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This dissertation mainly explores two statistical tasks, namely clustering and analysis of
high-dimensional time series.

Clustering, a very important unsupervised learning problem, studies the structure of
unlabeled datasets. The goal of clustering is to partition the data points into subsets such
that data points in the same subset are similar and different from those in other subsets.
Mode-clustering is a clustering analysis method that partitions the data into groups by
the local modes of the underlying density function. Sometimes, finding clusters is not the
ultimate goal. The connectivity among clusters may yield valuable information for scientists.
This dissertation presents a new clustering method inspired by mode-clustering that not only
finds clusters but also assigns each cluster with an attribute label. Clusters obtained from
our method show connectivity of the underlying distribution. We also design a local two-
sample test based on the clustering result that has more power than a conventional method.
We apply our method to the Astronomy and GvHD data and show that our method finds
meaningful clusters. In addition, we derive the statistical and computational theory of our
method.

Motivated by the challenges of modeling time series data sets that exhibit non-linear
patterns, especially in high dimensions, this dissertation also considers the threshold Auto-

Regressive (TAR) process. The TAR process provides a family of non-linear auto-regressive



time series models in which the process dynamics are specific step functions of a thresholding
variable. While estimation and inference for low-dimensional TAR models have been in-
vestigated, high-dimensional TAR models have received less attention. In this dissertation,
we develop a new framework for estimating high-dimensional TAR models and propose two
different sparsity-inducing penalties. The first penalty corresponds to a natural extension of
the classical TAR model to high-dimensional settings, where the same threshold is enforced
for all model parameters. Our second penalty develops a more flexible TAR model, where
different thresholds are allowed for different auto-regressive coefficients. We show that both
penalized estimation strategies can be utilized in a three-step procedure that consistently
learns both the thresholds and the corresponding auto-regressive coefficients. However, our
theoretical and empirical investigations show that the direct extension of the TAR model is
not appropriate for high-dimensional settings and is better suited for moderate dimensions.
In contrast, the more flexible extension of the TAR model leads to consistent estimation and
superior empirical performance in high dimensions. In addition to the three-step procedure,
the dynamic programming approach can successfully handle high dimensions with diverging
number of thresholds as well. In particular, extensive numerical analysis and theoretical
results demonstrate the advantages of the dynamic programming approach. Finally, we also

discuss a method to select the optimal thresholding variable automatically.
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Chapter 1
INTRODUCTION

This dissertation mainly explores two statistical tasks, namely clustering and analysis
of high-dimensional time series. This first task is discussed in Chapter 2, and is motivated
by the Sloan Digital Sky Survey data. Our clustering method allows us to better identify
the structures of galaxies and has more extended applications in biology. The second task
explores the threshold autoregressive (TAR) models and their estimations. TAR models are
among the most widely used non-linear time series models in practice due to their simple
and interpretable structure. Chapter 3 and Chapter 4 investigate the TAR models by using
different approaches. Chapter 3 establishes a three-step procedure, while Chapter 4 intro-
duces a dynamic programming approach. Both approaches generalize the TAR models in
high-dimensions and provide a theoretical consistency of the estimator. In this chapter, we
briefly introduce the motivations and problems arising in each chapter and summarize the

methods we proposed to solve these problems.

In Chapter 2, we propose a new clustering method inspired by mode-clustering that not
only finds clusters but also assigns each cluster with an attribute label. Clusters obtained
from our method show connectivity of the underlying distribution. We also design a local
two-sample test based on the clustering result that has more power than conventional meth-
ods. In addition, we show that our approach provides additional insight into astronomical
data and biological flow cytometry data. We also introduce a visualization method using the
detected clusters and derive both statistical and computational guarantees of the proposed

method.

In Chapter 3, we develop a penalized estimation procedure for learning TAR models.

The TAR model is a family of non-linear auto-regressive time series models in which the pro-



cess dynamics are specific step functions of a thresholding variable. It has been extensively
studied in univariate and fixed-dimensional settings. However, to the best of our knowl-
edge, methods and theory for high-dimensional TAR models are currently lacking. Given
the paucity of the literature on high-dimensional TAR models, we propose a new framework
with two estimators for detecting the (unknown) number and values of thresholds and es-
timating regime-specific auto-regressive parameters in multivariate TAR models. The first
approach is a natural extension of the classical TAR model and enforces all auto-regressive
parameters to change at the same thresholds. Our theoretical and empirical investigations
show that the first approach is only suited for low and moderate dimensions. In contrast, a
more flexible TAR model utilizing I; penalty allows different thresholds for different auto-
regressive coefficients. Applied in a three-step procedure, both estimators can consistently
determine both the thresholds and the corresponding auto-regressive coefficients under cer-

tain mixing conditions. We also develop efficient algorithms for both methods.

In Chapter 4, we continue discussing the TAR model introduced in Chapter 3 and de-
velop a dynamic programming approach to better estimate the number of thresholds and
their corresponding values. In addition, we compare this method to the three-step proce-
dure. We empirically compare the performance of our method with the existing approaches
in the simulation section, demonstrating that the dynamic programming approach offers
clear advantages in certain cases. Moreover, we establish theoretical results that give a
sharper convergence rate of the estimators. The three-step procedure assumes that the
minimal jump size v (defined in Assumption B4 in Chapter 3) is independent of the sample
size, while the dynamic programming approach in this chapter allows the minimal jump
size to decrease with the sample size, and the simulation results corroborate our claims
about the advantages of the dynamic programming approach. Finally, we apply both the
dynamic programming approach and the three-step procedure to model the stock market
data, showing that the dynamic programming approach gives better insight than the three-
step procedure and suggests the optimal thresholding variable among other thresholding

variables.



In the last chapter, we summarize our previous work and discuss the advantages and

limitations of the methods discussed in Chapter 2 to Chapter 4.



Chapter 2
REFINED MODE-CLUSTERING VIA THE GRADIENT OF SLOPE

2.1 Introduction

Mode-clustering is a clustering analysis method that partitions the data into groups by the
local modes of the underlying density function [ 1, [ ],

[ ], [ ]. A density local mode is often a signature of a cluster,
so mode-clustering leads to clusters that are easy to interpret. In practice, we estimate
the density function from the data and perform mode-clustering via the density estimator.
When we use a kernel density estimator (KDE), there exists a simple and elegant algorithm
called the mean-shift algorithm [ l, [ ],

[ ] that allows us to compute clusters easily. The mean-shift algorithm has
made the mode-clustering a numerically friendly problem.

When applied to a scientific problem, we often use a clustering method to gain insight
from the data [2001], [2015]. Sometimes, finding clusters is not
the ultimate goal. The connectivity among clusters may yield valuable information for
scientists. To see this, consider the galaxy sample from the Sloan Digital Sky Survey

[ | in Figure 2.1. While the original data is 3D, here we use a 2D slice of the original
data to illustrate the idea. Each black dot indicates the location of a galaxy at a particular
location in the sky. Astronomers seek to find clusters of galaxies and their connectivity,
since these quantities (clusters and their connections) are associated with the large-scale
structures in the universe. Our method finds the underlying connectivity structures without
assuming any parametric form of the underlying distribution. In the middle panel, we
display the results by the usual mode-clustering method, which only shows clusters, but not
how they connect with each other. On the other hand, our proposed method is given in
the right panel, which finds a set of dense clusters (purple regions) along with some regions

serving as bridges connecting clusters (green areas) and a set of low-density regions (yellow



regions). Thus, our clustering method allows us to better identify the structures of galaxies.

We improve the usual mode-clustering method by (1) adding additional clusters that can
further partition the entire sample space, and (2) assigning an attribute label to each cluster.
The attribute label will indicate if this cluster is a ‘robust cluster’ (a cluster around a local
mode; purple regions in Figure 2.1), a ‘boundary cluster’ (a cluster bridging two or more
robust clusters; green regions in Figure 2.1), or an ‘outlier cluster’ (a cluster representing
low-density regions; yellow regions in Figure 2.1). With this refined clustering result, we
gain further insights into the underlying density function and are able to infer the intricate
structure behind the data. Furthermore, we can apply our improved clustering method to
the two sample tests. In this case, we can identify the local differences between the two
populations and provide a more sensitive result. Note that in the usual case of cluster
analysis, adding more clusters is not a preferred idea. However, if our goal is to detect the
underlying structures (such as finding the connectivity of high-density regions in the galaxy
data in Figure 2.1), using more clusters as an intermediate step to find connectivity could

be a plausible approach.
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Fig 2.1: Using two clustering methods to learn the cosmic webs. Left: the raw galaxy data
from the Sloan Digital Sky Survey. Middle: the clustering result using the conventional
mode/mean-shift clustering. This conventional mode-clustering method fails to detect the
connectivity among clusters. Right: the clustering result based on our method, where the
color indicates different types of clusters.

To summarize, our main contributions are as follows:

e We propose a new clustering method by the slope function that has an additional

attribute label of each cluster (Section 2.3).



e We propose new two-sample tests using the clustering result (Section 2.4).
e We introduce a visualization method using the detected clusters (Algorithm 3).

e We derive both statistical and computational guarantees of the proposed method

(Section 2.7).

The idea of using local modes to cluster observations can be dated back to Fukunaga and
Hostetler [1975a], where the authors used local modes of the KDE to cluster observations
and propose the mean-shift algorithm for this purpose Fukunaga and Hostetler [1975a],
Comaniciu and Meer [1999]. mode-clustering has been widely studied in statistics and the
machine-learning community Chacon and Duong [2013], Chacon et al. [2015b], Carreira-
Perpinan [2015], Arias-Castro et al. [2016], Chen et al. [2016], Chen [2017a]. However, the
KDE is not the only option for mode-clustering Li et al. [2007], Scrucca [2016] proposed
a Gaussian mixture model method, and Bonis and Oudot [2018] used a fuzzy clustering
algorithm, and Jiang and Kpotufe [2017] introduced a nearest-neighbor density method.

This Chapter is organized as follows. We start with a brief review on mode-clustering in
Section 2.2 and formally introduce our method in Section 2.3. In Section 2.4, we combine
the two-sample test and our approach to create a local two-sample test. We use simulations
to illustrate our method on simple examples in Section 2.5. We show the applicability of
our approach to three real datasets in Section 2.6. Finally, we study both statistical and

computational theories of our method in Section 2.7.
2.2 Review of Mode-Clustering

We start with a review of mode-clustering Chacon [2012], Chacon and Duong [2013], Chen
et al. [2016], Menardi [2015]. The concept of mode-clustering is based on the rationale
of associated clusters to the regions around the modes of the density. When the density
function is estimated by the kernel density estimator, there is an elegant algorithm called the
mean-shift algorithm Fukunaga and Hostetler [1975a] that can easily perform the clustering.

In more detail, let p be a probability density function with a compact support K C R,



Starting at any point x, mode-clustering creates a gradient ascent flow v, (¢) such that

Y2(0) =2, (t) = Vp(ra(t)).

Namely, the flow ~,(t) starts at point x and moves according to the gradient at the
present location. Let 7, (00) = limy_ o V2 (t) be the destination of the flow v, (t). According
to the Morse theory [1925], [ ], when the function is smooth (being
a Morse function), such a flow converges to a local maximum of p except for starting points
in a set of the Lebesgue measure 0. The mode-clustering partitions the space according to
the destination of the gradient flow, that is, for two points x,y, they will be assigned to
the same cluster if 7, (00) = 7, (00). For a local mode 7, we define its basin of attraction as
D(n) = {x : v:(c0) = n}. The basin of attraction describes the set of points that belongs
to the same cluster.

In practice, we do not know p, so we replace it by a density estimator, p,. A common

approach to estimate p as the kernel density estimator, in which p,, is

1 " xTr — Xz
An = —7 g K )

where K is a smooth function (also known, according to the Morse theory, as the kernel
function), such as a Gaussian kernel, and h > 0 is the smoothing bandwidth that determines
the amount of smoothness. Since we used a nonparametric density estimator, we did not
need to assume any parametric assumptions on the shape of the distribution.) With this

choice, we the define a sample analogue to the flow v, (¢) as

F2(0) =z, F(t) = VH(1= (1))

and partition the space according to the destination of 4,.



2.3 Clustering via the Gradient of Slope

2.3.1 Refining the Clusters by the Gradient of Slope

As is mentioned previously, the mode-clustering has some limitations that the resulting
clusters do not provide enough information on the finer structure of the density. To resolve
this problem, we introduce a new clustering method by considering gradient descent flows
of the ‘slope’ function. Let Vp(z) be the gradient of p. Define the slope function of p
as s(x) = ||[Vp(z)||>. Namely, the slope function is the squared amplitude of the density
gradient.

An interesting property of the slope function is that the minimal points {z : s(x) = 0} =
{z : Vp(z) = 0} = C form the collection of critical points of p, so it contains local modes
of p as well as other critical points, such as saddle points and local minima. According to
the Morse theory [ , [ |, there is a saddle point
between two nearby local modes when the function is a Morse function. A Morse function
is a smooth function f, such that all eigenvalues of Hessian Matrix of f at every critical
point are away from 0. This implies that saddle points may be used to bridge connecting
regions around two local modes.

With this insight, we propose to create clusters using the gradient ‘descent’ flow of s(z).
Let Vs(z) be the gradient of the slope function. Given a starting point € R?, we construct

a gradient descent flow as follows:

7:(0) =z, w(t) = —Vs(m(t)). (2.1)

That is, 7 is a flow starting from z and moving along the direction of Vs. Similar to
mode-clustering, we use the destination of gradient flows to cluster the entire sample space.
Note that if the slope function s is a Morse function, the corresponding PDF p will also

be a Morse function, as described in the following Lemma.
Lemma 1. If s(z) is a Morse function, then p(x) is a Morse function.

Throughout this chapter, we will assume that the slope function is Morse. Thus, the

corresponding PDF will also be a Morse function and all critical points of the PDF will be



well-separated.

2.8.2 Type of Clusters

Recall that C is the collection of critical points of density p. Let S be the collection of local
minima of the slope function s(x). It is easy to see C C S, since any critical point of p has
gradient 0, so it is also a local minimum of s.

Thus, the gradient flow in Equation (2.1) leads to a partition of the sample space.
Specifically, let 7, (c0) be the destination of the gradient flow 7, (¢). For an element m € C,
let S(m) = {z : m,(c0) = m} be its basin of attraction.

We use the sign of eigenvalues of V?p(z) to assign an additional attribute to each basin,
so the set {S(m) : m € C} forms a collection of meaningful disjoint regions. In more detail,
for a critical point m € C such that p(m) > ¢ for a small threshold d, its S(m) is classified

according to

robust cluster if s(m) =0, A1(m) < 0;
S(m) is a q outlier cluster if s(m) =0, A\q(m) > 0; (2.2)
boundary cluster otherwise,

where )\;(z) is the I-th ordered eigenvalue of V2p(z) (A1(z) > ... > Ag(z)). In the case of
p(m) < 6, we always assign it as an outlier cluster. Note that the threshold ¢ was added
to stabilize the numerical calculation. In other words, we refer to a basin of attraction in
S(m) as a robust cluster if m € C is a local mode of p. If m is a local minimum of p, then
we call its basin of attraction an outlier cluster. The remaining clusters, which are regions
connecting robust clusters, are denoted as boundary cluster. Note that the regions outside
the support are, by definition, a set of local minima. We assign the same cluster label to
those z whose destination 7, (c0) is outside the support, which is an outlier cluster.

Our classification of S(m) is based on the following observations. Regions around local
modes of p are where we have strong confidence that these points should belong to the
cluster represented by their nearby local modes. Regions around local minima of p are
the low-density areas where we should treat them as anomaly points/outliers. Figure 2.1

provides a concrete example that our clustering method could lead to more scientific insight—
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the connectivity among robust clusters may reveal intricate structure of the underlying
distribution.

Defining different types of clusters allows us to partition the whole space into meaningful
sub-regions. Given a random sample, to assign the cluster label to each of them, we simply
examine which basins of attraction these data points fall in and pass the cluster labels
from the regions to the data points. After assigning cluster labels to data points, the cluster
categories in Equation (2.2) provide additional information about the characteristics of each
data point. Those data points in robust clusters are data points that are highly clustered
together; points in the outlier clusters are data points in low-density regions, which could
be viewed as anomalies; the rest of points are in the boundary clusters, where these points

are not well-clustered and are on the connection regions among different robust clusters.

2.8.8 FEstimators

The above procedure is defined when we have access to the true PDF p. In practice, we do
not know p, but we have an IID random sample X1, ..., X,, from p with a compact support
K. So we estimate p using X1, ..., X,, and then use the estimated PDF to perform the above
clustering task.

While there are many choices of density estimators, we consider the kernel density
estimator (KDE) in this chapter, since it has a nice form and its derivatives are well-
established [ 1, [ I, [ 1, [ ]. In more
detail, the KDE is

1 < x— X;
pp () = —— E K -, Sn(x) = || Vhn(2)|?,
b nhd — < h > p

where K is a smooth function (also known as the kernel function) such as a Gaussian kernel,
and h > 0 is the smoothing bandwidth that determines the amount of smoothness. Note
that the bandwidth h in the KDE could be replaced by h; that depends on each observation.
This is called the variable bandwidth KDE in [ |. However, since the
choice of how h; depends on each observation is a non-trivial problem, so to simplify the

problem, we set all bandwidths to be the same.
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Based on §,(z), we first construct a corresponding estimated flow using Vs, (z):
a(0) = @3 7(t) = —Vin(7a(t)). (2.3)
An appealing feature is that V3§, (z) has an explicit form:
Vién(w) = V2pn(2) Viu(x), (2.4)

where Vp,(z) and V2p,(z) are the estimated density gradient and Hessian matrix of p.

Thus, to numerically construct the gradient flow 7, (t), we update x by
z @ =7 - V?pa(2)Vhn(2),, (2.5)

where v > 0 is the learning rate parameter. Algorithm 1 summarizes the gradient descent

approach.

Algorithm 1: Slope minimization via gradient descent.

1. Input: p,(z) and a point .
2. Initialize xy = z and iterate the following equation until convergence: (7 is a

step size that could be set to a constant)
zp =21 — 7 VPu(21-1)Vhn(zi-1).

3. Output: z .

With an output from Algorithm 1, we can group observations into different clusters,
with each cluster labeled by a local minimum of 5,. We assign an attribute to each cluster
via the rule in Equation (2.2). Note that the smoothing bias could cause some biases around

the boundary of clusters. However, when h — 0, this bias will asymptotically be negligible.
2.4 Enhancements in Two-Sample Tests

Our clustering method can be used as a localized two-sample test. An overview of the idea
is as follows. Given two random samples, we first merge them and use clustering method

to form partitions of the sample space. Under the null hypothesis, the two samples are
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from the same distribution, so the proportion of each sample within each cluster should be
similar. By comparing the difference in proportion, we obtain a localized two-sample test.
Algorithm 2 summarizes the procedure.

In more detail, suppose we want to compare two samples G; = {X;, Xo,..., Xy} and
Go = {V1,Ys,..., Yy} Let Xq,...Xn ~ Px and Y3,...,Yy ~ Py. The null hypothesis
we want to test is Hy : Px = Py against Hy : Px # Py.

Under Hy, the two samples are from the same distribution, so they have the same PDF

q. We first pull both samples together to form a joint dataset
Ga” = {Xl)"wXN?}/la"'aYM}'

We then compute the KDE p,, using G, and compute the corresponding estimated slope
function §,, and apply Algorithm 1 to form clusters. Thus, we obtain a partition of G,. Un-
der Hy, the proportion of Sample 1 in each cluster should be roughly the same as the global
proportion ]VJFLM Therefore, we can apply a simple test of the proportion within each cluster
to obtain a p-value. In practice, we often only focus on the robust and boundary clusters
and ignore the outlier clusters because of sample size consideration. Let Dy,..., Dy C Gy

be the robust and boundary clusters, and

ro = N/(N + M); (2.6)
be the global proportion, and
|Dj N G1|
_ i1y 2.
K | Dj| &1)

be the observed proportion of cluster D;j. We use the test statistic

’r’j—T'o

7“0(1 — ’r‘o)/n]’7

Zj =

where nj = |D;| is the total number of the pulled sample within cluster D;, when Hy is true
and the test statistic Z; follows from a standard normal distribution asymptotically. Note

that since we are conducting multiple tests, we reject the null hypothesis after applying the
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Bonferroni correction.

Algorithm 2: Local two-sample test.

1. Combine two samples (G and G3) into one, called G, and compute rg = N-rLM

from Equation (2.6).

2. Construct a kernel density estimator using G, and its slope function and apply
Algorithm 1 to form clusters based on the convergent point.

3. Assign an attribute to each cluster according to Equation (2.2).

4. Let robust clusters and boundary clusters be D1, Do, ..., D;, where D; C Gy
for each j.

5. For each cluster D;, compute r; from Equation (2.7) and construct Z statistic:

T‘j*T’Q

\/7“0(1 —’f'o)/nj.

Z; =

Find the corresponding p-value p;.

6. Reject Hy if pj < a/J for some j under the significance level o.

We can apply this idea to other clustering algorithms. However, we need to be very
careful when implementing it because we are using data twice—first to form clusters, then
again to do two-sample tests. This could inflate the Type 1 error. Our approach is asymp-
totically valid because the clusters from the estimated slope converge to the clusters of the
population slope (see Section 2.7). Note that our method may not control the Type 1 error
in the finite sample situation, but our simulation results in Section 2.5.2 show that this
procedure still controls the Type 1 error. This might be due to the conservative result of
the Bonferroni correction.

The advantage of this new two-sample test is that we are using the local information, so
if the two distributions only differ in a small region, this method will be more powerful than
a conventional two-sample test. In particular, the robust clusters are often the ones with
more power because they have a higher sample size, and the bumps in the pulled sample’s
density could be created by a density bump of one sample but not the other, leading to a
region with high testing power. In Section 2.5, we demonstrate this through some numerical

simulations.
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2.4.1 An Approzimation Method

The major computational burden of Algorithm 2 comes from Step 2, where we apply Al-
gorithm 1 to ‘every observation’. This may be computationally heavy if the sample size is
large. Here we propose a quick approximation to the clustering result.

Instead of applying Algorithm 1 to every observation, we randomly subsample the orig-
inal data (large dimension) or create a grid (low dimension) of points and only apply Al-
gorithm 1 to this smaller set of points. This gives us an approximated set of local minima
of the slope function. We then assign a cluster label of each observation according to the

‘nearest’ local minima.
2.5 Simulations

In this section, we demonstrate the applicability of our method by applying it to some sim-
ulation setups. Note that in practice, we need to choose the smoothing bandwidth A in the
KDE. Silverman’s rule [ ] is one of the most popular methods for bandwidth
selection. The idea is to find the optimal bandwidth by minimizing the mean integrated
squared error of the estimated density. [ | proposed to use the normal density
to approximate the second derivative of the true density, and use the interquartile range
providing a robust estimation of the sample standard deviation. For the univariate case, it
is defined as follows:

I
hs = 1.06 min{lQ—;Z, &yn 15,

where & is the sample standard deviation and IQR is the interquartile range. As discussed
1

earlier, we choose h = C’ (%) e , where C’ is a constant. This choice is motivated by

theoretical analysis in Section 2.7 (Theorem 2). In practice, we do not know C’, so we

applied a modification of Silverman’s rule [ |:

d d
_ (I s I IQR ) iy(sta
h = min <d;0k’d; 1'34)n , (2.8)

where 0} is the standard deviation of the samples on kth dimension, IQR,, is the interquartile

range on kth dimension, and k£ = 1,2,...,d. Note that our procedure involves estimating
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both the gradient and Hessian of the PDF. The optimal bandwidth of the two quantities are
different, so one may apply two separated bandwidths for gradient and Hessian estimation.
However, our empirical studies show that a single bandwidth (optimal for Hessian estima-
tion) still leads to reliable results. Note that this bandwidth selector tends to oversmooth
the data in the sense that some density peaks in Figure 2.6b were not detected (not in

purple color).

2.5.1 Clustering

Two-Gaussian mixture. We sample n = 400 points from a mixture of two-dimensional

normals N (p1, ¥) and N (pe, ) with equal proportions under the following three scenarios:
e Spherical: 1 = 0, o = 3e1 + 3eg, and X = Is.

e FElliptical: py = 0, py = 3e1 + 3ez, and X = diag(1,3). (Note that these clusters are

elongated in noise directions.)

e Outliers: Same construction as Spherical, but with 60 random points (noise) from a
uniform distribution over (—5,8) x (—5,8). By design, the outliers differ in such a

way that they can only add a little ambiguity.

Note that e; is the ith standard basis vector, and Iy is the 2 x 2 identity matrix. For each
scenario, we apply the gradient flow method and draw the contour. If points are outliers,
their destinations go to infinity. Thus, we set a threshold to stop them from moving and
assign them to outlier clusters.

Figure 2.2 demonstrates that we identify both two clusters and the boundary of these
two clusters. Each colored region is the basin of attraction of a local minimum of s(z) in the
picture (a—c). Picture (d—f) provide examples of data points clustering. Given the setting
of two equal-sized Gaussian mixture, it is straightforward to verify that the gradient flow
algorithm can successfully distinguish points according to their destinations. The purple
points represent points that belong to corresponding clusters with strong confidence, while

green points represent points in low-density areas that belong to the connection regions
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among clusters. The yellow points represent points that are not important to any of the
clusters. In summary, our proposed method performs well and is not affected by the changes

of covariance and outliers.

(d) Spherical (e) Elliptical (f) Outliers

Fig 2.2: Simulations with different data settings. Picture (a,d), picture (b,e), and picture
(c,f) display, respectively, the three different simulation scenarios: Spherical, Elliptical, and
Outliers. In picture (a—c), each colored region is the basin of attraction of a local minimum
of s(x), while the grey regions are the regions that belong to outlier clusters. Picture (d—f)
provides an example of clustering of data points. Points that labeled purple, green, and
orange are assigned to robust, boundary, and outlier clusters, respectively.

Four-Gaussian mixture. To show how boundary clusters can serve as bridges among
robust clusters, we consider a four-Gaussian mixture. We sample n = 800 from a mixture
of four two-dimensional normals N (0, 0.113), N(0.5e1,0.115), N(0.5e2,0.112) and N(0.5¢; +
0.5e2,0.113) with equal proportion. Then we apply our method and display the result in
Figure 2.3. Each colored region is the basin of attraction of a local minimum of s(z). The

red ‘+’s are the corresponding local minima to each of the basin of attraction. Clearly, we
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see how robust clusters are connected by the boundary clusters so the additional attributes

provide useful information on the connectivity among density modes.

Fig 2.3: Example of the basins of attraction of a Gaussian mixture. Four groups of data are
separated into three types of clusters. We partition the space into 10 parts. ‘R’ represents
the region of the robust cluster, ‘B’ represents the region of the boundary cluster, and ‘O’
represents the region of the outlier cluster.

Comparison. To better illustrate the strength of our proposed method, we generate
an unbalanced four-Gaussian mixture. We sample n = 2400 from a mixture of four two-
dimensional normals N(0,0.515), N(2e1,0.512), N(5e2,0.512) and N(2e; + 5ez,0.513) with

5 5 1 1

proportion =

155197 13> 13- respectively. Then we apply our method and compare it with the

density-based spatial clustering of applications with noise (DBSCAN) Ester et al. [1996] in
Figure 2.4. DBSCAN is a classical non-parametric, density-based clustering method that
estimates the density around each data point by counting the number of points in a certain
neighborhood and applies a threshold minPts to identify core, border and noise points.
DBSCAN requires two parameters: the minimum number of nearby points required to form
a core point (minPts) and the radius of a neighborhood with respect to a certain point
(eps). Two points are connected if they are within the distance of eps. Clusters are the

connected components of connected core points. Border points are points connected to a
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core point, but which do not have enough neighbors to be a core point. Here, we investigate
the feasibility of using border points to detect the connectivity of clusters. These two
parameters, minPts and eps, are very hard to choose. In the top two rows of Figure 2.4,
we set minPts equal to 5 and 10 and change the value of eps to see if we can find the
connectivity of core points using border points (gray points). Our results show that it is not
possible to use border points to find the connectivity of the top two clusters and the bottom
two clusters at the same time. When we are able to detect the connectivity of bottom two
clusters (panel (f)), we are not able to find the top two clusters. On the other hand, when
we can find the connectivity of the top two clusters (panel (c,h)), the bottom two clusters
have already merged into a single cluster. The limitation of DBSCAN is that it is based on
the density level set, so when the structures involve different density values, DBSCAN will
not be applicable. In contrast, our method only requires one parameter, bandwidth, and
it has good performance in this case. From Figure 2.4i-1, our method detects four robust
clusters and their boundaries correctly. In addition, this result also shows that our method

is robust to the bandwidth selection.
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!T\inPts =5;eps= 0.24

minPts = 5;eps= 0.18

minPts = 5 ; eps = 0.06 minPts = 5;eps= 0.12

(a) (b) () (d)

r]'linPts = 10;eps= 0.12 minPts = 10;eps= 0.18

(e) (f) (8) (h)

Bandwidth = 0.5 h Bandwidth = 0.8 h Bandwidth= 1 h Bandwidth= 1.5 h

(@) () (k) M

Fig 2.4: Picture (a)—(f) displays the simulations using DBSCAN with different parameters
settings, where minPts represents the the minimum number of points required to form a
dense region and eps represents the radius of a neighborhood with respect to certain point.
Picture (i)—(1) displays the simulations using our proposed method with different bandwidth,
where h represents the bandwidth selected according to Equation (2.8). In Picture (a)-(h),
each colored region is the cluster detected by DBSCAN, while the gray and black points
are points that are border points and outliers, respectively. In Picture (i)—(1), points that
are labeled blue, orange, and green are assigned to robust, boundary, and outlier clusters,
respectively.
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2.5.2 Two-Sample Test

In this section, we carry out simulation studies to evaluate the performance of the two-
sample test in Section 2.4. We compare our method to three other popular approaches: the
energy test [ ], the kernel test [ |, and KS
[ | tests based on each of the two variables.

Our simulation is designed as follows. We draw random samples from a two-Gaussian

mixture model in Equation (2.9):

p(x) = ad(p1, £1) + (1 — a)p(u2, X2), (2.9)

where ¢(-) is a cumulative distribution function of normal distribution. For the first group,
we choose the parameters as a = 0.7, u1 = (—1,0), pu2 = (0,1), ¥; = diag(0.3,0.3), and
¥ = diag (0.3,0.3).

In our first experiment (left panel of Figure 2.5), we generate the second sample from
a Gaussian mixture with identical setup, except that the second covariance matrix Yo =
diag(o2,0.3), and we gradually increase o from 0.3 (Hy is correct) to 0.8 to see how the
power of the test changes. We generate n; = ny = 500 observations in both samples and
repeat the process 500 times to compute the power of the test. This experiment investigates
the power as a function of signal strength.

In the second experiment (right panel of Figure 2.5), we consider a similar setup except
that we fix ¥ = diag (0.35,0.3) and vary the sample size from n; = ny = 500 to n; = ng =
4000 and examine how the power changes under different sample size. This experiment

examines the power as a function of sample size.
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Fig 2.5: Power analysis of the proposed method. We compare the power of our two-sample
test with three other approaches: the energy test, the kernel test, the KS test with only
the first variable, and the KS test with only the second variable. In the left panel, we vary
the variance of the second Gaussian. In the right panel, we fix the two distributions and
increase the sample size. In both cases, our method has a higher power than the other three
naive approaches.

In both experiments, all methods control the Type 1 errors. However, our method has
better power in both experiments compared to the other alternatives. Our method is more
powerful because we utilize the local information from clustering. In this simulation setup,
the difference between the two distributions is the width of second Gaussian component.
Our method is capable of capturing this local difference and using it as evidence in the
hypothesis test.

Finally, we would like to emphasize again that two-sample test after clustering has to
be used with caution; we are using data twice, so we may not be able to control the Type 1
error. One needs to theoretically justify that the resulting clusters converge to a population

limit and apply numerical analysis to investigate the finite-sample coverage.
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2.6 Real Data Application

2.6.1 Applications to Astronomy

We apply our method to detect the Cosmic Webs [ | from the galaxy sample
of the Sloan Digital Sky Survey [ . It is known that galaxies inside our
universe are not uniformly distributed. There are low-dimensional structures where matters
are aggregated together. Roughly speaking, there are four types of structures in the Cosmic
Webs: galaxy clusters, filaments, sheets, and voids [ ]. Galaxy clusters
are small regions with lots of matter. Filaments are regions with moderate matter density
which connect galaxy clusters. Sheets are weakly dense regions where clusters and filaments
are distributed. Voids are vast regions with very low matter density. Because of their
properties, galaxy clusters are like zero-dimensional objects (points), filaments are one-
dimensional curve-like structures, sheets are two-dimensional surface-like structures, and
voids are three-dimensional regions.

Figure 2.6 displays our result. Note that it is the same data as Section 2.1. Panel
(a) of Figure 2.6 shows the scatter plot of galaxies in the thin slice of the universe. In
Panel (b), we color galaxies according to the types of clusters they belong to; purple, green
and orange regions are the robust boundary and outlier clusters, respectively. We mark the
locations of known galaxy clusters as blue “x”s [ |. These galaxy clusters
are obtained using imaging analysis [ |, which is a completely different
approach. As can easily be seen, there is a strong agreement between galaxy clusters and
the robust regions. Out of the 21 galaxy clusters, 85.71% fall into the robust clusters, and
14.29% fall into the boundary clusters. Moreover, the boundary clusters (green), connecting
the robust clusters (purple), behave like the filaments in the Cosmic Webs, and the low-
density outlier clusters are similar to the void structures. Figure 2.6 As for comparison, we
display the results from k-means (Figure 2.6¢), traditional mode-clustering (Figure 2.6d)),
and Gaussian mixture model (Figure 2.6e), which are not structurally correlated with the

locations of blue “x”s.
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Fig 2.6: We show that the gradient flow method is better in detecting the ‘Cosmic Web’
Bond et al. [1996] in our universe. For comparison, we perform the k-means clustering
method with 20 centers and traditional mode-clustering to show that our proposed method
is better to detect the ‘Cosmic Web’ in our universe. The blue “x”s are the points from
image analysis. The results do not structurally correlate with the locations of blue “x”s.
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Thus, this analysis reveals the potential of our approach as a good method for detecting
the Cosmic Webs with less information. Note that, since our dataset is two-dimensional,

we cannot define the cosmic sheet structures.

2.6.2 Application to GvHD Data

We also apply our method to the GvHD (Graft-versus-Host Disease) data from

[ ]. The GvHD is a famous example for two-sample test problem. It contains a
positive/disease sample and a control/normal sample. There are 9083 observations in the
positive sample and 6809 observations in the control sample. Each observation consists of
four biomarkers: CD4, CD8b, CD3, and CDS&. Our goal is to test whether the positive
sample and control sample are from the same distribution or not.

Since the sample size is non-trivial and the dimension is 4, naively applying Algorithm 2
will be computationally heavy, so we apply the approximation method in Section 2.4.1. We
first random select 5% of the whole dataset, including both positive and control samples,
as initial points in Algorithm 2. Then, the algorithm to find the local minima and add the
attribute label is based on Equation (2.2). Finally, we assign a cluster label and attribute
it to each observation according to an observation’s nearest detected local minima of the
slope.

Having identified clusters, we perform the two-sample test, and the result is summarized
in Table 2.1. According to Table 2.1, all groups are significantly different. Thus, we can

conclude that the positive sample is from a different distribution than the control sample.
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Table 2.1: Summary of estimated proportion in each group. Note that “Proportion” in the
table is referred to as the proportion of the positive group.

Cluster Proportion 5% CI  95% CI Z Score Cluster Type
1 0.910 0.900 0.920 46.980 Robust Cluster
2 0.010 0.010 0.020 —69.620 Robust Cluster
3 0.680 0.650 0.720 5.550 Robust Cluster
4 0.370 0.350 0.390 —17.570 Boundary Cluster
5) 0.800 0.770 0.830 11.470 Boundary Cluster
6 0.410 0.380 0.440 —9.920 Boundary Cluster
7 0.920 0.900 0.940 19.170 Robust Cluster
8 0.420 0.370 0.470 —5.930 Boundary Cluster
Overall
0.570
Proportion

The clustering result can be used to visualize the data, since the robust and boundary
clusters characterize regions with non-trivial probability mass and each cluster is represented
by a minimum of the slope function. The slope minimum within each cluster is the center
of that cluster. Algorithm 3 provides a summary of the visualization algorithm. In more
detail, we first compute the minimal distance of two different clusters to decide whether
two clusters (robust or boundary) are connected. If the value is less than 4 x \/m, two
clusters are connected (neighboring to each other), where d is the number of dimensions.
Then we apply multi-dimensional scaling to the centers of robust and boundary clusters
to reduce the dimension to 2. Each of these points represents a particular cluster. If two
clusters are connected, we add an edge to them on the graph. Finally, we add a pie chart
at each cluster’s center with a radius corresponding to the total number of observations in
that cluster, and partition the pie chart according to the composition from the two samples.
Figure 2.7 shows the 2D visualization of the GvHD data, along with the composition of the

two samples in each cluster.
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Algorithm 3: Visualization based on slope function.

1-4. The same steps as Algorithm 2.

5. Let robust clusters be {R1, R, ..., Ry, } and boundary clusters be
{B1,Bs,...,By}.

6. For each pair of R, and Bj,, compute their Hausdorff distance (minimal
distance of all pairs):

= Haus (R;

J19

edge;

1,2 Bj2) .

7. Apply multidimensional scaling to local minima corresponding to robust and
boundary clusters. Let their 2 dimensional representation point be sy, ---s% | ;..

8. For each cluster D; in {Ry, Ry, ..., Ry, ,B1,Ba,..., By}, plot a pie chart
centered at corresponding sj» with radius proportional to /|D;|. The pie chart

‘D]'I"IG1| ‘DjﬂG2|>

ID;| > Dl -

9. Label the robust clusters and boundary clusters, and add an edge between a pair
of robust cluster Rj, and boundary cluster Bj, if edge; ;, < 4 x Vh? x d, where d

j
is the number of dimensions.

contains two groups, each with ratio (

| R: Robust Cluster
| B: Boundary Cluster

: O Positive |
. O Contrel |

Fig 2.7: Visualization of GvHD dataset. We apply Algorithm 3 for visulization. Blue lines
represent the connections among clusters. Each pie chart describes the total amount of
corresponding clusters that is divided between the positive group and the control group.

2.7 Theory

In this section, we study both statistical and algorithmic convergence of our method. We
start with the convergence of estimated minima S to the population minima S along with
the convergence of the gradient flow. Then we discuss the algorithmic convergence of Algo-

rithm 1.
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For a set D, we denote its cardinality by |D|. For a function f, we define ||f|lc =
sup, | f(z)| to be the Lo-norm. Let Vf and V2f be the gradient and Hessian matrix of f,

respectively. We define || f||; » as the element-wise Lo.-norm for I-th order derivatives of f.

SpeCiﬁcaHYv Hf”ﬂ,max = ||f”om
1111 max = max [V (@)]klloo  [1£]]2,max = max 11V f ()]t oo

fork=1,2,...,dand k¥’ =1,2,...,d. A twice-differentiable function f is called Morse
[ ], [ , [ | if all eigenvalues of the Hessian
matrix of f at critical points are away from 0.

Recall that our data are random sample Xi,..., X, from a PDF p(z) and s(z) =
Vp(z)||3. Additionally, p,, Vp, and V2p, are the estimated PDF, gradient, and Hessian
matrix, respectively. In our analysis, we consider the following assumptions.

Assumptions.

(P) The density function p(z) is four-times bounded and continuously differentiable.
(L) s(x) is a Morse function.

(K) The kernel K is four-times bounded and continuously differentiable. Moreover, the
collection of kernel functions and their partial derivatives up to the third order satisfy

the VC-type conditions in [ ]. See Appendix A for more details.

Assumption (P) is slightly stronger than the conventional assumptions for density estimation
that we need to be four-times differentiable. This is because we are working with gradient of
‘slope’, which already involves second derivatives. To control the bias, we need additionally
two derivatives, leading to a requirement on the fourth-order derivatives. Assumption (L)
is slightly stronger than the conventional Morse function assumption on p(z). We need the
slope function to be Morse so that the gradient system is well-behaved. In fact, Assumption
(L) implies that p(x) is Morse function due to Lemma 1. Assumption (K) is a common

assumption to ensure uniform convergence of a kernel-type estimator; see, for example

2012, 2014].
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2.7.1 FEstimation Consistency

With the above assumption, we can show that the local minima of §,, converge to the local

minima of s.

Theorem 2 (Consistency of local minima of s). Assume (K), (P) and (L). Let c¢1 be
the bound for the partial derivatives of s up to the third order and denote the l-th largest
eigenvalues of V2s(x) by A5y (@) (1=1,2,...,d, where d is the dimension). Assume:

(A1) There exists ;1 > 0 such that for any point x with |Vs(x)|| < n1 and 0 > —X\,/2 >
A(s,d)(T), we have minpes ||m—z|| < %, where 0 < Ay < [Aspy(m)| forl=1,2,...,d

and m € S.

When ||pr, — pl|lamax 5 sufficiently small, we have
o |S| =S|, and

e for every point m € S, there exists a unique element m € S such that

) ) 1
Hm—mH:O(h)—i-OP( hdrd |

Theorem 2 shows two results. First, asymptotically, there will be a one—one correspond-
ing relationship between a population’s local minimum and an estimated local minimum.
The second result shows the rate of convergence, which is the rate of estimating second
derivatives. This is reasonable, since the local minima of s is defined through the gradient
of s(z) = ||Vp(x)||?, which requires second derivatives of p.

Note that the fourth-order derivative assumption (P) can be relaxed to a smoothed
third-order derivative conditions. We use this stronger condition to simplify the derivation.
, since the global minima of s are the critical points of p, the consistency of estimating a
global minimum only requires a third-order derivative (or a smooth second-order derivative)
assumption; see, for example, [ I, [ ].

Theorem 2 also implies the rate of the set estimator S in terms of the Hausdorff distance.
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For given two sets A, B, their Hausdorff distance is

Haus(A, B) = max {sup d(z, B),sup d(z, A)} ,
€A zeB

where d(x, A) = infyca ||z — y|| is the projection distance from point = to the set A.

Corollary 3. Assume (K),(P), (L), and (A1). When ||p, — p

Haus(S,8) = O(h?) + Op (,/TL;M) .

The above results describe the statistical consistency of the convergent points (local

4max 18 sufficiently small,

minima) of a gradient flow system. In what follows, we show that the gradient flows will

also converge under the same set of assumptions.

Theorem 4 (Consistency of gradient flows). Assume (K),(P) and (L). Then for a fixed

point x, when ’ﬁggf — 00, h =0,
. logn 2 4/logn
_ — 2a
sup |t (t) — ()] {O(h )+ Op ((nhd+4> ) } A {O(h) +0p ( i ) } :

where fmin(x) and pmax () are the minimal and mazimal eigenvalues of the Hessian matrix

of s evaluated at the destination m,(00), and o = fimin(%)/ (tmin () + fmax (2)).

Theorem 4 is mainly inspired by Theorem 2 in [ ]. Tt shows that
starting at a given point z, the estimated gradient flow 7, () is a consistent estimator to the
population gradient flow 7, (¢). One may notice that this result shows that the convergence
rate is slowed down by the factor «, which comes from the curvature of s around the local
minimum. This is due to the fact that when a flow is close to its convergent point (a local
minimum), the speed of flow is decreasing until 0 (when it arrives at a minimum), so the
eigenvalues determine the rate of how fast the speed of a flow decreases along a particular
direction. When the eigengap (difference between fpimin(z) and pimax(z)) is large, even a
small perturbation could change the orientation of the flow drastically, leading to a slower

convergence rate.
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Remark 1. It is possible to obtain the clustering consistency in the sense that the clustering
based on s and §, are asymptotically the same / [. In / /s
the authors placed conditions on the density function and showed that the mode-clustering
of p leads to a consistent partition of the data compared to the mode-clustering of p. If
we generalize their conditions to the slope s, we will obtain a similar clustering consistency

result.

2.7.2 Algorithmic Consistency

In this section, we study the algorithmic convergence of Algorithm 1. For simplicity, we
consider the case where the gradient descent algorithm is applied to s. The convergence
analysis of gradient descent has been well studied in the literature [ 1,
[ | under convex/concave setups. Our algorithm is a gradient descent algorithm but
is applied to a non-convex scenario. Fortunately, if we consider a small ball around each
local minimum, the function s will still be a convex function, so the conventional techniques
apply.

Specifically, we need an additional assumption that is slightly stronger than (L).

(A2) There are positive numbers Ry, 71, A9 > 0 such that for all x € B(m, Ry), where
m € S, and B(m, Rp) is a ball with center m and radius Ry, all eigenvalues of Hessian

matrix V2s(z) are above \g and ||Vs(z)|| < 1.

The assumption (A2) is a local strongly convex condition.

Theorem 5 (Convergence of Algorithm 1). Assume conditions (P), (K), (A1) and (A2).
Let the step size in Algorithm 1 be . Recall that x; is the point at iteration time t and xg
is the initial point. Assume that the step size v < 1/L, where L = sup, ||Vs(z)||. For any

initial point xo within the ball B(m, Ry), there exists a constant Cy < 1 such that:

lze = ml < (1 = yL)"[lzo — ml],

Is(ze) = s(m)|| < Colls(zo) — s(m)].
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Note that N\ is the constant in assumption (A2) and satisfies \g < L; see the proof of

this theorem.

Theorem 5 shows that when the initial point is sufficiently close to a local minimum, the
algorithm converges linearly [ ], [ | to the local minimum. Addition-
ally, this implies that the ball B(m, Ry) is always in the basin of attraction of m. However,

note that the actual basin could be much larger than B(m, Ry).

2.8 Conclusions

In this chapter, we introduced a novel clustering approach based on the gradient of the
slope function. The resulting clusters are associated with an attribute label, which provides
additional information on each cluster. With this new clustering method, we propose a
two-sample test using local information within each cluster, which improves the testing
power. Finally, we developed an informative visualization tool that gives the structure of
multi-dimensional data.

We studied our improved method’s performance empirically and theoretically. Simula-
tion studies show that our refined clustering method is capable of capturing fine structures
within the data. Furthermore, as a two-sample test procedure, our clustering method has
better power than conventional approaches. The analysis on Astronomy and GvHD data
shows that our method finds meaningful clusters. Finally, we studied both statistical and
computational theory of our proposed method. Our proposed method demonstrated good
empirical performance and statistical and numerical properties. Finally, we would like to
note that while our method works well for the GvHD data (d = 4), it may not be applicable
for any higher dimensional data, since our method is a nonparametric procedure involving
derivative estimation. The curse of dimensionality prevents us from applying it to data with

more dimensions.
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Chapter 3

PENALIZED ESTIMATION OF THRESHOLD AUTO-REGRESSIVE
MODELS WITH MANY COMPONENTS AND THRESHOLDS

3.1 Introduction

The threshold Auto-Regressive (TAR) model | , , , | allows
regime-specific auto-regressive parameters, where the regimes are governed by a thresh-
olding random variable, typically some previous lag of the time series (see formal definition
in Section 3.2). Thanks to its flexibility, the TAR model has become a popular framework

for analyzing non-linear time series from diverse application domains, from economics |

, | and finance [ , | to genomics | , | and epidemiol-
ogy | , |. Applications in macroeconomics have been particularly
diverse: [ | modeled the U.S. GDP growth, and constructed confidence in-
tervals for the parameters; [ ] explored the validity of the law of one
price in nine European countries; and [ ] applied a TAR model to commod-

ity prices, and used it to represent abrupt changes, time-irreversibility, and regime-shifting
behavior. See [ | for a selective review of threshold autoregression in economics.

TAR models have been extensively studied in univariate and fixed-dimensional settings.

For example, [ ] investigated the asymptotic properties of the least squares esti-
mation for TAR models with two regimes, [ | proposed an estimation procedure
when the thresholding variable is unknown, [ | derived the asymptotic distribu-
tion of general TAR models, and [ ] developed the asymptotic theory of the

least squares estimator for a moving average TAR model. In other related work,
[ | proved the consistency of a Bayesian estimator of the TAR model, while
[ | proposed a novel modified LASSO approach for threshold estimation
and established its consistency in multiple threshold models. [ ] first extended

univariate TAR models to multivariate settings, and proposed to use grid search based on
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the Akaike information criterion (AIC) to select the thresholds. Later, [ ],

[ , [ ], [2016] used grid search based meth-
ods to study the multivariate TAR models assuming either a known number of thresholds
or an upper bound on the number of thresholds. However, these approaches may not work
in practice, as the number of thresholds is often unknown. More recently,

[ ], [ | introduced Bayesian methodologies for the esti-
mation of thresholds in multivariate TAR models with an unknown number of thresholds.
These methods bypass the assumptions on the number of thresholds, but do not establish
the consistency of the number of the estimated thresholds. Another limitation of existing
approaches is that they are not applicable in high dimensions. The advantages and limita-
tions of existing approaches are summarized in Table B.1 in Appendix B.0.3. See also
[ | for a review of threshold models in time series analysis.

High-dimensional time series models have received considerable attention in recent years
[ , , , , , |. In this setting, the
ambient dimension is of the same order or larger than the sample size. This poses numer-
ous practical and theoretical challenges. While a number of theoretical results have been
established for linear time series models in high dimensions, with few exceptions [e.g.,

, , , |, their non-linear counterparts have received less attention.
In the context of threshold models, the recent work by [ ] investigates the
estimation of threshold factor models with growing number of variables. However, this work
assumes a single threshold, which limits the flexibility of the model. Moreover, while the
number of time series components is allowed to grow, it is assumed to be smaller than the
sample size (see Theorem 1 in [ ]). In fact, to the best of our knowledge,
methods and theory for high-dimensional TAR models are currently lacking.

Given the paucity of the literature on high-dimensional TAR models, in this chapter,
we propose two estimators for detecting the (unknown) number and values of thresholds
and estimating regime-specific auto-regressive parameters in multivariate TAR models with
many components. Both approaches are based on a three-step estimation framework and
utilize similar penalized estimation strategies, but they differ in one key aspect. The first

approach is a natural extension of the classical TAR model and enforces all auto-regressive
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parameters to change at the same thresholds. As we discuss in Section 3.3, this assumption
may be too restrictive in high-dimensional settings with many components. In fact, our
theoretical and empirical investigations indicate that the extension of the classical TAR is
not appropriate for high-dimensional settings and is better suited for moderate dimensions.
As such, we refer to this first version as the multivariate TAR (mvTAR) model. To mitigate
the limitation of the mvTAR model, we then propose a more flexible high-dimensional
TAR model (hdTAR) where different auto-regressive parameters are allowed to change at
different thresholds. This flexibility seems to introduce a new challenge, as the model may
have many thresholds. However, our theoretical and empirical investigations show that
this flexibility is indeed necessary in high dimensions and leads to improved theoretical
guarantees and empirical performances. We develop efficient algorithms for both methods
and establish the consistency of the thresholds and auto-regressive parameters under certain
mixing conditions.

To establish our theoretical results, we address two key challenges that arise in penal-
ized estimation of high-dimensional TAR models. The first challenge involves verifying
appropriate concentration inequalities, including two main ingredients in high-dimensional
statistics: (1) a restricted eigenvalue condition and (2) a deviation bound condition [

, ]. These conditions are crucial in deriving consistency results in high-
dimensional settings, as hinted in [ ]. The conditions have been previously
verified in the setting of i.i.d. observations and, more recently, studied in certain linear
time series models | , , , ]. However,
extending these results to non-linear TAR models is challenging. This is primarily due to
the random ordering of the design matrix based on the threshold (switching) variable (see
e.g. Equation (3.3)). To address this challenge, we develop a bracketing argument [

, , , | specifically designed to handle the threshold-type structure
(see Lemmas 16 and 18 in the Appendix). These results are verified under certain mixing
conditions (see Assumption B2 in Section 3.4) and are of independent interest in the con-
text of non-linear high-dimensional time series models. The second challenge concerns our
screening step to consistently estimate the number of thresholds. Many theoretical results

in the context of TAR models assume that the number of thresholds is known | ,
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) , |. This assumption may not be realistic in practice; in fact, it is
appealing to infer the number of thresholds from data. To that end, the second step of
our proposed algorithms utilizes an information criterion that screens candidate thresholds
identified in the first step and removes redundant ones. This step successfully resolves the
challenge by consistently estimating the number of thresholds with high probability (see
Theorem 7).

The rest of the chapter is organized as follows. After formally defining the multivariate
TAR model in Section 3.2, we describe our algorithms in Section 3.3 and establish their
theoretical properties in Section 3.4. In Section 3.5, we propose data-driven methods to
select the hyper-parameters. While the required hyper-parameters are characterized in our
asymptotic results, these rates involve unknown constants and cannot be used in practice.
The empirical performance of the proposed methods is investigated using both simulated
and real data sets, in Section 3.6 and Section 3.7, respectively. We conclude with a brief

summary in Section 3.8.

3.2 Multivariate TAR Formulations

The classical TAR model, proposed by [ ], is defined as
K
Ty = a?j) + Zal(‘:j)xtfk +ogye, it <z <y, (3.1)
k=1

where mg denotes the number of thresholds, r;s are the threshold parameters which partition
the time series into mg—+1 regimes, K is the number of lags to be considered in the model, z;
is a switching variable (maybe functions of some components of x;), ;s are segment-specific
error variances, and a(()].) and a’(“j) are coefficients in regime j, for j = 1,...,mp+ 1 (they are
allowed to be different in each regime). The noise or innovation, €, is an i.i.d. sequence of
random variables with zero mean and unit variance.

The original TAR model was restricted to univariate time series, but can be extended
to multivariate settings, as described in [ ]. Formally, a multivariate time series

{z:} follows TAR model with one switching variable if
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K
T = Z A(k’j)wt,k + E;/Qet, ifrji_1 <z <y, (3.2)
k=1
where x; = (x(t,l)ax(t,Q)a e ,l‘(t7p))l is the observed process in R? at time ¢, p is the number

of time series components, and K is the number of lags considered in the model. Here
€ = (€t1),€t,2)s-- > €tp)) € RP is a multivariate i.i.d. sequence with zero mean in all
components. The covariance matrix X; for the j-th regime, ¥;, is allowed to be different in
each regime. To simplify the notations, when there is no ambiguity, we simply denote the
error term by €; instead of Z}/ 2et. The transition matrices A% € RP*P is the coefficient
matrix corresponding to the k-th lag of a TAR process in regime j. More specifically, similar
to the modeling framework of [ |, we assume there exist mg threshold values
—00 <1 <1y < ... < Ty < 400 with 79 = —o0 and 7,41 = +0o which partition
the process into mg + 1 regimes. For each regime, the total transition matrices AG7) =
(A(lﬁj),A(zJ), . .,A(K’j)) € RP*PK are fixed where ric1 <z <rjforj=1,...,mp+ L

Our goal is to estimate the number of thresholds, i.e. mg, together with the threshold
values, 7;, and the auto-regressive parameters in each regime.

Next, we introduce some additional notations. For a symmetric matrix X, let Apin (X)
and Apax(X) denote its minimum and maximum eigenvalues. Let the h-th row of AGD)
be A;l"j), and set the number of non-zero elements in Ag"j) to dp; for h =1,2,...,p and
Jj =1,2,...,mp+ 1. Denote the total sparsity of the model by d; = Z;n:of“l b dn .
Further, let 7 ; represent the set of all column indexes of A;L"j ), T = Uy jZp,; and define
dp = Maxi<p<p1<j<i+mo \Ih,j|. Note that p, my and the sparsity may increase with the
number of time points, T', specifically, p = p(n) and mg = mg(n) and dy ; = dp, j(n), where
n =T — K. For simplicity, we suppress the n-index. Finally, let ¢;; be error term of [-th
time series, and recall that €; = (G(t,1)7 €(t,2)s - -+ s e(t,p))/' Throughout the chapter, positive
constants C, C1, Co, ... are used to denote universal constant, A’ denotes the transpose of a
matrix A, and ||A||; and ||A||2 denotes its ¢; and Frobenius norms, respectively. We denote

the ¢; and ¢ norms of a vector v by ||v||; and ||v]||, respectively.
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3.3 Regularized Estimation of High-Dimensional TARs

The number of parameters in the TAR model Equation (3.2), (mg+1)(Kp?), increases with
the number of time series p and the number of thresholds mg. Estimating these parameters
becomes especially challenging when the model has more than one threshold, i.e. my > 1,
and the number of thresholds is unknown. This is because identifying the thresholds would
require a search over all possible values of threshold levels z;, which is infeasible.

To overcome the above challenges, in Section 3.3.1 we first reformulate the TAR es-
timation problem via a non-parametric model with (T — K)p?K parameters. This over-
parameterization allows us to use regularized estimation strategies to efficiently obtain an
initial estimate of the thresholds by solving a penalized least squares estimation problem.
In particular, we use a total variation penalty [ , ] to obtain piecewise
constant estimates of A7) for regime j with respect to the threshold variable z.

The classical multivariate TAR model Equation (3.2) requires the parameters of transi-
tion matrices A to change at the same threshold values z;. To obtain such an estimate,
we consider a grouped fused lasso penalty in Section 3.3.2. The resulting estimate, referred
to as mvTAR, is suitable for low-to-moderate-dimensional problems, where p is fixed or
small compared to the number of observations T'. However, for problems with large p, es-
pecially when p > T, requiring that all transition matrix parameters change at the same
threshold value becomes restrictive. Moreover, the theoretical advantages of the group lasso
penalty dissipate when grouped parameters do not follow the same sparsity pattern [

, ]. These limitations are reflected in our theoretical and numerical analyses
in Sections 3.4 and 3.6. To achieve efficient estimation in high-dimensions, in Section 3.3.2
we propose a more flexible high-dimensional TAR model, named hdTAR, in which transition
matrix parameters are allowed to change at different thresholds. As we show, this flexibility
results in theoretical and empirical advantages. The difference between the flexible TAR
model and the original version is illustrated in Figure 3.1.

Both our group and regular fused lasso penalties overestimate the number of thresholds.
This is because a key requirement for consistency of ¢1-regularized estimation strategies,

namely the restricted eigenvalue property | , | is not guaranteed to hold in
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Fig 3.1: Example of changes of transition matrices. The left panel depicts the situation
in which the classical TAR multivariate TAR model (mvTAR) in which all elements of the
transition matrices change together at all threshold values. The right panel illustrates the
proposed flexible TAR model for high dimensions (hdTAR) in which different elements of
the transition matrices would not change at some threshold values.

our setting (see Section 3.4). To remove the redundant selected thresholds, we introduce a
screening criterion in Section 3.3.3 that consistently estimates the (many) unknown thresh-
olds. In Section 3.3.4, we obtain consistent estimates of high-dimensional auto-regressive

parameters within each estimated regime.

3.3.1 Reparametrization of the TAR Model

In this section, we reparametrize the TAR model Equation (3.2) by considering n transition
matrices for each value of the ordered switching variable z; (assuming, without loss of
generality, that z; assumes unique values).

Let n = T — K and let m(i) be the time index of the i-th smallest element of z; for
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i=1,...,n. Then the TAR model Equation (3.2) with lag K can be written as

m;(l) w;r(l)—l o m;r(l)—K 0
$;r(2) _ "E;r(2)fl 3E;r(2)%< m;r(2)—1 ’”;r(z)—x
0 () -k T !
(n) (n)-1 (n)-K m(n)—1 m(n)—K (33)
0 1 6;(1)
/ /
0 y 0, N €r(2)
!/ / / /
mw(n)—l o mw(n)—K 071 eﬂ(n)
_ (a1 K xpK _ (a1 _ 7l K _ AK
Let O = (AL, AK,)) € RPPN and g, = (AL ) — AL, AN, - 4K,

where Af;(i) is the transition matrix for i-th ordered observation at lag k. Denote the re-
sponse matrix, the design matrix, the model parameters and the error term in Equation (3.3)
by V,X,0 and E, respectively. Then, Equation (3.3) can be written as Y = XO + E.
Moreover, letting Y = vec(Y) € R™*1 @ = vec(0) € R’ EXL E = yec(E) € R"*! and
Z=1,0X¢c R K with ® denoting the tensor product, Equation (3.3) can be written
in vector form as

Y = ZO + E. (3.4)

While redundant, the over-parametrization in Equation (3.3) has an important benefit:
0; # 0 if and only if the auto-regressive coeflicients change in TAR process at time (7).
Thus, finding the thresholds is equivalent to finding non-zero 6;s for ¢ > 1. In other
words, the problem of threshold estimation can be translated to a high-dimensional variable

selection problem in Equation (3.4).

3.8.2 Penalties for Moderate- and High-Dimensional TARs

Sparsity-inducing penalties, such as lasso, are particularly suitable for estimating @ in
Equation (3.4): A sparse estimate 6, gives an interpretable estimate of the transition ma-

trices for the smallest value of z;, while sparsity in 6; for i > 1 would imply no changes
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in the transition matrices over z;. Such a strategy corresponds to a fused lasso, or total
variation, penalty [ , , , ]. In this chapter, we consider a

similar strategy and obtain an estimate of @ by solving

n 7
© =argmin Y — ZO||; + Ay ||@H<>+)\2Z 20| (3.5)
=1 [|i'=1 1
The first penalty in Equation (3.5), || - |l¢, encodes either an ¢o, or grouped fused lasso

penalty, ||-]|2, or an ¢1, or fused lasso penalty, ||-||;. The group fused lasso penalty encourages
all entries of the transition matrices to change at the same threshold values. In contrast, the
fused lasso penalty provides a more flexible TAR model in which different transition matrix
parameters are allowed to change at different thresholds. As discussed earlier, the group
fused lasso penalty is only suitable for low to moderate-dimensional problems (where p is
allowed to grow, but p < T'), whereas the more flexible fused lasso penalty is appropriate
for both moderate- and high-dimensional problems (where p > T'); see also Figure 3.1. In
both cases, the magnitude of the penalty is controlled by the tuning parameter A, which
is chosen data-adaptively via cross validation; see Section 3.5 for more details.

The second penalty in Equation (3.5), controlled by tuning parameter Ay, further en-
courages the overall sparsity of the estimated transition matrices by penalizing changes in
transition matrices after each potential threshold index 7. While often not needed in prac-
tice, this additional sparsity results in improved estimation and allows us to obtain better
rates of convergence for the proposed estimator in Section 3.4.

With either ¢o or ¢ penalties, the optimization problem in Equation (3.5) is convex
and can be solved efficiently. With the {5 penalty, the problem can be solved using a sub-
gradient descent algorithm. However, the problem further simplifies when Ay = 0 and we
can instead use a more efficient proximal gradient descent algorithm; see Algorithm 6 in the
Appendix. With the #; penalty, the problem is easy to solve efficiently using a path-wise
coordinate descent algorithm [ , | regardless of the value of Ay. This is
because, by Proposition 1 in [ ], it suffices to first find the solution for
A2 = 0, and then apply an element-wise soft thresholding operator; see Algorithm 5 in the

Appendix.
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3.3.3 Threshold Selection

Using Equation (3.5), we can define a set of candidates threshold estimates as
An = {2y 10012 £ 0,0 = 2} (3.6)

Let 7; be the j-th sorted (from the lowest to the highest) estimated threshold in the
set A, and let m be the cardinality of the set A,. As we show in Section 3.4, it is likely
for the fused lasso to over-estimate the number of thresholds [ ,

]. Thus, we need to remove the redundant thresholds. In our screening step, we
aim to keep exactly mg points in A,, which are close enough to the true threshold values.
To that end, we develop an information criterion by modifying the screening procedure
of [ ] to make it more suitable for the threshold structure of
model Equation (3.2). Essentially, this step consists of estimating the transition parameters
within each estimated regime {t:7; < 2 <741} for j = 0,1,...,m with 7o = —oo and
T+1 = +00 and comparing the total sum of squared error (SSE) before and after excluding
a certain estimated threshold #;. The basic idea is to keep the estimated thresholds for
which the value of SSE increases significantly if we remove them. More specifically, for
a given set of estimated thresholds {—oo, s1,s2,...,Sm, +oo} with 1 < m < m, and for
Jj-th estimated threshold s;, denote by Ty, , s.) = {z 1851 < Zr(s) < sj} the set of orders
of zs for which their corresponding ordered switching variable z;(;)s fall into the interval
[sj—1,s;j]. Now, given a fixed number of thresholds m, we obtain the estimator é517527_,,75m

of O, s,....s, Dy minimizing the following penalized regression problem

m~+1
) 2
S X |l 0 s Yeo |, T e 106 sl 37)
j=1 ’7E3j71,5j) 1'67’(83‘—1!%'>
!/
where Y ;) = <w;<i>71 w;r(i)*K)’ Osisoncom = (0<80751)’0(51’82)""’ 0(5’"’1’&"))7

and tuning parameters n,, = (77(_00,51), e ,n(sm7+oo)). The glmnet package [ ,

| readily solves the problem.
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Denoting

m+1 9
Ln(s1, 82, 8msma) =) ) H%(z‘) = 00551, Y|
=T
i1 (3.8)
m+1

+ Z M(sj-1,55)

Jj=1

o

9

8j—1,5;) ‘1

we construct our information criterion as
IC (81,82, -y Sm ;M) = Ln(81,82, -+, Sm ; Mn) + Mwn, (3.9)

where w, is a carefully chosen sequence defined in Section 3.4. We then select a subset of
the initial m candidate threshold values by solving

(M P, Ty ey i) = argming,. s oo o e A, 1C (8;1m) - (3.10)

Practical choices for tuning parameters 7, and w, are discussed in Section 3.5.

The over-estimation of the thresholds and the effect of the screening step are illustrated
in Figure 3.2. The left panel of Figure 3.2 — which is obtained for one replicate of simulation
Scenario 1 in Section 3.6 — clearly shows that the first step of our procedure detects more
threshold values. The middle panel shows that second step successfully screens out the
extra threshold estimates and keep a single value which is very close to the true threshold
(here, the true threshold value is 4). The right panel of Figure 3.2 confirms that the final
estimated thresholds across all 200 replicates are indeed close to the true thresholds.

When the number of estimated thresholds selected in Step 1 is large, it might be com-
putationally demanding to find the minimizer of the IC. In such cases, we propose to
approximate the optimal thresholds using the backward elimination algorithm (BEA) pro-
posed in [ ]. Starting with the set of initial thresholds A,, the
algorithm reduces the computational cost by removing one threshold at a time until IC does

not reduce any further.



43

Time Series.
Time Series
Time Series

S
~
s
@
®
]

sorted z, sorted z, sorted z,

(a) First Step. (b) Second Step. (c) Second Step for 200 repli-
cates.

Fig 3.2: Estimated thresholds in Simulation Scenario 1 with hdTAR. On average around
8 points are selected in the first step, and Figure 3.2a shows the result of one single run
in first step. Figure 3.2b shows the results of final selected threshold estimates for single
simulation in Figure 3.2a, and Figure 3.2c shows the final selected threshold estimates all
200 simulation runs.

3.8.4 FEstimation of Auto-Regressive Parameters

Given the estimated thresholds, we simply take each estimated regime ’T(F],_l’qzj) = {z 171 < Zr(i) < fj}
with 7o = —oo0 and T341 = —oo for j = 1,...,m + 1, and estimate the transition matrices

in each regime separately. More specifically, for a fixed j = 1,...,m + 1 we solve

B(.J) = arg H,lﬂin E Hmﬂ'(l) - /BYﬂ'(l)H; + o HIBHI ’ (311)
€T,
(~

Tj—lfj)

where «; is the tuning parameter for the j-th regime for j = 1,2,...,m. It can be solved
efficiently using existing software and HBIC can be used to select a;. As an alternative to
the separate estimation in Equation (3.11), if the distances between consecutive threshold
values are of the same order, the auto-regressive parameters can also be jointly estimated

[Saegusa and Shojaie, 2016].
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3.4 Theoretical Properties

In this section, we establish the consistency of our procedure proposed in Section 3.3.2.
Recall that in the first step of our procedure we use either the fo or the ¢; penalty in
Equation (3.5), corresponding to classical (mvTAR) and flexible (hdTAR) TAR models.
More specifically, in the following, O is the estimator defined in Equation (3.5) with either

the ¢1 penalty or the ¢ penalty, O, s, .. s, is the estimator defined in Equation (3.7), and

m

finally, B(+7) is the estimator defined in Equation (3.11). We make the following assumptions.

Assumption B1. {€} is a sequence of i.i.d. sub-Weibull random variables with bounded
continuous and positive density and sub-Weibull constant K. and sub-Weibull parameter
%, > 0; specifically, there exist constants K. and ». > 0 such that |||y, < K. where

_ 1 1
l€ells = SUP s 1ps, ¢ 7 (E|e]) " .

Assumption B2. For each j =1,2,...,mg+ 1, the process

K

Ty = Z A(k’j)mt_k + €t
k=1

18 sub-Weibull with sub-Weibull parameter 3¢ > 0 and B-mizing stationary with a ge-
ometrically decaying mixing coefficient b, ; specifically, there exist constants ¢, > 0 and
g > 0 such that for all n € N, b(n) < exp(—cpyn*?) and for all t,7 > 0, (x4, ..., T14n) 4
(Tigry.. Tiirin), where 2 denotes equality in distribution. Moreover, Elx:] = Opx1. In
addition, assume 2/3 < 3y < 1, where sy := (;4% + %) 1.

Assumption B3. The matrices A7) are sparse for j =1,...,mg+ 1. More specifically,
forallh =1,2,...p and j = 1,2,...mg + 1,dp; < p, i.e., di;/p = o(1). Moreover, there
exists a positive constant M4 > 0 such that

max “A("j)H < My.
1<j<mo+1 00

Assumption B4. There exists a positive constant v such that

min
1<j<mo

AGIHD) A(-,J‘)H > v > 0.
, 2
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Moreover, there exist constants | and w such that r; € [l,u] for 1 < j < mg. In addition,

there exists a vanishing positive sequence 7, such that asn — 0o, minj<j<mo+1 |75 — 7j—1| /1 —

2 2
400. For hdTAR, we assume d;% — 0, whereas for mvTAR we assume \/pQKdz% —

0.

Assumption B5. {z;} is a S-mizing stationary process with a geometric decaying mizing

coefficient and positive density. In addition, E|z|*T* < oo for 1 > 0.

The above assumptions are natural in high-dimensional settings and commonly used in
the literature. Assumptions Bl and B2 are utilized to derive appropriate concentration in-
equalities needed to verify the asymptotic properties of the proposed methodology and have
been used in the literature | , , , ]. The sub-Weibull distribution
of error terms controls the tail effects, while the S-mixing condition ensures the dependence
structure can be controlled appropriately. The latter is specifically needed due to the tem-
poral correlation among observations. We can relax the S-mixing assumption to a-mixing if
we restrict to Gaussian distributions, rather than sub-Weibull processes. However, to keep
the distributional assumption more general, we consider here the S-mixing assumption. In
Appendix 4, we also develop a sufficient condition for S-mixing processes by imposing con-
strains on the operator norm of transition matrices; this implies that the S-mixing condition
is less restrictive. The assumption s > 2/3 is to ensure a sharp consistency rate for es-
timating the thresholds and can be removed at the cost of worsening the consistency rate
(see additional details in Remark 2). Assumption B3 ensures the sparsity of the model and
is needed to quantify the effect of model misspecification, since exact recovery of threshold
values is not possible. A similar assumption has been used in [ ]
in the context of change point detection. Further, Assumption B4 puts a minimum jump
size on the transition matrices ensuring a detectable change occurred at threshold r;; it
also puts certain conditions on the detection rate, which is related to ~,. Assumption B4
can be seen as an extension of Assumption H4 in [ | to high-dimensions.
It can be seen that the assumption is more stringent for mvTAR, rendering this procedure
not suitable for high dimensions. Finally, Assumption B5 is used to build the relationship

between the length of each regime and the number of observations in that regime.
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Our first theoretical result concerns the first step, i.e., the initial estimation of thresholds
using group or regular fused lasso penalties. The penalized estimation Equation (3.5) in this
step does not guarantee parameter estimation consistency since the design matrix Z in Equa-
tion (3.4) may not satisfy the restricted eigenvalue condition | , 1,
which is critical for establishing the parameter estimation consistency in high-dimensions
[ , |. However, with either penalty, the estimator over-estimates the true
number of thresholds, as established next.

Let A, = {r1,72,...,7m,} be the set of the sorted true thresholds. Define the Hausdorff
distance between two countable sets as:

dy(A, B) = in |b—al.
#(A, B) = maxmin|b - af

Though not a distance, di (A, B) proves useful in Theorem 6.

Theorem 6. Under assumptions Bl to B, there exist large constants C1,Coy > 0 such that

- oo (p2 ~ o ~ ~
Sun = €1 22EE) g Ry, = G2 3(%0, where for hdTAR M = M. and Aoy = Ao,

whereas for mvTAR, Ay, = \/pQKS\Ln and Agp = \/p2K5\27n. Then,

min {IP (yfln| > mo) P (dH (An,,ftn) < %)} S

Theorem 6 shows that the number of estimated thresholds m in Step 1 is no less than
the true number of thresholds mg with high probability. In addition, there exists at least
one estimated threshold in the ~,-radius neighborhood of the true thresholds. The rate
of consistency for threshold detection, =,, depends on the number of time series p, the
maximum considered lag K, and the minimum distance between consecutive true thresholds
in the model. In addition, the convergence rate for using 7; to estimate r; could be as low
as loglogn (log (pQK))2 /n when my is finite.

The rate of consistency for thresholds detection, ~,, for mvTAR also depends on the
number of time series p, the maximum considered lag K, and the minimum distance between
consecutive true thresholds in the model. However, the assumptions on ~, for hdTAR and

mvTAR are different, so the consistency rate for thresholds detection is different for these
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two methods. In addition, when using the f5 penalty, the convergence rate for using 7;
to estimate r; could be as low as loglogn (log (pQK))2p2K/n when myg is finite. Thus,
convergence of mvTAR is only guaranteed in low to moderate dimensions and not in high
dimensions. Finally, the minimum sample size requirement depends on the sub-Weibull
parameter s and S-mixing parameter 5. For example, as mentioned in Lemma 16, we need
n > ¢y (IOg(p2K))2/”0*1 where 2 = (%% + %>_1. This indicates that if the sub-Weilbull
parameter ) increases (i.e., the tail probability decays faster), the minimum sample size
will decrease; similarly, the minimum sample size decreases as the S-mixing parameter e
increases.

Next, we state Theorem 7 which shows the screening procedure Equation (3.10) con-

sistently estimates the number and values of thresholds. For that, we need two additional

assumptions.

Assumption B6. Let A, = min1§j§m0+1 ‘Tj — T’j_l‘. Then,
mo (n’yn)3/2 d:? Jwn — 0, and nl, /(mow,) — +oo.

Assumption B7. There exist positive constants c, ci, co and c3 such that for indexes j'
and j' — 1 and corresponding estimated thresholds sjr and sj_,

(a) if s — 51| < s then i, ) = ey/ialog (p2K);

(b) if there exist r; and rj41 such that |sj_1 — 1| < vp and |sj — rjp1| < yp, then,

2 log(p? K .
Msjr_1ss0) = (Cl e K) + CQMAdn%> ;

(c) otherwise =2 (oK) 4 oM
n(sj/_l,sj/) c3 1 n(sj/—sjlfl) 2 AU, |-

Assumption B6 makes a unique connection between three important quantities: (1) min-
imum spacing between consecutive thresholds, A,; (2) the consistency rate for estimating
the threshold values, ,; (3) the penalty term in the definition of the information criterion,
wp. This connection helps with quantifying the consistency rate for estimating the threshold

values as discussed after Theorem 7.
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Assumption B7 specifies three different tuning parameter rates for the screening step.
Although this assumption may seem technical, but it is needed to get the sharpest consis-
tency rate. It is possible to define a fixed tuning parameter for all cases in Assumption B7,
but the consistency results will be worsened. Remark 5 in | , ]

shed some light into this issue.

Theorem 7. Under Assumptions B1 to B7, if n — 400, the minimizer

(7, 75,4 = 1,2,...,10)
of Equation (3.10) satisfies:
P(i = mq) — 1. (3.12)

In addition, there exists a constant B > 0 such that:

P < max |7; — ;| < Bmg (1n)/? d;‘f\/ﬁ) — 1. (3.13)

1<j<mo

When p = en”, where ¢ > 0 and k € (0, 1), the proposed procedure for both hdTAR and
mvTAR can also be applied to low-dimensional time series. The consistency results would
be similar to those in Theorem 7. It is challenging to select ns in practice, since the distance
between estimated thresholds to the true thresholds is unknown. Instead, we set ns to be
the same and apply BIC/HBIC to select them.

Although the consistency rates for mvTAR and hdTAR are both functions of v, the
assumptions on 7, for the two methods are different, leading to different rates of consistency.
To illustrate this point, consider the case when mg is finite. Then, when using the /;
penalty in the first step, we can set v, = (logn)” (log (p2K))2+2p /n for some p > 0. With
this rate, the hdTAR model can have total sparsity d; = o ((logn (log (pQK))Q) p/2>.

The consistency rate then becomes of order ((log n)gp (log (p2K ))3+5’)) /n. In comparison,
when using the {5 penalty, we can set 7, = (log n)p, (log (p2K))2+2p/ (pQK) L+f /n for some
0 < p/ <1 to ensure that Assumption B3 is satisfied. With this rate, the mvTAR model can
have total sparsity d; = o <(p2mog n (log (°K))*)” 2). Using a similar caleulation, the
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/ / 3,5
consistency rate for mvTAR becomes of order ((log n)gp (log (pQK))3+5p (pZK) 2t2r ) /n,
further highlighting that mvTAR is not suitable in high dimensions, when p = ¢n”, where

c>0and k> 1.

Remark 2. If we remove the assumption sy > 2/3 and only keep sy < 1, then, according
to Lemma 18, the choice of v, would also depend on . For the hdTAR model, we can set
Yn = (logn)” (log (pZK))Q/%OAHp /n for some p > 0, and keep the total sparsity the same
as above. The consistency rate then becomes of order ((log n)%p (10g (pQK))S/%O_3/2+5p) /n.
Similarly, for mvTAR model, we can set v, = (log n)pl (log (pQK))2/%°_1+2p/ (pQK) 4 /n
for some 0 < p' < 1, and keep the total sparsity the same as above. The consistency rate

for mvTAR becomes of order ((log n)g”/ (log (pQK))g/%O_3/2+5pl (sz)§+gp’> /n.

Our last theorem establishes the consistent estimation of regime-specific transition ma-

trices in the third step.

Theorem 8. Under Assumptions B1 to B7, and selecting

aj = C/log(p?K)/ (nyn)

for some large enough C > 0, with high probability approach to 1, there exists a positive

constant C" such that we have for each fixed regime j:

|80 — A < ¢/ 10 K) ] (). (3.14)

The consistency rate derived in Theorem 8 is similar to that of [ ],

[ ] for high-dimensional vector auto-regressive models.

3.5 Tuning Parameter Selection
We next provide guidance on selecting the tuning parameters for our three-step procedure.

A,n We choose A1, by cross-validation. We first randomly choose the order of switching
variable z; with equal space. Let T be a set of time points corresponding to selected

switching variable. We use the rest of observations to estimate ® in the first step for a
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range of A1 ,. To choose the optimal value of A1 ,, we use the estimated © to predict
the series at time points in T. The optimal \; ,, is selected as the value corresponding

to the minimum mean squared prediction error over T.

A2, The rate for Ao, vanishes fast as n increases. Thus, to lower the computational cost,
we set Ao, to zero. It is possible to select Ay, using cross-validation as well at the
cost of increasing computation time. However, the sensitivity analysis reported in

[2020] indicates that setting A2, = 0 is a reasonable choice.

1, Selecting 7, is in general difficult. For 0 < m < m (m is the number of estimated
thresholds in step 1), we choose different ns for different regimes, and use HBIC and
eBIC | , | across all regimes. For each time series [, [ € 1,2,...,p,
and j = 1,2,...,m+ 1, set né as the tuning parameter for [-th time series at j-th
regime. Then, the HBIC for interval [s;_1, s;] is defined as

0!

8j—1,5;

)Jr’y1 ¢ log (pK),
’7253'—%1)

HBIC (j,n}) = log (SSE1;/ |Tis, o,

where 7; = 2.8 that is within the recommended range in [ .

Similarly, the eBIC for interval [s;_1, s;] is defined as

hl
Os; 155

) +7)2 % (log (pK) +

)

where v9 = 1.4 that is within the recommended range in [ | as well.

If ‘7@*81—1)

eBIC (j,1}) = log (SSE1;/ [Tie s, )

7253-—53-,1)
log (‘ﬁsrk@jfl)

> pK, né- is selected as:

it = argminBIC (j,1}) (3.15)

J
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1|7,

< pK, né- is selected as:

—8j-1)

ﬁé- = arg m}n HBIC (j, né) : (3.16)

J

wy, We first perform the backward elimination algorithm (BEA) until no break points are
left. Then, we cluster the differences in the objective function L,, into two subgroups,
small and large. If removing a threshold only leads to a small decrease in L, then
the removed threshold is likely redundant. In contrast, true thresholds lead to larger
decrease. We choose the smallest decrease in the second group as the optimal value
of wy. To this end, we first calculate the minimum sum of squared error for removing
all thresholds in A, one by one, denoted as Li, LYy, ..., L. Then, wy, is selected as

the maximum values among L}, — L} for j =0,1,...,m — 1.

«; For simplicity, we let all time series share the same «;, denoted by a,,. For low to
moderate dimensions, the tuning parameter c«,, for parameter estimation is selected
as the minimizer of the combined HBIC over all regimes. For j =1,2,...,m + 1, we
define the HBIC on interval [7;_1,7;] as:

.l
HBIC (4, a,) = log (det EEJ) + ——01og (pQK) ,

’ (Fj—1,75)

where ﬁ]e,j is the residual sample covariance matrix with 3 estimated in Equation (3.11)

and v = 2.8. For high dimensions, we choose «,, by 10-fold cross validation.

3.6 Empirical Evaluations

In this section, we present simulation results evaluating the performance of the proposed
procedure in both moderate dimensions and high dimensions; the first four simulations
scenarios presented are moderate-dimensional, while the last one is high-dimensional. De-
tails of simulation settings are presented in Appendix 7. All results are averaged over 200

replicates.
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We compare our method with [ 1, [ |, and the threshold
vectorized auto-regressive method | , ]. These methods, which are denoted
as Tsay (1998), Li (2016) and TVAR, respectively, assume a known number of thresholds or
at least a known upper bound on the number of thresholds when establishing the asymptotic
properties of their estimators. In practice, [ ] proposes to perform a grid search to
select the number of thresholds, when unknown, by minimizing AIC. They are also restricted
to low dimensions. For instance, TVAR estimates the number of thresholds and the values
of thresholds using two separate steps and assumes the number of thresholds is at most 2.
This is in contrast to our developed mvTAR and hdTAR methods, which do not make any
assumptions about the number of thresholds. Though [ | and

[ ] do not require a known number of thresholds, we did not
include a comparison with these methods, as they cannot handle larger dimensions, e.g.,
p = 20.

We compare the estimated thresholds and the percentage of simulations where thresholds
are correctly estimated; this is defined as cases where the selected thresholds are close to
the true thresholds. More specifically, a selected threshold is considered as close to the
first true threshold, z, if it is in the interval [—oo, 21 + 0.5(22 — 21)); similarly, a selected
threshold is considered as close to the second true threshold, zs, if it falls in the interval
[z1 + 0.5(22 — 21),00]. Note that the number of thresholds is set to be known for Tsay
(1998), Li (2016) and TVAR, since the first two require a known number of thresholds and
TVAR does not perform well in selecting the number of threshold in its first step (Note
that when the number of thresholds is not provided, TVAR’s rates of correctly identifying
the correct number of thresholds are 84%, 87%, 65%, and 16% (11.5% for T" = 300) in the
first four scenarios and the method is not applicable in the last scenario (scenario 5) due to

high-dimensionality of model.)

3.6.1 Simulation Results

We next compare the performances of the proposed hdTAR and mvTAR methods with
Tsay (1998), Li (2016) and TVAR. Here, the selection rate of Tsay (1998), Li (2016) and
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TVAR is based on whether the estimated thresholds are within one standard deviation of
true threshold.

Table 3.1 summarizes the results of threshold estimation. In all simulations, if any of the
methods does not select a thresholds, we set the minimum value of the threshold variable
as the selected threshold. The results indicate that Tsay (1998) and Li (2011) do not work
well even for the first three scenarios, while hdTAR, mvTAR, and TVAR perform well in
the first three scenarios; however, the estimation error and standard deviation of TVAR
are larger than those of hdTAR and mvTAR. In Scenario 4, in which only a portion of
time series components change at threshold values, the detection rate for both mvTAR and
TVAR drops significantly, while hdTAR still achieves 100% threshold detection rate. This
is expected since hdTAR is more flexible and mvTAR only works well for scenarios in which
auto-regressive components change at the same threshold values. In Scenario 4, mvTAR
tends to choose a large A1 which leads to selecting smaller number of threshold values in
the first step than needed. Nonetheless, when the changes in the transition matrices are
large enough, the threshold values can still be detected using the ¢5 penalty. Finally, hdTAR
continues to offer excellent threshold detection in the high-dimensional setting of Scenario 5;

in contrast, the other methods are not well suited for this scenario and are not included.
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Threshold(s) Methods Mean Std  Selection Rate
Scenario 1 hdTAR 4.05  0.05 1.00
mvTAR 4.04  0.05 1.00
4 TVAR 423 113 095
Tsay (1998) 5.36  2.01 0.57
Li (2016) 7.66 034 0.00
Scenario 2 hdTAR 4.05  0.06 1.00
mvTAR 4.04 0.05 1.00
4 TVAR 415 1.17 0.93
Tsay (1998) 5.46  2.00 0.56
Li (2016) 7.66 034 0.00
Scenario 3 hdTAR 4.04 0.06 1.00
mvTAR 4.04 0.05 1.00
4 TVAR 415 1.17 0.93
Tsay (1998) 7.63  0.76 0.03
Li (2016) 7.66 034 0.00
Scenario 4 hdTAR 4.00 0.15 1.00
(T =600) 4 mvTAR 2.44 1.24 0.93
TVAR 3.82 1.34 0.85
hdTAR 6.02  0.09 1.00
6 mvTAR 530 1.37 0.82
TVAR 6.11 1.28 0.88
Scenario 4 hdTAR 4.03 047 1.00
(T = 300) 4 mvTAR 252 091 0.67
TVAR 3.92 148 0.81
hdTAR 6.00 0.31 1.00
6 mvTAR 4.78 1.16 0.42
TVAR 6.19 142 0.84
Scenario 5 hdTAR 5.06 0.29 1.00
5 mvTAR - - -
TVAR - - -

Table 3.1: Mean and standard deviation of estimated thresholds, the percentage of simu-
lation runs where thresholds are correctly detected (selection rate) in different simulation
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Fig 3.3: Box plot of distances between the estimated final points and true values. The left
panel shows the results for all the five scenarios with all the five models. The right panel
zooms in the results in the first three scenarios using hdTAR and mvTAR.

Table 3.2 summarizes the performance of the five methods in terms of auto-regressive
parameter estimation. Since Tsay (1998) does not provide coefficients estimates, so we
use the method in our Step 3 to estimate the parameters given the thresholds obtained by
Tsay (1998). The results indicate that both hdTAR and mvTAR perform well in the first
three scenarios, as measured by their high true positive rates and low false positive rates.
Since TVAR does not perform variable selection, all estimated values of transition matrices
using this method are non-zero. This leads to true positive and false positive rates that are
both equal to 1, which are not meaningful and are hence excluded from the table.

The results also indicate that in Scenario 4 with T' = 600 and Scenario 5 hdTAR performs
satisfactorily, while in Scenario 4 with 7' = 300, its FPR increases to around 20%. This
is primarily due to the smaller sample size in this scenario for each of the three regimes.
Recall from Table 3.1 that the selection rate of mvTAR in both of these scenarios was very
low; as a result, in many simulation replicates there were fewer number estimated regimes
than needed to obtain estimates of auto-regressive parameters. As a result, mvTAR is not
included in the comparisons for Scenarios 4 and 5. These findings underscore the advantages
of hdTAR in settings with complex patterns of changes in auto-regressive parameters as well
as in high dimensions.

Box plots summarizing the results in Table 3.1 are presented in Figure 3.3.
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Method REE SD(REE) FPR TPR
Scenario 1 hdTAR 0.31 0.04 0.03 0.95
mvTAR 0.32 0.04 0.03 0.95
TVAR 0.85 0.19 - -
Tsay (1998) 0.70  0.30 0.04 0.57
Li (2016) 1.50 0.44 1.00 1.00
Scenario 2 hdTAR 0.31 0.04 0.03 0.95
mvTAR 0.31 0.04 0.03 0.94
TVAR 0.89 0.43 - —
Tsay (1998) 0.69 0.31 0.04 0.55
Li (2016) 1.49 0.55 1.00 1.00
Scenario 3 hdTAR 0.34 0.04 0.04 0.89
mvTAR 0.34 0.04 0.04 0.89
TVAR 0.69 0.65 — —
Tsay (1998) 0.88 0.05 0.03 0.36
Li (2016) 1.33  0.64 1.00 1.00
Scenario 4 (T = 600) hdTAR 0.5 0.05 0.02 0.77
mvTAR — - - -
TVAR 0.67 0.07 - -
Scenario 4 (T = 300) hdTAR 0.77 0.09 0.19 0.71
mvTAR — — - -
TVAR 0.87 0.15 - -
Scenario 5 hdTAR 0.80 0.04 0.51 0.86
mvTAR - - — —
TVAR - - - -

Table 3.2: Results of parameter estimation for simulation scenarios. The table shows mean
and standard deviation of relative estimation error (REE), true positive rate (TPR), and
false positive rate (FPR) for estimated coefficients.

3.7 Real Data Application

We demonstrate the utility of our penalized estimation framework in financial econometric
applications by analyzing a bank balance sheet data. The data consists of total balances
of the top 10 largest US banks over time, each measured in thousands of dollars (available
from www.fdic.gov).

To assess the relationship between the state of the banking sector and the overall eco-
nomic conditions, we fit a multivariate TAR model of the quarterly bank balance sheet

data over the period of 1995 to 2018 with the growth rate of the US GDP as the switching


www.fdic.gov

o7

Jen 1886 Jen 1869 Jan 2002 Jan2005  Jan2008  Jen011  JenZ0M  Jan 2017 Jan 2007 Jan 2010 Jan2013

Fig 3.4: The GDP growth rate and detected thresholds using data from ten top banks. The
red dash line shows the estimated threshold. The left panel shows the GDP growth rate
and detected thresholds based on data from 1995 to 2018, while the right panel shows the
GDP growth rate and detected thresholds based on data from 2005 to 2015. In both cases,
the proposed method divides economic patterns into only two conditions — recession and
non-recession.

variable. For the quarterly GDP data wy;;t = 1,2,...,7T over 1T observations, the growth
rate is defined as

2zt = 100(log ys — logyi—1), t=2,3,...,T.

To reduce the non-stationarity, the bank balance sheet data v;;¢t =1,2,...,T, is also trans-
formed as

xy =logv; —logv—1, t=2,3,...,T.

We applied the hdTAR on the entire time series consisting of T' = 98 quarterly observa-
tions from 1995 to 2018. To examine how results change with smaller sample sizes, we also
analyze the shorter time period of quarterly observations from 2005 to 2015. The detected
threshold for both time periods are shown in Figure 3.4. Although hdTAR does not enforce
the coefficients to change at the same threshold value, irrespective of the sample size it
identifies a single threshold corresponding to the great recession of 2008. This further high-
lights the flexibility and adaptability of hdTAR for both moderate- and high-dimensional
TAR models. As a comparison, we also applied the mvTAR to the same two data sets, but
exclude the results due to the inconsistency in the estimated thresholds using mvTAR when
applied to the same two data sets.

The Granger causal networks | , | of interactions among these ten banks in
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Fig 3.5: The Granger causality graph for the top ten banks across time. Each vertex
represents a bank, and the links display directed interactions between banks. Panel (a)
corresponds to the longer time series (1995-2018) and panel (b) corresponds to the shorter
time series (2005-2015). The left figure in panel (a) shows the interactions during the
recession; the right figure shows the interactions in non-recession. The red links in each
panel represent the interactions that occur in that economic period only. Panel (b) only
show the interactions among banks identified in non-recession period from the shorter time
series. Given the very small number of observations in the recession period in the shorter
time series, the Granger causality graph for this period is not estimated.

both recession and non-recession periods during 1995-2018 are shown in Figure 3.5a. The
red links in each panel represent the interactions that occur in that economic period only.
The results show strong interactions between Citibank and Harris Bank and a comparable
strong interaction between PNC and JPMorgan Chase during the recession. The interac-
tions become weaker during the non-recession period, but more interactions appear among
banks. A similar observation was made in [2017].

We only plot the estimated network structures during non-recession period from 2005—
2015. This is because the detected threshold is very close to the lower boundary of the
sorted values of the switching variable, resulting in very few observations in the recession
regime. From Figure 3.5b, the interactions among banks in non-recession period from 2005
to 2015 are similar to the structures detected using full data set. This further confirms the

satisfactory performance of hdTAR in both larger data and smaller data sets.
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3.8 Discussion

We developed a three-step algorithm to estimate the number and values of thresholds,
as well as the auto-regressive parameters in possibly high-dimensional TAR model. The
proposed algorithm can utilize either an 5 or an ¢; penalty, or more specifically, a grouped
or regular fused lasso penalty. The ¢ penalty corresponds to the natural extension of
the original multivariate TAR model in which all coefficients are forced to change at the
same thresholds. The ¢; penalty, in contrast, is more flexible allowing each coefficient to
potentially change at different thresholds. Although this flexibility potentially comes at
the cost of a larger number of thresholds in the TAR model, our theoretical and empirical
results indicate that mvTAR is not appropriate for high-dimensional settings and is better
suited for moderate dimensions. In contrast, the more flexible hdTAR leads to consistent
estimation and superior empirical performance in both moderate and high dimensions.

We established that both versions of our algorithm, termed mvTAR and hdTAR, con-
sistently estimate the model parameters under natural conditions on the distribution and
on the level of temporal correlations in the model. The consistency rates for both models
depend explicitly on several model characteristics. Specifically, when the total number of
thresholds, mg, is finite, the rate of consistency for detecting the thresholds is based on:
(1) the effective number of time points, n, (2) the number of time series components, p,
(3) the number of lags, K, and (4) the total sparsity of the model, d. For mvTAR, if we
set di, = o ((logn (log (pQK))2p2K> p,/2> for small 0 < p/ < 1, then the consistency rate

/ / 3,5 7
becomes of order ((log n)g’) (log (sz))3+5p (p*K) 2t2r > /m. This confirms that mvTAR
is suitable for moderate dimension but may not work in high dimensions. In contrast, for

/2
hdTAR, setting d}, = o <<logn (log (p2K))2>p > for some small positive p, the consistency

rate becomes of order ((log n)gp (log (sz))3+5P) /n. The first component of the rate, i.e.
(log n)gp , is similar to some existing consistency rates for univariate TAR models [
, | while the additional term (log (p2K ))3+5p quantifies the difficulty in estimating
the thresholds in high-dimensions.
A limitation of the proposed procedure is that it requires several hyperparameters, es-

pecially in the second step. To lower the computational cost, we chose similar tuning
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parameters in the second step according to eBIC/ HBIC. However, regime-specific tuning
parameters may improve the estimation performance in finite samples. Fast selection of
regime-specific tuning parameters is an interesting future research direction. Identifying
the switching variable in the TAR model is another challenge, specifically in applications.
For example, in the bank data, we selected the GDP as the switching variable. However,
it is not obvious whether this is an optimal choice; for example, the unemployment rate or
the inflation rate could also serve as the switching variable. Selecting optimal (data-driven)

switching variable is another fruitful future research direction.



61

Chapter 4

DYNAMIC PROGRAMMING APPROACH FOR
HIGH-DIMENSIONAL THRESHOLD AUTO-REGRESSIVE MODELS
WITH MANY COMPONENTS AND THRESHOLDS

4.1 Introduction

In this chapter, we continue discussing TAR model introduced in Chapter 3. However, in this
chapter, we provide a dynamic programming approach, named dpTAR, to better estimate
the number of thresholds and their corresponding values for TAR models. In addition, we
have empirically compared the performance of our method with the existing approaches in
the simulation section, demonstrating that our method offers clear advantages. In addition,
we establish theoretical results that give a sharper convergence rate of the estimators.
Recall that the multivariate TAR model has been well studied in the literature (
[1998b], [2001], [2002], [2011],
[ ]). Chapter 3 and Appendix B.0.3 have thoroughly reviewed the existing multivariate
TAR estimation methods. It is worth noting that without knowing the number of thresh-
olds, [ | (or other existing approaches for multivariate TAR models that test the
existence of a threshold) is not straightforward. The few existing approaches that can es-
timate the number of thresholds can only handle the finite number of thresholds and only
work in low dimensions. To our knowledge, [2005], [ ],
[2017], and [2022] are the only methods that do not
require a known number of thresholds or a bound on the number of thresholds. Except
[2022], [2005], [2017], and
[ | utilize a Bayesian estimation framework. However, the consistency of the number
of estimated thresholds is not investigated for these Bayesian methods, which could be a
challenging problem and could be a good direction for future research. Extending these
methods to high dimensions can also be challenging. To the best of our knowledge, the ap-

proach in Chapter 3 | ) | and the dynamic programming approach (dpTAR)
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discussed in this chapter are the only two methods that can deal with the diverging num-
ber of thresholds mg and high-dimensional problems. The method provided in Chapter 3
( [ ]) assumes that the minimal jump size v (defined in Assumption B4 in
Chapter 3) is independent of the sample size, while the dynamic programming approach in
this chapter allows the minimal jump size to decrease with the sample size. The simulation
results corroborate our claims about the advantages of the dynamic programming approach
compared with existing approaches, including the three-step procedure. In addition, the
consistency rate derived by the dynamic programming approach is sharper than existing
approaches with the combination of S-mixing and sub-Weibull assumption.

Our method is motivated by [ |, which describes a dynamic program-
ming approach in high-dimensional autoregressive processes. The dynamic programming
approach is a type of exact search method that is commonly used in the change point de-
tection problems. The change point detection problems have been widely used in diverse
application domains, from economics and finance | ) ,

, ] to genomics and biology [ , ,
, |. It has been well studied in both univariate and multivariate time series |
, ) ) ]. See [ ],

[ | for the reviews of the current findings of change point detection problems. In
addition, change point detection problems in high-dimensional time series models have re-
ceived considerable attention in recent years | , , , ,

, , , . [ | proposed a three-stage
procedure for consistent estimation of both structural change points and parameters of high-
dimensional piece-wise vector autoregressive models. [ | extended binary
segmentation algorithms [ | for covariance change point localization in high
dimensions. [ | developed an approach that takes inspiration from geome-
try to map a high-dimensional time series to two dimensions. [ | established
a combination of dynamic programming and Lasso-type estimators approach to localizing
changes in high-dimensional.

This chapter is organised as follows. Section 4.2 describe the multivariate TAR model;

Section 4.3 introduce the dynamic programming approach and the corresponding algorithm;
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Section 4.4 discuss theoretical properties and compare them with theoretical results in
Chapter 3. In Section 4.5, we propose data-driven methods to select the hyper-parameters.
The empirical performance of the proposed methods is investigated using both simulated
and real data sets, in Section 4.6 and Section 4.7, respectively. We discuss and summarize

our results in Section 4.8.
4.2 TAR Model Recap

Recall the multi-variate TAR model discussed in Chapter 3. Formally, a multivariate time

series {x;} follows TAR model with one switching variable, z, if

K
Ty = Z A(k’j)xt—k + 231‘/2€t7 if Ti—1 < 2t < Tj, (41)
k=1
where x; = (2(,1), T(,2),- - -» T(tp)) 15 the observed process in R? at time ¢, p is the number

of time series components, and K is the number of lags considered in the model. Here
€ = (e(t71),e(t’2),...,e(typ))’ € RP is a multivariate i.i.d. sequence with zero mean in all
components. The covariance matrix X, for the j-th regime, X;, is allowed to be different in
each regime. To simplify the notations, when there is no ambiguity, we simply denote the
error term by €; instead of E;/ 2et. The transition matrices A% € RP*P is the coefficient
matrix corresponding to the k-th lag of a TAR process in regime j. More specifically, similar
to the modeling framework of [ |, we assume there exist mg threshold values
—00 <1 <12 < ... < Ty < 400 with 79 = —o0 and ry,,+1 = 400 which partition
the process into mg + 1 regimes. For each regime, the total transition matrices AG7) =
(A(l’j),A(Q’j), .. .,A(K’j)) € RP*PK are fixed where ri—1 <z <rjforj=1,...,mo+ 1.
Now suppose we have multiple switching variables. Let z;; be the I-th switching variable

and P be an interval partition of {z1;,..., 27} into m + 1 regimes, that is
P ={(—o0,m], (r1,72],. -, (rm,00)},

(i)—1,l m;r(i)—l,l a";r(i)—K,l)’

where 7(-) is the function which projects order statistics of the observations to the corre-

where |P| represents the cardinality of P. Set Yz(;y; = ( x
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sponding indexes of the observations, and :c;r (i)—1 is the ordered x; according to z;.
Our goal is (1) to select the optimal switching variable z; among all 2, s, (2) estimate
the number of thresholds, i.e. mg, (3) estimate the thresholds’ values, 7;s, and (3) find the

auto-regressive parameters in each regime.
4.3 Dynamic Programming Approach for TAR model

Notations: We use the similar definition as in Chapter 3. Denote r; is the j-th thresh-
old and 7; is the estimated j-th threshold. For a given interval (s,e|, denote 7?8 o =
{i 08 <z < e} as the set of orders of z;;s for which their corresponding ordered switch-
ing variable z(;) ;s fall into the interval (s,e]. And "ﬁs’e)‘ represents the number of z,(;) ;s
that fall into the interval (s,e]. For simplicity, we use 7 to represent the regime 7,
use 2; to represent all the zys, and use z(;) to represent all the zr(;;s. For a symmet-
ric matrix X, let Apin(X) and Apax(X) denote its minimum and maximum eigenvalues.
Let the h-th row of AG7) be A;L"j ), and set the number of non-zero elements in AEL"j ) to
dp; for h = 1,2,...,pand j = 1,2,...,mp + 1. Denote the total sparsity of the model
by d = Z;nzofr ! D dp;. Further, let Zj ; be the set of all column indexes of Agb"j ),
T = Uy ;Iy,; and define d,, = maxi<p<pi<j<itmg |Inj|- Note that p, mo and the sparsity
may increase with the number of time points, T', specifically, p = p(n) and my = mg(n) and
dpj = dp,j(n), where n = T — K. For simplicity, we suppress the n-index. Finally, let ¢,; be
error term of [-th time series, and recall that €; = (ﬁ(t,1)7 €(t,2)s - - - ,e(tm))/. Throughout the
paper, positive constants C,C4,Cy, ... are used to denote universal constant, A’ denotes
the transpose of a matrix A, and ||A||; and ||Al|2 denotes its ¢; and Frobenius norms, re-

spectively. We denote the ¢; and ¢2 norms of a vector v by ||v||; and ||v||, respectively.

To estimate the number of thresholds and their values correspondingly, we first view

the TAR model as a minimal partition problem and then apply a dynamic programming
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approach to solve it. We first construct the loss function,

derer %) — ArY 3, |TI>w

L(T) = (4.2)

0, otherwise,

with

Ar = arg min (Z [y — AYz(i) 13 + Ay \T|HAH1> 7 (4.3)

€T
where the tuning parameter w > 0. In this step, we utilize the {; penalty, the fused lasso
penalty, to estimate the transition matrices in Equation (4.3). The fused lasso penalty
allows the sparsity of the transition matrix at each regime. In addition, we construct a loss
function, L(T), in Equation (4.2) where L(7) can be evaluated on each regime. The total
loss of the TAR model is given by the sum of loss on each regime.

Next, we solve:

Pe argn;)ip{ > L(T) —|—w[77’\} : (4.4)

TeP!
P = {(a,b] | a,b € {—00, 2z (1) - - - ,zw(n),oo}} is an interval partition of {z1,...,27r}, and
P’ could contain all the possible regimes. The minimizer P is obtained by considering all
possible regimes. In addition, the transition matrices are jointly estimated based on the
final estimated regimes P.

In this last step, we solve the minimal partition problem in Equation (4.4). The tun-
ing parameter w is used to control the number of the estimated thresholds to avoid over-
estimation, since ) .p L(T) is usually monotonically decreasing in the number of the
possible regimes |P’| since the TAR model becomes more complex and flexible as [P’| in-
creases. Noting that the estimation accuracy is greatly affected by the choice of the tuning

parameter w, we discuss it both theoretically and practically in Sections 4.4 and 4.5.

4.8.1 Algorithm

In this section, we present the algorithm of the dynamic programming approach.
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Algorithm 4: Penalized Dynamic Programming

1. Input: @y, 2¢, ngrid € R™, and parameters \,w > 0. Let

Bi = minszl,...,i BS—]. + L (ﬁzﬂ(g),zﬂ(z))> + w

2. Initialize A = 0, B =0, A* = {n}, temporary variable ¢’ = n, and By = —w.

for e + 1 ton do
B, = o0;

if e/ngrid = c for c € Z" then
for s <1 to e do
L B~ A B~ U {Bs_l + w + L (ﬁzﬁ(s)vzﬂ(e))>}
if min B < B, then
t B, < minB; A+ AU {argmin[;’ — 1}

while ¢’ # 0 do
¢’ « €'th element in A;
| A [T U A
3. Output: The set of estimated thresholds A*.
The key idea for this algorithm is to compute the minimum of Y rcp L(T) + w|P’|

recursively. For every e € 1,...,n, we enumerate the position of all the possible order of
the thresholds that less than e, s € 1,...,e — 1, then we change the minimization problem
at e into the minimization problem at s, that is L (ﬁzw(s),zﬁ(s))) + w and the cost on the
previous regime, that is Bs_1. The optimal segmentation can be recovered by recursively
taking the position of the minimum loss in B.

The computational cost of this algorithm is of order O (n®Ty, (n)), where Ty, (n) is the
computational cost of solving L(7) with |T] = n ( [2008]). Note that the
dynamic programming approach is a type of exact search method that can find the global
optimum (Equation (4.4)), but it is computationally expensive compared to other methods.

(See Figure 4.4 for more details.)
4.4 Theory

In this section, we establish the consistency of the dynamic programming approach proposed

in Section 4.3. We make the following assumptions.
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Assumption C1. {€} is a sequence of i.i.d. sub-Weibull random variables with bounded
continuous and positive density and sub-Weibull constant K. and sub-Weibull parameter
»x. > 0; specifically, there exist constants K. and s, > 0 such that ||€t”w < K. where

_1 1
l€cll = SUPsips, ¢ 7 (Eled])°.

Assumption C2. For each j =1,2,...,mg+ 1, the process

K
Ty = Z A(k’j)mt—k + €

k=1
is sub-Weibull with sub-Weibull parameter s > 0 and B-mizing stationary with a ge-
ometrically decaying mixing coefficient b, ; specifically, there exist constants ¢, > 0 and
sy > 0 such that for alln € N, b(n) < exp(—cyn™?) and for all t,7 > 0, (x¢,...,Tt1n) 4

(Tpgry. . Tigrin), where 2 denotes equality in distribution. Moreover, Elx,] = Opx1. In

—1
addition, assume »xy < 1, where 3y := (% + }%2) ]

Assumption C3. The matrices A©9) are sparse for j = 1,...,mg+ 1. More specifically,
forallh =1,2,...p and j = 1,2,...mg+ 1,dp; < p, i.e., di;/p = o(1). Moreover, there

exists a positive constant M > 0 such that

max “A("j)H < Mjy.
1<j<mo+1 00

Assumption C4. The minimal jump size v is defined as

v:= min

1<j<mg ’

2

AGI+D _ 409) H

where +00 > v > 0. Moreover, there exist constants | and w such that r; € [l,u] for

1 <7 <mg.

Assumption C5. {z} is a S-mizing stationary process with a geometric decaying mizing

coefficient and positive density. In addition, E|z|*T* < oo for 1 > 0.

ASSllmptiOIl C6. Let An = min1§j§m0+1 |’r'j — T‘jfll. Then,

A, > Cs (log (max {pZK,n}))Q/%OJF5 mod:3/ (nvg) ,
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and & is a small positive constant.

The above assumptions are natural in high-dimensional settings and commonly used in
the literature. Assumptions C1 and C2 are utilized to derive appropriate concentration
inequalities that are necessary to verify the asymptotic properties of the proposed method-
ology and have been used in the literature | ) , , ]. See more
details in [ ]. Assumption C3 ensures the sparsity of the model and is
needed to quantify the effect of model misspecification, since exact recovery of threshold
values is not possible. A similar assumption has been used in [ ]
in the context of change point detection. Further, Assumption C4 puts a minimum jump
size on the transition matrices ensuring a detectable change occurred at threshold r;.

Under the assumptions above, we provide the theoretical results of dpTAR. Before we
prove the consistencies of the estimators, we first prove the following two propositions,
and Theorem 11 follows from Propositions 9 and 10 immediately. Note that the restricted
eigenvalue condition and deviations bounds, two inequalities that are important to prove

Propositions 9 and 10, are provided in the appendix (Proposition 22).

Proposition 9. Under Assumptions C1 to C6, there exist constants Cy > 0, ca > 5, ¢4 > 0,

and cs > 0 such that with probability at least 1 — 05,

(a) For each estimated regime T = (s,€e] € P containing one and only one true threshold

r, it holds that

I

: dEN? 4+ w
win {| o] o} < o (2572

(b) for each estimated regime T = (s,e] € P containing ezactly two true thresholds,
r1 < r9, it holds that

9

diN? 4+ w
max{"]'(wl)‘ ) ‘7—(7’27@)’} < Co <U2>

(¢) for any two consecutive estimated regimes 7}, 75 € 75, the regime ’ﬁ U 7} contains at

least one true threshold; and
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(d) no estimated regime T € P contains strictly more than two true thresholds,

where

05 = 2exp (—02 log (max {p2K, n}) + 3log n)
+ exp (—04 log (max {p2K, n}) (log (max {p2K, n}))l_m/2 + 3log n) (4.5)

+ exp (—05 (log (max {p*K, n}))z/%o + 3log n) .

Proposition 9 demonstrates that we can only have at most one true threshold that closes
to a given estimated threshold for a proper choice of A and w. In addition, no estimated

regime contains more than two true thresholds.

Proposition 10. Suppose Assumptions C1 to C hold and that mg < |P|—1 < 2myg. Then,
1P| = mo + 1 with probability 1 — d, where

¢ = 2exp (—02 log (max {sz, n}) + 5log n)
+ exp (—04 log (max {pQK, n}) (log (max {pQK, n}))l_%o/2 + 5log n) (4.6)

+ exp (—05 (log (max {p2K, n}))2/%o + 5log n)
for co > 5, and cq4,c5 > 0.

Proposition 10 states that the estimated number of thresholds is consistent to the number
of true thresholds under certain conditions, which are verified in Proposition 9. With the
results from Propositions 9 and 10, Theorem 11 shows the dpTAR consistently estimates

the number and values of thresholds.

Theorem 11. Under Assumptions C1 to C6, there exist estimated thresholds {fj}?lzl with

tuning parameters

A=cy (log (max {sz,n}))l/%o dt andw = C, (mg+1)d> (log (max {p2K, n}))Q/%O
(4.7)
such that

P (m = mo) — 1, (4.8)
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and

(4.9)

* 2 2
P | max|f; —r;| < moCod:3 (log (max {pZK,n})) /0 N
LT nv? ,

where ¢y, Cy,, Cy are positive constants.

Note that the minimizer of Equation (4.4) is not necessary to be unique, and the consis-
tency rate in Equation (4.9) holds for any minimizer of Equation (4.4). When p = ¢n”, where
¢>0and k € (0,1), the dynamic programming approach can be applied to low-dimensional
time series. The consistency results would be similar to those in Equation (4.9).

We also compare the results in Theorem 11 with theoretical results developed in Chap-
ter 3. We first compare the main difference in the assumptions. Instead of assuming the
minimal jump size v is a constant that is independent of sample size n in Chapter 3, we allow
v changes with n in Assumption C6, more specifically v — 0 when n — co. This means we
can handle more complex situations that the minimal jump size is small with sufficient large
sample size, which can also be verified by the simulation results in Section 4.6. Moreover,
the assumption on the minimal spacing in Assumption C6 is different from Assumption B6.
Let A;L represent the minimal spacing, then nA;l > m3d:? (d;‘; log (p2K ))3 for hdTAR and
nA;1 > m3d;? (p2K d} log (p2K ))3 for mvTAR in Chapter 3. The dpTAR may need larger
minimal spacing than hdTAR or mvTAR when n >> p?K. This also matches with our
simulation results in Tables C.1 to C.3. Next, we consider the consistency rate. Recall

/\3/2
that the error bound established in Chapter 3 is of order mq (nAn> d*2/n. With the

w19
constraint on nA;qj, the consistency rate becomes mgd, > (log (p2K ))9/ 2 /n for hdTAR and
19
médz 2 (p*K log (p*K ))9/ 2 /n for mvTAR. It is obvious that the consistency rate of order
mod;3 (log (max {pQK, n}))Q/”O / (nvz) achieved by the dpTAR is sharper when s > 2/3

(the constraint in Chapter 3) even we assume v is a constant for the dpTAR.
4.5 Tuning Parameter Selection

We next provide guidance on selecting the tuning parameters for our dynamic programming

approach.

An Ap is chosen by cross validation.
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wyn Selecting w,, is in general difficult. For all simulation studies, we use the similar
methods proposed by [ | to choose w,. Let m(w) be the number
of thresholds with the given tuning parameter w that is optimal for Equation (4.4).
For all m(w), we cluster the differences in the loss function Equation (4.2) into two
subgroups, small and large. If removing a threshold only leads to a small decrease
in loss Equation (4.2), then the removed threshold is likely redundant. In contrast,
true thresholds lead to larger decrease. We choose the smallest decrease in the second
group as the optimal value of w. To this end, we first calculate the values of loss
function Equation (4.2) for a range of ws with m(w)s decreasing one by one, denoted
as Ly, L7, ... ,L;(w). Then, w is selected as the maximum values among L7, — L;- for

i=0,1,...,mw) — 1.

2f The true switching variable is selected by accumulated eBIC. Let p’ be the number of
switching variables. Set m; be the number of estimated thresholds for each z;;. For
each z;, we use eBIC [ , | across all regimes. For each switching
variable z;, 1 € 1,2,...,p/, and j = 1,2,...,m; + 1, the eBIC for interval [#;_1, ;] is
defined as

hl
Tj—1,7;

eBIC (j, ) = log (SSEl,j/ ’T(fjffj,l) % (y2log (pK) +

‘ (Pj—Fj-1)
)

log (’ﬁfj—fj—ﬂ
where 72 = 1.5 that is within the recommended range in [ | as well.

)+

z;f is selected as:

Zt,l

2 =argmin Y _eBIC (j, 21,) - (4.10)
j

4.6 Simulations

In this section we present numerical experiments for dynamic programming approach. Below
are the simulation scenarios we considered to evaluate the performance of our methods

compared to existing methods. There are four switching variables, and only one switching
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variable is used to generate data. The true switching variable is generated with AR(1)
process with coefficient 0.6. The rest of switching variables are generated as: one with
AR(1) process with the same coefficient as the true switching variable, one with AR(1)
process with the different coefficient —0.5, one with N (0,0.021).

Simulation Scenario 1 (Changes of minimal jump size) In this scenario, T' = 150,
p =15, and K = 1. The auto-regressive coeflicients are chosen to have the same structure
but different values. There is only one threshold with value 4. The difference between
non-zero element of auto-regressive coefficients in two regimes is denoted as My, which is

ranging from (0.9, 1.2).

Simulation Scenario 2 (Changes of minimal spacing) In this scenario, p = 15,
T =100, and K = 1. The auto-regressive coefficients are chosen to have the same structure
and same values. There are two thresholds 71 and 72, where the values of (r1,r2) are (3.9, 6),

(4,6), (4.1,6), and (4.2,6).

Simulation Scenario 3 (Simple high-dimensional A with uncorrelated error) In
this scenario, T' = 80, p = 100, and K = 1. There is only one threshold value r; = 5. The
auto-regressive coeflicients are chosen to have the same structure as in Scenario 1 but with

different values.

We perform 100 simulations with all scenarios. Note that the number of thresholds is
set to be known for Tsay (1998), Li (2016) and TVAR, and all these three methods are
not applicable in the last scenario (Scenario 3) due to high-dimensionality of model. To

compare all methods, we assume we know the true switching variable.
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Settings Threshold(s) Methods Mean Std  Selection Rate
Scenario 1 Mg = 1.2 dpTAR 4.01 0.11 1.00
hdTAR 4.04 0.09 1.00
4 Tsay (1998) 3.99 0.10 1.00
TVAR (2001) 4.32 0.88 0.97
Li (2016) 376 0.36 1.00
Scenario 1 My = 1.1 dpTAR 4.00  0.09 1.00
hdTAR 4.04 0.09 1.00
4 Tsay (1998) 425 1.01 0.93
TVAR (2001) 4.17 095 0.96
Li (2016) 3.74 0.41 1.00
Scenario 1 Ms =1 dpTAR 4.01 0.11  1.00
hdTAR 4.04 0.10 1.00
4 Tsay (1998) 551  1.82 0.58
TVAR (2001) 4.07 1.05 0.94
Li (2016) 3.70 0.44 1.00
Scenario 1 Ms = 0.9 dpTAR 4.02 0.24 1.00
hdTAR 4.04 0.20 0.94
4 Tsay (1998) 7.27  1.18 0.10
TVAR (2001) 4.05 1.11  0.93
Li (2016) 3.64 0.50 1.00

Table 4.1: Mean and standard deviation of estimated thresholds, the percentage of simula-
tion runs where thresholds are correctly detected (selection rate) in simulation Scenario 1.
If the estimated thresholds within one standard deviation of true threshold, we consider the
estimated thresholds are correctly detected.
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Method REE SD(REE) FPR TPR

dpTAR 0.29 0.04 0.18 1.00

hdTAR 0.30 0.05 0.16 1.00

Scenario 1 Ms =12 Tsay (1998)  0.32 0.06 0.05 0.93
TVAR (2001) 0.72 048 1.00 1.00

Li (2016) 022 0.07 1.00  1.00

dpTAR 0.36  0.07 0.06 0.93

hdTAR 0.35 0.06 0.16 1.00

Scenario 1 Ms =1.1 Tsay (1998)  0.40 0.17 0.06 0.95
TVAR (2001) 0.74 0.48 1.00 1.00

Li (2016) 0.27  0.09 .00 1.00

dpTAR 0.41 0.08 0.05 0.93

hdTAR 0.40 0.07 0.16 1.00

Scenario 1 Ms =1 Tsay (1998)  0.65 0.33 0.10 0.96
TVAR (2001) 0.81 0.86 1.00 1.00

Li (2016) 0.31  0.09 .00 1.00

dpTAR 0.47 0.07 0.17 1.00

hdTAR 0.47 0.07 0.15 1.00

Scenario 1 My =0.9 Tsay (1998) 1.09 0.25 0.82 0.96
TVAR (2001) 1.04 3.18 1.00 1.00

Li (2016) 0.35 0.10 1.00 1.00

Table 4.2: Results of parameter estimation for simulation Scenario 1. The table shows mean
and standard deviation of relative estimation error (REE), true positive rate (TPR), and
false positive rate (FPR) for estimated coefficients.

Note that we put all results of Scenario 2 in the Appendix C.0.2, since hdTAR works
better than dpTAR in Scenario 2. For all results shown in the tables or pictures in this

section, the Mean and Std are computed only based on the cases that can correctly select

the number of thresholds. In addition, the selection rate of Tsay (1998), Li (2016), TVAR,
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dpTAR hdTAR Li {2016)

Methods

— dpTAR

10 12 oa 10 11 1z b aln 10 12 = hdTAR

Tsay (1908) TVAR (2001} ~== Li(2015)
—# Tsay(1998)
—= TVAR (2001}

Distances to True Values

Fig 4.1: Distance between the estimated thresholds and true thresholds for simulation
Scenario 1. The error bar represents one standard deviation.

and hdTAR is based on whether the estimated thresholds are within one standard deviation
of true threshold. In Scenario 1, we gradually decrease the minimum jump size between two
regimes. Table 4.1 and figures 4.1 and 4.2 summarize the results of threshold estimation
in Scenario 1. Figure 4.1 shows the difference between the estimated thresholds and true
thresholds (7; — r;) in simulation Scenario 1. The error bar represents one standard devia-
tion. From Table 4.1, and are also displayed in Figure 4.1, dpTAR and hdTAR outperform
other methods for all cases in Scenario 1. When the minimal jump size decreases, dpTAR
and hdTAR tend to have larger standard deviations. Moreover, Table 4.1 and figure 4.2
demonstrate dpTAR is the only method that can correctly detect the number of thresholds
without knowing the true number of thresholds for all cases in Scenario 1. When the min-
imum jump size is equal to 0.9, dpTAR achieves 100% threshold detection rate while the
threshold detection rate of hdTAR is 0.94. This is expected since hdTAR uses [; penalty to
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Methods

* dpTAR
4 + hdTAR

= Li(2018)

- Tsay{1998)

Selection Rate

+ TVAR (2001}

My

Fig 4.2: Results of selection rate for simulation Scenario 1. If the estimated thresholds
within one standard deviation of true threshold, we consider the estimated thresholds are
correctly detected.

select thresholds estimators, which may not be able to handle the cases that the minimal
jump size is small (mentioned in [ ). In Scenario 2, we gradually decrease
the minimum spacing between two thresholds. When the minimum spacing between two
thresholds decreases, the selection rate of all methods drops. In addition, the threshold de-
tection rate of hdTAR is higher than the threshold detection rate of dpTAR (See Table C.1
for more details). Finally, both dpTAR and hdTAR successfully detect the threshold in the
high-dimensional setting of Scenario 3 (results are in Table 4.3), and dpTAR has smaller
standard deviation compared to hdTAR. In contrast, the other methods are not well suited
for this scenario and are not included.

Since Tsay (1998) does not provide coefficient estimates, so we use the standard lasso
approach to estimate the parameters given the thresholds obtained by Tsay (1998). Ta-
ble 4.2 gives the results of auto-regressive parameter estimation in Scenario 1. The results
indicate that dpTAR, hdTAR and Tsay (1998) perform well in the first three cases, as
measured by their high true positive rates and low false positive rates, while Tsay (1998)
does not work well when the minimum jump size is equal to 0.9. Recalling that TVAR does
not perform variable selection, all estimated values of transition matrices using this method
are non-zero. This leads to true positive and false positive rates that are both equal to 1,

which are not meaningful. The auto-regressive parameter estimation results of Scenario 2
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Fig 4.3: Results of transition matrices estimation for simulation Scenario 1.

in Appendix C.0.2 (Table C.2) are not discussed here, since the performance of dpTAR is
no better than hdTAR. In Scenario 3, Table 4.4 summarizes the results of auto-regressive
parameter estimation, hdTAR and dpTAR have very similar performance, and both of them

perform satisfactorily in high dimensional settings.

Settings Threshold(s) Methods Mean Std  Selection Rate
Scenario 3 dpTAR 5.05 0.15 1.00
)
hdTAR  5.04 0.20 1.00

Table 4.3: Mean and standard deviation of estimated thresholds, the percentage of sim-
ulation runs where thresholds are correctly detected (selection rate) in Scenario 3. If the
estimated thresholds within one standard deviation of true threshold, we consider the esti-
mated thresholds are correctly detected.
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Method REE SD(REE) FPR TPR
dpTAR  0.58  0.03 0.17 0.87
hdTAR 0.66  0.03 014 0.77

Scenario 3

Table 4.4: Results of parameter estimation in Scenario 3. The table shows mean and
standard deviation of relative estimation error (REE), true positive rate (TPR), and false
positive rate (FPR) for estimated coefficients.

Recalling that we generate 4 switching variables, we use eBIC described in Section 4.5
to select the optimal switching variable for dpTAR. The selection rates for Scenario 1 are
listed in Table 4.5. We successfully detect the true switching variable for all cases in both
Scenarios. In Scenario 3, we also detect the true switching variable with a 100% detection
rate. The results of the selection rate in Scenario 2 are in Appendix C (Table C.3), and
they are comparably low since dpTAR cannot correctly detect the true thresholds even if

the true switching variable is given.

Ms=11 Ms=10 M;=09 M;=038
1.00 1.00 1.00 1.00

Table 4.5: Results of selection rate in Scenario 1. The table shows the rates of selecting z;
correctly.

Finally, we compare the time spend according to the sample size T" and the number of
the concurrent time series p. Figure 4.4 shows that dpTAR takes much more time than
other methods. In addition, the time cost of dpTAR grows when T or p increases. This
demonstrates dpTAR is very time-consuming, which is a commonly known drawback of

dynamic programming.
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Fig 4.4: Time Cost for Each Method

4.7 Real Data Application

In this section, we utilize the stock data as a demonstration of our dynamic programming
approach. The data consists of the top 15 stocks with maximum market capacity in 2005.

We fit a multivariate TAR model of the bi-weekly stock return over the period of Jun
2005 to Jun 2011 and consider the growth rate of the Dow Jones Industrial Average and S&P
500 Index as potential switching variables. For each switching variable y;, t = 1,2,...,T

over 1" observations, the growth rate is defined as

ze =logy: — logyr—1, t=2,3,...,T.

To reduce the non-stationarity, the stock data vy, t = 1,2,...,T, is also transformed as

xy =logv; —logv—1, t=2,3,...,T.

The entire time series consist of T" = 156 observations from 2005 to 2011. We apply
both the dynamic programming approach and the three-step procedure for each potential
switching variable and investigate the relationship between the stocks and the overall eco-
nomic conditions. We first examine the Dow Jones Index as the switching variable. From
Figure 4.5, both the dynamic programming approach and the three-step procedure divide

the economic pattern into three types: recession, normal, and booming periods. In addition,
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the thresholds detected by these two methods are very similar, and both of them success-
fully identify the great recession periods happen in 2008 and the economic recovery in the

middle of 2009. Table 4.6 reports the thresholds detected by both methods.

Methods Threshold 1 Threshold 2
Three-step Procedure -0.02 0.01
Dynamic Programming -0.02 0.04

Table 4.6: Results of detected thresholds based on the Dow Jones Index growth rate. The
table shows the values of the selected thresholds by both the dynamic programming approach
and the three-step procedure.

Dow Jones Index
Dow Jones Index

Jan Z007  Jan 2008 Jan 2009 Jan 2010 Jan 2011
Time Time

' . ' ' ' ' v
Jan F006  Jan 2007 Jan 2008 Jan 2009 Jan 2000 Jan 2011 Jan 2006

Fig 4.5: The Dow Jones growth rate and detected thresholds using data from 15 stocks.
The red dash line shows the estimated threshold. The left panel shows the Dow Jones Index
growth rate and detected thresholds based on the dynamic programming approach, while
the right panel shows the Dow Jones Index growth rate and detected thresholds based on
the three-step procedure. Both methods divide economic patterns into three conditions —
recession, normal, and booming periods.

Next, we consider the S&P 500 Index as the switching variable. From Figure 4.6. Both

the three-step procedure and the dynamic programming approach divide the economic pat-
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tern again in three types, while the dynamic programming approach finds a finer partition.
Specifically, the economic periods detected by the dynamic programming approach match
more with the economic history. For example, the effects of the Great Recession continued
for year 2010 and 2011, which are not correctly recognized by the three-step procedure. Note
that the thresholds detected by these two methods are similar, and both of them success-
fully identify the great recession periods happen in 2008. Table 4.7 reports the thresholds
detected by both methods.

Methods Threshold 1  Threshold 2
Three-step Procedure -0.01 0.01
Dynamic Programming -0.01 0.03

Table 4.7: Results of detected thresholds based on the S&P 500 Index growth rate. The table
shows the values of the selected thresholds by both the dynamic programming approach and
the three-step procedure.

Jan 2006 Jan 2007 Jan 2008 Jan 2009 Jan 010 Jan 2011 Jan 2006 Jan 2007 Jan 2008  Jan 2009 Jan 2010 Jan 2011
Time Time

Fig 4.6: The S&P 500 Index growth rate and detected thresholds using data from 15 stocks.
The red dash line shows the estimated threshold. The left panel shows the S&P 500 Index
growth rate and detected thresholds based on the dynamic programming approach, while
the right panel shows the S&P 500 Index growth rate and detected thresholds based on the
three-step procedure.
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Moreover, we select the switching variable that has more impact on the stocks. The
final selected switching variable is S&P 500, which makes sense since the S&P 500 tracks
500 large publicly traded American stocks that are from all sectors of the economy, while
the Dow Jones Index only tracks the stock prices of 30 of the biggest American companies.

The Granger causal networks of interactions detected by dynamic programming ap-
proach with S&P 500 Index as a switching variable are shown in Figure 4.7. The red links
in each panel still represent the interactions that occur in that economic period only. The
results show strong interactions among stocks during the recession periods, while there are
less interactions during the economic expansion periods, which matches with our findings

in Chapter 3.

MSFT MSFT
INTC. INTC
CSCO CSCO
auad adas
QCOM S%M
QRCL ORGCL
EBAY EBAY
AAPL AAPL
CMESA CMESA

MAT AMAT
GILD GILD
COosT COST
X SBUX
FITB FI7B
(a) (b) ()

Fig 4.7: The Granger causality graph for the top 15 stocks across time. Each vertex
represents a stock, and the links display directed interactions between stocks. Figure 4.7a
shows the interactions during the recession periods; Figure 4.7b shows the interactions
during the normal periods; Figure 4.7c shows the interactions in booming periods. The red
links in each panel represent the interactions that occur in that economic period only.

4.8 Discussion

Our key contribution is developing a dynamic programming approach to estimate the num-
ber and values of thresholds, as well as the auto-regressive parameters in a possibly high-
dimensional TAR model. The proposed algorithm is more accurate than the three-step
procedure proposed in Chapter 3 when the minimal jump size is small. We also provide a

theoretical guarantee to verify that the dynamic programming approach works well in both
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moderate dimension and high dimensions. The consistency rate is sharper than the rate of
the three-step procedure. Moreover, we discuss a data-driven method to select the optimal
switching variable, which opens the door to the future research direction of the switching
variable selection.

A limitation of the proposed procedure is that it requires more time to estimate the
thresholds. To speed up the algorithm may need future work. In addition, the tuning
parameter selection is tricky. There exists much literature in the change point detection
fields | , ) , , ) |, but the problem
remains when the data is limited. Moreover, how to choose the proper switching variable
may require further investigation as well. Though we provide a data-driven method to
identify the switching variable in the TAR model, this method becomes less powerful when
two thresholds are very close and fewer observations lie in each regime. In addition, there
is no theoretical guarantee that this method gives the optimal choice of switching variable,

which is another future research direction.
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Chapter 5
DISCUSSION

This chapter summarizes the main contributions together with possible future research

directions.
5.1 Summary

In this dissertation, we mainly solve two statistical tasks, namely clustering and analysis of
high-dimensional time series.

In the first task, the problem arises when performing clustering, that is, how to identify
the underlying connectivity structures such as high-density regions and their connections.
To solve this problem, inspired by the mode clustering, a new clustering method presented in
Chapter 2 provides an additional attribute label for each cluster. In addition, the clustering
results obtained by our method can be further extended to a two-sample tests and a visual-
ization method. The two-sample tests proposed in Chapter 2 utilize local information within
each cluster, which are more sensitive than other conventional approaches. The visualiza-
tion method offers an informative way to display the structure of multi-dimensional data.
Moreover, the performance of our improved method is assessed both empirically and theo-
retically. Both simulation and real data results indicate that our refined clustering method
identifies meaningful clusters and provides fine structures within the data. We also derive
both statistical and computational guarantees of the proposed method. Thus, the method
discussed in Chapter 2 demonstrates good empirical performance and statistical and nu-
merical properties.

The second task investigates the threshold autoregressive (TAR) models and their es-
timations. Chapter 3 and Chapter 4 investigate the TAR models by using different ap-
proaches. In Chapter 3, we develop a three-step procedure with two estimators (mvTAR

and hdTAR) for identifying the (unknown) number and values of thresholds and estimating
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regime-specific auto-regressive parameters in multivariate TAR models with many compo-
nents. While both mvTAR and hdTAR are applicable for moderate dimensions, mvTAR is
not appropriate for high-dimensional settings. Intuitively, mvTAR enforces all coefficients
to change at the same thresholds, while hdTAR allows each coefficient to potentially change
at different thresholds. Although this flexibility of hdTAR potentially comes at the cost of a
larger number of thresholds in the TAR model, hdTAR yields better empirical performances
in both moderate and high dimensions and better theoretical guarantees. Theoretically, mv-
TAR and hdTAR consistently estimate the model parameters under natural conditions on
the distribution and on the level of temporal correlations in the model. As discussed in
Section 3.8, when the total number of thresholds is finite, the consistency rates for both
models depend explicitly on the effective number of time points, the number of time series
components, the number of lags, and the total sparsity of the model. Theoretical results
show that the convergence of mvTAR is only guaranteed in low to moderate dimensions
and not in high dimensions, which means mvTAR is only suitable for moderate dimensions,
while the convergence of hdTAR is guaranteed in both moderate and high dimensions. In
Chapter 4, we introduce a dynamic programming approach, which can be used in more
complex situations and yields a sharper consistency rate. Chapter 4 solves the questions
left by Chapter 3. First, the computational cost of the selection criterion of the three-step
procedure in Chapter 3 is exponentially growing with the number of the estimated thresh-
olds, while the dpTAR can solve the problem in polynomial time. Second, hdTAR assumes
the minimal jump size is a large enough constant while dpTAR allows the minimal jump
size changes with the sample size, and simulation performances also demonstrate that the
dpTAR is more accurate than the three-step procedure when the minimal jump size is small.
Moreover, we propose a way to detect the optimal switching variable in Chapter 4 when we

get more than one switching variable.
5.2 Future Work

In this section, we outline the limitations of the methods discussed in Chapters 2 to 4 and
give suggestions for potential research directions based on the work presented.

While The refined clustering method introduced in Chapter 2 works well for the GvHD
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data (d = 4), it may not be suitable for any higher dimensional data. When the dimen-
sions get higher, our method fails due to the curse of dimensionality since our method is a
nonparametric procedure involving derivative estimation. Future investigation is needed to
extend the method to high dimensional settings.

One of the major limitations of the dpTAR is that it is computationally costly. Speed-
ing up the dynamic algorithm, in general, may need more future work. One idea is to
combine the algorithm in Chapters 3 and 4, that is, we use the first step to get the over-
estimated thresholds and then apply the dynamic programming approach only with these
over-estimated thresholds. It is only for computational purposes, and by doing that, we lose
the tight theoretical bound. In addition, both the tuning parameter selection and switch-
ing variable selection are tricky. The number of estimated thresholds is greatly affected
by choice of the tuning parameter. In change point detection fields,

[ | uses BIC to find the tuning parameter, but [ | then argues that BIC
tends to overestimate the number of change points sometimes. Instead of using BIC type of
methods, the method we apply for selecting the tuning parameter is based on the fact that
the optimization function is linear in the tuning parameter. However, there are some rooms
to improve since not all simulation results work well, especially when the minimal spacing
is small and the data is limited. For identifying the switching variable, simulation perfor-
mances are usually good when there are enough data falls between two thresholds, which
means the minimal spacing is large enough. However, there is no theoretical guarantee that
this method gives the optimal choice of switching variable, where future investigation is

needed.
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Appendix A

SUPPLEMENTARY MATERIALS FOR CHAPTER 2

To explicitly describe the kernel assumption (K), we need to define a few notations
first. A vector @ = (a1, o,...,qaq) of non-negative integers is called a multi-index with
la| = a1 + ag + - - - + a4 and the corresponding derivative operator is

I

D= —— ...
1 g
0z} 8xd

where D f is often written as f(®). The assumption (K) requires the followings. Let

IC:{y'—>K(°‘) <$;y>:x€Rd,]alzl},

where K(®) is the partial derivative along o = (avp, -, aq) direction and let K¥ = U_o K.
ICy is the partial derivatives of the kernel function up to fourth-order. We assume that X}
is a VC-type class. that is, there exists constants A, v, and constant envelope by such that

sup N (ICZ,EQ(Q),bOe) < <A)U,
Q

€

where N(T”,dr,¢€) is the e-covering number for a semi-metric set 77 with metric dp and
L£2(Q) is the Lo norm with respect to the probability measure . While this condition
looks complicated, the Gaussian kernel and any smooth compactly supported kernel satisfy
this condition; see [ ]

For simplicity, we describe some notations which will be used across all proofs. We
denote gs(x) = Vs(z) be the gradient of s(x) and Hs(x) = V?s(z) be the Hessian matrix.
Denote §s(x) = Vi, (z) and Hy(z) = V23, (x), where &, is the estimator of function s. Let
g(z) = Vp(z) be the gradient of p(z) and H(x) = V?p(x) be the Hessian matrix. Denote

gn(x) = Vpy(x) and H,(z) = V2pn(z), where p, is the estimator of function p. For a
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smooth function f, recall that we define ||f||; ~ be the Lo-norm of [-th order derivative.

For instance,

1fllo.c0 = sup If(@)ll, IFll1.00 = sup [[V £ (2)llmax, [Ifll2.00 = sup IV2 £ (2) | max-

Proof of Lemma 1: Recall that s(x) = ||g(x)||? and Vs(x) = H(z)g(z). Thus, C C S, where

S is the collection of critical points of s(z). In addition, the Hessian matrix of s(x) is

where Ty (z) = [H? (x)]kk, + 27:1 8?;;”)91(@ and g;(x) is the [-th component of g(z).

For any m € C,, since C is the collection of critical points of the density p, we have g(m) = 0
and the Hessian of slope function T'(m) = H?(m)., since we assume s is a Morse function,
the eigenvalues of T'(m) is non-zero, which implies the eigenvalues of H(m) is non-zero, thus

completes the proof. ]

Proof of Theorem 2: We will prove the convergence rate and the one-one correspondence.
The first assertion (estimated number of local minima equals the population number of local
minima) follows from the one-one correspondence.

Our proof consists of two steps. First, we show that there is a one to one mapping
between an estimated local minimum and the corresponding true local minimum. Then we
can obtain the rate for the distance by using derivative estimation under assumption (K).

The one to one mapping assertion for local minima can be satisfied by modifying the
result of Theorem 1 in [2016]. Recall that m is a local minimum of s, let 7, be

a local minimum of §,. From the first two steps of the proof of Theorem 1 in

[ |, we can get:
Ao
min ||m, —m|| < ——
meSH " < 2dcy
when ||p, — p||4,max is sufficiently small. Such a local minimum rn, of §, is unique, which

means there cannot be another critical point for that given local minimum of s. In other

words, each m only corresponds to one 1, and vice versa. This completes the proof of one
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to one mapping assertion for local minima.
To derive the rate for the distance ||7h, —m/||, note that () = gs(m) = 0. By Taylor’s

theorem,
gs(m) = gs(m) = g5(m) = §s(Mn) = Hy(m)(m — 1ivn) + O([[iiv, — m|®).
After rearrangement, we obtain:

ity —m = —H ' (m)(3s(m) — gs(m)) + O(|lri, — m|*) = —H; " (m)gs(m) + Rn,

where R, = O(||Hs_1(m)ff[s_1(m)|| : ||§5(m)||+||mn—m||2), which is a second or-
der term.

Since Hg(m) is a positive definite matrix due to Lemma 1 and assumption (L), the rate
of m, —m is determined by the rate of gs(m). By the definition of s, gs(x) = Vs(z) =
H,(2)Gn (). §n(z) = Vpn(z) and H,(z) = V?p,(z) are the gradient and Hessian matrix of
kernel density estimator p(z), and g(x) = Vp(z) and H(z) = V?p(z) are the gradient and

Hessian matrix of true density function p(z). Thus,

|
>
;
B

|
5
B
s
B

gs(m) = gs(m) — gs(m)

(
Hy(m (
(1 (m) = Hy (m)) Gu(m) + Hy (m) (30 (m) = g (m))
(£ (m) = Ho (m)) (G () = gn () + Hy () (31 () = g ()

Let [8] = (B1, B2, ..., B4) be a multi-index (each §; € [5] is a non-negative integer and
118l = 27:1 B). Define DIFl = Lﬁﬁl . vad to be the [B]-th order partial derivative

1
Vi 4

operator [ ].

Under smoothness condition [ ,

1
18l _ plsl — 2 —_
D¥pp(x) — DWpp(x) = O(h”) + Op ( nhd+2|[5]|> '
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Thus, under assumption (K), for a fixed point z,

Hy(z) — H(z) = O(h?) + Op (\/ @)
gn(z) — g(x) = O(h2) + Op (\/ nl;iH)

So gs(m) = O(h?) + Op (%), which leads to

) ) [1

Before we discuss the proof of Theorem 4, we first recall a useful result:

Theorem 12 (Rate of convergence of KDE; page 17 of [2011]). Assume (P)
and (K). Let pp(z) be the kernel density estimator. For each | =0,1,2,3,4, when h — 0

. / logn
[5n = Pllioo = O(hz) +Op ( nhd+21>

Theorem 13 ((Modified) Theorem 2 in [ 1). Suppose f and f are

nhd+2l
logn 00,

and

two smooth functions that are three times differentiable. Given a point xo, let (z(t): t > 0)
be the gradient flow of f starting from xo, and (Z(t): t > 0) be the gradient flow of f starting
from the same point xg. Assume that x(t) ends at the local mode x* and the eigenvalues of
V2f(z*) are in the interval [v1,ve] where 0o > vg > vy > 0. Then there exists a constant
C depends only on f, xg, vi, v such that when maz {||f — f”lm 11 =0,1,2,3} < mazx
{c.071,

sup [3(0) — a(0) < Coma {1 = Tl 17 = I }.

V1
vitvg

where ag =

Proof of Theorem 4: The main idea for this proof is to reverse the direction of the gradient

flows described in Theorem 2 in [2016], which establish a stability result
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for gradient flows of smooth functions f. To apply Theorem 13, the corresponded smooth
function f(z) is s(x), and s(x) = ||Vp(z)||? in our case. Thus, assumption (P) guarantees
that s(x) is three times differentiable., since in Theorem 13, it requires max{||f — f|lj.c0 : | =
0,1,2,3} < max{C,C~'}, which means max{||s(z) — 3(z)|1 : { =0,1,2,3} is sufficient
small. That is max{|[p(z) — p(z)||l1c : { =0,1,2,3,4} should be small. By Theorem 12, we

can get nlzgfs — 0 if h — 0, which guarantees our assumptions.

Recall that pimin(x) and pmax(x) are the smallest and largest eigenvalue of Hg(m;(00)).
Thus, all eigenvalues of Hg(m,(00)) fall into [timin(x), ttmax ()], which means ppyin(2z) and

fmax () are corresponding v; and vy in Theorem 13. Then, we can obtain

N o logn \ 2 4/logn
sup 72(t) = 7 (0] = {O(h2 )+ Op ((n/de> )} A {O(h) +Op (VTLgm) }

Hmin (:C) D

where oo = P e S e

Finally, the proof of Lemma 14 relies on some useful properties from convex optimization.

We first recall a useful lemma.

Lemma 14. According to Chapter 2 in / |, we have several properties below.

e Property 1: When a function f(z) has an L-Lipschitz continuous gradient, then

F@) ~ F0) < @y, VI@) + Sle I’ foreveryz, y €RY (A1)

In addition, constant L is greater than or equal to the mazimum eigenvalue of Hessian

matriz of f(x).

o Property 2:
Let f* = f(z*) = min, f(x), where x* is the true minimum of the function f(x).
The function f(x) is called Cy, strongly convez if and only if there erxists a constant
Cim > 0 such that the f(x) — CTWHJIHQ is a convex function. In addition, for each step
t, we have:

£ = fa) > (@ = 2TV ) + Pl — il (A2)
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which implies

(2 — )TV (20) > f (@) = [+ 2" — . (A.3)

e Property 3: Let f* = f(x*) = 0, where x* is the true minimum of the function f(x).
Assume function f(x) has an L-Lipschitz continuous gradient. Then, we have:

f@) > 7 V@) + f*. (A.4)

L
2L
e Property 4: By the settings in Property 2 and Property 3, we have:

2(f (=) — [*)Ch

IV @)I* > Cpllz — «*|* > T 2 2f(2)C /L (A.5)

Proof of Lemma 1/: Property 1 can be directly obtained by the definition of L-Lipschitz
continuity. For property 2, f(z) is strongly convex, so |V f(z)|| > Cnllz — x*||, where
Cy, is smaller than or equal to the minimum eigenvalue of Hessian matrix of f(z). For
property 3, f(z) is L-Lipschitz, so f(z) < %Hm — 2*||? + f*. According to the fact that
f(z) > f* =0, then,

)+ f < Fle) — )
= flae— V(@) ~ fa)
< S = TV ) - f() (4.6)
< —Z IV + 519 )P
= IVl

Thus, the results are as desired. The C),-strongly convexity implies ||V f(x)|| > Cp, ||z —2*||
and the L-Lipscthitz gradient implies f(z)— f* < £||z—a*||. Thus, the Property 4 holds. [

Proof of Theorem 5: From assumptions (Al) and (A2), there exists a ball with certain

radius Ry around each minimum of s such that all points within that ball have all positive
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eigenvalues of the Hessian matrix. Let a starting point within a ball to be zg. Note
that within each ball, s(x) is Ag-strongly convex,, since the Hessian matrix has all of its
eigenvalues bounded [ |. The constant Ag is from assumption (A2).
According to assumption (P) and (L), s is a continuously differentiable function with
Lipschitz continuous gradient and Lipschitz constant L. Consider a minimum m; € S and

let s* = s(m;) = 0. According to Property 3 and Property 4 in Lemma 14, we have:
() 2 5 Vs 2 5 26(e) N3/ L. (A7)
s(x 57 IIVs(at 57 28 (x4 .

After rearrangement, we obtain:

1> 25 (A.8)
For step t + 1,
241 — myl|* = [|lw — mj — yVs(zy)]|
= [l — mj 1> = 2y(xe — my) Vs (x0) + 72| V()|
gm—wW—mwm—f+%%w—mm+fwwmw
< Jlwe — my| 21 = yo) — 2ys(xe) + 72 Vs () |* (A.9)

The first and third inequalities are due to Equations (A.3) and (A.4). By Equation (A.8),

0 <X < )‘—LO < 1. This proves the first statement.
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Applying L-Lipschitz again and according to the Property 4 from Lemma 14, we have:

s(we1) — s(w) = s(xe —YVs(wy)) — s(w¢)
2
< Vst + 2L Ts(a0)?

(A.10)
= (1~ D) |Vs(a)?

Ly 2ste) — 5N

<—0=-=) 7

By rearrangements,

s(we+1) < s(x) (1 — 2y (1 _ L;) )f)
1

= s(wy) ( - 2§ 42 ( _ >2> | (A.11)

Recall that xq is the initial point. By telescoping, we can get:

h

9 2 t+1
SS(%)( —%7”\3 <7—2> )
9 2 t+1
= (s(z0) — s(m)) (1 - % +A3 <’Y— i) ) :

A3

2
75]. By Equation (A.8), % <1,

2
, since 0 < vy < 1/L, —% + A2 (fy — %)2 lies in range (0,

2
— % + A3 (7 - %)2 < 1. This completes the proof. O
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Appendix B
SUPPLEMENTARY MATERIALS FOR CHAPTER 3

Notations. We first describe some notations which will be used across all proofs.
For a symmetric matrix X, let Apax(X) and Apax(X) denote its maximum and min-
imum eigenvalues and ||| X||| denotes its operator norm /Amax(X’X). For any matrix
M, if {G1,Ga,...,Ggy,} denote a partition of {1,2,...,|vec(M)|} into go non-overlapping
groups, then we use [|M |2, to denote maxy—1.. 4, [vec(M)g,||2 and ||M||2,1 to denote

g=1 [vec(M)g,

2, where vec(M)g, represents all the elements of vectorized form M in
Gy group. Let S = {wi, w2, ..., W, }, where w; denotes the j-th order of true threshold.
Set mo = |S|. Let b; denotes the order of the j-th estimated threshold in Step 2.

Appendix 3.1: Some Definitions

Sub-Weibull random variable: A random variable U is sub-Weibull |

, | if there exist constants Ky > 0 and 3 > 0 such that
Uy = sup ¢ U9 < Ky (B.1)
c>1Ns

Moreover, Ky is called the sub-Weibull constant while »’ > 0 is called the sub-Weibull

parameter.

Mixing conditions: We follow the definitions in [ ]. Given the probability
space (2, F, P), for any o-field A C F, define Ly(.A) to be the family of all square integrable

A-measurable random variables. For any two o-fields A and B C F, we define:

o, =sup|P(ANB)—-P(A)P(B)], Ac A BEe€B; (B.2)

I J
B=sups 3 TP (A 0 By) — P (Ay) P (Bl (B.3)

i1=1142=1
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where the supremum is taken over all pairs of (finite) partitions {Aj, As,..., A;} and
{B1,Ba,...,By} of Q such that A;, € A for each i; and B;, € B for each i2. The stochastic
process is said to be a-mixing (strongly mixing) if o/, — 0, and S-mixing if 5, — 0. Note

that /-mixing implies a-mixing.
Appendix 3.2: Technical Lemmas

Lemma 15. Under Assumptions B1, B2 and B5, forx e R,1 <1,I' <p,1 <k <K,

(kL (2t < )€

1s sub- Weibull with parameter m;

Ty (2t < ) w0

is sub- Weibull with parameter s /2.

Proof of Lemma 15: According to Assumptions B1 and B2, we know z(;_g)) and € 1)
are sub-Weibull with sub-Weibull parameter s and .. From Proposition 3 in

[ ], we have x(_p) )€y is sub-Weibull with parameter Similarly,

1
1/5a0+41/5"
T((t—k)1) T (t,r) 18 sub-Weibull with parameter s /2.

Combined with above statement and based on Theorem 1 in [ ],

there exists K¢ > 0 such that for all y, > 0, we have:

> ) <P (|z-rneen| > ve)
(zaz) (B.4)
< 2exp (— (o) Ko) (555 ) |

P (o) (2 < @) e

By Theorem 1 in [ | again, z(q_p) ! (2t < x) €y is sub-Weibull

with parameter By similar procedure, we can prove x(_p) )l (2t < ) 2110 18

1
1/5a0+1/3c"
sub-Weibull with sub-Weibull parameter s /2.

Lemma 16. Under Assumptions Bl to B/, there exist positive constants C, cg, ¢1, ¢2, C3,
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such that for

n > co (log(pzl('))wﬂo_1 ,

with probability at least 1 — c3my — 12, we have:

1 lo
2 Z' Bl < 022 (B.5)
n

where n1 = exp (—01 log (pQK)) and

nF1%e/2(a+xc) )
Ne =exp | —co (log n)2%1%c/(%1+%c) + log (np K) .

Proof of Lemma 16: First, we rewrite Equation (B.5) with respect to the switching

variable z; and t as:

n

> wa—nn! (2 < zx) e

1

max — . (B.6)
1<i<n, 1<LV<p,1<k<K N

The main goal is to find a proper rate for Equation (B.6). The indicator term I(2; < zz(;))
makes the proof more complicated, since we need to maximize Equation (B.6) w.r.t. ¢ and

we have no control on z,(;). Hence, we rewrite Equation (B.6) in the following form:

1 n
— I(z < "l - B.
pera 2 ek ;ﬁ((tk),z) (2t < @) € (B.7)
Similar to [ ], we use the bracketing technique to bound Equa-

tion (B.7). To simplify the notation, we denote xfl = T((4—k),), and let WT(Ll/’l’k)(a:) =

ﬁzyzl xf,ll (Zt S{L‘) Et,1)- Define F(x)(a) = all(_oojx) (GQ) for a € R? and F =
{F(x) tx € R}. Write I'(,) as I'. Let Mt(l/’l’k) = :nf,le(u/) and Yrgl’l’k) = (Mt(l/’l’k)/\/ﬁ, zt)
for 1,I' € 1,2,...,p and k € 1,2,..., K, then W """ (z) = L, MR
21 L) (nyi/’l’k))

I(z<x) =
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For any 1 < x9, we have:
B[ 1) = W) )]
n 2
1 ,
=" [Z ML (5 < ) = 1 (20 < xz)]]

- F |:<M(l ,l,k’)> I(-%'l <z < .%'2):|
_ ( l lk 2) l,l7k,‘ _qw ,l,k)( )>

’ ’ 2
where GUHF) () = E [(Mt(l 7“6)) I(z < 33)] /E( l’l’k)) Then for fixed I, 1, k, we can

construct a psudo-metric

d(x1,x9) = \/(E ( Ay @bR) ) > ]G 1) (29) — GULR) (1))

For any 0 < § < 1, the integral of the bracketing entropy satisfies the following

§ é
/ V1og N (e, F, Lo)de < C/ v/ —logede < oo, (B.9)
0 0

where N (e, F, L2) denotes the brackets number, that is, the minimum number of e-brackets
needed to cover F. Choose a fixed integer qg such that 49 < 27% < 8§. Then, choose a
nested sequence of partitions F; , of F indexed by the integer ¢ > go. By the Chaining
Lemma | , ], set Py ={T(g):2 € By,,1 <u < Ny} such that:

Zz 1,/log N, </ V1og N (e, F, Ly)de,
q4=q0

(B.10)

n
’ 2
EA? (Bg,,) = fEZ sup (Mt(l ’l’k)) T (21 < 2 < m9)| <2729,
L — (z1,22)€By

Fix g for each level ¢ > qo and each partition F, ,. For x € B, ,, select a fixed z, , € B, ,
and define:
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Note that
>or ()
t=1
B = (' Lk) = L)Y (I 1,k) (B.11)
=3 T (V) + 2 (0 () =Ty (17))
t=1 t=1
_ Hl(l’,l,k;) _'_Hél’,l,k)’
where
ULk (V' L,k)
Hl - Z F(ﬂqox) (Ynt )
=1
and
n
Uik (' 1,k) (' 1,k)
H2 - z (F (Ynt ) - F(qux) (Ynt )) .
t=1
To bound H fl/’l’k) , we apply Proposition 7 in [ ], and take the union over

Ny, balls (which is a finite number). Let K, cg, ¢1, and ¢z be positive constants. Then, for

n > co (log(sz))Q/%O_l :

we can get:

1<LI<pI<k<K T (3)eFr =1

n , 2
P < max sup ZF(WM) (Yn(i ’l’k)> > c1Kv/n IOg(JZK))
(B.12)

<Ny, (2exp (—e2log (P°K))) -
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To bound Hz(ll’l’k), define

ag =271/ [(logn)* v/log Ny |,

le’,l,k) (B)= sup ‘ ( y (' 1k) ) T o) ( z,z,m)"

(xl,af)g)EB
Uk Uk
AL = 1 (2" (Byyw) > ag, )

Uk Uk Vlk ULk
Ct(q 1)—I<Q§ )(BQO‘T)SQQOV"?QE )(Bq—lx)éa( 1 )>7
Uk VlLk
D) = I<Q§ ) (Byyx) < agys - - -

le k) (Bg—1x) < ag—1 ,Q(l lk)( Bgx) > aq>.
Since EH(l k) 0, Hz(ll’l’k) can be decomposed into three parts

i = T Uk an
Y = Z{ |:F(:B)(Y75t )~ F(qu.r)(y( ))} AP

nt t,q0
t=1

~E[[T 0 T (0] 2159 )

t,q0

P30 3 { [PV — Ty (9]

t=1 g=qo+1
—E | [Dry (%t ) = T,y (V)] €510] ) (B.14)
+Z Z { [ (v L)y —T(W)(Y,ﬁ/’l’k))] Dg;,z,k)
t=1 g=qo+1

(I',1,k) (I 1,k) (I 1,K)
-E |:|:F(a:) (Ynt ) - F(an:) (Ynt )] D t,q :| }
S(l LK) S(l/lk) +S(l’,l,k)
By Lemma 15 and Proposition 3 from [ i T)(Yy, v ’l’k)) -
L (o) (Y(ll’l’k)) is sub-Weibull. So there exists a constant Cy and s > 0 such that

nt

Uk 1Lk |\ Ve s1+1/ 2
(E‘F(ac)(yn(t )) F(Trqox)(y( )) ) §C’oc(1/ 1+1/5c)

for all ¢ > 1. Then, using the sub-Weibull property (first part of Theorem 2.1 in
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[ |), for any € > 0, we can get

IP’( sup ‘S(l ’l’k)‘ > 5) < ZIP’ (‘M(l ’l’k)’ > faq())

SneXp< 5(Vag,) e/ ) ) (B.15)

where c3 is a positive constant and s, 5. > 0. Now, take the union over p?K. Then, for a

Sr(zli’l’k)’ > 5)

< np®K exp <—Cg <\/ﬁ2_qo/ [(log n)? y/log NqOHD%WC/(%ﬁ%C)) (B.16)

n%1%0/2(%1+%c) 1 2K
< — .
R (log n)2”1”c/(%1+%c) + log (np°K)

positive constant c4 such that:

max su
1<l <p,1<k<K I(z)eF

The second inequality satisfies since qq is fixed and its value will be determined later. To
bound S&’Lk) and SS?)’l’k), we apply a similar procedure as in Lemma A.1 in

[ |. Specifically, let

) (0.0 ) ={ (T (Y) = Dy (1)) 0210

B (419) i (5°9)) 1] )

For any ¢ > qo, since T'(,, )(Y(l lk)) and I'( (Yn(i/’l’k)) are points lying in one of the balls

Tq—1)
By 1, v < N1, {¢, @ ’l’k)( ['(z))} is a centered B-mixing process. Since S-mixing implies
a-mixing, we can use the results in Lemma A.l in [ ]. For any y > 0, there

exists a positive constant cs such that

, log N,
IP( sup_ |55 = hq0y> § N, exp { c5y2 fg } (B.17)
Dayer q=qo+1 y

where hy, = Zq w2 /2 /log Ny, and go,n > 3. Since ¢ and j are fixed, we take the union
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(l k)

over p?K again and get the bound of S, as

ULk
P max sup ‘57(12” )‘ > hgyy
1</ <p,1<k<K L) EF

Jog N, (B.18)
Ny exp _0Y 08 % 4 1o ( K) .
2+y g\P
q=qo+1
Use the same argument of S(l k) , we have:
(l/J,k)‘ >h
<1<z l’I<I]19,1<k<Kp(Sl>lI€)]: n3 = Moy
(B.19)

< i N, ex —w—l—l (2K)

When n is large enough, we can combine S(l ) S(l lk), nd S’(l k) Thus, we have:
sup H(l/ " > 2hg, (y + 1)}

ax
{1SUISP11S]€§K F( )Ef

<2 Z quxp{ nggi(:gN—Hog( K)}+

1% /200 + )
exXp | —C4 »
(log n) >/ P1t7) 4 log (np2K)

(B.20)
< 2p°K E quXP< = q)

q=qo+1 2ty
, - n%1%6/2(%1+%c)
np”“ K exp ( (log n)2%1%6/(%1+%c)

<2p°K Ny Y +np*Kexp | —cy4 5
o (log )27/ C1+74)

Now, take y = C’%

hg, < 1. Note that N, is a constant since gq is selected to be fixed. Equation (B.12) and

v/n and gy to be a smallest integer such that ¢p > 3 and

Equation (B.20) give Lemma 16 as desired. Specifically, if we choose C{) large enough, there

exist positive constants C, cg, ¢7, cg, cg > 1, c1g and 5y > 3 such that
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1 n
d ovp —kll(ztSZL‘)Etl/ >
(a:eR 1<LV<p1<k<K T ; ((t=k).0) (1)
C5y

Q%QWWﬂM@%W+WK§:NZH
q=qo+1

n%l%c/2(7’fl+%c)
(log n)2741 %c/(%l +74c)

+ np?K exp (—04

< Ny (2exp (—c2log (p°K))) + c7p” K exp (—csy)

n%I%c/Q(%1+%c)
)2%1%c/(%1+%c)

+ np? K exp (—04(

logn (B.21)

< Ny, (2 exp (—02 log (pQK))) + c7exp (_CSC(/) log (pQK) + log (pQK))

e/ 2(a+xc) )
+exp | —¢4 (log n)2%1%c/(%1+%c) + log (np K)
< cg exp 0910g( 2K)+log( 2K))

2
+ exp (logn) 2%1;4c/(%1+%c) + log (np K))

n*l e /2(s1+52c)

(-
< 1% /200 +xc)
(-

< ¢cgexp (—c1plog (p K)) + exp <—C4 (log n)2%1%c/(%1+%c) + log (np2K)> )

Lemma 17. Under Assumptions B1 to B4, there exist positive constants C, cgy, c¢1, c2, and

c3, such that for

n > ¢ (log(pK))*/ ™"

with probability at least 1 — c3my — n2, we have:

p?K log (pQK)
n )

1
N Z'Ell200 < C (B.22)

where N1 = exp (—cl log (pQK)) and

1% /200 +5)

72 = exp (—62 (log n)2%wc/(%1+%c) + log (anK)> .
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Proof of Lemma 17: By combining Equation (B.12) and Equation (B.20) in

Lemma 16, we have:

: (1HZ’EHoo > o (p2K)>
n \/’ﬁ
(B.23)

nJ'fl %0/2(%1 +%c)

2561 32¢ /(31 +72¢) + IOg (nsz)> ,

< cgexp (—cl log (pQK)) +exp | —c2
(logn)

where C, c1, co, c3 are positive constants.
Let G, represents the group in group lasso for ¢ = 1,2,...,n, where G; =
{1,2,...,p°K},Go = {PPK+1,p° K +2,...,2p?K}, ..., Gy = {(n=1)p*K +1, (n—1)p°K +

2,...,np>K}. Note that for none overlapping group Gg with size p> K, we have:

|lvec(Z]E),l € Gyll2 = Z lvec(Z]E)|? < max |vec(ZlE)| (B.24)

1
VPPK 7 T leG

where Z] represents [-th row of Z’. Thus,

|lvec(Z'E)||2,00 = max

1
g=1,...n \/})27

< max max |vec(Z|E)| (B.25)
g=1,..,nleGy

|lvec(Z E),l € Gyll2

1
VPPK

= HZ'EHoo-

Combining the Lemma 16 and Equation (B.25), we have:
1 log (p’K
P (e (@B) o > ViR 1)
n vn

vn

n* e /2(se1+52c)

< c3exp (—01 log (p2K)) +exp | —c2

P (:LHZ’EHOO > clog(p;K)> (B.26)

2
(10g n)2%1%c/(%1+%8) + log (np K)) ‘

Lemma 18. Set 0% (s) =E (.I'(t_kvg/)f (rj—s<z< rj))2 for any given 1 < ¢’ < p. Under

Assumptions B1 to B/, there exist positive constants c;, C, C’, C’;, C’Z{/ fori=1,2,..., such
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that for any given j-th threshold, with probability at least 1 — 01,

sup (no® (s)) -
1<k<K,
[s]>vn

Zm(t_k)m;t_k)l(rj —s<z <ry)
t=1

—E (:I:(t,k)m/(t_k)l (’I”j —s<z < Tj)) H (B'27)

o[t

Yn

where

n

L n 2 9 o\ 1—50/2 2
01 =maxsexp | —C] [ — (log (p K)) + log (p K) + log (n)

1 0 —
+ exp <—C’§Fy log (pQK)Q/ ot

exp (—C;’», ()2 (log (p*K)) '~/ + log () + log (mn))

+log (p2K)> ,

+ exp (—CZ1 log (192[()2/%071 + log (p2K)> }

In addition, with probability at least 1 — 03,

n 2
1 log(p*K)
Sup (no® () |D_wawnd (rj =5 <z < 15) €| < C'——= i (B.28)
[Zh<K, =t
[s|>vn
where

) n}tl%c/Z(;qu%c) )

do = c3exp (—04 log (p K)) +exp | —cs (log n)hl%ﬂ/(%ﬁ%) + log (np K) . (B.29)

Proof of Lemma 18: The proof for this lemma is along the lines of the proof of
Lemma A.2 in [ ]. Assume a fixed small number D > 0. Since o2(s) is
non-decreasing in given distance s, and €; and z; both have bounded positive density based

on Assumptions Bl and B5,

o?(s) > o*(D)>CD if s> D, (B.30)
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where C' is a constant greater than 0. Similar to Lemma 16, for s > D > =, according to
Equation (B.12) and Equation (B.20), for a given j-th threshold, there exist large enough
positive constant Cp, and positive constants C’, ¢y, C}, for B’ =1,2,...,12 such that

n

Zx(t*kyl)l (Tj —s<z < T'j) €t,1')
t=1

> (&)%)

P sup (no®(s)) !
1<L,l' <p,
1<k<K,

|s|>D

n
—1
<P[ sup (no2 (s)) Zx(t—k,l)j (rj —s <z <7j) e (B.31)
1§17ZISP7 t=1
1<k<K,
|s|>D

> 0 8 <s>)

n* e /2(se1+ )

< czexp (—c1log (p2K)) + exp (—02 7+ log (np2K)> )

(10g n)2%1 %c/(%l +c

Thus, with high probability, we obtain Equation (B.28) when s > D.

When s € [y,, D], we want to partition the interval into small pieces, and prove the
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consistency in each piece. Let M = [log (D/~y,) /logb], where b > 1 is a constant. Now,

> y1>

Pl sup (na2 (s)) !
1<Ll'<p,
1<k<K,
5€[yn, D]

M

-1

< P sup no? (b9,)

2. < 1<Ll/<p, ( )
1<k<K,

s€ [bg’Yn b9 ]

n
Zx(t_kvl)l (Tj_l —s< 5 < 7"]'_1) €t,1)
t=1

s <z <7y - b7 7n) €@l

> y1/2>

+ P sup (n02 (bgfyn)) !
=\,
1<k<K

T—ppd (rj — b9 < 2z <1j) € y)| 2 y1/2>
—1
M 1
Z < sup n02 (bgvn))
9—=0 1<1,l'<p,
1<k<K

Z ‘x(t—kJ)[ (rj — bg“'yn <z <rj— bg’Yn) €ty = y1/2> (B.32)

M

1

+ P sup no? b9,

Z <1§l7l’§p,( ( n))
<k<K

Zx(tfk,l)l (rj = b9 <zt <7j) €y

M
g1
Z sup C’lnynb )
g=0 1<,/ <p,

T<k<K

> y1/2>

Z 2] (1 — b9y < 20 <1 = 9) €

> y1/2>

M
+ Z P sup (C{n*ynbg) -t
= \i<ir<p,

<k<K

n

D wrpyd (r = Wm < 2 <) €y
t=1

M M
=: Z Hng + Z Ing-
g=0

9=0

> y1/2>
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Recall that 1 > 3¢ > 0, and the fact that the function of a S-mixing process is also a

[-mixing. Since x; and z; are S-mixing,
Tyl (1j — VI < 20 <1j) €y

and

Tkl (rj - W <z <1y - b9vn) €(t,1)

are f-mixing. To bound H,4 and 1,4, we can apply Proposition 7 from [ .

Set
nf2 = g 0,
NYn
For
Clbny > Cf (log (p?K))* 7
we can get

I,y < ]P’( Cln'ynbg Zx(t el (15 =09y, <z < 1j) 0

> (Y

nYn

log(p2K)> (B.33)

< 2exp (—C’fl log (pQK)) .

Then, we can get

< Clexp (—Cjlog (p°K)) . (B.34)

1Mz
2

Similarly, we can get

WE
s

< Chexp (—Cjlog (p°K)) . (B.35)
g=0

By Equation (B.35), Equation (B.34), and Equation (B.31), we then can get:

log(p*K)
sup na T —s<z<r n| < C0'——-, B.36
S Z k1t t < 7)€ ) e (B.36)

1<k<K,
[s]>vn
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with probability 1 — d3, where

n%1%6/2(%1+%6)

03 = c4 €xXp (—05 log (sz)) + exp (—02 ) + log (anK)> . (B.37)

211 %c/(%l +2c

(logn)

Thus, this proves Equation (B.28). Similarly, we can prove Equation (B.27). Note that

E (a:(t_k)a:(t_k)l (rj—s<z< rj))

is non-decreasing in s and E|x;|? is positive and bounded from Assumption B2. For s >

D >, we first fix [,I’in 1,2,...,pand kin 1,2,..., K. Recall that
o?(s) > o*(D)>CD if s> D, (B.38)

where C is a constant greater than 0. Note that s = (1/(3¢/2) +1/50)"" < 1. By

Assumption B2, Lemma 15, and Fact 1 and Lemma 13 in [ |, for n > 4,

IP’<|sup (no? (3))_1

n
Zx(t—k,l)x(t—k,l’)l (rj—s <z <rj)-
s|=D =1

E (x(t—k,l)l'(t—k,l’)l(rj —s<z < Tj)) ’ > y2>

(B.39)

< IP’( sup (CDn)~*
|s|>D

<Z$(t—k,l)$(t—k,z’)1(7"j —s<zm <) -
t=1

E (2@—pn@i—nid (rj —s < ze <rj)) > ‘ > yz)

< nexp (—cg(ny2)™) + exp (—erny3).



Then, we take the union over p?K:

n

Zw(t—k)m/(t—kz)l (rj—s<z <rj)—
t=1

IP’( sup (n02(5))71
1<k<K,
|s|>D

E (w(t_k):v,(t_k)l(rj —s<zn < Tj)) H > y2>

=P| sup (n02 (s)) !
1<V <p,
1<k<K,
|s|>D

E (m(t—k,l)x(t—k,l’)l (Tj —s5<z < ’r'j)) ‘ > y2>

< nexp (—cg(ny2)™ + log (p>K)) + exp (—crnys + log (p°K)).

n
Zﬂ?(t—m)l‘(t—k,z')f (rj—s<z<rj)—
t=1

128

(B.40)
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For s € [y,, D], we have:

P sup (n02 (s)) -
1<k<K,
D>|s|>vn

Zw(t_k)wl(tfk)f(rj —s<z <rj)—
t=1
E (w(tfk) @ gyl (rj—s <2z < 7”])) H > yQ)

1<k<K,
5E[b9vn,b9 T )

M
gZP( sup — (no® (1))~

o (rj—s <z <rj—bIy,) —

-
8

E <m(t—k)m,(t—k)l(rj —s<z<rj— bg%)) H > 3/2/2)

M
+ Z P sup (n02 (bg’yn)) -
= L<h<K,

SE[697m b9+ 1]

antk T(1—k) I(rj—btvm <z <r;)—

(B.41)

E (x(t—k:)m/(tfk)l (rj = b9 < 2 < Tj)) H > y2/2>
M
< ZP< ( bg’Yn

E <m(t_k):c,(t_k)l (’I“j — bg+1’7n <z < Ty — bgVn)) H > y2/2>

Z @1 (rj =0 < 2 <y = V) —

1<k<K,
SE[B9vn,bI T yn)

M ) »
+> P( sup  (no? (b))
g=0

L (= <z < 1j) —

E <m(t—kz)w,(t—k)l (rj =097 < 2 < Tj)) H > y2/2>

M
=2 Ting + Zhng
9=0
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Note that E (a:(t,k)a:/(t_k)f (rj—s<z< rj)) is non-decreasing in s and E|xz,|? is positive
and bounded from Assumption B2. By Lemma 15, Lemma 13 in [ | and

taking union over p?K, for ny, > 4, we can obtain

M

> Ting < nymexp (—cs(nmy2)™ + log (P°K))
9=0 (B.42)
+ exp (—cmwny% + log (pQK)) .
Similarly, we have
M
> " Ipng < nym exp (—c10(nymy2)™ + log (P°K))
9=0 (B.43)

+exp (—criny; +log (P°K)) -

Combining Equation (B.42), Equation (B.43) and Equation (B.40) and setting

n

oo (2 1/#0—1/2
Y2/2 = c12 <(1 Blp K)) )

with large enough cy2, we have

n

Zw(t,k)wl(tfk)f(rj —s<z <rj)
t=1

sup. (no*(s))™
1<k<K,
[s|>n

—-E (w(t_k,):c,(tik)l (rj—s<z< rj)> H (B.44)

low (2 ) /70172
<Cl2<(0g(p ) |

= T
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with probability 1 — d4, where

0y = max{nexp (—c6(ny2)™ + log (p2K)) + exp (—mny% + log (pQK)) ,

nyy exp (—cs(nyny2)™ + log (p*K)) + exp (—conynys + log (p°K)) }

oo (2 1/500—1/2\ \ *0
= max{nexp (—66 (71612 <(1 g(p KT)L’?}/ )) + log (pQK)>
1/30—1/2\ \ 2
+ exp (cm <C12 <(10g(p2K?Zl >> + log (PQK)) ;

| 2 1/50—1/2 >0
NYp €XP <_C8 (n’YnClz <( 8P 7,)3% +log (pZK) (B.45)

oo (p 1/x0—-1/2\ \ 2
+exp (CQH% (Clz <(1 s Kgi >> + log (sz)) }

;[N *0/2 2 1—3¢0/2 2
= max< exp | —C5 <7> (log (p*K)) + log (p°K) + log (n)

n

1 sto—
+ exp <—C’é7 log (p2K)2/ !

exp (=Ch (n7) " (log (1K) + log (2K) + log (n7) )

! + log (sz)> ,

+ exp (—C’{O log (pQK)Q/%O_l + log (pQK)) }
Note that C’ (ny,)*/? > (log (p?K))™ by Assumption B4. So
C'n*0/? (log (pQK))l_%O/2 > log(p?K).

Thus, both

n

n 0/2 o
exp (—C§ <7> (log (pQK))1 /2 + log (pQK) + log (n))

and

exp (~Ch ()" (10g (1)) ~*"* + log (1K) + log (n7,))
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will converge to zero as sample size n tends to infinity. According to Assumption B2, s < 1,

s0 2/39—1 > 1. As a result, 4 will converge to 0.

Lemma 19. Set 0%(s) = E (:c(t,k,g/)f(rj —s<z < 7']‘))2 for any given 1 < ¢’ < p. Let
I, € R™*" be the diagonal matriz with diagonal I1(s), ..., I,(s), where I;(s) is a p X p
diagonal matriz with all diagonal elements equal to I (r; —s <z <rj) fort =1,2,...,n.
Under Assumptions B1 to B/, there exist positive constants cs,cq,cs5, C’, C’f, such that for

any given j-th threshold, with probability at least 1 — 3},

2 —1 / /\/p27KIOg(p2K)
2L (B <C : B.46
e o

where

n%lﬂc/Q(%l‘i‘%c)

85 = c3exp (—04 log (p2K)) + exp (—05 + log (anK)) .

(log n)Qﬂl%c/(%1+%c)

Proof of Lemma 19: By Lemma 18, we have:

n

-1 lo 2K
Pl sup (no®(s)) Zx(t,kyl)l (rj—s <z <rj)eqp| <C e(r k)
1§l,l/§p, t=1 n')/n
1<k<K, (B.47)
‘S‘Z'Yn

1% /20 +5x)

2501 3¢c [ (se1+52¢) + 10g (anK)>

< c3exp (—04 log (sz)) + exp (—05
(logn)

where C’, c3, ¢4, c5 are positive constants.

Note sup;<;y<p, (n02 (s))_1 }Z?:l Tl (rj —s <z <71j)€qyy| can be written as
1<k<K,
[s|>vn

SUpP|s|>~y, (WTQ (5))_1 HZ/Hrj (S)EHOO for a given r;.

Recall that G, represents the group in group lasso for g = 1,2,...,n, where G| =

(1,2, pPK},Go = [P K+ 1, 02K +2,...,29°K},..., G = {(n—1)p* K +1, (n—1)p*K +
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2,...,np?>K}. For none overlapping group G, with size p? K, we have:

1
Jveel 2L, ()E).L€ Gyl = | 5o S foee( 2L, () )

1
VDK
I€Gy (B.48)

< Zl..(s)E
< ?Elg}g( |U€C( l r](s) )|7

where Z] represents the [-th row in Z’. Thus,

1
HU@C(Z/HT].(S)E)”Q,OO = max 7\]vec(Zl’]ITj (s)E),l € Ggll2

1
\/pQK B g=L,...n \/p2K

max max |vec(Z[L,;(s)E)| (B.49)

9=1,...,n leGy

IN

= 12'L; () E| oo
Combining the Lemma 18 and Equation (B.49), we have:

oo (p2
P ( sup (no? (3))_1 |vec (2", (S)E) [|2,00 > C\/p2K1g(\pr))
s[>vn n

1, log (p2K)>
P sup (no?(s Z'l,. (8)E|e > C———+ B.50
< <|s|>3n( (s)  1Z'L;(s)Elloe > N (B.50)

n%l%c/2(7’fl+%c)

< czexp (—01 log (sz)) + exp <—02 + log (nsz)> .

(log n)Q%I%c/(%l‘f'%c)

Lemma 20. Under the Assumptions B1 to B5, for m < myg, there exist constants c1,co > 0
such that
Ln(Sl, 827 sy Sm 77n)

]P’< min
{81,SQ,...,Sm}C{l,Q,...,TL}
(B.51)

n
>3 lexoll, + enidn = comd? (mn)*! ) 1
=1

where An == min1§j§m0+1 |’I“j — T‘jfl‘.

Proof of Lemma 20: The road-map for the proof of Lemma 20 is similar to that of
Lemma 4 in [ |, once adapted to the TAR modeling framework.

Denote b;s as the order of the given j'-th estimated threshold s;. Since m < my, there
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exists a threshold 7; such that |s; — ;| > A, /4. In order to find a lower bound on the sum
of the least squares, without loss of generality, we try to find a lower bound for the sum
of squared errors plus penalty term in the following three cases: (a) |s;7 — sj—_1]| < Vp; (b)
there exist two true thresholds 7,741 such that |s;_; — ;| < v, and |sjy —rj11| < yy; and
(c) otherwise.

Based on the Assumption B5, {z;} is a f-mixing process, then I(ug < z; < up) is an
B-mixing process for fixed up and u;. By the second inequality of Theorem 1 in |

, |, there exists a certain positive constant c¢p such that:

n

Z[(uo <z <up)

t=1

< cpnE I (ug < z¢ < u)| (B.52)

with high probability. Since nE |I (uyp < z; < up)| < n(u; — up),

<negE|I (up < z < up)| < nep |ur — u| (B.53)

n
Zl(uo <z <)

t=1

with high probability. Recall that according to Assumptions B1 and B5, the density of {€;}
and z; are positive, so

O'2 (Sj/ — Sj’—l) > Co ‘Sj/ — Sj’—l{ s (B54)

where ¢y is certain positive constant.
Use ésj,_lysj, to denote the estimated parameter in the estimated regime (s;; — 1, s;].
Recall that bjs represents the order of the given j'-th estimated threshold s;. To simplify the

notation, set 6 = 03],,_1,%_,. For case (a), consider the case where r; < sy_1 < sjr < 7j41.



Then,
bj/ A )
2. ’%(i) —0Y.)|,
iij/_1+1
bj/ bj/fl

= Y el + X H(A“j“)—é)

1=by_;+1 i=b.,

- 3 el (A -0 W <
t=1

7' =1
b]-/
!/
G4+ 4

’i=bj/_1+l

bj/

i=bj1_1+1
S i+ _ )
/ S+ )

’iij/_l-i-l

bj/

bjl . AN\ /
> ) HemeZ -20 > Y, (A(”JH) —9> €x(i)

i=bj_;+1 i=b,r_y+1

bj/

by
> ) lex | — c2 ZJ: Y, o €nto HA(.,jH)_éHl'

i:bj’fl"_1 ’i:bj/71+1

o0

(4)

2
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(B.55)

In case (a), |s;s — sj—1| < vn. Based on Lemma 16 and Equation (B.53), we can get

b )

> e — 0%,
i:bj/71+1

by

> Y Jenwlly — covimmtos (52K) A -4

i:bj/71+l
According to Assumption B7, we obtain
by ‘

Z‘:bj/71+1

Tr(i) = OYr()

J

> Y ey — covmmlog (2K) |4l

i:bj/71+l

2
2 + n(sj/il,sj/)

(B.56)

(B.57)
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For case (b), consider the case where s;/_; < r;j and s;jr < rj41.

. by ) , A
by — by ) ‘ Tr(i) — 0¥y ||, + Msyr_is,n) |9
R Y
b, (B.58)
1 7 , 2 ,
4 ALy ‘A(.,m)H '
_bj/ — bj’—l Z ‘ L (i) o) 9 (sjr_1,8;7) 1

i:bj/71+1

By rearrangement, there exist constants ¢ > 0, ¢y > 0, co > 0, c3 > 0, and ¢4 > 0 that

satisfy
, 112
0<d At o)
2
b.s
1 j . A\ / : A
Y  (AGHD) _ @) (AGITD _9) v,
_na2(sj/ — Sj/71> = (i) ( ) ( ) (1)
=b._,
b.s
9 J R ) / ]
Y. (6 — ALY ) — ALY
S e 7 (4) ( ) (mw(z) 7r(z)>
=b.
[bj = bjr—1] (HA( J+1) H — 1o )
no?(sj — sj-1) Corey ! '
< e log(pQK) +02MAd* Lb HA S 0”
n(sj —sj_1) (SJ’ - 51/*1 (B.59)
L1 9
+C377(s]~/71,5j/) (HA( ’ )Hl N H0H1>
2
LU vy —" — U
n (sj—sj—1) n(sj = sj-1) !
+C3n(s./ 1 S~/) (HA(J—FI)H N HéH )
<C377(71’5’

U N

6377(8 1155 )
1T

HA(-J‘H) Iy
= 2

‘A( JH+1) 0”
1,7¢

S3+D B
§20377(5j/,1,8]~/) HA( - 0”1 ’

This implies 3[|ACH+0 6 > [0 6| s, afatrn g >

1,7¢
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HA("jJrl)—éul. By Cauchy—Schwarz inequality, we can get 4HA(.JH)_9AH1Z <
4\/dx || AGIFD —é“Q. In addition, we can get HA("jﬂ) _éHz < C4\/d;kz’l7(bj,71’bj,) from
Equation (B.59).

Recall that w; denotes the j-th order of the true threshold. By Equation (B.59), we can

use the same procedure as in the case (a). For some constants ¢, > 0 for A’ = 5,6,...,11,
we have:
b A ) by ) | A
2 ‘ Tr(i) — Y|, = > el +es [by —wj| HA("”“) -0 }2
i=w;+1 i=w;+1
—cey/ n(sjr —1j)] log(p*K)|| A — 6|
bj/
2 . R
> Y lexlly +es|nlsy — 1)) HA(”“) - 0H2
iZ’lUj-‘,—l

|4t g - clog (P°K) /d;
2 o5 /n(sy —1))]

bj/
2 WES| %)
Zi_;l lerio 3 = erlnCsy =)l | A0 =, 5 69
— %
log (p2K) \/@
d; ——
(CSﬁn(sj/_l’sj/) i In(sjr —15)l
by
2
2 3 llewwolls = erlntey =)l eov/im
1=wWy
log (p2K) \/ﬁ
d; Y
(CSﬂn(sj/l’sj/) ! [n(sjr =75
bj/
> N e ll? — crod; (log(p*K))*.
i:wj-',-l

For the threshold interval (s;_1,7;), there exist positive constants Cj, for ' =1,2,...,9
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such that
'LU] R 9
> ‘ Tri) — 0¥z,
iZb]-/_l-i-].
wj
> Y el ~ Covirilos (PK) A - 6|
’i:bj/71+1
w
> > lenwll; — Coviralog(r’K) (HA('JH) — 9H1
i=bj/71+1
+ ‘ AL A(u)H )
1
w; (B.61)
> 3 erwlls — Covmmlog? ) (dimis, a9 + AT — a6 )
i=b;_1+1
- log(p2K .
= Z H€7r(i)H2 — Cudy, | O og(r K) + CyMy—
2 ‘s o — S }
i=bj_y+1 nlsy — sj_1| ' S5-1
V1 log(p*K)
wj
> > el — Codiv/nn (10g(*K))”
i=bj/71+1
By Equation (B.60) and Equation (B.61), for certain constant C > 0, we have:
bj/ R 9 bj/
S e 0%,z D ey - Cidivim (og (5K))*. (B62)

iij/_1+1 ’i=bj/_1+1

In case (c), sy—1 < 1; < s with [sy_1 —rj| > Ap/4 and [sy —rj| > A,/4. In
this case, the restricted eigenvalue condition does not hold, since the distance between two
consecutive true thresholds is very large, which leads to a large distance to the intersection
of the estimated thresholds. However, if the tuning parameters are chosen properly, then

the deterministic part of the deviation bound argument holds. Consider threshold intervals
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(Sj’—la ’I“j) and (T’j, Sj/)

Z v — 6%
i=by_y+1
S SR L R SR PIE R A (8.63)
i=bj_y+1 i=bys_y+1
2 50 [Waen (4 -6)]
i=bj_,+1

According to the results from Lemma 18 and Equation (B.63), we have

U)J . 9
> |#e — Y|,
i:bj/71+1
> 3 el a3 a0,
Z':bj’—lal»]- ’izbj/_1+1

- C 200 — g
6no”(rj — sj—1) =

log(p*K) d;;)

w;
> > el + G4

AL éHQnE (x(t—k,l)x/(t—k,l)l (Sj/_1 <z < 7‘]’))

i:bj/71+1
2 * (B.64)
<HA("J') 4| - 0710g<pK>dn>
2 nTn
wj ' ) ) /
- Z Heﬂ(i)H; +G AL - 9”2 nk (x(t—k:l)x(tfk,l)l (Sj’—l <z < Tj))
’i=b]—/71+1
wj | ) ,
> Y ellE+ Con ey s 40 -9
i:bj/_1+1
wj

> > lenls + Cond,
i:bj/71+1
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Similarly, we have

bjr ) ) b | »
2 ’ o)~ 0¥, = D llentolly by — il HA("”” = 0H2
i=w;+1 i=w;+1
~ ool — wyox?K) || 4G 6|
by (B.65)
i:wj—i-l

HA(.,J‘H) B OH  chlog(p*K)\/d;,
2 Cll ‘/|bj/_wj| ’

where ¢}, ¢, are some positive constants.
Based on the Assumption B4, HA('J“) — AGD) H2 > v > 0, then either ‘
v/4 or “A("j) -0

AGI+D) éH >
2

, > v/4. Assume that HA('J) - éHz > v/4. Based on Equation (B.63)

and Equation (B.65), when |s;s—r;| < 7, there exist positive constants ¢}, for b’ = 3,4,...,8
such that:
w;—1 A 9 w; )
> |z - 0%, = D ey + chnan. (B.66)
i=bj/_1 i:bj/_1+1
and
bj/ R 5 bj’ , )
Z ’ mﬂ(i) — OYW(Z) ) Z Z H€7T(’i)H2 — Cild;; (log(pQK)) . (B67)
t=w;+1 i=w,;+1

According to Equation (B.66) and Equation (B.67), we can get:

by ) by
Z ‘ :Bw(z) — HYW(l) ) > Z Hew(z) H; + anAn - ng; (log(sz))Q . (B68)
i:bj/71+1 i:bj/71+l

~

When both [sj_; — ;| > v, and |sj; — rj| > v, we can follow the similar steps that

obtain Equation (B.68) and obtain:

bis ) bji

A~ 2 %
Tr(i) — OYr(i) 9 =z Z Heﬂ(i) Hz + nl, — cg (n'Yn)S/z an- (B.69)
i=br_y+1 i=by_;+1
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Combining above three cases (a),(b), and (c), we can prove the results.
Appendix 3.3: Proof of Main Results

B.0.1  Proof of Theorem 6

The idea is similar to Theorem 2 in [ |. However, in our case,
we do not have the assumptions related to spectral density matrices. Instead, we assume
the random variables are S-mixing, sub-Weibull and stationary. For a matrix A € RPEXP
let [[Alli,z = > (e laiw|, where T is the set of non-zero indices of A and ayy is the
element at i'-th row and I’-th column. First, we prove the second part. For some j =
1,2,...,my, given the estimated threshold 7;, |r; — 7;| > 7y, there exists a true threshold
point 7, which is isolated from all the estimated thresholds, i.e., minj<;<m, |75 — 7jo| > Vn-
In other words, there exists an estimated threshold 7; such that, rj, — rjo_1 V7; > v,
and 1,11V #j11 — 7j, = Yn. The idea of the proof is to show the estimated parameters
in the interval [rj,_1 V 7j,7j,+1 A 7j+1] converges in ¢ to both AGI) and AGI0+D) which
contradicts with the Assumption B4. The length of the interval is large enough to verify
restricted eigenvalue and deviation bound inequalities needed to show parameter estimation
consistency.

Define a new parameter sequence ¢4, ¢ = 1,2,...,n with ¢, = éq except for two
thresholds ¢ = 7j and g = ,. For these two points, set ¢;, = A('7j0)—Aj and ¢, = AjH—
ALI0) where Aj = 3

1A N wia Vw5 A . A N
0,1 and Aj+1 = Zq:l Oq, 1.e. Owjo\/ﬁ)j = Aj_|_1 — A]’.

wjoflij—
q=1

Denote ¥ = vector(¢1, @2,...,¢n) € R X1, By Equation (3.5) and focusing on the case
of lasso (i.e. hdTAR), we have

é)Hl +)\2’nz

1 112
- HY _ Z@H + Al
n 2

i
Db
i'=1

e 1 (B.70)
1
< Y- ZU|3 4+ Ma 19l + Aon Y 1D i
=1 [li/=1 1




142

By rearrangement, for a constant ¢, we can get

) R 2
o=at - h]
. 2
1 % / (wdo) _ A
< Y ) A -JO _ .
< —— — 7r(z)< J+1)
no?(rj, — rj—1 vV 75) i=(wj, 1 Vi) +1 2
5 Wig

IN

Y, . A(:]O) _ A )
710'2(7’“70 — Tjo—1 \V 'ﬁj) ) Z m(2) ( ]+1> €7r(z)

i=(wj—1Viy)+1

n)\l . ~ . ~
il AGd0) _ A H HA(~,Jo) — AH
"0y, i1 V) < ol Tl

Ja-al,) gt
e s () - )
2

: (na2 (rjOQﬁAé:1 vy " Clo%)> HA('JO) a Aj“”1

o 4] ]
< 2 a0~ ] e 40,

3ndon, ; N nAap i 2
< 2272 || A (o) _ AjHHLI — TZ HA(UO) _ Aj“Hl,Ic'

According to Lemma 18 and the fact that rj, —r;,—1V#; > 75, the second inequality holds
with high probability converging to 1 in Equation (B.71). The third inequality holds because
Wj, — Wjo—1 V Wj < 01n02(3) for a certain positive constant c¢;. The fourth inequality holds
with high probability converging to 1 according to second part of Lemma 18 and triangular
inequality. The fifth inequality is based on Assumption B4 and the selection for As ,, in the

statement of the theorem. The last inequality holds by Assumption B3. Thus,

, . log (pZK )
AL A H =o, (&2 20 ) B.72
H JrL|[, = % | %n " ( )
which means that it converges to zero in probability based on Assumption B4. The
convergence of HA('JOH) — Aj+1H2 can be proved in the same procedure in the interval

(705 Tjo+1 A T41], which contradicts Assumption B4. Thus, the results are as desired.
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< myg. There exist an isolated true

Similarly, we can prove the first part. Assume ’fln
threshold rj, such that rj, — rj,—1 V7 > v,/3 and 7j,41 A #j41 — 75, > Yn/3. Similar
procedure in the second part is applied to the interval [rj,—1 V 7, 75,] and [rj,, 7jo—1 A Fj+1],

then the proof is completed for the hdTAR case.
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Similar procedure can be applied to mvTAR which is briefly described next. We obtain:

o<elats ]

2
< 1 % Y! (A(-,jo) A, )
= 0%y i1 Vi) |, S (i) j+1 2

2 el

IN

Y/ .. (AGd0) — A .
no(rj, —rjo-1V 7j) 2 (@) < ’“) ()

i:(wjo_lij)—l—l

+ n)\l,n <
no?(rj, —rjo-1 Vv 7j)

|

Ty

nA j
2 no? (rjy = rjp—1 V 75) (HA("JO)

no? (rjy = -1V 7))

1

Apal)

2 , ) y .
- 77,0'2(7’]'0 - T'jo—l vV 72j) HZ Hrj (rjo B Tjo_l v rj)>EH27°O H <A( ]0) N Aj+1> H2,1
L b -4 VA
; AGd0) 4. H HA(~730) — AH
no?(rj, — rjo—1 VvV 7;) ( AP + T2 (B.73)
o -4,
nAan 2 A H (-3 A
; e v ) [ [[AGd) _HAA H
no2 (rjy — Tjo1 V fj)na (Tjo = Tjo—1 V 75) ( 1 J+1 1)
_ A . /p?K log(p*K) H AGd0) _ A H
< 5 — + — A5+
no? (rj, — rjo—1 V 75) NYn 2
('7j0) — A . H
+tndn ( ‘A 1 Aji 1)
2N\ n 2K1 2K . N
< i nA1, I oVP og(p°K) HA(-JO) — AjHH
no? (rj, — rjo—1 V 75) NYn 1
(e
nA2n || 4(do) _ A H H (o) i H
<2 |a Aja]| +ndan ( AC| A 1)
371)\2771 L A n)\Q,n . A
= 2 AL = AjHHLZ 2 AL AjHHl,ZC '

Note that there is only one group in HA('JO) — AjHHQ X so it is "A("jo) — Aj“”z' Ac-

cording to the first part in Lemma 18 and the fact that rj, — rj;—1 V #; > 75, the second
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inequality holds with high probability converging to 1 in Equation (B.73). The third in-
equality holds because wj, — wj,—1 V ; < c;no?(s) for a certain positive constant c;. The
fifth inequality holds with high probability converging to 1 according to Lemma 19 and
triangular inequality. The sixth inequality holds due to Minkowski inequality. The seventh
inequality is based on Assumption B4 and the selection for A9, in the statement of the

theorem. The last inequality holds by Assumption B3. Thus,

V12K log (p*K) )

nn

a0 - Ay, =0 (B7)
The remaining parts are similar to hdTAR case, hence details are omitted to avoid dupli-

cation. This completes the proof for both cases.

B.0.2  Proof of Theorem 7

For the first part, we want to prove that P(m <mg) — 0, and P(m >mg) — 0.
From Theorem 6, we know that there exist estimated thresholds 7; € A, such that
Maxi<j<mg |7j — 75| < Yn, where r; € A,,. Recall that w; denotes the j-th order of the
thresholds, and b denotes the j’-th order of the estimated threshold.

Without loss of generality, we only show one of the estimated regimes. For s;_; <1; <s;
with !rj — sj/_l‘ < vYn, the estimated coefficient is denoted as 0 in (sj/_l,sj/). Similar to

case (b) in the proof of Lemma 20, recall that }bj/ — wj‘ < ncp ‘sj/ — rj| according to
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Equation (B.53). For the threshold interval (r;,s; ), we have

by ) ,
> ‘ Tr(i) — O¥r) |
i:ijrl
C 2 : 12
< | Z €xciy|ly + 3 |by — wyl HA(~J+1) _ 9”2
i=w;+1
+ea/Jby — w082 K) 460 6]
by )
< X el
i:ijrl
2
i (B.75)
+ csn ‘Sj/ — Tj} d:l C1 IOg(p K) + CQMAd: Tn
sy — 57-1) 7 57

log(p? K
+ c64/|bi — wj|log (sz) dy | a g K) + CQ]\@@;#

bj/
< Y llenlly + ervim (log (1K) d;)°
i=wi+1
bjj/
< Y enwlls +etmm)? a2,
i=w;+1

where ¢, ¢; are positive constants for b’ =1,2,...,7.
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Let ¢, be positive constants for h' =1,2,...,6. For regime (s;_1,7;), we can get

3 o
< Y enoll? e fuy — by [ 4 6
Z‘:bj/,1+1

+ chy/ ‘wj — bj/,l‘ log (sz) “A("j) — éH1

Wy

< i_bzlﬂ lexeo 5 + € w; — b <HA(”'+” - éHz +[Jaton - A("j)Hz) (B.76)
by

ey — by 10w () ([0 =0+ 4t a0 )

wj
< N el + b2y (log (0K))?
i=b]-/_1+1
bj/ ,
< Y el + ch () a2,
i:ijrl

Since

Msjr—1057) )éul = CE (HA(.JH) a éHl + HA(.JH)Hl) < &, (B.77)

we combine Equation (B.75) to Equation (B.77) and get

bj/fl b]-/fl

A 2 A 2 3/2 %2
> e - 0% , T 01 b) ‘eHlﬁ Y- llenlly +cb ()2 d;?. (B.78)
i=bi_, i=by_,

Since there are mg + 1 regimes, we can get:
- 2
Ly (71,72, .oy Pmg 57n) < Z Heﬁ(i) H2 + chmy (nwn)3/2 d:2. (B.79)
i=1

Given subset from the candidate thresholds found in Step 1. Let C), be positive constants
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for ¥ =1,2,...,6. Assume m < mg. By Lemma 20, we can get
IC (F1,...,Tw)
:Ln(f1)7fﬁ17nn)+mwn

> Z Hew(i) H; + C1nA, — Comd;? (n’yn)g’/2 + mwy,
i=1

(B.80)
Z Ln(fl, 7227 RN fjmo 77777,) + mown + ClnAn - Cde:;z (n7n)3/2
— C3my (n’yn)g/2 di? — (mg — 1) wp
> L (1, Py -y g ) + Mown + C1nd,, — Cymg (ny,)* 2 d22 — (mo — m)wy,.
According to Assumption B6, we have
3/2 %2
mo (nyn)™ * d)° Jw, — 0 and mowy, /nA, — 0.
Then,
CinA,, — Cysmy (n’yn)?’/2 d;'f — (mp —m) wy, > 0. (B.81)
Thus, IC(71, 72, ..., Tw) > Ly (T1, 72y« . .y g 5 Mn) + Mown, which proves

P(ﬁl<m0) — 0.

Next, we want to prove P(m > mg) — 0. Similar procedure in Lemma 20 can be used

to get:

Lo (71,2, P 37n) > Y ||€nco|3 — Csmdi? (nyn)*/. (B.82)
=1
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Then,
S e ls = Csmdi? (nyn)*? + i, < IC(F1, 7, 7o)
i=1
< IC(f1, oy 5 Fmg)
n (B.83)
< llexlly + Como (nyn)* d;2
=1
+ mown,.
Thus,
(17— mo) wn < Cs (nya)*/ i} + Como ()™ d?. (B.84)

If m > myg, it contradicts assumption that mq (n%)?’/ 2d*2Jw, — 0. Then, we can get

P(ﬁl—mo) — 1.

Next, we prove P (maxlgjgmo |7; —rj] < Bmyg (vn)g/ 2 2 \/ﬁ) . Given certain two con-
stants C7 > 0 and ¢ > 0, let B = 2C7/c’. Suppose there exists a threshold r; such that
mini<j<m, |7; — r;| > Bmg (yn)¥/? d22\/n. Applying similar procedure to Lemma 20, we

can get:

n
Z Heﬂ'(l) Hz + C/Bmg (n,yn)3/2 d;? S Ln(fh 7:2a cee 7fm0 ,nn)
=1
< Ln(fla f?a s 772m0 77771,) (B85)

<Y e lI3 + Crmo (n)*? di2,
=1

which contradicts the value of B.



150

B.0.3 Proof of Theorem 8

Theorem 8 can be proved according to the modification of Corollary 9 in [ .

In Corollary 9 | , ], we know that for regime j, we have
[vec(B47)) — vec(ALD)|y < eraj/d (B.86)

with high probability, where «; represent a tuning parameter determined by p, K, and the
number of observations in each regime j. Let w; be the order of estimated threshold ;.
What is left is to find a lower bound on the number of observations. Due to Assumption B5,
z¢ has positive density. Combining Assumption B5 and Corollary 9 of [ l,

we have:

ﬁ}j_l — ’u~}j =nP (7:]'_1 <z < 7:]') (B 87)
> con|ij — 71|,

where ¢ > 0 is a constant. Now, by plugging in the optimal value of o, we get

HB(.J) _A<.,j>H < ¢y, | Palog (K)
2 (Wj—1 — wy) (B.88)

dy, log (p*K)

Yn

where c3,c4 > 0 are constants.
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Appendix 3.4: A Sufficient Condition for S-mixing

In this section, we provide a sufficient condition for the TAR process x; to be 8-mixing by
imposing a restriction on the operator norm of transition matrices. To that end, note that

the TAR process,
K

xt — Z A(k’j)xt_k + €t7 (B89)
k=1

can be rewritten as a Kp-dimensional TAR process with lag 1; that is,

X, =BYX, ,+U, (B.90)
% ! Kpx1
where X; = (m; Ty ... $£7K+1> € R*PX,
I, 0 e 0 0
BV=| o 1, 0 0 | eRrEPxE?
0 0 e I, 0
- ! -
for I, is a p x p identity matrix, and U; = <eé 0 ... ()) € REPX1 Tet Bax =

arg max;—1, .. mo+1

18] = rm (55).

B(j)m where ‘HBH’ denotes the operator norm of matrix B; that is

Lemma 21. For the TAR model in Equation (B.89), if

‘Bmax

< 1, then xy is B-mixing
with a geometrically decaying mizing coefficient. If, in addition, €; follows a sub-Weibull

distribution, then x; is also sub-Weibull. In other words, Assumption B2 holds.

Remark 3. The condition based on the operator norm of transition matrices may not be the
optimal for x; to be B-mixing and sub-Weibull, and a condition based on the spectral norm
could be less restrictive. However, a condition based on the spectral norm does not seem
achievable as the argument used for VAR models does not hold in this case. Specifically,

i VAR models, we have a sufficient condition based on the spectral norm according to
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Lemma 8.2 in / | stating that the geometric Ergodicity of any subsequence
with deterministic index entails the geometric Ergodicity of the original series. But this
result does not hold for the TAR models, as the index of the sub-sequence in the TAR model

18 not deterministic.

Proof of Lemma 21: The proof of Lemma 21 is similar to that in Appendix E.1 of
[ ]. We mainly need to apply Proposition 1 and Proposition 2 in

[ | and the fact that any measurable function of a stationary process is -mixing if the
original stationary process is f-mixing. Proposition 1 in [ | gives the result
that the sequence is geometrically Ergodic based on certain conditions, and we can show
that the sequence will be S-mixing with geometrically decaying mixing coefficients, by using
Proposition 2 in [ |. Finally, we verify the sub-Weibull assumption by using
the definition of sub-Weibull distributions.

To apply Proposition 1 in [ ], we check the three conditions, where we set
the corresponding parameters F = RP, and p as the Lebesgue measure. Condition (i) is
satisfied if we set the parameter m in the Proposition 1 of [ ] to 1. (Note that
here m is not the number of thresholds.) For condition (ii), we set m = [inf,ccpea [|u—v|2]
the minimum “distance” between the sets C' and set A in [ ], where A is any
set that A € B where B is the o-algebra of Borel sets of E, and C' is any compact set that
C C E. Since C is bounded and A is Borel, m is finite. For condition (iii), the function
Q() =1l || and set K, = {x € R : ||| < 4} where ¢ = 1 — ]HBm and Cue = El|e]].

] <

Since Max;—1.2 .. mo+1

e Forall y € F\ K,; i.e. §such that ||g] > %,

E |1 Xeir 1 X: = 5| = Eey |B I Xesa|1Xs = 5,22

<E. [[[Boe

111 + Ellel ]

= || B 151 + Bl

= (1 =gl + Cac

C
1— )|l — Coe-
<@-lgll-c
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e For all y € K,

E [HXHlH\Xt = ?3} =E., [E [||Xt+1|!|Xt = ﬂath

< Ezt HHBmaX ||g|| + Cac:|
4C,.(1 —¢
< M + Cye.
c
e For all y € K¢,
4C,
0<[gll < —=.
c
By Proposition 1 in [ ], X; is geometrically Ergodic and stationary. By
Proposition 2 in [ |, the sequence will be S-mixing with geometrically decaying

mixing coefficients.
Next, we verify the sub-Weibull distribution. Let 3¢ be the sub-Weibull parameter asso-
ciated with Uy in (B.90). Since

1Xelly < || B[ 1 K=l + 181

and H’Bmax <1,

1Rl < —ede
L || B

Now, given that X, is an (equivalent) representation for xy, it follows that x; is also sub-

Weibull. Therefore, Assumption B2 holds.
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In this section, we present two algorithms for solving the optimization Equation (3.5). In

high dimension, we use Algorithm

5, while in moderate dimension, we use Algorithm 6. Let

S(:;A) be the element-wise soft thresholding operator. Recall that throughout the paper,

for a m x n matrix A, ||Aljcc = maxi<i<m,i<j<n |@ij|. The algorithms are as follows:

Algorithm 5: The fused lasso algorithms

Initialize 8; =0, fori =1, --- ,n.;
while h < mazimum iteration do

fori=1,---,ndo
Calculate the (h + 1)th iteration of 0;‘“ by KKT condition:

—1 n
h+1 (Z Y l)) S (Z Y,r(l)illl
l=i

paper then

Apply soft-thresholding to the partial sums of ol

where Y’/ ) = ( Ty,

S S vevip |6 in.
J#i \Il=max (4,5)

7w7r(l)—K+1) 1xpK and

y—A ify >\
SN =qy+r  ify<-—\-
0 otherwise
i;maxlgign ||0£h+1) = O(h)HC>O < 3, where § is the tolerance set to 2e~* in the

L Stop and denote the final estimate by @(intermediate)

intermediate) ; .
, L.e.

SOk Oz(mtermedmte) to find the optimizer in Equation (3.5). In other words,

=1

51 _g (egintermediate); )\2> and

é\k _g (Zk H(intermediate); )\2)

=11

k=23,...

S
,n. Finally O = ((/9\1,.. 5)

(z 11 e(mtermedlate) )\2> for
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Algorithm 6: The group lasso algorithms

Initialize 8; =0, fori =1, --- ,n.;

while h < mazimum iteration do

fori=1,--- ,ndo
Calculate the (h + 1)th iteration of @7': Let

_ - (0]
0=0,""+7v Z Yw(l)w;(z) - Z Z Yn(l)Yé(l) 0j
=i Jj#i \l=max (4,5)

1
% arg min [|U — Q13+ 192
_ <1 _ W) Q
U2/

if maxj<i<n, ||0§h+1) — GEh)lloo < 8, where 6 is the tolerance set to 2e~* in the

(B.91)

paper then
L Stop and denote the final estimate by @(finah),
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Appendix 3.6: Extended Literature Review

In this section, we summarise the existing methods for estimating multivariate TARs, along

with their treatment of the number of thresholds mg and dimension of the TAR model.

mg assumed

Paper mo Dimension
known?

[ ] finite (at most three) No low
[ | (TVAR) at most 2 Yes low

[ ] 1 Yes low (bi-variate)

[ ] finite No low (bi-variate)
[ ] finite Yes low
[ ] 1 Yes low
[ ] at most 3 No low
[ ] finite No low

Our method diverging with T’ No moderate & high

Table B.1: Comparison of existing methods for estimating multivariate TAR models. Here
mg represents the number of thresholds and 7" the length of the time series.

Table B.1 highlights the limitations of existing approaches and the fact that our methods
are the only available approach that can handle both low- and high-dimensional settings,
while allowing for an unknown number of thresholds that could diverge with the number
of observations 7. Allowing for an unknown number of thresholds amounts significantly
complicates the problem as previous approaches for multivariate TAR models need to first
estimate the number of thresholds and then proceed with estimating the location of thresh-
olds. An incorrect estimation of number of thresholds in the first step may result in biased
estimation of thresholds due to having misspecified components in the estimation procedure.

As seen in Table B.1, many methods assume that the number of thresholds is known,
even though this information is often not available in practice. Thus, in the remainder of

this section we discuss how existing approaches treat the number of thresholds.
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Utilizing this assumption, [ | performs a grid search, estimating the coeffi-

cient using simple linear model for each interval, and selecting the threshold based on the
Akaike information criterion (AIC). [2001] instead assume the model as at
most 2 thresholds. While a relaxation compared to a known number of thresholds, this
assumption still considerably simplifies the problem. Using this assumption,
[ | use nested hypothesis tests (testing whether the data can be modeled by the linear
model versus a TAR model) to detect the thresholds, and apply the grid search method to
estimate the values of the thresholds based on the results of the hypothesis testing. As an
alternative, [ ] couples the grid search with a maximum likelihood es-
timation (MLE) of the model parameters. However, the algorithm is difficult to implement
in higher dimensions, and the consistency and/or distribution of the MLE estimator is not
investigated. [ ] restricts the switching variable to be constructed based
on the lags of the original time series that is being modeled and performs a grid search
with respected to certain log likelihood function. The key advantage of this method is that
it allows for multiple switching variables, but with only one threshold for each switching
variable. [ | provides a nested sub-sample search algorithm to reduce the
time complexity of the grid search.

A few methods have recently tried to estimate multivariate TAR models under less re-
strictive assumptions on the number of thresholds. However, these methods can only handle
finite number of thresholds or only work in low-dimensional settings. To our knowledge,

[ ], [ ] and [ | are the only
methods that do not require a known number of thresholds or a bound on the number of
thresholds. This is achieved by utilizing a Bayesian estimation framework. However, the
consistency of the number of estimated thresholds is not investigated for these Bayesian
methods, which could be a challenging problem. Our proposed methods and the corre-
sponding theory thus bridge a gap in the existing literature, as the only methods that allow
for an unknown and diverging number of thresholds, mg, while also facilitating estimation

of moderate and high-dimensional time series.
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Appendix 3.7: Simulation Settings

In all simulation scenarios, the switching variable is generated from an AR(1) process with
coefficient 0.6. The error term follows normal distribution with mean 0 and standard devi-

ation 2.

Simulation Scenario 1 (Simple A with uncorrelated error) In this scenario, T' =
300, p = 20, and K = 2. There is only one threshold value ;1 = 4, which is not close to
the boundary. The auto-regressive coefficients are chosen to have the same structure but

different values (see Figure B.1a).

Simulation Scenario 2 (Simple A with correlated error) This is the same settings
as in Scenario 1, but the covariance matrix of the error term is changed. Specifically, we set

3 = 0.02(04 ) pxn With 0y = p'i_ﬂ, where p = 0.5.

Simulation Scenario 3 (Random A with uncorrelated error) This setting is also
similar to Scenario 1. However, the auto-regressive coefficients are chosen at random (see

Figure B.1b).

Simulation Scenario 4 (Simple A with correlated error allowing changes in dif-
ferent regimes) In this scenario, T'= 600, p = 20, and K = 1. There are two threshold
values 71 = 4 and ro = 6. The auto-regressive coefficients are chosen to have the same
structure as in Scenario 1 but the values change at different thresholds (see Figure B.1c).
We also include an additional simulation setting with 7" = 300 and threshold points r; = 4

and 79 = 6 for this scenario.

Simulation Scenario 5 (Simple high-dimensional A with uncorrelated error)
In this scenario, T' = 80, p = 100, and K = 2. There is only one threshold value r; = 5.
The auto-regressive coefficients are chosen to have the same structure as in Scenario 1 but

with different values (see Figure B.1d).
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Fig B.1: Images of true auto-regressive coefficients in different simulation scenarios con-
sidered. (a): The two regimes in Simulation Scenario 1 and 2. (b): The two regimes in
Simulation Scenario 3. (c): The three regimes in Simulation Scenario 4. (d): The two
regimes in Simulation Scenario 5.

The auto-regressive coefficients for the above simulation scenarios are visualized in Fig-
ure B.1, where different coefficient values are represented by different colors. For Scenarios
1, 2 and 5, the 1-off diagonal values for the two lags in the two regimes are 0.49, —0.3, —0.4,
and 0.49, respectively. For Scenario 4, the auto-regressive coeflicients are allowed to change
in different regimes. The 1-off diagonal values for one lag in the first regime are 0.25. In
the second regime, the first p/3 values are decreased to —0.2. In the third regime, the last
p/4 values are increased to 0.49. For Scenario 3, the auto-regressive coefficients are chosen

at random.
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Appendix C
SUPPLEMENTARY MATERIALS FOR CHAPTER 4

Appendix 0: Setup and Notations

C.0.1 Transforming TAR(K) process to TAR(1) process

The TAR process can be rewritten as a corresponding K p-dimensional TAR process with 1

lag for regime j, that is

X, =BYX, | +U, (C.1)
/ .
where X, = (wé T, ... wQ—K+1> € REPx1 BW) =
I, 0 0 0
0 I, 0 0 € REPXEP for I, is a p x p identity matrix, and
0 o - I 0
/
U= (eg 0 0) c REPX1,
C.0.2 Setup

Let A%S Y be defined as the solution of

/ */ _ / !
>, E [Ywu)Yw(i)} A7,,= ) E [Yfr(i)Yw(i)} Ariy, (C.2)
Zﬂ'(i)eTs,e) Z‘rr(i)€7—(s,e)
where AlTr(z) = (A(].,ﬂ'(i))7 A(2,7T(i))7 ey A(K,ﬂ'(z))) S RpoK and A(k,ﬂ'(l)) is the transition
matrix of the k-th lag at m(i)-th time point. Note that when there are no thresholds in
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T(s.e)s A%S,e) = A, (;; otherwise,

-1

Ar = X E{xwﬂ%ﬂ > EPGmK%ﬂA&w
Zr(i) €T (s,e) Zn(i)€T(s,e)

With a permutation of the rows and columns in E [Yﬂ(i)Yé(i)} A ) for zr(;y € T(s,e) and

’
(%

*

., where Cp is a

by Assumption C3, without loss of generality, we have ||A§-(s Y lo < Cod

positive constant.

Appendix 1: Technical Lemmas

Throughout the proof, we use z; to represent all the z;; for simplicity. For a matrix M,
denote || M||2 as its Frobenius norm. vec (M), represents the I-th element of vec (M), where
vec (M) is the vector obtained from the matrix M by concatenating the rows of M. Let Ik
be the pK x pK diagonal matrix with all diagonal elements equal to 1. Let L* (7?8,6)) be the
population counterpart of L (723’6)) obtained by replacing the coefficient matrix estimator

AT(S,@) with its population counterpart Aff(s,

e)'
Proposition 22. Let |T )| be the number of zr;ys that fall into the given interval (s, e].

Under Assumptions C1 to C4, there exist positive constants C, ¢1, ca > 5, ¢3, ¢4, and cs

such that, for |Tis| > C (log (max {p2K7n}))2/%0—1,

1 / log (max {p?K,n})
P mmnAu>q¢ < d, (C.3)
(Ww\ v [ Tes.0]

where 61 = 2 exp (_C2 log (max {p2K, n})) . In addition,

P( > YW(Z‘)Y;(i)_E > Yﬂ—(i)Yﬂi(’i)

Zr () €T (s,0) 1€T(s5,¢)

> ey (log (max {pK,n})) ™ [T |?) < 02,

(C.4)

o0
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where

09 = exp {—04 log (max {]32_F(7 n}) (10g (max {102_;(7 n}))1*%0/2}

+ exp {—65 (log (max {pZK, n}))2/%0} .

Proof of Proposition 22: The proof of Equations (C.3) and (C.4) are directly obtained
from the proof of Propositions 7 and 8 in [ -

Given that a sub-sequence of a f—mixing process is f—mixing and Assumption C2, then
(YiI(s<z<e)xl(s <z <e))

is f—mixing. After rearrangement, (Y;I(s < z; <€), 2 (s < z < e)) becomes (Y(;), Tr(s))
and the consistency bounds in Propositions 7 and 8 of [ | will continue to

hold after this rearrangement.

log(max{p?K,n})
|Tts.0)]

co is a positive constant that depends on ¢; > 0. Thus, we can choose a large enough

From the proof on page 47 in [ |, set t = ¢ . Note that

constant ¢; such that co > 5. Then, Equation (C.3) is as desired. Similarly, select ¢ =
cs (log (max {pZK,n}))l/%O |’7zs,e)}1/2 in the proof on page 48 in [ |. Then,

Equation (C.4) is as desired.

Lemma 23. Under Assumptions C1 to C/, assume that the interval (s, e] has one and only

one true threshold r. If
L(Tise) < L (Tism) + L (Tore)) +w (C.5)

and A = c)y (10g (max {p2K,n}))1/%O d;, then there exists a positive constant Cy such that
with probability
(1 —01)(1—962),

we have

min {|7(s,r) )

N 4+ w
— )

AT} < o (

Proof of Lemma 23:
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The proof for this lemma is along the lines of the proof of Lemma 5 in [ .

If "725,6)‘ < w, then Equation (C.6) holds. If max { ‘ﬁsm)

Tire) ‘} < w, then Equation (C.6)

)

also holds. Now for the case max { ‘ﬁw)‘ , |7'T,7€) ‘} > w, we prove by contradiction. Assume

that
. Nd 4w
min {[ T |+ 70} > Co (Zg ) (C.7)
Based on Equation (C.5), we get
~ 2
> (wwu) - Am,@Yw(i))
(i) €T (s,e)
A ) A ) (C.8)
< ). (fcw(n — AT Yw(z‘)) + > (“’wm — AT, Yw(n) tw.
(i) €7 (s,m) 2 (i) €T (r,e)
Then, together with Lemma 29, we can obtain
. 2 . 2
) (%i) - Aﬁs,e>Yw<i>) + D (ww(n - Aﬁs,e>Yw<i))
Zn(5) €T (s,) Zn(5)€T(r,e)
. 2 . 2
< ). (ww(n — AT Ywm) + (wm’) - AT(T,6>Y7T(¢>) tw
2n () €T(s,r) (i) €T (r,e)
2 2
S X (AT Yew) D (@ A Ya) w200
27"(1')67'(3’” Zﬂ(i)€7—(r,e)
(C.9)
Note that
. 2 . 2
> (ww(n - Am,6>Yw(i>) + (%i) — A7, Y <z’>>
() €7 (s,m) () €T (r,e)
. 2 R 2
- Z ((AT(s,e) - AT(sm)) Yﬂ(i)) + Z ((A’f(s,e) - AT(T,e)) YW))
2 (i) €T(s,r) €7 (r,e)
2 2
+ (%z’) — AT Ywm) + (%i) - Am,e>Yw(z’>)
2 (5) €T (s,m) 2n (i) €T (r,e)
/ A / A
—2 Z €r(i) (AT(s@ - AT(m) Yo —2 Z €x(i) <AT<5,8> - Am,e)) Y. )
(1) €T(s,r) 2n (i) €T (r,e)

(C.10)
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Combining Equation (C.9) and Equation (C.10), we get

> ((An., - 4rn.,) Ywm)Q + Y ((An.., - An.,) Yw(z’))Q

Zn(5) €T(s,r) 1€T(r,e)
/ A / A
<2 Y g <AT<s,e> B AT<sm>) Yo +2 Y, e (AT(s,e) - AT(ne)) Yo
Zr () €T (s,r) Zr () €T (re)
2
+ w2002

<2 HAT<s,e> ~ AT

1 > &)Y

2 (i) €T (s,7) 0o

A 2 g%
+2 HAT(&E) — AT(M) ) Z Gﬂ(i)Y;(i) +w + 20407 d;,
2r(1) € (r,e)

<2l ). enYa <

Zn(6) €T (s,m)

[e.9]

AT = AT T + HAT@@ — A1)

1,IC>
1,IC>

o0

+ 2 Z eﬂ'(l)Yﬂ{(Z) <HA7’(5’8) - AlT('r',e)

» 2t A7 - A
Zr(i) & (re)

oo

+ w + 204 \2d.
(C.11)

By the Cauchy-Schwarz inequality (see, e.g., Equation (C.60)), we obtain

R B — 1 4 B
A7—(Sve) A7~("‘a6> I,IS dn A7—<3v‘5) A7—("'75) 271
and
R B — 1 4 B
HAT@@ AT 1,IS || AT 0 — AT o1

Denote B, = AT

o — A7, and By = A

(o) — AT 0" Then, we can rewrite Equa-

(r
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tion (C.11) to obtain

Yo (BiYa) + Y (BoYa)”

Zn () €T (s,r) i€7(r,e)

< Y oY (IBilliz+IBilz)
(i) €T (s,r)

o0

2| Y e (IBalhz+IBallyze) +w+ 2002, (C.12)

2 (i) E7’('r,e)
1,16)
oo

+2 Z €x(i) Yo(i) <\/CT§§ B2,z + HATS,5>

Zn(5) €T (r,e)

o0

<2 Z €x(i) 7;(1') (\/CTZHBIHZZ"‘HAT(S,E)

Zn(3) €T (s,m)

) + w + 204 \2d.

1,7¢

oo

By  Proposition 22 (Equation  (C.3)) and the choice of A =
2C12 (log (max {p?K, n}))l/ﬂo d > +/log (max {p?K,n}), we get
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Yo (BiYa)' Y (BaYap)

Zx(5)€T(s,m) 1€T(r,e)

<21/ |Tio | log (max {p2 K, n}) <\/@HBle,z + |47,

)
+ 26 \/\T(m)] log (max {p? K, n}) <\/@ 1B2llz 7 + HAm,e> ) IC) +w+2000°d,
§C7)\< ”T(s,r)‘ dy, ||B1||2,I + m HAT(S«E)
/1Tl @3 1Balloz + /1Tl || 4.

¢ | Bullz | Tis.r)|
4

3 (Vo] + VTl ) A,

¢ || B3 | Tisn| LG 1Bzl | Tir.e)|

1,7¢

) +w + 204 \2d,
1,Z¢

¢ | Ball3 | Tire |
4

+w + 204 \2d},

<2eEN2dE [y + + 22N ey +

<es A2’ + ; 1 ANV
2 2
Lo \Bl\\j |Ts.0)| LG ’BQHE [Tt + w+ cg\2d¥,

(C.13)

where the third and forth inequalities follow from Holder’s inequality and Lemma 30,

respectively.

Now, by Equation (C.7) and the choice of A and w, we have

; N+ w
mm{"ﬁs,r) ) 7@,@)‘} >Cy ( 2 )
0 G (log (max {PK,n}))*™ did + w (C.14)
=Lo

02
>c19 (log (max {pQK, n}))Q/%O d:?’.
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Recalling that I,k is a pK x pK diagonal matrix with all diagonal elements equal to 1,

Z (A(se) AT(sr))Y('))2

2n () €T(s,r)
(vec (By)) ( ()Yé(i) ® I,k | vec (By)
2 (i) €T (s,7)
(vec (By)) ( Z Y,r(z)Y() ® I,k | vec(Bq)
2 (i) €7 (s,m)
— (vec (By)) > Y)Yy -E > Yo Y | | @ Lk | vee (By)
2 (i) €T (s,m) 2 (i) €T (s,m)
>en [T 1B1ll3 - Y VoY -El DY YooYy | | @Lx| B}
(i) €T (s,m) (i) €T (s,7)

o0

>t | T | 1B11Z = e (log (max {p* K, n )™ /[T || B1 2

>t | T | 1B11Z = e (log (max {p* K, n )" /[ Tium |d2l| By 132

— 3 (log (max {p2K,n})) " \/| T I B -
2
1 [T 1B = e (1o s (52 m})) /70 o1
2
e (log (max {57 K1) /[T (Cord /|70

> [T | 1B1l13 — e12X? (log (max {p K. n})) ™ di2 /| oo |
2Cy ‘ﬁ&?‘)‘ HB1H§ — 013)\2de.
(C.15)

Here, the second and the third inequalities are according to the Cauchy-Schwarz inequal-
ity and Proposition 22 (Equation (C.4)), respectively; the forth inequality follows from
the triangle inequality and Assumption C3; the fifth inequality is according to Equa-
tion (C.14) and Lemma 30; and the last inequality is due to the fact that 1/‘72“)‘ >
V1o (log (max {sz, n}))l/%o d’ by Equation (C.14).
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By a similar procedure, we get

> ((Are, - An) Yoo) 2 e[ Too 1Bl - ewiar (1)
2 (i) €T (r,e)

Combining Equation (C.13), Equation (C.15) and Equation (C.16), we get

Ca |B1ll3 | Tisy| | ca | Balls | Tire
1'” 1”2‘ 7)‘+ .ZYH 2“2‘ (7)‘+W+Cg>\2d;
4 1 (C.17)
>Cy ‘ﬁs,r)‘ HB1||% - 2613/\2d: +Cx ’Tr,e)‘ HB2||§7

which leads to

30,,3

W+ cu\2d}, > 3 ]TST B3 + == | Tire)| 11 Ball3- (C.18)

Since by Assumption C4,

Team | IB1B + [Ty | 1Bal3 = inf { [Ty 147, — M3+ [T | 147, — M3}

Tl oo
S

7?7”,6) ‘ } U2/27

(C.19)

we have min { ”T(s,r)} , }ﬁr,e) ’} < 016w+c%5)\2d;i cw(w—&—?}\?d:l)

v —=

, which contradicts Equa-

tion (C.7), proving that Equation (C.6) holds.

Lemma 24. Suppose Assumptions C1 to C6 hold, and that the interval (s,e| has exactly
two true thresholds r1 and ro. Let 61 and do be defined in Proposition 22. Then, if

L (7—576)) S L (7ES,T1)) + L (ﬁr17r2)) + L (7ET276)) + 2(.«), (CQO)
there exist a positive constant Cy such that with probability (1 — 61) (1 — d2), we get

max { }ﬁsf"'l)

(C.21)

)

A2dF + w)

7??“2,6)’} < Co < Z2



169

Proof of Lemma 24: The proof for this lemma is along the lines of the proof of Lemma

6 in Wang et al. [2019]. Due to Assumption C5, z; has positive density. Thus,

‘725,6)‘ =nP(s <z <e)>cenle—s| > cenl,, (C.22)

where ¢, > 0. By Equation (C.22), ‘7-(5,5)‘ > |7Z,n17r2)‘ > cenl,. By Assumption C6, it holds
that }7?576)‘ > |7ET17T2)‘ > w. Without loss of generality, we assume that ’ﬁs,m)' 2 ’ﬁr2,e)|

(|T(s,r1)‘ < "7@2’6)‘ is similar). Similar to the proof of Lemma 23, we prove by contradiction.

Assume
N+ w
max { [ Tar)| s | T |} > Co <U2> : (C.23)
Equation (C.23) implies
N+ w
‘7@‘,7“1)’ > Co ( 02 > . (C.24)

Here, we consider two cases: ’T(me” > w and |7ZT276)} < w. First, considering the case

‘T(w’e)’ > w, according to Equation (C.20), we get

> (e — Ar Yeo)

Zn(3) €T (s,e)

~ 2 “ 2
< Y (oA, Yee) + Y (@0 -An,Yeo)  (cos)
(i) €T (s,rp) (i) € T(ry o)

R 2
+ Z (.’Bﬂ.(i) — AT(TQ,E)Yﬂ(i)) + 2w.
(1) €T (rg,e)



Then, combining Lemmas 29 and 31, we obtain

S (e — A Vo)

2r(5) €T (s,¢)

< X (ww(i)—Aml)Yﬂ<i))2+ > (e -4

Zn(3) €T (s,rp) Zr () €T (ry rg)

N 2
oD (mw@)*An%e)Yw(i)) + 2w
2r(1) €T (rg )

> (wwu)—Ai‘r(sme(i))QJr > (ww<i)—A%rl,r2>Yw<i>)2

(i) €T (s,r1) Zn(i)€T(ry ro)

2
D (wm) - Ai‘r(rz,e)Yw(i)) + 2w + 304N dj,.
2 (i) €T (ry )

IN

Let rg = s and r3 = e. Note that

> (mﬂ(’i) - A7, YW(Z‘))2

Zr ()€ (s,e)
3

-y ¥ (wﬂm—Am,e)Yw(i))Q

Jj=1 2 (i) ET'rjil,rj)

Y Y ((An - 4n, ) Ye)

I=1 2@ €Ty ,rj)

+ Z Z (mﬁ(i) - A%fj—lv’“j)Yw(i))z

3= 2r ) €Ty r))

3

D DND DRt (ATM - Afr(rj,l,w) Yo

j=1 27 (i) eTTjil,'rj)

Recalling that A% = A7,

Ti—1:75) (rj—1.75)

170

(C.26)

(C.27)

when there are no thresholds in (r;_1,7;] and
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combining Equations (C.26) and (C.27), we get

3

>, DL H(A’Rs,e>—A%j,l,rj))Ywa)

Jj=1 27 (i) GT’I‘

2

2
j—175)

<2 Z Y. & (Ans o A*T(T]._W) Yi(i) + 2w + 30402

j:l 2 (i) ETTj_l,rj)

3
! * 2 7k
<2 Z Z ”(i)YW(i) (sye) AT(rj—ln"j) 1 t2w+ 304)‘ dn
Jj=1 Tr(z)EIT(r] 175 ) .
<2¢; Z <\/d* log (max {p?K, n})‘ (r_1.ry) - Aff(rj,l,rj) .

*

—i-\/log (max {p2K,n}) ’7'(,,].71,,“].) e AT(rj,l,rj)

<)\Z ( HATSE (TJ 1:75)

+ 2w + 3C N2 d,

) + 2w + 304N\ d
1,7¢

l *
(T] 17TJ HAl]’(SE (7‘] 1, 'rj)

1,Ic>

(C.28)

where the third inequality holds by Proposition 22 (Equation (C.3)) and Cauchy—Schwarz

inequality. Then, using similar steps as in Lemma 23, we get

)

. A2d* 4+ w
min {|7ES7T1) ) )

727"1,7"2)‘} < Co < 22

Since |T(r1 rs) ‘ > cenl, > Cy (A dn +w) by Assumption C6 and Equation (C.22), we get

N2dE + w
‘ﬁs,rl)‘ < CO (7)2> )

which contradicts Equation (C.23).
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For the case ‘7@2’6)’ < w, according to Equation (C.20), we get

N 2 “ 2
(wﬂ' ) (s,e) © (2 = (% (s,rp) — (2
> () ~ AT0 Ys <‘)) < > (l‘ () ~ AT Yr ('))
2n(1) €T (se) Zn(i) €T (s,ry)
(C.29)

~

2
+ Z (acw(,) — AT(rl,rz)YW(i)) + 2w.
2m (1) €T(rr2)

Then, using Lemmas 29 and 31, we obtain

> (mﬂ(i) - Az, YW(Z‘))2

2 (1) €T (se)

< > ("“’w(i) - Amme(i))Q X <“"W<i> - A%my’f(“)? 2w

Zn(3) €T (s,rp) Zr (1) €T (ry ,rg)
< Z T — A Yo 2+ Z T — A Y. 2+2 + 204\ 2d*
— m(7) 7—(5,7"1) (1) TF(Z) 7'(7"1,7"2) (1) w 4 n’
2 () €T (s,rp) () €T (rq rg)

(C.30)

Similar to Equation (C.26), we set 7p = s and 73 = e and rearrange Equation (C.30).

By the similar steps as in Equation (C.28), we get

2

2
Z Z H (ATSve) - A:;-(rjil,rj)) Yﬂ-(z) 2
Jj=1 Zﬂ'(’i)ET’I‘jil,’l‘j)

2
SAZ ( dy, 7?’“1—177’3') AT(s,c) - A7-(Tj_1,rj) ‘2I+ \/ ‘7?77—1,7“1) HAT@e) o A7—(rj_1,rj) 11)
]:1 Y >
+ 2w + 2C4 N2 d5.

(C.31)

Finally, using similar arguments as in Lemma 23, we have

min { |7?377'1)

)

N+ w
ﬁrl,rz)’} < Co <v2) :
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Since |T(,,17,,2)‘ > cenA, by Assumption C6 and Equation (C.22), this gives

N2+ w
‘723,7'1)‘ < CO (02> )

which contradicts Equation (C.23), hence proving the result.

Lemma 25. Suppose Assumptions C1 to CJ hold, and that there are no thresholds in T ).
Then, with probability 1 — dy4,

L(Tis) < min {L(Tiom) +L(Tor0)} +w, (C.32)

€T (s,e)

where

04 = 2nexp (—02 log (max {p2K, n}))
+ nexp {—04 log (max {p2K, n}) (log (max {sz, n}))li%oﬂ} (C.33)

+ nexp {—05 (log (max {pQK, n}))Q/%O} .

Proof of Lemma 25: The proof for this lemma is along the lines of the proof of Lemma
7 in [ ]. For any fixed r’ € (s,¢], let T1 = T(, vy and T = T(;v ). Recall that
L*(T) is the population counterpart of L (7). By Lemma 32 and the choice of w, it holds
that with probability (1 — d1) (1 — J2) that

L(s) —L*(§)] < Cd*\? < w/3.
s’e{ﬁs,e)f%%i),%r,e)}‘ ) (8)‘_ " vl

When there are no thresholds in (s,e], we have A% = A% = Ar . Thus,
Ts.e) s,y Tt e)

L (Tse)) <L (Tspn)) + L (T ) +w with probability (1 —6;) (1 — d2). Since ' € (s, €] is
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fixed, we have

P (L (Tio) 2 in (L (Tirn) + L (Tine)} +)

r'e(s,e]

<2 P ) 2 L (Tin) + L (Tire) +)
r'€(s,e]
<n (- (16 (1-6))

< n (61 + 62)

< 2nexp (—02 log (max {pZK, n}))

-+nexp{‘f4bg(HMX{p2Kln})(bg(nwx{szEN}Dl_MMz}

+ nexp {—05 (log (max {pQK, n}))Q/%O} .

(C.34)

Then,
L(Tise) < min {L (Tisan) + L (Tore) } +

rEse

with probability 1 — 4 for
b4 = 2nexp (—c2 log (max {p2K7 n}))
+ nexp {—04 log (max {pQK, n}) (log (max {pQK, n}))lf%o/z} (C.35)
+ nexp {—65 (log (max {p2K, n}))Q/%O} .

Recalling that co > 5 by the definition of §; and d2 in Proposition 22, §4 converges to zero

as p,n — 00.

Lemma 26. Suppose Assumptions C1 to C4 hold, and that there are J thresholds in the

interval (s,e] and J > 3. Use the same notations as in Proposition 22 and Lemma 25. Let
/
"

ro =5, 15 =1, andr'; = e for j=1,2,...,J. Then, with probability 1 — 4,
J+1
L (ﬁsx)) > ZL (Inréil,r;)> + Jw. (C.36)
j=1

Proof of Lemma 26: The proof for this lemma is along the lines of the proof

of Lemma 8 in [ . For J > 3, |Ts,e)| > w and L(’ﬁs,e)) =
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2

Tr(i) — AT(S@)YW@ 5 To prove by contradiction, we assume

sz')GT(s,e)

L (Tise) < Z L (7@;71,7;0 + Jw. (C.37)
j=1
Equation (C.37) gives
) 9 J+1
Z (wrr(z) 147'<S e)Yﬂ'(’i)> < Z L <7z,1;7177,9)> + Jw. (C.38)
2 (1) €T (s,e) j=1
By Lemma 32, we get
J+1
P (2 (T ) =27 (g 1)) > 7+ DO,
j=1 (C.39)

n(l—(l—él)(l—ég))gn(él—i—ég).

By Assumptions C5 and C6 and Equation (C.22),
Tirjr.ry)
with high probability,

> cend, for j=2,...,J.

(rj—1,75)

> w for j = 2,...,J. Using Equations (C.38) and (C.39),

By the choice of w,

J+1

Z <a:7r(z) - A’TS o) (i) > < ZL* ( ) (J + 1)020/\2d* + Jw. (040)

Zﬂ(i)€7—(s,e)

Without loss of generality, we assume ‘T ‘TTJJJH) (‘T bty = ‘T vt )| 18
similar). There are three cases to be considered: "T iy 2 Wi | Tt 1) (1)
and ‘T’”J:TJH) < w.

First, we prove ‘7@6,7"/1) > w. By Equation (C.40),

" 2
> (wwm - Aﬁs,e>Yw<i)>
Zn(3) €T (s,e)
(C.41)

J+1 2
< Z Z (xrr(i) — A%T,_ ’T/_)Yﬂ'(i)) + (J+ 1)020)\2d:1 + Jw.
o J— J
j=1 z,rmET(T{ )
.
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Note that
. 2
> (“’m) — AT Yw(z‘))
Zn(i) € (s0)
J+1 9
- Z Z (mﬂ(z) o Aﬁs,e) Yw(z))
I=1 2y €T(r; _y rj)
J+1 9
—_— A — * .
- Z Z ((AT(W) AT(T];LTJ')> Yﬂ(l)) (042)
Jj=1 Z‘/r(i)€7—('rj71,'r]~)
J+1 9
+y D (mwm - A%rj_l,Tj)Ywm)
I=1 25()) €T(r; _q )
J+1
/ A *
“2) Y o (An. - AT, L) Yo
Jj=1 zTr(i)ET’V‘jil,’l‘j)
Recalling that A%—( , = A7, ., when there are no thresholds in (rj_1,r;] and
Ti_1:Tj =175

combining Equations (C.41) and (C.42), we get
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J+1 2
*

> Y |(Ana-an, )Y

=1 .

I E 0T

* 2 g%
szz A (Aﬁs .’ AT(T§1%_>> Yo + (J + 1) CaX2d}, + Jw
I=1 2n(@ €70t

J+1

<2)° Yo )Y HAT(m Aff )

j=1 zﬁ(l')ET(T;__lYT;_)

+ (J + 1)CooN2d + Jw

oo

J+1

<2¢; Z <\/d* log (max {p?K,n}) ’7'

+\/log (max {p?K,n}) ’7'0«;, )

*
‘ATS e) A'T(T/_ L )
=172,

HA7'(5 e) AT / rh)

Ti—1";
J+1
* A _AX
SO REA LT HAT(s,e> ATy )
j=1

+ (J + 1)CooN2d + Jw,

) + (J + 1)CooN2d + Jw

1,Ic>

(C.43)

+ ’TT;_ )

*
HATS o0 T AT

21 =17

where the third inequality holds by Proposition 22 (Equation (C.3)) and Cauchy-Schwarz
inequality, and the forth inequality holds by the choice of A.

Set B = (AT(S,E) — A?;-(r;-l,'rg)) . By Proposition 22 (Equation (C.4)) and the choice of
A, that is,

A = 2C4; (log (max {sz,n}))l/%o d* > /log (max {p2K,n}),

we get
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J+1

)Y

j=1 zﬁ(i)e'T(T/_ilYT;_)

J+1
<Y e[y
J=1

+ (J + 1)CooA2d,

J+1
< Z 19\ (\/ ’7@;71,@) 7
j=1

2

(7. -4,y ) o

y| log (max {p>K,n}) (x/d* 1By 7 + HAT(se

+y/ \’f(r;,m HAﬁs,e> )

)—i—Jw

IC) + Jw + (J 4 1)CoA2ds,

mo I+l ¢, || B HQ‘ o
SZQCw}\ dy/ce + Z)\/Q Tt H T || 7e
j=1 j=1
+ Jw + (J 4 1)CoN2ds,
) J+1 ¢, || B3 ‘ m| 2
<(J + 1)esoN2dr + Z/\/2 ‘ &)\ Tisey| + Tw
j=1

S+ e, || By 3| T
<

= 4
7j=1

]17)

+ Jw + (J + 1)621)\2d2,

(C.44)

where the third and forth inequalities follow from Holder’s inequality and Lemma 30,

respectively.

Recalling that the case we consider is ‘7—(7"677"’1) > Ld+ 1

With the choice of w and A, we get

"T(r/_ e (mo+1) (log (max {p2K, n}))z/%o di3 > coo (log (max {sz, n}))Q/%O a3

i—

(C.45)

forj=1,...,J+ 1.
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Recalling that I,k is a pK x pK diagonal matrix with all diagonal elements equal to 1,

2

(A7-(s e) A’T(r;._l,r;)) YT((Z) 9

= (vec (B;))’ Z Y)Y | ® Lok | vec (By)
SIONUCANA

D

ZW(’L')E,T(T;_I,?";.)

> (vec(By))' | E Z Y)Y | © Ipx | vec(By)
Zw(i)eﬁréfl,@

— (vec (B;))’ Z Y)Y — E Z Yoy Yoo | | © Lo | vec (Bj)
@) €Tt GIONUCANS
>c11 Tj )| 1B [
- W(l)YTI{(Z) —E Z 7r(z ® IPK |B ||1
w(z)GT(T ) @) €Tt
1 /
>c1 'T o —c3 (log (max {p2K n} /70 ‘ !y
1 *
>enn [T, 0| I1Bjll3 — e3 (log (max {p*K,n})) 7o ’ﬁr;_l,r;) d; || Bjll3,z

— 3 (log (max {p? K, n}) " \/|Tor )

2
111 e

()

e | Ty,

2
<C8>\d;k1/ ‘ﬁs,e) ‘)

2 _ 1902 (log (max {p2K, n}))l/%o d;"f/ ”7@

!
-7

1B;13 — c3 (log (max {pQKm}))l/%o ’7.

>cn ‘7@'

=175

>cy 3 — ci3\idl,

T )

(C.46)

where the second and the third inequalities follow from the Cauchy-Schwarz inequality and
Proposition 22 (Equation (C.4)), respectively. The forth inequality follows from the Cauchy-
Schwarz inequality; the fifth inequality holds by Lemma 30 and the fact that |’T576)| >

‘T(r;,pr}) > 92 (log (max {p?K, n}))g/%o dz3 by Equation (C.45); the last inequality is due
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to the fact that
¢22 (log (max {p°K, n}))l/%o d,

\/ ‘T(rj )

by Equation (C.45).
Combining Equations (C.44) and (C.46), we get

J+1
o |By113 | To .
4 Jw+(<]+1)621>\ dn

ji (C.47)
2 (J + 1)613)\2d;,

> Z Cx
j=1

] 17,)

7ﬁ(7ﬂ;‘71 %)
which leads to

3 3
Jw + co3(J + DA > Z Ca >Z Cr IBj|I3.  (C.48)

(T —17

e

By Assumption C4, for j =2,....J — 1,

sy | 1B 13 + [Ty 0| 1B 113
2 * 2
_nf{)n._ | 147, = MU+ [Togwr o147, - 1B}
C.49
2 ‘T -1 " ”+1) ( )
>v
‘727" oi41)

Z mln { ‘7V(T}_17T9)

2
’ ﬁr}v”§'+1) }U /2

Applying similar arguments as in Lemma 23 and combining Equations (C.48) and (C.49),
with probability at least 1 — nd; — ndo,

min ‘
§=2,....J

T )

Jj—10g

(%

2 g%
SCO(W>,

> CenAn > CeC(S (log (]72[{))2/%0—’_6 Tnod'ﬁ,s/v2

which contradicts the fact that ‘Tr/_ )
Jj—=17g

for j = 2,...,J by Assumption C6 and Equation (C.22). Thus, if ‘Tré,r’l) > w, then

L(Tewe) > S5 L (Toy ) + I
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Similarly, we can prove the rest of two cases. For the case )727“6:7“’1 )| <w< ‘7},{]7,.& Db
Equation (C.40) becomes
. o !
Z (wﬂ(z) — Aﬁs’e)YW(i)) < Z L* (7@;71,7";)) + JCQO)\Qd:; + Jw. (0.50)
Zﬂ(i)eﬁs,e) 7j=2

The rest of the proof is identical to the case ’TT&TE) > w.

For the case ‘7@&% y| <w, Equation (C.40) becomes

+1

J
S (xw(,-) = AT(SYE)YW(,-))Q <N rr (7@371,,,;)) (= )0 N2d5 + Jw.  (C.51)
2 (1) €T (s,e) j=2

> w.

The rest of the proof is identical to the case ’TT677~/1 )

Lemma 27. Denote BT(S o = Aﬁ - A*T( : and use the same notations as in Proposi-

s,€)

tion 22. Suppose Assumptions C1 to C4 hold, for any given interval (s, €],

P( 2 ((Aﬁm —A*T(s,e>) Yw(z‘))Q > C [ Ts0)| HBTM z

2r() €T (s,e) (C.52)

4 2
e (g (mas {56 n ) 1T [ B ) =1

where constants Cg > 0,c3 > 0.

Proof of Lemma 27: Recalling that I,k is a pK X pK diagonal matrix with all diagonal
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elements equal to 1,

> ((Aﬁs,e> - A*T(S,e)) Yvr(n)Q

2r(5) €T (s,¢)

!/
= (vec (BT(S,E))) Z Yw(i)Yﬂ{(i) ® Ipg | vec (BT(s,e))
Zn (i) €T (s,0)

!/
> (vec (BT(M))) El Y Y)Yy | @i | ve (Bﬁs,a)
Zr (i) €T (s,e)

/
- (Vec (B T<s’e>)> > YooYy -E| > YaoYiy | | ®hx
Zr(6) €T (s,e) Zr(1)€T(s,e)

vec (BT(S e))

2
206 ‘7-(5,6)‘ HBT(S,E) 9

2

- > YY) -El Y YY) |ehs| ||Br.

1
2r(5) €T (s,¢) 2 () €T (s,e)

o0

2 A
e (tog (max {pK,n})) " /[T | B

>Co |To| | Bri.

2
)
1

(C.53)

where the second and the third inequalities follow from the Cauchy-Schwarz inequality and

Proposition 22 (Equation (C.4)), respectively.

Lemma 28. Suppose Assumptions C1 to C4 hold and that the interval (s,e] C
(rj—1,rj].  Then, there exist certain positive constants C, Ci, and Ca such that
with probability (1 —61) (1 — d2), for ‘7@76)‘ > C(log (max {sz,n}))Q/%o d:2 and N >
2C1+/log (max {p2K,n}),

HAT(S@) 1,7¢ < CQ)‘d:L/ |7?s,e)}a (C.54)

and

|Ar.., — Ar., ||, < CAdi// [T (C.55)
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In addition,

< HA —A
1.7 — 7—(5,6) 7‘(5,6)

A7, —Ag |
(s,e) (s,e)

1
<4|ag,, - A7, o (C.56)
<A4./dx AT(s,e) — 447’(5!8> oz
Proof of Lemma 28: By Equation (4.3),
. 2 .
> ) (i) = AT 0 Ya(i)||, T 2 [T HA’&s,e) .
Zr(i)€T(s,e)
) (C.57)
< ) ) Ta(i) = AT, Yot ||, + 2/ [ Tis0)| HAT@,@ .
Zn(:) €T (s,e)
Then, with probability 1 — d1, we can rewrite Equation (C.57) to obtain
. 2
> A Yoo - An Yoo
2 (i) €T (s,e)
1y
<2 ) (mw(a - Ans,e>Yw<i>) (AT(s,e> - Am,e)) Yo
Zn () €T(s,0)
+ )\\/ ‘7257@)’ (HA,T(s,e) 1 - A'T(s,e) 1)
<2|ar., A | | X eo¥io| +WITeol (|47, - [4r..]),)
2 (i) €T (s,e) 50
. log (max {p2K,n / .
SCl HA,]—(S,E) - A,T(s,e) ’ﬁs’e)’ ( { }) tA ‘728’6)‘ (HA,]—(S’E) - ‘ AIT(S’E) >
! [T 1 !

)

—||A
1 H T

<C \/ | Ts.e)| log (max {p? K, n}) HAT(3,6> ~ A7, Tt A\/m (HA’RS,6>

Aol A7, - Ar |, + 20Tl (47 )

1 HAT(“)

(C.58)

where the third inequality is due to Proposition 22 (Equation (C.3)).
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Since

HAT<s,e> — A7

1 - HA7—(S,6) - A7—(s,e) T + HA’T(&E) - A’T(S’e)

1, 1,Z¢
and Equation (C.58), we get
HAT(S'E) ~ AT Lze HAT(”) 1,7¢ =3 HAT(M) ~ AT 1T (C59)
By Cauchy-Schwarz inequality and Assumption C3, we can obtain
Ar  —A
H ’T(s,e) 7’(5,6) 1,7
<> (Jvee (A ~ A ),
leT
)\ /2 1/2 (C.60)
< (Shelan-ana) ) (2)
lez leT
= VL || AT — AT ||,

2.7

where vec <A7~S o= A’QS E)> represents the [-th element of vec (AT(S o= AT@ e)> and

l

vec <A7’<s’e> — AT(s,e)> is the vector obtained from (AT(M) — AT(S,S)) by concatenating the

rows of (AT(M) - AT(S,E)) . Combining Equations (C.59) and (C.60), we obtain

HAT<5,8> - ATW) T = ‘AT(s,e) - AT(s,e> 1
§4HAWWY_AWM>LI (C.61)
<4y/d;, AT(S,E) _AT(s,e) o1
Recalling that if there are no thresholds in the interval (s,e|, then Ai‘r(w) = A7, -

Since (s,e] C (rj—1,7], B, ., = AT(s,e) — A

(o) Directly followed by Lemma 27, with

s,e)
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probability 1 — 2, we have

~ 2 2
Z <<A7—(Sae) o Aﬁsvﬁ)) Yﬂ'(z)) 2 06 |Tsve)| HB7’(S,E) 9
() €T (s,¢)

o 2
~ e (log (max {pK,n})) ™ /| T | B |
(C.62)
Since Equation (C.61), we can get
. 2 2
Z <(A7—(s,e) - A7_(s,e)) Yﬂ'(")) 2 CG ’ﬁsae” HBﬁs,e) 2
2 (i) €T (s,e)
o 2
~ e (log (max (oK, n})) ™ /| T B ||
2
> |Br...|, (Cﬁ Tt
—Ci3 (log (max {pQK, n}))l/%o 1/ ‘7?876) ‘d;) .
(C.63)
Since ‘7?876)‘ > C (log (max {sz, n}))Q/%O d:?, then
Vv (log (max {p2K, n}))l/%o d;, ‘72876)‘ < |Ts7e)}. Recalling that Ci3 depends

on the constant c3 > 5 chosen in Proposition 22, then we can choose c3 to

be small enough so that Ci3/vVC < Cs. Next, Equation (C.63) leads to
. 2
Zzﬂ.(wE'T(s,e) ((A7—(s,e) - A’T(s,e)) Yﬂ'(”) 2 014 |T576)| HB‘T(s,e)

Then, we can rewrite Equation (C.58) to obtain

< G| T HBm,e>
< i\ |Tioo| | B,

2
) for C4 > 0.

014 ‘ﬁs,e)‘ HB7—(s,e)

1 HAT(W

)

1,7

(C.64)

where the second and the third inequalities follow from Equation (C.61) and the triangle

inequality.
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Finally, by Equation (C.64), we get

|Br...

9 < Cl7>‘\/@/ ‘ﬁs,e)’~ (0.65)
In addition, by Equation (C.61), we obtain
HBT(s,e> H1 < CirAdy [\ /| Tis.e)|- (C.66)

Lemma 29. Suppose Assumptions C1 to Cj hold and that the interval (s,e] C (rj—1,7;].
For
‘T(s,e)’ >C (log (max {sz, n}))Q/%o d:LQ

and X > Cs4/log (max {p2K,n}),

2 2
| < Cud;

2
Pl > “’«’w(i) — A7, a6 |,
2 (i) €T (s,0) 2 (i) €T (5,¢)

=1 =d1)(1=0),

(C.67)
where C, C3 and Cy are positive constants.
Proof of Lemma 29: By rewriting Equation (C.57), we can get
~ 2 2
> ‘ o) — AT Y|, = D ( Tr(i) ~ AT Y|,
(1) €T(s,e) (i) €T (s,e)

R C.68
S )\ \/ ‘71576)‘ (HA,T(S,E) 1 - HA,T(s,c) 1) ( )

= Ay |7 HATW) - AT(s,e)

L .
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By Equation (C.68) and Lemma 28, we obtain

> ‘ Yw(z’)z— > ‘

Zr(:)€T(s,e) Zn(3) €T (s,e)

<\ [Teol |47, - 4r,.,
< 0| Tl Cords /| T

< Co)2d.

~ 2
Tr(s) — AT, Tr(i) = AT Ya) |

s,€)

1 (C.69)

In addition,

> ‘fcn(n—A’ns,e)Yw(i) z— . (

Zn(5)€T(s,e) Zn(3) €T (s,e)

~ 2
== Z HA7—(S,E) YW(Z) - A7—(s,e) YW(Z) 2
Zn(i)€T(se)

/ N
+2 Z (”Cﬂ(i) — AT Y, (i)> (Aﬁs,e) - AT(m)) Yo (i)
Zn(2) €T (s,e)

~ 2
Tr(i) ~ AT Y|,

1 (C.70)
=2 HAT<518> — AT, > e Yi
Z"(i)ET(S,E) .
1 2K
< eod [T Ll VIos (ax (7K n])
| T(s.e)l

< Cyer M +/log (max {p2 K, n})

< Cs\2d,

where Cy and C5 are positive constants. The second inequality holds with high probability
by Proposition 22 (Equation (C.3)) and Lemma 28; the last inequality follows from the
choice of A\. Combining Equations (C.69) and (C.70), Equation (C.67) holds.

Lemma 30. Suppose Assumptions C1 to CJ holds. For any given the interval (s,e],
with probability (1—61)(1—38), |Tee| > C (log (max {p*K,n}))*d:2 and A =
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2C 9 (log (max {p2K, n}))l/%o dy,

HAT@,@ SO IT, (C.71)
where C, ¢\ and Cg are positive constants.
In addition, for Co > 0,
HAT<w> ~ AT Hz < CAVA/[Tisl (C.72)
|4r.., = 45, [, = Cordis /[T
and
HAT(M) ~ AT 1T = HAT(S’E) ~ AT 1
<4|Ar., - ar | . (C.73)

< 4y/d;,

A *
A7’(s,e) A7~(s,e) 27T

(s,€)

Proof of Lemma 30: Set By, A7- A*T(S " By Equation (4.3), we have

2
> HBm,e>Yw<z’> , T2 > ( (i) — AT, )Ym) By, ., Yx()
(i) €T (s0) (i) €T(s0) (C.74)

< A/ T(s.0)] (HAi‘r(é,,e)H1 - HAT(M) 1)-

Note that

> (f"w(i) —A*T(s,e>Yw<i>) BTs) Ya(i)
2 (i) €T (s,¢)

= Y. € (B’r(s,e>1’7r<i>)+ > ((Am‘)—A%s,e)Yw(i))/(BTee) w())

Zn(i) €T (s,e) Zr(5) €T (s,¢)
::Hl + HQ,
(C.75)

where A ;) is the true coefficient at the time point 7(3).
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For Hy, we have |H;| < HBT(s,e) By Proposition 22, with

1 szﬂ.(i)e'r(&e) Eﬂ(l)Yﬂ{(Z) o
probability 1 — 41,

111 = By I T | o8 (o (2. )) /[T

(C.76)
— asl|Br,., Iy os (max {p2 K. n}) [ T |
For Hs, we have
|Hs| < HBT(S,E) . Z Yn(i)Yé(i) (Aw(i) B Af@,a)
Zr (1) ET(s,¢) 00 (C.77)
< ) Yo )~ A7
> HBT(S’E) 117116?113?(”@} Z <Y7T(’L) W(l))(l,.) (Aw(l) AT(S“"))(-J’) )

Zr(5) €T (s,e)

where <Y7r(i)Y7r/(i))(l7_) represents the [-th row of Yw(i)Yé(i), and (AW(Z-) 7Aj§’(5,e))(yl/)

represents the I-th column of Ar) — Ai}(q o

By Assumption C3, max|[A;;lle < Ma. Then, by Equation (C.2), we obtain
max || Ay — A}(S Y lloo < CioM 4. Note that

E (m(t_k)az/(t_k)l (s<z < 6)) <E (m(t—k)x/(t—k)>

and that E|x;|? is positive and bounded by Assumption C2. Combining Assumption C3
and Proposition 22 (Equation (C.4)), with probability 1 — d,

’H2| S HB7’(S,E)

Y)Y, ) Chod: M
el 2 (Yo Y 0| CrodiMa
2 (i) €T (s,e)

1 3 (Yw(z‘)Yé(i)> . (C.78)

Zn(i)€T(s,e)

< C1 (log (max {p? K, n})) ™ /| T 0| s

< Chod; My HBT(s,e)

[e.9]

BT

s,e)

L .

Since sy < 1, (log(max{pQK,n}))l/%O > (Iog(max{pQK,n}))l/Q. By Equa-
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tions (C.75), (C.76) and (C.78), Equation (C.74) leads to

2
Z HBFRS,E)Y (Z) 2
Zﬂ'(i)ETs,e)

§2 <C3 HBT(S@

\log (max {p2K, n}) | T, |
+Cu (log (max {p*K.n})) 7 \/| T |d;

)
[Tl (|47, - |47 ],)
<C1s (log (max {p*K,n})) ™ di/| o | | Bre |, + 2 [Tl (|47,

B, .,

)

—||A
1 H Ts.e)

A~

A / x

§§ ‘71976)‘ HB7—(S,6) 1 + >\ ‘72576)‘ (HA’T(s,e) 1 - A7—(s,e) 1) ‘

(C.79)
Next, using similar arguments as in the proof of Lemma 28, we can get
HATW) R HAT(S@ S8 HATW) SR (C.80)
In addition,
A * A *
HA7-(S,E) o A7—(s,e) 1,7 S HA7—(S,S) - A7~(s,e) 1
A *

<a|Ar,, -4z, | (C.81)

*

A7—(Sve) o A7~(s,e)

< 4y/d;,

2.7

By Lemma 27, with 1 — o,

> ((An, - Ar,) Vo) 2CslToo |Br.
2 (i) €T(s,e)

—c3 (log (maX {PZK, n}))l/%o \/@ HB’f(s,e)

(C.82)

2
.
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Then, by Equation (C.81),

A 2 2
Z ((Aﬁsve) o A7—(s,e)) Yﬂ'(’)) Z 06 ‘7-(376)| ‘)37—(5,6) 2
Z‘rr(i)67—(s,e)

— ¢35 (log (max {p*K,n})) "/ \/@ HBT(s,e>

2
5 (CG |Ts,e)|
—C43 (log (max {sz, n}))l/%o \/ "7{876) ‘d;) .

(C.83)

2
1

> |Br..

Since ‘T(s’e)‘ > C (log (max {pQK, 71}))2/%0 d*2, then
VG (log (max {pZK, n}))l/ﬂo dy\/ ‘725,@)‘ < ‘7@,6)‘. Recalling that Ci3 depends on
the constant c3 chosen in Proposition 22, we can choose c3 to be small enough so that

C1a/VO < Co. Thus, T, em. ((AT(s,e> - AT(s@) Yﬂ(i)>2 > Cua|T(se)] HBT(s,aHz for
Ci4 > 0.

Then, we can rewrite Equation (C.79) to obtain

<3yl 5
Cish/|Too| [ B
< 016)\\/@ HBT(S,@

P

AT,

014 ‘ﬁsve)‘ HBF,—(S,e) (s,e)

IN

)

IN

1.7

(C.84)

where the second and the third inequalities follow from Equation (C.81) and the triangle
inequality, respectively.

Finally, by Equations (C.81) and (C.84), we get

|Br.. |, < CooaVdi /| T

HBT(s,e) Hl < Oy /A | Tise -

)

(C.85)

Lemma 31. Suppose Assumptions C1 to C4 hold and that the interval (s,e] con-
tains only one threshold r;.  For ‘7'(576)| > C(log (max {pQK,n}))Q/%O d:? and \ =
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2C 9 (log (max {p2K, n}))l/%o dy,

2 2
| < CisXd;

PIL Y [eew - an, Yoo z— >

Zr () €T (s,e) Zn(3) €T (s,e)

—(1—6)(1—-d).

Tr(i) = AT, 0 Yr(i)

(C.86)
Proof of Lemma 31: Rearranging Equation (4.3), we can obtain
~ 2 .
> ‘ Tr(i) — AT Yo |, ~ > ‘ Tr(i) ~ AT, 0 Yrti) |
Zn()€T(s,e) Zr() €T(s,e)
/ * A (C87)
S )\ ‘719,6)‘ (HA’T(s,e) 1 B HA7-(319) 1)
S )\ \/ ‘7—({'376)‘ HA:;—(S,E) o A7’(Sve) 1 '
Then, by Equation (C.87), we obtain
. 2 i 2
> ‘ ety — AT Y|, — D ‘ Tr(i) ~ AT, 0 Yrli) |
()€ T(s,0) Zn () €T(s,¢)
<\[Teol A7, ~ A7, (C.88)

< 0 ToalCords/ /T

< Co)\2d.

The second inequality follows from Lemma 30.
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In addition, we rearrange Equation (4.3) again and get

> ‘wwa)—A%s,e)Yw(i) z— ) ‘

Zr(:)€T(s,e) Zn(3) €T (s,e)

¥

Zn(5)€T(s,¢)

+2 ) (mwm — A7, Yw(z‘))/ (A*T(s,e) - Aﬁs,e>) Yz

~ 2
Tr(i) — AT Y0,

s,e) s,e)Yﬂ—(i) 2

2 (1) €T (se)
. . (C.89)
é 2 HA7-(s,e) - A7—(S7e) 1 Z eﬂ—(i) 7"{(1)
2r () €7 (s,0) 0o
}ﬁs,e) ‘ \/IOg (max {p2K7 n})

é 209)\(1;2/ ’7?576)’61
|7

< CioAd’\/log (max {p2K, n})

< Cig\?d;,

where Cig is a positive constant. The second inequality holds with high probability
by Proposition 22 (Equation (C.3)) and Lemma 30; the last inequality holds, since

A > c1y/log (max {p?K,n}). Finally, combining Equations (C.88) and (C.89), Equa-
tion (C.86) holds.

Lemma 32. Suppose Assumptions C1 to Cj hold and that the interval (s,e] C (rj—1,7;].
For }ﬁs’e)‘ >C (log (max {p2K,n}))2/%0 d:? and A > Csy/log (max {p2K,n}), there exists

a positive constant Cao such that, with probability (1 — d1) (1 — d2),
12" (Tise)) = L (Tis.e)) | < Caodi X7, (€.90)

where 61 and do are denoted the same as in Proposition 22.

Proof of Lemma 32: We proof this lemma by considering two cases: }7?8,6)‘ < w and
‘7@76)‘ > w. By Equation (4.2), we have L* (71376)) =1L (7@76)) = 0 if ‘7@76)‘ < w, which
gives Equation (C.90).



When !7’(376” > w,

IL* (Tise) = L (Tis0))|

2
ES

<l X ‘wwm—Am,e)Yﬂ(i) LD \f’ﬁw(i)
2 (i) €T (s,e) 2r(1)€T(s,¢)

2
= X ‘wwm—An,e)Yw(z) LD ‘wm)
2 (i) €T (s,e) 2r(1) € (s.¢)
§C4)\2d:,7

where the last inequality follows from Lemma 29.

194

(C.91)

Lemma 33. Suppose Assumptions C1 to Cj hold and that the interval (s,e] C (rj—1,7;].

Set A = 2C1 (log (max {p2K, n}))l/%o d; and denote 04 the same as in Lemma 25. For any

interval (s',€'] that (s,e] C (s, €], with probability 1 — 04,

L* (Tise)) = Z (mﬂ(i) - z‘iTs,ye,)YTF(i))2 < O diN?,

Zr ()€1 (s,e)

where Ca1 s a positive constant.

Proof of Lemma 33: If ‘72576)‘ < w, then

~ 2
L' (Too) = D (wwu)—AT(s/,e/)Yw(i))

Zﬂ'(i)ETs,e)

- Z (ww(z) - ATS/,e/)YW(i))Q < C21d:;)‘2'

Zr(5) €T (s,¢)

For |7'(376)| > w, then |7Zs/7e/)

> w, and

(C.92)
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L (Too) = 2 (e~ A7 vr(z))Q

Zr () €T (se)

N 2
=L (Too) = Y. (@et) = A7 Yot + A Ya) — AT Yao)
2 (i) ET(s,e)

/ N
=2 (ww(i>—Aﬁs,e>Yw(i>) (ATs/,e/> —Aﬁs,e>)Yw(z’)
Zn ()€ T(s,e)
2
- HAT o Ya(i) — AT 0 Yai)
Zn(i)€T(s,e)

a ~ 2
§2HAT(S,6)_AT5/,€/ ) Z exi) Yo | — Z HAT(S,,E”YW(@—AT(S,e)YTr(i) )
)€ (s,e) 2n()€T(s,e)

. log (max {p2K, n
<Cy HATW) ~ Az, \frse \\/ T{ 1)
| g 0l
- Z HAT(S/ ) TI’(Z) AT&e)YTr(z) 9
2 (1) €T (s,e)
<C) \/}7'576 | log (max {p?K,n}) HATW) — ATS,’E,) X
- HAT(/ o Yr(i) — AT o Yr(i) y
2 ()€ (s,e)
(C.93)

where the first inequality follows from the Cauchy—Schwarz inequality, and the second in-
equality follows from Proposition 22 (Equation (C.3)).

Using similar arguments as in the proof of Lemma 27, with probability 1 — §; — do, we
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get

2 ((Aﬁyw“Aﬁmﬂiﬁm)z

2r(5) €T (s,¢)

> s Tl [ Ares o~ Are .

~ Cr (tog (max {p?K, n})) /m |47, ~ 47|
= C6 | Ts0)| HAT( rery T AT@,@ 5

~ G (log (max (5K, n})) /1000 | HATS/ oA,

— C7 (log (max {p°K,n})) /%O mHA Ty = ATt izc (C.94)
> Co |T(s.0)] HAT/ ) AT(&e) 5

~ €y (log (max {pK, n}))”"om Az, g ~ A7,

— 7 (log (max {p* K, n})) ™ /1T 0| | A7) Lz

> 024 ‘Tse ‘ HAT( rely A'T(S’e> 9

— CsC7 (log (max {p°K, n}))l/%O V| Tis.e) IA2dz/ T (s,

— Cya)?,

> Oy ‘Tse ‘ HAT 7.eh AT(S e)

where the second inequality follows from the Cauchy—Schwarz inequality (using the sim-
ilar arguments as in Equation (C.60)), and the third inequality is due to the fact that
‘7'(878)‘ > w > de;‘f log (sz)Q/%O and Lemma 30. The last inequality is due to the
fact that |Tsr’e/) > |T(S7e)| > w > CudPlog (pQK)Q/%O and the choice of A, that is

A= 2C19 (log (max {p2K, n}))l/%o dy.
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Then, combining Equations (C.93) and (C.94), we get

~ 2
L' (Teo) = D (wrra)—ATsaequ(i))
2n () €T(s,e)

<O/ T 108 (max (2K, ) [ A — A || Con | T [Ar ) — A ||+ 0¥
<O Tool A7, = A7 |, = €t [Tl | Ay - A7 z + O\
<CosM/[Tise)| (\/@ ATty = AT |, + \ar.., - Ar,., 1,zc>

~ O [T [Aris oy — A7 |+ Coa2?
<Cos M| TV, | AT,y — AT 2,Z+C2308A\/@A\/CTZ/ VT e

= Cou|Tiso)| | ATy 0y — AT z + O\
<Cou |T(s)| HAT@@ - Az, o z + C33/ (2C54) N°d, + CosCs N>/

= Cot[Tso)| || ATy — AT, z + Cpp)?
<CosN’d;,,

(C.95)

where the second inequality holds by the choice of A, the third inequality holds by
Cauchy—Schwarz inequality (using the similar arguments as in Equation (C.60)), the forth

inequality follows from Lemma 30, and the forth inequality follows from Hdélder’s inequality.

Lemma 34. Suppose Assumptions C1 to Cj hold and that the interval (s,e] € P contains
J true thresholds for J > 1. Let A = 2C}2 (log (max {p*K, n}))l/’{o dy, vy = 8,75 =15, and

' =eforj=1,2,...,J. Then, with probability 1 — nd,

J+1
L(Tie) 2 3L (Toy ) = Cao (J + 1) 22, (C.96)
j=1

where Cog is a positive constant and 04 is defined in Lemma 25.

Proof of Lemma 34: We prove this lemma by considering two cases: ‘7’(576)‘ > w and

|Tis.o)] < -
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For the case ‘7@,,6)‘ > w, we take the union bound of Lemma 32,

F %{ L <T< T ’>) - L (ﬁr;,l,rp) ‘} > Coo (J +1)dpA? | < néy, (C.97)
j=1
which implies
J+1 J+1
ZL< )y > ZL*< (1) )<020(J+1)d*)\2 (C.98)
j=1

with probability 1 — ndy.

Taking the union bound of Lemma 33, we can get

J+1

N 2
P Z L* (7E o /)> — Z <$7r(i) — AT(s,e) Yﬂ(i)) > (91 (J + 1) d:;)\2 < 7154,
7=1 GT "
=17
(C.99)
which implies, with probability 1 — ndy,
. 9 J+1 9
> (w0 - A, Yew) 2. Y (@0 —An, Yeo)
zﬂ.(i)E'T(s’e) 7j=1 Z,r<i)€7—?4/‘717r()
=17 (C.100)
J+1

> Z L <Tr;-71,r;.)> = Co1 (J + 1) ;2%

Combining Equations (C.98) and (C.100), we can obtain

J+1

>, (wm) - Am,e>Yw<i)>2 >3 L (Tr; >) (Coo + Co1) (J +1)diN2. (C.101)
Zn(3) €T (s,e) j=1

For the case }ﬁs,e)‘ < w, we have L (ﬁs,e)) = Zjill L (TTQ-_M})) = 0 by Equation (4.2),
which proves Equation (C.96).
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Appendix 2: Proof of Main Results

Proof of Proposition 9: This proposition can be proved by taking the union bound over
all possible choice of s, e for Lemma 23, Lemma 24, Lemma 25, and Lemma 26.
For case (a), Equation (C.5) holds, since P is a minimizer of Equation (4.4). Then, we

can apply Lemma 23 and get

2 7%
P ( max_min {|7(s |, |Tore) |} > Co <)\d22+w>>

(s,eleP
Nd +w (C.102)
Ty |} > Co <v2>>

<n’P <min { ‘T(s’r)} ,

§n251 + n252.

For case (b), Equation (C.20) holds, since P is a minimizer of Equation (4.4). Similarly, we

use Lemma 24 and obtain

d* 2
P ( max maX{‘Ts )l ﬁT276)|} > Cy <")\UZ+W>> < n?6y 4 n2sy.
(s,e]leP

For case (¢), we prove by contradiction. Assume that there are no thresholds in any two

estimated consecutive regimes 7Tz, _, ») and 7T By Lemma 25 we can obtain

T7’+1

L(T(s e)) < mm {L( (s, 7"’)) (ﬁr/,e))}%-w, (C.103)

rEse

for a fixed s, e with probability 1 —d4. Fix a 7; and the union of two estimated consecutive

regimes Tz, | 7y U T(5, 7,,,), then

L (ﬁfj—lfjﬂ)) <, min {L (7@%’—1#’)) +L (T(r’fj+1))} Tw

re(fi-14] (C.104)
<L (7@2]-_1,@)) +L (ﬁfjfjﬂ)) tw,

which contradicts the fact that Equation (4.4) can be minimized by P. Thus, case (c) is
proved.

For case (d), we assume that there are J thresholds in the interval (s, e] for J > 3. Let
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ro = S, r;- =rj,and v, =efor j =1,2,..,J. If J > 3, we take the uion bound of

Lemma 26 and then,

J+1
Pl U JL(Tee) <) L (7'(471,1";)) +Jw | < n?dy, (C.105)
(s,e]eP Jj=1

which contradict the fact that Equation (4.4) can be minimized by P. Thus, case (d) is
proved.

Proof of Proposition 10: Let L* (72876)) be the population counterpart of L (7@,6))
by replacing the coefficient matrix estimator AT(s,e) with its population counterpart A:;—(s,e).

If (s,e] C (rj_1,7j], and (s,e] C (¢, €], then we can take an union bound of Lemma 33,

which gives

P max {L*(Tee)— >, (:BW(Z-)—ATS,&,)YW(Z'OQ > Cordp A? | < nds.

(s.e],(s’,€'] =
(C.106)
By the union bound of Lemma 32, we get
P <r(na)]( {L* (Tis.e)) = L (Tise)) |} > CQOdW) < n?4y. (C.107)
s,e
Let 77, be the j'-th value from the sorted set {r1,72, ..., 7mq.Fo, 71,72, ..., 41}, where

ro =79 = —00 and 41 = T4l = 00.
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By Equation (C.107), we can obtain

mo—+1

Z L (ﬁ?%lﬂ')) + mow

Jj=1
mo+1

> ) (L (T(rj,l,rj)) - C2odi§/\2) + mow

j=1
mo—+1
= Z L (ﬁ”‘j—l,”"j)) — Cy (mo +1) d:z>\2 + mow
o (C.108)
=D (T, 1)) = Coo (o + 1) X2 + v

m+mo+1
> Z < )>—026(m+1+m0)d;;A2—020(m0+1)dp2+mw
/ -1’ j/

> Z < >) Cor (M ~+mo+1)d;, A2+ rhw,
/ 17

where the first inequality is due to Equation (C.107); the third inequality holds, since
Equation (4.4) is minimized by P; the forth inequality follows from Lemma 34.

In addition,

mo+1 m+mo+1
> L (T i) < Z L (T )
=1 (C.109)
m+m0+1
S X DTy )+ Coolmot st DA
j=1

where the first inequality is due to the fact that L*(-) is the counterpart of L(-) and the last
inequality follows from Equation (C.107).

Then, we prove by contradiction. Assume that m > mg + 1. Note that m = ‘75‘ -1
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Combining Equations (C.108) and (C.109), we get

mo—+1 m+mo—+1
—Clyy (4 mo + 1) diN? + 1w — mow < Z Lr <72Tj_17,,j)> - Z L (T(r;_l’,r;_))
j=1 j=1

<Cy (mo +m + 1) d;)\2,
(C.ll())

which implies Cog (mg + M + 1) diA\% > (1 — mg) w. Since we assume 7 > mg + 1 and
m < 2myg, then Equation (C.110) leads to Cag (3mg + 1) diA? > w, which contradicts the
choice of w. Thus, m = mg with high probability.

Proof of Theorem 11: The proof of Theorem 11 is according to Proposition 9 and
Proposition 10.

By part (d) in Proposition 9, we can only have at most two true thresholds in each
estimated regime. For any given j-th estimated threshold 7, suppose the estimated regime
(7j—1,7;] contains a true threshold r, such that |f;_; —r,| < |Fj —14|. If the nearest
estimated regime (7j_o, 7#;_1] contains a true threshold r. such that |7j_1 — r¢| < |Fj—a — rcl.

By Assumption C5, z; has positive density. Thus,

”T('rc,ra)’ = nlP (TC <z < Ta) > CeNn |Ta - Tc’ > cenlAy
(C.lll)

> C5 (log (max {pZK, n}))w%oJFE mod;?’/vQ,

where ¢, C§ > 0 are constant, and £ is a small positive constant. Since we can only have at
most two true thresholds in each estimated regime, by part (a) and part (b) in Proposition 9,

we have:

| Trera)

= ’T(chjfl) + ‘727%71%)
diN? + w)

(C.112)

§200< 3

v

- Cl(mo + 1) di3 (log (max {sz, n}))Q/%O

V2 ’

which contradict the Equation (C.111), meaning for a given estimated threshold, we can
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only have at most one true threshold that closes to it. Thus, we have mg < ‘75‘ —1. By part
(¢) in Proposition 9, we have mg > (’75) — 1) /2, which implies 2mg > ‘75‘ — 1. Then, by
Proposition 10, we have P (. = mg) — 1. By part (a), (b) in Proposition 9, Equation (4.9)
holds.



Appendix 3: Additional Simulation Results
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Settings Threshold(s) Methods Mean Std Selection Rate
Scenario 2 |r; — o] = 2.1 dpTAR 390 0.67 0.69
3.9 hdTAR  4.03 0.41 0.86
TVAR 3.64 0.53 0.77
dpTAR 596  0.48 0.69
6 hdTAR  5.97 0.33 0.87
TVAR 5.82 0.61 0.71
Scenario 2 |r; —ra| =2 dpTAR 390 0.67 0.69
4 hdTAR  4.16 0.41 0.83
TVAR 3.82 0.56 0.76
dpTAR  5.96 0.48 0.69
6 hdTAR  6.04 0.40 0.91
TVAR 5.7  0.62 0.72
Scenario 2 |ry — rg| = 1.9 dpTAR  4.07 0.63 0.60
4.1 hdTAR 427 0.33 0.84
TVAR 3.84 0.53 0.72
dpTAR  6.03 0.44 0.60
6 hdTAR 6.02 0.37 0.92
TVAR 5.84 0.57 0.69
Scenario 2 |r; —ra| = 1.8 dpTAR 4.04 0.69 0.59
4.2 hdTAR  4.34 0.25 0.84
TVAR 3.92 0.54 0.75
dpTAR  6.00 045 0.59
6 hdTAR  6.02 0.33 0.89
TVAR 5.85 0.58 0.68

Table C.1: Mean and standard deviation of estimated thresholds, the percentage of simula-
tion runs where thresholds are correctly detected (selection rate) in Simulation Scenarios.
If the estimated thresholds within one standard deviation of true threshold, we consider the

estimated thresholds are correctly detected.
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Method REE SD(REE) FPR TPR

dpTAR 0.48 0.09 0.22 0.74

Scenario 2 |ry —re| =2.1  hdTAR 0.48 0.06 0.10 0.67
TVAR 1.06 0.75 1.00 1.00

dpTAR 0.48 0.09 0.22 0.74

Scenario 2 |r; — 73] =2  hdTAR 0.50 0.06 0.09 0.50
TVAR 1.30 1.46 1.00 1.00

dpTAR 0.47 0.10 0.22 0.74

Scenario 2 |r; —r3] =1.9 hdTAR 0.50 0.06 0.09  0.50
TVAR 141 1.76 1.00 1.00

dpTAR 0.47 0.09 0.23 0.74

Scenario 2 |r; —ra] = 1.8 hdTAR 045 0.06 0.10 0.67
TVAR 1.27  1.62 1.00 1.00

Table C.2: Results of parameter estimation for simulation scenarios. The table shows mean
and standard deviation of relative estimation error (REE), true positive rate (TPR), and
false positive rate (FPR) for estimated coefficients.

‘7'1—7"2| =21 ‘7“1—7“2’:2.0 |7“1—T2’:1.9 ’Tl—Tg‘ :1.8

0.75 0.71 0.48 0.20

Table C.3: Results of selection rate for simulation Scenario 2. The table shows the rates of
selecting z; correctly.
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