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Trajectory optimization, which forms a key component of modern guidance, navigation,

and control (GNC) systems, occupies the middle layer within a three-layer hierarchy,

where the top layer is mission planning (or high-level decision making) and the bot-

tom layer consists of low-level computation in the form of general-purpose solvers for

optimization problems and feedback controllers. In this dissertation, we develop fast

and resilient optimization-based solution methods that cover the full stack—spanning

the three layers and tightly integrating them—while remaining anchored to the middle

layer. First, we develop a convergence-guaranteed, real-time-capable solution method

for nonconvex trajectory optimization, based on sequential convex programming (SCP)

and isoperimetric constraint reformulation, that ensures continuous-time path constraint

satisfaction. Next, we customize a first-order conic optimization algorithm, by exploiting

the sparsity structure of trajectory optimization problems, to obtain a real-time-capable

solver implementation that is suitable for embedded applications. Consequently, the

overhead of a parser layer between the middle and bottom layers is eliminated. Finally,

we embed a class of mission requirements (to ensure resilience to unmodeled uncertainties



and contingencies) within a trajectory optimization problem, which can then be solved

using the solution methods that we developed. We demonstrate the suite of solution

methods via numerical examples based on real-world optimal control applications: preci-

sion six-degree-of-freedom (6-DoF) rocket landing, quadrotor motion planning, dynamic

obstacle avoidance, and three-degree-of-freedom (3-DoF) rocket landing with lossless

convexification.

Furthermore, we develop optimization-based closed-loop control strategies specialized

to spacecraft applications in the cislunar space, such as station keeping, autonomous optical

navigation, and passively-safe rendezvous on the near rectilinear halo orbit (NRHO).

Again, the motivation is to design solution methods that combine two layers of the

hierarchy—(middle) feedforward trajectory optimization and (bottom) feedback control.

We demonstrate that exploiting properties of the dynamic behavior of the system and

its environment is useful for designing lightweight algorithms (suitable for onboard

deployment) that can deliver the required performance.
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Chapter 1

INTRODUCTION

Trajectory optimization forms an important part of modern guidance, navigation, and

control (GNC) systems, wherein, it is used to generate reference trajectories for onboard

use and also in offline design and analysis. Trajectory optimization is a part of a three-level

hierarchy (shown in Figure 1.1), where the top layer is mission planning (or high-level

decision making), the middle layer is trajectory optimization (formulated as constrained

nonlinear optimal control problems), and the bottom layer consists of low-level computa-

tion in the form of feedback controllers and off-the-shelf solvers for optimization problems.

The top layer plans for multiple vehicles and maneuvers or a mission consisting of a

Mission
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Trajectory
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Controller

Optimization
Solver
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Exploit structure

Embed mission
requirements

Fast &
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Figure 1.1: The hierarchy of mission planning, trajectory optimization, feedback controllers, and
optimization solvers.

sequence of maneuvers (see for e.g., Amazon Prime Air’s drone delivery CONOPS [2, Fig.

3]). The middle layer formulates the problem of generating continuous-time dynamically

feasible maneuvers for a vehicle while satisfying continuous-time path constraints and

boundary conditions [3, Eq. 1]. Unlike the top layer, this layer adopts a more fine-grained
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view of the dynamic model of the vehicle and its environment, with an emphasis on

constraint satisfaction. Finally, the bottom layer consists of two parts: (i) modular algo-

rithms [4, 5, 6, 7, 8, 9] and solvers [10, 11, 12, 13] which numerically solve the optimization

problem formulated in the above layers; and (ii) feedback controllers that treat the solution

from the above layers as a feedforward reference signal. Furthermore, a parser layer

(such as YALMIP [14], CVX [15], or CVXPY [16]) is required between the middle layer and

off-the-shelf optimization solvers to transform the trajectory optimization problem to a

canonical form [17, Sec. 5.1]. Figure 1.2 shows the placement of the three layers within

a typical control system architecture. Note that the hierarchy we consider is similar to

the one traditionally analyzed for control systems (also referred to as layered control

architectures [18, Fig. 2]).

Autonomy, the ability to operate without intervention or assistance from humans, has

become a highly desirable trait in modern robotics, due to its necessity for large-scale de-

ployment of systems in highly-constrained environments with performance requirements

[19]. Optimization-based methods are a natural choice for enabling autonomy. Human op-

erators do not need to handcraft maneuvers by relying on years of domain expertise; they

can simply state “what” needs to happen in the form of an optimization problem, without

worrying about “how” the task is completed. Therefore, the ability to formulate and solve

optimization problems that encompass a large class of mission and operational scenarios

reliably would enable rapid prototyping, certifiably-safe deployment, and cost-efficient

maintenance [20, Sec. 1].

Tight integration of the three layers is necessary to fully harness the capabilities of mod-

ern optimization algorithms in terms of modelling flexibility, convergence guarantees and

real-time performance. For e.g., majority of the commercial-off-the-shelf (COTS) solvers

for nonlinear programming require twice differentiability of constraint and objective func-

tions (e.g., SNOPT [21] and Ipopt [12]), which can be unduly restrictive for optimization

problems formulated in certain domains (e.g., hybrid systems), necessitating specialized

optimization solvers. Also, certain applications (e.g., precision rocket landing) demand

customized real-time-capable solvers with small code footprint for use onboard the vehicle.
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On a similar vein, stronger coupling between the top and middle layers is beneficial. Typi-

cally, since mission planning adopts a coarse view of vehicle dynamic model, it is likely

that the plan it generates is not simultaneously feasible in continuous-time with respect

to the dynamic model and the path constraints. So, such artificial infeasibility can be

avoided by embedding mission requirements into the trajectory optimization formulation

whenever possible. Doing so would allow us to leverage state-of-the-art algorithms for

convex and nonconvex optimization to generate dynamically feasible, path-constrained

maneuvers that satisfy all mission requirements.

Mission
Planning

Trajectory
Optimization

Parser Optimization
Solver

Feedback
Controller

Plant

+

−
+

+

Figure 1.2: The three-layer hierarchy is placed within the context of a control system architecture.

In this dissertation, we develop fast and resilient optimization-based solution meth-

ods that cover the three layers (i.e., the full stack) and tightly integrate them, while

remaining anchored to the middle layer. First, we develop a general-purpose, convergence-

guaranteed, real-time-capable solution method for nonconvex trajectory optimization that

ensures continuous-time constraint satisfaction [22]. Next, we customize a first-order conic

optimization algorithm, by exploiting the sparsity structure of trajectory optimization

problems, to obtain a real-time-capable solver implementation that is suitable for embed-

ded applications [23, 24, 25]. Consequently, the overhead of a parser layer between the

middle and bottom layers is eliminated. Finally, we embed a class of mission requirements

(to ensure resilience to unmodeled uncertainties and contingencies) within a trajectory

optimization problem [26, 27], which can then be solved using the solution methods that

we developed.

Besides the aforementioned methods, we develop optimization-based closed-loop con-
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trol strategies specialized to spacecraft applications in the cislunar space. The motivation

is again to design solution methods that combine two layers of the hierarchy—(middle)

feedforward trajectory optimization and (bottom) feedback control. Exploiting proper-

ties of the dynamic behavior of the system and its environments is useful for designing

lightweight algorithms (suitable for onboard deployment) which can deliver the required

performance. Some examples of properties that can be exploited for algorithm design

are as follows: (i) geometric symmetries and time scales within cislunar orbits [28, 29];

(ii) empirical observations about the zone of validity of dynamical system linearization

[30]; and (iii) rate of growth of open-loop covariance and the statistics of the relative range

measurements during spacecraft rendezvous [31].

Methods and frameworks for unifying the three layers in Figure 1.1 have appeared

in the recent literature. Some notable examples include funnel synthesis [32, 33, 34, 35],

system level synthesis [36], layered control architectures [18], unified trajectory generation

and tracking [37, 38], FaSTrack [39], and desensitized optimal control [40, 41]. However, to

the best of the author’s knowledge, none of these methods provide: (i) continuous-time

constraint satisfaction; (ii) a factorization-free, library-free, first-order conic optimization

solver which avoids sparse linear algebra and is suitable for embedded applications;

(iii) a real-time-capable, convergence-guaranteed, sequential convex programming (SCP)

algorithm for trajectory optimization; and (iv) resilience to unmodeled uncertainties and

contingencies (which is distinct from what robust and stochastic control methods can

ensure). This dissertation bridges the gap in the literature by developing solution methods

that possess these attributes, which are crucial for safe, reliable and performant operation

of autonomous systems.

1.1 Contributions and Thesis Outline

In this section, we describe the specific contributions of this dissertation in the subsequent

chapters. The existing literature relevant to each contribution is surveyed in the respective

chapter.

Chapter 2. Nonconvex trajectory optimization [22]:
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In this work, we develop continuous-time successive convexification (CT-SCVX), a real-time-

capable solution method for constrained trajectory optimization, with continuous-time

constraint satisfaction and guaranteed convergence. The proposed solution framework

only relies on first-order information, and it combines several key methods to solve a large

class of nonlinear optimal control problems: (i) exterior penalty-based reformulation of

the path constraints; (ii) generalized time-dilation; (iii) multiple-shooting discretization;

(iv) ℓ1-exact penalization of the nonconvex constraints; and (v) the prox-linear method,

a sequential convex programming (SCP) algorithm for convex-composite minimization.

The proposed reformulation of the path constraints enables continuous-time constraint

satisfaction even on sparse temporal discretization grids and obviates the need for mesh-

refinement heuristics. Through the prox-linear method, we guarantee that: (i) CT-SCVX

converges to stationary points of the penalized problem; (ii) the converged stationary

points that are feasible for the discretized and control-parameterized optimal control prob-

lem are also Karush-Kuhn-Tucker (KKT) points. Furthermore, we specialize this property

to global minimizers of convex optimal control problems and obtain stronger convergence

results by exploiting convexity. In addition to theoretical analysis, we demonstrate the

effectiveness and real-time performance of CT-SCVX by means of numerical examples from

real-world optimal control applications: dynamic obstacle avoidance, and 3-degree-of-

freedom (3-DoF) and 6-DoF autonomous rocket landing.

Chapter 3. Customized conic optimization solver [23, 25, 42, 43]:

We develop a real-time-capable customized implementation of the proportional-integral

projected gradient PIPG method for solving (standalone) convex trajectory optimization

problems and the subproblems within SCP-based methods for nonconvex trajectory opti-

mization. The customization of PIPG to exploit the trajectory optimization structure allows

library-free, factorization-free, and easily-verifiable solver implementation for real-time

and embedded applications. It achieves automatic primal and dual infeasibility detection,

optimal global convergence rates in theory, and orders-of-magnitudes faster computation

in practice. It exploits the sparsity structure of conic constraints via parallel matrix opera-

tions and the geometric structure of constraint sets via efficient projections. Furthermore,

it relies only on simple linear algebra operations such as matrix-vector multiplication and
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vector addition, and thus lends to not only easy verification and validation, but also very

small code footprint, making it suitable for onboard implementation on computationally-

constrained hardware. Unlike most off-the-shelf methods, PIPG allows easy warm-starts

and avoids the overheard of cumbersome canonical transformation of standard conic pro-

grams. We demonstrate the performance of the customized solver on numerical examples

based on two optimal control applications: powered-descent guidance and oscillating

masses.

Chapter 4. Deferred decision trajectory optimization [27, 26]:

This work proposes DDTO—deferred decision trajectory optimization—a framework for

trajectory generation with the embedded mission requirement of ensuring robustness to

unmodeled uncertainties and contingencies. The key idea is to ensure that a collection of

candidate targets are reachable for as long as possible while satisfying constraints, which

provides time to quantify the uncertainties. We propose optimization-based constrained

reachability formulations and construct equivalent cardinality minimization problems,

which then inform the design of computationally tractable and efficient solution methods

that leverage state-of-the-art convex solvers and SCP algorithms. The goal of establish-

ing the equivalence between constrained reachability and cardinality minimization is

to provide theoretically sound underpinnings for the proposed solution methods. We

demonstrate the solution methods on real-world optimal control applications based on

quadrotor motion planning.

Chapter 5. Closed-loop methods for cislunar applications:

We develop optimization-based closed-loop control strategies specialized to spacecraft

applications in the cislunar space.

Section 5.1. Local eigenmotion control for station keeping [44]:

The upcoming deployment of the Lunar Orbital Platform-Gateway (LOP-G) on a

near rectilinear halo orbit (NRHO) calls for reliable, low-cost strategies for station

keeping and relative motion tailor-made for NRHO. This work proposes a control

approach which harnesses the eigenvectors of state transition matrices (STM) associ-

ated with a high-fidelity NRHO solution in the ephemeris model to design long-term
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station keeping and bounded relative motion. The proposed method effectively

utilizes the natural motion of the spacecraft so that control actions are infrequent

and fuel efficient. The performance of the proposed approach is demonstrated via

simulations with a state estimator that uses simulated measurements from the Deep

Space Network.

Section 5.2. Sequential linearization station keeping with OPNAV [45]:

Station-keeping approaches relying on an autonomous navigation system that does

not require communications with Earth are particularly important for ensuring safety

and reliability. This work presents a targeting approach for NRHO station keeping

based on sequential linearization and evaluates its performance in a closed-loop

simulation with a state estimator that receives position measurements from horizon-

based optical navigation (OPNAV). Simulation results indicate an annual station-

keeping cost (delta-v) of about 1.14 m s−1 for the proposed OPNAV-based station

keeping, which is competitive compared to existing closed-loop station-keeping

methods.

Section 5.3. Spacecraft rendezvous with continuous-time passive safety [46]:

We propose a solution method for long-range, passively-safe rendezvous of a space-

craft to the LOP-G. We reformulate the continuous-time passive-safety constraint

as an isoperimetric constraint and augment it to the system dynamics to elimi-

nate the commonly-encountered inter-sample constraint violation in direct methods.

Consequently, computationally expensive mesh-refinement heuristics are not nec-

essary: the proposed approach can generate a high-fidelity solution with coarse

discretization grids. Furthermore, we impose chance constraints to incorporate un-

certainties encountered in a closed-loop execution, and reduce its conservativeness

by jointly synthesizing a feedback controller that inhibits the growth of the state

covariance by using the statistics of relative range and range-rate measurements. We

solve the constraint-reformulated, feedback-augmented optimal control problem for

rendezvous through an approach based on the CT-SCVX framework. The solution

method is demonstrated using a realistic numerical example based on a three-phase
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rendezvous to the Gateway while ensuring safety.

Finally, we conclude with directions for future research in Chapter 6.

The work presented in this dissertation was funded by the Office of Naval Research

Grant N00014-20-1-228, the Air Force Office of Scientific Research Grant A9550-20-1-0053,

and the NASA Grant NNX17AH02A.
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Chapter 2

NONCONVEX TRAJECTORY OPTIMIZATION

2.1 Introduction

inter-sample
violationc(x(t)) ≤ 0

Figure 2.1: Direct methods for trajectory optimization impose path constraints (such as c(x(t)) ≤ 0)
at finitely-many time nodes (black dots), invariably causing inter-sample violation (shaded region)
in the state trajectory x obtained through integration of the dynamical system with the control
input solution. The proposed framework mitigates this phenomenon.

State-of-the-art trajectory optimization methods do not yet check all the boxes with

regard to desirable features: continuous-time constraint satisfaction, real-time performance,

convergence guarantees, and numerical robustness [20]. Among these, continuous-time

feasibility, which refers to the feasibility of the state trajectory and control input with

respect to the system dynamics and path constraints in continuous-time, is especially

challenging due to the infinite-dimensional nature of optimal control problems. However,

it is essential for meeting safety and performance requirements, which is a prerequisite

for the deployment of autonomous systems such as space exploration vehicles, reusable

rockets, dexterous robotic manipulators, etc [3]. Aerospace applications, in particular,

trade optimality for robustness [47].

Trajectory optimization methods can be broadly classified into indirect and direct methods

[48, Sec. 4.3]. Indirect methods solve the optimality conditions of an optimal control

problem (based on the Pontryagin’s maximum principle (PMP) [49, Chap. 4]), which can
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be challenging for nonlinear dynamics subject to nonconvex path constraints. Such solution

methods usually take an optimize-then-discretize approach, and can only solve a restricted

class of problems. On the other hand, direct methods, which take the discretize-then-optimize

approach, are capable of handling general optimal control problems and are more reliable

numerically (they are less sensitive to initialization). In rare circumstances, PMP can

reveal convexification approaches that direct methods can exploit [50, 51]. However, since

discretization is an unavoidable step in direct methods, the resulting solutions invariably

suffer from so-called inter-sample constraint violations [52] (see Figure 2.1).

Given their flexibility and generality, our focus is on designing a direct method with

desirable features. Existing direct methods compromise continuous-time feasibility by

either—(i) parameterizing the state trajectory with piecewise polynomials and impos-

ing the system dynamics and path constraints at finitely-many time nodes (e.g., direct

collocation [48, Sec. 4.5], [53]); or (ii) disregarding the conversion of continuous-time

problem descriptions to discrete-time ones (e.g., TrajOpt [54], PANOC [4], CALIPSO [55]).

Meanwhile, some approaches ensure continuous-time feasibility for a restricted class of

dynamical systems [56, 57, 52], while some provide convergence guarantees for a restricted

class of path constraints [58, 59, 60, 61]. Furthermore, a majority of the existing software for

direct methods, such as MISER [62], DIRCOL [63], PROPT [64], and GPOPS-II [65], tran-

scribe optimal control problems to nonlinear programs (NLP) and call standard solvers,

such as SNOPT [21] and IPOPT [12], which require twice-differentiable objective and

constraint functions, and are unsuitable for real-time, embedded applications. In contrast,

software such as acados [66] and ACADO [67] interface with custom sequential quadratic

programming (SQP)- and interior-point method (IPM)-based NLP solvers that exploit

the structure of the underlying problem. However, they do not enforce continuous-time

feasibility.

Sequential convex programming (SCP) algorithms for trajectory optimization have received

attention in the recent years [68, 3] as a competitive alternative to SQP- and IPM-based NLP

algorithms, especially since SCP is a multiplier-free method and does not require second-

order information. In trajectory optimization, computing the second-order sensitivities of
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nonlinear dynamics (which form a part of the Hessian of the Lagrangian within SQP and

IPMs) is expensive [69, Sec. 10.5]. Recent work has explored convergence guarantees for

SCP, in the context of both direct methods for trajectory optimization [60, 70, 71, 72, 73, 74]

and general nonconvex optimization [75, 76, 77, 5]. SCP-based direct methods, without

theoretical guarantees, have been applied to a wide range of robotics and aerospace ap-

plications, with domain-specific heuristics that ensure effective practical performance

[54, 78, 79, 80]. Widespread adoption of SCP for performance- and safety-critical applica-

tions, however, will necessitate the development of a general framework with rigorous

analysis of its capabilities.

We propose continuous-time successive convexification (CT-SCVX), a direct solution

method for constrained trajectory optimization, with continuous-time feasibility and

guaranteed convergence. The proposed SCP-based framework combines several key

methods to solve a large class of nonlinear optimal control problems: (i) exterior penalty-

based reformulation of the path constraints; (ii) generalized time-dilation; (iii) multiple-

shooting discretization; (iv) ℓ1-exact penalization of the nonconvex constraints; and (v)

the prox-linear method, a convergence-guaranteed SCP algorithm for convex-composite

minimization.

The proposed reformulation of path constraints involves integrating the continuous-

time constraint violation using a smooth exterior penalty, which is transformed into an

auxiliary dynamical system with boundary conditions. The reformulation combined with

multiple-shooting discretization [81] enables continuous-time feasibility even on sparse

discretization grids, and obviates the need for mesh-refinement heuristics. While such

constraint reformulations have appeared in the optimal control literature since the 1960s

[82, 83, 84] with specific choices of penalty functions [85, 86] and including the integration

of residuals [87], the full extent of their capabilities for enabling SCP-based convergence-

guaranteed, continuous-time-feasible trajectory optimization have not been explored, to

the best of the authors’ knowledge. We address the consequences of the reformulation and

provide a rigorous quantification of the extent of continuous-time constraint satisfaction.

Through the prox-linear method [5, 88], we guarantee that: (i) CT-SCVX converges to
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stationary points of the ℓ1-penalized problem; (ii) the converged solutions that are feasible

for the discretized and control-parameterized optimal control problem are also Karush-

Kuhn-Tucker (KKT) points. Furthermore, we highlight the specialization of this property

to global minimizers of convex optimal control problems, wherein the reformulated

path constraints cannot be represented in the canonical conic form required by existing

convex optimization solvers. Note that CT-SCVX is distinct from the trust-region-based

SCVX algorithm [70, 73] and its variant [74], which consider a discrete-time formulation

and impose restrictive assumptions to guarantee convergence.

In addition to theoretical analysis, we demonstrate the effectiveness of CT-SCVX by

means of numerical examples based on real-world optimal control applications: two

nonconvex problems—dynamic obstacle avoidance and six-degree-of-freedom (6-DoF)

rocket landing, and one convex problem—3-DoF rocket landing using lossless convex-

ification. We also demonstrate the real-time capability of CT-SCVX on the nonconvex

examples considered, through a C codebase generated using SCVXGEN, an in-house-

developed general-purpose real-time trajectory optimization software with customized

code-generation support. CT-SCVX was recently demonstrated for applications ranging

from GPU-accelerated trajectory optimization for 6-DoF rocket landing [43] and nonlinear

model predictive control (NMPC) for obstacle avoidance [89], to trajectory optimization

for 6-DoF aircraft approach and landing [90].

2.2 Problem Formulation

This section describes the transformation of a path-constrained, free-final-time optimal

control problem to a fixed-final-time optimal control problem through generalized time-

dilation and constraint reformulation. The constraint reformulation involves the con-

version of path constraints into a two-point boundary value problem for an auxiliary

dynamical system.
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2.2.1 Notation

We adopt the following notation in the remainder of the discussion. The set of real numbers

is denoted by R, the set of nonnegative real numbers by R+, the set of real n×m matrices

by Rn×m, and the set of real n× 1 vectors by Rn. The concatenation of vectors v ∈ Rn

and u ∈ Rm is denoted by (v, u) ∈ Rn+m, the concatenation of matrices A ∈ Rl×m and

B ∈ Rl×n by [A B] ∈ Rl×(m+n), the Cartesian product of sets C and D by C × D, and

the Kronecker product by ⊗. The vector of ones in Rn is denoted by 1n, the identity

matrix in Rn×n by In, and the matrix of zeros in Rn×m by 0n×m. Whenever the subscript

is omitted, the size is inferred from context. For any scalar v, we define |v|+ = max{0, v}.

The operations |□|+, |□|, □2 (and their compositions) apply elementwise for a vector. The

Euclidean norm of a vector v is denoted by ∥v∥. The indicator function of a convex set

D is denoted by ĨD (see [91, E.g. 3.1]), and its normal cone at x by ND(x) (see [92, Def.

5.2.3]). The subdifferential of a function f , evaluated at x, is a set denoted by ∂ f (x), and its

members are called subgradients. The gradient of a differentiable function g : Rn → Rl

with respect to z ∈ Rm, evaluated at x ∈ Rn, is denoted by ∇zg(x) ∈ Rl×m, where the

elements of z can include a subset or superset of the arguments of g (irrespective of the

order), and the subscript z is omitted if it coincides with the list of arguments of g. The

(sub)gradient of a scalar-valued function at a point is defined to be a row vector, and the

(sub)gradient of a vector-valued function is a matrix consisting of the (sub)gradients of its

scalar-valued elements along the rows. In particular, the partial derivatives of function

(u, v) 7→ h(u, v), evaluated at ū, v̄, are denoted by ∇uh(ū, v̄), ∇vh(ū, v̄), respectively (with

the argument inferred from context whenever omitted). Furthermore, the notation d□(ς)/dς

represents the derivative with respect to a scalar variable.
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2.2.2 Optimal Control Problem

We consider a class of free-final-time optimal control problems for nonlinear dynamical

systems with nonconvex constraints on the state and input, given by

minimize
x, u, tf

L(tf, x(tf)) (2.1a)

subject to
.
x(t) = f (t, x(t), u(t)) a.e. t ∈ [ti, tf] (2.1b)

g(t, x(t), u(t)) ≤ 0ng a.e. t ∈ [ti, tf] (2.1c)

h(t, x(t), u(t)) = 0nh a.e. t ∈ [ti, tf] (2.1d)

P(ti, x(ti), tf, x(tf)) ≤ 0nP (2.1e)

Q(ti, x(ti), tf, x(tf)) = 0nQ (2.1f)

where the derivative with respect to time t ∈ [ti, tf] in (2.1b) is denoted by
.
□ = d□(t)/dt. We

assume that the terminal state cost function L : R+ ×Rnx → R, the dynamics function

f : R+ ×Rnx ×Rnu → Rnx , the path constraint functions g : R+ ×Rnx ×Rnu → Rng ,

h : R+ ×Rnx ×Rnu → Rnh , and the boundary condition constraint functions P : R+ ×

Rnx ×R+×Rnx → RnP , Q : R+×Rnx ×R+×Rnx → RnQ , are continuously differentiable.

The inequality and equality constraints in (2.1c)-(2.1f) are interpreted elementwise. The

initial time ti ∈ R+ is fixed, while the final time tf ∈ R+ is a free (decision) variable. For

simplicity, we omit parameters [3, Eq. 1] of the system dynamics and constraints in (2.1),

which can be handled with minimal modifications to the subsequent development. Note

that the (2.1) can be a nonconvex trajectory optimization problem due to either: (i) nonlinear

dynamics, i.e., f is a nonlinear function; (ii) final time being free; (iii) nonlinear functions h

and Q; or (iv) nonconvex functions g and P.

We assume that the control input u : [ti, tf] → Rnu is a piecewise continuous function.

Since f is continuously differentiable, this ensures the existence and uniqueness of an

absolutely continuous function x : [ti, tf]→ Rnx , the state trajectory, which satisfies (2.1b)

almost everywhere and the integral equation: x(t) = xi +
∫ t

ti
f (γ, x(γ), u(γ))dγ, where

x(ti) = xi is the initial state. Note that existence and uniqueness of the state trajectory
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can be ensured with weaker assumptions; we refer to [49, Sec. 3.3.1] and [93, Sec. II.3] for

detailed discussions. We also ensure boundedness of the state trajectory via Gronwall’s

Lemma [94, Chap. 4, Prop. 1.4] using the following assumption.

Assumption 1. For any compact U ⊂ Rnu and tf > ti ≥ 0, there exist positive ϑ and ϱ such that

∥ f (t, x, u)∥ ≤ ϑ∥x∥+ ϱ for all (t, x, u) ∈ [ti, tf]×Rnx ×U.

Note that Assumption 1 may not always hold. Consider f (t, x, u) = x2. For any positive

ϑ and ϱ, when x becomes sufficiently large, Assumption 1 is invalid. Nonetheless, for

physical systems, one can define a compact set X ⊂ Rnx , containing all physically mean-

ingful states. Any state not contained in X can be regarded as infeasible. Consequently,

we create a modified dynamics function so that it satisfies Assumption 1 and is consistent

with the original dynamics function on X. To be precise, for any open set W containing

X, there exists a smooth function ω : Rnx → R such that ω(x) = 1 for all x ∈ X and the

support of ω is compact and contained in W, as shown in [95, Thm. 8.18]. Therefore, we

can replace function f in (2.1b) with ω f , which is compactly supported in Rnx , ensuring

Assumption 1. Note that the inclusion of ω is only for the purpose of proofs of results

discussed in subsequent sections; it is not necessary in a practical implementation.

2.2.3 Constraint Reformulation

To reformulate path constraints (2.1c) and (2.1d), we consider continuous exterior penalty

functions, given by

qi : R→ R+, i = 1, . . . , ng, (2.2a)

qi(z)

 = 0 if z ≤ 0,

> 0 otherwise,
(2.2b)

pj : R→ R+, j = 1, . . . , nh, (2.2c)

pj(z)

 = 0 if z = 0,

> 0 otherwise,
(2.2d)
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and the penalty function Λ : R+ ×Rnx ×Rnu → R+, given by

Λ(t, x, u) =
ng

∑
i=1

qi(gi(t, x, u)) +
nh

∑
j=1

pj(hj(t, x, u)). (2.3)

Note that gi and hj, for i = 1, . . . , ng and j = 1, . . . , nh, denote the scalar-valued elements

of functions g and h, respectively. It is straightforward to show that t 7→ Λ(t, x(t), u(t)) is

piecewise continuous over [ti, tf] when x is a state trajectory and u is the corresponding

piecewise continuous control input.

Lemma 1. Path constraints (2.1c) and (2.1d) are satisfied by x(t) and u(t) a.e. t ∈ [ti, tf] iff

∫ tf

ti

Λ(t, x(t), u(t))dt = 0. (2.4)

Proof. For each t ∈ [ti, tf], Λ(t, x(t), u(t)) is nonnegative since qi(gi(t, x(t), u(t))) and

pj(hj(t, x(t), u(t))) are nonnegative. Since t 7→ Λ(t, x(t), u(t)) is piecewise continuous,

(2.4) holds iff Λ(t, x(t), u(t)) = 0 a.e. t ∈ [ti, tf]. Then qi(gi(t, x(t), u(t))) = 0 and

pj(hj(t, x(t), u(t))) = 0 a.e. t ∈ [ti, tf], which is equivalent to gi(t, x(t), u(t)) ≤ 0 and

hj(t, x(t), u(t)) = 0 a.e. t ∈ [ti, tf].

The integral representation of the path constraints is also known as the isoperimetric

constraint [96]. Next, we augment the system dynamics with an auxiliary state to accumu-

late the constraint violations, and impose periodic boundary conditions on it to ensure

continuous-time constraint satisfaction.

Corollary 1. The differential-algebraic system

.
x(t) = f (t, x(t), u(t)), (2.5a)

g(t, x(t), u(t)) ≤ 0, (2.5b)

h(t, x(t), u(t)) = 0, (2.5c)

is satisfied by x and u a.e. in [ti, tf] iff x and u solve the boundary value problem on [ti, tf]

.
x(t) = f (t, x(t), u(t)), (2.6a)
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.
y(t) = Λ(t, x(t), u(t)), (2.6b)

y(0) = y(tf). (2.6c)

Proof. Suppose that x and u satisfy (2.1b), (2.1c), and (2.1d) almost everywhere in [ti, tf].

Since t 7→ Λ(t, x(t), u(t)) is piecewise continuous over [ti, tf], there exists a unique state

trajectory y : [ti, tf] → R which satisfies (2.6b) almost everywhere in [ti, tf] with initial

condition y(ti) = 0. Then y(tf) = 0 iff (2.4) holds. Therefore, from Lemma (1), the path

constraints (2.1c) and (2.1d) are satisfied almost everywhere in [ti, tf].

For the other direction, we let x, y, and u be the solution to (2.6). Then (2.6c) implies that

(2.4) holds. We obtain the desired result from Lemma 1.

Remark 1. Since a gradient-based solution method will be adopted, the exterior penalty functions

qi and pj, for i = 1, . . . , ng and j = 1, . . . , nh, must be continuously differentiable in order to

compute first-order sensitivities [97, Sec. 4.2] of (2.6b). For e.g.,

qi(z) = |z|2+, pj(z) = z2, (2.7)

for z ∈ R, are valid choices. Then Λ can be compactly written as

Λ(t, x, u) = 1⊤ng |g(t, x, u)|2+ + 1⊤nh
h(t, x, u)2. (2.8)

Remark 2. The partial derivatives of Λ are given by

∇□Λ =
ng

∑
i=1
∇qi∇□gi +

ng

∑
i=1
∇pj∇□hj, (2.9)

where □ = t, x, and u. A consequence of the continuous differentiability of qi and pj, and their

construction in (2.2), is that their derivatives in (2.9) are zero wherever gi ≤ 0 and hj = 0.

Remark 3. The penalty function Λ can be defined more generally as a vector-valued function of the

form

Λ(t, x, u) = M

 q(g(t, x, u))

p(h(t, x, u))

, (2.10)
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for any t ∈ R+, x ∈ Rnx , and u ∈ Rnu , where matrix M ∈ Rny×(ng+nh), which we refer to as the

mixing matrix, has nonnegative entries, and functions q : Rng → Rng and p : Rnh → Rnh are

defined as

q((z1
g, . . . , zng

g )) = (q1(z1
g), . . . , qng(z

ng
g )) (2.11a)

p((z1
h, . . . , znh

h )) = (p1(z1
h), . . . , pnh(z

nh
h )) (2.11b)

for any zi
g ∈ R and zj

h ∈ R, with i = 1, . . . , ng and j = 1, . . . , nh. The mixing matrix has at most

ng + nh rows, at most one positive entry per column, and exactly ng + nh positive entries in total.

We obtain (2.3) and a scalar-valued state y in (2.6b) by choosing M = 1⊤ng+nh
. In general, choosing

(2.10) will lead to a vector-valued state y ∈ Rny for quantifying the total constraint violation.

While (2.3) is suitable for most cases, choosing (2.10) for certain applications can be numerically

more reliable. In the remainder of the discussion, we adopt the definition in (2.3). However, the

results also apply to the general representation in (2.10).

2.2.4 Generalized Time-Dilation

Time-dilation is a transformation technique for posing a free-final-time optimal control

problem as an equivalent fixed-final-time problem [79, Sec. III.A.1]. Let x be a state

trajectory for (2.1b) over [ti, tf] obtained with control input u and some initial condition.

We define a strictly increasing, continuously differentiable mapping t : [0, 1]→ R+, with

boundary conditions t(0) = ti, t(1) = tf, and treat the derivative of the map

s(τ) =
dt(τ)

dτ
=
◦
t(τ),

for τ ∈ [0, 1], as an additional control input, which we refer to as the dilation factor. Note

that the derivative with respect to τ ∈ [0, 1] is denoted by
◦
□ = d□(τ)/dτ. Previously, dilation

factors were either treated as a single parameter decision variable [79, Sec. III.A.1] or as

multiple discrete parameter decision variables [42, Sec. 2.1], [98]. The approach proposed

herein generalizes them by treating dilation factor as a continuous-time control input. We
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treat t as an additional state, and define augmented control input ũ and augmented state x̃ as

ũ(τ) =
(
u(t(τ)), s(τ)

)
∈ Rnu+1, (2.12a)

x̃(τ) =
(
x(t(τ)), y(t(τ)), t(τ)

)
∈ Rnx+2, (2.12b)

for τ ∈ [0, 1]. Then we obtain the augmented system, given by

◦
x̃(τ) =


.
x(t)
.
y(t)

1

 dt(τ)
dτ

= F(x̃(τ), ũ(τ)), (2.13)

where

F(x̃(τ), ũ(τ)) =


f (t(τ), x(t(τ)), u(t(τ)))

Λ(t(τ), x(t(τ)), u(t(τ)))

1

s(τ). (2.14)

The partial derivatives of F, which are continuous (see Remark 1), are given by

∇x̃F(x̃, ũ) = s


∇x f (t, x, u) 0nx ∇t f (t, x, u)

∇xΛ(t, x, u) 0 ∇tΛ(t, x, u)

01×nx̃

, (2.15a)

∇ũF(x̃, ũ) =


s∇u f (t, x, u) f (t, x, u)

s∇uΛ(t, x, u) Λ(t, x, u)

01×nu 1

, (2.15b)

for any x ∈ Rnx , t ∈ R+, u ∈ Rnu , and s ∈ R+. Note that choosing (2.8) yields

∇□Λ = 2|g|⊤+∇□g + 2h⊤∇□h,

for □ = t, x, and u.

In the subsequent development, we define nx̃ = nx + 2 and use matrices xE , yE , and
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tE to select the first nx elements (x), the penultimate element (y), and the last element (t),

respectively, of x̃. Similarly, matrices uE and sE select the first nu elements (u) and the last

element (s), respectively, of ũ. If the system dynamics, constraint, and objective functions

are time-invariant, then time is not included as a state, and if the final time is fixed, then

generalized time-dilation can be skipped. Henceforth, we drop the qualifier “generalized”

for brevity.

2.2.5 Reformulated Optimal Control Problem

Constraint reformulation and time-dilation transforms (2.1) into the following optimal

control problem

minimize
x̃, ũ

L̃(x̃(1)) (2.16a)

subject to
◦
x̃(τ) = F(x̃(τ), ũ(τ)) a.e. τ ∈ [0, 1] (2.16b)

sE ũ(τ) > 0 τ ∈ [0, 1] (2.16c)

yE (x̃(1)− x̃(0)) = 0 (2.16d)

P̃(x̃(0), x̃(1)) ≤ 0 (2.16e)

Q̃(ti, x̃(0), x̃(1)) = 0 (2.16f)

where,

L̃(x̃) = L(tE x̃, xE x̃), (2.17a)

P̃(x̃, x̃′) = P(tE x̃, xE x̃, tE x̃′, xE x̃′), (2.17b)

Q̃(ti, x̃, x̃′) =

Q(ti, xE x̃, tE x̃′, xE x̃′)
tE x̃− ti

 , (2.17c)

for any x̃, x̃′ ∈ Rnx̃ . Since time is treated as a state variable, its initial condition needs to be

specified through Q̃. This is not needed in (2.1) because (constant) ti is explicitly passed to

functions P and Q. Furthermore, positivity of the dilation factor is ensured using (2.16c).

Observe that, as a consequence of the constraint reformulation, the path constraints are not
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explicitly imposed in (2.16); they are instead embedded within (2.16b) and (2.16d).

2.3 Parameterization and Discretization

This section describes the transformation of the (infinite-dimensional) reformulated opti-

mal control problem (2.16) into a (finite-dimensional) nonconvex optimization problem

through parameterization of the augmented control input, and discretization of (2.16b) over

the interval [0, 1]. In addition, after discretization, we introduce a relaxation to the con-

straint reformulation step to avoid trivial loss of constraint qualification, and analyze the

consequences of the relaxation.

We parameterize the augmented control input through ν̃ : [0, 1]→ Rnũ , defined as

ν̃(τ) =

Γu(τ)⊗

 Inu

01×nu

U +

0nu×Ns

Γs(τ)

 S, (2.18)

for τ ∈ [0, 1], and Γ□ =
[
Γ1
□ . . . ΓN□

□

]
, for □ = u, s. For each k = 1, . . . , N□, Γk

□ : [0, 1]→ R

is a polynomial basis function. The expression in (2.18) can also be written compactly

as ν̃(τ) =
(
(Γu(τ) ⊗ Inu)U, Γs(τ)S

)
. Decision variables U ∈ Rnu Nu and S ∈ RNs are

coefficients for parameterizing the control input and dilation factor.

After parameterizing the augmented control input, we discretize (2.16b) via its integral

form over a finite grid of size N in [0, 1], denoted by 0 = τ1 < . . . < τN = 1. We treat

the augmented states x̃k at the node points τk also as decision variables, and denote

them compactly as X̃ = (x̃1, . . . , x̃N) ∈ Rnx̃ N. Next, for each k = 1, . . . , N − 1, we define

Fk : Rnx̃ ×Rnx̃ ×Rnu Nu ×RNs → Rnx̃ as

(x̃k+1, x̃k, U, S) 7→ (2.19)

x̃k+1 − x̃k −
∫ τk+1

τk

F
(
x̃k(τ), ν̃(τ)

)
dτ,

where the augmented state trajectory x̃k satisfies (2.16b) almost everywhere on [τk, τk+1]

with augmented control input ν̃ and initial condition x̃k. Then the discretization of (2.16b),
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together with (2.16d), yields the constraints

Fk(x̃k+1, x̃k, U, S) = 0, (2.20a)

yE (x̃k+1 − x̃k) = 0, (2.20b)

for k = 1, . . . , N− 1. The discretization in (2.20a), commonly referred to as multiple-shooting,

is exact because there is no approximation involved in switching to the integral representa-

tion of the differential equation (2.16b), and it is numerically more stable compared to its

precursor, single-shooting [99, Sec. VI.A.3].

Definition 1 (Continuous-Time Feasibility). The triplet X̃, U, and S is said to be continuous-

time feasible if it satisfies (2.20).

A continuous-time feasible triplet: X̃, U, and S corresponds to an augmented state

trajectory generated by integration of (2.16b) over [0, 1] with augmented control input ν̃

and initial condition x̃1, such that it passes through the node values x̃k at τk, for k = 2, . . . , N.

Furthermore, due to (2.20b), the resulting state trajectory and control input satisfy the path

constraints almost everywhere in [ti, tf].

2.3.1 Constraint Qualification and Relaxation

An issue with directly imposing (2.20) is that it violates linear independence constraint

qualification (LICQ) [100, Def. 12.4]. For each point in Rnx̃ N × Rnu Nu × RNs , we can

determine the active set [100, Def. 12.1] corresponding to the constraints in (2.20). LICQ is

said to hold at a point if the gradients of the constraints in the corresponding active set

are linearly independent. The following result shows that LICQ is violated at all points

feasible with respect to (2.20).

Lemma 2. If X̃, U, and S are feasible with respect to (2.20a) and (2.20b), then for k = 1, . . . , N− 1

yE∇x̃k+1 Fk(x̃k+1, x̃k, U, S) = [01×nx 1 0], (2.21a)

yE∇x̃k Fk(x̃k+1, x̃k, U, S) = [01×nx − 1 0], (2.21b)
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yE∇U Fk(x̃k+1, x̃k, U, S) = 01×nu Nu , (2.21c)

yE∇SFk(x̃k+1, x̃k, U, S) = 01×Ns . (2.21d)

Proof. Suppose X̃, U, and S satisfy (2.20a) and (2.20b). For each k = 1, . . . , N − 1, let

x̃k be the augmented state trajectory on [τk, τk+1] with augmented control input ν̃ and

initial condition x̃k. Then due to Lemma 1, path constraints (2.1c) and (2.1d) are satisfied

almost everywhere on the time interval [tE x̃k, tE x̃k+1]. Recall that F defined in (2.14) is

continuously differentiable and that ν̃ is piecewise continuous. This implies that

τ 7→ ∇x̃F(x̃k(τ), ν̃(τ)), τ 7→ ∇ũF(x̃k(τ), ν̃(τ)),

are piecewise continuous functions. Therefore, they are integrable and the partial deriva-

tives of Fk are well-defined. Elements of the penultimate row of ∇x̃F and ∇ũF, shown

in (2.15), are zeros almost everywhere on [τk, τk+1] when evaluated on x̃k and ν̃. This is

because all elements of this row contain factors of the derivatives of qi or pj, which are

zeros due to continuity (see Remark 1). Hence, only the partial derivatives of Fk with

respect to x̃k and x̃k+1 contain nonzero elements in that row, as shown in (2.21a) and

(2.21b).

Using Lemma 2, for any X̃, U, and S satisfying (2.20a) and (2.20b), the gradient of the

left-hand-side of (2.20b), and the penultimate row of the gradient of Fk (shown in (2.21)) are

identical. Hence, all feasible solutions of an optimization problem having both (2.20a) and

(2.20b) as constraints will not satisfy LICQ. However, CT-SCVX relies on exact penalization

of the nonconvex constraints of (2.22), which means that a constraint qualification such as

LICQ is required for relating a local minimizer of (2.22) to that of the penalized problem

with a finite penalty weight [101, Thm. 4.4]. So, we remedy the pathological scenario

due to (2.20) by relaxing (2.20b) to an inequality with a positive constant ϵ. Then (2.16)

transforms under augmented control input parameterization (2.18) and discretization

(2.20) as follows

minimize
X̃, U, S

L̃(x̃N) (2.22a)
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subject to Fk(x̃k+1, x̃k, U, S) = 0 (2.22b)

yE (x̃k+1 − x̃k) ≤ ϵ (2.22c)

k = 1, . . . , N − 1

U ∈ U , S ∈ S (2.22d)

P̃(x̃1, x̃N) ≤ 0, Q̃(ti, x̃1, x̃N) = 0 (2.22e)

where U ⊂ Rnu Nu and S ⊂ RNs are compact convex sets. A key step in any gradient-based

solution method for (2.22) is to compute the partial derivatives of Fk, as described in

Appendix A. We adopt the so-called variational method [98, Sec. 3.2], [97, Sec. 4.2], also

referred to as inverse-free exact discretization [42, Sec. 2.3].

Remark 4. If X̃, U, and S satisfy (2.22b) and (2.22c), then LICQ will not be trivially violated by

the active set associated with (2.22c) and the penultimate row of (2.22b). We infer this as follows.

If (2.22c) holds with strict inequality for all k = 1, . . . , N − 1, then the result follows immediately.

However, if for some k = 1, . . . , N − 1, (2.22c) holds with equality, then

∫ τk+1

τk

sE ν̃(τ)Λ
(tE x̃(τ), xE x̃k(τ), uE ν̃(τ)

)
dτ = ϵ, (2.23)

where x̃k is the augmented state trajectory with augmented control input ν̃ and initial condition x̃k.

Due to piecewise continuity of the integrand in (2.23) with respect to τ ∈ [τk, τk+1], it implies that

there exists an interval Ik ⊂ [τk, τk+1] where the integrand of (2.23) is positive, i.e., some of the

path constraints are violated on the segments of x̃k and ν̃ corresponding to interval Ik. Therefore,

unlike the case in Lemma 2, the partial derivatives of Λ evaluated on those segments of x̃k and ν̃

will not trivially be zeros.

Remark 5. Besides addressing the LICQ issue, relaxation (2.22c) is essential for enabling exact

penalization. The combination of (2.20a) and (2.20b) implies the following constraint for each

k = 1, . . . , N − 1

yE (x̃k+1 − x̃k − Fk(x̃k+1, x̃k, U, S)) = 0. (2.24)

The effect of a nonsmooth exterior penalty function for penalizing (2.24) is suppressed due to the
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positivity and continuous differentiability of Λ, thereby destroying the exactness of the penalty

term (see discussion in [100, p. 513]). Therefore, the relaxation is crucial for recovering a KKT

point of (2.22) through a stationary point of the penalized problem with finite penalty weight.

Remark 6. The parameterization (2.18) for the augmented control input is general enough to

subsume several control input parameterizations used in practice, such as zero- and first-order-hold,

and pseudospectral polynomials in orthogonal collocation (see Appendix C). We distinguish between

the parameterizations for the control input and dilation factor because the former can be represented

with a piecewise polynomial as long as U is elementwise bounded (via set U ), whereas, the latter

must be bounded and positive due to (2.16c) (via set S). Whenever the choice of parameterization

permits (e.g., with zero- or first-order-hold), the convex control constraints in (2.1c) and (2.1d)

could be encoded with U , i.e., the constraints are imposed only at the node points (inter-sample

constraint satisfaction is guaranteed). Furthermore, requiring the augmented control input to lie in

a compact set via (2.22d) is necessary for deriving a pointwise constraint violation bound, given

the ϵ-relaxation in (2.22c).

2.3.2 Pointwise Constraint Violation Bound

Given ϵ > 0 and a solution for (2.22), we can construct a state trajectory x, a control input

u, and a grid of size N, given by ti = t1 < . . . < tN = tf. For each k = 1, . . . , N, the

time instant corresponding to τk is tk, and for each k = 1, . . . , N − 1, the length of interval

[tk, tk+1] is ∆tk, with a lower bound ∆tmin. Next, for each i = 1, . . . , ng, j = 1 . . . , nh, and

k = 1, . . . , N − 1, define

ĝk
i (ϵ) = ess sup

t∈[tk,tk+1]

|gi(t, x(t), u(t))|+, (2.25a)

ĥk
j (ϵ) = ess sup

t∈[tk,tk+1]

|hj(t, x(t), u(t))|, (2.25b)

which quantify the maximum measurable violation of the path constraints in [tk, tk+1].

With the choice of exterior penalty functions in (2.7) we can then establish an upper bound

for ĝk
i (ϵ) and ĥk

j (ϵ) as follows.
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Theorem 1. For i = 1, . . . , ng, j = 1, . . . , nh, and k = 1, . . . , N − 1, there exist ωgi and ωhj such

that

ϵ ≤ ω2
□

∆t3
min
4

=⇒ □̂k(ϵ) ≤ δ□(ϵ) = (4ϵω□)
1
3 , (2.26)

where □ = gi, hj.

Proof. See Appendix B. While the proof assumes (2.7), other valid exterior penalty func-

tions can be handled in a similar manner.

The bound in (2.26) is consistent because δ□(ϵ) is strictly monotonic for ϵ ∈ R+ and

δ□(ϵ) → 0 as ϵ → 0, which then ensures that □̂k(ϵ) is right continuous at ϵ = 0, where

□ = gi, hj. We can use these bounds to select ϵ values that are numerically significant yet

physically insignificant for the underlying dynamical system and constraints.

Remark 7. The pointwise bound for the inequality path constraints specifies the amount of con-

straint tightening required for the solutions obtained with the relaxation (2.22c) to satisfy the

constraints with no pointwise violation, i.e.,

∫ tk+1

tk

|gi(t, x(t), u(t)) + δgi(ϵ)|
2
+dt ≤ ϵ,

=⇒ gi(t, x(t), u(t)) ≤ 0 a.e. t ∈ [tk, tk+1].

Remark 8. The estimate of ωgi and ωhj can be conservative whenever the bound on f (t, x(t), u(t))

is not tight, leading to a conservative bound in (2.26). Then a solution to (2.22) can be iteratively

refined until the pointwise violations are within a desired tolerance. We can successively solve

(2.22) by reducing ϵ by a constant factor and warm-starting with the previous solution. This

refinement process will terminate since δ□ is strictly monotonic and consistent.

The key distinction between the approach in Remark 8 and the mesh-refinement tech-

niques for alleviating inter-sample constraint violation [102, 103] is that the former does not

add more node points to the discretization grid, i.e., N remains fixed. Most direct methods verify

the extent of inter-sample constraint violation a posteriori. In contrast, CT-SCVX specifies

the extent of allowable inter-sample constraint violation within the optimization problem.
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2.4 Prox-Linear Method for Numerical Optimization

CT-SCVX applies an SCP algorithm called the prox-linear method [76, 5] to an unconstrained

minimization problem, obtained by transforming (2.22) via ℓ1-exact penalization of (2.22b)

and (2.22e) [100, Eq. 17.22].

2.4.1 Exact Penalization

We can construct an unconstrained minimization problem from the constrained problem

(2.22) by penalizing the constraints, where the penalty weights are tunable hyperparame-

ters. The penalty functions are said to be exact whenever the stationary points and local

minimizers of the unconstrained problem, with a finite penalty weight, can capture the

KKT points and local minimizers of the constrained problem. A widely-used class of exact

penalty functions are the ℓ1 penalty functions [100, Eq. 17.22].

Standard results on exact penalization [101, 104], [100, Chap. 17] for general constrained

optimization appeared close to three decades ago, and are widely used. However, they

don’t directly apply for CT-SCVX since the construction of (2.22) is atypical, in that it pos-

sesses convex constraints: (2.22c), (2.22d) (represented with convex sets), and nonconvex

constraints: (2.22b), (2.22e) (represented with functions). While transforming (2.22) into

an unconstrained minimization, we subject only the nonconvex constraints to exact pe-

nalization, while using indicator functions to represent the convex constraints within the

prox-linear method. The standard exact penalization results cannot be directly applied

to this hybrid case. To the best of the authors’ knowledge, an exposition on the modifica-

tions necessary to handle the hybrid case is not available in the literature and hence it is

presented in this section.

Given γ > 0, function Θ : Rnz → R is defined as

Θγ(z) = L̃(x̃N) + ĨZ (z) (2.27)

+ γ1⊤|P̃(x̃1, x̃N)|+ + γ∥Q̃(ti, x̃1, x̃N)∥1
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+ γ
N−1

∑
k=1
∥Fk(x̃k+1, x̃k, U, S)∥1

where nz = nx̃N + nuNu + Ns, z = (X̃, U, S), X̃ = (x̃1, . . . , x̃N), and Z = X̃ × U × S is a

closed convex set with

X̃ =

 (x̃1, . . . , x̃N)

∈ Rnx̃ N

∣∣∣∣∣∣
yE (x̃k+1 − x̃k) ≤ ϵ,

x̃k ∈ Rnx̃ , k = 1, . . . , N − 1

 .

The ℓ1-penalization of constraints (2.22b) and (2.22e) involves penalty functions □ 7→ |□|+
and □ 7→ ∥□∥1, respectively.

Our goal then is to compute a local minimizer of Θγ where the penalty terms are zero.

We start by seeking a stationary point of Θγ, since local minimizers are stationary points.

Determining stationary points is a relatively simpler task than directly attempting to solve

(2.22). We can rewrite the indicator function for Z as explicit convex constraints while

computing a stationary point of Θγ via SCP. A stationary point z⋆ satisfies 0 ∈ ∂Θγ(z⋆),

i.e., there exists µ ∈ Rnz and λ ∈ Rnλ denoted by

λ = (λP̃
1 , . . . , λP̃

nP
, λQ̃

1 , . . . , λQ̃
nQ+1, . . . , λF1

1 , . . . , λ
FN−1
nx̃ ),

with nλ = nP + nQ + nx̃(N − 1) + 1, such that

λP̃
i ∈ ∂|P̃i(x̃⋆1 , x̃⋆N)|+, i = 1, . . . , nP,

λQ̃
i ∈ ∂

∣∣Q̃i(ti, x̃⋆1 , x̃⋆N)
∣∣ , i = 1, . . . , nQ + 1,

λ
Fk
i ∈ ∂

∣∣Fki(x̃⋆k+1, x̃⋆k , U⋆, S⋆)
∣∣ , k = 1, . . . , N − 1,

i = 1, . . . , nx̃,

01×nz = ∇zL (x̃⋆N) + µ⊤ (2.28)

+ γ
nP

∑
i=1

λP̃
i ∇zP̃i (x̃⋆1 , x̃⋆N)
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Figure 2.2: Exact penalization ensures that, for a large enough finite γ, all stationary points of
Θγ that are feasible with respect to (2.22) are KKT points of (2.22). Furthermore, all strict local
minimizers of (2.22) are stationary points of Θγ for a large enough γ.

+ γ
nQ+1

∑
i=1

λQ̃
i ∇zQ̃i(ti, x̃⋆1 , x̃⋆N)

+ γ
N−1

∑
k=1

nx̃

∑
i=1

λ
Fk
i ∇zFki(x̃⋆k+1, x̃⋆k , U⋆, S⋆),

where z⋆ = (X̃⋆, U⋆, S⋆) with X̃⋆ = (x̃⋆1 , . . . , x̃⋆N). The scalar-valued functions P̃i, Q̃i, and

Fki are elements of P̃, Q̃, and Fk, respectively, indexed by i. The gradients of P̃i, Q̃i, and

Fki are with respect to z = (x̃1, . . . , x̃N, U, S). The convex subdifferential of □ 7→ |□|+ and

□ 7→ |□| are

∂|w|+ =


{1} w > 0,

[0, 1] w = 0,

{0} w < 0,

(2.29a)

∂|w| =


{1} w > 0,

[−1, 1] w = 0,

{−1} w < 0,

(2.29b)

for any w ∈ R. We refer to [88, Sec. 3.2] and the references therein, for the definition and

properties of the subdifferential of a nonconvex function. Next, we need the following

lemma about the normal cone of a convex set.

Lemma 3. Suppose that z⋆ ∈ Rn, convex set C = {z ∈ Rn | Ω̌i(z) ≤ 0, i = 1, . . . , NC}

is defined with continuously differentiable convex functions Ω̌i : Rn → R, and convex set
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D = {z ∈ Rn | a⊤j z + bj = 0, j = 1, . . . , ND} is defined with aj ∈ Rn and bj ∈ R. Assume

that: (i) the collection of vectors ∇Ω̌i(z⋆), for i ∈ IC(z⋆), and aj, for j = 1, . . . , ND, are linearly

independent, where IC(z⋆) = {i | Ω̌i(z⋆) = 0} is an index set; and (ii) the intersection of D and

the interior of C is nonempty. Then we have

NC(z⋆) =
{

∑
i∈IC

λi∇Ω̌i(z⋆)⊤
∣∣∣∣∣ λi ∈ R+

}
, (2.30a)

ND(z⋆) =
{

ND

∑
j=1

λjaj

∣∣∣∣∣ λj ∈ R

}
, (2.30b)

NC∩D(z⋆) = NC(z⋆) +ND(z⋆). (2.30c)

where the set addition in (2.30c) is a Minkowski sum.

Proof. The construction of NC(z⋆) and ND(z⋆) follow directly from [105, Thm. 10.39, Cor.

10.44, Thm. 10.45], and the expression for NC∩D(z⋆) is derived from [106, E.g. 3.5] and

[105, Thm. 4.10], where we use the fact that ∂ Ĩ□(z) = N□(z) for any z ∈ Rn, with □ = C,

D.

Remark 9. Given a convex optimization problem with a feasible set described by C ∩ D in Lemma

3, the corresponding assumptions are regularity conditions similar to LICQ and strong Slater’s

assumption [92, Def. 2.3.1], which are typically needed for a well-posed optimization problem. We

require the assumptions in Lemma 3 on set Z since the proposed SCP approach involves a sequence

of convex problems with Z as the feasible set.

Then we have the following result relating the stationary points of (2.27) and KKT

points of (2.22).

Theorem 2. Suppose that Z and z⋆ satisfy the assumptions of Lemma 3. If z⋆ is a stationary point

of Θγ and is feasible with respect to (2.22), then z⋆ is a KKT point of (2.22). Conversely, if z⋆ is a

KKT point of (2.22) and γ is sufficiently large, then z⋆ is also a stationary point of Θγ.

Proof. Suppose that z⋆ is feasible with respect to (2.22), where z⋆ = (X̃⋆, U⋆, S⋆) with X̃⋆ =

(x̃⋆1 , . . . , x̃⋆N). Note that z⋆ is a KKT point of (2.22) if and only if there exists µ ∈ NZ (z⋆)
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(using Lemma 3) and λ = (λ1, . . . , λnλ
) ∈ Rnλ such that

∇zL (x̃⋆N) + µ⊤ (2.31a)

+ λ⊤



∇zP̃(x̃⋆1 , x̃⋆N)

∇zQ̃(ti, x̃⋆1 , x̃⋆N)

∇zF1(x̃⋆2 , x̃⋆1 , U⋆, S⋆)
...

∇zFN−1(x̃⋆N, x̃⋆N−1, U⋆, S⋆)


= 01×nz ,

λiP̃i(x̃⋆1 , x̃⋆N) = 0, (2.31b)

for i = 1, . . . , nP. Similar to (2.28), the gradients of P̃, Q̃, and Fk in (2.31a) are with respect

to z = (x̃1, . . . , x̃N , U, S). If z⋆ is a stationary point of Θγ, then there exists µ ∈ NZ (z⋆) and

λ̂ = (λ̂1, . . . , λ̂nλ
) ∈ Rnλ such that (2.31a) holds, where

1
γ

λ̂ ∈ ∂|P̃1|+ × . . .× ∂|P̃nP |+ × ∂|Q̃1| × . . . (2.32)

× ∂|Q̃nQ+1| × ∂|F11| × . . .× ∂|F(N−1)nx̃
|.

The arguments of P̃i, Q̃i, and Fki, which are elements of z⋆, are omitted in (2.32) for brevity.

Observe that λ̂ satisfies (2.31b) due to the feasibility of z⋆ for (2.22) and due to the definition

of ∂|□|+ in (2.29). Therefore, z⋆ is a KKT point of (2.22).

Conversely, if z⋆ is a KKT point of (2.22), then there exists µ ∈ NZ (z⋆) and λ =

(λ1, . . . , λnλ
) such that (2.31a) and (2.31b) hold. Note that z⋆ is feasible with respect to

(2.22) and suppose that γ > ∥λ∥∞. Then we obtain λnP+i/γ ∈ ∂|Q̃i(ti, x̃⋆1 , x̃⋆N)| = [−1, 1],

for i = 1, . . . , nQ + 1, and λnP+nQ+nx̃(k−1)+i+2/γ ∈ ∂|Fki(x̃⋆k+1, x̃⋆k , U⋆, S⋆)| = [−1, 1], for

k = 1, . . . , N − 1, i = 1, . . . , nx̃. Furthermore, for i = 1, . . . , nP, we have the following. If

P̃i(x̃⋆1 , x̃⋆N) < 0, then λi/γ ∈ ∂|P̃i(x̃⋆1 , x̃⋆N)|+ = {0}. Alternatively, if P̃i(x̃⋆1 , x̃⋆N) = 0, then

0 ≤ λi ≤ γ, i.e., λi/γ ∈ ∂|P̃i(x̃⋆1 , x̃⋆N)|+ = [0, 1]. Therefore, due to (2.31a) and (2.32), z⋆ is a

stationary point of Θγ for a large enough γ.

Next we relate the local minimizers of (2.22) to the stationary points and local minimiz-
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ers of Θγ.

Theorem 3. Suppose LICQ holds at z⋆ and it is a strict local minimizer of (2.22). Then there exists

γ̄ > 0 such that for all γ ≥ γ̄, z⋆ is a local minimizer of Θγ. Moreover, there exist constants γ̃ > 0

and σ̃ > 0 such that, for all γ ≥ γ̃, if z is a stationary point of Θγ satisfying ∥z− z⋆∥ ≤ σ̃, then z

is feasible with respect to (2.22).

Proof. Consider a modification of Θγ, denoted by Θ̃γ, where convex constraints due to Z

are also ℓ1-penalized instead of using the indicator function. The first statement follows

from [101, Thm. 4.4] if we first replace Θγ with Θ̃γ, and note that Θ̃γ(z) ≤ Θγ(z), with

equality iff z ∈ Z . The last statement follows from [104, Prop. 3.1, 3.3].

Stronger versions of the exact penalization result also exist. For instance, it can be

shown under certain assumptions that, given a local minimizer of (2.22), there exists a

neighborhood around it where the stationary points of Θγ are also local minimizers of

(2.22). We refer the reader to [107] for further details.

2.4.2 Prox-Linear Method

We use the prox-linear method [5, Sec. 5] developed for convex-composite minimization

to compute stationary points of Θγ. The prox-linear method is applicable when Θγ can be

fit into the following template

Θγ(z) = J(z) + H(G(z)), (2.33)

where J is a proper closed convex function, H is an α-Lipschitz continuous convex function,

and G is nonconvex and continuously differentiable with a β-Lipschitz continuous gradient.

The prox-linear method finds a stationary point z⋆ of Θγ by iteratively minimizing a convex

approximation for Θγ given by

Θρ
γ(z; zk) = J(z) + H

(
G(zk) +∇G(zk)(z− zk)

)
(2.34)

+
1

2ρ
∥z− zk∥2,
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where zk is the current iterate, with k ≥ 1, and ρ determines the proximal term weight.

The nonconvex term H(G(z)) is convexified by linearizing G at zk. We denote the unique

minimizer [91, Sec. 9.1.2] of the strongly convex function z 7→ Θρ
γ(z; zk) as zk+1. The

iterative minimization of Θρ
γ amounts to solving a sequence of convex subproblems, which

is numerically very efficient and reliable. The convergence of this iterative approach is

quantified using the prox-gradient mapping

Gρ(z) =
1
ρ

(
z− argmin

z′
Θρ

γ(z′; z)
)
.

This is because Gρ(z) = 0 iff z is a stationary point of Θγ [88, Sec. 3.3]. Observe that

Θγ defined in (2.27) fits the template of (2.33): the terminal cost function L̃ and the exact

penalties for P̃, Q̃, and Fk are represented by the composition H ◦ G, and the indicator

function ĨZ is represented by J. More precisely, for any z = (x̃1, . . . , x̃N, U, S) ∈ Rnz , we

choose

J(z) = ĨZ (z), (2.35a)

H(ζ) = ζ L̃ + 1⊤|ζ P̃|+ + ∥(ζQ̃, ζF)∥1, (2.35b)

G(z) =
(

L̃(x̃N), γP̃(x̃1, x̃N), γQ̃(ti, x̃1, x̃N), (2.35c)

F1(x̃2, x̃1, U, S), . . . , FN−1(x̃N, x̃N−1, U, S)
)
,

where ζ = (ζ L̃, ζ P̃, ζQ̃, ζF), with ζ L̃ ∈ R, ζ P̃ ∈ RnP , ζQ̃ ∈ RnQ+1, and ζF ∈ Rnx̃(N−1). While

minimizing (2.34), we translate ĨZ into explicit convex constraints that can be handled by

convex optimization solvers such as ECOS [10] and PIPG [24].

Lemma 4. Under Assumption 1, the gradients of L̃, P̃, Q̃, and Fk are bounded on on Z .

Proof. Note that functions L̃, P̃, Q̃, and Fk are continuously differentiable, and the domain of

Θγ is Z . From Assumption 1 and [94, Chap. 4, Prop. 1.4], state trajectories generated with

a bounded control input and dilation factor (due to (2.22d)) are bounded. Boundedness

of the dilation factor also ensures that tf is bounded. Then there exists a constant, β, that

bounds the norm of the gradients of L̃, P̃, Q̃, and Fk on Z .

Figure 2.3 describes CT-SCVX and Algorithm 1 shows the prox-linear method. The inputs

33



Optimal Control
Problem

Constraint Reformulation
& Time Dilation

Parameterization,
Discretization,

& ℓ1 Penalization

Initialization

1st

Iteration?
Convexification

Converged? Solve Convex
Subproblem

Update
Hyperparameters

Solution

No

Yes

Yes No

Figure 2.3: The proposed successive convexification framework: CT-SCVX. The blocks show the
construction of (2.22) and (2.27), the blocks show the components of the prox-linear method, and
the block demarcates the iterative parts.

to the algorithm are the maximum number of iterations, kmax, the termination tolerance,

ε, and the proximal term weight, ρ. Note that the “Convexification” block in Figure 2.3

constructs the subproblem based on (2.34), which forms a convex approximation of the

composition H ◦ G. Since the convex approximation is non-affine based on our choice of

H, we call this step “Convexification” rather than “Linearization”. Furthermore, this step

computes the gradient of the discretized dynamics (2.20a), as described in Section A.

Algorithm 1 Prox-linear Method

Input: kmax, ε, ρ
Initialize: z1

k← 1
while k ≤ kmax and

∥∥Gρ(z1)
∥∥ > ε do

zk+1 ← argmin
z

Θρ
γ(z; zk)

k← k + 1
end while

Output: zk

We have the following result about the monotonic decrease of Θγ for a sufficiently small

ρ.
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Theorem 4 (Lemma 5.1 of [5]). At iteration k of Algorithm 1, the following holds

Θγ(zk) ≥ Θγ(zk+1) +
ρ

2
(2− αβρ)∥Gρ(zk)∥2.

Therefore, Θγ(zk) is monotonically decreasing if ρ ≤ 1/αβ.

The magnitude of Gρ(zk) is both a practical and rigorous measurement to assess if zk

is close to a stationary point (see [5, Thm. 5.3] for details). We then have the following

finite-stop corollary.

Corollary 2. Suppose Θγ is bounded below by Θ⋆
γ and ρ ≤ 1/αβ. For a given tolerance ε,

prox-linear method achieves

∥Gρ(zk)∥2 < ε for k ≤
2αβ(Θγ(z1)−Θ⋆

γ)

ε
.

Remark 10. In practice, β can be computed by either implementing a line-search, as described in [5,

Alg. 1], or by adopting the adaptive weight update strategy in [77, Alg. 2.2], where the equivalence

between the trust-region and prox-linear methods is also discussed. The “Update Hyperparameters”

block in Figure 2.3 represents the use of such update techniques. The implementation of the

prox-linear method can be further enhanced using the acceleration scheme described in [88, Sec. 7].

Note that the upper bound for ρ in Theorem 4 is a sufficient condition for convergence

to a stationary point. In general, if the prox-linear method converges with arbitrary user-

specified weights ρ and γ, then the converged solution is guaranteed to be a stationary

point, due to [5, Thm. 5.3]. In summary, the prox-linear method enables global convergence

of CT-SCVX to a stationary point of Θγ (Theorem 4), and if the stationary point is feasible

with respect to (2.22), then it is a KKT point (Theorem 2). Furthermore, each strict local

minimizer of (2.22) with LICQ satisfied is a local minimizer of Θγ for a large-enough γ

(Theorem 3).

Remark 11. The prox-linear method is susceptible to the crawling phenomenon exhibited by SCP

algorithms [108], wherein the iterates make vanishingly small progress towards a stationary point

when they are not close to one. This phenomenon can happen when γ is chosen to be very large,

which decreases the upper bound on ρ for ensuring monotonic decrease of Θγ. Then the lower
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bound 1
2αβ∥G 1

αβ
(zk)∥ for Θγ(zk) − Θγ(zk+1) becomes very small even if G 1

αβ
(zk) is not small.

The crawling phenomenon could be remedied by scaling the decision variables and the constraint

functions so that their orders of magnitude are similar.

Remark 12. The penalized trust region (PTR) SCP algorithm in [79, 109] solves a sequence convex

subproblems similar to the ones generated by the prox-linear method. The PTR algorithm also

applies a class of time-dilation, discretization, and parameterization operations to the optimal

control problem (2.1), albeit in an order that is different from what we propose. The resulting

sequence of convex subproblems that PTR solves can fit within the template of (2.33) after minor

modifications. The weights of the proximal and exact penalty terms are heuristically selected to

obtain good convergence behavior.

2.5 Exploiting Convexity

Next we consider a fixed-final-time optimal control problem (2.1) where the terminal

cost function L is convex in the terminal state, the dynamical system (2.1b) is a linear

nonhomogeneous ordinary differential equation, given by

.
x(t) = A(t)x(t) + B(t)u(t) + w(t), (2.36)

for t ∈ [ti, tf], and the constraint functions in (2.1c), (2.1d), (2.1e), and (2.1f) are jointly

convex in all arguments (except time). In particular, constraint functions h and Q are

affine in state and control input. Furthermore, we deviate from the Mayer form by

explicitly specifying a running cost term in the objective with a continuously differentiable

function Y : R+ ×Rnx ×Rnu → R that is jointly convex in the state and control input.

Embedding the running cost into the dynamics, as mentioned in Section 2.2.2, would turn

the dynamical system nonlinear and hence destroy the convexity of the optimal control

problem.The resulting optimal control problem is now in the Bolza form [49, Sec. 3.3.2].

To obtain a finite-dimensional optimization problem similar to (2.22), we first parame-

terize the control input and discretize (2.36). Time-dilation is not necessary in the fixed-

final-time setting, and constraint reformulation is postponed to the end with a minor
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modification to exploit convexity of the constraints. We parameterize the control input

similar to (2.18), as ν(t) = (Γu(t)⊗ Inu)U, for t ∈ [ti, tf]. To discretize (2.36), we form a

grid of size N in [ti, tf] denoted by ti = t1 < . . . < tN = tf, and treat the states xk at node

points tk as decision variables. Then for each k = 1, . . . , N − 1, we exactly discretize (2.36)

via the integral form into

xk(t) = Φx(t, tk)xk + Φu(t, tk)U + ϕ(t, tk), (2.37)

for t ∈ [tk, tk+1], where the state trajectory xk with control input ν and initial condition xk

satisfy (2.36) a.e. t ∈ [tk, tk+1]. Moreover, t 7→ Φx(t, tk), t 7→ Φu(t, tk), and t 7→ ϕ(t, tk) are

computed as the solution to an initial value problem1 similar to (A.1), and we denote their

terminal values as Ak = Φx(tk+1, tk), Bk = Φu(tk+1, tk), and wk = ϕ(tk+1, tk). Next, the

path constraints (2.1c) and (2.1d) are reformulated as follows. For each k = 1, . . . , N − 1,

define g̃k : R+ ×Rnx ×Rnu Nu → Rng and h̃k : R+ ×Rnx ×Rnu Nu → Rnh by substituting in

the control parameterization and the discretized form (2.37) into g and h, as follows

□̃k(t, xk, U) = (2.38)

□
(
t, Φx(t, tk)xk+Φu(t, tk)U+ϕ(t, tk), ν(t)

)
,

where □ = g, h. Note that each scalar-valued element of g̃k and h̃k is jointly convex in xk

and U. Then for each k = 1, . . . , N − 1, we obtain

g̃k(t, xk, U) ≤ 0, h̃k(t, xk, U) = 0, ∀ t ∈ [tk, tk+1],

⇐⇒ ξk(xk, U) ≤ 0, (2.39)

where ξk : Rnx ×Rnu Nu → R+ is defined as

ξk(xk, U) =
∫ tk+1

tk

1⊤|g̃k(t, xk, U)|2+ + 1⊤h̃k(t, xk, U)2dt

1Note that, unlike in (A.1), superscript “k” is absent from Φx, Φu, and ϕ since they are independent of the
state trajectory xk.
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Similar to (2.22c), we need to relax (2.39) with ϵ > 0 in order to facilitate exact penalization.

Lemma 5. ξk is a convex function.
Proof. Observe that □ 7→ max{0,□}2 is a convex, non-decreasing function. Then the

composition 1⊤|g̃k|2+ is a convex function [91, Sec. 3.2.4]. Furthermore, 1⊤h̃2
k is a sum of

convex quadratics of its arguments since h̃k is an affine function.

For each k = 1, . . . , N − 1, the running cost over [tk, tk+1] can be compactly expressed

with function Yk : Rnx ×Rnu Nu → R by substituting in the control parameterization and

the discretized form (2.37) into Y, as follows

Yk(xk, U) =
∫ tk+1

tk

Y(t, xk(t), ν(t))dt. (2.40)

Then the convex optimal control problem subject to parameterization, discretization, and

reformulation (2.39) of path constraints with ϵ-relaxation is given by

minimize
X,U

L(tf, xN) +
N−1

∑
k=1

Yk(xk, U) (2.41a)

subject to xk+1 = Akxk + BkU + wk (2.41b)

ξk(xk, U) ≤ ϵ (2.41c)

k = 1, . . . , N − 1

U ∈ U (2.41d)

P(ti, x1, tf, xN) ≤ 0 (2.41e)

Q(ti, x1, tf, xN) = 0 (2.41f)

where X = (x1, . . . , xN) ∈ Rnx N and the compact convex set U plays a role similar to

that in Remark 6. Although ξk(xk, U) ≤ ϵ is a convex constraint, we do not possess any

structural or geometric information needed to classify it as a canonical conic constraint

supported in the existing convex optimization solvers; we only have access to first-order

oracles for Yk and ξk, that provide the function value and its gradient at a query point.

Consequently, we adopt the prox-linear method to solve (2.41) after exactly penalizing
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(2.41c).

We assume that representation (2.41b)-(2.41f) for the feasible set of (2.41) satisfies the

strong Slater’s assumption [92, Def. 2.3.1], which is necessary and sufficient for the set

of Lagrange multipliers associated with a minimizer of (2.41) to be nonempty, compact,

and convex [92, Thm. 2.3.2]. We will show that the convexity of (2.41) guarantees global

convergence of the prox-linear method to the set of minimizers.

2.5.1 Exact Penalization & Prox-Linear Method

Similar to (2.27), for a given γ > 0, consider the convex function Θγ : Rnx N+nu Nu → R

defined by

Θγ(z) = L(xN) +
N−1

∑
k=1

Yk(xk, U) (2.42)

+ ĨZ (z) + γ
N−1

∑
k=1
|ξk(xk, U)− ϵ|+

where z = (X, U) and Z = X × U with

X =


X ∈ Rnx N

∣∣∣∣∣∣∣∣∣∣∣∣∣

X = (x1, . . . , xN), xk ∈ Rnx

xk+1 = Akxk + BkU + wk

1 ≤ k ≤ N − 1
P(ti, x1, tf, xN) = 0
Q(ti, x1, tf, xN) ≤ 0


,

is the convex set encoding all state constraints except for (2.41c), which is subject to ℓ1

penalization. Due to the convexity of (2.41), we can invoke a stronger exact penalization

result than those in Section 2.5.1.

Theorem 5. Suppose strong Slater’s assumption holds for the constraints in (2.41). The set of

stationary points of (2.42) coincides with the set of minimizers of (2.41) when γ is larger than the

largest magnitude Lagrange multiplier associated with the minimizers of (2.41).
Proof. The result follows from [92, Cor. 3.2.3, Thm. 3.2.4]. Note that strong Slater’s
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assumption ensures that strong duality holds.

Similar to Lemma 4, we can show that the gradients of Yk and ξk are bounded on Z .

Then the prox-linear method applies to (2.42) and shows the following property.

Theorem 6. Suppose strong Slater’s assumption holds for the constraints in (2.41) and ρ ≤ 1/αβ.

Then Algorithm 1 globally converges arbitrarily close to a solution of (2.41) in a finite number of

iterations.
Proof. The monotonic decrease of (2.42) guaranteed by Theorem 4 when ρ ≤ 1/αβ, together

with Corollary 2 and [5, Thm. 5.3], implies that Algorithm 1 will get arbitrarily close to

a stationary point in a finite number of iterations. Since stationary points of (2.42) are

identical to the minimizers of (2.41), due to Theorem 5, we have that Algorithm 1 will get

arbitrarily close to a minimizer of (2.41) in a finite number of iterations.

Even though prox-linear method will globally converge to a minimizer of (2.41), pro-

viding a good initial point z1 will dramatically improve its practical convergence behavior.

A solution to the closely related convex optimization problem, where all path constraints

are explicitly imposed as conic constraints at the discretization nodes, will serve as a good

initialization. Computing such a solution is very efficient in practice with existing convex

solvers.

2.6 Numerical Results

We provide a numerical demonstration of CT-SCVX with three examples: dynamic obstacle

avoidance, six-degree-of-freedom (6-DoF) rocket landing, and 3-DoF rocket landing with

lossless convexification. The first two examples are nonconvex problems while the third

one is convex. The results here are generated with code in the following repository.

https://github.com/UW-ACL/ct-scvx

Appendices D.1.1 through D.1.3 describe the problem formulation (in the form of (2.1))

and the parameter values for each of the examples. The convex subproblems of prox-linear

method are quadratic programs (QP), which are solved using the PIPG algorithm [24]. The

proximal term weight ρ is determined using a line search and the exact penalty weight γ is

determined by gradually increasing it by factors of 10 (see the discussion in [3, p. 78]). The
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initial guess z1 for the prox-linear method consists of a linear interpolation between the

initial and final augmented states, and a constant profile for the augmented control input.

The nodes of the discretization grid in [0, 1] for free-final-time problems, and in [ti, tf] for

fixed-final-time problems, are uniformly spaced. To ensure reliable numerical performance,

all decision variables and constraint functions gi and hj are scaled [109, Sec. IV.C.2] to

similar orders of magnitude (see [48, Sec. 4.8] for a discussion on scaling). We compare

solutions from CT-SCVX with those from an implementation where path constraints are

not reformulated (i.e., they are only imposed at the discretization time nodes), which we

refer to as the node-only approach. We also demonstrate the real-time capability of CT-SCVX

using a C implementation generated by SCVXGEN, a general-purpose SCP-based trajectory

optimization software with customized code generation, in tandem with ECOS [10].

We adopt the following convention in the plots: black for CT-SCVX and blue for node-only

approach. Dots denote the solution at discretization nodes, and lines denote the continuous-

time control input and state trajectory (obtained by integrating (2.1b)). Red lines denote the

constraint bounds, and the inter-sample violation in the node-only solutions is highlighted

with magnified inset.

2.6.1 Dynamic Obstacle Avoidance

We consider two scenarios: one where the obstacles exhibit periodic motion and the

other where they are static. Figure 2.4a shows the magnitude of control input in the case

with dynamic obstacles obtained with CT-SCVX (an animation of the position trajectory is

provided in the code repository). The corresponding node-only solution is not shown in

Figure 2.4a, since the resulting state trajectory is physically meaningless with the same

discretization grid due to aliasing in the obstacle motion. The time variation in the obstacle

positions necessitates a denser discretization grid in the node-only approach. As a result,

however, the number of distinct obstacle avoidance constraints imposed grows with the

discretization grid size and the number of obstacles, which is computationally expensive.

On the other hand, the number of constraints imposed in CT-SCVX only depends on the

discretization grid size. Figure 2.4b shows the percentage of violation in the obstacle
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avoidance constraint by the state trajectories obtained from CT-SCVX for different values

of ϵ. As long as the constraint functions are well-scaled, a state trajectory with physically

insignificant continuous-time constraint violation can be obtained by picking ϵ to be

several orders of magnitude greater than machine precision, which is essential for reliable

numerical performance. In practice, picking ϵ close to 10−4 ensures that the continuous-

time constraint violation does not exceed 1%.

0 5 10 15 20 25
t [s]

0

2
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6

[m
 s−2

]

(a) Control input magnitude

10 15 20 25
t [s]

10−1

101

%

10−6

10−4

10−2

0

(b) Constraint violation

Figure 2.4: Dynamic obstacle avoidance

To compare CT-SCVX and the node-only approach, we consider static obstacles: Figure

2.5a shows the position and Figure 2.5b shows the control input magnitude. Note that

the control input magnitude in the node-only solution is smaller than the lower bound

(strictly smaller between the discretization nodes). As a result, the terminal state cost with

the node-only approach, 5.06, is significantly smaller than that from CT-SCVX, 47.91—the

node-only approach optimizes the cost at the expense of inter-sample constraint violation.
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Figure 2.5: Static obstacle avoidance

2.6.2 6-DoF Rocket Landing

Figure 2.6a shows the position of the 6-DoF rocket along with the attitude of its body-axis

(in green) and the thrust vector (as an orange-yellow plume). Figure 2.6b shows the

thrust magnitude and Figure 2.6c shows the tilt of the body axis—both of which show

inter-sample violation with the node-only approach. Similar to the obstacle avoidance

example, the terminal state cost with the node-only approach, 170.1 kg, is smaller than

that from CT-SCVX, 180.5 kg.

2.6.3 3-DoF Rocket Landing (Lossless Convexification)

This example demonstrates the application of CT-SCVX for solving a convex optimal control

problem. The node-only approach, in this case, amounts to solving a single convex problem

where all constraints are imposed via canonical convex cones in a convex optimization

solver; we use ECOS [10]. The node-only solution is also used to warm-start CT-SCVX, which
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Figure 2.6: 6-DoF rocket landing

then “cleans up” the inter-sample constraint violations. As with the previous examples,

we see that the trajectory cost (in this case, fuel consumption) with the node-only approach,

351 kg, is smaller than that from CT-SCVX, 352.4 kg. Figure 2.7a shows the position of the

point-mass rocket along with the thrust vector (as an orange-yellow plume). The glideslope

constraint shows inter-sample violation with the node-only approach. Figure 2.7b confirms

that lossless convexification holds for the solutions from both methods—CT-SCVX on the

left and node-only on the right. The thrust lower bound constraint shows inter-sample
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Figure 2.7: 3-DoF rocket landing with lossless convexification
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violation with the node-only approach, since a zero-order-hold (ZOH) parameterization is

used for the mass-normalized thrust.

The node-only approach requires a dense discretization grid to ensure validity of the

lossless convexification result [51], which was proven for the continuous-time problem

(prior to discretization). CT-SCVX, in contrast, provides a valid solution despite using a

sparse discretization grid. Future work will examine whether the continuous-time lossless

convexification result can apply directly to (2.41).

2.6.4 Real-Time Performance

We provide real-time performance statistics for solving the two nonconvex examples in

Table 2.1. These results were obtained by executing C code generated using the SCVXGEN

software. The binary executables are provided in the code repository. We note that these

Table 2.1: The mean solve-time and standard deviation (Std.) over 1000 solves, along with the
number of iterations the prox-linear method takes to converge (Iters.).

Problem Solve-time Std. Iters.
Dyn. obstacle avoidance 59.4 ms 1.4 ms 23
6-DoF rocket landing 42.5 ms 1.3 ms 14

solve-times are on the same order-of-magnitude as the solve-times reported in the literature

for real-time powered-descent guidance [110, 42, 25] and real-time quadrotor trajectory

optimization with moving obstacles [111], thus demonstrating that CT-SCVX is amenable to

online/embedded applications.

2.7 Conclusions

We propose continuous-time successive convexification (CT-SCVX), a real-time-capable tra-

jectory optimization framework that guarantees convergence and enables continuous-time

constraint satisfaction. The framework combines: (i) exterior penalty-based reformulation

of path constraints; (ii) generalized time-dilation; (iii) multiple-shooting discretization;

(iv) ℓ1-exact penalization; and (v) the prox-linear method, a convergence-guaranteed se-
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quential convex programming algorithm for convex-composite minimization. When the

optimal control problem is convex, we highlight the stronger convergence property of the

solution method.
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Chapter 3

CUSTOMIZED CONIC OPTIMIZATION SOLVER

Real-time trajectory optimization focuses on the simultaneous computation and execution

of dynamically feasible trajectories for robots while considering operational constraints

and environmental factors. Convex optimization-based methods, with their guaranteed

convergence to optimal solutions, have emerged as an appealing choice for real-time

applications. One key aspect of convex optimization is the representation of a large class of

problems as conic optimization problems. A conic optimization problem, shown by (3.1),

is characterized by a linear or quadratic objective function and a feasible set formed by

intersecting a convex cone K with an affine space [112, Chap. 3], [113, Eq. 1]. Constraints

with special geometric structure (such as constraint sets with simple projection operation)

can be represented with D [24, Eq. 1]. In the context of trajectory optimization, most

constraints can be represented using cones and sets for which projection is efficient.

minimize
z

1
2

z⊤Pz + q⊤z (3.1a)

subject to Hz− h ∈ K, z ∈ D (3.1b)

Popular solution methods for conic optimization typically fall into two categories: first-

order methods, which use gradient information, and second-order methods, which also

incorporate Hessian information. First-order algorithms have become particularly favored

for real-time applications due to their low-complexity operations and suitability for small-

footprint, library-free code implementations that are ideal for embedded systems. The

recent decades have witnessed significant progress in the mathematical tools used to

enhance the capabilities and determine the limits of first-order methods.

In this chapter, we discuss the specialization (also referred to as customization) of the
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recently developed first-order algorithm, proportional integral projected gradient method

[114, 9, 24], for convex and nonconvex trajectory optimization problems (with CT-SCVX).

We emphasize the algorithm’s features that enable efficient, low-footprint implementation

and provide numerical demonstrations.

3.1 Customization of PIPG

Trajectory optimization problems possess a special sparsity structure, in which most con-

straints on decision variables are temporally separated, with the dynamic feasibility con-

straint being the exception as it couples decision variables at successive time instants. The

PIPG algorithm has been developed with the ability to take advantage of this unique struc-

ture through a process called customization, which ultimately results in high-performance

software implementations specifically tailored to trajectory optimization problems.

The PIPG algorithm relies on simple operations such as vector addition, matrix and

vector multiplication, and dot products, enabling it to exploit the unique structure of

trajectory optimization problems through devectorization. Devectorization refers to de-

composing optimization problem parameters and variables into smaller segments, where

constraints on each segment, involving state and control inputs at a particular time instant,

are mostly decoupled from constraints on the other segments. Prior to devectorization,

parameters like the conic constraint matrix and the objective function Hessian are large

sparse objects with minimal fill-in, with the decision vector typically comprising hundreds

of entries. However, after devectorization, the algorithm works with several small dimen-

sional dense vectors and matrices, which is very desirable for high-performance software

implementation.

Meanwhile, high-performance sparse linear algebra often demands careful design and

implementation of data structures for storing large sparse matrices and vectors, as well

as special, a highly target-specific implementation. In contrast, a devectorized implemen-

tation involves small dimensional dense objects, which have optimized linear algebra

implementations like BLAS and LAPACK. Moreover, devectorization is particularly advan-

tageous for writing software implementations that avoid dynamic memory allocation, are
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cache friendly, and can be parallelized. This concept of tailoring a solver to exploit the struc-

ture of a specific problem class, such as trajectory optimization through devectorization, is

referred to as customization.

In this section, we describe how an extension of PIPG with infeasibility detection, called

XPIPG, can be customized for convex trajectory optimization, resulting in an efficient imple-

mentation. Furthermore, we discuss heuristics that can improve the practical performance

of the solver, making it a powerful tool for solving trajectory optimization problems.

Consider the following discrete-time convex optimal control problem

minimize
xt, ut

N

∑
t=0

1
2

x⊤t Qtxt + q⊤t xt +
1
2

u⊤t Rtut + r⊤t ut, (3.2a)

subject to xt+1 = Atxt + B−t ut + B+
t+1ut+1 + ct, t ∈ [0 : N − 1], (3.2b)

xt ∈ Dx
t , ut ∈ Du

t , t ∈ [0 : N], (3.2c)

F0
t xt + G0

t ut + g0
t = 0, t ∈ [0 : N], (3.2d)

F1
t xt + G1

t ut + g1
t ≥ 0, t ∈ [0 : N], (3.2e)

where At ∈ Rnx , ut ∈ Rnu and ct ∈ Rnx , for t ∈ [0 : N], define the linear system dynamics.

For simplicity of discussion, we will assume that there are no system parameters. Sets Dx
t

and Du
t , for t ∈ [0 : N], are easy to project onto with simple, closed-form expression for the

projection. Constraint parameters Fj
t ∈ Rnj

t×nx , Gj
t ∈ Rnj

t×nu , gj
t ∈ Rnj

t , for t ∈ [0 : N], j =

0, 1, determine linear equality and inequality constraints on state and control input at each

time. The constraints in (3.2c)-(3.2e) determine all the physical and operational constraints

on the system state and input. The boundary conditions on state and control input are

accounted in Dx
1 , Dx

N, Du
1 , and Du

N. To track a known state reference xref
t and/or a control

reference uref
t , choose qt = −2xref

t and rt = −2uref
t . The convex subproblem in CT-SCVX can

be modelled using (3.2). In fact, SCP methods themselves can be further customized while

using PIPG as the subproblem solver. The SECO framework for SCP developed in [25, 42] is

one such example.

By defining the following quantities, we can represent the optimal control problem (3.2)
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in terms of the general conic optimization problem (3.1)

z =
(
x0, x1 · · · , xN, u0, u1, · · · , uN

)
, (3.3a)

P = blkdiag (Q0, . . . , QN, R0, . . . , RN) , (3.3b)

q =
(
q0, · · · , qN, r0, · · · , rN

)
, (3.3c)

H =



A0 −I 0 · · · 0 B−0 B+
1 0 · · · 0

0 A1 −I
... 0 B−1 B+

2
...

... . . . ... . . .

0 · · · AN−1 −I 0 · · · B−N−1 B+
N

F0
0 0 · · · 0 G0

0 0 · · · 0

0 F0
1

... 0 G0
1

...
... . . . ... . . .

0 · · · F0
N 0 · · · G0

N

F1
0 0 · · · 0 G1

0 0 · · · 0

0 F1
1

... 0 G1
1

...
... . . . ... . . .

0 · · · F1
N 0 · · · G1

N



, (3.3d)

h = −
(
c0, . . . , cN−1, g0

0, · · · , g0
N, g1

0, · · · , g1
N
)
, (3.3e)

D = Dx
0 × · · · ×Dx

N ×Du
0 × · · · ×Du

N, (3.3f)

K = 0nx N × 0n0
0
× · · · × 0n0

N
×R

n1
0

+ × · · · ×R
n1

N
+ . (3.3g)

Note that K could also consider second-order cone and positive semidefinite cone con-

straints on the state and control input. We exclude specification of such constraints in

(3.2) for simplicity. Algorithm 2 provides the customization of XPIPG for solving (3.2).

Apart from the problem parameters in (3.2), the input to Algorithm 2 include the XPIPG

step-sizes α, β and the maximum iteration count kmax. Instead of terminating after kmax

iterations, we could also use a termination criteria based on constraint violation or relative

change in the primal and dual iterates. The notation a0:M denotes the collection of vectors

at, for t = [0 : M], arranged into a 2D array. Note that ϕt, θt, ψt in Algorithm 2 are the dual
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variables associated with the constraints in K. In a fully self-contained implementation we

also need to compute the maximum singular value H (which is required for computing

step-sizes α and β) without performing any matrix factorization. This is achieved by the

devectorized power iteration method, shown in Algorithm 3. The maximum and mini-

mum eigenvalues of P are straightforward to compute due to its block diagonal structure

in typical trajectory optimization problems.

A key step in implementing PIPG is to compute the projection onto cone K◦ and set D.

These projections can be computed efficiently for the following reasons. First, projections

onto many common closed convex cones and sets can be computed using simple formulas,

see [115, Chp. 29] for some popular examples. Second, let D1 ⊂ Rn1 and D2 ⊂ Rn2 be

closed convex sets, x1 ∈ Rn1 and x2 ∈ Rn2 . Then one can verify the following:

ΠD1×D2

x1

x2

 =

ΠD1 [x1]

ΠD2 [x2]

 .

Therefore, projections onto sets that are Cartesian products of sets with simple projection

formulas also admit simple formulas.

3.2 Numerical Examples

This section demonstrates the efficiency of PIPG on two numerical optimal control applica-

tions.

3.2.1 Powered-Descent Guidance

This section compares the performance of an efficient C implementation of customized PIPG

with that of some state-of-the-art optimization solvers–including of ECOS, GUROBI, MOSEK,

CPLEX, and CONEPROG–for solving [23, Eq. 3] to obtain minimum-fuel and reference-

tracking solutions. All simulations are run on a 2020 iMac with a 3.1 GHz 6-Core Intel

Core i5 processor and 16 GB RAM. The numerical values of the parameters of the problem,

inspired from [116] for a Mars landing scenario, are shown in [23, Tab. 3]. The problem
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Algorithm 2 Customized XPIPG

Input: α, β, ρ, kmax

▷ Initialize: x̃0:N, ũ0:N, ϕ̃0:N−1, θ̃0:N, ψ̃0:N

1: for k ∈ [1 : kmax − 1] do
▷ Primal update

2: x0 ← ΠDx
0

[
x̃0 − α

(
Q0x̃0 + q0 + A⊤0 ϕ̃0 + F0

0
⊤

θ̃0 + F1
0
⊤

ψ̃0

)]
3: u0 ← ΠDu

0

[
ũ0 − α

(
R0ũ0 + r0 + B−0

⊤
ϕ̃0 + G0

0
⊤

θ̃0 + G1
0
⊤

ψ̃0

)]
4: for t ∈ [1 : N − 1] do
5: xt ← ΠDx

t

[
x̃t − α

(
Qt x̃t + qt + A⊤t ϕ̃t − ϕ̃t−1 + F0

t
⊤

θ̃t + F1
t
⊤

ψ̃t

)]
6: ut ← ΠDu

t

[
ũt − α

(
Rtũt + rt + B−t

⊤
ϕ̃t + B+

t
⊤

ϕ̃t−1 + G0
t
⊤

θ̃t + G1
t
⊤

ψ̃t

)]
7: end for
8: xN ← ΠDx

N

[
x̃N − α

(
QN x̃N + qN − ϕ̃N−1 + F0

N
⊤

θ̃N + F1
N
⊤

ψ̃N

)]
9: uN ← ΠDu

N

[
ũN − α

(
RN ũN + rN + B+

N
⊤

ϕ̃N−1 + G0
N
⊤

θ̃N + G1
N
⊤

ψ̃N

)]
▷ Dual update

10: for t ∈ [0 : N − 1] do
11: ϕt ← ϕ̃t + β(−2xt+1 + x̃t+1 + At(2xt − x̃t)

+B−t (2ut − ũt) + B+
t+1(2ut+1 − ũt+1) + ct)

12: θt ← θ̃t + β
(

F0
t (2xt − x̃t) + G0

t (2ut − ũt) + g0
t
)

13: ψt ← min
{

ψ̃t + β
(

F1
t (2xt − x̃t) + G1

t (2ut − ũt) + g1
t
)

, 0
}

14: end for
15: θN ← θ̃N + β

(
F0

N(2xN − x̃N) + G0
N(2uN − ũN) + g0

N
)

16: ψN ← min
{

ψ̃N + β
(

F1
N(2xN − x̃N) + G1

N(2uN − ũN) + g1
N
)

, 0
}

▷ Extrapolation
17: x̃0:N ← (1− ρ)x̃0:N + ρx0:N

18: ũ0:N ← (1− ρ)ũ0:N + ρu0:N

19: ϕ̃0:N−1 ← (1− ρ)ϕ̃0:N−1 + ρϕ0:N−1

20: θ̃0:N ← (1− ρ)θ̃0:N + ρθ0:N

21: ψ̃0:N ← (1− ρ)ψ̃0:N + ρψ0:N

22: end for
Output: x0:N, u0:N, ϕ0:N−1, θ0:N, ψ0:N
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Algorithm 3 Power iteration for computing maximum singular value of H
Input: ϵ ▷ Termination tolerance
▷ Initialize: σ, σ′, x0:N, u0:N, ϕ0:N−1, θ0:N, ψ0:N
for |σ− σ′| ≥ ϵ do

σ′ ← σ

σ←

√√√√ N

∑
t=0
∥(xt, ut)∥2

2

for t ∈ [0 : N] do
xt ← xt/σ
ut ← ut/σ

end for
for t ∈ [0 : N − 1] do

ϕt ← −xt+1 + Atxt + B−t ut + B+
t+1ut+1 + ct

θt ← F0
t xt + G0

t ut + g0
t

ψt ← F1
t xt + G1

t ut + g1
t

end for
θN ← F0

NxN + G0
NuN + g0

N
ψN ← F1

NxN + G1
NuN + g1

N

x0 ← A⊤0 ϕ0 + F0
0
⊤

θ0 + F1
0
⊤

ψ0

u0 ← B−0
⊤

ϕ0 + G0
0
⊤

θ0 + G1
0
⊤

ψ0
for t ∈ [1 : N − 1] do

xt ← A⊤t ϕt − ϕt−1 + F0
t
⊤

θt + F1
t
⊤

ψt

ut ← B−t
⊤

ϕt + B+
t
⊤

ϕt−1 + G0
t
⊤

θt + G1
t
⊤

ψt
end for
xN ← −ϕN−1 + F0

N
⊤

θN + F1
N
⊤

ψN

uN ← B+
N
⊤

ϕN−1 + G0
N
⊤

θN + G1
N
⊤

ψN
end for

Output: σ
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parameters are scaled before the solve step to ensure that the decision variables are on the

same order of magnitude. Scaling the problem parameters is a well-known technique to

improve solver performance [3]. The termination criteria is set such that solvers terminate

when the solution is within 0.03% of a high-accuracy ground-truth solution computed using

GUROBI.

All solvers except for PIPG require a nontrivial parsing operation that converts the origi-

nal optimal control problem using the data in [23, Tab. 3] into the parameters associated

with a conic optimization problem in the homogeneous self-dual embedding form. We

use YALMIP, a convex optimization modeling tool in MATLAB, to carry out the parse step.

The solvers accept the parsed parameters from YALMIP to solve the problem and return a

solution (if one exists), which is then transformed by YALMIP into the solution variables of

the original problem. On the other hand, PIPG doesn’t require YALMIP for the parse step

since it is customized to incorporate the structure of the original problem which if of the

form (3.2).

Table 3.1 and Table 3.2 summarize the execution-time–the sum of solve-time and parse-

time–of different solvers for both the minimum-fuel and reference-tracking problems across

three horizon lengths, averaged over 50 simulation runs with random initialization. Figure

3.1 compares the solve- and parse-times for these problems. The average execution-time

of PIPG is significantly smaller than that of the other solvers for both the minimum-fuel

and reference-tracking problems. Furthermore, it is worthwhile to note that the C code

generated for uncustomized PIPG [23, Alg. 1] also performs well with the use of sparse

linear algebra; it solves both the minimum-fuel and reference-tracking problems in tens of

milliseconds.

The reference-tracking problem has a strongly convex objective function, which enables

PIPG to converge at the fastest rate possible for a first-order solver. Since PIPG uses variable

step sizes given in [114] for solving this problem, it is restarted to improve its practical

convergence rate. Restarting it at 1200 iterations is observed to be optimal and a total of

3000 iterations are required for convergence. Restarting is a popular heuristic for improving

the practical convergence rates of primal-dual methods [117, 118]. The minimum-fuel
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problem, on the other hand, does not have a strongly convex cost function. So, PIPG uses

constant step sizes as given in [114], and is guaranteed to converge at a slightly slower rate.

In practice, however, problem scaling parameters can be appropriately tuned to obtain fast

execution-times. Convergence is achieved in 7500 iterations in our case.

Note that the difference in fuel consumption between the reference-tracking and

minimum-fuel solutions is ∼ 9 kg, which is less than 3% of the initial fuel in the ve-

hicle. So, for a minor loss in fuel efficiency, using the reference-tracking solution computed

using PIPG instead can lead to dramatic gains in real-time performance (owing to the ∼ 4

ms execution-time of PIPG). The solution from PIPG and the ground-truth solution from

GUROBI (with N = 20) for the reference tracking problem are shown in Figure 3.2. The

estimated solution is lossless, i.e. ∥ut∥2 = σt ∀ 0 ≤ t ≤ N.

Table 3.1: Reference-tracking problem execution-time [ms]
M PIPG ECOS MOSEK GUROBI CPLEX CONEPROG

20 4.25 365.43 364.57 384.64 398.72 454.49
30 6.71 513.96 508.59 520.45 556.64 629.78
40 8.90 671.49 674.55 682.05 723.32 867.70

Table 3.2: Minimum-fuel problem execution-time [ms]
M PIPG ECOS MOSEK GUROBI CPLEX CONEPROG

20 10.61 353.22 365.72 361.35 385.35 390.69
30 16.22 496.20 508.27 506.38 531.25 550.83
40 21.64 651.88 666.09 668.19 694.39 736.68

3.2.2 Oscillating Masses

In this section we demonstrate the real-time capability of XPIPG along with infeasibility

detection. To this end, we consider the two-point boundary-value optimal control problem

of a mechanical system composed of l (l ∈N) oscillating masses [119, 6, 114]; see Figure
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(a) Reference-tracking problem
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N = 40

Figure 3.1: Benchmarking test results for PIPG against several state-of-the-art industrial-grade
solvers, with solve- and parse-times averaged over 50 runs.
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Figure 3.2: Generated PDG trajectories for N = 20.

3.3 for an illustration. The discrete-time linear system is described by

At = exp
(

∆
[

0l, l Il
−L 0l, l

])
,

Bt =
∫ ∆

0
exp

(
s
[

0l, l Il
−L 0l, l

])
ds
[

0l, l
Il

]
,

Qt = I2l, qt = 02l, Rt = Il, rt = 0l,

X = {x ∈ R2l|∥x∥∞ ≤ ϱx}, U = {u ∈ Rl|∥u∥∞ ≤ ϱu},

where x̂0 is the initial state, ∆ = 0.1 is the sampling period of the dynamics, L ∈ Rl×l

is a tridiagonal matrix: its diagonal entries are 2’s, its subdiagonal and superdiagonal

entries are −1’s. We apply Algorithm 2 (equipped with a C implementation) to instances

. . .

Figure 3.3: The oscillating masses system

of (3.2) where ϱx = 1, ϱu = 0.5, τ = 20 and l ∈ {32, 64, 128, 256}; furthermore, we sample
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the value of x̂0 from a normal distribution with mean (γ1l, 0l) and standard deviation

0.05, where γ = 0.1 for feasible instances and γ = 0.8 for infeasible instances of (3.2),

respectively. Figure 3.4 shows the convergence of XPIPG applied to an problem instance

where l = 32. XPIPG converges about twice as fast as PIPG; the latter is equivalent to XPIPG

with ρ = 1. Furthermore, any value within the interval [1.5, 1.9] provides a good choices for

ρ. These observations agree with those made for the Douglas-Rachford splitting methods

[8]. Furthermore, we compare the performance of Algorithm 2 (with ρ = 1.6) against those

(a) Feasible. (b) Infeasible.

Figure 3.4: The asymptotic convergence of 1
βρ∥wj+1 − wj∥ in Algorithm 2 when applied to an

feasible (left) and infeasible (right) instance of (3.2).

of other state-of-the-art solvers, including OSQP [120], SCS [113, 121], ECOS [10], and MOSEK

[11]. We terminate Algorithm 2 and all the other solvers when the following condition is

met for a feasible problem1:

max
{
∥Hzj − h∥∞, ∥zj −min(zu, max(zl, zj))∥∞

}
< ϵfea, (3.4)

where zu = (x̂0, 12l(N−1)ϱx, 02l, 1lNϱu), zu = (x̂0, −12l(N−1)ϱx, 02l, −1lNϱu).

The above condition implies that zj satisfies the constraints up to a tolerance of ϵfea. For

1For each of the other solvers, we set their optimality tolerance to the largest value for (3.4) to hold, since
we empirically observed that the constraint violation decreases monotonically with the optimality tolerance.
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an infeasible problem, we terminate Algorithm 2 when the following condition holds:

inf
z∈D
⟨Hz− h, wj+1 − wj⟩+ ϵinf > 0. (3.5)

Notice that since K = {02Nl}, (3.5) implies that [24, Eq. 2] holds up to a tolerance of ϵinf;

furthermore, the infimum in (3.5) has a closed form solution since set D is a box. For the

other solvers, we set their corresponding infeasibility certificate tolerance value to ϵinf.

Table 3.3 shows the computation time of different solvers, where the best computation time

Table 3.3: Comparison of the computation time [ms] of different solvers for feasible and infeasible
instances of optimization (3.2).

(a) Feasible problems, averaged over 100 random instances.

ϵfea l OSQP SCS ECOS MOSEK XPIPG

10−4

32 11.6 11.3 40.0 23.2 10.7
64 55.4 47.6 214.3 83.1 20.0

128 333.8 305.9 1400.6 133.9 68.5
256 2477.7 2287.6 13674.0 269.7 251.2

10−8

32 19.3 20.0 61.2 27.5 23.4
64 84.3 81.7 277.6 93.3 46.6

128 505.4 467.8 1703.8 169.9 189.2
256 3443.0 3232.7 19030.6 337.4 616.0

(b) Infeasible problems, averaged over 100 random instances.

ϵinf l OSQP SCS ECOS MOSEK XPIPG

10−4

32 20.5 24.6 44.9 23.9 7.9
64 87.4 112.5 200.5 93.6 15.8

128 670.8 703.2 1375.8 154.2 63.0
256 4309.7 5146.5 13471.5 321.3 209.0

10−8

32 20.2 27.6 44.8 30.8 7.9
64 86.3 111.9 198.8 108.5 15.5

128 654.1 758.2 1357.7 192.2 63.2
256 4367.7 5202.7 13611.8 385.9 211.7

in each row is highlighted. We can see that Algorithm 2 has a clear advantage against open-

source solvers–including OSQP, SCS, and ECOS–especially for large-scale and infeasible

problems. The overall performance of Algorithm 2 is comparable to the highly optimized

commercial solver MOSEK.
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Chapter 4

DEFERRED DECISION TRAJECTORY OPTIMIZATION

4.1 Introduction

The reference signals generated by the feedforward block of a control system typically solve

a constrained optimal control problem. It is desirable to have the system response tightly

track the reference signals in closed-loop with a feedback controller so that the constraint

satisfaction and performance requirements guaranteed by the reference signal continue to

hold. However, for nominal performance of the complete closed-loop system, uncertainties

need to be accounted for, both within feedforward and feedback blocks. Depending on

the nature of the uncertainties, techniques from robust and stochastic control may not be

readily applicable. The former deals with uncertainties which are known to belong to a

certain class or a set, while the latter handles uncertainties that are known to possess a

probability distribution. However, in many real-world circumstances, it is not possible to

quantify or model all sources of uncertainties and contingencies a priori.

So, how do we reduce the likelihood of mission failure or off-nominal performance

in such cases? How do we embed within a trajectory optimization problem the mission

requirement of ensuring resilience to unmodeled uncertainties? The proposed work

addresses this question for the problem of generating a constrained trajectory for a vehicle

from a known initial state to a desired target set or state. One approach to staying

immune to unmodeled uncertainties and contingencies (i.e., “unknown” unknowns) is

by considering multiple candidate targets. We focus our attention on the feedforward

block and ask the question: how can the reference signal help with the identification of

the best (most reliable) target? In the real-world setting, it is reasonable to assume that the

vehicle can acquire new actionable information as it moves towards the candidate targets.
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So, deferring the decision to commit to/select a target provides time to learn (acquire

more information) about the uncertainties. In a closed-loop feedback system, for example,

the perception and measurement updates provide new information. Ensuring that the

candidate targets are reachable for as long as possible enables the vehicle to acquire new

information for as long as possible, which then informs the best choice of target, where

“best” could mean safest or cost efficient. Note that we refer to the ability to recover (i.e.,

prevent mission failure) in spite of the effect of uncertainties and contingencies as resilience,

which is the notion established in the literature [122].

The example of soft landing of a spacecraft on an unknown planetary terrain highlights

the usefulness of deferring decision. The goal is to land a spacecraft at one of landing sites

from a collection of candidates (see Figure 4.1). We only possess coarse-grained information

about the terrain and need to wait until the spacecraft nears the terrain to gather high-

resolution information. It is straightforward to imagine a situation where the spacecraft

chooses a landing site prematurely, but determines that it is not viable after getting too

close, at which point recovery or divert might be impossible. Therefore, deferring decision

is useful in this scenario for keeping a collection of landing sites reachable for a period of

time while high-resolution terrain information is gathered to determine which candidate

landing sites are viable. Note that interplanetary communication has large latency which

makes it infeasible to control the spacecraft in real-time with an Earth-based operator.

We present DDTO—deferred decision trajectory optimization, a fully-deterministic

framework for formulating constrained trajectory generation in the presence of such un-

modeled uncertainties and contingencies. First, we propose constrained-reachability-based

formulations for DDTO—not with intention of directly solving the resulting optimization,

but with the goal of discovering/analyzing the solution structure. Constrained reachable

sets offer the most natural way to describe the notion of deferring decision. While they are

intractable to compute for nonlinear systems with state dimension greater than four [123,

Fig. 2], they are still useful building blocks for analyzing the problem at hand. Next, we

show that the proposed constrained-reachability formulations have equivalent representa-

tions as cardinality minimization problems. The cardinality minimization problems are
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Figure 4.1: A Mars landing example where deferring decision is useful. The black trajectory
segments keep a collection of candidate landing sites reachable (colored nodes). Each black node
serves as a decision point beyond which reachability to one of the landing sites is lost. While the
spacecraft follows the black segment it can learn more about the terrain to determine the most
viable landing site. The background image (taken by the Perseverance rover in December 2023 [1])
shows examples of a priori unknown irregularities on the Martian surface which can potentially
make landing sites infeasible.

again not meant to be directly solvable, their purpose here is to illuminate the structure

of an optimal solution. With this knowledge we can design approximate, effective and

efficient solution methods that are specialized to trajectory optimization problems. We do

not explore well-established, general-purpose solution methods for general cardinality

minimization problem, such as compressed sensing [124], sparse recovery methods [125].

We propose two solution methods that mimic the inferred optimal solution structure:

one for discrete-time affine systems subject to convex constraints, where we leverage

quasiconvex optimization, and another for continuous-time nonlinear systems subject to

nonconvex constraints, where we use the recently developed sequential convex program-

ming (SCP) framework for nonconvex trajectory generation [22]. The convex case solution

method was earlier proposed as a heuristic approach for DDTO in [26], which was followed

by another variant, ADAPTIVE-DDTO, demonstrated within a closed-loop simulation frame-

work called hazard-aware landing optimization (HALO), designed for precision landing

on unknown planetary terrain [126] with vision-based real-time perception.

We infer that the optimal solution for DDTO has a tree-like structure with trunk and

branch trajectories (see Figure 4.1). Hence, graph-based techniques such as sampling

based-planners [127] might seem naturally suited for modeling and computing such struc-
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tures. However, we adopt optimization-based modeling to place emphasis on constraint

satisfaction and dynamic feasibility, which allows us to harness a variety of specialized

techniques such as multiple-shooting and time-dilation [22], and state-of-the-art convex

optimization-based solution methods which efficient and scalable [10, 24]. Furthermore,

it is a natural concern that deferring decision (which is essentially procrastination) could

come at the expense of some trajectory cost. It is undesirable for the vehicle to consume

all of the onboard power-resource or fuel in its pursuit of “buying more time”. In the

proposed formulation and solution methods, we explicitly call out the importance of

imposing constraints on the cumulative cost of a trajectory. Further, note that DDTO is

not meant as an alternative or a replacement for methods that model uncertainties. In

fact, whenever possible, known models of uncertainties should be incorporated into the

trajectory optimization formulation to reduce conservativeness and to meet the desired

performance requirements.

4.1.1 Related Work

Ideas related to deferred decision making have received attention in the robotics and

motion planning literature. An approach for air traffic congestion resolution which uses

deferred decisions [128] demonstrated that conserving future flexibility can help manage

the risk of uncertain predictions. Deferred decisions can counter the accumulation of errors

in INS-based navigation [129] by simultaneously allowing multiple potential trajectories

to exist and selecting the best one to represent the robots’s path.

Enhancements to model predictive control (MPC) to anticipate future uncertainties have

been developed. A feedback min-max MPC approach was introduced in [130], where a

family of control sequences is optimized at each time, each one corresponding to a different

disturbance profile. Consequently, this approach avoids the likely feasibility problems that

result from the use of other min-max formulations that optimize a single control profile

over all possible future disturbance realizations. However, the knowledge of the type and

source of the uncertainties is still necessary for this approach. The optimal cost design for

MPC in [131] demonstrates that delaying the decision until later implicitly accounts for
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the fact that the agent will get more information in the future and be able to make a better

decision, which was possible by purposefully choosing a new MPC cost which is different

from the planned trajectory cost. The branching MPC framework in [132] considers a

finite set of policies to represent the continuous spectrum of reactive behaviors of an

uncontrolled agent. This approach bears similarity to the notion of interaction-awareness

in [133].

Methods developed for contingency planning and abort guidance are also related to

deferred decisions since they accomplish a similar goal. Anticipating contingencies that

might take place instead of simply reacting to them is beneficial and safer. An approach

for computing abort trajectories along with the nominal is provided in [134]. The vehicle

can divert to a predetermined safe region using a precomputed abort trajectory if any

off-nominal effects are detected. Similar contingency planning measures are proposed for

autonomous driving applications in [135, 136].

Besides the robotics applications, deferred decision making has been incorporated in

floorplanning algorithms for VLSI [137], in data classification tasks [138], and in active

fault diagnosis [139].

Finally, research from psychology shows that deferring decision is a likely outcome

when there many options to choose from [140], i.e., contrary to the principle of value

maximization, choices can introduce conflict. Moreover, studies from organizational

psychology have determined that procrastination plays a key role in improving human

decision-making [141]. The ability to defer the decision about choosing a goal can improve

the performance and reliability of human-in-the-loop (HIL) robotic systems.

Notation

The set of real numbers is denoted by R, the set of nonnegative real numbers by R+, the

set of n-dimensional real vectors by Rn, and the set of m× n matrices by Rm×n. The set of

integers between and including integers a and b (with a ≤ b) is denoted by [a : b], and the

cardinality of a set C by |C|. The vectors of zeros in Rn is denoted by 0n, and the identity
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matrix in Rn×n by In. The concatenation of vectors v ∈ Rn and w ∈ Rm is denoted by

(v, w) ∈ Rn+m. The function x 7→ ∥x∥♦ indicates whether a vector x is non-zero, i.e.,

∥x∥♦ ≜

 1 if x ̸= 0,

0 otherwise.

4.2 Preliminaries

Consider a time-invariant, discrete-time nonlinear dynamical system

xk+1 = f (xk, uk), k ≥ 1, (4.1)

where index k corresponds to time, xk ∈ Rnx is the state, and uk ∈ Rnu is the control input.

The state and control input are required to lie in sets X ⊂ Rnx and U ⊂ Rnu , respectively.

We are interested in a feasible trajectory of length N, denoted by: xk ∈ X, for k ∈ [1 : N],

which is generated with a feasible control input sequence: uk ∈ U, for k ∈ [1 : N − 1]. The

trajectory starts from the initial state z0 ∈ X and terminates at one of the n targets Z j ∈ X,

for j ∈ [1 : n].

The space of feasible trajectories and control input sequences for (4.1) can be character-

ized with constrained forward and backward reachable sets. The set of all terminal states

of the feasible trajectories of length M + 1 with initial state z ∈ X is denoted by FM(z).

Definition 2. Given M ≥ 1, the M-step constrained forward reachable set of z ∈ X is given by

FM(z) ≜

 xM+1

∣∣∣∣∣∣∣∣∣
u1, . . . , uM ∈ U

xk+1 = f (xk, uk), k ∈ [1 : M]

x1 = z, xk ∈ X, k ∈ [2 : M + 1]

 .

Furthermore, F0(z) ≜ {z}.

The set of all initial states of the feasible trajectories of length M + 1 that terminates at

Z ⊂ X is denoted by BM(z).
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Definition 3. Given M ≥ 1, the M-step constrained backward reachable set of Z ⊂ X is given by

BM(Z) ≜

 x1

∣∣∣∣∣∣∣∣∣
u1, . . . , uM ∈ U

xk+1 = f (xk, uk), k ∈ [1 : M]

xk ∈ X, k ∈ [1 : M], xM+1 ∈ Z

 .

Furthermore, B0(Z) ≜ Z .

We have the following result about a sequence of states selected from the constrained

forward reachable sets.

Lemma 6. Let xk, for k ∈ [1 : N], be a sequence of states. Then, the following hold for each

k ∈ [2 : N]

1. If xk ∈ F1(xk−1) with x1 = z0, then F1(xk−1) ⊆ Fk−1(z0).

2. If xk−1 ∈ B1({xk}) with {xN} = Z j, for some j ∈ [1 : n], then B1({xk}) ⊆ BN−k+1(Z j).

Proof. 1. Let x1 = z0 and xk ∈ F1(xk−1), for k ∈ [2 : N]. There exist uk ∈ U, for k ∈

[1 : N − 1], such that xk+1 = f (xk, uk) ∈ X, for k ∈ [1 : N − 1]. Then, from Definition 2,

xk ∈ Fk−1(z0), for k ∈ [1 : N]. Since the choice of xk ∈ F1(xk−1) is arbitrary, it follows that

F1(xk−1) ⊆ Fk−1(z0), for k ∈ [2 : N].

2. Given j ∈ [1 : n], let {xN} = Z j and xk−1 ∈ B1({xk}), for k ∈ [2 : N]. There exist

uk ∈ U, for k ∈ [1 : N − 1], such that xk+1 = f (xk, uk) ∈ X, for k ∈ [1 : N − 1]. Then, from

Definition 3, xk ∈ BN−k(Z j), for k ∈ [1 : N]. Since the choice of xk−1 ∈ B1({xk}) is arbitrary,

it follows that B1(xk) ⊆ BN−k+1(Z j), for k ∈ [2 : N].

Remark 13. As a consequence of Lemma 6, if xk ∈ Fk−1(z0), for k ∈ [1 : N], then it does not

imply that the sequence of states xk, for k ∈ [1 : N], form a dynamically feasible trajectory, i.e., (4.1)

need not be satisfied. In other words,

xk ∈ Fk−1(z0) ≠⇒ xk ∈ F1(xk−1), (4.2)

for k ∈ [1 : N]. The observation above can be intuitively inferred from the example of a vehicle

with finite onboard fuel capacity. The fuel capacity constraint is equivalent to a pointwise-in-
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time constraint on the cumulative fuel consumption. Given 1 < k1 < k2 < N, consider

xk1 ∈ Fk1−1(z0) and xk2 ∈ Fk2−1(z0) such that all of the fuel is required to reach xk1 in k1 steps.

Then it is impossible to reach xk2 from xk1 in k2 − k1 steps without violating the fuel capacity

constraint.

Given any J ⊆ [1 : n] and k ∈ [1 : N], the intersection of the (N − k)-step constrained

backward reachable sets of targets Z j, for j ∈ J, forms a key building block for assessing

reachability to targets from a given trajectory.

Definition 4. Given J ⊆ [1 : n] and k ∈ [1 : N], define

B J
N−k ≜

⋂
j∈J
BN−k(Z j).

For brevity in the subsequent discussion, we say “targets in J” instead of “targets Z j,

for j ∈ J”, for any J ⊆ [1 : n]. Another key construction associated with each target is that

of a k-reach set which characterizes states lying on a feasible trajectory of length N to a

target.

Definition 5 (k-reach set). Given j ∈ [1 : n] and k ∈ [1 : N], define

Rj
k ≜ Fk−1(z0)

⋂
BN−k(Z j).

F0

z0

F1 F2
F3

B0

Z j

B1B2B3

Z i

k

Figure 4.2: A trajectory of length N = 7 from z0 to Z i passing throughRj
k at k = 4. The arguments

of Fk and Bk, for k ∈ [0 :3], are are omitted for brevity.

Corollary 3. Any feasible trajectory of length N from z0 to Z j intersectsRj
k at time k.

Proof. Let x1, . . . , xN, with x1 = z0 and xN ∈ Z j, be a feasible trajectory of length N
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generated by the control input sequence: uk, for k ∈ [1 : N − 1]. Then, xk ∈ Fk−1(z0) and

xk ∈ BN−k(Z j), for k ∈ [1 : N], from Definitions 2 and 3, respectively.

Definitions 4 and 5 are useful for representing the intersection of k-reach sets of targets

in J.

Definition 6. Given J ⊆ [1 : n] and k ∈ [1 : N], the intersection of k-reach sets of targets in J is

defined as

RJ
k ≜

⋂
j∈J
Rj

k = Fk−1(z0)
⋂
B J

N−k.

Definition 7. Given k ∈ [1 : N], the collection of all subsets of targets for which the intersection of

k-reach sets is non-empty is given by

Λk ≜ { J ⊆ [1 : n] | RJ
k ̸= ∅ }.

DDTO seeks trajectories, from initial state to targets, that maximize the size of the

member of Λk selected for each k ∈ [1 : N], in a cumulative sense.

Lemma 7. For any J ⊆ [1 : n], the following holds:

1. If there exists k ∈ [1 : N] such thatRJ
k
̸= ∅, thenRJ

k ̸= ∅ for each k ∈ [1 : k].

2. If there exists k ∈ [1 : N] such thatRJ
k = ∅, thenRJ

k = ∅ for each k ∈ [k : N].

Proof. 1. Given J ⊆ [1 : n], let z ∈ RJ
k

for some k ∈ [2 : N − 1], and let x1, . . . , xk−1, z,

xj
k+1

, . . . , xj
N denote a feasible trajectory from z0 to Z j for some j ∈ J. Since z ∈ RJ

k
,

for each i ∈ J, there exists xi
k+1

, . . . , xi
N such that x1, . . . , xk−1, z, xi

k+1
, . . . , xi

N is a feasible

trajectory from z0 to Z i. Hence, we have that xk ∈ RJ
k for each k ∈ [1 : k− 1].

2. LetRJ
k = ∅ for some k ∈ [1 : N − 2]. Assume that there exists k′ ∈ [k + 1 : N − 1] such

that z ∈ RJ
k′ . Then, for each i ∈ J, there exists a feasible trajectory of length N from z0 to

Z i of the form x1, . . . , xk′−1, z, xi
k′+1, . . . , xi

N. Therefore, xk ∈ RJ
k for each k ∈ [1 : k′], which

contradictsRJ
k = ∅.

Remark 14. The definitions of the constrained forward and backward reachable sets only consider

pointwise (in time) constraints on the state and control input. Constraints based on the cumulative
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value of a function of state or control input evaluated for the entire trajectory can also be considered

in Definitions 2 and 3, by appending the system dynamics with additional states. This approach

turns a cumulative constraint on the trajectory and control input sequence into a terminal constraint

on the additional state. For instance, the following constraint

N

∑
k=1

l(xk, uk) ≤ lmax, (4.3)

where l is a stage cost function and lmax ∈ R is an upper bound, is transformed by augmenting the

original system (4.1) as follows

x̃k+1 =

xk+1

θk+1

 = f̃ (x̃k, uk) ≜

 f (xk, uk)

θk + l(xk, uk)

 . (4.4)

Suppose Z is the original target. By requiring an augmented state trajectory x̃k, for k ∈ [1 : N], to

reach the augmented target Z̃ ≜ Z × {θ ∈ R | θ ≤ lmax} with initial condition θ1 = 0, we can

satisfy (4.3).

It is natural that the goal of deferring decision (or procrastination) can be at odds with

the goal of managing the onboard power and fuel resource: long duration maneuvers that

keep targets reachable will consume more fuel. Hence, it is necessary to impose constraints

based on the cumulative cost of a trajectory.

Remark 15. The trajectories to each of the targets can have different final time (even if they have

the same lengths) via the time-dilation approach, which is described in Appendix H

The framework, analyses and solution methods presented in this paper can be extended

to time-varying dynamical systems with minor modifications. The goal of DDTO is to

generate trajectories that ensure reachability to maximum number of targets for as long as

possible. We explore two different modeling approaches:

1. Constrained reachability: generate a trajectory that stays within the intersection of

k-reach sets of a collection of targets.

2. Cardinality minimization: minimize the number of non-zeros in the pairwise difference
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between trajectories at each time instant.

Assumption 2. The dynamical system (4.1), initial state z0, targets: Z j, for j ∈ [0 : n], and

constraint sets X and U, are chosen such that:

• Rj
k ̸= ∅, for each j ∈ [1 : n] and k ∈ [1 : N].

• R[1:n]
N ̸= ∅.

4.3 Constrained Reachability

We seek a trajectory of length N to one of the targets, and for each k ∈ [1 : N], we consider

(N − k)-step constrained reachability to other targets from the state at time k on the

trajectory.

4.3.1 Maximize duration of reachability to a collection of targets

Definition 8 (Branch time). Given J ⊆ [1 : n], the branch time kJ is the latest time until which

targets in J are reachable from a trajectory of length N starting from z0, i.e.,

kJ ≜ max{ k ∈ [1 : N] | RJ
k ̸= ∅ }.

Since RJ
k ̸= ∅ iff J ∈ Λk, the branch time can also be defined as: kJ ≜ max{ k ∈

[1 : N] | J ∈ Λk}.

Corollary 4. Trajectories of length N to targets in J cannot simultaneously intersect at any time

later than the branch time.

4.3.2 Maximize reachable targets from trajectory to particular target

Given i ∈ [1 : n], a solution to (4.5) consists of a trajectory to target i which maximizes

the number of reachable targets at each time instant, i.e., the trajectory selects the largest
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possible member of Λk, for each k ∈ [1 : N − 1].

max.
xk, Jk

N−1

∑
t=1
|Jk| (4.5a)

s.t. xk ∈ F1(xk−1)
⋂
B Jk

N−k, k ∈ [2 : N] (4.5b)

Jk ∈ Λk, k ∈ [1 : N] (4.5c)

x1 = z0, JN = {i} (4.5d)

4.3.3 Maximize reachable targets from trajectory to any target

A solution to (4.6) consists of a trajectory to a target in [1 : n] which maximizes number

of reachable targets at each time instant, i.e., the trajectory will terminate at a target that

allows it to select the largest possible member of Λk, for each k ∈ [1 : N − 1].

max.
xk, Jk

N−1

∑
k=1
|Jk| (4.6a)

s.t. xk ∈ F1(xk−1)
⋂
B Jk

N−k, k ∈ [2 : N] (4.6b)

Jk ∈ Λk, k ∈ [1 : N] (4.6c)

x1 = z0, |JN| = 1 (4.6d)

Remark 16. We obtain (4.6) from (4.5) by treating i ∈ [1 : n] in (4.5d) as a decision variable, i.e.,

the choice of target is unspecified in (4.6). The boundary conditions (4.6d) ensure that a feasible

trajectory for (4.6) will terminate at any one of the targets in [1 : n] at k = N.

Lemma 8 (Monotonicity). The sequence of sets Jk, for k ∈ [1 : N], which form a solution to (4.6)

must satisfy Jk ⊆ Jk−1, for k ∈ [2 : N].

Proof. Let xk, Jk, for k ∈ [1 : N], be a solution to (4.6). Suppose that Jk \ Jk−1 ̸= ∅ for some

k ∈ [2 : N]. Pick j ∈ Jk \ Jk−1. Then, xk belongs to Rj
k from Lemma 6 and (4.6b). As a
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consequence, from Lemma 7, xk−1 must be an element of Rj
k−1. Therefore, Jk−1 can be

enlarged to include j. This contradicts the initial assumption that Jk−1 forms a solution to

(4.6).

The monotonicity property described in Lemma 8 is also satisfied by solutions of (4.5).

Further, a sequence of sets Jk, for [1 : N], which form a solution to (4.5) satisfy i ∈ Jk, for

k ∈ [1 : N].

Definition 9 (Branch time/point). Let xk, Jk, for k ∈ [1 : N], be a solution to either (4.5) or (4.6).

The latest time target j ∈ [1 : n] is reachable is a branch time, given by

kj ≜ max{ k | j ∈ Jk }, (4.7)

and the corresponding state, xkj , is a called a branch point.

Corollary 5. Let xk, Jk, for k ∈ [1 : N], be a solution to (4.5) or (4.6), with branch times given by

(4.7). Since xkj ∈ Rj
kj , for each j ∈ [1 : n], there exists a trajectory of length N − kj + 1 from xkj

to zj, denoted by xj
k, for k ∈ [kj : N]. Also, if kj > 1, let xj

k ≜ xk, for k ∈ [1 : kj − 1]. Then xj
k, for

k ∈ [1 : N], is a feasible trajectory to target j.

The trajectories constructed in Corollary 5 are optimal in the sense of cardinality mini-

mization, which we will explore in a subsequent section.

Remark 17. Constraints (4.5b) and (4.6b), which ensure dynamic feasibility, cannot alternately be

represented using 1-step constrained backward reachable sets. More precisely, a constraint such as

xk ∈ B1({xk+1})
⋂
Fk−1(z0), k ∈ [1 : N − 1],

along with a boundary condition {xN} = Z j, for some j ∈ [1 : n], will result in a naïve single-target

trajectory optimization problem which disregards reachability to other targets.

Remark 18. If the implication in (4.2) is true, then (4.6) simplifies to

max.
Jk

N−1

∑
k=1
|Jk| (4.8a)

s.t. Jk ∈ Λk, k ∈ [1 : N] (4.8b)
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|JN| = 1 (4.8c)

where the trajectory xk, for k ∈ [1 : N], is no longer an explicit decision variable. Then a solution

to (4.8) selects the largest cardinality member of Λk, for each k ∈ [1 : N], and monotonicity (as

described in Lemma 8) is not guaranteed to hold.

Remark 19. A consequence of Remark 13 is that, a feasible trajectory to target j, for any j ∈ [1 : n],

that selects Jk as the largest member of Λk which contains j, for each k ∈ [1 : N − 1], might not

exist.

4.3.4 Prioritization

Let λk ∈ [1 : n], for k ∈ [1 : n], represent a priority order for the targets, with λ1 having the

highest priority and λn the least. Define a sequence of target sets using the prioritization

as follows

Jk+1 ≜ Jk \ {λn−k+1},

for k ∈ [1 : n− 1], with J1 = [1 : n], and collect them into J ≜
{

J1, . . . , Jn}.

A solution to (4.9) consists of a trajectory to target λ1 which maximizes the number of

reachable targets at each time instant while maintaining the target prioritization.

max.
xk,Jk

N−1

∑
k=1
|Jk| (4.9a)

s.t. xk ∈ F1(xk−1)
⋂
B Jk

N−k, k ∈ [2 : N] (4.9b)

Jk ∈ Λk
⋂
J , k ∈ [1 : N] (4.9c)

x1 = z0, |JN| = 1 (4.9d)

Note that (4.6) and (4.9) differ only in (4.6c) and (4.9c): the latter contains an extra intersec-

tion with J to enforce priority.

Lemma 9. A solution to (4.9) satisfies the monotonicity property in Lemma 8.

Proof. Let Jk, for k ∈ [1 : N], form a solution to (4.9). Note that all elements of J are ordered,
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i.e., for any J, J′ ∈ J , either J ⊂ J′ or J′ ⊂ J holds. Suppose that Jk−1 ⊂ Jk, for some

k ∈ [2 : N], and denote J̄ = Jk. Then, setting Jk−1 = J̄ is feasible with respect to (4.9) (due to

Lemma 7) and it increases the objective function value. This contradicts the assumption

that Jk−1 ⊂ Jk.

Corollary 6. A solution to (4.9) satisfies the prioritization of target and the branch times are

ordered, i.e.,

kλn ≤ . . . ≤ kλ1
.

Proof. Observe that Jk, for k ∈ [1 : N], which form a solution to (4.9) satisfy the monotonicity

property (Lemma 9). Furthermore, Jk ∈ J , for k ∈ [1 : N], with J1 = [1 : n] and JN = {λ1}.

As a result, the targets are removed from Jk with the correct priority as k increases and the

branch times are ordered.

4.4 Cardinality Minimization

In this section we show that the constrained-reachability-based descriptions for DDTO can

be equivalently stated as cardinality minimization problems.

4.4.1 Maximize duration of reachability to a collection of targets

The problem of maximizing the time duration for which targets in J ⊆ [1 : n] are reachable

is the same as the problem of generating trajectories to targets in J which stay identical for

as long as possible, which can be described as follows

max.
xj

k

g|J|(X J) (4.10a)

s.t. xj
k+1 = f (xj

k, uj
k), k ∈ [1 : N − 1], j ∈ J (4.10b)

xj
k ∈ X, uj

k ∈ U, k ∈ [1 : N − 1], j ∈ J (4.10c)

xj
1 = z0, xj

N ∈ Z
j, j ∈ J (4.10d)
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where X J concatenates all trajectories and gm : Rmnx N → R evaluates the maximum

duration that given m trajectories stay identical, starting from k = 1. In particular, we have

that

g|J|(X J) ≜ (4.11)

max
{

k′ ∈ [1 : N]
∣∣ xj

k = xi
k, ∀ k ∈ [1 : k′], ∀ i, j ∈ J

}
.

Theorem 7. The optimal value of (4.10) is the branch time kJ from Definition 8.

Proof. Let k⋆ be the optimal value of (4.10). Suppose that kJ < k⋆ < N. Then, z⋆ = xi
k⋆ ∈

Rj
k⋆ , for each i, j ∈ J. Hence, z⋆ ∈ RJ

k⋆ , which contradictsRJ
k = ∅, for k > kJ .

Next, suppose that k⋆ < kJ < N. Since RJ
kJ ̸= ∅, let z⋆ ∈ RJ

kJ . Then, there exist

trajectories x1, . . . , xkJ−1, z⋆, xj
kJ+1, . . . , xj

N, for j ∈ J, with x1 = z0 and xN ∈ Z j, which are

feasible with respect to (4.10). Note that the states of these trajectories stay identical until

time kJ , which contradicts the assumption that k⋆ < kJ .

The above result also validates Corollary 4.

4.4.2 Maximize reachable targets from trajectory to particular target

z0

Z j

Z i

Z k

z0

Z j

Z i

Z k

Figure 4.3: Trajectories forming a tree-like structure (shown above) are optimal whereas the
trajectories with irregular clumping (shown below) are not.

Given i ∈ [1 : n], the problem of maximizing the number of reachable targets at each
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time instant from a trajectory to target i can be described as follows

min.
xj

k

∑
j∈[1:n]

j ̸=i

N−1

∑
k=1
∥xi

k − xj
k∥♦ (4.12a)

s.t. xj
k+1 = f (xj

k, uj
k), k ∈ [1 : N − 1], j ∈ J (4.12b)

xj
k ∈ X, uj

k ∈ U, k ∈ [1 : N − 1], j ∈ J (4.12c)

xj
1 = z0, xj

N ∈ Z
j, j ∈ J (4.12d)

Lemma 10. Let trajectories xj
k, for k ∈ [1 : N] and j ∈ [1 : n], form a solution to (4.12), and let

Jk ≜
{

j ∈ [1 : n]
∣∣ xj

k = xi
k
}

, k ∈ [1 : N]. (4.13)

Then the objective function (4.12a) satisfies

∑
j∈[1:n]

j ̸=i

N−1

∑
k=1
∥xi

k − xj
k∥♦ +

N−1

∑
k=1
|Jk| = n(N − 1). (4.14)

Proof. The result follows from the observation that

∑
j∈[1:n]

j ̸=i

∥xi
k − xj

k∥♦ = n− |Jk|

for each k ∈ [1 : N − 1].

Lemma 11. The monotonicity property in Lemma 8 holds for target sets defined in (4.13), i.e.,

Jk ⊆ Jk−1, for k ∈ [2 : N].

Proof. Suppose that j ∈ Jk \ Jk−1, for some k ∈ [2 : N − 1]. Then, xi
k−1 ̸= xj

k−1 and xi
k = xj

k.

Replacing the trajectory to target j with xi
1, . . . , xi

k−1, xi
k, xj

k+1, . . . , xj
N, with xi

1 = z0 and

xi
N ∈ Z i, reduces the objective function value. Therefore, we must have Jk \ Jk−1 = ∅.

Theorem 8. If xj
k, for k ∈ [1 : N] and j ∈ [1 : n], form a solution to (4.12) and sets Jk, for k ∈ [1 : N],

are constructed via (4.13), then xi
k, Jk, for k ∈ [1 : N], form a solution to (4.5). Conversely, if xk, Jk,

77



for k ∈ [1 : N], form a solution to (4.5), then Corollary 5 provides a solution to (4.12).

Proof. Let xj
k, for k ∈ [1 : N] and j ∈ [1 : n], solve (4.12), and let x̄k, J̄k, for k ∈ [1 : N], solve

(4.5). Then, we apply Corollary 5 to construct x̄j
k, for k ∈ [1 : N] and j ∈ [1 : n], which is

feasible with respect to (4.12). Suppose that xi
k, Jk, for k ∈ [1 : N], is feasible but not optimal

with respect to (4.5). Therefore,

N−1

∑
k=1
|Jk| <

N−1

∑
k=1
| J̄k|

From the equivalence of the objective functions (4.5a) and (4.12a) shown via (4.14), we

conclude that x̄j
k leads to a strictly lower value of (4.12a) than xj

k. A contradiction.

Next, let xk, Jk, for k ∈ [1 : N], solve (4.5), and let x̄j
k, for k ∈ [1 : N] and j ∈ [1 : n], solve

(4.12). Then, x̄i
k, J̄k, for k ∈ [1 : N], is feasible with respect to (4.5), where J̄k is computed

using (4.13). Suppose that the trajectories constructed via Corollary 5 are feasible but not

optimal with respect to (4.12). Therefore,

∑
j∈[1:n]

j ̸=i

N−1

∑
k=1
∥x̄i

k − x̄j
k∥♦ < ∑

j∈[1:n]
j ̸=i

N−1

∑
k=1
∥xi

k − xj
k∥♦

From the equivalence of the objective functions (4.5a) and (4.12a) shown via (4.14), we

conclude that x̄i
k, J̄k lead to a strictly greater value of (4.5a) than xk, Jk. A contradiction.

Remark 20 (Convex relaxation). The objective function (4.12a) can be equivalently expressed

using 0-norm as follows

∑
j∈[1:n]

j ̸=i

N−1

∑
k=1
∥xi

k − xj
k∥♦ =

N−1

∑
k=1
∥
(
∥xi

k − x1
k∥p, . . . , ∥xi

k − xn
k ∥p
)
∥0.
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where ∥□∥p denotes p-norm for some p ≥ 1. Then a convex relaxation of (4.12a) is given by

N−1

∑
k=1
∥
(
∥xi

k − x1
k∥p, . . . , ∥xi

k − xn
k ∥p
)
∥1 =

N−1

∑
k=1

∑
j∈[1:n]

j ̸=i

∥xi
k − xj

k∥p.

In practice, choosing p = 1 is desirable. That would encourage sparsity of the vector of concatenated

states: (xi
1 − xj

1, . . . , xi
N − xj

N), for each j ∈ [1 : n].

4.4.3 Maximize reachable targets from trajectory to any target

We can generalize (4.12) by optimizing over i ∈ [1 : n] to pick target i⋆. Among all targets, a

trajectory to target i⋆ can have the maximum possible number of reachable targets at each

time instant.

min. min
i∈[1:n]

∑
j∈[1:n]

j ̸=i

N−1

∑
k=1
∥xi

k − xj
k∥♦ (4.15a)

s.t. xj
k+1 = f (xj

k, uj
k), k ∈ [1 : N − 1], j ∈ J (4.15b)

xj
k ∈ X, uj

k ∈ U, k ∈ [1 : N − 1], j ∈ J (4.15c)

xj
1 = z0, xj

N ∈ Z
j, j ∈ J (4.15d)

Given trajectories denoted by xj
k, for k ∈ [1 : N] and j ∈ [1 : n], which solve (4.15), let

J⋆k ≜
{

j ∈ [1 : n]
∣∣ xj

k = xi⋆
k
}

, k ∈ [1 : N], (4.16)

with

i⋆ ∈ argmin
i∈[1:n]

∑
j∈[1:n]

j ̸=i

N

∑
k=1
∥xi

k − xj
k∥♦. (4.17)
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Remark 21. Solving (4.15) is equivalent to solving (4.12) for each target i ∈ [1 : n] and picking the

one which leads to least value for (4.12a). Similarly, solving (4.6) is equivalent to solving (4.5) for

each i ∈ [1 : n] in the boundary condition (4.5d), and selecting the best solution.

Theorem 9. Let xj
k, for k ∈ [1 : N] and j ∈ [1 : n], solve (4.15). Sets J⋆k , for k ∈ [1 : N], and i⋆ are

given by (4.16) and (4.17), respectively. Then xi⋆
k , J⋆k , for k ∈ [1 : N], solves (4.6). Conversely, if

xk, Jk, for k ∈ [1 : N], solves (4.6), then there exists a solution to (4.15) where xk, for k ∈ [1 : N], is

the trajectory to target i⋆.

Proof. With the observation in Remark 21 the proof is similar to that of Theorem 8.

Remark 22. Given a solution to (4.6), we can construct a solution for (4.15) by following the

procedure in Corollary 5, after noting that the single element contained in JN can be denoted by i,

i.e., the target where the trajectory which solves (4.6) terminates.

Remark 23. The branch times and branch points (described in Definition 9) can be computed

for the solutions to (4.12) and (4.15) using the targets sets in (4.13) and (4.16), respectively. The

branch time kj is the time after which the trajectory to target j “detaches” from the trajectory to

target i (or i⋆).

We have established a tree-like structure for the trajectories that solve the optimization

problems in Section 4.4 and highlighted their connection to the monotonicity of sets Jk, for

k ∈ [1 : N], which solve the optimization problem in Section 4.3. In other words, it is not

optimal for trajectories to clump together arbitrarily as shown in Figure 4.3.

4.5 Solution Method

Branch

Trunk

Branch point

Figure 4.4: Algorithms 4 and 5 recursively compute trunk and branch trajectories connected by
branch points while adhering to the given target prioritization.
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This section describes a solution method for DDTO that mimics the tree-like structure

of the solutions in Section 4.4 (equivalently, the monotonicity of target sets in Section

4.3). The problem of computing the latest branch time is numerically more tractable than

the rest of the problems in Section 4.4. This is due to the challenge of obtaining a tight,

continuous approximation for the objective functions (4.12a) and (4.15a). Recall that any

p-norm is valid for the approximation provided in Remark 20. However, since (4.10) is

agnostic to prioritization of targets, we adopt a recursive solution method. In particular,

we recursively compute the latest branch time (by solving a problem similar to (4.10)) for a

shrinking collection of targets. At each branch time, at least one target is rejected based on a

given priority order. Two consecutive branch points are connected by a trajectory segment

called trunk, where the trajectories to a collection of targets stay identical. At each branch

time, the number of trajectories in the trunk reduces by at least one and the trajectory

segmented which “detaches” from the trunk to terminate at the “rejected” target, is called

a branch. The sequence of branches and trunks possess a tree-like structure. See Figure 4.4

for an illustration of branches and trunks. Note that it is possible for two successive branch

times to coincide. In which case, more than one target is rejected at the same branch time.

The computation of the latest branch time and the corresponding trajectories can be

specialized as: (i) DDTO-QCVX for discrete-time affine systems with convex constraints

on the state and control input, and (ii) DDTO-SCP for continuous-time nonlinear systems

with nonconvex constraints via a trajectory optimization framework based on sequential

convex programming [22]. The complete solution methods for the two specialization are

presented in Algorithms 4 and 5. We refer the reader to [26] for an extension to Algorithm

4 with adaptive update of the constraints on cumulative trajectory cost.

4.5.1 DDTO-QCVX

Lemma 12. For an affine dynamical system subject to convex constraints on the state and input,

(4.10) is a quasiconvex optimization problem, i.e., when f is an affine function, constraint sets X,

U, and targets Z j, for j ∈ [1 : n], are closed and convex.

Proof. When f is an affine function, X and U are closed convex sets, the feasible set of

81



(4.10) is convex. The objective function (4.10a) is quasiconcave because its superlevel sets

are convex sets (hyperplane), i.e.,

g|J|(X J) ≥ k⋆

⇐⇒ xj
k = xi

k, k ∈ [1 : k⋆], i, j ∈ J

⇐⇒
k−1

∑
m=1

Ak−1−mB(uj
m − ui

m) = 0, k ∈ [1 : k⋆], i, j ∈ J

We can efficiently solve (4.10) via bisection method, which solves a sequence of convex

feasibility problems [142, Sec. 3], [26, Alg. 1]. The sequence is guaranteed to terminate

within a fixed number of iterations.

In the development thus far, we assumed that the trajectories to all targets have the

same length, with the understanding that embedded time-dilation (Appendix H) can allow

for different final times for each of the trajectories. However, time-dilation introduces

nonlinearity in the system dynamics. So, to avoid time-dilation and preserve convexity,

we allow the trajectories to different targets to be of different lengths. Similarly, since

the cumulative trajectory constraint function is typically nonlinear, we avoid augmenting

such a constraint into the system dynamics (with the approach in Remark 14) to preserve

convexity. Then, under the DDTO-QCVX specialization, the solution method described in

Algorithm 4 recursively solves the following quasiconvex problem.

max. g|J|(X J) (4.18a)

s.t. xj
k+1=Axj

k + Buj
k + c, k ∈ [1 : Mj−1], j ∈ J (4.18b)

xj
k ∈ X, uj

k ∈ U, k ∈ [1 : Mj−1], j ∈ J (4.18c)

Mj−1

∑
k=1

l(xj
k, uj

k) ≤ lmax, j ∈ J (4.18d)

xj
1 = z0, xj

N ∈ Z
j, j ∈ J (4.18e)

where A ∈ Rnx×nx , B ∈ Rnx×nu , and c ∈ Rnx define the affine dynamical system, and the
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trajectories to the targets in J are concatenated into vector X J . The target set J ⊂ [1 : n], the

lengths of the trajectories, Mj, for j ∈ J, and the initial state, z0, are updated after each

branch time computation. The optimal value of (4.18) is a branch time and the segment of

any of the trajectories until the branch time forms a trunk.

4.5.2 DDTO-SCP

Consider a continuous-time nonlinear dynamical system

.
x(t) = F(x(t), u(t)), t ∈ [0, tf]. (4.19)

The state and input constraints: x(t) ∈ X and u(t) ∈ U can be re-expressed as path

constraints: gi(x(t), u(t)) ≤ 0, for i ∈ [1 : ng], and hj(x(t), u(t)) = 0, for j ∈ [1 : nh], where

gi and hj are scalar-valued functions. We consider a free-final-time optimal control problem,

i.e., the final time tf is a decision variable. So, we adopt time-dilation [22, Sec. 2.4] which

treats the actual time t as a continuously differentiable, strictly increasing mapping from

a known normalized interval [0, 1] to the actual time interval [0, tf]. The dilation factor,

given by

s(τ) ≜
◦
t(τ) =

dt(τ)
dτ

, τ ∈ [0, 1], (4.20)

is treated as an additional control input. Next, the path constraints are subjected to the

isoperimetric reformulation [22, Sec. 2.3]. For any i ∈ [1 : ng] and j ∈ [1 : nh], we have that

gi(x(t), u(t)) ≤ 0, hj(x(t), u(t)) = 0, ∀ t ∈ [0, tf],

⇐⇒
∫ tf

0
|gi(x(t), u(t))|2+ + hj(x(t), u(t))2dt = 0.

For each τ ∈ [0, 1], we augment the state and control input as follows

x̃(τ) ≜ (x(t(τ)), y(τ), t(τ)),

ũ(τ) ≜ (u(t(τ)), s(τ)),
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to obtain the following augmented dynamical system defined over interval [0, 1]

◦
x̃ = s


F(x, u)

ng

∑
i=1
|gi(x, u)|2+ +

nh

∑
j=1

hj(x, u)2

1

 = F̃(x̃, ũ). (4.21)

Imposing periodicity boundary conditions on y is equivalent to satisfying the path con-

straints in continuous-time. The above constraint reformulation approach is especially

useful within direct methods for trajectory optimization to avoid inter-sample constraint vi-

olation which is commonly encountered after discretization and imposing path constraint

at finitely many node points. We refer the reader to [22] for detailed discussions.

Given a target set J ∈ [1 : n], initial state z0, and trajectory length M, DDTO-SCP considers

the following continuous-time optimal control problem for |J| + 1 trajectories: trunk

trajectory, x0, defined over interval [0, t0
f ], and branch trajectories, xj, defined over interval

[0, tj
f], for j ∈ J.

max. tE x̃0(1) (4.22a)

s.t.
◦
x̃j(τ)= F̃(x̃j(τ), ũj(τ)), τ ∈ [0, 1], j ∈ J̌ (4.22b)

ũj(τ) ∈ Ũ , τ ∈ [0, 1], j ∈ J̌ (4.22c)

yE x̃j(0) = yE x̃j(1), j ∈ J̌ (4.22d)

xE x̃j(0) = xE x̃0(1), j ∈ J (4.22e)

xE x̃0(0) = z0, (4.22f)

Pj(xE x̃j(1)) ≤ 0, Qj(xE x̃j(1)) = 0, j ∈ J (4.22g)

where J̌ = J ∪ {0}. Since the sets Z j, for j ∈ J, can be nonconvex, we express the boundary

condition constraints due to targets using continuously differentiable constraint functions

Pj : Rnx → RnP and Qj : Rnx → RnQ . Note that a cumulative constraint on the trajectory

is transformed to a terminal constraint in (4.22g) through an approach similar to that in

Remark 14. By construction, t0
f is the branch time and the goal is to maximize it. Convex,
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compact set Ũ can encode convex constraints on the control input. We use selector matrices
xE , yE , and tE to select components of x̃ corresponding to x, y, and t, respectively. We

assume that all functions appearing in (4.22) are continuously differentiable. Note that

in contrast to DDTO-QCVX, there is an explicit distinction between the trunk and branch

trajectories in (4.22).

Given a solution to (4.22), the trajectory from z0 to target j ∈ J̌, defined over interval

[0, t0
f + tj

f], is obtained as follows

xj(t) ≜


xE x̃0((tE x̃0)−1(t)) if t ∈ [0, t0

f ],

xE x̃j((tE x̃j)−1(t− t0
f )) if t ∈ (t0

f , t0
f + tj

f],

where tj
f =

tE x̃j(1). Note that tE x̃j : [0, 1]→ [0, tj
f] is invertible since it is strictly increasing.

Next, to numerically solve (4.22), we discretize [0, 1] with a uniformly-spaced grid of

length M: 0 = τ1 < . . . < τM = 1. For each j ∈ J̌, the values of the augmented state

and control input at the nodes of the grid: x̃j
k, for k ∈ [1 : M], and ũj

k, for k ∈ [1 : M− 1],

respectively, are treated as decision variables. We use a zero-order-hold parameterization

for the control input, ν̃j : [0, 1]→ Rnu+1, defined as

ν̃j(τ) ≜

ũj
k if τ ∈ [τk, τk+1) for some k ∈ [1 : M−1],

ũj
M−1 if τ = τM.

Then for each k ∈ [1 : M− 1] and j ∈ J̌, the exact discretization of (4.22b) is

x̃j
k+1 = f̃ (x̃j

k, ũj
k) ≜ x̃j

k +
∫ τk+1

τk

F̃(k x̃j(τ), ν̃j(τ))dτ, (4.23)

where k x̃j is a trajectory for (4.22b) over [τk, τk+1] with control input ν̃j and initial condition

x̃j
k.

We obtain the following nonconvex optimization problem after time-dilation, constraint
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reformulation, augmented control input parameterization, and discretization.

max. tE x̃0
M (4.24a)

s.t. x̃j
k+1 = f̃ (x̃j

k, ũj
k), k ∈ [1 : M−1], j ∈ J̌ (4.24b)

ũj
k ∈ Ũ , k ∈ [1 : M−1], j ∈ J̌ (4.24c)

yE (x̃j
k+1 − x̃j

k) ≤ ϵ, k ∈ [1 : M−1], j ∈ J̌ (4.24d)

xE x̃j
1 = xE x̃0

M, j ∈ J (4.24e)

xE x̃0
1 = z0, (4.24f)

Pj(xE x̃j
M) ≤ 0, Qj(xE x̃j

M) = 0, j ∈ J (4.24g)

The augmented trajectory from z0 to target j ∈ J is represented with x̃0
1, . . . , x̃0

M, x̃j
2, . . . , x̃j

M.

The corresponding discrete-time trajectory and control input sequence are given by

xj
k ≜


xE x̃0

k if k ∈ [1 : M],

xE x̃j
k−M+1 if k ∈ [M + 1 : N],

(4.25a)

uj
k ≜


uE ũ0

k if k ∈ [1 : M− 1],

uE ũj
k−M+1 if k ∈ [M : N − 1],

(4.25b)

where N ≜ 2M− 1 is the length of the overall trajectory. Note that the equality constraint

(4.22d) is relaxed to (4.24d) to avoid automatic violation of constraint qualifications (see [22,

Sec. 3.1]). We solve (4.24) using CT-SCVX, an SCP-based nonconvex trajectory optimization

framework [22].

4.5.3 Algorithm

The DDTO solution methods, described in Algorithms 4 and 5, recursively solve (4.18)

and (4.24), respectively. Both methods are myopic in their computation of branch times,

i.e., they are computed sequentially instead of simultaneously, as would be the case if

(4.9) is directly solved. Furthermore, after each branch time computation, the cumulative
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trajectory constraint must be updated to account for the contribution due to previous

trunk segment (i.e., lmax in (4.18d) must be updated). On the other hand, besides handling

target prioritization, the recursive nature of the solution methods is beneficial within a

closed-loop simulation (as demonstrated in [126]) wherein the computation of the latest

branch time can act on any new information acquired about uncertainties by perception.

Algorithms 4 and 5 take initial state, target states, target prioritization, and trajectory

length(s), to provide branch and trunk trajectories. The total trajectory length N passed to

Algorithm 5 is an odd number.

Algorithm 4 DDTO-QCVX

Input: z0, zj, λj, N j, for j ∈ [1 : n]
1: kλn+1 ← 1, J1 ← [1 : n]
2: for k ∈ [1 : n− 1] do
3: Mj ← N j − kλn−k+1

, for j ∈ Jk
4: Solve (4.18) via bisection method for target set Jk

with initial state z0 and trajectory lengths Mj

5: Store kλn−k+1
▷ Branch time

▷ Trunk trajectory and control input sequence

6: Store x0
k , for k ∈ [kλn−k+2

: kλn−k+1
]

7: Store u0
k, for k ∈ [kλn−k+2

: kλn−k+1−1]
▷ Branch trajectory and control input sequence

8: Store xλn−k+1

k , for k ∈ [kλn−k+1
: Nλn−k+1

]

9: Store uλn−k+1

k , for k ∈ [kλn−k+1
: Nλn−k+1−1]

10: if k = n− 1 then
11: kλ1 ← kλ2

12: Store xλ1

k , for k ∈ [kλ2
: Nλ1

]

13: Store uλ1

k , for k ∈ [kλ2
: Nλ1−1]

14: end if
15: Jk+1 ← Jk \ {λn−k+1} ▷ Reject target
16: z0 ← x0

kn−k+1 ▷ Branch point
17: Update cumulative trajectory constraint
18: end for
Output: x0

k , u0
k, for k ∈ [1 : kλ2

],
xλj

k , uλj

k , for k ∈ [kλj
: Nλj

], j ∈ [1 : n]
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Algorithm 5 DDTO-SCP

Input: z0, zj, λj, for j ∈ [1 : n], N
1: tλn+1 ← 0, J1 ← [1 : n]
2: M← N + 1
3: for k ∈ [1 : n− 1] do
4: M← ⌈M/2⌉
5: Solve (4.24) via CT-SCVX for target set Jk

with initial state z0 and trajectory length M
6: tλn−k+1 ← tλn−k+2

+ tE x̃0(1) ▷ Branch time
7: tλn−k+1

f ← tλn−k+1
+ tE x̃λn−k+1

(1)
▷ Trunk trajectory and control input

8: Store x0(t), for t ∈ [tλn−k+2
, tλn−k+1

]

9: Store u0(t), for t ∈ [tλn−k+2
, tλn−k+1

]
▷ Branch trajectory and control input sequence

10: Store xλn−k+1
(t), for t ∈ [tλn−k+1

, tλn−k+1

f ]

11: Store uλn−k+1
(t), for t ∈ [tλn−k+1

, tλn−k+1

f ]
12: if k = n− 1 then
13: tλ1 ← tλ2

14: Store xλ1
(t), for t ∈ [tλ2

, tλ1

f ]

15: Store uλ1
(t), for t ∈ [tλ2

, tλ1

f ]
16: end if
17: Jk+1 ← Jk \ {λn−k+1} ▷ Reject target
18: z0 ← x0(tn−k+1) ▷ Branch point
19: Update cumulative trajectory constraint
20: end for
Output: x(t)0, u(t)0, for t ∈ [0, tλ2

],
xλj

(t), uλj
(t), for t ∈ [tλj

, tλj

f ], j ∈ [1 : n]

4.6 Numerical Results

This section demonstrates DDTO-QCVX and DDTO-SCP within Algorithms 4 and 5, re-

spectively, using two optimal control applications based on quadrotor motion planning.

To ensure reliable numerical performance of the solution methods, we scale the primal

variables and path constraints functions so that the values that they take are of similar

orders of magnitude. The code used to generate the numerical results is provided at:

https://github.com/purnanandelango/ddto

Figure 4.5 shows the result of Algorithm 4 for a discrete-time convex optimal control

88

https://github.com/purnanandelango/ddto


example described in Appendix D.2.1, and Figure 4.6 shows the result of Algorithm 5 for

a continuous-time convex optimal control example described in Appendix D.2.2. Both

examples consider four target states with a specified priority order. The first trunk is

denoted with , the second trunk with , and the third trunk with . The branches are

denoted with , , , and . The constraint bounds are denoted with . The nodes in

Figure 4.5 correspond to the discrete-time state and control input, whereas the nodes in

Figure 4.6 denote the SCP solution variables at the discretization nodes.

0

10

20

30

0

[m
]

[m]
20 4030

[m]
201040 0

z4
z3

z2z1

z0

(a) Position

1 4 8 12 16 20[s]
0

2000

4000

[m
2 /
s4
]

(b) Cumulative trajectory cost

1 4 8 12 16 20[s]
0

10

20

[m
/s
2 ]

(c) Thrust magnitude

1 4 8 12 16 20[s]
0

50

[d
eg
]

(d) Thrust pointing angle

Figure 4.5: Algorithm 4 applied to the discrete-time convex optimal control example in Appendix
D.2.1.

4.7 Conclusions

We present a trajectory optimization framework called DDTO—deferred decision trajectory

optimization—for trajectory optimization in the presence of unmodeled uncertainties and

contingencies due to imperfect knowledge of the system model or its environment. The

key idea is to ensure that a collection of targets is available for as long as possible, which

allows the vehicle to defer the decision to select a target as much as possible. In a closed-

loop setting this would provide more time to quantify the uncertainties and contingencies
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Figure 4.6: Algorithm 5 applied to the continuous-time nonconvex optimal control example in
Appendix D.2.2.

so that the most reliable target can be eventually selected. To this end, we proposed a

fully-deterministic optimization-based approach for formulating DDTO via constrained

reachable sets and provided their equivalent representations as a cardinality minimization

problems. Then by inferring the structure of the optimal DDTO solutions, we designed

specialized solution methods for convex and nonconvex optimal control problems, which

we demonstrated on two optimal control applications based on quadrotor motion planning.
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Chapter 5

CLOSED-LOOP METHODS FOR CISLUNAR APPLICATIONS

This chapter describes closed-loop solution methods specialized to spacecraft applica-

tions in cislunar space, particularly station keeping, formation flight, autonomous optical

navigation (OPNAV), and rendezvous on a near rectilinear halo orbit (NRHO).

5.1 Local Eigenmotion Control for Station Keeping

The Lunar Orbital Platform-Gateway (LOP-G), also referred to as the Gateway, will play

an important role in facilitating missions in cis-lunar space and beyond [143, 144]. The

Gateway will be deployed in proximity to a near rectilinear halo orbit (NRHO), a closed

periodic trajectory in the Earth-Moon circular-restricted three-body problem (CR3BP), due

to its favorable stability properties and visibility from Earth [145].

The Gateway will be deployed near and not on an NRHO, because the NRHO of the

CR3BP does not take into account perturbations such as the gravitational attraction of the

Sun, solar radiation pressure (SRP), or lunar J2 effects. Instead of attempting to follow the

NRHO of the CR3BP and using fuel to compensate for predictable perturbations, standard

practice is to solve via multiple shooting or collocation-based techniques for a high-fidelity

trajectory near an NRHO that accounts for all major predictable forces in cis-lunar space

[146, 147]. This high-fidelity solution is also referred to as an NRHO, even though it is

no longer closed, periodic, nor stable. The benefit of this high-fidelity NRHO solution,

however, is that in the absence of any additional perturbing forces, a spacecraft could

naturally follow the trajectory without expending any fuel, which is a key performance

metric to ensure the long term viability of the Gateway.

However, two factors prevent deploying the Gateway solely based on the high-fidelity
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solution. First, navigational uncertainty and unpredictable disturbance forces prevent

the spacecraft from being deployed exactly on the computed trajectory. Second, and

critically, compared to the ideal CR3BP counterpart the trajectory is highly unstable. As

a consequence, small arbitrary deviations from the solution will cause the spacecraft to

diverge rapidly from the computed trajectory, and thus require stabilizing control action

[148, 149].

In recent years, several station-keeping strategies have been developed for high-fidelity

NRHOs, including target point methods [150, 151, 152], crossing control [153, 154, 155],

Hamiltonian structure preserving strategy [156, 152] and Floquet mode control [157, 150,

152]. While the Gateway itself could make use of such control strategies, these methods

can not be directly applied to visiting spacecraft such as cargo resupply, human transport,

or inspection and maintenance missions, which may need to perform long-term bounded,

collision-free relative motion about the Gateway. Given this need, we propose a control

strategy for reliable, fuel-efficient station keeping and bounded relative motion control for

the Gateway and its visiting spacecraft. While formation control for multiple spacecraft

on halo orbits has been developed [158, 159, 160], for NRHO in particular, these methods

propose control schemes based on the periodic solution in the CR3BP [161] and rely on

the computationally expensive process of generating a high-fidelity solution for each

spacecraft in the formation [162, 163]. The approach proposed in this work makes use of a

single precomputed high-fidelity NRHO solution while ensuring safe separation distance

between spacecraft.

The proposed method belongs to family of station-keeping methods which harness the

linear approximation of the spacecraft dynamics in the vicinity of the high-fidelity NRHO

[148, 164]. State-of-the-art methods in this family include Cauchy-Green tensor (CGT)

targeting [164, 165], x-axis crossing control [165], and the STT approach[166]. Although

small deviations from a state on the high-fidelity NRHO trajectory will generally lead to

rapid divergence, at any given instant there exist states in the vicinity of the NRHO which

yield desirable non-diverging natural motion. The set of such states can be estimated

using local modal decompositions of receding-horizon state transition matrices (STMs)
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associated with the high-fidelity NRHO trajectory. The states in the vicinity of the NRHO

that exhibit desirable natural motion arise from eigenvectors of the STMs with eigenvalues

lying inside the unit circle. The natural motion resulting from an initial condition along an

eigenvector of an STM is termed local eigenmotion. Whenever divergence from the vicinity

of the NRHO is detected, the proposed local eigenmotion-based control solves a nonlinear

optimization problem to find a fuel-efficient maneuver that transfers the spacecraft to the

set of states that yield desirable natural motion.

While a nonlinear optimal control problem could be solved to obtain the optimal station-

keeping maneuver for the entire duration of the spacecraft mission, such an approach

is computationally prohibitive. The local eigenmotion-based control, on the other hand,

exploits natural motion to provide a tractable method for fuel-efficient maneuvering, while

also reducing the frequency of control action, which is another key performance metric

for the long term viability of the Gateway due to thruster lifecycle. In contrast, LQR-

based station keeping requires frequent control action, and re-planning a new trajectory in

the high-fidelity model using multiple shooting or collocation whenever the spacecraft

diverges away is prohibitively expensive for on-board computation.

Following the notation in this section, the paper proceeds in Section 5.1.1 with a de-

scription of NRHOs and the dynamical system model. Section 5.1.2 introduces the notion

of local eigenmotion and develops the control algorithm. Section 5.1.3 demonstrates the

approach via a case study of two spacecraft in bounded relative motion about a high-

fidelity NRHO that take simulated measurements from the Deep Space Network. Finally,

concluding remarks are provided in Section 5.1.4.

Notation

The set of natural numbers is N and the set of real numbers is R. All vectors are column

vectors. A real vector of length n ∈ N belongs to the set represented by Rn. Vectors

are represented as comma separated list of elements enclosed in [·]. A vector with two

elements [a, b] with real numbers a and b such that a ≤ b also represents a closed interval

on the real line. Similarly, (a, b) denotes an open interval. A vector constructed by vertically
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stacking two vectors c and d can be compactly represented as [c⊤ d⊤]⊤. The vector of

length n containing zeros is denoted by 0n.

The kth element of a vector θ of length n ≥ k is denoted by θ[k]. Given a matrix Θ with

n ≥ k rows and m ≥ k columns, row k is denoted by Θ[k, :], while column k is denoted

by Θ[:, k]. If κ is a vector consisting of elements from {1, . . . , n}, then θ[κ] is a vector of

elements of θ indexed by the elements in the vector κ. Similarly, Θ[:, κ] and Θ[κ, :] are

matrices composed of columns and rows of Θ, respectively, indexed by the elements in the

vector κ.

The identity matrix is denoted by I, with its dimension inferred by context. An eigen-

value of a matrix is denoted by λ unless otherwise specified.

5.1.1 NRHO Model

Near rectilinear halo orbits (NRHO) are periodic trajectories around the L1 and L2 La-

grange points of the Earth-Moon circular restricted three-body problem (CR3BP). Owing

to their favorable stability properties and relatively low station-keeping cost, the NRHO

about the L2 point with 9:2 synodic resonance and perilune radius of about 3150 km has

been chosen for deploying the Gateway [143, 167]. However, NRHOs don’t exist in reality

since the CR3BP ignores solar radiation pressure (SRP), gravitational forces due to celestial

bodies other than Earth and Moon, and effects like lunar J2 zonal harmonics. Ignoring

these higher order effects during mission design would lead to an unacceptably high

amount of fuel consumption. Thus, a high-fidelity astrodynamics model with ephemeris

data is used in practice to generate a solution which is closest to the NRHO in the CR3BP.

This high-fidelity solution is aperiodic and consists of a finite number of revolutions

around the Moon. The astrodynamics model considered in this work is based on the

one used in [30], which accounts for all major predictable forces acting on a spacecraft

in cis-lunar space. Any major predictable force has magnitude larger than that of the

largest unpredictable force. For the model considered here, the largest unpredictable force

influencing a spacecraft is determined to be the indirect disturbance caused by navigation
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Figure 5.1: The baseline NRHO solution (represented in the Earth-Moon rotating frame) consisting
of 60 revolutions around the Moon over 394 days is computed via multiple shooting.

error feeding into the spacecraft’s controller [168]. The navigation error is quantified under

the assumption that the spacecraft state is estimated using measurements from the Deep

Space Network (DSN) [169, 170]. Under these assumptions, the force-magnitude analysis

in [30] determined that the major predictable forces acting on a spacecraft in the region

of space occupied by the NRHO of the CR3BP are SRP, lunar J2 zonal harmonics, and

gravitational forces due to the Earth, Moon and Sun.

Let the high-fidelity dynamical system be represented by

.
θ(t) = g(t, θ(t), u(t)), (5.1)

which describes the equations of motion of a spacecraft in the non-inertial rotating frame

(henceforth referred to as the rotating frame) considered in the CR3BP. The origin of this

frame is at the Earth-Moon barycenter, with x-axis pointing towards the center of mass of

Moon and z-axis along the angular momentum vector of the Earth-Moon system in the

CR3BP. This frame is commonly chosen for the analysis of NRHOs since it is relevant for

observation and communication from Earth [146, Section 2.1.2]. The right-hand-side of the

model in (5.1) accounts for the major predictable external forces acting on the spacecraft
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mentioned above. Interested readers can refer to [165, Section 2.3] for further details. The

state vector θ ≜ [r⊤ v⊤]⊤ consists of the spacecraft position vector r and velocity vector v

in the rotating frame, and u represents the control input vector.

5.1.1.1 Control Model

The control approach developed in the following section makes use of impulsive thrusters

to execute maneuvers, wherein a thrust impulse is modelled to cause an instantaneous

change in velocity of the spacecraft. Consider the motion of the spacecraft in the time

interval [t1, t2] with a thrust impulse ζ ∈ R3 applied at t′ ∈ (t1, t2). The control input u(t)

can be represented as

u(t) =

 03

ζ

 δ(t− t′), for t ∈ [t1, t2], (5.2)

where δ(t) is the Dirac delta function. The right-hand-side of (5.1) can be rewritten as

g(t, θ(t), u(t)) = f (t, θ(t)) + u(t), (5.3)

for t ∈ [t1, t2], where f includes the previously mentioned external forces acting on the

spacecraft. The (uncontrolled) natural motion of the spacecraft is thus given by

.
θ(t) = f (t, θ(t)). (5.4)

The spacecraft state at t2 obtained after the impulse at t′ can be then determined as

follows

θ(t2) = θ(t1) +
∫ t2

t1

g(τ, θ(τ), u(τ))dτ, (5.5)

= θ(t1) +
∫ t2

t1

 03

ζ

 δ(τ − t′) + f (τ, θ(τ))

dτ,

= θ(t′) +
∫ t2

t′
f (τ, θ(τ))dτ,
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where

θ(t′) = θ(t1) +

 03

ζ

+
∫ t′

t1

f (τ, θ(τ))dτ. (5.6)

While the propagation of spacecraft dynamics with impulsive thrust (5.6) is used in the

subsequent development, with minor modifications, the control approach of Section 5.1.2

can be adapted for thrust pulses of finite-duration. Note that finite-duration thrust pulses

on the order of minutes can be approximated fairly well by thrust impulses due to the

sufficiently slow time scales of the system dynamics (5.4).

5.1.1.2 Baseline Solution and Linearization

Denote the high-fidelity NRHO solution of (5.4) as the baseline solution θ̄(t). The baseline

solution is an uncontrolled, natural motion trajectory which lies near the NRHO of the

CR3BP, and is estimated using the multiple shooting approach in [146]. The baseline

solution θ̄(t), shown in Fig. 5.1, consists of K ≜ 60 revolutions around the Moon spanning

tmax ≜ 394 days, where t ∈ [0, tmax] with t = 0 corresponding to the Julian date epoch

of January 13, 2023. The position in each revolution which is farthest from the moon is

referred to as an apolune, and the corresponding time instants are of particular importance

to the control strategy of Section 5.1.2. Apolune approach times for K revolutions of θ̄(t)

are given by t0
apo < t1

apo < . . . < tK
apo, where t0

apo = 0 and tK
apo = tmax.

In addition to the baseline, the following section makes use of the linear time-varying

system,
.
θ(t) ≈ A(t)θ(t) + b(t), (5.7)

where,

A(t) =
∂ f (τ, ω)

∂ω

∣∣∣∣
(t,θ̄(t))

, (5.8a)

b(t) = (I − A(t))θ̄(t), (5.8b)

which approximates solutions of (5.4) near θ̄(t).
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The proposed control strategy aims to keep the spacecraft in the region of the state

space close to the baseline1 where the linear approximation (5.7), which, along with

θ̄(t), can be computed a priori, is valid. Hence, the linear model, although imperfect, is

useful for predicting future evolution of the nonlinear dynamics (5.4) and for determining

appropriate control action.

The finite-time behavior of solutions to (5.4) near the baseline solution is particularly

useful and can be analyzed using the discrete-time counterpart of (5.7). More precisely, if

the spacecraft is at θ̄1 in the vicinity of θ̄(t1) for some t1 ∈ [0, tmax], then its state at t2 > t1,

denoted by θ̄2, can be approximated as

θ̄2 ≈ Φ(t2, t1)θ̄1 + χ(t2, t1), (5.9)

where Φ(t2, t1) is the state transition matrix (STM) for the time interval [t1, t2] obtained by

propagating the linear system

.
Φ(t, t1) = A(t)Φ(t, t1), t ≥ t1, (5.10)

over the time interval [t1, t2] with initial condition Φ(t1, t1) = I, and χ(t2, t1) is the residual

χ(t2, t1) =
∫ t2

t1

Φ(t2, τ)b(τ)dτ. (5.11)

For an eigenvector ν of Φ(t2, t1), there exists a complex number λ such that

Φ(t2, t1)ν = λν. (5.12)

If |λ| ≤ 1 then ν is said to be a non-expanding eigenvector, whereas if |λ| > 1 then ν is

said to be an expanding eigenvector. The STM provides useful local information about the

solutions to (5.4) near θ̄(t). The natural motion that results from an initial condition along

the expanding and non-expanding eigenvectors of an STM is termed as expanding and

1The region where deviation of the spacecraft from the baseline is much smaller than the scale of the
baseline.
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non-expanding local eigenmotion, respectively. Ideally, a non-expanding local eigenmotion

associated with Φ(t2, t1) does not diverge away from the baseline for the time interval

[t1, t2], whereas an expanding local eigenmotion diverges away during the same interval. In

practice, a non-expanding local eigenmotion can still diverge away for t < t2 owing to the

fact that the linear estimate in (5.9) is only an approximation of the propagated nonlinear

dynamics (5.4). Since the linear model is only valid close to the baseline, the performance

of a non-expanding local eigenmotion can deteriorate when the initial condition is far

away from θ̄(t).

5.1.2 Local Eigenmotion Control

The proposed control approach utilizes STMs computed for a sequence of adjacent time

intervals spanning [0, tmax], termed as receding-horizon STMs, to determine non-expanding

local eigenmotion corresponding to those intervals. Whenever the spacecraft is predicted

to diverge beyond a specified threshold from the baseline θ̄(t), it is maneuvered to an

initial condition of one of the non-expanding local eigenmotions in a fuel-efficient manner,

see Fig. 5.2.

In principle, we could compute an STM for the entire duration of the baseline, and pick

a non-expanding eigenmotion to obtain a bounded relative motion trajectory for the entire

duration of the baseline in one shot. However, this approach is computationally infeasible

because the condition number of the STM increases as the time duration for which it holds

increases. In practice, the longest time duration for which the STM is reliable is typically

the time required for 12 revolutions around the Moon, which is about 78 days.

In addition to the length of the time interval for the STM, the initial time of the interval

is also critical, particularly for control applications. Local Lyapunov Exponents (LLE) [171]

determined for the baseline solution, and shown in Fig. 5.3, indicate that the sensitivity of

the solution to perturbations is highest at perilune and lowest at apolune. As a consequence,

apolune is the best time to apply control, since when the spacecraft is in a region with high

LLE, sources of error such as navigation uncertainty and actuation errors can result in
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Figure 5.2: Illustration of a maneuver which transfers the spacecraft to a non-expanding local
eigenmotion at apolune when the trigger condition is satisfied.

incorrect thruster firing, which can cause the spacecraft to diverge rapidly [30].

The strategy developed in this work considers maneuvers at apolune, but not nec-

essarily every time the spacecraft visits apolune. The reason for this is as follows. For

some G ≤ 12 and k ≤ K − G, assume that the spacecraft is initialized on a desirable

local eigenmotion in proximity to the baseline by precisely placing it on an appropriate

eigenvector of Φ(tk+G
apo , tk

apo). Numerical simulations of (5.4) indicate that the spacecraft

exhibits satisfactory bounded motion relative to the baseline for at least the following G

revolutions around the Moon.

As previously mentioned, the longest time duration for which the STM is numerically
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Figure 5.3: A Local Lyapunov Exponent (LLE) is the logarithm of the maximum singular value of an
STM normalized by the length of the interval for which it is valid. LLEs for the baseline solution over
a duration of 75 days are estimated using STMs computed at each instant with a prediction horizon
of 13 days. A larger value of LLE (highlighted by warmer colors) indicates greater sensitivity to
perturbations. The LLEs reveal the spacecraft is most vulnerable to perturbations every time it visit
a perilune of the baseline.

reliable, which here means a condition number smaller then 108, is the time required for

H ≜ 12 revolutions around the Moon. The eigenvalues of the STM estimated for [t0
apo, tH

apo]

are spec(Φ(tH
apo, t0

apo)) = {1.14× 104, 4.48, − 0.88 + i0.46, − 0.88− i0.46, 0.22, 8.75×

10−5}. Observe that this STM has two expanding and four non-expanding eigenvectors.

Owing to a significantly large eigenvalue, small perturbations to a spacecraft on the

baseline NRHO solution can cause it to diverge away rapidly. This is in stark contrast

to the favorable stability properties of the NRHO in CR3BP model. Furthermore, it is

observed that the spectrum of the STM estimated for [tk
apo, tk+H

apo ] for any k ≤ K − H is

qualitatively similar that of the first H revolutions. As a result, typically any vector in the

span of the four non-expanding eigenvectors of Φ(tk+H
apo , tk

apo) give rise to a non-expanding

local eigenmotion for any k ≤ K − H. Let these eigenvectors, indexed by the set Ik, be

denoted by νk
i for i ∈ Ik, k ≤ K − H. The distance from the baseline and the position

relative to the baseline of a spacecraft moving along some of the local eigenmotions of

Φ(tH
apo, t0

apo) are shown in Fig. 5.4 and Fig. 5.5, respectively.

The spacecraft maneuvers occur over a short time interval, referred to as the control

horizon, just before the spacecraft reaches an apolune. A maneuver to return the spacecraft

state to a non-expanding local eigenmotion is initiated when a trigger condition is met.

Let the position deviation of the spacecraft at t = tk
apo be denoted by ∆rk for k ≤ K− H.

The trigger condition adopted in this work considers the change in distance between the

spacecraft and the baseline solution since t = 0 and since its recent visit to apolune, and is
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Figure 5.4: The distance to baseline from local eigenmotions resulting from four eigenvectors of
Φ(tH

apo, t0
apo) are shown for a duration of 70 days. The distance of initial conditions from the baseline

are chosen to have similar order of magnitude. Although the expanding and non-expanding nature
of these is evident, the non-expanding behavior doesn’t in general persist over the entire duration
for which the corresponding STM is valid. This is due to the STM being based on the linear system
(5.7), which only approximately predicts the behavior of the nonlinear model (5.4). However, in
practice, even with the this apparent degradation, the proposed approach requires few maneuvers
and low ∆v to sustain annual bounded motion.

given by

∆rk > min
{

ρ∆r0, min{2∆rk−1, ∆r0}
}

, (5.13)

where, ρ is a tuning parameter that contributes to determining the nature of the generated

bounded motion trajectory near the baseline.

If the trigger condition (5.13) is satisfied by ∆rk for some k < K, a fuel-efficient maneuver

for transferring the spacecraft to a non-expanding local eigenmotion starting at tk
apo is

computed by solving the discrete-time optimal control problem

minimize
{αi}i∈I ,
{uj}N−2

j=0

N−2

∑
j=0
∥uj∥2 (5.14a)

subject to θ(τk
j+1) = θ(τk

j ) +

 03

uj

+
∫ τk

j+1

τk
j

f (γ, θ(γ))dγ, 0 ≤ j ≤ N − 1 (5.14b)
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(a) λ = 1.14× 104 (b) λ = −0.88± i0.46 (c) λ = 8.75× 10−5

Figure 5.5: The position relative to the baseline on local eigenmotions resulting from four eigenvec-
tors of Φ(tH

apo, t0
apo) are shown for the time interval [t0

apo, t4
apo]. The nonlinear system (5.4) and the

linear approximation (5.7) are propagated using initial conditions aligned with the eigenvectors
associated with these local eigenmotions. The position of the spacecraft relative to the baseline at
each instant is shown in these plots. Observe that since (b) and (c) correspond to non-expanding
local eigenmotion, the relative position converges to origin, whereas in (a) the relative position
diverges away owing to the expanding local eigenmotion. (Note the order of magnitude difference
in the scale of axes of the plots.)

θ(τk
N−1) = θ̄(τk

N−1) + ∑
i∈Ik

αiν
k
i , (5.14c)

θ(τk
0 ) = θ̂(τk

0 ), (5.14d)

for the time grid Tk
N ≜ [τk

0 , . . . , τk
N−1], where τk

j ≜ tk
apo− (N− 1− j)∆t for j = 0, . . . , N− 1.

The maneuver consists of N− 1 thrust impulses {uj}N−2
j=0 applied at intervals of ∆t starting

from τk
0 . Under the assumption of impulsive input, the representation of the propagated

equations of motion in (5.6) is utilized for constraint (5.14b). The boundary condition

(5.14c) stipulates that the state at end of the control horizon lies in the span of the non-

expanding eigenvectors of Φ(tk+H+1
apo , tk+1

apo ), which would give rise to a non-expanding

local eigenmotion. Furthermore, in a practical implementation, the controller will not

have access to the true state of the spacecraft. It receives an estimate, denoted by θ̂(τk
0 ) in

(5.14d), by the state estimator.

The proposed control approach results in the automatic routine summarized by Algo-

rithm 6. The key components are described below.

• The input to Algorithm 6 consists of the following
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Algorithm 6 Local Eigenmotion Control

Input: θ̄(t), {tj
apo}K

j=0, ∆r0, H, {T j
N}K

j=1
1: T0

H ← [t0
apo, tH

apo]

2: t0 ← t0
apo

3: θ ← EigenMotion(∆r0, 0, H)

4: ∆v← 0
5: (l, k)← (1, 0)
6: while k ≤ K− 1− H do
7: ψ̄← θ̄(tk+1

apo )

8: T ← [tk
apo, Tk+1

N [1]]
9: θ̃ ← Propagate(θ, T)

10: T ← Tk+1
N [[1, N]]

11: θ ← Propagate(θ̃, T)
12: ∆rk+1 ← PosDev(θ, ψ̄)

13: if Trigger(∆rk+1, ∆rk, ∆r0) then
14: Tk+1

H ← [tk+1
apo , tk+H+1

apo ]

15: (Ul, ∆vl)← OptCtrl(θ̃, ∆rk+1, Tk+1
N , Tk+1

H )

16: θ ← PropagateCtrl(θ̃, Ul, Tk+1
N )

17: (∆v, ∆rk+1)← (∆v + ∆vl, PosDev(θ, ψ̄))

18: l ← l + 1
19: end if
20: k← k + 1
21: end while
22: M← l − 1
Output: ∆v,

{
Uj, ∆vj

}M
j=1

– The baseline solution θ̄(t).

– The time instants tk
apo for k = 0, . . . , K, corresponding to K + 1 visits to apolune

in the baseline.

– The initial distance ∆r0 of the spacecraft from the baseline.

– Number of downstream revolutions H for which the STM is computed.

– The time intervals before each visit to apolune in the baseline solution (excluding

the first), Tk
N for k = 1, . . . , K, each with N grid points uniformly spaced by ∆t.
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• Propagate(ψ, T) returns the state after propagating the high-fidelity prediction

model (5.4) with initial condition ψ for the time interval specified by the two-element

vector T. When Algorithm 6 operates alongside a state-estimator, as demonstrated

in Section 5.1.3, the first argument of Propagate, ψ, is an estimate of the spacecraft’s

current state.

• PosDev(θ, ψ) returns the position deviation between states θ and ψ.

• EigenMotion(∆r, k, H) returns the state with a position deviation of ∆r from the state

at the kth apolune of the baseline, and lying along the vector ∑i∈Ik νi, where νi for

i ∈ Ik are the non-expanding eigenvectors of Φ(tk+H
apo , tk

apo).

• Trigger evaluates to true if the trigger condition (5.13) is satisfied.

• OptCtrl(ψ, ∆r, Tk
N, Tk

H) solves the discrete-time optimal control problem (5.14) for

the time interval Tk
N , i.e., for a maneuver to take place right before the spacecraft’s kth

apolune visit. Constraint (5.14c) is constructed using the non-expanding eigenvectors

of the STM for the interval Tk
H = [tk

apo, tk+H
apo ], and the initial condition (5.14d) is

specified by ψ. OptCtrl returns the control effort required for the maneuver, and

the control solution estimated as a matrix with the control input for each τk
j for

j = 0, . . . , N − 2 stacked row-wise.

• PropagateCtrl(ψ, U, Tk
N) propagates (5.1) over the control horizon Tk

N using the

control solution U returned by OptCtrl with initial condition ψ.

• ∆vj for j = 1, . . . , M is the cost for M maneuvers initiated in Algorithm 6 over the

duration [0, tmax]. The cumulative cost of the M maneuvers is given by ∆v.

5.1.3 Numerical Results

This section demonstrates a practical implementation of the proposed control strategy by

augmenting Algorithm 6 with a Kalman Filter which estimates states using simulated range

and range-rate measurements from the Deep Space Network (DSN). The measurements
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are received at a rate of 6 hr which is reasonable for the DSN, and adequate for accurate

state estimation. The errors in range and range-rate measurements come from standard

normal distributions with standard deviation of 10 m and 1 mm s−1, respectively. More

details on the DSN error statistics can be found in [30].

The simulations were implemented in MATLAB ver. 2019b running on a MacBook

Pro with 16 GB RAM and 2.6 GHz Intel 6-Core i7 processor. The proposed approach is

demonstrated for the case of two spacecraft executing bounded relative motion in the

vicinity of the baseline solution. In particular, the Gateway is subjected to tight station

keeping about the baseline while a visiting spacecraft is made to execute collision-free

relative motion near the Gateway.

The trajectory computed for the Gateway, referred to as Solution 1, uses ρ = 10, ∆t = 6

hr, ∆r0 = 0.5 km, and N = 4, whereas the trajectory for the visiting spacecraft, referred

to as Solution 2, is computed with ρ = 2, ∆t = 12 hr, ∆r0 = 50 km, and N = 6. Certain

parameters in Algorithm 6 influence the nature of the bounded motion solution. In

particular, the choice of ρ in (5.13) and ∆r0 for the two Solutions are instrumental in

ensuring that they remain collision-free. These parameters are tuned such that the resulting

solutions are infrequent and fuel efficient.

It is worthwhile to note that the effect of navigation uncertainty is more prominent for

tight station-keeping maneuvers near the baseline. When a maneuver is initiated close

to the baseline, the final state (which lies close to the baseline and is aligned with the

desired eigenvector) is more easily corrupted by navigation uncertainly owing to its small

magnitude measured relative to the baseline. As a consequence, the spacecraft could be

maneuvered to a state which is not properly aligned with the desired eigenvector, which

will then cause the spacecraft to diverge prematurely. Hence, tight station keeping could

potentially necessitate more annual maneuvers. This pitfall is avoided while generating

Solution 1 by choosing a small value of ∆r0 and a large value for ρ. This allows the

spacecraft to slowly offset from the baseline over a duration of 150 days and settle at a

distance of about 9 km from the baseline where maneuvers are not triggered too often.

The annual station-keeping performance of Solutions 1 and 2 are shown in Table 5.1,
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Table 5.1: Annual station-keeping performance

Solution 1 Solution 2
Maneuvers 13 15

Control duty cycle 0.8 2.05
[% time annually]

Fuel consumption [m s−1] 0.05 0.7

and the distance of the Solutions from the baseline as a function of time is shown in

Fig. 5.6. With the proposed strategy, the annual station-keeping cost for the Gateway is

comparable to that of state-of-the art techniques for station keeping on NRHO [30, 164].

The fuel required for the visiting spacecraft is significantly higher since it maintains a larger

distance from the baseline than the Gateway. As such, each maneuver for transferring to a

non-expanding local eigenmotion of the baseline is more expensive. Although the annual

cost for Solution 2 is significantly higher than that for Solution 1, it is still comparable to

the cost reported by competing techniques [30].

Another notable benefit of the proposed approach is the relatively few maneuvers

required to sustain annual bounded motion. The black segments on Solutions 1 and 2 in

Fig. 5.6 highlight the significantly small annual control duty cycle. Furthermore, Solutions

1 and 2 do not pose a risk of collision between the Gateway and the visiting spacecraft.

The distance between the solutions is never smaller than 8 km, as shown in Fig. 5.7.

5.1.4 Conclusions

This work proposes a control strategy for bounded motion in the vicinity of a near rectilin-

ear halo orbit (NRHO) where the Gateway will be deployed. The approach exploits the

finite-duration characteristic natural motion (termed as local eigenmotion) resulting from

eigenvectors of a state transition matrix to generate fuel-efficient bounded motion maneu-

vers for multiple spacecraft. More specifically, the proposed approach is demonstrated

for bounded, collision-free relative motion of the Gateway and a visiting spacecraft. The

key idea is to initiate fuel-efficient thruster firing to transfer the spacecraft to a state which

yields bounded natural motion for a finite time whenever the spacecraft diverges signifi-
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Figure 5.6: Position deviations of Solution 1 (for Gateway) and Solution 2 (for the visiting spacecraft)
with respect to the baseline are shown. The 13 maneuver segments of Solution 1 and 15 maneuver
segments of Solution 2 are marked in black. The solutions seem to intersect at around 150 days, but
that is only due to the log scale of the plot. Fig. 5.7 confirms that the least separation between the
two solutions is at least 8 km.

Figure 5.7: Position deviation of Solution 1 (for Gateway) with respect to Solution 2 (for the visiting
spacecraft) is shown. The two Solutions maintain a separation distance of at least 8 km at all times.
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cantly away from the baseline solution. The effectiveness of the strategy is demonstrated

via a realistic simulation which includes a state estimator taking simulated measurements

from the Deep Space Network. The annual station-keeping performance in terms of total

fuel consumption and the total maneuver duration is shown to be at par or better than

competent state-of-the art techniques. Future work will improve the trigger condition

which initiates a maneuver. The current trigger condition adopts a myopic approach i.e.

the spacecraft is transferred to a non-expanding local eigenmotion when it has deviated

significantly from the baseline, without taking into account the quality of the local eigen-

motion that is chosen. One relevant metric for assessing the quality of local eigenmotion is

the length of time for which the spacecraft state does not diverge away. Another related

metric could be the Momentum Integral described in [164].
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5.2 Sequential Linearization Station Keeping with Optical Navigation

The recently launched CAPSTONE mission will be the first spacecraft to fly on an NRHO

to verify the dynamics of the orbit and validate station-keeping strategies under real

conditions [172]. Shortly after trans-lunar injection, CAPSTONE lost communication

with NASA’s Deep Space Network (DSN), jeopardizing the mission [173]. While the

spacecraft eventually regained communication [174], such events highlight the possibility

of communication faults and the need for backup autonomous navigation solutions that

do not rely on DSN. Furthermore, in the coming years, NRHO will see a host of spacecraft,

both crewed and uncrewed, arriving to build LOP-G, supply and service it, and use it as a

launching pad for missions to the lunar surface or out to Mars. Given the increased activity,

DSN-based navigation services will need to be rationed. As such, there is a need for

alternatives. The Lunar GNSS Receiver Experiment (LuGRE) will attempt to use GPS and

Galileo signals in the lunar environment and on the lunar surface[175], and CAPSTONE

will be testing a new peer-to-peer autonomous navigation system that measures range and

range-rate relative to NASA’s Lunar Reconnaissance Orbiter (LRO) [172].

Horizon-based optical navigation (OPNAV) is another candidate technology that has

recently matured and will be demonstrated on the upcoming Artemis 1 mission, currently

slated for launch later this summer [176]. OPNAV is a fully onboard solution that can be

deployed in the vicinity of any planet or moon.

In this work, we develop an autonomous station-keeping approach for NRHO that relies

on state estimates generated from OPNAV measurements. In recent years, many strategies

for station-keeping on high-fidelity NRHOs have been proposed [177, 178, 168, 29, 164,

28, 179, 30, 180, 181, 44]. Such strategies are generally categorized into short-horizon

maneuvering, which maintains a spacecraft near an existing baseline, and long-horizon

maneuvering, which transitions from one baseline trajectory to another. Using both short-

and long-horizon maneuvering enables indefinite station-keeping on NRHOs [30]. Short-

horizon maneuvering is further categorized into spectrum-based strategies that align

a spacecraft with the stable subspace near the baseline [150, 151, 44], and target point

approaches that control the spacecraft state or a portion of the state to attain a desired
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value at some future time, see e.g., x-axis crossing control [150, 164]. Target point methods

can also be used for long-horizon maneuvering. While long-horizon maneuvers may solve

an optimal control problem to transition between two pre-computed baseline trajectories

[30], when used for long-horizon maneuvers, target point methods do not require a pre-

computed baseline to transition to, but rather generate the baseline trajectory in real-time

[177].

We introduce a variant of the long-horizon x-axis crossing control method based on

sequential linearization. We use the method in a receding-horizon approach that obviates

the need for short-horizon station-keeping [164]. That is, instead of generating a baseline

trajectory offline or computing one in real time and then using short-horizon maneuvers

to maintain the spacecraft near the baseline, long-horizon maneuvers are computed after

each revolution to maintain the spacecraft near an NRHO. Every apolune, the algorithm

checks whether the x-component of the predicted spacecraft velocity at perilune relative to

the Earth-Moon rotating frame six and half revolutions downstream is beyond a threshold,

and if so, triggers the computation of a long-horizon maneuver to ensure the threshold will

be satisfied. The long-horizon maneuver is computed based on sequentially linearizing

the predicted trajectory. A linear approximation of the high-fidelity nonlinear dynamics is

iteratively used to determine a velocity impulse which ensures the desired target velocity

is achieved by the nonlinear system. The proposed approach is closely related to the se-

quential convex programming algorithms specialized to trajectory optimization [3] where

the nonlinear dynamics is linearized about an iteratively updated reference trajectory.

We demonstrate the robustness of this baseline-free station-keeping strategy on NRHO

to state estimates generated by an extended Kalman filter (EKF) that gets OPNAV posi-

tion measurements from a high-fidelity ephemeris-based simulation and the synthetic

rendering software Basilisk[182] and Vizard [183]. To the authors’ knowledge, only a few

other past works [168, 184, 185, 186, 187] have demonstrated realistic closed-loop station-

keeping simulations with OPNAV, and this work may be the first to do so on NRHO with

implementation details.

The rest of the paper is organized as follows. First we introduce the spacecraft and
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control model along with the high-fidelity model for NRHO. We then provides details on

horizon-based optical navigation and the extended Kalman filter. Next, we describe the

sequential linearization-based targeting approach for NRHO station keeping. We then

demonstrate the performance of the approach in a closed-loop station-keeping simulation

with OPNAV. Finally, concluding remarks are provided.

Notation

We use the following notation throughout this work. The identity matrix in Rn×n is

denoted by In, the jth entry of vector x is denoted by x[j], the vector formed by jth through

kth entries of vector x is denoted by x[j:k], and the vector formed by entries from columns j

through k of the ith row of matrix Y is denoted by Y[i,j:k].

5.2.1 Spacecraft Model

Consider a point-mass spacecraft in cis-lunar space and the synodic frame FS. The frame

FS is a non-inertial rotating frame with its x-axis pointing from the Earth-Moon barycenter

towards the center of mass of the Moon and its z-axis along the angular momentum vector

of the Earth-Moon system in the CR3BP. This frame is commonly chosen for the analysis

of NRHOs since it is useful for observation and communication from Earth [146, Section

2.1.2]. The nonlinear equation of motion of the spacecraft is given by

.
θ(t) = g(t, θ(t), u(t)), (5.15)

where θ ≜ [r⊤ v⊤]⊤ is the state vector, r is the position of the spacecraft with respect to

the Earth-Moon barycenter resolved in FS, v ≜
.
r is the velocity of the spacecraft with

respect to FS resolved in FS, and u is the control vector of thrust forces acting on the

spacecraft, resolved in FS. The right-hand-side of the model in (5.15) accounts for the major

predictable external forces acting on the spacecraft, see [165, Section 2.3] for further details.

We assume that the spacecraft is actuated with impulsive thrusters, wherein a thrust
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impulse is modeled to cause an instantaneous change in the velocity of the spacecraft.

Consider the motion of the spacecraft in the time interval [t1, t2] with a thrust impulse

ζ ∈ R3 applied at t′ ∈ (t1, t2). The control input u(t) can be represented as

u(t) =

 03

ζ

 δ(t− t′), (5.16)

for t ∈ [t1, t2], where δ(t) is the Dirac delta function. The right-hand-side of (5.15) can be

rewritten as

g(t, θ(t), u(t)) = f (t, θ(t)) + u(t), (5.17)

for t ∈ [t1, t2], where f includes the previously mentioned external forces acting on the

spacecraft. The (uncontrolled) natural motion of the spacecraft is thus given by

.
θ(t) = f (t, θ(t)). (5.18)

The spacecraft state at t2 obtained after the impulse at t′ is

θ(t2) = θ(t1) +
∫ t2

t1

g(τ, θ(τ), u(τ))dτ, (5.19)

= θ(t1) +
∫ t2

t1

 03

ζ

 δ(τ − t′) + f (τ, θ(τ))

dτ,

= θ(t′) +
∫ t2

t′
f (τ, θ(τ))dτ,

where

θ(t′) = θ(t1) +

 03

ζ

+
∫ t′

t1

f (τ, θ(τ))dτ. (5.20)

While the propagation of spacecraft dynamics with impulsive thrust (5.20) is used in the

subsequent development, with minor modifications it can be adapted to handle thrust

pulses of finite-duration. Note that finite-duration thrust pulses on the order of minutes

can be approximated fairly well by thrust impulses due to the slow time scales of the

system dynamics (5.18) on NRHO, especially near apolune.
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5.2.2 Horizon-based Optical Navigation

This work considers horizon-based OPNAV as an autonomous backup navigation strategy

for spacecraft station keeping on NRHO, which does not rely on external measurements

and communication, e.g. range and range-rate measurements from the Deep Space Net-

work (DSN). We can measure (estimate) the spacecraft position in the Moon-centered

inertial frame using the OPNAV algorithm in [188, Figure 5], which is based on detecting

the lit limb on the horizon of the Moon using an image taken by an onboard camera. This

technique also provides the covariance associated with the position measurement [188,

Figure 6]. The position measurement and the covariance can be transformed to the synodic

frame FS.

Figure 5.8: Flowchart describing how realistic images of the Moon are acquired from a simulated
onboard camera.

To demonstrate closed-loop station keeping with realistic OPNAV we used the astro-

dynamics simulation and visualization software Basilisk [182] and Vizard [183]. Given a

time epoch and the true position of the spacecraft, Basilisk can query the instantaneous

positions of Sun, Earth, and Moon from the DE 421 ephemeris [189], and call Vizard to

render them along with the spacecraft in an appropriate frame. A pin-hole camera of

desired field of view can be attached to the spacecraft, which can be oriented to point to

the Moon. Vizard is capable of accurately capturing the illumination of the Moon due
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to the Sun in the view from the spacecraft, particularly the lit limb on the Moon horizon,

which is a key aspect contributing to the realism of our closed-loop simulator. Moreover,

the Vizard camera can simulate commonly observed distortions in images taken from

spacecraft. Figure 5.8 illustrates this Basilisk-Vizard pipeline for acquiring Moon images.

The limb points on the image of the Moon captured by the spacecraft camera are detected

via the Canny transform [190] implemented in OpenCV [191], and then used in the OPNAV

algorithm [188, Figure 5] to measure (estimate) the spacecraft position.

Figure 5.9 shows the Vizard windows initialized by Basilisk when the spacecraft is near

apolune and perilune. The limb points detected by the Canny transform from the two

instances in Figure 5.9 are shown in Figure 5.10.

In our closed-loop simulation we use images of constant resolution (2048× 2048 pixels)

at all times. Since the computational cost of the OPNAV algorithm is very dependent on

the image resolution, we prefer not to vary the resolution of the image captured at different

regions of the NRHO trajectory. Since the perilune and apolune of the NRHO are situated

at about 3200 km and 70000 km, respectively, to ensure that the Moon occupies roughly

the same fraction of area in all camera images, the field of view F of the camera is varied

as follows

F = min
{

2.8 arctan
(

RMoon

dMoon(t)

)
,

5π

12

}
rad, (5.21)

where RMoon is the mean volumetric radius of the Moon, and dMoon(t) is the distance

between the spacecraft and the Moon. This means that F ranges between 3◦ to 78◦ as the

spacecraft moves from apolune to perilune.

The OPNAV measurement error is empirically observed to range between 2 and 20

km. The large variation in F causes the OPNAV measurement covariance computed

according to [188, Section V] to be inconsistent with the observed measurement error,

especially near perilune where F is large. This inconsistency is a combined effect of the

large variation in F and a potential mismatch in modelling the geometry of the Moon

between the OPNAV algorithm and the CAD model of the Moon used in Vizard. Since

Moon’s oblateness is not very pronounced, we assume that it is a perfect sphere with radius

RMoon = 1737.4 km (mean volumetric radius) in [188, Eq. 6] of the OPNAV algorithm. In a
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(a) Spacecraft at perilune.

(b) Spacecraft at apolune.

Figure 5.9: Vizard renderings of the Moon and the spacecraft at a perilune and an apolune of a
baseline NRHO solution. The windows on the left of each screen-capture show the image of the
Moon taken by the spacecraft camera. Vizard renders the realistic lighting conditions of the Moon
(as seen by the spacecraft at a given time epoch) based on the positions of Sun, Earth and Moon
received from the DE 421 ephemeris via Basilisk.

real mission, we could use a very high resolution camera with constant field of view. This

will ensure that limb detection at apolune is reliable even if the Moon occupies a small

fraction of the image. Furthermore, if the Moon is imaged at intervals of a few hours, the

onboard computers will have sufficient time to operate on the high resolution image of

the Moon to extract the OPNAV position measurement. Therefore, in our simulation we

scale the measurement covariance from the OPNAV algorithm [188, Figure 6] to ensure

that its maximum eigenvalue is at least 16. This ensures that the state estimator will not

excessively trust the OPNAV measurements. Future work will examine improvements
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(a) Camera image at perilune. (b) Camera image at apolune.

Figure 5.10: The lit limb (marked in red) detected by the Canny transform performed on the
spacecraft camera images from Figure 5.9.

to the simulation framework that allow greater reliance on the OPNAV measurement

covariance.

5.2.2.1 State Estimation

We use an EKF [192] to estimate the spacecraft state from the OPNAV position measure-

ments. The true state of the spacecraft at the sampling time tj, for some j ∈N, is

θj = θj−1 +
∫ tj

tj−1

f (τ, θ(τ))dτ, (5.22)

where the true initial state is θ(t0) = θ0. The prediction of the state and covariance at time

tj given the measurements until time tj−1 is

θ̂j|j−1 = θ̂j−1|j−1 +
∫ tj

tj−1

f
(
τ, θ̂j−1(τ)

)
dτ, (5.23a)

Σj|j−1 = Φ(tj, tj−1)Σj−1|j−1Φ(tj, tj−1)
⊤ + Qj−1, (5.23b)

where θ̂j−1(τ) is the predicted state for τ ∈ [tj−1, tj] with θ̂j−1(tj−1) = θ̂j−1|j−1, and the

state transition matrix (STM) Φ(tj, tj−1) is given by integrating the matrix differential
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equation
.
Φ(τ, tj−1) =

(
∂ f (γ, θ)

∂θ

∣∣∣∣(
τ,θ̂j−1(τ)

)
)

Φ(τ, tj−1), (5.24)

over the time interval [tj−1, tj] with Φ(t0, t0) = I6. In (5.23b) the STM computed for

the predicted trajectory is used to propagate the state covariance. Although there is no

mismatch between the actual system dynamics and the system model used in the filter, we

introduce process noise to tune the estimator to account for potential model mismatch in

the measurement equation2. We assume the following form of the process noise covariance

(5.23b),

Qj =

 q2
r I3 03×3

03×3 qv(tj)
2 I3

 , (5.25)

where

qv(tj) = qv,a

∣∣∣∣∣ d̂Moon(tj)− dMoon,p

dMoon,a − dMoon,p

∣∣∣∣∣+ qv,p

∣∣∣∣∣dMoon,a − d̂Moon(tj)

dMoon,a − dMoon,p

∣∣∣∣∣ , (5.26)

with qv,a = 0.05 cm s−1, qv,p = 0.5 cm s−1, qr = 0.5 km, dMoon,a = 71000 km, dMoon,p = 3200

km, and the predicted distance to Moon denoted by d̂Moon(tj). Since the performance of the

station-keeping approach is strongly dependent on the accuracy of the velocity estimates,

we prescribe qv as a function of d̂Moon to account for the order of magnitude difference

between the apolune speed (∼ 0.1 km s−1) and the perilune speed (∼ 1.6 km s−1).

The OPNAV position measurement at time tj entering the filter is denoted by

β j = Erθj + νj, (5.27)

where νj ∼ N (νj, Rj) with mean νj and covariance Rj, and

Er =

 I3

03×3

 .

2Note that we do not account for the highly nonlinear mapping between the Moon image and the OPNAV
position measurement described in [188, Figure 5].
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Finally, the correction step of the filter for obtaining the optimal state estimate and covari-

ance at time tj is given by

Kj = Σj|j−1E⊤r
(

ErΣj|j−1E⊤r + Rj

)−1
, (5.28a)

θ̂j|j = θ̂j|j−1 + Kj(β j − Er θ̂j|j−1), (5.28b)

Σj|j = (I − KjEr)Σj|j−1, (5.28c)

where Kj is the Kalman gain.

5.2.3 Sequential Linearization-based Targeting

We propose a sequential linearization-based targeting approach for NRHO station keep-

ing in Algorithm 7 based on the well-known x-axis crossing control method [164]. This

approach does not require a pre-computed baseline solution. In fact, it can generate one.

The key idea behind the algorithm is to test (in Line 11) when the spacecraft arrives near

apolune whether the x-component of the velocity at a perilune a few revolutions (typi-

cally six [164]) downstream is within a certain threshold ϵ. If it is not, then a sequential

linearization approach is used to compute a delta-v correction which ensures that the

predicted target perilune state of the nonlinear dynamics (5.18) satisfies the velocity thresh-

old. The proposed approach combines the so called short- and long-horizon maneuvers

for station keeping, and reduces vulnerability to accumulation of errors while targeting

several revolutions downstream. The typical x-axis crossing control computes delta-v

corrections based on the state transition matrix (STM) computed for a single predicted

trajectory from current apolune to the target perilune. Since the errors due to linearization

accumulate over long duration, the calculated delta-v correction might not result in the

intended behavior. The strategy we propose iteratively predicts the target perilune state

and updates the delta-v until the desired x-axis velocity at perilune is achieved according

to the nonlinear model (5.18). Each iteration of the sequential linearization process solves

for the minimum-magnitude delta-v correction which ensures that the magnitude of x-axis

velocity at target perilune does not exceed ϵ (Line 12). This problem is equivalent to that of
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determining the projection of the origin in R3 onto the intersection of two half-spaces. The

solution of the projection operation is known in closed-form [193, Proposition 29.23]. Any

y satisfying the targeting condition in Line 12 belongs to the intersection of two halfspaces

{
y
∣∣ ∣∣a⊤y + b

∣∣ ≤ ϵ
}
⇐⇒

{
y
∣∣ a⊤y ≤ ϵ− b

}⋂ {
y
∣∣ − a⊤y ≤ −ϵ + b

}
, (5.29)

where a⊤ = Φ[4,4:6]
p and b =

.
xp. Also, observe that when ϵ = 0 Line 12 is equivalent

to estimating the projection of the origin onto a subspace. To account for uncertainties

with state estimation and system model, the trigger condition is evaluated every time the

spacecraft comes close to an apolune. Such a recursive strategy for handling uncertainties

obviates the need for separate short-horizon maneuvers to track the solution generated by

Algorithm 7.

The input to Algorithm 7 assumes that the true initial state of the spacecraft is close to

an apolune state of a known NRHO baseline solution. An estimate for the initial state θ̂0

and the associated covariance P0 are provided as input. It is reasonable to assume that

the spacecraft was station-keeping on another baseline solution, and that Algorithm 7

begins execution when the spacecraft reaches the terminal apolune state of that baseline

solution. The other inputs to Algorithm 7 are the targeting horizon H, which is the number

of revolutions downstream until the target perilune, the planning horizon K, which is the

total number of revolutions around the Moon for which station keeping is performed,

the sampling time ∆t of the OPNAV measurements, and the threshold ϵ for targeting the

x-axis velocity at perilune.

The various components of Algorithm 7 are as follows. The Propagate(θ̂, T) function

returns the final state of the trajectory predicted by propagating the spacecraft dynamics

(5.18) with initial condition θ for time interval T. The STM(θ, T) function returns the STM for

time interval T of the linear approximation of the system about the trajectory predicted by

Propagate(θ, T). The PropagateFilter(θ, T, ∆t, P) function calls the EKF which accepts

OPNAV position measurements at sampling intervals ∆t to estimate the true spacecraft

state at the end of time interval T, with initial state θ and covariance P. And finally, the

SearchPerilune(θ, t, T) function in Line 5 predicts the target perilune time within the
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Algorithm 7 Sequential Linearization-based Targeting

Input: θ̂0, P0, K, H, ∆t, ϵ

1: Ev ←
[

03×3

I3

]
2: for 0 ≤ k ≤ K− 1− H do
3: k̃← k + H
4: T ←

[
k̃tTBP, (k̃ + 1)tTBP

]
▷ Time interval containing target perilune after H revolutions

5: tp ← SearchPerilune(θ̂k, T) ▷ Target perilune time instant

6: T ←
[
ktTBP, tp

]
7: θp ← Propagate(θ̂k, T) ▷ Target perilune state

8: Φp ← STM(θ̂k, T) ▷ Linearize about predicted trajectory to target perilune

9:
.
xp ← θ[4]

p ▷ x-axis velocity at target perilune

10: ∆vk ← [0 0 0]⊤

11: while
.
xp ≥ ϵ do

▷ Compute minimum-norm delta-v as projection on intersection of two half-spaces

12: ∆v← argmin
y∈R3

∥y∥2 subject to |Φ[4,4:6]
p y +

.
xp| ≤ ϵ

13: ∆vk ← ∆vk + ∆v ▷ Update delta-v

14: θp ← Propagate(θ̂k + Ev∆vk, T) ▷ Predict target perilune state with delta-v correction

15: Φp ← STM(θ̂k + Ev∆vk, T) ▷ Linearize about new predicted trajectory

16:
.
xp ← θ[4]

p

17: end while
18: T ← [ktTBP, (k + 1)tTBP]

▷ Estimate state at next apolune with delta-v correction

19:
(
θ̂k+1, Pk+1

)
← PropagateFilter(θ̂k + Ev∆vk, T, ∆t, Pk)

20: end for
21: c← ∑K−1−H

k=0 ∥∆vk∥2 ▷ Cumulative station-keeping cost

Output: c, {∆vj}K−1−H
j=0

interval T via a bisection search for determining the perilune state, where the initial state

is θ at time t. Note that it is not critical to apply the maneuvers precisely at apolune. Since

the time scale of the dynamics is slow near apolune, we can use the time period tTBP of

the NRHO in CR3BP to approximate the actual apolune time. However, we cannot use

such an approximation for predicting the target perilune states due to the fast time scale

of the dynamics near perilune. Even a small error in predicting the target perilune time
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may cause the algorithm to target a state significantly different from the actual perilune

which will cause the trajectory to diverge. This is because states far from either perilune

or apolune are supposed to have significantly large x-axis velocity on a NRHO solution.

So targeting them to be close to zero would be incorrect. The SearchPerilune function

ensures that the target perilune state is accurately predicted.

A block diagram of the simulation stack considered in this work with station keeping,

state estimation, and OPNAV is shown in Figure 5.11. The first component of the OPNAV

block is described in Figure 5.8. We do not consider spacecraft attitude control in this

work. We assume that the spacecraft camera(s) can be oriented to image the Moon in each

sampling period.

Figure 5.11: Block diagram of the closed-loop station-keeping simulator with OPNAV.

5.2.4 Numerical Results

This section presents the results of station keeping on NRHO from the closed-loop simula-

tion described in Figure 5.11.

Figure 5.12 shows the error in state estimates from the EKF that receives OPNAV

measurements at sampling intervals of 3 hours for a spacecraft that followed a known
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NRHO baseline solution for 26 days. The 2σ bounds on measurements and state estimates

are shown as red and blue patches respectively. The true initial state is an apolune state

of the baseline solution. The initial state estimate for the filter is obtained by randomly

perturbing the true position by 5 km and true velocity by 5 cm s−1. The initial state

covariance is a diagonal matrix chosen to be consistent with the initial state error. The

high sensitivity of the spacecraft dynamics near perilune leads to relatively large state

estimation error. The spikes of about 40 cm s−1 prominently seen in the error in velocity

estimates in Figure 5.12 correspond to perilune. Hence, perilune is unsuitable for applying

delta-v corrections. However, the velocity estimation error near the apolune region is

relatively lower at around 1 cm s−1, which allows maneuvers to be executed effectively.

Furthermore, the measurement error along z-axis in Figure 5.12 is significantly higher

than the error along the other two axes. This is partly due to the fact that the boresight

direction of the spacecraft camera is closely aligned with the z-axis for a significant duration

in each revolution of the NRHO, in particular when the spacecraft is close to apolune and

perilune. It is well-known that in horizon-based OPNAV there is larger measurement

uncertainty in the camera boresight direction [194].

Given the sensitivity of the spacecraft dynamics, it is possible for the estimated and true

states to diverge away after a large delta-v correction (∼ 5 cm s−1) if the filter trusts the

predicted state too much without accounting for the discontinuous change in state after

the impulse. Therefore, we re-initialize the state covariance matrix to the value at the start

of the simulation each time the magnitude of the computed delta-v correction exceeds a

specified threshold (1 cm s−1).

Figure 5.14 shows the states estimates and OPNAV measurements for a 1-year station-

keeping simulation obtained using Algorithm 7. The OPNAV measurements are obtained

at 6 hr intervals. The tolerance ϵ on the target perilune x-axis velocity is 20 m s−1. The

estimation error at the apolune region (where the maneuvers are applied) is roughly 1 km

in position and 1 cm s−1 in velocity. The annual station-keeping cost for this simulation is

114.06 cm s−1. Repeating the simulation with variations in the initial state estimate given

to the the filter results in similar station-keeping cost. In comparison to the relevant NRHO
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station-keeping result with OPNAV reported for the medium-error quiet spacecraft case in

[168, Table 7], the result from the proposed approach requires significantly lower annual

delta-v. The cumulative delta-v as a function of time, shown in Figure 5.14a, increases

gradually without large jumps, which is desirable for the reliability and safety of the

approach.

Figure 5.12: EKF state estimation error with OPNAV measurements provided at 3 hour intervals
for a spacecraft that follows a NRHO baseline solution for 26 days. The 2σ bands for the OPNAV
position measurement (red) and state estimate (blue) are shown.

5.2.5 Conclusions

We proposed a targeting-based approach for station keeping on the near rectilinear halo or-

bit (NRHO) chosen for the Lunar Gateway and demonstrated it in a closed-loop simulation

with a state estimator which receives spacecraft position measurement from horizon-based

optical navigation (OPNAV). We use the astrodynamics simulation and visualization soft-

ware Basilisk and Vizard for generating realistic OPNAV measurements from synthetic

images of Moon which accurately show the limb formed on the Moon horizon due to

illumination from the Sun. The proposed approach is able to deliver an annual station-
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Figure 5.13: The state estimation error for a 1-year closed-loop station-keeping simulation with
OPNAV measurements. The 2σ bands for the OPNAV position measurement (red) and state
estimate (blue) are shown.

(a) Cumulative delta-v = 114.06 cm s−1. (b) Position trajectory.

Figure 5.14: Station keeping with OPNAV measurements.
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keeping cost close to 1.14 m s−1, and it is robust to measurement uncertainty of about 10

km observed with OPNAV measurements on the NRHO trajectory.

Future work will improve the simulator to make the computation of OPNAV mea-

surement covariance more reliable, and specialize the design of the filter to exploit the

dynamical features of a high-fidelity NRHO solution to reduce the state estimation error at

perilune, which will potentially contribute to a reduction in the annual station-keeping

cost. The robustness and efficiency of the station-keeping approach with DSN and OPNAV

measurements will be compared. In addition, the performance of the proposed approach

adapted with short-horizon maneuvers will be examined.
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5.3 Spacecraft Rendezvous with Continuous-Time Passive Safety

5.3.1 Introduction

Spacecraft rendezvous is a crucial maneuver for operating space stations and for complex

space missions (such as in the Apollo and Artemis [195] programs) involving multiple

space vehicles. While the International Space Station (ISS) will soon be decommissioned

[196], the upcoming deployment of a space station–the Lunar Orbital Platform-Gateway

(LOP-G)–on the 9:2 near rectilinear halo orbit (NRHO) [197], has renewed interest in the

development of safe and efficient technologies for spacecraft rendezvous on NRHO. In

addition, there is an emphasis on enabling autonomous operations to enhance the scale

and capacity of space missions [198], since human-assisted operations are slow, expensive,

and detrimental for scalability. In realistic simulations and for guidance synthesis, NRHO

is computed as a long-duration aperiodic trajectory for a high-fidelity dynamic model with

ephemeris data and higher-order effects (e.g. solar radiation pressure and gravitational

perturbations) [145]. In the ideal setting, the NRHO is a non-Keplerian periodic motion

which solves the circular restricted three-body-problem (CR3BP). However, all instances of

rendezvous in space missions thus far, have involved Keplerian orbits (primarily around

the Earth and the Moon). Rendezvous of a spacecraft with the LOP-G (also referred to as

the Gateway), as a part of the ongoing Artemis program, will be the first attempt of such a

maneuver on a non-Keplerian trajectory. Moreover, unlike the literature on rendezvous on

elliptic (Keplerian) orbits, which spans more than half a century [20, Sec. 3.2], [199], most

of the methods published for rendezvous on the NRHO appeared within the last decade.

A guidance, navigation, and control (GNC) system is a key component for executing a

rendezvous maneuver. The focus of this work is on an optimization-based (rendezvous)

guidance algorithm, i.e., we design the feedforward block within the control system. More

specifically, we develop a guidance algorithm for the rendezvous of a spacecraft to the

Gateway while ensuring continuous-time passive safety for a specified duration. Further,

to enable autonomy, there is a need for guidance algorithms which can automatically

generate the complete rendezvous maneuver (spanning multiple safety zones and hold
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points) while guaranteeing properties such as continuous-time constraint satisfaction

(including safety) and fuel-optimality. Optimization-based methods are well-suited for

this goal, due to the recent advances in their real-time performance and in solving general

nonconvex problems [22, 5, 3]. We explore one such approach based on sequential convex

programming (SCP) in this work.

We present a solution method for passively-safe rendezvous of a spacecraft to the Gate-

way (within a high-fidelity dynamic model) based on the continuous-time successive con-

vexification (CT-SCVX) framework [22]. We reformulate and augment the continuous-time

passive-safety constraint to the system dynamics to eliminate the commonly-encountered

inter-sample constraint violation without the need for computationally expensive mesh-

refinement heuristics. In other words, the proposed framework can generate a high-fidelity

solution with coarse discretization grids. We solve the constraint-reformulated optimal

control problem for rendezvous by combining ℓ1 exact penalization of nonconvexities and

a convergence-guaranteed sequential convex programming (SCP) algorithm, called the

prox-linear method [5] for convex-composite problems. Furthermore, we impose chance

constraints to incorporate uncertainties encountered in a closed-loop execution, and reduce

its conservativeness by jointly synthesizing a feedback controller that inhibits the growth

of the state covariance by using the state measurement error statistics.

Related Work

A variety of methods have been explored for incorporating safety constraints in rendezvous

guidance. Much of the initial results were geared towards elliptic (Keplerian) orbits [200,

201, 202, 203]. In particular, the approach in [203] imposes the passive-safety constraint by

explicitly parameterizing and constraining the discrete-time free-drift trajectories while

preserving convexity, which invariably leads to excessive conservativeness and inter-

sample constraint violation.

Methods for safe rendezvous on NRHO were proposed in [204, 31, 205, 206, 207, 208,

209]. In particular, [31] provides a case study based on the proposed JAXA HTV-X resupply

vehicle which will rendezvous with the Gateway.
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Generally, the major limitations of the prior work include: (i) inter-sample violation of

path constraints (including passive safety); (ii) use of low-fidelity dynamic model (such as

the CR3BP model) to evaluate passive safety [205, 208, 209]; (iii) use of a myopic, receding

horizon solution approach which can lead to artificial infeasibility [204].

Notation

We adopt the following notation in this work. R, R+, Rn, and Rn×m denote the set of reals,

nonnegative reals, n× 1 vector of reals, and n×m matrix of reals, respectively. 0n and 1n

denote vector of zeros and vector of ones in Rn, respectively, and In denotes the identity

matrix in Rn×n. |v|+ and v2 denote □ 7→ max{0,□} and □ 7→ □2, respectively, applied

elementwise to vector v ∈ Rn, and ∥v∥ denotes its Euclidean norm. (v, w) denotes the

concatenation of vectors v ∈ Rn, w ∈ Rm to form a vector in Rn+m, and [A B] denotes

the concatenation of matrices A ∈ Rn×m1 and B ∈ Rn×m2 to form a matrix in Rn×(m1+m2).

∇mh(x1, . . . , xn) denotes the gradient of h with respect to mth argument (m ≤ n), evaluated

at x1, . . . , xn, and ∇g(x) denotes the gradient of (single-argument function) g evaluated at

x. The interior of set D is denoted by intD.

5.3.2 Problem Formulation

This section presents the optimal control problem describing the rendezvous of a chaser

spacecraft to a target spacecraft while satisfying path constraints on the state and input, and

ensuring passive safety of the chaser’s trajectory. The uncontrolled translational motion

(free-drift) of a spacecraft in the cis-lunar space, which is influenced by the ephemeris

states (position and velocity) of the Moon, Earth, and Sun, higher-order gravitational

perturbations (Moon J2), and solar radiation pressure (SRP), is represented in the Moon-

centered J2000 [210, Sec. 3.7] inertial frame by

.
z(t) =

dz(t)
dt

= f̌ (t, z(t)), t ∈ [ti, tf], (5.30)
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where ti and tf are the initial and final time, respectively (see Appendix E for further

details). Let nx = 6 and nu = 3 denote the state and control input dimensions, respectively.

The state trajectory x of a chaser spacecraft relative to a given free-drift state trajectory ž of

a target spacecraft satisfies

.
x(t) = f (t, x(t), u(t)) ≜ f̌ (t, x(t) + ž(t))− f̌ (t, ž(t)) +

0nu×nu

Inu

 u(t), t ∈ [ti, tf], (5.31)

where u is a piecewise continuous control input acting on the chaser, which is either a

velocity impulse or an acceleration.

5.3.2.1 Passive Safety

Consider a polytopic avoid set P ≜ int {ζ ∈ Rnx |Hζ ≤ h}, for some H ≜ [H1 . . . Hm]⊤ ∈

Rm×nx and h ≜ (h1, . . . , hm) ∈ Rm. We require that the free-drift trajectory of the chaser,

starting at time t ∈ [ti, tf], does not enter P for a safety duration of ts. Given a state

trajectory x for the chaser over [ti, tf], the free-drift trajectory xt, starting from x(t) at

t ∈ [ti, tf], satisfies

◦
xt(τ) =

dxt(τ)

dτ
= f (t + τ, xt(τ), 0nu), τ ∈ [0, ts], (5.32)

with initial condition xt(0) = x(t). Then the passive-safety constraint is given by

xt(τ) /∈ P , ∀ τ ∈ [0, ts], t ∈ [ti, tf]. (5.33)

Let Ffd : R×R×Rnx → Rnx return the state on the free-drift trajectory, given the drift

duration and initial condition, i.e., for any τ ∈ [0, ts] and t ∈ [ti, tf]

Ffd(t + τ, t, x(t)) ≜ x(t) +
∫ τ

0
f (t + θ, xt(θ), 0nu)dθ = xt(τ). (5.34)

To encode (5.33) within a gradient-based optimization framework, we use an equivalent

alternate representation based on the signed-distance function (see Appendix F). For any
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τ ∈ [0, ts] and t ∈ [ti, tf], we have that

xt(τ) /∈ P ⇐⇒ dP(xt(τ)) ≥ 0. (5.35)

Next, we use Ξ : R × Rnx → R+ to measure the violation in constraint (5.33) via a

continuously differentiable exterior penalty function, i.e., for any t ∈ [ti, tf]

Ξ(t, x(t)) ≜
∫ ts

0
| − dP(Ffd(t + τ, t, x(t)))|2+dτ. (5.36)

Then the following holds for any t ∈ [ti, tf]

xt(τ) /∈ P ∀ τ ∈ [0, ts] ⇐⇒ Ξ(t, x(t)) = 0. (5.37)

A key step in the proposed solution method is evaluating the gradient of Ξ on another

(reference) state trajectory x̄ over [ti, tf]. First, note that for any τ ∈ [0, ts] and t ∈ [ti, tf], we

have that ∇3Ffd(t + τ, t, x̄(t)) = Φfd(t + τ, t), which is obtained from the following initial

value problem

d
dθ

 x̄t(θ)

Φfd(t + θ, t)

 =

 f (t + θ, x̄t(θ), 0nu)

∇2 f (t + θ, x̄t(θ), 0nu)Φfd(t + θ, t)

 , θ ∈ [0, τ]. (5.38)

with initial condition x̄t(0) = x(t) and Φfd(t, t) = Inx . Then for any t ∈ [ti, tf], we have

that

∇2Ξ(t, x̄(t)) = − 2
∫ ts

0
| − dP(x̄t(τ))|+∇dP(x̄t(τ))Φfd(t + τ, t)dτ, (5.39)

where

−2| − dP(x̄t(τ))|+∇dP(x̄t(τ)) =

2
(
x̄t(τ)− (x̄t(τ))

∂P)⊤ if dP(x̄t(τ)) < 0,

0 otherwise.
(5.40)
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5.3.2.2 Backward Reachability

The formulation of the passive-safety constraint in (5.36) is based on forward reachability.

We can provide an alternate equivalent characterization of passive safety based on backward

reachability.

The state on the free-drift trajectory can be approximated by linearizing Ffd about a

reference state trajectory x̄, i.e., for τ ∈ [0, ts] and t ∈ [ti, tf], we have that

Ffd(t + τ, t, x(t)) ≈ Φfd(t + τ, t)x(t) + ϕfd(t + τ, t), (5.41)

where ϕfd(t + τ, t) ≜ Ffd(t + τ, t, x̄(t))−Φfd(t + τ, t)x̄(t). Note that for any z ∈ Rnx , the

following holds

dP(Φfd(t + τ, t)z + ϕfd(t + τ, t)) ≥ 0, (5.42a)

⇐⇒ max
1≤i≤m

H⊤i Φfd(t + τ, t)z− hi − H⊤i ϕfd(t + τ, t) ≥ 0, (5.42b)

⇐⇒ z /∈ Bt
τ ≜ int{ζ ∈ Rnx |HΦfd(t + τ, t)ζ ≤ h− Hϕfd(t + τ, t)}, (5.42c)

⇐⇒ dBt
τ
(z) ≥ 0, (5.42d)

where the parameterized set Bt
τ is a backward reachable set (for the system linearized

about x̄). It defines the set of all states at time t which free-drift into P after a duration of τ.

Next, we define Ξ̄ : R×Rnx ×Rnx → R+ as

Ξ̄(t, x(t), x̄(t)) ≜
∫ ts

0
| − dBt

τ
(x(t))|2+dτ, (5.43)

so that the following holds for any t ∈ [ti, tf]

x(t) /∈
⋃

τ∈[0,ts]

Bt
τ ⇐⇒ Ξ̄(t, x(t), x̄(t)) = 0. (5.44)

The convergence of an iterative solution method for computing x and u, where Ffd is

linearized at each iteration about the previous iterate (denoted by x̄), would mean that, for
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any t ∈ [ti, tf]

x(t)→ x̄(t) =⇒ dP(Φfd(t + τ, t)x(t) + ϕfd(t + τ, t))→ dP(Ffd(t + τ, t, x̄(t))).

Then from (5.42a) and (5.42d), we obtain the following for t ∈ [ti, tf]

Ξ(t, x̄(t)) = 0 ⇐⇒ Ξ̄(t, x̄(t), x̄(t)) = 0. (5.45)

We can similarly consider other safety-based constraints via the set-based approach de-

scribed above (see Appendix G). Note that the parameterized sets Bt
τ need to be recom-

puted at each iteration of the solution method, which, however, need not be a computa-

tionally expensive operation since the sets at each iteration are defined for a linearized

system.

5.3.2.3 Chance Constraints

Consider a random state trajectory ξ, where ξ(t) ∼ N (x(t), Σ(t)) for t ∈ [ti, tf]. Then the

passive-safety constraint is imposed with some probability level β ∈ (0, 1), as follows

P(dP(Ffd(t + τ, t, ξ(t))) ≥ 0) ≥ β, τ ∈ [0, ts], t ∈ [ti, tf], (5.46)

Given a reference state trajectory x̄, the signed-distance with respect to P of the state on

the free-drift trajectory, starting from x(t) at time t ∈ [ti, tf], can be approximated as

dP(Ffd(t + τ, t, x(t)))

≈ dP(Ffd(t + τ, t, x̄(t))) +∇dP(Ffd(t + τ, t, x̄(t)))Φfd(t + τ, t)(x(t)− x̄(t)), (5.47a)

= at(τ)⊤x(t) + bt(τ), (5.47b)

for τ ∈ [0, ts], where

at(τ) ≜ ∇dP(Ffd(t + τ, t, x̄(t)))Φfd(t + τ, t), (5.48a)
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bt(τ) ≜ dP(Ffd(t + τ, t, x̄(t)))− at(τ)x̄(t). (5.48b)

Since ξ(t) is normally distributed for each t ∈ [ti, tf], we have that

at(τ)⊤x(t) + bt(τ) + ct(τ) ≥ 0 =⇒ P(at(τ)⊤ξ(t) + bt(τ) ≥ 0) ≥ β, (5.49)

for τ ∈ [0, ts], where ct(τ) ≜ −
√

χ2
nx(β)at(τ)⊤Σ(t)at(τ) and χ2

nx is the probability density

function of the chi-squared distribution with nx degrees of freedom [211, Cor. 2].

In the proposed iterative solution method the system is linearized at each iteration

(about the previous iterate). Then the random state trajectory ξ for the linearized system

automatically evolves with a Gaussian distribution if the initial state and all injected

uncertainties are Gaussian random variables. Next we define Ξ̄ : R×Rnx ×Rnx → R as

follows

Ξ̄(t, x(t), x̄(t)) ≜
∫ ts

0
| − at(τ)⊤x(t)− bt(τ)− ct(τ)|2+dτ. (5.50)

For each t ∈ [ti, tf], we obtain the following from (5.49)

Ξ̄(t, x(t), x̄(t)) = 0 ⇐⇒ P(at(τ)⊤ξ(t) + bt(τ) ≥ 0) ≥ β ∀ τ ∈ [0, ts]. (5.51)

Furthermore, note that the convergence of the solution method leads to the following

x(t)→ x̄(t) =⇒ Ξ̄(t, x(t), x̄(t))→
∫ ts

0
| − dP(Ffd(t + τ, t, x̄(t)))− ct(τ)|2+dτ. (5.52)

The limiting value of Ξ̄ at convergence is a tightened form of constraint due to Ξ in (5.36)

in the deterministic case, which aligns with the expectation that the chance constraint

should be more conservative than its deterministic counterpart.
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5.3.2.4 Optimal Control Problem

The optimal control problem for fuel-efficient rendezvous of the chaser spacecraft to the

target is given by

minimize
x, u

∫ tf

ti

∥u(t)∥dt (5.53a)

subject to
.
x(t) = f (t, x(t), u(t)), t ∈ [ti, tf] (5.53b)

g(x(t), u(t)) ≤ 0, t ∈ [ti, tf] (5.53c)

Ξ(t, x(t)) = 0, t ∈ [ti, tf] (5.53d)

P(x(ti), x(tf)) = 0 (5.53e)

The path constraint function g : Rnx ×Rnu → Rng , with ng = 4, encodes upper-bound umax

and lower-bound umin on the control input magnitude, and an approach cone constraint

with half cone angle θac and cone axis eac, as follows

g(x(t), u(t)) ≜


∥u(t)∥2 − u2

max

u2
min − ∥u(t)∥2

∥ cos θac
rE x(t)∥2 − (e⊤ac

rE x(t))2

−e⊤ac
rE x(t)

 , (5.54)

where rE selects the position coordinates from a vector in Rnx . The scalar-valued compo-

nents of g are written in a form that ensures continuous differentiability of g, particularly

the second-order-cone constraint [112, Sec. 3.2.4].

5.3.2.5 Constraint Reformulation

Given a state trajectory x and control input u over [ti, tf] the continuous-time satisfaction

of path constraints can equivalently expressed through the isoperimetric reformulation

[96, Sec. 10].

g(x(t), u(t)) ≤ 0, Ξ(t, x(t)) = 0, ∀ t ∈ [ti, tf], (5.55a)
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⇐⇒
∫ tf

ti

(1⊤ng |g(x(t), u(t))|2+, Ξ(t, x(t)))dt = 02. (5.55b)

Note that Ξ is not composed with an exterior penalty function since it is nonnegative

everywhere. For each t ∈ [ti, tf], the differential-algebraic system given by

.
x(t) = f (t, x(t), u(t)), (5.56a)

g(x(t), u(t)) ≤ 0, Ξ(t, x(t)) = 0, (5.56b)

is equivalent to the following two-point boundary value problem

.
x(t) = f (t, x(t), u(t)), (5.57a)

.
y(t) =

1⊤ng |g(x(t), u(t))|2+
Ξ(t, x(t))

 , (5.57b)

y(ti) = y(tf), (5.57c)

where (5.57b) is a auxiliary dynamical system with state trajectory y for measuring the

cumulative continuous-time constraint violation. The periodic boundary conditions (5.57c)

ensure that the path constraints are satisfied everywhere within [ti, tf].

5.3.2.6 Reformulated Optimal Control Problem

Consider the following augmented dynamical system for t ∈ [ti, tf]

.
x̃(t) = f̃ (t, x̃(t), u(t)) ≜


f (t, x(t), u(t))

1⊤ng |g(x(t), u(t))|2+
Ξ(t, x(t))

 , (5.58)

where x̃ ≜ (x, y) is the augmented state trajectory, with the augmented state dimension

denoted by nx̃ ≜ nx + 2. We use selector matrices xE and yE to select the elements of x̃

corresponding to x and y, respectively.

The optimal control problem (5.53) is reformulated using the augmented system (5.58)
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as follows.

minimize
x̃, u

∫ tf

ti

∥u(t)∥dt (5.59a)

subject to
.
x̃(t) = f̃ (t, x̃(t), u(t)), t ∈ [ti, tf] (5.59b)

yE (x̃(tf)− x̃(ti)) = 0 (5.59c)

P(xE x̃(ti), xE x̃(tf)) = 0 (5.59d)

5.3.3 Discretization & Solution Method

Consider a discretization grid of size N within [ti, tf]: ti = t1 < . . . < tN = tf. We treat

the augmented states x̃k at node points tk as decision variables. The control input is

parameterized via ν : [ti, tf]→ Rnu as follows

ν(t) ≜
N

∑
k=1

ukΓk
u(t), (5.60)

with coefficients uk ∈ Rnu and basis functions Γk
u : [ti, tf] → R, satisfying ν(tk) = uk, for

k = 1, . . . , N. We assume that the basis functions are chosen such that, within interval

[tk, tk+1] for any k = 1, . . . , N − 1, ν is influenced solely by uk and uk+1 (see Appendix C

for examples of well-known parameterizations).

Remark 24. If the basis functions are convex then imposing the convex constraints on the control

input only at nodes tk is sufficient for continuous-time satisfaction; they do not require the isoperi-

metric reformulation described in (5.55). Further, if the basis functions are piecewise constant

(such as in impulse, finite-burn pulse, and zero order hold parameterizations) imposing nonconvex

control input constraints only at the nodes of the discretization grid is sufficient for continuous-time

satisfaction.
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Next, for each k = 1, . . . , N− 1, we define Fk : Rnx̃ ×Rnx̃ ×Rnu ×Rnu → Rnx̃ as follows

Fk(x̃k+1, x̃k, uk+1, uk) ≜ x̃k+1 − x̃k −
∫ tk+1

tk

f̃ (x̃k(t), ν(t))dt, (5.61)

where the augmented state trajectory x̃k satisfies (5.58) on [tk, tk+1] with control input ν,

and initial condition x̃k. Then the discretization of (5.59b), along with (5.59c), yields

Fk(x̃k+1, x̃k, uk+1, uk) = 0, (5.62a)

yE (x̃k+1 − x̃k) = 0, (5.62b)

However, inclusion of (5.62) as constraints in an optimization problem leads to violation

in linear independence constraint qualification (LICQ), which is essential for enabling

exact penalization, a key step in the proposed framework. We relax (5.62b) to an inequality

via a constant ϵ > 0 (see [22, Sec. 3.1] for further details about the implications of this

relaxation). Next, due to parameterization (5.60), the cost function (5.59a) can be expressed

as

∫ tf

ti

∥u(t)∥ =
N

∑
k=1

αk∥uk∥, (5.63)

where constants αk ∈ R+ depend on the choice of parameterization ν (see Appendix C

for examples). Then the reformulated optimal control problem (5.59) transforms under

discretization and control input parameterization as follows

minimize
x̃k, uk j

N

∑
k=1

αk∥uk∥ (5.64a)

subject to Fk(x̃k+1, x̃k, uk+1, uk) = 0, k = 1, . . . , N − 1 (5.64b)

yE (x̃k+1 − x̃k) ≤ ϵ, k = 1, . . . , N − 1 (5.64c)

uk ∈ U, k = 1, . . . , N (5.64d)

P(xE x̃1, xE x̃N) = 0 (5.64e)

Compact set U serves a three-fold purpose: (i) representing control input constraints
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depending on the choice of parameterization (see Remark 24); (ii) establishing a pointwise

bound on the path constraint violation as a consequence of relaxation (5.64c); and (iii)

invoking the convergence guarantees of the prox-linear method which is a key component

of the proposed SCP-based solution method. We refer the reader to [22, Sec. 3, 4] for details.

Remark 25. When the chance constraints described in Section 5.3.2.3 are included, the description

of the optimal control problem (5.53) requires a reference state trajectory. This is because function

Ξ in (5.58) is replaced with Ξ̄ in (5.50) which requires a reference state as additional argument.

Consequently, for each k ∈ 1, . . . , N − 1, Fk requires reference quantities x̄k, ūk, ūk+1 to gen-

erate a reference state trajectory x̄k over [tk, tk+1] with initial condition x̄k and control input ν̄

parameterized with coefficients ūk and ūk+1.

5.3.3.1 Closed-Loop Covariance Correction

The formulation thus far has focused on the feedforward block of the control system with-

out any considerations about the information provided by and uncertainties encountered

by sensors. Incorporating some of this information within the feedforward block can

improve the performance of the feedback controller and reduce the conservativeness of

the chance constraints imposed during the reference signal design. In particular, the use of

open-loop state covariance, which grows over time, can lead to prohibitively conservative

chance constraints. To reduce their conservativeness we can: (i) include sensor measure-

ment statistics and actuation noise; and (ii) introduce a single-step impulsive deadbeat

controller to reduce the growth of the state covariance.

We assume that the time instants at which measurements are received and the impulsive

corrections are made, coincide with the nodes of the discretization grid. Suppose that a

state trajectory for (5.31) over [ti, tf] with parameterized control input ν are given, which

we will qualify as “nominal”. Then for each k = 1, . . . , N, let xk and uk denote the

corresponding state and control input, respectively, at the discretization node tk. Next,

to impose the chance constraint described in Section 5.3.2.3, we require linearizing the

system about a reference state trajectory. Suppose that the discretized and parameterized
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reference quantities are provided (see Remark 25). The first-order sensitivity of the system

(also known as the state transition matrix) is computed about the reference quantities by

solving the following initial value problem for each k = 1, . . . , N − 1

.
Φk(t, tk) = ∇2 f (t, x̄k(t), ν̄(t))Φk(t, tk), t ∈ [tk, tk+1], (5.65)

with initial condition Φk(tk, tk) = Inx . Then the state transition matrix for the interval

[tk, tk+1] is denoted by Ak ≜ Φk(tk+1, tk).

In the real-world closed-loop execution, suppose that the true state of the spacecraft at

time tk is denoted by xt
k ≜ xk + δxk, where the true state deviation δxk is a random variable.

At the initial time, we have δx1 ∼ N (0nx , Σδx
1 ) and δx1 is referred to as the insertion error.

The evolution of the true state deviation in proximity to the nominal state trajectory can be

approximated as

δxk+1 = Akδxk + Bk(δuk + µk), (5.66)

where δuk is an impulsive correction corrupted by noise µk ∼ N (0nu , Σµ), and Bk ≜ Ak
vE⊤.

The selector matrix vE selects the velocity coordinates from a vector in Rnx . Note that

an actuation noise for the nominal control input can also be considered in with minor

modifications to the discussion in this section. The spacecraft measures its state using

a relative range measurement with respect to the target spacecraft. The measurement

of the true state at time tk is denoted by xm
k = xt

k + δyk, where δyk ∼ N (0nx , Σδy
k ) is the

measurement noise. From (5.66), the evolution of the measured state deviation δzk =

δxk + δyk = xm
k − xk in proximity to the nominal state trajectory is given by

δzk+1 = Ak(δzk − δyk) + Bk(δuk + µk) + δyk+1,

= Akδzk + Bk(δuk + µk) + δyk+1 − Akδyk, (5.67)

We assume that the impulsive correction is based on feeding back the measured state

deviation, i.e., δuk = Kkδzk. The gain Kk is computed analytically to ensure that the
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feedback action reduces the position components of the covariance of δzk, i.e.,

Kk ≜ − (rE Bk)
−1rE Ak. (5.68)

Then (5.67) can be consolidated as

δzk+1 = (Ak + BkKk)︸ ︷︷ ︸
Acl

k

δzk + δyk+1 − Akδyk + Bkµk,

= Acl
k δzk + [Inx −Ak Bk]︸ ︷︷ ︸

Yk


δyk+1

δyk

µk

 . (5.69)

Since δx1 and δy1 are independent random variables, we have that δz1 ∼ N (0nx , Σδz
1 ),

where Σδz
1 = Σδx

1 + Σδy
1 . Furthermore, since the measurement noise at different time

instances are uncorrelated, we also have

Yk


δyk+1

δyk

µk

 ∼ N (0nx , YkΩkY⊤k ) (5.70)

where Ωk ≜ blkdiag(Σδy
k+1, Σδy

k , Σµ). Then the covariance of the measured state deviation

evolves as follows

Σδz
k+1 = Acl

k Σδz
k Acl

k
⊤ + YkΩkY⊤k , k = 1, . . . , N − 1. (5.71)

Recall that the continuous-time covariance of the measured state deviation is required by

function Ξ̄ (which is embedded within f̃ ) while numerically integrating the augmented

dynamical system over [tk, tk+1]. The following result shows that (5.71) can be equivalently

expressed in terms of an integration over an arbitrarily fine grid.

Lemma 13. For any k = 1, . . . , N − 1, consider a grid within [tk, tk+1] of size Mk, denoted by

tk = t1
k < . . . < tMk

k = tk+1. Next, consider the evolution of the covariance of the measured state
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deviation within [tk, tk+1]

Σδz,j+1
k = Φk(tj+1

k , tj
k)Σ

δz,j
k Φk(tj+1

k , tj
k)
⊤, j = 2, . . . , Mk − 1, (5.72a)

Σδz,2
k = ĀkΣδz,1

k Ā⊤k + ȲkΩkȲ⊤k , (5.72b)

Σδz,1
k = Σδz,Mk−1

k−1 , (5.72c)

where

Āk ≜ Φk(t2
k, tk) + Φk(tk+1, t2

k)
−1BkKk, (5.73)

Ȳk ≜ Φk(tk+1, t2
k)
−1Yk. (5.74)

Then for k = 1, . . . , N − 1, we have Σδz
k+1 = Σδz,Mk

k , where Σδz,M0
0 ≜ Σδz

1 .

Proof. From (5.72a) and (5.72b), we have

Σδz,Mk
k = Φk(tk+1, t2

k)Σ
δz,2
k Φk(tk+1, t2

k)
⊤, (5.75a)

= Φk(tk+1, t2
k)(ĀkΣδz,1

k Ā⊤k + ȲkΩkȲ⊤k )Φk(tk+1, t2
k)
⊤, (5.75b)

= Φk(tk+1, t2
k)ĀkΣδz,1

k Ā⊤k Φk(tk+1, t2
k)
⊤ + Φk(tk+1, t2

k)ȲkΩkȲ⊤k Φk(tk+1, t2
k)
⊤, (5.75c)

= (Ak + BkKk)Σ
δz,1
k (Ak + BkKk)

⊤ + YkΩkY⊤k . (5.75d)

Therefore, Σδz,1
1 and Σδz,Mk

k , for k = 1, . . . , N − 1, satisfy (5.71).

Note that Φk(tk+1, t2
k)
−1Bk consists of the columns of Φk(t2

k , tk) corresponding to velocity,

i.e.,

Φk(tk+1, t2
k)
−1Bk = Φk(tk+1, t2

k)
−1 Φk(tk+1, t2

k)Φ
k(t2

k, tk)︸ ︷︷ ︸
Ak

vE⊤ = Φk(t2
k, tk)

vE⊤

where matrix vE selects velocity coordinates from a vector in Rnx . Therefore,

Āk = Φk(t2
k, tk)(Inx +

vE⊤Kk) (5.76a)

Ȳk = Φk(tk+1, t2
k)
−1[Inx − Ak Bk] = Φk(t2

k, tk)[A−1
k − Inx

vE⊤] (5.76b)
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To summarize, our goal is to solve (5.64) to obtain a nominal state trajectory and control

input that satisfy the chance constraint described in Section (5.3.2.3), imposed with a

closed-loop-corrected state covariance discussed above. As a consequence of (5.71) and

Lemma 13, we can compute the covariance Σδz(t) of the measured state deviation for

any t ∈ [ti, tf]. At each iteration of the proposed solution method, after linearizing the

system, we have that xm(t) ∼ N (x(t), Σδz(t)), where x and xm denote the continuous-

time nominal and measured state trajectories, respectively. Then we impose the chance

constraint on the nominal state trajectory with respect to the measured state trajectory (as

shown in Section 5.3.2.3 with ξ = xm) and embed the resulting path constraint function Ξ̄

into the augmented dynamical system (5.58) via the isoperimetric reformulation.

5.3.3.2 ℓ1-Penalization and Prox-Linear Method

In the solution method proposed for (5.64), we first subject all nonconvex constraints:

(5.64b) and (5.64d) (see Remark 24) to ℓ1 exact penalization, to obtain new optimization

problem with a nonconvex convex-composite objective function and a compact, convex

feasible set. We then use an SCP algorithm called the prox-linear method [5] to solve

the resulting optimization problem via the approach outlined in [22]. The series of steps

involved in solving (5.64) using the SCP-based approach is detailed in [43, Sec. II.C].

5.3.4 Numerical Results

We consider the rendezvous of a spacecraft to the Lunar Gateway space station [197] which

is deployed on a long-duration station-keeping trajectory computed for the spacecraft

dynamic model described in Appendix E. The major considerations while computing such

a long-duration station-keeping trajectory are described in [168, 28, 44]. The motion of the

spacecraft (relative to the Gateway) described by (5.31) is in the Gateway-centered J2000

frame, since the motion of the Gateway is described in the Moon-centered J2000 frame (see

Appendix E). The key parameters for the rendezvous to the Gateway are described in the

Sun LVLH frame. We use rotation matrix RLVLH to transform a vector from Sun LVLH to
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the Gateway-centered J2000 frame. The rendezvous maneuver is split into three phases to

satisfy three layers of safety constraints, i.e., the size of the avoid set is different for each

phase. The solution to each phase is obtained sequentially (by solving separate instances

of (5.64)), from Phase 1 to Phase 3. Two consecutive phases are stitched using the terminal

position, velocity, and the covariance of the measured state.

The polyhedral avoid set P ≜ {z ∈ Rnx |Hz ≤ h}, defined by

H ≜

 I3

−I3

 RLVLH 03×3

 , h ≜
1
2

ras1nx ,

forms a box in the position coordinates, where ras is the length of edge of the box. The

boundary conditions constraint function P in (5.53e) is defined as

P(x(ti), x(tf)) ≜

x(ti)− (ri, vi)

x(tf)− (rf, vf)

,

where ri and vi are the initial position and velocity, respectively, of a phase, and rf and vf

are the final position and velocity, respectively, of a phase.

In each phase, we assume that the covariance of the relative range measurement of the

spacecraft state (with respect to the Gateway) is provided by a linear interpolation of the

prescribed initial and final values, denoted by

Σδy(□) ≜ diag((σδy
r (□) 13, σ

δy
v (□) 13))

2,

where □ = ti, tf. We are provided with the covariance of the insertion error3 at the

beginning of Phase 1, denoted by

Σδx(ti) ≜ diag((σδx
r (ti) 13, σδx

v (ti) 13))
2.

Then the measured state covariance at the beginning of Phase 1 is given by Σδz(ti) =

3Insertion error refers to the error in maneuvering the spacecraft to the desired state for commencing
Phase 1 of rendezvous.
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Σδx(ti) + Σδy(ti). After each iteration of CT-SCVX, the covariance of the measured state,

used for chance constraints reformulation (in Section 5.3.2.3) and for feedback synthesis

(in Section 5.3.3.1), is recomputed by linearizing the system with respect to the most recent

CT-SCVX iterate. The actuation noise covariance (considered in Section 5.3.3.1) for each

phase is denoted by Σµ ≜ (σµ 13)
2.

We parameterize the control input as impulses applied at each discretization node

(see Appendix C.5). A lower bound constraint on the magnitude of the control input is

not imposed for the scenario considered here. The initialization for CT-SCVX is a linear

interpolation between the desired initial and final states of each phase. Two layers of scaling

are required within CT-SCVX to ensure reliable numerical performance: (i) dimensions of hr,

km, and km/hr are chosen for time, position, and velocity, respectively, in the spacecraft

dynamic model; and (ii) all constraints and decision variables of (5.64) are scaled so that

their numerical values are of similar orders of magnitude. Table 5.2 provides parameter

values chosen for each of the three phases (⋆ denotes a free variable).

Figure 5.15 shows the position trajectory of the spacecraft in the Gateway-centered

J2000 frame for the three phases. The avoid set is denoted with red cube, the approach

cone with blue surface, the CT-SCVX solution at the discretization nodes with black circles,

the resulting continuous-time trajectory with black lines, and the 24-hr free drift trajectory

with gray lines. The position coordinates are denoted with r1, r2, and r3. The total fuel

consumption for the maneuver is 34.56 m/s, with 19.23 m/s in Phase 1, 14.18 m/s in Phase

2, and 1.14 m/s in Phase 3.

5.3.5 Conclusions

We present a solution method based on CT-SCVXfor passively-safe rendezvous of a space-

craft to the Gateway, which will be deployed on the 9:2 NRHO associated with the Earth-

Moon L2 point. We reformulate the continuous-time passive-safety constraint as an

isoperimetric constraint and augment it to the high-fidelity dynamic model of the space-

craft (with ephemeris and higher-order effects) to eliminate the commonly-encountered
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Figure 5.15: Position trajectory for three-phase rendezvous to the Gateway.
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Table 5.2: Parameters values chosen for the three phases of rendezvous to Gateway

Parameter Phase 1 Phase 2 Phase 3

N 11 11 11

[ti, tf] [0, 36] hr [36, 42] hr [42, 48] hr

ts 24 hr 24 hr 24 hr

vmax 100 km/hr 100 km/hr 10 km/hr

umax 200 km/hr 200 km/hr 50 km/hr

ϵ 10−4 10−4 10−4

ras 20 km 2 km 0.4 km

σδx
r (ti), σδx

v (ti) 33.333 km, 6 km/hr NA NA

σ
δy
r (ti), σ

δy
v (ti) 6.667 km, 0.252 km/hr 0.085 km, 0.043 km/hr 0.009 km, 0.038 km/hr

σ
δy
r (tf), σ

δy
v (tf) 0.085 km, 0.043 km/hr 0.009 km, 0.038 km/hr 0.006 km, 0.014 km/hr

β 0.95 0.95 0.95

σµ 0.276 km/hr 0.237 km/hr 0.013 km/hr

θac NA 45◦ 45◦

eac NA RLVLH(0, 0, 1) RLVLH(0, 0, 1)

ri
1000√

2
RLVLH(0,−1, 1) km 50√

5
RLVLH(0, 1, 2) km 5√

5
RLVLH(0, 1, 2) km

vi RLVLH(2.52, 28.44,−21.60) km/hr Phase 1 vf Phase 2 vf

rf
50√

5
RLVLH(0, 1, 2) km 5√

5
RLVLH(0, 1, 2) km 1

2 RLVLH(0, 0, 1) km

vf ⋆ ⋆ 03 km/hr

inter-sample constraint violation in direct methods for solving optimal control problems.

Consequently, computationally expensive mesh-refinement heuristics are not necessary:

the proposed approach can generate a high-fidelity solution with coarse discretization

grids, which is beneficial for real-time performance. We solve the constraint-reformulated

optimal control problem for rendezvous by combining ℓ1 exact penalization of noncon-

vexities and a convergence-guaranteed SCP algorithm for convex-composite problems.

The solution method is demonstrated using a numerical example based on a three-phase

rendezvous to the Gateway.

Planned future work includes the consideration of anisotropy in the statistics of the

range and range-rate measurements, and treating the final time of the rendezvous maneu-

ver as a decision variable via time dilation.
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Chapter 6

FUTURE DIRECTIONS

This chapter provides a few directions for future research based on the work presented in

the preceding chapters.

6.1 Nonconvex Trajectory Optimization

The guarantees within the CT-SCVX framework are dependent on the existence of KKT

points, which in turn necessitates certain constraint qualifications. Future work can

explore constraint qualifications weaker than LICQ for the exact penalty to hold, with the

goal of developing a solution method that directly handles the isoperimetric constraint

without relaxation. Furthermore, the reformulated optimal control problem in CT-SCVX

exhibits unique structural properties: it is a minimization of a convex function subject

to nonlinear equality and linear inequality constraints. This structure, which has gained

considerable attention recently [212, 213, 214], opens up opportunities for the development

of specialized first-order solvers. Another promising direction is to investigate the link

between the use of isoperimetric constraint reformulation in CT-SCVX and the literature on

trajectory optimization over manifolds [215, 216, 217].

6.2 Customized Conic Optimization Solver

Several future directions lie ahead for expanding on the capabilities of PIPG. The first

involves integrating automatic scaling and preconditioning techniques, like the recently

developed QR preconditioner [218], to improve reliability and broaden its applicability

as a general-purpose first-order conic optimization tool like SCS [113] and COSMO [219].

Moreover, ensuring reliable numerical performance agnostic to the problem-instance will
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necessitate the implementation of commonly used adaptive step-sizes strategies [220],

with adjustments based on convergence rates of a desired performance metric.

Second, the development of a tool for automatic customization of PIPG for trajectory

optimization, alongside code-generation for embedded systems (such as CVXGEN [17],

CASADI [221] and CVXPYGEN [222]), will allow rapid prototyping and extend its use in

real-time optimization applications. The in-house-developed code-generation software

SCVXGEN (see Section 2.6), which will soon be released, is an effort to this end.

Next, solving nonconvex problems directly with PIPG opens an important new direction,

which would eliminate the need for algorithms such as SCP and SQP to solve nonconvex

trajectory optimization problems. In the recent years, nonconvex optimization via first

order methods has received significant attention [212, 223, 213, 214, 224].

Finally, customization of PIPG for solving SDPs in robust trajectory optimization is a

promising avenue [225]. Here, developing a fast solver for funnel synthesis [32, 33, 34] is

key, which will further facilitate the simultaneous computation of funnel and trajectory for

a variety of constrained nonlinear systems [226].

6.3 Deferred Decision Trajectory Optimization

As it stands, DDTO considers the same path constraints for trajectories to each of the targets.

Future work can analyze how different constraints can be imposed on trajectories to differ-

ent targets without compromising guarantees and computational tractability. Furthermore,

the existing framework is designed for open-loop feedforward guidance. A more practical

approach, however, is to recursively update the DDTO solution in closed-loop with newly

acquired information about the unknowns from perception and sensor measurements. For

instance, by embedding a perception-based metric into the optimization problem for DDTO

within a recursive setup, the robustness of the trajectories can be improved and the motion

of the vehicle can be biased toward regions where the contingencies can be more easily

quantified. The recently demonstrated ADAPTIVE-DDTO framework [126] marks a step

towards this goal, with potential for further extensions and theoretical analysis.
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Appendix A

GRADIENT OF DISCRETIZED DYNAMICS IN CT-SCVX

A key step in any gradient-based solution method for (2.22) is to compute the partial

derivatives of Fk. We adopt the so-called variational method [98, Sec. 3.2], [97, Sec.

4.2], also referred to as inverse-free exact discretization [42, Sec. 2.3]. To this end, let
¯̃X = ( ¯̃x1, . . . , ¯̃xN), Ū, and S̄ denote a reference solution, and let ¯̃ν denote the corresponding

parameterization using (2.18). For each k = 1, . . . , N − 1, consider the following initial

value problem over [τk, τk+1]

◦
Φk

x̃(τ) = A(τ)Φk
x̃(τ), (A.1a)

◦
Φk

u(τ) = A(τ)Φk
u(τ) + Γu(τ)⊗ B(τ), (A.1b)

◦
Φk

s(τ) = A(τ)Φk
s(τ) + Γs(τ)⊗ C(τ), (A.1c)

Φk
x̃(τk) = Inx̃ , (A.1d)

Φk
u(τk) = 0nx̃×nu Nu , (A.1e)

Φk
s(τk) = 0nx̃×Ns , (A.1f)

where Φk
x̃(τ) ∈ Rnx̃×nx̃ , Φk

u(τ) ∈ Rnx̃×nu Nu , and Φk
s(τ) ∈ Rnx̃×Ns . The partial derivatives of

F evaluated on the augmented state trajectory ¯̃xk for (2.16b) over [τk, τk+1], with augmented

control input ¯̃ν and initial condition ¯̃xk, are compactly denoted with A(τ) ∈ Rnx̃×nx̃ ,

B(τ) ∈ Rnx̃×nu , and C(τ) ∈ Rnx̃ ,

A(τ) = ∇x̃F
(

¯̃xk(τ), ¯̃ν(τ)
)
, (A.2a)

B(τ) = ∇ũF
(

¯̃xk(τ), ¯̃ν(τ)
)uE⊤, (A.2b)

C(τ) = ∇ũF
(

¯̃xk(τ), ¯̃ν(τ)
)sE⊤, (A.2c)
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for τ ∈ [τk, τk+1]. Then, the partial derivatives of Fk with respect to x̃k, U, and S (denoted

by Ak, Bk, and Ck) evaluated at the reference solution are related to the terminal value of

the solution to (A.1) as follows

Ak = Φk
x̃(τk+1) = −∇x̃k Fk( ¯̃xk+1, ¯̃xk, Ū, S̄), (A.3a)

Bk = Φk
u(τk+1) = −∇U Fk( ¯̃xk+1, ¯̃xk, Ū, S̄), (A.3b)

Ck = Φk
s(τk+1) = −∇SFk( ¯̃xk+1, ¯̃xk, Ū, S̄), (A.3c)

Finally, the linearization of Fk is given by the mapping

(x̃k+1, x̃k, U, S) 7→ x̃k+1 − ¯̃xk(τk+1)− Ak(x̃k − ¯̃xk)− Bk(U − Ū)− Ck(S− S̄).

Note that arbitrarily chosen ¯̃X, Ū, and S̄ may not be continuous-time feasible, i.e., ¯̃xk(τk+1)

̸= ¯̃xk+1, for k = 1, . . . , N − 1. We refer to [3, Fig. 14, 15], [227, Sec. II] and [42, Sec 2.3] for

further insights on discretization and linearization of nonlinear dynamics.
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Appendix B

PROOF OF THEOREM 1

As a consequence of the relaxation in (2.22c) for a given ϵ > 0, we wish to bound ĝk
i (ϵ) and

ĥk
j (ϵ) on the interval [tk, tk+1], for any i = 1, . . . , ng, j = 1, . . . , nh, and k = 1, . . . , N − 1.

Lemma 14. Time derivative of path constraint functions gi and hj are bounded almost everywhere

on the state trajectory x and control input u.

Proof. Note that ν̃ in (2.18) is a piecewise polynomial, which is differentiable almost

everywhere in [0, 1]. Then due to (2.22d) and Remark 6, u(t) and s(τ) are bounded for

t ∈ [ti, tf], τ ∈ [0, 1], and
.
u(t) =

◦
u(t(τ))/s(τ) is well-defined and bounded a.e. τ ∈ [0, 1].

The state trajectory x is bounded due to Assumption 1. Further, for k = 1, . . . , N − 1, ∆tk

is bounded. Consequently, f , ∇□gi, and ∇□hj are bounded, where □ = t, x, and u. Then

using the chain-rule:
.
□ = ∇t□+∇x□

.
x +∇u□

.
u, with □ = gi, hj,

.
gi and

.
hj are bounded

almost everywhere.

We denote the upper bounds on the absolute values of
.
gi and

.
hj (which hold almost

everywhere) with ωgi and ωhj , respectively. When (2.22c) and the penultimate row of

(2.22b) are satisfied, for any i = 1, . . . , ng, j = 1, . . . , nh, and k = 1, . . . , N − 1, we have that

∫ τk+1

τk

s(τ) 1⊤|g(t(τ), x(t(τ)), u(t(τ)))|2+

+ s(τ) 1⊤h(t(τ), x(t(τ)), u(t(τ)))2 dτ ≤ ϵ,

⇐⇒
∫ tk+1

tk

1⊤|g(t, x(t), u(t))|2++1⊤h(t, x(t), u(t))2 dt ≤ ϵ,

=⇒
∫ tk+1

tk

|gi(t, x(t), u(t))|2+dt ≤ ϵ,∫ tk+1

tk

hj(t, x(t), u(t))2dt ≤ ϵ,
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where we use the change of variable: t(τ) = tk +
∫ τ

τk
s(θ)dθ, for τ ∈ [τk, τk+1].

tk tmax tk+1

(ĥk
j )

2 hj[t]2

η(t)

(a) ĥk
j ≤ ∆tkωhj

tk tmax t′max tk+1

(ĥk
j )

2 hj[t]2

η(t)

(b) ĥk
j > ∆tkωhj

Figure B.1: Approximation of the area under hj[t]2.

First, we examine the upper bound for ĥk
j (ϵ) (denoted as ĥk

j for brevity). We denote

hj(t, x(t), u(t)) compactly with hj[t], and assume, without loss of generality, that ĥk
j is

attained at tmax ∈ [tk, tk + 0.5∆tk]. Next, we approximate the area under hj[t]2, for t ∈

[tk, tk+1], via an auxiliary function η : [tmax, tk+1]→ R, given by

η(t) = |(ĥk
j )

2 − 2ωhj ĥ
k
j (t− tmax)|+.

Note that, for t ∈ [tmax, tk+1], we have

hj[t]2 − (ĥk
j )

2 + 2ωhj ĥ
k
j (t− tmax),

≥ hj[t]2 − (ĥk
j )

2 + 2ĥk
j (ĥ

k
j − hj[t]),

= hj[t]2 + (ĥk
j )

2 − 2ĥk
j hj[t] = (hj[t]− ĥk

j )
2 ≥ 0.

Therefore, hj[t]2 − η(t) is positive for t > tmax and hj[tmax]2 = η(tmax).

If ĥk
j ≤ ∆tkωhj , we have that η(t′max) = 0, where t′max = tmax + 0.5∆tk. The area under

η(t), for t ∈ [tmax, tk+1], is triangular (see Figure B.1a). Then

ϵ ≥
∫ tk+1

tk

hj[t]2dt ≥
∫ tk+1

tmax

η(t)dt, (B.1a)

=
∫ tmax+

ĥk
j

2ωhj

tmax

(ĥk
j )

2 − 2ωhj ĥ
k
j (t− tmax)dt, (B.1b)
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=
∫ ĥk

j
2ωhj

0
(ĥk

j )
2 − 2ωhj ĥ

k
j θ dθ =

(ĥk
j )

3

4ωhj

. (B.1c)

Hence, from (B.1c), we have that

ϵ ≤ ω2
hj

∆t3
min
4

=⇒ ĥk
j (ϵ) ≤ δhj(ϵ) = (4ϵωhj)

1
3 , (B.2)

for j = 1, . . . , nh.

Conversely, if ĥk
j > ∆tkωhj , we have that η(t′max) > 0. The area under η(t) within

[tmax, t′max] is trapezoidal (see Figure B.1b). Then

ϵ ≥
∫ tk+1

tk

hj[t]2dt ≥
∫ tk+1

tmax

η(t)dt,

>
∫ tmax+

∆tk
2

tmax

(ĥk
j )

2 − 2ωhj ĥ
k
j (t− tmax)dt,

=
∫ ∆tk

2

0
(ĥk

j )
2 − 2ωhj ĥ

k
j θ dθ,

= (ĥk
j )

2 ∆tk
2
−ωhj ĥ

k
j
∆t2

k
4

> (ĥk
j )

2 ∆tk
4

> ω2
hj

∆t3
min
4

,

where ∆tmin > 0 is the lower bound for ∆tk; it exists because the dilation factor is pos-

itive and τk+1 − τk > 0, for k = 1, . . . , N − 1. Note that ĥk
j > ∆tkωhj holds only if

ϵ > 0.25ω2
hj

∆t3
min This case can be ignored in practice since we are interested in small,

physically insignificant values for ϵ.

We can similarly determine an upper bound for ĝk
i (ϵ) by approximating the area under

|gi(t, x(t), u(t))|2+, for t ∈ [tk, tk+1], to obtain

ϵ ≤ ω2
gi

∆t3
min
4

=⇒ ĝk
i (ϵ) ≤ δgi(ϵ) = (4ϵωgi)

1
3 , (B.3)

for i = 1, . . . , ng.
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Appendix C

CONTROL INPUT PARAMETERIZATION

Let U = (u1, . . . , uNu) with uk ∈ Rnu , for k = 1, . . . , Nu. Then according to (2.18), the

control input is given by

u(τ) =
Nu

∑
k=1

Γk
u(τ)uk, (C.1)

for τ ∈ [0, 1]. Note that when time-dilation is not performed, normalized time τ is replaced

with actual time t in the following expressions.

C.1 Pseudospectral Methods

In pseudospectral methods, the control input is parameterized with a basis of orthogonal

polynomials, i.e.,

Γk
u(τ) =

Nu

∏
j=1
j ̸=k

2τ − 1− ηj

ηk − ηj
, (C.2)

is the Lagrange interpolating polynomial [228, Sec. 2.5] of degree Nu − 1, where ηk ∈

[−1, 1], for k = 1, . . . , Nu, are related to the roots of orthogonal polynomials (such as

members of the Jacobi family [228, Sec. 10.3]). For e.g., choosing ηk to be the roots of the

polynomial

η 7→ (1− η2)
dTNu−1(η)

dη
,

would correspond to Chebyshev-Gauss-Lobatto (CGL) collocation [227, Sec. D.1], where

TM : [−1, 1] → R defined by η 7→ cos(M arccos(η)) is the Chebyshev polynomial of
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degree M [228, Def. 3.3.1]. The choice of basis functions (C.2) ensures that Γk
u
( ηj+1

2

)
= δjk,

for each k, j = 1, . . . , Nu. As a result, u
( ηk+1

2

)
= uk, for k = 1, . . . , Nu.

C.2 First-Order-Hold

Choose Nu = N and define the elements of Γu as follows

Γ1
u(τ) =


τ2−τ
τ2−τ1

if τ ∈ [τ1, τ2],

0 otherwise,

Γk
u(τ) =



τ−τk−1
τk−τk−1

if τ ∈ [τk−1, τk],

τk+1−τ
τk+1−τk

if τ ∈ [τk, τk+1],

0 otherwise,

k = 2, . . . , N − 1,

ΓN
u (τ) =


τ−τN−1

τN−τN−1
if τ ∈ [τN−1, τN],

0 otherwise.

Then if τ ∈ [τk, τk+1], for some k = 1, . . . , N − 1, we have

u(τ) =
(

τk+1 − τ

τk+1 − τk

)
uk +

(
τ − τk

τk+1 − τk

)
uk+1.

Note that, for k, j = 1, . . . , N, Γk
u(τj) = δjk is the Kronecker delta. Consequently, u(τk) = uk,

for k = 1 . . . , N. The coefficients αk in (5.63) are given by

α1 =
τ2 − τ1

2
, (C.3a)

αk = τk+1 − τk, k = 2, . . . , N − 1, (C.3b)

αN =
τN − τN−1

2
. (C.3c)

156



C.3 Zero-Order-Hold

Choose Nu = N − 1 and define Γu as follows

Γk
u(τ) =

1 if τ ∈ [τk, τk+1),

0 otherwise,
(C.4)

for k = 1, . . . , N − 1. The coefficients αk in (5.63) are given by αk = τk+1 − τk, for k =

1 . . . , N − 1.

C.4 Finite-Burn Pulse

Choose Nu = N − 1 and define Γu as follows

Γk
u(τ) =

1 if τ ∈ [τk, tburn],

0 otherwise,
(C.5)

for k = 1, . . . , N − 1, where tburn < τk+1 − τk. The coefficients αk in (5.63) are given by

αk = tburn, for k = 1 . . . , N − 1.

C.5 Impulse

Choose Nu = N and define Γu as follows

Γk
u(τ) = δ(τ − τk), (C.6)

for k = 1 . . . , N, where δ is the Dirac delta function. The coefficients αk in (5.63) are all

unity.
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Appendix D

OPTIMAL CONTROL EXAMPLES

D.1 CT-SCVX

This section describes the optimal control problems considered for the numerical examples

in Section 2.6.

D.1.1 Dynamic Obstacle Avoidance

We consider a two-dimensional free-final-time path planning problem. The dynamical

system describing the vehicle comprises of position r ∈ R2, velocity v ∈ R2, cumulative

cost p̌ ∈ R, and control input u ∈ R2. Then x = (r, v, p̌) is the state, x̃ = (x, y, t) is

the augmented state, and ũ = (u, s) is the augmented control input. We choose a first-

order-hold (see Appendix C.2) parameterization for the augmented control input. The

augmented system is given by

◦
x̃ =



v

u− cd∥v∥v

∥u∥2

1⊤|g(t, x, u)|2+
1


s, (D.1)

where cd ∈ R+ is the drag coefficient. The vehicle is subject to the following inequality

path constraints: avoidance of n = 10 moving elliptical obstacles, speed upper bound, and
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control input upper- and lower bounds, which are encoded in function g as follows

g(t, x, u) =



1− ∥Ȟ1(r− q̌1(t))∥2

...

1− ∥Ȟn(r− q̌n(t))∥2

∥v∥2 − v2
max

∥u∥2 − u2
max

u2
min − ∥u∥2


. (D.2)

The shape matrix and center of the ith obstacle at time t are Ȟi and q̌i(t), respectively, for

i = 1, . . . , n. A sinusoidal motion is prescribed for the centers of the obstacles: q̌i(t) =

(ψi + δψi sin (θit +∠ψi) , 0), with amplitude δψi, phase angle ∠ψi, and frequency θi, about

the nominal center ψi. The speed upper bound and the control input upper- and lower

bounds are vmax, umax, and umin, respectively. The boundary conditions are specified

through function Q as follows

Q(ti, x(ti), tf, x(tf)) =



r(ti)− ri

v(ti)− vi

p̌(ti)

r(tf)− rf

v(tf)− vf


, (D.3)

where ri and vi are the initial position and velocity, respectively, and rf and vf are the final

position and velocity, respectively. We set the terminal state cost function to L(tf, x(tf)) =

p̌(tf). Constraint functions h and P are not utilized in this example.

Table D.1 shows the parameter values chosen for the system and the algorithm to

generate the results in Section 2.6.1. In addition, We choose the following parameter values

for prescribing the motion of the obstacles

ψ =

 34 −32 42 −24 34 −32 42 −24 34 −32

20 20 10 10 0 0 −10 −10 −20 −20

,
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δψ = (10) 11×n, θ =
( π

20

)
11×n,

∠ψ =
π

2

[
1 1 0 0 1 1 0 0 1 1

]
,

where □i is the ith column of □, for □ = ψ, δψ, θ,∠ψ. The scenario with static obstacles in

Section 2.6.1 is generated by setting δψ = 01×n.

Table D.1: Parameter values for dynamic obstacle avoidance example.

Parameter Value

cd 0.01 m−1

ri, rf (0,−28), (0, 28) m
vi, vf (0.1, 0), (0.1, 0) m s−1

vmax 6 m s−1

umin, umax 0.5, 6 m s−2

Hi, i = 1, . . . , n
[

0 0.45
0.03 0

]
ti 0 s
ϵ 10−5

U ,S {u ∈ R2 | ∥u∥∞ ≤ umax}, [1, 60]
N 10
γ 6.67× 103

ρ 1.5× 10−3

D.1.2 6-DoF Rocket Landing

We consider a free-final-time 6-DoF lunar landing scenario based on the formulation

given in [79], and adopt the notation therein. Then x = (m, rI , vI , qB←I , ωB) ∈ R14

is the state, u = TB ∈ R3 is the control input, x̃ = (x, y) is the augmented state, and

ũ = (TB, s) is the augmented control input. We choose a first-order-hold (see Appendix

C.2) parameterization for the augmented control input. The augmented dynamical system
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is given by

◦
x̃ =



−α̌∥TB∥

vI
1
m CI←B(qB←I)TB + gI

1
2 Ω(ωB)qB←I

J−1
B (rT,B × TB −ωB × JBωB)

1⊤|g(t, x, u)|+


s. (D.4)

The path constraint function g is given by

g(t, x, u) =



mdry −m

∥ cot γgsHγrI∥2 − (e⊤1 rI)2

−e⊤1 rI

∥vI∥2 − v2
max

∥2HθqB←I∥2 − (cos θmax − 1)2

∥ωB∥2 −ω2
max

∥ cos δmaxTB∥2 − (e⊤1 TB)2

−e⊤1 TB

∥TB∥2 − T2
max

T2
min − ∥TB∥2



, (D.5)

where the second-order-cone constraints on rI and TB are equivalently reformulated to

quadratic forms to ensure continuous differentiability [112, Sec. 3.2.4]. The boundary
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conditions are specified through function Q as follows

Q(ti, x(ti), tf, x(tf)) =



m(ti)−mwet

rI(ti)− ri

vI(ti)− vi

ωB(ti)

rI(tf)− rf

vI(tf)− vf

qB←I(tf)− qid

ωB(tf)



, (D.6)

where ri and vi are the initial position and velocity, respectively, rf and vf are the final

position and velocity, respectively, and qid is the unit quaternion. The terminal state cost

function is set to L(tf, x(tf)) = −m(tf). Constraint functions h and P are not utilized in this

example. Table D.2 shows the parameter values chosen for the system and the algorithm

to generate the results in Section 2.6.2. The definitions of Hγ and Hθ are taken from [79].

D.1.3 3-DoF Rocket Landing

We consider a convex, fixed-final-time Mars landing scenario based on the formulation

in [51]. Then x = (r, v, z) ∈ R7 is the state and u = (Ť, σ̌) ∈ R4 is the control input. The

vehicle mass is given by m = exp z, the thrust vector by T = mŤ, and σ̌ is an auxiliary

control input (slack variable) introduced as a part of the lossless convexification procedure.

The system dynamics is given by

.
x =


v

Ť + (0, 0,−gm)

−α̌σ̌

 (D.7)
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Table D.2: Parameter values for 6-DoF rocket landing example.

Parameter Value
α̌ 4.53× 10−4 s m−1

gI (−1.61, 0, 0) m s−2

rT,B (−0.25, 0, 0) m
JB diag(19150, 13600, 13600) kg m2

mdry, mwet 2100, 3250 kg
ri, rf (433, 0, 250), (10, 0,−30) m
vi, vf (10, 0,−30), (−1, 0, 0) m s−1

γgs 85◦

vmax 50 m s−1

θmax 60◦

ωmax 10◦ s−1

δmax 45◦

ti 0 s
Tmin, Tmax 5000, 22000 N
ϵ 10−4

U , S {u ∈ R3 | ∥u∥∞ ≤ Tmax}, [1, 60]
N 5
γ 2× 103

ρ 2.5× 10−3

=


03×3 I3 03×1

03×7

01×7


︸ ︷︷ ︸

A

x +


03×4

I3 03×1

01×3 −α̌


︸ ︷︷ ︸

B

u +


05×1

−gm

0


︸ ︷︷ ︸

w

,

where gm is the acceleration due to gravity on Mars, and α̌ determines the mass depletion

rate. We choose a zero-order-hold parameterization for the control input.

The path constraint function g is given by

g(t, x, u) = (D.8)
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

∥ cot γgsE12r∥2 − (e⊤3 r)2

−(e⊤3 r)

∥v∥2 − v2
max

z− z1(t)

−z + max{log mdry, z0(t)}

−e⊤3 Ť + σ̌ cos θmax

∥Ť∥2 − σ̌2

−σ̌

µmin(t)
(

1− (z− z0(t)) + 1
2(z− z0(t))2

)
− σ̌

−µmax(t)(1− (z− z0(t))) + σ̌



,

where E12 = [I2 02×1], e3 = (0, 0, 1),

z0(t) = log(mwet − α̌Tmaxt),

z1(t) = log(mwet − α̌Tmint),

µmin(t) = Tmin exp(−z0(t)),

µmax(t) = Tmax exp(−z0(t)),

Lossless convexification holds if ∥T(t)∥ = σ(t) = m(t)σ̌(t) a.e. t ∈ [ti, tf]. The boundary

conditions are specified through function Q as follows

Q(ti, x(ti), tf, x(tf)) =



r(ti)− ri

v(ti)− vi

z(ti)− log mwet

r(tf)− rf

v(tf)− vf


, (D.9)

where ri and vi are the initial position and velocity, respectively, and rf and vf are the final

position and velocity, respectively. The terminal state cost function is set to L(tf, x(tf)) =

−z(tf). The running cost function Y, and constraint functions h and P, are not utilized in

this example.
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Table D.3 shows the parameter values chosen for the system and the algorithm to

generate the results in Section 2.6.3.

Table D.3: Parameter values for 3-DoF rocket landing example.

Parameter Value
α̌ 4.53× 10−4 s m−1

gm 3.71 m s−2

ri, rf (2000, 0, 1500), (0, 0, 0) m
vi, vf (80, 30,−75), (0, 0, 0) m s−1

mdry, mwet 1505, 1905 kg
γgs 84◦

vmax 139 m s−1

θmax 40◦

Tmin, Tmax 4971.6, 13258 N
[ti, tf] [0, 84] s
ϵ 10−5

U {u ∈ R4 | ∥u∥∞ ≤ Tmax}
N 8
γ 6.67× 103

ρ 1.5× 10−3

D.2 DDTO

The following sections describe a discrete-time convex and a continuous-time nonconvex

optimal control problem based on quadrotor motion planning, which are used for the

numerical results in Section 4.6.

D.2.1 Discrete-Time Convex Problem

We consider a discrete-time model of a point-mass aerial vehicle where the state xk =

(rk, vk) consists of three-dimensional position rk ∈ R3, velocity vk ∈ R3, and the control

input uk ∈ R3 is an acceleration. The dynamical system is given by

xk+1 =

 I3 ∆tI3

03×3 I3


︸ ︷︷ ︸

A

xk +

∆t2

2 I3

∆tI3


︸ ︷︷ ︸

B

uk +

∆t2

2 a

∆ta


︸ ︷︷ ︸

c

, (D.10)
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where the vehicle has unit mass, a ∈ R3 is the acceleration due to gravity, ∆t is the sampling

time. The control input is subject to the following path constraints

∥uk∥ ≤ umax, (D.11a)

∥uk∥ ≤ sec δmaxê⊤uk, (D.11b)

ê⊤uk ≥ umin, (D.11c)

where umax and umin are the upper and lower bounds, respectively, on the control input

magnitude, δmax is the maximum angle between the control input and the pointing vector

ê. Note that in the presence of the pointing constraint (D.11b), a conservative convex

approximation for the (nonconvex) lower bound constraint on the control input magnitude

is provided by (D.11c). For each j ∈ J, the targets are singleton sets denoted by Z j = {zj}.

The stage cost function l in cumulative constraint (4.18d) is given by

l(xk, uk) ≜ ∥uk∥2. (D.12)

Table D.4 shows the parameter values chosen for the system and Algorithm 4 to generate

the results in Figure 4.5.

Table D.4: Parameter values for discrete-time convex optimal control problem.

Parameter Value
∆t 0.5 s
a (0, 0,−9.806) m/s2

n 4
N j for j ∈ [1 : n] 40

umax, umin 20, 8 m/s2

ê, δmax (0, 0, 1), 60◦

lmax 3794 m2/s4

z0 (0, 0, 30, 0, 0, 0) m, m/s
z1 (39.5,−6.25, 0, 0, 0, 0) m, m/s
z2 (39.5, 6.25, 0, 0, 0, 0) m, m/s
z3 (28.3, 28.3, 0, 0, 0, 0) m, m/s
z4 (40, 0, 0, 0, 0, 0) m, m/s

λ1, λ2, λ3, λ4 1, 2, 3, 4
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D.2.2 Continuous-Time Nonconvex Problem

We consider a continuous-time model of a point-mass aerial vehicle where the state

x(t) = (r(t), v(t), θ(t)) consists of three-dimensional position r(t) ∈ R3, velocity v(t) ∈ R3,

and cumulative trajectory cost θ(t) ∈ R, and the control input u(t) ∈ R3 is an acceleration.

The dynamical system is given by

.
x(t) =


v(t)

u(t)− cd∥v(t)∥v(t) + a

∥u(t)∥2

= F(x(t), u(t)), (D.13)

where the vehicle has unit mass, a ∈ R3 is the acceleration due to gravity, and cd is the

drag coefficient. The path constraints on the vehicle are defined by g : R7 ×R3 → R7 as

follows

g(x(t), u(t)) =



−∥H1
obs(r(t)− q1

obs)∥2 + 1

−∥H2
obs(r(t)− q2

obs)∥2 + 1

∥v(t)∥2 − v2
max

∥u(t)∥2 − u2
max

−∥u(t)∥2 + u2
min

∥u(t)∥2 − (sec δmaxê⊤u(t))2

−ê⊤u(t)



. (D.14)

where Hi
obs and qi

obs, for i = 1, 2, are the shape matrices and centers, respectively, of

ellipsoidal obstacles, vmax is the upper bound on speed, umax and umin are the upper and

lower bounds, respectively, on the control input magnitude, and δmax is the maximum

angle between the control input and the pointing vector ê. Note that gi, for i ∈ [1 : ng]

with ng = 7, in (4.21) denote the scalar-valued components of g. The second-order-

cone constraint is equivalently reformulated to a quadratic form to ensure continuous

differentiability [112, Sec. 3.2.4]. The boundary condition constraint functions Pj and Qj
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are defined as

Pj(x(tf)) ≜ θ(tf)− lmax, (D.15a)

Qj(x(tf)) ≜ (r(tf), v(tf))− zj, (D.15b)

where zj ∈ R6 specify the target position and velocity, for j ∈ J, and x(tf) is the terminal

state of a trajectory.

Table D.5 shows the parameter values chosen for the system and Algorithm 5 to generate

the results in Figure 4.6.

Table D.5: Parameter values for continuous-time nonconvex optimal control problem.

Parameter Value
a (0, 0,−9.806) m/s2

cd 0.01 1/m
n, N 4, 23
vmax 8 m/s

umax, umin 20, 5 m/s2

ê, δmax (0, 0, 1), 60◦

lmax 1100 m2/s4

H1
obs, H2

obs diag(0.2, 0.1, 0.2), diag(0.1, 0.2, 0.2)
q1

obs, q2
obs (−5, 1, 10), (−10, 20, 10) m

z0 (10,−10, 10, 0, 0, 0, 0) m, m/s, m2/s4

z1 (10, 30, 10, 1, 0, 0) m, m/s
z2 (−10, 35, 10, 0, 1, 0) m, m/s
z3 (−30, 15, 10, 0, 0, 0) m, m/s
z4 (−15,−15, 10, 0, 1, 0) m, m/s

λ1, λ2, λ3, λ4 1, 2, 3, 4
Ũ j {u ∈ R3|∥u∥∞ ≤ umax} × [1, 15]
ϵ 10−5
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Appendix E

EQUATIONS OF MOTION IN CISLUNAR SPACE

The spacecraft equations of motion (5.30) in the cislunar space are represented in the

Earth-centered inertial frame (ECI) defined by Earth’s Mean Equator and Mean Equinox

(MEME) at 12 :00 Terrestrial Time on January 1, 2000, with the origin at the instantaneous

center of the Moon (see [210, Sec. 3.7] for further details). This frame is labelled as J2000

in the NAIF SPICE toolkit [229], which is a widely used for ephemeris calculations. The

spacecraft state evolves according to the following nonlinear ordinary differential equation

.
rsc(t) = vsc(t), (E.1)

.
vsc(t) = − GMM

rsc(t)
∥rsc(t)∥3

2
+ GME

(
rE(t)− rsc(t)
∥rE(t)− rsc(t)∥3

2
− rE(t)
∥rE(t)∥3

2

)

+ GMS

(
rS(t)− rsc(t)
∥rS(t)− rsc(t)∥3

2
− rS(t)
∥rS(t)∥3

2

)
−

kscAscS0r2
0

Mscc

(
rS(t)− rsc(t)
∥rS(t)− rsc(t)∥3

2

)

+
3
2

GMMMJ2R2
M

rsc(t)
∥rsc(t)∥5

2

(
3 sin2

(
arccos

(
rE(t)⊤r̄sc(t)

∥rE(t)∥2∥r̄sc(t)∥2

)
+ θeq

)
− 1

)
,

where

r̄sc = rsc −
r⊤scv̄E

∥v̄E∥2
2

v̄E,

v̄E = − rE × (rE × vE) = −r⊤E (vE × rE).

Note that z ≜ (rsc, vsc) and the right-hand-side of (E.1) defines function f̌ in (5.30). We use

the DE 421 ephemeris [189] within SPICE to query the position and velocity of Earth and

Sun with respect to Moon. Vectors rE, v̄E and rE × vE form a right-handed orthogonal set.

The projection of spacecraft position vector onto the plane formed by rE and rE × vE is
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denoted by r̄sc. The angle between r̄sc and rE, denoted by λsc, quantifies the Moon latitude

closest to the spacecraft. The cannonball model of solar radiation pressure assumed in (E.1)

represents the spacecraft as a sphere. As a result, the cross-sectional area Asc experiencing

solar radiation is independent of spacecraft orientation. Figure E.1 and Table E.1 describe

the quantities appearing in (E.1).

r̄sc

rsc

rE

rE × vE

Earth vE

−rE × (rE × vE)

Moon
λsc

Figure E.1: Illustration of the vectors defining the spacecraft equations of motion in the cislunar
space.
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Table E.1: Parameters in the spacecraft equations of motion

rsc Position of spacecraft with respect to Moon

vsc Velocity of spacecraft with respect to Moon

rE Position of Earth with respect to Moon

vE Velocity of Earth with respect to Moon

rS Position of Sun with respect to Moon

ksc Reflectivity of spacecraft body

r0 1 AU

Asc Cross-sectional area of spacecraft

S0 Solar flux at distance r0 from Sun

c Speed of light in vacuum

G Universal gravitational constant

Msc Mass of spacecraft

ME Mass of Earth

MM Mass of Moon

MS Mass of Sun

MJ2 J2 zonal harmonic coefficient for Moon, 2.024× 10−4

RM Radius of Moon, 1737.1 km

θeq Equatorial inclination of Moon, 6.68◦
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Appendix F

SIGNED DISTANCE

The signed-distance [92, Chap. IV Sec. 1.3] of z ∈ Rn with respect to a nonempty convex

set D ⊂ Rn, denoted by dD(z), is given by

dD(z) = inf
y∈D
∥z− y∥ − inf

x/∈Dc
∥z− x∥. (F.1)

The gradient of dD evaluated at z, denoted by ∇dD(z), is given by

∇dD(z) =
(z− z∂D)⊤

dD(z)
, (F.2)

where z∂D = argmin
y∈∂D

∥z− y∥ is the projection of z onto the boundary of D, denoted by ∂D.

Consider a polytope of the form: D = {z ∈ Rn |Hz ≤ h}, where H = [H1 . . . Hm]⊤

and h = (h1, . . . , hm), with Hi ∈ Rn, hi ∈ R, for i = 1, . . . , m. Then

dD(z) =


min
y∈D
∥z− y∥ if z /∈ D

min
1≤i≤m

|H⊤i z−hi|
∥Hi∥

otherwise
(F.3)

where the first case amounts to solving an inequality-constrained QP and the second case

is a simple algebraic enumeration spanning at most all the faces of the polytope. Further,

the projection of z onto the boundary of D is given by

z∂D =


argmin

y∈D
∥z− y∥ if z /∈ D

z− (H⊤i⋆ z−hi⋆ )

∥Hi⋆∥2 Hi⋆ otherwise
(F.4)
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where i⋆ = argmin
1≤i≤m

|H⊤i z− hi|/∥Hi∥.
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Appendix G

PARAMETERIZED SETS FOR SAFETY

Suppose that the system model in (5.31) also includes process noise, i.e., function f takes

a process noise vector from Rnw as an additional argument. Let C([a, b], Rn) denote the

space of piecewise continuous functions that map [a, b] to Rn.

Given a state trajectory x over [ti, tf] for the dynamical system, along with a safety

horizon [0, ts], we can consider more general safety constraints

x(t) /∈ Bt
τ, ∀ τ ∈ [0, ts], t ∈ [ti, tf], (G.1)

where Bt
τ are parameterized compact sets. Given an avoid set P ⊂ Rnx , and compact sets

U ⊂ Rnu and W ⊂ Rnw , the following are some examples of parameterized set-based

constraints.

• Backward reachable set (BRS):

Bt
τ =

z ∈ Rnx

∣∣∣∣∣∣∣
dx(γ)

dγ
= f (γ, x(γ), 0nu , 0nw), γ ∈ [t, t + τ]

x(t) = z, x(t + τ) ∈ P

 (G.2)

• Robust BRS (with off-nominal actuation from U ):

Bt
τ =

z ∈ Rnx

∣∣∣∣∣∣∣∣∣∣
∀u ∈ C([t, t + τ],U )
dx(γ)

dγ
= f (γ, x(γ), u(γ), 0nw), γ ∈ [t, t + τ]

x(t) = z, x(t + τ) ∈ P

 (G.3)
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• Robust BRS (with process noise fromW):

Bt
τ =

z ∈ Rnx

∣∣∣∣∣∣∣∣∣∣
∃w ∈ C([t, t + τ],W)

dx(γ)
dγ

= f (γ, x(γ), 0nu , w(γ)), γ ∈ [t, t + τ]

x(t) = z, x(t + τ) ∈ P

 (G.4)

• Robust BRS (with process noise fromW and off-nominal actuation from U ):

Bt
τ =

z ∈ Rnx

∣∣∣∣∣∣∣∣∣∣
∃w ∈ C([t, t + τ],W), ∀u ∈ C([t, t + τ],U )
dx(γ)

dγ
= f (γ, x(γ), 0nu , w(γ)), γ ∈ [t, t + τ]

x(t) = z, x(t + τ) ∈ P

 (G.5)

The set (G.2) is the same as the one described in Section 5.3.2.2, the set (G.3) considers the

failure scenario where all off-nominal actuation from U causes the spacecraft to enter P ,

the set (G.4) considers the failure scenario where at least one process noise realization from

W causes the spacecraft to enter P , and set (G.5) considers the failure scenario where there

exists at least one process noise realization fromW such that all off-nominal actuation

from U cause the spacecraft to enter P . Here, off-nominal actuation refers to a damaged

actuation system which does not provide the expected (nominal) performance.

When the dynamics function f is affine, control input u and process noise w are subject

to zero-order-hold or impulse parameterization, and the avoid set P is a polytope, we can

efficiently compute Bt
τ. Otherwise, these sets are intractable to compute.
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Appendix H

UNIFORM-GRID DISCRETIZATION

FOR FREE-FINAL-TIME PROBLEMS

Consider a discrete-time dynamical system given by

xk+1 = fk(xk, uk), k ≥ 1. (H.1)

We consider a trajectory and a control input sequence defined over the grid: 0 = t1 <

. . . < tN = tf. Suppose that the underlying continuous-time dynamical system is

.
x(t) = F(x(t), u(t)), t ∈ [0, tf] (H.2)

and assume that the continuous-time control input u is subject to a zero-order-hold param-

eterization. Then for each k ∈ [1 : N − 1], we have the following

fk(xk, uk) ≜ xk +
∫ tk+1

tk

F(kx(t), uk)dt, (H.3)

where kx is a trajectory for (H.2) over [tk, tk+1] with constant control input uk and initial

condition xk. Note that subscript “k” in fk accounts for the possibility that grid tk, for

k ∈ [1 : N], is nonuniformly-spaced.

Next we apply time-dilation, which considers a new independent variable τ ∈ [0, 1]

by mapping [0, 1] to [0, tf] using a strictly increasing, piecewise linear function t. For each

k ∈ [1 : N − 1], define dilation factor as follows

sk ≜
dt(τ)

dτ
, τ ∈ [τk, τk+1], (H.4)
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where 0 = τ1 < . . . < τN = 1 is a uniformly-spaced grid. We treat the dilation factor

as an additional control input, i.e., ũk ≜ (uk, sk) for each k ∈ [1 : N − 1], to obtain a new

dynamical with an augmented control input

f̃ (xk, ũk) ≜ xk +
∫ τk+1

τk

skF(kx(t(τ)), uk)dτ,

= fk(xk, uk) = xk+1.

We constrain s to be positive and bounded (for strict monotonicity and physically meaning-

ful values of t). While all trajectories of length N for the new dynamical system are defined

over [0, 1], they can each correspond to a different final time. Suppose that a collection of

trajectories with same initial state but different target states are required to be identical

for as long as possible, then each of those trajectories can have different final time in spite

of being the same length. The dilation factors of all trajectories will be the same in the

identical portion of trajectory; beyond that, they may differ (since the dilation factor serves

a role similar to the original control inputs).
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and Behçet Açıkmeşe. HALO: Hazard-Aware Landing Optimization for Autonomous Sys-

tems. In 2023 IEEE International Conference on Robotics and Automation (ICRA). IEEE, May 2023.

doi:10.1109/icra48891.2023.10160655.

[127] Andreas Orthey, Constantinos Chamzas, and Lydia E. Kavraki. Sampling-based motion

planning: A comparative review. Annual Review of Control, Robotics, and Autonomous Systems,

7(1), November 2023. doi:10.1146/annurev-control-061623-094742.

[128] Stephen Zobell and Craig Wanke. Deferability: A concept for incremental air traffic

management decision making. In 9th AIAA Aviation Technology, Integration, and Opera-

tions Conference (ATIO). American Institute of Aeronautics and Astronautics, 2009. doi:

10.2514/6.2009-6964.

[129] S. B. H. Bruder and K. Wedeward. Terrain aided INS robot navigation: a deferred decision

making approach. In 42nd Midwest Symposium on Circuits and Systems (Cat. No.99CH36356),

volume 1, pages 135–139, 1999. doi:10.1109/MWSCAS.1999.867227.

191

https://doi.org/10.1137/20M136630
https://doi.org/10.1137/20M136630
https://doi.org/10.1109/mcs.2024.3382415
https://doi.org/10.1146/annurev-control-060117-104941
https://doi.org/10.1146/annurev-control-060117-104941
https://doi.org/10.1109/TIT.2006.871582
https://doi.org/10.1109/access.2018.2886471
https://doi.org/10.1109/access.2018.2886471
https://doi.org/10.1109/icra48891.2023.10160655
https://doi.org/10.1146/annurev-control-061623-094742
https://doi.org/10.2514/6.2009-6964
https://doi.org/10.2514/6.2009-6964
https://doi.org/10.1109/MWSCAS.1999.867227


[130] P. O. M. Scokaert and D. Q. Mayne. Min-max feedback model predictive control for con-

strained linear systems. IEEE Transactions on Automatic Control, 43(8):1136–1142, August 1998.

doi:10.1109/9.704989.

[131] Avik Jain, Lawrence Chan, Daniel S. Brown, and Anca D. Dragan. Optimal cost design for

model predictive control. In Proceedings of the 3rd Conference on Learning for Dynamics and

Control, volume 144, pages 1205–1217. PMLR, 2021.

[132] Yuxiao Chen, Ugo Rosolia, Wyatt Ubellacker, Noel Csomay-Shanklin, and Aaron D Ames.

Interactive multi-modal motion planning with branch model predictive control. IEEE Robotics

and Automation Letters, 7(2):5365–5372, April 2022. doi:10.1109/LRA.2022.3156648.

[133] Renzi Wang, Mathijs Schuurmans, and Panagiotis Patrinos. Interaction-aware model predic-

tive control for autonomous driving. In 2023 European Control Conference (ECC), pages 1–6.

IEEE, June 2023. doi:10.23919/ECC57647.2023.10178332.

[134] Ping Lu and Sergio A. Sandoval. Abort guidance during powered descent for crewed lunar

missions. In AIAA Scitech 2021 Forum. American Institute of Aeronautics and Astronautics,

2021. doi:10.2514/6.2021-0505.

[135] Jason Hardy and Mark Campbell. Contingency planning over probabilistic obstacle pre-

dictions for autonomous road vehicles. IEEE Transactions on Robotics, 29(4):913–929, 2013.

doi:10.1109/TRO.2013.2254033.

[136] John P. Alsterda, Matthew Brown, and J. Christian Gerdes. Contingency model predictive

control for automated vehicles. In 2019 American Control Conference (ACC), pages 717–722,

2019. doi:10.23919/ACC.2019.8815260.

[137] Jackey Z. Yan and Chris Chu. DeFer: Deferred decision making enabled fixed-outline

floorplanner. In 2008 45th ACM/IEEE Design Automation Conference, pages 161–166, 2008.

doi:10.1145/1391469.1391512.

[138] Y. Baram. Partial classification: the benefit of deferred decision. IEEE Transactions on Pattern

Analysis and Machine Intelligence, 20(8):769–776, 1998. doi:10.1109/34.709564.
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