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This thesis consists of three projects, the common thread to all of which is using shape-
restricted densities in inference problems. In the first project, we revisit the problem of
estimating the center of symmetry 6 of an unknown symmetric density f. This problem
dates back to Stone (1975), Van Eeden (1970), and Sacks (1975), who constructed adaptive
estimators relying on tuning parameters. Our third project, which aims to compare the
outcomes from two vaccine trials, focuses on developing methodologies for testing stochastic
dominance and estimating the Hellinger distance between densities. In both of these projects,
we impose an additional shape restriction of either log-concavity or unimodality on the
underlying densities. We show that, in both cases, the introduction of shape restrictions
lead to simpler inference procedures, relying on either only one tuning parameter or none.
My other project introduces a new shape-constrained class of distribution functions on R,
the bi-s*-concave class, which, in parallel to the results of Diimbgen et al. (2017), extends

the class of s-concave densities to a class including possibly multi-modal densities.
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Chapter 1

Introduction

Over the last few decades, shape constrained methods have increasingly gathered im-
portance in statistical inference as attractive alternatives to more traditional smoothness
constraints in nonparametric estimation. While non-parametric methods such as kernel den-
sity estimation are flexible and less restrictive on the underlying data-generating process,
often they require tuning parameters. shape constrained methods, on the other hand, do not
rely on tuning parameters and impose conditions mostly on the shape of certain functions.
Also shape constraints such as monotonicity, convexity, unimodality and log-concavity arise
naturally in many applications. For example, per capita income can be modeled as an in-
creasing function of educational qualification. Another example is the height of each person
in a homogeneous population, which generally has a unimodal density. The first paper re-
visits the symmetric location model (Example 3.4.1 of Bickel et al., 1998) with an additional
assumption of log-concavity. The second paper in this thesis proposes a new shape con-
strained class of densities. The third paper focuses on application of shape-constraints like
unimodality and log-concavity to the analysis of vaccine trial data. In particular we propose

some shape-constrained alternatives for non-parametric tests of stochastic dominance.
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1.1 Overview of the thesis

My first project, in collaboration with Dr. Jon Wellner, revisits the location-estimation
problem in symmetric models. The aim is to estimate the center of symmetry, 6, of an
unknown distribution f = g(- — @), where ¢ is symmetric about zero and has finite Fisher
information for location. This problem dates back to Stein (1956). Although Stone (1975),
Van Eeden (1970), and Sacks (1975) constructed adaptive estimators of #, a major limitation
of their methods is that they require tuning parameters for which there is currently no
universally accepted data-adaptive selection method. In view of the fact that many common
symmetric unimodal densities are log-concave, we make an additional assumption that ¢ is
log-concave, which results in tuning parameter free estimation of g. We estimate 6 using only
one or even zero tuning parameters. Moreover, we analytically show that our estimators of
0 are robust to the misspecification of log-concavity.

In my second project with Dr. Jon Wellner, we introduce and study a new shape-
constrained class of distribution functions on R, which we name the bi-s*-concave class.
This is an extension of the class of s-concave densities, which includes many common con-
tinuous densities such as the class of log-concave densities (s = 0) and t-densities. Although
this is a rich class, s-concave densities are necessarily unimodal, thereby excluding many
types of mixture densities which naturally arise in many fields such as speech recognition,
pattern recognition, climatology, just to name a few. The bi-s*-concave class, on the other
hand, permits distributions with bimodal and multimodal densities.

My third project, in collaboration with Dr. Alex Luedtke, seeks to compare the IgG
binding immune responses arising in two HIV vaccine trials. The goal of this comparison
is to help in explaining the role of the immune response invoked by IgG antibodies in pre-
venting HIV. Our data indicates that the underlying densities of the immune responses are
unimodal, which is unsurprising given that each trial is based on homogeneous population.

Therefore, we consider shape-constrained methods to compare the immune profiles of the
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two vaccines. To this end, we develop novel shape-constrained tests of stochastic dominance
and shape-constrained plug-in estimators of the Hellinger distance between two densities.
Our techniques are either tuning parameter free, or rely on only one tuning parameter, but
their performance is comparable with nonparametric methods. The minimal dependence of
tuning parameters is especially desirable in clinical contexts where analyses must be prespec-
ified and reproducible. We also show that our tests and estimators have desirable asymptotic

properties.
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Chapter 2

Location estimation for symmetric

log-concave densities

2.1 Introduction
Let P denote the class of all densities on the real line R. For any # € R, denote by Sy the
class of all densities that are symmetric about #. We also denote

SCy:={¢p:R+— R | ¢ is concave and symmetric about 6}.

We let LC be the set of all log-concave densities on R, and denote the class of all log-concave

densities symmetric about 6 by
SLCy:={feL ‘ ¢ =log f € SCy}.
In this paper we focus on the log-concave symmetric location model
Po = {f epP ‘ f(z;0) =g(z—6), 0 eR, ge SLCy, Iy < oo}, (2.1)

where Z; is the Fisher information for location. Our aim is to estimate 6 in Py.

Estimation of # in the full symmetric location model

PSZ{fEP’f(x;G):g(x—H),HER,QESO,If<oo} (2.2)
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is an old semi-parametric problem, dating back to Stein (1956). From then on, this problem
has been considered by many early authors including, but not limited to, Stone (1975),
Beran (1974), Sacks (1975), and Van Eeden (1970). There are two main reasons behind
the assumption of symmetry in this model. First, as Stone (1975) has noted, if f is totally
unrestricted, # is not identifiable. Second, the definition of location becomes less clear in the
absence of symmetry (Takeuchi, 1975).

This model is appealing because Stone (1975) showed that the restriction of symmetry
and the finiteness of Z; are sufficient to guarantee adaptive estimation of 6. Therefore, in
this case, it is possible to construct a consistent estimator of #, whose asymptotic variance
attains the parametric lower bound of Z]?l. From Theorem 3 of Huber (1964), it follows that

Z; is finite if and only if f is an absolutely continuous density satisfying
> f'(x))2
f(z)dx < oo,
[ (5)
where f’ is an L;-derivative of f. Also in this case Z; takes the form
> f’(x>>2
Iy= / ( flx)dex.
=) ) 1

See section 3.2, 3.3, and 6.3 of Bickel et al. (1998) for more discussion on adaptive estimation

in Ps.

Now we will briefly discuss some existing methods of estimating 6 in Ps. Stone (1975)
considers a one-step estimator. One-step estimators generally depend on the estimation of
the score —¢' = f'/f. Stone (1975) estimates the scores using symmetrized Gaussian kernels
based on truncated data, thereby incorporating two tuning parameters, one for the trunca-
tion, and another for the scaling of the Gaussian Kernel. Although the tuning parameters
are required to satisfy some asymptotic conditions (Stone, 1975, Theorem 5.3), no particular
prescription was provided for choosing them. Sacks (1975) considers a subclass of Ps with
some restrictions on ¢’ that are weaker than the assumption of log-concavity, and includes

heavy-tailed distributions like Cauchy. His estimator is based on a linear function of scores,
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which he estimates using the order statistics. The estimation procedure involves three tun-
ing parameters. Sacks (1975) gives some examples of these tuning parameters, but does not
provide any data dependent method for choosing them. Beran (1974) uses linearized rank
estimate for adaptive estimation of 6 in P,. But he makes the additional assumption that
¢’ is twice continuously differentiable, which excludes densities like Laplace. His method

exploits the Fourier series expansion for estimating the score function ¢'.

There has been substantial development in log-concave density estimation in recent years.
But so far there has been very little (or no) use of shape - constraints in connection with
semiparametric models. For a short list of exceptions, see below. In particular, shape con-
straints have not been considered in detail in connection with the one-sample symmetric
location problem considered here, with perhaps one exception. To the best of our knowl-
edge, the only work of location-estimation in Py was presented by Van Eeden (1970), quite
long ago. Although her paper did not mention log-concavity, Van Eeden (1970) restricted
P, by assuming f/(F~'(u))/f(F~(u)) is non-increasing in u, or equivalently f’(z)/f(z) is
non-increasing in x, which is in turn equivalent to f being log-concave. Van Eeden (1970)
considered data-partitioning to estimate scores from a small fraction of the data and con-
struct the Hodges-Lehmann rank estimate of location (Hodges and Lehmann, 1963) from
the remaining data. The partitioning of the data and the construction of the score function
involves introduction of some tuning parameters. Van Eeden (1970) did not explicitly de-
scribe how to choose these tuning parameters in her proposed procedure. A recent work in
a somewhat similar direction was accomplished by Bhattacharyya (2013) who consider both
location and scale estimation in an elliptical symmetry model, which albeit bearing some
resemblance, is quite different from Py. Also, Bhattacharyya (2013)’s estimation procedure

is completely different from ours.

Now we provide some justification for imposing the shape restriction of log-concavity.

The class of log-concave densities, LC, belongs to the larger class of unimodal densities. Uni-
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modality is a reasonable assumption in context of location estimation of symmetric densities
because, as Takeuchi (1975) points out, in practice multimodal densities generally result
from unimodal mixtures, for which separate procedures are available. However, the class of
unimodal densities does not admit a maximum likelihood estimator (MLE) (Birgé, 1997).
However, smaller and richer classes like £C and SLCy (for a fixed # € R) are known to admit
MLE (cf. Pal et al., 2007; Diimbgen and Rufibach, 2009; Doss and Wellner, 2019; Xu and
Samworth, 2017), which is a big reason to opt for log-concavity. Since maximum likelihood
estimation does not depend on tuning parameters, it is possible to estimate f without relying
on any tuning parameter, which can facilitate tuning parameter free estimation of . Finally,
most common symmetric unimodal continuous densities are log-concave except the Cauchy

and the ¢-densities.

In this article, we consider two types of estimators of #: a truncated one-step estimator
and the MLE of 6 in Py. We propose four different types of one-step estimators. We estimate
the corresponding scores using either the MLE of f in £C, or in SLC4 , where 6, is a
preliminary estimator of #. When we use the MLE of f in £C, we symmetrize it about
0,, prior to computing the scores. The existence of the MLE of f in SL£Cy for any fixed
0" is central to the computation of the MLE of 6 in Py as well. Because of this fact, the
joint MLE of (6, f) can be easily computed using the profile likelihood method. All our
estimators are easily computable because the MLE of f in LC or SLCy is easily computable
using R package “logcondens” or “logcondens.mode”. Though the one step estimators rely
on a truncation parameter n, our simulations show that the performance of the estimators

is not very sensitive to the choice of 1. The MLE does not depend any tuning parameter.

A question that naturally arises is whether our estimators of # are robust to the violation
of the log-concavity assumption. The log-concave projection theory developed by Diimbgen
et al. (2011), Cule and Samworth (2010), and Xu and Samworth (2017) is able to answer

this question providing interpretability of the estimators of f and 6 under a general f € P.
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This projection theory expresses the distribution function of the MLE of f in £C (or SLCy)
as the projection (in some suitable sense) of the empirical distribution F,, on the space of all
distribution functions with densities in £LC (or SLCy). We show that our estimators of 6 are
consistent under very mild conditions, as long as the underlying density f is symmetric about
0. When f is not symmetric, or if the data generating distribution does not even possess
a density, @L can still possess a limit, whose existence can be proved by the log-concave
projection theory mentioned above. The early authors, Stone (1975), Beran (1974), Sacks
(1975), and Van Eeden (1970), did not discuss the behavior of their estimators under model
miss-specification (although Stone (1975) did discuss the behavior of his estimators when

Ifo = OQ.

When the model is correctly specified, i.e. f € Py, we establish that the one-step estima-
tors are \/n—consistent, and nearly achieve the asymptotic efficiency bound I]?l. When f is
not log-concave, we show that under some reasonable conditions, the one-step estimators are
still \/n-consistent. For the MLE 6,,, we derive the rate of 0,(n=%/%) when f is log-concave.
We conjecture that the actual rate is of O,(n~'/2). Let H(f,g) be the Hellinger distance

between two densities f, g, i.e.

H(f.g) = 27! / (VT@) - v/a(@)d.

We show that the Hellinger distance between f and its MLE under the model Py is of order
O, (n~%?), which is analogous to the rate obtained by Doss and Wellner (2019) for the MLE
of fin SLCy, or by Doss and Wellner (2016) for the MLE of f in £C.

The article is organized as follows. In section 2.2 we introduce the estimators and discuss
their asymptotic properties in section 2.3. We provide a simulation study in section 2.4. The

proofs are deferred to section 2.6.
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2.1.1 Preliminaries/ Notation and terminology

We assume that

Xi,..., X, are independent and identically distributed (i.i.d.) random variables with density
fo € Py. Therefore from (2.1) it follows that fy = go(- — 6p), where gy € SLCy, the class of
all log-concave densities symmetric about 8,. We denote the corresponding log-densities by
oo = log fo, and ¥y = log go. We let Fyy and G denote the respective distribution functions
of fo and gg, and denote by F, the measure corresponding to F. We denote the empirical
distribution function of the X;’s by FF,,, and write PP, for the corresponding empirical measure.
The (classical) empirical process of the X;’s will be denoted by Z,, = /n(F,, — Fp). For any

integrable function A : R — R, we write

P,hi=n""> h(X;) and Pyh= / h(z) fol(x)dz.
i=1 —o0
As usual, we denote the order statistics of a sample (Y3,...,Y;,) by

Yo=Yy, Yim)-

We denote the set of all concave functions on R by C. We will follow the convention that
any concave function ¢ takes the value —oo outside its effective domain where dom(¢) is as
defined in Rockafellar (1970) (page 40), that is, dom(¢) = {x € R|¢(z) > —oo}. For any
concave function 1 : R — R, we say « € R is a knot of ¢, if either ¢/(z+) # ¢'(z—), or = is
at the boundary of dom(v)). We denote by S(¢) the set of the knots of 1. Unless otherwise
mentioned, for a real valued function h, provided they exist, ' and h'(-—) will refer to the
right and left derivatives of h respectively. For a distribution function F, we let J(F') denote
the set {0 < F' < 1}. For any non-negative real-valued function h, by supp(h) we denote the
set where h is positive. For two sets A and B, A x B will represent the Cartesian product.
For any set A C R, and = € R, we use the usual notation A + x to denote the translated set
{y+2 : y € A}. The notation A will refer to the closure of the set A. As usual, we denote

the set of natural numbers by N.
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Next, we develop some notation for maximum likelihood estimation. For ¢ € SCy and

0 € R, following Diimbgen et al. (2011) and Xu and Samworth (2017), we define the criterion
function for maximum likelihood estimation by

WO, F) = / Wz — 0)dF(z) — / V=) 4y, (2.3)

Following the common practice (cf. Diimbgen and Rufibach, 2009; Doss and Wellner, 2019),

we use the standard device of including a Lagrange term to get rid of the normalizing constant

involved in density estimation. We use the notation ¥, (6,1) to denote the sample version

V(0,4 F,) of W(0,, F). Thus,
U, (0, 1) = / W(z — 0)dF, (x) — / V=) gy, (2.4)
We denote the maximized criterion function by

L(F)= sup V(0,9 F). (2.5)
0ER,PESCo

2.2 Estimators

2.2.1 One-step estimators

In this section, we discuss the construction of the one-step estimators of . The construction
of one step estimators always starts with a preliminary estimator 6,. We will impose two
requirements on 0,: /n-consistency and strong consistency. The Z—estimator of shift 6
in the logistic location shift model satisfies these requirements under minimal regularity
conditions (see Theorem 5.23 of Van der Vaart (1998)). The sample mean and the sample
median also satisfy our requirements on 6,, when f, € P,.

Suppose g, is an estimator of the centered density gy = fo(- + 0o). We let ¥, denote the
respective log-density log §,, and write G,, for the distribution function corresponding to g,.

Ideally, to construct a one-step estimator in this setting, one would first estimate the Fisher
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information by

and set
6, =0, — /_Z %n_én)dlﬁ‘n(a:). (2.7)

It is not hard to see that the the choice of g, will heavily influence the performance of

6,.. In the process of choosing g,,, we also want to ensure that g, is symmetric about 0, and

if possible, log-concave.

A simple way to estimate fy = go(- — 0p) is to compute its MLE in LC, the class of all
log-concave densities. However, this log-concave MLE, which we will denote by f,, from
now on, may not be symmetric about any ¢ € R. Nevertheless we can still use this naive
estimator f,, to construct reasonable choices of §,. In what follows, we illustrate several

estimators of g,.

Symmetrized estimator g™

The simplest way of obtaining a symmetrized estimator of gy from f,, is by setting

G (z) = %(fm(én b2) 4 Fu(@n—2)), zER. (2.8)

Although g¥™ is symmetric, it is not, in general, log-concave. Additionally, the performance
of §3¥™ can suffer from the lack of smoothness of f,,. As a consequence, the one-step estimator
based on g™ has considerably less efficiency, especially for smaller sample sizes. We seek
to improve the performance of g;¥™ by incorporating smoothing, which leads to our next

estimator of gg.
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Smoothed symmetrized estimator (g:¥™)*™

To perform smoothing, our first task is to choose a data dependent smoothing parameter b,.
Towards this end, denoting the sample variance 2 by

~2 1 2

5% = > (X - X),

n—14%
i=1

and the variance corresponding to the density f,, by

W: /Z 2 Fon(z)dz — (/Z zfm(z)dea

12mn

N +1
This difference of variances is a reasonable choice of b,,. Therefore, setting

12mn
b =00 — | —— 2.9
n Un N+17 ( )

we define the smoothed symmetrized estimator by

we note that % — > 0, which follows from (2.1) of Chen and Samworth (2013).

1 [~ —
(§20")""(2) = b_/ g;ym(t)gp<zb t)dt, z € R, (2.10)

where ¢ is the standard normal density. The estimator (ﬁfym)sm can also be represented in

terms of the smoothed version of f,,, which we denote by

_ 1 [ _
far() =4 / Fulz = Dplt/b)dt, =€ R, (2.11)
by noting that

Though (g:¥™)*™ leads to a more efficient one-step estimator of y in small samples, it is not

necessarily log-concave, which leaves room for further improvement.
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Partial MLE estimator gz,

The following estimator of gy is obtained by maximizing the criterion function W, (6,,) in

(2.4) over ¢ € SCy. From Theorem 2.1(C) of Doss and Wellner (2019) it follows that the

/ €% @) oy = 1,

—00

maximizer 15 satisfies

which leads to the density estimator
Ga, = €. (2.13)

We call this estimator a Partial MLE estimator to distinguish it from the traditional MLE of
6y, which we discuss in Section 2.2.2. Notice that g, satisfies both requirements of symmetry
(about 0) and log-concavity.

From Diimbgen and Rufibach (2009) and Doss and Wellner (2019), it follows that the

three density estimators g, we have considered so far share the same support

[— maX(X(n) — Qn, Qn — X(1)>, max(X(n) — Q_n, Qn — X(l))].

Geometric mean type symmetrized estimator gIc**v™

Similar to §¥™, this estimator is also a symmetrized version of f,,. However, this time the
symmetrization is based on the geometric mean of f,,(6, + -) and f,,(f, — -) instead of the

arithmetic mean. For z € R, we define the geometric mean type symmetrized estimator by

1/2
goroam (z) = e (fm@n )l z>> , (2.14)

where C9° is a random normalizing constant. Noting that the sum of two concave functions

is log-concave. However, its support

is again concave, we deduce that g™

Supp(ngLeO,sym) = [_ mln(X(n) - 0_,,“ g_n - X(1)>7 Il’llIl(X(n) - e_na On — X(l))]
is smaller than that of the previous estimators of gg.
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Constructing the truncated one-step estimator

As pointed out earlier in this section, one would ideally like to consider the estimator sug-
gested by (2.7), which does not rely on any truncation. However, the behavior of z/;; near
the boundary of its domain is hard to control because 1@; is unbounded on its domain when
¢, is unbounded (see Corollary 3 in Section 3.1).

To avoid the difficulties in the tails, we consider a truncated one-step estimator. Hen-
drickx and Groeneboom (2017) used a similar idea in a current status linear regression model
where a similar truncated log-likelihood was considered to avoid problems in the tails of the
unknown error distribution. Alhough our method introduces a tuning parameter for the
truncation, the choice of this tuning parameter is less crucial compared to the nonparamet-
ric methods. Kuchibhotla et al. (2017), who considered convexity-constrained single index
model, also used a tuning parameter in parallel to shape restriction.

Recall that we denoted the distribution function of g, by G,. We take the truncation
parameter 7 to be a small fixed positive number in the interval (0,1/2), and denote by &,
the (1 — n)-th quantile of G,,. The symmetry of §, about 0 implies that G'(1) = —&,.

We can estimate the Fisher information either by

On+En
L= |G- 0,20 - 6,),
On—&n
or
On+En

T.(n) = /e 5 Ul (x — 0,)2dF, (2). (2.15)
Though it can be shown that both the above estimators converge to the same limit almost
surely, our simulations indicate that the estimator fn(n) leads to a more efficient one-step
estimator of 6. Therefore, we take fn(n) as our estimator of the Fisher information for the
purpose of estimating 6.

In the same spirit as the estimator in (2.7), we now construct a truncated one-step
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estimator of 6y as follows:

6, =0, — / T = 0) ) (2.16)

On—En 7, (77)

First note that we use all the data to estimate 6,,, ~;L, and g,. The truncation comes only in
the step where we are to set-up the one step estimator. Next, observe that fn(n) is always
smaller than the estimator of untruncated Fisher information Z, in (2.6). In Section 2.3.1, we
show that the asymptotic variance of 6,, has an inverse relation with the Fisher information,
which makes one expect that the truncated estimator in (2.16) will be asymptotically less
efficient than the untruncated estimator in (2.7). However, our simulations in Section 2.4
show that for sufficiently small 7, this loss in efficiency is negligible for most densities. It is
also evident that fn(n) increases in 7, so smaller values of the truncation parameter n will

lead to estimators with higher asymptotic efficiency.

2.2.2  Mazimum likelihood estimator (MLE)

The main aim of this section is to study the existence and the basic properties of the MLE
of (0, go). We previously mentioned that the MLE of fy in SLCy exists for fixed § € R. This
fact plays a major role in maximizing the log-likelihood function in the model Py via profile
likelihood method.

Recall the definition of ¥, (6,) from (2.4). The MLE (é\n,{ﬂ\o’n) of (0o, 1) satisfies

o~

(0, o) = argmax W, (6,1, F).
90€R,1/J€SCO

Theorem 2.1(c) of Doss and Wellner (2019) ensures the existence of a unique maximizer of
U,(0,7) in b € SCy for fixed § € R. This maximizer will be denoted by IZQ from now on.
Theorem 2.1(c) of Doss and Wellner (2019) also implies that the function ¥ is a proper
density. Maximizing W, (6, @Zg) as a function of @ yields 0.

Once é\n is derived, 1207” can also be found by plugging §n into 129. From {D\O,na we compute

Jn, the MLE of go, by taking g, = %o We will denote the distribution function corre-
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sponding to g, by Gy. Note that the MLE of fo can be obtained by f; =0gn(-— é\n) The
corresponding distribution function will be denoted by F,. Further, we let ao,n denote the
log-density log ﬁL

Before getting into the analysis of the existence of (@1,1;07”) for a general case, let us
consider a special case first. Suppose F,, is degenerate, i.e. F,{xo} = 1 for some zq € R.
Intuition leads us to make the guess that in this case, 79\” = xy. Indeed, denoting A, to be the
set [—1/(2k),1/(2k)] for kK > 1 , and considering the sequence of functions {¢;}x>1 € SCy
defined by

Yr(r) = (logk)la,(z) —00 - Lac(x), k=1,

we observe that

U, (zo,x) =logk —1— 00, ask — oo.

Therefore, xq is a candidate for the MLE of 8,. However, the MLE of 1, i.e. 120,”, does not
exist for this case. To verify, observe that if the MLE of v, does exist for some é\n e R, it
follows that

[e.e] A

IZ)\O,n(xO - é\n) - / eﬁ’o,n(&?)d‘r - \Ijn(x0712}\0,n) Z khm \I[n<x07 1/)k) = 00,
—00

—00

leading to

~

7:D\O,n(x() - en) = 00,

which contradicts the fact that {D\Om is a real valued function. Hence, we conclude that the
MLE of (6y,10) does not exist when F,, is degenerate. So we only need to focus on the
case when F,, is non-degenerate, i.e., F,{z} < 1 for all x € R. We will show that the map
0 — U, (6, 129) is continuous when F,, is non-degenerate. We also establish existence of the

MLE in this case.

Lemma 2.1. If F, is non-degenerate, 0 — Wn(e,lL\g) is a continuous map.
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Figure 2.1: Plot of W, (6, 129) vs 0 generated from the standard Gaussian distribution when
n = 5. Here the blue ticks, the green line segments, and the pink vertical line represent the

data points, the knots of {ZJ\O,n and é\n, and the point of maxima respectively.

Figure 2.1 and Figure 2.2 illustrate the continuity of 6 \IJH(Q,%) for two samples of
size 5 and 100, generated from the standard Gaussian distribution.
Our next theorem establishes the existence of a maximizer of ¥, (6, @9) for non-degenerate

F,.

Theorem 2.1. When F,, is non-degenerate, the MLE (gn,zzn) of (0o, 10) exists. Moreover,
Qn - [X(l),X(n)].

Observe that Theorem 2.1 does not ensure the uniquenesss of f,. Since U,.(0,1) may not
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Figure 2.2: Plot of W, (6, 129) vs 0 generated from the standard Gaussian distribution when
n = 100. Here the blue ticks, the green line segments, and the pink vertical line represent

the data points, the knots of {ZJ\O,n and @\n, and the point of maxima respectively.
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be jointly convex in € and v, existence of a maximizer does not lead to uniqueness. However,
for all our simulations, the MLE turned out to be unique, even when the underlying density
fo was skewed or non-log-concave. Therefore we will refer to é\n as “the MLE” instead of “an
MLE”. However, even if /Q\n is not unique, all our theorems will still hold for each version of
0. Also, it is important to note that by Theorem 2.1(c) of Doss and Wellner (2019), for a
particular choice of é\m the estimator zzé\n, ie. ’l//}\O,n is unique. In other words, if (6,) and
(6,12) both are MLEs of (0, 1), we must have 1); = 5.

Now we discuss some finite-sample properties of {D\O,n- The following theorem sheds some
light on the structure of 7:0\0771. We find that ?Zo,n is piecewise linear, and S (@/Z)\Ovn), i.e. the
set of the knots of ggom, is a subset of the dataset. This theorem is a direct consequence of

Theorem 2.1(c) of Doss and Wellner (2019).

Theorem 2.2. For [F,, non-degenerate, the MLE QZO,n of Yy 1s piecewise linear with knots
belonging to a subset of the set {0,%|X1 — O,], ..., | X, — 0,|}. Also, for

v [—|X — 071|(n)> X — 0n|(n)]a
ﬁoyn(m) = —00. Moreover if 0 ¢ {+|X; — §n|, X — §n|}, we have 1/567”(0:&) = 0.

Theorem 2.2 implies that if 0 ¢ {=£|X; —0,], ..., £|X, — 6,|}, by our definition of a knot
in section 2.1.1, 0 is not a knot of Z/U\o,n-
There is no closed form for @Zo,n, though ’Q/Z)\Qm can be characterized by a family of inequal-

ities. The following two theorems provide characterizations of QZO,n-

Theorem 2.3. Suppose @L is the MLE of 0,. Consider g = e¥ € SLCy. Then (5n,g) 15 the
MLE of (0y,90) if and only if

/M_ JF /A

for all A : R +— R such that ¢» +tA € SCy for some t > 0.
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Note that the MLE in £C (Diimbgen and Rufibach, 2009) or SLCy (Doss and Wellner,
2019) also satisfy similar characterizations. The proof of Theorem 2.3 follows from Theorem
2.2(c) of Doss and Wellner (2019).

Our next theorem exhibits another characterization of {D\O,n‘ This theorem also follows as

a direct consequence of Theorem 2.4(C) of Doss and Wellner (2019).

Theorem 2.4. Suppose @\n s the MLE of 6y. For g € SLCy, define

- | X ~0n(n)
Ginlz) =2 / g9(y)dy,

and
n

Fi,(x) =n"" > 1{|X = 0,]) > =}
i=1

Then (0, g) is the MLE of (6o, go) if and only if

| X ~Bn](n) ~
X Bl <[ EL@dn e DIX - B,
t [ R e SW) 01X =Bl
t
where ) = log g.
Figure 2.3 displays a plot of the function
|X 00| (n) X ~Onltny
ha(t) :/ Iﬁ‘afn(x)dx—/ Gin(x)dz, (2.18)
t t

constructed from a standard Gaussian sample of size 50 with 1 = on,n. Observe that as
implied in Theorem 2.4, the function always stays above 0, and hits 0 only at the positive

knots of IZo,n-
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Figure 2.3: Plot of the function ha defined in (2.18) versus ¢ for a standard Gaussian sample
of size 50. The pink vertical lines represents the positive knots of 120,”, and the blue ticks

represent the |X; — 6,’s.

The characterization theorems stated above lead to some interesting facts about the
distribution function CA?m of g,. In fact, we show that @m has a close connection with the

empirical distribution function of the |X; — §n|’s.

Corollary 1. Suppose (an,$07n) is the MLE of (0y,10). Let us denote the empirical distri-

bution function of the |X; — ¢/9\n] s by Fn,\xﬁnr Then the following holds almost surely on
S(Yon) N (0,00) :
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The function 2@m — 1 can be interpreted as the distribution function of the random
variable Y|, where Y ~ @m. Corollary 1 implies that at the knots, Fn,\ X, and the
distribution function 2G,, — 1 of |Y| differ at most by 1/n. The proof of Corollary 1 follows
from The proof of Corollary 2.7(C) of Doss and Wellner (2019).

Our next corollary provides an upper bound for the second central moment of ém This

corollary is analogous to Corollary 2.8(C) of Doss and Wellner (2019).

Corollary 2. Suppose (@L,@Om) is the MLE of (0o, o). Then

Var(Gy) = / 246 (2) < / (o — B)2dF, (),

—00 —00

where @m is the distribution function corresponding to the density g, = edon,
Since fml@m(x) = 0, the proof follows by taking A = —z? in Theorem 2.3.
2.3 Asymptotic properties

Having discussed how to construct the estimators of 6y and gy, we move on to a discussion

of the asymptotic properties of our estimators. In Sections 2.3.1 and 2.3.2 respectively, we

study the asymptotic behavior of the estimators proposed in sections 2.2.1 and 2.2.2.
Before proceeding any further, we introduce some new notations. For any real valued

function h : R — R, we let ||h||, denote its L, norm, i.e.

oo 1/p
||h||,,:( / |h<x>|pdas) st

We define the Wasserstein distance between two measures p and v on R by

() = [ " |F(2) - G(a)\de. (2.19)

where F' and G are the distribution functions corresponding to p and v respectively. This

representation of dy (u,v) follows from Villani (2003), (2.48), page 75. By an abuse of
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notation, sometime we will denote the above integral by dy (F, G) as well. For a sequence of
distribution functions {F,},>1, we say F,, converges weakly to F', and write F,, —,4 F, if for

all bounded continuous functions i : R — R, we have lim [ hdF, = [ hdF.

n—oo

2.3.1 Asymptotic properties of the one step estimators

Even though the primary objective of this section is to establish the almost asymptotic
efficiency of 6,, for fo € Py, we are equally interested in the asymptotic behavior of 0,
when fy ¢ Py. Observe that even when f; violates the log-concavity assumption, as long as
fo € Sp,, the parameter 6, is still well-defined as the location parameter. Keeping that in
mind, we consider the larger model Sp, NP where P was defined as the class of all densities
on R in Section 2.1.1. Some questions immediately arise — what is the asymptotic behavior
of 8, when f, € Sp, NP, but may not be log-concave? Can 6,, still converge to 6y, and if it
does, under which conditions? In what follows, we try to address these questions. Following
the terminology developed in Section 2.2.1, we let f,, denote the unconstrained log-concave
MLE, and let g, denote any of the density estimators of gy developed in Section 2.2.1.

The log-concave projection theorem developed in Diimbgen et al. (2011), Xu and Sam-
worth (2017), and Chen and Samworth (2013) plays a major role in our analysis. To be more
precise, it provides us with tools to analyze the asymptotic behavior of g, when f; € Sp, NP,

provided Fj satisfies the following condition.

Condition A. Fjy is a non-degenerate distribution function satisfying
/ |z|dFy(x) < 0.

In the special case when fy € Py, Lemma 1 of Cule and Samworth (2010) implies that
condition A is automatically satisfied. The restrictions in Condition A, which also feature
in Diimbgen et al. (2011), Chen and Samworth (2013), and Xu and Samworth (2017), are

required because otherwise f,, and gy may not be consistent for any density.
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In view of the above, we restrict our attention to the following model

P = {f epP ‘ f € Sy for some 6 € R, sup f(z) < oo,/OO |z| f(z)dx < oo}. (2.20)

We require the densities in P; to be bounded to ensure the pointwise consistency of our
density estimators. Note that any member of Py is bounded by Lemma 1 of Cule and
Samworth (2010). Also note that since P; allows densities with infinite Fisher information,
P1 & Ps defined in (2.2), which was considered by Stone (1975) and Beran (1974).

Before proceeding further, it is necessary to provide some background on the log-concave
approximation theory mentioned above. For a distribution function F', denote by qg the
maximizer of the criterion function

w(o, F) = /OO o(z)dF (z) — /Oo e?@dy (2.21)
subject to ¢ € C, the set of all concave functions on R. Theorem 2.7 of Diimbgen et al. (2011)
states that when F satisfies Condition A, a unique maximizer gg exists, and f = exp <¢~>>
integrates to 1. Also in the case when F has a density f, f can be interpreted as the

minimizer of the Kullback-Leiber divergence

dicr(f.h) = /: log %f(a:)dx

over all h € LC , the class of all log-concave densities (Diimbgen et al., 2011). The distri-
bution function F of f is regarded as the log-concave projection of F onto the space of all
distributions with densities in L£C.

Now for fy € P; and w as defined in (2.21), we denote

b0 = ar%%““’(@ Fy), and o= (- + ). (2.22)

By our earlier arguments e%o yields a density; which we denote by fo, and write Fy for the

corresponding distribution function. We also set gy = elz’(’, and Gy = Fo(- + 6y).
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We are interested in fy because under Condition A, the unconstrained log-concave MLE
fm converges almost surely to fo in Lq. See the remark following Proposition 4 of Cule and
Samworth (2010) or Theorem 2.15 of Diimbgen et al. (2011) for a proof. Therefore from
(2.8) and (2.14), it is not hard to see that the limit of g3¥" and §#°>*¥™ will be dependent
on fo. It turns out that for fy € Py, both these density estimators are strongly L; consistent
for go when fj satisfies Condition A. For f, € Py, the relations gy = g9 and fo = fo follow
from Diimbgen et al. (2011).

Next we consider the maximization of the criterion function w(¢, F) in ¢ over the con-
strained class SCy for some fixed # € R. We denote

by = arg maxw(e, F),
PeSCy

and let 1, = ¢y(- + ). From (2.3) we note that
1y = argmax W(6,¢, F).
$ESCo

Suppose Condition A holds. Then Proposition 2(iii) of Xu and Samworth (2017) entails
that ¢, exists, it is unique, and its exponential also yields a density just as ¢ does. Notice
that when F' = [F,,, exponentiating Egn leads to the partial MLE estimator g . Therefore
we are interested in the latter maximizer; in particular we want to investigate its relation
with the unconstrained maximizer ¢. Our next lemma shows that ¢, is connected with the

log-concave projection of the distribution function
Fom(z) =27t (F(x) +1-F(20— :c)). (2.23)
Lemma 2.2. Suppose F' satisfies condition A. Then for any 0 € R,

arg maxw(¢, ') = arg maxw(¢, F;™),
$ESCy ¢peC

where is Fy*™ is as defined in (2.23), and w is the criterion function defined in (2.21).
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For a general F' satisfying condition A, ¢, need not equal ¢ since ¢, is symmetric while

¢ is not necessarily symmetric. However, when F' = F;™, or equivalently
FO+z)+F@—x) =1, (2.24)

we do have ¢ € SCy. The proof follows from either Lemma 2.2 or Lemma 2.12. Therefore
if F satisfies (2.24), ¢ is still the maximizer of w(-, F)) over the restricted class SCy. Note
that if " has a density in Sp, (2.24) holds. From the above discussion, we conclude that the
projection of fy € Py onto SLCy, yields fo.

Now let us return to the case of the partial MLE estimator gz . It turns out that if
additionally 6, is strongly consistent, g5, converges almost surely to gy in Ly, where gy
denotes the centered density fo(- + ).

Indeed for fy € P, under the strong consistency of ,, all the estimators §, developed in
section 2.3.1 converge to gp in L; except the smoothed symmetrized estimator (ﬁfym)sm. We
discover that the L; limit of (]?nsym)sm may not equal gy unless fo = go almost everywhere on
R. We will elaborate a little bit on this estimator.

The different behavior of (ﬁﬁym)sm stems from the fact that the smoothing parameter b,
defined in (2.9) does not necessarily decrease to 0 for large n unless fj is log-concave. Also,
Condition A is not sufficient for lim,,_,. b, to exist, for which the finiteness of the second
central moment of fy is required, i.e. we would need

/00 22 fo(2)dz < <. (2.25)

—00

Now, note that the moments of f,, converge almost surely to those of fo by Theorem 4 of
Cule and Samworth (2010), and the first moment of fo equals that of fy by Remark 2.3 of
Diimbgen et al. (2011). Therefore (2.9) and (2.25) lead to

b2 s b = /OO 22(fo(z) — fo(z))dz. (2.26)

—00
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Remark 2.3 of Diimbgen et al. (2011) ensures that b is non-negative. Denote by fgm the
convolution of f, and a centered Gaussian density with variance b%. This density fgm is
relevant for us because Theorem 2 of Chen and Samworth (2013) implies that the smoothed
log-concave MLE ﬁfm in (2.11) is strongly consistent for fgm in L; metric. Using the connec-
tion between (ijm)sm and ﬁim shown in (2.12), we can show that (ﬁiym)sm is also strongly
L, consistent for 5™ = f&™(- — 6p).

We denote the distribution function corresponding to gj™ by égm, and denote by égm
and Qggm the log-densities log gi™ and log fém respectively. In the special case when fy is
log-concave, fo = fp, thus leading to b=0. As a result, all g,’s are strongly L, consistent
estimators of gy when the model is correctly specified. Lemma 2.3 summarizes the above

discussion.

Lemma 2.3. Assume fo € Py. Suppose g, is one of the estimators of gy defined in section
2.2.1, and the preliminary estimator of location 6, is a consistent estimator of 6y. Let
Jo = exp (@0), where 1y was defined in (2.22). Then for g, = g™, s, and feosvm it
follows that

10— Golls = 0. (2.27)

Suppose fo additionally satisfies (2.25). Then we also have
O™ = 5" |l = 0,

where gi™ 1is the convolution of go and a centered Gaussian density with variance b? defined
in (2.9). If 8, is an strongly consistent estimator of 6y, the above convergences hold almost

surely.

Proving Lemma 2.3 is a key step for us because combined with Proposition 2 of Cule and
Samworth (2010), Lemma 2.3 leads to further consistency results involving t,, ¥/, etc. In
particular, we find that when g, is logconcave, @n converges uniformly to 1;0 over all compact

sets in int(supp(go)) with probability one. We can derive a very similar result concerning the
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convergence of z%(x) to @/NJ(’)(x) except that at the derivative level, the convergence can only
be proved at the continuity points of z% The above-mentioned results continue to hold for
gsv™ or (ﬁfym)sm despite their lack of log-concavity, though for the special case of (]"}Lym)sm
the limit changes to Q;Sm from t)y. The above discussion can be formulated in the following

consistency theorem.

Theorem 2.5. Assume fo € Py. Suppose g, is one of the estimators of gy defined in section
2.2.1, where 0, is a strongly consistent estimator of 0y. Let {yn}n>1 be any sequence of
random variables converging to 0 in probability. Then for g, = g™, g, , G2™, or fum(On %

n

-), on any compact set K C int(supp(go)) we have,

(4)

sup |gn(x + yn) — Go(x)| = 0.
reK

(B)

8161]8 ¥ (z + yn) — Yo(x)| =, 0.

(C) Suppose = € int(dom(iy)) is a continuity point of 1. Then
D+ yn) = D).

Suppose fo also satisfies (2.25). Then for g, = (ﬁjym)sm or fjm(éni-), (A)-(C) hold for any
compact set K C R, with gy and 1;0 replaced by gi™ and 123’” respectively. If 0, is a strongly

consistent estimator of 6y, and y, —>4.s. 0, then the above convergences hold almost surely.

Though the log-concave density gq is continuous on its support, it can have jump discon-
tinuities at the endpoints of its support. In case gy is continuous on R, using Proposition
2(c) of Cule and Samworth (2010), part A of Theorem 2.5 can be strengthened to yield

Sug |§n($ + yn) - gﬁ(x)‘ —a.s. 0
FAS
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Now we present a corollary to Theorem 2.5. Consider the case when the model is correctly
specified, i.e. fy € Py, implying fo = ~§m = fo. We show that if ¢y is unbounded, QZ;L imitates
;. However, we do not know whether the sequence of concave functions 1/;; stays uniformly

bounded inside the domain when ¢ is bounded.

Corollary 3. Suppose fo € Py. Then under the assumptions of Theorem 2.5, for g, = g:¥™,
95, , or GICO™ if 4y satisfies
sup |y ()] = oo,
z€int(dom(vo))
we have

lim sup sup 1! (2)] = 00 a.s.
n z€int(dom(n))

If additionally (2.25) holds, then the above holds for g, = (ﬁjym)sm as well.

Now we are in a position to address the consistency of fn(n) defined in (2.15), which is
an estimator of the Fisher information. The limit of
. On+&n B
Lop= [ e -0, pdE
G_nfgn
depends on the truncation parameter 7 via &, = G (1 —17). Let us denote & = Gg5(n). We
find that for g, # (f¥™)*™, T,(n) is a consistent estimator of Zs4(n), where

Fyt(1-n) N S _
L) = [ el hde= [ diaP () 229

Fy Y(n) )
Tt 4(n) can be thought of as a truncated Fisher information under model miss-specification.

On the other hand when g, = (ijm)sm, fn(n) converges almost surely to

Fgm™)=1(n)

(Fsm™~t(1-n) _ o
() = /( (G ()2 o) de

_ /_ Y (2)2g0(2)dz, (2.29)

&
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where £™ is the (1 — n)-th quantile of G§™. Note that for f, log-concave, Z; 4(1) = (),

and they equal
Fo_l(l_n) , 9
T = [ el (230

Fy ()

The consistency of fn(n) along with the consistency results in Lemma 2.5 lead to the desired
consistency of én for fo € P;. Therefore we conclude that 9~n is robust to the violation of

log-concavity of fj as long as fj is symmetric about some 6 € R, and has finite first moment.

Lemma 2.4. Under the conditions of Theorem 2.5, for g, = §;'™, Gg, , and §3¢*¥™, we have
fn(n) —p Ly 4(n), which was defined in (2.28). Also, 0, —p O in these cases.

When g, = (f3¥™)"™", if additionally (2.25) holds, we have Z,(n) —, L7 (n) (defined
in (2.29)), and 0, —p 0. When 0, is a strongly consistent estimator of 0y, the above

convergences hold almost surely.

Now we focus on the rate of convergence of 9~n — 0. In this case we make the assumption
that 6, is /n-consistent. A similar assumption was made by Stone (1975). Theorem 2.6
provides an asymptotic representation of \/ﬁ(én — ) for fo € Py under /n-consistency of

O,

Theorem 2.6. Suppose fo € P, is absolutely continuous. 0, is a \/n-consistent estimator of

0y. For somen € (0,1/2), let 0,, be the corresponding truncated one-step estimator defined in

~sym

(2.16). Suppose g, = G:¥™, gz, or §ac>*¥™. Then with § = G5'(1—n), under the conditions

of Theorem 2.5, the following assertion holds:

- Oo+&o 7 T — 0,
(6, — 6o) = / Yo(r — o)

bo-co  Lrg(m) dZy () + v/n(1 =) (O = b0) + 0p(1),

(2.31)
where Z,, = \/n(F, — Fy),
) (1%(2) _ wa<z>)go<z>dz
—&o
If,g(n) ’

39

y=1- (2.32)



€0 =Got(n), and T;4(n) is as defined in (2.28). When §, = (ﬁiym)sm, we have

5 Oo+E& (,],sm\/ z — 0, B
Vi, o)) = [ ETEZ N gz, )+ (1 = 0~ 00) + 0,1

0o—&o Ijt,n;(n)

(2.33)

where

& ~
[ e (e - v Jws
smo_ —&

! Ziy ()
5™ s the (1 — n)-th quantile of GS™, and Iy (n) ds as defined in(2.29). In the special case

(2.34)

when fo is log-concave, or more specifically when fo € Py, (2.32) and (2.34) reduce to

V0, — 0) =4 N(0,Z;.'(n)) (2.35)
where Ly, (n) is as defined in (2.30).

Theorem 2.6 shows that if §, is an asymptotically linear estimator of f, then so is
0,. Moreover, the central limit Theorem, (2.30), and (2.29) entail that the first terms in
the expansion of \/n(f, — ;) in (2.31) and (2.33) converge weakly to mean zero Gaussian
random variables with variances I;gl and (Z77)~" respectively. From (2.31) and (2.33) it is
also clear that for fo ¢ Py, the asymptotic distribution of \/n(6,, —6y) can depend on 6,,. This
dependence is quantified by v, or 7,™. For g, # (ﬁjym)sm, we observe that Cauchy-Schwartz

inequality leads to

o B
o (2) (¥ (2) — ¥o(2))g0(2)dz

N 0}
€0~’220221/2 19
< (L %;fl;)( ) (f Z@%(z)—%(z))?go(z)dz)/
< (If,gm)l | e - wa<z>>2go<z>czz) -
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where the last inequality follows from (2.28). The above bound on |1—+,| hints that when the
Ly(Py) distance between 1% and v is large, the dependence of the asymptotic distribution
of \/n(6, — 6y) on the choice of 6, is non-negligible. We can draw a similar conclusion for
Y, replacing Yo by @ZS’"

Theorem 2.6 ensures that v/n(f,, — 6y) is asymptotically normal with variance Zj, (1) "
Thus Zy,(n) is a crucial quantity for us since it is inversely proportional to the asymptotic
efficiency of 6,.. For the rest of this section, we restrict our attention to the model Py, and
describe in greater detail how n effects the asymptotic efficiency of O,.

It is natural to expect Zy (1) to be close to Zy, if n € (0,1/2) is small. However, the
magnitude of this closeness is likely to be controlled by the underlying density fy,. Keeping
that in mind, we seek to investigate how the ratio Zy (n)/Zs, behaves as a function of n for
different choices of fy. Our choices of fy include the standard normal, Laplace and logistic
densities. Note that all these densities are members of Py with center of symmetry 6y = 0.
We have plotted them in Figure 2.5 for convenience.

Another choice for f; is the standard symmetrized beta density with parameter r > 2

(see Figure 2.5), which we define by

B _ T((3+1)/2) 22\
fole) = forlo) = AT (- ) @m0 230

where I' is the usual Gamma function. It is straightforward to verify that in this case the

score equals
—x
%@Ozyj;ﬁhwﬂm@)

Some computation shows that r < 2 leads to Zy, , = oo. However for r > 2,

(D)2
T 2 2
fo =
r 147r
2l =+1 )T
()
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and fo € Py. Figure 2.4 displays the plot of Zy, = versus r for the symmetrized beta density,
which depicts that Zy, = decreases steeply for r > 2. This finding is consistent with Zy, being

oo when fj is the uniform density on [—1, 1].

100 200 300
|

0
|

2.0 2.5 3.0 3.9 4.0 4.5 2.0

Figure 2.4: Plot of Fisher information Zy,  versus r, for fy, defined in (2.36)

Now we examine the ratio Zr (n)/Zy,, which gives the asymptotic efficiency of the trun-
cated one step estimators in correctly specified models. Figure 2.6 illustrates the plot of
Zs,(n)/Zy, versus n for the above-mentioned densities. It may not be observable from the
plot but we verified that for logistic, normal, and the Laplace distribution, the asymptotic
efficiency is greater than 0.98 for n € (0,0.001). However Figure 2.6 illustrates that for the

symmetrized beta distribution though, the situation is somewhat different. We considered
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symmetrized beta distributions with parameter » = 2.1, 2.5, 3.5, and 4.5. From Figure 2.6,
we observe that for symmetrized beta densities, the asymptotic efficiency is quite small even
for smaller values of . This trend becomes more extreme as r decreases to 2.1. We calculated
that for r = 2.1, as 7 goes down from 0.01 to 107, the ratio Z,(n)/Zs, only increases from
0.05 to 0.233.

The aberration for the symmetrized beta case can be explained inspecting Figure 2.5,
which elucidates that as r decreases, the slope of the density near the boundary of the
support becomes sharper. As a result, the score, which equals f{/ fo, also becomes large. In

particular,

: Vr/2
bp(z) ~ TING as |z| — V.

Therefore Zy, grows very fast as r decreases. Since Zj (1) does not depend on the value
of the score near the boundary, it does not grow as fast as Zy; the difference being more
striking for smaller r. Therefore truncation leads to greater loss of asymptotic efficiency for

symmetrized beta densities, especially for smaller values of r, which is reflected in Figure 2.6.
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. Density
0.6 1 DenSIty r=1.1
Normal ir=2.1
Logistic 1r=2.5
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X X

Figure 2.5: The left panel displays the densities of standard Laplace, normal and logistic
distribution. The right panel displays the symmetrized beta (SB) densities fy,, which was
defined in (2.36), for different values of 7.
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Figure 2.6: Plot of Z¢,(n)/Zy, versus n for different distributions
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Finally, even though we do not know the rate of convergence of the untruncated estimator
in (2.7), we conjecture that this estimator is fully efficient. Our simulation study in Section

2.4 also supports this conjecture.

2.3.2  Asymptotic properties of the MLE

In this section we explore the asymptotic properties of the MLE é\n and g,. When f, € Py,
both gn and @, enjoy consistency properties similar to 6, and the Jn’s in Section 2.2.1.
Therefore the robustness properties of @\n and the one step estimator 6, are comparable as
long as fy € P;. However in case of the MLE, even when f; is not symmetric, we can
show that én converges almost surely to some limit under some quite minimal conditions.
Much as in Section 2.3.1, we again appeal to the log-concave projection theory developed by
Diimbgen et al. (2011), Cule and Samworth (2010) and Xu and Samworth (2017) to analyze
these asymptotic properties.

We introduce some new notation for the functions related to log-concave projection. For

any distribution function F', let us denote

(0*(F),*(F)) = argmax W(0, v, F), (2.37)
0cR,peSCH

where U was defined in (2.3). This maximization problem is different from those considered
in Section 2.3.1 because in the previous cases, the maximization was only in 1. Proposition
1 below entails that Condition A is sufficient for the existence of the maximizers. Following
the same argument as in Theorem 2.1(c) of Doss and Wellner (2019), one can show that when
Y*(F) exists, g*(F) = e¥" ) is a density. Denote by G*(F) the corresponding distribution
function. We also denote ¢*(F) = ¢*(F)(- — 6*(F)), and write f*(F) for ). The
corresponding distribution function will be denoted by F*(F'), which has the interpretation

as the projection of F' onto the space of all distribution functions with densities in SLCg-(r).

Proposition 1. Suppose F' satisfies Condition A. Then L(F') < oo, and 0*(F) and ¢*(F)
exist for F', where 0*(F) and ¢¥*(F') were defined in (2.37).
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Our next lemma provides a representation of 0*(F') and ¢*(F') in terms of the log-concave

projection in (2.22). Lemma 2.5 is a direct consequence of Lemma 2.2.

Lemma 2.5. Suppose a distribution function F satisfies condition A. Then

0*(F) = Fpom
(F) argmax(rggg(w(qﬁ, P )),

PER

and

* _ sym
V(F) = argmaxw<¢, F *(F)),

peC

where F,"™ is defined in (2.23) for any 6 € R, and w is the criterion function defined in

(2.21).

The benefit of the representation of 8*(F') and *(F') in terms of the unrestricted log-
concave projection defined in (2.22) lies in the fact that characterizations and tools for
computing the latter are available (cf. Diimbgen et al., 2011, Remark 2.3, Theorem 2.7,
Remark 2.10, Remark 2.11).

Note that neither Proposition 1 nor Lemma 2.5 provides any information about the
uniqueness of §*(F) and ¢*(F). However, the uniqueness of §*(F) is critical for the con-
sistency of @L, Therefore we are interested in those distribution functions which satisfy the

following condition.
Condition B. The mazimizer 6*(F) defined in (2.37) is unique for distribution function F.

Though Condition B does not say anything about the uniqueness of ¢*(F'), from Theorem
2.1(c) of Doss and Wellner (2019) or Proposition 2 of Xu and Samworth (2017), it follows
that if 6*(F) is unique, so is ¥*(F'). We have not yet found an example of F' which violates
Condition B, but satisfies condition A. However, it is easy to find density-classes satisfying
both Conditions A and B, a trivial example being distributions satisfying (2.24) for some
0 € R.
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Lemma 2.6. Suppose a distribution function F satisfies (2.24) for some 60 € R, and set
G = F(-+0). Then condition B is satisfied with

and

Y*(F) = argmax V(0,v,G) = argmaxw(¢, G),
»YeSCo oeC

where w is the criterion function defined in (2.21).

The uniqueness of *(F') in Lemma 2.6 follows from that of 6*(F'). The following example,
which is taken from Example 2.9 of Dimbgen et al. (2011), helps in understanding the

implications of Lemma 2.6.

Example 1. Consider a rescaled version of Student’s ¢, distribution, whose density takes

the form f(x) = g(z — 0), with g satisfying
glz) =211 +2%732 zeR.

Lemma 2.6 and (2.21), (2.22) indicate that 8*(F) = 0, and that ¢*(F") can be found using
the unrestricted log-concave projection theorem developed in Diimbgen et al. (2011). Using
Example 2.9 of Dimbgen et al. (2011), we derive that ¢*(F)(z) = —|z| — log2, which

corresponds to the Laplace density. From Lemma 2.6, 6*(F) = 6 directly follows.

Example 2. Consider the bimodal density

fl@) =27 (p(z — 2) + p(z +2)), (2.38)

where ¢ is the standard Gaussian density. Since f € Sy, Lemma 2.6 implies that 6*(F") = 0.
Similar to Example 1, by Lemma 2.6 and (2.22), ¢*(F') equals arg max . w(¢, F'). Therefore
the properties of the log-concave projection illustrated in Diimbgen et al. (2011) can be used

here to calculate ¢*(F). Remark 2.11 of Diimbgen et al. (2011) implies that there exists
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z > 2 such that the projection f*(F') equals f on R\ [—z, z], and is constant on [—z, z]. In
addition, since f*(F') € SLCy, we have

/_OO f(F)(z)dr =2zf(2) + 2(1 — F(z)), (2.39)
which implies
1:z(¢(z—2)+90(z+2)) +2—-P(z—2) — P(z+2),

where @ is the standard Gaussian distribution function. The solution to the above equation
is approximately 2.83.

Similarly, consider the following mixture of Laplace densities:

f(z) =471 (e—H' + e—lm“'). (2.40)

Its projection f*(F') can also be found by Remark 2.11 of Diimbgen et al. (2011) which
implies that that f*(F') equals f on R\ [—z,z], and is constant on [—z, z], where z > 2.
Using (2.39), which holds in this case as well, we find that z = 2.61. Figure 2.7 displays the

above bimodal densities and their symmetric log-concave projections.
Our next lemma gives some insight into the domain of ¢*(F).

Lemma 2.7. Suppose Condition A and B hold for a distribution function F. Then 6*(F) €
J(F), where J(F) = {0 < F < 1}. Moreover, letting a and b denote the left and right

end-points of the set J(F') respectively, we have,
int(dom(y*(F))) = (—d, d),
where d = (b—0*(F)) A (*(F) — a).

Lemma 2.7 underscores that for a general Fj, the domain of v, is contained the domain
of Y*(Fp). In particular when ¢y € Sy, which is the case for fy € Py, we have b — 0*(F) =
0*(F) — a, leading to

int(dom(¢"(Fp))) = int(dom(th)).
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Figure 2.7: The plot in the left panel displays the density f (in blue) in (2.38) and its
projection f*(F) (in green); the plot in the right panel displays the density f in (2.40)
(drawn in blue) and the corresponding f*(F) (in green).

On the other hand, substituting /' = F,, in Lemma 2.7, we obtain that @\n € [Xay, X,

which was already stated in Theorem 2.1.

Now we move on to the consistency properties of the MLE. To motivate our results, we
briefly revisit the log-concave projection theory mentioned in Section 2.3.1. As mentioned
earlier in Section 2.3.1, Diimbgen et al. (2011) considered projection of F' onto the class of

distributions with density in £C. Diimbgen et al. (2011) showed that under some regularity
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conditions, the map

F +— sup w(vy, F)
YeLC

is continuous with respect to the Wasserstein distance dy,, where w was defined in (2.21).
Xu and Samworth (2017) obtained similar results for w, though they considered the class of
densities SLCy, which is a subclass of LC. Instead of w(1), F'), we are working with a slightly
more complicated criterion function W(#, v, F'), which also involves . Yet it is not unnatural
to expect the same continuity result to hold in our set-up. Being led by this intuition, in
Theorem 2.7, we establish the continuity of the map F' +— L(F’), where L was defined in (2.5).
We can also show that when Condition A and B are satisfied, f*(F},) converges pointwise to
f*(F) when dy (F,, F) — 0. Since §*(F,) is the first moment of f*(F,), its limit is found to
be 0*(F).

Theorem 2.7. Let {F, },>1 be a sequence of distribution functions such that dy (F,, F) — 0
for some distribution function F'. Further suppose, F and F,, satisfy Conditions A and B

for eachm > 1. Then as n — oo,

L(F,) — L(F), (2.41)

and the following assertions hold:
(a) 6" (F,) = 0*(F).
(b) lin & (F,)(x) = 0*(F)(x), for all & € int(dom(u* (F)).
(¢) limsupy* (F,)(@) < ¥* (F)(x), for all 3 € R
(d) lmg*(F,)(x) = ¢"(F)(x). for all z € K.
(¢) There egists a > 0 such that for all ay < a,
fim [ e bllg"(B,) @) — g (F)0)lds =0,

o1



Moreover, if g*(F) is continuous on R, then as n — oo,

sup ¢!l g" (F,) () — g"(F)(x)] = 0.

z€R

Since ¢g*(F) is a log-concave density, there exists a and § such that ¢*(F)(z) < —a|z|+ 3
for all z € R (Cule and Samworth, 2010, Lemma 1). This is same as the a that appears in

Theorem 2.7.

Now we are in a situation to address the convergence of §n and g,. Suppose Fy satisfies
Condition A and B. Then Theorem 2.8 entails that §n —a.s. 0*(Fp), and g, converges to e¥” (o)
almost surely, both pointwise and in L;. Theorem 2.8 follows as a corollary of Theorem 2.7.
This can be verified easily observing that under Condition A, dy (F,, Fy) —as 0 (Villani,
2009, Theorem 6.9), and F,, is non-degenerate with probability 1 for large n.

Theorem 2.8. Suppose Fy satisfies condition A and B. Then asn — 0o, L(F,) —.. L(Fyp),

and the following assertions hold:
() On 0. 0*(F).
() Gon(x) =as ¥ (Fo)(x), for all x € int(dom(y*(Fy))).
(c) limsup Yon(z) < V*(F)(x), for all z € R a.s.

(d) Gu(x) =as. g*(Fo)(2), for all z € R.
(e) There exists a« > 0 such that for all oq < «,

/ ™G () — g* (Fo) (2)ldz —.s. 0.
Moreover, if g*(Fy) is continuous on R,

sup G (x) = g (Fp) ()] —as. 0.
e
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Theorem 2.8 has some important consequences for F satisfying (2.24) with 6, € R.
Lemma 2.6 implies that Condition B holds Fj satisfying (2.24) with 6, € R, which leads to

the following corollary.

Corollary 4. If Fy satisfies Condition A and (2.24) with 6y € R, all conclusions of Theorem

In a more specific case when fy € SLCy,, we have both 6*(Fpy) = 6y and ©*(Fy) = g,
entailing f*(Fy) = fo. As a result, not only é\n is a consistent estimator of 6y, but also
Jn converges to gy almost surely, both pointwise and in L;. Since Py C SLCy,, the same
conclusions hold for a correctly specified model.

When f, € Py, we can derive even stronger results for the global convergence of the MLE
Gn- For the unrestricted log-concave MLE f,,, it can be shown that H(f,, fo)? = O,(n=%/%)
(Doss and Wellner, 2016, Theorem 3.2). Theorem 4.1(c) of Doss and Wellner (2019) derives
the same rate of convergence for the Hellinger distance between a density f € SLCy and
its MLE. Theorem 1 of Kim and Samworth (2016) states that this is the minimax rate of
convergence for estimating an f in £C. In particular, Theorem 1 and Theorem 5 of Kim and

Samworth (2016) imply that there exist 0 < ¢; < ¢y such that

cin™5 < inf sup EyH?(fu, f) < con™/5,
fn fELC

where the infimum is over all measurable estimators f, of f. Doss and Wellner (2019)
conjectured in their Remark 4.2 that n=%/° is the minimax rate of convergence for SLCy as
well. In Theorem 2.9 we derive that H(f,, fo)2 and H(Gn, go)? is O,(n~%/%). We conjecture
that the minimax rate of estimation of fn in Py is the same. As a corollary to Theorem 2.9,
it follows that ||g, — gol|s = O,(n"*?). For the MLE of 6, we could show that |6, — 6| is
O, (n=%?).

Theorem 2.9. Suppose fo = go(-—by) for some gy € SLCy, and Oy € R. Then the following

assertions hold:
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(A) Asn — oo,
H(fn: fo) —as. 0, and H(Gn, go) —as. 0.

Moreover,
H? (Jur f) = Op(n”"%).
(B) If fo € Py, we have |§n — 0| = O0,(n2/), and
H*(Gn, 90) = Op(n™*%).
Lemma 2.8 is an analogue of Theorem 2.5 for one step estimators, and addresses the
consistency of J?n, a(m and their derivatives.

Lemma 2.8. Suppose fo = go(-—by), for some gy € SLCy, and 0y € R. Denoting ¢y = log fo,

on any compact set K C dom(¢g), we have,

sup |Go.n () — ¢o(x)| —a.s. 0.
reK

Suppose ¢q s differentiable at x € K. Then it also follows that

o (T) —as $(1),
and
Ja(@) =as fi(@).
Similarly for 1y =log go, on any compact set K C dom(vy), we have,
SUp [t () = V()| ~vas. 0.

If Wy s differentiable at ©x € K, then we also have

V() —vas. V(@)

and

~

G, (2) =as go(x).
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We close this section by mentioning that for fy € Py, we anticipate n'/?-consistency for
the MLE gn So we are pursuing further research in this direction. In particular, we expect

to establish that gn is asymptotically efficient.

2.4 Simulation study

In this section, we study the performance of the one step estimators 6,, and the MLE /Q\n for
a number of log-concave densities symmetric about 0. These densities include the standard
normal, the logistic, and the Laplace density, which are plotted in Figure 2.5. We also
consider the symmetrized beta distribution discussed in Section 2.3.1 (see Figure 2.5), whose
density is given by (2.36). Taking gy to be any of the above densities, we let 6y = 0.

The general set-up of the simulations is as follows. We generate 3000 samples of size
n = 30, 100, 200, and 500 from each of the above-mentioned densities. Then we construct the
MLE (9], and the one step estimators, both truncated and untruncated, defined in (2.16) and
(2.7) respectively. The truncated one step estimator requires specification of the truncation
parameter 7. We set 7 to be 0.002 because Figure 2.5 indicates that the value of Z, (n)/Zy,
does not vary significantly for n € (0.0001,0.002), at least for normal, Laplace, and logistic
distribution.

Different choices of the preliminary estimator ,, and the density estimator g, in (2.16) and
(2.7) lead to different one-step estimators. The preliminary estimator 6, is generally taken
to be the mean, median, or the trimmed mean (12.5% trimming from each tail). However,
for the logistic distribution, we also consider the parametric MLE as an initial estimator.
The §, in (2.16) and (2.7) is taken to be f,,(- — 6,), or the estimators of gy defined in (2.8),
(2.10), (2.13), and (2.14). The performance of the resulting estimators are compared with
the preliminary estimator 6,.

Our simulations reveal that all our estimators are consistent for 6y. The parametric MLE

displays least bias in both small and large samples, followed by the smoothed symmetrized
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one step estimator in (2.10), and the partial MLE estimator in (2.13). We conjecture that
the untruncated one step estimator and the MLE have limiting variance given by I]701, and
Theorem 2.6 states that the asymptotic variance of the truncated one step estimators is a

truncated version of If_ol. Therefore we consider a measure of efficiency defined as follows

Efficiency(6,,) = %. (2.42)

Since we can not directly compute Var(6,), we will replace it by its Monte Carlo estimate.

Our simulations suggest that in both small and large samples, the smoothed symmetrized
one step estimator in (2.10) and the partial MLE estimator in (2.13) dominate the other one
step estimators in terms of efficiency. Therefore in this section, alongside the MLE, we

present the asymptotic efficiency of only these two one step estimators.

2.4.1 Normal density

In this case, fy is the standard Guassian density, which implies 7y, = 1, and 6y = 0. For
Gaussian location model, the sample mean is the parametric MLE, which is also (asymptot-
ically) efficient. Figure 2.8 compares the efficiency of the MLE, the partial MLE one-step
estimator in (2.13), and the smoothed symmetrized one step estimator in (2.10). From Fig-
ure 2.8, we observe that the smoothed symmetrized estimator has the best efficiency for
small samples. It turns out that it also slightly outperforms the other estimators in large
sample (n = 500) as well. As expected, the parametric MLE, i.e. the mean, has the highest
efficiency. Our estimators, however, outperform all other preliminary estimators. Figure 2.8
also indicates that the untruncated one step estimators have higher efficiency than their

truncated counterparts.

2.4.2  Logistic density

The standard logistic density has 7, = 1/3. In this case along with the mean, the median,

and the trimmed mean, we also consider the parametric MLE as a preliminary estimator.
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Figure 2.9 compares the efficiency of the one step estimators and the MLE. We observe
that the MLE has lower efficiency than both the one step estimators, the partial MLE one-
step estimator and the smoothed symmetrized one step estimator. Figure 2.9 also indicates
that the smoothed symmetrized one step estimator has the highest efficiency in smaller
samples (sample size n = 40,100). For this estimator, surprisingly, the truncated estimator
outperforms the untruncated estimator when n = 200, and 500, regardless of the choice of
the preliminary estimator. For all the other cases, the efficiency of the untruncated estimator
dominates the efficiency of the truncated estimator. As usual, the parametric MLE has the

highest efficiency.

2.4.3 Laplace density

In this subsection, we simulate observations from the standard Laplace density, which has

Iy

0

= 1. In this case, the sample median is the parametric MLE of ;. Unlike the other
densities we considered, this density is not smooth, in fact it has a kink at 0 (see Figure 2.5).
Figure 2.10 indicates that the smoothed symmetrized one step estimator in (2.10) suffers
from the lack of smoothness, and loses its edge to the MLE and the partial MLE one step
estimator, both in small and large samples. When n = 40 and 500, the partial MLE one step
estimator has the highest efficiency. For all other sample sizes, Figure 2.10 suggests that the
MLE has the highest efficiency. In all cases, the untruncated one step estimator outperforms

the truncated version.
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Figure 2.8: Plot of efficiency vs sample size (n) for standard Gaussian density. We plotted
the efficiency of partial MLE one-step estimator in (2.13) (Partial MLE OE; left column), the
smoothed symmetrized one step estimator in (2.10) (Smoothed OE; right column), and the
MLE (in purple; present in both columns). The preliminary estimators 6, corresponding to
the one-step estimators are the mean (top), median (middle), and trimmed mean (bottom).
In context of the one step estimators, the preliminary estimator is drawn in red, the truncated

and untruncated estimators are drawn in blue and green respectively.
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Figure 2.9: Plot of efficiency vs sample size (n) when the underlying density is standard
Logistic. Here we consider the partial MLE one-step estimator in (2.13) (Partial MLE OE;
left column), the smoothed symmetrized one step estimator in (2.10) (Smoothed OE; right
column), and the MLE (in purple; present in both columns). Here the underlying distribution
is standard Logistic. The preliminary estimators @, corresponding to the one-step estimators
are the mean (first row), median (second row), trimmed mean (third row), and the parametric
MLE (fourth MLE). In context of the one step estimators, the preliminary estimator is drawn

in red, the truncated and untruncated estimators are drawn in blue and green respectively.
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Figure 2.10: Plot of efficiency vs sample size (n) for the standard Laplace density. Here
we consider the partial MLE one-step estimator in (2.13) (Partial MLE OE; left column),
the smoothed symmetrized one step estimator in (2.10) (Smoothed OE; right column), and
the MLE (in purple; present in both columns). Here the underlying distribution is standard
Laplace. The preliminary estimators 6, corresponding to the one-step estimators are the
mean (top), median (middle), and trimmed mean (bottom). In context of the one step esti-

mators, the preliminary estimator is drawn in red, the truncated and untruncated estimators

are drawn in blue and green respectively.
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2.4.4 Symmetrized beta density

In this subsection, we consider the symmetrized beta density in (2.36), for r = 2.1, 2.5, and
4.5. Figure 2.11 compares the efficiency of the MLE and the one step estimators, where
the latter has the mean as the preliminary estimator. The plots for the other preliminary
estimators depict the same story, and hence we do not present them. The first thing to
observe from Figure 2.11 is that the efficiency of the estimators increases with r. Also for
r = 2.1 and 2.5, all the estimators, including the mean, exhibit poor efficiency even for sample
size 500. Our simulations reveal that the smoothed untruncated one step estimator has the
highest asymptotic efficiency among all the estimators. Figure 2.11 indicates that similar to
the other distributions, the untruncated one step estimators display higher efficiency than
the truncated one step estimator. We note that for » = 2.5 and 4.5, this gap in the efficiency
is higher compared to the other densities.

Our simulations indicate that except for the case of standard Laplace, the smoothed
symmetrized one step estimator has comparatively higher efficiency, only second to the para-
metric MLE. We also note that in most cases the untruncated one step estimator exhibits

higher efficiency than its truncated counterpart.

2.5 Discussion

Here we revisit the problem of estimating the center of symmetry 6, € R of the density
fo = go(- — 6p), where gq is symmetric about 0. All existing methods involve use of various
tuning parameters. To avoid the dependence on tuning parameters, we impose an additional
restriction of log-concavity on fy, and consider two different estimation procedures.

First we consider truncated one-step estimators of 6y, and prove that they are y/n-
consistent, nearly achieving the asymptotic efficiency bound Iﬁ)l. Next we demonstrate that
the MLE of (6y, go) exists for our model. Then we establish that the MLE of g is strongly

Hellinger consistent. We also show that the corresponding Hellinger distance has the rate
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O, (n=%?). Although we could only show that the MLE of  is O,(n~%/%), we conjecture that
the MLE is actually /n-consistent.

Our work shows that the assumption of log-concavity can ameliorate the dependence on
tuning parameters. In particular the one-step estimators use only one additional parameter
for truncation, and the MLE is tuning parameter free. Furthermore, we show that even
if the log-concavity assumption is violated, our estimators are still consistent under fairly
mild conditions as long as the assumption of symmetry holds. This is a consequence of
the impressive stability of log-concave density estimators (Diimbgen et al., 2011; Xu and
Samworth, 2017). When gy is not log-concave but symmetric about 0, all our estimators of
0y are still consistent under very mild conditions; in fact, the one step estimators are still
v/n-consistent. This clarifies the usefulness of a log-concavity assumption in semiparametric

models in facilitating a simplified and robust estimation procedure.
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Figure 2.11: Plot of efficiency vs sample size (n) when the underlying density is symmetrized
beta, which is defined in (2.36). We consider r = 2.1 (left), 2.5 (middle), and 4.5 (right). The
MLE is drawn in purple. We calculated the partial MLE one-step estimator in (2.13) (Partial
MLE OE; top), and the smoothed symmetrized one step estimator in (2.10) (Smoothed OE;
bottom). The preliminary estimator for them, which is sample mean in this case, is drawn

in red; and the truncated and untruncated versions are drawn in blue and green respectively.
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2.6 Proofs

2.6.1 Proofs for the one-step estimators
Proof of Corollary 3

Suppose that
sup |ihg()] =

z€int(dom (o))
but there exists M > 0 such that sup, c;uom(in)) |4/ ()| < M for all sufficiently large n. We
claim that the probability of such an event is 0. It is straightforward to see that there exists
y € int(dom(¢y)) such that [¢)(y)| > 2M. One can also choose y such that vy, is continuous

at y. Therefore pointwise convergence of @Z);L to 1 fails at y. Hence the proof follows by

Theorem 2.5. O

Proof of Lemma 2.2

Note that each ¢ € SCy can be written as (- — ) for some ¢ € SCy, and by (2.21) and

(2.3), we also have
(6 F) = (0,4, F). (2.43)

For ¢ € SCy we calculate,

\I!(O,w,F):/ Y(z)dF (z /¢ YAF (z / eV @ dy
= /¢—x YAF (—x) /1/} YdF (z / eV @ dy

- / e Foa)) - [~ s
It also follows that

/0 " p(@)d(F(z) - F(—a)) = / $(@)d(F(z) — F(~z)).
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Therefore
¥0.0.F) =2 [ w@d(F() - Pl-a)) - [ s,

V(0,¢,F)=2" / Y(x)d(F (0 + z) — F(G—x))—/ @ dy

=27! / Y(z — 0)d(F(z) — F(260 — z)) — /OO @z

/ Bz — O)AE™ (2 )_/Oo ) 1

(6,9, Fg™™).

implying

Thus (2.43) shows that for any ¢ € SCy,

w(e, F) = w(e, F"")
Therefore

argmax w(¢, F') = arg maxw(¢, F,"™),
$ESCy $ESCo

but the distribution function

EV™(z) =271 (F(x) +1—F(260 — x))
satisfies Condition A and (2.24). Hence applying Lemma 2.12, we obtain that

argmax w(¢, Fp'™) = argmaxw(¢, F;™),
$ESCy ¢peC

which exists by Condition A, thus completing the proof. O

Proof of Lemma 2.3

First note that it suffices to prove the current lemma when 6, =, 6. Suppose the strong

consistency does not hold but 6, —p 0p. Then given any subsequence of {0,}p>1, there
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exists a further subsequence {énk }i>1 such that énk —as o as k — oo. Therefore along
this subsequence {ny}y>1, the L; distance between g, and fo or fg‘ym (in case of g, =
(ﬁfym)sm) approaches 0 almost surely. Hence, if ||g, — go||1 or ||g» — g5"||1 has any convergent
subsequence at all, the subsequence converges to 0 almost surely. In that case Shorack
(2000) (Theorem 5.7, page 57) implies that the whole sequence converges in probability to
0. Therefore in what follows, we assume that 6,, —, . 6o.

For our first estimator g;¥, the proof is motivated by Theorem 4 of Cule and Samworth
(2010), which states that if [log fo(z)dFy(z) < oo, and Condition A holds,
| 1l = el s 0. (2.44)

Note that fo € P; is bounded, so [log, fo(z)dFy(x) < oo trivially holds, where log. (y) =
max{logy,0}. To prove the L; consistency of g*¥™, we now exploit the symmetry of fo and
fm about 6y and 6, respectively. Recalling the definition of §3¥™ from (2.8), we calculate
that

2 [ g (@) — do(a)ld

2 g @) — Jolb + 2)lda

< / B0t 2) — ol + 2)ld + / B — @) — Folf, — 2)\de
- oG+ ) — Jolby + )l da + / ol — 1) — Folby — 0)lde,

(2.45)

whose first two terms approach 0 almost surely by (2.44). Therefore we only need to take care
of the last two terms of (2.45). Since fo is log-concave, it is continuous almost everywhere on
R with respect to the Lebesgue measure. Therefore | f()(én +x)— fo(ﬁo + )| =45 0 almost
everywhere with respect to the Lebesgue measure. Therefore application of Glick’s Theorem

(Theorem 2.6 Devroye, 1987) then ensures that the last two terms of (2.45) converge to 0
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almost surely as well.

To establish the convergence of (]/”}Lym)sm to g5 in Ly, we will exploit the representation
of (ﬁiym)sm in terms of (f,,)*™ established in (2.12). Since g™ and (ﬁfym)sm are symmetric
about y and 6, respectively, similar algebra as in the case of §, = §*¥™ leads to

2 [ 1) - g @)l

—00
o0

< / Fom(@n+ 1) — F5m(6n + 2)de + / P8, — 2) — fm(6, — 2)|de

o0 —0o0

n / BBt x) — F7 (B0 + 2)|da
n / 5B, — ) — Fm (60 — 2)d
(2.46)

The first two terms can be handled by using Theorem 1 of Chen and Samworth (2013), which
states that when fj satisfies (2.25), we have

| 1Er @ - Fr@lds a0 (2.47)

Since fgm is the convolution of a log-concave density and a Gaussian density, it is continuous
almost everywhere on R with respect to the Lebesgue measure. Therefore imitating the
proof for the case of g, = g™, we can show that the last two terms of (2.46) are negligible.
To establish the L, consistency of the partial MLE estimator g , we appeal to the
projection theory developed in Xu and Samworth (2017). In this case gz is the density of
the projection of Fygr, the empirical distribution function of the X; — #,’s, onto the space
of the distribution functions with density in SLCy. By Proposition 6 of Xu and Samworth

(2017), if
dy(Fogr, Go) —vas. 0, (2.48)

we have ||g5. — Jol|1 —a.s. 0 as long as Condition A holds. Hence we only need to show that

dw (Foor, Go) —a.s. 0, for which, by Theorem 6.9 of Villani (2009), it suffices to show the
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following. First, we need to show that

/_00 |z|dFog7(2) —>a.s. /_00 |z|dGo(z), (2.49)
and that Fyg; converges to G weakly with probability one. Since 8, is strongly consistent
for 6y, and

/00 |z|d Foor () :/OO |z — 0,|dF,(z), (2.50)
for any d > 0, an application of Glivenko-Cantelli Theorem (for example, see Theorem 2.4.1

of Van der Vaart and Wellner (1996)) yields

sup —a.s 0.

0 E€[00—d,0+d]

[ o=, - Ry

—00

On the other hand, strong consistency of 6,, implies |z — 0,,| < |2 — 6| + 1 with probability
one for all sufficiently large n, where the latter is integrable. Therefore the dominated
convergence theorem leads to

/ 2 — B, |dFy(2) —u / & — Ol dFo(x) = / 12]dGo(x),

which proves (2.49).
Our next step is to prove the weak convergence of Fygrto GGg. To this end, we note that

Foor(z) =Fp (2 +60,) = /_00 L0248, (2)dFy(2), (2.51)

[e.9]

which converges almost surely to

| s @)F(z) = Gola)
by an application of basic Glivenko-Cantelli Theorem (see Theorem 2.4.1 of Van der Vaart
and Wellner (1996)), and the fact that Fy(z + 0,) —es Fo(z + 6) for all € R. This

completes the proof of strong L, consistency of gz for go.
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Finally we consider the geometric mean estimator ﬁeo’sym. Recall that in the course of
showing the consistency of g5¥, we have shown that the right hand side of (2.45) converges

to 0 almost surely, from which one can derive that

/OO | frn (0 £ ) — Go()|dz —>4. 0. (2.52)

Proposition 2(b) of Cule and Samworth (2010) shows that (2.52) leads to almost sure conver-
gence of f,,(0, &) to jo(z) almost everywhere on R with respect to the Lebesgue measure.

As a consequence, it follows that

~ 1/2
P @) /€L o (W0i(-0) = dnlo) ac. =

Recall from (2.14) that

Cuoeo _ / T+ ) 0 — 2

From Schefté’s Lemma it follows that C9*° —, .. f déo = 1. We have thus established that
fngsym converges pointwise to go(z) almost surely. The desired L; consistency then follows

from Proposition 2(c) of Cule and Samworth (2010). O

Proof of Theorem 2.5

As in the proof of Lemma 2.3, one can show that it suffices to prove Theorem 2.5 when
0, —as B, and Yn —as. 0. Hence in what follows, we assume that 0, —as 0o, and
y'l’l/ %G.S. O‘

First note that by theorem 2.2 of Diimbgen et al. (2011),

int(dom(vy)) = int(supp(go))-
Also since §&™ = e%" > 0 on R, we find that int(dom(¢)s™)) = R. Hence,
K C int(dom(¢)) C int(dom(55™)) = R.
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When g, equals g , 9*¥™, fo, (0, +"), or ﬁim(én ++), gn is log-concave, which simplifies
the proof of part A and B. We first consider the cases when g, = gj., 9™ or fu(0, + ).

n

Now to prove part A, note that

o0

/ﬁ@mmww—%@wxs/’@mmwm—%@+%wm

o) —0o0

+/ 150(z + ya) — (@) |de,

whose first term

o0

[m@u+%w@mw%mm=/r%M—%@w%%&a

o0 —0o0

which follows from either Lemma 2.3 or (2.52). Also, noting
9o( + yn) —as Jo(x) a.e. x. Lebesgue,

and applying Glick’s Theorem (Theorem 2.6 Devroye, 1987), we derive that

/ Go(z + 1) — Go(2)]d s 0.

[e.9]

Thus we obtain that
[ 1ute+ ) = o)l a0,

which combined with Proposition 2(c) of Cule and Samworth (2010) yields that

Gn(T + Yn) —as Go(x) ae x

with respect to Lebesgue measure. As a consequence,

zzn(a: + yn) = log(Gn(z + yn)) —aus. zﬁo(x) a.e. x. Lebesgue.

Since 1), is concave for our choices of §,, Theorem 10.8 of Rockafellar (1970) indicates that
pointwise convergence on R translates to uniform convergence on all compact sets inside
int(dom(vy)), leading to

Slellg |1/~}n(x + yn) - 1;0(5(]” —a.s. 0.
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As a corollary,

sup |§n($ + yn> - g(](x>| —a.s. 0
zeK

~geo,sym

g and

Thus we have established part A and part B of Theorem 2.5 for g, = gj ,
fm(0, £ -). Now consider the case when §, = fjm(én + x). Note that (2.47) and continuity
of g&™ imply that

/ T (@, 4 @) — G5™(2)|dz —as. 0.

Therefore, following the same arguments as in the case of g, = gy, , §2°°*™ and f, (0, & ),
we can prove part A and part B for §, = fo™ (6, + ).
Now we focus on proving part A when g, is the mixture density g:¥". From the definition
of g2¥™ in (2.10) we obtain that
2sup |6, (% + yn) = Go(®)]

< sup |fm(0_n + T+ yn) - go((ﬂ)| -+ sup |fm(0_n — T+ yn) - g()(fﬁ)l
zeK reK

Since we have already proved part A for f,,(6, % -), it is not hard to see that both terms on
the right hand side of the above display converge to 0 almost surely, which proves part A for
gzvm. Part A follows for (ﬁiym)sm in a similar way noting that (2.12) implies
2sup | (f")" (@ + yn) — G5 (2)]
zeK

< sup [ Fo (O 4+ yn) — G5 ()| + Sup [ (B = 2 + ) — 36 ()]
S e

Now we prove part B of Theorem 2.5 when g, = g;¥™. To this end, note that we can

write

sup(i/;flym(x +yn) — 1;0(3:)) = sup log <§Zym(x + Yn) — Go(2) N 1>

zeK zeK Go(z)
~sym o~
< sup (:Efyn) 90(55)’
zeK Go(7)
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because log(1 + x) < x for any x > —1. Similarly we can show that

7 T sym go(l’) B ~Zym(x + yn)
su x) =P (x 4 yn)) < su —sym
zelg(w[)( =¥ ( Y )) :pelg g’ (x"‘yn)

?

leading to

sup (V3™ (z + yn) — Yo()
zeK

SUPyek |~Zym(x + ?/n) — go(z)]

<
. . ~sym : e
min (;g}f{ gn" (o + ?/n)a;gfg gg(ac)>

b

whose numerator converges to 0 almost surely by part A of Theorem 2.5. Thus to prove
part B for ﬁflym, we only need to show that the denominator of the term on the right hand
side of last display is bounded away from 0. To this end, notice that since gy is unimodal,
and g;¥™ is a convex combination of two unimodal densities, they attain their infimum over
K at either of the endpoints. By part A, it also follows that as n — oo, the respective
minimum values approach i%f Jo, which is bounded away from 0 as K is a closed subset of
int(dom(t)). Thus part B is proved for 5.

One can prove part B for (ﬁiym)sm in the similar fashion because g§™ is unimodal, and
(F3¥m)sm is a convex combination of two unimodal densities.

Now we can proceed to prove part C of the Theorem 2.5. First, we consider the log-
concave density estimators gz , g2°>*¥™, and f,,(6, £ -), all of which are strongly L; con-
sistent for §o. Note that if ¢}, is continuous at some z € int(dom(¢y)), then there exists a
neighborhood [z — &, & + €] where 9 is continuous. It follows that for sufficiently large n,
T4y, € [x—&, x+£] with probability 1. Since ¥, is concave, and converges to 1, uniformly
over K by part B, Lemma 3.10 of Seijo and Sen (2011) entails that

sup |4 (t) — Ty b O, (253)
telz—&,x+€]

from which we obtain that

|"Z;L(I + yn) - 1;6(‘77 + yn)’ —a.s. 07
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which results in
[07,(z + yn) — Uh(2)| 0. O (2.54)

because 1/;6 is continuous at x, thereby proving part C for g, = g5, §9°>*¥™, and fin (0, £ -).
For g, = ﬁim (0,, £ ) part C follows in the similar manner and hence, we skip the proof here.
To prove part C for the non-logconcave estimators, g:¥™ and (ﬁjym)sm, we have to exploit

their connection to f,, and f*™, respectively. Beginning with §°¥™, we observe that
m P y. beg g In

(Y () = o () (<1og )@+ x)) (1 - on(a)) (<1og Fu) (@, — m>) (2.55)

where 0,(z) = fo(0n + )/25"(z) < 1. Thus

|(1;Zym)/(x + Yn) — 1%(93” < 0n(x 4 yn)|(10g fin) (On + 2 + yn) — 1%(x>|
+ (L= on(@ +yu)|(10g fin)' (B — & = ya) — p(—)|-
Since g, is uniformly bounded above by 1, (2.54) (applied on log f,(6, % -)) completes the
proof of part C for ¢%¥™. Analogously using (2.55), for g, = (f3¥™)*™ _ one can show that

(@)™ (@) = g™ (a) (<1og Y (@, + x>) (- o) (<1og oy 6, - x>) (2.56)

for some p¥™(x) < 1. Therefore following the same steps as in the case of g=¥™, we can

establish part C for (ﬁfym)sm. O

Proof of Lemma 2.4

As in the proof of Lemma 2.3, one can show that it suffices to prove Lemma 2.4 when 6, is
a strongly consistent estimator of 6.

We will show that fn(n) —a.s. Lrg(n) and 0, —>a.s. o when G, equals G¥™, gg, or gaeosym.
The proof in the case of g, = (ﬁjym)sm follows in a similar way.

We will prove the consistency of Z,(n) first. Since Lemma 2.3 indicates that ||g, —

gol|1 —as. 0, the corresponding distribution functions satisfy ||én — Go(n)Hoo —a.s. 0, which

73



combined with the continuity of Gy entails that

=& =GN () s Gy () = 6o (2.57)
and
Gt (1 =) =as. Gy (1 =) = &. (2.58)
Combined with strong consistency of f,, the above leads to
O+ &0 =00+ G (L= 1) = B+ &0 = Fy ' (1= 1), (2.59)
and
On = &n =0 + G (1) = b0 — S0 = £ (). (2.60)

Observe that

+

Intén _ -
/ 5 w;<x—en>2dFo<x>—If,g<n>\. (2.61)

Let us consider the first term on the right hand side of (2.61) first. To this end, note that
Lemma 2.9 combined with (2.57) and (2.58) imply that

limsup sup |¢~0;(2)|§C§0 a.s., (2.62)
n ZE[—En,én]

where C(—&p,&) > 0 is a finite constant depending on the truncation parameter 7 via
& = G '(1 — 7). For the sake of simplicity, we denote C'(—&, &) by M,,. Suppose U, is the

class of non-increasing functions bounded by M,, i.e.,

U, = {h ‘R [-M,, M,]

h is non—increasing},
and denote by F, the class

Fy = {h2 : R —[0, M]

h(x) = u(z)l[Tl,Tz](x>7

u € U,, [r1,m9] C (Fol(n/2), EY1— 77/2)) }
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Theorem 2.7.5 of Van der Vaart and Wellner (1996) (pp. 159) indicates that for any ¢ > 0,

the bracketing entropy
log N[ j(e,Uy, La(Pp)) S et (2.63)

Also by Example 2.5.4 of Van der Vaart and Wellner (1996), the class F; of all indicator

functions of the form 1., .,;, where z; < 2z, with 2, 25 € R, satisfies
log N (€, F1, Lo(Py)) S 2/€, (2.64)

implying that
log N (e, Fyy, Lo(FRy)) S et

Since zﬁo; is non-increasing, (2.62) implies that (zﬁoil)?(- — 0,,) restricted to [0, — &, 0, + &)
belongs to F,,. Therefore by Glivenko-Cantelli Theorem (see Theorem 2.4.1 of Van der Vaart
and Wellner (1996)),

Butén )
| e = g ®, — F)a) a0 (2.69)
On—&n

Now we claim that the second term in (2.61) also approaches 0 almost surely. This follows by
Theorem 2.5(C) and the dominated convergence theorem since zﬁo; is bounded on [—¢&,, &,],
completing the proof of fn(n) —a.s. L g(1).

Our next aim is to prove the consistency of 6,. Observe that from (2.16) it follows that

- _ —~ Ontén _
B — B, < Tul) / J(x — B,)d(F, — Fy)(x)

n—&n

+ In(n)_l

Ontén B
/9 iz - 0,)dF(x)

nfgn

Note that Z, (1) —ra.s. Tt 4(n) by the first part of the current lemma. The proof of

T ()" "

Ontén B
/9_ P ¢’:’L(ZE - Hn)d(Fn - Fo)({lf)
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is very similar to the proof of (2.65), and follows by Glivenko-Cantelli Theorem (see Theorem
2.4.1 of Van der Vaart and Wellner (1996)) noting that 1&0;( — 0, restricted to [—&,,&,] is
a member of U,,, which has finite bracketing entropy by (2.64).

Since Qﬁoln is bounded on [—¢,,,&,], (2.59), (2.60), and Theorem 2.5(C) combined with the

dominated convergence theorem further entail that

Ontén _ Gyt(i-m) _
/6 %(l’ - en)dFO(x) —a.s. / wé(x)go(x)dx,

n—&n 7

Gy''(m)

which is 0 because 126 is an odd function while gy is an even function. Therefore strong

consistency of 0~n follows from that of 6,,. ]

Proof of Theorem 2.6

As in the proof of Lemma 2.3, one can show that it suffices to prove Theorem 2.6 when
0,, —=a.. 0o. Therefore in what follows, we assume that 6, —4.. 0.
~sym

First we consider the case when g, equals g:¥™, g, or §9°>*¥™, so that by Lemma 2.3,

the density estimator g, converges to go in L; almost surely. From (2.16) we deduce that

N ey & g (2) i
—(0,, —0,) = L dF, = ————dF, 0,).
(6, —6,) / ) = [ S0

Denoting 6, = 6y — 0,, we observe that the expression in the above display can also be

written as
“ Yon(z) =Wz =8) 0 A o g
¢, Zo(n) Bz =z )
& o (2) _ 4o, (2) = p(2)
“On o(z4+6,,) — go(2) |dz = o(2)dz
+/_5n Z.(n) (f( ¥ 6a) = ol )) "l Zn(n) i)
i (2) Nz - 226(2_5”)61[1{? 2+0,) — Fylz+0
+/_gn Tt L gy (e Rl )

= Tln + T2n + T3n + T4n + T5n-
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Observe that T5, and T}, vanish since 1/;0; and 1;6 are odd functions while fo is an even
function. Now note that to prove (2.31), it suffices to show that \/nTi, = 0,(1),

Ts, o gp(2)e(2)
Sn e —&o If,g(n)

and that /nTs, converges weakly to a centered Gaussian random variable with variance

———g0(2)dz, (2.66)

Z;y(n)~t. When g, = (ﬁ‘jym)sm, (2.33) can also be proved in a similar way, and hence
we skip the proof. In the special case when fy, or equivalently gq itself is log-concave,
the log-concave approximation gy equals go. Hence JJO = @Z)gm = 1)y follows, indicating
Zig(n) =I5 (n) = Zs,(n), and 7, = 1, which establishes (2.35), and completes the proof of
the current Theorem.

We will first show that /nTy, = 0,(1). Recall that in section 2.1.1 we denoted the

empirical process \/n(F, — Fy) by Z,. Denote by h,, the function

ha(2) = (o (x — 8,) — 0(2)) 15—, 5,461 (%),

where ¢ (z) was previously defined as 1)(x — ). It follows that

Inrn 0 (2~ 0,) — ()
ViTi = f/‘ f() A(F, — Fy)(x)

- oofi"(x)dz ). 2.67
[w%W () (2.67)

Lemma 2.9 combined with (2.57) and (2.58) imply that
limsup sup |1,50;(z)| < (¢ a.s.,
n Ze[fénvf’ﬂ]
where C¢, is a positive constant depending on {y. It is not hard to see that since ég is
monotone, |¢)| attains its maxima over [0, — &,, 0, + &,] at either of the endpoints. Though
[0r, — &n, 0, + &) is Tandom, (2.58) and (2.59) indicate that with probability one, this interval
is a subset of [Fy (n/2), Fy (1 — n/2)] for all sufficiently large n. Hence it follows that

lim sup sup ()| < M, a.s. (2.68)
n $€[§n_§na§n+£n]
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for some M,, > 0, which can be chosen in such a way so that C¢, < M,,. Therefore, we obtain
that
lim sup sup \h(z)| < M, a.s. (2.69)
n me[§7z_§n7§n+§n]
Now define the class H,, by

M, = {h R =My, M) | Be) = (ue) — Fyl)) g @),

uw €U, [r1,r] C <F01(77/2), Eot(1 - 7)/2)> },
where U, is the class of non-increasing functions bounded by M, > 0, i.e.

U, = {h ‘R [-M,, M,]

h is non—increasing}.

Observe that (2.59), (2.60), and (2.69) imply h,, € H,, almost surely for all sufficiently large
n.

From (2.63) and (2.64) we derive that

log N[ ](6’ an L2<P0)) S

N | =

Therefore we conclude that the bracketing integral

1 1
J (L, Hy, La(Ry)) = / \/1 +log Ny(Mye, Hy, Lo(Py))de S / e H2e,
0 0

which is finite, thereby establishing that #,, is Py-Donsker. Also notice that |h,| is bounded
above by M,, and Theorem 2.5(C) indicates that h,, converges to 0 at the continuity points
of ég Since ¢ is concave, (56 is continuous almost everywhere with respect to Lebesgue
measure on dom(¢y). Hence the dominated convergence theorem yields

/ ()2 Fo () = 0.

o0

Since H,, is Donsker, Theorem 2.1 of van der Vaart and Wellner (2007) then implies that

/_00 ho(2)dZy(x) = 0p(1).

e}
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Finally, an application of Lemma 2.4 leads to fn(n) —a.s. Lsy(n), and thus from (2.67) we
conclude that /nTy, = o0,(1).
Now we turn our attention to T5,. Here we aim to prove (2.66). Observe that T,/ 5, can

be written as

& oo (2 9o(z = 0n) — go(2) & ol (2 o go(t)dt
/ Yon(2) g [T Pe(2) )
1,

_ dz
7677,

(n) On &0 Lo(n) 0

t4-6p _,
&n / ¢0n(2>d2’
= go(t) H—— dt, 2.70
/ O (2.70)

where the equality follows by Fubini’s theorem since gq is absolutely continuous. The con-

cavity of 1, implies that 1/;0; is non-increasing. Hence for any ¢ € int(dom(zzo)), we have,
8,
/ o, (2)dz
- } < i

mm{z&o;a),%;(wan) < Smax{zﬁo;@),%;(tmn)}. (27)

n

Therefore if 1)), is continuous at ¢ € int(dom(¢y)), Theorem 2.5(C) leads to

—as Uo(t)  asn — oo.

Since 1) is concave, 1) is continuous almost everywhere with respect to Lebesgue measure

on dom(ty)). Since 1/;0; is non-increasing, (2.71) further entails that

< Yon(—€n — 10a]),

sup =
tE[—Sn—smﬁn] ‘5'”/‘

which can be bounded above by 1 (Gy'(1/2)) using (2.57) and the fact that 6, —q.. 0.

Hence, we deduce that

P L Lo en(2) < lab0)] (%(éo%nm»).



Note that the symmetry of gy about 0 indicates that
00 0
[ 1aonde=2 [ gytonie = 2900)

which is finite because of (2.20). Therefore (2.70), Lemma 2.4, and the dominated conver-

gence theorem yield

T, [* 96,
5n —&o IfaQ(U)

which completes the proof of (2.66) since g,(z) = ¥{(2)go(z2).
Now it only remains to show that the last term 75, converges weakly to a Gaussian

random variable with variance IJ?;. Observe that a change of variable leads to

On+€n 70 (o 0
ViTs, = V/n / Gl %)
0,

(@
n—En 7, (77)

_ /90+£O @Eé(m - HO)dZ (ZE)
0 Z, "

d(IF, — Fo)(x)

o—&o (77)
+ /_ T, (x)%(g—(;fo)czzn(x), (2.72)

where
Cn = [e_n - £n7 e_n + én] \ [00 - 507 90 + gO]

From Lemma 2.4 and Slutsky’s theorem it follows that
Bo+&o T _ 9 0o+&o ] _ 9
/ den(:ﬁ) —/ MdZn(x)(1+op(1)),
0o—¢&o In(n) 0o—¢&o Zf,g(n)

which equals

Oo+&o 7
Yo(r — o)
——dZ, o(1),
/90_50 Trotn) )+ o)

because the Central limit theorem and (2.30) imply that the first term on the above display
is Op(1).
To deal with the second term, observe that the indicator function 1, belongss to Fi, the

class of all indicator functions of the form 1, .,)\[99—¢o.60+¢0)» Where 21 < 23 with 2q, 25 € R.
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Since the latter class is Donsker by (2.64), Theorem 2.1 of van der Vaart and Wellner (2007)
entails that the second term on the right hand side of (2.72) is of order o0,(1) provided the
following holds:

| e, <x>W§(—;>§°>2dFo<x> o 0.

To this end note that since 1%, is non-increasing, (2.59), (2.60), (2.68), and Lemma 2.4 entail

that for all sufficiently large n,

© e — )’ (G (1/2)
/ ;o) < T

2
|0, — 6o <sup fo(x)> a.s.

Since fy € Py, from the definition of P; in (2.20) and the strong consistency of 4, we obtain
that the term on the right hand side of the last display converges to 0 almost surely. Thus we
conclude that /nTx, is asymptotically distributed as a centered Gaussian random variable

with variance Z; ,(n) !, which completes the proof. O

2.6.2 Proofs for the MLE

We first state and prove a useful theorem which plays a crucial role in proving Proposition
1 and Lemma 2.1. This theorem concerns the continuity of the function L(- ; F) : R — R
given by

L(6;F) = wselgc) V(h,y, F) (2.73)

where F is a fixed distribution function, and W is as defined in (2.3).

Theorem 2.10. Suppose the distribution function F satisfies Condition A. Then the map
0 — L(6; F) is continuous on R, where the function L(0; F') was defined in (2.73).

Proof. Suppose 0, — 0 as k — co. Observe that (0,1, F') can also be written as

U (0,4, F) =9(0,¢, F(-+0)).
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Hence to prove Theorem 2.10, it suffices to show that as k — oo,

LWMF%ZEQ(WQ%FC+%»_iE£iwa%FC+®):LWJW

Proposition 6 of Xu and Samworth (2017) implies that under Condition A, the convergence

in the above display holds if the Wasserstein distance
dw(F(-+6),F(-+60)) -0, ask— oc. (2.74)

Now by Theorem 6.9 of Villani (2009) (see also Theorem 7.12 of Villani, 2003), (2.74) follows

if the followings hold as k — oo:

and

/OO |dF(x + 6) — /oo |dF(z +6). (2.76)

o0

To prove (2.75), note that for any bounded continuous function h,

/00 hz — 0)dF(x) — /00 h(z — 0)dF (x)

—0o0

by the dominated convergence theorem since 6, — 6 as k — oo. For proving (2.76), first
notice that F' has finite first moment by Condition A. Therefore another application of the

dominated convergence yields that as 6, — 6,

/Oo (2|dF (z + 0) = /OO % — Ou|dF(z) — /Z 2|dF(z + ),

o0 —0o0

which, combined with (2.75), leads to (2.74), and completes the proof.

Proof of Proposition 1

Our first step is to show that L(F) is finite. From the definition of ¥ in (2.3), it is not hard
to see that

L@jgwp(/2¢@mF@yi/:J@m),

el
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where C denotes the set of all real-valued concave functions. Theorem 2.2 of Diimbgen et al.
(2011) entails that under condition A, the term on the right hand side of the above display
is finite. Therefore L(F') < oo follows. To show that L(F) > —oo, we show that the map
x +— —|x| € §Cy. Therefore (2.3) and (2.5) lead to

L(F) > —/ |z|dF(x) —/ e ldz > —o0,

which follows from Condition A. Therefore we conclude that L(F') € R.
Now we have to show that there exist 0*(F') € R and ¢¥*(F') € SLC, such that

V(" (F),Y"(F),F)= sup VY(0,¢y,F)=supL(0; F) = L(F).
OERPESLCY 9cR

Now there exists a sequence {6 }r>1 such that L(0y; F) 1 L(F) as k — oo. Suppose the
sequence {0y }r>1 is bounded. Then we can find a subsequence {6y, },>1 converging to some

¢’ € R. Since the map L(#; F') is continuous in 6 by Theorem 2.10, we also have

L@ F) = lim L(6),; F) = L(F),

r=yo0
which implies that 6’ is a maximizer of L(0; F'). The rest of the proof then follows from
Proposition 4(iii) of Xu and Samworth (2017), which states that for each 6 € R, there exists
a unique log-density 1y, which maximizes W (6,1, F) in ¢ € SCy when F' satisfies condition
A. Hence (¢',1y) is a candidate for (0*(F"),¢*(F')). Thus to complete the proof, it remains
to show that {0y}r>1 is bounded. We will show that 6, — foo leads to L(fx; F') — —oo,
which contradicts the fact that L(6x; F) — L(F) € R, thus completing the proof.

Consider 0, — £oo. We have already mentioned that by Proposition 4(iii) of Xu and
Samworth (2017), for each 6y, there exists a log-density 1y, € SCy such that

L(elmF) = ‘I’(eﬂﬂak;F)a
which equals

/: o, (x — O)AF(z) —1 < — /_Oo log (z\x - eky>dp(x> 1,

[e.e]
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where the last inequality follows from Lemma 2.10. Now if 6§, — +oo, using Fatou’s Lemma,

we derive that

limsup L(0y; F) < —/ li]gninf (log |z — 9k|)dF(x) —log2 = —o0,
—00

k—o0 —00

which leads to the desired contradiction. O

Proof of Lemma 2.1

The proof follows from (2.4) and Theorem 2.10 noting that [F,, satisfies Condition A. O

Proof of Lemma 2.6

First we will show that if F' satisfies (2.24) and ¢ € SCy, there exists ¢, € SCy such that
\Ij<9/7 wu F) S \I]<97 wla F)J (277)

leading to

L(0"; F) < L(6; F),
which implies 0*(F) = 6. Note that G = F(- + 0) satisfies

G(z)+ G(—z) = 1. (2.78)
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Using the symmetry of ¢ about 0 and (2.78) in the fourth step we deduce that

V(0. F)
_ /oo W — 0)dC(z — 0) — /Oo G

[e.9]

:/ Uy + 60 —0)dG(y /wyw 0")dG (y) — /_Ooe”’(x)d:c

o0

/ Yy +0—0)dG(y / b(—y+ 0 — 0)dG(—y) — /Ooew(z)dx

—00

/wyw 0')dG (y /wy 0+ 0')dG(y) — /_OoeW)dx

=2 / U1 (y)dG (y / @ dz,

U (z) = 2_1(¢(:v+0—0’)+¢(m—0+0’)>, r e R.

Since ¥, € SCy, we obtain that

v o) = [ n@dc) - [ e
= /00 Uy (z — 0)dF (z) — /00 eV @ dy
= V0,9, F) + /OO eVt @ dy — /OO @

Also by the arithmetic mean-geometric mean inequality,

/ T @) gy < / Ty (ew(xw_e') n ew(z—e+e'>> dr — / T gy

where equality holds if and only if ¢¥(z + 6 — 0") = ¥(x — 0 + ¢') almost everywhere with

where

respect to the Lebesgue measure, which only takes place when 6’ = . Therefore we have

established the inequality in (2.77) with equality holding if and only if # = 0, which proves

0*(F) = 0. Observe that
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Finally, Lemma 2.12 combined with (2.78) and (2.43) entail that

arg max U (0,1, G) = argmaxw(¢, G) = argmaxw(¢, G),
$ESCo $€SCo $eC

which completes the proof of Lemma 2.6. U

Proof of Lemma 2.5

Lemma 2.5 follows directly from Lemma 2.2. 0

Proof of Lemma 2.7

Suppose m = R. Then #*(F) € J(F) by Proposition 1. Otherwise, since F is non-
decreasing, .J(F) takes one of the following three forms: [a,b], [a,00), or (—oo,b], where
a,b € R. Suppose J(F) = [a,b]. We will show that in this case L(; F) defined in (2.73)
is non-decreasing in 6 on (—o0,al, and non-increasing in 6 on [b,00). Since 6*(F') equals
arg maxycp L(6; F'), the above implies 8*(F') € [a,b]. To show that L(6; F) is non-decreasing

in 6 on (—o0, a|, we first note that for § < 6’ < a, and ¢ € SC,,

/wx— )dF (z /wx—e’dF)

since 1 is non-increasing on [0, co0), and
0<z—-0<x-0

for © > a. Therefore from (2.73), it is not hard to see that L(0; F') < L(#'; F). Similarly we

can show that for 6 > 6’ > b,

/wx— VdF (z /¢x—9'dF)

since v is non-decreasing on (—o00,0], and z — 0 < x — 60 < 0 for x < b. Therefore

L(6; F) < L(¢'; F'), which completes the proof of 6*(F') € [a,b]. When J(F') is of the form
la,00) or (—o0,b], we can prove 0*(F) € J(F') in a similar way. Hence the first part of

Lemma 2.7 is proved. The second part of Lemma 2.7 follows from Lemma 2.11. O
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Proof of Theorem 2.1

First part follows from (2.4) and Proposition 1 noting that F,, satisfies Condition A. The

second part follows from Lemma 2.7. O

Proof of Theorem 2.7
Since dw (F,, F') — 0, from Theorem 6.9 of Villani (2009) or Theorem 7.12 of Villani (2003)
it follows that F), converges to F' weakly, and

/oo 2|dF, () — /Oo |dF(z) < oo. (2.79)

o0

Let us denote the measure corresponding to F,, by P,.

For the sake of simplicity, we use the abbreviated notations v}, ¢, and 6 in place of
Vv (Fy,), ¢*(F,), and 0*(F),) respectively.

Our proof is motivated by the proof of Proposition 6 of Xu and Samworth (2017).
Since F,, satisfies condition A, L(F,) < oo by Proposition 1. Therefore starting with
any subsequence of {F,},>1, we can extract a further subsequence {F,, }x>1, such that
L(F,,) — ¥ € [~00,0q], and 0 — 0" € [~00, 00].

The proof of Theorem 2.7 involves the following steps:

(A) Show that ¥ > —oc.
(B) Show that ¥ < oo, and there exists M > 9 + 1 such that

limsup sup ¢, () < M.
koo  zER

(C) Show that 6" € R.
(D) Taking a and b to be the left and right endpoints of J(F') respectively, from Lemma

2.7, we observe that

int(dom(y*(F))) = (—d, d), (2.80)
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where d = max(b — 6*(F),0*(F) — a). We now define

(

R, if a=—00,b= 00,

Do = { dom(¢*(F)) 4+ 0*(F) — ¢, it b—0*(F) > 0*(F) —a, (2.81)

dom(v*(F)) — (0*(F) —¢), ifb—0*(F)<0*(F)—a.
We Show that lim inf, ¢ (2) > —oo for x € int(Dy), leading to lim inf, ¥ (0) > —oo.
(E) Show that there exist o/, f’ > 0 such that for all sufficiently large k,

Pr () < —dlz|+ 4, forallzeR.

Nk

(F) Show that ¥ = L(F), ¢ = ¢, and ¢, converges pointwise to ¢*(F) on int(dom(¢)*(F)).

The proof of (A) is quite straightforward. To see this, observe that the function ¢(x) = —|z|

is a member of SCy. Therefore

o0

9= lim L(F,,) > lim ©(0,¢, F, ) > — lim/ (2] dF, (2) _/ ool
k—o00 k—o0 k—oo J_ oo
which equals — [ |z|dF(z) — 2 by (2.79). Since [ |z|dF(z) < oo by Condition A, step (A)

follows.

The proof of (B) hinges on the proof of Theorem 2.2 of Diimbgen et al. (2011). Sup-
pose lim sup,, sup,cg ¥y, (r) = oo. In that case we can replace {n;} by a further subse-
quence such that limy sup,cg ¥;, (z) = oo. Hence, without loss of generality, we assume that
limy, sup,cg ¥y, () = oo. Also note that sup, ¢y (x) =5 (0) = My, say.

Nk

Letting Dy, be the level set {¢» > t}, for any ¢ > 0, we can bound L(F,,) in the
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following way:
LB = [ v 0,)iF, @) -1
_ /Z Ut (@)dF, (x4 6) — 1
< — cMP,, (R \ Di—ens, + 9;‘%) + My Py, (Dy,—en,, +05,) — 1
— — M, (1 — P, (Dy—eps, + 9;;9) + My P, (Dy—ergy, +05,) — 1

= —(c+ 1)Mk< — Py Dy, + 952,)) ~ 1. (2.82)

c+
Let us denote the Lebesue measure on R by Leb. We intend to show that Leb(Dy, ., ) — 0

as k — oo. Applying Lemma 4.1 of Diimbgen et al. (2011), we obtain that as My — oo,

(1+c) My,
Leb(Dg —enr,) < (1 + c)MkeM’“// te tdt
0
= (14 ¢)Mpe ™ /(14 o(1)) — 0. (2.83)

Now we will show that P, (Dy cy, + 0;,) — 0. We consider two cases, || < oo and
0" = do0. Let us focus on the case || < oo first. Now the concavity of ¢ indicates that
sets of the form Dy .y, are intervals including 0. Since Leb(Dy _cas,) — 0 and 6 — 6 as
k — oo, for sufficiently large k, the set Dy _cp, + 0; is an interval around 6" whose length
shrinks to 0 as k increases. Now since F' is non-degenerate, one can certainly find a z¢ # ¢’
such that zy € int(J(F)). As a result, zg € Dy, _cy, + 0y for all sufficiently large k. Thus

for all sufficiently large k,
Di,—emr, + 05, € {C C R closed and convex, xy ¢ int(C)} = Dy,

say. However, since F,, weakly converges to I, Lemma 2.13 of Diimbgen et al. (2011) implies

that

limsup sup P, (C) < sup P (C). (2.84)
k  C€Dy, C€Da,
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By Lemma 2.13 of Diimbgen et al. (2011), supgep, P(C) is bounded away from 1 if

l’geﬂc,

where

D= {C’ ‘ C' is closed and convex, P(C) = 1}.

Since g € int(J(F')), the above holds. Therefore we conclude that the term in the left hand
side of (2.84) is less than ¢/(c + 1) for sufficiently large c. Since Dy, _cay, + 0y, € Dy, the
above implies that P, (Dy —cy, + 05, ) < ¢/(c+ 1) for sufficiently large k. Combined with
(2.82), this result leads to

L(F,, ) — —oc0 ask — oo,

which contradicts the fact that 19 > —oo. Therefore for this case, we see that lim, M = oo
leads to a contradiction.

At this point it is clear that for the other case also, i.e. when 6’ = £o0, it is enough to
show that limsupy, P, (Dk,—cn, +0;,) < ¢/(c+ 1) for sufficiently large c. We will consider
the case # = oco. The proof for = —oo will follow similarly. Consider y such that
1 - F(y) < ¢/(c+1). Since Leb(Dg,_car,) — 0, we observe that as 0 — oo, for all
sufficiently large k,

Di—eng + 05, C (y,00).

Noting F,,, —, I, we obtain that
limsup B, (Dg,—en, + 05,,) <limsup(l — F,, (y)) =1 - F(y) <c/(c+1),
k k
which completes the proof of (B). Therefore we assume that { M} }>; is bounded above by
a number, say M, which can be chosen to be greater than 9 + 1.
Our next step is step (C), which follows from Lemma 2.10. To see this, observe that

Lemma 2.10 implies
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Suppose limsupy, |0 | = co. Then Fatou’s Lemma implies that
limkinf / e @ dp < limkinf / ~log [2(@=0n)l g
< / lim inf e~ 198 12@=0% )l g — 0.
oo K

However, the left hand side of the above display equals 1 since e is a density, which leads
to a contradiction. Therefore step (C) follows.

Next we will prove (D). For 2 € Dy, denote A, = (—z + 0 ,x + 0 ). We calculate

=/_x

(N
+ [ @an e 6,) -

which follows since ¢, € SCo. Now observe that the above implies
L(Fnk) +1- w;k(O)Pnk (Ank)

2)dF,, (2 + 0, ) / UE (2)dF, (2 + 63,

liminf ¢, (r) > liminf

k—oo T k—oo Pnk (R \ Ank)
M—-1—7
_ . 2.85
li;n inf P, (R\ Ap,) (285)
—00

Note that for every e > 0,
0 —e< b, <0 +e for all sufficiently large k.
Therefore we can write
ligglf P, (R\ A,,)

= liminf F,, (—2 + 0, ) + 1 — limsup F,, (($ +05,) _)

k—o00 k—o0

> liminf F,, (—z + 60" —€) + 1 — limsup F,,, ((a:+«9/+e) —)

k—o0 k—o00

2F<(—x+9’—e)—)+1—F((x—|—9’+6)—).
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If J(F) = R, it is clear that the right hand side of the last display is positive. Suppose
J(F) # R. Then at least one of a and b, the endpoints of J(F), is finite. Now suppose
b—0(F) > 0*(F) —a. Noting = € int(Dy), we argue that for small enough € > 0,
x + € € int(Dy ). Then from (2.80) and (2.81) it follows that

r+e<b—0"(F)+0"(F)-4¢,

implying that x + e+ 6 < b, leading to F((z 4+ 6 + €)—) < 1 since b is the right endpoint of
J(F'). Now consider the case when b — 6*(F) < 6*(F) — a. Analogous to the previous case,
(2.80) and (2.81) yield

r+e< O (F)—a—0(F)+8,

or equivalently,

a<—z+0 —e¢,

implying F((—z + 6 — ¢)—) > 0, which leads to

limsupP,(R\ 4,,) > 0.

k—o00

Since in step (B), M was chosen such that M > 9 + 1, (2.85) entails that

lim inf ¢y, () > —00
k—o0 k

which proves (D).
To prove (E), we first observe that since 1, € SCo, Lemma 3 of Pal et al. (2007) implies
that
W (z) < (0)+1—e"m Oz, zeR.

Nk Nk

Observe that (B) and (D), combined with the above, imply that there exist o/ > 0 and
B € R such that for all sufficiently large k,

Y (x) < B —a|z|  forall z € R. (2.86)
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Now we move on to step (F). Since we have established (2.86) and showed that lilgn inf 7:/1\97,k (x) >
—00
—oo for x € int(Dy), by Lemma 4.2 of Diimbgen et al. (2011), we can replace {1 }r>1, if
necessary, by a subsequence such that for a concave function 1 the following conditions are

met:

int(Dgl) - dOHl(lZ),

P(z) < B — oz forall z €e R,k € N,

lim 7 (y) =(z) for all z € int(dom(z))), (2.87)
k—o0,y—x
limsup ¢7 (y) < ¥(z) for all z € R.
k—o00,y—x

We will now establish that ¢ € SCy. To see this, first notice that since Yy, € SCy, for
z ¢ dom(v)),
lim v, () = lim 4, (2) < ¥(x) = —oo.

k—o0 k—o0

Hence, —z ¢ int(dom(¢))), suggesting that either —z ¢ dom(z)), or —z € dom(¢) is a
boundary point of dom(¢)). Therefore dom()) is of the form (—c, ¢), [—c, c], (—c¢, c], or [~¢, c)
for some ¢ > 0. For the last two cases, if we extend v to [—¢, | so that v is continuous on
[—c,c] and —oo everywhere else, ¢ still satisfies (2.87). Therefore without loss of generality,

we assume that dom(t) is of the form (—c¢,c¢) or [—¢,c|. For y € (—c¢,¢) we obtain that

Y(y) = lim g7, (y) = lm o7, (—y) = P (=y).

It remains to show that when dom(v) is the closed interval [—c, ], ¥)(—c) and ¥ (c) agree.
Since * is concave, it is right continuous at —c, and left continuous at c¢. Therefore the
symmetry of ¢* on (—c, ¢) implies symmetry on [—c, ], which establishes that 1) € SCy. Now
we claim that e € SLCy. To see this observe that since Y (x) < B — ||, application of

the dominated convergence theorem yields

/ V@ dy = / M ¥ny (®) g — Jim V@ g = 1.
int(dom(¢)) int(dom (%)) k- Jdom()
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Since Condition B holds, note that if we can show

we have ' = 0*(F), 1 = ¢*(F), and (2.41) also follows. Therefore we have §* — 6*(F), and
(2.87) leads to the pointwise convergence of ¥} to ¢*(F"). The pointwise convergence of ¢%’s
implies pointwise convergence of ¥, which, in its turn leads to the weak convergence of the
corresponding distribution functions. Then the rest of the proof of Theorem 2.10 follows
from Proposition 2 of Cule and Samworth (2010). We prove the equations in the last display
by first establishing that

V< U0, F) < L(F), (2.88)

and then showing ¢ > L(F).

Observe that since F,, converges to F' weakly, by Skorohod’s theorem, there exists a
probability space (€2, A, P*) with random variable X}, ~ F,,,, and X ~ F such that X} —,..
X as k — o0o. Denote by E* the expectation operator with respect to the probability space
(©2, A, P*). Denoting the positive random variable 3’ —o/| Xy| — ¢ (X}) by H}, we calculate

Y = lim sup/ by, (x)dF,, (x) — 1

k—o00

= hm / o' |z))dF,, (x )—lilgninfE*[Hk} -1
— 00
< 5f—a/ 2|dF(z) — E*{li}ggfﬂk] Y

which follows using (2.79) and Fatou’s Lemma. As 0} — ¢’ € R, and X} —,, X, (2.87)
indicates that the following holds with probability 1:

lilgninf Hy =o' — B|X| = limsupey, (X, — 65 ) > — | X[ — (X —6).
— 00 k
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Since X ~ F, the above leads to
19<B’—0// |z|dF (z) — B* |8/ — | X| — (X —0')| —

/ Yz —0)dF(r) — 1
which completes the proof of (2.88). Hence it only remains to prove that ¥ > L(F).

Let us denote ¢g = *(F)(0). From Lemma 2.13 it follows that for each ¢ > 0, there exist
P9 € SCy such that

—|z|/e+co <Y9(z) forall z € R, (2.89)

and

PH(F) <l < e (2.90)

Further, 9(9 decreases to 1*(F) pointwise as € | 0. Using the random variables X, ~ F,,
and X ~ F constructed in the proof of (2.88), we write

¥ = lim L(F,,) > lim U(0*(F),"9 F,,)

k—o0 k—o0
k—o0

— lim E* {w@(xk - 9*(F))] - / @y, (2.91)

Note that (2.89) and (2.90) indicate that 1()(z) is bounded above and below by ¢, and
—|z|/€e 4+ ¢y respectively. From (2.79) it follows that

E*|Xk|:/ |x|ank(x)—>/ 2ldF(z), as k- oo

Moreover, as k — 0o, we also have X; —4., X. Observe that ¥ is concave, and by (2.89),

dom(1)(9) = R, which implies that (¢ is continuous. Therefore

P(Xy, — 07 (F)) = a0 V(X — 0 (F)).
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Therefore using Lemma 2.14, from (2.91) we obtain that

9 > E[ lim (X, 0*(F))} - / V@)
—00 oo

/ O (@ — 07 (F))dF () — /Z&@mM.

Since () decreases to *(F') pointwise as € ], 0, the monotone convergence theorem and

(2.90) lead to

i [ (- 09— o) )ar@) = [~ (- v e -0 )ar o)
which can be rewritten as
12{51/ VO (x — 0°(F))dF (x / W (F)(x — 6°(F))dF (). (2.92)

On the other hand, note that (2.90) implies that g*(F) < e < ¢*(F)(0). Since ¢
decreases to g*(F) pointwise as € decreases to 0, the monotone convergence theorem implies

that

i [ (4000 - )ae = [ (4000 - (P 0) )

el0 o 00
or equivalently,

leifgl V') dy = / g" (F)(z)dx = 1. (2.93)

—00

Therefore from (2.92) and (2.93), we conclude that

9> lim / Wz — 0*(F)) dF(z) — lim [ 7@ dy

el0 el0 | .

/ G (F)( — 0°(F)) dF () — 1 = L(F),

which completes the proof. O
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Proof of Theorem 2.9

In their proof of Theorem 3.1, Pal et al. (2007) show that if a sequence of log-concave

functions { f,}n>1 (which can be stochastic as well) satisfies
> log fu(Xi) = Y log fo(Xi) as., (2.94)
i=1 i=1

we have H(f,, fo) —a.s 0, provided
P(suplogfn(ac) = 0( Vi )) =1

logn

If we take f, = ﬁl, we have

suplog fo () = Go.n(0n) = 10,0(0).

Theorem 2.8(c) and Corollary 4 entail that

P(lim sup 0o, (0) < oo) =1.

Also note that being the MLE of fo, f, automatically satisfies (2.94), which implies

H(fu, fo) —as. 0. (2.95)

Since fy € Py is log-concave and continuous, Proposition 2(c) of Cule and Samworth (2010)

and (2.95) entail that
sup| fu(2) = fo(2)| —a.s. 0. (2.96)

z€R

212G o0) = [ Z Wan(z — 80— /a0l - 5n>)2dz
<2 Z (\/@xz —8.) — /g0l — %))de
+ 2/:; (\/90(2 —0,) — \/90(2 - 90)) 2d2>

97

Note that




where the first term on the right hand side of the last display approaches 0 almost surely by
(2.95). The second term is also bounded above by a constant multiple of go(z—anﬂ— go(z—bp),
which is integrable. Therefore using Lemma 2.14, Theorem 2.8(a), and Corollary 4, we
deduce that this term also converge to 0 almost surely. Hence H?(g,, go) —a.s. 0 follows.

Our next step is to find the rate of convergence of H (ﬁ, fo). To do so, we first introduce
the class of functions

Prro = {f e LC ‘ sup f(z) < M, f(x) > 1/M for all |z| < 1,

z€eR

Supp(f) C Supp(fo)}-

We will show that without loss of generality, one can assume that f; € Py for some
M > 0. To this end, we translate and rescale the data letting X; = aX; + 8, where a > 0
and # € R. Observe that the rescaled data has density fo(z) = a ' fo((z — 8)/a). Denote
by f(),n the MLE of f, based on the rescaled data. Note that the MLE is affine-equivalent,
which entails that fo,(z) = ! f,((x — 8)/a). Noting Hellinger distance is invariant under
affine transformations, we observe that H (ﬁl, fo) = H(fon, fo). Therefore it suffices to show
that H( fo,n, fo) —a.s. 0. Note that since fj is log-concave, int(dom( fy)) contains an interval.
We can choose a and ( in a way such that (z — 8)/« lie inside that interval for x = +1.

Then it is possible to find M > 0 large enough such that
follx = B)/a) > a/M, x==1,

or

min(fo(=1), fo(1)) > 1/M,
leading to
inf | fo(z) > 1/M,

z€[-1,1
since fo, or equivalently fo is unimodal. Hence without loss of generality, we can assume that

there exists M > 0 such that fo(xz) > 1/M for z € [—1,1]. We can choose M large enough
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such that additionally, sup fo(z) < M. On the other hand, (2.96) implies that the following
r€R

inequalities hold with probability one:

lim sup sup ﬁl(x) <M,
n zeR

and
lim Fu(£1) > 1/M.
Therefore fy € Paro, and with probability one, ﬁl € P as well for all sufficiently large n.
Doss and Wellner (2016) obtained the bracketing entropy of the class Pjso. They showed
that for any € > 0,
log N (€, Paro, H) S e /2,

~Y

The rest of the proof now follows from an application of Theorem 3.4.1 and 3.4.4 of Van der

Vaart and Wellner (1996). To this end, fixing ¢ > 0, for f € Pyo we define the function

2fo(z)
and we let M, denote the class
Me=A{my—my, = H(f, fo) <e}.

Also we denote

||Zn||m, = sup /hdZn.

heM

Then Theorem 3.4.4 of Van der Vaart and Wellner (1996) yields

P(my —my) S —H(f, fo),

and

~ j[ ](E,PM,Q,H)
Epl|Zn|lm. S J11(e, Paro, H) (1 e ’

where

Jp (€, Paro, H) = / \/log N (t, Paro, H)dt S €34
0
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Therefore it is easy to see that
Ep||Za|lm, S €+ 20712 = g(e),

where

g(t) =34 712712 5.
Notice that g(t)/t** is decreasing in t. Also, for any constant ¢ > 0, we have
n5g(en=2/%) = (3 4 V)t
Therefore an application of Theorem 3.4.1 of Van der Vaart and Wellner (1996) yields
H(fu. fo) = Op(n™*"),

which completes the proof of part A of Theorem 2.9.

Now we turn to the proof of part B. If z — 6 is a continuity point of gj, noting gn —a.s. o

by Theorem 2.8 and Corollary 4, we obtain that

\/go(:c —0,) — \/go(:v — o) L gz —60)
(é\n — 60) - 2\/ go(l‘ — 90) '

Noting ¢( is continuous almost everywhere with respect to Lebesgue measure, and using

Fatou’s lemma and part A of the current theorem, we obtain that

/oo (\/90(”3 ~0.) ~\alz 90))2d:c

lim inf ¥—=

n (§n — 6,)?
00 ! (e 2
> / (M) dx = 2 a.s. (2.97)
—o0 go(z — bo) 4
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Now observe that

2H(ﬁ17 f0)2

— /_OO ( Gn(z —0,) — g0z — 90))2dx
)

+/ (\/go(g;_én) - \/go(x—ﬁo))zdx-l-Tc,

oo
—00

8 8

where

t=2 [~ (Vanlo =8 - Vanlo =) (Voo =8) = Ve = 0 )

The inequality in (2.97) entails that for all sufficiently large n,

(é\n — QO)ZIfO

2H (fu: fo)? 2 2H (G 90)° +

—|T.| a.s.

We aim to show that the cross-term |T;| is small. In fact, we show that

| Te|
|9n - 90’2 + H(/g\m 90)2

= 0,(1). (2.98)
Suppose (2.98) holds. Then it follows that

2H(.]/‘;7 f0>2 Z 2H(§m 90)2

| =0T,

4 — 0p(1)H (Gn, 90)* — op(l)(fg\n — 0y,

which completes the proof because Zy, > 0.

Hence it remains to prove (2.98). To this end, notice that 7. can be written as

7.=2 [ (Va - Va) ) (Vi - Voo + 8, - 60) )
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For the sake of simplicity, we will denote 6y — ﬁn by ¢, from now on. Since g is absolutely

continuous, we can write

i (v [ )
Since gy € Sy, we have
[ (v

- [ (VEE - v ([, g

[ (575 ], )
i)

2
[ee] — ) )
— Gn(z / ——————=dt | dx]|,
A <\/ On 2 gO €T — t)
yielding

mi=2| [ (Vaio - Vi) ([ (A - Ao,

Using the Cauchy-Schwarz inequality, we obtain that

T ([ (Vi - vaw) o)
o 0 o(z o — 2 1/2
(/0 (/5 ﬁ(z go;()(; j)t) 2 go;o(x i)t))dt) dm) '

Since \/gn(z) — v/go(z) is an even function, the first term on the right hand side of the last

IT,| = 2

=2

(2.99)

inequality is v/2H (g, o). Hence,

T2 00 0 1 / / _ 2
e < / (/ —( pleti)  gle b )dt) da,
8H (Gn, 90)%62 0 5, 100l \2\/go(z +1)  2y/go(z — 1)

which, noting that

f, Sz tt) gl 1)

2v/go(x +1) 2/ go(x — 1)
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is an even function for each x > 0, can be bounded above by
oo |5n| 1 / t / _ t 2
[l [ (A e V),
0 o (0n)?\2y/go(z+1) 2y go(x —1)
using the Cauchy-Schwarz inequality. Therefore we obtain

<l L (%)d‘” o (%>d

= glr—t) golr+1)

o Vgolr —1)\/golz +1

00 2 ) 2
[ (0 Yo, ()Y T
0 go(z + 1) t go() 2
Now observe that for z € (—|d,[,0),

190(2)/ v/ 90(2)| = [¥6(2)[V/90(2) < [1(0n) [/ 90(0) = Op(1), (2.101)

since 1y € SCo, and 6, —4.5. 0. Hence, for ¢ € (0,0,|),
[ L)
- [ ) e [ ()
< 16a]16(61)°/90(0) + Ly, /2
= [0,|0p(1) + Ly, /2,

—2

)dx] dt. (2.100)

For t > 0,

where the last step follows from (2.101). Hence for any ¢ € (0, |0,]),

Our objective is to apply Fatou’s lemma on the third term on the right hand side of
(2.100). Therefore we want to ensure that the integrand is non-negative. Note that when

x > 16,] and t € (0,0,]), we have = > ¢, which leads to
golx —t)gp(x +1t) > 0. (2.103)
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Keeping that in mind, we partition the term

* gz —t) golz+1)
0 Vgo(r —1t) /go(z + 1)
_ _/°° golz—1) g+t ! ghle—t)  ghlz+1) i
6a1 v/ 90(x = 1) \/go(x + 1) o Vol =) /golz +1)
_/°° golz =) gyl +1t) d + 18,10, (1),
+ 1)

6a1 V/ 90(x — 1) \/go(x

where the last step follows from (2.101). The above combined with (2.100) and (2.102) leads

to

T2
WS S G, 90202

[0n 0o ’ o ’
o 10l J 5ul V/90(z — ) \/go( + 1)

= Op(1) limsup |0,,| + Zy,

|65 | . /
— 211m mf— / (r—t) golrt?) dxdt
16.] Jo 5\\/goa:—t\/goa:+t)

1o go(x +1t)  gylz —1)

/°° 0 Volz J|r§t)| Voolr—t) (2.104)
| n

=0+7Zf — 2liminf

n

nl

Therefore an application of Fatou’s Lemma and (2.103) yield

>l gy(z+t) golz —1)

t
/OO 0 Voolw J|r(5t>\ Vgo(z — ) dr > /Oo 96(33)2dx _ Iy
|6n | n 0

Thus (2.104) leads to

lim inf
2772
. E————)
HG s,
from which it is obvious that
VAT _ VA

10n|* + H(Gn> 90)> ~ 2H (Gn, 90)|0n|
which proves (2.98) and thus completes the proof of part B of Theorem 2.9. O

= 0P<1)a
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Proof of Lemma 2.8

From part A of Theorem 2.9, we obtain that ]?n is strongly Hellinger consistent for fy. As
a consequence, ||fn — follx —, 0. Therefore from proposition 2(c) of Cule and Samworth
(2010), it follows that,

sup fn(@) = fol@)| —as. 0. (2.105)

Now consider any compact set K = [by, by] C dom(¢yg). Observe that

sup [Go.q(x) — do(@)|

zeK

= suplog ——=

<o iupxeKlﬁl r) — fo()] 1),
& <min(fn(bl),fn(bz),fo(b1)>fo(bz)) ! )

since f, and f, are unimodal. From (2.105) it follows that sup,, |]?n(:c) — fo(z)| —as 0.
Also since by € dom(dg), fn(b1) —as. fo(b1) > 0. The same holds for f,(by), which establishes
that

sup |Gom(x) = do(2)] =a.s. 0.

Now from Lemma F.10 of Kuchibhotla et al. (2017), it follows that if ¢, is differentiable at
x € K, leading to
Bon(®) s, (),

which combined with (2.105) yields

~

fo@) =as fol@).

Part A of Theorem 2.9 also indicates that H(g,,g0) —as. 0, from which, proceeding like
above, one can show that similar results hold for g, and {/}\O,n as well, which completes the

proof. O
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2.6.3 Additional lemmas
2.6.4 Additional lemmas for the one-step estimators

Lemma 2.9. Consider ¢, € int(dom(vy)) such that ¢ < ¢'. Suppose ( —as. ¢, and
~sym

¢! —ras (. Letting wNO; denote log G, for g, = G:¥™, Ga,, §I°°Y™, or fm(én + ), under the

conditions of Theorem 2.5, we have

limsup sup |w~0;(z)|§C’<,¢/ a.s.,
n ZG[Cn,C;L]

where Ce ¢ is a constant depending on ¢ and ('. When g, = (ﬁﬁym)sm or fgm(én + ), the

above conclusion holds for any (,(" € R.

Proof. When g, equals the densities gg, , foeosvm F (G, 4-), or f(-4-0,), it is clear that ¢,
is concave. We will consider these choices of g, first. For the first three cases, the pointwise
limit of g, is o by Theorem 2.5. Note that we can choose (1, (] € dom(¢) such that 1%, is
continuous at (; and (7, and [( —€,(" + €] C [(1,(}] for some sufficiently small € > 0. Now

the conditions on ¢, and ¢/, underscore that for sufficiently large n,

[Gos G € GG as.

Now note that a concave 1, leads to a non-increasing @/;0;. Therefore on any interval, |@/;0;|
attains its maxima on either of the endpoints. As a consequence, the supremum of Woln| on
the interval [(1, (]| does not exceed |w~o;(f1)| + ’150;@{)\, which converges almost surely to

100 (C)| + [¥4(¢))| by Theorem 2.5. Therefore, we conclude that

limsup sup ]|1/50;<z>| < |0y(CO) + [9h(C)] s, (2.106)

n ZEKnyCiL
when g, = g3, ﬁeo’sym, or fu(-+6,). Now consider §, = f:‘;m(én + ). Note that the L
limit of this g, is g§™, and dom( ~3m) = R. Therefore for any (,(’ € R, the same arguments

as the previous case will lead to

limsup sup o, ()] < [ ()] + (G (D] aus. (2.107)

n 2€[Cn,Ch)
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Now let us consider the non-log-concave cases. Assume g, = g¥". Then from (2.55) we

obtain that

i) = ) ({how Y B+ 0)) = (1= ) (08 76, — ) ),

where f,, is the log-concave MLE and g,(x) < 1, leading to

. ~ r n T Y
limsup sup ¢, (z)] < sup |(log fm) (0 +2)[+ sup |[(log fin) (00 — )],
n T€[Cn,Cr) z€[Cn,Crl 2€([Cn,¢r )

which is bounded above by (2.106). Finally when g, = (ﬁjym)sm, from (2.56) we observe

that 150; can be expressed in terms of ﬁfm as
< o o
) = o) (08 T2 0+ ) = (1= g2 Qo Ty 6, — ) ),
for some ™ (x) < 1. Boundedness of 150; then follows from (2.107). O

2.6.5 Additional lemmas for the MLE
Lemma 2.10. Suppose €V € SLCy. Then ¢(x) < —log |2z| for all z € R.

Proof. Note that since e¥ € SLC,, for = > 0, we have,

1:/ ew(z)dzz/ ew(z)dz,

which is bounded below by 2e¥®x because 1) € SCy. Hence the result follows. m
Lemma 2.11. Suppose F' is a distribution function satisfying Condition A. Denote
int(J(F)) = (a,b)

for some a,b € [—00,0]. Suppose 1y is the mazimizer of V(0,1, F') over ¢ € SCy for some
0 € R. Then

int(dom(yy)) = (—d, d),

where d = (b—0) V (0 — a).
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Note that a or b can be oo, in which case d = 0o, and int(dom(zy)) = R.

Proof. Note that int(dom(vy)) = (—c¢, ¢) for some ¢ > 0. We first show that ¢ > d. Consider
the set A = (—d,d)\ dom(¢g). Note that unless d = co, (—d,d) = [—d, d]. Letting A denote
the indicator function 14, we observe that 1y + A = 1)y. Also note that
1y = argmax V(0,v, F(- 4+ 0)) = argmaxw(¢, F(- 4+ 0)),
$ESCo $ESCo
which follows from (2.3) and (2.21). Hence Proposition 5(ii) of Xu and Samworth (2017)

leads to

/_ T A@)dF(z 1 0) < / 7 A(2)e @ dg,

[e.e] —00

Since A = 0 on dom(¢)y), it follows that

/ dF(x +6) =0,
A
implying (a,b) N (A+6) = 0.
It is easy to see that if either a or b equals 0o, d = 0o, and A+6 = R\ dom(¢)y). Therefore

(a,b) N(A+6) = (a,b)\ (dom(%) + 9) =0,

which indicates that

(a,b) C (—c,c) + 0, (2.108)

implying (—c,¢) = R. Hence (—c¢,¢) = (—d,d), which completes the proof for this case.
Therefore it only remains to prove Lemma 2.11 for the case when both a and b are finite.
When a,b < oo, there can be two sub-cases. In the first case, b — 6 > 6 — a, which

indicates d = b — 6. In this case, [—d,d| + 0 = [20 — b, b], and
[a,b] C [20 —b,b] = [—d,d] + 0,

leading to
(a,b)\ (dom(we) + 9) = (a,b)N(A+0) =0,
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from which (2.108) follows. Therefore b < ¢+ 6, or d < ¢. In the second case b — 0 < 0 — a,
d=60—aand [—d,d|+0 = [a,20 — a]. Proceeding similarly as in the first case, we can again
show that ¢ > d. Hence we have established that ¢ > d in general.

Now suppose ¢ > d, which implies that a,b < co. Observe that in this case, there exists
a 1 € SCy, which equals ¥y on (—d,d) and —oo everywhere else. It is easy to verify that

when ¢ > d,

‘I’w,%,F) - \I}(Q7¢7F)

d c
= / Vo) dg — / e @ dy < 0.
—d —c

However, 1y satisfies W (0, 1y, F) > ¥ (0,1, F) for all ¢ € SCy, which leads to a contradiction.

Hence we conclude that ¢ = d, which completes the proof. ]

Lemma 2.12. Suppose F' satisfies Condition A and (2.24). Then

arg maxw(¢, F') = argmaxw(¢, F),
»eC PESCy

where the criterion function w is defined in (2.21).

Proof. First we consider the special case § = 0. For ¢ € C and F' symmetric about 0, using

(2.24) with 6 = 0, the criterion function w(¢, F') can be written as

/ o(z)dF (x / o(z)dF (x / e?®@ dx

_ /¢ ©)dF(— /¢ VAF (z / @Dy

_ / o(—2)dF(x / b(2)dF(z / @y
- [ i) - [ e,

which is not larger than

/_ Z wdﬂx} _ /_ " G- 2y

[e.e]
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by the convexity of the exponential function. This proves that a ¢ € SCy maximizes w(¢, F)

over C when F' is symmetric about 0. The proof for a general 6 follows in a similar way. [

Lemma 2.13. For any v € SCy with nonempty domain, and each € > 0, there exists a

function ' € SCqy for each € > 0 such that the following conditions are met:
(A) ¥(x) < P9(z) <(0) for all v € R.
(B)

P(x) > —[x] /e +1(0),

for all x € R.

(B) ¥ (z) | ¥(z) for each v €R as e 0.
Proof. Following the construction in Lemma 4.3 of Diimbgen et al. (2011) we set

PO(z) = inf (tz+c), z€eR, (2.109)
(t,c)eA

where

A:{(t,c)E]RX]R' lt] < 1/e, tx +c > P(x) foralla:E]R}.

Note that ¥(¢)(x) is concave by Lemma 4.3 of Diimbgen et al. (2011). To show that () is
symmetric about 0, observe that if tz + ¢ > ¢ (x) for all z € R, the symmetry of 1) about 0

leads to

—t(—x) +c¢ > ¢(—=z) for all z € R,

which can be rewritten as

—tx +c > ¢(x) for all z € R.
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Hence (t,¢) € A implies that (—t,¢) € A. As a result,

inf (tx+c¢)= inf (tx+c)= inf (—tx+c),
(t,e)eA (—t,c)eA (t,c)eA

which implies that ¥© € SCy. That ¢ < ¢ follows from Lemma 4.3 of Diimbgen et al.
(2011). Hence to prove part A, we need to show that (9 is bounded above by 1/(0).
Observe that since 19 € SCy, it is bounded above by (9(0), which, by (2.109), equals

the infrimum of the set
A'={c : (t,c) € A for some t € R}.

However, since ¢ € A’ satisfies tx + ¢ > ¢(z) for all z € R, and some ¢, we conclude that
Thus we obtain

»9(0) = inf A’ > 1(0). (2.110)

In light of (2.110), to prove part A of the current lemma, it suffices to show that ¢(0) € A’.
Since ¥ € SCy, for & > 0, we have ¢(x) < ' (0+)z +1(0). When x < 0, using the fact that
' (0+) < 0, we calculate

() = (=) < =/ (0+)z + 9(0) < &' (0+)z +1(0).
Therefore for all x € R, the following holds:
() <Y (04)x +1(0).

When —¢'(0+) < 1/e, (2.109) thus indicates that (—'(0+),1(0)) € A. In case —¢'(0+) >

1/e, we still have
P(x) < P'(0+)x +(0) < —z/e +(0), for all z > 0.

For x <0,
Y(z) =v(—z) <z/e+¢(0) < —x/e+(0).
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Therefore, it turns out that if —¢(0+) > 1/,
Y(z) < —z/e+(0) for all x € R,

which implies that (1/€,1(0)) € A. The above calculations indicate that there always exists
a t € R such that (¢,1(0)) € A, entailing that ¢(0) € A’. This fact, combined with (2.110),
yields that (9 (0) = ¢(0). Part A follows from (2.110).

Note that (2.109) and (2.110) imply that

0O (z) > —|z|/e +¥(0), z€R,

which settles the proof of part B.
Lemma 2.13(C) follows directly from Lemma 4.3 of Diimbgen et al. (2011). O

The next lemma is Pratt’s lemma (Pratt, 1960, Theorem 1). We state it here for conve-

nience.

Lemma 2.14. Suppose (2, F, p) is a measure space and a,, by, ¢, are sequences of functions
on §) converging almost everywhere to functions a,b,c respectively. Also all functions are

integrable and fand,u — fad,u and fcnd,u — fcdu. Moreover, a, < b, <c,. Then

/bndu—> /bd,u.
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Chapter 3

Bi-s*-concave distributions

3.1 Introduction

Diimbgen et al. (2017) investigated a shape constraint they called “bi-log-concavity” for dis-
tribution functions F' on R: a distribution function F' is bi-log-concave if both x — log F'(x)
and z — log(1 — F(z)) are concave functions of x. They noted that Bagnoli and Bergstrom
(2005) showed that any log-concave distribution with density f has a bi-log-concave distri-
bution function F', but that the inclusion is proper: there are many bi-log-concave distribu-
tions that are not log-concave, and in fact bi-log-concave distributions may not be unimodal.
Diimbgen et al. (2017) proved the following interesting theorem characterizing the class of

bi-log-concave distributions.

First a bit of notation:
JF)={zeR: 0< F(z) < 1}.
A distribution function F' is non-degenerate if J(F') # ().

Theorem 3.1. (DKW, 2017) For a non-degenerate distribution function F' the following

four statements are equivalent:
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(i) F is bi-log-concave.

(ii) F is continuous on R and differentiable on J(F') with derivative f = F' such that

< F(z)exp (f;((?) t)

F(x+1) fz)
>1—(1—F(x))exp (‘ (1—F(m))t>

for allx € J(F) and t € R.

(i1i) F is continuous on R and differentiable on J(F') with derivative f = F' such that
the hazard function f/(1 — F) is non-decreasing and reverse hazard function f/F is non-
increasing on J(F).

(iv) F'is continuous on R and differentiable on J(F') with bounded and strictly positive deriva-
tive f = F'. Furthermore, f is locally Lipschitz-continuous on J(F) with L'—derivative
f'=F" satisfying

_f2
1-F

L
<f=<%

An important implication of (iv) of Theorem 3.1 is that the inequalities can be rewritten

as follows:

1< —P(r) < Fa)(1— )L <1 _p@) <1

- f*(x)

This implies that the bi-log-concave family of distributions satisfies

V(F) = sup F(I)(l _ F(x))|f’<:17)|

zeJ(F) [ (x) =1 (3.1)

The parameter (F') arises in the study of quantile processes and transportation distances
between empirical distributions and true distributions on R: see e.g. Csorgé and Révész
(1978), Shorack and Wellner (1986, 2009b) Chapter 18, page 643, Bobkov and Ledoux (2017),
and del Barrio et al. (2005).
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3.2 Questions and extensions: the bi—s*-concave class

This immediately raises several questions:

Question 1 What about distributions in classes larger than the log-concave class? In par-
ticular what happens for the s—concave classes described by Borell (1975)7 See Dhar-
madhikari and Joag-Dev (1988), and Brascamp and Lieb (1976).

Question 2 s there a class of bi-s*-concave distributions with the property that if f is

s—concave, then F' is bi-s-concave (or perhaps bi-s*-concave with s* related to s)?

Question 3 Is there a class of bi-s*-concave distributions with a theorem analogous to
Theorem 3.1 with an analogue of Theorem 3.1(iv) implying that v(F") is bounded by

some function of s for all bi-s*-concave distributions F'?

We provide positive answers to Questions 1-3 when s € (—1,00), beginning with the

following definition of bi-s*-concavity of a distribution function F'.

Definition 1. For s € (—1,00] we let s* = s/(1+5) € (—o0, 1]. For s € (—1,0) we say that a
distribution function F on R is bi—s*—concave if both z + F* (x) and z + (1 — F(z))*" are
convex functions of x € J(F). For s € (0,00) we say that F'is bi—s*—concave if x — F* (z)
is concave for z € (inf J(F),00) and = +— (1 — F(z))*" is concave for z € (—oo,sup J(F)).
For s = 0 we say that F' is bi-O-concave (or bi-log-concave) if both xz ~— log F'(z) and
x +— log(l — F(x)) are concave functions of x € J(F'). Note that this definition of bi-log-

concavity is equivalent to the definition of bi-log-concavity given by Diimbgen et al. (2017).

To briefly explain this definition, recall that a density function f (or just a non-negative
function f) on R (or even on R?) is s—concave for s < 0 if f* is convex, while f is s—concave

for s > 0 if f* is concave on J(F'). Furthermore, from the theory of concave measures due
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to Borell (1975), Brascamp and Lieb (1976), and Rinott (1976), if f is s—concave, the prob-
ability measure P on (R, B) defined by P(B) = [, f(x)dx for Borel sets B, is t—concave
with ¢t = s/(1+s) = s* if s > —1; see Dharmadhikari and Joag-Dev (1988) for an intro-
duction, and Gardner (2002) for a comprehensive review. From the basic theory of Borell,
Brascamp and Lieb, and Rinott, it follows easily that if f is s—concave with s € (—1, o0},
then F and 1 — F' are s*—concave; i.e. the distribution function F' corresponding to f is
bi—s*—concave. This proof, as well as a simpler calculus type proof assuming that deriva-
tives exist, is given in Section 3.3. The same argument also establishes the corresponding
implication in the log-concave case since, in the log-concave case, s = 0 and s* = 0 as well. In
Section 3.5 we provide a complete characterization of the class of bi-s*-concave distributions
on R, answering Question 3.

For the moment we illustrate the definition with several examples.

Example 3. Suppose f, is the t—density with r > 0 “degrees of freedom”:

C,

fr(x) = (1 + x_z)(r+1)/2

for z € R.

Here C, = T'((r +1)/2)/(y/7L(r/2)). It is well-known (see e.g. Borell (1975)) that f,. € Ps,
the class of s—concave densities, if s < —1/(1 + r). Note that s takes values in (—1,0)
since r € (0,00). From the Borell-Brascamp-Lieb inequality we guess that the “right”
transformation h of F and 1 — F to define the Bi—s*—concave class is h(u) = u*" = u®/(1+9)
where s = —1/(1 + r), the largest possible value of s. This leads directly to Definition 1.
Note that s* in the Borell-Brascamp-Lieb inequality is well-defined since s > —1. Since
s = —(1+r)~! we see that we can take s* = s/(1 + s) = —1/r for the ¢, family. Then we
want to know if £ /" and (1— F,)~/" are convex. Direct computation shows that these are
convex functions of z. Plotting these for r € {1/2,1,4} we see that they are indeed convex.
Moreover we find that y(F,) = 14+1/r = 1/(1+s); this agrees nicely with the log-concave and
bi-log-concave picture when r = oo (so v(Fi) = v7(N(0,1)) = 1), and it yields distributions
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with arbitrarily large values of v(F') by considering v(F,) with r arbitrarily small. Note,
in particular, that this yields v(F;) = y(Cauchy) = 2. Also note that this suggests the
conjecture y(F) < 1/(1+ s) for all bi-s*-concave distribution functions F' where 1/(1 + s)

varies from 1 to oo as s varies from 0 to —1.

Example 4. Suppose that f,; is the family of F'—distributions with “degrees of freedom”
a > 0 and b > 0. (In statistical practice, if 7" has the density f,;, this would usually be
denoted by T' ~ F, , where b is the “numerator degrees of freedom” and a is the “denominator
degrees of freedom”. ) The density is given by

2(6/2)-1

fa,b(ﬂU) = Ca,bm

for z > 0.

(In fact, C(a,b) = a®?b*/2/Beta(a/2,b/2), and f.,(r) — gy(z) as a — oo where g, is the
Gamma density with parameters b/2 and b/2.) It is well-known (see e.g. Borell (1975)) that
fap € Ps, the class of s—concave densities, if s < —1/(1+ §) when @ > 2 and b > 2. This
implies that s € [—1/2,0), and the resulting s* = s/(1 + s) is in [-1,0). By Proposition 3
it follows that F*" and (1 — F))*" are convex; i.e. F and 1 — F are s*— concave. This is

confirmed by numerical computation.

Example 5. Suppose that f,;(z) = f(z;a,b) = (a/b)(x/b)~ V1 ) (x), the Pareto dis-
tribution with parameters a and b. In this case f,; is s—concave for each s < —1/(1 + a).
Thus we take s = —1/(1 +a) € (—1,0) for a € (0,00). Note that s* = s/(1+s) = —1/a.
Note that f,(z) = (x/b) - (b/a)*/T) is certainly convex. Furthermore, it is easily seen that

f'(x)
f* ()

CRgr(z)=(1— F(x)) =1—-s"=1+1/a forall x>b.

Thus the Pareto distribution is analogous to the exponential distribution in the log-concave

case in the sense that it is exactly on the convex and concave boundary.
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Example 6. Suppose that f.(z) = C,(1 — 22/r)"/?1|_ s s () where r € (0,00). Here
C,=T((3+7)/2)/(\/7rT(1 +r/2)).

Note that f, is s—concave with s = 2/r € (0, 00) since f/"(z) = Cf/r(l—ﬁ/r)l[,\/;,\/ﬂ(x) is
concave. As r — oo it is easily seen that f.(z) — (27)~/2 exp(—2?/2), the standard normal

density. Thus r = oo corresponds to s = 0. On the other hand,

g:(2) = Vrf(Vre) = e (1 —a®) Pl (e)

— 27"y q(x) asr —0.

Thus r = 0 corresponds to s = +o0.

2.0

1 | L L L L L L L L h
-1.0 -0.5 0.0 0.5 1.0

Figure 3.1: The s—concave densities g, of Example 6 with s = 2/r € (0,00): s = 1/8,
magenta; s = 1/2; green; s = 2, black; s = 4, blue; s = 8, red; s = 16, purple.

3.3 s-concavity of f implies s*-concavity of F' and 1 — F

Motivated by Examples 3-6, we first give an extension of the log-concave preservation result

of Bagnoli and Bergstrom (2005); also see Lemma 3 of An (1998).
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Proposition 2. (Bagnoli and Bergstrom; An; Barlow and Proschan)
If f is log-concave then both F' and 1 — F are log-concave; i.e. log F' and log(1 — F) are

concave.

Proposition 3. If f is s—concave with s € (—1,00), then both F' and 1—F are s* = s/(1+5)
concave; i.e. F*" and (1—F)* are convex when s < 0; and log F' and log(1 — F) are concave

when s = 0; and F*" and (1 — F)*" are conver when s > 0. Equivalently, F is bi-s*-concave.

Remark 1. Results related to Proposition 2 have a long history in reliability theory and
econometrics. Barlow and Proschan (1975) (Lemma 5.8, page 77) showed that if f is log-
concave (i.e. PFy, or Polya frequency of order 2), then f/(1 — F) is non-decreasing (or
“Increasing Failure Rate” in their terminology); they also noted that the IFR property is
equivalent to 1 — F' being log-concave. Their proof of the IFR property using the equivalence
of log-concavity of f and f € PF; is delightfully short and does not rely on existence of
f'- An (1998) also proves Proposition 2 using PF, equivalences to log-concavity without
requiring existence of f’. The simple “calculus based” proof given here and taken from
Bagnoli and Bergstrom (2005), which relies on the classical “second-order conditions” for
convexity (see e.g. Boyd and Vandenberghe (2004), section 3.1.4), was apparently given by
Dierker (1991), but is likely to have a much longer history.

In the modern theory of convexity, Proposition 2 is an immediate consequence of the
results of Prekopa (1973). As we will see in the second proof, Proposition 3 is an immediate

consequence of the results of Borell (1975), Brascamp and Lieb (1976), and Rinott (1976).

Proof of Proposition 2
First Proof, assuming f’ exists:
Fact 1: First note that f is log-concave if and only if f’/f is non-increasing.

Fact 2: Note that F(z) = [ f(y)dy is log-concave if and only if f'(z)F(z) — f?(z) < 0. To
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see this, note that

(log F)'(z) = %(w), and
" 2 'F— 2

Now if f is log-concave we can use fact 1 to write
f/ T
Fare = Lw [ o

T f/(y) B z )
< / Wy = / f(y)dy
f(x) - f(a) = [(2).

Rearranging this inequality yields f'(z)F(z) — f*(z) < 0, and by Fact 2 we conclude that F'

is log-concave. Note that this inequality also can be rewritten as JJ:;((?)F(I) < 1, and hence

we conclude that

Fz)(1-F(z))<1—-F(x) <1

The argument for 1 — F' is analogous and yields the inequality }c;((ﬁ,))(l — F(z)) > -1, and

hence we conclude that

f'(x)
f* ()

Thus both F and 1 — F are log-concave, and v(F') < 1. O

F(a)(1 - F(x) > ~F(x) > 1

Second Proof, general (without assuming [’ exists): See the second proof of Propo-

sition 3 below.

Proof of Proposition 3
First Proof, assuming [’ exists:

Suppose s € (—1,0); the proof for s > 0 is similar.
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Fact 1-s: First note that f is s—concave for s < 0 if and only if ¢ = f* is convex on J(F),

which is equivalent to ¢’ being non-decreasing. But we find
() = (f) (@) = sf* (@) f (z) = sf(2)(f'(x)/ f(2)).
Fact 2-s: Note that F(z) = [ f(y)dy is s*—concave for s* < 0 if and only if
(s* = 1)f*+ Ff <0on J(F).
To see this, note that for x € J(F)

(F7)(@) = s"F"7!(2)f(z), and

(FSY'(z) = s*(s* = 1)F* () (%(m)) + s* ];Eg F* ()
_ S*FS*(x) §F — 2y )
> 0

if and only if (since s* = s/(1+s) < 0)
(s" = 1) f*(x) + F(x)f'(x) < 0.

Now if f is s—concave and x € J(F) we can use fact 1-s to write

/

1 (@) ) Fle) = sfs<x>f7'<a:> / " Fy)dy
> / sf5<y>§((yy))f<y>dy= / SF* () () dy

— s : (f5+1($) _ fs—i-l(a)) _ ﬁfﬁ_l(ﬂf)-

Rearranging this inequality (and noting that s < 0) yields (s* — 1) f2+ F'f’ < 0, and by Fact

2-s we conclude that F' is s*—concave. Note that for x € J(F') this inequality can also be

rewritten as £ /(2))F (r) < -, and hence we conclude that

fA( 1+s?
[ (z) 1 I .
fQ(x)F(x)“_F(fE))S1+S(1—F(ZE))§1+S_1 )
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The argument for 1 — F' is analogous and yields the inequality J{;((?)(l —F(z)) > —-L =

—(1 —s*), and hence we conclude that

f'(x) R > L 1
P @1 = F@) > F(z) >

- 1+
Thus both F and 1 — F are s*—concave, and v(F') < 1/(1+ s). O

Proof of Proposition 3
Second Proof, general (without assuming f’ exists): First some background and
definitions:

e Leta,b>0andf e (0,1). The generalized mean of order s € R is defined by

(

(1 —0)a® +0b*)V/, if £5¢€(0,00),

a0’ if s =0,
M(a,b;0) = <

max{a, b}, if s = o0,

min{a, b}, if s = —o0.

\

e Let (M,d) be a metric space with Borel o—field M. A measure p on M is called

t—concave if for nonempty sets A, B € M and 0 < # < 1 we have
(1= O)A+0B) > My (A), 1o (B): ).

e A non-negative real-valued function h on (M,d) is called s—concave if for z,y € M and
0 <0 <1 we have
h((1 = 0)x +0y) = My(h(z), h(y);0).

e Suppose (M,d) = (R¥,|-|), k—dimensional Euclidean space with the usual Euclidean
metric and suppose that f is an s—concave density function with respect to Lebesgue measure

A on By, and consider the probability measure p on By defined by

u(B) = / fdx for all B € B.
B
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Then by a theorem of Borell (1975), Brascamp and Lieb (1976), and Rinott (1976), the
measure p is s* concave where s* = s/(1 + ks) if s € (—1/k,00) and s* =0 if s = 0.
e Here we are in the case kK = 1. Thus for s € (—1,00) the measure p is s* concave: for

s€(—-1,0), A,BeB;,and 0 < 6 < 1,
px((L = 0)A+6B) > M- (p(A), p(B); 0); (3.2)

here p, denotes inner measure (which is needed in general in view of examples noted by Erdés
and Stone (1970)). With this preparation we can give our second proof of Proposition 3: if
A = (—o0,z] and B = (—o0,y| for z,y € J(F), it is easily seen that

(1-0)A+60B = {(1-0)2"+0y: 2/ <=z, ¢y <y}
C {(1=0)2 +0y: (1—-0)2"+0y <(1—0)x+ 0y}
= (=00, (L—0)z +0y].

Therefore, with the second inequality following from (3.2)

F((1—=0)z+0y) = p((—oo,(1—0)x+0y])
p((1 = ) (=00, z] + 0(—00,y])

> Mo (pu((—00,2]), p((—00,y]); 0) = M- (F(x), F(y);0);

Y

i.e. Fis s*—concave. Similarly, taking A = (x,00) and B = (y, 00) it follows that 1 — F' is
s*—concave.

Note that this argument contains a second proof of Proposition 2 when s = 0. U
3.4 Bi-s*-concave is bigger than s—concave

Here we note that just as the class of bi-log-concave distributions is considerably larger
than the class of log-concave distributions (as shown by Diimbgen et al. (2017)), the class of

bi—s*—concave distributions is considerably larger than the class of s—concave distributions.
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In particular, multimodal distributions are allowed in both the bi-log-concave and the bi-s-

concave classes.

Example 7. (Diimbgen et al. (2017), pages 2-3) Suppose that f is the mixture (1/2)N(—0d, 1)+
(1/2)N(6,1). Diimbgen et al. (2017) showed (numerically) that the corresponding distribu-
tion function F' is bi-log-concave for § < 1.34 but not for 6 > 1.35. This distribution has a

bi-modal density for § = 1.34.

Example 8. Now suppose that f is the mixture (1/2)t;(- — §) + (1/2)t,(- + 6) with 6 > 0
where t, is the standard t density with r degrees of freedom as in Example 7. By numerical
calculation, this density is bi—s*—concave for § = 1.4, but fails to be bi—s*—concave for
0 = 1.5. Again by numerical calculations the ¢; mixture density with § = 1.475 is bi-
(—1/2)*-concave, but with 6 = 1.48 it is not bi-(—1/2)*-concave; see Figure 3.5.

The following plots illustrate the bounds in Section 3.5.

Figure 3.2: The bi—s*—concave t; mixture distribution function F' (black) for 6 = 1.3 with
its convex upper bound Fy (red) and concave lower bound Fy, (blue) defined by (3.8) and
(3.9).

Upper and lower bounds for the density f = F’ of F follow from (iii) of Theorem 3.2.
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These bounds are illustrated for the bi—s*—concave distribution ¢; mixture with 6 = 1.3 in

Figure 3.3.

Fy = fIF1-") Fy = fl(1-F)(1=5")

Figure 3.3: The bi-s*-concave ¢; mixture density function f (black), § = 1.3, with its bi-s*-
concave upper bounds F}; (red) and Fj (blue) defined by (3.11) and (3.10).

To get some feeling for what is happening with the Csorgé - Révész condition, Figure 3.5

gives plots of the two functions

o F@
CR@x) = Pl - Fe) 5,
CRuin() = min{F<x>,1_F<x)}Jf2((";)).
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(1-s*)f?IF

PAM

. L | L L L L L L | .

-4 = L 2 4
-0.2+

-(1-8")f?/(1-F)

-0.4}

Figure 3.4: The bi-s*-concave ¢; mixture density function derivative f’ (black) for § = 1.3

with its bi-s*-concave upper (blue) and lower (red) bounds as given in (iv) of Theorem 3.2.

CRmin

Figure 3.5: The Csorgé-Révész functions CR (blue) and CR,,;;, (red) for the mixed ¢; density
with 6 = 1.475 .
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3.5 The bi-s*-concave analogue of Theorem 3.1

3.5.1 Characterization theorem, bi-s*-concave class

Now we can formulate the natural bi-s*-concave analogue of Theorem 3.1.

Theorem 3.2. Let s € (—1,00|. For a non-degenerate distribution function F' the following
four statements are equivalent:

(i) F is bi-s*-concave.

(ii) F is continuous on R and differentiable on J(F') with derivative f = F'. Moreover when

s <0,

1/s*
< F(x)- (1 + 5 f<(’”))t>

F(x+1) 1s* (3.3)
>1-(1- F(2)) (1 s 1_F($)t)+
forallz € R andt € R. When s > 0,
1/s*

< F(x) - (l—i—s*f((z))t) : fort € (a—x,00)

F(z+1) " (3.4)
>1—(1-F <1 ) , forte (—oo,b—1x)

+

for all x € J(F) .
(iii) F is continuous on R and differentiable on J(F') with derivative f = F' such that
the s*—hazard function f/(1— F)'=%" is non-decreasing, and the reverse s*—hazard function
[/FY=*" is non-increasing on J(F).
(iv) F is continuous on R and differentiable on J(F) with bounded and strictly positive
deriative f = F'. Furthermore, f is locally Lipschitz-continuous on J(F) with L*—derivative
f'=F" satisfying

f? : f?

—(1—3s" <f<(1—s8"=. .
- <pca-sL (3.5)
Recall that s* = s/(1+s) € (—o0,1] and (1 —s*) =1/(1+ s) € [0,00). Alternatively,
f? f?

< <,
g sUrOfsg
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This yields the following corollary extending (3.1) from s =0 to s € (—1, 00].

Corollary 5. Suppose that F is bi-s*-concave for s € (—1,00]. Then

O 1 I
and
~ — 3 o T |f/(l')| —S* _ 1
A(F) —xzblgw)mln{F(x),l F(z)} 02) <1 =133

Remark 2. The three distribution functions F' considered by Shorack and Wellner (1986,
2009b) page 644 all involved log-concave densities with the resulting bound for v(F') being
1. Theorem 3.2 and Corollary 5 give a rather complete description of how the values of v(F)

and 7(F') depend on the index s* of bi-s*-concavity.

Proof of Theorem 3.2. 1f s = 0, the proof follows from Theorem 3.1 of Diimbgen et al. (2017).
When s =00, s* =1 and 1 — s* = 0. In this case f’ = 0 almost everywhere (Lebesgue) and
f is a uniform density on (a,b). When s € (0,00) the proof is essentially the same as for
s = 0 with only two minor modifications (in the proof of (i) implies (ii) and in the proof of
(iii) implies (iv)); see Section 3.8 for complete details. It remains to consider the case when

€ (—1,0). Our proof closely parallels the proof for the case s = 0 given by Diimbgen et al.
(2017). Throughout our proof we will denote inf J(F') and sup J(F') by a and b respectively.
Notice that if F' is continuous, J(F) = (a,b).

Proof of (i) implies (ii): Since F is bi-s*-concave with s* < 0, 1 = F/*" is convex on
J(F). Since ¥(z) = 1 and oo for x > sup J(F) and x < inf J(F') respectively, ¢ is convex on
R. By the convex version of Lemma 6 of Diimbgen et al. (2017) 1) is continuous on the interior
of {¢ < co}. Therefore ¢ and hence F is continuous on the interior of the set {F > 0} or
(a,00). Similarly, the s*-concavity of 1 — F' implies continuity of 1 — F' on the interior of
the set {1 — F' > 0} := (—o00,b) where b := sup{F < 1}. However unless a < b, F' would be

degenerate. Hence, a < b and F' is continuous on R. More precisely J(F) = (a,b).
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Let = € (a,b). Convexity of ¢ implies that

Ys'(m+t) — () 1 .
F’(Jjj:) _ t_)%]i’rjg>0 w (I + 2 w ( ) _ Ew(x)l/s flw/(xi>

exist and satisfy
F'(z—) < F'(z+).
Similarly, convexity of (1 — F)*" yields
(1= F)(a+) =2 (1= F)'(z—)
which implies that
—F'(z+) > —F'(z—).

Therefore F'(x—) = F'(z+) which proves the differentiability of F. It also shows that
U(a+) = ¢'(a—) = ¢'(x) on (a,b).

By Lemma 6 (convex version) of Diimbgen et al. (2017) for each z € (a,b) and ¢ €
[V (x—), ¢/ (z+)] one has

Y(x+1t)—(x) >ct forallt €R.
Therefore
o +t) — b(z) > /().

Hence,

*

F*(x+1) = F¥(2) > ts" f(x) F ()",

or, with x; = max{z, 0},

F* (2 + 1) (@)
) (1 " WQ .
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Hence,

Flatt) (1 5" ]“?((Z)) t) "
+

Analogously it follows that

(1= F(z+1)" = (1= F(2)" > ~ts"f(z)(1 = F(x))" ™

(o) = (eili),

1/s*
Flz+t)>1—(1-F(2))- (1 —ts*#) .

which yields

or

Hence (3.3) is proved.
Since (ii) holds, F' is continuous and differentiable on J(F') with derivative f = F” and
satisfies (3.3). Now let z,y € J(F') with < y. Let

h=f/F". (3.6)

Then applying (3.3) we obtain that

Hence,

*

F* ()

vV
g
<
=
CD*

Therefore

s*(x —y)(h(y) — h(z)) <0
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where s*(z — y) > 0, implying that h(y) < h(z). Therefore h is non-increasing. Now let

h=f/1—F) (3.7)

From (3.3) we also obtain that

f()

(1—- F(x))s —(1- F(y))s* > —ts" (1— Fy)—=

— —t5"h(y)

or

(1= F())” > (1-F)" — (& —y)sh(y)

Since s*(y — z) < 0, the last inequality leads to

implying that his non-decreasing.

Proof of (iii) implies (iv): If the conditions of (iii) hold, then it immediately follows that
f>0on J(F). If not, suppose that f(x¢) = 0 for some z¢ € J(F). Now J(F') = (a,b) since
F is continuous. Since f(z)/F(x)'™*" is non-increasing, f(z) = 0 for = € [x¢,b). Similarly
since f(z)/(1 — F(x))'™*" is non-decreasing we obtain f(x) = 0 for x € (a, zo]. Therefore,
F" =0 or F is constant on J(F). Then F violates the continuity condition of (iii). Hence
f>0on J(F).

Suppose h and h are as defined in (3.6) and (3.7). Then the monotonicities of h and h
imply that for any =, xy € J(F),

F1=5"(z)h(z) < h(zo) if = > x,

o) = =t
(1 —F(x))'*"h(z) < h(zy) if o < xp.
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Next, let ¢,d € J(F) with ¢ < d. We will bound (f(y) — f(z))/(y — x) for z,y € J(F) such
that z,y € (¢, d) with  # y. This will yield local Lipschitz-continuity of f on J(F'). To this
end, note that

fy) —fl@) _ F@hly) — F77 (@)h(z)
y—u y—
_ h@FlﬁﬁifIW@+Fkﬂmﬂﬁigﬂ
<  h(c) - (y; : 51_8*(@

*

= h()(1 =) f(2)F~ () = (1= s")h(c)h(w) F' 7" (x)

as y — x. Here the inequality followed from the fact that
hy) o) _
y—x
which holds since h is non-increasing. Now since h(z) < h(c), 1 —2s* >0, 1 — s* > 0, and
F(z) < F(d), we find that
lim sup f(y) — f(iL') < (1 . S*)h<c)2F1—2s* (d)
Y= y—x

for all x € (c,d). Analogously with F' =1 — F we obtain that

fly) = flx) _ = (yhly) — F (2)h(z)
Yy—x Yy—x
__B@FFW2:5“W@+F1ﬂ@M2:§@
>yt

since, by the non-decreasing property of h, for any x,y € J(F),

h(y) — h(z)
y—x

> 0.

Next observe that since 1 — s* = 1/(1 + s) > 0, and F is nonincreasing,

N
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Hence as y — x it follows that

timing L) — f(@)

y—a y—x

v

—h(d)(1 — ) f(x)F~* (x)
= —h(d)h(@)(1 - )F ().

Therefore using the fact that h(z) < h(d) and 1 — 2s* > 0 we conclude that

lim inf Jly) = J(z) > —h(d)*(1 — ") 27 (c).

y—o y—x
Combining the above with (3.8) we find that f is Lipschitz-continuous on (¢, d) with Lipschitz-

constant
max{(1 — s )h(c)>F'"2"(d), (1 — s")h(d)2F 2" ()}

This proves that f is locally Lipschitz continuous on J(F'). Hence, f is also locally absolutely

continuous with L!-derivative f’ such that

v
o) = Ja) = [ F(0dt tor all oy € J(P);
hence f'(z) can be chosen so that

f,<ilf) S |:11H1 inf M’ lim sup M} )
y—z y—x . y—
However (3.8) and (3.8) imply that for ¢ < z < d,
[lim inf M, lim sup M]

y—=T Yy—x y—x Yy—x

c [ (1= )R (), (1 — s*)h(c)2F12s*(d)}

Now since f and F' are continuous and F' > 0 on J(F), so are h and h. Therefore, letting
¢,d — x it follows that

(1= ) (@2 ()
F2—2s* ($)

fz)?F 2 ()
F2-2" ()

< flz) < (1=57)
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and this implies (3.5).

Proof of (iv) implies (i): The fact that (iii) implies (i) can be easily proved since f/F*~*
non-increasing on J(F') implies that F'*" is convex on J(F). Also 1 < F*¥ < oo on J(F). Now
F$"(z) = oo for x < inf J(F) and F* (z) = 1 for x > sup J(F). Therefore F**" is convex
on R. Similarly one can show that (1 — F)® is convex on R. Hence F is bi-s*-concave.
Therefore it is enough to prove that (iv) implies (iii).

By Lemma 7 of Diimbgen et al. (2017) h is non-increasing on J(F') if and only if for any
x € J(F) the following holds:

hy) —hlw) _

lim sup
Y= y—x

Suppose = # y € J(F) and r := min(z,y) and s := max(x,y). Then it follows that

h(y) = h(z) _ fW)/F"(y) = f(z)/F' (x)

y—x Yy—x
v fy =) /() F'™(y) — F'" (x)
Fly)  y—o  Fo@EG)  y-a
_ 1w f(x) F'= (y) — '~ ()
F1=i(y)  s—r FH () F =" (y) y—
1_3 f(t) f(x) P (y) — F' (2)
= Fls (s —1) / dt_F1 () 15" (y) y—x '

by (3.5). Since F' is continuous by (iv), J(F') must be an interval. Also since z,y € J(F),
[r,s] C J(F). Since f and F are continuous on J(F) and F' > 0 on J(F), f?/F is continuous
and integrable on J(F') and hence also on [r, s|. Letting y — x we obtain that

lim sup h(y> — h(a:) < (1 - S*)f<x>2 B (1 — 8*)f(x)2

= 0.
yoo Y= F2=e () F=ei(z)

Analogously by Lemma 7 of Diimbgen et al. (2017), to show his non-decreasing it is enough
to show that



To verify this suppose z # y € J(F) and r := min(z,y) and s := max(z,y). As before we

calculate
hy) —hx) _ f)/F (y) = f@)/F (x)
y—x y—x

- f@) @) P - )
= (y)  y—ua F1=s7(2) F1=% (y) y—z

L frmd f@) P - P ()
F'="(y) s—r  F="(a)F'=(y) y—u
By —C FI=r(y) = F'*(2)

F'&=(y)(s —r) Jr F(2) 1= (@) F1=" (y) y—z

by (3.5). Since f and F are continuous on J(F), letting y — x it follows that

o ing 20 = R@) (=) f@)? (1= 5 (@)

_ _ = 0.
e = (2) =" (2)

3.5.2  Bounds for F bi-s*-concave when s < 0.

First, upper and lower bounds on F: Note that (1 +y)" > 1+ ry for any r < 0 and y > —1.
Taking y = —F(x) and r = s* yields

(1—-F(x)* 21—s"F(z)

or, by rearranging,

1

Pla) < —

{(1=F(2)* — 1} = Fys(z) = Fy(z) (3.8)

where Fy is a convex function if F' is bi—s*—concave. Similarly, taking y = —(1 — F'(x)) and
r = s* yields, by rearranging terms

1

_S*

F(z) > {1=5") = F(2)*"} = Frs(x) = Fr(x) (3.9)
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where Fj is a concave function if F' is bi—s*—concave. Note that

, (@) @)
U = TR~ = Ry 1

is monotone non-decreasing, while

/ f(@) f(z)
File) = m=r @y = Fiom) (3.11)

is monotone non-increasing. Therefore

0< Fj(z) = (1= Fa)" 2 {(1 =) f*(x) + (1 = F(x))f'(x) },
0> Ff(x) = F(z)* 2 {(s" = 1) f*(2) + F(2) f'(2)} .
The upper and lower bounds in (iv) of Theorem 3.2 follow by rearranging these inequalities.

Taking F' to be the distribution function of #; and plotting the bounds for F, F' = f and

F" = " yields the following three figures.

Figure 3.6: The bi—s*—concave t; distribution function F' (black) with its convex upper
bound Fy (red) and concave lower bound Fy, (blue), where Fy; and Fp, are given in (3.8) and

(3.9).

Upper bounds for the density f = F” of F follow from (iii) of Theorem 3.2: These bounds

are illustrated for the bi-s*-concave distribution ¢; in Figure 3.7.
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Figure 3.7: The bi-s*-concave t; density function f (black) with its bi-s*-concave upper

bounds F}; (red) and Fj (blue) as given by (3.10) and (3.11).

Upper and lower bounds for the derivative f’ of f are given in (iv) of Theorem 3.2: These

bounds are illustrated for the bi—s*—concave distribution ¢; in Figure 3.8.

3.5.8 Bounds for F bi-s*-concave when s > 0.

Upper and lower bounds on F: Note that now (14y)” < 1+7ry for any r € (0,1] and y > —1
by concavity of (1 +y)". Taking y = —F(z) and r = s* > 0 (since s > 0) yields

(1—F(x)" <1-5"F(x).

By rearranging,

1 S*
Flz) = — A= F())” -1}
1 *
= S {1-(-F@)"} = Fus(2) = Fu(e) (3.12)
where Fy is a convex function if F' is bi—s*—concave. Similarly, taking y = —(1 — F(z)) and

r = §* yields, by rearranging terms

F(x) > Sl F(z)* — (1= s} = Fp4(2) = Fi(2) (3.13)
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(1-s")f?IF

Figure 3.8: The bi-s*-concave t; density function derivative f’ (black) with its bi-s*-concave

lower (red) and upper (blue) bounds as given in (iv) of Theorem 3.2.

where FJ is a concave function if F' is bi—s*—concave. Note that

, (@) @)
O = T~ = Ry o

is monotone non-decreasing, while

: f(x) f(z)
Fi(v) = 7 @~ FU0e() (3.15)

is monotone non-increasing. Therefore

0< Fj(x)=(1~F *2{1—3 )2 (x) + (1 = F(x)) f'(x)},
0> Fl'(z) = 5‘2{ )+ F(x)f'(x)} .

Again note that the upper and lower bounds in (iv) of Theorem 3.2 follow by rearranging
these inequalities.

Taking F' to be the distribution function of g(-,r) with » = 1 as in Example 6 and plotting
the bounds for F', F/ = f and F" = f’ yields the following three figures.
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Figure 3.9: The bi-s*-concave distribution function F' (black) corresponding to g(-;1) of
Example 6 with its convex upper bound Fy (red) and concave lower bound Fy, (blue) (where

Fy and Fy, are given in (3.12) and (3.13)).

Upper and lower bounds for the density f = F’ of F' follow from (iii) of Theorem 3.2.
These bounds are illustrated for the bi-s*-concave distribution F' corresponding to g(+; 1) of
Example 6 in Figure 3.10.

Upper and lower bounds for the derivative f’ of f are given in (iv) of Theorem 3.2 These
bounds are illustrated for the bi-s*-concave distribution function F' with density g(+;1) as in

Example 6 in Figure 3.11.
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F, = f/F(1-%) Fy = fi(1-F)(1=")

-1.0 -0.5 0.0 0.5 1.0

Figure 3.10: The bi-s*-concave density function g(-;1) of Example 6 (black) with its bi-s*-
concave upper bounds F] and F}; given in (3.15) and (3.14).

1.5F
1.0;
o (1-s")f2IF
—’IL.O‘ ‘ : : o ‘ ‘ ‘ - ‘ ‘ ‘ 015 ‘ ‘ ‘ 1.0

(1-5")(1-F) 05/

-1.0F

-15F

Figure 3.11: F” = f’ (black) for the bi-s*-concave function F' corresponding to the density
g(+;1) as in Example 6 with its bi-s*-concave upper (blue) and lower (red) bounds as given

in (iv) of Theorem 3.2.
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3.6 A consequence for Fisher information

In this section we suppose that F' is a bi-s*-concave distribution function with absolutely
continuous density f with respect to Lebesgue measure. Then from (3.5) of Theorem 3.2 it

follows that

|f'(z)] 1 f(@) for all z € J(F)

and hence that

= () s
| F2(x)
S Trap / F@) A Fayp @

<o U [ o)

< (1+—28)2max{/R <%>2dF,/R (%)2%}. (3.16)

But with h = f'/f, we find that

) . . hdF
/_ hdF:/ (f'W)/ ) f(y)dy = f(z) and JJ;<($)) B f_;(x) ’

—0o0

while

| nir = [T ripsay = s, s - i

Thus by the L, version of Hardy’s inequality

[(LY ar = [ (Y fie=as, e
/xg(lf%zx))QdF(m) = 4/}}@(‘?&;03(%)%:4#- (3.17)




Combining the inequalities in (3.16) and (3.17) yields

b = () oo (L) o)

8
< -
— (14 9)?

Iy. (3.18)

But we note that the densities f, in Example 4 have

_r TE-DT ()
f'r_2 F(%+1)2 /00

asr N\, 2, and Iy, = oo for 0 < r < 2. In this latter case all the integrals in (3.18) are infinite.
3.7 Confidence Bands for F € F,_,-

Suppose that (L,,U,) is a 1 — « confidence band for an arbitrary distribution function F
that is,
Pe(L, <F<U,)=1-q.

If we may assume, in addition, that F' € Fy;_¢, then we can refine this initial confidence

band as follows: let

Ly(x) = inf{G(x): G € Fp_s, L, <G < U,},
Ur(z) = sup{G(x): G € Fp_g, L, <G < U,}.

If no bi-s*-concave distribution function F' is contained in the band (L,,, U, ), then set L} =1
and U} = 0 and conclude that with confidence 1 — o F' ¢ Fp;_s». But if ' € Fp; s+ this

happens with probability at most « since
PL;<F<U)=PL,<F<U,) if Fe& Fp_s.

Now we use the procedure Conclnt(-, -) developed in Diimbgen et al. (2017). As explained
by DKW (2017), given any finite set T = {to,...,t,} of real numbers ty < t; < -+ < t,,
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and any pair ({,u) of functions l,u : T — [—00, 00) with | < u pointwise and [(t) > —oo for

at least two different points ¢ € T, this procedure computes the pair (I°,u°) where

°(r) = inf{g(z): g concaveon R, I < g<u on T},

u’(x) = sup{g(z): g concaveon R, [ < g<wu onT}.

First note that {° is the smallest concave majorant of [ on 7; thus it may be computed by a
version of the pool-adjacent - violators algorithm; see for example Robertson et al. (1988),

page 8ff. [Use Iem(-) in fdrtool R)".]

Then we obtain indices 0 < j(0) < j(1) < --- < j(b) < m such that

= —O 0n R\ [tj(o), tj(b)],
I° < is linear on [ti(a—1): tj(a)] for 1 <a <b,

changes slope at ¢, if 1 <a <b.

With [° in hand, we then check to see if ° < w on 7. If this fails, then there is no concave
function lying between [ and u, and the procedure returns an error message. If this test

succeeds, then we compute u®(x) as

u(s) — 1°(r)

(x—s): r€76,r<3§xorx§s<r}
s—r

mm{u@y+

where 7o = {t;(1),tj(2),---,tjw)}- [The rest of the description of the procedure Conclnt(-,-)
is just as in DKW (2017).]

When s < 0 and hence s* < 0, let g(v; s*) = g(v) = —v* and h(v;s*) = h(v) = (—v)/*".
[This is the most important new case. When s = s* = 0, g(v) = log(v), h(v) = exp(v).
When s > 0 and hence s* > 0, g(v) = v*" and h(v) = v'/*".] Here is pseudocode for the

Thttps://rdrr.io/cran/fdrtool /man/gemlem.html
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computation of (L}, Uy).

(L, UY) < (L, Uy,)

(I° u®) « ConcInt(g(L%), g(U?)

(L3, Uy) = (R(1%), h(u))

(10, 9 < Conclnt(g(1 —U}), g(1 — L%))
(Ly, Uy) = (1= h(u®), 1 = h(1%))

while (L}, U*) # (L%, U?) do

(LE, U « (L, U,)

(1°,u®) < Conelnt(g(LY), g(U?)

(Ly Uy) = (R(I°), h(u))

(ZO, ) <~ ConcInt(g(1 —U), g(1 — L))
(L5, UY) « (1 — h(u®),1 — (%)

end while

In order to establish some properties of our new confidence bands, we first need the

following lemma:

Lemma 2*. Let s € (0,1) or s > 0. For real numbers a < b and 0 < u < v < 1 define

v —u” = w) = (1= 0)*]
N "= s*(b—a) ’

(i) If L,(a) > w and U,(b) < v, then L and U} are Lipschitz-continuous on

R with Lipschitz constant max{vyi,v2}.
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(ii) If U,(a) < w and L, (b) > v, then
1/s*
Ur(z) < u<1 + s yu (2 — a)) for z <a, and

1/s*
1-L(z) < (1—v) (1 — 5"y(1 —v)" (z — b)> for = >b.

Proof. If L$ = 1and U™ = 0, there isno G € F,_ lying between L,, and U,,. In this case the
statements of Lemma 2°" are trivially true. Otherwise let the set Cry = {G € |L,, < G < U,}
be non-empty.

Proof of (i). Let G € Cpy with density g. Notice that to prove the Lipschitz-continuity of

L} and U}, it is sufficient to show that

g(x) < max{y, 72}

for any G and x € J(G). Now we will first consider the case when s < 0 or G*" is convex.
Let = > b. Since —s* > 0, concavity of —G*" leads to

G (a) = G*'(b)

—s*g(z) < —s*G* " Ha)g(x) < —s*G* L (b)g(b) < pa—

Taking s* to the other side we obtain,

G (b) — G (a) _ v —u*
9(@) < s*(b—a) = s*(b—a) -

since G(a) > L,(a) > u and G(b) < U,(b) < v. For x < a convexity of (1 — G)*" leads to

(1-G@)" = (1=G(a)"

—s'g(x) < =" (1= G(2)” gx) < —s"(1 = Gla)* gla) < —

Therefore,




For a < z < b, concavity of —G*" implies that

G(a)® — G(x)¥

Tr—a - T —a

—s"g(2) = (=s"g(x)G(2)" T)G(x)' ™ <

where (1 — G)*" being convex implies

—s'g(a) = (=s"g(@)(1 = Gla))" )1 — Gy <L GO Z (- G

(1-v)" = (1-G(x)”
b—=x

*

(1-G(z)'™
(3.20)

Adding (3.19) and (3.20) multiplied by  — a and x — b respectively yields that

*

—s"g(x) < G(2) ™ (" = G@)") + (1= G(@) ™ (1=v)" = (1= G(@)").

Now the function

is convex on [0, 1] because on [0, 1],
V'(y) = —s" (1= s")(1 =) (1 )"V >0

Now since u < G(z) < v, convexity of ¥(y) leads to

*

—s*g(z) < max{¥(u), ¥(v)} < max{(1—2v)" — (1 —u),u" —v°}.

Taking —s* to the other side we obtain that g(z) < max{7y,72}.

Proof of (ii) It is enough to show that for any G € Cry,

1/s*
G(z) < u(l + s* ™ (z — a)) forz <a (3.21)
+
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and e
1-G(z) < (1—-v) (1 — s (1 —v)™ (z — b)> forx >b (3.22)

Suppose s < 0. Let # < a. If x < F~1(0) then (3.21) is trivially true. For z > F~1(a) (3.3)
can be applied since z — a > F~1(0) — a. Also since G*" is convex, G(a) < u and G(b) > v

we deduce that

which proves (3.21). Now let z > b. If x > F~!(1) then (3.22) is trivial. Hence, we will
assume z < F'~1(1). Using concavity of —(1 — G)*" and (3.4) we obtain that

1 - G(z) <(1— G(b)) (1 s _g(g)(b) (x — b))

+

o a s* o s* 1/s*
<= G (1- - oy~ T ZUZC0 )

_us*_ _vs* 1/s*
R e e )

_us*_ _,Us* 1/s*
:(1—0)(1—(1—11)—5*(1 )b_il )(x—b)>

which proves (3.22). O
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3.8 Proof of Theorem 3.2 when s € (0,0)

Proof. Our proof of Theorem 3.2 for the case s € (0,00) closely parallels the proof for the
case s € (—1,0]. The main difference is the proof of (iii) implies (iv). When 0 < s < oo,
s*=s/(1+s) € (0,1), and hence 1 — 2s* < 0 for s > 1. This requires a slightly different
argument in this range and results in different constants in the Lipschitz bounds.

Let us denote inf J(F') and sup J(F') by a and b respectively. Notice that J(F') = (a,b)
if ' is continuous.

Proof of (i) implies (ii): Since F' is bi-s*-concave with s* > 0, ¢ = F**" is concave on
(a,00). Consequently ¢, and hence F' also, is continuous on (a, c0) by Lemma 6 of Diimbgen
et al. (2017). Similarly, the s*—concavity of 1 — F' implies continuity of 1 — F on (—o0, b).
Now if a = b, F would be degenerate. Hence, a < b and F' is continuous on R. Therefore we
can also conclude that J(F') = (a,b).

Let = € (a,b). Concavity of 1 implies that

F,(l‘j:) —  lim ¢1/5* (l’ + t) — wl/s* (t) — i@[)(i’)l/s*_ld}/(l‘ﬂ:)

t—0,+t>0 t s*

exist and satisfy
Fl(z+4) < F'(z—).
Similarly, concavity of (1 — F)* yields
(1= F)(z—) =2 (1 - F)(z+)
which implies that
—F'(z—) > —F'(z+).

Therefore F'(x—) = F'(xz+) which proves the differentiability of F. It also shows that
Vat) =/ (z=) = ¢'(z) on (a,b).
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By Lemma 6 of Diimbgen et al. (2017) for each x € (a,b) and ¢ € [¢'(z+),¢'(x—)] one

has
(r+t)—(x) <ct fort e (a—mx, 00)
since 9 is concave on (a,00). Therefore for such z and ¢,

bl +1t) = ¥(z) < ().

Hence,
F(z+1t) — F¥ () < ts* f(x)F(z)" !
or,
F¥ (x +1) f(x)
——=2 <1 * t.
@) = R@)
Hence,

F(z+1) @)\
F() SO“WQ |

Analogously it follows that for ¢t € (—o0,b — ),
(1= Flz+1)" = (1= F(2))" < —ts"f(2)(1 = F())"

which yields

(LSE0Y e )

or

T 1/s*
F(m+t)21—(1—F(:v))-(l—ts*l‘_ﬂ—F)(J;)) :

Hence (3.4) is proved. Notice that for s* < 0 the inequalities in (3.3) hold for all ¢ because

if s* < 0, unlike the present case, F'*" and (1 — F)*" are convex on the entire real line.
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Proof of (ii) implies (iii): Since (ii) holds, F" is continuous and differentiable on J(F') with
derivative f = F’ and satisfies (3.4). Now let z,y € J(F) with z < y. Let

h=f/F'"~*. (3.23)

Then applying (3.4) we obtain that

F* (z) ‘
F () <1l+s F(y)(x — ).

Hence,

*

F(x) < F(y)+ s =2

Therefore

where s*(x — y) < 0, implying that h(y) < h(z). Therefore h is non-increasing. Now let
h=f/(1—F)". (3.24)
From (3.4) we also obtain that

(1= F(2))" = (1= F(y)" < ~ts

or

(1= F(@))” < (1=F)" —(@—y)sh(y)
(
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Since s*(y — x) > 0, the last inequality leads to
0 < h(y) — h(z),

implying that h is non-decreasing.

Proof of (iii) implies (iv): If the conditions of (iii) hold, then it immediately follows that
f > 0on J(F). If not, suppose that f(xy) = 0 for some zy € J(F') where J(F) = (a,b)
since F is continuous. Then since f(x)/F(x)'~*" is non-increasing, f(x) = 0 for x € [z, b).
Similarly since f(x)/(1 — F(x))'~*" is non-decreasing we obtain f(x) = 0 for z € (a, z|.
Therefore, F' = 0 or F is constant on (a,b) or J(F). Then F violates the continuity
condition of (iii). Hence f > 0 on J(F).

Suppose h and h are as defined in (3.23) and (3.24). Then the monotonicities of h and h

imply that for any z,z¢ € J(F),
F*="(z)h(z) < h(xo) if = > x,
(1—F(x)"* h(z) < hlzy) if z < .
Next, let ¢,d € J(F) with ¢ < d. We will bound (f(y) — f(z))/(y — x) for z,y € J(F) such

that x,y € (c,d) with x # y. This will yield local Lipschitz-continuity of f on J(F'). To this
end, note that

f) = f@) _ = (@hly) = F7 (2)h(z)
y—x y—x
Y e (y; - 5 ) Fl_s*(x)h(yy) - 7;(95)
e

= h(e)(1 =) f(@)F~ () = (1 = s")h(c)h(2) F' > (x)

as y — x. Here the inequality followed from the fact that

h(y) — h(z)
Yy—x

<0
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which holds since h is non-increasing, Now since h(z) < h(c), s* > 0, 1 — s* > 0, and

F(c) < F(z) < F(d), we find that

lim sup 2&) = /@) _

y—x y—x

(1 —8)h(c)*F**" (d)F~ (c) (3.25)

for all z € (c,d). Analogously with /' =1 — F we obtain that

fly) = fl@) _ F'"(y)hly) — F'~ (2)h(x)
y—x y—2x

> h(y)

y—x
Next observe that since 1 — s* = 1/(1+s) > 0, and F(y) < F(x) if y > ,
~ Fl=s" (y) — Fl=s" (.’L’) Fl=s" <y) — Fl=s* (SL’)

) 2 > ) L

Hence as y — x it follows that

liminf 4 (y) — f(x)

y—a y—1x

v

—h(d)(1 = s7) f(x)F~ (x)
= —h(d)h(z)(1 = s*)F7>"(2).
Therefore using the fact that h(z) < h(d) and 1 — s*,s* > 0 we conclude that

limint (y) — f()

y— y—x

> —h(d)*(1 — s )F~*" (¢)F~*"(d). (3.26)

Combining the above with (3.25) we find that f is Lipschitz-continuous on (c¢,d) with

Lipschitz-constant
max{(1 — s*)h(c)*F'* (d)F~* (c), (1 — s*)iz(d)2F1_s*(c)F_s*(d)}.
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This proves that f is locally Lipschitz continuous on J(F'). Hence, f is also locally absolutely

continuous with L!-derivative f’ such that

y
o) = £(a) = [ @)t for all o,y € J(P);
hence f'(z) can be chosen so that

f(x) e [lim inf M, lim sup M} ‘

y—a y—x y—z y—x
However (3.25) and (3.26) imply that for ¢ < x < d,
[hmmf FW) = £ i sup L9~ f(:v)}

*

C {— (1 —s)h(d)2F'"="(c)F~"(d), (1 — s*)h(c)*F*~*" (d)F~* (c)]

Now since f and F are continuous and F > 0 on J(F), so are h and h. Therefore, letting

c,d — x it follows that

(1= ) (@) P ()
F2—2s* (l‘)

f(@)? P ()
F2-25" ()

< flz) < (1=57)

and this implies (3.5).

Proof of (iv) implies (i): Notice that the fact that (iii) implies (i) can be easily verified
since f/F17%" non-increasing on J(F) implies that F**" is concave on J(F). Since F is con-
tinuous, J(F) = (a,b). Now F*" € (0,1) on J(F) and F* (z) = 1 for x > b. Therefore F*" is
concave on (a,oc0). Similarly one can show that (1 — F)*" is concave on (—oc,b). Therefore
F is bi-s*-concave. Therefore it is enough to prove that (iv) implies (iii).

By Lemma 7 of Diimbgen et al. (2017) h is non-increasing on J(F') if and only if for any
x € J(F) the following holds:

lim sup
y—x y—x
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Suppose = # y € J(F) and r := min(z,y) and s := max(x,y). Then it follows that

h(y) —h(x) _ f@)/F" (y) — f(x)/F~* (z)
Yy— y—x
_ U fy) - f) f(z) F'= (y) = F' ()
F'="(y) y—x  F=(x)F(y) y—x
_ 1 fwdt f(x) F1=5"(y) — F'=%"(2)
FI=s"(y) s—r Fl‘s*(I)Fl “(y) y—x
(15" f®? f(x) F'=(y) = F'* (x)
SFls (s—1) / dt F'=s"(2) F'=%" (y) y—x

by (3.5). Since F'is continuous by (1V) J(F) = (a,b). Also since x,y € J(F), [r,s] C J(F).

Since f and F' are continuous on J(F) and F > 0 on J(F), f?/F is continuous and integrable

on J(F') and hence also on [r, s|. Letting y — x we obtain that

Chy) k@) _ (s (=)
S e S e )

Analogously, by Lemma 7 of Diimbgen et al. (2017), to show his non-decreasing it is enough
to show that

lim inf —h(y) — B(x)

y—z y—x

> 0.

To verify this suppose z # y € J(F') and r := min(z,y) and s := max(x,y). As before we

calculate
hy) —hx) _ f@)/F(y) = f2)/F (2)
y—x y—x
1 f@-Sw) @) P - P
Fi-s(y) y—z  F"(0)F(y) y—a
R R O S 1 I S e )
F(y) s—r st(ﬁ“ W - )
B (1—s f B f(x) F1=5"(y) — F17%"(2)
F1=s*(y s—r/ d Fl=s*(z)F1=" (y) y—x

by (3.5). Since f and F are continuous on J(F), letting y — x it follows that

lim inf M > — (1 s*)f(x)2 + (- S*)ﬂx)z

= = = 0.
y—a y—v F2=5"(x) F2=5"(x)
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Chapter 4

Application of shape-constrained

techniques to HIV vaccine trials

4.1 Introduction

To date, the RV144 trial conducted in Thailand is the only vaccine efficacy trial to show
signal of efficacy (31%) against HIV infection (Haynes et al., 2012a). RV144 inspired a phase
1b trial, named HVTN (HIV Vaccine Trials Network) 097 whose aim was to evaluate the
safety and immunogenicity of the same regimen in a South African population (Gray et al.,
2014). Because the predominant subtype of HIV in South Africa, namely clade C, differs
from the common clades in Thailand, namely clades B and E, scientists also ran another
study (HVTN 100) of a modified regimen that was adapted to include HIV strains matched
to the South African clade C infections, for increasing the potential for high efficacy against
clade C infections (Bekker et al., 2018). The phase 1/2 HVTN 100 trial assessed its safety
and immunogenicity in South Africa. In this work, we seek to compare the immune response
profiles of these two vaccines. To fix ideas, here we focus on one class of immune responses,
namely the binding of IgG antibodies to the first and second variable loops (V1V2 region)

of the HIV envelope. This immune response is of particular interest because the RV144
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trial revealed an inverse association between HIV infection and this immune response among
vaccinees (Haynes et al., 2012b). Using data from HVTN 097 and HVTN 100, we focus on

answering the following three questions:

Q1 How can we estimate the densities of the aggregated IgG binding immune responses

(to HIV-1 envelope proteins) of the regimens from HVTN 097 and HVTN 1007

Q2 Does an ordering exist between the distributions of the immune responses in question

Q17

Q3 How can we measure the discrepancy between the densities underlying the two immune

responses?

Answering Q1 is the first step to our analysis. Apart from that, the density estimators
have an importance of their own as well, because they can help the vaccine developers in
designing subsequent vaccines. Bekker et al. (2018) provided statistical evidence that the
IgG binding immune response to the V1V2 region in HVTN 100 was lower than for the earlier
RV144 regimen. In exploring Q2 and Q3, we aim to provide further statistical verification
of this finding, leveraging shape information regarding the immune response densities that
may lead to more efficient inferences.

There are numerous nonparametric methods that we can implement in an effort to answer
the above questions. However, when a trial is conducted on a homogeneous population
like ours, in many cases, the underlying densities of the associated variables are unimodal.
Furthermore, because many commonly encountered unimodal densities are log-concave, the
assumption of log-concavity is not unreasonable either. Exploratory analysis based on our
data also supports the assumption of these shape constraints.

Recently, shape constraints have gained much attention in density estimation. Although

shape-constrained techniques have been applied in circuit design (Hannah and Dunson, 2012),
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economics and operational research (Johnson et al., 2018), there is little to no literature
on application of shape-restricted tools in the context of vaccine trials. The advantage of
shape-constrained density estimation is that they do not need tuning parameters at all (the
log-concave maximum likelihood estimator (MLE) of Diimbgen and Rufibach, 2009), or need
a very few (the unimodal density estimator of Birgé, 1997, needs only one). Also, shape-
constrained density estimation methods do not require so many smoothness assumptions as
the nonparametric methods for asymptotic consistency. We refer the interested readers to
Samworth and Sen (2018) and Johnson et al. (2018) for more details on the applicability and
recent developments in shape-constrained methods.

The central theme of our paper is to investigate whether the incorporation of shape
constraints results in more efficient and simpler estimation and testing procedures for our
data. In this process, we develop some general shape-constrained techniques, which can be
applied to other studies, including, but not limited to, vaccine trials. Now we briefly discuss

our methods and the main contributions of our study.

Estimating the underlying densities:

In vaccine trials, traditionally a kernel density estimator (KDE) is used for the purpose of
density estimation (cf. Miladinovic et al., 2014). However, using a cross-validation, we show
that the log-concave density estimators of Diimbgen and Rufibach (2009) and Chen and
Samworth (2013) minimize the risk among a class of shape-constrained estimators and the
KDE. Our finding supports the use of shape constraints to estimate the density of vaccine

immune responses.

Shape-constrained tests of stochastic dominance:

To answer Q2, we investigate if one immune response stochastically dominantes the other.

A random variable X is said to stochastically dominate another random variable Y (in

158



first order) if the corresponding distribution functions F' and G satisfy G(z) > F(z) for all
r € R. The dominance is regarded as “strict”, if in addition, there exists x € R, such that
G(z) > F(x) for some x € R. If F' does not strictly stochastically dominate G, then this
event is defined as the non-dominance of F' over G (Whang, 2019, p. 25).

While a test of stochastic dominance can be formulated in many ways, Davidson and
Duclos (2013) and Alvarez-Esteban et al. (2016) advocate testing the null of non-dominance
against the alternative of stochastic dominance, if our aim is to investigate whether one
distribution dominates over the other. However, in the context of continuous distribution
functions, unrestricted stochastic dominance is almost impossible to establish via hypothesis
testing (Davidson and Duclos, 2013; Alvarez-Esteban et al., 2016; Whang, 2019) because the
distribution functions always overlap at the tails. Therefore, following Kaur et al. (1994),
Davidson and Duclos (2013), and Chang and McKeague (2016), we test instead for the

restricted stochastic dominance.

To the best of our knowledge, we are the first to introduce, and study, the use of shape
constraints (we use Diimbgen and Rufibach (2009) and Birgé (1997)’s density estimators) in
the context of testing the null of non-dominance against stochastic dominance. Moreover,
some of our nonparametric test statistics as well were not studied in the context of testing the
null of non-dominance. We show that, if the shape constraints are satisfied, asymptotically,
our tests control the type I error at any null configuration, and are unbiased. We also show
that our tests are consistent against the alternatives lying in the interior of the class of
alternative distributions. We apply these tests to our data, and also perform simulation

studies to compare the performance of our nonparametric and shape constrained tests.
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Shape-constrained plug-in estimators of the Hellinger distance:

To answer Q3, we rely on the Hellinger distance as a measure of discrepancy between two

densities, where, for densities f and g, the Hellinger distance H?(f, g) is defined by

H(f,9) = /: (\/W— \/Tx))ilx.

We use the log-concave density estimators of Diimbgen and Rufibach (2009), Chen and
Samworth (2013), and the unimodal density estimator of Birgé (1997) to construct plug-in
estimators of the Hellinger distance. The close connection of these shape-constrained density
estimators with the MLE mitigates the need for further bias correction. This is where the
shape-constrained estimates have an edge over the KDE, because, unless bias-corrected,
plug-in estimators based on the latter are biased (cf. Section 2 of Robins et al., 2009).

We establish that, when the shape constraints are satisfied, our plug-in estimators are
asymptotically unbiased. We also show that, under some regularity conditions, the plug-in
estimator based on the unimodal density estimators is asymptotically normal. The asymp-
totic variance of this estimator matches the asymptotic variance of the nonparametric plug-in
estimators of Kandasamy et al. (2015), which encompass the plug-in estimators based on the
KDE, and their improved bias corrected versions as well. The asymptotic results, that we
establish for the plug-in estimators based on Birgé (1997)’s estimator, are not specific to
the Hellinger distance, and can be extended to other plug-in estimators as well. See Section
4.8.2 for more discussion on the general set-up. Finally, we perform a simulation study to
compare the performance of our estimators with the corresponding plug-in estimators based
on the KDE (both bias corrected and the naive versions).

The rest of the paper is organized as follows. In Section 4.2, we provide background on the
HVTN trials. Section 4.3 discusses a cross validation procedure for selecting optimal density
estimators for our trials. Section 4.4 proposes our tests of stochastic dominance. Section

4.4.3 discusses their asymptotic properties. In Section 4.4.4, we present a simulation study
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to assess the performance of these tests, and Section 4.4.5 analyses the application of these
tests to our data. Section 4.5 introduces the plug-in shape-constrained estimators of the
Hellinger distance between two densities, discusses its asymptotic properties, and presents

a simulation study on these estimators. All the proofs are deferred to the Proofs section

(Sections 4.8.1 and 4.8.2).

4.2 Background: HVTN 097 and HVTN 100

In this section, first we describe our data, and then present an exploratory analysis that
hints at the possibility of an ordering between the immune responses of the regimens studied
in HVTN 097 and HVTN 100.

Table 4.1 provides a comparison between the two trials. For both trials, we consider the
magnitude of IgG binding to the V1V2 region of seven clade C glycoprotein 70 antigens. The
immune responses were measured by an HIV-1 binding antibody multiplex assay (BAMA).
The magnitude of the responses is measured in net MFI (mean fluorescence intensity) units,
whose logarithm is the variable of interest.

In this study, we only consider the responses measured 2 weeks after the last vaccination,
which corresponds to the peak immune response. A participant is referred to as per-protocol
if they have completed all stages of vaccination and provided samples at two weeks after
vaccination at 6 months. Our analysis are based on vaccinated per-protocol participants only.
From Table 4.1, we observe that HVTN 097 and HVTN 100 have 73 and 184 vaccinated per-
protocol participants, respectively. Among them, 68 and 180 vaccinees developed immune
response for at least one of the seven clade C V1V2 antigens under consideration. We only
include these respondents in our study. We base our analysis on the aggregated response,
averaged over the seven clade C antigens mentioned above, and refer only to the latter
when we say “immune response”. We let fig9 and fo97 denote the densities of the immune

responses in the HVTN 097 and HVTN 100 trials respectively. Denote by Fig and Fpg7 the
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corresponding distribution functions.

Trials HVTN 097 HVTN 100
Phase 1b 1/2
Site 3 towns in South Africa 6 towns in South Africa

Study design

Enrollment
Vaccinee:Placebo ratio
Per protocol vaccinees
Positive respondents
Age-range

Time period

Clade of HIV-1 insert
strains used in vaccines

Products used

placebo controlled, randomized,
double-blind

100

5:1

73

68

18-40

June 2013- Apr 2016

B and E

AIDSVAX and ALVAC

placebo controlled, randomized,
double-blind

252

5:1

185

180

18-40

Jan 2015-Jan 2017

C

ALVAC and gp120

Table 4.1: Summary of the trial HVTN 097 and trial HVTN 100. By positive respondents,

we refer to vaccinees who developed immune response for at least one of the seven clade C

V1V2 antigens under consideration.

Now we provide some exploratory analysis of our data, which supports the findings of

Bekker et al. (2018) regarding the dominance of the HVTN 097 trial in the context of IgG

binding response. To see the connection, first, from Figure 4.1i, we observe that the empirical

distribution function of the immune response from HVTN 100 trial is always greater than

that of HVTN 097 except at the tails, suggesting the stochastic dominance of the HVTN
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097 immune response over the HVTN 100 immune response. The histogram in Figure 4.1ii
and the boxplot in Figure 4.1iii also suggest that the HVTN 097 trial induces higher immune
response. The plot of the KDEs in Figure 4.2 agrees with the above. Therefore, it makes
sense to posit the null of non-dominance of Fyg; over Figy against the alternative that Fpgr
stochastically dominates Fjpy. Note also that it appears to be reasonable to compare the
immune responses to the HVTN 100 regimen to those to the HVTN 097 regimen because
the trials were conducted conducted on similar populations. In this context, observe that

Figure 4.1 also suggests that fyo; and figo have the same support.

4.3 Density estimation

In this section, we explore different estimators of fo97 and fig9, and choose the “best” among
them by a 10-fold least square cross-validation. Apart from the least square cross-validation,
we also consider the log-likelihood functions of the density estimators as a criterion for
choosing the best density estimator. Since our study includes some unimodal and log-concave
density estimators, in the following two paragraphs, we present some observations in support
of the shape-restriction assumptions. However, keep in mind that an exploratory analysis
can not validate the assumption of shape restrictions. It can at most provide some support.

We already mentioned in the introduction that, since each trial was conducted on ho-
mogenous populations in South Africa, there is a possibility that the underlying densities are
unimodal. The histogram in Figure 4.1ii supports this claim. Figure 4.2, which displays the
KDEs with the least square cross validation (LSCV) bandwidth (Bowman, 1984; Rudemo,
1982), also agrees with the same.

It is difficult to provide any visual evidence for the assumption of log-concavity. However,
the density plot in Figure 4.1 does not depict any departure from log-concavity either. Using
the test of log-concavity in Chen and Samworth (2013), we test the null of log-concavity

against the alternative of violation of log-concavity for both densities. The corresponding
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p-values for fopo; and figp are 0.4890 and 0.4631 respectively, which implies that our data

does not have enough evidence for rejecting the null of log-concavity.

Now we list below the density estimators that we consider in this section.

Unimodal density estimators:

Grenander-type density estimator (Birgé, 1997) This density estimator is a piece-
wise constant function supported on the range of the data. When the mode is known, the
MLE among all unimodal densities exists (Rao, 1969), which is based on the Grenander es-
timator of monotone densities. Using this mode-constrained density estimator, Birgé (1997)
constructs an estimator for the general case, when the mode is unknown. His estimation pro-
cedure depends on a tuning parameter n € (0, 1), which quantifies the error associated with
the approximation of the mode. The selection procedure of this 1 is more straightforward
than the bandwidth of a KDE, because a smaller n always leads to more accurate estima-
tion (cf. Definition 3 of Birgé, 1997). Indeed, if we choose the parameter n = o(n™!), then
Theorem 1 of Birgé (1997) implies that the total variation distance between Birgé (1997)’s
estimator and the MLE among unimodal densities, based on the true mode, is op(n’l/ 2.

In light of this, we choose 1 to be the inverse of the combined sample size of the two
trials.

When the estimation of a smooth density is of primary interest, we do not recommend us-
ing this density estimator considering its discontinuous nature. This gives little to no reason
for comparing this density estimator against other estimators which are better suited for es-
timating smooth densities. When the unimodality constraint is satisfied, however, among all
of our unimodal density estimators, only this estimator is shown to possess desirable asymp-
totic properties, which we exploit during the construction of the asymptotically consistent
tests in Section 4.4, and the plug-in estimator in Section 4.5. Therefore, we are interested

to see how this estimator compares against other density estimators. Figure 4.4b displays
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Birgé (1997)’s density estimators for the IgG binding immune responses.

Bernstein polynomial approach This density estimator was suggested by Turnbull and
Ghosh (2014), who use Bernstein polynomials to estimate a unimodal density. This density
estimator is smooth because it is a polynomial. However, this estimation procedure relies
on tuning parameter (degree of the polynomial), though data dependent method exists for
choosing the tuning parameter. We used the condition number (CN) approach developed
in Turnbull and Ghosh (2014) to obtain the optimal degree of the polynomial. Figure 4.4a
illustrates the density estimators for our data.

Apart from the above two estimators, we also consider the unimodal density estimators

of Wolters (2012), Wolters and Braun (2018) and Hall and Huang (2002).

Log-concave density estimators

We consider two types of log-concave density estimators. The first one is the log-concave
density estimator of Diimbgen and Rufibach (2009), which is the maximum likelihood esti-
mator (MLE) among the class of all log-concave densities. However, this density estimator
lacks smoothness because the corresponding log-density is piecewise affine. Chen and Sam-
worth (2013) proposes a smoothed version of the log-concave MLE using Gaussian smoothing
kernels with a data dependent bandwidth. We choose this density estimator as our second
log-concave density estimator. Both these density estimators are tuning parameter free and

possess desirable asymptotic properties

Kernel density estimators

Finally, we also include the KDE in our study as a comparator. The optimal bandwidth was
chosen either by the univariate plug-in selector of Wand and Jones (1994), or the univariate

least square cross-validation (LSCV) selector of Bowman (1984) and Rudemo (1982).
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Least square cross-validation (LSCV)

We consider a ten-fold cross-validation where we split our data randomly into ten equal
folds, where the splitting procedure is independent of the observations. For i = 1,...,10,
let Sy, and Sp,; denote the i-th fold (test set) and its complement, respectively. Let fm be
an estimator of the true density f based on the observations in the training set Sy ;. We will
denote the cardinality of a set A by |A|.

The LSCV focuses on minimizing the MISE, which is the integrated squared error between
the estimated density fm and the true density f. Thus, the risk function to be minimized is

MISE = 101§E[/_00 (fn,l-(:c) - f(x))2dx].

(e 9]

Since the true density f is unavailable, instead we minimize the quantity

10

ISE = 107" ) "ISE;, (4.1)
=1
where
ISE; = / Fra(@)?de — 2|87 D fua(X). (4.2)

X;€81,4
Kullback-Leibler (KL) divergence

The Kullback-Leibler (KL) divergence between two densities f and h is given by

[e.e]

Dislblf) = [

—00

(1og f(w) —og h(x)) f(w)d,

whose second term can be approximated by
—Il,=n"" Z log h(X;), (4.3)
i=1

which is also the log-likelihood function of the density h. Therefore, when h is an estimator

of f, we can use —I[,, as a loss-function as well.
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Optimal density estimator

Table 4.2 lists the values of the ISE (obtained from LSCV) and —I,, for different density esti-
mators, for each trial. Based on the ISE criterion, the smoothed log-concave MLE estimator
is the optimal density estimator for the HVTN 097 trial, where Birgé (1997)’s estimator is the
worst. For the HVTN 100 trial though, the ISE of Birgé (1997)’s estimator is smaller than
all other estimators by a large margin. When we look at the criterion —I,,, Birgé (1997)’s
estimator, followed by the log-concave MLE estimators (both smoothed and non-smoothed),
secures the minimum value for the HVTN 097 trial. Birgé (1997)’s estimator is also the
minimizer of —[,, for the HVTN 100 trial, though the difference with the other estimators
decreases in this case. In view of the spike of Birgé (1997)’s estimator at the mode for HVTN
100, this finding is not surprising. The reason is that the density at the mode contributes a
large positive term to the expression [,, and ISFE.

Because Birgé (1997)’s estimator lacks smoothness, we recommend either the smoothed
log-concave MLE, or the log-concave MLE for estimating the density of our immune re-

sponses.
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Table 4.2: Table of the estimated risks for different density estimators of the aggregated
immune response in trials HVTN 097 and HVTN 100

HVTN 097 HVTN 100

Estimators ISE -1, ISE -1,

Smoothed log-concave MLE -0.196 1.758 -0.129 2.127
Log-concave MLE -0.193 1.758 -0.130 2.127
Unimodal(Grenander) -0.172 1.662 -0.126 2.071
Unimodal (Bernstein polynomial) -0.191 1.797 -0.130 2.133
Unimodal (Wolters (2012)) -0.190 1.878  -0.102 2.549
Unimodal (Wolters and Braun (2018)) -0.190 1.795 -0.124 2.300
Unimodal (Hall and Huang (2002)) -0.190 1.965 -0.124 2.288
KDE (plug-in bandwidth selector) -0.189 1.750 -0.128 2.140
KDE (LSCV bandwidth selector) -0.189 1.777 -0.128 2.140
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Figure 4.1: Plots (i), (ii), and (iii) display the empirical distribution functions, the his-
togram, and the boxplot of the average IgG binding responses (measured in log (net MFI))
corresponding to the HVTN 097 and HV'TN 100 regimens.
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Figure 4.2: The KDEs corresponding to the immune responses from the trials HVTN 097
and HVTN 100, where the bandwidths were chosen using the LSCV selector (Bowman, 1984;
Rudemo, 1982).
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Figure 4.3: Log-concave density estimators based on the immune responses in the HVTN

097 and the HVTN 100 trials.
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Figure 4.4: Unimodal density estimators based on the immune responses in the HVTN 097
and the HVTN 100 trials.

172



4.4 Test of stochastic dominance

To provide an answer to the query made by Q2, we construct tests of stochastic dominance.
To this end, we use the distribution functions of the log-concave estimators of Diimbgen and
Rufibach (2009), Chen and Samworth (2013), and the unimodal estimator of Birgé (1997).

We compare the resulting shape-constrained tests with their nonparametric counterparts.

4.4.1 Notations and terminologies

Before proceeding further, let us set up some notations that we will use throughout this paper.
We consider two independent samples Xi,...,X,, and Yi,...,Y, drawn from distributions
with densities f and g. We denote the corresponding distribution functions by F' and G,
respectively. The respective empirical distribution functions will be denoted by F,, and
G,. The pooled sample (X7, ..., X,,,Y1,...,Y,) has sample size N = m + n. We denote its
order statistics by (Z), ..., Z(n)), and write Hy for the corresponding empirical distribution
function.

Our shape-restricted methods rely on the unimodal and log-concave density estimators of
f and g. We denote the unimodal density estimators of f and g based on Birgé (1997) by ]/”\m
and g,, respectively. Recall from Section 4.3 that the construction of these unimodal density
estimators require a tuning parameter 7, which we set to be N=!, where N = m +n. We
let f,, and g, denote the log-concave MLE of f and g (Diimbgen and Rufibach, 2009), and
write f5 and g&™ for its smoothed versions (Chen and Samworth, 2013). The corresponding
distribution functions will be denoted by ﬁm én, F,, Gn, Fﬁlm, and éfLm, respectively.

For k > 1, we use the notation || - ||x to denote the usual Lj norm defined by

ol = ([ lutoac) "

where p is a function supported on the real line. Also, we denote
||1lloo = sup pu(z).
zeR
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For a density f, denote by supp(f) the set {z : f(z) > 0}. For a sequence of measures
{P,},>1, we say P, converges weakly to P, and write P, —,4 P, if lim [pdP, = [ pdP
= n—oo

holds for any bounded continuous function p : R — R. For any two sets A, B C R, we define
dist(A, B) =min{|lx —y| : v € A,y € B}.

Since we let both m and n approach infinity, we require some condition on the joint rate.

Towards that end, we assume that, as m,n — oo,
m/N — X e (0,1). (4.4)
Letting H = AF + (1 — \)G, for p € (0,1/2), we denote by D,(F,G) the set
Dy(F,G) = D, = [H™\(p), H™'(1 - p)], (4.5)

and by D), », the set
Dy = [Hy'(p), Hy' (1 - p)]. (4.6)

Construction of tests

We have already clarified in the introduction that we are interested in testing the null of

non-dominance against restricted stochastic dominance, which can be formulated as
Hy: F(z) = G(z) for all z € D, or F(z) > G(z) for some z € D,,
and
H, : F(z) <G(z) for all z € D, and F(2) < G(z) for some z € Dy, (4.7)

where D, was defined in (4.5). Note that, to satisfy our H;, we require F' to strictly dominate
G only over the restricted region D,. Here, we could relax H; by letting the restricted set
to be any compact set D C {0 < H < 1} instead of D,. To this end, observe that, in the

event of strict stochastic dominance, such a D is likely to satisfy

inf <G(z) - F(z)) >0,

zeD
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so that for large m and n,

inf (Gn(z) - ]Fm(z)) > 0,

zeD
which is the the main motivation behind the restriction. However, there is an advantage of
choosing D = D,. To see this, observe that, for large m and n, dist(D, .., D) becomes
small almost surely. Therefore, during construction of the test statistics, we can replace the
unknown set D, by D, , », which, regardless of the forms of F' and G, always allows us to
utilize 100(1 — 2p)% of the combined data. Large values of p make the rejection of Hy easier,
as a result of which, the test becomes more powerful. Here we fix the value of p large enough
so that D, ., at least excludes the minimum and maximum observations from both samples.

Figure 4.5 exemplifies three different scenarios associated with our hypotheses. Figure 4.51
gives an example of the equality of distributions, and Figure 4.5ii illustrates the crossing of
two distribution functions, which is also a case of non-dominance. Figure 4.5iii displays strict
stochastic dominance over the region D,,.

Now we will introduce our test statistics. Our first test rejects the Hy for large values of
T l,m,n(ﬁm7 én), where for distribution functions F} and Fs, we define T} ,, ,,(F1, F3) by

Tl,m,n(Fl,Fg:\/? inf (FQ(H]_VI(Z))—Fl(HJ_Vl(z))). (4.8)

Ze[p»lfp]

~

Our second test rejects the Hy for large values of Tgmm(Fm,@n), where for distribution

functions Fy and Fy, T, 5, is defined by

Tomn(Fr, o) = ([ _inf Ry (2) - AHy (2)) (4.9)

[p,1-p] 2(1—z)

Note that T3 ,,, is a scaled version of T} ,, .

Similar to Tl,m,n(ﬁma @n) and Tgymyn(ﬁm, @n), we can construct log-concave tests which
reject Hy for large values of 7}7m7n(ﬁm, én) for ¢« = 1,2. We compare the power of our shape-
constrained tests with that of the the nonparametric tests which reject H, for large values

of Ty yun(Fm, Gy) and To 0 (Frn, G,,). We do not base our tests on F,im and G’flm because
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X X X

Figure 4.5: This figure displays plots of two distribution functions F' and G. The range of x
in these plots correspond to the respective D, = D,(F,G).

(i) This plot corresponds to the case when F'= G on D,
(ii) In this case, F' and G cross each other on D,,.

(iii) In this case, F' strictly stochastically dominates G. In fact G(z) > F(z) for all x € D,

we do not have any result on the asymptotic type I and type II errors of the resulting tests,
since we are not yet aware of any result on the rate of sup,cp, |F5™(2) — Fp()|. The latter

enables us to infer on the asymptotics of T} ., (F2™, G5™) and Ty (FS", GE™).

Ledwina and WyAupek (2013) used a test statistic similar to 7%, »(Fy, G,) (the second
test statistic in Section 2.2 of Ledwina and WyAupek, 2013) for testing the null of stochastic
dominance against the null of non-dominance. Kaur et al. (1994) also used a infimum based

test statistic for testing the null of non-dominance against stochastic dominance. However,
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we are not aware of any existing test, which uses either 17 ,,, ,(Fp,, Gy,) or Tty (F, Gy,), for
testing non-dominance against stochastic dominance.

The critical values of all of our tests will be selected to ensure that the probability of
rejection of Hy is asymptotically no greater than the nominal level a when F(x) = G(z) for
all z € D,. Here we emphasize that, for small samples, this need not guarantee the control of
the type I error at all null configurations. Therefore, we need to provide the reasons behind

this selection:

1. In section 4.4.3, we show that, for large m and n, under some regularity conditions,
critical values chosen in this way provide control of the type I error at any fixed null

configuration (F,G), for the tests we discussed so far.

2. For shape-constrained tests, in small samples, bootstrap or sub-sampling is neces-
sary for finding critical values. We generate the bootstrap samples from the shape-
constrained estimators of f and g. (See section 4.4.2 for more details.) This can be
easily done under the restriction F' = G. However, we are not aware of any method
for computing the joint log-concave MLE of f and ¢ under different null configura-
tions. Similarly, there is no analogue of Birgé (1997)’s unimodal estimator for null

configurations except that of F' = G.

When F(z) = G(z) for all x € D,, and the common distribution function is continuous,
T (B, Gy,) and 15 0 (Frn, Gy,) are distribution free. To see this, note that we can write
F,, =U,oF and G, =V, oG, where U,, and V,, are empirical distributions based on m and
n independent uniform random variables, respectively. If F'(z) = G(z), then Hy(z) = W, o
F(x), where W,, is the empirical distribution corresponding to the pooled uniform sample.
These relations, combined with (4.8) and (4.9), imply that T, (Fin. Gn) = T5mn (U, Vi)
for i = 1,2. Setting 1 ,,, , and x5, . , to be the (1 — a)-th quantiles of T} ., (Up,, V;) and

T i (Unm, Vi), respectively, we let our nonparametric tests reject Hy when T; 0 (Up, Vi) >
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Kimm.a fOri=1,2.
Apart from the above tests, we also study the shape-constrained versions of the one-
sided Wilcoxon rank-sum (WRS) test. The one-sided WRS test is asymptotically the most

powerful nonparametric test (cf. Example 25.46 of Van der Vaart, 1998) for testing
HE - / G(2)dF(z) >1/2 wvs HY: / G(2)dF(z) < 1/2. (4.10)

Yet we consider this test for testing our hypotheses. The reasons are two-folds. First, this
test has seen use in the context of the comparison of two vaccines (cf. Miladinovic et al.,
2014). Second, it is a popular choice for testing the null of equality of F' of G (Lee and
Wolfe, 1976).

The one-sided WRS test rejects Hy for large values of 15, (Fipn, @n), where, for distri-

bution functions F; and F3,

Ty mn(F1, Fy) = ;\?T" ( /_ Z Fy(x)dF(x) - 1 /2). (4.11)
Plugging in shape-constrained estimators of F' and G in (4.11), we derive the shape-restricted
test statistics, namely T37m7n<ﬁm, @n) and T37m7n(]5m, én) We do not use ﬁ’ﬁl’” and C?;im here
for the same reason we did not use them in constructing the last two tests. Throughout this
document, we refer to the tests based on T3, , as “WRS-type tests”.

When F' = G, Ty n(Fin, G,,) is distribution free. Therefore, we use the (1—a)-th quantile

of the resulting distribution as a critical value for the nonparametric test. Note that, this

critical value may not control the type I error for all of our null configurations.

4.4.2  Bootstrap

Although Section 4.4.3 provides asymptotic critical values for the shape-constrained tests
developed in the current section, simulations suggest that, unless the sample sizes are as large
as 500, these critical values do not control the type I error for the shape-constrained tests

based on T} ,,, and T, , even when F' = G. When the sample size is small or moderate,
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Davidson and Duclos (2013) advocates using the bootstrap or subsampling methods to obtain
critical values rather than relying on the asymptotic critical values for tests of stochastic
dominance. Because the combined sample size N in our motivating example is less than 250,
we use the bootstrap to implement the shape-constrained tests to our data.

We carry out the bootstrap procedure for our shape-constrained tests in the following

steps:

1. We estimate the density of the pooled sample (X1,..., X, Y1,...,Y,).

2. We generate independent samples of size m and n from the estimated density, and

calculate the shape-constrained test statistics. We repeat this step B times.

3. We reject the test only if the test statistic computed from the original data exceeds

the (1 — a)-th quantile of the sample of B bootstrap test statistics.

In Section 4.3, we chose the log-concave MLE (Diimbgen and Rufibach, 2009) and its
smoothed version (Chen and Samworth, 2013) for estimating the underlying densities. There-
fore, we can use either of these estimators to generate observations from f and ¢ in the first
step.

Also observe that our bootstrap data generating procedure (DGP) uses F(z) = G(z) for
all x € R, which may be too restrictive, because, ideally, one should use the restriction that
F(z) = G(z) for all z € D,. However, we do not know the shape-constrained MLEs of F'
and G under the latter restriction. The main advantage of using MLEs is that they do not
require tuning parameters. Also, as we show in our upcoming Theorem 4.1, Lemma 4.1, and
Theorem 4.2, both restrictions lead to the same asymptotic distributions for the statistics

Tl,m,n and T2,m,n-
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4.4.3  Asymptotic critical values

In this section, we explore the asymptotic distribution of some of the test statistics discussed
in Section 4.4. In particular, we establish that, for the tests based on T3 ,,, and 15, ,,

critical values can be selected so that the following assertions hold:

1. These tests control the type I error asymptotically for every (F,G) satisfying the Hy.

2. These tests are consistent for pairs of distribution functions (F,G) forming the alter-

native

H :G(z) > F(z) forall z € D,. (4.12)
3. These tests are asymptotically unbiased for the alternative Hj.

We show that the WRS-type tests (except the one based on Tgvmvn(ﬁm, én)) control the type
I error for distributions in H{, and are consistent for H{. This is unsurprising in view of the
fact that these tests are designed in such way. We exclude T: 37m7n(]5m, én) from our discussion
because we do not know whether /m||Fy, — Fp||o is small. Without this information, we
are unable to infer on the asymptotic limit of T37m7n(pm,én). However, our simulations
indicate that T37m7n<F~‘m, én) has the same asymptotic distribution as T3 ;;, (Fy,, G,). In the
rest of this section, when we mention shape-constrained 7; ,, ,, we only refer to the statistics
Timn(Fp, Gr) for i = 1,2, 3, and T} (Fo, G for i = 1,2.

A key result of this section is that the distance between the shape-constrained test statis-
tics and their nonparametric counterparts is o,(N~!/2). Therefore, the shape-constrained
test statistics have the same asymptotic distributions as their nonparametric counterparts.
Hence, the asymptotic critical values of the nonparametric tests can also serve as the asymp-
totic critical values of the shape-constrained tests. Thus, our first task is to find the asymp-

totic distributions of the nonparametric tests.
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Suppose (£2,.A,P) is the common probability space corresponding to the X;’s and Y;’s.
For the rest of this section, we let —, and —,, refer to this probability space. Since F'
and G are continuous, using the construction of Section 1.1 of Shorack (1984) (see also p.93

of Shorack and Wellner, 2009a), we can show that there exist two independent Brownian

bridges V; and V, on (€, A, P) such that

H\/E(Fm_F)_VloFHOO —>a.s.0 as m — 00, (413)
and
[Vn(G, — G) = V30G||ee —bas. 0 asn — oo. (4.14)
Let us denote
U= A2V, — (1 = \)Y?Vy, (4.15)

where A is as in (4.4). Note that U is also distributed as a Brownian bridge. We will show

that the asymptotic distributions of our test statistics depend on U.

Asymptotic critical values of the nonparametric tests

All of our theorems for the nonparametric tests require that the underlying distributions F
and G be continuous. This type of condition is necessary for the weak convergence of the
empirical processes to Brownian bridges. We begin our discussion with the test statistics
T (B, Gy) and Ty (B, Gp,). We will first describe the asymptotic results, and then
discuss their implications for the nonparametric tests.

Our first theorem says that 11, (Fy, G,) and 5, 1 (Fi, G,,) diverge to negative infinity
under any configuration in Hj except the case when F' = G on D,. Hence it follows that,
tests that reject the Hy for high values of these test statistics, control the type I error at any
null configuration, provided they also control the type I error when F' and G agree on D,,.
Part (B) of Theorem 4.1 implies consistency of these tests against configurations in Hj in

(4.12).
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Theorem 4.1. Let F' and G be two continuous distribution functions. Suppose that m and

n satisfy (4.4). Then the following assertions hold for i =1,2:
(A) Suppose that F'(z) > G(x) for some x € D,. Then, as m,n — oo,

E,m,n(FTrw Gn) —a.s. —00, as 1 = 17 2.

(B) Suppose that G(x) > F(x) for each x € D,. Then, as m,n — 0o,

T’i,m,n(Fma Gn) —a.s. O, as 1 = 1, 2.

Next, we consider the asymptotic distributions of T} ,;, »(Fy, G;,), and its scaled version
Ty mn(Fm, Gy) under F, G satisfying F(z) = G(z) for all € D,. The asymptotic distribu-

tions of these test statistics can be used to construct asymptotic critical values.

Lemma 4.1. Let F' and G be continuous distribution functions satisfying F(x) = G(x) for
all x € D, which was defined in (4.5). Suppose that m and n satisfy (4.4) and p € (0,1/2).
Then as m,n — oo, we have
T F inf t
17m7n( m» Gn) _)a.s. te[i;l,ll—p]U( )a
and

, U(t)
T i Fm7Gn _>a.s. lnf N
2,mn ) t€[p,1-p] \/m

where U is as defined in (4.15).

Observe that Theorem 4.1 does not apply to alternative distributions F' and G that agree
at some x € D,. Theorem 4.2 discloses the asymptotic distribution of T3 ,,, ,(Fy,, G,,) and
T (Fpm, Gy,) under these special configurations. To formalize the setup, we define the
contact set C' by

C={r€eD, : F(x) =G(x)}. (4.16)
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Also define

{H(C)=tep,1—p] : H'(t)eC}. (4.17)
Observe that the set C' contains the quantiles of the members of H(C'). Define k1, to be
the (1 — a)-th quantile of inf,cp, 1, U(t), and denote by ks, the (1 — a)-th quantile of

u(t)
inf ———
telp1-pl \/t(1 —t)

Theorem 4.2. Suppose that the pair of continuous distributions (F, G) satisfy the alternative
hypothesis Hy but the contact set C' defined in (4.16) is non-empty. Further suppose that m
and n satisfy (4.4) and p € (0,1/2). Then

(A)
Tl,m,n(IFma Gn) —a.s. HelgU o F($), (418)

where U is as defined in (4.15). Also,

inf Uo F(x) > inf U(t 4.19
inf Uo F(z) 2 inf (t), (4.19)

and,
limTinf P(T yun(Frn, Gp) > Ria) > (4.20)

(B) Suppose that F and G have continuous densities f and g, respectively. Further suppose
that h(z) = Mf(x) + (1 — X)g(z) is bounded away from O for all x € D,, where X\ is
defined in (4.4). Then,

U(t
Tyn(Fon Go) — inf —2) (4.21)
teH(©) /t(1 — 1)
Moreover,
liminf P(Ty 0 (Fr, Gr) > ko) > a. (4.22)

m,nToo
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Observe that part (B) of Theorem 4.2 requires some extra conditions, which, though
being mild, require more than just that F and G be continuous. The positivity of h ensures

the continuity of H~!, which is used in the proof of part (B) of Theorem 4.2.

Consider the tests that reject Hy when T4, (Fr, G) > K14, and when 15 1, . (F.,, G,) >
Ka.q. To see the implication of theorem 4.2, we note that, (4.20) and (4.22), combined with
Lemma 4.1, imply that the above two tests are asymptotically unbiased for the alternative
H;. Theorem 4.1 implies that these tests control the type I error at all (F,G) satisfying
the Hy. From Subsection 4.4.1, recall the critical values &, ,, , and 5, , that were used
for the nonparametric tests. Since they are the exact critical values under the configuration
(F,G) satisfying F' = G on D,, tests using these critical values enjoy the same asymptotic
properties as those using k;,. This follows as a corollary to Lemma 4.1, Theorem 4.1, and
Theorem 4.2.. However, the tests based on k;, Or K;mna are conservative because the
asymptotic type I error equals 0 for all null configurations except for the configuration in

which F' and G are equal on D,,.

Theorem 4.2 has another implication. The alternative distributions F' and G, that agree
only at some z € D,, form the boundary of the H, (Davidson and Duclos, 2013). The-
orem 4.2 implies that under this configuration, 75 ,,, is asymptotically distributed as a
standard Gaussian random variable. Therefore, the corresponding test based on ks, re-
jects the Hy at a probability higher than «. Similarly, using Theorem 4.2, and noting
Uo F(x) > infepp1-,) U(t) with probability one, we arrive at the same conclusion for 7} ,, .
In view of the above, it is likely that, even though our tests based on T} ., ,(F,,, G,) and
Tomn(Fm, G,) control the type I error at each null configuration, they do not control the

size. Hence, even though our test

Now let us consider our WRS test statistic, which is based on the statistic 73, , defined

in (4.11). Suppose that F' and G are continuous distribution functions. In that case, it is
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well known that (Dwass, 1956), when F' = G,
T3,m,n(Fm7 Gn) _>d N(07 ]-) (423)

From the asymptotic normality of 7% ,, ,(Fy,, G,,) (Dwass, 1956), it also follows that, for (F, G)
satisfying H,
T3,m,n (]Fma Gn) _>p —0Q, (424)

and for (F,G) satisfying HY,
T3,m,n(IFma Gn) _)P Q. (425)

Asymptotic critical values of the shape-constrained tests

To show that the shape-constrained tests enjoy the same asymptotic properties as the non-
parametric tests, we show that the difference between the respective test statistics is o0,(1).
However, to prove this, we need to impose some extra conditions on the densities. First
of all, we need the corresponding shape restrictions to hold. Also, the underlying densities
are required to possess smoothness or curvature to certain degree, depending on the type of
shape constraint being used. Therefore, we will discuss the extra conditions for the unimodal
and the log-concave densities separately.

We begin our discussion with the tests based on F\m and én In this case, apart from
being unimodal, we also require f and g to be nowhere flat inside their respective domains.
In other words, we need F' and GG to be strictly convex to the left of their respective modes,
and strictly concave to the right of it. We state this regularity condition as Condition A

below.
Condition A. For the density u, the Lebesque measure of the set {y' =0, > 0} is 0.

Condition A is a mild curvature condition. The distribution functions F' and G satisfying

Condition A are at the interior of the class of distribution functions with unimodal densities.
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Condition A is required for Theorem 4.3, which shows that the differences \/m||1/7\m —Filloo
and \/ﬁH@n — Gyl approach 0 almost surely as m,n — co. Though we use Theorem 4.3
only in the context of our tests, it may be of independent interest as well.

We state Theorem 4.3 in terms of f for the sake of simplicity.

Theorem 4.3. Suppose that f is a unimodal density satisfying Condition A. Let fm be the
unimodal density estimator of Birgé (1997), based on the independent observations X, ..., X,,
with density f. Here we take n = o(m™1), where n is the tuning parameter in Section J.3.
Denote by ﬁm the distribution function of fm. Further suppose that ]/C;(,)Z 1s the Grenander

estimator of f based on the true mode M. Then the following assertions hold:

(4) -
Jm /_ Fon(@) = 7 (2)dz —as, O.

(B)
\/%Hﬁm - IFmHoo _>a.s. O

(C)
||\/E<F\m_F) _UOFHOO _>a.s. 07

where U is as defined in (4.15).

If one of the distributions, say F', violates Condition A, the difference between F,, and
FE,, becomes non-negligible in | ||oo- In fact, \/ﬁ(ﬁm — F) will have a different weak limit,
which is no longer a Gaussian process (Beare et al., 2017).

An important corollary to Theorem 4.3 is the approximation of T;(F,,, G,,) by T;(F,,, G,)
for + = 1,2, 3, which is formalized by Lemma 4.2.

Lemma 4.2. Suppose that f and g are unimodal densities satisfying Condition A. Further
suppose that m,n satisfy (4.4). Then

~

T3(F s G) — Ti(Fony Go)| =0 0, fori=1,2,3.
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Now, we focus on the test statistics T17m7n(}7_'m, én) and Tgmm(Fm, Gn), which are con-
nected to the log-concave density estimators. First, we will impose a smoothness condition
on f and g. Before stating this condition, which we refer to as Condition B1, we need to
define the Holder class. For a compact set K C R, a function p is said to be in the Holder

class HPL(K) with exponent 3 > 1, and constant L > 0, if for all z,y € K, we have

' (x) = i/ (y)| < Llz — "
Condition B1. The density u satisfies log n € HP(K), where the exponent 8 € [1,2], the

constant L > 0, and K C R is a compact set.

Condition B1 is required for the application of Theorem 4.4 of Diimbgen and Rufibach
(2009), which is essential to proving the asymptotic equivalence of T;(E,,, G,,) and Ty(F,,, G,,)
for = 1,2. In addition to Condition B1, we also require f and ¢ to satisfy Condition B2,
which concerns the curvature of the densities. Similar to Condition B1, Condition B2 also

appears in Theorem 4.4 of Diimbgen and Rufibach (2009).

Condition B2. p is a log-concave density such that for some C' > 0, the concave function
¢ = log i satisfies

¢'(x) = ¢'(y) =2 Cly — x),
for all x,y € K such that © < y, where K is any compact set satisfying K C dom(¢). Here
@' is either the left derivative or the right derivative of ¢.

Note that, since ¢ is concave, its left and right derivatives always exist. If ¢’ is differen-
tiable on K, Condition B2 reads as ¢"(z) < —C for z € K.
Now we are in a situation to state Lemma 4.3, which establishes the asymptotic equiva-

lence of T}(F,,, G,,) and T;(F,,, G,,) upto a o0,(1) term.

Lemma 4.3. Suppose that f and g are log-concave densities. Suppose, further, that there
exists p' < p such that
D,y C int(dom(fx)) N int(dom(fy)). (4.26)
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Then it follows that

IT3(Fp, Gy) — Ti(Er, G| = 0,(1),  fori=1,2.

Lemma 4.2 and Lemma 4.3 establish the asymptotic properties of the shape constrained
tests. First, it follows that the conclusions of Theorem 4.1, Theorem 4.2, and Lemma 4.1 still
hold if we replace T n(Fus Gn) by Thmn(Frny G, 0t Timin(Frn, G), for i = 1,2, Second,
we see that, if we replace 15, ,,(Fy, G,,) by Tg’m’n(ﬁm, én) in (4.23), (4.24), and (4.25), the

convergences are still satisfied.

4.4.4  Simulation

In this section, we compare the performances of the tests designed in Sections 4.4.1. Our
simulation scheme involves a parameter vy varying over the range [yo,71]. Here v quantifies
the difference between the data generating distribution functions F, and G,. Generally,

when v = 7, either F,) = G, or F,, does not stochastically dominate G.,. When v = v,

Yo
F,, stochastically dominates G., over D,(F,,,G.,,). For intermediate values of v, (F,,, G,)
is in between these two extreme cases. We will denote the corresponding densities by f, and
g, respectively. Since the simulations are expensive, we generally choose only ten equally

spaced s in the range [vo,71]. However, the chosen vs always include vy and ;.

For our simulation study, we consider the following cases:

(a) Fy, ~ Gamma(3 + v,1), and G, ~ Gamma(3,1), where Gamma(a,b) is a Gamma

random variable with shape parameter a and scale parameter b. Here we let v € [0, 1].
(b) Fy, ~ N(v,1), and G, ~ N(0,1), where y varies as in case (a).
(c) F, ~N(0,1) and Gy ~ N(=3 —~,1)/2+ N(3 —v,1)/2, where v € [0,2.7].

(d) Fy~ N(v,1), and G, ~ N(.5,2), where v € [0,2.5].
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(e) F, ~ Gamma(2,v) and G, ~ Gamma(1,0.5), where v € [0.1,0.5].

First, we check which of the above cases satisfy the shape constraints. To this end,
Figure 4.6 shows that the densities in case (a) and case (b) are unimodal. Though it is
not evident from the plots, these densities are also log-concave. The density g, in case (c),
however, is bimodal for each v € [0, 3] (Figure 4.6 illustrates the subcase v = 3). Because
log-concavity implies unimodality, this g, is not log-concave either. Since the densities in
cases (d) and (e) are either normal or gamma, they also satisfy both the log-concavity and
the unimodality constraints.

Now we investigate when the H is satisfied. In the first three cases, it is not hard to see
that Iy = Gy, and F,(2) < G,(z) for z € D,(F,,G,) for v > 0. In the last two three cases,
F, and G, cross each other on D, at v = 7. However, as 7y increases, F, and G eventually
satisfy H;. Figure 4.7 displays the plots of F, and G, for several 7s in cases (c), (d) and (e).

To summarize, Cases (a) and (b) consider the null when F' = G. Cases (c), (d) and (e)
consist of null configurations where the distribution functions cross each other on D,. Case
(c) is special because it explores the case when the shape constraints are not satisfied.

Now we describe the common simulation design for all the above cases. For each 7, we
generate 100 observations each from the distributions F, and G,. Hence m = n, and the A in
(4.4) is 0.5 in our setup. We chose n = 100 because it is a moderate sample size. Simulations
showed us that n = 100 is not large enough for the asymptotic critical values to work for the
shape constrained tests.

We repeat the above process for 10000 times, and calculate the empirical power of our
tests from the 10000 Monte Carlo samples. We denote the power corresponding to the con-
figuration (£, G,) by v(7). For the shape-constrained tests, we use the bootstrap with the
smoothed log-concave density estimator (Chen and Samworth, 2013) as the data generat-
ing density. In this step, using the data generating mechanism in Cule et al. (2010), we

generate B = 200 bootstrap samples. We set the p in (4.5) to be 0.05. The tests based
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X X X

Figure 4.6: Plots of the densities f, and g, corresponding to the the cases (a), (b), and (c),
for v = 1,1, and 3, respectively.

on the Empirical CDF will be referred as NP (nonparametric) tests. We will refer to the
tests based on F,, and G, as UM (unimodal) tests. Similarly, by LC(log-concave) tests, we
will refer to the tests based on Fm and én. We will denote the tests based on T} ,,, and
T5m.n by “RSD: unscaled” and “RSD: scaled” , respectively, where RSD stands for restrictive

stochastic dominance.

Cases (a) and (b)

Figure 4.9, which gives the power curve v +— v(7) for cases (a) and (b), exhibit similar

patterns in these two cases. First, Figure 4.9 indicates that, in both cases, the powers of
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(d) (d)

_Gy
— Fy

X x X S x X
Figure 4.7: Plots of the distribution functions F, and G, for some values of v, in cases

(c), (d), and (e). In all the plots, the distribution functions are shown only on the region

Dy(Ey, G).
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the NP, the UM, and the LC tests are very similar. However, a close observation unveils
that the power of the NP tests are slightly higher. Second, Figure 4.9 illustrates that the
WRS-type tests outperforms all other tests in terms of power. This is not totally unexpected
since the WRS test is known to be specially suitable for location-shift type alternatives (Lee
and Wolfe, 1976), as in case (a) and case (b). Also, it turns out that, when v = 0, all the
tests have type I error below or equal to 0.05. This indicates that our tests control the type
I error under the equality of distributions. This is expected because our tests are designed

so as to provide the latter.

Cases (c), (d) and (e)

Cases (c), (d) and (e) allow us to infer on the type I error when the null distribution functions
cross each other. In these three cases, let v* denote the highest value of v on the chosen grid
so that (F,,G,) is still a null configuration. For cases (c), (d), and (e), v* take values 1.8,
2, and 0.28, respectively. At v*, the quantity inf,cp, (G, (x) — F,(x)) takes the values -0.13,
-0.01, and -0.02, respectively, in cases (c), (d), and (e). (See Figure 4.7 for the corresponding
plots of F, and G,.)

Figure 4.7 and 4.9 underscores that our tests fail to control the type I error if v < 7* is
close to v*. These are the cases where inf,cp, (G, (x) — F,(x)) is a small negative number,
but G,(x) > F,(x) for most x € D,. These cases are near the boundary of Hy. Therefore,
our tests do not have the correct size, which was indicated in Subsection 4.4.3. Among all
the tests, the WRS-type tests display the highest size.

Except for case (c), the tests based on T}(F,,, G,) and Ty(F},, G,) consistently exhibit
the lowest rejection probability among all the tests, closely followed by the tests based on
T1 (B, Gy) and Ty 4 (Fy, G,). The aberration in case (c) is expected because one density
in this case is bimodal. Table 4.3, which gives the type I error of the RDS-type tests at v*,

agrees with this observation.
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Test — WRS — RSD: unscaled — RSD: scaled

@) NP UM LC
1.00-
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=
= 0.50-
0.25-

O'Oo'o.bo 025 050 0.75 1.000.00 0.25 0.50 0.75 1.000.00 0.25 050 0.75 1.00

Y

(b) NP UM LC
1.00-

0.757
>
= 0.501
0.257

O'Oo'o.'oo 025 050 0.75 1.000.00 0.25 0.50 0.75 1.000.00 0.25 050 0.75 1.00

Y

Figure 4.8: This plot compares the powers of different tests for case (a) (top), and case (b)
(bottom). The NP, UM, and LC tests are given by the left, middle, and the right panels,
respectively. In each of the above panels, the power curves of WRS-type, unscaled RSD
(11 m.n based), and the scaled RSD (7%, based) tests are drawn in red, green, and blue,
respectively. The errorbars (2 SD) corresponding to these tests are drawn in the same

colours.
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Figure 4.7 and 4.9 show that, however, the RDS-type NP and UM tests control the type I
error at null configurations, where the associated 7 is not too close to v*. These configurations
are away from the boundary of Hy. In cases (d) and (e), the tests based on Tl,m,n<ﬁm7 G,) and
Tg’m’n(ﬁm7 @n) control the type I error for v = 1.50 and 0.23, respectively. Figure 4.7 shows
that crossing of F' and G occurs under both these scenarios. The term inf,ep, (G- () —F,(x))

equals -0.04 and -0.05 in these two cases, respectively.

Case ~* Timn 15 mm

NP UM LC NP UM LC
(C) 1.8 0.09 0.14 0.36 0.10 0.15 0.43
(d) 2 0.38 0.33 0.81 0.38 0.31 0.88
(€) 028 014 0.14 075 0.16 0.13 0.78

Table 4.3: Estimated type I error of the RDS-type tests at (F,+, G4+) for cases (c), (d), and

(e)

The test based on T} 4, ,(F,,, G,) has the best type I error control in case (c¢). In cases
(d) and (e), the test based on TZm’n(ﬁm, G,,) has the best type I error control. That being

said, the difference between NP and UM tests in these two cases are almost negligible.

4.4.5  Application to HIV vaccine trial data

When we test the non-dominance against the dominance of Fyg; over Fjgg, all of our tests
reject the Hj, supporting the claim that the IgG binding response rate was lower for the
HVTN 100 regimen than for the HVTN 097 regimen. Now we want to assess the power of
our tests when observations X;’s and Y;’s are generated from distributions (£, G) lying in

a neighborhood of (Fug7, Fio0). Because (Fogr, Fioo) is unknown, we analyze the power in
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a neighborhood of (F, F5m) instead, where F5 and F7 correspond to the distributions
of the smoothed log-concave MLE (Chen and Samworth, 2013) estimators of fip0 and foo7,
respectively.

Let us denote the smoothed log-concave MLE of the pooled sample by ﬁ%,n. Letting F,?W

denote the corresponding distribution function, we consider the mixture distributions
Fogr(7) = (L= ) E , +vFogr,

and

Egp(y) = (1 —y)Fym,n® + v, (4.27)

where v € [0,1]. Note that, as in section 4.4.4, here also y quantifies the departure of the
configuration (F(7), 5 (v)) from the null of equality of distributions. In other words, 7
parametrizes the distance between F57(v) and Fi2(v), which increases as y 1 1. We denote
the densities of F5(v) and FE () by fi2(y) and fi7(v), respectively.

Now observe that the mixture densities may not be log-concave or even unimodal. Hence,
we will obtain the log-concave projections (Diimbgen et al., 2011) of f32(~y) and f&2(),
respectively. Log-concave projection of a density f is the log-concave density closest to f in
Kullback-Leibler (KL) distance. We adopt a two step approach to compute the log-concave
projections. In the first step, we simulate 1000 observations from each of f097( ) and f100( ).
In the second step, we calculate the smoothed log-concave MLE density estimators (Chen
and Samworth, 2013) based on these two simulated samples, which are the approximate
smoothed log-concave projections of f097( ) and flOO( ). Finally, we generate two samples
of size 68 and 180 from the log-concave projections using the methods in Diimbgen and
Rufibach (2010). Then, taking p = 0.05, we follow the simulation design of Section 4.4.4,
and denote the power at configuration (Fi2(y), F5m(v)) by v(7).

Figure 4.10 gives the plots of v(«y) versus =y for our the tests. We observe that the results

are very similar to the cases (a) and (b) in Section 4.4.4, probably because in all these cases,
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the null configuration corresponds to the equality of distribution functions. It turns out that
the NP tests, i.e. tests based on T;(F,,,G,), yield slightly greater power than the shape-
constrained tests (LC and UM). Also, the WRS-type tests have the highest power, which is
consistent with what we observed in all the cases in Section 4.4.4. Although its failure to
control the type I error in cases (c), (d), and (e) in Section 4.4.4 puts its reliability in doubt,
the other tests also have impressive power for higher ~, and have power almost one at v = 1.
These observations strengthens the claim that Fyg; stochastically dominates Figg, at least on

the set Dp(F097, FlOO)-
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Figure 4.9: This plot compares the powers of different tests for case (c) (top), case (d)
(middle), and case (e) (bottom). The NP, UM, and LC tests are given by the left, middle,

and the right panels, respectively. In each of the above panels, the power curves of WRS-

type (15,m,, based), unscaled RSD (7 ,,,, based), and the scaled RSD (7%, , based) tests are

drawn in red, green, and blue, respectively. The errorbars (£25D) corresponding to these

tests are drawn in the same colours. The pid@Tine represents v*. The yellow line represents

the largest v for which the RSD based UM test satisfies v(y) < 0.05 (v =2.1, 1.50 and 0.23

for cases (c), (d) and (e), respectively).
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Figure 4.10: The power of the NP, the UM, and the LC tests are given by the left, middle,
and the right panels, respectively. In each of the above panels, the power curves of WRS-
type, unscaled RSD (7}, ,, based), and the scaled RSD (7%, , based) tests are drawn in red,
green, and blue, respectively. The errorbars (£2SD) corresponding to these tests are drawn

in the same colours.

198



4.5 Measures of discrepancy

The rejection of the tests of stochastic dominance in Section 4.4 raises new questions. If we
believe that F' and G are ordered, then it is natural to ask how different f and g actually
are. We will quantify this difference in terms of the Hellinger distance.

We now briefly discuss the reasons that led us to study the Hellinger distance. The
Hellinger distance, also known as the Bhattacharya distance, is an f-divergence (Sason,
2018). Members of the class of f-divergences are widely used to measure the similarity or
dissimilarity between two probability measures. The class of f-divergences also includes pop-
ular measures of discrepancies such as the KL divergence or the y? divergence (Nielsen and
Nock, 2014). Unlike the Hellinger distance, these divergences are asymmetric in their argu-
ments. As symmetry is a natural property for a measure of discrepancy to have, the Hellinger
distance may be preferable in this respect. Another crucial advantage of the Hellinger dis-
tance relative to these other two divergences is that its value is finite for every pair of
densities. In contrast, the KL and y? divergences can both be infinite if the densities under
consideration do not share the same support. It is not always reasonable to assume that the
underlying densities of responses collected from different vaccine trials will have the same
support. Therefore, in connection to our present setting, the Hellinger distance appeals to
us more than does the KL divergence or the y? divergence. The Hellinger distance has also
seen successful application in various disciplines ranging from machine learning (Cieslak and
Chawla, 2009; Gonzélez-Castro et al., 2013, 2010) to ecology (Rao, 1995) to fraud detection
(Yamanishi et al., 2004). In view of the above, we will study the Hellinger distance as a

measure of discrepancy between f and g in this work.

4.5.1  Shape-constrained estimators of H*(f,q)

In this section, we keep using the notations developed in Subsection 4.4.1. We estimate

H?(f,g) using the same density estimators involved in the construction of tests of stochastic
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dominance, that is, the log-concave MLE (Diimbgen and Rufibach, 2009) and its smooth
version (Chen and Samworth, 2013), or the unimodal density estimator of Birgé (1997). If
the respective shape constraints are satisfied, then these estimators are all related to the
MLE; in particular, they are either identical to the MLE (log-concave MLE), equal to its
smoothed version (smoothed log-concave MLE), or closely connected to it (the unimodal
estimator).

Recalling the definition of the density estimators fm, Jn, fm, and g, from Section 4.4.1,
we propose the plug-in estimators H2(f,,, §n) and Hz(fm, gn) for the purpose of estimating

H?(f,g). Our simulations in section 4.5.3 support the above claim.

Asymptotic properties of Hz(fm,fq\n)

We now investigate the asymptotic properties of the unimodal estimator H Q(fm, Jn)- In fact,
we will show that, under some regularity conditions, H Q(fm, Jn) is asymptotically normal.
Before stating the asymptotic distribution of H 2(fm, Jn), we need to provide some back-
ground on influence functions. Define the set of all densities on R by P. Consider a func-
tional 7' : P2 — R. Suppose that f and g belong to P, and denote the corresponding
distribution functions by F' and G, respectively. Then the influence functions of 7" in a non-
parametric model are defined as the (respectively F- and G-almost surely unique) functions

x = Yy(z; f,g) and x — ¢,(z; f, g) that satisfy the following display for all f; and g¢; in P:

%T(F +t(Fy — F),G) . :/_Z Yi(x; f,9) fi(z)dx, (4.28)
ITR.C (G~ O) =/ il () (4.20)

where above F} and G represent the cumulative distribution functions corresponding to f;

and g;. In our case, T(f,g) = H*(f,g), and it follows that

by fog) = 271 (1 - % _ (s, g>) Luuo(r)(2): (4.30)
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and

by(ai fg) = 27 (1 - % _ 1y, g>) Lupp(o) (7). (431)

Suppose that f}; is the Grenander estimator of f based on the true mode of f. Theorem
4.3 established the asymptotic equivalence of fm and ]/“\791 in terms of the Kolmogorov-Smirnov
distance and the L; distance. Our next lemma establishes another form of asymptotic
equivalence between these estimators, showing that H2(fn, G,) and H2(f°,3°) differ by an
0,(n"1/%) term, where g0 is the Grenander estimator based on the true mode of g. The proof

of Lemma 4.4 relies on the results on unimodal regularizations discussed in Lemma 1 of Birgé

(1997).

Lemma 4.4. Consider two unimodal densities [ and g with modes M and M’', respectively.
Suppose that fm and g, are Birgé (1997)’s unimodal density estimators as defined in Section
4.3, based on samples of size m and n drawn from distributions with densities f and g,
respectively. Denote by ﬁon and g° the Grenander estimators corresponding to f and g based

on their true modes. If f and g satisfy the conditions of Theorem /.3, then
'H%fm,an) — H* (], 0)| = 0p(n%).

Letting b, B > 0, denote by P(b, B) the class of densities that are bounded below and

above by b and B on their support, that is,

P(b,B):{fEP : b < f(z) < B, foersupp(f)}. (4.32)
We now present the main theorem of this subsection.

Theorem 4.4. Suppose that f, g € P(b, B), where b, B > 0. Further suppose that f and g
satisfy condition A. Let fAm and g, be Birgé (1997)’s estimators of f and g, defined in Section
4.3, based on samples of size m and n, respectively. Further suppose that m/N — X\, where
N =m+n. Then,

VNI (. 30) = H*(f,9)] =4 N(0,0%,).
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Here,
=5 | Vi faf@de = [ faswi

where Yy and 1, are defined in (4.30) and (4.31), respectively.

The asymptotic variance a% ; €quals the lower bound for asymptotic variance of a regular
estimator under the nonparametric model (Kandasamy et al., 2015). See Van der Vaart
(1998); Birgé and Massart (1995) for more detail on the lower bound.

Lemma 4.4 is pivotal to the proof of Theorem 4.4. Another key step in proving Theorem
4.4 is the Von Mises expansion (VME) (Fernholz, 2012) of H?(f,g), which has the same
essence as the Taylor series expansion (Kandasamy et al., 2015). See Birgé and Massart
(1995) and Kandasamy et al. (2015) for more discussions of application of the VME in

estimation of functionals of densities.

Asymptotic properties of the log-concave estimators

sm =5sm

We now discuss the asymptotic properties of the estimators H2(f,, gn) and H2(f5™, g5m).
Specifically, we will show that, when f and g are log-concave, these estimators converge to
H?(f,g) almost surely. We prove this as follows. First, we note that, with probability one,
both the pairs fm and g,, or f,flm and ¢, converge pointwise to f and g, respectively, almost
everywhere with respect to the Lebesgue measure. The above fact follows from Proposition
2(b) of Cule and Samworth (2010) combined with Theorem 4 of Cule and Samworth (2010)
(for f,, and §,), or Theorem 1 of Chen and Samworth (2013) (for f*™ and §&™). The last
two theorems require the first moments of f and g to be finite, which is trivially satisfied if
f and g are log-concave (cf. Lemma 1 Cule and Samworth, 2010). Next. an application of

Scheffé’s theorem shows that the pointwise convergence of f,, and g, leads to

i) =1~ [~ (Fule)in(o) Ve e 1o A (f(w)g(af))l/2dx

—0o0 o0
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as m,n — oo. Similarly, we can show that, as m,n — oo,

H?(f3, 35") —vas 1= /_ N < f(a:)g(:)s))l/zd:r.

o0

We summarize the above finding in the following Lemma.

Lemma 4.5. Suppose that the densities f and g are log-concave. Then as m,n — oo,

H*(frny Gn) —as. HA(f, 9) and H(F5™, 55™) —as. HX(f, 9).

Even though we do not currently have any rate result for H?( fns gn) and H?( N;?Lmy gn"),

we conjecture that

VN[H(fin, §n) — H*(f.9)] =4 N(0,0% ),
where UJ%’ , is as in Theorem 4.4.

Remark 3. The case of model misspecification is of natural interest for shape constrained
estimators. Suppose that f and g are not log-concave, but they have finite first moments
and satisfy

0

/00 f(x)log, f(x)dr < oo and / g(z)log, g(x)dx < oo,

—00

where log, x denotes log(max{x,0}). Then one can show that, when m,n — oo, H2(frn, Gn)
and H?( ~;§Lm, g™ converge almost surely to certain limits. The above follows from Proposi-
tion 2(b) of Cule and Samworth (2010) in conjunction with Theorem 4 of Cule and Samworth
(2010) (in the case of f,, and §,), and Theorem 1 of Chen and Samworth (2013) (in the case
of 5™ and §*™). The almost sure limit of H2(f,,, §n) turns out to be H2(f*, g*). Here f* and
g* are the log-concave approximations of f and g, respectively, in the sense of Diimbgen et al.
(2011). On the other hand, the almost sure limit of H2(f*™, g™) changes to H2(f**, g**).
Here f** can be expressed as the convolution of f* with some centered Gaussian density. The

variance of the latter can be expressed as the difference between the second central moments

of f and f*. The density ¢** has the similar representation in terms of g and g*.

203



4.5.2  Comparators

In our upcoming simulation study, we will consider several natural comparators for the shape-
constrained estimators H Q(fm, Gn) and H2(fn, gn). These comparators make use of Gaussian
kernel density estimators of the densities f and g. As in Section 4.3, the corresponding
bandwidth is chosen using the univariate least square cross-validation (LSCV) selector of
Bowman (1984) and Rudemo (1982). Let fmk and g, x be the corresponding KDEs of f and
g.

A naive estimator based on f and g is given by the simple plug-in estimator H Q(fm,k, Gnk)-
Though simple to implement, and therefore natural to consider as a comparator, it is known
that the bias of this estimator can decrease to 0 at a rate slower than n~'/2, thereby leading to
a suboptimal estimator. We direct the interested readers to Section 2 of Robins et al. (2009)
for more detail on the suboptimality of kernel density estimator-based plug-in estimators.

To improve the performance of the naive plug-in estimator, we also consider its bias-
corrected version. For the bias correction, we use the one-step Newton-Raphson procedure
(cf. Van der Vaart, 1998; Pfanzagl and Wefelmeyer, 1985), which involves the influence func-
tions ¥ ¢(x; f, g) and ¢, (x; f, g) defined in (4.30) and (4.31), respectively. The corresponding

bias-corrected estimators take the form

(HQ)*<fm,k7 Z]\n,k) = Hz(fm,k; /g\n,k)

+ / de(ZLj fm,kza /g\n,k)dFm(z) + / %(y; fme /g\n)dGn(y)>

which, following the expansion of ¥y and 94, rewrites as

=3[ Ve + [T e, )

Note that the construction of this bias-corrected estimator requires explicit computation of
the influence functions ¢y and 1,. From a broader prospective, each time one tries to es-

timate a functional of the underlying distributions using a bias-corrected plug-in estimator,
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it is necessary to carry out some extra analytical calculations that depend on the functional
of interest. The shape-constrained plug-in estimators do not require the bias correction for
asymptotic normality, and so do not require that these analytical calculations be performed.
Shape constrained estimators are therefore desirable in that, once the shape-constrained
estimates of the underlying densities have been obtained, an asymptotically normal estima-
tor of any sufficiently smooth parameter will automatically be available; specifically, these

estimators are given by the plug-in estimators of the shape-constrained density estimators.

4.5.8  Simulations:

Methods

We now describe the simulation experiments that we conducted to assess the performance
of the shape-constrained estimators H z(fm,ﬁn) (unimodal), H?( fimsGn) (log-concave), and
H2(f5™ ™) (smoothed LC), and their comparators, namely the nonparametric estimator
Hz(fmk,/g\n,k), which we refer to as KDE, and its bias corrected version (HQ)*(fmﬁk,/g\n,k),
which we refer to as KDE(BC). Here we keep using the notations developed in Section 4.4.1.
To keep things simple, we choose m = n. We let n vary from 50 to 500 in increments of
50. We do not consider larger values of n because, in our motivating phase 1b and phase 2
vaccine trial applications, the sample sizes are generally no larger than 500.

We generate observations from the following combinations of (f, g). Our first three cases
constitute the configurations (a), (b), and (c) in Section 4.4.1 with v = 1,1, and 3, respec-

tively — see Figure 4.6 for the plots of the corresponding densities. In addition to these, we

also consider the following three cases:
(d) f~ N(0,1), and g ~ Gamma(3.61,0.71) (see Figure 4.11).

(e) fis standard Laplace density and g = f(- — 2) (see Figure 4.11).
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(f) f = fim and g = fg, where fi2 and f3 are the smoothed log-concave MLEs of fig0

and foo7, respectively, based on our data (see Figure 4.3b).

Thus case (c) is the only case where the shape constraints are not satisfied. For n =
50, ...,500, we generate 10,000 pairs of samples with common size n from each of the six
combinations mentioned above. We estimate the bias and the MSE of our estimators us-
ing these Monte Carlo samples. We also calculate the average coverage probability of the
95% confidence interval of H?(f,g) based on the unimodal estimator H Q(fm,ﬁn) and its

asymptotic distribution given by Theorem 4.4.

Results

Figures 4.12 and 4.13 plot the absolute bias and the MSE as a function of n. For the ease
of comparison among different methods, we scaled up the bias and the MSE by a factor of
v/n and n, respectively. First of all, note that, in case (c), where the shape constraints are
not satisfied, KDE and KDE(BC) perform far better than the shape-constrained estimators,
whose bias and MSE increase sharply with n in this particular case.

We now consider the cases in which the shape constraint is satisfied, that is, all of the cases
except for the already-considered case (c). Figures 4.12 and 4.13 indicate that, in all cases
except (a), the absolute bias and the MSE of KDE increases with n, which agrees with our
previous knowledge on the KDE plug-in estimators (see Section 4.5.2). Especially, for case
(d), the MSE of KDE is exceptionally high. Its bias corrected version, namely KDE(BC),
however, performs favorably relative to the shape-constrained estimators in terms of both
absolute bias and the MSE, even when the shape constraints are satisfied, especially for cases
(b), (e), and (f). In case of (b) and (c), the bias corrected estimator has the lowest bias and
lowest MSE uniformly over all n.

Figures 4.12 and 4.13 show that, among the shape-constrained estimators of H2(f,g),
the unimodal estimator H Q(fm,ﬁn) generally exhibits higher MSE and absolute bias. The
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log-concave estimator H?( Fms gn) displays better performance. In particular, this estimator
has the lowest absolute bias and MSE for case (e) except for very small samples. The

fsm_gsm) however, outperforms H2(f,,J,) in many

smoothed log-concave estimator H?(f*

cases, especially for small samples. For case (d), H2(f*, °™) has the lowest absolute bias
and MSE uniformly over all sample sizes. We conclude that the KDE(BC) estimator and the
smoothed log-concave estimators have the best overall performance. Recall that, in case (f),
the samples are generated from smoothed log-concave estimators ffgg and fgg;. Therefore, as
expected, the plug-in estimators based on the log-concave densities have the lowest absolute
bias in this case.

Figure 4.14 displays the plots of the coverage probabilities of the 95% confidence intervals
based on H Q(fm, Jn). For case (c), we see that the coverage probability decays as n increases.
This is unsurprising in view of H 2(fm, gn)’s high bias and high MSE in case (c), as indicated
by Figures 4.12 and 4.13. Observe that the coverage probability is noticeably poor for case
(d). This can be explained from Figure 4.12; as it indicates that, in this particular case, the
absolute bias is quite high for H 2(fAm, Gn). Figure 4.14 implies that the coverage probabilities
are around 0.60 for small samples. Although this probability gradually increases as n grows,
even at n = 500, the probability does not reach 0.90 for any of the cases. This observation
aligns with the disappointing performance of H 2(fm,/g\n) in terms of bias and variance. We
deduce that the usual sample sizes of phase 1b and phase 2 trials are insufficient for the

asymptotics in Theorem 4.4 to kick in here.

Application to HVTN 097 and HVTN 100 data

The estimates of H?(foor, fi00), given by the log-concave, smoothed-log-concave, and the
unimodal plug-in estimators, are 0.18, 0.15, and 0.21, respectively. The 95% confidence
interval based on the unimodal estimators is given by (0.13 0.30). The KDE plug-in estimator

and its bias-corrected version estimate the Hellinger distance to be 0.16 and 0.19, respectively.
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Figure 4.11: Plots of the densities f and ¢ for the cases (d) and (e).

208



Method: Unimodal == Log-concave === KDE === KDE(BC) == Smoothed LC
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Figure 4.12: Plots of the absolute values of the biases for the cases (a)—(f). For each estimator,
the errorbars are given by £2 SD. Here SD denotes the standard deviation of the estimator,
which is estimated from the 10000 Monte Carlo samples.
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Figure 4.13: Plots of the MSE for cases (a)—(f). For each estimator, the errorbars are given
by £2 SD. Here SD denotes the standard deviation of the estimator, which is estimated from
the 10000 Monte Carlo samples.
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Figure 4.14: Estimated coverage probability of the 95% confidence intervals based on the
estimator H 2(fm, gn) and Theorem 4.4 for cases (a)—(f). The errorbars are given by +2SD.
Here SD; i.e. the standard deviation of the estimated probability p, is given by (p(1—p)/n)Y/2.
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4.6 Conclusion

The first contribution of our work is a novel analysis of the data from the HVTN 097 and
HVTN 100 trials. Our study supports the findings in Bekker et al. (2018) that the average
magnitude of IgG binding to V1V2 antigens for the HVTN 100 regimen is higher than for the
HVTN 097 regimen. Indeed, all of our tests reject the null of non-dominance in favor of the
strict stochastic dominance of Fyg; over Figg. To provide further insight into the discrepancy
between the two IgG binding response distributions, we estimated the Hellinger distance
between the corresponding densities. We found that the Hellinger distance between these
two densities was approximately 0.20 (95% CI 0.13-0.30). This difference may be attributable
to antigenic differences of the particular HIV-1 strains used in the two vaccines Bekker et al.
(2018).

Our finding regarding the different immune response profiles of the HVTN 097 and 100 has
the potential to impact future HIV vaccine research. As we described in the introduction, the
RV 144 trial in Thailand estimated the efficacy of the HVTN 097 regimen to be 31%. Though
the efficacy of the HVTN 100 regimen is yet unknown, an ongoing Phase 3 trial (HVTN 702)
to evaluate its efficacy is currently underway in South Africa. If the estimated efficacy of
the HVTN 100 regimen turns out to be less than that of the HVTN 097 regimen, then
researchers may infer that maintaining IgG binding to V1V2 antigens at the level induced
by the HVTN 097 vaccine is important when trying to improve upon this regimen. However,
if the outcome favors the HVTN 100 regimen, then the conclusion may be that [gG binding
to V1V2 antigens is not critical for developing an efficacious HIV vaccine regimen. Instead,
the immune responses that were boosted by the HVTN 100 regimen, such as responses
related to the CD4+4 T-cells or the gp120 antibody (Bekker et al., 2018), may be given more
emphasis when designing subsequent vaccines. Thus, in either case, our conclusion can help
to generate a hypothesis about the association between IgG binding response and clade C

antigens.
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The second contribution of our work relates to density estimation in the context of vaccine
trials. Based on a cross-validated analysis of the HVTN 097 and HVTN 100 data, we
believe that the log-concave density estimators of Diimbgen and Rufibach (2009) and Chen
and Samworth (2013) may yield improved density estimation in vaccine studies. Further

investigation is required to validate this claim.

The third contribution of our work is methodological in nature. This contribution is two-
fold. In Section 4.4, we introduce three novel shape-constrained tests. Though these tests
have desirable asymptotic properties, our simulations illustrate that the shape-constrained
tests do not exhibit much improvement over the nonparametric tests in terms of the power.
Indeed, their overall performance is similar to that of the nonparametric tests. This obser-
vation hints that the knowledge of the shape of the density does not lead to more efficient
(in the sense of p. 367, Van der Vaart, 1998) statistical inferences. To shed some light on
the potential reason, we note that, in the nonparametric model, unbiased estimators or tests
based on the empirical distribution functions are asymptotically efficient under appropriate
conditions (cf. p.386, Van der Vaart, 1998). This is true because, in a nonparametric model,
the empirical distribution function I, is an asymptotically efficient estimator of the under-
lying distribution function F' (see Example 25.24, Van der Vaart, 1998). We conjecture
that, as long as F is sufficiently smooth, FF,,, as well as the shape-constrained distribution
function F,, (or F\m), is an asymptotically efficient estimator of F' in the log-concavity (or
unimodality) constrained model. Consequently, if the parameter of interest is a smooth
functional of distribution functions, then an additional assumption of log-concavity or uni-
modality, despite allowing a simpler estimation procedure, may not facilitate a more efficient
estimator. The same conclusion may hold for testing hypotheses that are formulated using
smooth functionals of distribution functions only. Further investigation in this direction is

needed to verify these claims.

We also introduce shape-constrained plug-in estimators of the Hellinger distance between
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two densities and provide asymptotic consistency and distributional results. Our simulations
show that, when the shape constraints are satisfied, the shape-constrained plug-in estimators
have lower MSE and absolute bias than a KDE plug-in estimator. The performances of the
log-concave plug-in estimators are comparable with that of the bias-corrected KDE plug-in
estimator in most settings. Unlike the bias-corrected KDE plug-in estimator, the log-concave
plug-in estimator requires neither selecting a tuning parameter nor carrying out the analytic
calculations needed to derive the bias-correction term. Therefore, the log-concave plug-in

estimator may be preferred in settings where this shape constraint is plausible.
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4.8 Proofs

Before proceeding any further, we introduce some new notations. We let {*°(T") denote the
collection of all bounded functions on a set 7" C R. The class [*°(R) will be denoted by [*°,
which we equip with the uniform metric || - ||oo. For any function g : R — R, we define the
norm || - [[2 by

lulle = sup_|u(@)].

z€[a,b]
Suppose that Cj is the collection of all compactly supported continuous functions. We denote

the boundary of a set A by bd(A4). We let I : R — R denote the identity map. To define the
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LCM operator My over any convex set T" C R, we use the following definition from Beare

et al. (2017).

Definition 2. Suppose that 7' is a nonempty convex set 7' C R*. The LCM over T is the
operator My : [°°(T') — 1°°(T') that maps each 6 € [°°(T') to the function

Mp0(z) = inf{u(x) : p € 1°°(T), p is concave, and 0 < pon T}, z€T.
Denote by M the LCM operator on R = [0, 00), i.e. M = Mpg+.
4.8.1 Proofs of Section ./

Proof of Theorem .1

Note that we can write

Trons (o Ga) = 5 _int (@B (0) ~ B850
:\/7956321,( )—Fm(x)).
Now
% (Gn(a:) - Fm(@)

% (G(:c) - F(:zc)). (4.33)

Suppose that (F,G) satisfies the null hypothesis but F' # G. Then there exists x € D, such
that G(z) — F(z) < —26 for some § > 0. Recall the definition of D, from (4.5). Since H is
continuous, we can find p' > p such that inf,ep ,(G(2)— F(r)) < —d, and H~(p) > H™!(p).
Note that, because G(z)—F () is continuous, its infimum over the compact set D,, is attained

by some zy € D,y. Recalling the definition of D, ,, from (4.6), we observe that xy € D} pn
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almost surely for all sufficiently large m and n. The latter follows because for all sufficiently
large m and n, Dy C D, ., almost surely as Hy' (t) —,.s. H1(t) for any t € (0, 1).
As a consequence, for all sufficiently large m and n,

mn mn

T it (Gn(x) —]Fm(x)> < W(@n(xo) —IFm(xo)) a.s.

N xEDp,m,n
However, since (m/N)'/? and (n/N)/? are bounded by (4.4), (4.33) indicates that

T (600) = Fulo)) £ O (VA - Fll + VAIG, - Gl ) = OVR)S

Observe that (4.13) and (4.14) imply that

\/EH]Fm - F||oo+\/ﬁ||Gn - GHoo = ||V1||oo+ ||V2||o<>7

where V; and V5, are two Brownain bridges. Since V; and V, are continuous almost surely,
they are also bounded on D, ,,, with probability one. Thus, we obtain that, as m and n
approach oo,

Tyn(Fin, Gp) = inf @(Gn(x) —Fm(x)> . —00.

2€Dpmm | N
Next we show that 75, ,(Fon, G,) =, —00. To this end, we first note that, if 71 ,;, n(Fp, G,) <
0, it follows that 75 n(Fpm, G,) < 0. Therefore, (4.8) and (4.9) imply that, as m,n — oo,
Tomm(Fon, Gn) < Tymn(Frny Gp) - sup [t(1 —1)]7Y2 = —o0.
t€[p,1-p]
This completes the proof of part (A) of Theorem 4.1.
Now suppose that G(z) > F(z) for all x € D,. Since D, is compact, the continuous

function G — I attains its minima at some z¢ € D,. Therefore, it follows that

inf (G(x) — F(x)) > 20

zeD,
for some § > 0. By continuity of H, it also follows that we can choose p’ < p such that
H=H(p') < H™(p), and
inf (G(z) — F(x)) > 4.

ZL‘EDPI
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For sufficiently large m, n, the following holds with probability one:
Dy € [H™H(p), H™ (1= p')].

Therefore,

liminf inf (G(x)—F(x))zé a.s. (4.34)

m,nfoo $€Dp,m,n]

On the other hand, (4.4) and (4.33) lead to

Tl,m,n (Fma Gn)

Note that, as m,n — oo, the above lower bound approaches infinity almost surely by (4.13),
(4.14) and (4.34). Thus, we have established that T} ., ,(F.,, G,) —4s 00 as m,n — oo
satisfy (4.4).

Now we will show that 7%, ,(Fm, G,) —as 00 as well. Note that the positivity of
T1 mn(Fm, Gy,) > 0 implies the positivity of T n(Fim, G,) > 0. Hence,

Tonn (Fns Gn) > Tonn (Frs Ga) inf (H(1— 1) 72 =, 00

te [pvl_p}

as m,n — oo. Therefore, the proof of part (B) of Theorem 4.1 also follows.

Proof of Theorem /.2

Before proving Theorem 4.2, we introduce some notation and two lemmas.

Define



Recall that the corresponding probabilty space is (2, F, P). Let A C Q be such that P(A) =

1, and as m,n — oo, the following assertions hold on A:
||]Fm - FHoo — 0, ||Gn - GHOO — 0,

and

IVm(Fm — F) = Viljse = 0, Vn(Gy — G) = Vyloo — 0.

Here V; and V, are as defined in (4.13) and (4.14), respectively. Also define w; = v AV, (G) —
V1 — AV (F). Several times we will use the fact that (4.4) implies the following on A:

wmm—wl—,/%(G—F)H = 0. (4.35)

lim
m,nToo

We now state the first lemma.

Lemma 4.6. Suppose that the conditions of Theorem 4.2 hold. Then, the following assertion
holds on A:

lim inf  wp,(z) = inf Uo F(x),

m,n1oo €Dy m nNC zeC

where U is as defined in (4.15).
Proof of Lemma /.6. Note that (4.35) implies that

lim inf  wpalx) — inf  wi(z)] =0.
m,ntoo | £€Dp m ,nNC m,n( ) €Dy m,nNC ( )

Also observe that dist(Dp .n, Dy) — 0 as m,n — oo on A. Also noting that w; is continuous
on A, we derive that inf,ep, ., ,ncwi(z) = infep,ncwi(x) on A as m,n — oco. Moreover,
using that C' C D, and combining this with the above, we see that inf.cp, . .nc Wmnn(T) —
inf,ecwi(x) on A as m,n — oco. The result follows from (4.15) observing the fact that, for

z € C,wi(x)=Uo F(x). O
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The second lemma relies on the objects s1 : ¢ = £ F o H™'(t)|,_, so: 1+ 2Go H'(t)|

t=t’

and
Lo(t) = (1 —\) (Al/%Q(t)Vl(F o H7H(t)) — (1 — A\) Y25, (t)V4(G o Hl(t))). (4.36)
We now state the second lemma.

Lemma 4.7. In the setting of Theorem 4.2,

mN F,, o Hy'(t) —t m Lo(t)
Vo TRa-opE \/; {1 — )7

Moreover, 1Ly is continuous almost surely.

sup
telp’,1-p’]

—, 0. (4.37)

Proof of Lemma 4.7. Theorem 4.1 and Corollary 4.1 of Pyke and Shorack (1968) indicate
(4.37), where here we emphasize that (4.36) represents the corrected formula for Lo, given
by (30) of Ledwina and WyAupek (2012), rather than the original formula for this quantity
given in (3.8) of Pyke and Shorack (1968).

Now observe that, because h > 0 on D,, H is strictly increasing, which implies that H !
is a continuous function. Also note that

fo H(t)

s1ll) = AfoH-Yt)+ (1= XN)go H(t)

Since f, g and H~! are continuous, it follows that s; is continuous. Similarly we can show
that sy is continuous. Therefore, from (4.36) it is not hard to see that L, is continuous

almost surely. O

We now prove Theorem 4.2.

Because F' and G are continuous and satisfy the alternative hypothesis, there exists an
open interval inside D), such that G — F' is bounded away from 0 on this interval. Therefore,
D, \ C contains at least one interval. Also there exists a ¢y, > 0, such that for all ¢ < ¢,

D, \ C; is non-empty. In fact, the latter set also contains at least one interval.
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Because H is continuous, there exists a p’ € (0,p) such that H-'(p') < H !(p), and
G — F is bounded away from 0 on D,. For any ¢t € R, denote by C; the set {x € D,
dist(z, C') < t}. Our discussion in the last paragraph implies that, for ¢ < ¢, the set D, \ C;
is non-empty. Note that this set is also closed and bounded, hence compact. Therefore, the
continuous function G — F' attains its minima on D, \ C;. Hence for all ¢ < t;, we can find

0; > 0 such that

inf (G(m) - F(a:)) >4, (4.38)

z€D\Ct
Fix € > 0. Note that w; = VAVy(G) — v/1 = AV, (F) is a continuous function because
G, F', V; and V, are continuous. Note that w; is also uniformly continuous on D, because
the latter is a compact set. Hence, we can find o, > 0 such that, for z,y € Dy, |z —y| < o,
implies that |wy(z) — wi(y)| < €/2. Moreover, we can choose o, so that o. < .
Note that 11y n(Fm, Gn) = infrep, ., Wmn(z). Letting Bﬁ?n,e and Bfg,)n,e denote B&)n,e
and D, ., N C,. \ C, respectively, we see that D, , = BSY . UBS, U [Dp.mnNCJ. Hence,

11 (Fpn, Gp,) = min { inf  wpa(z), inf wy.(x) inf wmn(x)} . (4.39)

s 9
l’EBg) xer,%) xGDp,m,nﬁC

We will now study the asymptotic behavior of the three infimum expressions appearing in
the minimum above. We will show that, as m,n — oo, the first expression diverges to
infinity, and the second expression is, up to a term that tends to zero with ¢, lower bounded
by the third expression for all m,n large enough. Therefore, by the above, we will see that
the behavior of infycp, ... Wmn(x) is well described by the behavior of inf,cp, . .nc Wmn ()
for all m,n large enough. The remainder of the proof will then follow from the asymptotic
distribution of this quantity.

We start by showing that inf ) Wmn(x) diverges to infinity when m,n satisfy (4.4).

xeBﬁnlyn’

Using (4.38) and (4.35), we deduce from (4.35) that, on A,

inf  wy,(x) > inf  wi(x)+ @506—6/4

2€D,\Co, 2€D,\Co, N
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for all sufficiently large m and n. Noting that the continuous function w; is bounded on D,,
we deduce that liminf,, ;400 inf ¢ D,\Co. Wmn(x) = 0o on A. Because Dy, ,, C Dy for all
sufficiently large m and n on A, this implies that
liminf inf wy,,,(z) = co. (4.40)
m,ntoo CEGB;%,)n,e

Now we will find the limit of the infimum of w,,, among x € Bg,)n,e. Let us denote

the boundary of the set C' by bd(C'). To this end, note that (4.35) implies that, for any
z e C, \ C,and y € bd(C), we have

o) = wmals) =[5 (60 = F@) )

<e/2+ sup jwi () = wi(y)],

|lz—y|<oe, z,YE€D
which, by our choice of o, is not larger than ¢ . The above leads to

f wpn(z) > 4] o inf (G’(w)—F(x))Jr nf wnaly) — €

2€BS N eB®, Y€ Dy m.n(bd(C)

Note that, for all sufficiently large m and n, D, ., C D,y on A. Therefore, (4.38) implies
that infmeBg?n,e[G(x) — F(z)] > 0, which indicates that, on A,

IEIBI;r%f,)n,s Wm,n(l’) = yeD;},rrlnf,nﬂC wm’n<y) — €

for all sufficiently large m and n. Combining the above with (4.40), the display in (4.39)
shows that, on A,

yEDi,Iylnf:nﬂC wm,n(y) — € S Tl,m,n(]Fma Gn) S yGDIi,,Iylnf:nﬂC wm,n(y)

for all sufficiently large m and n. As e > 0 was arbitrary, on A it holds that

liminf  inf  wp,(y) <Uminf T, (F., G,)

m,ntoo YEDp m,nNC m,nToo

<lmsup 71 pmn(Fm, G,) <limsup  inf w0 (y).
m,ntoo m,ntoo YEDp,m,nNC
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By Lemma 4.6, on A it holds that lim,, o0 infyep, ., ,nc Wmn () exists on A and is, in particu-
lar, given by inf,cc UoF(z). Consequently, the above shows that, on A, lim,, 100 11 mn(Fm, Gpn) =
inf,ec Uo F(x). Because P(A) = 1, it follows that (4.18) from part (A) holds.

We now show that (4.19) from part (A) holds. Because C' C D, x € C implies that
p < H(x) <1—p. Because F(z) = H(z) for all z € C| it also holds that F(z) € [p,1 — p]
for x € C. Thus, {F(z) : = € C} C [p,1 — p|, which implies that inf,cc U o F(z) >
infyepp1-p U(E), that is, that (4.19) holds.

Equation 4.20 from part (A) follows readily from (4.18) and (4.19), combined with the
fact that convergence in distribution implies convergence of cumulative distribution functions
at all continuity points.

We now prove part (B). For ease of reference, we let

\/?(Gn o Hy (t) — F, 0 Hy! (ﬂ)

[t(1 —t)]*/2
Note that 5 mn(Fm, Gn) = inficpp1-p) Vma(t).

Vm,n (t) =

We start by studying the numerator of the above display. Noting that NHy = m[F,, +

nG,,, we derive that

\/?(Gn o Hy'(t) — F,, o H' (t)>
= — @(Fm o H () — t) - \/FTN(HN o Hy' (t) — t).

Combining the fact that sup;eq) |Hy o Hy'(t) —t| < 1/N (p. 762 of Pyke and Shorack,

1968) with the fact that \/m/n = O(1) by (4.4), we see that

@(Gn oHy'(t) — F,, 0 HNl(t)> + @(Fm o Hy' (t) — t) ‘ =o0(1). (4.41)

The above readily shows that

mN F,, o Hy'(t) —t
S T e
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te[0,1]
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te[p,1—p]




Combining the above with (4.37), we see that

N Lol mN (Fo H-\(t) — )
=02 N0 o)z

sup
te [p,l _p]

U (t) +

‘ —p 0.
Upon noting that

FoH1@y—p:FoH1@»—HoH1@y:a—AwfoH1uy—GoH1@0,
the preceding limit reduces to

V() + 1/ : i ; [t(lﬂf(g]l/? — (1= X)4/ %y(t)‘ —, 0, (4.42)

where v(t) = [G o H7'(t) — F o H™'(t)]/[t(1 — )]'/2. If we take any subsequence of the

sup
tE[p,l—p]

random sequence on the left side of the above, we can find a further subsequence that
approaches zero almost surely. Suppose that we can show, along the latter subsequence,
that T m.n(Fim, Gn) — infrepc) U(t)/[t(1 — t)]*/? converges almost surely to zero. In light of
the fact that the limit does not depend on the choice of sequence or subsequence, Theorem
5.7 of Shorack (2000) would then imply that the whole sequence converges weakly to the
same limit, namely zero. Since weak convergence to a constant is equivalent to convergence
in probability to that constant, this would complete the proof. Therefore, in what follows,
we use m’,n’ to denote members of a subsequence along which (4.42) holds almost surely
and set out to prove that, as m’,n’ — oo,

T2,m’,n/ (Fm’v Gn/) — inf U(t)

———— —as. 0. (4.43)
teH(C) \/t(1 — 1)

Hence we assume that there exists A’ C €2 such that P(A’) =1 and, as m/,n’ — oo,

A ]LO (t) m' N’

Sup 1—AHU—QW2_O_A)

V! ! (t) +

o V(t)‘ —0 (4.44)

on A, where N' = m’ +n’. We choose A’ so that L, is also continuous on A’, which

Lemma 4.7 shows is possible.
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The rest of the proof is similar to the proof of part (A) because the asymptotics of the
infimum of v, ,» over [p, 1 — p] are largely governed by its numerator. Indeed, replacing the
denominator of 1 from part (A) by the denominator of [t(1—%)]'/2 for part (B) changes little
since this new denominator is bounded away from 0 on [p,1 — p|. Nonetheless, there are
some differences, which we detail below.

Fix € > 0. We replace o, from the proof of part (A) by o/, where we define o’ as follows.

If t,t € [p,1 — p] satisfy |t — t/| < o., then, on A’,

T - < €/2. (4.45)

A Lo(t) Lo (#)
‘ t(1 =)z (#(1—t))12

Note that such a o exists because [p, 1—p| is a compact set, and the function Ly is continuous
on A’

Let b = sup,c(y-1(y),1-1(1-p) (%), and note that clearly b is nonnegative. Because f and
g are continuous, h is also continuous, and therefore b < co. Taking [, = ¢! /b, we observe

that [p, 1 — p] can be written as the union of the following three sets:

BO —(iclp1-p : B0 ),
B® ={telp1-p] : H'(t)eC,\C},
.

H(C) ={te[p,1—p] : H'(t)eC}.

The quantity I, was chosen to ensure that
It —t'| <o’ forallt € B? and t' € bd(H(C)). (4.46)

We now that the above display is indeed valid. Fix t € B® and ¢ € bd(H(C)). Because
H~! is continuous, it holds that H~'(¢) € bd(C). Thus, |H'(t) — H ()| < l.. Note that
the continuity of H also implies that H(ty) = to for all tg € [p,1 — p|. By the mean value
theorem applied to the function H, there exists an a between H~'(t) and H~'(#') such that
t—t' = h(a)[H(t)— H'(t')]. Hence, |t —t'| < b|H ' (t)— H*(¢')|. Combining this display
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with the fact that |H!(t) — H~'(t')] <. and plugging in the choice of [, shows that (4.46)
indeed holds.

Because v(t) > 0, for t € [p,1 — p|, one can show that the infimum of v over BY is
bounded away from 0. Therefore, using (4.44) and imitating the proof of (4.40), we can
show that, as m’,n’ — oo,

inf vy (t) = oo  on A (4.47)
teB

Next let us consider ¢ € B® and ¢’ € bd(H(C)). Note that (4.42) and (4.46) imply that
the following holds on A’:

borar(0) = 1t (©) = (1= A 700
Lo(t) L)

A
SOV SR G- o2~ -

where S; = {t,t' € [p,1 —p| : |t —t'| < ol}. Equation 4.45 yields that

[ A
—— sup
1—Xives,

on A’, which indicates that, on this set, for all sufficiently large m and n,

)

Lo(t) Lo(t")

[t(1 =02 (¢(1— )2

<€/2

mlN/
n/

V! i/ (t) = Uny o/ (t/) - (1 - )‘) V(t)

Because the above holds for any t € B® and ¢’ € bd(H(C)), we obtain that

/N/
inf vy (t) > inf vy (8) + inf v(t')—e
teB® teH(C) n' pep®

The fact that v is non-negative on [p, 1 — p| yields that inf,,_ze v(#') > 0. Thus, the above
shows that infteé§2) Ut et (1) > infye () Vine g () — €. Therefore, using (4.47), we derive that,

for sufficiently large m’ and n/,

inf vy (t) — inf I/m/,n/<t)‘ <e onA.
te(p,1—p] teH(C)
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As e > 0 was arbitrary, the above shows that infycp, 1—p Vms 2 (t) —infie g0y Vi e (t) converges

to zero as m’,n’ — oo on A’. Finally, (4.36) and (4.44) yield that

U(t
SUD |V () — ®)

——Z2 | >0 onA.
te H(C) t(1—1)

Recall that A" was chosen to satisfy P(A’) = 1. Thus, the above convergence holds with
probability one, from which, (4.43) follows. As was discussed above (4.43), the fact that this
equation holds implies that (4.21) from part (B) is satisfied. It is straightforward to see that
the limiting term on the right hand side of the last display is stochastically greater than

infyepi-p U(t)/+/t(1 —t), from which (4.22) follows.

Proof of Lemma 4.1

By similar arguments to those used to prove Lemma 4.7, it holds that

N
il <1Fm oHZ (t) — F o Hl) — /TLO(t)’ —, 0,
n n

where Ly was defined in (4.36). Also recall that Lemma 4.7 showed that L, is continuous.

sup
te[1/N,1]

Also, from (4.36) it follows that, in our case, Ly(t) takes the form

(1-) (/\‘I/QVI(t) —(1— A)—1/2V2(t)),
where V; and V3 are two independent Brownian bridges. Thus, (4.8.1) reduces to

% (Fm o Hy\(t) — t) + U(t)) —, 0. (4.48)

sup
te[1/N,1]

Observe that the following holds for any two real functions f; and f5 and any set A C R:

inf fi(x) — inf fo(w) < sup(fo(z) — fi(2)). (4.49)

zeA TEA
The above inequality, combined with (4.41) and (4.48), establishes that, as m,n — oo,
T (Fm, Gy,) converges to inf,cp, 1, U(t) in probability. To show the same for 1% p, (o, Gy,),
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we note that, for p € (0, 1),

sup [0 072 [ (6, 0B 0) - B oY 0)) - U0 |
tefp,1-p] N
1 mn 1 1
<rt s |60 B — Fno B ) - U] 4,0

as m,n — o0o. Therefore, it follows that

. u(t)
TamalEnsG) 2 L, G — gy

which completes the proof.

Proof of Theorem 4.5

Suppose that M is the true mode of the density f. In this case F' can be written as (Rao,
1969)

F=aF"+(1—-a)F",

where a« = Pp(X < M), and F" and F~ are the conditional distributions on (—oo, M| and
[M, 00), respectively. Let us denote the distribution function of ﬁ% by FO. Note that F°

can be expressed as

~

FO = G F%F 4 (1 — G FO™,

where &, is the sample proportion on (—o0.M], and ﬁ?ﬁ and ﬁ?{* are the monotonoe

m?

Grenander estimates of F'* and F'~, respectively. Denote by F; and F, , respectively, the
empirical distribution functions corresponding to the observations in (—oo, M] and [M, c0).
Since F' is continuous, the probability that X; = M for some ¢ is 0. Hence, there is no
ambiguity in the above definition of ]3,91

Note that we can write F&~ = M(F.

m

), where M is the LCM operator on R (see
Definition 1). From (4.13), we recall that \/m(FF,, — F~) converges to the Brownian bridge
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process V; o F' almost surely. Using the above, we can expand /m| |ﬁ,9f —F, || as follows:

vml|[FyT = F

IN

M(E~ +m= Y2 /m(F, — F7)) — F~

m—1/2

+Vm(F, —F7) = VioF ||
M(F~+m™ V2 /m(F; — F7)) — F~

m—1/2

—VloF_

—VIOFi

(ﬁ(M(Fm) — F) —V,o F> — (\/E(Fm ~F)-V,o0 F) H

o

o0

+o(1) (4.50)

almost surely, where the last equality follows by (4.13). In order to show that the right hand

side of (4.50) approaches 0 almost surely, we invoke Proposition 2.2 of Beare et al. (2017).

This proposition states that M is Hadamard directionally differentiable at F'~, tangentially

to Cp, with respect to the || - || norm. Because F~ is strictly concave by Condition A, it

also follows that the corresponding directional derivative Mp— at F~ is the identity map on

Co, i.e. Mp- () = p for all functions p € Cy (Beare et al., 2017, Remark 2.5 of). Noting

that /m(F,, — F~) = O,(1), and applying Proposition 2.2 of Beare et al. (2017), we derive

that, as m — oo,

M(F~ 4+ n Y2 /m(F% — F~)) — M(F")

m—1/2

_VloF_H —a.s. 0.

Now since F' is concave, we have M(F~) = F~. Thus the last display combined with (4.50),

leads to

\/EHF\%_ - F;zHoo —a.s. 0.

Similarly one can also show that \/m||ﬁ%+ —F} oo —a.s. 0 as m — oc.

Now note that the empirical distribution of the X;’s can be expressed as

Fp = @mFE + (1 — 600

Since &,, —..s. @ with probability one, we conclude that

VI FL = Foolloe < Gonv/ml||[FO™ = Fo||oo + (1 = @) VM| |[E%T = F |loo —vas 0. (4.51)
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To prove part (A) of the current theorem, now we invoke Theorem 1 of Birgé (1997), which
states that

e RN R e

where 7 is as defined in Section 4.3, which implies that, in our case, n = O(1/m). This,
combined with (4.51), proves that the right hand side of the above display approaches 0
almost surely. Thus part (A) of the current theorem is proved.

Now note that since
Vil | B = Fulloo < Vil By = Epllo + Vinl | E, = Funl oo,
and
1B~ ol < [ 1Fale) = Fololds
part (B) of the current theorem follows by part (A) and (4.51).
Finally, part (C) of the current theorem follows by noting that

H\/E(ﬁm—F)—VloFH

<

?
o0

\mﬁm ~F,)

which converges to 0 as m — oo by part (B) of the current theorem and (4.13).

+

'\/E(]Fm —F)-V, OF‘

Proof of Lemma 4.2

Note that (4.49) implies that

Ty (Fins G) = Timn (Fon, Gi)
< ()" o (Rufst o) - Rl
- Gu(ER(:) + G
< (%) (s o) ~ Bl + s0p1Gite) — o)



which converges to 0 almost surely by part (B) of Theorem 4.3 and (4.4). Similarly one can

show that 11, n(Fpn, Gp,) — Tl,m,n<ﬁm7 Gy) —ras. 0, implying
|T1,m,n(Fm7 Gn) - Tl,m,n(ﬁma an)| —a.s. 0
Using part (B) of Theorem 4.3 and (4.4) in the second step, we also deduce that

|T2mn(ﬁm> n) T2,m,n(FmaGn)’

G
@) 5D ez Bo(#) = Fon(2)] + 50Dy 1Gn(z) — Gu(2)]
N inf \/z(1—2)

ZE[p,l—p]

o(1)
< ———— a.s.

~ Vp(1-p)
It remains to prove that |T: 3,m,n(ﬁm, én) — T3 mn(Fr, G| converges to 0 almost surely.
To this end, we first note that {(F,G) = [ FdG is a Hadamard differentiable function with

respect to the norm || || for every pair of distribution functions (F, G) (see Section 5, pages

362 - 371 Lehmann, 1975), with the derivative
i F.6) = [ nxdG ~ [ poar.
Observe that we can write

(Nmfl)l/z (6P 6 - 61

. 1/2 g(FJrN—l/?Km,F,GJrN—l/QKmG) —&(F,G)
- (N(NH))

N-1/2 ’
where

Apr=VN(F,—F); Ane=+VN@G,-G).
Note that part (C) of Theorem 4.3 and (4.14) imply that, as N — oo,
||£m,F - )\_1/2V1 o FHoo _>tz.s. 07 [||£n,G - (]- - )‘)_1/2V2 o GHoo _>a.s. 07
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and
1/2
mn
—_ A1 = N).
(vvim) — VA0
Therefore, the Hadamard differentiability of & implies that

m 1/2 f(F + N_1/2£m,F7 G+ N_1/2£n,G) - S(Fu G)
‘(N(NH)) N2

- Y‘ —>a.s, 07

where Y is the random variable é(,ux, py; F,G) with gy = /1 — AVioF | and pu, = VAV,0G.
Thus, we have established

1/2
‘ (NT’TJ (g(ﬁm, G,) — &(F, G)) — \Y‘ .. 0.

Similarly using (4.13), (4.14), and (4.4), one can show that

’ <Nmf1) 1/2 <g(1t«“m, G,) — &(F, G)) — y’ —.. 0.

Then the proof for T: 3’m’n(ﬁm, @n) follows noting

1272 Ty o (Finy G) = T (Fn, G|
mn 1/ s =
<‘(N+1) (5<F G- 5<FG>> ]

|(755) (o e-ane) 4]

which converges to 0 almost surely.

Proof of Lemma /.3

Theorem 4.4 of Diimbgen and Rufibach (2009), Condition B1, and Condition B2 imply that

sup |Fyu(2) = Fin(2)] = 0, (m™'/?),

ZEDp/
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and

sup ’Gn(z) —Gu(2)| = Op(nilﬂ)'

ZGDP/
Recall the set D, , defined in (4.6). We note that, for sufficiently large N, Dp,nn C D,
with probability one. Therefore, (4.26) implies that

D, C int(dom(log f)) Nint(dom(logg)) a.s.,
which indicates that the following holds with probability one,
1D (F() = B+ sp [Gale) = Galo)] = opm %) 0y u ), (452)
uclp m,n x€Dlp m,n

which is 0,(N71/2) by (4.4). Now using (4.49), we derive

Tl,m,n(pma én) - Tl,m,n(]Fma Gn)

< (7)o (Rl o) - R

Ze[plvl_p/]

— Gn(H(2)) + Gn(Hz_\fl(Z»)

s( el )/( sup | F(x) = Fu()] +  sup |én<x>—Gn<x>|>,

m + n €Dy m,n €Dy m,n

which is 0,(1) by (4.52). Similarly one can show that T} yn(Fon, Gp) =T (Finy Gi) = 0,(1),
which implies |T: 17m7n(Fm, Gn) — T mn(F, Gy)| converges to 0 in probability. Analogously,
we can show that

|T2,m,n(Fm7 én) - T2,m,n<Fm7 Gn)l _>p 0

4.8.2  Proofs of Section /.5

Although the aim of the current section is to derive the asymptotic distribution of H Z(fm, n),
we embark on proving a more general result on plug-in estimators of integrated functionals.

Theorem 4.4 then follows as a special case.
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Recall that we defined the set of all densities on R by P. Let P; C P. Suppose that

T : P? — R is a functional of the form

1(1.9) = [ o( 50900 ) (453)

[e.e]

where v : R? — R is a known function. In our case, T(f, g) equals H(f, g)?, leading to

o(f)at0)) =2 (VI - m)

We have already mentioned in Section 4.5 that the Von Mises Expansion (VME) plays a
critical role in the proofs of this section. So now we will elaborate a little bit on the VME
of T. We define the first order VME of T in the same lines as Kandasamy et al. (2015).
Suppose that T"is Gateatx differentiable, and the corresponding influence functions vy and
1, (see (4.28)) exist. Then we say that T : P7 — R has a first order VME if it satisfies the

following for all fi, f2, g1, 92 € Pu:

T(f2,92) = T(f1, 1) + /_00 Vr(x; f1, 1) f2(x)dw + /_OO V(x5 f1,91)92(x)dx

+O0(Ilfi = £2lI2) + O(llgr — 2[2). (4.54)

The first order VME implies that T" can be written as a linear term plus second order bias
term.

Let f,, and g, be estimators of f and g based on samples of size m and n, respectively.
We denote the corresponding distribution functions by F,, and G,. We aim to show that
if f,, and g, satisfy some regularity conditions, then the plug-in estimator T'(f,,gn) is
v/N-consistent for estimating T (f,g). The first condition we require is related to the weak
convergence of \/m(F,, — F) and /n(G, — G) to Brownian bridge processes.

Condition C1. The distribution functions F,, and G, corresponding to density estimators
fm and g, satisfy
Vm(E, — F) —4 Vi(F),

\/E(Gn — G) —d VQ(G),
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where Vi and Vy are Brownian bridges.

Grenander estimator of monotone and unimodal densities (Beare et al., 2017) satisfy
the weak convergences in Condition C1. Theorem 4.3 implies that the unimodal density
estimator of Birgé (1997) also satisfies this condition. Kernel density estimators with either
the fixed bandwidth, or the optimal bandwidth for minimizing MISE (using the least square
cross validation or the plug-in bandwidth method) also satisfies Condition C1 (Giné and
Nickl, 2008, Theorem 2(a) of).

The second condition involves the order of the Ly error in estimating f and ¢g. In particu-

lar, we require ||f,, — f||2 and ||g, — g2 to be of order o,(m~/2) and o,(n~'/?), respectively.

Condition C2. The density estimators f,, and G, of f and g satisfy
Op(||fm = [13) = 0p(m™"2) and  Op(|[gn — glI3) = 0p(n~""?). (4.55)

If the model is correctly specified, and f is bounded, many density estimators f,, are also

bounded with high probability, leading to

Op([1fin = fII2) = H*(fm, £)Op(1).

If f,, also satisfies H%(fn, f) = 0,(m™/2), Condition C2 follows. For example, the log-
concave MLE density estimators (Doss and Wellner, 2016) and the Grenander estimators of
monotone density (Theorem 7.12 of van de Geer, 2000) satisfy Condition C2. When f is in
Holder class of order 2, loosely speaking, which is same as f having bounded second deriva-
tive, Condition C2 is satisfied with a KDE with bandwidth O(n~'/%). The cross validated
and the plug-in optimal bandwidth satisfies decays at the rate O(n='/%).

Our next condition requires the influence functions ¢¢(-; f,g) and ¢,(-; f,g) to be of
bounded total variation on R. We say the function p : R +— R is of bounded total variation

on R, if there exists a generalized derivative (in the sense of distribution) u' of p (cf. Section
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3.2 Ambrosio et al., 2000), which means

| utwe@is= [ e

(e}

for all continuously differentiable function g.

Condition 1. The maps

z>Yp(z frg)  and x> Yy(as f,g)
are of bounded total variation on R.

Condition I is stronger than 1y and v, being bounded, but this condition ensures the
existence of some Lebesgue-Stieltjes integrals required in the proof of Theorem 4.5. A similar
condition was used by Mukherjee and Sen (2018) who also considered a plug-in estimator to
estimate smooth integrated functionals. Condition I also circumvents the need of imposing
further conditions on the influence functions. For example, we do not require any Lipschitz-
type condition similar to Assumption 4 of Kandasamy et al. (2015).

Suppose that f,, and g, satisfy Conditions C1 and C2, and the influence functions 1;
and v, satisfy Condition I. Under this scenario, our next theorem obtains the asymptotic
distribution of the estimator T'( f,,, gn), which is a centered gaussian random variable. Re-
lated literature (cf. Kandasamy et al., 2015; Van der Vaart, 1998) implies that the variance

01201 , agrees with the asymptotic lower bound for this case under the nonparametric model.

Theorem 4.5. Suppose that Py C P. Let T : P} — R be a functional of the form (4.53)
satisfying the first order VME in (4.54). Consider f,g € Py. We assume that the influence
functions ¢y and 1, defined in (4.28) satisfy Condition I . Suppose that fm and G, are
some estimators of f and g based on samples of size m and n, respectively. Let us denote

N = m +n. Suppose that m and n satisfy (4.4). Further suppose that f,, and g, satisfy
Conditions C1 and C2, and

m—r0o0 n—o0

lim P(fm € 731> =1, and lim P(gn € 7>1> = 1. (4.56)
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Then we have
VI (T = T(09)) 4 N0 02,),
where _ .
0y =A"" /OO Gr(as; f,9)%f ()de + (1= A7 /Oowg(fc; f,9)%g(x)dz.
Proof. We observe that (4.56) implies
P(fm,gnepl) —1, asm,n — oo.

Since T satisfies the first order VME, (4.54) indicates that

T(fm: gn) — T(f,9)
- /Z Uy (x5 fo g) fn(2)d + /Z 0o 1 9)n(x)d
+ Op([| fm = F1I5) + Op(113n — 9113)
— [ st ialain s [ b g + o, (V)
where the last step follows from Condition C2. Denote by F, F,,,, G, and G,, the distribution

functions of f, fm, g, and g,, respectively. Since ¥(z; f,g) is an influence function with

respect to f, it satisfies
[ vt pop s =o

hence we can write

/W¢Aﬂﬁwmwﬂw=/W¢AﬂﬂmﬂEA@—F@»

Now note that 1¢(-; f, ¢) is of bounded total variation on R. Therefore, integration by parts
yields that
| et fgiFue) - Fa)

o

:wﬂaﬁmwmm—F@M_-1/<wa—ﬂwmwuﬁy>

[e.9]
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since ©¢(+; f, g) is of bounded total variation, it is also bounded, leading to

im (2 f, g) (Fn(2) — F(x)) = 0.

Therefore, we deduce that

/ (@i £ g) Fnl) e = — / " (Fule) — F(a))dis(a: £ g).
Similarly we can show that
/ " s £, 9)gn(@)dr = — / " (Cula) — Cla))diy(a: £.9).

—00

Since F,,, and G, satisfy Condition C1, it follows that

(m(Fm _F) (G — G)> L (WF), WG)),

where V; and V, are independent standard Brownian bridges. Here the underlying metric
space corresponding to the weak convergence is (I°°, || - ||oo) X (I°°,]] - ||oo), Where [* is the

set of all bounded functions on R. Since m/N — A, Slutsky’s Theorem yields
(\/N(Fm - F),VN(G, — G)) 4 ((1 —\)"V2U(FR), xl/?U(G)).

Since Condition I holds, it follows that, for uy, us € [*°, the map

o0

(s ) = / " (@) ds(as fg) + / a() diby(a £ g)

is continuous with respect to the uniform metric || - ||o. Therefore, invoking the continuous

mapping theorem we obtain that
| VEFue) - F@)iy(ai f.9)
s [ VR (Goln) - G (a9

o0

—q (1 - )\)‘1/2/_

o0

U(F(2))diy (: f.g) + A2 / U(G(2))didy (x: f. g).

[ee] —00
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Now for any continuous distribution function F', and for any function p with finite total

variation, the random variable

Y = /_ N U(F(x))dh(z) ~ N(0,0%),

oo

o= [ wwrs - ([ u(x)f(m)dx)Q-

The above follows from the proof of Theorem 2.3 of Mukherjee and Sen (2018). Therefore,

where

o0

(=N [ U@ f9) 43 [ 0G0

o0 —0o0

< N(0,03,),
which completes the proof. O

Now we focus on the special case at hand, i.e. T(f,g) = H*(f,g). Towards this end,
our first task is to establish the existence of the first order VME. Recall the definition of
P(b, B) from (4.32). Our next lemma ensures the existence of the first order VME for
T(f,g) = H*(f,g) when P, = P(b, B). Lemma 4.8 follows from Lemma 10 of Kandasamy
et al. (2015), which establishes the existence of the first order VME for a large class of

divergences including the Hellinger distance.

Lemma 4.8. Let 0 < b < B < co. Define the map T : P(b, B)? — R by

T(f.g) = H(f.9).
Then the first order VME in (4.54) holds for T' for any b, B > 0.

Our next step is to obtain the asymptotic distribution of H?( fons Jn) when fo and g, are
7% and §°, i.e. the Grenander estimators of f and g based on the true modes. When f, g €
P(b, B) are continuous and unimodal, Corollary 6 shows that the conditions of Theorem 4.5
are satisfied for the above case. Observe that Corollary 6 combined with Lemma 4.4 implies

Theorem 4.4, and thus establishes the asymptotic distribution of H 2(fm, Jn) as well.
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Corollary 6. Let f and g be continuous unimodal densities in P(b, B) for some b, B > 0. We
let ]?% and §° be the Grenander estimators of f and g based on the true modes, constructed

from samples of size m and n, respectively. Suppose that m/(m +mn) — A. Then
VN(H (f,30) = H(f,9)) =4 N(0,0%,).
where

a?,gle/ by fog)f (2)de + (1 A /wg . £,9)%g(x)dz

with Y and Y, as in (4.30) and (4.31), respectively.

Proof. First note that, since f is continuous, it follows that (cf. Balabdaoui et al., 2011)
||f — flloo —as. 0, asm — oo,

which implies that

P(]m GP(b—e,B—I—e)) — 1, for any € € (0,b).

m

Similarly we can show that
P(ﬁg e P(b— e,B~|—6)) — 1, for any € € (0,0).

Fix € € (0,b). We will show that the conditions of Theorem 4.5 are satisfied for P; =
P(b — ¢, B+ ¢€). The last two displays indicate (4.56) for f% and ¢°. Also notice that
Lemma 4.8 implies the first order VME of the function H? : Py(b — €, B + €)? — R for
any € € (0,b). Condition I also follows in a straightforward way once we note that, when
f,9 € P(b—e, B+e¢), (4.30) and (4.31) indicate that ¢ ¢(-; f, g) and ¢, (-; f, g) are differentiable
functions with integrable derivatives. Condition C1 follows from (4.13), (4.14), and (4.51).
It remains to verify only Condition C2, which we will do only for fm, because the calcu-

lations for g, will be exactly similar. Observe that

s || (VR Vi) |

P f) < (Hf:iluw I\fHoo)Hg(ﬁmf)-
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Using Theorem 7.12 of van de Geer (2000) one can show that HZ(ABL, f) = 0,(n=%3). Since
we have already established (4.56) for Py = P(b — €, B + ¢), we also have ||f2||s = 0O,(1).
Thus Condition C2 also follows. O

Finally, we will prove Lemma 4.4, which will complete the proof of Theorem 4.4.

Proof of Lemma 4./

Proof. First we will show that, to prove Lemma 4.4, it suffices to show that H Z(fm, ﬁ%) and
H?(G,,3°) are o,(n~'/2). To this end, observe that the triangle inequality of the Hellinger

metric indicates

\H@m,an) CHPLE) < HGo 1) + H G0 0) = 0p(n), (4.57)

which leads to

‘H(]/C\m7 /g\n)2 - H(f/\gw /9?1)2

< (H<fm,§n> " H(ﬂ@ﬁ))opm-”‘l).

However, Theorem 4.5 entails that H(A%,/g\g) is O,(n~'/*), which, combined with (4.57)
implies that H (fm, Gn) is also O,(n~1/*). Therefore, the proof of Lemma 4.4 follows from the
above display. Thus it is enough to show that H2(f,, f2) and H2(gn,3°) are o,(n~Y2). We
will prove this fact only for H Q(fm, f,?,L) because the proof of the other case will be identical.

Let us denote the mode of f and fm by M and J/W\m, respectively. First we consider the
case when M,, > M. The proof of Lemma 1 of Birgé (1997) entails that, in this case, there
exist a,b,c € R such that

—~

l.a<M,b> M, and ¢ € [M, M,,].

~ ~ ~

2. fO(x) = fu(z) for < a and = > b. Therefore, F° (z) = F,,(z) for # < a and = > b.

3. f2(2) > ful(x) for z € (a,¢), and f2(2) < fum(z) for z € (c,b).
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Using the above relations, and denoting the distribution functions of fm and fron by Z/fm and

ﬁ?@, respectively, we deduce that

ﬂﬂm,-i/<¢m ) VR @) )
=3A(¢1mﬂ—¢ﬁm03x

- [ hwaes [ B2 [ ViR

. . R R c b
< Fuld) = Fula) + F3(0) = Foe) =2 [ Fulo)iz =2 [ (oo

+ 2F,(a) — 2F° (b) + 2F° ()
:202@—ﬁu@)

where the last step follows because FO (z) = F,,(z) for = a, b. Hence, we observe that

which is 0,(m~/2) by Theorem 4.3(A). Hence the proof of Lemma 4.4 follows for this case.
Now suppose that ]\/Zm < M. Then from the proof of Lemma 1 in Birgé (1997), one can

prove the existence of a,b,c € R such that

1. aSJ\/Zm, b> M, and c € [M\m,M].

2. f2(z) = fum(z) for z < a and z > b. Therefore, F° (z) = F,(z) for # < a and = > b.

~

3. fl(z) > f2(2) for z € (a,c), and fo,(z) < f2(x) for z € (c,b).
Then in the same way as in the case of M\m > M, we can show that
H?(fns I2) < 11F = Fonlloo,

which completes the proof of the current lemma. n
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Proof of Theorem 4.5

Theorem 4.3 follows from Lemma 4.4 and Theorem 4.5.
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