small that

this underestimation is ignorable in practice.

An undesirable trait of the parametric bootstrap is the computational time required to

implement it, as it requires B non-linear optimizations. The parameter bootstrap is a much

more efficient alternative, which approximates the parametric bootstrap by adding a Step

1(a) and altering Step 3(b) of the algorithm described above:

1. Estimate exposure model parameters α and log(θθθ) by nonlinear optimization using

X∗ and P∗, exploiting the likelihood defined by Equation 2.1.

(a) Estimate a sampling density for α̂ and log(θ̂θθ) with a multivariate normal distri-

bution.

2. Derive W and use it in place of X along with Z to obtain β̂0, β̂, β̂Z and σ̂2
ε .

3. For j = 1, ..., B bootstrap samples:

(a) Simulate X∗j (and Xj) from Equation 2.1 and Yj from Equation 2.3, using α̂, θ̂θθ,

β̂0, β̂, β̂Z and σ̂2
ε in place of unknown parameters

(b) Simulate new exposure model parameters α̂j and log(θ̂θθj) from the sampling dens-

ity estimated in Step 1(a), using a constant covariance matrix multiplied by a

scalar δ ≥ 0. δ controls the variability of (α̂j , log(θ̂θθj)): the larger δ is the greater

the variability of (α̂j , log(θ̂θθj)).

(c) Use α̂j , θ̂θθj and X∗j to derive Wj

(d) Calculate β̂j using Wj by OLS.
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4. Let Eδ(β̂
B) denote the empirical mean of the β̂j . The estimated bias is defined as

B̂iasδ(β̂) =
(
Eδ(β̂

B)− E0(β̂B)
)
, with corresponding bias-corrected effect estimate

β̂CX,δ = β̂ − B̂iasδ(β̂).

5. Estimate the bootstrap standard error as

ŜEδ(β̂) =

√√√√∑B
j=1

(
β̂j − Eδ(β̂B)

)2

B
.

For Step 1(a) we used a multivariate normal distribution centered at (α̂, log(θθθ)) with

covariance equal to the inverse Hessian of the negative log-likelihood evaluated at (α̂, log(θθθ))

and implemented the parameter bootstrap with 15, 000 bootstrap samples and δ = 1. We

used a multivariate normal so that bootstrapped {α̂j , θ̂θθj} would be centered at {α̂, θ̂θθ} and

have a variability we could control independently by regulating δ.

The intent of both bootstrap approaches is to approximate the sampling properties of

the measurement error-impacted β̂ we would see if we performed our two-stage analysis

with many actual realizations of monitoring observations and subject health data sets.

We illustrate this by focusing on the parameter bootstrap algorithm outlined above. Step

3(a) gives us B new “realizations” of our data. For δ = 1, step 3(b) accounts for the

classical-like error by re-sampling the exposure model parameters. Step 3(c) accounts for

the Berkson-like error by smoothing the true exposure surface. Step 3(d) then calculates

B new β̂j ’s, the sampling properties of which have incorporated all sources of measurement

error. Comparing these to the mean of bootstrapped β̂j derived using fixed exposure model

parameters (i.e., δ = 0) gives us an approximation of the bias induced by the classical-like

error (Step 4), and the empirical standard deviation approximates the standard error that

accounts for both sources of measurement error (Step 5).

Note that we also implement the parameter bootstrap for δ = 0. This is equivalent

to the “partial parametric bootstrap” described in Szpiro et al. (2011b), which corrects
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for the Berkson-like error only since the exposure surface is still smoothed but with fixed

parameters.

A desirable trait of the parameter bootstrap is the ability to “tune” the amount of

the classical-like error by varying δ, which allows us to investigate how variability in the

sampling distribution of (α̂, log(θ̂θθ)) affects the bias of β̂. This can be useful in refining our

bootstrap bias estimates and bears similarly to simulation extrapolation (SIMEX) (Stefanski

and Cook, 1995). Consider first the parameter bootstrap with δ = 0. Although with

δ = 0 we use the originally estimated parameters (α̂, log(θ̂θθ)) in all bootstrap samples, these

original estimates are themselves a realization from a sampling distribution with what we

heuristically term “one unit of variance.” The bias estimate from the parameter bootstrap

with δ = 1 (corresponding to “two units of variance”) assumes that the bias induced by

classical-like error going from δ = 0 to δ = 1 is the same as the bias induced by using

(α̂, log(θ̂θθ)) instead of (α, log(θθθ)). In other words, the bias is treated as linear in δ. However

if we perform the parameter bootstrap using different values of δ and estimate the bias for

each one, we can get a more flexible representation of how the bias varies as a function of δ.

Plotting realized B̂iasδ(β̂X) versus δ for several values of δ and extrapolating to B̂ias−1(β̂X)

gives an alternative estimate of the bias. This is analogous to performing a SIMEX analysis

in the context of pure classical measurement error to extrapolate to the hypothetical setting

where the variance of the error is zero (Stefanski and Cook, 1995). However, it differs

from SIMEX in that the measurement error is not purely classical; accordingly we term

this approach P-SIMEX. We performed P-SIMEX using sample sizes of 15,000, sampling

(α̂j , log(θ̂θθj)) from the inverse Hessian inflated by factors of δ ∈ {0, 0.5, 1, 1.5, 2} and plotted

the corresponding B̂iasδ(β̂X) against these values of δ. We then performed both linear and

quadratic extrapolation to B̂ias−1(β̂X). The P-SIMEX-corrected estimate of β̂X is defined

as:

β̂CX,PS = β̂X + B̂ias−1(β̂X).
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2.5 Results

2.5.1 Data

Monitoring data

Concentrations of the four pollutants by monitoring network are shown in Table 2.1. Table

2.1 indicates that the EC and OC concentrations measured by CSN monitors tended to

be higher than those measured by IMPROVE monitors. Average Si and S concentrations

measured by CSN monitors were also higher than the IMPROVE averages, but relative to

their standard deviations the differences between CSN and IMPROVE monitors in Si and

S concentrations were not as great as the EC and OC concentrations.

Geographic Covariates

The geographic variables that were selected as a result of the pre-processing procedure

discussed in Section 2.3.2 are shown in Table 2.2. Table 2.1 shows the distributions of select

geographic covariates, by monitoring network and at MESA locations. The summaries in

Table 2.1 reflect the urban versus rural difference in placement between the IMPROVE and

CSN monitors. Although relatively few monitors belonging to either IMPROVE or CSN

were within 150 m of an A1 road there was a larger proportion of CSN monitors within

150 m of an A3 road (44%) than IMPROVE (19%). The median distance to commercial

and service centers was much smaller for CSN monitors (127 m) than it was for IMPROVE

monitors (4696 m). The median population density was much larger for CSN monitors (805

people/mi2) than for IMPROVE monitors (only 3 people/mi2). The median summer NDVI

values within 250 m were slightly smaller for CSN monitors than for IMPROVE monitors,

indicating IMPROVE monitors were located in greener areas. Table 2.1 also shows that

MESA participant locations had covariate distributions that more closely mirrored the CSN

monitors, as is especially evident for the number of sites less than 150 m from an A3 road

and median population density.
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Additionally we examined density plots of the geographic covariates for monitoring and

subject locations, and saw significant overlap for all geographic covariates. This reassured

us that the difference in geographic covariates in Table 2.1 was due to concentration of

MESA subjects in urban locations, not extrapolation beyond our data.

MESA cohort

Summary statistics for the MESA cohort are in Table 2.3 Mean CIMT was 0.68 mm. The

other variables summarized are the ones that were included as covariates in the health

model. The mean age was 62 years, and the cohort was 52% female. 39% were white, 27%

African-American, 22% Hispanic, and 12% Chinese. 44% had hypertension and 15% used a

statin drug. The highest percentage of participants resided in Los Angeles (19.7%), but the

distribution across the 6 cities was quite homogeneous. Only the 5,298 participants that

had complete values of all the variables listed in Table 2.3 were included in the analysis.

2.5.2 Spatial prediction models

Model evaluation

The selected models corresponding to lowest cross-validated R2 all used PLS and UK. For all

four PM2.5 components and for all numbers of PLS scores, using kriging improved prediction

accuracy. Table 2.4 shows the number of PLS components used and the R2 for the selected

prediction models corresponding to the best-performing models. The CV statistics for

the PLS only models are shown to illustrate the extent to which UK improved prediction

accuracy. EC and OC were minimally improved; there was more improvement evident for Si

and substantial improvement for the S predictions. The ratio of the nugget to the sill given

in Table 2.4 also indicates the importance of spatial smoothing. For a fixed range, smaller

values of this ratio indicate that there is more information about concentration variability

at nearby locations and thus UK predictions draw heavily from nearby monitors.
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Interpretation of PLS

Figure 2.1 can be used to examine which of the geographic covariates were most important

for explaining pollutant variability. Specifically, Figure 2.1 summarizes the p× 1 vector m,

the vector such that Rm equals the PLS-only predicted exposures. Each element of m is

a weight for a corresponding geographic covariate. Positive elements in m indicate that

increases in its corresponding geographic covariate were associated with higher predicted

exposure; the larger the absolute value of an element in m, the more the corresponding

geographic covariate contributed to exposure prediction.

We see that increases in population density were associated with larger predicted values

of all pollutants, but most strongly for EC, OC and S. Industrial land use within the smallest

buffer was very predictive of EC, and evergreen forest land within a given buffer was strongly

predictive of decreases in S. The NDVI, intense land use, emissions, and line-length variables

were all positively associated with exposure, while the distance to source variables were

negatively associated. The NDVI variables were more heavily exploited for OC and S than

they were for EC. For Si, the NDVI and intense land use variables appeared to be the most

informative and were mostly negatively associated with Si exposure. Proximity to features

appeared to be informative for all four pollutants.

Exposure predictions

Figure 2.2 shows the predicted national concentrations, with finer detail illustrated for St.

Paul, MN. The EC and OC predictions were much higher in the middle of urban areas, and

quickly dissipated further from urban centers. S predictions were high across the midwestern

and eastern states and in the Los Angeles area, and lower in the plains and mountains. Si

predictions were low in most urban areas, and high in desert states.

Table 2.1 summarizes the predicted exposures for the MESA participants. Mean pre-

dicted EC and OC exposure concentration were 0.74 and 2.17 µg/m3, respectively. Mean

predicted Si and S exposure concentration was 0.09 ng/m3 and 0.78 µg/m3, respectively.
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2.5.3 Health models

The results from the näıve health model that did not include any measurement error correc-

tion, as well as the results from the health modeling that included bootstrap-corrected point

estimates and standard errors of β̂, are displayed in Table 2.5. The näıve analysis found

significant associations between OC, Si, and S and elevated CIMT. There was also evidence

of association with EC, but this was not statistically significant. The point estimates and

standard errors for the EC and OC health effects were virtually unchanged when measure-

ment error correction was implemented, while the bootstrap-corrected standard errors for

Si and S were about 50% larger than their respective näıve estimates. The estimated biases

resulting from the classical-like measurement error were so small as to be uninteresting from

an epidemiologic perspective.

Figure 2.3 shows the results of the P-SIMEX implementation of the parameter bootstrap

using linear and quadratic extrapolation. We see that the choice of extrapolating function

slightly affected the P-SIMEX estimate of the bias for all four of the pollutants, though

the bias was so small that the differences between the extrapolating function were trivial.

Overall, while the SIMEX bias corrections did not suggest any meaningful bias for any

of the pollutants, all of these plots suggest that the bias from classical-like measurement

error is away from the null, similar to previously published simulation results (Szpiro et

al. 2011). This is different from the usual bias toward the null from classical measurement

error, confirming that additional caution is needed in the air pollution setting since we

cannot always assume that ignoring measurement error results in conservative inference.

2.6 Discussion

2.6.1 Summary

We have presented a comprehensive two-stage approach to analyzing long-term effects of air

pollution exposure, and have applied our framework in a case study of four components of

PM2.5 and measurement error corrected inference of association between these components
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and CIMT in the MESA cohort. Our approach includes a national prediction model for

individual components and correction for measurement error in the epidemiologic analysis

using a methodology that accounts for differing amounts of spatial structure in the exposure

surfaces. Corrected standard errors corresponding to pollutants that exhibited significant

spatial structure were 50% larger than näıve estimates.

2.6.2 National exposure models

We find that a national approach to exposure modeling is reasonable and performs well

in terms of prediction accuracy. Our primary models resulted in cross-validated R2 that

ranged as high as 0.96 and no lower than 0.50 for any of the PM2.5 components. Use of

kriging improved the cross-validated R2 for all four pollutants over comparison models that

used PLS only, although the improvement was not equal across all four pollutants. These

results are useful in terms of understanding the spatial nature of our exposure surfaces. For

EC and OC, the R2 only improved by at most 0.07 when kriging was used compared to

when PLS alone was used, indicating little large-scale spatial structure in these pollutants.

For Si, the R2 improved from 0.32 to 0.50, and from 0.62 to 0.96 for S. This indicates that

S (and to a lesser extent Si) had significant large-scale spatial structure that kriging was

able to exploit. For all models using kriging only improved R2, indicating nothing was lost

(and quite a bit stood to be gained, when spatial structure was present) by using kriging.

One might question why we advocate two-stage modeling instead of joint modeling of

exposure and health. The parametric assumptions that justify the bootstrap approaches

also justify fitting a joint health and exposure model. Such an approach could result in

efficiency gain in estimating β if the parametric assumptions hold. In Appendix A we

estimate β using joint maximum-likelihood and Bayesian approaches, compare these results

to the two-stage approach, and discuss strengths and weaknesses of each.



21

2.6.3 Epidemiologic case study

In this case study we focused on four PM2.5 components. These were selected to gain

insight into the sources or features of PM2.5 that might contribute to the effects of PM2.5

on cardiovascular disease. Elemental carbon and organic carbon were chosen as markers of

primary emissions from combustion processes, with OC in addition including contributions

from organic aerosols formed secondarily from atmospheric chemical reactions; silicon was

chosen as a marker of crustal dust; and sulfur was chosen as a marker of sulfate, an inorganic

aerosol formed secondarily from atmospheric chemical reactions (Vedal et al., 2012). The

mechanisms whereby exposure to PM2.5 or PM2.5 components produce cardiovascular effects

such as atherosclerosis are not well understood, although several mechanisms have been

proposed (Brook et al., 2010). For discussion of other studies examining the effects of these

pollutants, see Vedal et al. (2012).

Because nearest-monitor interpolation performed so poorly for EC, OC and Si one would

not trust epidemiologic inference that used predictions derived from that method. For

S, the only pollutant for which our models and nearest-monitor interpolation performed

comparably, the health effect estimate using nearest-monitor interpolation was 0.074 (SE:

0.018), comparable to the näıve inference made using predictions from our exposure models.

However, there is no way to correct for measurement error using this method, which is

another significant advantage of our models.

Our näıve health analyses which used predictions from our national models showed a

significant association with CIMT and OC, Si, and S, but not with EC. Using the parameter

bootstrap to account and correct for measurement error led to noticeably larger standard

errors and wider confidence intervals for Si and S, but the results still indicated a significant

association between exposure to OC, Si and S and elevated CIMT regardless of whether or

not measurement error was corrected for.
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2.6.4 Measurement error correction

To interpret our measurement error results, it is helpful to compare the importance of the

PLS and kriging aspects of the four prediction models. For EC and OC, using PLS alone

was sufficient to make accurate predictions, whereas the spatial smoothing from UK was

much more important in improving prediction accuracy for Si and S. It is accordingly no

coincidence that the bootstrap-corrected standard error estimates for EC and OC were un-

changed from the näıve estimates, while the corrected SE estimates for Si and S were about

50% larger (and the resulting 95% confidence intervals 50% wider) than their respective

näıve estimates. The fact that the EC and OC exposure predictions were derived mostly

from the PLS components only with independent residuals implies that the Berkson-like

error was almost pure Berkson error (i.e., independent across location), which is correctly

accounted for by näıve standard error estimates. On the other hand, much more smoothing

took place for S and Si which induced spatial correlation in the residual difference between

true and predicted exposure. Accordingly, standard errors that correctly account for the

Berkson-like error in these two pollutants are inflated because the correlated errors in the

predictions translate into correlated residuals in the disease model that are not accounted

for by näıve standard error estimates (Szpiro et al., 2011b) . The fact that the standard

error estimates from the parameter bootstrap using δ = 1 (which accounts for both Berkson-

like and classical-like error) and using δ = 0 (which accounts only for Berkson-like error)

were so similar further indicates that the larger corrected SE estimates were most likely a

result of the Berkson-like error. None of our measurement error analyses indicated that any

important bias was induced by the classical-like error.

2.6.5 Limitations and model considerations

Although our exposure models perform well there is still room for improvement, especially

for the Si, EC and OC models which had high but not outstanding cross-validated R2. For

these models it is possible that inclusion of additional geographic covariates in the PLS would
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help improve model performance. Examples include wood burning sources within a given

buffer for EC and OC concentrations, or dust and sand sources for Si. These covariates are

currently not available in our databases. Furthermore, while it is possible to interpret the

individual covariates in PLS components as in Section 2.5.2, such interpretations need to be

regarded with caution because inclusion of many correlated covariates can lead to apparent

associations that are counter-intuitive and opposite what might be expected scientifically.

Finally, PLS does not consider interactions or nonlinear combinations of the geographic

covariates, which could improve model performance.

2.6.6 Implications and future directions

Our results show that careful investigation of the exposure model characteristics can help

to clarify the implications for the subsequent epidemiologic analyses that use the predicted

exposures. As is pointed out in Szpiro et al. (2011a), such an overarching framework that

considers the end goal of health modeling is a more reasonable and scientifically valid ap-

proach than treating exposure models as if they exist for their own sake. This analysis

serves as an example that will inform ongoing efforts by our group and others to construct

and utilize exposure prediction models that are most suitable for epidemiologic studies.

Our epidemiologic inference was based on one health model per pollutant. One might

reasonably be interested in how multiple pollutants jointly affect health. A limitation of

the approaches applied here is the reliance on a correctly-specified, spatially-correlated

Gaussian process exposure surface. To extend these approaches to multiple pollutants one

faces the difficult task of correctly specifying a multi-pollutant stochastic spatial surface.

This motivates moving away from the constraints of parametric assumptions and toward

semi-parametric exposure modeling and appropriate measurement error treatment. In the

following chapter we develop spatial measurement error methods under semi-parametric

exposure modeling for a single pollutant.
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Figure 2.1 abbreviation Variable description Buffer sizes

Distance to features, in kma

distance to features

A1 road NA
Nearest road NA
Airport NA
Large airport NA
Port NA
Coastline‡ NA
Commercial or service center NA
Railroad NA
Railyard NA

Emissionsb

so2 SO2 30km

pm25 PM†2.5 30km

pm10 PM†10 30km
nox NOX 30km

Population
population log10 population density 500m, 1km, 1.5km, 2km,

2.5km, 3km, 5km, 10km, 15km
NDVI

ndvi.winter Median winter 250m, 500m, 1km, 2.5km,
5km, 7.5km, 10km

ndvi.summer Median summer 250m, 500m, 1km, 2.5km,
5km, 7.5km, 10km

ndvi.q75 75th %ile 250m, 500m, 1km, 2.5km,
5km, 7.5km, 10km

ndvi.q50 50th %ile 250m, 500m, 1km, 2.5km,
5km, 7.5km, 10km

ndvi.q25 25th %ile 250m, 500m, 1km, 2.5km,
5km, 7.5km, 10km

Land use
transport Transportation, communities and utilities 750m, 3km, 5km,

10km, 15km
transition Transitional areas 15km
stream Streams and canals 3km†, 5km, 10km, 15km
shrub Shrub and brush rangeland 1.5km, 3km, 5km,

10km, 15km
resi Residential 400m, 500m, 750m, 1km,

1.5km, 3km, 5km, 10km, 15km
oth.urban Other urban or built-up 400m†, 500m, 1.5km, 3km,

5km, 10km, 15km
mix.range Mixed rangeland 3km, 5km, 10km, 15km
mix.forest Mixed forest land 750m, 1km, 1.5km, 3km,

5km, 10km, 15km
lakes Lakes † 10 km
industrial Industrial 1km∗, 1.5km∗, 3km, 5km,

10km, 15km
industcomm Industrial and commercial complexes † 15km
herb.range Herbaceous rangeland 3km†, 5km, 10km
green Evergreen forest land 400m, 500m, 750m, 1km,

1.5km, 3km, 5km, 10km, 15km
forest Deciduous forest land 750m, 1km, 1.5km, 3km,

5km, 10km, 15km
crop Cropland and pasture 400m, 500m, 750m, 1km,

1.5km, 3km, 5km, 10km, 15km
comm Commercial and services 500m, 750m, 1km, 1.5km,

3km, 5km, 10km, 15km
Line lengths

a23 Total dist of A2 and A3 roads within buffer 100m, 150m, 300m, 400m,
500m, 750m, 1km, 1.5km, 3km, 5km

a1 Total dist of A1 roads within buffer 1km, 1.5km, 3km, 5km
a Truncated at 25km and log10 transformed
bTons per year of emissions from tall stacks
† Variable used for modelling Si, S only
∗ Variable used for modelling EC, OC only
‡ log10 and untransformed values both included

Table 2.2: Land-use regression covariates and (where applicable) covariate buffer sizes that made
it through pre-processing and were considered by PLS. Most variables were used in each of the four
PM2.5 component models; however the pre-processing procedure selected some variables for EC and
OC that were not selected for Si and S, and vice versa. This is due to the fact that the monitors
used to measure EC and OC were not all identical to the ones used to measure Si and S.
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Variable N
Mean (SD)
or %

CIMT 5501 0.68 (0.19)

Age 5501 61.9 (10.1)
Weight (lb) 5501 173.0 (37.5)
Height (cm) 5501 166.6 (10.0)
Waist (cm) 5500 97.8 (14.1)

Body surface area 5501 1.9 (0.2)
BMI (kg/m2) 5501 28.2 (5.3)

DBP 5499 71.8 (10.3)

Gender

Female 2872 52.2
Male 2629 47.8

Race

White, caucasian 2168 39.4
Chinese American 675 12.3

Black, African-American 1459 26.5
Hispanic 1199 21.8

Site

New York 867 15.8
Baltimore 776 14.1

St. Paul & Minneapolis 899 16.3
Chicago 998 18.1

Los Angeles 1083 19.7

Education

Complete high school 991 18.0
Some college 1571 28.6

Complete college 2010 36.5
Missing 13 0.2

Income

< $12, 000 566 10.3
$12,000-24,999 1022 18.6
$25000-49999 1543 28.0
$50000-74999 901 16.4
> $75000 1271 23.1
Missing 198 3.6

Hypertension

No 3106 56.5
Yes 2395 43.5

Statin use

No 4681 85.1
Yes 817 14.9

Missing 3 0.1

Table 2.3: Summary of characteristics of the MESA cohort. Only variables that were used
in the health modeling are summarized here.
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R2 Est. UK pars
Pollutant # Scores PLS PLS+UK (τ2)a (σ2

η)b (φ)c τ2/σ2
η

EC 3 0.76 0.78 0.0153 0.0027 535 5.67
OC 2 0.54 0.61 0.1920 0.1467 241 1.31
Si 2 0.32 0.50 0.0044 0.0083 1698 0.53
S 2 0.62 0.96 0.0009 0.0510 1949 0.02

a Nugget used in kriging
b Partial sill used in kriging
c Range used in kriging

Table 2.4: Cross-validated R2 for each component of PM2.5, for both primary models and
comparison PLS only models. The estimated kriging parameters from the likelihood fit on
the entire data set for each pollutant is also shown.
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β̂ (SE) 95% CI β̂ (SE) 95% CI

EC OC
Näıve -0.011 (0.015) (-0.04, 0.02) 0.025 (0.008) (0.01, 0.04)

Parametric -0.011 (0.015) (-0.04, 0.02) 0.026 (0.009) (0.01, 0.04)
PB, δ = 0 -0.011 (0.015) (-0.04, 0.02) 0.025 (0.009) (0.01, 0.04)
PB, δ = 1 -0.011 (0.015) (-0.04, 0.02) 0.025 (0.009) (0.01, 0.04)

Si S
Näıve 0.285 (0.068) (0.15, 0.42) 0.057 (0.018) (0.02, 0.09)

Parametric 0.287 (0.103) (0.09, 0.49) 0.056 (0.025) (0.01, 0.11)
PB, δ = 0 0.285 (0.092) (0.11, 0.47) 0.057 (0.025) (0.01, 0.11)
PB, δ = 1 0.284 (0.093) (0.10, 0.47) 0.057 (0.025) (0.01, 0.11)

Table 2.5: Point estimates (standard errors) for the different pollutants, using näıve analysis and
with parametric and parameter bootstrap correction for measurement error in covariate of interest.
“PB” refers to results from parameter bootstrap implemented with given value of δ. For the para-
metric bootstrap and parameter bootstrap with δ = 1, β̂ refers to the estimate corrected for any
bias from classical-like error.
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Figure 2.1: Coefficients of the PLS fit, by geographic covariate type. The size of each
circle represents the buffer size, with larger circles indicating larger buffers. Explanation of
variable abbreviations are given in Table 2.2.
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(a) EC (b) OC

(c) Si (d) S

Figure 2.2: Locations of IMPROVE and CSN monitors and predicted national average
PM2.5 component concentrations from final predictions models. Predictions are also shown
for St. Paul, MN.
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Figure 2.3: P-SIMEX bias estimates. 15,000 parameter bootstrap samples were drawn using
values of δ ∈ {0, 0.5, 1, 1.5, 2}, and the estimated bootstrap biases plotted as a function of
these values. A linear or quadratic extrapolation was used to estimate E−1(β̂BX). Confidence
intervals from a t-test testing zero bias are also shown.
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Chapter 3

MINIMIZING THE IMPACT OF MEASUREMENT ERROR WHEN
USING PENALIZED REGRESSION TO MODEL EXPOSURE IN

TWO-STAGE AIR POLLUTION EPIDEMIOLOGY STUDIES

3.1 Summary

The previous chapter used universal kriging to model the first-stage exposure model, which

is commonly motivated by assuming the exposure surface is a spatially correlated random

effect. In this chapter we motivate viewing the exposure surface as fixed and the subject

and monitoring locations as random. Corresponding measurement error methods exist only

when modeling exposure with simple, low-rank, unpenalized regression splines. We develop

a comprehensive treatment of measurement error when modeling exposure with high-but-

fixed-rank penalized regression splines. If sufficiently rich, these models well-approximate

full-rank splines while remaining asymptotically tractable, and require a penalty parameter

to ensure model regularity. We describe the implications of this penalty for measurement

error, motivate choosing the penalty to optimize health effect inference, derive an analytic

bias correction, and provide a simple non-parametric bootstrap to account for all sources

of variability. We find that highly parameterizing the exposure model results in severely

biased and inefficient health effect inference if no penalty is used. Choosing the penalty to

mitigate measurement error yields much less bias and better efficiency, and can lead to better

confidence interval coverage than other common penalty selection methods. Combining the

bias correction with the non-parametric bootstrap yields accurate coverage of nominal 95%

confidence intervals.
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3.2 Introduction

Air pollution cohort studies relating long-term exposure to a single air pollutant to a health

outcome often take a two-stage approach. The true subject-specific exposures are often

unobservable and must be predicted from a first-stage exposure model fit to observed mon-

itoring data at misaligned locations. The predicted exposures are then substituted for the

true exposures in a subsequent second-stage health model (Miller et al., 2007; Kim et al.,

2009). Universal kriging (Cressie, 1993) is a commonly used way of fitting the first-stage ex-

posure model. Is is usually motivated from a parametric perspective, assuming the monitor

and subject locations are fixed and the exposures are realizations of a stochastic, spatially

correlated Gaussian process. Parametric methods of correcting for measurement error un-

der these assumptions have been described elsewhere (Gryparis et al., 2009; Szpiro et al.,

2011b; Bergen et al., 2013; Lopiano et al., 2013).

Szpiro and Paciorek (2013) propose an alternative analytic framework, in which the ex-

posure surface is regarded as fixed but unknown and the subject and monitoring locations

are sampled at random. They argue this framework more accurately depicts hypothetical

repeated cohort studies, which would involve different subjects and monitor locations but a

fixed exposure surface determined by topography, long-term meterologic trends, and other

natural and anthropogenic features of the geography. In this framework, Szpiro and Pa-

ciorek (2013) develop measurement error correction methods, but their methods are limited

to relatively simple first-stage exposure models such as unpenalized low-rank regression

splines. Universal kriging is generally preferred for modeling air polluton exposure since

it accommodates a richer class of spatial surfaces which can lead to more accurate predic-

tions. Accordingly, there is a need to develop measurement error correction methods for

flexible exposure models such as universal kriging, but under Szpiro and Paciorek (2013)’s

assumptions of a fixed but unknown exposure surface, rather than the spatial random effect

assumptions that traditionally motivate universal kriging. In the fixed exposure surface

framework, we can regard universal kriging as a type of full-rank penalized spline with
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approximately as many basis functions as monitoring locations (Ruppert et al., 2003).

A comprehensive treatment of measurement error in this setting should provide (i) an

optimal method for selecting the penalty parameter (since it is no longer directly tied to

an assumed random effect in the data-generating mechanism), (ii) a bias correction for the

estimated second-stage health effect parameter, and (iii) a valid standard error estimate that

accounts for all of the variability from fitting the first- and second-stage models. Optimal

penalty parameter selection and bias correction require asymptotic results, and it is not

clear how to characterize the asymptotics of full-rank regression models in our setting. As

a pragmatic alternative, we replace full-rank splines with penalized regression splines that

have a fixed, finite, but large basis such as thin-plate regression splines (Wood, 2003) or low-

rank kriging (Kammann and Wand, 2003). As with universal kriging these models require

a penalty on the basis function coefficients in order to ensure model regularity (Ruppert

et al., 2003; Hastie et al., 2001), but they are asymptotically tractable due to their fixed-rank

nature.

The remainder of this paper is organized as follows. Section 3.3 describes our analytic

framework, including the assumed data generating mechanism and a review of how pen-

alized regression splines approximate full-rank exposure models such as universal kriging.

Section 3.4 decomposes the measurement error into Berkson-like and classical-like compon-

ents, discusses how the choice of penalty parameter regulates the balance between these

two components, proposes a novel approach to penalty parameter selection, and provides

an analytic bias correction and bootstrap standard error estimate that ensure valid health

effect inference. Section 3.5 illustrates our methods using simulation studies. Section 3.6

presents the application of our methods to estimating the association between systolic blood

pressure and PM2.5 in the NIEHS Sister Study. Section 3.7 summarizes our findings and

discusses limitations and considerations for future work.
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3.3 Analytic framework

3.3.1 Data generating mechanisms

Our notation generally follows that used by Szpiro and Paciorek (2013). Let s1, ...sn denote

i.i.d. subject locations and s∗1, ..., s
∗
n∗ i.i.d. monitoring locations in R2, both drawn inde-

pendently of each other from an unknown density G(·). We comment on this assumption

in Section 3.7. At monitoring location s∗i the true, observed exposure is

x∗i = Φ(s∗i ) + η∗i ,

and similarly we define true (but unobserved) exposure xj = Φ(sj) + ηj at subject j’s

location. Here Φ(·) : R2 → R is a fixed function of space that denotes all aspects of

the underlying exposure surface potentially explainable with spatially referenced covariates,

including geographic or land-use features such as distance to traffic or populaton density

and basis functions for a spatial smoother such as kriging or thin-plate splines (described

in more detail below). The η1, ..., ηn∗ are i.i.d random error terms with mean 0 and are

uncorrelated with the s∗i ; similarly the ηj are i.i.d. and uncorrelated with the si or the η∗i .

Let r(s∗i )
T ≡ {p(s∗i )

T ,q(s∗i )
T }map 2-dimensional geographic space to a (p+q)-dimensional

covariate vector. Here p(s∗i ) denotes a vector of p geographic covariates, while q(s∗i ) denotes

a vector of q spatial basis functions. As opposed to Szpiro and Paciorek (2013), the size

of q may be such that p + q is large relative to n∗, too large to comfortably estimate their

coefficients using ordinary least squares. Let R(s∗) ≡ {P(s∗),Q(s∗)} be the n∗ × (p + q)

model matrix created by stacking r(s∗1)T , ..., r(s∗n∗). Analogously, we define r(si) and R(s)

at subject locations.

If we observed the true exposures xi at subject locations, we would use them to estimate

associations with a continuous health outcome yi. We assume the health model follows

yi = β0 + βxi + βTz zi + εi, (3.1)
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for i = 1, ..., n. Here β is the health effect of interest, zi denotes a vector of additional

subject-specific covariates such as age or socio-economic status that are potential con-

founders or precision variables, and the εi are independent but not necessarily identically

distributed random variables with mean zero, independent of the xi and zi. We assume

that the subject-specific covariates satisfy

zi = Θ(si) + ζζζi,

where Θ(si) is a vector-valued function representing the spatial component of the subject-

specific covariates, and the ζζζi are random vectors independent between subjects and inde-

pendent of ηi, with mean zero, but with individual elements not necessarily independent of

each other.

A typical data set in this context consists of x∗i and R(s∗) at monitoring locations (used

to build exposure models), R(s) at subject locations (used to predict exposures), and yi

and zi at subject locations (used to estimate health effects, given exposure predictions).

3.3.2 Penalized regression exposure model

General form

The first stage in the two-stage approach is building the exposure model using observations

x∗i and modeling covariates R(s∗). We want to include enough spatial basis functions in

R(s∗) to be able to flexibly estimate Φ(·) of any form while not over-fitting the exposure

model given available monitoring data. To this end we regularize some or all of the exposure

model coefficients by means of an L2-type penalty. For penalty parameter λ ≥ 0, define

γ̂λ = argminθ
1

n∗

n∗∑
i=1

(
x∗i − r(s∗i )

T θ
)2

+ λθTDθ. (3.2)

Here D is a (p + q) × (p + q) positive semi-definite matrix where often only the bottom-

right q × q block is nonzero, implying we only penalize the coefficients of q(s∗i ). Low-rank
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kriging and thin-plate regression splines are specific forms of (3.2), and are described below.

It is easy to see that γ̂λ = (R(s∗)TR(s∗) + n∗λD)−1R(s∗)x∗. If λ = 0, then γ̂λ is just

the ordinary least squares (OLS) fit to the data. As λ → ∞, the coefficients of q(s∗i ) are

shrunk towards 0. This generally decreases the variability of the coefficients (and hence

predictions), but at the cost of prediction bias compared to the OLS solution. Thus λ

balances fidelity to the observed data and model flexibility with coefficient size and model

regularity. Note that as n∗ →∞, γ̂λ → γλ, where

γλ = argminθ

∫
(Φ(s)− r(s)T θ)2dG(s) + λθTDθ. (3.3)

That is, γλ are the penalized regression coefficients given infinite monitoring data, for fixed

λ.

Let ŵλ(si) = r(si)
T γ̂λ denote predictions at subject locations, and let wλ(si) = r(si)

Tγλ

denote predictions at subject locations if we had infinite monitoring data to fit the exposure

model.

Low-rank kriging

To motivate low-rank kriging (LRK) as described by Kammann and Wand (2003), we begin

by summarizing the usual spatial random effect context of universal kriging (Cressie, 1993).

Then we review how kriging can alternatively be viewed as a penalized full-rank regression

on spatial basis functions which can be approximated by a penalized regression on a fixed

number of basis functions.

Conventionally, universal kriging describes a data generating mechanism under which

exposures are realizations of a spatially correlated random effect. Marginally, the exposures

at monitoring locations are assumed to follow:

x∗ = P(s∗)α+ δ̃ + ν. (3.4)
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Here δ̃ ∼ N(0, σ2Σ); ν ∼ N(0, τ2I); Σij = C(||s∗i − s∗j ||); and C(r) = exp(−|r|/φ) if using

an exponential model, for range parameter φ. The parameters τ2 and σ2 are often referred

to as the nugget and partial sill, respectively. This can be reparameterized as follows:

x∗ = P(s∗)α+ Q(s∗)δ + ν, (3.5)

where Q(s∗) = Σ and δ ∼ N(0, σ2Σ−1). Given a choice of φ, Q(s∗) can now be viewed as a

set of radial basis functions with correlated random coefficients δ. Assuming for now that

τ2 and σ2 are known, minimizing the penalized least squares criterion

1

τ2

{
||x∗ −P(s∗)α−Q(s∗)δ||2 + λ̃δTΣδ

}
(3.6)

with λ̃ = τ2/σ2 yields the maximum likelihood estimate (MLE) of α and the best linear

unbiased predictor (BLUP) of δ. Restricted maximum likelihood (REML) is a standard

approach to obtaining estimates τ̂2 and σ̂2, and hence a corresponding choice of λ̃. The

range parameter φ is typically also estimated using REML, although for practical reasons

this parameter is selected in advance in the low-rank version of kriging. We note that

minimizing (3.6) with respect to α and δ is equivalent to solving (3.2) with γ̂Tλ =
{
α̂T , δ̂

T
}

,

λ = λ̃/n∗, and D =

0p×p 0p×q

0q×p Σ

.

We emphasize that, in our paradigm, Equations (3.4) and (3.5) do not reflect the true

data generating mechanism. Rather, (3.5) provides a starting point from which to derive

a penalized regression model and motivates a way of choosing λ by translating between

the variance components in the mixed model formulation and λ in the penalized regression

formulation (Hodges, 2013; Wakefield, 2013). From here we can see that if σ̂2 is large relative

to τ̂2, a greater proportion of the estimated variability in x∗i is due to spatial structure than

random noise, suggesting that a smaller penalty on δ̂ is appropriate. On the other hand if τ̂2

is large relative to σ̂2, the amount of spatial information is small relative to the variability
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from noise, indicating that δ̂ should be shrunk towards zero.

Kammann and Wand (2003) motivate using LRK to approximate full-rank kriging by

fixing the dimension of δ. This feature of LRK facilitates our asymptotic analysis and

allows us to derive estimates of bias from measurement error. Given a set of spatial knots

κ1, ...,κq with fixed q < n∗, LRK radial basis functions q(s∗i ) are defined as C(||s∗i − κj ||)

for j = 1, ..., q. Let Ω denote a q × q matrix such that Ωij = C(||κi − κj ||). Then LRK

coefficients are found by minimizing

||x∗ −P(s∗)α−Q(s∗)δ||2 + λ̃δTΩδ, (3.7)

which (as in the full-rank version) is equivalent to finding the MLE and BLUP for a mixed ef-

fects model with δ ∼ N(0, σ2Ω−1). Kammann and Wand (2003) recommend using REML to

obtain estimates τ̂2 and σ̂2 and fixing the range parameter φ at approximately the maximum

distance between observations. The length of δ is now q < n∗, and again minimizing (3.7)

is equivalent to minimizing (3.2) with γ̂Tλ =
{
α̂T , δ̂

T
}

, λ = λ̃/n∗ and D =

0p×p 0p×q

0q×p Ω

.

We use the term “low-rank kriging” to remain consistent with Kammann and Wand

(2003), but emphasize that the size of q, while fixed and less than n∗, is not necessarily

“low”. Indeed “fixed-rank kriging” may be more appropriate nomenclature but has already

been used by Cressie and Johannesson (2008) to refer to a different model than what we

have described.

Thin-plate regression splines

One disadvantage of LRK is the need to specify a range parameter φ. Full-rank thin-plate

splines do not require specification of a range parameter, and can be approximated by fixed-

rank thin-plate regression splines (TPRS). A complete derivation can be found elsewhere

(Green and Silverman, 1994; Wood, 2003), which we briefly summarize here.

Let E be an n∗×n∗ matrix with Eij = C(||s∗i − s∗j ||), where C(r) = (8π)−1r2log(r). Let
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T be the n∗×3 matrix with rows {ξ1(s∗i ), ξ2(s∗i ), ξ3(s∗i )}; here the ξj are linearly independent

polynomials that span the space of linear polynomials in R2. Full-rank thin-plate splines

minimize

1

n∗
||x∗ −P(s∗)α−Tξ −Eδ||2 + λδTEδ, (3.8)

subject to the constraint TTδ = 0. It is clear that the estimated coefficients will be full-rank,

since δ has length n∗. Wood (2003) presents a fixed-rank approximation that is derived from

the singular value decomposition (SVD) of E.

Let USUT be the SVD of E. Let Uq denote the first q columns of U, Sq the first q rows

and colums of S, and Wq a q × (q − 3) matrix such that TTUqWq = 0. TPRS coefficients

are found by minimizing

1

n∗
||x∗ −P(s∗)Tα−Tξ − (UqSqWq)δ||2 + λδTΩδ, (3.9)

where Ω = WT
q SqWq. From here it is apparent that with γ̂Tλ =

{
α̂T , ξ̂

T
, δ̂
T
}

, Q(s∗) =

{T,UqSqWq}, and D the (p+q)× (p+q) matrix with Ω in the lower (q−3)× (q−3) block

and zeros elsewhere, minimizing (3.9) is equivalent to minimizing (3.2). Further, minimizing

(3.9) yields the MLE and BLUP for a mixed effects model with δ ∼ N(0, σ2Ω−1). As in

LRK, we may use REML to estimate the variance parameters from the mixed effects model

and hence obtain an estimate of λ. A more standard approach for TPRS is to bypass the

mixed model formulation and directly select λ by generalized cross-validation (GCV) Wood

(2003).

3.4 Measurement error

Once we have found exposure model parameter estimates γ̂λ, we can define the measurement

error that results from using ŵλ(si) in place of xi to estimate β. Similarly to Szpiro and

Paciorek (2013), we decompose the measurement error into Berkson-like and classical-like

components as follows
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xi − ŵλ(si) = (xi − wλ(si)) + (wλ(si)− ŵλ(si))

= uBλ (si) + uCλ (si).

The Berkson-like component uBλ results from smoothing the true exposure surface using

wλ(si). In other words, it is error that is still present even if we had infinite monitoring

data available to fit the exposure model. It bears similarity to pure Berkson error because

using wλ(si) instead of xi misses exposure surface characteristics resulting in a less variable

predicted surface, but differs from Berkson error since it can induce bias in the health effect

in addition to affecting its standard error. This is in contrast to previous results where the

exposure model is either estimated without a penalty or is assumed to follow a correctly

specified spatial random effect model Szpiro and Paciorek (2013); Szpiro et al. (2011b) and

Berkson-like error does not leas to bias. Heuristically, larger λ induces more Berkson-like

error as a result of a smoother predicted surface.

The classical-like component uCλ results from estimating γλ with finite monitoring data.

It induces variability in the predicted exposures that is not related to the health outcome,

and can accordingly bias the estimated health effect and affect its standard error. In this

way it is similar to pure classical error, but it differs since the bias from uCλ diminishes as

n∗ → ∞. Heuristically, there is more classical-like error for small λ, since there is more

variability in the exposure model coefficients.

Although in practice β is estimated with finite n and n∗, in what follows we isolate the

effects of measurement error by considering estimation of β with infinite n. Let β̂n∗ denote

an estimate of β using infinite subject data and finite monitoring data, while β̂n,n∗ denotes

a practical estimate of β using finite subject and monitoring data.
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3.4.1 Analyzing behavior of β̂n∗

We use a Taylor expansion centered around γλ to derive an expression for the bias induced

by uBλ and uCλ . For our present purposes we discuss bias heuristically in Lemma 1, deferring

a more rigorous asymptotic treatment Shao (2003) to Appendix B.

Lemma 1: Let r⊥(s) contain elements (rk(s) − Θ(s)Tϕk), where ϕk = argminω
∫

(rk(s) −

Θ(s)Tω)2dG(s) for k ∈ {1, ..., p + q}. Let w⊥λ (si) = r⊥(si)
Tγλ and ŵ⊥λ (si) = r⊥(si)

T γ̂λ.

Then, if we define f(γ̂λ) =
∫
w⊥λ (s)ŵ⊥λ (s)dG(s)∫
ŵ⊥λ (s)2dG(s)

+
∫
uBλ (s)ŵ⊥λ (s)dG(s)∫
ŵ⊥λ (s)2dG(s)

, we can show that β̂n∗ =

βf(γ̂λ). Let hλ and Hλ denote the gradient and the Hessian matrix, respectively, of f(γ̂λ)

evaluated at γλ.

(a) The bias attributable to Berkson-like and classical-like error is

E

(
β̂n∗ − β

β

)
= ψBλ + ψCλ , (3.10)

where ψBλ =

∫
uBλ (s)w⊥λ (s)dG(s)∫
w⊥λ (s)2dG(s)

is bias from Berkson-like error, and

ψCλ = 1
n∗

{
hTλE(γ̂λ − γλ) + tr (HλCov(γ̂λ − γλ))

}
is bias from classical-like error.

(b) The variance attributable to classical-like error is

V ar

(
β̂n∗ − β

β

)
=

1

n∗
(
hTλCov(γ̂λ − γλ)hλ

)
. (3.11)

See Appendix B for rigorous statement and proof of Lemma 1, and for details on estim-

ating ψBλ and ψCλ with available data.

Part (a) of Lemma 1 characterizes the bias of β̂n∗ as a function of both Berkson- and

classical-like error. If either of the following conditions are satisfied we can guarantee un-

biased estimation of β even under “optimal circumstances” where we have as much flexibility
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as possible in fitting our exposure model (λ = 0) and infinite monitoring data (n∗ = ∞).

In that case we can interpret the bias as coming from λ > 0 and/or n∗ <∞.

Condition 1: Enough spatial basis functions have been included in the exposure model

such that for all s∗i , Φ(s∗i ) = r(s∗i )
Tγ for some γ.

Condition 2: The elements of Θ(s) are contained in the span of r(s).

Another way to think of Condition 1 is that enough basis functions have been included to

correctly specify a Φ(s) of unknown form, though penalization might be necessary to avoid

overfitting with finite n∗ Yu and Ruppert (2002).

To see the implication of Conditions 1 and 2, we re-write the health model as

yi = β0 + βw0(si) + βT zi + (εi + β(xi − w0(si)) ,

and note that uB0 (si) becomes part of the residual in the health model. If Condition 1 is met,

it follows that γ0 = γ and (Φ(si) − r(si)
Tγ0) = 0 for all si, implying uB0 (si) = ηi. In this

case, uB0 (si) is pure Berkson error and does not induce bias in a linear health model Carroll

(2006). If Condition 2 is met, uB0 (si) is uncorrelated with both w0(si) and zi, ensuring no

bias is induced by using w0(si) in place of xi Szpiro and Paciorek (2013); White (1980).

Although our bias expression from (a) is still valid even if both conditions are violated, it

is helpful to operate under the assumption that one or both conditions are met so as to

emphasize the roles of λ and n∗ in determining bias.

Assuming either Condition 1 or 2 is met, from (a) we can see that if λ = 0 ψB0 is zero

since w⊥0 (s) is orthogonal to uB0 , but if λ > 0 this orthogonality is not guaranteed implying

|ψBλ | could be large. On the other hand, when λ = 0 Cov(γ̂λ − γλ) is maximized implying

ψC0 is large, and decreases as λ increases. Thus λ trades-off bias from the two error types.

Also note that as n∗ → ∞, the bias from classical-like error goes to zero at a rate of 1/n∗

while the bias from Berkson-like error is independent of n∗.
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Note that Lemma 1 was derived assuming infinite n. The bias estimate in (3.10) remains

valid even for finite n since the size of the health data set does not affect bias, but (3.11)

is not a valid finite-n variance estimate as it accounts only for variability from classical-like

error. This can be readily seen by observing that if Cov(γ̂λ−γλ) = 0 the variance in (3.11)

is zero. This does not account for finite-n sources of variability in β̂n,n∗ such as εi and

uBλ (si). Thus (3.11) is useful only as a tool for λ selection, and to get valid finite-n variance

estimates we must use methods such as the non-parametric bootstrap Efron and Tibshirani

(1993); Szpiro and Paciorek (2013).

3.4.2 Accounting for measurement error

Selecting the penalty parameter

In Sections 3.3.2 and 3.3.2 we motivated using REML or GCV to select λ. These are

motivated purely from the exposure modeling framework, and do not consider that the

predictions will be used in health modeling. Lemma 1 suggests an alternative approach.

Combining Equations (3.10) and (3.11) yields an expression for the MSE of (β̂n∗ − β)/β

that is a function of λ. Choosing λ to minimize this MSE aims to minimize bias from both

error types while paying heed to variance from classical-like error. We refer to this as the

MSE method of choosing λ, noting that we can use this criteria without estimating β.

Bias correction and standard error estimation

Regardless of the method used to select λ, the resulting health effect estimate may still

be biased. Once we choose λ and estimate ψBλ and ψCλ , we define a bias-corrected health

effect estimate by β̂Cn,n∗ = β̂n,n∗/
(

1 + ψ̂Bλ + ψ̂Cλ

)
. We use the nonparametric bootstrap to

obtain valid standard error estimates that account for all sources of variability, including

the bias correction if applied Szpiro and Paciorek (2013). In each bootstrap sample, n

subject locations and n∗ monitoring locations are randomly drawn with replacement. We

fit the exposure model to the re-sampled monitoring data, predict at the re-sampled subject
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locations, and estimate the health effect. If we are estimating the standard error of β̂Cn,n∗

we also estimate and apply a bias correction. We use the appropriate empirical standard

deviations of the bootstrap estimated health effects to estimate the standard errors of β̂n,n∗

and β̂Cn,n∗ .

Sensitivity analysis to verify sufficient treatment of measurement error

In practice it is advisable to conduct sensitivity analyses with different exposure models

Peng (2013), and any two exposure models are sure to give non-identical health effect es-

timates even after applying a bias correction. One must then decide if one estimate remains

more biased than the other, or if the differences are due to variability from measurement

error. We can assess this by using a modified non-parametric bootstrap for each exposure

model, keeping subjects fixed and re-sampling only the monitoring data. The resulting

health effect variability is purely due to measurement error from using different exposure

models. Comparing the two effect estimates in conjunction with this variability puts into

perspective whether discrepancies suggest residual bias or are simply a result of variability

from measurement error. This modification to the full bootstrap (which re-samples sub-

jects) is critical, as in practice the same study subjects are used when estimating health

effects based on different exposure models.

3.5 Simulations

3.5.1 Description of simulation studies

We performed simulations to assess the impact of measurement error from penalized regres-

sion exposure models. Subject and monitoring locations were simulated independently and

uniformly on a 4500× 4500 grid. Given location, the exposure surface was defined as

Φ(s) = Φs(s) +

6∑
k=1

rk(s). (3.12)
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Each geographic covariate rk(s) was a realization of a N(0,
√

0.25) random variable, inde-

pendent across locations. Φs(s) was a fixed realization from a simulated spectral approxima-

tion to a Gaussian process with variance 6 and range parameter 1500 Paciorek (2007). Thus

the total variance of Φ(s) was 7.5, with 80% of this variability due to spatial structure. True

exposures at both subject and monitoring locations were simulated as x = Φ(s) + η with

η ∼ N(0,
√

3), implying approximately 70% of the true exposure variance was potentially

explainable by covariates and spatial basis functions.

Given true exposures at subject locations, we considered two different data-generating

mechanisms for the health outcome. In Scenario 1, there were no additional covariates, and

health outcomes were generated according to

yi = β0 + βxi + ε, (3.13)

with β0 = 74, β = 0.1, and ε ∼ N(0, 1). In Scenario 2, the health outcomes were generated

according to

yi = β0 + βxi + βTZzi + ε, (3.14)

again with β0 = 74, β = 0.1, and ε ∼ N(0, 1). Here zi was an 8 degree-of-freedom thin-plate

regression spline (Wood 2003), and the elements of βZ were all equal to 1.

For our simulations we used n∗ = 100 and n = 1000. We considered LRK and TPRS

exposure models, including all six geographic covariates in each. The LRK models used a

range parameter φ = 6363, the maximum distance between grid locations. The fixed LRK

knot locations were chosen with a space-filling algorithm. We considered q = 10, 15, 20 or

25 for both exposure models, implying the maximum value of p+ q was 32 including basis

functions, geographic covariates and an intercept.

We studied behavior of β̂n,n∗ for fixed λ ∈ {0, 0.01, ..., 0.99, 1, 1.05, ..., 2.95, 3.00}× 10−2.

The smaller λ values were similar to those often selected by REML or GCV. The larger λ

values were chosen to give a general idea of how the bias of β̂n,n∗ behaved for uncommonly
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large penalties.

In addition to fixing λ we also performed more detailed simulations using exposure

models that were built with no penalty (λ = 0), or with λ chosen using REML, GCV

or the MSE criteria. For these simulations we implemented the bootstrap to estimate

standard errors and compared confidence interval coverage to those based on näıve sandwich

standard errors. We used 1000 Monte Carlo realizations for each simulation scenario, and

our bootstrap standard error estimates were based on 100 Monte Carlo bootstrap draws.

3.5.2 Simulation Results: Fixing λ

LRK exposure models

Observed relative biases and standard deviations of β̂n,n∗ from the LRK exposure models are

shown in Figure 3.1. For small λ there was notable bias towards the null which worsened for

larger q. This reflects more bias from classical-like error resulting from increased variability

of γ̂λ. For Scenario 1, as λ increased the bias from Berkson-like error canceled the bias from

classical-like error, leading to no bias for λ ≈ 0.3×10−2. On the other hand, Scenario 2 had

no value of λ that gave zero bias. For both scenarios the standard deviation of β̂n,n∗ steadily

increased with λ. Of note is that for most values of λ the relative standard deviation was

comparable in size to the relative bias, indicating that the bias was often non-ignorable.

TPRS exposure models

The simulation results using TPRS exposure models and fixing λ are shown in Figure

3.2, and were somewhat different from the LRK results. For Scenario 1, the bias was not

monotone as λ increased, and there were multiple values of λ that led to no bias. Similar to

the LRK results, Scenario 2 had no values of λ that eliminated the bias, and the standard

deviations in both scenarios increased as λ increased.
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3.5.3 Simulation results: Estimating λ

LRK exposure models

Figures 3.3 and 3.4 summarize the results using LRK exposure models with λ = 0 or selected

using GCV, REML, or the MSE criteria. Although not shown, the mean out-of-sample R2

was between 0.44 and 0.50 for the penalized models, and was as low as 0.36 for λ = 0 and

q = 25. As q increased the mean out-of-sample R2 from the penalized models monotone

increased, though the increases were slight. The MSE and GCV criteria led to slightly worse

R2 than the REML criteria.

For Scenario 1, we see in Figure 3.3 that β̂n,n∗ estimated using predictions from un-

penalized exposure models was heavily biased towards the null, with a relative bias greater

than 20% for q = 25. Penalizing the exposure models drastically reduced the bias of β̂n,n∗ ,

and using MSE to choose λ induced the least bias. For λ > 0, applying a bias correction

reduced the bias even more regardless of the size of q. If λ = 0 the bias correction only

worked when q was small; for large q the exposure model was over-parameterized which

violated the asymptotics underlying the analytic bias expression. For all choices of λ, ap-

plying a bias correction increased the health effect standard error (significantly so for the

unpenalized models) and sandwich standard error estimates drastically underestimated the

true standard errors of both β̂n,n∗ and β̂Cn,n∗ .

Using GCV and applying a bias correction led to overcoverage for large q, as the boot-

strap overestimated the standard error of β̂Cn,n∗ . This was because GCV tended to choose

very small values of λ, which for large q led to highly variable bootstrap samples of β̂Cn,n∗ .

If REML was used applying a bias correction and using bootstrap standard errors gave

accurate coverage. Using MSE led to accurate coverage even without a bias correction; in

this case applying a bias correction only led to efficiency loss.

Figure 3.4 shows the results from Scenario 2. As in Scenario 1, we saw drastic relative

biases towards the null when λ = 0 (more than 50% when q = 25), failure of the bias

correction for λ = 0 and large q, reduced bias from penalization, further bias reduction if
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both a penalty and bias correction were applied, increased standard errors from applying

a bias correction, and drastic undercoverage from sandwich standard error estimates. The

standard errors of β̂Cn,n∗ using REML or MSE were very similar to each other, and both

were much smaller than GCV, especially as q increased. As opposed to Scenario 1, using the

MSE criteria to choose λ was not enough to obtain accurate confidence interval coverage;

we needed to apply a bias correction to achieve accurate coverage.

TPRS exposure models

The results from using TPRS exposure models and estimating λ are shown in Figures 3.5

and 3.6. Mean out-of-sample R2 was between 0.43 and 0.51 for all models, and slightly

increased with q for the penalized models. The GCV and REML models led to very similar

R2 while the the MSE criteria yielded worse R2 than either.

We again see that in Scenario 1 using the MSE criteria alone was sufficient to get accurate

confidence interval coverage, but that in Scenario 2 a bias correction was needed. A penalty

was needed to ensure the bias correction was effective for all values of q.

3.6 Application

3.6.1 PM2.5 and elevated blood pressure in the NIEHS Sister Study

We study the association between systolic blood pressure (SBP) and exposure to particulate

matter ≤ 2.5µg/m3 (PM2.5) in the NIEHS Sister Study, a nationwide (including Puerto

Rico) prospective cohort study that is primarily focused on the impact of genetic and

environmental risk factors on breast cancer in women who are sisters of a woman with

breast cancer (NIEHS, 2013). Our research group previously estimated an increase of 1.4

mmHg in SBP per 10-µg/m3 in year 2006 annual average PM2.5 (95% CI: 0.6, 2.3) (Chan

et al., Subm). This result is based on data from the 43,629 Sister Study participants whose

residences in the year 2006 could be identified and geo-coded (all such participants resided

in the lower 48 states), and exposure predictions from a regionalized universal kriging model
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described by Sampson et al. (2013). Our objective is to re-analyze these data and to account

for exposure measurement error.

3.6.2 Exposure models

For our re-analysis, we predict exposures at participant locations using both LRK and TPRS

models, based on observed year 2006 annual average PM2.5 at 1037 EPA air quality system

(AQS) monitoring locations across the lower 48 states. The monitoring locations and Sister

Study participant locations are shown in Figure 3.7. We considered λ = 0 and λ chosen

using REML, GCV or the MSE criteria. Our geographic covariates were two partial least

squares (PLS) components derived from 300 land-use variables (Abdi, 2003; Bergen et al.,

2013). We considered q = 50, 100, and 150. The LRK knot locations were found using a

space-filling algorithm on a grid defined by fixed 25 × 25 km cells and φ was set equal to

6,363 km, the maximum distance between any two grid cells. We also modeled exposure

with a universal kriging model fit to the entire nation-wide monitoring network (although

our measurement error correction methods are not applicable here). We did this to compare

health results to those using exposures from fixed-rank penalized regression splines and the

regionalized universal kriging model in Chan et al. (Subm).

3.6.3 Health model

In a multivariate linear health model, we regressed SBP on predicted PM2.5 exposure,

controlling for the same variables included in the primary model of Chan et al. (Subm). Both

sandwich and bootstrap standard errors were calculated. We also applied the sensitivity

analysis described in Section 3.4.2 to give perspective as to whether any discrepancies in

effect estimates were within measurement error variability or whether we had failed to

adequately correct for bias.
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3.6.4 Results

10-fold cross-validated R2 ranged from 0.76–0.79 for the penalized models. For the unpenal-

ized LRK models, over-parameterization led to decreases in predictive accuracy with R2 = 0

when q = 150.

Figures 3.8 and 3.9 show the results of the health analyses. The top two rows of each

panel show the health results using predictions from regionalized and national universal

kriging models, respectively. The other rows correspond to health effects using exposures

predicted with fixed-rank exposure models. For these rows, the black circles and dashed lines

correspond to a näıve analysis: point estimates with no bias correction and 95% confidence

intervals derived from sandwich standard error estimates. The plus-symbol refers to the bias-

corrected health effect estimate, and the dashed red lines are confidence intervals derived

from the full bootstrap. The solid parts of the red lines are confidence intervals derived

from the partial bootstrap described in Section 3.4.2.

The regionalized and national universal kriging models yielded very similar health effect

estimates. For all of the fixed-rank exposure models, using only q = 50 degrees-of-freedom

led to much weaker and non-significant associations of SBP with PM2.5 than the universal

kriging models. When we used 100 or 150 degrees-of-freedom, we estimated associations

between 1.0 and 1.6 mmHg SBP for a 10-µg/m3 increase in year 2006 PM2.5. These were

comparable to the association estimated by Chan et al. (Subm) and by the national univer-

sal kriging model. However, when we corrected for measurement error bias only the models

penalized via REML or MSE remained stable. Applying a bias correction without penaliz-

ation or penalizing via GCV led to wildly variable bias-corrected estimates, especially for

the LRK exposure models.

For the stable REML and MSE models, there was very little estimated bias. Confidence

intervals derived using bootstrap standard errors that accounted for all sources of variability

(denoted by the red dashed lines) were very similar to or slightly wider than näıve confidence

intervals. The most drastic difference was the q = 50 LRK model with λ chosen via MSE,
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where the bootstrap standard error was 13% larger than the näıve estimate. Even though the

q = 50 exposure models yielded qualitatively different results than the q = 100 or q = 150

models, all the solid red confidence intervals overlapped, indicating that this discrepancy

could be attributed to variability from measurement error and bias correction rather than

unaccounted-for bias.

3.7 Discussion

We have presented a measurement error framework when approximating full-rank splines

with high-but-fixed-rank penalized regression splines to model exposure, shown how the

measurement error depends on the penalty parameter λ, and derived an estimate of the bias

useful for bias correction. We have developed a novel method for choosing λ to optimize

health effect estimation, in contrast to traditional methods that focus on prediction accuracy

or fit of the first-stage exposure model.

The ability of our measurement error methodology to admit larger-rank exposure models

is an important advance over previously existing methods. Our simulations show that

including many basis functions in the exposure model without penalizing their coefficients

can induce drastic bias towards the null and heavy efficiency loss from classical-like error,

and that the bias correction fails in these settings as the underlying asymptotics are violated.

Thus, without methodology for penalized regression models one is restricted to very low-

rank exposure models which may miss important exposure surface characteristics. Our bias

expression shows that penalizing the exposure model reduces bias from classical-like error

but introduces bias from Berkson-like error. In simulations penalizing the exposure model

not only reduced the bias of the uncorrected health estimates, but sufficiently regularized

the exposure models so that implementing the bias correction and non-parametric bootstrap

led to small biases and accurate coverage of 95% confidence intervals.

In our data analysis, at least 100 exposure model degrees-of-freedom were needed to yield

associations of SBP with PM2.5 that were comparable to previous work that used full-rank

splines to model exposure. In order to well-approximate results obtained using full-rank
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splines, penalization was necessary to ensure model regularity. Using MSE or REML to

choose λ yielded the most stable inference when correcting for bias.

We have also proposed a novel method for selecting λ that balances the Berkson- and

classical-like errors. Our simulations indicate that even applying the MSE criteria does not

always sufficiently reduce the bias to give accurate confidence interval coverage. In those

cases a bias correction is needed to get accurate coverage. Accordingly a bias correction

should generally be used for penalized exposure models, since in general it is necessary for

accurate coverage. When applying a correction, the REML or MSE criteria were the best

methods of choosing λ, as they consistently led to better coverage and efficiency than the

GCV criteria.In all simulations the non-parametric bootstrap was needed to account for all

sources of variability.

We have motivated choosing λ to minimize the asymptotic MSE of β̂n∗ . We use MSE

rather than squared-bias as our criterion because we found that choosing λ to minimize the

squared bias performed poorly when there were multiple values of λ that gave a minimum,

such as Scenario 1 using TPRS. In these situations focusing only on bias often resulted in

loss of efficiency since variance was ignored. The MSE criteria avoided this problem by

finding λ that balanced bias from both error types and variance from classical-like error.

A strong assumption we have made throughout is that the subject and monitoring

locations are both drawn from the same distribution G. In practice this is not likely to

be the case. Two immediate consequences follow if this assumption is violated and s∗ is

drawn from some H 6= G. First, if Condition 1 is not met, ψB0 (the bias from Berkson-

like error when λ = 0) is not guaranteed to be zero even if Condition 2 is met. This is

because uB0 (s) is no longer guaranteed to be orthogonal to w0(s) under G, since γ0 now

minimizes the least-squares criteria with respect to H (see Szpiro and Paciorek (2013) for

more details). The second consequence is that we can not estimate the numerator of ψBλ

using monitoring data directly, since the empirical distribution of monitoring locations now

estimates H whereas the integrals involved in ψBλ are with respect to G. In this case more
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care is needed in estimating ψBλ . One plausible solution is to re-weight each monitoring

location by an estimate of G/H and use these re-weighted observations to estimate ψBλ .

This would yield an estimate of the bias both from λ > 0 and the new source of bias from

H 6= G. Although we assumed H = G throughout our Sister Study analysis, in reality

this assumption is likely violated. Furthermore, it is possible this violation is responsible

for the non-significant associations of SBP with PM2.5 using only 50 degrees-of-freedom to

model exposure. With only 50 degrees-of-freedom it is possible that the exposure model

is not sufficiently rich, resulting in violation of Condition 1. This violation coupled with

H 6= G could be inducing a new source of bias from Berkson-like error. Our estimate of

ψBλ may be missing this new source, since we estimated it by summing over the empirical

distribution of monitoring locations (essentially treating H = G). This would explain why

the bias-corrected estimates using 50 degrees-of-freedom were still so different from the

bias-corrected 100- and 150-degree-of-freedom results. However, we can only speculate, as

the sensitivity described in Section 3.4.2 and implemented in our application indicates the

discrepancies may be purely attributable to variability. In future work, we will investigate

the measurement error implications of H 6= G and develop methods for estimating G/H to

use in bias correction.

Our methods are readily generalizable to multi-pollutant health analyses. Our bias and

variance expressions are simply functions of the moments of (γ̂λ − γλ), which in a multi-

pollutant context may contain multiple “sub”-vectors of coefficients for each pollutant. As

long as we can estimate these moments we can extend our methods to correct for measure-

ment error in multi-pollutant studies. This is the topic of the next chapter.
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Figure 3.1: Observed relative bias and SE of β̂n,n∗ as a function of λ, using LRK to model
exposure.
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Figure 3.2: Observed relative bias and SE of β̂n,n∗ as a function of λ, using TPRS to model
exposure.
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Figure 3.3: Scenario 1, using LRK to model exposure: Observed relative bias and SE of
β̂n,n∗ and β̂Cn,n∗ , and actual coverage of 95% confidence intervals with or without a bias
correction, using näıve or bootstrap standard errors.
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Figure 3.4: Scenario 2, using LRK to model exposure: Observed relative bias and SE of
β̂n,n∗ and β̂Cn,n∗ , and actual coverage of 95% confidence intervals with or without a bias
correction, using näıve or bootstrap standard errors.



59

No penalty

● ●
●

●

10 15 20 25

−
0.

2
0.

2
0.

4
0.

6

R
el

at
iv

e 
bi

as

● No correction
Correction

● ● ● ●

10 15 20 25

0.
0

0.
5

1.
0

1.
5

R
el

at
iv

e 
S

E

● No correction
Correction

●
●

●

●

10 15 20 25

0.
2

0.
4

0.
6

0.
8

1.
0

q

95
%

 C
I C

ov
er

ag
e

● ●

●

●

Naive SE
Bootstrap SE

● No correction
Correction

GCV

● ● ● ●

10 15 20 25
−

0.
10

0.
00

0.
10

●

● ● ●

10 15 20 25

0.
16

0.
20

0.
24

●

●

● ●

10 15 20 25

0.
70

0.
80

0.
90

1.
00

q

●
●

● ●

REML

●
● ● ●

10 15 20 25

−
0.

10
0.

00
0.

10

●

● ● ●

10 15 20 25

0.
16

0.
20

0.
24

●

●
● ●

10 15 20 25

0.
70

0.
80

0.
90

1.
00

q

● ● ● ●

MSE

● ● ● ●

10 15 20 25

−
0.

10
0.

00
0.

10

●

● ● ●

10 15 20 25

0.
16

0.
20

0.
24

●
● ● ●

10 15 20 25

0.
70

0.
80

0.
90

1.
00

q

● ●
● ●

Figure 3.5: Scenario 1, using TPRS to model exposure: Observed relative bias and SE of
β̂n,n∗ and β̂Cn,n∗ , and actual coverage of 95% confidence intervals with or without a bias
correction, using näıve or bootstrap standard errors.
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Figure 3.6: Scenario 2, using TPRS to model exposure: Observed relative bias and SE of
β̂n,n∗ and β̂Cn,n∗ , and actual coverage of 95% confidence intervals with or without a bias
correction, using näıve or bootstrap standard errors.
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Figure 3.7: Sister Study participant locations and PM2.5 monitoring locations used for data
analysis.
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Figure 3.8: Estimated change in SBP (in mmHg) associated with a 10-µg/m3 increase
in year 2006 annual average PM2.5 predicted by various exposure models. The top two
rows of each panel shows the health effect estimated using predictions from regionalized
or national universal kriging models. The other rows show näıve and bias-corrected health
effects using low-rank kriging to model exposure with λ selected via REML, GCV, MSE
or set to be zero. Various 95% confidence intervals are also shown. The black dashed
confidence interval were derived from näıve SE estimates. The red solid confidence interval
were derived from bootstrapped standard errors that keep subject locations fixed and re-
sample only monitoring locations, hence accounting only for measurement error and the
bias correction. The red dashed confidence intervals were derived from bootstrap standard
errors that took all sources of variability into account. 10-fold cross-validated R2 for the
fixed-rank models are also given.
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Figure 3.9: Estimated change in SBP (in mmHg) associated with a 10-µg/m3 increase in year 2006
annual average PM2.5 predicted by various exposure models. The top two rows of each panel shows
the health effect estimated using predictions from regionalized or national universal kriging models.
The other rows show näıve and bias-corrected health effects using thin-plate regression splines to
model exposure with λ selected via REML, GCV, MSE or set to be zero. Various 95% confidence
intervals are also shown. The black dashed confidence interval were derived from näıve SE estimates.
The red solid confidence interval were derived from bootstrapped standard errors that keep subject
locations fixed and re-sample only monitoring locations, hence accounting only for measurement
error and the bias correction. The red dashed confidence intervals were derived from bootstrap
standard errors that took all sources of variability into account. 10-fold cross-validated R2 for the
fixed-rank models are also given.
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Chapter 4

MULTI-POLLUTANT MEASUREMENT ERROR IN AIR
POLLUTION EPIDEMIOLOGY STUDIES ARISING FROM

PREDICTING EXPOSURES WITH PENALIZED REGRESSION
SPLINES

4.1 Summary

Air pollution epidemiology studies are trending towards a multi-pollutant approach, as

health outcomes are more realistically influenced by a mixture of pollutants rather than

any single pollutant. There is a corresponding need to characterize and correct for spatial

measurement error. We extend the methods of the previous chapter, characterizing this

measurement error when the exposure models are penalized regression splines, and develop

an analytic bias correction. Conventional wisdom suggests measurement error will attenuate

all estimated health effects, or that attenuation in the estimated health effect of a poorly

measured pollutant translates to upward bias of a well-measured pollutant’s effect. We

perform simulations that show the biases can be in opposite directions or simultaneously

away from or toward the null. Our analytic bias correction combined with a simple non-

parametric bootstrap yields accurate coverage of 95% confidence intervals. We illustrate

our methodology by analyzing the association between systolic blood pressure and of PM2.5

and NO2 in the NIEHS Sisters Study. We find evidence of NO2 confounding the association

of systolic blood pressure with PM2.5 and vice versa. Modeling both exposures together

yielded significant positive associations of systolic blood pressure with PM2.5 and negative

associations with NO2. Correcting for bias strengthened these associations and widened

95% confidence intervals.
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4.2 Introduction

Air pollution epidemiology is trending towards a multi-pollutant approach (Dominici et al.,

2010; Billionnet et al., 2012; Vedal and Kaufman, 2011). Dominici et al. (2010) argue that

members of health cohorts are exposed to a complex mixture of pollutants that are likely

affect health outcomes. Understanding how health outcomes are associated with pollutant

mixtures is necessary to inform policy decisions aimed at managing multiple pollutant levels

(Vedal and Kaufman, 2011).

An inherent challenge of a multi-pollutant approach is obtaining multivariate pollut-

ant predictions at health cohort locations and characterizing and correcting for subsequent

measurement error. Zeger et al. (2000) outline some general conclusions based on multivari-

ate classical measurement error. They suggest that in general the more poorly a pollutant

is measured, the more attenuated its effect estimate will be. Exceptions to this may oc-

cur when the measurement errors are negatively correlated, in which case the attenuation

of a poorly-measured pollutant’s health effect estimate may induce upward bias of a well-

measured pollutant’s effect estimate. Schwartz and Coull (2003) develop multi-pollutant

regression calibration to obtain unbiased health effect estimates under classical multivariate

measurement error, which Zeka and Schwartz (2004) applied to the National Morbidity and

Mortality Air Pollution Study (NMMAPS) and discovered a previously unobserved effect

of carbon monoxide on daily death adjusted for PM10. Strand et al. (2014) extended re-

gression calibration (Carroll, 2006) to estimate the association in asthmatic children of an

inflammation biomarker with an interactive form of smoking and PM2.5. However, these

methodologies do not address the more complex spatial measurement error that arises from

two-stage studies.

In previous chapters we have discussed at length spatial measurement error methods

for a single-pollutant. In Chapter 2 we presented parametric methods which are difficult

to extend to multi-pollutant setting. In Chapter 3 we developed semi-parametric methods

with the intent to extend to the multi-pollutant context. In this chapter we extend those
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semi-parametric methods, characterizing multi-pollutant measurement error when using

penalized regression splines to predict exposures at health subject locations. Although our

methods apply to a general class of penalized regression models, our treatment focuses on

fitting separate penalized regression models to each pollutant. We show that the multi-

pollutant measurement error can be decomposed into two components as in Bergen and

Szpiro (sub). A Berkson-like component arises from smoothing the exposure surfaces, while

a classical-like component arises from estimating the penalized regression spline coefficients.

Both components can bias the health effects and affect their standard errors.

This chapter is organized as follows. In Section 4.3 we describe assumptions and mod-

eling strategies. In Section 4.4 we decompose the error into Berkson- and classical-like

components and derive an analytic bias correction that accounts for both. In Section 4.5 we

discuss bias estimation approaches, exposure model selection and variance estimation. In

Section 4.6 we perform simulations to investigate the impact of measurement error under a

number of different scenarios and to demonstrate the effectiveness of our bias correction in

achieving well-calibrated inference. In Section 4.7 we apply our methodology to analyze the

joint association of PM2.5 and NO2 with systolic blood pressure (SBP) in the Sister Study

cohort (NIEHS, 2013). We conclude with a discussion of our results in Section 4.8.

4.3 Analytic framework

4.3.1 Data generating mechanisms

Our assumed data generating mechanisms follow those described in Szpiro and Paciorek

(2013) and Bergen and Szpiro (sub). We formulate our methodology in the context of two

pollutants, emphasizing that extension to higher-dimension pollutants is easily accomplished

at the cost of notational simplicity. Let s1, .., sn be n subject locations drawn independ-

ently from an unknown distribution function G(·). Given these subject locations, the true
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unobserved exposures xi ≡ (xi1, xi2)T follow:

xi = Φ(si) + ηi,

for i = 1, ..., n. Here Φ(si) ≡ {Φ1(si),Φ2(si)}T is a fixed function from R2 → R2 map-

ping space to a fixed two-dimensional exposure surface with Cor(Φ1(s),Φ2(s)) = ρΦ ∈

(−1, 1). Each Φj is potentially explainable with spatially-referenced covariates and basis

functions. The ηTi ≡ {ηi1, ηi2} are random vectors drawn independently of each other where

Cor(ηi1, ηi2) = ρη.

In addition to the subject locations we observe n∗ monitoring locations s∗1, ..., s
∗
n∗ drawn

independently of each other and of the subject locations, where n∗j of the s∗i belong to set

S∗j for j ∈ {0, 1, 2}. S∗0 denotes the set of monitoring locations where both pollutants are

observed, while for j ∈ {1, 2} S∗j denotes the set of monitoring locations where only pollutant

j is observed. Let π∗j denote the probability that a randomly drawn monitoring location

belongs to set S∗j . Let Hj(·) denote the unknown distribution of monitoring locations in

S∗j , and we assume Hj(·) = G(·) for all j. This is a strong assumption but we employ it for

simplicity and to focus on the measurement error methodology, discussing implications of

violating this assumption in Section 4.8.

We want to ensure we observe both pollutants at some locations. Accordingly we restrict

π∗0 to be positive while π∗j may equal 0 for j = 1 and/or 2; this implies 0 < n∗0 ≤ n∗. As

we describe in Section 4.5.1 this assumption is necessary to ensure we can estimate the bias

from measurement error. We denote x∗i = Φ(s∗i ) + η∗i as the complete vector of exposures

at monitor location s∗i . We do not observe the complete vector x∗i at all locations, instead

we observe W(s∗i )x
∗
i where W(s∗i ) =

1(s∗i ∈ S∗0 ∪ S∗1 ) 0

0 1(s∗i ∈ S∗0 ∪ S∗2 )

.

We emphasize that this paradigm implies x∗i and x∗i′ are independent of each other for

i 6= i′ since the monitoring locations are independent, but that at any given s∗i the elements

of x∗i are correlated due to correlation between elements of Φ(s∗i ) and η∗i . This is analogous
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to viewing locations as i.i.d. “clusters” in a GEE setting with multiple measures in a cluster

(Liang and Zeger, 1986), which as we will describe has implications for estimating the

covariance of penalized regression coefficients.

In order to model and predict exposure, we have spatially-referenced geographic cov-

ariates and basis functions at each monitor and subject location. The following notation

allows using different covariates and basis functions to model the two surfaces. Let pj(s
∗
i )

denote a function mapping 2-dimensional space to a pj × 1 vector of geographic covariates

such as distance to road or land use features, and qj(s
∗
i )
T a function mapping 2-dimensional

space to a qj × 1 vector of spatial basis functions for j ∈ {1, 2}. Let rj(s
∗
i ) be a function

of the pj(s
∗
i ) and qj(s

∗
i ) such that r1(s∗i ) and r2(s∗i ) both have r elements. For example,

if fitting a separate regression model for each pollutant rj(s
∗
i )
T = {1(j = 1)p1(s∗i )

T , 1(j =

1)q1(s∗i )
T , 1(j = 2)p2(s∗i )

T , 1(j = 2)q2(s∗i )
T }. We define the r × 2 location-specific model

matrix R(s∗i ) = {r1(s∗i ), r2(s∗i )}, and the n∗× r pollutant-specific model matrix R∗j created

by stacking the rj(s
∗
i )
T for i = 1, ..., n∗. Analogously we define rj(si), R(si) and Rj at

subject locations.

Given true exposure at subject locations, the health outcomes follow the linear model

yi = β0 + βTxi + βTZzi + εi.

The εi are independent but not necessarily identically distributed random variables with

mean zero, and are also independent of the xi and zi. As in Szpiro and Paciorek (2013) and

Bergen and Szpiro (sub), the subject-specific covariates zi are defined as

zi = Θ(si) + ζζζi,

where Θ(si) = (θi1, ..., θim)T is an m−dimensional vector-valued function representing the

spatial component of the subject-specific covariates, and the ζζζi = (ζi,1, ..., ζi,m) are random

m−vectors independent between subjects and indepdendent of ηi, with mean zero, but
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where the individual components of ζζζi are not necessarily independent of each other. We

are interested in estimating β; as we do not observe the xi this requires building a prediction

model using the x∗i and R(s∗i ) and predicting at locations si using R(si). The following

section describes the exposure model.

4.3.2 Penalized regression exposure model

In our simulations and data analysis we fit separate penalized regression models for each

pollutant. These models are straightforward and easy to implement and allow us to focus on

measurement error instead of exposure modeling. However, our methodology applies to a

more general class of penalized regression models. In what follows we define the general class

of penalized regression models for predicting multiple pollutants and describe how separate

penalized regression models fall into this class. In reality more sophisticated models that

better exploit correlation between pollutants may be desirable. In Section C.1 we describe

such a model and how it fits into this general class, though we do not implement it in this

paper.

General form

Given a monitoring data set consisting of observed pollutant exposures and spatially ref-

erenced covariates we estimate penalized regression coefficients by minimizing the multi-

pollutant analogue of the penalized sum-of-squares. Specifically, given r× r penalty matrix

Λ and 2× 2 weighting matrix Π, we obtain γ̂ where:

γ̂ = argmin
θ

1

n∗

n∗∑
i=1

(x∗i −R(s∗i )
T θ)TW(s∗i )ΠW(s∗i )(x

∗
i −R(s∗i )

T θ) + θTΛθ. (4.1)

Note that including W(s∗i ) allows for observing one or both pollutants at any location. The

penalty matrix Λ penalizes roughness of the exposure model. It may be zero everywhere

in which case (4.1) reduces to a weighted least squares equation. However not all exposure

models necessarily admit all-zero Λ, for example if rj(s
∗
i ) contains multiple copies of the



70

same basis functions. One example of such a model is the low-rank analogue of the common

component model, which we describe in more detail in Section C.1. The weighting matrix

Π is fixed and may be diagonal. We give specific examples of Λ and Π under different

modeling scenarios below and in Section C.1.

As n∗ →∞, γ̂ → γ where

γ = argmin
θ

2∑
j=0

π∗j

∫ (
Φ(s)−R(s)T θ

)T
W(s)ΠW(s)

(
Φ(s)−R(s)T θ

)
dHj(s) + θTΛθ.

Having obtained penalized regression coefficients, we define predictions at subject locations

as ŵ(si) = R(si)
T γ̂. Analogously, let w(si) = R(si)

Tγ denote the predictions we would

make if we had infinite monitoring data to fit the exposure model. Let β̂ denote the estimate

of β using ŵ(si) and zi.

Separate penalized regression splines (SPRS)

When fitting SPRS, finding γ̂ reduces to minimizing the sum of two individual penal-

ized sums-of-squares. In this context Π is a 2 × 2 identity matrix, rj(s
∗
i )
T = {1(j =

1)p1(s∗i )
T , 1(j = 1)q1(s∗i )

T , 1(j = 2)p2(s∗i )
T , 1(j = 2)q2(s∗i )

T }, and Λ is block diagonal

with elements λjDj , where the Dj are (pj + qj) × (pj + qj) square matrices with penalty

parameters λj penalizing the coefficients of {pj(·),qj(·)} (see Bergen and Szpiro (sub) for

more details). Then γ̂ can be expressed as

γ̂ = argmin
θ


 ∑
i:s∗i ∈S

∗
0∪S

∗
1

(
xi1 − r1(s

∗
i )
T θ
)2

+ λ1θ
TD1θ

+

 ∑
i:s∗i ∈S

∗
0∪S

∗
2

(
xi2 − r2(s

∗
i )
T θ
)2

+ λ2θ
TD2θ


= argmin

θ
(SS1(θ) + SS2(θ)).

Because of the form of the rj , minimizing this equation with respect to θ is equivalent to

separately minimizing SS1(θ) with respect to the first (p1+q1) elements of θ and SS2(θ) with

respect to the last (p2 + q2) elements of θ. The resulting coefficient vector γ̂T is equivalent
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to a vector {γ̂T1 , γ̂T2 } of separately-fit coefficients, and the jth element of ŵ(si) = r(si)
T γ̂ is

equivalent to
{
pj(si)

T ,qj(si)
T
}T
γ̂j .

Low-rank kriging (LRK) (Kammann and Wand, 2003) and thin-plate regression splines

(TPRS) (Wood, 2003) are two examples of penalized regression models for modeling a single

pollutant. Bergen and Szpiro (sub) show how each model yields definitions of the spatial

bases and the penalty matrices Dj , and show an explicit connection between penalized re-

gression and mixed effects models. This translation motivates selecting the λj via restricted

maximum likelihood (REML). A simple strategy when fitting SPRS is to use REML to

separately choose the penalty parameters of each exposure model.

4.4 Measurement error

4.4.1 Decomposing the measurement error

Once (4.1) has been used to obtain γ̂ and predictions ŵ(si) obtained at subject locations

we use them to estimate β. Doing so induces measurement error which we decompose as

follows:

xi − ŵ(si) = (xi −w(si)) + (w(si)− ŵ(si))

= uB(si) + uC(si)

Here uB(si) is multivariate Berkson-like error that arises from smoothing the exposure

surfaces even when fitting the exposure model with infinite monitoring data. We term it

“Berkson-like” as each element of w(si) is a smoothed version of is respective exposure

surface, resulting in predictions that are less variable than the true exposures. As we will

show it can bias the vector of health effect estimates and impact its covariance matrix. In

this way it differs from pure Berkson error which does not induce bias. The multivariate

classical-like error, uC(si), is error that arises from having finite monitoring data with

which to estimate γ. It is similar to classical error in that it introduces variability into the

predicted exposures that is independent of the health outcome. Accordingly it can induce
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bias as well as impact the covariance matrix of the estimated health effects. It differs from

pure classical error since its effect goes away with n∗, as we discuss below.

As in Bergen and Szpiro (sub), the penalty matrix Λ regulates the impact of each

error type. For SPRS,Λ is regulated by two penalty parameters λ1 and λ2. As the λj

increase there is more Berkson-like error as the predicted exposure surfaces are smoother.

Simultaneously, classical-like error is reduced since γ̂ is less variable. On the other hand, if

both λj are zero classical-like error is at a maximum while Berkson-like error is mitigated

since the exposure model is as flexible as possible. See Bergen and Szpiro (sub) for more

details.

We will derive analytic expressions for the bias arising from each error type. First

we discuss conditions under which the Berkson-like error does not induce any bias under

optimal conditions, namely having infinite monitoring data and maximum flexibility in the

exposure model.

4.4.2 Infinite n∗ bias

In what follows we operate under the infinite-n∗ limit so as to isolate the impact of the

Berkson-like error. With infinite monitoring data we can let Λ be zero everywhere since

its purpose is to ensure model regularity under finite n∗. This maximizes exposure model

flexibility since there is no restriction on the elements of γ. Even with infinite monitoring

data, if neither of the following spatial compatibility conditions are satisfied, uB may induce

bias when the resulting predictions are used to estimate β.

1. Sufficient basis functions are included in the exposure models such that for all s,

Φj(s) = rj(s)Tγ for some γ.

2. Both of the following are met:

(a) The elements of rj(s) are spanned by rj′(s) for j 6= j′; and

(b) the elements of Θ(s) are contained in the span of rj(s) for j ∈ {1, 2}.
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To see the implications of these conditions when fitting SPRS with both λj = 0, we re-write

the health model as:

yi = β0 + β1

(
r1(si)

Tγ
)

+ β2

(
r2(si)

Tγ
)

+ βTZΘ(si)

+
{
β1

(
Φ1(si)− r1(si)

Tγ
)

+ β2

(
Φ2(si)− r2(si)

Tγ
)

+ βTZζζζi + βTηi + εi
}
.

From here we note that the elements of uB become part of the residual in the health model,

and unbiasedness of β is only guaranteed if each residual term is orthogonal to all health

model covariates under G(·) (White, 1980). As ζζζi, ηi and εi are independent of everything

in the health model, this implies we need orthogonality of
(
Φj(si)− rj(si)

Tγ
)

to the health

model covariates.

If Condition 1 is met, the
(
Φj(si)− rj(si)

Tγ
)

= 0 for all si and no bias is induced by uB.

If Condition 1 is not met the
(
Φj(si)− rj(si)

Tγ
)

are not guaranteed to always be zero and

we must rely on Condition 2 to ensure orthogonality under G(·). Under our assumption that

Hj(·) = G(·) for all j, it follows that rj(s)Tγ is the projection of Φj(s) onto the (pj + qj)-

dimensional subspace spanned by rj(s). The subspace is of dimension pj+qj since only these

elements of rj(s) are non-zero. Along with 2(a), Condition 2(b) ensures
(
Φj(si)− rj(si)

Tγ
)

is orthogonal to rj′(s)Tγ under G(·) even if j 6= j′. This follows since each element of rj′(s) is

a linear combination of elements of rj(s) which are in turn orthogonal to
(
Φj(s)− rj(s)Tγ

)
.

If Condition 2(b) is satisfied these terms are also orthogonal to the elements of Θ(si) since

they are spanned by the rj(s).

Note that unbiasedness is guaranteed if either Condition 1 or 2 is met. It is apparent

that Condition 1 is the easiest to satisfy by including many spatial basis functions in the

exposure model. In this case penalization will likely be necessary to ensure model regularity

given finite monitoring data. Condition 2(b) is most easily satisfied by using the same set

of geographic covariates and spatial basis functions to model each pollutant. However, it

may be difficult to ensure that Condition 2(b) is met since subject-specific covariates such
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as socio-economic status may not be defined at monitoring locations.

We emphasize that Λ = 0 is required to guarantee uB does not induce bias, but that not

all exposure models admit Λ = 0. Accordingly for some exposure models such as the one

described in Section C.1 it may be impossible to guarantee unbiased health effect estimation

even with many monitoring locations.

4.4.3 Finite n∗ bias

In practice we have finite monitoring data to model exposure and will likely need non-zero

Λ to ensure model regularity. Finite monitoring data induces bias from classical-like error

and non-zero Λ induces bias from Berkson-like error even if Condition 1 or 2 are met. We

derive an analytic bias expression using a Taylor expansion that accounts for both biases.

Lemma 2: Let r⊥j (s) contain elements (rjk(s)−Θ(s)Tϕk), where ϕk = argminω
∫

(rjk(s)−

Θ(s)Tω)2dG(s) for k ∈ {1, ..., r}. Let R⊥(s) denote the corresponding r × 2 matrix cre-

ated by binding the r⊥j (s), let w⊥(s) = R⊥(s)Tγ and ŵ⊥(s) = R⊥(s)T γ̂. Let M(γ̂) =∫
ŵ⊥(s)ŵ⊥(s)TdG(s) and U(γ̂) =

∫
ŵ⊥(s)uB(s)TdG(s). Then with

f(γ̂) = M(γ̂)−1

(∫
ŵ⊥(s)w⊥(s)TdG(s) + U(γ̂)

)
,

we can show that β̂ = f(γ̂)Tβ. Let Gi(γ̂) denote the 2 × 2 matrix created by taking

the derivative of f(γ̂) with respect to γ̂i and Hij the 2 × 2 matrix created by taking the

derivative of Gi(γ̂) with respect to γ̂j . Let gkl(γ̂) denote the r × 1 vector where gikl(γ̂)

equals the {k, l}th element of Gi(γ), and hkl(γ̂) the r × r matrix where hijkl(γ̂) equals the

{k, l}th element of Hij(γ̂).

Then the bias attributable to Berkson-like and classical-like error is

E
(
β̂ − β

)
=
(
ΨB + ΨC

)
β (4.2)
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where ΨB = M(γ)−1U(γ) is bias from Berkson-like error, and

ΨC =
1

n∗


gT11E(γ̂ − γ) gT12E(γ̂ − γ)

gT21E(γ̂ − γ) gT22E(γ̂ − γ)

+

tr (h11Cov(γ̂ − γ)) tr (h12Cov(γ̂ − γ))

tr (h21Cov(γ̂ − γ)) tr (h22Cov(γ̂ − γ))




is bias from classical-like error.

See Appendix C for a more rigorous statement and proof of Lemma 2. From here we

can readily see that the bias from classical-like error vanishes as n∗ → ∞, since ΨC is of

order 1/n∗. Since ΨC also depends on Cov(γ̂ − γ), we see that ΨC can be lessened by

increasing penalization of the regression coefficients. Conversely the bias from Berkson-like

error increases as Λ increases, as the elements of w and uB are more correlated.

Lemma 2 shows explicitly that the bias of β̂j depends on the entire vector β. Accordingly,

effect sizes of different magnitudes are more likely to lead to severe relative biases of the

smaller effect than if the effect sizes are similar. This follows since E(β̂j−βj) = c1jβ1+c2jβ2,

where c1j and c2j comprise the jth row of ΨB + ΨC . If the cij (which depend only the

exposure model) are of the same magnitude, the bias of β̂j could be aggravated if βj′ is of

larger magnitude than βj .

4.5 Methods

4.5.1 Bias estimation and correction

In order to correct for bias, we must estimate ΨB and ΨC . Estimating ΨB requires estimates

of M(γ) and U(γ). We can estimate M(γ) by replacing γ with its consistent estimate

γ̂, and
∫

R⊥(s)TR⊥(s)dG(s) directly by summing over the empirical distribution of the

subject locations. We must use monitoring data to estimate U(γ), since only at monitoring

locations do we have estimates of uB (obtained using the difference between the observed

and fitted exposures). The diagonal entries of U(γ) can be estimated by summing over the

empirical distribution of monitoring locations in S0 ∪S1 and S0 ∪S2 respectively, while the
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off-diagonal entries can only be estimated by summing over the empirical distribution of

monitoring locations in S0. Note that this is the reason we assumed π∗0 > 0, as without this

assumption there is no guarantee we can estimate the off-diagonal elements of U(γ).

Estimating ΨC requires estimating the gij , hij , and moments of (γ̂ − γ). gij and hij

are estimable with subject locations or with re-weighted monitoring locations; we describe

these quantities in more detail in Section C.2. To estimate E(γ̂ − γ) we use the approach

described by Bergen and Szpiro (sub), since (γ̂−γ) is equivalent to two vectors of separately-

fit penalized spline coefficients. We estimate Cov(γ̂ − γ) using a sandwich covariance,

noting that Equation 4.1 can be formulated using GEE. Each location can be considered

an independent cluster with potentially multiple observations in each cluster, and we can

apply standard sandwich covariance calculations to obtain an estimate of Cov(γ̂ − γ). The

corresponding estimate incorporates reduction in Cov(γ̂ − γ) from non-zero Λ.

Lemma 2 implies E(β̂) = β + ΨBβ + ΨCβ. One we obtain estimates Ψ̂B and Ψ̂C , it

follows that the bias-corrected estimate of β is β̂
C

=
(
I2 + Ψ̂B + Ψ̂C

)−1
β̂.

4.5.2 Standard error estimation

As described in Section 4.4.1, both uB and uC can affect the variance matrix of β̂. Cor-

recting for bias may have further impact on the standard errors of β̂
C

. We can account for

all sources of variability using a simple non-parametric bootstrap, sampling n∗j monitoring

locations with replacement from the s∗i ∈ S∗j and n subject locations with replacement from

the si. For B bootstrap samples we estimate the λj and fit the exposure model, predict

at the bootstrapped subject locations, estimate a bias correction, and obtain uncorrected

bootstrap estimates β̂
B

and bias-corrected estimates β̂
C,B

. We can then use the empir-

ical standard deviations of the bootstrap estimates to form 95% confidence intervals that

account for all sources of variability.
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4.5.3 Model selection

As described in Section 4.4.2 there is rationale for highly parameterizing the exposure model,

which requires penalization for finite monitoring data to ensure regularity. For SPRS this

necessitates choosing both λ1 and λ2. In single-pollutant studies Bergen and Szpiro (sub)

motivated choosing the penalty in order to minimize the mean-squared error of the estimated

health effect. It is not straightforward to extend this to the multi-pollutant context, as the

exposure model can not be optimally chosen to mitigate relative bias. This follows since

E(β̂j − βj) = c1jβ1 + c2jβ2 as described in Section 4.4.3. Although one can trade-off ΨB

and ΨC by choosing the λj , it is impossible to determine whether to minimize c1j or c2j

since β is unknown. Bergen and Szpiro (sub) also found that formulating the penalized

regression model as a mixed effects model and choosing the penalty parameter via REML

performed better than minimizing the generalized cross-validation criteria. We can easily

apply REML in the multi-pollutant case to select the λj individually.

An alternative to REML is to choose the λj to explicitly control the total effective degrees

of freedom (EDF) in the exposure model. Equation 4.2 and our estimate of Cov(γ̂ − γ)

are based on asymptotics and are most valid when the EDF-to-monitor sample size ratio

is not too large. We note that only the n∗0 locations in S∗0 contribute to estimating the

off-block diagonal matrices corresponding to E(γ̂1 − γ1)(γ̂2 − γ2)T and that we have two

correlated observations at each of these locations. This motivates controlling the ratio of

EDF to 2n∗0/(1 + Cor(x1i, x2i)); we can heuristically think of 2n∗0/(1 + Cor(x1i, x2i)) as an

“effective sample size” for estimating E(γ̂1−γ1)(γ̂2−γ2)T . If Cor(x1i, x2i) = 0 the effective

sample size is 2n∗0. If Cor(x1i, x2i) = 1 the effective sample size is n∗0, implying we do not

gain any extra information to estimate E(γ̂1−γ1)(γ̂2−γ2)T by having two observations at

each s∗i ∈ S∗0 . Weighting each observation at each location by 1 +Cor(x1i, x2i) is motivated

in Hanley et al. (2003) and corresponds to the weighting that minimizes the variance of a

sample mean of correlated data. We refer to selecting the λj with REML and incrementally

increasing them until the total EDF are ≤ 10% of the effective sample size as the “EDF”



78

method of choosing the λj .

4.6 Simulations

4.6.1 Primary scenario

We performed simulations to investigate the impact of multi-pollutant measurement error

and assess the efficacy of our bias correction under a number of different scenarios. We

considered a primary scenario and a number of sensitivity scenarios in less detail. In all

scenarios the monitoring and subject locations were sampled from a 4500×4500 grid. Under

our primary scenario the true exposure surface was

Φj(s) = ΦNS
j (s) + c1jΦ

S
1 (s) + c2jΦ

S
2 (s). (4.3)

The non-spatial part of the surface ΦNS
j (s) was generated as p(s)Tγp,j where at each s the

p(s) were three fixed realizations ofN(0, 1) random variables with γTp,1 = {0.578, 0.578, 0.578}

and γTp,1 = {−0.528,−0.528, 0.660}. The ΦS
j (s) were fixed realizations of a spatially cor-

related Gaussian process generated using the spectralGP package in R (?) with ranges

5000 and 500, respectively, and Cor
(
ΦS

1 (s),ΦS
2 (s)

)
= 0.12. The variance of each ΦS

j (s) = 1

and we set {c11, c21} = {3, 0} and {c12, c22} = {2.3, 1.9}. Thus V ar(Φj(s)) = 10 and

Cor(Φ1(s),Φ2(s)) = 0.70 with ≈ 10% of each surface’s variability attributable to non-

spatial structure and ≈ 90% attributable to weighted average of shared spatially-structured

surfaces. In each simulation we sampled 1000 subject locations and 200 monitoring locations

from S∗0 uniformly across the grid. The exposures at monitoring locations were generated

x∗ij = Φj(s
∗
i ) + η∗ij with the η∗i1, η

∗
i2

iid∼ N(0,
√

3) while the unobserved exposures at subject

locations were generated xij = Φj(si) + ηij with ηi1, ηi2
iid∼ N(0, 1). Given true exposures

the health outcomes were generated as

yi = β0 + βTxi + εi, (4.4)
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with β0 = 0 and εi ∼ N(0, 1). We considered βT = {0.1, 0.5} and βT = {0.5, 0.1}. We

used LRK to separately model each pollutant. We considered models with 4, 8, 12, or 16

spatial degrees of freedom and no penalization as well as models with 10, 20, 30, 40, 60, 80,

or 100 degrees of freedom with penalization. For the penalized models we chose the λj using

REML or the EDF criteria described in Section 4.5.3. Each model also included the p(s) as

covariates to model the non-spatial part of the surface. The knots defining the LRK basis

functions were chosen using a space-filling from the 4500×4500 grid. In each simulation we

assessed out-of-sample R2, correlation between the predictions, relative biases and standard

deviations of β̂ and β̂
C

, and actual coverage of 95% Wald confidence intervals using näıve

sandwich standard errors or standard errors derived from 100 bootstrap samples.

4.6.2 Sensitivity scenarios

In addition to the primary scenario we considered three scenarios that changed different

aspects of the data generating mechanisms. Other than the described change all other

aspects of each sensitivity scenario were the same as the primary scenario.

1. We increased the non-spatial proportion of the surface variability to ≈ 50% which

decreased correlation between pollutants to 0.30. As in the primary scenario, each

V ar(Φj(s)) = 10 but with γTp,1 = {1.29, 1.29, 1.29}, γTp,2 = {−1.18,−1.18, 1.47},

{c11, c21} = {2.24, 0} and {c12, c22} = {1.73, 1.41}.

2. We induced negative correlation between the pollutants by setting {c12, c22} = {−2.3,−1.9},

implying Cor(Φ1(s),Φ2(s)) = −0.75.

3. We allowed some monitors to observe only one of the pollutants. In addition to

n∗0 = 200 we sampled n∗1 = 300 and n∗2 = 100 monitors uniformly from the grid.

For these scenarios we only considered unpenalized LRK models with 12 degrees of freedom

or penalized LRK models with 30 degrees of freedom. We assessed predictive accuracy,
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pollutant correlation, bias, standard errors, and 95% confidence coverage as for the primary

scenario.

4.6.3 Simulation results: primary scenario

Figures 4.1 and 4.2 show the simulation results when βT = {0.5, 0.1} and βT = {0.1, 0.5},

respectively. Table 4.1 shows a subset of the results using 12 DF in each unpenalized model

and 30 DF in each penalized model. For all exposure models mean out-of-sample R2s were

between 0.70 and 0.85 for xi1 while they were never higher than 0.70 and as low as 0.50 for

xi2. The predictions were highly correlated; between 0.70 and 0.80 for all exposure models.

For the unpenalized and REML exposure models the biases were in opposite directions.

Figure 4.1 shows slight downward bias of β̂2 led to upward relative biases near 40% for

β̂1 due to β2 being of higher magnitude than β1. The bias correction greatly reduced the

bias and increased both estimates’ standard errors, notably so for the highly parameterized

unpenalized exposure models. Using näıve standard errors led to drastic under-coverage of

95% confidence intervals. Applying the bootstrap without the bias correction was also not

enough to achieve accurate coverage. Fully accounting for measurement error by applying

a bias correction and using the bootstrap to estimate standard errors yielded accurate 95%

confidence interval coverage for both effect estimates. Using the EDF criteria to choose

the λj led to strong upward biases for both effect estimates, which the bias correction

greatly reduced. Fully accounting for measurement error led to accurate 95% confidence

interval coverage of β1 but not β2. Table 4.1 shows that this was not due to poor standard

error estimation, as the mean of the bootstrap standard errors was identical to the actual

standard error of β̂2. Density plots of the simulated z-scores for β̂2 revealed skewness in

their distribution, leading to under-coverage of Wald confidence intervals.

When β1 > β2, Figure 4.2 shows the unpenalized or REML exposure models led to

upward bias of the poorer-measured pollutant’s effect and downward bias of the better-

measured pollutant’s effect. Applying the bias correction eliminated this bias and when
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used in conjunction with the bootstrap led to accurate 95% confidence interval coverage.

Using EDF to penalize the exposure models again led to drastic upward bias of both ef-

fect estimates. Applying the bias correction and using the bootstrap led to accurate 95%

confidence interval coverage of both β1 and β2.

Our results indicate that increasing predictive accuracy does not necessarily reduce bias.

This is most clearly seen for the unpenalized and REML models in Figure 4.2, where in-

creasing the exposure model degrees of freedom improves out-of-sample R2 but worsens the

biases of both health effect estimates. Our results also advocate for use of REML to pen-

alize the exposure model. The REML models yield the best efficiency and 95% confidence

interval coverage even when using many degrees of freedom to model exposure.

4.6.4 Simulation results: sensitivity scenarios

Results of the sensitivity scenarios described in Section 4.6.2 are shown in Tables 4.2–4.4.

In general these results were similar to the primary scenario: strong biases in opposite

directions using unpenalized and REML exposure models; reduced bias after applying a

bias correction; and strongly anti-conservative 95% confidence interval coverage if we do not

apply both the bias correction and the bootstrap. We see the same tendency for the EDF

criteria to lead to under-coverage even when applying both bias correction and bootstrap,

most notably in Table 4.3.

There are however some interesting differences between the primary and sensitivity res-

ults. When 50% of the exposure surface was explained by the non-spatial component Table

4.2 shows the correlation between the predictions was much lower than in the primary scen-

ario. This appeared to mitigate the biases of the uncorrected health effect estimates to

the extent that most of the exposure models achieved accurate 95% confidence coverage

even without the bias correction. Table 4.3 shows that when the pollutants were negatively

correlated the unpenalized and REML models yielded downward biases of both effect es-

timates while the EDF models yielded biases that were in opposite directions. Of all the
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REML modeling scenarios this one yielded the worst biases if no correction was used (as

high as 61%) and poorest 95% confidence interval coverage (as low as 68%) if we did not

fully account for measurement error. The results in Table 4.4 are similar to the primary

results, and illustrate the effectiveness of our bias correction when both pollutants are not

observed at all monitoring locations.

4.7 Associations of SBP with PM2.5 and NO2 in the Sister Study

We applied our measurement error methodology in analyzing the association of SBP with

PM2.5 and NO2 in the Sister Study of the National Institute of Environmental Health

Sciences (NIEHS, 2013). The Sister Study is a large nationwide (including Puerto Rico)

prospective cohort study of women between the ages of 35 and 74 enrolled between 2003

and 2009, where each participating woman was the sister of a woman with breast cancer.

The intent of the Sister Study is to identify genetic and environmental risk factors of breast

cancer and other diseases.

4.7.1 Previous analysis

Chan et al. (Subm) analyzed the association between baseline SBP and predicted an-

nual 2006 average PM2.5 and NO2 in 43,629 Sister Study participants in the continental

United States. PM2.5 predictions were derived from a regionalized universal kriging model

(Sampson et al., 2013) and NO2 predictions were derived from a national sattelite-based

land-use regression model (Novotny et al., 2011). Fitting separate health models they es-

timated a 1.4 mmHg change in SBP for a 10-µg/m3 increase in PM2.5 (95% CI: 0.6, 2.3;

p < 0.001) and a 0.2 mmHg change in SBP for a 10-ppb increase in NO2 (95% CI: 0.0, 0.5;

p = 0.10). When modeling both exposures in the health model as main effects they estim-

ated a 1.6 mmHg change in SBP for a 10-µg/m3 increase in PM2.5 holding NO2 constant

(95% CI: 0.5, 2.6; p < 0.001) and a -0.1 mmHg change in SBP for a 10-ppb increase in NO2

holding PM2.5 constant (95% CI: -0.4, 0.3; p = 0.65). These health models controlled for

demographics (age and race); socioeconomic status (SES) (household income, education,
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marital status, working more than 20 hours per week outside the home, perceived stress

score, SES z-score as described by Diez Roux et al. (2001)); large-scale spatial structure

(urban rural continuum code and a 10-degree-of-freedom (DF) thin-plate spline); cardiovas-

cular disease risk factors (body mass index, waist-to-hip ratio, smoking status, alcohol use,

self-reported history of diabetes, and self-reported history of hypercholesterolemia); and use

of blood pressure medication. These analyses did not account for measurement error.

4.7.2 Measurement error analysis: Exposure models

For our analysis we modeled annual 2006 average exposure as measured by 859 monitors

that measured only PM2.5, 180 monitors that measured only NO2, and 178 monitors that

measured both implying we had 1037 total PM2.5 observations and 358 total NO2 obser-

vations. 155 of the PM2.5-only monitors were of the Interagency Monitoring for Protected

Visual Environments (IMPROVE) network, located mostly in rural areas. All other mon-

itors belonged to the EPA’s Air Quality System (AQS).

We also considered a sensitivity analysis restricted to the nine northeastern states of

Maine, New Hampshire, Vermont, Massachusetts, Rhode Island, Connecticut, New Jersey,

New York and Pennsylvania. We restricted to this region to eliminate large-scale spatial

structure in systolic blood pressure. In these nine states we had 106 PM2.5-only monitors,

20 NO2-only monitors, and 39 monitors that measured both pollutants. Figure 4.3 shows

the monitoring locations across the continental US and the northeastern regions.

We modeled each pollutant separately using LRK models with 50, 75, or 100 DF and

penalty parameters chosen by REML. Exposure models in the northeastern region used 10,

15, or 20 DF. We used the same DF to model each pollutant, and selected knots using

a space-filling algorithm over a grid of 25km×25km cells. We used a range parameter of

6363km for the national models 1285km in the northeastern region. These corresponded to

the maximum distance between any 25km×25km grid cell over the region. Our exposure

models also included 2 partial least squares (PLS) components to efficiently capture inform-
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ation from over 300 geographic covariates such as distances to road, population density and

land-use variables (Abdi, 2003; Sampson et al., 2013; Bergen et al., 2013). We assessed

prediction accuracy via 10-fold cross-validation (Hastie et al., 2001).

4.7.3 Measurement error analysis: Health models

We used the predicted exposures to estimate pollutant associations with SBP. We used the

same 43,629 participants as Chan et al. (Subm) in the primary national analyses and 7427

participants residing in the nine northeastern states for the sensitivity analyses. To adjust

for large-scale spatial structure in the national models we considered thin-plate regression

splines with 5, 10, and 15 DF. Spatial confounding is less of a concern in the northeastern

region due to greater spatial homogeneity of SBP so we did not include thin plate regression

splines to adjust for spatial confounding in the sensitivity analyses. The other adjustment

variables listed in Section 4.7.1 were included in all models.

We modeled univariate and jointly additive associations of SBP with PM2.5 and NO2. We

corrected for bias from measurement error in all these models and compared 95% confidence

intervals from näıve sandwich standard errors to 95% confidence intervals derived using

median absolute deviation of bootstrap samples. We used median absolute deviation instead

of standard deviation to estimate standard errors as the standard deviation was highly

sensitive to outliers in the bootstrap samples.

We also investigated the interactive association of SBP with PM2.5 and NO2 on the

national scale, though we did not apply any measurement error correction.

4.7.4 Results

Figure 4.4 shows smoothed associations between SBP and exposure in the national analysis

controlling for all other health model variables (including the other exposure for the joint

models), using 100 DF in the LRK exposure models and a 10-DF thin plate regression spline

to control for spatial confounding. When modeled by itself the association between SBP
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and PM2.5 was notably weaker and less linear than when NO2 was included in the health

model. When controlled for PM2.5 the association between SBP and NO2 appeared more

negative than when NO2 was modeled individually.

Figure 4.5 shows complete national results, including cross-validated R2 and correlation

between predicted pollutants. The models performed equally well for both pollutant, with

R2 between 0.75 and 0.78. The predictions were moderately correlated, between 0.42 and

0.44. Correlations between our LRK PM2.5 predictions and those used by Chan et al. (Subm)

were between 0.94 and 0.96, while correlations between our LRK NO2 predictions and those

used by Chan et al. (Subm) were between 0.86 and 0.88. When modeled individually only

the 100- and 150-DF exposure models yielded significant estimated associations between

SBP and PM2.5, and this only when the health models used 10 DF to adjust for spatial

confounding. We estimated a significant negative univariate association between SBP and

NO2 only when using 15 DF to control for spatial confounding; all other models yielded

essentially null effect estimates. In all univariate analyses there was no meaningful estimated

bias from measurement error and the bootstrap standard error estimates were very similar

to the näıve standard error estimates.

We saw very different results when the pollutants were modeled jointly. There were

strong positive associations between SBP and PM2.5 controlling for NO2, and strong neg-

ative associations between SBP and NO2 controlling for PM2.5. All associations were much

stronger than those described by Chan et al. (Subm). The 10-DF thin plate regression

spline appeared to be the best adjustment for spatial confounding. There appeared to be

some bias toward the null from residual spatial confounding in both effect estimates using

only 5 DF while 15 DF led to similar effect estimates as the 10-DF models and inflated

standard errors. Unlike the univariate analyses, there was notable estimated downward

bias from measurement error in both effect estimates and bias-corrected estimates were

stronger than their uncorrected counterparts. 95% confidence intervals that accounted for

all sources of variability, including the bias correction, were wider than confidence intervals
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derived from näıve standard error estimates or bootstrap standard error estimates without

the bias correction.

Figure 4.6 shows results from the sensitivity analysis restricted to the nine northeastern

states. Prediction accuracy was higher than the national models with 10-fold cross-validated

R2 between 0.82 and 0.89. With a correlation of 0.72 the predictions were also more cor-

related than on the national scale. The univariate estimated associations between SBP and

PM2.5 were all positive and significant, while as in the national models the estimated asso-

ciations between SBP and NO2 were essentially null. As in the national models accounting

for measurement error did not qualitatively alter the inference. The joint associations were

qualitatively very similar to the national models. We again saw strong positive associations

of SBP with PM2.5 adjusted for NO2 and strong negative associations of SBP with NO2

adjusted for PM2.5. As opposed to the national analysis the estimated biases were quite

small and slightly away from the null.

Figure 4.7 shows the national interactive association of SBP with PM2.5 and NO2 using

the 100-DF exposure models and 10 DF to control for spatial confounding. Although the

p-value for the interaction terms from all exposure models were between 0.01 and 0.02,

Figure 4.7 represents an association that does not drastically differ from additive. This is

most easily explored by traveling horizontally across Figure 4.7 and noting that where most

of the data are the horizontal distance between the contours does not drastically change

depending on where one is with respect to the NO2 axis. This implies the necessary change

in PM2.5 for a one-unit change in the SBP partial residuals is roughly the same regardless

of NO2. To confirm this we estimated the association of SBP with PM2.5 at the quartiles

of NO2, and vice versa, and found no qualitative difference between associations that allow

for interaction and those estimated using main effects.

4.8 Discussion

We have developed a holistic framework for multi-pollutant analyses in air pollution epi-

demiology. Measurement error from using predictions derived from misaligned monitoring



87

locations is often an inevitability in these studies and needs to be accounted for. Penalized

regression splines offer a viable way highly parameterizing the exposure models in order to

accurately model each surface while ensuring regularity through penalization. Our meth-

odology provides a way of characterizing and correcting for measurement error when using

these flexible, commonly-used exposure models. Although we have focused on the simple

strategy of modeling each pollutant separately, our paradigm seamlessly admits more soph-

isticated models as long as they follow the general form specified by Equation 4.1.

As we saw in our in our simulations and data analysis, multi-pollutant measurement

error can induce severe biases even when one or both pollutants are well-measured. Our

simulations showed the directions and magnitudes of these biases are unpredictable and

depend on the degree of model penalization, signs of the true health effects, pollutant

correlation and relative sizes of the health effects. Not applying the bias correction can

lead to undercoverage of 95% confidence intervals even if the bootstrap is employed, while if

REML is used to choose the penalty parameters we achieve accurate coverage if we combine

the bias correction and bootstrap.

Having a mechanism for bias correction is especially relevant in analyses such as our

NIEHS Sister Study data analysis. We saw clear evidence of NO2 confounding the associ-

ation between systolic blood pressure and PM2.5, and vice versa. To accurately estimate

these associations we needed to adjust for both pollutants. In doing so we induced multi-

pollutant measurement error which our simulations demonstrated could severely bias the

health effect estimates. Indeed when adjusting for PM2.5 and NO2 together we estimated

much larger biases than those estimated in the univariate analyses, resulting in corrected

point estimates that were stronger than the näıve estimates. Although 95% confidence

intervals that accounted for bias correction were notably wider resulting in p-values that

were similar to the näıve analysis, they are more likely to cover the true health effects as

our simulations demonstrated. An unexpected result of our data analysis is the negative

association of SBP with NO2. We performed a series of sensitivity analyses (not shown) to
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test the robustness of our results. First we restricted the monitoring data used to model ex-

posure to the 178 locations that measured both PM2.5 and NO2, in order to see if differences

between monitoring data distributions was responsible for our results. Second we adjusted

for time of blood pressure exam as a potential confounder, as time of exam is spatially

structured and blood pressure exhibits seasonal patterns. Third we modeled NOX instead

of NO2. All three analyses yielded qualitatively identical results to those in Section 4.7.4.

One possibility is that there is still unmeasured confounding responsible for our results.

Another is that the results reflect reality, in which case more needs to be done to investigate

possible mechanisms for these negative associations.

The large biases and corresponding need for bias correction in our simulations and data

analysis is rather unique to the multi-pollutant context. Bergen and Szpiro (sub) saw only

slight undercoverage without bias correction in their univariate simulations to accompany

relative biases that never exceeded 15%. The out-of-sample R2 from their models needed to

elicit these biases were between 0.40 and 0.50, much lower than our simulations. Parametric

univariate methods also tend to yield negligible biases (Szpiro et al., 2011b; Bergen et al.,

2013). In the multi-pollutant setting we can not rely on improving prediction accuracy

to achieve unbiased estimation, as our simulations showed that increasing the number of

exposure model degrees of freedom could improve out-of-sample R2 while increasing bias.

We note that throughout we have assumed that Hj(·) = G(·) for j = 0, 1, 2. In reality the

Hj(·) are unlikely to be equal; for example monitors that measure traffic-related pollutants

are more likely to be sited near roadways than monitors of general air quality. Additionally

each Hj(·) likely differs from the distribution of subject locations. Two implications follow

from letting Hj(·) differ from each other and from G(·). The first is that if Condition 1

from Section 4.4.2 is violated, Condition 2 cannot ensure unbiased estimation even with

large n∗ and Λ = 0. This is because γ is no longer an ordinary least squares solution under

G(·) implying
(
Φj(si)− rj(si)

Tγ
)

is not guaranteed to be orthogonal to Φj(si) under G(·).

The second implication is that we cannot estimate U(γ) by summing over the empirical
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distributions of monitoring locations, as they do not approximate G(·). Instead we must re-

weight observations in Sj by an estimate of g(·)/hj(·) which we could do via e.g. propensity

score methods (Olives, In preparation). Note that this requires the ratio g(·)/hj(·) to be

everywhere defined; hence we can weaken the assumption of identically distributed subject

and monitoring locations by assuming that the support of Hj(·) contains the support of

G(·) for j = 0, 1, 2. In future work we will expand our developed methodology to include

analyzing the spatial patterns of g(·)/hj(·), their impact on measurement error, and methods

for estimating this ratio in order to estimate bias.
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β1 = 0.1 β2 = 0.5
RB SD SE Cov RB SD SE Cov

No penalty; R2(x1) = 0.75; R2(x2) = 0.57; Cor(w1, w2) = 0.76
No correction 0.35 0.52 0.25 0.53 -0.11 0.11 0.11 0.41
Bias correction only -0.09 0.90 0.25 0.54 0.03 0.23 0.23 0.51
Bootstrap SE only 0.35 0.52 0.54 0.89 -0.11 0.11 0.11 0.79
Bias correction + bootstrap -0.09 0.90 0.89 0.95 0.03 0.23 0.23 0.96
REML; R2(x1) = 0.81; R2(x2) = 0.62; Cor(w1, w2) = 0.75
No correction 0.35 0.49 0.24 0.54 -0.05 0.11 0.11 0.57
Bias correction only -0.01 0.63 0.24 0.60 0.00 0.14 0.14 0.56
Bootstrap SE only 0.35 0.49 0.48 0.86 -0.05 0.11 0.11 0.87
Bias correction + bootstrap -0.01 0.63 0.59 0.94 0.00 0.14 0.14 0.93
EDF; R2(x1) = 0.75; R2(x2) = 0.55; Cor(w1, w2) = 0.73
No correction 0.41 0.70 0.29 0.48 0.14 0.17 0.17 0.45
Bias correction only 0.07 0.62 0.29 0.64 -0.02 0.14 0.14 0.64
Bootstrap SE only 0.41 0.70 0.70 0.87 0.14 0.17 0.17 0.90
Bias correction + bootstrap 0.07 0.62 0.60 0.93 -0.02 0.14 0.14 0.90

β1 = 0.5 β2 = 0.1
RB SD SE Cov RB SD SE Cov

No penalty; R2(x1) = 0.75; R2(x2) = 0.57; Cor(w1, w2) = 0.76
No correction -0.05 0.10 0.04 0.57 0.10 0.52 0.52 0.61
Bias correction only 0.01 0.13 0.04 0.51 -0.02 0.69 0.69 0.50
Bootstrap SE only -0.05 0.10 0.10 0.92 0.10 0.52 0.52 0.95
Bias correction + bootstrap 0.01 0.13 0.14 0.97 -0.02 0.69 0.69 0.97
REML; R2(x1) = 0.81; R2(x2) = 0.62; Cor(w1, w2) = 0.75
No correction -0.03 0.09 0.04 0.61 0.27 0.48 0.48 0.57
Bias correction only 0.00 0.10 0.04 0.56 0.02 0.58 0.58 0.57
Bootstrap SE only -0.03 0.09 0.09 0.92 0.27 0.48 0.48 0.88
Bias correction + bootstrap 0.00 0.10 0.10 0.94 0.02 0.58 0.58 0.93
EDF; R2(x1) = 0.75; R2(x2) = 0.55; Cor(w1, w2) = 0.73
No correction 0.08 0.12 0.05 0.51 0.77 0.71 0.71 0.35
Bias correction only -0.01 0.11 0.05 0.64 0.08 0.61 0.61 0.63
Bootstrap SE only 0.08 0.12 0.12 0.92 0.77 0.71 0.71 0.78
Bias correction + bootstrap -0.01 0.11 0.10 0.93 0.08 0.61 0.61 0.94

Table 4.1: Subset of primary results. Detail of Figures 4.1 and 4.2 using 24 basis functions
with no penalty and 60 knots with penalty. “RB” denotes relative bias; “SD” denotes em-
pirical relative standard deviations; “SE” denotes relative mean estimated standard errors;
and “Cov” denotes actual coverage of nominal 95% Wald confidence intervals. For each
penalization method, the mean out-of-sample R2s for each pollutant and mean correlation
between predictions is given.
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β1 = 0.1 β2 = 0.5
RB SD SE Cov RB SD SE Cov

No penalty; R2(x1) = 0.81; R2(x2) = 0.70; Cor(w1, w2) = 0.27
No correction 0.02 0.30 0.15 0.66 -0.04 0.07 0.07 0.55
Bias correction only 0.01 0.33 0.15 0.63 0.01 0.07 0.07 0.59
Bootstrap SE only 0.02 0.30 0.32 0.96 -0.04 0.07 0.07 0.88
Bias correction + bootstrap 0.01 0.33 0.37 0.96 0.01 0.07 0.07 0.94
REML; R2(x1) = 0.84; R2(x2) = 0.73; Cor(w1, w2) = 0.25
No correction 0.11 0.30 0.14 0.64 0.00 0.07 0.07 0.61
Bias correction only 0.01 0.30 0.14 0.68 -0.01 0.07 0.07 0.60
Bootstrap SE only 0.11 0.30 0.30 0.93 0.00 0.07 0.07 0.93
Bias correction + bootstrap 0.01 0.30 0.31 0.94 -0.01 0.07 0.07 0.93
EDF; R2(x1) = 0.83; R2(x2) = 0.72; Cor(w1, w2) = 0.21
No correction 0.20 0.31 0.15 0.57 0.03 0.07 0.07 0.58
Bias correction only 0.01 0.30 0.15 0.67 -0.01 0.07 0.07 0.62
Bootstrap SE only 0.20 0.31 0.32 0.90 0.03 0.07 0.07 0.92
Bias correction + bootstrap 0.01 0.30 0.31 0.94 -0.01 0.07 0.07 0.92

β1 = 0.5 β2 = 0.1
RB SD SE Cov RB SD SE Cov

No penalty; R2(x1) = 0.81; R2(x2) = 0.70; Cor(w1, w2) = 0.27
No correction -0.03 0.06 0.03 0.59 -0.02 0.30 0.3 0.64
Bias correction only 0.00 0.06 0.03 0.62 0.01 0.32 0.32 0.61
Bootstrap SE only -0.03 0.06 0.06 0.92 -0.02 0.30 0.30 0.94
Bias correction + bootstrap 0.00 0.06 0.07 0.96 0.01 0.32 0.32 0.95
REML; R2(x1) = 0.84; R2(x2) = 0.73; Cor(w1, w2) = 0.25
No correction 0.00 0.05 0.03 0.64 0.10 0.29 0.29 0.64
Bias correction only -0.01 0.05 0.03 0.64 0.01 0.29 0.29 0.65
Bootstrap SE only 0.00 0.05 0.05 0.95 0.10 0.29 0.29 0.92
Bias correction + bootstrap -0.01 0.05 0.06 0.95 0.01 0.29 0.29 0.94
EDF; R2(x1) = 0.83; R2(x2) = 0.72; Cor(w1, w2) = 0.21
No correction 0.03 0.06 0.03 0.61 0.22 0.31 0.31 0.54
Bias correction only -0.01 0.06 0.03 0.64 0.01 0.30 0.30 0.66
Bootstrap SE only 0.03 0.06 0.06 0.92 0.22 0.31 0.31 0.89
Bias correction + bootstrap -0.01 0.06 0.05 0.95 0.01 0.30 0.30 0.94

Table 4.2: Sensitivity scenario; proportion of explainable variability due to geographic cov-
ariates equals 50%, implying Cor(Φ1(s),Φ2(s)) = 0.30. “RB” denotes relative bias; “SD”
denotes empirical relative standard deviations; “SE” denotes relative mean estimated stand-
ard errors; and “Cov ” denotes actual coverage of nominal 95% Wald confidence intervals.
For each penalization method, the mean out-of-sample R2s for each pollutant and mean
correlation between predictions is given.
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β1 = 0.1 β2 = 0.5
RB SD SE Cov RB SD SE Cov

No penalty; R2(x1) = 0.75; R2(x2) = 0.57; Cor(w1, w2) = −0.81
No correction -0.67 0.54 0.27 0.37 -0.17 0.12 0.12 0.28
Bias correction only 0.20 1.07 0.27 0.47 0.05 0.24 0.24 0.47
Bootstrap SE only -0.67 0.54 0.53 0.71 -0.17 0.12 0.12 0.62
Bias correction + bootstrap 0.20 1.07 8.91 0.94 0.05 0.24 0.24 0.94
REML; R2(x1) = 0.81; R2(x2) = 0.62; Cor(w1, w2) = −0.81
No correction -0.61 0.51 0.26 0.38 -0.12 0.11 0.11 0.42
Bias correction only 0.01 0.81 0.26 0.50 0.01 0.18 0.18 0.49
Bootstrap SE only -0.61 0.51 0.47 0.68 -0.12 0.11 0.11 0.73
Bias correction + bootstrap 0.01 0.81 0.67 0.90 0.01 0.18 0.18 0.90
EDF; R2(x1) = 0.74; R2(x2) = 0.54; Cor(w1, w2) = −0.81
No correction -0.24 0.80 0.33 0.55 0.10 0.19 0.19 0.58
Bias correction only -0.14 0.73 0.33 0.61 -0.03 0.17 0.17 0.62
Bootstrap SE only -0.24 0.80 0.74 0.89 0.10 0.19 0.19 0.93
Bias correction + bootstrap -0.14 0.73 0.65 0.90 -0.03 0.17 0.17 0.89

β1 = 0.5 β2 = 0.1
RB SD SE Cov RB SD SE Cov

No penalty; R2(x1) = 0.75; R2(x2) = 0.57; Cor(w1, w2) = −0.81
No correction -0.11 0.10 0.05 0.41 -0.48 0.49 0.49 0.48
Bias correction only 0.03 0.17 0.05 0.51 0.14 0.87 0.87 0.49
Bootstrap SE only -0.11 0.10 0.10 0.75 -0.48 0.49 0.49 0.80
Bias correction + bootstrap 0.03 0.17 0.32 0.94 0.14 0.87 0.87 0.95
REML; R2(x1) = 0.81; R2(x2) = 0.62; Cor(w1, w2) = −0.81
No correction -0.09 0.08 0.04 0.43 -0.54 0.44 0.44 0.42
Bias correction only -0.01 0.12 0.04 0.54 -0.03 0.65 0.65 0.53
Bootstrap SE only -0.09 0.08 0.08 0.75 -0.54 0.44 0.44 0.69
Bias correction + bootstrap -0.01 0.12 0.11 0.92 -0.03 0.65 0.65 0.92
EDF; R2(x1) = 0.74; R2(x2) = 0.54; Cor(w1, w2) = −0.81
No correction 0.04 0.12 0.06 0.62 -0.59 0.68 0.68 0.45
Bias correction only -0.03 0.11 0.06 0.64 -0.16 0.62 0.62 0.65
Bootstrap SE only 0.04 0.12 0.12 0.95 -0.59 0.68 0.68 0.81
Bias correction + bootstrap -0.03 0.11 0.11 0.90 -0.16 0.62 0.62 0.91

Table 4.3: Sensitivity scenario; Cor(Φ1(s),Φ2(s)) = −0.75. “RB” denotes relative bias;
“SD” denotes empirical relative standard deviations; “SE” denotes relative mean estimated
standard errors; and “Cov ” denotes actual coverage of nominal 95% Wald confidence in-
tervals. For each penalization method, the mean out-of-sample R2s for each pollutant and
mean correlation between predictions is given.
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β1 = 0.1 β2 = 0.5
RB SD SE Cov RB SD SE Cov

No penalty; R2(x1) = 0.77; R2(x2) = 0.58; Cor(w1, w2) = 0.77
No correction 0.28 0.45 0.26 0.64 -0.08 0.10 0.10 0.53
Bias correction only -0.10 0.72 0.26 0.52 0.02 0.15 0.15 0.55
Bootstrap SE only 0.28 0.45 0.46 0.89 -0.08 0.10 0.10 0.82
Bias correction + bootstrap -0.10 0.72 3.07 0.96 0.02 0.15 0.15 0.96
REML; R2(x1) = 0.84; R2(x2) = 0.64; Cor(w1, w2) = 0.76
No correction 0.29 0.42 0.24 0.62 -0.05 0.09 0.09 0.63
Bias correction only -0.05 0.64 0.24 0.51 0.01 0.13 0.13 0.57
Bootstrap SE only 0.29 0.42 0.40 0.85 -0.05 0.09 0.09 0.89
Bias correction + bootstrap -0.05 0.64 0.58 0.93 0.01 0.13 0.13 0.94
EDF; R2(x1) = 0.77; R2(x2) = 0.54; Cor(w1, w2) = 0.74
No correction 0.57 0.59 0.29 0.44 0.15 0.15 0.15 0.48
Bias correction only 0.01 0.73 0.29 0.56 -0.01 0.15 0.15 0.64
Bootstrap SE only 0.57 0.59 0.58 0.78 0.15 0.15 0.15 0.87
Bias correction + bootstrap 0.01 0.73 0.93 0.94 -0.01 0.15 0.15 0.94

β1 = 0.5 β2 = 0.1
RB SD SE Cov RB SD SE Cov

No penalty; R2(x1) = 0.77; R2(x2) = 0.58; Cor(w1, w2) = 0.77
No correction -0.02 0.07 0.05 0.79 0.01 0.37 0.37 0.78
Bias correction only 0.01 0.12 0.05 0.59 -0.08 0.74 0.74 0.5
Bootstrap SE only -0.02 0.07 0.07 0.94 0.01 0.37 0.37 0.95
Bias correction + bootstrap 0.01 0.12 0.18 0.96 -0.08 0.74 0.74 0.96
REML; R2(x1) = 0.84; R2(x2) = 0.64; Cor(w1, w2) = 0.76
No correction -0.02 0.06 0.04 0.77 0.12 0.33 0.33 0.77
Bias correction only 0.00 0.10 0.04 0.61 -0.04 0.59 0.59 0.55
Bootstrap SE only -0.02 0.06 0.06 0.95 0.12 0.33 0.33 0.93
Bias correction + bootstrap 0.00 0.10 0.09 0.93 -0.04 0.59 0.59 0.93
EDF; R2(x1) = 0.77; R2(x2) = 0.54; Cor(w1, w2) = 0.74
No correction 0.10 0.08 0.05 0.45 0.54 0.51 0.51 0.51
Bias correction only 0.00 0.12 0.05 0.65 -0.06 0.73 0.73 0.62
Bootstrap SE only 0.10 0.08 0.09 0.79 0.54 0.51 0.51 0.82
Bias correction + bootstrap 0.00 0.12 0.15 0.96 -0.06 0.73 0.73 0.96

Table 4.4: Sensitivity scenario; n∗C = 200; n∗1 = 300; n∗2 = 100. “RB” denotes relative bias;
“SD” denotes empirical relative standard deviations; “SE” denotes relative mean estimated
standard errors; and “Cov ” denotes actual coverage of nominal 95% Wald confidence in-
tervals. For each penalization method, the mean out-of-sample R2s for each pollutant and
mean correlation between predictions is given.
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Figure 4.1: Primary simulation results, with β1 = 0.1 and β2 = 0.5. Relative biases and
standard deviations are shown both with and without a bias correction. Also shown are
actual coverages of 95% confidence intervals both with and without a bias correction, and
with näıve or non-parametric bootstrap standard errors. The bottom row shows mean
out-of-sample R2 and prediction correlation.
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Figure 4.2: Primary simulation results, with β1 = 0.5 and β2 = 0.1. Relative biases and
standard deviations are shown both with and without a bias correction. Also shown are
actual coverages of 95% confidence intervals both with and without a bias correction, and
with näıve or non-parametric bootstrap standard errors. The bottom row shows mean
out-of-sample R2 and prediction correlation.
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Figure 4.3: Map of monitoring and Sister Study participant locations, both for the entire
nation and the nine upper northeastern states used in the sensitivity analysis.
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Not adjusted for NO2 Not adjusted for PM2.5

Adjusted for NO2 Adjusted for PM2.5

Figure 4.4: SBP partial residuals as smooth functions of predicted PM2.5 or NO2 (using
a 5-DF thin-plate regression spline to flexibly model exposure), when SBP is modeled as
a function of each pollutant separately or when adjusting for the other pollutant. These
figures correspond to predictions derived from exposure models using 100 DF, and spatial
confounding controlled by a 10 DF thin plate regression spline.
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Figure 4.5: Estimated change in SBP (mmHg) for a 10-µg/m3 increase in PM2.5 holding
NO2 constant, and estimated change in SBP (mmHg) for a 10-ppb increase in NO2 holding
PM2.5 constant. The first row corresponds to modeling SBP as a function of each pollutant
separately, while the second row corresponds to regressing SBP on both pollutants. Both
bias-corrected and uncorrected estimates are shown along with näıve sandwich and boot-
strap standard errors. Also shown are cross-validated R2 and correlation between predicted
PM2.5 and NO2.
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Figure 4.6: Analysis restricted to nine northeastern states. Estimated change in SBP
(mmHg) for a 10-µg/m3 increase in PM2.5 holding NO2 constant, and estimated change
in SBP (mmHg) for a 10-ppb increase in NO2 holding PM2.5 constant. The first row cor-
responds to modeling SBP as a function of each pollutant separately, while the second row
corresponds to modeling SBP on both pollutants. Both bias-corrected and uncorrected es-
timates are shown along with näıve sandwich and bootstrap standard errors. Also shown
are cross-validated R2 and correlation between predicted PM2.5 and NO2.
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Figure 4.7: SBP partial residuals (contours) as a smooth function of PM2.5 and NO2.
Predicted exposures shown were using 100 degrees of freedom in the exposure model.
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Appendix A

APPENDIX FOR CHAPTER 2

A.1 Joint exposure and health modeling

The parametric and parameter bootstraps are justified by assuming the spatial surface is a

spatially correlated Gaussian process. As the health outcomes are also assumed normal we

could consider the implied joint likelihood and estimate the parameters of the health and

exposure models jointly. The joint approach fully accounts for uncertainty in not observing

X and allows information in the health data to influence exposure model estimation. Be-

cause of this we may stand to gain efficiency by fitting joint models. In what follows we

outline two joint approaches to estimating β: maximizing the joint likelihood and summar-

izing the posterior obtained from a Bayesian model. We apply both methods to our case

study analyzing associations of EC, OC, Si and S with CIMT in the MESA Air cohort and

compare the results to the two-stage bootstrap approaches described in Chapter 2.

A.1.1 Joint maximum likelihood

The joint likelihood is implied by Equations 2.1 and 2.3, and a simplified version is outlined

in Madsen et al. (2008). Jointly the observed data follow:

Y

X∗

 ∼ N

β0 + βPα+ ZβZ

P∗α

 ,

β2Σηη + σ2
ε I βΣηη∗

βΣT
ηη∗ Ση∗η∗


 . (A.1)

Maximizing the implied likelihood with respect to β, θθθ, σ2
ε , α, and βZ implicitly accounts

for the variability inherent in not observing X. We can obtain estimated standard errors of

these parameter estimates using the inverse Hessian of the log-likelihood evaluated at the

estimated parameters.
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A.1.2 Bayesian model

An alternative joint approach is to fit a Bayesian model, and obtain parameter estimates

as summaries of the Bayesian posterior. The posterior is:

p(β0, β1,βz, τε,α, θθθ
′|Y,X∗) ∝ L(Y,X∗|β0, β1,βz, τε,α, θθθ

′)× π(β0, β1,βz, σ
2
ε ,α, θθθ

′), (A.2)

where L(·) is the likelihood implied by (A.1), θθθ′ is a reparameterization of θθθ described

below, and π(·) denotes the prior distribution of the model parameters. We fit this model

using the stochastic partial differential equation (SPDE) model formulation in R-INLA (Rue

et al., 2009). Briefly, the SPDE model represents continuous space as a refined Delaunay

triangulation, where each location is represented by a linear combination of edges of the grid

triangle it resides in. See Lindgren et al. (2011) for more details. Rather than specifying

priors for σ2
ε and θθθ′, the internal representation of these parameters in R-INLA is τε and θθθ′

where

τε = −2 log(σε),

θ′1 =
1

2
log

(
Γ(ν)

Γ(κ)4π

)
+ ν log(φ)− log(ση),

θ′2 =
log(8ν)

2
− log(φ),

θ′3 = − log(τ).

Recall that φ and σ2
η denote the range and partial sill of the Gaussian process while τ2 is

the nugget. The parameters κ and ν = κ − 1 are fixed and specify variants of the Matérn

covariance. We fit an exponential covariance to remain consistent with our two-stage and

joint maximum-likelihood approaches, corresponding to κ = 3/2 and ν = 1/2. Thus there

is a one-to-one relationship between an R-INLA internal parameter and the nugget, range,
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and σ2
ε ; while θ′1 is a function of both the range and the partial sill.

We used independent priors on the model parameters, as follows:

β ∼ N(0, 0.001),

τε ∼ loggamma(1, 0.00005),

θ′1 ∼ N(4.9, 0.001),

θ′2 ∼ N(−6.1, 0.001),

θ′3 ∼ N(µθ3 , 0.001),

β0 ∼ N(0, 0.001),

βZ ∼ N(0, 0.001I12),

αj
iid∼ N(0, 0.001).

Here the normal distributions are parameterized by a mean and precision, or variance−1.

Accordingly, precisions of 0.001 translate to variances of 1000, or very wide priors. The prior

for τε is the default in R-INLA, as are the prior means for θ′1 and θ′2. As a sensitivity analysis

we perturbed µθ3 , the prior mean of θ′3, around log(10)/2 by considering µθ3 = log(10)/2+c

for c ∈ {−2,−1, 0, 1, 2}. For each perturbation we obtained Bayesian estimates of β, θθθ and

σ2
ε by summarizing the marginal posteriors of appropriate transformations of {β,θθθ′, τε}.

A.1.3 Results

Parameter estimates

The health effect estimates β̂, estimated standard errors, and 95% confidence or Bayesian

credible intervals are shown in Table A.1. Figures A.1–A.4 show the marginal posteriors

for β, θθθ and σ2
ε ordered by each perturbation c ∈ {−2,−1, 0, 1, 2}. Superimposed on these

figures are the corresponding estimates from the two-stage and joint MLE approaches.
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We see different estimated health effects depending on the modeling approach used.

Table A.1 shows that maximizing the joint likelihood led to estimated health effects that

were noticeably stronger than the corresponding two-stage estimates, and smaller standard

errors. The estimated association between CIMT and EC became statistically significant

and negative when maximizing the joint likelihood, while joint MLE led to stronger positive

associations for the other three pollutants.

Most striking is the sensitivity of the Bayesian results to the specified prior means

of θ3. This sensitivity was strongest for EC, where varying the prior mean of θ3 led to

drastically different qualitative conclusions. The estimated association between CIMT and

EC was essentially null for c = −2, strong positive for c =∈ {−1, 2} and strong negative for

c ∈ {0, 1}. The OC analysis was less sensitive qualitatively, though Figure A.2 shows that

the shapes of the posterior densities of β were sensitive to c. The estimated association of

CIMT with Si was drastically different for c = 0 than for any other c, while the estimated

association with S appeared insensitive to c. Figures A.1–A.4 also show that the marginal

posteriors of β were not the only ones to be affected by c; the marginal posteriors of θθθ and σ2
ε

were also affected. Also of note is that although it was the prior mean of θ′3 (corresponding

to a transformation of the nugget) we perturbed, these perturbations did not always lead

to differences in the marginal posteriors of the nugget. Furthermore the marginal posteriors

of β and the nugget did not necessarily vary together, as can be seen clearly in Figure A.1

for c ∈ {−1, 0, 1, 2}, among other places.

Model checking

We carried out a number of model-checking procedures to investigate possible reasons for

the drastic differences between the joint MLE and Bayesian approaches and the sensitivity

of the Bayesian approaches to the prior specification of θ′3. As a sanity check we specified

priors centered at the joint MLEs with precisions equal to 100, 000, and returned the joint

MLEs as expected. We also refined the Delaunay triangulation to specify a finer spatial
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grid, but this did not noticeably change our results. Running R-INLA with 21 instead of 9

evaluation points also resulted in identical results to what is shown in Figures A.1–A.4.

Although all Hessians obtained via joint MLE were negative-definite, we sought further

assurance that the joint MLEs truly maximized the likelihood. We evaluated the profile

likelihood at all combinations of θ̂θθ(c), σ̂2
ε (c), and β̂(c) for c ∈ {−2,−1, 0, 1, 2}, where θ̂θθ(c)

denotes the marginal posterior means of the θθθ estimated with given perturbation c; ana-

logously for σ̂2
ε (c) and β̂(c). Thus we evaluated the likelihood 5 × 5 × 5 times, and we

compared the likelihood at these values to the likelihood evaluated at the joint MLE. We

also evaluated the prior × likelihood at these same parameter values, yielding a scaled ver-

sion of the posterior. This allowed us to investigate if the scaled posterior differed noticeably

from the likelihood in how it varied for different parameter values; if it did this might shed

light on why the posteriors were so sensitive to choice of prior. These results are shown in

Figures A.5–A.8. We can see that the joint MLE does indeed maximize the likelihood (at

least among our considered parameter space), and that there is no discernible difference in

pattern between the log-likelihood and log-likelihood + log-prior as we vary the parameter

estimates. Accordingly, this gives us no insight into why the posteriors might be so sensitive

to different prior choices.

A.1.4 Discussion

We carried out two different joint approaches to estimating the effect of PM2.5 compon-

ents on CIMT and compared them to the two-stage approach. Performing joint maximum

likelihood led to stronger effect estimates and smaller standard errors than the two-stage

approach, and were also different from the Bayesian approach. We are concerned about the

validity of the Bayesian results and the sensitivity of the health effect estimates to prior spe-

cification of θ′3. These results should not be sensitive to prior mean specification, especially

since we specified extremely small prior precisions (wide variances) for θ′3.

All of these analyses rely on a correctly specified exposure and health model. In reality
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one or both are likely to be violated. The extent to which health effect estimates are sensitive

to these violations remains to be studied. Szpiro et al. (2011b) investigated behavior of

the joint MLE under exposure model misspecification and found it was not very sensitive.

However, misspecification of the health model, especially in the presence of large health

data sets (as we often have in air pollution epidemiology studies) may lead to harmful

feedback when fitting a joint model. Simulation studies need to be done to investigate

sampling properties of β̂ when fitting joint versus two-stage models under different levels of

model misspecification and relative sizes of monitoring and epidemiology cohort data. As

we have shown in our case study, the different approaches may lead to drastically different

qualitative results.

Our results also motivate developing methods to correct for measurement error when

the exposure model is not correctly specified. This is especially true when considering

multi-pollutant studies, where interest lies in estimating the joint association of multiple

pollutants with a single health outcome. In these settings the multiple pollutants must

each be predicted, and extending parametric measurement error approaches would involve

correctly specifying a multi-pollutant exposure model. As we have shown with our case

study, rigorously comparing joint and two-stage approaches for a single pollutant is difficult

enough; the problem compounds when considering multiple pollutants. This is a motivating

factor in deriving the semi-parametric approaches in Chapters 3 and 4.
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EC OC

β̂ (SE) 95% CI β̂ (SE) 95% CI
Näıve -0.011 (0.015) (-0.04, 0.02) 0.025 (0.008) (0.01, 0.04)
Parametric -0.011 (0.015) (-0.04, 0.02) 0.026 (0.009) (0.01, 0.04)
PB, δ = 0 -0.011 (0.015) (-0.04, 0.02) 0.025 (0.009) (0.01, 0.04)
PB, δ = 1 -0.011 (0.015) (-0.04, 0.02) 0.025 (0.009) (0.01, 0.04)
Joint MLE -0.056 (0.013) (-0.08, -0.03) 0.043 (0.005) (0.03, 0.05)
Bayes, c = −2 0.090 (0.082) (-0.05, 0.08) 0.054 (0.017) (0.03, 0.05)
Bayes, c = −1 0.225 (0.050) (0.14, 0.22) 0.076 (0.006) (0.06, 0.08)
Bayes, c = 0 -0.257 (0.054) (-0.37, -0.25) 0.085 (0.005) (0.07, 0.08)
Bayes, c = 1 -0.258 (0.054) (-0.37, -0.26) 0.045 (0.018) (0.02, 0.04)
Bayes, c = 2 0.229 (0.050) (0.14, 0.23) 0.085 (0.012) (0.06, 0.08)

Si S

β̂ (SE) 95% CI β̂ (SE) 95% CI
Näıve 0.285 (0.068) (0.15, 0.42) 0.057 (0.018) (0.02, 0.09)
Parametric 0.287 (0.103) (0.09, 0.49) 0.056 (0.025) (0.01, 0.11)
PB, δ = 0 0.285 (0.092) (0.11, 0.47) 0.057 (0.025) (0.01, 0.11)
PB, δ = 1 0.284 (0.093) (0.10, 0.47) 0.057 (0.025) (0.01, 0.11)
Joint MLE 0.361 (0.057) (0.25, 0.47) 0.100 (0.013) (0.07, 0.13)
Bayes, c = −2 0.486 (0.116) (0.27, 0.48) 0.059 (0.040) (-0.01, 0.06)
Bayes, c = −1 0.578 (0.140) (0.34, 0.57) 0.067 (0.033) (0.00, 0.07)
Bayes, c = 0 -0.748 (0.184) (-1.14, -0.74) 0.066 (0.033) (0,00, 0.07)
Bayes, c = 1 0.579 (0.139) (0.34, 0.57) 0.061 (0.034) (0.00, 0.06)
Bayes, c = 2 0.566 (0.140) (0.33, 0.55) 0.071 (0.033) (0.00, 0.07)

Table A.1: Point estimates (standard errors) for the different pollutants using a two-stage approach
with no correction or with parametric and parameter bootstrap correction for measurement error,
and joint approaches. 95% confidence intervals (credible intervals for the Bayesian analyses) are
also shown. “PB” refers to results from parameter bootstrap implemented with given value of δ.
“Joint MLE” refer to estimates of β obtained by maximizing the log-likelihood implied by Equation
A.1, with standard error estimates obtained from the inverse Hessian evaluated at the estimated
parameters. For the Bayesian models the means, standard deviations, and 95% credible intervals of
the marginal posteriors of β are reported, for different perturbations c of the prior mean of θ′3.
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Figure A.1: EC: marginal posteriors of β, σ2
ε and kriging parameters θθθ. Analogous two-stage

and joint MLE estimates are also shown. For β̂ the red and blue shading correspond to
95% confidence intervals from the two-stage and joint MLE approaches, respectively. 95%
confidence intervals from the joint MLE approach are shown for θθθ and σ2

ε . The rows are
ordered according to different c in the prior mean c+ log(10)/2 of θ3.
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Figure A.2: OC: marginal posteriors of β, σ2
ε and kriging parameters θθθ. Analogous two-stage

and joint MLE estimates are also shown. For β̂ the red and blue shading correspond to
95% confidence intervals from the two-stage and joint MLE approaches, respectively. 95%
confidence intervals from the joint MLE approach are shown for θθθ and σ2

ε . The rows are
ordered according to different c in the prior mean c+ log(10)/2 of θ′3.
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Figure A.3: Si: marginal posteriors of β, σ2
ε and kriging parameters θθθ. Analogous two-stage

and joint MLE estimates are also shown. For β̂ the red and blue shading correspond to
95% confidence intervals from the two-stage and joint MLE approaches, respectively. 95%
confidence intervals from the joint MLE approach are shown for θθθ and σ2

ε . The rows are
ordered according to different c in the prior mean c+ log(10)/2 of θ′3.
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Figure A.4: S: marginal posteriors of β, σ2
ε and kriging parameters θθθ. Analogous two-stage

and joint MLE estimates are also shown. For β̂ the red and blue shading correspond to
95% confidence intervals from the two-stage and joint MLE approaches, respectively. 95%
confidence intervals from the joint MLE approach are shown for θθθ and σ2

ε . The rows are
ordered according to different c in the prior mean c+ log(10)/2 of θ′3.
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Figure A.5: EC: log joint likelihood (solid circles) and log joint likelihood × prior (empty
circles) for different β̂ (horizontal axes), σ̂2

ε (color), and θ̂θθ (plot region).
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Figure A.6: OC: log joint likelihood (solid circles) and log joint likelihood × prior (empty
circles) for different β̂ (horizontal axes), σ̂2

ε (color), and θ̂θθ (plot region).
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Figure A.7: Si: log joint likelihood (solid circles) and log joint likelihood × prior (empty
circles) for different β̂ (horizontal axes), σ̂2

ε (color), and θ̂θθ (plot region).
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Figure A.8: S: log joint likelihood (solid circles) and log joint likelihood × prior (empty
circles) for different β̂, σ̂2

ε , and θ̂θθ.
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Appendix B

APPENDIX FOR CHAPTER 3

B.1 Asymptotic definitions of moments

The following definition of asymptotic moments was adapted by Szpiro and Paciorek (2013)

from Shao (2003), for use in a setting very similar to ours.

Let v1, v2,... be a sequence of random variables and let a1, a2,... be a sequence of

positive numbers such that limn→∞ an =∞. Let ϑ be a real number.

Asymptotic mean. Suppose v is such that E|v| < ∞ and we can write (vn − ϑ) =

ṽn + v′n with E(ṽn) = 0 and anv
′
n →d v. Then we denote E[an](vn − ϑ) = E(v) and call

E(v)/an be an order 1/an asymptotic mean of (vn − ϑ).

Asymptotic variance. Suppose v is such that Cov(v) < ∞ and
√
an(vn − ϑ) →d v.

Then we denote Cov[an](vn) = Cov(v) and call Cov[an](vn)/an be an order 1/an asymptotic

covariance of vn.

B.2 Statement and proof of Lemma 1.

Let r⊥(s) contain elements (rk(s)−Θ(s)Tϕk), where ϕk = argminω
∫

(rk(s)−Θ(s)Tω)2dG(s)

for k ∈ {1, ..., p+ q}. Let w⊥λ (si) = r⊥(si)
Tγλ and ŵ⊥λ (si) = r⊥(si)

T γ̂λ. Then, with:

f(γ̂λ) =

∫
w⊥λ (s)ŵ⊥λ (s)dG(s)∫
ŵ⊥λ (s)2dG(s)

+

∫
uBλ (s)ŵ⊥λ (s)dG(s)∫
ŵ⊥λ (s)2dG(s)

,

β̂n∗ = βf(γ̂λ). Let hλ and Hλ denote the gradient and the Hessian matrix, respectively, of

f(γ̂λ) evaluated at γλ. Let

ψBλ =

∫
uBλ (s)w⊥λ (s)dG(s)∫
w⊥λ (s)2dG(s)

,
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and

ψCλ =
1

n∗
{
hTλE[n∗](γ̂λ − γλ) + tr

(
HλCov[n∗](γ̂λ − γλ)

)}
.

(a)

1

n∗
E[n∗]

(
β̂n∗ − β

β
− ψBλ

)
= ψCλ

is an asymptotic expectation of
(

(β̂n∗ − β)/β − ψBλ
)

.

(b)

1

n∗
V ar[n∗]

(
β̂n∗ − β

β

)
=

1

n∗
(
hTλCov[n∗](γ̂λ − γλ)hλ

)

is an asymptotic variance of (β̂n∗ − β)/β.

Proof:

It is easy to see that

β̂n,n∗ =

∑n
i=1 ŵ

⊥
λ (si)yi∑n

i=1 ŵ
⊥
λ (si)2

.

Each health outcome measurement can be written

yi = βw⊥λ (si) + β(wλ(si)− w⊥λ (si)) + β(xi − wλ(si)) + βTZzi + εi,

which implies

β̂n,n∗ = β

(∑n
1 ŵ
⊥
λ (si)w

⊥
λ (si)∑n

1 ŵ
⊥
λ (si)2

+

∑n
1 ŵ
⊥
λ (si)u

B
λ (s)∑n

1 ŵ
c
λ(si)2

+

∑n
1 ŵ
⊥
λ (si)(wλ(si)− w⊥λ (si))∑n

1 ŵ
⊥
λ (si)2

)
+

∑n
1 ŵ
⊥
λ (si)β

T
Zzi∑n

1 ŵ
⊥
λ (si)2

+

∑n
1 ŵ
⊥
λ (si)εi∑n

1 ŵ
⊥
λ (si)2

.

The numerator in each of the final three terms on the right-hand side of this expres-

sion has mean zero, since every random variable being summed over has mean zero. The
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numerator of the third term has mean zero because each element of r(s) is orthogonal to

each element of r(s)− r⊥(s) by construction. The fourth numerator has mean zero because

zi = Θ(si) + ζζζi, the elements of r⊥(si) are orthogonal to Θ(si) by construction, and each

element of ζζζi has mean zero and is independent of every element of r⊥(si). Finally, the fifth

numerator has mean zero because every εi has mean zero and is independent of everything

else. Letting n→∞, the weak law of large numbers implies

β̂n∗ = β

∫
w⊥λ (s)ŵ⊥λ (s)dG(s)∫
ŵ⊥λ (s)2dG(s)

+ β

∫
uBλ (s)ŵ⊥λ (s)dG(s)∫
ŵ⊥λ (s)2dG(s)

= βf(γ̂λ).

If we write bλ =
∫
uBλ (s)r⊥(s)dG(s) and A =

∫
r⊥(s)r⊥(s)TdG(s) we can express this

as

f(γ̂λ) = (γTλAγ̂λ)(γ̂TλAγ̂λ)−1 + (bTλ γ̂λ)(γ̂TλAγ̂λ)−1,

and we are now prepared to perform a Taylor expansion of f(γ̂λ) around γλ. The gradient

of f(γ̂λ) is:

Df(γ̂λ) = − 2(γTλAγ̂λ)(γ̂TλAγ̂λ)−2Aγ̂λ + (γ̂TλAγ̂λ)−1Aγλ

− 2(bTλ γ̂λ)(γ̂TλAγ̂λ)−2Aγ̂λ + (γ̂TλAγ̂λ)−1bλ.

The Hessian is:

D2f(γ̂λ) = − 2(γTλAγ̂λ)(γ̂TλAγ̂λ)−2A + 8(γTλAγ̂λ)(γ̂TλAγ̂λ)−3Aγ̂λγ̂
T
λA

− 2(γ̂TλAγ̂λ)−2Aγ̂λγ
T
λA− 2(γ̂TλAγ̂λ)−2Aγλγ̂

T
λA

− 2(bTλ γ̂λ)(γ̂TλAγ̂λ)−2A + 8(bTλ γ̂λ)(γ̂TλAγ̂λ)−3Aγ̂λγ̂
T
λA

− 2(γ̂TλAγ̂λ)−2bλγ̂
T
λA− 2(γ̂TλAγ̂λ)−2Aγ̂λb

T
λ .
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Evaluating these quantities at γ̂λ = γλ yields:

f(γλ) = 1 + (bTλγλ)(γTλAγλ)−1

Df(γ̂λ)|γλ = − (γTλAγλ)−1Aγλ

− 2(bTλγλ)(γTλAγλ)−2Aγλ + (γTλAγλ)−1bλ

1

2
D2f(γ̂λ)|γλ = − (γTλAγλ)−1A + 2(γTλAγλ)−2Aγλγ

T
λA

− (bTλγλ)(γTλAγλ)−2A + 4(bTλγλ)(γTλAγλ)−3Aγλγ
T
λA

− (γTλAγλ)−2bλγ
T
λA− (γTλAγλ)−2Aγλb

T
λ .

We let hλ = Df(γ̂λ)|γλ and Hλ = 1
2D

2f(γ̂λ)|γλ , and then Taylor expansion of β̂n∗ about

γλ gives

β̂n∗ = βf(γ̂λ) = β + β(bTλγλ)(γTλAγλ)−1 + β
{
hTλ (γ̂λ − γλ) + (γ̂λ − γλ)THλ(γ̂λ − γλ)

}
+ op(1/n

∗).

Noting that (bTλγλ)(γTλAγλ)−1 = ψBλ , we have:

(β̂n∗ − β)

β
= ψBλ + hTλ (γ̂λ − γλ) + (γ̂λ − γλ)THλ(γ̂λ − γλ) + op(1/n

∗).

Thus,

E[n∗]

(
(β̂n∗ − β)

β
− ψBλ

)
= hTλE[n∗](γ̂λ − γλ) + tr(HλCov[n∗](γ̂λ − γλ));

V ar[n∗]

(
(β̂n∗ − β)

β

)
= hTλCov[n∗](γ̂λ − γλ)hλ;

as desired.
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B.3 Estimation of Lemma 1 quantities

In order to use Lemma 1 to estimate the bias and variance of β̂n∗ , we need to estimate ψBλ ,

hλ, Hλ, and the moments of (γ̂λ − γλ) from available data.

The numerator of ψBλ ,
∫
uBλ (s)w⊥λ (s)dG(s), can only be estimated using data from mon-

itoring locations since that is where we can observe approximate values of uBλ and w⊥λ . Since

uBλ is the difference between the observed and predicted exposure values, and the predic-

tion model was also fit at monitoring locations, we were concerned that simply plugging in

residuals from the penalized regression would lead to an understimate of the numerator of

ψBλ . Accordingly we also considered 10-fold and leave-one-out cross-validation to estimate

uBλ , but found that this overestimated ψBλ , especially for small values of λ. For small λ, the

numerator of ψBλ is close to zero since uBλ is nearly orthogonal to wλ(s), and using cross-

validation broke this near-orthogonality. Therefore, we opted for the more straightforward

approach of directly plugging in the residuals. The denominator of ψBλ can be estimated

using subject or monitoring locations. Because there are often many more subjects than

monitors, it makes sense to use the subject locations to approximate this integral; this is

what we did in our simulations and data analysis.

Following Yu and Ruppert (2002), we estimate Cov(γ̂λ−γλ) using a sandwich form that

accounts for having λ > 0. In some applications, it is reasonable to simply ignore λ when

constructing asymptotic standard errors because it converges to zero as the sample size

increases. However, we have found that we obtain better finite-sample variance estimates

of Cov(γ̂λ − γλ) if we explicitly account for λ. If we set

B =

∫ {(
r(s)

(
Φ(s)− r(s)Tγλ

)
− λDγλ

) (
r(s)

(
Φ(s)− r(s)Tγλ

)
− λDγλ

)T}
dG(s)

and A = λD +
∫

r(s)r(s)TdG(s), then
√
n∗(γ̂λ − γλ) →d N(0,V) where V = A−1BA−1

where V is a model-robust estimate of the covariance of γ̂λ that incorporates reduced

variance from λ > 0. We can estimate V by plugging in consistent estimates of all the



121

quantities: γ̂λ for γλ and R(s∗)TR(s∗) whenever an estimate of
∫

r(s)r(s)TdG(s) is needed.

Note however that this covariance estimate, though effectively accounting for the reduction

in variance induced by λ, maintains all the characteristics of a sandwich covariance estimate

for unpenalized regression, and in particular it may be biased for small samples. Mancl and

DeRouen (2001) showed that in the context of generalized estimating equations, assuming

a correctly specified mean model and no penalty, inversely weighting each residual in the

B̂ portion of the estimated covariance matrix by one minus the influence of each data

point reduces the bias of the covariance estimate. Although we make fewer assumptions,

we similarly found that weighting each residual term in B̂ by 1 − hii reduced the bias of

our sandwich covariance estimates for smaller sample sizes, where hii = r(s∗i )
T (n∗λD +

R(s∗)TR(s∗))−1r(s∗i ).

It remains to describe estimation of hλ, Hλ, and E[n∗](γ̂λ − γλ). Estimation of hλ and

Hλ only requires estimation of bλ, A and γλ. bλ was estimated as described in the text,

using residuals from the penalized regression fits to the monitoring data to estimate uBλ . A

was estimated by summing over plug-ins of r⊥(si)r
⊥(si)

T at subject locations, and γλ was

estimated with γ̂λ.

To estimate E[n∗](γ̂λ − γλ) we used an approach very similar to the one outlined in

Szpiro and Paciorek (2013). For arbitrary mj let M denote the n∗ × n∗ diagonal matrix

where the jth diagonal element is mj . If we let mj = 1/n∗ for j = 1, ..., n∗ and Λ the

(p+ q)× (p+ q) matrix λD, then we note that

γ̂λ = κ(m1, ...,mn∗) = (R(s∗)TMR(s∗) + Λ)−1R(s∗)TMx∗.

From here we want to take the expectation of γ̂λ over repeated realizations m∗j of the

mj , where with each realization the rows of R(s∗) and elements of x∗ are re-weighted.

Heuristically, we are using {s1, ..., sn∗} to approximate the support of G(·); the weights

1/n∗ to approximate G(·), the probability distribution over this support; and considering

repeated sampling with replacement of monitoring locations from {s1, ..., sn∗} to approxim-
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ate repeated sampling from G(·). This is equivalent to sampling new m∗j from a multinomial

distribution with probabilities pj = 1/n∗. With each realization of m∗j we obtain new coef-

ficients γ̂∗λ, and treat the asymptotic mean of (γ̂∗λ− γ̂λ) ≡ (κ(m∗1, ...,m
∗
n∗)−κ(m1, ...,mn∗))

as an approximation to what we are truly interested in, which is the asymptotic mean of

(γ̂λ − γλ). This is justified more formally in van der Vaart 1998, Section 20.1. We find

the asymptotic distribution (and hence mean) of (κ(m∗1, ...,m
∗
n∗)−κ(1/n∗, ..., 1/n∗)) using a

multinomial Taylor expansion, perturbing {m∗1, ...,m∗n∗} about their means {1/n∗, ..., 1/n∗}.

Following Szpiro and Paciorek (2013), we see that this implies

E[n∗](γ̂λ − γλ) ≈ 1

2

(
1

n∗
− 1

(n∗)2

) n∗∑
j=1

∂2κ

∂m2
j

− 1

2

1

(n∗)2

n∗∑
j,k=1;j 6=k

∂2κ

∂mj∂mk

where, with R∗ = R(s∗) for simplicity of notation;
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∂2κ

∂mj∂mk
= (R∗TMR∗ + Λ)−1R∗T

∂M

∂mk
R∗(R∗TMR∗ + Λ)−1R∗T

∂M

∂mj
R∗(R∗TMR∗ + Λ)−1R∗TMx∗

− (R∗TMR∗ + Λ)−1R∗T
∂2M

∂mj∂mk
R∗(R∗TMR∗ + Λ)−1R∗TMx∗

+ (R∗TMR∗ + Λ)−1R∗T
∂M

∂mj
R∗(R∗TMR∗ + Λ)−1R∗T

∂M

∂mk
R∗(R∗TMR∗ + Λ)−1R∗TMx∗

− (R∗TMR∗ + Λ)−1R∗T
∂M

∂mj
R∗(R∗TMR∗ + Λ)−1R∗T

∂M

∂mk
x∗

− (R∗TMR∗ + Λ)−1R∗T
∂M

∂mk
R∗(R∗TMR∗ + Λ)−1R∗T

∂M

∂mj
x∗

+ (R∗TMR∗ + Λ)−1R∗T
∂2M

∂mj∂mk
x∗

= (R∗TMR∗ + Λ)−1r∗kr
∗T
k (R∗TMR∗ + Λ)−1r∗jr

T
j (R∗TMR∗ + Λ)−1R∗TMx∗

− 0

+ (R∗TMR∗ + Λ)−1r∗jr
∗T
j (R∗TMR∗ + Λ)−1r∗kr

T
k (R∗TMR∗ + Λ)−1R∗TMx∗

− (R∗TMR∗ + Λ)−1r∗jr
∗T
j (R∗TMR∗ + Λ)−1r∗kx

∗
k

− (R∗TMR∗ + Λ)−1r∗kr
∗T
k (R∗TMR∗ + Λ)−1r∗jx

∗
j

+ 0.
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Appendix C

APPENDIX FOR CHAPTER 4

C.1 Derivation of low-rank common component model (LRCCM)

Fitting separate penalized regression spline models such as described in Section 4.3.2 does

nothing to exploit correlation between pollutants. The common component model of Fan-

shawe and Diggle (2012) exploits this correlation and is motivated using a spatial random

effect. We describe it briefly here and develop its low-rank analogue as an example of a

low-rank penalized regression model that accounts for between-pollutant correlation. For

simplicity assume n∗0 = n∗ so we observe both pollutants at each location, and let X∗j de-

note the n∗×1 vector of observations of the jth pollutant. Let P∗j denote the corresponding

n∗ × pj matrix of geographic covariates for modeling the jth pollutant. Then the common

component model of Fanshawe and Diggle (2012) is:

X∗j = P∗jαj + sj δ̃0 + δ̃j + νj (C.1)

where δ̃k ∼ N(0, σ2
kΣk) for k ∈ {0, 1, 2} and νj ∼ N(0, τ2

j In∗) for j ∈ {1, 2}, with

Cor(νi1, νj2) = 1(s∗i = s∗j )ρν . The random coefficients δ̃0 denote a spatially correlated

Gaussian process that is held in common by the two surfaces and is scaled by sj ; for identi-

fiability we set s1 = 1. The δ̃j denote two pollutant-specific Gaussian processes independent

of each other and of δ̃0. The correlation matrices Σk are parameterized by correlation func-

tions ρk(r), such that the {i, j}th element of Σk is ρk(||si − sj ||). For example, ρk(r) could

be an exponential correlation function with ρk(r) = exp(−|r|/φk) given range parameter

φk. In practice, φk may be fixed (e.g., at the maximum distance between monitor locations,

see Kammann and Wand (2003)). If we let Q∗k = Σ
1/2
k we can reparameterize Equation C.1
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as

X∗j = P∗jαj + sjQ
∗
0δ0 + Q∗jδj + νj , (C.2)

where δk ∼ N(0, σ2
kIn∗). Let R∗j = {(1j=1)P∗1, (1j=2)P∗2, sjQ

∗
0, (1j=1)Q∗1, (1j=2)Q∗2} and

R(s∗i ) the r × 2 matrix created by combining the ith rows of R∗1 and R∗2. For fixed σk, τj

and ρν , it follows that the corresponding full data negative log-likelihood is:

`(γ|X∗1,X∗2; s1, s2, σ0, σ1, σ2, τ1, τ2, ρν) =
1

n∗

n∗∑
i=1

(x∗i −R(s∗i )
Tγ)TΠ(x∗i −R(s∗i )

Tγ) + γTΛγ,

(C.3)

where γ =
{
αT1 ,α

T
2 , δ

T
0 , δ

T
1 , δ

T
2

}
, Π =

 τ2
1 ρντ1τ2

ρντ1τ2 τ2
2


−1

and

Λ =
1

n∗



0(p1+p2)×(p1+p2) 0 0 0

0 1
σ2
0
In∗ 0 0

0 0 1
σ2
1
In∗ 0

0 0 0 1
σ2
2
In∗


.

It is apparent that minimizing (C.3) with respect to γ is equivalent to minimizing (4.1).

We note that (C.3) is more like what Hodges (2013) terms “not-quite-a-likelihood” than

a true log-likelihood, as we minimize (C.3) with respect to fixed parameters (the αj) and

random effects (the δj) to yield the penalized regression coefficients. The mixed-effects

formulation motivates estimating the σk, τj , and ρν with REML to obtain the matrices Π

and Λ. One could also use REML to estimate s2, though as it defines the basis functions

used for modeling the common component it may be preferable to fix it along with the φk.

The model described by (C.3) is full-rank since r = p1 + p2 + n∗ + n∗ + n∗, which poses

problems for defining the asymptotic quantity γ. An alternative is to fix the dimension of

this model by approximating (C.1) with δ̃
′
k ∼ N(0, σ2

kΩk) where Ωk is a ck × ck matrix

with the {i, j}th element equal to ρk(||κi − κj ||). Here the κi denote ck fixed spatial knots

chosen via a space filling algorithm (Kammann and Wand, 2003). Following the same line
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of thought outlined above with these new random effects defines the low-rank version of the

common component model, with r now fixed at p1 + p2 + c0 + c1 + c2. An interesting result

follows if we set ρν = 0. In this case we can show that

δ̂0 =
(
s2

1Q
∗T
0 Q∗0 + s2

2Q
∗T
0 Q∗0 + λ̃0Ic0

)−1
Q∗T0

2∑
j=1

λ−1
0j

λ−1
01 + λ−1

02

sj

(
X∗j −P∗j α̂j −Q∗j δ̂j

)
;

(C.4)

δ̂j =
(
Q∗Tj Q∗j + λjIcj

)−1
Q∗Tj

(
X∗j −P∗j α̂j − sjQ∗0δ̂0

)
; (C.5)

α̂j =
(
P∗Tj P∗j

)−1
(
X∗j − sjQ∗0δ̂0 −Q∗j δ̂j

)
; (C.6)

where λj = τ2
j /σ

2
j , λ0j = τ2

j /σ
2
0 and λ̃0 =

(
λ−1

01 + λ−1
02

)−1
. The λj can be thought of

as penalizing the roughness of the pollutant-specific surfaces, while λ0j can be viewed as

penalizing the contribution of the appropriately scaled X∗j to the common surface. This

formulation further demonstrates the translation between variance components of a spatial

mixed effects model and penalties in a penalized regression model, as well as how a penalized

regression model can be built to model correlation between pollutants. One characteristic of

this model is the inability to consider “unpenalized” coefficients as one can when fitting the

separate models of Section 4.3.2. This can be readily seen by noting that the only way to

let λ̃0 → 0 in (C.4) is by letting at least one of the λ0j → 0, which in turn leads to undefined

λ−1
0j /(λ

−1
01 + λ−1

02 ). An alternative way of viewing this is assuming the same basis functions

are used for modeling the common component and the two pollutant-specific components.

In this setting Q∗0 = Q∗1 = Q∗2 ≡ Q∗ and (ignoring the geographic covariates) r1(s∗i )
T =

{q(s∗i )
T , 0Tq ,q(s∗i )

T } and r2(s∗i )
T = {s2q(s∗i )

T ,q(s∗i )
T , 0Tq }. With Λ zero everywhere, this

model is rank-deficient since q(·) (or a scaled version thereof) appears twice in any row of

the pollutant-specific model matrices R∗j . This is a setting such as we alluded to in Section

4.3.2 where we cannot let Λ be zero everywhere and still define each element of γ̂. This

implies we cannot guarantee unbiased estimation of β even if we had infinite monitoring

data available, as we described in Section 4.4.2.
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C.2 Proof of Lemma 2

In what follows we rigorously state and prove Lemma 2 from Section 4.4.3. We isolate the

impact of measurement error by letting n → ∞ and consider estimating β with n∗ < ∞.

We let β̂n∗ denote the resulting estimate, while β̂n,n∗ denotes a pragmatic estimate of β

using finite n∗ and n. A rigorous statement of Lemma 2 requires definition of asymptotic

moments following Shao (2003).

Let v1, v2,... be a sequence of vector-valued random variables and let a1, a2,... be a

sequence of positive numbers such that limn→∞ an =∞. Let ϑ be a vector of real numbers.

Asymptotic mean. Suppose v is such that E|v| < ∞ and we can write (vn − ϑ) =

ṽn + v′n with E(ṽn) = 0 and anv
′
n →d v. Then we denote E[an](vn − ϑ) = E(v) and call

E(v)/an an order 1/an asymptotic mean of (vn − ϑ).

Asymptotic variance. Suppose v is such that E(vvT ) is positive definite and
√
an(vn−

ϑ) →d v. Then we denote Cov[an](vn) = Cov(v) and call Cov[an](vn)/an an order 1/an

asymptotic covariance of vn.

Lemma 2 (rigorous statement): Let r⊥j (s) contain elements (rjk(s)−Θ(s)Tϕk), where

ϕk = argminω
∫

(rjk(s) − Θ(s)Tω)2dG(s) for k ∈ {1, ..., p + q}. Let R⊥(s) denote the

corresponding r×2 matrix created by binding the r⊥j (s), let w⊥(s) = R⊥(s)Tγ and ŵ⊥(s) =

R⊥(s)T γ̂. Let M(γ̂) =
∫

ŵ⊥(s)ŵ⊥(s)TdG(s) and U(γ̂) = ŵ⊥(s)uB(s)TdG(s). Then with

f(γ̂) = M(γ̂)−1

(∫
ŵ⊥(s)w⊥(s)TdG(s) + U(γ̂)

)
,

we can show that β̂ = f(γ̂)Tβ. Let Gi(γ̂) denote the 2 × 2 matrix created by taking the

partial derivative of f(γ̂) with respect to γ̂i and Hij the 2× 2 matrix created by taking the

partial derivative of Gi(γ̂) with respect to γ̂j . Let gkl(γ̂) denote the r × 1 vector where

gikl(γ̂) equals the {k, l}th element of Gi(γ), and hkl(γ̂) the r × r matrix where hijkl(γ̂)

equals the {k, l}th element of Hij(γ̂).
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Additionally let ΨB = M(γ)−1U(γ), and

ΨC =

g11(γ)TE[n∗](γ̂ − γ) g12(γ)TE[n∗](γ̂ − γ)

g21(γ)TE[n∗](γ̂ − γ) g22(γ)TE[n∗](γ̂ − γ)


+

tr (h11(γ)Cov[n∗](γ̂ − γ)
)

tr
(
h12(γ)Cov[n∗](γ̂ − γ)

)
tr
(
h21(γ)Cov[n∗](γ̂ − γ)

)
tr
(
h22(γ)Cov[n∗](γ̂ − γ)

)
 .

Then the asymptotic mean of
(
β̂n∗ − β −ΨBβ

)
is:

1

n∗
E[n∗]

(
β̂n∗ − β −ΨBβ

)
= ΨCβ,

where ΨB is bias from Berkson-like error and 1
n∗Ψ

C is bias from classical-like error.

Proof.

After regressing out the subject-specific covariates it follows that

β̂n,n∗ =

(
n∑
i=1

R⊥(si)
T γ̂γ̂TR⊥(si)

)−1( n∑
i=1

(R⊥(si)
T γ̂)yi

)
.

We can write each health outcome as

yi = γTR⊥(si)β +
(
Φ(si)−R(si)

Tγ
)T
β + γT (R(si)−R⊥(si))

Tβ + ηTi β + zTi βz + εi,

from which it follows that

(
n∑
i=1

(R⊥(si)
T γ̂)yi

)
=

(
n∑
i=1

R⊥(si)
T γ̂γTR⊥(si)

)
β+

(
n∑
i=1

R⊥(si)
T γ̂(Φ(si)−R(si)

Tγ)T

)
β

+

(
n∑
i=1

R⊥(si)
T γ̂γT (R(si)−R⊥(si))

T

)
β+

(
n∑
i=1

R⊥(si)
T γ̂ηTi

)
+

(
n∑
i=1

R⊥(si)
T γ̂zTi

)
+

(
n∑
i=1

Rc(si)
T γ̂εi

)
.

By the weak law of large numbers, as n→∞ each summation converges in probability to an

integral with respect to G(s). The four summations in the bottom row converge to 0. This
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follows for the first summation since each element of R⊥(s) is orthogonal to
(
R(s)−R⊥(s)

)
by construction; for the second summation since ηi has mean zero and is independent of s;

for the third summation since zi = Θ(si) +ζζζi, each element of R⊥(s) is orthogonal to linear

combinations of Θ(s) by construction, and ζζζi has mean zero and is independent of si; and

for the fourth summation since εi has mean zero and is independent of si. Thus as n→∞,

β̂n,n∗ −→p

(∫
R⊥(s)T γ̂γ̂TR⊥(s)dG(s)

)−1(∫
R⊥(s)T γ̂γTR⊥(s)dG(s)

)
β

+

(∫
R⊥(s)T γ̂γ̂TR⊥(s)dG(s)

)−1(∫
R⊥(s)T γ̂

(
Φ(s)−R(s)Tγ

)T
dG(s)

)
β

≡ f1(γ̂)β + f2(γ̂)β ≡ f(γ̂) = β̂n∗ .

From here let M(γ̂) =
∫

R⊥(s)T γ̂γ̂TR⊥(s)dG(s). Let uB(s) ≡ Φ(s)−R(s)Tγ, and U(γ̂) =∫
R⊥(s)T γ̂u(s)TdG(s). It follows that we can re-write f1 and f2 as

f1(γ̂) = M(γ̂)−1

(∫
R⊥(s)T γ̂γTR⊥(s)dG(s)

)
f2(γ̂) = M(γ̂)−1U(γ̂)

Let R⊥j (s) denote the jth row of R⊥(s). Let Aj(γ̂) ≡
∫

R⊥j (s)γ̂TR⊥(s)dG(s), Vi =∫
R⊥i (s)u(s)TdG(s), and Bij =

∫
R⊥i (s)R⊥j (s)TdG(s). Then it follows that

∂

∂γ̂i
M(γ̂) = Ai(γ̂) + Ai(γ̂)T

∂

∂γ̂i
U(γ̂) = Vi

∂

∂γ̂j
Ai(γ̂) = Bij

∂2

∂γ̂i∂γ̂j
M(γ̂) = Bij + BT

ij

Thus we have
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∂f1

∂γ̂i
= M(γ̂)−1Ai(γ)−M(γ̂)−1

(
Ai(γ̂) + Ai(γ̂)T

)
M(γ̂)−1

∫
R⊥(s)T γ̂γTR⊥(s)dG(s),

∂f2

∂γ̂i
= M(γ̂)−1Vi −M(γ̂)−1

(
Ai(γ̂) + Ai(γ̂)T

)
M(γ̂)−1U(γ̂),

∂2f1

∂γ̂iγj
= −M(γ̂)−1(Aj(γ̂) + Aj(γ̂)T )M(γ̂)−1Ai(γ)

+M(γ̂)−1(Aj(γ̂) + Aj(γ̂)T )M(γ̂)−1(Ai(γ̂) + Ai(γ̂)T )M(γ̂)−1

∫
R(s)T γ̂γTR(s)dG(s)

−M(γ̂)−1
(
Bij + BT

ij

)
M(γ̂)−1

∫
R(s)T γ̂γTR(s)dG(s)

+M(γ̂)−1(Ai(γ̂) + Ai(γ̂)T )M(γ̂)−1(Aj(γ̂) + Aj(γ̂)T )M(γ̂)−1

∫
R(s)T γ̂γTR(s)dG(s)

−M(γ̂)−1(Ai(γ̂) + Âi(γ̂)T )M(γ̂)−1Aj(γ),

∂2f2

∂γ̂iγj
= −M(γ̂)−1(Aj(γ̂) + Aj(γ̂)T )M(γ̂)−1Vi

+M(γ̂)−1(Aj(γ̂) + Aj(γ̂)T )M(γ̂)−1(Ai(γ̂) + Ai(γ̂)T )M(γ̂)−1U(γ̂)

−M(γ̂)−1(Bij+BT
ij)M(γ̂)−1U(γ̂)+M(γ̂)−1(Ai(γ̂)+Ai(γ̂)T )M(γ̂)−1(Aj(γ̂)+Aj(γ̂)T )M(γ̂)−1U(γ̂)

−M(γ̂)−1(Ai(γ̂) + Ai(γ̂)T )M(γ̂)−1Vj .

Evaluating these quantities at γ and combining yields

∂f

∂γ̂
|γ =

(
∂f1

∂γ̂i
+
∂f2

∂γ̂i

)
|γ = M(γ)−1Ai(γ)−M(γ)−1(Ai(γ) + Ai(γ)T )

+M(γ)−1Vi −M(γ)−1(Ai(γ) + Ai(γ)T )M(γ)−1U(γ) ≡ Gi(γ)(
∂2f

∂γ̂iγ̂j

)
|γ =

(
∂2f1

∂γ̂iγ̂j
+

∂2f2

∂γ̂iγ̂j

)
|γ = −M(γ)−1(Aj(γ) + Aj(γ)T )M(γ)−1Ai(γ)

+M−1(γ)(Aj(γ) + Aj(γ)T )M(γ)−1(Ai(γ) + Ai(γ)T )−M(γ)−1(Bij + BT
ij)
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+M(γ)−1(Ai(γ)+Ai(γ)T )M(γ)−1(Aj(γ)+Aj(γ)T )−M(γ)−1(Ai(γ)+Ai(γ)T )M(γ)−1Aj(γ)

−M(γ)−1(Aj(γ)+Aj(γ)T )M(γ)−1Vi+M(γ)−1(Aj(γ)+Aj(γ)T )M(γ)−1(Ai(γ)+Ai(γ)T )M(γ)−1U(γ)

−M(γ)−1(Bij+BT
ij)M(γ)−1U(γ)+M(γ)−1(Ai(γ)+Ai(γ)T )M(γ)−1(Aj(γ)+Aj(γ)T )M(γ)−1U(γ)

−M(γ)−1(Ai(γ) + Ai(γ)T )M(γ)−1Vj ≡ Hij(γ)

Let gkl(γ) denote the r × 1 vector where gikl(γ̂) equals the {k, l}th element of Gi(γ), and

hkl(γ) the r × r matrix where hijkl(γ) equals the {k, l}th element of Hij(γ̂). Then by

Taylor’s Theorem:

β̂n∗ = β + M(γ)−1U(γ)β +

g11(γ)T (γ̂ − γ) g12(γ)T (γ̂ − γ)

g21(γ)T (γ̂ − γ) g22(γ)(γ̂ − γ)

β

+

(γ̂ − γ)Th11(γ)(γ̂ − γ)T (γ̂ − γ)Th12(γ)(γ̂ − γ)T

(γ̂ − γ)Th21(γ)(γ̂ − γ)T (γ̂ − γ)Th22(γ)(γ̂ − γ)T

β + op(1/n
∗).

Accordingly from the definitions of asymptotic moments defined above,

1

n∗
E[n∗]

(
β̂n∗ − β −M(γ)−1U(γ)β

)
=

1

n∗

g11(γ)TE[n∗](γ̂ − γ) g12(γ)TE[n∗](γ̂ − γ)

g21(γ)TE[n∗](γ̂ − γ) g22(γ)TE[n∗](γ̂ − γ)

β
+

1

n∗

tr (h11(γ)Cov[n∗](γ̂ − γ)
)

tr
(
h12(γ)Cov[n∗](γ̂ − γ)

)
tr
(
h21(γ)Cov[n∗](γ̂ − γ)

)
tr
(
h22(γ)Cov[n∗](γ̂ − γ)

)
β

= ΨCβ.

Noting that M(γ)−1U(γ) = ΨB, Lemma 2 follows.
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