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University of Washington

Abstract

Additive Hazards Regression with Incomplete Covariate Data
by Michal Kulich

Chairperson of Supervisory Committee: Professor Danyu Lin

Department of Biostatistics

This dissertation addresses two incomplete covariate data problems in the additive
hazards (AH) regression model for failure time data. Both are examples of two-
phase designs where some covariate is measured only on a subset of the total sample.
The first is the case-cohort design, where the covariates are ascertained on all the
failures and on a randomly selected subcohort. We propose an estimator for the
AH regression parameter under the case-cohort design, prove its consistency and
asymptotic normality and discuss its practical use. The other case we consider is the
errors-in-variables design, where the true covariate is observed only on a validation set
selected by independent Bernoulli sampling, but a surrogate covariate is available for
all subjects. Under these circumstances, we define the corrected score (CS) estimator
for the AH regression parameter and show that it is consistent and asymptotically
normal. Our approach works under mild regularity conditions, does not impose any
parametric distributional assumptions on the covariates and allows for surrogates that
are biased for the true covariate of interest. The CS estimator is easily generalized to
multiple covariates. We describe its application in several situations involving both
discrete and continuous covariates, investigate its behavior by simulation studies and

illustrate its use on a real-life example.
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Chapter 1

INTRODUCTION

The publication of D. R. Cox’s paper on proportional hazards regression (Cox.
1972) represented a real breakthrough in the statistical analysis of censored failure
time data. Cox’s paper introduced a convenient method for estimating the associ-
ation of a vector of covariates with time to failure. The Cox model works under
rather general conditions, is easy to apply, and estimates parameters that are easily
interpretable as log relative risks. It has become very popular in biomedical research:
today it is considered the standard method for the statistical analysis of both ran-
domized and observational studies with failure time endpoints in medical research
and epidemiology. Since 1972, several alternative regression models for failure time
data have appeared, among them the additive hazards model (Breslow and Day. 1987.
p- 182; Cox and Oakes, 1984, p. 74; Lin and Ying, 1994). Although the Cox model
remains the most widely used failure time regression model in biostatistics. the al-
ternative models possess some appealing characteristics that make them potentially

useful in many situations.

The availability of regression models for censored failure time data has had a
tremendous impact on biomedical research. It enabled investigators to extract much
more information from a study with a failure time endpoint than it was possible with
the statistical methods used prior to 1972. It became feasible to conduct studies
addressing more delicate scientific questions. However, many important questions in

medical research and epidemiology remained hard to answer because they required



conducting too large and expensive studies. Usually, the number of subjects to be
included in a biomedical study is chosen so that a sufficient power is achieved against
a prespecified clinically meaningful alternative. When the failure rate is low or when
the alternative is hard to distinguish from the hypothesis, the sample size skyrockets
along with the study budget. The cost of conducting the study particuiarly soars
if the main financial burden does not lie in recruiting and following the subjects.
but in the necessity to take one or several fairly expensive measurements on each
enrolled subject. Examples of such a costly covariate are a complicated laboratory
test or a thorough and reliable dietary assessment. The expensive covariate may be a
confounder, which must be accounted for lest the main covariate’s effect is distorted.
or, in observational studies, it may be the main covariate of interest itself.

If such a problem arises in practice, the investigators sometimes measure the ex-
pensive covariate only on a small subset of the study subjects. Experimental designs
based on this principle are called two-phase designs. At the first phase, study subjects
are selected from the population of interest: at the second phase, a random sample
from the first-phase subjects is chosen in a certain way and the expensive covariate is
measured on that sample. Only the second-phase subjects thus have complete covari-
ate information; the extent of missingness in the first-phase subjects may vary from
no covariates observed at all to all observed but one. The two-phase design can also
be viewed as a missing data problem where covariate data are missing by design. The
fact that the missingness mechanism is completely known greatly facilitates statistical
analysis.

The cost-effectiveness of a two-phase design depends on the costs of enrollment
and follow-up relative to the cost of covariate assessment. A two-phase design does
not decrease the total number of study subjects. On the contrary, to match the power
of a simple one-phase study, a two-phase study must enroll extra subjects. However.
if covariate assessment is much more expensive than enrollment and follow-up. a

two-phase study can achieve substantial savings by reducing the number of costly



covariate measurements. In many cases, the savings will be only slightly offset by the
increase in sample size.

The sampling schemes used for the selection of the second-phase subjects and the
statistical methods used for the analysis of a two-phase study may differ case by case.
However, they should always minimize the loss of efficiency due to the incompletene'ss
of the data. An example of a clearly inefficient approach is the complete-case analysis
based on the second-phase subjects selected by simple random sampling. Better
results could be achieved by employing a more efficient second-phase sampling method
or by exploiting the information provided by the study sub jects not selected into the
second-phase sample. For example, there often exists an imperfect surrogate for
the costly covariate that can be easily and cheaply measured on all subjects. The
information contained in the surrogate covariate may be used to improve the precision
of the whole analysis.

In this dissertation, two special cases of two-phase designs in survival framework
are considered: the case-cohort design and the errors-in-variables design. In the case-
cohort design. the second-phase sample consists of all the subjects that are observed
to fail during the study plus the subcohort, a random sample from the whole first-
phase population. The covariates of the subjects not selected into the second phase
sample are considered unknown. The subcohort may be selected by simple random
sampling or a surrogate may be used to increase efficiency by altering the subcohort
sampling probabilities in a suitable way. The analysis of the case-cohort design uses
only the second-phase data.

The second design to be discussed here is the errors-in-variables design. It is
applicable whenever there exists a cheap surrogate covariate, which is related to
the expensive true covariate of interest. The surrogate covariate can be regarded
as the true covariate measured with error: hence errors-in-variables. It is assumed
that the surrogate is available for all the first-phase subjects and the true covariate

1s measured on a second-phase sample obtained by simple random sampling. The
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second-phase sample is called the validation set. The validation set is used to estimate
the association between the surrogate and the true covariate. That facilitates the
use of the nonvalidation data. where the true covariate itself is unobserved. for the
estimation of regression parameters.

The errors-in-variables design belongs to the wide class of covariate measurement
error problems. There is a vast literature on covariate measurement errors but the
problem is rarely introduced in the context of two-phase designs because most meth-
ods for dealing with measurement error do not require the existence of a validation
set. Instead, it is often assumed that there exist multiple independent observations
of the surrogate on each subject, or that the association between the surrogate and
the true covariate (error variance, for example) is known from an extraneous source.
However, the existence of a validation set makes relying on arbitrary extraneous infor-
mation unnecessary and allows for the use of surrogates that are not unbiased for the
true covariate. That is why the definition of the errors-in-variables design explicitely
puts the covariate measurement error problem into the two-phase design context.

This dissertation considers the case-cohort and errors-in-variables designs in the
setting of the additive hazards (AH) regression model. Like the Cox model. the
AH model is a semiparametric regression model for censored failure time data. The
regression parameters in the AH model can be interpreted as risk differences, or
expected excess events per unit of time. Since medical researchers, especially epi-
demiologists, are sometimes primarily interested in estimating and interpreting risk
differences rather than relative risks, the additive hazards model represents an im-
portant tool for the analysis of many such studies. It can be also useful when the
Cox model does not fit the data well, and it may provide a revealing supplementary
insight into the data even if the Cox model remains the preferred method of analysis.
It is therefore important that statistical methods for analyzing data with the AH
model should be developed.

This dissertation helps to expand the area where the additive hazards model can



be applied by demonstrating that the case-cohort estimation under the AH model
is as easy and convenient as under the Cox model and that. unlike for the Cox
model. there exists a simple and relatively general estimating method for the errors-
in-variables design under the AH model. The main goal of the dissertation is to
develop consistent estimators of the additive hazards regression parameters under
the two specific two-phase designs, to derive their asymptotic distributions. and to

investigate their behavior in finite samples.

In Chapter 2, the known results about the Cox model and the additive hazards
model with coinplete data are briefly summarized and basic notation is introduced.
Chapter 3 reviews the current methods for estimating the Cox model parameters
under the case-cohort design and provides a short summary of previous work on
Cox model estimation when covariates are subject to measurement error. The case-
cohort design for the AH model is the topic of Chapter 4. There it is explained
how the case-cohort estimator is derived, what its asymptotic distribution is and how
the asymptotic variance can be estimated. It is discussed how to select the sub-
cohort to increase efficiency and the AH case-cohort estimator is compared to the
Cox case-cohort estimator in terms of asymptotic relative efficiency with respect to
the full-data estimators. The small-sample behavior of the AH case-cohort estimator
Is investigated through simulation studies. An analysis of a real-life data set con-
cludes Chapter 4. Chapter 5 is devoted to the errors-in-variables design under the
AH model. It begins with a set of conditions imposed on the surrogate covariate
and defines an estimator assuming that the model includes only the true covariate
and that the association between the true and surrogate covariates is known. The
asymptotic distribution of the proposed estimator is derived and a consistent estima-
tor of the asymptotic variance is introduced. The initial assumptions are relaxed in
the subsequent sections of the chapter. Examples of applications in certain special
cases are followed by the results of simulation studies. An analysis of a data set is

also included. Chapter 6 summarizes the results obtained previously. discusses the



usefulness of the proposed methods, and indicates possible directions for further re-
search on the topic. The Appendix explains the mathematical notation that we use

and includes an overview of important symbols that appear in the dissertation.
Before we proceed to the next chapter, let us illustrate the practical use of two-

phase designs on a real-life example.

Example 1.1 (Wilms Tumor Study). Since 1969, the National Wilms Tumor
Study Group (NWTSG) has been conducting a series of randomized clinical trials to
investigate the natural history of Wilms tumor and to identify the best treatment
regimens for different subgroups of patients. Wilms tumor is a rare kidney cancer
occurring only in children, with a relatively good prognosis when treated with com-
bination chemotherapy. The largest studies conducted by NWTSG so far have been
NWTSG-3 (closed for enrollment in 1986) and NWTSG-4 (closed for enrollment in
1993). The results of NWTSG-3 were previously published by D’Angio et al. (1989).
Breslow et al. (1991), and by Green et al. (1994b); a subanalysis of a part of the
NWTSG-4 data appeared in Green et al. (1994a).

The most important prognostic factors for death or recurrence in Wilms tumor
patients include histologic type of the tumor, which can be roughly classified into
favorable (FH) and unfavorable (UH), and stage, which can be regarded as a measure
of tumor spread. Stage I corresponds to localized disease, stages II and III to regional
disease, and stage IV to metastatic disease. See Breslow et al. (1991) for a formal
definition of stages I-III. In NWTSG studies, histologic type was first evaluated by
a local pathologist in the institution that treated a particular patient. Tumor tissue
samples were then sent to the NWTS Pathology Center where histologic type was
reevaluated by an experienced pathologist. By the protocol, the reevaluation was done
for all patients for which sufficient information had been submitted. The institutional
and central evaluations of histology agreed in most, but not all, cases. For obvious

reasons. central histology can be regarded as much more precise and reliable than



institutional histology.

Since histologic type and tumor stage are very strong and independently acting
risk factors. any statistical analysis of time to death or relapse should adjust for
both. However, this requires reexamining all the samples for histologic type in the
central laboratory, as was done in NWTSG studies. This is expensive and sometimes
unfeasible, either because of the cost of the laboratory analyses or because of limited
facilities or a lack of experienced personnel. Such financial or other restrictions may
seriously limit the size of the study. If such a problem arises, a two-phase design may
be the solution, provided that statistical methods for its analysis are available.

Suppose that a two-phase design was to be applied to a NWTSG study. For
all the patients, the tissue samples would be collected and histologic type would be
assessed by the local pathologist. The patients would be randomized to treatment
arms as before. In addition, they would be also randomly divided into two groups: the
members of the second-phase sample and the others. Only the tissue samples of the
second-phase patients would be submitted to the central laboratory for a reevaluation.

For example, in the case-cohort design, the second-phase sample would consist of
all the patients that experienced a failure (death or relapse) plus a random sample
of a certain proportion of the first-phase subjects. Because it is not known which
patient experienced a failure until the end of the study, the tissue samples of all the
subjects would have to be frozen for a later analysis. So the case-cohort design can
be used only if such a procedure is practically feasible.

If the errors-in-variables design is to be applied, it is natural to treat central
histology as the true covariate and institutional histology as the surrogate. All the
first-phase subject have the surrogate covariate observed. At the second phase, a
random validation set is selected, and the tissue samples of the validation set sub-
jects are submitted to the central laboratory. Since the validation sub jects have both
central and institutional measurements available, it is easy to estimate the proba-

bility of unfavorable central histology conditionally on a given value of institutional
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histology. The knowledge of this association can then be used to recover the relevant
information from the nonvalidation sub jects.

Both case-cohort and errors-in-variables designs would substantially reduce the
number of laboratory analyses performed by the Central Pathology Lab. The cost
of conducting the NWTSG studies would thus be lowered. However, sifnple and
efficient statistical methods to analyze the data collected in a two-phase study need

to be developed first.



Chapter 2

FAILURE TIME REGRESSION

2.1 Failure time data, censoring, basic notation

Suppose that a subject is followed in time until a failure occurs. The time to failure
T can be regarded as a non-negative random variable with an unknown distribution
function F. We are interested in certain features of the failure time distribution F.
If independent replicates of T are available. estimation of F' does not pose much
difficulty. Yet because the subjects cannot be always followed until all experience a
failure, failure time data are often censored by the time the observation is terminated
and T may not be observed directly. So let the censoring time C be the time when
the follow-up ends if failure does not occur earlier. The observed data then consist
of the censored failure time X = min(T, C) and the failure indicator A = 1(T < C).
Here, 1(-) is the indicator function. which is equal to 1 if the event in the parenthesis
occurs and to 0 otherwise. If A =1, we have X = T and so T is observed exactly. If
A =0, we only know that 7 > X.

The distribution of T can be described by the distribution function F or by the
density f = F', if it exists. However, in the presence of censoring it is more convenient

to describe the distribution of T in a different way. Let

M) = Lim 1Pt<T <t+h]

> 0.
moorh PTsq 0 20

The function A(t) is called the hazard function. It is the instantaneous probability

of failure at time ¢ given that the failure has not occured prior to time ¢t. If F is
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continuous and the density f exists, the hazard function satisfies

_ __f(t)  dln[l - F(¢)]
Aty =12 F(t) — dt ’

In that case, F(t) = 1—exp{—A(¢)}, where At) = f(; A(s) ds is the cumulative hazard
function. Thus, the hazard function uniquely specifies the distribution of T and the
same is true even if the distribution F is not continuous.

Sometimes it is not the distribution of T itself that we are most interested in.
but the effect of certain factors on that distribution. So let Z be a p-vector of
covariates and suppose that the main question is: How does Z affect the failure time
distribution? As indicated earlier, one might as well ask: How does Z affect the
hazard function? An answer to this question could be provided by a model selected

from the general class of regression models defined by
A(tlZ) = ®(X(t), 85 2), (2.1)
where
Mt|Z) =h£rgl+h'lP[t§ T<t+h|T>t2].

The left hand side of (2.1) is the hazard function conditional on Z ; it is the hazard for
a subject with covariate vector Z. The right hand side specifies how the covariates
affect the hazard. The p-vector B, contains the parameters that descibe the associa-
tion between Z and A(t|Z) and Ag(t) is the baseline hazard—the hazard for a subject
with Z = 0. The function ® links the two parts together. To make the interpretation
of Ag as the baseline hazard correct, ® must satisfy ®(z,0) = z. Evaluating the effect
of Z on T is now equivalent to estimating the parameter vector 3,.

When the baseline hazard )\, is known up to a finite number of parameters, we
obtain a parametric regression model and the parameter vector B, can be estimated
by maximum likelihood. When g is left completely unspecified, we arrive at a

semiparametric model. Here are two examples:
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Example 2.1 (Cox model). Setting ®(z,y) = ze¥ in (2.1) and leaving Ay unspec-

ified. we get
A(t|Z) = Xo(t) exp{B] Z}.

This is the Cox proportional hazards (PH) model with exponential link. The basic
assumption behind the PH model is that the hazard ratio A(t|z1)/A(t|22) is constant
over time. Each parameter under the Cox model can be interpreted as the log relative

risk per a unit change in the covariate.

Example 2.2 (Additive hazards model). Another semiparametric model is de-

fined by ®(z,y) = z + y, that is
A(t|Z) = Xo(t) + 81 2.

This equation defines the additive hazards (AH) model. The AH model assumes
that the difference in the hazards for two given values of Z is constant over time.
The AH model parameter is interpretable as the risk difference per a unit change
in the corresponding covariate. That is, the AH parameter estimates the difference
(between two subjects with a unit difference in the covariate) in expected numbers

of failures occuring within a unit of time.

Before we proceed to discuss the Cox model and the additive hazards model in
more detail, we introduce some convenient notation and a couple of assumptions. Let
N(t) = 1(X < t,A =1) be the 0-1 process counting the number of failures observed
prior to or at time ¢. Let Y(¢) = 1(X > t) be the 0-1 process indicating whether or
not the subject is at risk for failure at time ¢. Notice that the pair (X, A) is equivalent
to (N(t),Y(t);t > 0). Denote by 7, 0 < 7 < o0, the time when observation ends.
Write Ag(t) = fot Ao(s)ds for the cumulative baseline hazard. In addition, we allow
the covariate vector Z to be time-dependent. More precisely, we assume that Z ()

is a left-continuous process with right-hand limits. Finally, we assume throughout



this thesis that censoring time is conditionally independent of failure time. given the

covariate process.

2.2 The Cox model

Suppose that (X;, A;, Z;(¢),0 <t < X;), 7 =1,....n, are independent replicates of
(X.A.Z(t)). The subjects are indexed by ¢ and n is the total sample size. Let the

hazard for the failure time T follow the model
Mt|Z) = Mo(t) exp{Bq Z(t)},

where Ao(-) is an unknown and unspecified baseline hazard function. Cox (1972.
1975) suggested that the p-vector of parameters B, be estimated by maximizing the

partial likelihood

) . },;(s)exp{’gTzi(s)} AN;(s)
Lo )_HH[ ” Yj(s)exp{ﬂTZj(s)}] |

where AN;(s) = N;(s) — Ni(s—). Let us define

SO0 = 2 3 Yilt) exp{BTZu(0))

SW(B,1) = - Z Z(O)Yi(t) exp{87 Zi(1)),
and
SNB1)= 13 P exol8” Zi),
where a®? = aa7, and set

— SsM(,t)
Z(B.t) = oG
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Then the partial likelihood score vector Upy(B) = 01ln L(B)/IB can be written as
Urn(8) =Y [ [Z:(6) - Z(8.0] axiqo).
i=1 Y0

The maximum partial likelihood estimator 3 pH 1s the solution of Upy(B8) = 0.
It can be found by a Newton-Raphson iterative procedure. Notice that only the
subjects whose failures are observed contribute a term to the PL score. while censored
subjects’ data affect Z(8.t) only. Breslow (1972) proposed a cumulative baseline
hazard estimator for the Cox model, which takes the form

A= [ D)
o DL Yi(s)exp{Bpy  Z:(s)}

=1

The theory of counting process martingales is extremely convenient for investi-
gating the properties of estimators and score functions in failure time regression.
Andersen and Gill (1982) used martingale theory to develop a rigorous asymptotic
theory for the Cox partial likelihood score and the corresponding estimator. For a
thorough description of the use of counting process martingales in censored data. see
Fleming and Harrington (1991) or Andersen et al. (1993). For the Cox model, the

martingale theory asserts that
t

M;i(t) = Ni(t) —/ }'}(s)exp{ﬁgZ;(s)}dAo(s)
0

Is a martingale with respect to the filtration ., = o{Ni(s),Yi(s),Zi(s),0< s<t,i=
1,....n}. It can be shown (see Fleming and Harrington, 1991, Chapter 4) that

Urr(Bo) = Y [ [2:46) - Z(8o,1)] arsit)

(which implies that E Upy(8,) = 0) and

Eru(Bo) = E [%ng{(ﬁo)} = —%Ea‘%UPF{(ﬁo)

T (2)
- /0 E [fwg—gzg —Eez(ﬂo,t)} SO(B,. t) dAq(t).
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Andersen and Gill (1982) introduced a set of regularity conditions for the consis-
tency and asvmptotic normality of the Cox estimator. Under their conditions. thev

proved that
.BPH —p Bos
n~2Upp(Bo) =4 Np(0, Spu(B,)), and
\/E(BPH - Bo) —>d NP(O* E;’;—I(IBO))

Andersen and Gill also showed that, when (Xi, A, Z;) are independent and identically

distributed replicates of (X, A, Z ), the regularity conditions reduce to

Ao(T) < o0, (2.2)

PY(r) =1] >0, (2.3)

pru(Bo) > 0, (2.4)

B sup [Y()|Z(t)| exp{B7 Z(t)}] < oo, (2.3)

o<t<r

where B is some neighborhood of Bo-
We conclude the review of the Cox model by noting that the Cox partial likelihood
estimator achieves semiparametric efficiency. Proofs of this fact can be found in Begun

et al.(1983) or in Klaassen (1989).

2.3 The additive hazards model

Under the additive hazards (AH) model, the conditional hazard function for the

failure time T given the covariate vector Z takes the form
AtlZ) = Ao(t) + Bg Z(t), (2.6)

where Ag(-) is an unknown and unspecified baseline hazard function. The additive
hazards model was proposed by many authors, among them Aalen (1980). Cox and

Oakes (1984, p. 74) and Breslow and Day (1987, p. 182). However, semiparametric



methods for estimation in the AH model were not available until Lin and Ying (1994).
Motivated by the form of the Cox partial likelihood score. these authors developed a
pseudoscore function for the AH model which defines a consistent and asymptotically
normal estimator.

To explain Lin and Ying’s additive hazards estimator. we start by introducing the

at-risk covariate average

L Zit)Yi(t)

Z(t) = Y.

x—l
Notice that Z(¢) is just the average of the covariates for the subjects at risk at time

t. Lin and Ying defined the AH pseudoscore as
UA(B) = Z/ — Z:(t)] [dNi(t) — Z:(t)TBYi(¢) ). (2.7)

Since

n

> [2:(t) - Z(t)]¥i(t) = 0, (2.8)

=1

1t is easy to see that the pseudoscore satisfies

vaB) =Y [ (Zu) - oy aniie) - Z [z -Zeesnn . (2

and

UalBe) = 3 [ 1240~ BN an) - ity dhoto) - 2 Bovi0r ). (2.10

=1
Equation (2.9) implies that the AH estimator B 4 defined by U A(,B 4) = O takes on

the explicit form

B, = {Z;/of[z,-(t) -7(t)]ezy;.(t)dt} {Z;/Or[z,-(t) - Z(1)] dN.-(t)}.

The counting process martingale for Ni(t) in the AH model is given by

M,-(t):N.-(t)-/o y;(s)dAo(s)—/o Z(s)"B,Yi(s) ds
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It follows from (2.10) that Us(B,) = 3.7, Jo [Zi(t) — Z(t)] dMi(t) and thus [4(B,)
1s a martingale integral.

Lin and Ying (1994) argued that the counting process arguments of Andersen
and Gill (1982) can be used to show that n=!/2[, (By) is asymptotically normal with

mean zero and covariance matrix which can be consistently estimated by

l"J)

A= —Z/ — Z(8)]%%dN;(t), (2.11)

and that \/r_z(,B 4 — By) converges weakly to p-variate normal distribution with zero

mean and covariance matrix that can be consistently estimated by D “"411) ! where
B, =1 Z/ [Z:(t) — Z(¢)]|2Y;(¢) dt
n =1 0

is the negative partial derivative of the pseudoscore. At the end of this chapter. we
prove these assertions in the special case of independent and identically distributed
data.

The cumulative baseline hazard in the AH model can be consistently estimated

by

o

- dN,
Ao(t) = 0 Z T ((SS / Z(s)"B,, ds, (2.12)

an estimator proposed by Lin and Ying and motivated by the Breslow estimator for
the Cox cumulative baseline hazard.

It is useful to note that there are several important distinctions between the addi-
tive hazards model and the Cox model. F irst, the form of the hazard equation (2.6)
that defines the AH model imposes an implicit constraint on the covariates: it re-
quires that Z(¢)78, > —Ao(t) for all ¢. Thus, the covariates are necessarily bounded
from one side. Second, the cumulative baseline hazard estimator defined by (2.12)
may be non-monotone. Lin and Ying suggested that, should such a case arise, the

estimator be augmented by taking the supremum: K'(t) = SUPgc,<; Ko(s). They also



considered the model A\(¢|Z) = Ao(t) + exp{Bg Z(t)}. which does not suffer from
this drawback: however. the parameters lose their convenient interpretation. Third.
unlike the Cox partial likelihood score. the AH pseudoscore includes one term for each
subject no matter if the subject fails or is censored. F inally, the estimator ,@A is not
semiparametric efficient. Lin and Ying demonstrated that it acheves full efficiency if
and only if By = 0 and Ay(t) is constant. However, the loss in efficiency should be

small provided that B, is small and the baseline hazard is approximately constant.

Asymptotic distribution of the AH estimator

Here we present short proofs of Lin and Ying’s asymptotic results under the iid as-
sumption. So, suppose that (X;, A;, Z(t),0<t< X;),i=1,...,n, are independent
replicates of (X, A, Z(¢)). Recall that the data are collected on the time interval
[0.7], 7 < oo, so that P[X > 7] = 0. Define

m«(t) = E Z2%(t)Y (¢), kE=0,1,2,

and denote e(t) = m(t)/mo(t). Since the data are id, wi(t) is also the limit in

n
i=1

probability of n—! Z%k (t)Y:i(t). Consider the following regularity conditions:

Condition 2.1. Ao(T) < o0.

Condition 2.2. P[Y;(t) = 1] > 0.

Condition 2.3. Esupgg,<. [Y(¢)Z%%(t)B] Z(t)| < oo.

Condition 2.4. The matrix 4(8,) = E I3 [2(t) — e(t)]®2dN(t) is positive definite.
Conditions 2.1-2.4 are similar to Andersen and Gill’s (1982) regularity conditions

for the Cox model with iid data (see Equations (2.2)-(2.5)). Conditions 2.1 and 2.2

constrain the data to a finite time interval, with probability of observing a failure

being positive throughout the interval. They are probably not necessary; Andersen

and Gill succeeded in relaxing them provided that the covariates were bounded. Con-

dition 2.3 is a boundedness condition on the covariates. It assures that the matrix



—
(V7]

Y 4 defined in Condition 2.4 exists. Condition 2.4 itself is necessary for consistency
and asymptotic normality of the AH estimator.

By Condition 2.3. mi(t). k = 0.1,2. are uniformly bounded on [0.7]. By Condi-
tion 2.2, mo(t) is bounded away from zero on [0, 7]. Taking these facts into account

and using a result from Andersen and Gill, we obtain the following lemma:

Lemma 2.1. Let the data be iid and let Conditions 2.2 and 2.8 hold. Then

. 1 .
(i) suPo<i<- n 1 ZER)Yi(t) — mi(t)] =, 0, k = 0,1.2:

(1t) SUPo<i<r 1Z(t) - e(t)] -, 0

Proof. (i) Andersen and Gill used the strong law of large numbers for separable
Banach spaces to show a similar result for the Cox model (Andersen and Gill, 1982.
Corollary II1.2). The sufficient condition for the Cox model is (2.5), which is analogous
to Condition 2.3. The proof given by Anderesen and Gill, though a little more general
than needed here, applies without a change.

(11) We have

Z() - e() = TR0 el

= uo(t [ ZZ (t)Yi(t) —m (¢ ):l + %Z Z;(t)YYi(¢t) [(%Z};(t))‘l _ 7‘_0_1(1,):' .

This is bounded in absolute value by

}(t —11'1 ' ] ZZ Z}(t) l—‘/ro—l(t),.

The supremum of the the whole expression above converges in probability to zero

no(t

by Part (i) of this lemma and by Condition 2.2. In fact, Conditién 2.2 implies not
only that mg(t) > 0 for 0 < ¢ < 7 but also P[3_Yi(t) = 0] =, 0 as n — oo for any
0 <t < 7. This finishes the proof. O
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We proceed to prove asymptotic normality of the normalized AH pseudoscore

evaluated at the true parameter 3,,.

Lemma 2.2. Let Conditions 2.1-2.4 hold. Then

'\}-T;UA(.BO) = % ; ¥ (By) + op (1), (2.13)

where
2N (B,) = / 1Z:(t) — e(t)] dMi(t)
(0]

are 1id random vectors. Consequently,

\/LEUA(:BO) —d Np(0.£4(8,)),

where
£4(Bo) = varg!(B,) = E / 1 Z4(t) ~ e(8)]dN(h).
6]

Proof. To prove (2.13), it suffices to show

% Z /0 T[?(t) — e(t)] dM;(t) -, 0.

The left hand side is a martingale integral with predictable variance function

T 1 n
Z(t)—e(t)]®2 =Y dNi(t).
|z - e > ave
This is bounded in absolute value by

— 1<
Sup |Z(t) - et ; A,
where the supremum converges to zero in probability by Lemma 2.1(ii). Since
n~! 3~ A; converges in probability to a constant, (2.13) is proven.

It follows thét n~1204(B,) has the same limiting distribution as n=1/2 5~ sz-A)(ﬁo).
But @A)(ﬁo), t = 1,...,n, are iid random vectors with zero mean (they are mar-

tingale integrals!) and finite positive definite covariance matrix & 4(B,). Hence their

normalized sum must converge in law to the desired normal distribution. g
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It remains to establish consistency and asymptotic normality of the AH estimator.

This is done in the last lemma.

Lemma 2.3. Under Conditions 2.1-2.4, B, is consistent and
V(B4 = Bo) =4 Np(0, D3 S4(8,)D;1),
where -
Dy = E/or[Z(t) — e(t)]®%Y (t) dt.
Proof. Differentiating the observed pseudoscore, we get
agﬁT =-Z/ Z(t)— Z(t)|ZT(t)Yi(t)d
=FZ/0 [Zi(t) — Z(t)]®?Y(¢) dt
=1

_i . i (1) — 2y
_ngfo[z,(t) e(t)|®2Yi(t) dt + L,

where

=%zn:/ t)]9%Y;(t) dt

=1

* ;Z/ [2:(2) — e(t)]le(t) — Z()]TYi(t) dt

+ = Z/[e N[Z:(t) — e(?)]TY;(¢

(2.14)

We used the identity (2.8) to obtain the second equality in (2.14). Notice that it is

admissible to interchange differentiation and integration without any conditions. It

follows from the fact that U/, (B) may be written in such a way that B is completely

outside the integrals. The remainder term L, is op(l) by Lemma 2.1(ii). Since the

leading part is an average of iid terms,

_19U4(B) T @2
_ AN E Z;(t) — Y:(t)d D
n 587 —p /0 [Z:i(t) — e(1)]®%Yi(t) dt = D,.



Using the Taylor expansion to decompose U4 (,E‘J 4) = Ua(By), we get

ol 4(B7)

e —=—(B4 — Bo)-

Ua(B4) — Ual (Bo) =

where B is on the line segment between EA and B,. Since n~'9L4(B%)/08" is

constant in B~ and converges in probability to —ID4, and since U4 (B 4) = 0. we have
1
TEUA(ﬂO =D, \/—(ﬂ-a ﬂo + op(1).

By Lemma 2.2, the left hand side converges in law to Np(0,£4(B,)). Hence. /n (,5 1=
Bo) converges in law to N, (0 ,D7'T4(8,)D 7'). Consistency of B, follows from asymp-

totic normality. O



Chapter 3

INCOMPLETE COVARIATE DATA IN FAILURE TIME
REGRESSION

3.1 The two-phase design as a missing data problem

Suppose that we have a first-phase sample: a random sample of subjects (indexed
by i = 1,...,n) selected from an infinite general population of interest. We would
like to use the first-phase sample plus some additional information for making in-
ference about certain population characteristics. During the first phase, we observe
the data {D,;,i = 1,..., n}. In failure time regression, D;; may include the failure
and censoring information and some of the covariates. Suppose, however. that the
first-phase data are not sufficient for correct inference, e.g., because some important
covariates are not observed. So, we draw a second-phase sample V C {I..... n}
and collect additional data Dy; for each i € V. We assume that the complete
data {D;UDy;1 = 1,... .n} include all the information necessary for making infer-
ence about the desired general population characteristics. However, we observe only
{Du,i=1,....,n}U{Dy,i € V} and {Da2i,i € V} is missing.

Thus, a two-phase design can be regarded as a special case of a general missing
data problem. While the general missing data theory has to make various assumptions
about the missingness process that are hard to verify (missing at random, missing
completely at random-—see Rubin, 1976), in a two-phase design we usually know
exactly how the second-phase sample V was selected. We use the observed data and
the knowledge of the second-phase sampling mechanism to estimate what the values

of certain statistics of interest would have been if the complete data were observed



and we base the inference on the estimated statistics. This is our general approach
to two-phase designs.

In the rest of this chapter, we discuss the case-cohort design in general.‘ review the
existing methods for estimating the Cox model parameters under the case-cohort de-
sign, and summarize different approaches to covariate measurement errors in general

and their applications to the Cox model in particular.

3.2 The case-cohort design

3.2.1 General discussion

The case-cohort design was first proposed by Prentice (1986). It is a special case of a
two-phase design, where the second-phase sample V consists of all the failures (cases)
and the subcohort. The subcohort is a random sample from the first-phase subjects
regardless of their failure status. The information on the first-phase subjects not
selected into V is very limited: it is assumed that only their failure status is known
and, sometimes, that their at-risk status is also available. Even if more information
is observed on these subjects (some covariates, say), it cannot be directly used by the
case-cohort estimator. On the other hand, the second-phase subjects have complete
failure, censoring and covariate information.

The case-cohort design has an appealing motivation in the Cox model case. for
which it has been originally proposed. In the Cox model, it is only the failures that
contribute directly to the partial likelihood score. The covariates of the censored
observations (controls) serve only as a baseline to which the covariates of the failures
are compared. So, when the covariates of all the failures are known, no term is
lost from the partial likelihood. When the failure rate is low, the first phase sample
consists of a relatively small number of failures and a large number of controls. Like
in the case-control study, little efficiency is gained by including a large number of

controls per failure and hence little efficiency is lost when some of the controls are



excluded because their covariates are not observed.

It follows that the case-cohort design is especially useful for large cohort studies
of rare diseases. In such cases. it loses little efficiency compared to the complete-data
estimator and it achieves the largest savings in terms of covariate measurements.
That has already been demostrated by Prentice (1986).

The case-control design suffers from several drawbacks. Here is a list of the most

important ones:

¢ The timing of covariate assessment may pose a significant problem in the case-
cohort design. It is impossible to assess the covariates of the cases until it
is known which subjects fail and hence the cases’ covariates are ascertained
retrospectively. On the other hand, the subcohort is often identified at the start
of the study and followed more closely than the non-subcohort subjects. That
may lead to substantial bias due to differential covariate assessment, especially
if time-dependent covariates are used. A case-cohort study must be designed
very carefully to avoid such bias. Occassionally, this problem can be entirely
avoided: as an example, imagine that blood samples are drawn from all the
subjects at the beginning of the study, stored in a freezer, and analyzed once
it becomes known that a particular subject is a member of the second-phase

sample. In most cases, however, such a procedure is unfeasible.

e The case-cohort study may lose efficiency due to heavy censoring at the end of
the follow-up. The censoring thins out the subcohort and thus the sub jects that
fail later are compared to a relatively small number of controls still remaining
at risk. Several authors (Samuelsen, 1989; Lin and Ying, 1993) have proposed
a remedy for this problem: a new subcohort is to be selected later in time, from

the subjects still remaining at risk.

® The case-cohort design assumes no covariate data are observed during the first
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phase. However, in most cases at least some covariates are observed on all first-
phase subjects; vet the analysis of the case-cohort study cannot directly utilize
any of these data. This is the most substantial drawback of the case-cohort
design. The missing data approach of Lin and Ying (1993) makes use of the

partial information, but the efficiency of their method is unclear.

3.2.2 The case-cohort design under the Coz model

In this section, we review the existing methods for the estimation of the Cox model
parameters under the case-cohort design. We make use of the notation introduced in
Chapter 2. We start with the first results published by Prentice (1986), summarize
briefly the asymptotic theory of Self and Prentice (1988) and note some later proposals
and improvements considered by Lin and Ying (1993) and Samuelsen (1989).
In his 1986 paper, Prentice defined the case-cohort design as follows: let the
subcohort be identified by binary selection indicators §i so that P{&; = 1] = n¢/n.
i=1 & = nc and the subcohort is {i : & = 1}. This means that the subcohort is
a simple random sample of the first-phase subjects with a fixed size nc. Prentice
assumed that the covariate history of the ith subject at time ¢ is known if and only
if & = 1 or Ni(t) = 1, that is, if and only if the subject is a subcohort member
or has experienced a failure at time ¢t. To formalize this, let us introduce the time-
dependent indicator g;(t) = 1 — (1 — £i)(1 — ANi(t)). Then the covariate history
{Zi(s),0 < s <t} is known if and only if o(t) =1.
Prentice proposed using the following pseudoscore to estimate the vector of Cox

model parameters 8,:
#8)= Y [12:t) - Zr(8, )i,

where

ic1 2i(t)Z(t) exp{BT Z,(t)}Yi(2)
i1 0i(t) exp{BT Z,()}Yi(¢t)

-ZP(ﬂst) =
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Prentice’s case-cohort pseudoscore has the same form as the complete-data partial
likelihood score, except that the complete-data weighted covariate average Z(8.t)
is replaced by an estimator 7;:(,3, t) based only on the observed second-phase data:
Zp(B.t)isa weighted average of covariates of the subject that failed at ¢ and of the
subcohort members at risk at time . Notice that the covariates of the subjécts that
failed prior to ¢ are not included in Zp(B,t) even though they are known.

Prentice showed that E Up(B,) = 0 and calculated var Upr(B,). He gave a heuristic
argument for consistency and asymptotic normality of the estimator ,@ p defined by

Up(é p) = 0. He also proposed an estimator for the cumulative baseline hazard:

~ ne dN;(s)
‘\O(t) = - n_ . — T =
n Jo Z,’=1 Si exP{ﬂ Z;(s)}}i(s)

Self and Prentice (1988) provided a rigorous asymptotic theory for a slightly mod-
ified case-cohort estimator when the data are observed on a finite time interval [0. 7].
Like Prentice (1986), they also assumed that the subcohort is selected by simple ran-
dom sampling of a fixed size n¢ such that the subcohort proportion n¢/n converges

to o as n — oo. They considered the pseudoscore
Usp(B) = / [Z:(t) — Zsp(B.t)]dNi(t),

where

i=1§Zi(t) exp{BT Z:(t)}Yi(t
Zi:l ft exp{,BTZ,(t }Yx(t)

which differs from Zp(3,t) by not including any cases in the weighted covariate

Zsp(B.t) =

bl

average unless they belong to the random subcohort. Self and Prentice formulated
regularity conditions under which the case-cohort pseudoscore can be expressed as
a sum of two asymptotically independent terms, the first of which is the full-cohort
partial likelihood score and the second reflects the error due to subcohort sampling.

They showed that

T 'sp(Bo) =4 N(0,Zpy(B,) + =(8,))



and
Va(Bsp — Bo) —a N(0,S54(Bo) + Srk(Be) S (Bo) 54 (B, ).

where ﬁsp is the solution of USP(EJSP) = 0 and E7(8,) is the extra score variance
due to the incompleteness of the data.

Self and Prentice also proposed a consistent estimator for the extra score variance
matrix £*(B,) and for the variance of the case-cohort estimator. They demonstrated
that their estimator was asymptotically equivalent to Prentice’s and calculated its
asymptotic relative efficiency with respect to the complete-data partial likelihood
estimator in a simple case.

Lin and Ying (1993) mainly dealt with estimation in the Cox model with ir-
regularly missing covariates. They worked under the missing-completely-at-random
assumption (Rubin, 1976). The case-cohort estimator of Self and Prentice can be
obtained as a special case of Lin and Ying’s estimator. Lin and Ying also proposed
a different way to estimate the variance of the case-cohort estimator. However, it
can be shown that their variance estimator is asymptotically equivalent to that intro-
duced by Self and Prentice. Lin and Ying’s approach easily accomodates augmenting
the subcohort by selecting more subjects later in time and works under different
regularity conditions that do not include finiteness of the observation interval.

Samuelsen in his unpublished PhD dissertation (Samuelsen, ‘1989) introduced
several possible generalizations of the case-cohort design of Self and Prentice. He
suggested that the assumption of simple random sampling of the subcohort could
be relaxed in two ways: First, by making the subcohort selection indicators time-
dependent. In this way it would be possible to use different subcohorts at different
times of observation. His second proposal was to use general selection probabilities
pi for the inclusion of the first-phase subjects into the subcohort and to employ the
Horvitz-Thompson weights (Horvitz and Thompson, 1951) in the case-cohort pseu-

doscore. Samuelsen also noticed that the entire covariate histories of all the failures



can be utilized, if they are known.

Samuelsen suggested a case-cohort estimator for a parametric failure time regres-
sion model, which made use of several of these improvements. However. he neither
defined nor investigated an analogous estimator for the Cox model. It is neverthe-
less not dificult to do so; the estimator can be based on the following generalized

case-cohort pseudoscore:

Us(8) =Y [ 12itt) - Zs(8. 0o, (3.1)
i=1
where
n T -
Z5(8.1) = Dimy 0 Z0)exp(B7 Z(0)}¥it) 39)

i 0iexp{BT Z(t)}Yi(1)
and o; = A; + (1 — A;)&/p;i. The estimator based on Us allows for subject-specific
sampling probabilities and includes all failures in the estimator for Z(B.1).

3.3 Covariate measurement error in failure time regression

In this section, we briefly explain how statistical models that account for covariate
measurement error can be constructed and review the methods proposed for dealing

with covariate mesurement error under the Cox model.

3.3.1 Measurement error in regression models

Carroll, Ruppert and Stefanski (1995; Chapter 1) provided a nice overview of various
approaches to the statistical analysis of regression models with covariate measurement
error. They were mainly concerned with nonlinear regression models for noncensored
data but their classification applies to failure time regression models with covariare
measurement error as well. Here we summarize their main arguments.

Let Y be theresponse variable, Z the true covariate and W the surrogate covariate,

l.e., the true covariate measured with error. The underlying model we are interested in
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describes the conditional distribution of the response given the true covariate £(}[Z)
in terms of an unknown parameter to be estimated. Even without any measurement
error, the underlying model can be understood in two different ways: either we assume
that Z;. i = 1,... n, are realizations of a random variable with a certain parametric
distribution (structural modeling); or we take Z;'s as random or fixed but. if thev
are random, we do not make any assumptions about their distribution (functional
modeling). This distinction is important in covariate measurement error models as
well as in classical linear models, where a similar distinction is made between random
effects (structural modeling) and fixed effects (functional modeling).

Now suppose that the true covariate Z is not observed and that we observe 11~
instead. To make inference about the undelying model £(Y|Z), we have to specify
the measurement error model, that is. the association between W and Z. This can
be done in two ways: we either specify L(W|Z), or L(Z|W). The models that work
with L(W|Z) are called error calibration models. They treat the surrogate as a
random variable when the true covariate is held fixed. Examples of error calibration
models are the classical error model W = Z +¢ or the general error calibration model
W = y0+mZ + ¢, where v and 7, are fixed parameters and < is a random error. The
models that specify £(Z|W) are called regression calibration models. Here, the true
covariate is random given the surrogate. The simplest regression calibration model
Is Z = W +¢; when regression parameters are introduced, we get the Berkson model
Z=~v+nW+ec.

Error calibration models may seem more appealing because they describe the
measurement error more intuitively: the subject’s true covariate is fixed but unknown
and we can observe it only with an error. However, error calibration models are
interesting from another point of view: in statistical analyses, it is customary to
condition on observed data; and observed is W, not Z. In addition, the regression
calibration model may better describe the underlying physical mechanism. As an

example, suppose that W is the amount of a herbicide applied to a plant and Z is
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the amount of the herbicide actually absorbed by the plant. In this example it makes
perfect sense to model Z as a function of W and not vice versa.

In general. the choice between error calibration models and regression calibration
models is a matter of convenience. Sometimes one or the other is more natural
and therefore preferred (like regression calibration model in the herbicide example
mentioned above), but mostly either of them may be used.

Once we have chosen the measurement error model, we must learn something
about its parameters. The required information about the measurement error model
can be obtained externally (another data set from independent sources) or internally:
from an internal validation set, where Z is directly observable, or from repeated
replications of W, if only the measurement error variance is needed. It is always
preferable to use internal information about the measurement error process and to

this end the validation set is the ideal instrument.

3.3.2 The Coz model with covariate measurement error

In this section we review the current methods for estimating the Cox model parame-
ters when covariates are subject to measurement error. We start with the early results
of Prentice (1982), who introduced the induced relative risk and studied its proper-
ties. summarize briefly several subsequent results based on the regression calibration
approach (Pepe, Self and Prentice, 1989: Hughes, 1993; Zhou and Pepe, 1995; Wang
et al., 1997), and describe the corrected score approach of Nakamura (1992).

The first fundamental paper on covariate measurement errors in the Cox model
was written by Prentice (1982). He worked with the Cox model hazard for fajlure
time T defined by A(¢ | Z) = Xo(t)exp{BTZ(t)} and assumed that W is a surrogate
covariate for Z such that A(t | Z, W) = A\t | Z). He showed that the induced hazard
A(t | W) can be written as

At | W) = Ao(¢)E [eﬁTZ“) | T > t,W] ,
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where E [ exp{,BTZ (1)} l T >t¢, W] is called the induced relative risk. Since Prentice
conditioned on the surrogate W, he actually used a regression calibration model for
the measurement error. However. the induced relative risk is difficult to use and
there are two reasons why. First, the induced relative risk conditions on T > ¢ and
hence it is a complicated function of 8 and Ag. It is no longer possible to factor
out the baseline hazard from the relative risk equation. Second. Eexp{37Z (t)} is
the moment generating function of £(Z), which means that the induced relative risk
cannot be evaluated unless the distribution L(Z | W) is completely known.

The induced relative risk can be used to define a pseudoscore analogous to the

- partial likelihood score. Denote
S7(B.1) = Yi(1)E [#'50 | Yi(e) = 1. W]
and
<(1) S(0)
S; (B.t) = ,3 75 (B,1).

Then

W gt
Urs(B Z/ [S(o)(ﬂ . ’_" ;o,((g :;J dN(t).
j=1°; )

The induced score U;s depends on the unknown baseline hazard through the induced
relative risk, which is itself unknown, and so it is very difficult to evaluate. However.
as Prentice showed, it may be used to derive a score test for B = 0 because, under
B = 0, U;s(0) is independent of ).

Prentice argued that U;s(8) can be evaluated approximately when the failure rate
is low and Z is normally distributed given W = w, with mean p(w) and variance
Z(w). He showed that whenever P [T > t| Z| ~ 1, the dependence of 5% (g3, t) and

S(l)(ﬁ t) on Ao is negligible and therefore

E [eﬁTzu) ' T> t,W] ~E [eaTzu) l W] = STHW)I+BTE(W)E/2



This idea leads to an easy method to estimate 3. It was further investigated by Pepe.
Self and Prentice (1989), who proposed an approximate partial likelihood for 8 when
the failure rate is low and measurement error is normal.

Hughes (1993) studied the bias arising when the ordinary partial likelihood is used
to estimate B3 in the presence of measurement error. He proposed an adjustment to
the naive estimator based on the Cox partial likelihood that removes most of the bias
when censorship is high.

Zhou and Pepe (1995) noticed that the induced relative risk (and hence the
induced score) can be estimated nonparametrically when all surrogate covariates
are discrete and a validation set is available. Let the validation set be defined by
{i : & = 1}, where &;'s are iid binary variables. The induced relative risk for vali-
dation subjects is simply exp{BTZ;}. The induced relative risk for a nonvalidation
subject, E [e’sTZ" l Yi(t) =1. W;], can be estimated by

= GV (LW, = W,) 2
= G L(W, =W ))

The authors derived the limiting distribution of the resulting estimator and investi-

gated its efficiency. The biggest drawback of this method is that it requires discrete
surrogate covariates and may be unstable in small samples. Zhou and Wang (1995)
worked out an extention to continuous surrogate covariates by using nonparamet-
ric kernel smoothing. Yet, because of that, a practical application of their method
requires quite large sample sizes.

Wang, Hsu, Feng and Prentice (1997) developed a general regression calibration
method for estimation in the Cox model with covariates subject to measurement
error. They assumed that a validation set is available and specified a model for
E[Z| W, U], where U are some covariates that are always observed. They used
this regression calibration model to estimate the missing Z’s and to impute them
into the partial likelihood score. The parameter estimator based on this procedure is.

in general, biased. but the simulation studies conducted by the authors suggest that
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the bias is small in most practical situations.

The methods reviewed so far are all based on regression calibration. Error cal-
ibration was applied by Nakamura (1992), who used the so-called corrected score
method to derive an approximately unbiased estimator. Nakamura assumed that
W = Z + €, where the measurement error € ~ N (0,X) and T is a known covariance
matrix. The argument behind the corrected score method (see also Nakamura. 1990:
Carroll, Ruppert and Stefanski, 1995, Chapter 6) goes as follows. Suppose that. when
there is no measurement error, the score function U/ (B,Y, Z) yields a consistent esti-
mator. It follows that EU(B,,Y, Z) = 0, where B, is the true parameter. When W
is observed instead of Z, the score U(3,Y, W) in general yields a biased estimator
since U(B,Y, W) # 0. However, if there exists a modified score U*(B3,Y, W) such
that E[U~(8,Y,W)| Y, Z] = U(B, Y, Z), then the estimator based on U(B.Y. W)
should be consistent. That follows from EU(Bo. Y, W) = EU(B,,Y.Z) = 0. The
modified score U~ is called the corrected score.

The problem with the corrected score is that it may not exist. Unfortunately,
the Cox partial likelihood score is an example of this phenomenon. However, even
though the exact corrected score does not exist for the Cox model, Nakamura suc-
ceeded in deriving an approximate corrected score based on a second order Taylor
expansion under the assumption of normally distributed measurement errors with
known variance. The estimator based on Nakamura’s approximate corrected score is
inconsistent, but the magnitude of the bias is rather small. Nakamura did not prove
asymptotic normality of his estimator, but derived its limiting variance through a

heuristic argument.



Chapter 4

CASE-COHORT DESIGN FOR THE ADDITIVE
HAZARDS MODEL

In this chapter, we define a case-cohort estimator for the additive hazards regres-
sion model and investigate its limiting and finite-sample properties. In the case-cohort
design, covariate data are available for all failures and for the subjects selected into
the subcohort. Unlike Prentice (1986) and Self and Prentice (1988), who assumed
that the subcohort is obtained as a simple random sample of a fixed size from all
the study subjects, we allow for completely general subcohort sampling and fix the
subcohort size only asymptotically. In the next sections, we define the generalized
case-cohort design and propose an estimator for the AH regression parameters. Then
we derive limiting distribution of the estimator and develop a consistent estimator for
the limiting variance matrix. We describe how the subcohort sampling probabilities
should be selected to increase efficiency compared to simple random sampling. The
efficiency gain in a special simple case is demonstrated by a numerical calculation.
We also calculate the relative efficiency of the case-cohort estimator (relative to the
full-data estimator) in the AH model and compare it to the relative efficiency calcu-
lated by Self and Prentice (1988) for the Cox model. The chapter is concluded by a
simulation study and an application of the proposed methods to the NWTSG data

set.



4.1 Generalized case-cohort sampling

In the case-cohort design. the second-phase sample includes all the failures and the

authors assume that the subcohort is selected by simple random sampling and this
assumption is not always reasonable. We will therefore consider a general subcohort
sampling design defined by assigning an individual selection probability p; € (0. 1]
to each subject, similarly to the Samuelsen’s proposal for the Cox model (see Sec-
tion 3.2.2). The selection probabilities may be fixed pre-specified numbers. or they
may depend on the covariates and other data observed on a subject during the first
phase. The covariates that determine the sampling probabilities may themselves be a
part of the AH model; or they may be completely extraneous. The decision on whether
the selection probabilities are treated as fixed or random makes some difference to
statistical inference. If the subjects’ data are iid, and the sampling probabilities p;
depend on them, the p;’s may be also treated as iid random variables. However. if
the p,’s are fixed numbers, they cannot be considered iid and some conditions are
necessary to assure that the sequence p;.p,,... and the estimator based on it have
good asymptotic properties.

Let (X, A) be the pair of censored failure time and failure indicator and let Z be
the covariate p-vector. Although everything we do in this chapter applies to time-
dependent covariates as well, we omit the argument t in Z(¢) to make the notation
simpler. We continue to assume that the observation period is the finite interval [0, 7].
Denote by V' the set of covariates observed at the first phase. Some components of
V may be also a part of Z, but Z should contain at least one covariate not included
in V. We assume that (X;, A;, Z;, V.),i=1,...,n, are n independent replicates of
(X.A,2Z,V). When the selection probabilities pi are determined by the first-phase
data, we can write p; = p(V;, X;, A;), where p(-) is some function with values in

(0.1].
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When the sampling probabilities p; are fixed, we define the subcohort selection
indicator £; as follows: let & be a binary random variable with P&, =1]=1-P[¢& =
0] = p;. We assume that each ¢ is independent of X; and A, and also of £ , for j # 4.
The subcohort is defined as the set {i : & = 1} and the total size of the subcohort is
nc = ) _i_, & This is a random variable; however, if we require that n™' 5>"" p; = a
as n — oc, then also nc/n — a. So we do not fix the subcohort size but we fix the
limiting proportion of subjects sampled into the subcohort. A simple random sample
with random sample size is obtained by setting p; = a. When p; = p(V;, X,. ;). we
define &; so that p(V;, X;,A;) = E[& | Vi, X;, A;] and the independence of &; and ¢,
should hold conditionally on the first-phase data observed on the two sub jects 1 # j.

Apart from the components of V; that do not enter the AH model equation.
and apart from the sampling probabilities Di, the observable data are (X;, A;. Z;, &)
when & =1 or A; = 1, and (Xi, Aiy &) when & = 0 and A; = 0. Notice that the
whole covariate history is known for each of the cases. To estimate the AH regression
parameters, we define a new pseudoscore function that uses only the observed data

and mimics the AH pseudoscore U4. This is the topic of the next section.

4.2 Definition of the case-cohort pseudoscore and estimator

Following the lines of Samuelsen (1989), let us define the weighted availability indi-

cator 0; as
A N3
o0 = A, + (1 - A,)p—

The availability indicator is zero if the covariate data for the i-th subject are not
available; it is one if the subject is a case (an observed failure); and it equals the
inverse selection probability if the subject is not a case but has been selected into
the subcohort. Weighting incomplete data by inverse selection probabilities is an
old idea dating back to Horvitz and Thompson (1951). The indicator o; properly

handles even the failing subjects selected into the subcohort because it assigns their



sampling probability implicitly to 1. Notice that E [0i]| Ai.Z;] = Eo; = 1 because
€ 1s independent of A; conditionally on V;.

We define the case-cohort pseudoscore by taking the full-data AH pseudoscore [,
and multiplying each contribution by the weighted availability indicator. In this wayv
the contributions of the subjects with unobserved covariates are eliminated from the
pseudos.core and the contributions of the remaining subjects are properly weighted
by inverse selection probabilities. This is unlike the case-cohort design for the Cox
model, where only the failures contribute to the partial likelihood score and hence
there is no need to weight individual score contributions.

Let us first modify the at-risk covariate average as follows:

n .
Zyte) = S Zo

=1 <

The case-cohort at-risk average Zy(¢) is a weighted average of covariates of failures
and subcohort members that are at risk at time ¢. Thus, subject with unknown
covariates are not included in the average. Now the case-cohort pseudoscore is defined

as
Un(B8) = Z o /Ooo[z,- — Zu(t)] [dNi(t) — Z]BYi(¢) dt] .

The AH full-data pseudoscore includes a term for each subject no matter if it is
censored or not. Therefore, the case-cohort pseudoscore for the AH model inevitably
loses some contributions originally included in the full-data AH pseudoscore. This
was not the case with the case-cohort pseudoscore for the Cox model. It would be
interesting to see whether this fact has any detrimental effect on the relative efficiency
of the AH case-cohort design (this point is addressed in Section 4.5).

The case-cohort pseudoscore Uy satisfies the same basic identities as the full-data

pseudoscore U,. Indeed, since

n n

Z 0lZ: — Zy(t)]Yi(t) = Z 0, Z;Y(t) - zzl: Q‘Y:(t)Zii?;f);,?}if,ii()t) =0, (4.1)

=1 =1



<
(V7]

we can write Uy as

n

Ca(B) =Y { / 12— Za(t)] dNt) — o i 12, - Zu)PBYi0) dt} TR
0 (4]

=1

where we use the trivial identity o, dN;(t) = dN;(t). It also follows from (4.1) that
Un(Bo) = 30 [ 12: — Zu(t)] aice),
i=1 0
where
t t
M) = Ne) — [ ¥its) (o) — [ ZTBo¥i(s) ds
0 0

is the AH counting process martingale. It is, however, important to note that the
integrand Z;—Z(t) is not predictable and hence U H(Bo) is not a martingale integral.
Predictability of the integrand is violated because Zy(t) depends on the weighted
availability indicators, which in turn are functions of AR

By (4.2), the estimator E) # defined by the estimating equation UH(EJ ) = 0 takes

the form

n e -1 ¢ n -
—~ _ . ) _— 2y~ ._— A
By = {;/0 0ilZ; — Zg(t)] }.(t)dt} {;/0 (Z:— Zy(t)] d-\f.(t)}.

Both Uy and ﬁ # depend on the covariates only through the difference Z i — Zy(t).
That implies that both are invariant with respect to linear transformations of the

covariates and that the matrix
ﬁH = Z/ g,-[Z,- - 7H(t)]®2}’;’(t) dt
=1 Y

1s symmetric and positive definite unless Z y(t) is identical to Z i at all times. These
important properties hold only because of (4.1); alternative definitions of the at-risk
average Z y(t), which do not satisfy (4.1), result in estimators with undesirable small-

and large-sample behavior.
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4.3 Limiting distribution of the case-cohort estimator

Before we proceed to deriving the asymptotic distributions of the case-cohort pseu-
doscore and the estimator, let us summarize the working assumptions and review the
notation and regularity conditions introduced in Chapter 2.

We assume that the data are observed on the time interval [0.7],0 < 7 < oc and
that (X;,A;,Z;),i=1,... .n, are independent and identically distributed replicates

of (X,A,Z). As in Section 2.3, denote
() = EZ®%Y@®), k=0,1,2,

and define e(t) = m(¢)/mo(#). Recall that mr(t) is also the limit in probability of
n~t 300, Z8*Y(t) for each k = 0,1, 2.

We will make use of the regularity conditions needed for the weak convergence of

the full-data AH estimator. Introduced in Section 2.3, they were as follows:

Condition 2.1. Ao(7) < o0.
Condition 2.2. P(Y;(7)=1] > 0.
Condition 2.3. Esup,, |Y(t)Z2%°8] Z| < .

Condition 2.{. The matrix S4(8,) = E [[Z — e(t)]®2dN(t) is positive definite.
Under Conditions 2.2 and 2.3, m(t), k = 0,1,2, are uniformly bounded on [0.7]
and 7y(t) is bounded away from zero on [0,7]. By Lemma 2.1,

Sup LZ ZEYi(t) — m(t)| =50, k=0,1,2,

o<t<r (I 4

=1

and supg,<, 1Z(t) - e(t)| —» 0.
We will need another regularity condition for the case-cohort design. It forces the

subcohort selection probabilities to be bounded away from zero:

Condition 4.1. There exists a constant Po > 0 such that p; > pp fori =1.2.. ..



10

We proceed by showing that the case-cohort at-risk average Z(t) is uniformly

consistent in the following sense:

Lemma 4.1. Let Conditions 2.2 and 2.3 hold and let pi be independent and identi-
cally distributed random variables satisfying Condition 4.1. Then

sup |Zp(t) — e(t)] —p 0
o<t<r
Proof. Since SUPo<e<r |Z(t) — e(t)| —p 0, it suffices to show

sup [Zx(t) ~ Z(t)| =, 0
0<t<r

By definition of Zy(t) and Z(t),

n~! Zg,—Z,—Y;(t) _ n-! E Z,Y;(t).
"Zpi Y; n=! 37 Yi(¢)

)Z.Y (t)l

|Z(t)s — Z(t)u| =

S TSY “ZY(t
l Zg.zy t)” [ >own)] 1,.

The supremum over ¢ of the right-hand side converges in probability to zero provided

that
- 1 —0:)Z;Y(t)| =, 0, 4.3
P Z( 0))Z:Yi(t)| - (4.3)
and
1o .
sup — (1 - Q,‘)l”,’(t) —p 0. (4.4)
o<igr 1 (4

Notice that 1 — o; = (1 — A;)(1 — &/p;). Convergences in (4.3) and (4.4) obviously
hold pointwise, since E(1 — p;) = 0. It remains to prove uniformity. But, since §; are
identically distributed, uniformity in both (4.3) and (4.4) can be proven in the same

way as Lemma 2.1(i). O
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When the sampling probabilities are fixed constants, we just assume that (1.3)

and (4.4) hold so that Lemma 4.1 remains valid:
Condition 4.2. If p;,p,,... are fixed constants. they satisfy both (4.3) and (4.4).

Conditions 4.1 and 4.2 are assumed to be satisfied for the rest of this section. We
show next that the normalized pseudoscore evaluated at B, can be approximated by

a sum of independent zero-mean terms.

Theorem 4.1. Assume that Conditions 2.1-2.4 hold. Then

1 1 < ~ & -
Z=Un(Bo) = \/—h_;w?"(ﬂo) - ﬁg (1 —~ E—) (1 = A)Si(Bo) + 0p(1). (4.3)
where
& (B,) = / r[z,~ — e(t)] dM;(t),
0
and

5:(B,) = / 120 — e(t)]¥i(t){dAo(t) + ZTB, dt].

(4]

In addition, 12;‘(’”(,30) and (1 — &/pi)(1 — N;)S:i(B,) have zero means and are uncor-
related.

Theorem 4.1 approximates the case-cohort AH pseudoscore by a sum of the full-
data pseudoscore U4 and an adjustment factor due to the missing covariates in the
case-cohort design. The adjustment factor is independent of the full-data pseudoscore.
This representation of the case-cohort pseudoscore is analogous to that derived by Self
and Prentice (1988) for the Cox model. We present the proof of Theorem 4.1 under
the iid assumption only. It relies on three technical lemmas, which we formulate at

this point.

Lemma 4.2. Let {f,} and {gn} be two sequences of bounded deterministic functions

such that for some constant T,



® supgqic. [fa(t) — f(2)] = 0 as n = oc, where f is a continuous function:
e {g.} are monotonic:

® gn(t) — g(t) for t € [0,7] and some g. which is right-continuous at 0 and

left-continuous at .

Then

-0

sup
o<t<r

/O fals) dga(s) — /0 f(s) dg(s)

as n — oo.

Proof. We can write f, = f} — f7, where f = max(f,,0) and f7 = max(—f,.0)
are nonnegative functions. Hence, no generality is lost by assuming that f,, is non-

negative. Let us also assume that g, is nondecreasing. Then

/0 fn(S)dgn(S)—/0 f(s)dg(s) =/0[fn(3)—f(8)] dgn(3)+/0 f(s)d(gn — g)(s).
(4.6)

The first term on the right-hand side of (4.6) is bounded in absolute value by

/ |fa(s) = £(5)] dga(s) < sup |fa(s) = £()] [ga(t) = gn(O)],
0 0<s< T

which converges to zero because f, — f uniformly in ¢t and g.(t) = g(t) < oc.

The second Helly's theorem, as formulated in Serfling (1980) on page 352, states
the following: If f is a continuous function and gn — g on a finite interval [0, 7], where
gn are uniformly bounded and g is continuous at 0 and at 7, then Iy fdgn — Jy fdg.
Thus, the Helly’s theorem implies that the last term in (4.6) converges to zero, too.

It follows that
/ Fals) dgn(s) — / £(s) dg(s)
0 . 0

and the convergence is uniform since f(; fn(s) dgn(s) is monotone in t. This concludes

the proof. 4
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Lemma 4.3. Let B,(t) be a sequence of processes converging weakly to a tight limit
B(t) with almost surely continuous sample paths. Assume that Conditions 2.1-2.4

hold and let {Z(t).0 <t < 7} be of bounded variation. Then

/0 [e(t) = Zu(£)|dBa(t) =, 0.

Proof. By the Skorokhod strong embedding theorem (see Shorack and Wellner. 19S6.
p- 47). there exists another probability space on which Z (t) and B,(t) can be defined
so that {Zg(t), Ba(t)} converge to {e(t), B(t)} almost surely. Since B(¢) is almost
surely continuous, the convergence of B, to B also holds under the supremum norm.

that is.

sup |Brn(t) — B(t)] =as 0
o<t<

Denote S),(¢t) = n~'Y" Z.(t)Yi(¢) and Son(t) = n~ !> Yi(t). Then Zy(t) =
S1n()Sg, (t). Since Z; = Z} - Z7, where Z} = max(Z;,0) and Z; = max(—2Z,.0)
(the maxima are taken componentwise), we can assume without loss of generality
that all components of Z;(t) are positive for all i. Then, as functions of t. S,(t) is
non-increasing and Sg!(¢) is non-decreasing. It means that Zy(t) can be written as
a product of two monotonic functions.

Using integration by parts, we. get

/50,, )dBa(s) = /B (s)dSz1(s). (4.7)

A sample path of the limiting process B is almost surely a bounded continuous func-
tion. A sample path of Son is bounded with probability converging to 1, monotonic.
and it converges to 7y!' almost surely in the new probability space as n — oco. So,
Lemma 4.2 is applicable, with g, := Som and f,, := B,,. It follows that (4.7) converges

almost surely to

7o '(t)B /B(s ydrgl(s) = /r(,‘l(s)dB(s).
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where the last equality follows from integration by parts. The convergence is uniform
in ¢t

Denote Bg( fo Sorl(s)dBy(s) and B=( fo 7o '(s)dB(s). We have shown
that supge,<, an(t — B*(t)| =4, 0. Obviously,

/r Zy(t)dB,(t) = /r S1a(t) BL(t).
0 0

Since the sample paths of S, are monotonic and bounded and since they converge
to 7, almost surely, we can apply integration by parts and Lemma 4.2 once more to

get

/TSI,,(t) B(t) =, fm(t)dB'(t).
0

0

Thus, in the new probability space.

/r Zy(t)dBa(t) > /T e(t) dB(t)
o] (¢}

almost surely and hence weakly in the original probability space.

Similarly. we can show that

/re(t)dB,,(t) - /re(t)dB(t)

weakly in the original probability space. Since Jo ZH(t)dB,(t) and Jo e(t) dBn(t)

converge in distribution to the same limit.

/0 "le(t) — Zu(t)] dBa(t)

converges to zero in distribution and hence in probability. a

The assertion of Lemma 4.2 would be trivial if Z 11 (t) were predictable. Since it
is not, a more delicate argument is needed to prove the lemma. The assumption of
bounded variation imposed on the covariates is very weak and we do not mention it

among the conditions of Theorem 4.1.



Finally, we need a result on weak convergence of monotone processes. We state
it as the third lemma, where we use the notation £ [0.7] for the space of bounded

functions on the interval [0, 7].

Lemma 4.4. Let A;, i = 1,....n, be iid stochastic processes with nondecreasing
sample paths. indezed by an interval [0,7]. If E A2(0) < oo and E A%(1) < oo. then

the sequence

1 n
— A; - EA;
7 Z[,( )
converges weakly in £°[0,7] to a tight Gaussian process.

Lemma 4.4 is proven in van der Vaart and Wellner (1996) as Example 2.11.16
on page 215. Its proof relies on the bracketing central limit theorem. Now we can

proceed to the proof of Theorem 4.1.

Proof of Theorem. 4.1. The case-cohort pseudoscore satisfies

1

1 < T —
U =723 e / (Z: — Zu(t)] dMi(t)

=% Z /Or[z,. — e(t)] dM;(t) (4.8)

1 — [T _
v ;/0 [e(t) — Zu(t)] dMi(t) (4.9)
+ > tei=1) [ 12~ Zu@ame) (4.10)

Clearly, (4.8) is the normalized full-data AH pseudoscore.

Denote B,(t) = n~'/2%"" M;(t). By the martingale central limit theorem (see
Fleming and Harrington, 1991, p. 204), Bn(t) converges weakly to a zero-mean Gaus-
sian process B(t) with almost all paths continuous and B(0) = 0. So, by Lemma 4.3,

(4.9) converges to zero in probability.
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Since (1 — p;)dN; = 0, (4.10) is equal to

\/_Z 0i — 1) / Z; — Zy(1)][Yi(t) d\o(t) + ZT By Yi(t) dt]

wa. 1)S:(B,)

Z(o. ~1) /(;T[e(t) — Za(t)]Yi(t)[dAo(t) + ZT B, dt). (4.11)

l'—l

Expression (4.11) can be written as

/Or[e(t) — Zy(t)] dBa(t),

where B,(t) is now redefined as follows:
1 & [
B.(t) = — /g;—lY}s)dj\(s)+Z,-T,B ds].
(t) ﬁg | (ei = L)Yi(s)[dAo 0ds]

To apply Lemma 4.3, we need to show that By (t) converges weakly to a tight limit

with continuous sample paths. But B, (t) can be expressed as

% ilw — E Au(t)] - % ,Zj;“?“) ~E A1),
where
At) = o [ Yls)ldols) + 2By ]
and
A0 = [ Yi(oldaols) + 278, ds]

are two nondecreasing processes satisfying EAi(t) = EA;(t), EA*t) < oo and
E[A;(t)]? < co. By Lemma 4.4, Bn(t) converges in €°[0,7] to a tight Gaussian
limit B(t). It follows from Lemma 1.5.9 and Example 1.5.10 of van der Vaart and

Wellner (1996) that the limiting process is uniformly continuous with respect to the



semimetric p;(s,t) = E|B(s) — B(t)[>. Since we are in R and p2(s.t) is bounded.
this is equivalent to uniform continuity of sample paths of B with respect to the
Euclidean norm. Hence. Lemma 4.3 can be applied to show that (4.11) converges to
zero in probability.

Since g; — 1 = —(1 - A;)(1 - &i/p:), we have shown that

T—szﬂo \/—Zv.“’(ﬁo Zl—‘ — &/pi)Si(Bo) + op(1).

The expectation of ${*)(8,) is zero (it is a martingale integral) and
Bl = 201 = &/p)Si(Bo)] = E{(1 = A)S(BLE(1 — &/pi | Ar. Xe. Z:. Vi ]} = 0.
Similarly,
E (1~ 2001 ~ &/pi) S:(80) 5 (8,)]
=E{(1 - 20S:B) I BOE (1 ~ /pi | A X 2,V ]} = 0.
and so. %{" and (1 — A;)(1 — &/pi)S; are uncorrelated. The theorem is proved. O

We are now in a position to prove weak convergence of the normalized case-cohort

pseudoscore.

Theorem 4.2. Let Conditions 2.1, 2.2, and 2.4 hold. Let Condition 2.9 be strength-

ened to
E sup [Y($)Z®*(B!Z)?| < . (4.12)
0<t<r
If
1 1=m (4.13)
n p,

as n — oo, where k is a positive real number, then

1

%UH(ﬁo) —q4 N, (O, La(Bo) + Yu(Bo)):



where, under fized sampling probabilities Di.
ZH(Bo) = kE(1 — A;)S*(B,)

and under random sampling probabilities p;,

Sw(Bo) = E - —B(1 - 0,)59%(8,)

Remark. Conditions (4.12) and (4.13) assure that Y1 (B,) exists. Obviously, Condi-
tion 2.3 is too weak to make E §2%(3,) finite. The matrix Lu(By) is positive semi-
definite and so £4(8,) + x(B,) must be positive definite. Notice also that (4.13) is

void when the sampling probabilities are iid random variables.

Proof. By Theorem 4.1, n='/2Uy(3,) has the same limiting distribution as the right-
hand side of (4.5). The limiting covariance matrix of n—!/2 > 12;5'4)(ﬂ0) 1s ©4(8,)-

Since var(1 — &/pi) = (1 — p;)/pi, we have

var(l — &/pi)(1 — A)S:(B,)
=Evar[(1 - &/pi)(1 — A:)Si(Bo) | Ai. Xy, Z;]

+varE[(1 - &/pi)(1 — A:)Si(Bo) | Ai. Xi., Z:)

=B 21— A)5P(8,) + 0.

Hence, the limiting covariance matrix of n=1/2 2.(1=&/pi)(1 - A;)Si(B,) cannot be
anything else than L 4(8,), which is well defined.

Ifn='2 3 " (B4) and n=12 T (1-£/p; (1 - A1) Si(B, ) jointly converge to a nor-
mal distribution, the limiting cobvariance matrix must be ¥, (Bo) + Tu(B,) because
they are uncorrelated by Theorem 4.1.

The joint weak convergence is trivial if the pi’s are iid. If they are fixed numbers,
we must apply the Lindeberg central limit theorem together with the Cramér-Wold
device to prove joint convergence to a normal distribution. To simplify notation.

suppose that Z is a scalar and denote x, = n~' 31 — pi)/pi, 02 = T4, ol =
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var(l — A;)S2, and V; = clzz;fA) + el — &)/pi(1 — A;)Si. where ¢; and ¢, are real

constants. The Lindeberg condition then takes the form

(clo? + Kknclo?)™ ZE{ Vil (II | > ¢ \/_\/clal + h.n620'2>} -0

for any £ > 0. Since

la + 6% 1(Ja +b] > ) < 4la* L(la| > £/2) + 462 L(]b| > £/2)

(see Andersen and Gill, 1982, proof of Theorem 3.2), and since the Lindeberg condi-

tion is satisfied for szA), it suffices to show that

2 (1- £) - a0sm

<1 (|(1-£) - 2050

converges to zero for any £ > 0. But (4.14) is bounded by
—ZE{'(l -£) - 29508

x 1 (I(l - .A 80 l> \/_\/610'2 + hnczo'z{ ma‘{ l]- - &/pll} ) }

(= ) ZE{ )Si(6o)]?
x]l(l(l— )Si(Bo)| > ¢ \/—\/cla'1+h,nc2(f§1 Po )}

— Po

2

(4.14)

> ¢ \/_\/clal +n,.c20'2)}

2

IN

Since po > 0, (1 — A;)S:(Bo) are iid, and Vny/cto? + kncko? — oo, (4.14) converges
to 0 in probability. Hence the Lindeberg condition is satisfied. O

The limiting distribution of the case-cohort estimator is now easy to derive.

Theorem 4.3. Under Conditions 2.1, 2.2 and 2.4, ,BH is consistent and

V(By: — Bo) —a Ny (0, D' [Sa(Bo) + u(Bo)ID3")
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where
Dy = E/ [Z, - e(t)]ez}';(f) dt
0

Proof. Differentiating the observed case-cohort pseudoscore. we get

"aDaZ(Tﬂ =30 [[18: - Butt)orvico a

=Tll Z & / (2: - e()i(1) dt
+ - Zo,/ i —e(t)] [e(t) — H(t)]TK(t)dt
+ 2 Z o [ le(t) ~ Zu(t)} 2 ~ e(t) ¥ict) e
o ; o [ le(t) - Zut)*vice)

The last three rows of the displayed equation converge to 0 in probability because

SUPo<i<r le(t) - Ey(t)l —p 0 by Lemma 4.1. The remaining term converges in prob-
ability to
Eg,-/ [Z; — e(1)]®%Y;(¢) dt
0
which is equal to D4 because E [oi] A X, Z:]=1.
The rest of the argument is the same as in the proof of Lemma 2.3. By Taylor

expansion,
Uu(B7) =
aa"

where 3" lies on the line segment between B3, and Bo. Since n='dUy /3BT is constant

Un(Bu) — Un(B,) = T2 2B, — B,),

in B and converges in probability to —Dy4, we have

1 ~
WUH(ﬁo) =Davn(By — B,) + op(1).
By Theorem 4.2, the left hand side converges in law to N,(0,E4(8,) + Ty (B,)).
Hence, /n(By — Bo) converges in law to N,(0,D;'[S4(8,) + Yu(Bo))D3'). Again.

consistency of B, follows from asymptotic normality. (]



Estimating the limiting covariance matriz

It remains to introduce a consistent estimator for the limiting covariance matrix of
vn( ﬂH Bo)- We devote the rest of this section to this task. In the process. we
assume that the subcohort selection probabilities p; are independent and identically
distributed random variables satisfying Condition 4.1 in the form P[p; > po] =1 for
some constant pg > 0. We also assume that Conditions 2.1, 2.2, 2.4 and 4.1 hold.

To estimate D' [S4(8,) + Tu(B,)]D;', we need a consistent estimator for each of
L4(Bo). TH(Bo) and D4 . Estimating £ 4(8,) is easy: since the full-data estimator o
defined in Chapter 2 by (2.11) includes only the failures, it can be applied without a

change in the case-cohort design. The negative expected pseudoscore derivative may

be estimated by
R T —
= 2> o [ 12 - Bu)ic)
n i=1 0
It has been already shown in the proof of Theorem 4.3 that lﬁ)H is consistent.

The most difficult task is estimating Sy (B,), the extra pseudoscore covariance

matrix. In order to estimate it consistently, we need to define a uniformly consistent

estimator for the cumulative baseline hazard Aq. We propose using the estimator

Ao(t) = Z,, dv(s /gﬁzy(s)ds, (4.15)

0 j=1
which mimics the full-data estimator proposed by Lin and Ying (1992). This estima-

tor indeed possesses the desired uniform consistency:

Lemma 4.5. supoc,<, |Aof(t) — Ao(t)’ 5,0

Proof. We can write Ag(t) — Ag(t) as

CSAN(S) [t e C 5, Yils)dAo(s)
S, Yi(5) “/"°Z(S)ds‘ o S Yi(s) (4.16)

+ [ BI(Z(s) - Zuis)ds (4.17)
0
+ [ (8o~ Bu)Zu(s)ds. (4.18)

Aol(t) — Ao(t) =



Now, (4.16) is equal to

n /,[ dNi(s)  Yi(s)BIZids S)d-%(s)}

_Xy(
ZJ}}(S) E]}J Zij(s)
' 1 [t 1
= - “_dl‘[i S 0
n;/o T ey M)

uniformly in ¢. Proceeding to (4.17),

[ 837 () - Zutay s

Srﬁo [sup IZ(t ) —e(t ,-{- sup IZH(t ) —e(t )IJ —, 0.

0<t<r

Finally, the integral in (4.18) converges to a finite constant and BH is consistent:

hence (4.18) converges to zero in probability uniformly in ¢. O

We are in a position to introduce an estimator for © H and prove its consistency
p 0 P 3

when the covariates are bounded. This is done in the last theorem.

Theorem 4.4. Let
5:40)= '12: — e()Yi®)[dRolt) + 278 dt),

where Ag is defined by (4.15). Let

§H(ﬁ)=321p ‘61— 2085 ().

i=1 ¢
If there ezists a constant M such that || Z;]| < M for all i, then §H(,§H) —p S (B,).

To prove consistency of § Y H, we need the following technical lemma which shows

that stochastic integrals of certain form converge to zero in probability.

Lemma 4.6. Let H(s,t) be a bounded deterministic function of bounded variation
in both arguments, defined on the set [0.7]%, 7 < 0o. Let Kin(t) and Rpa(t). 0<t <
7. be stochastic processes with almost all paths of bounded variation for sufficiently
large n. Suppose supo<i<r|A2n(t)| =p 0 as n — oo, supo<i<r|Rin(t)| is bounded in

probability, and [ H(s,z)dR.(s) is bounded in probability for x = 0, 7. Then

/ ' / " H(s, t) dR1a(s)dRn(t) = 0.
0JO
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Proof of Lemma 4.6. By Fleming and Harrington's (1991, p. 320) Theorem A.1.2 on
integration by parts. for any right-continuous functions F. G of bounded variation

on finite intervals.
F(t)G(t) — F(0)G(0) = -/0 F(r—)dG(z) +/0 G(z)dF(z).

Suppressing the subscript n in A7}, and K>, and using this theorem with F(t) = R, (¢)
and G(t) = f(; H(s,t)dR(s), we get

/0/0 H(s,t)dlx’l(s)dlx'g(t)=1{2(T)/0 H(s,r)dlx'l(s)—lfz(o)/o H(s.0)dR\(s)
_// Ry(t—)H(s,dt)dk(s).
0 Jo

The first two terms converge to zero in probability since both A%5(7) and L5(0)
converge to zero and the integrals involved are bounded. The third term can be
decomposed by applying the integration by parts theorem once more, this time with

F(s) = Ri(s) and G(s) = Jy R2(t—)H(s,dt). Thus we get
/Of/orKg(t—)H(s,dt)dI{l(s) = I{l(r)/orlx'g(t—)H(T, a’t)—I{l(O)/OTI\'Q(t—)H(O,dt)

- /Of/or R (s—)R(t—) H(ds. dt).
When H is increasing in both arguments, this is bounded by

sup |R((¢t)| sup |A%(t)] |2H (7, 7) + H(0, )|,
<tlr 0<t<r

0

which converges to zero because k> converges to zero and A is bounded in proba-
bility, both uniformly in time. Otherwise, H can be written as a difference of two
increasing functions of s at each fixed ¢ and vice versa. This can be used to obtain a

similar upper bound that converges to zero. d

Proof of Theorem 4.4. To prove the theorem, we will assume without loss of gener-
ality that Z; = Z; is a scalar time-independent covariate. We have

Sa(80) = Sulhn) = - 322720 - a0 [5260 - £530] + ontt).

=1




The approximation on the right-hand side can be written as

1 1-—p 1~ 1-p S\ 2 s
=3 — Py, )— (523 — 82(80)] — - S" 1B - ) (1 - —) S(o).
n “— Di n P Di D
The second term is an average of independent and identically distributed zero-mean

terms. whence it must converge to zero in probability.

Let us introduce some convenient notation. With a; = /(1 — A)E&(1 = pi)/p?.

let
Gi(t) = ai[Z; — e(t)]Yi(t). and Gi(t) = a;i[Z; — Zu(1)]Yi(2)

Notice that Gi(t), i = 1,...,n, are iid random variables and that Gi(t) is bounded.

We have to prove that

—Z (1—'-)5' [32(3m) - s2(50)]

converges to zero in probability. Obviously,

{ /0” éi(t)[dKO(t) + Z:3y dt]}2

// G(s d/\o(s)-}-ZBHds][dAo +Zﬁydt]

// Gi(s)Gi(t) dRo(s)dAo(2) +2// Gi(s)Gi(t) dho(s) Z: By dt

// G(s t)ZzﬂHdsdt

and { fof Gi(t)[dAo(t) + Z: 5, dt] }2 can be decomposed in the same way. So, we need



to show that the following three expressions,

—Z//G( 1Gut) dols)dRolt *—Z// Gi(5)Gi(t) do(s)d Ao ).

(4.19)
I (" =~ ~ - 1< ropr N
E;/O/O Gi(S)Gf(t)Z,-ﬁHdAo(s)dt—;;/0/0 Gi(s)Gi(t) Zifdo d Aol s) dt
(4.20)
/T/f Zn: G(s — Gi(s)Gi (t)] Z2[3% ds dt (4.21)

all converge to zero in probability.

Let us start with (4.19). Denote H(s,t) = E Gi(s)Gi(t). Then (4.19) is just

/ / H(s.t)[dAo(s)dAo(t) ~ dAo(s dAalt) (4.22)
// —ZG (s)8i(t) — H(s,t) dAo(s)dAo(t) (4.23)
J
_// ZG(S )Gi(t) — H(s,t)J dAo(s)dAo(t). (4.24)
0 Jo

Let us first verify that

=Y " Gi(s)Gi(t) — H(s,t)| = 0. (4.25)

Using

Gi(s)Gi(t) - Gi(s)Gi(t)
= (Gi = Gi)(s) (G: — Gi)(t) + Gil(s) (Gi — Gi)(t) + Gi(t) (G — Gi)(s). (4.26)



and realizing that (C:’, —Gi)(t) = a[Zx(t) - e(t)]Yi(t), we get

l G & 't
ogs:,ltps,. n Z [Gi(S)Gi(t) - G,—(s)G,-(t)] l
=058:.1tp$f [ZH(s) — e(s)][Zw(t) — e(t)] % Z aP¥i(s) ¥i(t)

+[Zu(t) — e(t))] % D @Gi(s)Yilt) + [Zu(s) — e(s)] ;12- > a;G,—(t)}‘}(s)I

— — 1
<AK¢ sup [Zy(t) — e(t)]? + 2A% sup |Zx(t) — e(t)] sup — Z |Gi(t)].
o<t<r < o<t<r 1

o<t<r

where R is the constant that bounds @;. The right-hand side converges to zero by
means of Lemma 4.1 and boundedness of G;(#).

For fixed s and ¢, Gi(s)Gi(t) are iid random variables. Hence their sample average
converges to EGi(s)G;(¢). The convergence must be uniform in s and # because
Gi(s)Gi(t) is uniformly bounded over all s,¢ € [0, 7). Thus, the convergence to zero
of (4.25) is verified.

By (4.25) and Condition 2.1. both (4.23) and (4.24) converge to 0. Proving
that (4.19) converges to 0 is now equivalent to showing that (4.22) converges to zero.
Since H is symmetric in its arguments, a decomposition analogous to (4.26) applied

to dXo(s)dKO(t) — dAo(s)dAo(t) leads to an upper bound for (4.22) of the form

/T/T H{(s,t)[dAo(s) — dAo(s)] [dAo(t) — dAo(t)]‘
0Jo

+2

/f/r H(s,t) dAo(s)[dAo(t) — dAo(2)]] .
0 JO

Lemma 4.6 shows that both these terms converge to zero in probability. We take
Ry(t) = Ko(t) — Ao(t) and set A’j(s) to either Ko(s) — Ao(s) or Ag(s). The condition
that fof H(s,z)dRK(s) should be bounded in probability is fulfilled since Ag(s) is
finite and deterministic and Ko(s) — Ao(s) itself converges to zero in probability.
Lemma 4.6 is thus applicable. The convergence in probability to zero of (4.22), and

hence of (4.19). is verified.



The remaining terms, (4.20) and (4.21), may be treated in exactly the same waxy-.
Since they both tend to zero, consistency of the extra pseudoscore variance estimator

< n follows. O

4.4 Selection of subcohort sampling probabilities

Simple random sampling of the subcohort, which is defined byp,=a.i1=1..... n. is
rarely the best choice for the case-cohort design. In this section we identify two cases
where efficiency can be increased by oversampling certain subpopulations. This is
made possible by letting the sampling probabilities p; depend on a covariate observed
during the first phase of the experiment, which is available for all sub jects.

Let W be any such a first-phase covariate and let W; be its individual observed
values. W itself may or may not be a part of Z. If it is not, we assume that W is
a true surrogate, i.e., given Z, W is conditionally independent of both survival and
censoring times. Let the selection probabilities depend on the observed values of IV
by P& = 1] Wi] = p(W)).

Suppose a cohort study is conducted to assess the effect of a certain binary expo-
sure on survival. Suppose further that the death rate is low, so that the case-cohort
design is feasible, and that the exposure is rare and expensive to ascertain precisely.
A subcohort selected by simple random sampling would contain a relatively few ex-
posed subjects. However, there sometimes exists another binary variable (a surrogate
exposure) that is correlated with the true exposure and can be measured quite eas-
ily on all subjects. If the sampling probabilities are altered so that the subcohort
is approximately balanced in terms of the surrogate exposure, it will be also more
balanced in terms of the true exposure. Hence, the variance of the AH parameter
estimator for the effect of the exposure will decrease.

How can be such a design implemented in practice? Let Z be a binary exposure

covariate with P{Z = 1] = pz and let W be a binary surrogate for Z observable



i
(V4]

during the first phase of the study. The association of W with Z can be described
in terms of sensitivity n =P[W =1| Z = 1] and specificity v = P[W =0 Z = 0].
If n+v =1, W is independent of Z and does not carry any information about the
exposure whatsoever. Therefore we assume, without loss of generality, that n+o > 1.
The larger n + v is, the “closer” is W to Z. Denote pw = P[W; = 1]; we have
pw = (1 —v)(1 —pz) + npz. To balance the subcohort in W, we apply the stratified
sampling design described in the following paragraph.

Denote the subcohort sampling probabilities by ag = P [&i=1]| W;=0]and o, =
P[& =1] W; =1]. Let a be the desired overall proportion of the first-phase subjects

selected into the subcohort and suppose that a < 0.5. Then we define ag and a, as

follows:
r(Ol—pw)/(l—lﬁ’w) if pw < /2,
a0 = | af(2 - 2pw) ifa/2 <pw <1-a/2, (4.27)
‘1 ifpw >1—0/2,
and
rl if pw < /2,
o = 9§ af/(2pw) faf2<pw <1-—a/2, (4.28)
‘(0—1+pw)/pw if pw > 1— a/2.

These sampling probabilities define a stratified sampling design where the within-
strata sample sizes are both random and the proportion of subjects sampled in each
stratum converges to a fixed number.

It is easy to see that
P[E. = 1] = GQP[W/,' =0]+01P[VI/,= ]_] = «,

and hence the average subcohort proportion is indeed a. In addition, if /2 < pw <

1 — /2, then the subcohort is balanced in W:
Pl&=1|W; =1]P[W;=1] _a/2
P[f, = l] N a4

P(Wi=1]&=1]=

N =



It follows that the subcohort is also more balanced in the true covariate Z: the
proportion of subcohort subjects with Z; = 1 exceeds pz and gets closer to 0.3. In
the next sections, we demonstrate how large is the efficiency gain achieved by the
stratified subcohort sampling design.

This idea can be also used with continuous exposures. Based on the information
about the surrogate exposure, subjects whose true exposures are likely to fall into the
extremes or into underrepresented ranges should be sampled with a higher probability-.

Another interesting application arises when the expensive covariate is a confounder
and there is a surrogate measure for it. Then the sampling probabilities may be set so
that the distribution of the confounder within the subcohort is as similar as possible
to that within the failures. This idea resembles matching: the parameter estimate
for the confounder will be less precise but efficiency will be gained for the estimation
of the effect of the main covariate. In the setting of the Cox model, a subcohort
sampling design that makes use of this idea was proposed by Kim and DeGruttola
(1996). These authors applied this approach to the analysis of an AIDS clinical trial
to evaluate the effect of CD4* counts on the time to progression of AIDS.

4.5 Asymptotic relative efficiency

In this section, we address two important questions about the relative efficiency of the
case-cohort estimator. First, compared to the full-data estimator, does the AH case-
cohort estimator achieve an asymptotic relative efficiency which is comparable to the
Cox case-cohort estimator? And second, what is the efficiency gain for the AH case-
cohort estimator when the stratified sampling design described in the previous section
is applied? We will show that the limiting variance of the AH case-cohort estimator
can be calculated for the special case where there is only one binary covariate, the
baseline hazard is coﬁstant and there is no censoring until the end of the study.

We will calculate the limiting variance and use it to compare asymptotic relative



60

efficiencies.

4.5.1 Preliminaries

Let us return to the situation described in Section 4.4: Z is a binary covariate with
P[Z = 1] = pz and W is a binary surrogate with sensitivity = P[W =1| Z = 1]
and specificity v = P[W =0| Z=0]. Let n+v > 1. Now, let the hazard for the
failure time T be

if Z=0;

At 2Z) =
A+8 fZ=1.

The hazard is constant over time; hence T has an exponential distribution with the
mean A~!(¢ | Z). The model can be regarded either as the AH model, where 3 is
estimated directly, or as the Cox model, where the estimated parameter is the log
relative risk (the relative risk g is given by o = 3 /A 4+ 1). Hence this is a suitable
example for comparing the AH case-cohort estimator with the Cox case-cohort es-
timator. In addition, the asymptotic variances of the estimators can be relatively
easily calculated.

Let the time interval on which the data are observed be restricted to [0.1] and
let P[C = 1] = 1, i.e., let the censoring distribution be concentrated at 1. This
means no censoring occurs until the end of the study. A calculation presented in
Section 4.5.4 shows that, under these assumptions, the limiting variance of the full-

data AH estimator E 4 1S

'(A+B)(1—pz) + Apze? _
T = — (A+8)t
Ta(B) = pz(1 pz)/0 preF 11l —pg —© dt (4.29)

for 4 # 0, and

£4(0) = pz(1 ~ pz) (1 — &) (4.30)
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for 3 = 0. Given arbitrary subcohort selection probabilities ao=P[&=1]| 11, =0]

and oy = P[&=1| W, =1 ], let us define two constants.

1— 1—
Ro==——20, 4+ "% _
Qo Qg
and
. 1- 1-
Ry=—20(1—p)+ =21,
Q)

Then the extra pseudoscore variance Yu(B) equals

SH(8) = Ro(1 — pz)\e™* 82 1n(pz e +1 — py)

+ Ripz(A 4+ 8)*e™*[1 4+ 37 In(pze™® +1 — pz)]? (4.31)
for 3 # 0. and
SH(0) = pz(1 — pz)[pzho + (1 — pz) A ]A2e™> (4.32)

for 3 = 0 (see Section 4.5.4).

4.5.2 Comparing the efficiency of the AH and Coz case-cohort estimators

In this section, we evaluate and compare the asymptotic relative efficiencies of the AH
model and the Cox model case-cohort estimators. The ARE should be understood
relative to the full-data estimators in the respective models. We work under the
assumptions summarized in Section 4.5.1: a single binary covariate, constant hazard.,
and no censoring until the end of the study. For simplicity, we assume that the
subcohort is selected by independent Bernoulli sampling. So, let £g0(3) be the extra
AH pseudoscore variance for simple random sampling of the subcohort, i.e., &o(3)
is given by (4.31) and (4.32) where ag = a; = a. This choice reduces both Lo and R,
to (1 — a)/c. Then the asymptotic relative efficiency (ARE) of the AH case-cohort

estimator with simple random sampling of the subcohort compared to the full-data



AH estimator is

Ta(3)
ARE 4o(3) = A .
ao(5) Sa(3) + Sho(3)
When 3 = 0,
amA
ARE40(0) = 1-e

1 —[1—(1-a)/ar?]e>"

The ARE of the analogous Cox case-cohort estimator with independent Bernoulli
sampling of the subcohort (that is, the estimator based on the score defined by (3.1)
and (3.2) with p; = a) is given by

Tpu(0)
Lru(B)+ Enc(8)’

where Epy is the variance of the full-data Cox partial likelihood score and Syc is

AREco(3) =

the extra score variance due to missing data. Denote the relative risk by o, where

0= 03/A+ 1. Then it can be shown that

e_(g‘,’l ):

A
) = 1-— d
pa(B) = opz( Z’Z)‘/0 opz e~ +(1 — pz)e~= *

for 3 # 0 (0 # 1), and Epy(0) = pz(1 —pz)(1—e?)for 3=0 (o = 1). The extra
score variance can be written as

l -«
[pz(1 —pz)e™ I} + e™®* (A — gpz 1))?]

SHe(B) = o°pz
[6 4

for 3 # 0. where

A e—eT
I, = / dr.
' o 0pze @ +(l —pz)e=
For 3 =0,

L _a/\ze—’\.

Zuec(0) = pz(l - pz) >

We can immediately notice that Spy(0) = ¥4(0) and THc(0) = ZH(0); so under

the null hypothesis, the limiting variances of the AH and Cox case-cohort estimators



63

coincide. Hence, they have the same asymptotic relative efficiencies with respect to
full-data estimators when 8 = 0.

The formulae for Spg(3) and L uc(B) can be derived in the same way as ¥ 4(.JF)
and Ty(0) for the AH model (see Section 4.5.4). Self and Prentice (1988) calculated
the limiting variance of their Cox case-cohort estimator under the same assumptions.
However, their formulae are different on two counts. F irst, their estimator is different.
because they do not include the failures in estimating the weighted covariate average
Z(t,3). Second, their formula for YhHc is correct only for 8 =0 or 8 = In?2 and has
to be recalculated in order to give the correct extra score variance for a general 3.

Tables 4.1 and 4.2 show the asymptotic relative efficiencies AREco and ARFE 4
of the Cox and AH case-cohort estimators relatively to their respective full-data
counterparts. The efficiencies are calculated for independent Bernoull sampling of
the subcohort. The proportion pz of exposed sub jects is set to 0.1 or 0.5. The baseline
hazard A is calculated so that the overall proportion of deaths p, is 0.01, 0.10 or 0.20.
The death rates p; span the range where conducting a case-cohort study may lead
to substantial savings in covariate assessment cost. The subcohort consists of py,
2p4 or 4py subjects, so that the approximate case-control ratios are 1:1. 1:2 and 1:4,
respectively. The covariate effects correspond to relative risk values of 1, 2 and 3.

When the exposure has no effect on failure time (0 = 1), the ARE’s are the same
for the AH model as for the Cox model, as indicated earlier. However, with increasing
magnitude of covariate effect, differences between the ARE’s start to emerge. When
the exposure is common (Table 4.1 with pz = 0.5), ARE for the Cox model increases
with increasing magnitude of the covariate effect, while ARE for the AH model de-
creases. For p = 2, the differences are still small; for p = 3 they may get as large
as 0.13. The picture changes when the exposure is relatively rare (Table 4.2 with
pz = 0.1). There, both ARE of the Cox model and ARE of the AH model decrease
as the covariate effect gets larger. Moreover, the differences between the two seem to

be relatively small throughout the table.
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Table 4.1: ARE of the Cox and AH case-cohort estimators with respect to their
full-data counterparts under pz = 0.5.

a pa = 0.01 ps = 0.10 pa = 0.20

—  Model

Pd 0=1 0=2 ¢=3|0=1 0=2 p=3{p=1 p=2 o=3

1 Cox 0.503 0.532 0.573 | 0.527 0.553 0.591 | 0.557 0.580 0.613
AH 0.503 0.476 0.447 | 0.527 0.500 0.471 | 0.557 0.531 0.302

2 Cox [0.671 0.696 0.731 [0.714 0.736 0.765 | 0.770 0.7S6 0.809
AH 0.671 0.647 0.620 | 0.714 0.693 0.667 | 0.770 0.751 0.729

4 Cox 10.806 0.824 0.847 | 0.870 0.881 0.897 | 0.953 0.957 0.962
AH 0.806 0.789 0.769 | 0.870 0.857 0.842 | 0.953 0.94S 0.942

Notes: py is the overall probability of death; p is the relative risk; a/pq is the ratio
of subcohort size to number of deaths.

Table 4.2: ARE of the Cox and AH case-cohort estimators with respect to their
full-data counterparts under pz = 0.1.

« Dd = 0.01 Pd = 0.10 Dd = 0.20
— Model
Pd e=1 0=2 0=3]0=1 0=2 p=3|p=1 90=2 o=3
1 Cox 0.503 0.380 0.327 [ 0.527 0.410 0.359 | 0.557 0.449 0.403

AH 0.503 0.364 0.294 | 0.527 0.395 0.328 | 0.557 0.435 0.374
2 Cox 0.671 0.553 0.496 | 0.714 0.610 0.558 | 0.770 0.685 0.642
AH 0.671 0.536 0.457 | 0.714 0.595 0.523 | 0.770 0.673 0.615

4 Cox 0.806 0.717 0.668 [ 0.870 0.806 0.771 | 0.953 0.929 0.915
AH 0.806 0.703 0.632 [ 0.870 0.797 0.745 | 0.953 0.925 0.905

Notes: pq is the overall probability of death; p is the relative risk; a/pq is the ratio
of subcohort size to number of deaths.
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Overall, it is surprising how close the ARE of the AH case-cohort estimator is to
the ARE of the Cox case-cohort estimator, given that, unlike the Cox case-cohort
score. the AH case-cohort pseudoscore loses all the contributions of non-cohort noun-
failures. There is virtually no difference when the covariate effect is small: the dif-
ference is largest when the covariate effect is large, the subcohort is small and the
exposure is common. It is also interesting to notice how well the case-cohort design
performs when the failure rate is small. The ARE's in both tables barely change when
the death rate increases from 0.01 to 0.10; however, the estimator uses ten times as

many subjects under py = 0.1 as under p; = 0.01.

4.5.8 Efficiency of the AH case-cohort estimator under stratified subcohort sampling

In Section 4.4, we defined sampling probabilities that balance the subcohort in terms
of a binary surrogate covariate. We claimed that such a stratified sampling design
improves the efficiency of the case-cohort estimator, especially when the exposure rate
is low. In the current section we evaluate the efficiency gain under the assumptions
of Section 4.5.1.

Let ¥41(03) be the extra pseudoscore variance given by (4.31) and (4.32). where g
and o, are defined in Section 4.4 by Equations (4.27) and (4.28). We continue to write
LHo(B) for the extra pseudoscore variance under independent Bernoulli sampling
of the subcohort. The asymptotic relative efficiency of the stratified case-cohort
estimator relative to the case-cohort estimator with independent Bernoulli sampling
is
Ta(B) + Zuo(B)

Ta(B)+EZmi(B)

We evaluated ARE 4; () in various settings and plotted them. The plots are shown in

ARE 4,(B) =

Figures 4.1-4.3 on pages 73-75. In Figure 4.1, the deaths-subcohort ratio is approxi-
mately 1:1; in Figure 4.2, it is 1:2; and in Figure 4.3 it is 1:4. The overal probability
of death varies between 0.01, 0.1 and 0.2 within each column of the figures. The



66

relative risk varies between 1, 2 and 3 within each row. Each plot shows how ARE 4,
changes with the proportion of exposed subjects pz when the sensitivity  and speci-
ficity v of the surrogate W are high (n = v = 0.9). medium (7 = 0.7. v = 0.9) or low
(n =v =0.7). The abrupt changes in slopes that can be observed in the lower rows
of Figures 4.2 and 4.3 occur when the subcohort is so large and the exposure so rare
that there are not enough subjects with W; = 1 to make the subcohort balanced in
the surrogate exposure (see the definitions of ag and o, in (4.27) and (4.28)).

The plots suggest that the efficiency gain is highest when the subcohort is small.
the exposure is rare, the surrogate is precise, and the covariate effect is large. In
some cases, the ARE may be as high as 1.9. But in all cases, some efficiency is
gained; this is true even if the surrogate is imprecise, the exposure is only moderately
rare and the covariate effect is weak. This is important: since the application of
stratified subcohort sampling does not increase the complexity of either the study or
its analysis, any gain in efficiency is essentially a free windfall. So, even a small gain

is quite satisfactory; the better if the gain is substantial in some cases.

4.6.4 Calculation of asymptotic variances

In this section, we explain how the asymptotic variance formulae (4.29)-(4.32) can be

calculated. We work under the assumptions introduced in Section 4.5.1 to evaluate
1
Sa(Bo) = E / [2: — e(t)PYi(t)[dAolt) + BoZ: di]
0
and
Sa (o) = Z —HE(1 - A)53(50),
where

Si(Bo) = / (Z: — e(t)]¥i(t)[dAo(t) + BoZ: dt].



Realizing that Z? = Z; and writing Ag(t) dt for dA,(t), we get
1
< .4(50) =/ E[Z; — 2Z:e(t) + €2(¢)]¥i(£)Ao(t) dt
+ Bo /l E[Z: — 2Z;e(t) + €2(t)]Z:Yi(t) dt
0
1 1 '
=/ e(t)[1 — e(t)]mo(t) Ao(t) dt + ,30/ [1 - e(t))*m(2) dt
0 0
1
= [ 1= ettlm@ (8l — e(e)] + doct))

Since both Z; and W, are binary, we have

Su(fo)= Y T=E[(1- A)SHBo)| Z = kWi = (]
klef{o,1} ol
x P[W; =1| Z: = k| P[Z; = k]

=Ro(1 — pz)E [(1 — A:)S?(Bo) | Z: = 0]
+ RipzE [(1 - A)SHB) | Z:i = 1],

(4.33)

where
J— 1_
Ko =1 P [W:=0] Z =0] + —2LP[W; = 1] Z =0]
Qg o
_ 1—
= s Ny
Qg Q;
and
Ky =2 p W0z =1]+ Lo %p(wi = 1 Zi=1]
Qo Qg
1— 1 —
_ ao(l—r])-{- aln.
(84} )

The hazard for failure at time ¢t is A(t | Z) = A+ 8,Z. Hence, P (T>¢t|Z=0]=

exp{—At} and P[T > t| Z =1] = exp{—() + Bo)t}. The censoring variable attains
the value 1 with probability 1. Thus,

mo(t) =EY(¢) = P[T > t] = e ™ (pze ™t +1 — py),

m(t) =EZYi(t)=P[T >t,Z = 1] = pge-(+h),

™ (t) pze P! 1 —-pz

e(t) = = , and 1—e(t) = .
(t) mo(t) pzePol4l —py (t) pze Pt 41 —py




(@2}
V)

It follows from the preceding calculations that

T.4(3) /l ! —-pz 3 —{(A+30)t 1 —pz + A ~(M 30t | g4
S ; = e y «
41 J0 o 2 OPZ pz e_dof +1 —pz Dz €

T Bo)(1—pz) + ApzeTt L dt
0 (pz e Pt +1 — pz)2 .

When &y = 0, the integral above is easy to evaluate:

Al -pz)+Apz _
Sal0) = p2(1 — pz) [ TP onip—p gy — ey,
0

This verifies (4.29) and (4.30). We proceed to calculating the extra score variance
Yu(Bo). By (4.33), it remains to evaluate E [(1 = A)S2(B30)| 2;]. We do it in two
steps:

E[(1 - A)SHBo)| 2i = 0]
1 2
=E ((1 —A)) {/ (Z: — e()]Yi () (A + ﬂoz,-)dt}

i 1 z
=E | (1 - 4;) {—A/ e(t)}'}(t)dt} Z; = 0}

—,\2// s)e(t)E[(1 — A)Yi(s)Yi(t)| Z; = 0] ds dt.

Since censoring can occur only at ¢ = 1, we have

o]

E[(1~ A)YA(s)Yi(t)| Zi] = P[T > 1] Zi] = e-O+boz)
and hence

1 2
E[(1 - 2:)SHBo)| Zi =0] = \2e> [/ e(t)dt] :

The integral can be calculated explicitly:

! 1 —Bot gt 1 d
/ e(t)dt=pz/ ¢ =p_z/ 4
o o pze P+l —pz  Bo Je-m pzz+1~py

1
= ——In(pze ™ +1 — pz)
Zo




69

for 3 # 0 and fol e(t)dt = pz for By = 0. Thus,

A2e—2

83

E[(1-A)S¥Bo)| z:=0] = In®(pze™® +1 — pz)

if 8o # 0, and
E[(1-A)S%Bo)| Z: =0] = A2e™pl

if 3o = 0. Conditioning on Z; = 1 instead on Z; = 0, an analogous calculation reveals

that

9
4

E[(1 = 2)S¥Bo)| Zi = 1] = (A + Bo)2 e (+5o) [1 + ﬁiln(pze“"’ +1— Pz)]
0
if 39 # 0, and
E[(1-2)SHBo)| Zi = 1] = A?e™(1 — py)?

if 8o = 0. Thus, Equations (4.31) and (4.32) have been verified.

4.6 Simulation study

We conducted a simulation study to illustrate how the AH case-cohort estimator
works in settings that mimic the circumstances where the case-cohort estimator might
be used in practice. We generated samples of 5,000 subjects with failure times dis-
tributed according to the model M(t] Z) = Ao+0BoZ, where Z was a binary exposure.
So, the failure time distribution was exponential. The censoring distribution was uni-
form over the interval [0,2]; such a censoring is typical for studies with a sequential
entry and no loss to follow-up. We chose the baseline hazard Ao so that the overall
probability of failure was 0.05 or 0.1. The proportion of exposed subjects was varied
between 0.05 and 0.2. The subcohort consisted of either the same proportion of sub-
Jects as have died (case-control ratio 1:1), or twice as many (case-control ratio 1:2).

We also generated two surrogate exposures, one with sensitivity and specificity for



the true exposure n = v = 0.7 and one with n=v = 0.9. We used the surrogate
exposures to apply the stratified subcohort sampling design. as proposed in Sec-
tion 4.4. For each of the 1.000 samples we generated. four estimates were calculated:
the full-data AH estimate (F); the case-cohort estimate with subcohort selected by
independent Bernoulli sampling (CC); and two stratified case-cohort estimates with
subcohort sampling probabilities defined by (4.27) and (4.28), based on the surro-
gates with n = v = 0.7 (SC-1) and n = v = 0.9 (SC-2). Like all simulation studies
reported in this work, this study was programmed in Fortran 77 and run on a Unix
SPARC workstation.

The results are given in three tables presented on pages 76-78: Table 4.3 for 5%
deaths and the parameter to be estimated Bo = 0.1; Tables 4.4 and 4.5 for 10%
deaths and (3, equal to 0.2 and 0, respectively. The means of the 1,000 simulated
parameter estimates shown in the three tables suggest that the case-cohort estimate
is usually very close to the true parameter value, although it may be slightly biased
upwards. The estimated standard errors are close to the sample standard errors based
on the simulated parameter estimates. The fact that the limiting variance estimator
works quite well is also reflected in the coverage probabilities of the 95% confidence
intervals based on the estimated parameters and estimated standard errors. The
coverage probabilities range from 0.93 to 0.95 when the subcohort proportion is small
(0.05), and are virtually identical to 0.95 when the subcohort proportion rises to 0.2.
Comparing the three case-cohort estimators, the one stratifying on the more precise
surrogate exposure (SC-2) has almost always much smaller standard errors than the
simple CC estimator, so the efficiency gain suggested by the theoretical calculations
presented in Section 4.5.3 is confirmed by the simulations. Even when the surrogate
exposure is less precise (estimator SC-1), both the sample and estimated standard
errors are smaller than those for the simple CC estimator, unless the subcohort is
large and the exposure relatively common. All these results are consistent regardless

of the magnitude of the covariate effect.



4.7 Example: Analysis of NWTSG data

We introduced the National Wilms Tumor Study as an illustrating example in C hap-
ter 1. We noted there that unfavorable histology was an important prognostic factor
for survival in Wilms tumor patients and that histology evaluated by the central
pathologist was the true covariate, while the evaluation done by the institutions
themselves could be regarded as a misclassified surrogate measure. We also men-
tioned that stage (I-IV) was another risk factor acting independently of histology. In
this section, we apply the case-cohort design to analyze the NWTSG data. Since the
actual data contain nearly complete covariate information on all sub jects, we simulate

a case-cohort study by drawing subcohorts at random from the complete data set.

We use data on 4335 subjects (1915 in NWTSG-3 and 2420 in NWTSG-4) with
complete survival information. The median follow-up time for this sample was 5.6
vears and the death rate was 0.099. The tumor stage was distributed as follows:
39.1% subjects were Stage I, 25.6% were Stage II, 23.4% were Stage III, and 11.9%
were Stage IV. Unfavorable central histology was found on 11.4% of the sub jects. The
sensitivity of unfavorable institutional histology for unfavorable central histology was
0.72, the specificity was 0.98. This means that the local pathologists who performed
the institutional evaluations missed almost 30% of tumors with truly unfavorable
histology.

We first fitted the full-data AH model to the whole cohort of 4335 sub jects. We
included five covariates in the model: an indicator of unfavorable central histology.
indicators of Stages II-IV (as opposed to Stage I), and an indicator of NWTSG-
4 (as opposed to NWTSG-3). The inclusion of the last covariate is motivated by
the fact that the treatment of Wilms tumor improved in time and so NWTSG-4
patients had a lower death rate than NWTSG-3 patients. To generate the case-
cohort design, we drew 500 random subcohorts from the total sample by independent

Bernoulli sampling, and 500 subcohorts by stratified random sampling, balanced on



the institutional histology (the surrogate exposure). The subcohorts consisted of
10%. 20% and 30% of the total sample; that corresponds to approximate case-control
ratios of 1:1, 1:2 and 1:3, respectively.

Table 4.6 on page 79 summarizes the results. The first row gives the full-data
AH estimates of the five parameters and their estimated standard errors. All of them
are significant at the 5% level. The estimate for unfavorable central histology was
0.0677, which means that the patients with unfavorable histology had on average
6.8 more deaths per 100 person-years of follow-up than the patients with favorable
histology. Similarly, the remaining four parameters estimate the excess deaths due
to Stages II-IV and deaths prevented thanks to improved treatment in NWTSG-4.
The rest of the table shows the averages of the case-cohort estimates over the 500
simulated subcohorts and their averaged standard error estimates; the size of the
subcohort varies as indicated above and the method alternates between Bernoulli
and stratified sampling. All the averaged case-cohort parameter estimates are close
to the full-data estimates. The standard errors are generally larger, but they get
smaller as the subcohort size increases. When stratified sampling is used instead of
Bernoulli sampling, the standard errors for unfavorable histology get much smaller
and closer to the full-data standard errors. Stratification has little or no effect on the

standard errors of the other parameter estimates.



pd=0.01, RR=1 pd=0.01, RR=2 pd=0.01, RR=3

@ @ @~

2N st ha

of Trmellire.. = o

00 01 02 03 04 05 00 0.1 02 03 04 05 0.0 01 02 03 04 05
pd=0.1, RR=1 pd=0.1, RR=2 pd=0.1, RR=3

co <

< <

Q < )

0.0 0.1 02 03 04 05 0.0 0.1 02 03 04 05 0.0 01 02 03 04 05
pd=0.2, RR=1 pd=0.2, RR=2 pd=0.2, RR=3

[¢ o] Q N «

< - <

o o o

00 01 02 03 04 05 00 0.1 02 03 04 05 00 01 02 03 04 05

— n=07,v=07  .-.... n=07v=009 -=-- n=09.v=09

Figure 4.1: Case-cohort estimator: ARE of stratified sample versus Bernoulli sample.

Subcohort size is equal to the expected number of deaths.
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Figure 4.2: Case-cohort estimator: ARE of stratified sample versus Bernoulli sample.

Subcohort size is two times the expected number of deaths.
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Figure 4.3: Case-cohort estimator: ARE of stratified sample versus Bernoulli sample.

Subcohort size is four times the expected number of deaths.



Table 4.3: Simulation study of AH case-cohort design with rare binary exposure.
Overall probability of death = 0.05. Model: A(t | Z) = 0.0465 + 8,2 where Jo=0.1.

Mean Sample Av. estim. 95% cover.

pz  a Est Est.  SE SE probab,  “REF
0.05 0.05 F 0.099 0.0260 0.0256 0.936

CC 0.118 0.0764 0.0696 0.931 0.116

SC-1 0.114 0.0616 0.0601 0.927 0.177

SC-2 0.108 0.0433 0.0406 0.943 0.360
0.05 0.10 F 0.101 0.0257 0.0258 0.946

CC 0.107 0.0468 0.0458 0.937 0.300

SC-1 0.107 0.0418 0.0423 0.946 0.378

SC-2 0.103 0.0333 0.0327 0.941 0.595
0.20 0.05 F 0.100 0.0124 0.0124 0.944

CC 0.103 0.0260 0.0258 0.947 0.231

SC-1 0.103 0.0236 0.0244 0.951 0.277

SC-2 0.102 0.0211 0.0212 0.955 0.347
0.20 0.10 F 0.100 0.0126 0.0124 0.946

CC 0.102 0.0193 0.0196 0.957 0.427

SC-1 0.101 0.0195 0.0189 0.943 0.419

SC-2 0.101 0.0171 0.0169 0.949 0.545
Notes:

Estimators: F = full data, CC = subcohort selected by Bernoulli sampling, SC-1 =
stratified subcohort sampling (7 = v = 0.7), SC-2 = stratified subcohort sampling

(n=v=0.9).

pz is the proportion of exposed subjects, a is the subcohort proportion, ARFEf is
estimated ARE with respect to the full model.



Table 4.4: Simulation study of AH case-cohort design with rare binary exposure.
Overall probability of death = 0.10. Model: At | Z) = 0.0963 + 35Z where 3, = 0.2.

Mean Sample Av. estim. 95% cover.

pz « Est. Est. SE SE probab,  “TEF
0.05 0.10 F 0.201  0.0393 0.0383 0.936

CC 0.217  0.0855 0.0831 0.945 0.211

SC-1 0.211 0.0780 0.0745 0.924 0.254

SC-2 0.204 0.0534 0.0544 0.944 0.541
0.05 020 F 0.202 0.0395 0.0384 0.940

CC 0.208 0.0589 0.0596 0.947 0.449

SC-1 0.208 0.0572 0.0560 0.936 0.476

SC-2 0.204 0.0452 0.0446 0.943 0.763
0.20 0.10 F 0.200 0.0180 0.0184 0.965

CcC 0.204 0.0363 0.0354 0.945 0.244

SC-1 0.203 0.0337 0.0338 0.949 0.285

SC-2 0.202 0.0292 0.0292 0.951 0.379
0.20 0.20 F 0.199 0.0182 0.0183 0.952

CC 0.201 0.0260 0.0270 0.955 0.489

SC-1 0.201 0.0260 0.0260 0.953 0.490

SC-2 0.200 0.0231 0.0233 0.945 0.618
Notes:

Estimators: F = full data, CC = subcohort selected by Bernoulli sampling, SC-1 =
stratified subcohort sampling (n = v = 0.7)

(n=v=20.9).

pz is the proportion of exposed subjects, « is the subcohort proportion, AREFr is

estimated ARE with respect to the full model.

» SC-2 = stratified subcohort sampling
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Table 4.5: Simulation study of AH case-cohort design with rare binaryv exposure.
Overall probability of death = 0.10. Model: A(t | Z) = 0.1054 + 3oZ where Jo=0

(no covariate effect).

Mean Sample Av. estim. 95% cover.

Pz a Est Est.  SE 'SE probab.  REF
005 0.10 F 0.000 0.0222 0.0220 0.954

CC 0.005 0.0378 0.0365 0.948 0.345

SC-1 0.005 0.0327 0.0336 0.954 0.460
, SC-2 0.001 0.0266 0.0272 0.951 0.698
005 020 F 0.000 0.0220 0.0219 0.938

CC 0.002 0.0284 0.0281 0.936 0.604

SC-1 0.003 0.0264 0.0272 0.948 0.697

SC-2 0.001 0.0246 0.0239 0.931 0.802
0.20 0.10 F -0.000 0.0119 0.0119 0.934

CC 0.001 0.0171 0.0178 0.958 0.486

SC-1 0.001 0.0178 0.0175 0.945 0.450

SC-2 0.001 0.0166 0.0165 0.952 0.518
0.20 0.20 F -0.001 0.0119 0.0119 0.948

CcC 0.000 0.0150 0.0147 0.952 0.630

SC-1 0.001 0.0152 0.0146 0.942 0.611

SC-2 -0.001 0.0142 0.0139 0.949 0.709

Notes:

Estimators: F = full data, CC = subcohort selected by Bernoulli sampling, SC-1 =
stratified subcohort sampling (p = v = 0.7), SC-2 = stratified subcohort sampling
(n=v =0.9).

pz is the proportion of exposed subjects, « is the subcohort proportion, AREF is
estimated ARE with respect to the full model.



Table 4.6: Results of AH model fit to NWTS data: Full data estimates (estimated
standard errors in parentheses) and case-cohort estimates, averaged over 500 simu-

lated subcohorts (averaged estimated standard errors in parentheses).

Parameters:
UH (central) Stage I Stage III Stage [V NWTS-4
Full 0.0667 0.0067 0.0152 0.0373 -0.0056
(0.00571) (0.00154) (0.00196) (0.00386) (0.00195)
Subcohort proportion a = 0.1:
Bern. 0.0700 0.0067 0.0155 0.0387 -0.0059
(0.01513) (0.00351) (0.00397) (0.00823) (0.00382)
Stratif. 0.0673 0.0067 0.0154 0.0390 -0.0038
(0.01112) (0.00325) (0.00370) (0.00967) (0.00399)
Subcohort proportion a = 0.2:
Bern. 0.0678 0.0067 0.0154 0.0381 -0.0057
(0.01057) (0.00257) (0.00300) (0.00614) (0.00291)
Stratif. 0.0676 0.0067 0.0153 0.0380 -0.0056
(0.00843) (0.00242) (0.00281) (0.00682) (0.00303)
Subcohort proportion o = 0.3:
Bern. 0.0673 0.0067 0.0152 0.0378 -0.0057
(0.00881) (0.00220) (0.00261) (0.00530) (0.00255)
Stratif. 0.0669 0.0066 0.0153 0.0374 -0.0056
(0.00713) (0.00200) (0.00238) (0.00533) (0.00249)




Chapter 5

THE ADDITIVE HAZARDS MODEL WITH
SURROGATE COVARIATES

5.1 Introduction

This chapter addresses the problem of AH regression parameter estimation with co-
variates subject to measurement error. We treat the problem as a special case of a
two-phase design where the true covariate is observed on a random subsample of the
study subjects and a surrogate covariate is available for the total first-phase sample.
Initially, it is assumed that the underlying additive hazards model includes only a
single covariate. This assumption is removed in one of the final sections. We apply
the corrected score method to derive an asymptotically unbiased pseudoscore and use
error calibration to specify the association between the true and surrogate covariates
(see Section 3.3.1). The true covariate values are assumed to be independent and
identically distributed. but no conditions are imposed on the distribution of the true
covariate.

We first show that if the standard AH pseudoscore is used in a naive way, the
resulting estimator is biased. We proceed to define a corrected pseudoscore where the
bias term is estimated and subtracted to remove the bjas. The estimator based on the
corrected pseudoscore; the CS estimator, is shown to be consistent and asymptotically
normal.

In Section 5.2, the study design is defined, and working assumptions about the
relationship between the true and the surrogate covariates are formulated. In Sec-

tion 5.3 it is assumed that this relationship is completely known. Under these cir-
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cumstances, a corrected pseudoscore is derived. Regularity conditions are introduced
to prove consistency and asymptotic normality of the CS estimator. A consistent
estimator for its asymptotic variance is proposed. Section 5.4 relaxes the assumption
of known relationship between the true and surrogate covariates. It is shown there
how the error parameters describing the relationship can be estimated from the data
and how the asymptotic variance of the CS estimator is affected. The last part of that
section suggests a way to minimize the variance of the CS estimator by an optimal
weight selection. Several concrete applications of the corrected pseudoscore method
for different structures of covariate measurement errors are discussed in Section 3.5.
Section 5.6 deals with generalization of the method to multiple covariates. Results
of several simulation studies and an analysis of the NWTSG data set are given in

Sections 5.7 and 5.8.

5.2 Basic assumptions and preliminary considerations

Before we start deriving the corrected pseudoscore estimator it is necessary to specify
the sampling design we will work with and to introduce working assumptions on the
surrogate covariate. This is the goal of the current section.

Suppose that the hazard for the uncensored failure time T follows the additive

hazards model
A(t|Z) = Xo(t) + Bo 2, 0<t< 7T < o0.

For the moment we assume that the true covariate Z is a time-independent scalar.
Let the validation subsample be defined as the set of subjects V = {7 : £ = 1} where
the selection indicators &,... ¢, are independent binary variables with P[¢; = 1] =
1 —P[& = 0] = a. The average proportion « of the first-phase sample selected to the
validation set is a known constant. We will usually write §; for 1 —&; and @ for 1 — a.
Suppose each §; is independent of the failure indicator A, the censored failure time

A, the true covariate Z;, and the surrogate covariate W;. The validation set V is
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thus selected by simple random sampling with random total sample size. that is. by
iid Bernoulli sampling. When ¢ € V. we observe the full data (Xi AL ZL T8 =1).
Otherwise we observe the incomplete data (X;, \;. W, & = 0) and the true covariate
Z; is unknown.

We impose the following conditions on the surrogate covariate W:
Condition 5.1. E[W;| Z;] = vo + 712, where v, # 0.
Condition 5.2. var[W;| Z;] = V(Z;) = vo + v12; + v, Z2.
Condition 5.3. W; and W; are independent given Z; and Z;.
Condition 5.4. Given Z;, W; is independent of X; and A;.

Conditions 5.1 and 5.2 specify the first two conditional moments of the surrogate
covariate given the true covariate. These are the only assumptions on the distribution
of W. The variance function V(-) in Condition 5.2 is an arbitrary constant. linear, or
quadratic function. Later we explain why more general forms of the variance function
are not admissible. Condition 5.3 assures errors are independent. Condition 5.4
means that W must be a true surrogate, i.e., that all the effect of W on survival and
censoring is mediated through Z.

The first two conditions explain the relationship between the true and surrogate
covariates through two mean parameters v and 7,, and three variance parameters
vg, V1, and v,. These are the error parameters and they will be jointly denoted by
8. In many practical situations some of the error parameters will be fixed at certain
values (e.g., 0 = 0, 1, = 1. v; = v, = 0). So, the number of components in 8
may be anywhere from 1 to 5. This structure is flexible enough to accommodate
various biases in the surrogate covariate as well as many patterns of nonconstant
error variance. Unfortunately, the methodology used to derive the corrected score
estimator prohibits using a non-linear link function relating the surrogate covariate

mean to the true covariate.
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5.3 Known error parameters

Let us first assume that the error parameters 6 are all known. We will define the
corrected pseudoscore under this working assumption and derive the asymptotic dis-

tribution of the CS estimator. We will also show how to estimate its asymptotic

variance.

5.3.1 Definition of the corrected pseudoscore

Under Condition 5.1, it is easy to estimate the unobserved Z;. Define the bias-
adjusted surrogate covariate W by
Wi —

n o

W =

Clearly, E[W;| Zi] = Z; and var [W; | Z;] = 47*V(Z;). Since Z; can be estimated
unbiasedly by W, it is interesting to see what happens when we consider the full-data

pseudoscore
Uy = Z /T[Z,- — Z(t)] [dN:i(t) — Z:BYi(¢) dt]

and simply replace Z; by W whenever Z; is unobserved, that is, whenever i ¢ V.
This idea leads us to the naive estimator EN, defined as the solution of Un(3) =

S, d»f'v)(ﬂ) = 0, where
w{M(B) = /OT[R.- — R(t)] [dN(t) — RiBYi(¢) dt], (5.1)

Ri = &2Z; + EW;, and R(t) = T Yi(#)R: /T Yi(t).

Although W is unbiased for Z;, the naive estimator is not unbiased for Fy be-
cause, as we will see, EUn(85) # 0. This is what happens with the naive estimator
In most regression settings with errors-in-variables. However, we may try to apply
the corrected score method described in Section 3.3.2 to derive an asymptotically un-

biased corrected pseudoscore. A necessary condition for the corrected score method
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to work well is a relatively simple functional form of the pseudoscore. The AH pseu-
doscore is quadratic in the true covariate. which facilitates the evaluation of the naive
pseudoscore bias.

So. to derive an asymptotically unbiased pseudoscore, we calculate E U'v(Jp) con-
ditionally on the true covariate, survival and censoring, and subtract the bias from
the naive pseudoscore. Denote F, the o-algebra generated by (Z;, N;(¢).Yi(¢) : i =
1..... .n;0 < ¢ < 7). Under Conditions 5.1, 5.3 and 5.4, we get

E[v| Fé=0] =
/[Z,- ~ Z(¢)] dNi(t) — /E [[W; —W ()W ] Fr i = 0] 3Yi(t) dt
and

(7 = 0w | £ 0] = (2~ 20012+ £ V(20 - .

2_Yi(t)

Summing over i, we get from the previous two equations,

n | n_ §.Yi
E [Z sM(8) | f,] =Ua(B) =78 Y_EV(Z)X: + 178 / = %g)(‘t)(z
=1 =1 ’

The last term is op(n'/?) and therefore asymptotically negligible. At 3y, the expec-

tation of Uy, is zero, but the expectation of the middle term is not. That must be the
term causing the bias in the naive pseudoscore. Hence, an asymptotically unbiased
pseudoscore should be obtained by adding 7?83 Y EV(Z)X; to Un(8).

To evaluate this term, V'(Z;) is needed for the nonvalidation subjects. Unfortu-
nately, it depends on the unobserved Z;. Here is the point where a restriction on V'
brought by Condition 5.2 is necessary. Indeed, if V(z) = vg 4+ v,z + v22, then it is
easy to show that E[V(W7)| Z;] = (1 + v %v2)V(Z;). This means that V(Z;) can be
estimated unbiasedly by v}(7Z + v;)~'V(W;). Thus, the bias correction to the naive

pseudoscore becomes

2525, e I/(W' X; = ZE,/ mr (t) dt. (5.2)
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The previous two paragraphs suggest how to obtain a corrected pseudoscore. Let
us now proceed to a formal definition. We will specify the contributions of the
validation set subjects and of the nonvalidation set subjects and combine them into a
single corrected pseudoscore. But before we do so. let us consider the at-risk covariate
average. To estimate it using all observed data, we define |

R(t.w) = 2 (&Z; + wg_,-W}t)Y}(t). (5.3)
2_(& + wE,)Yi(t)

The estimated at-risk average R(t,w) is a weighted average of the true (where avail-

able) and adjusted surrogate covariate values over the subjects at risk at time ¢t. The
surrogate values are multiplied by a fixed weight w satisfying 0 < w < 1. By down-
weighting the surrogates we hope to obtain a better estimator since they have a larger
variance. To simplify the notation, however, we usually drop the argument w from
R(t.w) and write R(¢).

The true covariates of the validation set sub jects are known. Thus, we suggest that
the contribution to the corrected pseudoscore of a validation set subject be obtained
by replacing Z(t) with R(t) in the original full-data AH pseudoscore:

@) = [(12:- ro1ano - [(z. - Renzovie
0 0
The true covariates of the nonvalidation set members have to be estimated by the
bias-adjusted surrogates. To account for the resulting bias, we subtract the correction
term, as suggested by (5.2). Hence, the corrected pseudoscore contribution of a

nonvalidation subject is

N8y = [(wr = Reyaviey - [ - gy - YOV 41
w0 = ["wr - menane - [ {iw; - o S v

The two kinds of contributions are combined to form the corrected pseudoscore as

follows:

n

Uo(B.w) =} [6{(8) + wEu™)(8)]

=1
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The rationale for including the weight w at this place again is the same as for using
it in the at-risk average: downweighting the nonvalidation set contributions. Notice
that setting w = 0 eliminates all nonvalidation sub Jects from the pseudoscore and the
resulting estimator is the complete-case AH estimator based on the validation set.
The corrected pseudoscore Uc can be written in a different and sometimes more
convenient form if we define o; = £; + £w and R; = &Z; + E,-W',-'. Then R(t.w) =
2 oiRYi(t)/ 3C 0:iYi(t) and
Uc(B,w) = Z {g,- /OT[R,- — R(t)] [dNi(¢) - R;3Y(t) dt] + E,w;?(:_vzz ,B.Yi} .

=1

Since 31, oi[Ri — R(t)]Yi(t) = 0, Uc(8, w) is equal to

n

3 {g; / T[R.- — R(#)] [dNi(t) — Yi(t) dAo(¢) — RiBYi(t) dt] + E.w V;”'I‘r")ﬁ_\z}

Y + v2

=1

(5.4)

and also to
- T _ . T - - V(W:> .
S o ( [ 1R~ Ry anige) - / { (Ri - R(t)]? —f,-#} m'.»a)dt) .
The last expression shows that the corrected pseudoscore is invariant with respect to
linear transformations of the covariate. It also implies that the corrected pseudoscore

(CS) estimator ﬁc(w) defined as the solution of Uc(8,w) = 0 possesses a closed form.

Be(w) =
o [ R~ By VY L, T iR |
<.~ ) {10 E,,},;.,“,}h(t)dt) > o [ 1R~ R av(o),

2

(3.9)
5.8.2  Limiting distributions of the corrected pseudoscore and the CS estimator

In order to derive the limiting distribution of ﬁc( w), we approximate Ucg (G, w) by a

sum of asymptotically independent contributions. For Uc itself the independence does



(V4]

not hold due to the presence of R(t) in the estimating equation. We assume that the
data are observed on the time interval [0.7],0 < 7 < o0 and that (X,.\;. Z,.117.¢,).
t =1.....n, are independent and identically distributed replicates of (X. \. Z. 117 ¢).

Let us define
m(t) = E Z*Y(¢), k=0.1,2,

and denote e(t) = m,()/mo(t). As mentioned in Section 2.3, 7i(t) 1s also the limit in
probability of n™! 3" ZkY;(2).
Recall the regularity conditions introduced in Section 2.3. Here are their univari-

ate versions for time-independent covariates:

Condition 2.1. Ao(T) < o0.
Condition 2.2. P[Y(r)=1] > 0.
Condition 2.3. E|Z]? < cc.

Condition 2.4{. T4(080) = E [J[Z — e(t)]2dN(t) > 0.
The conditions are assumed to be fulfilled and will be used together with Condi-
tions 5.1-5.4 to investigate the limiting distribution of the CS estimator.

By Lemma 2.1(i),

n

sup | =3 ZEVi(t) - mu(t)] =0, k=0,1,2,

o<tgr | £

t=1
provided Conditions 2.2 and 2.3 hold. Let us generalize Lemma 2.1(ii) to a covariate

measured with error:

Lemma 5.1. Under Conditions 2.2 and 2.3, the estimated at-risk average converges

in probability to the limiting at-risk average uniformly in time, that is

sup |R(t,w) — e(t)| —,0 for any w.
o<Lt<r
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Proof. By the weak law of large numbers,
1 S _—
o D6 + wEYi(t) =, E(6 + wE )¥i(t) = (a + w@)mo(t) (5.6)
=1
and
1 - i - i .-
~ D (&Zi + wEWYi(t) —, E(6Z; + wEW])Yi(t) = (o + wa)m(t).  (3.7)
i=1
We have to show that these two convergences are uniform in . However. the uni-
formity follows immediately from Corollary III.2 of Andersen and Gill (1982). The
sufficient condition, uniformly bounded means in t, is trivially fulfilled for (£;Z; +
wE Wr)Yi(t) as well as for (& + w€,)Y;(¢).
The largest error in the at-risk average, SUPg<i<r |R(t) — e(t)], is bounded by the
sum of

(o + wa)"'ay(7) sup
0<t<r

%Z(&Z.‘ + wEW)Yi(t) — (e + wa)ﬂ'l(t)‘ (5.8)

and

(5.9)

[% > &+ wE,-)Y;(t)J (et wa) ™ wgl(t)] .

1 & -
= &2 + wEWr| sup
n =1 o<

<t<r

By Condition 2.2, 75!(7) < oo and the absolute value in (5.8) tends to zero in
probability uniformly in ¢ by means of the uniform convergence in (5.7). In (5.9), the
average of absolute covariates converges to its expectation and the supremum of the
absolute value converges to zero by means of (5.6), Condition 2.2, and the fact that

P[5} Yi(r) = 0] converges to zero. This finishes the proof. a

Asymptotic linearity of the corrected pseudoscore

Here we show that the corrected pseudoscore evaluated at the true parameter can be
approximated by a sum of independent and identically distributed zero-mean random

variables.
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Theorem 5.1. Under Conditions 2.1-2.4, the corrected pseudoscore is asymptoti-

cally linear, that is

1

U (Bo. w) = %70(50,10) +op(1),
where
e(Go,0) = 3 (68" (30) + wEFN(80)]
=1
7o) = / (Z: — e()] dMi(t) = 519 (o),
and

+NN(Be) = /T[W,-‘ — e(t)] [dNi(t) — Yi(t) dAo(t) — W BoYi(t) dt] + 30‘ U ) x,.

}[ +L2

Corollary. If EW? < oo, then n~1/2U¢ (S, w) converges in law to normal distribu-
i g

tion with zero mean and variance

So(fo w) = a4 (o) + w” E [V (60)] ",
where T 4(8o) is the limiting variance of the full-data AH pseudoscore contribution.
Proof of Corollary. Theorem 5.1 implies that n~'2Uc (B, w) has the same limiting
distribution as n“/zﬁc(ﬂo, w). Since va)(ﬁo) is a martingale integral, E (W | Z;] =
Zi.and E[(W)?| Z;] = Z2 + V(Z:)/~2, it follows that
B4 (50) = EE [#Y(50)| 2:] = E51(8o) = .

Obviously, fﬂZf V)( (o) +wzizz;,(Nv)( Bo) are independent and identically distributed ran-
dom variables with zero mean and variance Lc(Bo, w). The condition E Wt < oo is
necessary to make sure E [JfNV)(ﬁo)]z is finite. The variance is positive by Condi-
tion 2.4. So, the central limit theorem for iid random variables can be applied to

get

n~20c (8o, w) —a N(0, S (Bo, w)).
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Proof of Theorem 5.1. By Equation (3.4), Uc(fo) can be written as U7 + wl’,. where
U, = Z & / [Z: — R(t)|[dNi(2) — Yi(t)dAo(t) — Zi3oYi(t) dt]
=1 0

and

. . 1 V() L oL
U, = Zg {/ (W7 — R(t)][dN:(2) — Yi(t)dAo(t) — W BoYi(t) dt] + S JO_X,}.

=1

The normalized validation part n= /20, can be decomposed as follows:

n20, =Ln Z € /f[Zi — e(t)][dNi(t) — Yi(t) dAo(t) — ZiBoYi(t) dt] (5.10)

+—Z§./ [e(t) = R(2)] [dNi(t) — Yi(t) dAo(t) — Z:BoYi() dt]. (5.11)

The first term, (5.10), is a martingale integral. It is, in fact, the sum of contributions
of validation set members to the full-data pseudoscore U'4. The second term. (5.11).

is a martingale integral with predictable variance process
—Zg./ (t) — R(£)]?dNi(t) < Sup. [e(t — R(®))? Zg, (5.12)

By Lemma 5.1, sup,[e(t) — R(¢)]> =, 0. The average of &;A; converges in probability

to its expectation. So. (5.12) converges to zero in probability and consequently (5.11)

converges in probability to its expectation, which is zero. Hence, we have
1 < T
nTMVy = — f./ [Z, - 6(t)] dM(t) + op(1).
VA ; o

The normalized nonvalidation part n='/2l, can be decomposed similarly:

n

"V = = SE [T - (o] [aNe) - Yite) dholt) — Wiovitt) ] (5.13)
(4]

ﬁi:l
1 &, VW) -
+ ﬁ z f,’ﬁOm-X; (5.14)

+ =3¢ / [e(t) — B [dNi(2) — ¥i(t) dAolt) — Zibo¥i(t)dt]  (5.15)
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Here, (5.15) tends to zero by the same argument as (5.11). Expression (5.16) can be

“'I'itten as
13 € - R dBn -

where

B.(t) = Zf -Wr /oty;-(s)ds

Now it is easy to apply Lemma 4.3 and Lemma 4.4 in the same way as in the proof
of Theorem 4.1 to show that (5.16) converges to zero in probability.

Thus, the nonvalidation part can be written as

n=1/2y, —\/_Zg{/ Wy — e(t)] [dNi(t) — Yi(t) dAo(2) — Wi Bo¥i(t) dt]

V(W)
+ o Y2 + vy

.Y,'} —+ Op(l).

If follows that n'lleC(,Bo) = n_l/zﬁc(ﬁo) + op(1), where

ﬁc(ﬁg, w) = Zf, /;]:Z; - e(t)] dl‘/[,'(t)

+'le:3}{ W = (o [@Nige) - ¥ice) o) — Wi oYty e + ﬁo‘;:v )

This proves Theorem 5.1. O

Limiting distribution of the CS estimator
Consistency and asymptotic normality of Bc are stated in the following theorem:

Theorem 5.2. Assume that Conditions 2.1-2.4 hold and EW? < co. Then Bc —p
Bo and ﬁ(ﬁc—ﬁo) is asymptotically normal with zero mean and variance S¢(G,) /D%

where
Dc =(a+aw)Dy = (a +5w)E/f[Z,- — e(t)]?Yi(t) d¢
0

is the negative ezpected derivative of n='Uq(f3).



Proof. The proof is essentially the same as the proof of Lemma 2.3. Using the tech-
niques employed in the proof of Theorem 5.1 it is easy to show that n=![dU(.3) /03—
af’c(ﬁo)/aﬁ] —p 0. Both partial derivatives are constant in 3 and therefore it does
not matter at which point they are calculated.

By Taylor expansion,

_ aUc(ﬁ ) 5

o(Be) — UelBo) = =52 (Bc — Bo)

for some 3" between Ec and fBp, whose precise value is irrelevant. It follows that

TUc(ﬂ o) = —%a[’;;f ) /i Be ~ Bo) + om(1).

By the Corollary to Theorem 5.1, the left-hand side converges in distribution to
N(0,Z¢). where the variance T is positive. Since E'c(_ﬁo) 1s a sum of iid terms.
the normalized negative partial derivative of ﬁc(ﬂo) converges in probability to Dc.

which can be expressed as
De = — B o 61" (o) + wEd ) (50)]

- o Ry = P -y V(W)
_aE/(; [Z; e(t)]Z,},(t)dt-{-uaE{/(; (W™ — e(8)]WIYi(t) dt + ?+l‘2}

~
= (a + wa) E/r[Z,- — e(#)]*Yi(t) dt = (a + wa)D,.
1]

In the last equation above we conditioned on (Z:,Y:) and used the identity
E/ [(Z: — e(t)]e()Yi(t) dt = / e(t)[mi(t) — e(t)mo(t)] dt = 0.
0 0

It follows that /n( EC— Bo) converges in distribution to N(0, ¢ /D%). The consistency

of ,§c is a consequence of this fact. d

5.3.3 Estimation of the limiting variance

The goal of this section is to derive a consistent estimator of the asymptotic variance

of the CS estimator. We assume that Conditions 2.1-2.4 hold, with Condition 2.3



93

strengthened to EW < co. The negative partial derivative D¢ can be estimated by
differentiating the observed corrected pseudoscore. Thus we obtain the estimator

n

D¢ = lz (gi /T[Z,- — R(t)]?Yi(t) dt
n 0

=1
VW)

To find a consistent estimator for Zc(Bo, w), we need to estimate the cumulative

baseline hazard using the observed data. We propose using the estimator

?:1 dN'(t)

oY)  HPcdt

dAo(t) =

This is just a simple generalization of Lin and Ying’s full data estimator (2.12). Now.

A = " AN
Yi(t) dAo(t) + W BcYi(t) dt = }';(t)M

v W - B@)BeYi() at
J=1 7

and Y¢(8o,w) can be estimated by
> _IN [ [ B2 AN 27 [7vv), o012
Se(Bow) = 2316 [ 12~ RPN + wE [F(8)]

n

=1
evaluated at 8 = ,@C, where
"(8) =

;:l dl\r](t)
7=1 Yi(t)

X
Pt

— Wy = R)IBYi(1) dtJ +a V)
!

/ (W - R(t)] [dNi(t) — Yi(2)
0
The following two theorems show that D, Ko(t) and ¢ are consistent.

Theorem 5.3. Under the regularity conditions summarized at the beginning of this

section,
1. Dc —, De,

2. supgg,c, IKo(t) — Ao(t)| =, 0.
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Proof. 1. Let us first prove the consistency of Dec. Its validation part can be written

%Z&/Or[zi—é(t 2Yi(t) d Zf./ [Z: — e(t)]PXi(1) dt
+2¥ 6 [ 12 = colte - Ry ar 5.7

+2 306 [ lett) - RePrice

The absolute value of the second term on the right hand side of (5.17) is bounded by

2sgp le(t) — R(2)] [% D &lzix; + %Z 5.-/0 le(t)|Yi(t) dt] —, 0

since the supremum converges in probability to zero and the square bracket converges
in probability to 2a E |Z;|X;, which is finite. Similarly, the third term tends to zero
because sup, |e(t) — R(¢)|* =, 0. The leading term converges in probability to its
expectation aD 4.

By the same argument. R(¢) in the nonvalidation part of D¢ may be replaced by

e(t) with an error of op(1). It follows that the nonvalidation part tends to

o VOV i [T
wa/o E{[Wi —e(t))? 712+v2}},(t)dt—wa/(; E[Z; — e(t)]*Yi(t) dt = waD.,.

Hence 50 —p (e +wa)Dy = De.

2. To show the uniform consistency of the baseline hazard estimator, let us first fix

time ¢. We express Xo(t) — Ao(t) as follows:

‘ 2_i dNi(s) _ /t 26 + wE;)de(s) + ‘ 26+ wgi)dNi(S)

Ao(t) — Ao(t) =

o 2;Yi(s) (& +wE)Y(s) T Jo X (65 + wE,)Y(s)
Y| f.+us &iZi + EWDNYils) 5 ' il + wE)Yi(s) A (s
/ S (& + wE;)Yi(s) Peds = | > (& + wE,)Y(s) Aols)
- ¢ E (fx +w§ XA = -\ -
s (6 + wE )V [dN(s Yi(s)dAo(s) — (&2 + EW7)BcYi(s) ds]

- & + w; .
i Z/O [Z,- Yils) &+ ij)y;(s)] aNi(s).



This can be written as a sum of four terms.

t 1 _
£ : §:)dN; — Yi(s)dAo(s) — Z,3pYi(s) ds]
L sEraEe 26+ wEdN(o) = Xils) ddo(s) = Z,3a¥i() ]

¢ 8o — Be
o >_;(& + wE;)Y(s
¢ wlo
+ —
/o 2 i(& + wE;)Y;(s)

‘ 1 _ & + wé, N.(s
- ,Z/c; [Z, Yi(s) Zj(fj + ij)Yj(S)J aNi(s).

By Condition 2.2, the probability that Yi(t) = 0 for all i converges to zero as n —

+ ) Z_(f.- + wE)(&Z: + E;Wr)Yi(s) ds

ZE.-(Zf — W )Yi(s)ds

oc. Thus the expressions above are finite with probability converging to 1. Since
sup, |n~! 2. Yi(s) — mo(s)| =p 0 and mo(s) > mo(T) > 0, only a negligible error is
made by replacing . Y;(s) with nmo(s) and 2 (&+ wzj)}'}(s) with n(a+ wa)m(s).
In addition, nm(s) is bounded below by nm(r) and n(a + wa)mo(s) by nwme(7). So
we are free to make such replacements whenever it is convenient.

The first term is a martingale integral with predictable variance function

1 t (& + wé;)? - s A ;
73 B T e dhote) + 2itie) )

which converges to 0 in probability uniformly in t. The second term is equal to
(8o — Ec) fol R(s)ds. It converges to zero uniformly in ¢ because ﬁc is consistent and
fot R(s)ds converges to fot e(s) ds, which is bounded. The third term is asymptotically

equivalent to a term bounded in absolute value by

Bo

(o + wa)mo(1)

S (2~ W) min(X, 1

This converges to 0 pointwise and also uniformly in ¢. Hence the third term also
converges uniformly to zero. For any ¢, the fourth term is asymptotically equivalent

to

|1 &+wE IN
Z/ [ms) Zj(a'*'wa)ﬂ'o(s)] i(s):
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This is bounded in absolute value by
1

(a+ wa@)mo(r) |

1 -
;ZA,(Q +w6—§,» - wf,-) .

which converges to zero by the weak law of large numbers and independence of &, and

A;. This finishes the proof of uniform consistency of Ko. d

Theorem 5.4. Let the conditions of the previous theorem hold and let Z; be bounded.
Then Sc(Bc) —p Sc(fo)-

Proof. The validation part of the pseudoscore variance estimator Sc obviously con-
verges to aX4. It remains to be shown that the nonvalidation part of the estimator
converges to w?’a E [zzv:(Nv)]z. Without loss of generality, we assume that Y% = 0.
71 =1 and v; = 0 so that we may write W; instead of W and the pseudoscore bias
correction becomes simply V(W;). A nonvalidation subject’s contribution to Sc can

be written as
2

{ [, = RN - ¥ite) dRott) - WiBovice) de) + Ec.x:-ww:-)}

= (Wi = R(X.))? (5.15)
+ [ [ ¥~ R - Renvice) dhots) dhof) (5.19)
0 Jo
+ /0 /0 {[W: — R(s)]W; — V(W) }¥i(s)

x {[W; — R(t)]W; — V(W) }Yi(¢)BE ds dt (5.20)
- W= RO [, - RE¥i(e) dhoft) (5.21)

[0}
- W= ROXD)] [ (W, = ROIW; — VW pi)o ds (5.22)

0

+ [ / Wi — RV H{[Wi — ROIW: — VIWIYit)Fe dRo(s) dt.  (5.23)
0JoO

~ w12
It is easy to see that E [z/),(m )] can be decomposed into six parts corresponding
to (5.18)-(5.23) except that Eo is replaced by £, Ao by Ao, R(t) by e(t) and ex-

pectation is taken over each of the terms. We will show that sample averages of



terms (5.18)-(5.23) converge to the corresponding terms in the decomposition of
E [ (NV)]

Let us start with (5.18). Here,
= Z R(X:)] Z{ = e(Xa)] + [e(X:) — R(X:)]}2 =, E[W] — e(X)2

since sup, |e(t) — R(t)| =, 0
The most difficult term is (5.19). Denote é;( t) = [W; — R(¢)]Yi(¢) and Gi(t) =
[W: — e(¢)]Yi(t). Then Gi(t),i=1,...,n are iid random variables and EGi(s)Gi(t)

is bounded by a constant. We have to show that

ZG(S )Gi(t) dAo(s)dAo(t) — // E Gi(s)Gi(t) dAo(s)dAo(t)| =, 0.

(5.24)

But this is exactly what was shown in the proof of Theorem 4.4, only with slightly
different G;(¢) and é,-(t). We can apply the same approach here, that is. first proving

that

ZG )Gi(t) — E Gi(5)Gi(t)| =, 0

sup
0<s,t<r

and then using Lemma 4.6 in the same way. For details. see the proof of Theorem 4.4.

The remaining terms (5.20)-(5.23) may be treated similarly. The idea is to ap-
proximate the sample average of each of these terms by an average of independent
and identically distributed terms which converge to their expectation by the weak
law of large numbers. In the process, R(t) has to be replaced by e(t), BC by 8o and
Ko(t) by Ao(t). All the steps combined show that the estimator ¢ is consistent for

Te. a

5.4 Unknown error parameters

We finally relax the assumption that the error parameters describing the conditional

distribution of W given Z are known. We defined five of them: the mean parameters



[So]
179}

Yo and v, and the variance parameters vg, v; and v,. Let @ denote all the error
parameters taken as a column vector: let @y be the true value of 8: and let 1 <g<3d
be the number of components in . With the current experimental design. it is
easy to estimate o from the validation set. The estimated @ can be substituted
into the corrected pseudoscore Us. We show that the estimator EC obtained from
such a pseudoscore is consistent but its variance is larger than what it would have
been should ¢ be known. Therefore, an adjusted variance formula is derived and a

consistent variance estimator is proposed.

5.4.1 Corrected pseudoscore with estimated error parameters

Since the validation set is selected by Bernoulli sampling and both the true and sur-
rogate covariates are available for the validation set subjects, it is possible to estimate
8¢ consistently by applying any standard estimation procedure to the validation set
data. A quasi-likelihood approach is convenient to estimate the error parameters even
in the most general case. We will sketch that approach later on. But no matter how
the estimator for 8 is obtained, we will assume that the following condition always

holds:

Condition 5.5. The g-vector of error parameters 8, is estimated by 5, a solution of

o, &id:i(0) = 0 that satisfies

V(@ = 80) = [eBr (B0) ™" <=3 E:x(00) + 0 (1), (5.25)
where
3 ,'00
Dr(8,) = — £ 22 0)

is a ¢ X ¢ matrix and

2= 3" 6:6(80) —a N(0,aT1(60)).
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Condition 5.5 merely assures that the estimator 8 is asymptotically linear. and
hence consistent and asymptotically normal.

Let us demonstrate how 8 can be obtained from the quasi-likelihood approach.
Suppose there are five error parameters to be estimated. When the variance param-
eters are known, the mean parameters can be estimated by solving the estimating
equation 3 & (8) = 0, where

— Y-
Vi(Z;)

Wi
${(8) =

In turn, the solution of 3 §;¢§"’(0) = 0, where

1

gy _ (Wi—v%—mZ)*-V(Z)
¢i (9) - V’g(z{) Zi
72

provides a consistent estimator for vg, vy, v, when Yo, 71 are known (Carroll and
Ruppert, 1988). When neither the mean nor the variance parameters are known, a
Joint. estimating equation is formed by solving the two concurrently: 3 £#:(8) = 0
where ¢; is a column vector of él('y) and d),(-") .

The quasi-likelihood estimating equations provide consistent estimates of the error
parameters in every case to which the corrected pseudoscore method can be applied.
They satisfy Condition 5.5 under mild regularity conditions. However, whenever
possible, they may be replaced by any other set of consistent estimating equations,
e.g., those that define the least squares estimators for homoscedastic linear regression.

Expressing the dependence of the corrected pseudoscore on 8 as Uc(5,80), the
pseudoscore with known error parameters is obtained as Uc(B3,00) and with esti-
mated error parameters as Ug (23, 5) The asymptotic linearity of the former has been
established earlier in Theorem 5.1; to prove the asymptotic linearity of the latter, we

show that the difference between the two is asymptotically linear.
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Lemma 5.2. If Condition 5.5 holds then
1 s a 1
T [lc(50-8) — Ue(80. 60)] = —wgmo.eofﬁ D_ &ioi(8o) + op(1).

where T'(3,8)" = Dx(83.0)D;'(8) and Dx(8,8) = —E a4 ™"(3.0)/96".

Proof. By Taylor expansion,

1 -~ _ 108Uc(Bo.67) )
%[Uc(ﬂo-,e) — Uc(Bo, 80)] = —~ Tﬁ(g 8o).
where 8~ lies on the line segment between 8 and 8. Obviously,
1 9Uc(B0.67) _ 1 8Uc(Bo,8o) g 0% (Bo,60) _
; aoT = ; aoT + OP(].) —*p wa E agT = 'lL’CY.D_,\'(,BQ, 60)

The desired result follows from the last two displayed equations and the equal-

ity (5.25). |

Corollary.

1 -
——Uc(B3, 8
T c(Bo, 8)

fZ [&w‘ (80) + wEB™) (8o, 80) ~ w€.—F Bo, 60) ¢,(eo)] +op(1) (5.26)
and the limiting variance of \/E(EC — Bo) is Ecn/DE, where

Sen (o, 80) = aT4(fo) + w'a {E [34(80,60)] "+ ZE(B0, 60) Sr(B0)T (5o, 8o) }

-

l

and Yen (8o, 00) > (o, 00).

Proof. 1t is only necessary to prove (5.27). By (5.26),

o 2
Tcn(Bo,00) = E [g.-w,fv)wo) + wE ) (Bo. 8,) — wf-‘gr(ﬁoa 90)T¢i(00)J :
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Suppressing all arguments, this can be written as

Ten =var [,( ,(‘) awFTtbi)-Lu,f ’(“)J
a
=q var z,/)(v) ngT + aw? varz.('“)
The estimating function ¢; depends only on the pair of true and surrogate covariates
Z; and W while the validation contribution IZ;,(V) involves Z;, X; and J\,. but not
W:. By Condition 5.4, W is independent of X; and A; given Z;. It follows that z:,(”

and ¢; are conditionally independent given Z; and hence
cov(dv( ) ) EE[/“”@,’ Z] EE[ (V’]Z] [6:] Z:] =o.
Thus we can write Scn as
~ a\?
avar ! + a <—> w27 var ¢,T" + Guw? 2var MV
a

which is equal to (5.27). The fact that Scu > Y¢ is obvious. O

The g-dimensional vector T'(3,, 6o) will be called the correction vector and I' To,

will be referred to as the correction factor for the ith subject. The correction vector
: . S N - N

can be consistently estimated by I' = Dx(Bc.6)D7'(8). There are two ways to

obtain ﬁx and Iﬁ)r First, we can take
~ _ 1 -, 09i(8)
Dr(6) = —— ;aT,T

and find D x(B,0) in each special case by differentiating JENV)(,B,O) with respect
to 8, replacing Aq(t) by Ko(t) and e(t) by R(t), and averaging these terms over the
nonvalidation set. Alternatively, we can calculate the expectations theoretically and
estimate the resulting matrices term by term. Examples of the second approach will

be discussed in Section 3.5.
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With a consistent estimator of the correction vector, the adjusted pseudoscore

variance Y~y can be consistently estimated by

Sen(3,6) = {s. / [Z: — R(¢)]? dNi(t) + w? [Z.-@f“""(a)—s.-

Q|9
=1
-—‘
o
C
-
N N———

evaluated at 3 = Bc and 8 = 8.

5.4.2 Selection of optimal weight

The previous sections have ignored the fact that the CS estimator we have proposed
depends on a fixed but so far arbitrary weight w. Indeed, the CS estimator is actually
a whole family of estimators indexed by w. All of them are consistent but the variance
of any particular estimator is driven by the choice of w. In this section we propose
a method for an adaptive selection of the weight in order to maximize efficiency.
The resulting estimator is always more efficient than the estimator based only on
the validation data. The following lemma shows how to calculate the weight w that
minimizes the asymptotic variance of the CS estimator and how to estimate it from

the data.
Lemma 5.3. Let 0 = var 9" (do), 02 = var 4"V (8o, 86) and
03 = T'(Bo, 00)T var ¢:(80)T(Bo, 0o).

Then the estimator EC( Wopt ). where

2
gy

Wopt = —5—————
opt o3 +a/ac? ~
possesses the minimal asymptotic variance within the class of estimators {ﬁc( w) 0<

w < 1}. The optimal weight can be estimated conswstently by replacing o?. o2 and o2
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by their consistent estimators
1 T _
72 —__ . . _ 2 g
5} == > .5,/0 {Z: — R(t)}? dN(2).
1 — -~
52 _ 2 SINV) T v2
7 5;1: i (Be)
R D &oP2(O)T.
Corollary. The estimator Ec(wop,) always has a smaller asymptotic variance than
the complete-case estimator Ec( 0).

Proof. By the corollary to Lemma 5.2, the pseudoscore variance with unknown error
parameters can be written as

- 2 =2 2, Q@

Yen(w) = aoi +aw’ | o + ;0'3 .
The variance of ﬁc(w), taken as a function of w, has the form

acl + aw? (o} + a/aoc?)
(a + aw)? )

f(w) = const x

The derivative of f(w),
, 2o a
70 = o [ (- 398) -]
attains zero at wep,. Since

02 =var¢™") = Evar [J,,!N") [ Z:. X, Ai] +varE [J»,f“"’) Z,-,.\’,-,A,-]

7

)

>varg{") = o2,
the optimal weight never exceeds 1. The consistency of 52, 52 and o3 can be proved

similarly to the consistency of the variance estimator in the proof of Theorem 5.4. [

Remark. When the error parameters are known, the optimal weight is simply wep, =
o?/al.

Since W,y depends on Ec, both can be estimated simultaneously by a simple
iterative procedure or, perhaps preferably, a working estimator of 8y can be calculated
with w = 0 and plugged into the expression for ,,,, which in turn is used to obtain

the final Bc .
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5.5 Special cases

In this section we show how the corrected score estimator is applied in different
measurement error settings. For each case we identify the pseudoscore bias correction

and calculate the variance adjustment for unknown error parameters.

5.5.1 Continuous covariate measured with error of constant variance

This is the simplest practical application of the corrected pseudoscore method. Let
Wi = Z;+:z;, wheree,, ... , &, are zero-mean random variables, mutually independent.
and independent of Z;,, N; and Y;. Let vars; = c?, where o2 is unknown. The

nonvalidation part of the corrected pseudoscore is given by
gy = [(w— Ry anie - [ W; — . — 5%} BY(
GUUB) = | [Wi— R(O1AN(t) - | {[Wi — R(&)IW: — 3%} 3
0 0

where
i &i(Wi — Z,)?
izt &i '
It follows that &2 is the solution of > &idi =0 with ¢; = (W; — Z;)2 — 2. Denote
0; =&+ &wand R = &Z; + & W;. Then the corrected pseudoscore estimator is

3 > [ oilRi — R(t)] dNi(¢)
T [ elRi - ROPY() dt + ws? S EX,

The variance correction factor ' equals —Bo E X;. Hence, the asymptotic variance of

2B — Bo) is

2
{&w‘v’ +wE A" + }—E.wﬂo[(W ~ Z,)* - ¢*)(EX;) } / D¢.

9.9.2 Linear regression with constant variance

Assume that the relationship between Z and W possesses the linear regression form

Wi=vw+nZi+e,  vare =02
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where 7, v; and o? are unknown and «¢,,... .&n are zero-mean random variables.
mutually independent. and independent of Z;. N; and Y;. The nonvalidation part of

the corrected pseudoscore is now given by
v"(3) = / (W — R(t)] dNi(t) — / {W; - R(&)|W; — 57257} BYi(t) dt.
0 0

where W = 37 (W; —3,). The error parameters 8 = (g, 71, 02)" have been replaced
by % and 7, the least squares estimators of the regression parameters. and the

maximum likelihood estimator &2 of the error variance given by

~ 1 O ~ -
gt = ,,—E Z&(VV.' - % —N1Z:)*.
=1 612 1

Hence, the error parameter estimator 8 = (%0, 71,52)T solves the estimating equation

> £i0:(0) = 0, where

Yo +11Zi — W;
?:i(0) = YoZi + 112 - W, Z;

(Wi =% ~mZ:i)? - o?

At the end of this section we show that the.correction factor is given by

T(0)"6x8) = ~2{ Da(Zi ~ E Z)(W: = 20 - 1.2
+ 2 EX;var Z: [(Wi — v0 = 1 Zi)? = o] 3
"

where Dy = E [][Z; — e(t)]?Y;(¢) dt. It can be estimated by replacing E Z; and .var Z;
with their empirical counterparts and D4 with D4. The pseudoscore variance is given

by Equation (5.27) and its consistent estimator by (5.28).

Derivation of the correction factor. Since W (r0.m) = v7H{(W: — %),

owr 1 oWy _ 1. oW _
Yo "’ a1 M do?

=0. (5.29)
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The pseudoscore bias correction, V(W;)/+2 = o2/ vi. has partial derivatives

00'2_0 g o 90’2 a o 1
R T R S
Denote
Q:i(W:) = /r[I/V,-' — e(t)] [dNi(t) — Yi(t) dA,(t) — W BoY:(2) dt].
0
Then
a inr‘- T ) r i
QB(T;') = /; [dN;(t) — Yi(t) dAo(t) — W BoYi(t) dt] —/0 (W — e(t)]BoYi(t) dt
(5.30)

and, since E[W | Z;] = Z; and E[W;2| Z;] = Z? + %/,

(W=
E 3—639%};—) —E { Mi(r / [Z: — e()]Bo¥i(2) a’t}
=_50/ [E Z:Yi(t) — e(t) EYi(t)] dt
=~ G, / [ra(t) — e(t)mo(t)] dt = 0,

9Q:(Wr) _ o { ZMi() — ‘;’_zgox,. _ / " 22 - e(t)|BoXi(t) dt — :—jﬁo.\u}
1 0 1

EW; =

T 2
= 5013/ Zi{Z; — e(t)] dt — 2:—2ﬁ0EX.-
0 1

=~ GoE / (2 - et dt 2:—;60 EX:.
o 1

It follows that

aw(l\" )(130’ ) _1 aQ (W-) 0
a‘)’o ’)’1 BVV,-' e
~(NV) -
O 00) L g 000 2,

o mn Law; ke
L(NV)
ad) (:60 ) 1 /80 E .Y‘.

Oo? = ~2
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These are the components of Dy, which is a row vector in this case. Let us now

calculate Dr. Denoting u; = W, — Yo — 1 Z;. we have

1 Z; 0 1 EZ 0
95:(9) 2 9:(0)
= . : d E—= = . 2 = -
207 Z; Z 0 an 207 EZ; EZ? 0 Dr
—2u; —-2Z;u; -1 0 0 -1
and hence

-EZ? EZ; 0
1
varZ;

D7 = EZ -1 0

0 0 var Z,'

Thus, T'T = DxDr' = 8077 (-DAE Z;, D4, EX; var Z;/v1) and

FT¢',~ = % [D_.ﬂl,' EZ, - D_4u,-Z,- —_ E_\’,' var Z,(u'2 - 0'2)/’71] .
1
This finishes the derivation. O

9.5.8 Misclassified binary covariate

Suppose that Z is a binary covariate with P[Z = 1] = pz and W is a misclassified
surrogate for Z. Denote the sensitivity of W for Z by n = P [(W=1|Z=1] and
the specificity by v = P[W =0| Z = 0]. Then the expectation of W given Z is

E[W|Z]=9Z+(1-v)1-2)=1-v+(n+v—1)Z

Thus, the conditional expectation possesses the required linear form with Yo=1—-v

and v; = 7+ v — 1. We assume that v, # 0. The conditional variance of W is
VIZ)=n(l=m)Z+v(1-v)(1-2)=v(l-v)+[n(l—-n)— v -v)Z,

which is also of a linear form vy + v, Z with v, = v(l1—v)and vy = (1l —n)—v(l-v).

Because all the error parameters are functions of sensitivity and specificity. we can
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parametrize the problem either in 7 and v or in v and v,. We will switch from one
parametrization to the other as convenient.

It follows that the bias-corrected version of W is W™= = v W —1 +w). An
unbiased estimator for V(Z) is obtained by V"(W*) = v(l=v)+[n(l—n)—v(l—v)]TT .

The nonvalidation part of the pseudoscore is
w"(8) = / (W~ R@)H{dNi(t) — [W; ~ R(t)IBYi(t) dt} + 872X,V (W),
0

The error parameters & = (7,v)T can be estimated by 7' = ny/(n1o + n1y) and
U = ngo/(ngo + no1 ), where ni; =), &L(Zr =1, Wi = 7). This means that 8 is the

solution of ) &;6;(0) = 0 with

1(Z:i=1,W;,=1) —gl(Z; = 1)
#i(8) =
1(Z;=0,W; =0) —v1(Z; = 0)

After some clumsy but simple algebra (see the end of this section), it can be shown

that the correction factor is

I6:(6) = —f—f {p;‘ / " €R(t)n(t) dtZi(Wi — )
]

+ (1 —pz)! /:[1 — e(t)]*m(t) dt(1 - Z:)(1 — W — u)}.

Derivation of the correction factor. To derive the correction factor, we will work with
Yo and <, and express the result in terms of n and v at the very end. Since v =1 — g
and 1 = v + v, the variance function is

V(90,7 W7) =%(1 = 10)(1 = W) + (vo + 1 )(1 = %0 — 71 )W

=Y0(1 —70) + (1 — 270 — )W
The partial derivatives of the pseudoscore bias correction, V(W;) /42, are

I ‘)’12 - ’712

1 1
1 =29 =2y W — 4(1 — 290 — *n)—] = —(1-2W7)

_8_ V(I'V,-') 1 [
84! T
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and
8 V(Wr V(Wr 1 1.
) __ Y )+—[(1—2‘70—°‘/1)H' ‘/'1(1—2“,'0—‘:1)—H,J
a"/l " 71 '71 1
__ 2V wr
42 7

Using the first two equalities in (5.29), Equation (5.30), E[(W?| Z:] = Z; and
E[W:?| Z:] = Z? + V(Z:)/+?, and realizing that Zt = Z;, we get

aeNV) (6o, 0) g 9Q:(W7) V(W)
E = . = —E X, —
0o ’)’1 OW' [ﬁo 3’70 v? ]
— EEE/ (1 —2Z,)Y(t)dt = —%E/ [1 ~ 2e(t)}mo(t) dt
¢!V (60,0) _0Q:(Wr) . 9 V(W)
-E 6‘71 “/ EW: 3W —E[ﬂo.’\ 3,1 ’71 J
| Bo

== /0 Zi(Z: — e(t)]Yi(t) dt

@ V(Z;) 2VZ) Zi) [,
—222F = /OY(t)dt-{-BoE[‘h ks }/0},(t)a’t

=@/r e?(t)mo(2) dt.
71 Jo

We have got Dyx. The estimating function for v, and 71 can be written as

(1= Zi)vw—-(1-2)W;
®i(0) =
Zivo + Zim — Z;W;

Thus, Dr = —E0¢,-(0)/30T and its inverse turn out to be

1- 0 —(1 = pz)! 0
DT = - Pz and D;l = (

pz  pz (1 -pz)~' —p3z'
which implies that

H(NV) (NV) (NV)
PT=DXD;1=< 1 E[aw,. 33 J’__Ew )

1 —-pz 7T o Pz o

_Bo 1 2 - — )7 )
=2 (l—pz/[ () + 1 — 2e(t)]mo(t) dt, / o(t)d
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and hence
[T =2 1 / [1 = e(t)Pro(t) dt(1 — Z;) (70 — U7)
Ml—pzJo
,‘30 1 i 2
+ —— 6()/|0()dtZ(,0+‘Y1—I’I)
T Pz

=-2{ 2y JIGEECE

1-2;
+l—pz(1_ -—u/[l—e(t ‘ro(t)dt}

5.6 Multiple covariates

In this section, we define the corrected score estimator for the situation where one
covariate is measured with an error and the remaining covariates are known exactly-
We assume that the true values of the first covariate are observed on a validation set
selected by Bernoulli sampling. A surrogate covariate is available for all the study
subjects. as in the univariate case described previously. We will work under the same
assumptions on the surrogate covariate and its relationship to the true covariate and

other observed data as introduced for the univariate case.

5.6.1 Definition of the multivariate corrected pseudoscore

Zy;
Let the true covariate vector for the ith subject be Z,(t) = where Z,(t) is a

Z2t(t)

time-dependent p-vector, Z,; is the incompletely observed time-independent covariate.
and Z3i(t) is a (p — 1)-vector of time-dependent covariates that are observed for all
the subjects. Let W; be the surrogate for Z,; subject to Conditions 5.1-5.4, where all
the conditioning is made on Z; only. We continue to write W for the bias-adjusted
surrogate. The true value of Z,; is known only if the subject is in the validation

set, 1.e.. if & = 1. So, define the observed first covariate as Ry; = £2Z,; + E,W}'



and the vector of observed covariates as R;(t) = (R, Z(t))T. Other p-vectors. like
3o- zz( V) etc., are similarly partitioned into the first component and the remaining
(p — 1)-vector.

To define the corrected pseudoscore, we have to generalize the downweighting con-
stant w to the multivariate case. We propose to weight the pseudoscore contributions
of the nonvalidation subjects by a general p x p invertible matrix Q. Intuitively. one
would rather use a diagonal matrix; however the definition of the pseudoscore works
fine with general weight matrices and. as we will show, the optimal weight matrix is
actually non-diagonal.

So, the contribution of the ith subject is weighted by the matrix A; = &1, + £,Q.
The expectation of A, is A = ol, + @Q). The weighted at-risk covariate average is

defined by

R(t) = [me] [ZA‘R"(”“(”J'

The multivariate corrected pseudoscore then attains the form
Uc(8) ZA / [R:(t) - R()] [dNi(t) — Ru(t)"BYi(2) dt]

+ZfA. 92ﬁ ( )\

where j is the p-vector with 1 as the first component and zeros elsewhere. The whole
construction 79?8 just creates a vector with B as the first component and zeros

elsewhere. It is easy to see that
Y AJ{Ri(t) — R(2)]¥i(t) = 0.

This is an important property because it implies that Uc can be written as

o8 =3 A [ IR~ R amict) - ¥ice) dolt) — Rty BYi(e)

=]

+Zm B Ly,



and also as
e =3 a [ (R~ R anis
=1

—ZA./ {[R.(t (2)]% - E.I',';,(Wi)je'*}m:(t)dt
1

=1

The estimator defined by UC(,BC) =0is

Be = (ZA.- / ,{[E(t) - B - g S o }Ht)df)
i=1 0

l 2+
x (ZAV /0 [R(t) —Tz(t)ld.w',-(t)) .

5.6.2 Limiting distribution of the multivariate CS estimator
The normalized pseudoscore is asymptotically linear, that is

n ,'d){:/) o + ¢(NV) 0
JrUelBo) = 5=y [ 0 ) ‘ R EPe
=t \ &0l (Bo) + E(B,)

= 2= 3 [691(80) + E0I(B,)] + 0n(1),

where
H0680) = [ 120 - exo) vt

i (Bo) = / W7 = (0] [4N0) — %i(t) dholt) — Ru(t)Bo¥ict) e
V(W‘)

“/1 T v

58, / (Z2:(2) — ex(t)] dM(t),

1801 iy

HNVNB,) / [Z2:(¢) —eg(t]dll/[(t)+/ [Z2i(t) — e2(t)](Z1i — W) Bo,Yi(t) dt

are mean zero independent and identically distributed terms. Thus, n~Y/ 2Uc(,30)

converges in law to p-variate normal distribution with zero mean and covariance
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matrix
~V - ~faryr 52
Sc(Bo) = E [601"(8y) + E07(80)] " = aT.(8,) + aOTH(8,)00.

where £, is the covariance of the full-data pseudoscore and g is the covariance of

u(NV The negative expected derivative matrix of Uc is
—-E iU (B) = (al + @)D
B,BT (o A

where D4 is the negative expected derivative of the full-data pseudoscore [ 4.

It follows that the asymptotic covariance matrix of vn (,BC —Bg) is
D' (el +a@0) "' (aZ,4 + a0TQT)(al + a0")'D;T.

Denote the product of the inner three matrices by ®(2). The goal is to find Qg such
that ®(Q) — &(p) > 0 for any invertible weight matrix . By analogy with the
univariate case one can guess that the optimal matrix satisfies Q54 = Q0]

which implies that Q, = T4Z5'. With this 0, we get
®(Q) = (el + 4T ) (S, + 62_425‘232518_4)(a1[ +asz'T,)!
= (al + 53.4351 )—I(QH +aZ4T5 )4 (a

B

The following lemma shows that € is indeed optimal.
Lemma 5.4.
(el +aQ) ! (aZs +aNTpQT)(al + aQ’)~t - (e +aszh) ! >0,

for any Q invertible.

val,

Proof. Consider the linear model Y = Xb+ g, where X = iIsa2pxp
V1 —al,

design matrix, y is a 2p-vector of responses, b is a p-vector of parameters, and € ~
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N2p(0. W) is the random error. Let the error covariance matrix be W =

All unbiased linear estimators in such a model have the form b — (XTCX)~'XTCy

where C is a 2p x 2p matrix of rank 2p. The covariance of b is

varb = (X'CX) ' XTCWCTX(XTCTX)"!

I, 0
Notice that the choice Gy = P leads to
0 Q
varb = (al + @)~ }(aZ 4 + a0 )(al +anT)"!. (5.31)

By the Gauss-Markov Theorem, the best linear unbiased estimator is obtained by

3o
setting C = W-! = 4 and its covariance matix equals
0 =z
(XTW'X)™! = (aS3' +@S3!) . (5.32)

Thus. the difference between (3.31) and (5.32) must be a positive semi-definite ma-

trix. d

The optimal weight matrix Qy is non-symmetric. Its diagonal elements should
range from 0 to 1, with the last p — 1 of them being much closer to 1 than the first
one. The off-diagonal elements should be much smaller than the diagonal ones. This
is just a conjecture based on the meaning of ¥4 and T and on the fact that Qy must
be close to the identity matrix when the measurement error is small.

The pseudoscore variance S¢ can be estimated by

SoBe) = =3 {6 [12:6) - RN vty + B [ @) T ar ) |
n =1 0

where zz;va) (B) is a column vector having
V(Wr)

X
2+U

/ W — Ry(t)) [dNi(t) - Yi(t) dRo(2) — Ru(2)7BYi(2) dt) + 5B
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as the first component and
/ [Z2() = Ro(t)] [ANi(2) = Yi(t) dolt) - Ri(t) BY:(1) ]
0

as the last p — 1 components. The baseline hazard estimator has an easy extension

to multiple covariates,

~ o dN(t
dho(t) = SF—r ((t))
1+

j=

—R(t)"B, dt.

When the g-vector of error parameters 6 is estimated from the validation set. the

pseudoscore variance includes an extra term:

— 2
Se(0) = B [631)180) + E5 (84,00 ~ 620K (8. 801 (00
=aS4 +anss0" + Zars,ra’.
«

where Y7(80) = var ¢;(8¢) and

N (8,0 8¢:(80)] "
(o, 60) = E ae(ﬂo . [E aéToJ

iIs 2 p x ¢ adjustment matrix. The optimal weighting matrix g is given by Qg =

Ca(Ss +a/al'S70T)-L

5.7 Simulations

5.7.1 Continuous covariate with error of constant variance

A simulation study was performed to investigate the performance of the corrected
pseudoscore estimator in the setting of Section 5.5.1. The population distribution of
the covariate Z was standard normal truncated at +1.96. The random error & was
zero-mean normal with standard deviation o. The baseline hazard was constant and
censoring was uniform over the interval [0, 0.4]. The total number of observations was

1000. One thousand data sets were generated and analyzed for each setting. Four
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estimators were calculated: the full-data estimator that assumes all the true covariate
values are known; the naive estimator defined by Equation (5.1) that ignores the error
in nonvalidation set covariates; the complete-case estimator Bc( 0) that uses onls- the
validation set; and finally, the corrected pseudoscore (CS) estimator (5.5) that uses
the complete-case estimate to select the optimal weight @,pe and estimates the error
variance o2 from the validation data. The optimal weight was calculated according
to the formula given in Lemma 5.3. Simulation results are summarized in Table 5.1
on page 120.

The table shows the behavior of the four estimators under different validation
set sizes and magnitudes of measurement error. The case of ¢ = 0.5 represents a
small measurement error (error variance is a quarter of the population variance of
the covariate), o = 1 is a moderate error (error variance equal to covariate variance).
and o = 2 results in a relatively large error (error variance four times as large as
covariate variance). The validation set consisted of either a fifth or a half of the
observations. As expected, there is a significant bias in the naive estimator. The
smaller the validation set and the larger the measurement error the more the naive
estimator underestimates the true parameter. The CS estimator removed the bias
quite well. The standard error of the CS estimates is always smaller than that of
the complete-case estimates, even when the error variance is large. Moreover, the
estimated variance of the CS estimator is on average close to the sample variance of
the simulated CS estimates. The coverage probability of the 95% confidence intervals
based on the CS estimator and its estimated standard error ranges from 0.945 to 0.961,
which is quite satisfactory. The table also shows the empirical power for testing the
hypothesis Hp : 39 = 0. When the error variance is small, the power of CS estimator
is quite close to the power of the full-data estimator.

We also calculated the average estimated optimal weights. When the measurement
error standard deviation o was 0.5, the weight was around 0.75-0.80. So. a lot of the

nonvalidation information was used for estimation of Bo. When o was 1, the optimal
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weight decreased to 0.45-0.50. This means that the nonvalidation contributions were
downweighted to less than a half. With large measurement error (0 = 2). the optimal
weight dropped below 0.2. In that case, the unweighted CS estimator with « = 1 had
much larger standard error than the complete-case estimator. So. the introduction

of optimal weight significantly improved the precision of the CS estimator.

5.7.2 Misclassified binary covariate

The finite sample performance of the corrected pseudoscore method for misclassified
binary covariates (see Section 5.5.3) was the topic of another simulation studv. Data
sets of 1000 subjects were generated. The baseline hazard was constant and censoring
uniform so that failure was observed for about 420 sub jects. The probability of being
exposed was pz = 0.5. The validation set consisted of either 20% or 50% of the
subjects. One thousand data sets were generated and for each four estimates were
calculated: the full-data estimate, the naive estimate, the complete-case estimate. and
the corrected pseudoscore (CS) estimate with estimated optimal weight and estimated
error parameters. Results are shown in Table 5.2 on page 121.

Table 5.2 includes the results for different misclassification rates in the binary
covariate: the sensitivity and specificity pairs of (0.7,0.7), (0.9,0,7) and (0.9.0.9) give
misclassification rates 30%, 20% and 10%, respectively. The table indicates that the
corrected score method successfully removes the bias which is evident in the naive
estimator. The variance of the CS estimator is always lower than the variance of
the complete-case estimator, even when the misclassification rate is 30% and the
validation set is small. The 95% coverage probabilities for the CS estimator are in
the range 0.934 to 0.957, which suggests that both the CS estimator and its variance
estimator work reasonably well with binary covariates. The empirical power of the
CS estimator for testing the hypothesis Hp : Gy = 0 approaches the power of the

full-data estimator when the misclassification rate is small.
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5.8 Example: NWTSG data set

To provide an example of an application of the corrected pseudoscore method. we
present an analysis of relapse rate for patients enrolled in two studies conducted
by the National Wilms Tumor Study Group (NWTSG-3 and NWTSG-4). Wilms
tumor is a rare kidney cancer occurring only in children, with a relatively good
prognosis when treated with combination chemotherapy. The results of NWTSG-3
were previously published by D’Angio et al. (1989) and by Breslow et al. (1991): a
paper on NWTSG-4 will appear in the near future (Green et al., 1996).

One of the most important prognostic factors for relapse in Wilms tumor patients
is histologic type of the tumor, which can be roughly classified into favorable (FH)
and unfavorable (UH). Histologic tvpe was first evaluated by a pathologist in the
institution that treated a particular patient. The NWTS Pathology Center then
re-evaluated histologic type for patients whose tissue samples had been submitted.
The institutional and central histology evaluations agreed in most, but not all. cases.
Central histology can be regarded as more precise and reliable than institutional
histology. For estimating the excess risk of relapse associated with UH, the central
and institutional histology assessments can be treated as the true covariate and the
surrogate, respectively. In NWTSG studies, central histology was evaluated for nearly
all patients. However, the cost and complexity of the studies would decrease if the

Pathology Center reviewed only a random subsample of the entire cohort.

The data set consisted of 4119 subjects (1911 in NWTSG-3 and 2208 in N WTSG-
4) with known relapse status. follow-up time, and both histology evaluations. Of
them, 11.5% had unfavorable central histology (11.6% in NWTSG-3 versus 11.5% in
NWTSG-4) and 14.5% relapsed (15.6% in NWTSG-3 and 13.5% in NWTSG-4). The
sensitivity and specificity of institutional histology for central histology were 0.72 and
0.98, respectively. Preliminary analyses of relapse rates confirmed that, given central

histology, institutional histology had no effect on relapse.
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We fitted the standard AH model to the whole data. using either central or insti-
tutional histology as the covariate. Then validation sets were drawn at random and
the CS and complete-case estimators were calculated assuming that central histology
was available only for the validation set sub jects. The results are shown in Table 5.3
on page 122. The CS and CC estimators and their estimated standard errors are
averaged over 500 different validation sets. The parameter estimate based on all sub-
jects with central histology known was 0.0744. Since time was measured in vears.
this number estimates how many extra relapses per one person-year of follow-up are
expected in the UH group compared to the FH group. Using institutional histology
instead of central, we estimated the risk difference as 0.0537. This underestimates
the truth by about 30%. When central histology was available for a validation set
of 20% or 50% of the original sample, the CS estimator was on average 0.076S and
0.0733, respectively. The standard errors were 21% to 55% larger compared to the
full data estimator but with a 50% validation set, the Pathology Center would have
had over 2000 less tissue samples to analyze. The complete-case estimator was on

average close to the full-data estimate but its standard errors were much larger than

those of the CS estimator.



Table 5.1: Simulation study of the AH corrected score estimator with a continuous
covariate subject to random error. Model: A(t | Z) = 3.4 + 3, Z where Jo =0.3.

Valid. set Error SD Mean Sample Av. estim. 95% cover.
prop. o Est. Est. SE SE probab. Power
F | 0208 0.154 0.162 0.968 0.474
0 05 N |0.245 0.142 0.148 0.939 0.378
= CC | 0.303 0.365 0.371 0.958 0.131
CS |0.299 0.173 0.178 0.961 0.398
F [0314 0.155 0.162 0.968 0.490
0 . N | 0.167 0.115 0.120 0.809 0.269
< CC | 0.316 0.355 0.370 0.962 0.125
CS | 0.312 0.212 0.217 0.955 0.300
F |0.303 0.155 0.161 0.962 0.462
02 ) N |0.071 0.075 0.078 0.166 0.143
< - CC | 0.282 0.363 0.369 0.948 0.117
CS | 0.315 0.201 0.314 0.961 0.148
F | 0208 0.159 0.162 0.961 0.454
i i N |0.262 0.152 0.153 0.953 0.416
0.5 0-5 CC | 0.295 0.228 0.230 0.948 0.252
CS | 0.298 0.171 0.172 0.953 0.424
F |0.290 0.160 0.162 0.954 0.449
] N |0.190 0.131 0.132 0.864 0.293
0.5 1 CC | 0.292 0.239 0.230 0.935 0.253
CS |0.290 0.194 0.189 0.946 0.348
F |0.300 0.161 0.162 0.950 0.478
o ) N |0.104 0.094 0.093 0.442 0.194
: = CC | 0301 0.229 0.230 0.947 0.262
CS | 0312 0.213 0.214 0.945 0.296

Notes:

Estimators: F = full data, N = naive, CC = complete-case, CS = corrected score.

Population variance of the covariate was 1.
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Table 5.2: Simulation study of the AH corrected score estimator with a misclassified
binary covariate. Model: A(t | Z) = 2.6 + 8,Z where 30 = 0.9.

Valid. set Sens. Spec. Mean Sample Av. estim. 95% cover.
Est. Power
prop. n- v Est. SE SE probab.
F 0.908 0.310 0.299 0.939 0.848
05 07 o- | N 0178 0131 0.130 0.000  0.288
= ! “ |cc | 0.943 0.701 0.680 0.947 0.285
CS 0.940 0.554 0.537 0.944 0.411
F 0.888 0.318 0.299 0.935 0.835
N 0.390 0.195 0.190 0.241 0.5339
0.2 0.9 0.7 - -
CC | 0.909 0.683 0.676 0.949 0.271
CS | 0.932 0.442 0.435 0.957 0.583
F 0.899 0.309 0.299 0.941 0.853
N 0.616 0.253 0.247 0.780 0.707
0.2 0.9 0.9 - -
CC | 0.882 0.683 0.680 0.955 0.259
CS 0.900 0.371 0.360 0.946 0.711
F 0.888 0.313 0.299 0.939 0.833
] - . |N 025 0a61 0.156 0.015  0.366
0.5 0.7 “|lcc | o919 0.437 0.426 0.950 0.57
CS 0.912 0.408 0.395 0.938 0.646
F 0.893 0.327 0.299 0.925 0.833
0.5 0.9 07 N 0.481 0.231 0.216 0.512 0.598
0 ‘ “lcc 0911 0.448 0.424 0.941 0.573
CS |0.902 0.387 0.362 0.934 0.693
F 0.905 0.308 0.299 0.945 0.848
N 0.708 0.268 0.263 0.868 0.764
0.5 0.9 0.9 .
CC | 0.902 0.446 0.424 0.940 0.578
CS 0.908 0.343 0.331 0.946 0.775
Notes:

Estimators: F = full data, N = naive, CC = complete-case, CS = corrected score.

Population exposure rate was 0.5.



Table 5.3: Analysis of NWTSG data: estimates of excess risk for relapse associated

with unfavorable central histology.

Valid. set Param.
Estimator . SE
proportion est.
F 1 0.0744  0.00683
F 0° 0.0557  0.00609
CC 0.2 0.0755°  0.01555°
CC 0.5 0.0746*  0.00969°
CS 0.2 0.0768°>  0.01058°
CS 0.5 0.0753%  0.00829°
Notes:

Estimators: F = full data, CC = complete-case, CS =

corrected score.

¢ Institutional UH used as covariate.

b Average over 500 validation sets.



Chapter 6

DISCUSSION AND FURTHER RESEARCH

In this dissertation, we proposed consistent and asymptoticaly normal estimators
of additive hazards regression parameters for two special cases of two-phase designs.
We derived their asymptotic distributions, developed consistent estimators for the
limiting variances, demonstrated the behavior of the estimators in moderate sam-
ple sizes by numerical simulation studies, and illustrated the usefulness of the new
methods on a real-life data set.

In Chapter 4, we dealt with the case-cohort design. To this end, we derived an
unbiased pseudoscore which works with general subcohort sampling schemes. The
pseudoscore relied on Horvitz-Thompson type weights and utilized information on all
second-phase subjects at each failure time. In particular, covariates of the failures
were included in the at-risk covariate average no matter if the failure occured before.
at. or after the time the at-risk average was evaluated. Because of that we could not
use the standard martingale theory to study the asymptotic distribution of the pseu-
doscore but on the other hand, the estimator gained some efficiency. Because missing
covariates in the AH model cause a total elimination of some contributions from the
pseudoscore, which was not the case in the Cox model, we were concerned about the
eventually large loss in efficiency of the AH case-cohort estimator. However, as we
demonstrated, the efficiency loss due to missing data for the case-cohort estimator in
the AH model was only slightly larger than in the Cox model. The AH case-cohort
estimator was consistent and asymptotically normal under mild regularity conditions
we introduced. The estimator of its limiting variance that we proposed was shown to

be consistent and worked well in moderately large samples.



Chapter 5 was devoted to the errors-in-variables design. We have introduced a
corrected score (CS) estimator for the additive hazards regression parameter that is
consistent when covariates are subject to measurement error and a validation set is
available. The conditions on the measurement error mechanism were weak: we worked
under a linear error calibration model and allowed for some types of nonconstant error
variance. We did not make any parametric assumptions about the distributions of
either the true covariate or the measurement error. It was demonstrated on examples
and simulation studies that the method works well for both discrete and continuous
covariates. We proposed a consistent estimator for the limiting variance of the CS
estimator and showed how the variance is affected when the error model parameters
have to be estimated from the validation set. By introducing optimal weights into
the corrected pseudoscore, we assured that the CS estimator is always more efficient
than the complete-case estimator even when the measurement error is large. Even
though we initially worked with a single covariate subject to error, we have shown
how the corrected score estimator may be generalized to multiple covariates, one of
which is measured with error. Similarly, the CS estimator can be also used with more
covariates subject to error.

In Chapter 3. the current methods for estimating the Cox model parameters in
the presence of covariate measurement error were reviewed. Compared to them. the
corrected score estimator for the additive hazards model is much simpler to calculate
and works under much weaker conditions. Thus, the additive hazards model is much
more convenient for analyzing data in the presence of covariate measurement error.
Because of this, it could be used as the primary method of statistical analysis in the
studies that deal with serious covariate measurement error and/or covariate assess-
ment problem. The presence of the validation set is not crucial for the CS estimator,
as long as the error parameters are known from other sources.

It should not b¢ difficult to construct score-type statistics to test hypotheses about

various subsets of 3 for either case-cohort or corrected score estimators. Some hints
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how to do that can be found in Lin and Wei (1989). Such tests would be useful
for model building as well as for testing hypotheses in the final model. Experience
with score-type tests in other models suggests that they might better keep the level in
small samples than the Wald test based on estimated standard deviations of individual
parameter estimates. |

The case-cohort design suffers from not being able to use any first-phase covari-
ate data, except for modifying the subcohort selection probabilities. The errors-in-
variables design uses all the observed first-phase covariates; however, that does not
mean the errors-in-variables design is always preferable to the case-cohort design. In
the case-cohort design, the covariates of the failures are all known, and most of the
information about the AH regression parameter B, is contained in the failures. So.
the greatest weakness of the errors-in-variables design is the selection of the validation
set by simple random sampling only. A generalization of the errors-in-variables de-
sign that makes possible selecting validation set members on the basis of their failure
status and covariates would therefore be most welcome.

To this end, let us sketch a general two-phase design that combines the strengths
of the case-cohort and errors-in-variables design and contains both as special cases.
Let the second-phase sample be V = {i : £ = 1}, where P[§ = 1| A; =1] = p; and
P[& = 1| A; = 0] = ¢i. So, a failure is selected to the validation set with probability
pi and a censored observation with probability g;. The sampling probabilities p; and
g: are fixed constants or functions of first-phase covariates. Now, suppose again that
Z; is the true covariate observed when i € V,and that W isa bias-adjusted surrogate
available for all subjects. Define the observed covariate R; by R; = &Z: + (1 — &)W
and consider the weighted availability indicator

gi=§i<ﬁ+l_‘3‘>+w(1—§i)( A +1_A‘>,
pi qi l—pi 1-—g

where w € [0, 1] is a downweighting constant. If §; and W are independent given Z;.

and W is independent of A; and Y;(¢) given Z;, then it is easy to see that E o; = 1 +w.
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With
2o Doy 0iRY (1)
B = v

=1 =

it should be easy to show that supyc,<, |R(t) - e(t)| —p 0 and hence R(t) is a uni-
formly consistent estimator for the at-risk covariate average. A generalized corrected

pseudoscore can be defined by
6(8) =) o / [R: — R(t)] [dNi(t) — R:BYi(t) dt]
i=1 0

n Z w(l _ &) ( A; " 1-— A,) L'(Wf:gﬂ.‘;
i=1

l—pi 1-q /) va+f
We can immediately see that for p; = 1 and w = 0, we get the case-cohort
pseudoscore. With p; = ¢; = a, this is the corrected pseudoscore for the errors-

in-variables design described in Chapter 5. But U may be used to estimate AH
parameters for many other designs that combine the features of the case-cohort and
errors-in-variables design and use general sampling schemes for the selection of the
validation set.

Asymptotic theory for the general corrected pseudoscore Us needs to be worked
out and regularity conditions have to be determined. This is the main topic for
further research originating in this work.

As for the error model we used, it would certainly be useful to model the measure-
ment errors more flexibly. We might extend the error calibration model by including
first phase covariates other than just the surrogate. That could apply to both mean
and variance parts of the error model. We could then estimate the AH parameters
correctly in all the situations where the mean and/or the variance of the measurement

error depend on other observed covariates.
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Appendix A

OVERVIEW OF NOTATION

We routinely use boldface letters for vectors (e,B) and blackboard capitals or
capital greek letters for matrices (A,D,X). The exception is the (pseudo-) score
vector and its individual terms, which we do not boldface. Matrix transposition is
denoted by AT and scalar product by a'h. The notation A~T means just (A~H)T.
Sometimes we use the vector power notation a®* , which stands for scalar 1 if £ = 0.
for @ when k£ = i, and for aa” when & = 2. For a right-continuous function N (t).
we define AN(t) by N(t) — N(t—). We denote the indicator function of an event
by 1(A). It equals one if the event occurs and zero otherwise. The Euler’s constant
Is typeset in upright font (e). The exponential function is sometimes written as e’
and sometimes as exp{z}. It's inverse, the natural logarithm, is denoted by In .
Sometimes we use the shorthand notation & for 1 — a, §; for 1 — &, etc.

Probability is written as P[...] and expectation as E. If the argument of the
expectation is a product, we usually do not enclose it in parentheses; so EXY Z is
to be interpreted as E(XY Z). The distribution of a random variable X is denoted
by £(X); normal distribution is written as N(y, 0?), p-variate normal as Np(u, T).
Convergence in proba;bility 1s denoted by —, and convergence in distribution by —4.

For easy reference, Tables A.1 and A.2 list the symbols encountered frequently

throughout the dissertation.



Table A.1: Most important symbols used throughout the dissertation.
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Symbol Meaning

Bo true regression parameter
Z; covariate vector

Wi surrogate covariate

T; failure time

C; censoring time

X; censored failure time

A; indicator of failure

Ao(t) baseline hazard

Ao(t) cumulative baseline hazard
T end of observation time
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Table A.2: List of other symbols.

Section(s) ]
Symbol where defined Meaning
a 3.2.2,4.1,5.2  proportion of validation set (subcohort)
,B A 2.3 full-data AH estimator
B H 4.2 case-cohort AH estimator
ﬁc(w) 5.3.1 CS estimator
Yo, V1 5.2 mean error parameters
I'(3.6) 5.4.1 variance correction vector, D x(23, 6)D5'(9)
n 4.3, 5.5.3 specificity of binary surrogate
6 5.2 error parameters
v 4.5, 5.5.3 sensitivity of binary surrogate
& 3.2.2,4.1,5.2  indicator of subcohort (validation set) selection
mr(t) 2.3,4.3.5.32 EZ%Yy()
0; 3.2.2,4.2,5.3.1 weighted availability indicator
Ta(B) 2.3 limiting variance of U4(8)
La(B) 4.3 extra variance of case-cohort pseudo-score
Te(B,w) 5.3.2 limiting variance of Uq (8, w)
6i(8) 5.4.1 estimating function for error parameters
1_2;,('4)(ﬁ) 2.3 asymptotically iid contribution to U4(3)
Ilyfv)(ﬁ ) 5.3.1 validation set contribution to corrected pseudo-score
z/J,(NV)(ﬁ) 5.3.1 nonvalidation set contribution to corrected pseudo-
score
va)(ﬁ ) 5.3.2 asymptotically iid approximation to d)fv)
zZ:fNV)(,B) 5.3.2 asymptotically iid approximation to dv,(NV)
Q 5.6.1 weighting matrix for multivariate corrected pseudo-

score
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Table A.2: (continued)

Section(s) i
Symbol where defined Meaning
A; 5.6.1 weighted selection matrix for multivariate CS
Dy 2.3 expected negative partial derivative of 74(3)
De(w) 5.3.2 expected negative partial derivative of Uc (3. w)
Dr(6) 5.4.1 expected negative partial derivative of &;(8)
D5 (3,0) 5.4.1 ~EapN"(3,0)/00"
e(t) 2.3, 4.3, 5.3.2 limiting at-risk covariate average
M(t) 2.3 counting process martingale for the AH model
N;(t) 2.3 counting process
Di 3.2.2, 4.2 probability of selection
R( t, w) 5.3.1 mean covariate at-risk for corrected pseudo-score
U4(B) 2.3 full-data additive hazards pseudo-score
Uny(B) 4.2 case-cohort AH pseudo-score
Uc(B,w) 5.3.1 corrected pseudo-score
Vg, U1, U2 0.2 €rror variance parameters
V(Z;) 3.2 error variance function
w 3.3.1 weighting constant in corrected pseudo-score
Wopt 5.4.2 optimal weight
Yi(¢) 2.3 at-risk process
Z(t) 2.3 mean covariate at-risk
Z (1) 4.2 mean covariate at-risk for case-cohort design
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