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Industrial & Systems Engineering

We consider finite- and infinite-horizon Markov decision processes (MDPs), with unknown
state-transition probabilities. These transition probabilities are assumed to belong to certain
ambiguity sets, and the goal is to maximize the worst-case expected total discounted reward
over all probabilities from these sets. Specifically, the ambiguity set is a ball — it includes
all probability distributions within a certain distance from the empirical distribution con-
structed using historical, independent observations of state transitions. We therefore call
these problems robust MDPs (RMDPs) with data-driven, distance-based ambiguity sets.

The literature on data-driven robust optimization mentions (i) robust value convergence
with respect to sample size, (ii) out-of-sample value convergence with respect to sample size,
(iii) probabilistic performance guarantees on out-of-sample values, and (iv) a probabilistic
convergence rate, as desirable properties. The research objective of this dissertation is to
establish essentially a minimal set of conditions under which RMDPs with data-driven,
distance-based ambiguity sets exhibit these four properties.

We first achieve this for the (s, a)-rectangular RMDPs ((s, a)-RMDPs) studied in Chap-
ter 2. There, the ambiguity set for the whole MDP equals a Cartesian product of ambiguity
sets for individual state-action pairs. We establish robust and out-of-sample value conver-
gence under a generalized Pinsker’s inequality, if the radii of the ambiguity balls approach

zero as the sample-size diverges to infinity. This inequality links convergence of probability



distributions with respect to the distance function, to their topological convergence in a Eu-
clidean space. We also establish that, for finite sample-sizes, the optimal value of the RMDP
provides a lower bound on the value of the robust optimal policy in the true MDP, with a
high probability. This probabilistic performance guarantee relies on a certain concentration
inequality. Under these generalized Pinsker and concentration inequalities, we also derive a
probabilistic rate of convergence for the robust and out-of-sample values to the true optimal
value. These two inequalities hold for several well-known distance functions including total
variation, Burg, Hellinger, and Wasserstein. We present computational results on a generic
MDP and a machine repair example using total variation, Burg, and Wasserstein distances.
These results illustrate that the generality of our framework provides broad choices when at-
tempting to trade-off conservativeness of robust optimal policies against their out-of-sample

performance by tuning ambiguity ball radii.

In Chapter 3, we extend results from Chapter 2 to a so-called s-rectangular framework.
In this more general context, the ambiguity set for the MDP is a Cartesian product of
ambiguity sets for individual states. In that chapter, we introduce a family of distance-based
s-rectangular RMDPs (s-RMDPs) indexed with p € [1,00]. In each state, the ambiguity set
of transition probability mass functions (pmfs) across different actions equals a sublevel set of
the £,-norm of a vector of distances from reference pmfs. Setting p = oo in this family recovers
(s,a)-RMDPs. For any s-RMDP from this family, there is an (s,a)-RMDP whose robust
optimal value is at least as good; and vice versa. This occurs because the s- and (s, a)-RMDPs
can employ different ambiguity set radii, casting a nuanced doubt on the anecdotal belief that
(s,a)-RMDPs are more conservative than s-RMDPs. More strongly, if the distance function
is lower semicontinuous and convex, then, for any s-RMDP, there exists an (s,a)-RMDP
with an identical robust optimal value. This suggests that appropriate caution should be
exercised before interpreting too broadly any anecdotal claims that (s, a)-RMDPs are more

conservative than s-rectangular ones. We also study data-driven versions of our s-RMDPs,



where the reference pmf equals the empirical pmf constructed from state transition samples.
We prove that the robust optimal values, and the out-of-sample values of robust optimal
policies both converge to the true optimal, asymptotically with sample sizes, if the distance
function satisfies the generalized Pinsker’s inequality introduced in Chapter 2. The robust
optimal value also provides a probabilistic lower bound on the out-of-sample value of a robust
optimal policy, when the distance function satisfies the concentration inequality. This finite-
sample guarantee admits a surprising conclusion — (s, a)-RMDPs are the least conservative
among all s-RMDPs within our family. Like in Chapter 2, under these generalized Pinsker
and concentration inequalities, we also derive a probabilistic rate of convergence for the
robust and out-of-sample values to the true optimal value. Though similar asymptotic and
finite-sample results were developed for (s, a)-RMDPs in Chapter 2, the proof techniques in
this chapter are different and more sophisticated. These more involved proofs are needed
because the structure of s-RMDPs introduces new analytical hurdles in our attempt to
establish the sufficiency of generalized Pinsker and concentration inequalities. For example,
it is no longer adequate to limit attention to deterministic policies — randomization may
be needed for optimality. We also present computational experiments on a machine repair
example using the total variation distance and p = 1. The results of those experiments
validate the claims established in that chapter.

Finally, in Chapter 4, we develop a data-driven, distance-based RMDP framework on
separable complete metric spaces. We extend our asymptotic and finite-sample results to
that setup. Unlike our first two studies, this more general endeavor relies on measure-

theoretic concepts from minimax control.
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Chapter 1

INTRODUCTION
1.1 Background

Markov decision processes (MDPs) provide a systematic approach for modeling sequential
decision problems under uncertain environments [50]. In MDPs, a decision-maker observes
the state of a system at discrete time- points referred to as stages. Actions are taken at every
stage after observing the state. Upon taking a particular action, the system stochastically
transitions to a new state and collects an immediate reward (or incurs an immediate cost).
It is assumed that the stochastic evolution of the system is governed by a Markov process
whose transition probabilities are determined by the current state of the system and the
action taken. The goal in the MDP is to choose a sequence of actions (typically, dependent
on the state) so as to optimize a certain performance metric of interest.

The decision-maker often does not know the “true” transition probabilities which govern
the evolution of the Markov process. Robust Markov decision processes (RMDPs) address
this challenge via a worst-case approach. The decision-maker assumes that the unknown
transition probabilities belong to certain ambiguity sets. The decision-maker wishes to max-
imize the smallest expected total discounted reward over all possible transition probabilities
from these ambiguity sets. While some RMDP problems can be notoriously difficult [67,
Table 1], certain classes of RMDP are more amenable to computation. Two common such
classes are (s,a)-rectangular RMDPs [32; 46] and s-rectangular RMDPs [67]. In (s,a)-
rectangular RMDPs, the ambiguity set equals a Cartesian product of ambiguity sets across
state-action pairs. Ambiguity sets with this Cartesian product structure are termed (s, a)-
rectangular. The other common class of RMDPs, namely the s-rectangular RMDPs, is a

generalization of (s,a)-rectangular RMDPs. There, the ambiguity sets can be decomposed



as a Cartesian product of ambiguity sets across states (rather than state-action pairs as in
(s,a)-rectangularity RMDPs).

The concept of (s, a)-rectangular RMDPs goes back to the early 1970s [54], and they have
been applied to problems in healthcare [72]; portfolio optimization [23]; revenue management
[53]; inventory control [37]; aircraft navigation [38]; and power systems [31]. RMDPs with
ambiguity sets other than (s, a)- and s-rectangular ones have also been explored in the litera-
ture. A generalization of (s, a)-rectangularity, termed k-rectangularity, was developed in [42].
A robust counterpart of Bellman’s backward recursion under k-rectangularity was developed
for finite-horizon RMDPs. Another recent work [11] studied RMDPs under a broad class
of ambiguity sets, both under the distance-based and moment-based frameworks. Moment-
based ambiguity sets were employed in [45] to model a distributionally robust partially
observable MDP. A so-called factor uncertainty model, quite different from other papers on
RMDPs, was recently introduced in [26]. It was motivated by applications in healthcare,
wherein the typical multiplicative separability of ambiguity sets across states or state-action
pairs may not hold because the uncertainty is determined by shared underlying factors.

Our work fits within the broad area of distributionally robust optimization (DRO), where
the decision-maker does not know the distribution of an uncertain parameter in a stochastic
optimization problem [51]. The decision-maker then plans against the worst possible dis-
tribution within a family. This family is called the ambiguity set. DRO goes back to the
late 1950s [55] and has recently emerged as a popular methodology for data-driven decision
making. The literature on DRO includes two major approaches to model ambiguity sets:
moment-based and distance-based. In the moment-based framework, the ambiguity set in-
cludes all distributions with some moment restrictions. Ambiguity sets in the distance-based
approach include all distributions that are, in some sense, close to a reference distribution.
We refer the reader to [13, 24, 55, 59, 68] and references therein for work on the moment-based
approach. For distance-based methodology, refer to [6, 7, 17, 18, 21, 33, 34] and literature
reviews therein. A generic data-driven distance-based framework using the Wasserstein met-

ric was developed in [19]. That paper provided an asymptotic convergence analysis and a



finite-sample probabilistic guarantee for the specific context at hand. A similar approach
was applied to two-stage stochastic programs in [73]. Ambiguity sets based on goodness-of-
fit tests were proposed in [10] for robust Sample Average Approximation (SAA). A rigorous
meta-model for finding an optimal framework that uses data to arrive at decisions in stochas-
tic problems was formulated in [64]. The meta-model was shown to have a unique solution:
the distributionally robust framework with ambiguity sets defined via the Burg distance.

This idea was further generalized along several directions in [60].
1.2 Organization of the dissertation

Chapter 2 studies finite- and infinite-horizon (s, a)-rectangular RMDPs under data-driven
distance-based ambiguity sets. We prove the convergence of robust and out-of-sample values
to the true optimal value. We derive probabilistic performance guarantee on out-of-sample
values. We also establish a probabilistic rate of convergence for the robust and the out-
of-sample values to the true optimal value. We conclude the chapter by presenting results
from computational experiments conducted using various distance functions. Chapter 3
studies distance-based RMDPs under s-rectangular ambiguity sets. We consider a family of
s-rectangular RMDPs indexed with p € [1, 00]. In this family, the ambiguity set correspond-
ing to each state is characterized as a sublevel set of the /,-norm of a vector of distances
from reference pmfs. This construction allows an explicit connection between distance-
based (s, a)-rectangular RMDP and distance-based s-rectangular RMDP from our family.
By exploiting this connection, we undertake a rigorous study of the relative conservatiness
properties between distance-based (s, a)- versus distance-based s-rectangular RMDPs. Apart
from analysing this relative conservativeness behavior, we also study data-driven versions of
s-rectangular RMDPs from this family. Like in Chapter 2, we show the asymptotic con-
vergence of the robust and out-of-sample values and establish the finite-sample properties
for this class of s-rectangular RMDPs. Though these results are a counterpart of the (s, a)-
rectangular case, the proof techniques used to establish these results are different. This is be-

cause the structural properties of s-rectangular RMDPs are different from (s, a)-rectangular



RMDPs, and these differences require a different approach to establish the results. We wrap
up the chapter by presenting a numerical study conducted on this class of s-rectangular
RMDP wherein the ambiguity set is constructed using the Total Variation distance. Chap-
ter 4 develops an RMDP framework on separable complete metric spaces. Asymptotic and
finite-sample results akin to our first two studies are established using a measure-theoretic
approach. We also present applications which fit into the modeling framework described in

that chapter.



Chapter 2

DATA-DRIVEN ROBUST MARKOV DECISION PROCESSES
USING (S, A)-RECTANGULAR AMBIGUITY SETS

2.1 Introduction

A finite-horizon Markov decision process (MDP) is described as follows [50]. A system is in
state i € S % {1,--- ,n} at the beginning of stage t. After observing this state, a decision-
maker chooses an actiona € 4 & {1,--- ,m}. The system then transitions into a state j € S
with probability p;(j|i,a) and the decision-maker earns a reward r.(j|i,a). Future rewards
are discounted by a factor 0 < o < 1. This continues until the end of stage T. We assume,
to keep notation at a minimum, that the terminal reward at the end of stage T is 0. The
initial state is drawn from a probability mass function (pmf) f over S. The decision-maker

wishes to choose actions to maximize the expected total discounted reward over T' stages.

A (deterministic Markovian) policy m = (m,--- ,mr) is a tuple of mappings such that

m (i) € A is the action prescribed in state ¢ € S in stage t. Its value equals

T def - N 7T .
JP“(l:T) = Z f(Z)JP”(lzT)(Z)v (2.1)
i=1
where
T
- .\ def — . .
Iprr (1) = PWET) Zat Yri(sepalse, mi(sy))|s1 = z] ,fori=1,... n. (2.2)
’ t=1
The subscript P™(1:T) oo (P, -+, PF)is a T-tuple of n x n matrices P. The row i-column

j entry of PT is p(jli, m¢(i)), for 4,5 € S. This subscript emphasizes that the expectation is
with respect to the random trajectory (sq,--- ,sr41) induced by P™(1: T'). The conditioning



s; = 1 signifies that the initial state is 2. The finite set of all deterministic Markovian policies
is denoted by II. The decision-maker can maximize the expected total discounted reward by
solving the problem

o def .
J* = max Jpr 1) (2.3)

Problems of this form will be called stochastic optimization problems. A policy that attains
the maximum in (2.3) is found via Bellman’s backward recursion [50].

The “true” transition probabilities in P™(1 : T') are often unknown in practice. In this
chapter, we use RMDPs under (s, a)-rectangular ambiguity sets to address the ambiguity
present in transition probabilities. These RMDPs are intuitive to underatnd from an adver-
sarial viewpoint. In (s, a)-rectangular RMDPs, the decision-maker chooses a policy 7 € II.
A hypothetical adversary observes m and then chooses a P™(1 : T') from an ambiguity set
P7(1:T) so as to minimize Jbr 1) Per the (s, a)-rectangularity assumption, the ambiguity
set P™(1: T) is such that the adversary’s choice of transition probabilities for a state-action
pair (i, m(7)) in stage ¢t does not restrict its choices in the future or in other state-action pairs
(7,m(j)). This is a type of multiplicative separability assumption and can be expressed as

T
Pl :T) = X X Pili,m(i)). Here, P(i,m(i)) C A" is an ambiguity set of transition

t=1ies
pmfs p;(+|i, m (7)) o (pe(1]2, m(3)), - - - , pe(nli, m (7)) corresponding to the state-action pair
(7,m (7)) at stage t. The notation A™ represents the probability simplex in R™. Like the non-
robust MDPs; (s, a)-rectangular RMDPs also admits an optimal policy that is deterministic
and Markovian [32].

Since this entire chapter is about (s, a)-rectangular RMDPs, in the rest of the chapter,

we henceforth refer to (s, a)-rectangularity simply as rectangularity.

2.2 Contributions of this chapter

We consider rectangular RMDPs with ambiguity sets

PN ase) E {p e A"d(p, pN (-i,a)) < €}, V(i,a) € Sx A, and t =1,...,T,  (2.4)



where 0 < € < oo. The superscript N and argument e are included in this notation for
emphasis. Here, pi¥(]i,a) € A™ is the empirical (frequency) estimate of p;(|i, a), calculated
based on N independent, historical observations of the next state reached upon choosing
action a € A in state ¢ in stage t. The function d : A" x A" — {R, U oo} is a nonnegative
extended real-valued distance function (not necessarily a metric) that quantifies a sense
of closeness between distributions. Thus, ambiguity sets are d-balls centered at empirical
estimates of the unknown transition pmfs.

We study finite-horizon problems in Section 2.4 and infinite-horizon problems in Sec-
tion 2.5, under two assumptions. Assumption 1 requires that the distance function “metrizes”
the usual topology of componentwise convergence in R™. Lemma 1 establishes a natural suf-
ficient condition, which we call the generalized Pinsker’s inequality, for Assumption 1. This
condition is stated in Assumption 2, and it requires that a certain transformation of the
distance between two pmfs provides an upper bound on the ¢; distance between them. As-
sumption 3 is a concentration inequality [43], which provides a probabilistic guarantee that
the true pmf of a random variable with a finite support belongs to the ambiguity ball centered

at the empirical pmf. Our main contributions are listed below.

e We prove that the optimal values of the RMDPs converge almost surely to the true
optimal value as the sample-size N — oo. This is termed robust value convergence.
We then prove that the values (evaluated under the true transition pmfs) of policies
that solve the RMDPs for large sample-sizes N almost surely equal the true optimal
value. This is referred to as out-of-sample value lock-in. Both these results are proved

under Assumption 1.

e For finite sample-sizes, we show that the value of the robust optimal policy evaluated
under the true transition pmfs is bounded below, with a high probability, by the optimal
value of the RMDP. This is called probabilistic performance guarantee on out-of-sample

values and is proved under Assumption 3.



e When a slight strengthening of Assumption 2 holds, we derive a probabilistic rate of
convergence for the robust and out-of-sample values to the true optimal value in the
infinite-horizon setting. A similar rate can also be derived for finite-horizon MDP but

we omit it for brevity.

e In Section 2.6, we show that Assumption 1 and Assumption 3 hold for many well-known
distance functions such as Total Variation (TV), Burg, Hellinger, and Wasserstein.
Assumption 1 also holds for distance functions such as Kullback-Leibler (KL), x?,
and modified y2, wherein Assumption 3 holds “approximately” for large sample-sizes.
In Section 2.6, we also derive concrete formulas for ambiguity radii that meet our

probabilistic performance guarantees for several distances.

We remark as an aside that all results in this chapter can be adapted to an optimistic
uncertainty model, where the adversary is a max-player instead of a min-player.

Our RMDP can be solved via a robust counterpart of the value iteration algorithm [32,
page 267]. An important step in that process is the solution of the inner-optimization prob-
lem. Tailored efficient solution methods for the inner-optimization problem within a robust
counterpart of Bellman’s recursion are available for the distances listed in Section 2.6. These
are briefly outlined in Section 2.7. Using these solution methods, we conduct computational
experiments with the TV, Burg, and Wasserstein distances on a randomly generated MDP
instance and a machine repair example commonly studied in the literature. Those results
are presented in Section 2.8. We also construct counterexamples to demonstrate that As-
sumption 1 and Assumption 3 cannot be dropped from the hypotheses of our asymptotic
and finite-sample results, respectively.

Esfahani and Kuhn [19], Bertsimas et al. [10], Van Parys et al. [64], and Sutter et al. [60]
discussed (i) robust value convergence, (ii) out-of-sample value convergence, (iii) probabilistic
performance guarantees on out-of-sample values, and (iv) a probabilistic convergence rate, as
desirable properties that a data-driven robust optimization framework should posses. Our

work establishes essentially a minimal set of conditions under which rectangular RMDPs



with data-driven distance-based ambiguity sets exhibit these four properties. To the best of
our knowledge, we are not aware of any published work that achieves this for any class of

RMDPs, as described in the literature review next.

2.3 Related literature

Three papers have considered (s, a)-rectangular RMDPs with ambiguity sets defined via
the Wasserstein metric. Yang [69] studied finite-horizon MDPs with finite state- and action-
spaces, where both rewards and transition probabilities were unknown. Derman and Mannor
[14] investigated finite-state, finite-action, infinite-horizon problems. Yang [70] focused on
infinite-horizon problems with continuous state- and action-spaces, and relied on measure-
theoretic assumptions from earlier work on minimax control [25]. Ambiguity sets based on
Kullback-Leibler, modified x?, and TV distances were studied for (s, a)-rectangular RMDPs
in [32, 46]. Finite- and infinite-horizon (s, a)-rectangular RMDPs in separable metric spaces
were studied in [62] using ambiguity sets based on the TV distance. This was extended to
average cost RMDPs in [63]. A modified policy iteration algorithm was proposed for solving
(s,a)-rectangular RMDPs in [36]. None of these papers prove asymptotic value convergence
with increasing sample-sizes. Some do not provide a probabilistic guarantee on out-of-sample

performance.

Data-driven RMDPs under other notions of rectangularity have also been explored in
the literature. The work in [67] employed observation histories to build a non-rectangular
ambiguity set. Asymptotic behavior of the robust problem with respect to the length of
the observation history was analyzed, though no finite-sample guarantees were derived. The
work in [66] extended [67] to derive a finite-sample guarantee for infinite-horizon problems.
They used finite-length observation histories to construct non-rectangular ambiguity sets
using the Wasserstein metric. However, the paper did not prove any asymptotic convergence

result with respect to the length of the observation history.
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2.4 Finite-horizon problems

We will assume throughout this section, merely for notational convenience, that, for every
(1,a) € S x A and every stage t = 1,...,T, the true transition pmf has full support S; that
is, there is a positive probability of reaching any state in S in stage ¢t + 1. All our proofs
go through even when this does not hold, albeit with tedious notation wherein various
subscripts, superscripts, and cardinalities are indexed by specific state-action pairs. Indeed,
we are able to computationally tackle this more general situation in our machine repair
example in Section 2.8.3. Following the style of notation in (2.4), we write the ambiguity set

corresponding to policy 7 as

PV (e (1:T)) = X X PN (i, m(i);€). (2.5)

t=1ieS
The data-driven RMDP problem can then be formulated as
def

JN (€) iy max JN7(€), where JV™(e) = PﬂrT)e’}Dl}Vf:"(e(l'T)) Jpr(1:1)- (2.6)

To avoid trivialities throughout this section, we work under the assumption that the
ambiguity balls PN (i, a; €) are nonempty with probability 1 (wp 1), for all states i, actions a,
stages t, sample-sizes N, and 0 < € < co. This ensures that the optimal value of each inner-
optimization problem encountered in this section is finite, wp 1. Example 1 demonstrates

that this nonemptiness assumption is not vacuous.

Example 1. Consider the distance d(p, q) where d(p,q) = 0, if, for each j, p;,¢; are both
irrational; and 1 otherwise. Let ¢ € A™ and ¢ be its empirical estimate. Then, d(p, ¢) = 1,
for all p € A", as each component of ¢V is a ratio of counts. Thus, the ambiguity ball is

empty, for all 0 < e < 1.

A sufficient condition for the nonemptiness assumption is that d(q,q) = 0, for every
g € A". This guarantees that the center of the ambiguity ball belongs to the ambiguity ball.

This condition holds for all distances listed in Section 2.6.
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2.4.1 Value convergence to true optimal value

The shorthand 2% denotes limits that hold with probability 1 as N — oo. This is also
called almost sure convergence. The strong law of large numbers (SLLN) assures us that
empirical estimates of the true transition probabilities converge wp 1 to the true transition
probabilities as N — oco. Imagine, for the moment, that the decision-maker implements an
SAA approach [1] whereby, stochastic optimization problem (2.3) for the true MDP is solved
approximately by replacing P™(1 : T) with its empirical estimate PN7(1 : T). Suppose J*N
denotes the resulting optimal value. It is possible to show that J*V Nl rx - One way to
prove this is via combining the continuity of value functions in transition probabilities (see
Lemma 3) with the fact that the set of deterministic Markovian policies is finite. However,
one motivation for pursuing data-driven robust optimization instead of SAA is that SAA
solutions can be too sensitive to the sampled training data [10]. Nevertheless, it is natural
to ask whether the data-driven robust optimal values JV (e) converge to the optimal value
J* of the true MDP defined in (2.3), akin to SAA. This would not be true if the radius e
of the ambiguity balls did not depend on N. It is perhaps intuitive, however, that such a
convergence result would hold if the radius vanished to 0 as N increased. This intuition
is rooted in the belief that the simultaneous convergence of the empirical estimates to the
true transition probabilities along with the shrinking radii of the ambiguity balls, should
render the data-driven RMDP (2.6) to increasingly well-approximate the true stochastic
problem (2.3). While this intuition is largely correct, one should be careful about at least
two interrelated issues. The first is that the centers of these balls are at the empirical
estimates and hence dependent on N. That is, the balls are not only shrinking but also
moving with N. The second is topological. In particular, the question is whether or not
the distance function d, although not a metric in itself, in some sense “metrizes” the natural
topology of componentwise convergence in A™ C R™. Assumption 1 addresses this, thereby

leading to an appropriate convergence result in Theorem 1.

Assumption 1. Suppose p € A" is any pmf. Suppose pY € A" is a sequence of its
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empirical estimates. Suppose p"¥ € A" is any sequence such that d(p",p") MRl Then,

]pjy—ﬁjylmo,foreachjzl,u-,n.

This requires that if the distance function deems two pmfs to be close, then they are close

(in the usual metric in R™). Example 2 demonstrates that this assumption is not vacuous.

Example 2. For any p,q € A", consider the distance d(p, ¢) defined as

i(p.q) 0, if, for each j, p;, g; are either both rational or both irrational
p,q) =

1, otherwise.

Suppose that p = (1/2,1/2) € A? is the pmf of a Bernoulli random variable that takes
values +1. Thus, p¥ = (k/N,(N — k)/N), where k is the number of occurrences of +1
among N independent trials. Now consider the constant sequence pV = (2/3,1/3) € A%
Then, d(p",p") = 0, for all N. This is because both k/N and 2/3 are rational, and
both (N — k)/N and 1/3 are rational. Moreover, both k/N and (N — k)/N converge to

1/2, wp 1, by the SLLN. Thus, lim |p]1V —pVl = lim |2 - %] =1 wp 1. Similarly,
N—oo N—oo 3 N 6
: N _ N[ _ 1 1 _ N-k|_ 1 .
]\}1_120 ‘pQ — Dy | = ]\}1_{{130 3~ "~ =73 Wwp 1. Thus, Assumption 1 does not hold.

One natural way to ascertain that Assumption 1 holds, is to instead establish the following

sufficient condition.

Assumption 2. There exists a continuous function ¢ : Ry — R, with ¢(0) = 0 such that
Ip = all, < ¥(d(p,q)), for all p,q € A™.

For the Kullback-Leibler distance, this bound is called Pinsker’s inequality. Motivated by
that, we call this assumption the generalized Pinsker’s inequality.

Lemma 1. Suppose Assumption 2 holds. Then Assumption 1 holds.

Proof. Recalling notation from Assumption 1, we have, 0 < ]pév — ﬁj.v | <

[P — M|, < (d(p",p")). Here, the last inequality follows by Assumption 2. Assump-

tion 1 then follows since A}im Y(d(pN,pN)) = ¢ (A}Hn d(pN,ﬁN)> = 1(0) = 0. The first
—00 —00

equality follows by continuity of ¢(-) and the last equality by Assumption 2. n
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Section 2.6 demonstrates that this generalized Pinsker’s inequality holds for several distances

commonly studied in the literature.

Theorem 1. Suppose the radii of the ambiguity balls are dependent on N such that

A}im eV = 0. Suppose Assumption 1 holds. Then, JN (V) NPl s
—o0

We first present a couple of technical lemmas which will be used in proving this theorem.
Let AWT & >T< >n< A™. We embed tuples P™(1 : T) = (PF,--- ,PF) € AT of n x n

transition ma‘crictgs1 l;} into R™7T with its natural topology. Thus, a sequence PN7(1 :

T) = (PYV7, ... PY™) converges to P™(1 : T) if, and only if, each component sequence

pY (j]i,7(7)) converges to the corresponding component p;(j|i,m;(i)). Moreover, the limit

P7™(1:T) belongs to A™T.

Lemma 2. Suppose Assumption 1 holds. Suppose the radii of ambiguity sets are such
that lim eV =0. Let PY™(1:T) € PV™(eV;(1: T)) be any sequence. Denote the true
— 00

transition probabilities for policy = by P™(1:T). Then, PY7™(1:T) Nl PT(1:T).

Proof. Consider any fixed states i, j € S and stage t. It suffices to establish that |p} (j|i, m(2))—

pe(gli, m(2))| 2L 0. The triangle inequality yields

0 < |py" (i, me(2)) = pe(ile, (D))

< I (i, me(@)) = 5 (i, me ()] + B2 (31, w2 (0)) = pe(gli, me(3)].

We show that each term above converges to 0, wp 1, as N — oo. By the SLLN,
DN (i, w6 (3)) — pe(i, w6 (4))] Nl g, Moreover, pN(-|i,m:(i)) € PN (i, m(i); ") implies

that d(pX (-|i,m:(3)), pN (-]i, 7 (7)) < €V. Since A}im eV =0, we have that d(pY (+|i, 7 (7)),
—00

PN (-3, (i) Mwpl g, Then, Assumption 1 implies |[pN (j]i, 7:(7)) — pY (5|7, 7¢())] Nowpl,

0. [l
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Lemma 3. Suppose 7 € Il is a fixed policy. Suppose A}im PNT(1:T)=P™(1:T)in AT,
— 00

N,wpl

wp 1. Then, J7 PNy T J};W(LT).

Proof. From the definition of expectation in (2.2), JZ. (I:T)(Sl) equals

Do DY Plsy =y, 141 = sraalsy = s1,7) [Za “hr st+1!8t,7rt(st))]

52€8 sT41€S

- Z Z [Hpt Seq1]8e, T (St) ] [ZO‘ 3t+1|5ta7rt(5t))] :

52€8 sT+1€S

The last equality follows by the Markov property and the definition of transition prob-
abilities. Thus, JE. .7 (s1) is a polynomial function of the components of P7(1 : T) and
hence continuous over A™7 ¢ R™7, Thus, J};,T(LT) is also continuous. The conclusion then

follows by the continuous mapping theorem. O]

Proof of Theorem 1. Fix any m € Il and let P™(1 : T") denote the corresponding tuple of true

transition probability matrices. We will show that

IN.& N,wpl
JN’( )—p>JP7r1T) (2.7)

The result will then follow because, wp 1,

. FN/NY\ _ 1 FN( Ny (@) N7 N %
W T = i g D) S i, T = g T =
The interchange of limit and maximum in “(a)” is allowed because II is a finite set.

To establish (2.7), fix any § > 0. We will prove that, wp 1, 3 N* large enough such
that |JN7(eV) — Jpry| < 0 for all N > N*. Notice that there exists a PN™(1:T) €
PN (N (1:T)) such that JN7(eV) < JBNx (1) + 3% and JN7(N) + 4 > JENx 1y, Tor every

N > 1. This holds by the definition of infimum. That is, [JV7(eN) — < . Thus,

™
PN (1:T)
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for each N > 1, the triangle inequality yields

JHT(EN) — Jlg’f(l:T)‘ < ‘JN’ﬂ(EN) - IgN!”(I:T)‘ +

o
<

=2

Pty — JPrir)

+

Py = T (2.8)

From Lemma 2, we know that PN™(1 : T) Mowel, P7™(1 : T). Lemma 3 then implies
that J17—‘T>Nw(1:T) Nowel, J};,(LT). Thus, wp 1, 3 N* such that ’J};NMLT) — J};ﬂ(l:T) < % for all

N > N*. Utilizing this in (2.8) establishes (2.7). O

The next example demonstrates that we cannot drop Assumption 1 from the hypothesis of

this theorem.

Example 3. Consider a single-stage MDP with S = {1,2}; A = {a}; all true p(-|-,-) = 0.5;
rewards 7(1]-,a) = 2 and r(2|-,a) = 0; and initial state pmf f(1) = f(2) = 0.5. Only
one policy is available — 7(1) = a,7(2) = a — and the optimal value J* = 1. Suppose
N independent observations of the next state reached upon choosing action a are available
for each state. The corresponding empirical estimates would be ratios of counts and thus
rational. Assume that the ambiguity balls PV (1,a;e") and PV(2,a;€e") are defined via
the rational/irrational distance described in Example 2 with radius ¢V > 0. Recall from
Example 2 that Assumption 1 does not hold for this distance. The degenerate transition
probabilities p(1|1,a) = 0,p(2|1,a) = 1 and p(1]2,a) = 0,p(2]|2,a) = 1 belong to these
ambiguity balls. In fact, since the corresponding value function is 0 and we know that the
value function in this case is nonnegative, these degenerate transition pmfs are, in fact, the
worst-case pmfs. In short, JV(eV) = 0, for every N. Consequently, 0 = ]\}1_15100 JN(N) #

J* = 1. Thus, the conclusion of Theorem 1 fails.

We next establish an important consequence of the above theorem. To state and prove
it formally, we need additional notation. Let #V denote an optimal policy that solves the

data-driven RMDP problem (2.6) and P™ (1 : T) be the corresponding T-tuple of true
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transition probability matrices of size n x n each. Let J;]:N ) denote the value of this

(1:
policy in the true MDP. This is often called the out-of-sample value of #%. This is because

we are assessing the performance of 7%V on the true transition probabilities, whereas 7V was

computed only based on a (training) sample drawn from these true transition probabilities.

Theorem 2. Suppose the radii of the ambiguity balls are dependent on N such that

N

lim €V = 0. Suppose Assumption 1 holds. Then, the robust optimal policy 7V solves

N—o0

(2.3) for all sufficiently large NV, wp 1. Consequently, ‘]Per(LT
N, wp 1.

ﬁ-N

)= J*, for all sufficiently large

Proof. Let @ € 11 be a policy that occurs infinitely often wp 1 in the sequence {#"} € II.

Such a policy exists since II is finite. Let NJ denote the subsequence that indexes all

N

occurrences of 7 in {a#%}. That is, & © =7, for all k, wp 1. Consequently, by the triangle

inequality, we have,

0 < [Jpequry — I < | TPrur) — JNERTE (N

<

| A ( Ny

= ‘Jgﬁ(m) — JNET (M)

+ ‘jNﬁ,erlfcr (€N§> L

)

for all k, wp 1. Here, the last equality was obtained simply by replacing #V¢ with 7 in
the first absolute value expression. From Theorem 1 and its proof, we know that each one
of these absolute value terms in the upper bound converges to 0, wp 1, as k — oco. Thus, we
must have that Jgﬁ(l:T) = J*, thereby, showing that 7 is optimal to (2.3). Moreover, since
I1 is finite, the sequence {7V} eventually only includes policies that appear infinitely often,
wp 1. All such policies must be optimal to (2.3) as established above. This proves the first
claim in the theorem. The second claim then follows immediately because J* is the optimal

objective value in problem (2.3). O



17

2.4.2  Probabilistic guarantee on the performance of robust optimal policy

Although Theorem 2 shows that J;;VN (1) COTVerges to the true optimal value, the decision-

1:T)

maker would additionally want J;NN ) to be sufficiently high with a large enough proba-

(1T
bility (with respect to the uncertainty in the sampled training data) for finite sample-sizes.
In particular, suppose the decision-maker wants to have a probabilistic confidence of 1 — 7,

for some v € (0,1), that J;;VN ( is sufficiently high. In other words, the decision-maker

1:T)

wants to obtain a lower bound on J;ﬁNN ) that holds with probability at least 1 —~. Two

1T
questions arise in this context: (i) what is the numerical value of such a lower bound? and
(ii) what radius for the ambiguity balls should the decision-maker utilize to achieve a 1 — ~
confidence for that lower bound? These two questions are answered in this section under the

following assumption.

Assumption 3. Fix an integer N > 1. Then, for every g € (0, 1), there exists an 0 < eg <
sup d(p,q) with the following property: for every pmf ¢ € A™ and its empirical estimate

p,gqEA™
7NV we have
q ) )

Pld(q,¢") < ef] >1— 8. (2.9)

Inequalities of the form (2.9) are called concentration inequalities [43]. The probability on
the left hand side of (2.9) is induced by the uncertainty in ¢~, that is, in the sampled
training data. The positive real number EZBV typically depends on n, but this is suppressed

in the notation for brevity. If sup d(p,q) = € < oo, then P [d(q,(jN) < e} = 1. Thus, this
D,qEA™

supremum trivially satisfies the concentration inequality (2.9). The requirement that e/JBV be
strictly smaller than the supremum, excludes this trivial situation. Several distances listed in
Section 2.6 satisfy this assumption. In fact, we derive concrete expressions for eév for several
distances there. Those formulas reveal the additional property, not explicitly included in

the above assumption, that A}im eg = 0. Consequently, these radii satisfy the hypothesis
— 00

of Theorem 1 and Theorem 2, thereby guaranteeing almost sure convergence of JV (efBV ) and

J

PN (1.T)

& to J*. The next example demonstrates that Assumption 3 is not vacuous.
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Example 4. Consider the distance

0, ifp=gq
d(p, q) = , Vp,ge A"
1, otherwise

Note that sup d(p,q) = 1. Now suppose the true pmf ¢ = (1/2,1/2) € A% Then, for any
p,gEA™

N >1 and any 0 < € < 1, we have,

Vo) (3 N, if N even,
Pld(g, ™) < €] = P[d(q, ") = 0] = P[" = ¢] = (N/Z) (3)

0, if N odd.

The binomial coefficient (N%) can be upper bounded as (N%) = (%721) + ((N]j;);) <

N-1
S (V1) = 2V Here, the first equality holds by Pascal’s identity and the last equal-
k=0

ity holds by the binomial theorem. Hence, P[d(q,¢") < €] is bounded above by 1/2, and

inequality (2.9) in Assumption 3 fails for every g € (0,0.5).

Now recall that J;NN 1) denotes the value of policy # in the MDP with true transition
probabilities PﬁN(l : T) — that is, the out-of-sample value of V. This quantity is unknown
to the decision-maker since the true transition probabilities are unknown. Also recall that
JN (e§) is the optimal value of the data-driven robust MDP (2.6). The decision-maker
can compute this quantity. As previewed at the beginning of this section, our next result
establishes that the latter (known value) provides a lower bound on the former (unknown

value) with arbitrarily high probability.

Theorem 3. Fix the sample-size N > 1. Suppose Assumption 3 holds. Consider any fixed
7€ (0,1),and let 0 < B(y) =1 — (1 — )"/ T < 1. Let 0 < egm < sup d(p,q) be as in

p,geEA™
Assumption 3. Then,

N iN (_N
P50 iy = Y ()] 21— (2.10)
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Proof. We know that JN“( )) < o0, wp 1, for every 7 € II. This is because the ambiguity

balls are nonempty by our assumption. Since 7% is optimal to (2.6), we have,

TN(EN 1y = JNAY (N ) = inf J* < J*, ,
(€5() (€5)) N amepnan oy ) @ 0D S TP )

if the tuple of true transition probability matrices P*" (1:T) € PN’ﬁN( 5 (1:T)). By
rectangularity, this latter event occurs if, and only if, the true transition pmf p;(-|i, 7 (7))
belongs to the ambiguity ball PN (i, 7N (i); € 5( 7)) for every state i = 1,...,n and every stage

t=1,...,T. That is, if, and only if,

d(pe(-1i, 7N (0)), 7 (13, 7 (0))) < €3,

for every state i = 1,...,n and every stage t = 1,...,T. This discussion shows that

T TN/ N
[‘] Ny 2 (66(7))}
> B [d(p(1i, 7Y 0), 51 Cis 7Y 0) < by, i =1, om £ =1, T]
>P[d(pt(-ﬁ,a),ﬁiv(-ﬁ,a)) §6]5V(,Y), i=1,....,n,a=1,...,m, tzl,...,T}

P [d(pi(-li,a), 5y (‘1i,a)) < ey)]

S
:jﬂ
3

11

li=la

e

li=1la

~~
Il
Il
R

= (1= BT 1 -7,

V=
zﬂ
’,:]3

~~
Il
Il
—

Equality “(a)” holds because (training) sampled observations of the next state reached
are independent across states i, actions a, and stages t. Inequality “(b)” follows from (2.9).

Equality “(c)” holds by definition of 3(-y). This completes the proof. O

We emphasize again that, in Section 2.6, we derive explicit formulas for ambiguity ball radii
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eg compatible with (2.9), for several distances. These can be utilized in Theorem 3 to ensure
the requisite 1 — -y confidence promised by (4.19). The ambiguity ball radius prescribed by
this theorem depends on n, m, and 1. The dependence on n is inevitable because that is
the dimension of the pmfs involved. The number of actions m appears in the formula for the
radius because the pmf of the next state depends on the action chosen. The dependence on
T is induced by the multi-stage nonstationary nature of the problem and seems impossible

to avoid.

The next example demonstrates that we cannot drop Assumption 3 from the hypothesis

of the theorem.

Example 5. Consider the single-stage MDP depicted in Figure 2.1a with action-space A =
{a, b}; true p(+|-,-) = 0.5; rewards are displayed next to the dotted transition arrows. Assume
that the decision-maker knows the true transition probabilities for the state-action pair (u, a),
but does not know them for the pair (u,b). The decision-maker has a single sample (N = 1)
of the next state reached upon choosing action b in state u. Suppose this observed state was
v. Therefore, the empirical pmf is simply p' (v|u,b) = 1 and p'(w|u, b) = 0. This event occurs
with probability 0.5. Suppose the decision-maker utilizes the 0/1 distance from Example 4.
Regardless of the radius 0 < € < 1 of the ambiguity ball, the ambiguity ball includes only
the empirical pmf. The worst-case pmf is therefore equal to this empirical pmf as shown
in Figure 2.1b. There are only 2 policies — m(u) = a and ma(u) = b. Since there is no
ambiguity about transition probabilities p(:|u,a), J¥™ = J™ = 0.5x 04 0.5 x 0 = 0.
Hence, J(N,e€) = max{J¥™ J¥7(e)} = max{0,1} = 1. Thus, it is optimal in the data-
driven robust problem to choose action b in state u. The value of this policy in the true
problem is J™ = 0.5 x 140.5 x (—3) = —1. This shows that P(J™ < JY¥™(¢)) > 0.5. Thus,
(say) if v = 0.1, the conclusion of Theorem 3 fails.
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riwlu,b)=-

(a) Simple 1-stage MDP. (b) Worst-case pmf.

Figure 2.1: A schematic of Example 5, which demonstrates that we cannot drop Assumption 3
from the hypothesis of Theorem 3.

2.5 Stationary infinite-horizon problems

In a stationary infinite-horizon MDP over stages t = 1,2,---, the transition probabilities
p(jli,a) and rewards r(j|i,a) do not vary over stages, and the discount factor « is strictly
less than 1 [50]. The decision-maker wishes to maximize the expected total discounted reward
over an infinite horizon.

A (stationary, deterministic Markovian) policy 7 is a mapping that prescribes action

7(i) € A to state i € S in every stage. Its value equals

T défzf<z'><f;«<z'>, (2.11)

where

T—o0

T
Jpr (1) & Jim {IE [Z (s, m(s)) st = z] } , fori=1,... n. (2.12)
t=1

The subscript P™ is matrix of size n X n with (¢, j)th entry p(jl|i, n(i)), for i,j € S.
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This subscript emphasizes that the expectation is with respect to the random trajectory
(Sg,83,- -+ ) induced by P™. The finite set of all stationary, deterministic Markovian policies
is denoted by II. The decision-maker can maximize expected total discounted reward by

solving the problem

J* < max Jp.. (2.13)

mell

A policy that attains the maximum in this problem can be found by solving Bellman’s
equations via value iteration or policy iteration [50].

A robust counterpart of this stationary infinite-horizon MDP was studied under the rect-
angularity assumption in [32, 46]. There, since the transition probabilities out of state-action
pair (s,a) do not vary across stages, the decision-maker employs stage-invariant ambiguity
sets P(s,a) C A™. However, in the adversarial interpretation of this approach, the adversary
is allowed to choose different transition probabilities in the same state-action pair in different
stages. This is called a “dynamic model” of ambiguity [32]. Per this model, the ambiguity
set corresponding to policy 7 is expressed as P, = ;2 X P(i,m(i)). The decision-maker can

t=1i€S
maximize the worst-case expected total discounted reward by solving the problem

J © max J7, where J* < inf Jpr (2.14)
mell PLePL, ~ =
Here, PZ o (P[, PJ,---) denotes an infinite tuple of nxn transition probability matrices

such that the pmf p;(-]7, (7)) in the ith row of P belongs to P(i,n(i)) € A". Moreover,
with a slight abuse of notation, J}Ego represents the expected total discounted reward induced
by the infinite tuple PZ of transition probability matrices. A policy that maximizes J™ over
IT can be found via a robust counterpart of value iteration or policy iteration [32].

In this section, we focus on rectangular stationary infinite-horizon RMDPs where the

decision-maker employs data-driven ambiguity sets

PN(i,a;e) € {p e A" d(p, (i, a)) < €}, V(i,a) € S x A, (2.15)
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where 0 < € < co. Here, p(:]i,a) is the empirical estimate of the true transition pmf
upon choosing action a € A in state i € S. Following the style of notation in Section 2.4, we

write the data-driven ambiguity set corresponding to policy 7 as

P (e) = >02 X PN (i, m(i); ). (2.16)

t=14eS

We then rewrite the corresponding problem (2.14) for emphasis and ease of reference as

JN (€) o max JN™(€), where JV™(e) & . ei71>l£'"( )J;;go- (2.17)

We call this the data-driven stationary infinite-horizon RMDP.

As in Section 2.4, we will assume throughout that, for every (i,a) € S x A, the true
transition pmf has full support S. Again, this is done merely for notational convenience.
Finally, similar to Section 2.4, we work under the assumption that ambiguity balls P (i, a; €)
are nonempty, wp 1, for all states i, actions a, and sample-sizes N. This ensures that the

optimal value of each inner-optimization problem encountered in this section is finite, wp 1.

2.5.1 Value convergence to the true optimal value

This section extends Theorem 1 and Theorem 2 to the stationary infinite-horizon case.

Theorem 4. Suppose the radii of the ambiguity balls are dependent on the sample-size N
such that lim €V = 0. Suppose Assumption 1 holds. Then,

N—oo

JN (M) RALINGY A

Proof. Fix any 7 € II and let P™ denote the corresponding true transition probability matrix

of size n x n. As done in the proof of Theorem 1, it is enough to show that

JNm(Ny DRl g (2.18)
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Fix any 7" € {1,2,--- }. By the rectangularity property, that is, by the Cartesian product
structure of PY™(eV), it can be decomposed as PYm(eV; (1 : T)) x PY™(eN; (T + 1 : 00)).

Here,

PRV (1: 7)) = X X PN (i, w(i); €Y)

t=1icS

PLT (T +1:00) & X X PN (i, m(i); ).
t=T+1i€S
Consequently, any infinite tuple Q7 = (Q7, @7, --) of transition probability matrices
within P27 (eV) can be decomposed as (Q7, Q3.+, QF; QFq, QF o, -+ +), where Q"(1: T') €

QWH:T) Q”(ﬁl:oo)
PUT(eN;(1:T)) and Q™(T +1: 00) € PY™(e"; (T +1: 00)). Therefore,

T

JNA ) = in Zf{ [ZQ”NSHI'S“”(S””

QREPLT( =1

Z a' (s s, (s))

t=T+1

Suppose C' > 0 is some constant such that |r(jli,a)] < C, for all 3,7 € S and a € A.
Such a constant exists because S and A are finite sets. Using this in the above expression for
JN7 (V) and noticing that the stochastic state evolution (sy, sy, - - - ,Sp41) does not depend

on Q™(T 4 1: o0), we have,

—OéTC n B T
1 —a + QW(I:T)GSJQW(EN;(IZT)) ; f(@) o (@T) ; & (S se, m(se)) | st =i
S jN,ﬂ'(EN) <

afC u [ ]
f N t—1 —il
T + Q”(I:T)G;}Vlv"(eN;(lzT)) Z f(@) o (T Z Q" (Seqlse, T(se)) | [s1 =

=1 t=1
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Note that inf ”'[E(T_t—l r(s) sy =i s th
ote tha QW(LT)ePlferm(eN;(l:T)) i:Z:lf(Z>Q”(1:T) Do @ (sigalse, m(sy) ) |s1 =i is the

value of executing policy 7 in every stage of a T-stage data-driven RMDP as in Section 2.4.

We use the notation J¥7(T'; €") to represent this value. Similarly, let J5.(T) denote the value

of implementing policy 7 in every stage of a T-stage MDP with a true transition probability
N,wpl

matrix P™ of size n x n. From Theorem 1, we know that JV7™(T;eV) =225 Jz (7). Thus,

utilizing this limit in the above lower and upper bounds on JN7 (V) yields

—oIC - - e
1(1_ - + J5.(T) < liNnLiOI(l)f JVT(N) < hﬁljolip JVT(N) < 1@_ -

+ J5(T).

The above inequalities hold for every T' € {1,2,---}. Also, Cfi—g converges to 0 as T" — oo.

We further note from (2.11)-(2.12) that Tlim JE-(T) = J}- by definition. Passing to the
—00

limit, we get that, wp 1, li]\rfninf JNT(eNY = J7(eV) and limsup JY7(eV) = J7(eV). Hence,
—0o0 N—o0

TN (V) ZNPL gy, O

The next example demonstrates that we cannot drop Assumption 1 from the hypothesis

of this theorem.

Example 6. This is a modification of Example 3. Consider a 2-state, 1-action, stationary
infinite-horizon MDP with S = {1,2}; A = {a}; all true p(-|-,-) = 0.5; rewards r(1|-,a) = 2
and 7(2|-,a) = 0; discount factor a € (0,1); and initial state pmf f(1) = f(2) = 0.5. It is
easy to calculate that the optimal value J* = 1/(1 — a). Now suppose that the decision-
maker employs the distance described in Example 2. Recall that Assumption 1 does not

hold for this distance. It is straightforward to show, via an argument identical to Example 3,

that 0 = J&im JN(eN) # J* =1/(1 — a). Thus, the conclusion of Theorem 4 fails.
—00

The next result is a counterpart of Theorem 2. The proof is identical to the proof of
Theorem 2, and hence omitted. Let 7V denote an optimal policy that solves the data-
driven stationary infinite-horizon RMDP problem (2.17) and P™ be the corresponding true
transition probability matrix. Let J;NN denote the value of this policy in the true MDP.
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Theorem 5. Suppose the radii of the ambiguity balls are dependent on the sample-size N
such that A}im eV = 0. Suppose Assumption 1 holds. Then, the robust optimal policy 7V
—00

solves (2.13) for all sufficiently large N, wp 1. Consequently, Jj;J:N = J*, for all sufficiently
large N, wp 1.

2.5.2  Probabilistic guarantee on the performance of robust optimal policy
This section extends Theorem 3 to the stationary infinite-horizon case.

Theorem 6. Fix the sample-size N > 1. Suppose Assumption 3 holds. Consider any fixed
v € (0,1),and let 0 < B(y) =1 — (1 — )" < 1. Let 0 < eév(v) < sup d(p,q) be as in

D,qEA™
Assumption 3. Then,

AN 7
p [JPﬁN > JN(eg(v))} >1- 1. (2.19)

Proof. Define Bellman’s evaluation operator ®.~ : R — R" as

@V L E (s, 7V(6) + aV(s)], fori=1,...,n. (2.20)

p(-[i,7N (4))

Here, the subscript emphasizes that the expectation is taken with respect to the true
transition pmf p(-|i, 7V (i)) in state i for policy #%. A standard monotonicity and successive
approximation argument [50, Chapter 6] in the theory of stationary infinite-horizon MDPs
provides that

C {Jﬁij(i) > V(e ), =1, n} (2.21)

A similar property was also employed in [70] in a continuous state, continuous action,
data-driven robust stochastic control problem with ambiguity sets defined using the Wasser-

stein metric. This yields,
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> inf E [rsi,ﬁNi + g (s; € ]),WES
aC iV ()EPN (14N (i)iel ) < v (1T (5:500)

[p('“ﬂ- ())GP (i, 7 () 657)) \V/ZES}

P
=P [d(p(-|i, 7 (1)), pV (i, 7 (0))) < €}, Vi € S]
P

> P [d(p(-|i,a), pV (i a)) < €., Vi€ S, Yae A]
= [TTIP @i ). 5" (i) < 5] = [TTIO = B00) = (1 = 8™ = 1=

Inequality “(a)” follows from (2.21). Equality “(b)” follows from (2.20) and the fact that
actions 7V (i) attain the maxima in robust Bellman’s equations of optimality (Corollary 3.1

in [32]). In particular, the latter yields that for alli =1,....,n

JN(i; ejﬁvm) = inf

E [r sli, 7 (3)) + oV (s; €Y D .
q(+i,7N (3))ePN (i,7N (i);e ﬁ(v)) (q(.”’ﬁ-N(/L’)) ( ’ ( )) ( 5(7))

The remaining inequalities and equalities are derived similar to that in the proof of

Theorem 3. O

The radius of the ambiguity set depends only on n and m in this theorem, unlike the finite
horizon case in Theorem 3 where it also depends on 7. As stated in Section 2.4.2, the
dependence on T was induced by the multi-stage nonstationary nature of the problem there.

Here, although the problem is infinite-horizon and hence multi-stage, it is stationary. This
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stationarity renders parts of the proof similar to a single-stage problem. This manifests itself,
for instance, in (2.21) and equality “(b)”.
The next example demonstrates that we cannot drop Assumption 3 from the hypothesis

of this theorem.

Example 7. This is a modification of Example 5. Consider a stationary infinite-horizon
MDP with S = {1,2}; A = {a,b}. We assume that both the actions are allowed in state
1 while only action a is allowed in state 2. All true transition probabilities p(+|-,-) = 0.5;
rewards r(-|-,a) = 0,r(1|1,b) = 1,7(2|1,b) = —3; discount factor o € (0,1); and initial
state pmf f(1) = f(2) = 0.5. There are only two policies — (1) = a,m(2) = a and
mo(1) = b,me(2) = a. It is easy to see that J™ = 0. For the policy ms, using the policy
evaluation equations [50, Equation (6.1.9)] for the true MDP gives us J™(1) = 71%‘;‘/2 and

1

J™(2) = _lff Consequently, J™ = 0.5(J™(1)+J™(2)) = 2(1_—_1a) Assume that the decision-

maker knows the true transition probabilities for the state-action pairs (1, a), (2, a) but does
not know them for the pair (1,b). The decision-maker has a single sample (N = 1) of the
next state reached upon choosing action b in state 1. Suppose this observed state was 1 and
the decision-maker utilizes the 0/1 distance from Example 4 where Assumption 3 does not
hold. Using an argument identical to Example 5, we can show that the worst-case pmf equals
empirical pmf, p'(1]1,b) = 1 and p*(2|1,b) = 0, for any radius 0 < e < 1. Further, JN™ = 0.

Using the policy evaluation equations [32, Equation (29)] for the data-driven RMDP, we get

N2 (15 €) = —— and JNT2(2:€) = T oy@ oy Hence, JNm2 = m which implies that
JN(e) = JNm = Wl(%a) This shows that P(J™ < JN72(e)) > 0.5. Thus, (say) if v = 0.1,

the conclusion of Theorem 6 fails.

2.5.8  Rate of convergence

Theorem 4 and Theorem 5 are asymptotic convergence results; they do not provide insight
into the rate of convergence. Specifically, it is not clear how close JV (eV) or J;:N is to J*,

as a function of N. Theorem 7 at the end of this section addresses this issue. It relies on a
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few intemediate bounds that are derived next. Recall that the true transition pmf for any
state i € S and action a € A is denoted by p(-|i,a). Similarly, the matrix of true transition
probabilities induced by any policy 7 € II is denoted by P™. Furthermore, there is a constant

C' > 0 such that max |r(jli,a)] < C, because the state- and action-spaces are finite. The
i.j€
acA

next result, in varying forms, is known as the “Simulation Lemma” in the reinforcement

learning literature (see [52, Lemma A.1]). The lemma estimates how a difference between
two transition matrices translates into a difference between the corresponding values of a

policy.

Lemma 4. [52, Lemma A.1] Let PJ and PJ be any two transition matrices induced by a

policy m € II. Then,

2C

Jor = Jpg| < mfglggxdw(pl(%W(i)),pz(-\im(i)))- (2.22)

Here, drv(p,q) dof % llp — ql|, is the Total Variation (TV) distance between pmfs p and ¢
22].

Lemma 5. Suppose that the distance function d satisfies the generalized Pinsker inequality
stated in Assumption 2, and that the function 1 introduced there is nondecreasing. Fix the

sample-size N > 1. Suppose the decision-maker employs ambiguity balls of radius €V. Then,

(W) T max w<d<p<-\z',a>,ﬁN<~|zaa>>>) c

i€S,acA

JN(EN) = J| < (e , and (2.23)
20+ s vl 0. (o) ) ©
T R < = —ar . (2.24)

Proof. Consider any stationary policy m € II and fix any > 0. By definition of the infimum,
there exists a feasible solution to the inner optimization problem whose value is within § of

the optimal value JN7(eV). In fact, by [32, Lemma 3.3], such a value can be attained by a
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stationary solution of the form PY™0 = (pPNmo pNmd ) We thus denote this value by

JFn-s and note that ’J}EN,M — jN’“(eN)’ < ¢. Hence,

JN(N) — J*

= Imax JV (") — max J5.
mell mell

< ~N,7‘(‘ N_ 7'l'7r
< mag 1) —

S max |J£N7ﬂ-’5 — (]gﬂ—‘ + 0

mell

(@) 2C max dry(p(-li, 7 (@), p" ™0 (-]i, w(4)))

< max ‘ +90
mell (1 — Oé)2

welliesS

2%( max {dTv<p<-rz',7r<z'>>,zaN<~|z;w<¢>>>+

dTV(ﬁN("i>7T<i>>>pN’m6("i77r<i>>>}) +0

melliesS

<a fa)2( o {w<d<p<-|z',w<z'>>,ﬁN<-u,w<i>>>>+

w(d(ﬁN(-li,W(@')LPN’”";(-I%W(i))))}) +0

< ¢ ( max 1/)(d(p(-|i,a),ﬁN(-|i,a)))—|—

(1 — )2\ i€Saca

max @D(d(ﬁN(-IiaW(i)),pN’”"s(-li,W(i))))) +0

nelliesS

< ﬁ (igg’ggﬁ/)(d(p(-li, a),p" (-[i,a))) + ¢(€N)> +0.

The inequality in “(a)” follows from (2.22) in Lemma 4. Step “(b)” is the triangle inequal-

ity. The inequality in “(c)” follows from the generalized Pinsker’s inequality (Assumption 2)

along with the fact that drv(p,q) = 3 |[p — ¢l|;. For the final inequality in “(d)”, first note
that pN™0(-Ji, w(i)) € PN (i, w(i);eN) Vr € 11,4 € S. Hence, d(p™ (-|i, 7 (7)), pN™0(-]i, w(4))) <

eV, Vr € I1,i € S. Since 1 is nondecreasing, the inequality in “(d)” follows. Finally, since
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d > 0 is arbitrary, the bound in (2.23) follows.
ZN < 2&13&( ‘jN’“(eN) — Jpx

(2.24) then follows by repeating the argument in the proof of the first claim. Note that

. The bound in

For the second claim, we prove that J* — J;

AN AN 7N N FN7( N il
J'—J" vy =maxJpr — J° v < |lmax Jp. —maxJV " (eV)| + lmax JV " (eV) — JT §
pr nen FT e e nell ( ) mell ( ) pr
- . N -
< max |Jpr — JN’”(EN)‘ + |max JV™ (V) — pan | < 2max ‘JN’“(EN) — Jp|
mell mell well

The last inequality follows by definition of 7%V since

max JV™ (V) — J;r:N = ‘jN’ﬁN(EN) - J;;:lN

< max’jN’”(eN) — Jpx|.

mell mell
This completes the proof. n
We are now ready to state and prove the main result of this section — the rate of

convergence in terms of the radii of the ambiguity balls.

Theorem 7. Suppose that the distance function d satisfies the generalized Pinsker inequality
stated in Assumption 2, and that the function 1 introduced there is nondecreasing. Fix the
sample-size N > 1. Suppose the decision-maker employs ambiguity balls of radius €. Let

B € [0,1] be such that

Prld(p(-|i,a), p" (i a)) < Y] >1 -, Vi € S,a € A. (2.25)
Then, with probability at least (1 — 3)"™, we have,

4CY ()

N/ _N * ZCT/J(EN)
JV(EeY) =T < T—ar

= and J* — J?:N <

(2.26)

Proof. Observe, from bounds (2.23) and (2.24) in Lemma 5, that the two inequalities in
(2.26) hold if the event
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|, ), 7 ) < 006

i€S,acA

occurs. The conclusion of the theorem then follows because

P | g wldlo(i0), 5 i) < 006

— P [(d(p(-]i, a), 5" (i, 0)) < W(eY), Vie S,ae A
> P [d(p(-]i,a), pV (|i,a)) < €Y, VieS.ac Al

_HHP p(li,a),p~ (i, a)) < €V] > (1 —B)"".
1€S a€A
The first inequality holds because 1 is nondecreasing. The second equality holds because
samples are independent across S and A. The final inequality follows from (2.25) because

|S| =n and |A] = m. O

The bounds in (2.26) demonstrate that the optimality errors |JN (eV) — J*| and J* — JgJ:N
can be made smaller than any § > 0 by choosing € to be sufficiently small, as all other
terms in the bounds are known. The additional requirement that ¢ be nondecreasing, is mild
— it holds for all distances we list in Section 2.6. An appropriate value of 8 in (2.25) can
be derived from concentration inequalities similar to Section 2.6. We expect these values of
3 to be smaller for larger values of ¢ and correspondingly larger values of ¥ (¢"V). In other
words, a higher probabilistic confidence is associated with larger right hand sides in the two
inequalities in (2.26). This is intuitive, since these larger upper bounds in (2.26) mean that
JN (V) and J;T);VN could be farther away from J*. Moreover, rougly speaking, everything else
being equals, the probabilistic confidence (1 — 5)™" deteriorates as the number of states n
or the number of actions m increases.

A similar convergence rate for finite-horizon problems in Section 2.4 can also be derived.

We omitted it there for brevity and to avoid repetition.
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2.6 Distances that satisfy Assumption 1 and Assumption 3

This section lists several well-known distance functions that can be utilized to construct
data-driven ambiguity sets. Distances that are also metrics are identified as such. We begin
with distances that satisfy Assumption 2 and Assumption 3 (recall that Assumption 2 is a
sufficient condition for Assumption 1). For each of these distances, we also provide a formula
for the ambiguity ball radius eév that can be utilized in Theorem 3 and Theorem 6, for any
B € (0,1). Although these formulas can be pieced together from existing results in the
literature, we were unable to find them all in one place and in the precise format we need.
We therefore derive them briefly for completeness, and cast them in appropriate form within
our context. We then list distances that satisfy Assumption 2, but that do not have an
associated concentration inequality, in the literature known to us, of the form (2.9) suitable

for Assumption 3. For those distances, we provide an approximate counterpart of (2.9).

2.6.1 Total Variation (TV)

def

This distance (metric) is drv(p,¢) = % |lp — ql|, [22]. It is easy to see that drv(q,¢) = 0, for

all ¢ € A™. Assumption 2 holds with ¢(z) = 2z, for z € R,.

Lemma 6. The TV metric satisfies the concentration inequality

Proof. Consider any € > %\/% . We have,

P [drv(g,¢") < ] =P [[la = ¢"]]; < 2¢]

= [lla— [, E(la— ") <2~ E (g~ 2"],)]
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(a) R ) n
20 [l - E - "l,) <2e- |/ 7]
>1—-P [ >26—\/%]

la—a" ||, —E([la—a"],)

Here, “(a)” follows from Lemma 5 in [8], which establishes that E (||q — chHl) < y/n/N
and “(b)” holds by [8, Inequality (17)], which in turn follows by McDiarmid’s inequality [44].
The additional restriction of ¢ > 1 <\/_ 4 4/ 2@ )) is imposed in (2.27) to ensure that the

probability lower bound is nonnegative. O

It is easy to verify that, by equating 2 exp (—% (26 — \/%)2> to 0 < B < 1, we obtain the

X (TV) <\/7 \/zm 2/5) ) (2.28)

It is known that sup drv(p,q) =1 [22]. Thus, eé\’ (TV) < 1 as required in Assumption 3,
p,qEA™
for all sufficiently large V. As an aside, although this is not a requirement in Assumption 3,

ambiguity ball radius

we note that A}im eg (TV) = 0. This means that this ambiguity ball radius satisfies the
—00
hypothesis of Theorem 1 and Theorem 4.

2.6.2 Burg

This distance is dpug(p, q) = Z giIn <"“> The convention in the literature is to interpret
0In(0/x) = 0, for all real numbers x [22, page 422]|. This helps to see that d(q,q) = 0, for
all ¢ € A™. Our definition of the Burg distance here is consistent with [7, Table 2]. Note
that dpuwe(p,q¢) = dxi(g,p) where dk;, denotes the Kullback-Leibler distance discussed in

Section 2.6.5. From [22, page 429], we have 2drv(p,q) = ||p — qll; < v/2dBug(p, q). Thus,
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Assumption 2 holds with ¢(z) = v/2z, for z € R,. Inequality (1) in [43] implies that

N -1 1 N —1
P [dpug(q,¢") <€) >1— ( :f ) exp(—Ne), Ve > N In ( ;fl ) (2.29)
The restriction € > % In (N ;ffl_ 1) is imposed to ensure that the probability lower bound

N+n—1
n—1

is nonnegative. By equating ( ) exp(—Ne) to 0 < f < 1, we obtain the ambiguity ball

radius

n—1

¢ (Burg) = %m { (N e 1> /5} | (2.30)

It is known that sup dpug(p,q) = oo [22]. Thus, €5 (Burg) < sup dpug(p,q) as
D,qEA™T p,gEA™
required in Assumption 3, for all N. Again, it is possible to show, after some algebraic
simplification, that Nlim eév (Burg) = 0. So this ambiguity ball radius satisfies the hypothesis
—00

of Theorem 1 and Theorem 4.

2.6.3 Hellinger

This distance is given by du(p, q) & > (VPi — /@)? [7, Table 2]. It is easy to see that

i=1
d(q,q) = 0, for all ¢ € A™. Inequality (8) in [22] implies that ||p —¢||, = 2drv(p,q) <

2 [du(p, q)]l/Q. Thus, Assumption 2 holds with ¢(z) = 24/z, for z € R,.

Lemma 7. The Hellinger distance satisfies the concentration inequality

P [din(q, V) < ] >1—2exp (—g (e . %)2> . Ve > \/%Jr \/@ (2.31)

Proof. Inequality (8) in [22] states that w < drv(p,q). Thus, we have,
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where the last inequality follows from (2.27). O

By equating 2 exp <—% (e — 3 /%)2> to 0 < 8 < 1, we obtain the ambiguity ball radius

\/‘ [21n( 2/5 (2.32)

It is known that sup du(p,q) = 2 [22]. Thus, 5 (H) < 2 as required in Assumption 3,
pP,geEA™
for all sufficiently large V. Again, note that A}im eg (H) = 0. So this ambiguity ball radius
—00

satisfies the hypothesis of Theorem 1 and Theorem 4.

2.6.4 Wasserstein

The Wasserstein distance (metric) between p, g € A™ equals the optimal cost of a transporta-
tion problem [22, page 424]. This problem includes n nodes with supplies py, po,- -+, p, and
n other nodes with demands ¢, qs, - - , ¢,. The unit cost of shipping from nodei =1,...,n
tonode j = 1,...,nis |i — j|. The goal is to find a minimum cost transportation plan to
meet this demand. Let z;; denote the amount transported from node ¢ to node j. Then, the

Wasserstein distance (or 1-Wasserstein distance) [61, page 424] is given by

me Qj>j:17"'7n;

dwy=pii=1,.,m 2;>0,i=1,...n, jzl,...,n}. (2.33)

dw(p,q —mm{ZZ]z—j\xw
j=1

=1
n
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When p = ¢, the optimal transportation plan involves shipping amount p; = ¢; from node
i to node j = i at a total cost of 0. Thus, dw(q,q) = 0, for all ¢ € A™. Inequality (7) in
22] implies that |[p —¢||; = 2drv(p,q) < 2dw(p,q). Thus, Assumption 2 is satisfied with
(z) = 2z, for z € R;. Theorem 2 in [20] implies that

In(max{1, 01}).

2.34
N (2.34)

P [dw(g,¢") < €] >1—max{l,c1}exp(—caNe®), Ve > \/

Here, c¢;,co are positive constants that may depend on n. We have used max{1,c;}
instead of just ¢; here to ensure that the logarithm under the square root sign is nonnegative.
The restriction € > \/W is imposed to ensure that the probability lower bound is
nonnegative. By equating max{1,c;} exp(—caNe?) to 0 < 8 < 1, we obtain the ambiguity

ball radius

e (W) = \/ m(ma}“c‘iyl}/ B (2.35)

It is known that sup dw(p,q) = n [22]. Thus, efgv (W) < n as required in Assumption 3
for all sufficiently 155;;?]\7 . Again, note that ]\}5%0 eg (W) = 0. So this ambiguity ball
radius satisfies the hypothesis of Theorem 1 and Theorem 4. One drawback of this formula
is that there does not appear to be any known way to compute the positive constants
1, co. Thus, this ambiguity ball radius cannot be used as-is in practice. Though we verified

Assumption 2 and Assumption 3 for the 1-Wasserstein distance, they also hold for the p-

Wasserstein distance with p € [1, 00).

2.6.5 Kullback-Leibler

As briefly alluded to in Section 2.6.2, this distance is given by dki(p,q) = > p;In <‘;i) 7,
i=1 ’
Table 2]. The convention in the literature is to interpret 0ln(0/x) = 0, for all real numbers

x; and zIn(x/0) = oo, for all real nonzero z [22, page 422|. The former interpretation helps
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to confirm that d(q,q) = 0, for all ¢ € A™. From [22, page 429], we have, ||p—¢||, =
2drv(p, @) < \/2dxL(p, q). Thus, Assumption 2 holds with 1(z) = /22, for z € R,. In this
thesis, we will only work with pmfs p € A™ such that p; > 0, for all : = 1,...,n, owing to
the full support assumption. Thus, if ¢V = 0 for any i = 1, ..., n, then dky(p, ") = oo, for
all p # ¢"V. Thus, for any € > 0, ¢~ is the only pmf in the ambiguity ball in this scenario.
We are not aware of a concentration inequality for this Kullback-Leibler distance. Thus, we
are unable to ascertain whether or not Assumption 3 holds. Nevertheless, it is known that
the statistic 2Ndxky,(q, ¢V) converges in distribution to a x? distribution with n — 1 degrees
of freedom [47, Theorem 3.1]. Thus, for large N, this yields,

P [dkw(q,¢") < €] =P [2Ndki(q, ¢") < 2Ne] = 1— F,2_(2Ne), (2.36)

where in _,(z) denotes the probability that a x? random variable with n — 1 degrees of
freedom takes a value strictly greater than z € R. Thus, equating in 71(2N e)to0< <1
and then inverting in_l would yield an ambiguity ball radius efBV (KL).

2.6.6 x* and modified x>

n

The x? distance is given by d,2(p,q) = Y (b ql [7, Table 2]. The convention is to interpret
i=1
0/x = 0 for any real number z. It is then easy to see that d(q q) =0, for all ¢ € A". From

22, page 429], we have, ||p — q||; = 2drv(p, q) < v/dy2(p,q). Thus, Assumption 2 holds with

P(z) = /7, for 2 € R,. We are not aware of a concentration inequality for this x? distance.
Thus, we are unable to ascertain whether or not Assumption 3 holds. Nevertheless, it is
known that the statistic Nd,2(g, ¢") converges in distribution to a x? distribution with n—1
degrees of freedom [47, Theorem 3.1]. Thus, for large N, we have,

P [dy(q,G") <€e] ~1—Fe (Ne). (2.37)

Thus, as explained before, the function in B (Ne) can be equated to 0 < 5 < 1 to recover

an ambiguity ball radius.
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The modified x? distance is given by dg2(p, ¢) = zil (pi;—fi)Q 7, Table 2]. Thus, dg(p,q) =
dy2(q,p). In addition to the aforementioned interpretation that 0/x = 0 for any real number
x, we also interpret z/0 = oo for any nonzero real number z. The former interpretation
again ensures that d(q,q) = 0, for all ¢ € A™. Again, Assumption 2 holds with ¥ (z) = /2,
for z € R,. In this thesis, we will only work with pmfs p € A™ such that p; > 0, for all
i=1,...,n, owing to the full support assumption. Thus, if ¢¥ = 0 for any i = 1,...,n, then
dg2(p, ™) = oo, for all p # ¢V. Thus, for any € > 0, ¢" is the only pmf in the ambiguity
ball in this scenario. We are not aware of any concentration inequality for this distance.
However, [47, Theorem 3.1] again implies that Ndy2(q,¢") converges in distribution to a

x? distribution with n — 1 degrees of freedom. An identical counterpart of the approximate

concentration formula (2.37) can thus be utilized.

2.7 Robust value iteration and solution of inner-optimization problems

We implemented robust value iteration [32, page 267] to solve problem (2.17) in our compu-
tational experiments in Section 2.8. The procedure is briefly outlined here for completeness.
Starting with an initial guess vector 1, € R", the decision-maker then calculates a sequence

of vectors Vi, Vs, -+ € R" via the recursion

Via@) =max i | pGlia)r(ilia)+a S pGli Vi) |, i=1,....n. (2.38)
=1 j=1

a€A  pePN (i,a)

(& J/

—
inner-optimization problem

It is shown in [32] that the sequence V; converges to a V* € R™ such that JV(e) =
> f(9)V*(7) is the optimal value in problem (2.17). An important step in this process is the
i=1

solution of the inner-optimization problem.

The inner-optimization problems in value iteration (2.38) can be compactly represented
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as

n n
j=1 j=1
Here, ¢q,--- , ¢, are known constants; pi,--- ,p, are decision variables; ¢ > 0 is a fixed

radius of an ambiguity ball; and ¢ € A™ is a fixed pmf. A direct comparison with (2.38)
reveals that ¢; = r(j|i,a) + aVi(j); p; = p(jli,a); and q; = pY(j|¢, a). This problem has a
linear objective, and is convex if d(p, ¢) is convex in p. In that case, it can, in principle, be
efficiently solved using standard convex optimization algorithms. However, in many cases,
a tailored approach can be devised. Such tailored approaches are available for Kullback-
Leibler [32, Lemma 4.1]; modified x? [32, Lemma 4.2]; TV [32, Lemma 4.3]; and Burg [64,
Proposition 2]. For Hellinger and x?, (2.39) can be formulated as a two-variable concave
maximization problem [7, Corollary 3].

Definition (2.33) of Wasserstein distance as the minimum cost in a transportation problem

reduces (2.39) to the linear program

n
min E ijj
:I/.? p
j=1

n n n
ZZ‘Z—]’JI” <€ inj:q]'a J=1....m
=1

i=1 j=1

j=1 J=1

.I'ZJZO, i:1,...,n,j:1,...,n}.

Using duality, this linear program can be reformulated as the problem

max {—ye +) (jeglinn} [¢j + |i = j y]) Qi} (2.40)

i=1 N
of maximizing a concave function of one variable [41, Theorem 3.6]. Further, if ¢; > 0

for all j € {1,...,n}, then the objective function in (2.40) is strictly decreasing over y >
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{nax }cj. This can be seen as follows. For any j # i, ¢; + i —jly > |i—jly > y >
je{lm

max c¢;. However, if j = 4, then ¢; + |i — jly = ¢ < max ¢;. Thus, the objective
Je{l, -} Je{1, ,n}

function in problem (2.40) reduces to —ye + > ¢;q;, for y > ?1ax }cj. Hence, we can solve
i=1 Je{l,--,n
(2.40) simply by discretizing y over the interval [O, max;e(1,...n} cj} or by any one-dimensional

search procedure for maximizing concave functions.

2.8 Computational experiments

In this section, we report computational experiments on two infinite-horizon problems: a
randomly generated MDP instance and a machine replacement MDP from the literature
[12, 67, 26]. For both problems, we conducted experiments with three distance functions:
TV, Burg, and Wasserstein. For TV and Burg, we used the methods described in [32, Lemma
4.3] and [64, Proposition 2|, respectively, to solve the inner-optimization problems. For
Wasserstein, we solved formulation (2.40) by discretizing the single variable therein, because
the cost coefficients in our inner-optimization problem were nonnegative. An initial guess of
0 was employed for value iteration. The initial state pmf was uniform over S = {1,---  n}.
For both problems, we studied two issues: impact of sample-size on robust and out-of-sample
values; and out-of-sample performance and reliability for small sample-sizes no more than
n. Since our experimental procedure for studying these issues was identical across the two

problems, it is described first below.

2.8.1 Impact of sample-size on robust and out-of-sample values

We studied convergence behavior of the robust optimal value JV (V) and the out-of-sample
value J;:N as a function of N € {10, 50, 100, 1000, 10000, 100000, 500000}, for v = 0.1 corre-
sponding to a confidence level of 90%. Based on Theorem 6, this calls for 3 = 1 — (0.9)/"™.
This value of 8 was used for calculating ambiguity ball radii for each state-action pair. The
ambiguity ball radius for the TV distance was calculated by substituting this g in formula
(2.28). For Burg, we slightly modified the radius in formula (2.30) by using a lower bound of
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(N+1)" on (N:{f;l) to obtain e} (Burg) = + In(1/3) +nln(NT+1). For Wasserstein, motivated
by formula (2.35), we set the radius to 1/ V/N regardless of 3, because the values of constants
1,2 in formula (2.35) are not available. For each value of N, we generated an empirical
estimate of the true transition pmf by sampling N realizations of the next state reached from
each state-action pair. This empirical estimate and the above radii characterize the ambigu-
ity balls for each state-action pair, for each distance function. These were utilized within the
robust value iteration procedure to obtain a robust optimal policy #% and the robust value
function JV (eV). Using #% and the true transition probabilities, we computed J;:N using
Bellman’s linear equations of policy evaluation [50, Equation (6.1.9)]. We independently
repeated this procedure 100 times, for each distance. We plotted the averages and the 10"

and 90™ percentiles of the resulting robust optimal values JV (V) and out-of-sample values

~ N
Jl’;r ~ versus V.

2.8.2  Qut-of-sample performance and reliability for small sample-sizes

We fixed sample-sizes to small values (< n) and varied the radius € of the ambiguity set
to understand its effect on the out-of-sample value of the robust optimal policy 7. We
measured this effect in two ways. The first is through the relative closeness of J;;VN to J*,
and the second is via the probability of Jg;vN exceeding the robust optimal value JV (€).
We conducted experiments using various sample-sizes N. For each fixed sample-size N and
each fixed radius €, we computed 100 independent realizations of J;;VN and JN (¢). We then
calculated the average of ((J* — J;:N) /J*) x 100 and the 10" and 90" percentiles over
these independent trials. This was our first performance metric. For the second performance
metric, we counted how many times J;NN exceeded JN (€) and divided this count with 100.
We denote this ratio by # {J;:N > JN (e)} /100, and call it “reliability”. We used this as
an estimate of the probability of the corresponding event. We plotted these two performance
metrics versus different radii. The radii were picked as follows. For TV and Burg, we used

B =1—(0.9)""" corresponding to a 90% confidence level to compute the largest possible
radius on the z-axis via (2.28) and (2.30), respectively (for Burg, (2.30) was approximated
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as e} (Burg) = +In(1/6) + n%) These radii were then successively halved to obtain
the tick-marks on the x-axis. For TV, the radius was capped at 1 since that is the maximum
possible TV distance. For the Wasserstein distance, since the constants ¢y, co needed to

compute the upper bound given by (2.35) are not available, we picked the Wasserstein radii

from {0.001,0.005,0.01,0.05,0.1,0.5}.

2.8.8 Description of two examples and simulation results

Problem-specific details and simluation results for our two computational examples are pro-

vided here.

Randomly generated MDP instance

We generated a single true infinite-horizon MDP with n = 30 states, m = 10 actions, and
discount factor a = 0.9. The rewards for each state-action pair were generated randomly
from the Uniform[0,1] distribution. The transition probabilities for every state-action pair
were also generated randomly from the Uniform[0,1] distribution and then normalized to
obtain a pmf. The resulting true MDP was fixed throughout.

Figure 2.2 plots the the robust optimal values JV(eV) and out-of-sample values J;]:N
versus N, using 3 = 1 — (0.9)'/3% = 0.00035114. This figure is consistent with the results of
Theorem 4 and Theorem 5 in that the two values are seen to converge to the true optimal
value J* as N grows. However, note that the three lines are not directly comparable since
they use different radii to characterize ambiguity sets, and the “best” values of these radii
are not known.

Figure 2.3 plots the two out-of-sample performance metrics described in Section 2.8.2
versus different radii, in 9 panels arranged in a 3 x 3 format. The rows correspond to
N = 10,20,30 from top to bottom, and the columns correspond to the TV, Burg, and
Wasserstein distances. Since the numerical ranges for the two metrics are quite different,
we label them separately on the left and right sides of the panel’s y-axis. The figure shows

that both performance metrics improve, that is, the percentage relative difference with J*



44

Robust optimal value
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(a) JN(eV) vs N. (b) J;:N vs N.

Figure 2.2: Convergence of robust optimal values JV (¢V) and out-of-sample values J;J:N to
the optimal value J* of the true MDP, for the MDP instance from Section 2.8.3.

decreases and reliability increases, as the sample-size increases. The percentage relative
difference is less than 5% for reliability values close to 1, despite the small sample-size
of N = 30 (which equals the number of states in the problem). The figure also shows
that the percentage relative difference with J* starts deteriorating (that is, increasing) after
the reliability reaches 1. There also seems to be an interval of radii where the percentage
relative difference is low and the reliability is high. This phenomenon was observed for the
Wasserstein distance in the case of single-stage optimization in [19] and the stochastic control

problem in [70].

Machine repair

This example was introduced by Delage and Mannor [12] and also studied by [26, 67]. The
goal is to design a policy for operating a machine that can be in one of n = 10 states
representing its condition. The machine operator can choose from m = 2 actions — “do
nothing” and “repair”. The discount factor was o = 0.8. The details regarding the rewards
and transition probabilities are available in [67]. In this example, the set of feasible actions
depends on the current state of the machine. Similarly, the set of states that the machine
can occupy in the next time-stage depends on its current state and the action chosen. We

accordingly restricted the set of feasible pmfs for the inner-optimization problems in our
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Figure 2.3: Out-of-sample value ((J* — J;;VN) /J*) x 100 (left axis, solid line) and reliability
# {J;:N > jN(e)} /100 (right axis, dashed line) as a function of radius €, for the MDP
instance from Section 2.8.3. Panels (a) - (¢) N = 10; (d) - (f) N = 20; (g) - (i) N = 30.

calculations.

Figure 2.4 plots the robust optimal values JV (") and out-of-sample values J;:N Versus
N, with 8 = 1—(0.9)1/20 = 0.005254. Figure 2.5 plots the two performance metrics described
in Section 2.8.2 versus different radii. The rows correspond to N = 5,8,10 from top to
bottom. The qualitative trends in these two figures can be interpreted similar to Figures 2.2

and 2.3, respectively.
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Figure 2.4: Convergence of robust optimal values JV (¢V) and out-of-sample values J;J:N to
the optimal value J* of the true MDP, for the machine repair example in Section 2.8.3.

2.9 Conclusions

We presented an axiomatic framework for rectangular RMDPs with data-driven, distance-
based, ambiguity sets. The two axioms (Assumption 1 and Assumption 3) comprise an es-
sentially minimal set of conditions that impart these RMDPs four strong properties. These
are: convergence of robust optimal values to the true stochastic optimum; eventual optimal-
ity of robust optimal policies to the true stochastic problem; a probabilistic rate of value
convergence to the true optimum; and a guarantee that the out-of-sample value will be
larger than the robust optimal value with a high probability. Several well-studied distance
functions satisfy these two axioms and also produce tractable inner optimization problems.
Computational results suggest that this provides broad choices when attempting to trade-off
conservativeness of robust optimal policies against their reliability by tuning ambiguity ball
radii.

A potential problem for future research is to try to extend our axiomatic analysis to multi-
stage stochastic programs. Another interesting future direction is to apply our framework

for partially observable MDPs.

Recall that a more technical name for the RMDPs studied in this chapter is (s,a)-

rectangular RMDP, which emphasizes the multiplicative separability of ambiguity sets across
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Figure 2.5: Out-of-sample value ((J* — J;;VN) /J*) x 100 (left axis, solid line) and reliability
# {J;:N > JN (e)} /100 (right axis, dashed line) as a function of radius ¢, for the machine

repair example from Section 2.8.3. Panels (a) - (¢) N =5; (d) - (f) N =38; (g) - (i) N = 10.
The percentage values on the left axis are negative because J* is negative.

state-action pairs. These were the earliest RMDPs studied in the literature. Other more
general notions such as s-rectangularity [67] and k-rectangularity [42] have appeared in the
recent literature. Both theory and computation are more challenging in these other rectan-
gular RMDPs. For instance, in s-rectangular RMDPs,; optimal policies may be randomized,
which introduces hurdles in our proof technique for asymptotic convergence. An investigation

of such issues in the context of s-RMDPs is pursued in Chapter 3. Another more challenging
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problem is to generalize our analysis to RMDPs with continuous state- and action-spaces.

We study that problem in Chapter 4.
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Chapter 3

ROBUST MARKOV DECISION PROCESSES WITH
DATA-DRIVEN, DISTANCE-BASED S-RECTANGULAR
AMBIGUITY SETS

3.1 Introduction

In this chapter, we study infinite-horizon s-rectangular RMDPs. Before we formally define
the problem, recall from Section 2.5, that an infinite-horizon stationary MDP is defined by
the tuple (S, A,P,r, o, f). Here, S def {1,...,n} is the finite state-space and A def {1,...,m}
is the finite action-space. Matrix P & {p(jli, a) feegae 4 stores the transition probabilities

jes

icgaca Stores the rewards earned, for entering state j at the end

and matrix r & {r(jli,a)}
of a time-stage upon choosing action a € A in state ¢ at the beginning of that time-stage.
Finally, a € (0, 1) is the discount factor and f is the probability mass function (pmf) of the
initial state over S. A stationary Markovian randomized policy 7 assigns a pmf over A to
each state ¢ € S. That is, m(ali) is the probability that the decision-maker chooses action

a € A when the system is in state ¢, regardless of the time-stage. Upon executing such a

policy, the decision-maker earns an expected total discounted reward of
Je(m) €Y f(0) Je(si), (3.1)
i=1

where

T
Jp(m;1i) L lim { E [Z (S48, T(se)) |81 = z] } , fori=1:n. (3.2)

T—o0 PT
t=1
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Here, the subscript P™ on the expectation operator E is matrix of size n xn with (7, j)th entry
> w(ali)p(jli,a), for i,j € S. That is, it is the expectation of the transition probability
?/Eeétor p(jli,-) € R™ with respect to the pmf 7 (-|i) € A™. Here, A™ denotes the probability
simplex in R™. The subscript P™ emphasizes that the expectation Er in (3.2) is with respect
to the stochastic trajectory (ss,ss,---) of states induced by P™. The conditioning s; = i
signifies that the initial state is ¢. The uncountable set of all randomized, stationary policies
is denoted as IIz. The decision-maker can maximize the expected total discounted reward
by solving the problem

J* ¥ max Jp(m). (3.3)

ﬂ'GHR

The infinite-horizon stationary MDP admits an optimal policy that is deterministic and sta-
tionary [50]. That is, a policy where, for each state i, the pmf 7(+|7) puts positive probability

mass on a single action in A.

Like in the previous chapter, we assume that the “true” transition probabilities P are
unknown. In this chapter, we use a s-rectangular RMDP (henceforth, s-RMDP) to address
the ambiguity present in the transition probabilities. Recall from Chapter 1, the ambiguity
set in s-RMDP is multiplicatively separable only across states rather than state-action pairs
and an ambiguity set satisfying such a property is called s-rectangular. Note that the s-
rectangular ambiguity set can be expressed as P = X Ps. Here, Ps C X A" is the ambiguity
set of m-tuples (q(+|s,1),...,q(:|s,m)) of transitionsi)infs for state s € ag.AAs such, P, denotes

the ambiguity set of transition pmfs across all actions in state s. We note here for emphasis

that the ambiguity sets for (s, a)-RMDPs and s-RMDPs are both subsets of X A”.

s€S,a€A

The concept of s-RMDPs was studied formally in [67] and various properties of such
RMDPs were established in that paper. There has been an increased interest in develop-
ing efficient algorithms for solving s-RMDPs with ambiguity sets constructed using specific
distance functions [29, 30]. These algorithms exploit concrete algebraic properties of those
distance functions to develop efficient algorithms. A generic convex programming formu-

lation was developed in [27] to solve arbitrary (not necessarily distance-based) (s,a)- and
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s-RMDPs by using the theory of regularized operators. However, none of these works analyze
the data-driven properties of distance-based s-RMDPs nor study the relative conservative-

ness between (s, a)- versus s-RMDPs, as done in this chapter.

3.2 Contributions of this chapter

We begin with a detailed overview of the main contributions of our work.

3.2.1 A family of distance-based s-RMDPs

We study a family of s-RMDPs characterized by ambiguity sets indexed with p € [1, o0].

Let ||lz[|, denote the £,-norm of any x € R™. That is,

m 1/p
(Z ’$i|p) , for p € [1,00) and
i=1

def
lzll, =

max |z;|, for p = 0.

Recall that the maximum norm ||z||_ as defined above also equals plggo (Zil ] p) 1/9' Lo
d: A" x A" — {R; Uoo} be a nonnegative extended real-valued distance function (need not
be a metric). Let p(:|s,a) € A" be given reference transition pmfs corresponding to states
s € S and actions a € A. Use the shorthand dé(q,ﬁ) to denote the m-tuple of distances
(d(q(-|s,1),p(:|s,1)),...,d(q(:|s,m),p(-|s,m))), corresponding to any s € S. That is, in this
tuple, the component associated with action a € A equals the distance to some transition
pmf ¢(:|s,a) € A" from the reference pmf p(-|s,a) € A" Now, for any € € [0,00), we

introduce the ambiguity set

Plp, ) X Py(p,€), where

seSs

Pulp,e) = { (al1s, 1), qlls,m)) € X A"
acA

a.0)| <} (39
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That is, ambiguity sets P(p, €) are sublevel sets of the £,-norm composed with the m-tuple
of distances. With a slight abuse of terminology, we refer to € as the ambiguity set radius.

The value of the corresponding s-RMDP is then given by

J,(e) & sup J,(m,€), where J,(r,¢) & inf Jp (). (3.5)

wellp PEP(p,G)

We refer to this as the distance-based s-RMDP problem (or simply the s-RMDP problem,
if the context is clear). Moreover, jp(e) is called the robust optimal value. Throughout
this chapter, we restrict the policy space to IIg. In an s-RMDP, this is not without loss
of optimality, because history-dependent randomized policies might earn better values [67,
Table 1]. We will rely on a sufficient condition that guarantees the existence of an optimal
policy in Ilg, in Section 3.3 and beyond. A policy achieving the maximum in (3.5) will then

be termed a robust optimal policy.

Setting p = oo in (3.4) recovers precisely the distance-based (s, a)-rectangular ambiguity

set studied, for example, in Chapter 2. To see this, note that

P(00,€) = X Ps(00,€)

= X {(aCls, 1), .aCls,m)) € X A"|max|d(q(-]s, a). 5(-]s, a))] < e}
= X X {alls,a) € A"|d(g(]s,a).p(|s,a) <} £ X Puld).  (36)

We refer to (3.6) as the distance-based (s, a)-rectangular ambiguity set (or simply (s, a)-
rectangular ambiguity set if the context is unambiguous). The corresponding optimization
problem (3.5) for calculating J..(€) is thereby called the distance-based (s, a)-RMDP (or
simply (s, a)-RMDP if the context is clear).

The modeling framework in [29] is a special case of our s-RMDPs with the total variation

(TV) or a weighted TV distance and p = 1; similarly, in [30], it is ¢-divergence with p = 1.

Recall that [|-[|,, > [|]|,,, for all 1 < p; < py < co. For any € € [0,00), the family
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{P(p,€)}pen, is thus a nondecreasing collection, with respect to inclusion, of distance-
based s-rectangular ambiguity sets. Hence, the distance-based (s, a)-rectangular ambiguity
set P (00, €) is the largest member of this family. Further, this (s, a)-rectangular ambiguity
set can be recovered as the Kuratowski limit (see Definition 1) of the family {P(p, €)} pei1,00),
if the distance function is lower semicontinuous (Isc), convex, and d(x,z) = 0, for all z € A"
(Assumption 4). This result is proven in Lemma 13 by showing that the (s, a)-rectangular
ambiguity set P(o0,€) equals the closure of |J P(p,e). Assumption 4 holds for many
well-known distance functions such as TV, Bliigl Vzoritropy, Kullback-Leibler (KL), Hellinger,

x?2, modified x?, and Wasserstein. We also demonstrate via an example in Example 8 that

the Kuratowski limit property fails to hold if we drop Assumption 4.

Our framework for constructing a family of s-rectangular ambiguity sets via the composi-
tion of £, norms and distance functions makes an explicit connection between distance-based
(s,a)- and s-rectangular ambiguity sets. This perspective allows us to rigorously analyze
relative conservativeness properties of (s, a)- versus s-RMDPs from this family, as described

in the following subsections.

3.2.2  Relative conservativeness between (s, a)- versus s-RMDPs

In Section 3.3, we constructively establish in Lemma 8 that, for any instance of an s-RMDP,
there is an instance of an (s,a)-RMDP with a robust optimal value that is at least as good;
and vice versa. This suggests that appropriate caution should be exercised before interpret-
ing too broadly any anecdotal claims that (s, a)-rectangular RMDPs are more conservative
than s-rectangular ones. Such statements are rooted in the fact that the class of (s,a)-
rectangular ambiguity sets is larger than that of s-rectangular ones, thereby forcing the
decision-maker to hedge against more transition pmfs in the (s, a)-rectangular framework
per the worst-case viewpoint. In our context, although it is true that P(p,€) C P(o0,€),
for any p € [1,00) and € € [0, 00), Lemma 8 concretely overcomes potential conservatism by

choosing an appropriate smaller radius for the (s, a)-rectangular ambiguity set. The lemma
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thus motivates the following question: given an instance of an s-RMDP, does there exist an
instance of an (s,a)-RMDP with an identical robust optimal value? We answer this in the
affirmative in Theorem 8. There, we establish under Assumption 4 that, for any s-RMDP
with a fixed p € [1,00) and a fixed € € [0,00), there exists an ¢* € [¢/m!/?, €] such that
the (s,a)-RMDP value Ju(¢*) equals J,(¢). Theorem 8 is established using the intermedi-
ate value theorem, after first proving via Berge’s maximum theorem that the (s, a)-robust
optimal value joo(e) is continuous in €. We also construct a counterexample in Example 9
to demonstrate that Assumption 4 cannot be dropped from the hypothesis of Theorem 8.
Recalling that {P(p, €)},cn,00] is @ nondecreasing collection for any fixed € € [0, 00), we know
that J,,(¢) < J,,(€), for any 1 < p; < py < co. Thus, a similar more general result about
matching robust optimal values can be derived for any pair 1 < p; < ps < co. We omit that

for brevity.

3.2.3 Data-driven s-RMDPs: asymptotic and finite sample properties

Section 3.4 focuses on a data-driven version of our s-RMDP problem. That is, the reference
transition pmf p(-|s, a) for each s € S and each a € A equals the empirical estimate p™ (+|s, a)
of the true transition pmf p(-|s,a). This empirical estimate is constructed based on N
independent observations of the next state reached upon choosing action a € A in state
s € S. We study the asymptotic (as sample-size N — oo) and finite sample properties of
the resulting data-driven s-RMDP. We prove in Theorem 9 that robust optimal values of
the data-driven s-RMDPs converge almost surely to the optimal value of the true MDP, as
N — 00. The out-of-sample value is defined as the expected total discounted reward earned
over an infinite horizon by a robust optimal policy under the true transition pmf. We prove
in Theorem 9 that the out-of-sample values also converge almost surely to the true optimal
value as N — oo. Both these properties are proved under Assumption 1. For finite sample-
sizes, we show in Theorem 10 that the robust optimal value serves as a lower bound on the
out-of-sample value, with a high probability. This probabilistic performance guarantee on

out-of-sample values is proven under the concentration inequality for the distance function as
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stated in Assumption 3. Under a mild strengthening of the generalized Pinsker’s inequality
(Assumption 2), we derive in Theorem 11 a probabilistic rate of convergence for the robust
and out-of-sample values to the true optimal value. As such, Section 3.4 establishes that
our data-driven s-RMDPs satisfy all properties that are deemed essential for any formal
data-driven robust optimization framework (see [19, 64, 60] for detailed descriptions of these
essential properties).

Similar asymptotic and finite sample properties were established, under the generalized
Pinsker’s inequality and the concentration inequality, for data-driven distance-based (s, a)-
RMDPs in the previous chapter. In this chapter, we extend those results to data-driven
distance-based s-RMDPs. However, the proof techniques here are different and more in-
volved. These more sophisticated proofs are needed because of some fundamental differences
in the structure of (s,a)- versus s-RMDPs. For instance, while there exists a determin-
istic policy that is optimal for an (s,a)-RMDP, all optimal policies for an s-RMDP may
be randomized. Consequently, while proofs of asymptotic convergence relied on a simple
interchange of limit and maximization operations in the (s, a)-RMDPs (Theorem 4 and The-
orem 5), here we rely on a variation of Dini’s theorem that connects continuous convergence
of functions with their uniform convergence (see Proposition 1).

We also describe why the probabilistic performance guarantee on out-of-sample values
in Theorem 10 leaves the door open for viewing (s, a)-RMDPs as actually less conservative
than all s-RMDPs within our family. Specifically, among all s-RMDPs that satisfy a con-
stant probability out-of-sample performance guarantee, the (s, a)-RMDP possesses the best
robust optimal value. A similar criterion was employed to find an “optimal” data-driven ro-
bust optimization framework for single-stage stochastic programs in [60, 64]. This provides
additional support for our aforementioned suggestion to exercise caution while interpreting
too broadly the anecdotal claim that (s, a)-RMDPs are more conservative than s-RMDPs.

Finally, in Section 3.5, we conduct computational experiments using the TV distance and
p = 1 on a machine repair example from the literature. Note that p = 1 corresponds to the

smallest s-rectangular ambiguity set. The results of those experiments align with the theory
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developed in this chapter.
3.3 Matching robust optimal values of (s,a)- and s-RMDPs
We first establish the following lemma.

Lemma 8. Fix any p € [1,00) and € € [0,00). Then, for any & € {0,1,2,...}, we have,

Jo (m) < J, (+/p) < J. (—m(kjl)/p). In other words, Jo(¢) < J,(€) < Juo ( —) <

o (7575) < oo (557) < o (55) <

N

Proof. We establish the result for £ = 0. The result for general £k then follows by iteratively

repeating the same argument. Since Hlll/p < |l < 11Nl we have P (oo, —77) € P(p,€) C

P(00,€). Therefore, inf Jp(m) > inf Jp(w) > inf Jp(w), for all © € Ilg.
PcP(co,e/ml/P) PeP(p,e) PeP(oc0,¢€)

Taking a supremum over Il in this chain of inequalities establishes Jo (=57) > J,(e) >

Joo(€). O

In this lemma, a sequence of (s, a)- and s-RMDPs was constructed by repeatedly scaling
down the radius € by a factor m!/?. The lemma shows that robust optimal values cannot
be employed to characterize relative conservativeness between s- and (s, a)-RMDPs within
our family, since the decision-maker has the flexibility to choose the ambiguity set radii. We
next establish the main result of this section — given an instance of an s-RMDP, there exists
an (s,a)-RMDP with an appropriate ambiguity radius such that the robust optimal values
of the two RMPDs are in fact identical. This more refined result relies on the following

assumption on the distance function.

Assumption 4. The distance function d : A" x A" — {RUoo} satisfies: (a) d(z,y) is lower
semicontinuous (Isc) in z € A" for every y € A"; (b) d(x,y) is convex in x € A" for every

y € A" and (c) d(z,x) = 0 for every z € A™.

Assumption 4 holds for many distance functions in the literature, including TV, Burg

entropy, Kullback-Leibler (KL), Hellinger, x?, modified x?, and Wasserstein. One implication
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of Assumption 4(c) is that the ambiguity sets are nonempty for every e € [0, 00) since they
always contain the reference pmf p.

The role of Assumption 4 is multifold. In addition to being critical for studying relative
conservativeness between (s, a)- versus s-RMDPs; it also plays a more fundamental role. This
assumption guarantees that there is no loss of optimality in restricting attention to IIz as in
problem (3.5), instead of considering the larger and more complex class of history dependent
randomized policies. In particular, Assumption 4 guarantees via Lemma 9 that ambiguity
sets P(p, €) defined in (3.4) are compact and convex. This is sufficient for the existence of a
stationary Markovian optimal policy for an s-RMDP [67, Table 1]. We emphasize, however,
that such a policy may need to be a randomized one [67, Table 1]. This is in contrast to
(s,a)-RMDPs, where the existence of a deterministic stationary Markovian optimal policy
is guaranteed without any additional assumptions on the ambiguity sets [32]. Specifically,
lower semicontinuity and convexity of the distance function were not assumed when studying

(s,a)-RMDPs in Chapter 2.

Lemma 9. Suppose Assumption 4(a) holds. Then, P(p, €) is a compact subset of X A",
se€S,acA
for every p € [1,00] and € € [0,00). Similarly, if Assumption 4(b) holds, then P(p,¢) is a

convex subset of X A", for every p € [1,00] and € € [0, 00).
s€S,aeA

Proof. Fix p € [1,00] and € € [0, 00).
Observe that Ps(p, €) is closed for every s € S because it equals the sublevel set of an
¢,-norm composed with an Isc distance function. We omit the details of that argument here.

Moreover, Ps(p, €) is bounded for every s € S because it is a subset of X A™. It is, therefore

acA
compact. This implies that Ps(p,€) = X Ps(p, €) is also compact as claimed.
ses
We prove that Ps(p, €) is a convex subset of X A", for each s € S. This would imply
acA
that P(p,€) = X Ps(p,€) is also convex, as claimed. Thus, fix any A € [0,1]; and any

seS
two m-tuples (q'(:|s,1),...,¢'(:|s,m)) and (¢*(:|s,1),...,¢*(:|s,m)) of transition pmfs in

Ps(p,€), for a particular state s € S. Then, convexity of the distance function implies that

dy(At+(1=N)g2, p) < Mdy(q", p)+ (1 —N)d,(q%, p), where the ordering is with respect to each
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dy(Ag" + (1 — N2, p)

component of the vector. Since d is nonnegative, )
ds(q%, D)

for convexity. O

o S )\ Hds(q17ﬁ)“p+

(1-X) ‘ < Xé+(1—X)e = €. This proves that A\g' 4+ (1 —\)g? € Py(p, €) as required
p

We now consider any fixed p € [1,00) and € € [0,00). Under Assumption 4, we demon-
strate the existence of a distance-based (s,a)-RMDP whose robust optimal value equals
J,(€) — the robust optimal value of the s-RMDP (3.5). To assist with our quest for a
distance-based (s, a)-RMDP with this property, recall from Lemma 8, J (#) > jp(e) >
Jo(€). Observe that the (s, a)-robust optimal values .Jo(-) are nonincreasing in radii since
P(oo,€1) € P(oo,€) for all €, < eg. As a result, if there is an (s,a)-RMDP whose robust
optimal value equals J,(¢), its ambiguity set radius must belong to the interval [e/m!/?, .
This allows us to reduce the search for the existence of an (s, a)-rectangular ambiguity set
to the search for an €* € [¢/m!/? ¢]. We thus wish to derive conditions that guarantee the
existence of an €* € [e¢/m'/? €] such that J(¢*) = J,(¢). A sufficient condition is the con-
tinuity of J.(€) in € over [0, 00), since we can then apply the intermediate value theorem.
Therefore, a bulk of the remainder of this section focuses on establishing this continuity.

To establish continuity of J.(€) in € over [0, 00), we will apply Berge’s maximum theorem.
Toward this end, we view the (s,a)-RMDP as an optimization problem parameterized by e.
In particular, the feasible regions of this problem is characterized by radius €. We establish
that these feasible regions, that is, the (s, a)-rectangular ambiguity sets, converge in the
Kuratowski sense (Definition 1 below). This is then utilized to prove continuity of J.(€)
in € over [0,00) by building upon the notion of continuity of set-valued mappings called
correspondences (Definition 2 below).

For any z € R™ and § > 0 let Bs(z) & {y e R"| ||y — z||,, <} denote an open ball of
radius 0 with respect to the maximum norm in R”, centered at x. Let N denote the set of

positive integers.

Definition 1 (Kuratowski limits). [39, Chapter 29]. Let {Ay} be a sequence of sets in R™.

1. Lower limit. A point z € R? belongs to the lower limit of the sequence {A;} if, for
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every 0 > 0, there exists some j € N such that Bs(z) N Ay # () for all k£ > j. We then

write z € Li Ay.

2. Upper limit. A point € R? belongs to the upper limit of the sequence {4} if,
for every § > 0, we have that Bs(x) N Ay # () for infinitely many k. We then write
x € Ls Ay;.

3. Limit. From the above two definitions, Li A, C Ls A;. If Li A, = Ls Ay, we say that
Lim A, exists and define it as Lim A, = Li A, = Ls A;.

Lemma 10 (Kuratowski limits for products). [39, Chapter 29, VI|. Suppose {A;} and {By}
are two sequence of nonempty compact sets in R/ and R/, respectively. If Lim A, = A and

Lim Bk = B, then Lim (Ak X Bk) = A x B.

Lemma 11. Suppose {¢*} is a sequence of nonnegative reals such that ¢¥ — e. Suppose

Assumption 4 holds. Then, Lim P(co, ") = P(c0, €).

Proof. We show that Ls Py,(*) C Puu(€) and Pyy(€) C Li Pyo(er), for all s € S and a €
A. This means that Lim Py,(¢*) = Pyu(e). The result then follows from Lemma 10 since
P(oo,e) = X Pale) and P(oo,e¥) = X Pau(er), for all k € N.

seS,acA se€S,aeA
We first establish that Ls Py (€*) C Pyu(e). Let ¢ € Ls Pyu(€®). Then, for every j €

N, Bi/;(q) N Psa(€”) # 0 for infinitely many k& € N. Hence, there exists a sequence {¢’}, such
that ¢/ € By/;(q) NPsa(e¥) for all j € N. Since ¢/ € By/;(q), we know that ||¢/ — ¢ < 1/j
for all j € N. Thus, ¢/ — ¢q. We also know that d(¢’,p) < €% for all j € N because
¢’ € P.(€"). Since € — € and the distance function is lsc by Assumption 4(a), we have
d(q,p) < lijrgg)lf d(¢’,p) < lijrggjlf €' = e. Hence, ¢ € Psa(€), and thus Ls Py, (eF) C Pyy(e).
We now prove that Py, (€) C Li Pyo(e¥). Consider a g € Py, (€) and an arbitrary § > 0.
If ¢ = p, then, by Assumption 4(c), we have d(q,p) = 0 < € for all k € N. Hence,
Psa(€®) N Bs(q) # 0 for all k € N. Therefore, assume that ¢ # p in the rest of this proof. We

know that g € Psa(€) N Bs(q) by construction. There exists at least one point, distinct from
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q, in Pg,(€) N Bs(q). To see this, consider the open line segment between ¢ and p written as
Ay p df {Ag+ (1 = XNp|A € (0,1)}. Since § > 0, there is at least one point ¢’ # ¢ on Ay,
such that ¢ € Bs(q). But, in fact, since Py,(€) is a convex set and ¢,p € Py, (€), we know
that Ay C Psu(e). Thus, ¢’ # ¢ must also belong to Ps,(€) N Bs(q). Since ¢’ is on A, 5, we
express it as ¢ = Ag+ (1 — \)p for some specific A € (0,1). Recall that d(q,p) is convex in g
by Assumption 4(b), and d(p, p) = 0 by Assumption 4(c). Moreover, d(q,p) < € from (3.6)

because ¢ € Pyq(€). Hence,

d(q',p) = d(Aqg+ (1 = N)p,p) < Ad(gq,p) + (1 = A)d(p,p) < Ae + (1= A)0 = Ae.

We consider two cases depending on whether e = 0 or € > 0. If e = 0, then d(¢/,p) < Ae =
0 < €* for all k € N. This proves that ¢’ € Py, (e*) for all k € N, and hence P, (e*)NBs(q) # )
for all k£ € N. Suppose € > 0. Since A € (0,1), we have d(¢’,p) < Ae < e. Hence, there

exists > 0, such that, d(¢’,p) = € —n. Since "

— ¢, there exists a j € N, such that,
e—n < e < e+mnforall k> j. Therefore, d(¢',p) = e—n < €* for all k > j. This establishes
that ¢’ € Ps,(e*) for all k > 4, and hence P,,(e¥) N B;s(q) # 0 for all k > j. That is, in both

cases € = 0 and € > 0, there exists a j € N, such that, Py, (") N Bs(q) # 0 for all k > j. O

Our application of Berge’s maximum theorem will rely upon the following notion of

continuity of set-valued mappings.

Definition 2 (Continuity of correspondences). [2, Theorem 17.20, 17.21]. Let I': X =2 Y

be a correspondence (also known as set-valued mapping) between two metric spaces.

1. T is upper hemicontinuous at x € X if I'(x) is compact and for every {x,} in X
with z, — « and every {y,}, such that, y, € I'(x,) for each n > 1, there exists a
subsequence {y,, } with y, — y € I'(xz). T'is called upper hemicontinuous if it is

upper hemicontinuous for all z € X.

2. T is lower hemicontinuous at x € X if for every sequence {z,} in X, such that, z, —

and all y € I'(z), there exists a subsequence {z,, } and a sequence {y,,} such that
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Ym € I'(z,,,) for each m > 1 and y,, — y. T is called lower hemicontinuous if it is

lower hemicontinuous for all z € X.

3. I' is continuous at x if it is upper hemicontinuous and lower hemicontinuous at z. I' is

called continuous if it is upper hemicontinuous and lower hemicontinuous.

Lemma 12. Suppose Assumption 4 holds. Then, .J(€) is continuous in e over [0, c0).

Proof. We prove that J(, €) is continuous in (7, €) over I x [0, 00). The result then follows
from Berge’s maximum theorem since Il is a compact set and Jo(€) = max Joo(m, €) from
the outer problem in (3.5).

To show that joo(ﬂ',€> is continuous, we again apply Berge’s maximum theorem. To
achieve this, we view Jo (7, €) as the optimal value of a parametric problem, namely, the
inner optimization problem in (3.5). Specifically, (7, ¢€) are seen as the parameters and

P € P(o0,€) as of course the variable in this problem. Further, P(oco,€) is viewed as a

correspondence, that is, a set-valued mapping of € from [0, 00) into X A™. Perhaps with
1€S,a€A
some abuse of notation, we represent this as Py, : [0,00) = X A™. Now, to apply Berge’s
1€S,acA
theorem, we need to verify three properties: (i) the correspondence P, is compact-valued,;

(ii) the correspondence Py, is continuous; and (iii) the objective function Jp(7) of the inner
optimization problem is continuous in (P, 7). The first property is established in Lemma 9.
The third property is established in [67, Proposition 3]. Thus, the rest of this proof focuses
on establishing the second property. Specifically, we need to show that P, is both upper
and lower hemicontinuous.

For upper hemicontinuity, let €¥ be a sequence of nonnegative reals such that ¢¥@ — e.
Let ¢* be a sequence of pmfs such that ¢* € Py (e¥) for all k € N. Since Py (e¥) is a sub-

set of the compact set X A", there exists a subsequence {¢* } of {¢*} such that ¢* — ¢ €
s€S,aeA
X A" Therefore, by Assumption 4(a), d(q(-|s,a), p(-|s,a)) < liminf d(¢* (-|s, a), p(-|s, a)),
s€S,acA gm0
for all s € S, a € A. Since ¢* € Py (%) for all j € N, we have d(¢" (-|s,a),p(:|s,a)) < e

for all j € N and for all s € S and a € A. Hence, for all s € S and a € A, we
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have d(q(+|s,a),p(+|s,a)) < liminfd(q¢ (-|s,a),p(:|s,a)) < liminfe® = e. This shows that
j—o00

Jj—00
q € P (€), establishing upper hemicontinuity.

For lower hemicontinuity, again let €

— € be a sequence of nonnegative reals. Let
q € Pso(€). Since € — € and Assumption 4 holds, Lim Py (") = Py (€) from Lemma 11.
Then, for each j € N, we have By/;(q) N Pao(€”) # 0 for infinitely many k. Hence, there exists
a sequence {¢/} such that ¢/ € By/;(¢q) N Poo(e™) for each j € N. Since ||¢/ — ¢, < 1/j for

all j € N, we have ¢/ — ¢. Hence P is lower hemicontinuous. O

We are now ready to state and prove the main result of this section — the existence of

an (s,a)-RMDP whose robust optimal value equals the robust optimal value of an s-RMDP.

Theorem 8. Fix any p € [1,00) and € € [0,00). Suppose Assumption 4 holds. Then, there

exists an ¢* € [¢/m'/?, ¢] such that Jo(e*) = J,(¢).

Proof. Since Assumption 4 holds, J.(e) is continuous over [0, 00) from Lemma 12. Further,
from Lemma 8, Jo(e/m'?) > J,(€) > Jo(e). Hence, by the intermediate value theorem,

there exists an ¢* € [¢/m!/?, ] such that Jo(€*) = J,(¢). O

Since the above theorem is an existence result, it leaves open the question of whether or
not one can identify, at least algorithmically and approximately, an €* such that joo(e*) =
J,(€). We provide insight into this matter. Since J(-) is nonincreasing, we can per-
form a binary search over [¢/m'/? €] in an attempt to find an appropriate ¢*. Specifically,
for any & > 0, the complexity of finding a radius €’ such that |J.(¢’) — jp(e) < s

@) (L log, jw(e/mlgp)*j‘”(e)). Here, L is a uniform (over € € [e¢/m!/?, ¢]) upper bound on the

complexity of computing joo(e’ ). This requirement of a uniform upper bound L on the com-
plexity of solving an (s, a)-rectangular RMDP is mild and does hold for some well-known
distance functions. For instance, the complexity is independent of € for the TV distance [32,
Lemma 4.3] and modified x? distance [32, Lemma 4.2]. For the 1-Wasserstein distance, the
complexity is nonincreasing in € but only has a minimal dependence on €' (see Section 2.6.4).

For KL divergence, again the complexity is nonincreasing in €.
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The discussion in this section did not rely on how the reference pmfs p(-|s,a), for s € S
and a € A, were constructed. In Section 3.4, we provide more detailed analyses for the case
where these reference pmfs equal data-driven empirical estimates of the true transition pmfs
as in the previous chapter. Before that, we present counterexample which demonstrates that

Assumption 4 cannot be dropped from the hypothesis of Theorem 8

3.8.1 Counterezamples when distance function violates Assumption 4

We first prove that the (s, a)-rectangular ambiguity set is the Kuratowski limit of the family

of s-rectangular ambiguity sets.

Lemma 13. Suppose the distance function satisfies Assumption 4. Then, for any € € [0, 00),

the Kuratowski limit of the family {P(p, €)},ep,00) €quals P (o0, €).

Proof. Since {P(p,¢€)} ) 1s an increasing family, from [39, Chapter 29, VIJ, the Kura-

pE(l,00

pE[1,00)

towski limit of {P(p, €)} e ) equals cl ( U P, e)) . Hence, in the rest of the proof we

establish that cl ( U Plp, e)) = P(o0,€).

pE[l,00)
Since P(p,e) C P(oo,e€) for all p € [1,00) and P(o0,€) is compact by Lemma 9, we

have, cl [ |J P(p,e) | € P(oo,€). For the other direction, let ¢ € P(o0,€) and consider
pE[l,00)
arbitrary 6 > 0. Note that g can be decomposed as ¢ = (¢1,¢2,---,qn) € Xsea (XacaA").

Similarly, decompose p as p = (p1,D2, - -, Pn) € Xsea (XaeaA™). Suppose there exists s € .S,
such that, g # ps. Using a similar argument as in the proof of Lemma 11, we can prove the
existence of a ¢, € Ps(o0, €) N Bs(gs), such that, ¢, # ¢, and d(q¢.(-|s, a), p(:|s,a)) < e —n for

all @ € A, and some 1 > 0. Since ||-||, = lim, o |||, there exists p; € [1,00), such that,

for all p > p;, we have ‘J;(q',ﬁ) < ‘J;(q’,ﬁ)H +n < e—n-+mn=-e This proves that
p 0
¢. € () Ps(p,e). Construct a new vector ¢" = (¢},¢5,...,q)) € Xsea (XaeaA™), where

pE[p1,00)
q” = qs, if gs = ps, and ¢ = ¢., otherwise. Since the number of states are finite, there exists

large enough p € [1,00), such that,¢" € [\ P(p,e) C | P(p,e¢). Also, by construction
PE[p;o0) pE[l,00)
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¢" € Bs(q). Therefore, Bs(q) N | P(p,€) # 0, and hence ¢ € cl ( U Plp, 6)) O

pE[1,00) pE[1,00)

Now, we demonstrate via an example that Assumption 4 cannot be dropped from the
hypothesis of Lemma 13 and Theorem 8 (equality of robust optimal values). We first describe
the construction of the robust MDP instance which will serve as a counterexample for both
these results when Assumption 4 is violated.

Consider a MDP instance where S = {1,2}, A = {z,y}, and the discount factor o = 0.8.
We assume that both actions are allowed in state 1 while only action z is allowed in state
2. We further assume that state 2 is an absorbing state. The reference transition pmf for
state s = 1 and action a € {z,y} is given as p(-|1,a) = (0.5,0.5). Since state 2 is absorbing,
its corresponding reference transition pmf is p(-|2,xz) = (0,1). The rewards are given as
r(11,z) = 3; r(2|1,2) = 2; r(11,y) = 2; r(2|]1,y) = 3; r(2|2,2) = 0. Finally, the initial
state pmf is f = (1,0). This MDP is illustrated in Figure 3.1.

rEll,x%:Zﬂ TEQ 2,:15%:0 r(11,y) =2

H(11,2) =05 P22, 7) =1 H(1]1,) = 0.5

1 r(2]l,z) =2 1 r2lly) =3 @
p2l1,2) =05 p(2[1,y) =05

(a) Rewards and reference transition proba- (b) Rewards and reference tran-

bilities under action z. sition probabilities under action

Y.

Figure 3.1: A schematic of the MDP constructed for counterexample.
Next, consider the distance function

0, ifp=gq )
d(p,q) = , Vp,g e A® (3.7)
1, otherwise

The above distance function is Isc but nonconvex, thereby violating Assumption 4. Since
state 2 is absorbing, its corresponding ambiguity set is given as Pa(p,€) = P (€) =

{(0,1)} ¥Vp € [1,00) and € € [0,00). For state 1, the ambiguity set is constructed using
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the above distance function with ¢ = 1. Therefore, for any p € [1,00), the s-recatngular

ambiguity set is

P(p,€) = Pi(p,€) X Pa(p,€) = Pi(p,€) x {(0,1)}, where (3.8)
P, €) = {411, 2), aC11,)) € A2 x 22| (@O, 2), 5011, )+
PlaC10) 5001 0) < )

= ({(0.5,0.5)} x A%) U (A* x {(0.5,0.5)}) .
Similarly, the (s, a)-rectangular ambiguity set is

P(00,€) = Prra)(€) X Pay)(€) X P (e) (3.9)
= {at11,2)|dla(-[1,2),p(1,2)) < e} %
{aC119)|dlaC11). 5011 9) < €} x {(0.1)}
=A% x A% x {(0,1)}.

Example 8 (Counterexample to Lemma 13). Let P(o0, €) and {P(p, €)} 1,00 be the (s, a)-
and s-rectangular ambiguity sets as defined in (3.9) and (3.8), repectively. We demonstrate

that (o0, €) cannot be recovered as the Kuratowski limit of the family {P(p, €)} pef1,00)- From

pE[1,00)

end, let q= (17 07 17 07 07 1) = {(17 0)} X {(17 O)} X {(07 1)} from 7)(1713)(6) X P(lay)(€> X P(27$)(€)'
Hence, |l¢ — ¢'||,, > 0.5 for any p € [1,00), ¢’ € P(p,e) = Pi(p,€) x Pa(p,€). Therefore,

the proof of Lemma 13, this is equivalent to cl1| |J P(p, 6)) # P(oc0,€). Towards that

pe[l,00) peE(l,00)

Bsig)n | U Plp, (—:)) = () for any 6 <0.5. Hence, g ¢ cl| U P(p,e)

Example 9 (Counterexample to Theorem 8). We prove that it is not possible to match the
robust optimal values of the (s,a)- and s-RMDP when Assumption 4 is violated. Towards
that end, consider the RMDPs described in the begining of this section. We first prove that

for any p € [1,00), the robust optimal value of the s-RMDP, .J,(¢) = % féi‘l ~ 3.24536. In
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the next step, we calculate the robust optimal value of the (s, a)-RMDP. Since the number
of actions m = 2, the corresponding range of radii for the (s,a)-rectangular ambiguity
set is [e/2/7,¢] for any p € [1,00). Finally, we demonstrate that J.(é) # J,(e) for any
p € [1,00), €€ [e/2Y7 €.

Step 1: J,(e) = R A 3.24536 for all p € [1,00). Fix any p € [1,00). Since only

action x is allowed in state 2, we have 7(2) = x for any 7 € IIg. Since state 1 has 2 actions,

any policy 7(:|1) corresponding to state 1 can be represented as m(-|1) = (A, 1 — ) where
A € [0,1]. We first provide an upper bound on jp(e). Consider the following transition pmfs

P, :p(-|.ﬁE, 1) = (0'570'5); p("y? 1) = (07 1); p('|27x) = (07 1)

From the definition of P(p, €) in (3.8), P1 and Py belong to P(p, ). Hence,

J,(€) = max inf Jp(r) <max inf  Jp(m).
w€llr PEP(p,c) m€llgp Pe{P1,P2}
Using Bellman'’s policy evaluation equations [50, Equation 6.1.9], for any policy 7 € IIg, we

have, J&. = (3 — 0.50)/(1 — 0.4)); Jp, = (2.5 — 0.51)/(0.6 + 0.4)). Therefore,

= {3 — 0.5\ 2.5 — ().5)\} 2+ 1.25v4.64

J(e) < i
(€) < max min § 7= 050 36— Vio6d

< ~ 3.24536. (3.10)
A€[0,1]

Now, for \* = 24=V464 ~ (). 307417, consider the policy 7* € g where 7*(:|1) = (\*,1 —

0.8

. . . 7o _ 2+1.25v/4.64
A*). We prove that the value of this policy on the s-RMDP, namely, J,(7*,¢) = et
This along with the upper bound in (3.10) establishes that J,(e) = % féi‘*. Suppose

the minimum in the inner optimization problem occurs at (p*(-|1,2),p*(:|1,y)) € A? x
{(0.5,0.5)}. Parametrize p*(-|1,z) as p*(:|1,2) = (pi,1 — p}) where p; € [0,1]. Using

Bellman’s policy evaluation equations [50, Equation 6.1.9], the value of 7* as a function of

241.25v/4.644(642.5v/4.64)p?
3.6—\/4.64—(2.4—/4.64)p}

P} equals . This is an increasing function in pj, and hence minimized
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at pj = 0. Therefore, the corresponding value at p; = 0 is % fg‘ ~ 3.24536. Now,

suppose the minimum in the inner optimization problem occurs at (p*(-|1,z), p*(-|1,y)) €

3+1.25v/4.64+(4—2.5v/4.64)p*
—0.44+1/4.64+(3.2—21/4.64)p}

where pj € [0,1]. Again, this is an increasing function in pj, and hence minimized at pj = 0.

{(0.5,0.5)} x A?. Using a similar approach, the value of 7* equals

Therefore, the corresponding value at p} = 0 is % V:’gj ~ 3.24536. Hence,

J,

, = ~ 3.24536.
3.6 — 4.64  —0.4+ /464

(", €) _ 2+ 1.25v4.64 3+ 1.25v/4.64 2+ 1.25v4.64
T €) = min =
3.6 —v4.64

Step 2: Computing Ju(€) for any p € [1,00), € € [¢/2'/7,¢]. Fix any p € [1,00). Since

¢ = 1, we have, ¢/2'/# < 1. From the definition of the distance function in (3.7), we have
Pirwy (@) = Puy(@) = {(0.5,05)} for all ¢ € [¢/21/¢,¢). Hence, Joo(¢) = 4.16666 for all
€ € [e/2Y7,¢). When € = ¢ = 1, the ambiguity set takes the form as in (3.9). Using robust

value iteration or robust policy iteration [32], we get Joo(e) = 3. Therefore,

4.16666 if € € [¢/2'/7 €), p € [1,00)
Joo(€) =

3 ife=ce

Step 3: Conclusion. From steps 1 and 2, we conclude that J. (&) # jp(e) for any p €
[1,00), € € [e/2Y/7 €.

Note that the s-rectangular ambiguity set P(p, €) in (3.8) is nonconvex. As a result, an
optimal policy in the s-RMDP may need to be history dependent and randomized [67, Table
1]. The above counterexample only shows that, within our family, there is no (s,a)-RMDP
instance with a robust optimal value equal to that of the s-RMDP, if we restrict the policy
space of the s-RMDP to IIg. However, we do not know if it is possible to match the robust
optimal values when history dependent randomized policies are allowed for the s-RMDP. An

investigation of this issue is beyond the scope of this work.
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3.4 Asymptotic and finite-sample properties of data-driven s-RMDPs

Suppose the decision-maker has access to N independent observations of the next state
reached upon choosing action a in state s, for all s € S and a € A. We call this the training
data. Let p™V(-|s,a) denote an empirical estimate, computed based on this training data, of
the true transition pmf p(:|s,a). Throughout this section, we use these empirical pmfs in
place of the generic reference pmfs p utilized earlier. We therefore indicate all corresponding
entities such as ambiguity sets and robust optimal values with a superscript N, and call the
corresponding problem as the data-driven s-RMDP. For example, we write Pév (€) or J év (€).

We assume throughout this section that, for every (s,a) € S x A, the true transition
pmf p(-|s,a) has full support S. This is done merely for notational convenience and all our
proofs go through even when this assumption is not satisfied. Finally, recall that the strong
law of large numbers (SLLN) guarantees that the empirical estimates of the true transition
probabilities converge wp 1 to the true transition probabilities, as N — oo.

In Section 3.4.1, we study asymptotic properties of the data-driven s-RMDP as sample-

size N — oco. In Sections 3.4.2 and 3.4.3, we focus on finite-sample properties.

3.4.1 Value convergence to true optimal value

We will rely on Assumption 1 throughout this section. Recall that the generalized Pinsker’s
inequality stated in Assumption 2 is a sufficient condition for Assumption 1.

We begin our asymptotic analyses with a simple lemma. It establishes that any sequence
of transition probabilities from s-rectangular ambiguity sets converges to the true transition

pmf, as long as radii of those ambiguity sets converge to 0.

Lemma 14. Fix any p € [1,00). Suppose Assumption 1 holds. Consider the s-rectangular

ambiguity sets P} (") such that the radii lim ¥ = 0. Let P € P}V (") be any sequence.

N—oo
Then, PV Nowel, P, where P is the true transition probability matrix.

Proof. Similar to Lemma 2; hence omitted. O]
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We introduce additional notation before presenting the next result. For any policy o € Il

and any transition probabilities {q(j|4, a)}jfgg‘fae 4 let

Q5 =D olaliali;a) 17 =Y alali) " alili, a)r(ili, o). (3.11)

acA acA JES

That is, QJ7; is the probability that the next state is j if policy o is implemented in the

o

current state ¢. Similarly, r¢

7 is the expected reward earned upon implementing policy o in

state 7. We use 77 to denote a vector with components r{, for i =1,...,n.

Proposition 1. Fix any p € [1,00). Suppose the radii of ambiguity sets P (p, ) are such

that lim eV = 0. If Assumption 1 holds, then JY(r, V) SWPL Jo () uniformly over Ig.
—00

Proof. The sequence of radii €¥ depends only on the sample-size N. Thus, view j;v (-, €M)
as a sequence of functions from Il to R, indexed by N. We will first show that this
sequence of functions converges continuously to the function Jp(-) from IIz to R. That is,

we will show that, for any sequence of policies 7%V € II that converges to some 7 € Ilp,
the sequence jév (7, ) converges to Jp(7), wpl. This would imply that the convergence
J év (-, €M) Nowel, Jp(+) is uniform over Il because Ilg is compact. This conclusion is based

€

on a classic result from real analysis, which states that a sequence of functions converging
continuously over a compact set in fact converges uniformly [39, Chapter 21, X, Theorem 5].

Fix 6 > 0. By the definition of infimum, there exists a sequence PV € PN (p, ") such
that )ij(WN, V) — Jpn (WN)) <§/2forall N > 1 (P is induced by 7V, however, we do not
emphasize this in the notation to avoid clutter). By the triangle inequality, for all N > 1 we

have,

p

TV (V) — Jp(ﬂ)‘ <

TN, ) = Jpw (WN)’ + | Tpn (V) = Jp ()|

<d0/2+ |JPN(7TN) — Jp(m)].

We will establish that {J pn () — Jp(T)] Sl 0. From the above inequality, this would

N,wpl
—

imply that jéV(WN, V) Jp(m), as required.
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From [50, Chapter 6], we know that Jp(7) = >, f(i) [(/ — oP™)"'r7], and
-1 N
Jpn(m Zf {( —a PN) ) r’r}.
(Sh i

Therefore,

(3.12)

| Tp (7)) — Jp ()] < D £(0)

i€S

{(1 —a (PN)’TN)_1 TWNL — (1= aP™) 7] |

From Lemma 14, we know that PV TWPL P hecause PN € PN(p, ) and €V — 0. Further,

7TN .
7V — 7. Hence, from the definition of (P¥)" and 7™ as in (3.11), we get

-1
<I -« (PN)WN> Nowpl, (I—aP™)™" and ™ NPl

N,wpl
LY

Utilizing this in (3.12) proves that |Jpw (7V) — Jp(7)| 0. O

We assume in the rest of the chapter that the distance function satisfies Assumption 4.
As previously explained, this renders the ambiguity set compact and convex by Lemma 9,
thus, guaranteeing the existence of a stationary Markovian optimal policy to the data-driven
s-RMDP problem. We therefore introduce ﬁN € IIx to denote a policy optimal to the data-
driven s-RMDP. This is called a robust optimal policy. Let Jp( M) denote the value of this
policy in the the MDP where the transition probability matrix is the true one, that is, P.
This is called the out-of-sample value of the robust optimal policy. The above proposition

helps establish the main value convergence result of this section next.

Theorem 9. Fix any p € [1,00). Suppose the radii of the ambiguity balls are depen-
dent on N such that lim ¢V = 0. Suppose Assumption 4 and Assumption 1 hold. Then

N—o0
J N(eM) Nwel, 75 That i is, we have robust optimal value convergence. Moreover, Jp(7%) Mowel,

J*. That is, we have out-of-sample value convergence.
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Proof. Since jév(eN) = max jév(ﬂ', ), we have

lim JY(Y) = lim max JY(7, €)= max lim JY (1, V) = max Jp(w) = J*.
N—o0 N—oo wellg p mellr N—oo p wellr

Here, the interchange of the limit and the maximum that yields the second and the third
equalities is allowed by the uniform convergence result in Proposition 1. For the second

claim, note that

7" — Jp (V)] < ‘J* - j;V(eN)‘ +

TN () = Jo(7Y)

p

= |max Jp(m) — max jév(ﬁ,eN) + ‘jév(ﬁév,e]v) - Jp(er)‘

m€llp m€llp
FN(_ N FN(_ N
< max |Jo () — I ()| + max | T (V) — ()
_ iN(_ N
= 27rrr€1%>1§ J, (m,e) = Jp(w)’ :

The second term in (a) follows because 7%;])\’ is optimal to the data-driven s-RMDP, and hence
J N(eN) = J N(7),€N). The result then follows because the above upper bound converges to

0 wpl by Proposition 1. O]

This proof sheds light on the importance of our uniform convergence result from Propo-
sition 1. The value convergence result for the (s,a)-RMDP case in the previous chapter did
not need this type of uniform convergence. There, it was sufficient to limit attention to the
finite set of deterministic stationary policies. Thus, an interchange of a limit and a maximum

was trivially valid.

3.4.2  Probabilistic guarantee on the performance of robust optimal policy

Though Theorem 9 shows that Jp (7%/])\’ ) converges to the true optimal value wpl, we would
also want Jp(7)) to be sufficiently high with a large enough probability (with respect to
the sampling uncertainty in training data) for finite sample-sizes. In this section, we will

prescribe a concrete way for the decision-maker to proceed so that the robust optimal value
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jév (™) provides a high probability lower bound on Jp (ﬁl])V ). This result builds upon an

intermediate lemma that we now establish.

Lemma 15. Fix any p € [1,00). Suppose Assumption 4 holds. Then, for any sample-size

N >1and € € [0,00), we have,

[Jp( > JN } > HH[P’ p(-|i,a),pN (-]i,a)) < e/ml/"} .
i=1 a=1
Proof. The proof is similar to Theorem 6 established for (s, a)-RMDPs in the previous chap-
ter, that is, for p = co. We nevertheless include a proof here for completeness and to bring
forth the minor algebraic differences between the two proofs. We introduce the Bellman

evaluation operator ®.~ : R” — R" as

@ V(i) S #N(ali) E [r(sli,a) +aV(s)], fori=1,2,...,n.  (3.13)

a€A B 'l 2

A standard monotonicity and successive approximation approach from stationary infinite-

horizon MDPs [50, Chapter 6] guarantees that

{[@MJ;%)](@) > JV(ise), i = 1,2,...,n}

This yields,
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v

inf E v (ali)
(@(C1is1), s (- liym))

S
PN (p,€)

> P [(p(-i,1),....p(:li,m)) € PV (p,€), i =1,2,...,n] (defn. of infimum)

[ (s\i,a)+ajgv(e;s)]> i= 1,2,...,n]

|z a)

d:wN>H < i=12.n| (defu of P (p.0)

DTIP [l a). 5 (fia) < e/m¥?, a=1,2,....m]

- [TTIP [l @), (fi.a)) < (0)/m*7].
i=1 a=1
as claimed. Here, inequality “(a)” follows from (3.14). Equality “(b)” follows from (3.13)

and the fact that #7V(a|i) attain the maxima in robust Bellman’s equations of optimality

(Theorem 4 in [67]). In particular, the latter yields that, for all i =1,2,...,n

’

j;V(@';GN) (a(- \21>,14I.41£< () (ZW (ali [ (sli, @) + o] (s; ENﬂ) ‘

7’N(p eN)

Equality “(c)” holds because the sampled observations of the next state reached are indepen-
dent across current states i. Equality “(d)” follows by noting that d is nonnegative. Finally,

the equality in “(e)” follows because the samples are independent across actions. O

Our probabilistic guarantee will rely on the concentration inequality stated in Assump-

tion 3.

Theorem 10. Fix any p € [1,00) and sample-size N > 1. Suppose Assumption 4 and
Assumption 3 hold. Consider any fixed v € (0,1), and let 0 < B(y) = 1 — (1 —3)/"™. Let

0< e 8ty < sup d(x,y) be as in Assumption 3. If the ambiguity set radius is ml/”eﬂ(v)
YEAN
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then
[ﬁ4 )>JN(V%%N]21—m (3.15)

Proof. From Lemma 15, we have

The inequality in “(a)” follows from (2.9) and the equality in “(b)” follows by the choice of
p)- =

The above theorem has the following practical utility. Consider any v € (0,1) for a
desired 1 — 7 probabilistic guarantee. Let B(y) = 1 — (1 — 4)¥™™. Suppose the decision-
maker solves a data-driven distance-based s-RMDP using ambiguity sets Pg(p, m!/ peﬂ( ) for
states s € S. Then, with at least 1 — v probability, the out-of-sample value Jp( Ny of a
resulting robust optimal policy 4 would be at least J (m!/ Pe5i)-

The above result was established for p = oo (corresponding to the (s,a)-RMDP in the

previous chapter) without requiring Assumption 4 in Theorem 6. That is,

Pﬂ )>Jﬂ%wﬂ21—m (3.16)

Recall that JN(eﬁ(v) > JN(m Vel 1) because P(oo,efi,)) C Pp,m'Pely ), for all p €
[1,00), as shown in Lemma 8. We use this ordering of robust optimal values to compare the
lower bounds in (3.15) and (3.16). This comparison reveals that the (s, a)-RMDP framework,
wherein p = oo, provides the best lower bound on the out-of-sample performance of the
robust optimal policy, since the probabilistic guarantee 1 — v does not depend on p. In this
sense, the (s,a)-RMDP with an ambiguity radius dictated by the concentration inequality
is the least conservative among all s-RMDPs that use ambiguity radii prescribed by the

same concentration inequality. This idea of using the quality of out-of-sample probabilistic
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guarantees to characterize relative conservativeness of robust optimization frameworks was

proposed in the context of single-stage stochastic optimization problems in [60, 64].

3.4.3 Rate of convergence

In this section, we derive rates of convergence of the robust optimal and out-of-sample values
to the true optimal value as a function of the sample-size N. The rate of convergence provides
a quantitative version of the asymptotic convergence result established in Theorem 9. To

begin with, note that there exists a constant ¢' > 0 such that max |r(jli,a)] < C. This
i€
a€A

follows since the state- and action-spaces are finite.

Theorem 11. Fix any p € [1,00) and sample-size N > 1. Suppose Assumption 4 holds.
Let 5(N,e€) € [0, 1] be such that

Pld(p(-|i,a), p" (i,a)) < € > 1— B(N,e), Vie S,a€ A, e€[0,00).  (3.17)

Suppose that the distance function d satisfies the generalized Pinsker inequality stated in As-
sumption 2, and that the function v introduced there is nondecreasing. Suppose the decision-

maker employs ambiguity radius e. Then, with probability at least (1 — B(N, ¢/m!/?))™™, we

have,
’ (1—a)? P (1—a)?
Proof. We first prove that
~ (460 + s w(dpC1 (i) ) €
JN(e) —J*| < ’ , and (3.19)
2 0—ay
2 ¢(6)+ max @/}(d(p(|z,a),]§N(|2,a))) C
T — Jp(#Y) < ( 1e5aca ) | (3.20)

(1—a)?



76

Fix 6 > 0. For any 7 € Ilg, let PN™ € PN(e) be such that |JY(m,€) — Jpnms(m)| < 0.
Such a PN exists by defintion of the infimum. Following a similar proof argument as done
in the proof of Lemma 5 for the (s,a)-RMDP in the previous chapter, we have

jN( ) J*

p

g%W{ ax V(d(p(-li: ). 7 (i) + (321)

7,65 acA

max m(ali)y (d(ﬁN('U,a)7pN’”’5(~|i;a)))} + 0.

wellRg, ZES

Since PN ¢ P;V(e) for all w € Ilg, we get, from the definition of P;V(e), that

1/p
(Z d?(pN (-]i, a) N“(-\z’,a))) <eVrcllgicsS. (3.22)
acA

Since d is nonnegative, (3.22) implies that d(p™(-|i,a), pN™(-]i,a)) < ¢, for all 7 € Tlg,
i € S, and a € A. Since (+) is nondecreasing and 7(-|7) is a pmf over A for all i € 5,
we have maXyerp ics D oaeq T(al)) V(AN (i, a), pN™(-]i,a))) < (e). Utilizing this in (3.21)
and noting that 6 > 0 was arbitrary establishes (3.19). Regarding the bound in (3.20), recall
J* — Jp(#V)| < 2 max JN(7T e¥) — Jp(m)|. The bound

mellp

from the proof of Theorem 9 that
in (3.20) then follows by repeating the argument in the proof of (3.19).

The claim of the theorem now follows by using a proof argument similar to the proof
of Theorem 7 for the (s,a)-RMDP from the previous chapter. We present it here for com-
pleteness. Observe, from bounds (3.19) and (3.20) that the two inequalities in (3.18) hold
if the event [maxes,aca ¥ (d(p(-|i, a), pN (-]i,a))) < ¥(e/m*/*)] occurs. The conclusion of the
theorem then follows because

P | max G(d(p(fi,a),p" (i, a))) < v(e/m')
=P [(d(p(-[i,a), pY (|i,a))) < P(e/m'?), Vie S,aeA]
> P [d(p(-}i, ), 5" (1i,a)) < e/m"?, Vi€ S,ae Al
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= [T IIP [d@(lia).p7(li a)) < e/m'?] = (1= BN, e/m"/7))™.
€S a€A
Here, the first inequality holds because 1) is nondecreasing. The second equality holds because
samples are independent across S and A. The final inequality follows from (3.17) because

|S| =n and |A] = m. O

Existence of a B(N, €) € [0, 1] as in the statement of the above result is guaranteed because
we allow for the edge-values of 0 and 1. More meaningful values of 3(N, €) would typically be
reverse-engineered from a concentration inequality when one holds. We have included N, € as
arguments to emphasize that § would typically depend on these two quantities (among others
that we suppress for brevity). We expect 5(IV, €) to be nonincreasing in €, because the larger
the radius of the ambiguity ball centered at the empirical pmf, the larger the probability that
the true pmf belongs to it. Per this intuition, we expect 5(N,e/m!/?) to be nonincreasing
over p € [1,00). As such, we expect the probabilistic lower bound (1 — B(N,e/m!/?))™
claimed in the above result to be nondecreasing in p. That is, we expect this lower bounding
probability to be the smallest when p = 1. Moreover, the upper bounds in the inequalities
in (3.18) are nondecreasing in p. That is, these upper bounds are the tightest when p = 1.
In summary, roughly speaking, while the upper bounds in (3.18) deteriorate with increasing
p, the corresponding probabilistic guarantee improves, and in this sense, it is not clear which

p (if any) provides the best probabilistic rate of convergence.

3.5 Computational experiments

We present computational results on the machine repair MDP from Section 2.8.3. This MDP
was introduced in [12] and studied by [26, 66, 67]. Recalling from Section 2.8.3, this MDP
instance has n = 10 states indicating the operating condition of a machine. Every state
has m = 2 available actions — do nothing or repair. The discount factor is o = 0.8 and
the initial state is chosen uniformly from {1,2,...,10}. The details regarding the rewards

and transition probabilities can be found in [67, Section 6]. The objective is to determine
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a policy for running the machine so as to maximize the expected total discounted reward
over an infinite horizon. We computationally demonstrate the asymptotic convergence of
the robust and out-of-sample values of the data-driven s-RMDP as a function of the sample-
size N. This serves as an empirical illustration of the asymptotic convergence result of
Theorem 9. For our experiments, we used the TV distance and set p = 1. Note that the
ambiguity set corresponding to p = 1 is the smallest set in the family {P(p, €)},e,00), for

any given distance and ¢ € [0, 00).

We solved the data-driven s-RMDP with sample-sizes N € {10, 50, 100, 1000, 10000,
100000, 500000}. For each value of N, we computed the ambiguity set radius ¢V as described
in Theorem 10 by setting v = 0.1 corresponding to a confidence level of 90%. Recall that
ambiguity set radii computed this way satisfy ¢ — 0 as N — oo (see the discussion
following Assumption 3). Next, for each value of N, we generated 100 independent instances
of the RMDP from the true instance by constructing the empirical transition pmf based on
N independent samples of the next state reached from each state-action pair. Finally, the
RMDP was solved using robust value iteration [67] to obtain a robust optimal policy &V
and robust optimal value .J év (eM). Each iteration in the robust value iteration procedure
requires the implementation of the robust Bellman operation, which was carried out using
the algorithm described in [29]. Furthermore, in the machine repair MDP example, the state
space of the system in the next time-stage depends on the its current state and action chosen.
As a result, we restricted the set of feasible pmfs in the computation of the robust Bellman
operator. Finally, the robust optimal policy #V and the true transition probabilities P
were substituted into Bellman’s policy evaluation equations [50, Equation 6.1.9] to calculate
the out-of-sample value, Jp (7). The averages along with the 10*® and 90" percentiles of
the resulting robust optimal values J(eV) and out-of-sample values Jp(#") versus N are
plotted in Figure 3.2. This figure illustrates the results of Theorem 9 as both values can be

observed to converge to the true optimal value J* as N — oo.
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[
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(a) JN(eN) vs N. (b) Jp(7N) vs N.

Figure 3.2: Asymtotic behavior of the robust and out-of-sample values as a function of
sample-size N. The constant dashed line delineates the optimal value J* of the true MDP.

3.6 Conclusions

We constructed a family of s-RMDPs, where the ambiguity sets were constructed by com-
posing ¢, norms with distance functions, for p € [1, 0o]. Distance-based (s,a)-RMDPs were
recovered as a special case within this family, when p = oo. This family enabled us to
provide the first rigorous nuanced characterization of relative conservativeness between s-
and (s,a)-RMDPs. Specifically, the following property holds despite the fact that an s-
rectangular ambiguity set is contained in an (s, a)-rectangular one with the same radius: for
any s-RMDP, there is an (s, a)-RMDP with robust optimal value that is at least as good, and
vice versa. This occurs because the decision-maker can choose a smaller ambiguity radius
for the (s,a)-RMDP than the s-RMDP. Consequently, relative conservativeness between s-
and (s, a)-RMDPs cannot be characterized simply by looking at their robust optimal values.
Further, we proved that the robust optimal value of any s-RMDP from our family equals
the robust optimal value of some (s, a)-RMDP from the family. We also studied data-driven
properties of s-RMDPs from this family. We demonstrated that these s-RMDPs enjoy three
desirable properties: (i) robust and out-of-sample value convergence; (ii) a probabilistic rate
of value convergence; and (iii) a guarantee that the out-of-sample value will be larger than
the robust optimal value with a high probability. Finally, we discovered that (s,a)-RMDPs

from our family exhibit a better theoretical out-of-sample probabilistic performance guar-
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antee than s-RMDPs. In this sense, our (s,a)-RMDPs are actually less conservative than
s-RMDPs, contrary to the general anecdotal belief in the literature.

Lemma 8 can be extended to an ordering of robust optimal value vectors (across different
states) of s- and (s, a)-rectangular RMDPs, without taking an expectation with respect to
the initial state pmf f. However, it might not be possible to extend Theorem 8 so as to
match the components of such robust optimal value vectors. One possibility is to employ
different ambiguity set radii for distinct state-action pairs in the (s, a)-RMDP. We defer this
investigation to the future. Another potential direction for future research is to study whether
or not better rates of convergence and out-of-sample performance guarantees can be derived
by utilizing algebraic properties of specific distance functions. It would also be interesting to
construct s-rectangular ambiguity sets using a broader class of functions g : R™ — R than
the norms employed in this chapter for composition with distances. One can then attempt

to extend our analyses here to the resulting more general family of s-RMDPs.
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Chapter 4

ROBUST MARKOV DECISION PROCESSES ON GENERAL
SPACES

4.1 Introduction

In this chapter, we study robust MDPs on uncountable state- and action-spaces. MDPs
on uncountable state- and action-spaces also go by the name of stochastic control in the
literature [9], and we follow that terminology throughout this chapter. An infinite horizon
discrete-time stochastic control problem is described as follows [9]. A system is in state
x; € X at the beginning of stage ¢ € {1,2,...}. Upon observing the state of the system,
an action a; € A(x;) € A is chosen. After choosing action a; € A(x;), two things happen:
(i) the system stochastically transitions into a state x;,1 € X given by x4y = F (x4, ag, &)
where & is a E-valued random variable, (ii) a cost of ¢(x, at, &) € R is incurred. This process
continues indefinitely and the future costs are discounted by a € (0, 1). Here, {&} is an i.i.d.
sequence of =-valued random variables with common distribution p. Then, the goal in the
discrete-time stochastic control problem is to minimize the expected total discounted cost
over an infinite horizon.

A stationary, deterministic policy 7 is a measurable function from X to A such that
m(x) € A(z) is the action prescribed in state z € X in every stage. The value of 7 when

starting from state x € X equals

J(m,z)=E Zat_lc(xt,w(xt),ft) xr1 = x] : (4.1)

Here, the expectation is with respect to the distribution induced by the policy m. Denote

the set of all stationary, deterministic policies as II. Then, the objective is to select a policy
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7 € II to minimize J(m,x) for all € X. That is, to choose a policy 7* € II such that

J(r* x) € (z) & inf J(r,x) Vx € X. (4.2)

TE
In practice, the distribution p of ¢ may be unknown. As a result, the optimal value
function in (4.2) cannot be determined. One way to circumvent this issue is via a robust
approach. In this framework, the decision-maker assumes that the unknown distribution be-

longs to a certain ambiguity set and wishes to minimize the largest expected total discounted

cost over all possible distributions from this ambiguity set.

Let {é\l, o ,fAN} C Z be N ii.d. samples of £.! Using these samples, we construct the

empirical distribution of &, which is given as

N

i=1

i et

Here, 0, is the Dirac measure concentrated at z € Z. Using a nonnegative distance function
(need not be a metric) d : M(Z) x M(ZE) — [0,00] and an 0 < € < 00, we construct the
ambiguity set as

PN(e) & {v e M(Z) : d(v, i) < €}. (4.3)

Here, M(Z) is the set of all probability distributions over =. Then, the robust stochastic
control problem can be modeled as a two-player Markov (or stochastic) game with complete
information between the decision-maker and a hypothetical adversary [25]. In order to
describe the game, we first define a few concepts. Let hy = (x1, a1, v1,. .., X4 1,1, Vi1, Tt)
denote a history sequence up to stage ¢, where z; € X and for all 1 < k <t -1, x; €
X, ar € A(zy), v, € PN(€). The set of all history sequences upto stage ¢ is denoted as Hy. A

strategy for the decision-maker m = (71, 79, .. .) is a sequence of stochastic kernels where 7, is

IThe implicit asumption here is that the random noise is observable. In many applications of interest,
we can either directly observe the random noise or obtain it from the system equation x11 = F(x¢, at, &)
given the values of x¢, ay, Tyy1.
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a stochastic kernel from H, to A, i.e., my(A(xy)|hy) = 1 for all by € Hy,t € {1,2,...,}. Denote
by hf = (hy,a;) an extended history sequence and let Hf be the set of extended history
sequences up to stage t. A strategy v = (71,72, .. .) for the adversary is a tuple of stochastic
kernels where 7, is a stochastic kernel from Hf to PN (e), ie., n(PN(e)|h¥) = 1 for all
hf € Hf ,t€{1,2,...,}. The set of all strategies for the decision maker and the adversary
are denoted by II and I'V, respectively. The description of the game is then as follows. Let
7w = (m, e, . ..) be any strategy selected by the decision-maker while v = (71,72, .. .) be any
strategy employed by the adversary. Upon observing the history sequence h; in stage ¢, the
decision-maker selects an action a; which is consistent with the strategy m. The adversary
observes hi and selects a distribution v € PN(e) consistent with the strategy . The
decision-maker then incurs a cost of ¢(x¢, at, &) where & € =, and the system transitions
def

to state my,; € X with probability QN (:|xs, as, ) = v o F~Y (x4, a4,-). That is, for any

measurable D C X, QN (D|zs,as,v) = vN({z € 2 : F(xy,a:,2) € D}). This process

(1]

continues indefinitely. Assuming that the system starts in state x € X, the expected total

ZEl—ZE],

where the expectation is taken with respect to the distribution induced by 7 and 7. The

discounted cost incurred by the decision-maker is then

J(m, v, x5€) = =T Za c(we, m(se), &)

decision-maker’s goal is to select a strategy m € II to minimize sup,ern J (7,7, z;€) for all

x € X. This can be formulated as the minmax optimization problem

TN (x5 €) & inf JN(m,x;€) Vo € X, where JN (7,25 €) & sup J(m,y,x5€) Ve € X, (4.4)
rell ~erN

We refer to the function JV*(-;€) as the robust optimal value function and the strategy

#N € I satisfying JN*(z; €) = min, g JV (7, 2;€) Yo € X (assuming the minimum exists) as

the robust optimal policy. The stochastic game framework described here is different from

the modeling approach used for robust MDPs with finite state- and action-spaces [32, 67],
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where the feasible decision for the adversary corresponds to picking a distribution from the
ambiguity set. The stochastic game framework is needed to address the measure-theoretic
complications which arise due to the uncountable nature of the state- and action-spaces.
To avoid trivialities, throughout this chapter, we assume that the ambiguity set, P (e),
is nonempty with probability 1 (wp 1), for all sample-sizes N, and 0 < € < co. A sufficient
condition for the nonemptiness assumption is that d(q,q) = 0, for every ¢ € M(X). This
guarantees that the center of the ambiguity ball belongs to the ambiguity ball. This assump-

tion is satsified by many well known distances studied in the literature (see Section 4.4).

4.1.1 Notation and Preliminaries

Given a metric space X with metric p, let Cy(X) be the set of real-valued continuous bounded

functions over X. For any function f € C,(X), define the supremum norm and the Lipschitz
def def

seminorm as | fl, = sup,ex |f(2)] and [[fll, = sup,, [f(z) = f(y)| /p(2,y), respectively.
Let ||f||BL & | fl,+ ||f|| A sequence p* in M(X) is said to weakly converge to p € M(X)
if [y f(z)pf(dz) = [y f(z)u(dz) for all f € Cy(X). Define §: M(X) x M(X) — Ry as
8e) ™ s | [ sutdn) - [ papida (45)
FX SR X
IfllpL<1

If X is a separable metric space, then 5 defined above is a metric on M(X), which metrizes

the topology of weak convergence [16, Proposition 11.3.2, Theorem 11.3.3].

4.2 Related literature

The authors in [25] developed a generic framework to model and analyse two player stochastic
games. The authors also illustrate their framework by applying it to model and analyse the
robust stochastic control problem. Though we will be relying upon this framework, the work
in this chapter differs from [25] in the construction of the ambiguity set. Also, [25] doesn’t
contain any data-driven analyses since their ambiguity set was not data-driven. The approach

developed by [25] was used by [70] to study the data-driven robust stochastic control problem
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where the ambiguity set is constructed using Wasserstein distance. The paper in [70] provides
a probabilistic guarantee on the out-of-sample performance but no results on the asymptotic
properties. Robust stochastic control with ambiguity sets contructed using Kullback-Leibler
divergence was studied in [48]. Robust stochastic control problems using ambiguity sets
based on TV distance was studied in [62]. This was extended to average cost problems in
[63]. But, none of these papers provide any data-driven analyses. Robust stochastic control
with application to inventory systems was studied in [57, 58]. However, no analysis on data-
driven results was presented. Recently, the authors in [5] consider a finite horizon robust
stochastic control problem, where the model assumptions slightly differ from the postulates
formulated in [25]. They derive a robust Bellman equation and characterize the structural
properties of the robust stochastic control problem under their set of assumptions. Again,

no data-driven analysis was done in their work.

Convergence properties of stochastic control problems in the nonrobust setup is well
studied. In those settings, typically, the true distribution of the random noise is replaced
with an approximate distribution. The convergence behavior of the approximate stochastic
control problem is then analysed under various model assumptions. Refer to the literature
mentioned in [35] for an overview of the work in this direction. The paper in [35] undertakes
a comprehensive study of the convergence behavior of the approximate stochastic control
problem under various model assumptions. They also illustrate their convergence results in
the data-driven context, wherein the approximate distribution of the random noise equals the
empirical distribution constructed from i.i.d. samples. We remark that our work is different
from [35] even though we also have similar convergence results. The main difference lies in
the modeling framework, wherein [35] does not have a minmax formulation since they do not
conisder a robust model setup. In this work, the robustness which manifests itself through
the minmax formulation requires us to perform a more careful analysis in order to derive
the convergence results. Another significant difference between our work and [35] is that
we consider an explicit data-driven approach, thereby allowing us to obtain nonasymptotic

results, like, the probabilistic performance guarantees under finite sample-sizes. Such finite-
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sample results were not present in the work of [35].
4.3 Value function convergence and probabilistic performance guarantee

We first impose the following assumptions which ensure the existence of measurable selections
and Bellman equations for the robust (and nonrobust) stochastic control problem. These
assumptions were introduced in [25, Assumption 3.1], and we slightly modify them here in
order to suit our data-driven context. In the rest of this chapter, we define K C X x A as

K € {(z,a)|z € X,a € A(z)}.
Assumption 5. The following assumptions hold for the stochastic control problem.

(a) X, A, = are measurable subsets of R™ R" R"  respectively, where ny,ns, ng are pos-

itive integers.

(b) The set-valued mapping A(z) from X to A is continuous (see Definition 2 for continuity

of set-valued mapping).
(¢) The disturbance space = is compact.
(d) The system evolution function F': K x Z — X is continuous over K X =.

(e) The single-stage cost function ¢ : K x = — R is continuous over K x Z=. Also,

def
B< SUD (4,0)cK €& lc(z,a,8)| < oo.

Since ¢ is bounded, without loss of generality, we assume that it is nonnegative. Hence,
throughout this chapter, ¢ is nonnegative, continuous, and bounded over K x Z. The con-
tinuity of x — A(z) is a standard assumption and satisfied in many applications. The
compactness of = helps in establishing the compactness of the ambiguity set PV (¢), as long
as the distance function d obeys certain continuity properties (Assumption 6). This compact-
ness of the ambiguity set guarantees the existence of robust Bellman equations and robust

optimal policies that are measurable [25, Assumption 3.1]. However, the ambiguity set can
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be compact even without requiring = to be compact, like, the Wasserstein ball [71, Theorem
1]. Apart from this technical consideration, it is not uncommon to find applications where
the disturbance space is compact (see Section 4.5). The continuity of the function F' will be
used to establish the weak continuiuty of the transition kernel (see Lemma 18). Again, this
weak continuity of transition kernel is a standard assumption [25, Assunption 3.1 ¢] which
ensures the existence of measurable selections. Regarding the assumption on the single-stage

cost function, refer to Remark 1 for a discussion.

Assumption 6. The distance function d : M(Z) x M(Z) — {R; U oo} is such that d(p, q)
is weakly lower semicontinuous over p for every q € M(Z), i.e., if pV is a sequence in M(Z)

which converges weakly to p € M(Z), then d(p, q) < liminfy_, d(p, q) for all ¢ € M(X).

Lemma 16. Fix an integer N > 1 and € € [0,00). If Assumption 5 and Assumption 6 are

satisfied, then P% () is weakly compact.

Proof. Since Z is compact by Assumption 5, M(Z) is compact [9, Proposition 7.22]. The
weak lower semicontinuity of d (by Assumption 6) ensures that PV(e) = {vr € M(Z) :

d(v, i) < €} is weakly closed. Hence, P (¢) is weakly compact. O

The requirement that the distance function d is lower semicontinuous is mild and satisfied
by many well known distance functions as listed in Section 4.4.

Before presenting the robust Bellman equation, we need to establish the weak continuity
of the transition kernel, which is a sufficient condition for the existence of robust Bellman
equation. For any fixed integer N > 1 and € € [0,00), the transition kernel is defined
as QV(|z,a, V) L N o F(z,a,-) for any © € A,a € A(z), and vV € PN(e). The
transition kernel Q* is said to be weakly continuous if for any continuous bounded function
u: X — R, the function (z,a,v) — [, u(2)Q (dz|z,a,v) is continuous over K x PN (e). In
order to establish the weak continuity of the transition kernel, we need the following technical

result, which will be heavily used in this work.
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Lemma 17. [40, Theorem 3.5] [56, Theorem 3.5] Let S be a separable complete metric space.
Let p* be a sequence in M(S) such that u* — u € M(S) weakly. Let u* be a sequence of
real-valued functions defined on S and u be another real-valued function defined on S. If

SUDen HukHoo < 00 and uf(z*) — u(x) for all 2% — x, then [qu®(x)p*(dx) = [qu(x)u(dz).

Lemma 18. Fix an integer N > 1 and € € [0, 00). If Assumption 5 holds, then, the transition

kernel Q¥ is weakly continuous.

Proof. A proof of this argument under a set of assumptions which is slightly different from
Assumption 5 is established in [25, Proposition 6.2]. Our proof also follows a similar ap-
proach. We present it here for the sake of completeness.

Fix any sample-size N > 1. Let u : X — R be any continuous bounded function. From

the definition of QV we have

/Xu(z)QN(dz]ac,a,y) = /:u(F(:L’,a, 2)w(dz) Vo € X,a € A(z),v € PV (e).

Consider any sequence (z¥,a*, v*) — (z,a,v). From Assumption 5, F' is continuous over

K x Z. Since u is continuous, klim u(F(2k,a* %)) = u(F(x,a,z)) for all z¥ — 2. The
—00

boundedness of u implies that supyey ez u(F(xk, a*, z))‘ < 0o. Hence,

lim [ w(2)QN(dz|2*, a" V") = lim [ w(F(2* d", 2))*(dz)
k—oo [y k—oo J=

_ /: w(F(z, a, 2))(d2)
:/Xu(z)QN(dz\x,a,l/),

where the equality in the second line follows from Lemma 17. O

Theorem 12 (Robust Bellman equation and robust optimal policies — Theorem 4.1 and

4.2 in [25]). Fix any integer N > 1 and € € [0,00). For v € C},(X), define the robust Bellman
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operator ®V : Cy(X) — Cy(X) as

(DNv)(z) © min - sup {/: (c(x,a,2) + av(F(z,a,z2))) v (dz)| Vz € X. (4.6)

ac€A(x) VN ePN ()

For any ¢ € {1,2,3,...}, define ®¥ : Cy(X) — Cy(X) as Vv & VNN v where dNv &

Ny,

If Assumption 5 and Assumption 6 hold, then

(a) ® is a contraction mapping with respect to ||-|| _-norm and the modulus of contraction

is a.
(b) There exists a v"¥ € Cy(X) and a deterministic stationary policy 7V such that

(i) vV is the unique solution of the fixed point equation ®Nv = v.

(i) vV and 7V are the robust optimal value function and the robust optimal policy,

respectively, i.e.,

N (x) = JN*(x;€) = inf sup J(m,y,x;€) = sup J(aV, v, z;€) Vo € X.
m€ll yerN ~erN

(c) If v = 0 (the identically zero function), then sup, .y |(®Nv)(z) — JV*(z)| < % Vt €
N. In other words, &)iv 0 converges to JV* uniformly over X, and the convergence rate

depends only on B and «a.

Proof. The proof follows from [25, Theorem 4.1, Theorem 4.2] as long as the assumptions
listed in [25, Assunmption 3.1] are satisfied. In our context, those assumptions are equivalent
to Assumption 5 along with Lemma 16 and Lemma 18. Since Lemma 18 follows from
Assumption 5, and Lemma 16 follows from Assumption 5 and Assumption 6, the claim of

the theorem follows as long as Assumption 5 and Assumption 6 hold. O
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Remark 1. The standard approach to deal with unbounded cost functions is to assume the
existence of a continuous bounding function w : X — [1,00) such that |c(x,a,§)| < Mw(x)
for all (z,a) € K,£ € =. Apart from being continuous, w also needs to satisfy other regularity
properties to ensure the existence of measurable selections and the Bellman equations [25,
Assumption 3.1 (d), (e)]. Translated in our context, those assumptions state that for any
sample-size N > 1 and € € [0,00), (i) (z,a,v) = [cw(F(z,a,z))r(dz) is continuous over
K x PN(e), (ii) there exists a constant § > 0 such that [ w(F(z,a,z2))v(dz) < Bw(x)
for all (z,a) € K,v € PM(e). These conditions are hard to verify and it is unknown if
they even hold. One approach to prove the above two claims is to let PV (¢) be a family of
density functions (w.r.t. Lebesgue measure) that are continuous and then exploit the specific
properties of P (¢) to construct a bounding function satisfying the regularity conditions. See

25, Example 7.2] for more details.

Before proceeding further, we present a recursive characterization of the optimal value
function, J*, defined in (4.2). Theorem 12 can be viewed as a robust counterpart of the

following result.

Theorem 13. [28, Chapter 4] For v € C,(X), define the Bellman operator ® : Cp(X) —
Ob(X) as

(D) (z) dof aIET}LXi(I:lv) {/: (c(z,a,z)+av(F(zr,a,z2)))u(dz)| Voe X. (4.7)

For any t € {1,2,3,...}, define &, : Cp(X) — Cy(X) as v ' P, ;v where Brv & du.
If Assumption 5 holds, then

(a) @ is a contraction mapping with respect to ||-|| -norm and the modulus of contraction

is a.
b) There exists a v € C(X) and a deterministic stationary policy 7 such that
Yy polcy

(i) v is the unique solution of the fixed point equation ®v = v.
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(ii) v and 7 are the optimal value function and the optimal policy, respectively, i.e.,
v(x) =J(z) = inlfI J(m,z)Ve € X.
TE

(c) If v = 0 (the identically zero function), then sup,cy [(®:v)(x) — J*(x)| < % vVt e N.
In other words, ®;0 converges to J* uniformly over X, and the convergence rate depends

only on B and a.

We need the following technical results which will be used later in order to establish the

asymptotic convergence.

Lemma 19. If Assumption 5 holds, then for every v € Cy(X), the function ®,v is continuous

and bounded over X for all t € N, i.e., (®v)(2¥) — (®yv)(x) for all zF — 2 and [P0 < oo.

Proof. We prove this using induction on ¢ € N. Consider the base case which corresponds to
t = 1. From Assumption 5(d),(e), the functions ¢ and F" are continuous over K x Z. Also, ¢ is
bounded over K x =. Hence, (z,a) — [z (c¢(z,a,2) + av(F(z, a, 2))) p(dz) is continuous over
K by the dominated convergence theorem. Since x — A(z) is continuous, the continuity of
x +— (dv)(x) follows by Berge’s maximum theorem. Finally, ®v is bounded since ¢ and v are
bounded. Now consider ¢ > 1 and assume that the result is true by the induction hypothesis
for all ' < t—1. Since ®;v = &P, v and ®,_;v is continuous and bounded by the indcution
hypothesis, (z,a) — [z (c(x,a,z) + a®_1v((F(z,a,2)))) p(dz) is continuous over K by the
dominated convergence theorem. The continuity follows from Berge’s maximum theorem by
noting that x +— A(x) is continuous. The boundedness follows by observing that ¢ and ®,_;v

are bounded. O
Lemma 20. If Assumption 5 holds, then J* is continuous over X and ||J*]| < £

Proof. From Theorem 13(c), the sequence of functions {®,0} converge to J* uniformly over
X. Since 0 € Cp(X), from Lemma 19, $,0 is continuous over X for each ¢ € N. Hence, J*

is continuous over X. The boundedness on J* follows from Assumption 5(e). O
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The next lemma is a well known folk result. We present the proof for completeness.

Lemma 21. For any stationary, deterministic policy 7 € I, define the Bellman evaluation

operator @, : Cp(X) x Cp(X) as

(Prv)(x) & /: (c(z,m(x),2) + av(F(z,7m(x), 2))) p(dz) Vo € X. (4.8)

For any ¢ € {1,2,3,...}, define &, : Cy(X) = Cy(X) as v & .0,y v where &y v %

®,v. If Assumption 5 holds, then, for any v € Cy(X), we have, sup,¢ x rerr |(Pr,2v)(x) — J (7, )|
<ol (£ +|lv|l,) VteN.

Proof. Fix any 7 € II. Let x; ey Recursively expanding @, ,v, we have for any ¢ € N,

cpt,ﬁv(gg)—/E/E.../E [iozklc(xk,w(:ck),zk)+
EJE e k=

t times

v (F (g, m(x)), 2 )] p(dz)p(dze) . .. pu(dz)

—~
S
N

= [E [Z o e(ag, (), &) + ol v(F(xy, w(x)), &) o = x]

1'1:$]—

+E [atv(F(:L‘t, m(xy)), &)

= [Zak Ye(op, m(xg), &) + o' v(F(xy, w(xr)), &)
[Z ok c(xg, ™ ),{k)‘xlza:
=E [Z ak_lc(xk,w(xk),fk)‘xl =z

k=1
[Za c(xy, m(xy), &) :cl—:c].
k=t+1

I1:I:|—

Here, the expectation in (a) and all the subsequent steps is with respect to the distribution in-

duced by the policy 7. The random states 3, x3, . .., are given as xy = F (251, m(x-1), {p—1)
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for all k =2,3,.... Hence, from the definition of J(7,z) in (4.1), we have for any ¢ € N,

[ur0(e) = J(m,2)| = |E [a"o(F (e w(x:)). &)

I1:$i|—

E [ i oM ey, (o), &) |2y = x] ‘
k=t+1

< ’[E |:OétU(F<xt;7T<xt))7€t)

Ilzl‘iH‘i‘

Z oM e(ay, m(wy), &) |2y = x]

Since the above inequality holds for all 7 € Il and x € X, the claim of the lemma follows. [J

4.3.1 Value convergence to true optimal value

In this section, we study the convergence of the robust optimal value function defined in (4.4)
as the sample-size N diverges to infinity. We are interested in checking if JV*(z;€) Nl
J*(x) Vx € X. However, such a result would not be true if the radius of the ambiguity ball €
did not depend on N. Apart from the dependence of the radius on the sample-size, we also

impose the following assumption on the distance function d used to construct the ambiguity

set.

Assumption 7. There exists a continuous function ¢ : Ry — R, with ¢(0) = 0 such that
Blu,v) < (d(u,v)), for all u,v € M(Z). Here, 5(u,v) is the metric on M(Z) as defined in
(4.5).

Lemma 22. Suppose the radii of ambiguity sets are dependent on N such that A}im VN =0.
—00

Let v € PN (V) be any sequence. If Assumption 7 holds, then, vV Nowl, 1 weakly, where

1 is the true distribution of &.

Proof. The [-metric on M(Z) defined in (4.5) metrizes the topology of weak convergence
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N,wpl
E—

([16, Theorem 11.3.3]). Hence, it is enough to show that S(vV, u) 0. Since 3 is a

metric,

BN, w) < BN, iN) + BN, ).

We show that each term above converges to 0, wpl, as N — oo. From ([16, Theorem

11.4.1]), the second term converges to 0, wpl, as N — oo. Since vV € PV (), we have

that d(vV,a") < V. Further, ]\}im eV = 0 implies that A}im dw™,pN) = 0. Hence,
— 00 — 00

lim B(vN,4g") < lim ¢(d(Y, 4")) = ¢( lim d@V, i) = (0) = 0. Here, the inequal-

N—o0 N—o0 N—o0

ity follows from Assumption 7, the first equality follows by the continuity of v defined in

Assumption 7, and the last equality by Assumption 7. O

Assumption 7 links the convergence of probability distributions with respect to the distane
function, to the convergence with respect to the S-metric. Assumption 7 is satisfied by many
well known distance functions studied in the literature. We provide a list of such distance
functions in Section 4.4.

Next, we state and prove the asymptotic convergence of the robust value function to the

true value function.

Theorem 14. Suppose the radii of ambiguity sets are dependent on N such that ]\}1_{1;0 N =0.
If Assumption 5, Assumption 6, and Assumption 7 hold, then, the event

{jN’*(x; ) ~, J*(z) Vx € X} holds with probability 1.

Proof. We use successive approximation to establish this claim. In fact, we prove a stronger
claim {jN (2N ) X *(z) V¥ — x} holds with probability 1. The technique of succes-
sive approximation was also used in [35, Theorem 4.2] to prove the convergence in the non-
robust setup. Further, in their work, they assumed that the action spaces A(x) = AVz € X,
while in our case A(z) is nonconstant. As a result, our proof requires delicate arguments.

Let 2V be any sequence in X such that 2%V — 2 € X. For any fixed ¢t € N, we have for

all N > 1,

IV @) = 7 (@) < [ Vi) = (@20 )| + (@1 0) (@) - (2:0) ()] +
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|(®:0)(2) — J*(2)]

< sup |7V (@) = (B)0)(x)| + | (8)'0) (") = (@:0)(x)| +

sup [(®:0)(z) — J* ()]
< 1B_O‘t + ‘(é{v 0)(z™) — (<I>t0>(w>( + 13_(1;
= 2 @) - (@0)()

where the inequality in the third line follows from Theorem 12(c) and Theorem 13(c), re-
spectively. Note that B is finite since the single-stage cost function ¢ is bounded by Assump-
tion 5(e). Since a € (0,1), there exists a t € N, such that, QIBTOO‘j can be made arbitrarily
small. Hence, J¥*(zN;eN) — J*(z) if (®N0)(zV) — (®,0)(x) for all t € N.

Using induction, we prove that for each ¢t € N,

1. (d¥0)(2™) 2 (9,0)(2).

2. SUpyen ‘ (i){VOH < 00.

Consider the base case of the induction which corresponds to t = 1. From the definition
of ® in (4.6) and the boundedness of ¢ by Assumption 5(e), the uniform boundedness of

{C:T?NO} is immediate. Next, for any N > 1, we have,

(3Y0)(2") ~ (20)(x)| < |(BY0)(@") — (@0)(z")| + |(@0) (=) — (20) ()|

min  sup {/5 c(a:N,a,Z)VN(dZ)] -

a€A(@N) yN cpN (¢N)
|(20)(z™) — (20)(x)|

sup [ /: c(aV, a, z)I/N(dz)] - / c(a™, a, 2)p(dz)

vNePN () = =

+

< sup
acA(zN)

+

~
Term 1
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|(20)(z") — (20) ()] -

- >

~
Term 2

We prove that each of Term 1 and Term 2 converges to 0, wpl, as N — oo. The convergence
of Term 2 to 0 as N — oo follows from Lemma 19. Regarding Term 1, suppose for a
contradiction, it does not converge to 0. Hence, there exists § > 0, a subsequence ™V of zV,

and a™k € A(x™*), such that,

> § Vk e N. (4.9)

vNeePNE = =

sup {/ c(xN’v,@N’“,z)z/N’“(dz)} —/c(xNk,aNk,z)u(dz)
(eNk) = =

Since 2™ — z and x — A(z) is continuous by Assumption 5(b), using the upper hemicon-
tinuity of z — A(x), there is a subsequence a™* of a™*, such that, a™ — a € A(x). By
the definition of supremum, for any n > 0, there exists vV € PN (eVki) for all i € N, such

that, for all ¢ > 1,

c(x,a,z)u(dz)

sup [/ c(xNki,aNki,z)VNki (dz)} —

Vi epNhi (ki)

m\

<
n/2+ /c(asti,aNki,z)VNki(dz)—/c($,a,z)u(dz) :
Since ¢ is continuous and bounded over K x =, we have c(x™V%, a™%, 2") — c(z,a,z) for

2, wpl

all 2 — z. Since Assumption 7 holds and ¥ — 0, by Lemma 22, 7™ == 1 weakly.
Therefore, by Lemma 17, | [; c(z™, o™k, 2)0™i (dz) — [ c(x, a, z)p(dz)] 2L 0. Hence, for

all large enough 1,

c(x,a, z)pu(dz)| <. (4.10)

sup {/ c(xN’%,aN’“i,z)z/Nki(dz)} —

vk epNki (Vi)

T
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Since ¢ is continuous and bounded, from the dominated convergence theorem,

5 0. (4.11)

/ c(z™e, a2\ u(dz) — / c(w, a, 2)pu(dz)

From (4.10) and (4.11), we have for all large enough 1,

< 2n,

sup [/ C(%Nki’aNki7Z)VNki(dZ)1 —/c(:cNki7aNki,z)u(dz)
( Nkz) = =

Ny, . Ny, . —
v kieP TR (e

which contradicts (4.9) since n > 0 is arbitrary. Therefore, Term 1 converges to 0, wpl,

thereby establishing the base case.

Now consider ¢ > 1 and assume that the result is true by the induction hypothesis for
all ' <t —1. Since ®N0 = ®N®N |0, the uniform boundedness (w.r.t. supremum norm) of
{CI)iV 0} follows by the boundedness of ¢ and the uniform boundedness of {®Y ,0}. Next, for

any N > 1, we have

(@0)(z") — (®,0)(x)

<

(@0) (") = (@:0)(z")| +|(2:0)(a") — (©,0)(x)|

<

sup
acA(zN)

sup { /: (c(xN,a, )+ a(dN 10)(F(xN,a,z))> VN(dZ):| -

vV ePN (eN)

/:(C(xN,a,Z)+a(®t_10)(F(xN,ajz)))M(dz) +

|(2:0) (=) — (2,0)(=)] -
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Let T and IT denote the first and second term in the last expression, respectively, i.e.,

def
I= sup
acA(zN)

sup [ /: (e 0.2) + a(@),0)(F(a™ 0. 2)) VN(dz)] -

vINePN (eN)

/: (C(xNv a,z) + Oé(q)t—10)(F(IN, a, z))) u(dz)

% |(2,0)(2") = (€,0)(x)]

We prove that I and II converge to 0, wpl, as N — oo. The convergence of IT to 0 as N — oo
follows from Lemma 19. Regarding I, suppose for a contradiction, it does not converge to 0.

Hence, there exists § > 0, a subsequence 2™V of 2V, and a™* € A(z™*), such that,

sup { /: (c(xNk,aNk,z)+a(<i>gV_ 10)(F(xNk,aNk,z))) VN’“(dz)] -

vVEePNE (eNE)

/: (c(z™, a™k, 2) + a(P_10)(F (2™, a™*, 2))) p(dz)| > § Vk € N. (4.12)

Since 2V — z and x — A(x) is continuous by Assumption 5(b), using the upper hemicon-
tinuity of  — A(x), there is a subsequence a™¥* of a™*, such that, a™ — a € A(x). By
the definition of supremum, for any n > 0, there exists 7™V € PN (eVki) for all i € N, such

that, for all ¢ > 1,

sup {/ <C(Q;Nkz‘ , aN’%, Z) + a(&)i\ilo)(p(INki’aNki’ Z))> yN’% (dz)} .
eNki) =E

v ki e phs (

/: (c(z,a,2) + a(P;_10)(F(x,a,z))) u(dz)

<

n/2+

/E <C(xNki,aN’“i, z) + Oz(fi)i\ilm (F(J:Nki, aNki,z))> Nk (dz)—

/:(c(x, a,z) + a(P_10)(F(z,a,z2))) p(dz)
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%

Since Assumption 7 holds and €V — 0, by Lemma 22, 7™k AN i weakly. By the induction
hypothesis, ®,0(F (z™i,a™i, 27)) 2% (&, ,0)(F(z,a,z)) for all 21 — z. Again, by the
induction hypothesis, {(f)iv_ 10} is uniformly bounded. Also, ¢ is also continuous and bounded

over K x Z. Hence, by Lemma 17,

‘ (el a2y @ 0) (P, o, ) o)~

2,wpl

(c(z,a,z) + a(P;—10)(F(z,a,2))) u(dz)| — 0.

[u\

Hence, for all large enough ¢,

Np. N , Nj.
v kiep kZ(e ks

/: (c(x,a,2) + a(P;_10)(F(x,a,z))) u(dz)

sup ){ /: (el 0 2) + (@Y 0) (F(a™ 0, ) VN’%‘(dz)} -

<. (4.13)

From Lemma 19, ®;_;0 is continuous and bounded over X. Also, ¢ is continuous and bounded

over X. Hence, by the dominated convergence theorem,

| /~ (el a, 2) + a(Pp 1 0)(F (™, 0™, 2))) p(dz)—

/: (c(x,a,2) + a(Pr—10)(F(z,a,z2))) u(dz) 0. (4.14)

From (4.13) and (4.14), we have for all large enough 1,

sup [ /: <c(1;N’“z‘,aN’%,z)+Oé(<i)ﬁ 10)(F(xNki,aNki,z))> I/N’%(dz)} .

vk epNhi (¢NRiy

/: (c(x™i, a™i | 2) + (@1 0) (F(z™re, ahi, 2))) p(d2)| < 2,
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which contradicts (4.12) since n > 0 is arbitrary. Therefore, I converges to 0, wpl, as

N — 00. Hence, the induction step is proved. O

Corollary 1. Suppose the radii of ambiguity sets are dependent on N such that A}im N = 0.
—00

Let p € M(X) be an intial state distribution over X. If Assumption 5, Assumption 6, and
Assumption 7 hold, then, [, J¥*(z;e")p(dx) — [, J*(z)p(dz).

N,wpl

Proof. Since Assumption 5, Assumption 6, and Assumption 7 hold, from Theorem 14, the
event {jN’*(x; ) &, J*(x) Vo € X} holds with probability 1. Also, the sequence {J"*}
is uniformly bounded (w.r.t. supremum norm) since ¢ is bounded by Assumption 5(e). The

result then follows by the dominated convergence theorem. O]

Let #% € II denote the optimal policy to the data-driven problem, referred as the robust
optimal policy. Recall from Section 4.1, the value of this policy on the true problem when

starting from state € X is denoted as J(7"V,z). In other words, J(7™

,+) is the value of
policy 7%V when the distribution of the random noise is the true distribution, p. We refer to

J(#N ) as the out-of-sample value.

Theorem 15. Suppose the radii of ambiguity sets are dependent on N such that A}im eV =0.
— 00

If Assumption 5, Assumption 6, and Assumption 7 hold, then, the event

{J(er, x) R J*(x) Vo € X} holds with probability 1.

Proof. The proof is similar to the convergence analysis established for the nonrobust case
(35, Theorem 4.4]. We present the proof here for completeness and to highlight the minor
differences.

Consider any 2 — z. Since J* € Cy(X) by Lemma 20, ®; ,J* and ®,J* are well defined
for all £t > 1 and 7 € II. Hence, for any fixed ¢t € N, we have for all N > 1,

|J&N2N) = T ()| < [JEN, 2N) = (@pan ) (@™ + [(@pan ) (@) = (21 7) (2)] +

(@) (@) = J* ()]
DIEY,2) = (@ an T @) + [(@an ) (@) — (@) ()] +0
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< sup |J(m,2) = (Do) (@)] + [(Dan T (@) — (@17) ()]

rzeX,mell
(b) ‘ B % * N *
<o (T 1 ) + [(@ean ) (@) = (@07 ()]
(©) 2Bat
<
T 11—«

+ |[(Ppan ) (@) — (D07 (2)] -

Here, (a) follows from Theorem 13 since J* is the fixed point of the operator ®. The
inequalities in (b) and (¢) follow from Lemma 21 and Lemma 20, respectively. Since o € (0, 1),

there exists a t € N, such that, 2Ba can be made arbitrarily small. Hence,
N,wp

TN, 2N) = J* ()| 22 0 if | @thJ*)( NY — (@07 ()] 225 0 for all ¢ € N,

The almost sure convergence of (®; ;v J*)(z") to (®,.J*)(x) will be established using in-
duction on ¢t € N. Before that, we prove that every convergent subsequence of &% (z%)
converges to an optimal solution for the true problem. First, note that #™¥(z") has a conver-

gent subsequence. This follows since #% — x and x — A(z) is upper hemicontinuous. Next,

every convergent subsequence of #¥ (V) converges to an element in A(z). To see this, sup-

pose a subsequence of 7V (z) converges to a ¢ A(z). Then, using the upper hemicontinuity
of z — A(x), we can extract a subsequence of this convergent subsequence which converges
to an element of A(z). Now, we prove that every convergent subsequence of 7% (z") con-
verges to a true optimal solution. Let 7™ (z) — a € A(z). Since JVk* is the fixed point of

dNk | we have JVe*(2Nk; eNe) = (ONk JNe*) (M), and hence

ij,*(xNk;ENk> —
sup / (c(xN’“,er’“(xN’“),z) + aJ Ve (F (N 7Nk (M), 2); EN’“)> vV (dz).
vVEePNE(NE) JE

(4.15)

The equality follows since 7V is the robust optimal policy. Taking limits & — oo in (4.15),

from Theorem 12, JNe* (2Vk; eNk) LAILIN J*(x). Regarding the expression in the rhs of (4.15),

from the proof of Theorem 12, jN’“*(F(xNk,er’“(xNk),zk);eNk) kvl —— J*(F(z,a,z)) for all
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2P — 2. Also, e(z™e, 7% (), 2%) — c(x, a, 2) for all 2* — z since c is continuous. Next, from
the definition of JN*(-;€V) in (4.4), the sequence {ij’*(-; eNk)} is uniformly bounded since
c is bounded. Hence, the sequence {c + JNe* (. eNk)} is uniformly bounded. Finally, since
N — 0, from Lemma 22, vV LN i weakly. Therefore, using an argument as done in the

proof of Theorem 14,

sup / (c(xN’“,ﬁN’“(:vN’“),z) + aJ Ve (F (N 7Nk (2N, 2); eN’“)> VN (dz)

vNEePNE (eNk) =

AN / (c(z,a,2) + a*(F(z,a,2))) p(d2).

Hence, J*(z) = [ (c(z,a,2) + aJ*(F(x,a,z2))) p(dz) almost surely, thereby proving that

every convergent subsequence of 7%+ (z) converges to a true optimal solution, wpl.

We now proceed towards establishing the almost sure convergence of (®;:vJ*)(x) to

(®;J*)(x) by using induction on ¢t € N. Consider the base case t = 1. For all N > 1,

(@5 1) @) = (@) |—' (el #¥ ), 2) o+ ad (P 7 ), ) ) -

min / (c(z, a, 2) + aJ* (F(z, a, 2))) j(d2)

acA(z) J=

Supose for a contradiction |(®znJ*)(z) — (PJ*)(z)| does not converge to 0. Hence, there

exists § > 0, subsequences ¢ and 7™ (2¥%), such that,

‘/ Ne 7N (M), 2) 4 o (F (2™, 7N (2%, 2))) pul(dz) —

aIGI}LXi(I:lc)/E (c(x,a,2) + aJ*(F(z,a,2))) pu(dz)| >0 Vk € N, (4.16)

N — z, using the upper hemicontinuity of z + A(z), the subsequence 7™k (z™r)

Since x
has a convergent subsequence Vi (Vi) which converges to a true optimal solution 7(z) €

A(z). Also, J* is continuous and bounded over X by Lemma 20. Hence, by the dominated
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convergence theorem,
lim (c(mN’“i iV (ZL’Nki), z) + aJ*(F(mN’“i AV ($N’%'), z))) p(dz)
i—00 |=

= min / (c(,a.2) + aJ*(F(z,a,2))) pu(d2),

N,wpl

which contradicts (4.16). Hence, |(®znJ*)(z) — (®J*)(x)] —— 0, thereby establishing the
base case. Now consider t > 1 and assume that the result is true by the induction hypothesis

for all # <t — 1. Hence, for all N > 1,

|(q>t7erJ*)(xN) — (@tJ*)(ac)’ =

/: (c(a™, &N (@), 2) + @@y 4v ) (F (2N, 7N (2V), 2))) p(dz)—

acA(x)

min [ (c(z, 0, 2) + a(y1J*)(F(z, a, 2))) p(d)

Supose for a contradiction |(®;;~J*)(z"Y) — (®;.J*)(x)| does not converge to 0. Hence, there

exists § > 0, subsequences ¢ and 7% (2™F), such that,

‘ el ¥ 2),2) 4 (@ TV P 7 2%, 2)) d) -

min ﬁ (e, a,2) + (B J)(Flz,a,2))) pld=)| > 6 vk N, (4.17)

Since x¥ — z, using the upper hemicontinuity of z + A(x), the subsequence 7" (z") has a

~ Ni,

convergent subsequence Vi (ki) which converges to a true optimal solution 7(z) € A(x).

By the induction hypothesis,
(@, JY(F (o, 780 (M), 27))) 2225 (@, yJ*) (F (2, w(x), 2)) for all 2 — 2. Next,

t—1,7

the sequence {@t,lﬁw J *} is uniformly bounded (w.r.t. supremum norm). Since ¢ is also
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continuous and bounded, by Lemma 17,
i [ (e, 7% (@), 2) 4+ a(@, e, TYF (@ 7% (0), 2)) ) pu(dz)
i—00 = —Lm

= mn /: (c(z, a, 2) + a(By_1J)(F(x, a, 2))) pl(d),

N,wpl

which contradicts (4.17). Therefore, |(®,vJ*)(2") — (®;J*)(z)] —— 0. Hence, the in-

duction step is proved. O

Corollary 2. Suppose the radii of ambiguity sets are dependent on N such that A}im N = 0.
—00

Let p € M(X) be an intial state distribution over X. If Assumption 5, Assumption 6, and
Assumption 7 hold, then, [, J(7", z)p(dz) Mowel, Jx J*(@)p(dz).

Proof. Since Assumption 5, Assumption 6, and Assumption 7 hold, from Theorem 14, the
event {J(er, 2) & J*(z) Va € X} holds with probability 1. Also, the sequence {J(#V,-)}
is uniformly bounded (w.r.t. supremum norm) since c is bounded by Assumption 5(e). The

result then follows by the dominated convergence theorem. O

4.3.2  Probabilistic guarantee on the performance of robust optimal policy

Although Theorem 15 shows that J(7#%,-) converges to the true optimal value, we might
still want J(7",-) to be sufficiently small with a large enough probability (with respect to
the uncertainty in the sampled training data) for finite sample-sizes. In order to derive such
a claim, we first need the following concentration inequality assumption on the distance

function.

Assumption 8. Fix an integer N > 1 and ¢ € M(Z). Let ¢~ be the empirical distribution

of q. Then, for every € (0,1), there exists an 0 < eév < sup  d(v,1vs), such that,
v1,v2€EM(E)

Pld(q,¢") < ef] >1—8. (4.18)
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Remark 2. The concentration inequality stated above is a generic statement and it might
need additional assumptions on = and ¢ for it to hold. Further, the set of additional as-
sumptions might vary across distance functions. The reason for omitting the specifics from
Assumption 8 is to demonstrate that the probabilistic performance guarantee can be ob-
tained, as long as the distance function satisfies a generic concentration inequality. We also
emphasize that the parameter eg might depend on some properties of = and ¢ which are

typically independent of the sample-size V.

Our next result establishes that the robust optimal value JV *(z, €M) provides an upper

bound on J(#"V, z) with arbitrarily high probability.

Theorem 16. Fix the sample-size N > 1. Consider any fixed v € (0,1). Suppose
the true distribution, u, of the random noise, £, satisfies Assumption 8. Let 0 < eiv <
sup  d(vi,1n) be as in (4.18). Then,

v1,v2€EM(E)

P J(ﬁ'N,ZL‘)SjN’*(I';EJWV) Vee X| >1—1. (4.19)

Proof. The proof is similar to [70, Theorem 3] who established a probabilistic performance
guarantee for Wasserstein distance. Using a standard monotonicity and successive approxi-

mation argument, we have,
{(@ﬁNjM*)(x) < IV (a3 e) Vo € X} c {J(ﬁN,x) < IV (a;e) Vo € X} . (420
Hence,

P -J(ﬁ'N,ZL’) < JNN’*(x;effV) Vo € X]

v

P (@ﬂ.NjN*>($) < jN’*(.r;eiv) V€ X]

—~

a

~
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p /: <c(x, #N(2), 2) + a N (F(z, 7 (2), z))) p(dz) < JV*(a;eY) Va € X]

P / (e, 7% (@), 2) + 0¥ (P2, 4N (), 2) ) ldz) <

sup ){ /: (c(x,er(:c),z)+ajN’*(F(w,7%N(x),z))) Z/N(dz)] VxEX]

vNePN (e

c (d)
>P e PYE)] EP [du i) <] > 1.

= %y

Equality (a) follows from defintion of ®;~ in (4.8). The equality in (b) follows since JV*
is fixed point of ®V and # is the robust optimal policy. The equality in (c) follows by
definition of PV (el’) and inequality (d) follows by choice of €} and Assumption 8. O

Remark 3. The modeling framework and the results in this section also hold for the case
of finite-horizon problems as long as Assumption 5, Assumption 6, and Assumption 7 are

satisfied.

4.4 Distances satisfying Assumption 6 and Assumption 7

We provide a list of distance well known distance functions that satisfy Assumption 6 and

Assumption 7. Recall that S-metric defined in (4.5) is given as

def
Bu,v) = sup
f:E—=R
1fllpr <1

/X F()uldz) — /X F(x)u(da)|.

Throughout this section, we let p be a metric which metrizes the topology on =.

4.4.1 Prokhorov distance

For any T C Z and 6 > 0, define 70 & {z € 2: 3y € T such that p(z,y) < }. The

Prokhorov distance between puy, s € M(Z) is given by
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dp & inf {6>0:u(T) < pa(T°) 4 0 V Borel sets T'} [16, Section 11.3]. Also, dp is a met-
ric which metrizes the topology of weak convergence [16, Theorem 11.3.1, Theorem 11.3.3].
Hence, dp is weakly continuous over M(Z) x M(E), thereby satisfying Assumption 6. Since
B, p2) < 2dp(p1, p2) [15, Corollary 2|, dp satisfies Assumption 7 with i(t) = 2t.

4.4.2  Total Variation distance

The toal variation (TV) distance, drv(u1, tie), between py, ps € M(Z) is given as

drv(pr, p2) (dz) — [ f(z)pa(d2)||f : E— R, fis measurable , || f||, < 1}.
Since {f : E — R\ ||fHBL < 1} C {f:= — R|f is measurable|| f||, < 1}, we have, 5(pu1, p2) <
2drv (1, p2) for all py, o € M(Z). Hence, Assumption 7 holds with ¢ (t) = 2¢t. TV distance

def

duy
dpz

also admits an alternate representation given by drv (p1, 112) dof J= z) — 1‘ p2(dz), where

g}’j—; is the Radon-Nikodyn derivative of u; with respect to ps. Hence, by [3, Theorem 2.34],

it is weakly lower semicontinuous over M(Z) x M(Z), thereby satisfying Assumption 6.

4.4.3  Kullback-Leibler divergence

The Kullback-Leibler (KL) divergence between i, us € M(ZE) is given as diy(p1, i2) of

Jz log (d“ L(z )) p1(dz) if py is absolutely continuous with respect to us, and oo otherwise
22, page 422]. Here, % is the Radon-Nikodyn derivative of u; with respect to ps. The
Pinsker’s inequality [22, page 429] states that dvy (i1, p2) < \/dxr (1, p12) /2. In the previous
subsection, we established that (1, p2) < 2dry(p1, u2). Hence, 51, p2) < +/2dkr (g, p2)-

Therefore, dxp, satisfies Assumption 7 with i(t) = V/2t. Since dgp, is weakly lower semicon-

tinuous over M(Z) x M(Z) [49, Theorem 1], it satisfies Assumption 6.

4.4.4  x? distance

The x? distance between fi1, o € M(E) is given as dyz2(p1, p2) &f J= {(gz—z( ) — 1) } po(dz)

if p11 is absolutely continuous with respect to s, and oo otherwise [22, page 425]. Here, di

is the Radon-Nikodyn derivative of u; with respect to pe. From [22, page 429], we have,
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drv(p, o) < \/ 2(p1, p2). Hence, B(u, p2) Vdy2(per, p2).  Therefore, d,» satisfies

Assumption 7 with ¢(t) = v/t. Also, d,2 satisfies Assumptlon 6 since it is weakly lower
semicontinuous over M(Z) x M(Z) [3, Theorem 2.34].

4.4.5 Wasserstein distance

For any p € [1,00), the p-Wasserstein distance between i, s € My(Z2) is defined as
dwp) (o1 f12) o infgeo () ( EXEpp(Zl,Zg)d9(21,22)>1/p, where O(u1, p2) is the set of all
probability distributions supported on = x = with marginals p; and py [65, Chapter 6]. Us-
ing the Kantrovich-Rubinstein duality formula [65, Remark 6.5], dw(1) can be equivalently
Dpa(dz) = [o f(2)pue(dz)||f :E =R, ||f]l, <1}. Since

(f 2o R fllpy <1} {f 2 R[], < 13, we have, By, a) < diwiry(pr, o) for
all ju1, g € M(Z). Since dwp) (1, p2) < dw(g) (1, p2) for all 1 < p < g and puy, pp € M(2)

expressed as dw() =

(65, Remark 6.6], for any p € [1,00), we have, B(ju1,p2) < dwp)(p1, p2) for all p, py €
M(Z). Hence, for any p € [1,00), the p-Wasserstein distance satisfies Assumption 7 with
Y(t) = t. Regarding the weak lower semicontinuity, dw,) is weakly lower semicontinuous
over M(Z) x M(Z) [65, Remark 6.12], thereby satisfying Assumption 6.

Finally, we note that Wasserstein distance admits a concentration inequality of the form
stated in Assumption 8, as long as the disturbance space and the true probability distribution
satisfy certain additional properties (see [20, Theorem 2]). However, if the disturbance space

is compact, then these properties hold for all probability measures on the disturbance space.

4.4.6  B-metric

This is the S-metric defined in (4.5). Since f-metric metrizes the topology of weak con-
vergence [16, Theorem 11.3.3], Assumption 6 and Assumption 7 trivially hold. Finally, the
[-metric also admits a concentration inequality of the form stated in Assumption 8 for com-
pact disturbance spaces. To see this, first note that for any p € [1,00), from Section 4.4.5,
Bps pr2) < dywyip)(p1, p2) for all py, gy € M(Z). Hence, for any finite sample-size N > 1,
and v € M(Z), we have, P [B(v,0") < 6] > P [dw(v,0Y) < 6] for all § > 0. Here, 0V
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is the empirical distribution of v. Therefore, a concentration inequality for S-metric can be

obtained from the concentration inequality for p-Wasserstein distance.

4.5 Applications

In this sections, we present applications which satisfy the model assumptions listed in As-
sumption 5. Therefore, the results mentioned in Section 4.3 hold true for such applications,

provided the distance function employed satisfies Assumption 6 and Assumption 7.

4.5.1 Stochastic inventory control with bounded demand

We consider a stochastic inventory control problem with finte time horizon T' < oco. The
random demand D+, D>, ..., Dy in time periods 1, 2, ...,T are independent random variables
with support in a compact set [0, M] C R, where M € R,. The unit production cost,
holding cost, and backorder cost are denoted by c,, ¢s, and ¢, respectively. Without loss of
generality, we take the terminal cost to be 0. Therefore, we can restrict the order quantity
in any period to the interval [0, TM]. The inventory z;y; in period t + 1 is given as ;1 =
¢ + a; — Dy, where z; and a; are the inventory and order quantity in period ¢, respectively.
The single-stage cost is given by ¢(z¢, ar, D;) = cpar+c, max(0, xp+ay — Dy) +c, max (0, — (2 +
a; — D;)). Finally, we assume that the discount factor is 1 for all time periods. This comes
without any loss of generality. This problem can be modeled as a stochastic control problem
which is as follows. For all t € {1,2,...,T}, the state space X; is the inventory level in time
period t. The action space A(x;) = A = [0,TM] for all x; € X; and t € {1,2,...,T}. The
disturbance space Z = [0, M]. The system evolution function is F(x, as, &) = o + ar — &
for all t € {1,2,...,T}. The single-stage cost function is ¢(x,a,&) = c,a + ¢, max(0, z +
a—&)+ max(0, —(z + a — &)). Clearly, this problem satisfies all the assumptions listed
in Assumption 5. Therefore, if we choose a distance function satisfying Assumption 6 and
Assumption 7, then all the results established in Section 4.3 hold for the stochastic inventory

control problem.
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4.5.2  Optimal asset selling problem

An optimal asset selling problem is described as follows [50, Section 3.4]. A system is in
state z; € X, at the beginning of stage t. At each stage, there are two actions available at
every state: to accept the given offer or to reject it. If the decision-maker accepts in state
x; in stage t, a reward of g;(x;) is received and the system stops. On the other hand, if the
decision-maker decides to reject when in state x;, a cost of f;(x;) is incurred and the system
transitions to state z;11 € X1 determined by a stochastic state evolution function. This
continues utill the end of stage 7', and if the system does not stop utill the end of stage T,

then a terminal reward of h(xr, 1) is received where xr,1 € X, .

A stochastic control formulation of the optimal asset selling problem is as follows. The
state space is given as X; U{A} for all t =1,2,...,7 + 1 where A denotes the termination
state. We interchangeably use the term state space to denote X; and X; U {A}. The exact
meaning will be clear from the context. Let A = {0,1} denote the two actions where 0
indicates to accept and 1 indicates to reject. The action space is given as A(x;) = {0,1} if
x € Xy and {1} if 2, € A, for all t = 1,2,...,T. The single-stage reward function is given
as

p

_ft(mt) T € Xt, Ay = 1

M) =) meX, =0 PTLEeT (2

0 .Tt:A,

\

T’T+1(JZT+1) = h(xT—i—l) if Try1 € XT+1 and 0 if Tr4 = A.

Let the random offer & take values in Z;, which corresponds to the disturbance space. We

assume that &;,&,, ..., & are independent. For ¢t =1,2,...,7T, and F,: X; xE — X1, the
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system’s stochastic state evolution function F; : X; U{A} x Ax = — Xy U{A} is given as

Fi(x, &) x € Xyya, =1
def def t\ T, St t t; At
Tyl = Ft(fEt,at,ft) = t=1,2,...,T.

r € Xp,ap =0o0r 2y = Ayap = 1.

(4.22)

This generic formulation of the optimal asset selling problem captures a wide variety of real
world scenarios and many of those models satisfy Assumption 5. To begin with, it is not
uncommon in applications to have X; = Z;, = © for all t = 1,2,...,T, where O is any
compact subset of R. Moving on, the continuation cost f; in many instances is a fixed
constant. Further, it is fairly common to have ¢g; and h to be continuous and bounded
functions. Regarding the system evolution function, the two common selling mechanisms
in practice are asset selling without recall and with recall, respectively. In asset selling
without recall, rejected offers cannot be considered in the future. This can be modeled as
F’t(xt, &) = &. In asset selling with recall, past offers can also be considered in the future.
This can be modeled as F(xy, &) = max(xy,&). Hence, the system evolution function can
be shown to be continuous in both these cases. In summary, a large class of optimal asset
selling problem satisfies Assumption 5. Hence, by using an appropriate distance function
satisfying Assumption 6 and Assumption 7, the results established in Section 4.3 hold for a

wide class of optimal asset selling problem.

4.5.8  Mold level control problem

This problem is from [25, Example 7.1]. Unlike the stochastic inventory control and optimal
asset selling problem, this is an infinite horizon stochastic control problem. In this problem,
the state variable corresponds to the height of an object, which we desire to keep as close

as possible to a nominal height x*. The state space is given as X aof [z* — [, 2" + h] C R,

where [, h are known positive numbers. The action space A(x) C A & [—h,l] is given as

A(x) oo [z* — 2,0] if 2 > 2* and A(z) o 0,2* — z] if © < a*. The disturbance space
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s =« [—€,€], where 0 < € < min(l,h). The system evolution is given as F(x,a,§) def

def (r + a — 2*)? + 2. This problem satisfies

x + a — & and the single-stage cost is ¢(z, a, §)
all the assumptions listed in Assumption 5. Hence, all the results established in Section 4.3
hold for this problem if the distance function used to construct the ambiguity set satisfies

Assumption 6 and Assumption 7.

4.5.4  Wind energy management

This is a finite-horizon stochastic control problem, which was introduced in [4] and also
studied by [5]. In this problem, the owner of a wind power facility needs to announce the
amount of energy to be produced before every period. The wind energy in every period
is a random variable with values in [0, M], where 0 < M < oo. The per unit energy
price is r > 0 and the per unit penalty for failing to supply the committed amount of
energy is p > 0. It is assumed that excess energy will be stored in a battery with finite
capacity &£ > 0. Therefore, if sufficient wind is not produced in any period, the owner
can potentially avoid paying the penalty by using the available energy stored in the battery
to cover for the shortage. This can be modeled as a stochastic control problem, where
X =[0,FE], A(x) = A=1[0,M], == [0, M]. The system evolution function is given as
min(x +& —a, M) if{>a

F(z,a,§) def

max(z + & —a,0) if &€ <a.

Finally, the single-stage cost is given as

)def 0 ifé&>a

c(x,a,& —ar +

(r+p)max(a —z —&,0) if £ <a.

Clearly, this problem satisfies all the assumptions listed in Assumption 5. Therefore, if we

choose a distance function satisfying Assumption 6 and Assumption 7, then all the results



113

established in Section 4.3 hold for the robust version of this problem.
4.6 Conclusions

We considered stochastic control problem with unknown noise distribution and derived a
robust counterpart of the problem by using the framework developed for modeling and
analysing two player stochastic games. Under suitable model assumptions, we studied robust
stochastic control problem with data-driven distance-based ambiguity sets. We presented an
axiomatic characterization of the distance function (Assumption 6, Assumption 7, Assump-
tion 8) which enabled us to establish the convergence of robust and out-of-sample values to
the true optimal value, and a guarantee that the out-of-sample value will be smaller than the
robust optimal value with a high probability. We also identified well known distance func-
tions that satisfy the aximoatic characterization. Finally, we presented applications which
fit into our modeling framework.

Unlike the previous two chapters, we do not have a probabilistic rate of convergence result
in this chapter. Deriving such a result is challenging in this context for many reasons. First
of all, we need to establish a counterpart of the simulation lemma (Lemma 4) for uncountable
spaces. Apart from this, we also need to underatand the structure of the optimal solution in
the inner optimization problem, so that it could be meaningfully combined along with the
simulation lemma. An investigation of these issues is a potential problem for future research.
Another interesting future direction is to try to extend the robust framework for partially

observable MDPs.
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