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Convex optimization is more popular than ever, with extensive applications in statistics,

machine learning, and engineering. Nesterov introduced optimal first-order methods for

large scale convex optimization in the 1980s, and extremely fast interior point methods for

small-to-medium scale convex optimization emerged in the 1990s. Today there is little reason

to prefer modelling with linear programming over convex programming for computational

reasons. Nonetheless, there is room to improve the already sophisticated algorithms for

convex optimization.

The thesis makes three primary contributions to convex optimization. First, the thesis

develops new, near optimal barriers for generalized power cones. This is relevant because

the performance of interior point methods depends on representing convex sets with “small

parameter” barriers. Second, the thesis introduces an intuitive, first-order method that

achieves the best theoretical convergence rate and has better performance in practice than

Nesterov’s method. The thesis concludes with a framework for reformulating a convex

program by interchanging the objective function and a constraint function. The approach is

illustrated on several examples.
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Chapter 1

INTRODUCTION
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1.1 A brief history of optimization

Optimization has a long history, dating back at least several thousand years to Queen Dido

in ancient Greece. While fleeing from her brother Pygmalion, she and some followers arrived

at the North African coast, where she asked the local king Iarbas for a small bit of land for

temporary refuge. The king granted her any slot of land that can be enclosed by an oxhide.

By slicing the oxhide into thin strips and arranging the strips into a circle, she was able to

cover a nearby hill. To commemerate Queen Dido, the problem of enclosing the maximum

area with fixed boundary is often called the “Dido problem” in modern calculus of variations.

The brachistochrone problem is another early problem in calculus of variations. In the

late 1600s, Newton was challenged to find the curve on which a frictionless bead under the

influence of gravity will slide the fastest. There is a tradeoff between making the curve as

short as possible (in which case, the solution is simply a straight line) and making the curve

steep so the bead accelerates. One day after Newton was challenged, he showed that the

ideal curve is a segment of a cycloid.

Modern optimization started around World War II, with the advent of linear programming.

In 1939, the Soviet economist Leonid Kantorovich formulated a linear program to plan

expenditures and reduce army costs. Less than a decade later, George Dantzig independently

developed linear programming while working on planning problems for the US Air Force.

Dantzig also proposed the simplex method as a way to efficiently solve linear programs, which

allowed linear programs to be applied to many industries after the war.

Despite enormous progress in the 20th century, general optimization remains intractable.

Perhaps the most famous example of this intractability is the traveling salesman problem.

Mentioned in a salesman handbook in the early 1800s, the problem asks to find the shortest

route between cities, starting and ending in the same city, so that each city is visited

exactly once. The problem received much attention throughout history, and in the 1970s,

Richard Karp showed that the problem is NP-complete, meaning it likely cannot be solved in

polynomial time. Despite the difficulty of optimization in general, convex optimization is



3

computationally tractable and more popular than ever.

Boyd and Vandenberghe attribute the rise of convex optimization to two factors [19].

First, it was discovered that interior point methods, developed in the 1980s to solve linear

programs, can solve certain classes of convex optimization problems almost as fast as linear

programs. Indeed, Rockafellar and Wets remark that “in the study of maximization and

minimization, the division between problems of convex or nonconvex type is as significant

as the division in other areas of mathematics between problems of linear or nonlinear type

[79, Chapter 2].” The second factor is the discovery that convex optimization problems are

more common in practice that previously thought, with applications in statistics, finance,

and communications emerging since the 1990s.

1.2 Outline

The introduction is organized as follows. First, convexity, convex optimization, and duality

are reviewed. Several applications of convex optimization are then presented. Finally, different

algorithms for approaching smooth convex optimization are discussed.

1.3 Convex optimization

1.3.1 Convexity

Convexity is most easily grasped geometrically. A subset C ⊂ Rn is convex if the line segment

between any two points in C lies in C. More formally, we say that C is convex if for any two

points x, y ∈ C, the points tx+ (1− t)y belong to C for every t ∈ [0, 1]. Figure 1.1 contains

several examples of convex and nonconvex sets. The core of a set C, written core(C), is the

set of all points x in C such that for any direction d, x+ td lies in C for small t. We let intC

denote the interior of C.

Let R̄ denote the extended real numbers R ∪ {±∞}. The domain of an extended-value

function f : Rn → R̄ is the set

dom f = {x ∈ Rn : f(x) <∞}.
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Figure 1.1: Two examples of convex sets (left) and nonconvex sets (right).

A function f : Rn → R̄ is convex if the inequality

f(θx+ (1− θ)y) ≤ θf(x) + (1− θ)f(y)

holds for any x, y ∈ Rn and any θ ∈ [0, 1]. If strict inequality holds for distinct points

x, y ∈ dom f , we say f is strictly convex. Throughout we assume f is proper, meaning f

is never −∞ and is not always +∞. Geometrically, f is convex if its epigraph (the region

above its graph)

epi f = {(x, y) ∈ Rn × R : y ≥ f(x)}

is a convex set. In the same vein, we say that f is closed if its epigraph is a closed set.

Figure 1.2 contains some examples of convex and nonconvex functions. We say f is concave

if −f is convex.

Figure 1.2: Two examples of convex functions (left) and nonconvex functions (right).

We say f is β-smooth if f is differentiable on the interior of its domain with β Lipschitz



5

continuous gradient. If f is convex, β-smootheness is equivalent to the inequality

f(y) ≤ f(x) + 〈∇f(x), y − x〉+
β

2
‖y − x‖2

2

holding for all x, y ∈ dom f . Similarly, we say a smooth function f is α-convex if the inequality

f(x) + 〈∇f(x), y − x〉+
α

2
‖y − x‖2

2 ≤ f(y)

holds for all x, y ∈ dom f .

1.3.2 Convex optimization

The aim of convex optimization is to minimize an extended-value convex function f : Rn → R̄.

Note that we can write constrained minimization of a convex function f over a convex set C

min
x∈C

f(x)

as unconstrained minimization of the extended-value convex function f(x) + δC(x), where δC

is the indicator function

δC(x) =

 0 x ∈ C
∞ x 6∈ C

.

Given a function f : Rn → R̄, the convex conjugate is defined as

f ∗(y) := sup
x∈Rn
{〈y, x〉 − f(x)}.

If f is closed and convex, then (f ∗)∗ = f . Convex conjugates are important in the study of

Fenchel-Rockafellar duality.

Theorem 1 (Duality). [17, Theorem 3.3.5] Consider functions f : Rn → R̄, g : Rm → R̄,

and a linear map A : Rn → Rm. Define

p = inf
x
{f(x) + g(Ax)}

d = sup
y
{−f ∗(A∗y)− g∗(−y)},



6

where A∗ is the adjoint linear mapping. Then p ≥ d (weak duality) and if f and g are convex

and satisfy

0 ∈ int(dom g − Adom f),

then p = d, and the supremum d is attained if finite. Roughly speaking, the condition

0 ∈ int(dom g − Adom f) means that dom g intersects Adom f , even if one of the sets is

wiggled a bit.

Before we discuss algorithms for tackling convex optimization problems, we illustrate

some examples of convex optimization.

Logistic regression

Logistic regression is a powerful and popular method for predicting a binary outcome, and

has been used to predict the probability that a user will click on an online ad, the probability

that a voter will choose a specific candidate, and the probability that a borrower will default

on a loan. In logistic regression, each observation consists of a feature vector x ∈ Rn and a

binary outcome Y ∈ {0, 1}. In the voter example, the feature vector can encode information

like the voter’s age, sex, race, home city, party affiliation, income, and whether they voted in

the last election. The outcome is whether the person will vote for the candidate (Y = 1) or

not (Y = 0).

In logistic regression, the log-odds is modelled as a linear function of the features:

log
P (Y = 1|x)

P (Y = 0|x)
= w0 + wTx.

Solving for logP (Y = 1|x) (while noting that P (Y = 0|x) = 1− P (Y = 1|x)) gives

logP (Y = 1|x) = − log
(

1 + e−(w0+w
T
x)
)
.

In a similar manner, we can compute

logP (Y = 0|x) = − log
(

1 + ew0+w
T
x
)
.
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The previous two expressions can be combined into a unified log-likelihood equation

logP (Y = y|x) = − log
(

1 + e(1−2y)(w0+w
T
x)
)
.

From the last expression, we see that once the model parameters (w0, w) are specified, we

can predict the probability of the outcome Y from the feature vector x.

Using maximum likelihood estimation to find the parameters amounts to minimizing a

convex function. Suppose (xi, yi), for i ∈ {1, . . . , N}, are independent observations. We then

choose (w0, w) to minimize the expected negative log likelihood

(w0, w) 7→ − 1

N

N∑
i=1

logP (Y = yi|xi) =
1

N

N∑
i=1

log
(

1 + e(1−2yi)(w0+w
T
xi)
)
.

Kriging

Kriging is an interpolation technique in geostatistics, where the value of a function at some

point is predicted as a weighted average of its values at nearby points. For example, suppose

we measure the concentration of some toxin at several locations on the surface of the lake, and

we want to predict the concentration at a new location. Intuitively the concentration at any

point is similar to the concentration at nearby points, so in kriging the concentration Z(x) at

some location x ∈ R2 on the surface is predicted as a combination of the concentrations at

nearby points Ẑ(x) =
∑N

i=1 θiZ(xi).

The toxin concentration is modelled as a Gaussian process, meaning the concentration

at any location is normally distributed, and the concentrations at any finite set of locations

follow a multivariate normal distribution. In so-called ordinary kriging, two assumptions are

made on the underlying Gaussian process:

• The process mean µ is constant, but unknown: EZ(x) = µ for all locations x. This

assumption is reasonable if the interpolation is done on a local scale.

• The covariance between Z(x) and Z(y) depends only on the distance between x

and y. Let C(r) denote the covariance between two concentrations whose locations
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are distance r apart. The function C(r) is typically found by fitting a variogram

γ(x, y) = 1
2
Var(Z(x)− Z(y)) to the empirical data.

The estimator Ẑ(x) is unbiased if
∑N

i=1 θi = 1:

E Ẑ(x) =
N∑
i=1

θiµ = µ

N∑
i=1

θi = EZ(x).

Furthermore, the expected square error of the estimator is

E
(

(Ẑ(x)− Z(x))2
)

= θTAθ − 2aT θ + VarZ(x),

where

Aij = Cov(Z(xi), Z(xj)) = C(
∥∥xi − xj∥∥2

) and

ai = Cov(Z(xi), Z(x)) = C(‖xi − x‖2).

The unbiased estimator of the concentration with smallest square error is found by solving

the quadratic program

min θTAθ − 2aT θ

s.t.
N∑
i=1

θi = 1.

Lasso

Lasso is a way of fitting a parsimonious linear model in the situation where there are many

more measurements than observations. To motivate lasso, suppose we want to know if certain

genes affect some characteristic of a person, such as blood pressure, weight, or BMI. We study

N people, and for each person we take n gene measurements and measure some response

such as BMI. We store the gene measurements in a data matrix X ∈ RN×n and the response

measurements in a vector y ∈ RN . The simplest model to fit is a linear one:

y = Xβ + ε,
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where β ∈ Rn are model parameters, and ε ∈ RN are errors that we minimize in the fitting

process. Collecting data on people is expensive, and for each person there are a lot of genes

to consider (N � n), so linear regression is ill-posed. Apriori we suspect that only a few

genes affect the response, so the idea behind lasso is to find a sparse parameter vector β with

small error ε.

The objective we minimize in lasso is the convex loss function

β 7→ 1

2N
‖y −Xβ‖2

2 + λ ‖β‖1 ,

where λ is a regularization parameter. Minimizing the one-norm promotes sparsity. In essence,

lasso attempts to fit the data (by making 1
2N
‖y −Xβ‖2

2 small) and choose a parsimonious

model (by making ‖β‖1 small). The parameter λ controls the tradeoff between these aims.

Least absolute deviations

Least absolute deviations (LAD) is a robust alternative to traditional least squares regression.

In least squares linear regression, we model

y = Xβ + ε,

and we fit the model by minimizing the square error

β 7→ 1

2
‖y −Xβ‖2

2 .

The squaring of errors means that least squares regression is significantly influenced by

outliers. There are two approaches to rectify this issue: either outliers must be identified

and removed before fitting, or the fitting process must be insensitive to outliers; LAD is an

example of the latter approach. In LAD, the estimate β̂ is chosen to minimize the sum of

absolute errors:

β 7→ ‖y −Xβ‖1 .

Although there is no closed-form solution for β̂, it is the solution to a convex, albeit nonsmooth,

optimization problem.
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1.4 Algorithms for convex optimization

Simply formulating a question as a convex program isn’t useful unless the optimization

problem can be efficiently solved. We will focus on iterative algorithms for minimizing smooth

convex functions. An iterative method starts at an initial point x0 and produces iterates

x1, x2, x3, . . . with f(xk)→ minx∈Rn f(x) as k →∞. An algorithm is judged by how many

iterations it takes to reach an ε-minimizer, i.e., a point x that satisfies f(x)−minx∈Rn f(x) ≤ ε.

From here on, we let x∗ denote a minimizer of f , and we let f ∗ denote the optimal value, i.e.,

f ∗ = f(x∗) = min
x∈Rn

f(x).

1.4.1 Interior point methods

Interior point methods were developed in the mid-1980s to solve linear programs, and were

later applied to convex optimization in the 1990s. The simplest interior-point methods are

“path following.” Consider the following constrained convex program

min . 〈c, x〉

s.t. x ∈ X,

where X is a closed, convex domain. In interior-point methods, we equip X with a barrier F

that is defined on intX and blows up on the boundary. In addition, the barrier is required to

have a special “ν-self concordant property.”

Definition 1. A barrier F for X is ν-self-concordant if it is smooth, convex, and for all x

in intX its derivatives satisfy

|D3F (x)[h, h, h]| ≤ 2D2F (x)[h, h]3/2 for all h ∈ Rn, and

∇F (x)T∇2F (x)−1∇F (x) ≤ ν.

The value ν is called the parameter of the barrier F .
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Fix a barrier F for X, and consider the family of objective functions

Ft(x) = t 〈c, x〉+ F (x), t ≥ 0.

Under mild assumtions, each function Ft has a unique minimizer x∗(t), and x∗(t)→ x∗ as

t→∞. The curve {x∗(t) : t ≥ 0} is called the central path. A path following method “traces”

the central path to the minimizer.

The primal path following interior point method roughly works as follows. We start at a

point x0 that is “near” the central path at t0. During each successive iteration, we increment

tk+1 = θtk, with θ > 1, and we set xk+1 by taking a single Newton step to minimize Ftk+1

starting at xk (i.e., we reach xk+1 by moving toward the minimizer of the second-order Taylor

expansion of Ftk+1
at xk).

Provided the updates are done in a careful way, and the barrier has the special ν-self

concordance property, the primal path following method finds a strictly feasible, ε-minimizer

in at most

O(1)
√
ν log

(
ν

t0ε
+ 2

)
steps [67].

The outlined path following algorithm has the best known complexity bound for convex

programming, but in practice it’s better to follow the central path more aggressively using

primal-dual methods. There are powerful primal-dual interior point methods for symmet-

ric and asymmetric conic programming, which encompass linear programming, quadratic

programming, semidefinite programming, second-order cone programming, and geometric pro-

gramming. All interior point methods have complexity that depends on the barrier parameter

ν. As such, discovering self-concordant barriers with small parameters is important.

In Chapter 2, we prove a conjectured self-concordant barrier for the generalized power

cone, and describe some modeling applications of the new barrier. We briefly describe this

work here.

Nesterov introduced the power cone (with parameter θ ∈ (0, 1)){
(x, y, z) ∈ R2

+ × R : xθy1−θ ≥ |z|
}
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to model constraints involving powers [71]. For example, the inequality |y|p ≤ t (with p > 1)

holds if and only if (t, 1, y) lies in power cone with parameter θ = p−1. Nesterov constructed a

4-self-concordant barrier for the power cone [71], and in [30], Chares found an improved 3-self-

concordant barrier for the power cone. In addition, Chares proposed the (n,m)-generalized

power cone (with parameter α ∈ ∆n := {x ∈ Rn : x ≥ 0,
∑n

i=1 xi = 1} in the simplex)

K(n,m)
α =

{
(x, z) ∈ Rn

+ × Rm :
n∏
i=1

xαii ≥ ‖z‖
}
.

When n = 2 and m = 1, the generalized power cone reduces to the usual power cone.

Chares conjectured that

F (x, z) := − log

(
n∏
i=1

x2αi
i − ‖z‖2

)
−

n∑
i=1

(1− αi) log(xi)

is an (n+ 1)-self-concordant barrier for K(n,m)
α . Moreover, he proved that his proposed barrier

is nearly optimal in that any self-concordant barrier for K(n,m) has parameter at least n. In

Chapter 2, we prove his conjecture, and in the process, give an (n+ 1)-self-concordant barrier

for the high-dimensional nonnegative power cone (with parameter α ∈ ∆n)

K+
α =

{
(x, z) ∈ Rn

+ × R+ :
n∏
i=1

xαii ≥ z

}
.

One application for the generalized power cone is to model the rotated positive power

cone. Let α ∈ ∆m be in the simplex, and let a1, . . . , am ∈ Rn be nonnegative vectors. In [84],

Nemirovski and Tuncel give a self-concordant barrier for the rotated positive power cone

C =

{
(x, t) ∈ Rn

+ × R+ :
m∏
i=1

〈ai, x〉αi ≥ t

}

with parameter ν = 1 +
(

7
3

)2
n. Using Chares’ proposed barrier for the generalized power

cone, we can construct an (m+ 2)-self-concordant barrier for C [30, Section 3.1.4]. Indeed,

observe the inclusion (x, t) ∈ C holds if and only if the inclusions (Ax, t) ∈ K(m,1)
α and t ∈ R+

hold, where A is a matrix with rows given by the vectors ai. We can therefore construct a

barrier for C with parameter m+ 2 (m+ 1 for the constraint (Ax, t) ∈ K(m,1)
α and 1 for the
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constraint t ∈ R+). In conclusion, the Chares’ power cone approach is beneficial compared to

Nemirovski’s and Tuncel’s barrier when m ≤
(

7
3

)2
n− 1 ≈ 5n.

1.4.2 First-order methods

A first-order method is an iterative scheme where the iterates depend only on gradient

information; this is in contrast to interior point methods, which utilize second-order derivative

information. Given a starting point x0 ∈ Rn, most first-order methods generate iterates

x1, x2, . . . in Rn satisfying

xk ∈ x0 + span (∇f(x0), . . . ,∇f(xk−1)) for k ≥ 1.

First-order methods were first explored in the 1980s, but fell out of fashion with the rise

of extremely fast interior point methods in the 90s. Many recent problems in “big data” are

too large for interior point methods to handle, and so modern interest in first-order methods

has exploded.

An important development in the theory of optimization is the realization that for different

problem classes, there is a limit on how fast first-order methods can be in the worst case [70,

Chapter 2].

Theorem 2 (Complexity lower bounds). Given any first-order method, any starting point

x0 ∈ Rn, and any iteration number k ∈ {1, . . . , 1
2
(n−1)}, there is a β-smooth, convex function

with

f(xk)− f ∗ ≥
β ‖x0 − x∗‖2

2

8(k + 1)2 .

In other words, no iterative first-order method can find an ε-minimizer of a general β-smooth,

convex function in fewer than O(
√
β/ε) iterations. Similarly, there is a β-smooth, α-convex

function with

f(xk)− f ∗ ≥
α

2

(√
β −√α√
β +
√
α

)2k

‖x0 − x∗‖2
2 ,

so no first-order method can find an ε-minimizer of a general β-smooth, α-convex function in

fewer than O(
√
β/α log(1/ε)) iterations.
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The simplest first-order method is gradient descent. Gradient descent is motivated by the

fact the negative gradient points in the direction of local steepest descent; its iterates are

recursively defined by

xk = xk−1 − t∇f(xk−1),

where t is some fixed step-size. Although gradient descent is intuitive, a careful analysis of

its complexity reveals that it is far from optimal.

For a general β-smooth, convex function, gradient descent (with step size t = 1/β)

generates iterates that satisfy

f(xk)− f ∗ ≤
2β ‖x0 − x∗‖2

2

k + 4
.

Comparing this rate with the lower complexity bound in Theorem 2, we see there is room

for improvement. Similarly, if f is a β-smooth, α-convex function, the iterates of gradient

descent (with step size t = 2/(α + β)) satisfy

f(xk)− f ∗ ≤
β

2

(
1− α

β

)2k

‖x0 − x∗‖2
2 ,

which is also suboptimal.

In the mid-1980s, Nesterov devised groundbreaking “accelerated” gradient methods that

achieve the best possible rates in Theorem 2. FISTA, a slick version of Nesterov’s original

method due to Beck and Teboulle, is described in Algorithm 1 [9]. Unfortunately, the

derivation of Nesterov’s method relies on clever algebraic tricks, and the algorithm itself is

unintuitive. With the recent renewed interest in first-order methods, researchers have tried

to interpret Nesterov’s method or develop alternative accelerated schemes that are intuitive.

In Chapter 3, we develop an intuitive, first-order method for minimizing β-smooth, α-

convex functions. Moreover, our algorithm achieves the best theoretical rate, and can be

further accelerated in practice by storing information in “memory.” We briefly introduce and

motivate the method here.

Consider a β-smooth, α-strongly convex function f : Rn → R that we want to minimize.

Given any point x ∈ Rn, let x+ := x− 1
β
∇f(x) denote a short step in the direction of the
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Algorithm 1: Nesterov’s accelerated method (FISTA version)

Input: Starting point y1 = x0 ∈ Rn, t1 = 1, and Lipschitz constant of gradient β.

for k = 1, 2, . . . do

xk = yk − 1
β
∇f(yk) ;

tk+1 =
1+
√

1+4t
2
k

2
;

yk+1 = xk +
(
tk−1
tk+1

)
(xk − xk−1)

end

negative gradient, and let x++ := x− 1
α
∇f(x) denote a long step. To develop our new method,

observe that every point x̄ provides a quadratic under-estimator of the objective function,

having a canonical form. Indeed, completing the square in the strong convexity inequality

yields

f(x) ≥
(
f(x̄)− ‖∇f(x̄)‖2

2

2α

)
+
α

2

∥∥x− x̄++
∥∥2

2
. (1.1)

Suppose we have now available two quadratic lower-estimators:

f(x) ≥ QA(x) := vA +
α

2
‖x− xA‖2

2 and f(x) ≥ QB(x) := vB +
α

2
‖x− xB‖2

2 .

Clearly, the minimal values of QA and of QB lower-bound the minimal value of f . For any

λ ∈ [0, 1], the average Qλ := λQA + (1 − λ)QB is again a quadratic lower-estimator of f .

Thus we are led to the question:

What choice of λ yields the tightest lower-bound on the minimal value of f?

To answer this question, observe the equality

Qλ(x) := λQA(x) + (1− λ)QB(x) = vλ +
α

2
‖x− cλ‖2

2 ,

where

cλ = λxA + (1− λ)xB
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and

vλ = vB +
(
vA − vB +

α

2
‖xA − xB‖2

2

)
λ−

(α
2
‖xA − xB‖2

2

)
λ2. (1.2)

In particular, the average Qλ has the same canonical form as QA and QB. A quick computation

now shows that vλ (the minimum of Qλ) is maximized by setting

λ̄ := proj[0,1]

(
1

2
+

vA − vB
α ‖xA − xB‖2

2

)
.

With this choice of λ, we call the quadratic function Q = v̄ + α
2
‖ · −c̄‖2 the optimal averaging

of QA and QB. See Figure 1.3 for an illustration.

Figure 1.3: The optimal averaging of QA(x) = 1 + 0.5(x+ 2)2 and QB(x) = 3 + 0.5(x− 4)2.

An algorithmic idea emerges. Given a current iterate xk, form the quadratic lower-model

Q(·) in (1.1) with x̄ = xk. Then let Qk be the optimal averaging of Q and the quadratic

lower model Qk−1 from the previous step. Finally define xk+1 to be the minimizer of Qk, and

repeat. Though attractive, the scheme does not converge at an optimal rate. The main idea

behind acceleration, natural in retrospect, is a separation of roles: one must maintain two

sequences of points xk and ck. The points xk will generate quadratic lower models as above,

while ck will be the minimizers of the quadratics. We summarize the proposed method in
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Algorithm 2. Each iteration of Algorithm 2 forms an optimal average of the current lower

quadratic model with the one from the previous iteration; that is, as stated the scheme has a

memory size of one. We can accelerate the method further by averaging multiple quadratics

in each iteration, see Chapter 3 for details.

Algorithm 2: Optimal Quadratic Averaging

Input: Starting point x0 and strong convexity constant α > 0.

Output: Final quadratic QK(x) = vK + α
2
‖x− cK‖2

2 and x+
K .

Set Q0(x) = v0 + α
2
‖x− c0‖2

2, where v0 = f(x0)− ‖∇f(x0)‖22
2α

and c0 = x++
0 ;

for k = 1, . . . , K do

Set xk to be the minimizer of f over line through ck−1 and x+
k−1 ;

Set Q(x) =
(
f(xk)− ‖∇f(xk)‖22

2α

)
+ α

2

∥∥x− x++
k

∥∥2

2
;

Let Qk(x) = vk + α
2
‖x− ck‖2

2 be the optimal averaging of Q and Qk−1 ;

end

1.5 Reformulating convex problems

How an optimization problem is formulated determines which algorithmic tools can be used

to solve it, and it isn’t clear how to solve some formulations at all. In Chapter 4, we discuss a

systematic method to reformulate optimization problems by interchanging the objective with

one constraint function, and give many examples of where the strategy is applicable. The

approach generalizes the popular SPGL1 algorithm for lasso and has important computational

complexity implications.

To motivate the discussion, consider the lasso problem of recovering a sparse vector x

that approximately satisfies the linear system Ax = b. This task often arises in applications,

such as compressed sensing and statistical model selection. Standard approaches, based on

convex optimization, rely on solving one of the following problem formulations.
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BPσ LSτ QPλ

min
x
‖x‖1

s.t. 1
2
‖Ax− b‖2

2 ≤ σ

min
x

1
2
‖Ax− b‖2

2

s.t. ‖x‖1 ≤ τ

min
x

1
2
‖Ax− b‖2

2 + λ‖x‖1

Computationally, BPσ is perceived to be the most challenging of the three because of the

complicated geometry of the feasible region. For example, a projected- or proximal-gradient

method for LSτ or QPλ requires relatively little cost per iteration1 beyond forming the

product Ax or ATy. In contrast, a comparable first-order method for BPσ, such as the

alternating direction method of multipliers (ADMM), requires at each iteration the solution of

a linear least-squares problem and maintains iterates that are both infeasible and suboptimal.

Consequently, problems LSτ and QPλ are most often solved in practice, and most algorithm

development and implementation targets these versions of the problem. Nevertheless, the

formulation BPσ is often more natural, since the parameter σ plays an entirely transparent

role, signifying an acceptable tolerance on the data misfit.

In Chapter 4, we target optimization problems generalizing the formulation BPσ. Setting

the stage, consider the pair of problems

min
x∈X

ϕ(x) subject to ρ(Ax− b) ≤ σ, (Pσ)

and

min
x∈X

ρ(Ax− b) subject to ϕ(x) ≤ τ, (Qτ )

where X is a closed convex set, ϕ and ρ are (possibly infinite-valued) closed convex functions,

and A is a linear map. Here, Pσ and Qτ extend the problems BPσ and LSτ , respectively.

Such formulations are ubiquitous in contemporary optimization and its applications, see

Chapter 4. Our working assumption is that the level-set problem Qτ is easier to solve than

Pσ—perhaps because it allows for a specialized algorithm for its solution.

1Projection onto the ball {x : ‖x‖1 ≤ τ} requires O(n log n) operations; the proximal map for the function
λ ‖x‖1 requires O(n) operations.
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The proposed approach, which we describe shortly, approximately solves Pσ in the sense

that it generates a point x ∈ X that is super-optimal and ε-feasible:

ϕ(x) ≤ OPT and ρ(Ax− b) ≤ σ + ε,

where OPT is the optimal value of Pσ. The proposed strategy is based on exchanging the

roles of the objective and constraint functions in Pσ, and approximately solving a sequence

of level-set problems Qτ for varying parameters τ .

How does one use approximate solutions of Qτ to obtain a super-optimal and ε-feasible

solution of Pσ, the target problem? We answer this by recasting the problem in terms of the

value function for Qτ :
v(τ) := min

x∈X
{ρ(Ax− b) : ϕ(x) ≤ τ}. (1.3)

The univariate function v thus defined is nonincreasing and convex. Under the mild assumption

that the constraint ρ(Ax− b) ≤ σ is active at any optimal solution of Pσ, it is easy to see

that the value τ∗ := OPT satisfies the equation

v(τ) = σ. (1.4)

Conversely, it is immediate that for any τ ≤ τ∗ satisfying v(τ) ≤ σ + ε, solutions of Qτ are

super-optimal and ε-feasible for Pσ, as required. In summary, we have translated the problem

Pσ to that of finding the minimal root of the nonlinear univariate equation (1.4).

Our technical assumptions on the problem Pσ are relatively few, and so in principle the

approach applies to a wide class of convex optimization problems. In order to make this

scheme practical, however, it is essential that approximate solutions of Qτ can be efficiently

computed over a sequence of parameters τ .

Hence, efficient implementations attempt to warm start each new problem. It is thus

desirable that the sequence of parameters τk increases monotonically, since this guarantees

that the approximate solutions of Qτk are feasible for the next problem in the sequence.

Bisection methods do not have this property, and we therefore propose variants of secant and

Newton methods that accommodate inexact oracles for v and exhibit the desired monotonicity



20

property. We prove that the resulting root-finding procedures unconditionally have a global

linear rate of convergence. Coupled with an evaluation oracle for v that has a cost that is

sublinear in ε, we obtain an algorithm with an overall cost that is also sublinear in ε (modulo

a logarithmic factor).
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Chapter 2

NEW BARRIERS FOR POWER CONES
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Abstract

Nesterov introduced the power cone, together with a 4-self-concordant barrier for it, to model

constraints involving powers in convex programming. In his PhD thesis, Chares found an

improved 3-self-concordant barrier for the power cone. In addition, Chares introduced the

generalized power cone, and conjectured a “nearly optimal” self-concordant barrier for it.

Chares numerically verified his proposed barrier was self-concordant, but was unable to prove

this. In this short note, we describe some modeling applications of the generalized power

cone, and prove that Chares’ proposed barrier is self-concordant. As a byproduct of our

analysis, we derive a self-concordant barrier for the high dimensional nonnegative power cone.
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2.1 Introduction

General convex optimization can be reduced to minimization of a linear function x 7→ 〈c, x〉
over a convex set X:

min
x∈X
〈c, x〉 .

In interior point methods, the constraint region X is encoded with a barrier F : intX → R,

a smooth, convex function that blows up at the boundary of X, i.e., F (x)→∞ as x→ ∂X.

Nesterov and Nemirovski introduced ν-self-concordant barriers to analyze interior point

methods in their ground breaking book [72].

Definition 2. Let X ⊂ Rn be an open convex set. A function F : X → R is a ν-self-

concordant barrier if F blows up on the boundary of X (i.e., F (x)→∞ as x→ ∂X) and F

is smooth, convex, and its derivatives satisfy

|D3F (x)[h, h, h]| ≤ 2D2F (x)[h, h]3/2 for all h ∈ Rn, and

∇F (x)T∇2F (x)−1∇F (x) ≤ ν.

The value ν is called the parameter of the barrier F .

The number of iterations an interior-point method takes to solve a convex program depends

on the parameter ν of the barrier used to encode the constraint region X. Researchers have

thus focussed on representing constraints with “efficient” (small parameter) barriers.

Nesterov introduced the power cone (with parameter θ ∈ (0, 1)){
(x, y, z) ∈ R2

+ × R : xθy1−θ ≥ |z|
}

to model constraints involving powers [71]. For example, the inequality |y|p ≤ t (with p > 1)

holds if and only if (t, 1, y) lies in power cone with parameter θ = p−1. Nesterov constructed a

4-self-concordant barrier for the power cone [71], and in [30], Chares found an improved 3-self-

concordant barrier for the power cone. In addition, Chares proposed the (n,m)-generalized
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power cone (with parameter α ∈ ∆n := {x ∈ Rn : x ≥ 0,
∑n

i=1 xi = 1} in the simplex)

K(n,m)
α =

{
(x, z) ∈ Rn

+ × Rm :
n∏
i=1

xαii ≥ ‖z‖
}
.

When n = 2 and m = 1, the generalized power cone reduces to the usual power cone.

Chares conjectured that

F (x, z) := − log

(
n∏
i=1

x2αi
i − ‖z‖2

)
−

n∑
i=1

(1− αi) log(xi)

is an (n+ 1)-self-concordant barrier for K(n,m)
α . Moreover, he proved that his proposed barrier

is nearly optimal in that any self-concordant barrier for K(n,m) has parameter at least n. In

this short note, we prove his conjecture, and in the process, give an (n+ 1)-self-concordant

barrier for the high-dimensional nonnegative power cone (with parameter α ∈ ∆n)

K+
α =

{
(x, z) ∈ Rn

+ × R+ :
n∏
i=1

xαii ≥ z

}
.

One application for the generalized power cone is to model the rotated positive power

cone. Let α ∈ ∆m be in the simplex, and let a1, . . . , am ∈ Rn be nonnegative vectors. In [84],

Nemirovski and Tuncel give a self-concordant barrier for the rotated positive power cone

C =

{
(x, t) ∈ Rn

+ × R+ :
m∏
i=1

〈ai, x〉αi ≥ t

}

with parameter ν = 1 +
(

7
3

)2
n. Using Chares’ proposed barrier for the generalized power

cone, we can construct an (m+ 2)-self-concordant barrier for C [30, Section 3.1.4]. Indeed,

observe the inclusion (x, t) ∈ C holds if and only if the inclusions (Ax, t) ∈ K(m,1)
α and t ∈ R+

hold, where A is a matrix with rows given by the vectors ai. We can therefore construct a

barrier for C with parameter m+ 2 (m+ 1 for the constraint (Ax, t) ∈ K(m,1)
α and 1 for the

constraint t ∈ R+). In conclusion, the Chares’ power cone approach is beneficial compared to

Nemirovski’s and Tuncel’s barrier when m ≤
(

7
3

)2
n− 1 ≈ 5n.
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2.2 New barriers for power cones

We start by precisely stating the results we prove.

Theorem 3. The function

F (x, z) := − log

(
n∏
i=1

x2αi
i − ‖z‖2

)
−

n∑
i=1

(1− αi) log(xi)

is an (n+ 1)-self-concordant barrier for the (n,m)-generalized power cone

K(n,m)
α =

{
(x, z) ∈ Rn

+ × Rm :
n∏
i=1

xαii ≥ ‖z‖
}
.

Moreover, this barrier is nearly optimal in that any self-concordant barrier for the (n,m)-

generalized power cone has barrier parameter at least n.

Theorem 4. The function

F (x, z) := − log

(
n∏
i=1

xαii − z
)
−

n∑
i=1

(1− αi) log(xi)− log(z)

is an (n+ 1)-self-concordant barrier for the high-dimensional nonnegative power cone

K+
α =

{
(x, z) ∈ Rn

+ × R+ :
n∏
i=1

xαii ≥ z

}
.

The rest of the paper is devoted to proving Theorem 3 and Theorem 4. In what follows, we

let a prime denotes the total derivative at x in the direction d; so, for example, G′ = DG(x)[d]

and G′′ = D2G(x)[d, d].

Lemma 1 (Composition with logarithm). Fix a point x and direction d. Suppose that f is a

positive concave function. Moreover, suppose that G is convex and satisfies G′′′ ≤ 2(G′′)3/2.

If f and G satisfy

3(G′′)1/2f ′′ ≤ f ′′′ (2.1)

then

F := − log(f) +G

satisfies F ′′′ ≤ 2(F ′′)3/2.
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Proof. Let σ1 =
(
f
′

f

)2

, σ2 = −f ′′

f
, and σ3 = G′′. The hypotheses imply each σi is nonnegative.

Now simple calculations yield the following:

F ′′ = σ1 + σ2 + σ3

F ′′′ = −2

(
f ′

f

)3

− 3σ2

(
f ′

f

)
− f ′′′

f
+G′′′

≤ 2σ
3/2
1 + 3σ

1/2
1 σ2 + 3σ

1/2
3 σ2 + 2σ

3/2
3

= 2(σ
1/2
1 + σ

1/2
3 )(σ1 − σ1/2

1 σ
1/2
3 + σ3) + 3σ2(σ

1/2
1 + σ

1/2
3 )

= (σ
1/2
1 + σ

1/2
3 )

(
3F ′′ − (σ

1/2
1 + σ

1/2
2 )2

)
≤ 2(F ′′)3/2,

where we used the observation that the positive maximizer of the function t 7→ t(3F ′′ − t2)

occurs at t = (F ′′)1/2.

Lemma 2. Fix a dimension n ≥ 1 and let ∆n = {w ∈ Rn
+ :
∑n

i=1wi = 1} be the simplex.

Suppose we have x ∈ Rn and w ∈ ∆n. Define the moments

s1 =
∑
i∈I

wixi

s2 =
∑
i∈I

wix
2
i

s3 =
∑
i∈I

wix
3
i

and the constants

e1 = s1

e2 = s2 − s2
1

e3 = s3
1 − 3s1s2 + 2s3.

The matrix

M(x,w) =

6e1 + 6 ‖x‖2 −3e2

−3e2 e3 + 3 ‖x‖2 e2


is positive semidefinite.
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Proof. We first show that M is positive semidefinite if its determinant is nonnegative, and

then establish detM is nonnegative by induction on n. To this end, suppose that we have

detM ≥ 0. A symmetric matrix is positive semidefinite if all its principal minors are

nonnegative, so we need to show the diagonal entries M11 and M22 are nonnegative. The

entry M11 is nonnegative because we have

|e1| = |w · x|

≤ ‖w‖2 ‖x‖2

≤ ‖w‖1 ‖x‖2

= ‖x‖2 .

If M11 is strictly positive, then

M22 = (9e2
2 + detM)/M11

is also nonnegative. If M11 is zero, then we have e1 = −‖x‖2. This only happens if one xi is

negative, wi = 1, and all other xj are zero. In this case, s1 = xi, s2 = x2
i , and s3 = x3

i , so

M22 is also zero.

We now show that detM is nonnegative by induction on n. Let D(x,w) denote detM ,

where we emphasize the dependence on x and w. The functionD(·, w) is positively homogenous

of degree 4; i.e., for t ≥ 0 we have D(tx, w) = t4D(x,w). We therefore assume that x lies on

the sphere Sn−1.

When n = 2, a simple calculation shows that, in terms of the nonnegative variables

Xi = xi + 1, the determinant is

D(x,w) = 3a(X1 −X2)2(bX2
1 + cX1X2 + dX2

2 ),
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where

a = w1 − w2
1

b = w1 + w2
1

c = 4 + 2w1 − 2w2
1

d = 2− 3w1 + w2
1.

For w1 ∈ [0, 1], the coefficients a, b, c, and d are all nonnegative, and thus so is D.

Now suppose we have n ≥ 3. A simple calculation shows that

D(x,w) = −3s4
1 − 12s3

1 − 18s2
1 + 12s1s3 + 18s2 − 9s2

2 + 12s3.

The function D(·, w) is continuous so it suffices to establish D(·, w) is nonnegative on the

sphere Sn−1 intersect {x ∈ Rn : all xi are distict}. Fix a vector x ∈ Rn with district

components and unit norm, and let w be the minimizer of D(x, ·) over ∆n. We show that

D(x,w) is nonnegative.

We claim that w does not have full support. Before we show this, let’s first see how this

completes the argument. Let J be the support of w. If we have |J | < n, then by induction

we know that M(xJ , wJ) is positive semidefinite, and therefore

M(x,w) = M(xJ , wJ) +

6(1− ‖xJ‖2) 0

0 3e2(1− ‖xJ‖2)


is also positive semidefinite.

Now we show that w does not have full support. To the contrary, suppose that w does

have full support, in which case the partials of D(x, ·) at w are all equal. Thus we have

v = qi :=
1

6

∂

∂wi
D = xi(ax

2
i + bxi + c),

where a = 2(s1 + 1), b = 3(1− s2), c = 2(s3 − s3
1 − 3s2

1 − 3s1), and v is some common value.

We derive contradictions in two cases.
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n ≥ 4 The numbers x1, x2, x3, and x4 are distict roots of the cubic t 7→ at3 + bt2 + ct − v,

and therefore we have a = b = c = v = 0. Since b = 0, we have s2 = 1; on the other

hand, the assumption that x has distinct components and unit norm implies that s2 is

strictly less than 1.

n = 3 Since the qi are equal and the xi are distinct, we have

0 =
(x2 − x3)(q1 − q3)− (x1 − x3)(q2 − q3)

(x1 − x2)(x1 − x3)(x2 − x3)
= aΣ + b,

where Σ = x1 + x2 + x3. We get a contradiction by showing that aΣ + b is strictly

positive. For this, first observe the bound

aΣ + b = 2Σ + 3 +
3∑

1=1

(2Σxi − 3x2
i )wi

≥
3

min
i=1

2Σ + 3 + 2Σxi − 3x2
i

=
3

min
i=1

(1 + xi)(3 + 2x1 + 2x2 + 2x3 − 3xi).

For any i, we claim both 1 + xi and 3 + 2x1 + 2x2 + 2x3 − 3xi are strictly positive. For

concreteness, we focus on the case where i = 1. For z ∈ S2, we have z1 ≥ −1 with

z1 = −1 if and only if z = (−1, 0, 0). Thus we have 1+x1 > 0 since we assumed x2 6= x3.

Similarly, the affine function z 7→ 3 +
[
−1 2 2

]T
z has unique minimizer over S2 at

z = −1
3

(−1, 2, 2) with minimum value 0, and so we have 3− x1 + 2x2 + 2x3 > 0 since

we assumed x2 6= x3.

Proof of Theorem 3. Any self-concordant barrier for K(n,m)
α has parameter at least n by [30,

Lemma 3.1.4]. The function F is (n+ 1)-logarithmically homogeneous, so the only difficulty

is showing self-concordance. Define ξ =
∏n

i=1 x
αi
i , f = ξ− ‖z‖

2

ξ
, and G = −∑n

i=1 log(xi). The

proposed barrier is then

F = − log(f) +G
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and we can show self-concordance by establishing Inequality 2.1 and appealing to Lemma 1.

The derivatives of ξ at x in direction ∆x are

ξ′ = e1ξ =: s1ξ

ξ′′ = −e2ξ =: −(s2 − s2
1)ξ

ξ′′′ = e3ξ =: (s3
1 − 3s1s2 + 2s3)ξ,

where sj =
∑n

i=1 αiδ
j
i and δi = ∆xi

xi
. The derivatives of f at (x, z) in direction (∆x,∆z) are

f ′ = ξ′ +
1

ξ

(
e1 ‖z‖2 − 2z ·∆z

)
f ′′ = ξ′′ − e2

ξ
‖z‖2 − 2

ξ
‖e1z −∆z‖2

f ′′′ = ξ′′′ +
e3

ξ
‖z‖2 +

6

ξ

[
e1 ‖e1z −∆z‖2 + e2z · (e1z −∆z)

]
.

Let

g := (G′′)1/2 =

√√√√ n∑
i=1

δ2
i .

Inequality 2.1 is equivalent to nonnegativity of

f ′′′ − 3gf ′′ = ξ′′′ − 3gξ′′︸ ︷︷ ︸
A

+
1

ξ

[
(6e1 + 6g) ‖e1z −∆z‖2 + 6e2z · (e1z −∆z) + (e3 + 3ge2) ‖z‖2]︸ ︷︷ ︸

B

.

We show that both A and B are nonnegative. We can write A = ξ(e3 + 3ge2), and because

e2 is nonnegative, Cauchy-Schwarz yields a lower bound on B:

B ≥
[
‖e1z −∆z‖ ‖z‖

]6e1 + 6g −3e2

−3e2 e3 + 3ge2

‖e1z −∆z‖
‖z‖

 .
As ξ is positive, nonnegativity of A and B follow from Lemma 2.

Proof of Theorem 4. The proposed barrier is

F (x,w) = − log(ξ − z) + log(ξ)−
n∑
i=1

log(xi)− log(z)

= − log(f) +G,
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where f = z − z
2

ξ
and G = −∑m

i=1 log(xi). By Lemma 1, it suffices to show

f ′′′ − 3gf ′′

is nonnegative. The derivatives of ξ at x in direction ∆x are

ξ′ = e1ξ =: s1ξ

ξ′′ = −e2ξ =: −(s2 − s2
1)ξ

ξ′′′ = e3ξ =: (s3
1 − 3s1s2 + 2s3)ξ,

where sj =
∑n

i=1 αiδ
j
i and δi = ∆xi

xi
. The derivatives of f at (x, z) in direction (∆x,∆z) are

f ′ =
ξ′z2

ξ2 −
2z∆z

ξ

f ′′ =
−1

ξ

(
2(e1z −∆z)2 + e2z

2
)

f ′′′ =
1

ξ

(
e3z

2 + 6e1(e1z −∆z)2 + 6e2z(e1z −∆z)
)
.

Let

g := (G′′)1/2 =

√√√√ n∑
i=1

δ2
i .

We must show

f ′′′ − 3(G′′)1/2f ′′ =
1

ξ

(
6 (e1 + g) (e1z −∆z)2 + 6e2z(e1z −∆z) + (e3 + 3ge2) z2

)
,

a quadratic form in z and e1z −∆z, is nonnegative. It suffices to note the matrix

M :=

6 (e1 + g) 3e2

3e2 e3 + 3ge2


is positive semidefinite by Lemma 2. (The off-diagonal entries of M are negated in Lemma 2,

but this does not affect positive-semidefiniteness.)



32

Chapter 3

AN OPTIMAL FIRST ORDER METHOD BASED ON
OPTIMAL QUADRATIC AVERAGING
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Abstract

In a recent paper, Bubeck, Lee, and Singh introduced a new first-order method for minimizing

smooth strongly convex functions. Their geometric descent algorithm, largely inspired by

the ellipsoid method, enjoys the optimal linear rate of convergence. We show that the same

iterate sequence is generated by a scheme that in each iteration computes an optimal average

of quadratic lower-models of the function. Indeed, the minimum of the averaged quadratic

approaches the true minimum at an optimal rate. This intuitive viewpoint reveals clear

connections to the original fast-gradient methods and cutting plane ideas, and leads to

limited-memory extensions with improved performance.
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3.1 Introduction

Consider a function f : Rn → R that is β-smooth and α-strongly convex. Thus each point x

yields a quadratic upper estimator and a quadratic lower estimator of the function. Namely,

inequalities q(y;x) ≤ f(y) ≤ Q(y;x) hold for all x, y ∈ Rn, where we set

q(y;x) := f(x) + 〈∇f(x), y − x〉+
α

2
‖y − x‖2

2 ,

Q(y;x) := f(x) + 〈∇f(x), y − x〉+
β

2
‖y − x‖2

2 .

Classically, one step of the steepest descent algorithm decreases the squared distance of

the iterate to the minimizer of f by the fraction 1 − α/β. This linear convergence rate

is suboptimal from a computational complexity viewpoint. Optimal first-order methods,

originating in Nesterov’s work [69] achieve the superior (and the best possible) linear rate

1−
√
α/β; see also the discussion in [70, Section 2.2]. Such accelerated schemes, on the other

hand, are notoriously difficult to analyze. Numerous recent papers (e.g. [2, 5, 23, 56, 80])

have aimed to shed new light on optimal algorithms.

This manuscript is motivated by the novel geometric descent algorithm of Bubeck, Lee,

and Singh [23]. Their scheme is highly geometric, sharing some aspects with the ellipsoid

method, and it achieves the optimal linear rate of convergence. Moreover, the geometric

descent algorithm often has much better practical performance than accelerated gradient

methods; see the discussion in [23]. Motivated by their work, in this paper we propose an

intuitive method that maintains a quadratic lower model of the objective function, whose

minimal value converges to the true minimum at an optimal linear rate. We will show that

the two methods are indeed equivalent in the sense that they produce the same iterate

sequence. The quadratic averaging viewpoint, however, has important advantages. First,

it immediately yields a comparison with the original accelerated gradient method [69, 70]

and cutting plane techniques. Secondly, quadratic averaging motivates a simple strategy for

significantly accelerating the method in practice by utilizing accumulated information – a

limited memory version of the scheme.
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The outline of the paper is as follows. In Section 3.2, we describe the optimal quadratic

averaging framework (Algorithm 3) – the focal point of the manuscript. In Section 3.3,

we propose a limited memory version of Algorithm 3, based on iteratively solving small

dimensional quadratic programs. In Section 3.4, we show that our Algorithm 3 and the

geometric descent method of [23] produce the same iterate sequence. Section 3.5 is devoted to

numerical illustrations, in particular showing that the optimal quadratic averaging algorithm

with memory can be competitive with L-BFGS. We finish the paper with Section 3.6, where

we discuss the challenges that must be overcome in order to derive proximal extensions. In

the final stages of revising this paper, a new manuscript [31] appeared explaining how to

overcome exactly these challenges.

3.1.1 Notation

We follow the notation of [23]. Given a point x ∈ Rn, we define a short step

x+ := x− 1

β
∇f(x)

and a long step

x++ := x− 1

α
∇f(x).

Setting y = x+ in the quadratic bound f(y) ≤ Q(y;x) yields the standard inequality

f(x+) +
1

2β
‖∇f(x)‖2

2 ≤ f(x). (3.1)

We denote the unique minimizer of f by x∗, its minimal value by f ∗, and its condition number

by κ := β/α. Throughout, the symbol B(x,R2) stands for the Euclidean ball of radius R

around x. For any points x, y ∈ Rn, we let line search (x, y) be the minimizer of f on the

line between x and y.

3.2 Optimal quadratic averaging

The starting point for our development is the elementary observation that every point x̄

provides a quadratic under-estimator of the objective function, having a canonical form.
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Indeed, completing the square in the strong convexity inequality f(x) ≥ q(x; x̄) yields

f(x) ≥
(
f(x̄)− ‖∇f(x̄)‖2

2

2α

)
+
α

2

∥∥x− x̄++
∥∥2

2
. (3.2)

Suppose we have now available two quadratic lower-estimators:

f(x) ≥ QA(x) := vA +
α

2
‖x− xA‖2

2 and f(x) ≥ QB(x) := vB +
α

2
‖x− xB‖2

2 .

Clearly, the minimal values of QA and of QB lower-bound the minimal value of f . For any

λ ∈ [0, 1], the average Qλ := λQA + (1 − λ)QB is again a quadratic lower-estimator of f .

Thus we are led to the question:

What choice of λ yields the tightest lower-bound on the minimal value of f?

To answer this question, observe the equality

Qλ(x) := λQA(x) + (1− λ)QB(x) = vλ +
α

2
‖x− cλ‖2

2 ,

where

cλ = λxA + (1− λ)xB

and

vλ = vB +
(
vA − vB +

α

2
‖xA − xB‖2

2

)
λ−

(α
2
‖xA − xB‖2

2

)
λ2. (3.3)

In particular, the average Qλ has the same canonical form as QA and QB. A quick computation

now shows that vλ (the minimum of Qλ) is maximized by setting

λ̄ := proj[0,1]

(
1

2
+

vA − vB
α ‖xA − xB‖2

2

)
.

With this choice of λ, we call the quadratic function Q = v̄ + α
2
‖ · −c̄‖2 the optimal averaging

of QA and QB. See Figure 3.1 for an illustration.

An algorithmic idea emerges. Given a current iterate xk, form the quadratic lower-model

Q(·) in (3.2) with x̄ = xk. Then let Qk be the optimal averaging of Q and the quadratic

lower model Qk−1 from the previous step. Finally define xk+1 to be the minimizer of Qk,
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Figure 3.1: The optimal averaging of QA(x) = 1 + 0.5(x+ 2)2 and QB(x) = 3 + 0.5(x− 4)2.

and repeat. Though attractive, the scheme does not converge at an optimal rate. Indeed,

this algorithm is closely related to the suboptimal method in [23]; see Section 3.4.1 for a

discussion. The main idea behind acceleration, natural in retrospect, is a separation of roles:

one must maintain two sequences of points xk and ck. The points xk will generate quadratic

lower models as above, while ck will be the minimizers of the quadratics. We summarize the

proposed method in Algorithm 3. The rule for determining the iterate xk by a line search is

entirely motivated by the geometric descent method in [23].

Remark 1. When implementing Algorithm 3, we set x+
k = line search (xk, xk −∇f(xk)).

This does not impact the analysis as x+
k still satisfies the key inequality (3.1). With this

modification, the algorithm does not require β as part of the input, and we have observed

that the algorithm performs better numerically.

To aid in the analysis of the scheme, we record the following easy observation.

Lemma 3. Suppose that Q = v̄ + α
2
‖ · −c̄‖2 is the optimal averaging of the quadratics

QA = vA + α
2
‖ · −xA‖2 and QB = vB + α

2
‖ · −xB‖2. Then the quantity v̄ is nondecreasing in
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Algorithm 3: Optimal Quadratic Averaging

Input: Starting point x0 and strong convexity constant α > 0.

Output: Final quadratic QK(x) = vK + α
2
‖x− cK‖2

2 and x+
K .

Set Q0(x) = v0 + α
2
‖x− c0‖2

2, where v0 = f(x0)− ‖∇f(x0)‖22
2α

and c0 = x++
0 ;

for k = 1, . . . , K do

Set xk = line search
(
ck−1, x

+
k−1

)
;

Set Q(x) =
(
f(xk)− ‖∇f(xk)‖22

2α

)
+ α

2

∥∥x− x++
k

∥∥2

2
;

Let Qk(x) = vk + α
2
‖x− ck‖2 be the optimal averaging of Q and Qk−1 ;

end

both vA and vB. Moreover, whenever the inequality |vA − vB| ≤ α
2
‖xA − xB‖2 holds, we have

v̄ =
α

8
‖xA − xB‖2 +

1

2
(vA + vB) +

1

2α

(
vA − vB
‖xA − xB‖

)2

.

Proof. Define λ̂ := 1
2

+ vA−vB
α‖xA−xB‖

2
2

. Notice that we have

λ̂ ∈ [0, 1] if and only if |vA − vB| ≤
α

2
‖xA − xB‖2.

If λ̂ lies in [0, 1], equality λ̄ = λ̂ holds, and then from (3.3) we deduce

v̄ = vλ̄ =
α

8
‖xA − xB‖2 +

1

2
(vA + vB) +

1

2α

(
vA − vB
‖xA − xB‖

)2

.

If λ̂ does not lie in [0, 1], then an easy argument shows that v̄ is linear in vA either with slope

one or zero. If λ̂ lies in (0, 1), then we compute

∂v̄

∂vA
=

1

2
+

1

α ‖xA − xB‖2
2

(vA − vB),

which is nonnegative because |vA−vB |
α‖xA−xB‖

2
2

≤ 1
2
. Since v̄ is clearly continuous, it follows that v̄ is

nondecreasing in vA, and by symmetry also in vB.

We now show that Algorithm 3 achieves the optimal linear rate of convergence.
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Theorem 5 (Convergence of optimal quadratic averaging). In Algorithm 3, for every index

k ≥ 0, the inequalities vk ≤ f ∗ ≤ f(x+
k ) hold and we have

f(x+
k )− vk ≤

(
1− 1√

κ

)k
(f(x+

0 )− v0).

Proof. Since in each iteration, the algorithm only averages quadratic minorants of f , the

inequalities vk ≤ f ∗ ≤ f(x+
k ) hold for every index k. Set r0 = 2

α
(f(x+

0 )− v0) and define the

quantities rk :=
(

1− 1√
κ

)k
r0. We will show by induction that the inequality vk ≥ f(x+

k )− α
2
rk

holds for all k ≥ 0. The base case k = 0 is immediate, and so assume we have

vk−1 ≥ f(x+
k−1)− α

2
rk−1

for some index k − 1. Next set vA := f(xk)− ‖∇f(xk)‖22
2α

and vB := vk−1. Then the function

Qk(x) = vk +
α

2
‖x− ck‖2

2 ,

is the optimal averaging of QA(x) = vA + α
2

∥∥x− x++
k

∥∥2

2
and QB(x) = vB + α

2
‖x− ck−1‖2

2.

An application of (3.1) yields the lower bound v̂A on vA:

vA = f(xk)−
‖∇f(xk)‖2

2

2α
≥ f(x+

k )− α

2

‖∇f(xk)‖2
2

α2

(
1− 1

κ

)
:= v̂A.

The induction hypothesis and the choice of xk yield a lower bound v̂B on vB:

vB ≥ f(x+
k−1)− α

2
rk−1 ≥ f(xk)−

α

2
rk−1

≥ f(x+
k ) +

1

2β
‖∇f(xk)‖2

2 −
α

2
rk−1

= f(x+
k )− α

2

(
rk−1 −

1

α2κ
‖∇f(xk)‖2

2

)
:= v̂B.

Define the quantities d :=
∥∥x++

k − ck−1

∥∥
2

and h :=
‖∇f(xk)‖2

α
. We now split the proof into
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two cases. First assume h2 ≤ rk−1

2
. Then we deduce

vk ≥ vA ≥ v̂A = f(x+
k )− α

2
h2

(
1− 1

κ

)
≥ f(x+

k )− α

2
rk−1

(
1− 1

κ

2

)
≥ f(x+

k )− α

2
rk−1

(
1− 1√

κ

)
= f(x+

k )− α

2
rk,

where the third line follows since 2/
√
κ ≤ 1 + 1/κ holds. Hence in this case, the proof is

complete.

Next suppose h2 >
rk−1

2
and let v+ α

2
‖ ·−c‖2 be the optimal average of the two quadratics

v̂A + α
2
‖ ·−x++

k ‖2 and v̂B + α
2
‖ ·−ck−1‖2. By Lemma 3, the inequality vk ≥ v holds. We claim

that equality

v = v̂B +
α

8

(d2 + 2
α

(v̂A − v̂B))2

d2 holds. (3.4)

This follows immediately from Lemma 3, once we show 1
2
≥ |v̂A−v̂B |

αd
2 . To this end, note first

the equality |v̂A−v̂B |
αd

2 =
|rk−1−h

2|
2d

2 . The choice xk = line search
(
ck−1, x

+
k−1

)
ensures:

d2 − h2 = ‖xk − ck−1‖2 − 2

α
〈∇f(xk), xk − ck−1〉 = ‖xk − ck−1‖2 ≥ 0.

Thus we have h2 − rk−1 < h2 ≤ d2. Finally, the assumption h2 >
rk−1

2
implies

rk−1 − h2 <
rk−1

2
< h2 ≤ d2. (3.5)

Hence we can be sure that (3.4) holds. Plugging in v̂A and v̂B yields

v = f(x+
k )− α

2

(
rk−1 −

1

κ
h2 − (d2 + rk−1 − h2)2

4d2

)
.

Hence the proof is complete once we show the inequality

rk−1 −
1

κ
h2 − (d2 + rk−1 − h2)2

4d2 ≤
(

1− 1√
κ

)
rk−1.

After rearranging, our task simplifies to showing the inequality

rk−1√
κ
≤ h2

κ
+

(d2 + rk−1 − h2)2

4d2 .
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Taking derivatives and using inequality (3.5), one can readily verify that the right-hand-side

is nondecreasing in d2 on the interval d2 ∈ [h2,+∞). Thus plugging in the endpoint d2 = h2

we deduce
h2

κ
+

(d2 + rk−1 − h2)2

4d2 ≥ h2

κ
+
r2
k−1

4h2 .

Minimizing the right-hand-side over all h satisfying h2 ≥ rk−1

2
yields the inequality

h2

κ
+
r2
k−1

4h2 ≥
rk−1√
κ
.

The proof is complete.

It is instructive to compare optimal averaging (Algorithm 3) with Nesterov’s optimal

methods in [69, 70]. For convenience, we record the optimal gradient method following [70],

in Algorithm 4.

Algorithm 4: General scheme of an optimal method [Nesterov]

Input: Starting points x0 and c0, strong convexity constant α > 0, smoothness

parameter β > 0, and initial quadratic curvature γ0 ≥ α.

Output: Final quadratic QK(x) = vK + γK
2
‖x− cK‖2

2.

Set Q0(x) = v0 + γ0
2
‖x− c0‖2

2, where v0 = f(x0)− 1
2β
‖∇f(x0)‖2

2 ;

for k = 1, . . . , K do

Compute averaging parameter λk ∈ (0, 1) from βλ2
k = (1− λk)γk−1 + λkα ;

Set γk = (1− λk)γk−1 + λkα. ;

Set xk = (1− θk)ck−1 + θkx
+
k−1 where θk = γk

γk−1+λkα
;

Set Q(x) =
(
f(xk)− ‖∇f(xk)‖22

2α

)
+ α

2

∥∥x− x++
k

∥∥2

2
;

Let ck be the minimizer of the quadratic Qk(x) = (1− λk)Qk−1(x) + λkQ(x) ;

end

/* If we set γ0 = α, then we have γk = α, λk = 1√
κ
, and θk =

√
κ

1+
√
κ
. */

Comparing Algorithms 3 and 4, we see that
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• xk is some point on the line between ck−1 and x+
k−1, and

• Qk is an average of the previous quadratic Qk−1 and the strong convexity quadratic

lower bound Q based at xk.

As we discuss in Section 3.7, we can modify Nesterov’s method so that like in optimal

quadratic averaging, we set xk = line search
(
ck−1, x

+
k−1

)
in each iteration. After this

change, only two differences remain between the schemes:

• the initial quadratic Q0 is different, and

• the averaging parameter is computed differently.

These differences, however, are fundamental. In Algorithm 3, the quadratic Q0 lower bounds

f and therefore optimal averaging makes sense; in the accelerated gradient method, Q0 does

not lower bound f , and the idea of optimal averaging does not apply.

3.3 Optimal quadratic averaging with memory

Each iteration of Algorithm 3 forms an optimal average of the current lower quadratic model

with the one from the previous iteration; that is, as stated the scheme has a memory size

of one. We next show how the scheme easily adapts to maintaining limited memory, i.e. by

averaging multiple quadratics in each iteration. We mention in passing that the authors of

[23] left open the question of efficiently speeding up their geometric descent algorithm in

practice. One approach of this flavor has recently appeared in [22, Section 4]. The optimal

averaging viewpoint, developed here, provides a direct and satisfying alternative. Indeed,

computing the optimal average of several quadratics is easy, and amounts to solving a small

dimensional quadratic optimization problem.

To see this, fix t quadratics Qi(x) := vi + α
2
‖x− ci‖2

2, with i ∈ {1, . . . , t}, and a weight

vector λ in the t-dimensional simplex ∆t :=
{
x ∈ Rt :

∑t
i=1 xi = 1, x ≥ 0

}
. The average
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quadratic

Qλ(x) :=
t∑
i=1

λiQi(x)

maintains the same canonical form as each Qi.

Proposition 1. Define the matrix C =
[
c1 c2 . . . ct

]
and vector v =

[
v1 v2 . . . vt

]T
.

Then we have

Qλ(x) = vλ +
α

2
‖x− cλ‖2

2 ,

where

cλ = Cλ and vλ =
〈α

2
diag (CTC) + v, λ

〉
− α

2
‖Cλ‖2

2 .

Proof. The Hessian of Qλ is simply α
2
I, and therefore the quadratic Qλ(x) has the form

vλ +
α

2
‖x− cλ‖2

2

for some vλ and cλ. Notice that cλ is the minimizer of Qλ, and by differentiating, we determine

that cλ =
∑t

i=1 λici = Cλ. We then compute

vλ = Qλ(cλ) =
t∑
i=1

(
λivi +

λiα

2
‖Cλ− ci‖2

2

)

= 〈v, λ〉+
α

2

t∑
i=1

λi
(
‖Cλ‖2

2 − 2 〈Cλ, ci〉+ ‖ci‖2
2

)
= 〈v, λ〉+

α

2
‖Cλ‖2

2 − α
〈
Cλ,

t∑
i=1

λici

〉
+
α

2

t∑
i=1

λi ‖ci‖2
2

=
〈α

2
diag

(
CTC

)
+ v, λ

〉
− α

2
‖Cλ‖2

2 .

The proof is complete.

Naturally, we define the optimal averaging of the quadratics Qi, with i ∈ {1, 2, . . . , t}, to

be Qλ̄, where λ̄ is the maximizer of the concave quadratic over the simplex:

min
λ∈∆t

vλ =
〈α

2
diag

(
CTC

)
+ v, λ

〉
− α

2
‖Cλ‖2

2 .
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There is no closed form expression for λ̄, but one can quickly find it by solving a quadratic

program in t variables, for example by an active set method. Moreover, some thought shows

that the matrix CTC can be efficiently updated if one of the centers changes; we omit the

details.

We propose an optimal averaging scheme with memory in Algorithm 5. As we see in

Section 3.5, the method performs well numerically. Moreover, the scheme enjoys the same

convergence guarantees as Algorithm 3; that is, Theorem 5 applies to Algorithm 5, with

nearly the same proof (which we omit).

Algorithm 5: Optimal Quadratic Averaging with Memory

Input: Starting point x0, strong convexity constant α > 0, and memory size t ≥ 1.

Output: Final quadratic QK(x) = vK + α
2
‖x− cK‖2

2 and x+
K .

Set Q0(x) = v0 + α
2
‖x− c0‖2

2, where v0 = f(x0)− ‖∇f(x0)‖22
2α

and c0 = x++
0 ;

for k = 1, . . . , K do

Set xk = line search
(
ck−1, x

+
k−1

)
;

Set Mk(x) = f(xk)− ‖∇f(xk)‖22
2α

+ α
2

∥∥x− x++
k

∥∥2

2
;

Let Qk(x) := vk + α
2
‖x− ck‖2

2 be the optimal averaging of the

k + 1 quadratics Qk−1, Mk, Mk−1, . . . , M1 if k ≤ t, or of the

t+ 1 quadratics Qk−1, Mk, Mk−1, . . . , Mk−t+1 if k ≥ t+ 1;

end

The reader may notice that Algorithm 5 shows some similarity to the classical Kelley’s

method for minimizing nonsmooth convex functions [47]. In the simplest case of minimizing

a smooth convex function f on Rn, Kelley’s method iterates the following steps

xk+1 = argmin
x

fk(x)
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for the functions

fk(x) := max
i=1,...,k

{f(xi) + 〈∇f(xi), x− xi〉}.

In other words, the scheme iteratively minimizes the (piecewise linear) lower-models fk of f .

Coming back to the optimal averaging viewpoint, suppose that Qλ̄ is an optimal average of

the lower-bounding quadratics Qi, for i = 1, . . . , k. Then we may write

vλ̄ = max
λ∈∆k

min
x

∑
i

λiQi(x) = min
x

max
λ∈∆k

∑
i

λiQi(x) = min
x

(
max
i=1,...,k

Qi(x)

)
Thus vλ̄ is the minimal value of the now different lower-model, maxi=1,...,k Qi, of f . Kelley’s

method is known to have poor numerical performance and convergence guarantees (e.g. [70,

Section 3.3.2]), while Algorithm 5 achieves the optimal linear convergence rate. This disparity

is of course based on the two key distinctions: (1) using quadratic lower-models coming from

strong convexity instead of linear functions, and (2) maintaining two separate sequences ck

(centers) and xk (sources of lower model updates).

3.4 Equivalence to geometric descent

Algorithm 3 is largely motivated by the geometric descent method introduced by Bubeck,

Lee, and Singh [23]. In this section, we show the two methods (Algorithm 1 and Algorithm

4) indeed generate an identical iterate sequence.

3.4.1 Suboptimal geometric descent method

The basic idea of geometric descent [23] is that for each point x ∈ Rn, the strong convexity

lower bound f ∗ ≥ q(x∗;x) defines a ball containing x∗:

x∗ ∈ B
(
x++,

‖∇f(x)‖2
2

α2 − 2

α
(f(x)− f ∗)

)
.

In turn, taking into account (3.1) yields the guarantee

x∗ ∈ B
(
x++,

(
1− 1

κ

) ‖∇f(x)‖2
2

α2 − 2

α

(
f(x+)− f ∗

))
. (3.6)
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A crude upper estimate of the radius above is obtained simply by ignoring the nonnegative term

2
α

(
f(x+)− f ∗

)
. The suboptimal geometric descent method proceeds as follows. Suppose

we have available some ball B
(
c0, R

2
0

)
containing x∗. As discussed, the quadratic lower

bound at the center c0, namely f ∗ ≥ q(x∗, c0), yields another ball B
(
c++

0 ,
(
1− 1

κ

) ‖∇f(c0)‖22
α
2

)
containing x∗. Geometrically it is clear that the intersection of these two balls must be

significantly smaller than either of the individual balls. The following lemma from [23] makes

this observation precise; see Figure 3.2 for an illustration.

Lemma 4 (Minimal enclosing ball of the intersection). Fix a center x ∈ Rn, square radius

R2 > 0, step h ∈ Rn, and ε ∈ (0, 1). Then there exists a new center c ∈ Rn with

B
(
x,R2

)
∩B

(
x+ h, (1− ε) ‖h‖2

2

)
⊂ B

(
c, (1− ε)R2

)
.

An application of Lemma 4 yields a new center c1 with

B
(
c0, R

2
0

)
∩B

(
c++

0 ,

(
1− 1

κ

) ‖∇f(c0)‖2
2

α2

)
⊂ B

(
c1,

(
1− 1

κ

)
R2

0

)
.

Repeating the procedure with the new ball B
(
c1,
(
1− 1

κ

)
R2

0

)
yields a sequence of centers ck

satisfying

‖ck − x∗‖2
2 ≤

(
1− 1

κ

)k
R2

0.

We note that the centers ck and R2
0 of the minimal enclosing balls in Lemma 4 are easy to

compute; see Algorithm 1 in [23].

There is a very close connection between finding the minimal enclosing ball of the

intersection of two balls and of optimally averaging quadratics. To see this, consider again

two quadratics

f(x) ≥ QA(x) := vA +
α

2
‖x− xA‖2

2 and f(x) ≥ QB(x) := vB +
α

2
‖x− xB‖2

2 .

Let Q be the optimal average of QA and QB. Notice that since QA, QB, and Q lower bound
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x

x + h

c

(1� ✏)khk2

Figure 3.2: Minimal enclosing ball of the intersection.

f , the minimizer x∗ of f is guaranteed to lie in the three balls:

B
(
xA, R

2
A

)
where R2

A =
2

α

(
f̂ − vA

)
,

B
(
xB, R

2
B

)
where R2

B =
2

α

(
f̂ − vB

)
,

B
(
c̄, R2

)
where R2 =

2

α

(
f̂ − v̄

)
,

where f̂ is any upper bound on f ∗. We observe the following elementary fact.

Proposition 2 (Minimal enclosing ball and optimal averaging). The ball B
(
c̄, R2

)
is precisely

the minimal enclosing ball of the intersection B
(
xA, R

2
A

)
∩B

(
xB, R

2
B

)
.

Proof. Define the quantity λ̂ = 1
2

+ vA−vB
α‖xA−xB‖

2
2

. If λ̂ lies in the unit interval [0, 1], then a quick

computation using Lemma 3 shows the expressions

R2 = R2
B −

(
‖xA − xB‖2

2 +R2
B −R2

A

)2

4 ‖xA − xB‖2
2

and

c̄ = λ̄xA + (1− λ̄)xB =
1

2
(xA + xB)− R2

A −R2
B

2 ‖xA − xB‖2
2

(xA − xB) .
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Now observe

λ̂ < 0 if and only if ‖xA − xB‖2
2 < R2

A −R2
B

λ̂ ∈ [0, 1] if and only if ‖xA − xB‖2
2 ≥

∣∣R2
A −R2

B

∣∣ , and

λ̂ > 1 if and only if ‖xA − xB‖2
2 < R2

B −R2
A.

Comparing with the recipe [23, Algorithm 1] for computing the minimal enclosing ball, we see

that B
(
c̄, R2

)
is the minimal enclosing ball of the intersection B

(
xA, R

2
A

)
∩B

(
xB, R

2
B

)
.

3.4.2 Optimal geometric descent method

To obtain an optimal method, the authors of [23] observe that the term 2
α

(
f(x+)− f ∗

)
in

the inclusion (3.6) cannot be ignored. Exploiting this term will require maintaining two

sequences ck (the centers of the balls) and xk (points for generating new balls). Suppose in

iteration k, we know that x∗ lies in the ball

B

(
ck, R

2
k −

2

α

(
f(x+

k )− f ∗
))

.

Consider now an arbitrary point, denoted suggestively by xk+1. Then (3.6) implies the

inclusion

x∗ ∈ B
(
x++
k+1,

(
1− 1

κ

) ‖∇f(xk+1)‖2
2

α2 − 2

α

(
f(x+

k+1)− f ∗
))

. (3.7)

If we choose xk+1 to satisfy f(xk+1) ≤ f(x+
k ) and apply inequality (3.1) with x = xk+1, we

can get a new upper estimate of the initial ball,

x∗ ∈ B
(
ck, R

2
k −

1

κ

‖∇f(xk+1)‖2
2

α2 − 2

α

(
f(x+

k+1)− f ∗
))

. (3.8)

It seems clear that if the centers ck and x++
k+1 of the two balls in (3.7) and (3.8) are “sufficiently

far apart”, then their intersection is contained in an even smaller ball. This is the content of

following lemma from [23].
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Lemma 5 (Two balls shrinking). Fix centers xA, xB ∈ Rn and square radii r2
A, r

2
B > 0. Also

fix ε ∈ (0, 1) and suppose ‖xA − xB‖2
2 ≥ r2

B. Then there exists a new center c ∈ Rn such that

for any δ > 0, we have

B
(
xA, r

2
A − εr2

B − δ
)
∩B

(
xB, (1− ε)r2

B − δ
)
⊂ B

(
c, (1−√ε)r2

A − δ
)
.

A quick application of this result shows that provided

∥∥x++
k+1 − ck

∥∥2

2
≥ ‖∇f(xk+1)‖2

2

α2 (3.9)

holds, there exists a new center ck+1 with

x∗ ∈ B
(
ck+1,

(
1− 1√

κ

)
R2
k −

2

α

(
f(x+

k+1)− f ∗
))

.

One way to ensure that xk+1 satisfies the two key conditions, f(xk+1) ≤ f(x+
k ) and

inequality (3.9), is to simply let xk+1 be the minimizer of f along the line between ck and

x+
k . Trivially this guarantees the inequality f(xk+1) ≤ f(x+

k ), while the univariate optimality

condition ∇f(xk+1) ⊥ (ck − xk+1) means the triangle with vertices xk+1, x
++
k+1, and ck is a

right triangle and inequality (3.9) becomes “the hypotenuse is longer than a leg.” This is

exactly the motivation for the line-search procedure in Algorithm 3. Repeating the process

yields iterates ck that satisfy the optimal linear rate of convergence

‖ck − x∗‖2
2 ≤

(
1− 1√

κ

)k
R2

0.

The precise method is described in Algorithm 6.

Remark 2. When applying an iterative method to compute xk+1 = line search
(
ck, x

+
k

)
,

one can use the following termination criterion. Check if ck satisfies f(ck) ≤ f(x+
k ), then stop

and set xk+1 := ck. Notice (3.9) holds trivially with this choice of xk+1. Else stop with a trial

point z on the line joining ck and x+
k satisfying f(z) ≤ f(x+

k ) and

∥∥z++ − ck
∥∥2

2
≥ ‖∇f(z)‖2

2

α2 .
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We claim that the line search will terminate in finite time, unless line search
(
ck, x

+
k

)
is

the true minimizer of f . Indeed, since ck 6= line search
(
ck, x

+
k

)
(otherwise we would have

terminated in the if clause), one can easily check that z = line search
(
ck, x

+
k

)
satisfies the

above inequality strictly.

Algorithm 6: Geometric Descent Method [Bubeck, Lee, Singh]

Input: Starting point x0, strong convexity constant α > 0.

Output: x+
K

Set c0 = x++
0 and R2

0 =
‖∇f(x0)‖22

α
2 − 2

α

(
f(x0)− f(x+

0 )
)

;

for k = 1, . . . , K do

Set xk = line search
(
x+
k−1, ck−1

)
;

Set xA = xk − α−1∇f(xk) and R2
A =

‖∇f(xk)‖22
α
2 − 2

α

(
f(xk)− f(x+

k )
)

;

Set xB = ck−1 and R2
B = R2

k−1 − 2
α

(
f(x+

k−1)− f(x+
k )
)

;

Let B
(
ck, R

2
k

)
be the smallest enclosing ball of B

(
xA, R

2
A

)
∩B

(
xB, R

2
B

)
;

end

The following theorem shows that Algorithm 3 and Algorithm 6 indeed produce the same

iterate sequence.

Theorem 6. Given the same initial point x0, Algorithm 3 and Algorithm 6 produce the same

iterates xk and ck. Moreover, we have vk = f(x+
k )− α

2
R2
k, where vk is the minimum value of

the quadratic Qk in Algorithm 3 and Rk is the radius of the ball in Algorithm 6.

Proof. Let xk and ck denote the iterates in Algorithm 3, and let x̂k and ĉk be the iterates in

Algorithm 6. We proceed by induction on k. It follows immediately from the definition of

the algorithms that x0 = x̂0, c0 = ĉ0, and v0 = f(x+
0 )− α

2
R2

0. Now suppose, as an inductive

assumption, xk−1 = x̂k−1, ck−1 = ĉk−1, and vk−1 = f(x+
k−1) − α

2
R2
k−1. To see the equality

xk = x̂k, observe

xk = line search
(
x+
k−1, ck−1

)
= line search

(
x̂+
k−1, ĉk−1

)
= x̂k.
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Let xA = x++
k , xB = ck−1, d = ‖xA − xB‖, and define the quantities

vA = f(xk)−
‖∇f(xk)‖2

2α
,

vB = vk−1,

R2
A =
‖∇f(xk)‖2

α2 − 2

α

(
f(xk)− f(x+

k )
)
,

R2
B = R2

k−1 −
2

α

(
f(x+

k−1)− f(x+
k )
)
.

Notice that Qk(x) = vk+α
2
‖x− ck‖2 is the optimal averaging of QA(x) := vA+α

2
‖x− xA‖2

and QB(x) := vB + α
2
‖x− xB‖2, and that B(ĉk, R

2
k) is the minimum enclosing ball of the

intersection of B(xA, R
2
A) and B(xB, R

2
B). Simple algebra shows the relation

R2
A =

2

α

(
f(x+

k )− vA
)
,

and from the inductive assumption vk−1 = f(x+
k−1)− α

2
R2
k−1, we also have

R2
B =

2

α

(
f(x+

k )− vB
)
.

Thus, by Proposition 2 and the discussion preceding it, we have ck = ĉk and vk = f(x+
k )− α

2
R2
k.

This completes the induction.

As we saw in Section 3.3, computing the optimal averaging of several quadratic functions

is simple. On the other hand, it is far from clear how to find the minimum radius ball that

encloses the intersection of more than two balls. Indeed, instead the authors of Algorithm 6 in

the follow-up work [22] considered a “relaxation” that involves minimizing a self-concordant

barrier for the intersection. While revising the current manuscript, we became aware that

Beck in [7, Theorem 3.2] proved that the minimum enclosing ball of the intersection of finitely

many balls can be computed by solving a convex quadratic program (QP). Namely, Beck

showed that the squared radius of the minimal ball enclosing the intersection
⋂t
i=1B(ci, r

2
i )

is exactly equal to

min
λ∈∆t

∥∥∥∥∥
t∑
i=1

λici

∥∥∥∥∥
2

−
t∑
i=1

λi(‖ai‖2 − r2
i ),

provided t ≤ n− 1 and the intersection of the balls has nonempty interior. This QP is exactly

the one we derived in Section 3.3 for the optimal quadratic averaging method with memory.

Note that our derivation of the QP in Section 3.3 was completely elementary; the proof of [7,
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Theorem 3.2], on the other hand, is much more sophisticated relying on an S-lemma-type

result.

Proposition 3 (Optimal quadratic averaging & minimal enclosing ball).

Let Q(x) = v + α
2
‖x− c‖2 be the optimal averaging of quadratics Qi(x) = vi + α

2
‖x− ci‖2

for i = 1, . . . , t with t < n. Fix a real number s ≥ vi for all i = 1 . . . , t and define the balls

Bi := {Qi ≤ s}. Then provided that the intersection
⋂t
i=1Bi has a nonempty interior, the

ball B := {Q ≤ s} is the minimal enclosing ball of the intersection
⋂t
i=1Bi.

Proof. Let R2 be the square radius of B and let R2
i be the square radius of Bi, for i = 1, . . . , t.

Using Proposition 1, we deduce

R2 =
2

α
(s− v) =

2

α

s−max
λ∈∆t

α2
t∑
i=1

λi

(α
2
‖ci‖2 + vi

)
− α

2

∥∥∥∥∥
t∑
i=1

λici

∥∥∥∥∥
2



= min
λ∈∆t

∥∥∥∥∥
t∑
i=1

λici

∥∥∥∥∥
2

−
t∑
i=1

λi

(
‖ci‖2 +

2

α
(vi − s)

)

= min
λ∈∆t

∥∥∥∥∥
t∑
i=1

λici

∥∥∥∥∥
2

−
t∑
i=1

λi
(
‖ci‖2 −R2

i

)
.

The center of B is c =
∑t

i=1 λici where λ is the minimizer of the expression above. Comparing

with [7, Theorem 3.2], we see that B is exactly the minimum radius ball enclosing the

intersection
⋂t
i=1Bi.

3.5 Numerical examples

In this section, we numerically illustrate optimality gap convergence in Algorithm 3, and

explore how Algorithm 5, the variant of Algorithm 3 with memory, aids performance. To this

end, we focus on minimizing two functions: the regularized logistic loss function

L(w) :=
1

N

N∑
i=1

log
(

1 + e−yiw
T
xi
)

+
α

2
‖w‖2

2 ,
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where xi ∈ Rn and yi ∈ {±1} are labeled training data, and the “world’s worst” function for

first-order methods:

f(x) =
B

2

(
(1− x1)2 +

n−1∑
i=1

(xi − xi+1)2 + x2
n

)
+

1

2

n∑
i=1

x2
i

(see [70, Section 2.1.2 and Section 2.1.4]). For the logistic regression examples, we use the

LIBSVM [29] data sets a1a (N = 1605, n = 123) and colon-cancer (N = 62, n = 2000).

3.5.1 Optimality gap convergence

From inequality (3.2), we get the well-known optimality gap estimate for strongly convex

functions

f(x)− f ∗ ≤ ‖∇f(x)‖2
2

2α
. (3.10)

How does this estimate compare with the gaps gk := f(x+
k )− vk generated by Algorithm 3?

Obviously the answer depends on the point where we evaluate the gap estimate in (3.10).

Nonetheless, we can say that the gaps gk are tighter than the gaps Gk :=
‖∇f(xk)‖22

2α
. Indeed,

by the definition of vk, we trivially have vk ≥ f(xk)−Gk and thus

gk = f(x+
k )− vk ≤ f(xk)− vk ≤ Gk.

On a relative scale, the difference between gk and Gk is striking; see Figure 3.3. Notice that

Gk is an optimality gap estimate before averaging, and gk is an optimality gap estimate after

averaging; the plots in Figure 3.3 show that optimal quadratic averaging makes great relative

progress per iteration.

In Figure 3.4, we plot gk, the true gaps f(x+
k ) − f ∗, and the gap estimate in (3.10) at

xk, x
+
k , and ck for the “world’s worst” function and the logistic loss function. The true gaps

are the tightest, albeit unknown at runtime. Surprisingly, the gaps
‖∇f(ck)‖22

2α
are quite bad:

several orders of magnitude larger than gk. So even though the centers ck may appear to be

the focal points of the algorithm, the points x+
k are the ones to monitor in practice. Finally

we note that the gaps gk and
‖∇f(x

+
k )‖2

2

2α
are comparable, even though gk does not rely on

gradient information at x+
k .
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“World’s Worst”

Figure 3.3: Relative differences in gaps Gk−gk
Gk

on the “world’s worst” function (B = 106,

n = 200), and on the logistic loss on the colon-cancer data set with regularization α = 0.0001.

“World’s Worst”

Figure 3.4: Comparison of various optimality gaps on the “world’s worst” function (B = 106,

n = 200), and on the logistic loss on the a1a data set with regularization α = 0.0001.



55

3.5.2 Optimal quadratic averaging with memory

To demonstrate the effectiveness of optimal quadratic averaging with memory, we use it

to minimize the logistic loss (see Figure 3.5). The speedup over the memoryless method

is significant, even when taking into account the extra work per iteration needed to solve

the small dimensional quadratic subproblems. In Figure 3.6, we compare Algorithm 5 with

L-BFGS. The two schemes are on par with each other, and neither is better than the other

in all cases.

Figure 3.5: Algorithm 5 with various memory sizes t. The case t = 1 corresponds to the

memoryless optimal averaging method in Algorithm 3. The task is logistic regression, with

regularization α = 0.0001, on data sets a1a and colon-cancer.

It is perhaps fairer to compare L-BFGS with memory size m to Algorithm 5 with memory

size t = 2m (see Figure 3.7). Indeed, L-BFGS with memory size m actually stores m pairs of

vectors, whereas Algorithm 5 with memory size t only stores t vectors. Moreover, the most

expensive operation per iteration in L-BFGS requires 4mn multiplications (see [73, Algorithm

7.4]); in contrast, computing a new center in Algorithm 5 requires 2n(t+ 1) multiplications

plus the cost of solving a small quadratic program. (Updating the matrix CTC takes t+ 1
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Figure 3.6: Algorithm 5 with memory size t versus L-BFGS with memory size m. The task

is logistic regression, with regularization α = 0.0001, on data sets a1a and colon-cancer.

inner products in Rn, finding λ amounts to solving a small quadratic program, and computing

Cλ takes n inner products in Rt+1.) In Figure 3.8, we again compare L-BFGS and Algorithm 5

on logisitic regression, but with less regularization.

We noticed that the small dimensional quadratic program in Algorithm 5 must be solved

to high accuracy, especially on poorly conditioned problems; an active-set method works

well. Accuracy in the line search is less important. Minimizing the one-dimensional function

r 7→ f(x+rd), with ‖d‖ = 1, to within 10−4 accuracy in r works well in general. In Figure 3.9,

we show how line search accuracy affects Algorithm 3.
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Figure 3.7: A fairer (equal memory) comparison of Algorithm 5 and L-BFGS. The task is

still logistic regression, with regularization α = 0.0001, on data sets a1a and colon-cancer.

We focus on lower accuracy than we did in Figure 3.6.

3.6 Comments on proximal extensions

It is natural to try to extend geometric descent and optimal quadratic averaging to a proximal

setting. For the sake of concreteness, let us focus on geometric descent. We can easily extend

the suboptimal version of the algorithm to the proximal setting, but some difficulties arise

when accelerating the method. Suppose we are interested in solving the problem

min
x

f(x) := g(x) + h(x),

where g : Rn → R is β-smooth and α-strongly convex, and h : Rn → R ∪ {+∞} is closed,

convex, and is such that the proximal mapping

proxth(x) := argmin
z
{h(z) +

1

2t
‖z − x‖2}

is easily computable. In the analysis of first-order methods for such problems, the gradient

mapping Gt(x) := 1
t

(x− proxth(x− t∇g(x))) plays the role of the usual gradient. The
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Figure 3.8: Algorithm 5 with memory size t versus L-BFGS with memory size m. The task is

logistic regression on data sets a1a and colon-cancer, with α = 10−6 (top row) and α = 10−8

(bottom row).

following is a standard estimate; see for example [70, Section 2.2.3]. We provide a proof for

completeness.

Lemma 6. Fix a step length t > 0 and define a proximal gradient step x+ := x − tGt(x).
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Figure 3.9: A comparison of how the line search tolerance in Algorithm 3 affects convergence.

In the top row, we do the comparison with logistic regression on the a1a and colon-cancer

data sets with regularization α = 10−4. In the bottom row, we use regularization 10−8.

Then for every y ∈ Rn the inequality holds:

f(y) ≥ f(x+) + 〈Gt(x), y − x〉+ t

(
1− βt

2

)
‖Gt(x)‖2

2 +
α

2
‖y − x‖2

2 .

Proof. Appealing to β-smoothness of g, we deduce

f(x+) ≤ g(x)− t 〈∇g(x), Gt(x)〉+
βt2

2
‖Gt(x)‖2

2 + h(x+).
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Furthermore, strong convexity of g implies

f(x+) ≤ g(y) +
〈
∇g(x), x+ − y

〉
− α

2
‖y − x‖2

2 +
βt2

2
‖Gt(x)‖2

2 + h(x+).

Finally, using the observation that Gt(x)−∇g(x) belongs to ∂h(x+), we have

f(x+) ≤ f(y) +
〈
Gt(x), x+ − y

〉
− α

2
‖y − x‖2

2 +
βt2

2
‖Gt(x)‖2

2 .

Rearrangement completes the proof.

If we let y = x∗ in Lemma 6 and rearrange we get

x∗ ∈ B
(
x− 1

α
Gt(x),

(
1

α2 −
2

α
t+

β

α
t2
)
‖Gt(x)‖2

2 −
2

α

(
f(x+)− f ∗

))
.

How should we choose the step length t? A simple approach is to choose t to minimize the

quantity 1

α
2 − 2

α
t+ β

α
t2, i.e., set t = 1

β
. With this choice of t, we deduce the inclusion

x∗ ∈ B
(
x++,

(
1− 1

κ

) ∥∥G1/β(x)
∥∥2

2

α2 − 2

α

(
f(x+)− f ∗

))
,

where x++ = x− 1
α
G1/β(x) is a long step and x+ = x− 1

β
G1/β(x) is a short step. A proximal

version of the suboptimal geometric descent follows easily from Lemma 4.

To accelerate the proximal geometric descent algorithm we assume in iteration k that x∗

lies in some ball

B

(
ck, R

2
k −

2

α
(f(yk)− f ∗)

)
.

We then consider a second minimizer enclosing ball derived from information at some point

xk+1:

x∗ ∈ B
(
x++
k+1,

(
1− 1

κ

) ∥∥G1/β(xk+1)
∥∥2

2

α2 − 2

α

(
f(x+

k+1)− f ∗
))

.

Following the same pattern as in Section 3.4.2, if we choose xk+1 to satisfy f(xk+1) ≤ f(yk)

and appeal to the smoothness inequality f(x+
k+1) ≤ f(xk+1)− 1

2β

∥∥G1/β(xk+1)
∥∥2

2
, we deduce

the inclusion

x∗ ∈ B
(
ck, R

2
k −

1

κ

∥∥G1/β(xk+1)
∥∥2

2

α2 − 2

α

(
f(x+

k+1)− f ∗
))

.
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By Lemma 5 there is a new center ck+1 with

x∗ ∈ B
(
ck+1,

(
1− 1√

κ

)
R2
k −

2

α

(
f(x+

k+1)− f ∗
))

,

provided the old centers x++
k+1 and ck are far apart; specifically, we must be sure that the

inequality ∥∥x++
k+1 − ck

∥∥2

2
≥
∥∥G1/β(xk+1)

∥∥2

2

α2 holds.

How do we choose xk+1 to satisfy both f(xk+1) ≤ f(yk) and
∥∥x++

k+1 − ck
∥∥2

2
≥ ‖G1/β(xk+1)‖2

2

α
2 ?

The desired xk+1 does exist; for example, xk+1 = x∗ is such a point. In the proximal setting,

it is not clear how to choose xk+1 to ensure these two inequalities (even for specific problem

classes). This is an interesting topic for future research.
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3.7 Exact line search in accelerated gradient descent

Nesterov’s method is based on an estimate sequence; that is, a sequence of functions Qk and

nonnegative numbers Λk with

Λk → 0 and Qk(x) ≤ (1− Λk)f(x) + ΛkQ0(x).

Estimate sequences are useful because if yk satisfies f(yk) ≤ vk := minx∈Rn Qk(x), then

f(yk)− f ∗ ≤ Λk (Q0(x∗)− f ∗) ;

that is, f(yk) approaches f ∗ with error proportional to Λk, see [70].

The quadratics in Algorithm 4 (with appropriately chosen Λk) form an estimate sequence.

To explain, for k ≥ 1, pick vectors xk and numbers λk ∈ (δ, 1) with δ > 0. Next, recursively
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define

Q0(x) = v0 +
γ0

2
‖x− c0‖2

2 and

Qk(x) = (1− λk)Qk−1(x) + λk

(
f(xk)−

‖∇f(xk)‖2
2

2α
+
α

2

∥∥x− x++
k

∥∥2

2

)
.

Then the quadratics Qk and numbers Λk =
∏k

j=1(1 − λj) are an estimate sequence for f .

Nesterov’s method is designed to ensure the inequality f(x+
k ) ≤ vk with the added optimal

rate condition λk ≥
√

α
β
.

The scheme in Algorithm 4 with xk = line search
(
ck−1, x

+
k−1

)
also guarantees these

conditions. Trivially we have f(x+
0 ) ≤ v0. Assume, for induction, that we have f(x+

k−1) ≤ vk−1.

From [70, Lemma 2.2.3], we know

vk = (1− λk)vk−1+λkf(xk)−
λ2
k

2γk
‖∇f(xk)‖2

2 +

+
λk(1− λk)γk−1

γk

(α
2
‖xk − ck−1‖2

2 + 〈∇f(xk), ck−1 − xk〉
)
.

Since xk = line search
(
ck−1, x

+
k−1

)
, we have f(xk) ≤ f(x+

k−1) ≤ vk−1 and 〈∇f(xk), ck−1 − xk〉 =

0, and therefore

vk ≥ f(xk)−
λ2
k

2γk
‖∇f(xk)‖2

2 = f(xk)−
1

2β
‖∇f(xk)‖2

2 ≥ f(x+
k ).

Provided we set γ0 ≥ α, we get the optimal rate condition λk =
√

γk
β
≥
√

α
β
.
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Chapter 4

LEVEL-SET METHODS FOR CONVEX OPTIMIZATION
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Abstract

Convex optimization problems arising in applications often have favorable objective functions

and complicated constraints, thereby precluding first-order methods from being immediately

applicable. We describe an approach that exchanges the roles of the objective and constraint

functions, and instead approximately solves a sequence of parametric level-set problems. A

zero-finding procedure, based on inexact function evaluations and possibly inexact derivative

information, leads to an efficient solution scheme for the original problem. We describe the

theoretical and practical properties of this approach for a broad range of problems, including

low-rank semidefinite optimization, sparse optimization, and generalized linear models for

statistical inference.
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4.1 Introduction

To motivate the discussion, consider the typical problem of recovering a sparse vector x that

approximately satisfies the linear system Ax = b. This task often arises in applications, such

as compressed sensing and statistical model selection. Standard approaches, based on convex

optimization, rely on solving one of the following problem formulations.

BPσ LSτ QPλ

min
x
‖x‖1

s.t. 1
2
‖Ax− b‖2

2 ≤ σ

min
x

1
2
‖Ax− b‖2

2

s.t. ‖x‖1 ≤ τ

min
x

1
2
‖Ax− b‖2

2 + λ‖x‖1

Computationally, BPσ is perceived to be the most challenging of the three because of the

complicated geometry of the feasible region. For example, a projected- or proximal-gradient

method for LSτ or QPλ requires relatively little cost per iteration1 beyond forming the

product Ax or ATy. In contrast, a comparable first-order method for BPσ, such as the

alternating direction method of multipliers (ADMM) [18, 41], requires at each iteration the

solution of a linear least-squares problem [12] and maintains iterates that are both infeasible

and suboptimal. Consequently, problems LSτ and QPλ are most often solved in practice,

and most algorithm development and implementation targets these versions of the problem.

Nevertheless, the formulation BPσ is often more natural, since the parameter σ plays an

entirely transparent role, signifying an acceptable tolerance on the data misfit.

This paper targets optimization problems generalizing the formulation BPσ. Setting the

stage, consider the pair of problems

minimize
x∈X

ϕ(x) subject to ρ(Ax− b) ≤ σ, (Pσ)

and

minimize
x∈X

ρ(Ax− b) subject to ϕ(x) ≤ τ, (Qτ )

1Projection onto the ball {x : ‖x‖1 ≤ τ} requires O(n log n) operations; the proximal map for the function
λ ‖x‖1 requires O(n) operations.
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where X is a closed convex set, ϕ and ρ are (possibly infinite-valued) closed convex functions,

and A is a linear map. Here, Pσ and Qτ extend the problems BPσ and LSτ , respectively.

Such formulations are ubiquitous in contemporary optimization and its applications. Our

working assumption is that the level-set problem Qτ is easier to solve than Pσ—perhaps

because it allows for a specialized algorithm for its solution. In §4.4, we discuss a range of

problems, including nonsmooth regularization, conic optimization, and generalized linear

models, with this property.

Our main goal is to develop a practical and theoretically sound algorithmic framework

that can be used to harness existing algorithms for Qτ to efficiently solve the Pσ formulation.

As a consequence, we make explicit the fact that in typical circumstances both problems

are essentially equivalent from the viewpoint of computational complexity. Hence, there is

no reason to avoid any one formulation based on computational considerations alone. This

observation is very significant in applications since, although the formulations Pσ and Qτ
as well as their Lagrangian (or penalty) formulation are, in a sense, mathematically and

computationally equivalent, they are far from equivalent from a modeling perspective. To

illustrate this point, consider a scenario where we wish to compare the performance of various

regularizers ϕj, j = 1, . . . , k, for a range of values of the model misfit ρ(Ax − b) ≤ σi, i =

1, . . . , p. This is an important task in machine learning applications where one wishes to

build a classifier based on training data. In this scenario, the model formulation Pσ is the

only one that allows an apples-to-apples comparison between regularizers ϕi for a fixed level

of model misfit. We illustrate this point in §4.4.3 on a regularized logistic regression problem.

4.1.1 Approach

The proposed approach, which we will formalize shortly, approximately solves Pσ in the sense

that it generates a point x ∈ X that is super-optimal and ε-feasible:

ϕ(x) ≤ OPT and ρ(Ax− b) ≤ σ + ε,
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where OPT is the optimal value of Pσ. This terminology is used by Harchaoui, Juditsky, and

Nemirovski [42], and we adopt it here. The proposed strategy is based on exchanging the

roles of the objective and constraint functions in Pσ, and approximately solving a sequence

of level-set problems Qτ for varying parameters τ .

How does one use approximate solutions of Qτ to obtain a super-optimal and ε-feasible

solution of Pσ, the target problem? We answer this by recasting the problem in terms of the

value function for Qτ :
v(τ) := min

x∈X
{ρ(Ax− b) | ϕ(x) ≤ τ } . (4.1)

The univariate function v thus defined is nonincreasing and convex [78, Theorem 5.3]. Under

the mild assumption that the constraint ρ(Ax− b) ≤ σ is active at any optimal solution of

Pσ, it is easy to see that the value τ∗ := OPT satisfies the equation

v(τ) = σ. (4.2)

Conversely, it is immediate that for any τ ≤ τ∗ satisfying v(τ) ≤ σ + ε, solutions of Qτ are

super-optimal and ε-feasible for Pσ, as required. In summary, we have translated the problem

Pσ to that of finding the minimal root of the nonlinear univariate equation (4.2). We show in

§4.2 how approximate solutions of Qτ can serve as the basis of a root-finding procedure for

this key equation. For more details about the relationship between Pσ, Qτ , and their value

functions, see Aravkin, Burke, and Friedlander [3, Theorem 2.1].

Our technical assumptions on the problem Pσ are relatively few, and so in principle the

approach applies to a wide class of convex optimization problems. In order to make this

scheme practical, however, it is essential that approximate solutions of Qτ can be efficiently

computed over a sequence of parameters τ . Hence, efficient implementations attempt to warm

start each new problem. It is thus desirable that the sequence of parameters τk increases

monotonically, since this guarantees that the approximate solutions of Qτk are feasible for the

next problem in the sequence. Bisection methods do not have this property, and we therefore

propose variants of secant and Newton methods that accommodate inexact oracles for v and

exhibit the desired monotonicity property. We prove that the resulting root-finding procedures
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unconditionally have a global linear rate of convergence. Coupled with an evaluation oracle

for v that has a cost that is sublinear in ε, we obtain an algorithm with an overall cost that

is also sublinear in ε (modulo a logarithmic factor).

The outline of the manuscript is as follows. In §4.2, we prove complexity bounds and

convergence guarantees for the level-set scheme. We note that the iteration bounds for the root

finding schemes are independent of the slope of v at the root. This implies that the proposed

method is insensitive to the “width” of the feasible region in Pσ. Such methods are well-suited

for problems Pσ for which the Slater constraint qualification fails or is close to failing; see

Example 4.4.3. In §4.3, we consider refinements to the overall method, focusing on linear

least-squares constraints and recovering feasibility. Section 4.4 explores level-set methods

in notable optimization domains, including semi-definite programming, gauge optimization,

regularized regression, and generalized linear models. We also describe the specific steps

needed to implement the root-finding approach for some representative applications, including

low-rank matrix completion [60, 75], sensor-network localization [13, 14, 15], and group

detection via the elastic net [93].

Related work

The intuition behind the proposed framework has a distinguished history, appearing even

in antiquity. Perhaps the earliest instance is Queen Dido’s problem and the fabled origins

of Carthage [37, Page 548]. In short, the problem is to find the maximum area that can

be enclosed by an arc of fixed length and a given line. The converse problem is to find an

arc of least length that traps a fixed area between a line and the arc. Although these two

problems reverse the objective and the constraint, the solution in each case is a semi-circle.

The interchange of constraint and objective provides the foundation for the Markowitz

mean-variance portfolio theory [62]; the basic problem is to choose a portfolio of financial

instruments having a lower-bounded rate of return that minimizes the volatility (variance)

of the portfolio. The converse problem is to maximize the rate of return with a bound

on volatility. Numerous other examples occur throughout history, and the great variety of
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possible modern applications is formalized by the inverse function theorem in Aravkin et

al. [3, Theorem 2.1]. More generally, the underlying idea of the trade-offs between various

objectives form the foundations for multi-objective optimization [65].

In the context of numerical optimization, our work is motivated by the widely-used SPGL1

algorithm [85, 86] for the 1-norm regularized least-squares problem and its extensions [3].

A shortcoming of the numerical theory to date is the absence of practical complexity and

convergence guarantees. In this work, we (i) take a fresh new look at this general framework,

(ii) provide rigorous convergence guarantees, (iii) further illustrate the vast applicability of

the approach, and (iv) show how the proposed framework can be instantiated in concrete

circumstances.

Related ideas appear in Lemaréchal, Nemirovskii, and Nesterov [55], who develop their

level and truncated level methods using bundle ideas for convex optimization [54, 89]. Their

algorithm is similar in spirit since they work with lower-level sets of the objective function.

They consider the convex optimization problem

minimize
x∈X

f0(x) subject to fj(x) ≤ 0 for j = 1, . . . ,m,

where each function fj is convex and X is a nonempty closed convex set. The authors define

the function

g(τ) := min
x∈X

max {f0(x)− τ, f1(x), . . . , fm(x)}.

Their algorithm constructs the smallest solution τ∗ to the equation g(τ) = 0; then τ∗ is the

optimal value of the original convex program. See also Nesterov [70, §3.3.4] for a discussion.

More recently, Harchoui et al. [42], in a paper inspired by Lemaréchal et al. [55], present

an algorithm focusing on instances of the problem Pσ, where ρ is smooth and ϕ is a gauge

of the intersection of a unit ball for a norm and a closed convex cone. Their zero-finding

method is coupled with the Frank-Wolfe algorithm for generating lower bounds and affine

minorants on the value function. In contrast, our root finding phase is agnostic to the inner

evaluation algorithm, as is the case in the approaches described by Aravkin et al. [3] and van

den Berg and Friedlander [85, 86]. Consequently, we see that affine minorants are naturally
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obtained from dual certificates in full generality. This is in particular the case for the affine

minorants derived from the Frank-Wolfe algorithm; see §4.2.3. This observation immediately

opens the door to the use of other primal-dual algorithms, and more generally, to algorithms

for solving the primal and dual problems in parallel.

4.1.2 Notation

The notation we use is standard, and follows closely that in Rockafellar’s monograph [78].

The functions we consider take values in the extended real line R := R ∪ {+∞}. For any

function f : Rn → R, we use the symbol [f ≤ α] := {x ∈ Rn : f(x) ≤ α} to denote the

α-sublevel set. The domain and the epigraph of f are defined by

dom f := {x ∈ Rn : f(x) < +∞} and epi f := {(x, r) ∈ Rn × R : r ≥ f(x)},

respectively. We say that f is closed if its epigraph epi f is a closed set. An affine minorant

of f is any affine function g satisfying g(x) ≤ f(x) for all x. The subdifferential of a convex

function f : Rn → R at a point x ∈ dom f is the set

∂f(x) := {v ∈ Rn | f(y) ≥ f(x) + 〈v, y − x〉 for all y ∈ Rn} .

The Fenchel conjugate of f is the closed, convex function f ? : Rn → R defined by

f ?(y) := sup
x
{〈x, y〉 − f(x)} .

The subdifferential and the conjugate of a convex function f are related by the Fenchel-Young

inequality: any two points x and y satisfy the inequality

f(x) + f ?(y) ≥ 〈y, x〉.

Moreover, equality holds if and only if y ∈ ∂f(x). For any set C in Rn, we define the associated

indicator function

δC(x) =

0 if x ∈ C,

+∞ otherwise.
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The conjugate of the indicator function is simply the support function δ?C(y) = supx∈C 〈x, y〉.
In particular, for any norm ‖·‖, the support function of the unit ball {x : ‖x‖ ≤ 1} is the

dual norm. The p-norms and corresponding closed unit balls are denoted by ‖ · ‖p and Bp,

respectively. For any convex cone K, the dual cone is defined by

K∗ := {y | 〈x, y〉 ≥ 0 for all x ∈ K} .

We always endow the Euclidean space of real m×n matrices Rm×n with the trace product

〈X, Y 〉 := tr (XTY ) and the induced Frobenius norm ‖X‖F :=
√
〈X,X〉. For any matrix

X ∈ Rm×n, the symbols σ1(X) ≥ σ2(X) ≥ · · · ≥ σmin{m,n}(X) denote the singular values of

X. The Euclidean space of real n× n symmetric matrices, written as Sn, inherits the trace

product 〈X, Y 〉 := tr (XY ) and the corresponding norm. For any symmetric matrix X ∈ Sn,

the symbols λ1(X) ≥ λ2(X) ≥ · · · ≥ λn(X) denote the eigenvalues of X. The closed, convex

cone of n× n positive semi-definite matrices is denoted by Sn+ = {X ∈ Sn : X � 0}. Both

the nonnegative orthant Rn
+ and the positive semi-definite cone Sn+ are self-dual. The symbol

e ∈ Rn denotes the vector of all ones.

4.2 Root-finding with inexact oracles

Approximate solutions of Qτ are central to our algorithmic framework, since this is the

oracle through which we access v. The available algorithms for Qτ dictate the quality of the

oracle. In this section, we describe the complexity guarantees associated with two types of

oracles: an inexact-evaluation oracle that provides upper and lower bounds on v(τ), and an

affine minorant oracle that additionally provides a global linear underestimator on v. The

algorithms presented here apply to any convex nonincreasing function f : R+ → R for which

the equation f(τ) = 0 has a solution. In the following discussion, τ∗ denotes a minimal root

of f(τ) = 0. Given a tolerance ε > 0, the algorithms we discuss yield a point τ ≤ τ∗ satisfying

0 ≤ f(τ) ≤ ε.
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4.2.1 Inexact secant

Our first root-finding algorithm is an inexact secant method, and is based on an oracle that

provides upper and lower bounds on the value f(τ).

Definition 3 (Inexact evaluation oracle). For a function f : R+ → R, an inexact evaluation

oracle is a map Of that assigns to each pair (τ, α) ∈ [f > 0]× [1,∞) real numbers (`, u) such

that 0 < ` ≤ f(τ) ≤ u and u/` ≤ α.

Note that this oracle guarantees a relative accuracy u/` ≤ α, rather than one based on

the absolute gap u− `. This allows the oracle to be increasingly inexact (and presumably

cheaper) for larger values of f(τ). The relative-accuracy condition is no less general than one

based on an absolute gap. In particular, it is readily verified that for any numbers l, u that

satisfy 0 ≤ ` ≤ f(τ) ≤ u and u− ` ≤ (1− 1/α)ε, either

• τ is an ε-approximate root, i.e., f(τ) ≤ ε; or

• the relative-accuracy condition 1 ≤ u/` ≤ α is valid.

Indeed, provided f(τ) > ε, we deduce u/` ≤ 1 + (1 − 1/α)ε/` ≤ 1 + (1 − 1/α)u/`, which

after rearranging terms yields the desired inequality u/` ≤ α. Hence, the cost of evaluating

f(τ) within an additive error directly translates into a cost of the same order for evaluating

f(τ) up to relative accuracy. Algorithm 7 outlines a secant method based on the inexact

evaluation oracle. Theorem 4.2.1 establishes the corresponding global convergence guarantees;

the proof appears in Appendix 4.5.

Theorem 4.2.1 (Linear convergence of the inexact secant method). The inexact secant

method (Algorithm 7) terminates after at most

k ≤ max
{

2 + log2/α(2C/ε) , 3
}

iterations, where C := max{|s1|(τ∗ − τ1), `1} and s1 := (u0 − `1)/(τ0 − τ1).
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Algorithm 7: Inexact secant method

Data: A decreasing convex function f : R+ → R via an inexact evaluation oracle Of ;
target accuracy ε > 0; initial points τ0, τ1 with 0 ≤ τ0 < τ1 such that

f(τ0) ≥ f(τ1) > 0; constant α ∈ (1, 2).

(`0, u0)← Of (τ0, α)

k ← 1

while uk > ε do

(`k, uk)← Of (τk, α) [oracle evaluation for lower/upper bounds]

uk ← min{uk, uk−1} [ensure upper bound decreases]

sk ← (uk−1 − `k)/(τk−1 − τk) [slope of linear approximation]

τk+1 ← τk − `k/sk [secant iteration]

k ← k + 1

end

return τk

The iteration bound of the inexact secant method is indifferent to the slope of the

function f at the minimal root τ∗ because termination depends on function values rather than

proximity to τ∗. The plots in Figure 4.1 illustrate this behavior: panel (a) shows the iterates

for f1(τ) = (τ − 1)2− 10, which has a nonzero slope at the minimal root τ∗ = 1−
√

10 ≈ −2.2

and so has a non-degenerate solution; panel (c) shows the iterates for f2(τ) = τ 2, which

is clearly degenerate at the solution. The algorithm behaves similarly on both problems.

When applied to the value function v to find a root of (4.2), the algorithm’s indifference

to degeneracy translates to an insensitivity to the “width” [76] of the feasible region of

Pσ —an unsurprising consequence of the fact that the scheme maintains infeasible iterates

for Pσ. Thus such methods are well-suited for problems Pσ for which the Slater constraint

qualification is close to failing. On the other hand, for non-degenerate problems, we can

hope for superlinear convergence when the function is evaluated with sufficient accuracy (see
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Theorem 4.5.1).

Observe that the iteration bound in Theorem 4.2.1 is infinite for α ≥ 2. Surprisingly, this

is not an artifact of the proof. As illustrated by Figure 4.1(b), the inexact secant method

behaves poorly for α close to 2. Indeed, it can fail to converge linearly (or at all) to the

minimal root for any α ≥ 2, as the following example shows. Consider the linear function

f(τ) = −τ with lower and upper bounds `k := −2τk/(1 + α) and uk := −2ατk/(1 + α). A

quick computation shows that the quotients qk := τk/τk−1 of the iterates satisfy the recurrence

relation qk+1 = (1− α)/(qk − α). It is then immediate that for all α ≥ 2, the quotients qk

tend to one, indicating that the method stalls.

4.2.2 Inexact Newton

The secant method can be improved by using approximate derivative information (when

available) to design a Newton-type method. We design an inexact Newton method around

an improved oracle that provides global linear under-estimators of f . This approach has two

main advantages over the secant method. First, it is guaranteed to take longer steps than

the inexact secant method. Second, it locally converges quadratically whenever f is smooth,

the values f(τ) are computed exactly, and the function has a nonzero (left) derivative at

the minimal root. To formalize these ideas, we use the following strengthened version of an

inexact evaluation oracle.

Definition 4 (Affine minorant oracle). For a function f : R+ → R, an affine minorant

oracle is a mapping Of that assigns to each pair (t, α) ∈ [f > 0]× [1,∞) real numbers (`, u, s)

such that 0 < ` ≤ f(τ) ≤ u and u/` ≤ α, and the affine function τ ′ 7→ `+ s(τ ′ − τ) globally

minorizes f .

Algorithm 8 outlines a Newton method based on the affine minorant oracle. The inexact

Newton method enjoys global convergence guarantees analogous to those of the inexact secant

method, as described by Theorem 4.2.2; see Appendix 4.5 for the proof.
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(a) k = 13, α = 1.3 (b) k = 770, α = 1.99 (c) k = 18, α = 1.3
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Figure 4.1: Inexact secant method (top row) and Newton method (bottom row) for root

finding on the functions f1(τ) = (τ − 1)2 − 10 (first two columns) and f2(τ) = τ 2 (last

column). Below each panel, α is the oracle accuracy, and k is the number of iterations needed

to converge, i.e., to reach fi(τk) ≤ ε. For all problems, ε = 10−2; the horizontal axis is τ , and

the vertical axis is fi(τ).

Theorem 4.2.2 (Linear convergence of the inexact Newton method). The inexact Newton

method (Algorithm 8) terminates after at most

k ≤ max
{

1 + log2/α(2C/ε) , 2
}

iterations, where C := max{|s0|(τ∗ − τ0), `0}.

When we compare the two algorithms, it is easy to see that the Newton steps are never

shorter than the secant steps. Indeed, let (`k−1, uk−1, sk−1) = Of(τk−1, α) and (`k, uk, sk) =
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Algorithm 8: Inexact Newton method

Data: Convex decreasing function f : R+ → R via an affine minorant oracle Of ; target

accuracy ε > 0; initial point τ0 with f(τ0) > 0; constant α ∈ (1, 2).

u−1 ← +∞
k ← 0

while uk > ε do

(`k, uk, sk)← Of (τk, α) [evaluate lower affine minorant oracle]

uk ← min{uk, uk−1} [ensure upper bound decreases]

τk+1 ← τk − `k/sk [Newton iteration]

k ← k + 1

end

return τk

Of(τk, α) be the triples returned by an affine minorant oracle at τk−1 and τk, respectively.

Then

uk−1 ≥ f(τk−1) ≥ `k + sk(τk−1 − τk),

which implies

ssecant
k := (uk−1 − `k)/(τk−1 − τk) ≤ sk =: snewton

k .

Therefore, the Newton step length −`k/snewton
k is at least as large as the secant step length

−`k/ssecant
k .

As might be expected, the Newton method often outperforms the secant method in

practice. The bottom row of panels in Figure 4.1 shows the progress of the Newton method

on the same degenerate and nondegenerate test problems discussed earlier. Note in particular

that the Newton method performs relatively well even when α is near its upper limit of 2;

compare panels (b) and (e) in the figure. In this set of experiments, we chose an oracle with

the same quality lower and upper bounds as the experiments with secant, but has the least

favorable (i.e., steepest) slope that still results in a global minorant.
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4.2.3 Lower minorants from duality

Under what circumstances are affine minorant oracles of the value function v readily available?

Not surprisingly, duality delivers an answer. Suppose we can express the value function in

dual form

v(τ) = max
y

Φ(y, τ),

where Φ is concave in y and convex in τ . For example, appealing to Fenchel duality, we may

write

v(τ) = min
x∈X

{ρ(Ax− b) | ϕ(x) ≤ τ }

= min
x∈Rn

ρ(Ax− b) + δX∩ [ϕ≤τ ](x)

= max
y∈Rm

〈y, b〉 − ρ?(−y)− δ?X∩ [ϕ≤τ ](A
Ty),

where the last equality holds provided that either the primal or the dual problem has a

strictly feasible point [? , Theorem 3.3.5]. Hence, the Fenchel dual objective

Φ(y, τ) := 〈b, y〉 − ρ?(−y)− δ?X∩[ϕ≤τ ](A
Ty) (4.3)

yields an explicit representation for Φ. Note that convexity of Φ in τ is immediate; see

Lemma 4.5.2.

Many standard first-order methods that might be used as an oracle for evaluating v(τ̄)−σ,

generate both a lower bound ¯̀and a dual certificate ȳ that satisfy the equation ¯̀= Φ(ȳ, τ̄)−σ.

Examples include saddle-prox [66], Frank-Wolfe [39, 45], some projected (sub)gradient methods

[6], and accelerated versions [68, 82, 83]. Whenever such a dual certificate ȳ is available, we

have

v(τ)− σ ≥ Φ(ȳ, τ)− σ =
(
Φ(ȳ, τ̄)− σ

)
+
(
Φ(ȳ, τ)− Φ(ȳ, τ̄)

)
≥ ¯̀+ s̄(τ − τ̄),

(4.4)

where s̄ is any subgradient of Φ at (ȳ, τ̄) with respect to τ . Hence, an inexact evaluation

oracle that uses dual certificates can always be upgraded to an affine minorant oracle provided

that an element of the subdifferential ∂τΦ(y, τ) can be evaluated. In the context of (4.3),

this amounts to being able to compute an element of ∂τδ
?
X∩ [ϕ≤τ ](A

Ty). Reassuringly, such
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subdifferential formulas are readily available for a huge class of contemporary problems [3,

Equations 4.1b, 6.5d, 6.20], and, in particular, for all the problems discussed in the rest of

the paper.

In some instances, lower-bounds on the optimal value of Qτ provided by an algorithm

are seemingly not related to a dual solution. A notable example of such a scheme is the

Frank-Wolfe algorithm, which has recently received much attention. Supposing that the

function ρ is smooth, the Frank-Wolfe method applied to the problem Qτ iterates the following

two steps: 
zk = argmin

z∈X∩[ϕ≤τ ]

〈AT∇ρ(Axk − b), z〉

xk+1 = xk + tk(zk − xk)
(4.5)

for an appropriately chosen sequence of step-sizes tk (e.g., tk = 2
k+2

). As the method progresses,

it generates the upper bounds

uk = min
i=1,...,k

ρ(Axi − b)

on the optimal value of Qτ . Moreover, it is easy to deduce from convexity that the following

are valid lower bounds:

`k = max
i=1,...,k

{
ρ(Axi − b) + 〈AT∇ρ(Axi − b), zi − xi〉

}
.

Jaggi [45] provides an extensive discussion. If the step sizes tk are chosen appropriately,

the gap satisfies uk − `k ≤ O(D2L/k), where the diameter D of the feasible region and the

Lipschitz constant L of the gradient of the objective function of Qτ are measured in an

arbitrary norm. Harchaoui, Juditsky, and Nemirovski [42] observe how to deduce from such

lower bounds `k an affine minorant of the value function v, leading to a level-set scheme

based on Newton’s method.

On the other hand, one can also show that the lower bounds `k are indeed generated by

an explicit candidate dual solution, and hence the Frank-Wolfe algorithm (and its variants) fit

perfectly in the above framework based on dual certificates. To see this, consider the Fenchel
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dual

maximize
y∈Rm

Φ(y, τ) = 〈y, b〉 − ρ?(−y)− δ?X∩[ϕ≤τ ](A
Ty)

of Qτ . Then for the candidate dual solutions yi := −∇ρ(Axi − b), we successively deduce

Φ(yi, τ) = 〈yi, b〉 − ρ?(−yi)− 〈ATyi, zi〉

= 〈yi, b〉+
(
ρ(Axi − b) + 〈yi, Axi − b〉

)
− 〈ATyi, zi〉

= ρ(Axi − b) + 〈AT∇ρ(Axi − b), zi − xi〉.

Thus, the lower bounds `k are simply equal to `k = maxi=1,...,k Φ(yi, τ), and affine minorants

on the value function v are readily computed from the dual iterates yk and the derivatives

∂τδ
?
X∩ [ϕ≤τ ](A

Tyk).

4.3 Refinements

This section can be considered as an aside in our main exposition. Here, we address two

questions that arise in the application of our root-finding approach: how best to apply the

algorithm to problems with linear least-squares constraints, and how to recover a feasible

point.

4.3.1 Least-squares misfit and degeneracy

Particularly important instances of problem Pσ arise when the misfit between Ax and b is

measured by the 2-norm, i.e., ρ = ‖ · ‖2. In this case, the objective of the level-set problem

Qτ is ‖Ax − b‖2, which is not differentiable whenever Ax = b. Rather than applying a

nonsmooth optimization scheme, an apparently easy fix is to replace the constraint in Pσ
with its equivalent formulation 1

2
‖Ax− b‖2

2 ≤ 1
2
σ2, leading to the pair of problems

minimize
x∈X

ϕ(x) subject to 1
2
‖Ax− b‖2

2 ≤ 1
2
σ2, (P2

σ)

minimize
x∈X

1
2
‖Ax− b‖2 subject to ϕ(x) ≤ τ. (Q2

τ )
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Throughout this section, the problems Pσ and Qτ continue to define the original formulations

without the squares.

This straightforward adaptation, however, presents some numerical difficulties. Following

the strategy outlined in the previous sections, the root finding procedure for P2
σ would be

automatically applied to the function

f2(τ) := 1
2
v2(τ)− 1

2
σ2,

where v is the value function corresponding to the original (unsquared) level-set problem

Qτ . Clearly, the function f2 is degenerate at each of its roots. As a result, the secant

and Newton root-finding methods, respectively, would not converge locally superlinearly or

quadratically—even if the values v(τ) are evaluated exactly. Moreover, we have observed

empirically that this issue can in some cases cause numerical schemes to stagnate.

A simple alternative avoids this pitfall: apply the root-finding procedure to the function

f1(τ) := v(τ)− σ

corresponding to the value function of Qτ , but solve Q2
τ to approximately evaluate f2 and

consequently to approximately evaluate f1. The oracle definitions required for the secant

(Algorithm 7) and Newton (Algorithm 8) methods require suitable modification. For secant,

the modifications are straightforward, but for Newton, care is needed in order to obtain the

correct affine minorants of f1 from those of f2. The required modifications are described in

turn below.

Secant

For the secant method applied to the function f1, we derive an inexact evaluation oracle from

an inexact evaluation oracle for f2 as follows. Suppose that we have approximately solved Q2
τ

by an inexact-evaluation oracle

Of2
(
τ, α2

)
=
(

1
2
`2 − 1

2
σ2, 1

2
u2 − 1

2
σ2
)
, (4.6)
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where we have specified the relative accuracy between the lower and upper bounds to be α2.

Assume, without loss of generality, that u, ` ≥ 0. Then clearly u and ` are upper and lower

bounds on v(τ), respectively. It is now straightforward to deduce

0 ≤ `− σ ≤ f1(τ) ≤ u− σ and
u− σ
`− σ ≤

√
u2 − σ2

`2 − σ2 ≤ α. (4.7)

Hence an inexact function evaluation oracle for f2 yields an inexact evaluation oracle for f1.

Newton

Newton’s method in this setting is slightly more intricate: the nuance is in obtaining a valid

affine minorant of f1. We use the respective objectives of the dual problems corresponding to

Qτ and Q2
τ , given by

Φ1(y, τ) := 〈b, y〉 − δ?X∩[ϕ≤τ ](A
Ty)− δB2

(y),

Φ2(y, τ) := 〈b, y〉 − δ?X∩[ϕ≤τ ](A
Ty)− 1

2
‖y‖2

2.

As described by (4.6), an inexact solution of Q2
τ delivers values ` and u that satisfy (4.7).

Suppose that the oracle additionally delivers a dual certificate y that satisfies Φ2(y, τ) = 1
2
`2.

Let s ∈ ∂τΦ2(y, τ) be any subgradient. The following result establishes that

(ˆ̀, u, s/‖y‖2) with ˆ̀ := Φ1 (y/‖y‖2, τ) ,

defines a valid affine minorant for f1.

Proposition 4.3.1. The inequalities

0 ≤ ˆ̀− σ ≤ f1(τ) ≤ u− σ and (u− σ)/(ˆ̀− σ) ≤ α

hold, and the linear functional τ ′ 7→ (ˆ̀− σ)− (s/‖y‖2)(τ ′ − τ) minorizes f1.

The proof is given in Appendix 4.5. In summary, if we wish to obtain a super-optimal

and ε-feasible solution to Pσ, in each iteration of the Newton method we must evaluate f2(τ)
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up to an absolute error of at most 1
2
(1 − 1/α)2ε2. Indeed, suppose that in the process of

evaluation, the oracle Of2
(
τ, α2

)
achieves u and l satisfying

1
2
u2 − 1

2
`2 ≤ 1

2
(1− 1/α)2ε2.

Then we obtain the inequality

u− ` =

√
(u− `)2 ≤

√
u2 − `2 ≤ (1− 1/α)ε,

Thus, by the discussion following Definition 3, either the whole Newton scheme can now

terminate with f1(τ) ≤ ε or we have achieved the relative accuracy (u− σ)/(`− σ) ≤ α for

the oracle.

4.3.2 Recovering feasibility

A potential shortcoming of the level-set approach is that the computed solutions are only

ε-feasible. Some applications may demand feasible solutions. A straightforward remedy is to

project the computed ε-feasible point onto the original constraint set {x ∈ X | ρ(Ax− b) ≤ σ} .
However, this operation can be computationally impractical; for example, access to the matrix

A is often only available through matrix vector products. An alternative is provided by

Renegar [77], who suggests an inexpensive radial-projection scheme for conic optimization

that generates a feasible point while still preserving some notion of optimality. The approach

requires knowledge of a point e strictly feasible for the original problem, and obtains a feasible

point x whose optimality is measured with respect to e, i.e.,

ϕ(x)−OPT

ϕ(e)−OPT
≤ δ

for some small positive parameter δ.

To explain the approach, fix some target δ < 1 and suppose that e ∈ X is strictly feasible

for Pσ, i.e.,

ρ(Ae− b) < σ.
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Suppose also that a point z ∈ X is super-optimal and ε-feasible for Pσ:

ϕ(z) ≤ OPT and σ < ρ(Az − b) ≤ σ + ε, with ε := δ
[
σ − ρ(Ae− b)

]
.

These relationships imply the inequality

α :=
ρ(Az − b)− σ

ρ(Az − b)− ρ(Ae− b) ≤ δ.

Set x := z + α(e − z), which is the radial projection of z towards the feasible point e. It

follows from convexity that ϕ(x) ≤ (1− α)ϕ(z) + αϕ(e). Subtract OPT from both sides and

rearrange terms to obtain

ϕ(x)−OPT

ϕ(e)−OPT
≤ (1− α)

ϕ(z)−OPT

ϕ(e)−OPT
+ α ≤ α ≤ δ.

It only remains to show that the radial projection x is feasible. The inclusion x ∈ X follows

from convexity of X . Use the definition of α, together with the convexity of ρ, to obtain

ρ(Ax− b) ≤ ρ(Az − b)− α[ρ(Az − b)− ρ(Ae− b)] = σ,

which establishes feasibility of x.

4.4 Some problem classes

There is a surprising variety of useful problems that can be treated by the root-finding

approach. These include problems from sparse optimization, with applications in compressed

sensing and sparse recovery, generalized linear models, which feature prominently in statistical

applications, and conic optimization, which includes semidefinite programming. The following

sections are in some sense a “cookbook” that describes how features of particular problems

can be combined to apply the root-finding approach. In some cases, such as with conic

optimization, we have the opportunity to derive unexpected algorithms.

4.4.1 Conic optimization

The general conic problem (CP) has the form

minimize
x

〈c, x〉 subject to Ax = b, x ∈ K, (CP)



84

Problem Pσ Qτ Dual of Qτ

CP

least-

squares

level

min
x
〈c, x〉

s.t. Ax = b

x ∈ K

min
x
‖Ax− b‖2

s.t. 〈c, x〉 ≤ τ

x ∈ K

max
y, µ≥0

〈b, y〉 − µτ

s.t. ‖y‖2 ≤ 1

µc−A∗y ∈ K∗

CP

cone

level

min
x
〈c, x〉

s.t. Ax = b

x ∈ K

min
x
−λmin(x)

s.t. Ax = b

〈c, x〉 ≤ τ

max
y, µ≥0

〈b, y〉 − µτ

s.t.
〈
µc−A∗y, e

〉
= 1

µc−A∗y ∈ K∗

Table 4.1: Least-squares and conic level-set problems for conic optimization. In these examples,

we require Ax = b.

where A : E1 → E2 is a linear map between Euclidean spaces, and K ⊂ E1 is a proper,

closed, convex cone. The familiar forms of this problem include linear programming (LP),

second-order cone programming (SOCP), and semidefinite programming (SDP). Ben-Tal and

Nemirovski [10] survey an enormous number of applications and formulations captured by

conic programming.

There are at least two possible approaches for applying the level-set framework. The first

exchanges the roles of the original objective 〈c, x〉 with the linear constraint Ax = b, and

brings a least-squares term into the objective; the second approach moves the cone constraint

x ∈ K into the objective via a kind of distance function. This yields two distinct algorithms

for the conic problem. The two approaches are summarized in Table 4.1. Note that it is

possible to consider conic problems with the more general constraint ρ(Ax− b) ≤ σ, but here

we restrict our attention to the simpler affine constraint, which conforms to the standard

form of conic optimization.
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First approach: least-squares level set

To get started with this approach, we make the blanket assumption that we know a strictly

feasible vector ŷ for the dual of (CP):

maximize
y

〈b, y〉 subject to c−A∗y ∈ K∗.

Thus ŷ satisfies ĉ := c−A∗ŷ ∈ intK∗. A simple calculation shows that minimizing the new

objective 〈ĉ, x〉 only changes the objective of CP by a constant: for all x feasible for CP, we

now have

〈ĉ, x〉 = 〈c, x〉 − 〈Ax, ŷ〉 = 〈c, x〉 − 〈b, ŷ〉 .

In particular, we may assume b 6= 0, since otherwise, the origin is the trivial solution for the

shifted problem. Note that in the important case c ∈ intK, we can simply set ŷ = 0, which

yields the equality c = ĉ.

We now illustrate the computational complexity of applying the root-finding approach to

solve (CP) using the level-set problem

minimize
x

‖Ax− b‖2 subject to 〈ĉ, x〉 ≤ τ, x ∈ K. (4.8)

Our aim is then to find a root of (4.2), where v is the value function of (4.8). The top row of

Table 4.1, gives the corresponding dual

maximize
y, µ≥0

〈b, y〉 − µτ subject to ‖y‖2 ≤ 1, µc−A∗y ∈ K∗

of the level-set problem. We use τ0 = 0 as the initial root-finding iterate. Because of the

inclusion ĉ ∈ intK∗, we deduce that x = 0 is the only feasible solution to (4.8), which yields

v(0) = ‖b‖2 and the exact lower bound `0 = ‖b‖2. The corresponding dual certificate is

(ȳ, µ̄) = (b/‖b‖2, µ̄), where

µ̄ := min
µ

{
µĉ− A

∗b

‖b‖2

∈ K∗
}
. (4.9)

Note the inequality µ̄ > 0, because otherwise we would deduce A∗b ∈ −K∗, implying the

inequality ‖b‖2
2 = 〈b,Ax〉 = 〈A∗b, x〉 ≤ 0 for any feasible x. This contradicts our assumption
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that b is nonzero. In the case where K is the nonnegative orthant and ĉ = e, the number

µ̄ is simply the maximal coordinate of A∗b/‖b‖2; if K is the semidefinite cone and ĉ = I,

the number µ̄ is the right-most eigenvalue of A∗b/‖b‖2. With these values, Theorem 4.2.2

asserts that within O
(

log2/α 2C/ε
)

inexact Newton iterations, where α is the accuracy of

each subproblem solve and

C = max {µ̄ · (OPT− 〈b, ŷ〉) , ‖b‖2} ,

the point x ∈ K that yields the final upper bound in (4.8) is a super-optimal and ε-feasible

solution of the shifted CP, i.e.,

〈ĉ, x〉 ≤ OPT− 〈ŷ, b〉 and ‖Ax− b‖2 ≤ ε.

To see how good the obtained point x is for the original CP (without the shift), note that

〈ĉ, x〉 = 〈c, x〉 − 〈A∗ŷ, x〉 = 〈c, x〉 − 〈ŷ,Ax− b〉 − 〈ŷ, b〉 ≥ 〈c, x〉 − 〈ŷ, b〉 − ε‖ŷ‖2,

and hence 〈c, x〉 ≤ OPT + ε‖ŷ‖2. In particular, in the important case where c ∈ intK∗, we

deduce super-optimality 〈c, x〉 ≤ OPT for the target problem CP.

Each Newton root-finding iteration requires an approximate solution of (4.8). As described

in §4.3.1, we obtain this approximation by instead solving its smooth formulation with the

squared objective 1
2
‖Ax − b‖2

2. Let L := ‖A‖2
2 be the Lipschitz constant for the gradient

AT (Ax− b), and let D be the diameter of the region {x | 〈ĉ, x〉 = 1, x ∈ K}, which is finite

by the inclusion ĉ ∈ intK∗. Thus, in order to evaluate v to an accuracy ε, we may apply an

accelerated projected-gradient method on the squared version of the problem to an additive

error of 1
2
(1− 1/α)2ε2 (see end of §4.3.1), which terminates in at most

O
( √

L · τD
ε(1− 1/α)

)
= O

(‖A‖2 ·D · (OPT− 〈b, ŷ〉)
ε(1− 1/α)

)
iterations [11, §6.2]. Here, we have used the monotonicity of the root finding scheme to

conclude τ ≤ OPT − 〈b, ŷ〉. When K is the non-negative orthant, each projection can be

accomplished with O(n) floating point operations [20], while for the semidefinite cone each
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projection requires an eigenvalue decomposition. More generally, such projections can be

quickly found as long as projections onto the cone K are available; see Remark 3. We note

that an improved complexity bound can be obtained for the oracles in the LP and SDP

cases by replacing the Euclidean projection step with a Bregman projection derived from the

entropy function; see e.g., Beck and Teboulle [8] or Tseng [83, §3.1]. We leave the details to

the reader.

In summary, we can obtain a point x ∈ K that satisfies

〈c, x〉 ≤ OPT + ε‖ŷ‖2 and ‖Ax− b‖2 ≤ ε

in at most

O
(‖A‖2 ·D · (OPT− 〈b, ŷ〉)

ε(1− 1/α)

)
· O
(

log2/α

max {µ̄ · (OPT− 〈b, ŷ〉) , ‖b‖2}
ε

)
iterations of an accelerated projected-gradient method, where µ̄ is defined in (4.9). Reassur-

ingly, the complexity bound depends on all the expected quantities.

Second approach: conic level set

Renegar’s recent work [77] on conic optimization inspires a possible second level-set approach

based on interchanging the roles of the affine objective and the conic constraint in (CP). A

key step is to define a convex function κ that is nonnegative on the cone K, and positive

elsewhere, so that it acts as a surrogate for the conic constraint, i.e.,

κ(x) ≤ 0 if and only if x ∈ K. (4.10)

The conic optimization problem then can be expressed equivalently in entirely functional

form as

minimize
x

〈c, x〉 subject to Ax = b, κ(x) ≤ 0, (4.11)

which allows us to define the level-set problem

minimize
x

κ(x) subject to Ax = b, 〈c, x〉 ≤ τ. (4.12)
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Renegar gives a procedure for constructing a suitable surrogate function κ under the

assumption that K has a nonempty interior: choose a point e ∈ intK and define κ(x) =

−λmin(x), where

λmin(x) := inf {λ | x− λe 6∈ K}.

In the case of the PSD cone, we may take e = I, and then λmin yields the minimum eigenvalue

function, which explains the notation. As is shown in [77, Prop. 2.1], the function λmin

is Lipschitz continuous (with modulus one) and concave, as would be necessary to apply

a subgradient method for minimizing κ. Renegar derives a novel algorithm along with

complexity bounds for CP using the λmin function. A rigorous methodology for applying

the level-set scheme, as described in the current paper, requires further research. It is an

intriguing research agenda to unify Renegar’s explicit complexity bounds with the proposed

level-set approach. We note in passing that the dual of the resulting level-set problem,

needed to apply the lower affine-minorant root-finding method, is shown in the second row of

Table 4.1, and can be derived using the conjugate of λmin; see Lemma 4.5.3.

In principle, the main requirement of our level-set approach is that the surrogate function

that satisfies (4.10) yields the equivalent formulation (4.11). Depending on the algorithms

available for solving the level-set problem (4.12), it may be convenient to define a function

κ with certain useful properties. For example, we might choose to define the differentiable

surrogate function

κ = 1
2
dist2

K, where distK(x) := inf
z∈K
‖x− z‖

measures the distance to the cone K.

Note the significant differences between the least-squares and conic level-set problems (4.8)

and (4.12). For the sake of discussion, suppose that K is the positive semidefinite cone. The

least-squares level-set problem has a smooth objective whose gradient can be easily computed

by applying the operator A and its adjoint, but the constraint set still contains the explicit

cone. Projected-gradient methods, for example, require a full eigenvalue decomposition of the

steepest-descent step, while the Frank-Wolfe method requires only a single rightmost eigenpair
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computation. The latter level-set problem, however, can require a potentially more complex

procedure to compute a gradient or subgradient, but has an entirely linear constraint set. In

this case, projected (sub)gradient methods require a least-squares solve for the projection

step.

4.4.2 Gauge optimization

In this section, we illustrate the general applicability of the level-set approach to regularized

data-fitting problems by restricting the convex functions ϕ and ρ to be gauges—i.e., func-

tions that are additionally nonnegative, positively homogeneous, and vanish at the origin.

Throughout, we assume that the side constraint x ∈ X is absent from the formulation Pσ. A

large class of problems of this type occurs in sparsity optimization. Basis pursuit (and its

“denoising” variant BPσ) [32] was our very first example in §4.1, and many related problems

can be similarly expressed. The first two columns of Table 4.2 describe various formulations of

current interest, including basis pursuit denoising (BPDN), low-rank matrix recovery [26, 38],

a sharp version of the elastic-net problem [93], and gauge optimization [40] in its standard

form. The third column shows the level-set problem Qτ needed to evaluate the value function

v(τ), while the fourth column shows the slopes needed to implement the Newton scheme.

The dual representation (4.3) can be specialized for this family, and requires some basic

facts regarding a gauge function f and its polar

f ◦(y) := inf {µ > 0 | 〈x, y〉 ≤ µf(x) for all x} .

When f is a norm, the polar f ◦ is simply the familiar dual norm. There is a close relationship

between gauges, their polars, and the support functions of their sublevel sets, as described by

the identities [40, Prop. 2.1(iv)]

f ◦ = δ?[f≤1] and f ? = δ[f
◦≤1].

We apply these identities to the quantities involving ρ and ϕ in the expression for the dual
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representation Φ in (4.3), and deduce

δ?[ϕ≤τ ] = τδ?[ϕ≤1] = τϕ◦ and ρ? = δ[ρ
◦≤1].

Substitute these into Φ to obtain the equivalent expression

Φ(y, τ) = 〈b, y〉 − δ[ρ
◦≤1](−y)− τϕ◦(ATy).

We can now write an explicit dual for the level-set problem Qτ :

maximize
y

〈b, y〉 − τϕ◦(ATy) subject to ρ◦(−y) ≤ 1. (4.13)

In the last three rows of the table, we set ρ = ‖·‖2, which is self polar. For BPDN, we use the

vector 1-norm ϕ = ‖·‖1, whose polar is the dual norm ϕ◦ = ‖·‖∞. For matrix completion, the

function ϕ = ‖·‖∗ :=
∑min{m,n}

i=1 σi(·) is the nuclear norm of a n-by-m matrix, which is polar

to the spectral norm ϕ◦ = σ
max

(·). For the sharp elastic net, we use Lemma 4.5.4 to deduce

(α ‖·‖1 + β ‖·‖2)◦ = (γ 1
α
B1

+ γ 1
β
B2

)◦ = γ( 1
α
B1)
◦
+( 1

β
B2)
◦ = γαB∞+βB2

.

A distinctive feature of all of the problems stated in Table 4.2 is the nondifferentiability of

the objective of Qτ . The choice seems especially peculiar when ρ is the 2-norm, since in that

case, it is obvious that an equivalent smooth problem can be obtained by simply squaring the

objective Qτ and the corresponding constraint in the original problem Pσ. Of course, we do

not prescribe the method for solving the level-set problem, and depending on the application

and solvers available, it may be more convenient or efficient to solve a smooth variant of Qτ
in order to obtain a solution of the nonsmooth version; cf. §4.3.1.

4.4.3 Generalized linear models

In all the examples we have seen so far, we have encountered only two types of misfit functions

ρ, namely the squared 2-norm and the various gauges listed in Table 4.2. In this section,

we broaden the scope by exploring several examples arising from statistical modeling. In

particular, we consider the broad class of generalized linear models (GLMs) [64], which capture
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Problem Pσ Qτ ∂τΦ(y, τ)

gauge

optimization

min
x

ϕ(x)

s.t. ρ(Ax− b) ≤ σ

min
x

ρ(Ax− b)

s.t. ϕ(x) ≤ τ

−ϕ◦(AT y)

BPDN min
x
‖x‖1

s.t. ‖Ax− b‖2 ≤ σ

min
x
‖Ax− b‖2

s.t. ‖x‖1 ≤ τ

−‖AT y‖∞

sharp

elast-net

min
x

α‖x‖1 + β‖x‖2
s.t. ‖Ax− b‖2 ≤ σ

min
x
‖Ax− b‖2

s.t. α‖x‖1 + β‖x‖2 ≤ τ

−γαB∞+βB2
(ATy)

matrix

completion

min
X

‖X‖∗
s.t. ‖AX − b‖2 ≤ σ

min
x
‖AX − b‖2

s.t. ‖X‖∗ ≤ τ

−σ1(A∗y)

Table 4.2: Nonsmooth regularized data-fitting.

non-Gaussian data—including non-negative, count, boolean and multinomial variables—and

robust log-concave densities.

GLMs assume that the observed data is distributed according to a member of the

exponential family, and postulate a linear predictive model for key parameters. Suppose we

are given data pairs {(bi, ai)}ni=1 ⊂ R× Rm, where bi is an observation associated with the

covariate vector ai for individual i = 1, . . . , n. GLMs assume that the postulated density for

each response bi is the function

p(bi; θi) = C(bi, φ) exp

(
biθi − c(θi)

φ

)
, (4.14)

where φ is the dispersion parameter, θi is the mean parameter, c(·) is a function that specifies

the distribution, and C(bi, φ) is a normalization constant that can depend on the data and φ.

To simplify the exposition, we focus only on the canonical parameter θi, and assume that

the dispersion parameter φ is known and present in its simplest form; see McCullah and

Nelder [64] for more general cases. Whenever the function c is convex, it is clear that the

resulting density is log-concave. To complete the GLM specification, one now assumes that bi
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is distributed according to the GLM in (4.14) with

θi = aTi x,

where x is an unknown vector that is uniform across the population from which the data is

selected. The task is to infer the vector x from the given data.

A technical concept in GLM modeling is the link function—an invertible function that

maps likelihood parameters to the canonical parameter θi. For example, when working with

count data, one encounters the Poisson distribution, which is proportional to exp(bi log λi−λi).
We identify (4.14) with this distribution using the log link function, and set θi = log λi. It

necessarily follows that c(θi) = exp(θi).

Assuming that the data is chosen independently from the population, the negative

log-likelihood function for this model is given by

L(b;Ax) =
n∑
i=1

−ln p(bi; a
T
i x),

where ai the ith row of the matrix A. The likelihood-constrained formulation Pσ for the

regularized GLM is thus given by the problem

minimize
x

ϕ(x) subject to L(b;Ax) ≤ σ, (4.15)

where ϕ is a given regularizer. For example, the 1-norm regularizer may be used to induce

sparsity in the parameter x. A reasonable choice for σ is a proportion of the expectation:

σ ∝ EL(b; Ax). (4.16)

When an estimate of the expectation is not available, σ can be selected by using an expected

variance-reduction scheme, so that σ ∝ L(b; 0), where the proportionality constant is chosen

based on practitioner-prior experience.

Applying the level-set approach.

We now describe the various ingredients needed to apply the level-set approach to the

GLM family. For simplicity, we assume that ϕ is a gauge, which captures a broad range of
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Distribution c(θ) link function c?(z)

Gaussian 1
2θ

2 id 1
2z

2

Huber [4] ρκ(θ) id 1
2z

2 + δκB∞(z)

Poisson exp(θ) log z log z − z + δR+
(z)

Bernoulli log(1 + exp(θ)) logit z log z + (1− z) log(1− z) + δ[0,1](z)

Gamma −log(−θ) (·)−1 1− log(−z) + δR−(z)

Table 4.3: Parameters of the GLM family, including required conjugates for their dual

representation. The interpretation of coercive PLQ penalties (such as the Huber) as kernels

of statistical distributions is developed in [4, Section 2].

regularizers (cf. §4.4.2). (Non-gauge regularizers are considered in §4.4.5.) The corresponding

level-set problem Qτ is given by

minimize
x

L(b;Ax) subject to ϕ(x) ≤ τ. (4.17)

In order to derive global affine minorants, we require the corresponding dual problem

(cf. §4.2.3). Set Lb(·) := L(b; ·), and apply Fenchel duality to obtain

maximize
y

−L?b(−y)− τϕ◦(ATy). (4.18)

When p is as given in (4.14), we have Lb(z) = K +
∑

i φ
−1(c(zi) − bizi), where K :=

−∑i lnC(bi;φ). Hence, the dual problem takes the form

maximize
y

K − 1

φ

∑
i

c?(bi − φyi)− τϕ◦(ATy). (4.19)

Table 4.3 lists common exponential distributions and the link functions needed to represent

them in the form of a GLM (4.14). The table also lists the resulting functions c and their

conjugates needed for the dual.
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A fair comparison of regularizers

Multiple experiments that involve different regularization functions can be easily compared

at the same admissible levels of misfit using the formulation Pσ. This feature of Pσ is unique

among the alternative formulations.

As an example, consider classification using logistic regression (corresponding to the

Bernoulli distribution) with either 1- or 2-norm regularization:

minimize
x

‖x‖i subject to L(b;Ax) ≤ σ, (4.20)

for i = 1, 2. We set σ := L(b; 0)/η, where η is a specified proportionality constant. The

likelihood of observing a Bernoulli random variable bi ∈ {0, 1} is given by

P (bi) = ηbii (1− ηi)1−bi ,

where ηi is the probability of observing bi = 1. Rewriting to match (4.14) gives

P (bi) = exp (bi log(ηi) + (1− bi) log(1− ηi))

= exp

(
bi log

(
ηi

1− ηi

)
+ log(1− ηi)

)
,

which identifies the link function from Table 4.3 with the canonical parameter θi = log
(

ηi
1−ηi

)
,

and determines c(θi) = log(1 + exp(θi)). Composing with the linear model θi = aTi x, we

obtain the negative log likelihood objective (ignoring the constant term)

L(b;Ax) =
n∑
i=1

log
(

1 + exp(aTi x)
)
− bi(aTi x).

We run the approach on the Adult dataset [59], which aims to predict whether people

make more than $50K a year. The challenge is that there are fewer positive than negative

answers. The full dataset has m = 122 features and 48,844 individuals. We split this group

into n = 32562 training and 16,282 test cases. In the test set, there are 3,846 individuals

who make more than $50K a year, and 12,436 who do not. Table 4.4 shows that the 1-norm

regularization has as good or better generalizability at all tested levels of η. The 1-norm does

as well or better than 2-norm with the cases (people earning more than $50K), and gives a

sparser model, while matching identification of controls (people earning less than $50K).
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µ 1.1 1.5 1.9 2.0 2.1

2-norm correct + 0 0.07 0.46 0.52 0.57

1-norm correct + 0 0.17 0.51 0.52 0.57

2-norm correct − .96 0.98 0.94 0.94 0.93

1-norm correct − .96 0.98 0.94 0.94 0.93

2-norm nonzero features 89 116 112 122 122

1-norm nonzero features 1 5 16 22 42

Table 4.4: Recovery results for likelihood-regularized Pσ logistic regression formulations.

Fractions of correctly identified cases and controls in test set are shown for classifiers corre-

sponding to optimal 2-norm and 1-norm solutions of (4.20), fitting the data in terms of the

proportionality constant η.

Robust regression

As another example, we consider log-concave robust penalties—an important subclass of

GLMs. We illustrate the modeling possibilities of this subclass, using the Huber penalty

and its asymmetric extension, the quantile Huber (see Figure 4.3). The quantile Huber is

parameterized by (κ, τ), which control the transition between quadratic and linear pieces, as

well as the asymptotic slopes:

ρκ,τ (r) =


τ |r| − κτ

2

2
if r < −τκ,

1
2κ
r2 if r ∈ [−κτ, (1− τ)κ],

(1− τ)|r| − κ(1−τ)
2

2
if r > (1− τ)κ.

(4.21)

The quantile Huber generalizes both the quantile loss and the Huber loss. We recover Huber

when τ = 0.5, and the quantile Huber converges to the quantile loss (known as the check

function) as κ→ 0. When r is an m-vector instead of scalar, we write ρκ,τ (r) :=
∑m

j=1 ρκ,τ (rj),

and for simplicity we write ρκ := κρ2κ,0.5 to denote the scaled Huber.
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The Huber penalty figures prominently in high-dimensional regularized robust regression,

as a measure of data misfit [21, 33, 36, 44, 57, 63]. High dimensional extensions (with

sparse regularization) have been studied by Sun and Zhang [81] with applications to face

recognition [91] and signal processing [46]. The quantile Huber, shown in Figure 4.3b,

was recently introduced by Aravkin et al. [1] as an alternative to quantile regression—an

asymmetric variant of the 1-norm used to analyze heterogeneous datasets [24, 49], such as

those in computational biology [94], survival analysis [50], and economics [48, 51].

The methods of §8 allow one to easily explore robust regularization with the Huber penalty

in the context of sparsity. Specifically, consider the BPσ problem, but with the Huber penalty

replacing the norm-squared error:

minimize
x

‖x‖1 subject to ρκ,τ (b− Ax) ≤ σ. (4.22)

It is well known that the Huber loss function is much less sensitive (i.e., robust) to outliers in

the data than the norm-squared.

Example 4.4.1 (Robust sparse regression). As a proof of concept, we illustrate the level-set

framework on the following example. We generate a k-sparse signal of dimension n � k,

measure it with m = 5k Gaussian random vectors, and contaminate the measurements with

asymmetric outliers. The results are shown in Figure 4.4. In the experiment, n = 400,

m = 100, and k = 10. True measurements are obtained, and small Gaussian noise is added.

The measurements are then contaminated by six positive outliers generated by sampling

uniformly from [0, 0.5]. The 2-norm, symmetric Huber, and quantile Huber are compared

using our proposed level-set framework; all models are fit to a level σ = 0.05ρ(b), where b is

the (contaminated) measurement vector. Both symmetric and quantile Huber show superior

performance to the 2-norm. The advantage of the asymmetric Huber is fully evident in the

residual plot. All the outliers in the example are positive, and using τ = 0.9 for the quantile

Huber, we identify all the outliers in the residual.
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4.4.4 Low-rank matrix completion

A range of useful applications can be modeled as matrix completion problems. Important

examples include applications in recommender systems and system identification (Recht, Fazel,

Parillo [75]). The general principle extends to robust principal component analysis (RPCA),

where we decompose a signal into low rank and sparse components, and its variants, including

its stable version, which allows for noisy measurements. Applications include alignment of

occluded images [74], scene triangulation [92], model selection [28], face recognition, and

document indexing [25].

These problems can be formulated generally as

minimize
X∈Rm×n

ϕ(X) subject to ρ(AX − b) ≤ σ, (4.23)

where b is a vector of observations, the linear operator A encodes information about the

measurement process, and the objective ϕ encourages the required structure in the solution,

e.g., low-rank. The function ρ measures the misfit between the linear model AX and the

observations b. If we wish to require AX = b, we can simply set σ = 0 and choose any

nonnegative convex function ρ with ρ−1(0) = {0}, e.g., ρ = ||·||2. We categorize the problems

of interest into two broad classes: symmetric and asymmetric problems. For each case, we

outline how the level-set approach leads to implementable algorithms with computational

kernels that scale gracefully with problem size.

The first class of problems aims to recover a low-rank PSD matrix, and in that case, the

linear operator A maps between the space of symmetric n× n matrices and vectors, and we

define the objective ϕ by

ϕ1(X) = tr (X) + δSn+(X).

Problem (4.23) then reduces to finding a minimum-trace, PSD matrix that satisfies the

measurements specified by AX = b. There are analogs for optimization over complex

Hermitian matrices; we focus on the real case only for simplicity. The formulation above

captures, for example, the PhaseLift approach to the phase-retrieval problem, which aims to
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recover phase information about a signal (e.g., an image) by using only a series of magnitude

measurements [27]. Important applications include optical wavefront reconstruction for

astrophysical imaging [61] and the imaging of the molecular structure of a crystal via X-ray

crystallography, which gives rise to such magnitude-only measurements; see Waldspurger,

d’Aspremont, and Mallat [87] for a more complete description, including a number of other

applications.

The second class of matrix-recovery problems does not require definiteness of X. In this

case, the linear operator A on Rm×n is not restricted to symmetric matrices, and we define ϕ

as the nuclear norm:

ϕ2(X) = ||X||∗ :=

min{m,n}∑
i=1

σi(X),

where σi(X) is the ith singular value of X. This formulation captures, for example, the

bi-convex compressed sensing problem [60].

Example 4.4.2 (Robust PCA). The second class captures a range of problems that are not

immediately of the form (4.23). For example, the stable version of the RPCA problem [90]

aims to decompose a matrix Y as a sum of a low-rank matrix and a sparse matrix via the

problem

minimize
L,S

λ‖L‖∗ + κ‖S‖1 + 1
2
‖A(L− Y )− S‖2

F . (4.24)

Here the operator A is often a mask for the known elements of Y . The goal is to obtain a

low-rank approximation to Y where the deviation from the known elements of Y is as sparse

as possible. The parameters λ and κ are are chosen to balance the rank of L against the

sparsity of the residual S while minimizing the least-squared misfit. This model can be given

a statistical interpretation that fits nicely into the context of robust regression as presented

in Section 4.4.3.

We proceed by eliminating S in (4.24) by first minimizing the objective over S alone—an

overlooked algorithmic technique for this problem. Observe that, as a function of S, the

objective is the Moreau envelope of the 1-norm evaluated at A(L− Y ), or, equivalently, the
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Huber function ρκ on Rm×n (4.21):

inf
S

{
κ‖S‖1+ 1

2
‖A(L− Y )−S‖2

F

}
=ρκ(A(L−Y )).

Problem (4.24) can now be written in terms of L alone:

minimize
L

λ‖L‖∗ + ρκ(A(L− Y )).

This is the Lagrangian form of the robust estimation problem (4.22). Arguably, we can now

interpret the goal of this problem as one of finding the lowest rank approximation to Y over

its known elements subject to a bound on a robust measure of misfit. This yields the problem

minimize
L

||L||∗ subject to ρκ(A(L− Y )) ≤ σ, (4.25)

for some choice of parameter σ ≥ 0. Various principled choices for σ are discussed in §4.4.3.

Level-set approach and the Frank-Wolfe oracle

We apply the level-set approach, and exchange the roles of the regularizing function ϕ and

the misfit ρ(AX − b). Note that the objective function ϕ1 for the symmetric case vanishes at

the origin, and is convex and positively homogeneous It is thus a gauge. The second objective

function ϕ2 is simply a norm. Therefore, for both cases, we may use the first row of Table 4.2

to determine the corresponding level-set subproblem and affine minorants based on dual

certificates. In particular, the corresponding level-set subproblem Qτ , which defines the value

function, is

v(τ) := min
X
{ρ(AX − b) | ϕ(X) ≤ τ } .

We use the polar calculus described by Friedlander et al. [40, §7.2.1] and the definition of the

dual norm to obtain the required polar functions

ϕ◦1(Y ) = max{0, λ1(Y )} and ϕ◦2(Y ) = σ1(Y )

for the symmetric and asymmetric cases, respectively.
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The evaluation of the affine minorant oracle requires an approximate solution of the

optimization problem that defines the value function v, and computation of either an extreme

eigenvalue or singular value to determine an affine minorant. As numerous authors have

observed, the Frank-Wolfe algorithm [39, 45] is therefore especially well suited for evaluating

the required quantities, and here we describe how to apply the algorithm to this setting.

The Frank-Wolfe subproblem (4.5), used to generate search directions at each iteration,

takes the form

maximize
S

〈G, S〉 subject to ϕ(S) ≤ τ. (4.26)

where G := A∗∇ρ(AX − b) is the gradient of ρ(AX − b) evaluated at the current primal

iterate X. Note that the steplength in this case is easily obtained as the minimizer of the

quadratic objective along the intersection of [ϕ ≤ τ ] and the ray X + R+(S −X).

Solutions for the linearized subproblems can be obtained by computing extreme eigenvalues

or singular values of G [45, §4.2]. For the symmetric case, the constraint

ϕ1(S) ≤ τ is equivalent to tr (S) ≤ τ, S � 0.

The linearized subproblem (4.26) is then solved by any matrix of the form

S = UDiag (ξi)U
T with

k∑
i=1

ξi = τ, ξi ≥ 0,

where U ∈ Rn×k is the matrix that collects the k eigenvectors of G corresponding to λ1(G).

For the non-symmetric case, the constraint ϕ2(S) ≤ τ is simply ||S||∗ ≤ τ , and the linearized

subproblem is solved by any matrix of the form

S = UDiag (ξi)V
T with

k∑
i=1

ξi = τ, ξi ≥ 0,

where U ∈ Rm×k and V ∈ Rn×k are the matrices that collect the k singular vectors of G

corresponding to the leading singular value σ1(G). In both cases, Krylov-based eigensolvers,

such as ARPACK [53] can be used for the required eigenvalue and singular-value computation.

If matrix-vector products with the matrix A∗y and its adjoint are computationally inexpensive,
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the computation of a few rightmost eigenvalue/eigenvector pairs (resp., maximum singular

value/vector pairs) is much cheaper than the computation of the entire spectrum, as required

by a method based on projections onto the feasible region. Such circumstances are common,

for example when the operator A is sparse or it is accessible through a Fast Fourier Transform

(FFT). The following example illustrates exactly this scenario.

Example 4.4.3 (Euclidean distance completion). A common problem in distance geometry

is the inverse problem: given only local pairwise Euclidean distance measurements among

a set of points, recover their location in space. Formally, given a weighted undirected

graph G = (V,E, ω) with a vertex set V = {1, . . . , n}, and a target dimension r, the

Euclidean distance completion problem asks to determine a collection of points p1, . . . , pn in

Rr approximately satisfying

‖pi − pj‖2 = ωij for all edges ij ∈ E.

In literature, this problem is also often called `2 graph embedding and appears in wireless

networks, statics, robotics, protein reconstruction, and manifold learning; see the recent

survey [58].

A popular convex relaxation for this problem was introduced by Weinberger et al. [88],

and extensively studied by a number of authors [14, 16, 34]:

maximize trX

subject to ‖PE ◦ K(X)− ω‖ ≤ σ,

Xe = 0, X � 0,

(4.27)

where K : Sn → Sn is the mapping [K(X)]ij = Xii +Xjj − 2Xij and PE(D) is the canonical

projection of a matrix D onto entries indexed by the edge set E. Indeed, if X is a rank r

feasible matrix, we may factor it into X = PP T , where P is an n× r matrix. It is then easy

to see that the rows of P are the points p1, . . . , pn ∈ Rr we seek. The constraint Xe = 0

simply ensures that the points pi are centered around the origin. Notice, that this formulation

directly contrasts the usual min-trace regularizer in compressed sensing; nonetheless, it is
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very natural. An easy computation shows that in terms of any factorization X = PP T , the

equality tr (X) = 1
2n

∑n
i,j=1 ‖pi − pj‖2 holds. Thus trace maximization serves to “flatten” the

realization of the graph.

It is known that for σ = 0, the problem formulation (4.27) notoriously fails strict feasibility

[34, 35, 52]. In particular, for small σ ≥ 0 the feasible region is very thin and the solution to

the problem is unstable. As a result, algorithms maintaining feasibility are likely to exhibit

some difficulties. In contrast, following the theme of this paper, we employ an infeasible

method, and hence the poor conditioning of the underlying problem does not play a major

role. The least-squares level-set problem that corresponds to the minimization formulation of

(4.27) is

minimize ‖PE ◦ K(X)− ω‖
subject to trX ≥ τ, Xe = 0, X � 0.

(4.28)

Note the direction of the inequality trX ≥ τ , which takes into account that the original

formulation (4.27) is a maximization problem. As a result, the root-finding method on the

value function will approach the optimal value τ∗ = OPT from the right. In particular, to

initialize the approximate Newton scheme, we need an upper bound τ0 on the objective

function. Such upper bounds are easily available from the diameter of the graph. See

Figure 4.5 for an illustration.

Note that the gradient of the objective function is typically very sparse (as sparse as the

edge set E). Moreover, the linear subproblem over the feasible region is analogous to the ones

considered in Section 4.4.4, requiring only a maximal eigenvalue computation on a sparse

matrix (the gradient of the objective function); for more details see [34]. This makes the

problem (4.28) ideally suited for the Frank-Wolfe algorithm, as discussed in §4.4.4. We note

that the dual problem of (4.28) takes the form

maximize
y∈RE , ‖y‖2≤1

〈y, ω〉 − 2τλe
⊥

max(Diag (Y e)− Y ).

The matrix Y = P∗E(y) is the vector y padded with zeros and then 2(Diag (Y e)−Y ) = K∗P∗E(y).

The symbol λe
⊥

max(A) is the maximal eigenvalue of the restriction of the matrix A to e⊥. Hence,
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Pσ Qτ Dual of Qτ

min
x

ϕen(x)

s.t. ρκ(Ax− b) ≤ σ

min
x

ρκ(Ax− b)

s.t. ϕen(x) ≤ τ

max
y∈κB∞

〈b, y〉 − κ
2 ‖y‖

2
2 − δ

?
[ϕen≤τ ](A

T y)

Table 4.5: Elastic net

affine minorants are immediate to read off from the dual certificates generated by the

Frank-Wolfe algorithm. An extensive numerical investigation of this approach is made by

Drusvyatskiy et al. [34].

4.4.5 Robust elastic net regularization

In this final section, we explore an important data fitting problem where the regularizer ϕ is

not a gauge, unlike our previous examples. Zou and Hastie [93] introduced the elastic net

regularizer

ϕen(x) := α ‖x‖1 +
1− α

2
‖x‖2

2 (0 ≤ α ≤ 1)

for situations where there are multiple groups of covariates that are strongly correlated within

each group. In this setting, the LASSO typically picks one member from each of the most

important groups whereas the elastic net can pick out both the important groups and their

members. As is the case with the Huber function, ϕen is a member of the PLQ family [3, 4].

Zou and Hastie only consider the LSτ and QPλ formulations of the 1-norm regularized

problem discussed in §4.1, but with ‖·‖1 replaced by ϕen. Furthermore, they focus on the

Lagrangian formulation QPλ for computational reasons. The problem corresponding to BPσ

is not investigated. In this section, we provide a guide to the implementation of the methods

of §4.2 for this version of the elastic net problem, but generalized to the case where the

residual term is replaced by the Huber function ρκ in (4.21) for robust inference. This gives

the three formulations described in Table 4.5, which we call the robust elastic net problem.
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Inexact oracle for the value function

From Table 4.5, we determine the value function

v(τ) := min {ρκ(Ax− b) | ϕen(x) ≤ τ }

to which we apply the root-finding procedure. We solve Qτ via an optimal gradient-projection

algorithm, as described in §4.4.1. The methods require at each iteration a projection onto

the level sets [ϕen ≤ τ ], which is given as the solution of the problem

minimize
x

1
2
‖x− z‖2

2 subject to ϕen(x) ≤ τ. (4.29)

The projection problem can be solved as follows. Assume without loss of generality

z /∈ [ϕen ≤ τ ] since otherwise x := z solves (4.29). We may also assume—possibly after a

coordinate sign change—that z ≥ 0. Observe then that any optimal solution x satisfies x ≥ 0.

Thus, a feasible point x solves (4.29) if and only if there exists a scalar λ > 0 that satisfies

0 ∈ (x− z) + λ(1− α)x+ λα∂‖ · ‖1(x).

Equivalently,

z ∈ (1 + λ(1− α))x+ λα∂‖ · ‖1(x),

which amounts to the coordinate-wise inclusion

zi ∈ (1 + λ(1− α))xi + λα∂| · |(xi) for each i = 1, . . . , n.

In the case xi = 0, simple arithmetic shows (zi − λαsgn(zi))+ = 0. Otherwise when xi 6= 0,

the numbers xi and zi are both strictly positive, and

xi =
(zi − λαsgn(zi))+

1 + λ(1− α)
=

(zi − λα)+

1 + λ(1− α)
. (4.30)

Hence, regardless of whether xi is zero or not, (4.30) holds for all i = 1, . . . , n. Plugging this

into the relation ϕen(x) = τ gives

τ = α
∑
i

(zi − λα)+

1 + λ(1− α)
+

(1− α)

2

∑
i

(zi − λα)2
+

(1 + λ(1− α))2

=
α

1 + λ(1− α)

∑
i

(zi − λα)+ +
(1− α)

2(1 + λ(1− α))2

∑
i

(zi − λα)2
+.

(4.31)
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The strong convexity of the objective in x implies that there is a unique positive λ that solves

this equation. In addition, for λ ≥ α−1 ‖z‖∞, the right-hand side of (4.31) is zero, while for

λ = 0, the right-hand side is ϕ(z) > τ . So the unique optimal λ resides in the open interval

(0, α−1 ‖z‖∞). Finally, since (1 + λ(1− α)) > 0 for all λ ≥ 0, equation (4.31) is equivalent to

0 = τ(1 + λ(1− α))2 − α(1 + λ(1− α))
∑
i

(zi − λα)+ −
(1− α)

2

∑
i

(zi − λα)2
+.

The root λ is found by sorting coordinates of z and then solving a quadratic polynomial in λ.

Substituting λ back into (4.30), we find the optimal x.

Affine minorant oracle for the value function

Following the approach of §4.2.3, for each candidate value of τ in Algorithm 8, we generate a

dual certificate y that yields a lower-bound on the value function v(τ). Such dual iterates are

generated automatically by fast gradient methods on the primal problem [82]. To obtain an

affine minorant of v, we then need a method for evaluating the function

Φ(y, τ) := 〈b, y〉 − 1
2
‖y‖2

2 − δ?[ϕen≤τ ](A
Ty),

and a subgradient s ∈ ∂τδ?[ϕen≤τ ](A
Ty). To this end, we use the representation

δ?[ϕen≤τ ](z) = inf
µ>0

[τµ+ µϕ?en(µ−1z)].

See, for example, Aravkin et al. [3, Equation 6.5c]. Since ϕen is the sum of two finite-valued

convex functions, its conjugate is the infimal convolution

ϕ?en(z) = inf
v∈αB∞

1

2(1− α)
‖z − v‖2

2 =
1

2(1− α)
dist2

αB∞(z) =
1

2(1− α)
‖(|z| − αe)+‖2

2 .

Hence, for µ > 0, we have

δ?[ϕen≤τ ](z) = inf
µ>0

{
τµ+

1

2(1− α)µ
‖(|z| − µαe)+‖2

2

}
, (4.32)

and the derivative of δ?[ϕen≤τ ](z) with respect to τ is given by the optimal µ when it exists.

Note that if µ ≥ α−1 ‖z‖∞, then [τµ + 1
2(1−α)µ

‖(|z| − µαe)+‖2
2] = τµ, while for µ → 0 we
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have [τµ + 1
2(1−α)µ

‖(|z| − αµe)+‖2
2] → +∞. Hence, an optimal µ exists when τ > 0. It is

also unique due to the convex piecewise quadratic nature of the objective. Consequently,

the optimal µ in (4.32) can be obtained by sorting |z| and then writing in closed form the

solution of a sequence of elementary univariate convex functions over an interval.

4.5 Proofs

Theorem 4.5.1 (Superlinear convergence of Newton and secant methods). Let f : Rn → R

be a non-increasing, convex function on the interval [a, b]. Suppose that the point τ∗ := inf{τ :

f(τ) ≤ 0} lies in (a, b) and the non-degeneracy condition g∗ := inf {g | g ∈ ∂f(τ∗)} < 0 holds.

Fix two points τ−1, τ1 ∈ (a, b) satisfying τ0 < τ1 < τ∗ and consider the following two iterations:

τk+1 :=

τk if f(τk) = 0,

τk − f(τk)
gk

[for gk ∈ ∂f(τk)] otherwise;

(Newton)

and

τk+1 :=

τk if f(τk) = 0,

τk − τk−τk−1

f(τk)−f(τk−1)
f(τk) otherwise.

(Secant)

If either sequence terminates finitely at some τk, then it must be the case τk = τ∗. If the

sequence {τk} does not terminate finitely, then |τ∗ − τk+1| ≤ (1− g∗
γk

)|τ∗ − τk|, k = 1, 2, . . . ,

where γk = gk for the Newton sequence and γk is any element of ∂f(τk−1) for the secant

sequence. In either case, γk ↑ g∗ and τk ↑ τ∗ globally q-superlinearly.

Proof. Since f is convex, the subdifferential ∂f(τ) is nonempty for all τ ∈ (a, b). The

claim concerning finite termination is easy to deduce from convexity; we leave the details

to the reader. Suppose neither sequence terminates finitely at τ∗. Let us first consider the

Newton iteration. Convexity of f immediately implies that the sequence τi is well-defined

and satisfies τ0 < τ1 < τ2 < · · · < τ∗. Monotonicity of the subdifferential then implies

g0 ≤ g1 ≤ g2 ≤ · · · ≤ g∗ < 0. Due to the inequalities f(τ∗) + ḡ(τk − τ∗) ≤ f(τk) and gk < 0,

we have
f(τk)− f(τ∗)

gk
≤ −g∗

gk
(τ∗ − τk),
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and so

0 < τ∗ − τk+1 = τ∗ − τk +
f(τk)− f(τ∗)

gk
≤
(

1− g∗
gk

)
(τ∗ − τk).

Upper semi-continuity of ∂f on its domain implies gk ↑ g∗. Hence τk converge q-superlinearly

to τ∗.

Now consider the secant iteration. As in the Newton iteration, it is immediate from con-

vexity that the sequence τi is well-defined and satisfies τ0 < τ1 < τ2 < · · · < τ∗. Monotonicity

of the subdifferential then implies g0 ≤ g1 ≤ g2 ≤ · · · ≤ g∗ < 0. We have

0 < g∗(τk − τ∗) ≤ f(τk)− f(τ∗),

and f(τk−1) + gk−1(τk − τk−1) ≤ f(τk), and hence

τk − τk−1

f(τk)− f(τk−1)
(f(τk)− f(τ∗)) ≤

f(τk)− f(τ∗)

gk−1

< 0.

Combining the two inequalities yields

f(τk)− f(τ∗)

f(τk)− f(τk−1)
(τk − τk−1) ≤ f(τk)− f(τ∗)

gk−1

≤ g∗
gk−1

(τk − τ∗) < 0.

Consequently, we deduce

0 < τ∗ − τk+1 = τ∗ − τk +
f(τk)− f(τ∗)

f(τk)− f(τk−1)
(τk − τk−1) ≤

(
1− g∗

gk−1

)
(τ∗ − τk).

The result follows.

Proof of Theorem 4.2.1. It is easy to see by convexity that the iterates τk are strictly increas-

ing and satisfy f(τk) > 0. For each index j ≥ 2, define the following quantities:

hj := τj − τj−1, θj :=
sj
sj−1

, and γj :=
`j
`j−1

.

Note that using the equation τj−1 − τj =
`j−1

sj−1
, we can write θj =

uj−1−`j
`j−1

. Clearly then the

bound, 0 ≤ θj ≤ α− γj, is valid. Define now constants βj ∈ [0, 1] by the equation γj = βjα.

Suppose k ≥ 2 is an index at which the algorithm has not terminated, i.e., uk > ε. Taking

into account the inequality `k ≥ uk
α
> ε

α
, we deduce

ε

α
≤ `k = `1

k∏
j=2

γj ≤ Cαk−1
k∏
j=2

βj. (4.33)
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The defining equation for τk+1 and the definition of θj yield the equality

hk+1 =
`k
|sk|

=
`k
|s1|
·

k∏
j=2

θ−1
j .

The bounds τ∗ − τ1 ≥ hk+1, `k ≥ ε
α

, and θj ≤ α− γj imply

τ∗ − τ1 ≥
`k
|s1|
·

k∏
j=2

θ−1
j ≥

ε

α|s1|
(α−1)k−1

k∏
j=2

(1− βj)−1,

and rearranging gives

ε ≤ (τ∗ − τ1)|s1|αk
k∏
j=2

(1− βj) ≤ Cαk
k∏
j=2

(1− βj). (4.34)

Combining (4.33) and (4.34), we get

ε ≤ Cαk min

{
k∏
j=2

βj,
k∏
j=2

(1− βj)
}
. (4.35)

One the other hand, observe(
k∏
j=2

βj

)(
k∏
j=2

(1− βj)
)

=
k∏
j=2

βj(1− βj) ≤ 0.52(k−1),

and hence

min

{
k∏
j=2

βj,

k∏
j=2

(1− βj)
}
≤ 0.5k−1. (4.36)

Combining equations (4.36) and (4.35), the claimed estimate k− 1 ≤ log2/α

(
αC
ε

)
follows.

Proof of Theorem 4.2.2. The proof is identical to the proof of Theorem 4.2.1, except for some

minor modifications. The only nontrivial change is how we arrive at the bound θj ≤ α− γj.
For this, observe τj−1− τj = `j−1/sj−1, and because the function τ 7→ `j +sj(τ − τj) minorizes

v, we see

uj−1 ≥ `j + sj(τj−1 − τj) = `j + sj

(
`j−1

sj−1

)
= `j + θj`j−1.
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After rearranging, we get the desired upper bound on θj:

θj ≤
uj−1 − `j
`j−1

≤ α− γj.

Finally, we remark that with the approximate Newton method, we can start indexing at

j = 0 instead of j = 1. This explains the different constants in the convergence result.

Lemma 4.5.2 (Concavity of the parametric support function). For any convex function

f : Rn → R and vector z ∈ Rn, the univariate function t 7→ δ∗[f≤t](z) is concave.

Proof. Convexity of f immediately yields the inclusion

λ · [f ≤ a] + (1− λ) · [f ≤ b] ⊆ [f ≤ λa+ (1− λ)b] ∀a, b ∈ R and λ ∈ [0, 1].

We deduce λ · δ∗[f≤a](z) + (1− λ) · δ∗[f≤b](z) = δ∗λ·[f≤a]+(1−λ)·[f≤b](z) ≤ δ∗[f≤λa+(1−λ)b](z), and the

result follows.

Proof of Proposition 4.3.1. For this proof only, let ‖ ·‖ denote the 2-norm. Note the inclusion

s/‖y‖ ∈ ∂τΦ1 (y/‖y‖, τ). Use the same computation from (4.4) to deduce that the affine

function

τ ′ 7→ (ˆ̀− σ)− s

‖y‖(τ ′ − τ)

minorizes f1.

From the definition of ˆ̀, Φ1, and Φ2, it follows that

u− σ
ˆ̀− σ

=
(u− σ)‖y‖

Φ2(y, τ) + 1
2
‖y‖2 − σ‖y‖

=
2(u− σ)‖y‖

`2 + ‖y‖2 − 2σ‖y‖
. (4.37)

Taking into account the equivalence

u− σ
`− σ ≤ α ⇐⇒ u+ (α− 1)σ

α
≤ `,

we deduce

`2 + ‖y‖2 − 2σ‖y‖ ≥ α−2
(

(u+ (α− 1)σ)2 + ‖αy‖2 − 2σα‖αy‖
)
≥ 2α−1(u− σ)‖y‖,
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where the rightmost inequality follows from the computation

(u+ [α− 1]σ)2 + ‖αy‖2 − 2ασ‖αy‖ − 2(u− σ)‖αy‖

= (u+ [α− 1]σ)2 + ‖αy‖2 − 2‖αy‖(u+ [α− 1]σ)

= (u+ [α− 1]σ − ‖αy‖)2 ≥ 0.

Because the right-hand side of (4.37) is non-negative, we can deduce that ˆ̀≥ σ. Finally, the

required inequality (u− σ)/(ˆ̀− σ) ≤ α also follows from (4.37).

Lemma 4.5.3. (−λmin)?(y) = δS(−y), where S = K∗ ∩ {x | 〈e, x〉 = 1}.

Proof. The following formula is established in [77]:

∂(−λmin)(x) = {−y | 〈y, e〉 = 1, 〈y, z − (x− λmin(x)e)〉 ≥ 0 for all z ∈ K}

or equivalently

∂(−λmin)(x) = {−y | 〈y, e〉 = 1,−y ∈ NK (x− λmin(x)e)}

= {−y | 〈y, e〉 = 1, y ∈ K∗, 0 = λmin(x)− 〈y, x〉} .

Here the symbol NK denotes the normal cone to K. Now for any y ∈ ∂(−λmin)(x), we have

〈x, y〉 = −λmin(x). Observe range ∂(−λmin) = −S. Hence by the equality in the Fenchel-

Young inequality, for any y ∈ −S, we have (−λmin)?(y) = 0. On the other hand, for any y

with 〈y, e〉 6= −1, we have (−λmin)?(y) ≥ 〈te, y〉 − (−λmin)(te) = t(〈y, e〉+ 1) for any t ≥ 0.

Letting t→∞, we deduce (−λmin)?(y) = +∞. Similarly, consider y /∈ −K∗. Then we may

find some x ∈ K satisfying 〈x, y〉 > 0. We deduce (−λmin)?(y) ≥ 〈tx, y〉 − (−λmin)(tx) =

t(〈y, x〉 − (−λmin)(x)) for any t ≥ 0. Letting t → ∞, we deduce (−λmin)?(y) = +∞. We

deduce that (−λmin)? is the indicator function of −S, as claimed.

Lemma 4.5.4. Let D1 and D2 be two nonempty closed convex sets that contain the origin.

Then γD1
+ γD2

= γ(D◦1+D◦2)
◦. If additionally 0 ∈ intD1, then (γD1

+ γD2
)◦ = γD◦1+D◦2 .
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Proof. Theorem 14.5 of [78] contains most of the needed tools. In particular, the gauge of

any closed convex function containing the origin is the support function of the polar. Thus,

γD1
+ γD2

= δ∗D◦1 + δ∗D◦2 .

By [43, Cor. 3.2.5], we have

δ∗D◦1 + δ∗D◦2 = δ∗
cl(D◦1+D◦2)

= δ∗D◦1+D◦2 ,

where the last equality holds because the support function does not distinguish a set from its

closure. Again using the polarity correspondence between the gauge and support functions,

we have γD1
+ γD2

= γ(D◦1+D◦2)
◦ , as required. We now prove the second part of the lemma. Use

the first part of the result and [78, Thm. 15.1] to deduce that

(γD1
+ γD2

)◦ = γ(D◦1+D◦2)
◦◦ . (4.38)

Because 0 ∈ intD1, the set D◦1 is compact [78, Cor. 14.5], and because D◦2 is closed, D◦1 +D◦2
is also closed. Thus, (D◦1 +D◦2)◦◦ = D◦1 +D◦2. It then follows from (4.38) that (γD1

+ γD2
)◦ =

γ(D◦1+D◦2), as required.

Remark 3 (Projection onto a conic slice sets). This remark is standard. Fix a proper convex

cone K and consider the projection problem

min
x

{
1
2
‖x− z‖2 | 〈c, x〉 = 1, x ∈ K

}
.

Equivalently, we can consider the univariate concave maximization problem

max
β

min
x∈K

L(x, β) = max
β

min
x∈K

1
2
‖x− z‖2 + β(〈c, x〉 − 1)

= max
β

min
x∈K

1
2
‖x− (z − βc)‖2 + β(〈c, z〉 − 1)− 1

2
β2‖c‖2

= max
β

1
2
dist2

K(z − βc) + β(〈c, z〉 − 1)− 1
2
β2‖c‖2.

We can solve this problem for example by bisection, provided projections onto K are available.
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Figure 4.2: Progress of the root-finding method for a linear program. The panels on the left

depict the graph of v(τ) (solid line), and the squares and circles, respectively, show the upper

and lower bounds computed using an optimal projected-gradient method. The horizontal log

scale results in a value function that appears nonconvex. The panels on the right show the

number of projected-gradient iterations for each Newton step. Top panels: α = 1.8. Bottom

panels: α = 1.01.
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(a) Huber, κ = 1 (b) quantile Huber

Figure 4.3: Huber penalty and its asymmetric extension, quantile Huber.
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(a) True and Fitted signals. Red asterisks

show true sparse signal; blue solid line shows

LS estimate; solid dashed line ending in ‘x’

shows Huber estimate; thin dashed line ending

with ‘o’ marker shows quantile Huber estimate.
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(b) True and Fitted Residuals. Red asterisk

shows true outliers; blue solid line shows LS

residual; solid dashed line ending in ‘x’ shows

Huber residual; thin dashed line ending with

‘o’ marker shows quantile Huber residual.

Figure 4.4: Robust Asymmetric Recovery, comparing 2-norm, Huber, and quantile Huber

penalties. κ = 0.1 for both Huber penalties; quantile Huber has τ = 0.9 to capture the fact

that outliers are expected to be positive.
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Figure 4.5: Value function v(τ) := inf {‖PE ◦ K(X)− ω‖ | trX = τ, Xe = 0, X � 0}. New-

ton’s method converges to either the minimum- or maximum-trace solution, depending on if

it is started with an iterate to the left of the minimal root, or to the right of the maximal

root. For a solution of (4.27), we require the maximal root. In this experiment, σ = 0.25.
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