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University of Washington
Abstract

The Multichromatic Wavelet Transformation as a Source Identification Tool for
GLAST

Sean M. Robinson

Chair of the Supervisory Committee:
Professor Toby Burnett
Physics Department

The GLAST mission (Gamma-ray Large Area Space Telescope) will yield a great
amount of photon data in the region from 30 MeV to 300 GeV. However, the sparsity
of incoming photon events and strong dependence of instrument response on photon
energy necessitate data analysis techniques different from those used in similar areas
such as X-Ray astronomy. A modified form of the continuous wavelet transformation
(CWT) has been developed for use in finding point sources from sparse photon data.
This method has multiple advantages over other source location strategies, and is
developed as a source finding algorithm. As the efficiency of this method is well
characterized, this method is also useful in estimation of the total contribution of
unresolvable sources to the observed extragalactic gamma-ray intensity. Using this
method, we are able to estimate the ratio of the extragalactic gamma-ray background
accounted for by diffuse emission of photons. With foreknowledge of the instrument
response of GLAST, and the point-source resolution algorithm to be used, an estimate

can be made of the diffuse component necessary to be significantly measured in this



way. This ”diffuse discrimination threshold” has been measured for GLAST, at the
level of a few percent. The Point Soure Sensitivity (PSS) of GLAST has also been

estimated to be about 7.0 - 102 cm~2%s~1.
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Chapter 1

Introduction

Observations of the celestial photon emission have chiefly resolved gamma-ray lumi-
nous objects in the form of AGN’s (Active Galactic Nuclei) and pulsars. Aside from
such ”point” sources, a diffuse, spatially anisotropic emission has been observed, be-
lieved to be galactic in origin, and largely due to the interaction between cosmic rays
and interstellar matter, and also inverse-compton scattering of high-energy cosmic
rays on intragalactic photons. There is also an observed, isotropic component to
the gamma-ray sky (Sreekumar et.al , 1998), more visible at high galactic latitude
where the former mechanisms of emission account for less flux. It has been suggésted
(Stecker & Salamon, 1996) that the Extragalactic diffuse gamma-ray emission arises
from the sum of distant AGN sources that are simply unresolved (i.e. unresolvable
from current data sets.) Though the current catalog of known gamma-ray emissive
sources does not contradict this possibility, the low number of resolved objects (on
the order of 100) would, in principle, allow for a large percentage of the remaining
“unclaimed” extragalactic flux to have a truly diffuse origin, such as the photon emis-

sions from cosmic rays interacting with intergalactic matter. Herein, we develop an



analysis method to estimate a lower limit to the “truly diffuse” component of the
EDGRB (Extragalactic Diffuse Gamma-ray Background), as well as analytic results
developing limits on source resolvability and distribution. Firstly, given a model for
the extragalactic emission (point sources corresponding to a logN/logS characteris-
tic and an isotropic diffuse component), we would like to know how many sources a
particular experiment could hope to resolve, and in what distribution. Secondly, we
would like to know how this “resolved distribution” will change with the proportion
of extragalactic emission due to truly diffuse mechanisms. This should allow an ex-
perimental limit on diffuse emission to be set with respect to a particular experiment.
In other words, above a certain threshold of diffuse intensity, a given experiment (say
GLAST or EGRET) should be able to tell the difference between unresolved point
sources and truly diffuse emission. This research should give a threshold to the per-
centage of emission which “could be diffuse”, thanks to the EGRET experiment, and
also a threshold percentage above which the GLAST experiment should be able to
differentiate between summed point sources and diffuse emission. There will also be
a treatment of various source-resolution methods to estimate source locations, energy
spectra and intensity from raw observation data. It is a further goal of this research
to establish a numerical algorithm in order to accomplish these preceding ends, in
which only actual data and knowledge of the experiment used to collect it will allow

for estimation of the aforementioned diffuse threshold and source distribution.



Chapter 2

Background Construction

2.1 Model of Blazar Emission

An "active” galaxy is one in which the central area is highly emissive. This is com-
monly modeled as being due to the presence of a black hole accreting matter at the
center of the galaxy. There are also also relativistic jets of matter ejecting in oppo-
site directions, emitting gamma radiation (Fig. 2.1). This mass ejection has been
modeled as being due to the magnetohydrodynamic process in the accretion disc.
(Tsiklauri & Nakariakov, 2002). Emissions from AGN, extending from soft x-rays
~ into the TeV range, are most often explained by synchrotron and inverse-compton
processes within the AGN jet (Kirk et.al, 1998). In the lower-energy region, high
time-variability and a strong polarization of the detected photons make a good case
for synchrotron emission within the jet. In blazers emissive up to TeV ranges, this
emission falls most often between the UV and soft X-ray spectra. The higher peak is
less well-understood, and described by both leptonic and hadronic models, referring
to electrons and protons, respectively, as being the primary carriers of energy within

the jet, responsible for radiation (Rachen, 1999; Sambruna, 1999). In the ”leptonic”



Figure 2.1: Schematic of an AGN

model, high-energy gamma rays are produced primarily from inverse-compton scat-
tering off of the electrons in the jet. The photons scattered are either internal to
(Synchrotron Self-Compton, SSC) or external to (External Compton, EC) the jet
itself. In the hadronic model(s), protons carry the majority of the energy available
for radiation, and photon-proton interactions create either electron-positron pairs, or
pions, which later decay into charged pairs. It is these charged-lepton pairs, then,

that are responsible for generating gamma-rays through the same processes of the

lepton model.
A blazar, likewise, is an AGN whose relativistic jet is pointed in the observer’s

direction, increasing the emission from the galaxy in the gamma-ray region. In or-



der to numerically simulate the summed emission from many unknown AGN sources,
we must first construct a concise model approximating single AGN emission, as well
as defining parameters containing the relevant information determining the emissive
behavior of a single source. In this way, we must first construct the “random extra-
galactic point source” in order to consider the sum of such unknown sources. This
said, we begin by studying the known blazar emissions, from a phenomenological

perspective.

2.1.1 Phenomenological Blazar Energy Spectrum

It is first important to mention that blazar emissions are normally modeled as having
two emissive states - flaring and quiescent. An extremely rough estimate might be
that the total luminosity from the source from 20MeV to 300 GeV may be a factor of
5 higher during the flaring state, while the source may be flaring only around a few
percent of the total observing time. It is also noted that the energy spectrum hardens
during the flaring state (Stecker & Salamon, 1996; Boettcher,Chiang, 2002). As above,
energy spectra are generally accepted to have two components - the synchrotron
component from the accretion disc, extending from radio frequencies into soft X-rays,
and a harder component from inverse-compton scattering, extending from hard X-rays
up to TeV energies(Fig. 2.2). The low-energy emissions drive gamma-ray emissions
in this model, as the synchroton photons from the lower energy range become gamma
rays after inverse-compton scattering. This model has been used widely to explain

the observed energy spectra (Kino et.al, 2002; Jones et.al, 1974).
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2.1.2 Time Variability of Blazars

Blazars exhibit time variability in the x-ray and gamma-ray spectra. In the x-ray
case, this variability is well-characterized, and AGN sources exhibit time variability
as a rough power law with respect to the periodicity of variation(Nandra, 2000). In
the case of the gamma-ray emission, low numbers of candidate sources as well as
low total intensities limit our ability to characterize the flaring characteristics of the
AGN population. Even so, there is clear evidence for AGN flaring in the gamma ray
region, and some estimates have been made as to the strength and timescale of these

variations (Stecker & Salamon, 1996).

2.2 The Cosmological Model & logN /logS

2.2.1 Spatial Isotropy of Sources

It is assumed that the density of blazars is spatially isotropic. It is important to
note that, though this is only allowed due to further assumptions about universal
structure, it is fair to allow within a calculation about AGN emission. As the density
of sources is an unknown parameter, the probability density of point sources at a
given angular direction would have to have large variances to cause a statistically
significant deviation in the observed density of sources. Spatial anisotropy in point
source distribution, even at the level of a few percent, though interesting, should
not perturb the result of this research by any significant amount. However, the

homogeneity assumption cannot be taken as strictly correct, thanks to the unlikeliness



of gamma-ray sources in the very early universe.- Thus, at some redshift, the relative
number density of emissive sources must fall off, and studies have been undertaken to
model this falloff in the x-ray region (Nemiroff e.al, 1995; Stecker & Salamon, 1996;

Chiang ,Mukherjee, 1998).

2.2.2 Sources of Galactic Diffuse Emission

At redshifts less than about 1000 (after matter decoupling in the universe), the Cosmic
Microwave Background (CMB) has been perturbed by a number of influences. Among
these is ”Comptonisation,” the effect of the remaining hot gas of charged particles
upon the CMB. The effectiveness of the energy transfer between the hot electrons
and the CMB is largely governed by the Sunyaev-Zel’dovich parameter:

~ kBTe

~

mecz T (21)

which describes the difference in temperature between the electrons and the radiation
(Lachieze-Rey & Gunzig, 1999, p.111). Current observations (APS, 2002) tend to

show that

y<15%107° (2.2)

Thus, as the corresponding distortion to the effective temperature of the CMB spec-

trum is:



hv
kgT,

(2.3)

oT xe’”—l—l
T

— =y —4) , Where z =
er —1

and the spectral density of photons at high frequency (Wien’s approximation) gives:

u(v) =~ 8rhiic3exp (%) (2.4)
B

we can quickly extrapolate that the estimated density of photons in the GeV
range due to comptonization will be vanishingly small. However, the case has been
made (Dar,Shaviv, 1995) that interactions of cosmic rays with extragalactic gas could
account for a large propbrtion of the observed background. Furthermore, it has
been estimated that the sum of distant point sources could account for the entire
observed flux (Stecker,Salamon, 1996), and also that it could account for a much
smaller fraction (Chiang et.al, 1995). With this in mind, we note that the contribution
of various source models to the observed extragalactic intensity above 100 MeV is a

contested issue at this time.
2.3 logIN/logS

If the universe is spatially isotropic, then we could assume that the density of extra-
galactic sources at any distance would be constant, up to the cosmological falloff of
source density mentioned in section 2.2.1. With such a model, we could attempt to
graph the number of sources within a given observed intensity bin, against that inten-

sity. In this "uniform universe” model, we would expect to see the plot of "log(N) vs.



10

log(S)” (where N is the number of sources and S is the integral flux) to be a straight
line, as the average observed intensity of a source would vary as r~2, and the volume
of space per unit distance varies as r3. Thus, we would expect spatial volume (and
thus source number) to go up as r®, and intensity to go down as r~2, implying a slope
to the logN/logs curve of 52 (See dotted line in Fig. 2.3). However, this assumption
cannot be exactly correct, due to the cosmological timescales implied by high-redshift
sources. At some point, we must expect a time-threshold, before which no gamma-ray
loud sourceé will be observable, as none will be able to have formed before this in the
early universe. For this reason, we expect the logN/logS curve to "fall off” at lower
intensities (Fig. 2.3). This curve has been estimated through analysis of the EGRET

data to a cutoff of around 10~ (cm~?s™!)(Stecker & Salamon, 1996).

2.3.1 The Cosmological LogN/LogS Calculation

Although the functional form of LogN/logS is easy to approximate in the regime of
high intensity (Fig. 2.3), below some intensity the number of sources must fall off,
due to density evolution in the early universe. Below some threshold (and thus, before
some time in the early universe), we cannot expect AGN sources to exist. Thus, we
expect a density evolution with respect to redshift. Furthermore, we must consider

the luminosity evolution of sources. We could fit the luminosity of a source with

respect to redshift to be

L(z) = Lo(1 + 2)° (2.5)
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as done in citepchia95, where z is the redshift of the source, Ly is the luminosity of
the object in the present epoch, and 3 is a parameter to be fitted. Using this estimate
for the luminosity evolution, we could attempt to fit the EGRET data to a logN/logS
model, and integrate over the total summed intensity in each bin, giving a contribution
of the AGN to the isotropic radiation, as in section 5.5.1. However, the unknown
density evolution at high redshift makes a good measure of this difficult, as the great
number of dim sources expected determine much of the contribution to the total
emission. Possible cumulative intensities (which would determine the contribution
of AGN) depend on the density evolution of AGN at high redshift (see Fig. 2.4).
Furthermore, as GLAST is sensitive to energies beyond the EGRET instrumental
limitation, the luminosity function will need to be examined again. Thus, for the
remainder of this work, we will consider a logN/logS curve following that calculated
by (Stecker & Salamon, 1996), in which the emissions from unresolved AGN account
for all of the extragalactic intensity. As we will see, if there is a nonzero diffuse
extragalactic emission component, the catalog of bright sources will need to change

accordingly, as developed in the following section.

2.3.2 The Summed Extragalactic Background

With the above results, we will attempt to create a working model of the background
as a combination of an isotropic diffuse luminosity overlaid with point sources corre-
sponding to the logN/logS characteristic. The measurement of the total sky emission

gives a relationship between the diffuse and point-source flux, as these components
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Figure 2.4: Possible logN/logS curves. Solid line is calculated using the red-
shift /number density evolution curve from (Stecker & Salamon, 1996), dashed line is
with the opposite evolution.

must add together to equal the total flux(See Sec. 5.5). So, assuming that the dis-
tribution of production of diffuse extragalactic photons is also spatially isotropic (for
example, cosmic rays incident upon intergalactic baryons), we can presume that the
number of observed sources in a differential intensity range would be proportionally
smaller, thanks to the diffuse intensity accounting for some of the emission from that
range. For the remainder of this discussion, I will denote the ratio between the truly
diffuse EGRB and the total EGRB to be the “ratio of total intensity” 'D’. (See Figure
2.5). D is thus the ratio of the extragalactic isotropic radiation which comes from truly
diffuse emission, as opposed to point sources. It is important to note that we have
assumed a possible extragalactic diffuse emission which presents negligible time evo-
lution, throughout this work. In the limit of small redshift, and as the mechanism for

such emission is unknown, this seems a reasonable assumption. However, if a diffuse
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Figure 2.5: Expected logN /logS for various values of the Diffuse Ratio.

emission mechanism with a large time evolution were to be present, it would be nec-
essary to alter our estimate of the D, given the form of our reconstructed logN /logS.

This presents a model dependency which must be taken into consideration.
2.4 Existing LogN/logS Fit Models

There are many estimated luminosity functions in the gamma ray region, each of
which suggests a different role for the emission from distant point sources. We first
examine the observed background radiation, and then the current estimates given to

the gamma-ray luminosity function.
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2.4.1 Characteristics of the Observed EDGRB

The Extragalactic Diffuse Gamma-Ray Background (EDGRB), first detected by the
SAS-2 experiment (Fichtel et.al, 1978), has been found to have an intensity given

(Sreekumar et.al , 1998) by :

dN
— = (7.324+0.34)-107°
7 (7.32£0.34) - 10 (

E

—2.104+0.03
m) (Cm"2s—1sr—lGeV_1) (26)

SAS-2 showed a residual emission which was isotropic, and not associated with the
galactic emission. Analysis of the EGRET data in the range above 100 MeV (Inte-
grating 2.6) yielded a total emission of ((1.45 4 0.05) - 10~ photons cm=2 s7! sr71),

with a power law of about (2.10 = 0.03) (Sreekumar et.al , 1998).

2.4.2 Estimates for the Gamma-ray Luminosity Function (GLF)

The ”Luminosity Function” is the relation for the number of galaxies in a partic-
ular luminosity range. A luminosity function in the gamma-ray region has been
approached in several ways: The observed luminosity distribution from EGRET was
used (Chiang et.al, 1995) to extrapolate a luminosity function (in which sources were
expected to behave as power-law emitters), and the better-characterized radio lumi-
nosity function (RLF) at 2.7 GHz was also used in a different attempt (Stecker &
Salamon, 1996) to establish a linear relationship between the RLF and GLF in order

to produce an estimated GLF around 100 MeV.
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2.4.3 Direct Fitting of the GLF

The GLF was fit directly from EGRET data (Mukherjee, Chiang, 1999) and inte-
grated to estimate that the entire contribution from unresolved blazers to the EGRB
was (3.0 & 1.0) - 1075 (cm™2s~!sr™!), only around a quarter of the entire estimated
EGRB. However, this fit was also done without density evolution of the gamma-ray
emissive AGN’s, as the available EGRET data showed no significant evolution in
comoving density of sources (that is, the density of sources estimated was static up
to the EGRET sensitivity falloff, revealing only the portion of the logN/logS curve
dominated by power-law behavior). Thus, it is possible that this result contains more
systematic error than reported, however, it seems unlikely that this would invalidate
the study, as an evolution in density of AGN would imply a lower contribution to the

EGRB from unresolved objects than otherwise calculated.

2.4.4 Extrapolation of the GLF from the RLF

Among the motivations for this latter method was the assumption that high-energy
emissive AGN sources are also visible in the radio region (Stecker & Salamon, 1996), a
model supported by synchrotron self-compton (SSC) and external compton emission
models. A linear relationship between the Radio Luminosity Function at 2.7 GHz and
the GLF in the GeV region was assumed, with the linear factor being fit to match the
GLF to the observed EGRET source catalog. The outcome of this work was consis-
tent with an EGRB from background blazer emission of (1.57) - 1075 (cm™2s~1sr~!).

However, a constraint on this model was the requirement that the observed blaz-
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ers from EGRET must account for the estimated GLF, given the sensitivity of the
EGRET experiment. Thus, part of the actual GLF may be accounted for by a diffuse
emission, rather than being wholly due to the sum of unresolved point sources. We
are free (in principle) to impose new constraints on the GLF model, given that some
of the net photon flux may be from a truly diffuse emission. However, it should be
noted that the observed AGN population is plainly inconsistent with a large diffuse
emission, as the GLF above the EGRET sensitivity is already similar to the emis-
sion from the observed AGN’s, within standard errors. Above the EGRET PSS, the
alteration in the number of observed sources at a given intensity due to a diffuse
proportionate background of a few percent is statistically insignificant, however, the
GLAST experiment should be able to differentiate between a GLF entirely accounted
for by point sources and one partially comprised of diffuse extragalactic emission. In
other words, if there is a diffuse background, then the depression in the LogN/LogS
curve would become far more statistically obvious when the number of binned sources
could be expected to change by more than a few in any given intensity bin (i.e. once
GLAST data is available). Thus, both of these measurements are plainly inconsistent
with a large diffuse emission, but either of them could well include a small emission

within the confidence interval in which they are specified.
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2.4.5 Evaluation of the Contribution of AGN, from a Reeval-
uation of the EGRB

As we have discussed, there are several primary ways to estimate the contribution of
active galaxies to the EGRB, many of which rely upon an estimation of the luminos-
ity function of the AGN (Stecker & Salamon, 1996). However, most of the estimates
producing results implying a dominant contribution from AGN sources relied upon
a correlation between gamma-ray and lower energy luminosity functions. This cor-
relation is still debated(Mattox et.al, 1997). We expect the estimated luminosity
function based on the AGN catalog from GLAST to merit an estimation of the AGN
contribution without this assumption.

An unconstrained estimate was made for the contribution of AGN to the EGRB
which considered only the data from EGRET (Chiang et.al, 1995). However, the AGN
detected by the EGRET telescope on which the estimate was made were only present

above about 10~"cm™2s™! (as seen in Fig. 2.3), which led to large uncertainties.
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Chapter 3

The GLAST Experiment

The GLAST (Gamma-Ray Large Area Space Telescope) mission is designed to be
capable of being launched onboard a Delta-II Heavy Launch Vehicle. The spacecraft
will contain all of the non-ground instrumentation for GLAST. The satellite instru-
mentation is composed of two experiments: the LAT (Large-Area Telescope), and the
Gamma-ray Burst Monitor (GBM). All of their associated systems are covered in the

following sections.
3.1 Motivation for GLAST

GLAST has a number of scientific objectives to accomplish, among which are: The
resolution of AGN’s, pulsars, and Supernova Remnants (SNR’s), the modeling of the
particle acceleration within these objects, understanding the spectral and temporal
behavior of gamma-ray bursts and time-transient events, and to probe the high-energy
emission region for energy spikes from proposed dark matter annihilations. (NASA,
1999) GLAST will provide data on an energy band previously not well explored (See

Fig. 3.1). Furthermore, GLAST will be able to put a much lower bound on the level
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Figure 3.1: The Grand Unified Photon Spectrum, (Ressell & Turner, 1990), with
EGRET, GLAST, and ground-based energy ranges.

of diffuse radiation in the gamma-ray band which is unresolvable, and corresponds to

a diffuse emission mechanism in intergalactic space.

3.1.1 The EGRET Experiment

The Energetic Gamma-Ray Experiment Telescope (EGRET), was launched onboard
the Compton Gamma Ray Observatory (CGRO). The predecessor experiment to
GLAST, it searched for gamma rays in the range from 20Mev to around 30 GeV.
EGRET used a spark chamber for direction estimation of incoming gamma-rays,
and a calorimeter of Nal(T1), much like GLAST. Tantalum foils for pair production
were interleaved with tracking layers in the spark chamber, to allow EGRET the

same ability for particle trajectory reconstruction as GLAST. A scintillating anti-
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coincidence counter was also used. CGRO was launched in 1991, and underwent

controlled reentry in 2000.

3.2 Mission Parameters

The GLAST spacecraft is expected to launch on a Delta-II rocket in 2007. It will be
orbiting at an inclination of 28.5 degrees, in Low earth orbit (nominally about 550
km). Its required operating period is 5 years, and the goal will be for 10 years of
data taking. The LAT has a field of view of more than 2.5 steradians, and sensitivity
about 50 times that of its predecessor experiment, EGRET, at 100 MeV. At energies
greater than 100 MeV, the current estimate for the threshold of source detection over

2g=1. Current estimates allowing for the

two years of operation is around 4 - 107%cm™
instrument response function and time of mission suggest that the LAT will be able
to locate sources to accuracies between 30 arc seconds and 5 arc minutes. A list of

mission parameters can also be found at:

http://glast.gsfc.nasa.gov/science/overview/parameters.html.

3.3 Subsystems

The LAT is comprised of an array of tracker/calorimetry towers, all covered by the
AntiCoincidence Detector and micrometeorite shield. Each tower contains a tracker
module with conversion planes and silicon détectors, and a calorimetry module. A
4x4 array of these towers comprises the main body of the LAT. The subsystems are

connected by a “Trigger and DataFlow System”, which is responsible for analysis of
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Figure 3.2: LAT Tracker/CAL subsystem detail

fast data, and rejection of data believed to be not representative of real gamma-ray
events. This maximizes the throughput of useful data the instrument is capable of
providing, and is considered a ”subsystem” in and of itself. Figure AAA shows the
detail of the LAT tracker and calorimetry models. Note the ‘modular design of the

LAT.

3.3.1 Spacecraft

The Spectrum Astro Corporation has been contracted to build the GLAST spacecratft.

The spacecraft must contain the LAT, the gamma-ray burst monitor(Sec. 3.3.5), and
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Credit: Hyteo

Figure 3.3: the Glast satellite in orbit (simulated)

two large solar panels, which will provide a power source. (See Fig. 3.3). A broadband
connection will be utilized to allow GLAST to communicate data to several ground
receivers. This is accomplished through the geosynchronous satellites in the Tracking

and Data Relay Satellite System (TDRSS) network.

- 3.3.2 Tracker

It is the job of the tracker subsystem to convert cosmic gamma-rays into charged par-
ticles (via electron-positron pair conversion), and measure the paths of these particles,
so that the data can be used to reconstruct the incident photon direction. The former
goal is accomplished with a series of layers of 16 tungsten ”conversion layers,” which
together provide about 0.5 radiation lengths of photon absorption (Gehrels, 1999),
primarily through pair production. The first 12 of these layers are “thin,” measuring

0.1 mm each, and the remaining 4 are "thick,” measuring 0.72 mm each. Due to the
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much larger statistical spread of reconstructed photon direction from the thicker or
“back” planes of the detector, estimates in this work have been conducted considering
only the thin conversion planes. In the energy ranges studied, a photon interaction
with a dense nucleus is very likely to result in pair-conversion. After conversion, the
subsequent tracking of charged particles is handled by a series of silicon strip detec-
tors. These detectors consist of a thin sheet of bulk silicon (n—type‘), with strips of
p-type doped silicon running in a single direction along the surface. A bias voltage
is applied between the two types of silicon. As a charged particle passes through
the strip detector, the electric field ionizes the silicon, freeing electrons and ”holes”
in the material. These holes then drift toward the p-type strips, and are collected,
registering as "hits” to the detector strip. By interleaving layers of these detectors in
different directions, then, the path of moving charged particles through the detector
can be reconstructed into “tracks” corresponding to probable particle trajectory (see
Fig. 3.4). Data from these “tracks” is sent to the “Trigger and DataFlow System”,

which handles the determination of a probable gamma-ray event.

3.3.3 Calorimeter

Thallium-doped Cesium-Iodide (CsI(Tl)) blocks are arranged in perpendicular ho-
doscopic (imaging) fashion in a matrix below the Anti-Coincidence Detector (ACD)
and tracking planes. Silicon PIN Photodiodes are employed to react to the scintilla-
tion reaction as a charged particle passes through. 12 crystals of size 26.7 mm x 19.9

mm x 333 mm are individually optically isolated, and arranged in a layer, in which
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Figure 3.4: Gamma-ray pair conversion, detection, and calorimetry

each crystal faces the same direction. Eight such layers, each arranged in perpindicu-
lar fashion with respect to each other, constitute a calorimeter module, which resides
"underneath” a module of the tracker system. (Johnson, 2001) The photodiodes on
each end of each crystal allow for total calorimetry measurement, as well as giving
some idea about the location of the incident particle causing the electromagnetic

cascade within the crystal.

3.3.4 Anti-Coincidence Detector (ACD)

In order to reduce the number of false gamma counts due to cosmic rays entering the
tracker planes, the ACD is designed to present minimal radiation length to gamma

rays, while also recording incoming charged particles. This is accomplished by means
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of a series of plastic scintillator tiles, each of which is ”read out” through a series of
wave-shifting fibers and photomultiplier tubes. In this way, incoming events likely
to be due to cosmic ray interference can be ignored. Below about 3 GeV, there is a
cutoff in charged particle flux thanks to the geomagnetic field, and above 30 GeV,
the flux of cosmic rays falls faster than photons with energy, effectively helping the
ratio of charged particles to incident photons. Though proton flux also vastly out-
numbers photon flux at lower energy, both the interactions in the tracker as well
as the calorimeter can be used to infer a proton event. Incident electrons, however,
are more difficult to determine. Around 4 GeV, the electron flux is at or below 10
m~2 sr~! s~1. At the same energy, the diffuse gamma-ray flux is 0.003 m~2 sr~! s71.
To achieve the requirement expected of the ACD, then, (residual electron flux being
less than 10% of the diffuse photon flux), The fraction of electrons improperly iden-
tified must be 0.00005 or less of the total electron flux (Ormes et.al, 2004). There is

also a micrometeoroid shield, designed to protect the LAT from small objects incident

upon it.
3.3.5 GRB Detection

In addition to the LAT itself, the Gamma-ray Burst Monitor (GBM) is the secondary
instrument which will be onboard the GLAST spacecraft. The GBM is composed of a
set of 12 low-energy scintillation detectors made of Sodium Iodide(Nal), and 2 High-
energy scintillation detectors, made of Bismuth Germanate (BGO). The ”low-energy”

detection scale is from a few keV to around 1MeV, whereas the ”high-energy” scale
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is from around 0.15 keV to about 30 MeV. Together, these detectors will provide a
method for detecting cosmic gamma-ray bursts, and allowing for spectral information

on short-term gamma-ray events.
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Chapter 4

Theory of source resolution

4.1 Observational Considerations

There are several issues that must be overcome to resolve faint sources amidst back-
ground, with low total photon counts. First, as the total number of photon events
per source is very low, methods that would usually be performed on pixelated maps
of photon counts (for instance, sequential source resolution and removal) will not
work, as it is difficult to assign each photon to any given source. Furthermore, the
GLAST positional accuracy for any given photon is highly dependent on energy, as
well as being comparable to the expected angular separation between point sources.
Because of this, any source resolution scheme will have to deal with the iséue of
source confusion. Also, the non-gaussian nature of the probability distribution func-
tion of reconstructed photon directions makes estimation of several source statistics
(such as intensity and significance) difficult. Because of this, we will turn first to the

theoretical considerations of point source resolution.
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4.2 A Criterion for Source Resolution

We turn now to the interesting question of source resolution, in which we would like
to know when we have resolved a source, given assumptions about the source density
and distribution. As the null hypothesis in such a case is the absence of a source,
the process of source resolution is really the calculation of the significance of the
measurement of source counts. We consider a point source against a background.
If the background flux is zero, measurements of the source location via the position
of incoming particles are simply subject to small, random errors defined by the in-
strument response function (IRF), and therefore form a normal distribution about
the source location, as discussed previously. It is important to note here that this
assumes a gaussian instrument response, as the distribution of photons around the
source direction will actually follow the IRF, so a non-gaussian IRF will produce a
non-gaussian distribution. The non-gaussian case will be handled later in this work.
However, as the incoming particles arrive randomly, the time distribution follows the
Poisson statistics. Here, the probability of N particles arriving in a time T can be

written

(rT)™

P.r(N) = exp{—rT} N

(4.1)

where r is the source rate. So the number of particles which will arrive in time T is

simply
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N=rT+ViT=N+VN | (4.2)

Now, we declare the ”condition of resolution” to be the error in the measured rate

being more than five times its own magnitude, or

N > 50y,50N > 5V N = N > 25 (4.3)

This standard result says that, if the background is unknown (but happens to be
very small), we must observe 25 particles to be assured of having observed the source.
However, for a nonzero background, what criteria establish the 5o limit? We could
say that, in a time T, that we will observe, on average, Nppgg total events, of which
we estimate that B are from the background, and N from the source. It follows that

our actual observed source counts will be:

Noss = Nops + v/ Nogs =B+ N+VB+N (4.4)

as each particle is randomly incident with respect to time, and thus the number
incoming in a given interval follows the Poisson distribution (and variance). Thus,

estimating the number of source counts:

_]—V—=TV-035—§:|: V§+_N-=NOBS——B-i NOBS (4.5)

and the variance of our measurement of the source counts N is just
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0% =1/ Nops (4.6)

and, invoking the “resolution condition” of 50:

/n N n+N
RSourcezRTOT—Rbgd:r_R:t ﬁ"f“‘z':'f'—Ri—T—— (47)

Now, invoking the ”resolution condition”
) )

% >5= \/—E]y__}.—‘—ﬁ >5 (4.8)

Note that, when the background intensity is zero, 4.8 reduces to the familiar
\/——]\EE > 5, implying that Npps (the number of total events) must be at least 25,
as shown above. Also, as the source gets arbitrarily weak compared to the background
(B — o0}, 4.8 reduces to 0 > 5, implying that the source cannot be resolved (again,
as expected). Here, we run into an important issue of this kind of calculation - we
must have a good way to estimate the relative strength of the background relative to
the source. It might be valid to average the flux, say, 20 from the source location, and
consider that the "background flux”, though that method may well be haphazard.
We would like to understand more about resolution of a source in a background
environment not necessarily “probable” - that is, not easily defined by a single flux.

This is important, not only for the situation where we must resolve sources which

are spatially close to one another, but also due to the fact that the background
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emission may itself be larger than the galactic-emission model would presume, the
extra flux being due to extragalactic diffuse processes. Further questions needing to be
addressed include the resolving capability of the instrument in its actual environment.
For instance, considering how many sources we are likely to see in several years’
time, given their close juxtaposition and flux distribution. As will be shown later,
this problem is perhaps best addressed by a numerical simulation of the data and

instrument.
4.3 Error from Maximum Likelihood

We could also consider a source amid a background by using a maximum likelihood
fit (as described in 4.10.1), and exploiting known results concerning the variance in
such a fit. If we have a point source at a location (where § denotes the distance
away from the source), with a background flux r, relative to the source flux density
in the source direction (See sec. 4.7.1), and we can assume a known single-particle
instrument variance o2, then it is reasonable to write the differential rate of incoming

particles as:

dN N (ezp 2
ao 27TU§RF P

ZU?RF} + ’f’b) (49)

where N is the number of signal data (counts from the source) arriving in a unit time.
Now, for a small angle df, we can say that d? = ndf?, and we make a change of

variables, defining the variable u by
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2

} (4.10)
ZU%RF

u = exp{—

Therefore,

AN _dNdu _dN_—u_
dQ  dudQ  du2moly,  2moiage

(u+ 1) (4.11)

dN —N Th

= =—N — 4.12
= () =N+ ) (412)
where (3 stands for the relative source strength that we are measuring. For an un-

binned maximum-likelihood fit, the inverse variance 052 is given by the relation

- :_82(logL) _ o}
8 o932 o3

slog(f(u, ) (4.13)

(Cowan, 1998) and [ f(u)du = N , the total number of measurements. Here, the

function f is just

flu) = G =N+ 2,2 = - (414)
L [(@) 4w
= G5 (415)

and
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1 U du D u-du Lo 1
W =/O ——(ﬁﬂ-%) = —/0 T, :/0 mE— [1—Tblog(1+;;)] (4.16)
(see Fig.4.1) The inverse variance shown is per event, and thus neglects the factor
of N from eqn. 4.16. It is thus intéresting to note that this result is simply the
* poisson counting result as the background becomes small, reproducing og = 1 at zero
background.
So, for a gaussian instrumental response function, we take the resolution condition to

be the measured value of 5 to be more than 5 times its own uncertainty, which leads

immediately to:

25 1
B 2 = rlog(1+ =)™ (4.17)
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as [ is equal to 1, the condition of resolution can simply be reformed as:

N > 25[1 — rylog(1 + ;1—)]—1 (4.18)
b
4.3.1 The Estimated Point Source Sensitivity

More generally, we would like to employ the concepts in the preceding sections in or-
der to give a general estimate of the total source flux at which the GLAST experiment
could be expected to resolve any given point source after, say, 2 years of observation.
Obviously, this calculation makes several assumptions, such as the necessary large an-
gular separation of individual point sources, and a very small anisotropic component
of the galactic diffuse radiation (which is a large problem at low galactic latitiude,
thanks to the "washing out” of extragalactic point sources by the relatively high dif-
fuse flux). The Point Source Sensitivity (PSS) calculated will be far more realistic at
high latitudes by construction, and it is the high-latitude isotropic galactic intensity
that we will use as the "background rate” for the calculation. Recalling section 3.4,
we begin by constructing the probability distribution for incident particles to arrive

at a certain angle, and with a certain energy:

2noipp(E)

92

G(E,0) =

(exp( )+ ) (4.19)

2moipp(E)
At this point, it is vital to note two differences between this and the calcula-
tion from section 4.3. Firstly, the uncertainty in the arrival direction of a single

photon is a function of energy, E. This is the Point Spread Function (PSF) for the



36

detector at a particular energy. In principle, the PSF may also depend on incoming
photon direction, certainly with respect to the detector’s vertical axis, and possibly
also azimuthally. Secondly, note that the factor r,, which is the ratio between the
background and source rate in the direction of the source, is also a function of E.
This is not so surprising, considering that we have estimated a gaussian PSF as the
instrument’s response from a point source (Fig. 4.7), and that the FWHM of the
gaussian peak depends on energy. Thus, for a particular total source rate (cm=2s7!)
and background rate (cm~2s~!sr!) , the value of r will not be a constant in energy.
Now, as particles are not equally likely to be incident with any energy, nor are they
equally likely to be detectable at any energy, we must also include the energy spec-
trum of incoming particles, S(E), and the effective area, Agrr(E). Note that Agpp
also depends on the angle of incidence, thanks to both the geometry of the detector
itself, and also specific details of its internal structure. For any relative direction with
respect to the detector, the effective area will depend only on the energy. Thus, the
angular dependence of effective area becomes an issue of satellite exposure, which will

be discussed later. Thus, we have an explicit probability density given by:

F(E,8) o« G(E,0)S(E)Agrr(E) (4.20)

For a given range of incident observed angles (from 0 out to an arbitrary angle,
which, in principle, could approach infinity without substantially changing the calcu-

lation), and energies (for the sake of this calculation, 100 Mev to 100 GeV), we must
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be sure to normalize the probability density to 1 over those regions. Here, we can

now reform the function G as:

b(E)
p(E,0)

GE.0) o 5 (B0(E,0) + HE)) = s

Where [ represents the quantity we are now trying to measure, p is the function

(B + ) (4.21)

representing the probability density of photons coming from any point source, and
b is the probability density of photons from an isotropic background. We can then
employ the earlier relation determining inverse variance of the estimation of 3 by a
maximum-likelihood fit, as declared in eqn. 4.15. With this measure of the variance
in measurement, we then use the resolution condition and source intensity to estimate
the number of years necessary to observe the source in order to properly resolve it.
The current estimated PSS for GLAST is around 3.0 - 1072% (cm™2s7!), after 1 year.
See Appendix B for a computational treatment of this problem and calculation of
this figure. Given the assumptions made during the calculation, this can be seen as
a lower limit to possible resolution over a given time period. Realistically, the PSS
is better found through numerical estimation of simulated data, as will be done later

in this work.
4.4 Wavelet Fitting Method

We will use the method of wavelet convolution in order to estimate point source lo-

cations and intensities from the map of photon events. The principle of this method
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is that a function representing the image of a point source is convolved with the to-
tal image, yielding a new map corresponding to the value of this transform at every
point, which (as we will see later) can be used to estimate the significance and total
relative intensity of estimated sources in the map. We will use this estimation method
to generate a preliminary ”best guess” of source locations and fluxes, which will be
input to the eventual maximum likelihood optimization algorithm. The method of
wavelet transformations for angular point source resolution from incoming photons,
over many scales and using different variations has been covered in many previous
works (Terrier et.al, 2001; Damiani et.al, 1996, 1997; Starck,Murtaugh & Bijaoui,
1995). Most treatments consider photon maps examined in absence of any allowance
for the differing instrument response of each incoming photon. Although the wavelet
method involves the uncertainty of resolving the location of any given single event,
allowances have not been made for the presence of many events at different uncer-
tainties. Thus, past wavelet analyses were obtained from considering only a single
angular size scale for any given photon source, and then ”"multiscale analysis” was
performed by varying that intrinsic scale for source searches of different angular sizes
(which for the purposes of high-energy astronomical source location, corresponds to
different source energy indices for point sources of power-law energy distribution).
As we will see, it is possible to use knowledge of the positional accuracy of each in-
coming photon in order to establish source intensity and significance for a single map

of multichromatic photons (of varying energy), thus reducing processing time while
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increasing confidence values for the source location. In the case of the EGRET mis-
sion analyses, the most commonly used method for source resolution was the method
of maximum likelihood (Mattox et.al, 1996). However,'the practical application of
this method also included matching the locations of sources identified in ofher energy
ranges to possible luminous objects in the gamma-ray region. In this way, our confi-
dence of finding actual sources was increased. As the GLAST instrument is estimated
to resolve around 1400 sources in the period of a year, by our estimation methods(see
Sec. 6.1), such “source identification” will not be possible for all of them, and thus
a method involving only incident photon information is necessary to determine a

catalog of likely source locations.

4.4.1 The Continuous Wavelet Transformation

The Continuous Wavelet Transformation (CWT) is defined as follows:

r—>b
o

Wi(b, a) = / Pro(*=2)1(r) (4.22)

where [ represents the image data, and ¢ is a function loosely modeling our point-
source, also called the Analyzing Wavelet Function (AWF). Here, r and b represent,
unit vectors on the sphere, and « is the "dilation factor”, or scale of the AWF.
In the more general case of wavelet transformations for signal processing or image
compression, the AWF must be considered to vary with position b and dilation factor
a. However, in our case, we are considering only the convolution value of the AWF

centered upon a given location where we are ”testing” for the presence of a point
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source.

4.4.2 The Analyzing Wavelet

We first turn to the problem of devising an appropriate function to use as a "model”
for our source image. The AWF has a few important features to consider, such as
applicability for representing the new data, as well as a necessary insensitivity to
artifacts of the detector and unusable aspects of the image, such as constant back-
ground noise and/or linear gradients. We can establish the criteria for a usable AWF

as follows:

e The AWF must integrate to zero, thereby ensuring insensitivity to uniform

background noise,

e The AWF should furthermore be insensitive to linear gradients of photon density

across the map,

e The AWF should be of a form which closely represents the distribution of in-

coming photon detections.

The AWF thus employed most often for these purposes is the so-called ”Mexican

Hat Function,” of the form:

”) (4.23)

2 -
Peap(
or

Y(u) =2(1 —u)e™ (4.24)
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Figure 4.2: the Mexican Hat Analyzing Wavelet Function

where

)2 (4.25)

Note here that, as the AWF is symmetric, ¢ can only depend radially on r and
b as 5—;—-"3. In this way, we reconsider the AWF as a function of just position r and

dilation factor o , considering b=0. [See Fig. 4.2]

4.4.3 Choice of Wavelet Dilation Factor

Given knowledge of the position uncertainty of events as a function of their energy,
we turn to the problem of choosing the dilation factor «(E). In order to estimate the
optimal factor, we first consider a (monochromatic) gaussian source of effective size

O
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-g2
OXPl %7
= _(_.2_2_’_2 (4.26)
2o
As there is no background, I(r) is the Point Spread Function (PSF) of this source.
We will attempt to optimize the resolution power of the CWT, given this PSF. Doing

the integral to find the Continuous Wavelet Transformation (Damiani et.al, 1997),

1 6 —9%/2
- (92—
T orad 2 T aryar) P o

Wi(8,a) = ) (4.27)

It has been shown (Damiani et.al, 1997) that the peak of this function is maximal

(and therefore a greatest sensitivity to point sources is found) at:

Omas = V30, (4.28)

In our case, we expand this definition to apply to photons of any energy E, and

corresponding angular scale o(E), and define:

o(E) = Vao(E) = V3o(E) (4.29)

. where a = 3 for gaussian sources. Thus, a is defined as the relative scale factor, or
"dilation coefficient” for the Wavelet Transformation. It should be noted that this
calculation must be reconsidered for the case of nongaussian sources, as in the case

of real instrument data.
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4.4.4 Multichromatic Extension of the Method

Data from the GLAST mission, due to low total photon counts and the corresponding
binning difficulties, is best treated as a set of individual events in the vicinity of some
angular direction than as a map of noisy intensity, as might be done in X-Ray data
analysis. Furthermore, the point-spread of incoming photons has a strong dependence
on energy, necessitating either an estimation of the ”effective” PSF of a source of given
spectrum beforehand (Damiani et.al, 1996, 1997), or a careful treatment of the CWT
to include the PSF of each photon in the set, as we will attempt here. With the
above identifications for the CWT and AWF, the transform can be rewritten, now as

a function only of the scale factor:

W(a) = / d*r(r,a(E))I(r, E) (4.30)
where we use a(E) to represent the scale coefficient for each photon. However, we
have the further requirement that the scale factor a is dependent upon the energy
of each photon, so we rewrite the image function I as the sum of many individual
photon events, each with a location and corresponding dilation coefficient a. In this
way, we are acknowledging that the image function actually has three dimensions,

two angular ones and energy.

I(r,E) =) 5(r —1;)0(E ~ Ey) (4.31)

Thus, we have preserved the dependence of the image function on the energy of each
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photon. Then we rewrite the CWT:

W(r,a) = / dzrz (r —r)6(E — E)( Zd)r,, (4.32)

The equivalence of this treatment can be seen from the limit of an infinitesimally small
energy binning structure in the computation of the transform. Consider a multi-
chromatic source as the superposition of every photon event, each with a distinct

energy:

r) = Z I, (r) (4.33)
The multichromatic transformation will thus give the same result as the monochro-

matic CWT done on each photon individually:

= 4(b,a;) (4.34)

i
In this way, the CWT is performed on a map of multichromatic photons in an un-
binned way. This is important to note, since the Wavelet Transformation is often
applied to data by spatially binning the data and then using the Discrete Wavelet
Transformation (DWT) over it. In the multichromatic treatment, computing the
CWT is possible without the need for binning considerations, either in angular direc-

tion or energy (See Appdx. B).
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4.4.5 Variance in Flux Estimation

Considering an incoming particle distribution as a gaussian against a constant back-

ground:

Nexp(—r6*(r)/20?)

I(r)=B+ o7

(4.35)

The value of the wavelet transformation is thus proportional to the source counts,

even in the presence of a uniform (or linearly varying) background:

Wea(@) = Nore = C / Pri(r/a)I(x) (4.36)
where C is the normalization coefficient needed to make W an unbiased estimator of

the source counts:

Cla) = [ Erofe/a)im) (437
Given Equation 4.37, it is straightforward to prove that Wp..; is an unbiased

estimator for N. Considering a sample of k photons at locations r;, the expectation

value for the peak value of the CWT is:

BWe) = [ [ Welere o) fe) - f(re)des - dry (4.38)

where f(r;) is the probability density for photon 7 being found at location r;, given

a source of counts N, and Wp(r; ---ry) is the value of the Wavelet Transformation,



46

given the incoming photons 1 through k. Thus, we note that f(r;) = I(r;), and so,

using eqn. 4.31, we find

Z d’rCy(r) Z Co(ri, a;) = (4.39)
Likewise, we can estimate the variance of the measurement of N, by considering the

expectation value for N2

VarWy) = 3 [ [ Nw)Nws) 0 o), (4.40)

= Z/er”J} (r;)I(r;) /d r;(r;)I(r; +Z/d2rz¢ r;)I(r;) (4.41)

i#j

B Ny(r;) + Zw ) (r;)) + V(N) (4.42)
i#j

_N(N-1)+ / P (e I(r:) + N (4.43)

where we have allowed for poisson fluctuations in the estimation of N. Then we

remember the form of the variance of N:

V(N) = E(N?*) - [E(N)]* (4.44)

So equations 4.39 and 4.40 lead immediately to the variance of the measurement of

the source counts N:



47

o = / Prlip(e/a)PI(r) (4.45)

With the identification a = v/3, and defining the ratio of background to source

N

intensity in the source direction, b = B(5> )~!, we can calculate the variance in the

measurement of N, for gaussian sources (See Appdx. H):

o3 = N(1.289 + 2.370 ) (4.46)
Thus, the significance of finding a source can be calculated.

4.4.6 Motivation

There are certainly regimes of source behavior in which the multichromatic transfor-
mation should outperform the traditional CWT. For a multichromatic point source
with a power law distribution: P(E)dE = kE~" The continuous photon distribution
for a source at the origin will be:

~|rf?

I(r) = /dE P(E) 27rai(E)e$p(2a2(E)) (4.47)

The CWT can then be computed using either a single ¢, or using our multichromatic
treatment. The result can be seen graphically with a numerical computation of the
standard and multichromatic Wavelet transformation of a source. In this case, we

choose a point source located at the spatial position 1=b=0, with a power-law index

of 2 (Fig.4.3).
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Figure 4.3: CWT Falloff for standard, multichromatic analysis

The prominence seen in the multi-chromatic peak is aided by a hardening of its
localization, as compared to the mono-energetic analysis. For this reason, the source
should be more precisely resolved by the multichromatic analysis. A few features are
immediately obvious in this new transform, most notably that the negative annulus
around the peak of the transform has now been “spread out” over a much larger area.
This is due to the fact that each photon event now corresponds to a point on the AWF
determined by both its position and energy. In the monochromatic treatment, then,
all photons at a particular distance away from the point source would correspond to
a point on the AWF of the same value (thus, all photon events within the negative
region contribute to the negative value of the transform there, but this is not so in
the multichromatic transform. Secondly, the value of the peak of the multichromatic
CWT is somewhat higher than that of the transform made with a single dilation

factor. This can be thought of as an enhanced resolution capability in the same
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way that the ratio of the peak transform to the dilation factor was maximized 4.4.3.
However, as we intend to use the value of the CWT to estimate the total rate of
photons incoming from a given source, we must be careful to develop the case for the

estimated intensity of a source given the CWT with the multichromatic treatment.
4.5 Single-Source Resolution Results

We turn now to the results of the wavelet method in determining source intensity,

location, background intensity, and the significance of source resolution.

4.5.1 Estimate of Source Counts and Intensity

The wavelet transformation has been shown to provide an estimate for the number
of photon counts coming from a potential source (Damiani et.al, 1997). Considering
a gaussian PSF, an estimate for the contribution of an incoming photon to intensity
of a given source can be made. With the definition of C from eqn.[4.37], eqn.[4.39]

leads to an estimation for the source counts N, from a source at b:

N(b) = CW(b),C = g (4.48)

The multichromatic variant on this method also yields the same result, as can
be seen from vconsidering a multi-chromatic source as the summation over several
subsources binned in energy, as done in section 4.4.4. Considering every photon in
the map, it is trivial to consider the wavelet transform maximum by rewriting the

contribution to W of each binned photon:
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N(b) = €3 y(r: - b/ya) (4.49)
Thus, the estimate of the intensity of a multichromatic source is just the scaled
wavelet transformation value at that location. Note that the factor of C will change

for nongaussian sources, as is explored below for the case of the GLAST instrument

response.

4.5.2 CWT as an Estimator of Source Intensity

The value of the peak of the wavelet transform is an unbiased estimator for the
intensity of a point source by the preceding arguments. We are now equipped to
produce several sirﬁulations of a source, and, in each case using our estimation of its
intensity as a measure, follow the source intensity measurement and variance thereof
as we observe more and more source counts (See Figs.4.4,4.5). We expect the number
of reconstructed source counts to be distributed normally about the actual number
of incoming photons. The expected deviation should increase as (Ny.)/2.

The estimated source flux is asymptotically equal to the actual value as the number
of observed source counts becomes large. This is the expected result of the simulation
method when the background intensity is negligible. We will return to this calculation,

with varying background intensity, in the following sections.
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Figure 4.5: Source counts vs. standard deviation of the reconstruction of source
counts, for sources with a background of r,=0.5. Dotted line is theory, while points
are calculated values from simulated data.



52
4.5.3 Background Estimation (Gaussian Smoothing Filter)

The background is estimated by using a gaussian smoothing filter to find how many
photons come from a given direction, on average. The smoothed map is produced
by convolving a gaussian over the data, and this gaussian must be defined with some
normalization and width. For this purpose, we use the parameters corresponding to
the incoming source photons to be smoothed. First, we consider a single incoming
photon with detected direction r, and note that the normalized probability density
that the photon represented by index 7 actually came from location b is given by:

1 —{ri — b)2

2mo; :

) (4.50)

Thus, for the entire catalog of photon detections, the sum over each of these proba-

bility densities is:

P(b) =Y Pi(b) (4.51)
This is therefore the probability density for the total number of photons per unit

solid angle, in a given direction. This, it is an estimator for the sum of the background
and source counts in that direction. Since the wavelet transformation gives us an
estimate for the counts just from the source, the intensity from a possible source
in the direction b (of point spread o) is subtracted to establish an estimate for the

background:
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(4.52)

4.5.4 Significance Calculation

With knowledge of the source counts and background, a calculation of the significance
for source detection can be made by calculating the variance in the estimation of the
source flux. Considering the wavelet dilation factor for a given photon, a;, and the
angular distance from the source location of that photon, §;, we make the definition

of u for photon :

u; = 2022 (4.53)
The AWF then becomes:
Y(u) = C(1 — u)exp(—u) (4.54)

where C is the coefficient given to the CWT to make it an unbiased estimator of

source counts (See Eqn. 4.37). The variance of the measurement of N is:

A= duSP [ 9H)(Sw) +ns0) (4.55)
0 JO
where S(u) is the PSF of a photon observation (Eqn. 4.45),and the remaining integral

over S is simply the normalization factor of N. The variance of the unbinned maximum

likelihood method is:
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1 /°° S(u)?
J° S(u)du Jo  S(u) +rpS(0)

du (4.56)

oN =

where u is as defined in eqn. 4.10 in this latter equation. The inverse variance of
the wavelet method is then used with an estimation of the background to make a
significance estimate for a source at any given location. For a gaussian S, the ratio of

inverse variances between the ML and the CWT methods is calculable: (see Appdx.

Q).

4.5.5 Maximization of the CWT

As the significance is calculated (and cut against a threshold) at local maxima of
the wavelet transformation, it is necessary to have a quick and robust maximization
method at hand for locating these maxima. We first determine the gradient of the
wavelet transformation, and then use the method of gradient ascent to locate the

nearest maximum. From the sum definition of the multichromatic CWT:

Wr=3 () (4.57)

We can then estimate the gradient of the CWT by exploiting the radial symmetry

of the AWF. Thus,

_aWA.__

V(b =0) = 7T = 3 2wl (4.58)

where 7; is the unit vector from the origin (b=0) to photon event i. Now,
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87’({;5}") = %% = %(u — 2)exp(—u) (4.59)

where we have rewritten the factor of « in terms of a (as in equation 4.29) for ease of
use with our numerical algorithm. Thus, the photons can be analyzed to find the spa-
tial gradient vector of the CWT at any point. In this way, the gradient of the wavelet
transformation can be found in the same summed fashion as the transformation itself.
Likewise, we calculate the second spatial derivative:

O%p(r)y  or? oY(r) Ir

oz a204(3 — ujezp(—u) + or

(4.60)

Then, we employ the method of gradient ascent to locate the maxima of the transfor-
mation, beginning with the locations of local maxima of incoming photons (the spatial
bins with the most photons). Following Newton’s method, the estimated location of

the CWT maximum is altered iteratively:

P'(ri)
wﬂ(ri)

where k is a small positive constant, equal to 1 in the standard ”Newton’s Method”

Tiv1 =T — k (461)

usage. In our implementation, k is variable in case of source confusion or other
difficulty. This is a relatively useful way to approach maximization, and carries
several bonuses. In addition to being a relatively fast way to approach the wavelet
peaks, it also allows us to move in arbitrarily small increments in order to do so,

thus outperforming the alternate method of binning the CWT and noting the local
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maxima.

4.5.6 Error Circle Calculation

For a source with an isotropic background, we consider the estimator for the posi-
tion of the source. Every incoming photon will be weighted by both the position
uncertainty and the value of the wavelet transformation, and we must consider many
photons from the background as well as the source. So, considering that a source is

located at the local maximum of the CWT:

v Y () =0 (4.62)

i
We consider the Taylor’s series approximation centered on b , the estimated lo-

cation for the source:

a; a;

0= Y w(B D)4 BBl Bm by (4.63)

iy Xi—-—B N E " Xi—--t—)
D e D D L (464

2
1 1

This approximation is therefore good for photons close to the maximum of the CWT.

The estimator for the location of the source is just:

2 ff?///(xi/ai)
(% ai)

a weighted average of the photon position, with a weight of M?M Likewise, the

b=

(4.65)

variance of this measurement can be written as just the variance of the weighted
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mearn.

4.5.7 Extended Sources

An important caveat of the above method is that the background behind a point
source does not vary faster than the scale defined by the AWF. However, in the
multiscale treatment, some events may have an effective AWF scale much larger than
the background fluctuation. A particularly important example is the diffuse emission
from the galactic plane at all energy scales in the data used by the GLAST experiment.
If the background varies quickly on the size scale of the AWF (quadratically or with
higher order), then the "background cancellation” due to the negative tails of the
AWF will no longer give a proper result. In the case of the galactic plane, the
photons with instrument response uncertainty of around the size of the galactic plane
itself (about 10 degrees galactic latitude) give a spurious positive result to the CWT,
in the region of the plane. In order to deal with this problem, a possible solution has
been implemented: The "running cutoft” approach, where only events of a suitable
size scale are used at any given point in the spatial analysis (for GLAST, this means
an energy cutoff of around 1 GeV on the galactic plane). It is also possible to use a
”background foreknowledge” approach, wherein the CWT of the expected background
is made, and then subtracted from the analysis made from all photons. In practical

application, determination of source statistics is often done by considering only high-
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latitude regions in the necessary analyses (such as disallowing results within 15 degrees

of the galactic plane).

4.6 Application to Simulated GLAST Data

4.6.1 Multichromatic source efficiency across intensity

A necessary calculation to be made is the efficiency of the detector and the numerical
resolution method. We produce a sample of simulated source, and reconstruct sources
from their data, using a parameterization of the instrument response (Sec. 4.6.2) to
estimate data uncertainty (Fig. 4.6). The efficiency plotted represents the ratio of
the sources detected in an intensity bin to the actual number ‘of sources there. In
the region of high efficiency, this number may fluctuate above 1, as sources from one
bin may be detected in another. The tolerances shown for resolution are 1 degree of
angular separation on the sky, and +20% of the total source intensity.

Using this method on simulated data from the GLAST experiment gives results
in keeping with the expected point source sensitivity of the apparatus. We estimate
the Point Source Sensitivity (PSS), the intensity that a source must reach to be
detected in a given time scale (See Appdx. A). For sources with a characteristic
power law index of 2.2, as found in earlier analyses of AGN objects (Lin et.al, 1999),
the efficiency of detecting sources with this method closely matches the expected PSS
of point source resolution by GLAST. For the period of a month, for instance, the
intensity of a source necessary to make it likely that the MCWT will resolve it is

roughly equal to the PSS for an isolated source for the same time period (See Appdx.
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Figure 4.6: efficiency graph for b=0, 1 week/month. Lines are drawn.

A). As the MCWT method is here employed to find sources in a dense source catalog,
it cannot be quite as efficient at doing so as the Maximum-Likelihood fit, which is

calculated considering an isolated source in a region of high galactic latitude.

4.6.2 GLAST PSF and Source Counts Estimation

The GLAST PSF has been parameterizéd thus:

1

S(u,s) = ———
(1:5) 1+ u+s%

(4.67)

(Burnett, 2004), where s is a "shape parameter” that varies between 0 and 1 for

most conditions, and u is the scaled radial component , u = %. Given this, and the
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generalized Analyzing Wavelet Function (Eqn. 4.54),we can consider the normalized

wavelet transformation:

Wi(s) = C/duw(u)S(u,s) (4.68)

here, again, C is the constant necessary to make the WT an estimator of the

source counts, N.

Jo° duS(u, s)

¢= fooo dup(u)S(u, s)

(4.69)

In practice, each photon must be transformed individually, and so the normaliza-

tion is used as a weight to the contribution of each photon.

4.6.3 Significance

Given a source with a background flux B, and PSF S:

I(b,u,s) = S(u,s)+ B (4.70)

we can then calculate the variance of the measurement of N:

o =C? /OOO duy®(w)[S(u, s) +ry S(0, s)] (4.71)

and thereby the significance of measurement of a source with N counts.
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4.7 Estimated Point Source Significance

Suppose we have a source made of a set of energy bands E; --- Ey, each with cor-
responding effective point spread I, total number of detected signal events N;, and
ratio of total background flux to signal flux from that energy in the source direction
rr. We wish to estimate the relative signal strength of each band, and then add them
together (taking variances of each into account) in order to estimate the total signal
strength. As shown in Appendix F, we found that o7, = N;[1.28+2.37r;] , for energy
band £;. This is true for a monochromatic source of total counts N. Thus, measuring

the signal strength of the combined source, we have S =3, S;

4.7.1 Numerical Estimation of Relative Background Inten-
sity

With the variance defined as above, the value of the background strength relative
to that of a source is necessary, as is the value of the CWT. We turn now to the
estimation of the relative background, as is performed using the numerical algorithm

described in this work. For a source of flux S (photons-s~'cm~2), and a background of

1 2

strength b (photons-s~'em™2sr™!), we note that the source strength in the direction

of the source (photons - s™'¢cm™2sr™!) can be approximated, considering a roughly

S

2mo;?

gaussian source (see Fig. 4.7). Thus, the source strength can be written and so

the relative strength of the source and background (herein denoted 73) is just:
_ 2moyb

Ty = S (472)
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Thus, each photon will correspond to a different value of ,. With this measure of
relative background, and where the value of the CWT is normalized to N (Eqn. 4.37),

we can continue on to compute the significance of resolving a given point source.

4.7.2 Point Source Significance Calculation

We must now note that the quantity we eventually want is the ratio of the measured
source counts to the error in that measurement, or N/oy. Also, the data we have
consists of many individual photon events, though of here as individual measurements

of the quantity N. For each such measurement, then:

2
UWN = 1.28 4+ 2.37r, (4.73)

For many measurements of the same quantity N, the inverse variance can be found

as:

1 1
by | .

)

of =Y [1.28+2.37r,] (4.75)

1

Since the source can be approximated as a gaussian profile (See Fig. 4.7), we can
write the relative background strength as eqn.(4.72), where o; is the point-spread
characteristic corresponding to photon event ¢, and B is the background intensity in

units of average counts per unit area.
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Intensity of a Source with Isotropic Background
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Figure 4.7: Gaussian Source S; atop diffuse background B

However, we must remember that the sum from 1 to N is intended to identify
only counts from a particular source, and since our image is composed of undecided
photon events, we must have a method of weighting photons by their probability
of belonging to a given source. This is implicitly done in the above sum, as each
photon will contain a different contribution to r,. Thus, with the above calculation
performed on the photon map, we can write the remaining estimation of significance,
in eqn. 4.75. This estimation for the variance can be seen when a point source is
generated using this method, with a given value of r;, the ratio of background to
peak source intensity (see Fig. 4.8). Many identical point sources are created with
a background intensity corresponding to the desired value of ry (in the case of this

figure, either 0.0 or 0.5). The MCWT is used to estimate source counts from each
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r, = 0,0.5

identical source, providing an estimate of the variance of counts measurement. This
variance is compared to the theoretical calculation.

With an estimated variance on the value of the intensity of a point source at a
given location, and with the actual estimated value of that intensity having been set
to N for the sake of this calculation, we can conclude that the number of standard
deviations from zero the source measurement amounts to, and thus the significance
level of the source, is simply the summed inverse variance. Through the use of this

method, we can easily set a significance threshold (such as 50) at which to estimate

point sources.
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4.8 Energy Index Estimation

It is worth noting that the property that the normalized multichromatic wavelet
transformation has of equaling the number of source counts in the source direction
(Eqn. 4.36) can be used to give an estimate of the energy spectrum of a given source.
We simply bin all of the incoming photons in our region of interest with respect to
energy, and perform the MCWT on each bin, thus giving an estimate of the photon
counts came from the source in that bin. As we are mainly concerned with sources
emitting power-law spectra, the current implementation of the MCWT algorithm
contains a routine to perform this task with constant logarithmic energy bins, as well
as to fit the resultant data to a power-law and return the estimated energy index of

the source.
4.9 Results

We have produced an analysis of a portion of the sky close to the galactic plane,
including the actual sources in the simulated source catalog (circles). (See Fig. 4.9)
Here, the x’s represent sources that have been reconstructed by the algorithm. In
this case, only sources detected to a 40 significance were considered. The question of
source confusion has been addressed by ignoring sources that are separated from each
other by less than 1.5 degrees. Given this (and the seemingly good reconstruction
of sources in the outlying region), the difficulty of the algorithm of finding sources

in regions of high source density is highlighted. See Appendix I for a more complete
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Figure 4.9: Actual and Reconstructed Source Locations
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description of the algorithm.

4.10 Alternate Candidate Source Resolution Meth-
ods

The wavelet transformation was chosen as a reasonable way to estimate source pres-
ences, locations, spectral indices and intensities, largely because it has the capability
to do all of these things using the same method. However, a number of source reso-
lution methods have been used and remain in use for resolving potential source from
sparse photon data. One of the most famous of these is the method of maximum
likelihood, which was one of the methods used to find EGRET sources. Two other
methods of interest are aperture photometry and so-called “matched filters,” both of
which have a similar quality as does the wavelet function; that being the basic nature
of a filter function convolved over spatially resolved photons(or, in the case of most

binned analysis, a map of pixels representing photon distribution).

4.10.1 Maximum Likelihood(Parameter Gradient Optimiza-
tion)

Historically, the method described by (Mattox et.al, 1996) has been used to resolve

sources from the EGRET data sets. This is an iterative method by which a poten-

tial source model is optimized, producing a “best guess” of source parameters. The

“likelihood statistic” represents the probability that a given model could have pro-

duced the observed data. A model of emission is declared, and this likelihood statistic

is calculated. Thereafter, the gradient of the Likelihood in the parameter space al-
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lowed is calculated, and the model is shifted in the gradient direction to increase the
likelihood. Within some threshold, a local maximum of the likelihood is found.
However, the presence of numerous possible parameters (presence or absence of a
source, location of each possible source, intensity and spectra, etc.) makes it difficult
to simultaneously optimize a model consisting of an unknown number of sources, or
sources with entirely unknown locations. For this reason, the current implementations
of the ML optimization method must be given a static model for source locations, or
be set to locate more exactly or confirm the presence of a single estimated source. For
this reason, there is a great need for a source estimation algorithm which could be
used to provide “best guess” information to the ML treatment. The MCWT should

be useful in this regard.

4.10.2 Matched Filters

Source location has also been performed by use of the so-called ”Matched Filter”
(MF) method. A filter function including the Instrument Response Function (IRF)
is directly convolved with the 2-dimensional image data. A region around the IRF
is designated as negative in the filter function, and used to exclude the background
around a source (Vikhlinin et.al, 1995). Though it was believed that the necessary
discontinuity in the filter function would lead to “edge effects,” particularly in regions
of quickly varying backgrqund, a direct comparison of the MF and MCWT methods

has not been performed.
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4.10.3 Aperture Photometry

The concept of Aperture Photometry is simple - an aperture (generally circular) is
defined on the sky at any given location, and the photon events within the aperture
are counted. The area immediately surrounding the aperture is similarly investi-
gated, to obtain an estimate for the background. Though promising, this method
evokes several difficulties with background estimation. “Edge effects” from a varying
background become very apparent close to the galactic plane, and there is also the
issue of accidentally containing other sources within the region used for background
estimation. For these reasons, the determination of an optimal aperture size and

shape is a difficult problem.

4.11 Discussion

The Multichromatic Wavelet Transformation (MCWT) allows a relatively fast, flex-
ible method to complete point source searches in sparse incoming particle data. In
practice, the multichromatic transformation is performed on each incoming photon
individually. As the shape parameter (as well as the effective PSF) varies from one
incoming photon to the next, the nornialization factor for the wavelet transformation
and the coefficients of the variance of source counts will have to be recalculated. How-
ever, as these integrals are well-understood, this is readily accomplished in software
by calculating them once for a reasonable binning of the available parameters, and

then interpolating over the parameter space when they are needed in the algorithm.
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Another binned aspect of the implementation of the algorithm is the requirement of
a location at which to do the transformation. Obviously, one option is to simply
declare a binning structure and evaluate the MCWT in each bin. However, as there
are sources expected to be resolved by GLAST which will be separated by less than
1 degree, a sufficiently small binning structure would necessitate a very long numer-
ical processing time. In the current implementation, initial guesses for the location
of potential point sources are gained from a tight binning of the sky, followed by
a thresholding of incident photon counts, to look for local density maxima. Then,
each maximum is the first guess as to a possible source location. After this, the
method of gradient ascent is employed to localize the nearest local maximum of the
wavelet transformation function. Then, the variance of source counts at each can-
didate maximum is calculated, giving the significance of measuring a point source
at that location. This process is thus essentially entirely continuous, relying on no
binning-specific analyses. A future possibility is to use the method of Delaunay tri-
angulation or Voronoi binning (Ramella et. al, 2001) to find local density maxima
rather than using pixel-binning. Regardless of the scheme we use for guessing the lo-
cal density maxima (or even if we were to consider every point in the binned intensity
map), the method of gradient ascent seems to be a big aid in finding source locations
with greatly improved precision. See Appendix I for a more specific schematic of the

algorithms involved in the MCWT.
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Chapter 5

Simulation: Putting a Lower Bound on Diffuse
Emission

5.1 Specific Measures of Important Detector Char-
acteristics

There are several considerations of the detector and resultant data that we must use
in our calculation of the diffuse ratio. As the detector cannot be perfect, we must
consider the effective detection area the satellite presents (which will surely vary with
energy), the “point-spread” uncertainty in the reconstruction of photon directions,

and the exposure of the satellite to a given location on the sky.

5.1.1 Effective Area

GLAST will have a field of view of approximately 2.6 steradians. Beyond this, the
detector response to photons falls away sharply, leading us to consider the effective
detector area “presented to” the sky at a given angle and energy. The effective area
of the detector can be thought of as the rate of photon capture reative to the flux of
any given source. In the energy range above 300 MeV, GLAST is required to have

a maximum effective area (on-axis) of at least 8000 cm? (NASA, 1999). It can also
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be thought of as a probability that any given incident particle will be captured, and
will depend on both photon energy and direction in this respect. For the purposes of
these calculations, the effective area of the detector is considered to be flat within the
effective viewing angle of GLAST, particularly considering the gradual “smearing” of

the satellite exposure, discussed below.

5.1.2 PSF

As discussed in section 4.6.2, the GLAST Point-Spread Function has been parameter-
ized with respect to a shape parameter, which itself is a function of photon energy and
incident angle with respect to the detector. The effective value of the point-spread
(taken as a 1o positional accuracy) is required to be less than 3.5 degrees at 100 MeV, |

and less than 0.15 degrees above 10 GeV (NASA, 1999).

5.1.3 Satellite Exposure

As GLAST will be orbiting the earth with a period of around 90 minutes, the field
of view is “swept” around the sky in a nonuniform fashion. GLAST will operate in
a “scanning” mode (where the detector points in some direction relative to the earth
zenith, and the orbital motion sweeps the pointing direction around) as opposed to
a “pointing” mode (where the satellite would point at a fixed location during orbit).
Thus, a pertinent question is the relative exposure of the satellite to any position on
the sky. For long observing times(greater than a precessional period), it has been

shown (Digel, 2001) that the effective exposure is spread out, achieving flatness to
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the level of about £10%.

5.2 Modeling the Emission

5.2.1 Source Model/Spectrum

In concordance with the need for pointlike sources approximating the real estimated
distribution, A model representing individual AGN objects is developed, to be added
as ”point sources” within the greater diffuse emission model. Approximations are
made to the nominal energy spectrum index of the sources, as well as their flaring
periodicity and modifications to nominal flux and index due to the flaring state.
Furthermore, the allowance is made for each of these input parameters to be alterable
upon construction of a new AGN-like source. By default, the index of an AGN is
around 2.15, while the spectrum hardens by an additional small factor during flaring,
and the flux increases by a factor of 5, in accordance with current estimates (Stecker
& Salamon, 1996) By default, the software model for the collected diffuse emission
will produce and hold many objects corresponding to these AGN sources, the nominal
flux of which are calculated randomly, according to the logN/logS characteristic. See

Appendix. D for a more complete description of the source generation algorithm.

5.2.2 The “Random” Point Source

To construct a "random” unknown blazar source, we begin by postulating a luminous
object with a nominal value of flux (particles - sec™! - m™2) and energy spectrum

(generally a power law at gamma-ray energies), and then allow time-modulations
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about these characteristics. See Appendix D for more details about the emission

model.
5.2.3 Background Model/Spectrum

The numerical model constituent of the representation of the background is con-
structed through the GLEAM software architecture. This model allows for the decla-
ration of a logN/logS distribution of sources, from which individual incoming photons
are simulated, and allowed to interact with the detector. Thereafter, the incoming
photons are reconstructed by the detector through a monte-carlo simulation of the
particle interactions afterward (or by a parameterization of those same interactions.
This produces the data sets needed for the simulation and estimation of the efficiency

of detector resolution, and the estimation of the diffuse ratio (see Appendix. D).

5.2.4 Background Model/Spectrum

In estimating the extragalactic isotropic radiation component, we must be careful
to exclude the diffuse emission originating from within our galaxy. Furthermore, in
our simulations of the high-latitude emission, we have used the commonly-accepted
figure of total isotropic diffuse radiation, around 1.45 - 10~%cm™2s'sr™! above 100
MeV (Sreekumar et.al , 1998). It is important to understand the separation between
the isotropic galactic emission and the isotropic extragalactic emission accounted for
partially by point sources. The rati(;nale for separating a particular level of the

Isotropic emission as being extragalactic in nature comes from the presence of two
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distinct energy spectra in the total photon emission (Stecker & Salamon, 1996b). It
is possible that our estimation of the galactic diffuse emission is low, and some of
the truly diffuse “extragalactic” radiation actually originates from within the galaxy
(Keshet et.al, 2004). However, if this is the case, more careful estimates of the galactic
component will only yield a simple modification to our estimate of the remaining

diffuse emission.

5.3 Putting it together - an Algorithm to Deter-
mine if Sources have been “Seen”

5.3.1 Naive Models of Source Resolvability

There are a number of methods by which to estimate the number of sources an
experiment will resolve. One of the most basic methods stems from the calculation
of the point source sensitivity of the apparatus. The salient question becomes: Can
we say that our fit will have ”estimated” existing sources above a threshold? If so,
then the catalog of generated sources could be simply ”cut” below a certain source
intensity, and the remaining sources considered ”observed”. Obviously, this approach
is far too naive, as fhe calculation of the PSS presupposes an isotropic background,
and our calculation particularly is given for the background at high galactic latitude.

Another potential estimation method is to establish the background at close dis-
tances to an observed source, and then reclaculate the PSS at each point in space,
creating a "resolvability” function with respect to space. Although this establishes a

useful estimate of the eventual resolving power, as well at its spatial dependence, it
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is fundamentally flawed, thanks to the density of resolvable sources. As the PSF will
average a degree or so, we must consider adjacent sources as part of the background
obscuring any given point source, as well as the diffuse background. However, until a
given source is resolved, its flux has not been measured, and this cannot be considered
as the background of an adjacent source. In this way, the PSS estimate will be poor in
the limit of many resolvable sources, and we must attempt to simultaneously resolve
all of the sources in any given region, as well as the background intensity. There-
fore, the method of maximum likelihood provides the best way to estimate source

resolution for GLAST.

5.4 Source Confusion and the Falloff of Resolution

We expect to see many sources in the actual GLAST data (Sec. 6.1), as well as a
highly anisotropic diffuse radiation component from the galactic plane. Analytical
calculations of the Point Source Sensitivity of GLAST have largely relied on the
spatial isolation of the sources involved, and are also considering sources in regions
of high-latitude (Appdx. A). The complex relation of source density with resolving
power of a source estimation model makes an analytical treatment of the actual
PSS difficult, particularly as the number of expected sources grows large and the
assumption that sources are spatially removed from one another cannot apply. We
expect some amount of source confusion, where the model will either resolve two
close sources as only one, or perhaps resolve neither. There is also the possibility

of being unable to resolve a dim source in the immediate vicinity of a brighter one.
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For these reasons, the actual resolution efficiency of any method we choose to use is
more éasily approximated numerically, by producing a simulated catalog of sources
and estimating their resultant data(See Fig. 4.6). In the following sections, then, the
efficiency of the algorithm in resolving sources at a given intensity is understood to

be calculated numerically by this method.
5.5 Finding the True-Diffuse Ratio

A central point of this paper is the estimation of the contribution of truly diffuse
extragalactic intensity to the entire observed extragalactic flux. Several approaches

have been considered to accomplish this task, and we will briefly review them.

5.5.1 Intensity Integral Extrapolation

One way to estimate the Diffuse Ratio is to directly subtract the summed AGN emis-
sion component from the total extragalactic flux. We consider the integral intensity

above any given intensity:

« _dN
Swe= [ S%zas (5.1)

min

See fig. 5.1. Making this intensity integral calculation has been done before to
estimate the AGN contribution to the total intensity (Chiang et.al, 1995). Finding
the relative intensity between the AGN sources and the remaining flux, we calculate

the Diffuse Ratio:



78

Summed Flux of AGN from Various Models

2.00e-4
iy
a
Ea |
" D
o 1.508-4 1
5
S a
T N
2 a A
Pel ju)
© o a
5 1.00e-4
[ o
S |
g o . s
= 5
T 5.00e-5 @
o a
= A
&
5
<o < <o O i < < Lol o < o ®
|  a
EGRET 8 o v
- a
0.00s0 T T T MRS

1.0 2 3 45874400 2 3 45674910 2 3 45674520 2 3 4
10 10 10 10

Flux* 108, (cm2s™)

Figure 5.1: Cumulative Intensity Above a flux S, for various AGN catalogs (simu-
lated and EGRET). Circles are EGRET Source Catalog, Triangles are from the (3/2)
Power-Law Approximation, Squares are from a Catalog with Arbitrary Negative Den-
sity and Luminosity Evolution.
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_ I _Ip
T Is+Ip Ly

D (5.2)

The logN/logS curve below the EGRET sensitivity threshold must be approximated,
and the asymptotic behavior of the curve gives the proportion of the total flux ac-
counted for by the AGN. The combined EGRET catalog flux is found to be about
1.8 -10°cm~2s7!. Thus, an upper limit on D is already given by EGRET:

liot — IgGRET

tot

By this reasoning, we can assume that the diffuse intensity can account for no more
than 89% of the sky. The lower GLAST sensitivity should help to put a much stronger
constraint on this level. However, as mentioned in section 2.3.1, as the density evo-
lution of sources is not well characterized, finding an uncertainty in D as estimated

by this method is difficult.

5.5.2 logN Ratio Test

As we have mentioned before, the total Gamma-ray emission of the sky in the range
above 100 MeV has been found to be ((1.45 & 0.05) - 1075 photons cm™2 s7! sr71),
with a power law of about (2.10 £ 0.03) (Sreekumar et.al , 1998). With knowledge
of the galactic foreground emission, we can use our reconstruction of logN/logS to

estimate the diffuse intensity of the sky. Starting from the assertion that the sum

of the logN/logS curve and the extragalactic diffuse emission must equal the total
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intensity not accounted for by the galactic emission:
1
Tot.Int. = Galactic Foreground + EDGRB + o /(dN/dS) -8 -dS (5.4)

we note that a good measurement of logN/logS enables us to estimate the Diffuse

Ratio D:

EDGRB
Tot.Int. — Galactic Foreground

D

(5.5)

Thus, if we were to impose r, = 0 (the case of no diffuse intensity), we would expect
a curve corresponding to the predicted logN/LogS of Fig.2.3. However, if r, > 0,
we expect a depressed curve. Specifically, as any diffuse extragalactic source extends
throughout the same space as contains luminous sources, we expect that any given
spherical shell extending from radius R to R+dR will have only 1 — r, times the
expected number of sources in that area for r, = 0, as the remaining intensity is then
accounted for by diffuse flux (Fig. 5.1). Thus, we expect that we can write a point
source luminosity function and a diffuse luminosity function, which sum to the entire
GLF.

Thus, we expect the number of sources at any intensity to fall with the instrument
sensitivity, resulting in an expected falloff at low intensity (Fig. 5.2). Furthermore,
the expected value of the logN/logS curve at every intensity yields a measurement of

the value of the Diffuse Ratio.
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5.5.3 Measuring the Diffuse Ratio with the logN Ratio Test

Neglecting uncertainties for the moment, we would find the actual N/LogS curve by

simply dividing the reconstructed N/LogS by the calculated efficiency of the method
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at each intensity. The diffuse ratio can then be calculated by using the ratio of the

calculated N to the expected N for r=0. So, for each intensity bin I, we have a

number of actual (simulated) sources A(), a reconstructed number of binned sources
S(I), and the total number of sources which would constitute the entire background,

C(I). We begin by calculating the ratio of the actual to reconstructed sources:

S

(I

actual

—

P~Y(I) = P(I) =

P

reconstructed

(5.6)

Given that each source has some probability of being resolved at its given intensity,
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we can assume:

0'3:\/8(1)?013:-%‘5)[) (57)

Then, we note that the diffuse ratio D (the proportion of the sky intensity constituted

by point sources) can be found as the ratio of A and C:

D(I) = - (5.8)

Thus, each intensity bin gives a measurement of the actual ratio D. We can combine

the measurements of R, in order to get a best estimate for the diffuse ratio R.

5.5.4 Uncertainty in the Diffuse Ratio

Obviously, the above method gives an insignificant calculation of the Diffuse Ratio
below some intensity threshold, where the efficiency of the method drops toward zero.
Thus, we must consider the uncertainty of a measurement of the diffuse ratio at a
given intensity, and then consider each intensity to give an independent measure of
the ratio, and thus add the errors together in a weighted way to achieve the best
measure of the actual ratio, together with its uncertainty. There are, therefore, many
uncertainties we need to understand: Uncertainty of the measured ratio P, of the
reconstructed number S, and of the expected “D=0” number C. As mentioned above,
op = 3%, as the uncertainty in S is simply its root. For the quantity C(I), we must

be careful. For the sake of estimation of the method, we have set C(I) to be the

number of sources at a given intensity if no background flux is included. Thus, its
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uncertainty is functionally zero. One reasonable way to approximate the uncertainty

of dimmer source densities is to say:

0. =0,1>10"%cm 257! (5.9)

and

o, — 00,1 <107%°cm 2571 (5.10)

Once these uncertainties are known, we can combine them to estimate the uncer-
tainty of the measurements of D. Considering propagation of errors for uncorrelated

quantities:

2= flab0) > o2 = (02 + oz + (Ao (5.11)

we then find the variance of the measurement of D(I) at I to be:

1 )

0'2?)(]) = S(I)m + UPW(—T)-

(5.12)

And then we combine the measurements of D(I) in the following way: We take the

weighted mean of the measurements:

Zi W, D;

D= 2 Wit
2. Wi

(5.13)

where W, = —~. Using the weighted mean, the variance of the measurement of D is:

22
Dy
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5.5.5 Estimation of D

So, experimentally, the estimation of the quantity D is done thusly: For a known(simulated)

A(1), reconstruct sources S(I) with the method, and compute:

s V/S{)
( )=M70P—m— (5.15)

Given C(I), for actual sources, reconstruct S(I) and compute:

S(1) DD |, D1)
=7 = 1
We then estimate D by combining the independent measurements:
=  S.. WD, 1
D==2—0-W,=— 1
Zi VVl ’ 0-1231' (5 7)

And finally the uncertainty in that measurement:

2 Zi WL20-2D1

In this way, we can use knowledge of the efficiency of the method, the net unresolved
extragalactic isotropic emission, and after having used the method to estimate a log
N/log S curve, we are given an estimate for the actual diffuse ratio, and also a method

by which to estimate the significance of this measurement. Thus, we can determine
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(by using simulated data) the threshold of D at which GLAST will significantly

measure a nonzero diffuse extragalactic component.
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Chapter 6

Results

6.1 A Simulated logN/logS for GLAST

An important result is the simulated logN/logS relation for GLAST over the course
of one year We expect the data line to closely fbllow the predicted line, up to the
instrumental cutoff, as was the case for the EGRET logN/logS (Fig. 2.3). Using our
apparatus for source generation and reconstruction (appendix D), and the logN/logS
curve estimated in section 2.3.1, we generate sources and high-latitude galactic back-
ground for the period of one year, and characterize the resultant estimated source
catalog in the same way as was done for EGRET, by plotting the logN/logS curve
(Fig. 6.1). We use the approximation of an EGRB constituted by AGN sources
(D=0), and consider the GLAST PSF function explained in section 4.6.2. In this
analysis, only photons converting within the 12 ”thin” conversion planes at the front
of the detector were considered, as opposed to the 4 thick layers. By this process,
2673 sources were reconstructed from the simulated data, and 2673 were at most
1.0 degrees away from actual simulated sources. Thus, we expect a source catalog

compiled after one year to contain around 2673 sources, using this method. Note
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logN/logS for EGRET Observations,
1-year Simulated GLAST Observations
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Figure 6.1: logN/logS for a one-year simulated GLAST observation, EGRET data.
Data points are resolved sources.

the falloff of effective resolution shown prominently in the figure. We can graphi-

cally estimate the one-year PSS for GLAST, using this source resolution scheme, by

matching the efficiency falloff of the EGRET source measurements. We calculate
241

approximately 7.0-107® ecm™2s™!, a bit higher than the PSS estimated assuming well

isolated sources.

6.1.1 EGRET data and GLAST data as upper limits on the
Diffuse Ratio

As mentioned in section 5.5.1, we can use the EGRET detected AGN catalog to set

an absolute upper limit on the contribution of truly diffuse extragalactic radiation



38

to the sky, about 89%, or D < 0.89. Although this limit is rather large, it is still
useful to note that the EGRET results are inconsistent with a value of D above this
threshold. By this same set of reasoning, we can assume that, given some reasonably
smooth density and luminosity evolution, as has been estimated by multiple models
(Stecker & Salamon, 1996; Chiang ,Mukherjee, 1998), we can expect a cumulative
intensity from the GLAST point source catalog to be at least 1.2-107%. We can thus
use Egn. 5.2 to put a threshold on D of around %‘_;O%E = 0.3333. For this
reason, in rigorous evaluation of the diffuse ratio, we consider values of D below this

limit.
6.2 Diffuse Discrimination Threshold of GLAST

Much thought has been given to the estimation of the Diffuse Ratio in simulated data.
At some value of this ratio, GLAST will be able to significantly resolve it, that is, to
find it to be nonzero and significant. As it has been postulated that the ratio may
be vanishingly small, this limit on GLAST’s capability also provides a lower bound

to the EDGRB. Thus, it is an important result to be considered.

6.2.1 The Estimated One-Year High-Latitude Extragalactic
Diffuse Discrimination Threshold

We complete the estimation of the discrimination threshold for GLAST for the pe-
riod of one year. This is accomplished by the method delineated in section 5.5.3.

Considering sources in the high-latitude region (not separated by great distances), we



89

Actual vs. Reconstructed Diffuse Ratio,
1 year High-Latitude Detections
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Figure 6.2: Reconstructed Diffuse Ratio for a one-year simulated observation.

create data sets corresponding to values of the diffuse ratio D, and then reconstruct D
using the Multichromatic Wavelet Transformation method and the source resolution
infrastructure developed in this work(Sec. 5.5.1). The resulting resolution of D is
quite good for one year (Fig. 6.2). We attempt to determine the value of D necessary
to be measured with a significance of 20. By this analysis, GLAST should be able to
resolve a component of the total extragalactic radiation from diffuse emission at the
level of about 2.5% of the total EGRB, or around 3.625:107% cm~2s~!sr~! above 100

MeV. If no significant diffuse component is found, we may consider this figure as an

upper bound on the diffuse extragalactic emission.
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6.3 TUsefulness of the Multichromatic Wavelet Method

The MCWT has several advantages in implementation over other competing schemes.
It allows for a good estimate of source locations (and a rigorous development of
the source significance to facilitate threshold setting. This is accomplished with an
arbitrary number of sources, and there is no real need to find original positions of
sources and then estimate further parameters, as there is in the current Amaximum
likelihood implementation, as the locations of individual sources are found via an
iterative, nonbinned process. In this way, it is capable of producing results similar
to other non-ML methods in use. However, the MCWT also gives an estimate of
the intensity, and also the energetic spectrum of the source (within energy binning
considerations). This is something which had not yet been accomplished outside of
the entire Maximum Likelihood treatment, and thus the method stands as a useful

way to fully characterize potential sources.
6.4 Conclusions

This work represents one of the first numerical analyses of the number and inten-
sity threshold of AGN detections made by GLAST over the first year. The method
considers numerically the effects of source confusion and the sensitivity falloff §f a
point source resolution method, in addition to the relation of detector sensitivity to
the relati\./e background. The number of expected AGN detections via the MCWT

(around 3600) is about 40% of what has been calculated assuming a 50 threshold of
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1.5-107%cm2s7! above 100 MeV (Chen et.al, 2004).

We have established that the multichromatic wavelet transformation has a useful role
as a point-source resolution and characterization tool, with several advantages over
other numerical algorithms which either resolve only position or other salient source
characteristics. In a single analysis, the MCWT is able to estimate location, intensity,
spectral index, and significance values for an arbitrary number of sources over an area
of interest. By use of this method together with statistical reasoning, we can deduce
that the GLAST experiment will be capable of putting a very small lower-bound
on the level of extragalactic diffuse radiation present in the region above 100 MeV.
Specifically, GLAST should be able to resolve a diffuse component from the EGRB
that is as little as 2.5% of the total, or to set a lower bound at 2.5% if no diffuse
component is found. This sets a limit of resolvability on the actual diffuse EGRB at
3.625 - 107% cm~2s7sr~! above 100 MeV.

Furthermore, an immediately useful result of this work has been the characteriza-
tion of the GLAST Point Source Sensitivity as found when using the multichromatic
wavelet transformation method of source location. Using this numerical algorithm,
the PSS over 1 year is estimated at 7.0 - 10~°cm™2s~!. The analysis tools developed

herein should be of use to the GLAST collaboration and others in analyzing GLAST

data once it is available.
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Appendix A

Appendix A - Calculation of the GLAST Point
Source Sensitivity (PSS)

We would like to make an estimate of the intensity S (s~!cm™2) that an isolated point
source would need to have in order to be resolved to a significance of 50. We use the
idealized situation of a wavelet transformation of a point source which is far away

from any other sources. Beginning with the inverse variance of the CWT estimation

of source counts from a source with relative background density r, = 2”T"’3:
1
P Al
7 T NATBr) (A1)

where A and B are the coefficients from the integral in Eqn. 4.55. We consider
the inverse variance to be the probability that a particular photon contributes to the

signal counts in the estimation of the source. Then we consider the approximate total
number of source counts from the source and background(within an area 2wo?) over

a time t(sec):

Ctot = Nsrc + kag = t(S(]- + Tb)) (A2)
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and the number of source counts needed to achieve a 5o significance is 52 = 25, which

gives us the relation:

25 = 07 2Co1 = (0)(S(1 + 13)) (A.3)

Considering that we have the measures for the high-latitude background and the
energy spectrum of an average AGN source, we can write:
25

= T ENEE T ) (A-4)

and

(A.5)

where o(E) is the effective PSF of instrument resolution, b(F) is the high-latitude
galactic diffuse emission, 2-1075(1224e¥ )11 "and S(F) is the normaized source inten-
sity distribution, S(E) = Sjg—i;—}é. Then, for any source strength S (s7!'em=2), we

can find the approximate time of resolution by:

. 25
[ S(E)(r(E) + 1)o-2(E)

(A.6)

(See Fig. A.1). For one year, this will be about 3-107°(S 'em~2). It is important to
understand that this estimate can really only be viewed as a lower limit on the possible
sources that can be resolved, as actual sources will be in close angular proximity with

one another, and will exist even in regions of high and spatially-varying background
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Figure A.1: Calculated Point Source Sensitivity for GLAST (50 significance)

intensity. Thus, the actual Point Source Sensitivity for any given resolution method

is best done by the a careful monte-carlo simulation of the entire emission, as done

in section 6.1.
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Appendix B

Appendix B - CWT of a Multichromatic Photon
Map

We would like to show that the continuous wavelet transform can be shown to be
equal to the summation of the Analyzing Wavelet Function evaluated at each point.
We accomplish this by performing the binned wavelet transform in the limit of in-

finitesimal bins. We begin with the definition of the CWT:

Wi(b, a) = / dxap(x, a)I(x, a) (B.1)

And then consider the binned transformation:

W[(b, a) = Z ’tﬁw’(i[)m‘, a)I(xij, a) (B2)

Note that, for a binned histogram map containing counts, that in the limit of
infinitesimal bins, the value of I will be either 0 or 1, as the bins can continue to
shrink until no single bin will contain more than one photon count. This is identical

to rewriting the image itself as the sum of the individual counts:
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I(x) =Y 6(x —x;) (B.3)
And, upon substituting this image into the CWT, we can see that the delta

functions eliminate the integral to leave the sum:

Wi(b,a) = Z(‘S(X - x)P(x,a:) = Z(‘/J(Xi,ai)) (B.4)

% 1

Thus, the MCWT will be equal to the usual monochromatic CWT if all photon
energies are equal, and will have the useful properties of the CWT (estimation of

source counts N, exclusion of uniform background).
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Appendix C

Appendix C - Optimization of Dilation Factor as a
Function of the Effective Point-Spread

Using the Mexican-hat waveform, and postulating a source of gaussian profile:

5=

2
|

=

) (C.1)

2702

If we furthermore assume a number of total source counts large enough to minimize
poisson noise (an assumption made only to establish the optimal relation between a(E)
and o4(E)), we can use the continuous expression for the wavelet transform of the

image S(x,y):

X —x

W(x,a) = / (X=X )8(x) (C.2)

—z?

Wix,a) = ( m

27]:;3)/(1)(2(2— fracz?a®)exp( ) (C.3)

or
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N 2.2, 2 —
5(2 = fracz®a +as)exp(m

(03/a?)

and W will have a maximum at the location of the source, when x=0, so we can

Wix,a) = ) (C4)

write

2N
W eak\d) = 2 C.5
Peak(a) 1+ 4y (C.5)
Considering then the function:
W,
Y(a) = ’;(“) (C.6)

which is the value of the wavelet transform ”per unit solid angle,” we can easily

rewrite:

2
Y(a) < a(l + Z—;)_2 = (a'/? 4 g2a™3/2) 2 (C.7)

so, taking the differential of Y and setting it to zero:

1/2 2. -5/2
Y'(@) = =2(a/* + 027 — 3"3‘; ) =0 (C.8)
then yields:
a”? = 302a7%% = a? = 302 (C.9)

or
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Umaz = V30 (C.10)

Putting this value back into the peak wavelet transform immediately yields

9
WPeakz = gNsrc (C].l)

where N, is the number of counts from the source.
Supplemental calculation: Variance integral for the gaussian source: We define

the unbiased estimator function B(x), where, generally,

<B>= / B(2)S(z)dz = ivﬁ (C.12)

where N is the total number of events, and N, is the number of counts from the

source. Now, generally, for N events, the estimator t(x) is defined:

t(z) = /B(xi) (C.13)

and so

<B>=< N ><B>= N%:Ns (C.14)

Also, we examine the expectation value of the square of the estimator:

<t?*>=<N><B’>+ < (B>~ B) >< B >? (C.15)
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=< N?>< B>?+N(< B*>? - < B>? (C.16)

<t?>=NN+1)<B>*+N(<B*>*-<B>)=N*<B>*+N<B*>

(C.17)
And thus, the variance of the measurement is just:
<B*>-<B>*>N<B*> (C.18)
Now, in our case, the source function is not normalized, and so:
> B(z:)S(z;) = N, (C.19)

Therefore, we note that the convolution integral between the source function and

the Analyzing wavelet squared yields:

/dm(B(a:))QS(a:) =< B’>< N >=N < B’ >=0}, (C.20)

Which is just the variance of our measurement of the source counts. Thus, the

above variance calculations are carried out with respect to the number of counts from

the source itself.
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Appendix D

Appendix D - Details of the Algorithmic Emission
Model

The extragalactic and point-sourqe emission are simulated by making data sets cor-
responding to detector reconstruction. Procedurally, this set of tasks is accomplished
by a set of software called GLEAM:
(http://www-glast.slac.stanford.edu/software/gleam /userGuide/default.htm),

which provides a framework for source and satellite simulation. For the purposes of
this work, it is necessary to simulate single sources as well as a collection of sources
corresponding to logN/logS. A set of code has been developed to perform this latter
task, called ExGalflux.

EzGalfluz: Individual AGN sources are declared with a galactic direction, as well
as inherent (quiescent) flux, and inherent spectral index. Conditions on the flaring
state of these point sources are also input, and, as time progresses, the time of the
proceeding flaring state is always held as an internal variable, and recalculated when
necessary. By default, the AGN’s used for the analyses do not flare, as the result

of the MCWT method will not change with time variability of the sources observed.
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The collected diffuse model holds not only a list of point sources, but also a total flux
over the whole sky. It then attempts to fill in the remaining flux by generating point
sources according to a logN/logS characteristic.

First, the constructor calls the functions to read in the logN/logS characteristic
from data declared in an XML file. Note: this characteristic is in non-differential
format (i.e. N is the number of sources with flux equal to or higher than S). Second,
the differential logN/logS curve is obtained and integrated over to find the total un-
resolved (non-diffuse) flux. Third, each time a particle is needed, the event() function
searches through the catalog of known sources to determine if a new source is more
llikely to appear first. Fourth, if a new source is needed, the algorithm integrates over
remaining undeclared flux to find the total, then integrates to a random number be-
tween 0 and that total. When the desired bin is reached, a single source is subtracted
from the remaining flux in the bin and a new source of that flux is declared.

Detector Simulation: For our purposes, the parameterization of the instrument
response function is usually used to obtain ”uncertain” values for the incoming pho-
ton directions. Once a simulated photon is incident upon GLAST, the energy and
actual direction are used to generate a random ”best guess” direction” for the photon,
which is then used as simulated data in the reconstruction and point-source resolution

functions.
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Appendix E

Appendix E - Details of the MCWT Source
Fitting Algorithm

With any input set of multichromatic incoming photon data, the algorithm accom-
plishes source location and parameter estimation with the following steps:

Location of Density Mazima: The input data is first processed to obtain local
photon density maxima. By default, this is accomplished by binning the sky into
1-degree bins and marking each bin as close to a potential source if it has a larger
photon count than its neighbors, and is beyond a user-defined threshold.

CWT Mazimization: The value of the MCWT and the spatial gradient of the
same is calculated at each local density maximum, and Newton’s method is employed
to iteratively locate the MCWT maximum closest to the beginning location. This
maximum is considered as a potentiial source.

Source Parameter Estimation: Each potential source is analyzed as described in
this work, and the necessary parameters are calculated, including the positional un-
certainty (error circle), the significance of resolving a nonzero source at that location,

and the estimated energy index.
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Significance/Angular Thresholding: Several further cuts are made on the potential
source catalog. First, a user-defined significance threshold is imposed. Second, it
is required that every resolved source is separated by a user-defined distance from
every other source. Procedurally, if two sources are estimated to be closer than that
threshold, only the one with the higher significance is kept. This is designed to reduce
multiple resolutions of a single source.

Source Catalog Output: The algorithm then outputs an estimated source catalog
(in ASCII format) with the mentioned parameters listed for each source, as well as

estimated location.
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Appendix F

Appendix F - Variance of the Estimation of Source
Counts for a GGaussian Source

For a point source with a background I(r), we have found the variance of the mea-

surement of N, made by the CWT method to be as given by equation 4.45:

o2 = / d2ri(r, )2 1(x) (F.1)

Now, if we consider a gaussian Point-Spread Function S,(a=3), then

I(r,a) = S(r) + r,5(0) (F.2)

and

Prnssancwr = | RS + (0 (®3)

Numerically evaluating this for a=3 (the optimal dilation coefficient for a gaussian

source), accomplished by the analysis environment Mathematica, yields:

o2 = N(1.289 + 2.370 ) (F.4)
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This calculation allows us to estimate the significance of a gaussian source.
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Appendix G

Appendix G - Point Source Intensity Variance

Follows is the calculation of Toby Burnett of the relative variances of the CWT and
ML methods in estimating the source counts from a given source. It is shown that
wavelets are not much worse for resolving sources than Maximum Lilelihood, for

realistic values of the relative background:
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.Point source resolution for GLAST PSF, Toby Burnett

Our model is a point source in the presence of a uniform background. We charactetize the
background by a parameter b, the ratio of the background density to that of the signal at the point
source position, and assume that the PSF is azimuthally symmetric, defining the radial variable
w=0.5 (r/o)y*2, where ris the angular deviation and & a scale parameter, perhaps the projected
sigma.

Define functionals that define functions of the inverse variance in the relative signal strength, or
resolution, per photon, as a function of b, for maximum likelihood and a projection method. F is
the PSF function, P the projection function.

notm(F) = J‘ F(u) du
0

o« 2 Note that for b =0, this becomes 1: for
Respyy (F,6) = 1 F(w) R max L you just count the photons. For
ML onm(F) F(W) + b-F(0) targe b, the integral of the square of the
0 PSF function is a simple
5 characterization of the resolution.
0
UO FC) P( d‘“‘] Derivation of this must allow for
Resp,o(F,P,b) = poisson fluctuations in the number of

photons

ou}
norm(F)-J P (F(w) + b)) du
0

Now define the functions: a Gaussian PSF (which is a simple exponential with this scalad radial
coordinate), the realistic psf determined from the simulations, and a simple projection wavelet

gaussian Glu) = exp(-u) the ideal, with o the projected sigma

-8 .

. _ u s is a "shape" parameter. For small x,

empirical PSF psf(u,s) = (1 + ;J and s=2 -it'is the first terms in a power
series of a Gaussian

F(u). = psf(u,2.0) Avalue of 2 is typical



wavelet: projection

a8
Pa(w) = w(u,3)
Py(u) = w(u,5)
Pg(w) = w(u,8)

wlu,q) = (1 22

)

-u

a

)

The wavelet function has one parameter,
the relative squared scale factor a,
which can be varied to maximize the
resolution. we examine three values.
a=3 is known to be the optimal for the
gaussian case.

Now look-at the resolution functions for maximum likelihood, with gaussian and PSF, and a
wavelet projection applied to the PSF.

R.BSML(G N b)
Resyr (F.b)

R'esP!D][F'P5’b)

1

01

b:=0,005.3

PSF
wavelet

Gaussian ML

0.5

Wavelets are of course not as good as ML, but fairly close. Examine the ratio of ML to projection

next

114



Resyyy (F,b)
Ratio(F,P;b) = MLy 7
Re stj(F N:)|
; | _
. (Gaussian PSF
" . g real PSF w _ P
Ratio(F,P3,b] 1 4 [ - Ratib{G,P3,b) |41 PE
RatiolF,Ps,bl 1o ...-| Ratio[G,Ps,b] L
¢ T I
Ratio(F,Pg.b} (518 7 - Ratio[GPg.b} |,
i | i !
! 0 1 2 3 ! 0 1 2 3
b b

Sua, never worse than about 30% here.

The estimation of the number of source counts needs J F(u) P(y) du

to-be corrected:by the value of this integral. )

TPy = —norm(F)

TiF ,P3j = 0.287
TiF,Psl = 0394 T|G,P3} = 0.563
TiF,Pg) = 0.496
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Appendix H

Appendix H - Analytical Spatial Resolution

Suppose we want to try to resolve a point source amid a uniform background. There
are two relevant questions to be approached at this point: What is the error in spatial
resolution, and what are reasonable criteria for us to have declared a source to be
"resolved?” For the remainder of this section, I will consider a source located spatially
at a position Xy, with a constant rate r, and also a diffuse background, extending
to a very large distance (several times larger than the standard deviation of single
observations of the point source), with a constant rate R. First, we will consider spatial
resolution of a one-dimensional source with no background: Spatially, a source located

at Xo will follow a normal distribution:

1 —(z - XO)Q}

f(Xo,01rr) = omorn exp{ (H.1)

2
207rr

for R=0. Note that f(x) dx is defined as the probability that any given measure-
ment will fall between x and x+dx. The standard deviation of such a normalized
gaussian probability density is just o;rF, physically represented by the instrument

response function. We are interested in the Standard Error of the spatial position of
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the source, which, after N measurements, is the familiar standard deviation of the

mean,

OIRF
o = H2
vN (H2)

At this point, it is important to note that we will realistically want to consider
sources in two spatial angular dimensions. It is important to note that the two
spatial dimensions cannot necessarily be expected to have uncorrelated errors, and
so we must carefully examine the source distributions. Assuming for the sake of
compact notation that the source exists at the coordinate origin (X, = Yy = 0), we
can simply redefine the desired coordinates to be circular polar coordinates, defined
by projecting a circle against the sky (6, ¢). Noting that z? + y? = r?, we rewrite the
two-dimensional distribution function:

F(z.y) = F@PQ) = ——eap( o) (13)

and note that dz-dy = r-dr-df, so we equate the two distribution functions in terms

of their meaning over a unit area:

F(z,y)dzdy = G(6, ¢)drdeo (H.4)

where G is the distribution function with respect to the polar coordinates, we find

exp{_—92} (H.5)

g2

G(0,¢) =

2no?
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Integrating over ¢ , we arrive at the radial distribution function:

G(9) = 0 s “62} (H.6)
= 2P '
By a similar argument, we can say that the distribution function of 62 is
1 —?
2
G(b°) = —ezp{5 7} (H.7)

As the distribution in § (and 6?) is non-gaussian, we must consider the entire dis-
tribution in order to establish a confidence contour. Here, we return to the definition
of the distribution functions in x and y. As the X and Y measurements will have
a gaussian distribution about their ”real” values, we can use the method of error
propagation in order to define a distribution function of the mean, in the following
way. Considering the mean of the measured values of x (each of which has a random
error estimated by o), we find that, since

2.z (H.8)

z;,=Xo+ 05, and T =

N
we can consider the error in the quantity Nz:
ONg = Z(Uu)Q = vV No? (H.9)
SO oz = %"2 = \/;'N.This is the famous ”standard deviation of the mean” result.

Now, as we know that the estimated values of x and y are also subject to small,
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6(r’) piscribusion of vhe mean zadius squaxed

Figure H.1: Distribution of mean radii squared

random errors, we are free to define gaussian distribution functions with the standard

deviations of the mean:

1 (—3}' - X0)2
exp{ 5
Vonoz 20%

f(X070'5) = } (H.lO)

(where a similar relation exists for the mean of x), and then find the distribution
function for the mean of the quantity 72> by the same method given above. It is
important to note that this will be the same as the result for the distribution functions
with respect to r and 72, except that here we have the condition o — 7—% Therefore
we can state the normalized distribution function for the mean of r?:

N —Nr?

=2\ _ ¥
Gr) = 2026:6;0 202

(H.11)

(See Figure H.1). Note that, for N=1, G(7?) — G(r?) With this, we can define the

frequentist confidence interval of 95%:
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N (R _Nr2 N -2 ~NR? —~NR?

—_ — = — < — ]_ — 1 — ¢
0.95 202/ dréexp{ 57 } 597 N (exp{ 52 }—1) exp{ 52 }
(H.12)

or
—202 2450

In(0.05) = R*= R, &~ —— H.13

= n(0.05) = E: = (1.13)

This, then, defines the 95% confidence limit for N measurements of the source location.
For nonzero background, however, we must consider a more complicated probability
function. This could present a problem, since the probability density is neither flat,
nor gaussian. If we can find the deviation of a particular measurement, we can find
the standard error of the mean, and thus we would like to know about the statistics

of a single measurement. We use the relation from (Taylor, 1997, eqn. 5.16):

oo

2 / (z — 7)*f(z)do (H.14)

—00

For the sake of brevity, we can just define T = 0 , as the error, and not the mean,
is the desired quantity. So, for a relative background flux of R, we will say that the
background flux exists over an effective distance A,(A4, > 20), so that we can then
write f(x) with a gaussian source superimposed on top of a uniform background, with
an obvious normalization constant:

1 2

f(z) = m[ew{%} + Rj (H.15)
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Invoking Equation H.14, we can see that

(z*R) +:vex{ 2} ! [AR+\/—3/2]
P Jaro + AR 12

(H.16)

At this point, we can write the standard error as:

o5 = | == (H.17)

and radially,

or = \/(\/_)2 (SE) = Vo, (H.18)

Taking the case A, — oo, we find that the error in spatial resolution becomes
correspondingly large, implying that resolution of a source in an infinite field is an
impossible task. This seems somewhat believable, since, as the spatial area available
to a single source increases, the probability that random fluctuations will present
a given area with enough flux density to imply a source which is not really there,

generating an error of the first kind, also increases.
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