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High-dimensional black-box optimization presents an increasingly prevalent challenge in mod-
ern science and engineering. This dissertation addresses this challenge through a novel interplay
between optimization and machine learning methods, developing adaptive search algorithms that
strike a balance between exploration, exploitation, and estimation. The proposed algorithms lever-
age machine learning techniques to construct surrogate models, thereby enhancing the efficiency
of the optimization process.

The dissertation proposes a multi-level Partitioning and Branch-and-Bound (PBnB) algorithm
designed for level-set approximation, enhancing the original PBnB algorithm significantly. This
multi-level PBnB algorithm employs importance sampling to strategically identify promising sub-
regions of the partitioned search space. Its performance is further enhanced by integrating Gaussian
processes as a surrogate model to guide local sampling exploration. During the process, the target
level set is approximated by classifying subregions as either pruned (no intersection with target
level set), maintained (contained within target level set), or undecided. This enhanced version of
the PBnB algorithm introduces an adaptive sampling probability that strategically directs samples
to the most promising regions. Since this importance sampling results in dependency amongst
samples, we have applied a statistical method to construct a confidence interval on the probability

of correctly classifying a subregion as pruned or maintained. The contribution to the interplay of



optimization and machine learning is the local sampling within each subregion. We incorporate
Gaussian processes and regularized quadratic regression, common and successful methods for pre-
diction in machine learning for level-set approximation. The analysis of this multi-level PBnB
algorithm quantifies the quality of the level set approximation by deriving probability bounds on
the volume of incorrectly pruned or maintained regions, which accounts for the effects of impor-

tance sampling.

To address the challenges of high dimensionality, this dissertation introduces the Branch-
ing Adaptive Surrogate Search Optimization (BASSO) framework that conceptualizes the use of
branching and surrogate modeling for black-box optimization. BASSO generalizes multi-level
PBnB and adapts it to optimization as opposed to level-set approximation. A finite-time analysis
of BASSO proves that the expected number of BASSO function evaluations needed to first sample
a point in the global optimum vicinity is linear in dimension given that two strong assumptions are
satisfied. The desired linearity result suggests an algorithm that is scalable to high dimensions in
theory. This research explores several variations to implement BASSO and partially satisfy the two
assumptions. In this part of the research, methods used in machine learning are introduced to im-
prove the chance of sampling in the improving region. One BASSO implementation incorporates
Gaussian processes as a surrogate model and a second uses regularized quadratic regression as a
surrogate model to predict where to sample next within a subregion. The synergy between the sur-
rogate model and the optimization algorithm work together to balance exploration and exploitation.
The local surrogate model guides sampling within a subregion, while the adaptive subregion prob-
abilities identify promising subregions. This interplay allows the system to effectively use both
local subregion information (from the surrogate model) and global information (from the adaptive

probabilities) to improve its search.

Numerical experiments of BASSO provide insights into the gap between theoretical ideal per-
formance and the performance of proposed implementation with machine learning techniques to

tackling high dimensional black-box problem. This dissertation also explores partitioning, cluster-



ing and decomposition as techniques for high-dimensional optimization.

While the proposed multi-level PBnB algorithm and BASSO framework focus on balancing ex-
ploration and exploitation for deterministic, black-box optimization, this dissertation also considers
estimation when dealing with a noisy black-box function. The dissertation extends the Single Ob-
servation Search Algorithm (SOSA) by incorporating insight from machine learning techniques.
The original neighborhood averaging technique for noisy function value estimation of SOSA is re-
placed with a new quadratic regression, extending the concept of basis expansion. Complementing
this, the search strategy is improved by incorporating optimistic sampling, a concept drawn from
reinforcement learning, to more effectively guide exploration. This research contributes to the in-
terplay of optimization and machine learning by providing quadratic regression as an estimation
method within a single-observation scheme and achieving convergence results while accounting for
dependency between samples. Theoretical convergence results for this SOSA extension are pre-
sented, and numerical experiments on benchmark problems demonstrate performance gains over
the baseline algorithm.

Finally, this dissertation identifies possible applications and future research opportunities aris-
ing from the interplay of optimization and machine learning in solving large-scale black-box noisy
functions. This includes a discussion of quantum computing approaches for global optimization,

considering both their theoretical promises and practical challenges.
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Chapter 1

INTRODUCTION

Black—box optimization is broadly applicable across many domains and has been studied in
multiple scholarly fields under names including Derivative—free Optimization, Global Optimiza-
tion, Bayesian Optimization, Sequential Experimental Design, and assorted variants of the multi-
armed bandit problem. Black-box optimization considers the design and analysis of algorithms for
optimization problems where the structure of the objective function and the constraints defining
a feasible solution are unknown or there is no explicit mathematical formulation. In addition to
the lack of knowledge regarding the function structure, noisy black-box optimization depends on
acquiring or estimating the function value given a design vector, often through a discrete-event
simulation, to gain information and create a search path to the optimum. Black-box optimiza-
tion often has a limited budget for evaluations due to time-consuming function evaluations and
limited computational expense, especially when the objective function can only be evaluated with
noise. Designing black-box optimization algorithms with a limited budget is challenging due to

the trade-offs between exploration, exploitation, and estimation.

Machine learning methods can be integrated with black-box optimization algorithms to address
the challenge in prediction of an unknown function, arising from expensive function evaluations. A
stochastic adaptive search for black-box optimization adaptively samples points in the feasible re-
gion with a bias towards a global optimal solution and uses the information from their correspond-
ing sampled objective functions to predict the global optimum. On the other hand, a statistical
method or machine learning algorithm takes sampled pairs of feature vectors (design points) and
their corresponding responses (sampled objective functions) and uses them to produce an inferred
function to predict the responses of other unseen feature vectors. The two paradigms of prediction

share many similarities. Both take sampled pairs of design points and their responses, and both use



the information to predict a target response. A difference between stochastic adaptive search and
machine learning is the availability of design points and responses. For example, in engineering
design, a response to a design point may involve running a computationally expensive simulation
and evaluations may be sequential. As another example, a recommender system with millions of
design points and responses available is well suited for a machine learning algorithm. Due to the
wide range of applications, statistical methods, global optimization, and machine learning have
undergone staggering development over the past decades. A large number of useful tools have
been developed. However, machine learning tools have not been well integrated into global opti-
mization algorithms to achieve good performance in high-dimensional black-box problems. From
this perspective, this dissertation proposes to enhance global optimization algorithms by lever-
aging statistical methods and machine learning tools to improve performance in global optimum

prediction.

The dissertation proposes methods that integrate tools used in machine learning with global op-
timization algorithms to solve noisy black-box functions with discrete-time performance analysis.
This dissertation introduces a multi-level Partitioning and Branch-and-Bound (PBnB) algorithm
[113] for level-set approximation, which enhances the original PBnB method, classifying subre-
gions as pruned (no intersection with target level-set), maintained (contained within target level-
set), or undecided to form its approximation. The key features of the proposed algorithm include
its refined branching scheme, adaptive subregion probability, and the integration of a Gaussian
Process for guiding local sampling. The multi-level approach is motivated by the computational
challenge of the original PBnB, which branches all current subregions, leading to a proliferation
of smaller subregions and excessive function evaluations. It selectively branches only the most
promising “best” and “worst” subregions, thereby increasing the chance of efficiently maintaining
or pruning with fewer total subregions and fewer function evaluations. Furthermore, the original
PBnB samples uniformly on the domain, by selecting subregions with a probability proportionate
to their volume. In contrast, the enhanced version introduces an adaptive sampling probability
using importance sampling, which strategically directs more samples to promising regions. To

account for this non-uniform sampling induced by adaptive subregion probability, a confidence



interval of the target quantile for subregion classification is adjusted using an empirical distribu-
tion. The multi-level PBnB algorithm is further enhanced by integrating Gaussian processes as a
surrogate model to guide local sampling within subregions, specifically by sampling points that
maximize expected improvement. Numerical results demonstrate significant improvement in the
efficiency of this multi-level PBnB compared to the original method. Additionally, the analysis of
this multi-level PBnB algorithm quantifies the quality of the level set approximation by deriving
probability bounds on the volume of incorrectly pruned or maintained regions, which accounts for

the effects of importance sampling.

To address the challenges of high dimensionality, this dissertation introduces the Branching
Adaptive Surrogate Search Optimization (BASSO) framework, which conceptualizes the use of
partitioning and surrogate modeling for black-box optimization. The proposed BASSO frame-
work is inspired by insights into the impact of high dimensions on the sampling distribution from
adaptive search methods, including Pure Adaptive Search (PAS) [110, 116, 118] and Hesitant
Adaptive Search (HAS) [19, 108, 115]. In particular, under certain conditions, the expected num-
ber of PAS (and HAS) function evaluations required to sample below a specified objective function
value increases only linearly with the dimension of the input when optimizing a function without
noise. While this “linearity result” is ideal, PAS and HAS are not directly implementable. The
conceptual Annealing Adaptive Search (AAS) with a derived cooling schedule for its temperature
parameter [95] is another attempt at achieving the linearity results, however, it is still impracti-
cal to sample exactly from a Boltzmann distribution. Hence, we propose the BASSO framework,
which follows an analogy to AAS by mimicking sampling from a Boltzmann distribution, using
branching and a surrogate model to increase the chance of sampling in the improving region. Since
prior analysis of PAS, HAS, and AAS are not immediately applicable to surrogate modeling and
partition-based algorithms, a key contribution of the BASSO framework is the new finite-time anal-
ysis. We prove that BASSO achieves the ideal linearity result under two conditions: specifically,
conditions on adaptive subregion probabilities and the probability of improvement with a surro-
gate model. This linearity result implies that BASSO is scalable to high dimensions in theory. The

second contribution involves exploring several intuitive ways to implement BASSO and evaluating



which variations most closely satisfy these conditions. Each variation of BASSO proposed in this
research differs in its local surrogate model, which guides sampling within a subregion, and in its
adaptive subregion probabilities, which identify promising subregions. This interplay allows the
system to effectively use both local subregion information (from the surrogate model) and global
information (from the adaptive probabilities) to improve its search and contrast exploitation with
exploration for selecting subregions. In this part of the research, machine learning methods are
introduced as surrogate models to increase the chance of sampling in the improving region. The
variations also allow for a comparison between using a Gaussian process surrogate, regularized
quadratic regression, and no surrogate (i.e., uniform sampling). While conditions for linearity are
impractical to satisfy completely in practice, we explore them through numerical implementations.

Numerical experiments of BASSO provide insights into the gap between theoretical ideal per-
formance and the performance of proposed implementations with machine learning techniques to
tackling high dimensional black-box problem. A key insight is the need to consistently sample
within improving level sets. This dissertation also explores decomposition and clustering as tech-
niques for generating improving points for high-dimensional optimization.

While the finite-time analysis of the performance of BASSO focuses on deterministic functions,
this dissertation also proposes an enhancement to the stochastic adaptive search algorithm with the
presence of noise, extending the Single Observation Search Algorithm (SOSA) [57, 58] by incor-
porating insights from machine learning. The neighborhood averaging technique for function value
estimation of SOSA is replaced with a quadratic regression, extending the concept of basis expan-
sion. Contributing to the interplay of optimization and machine learning, this section provides
a convergence analysis for a function value estimate from quadratic regression, which accounts
for dependent samples acquired from an adaptive search within a single-observation scheme. The
search strategy is also enhanced by incorporating optimistic sampling, a concept borrowed from
reinforcement learning, which yields encouraging numerical results and improved performance.

The main goal of this proposed research is to develop an integrated optimization and machine
learning methodology to optimize large-scale noisy black-box functions. This research has three

specific objectives to reach the main goal:



* Integrate a method used in machine learning with adaptive search methods to optimize large-
scale black-box functions. This objective is addressed in:
Chapter 3.2 Incorporate a machine learning model (Gaussian process) into variations of
Multi-level PBnB algorithm.
Chapter 4.2 Incorporate a machine learning model (Gaussian process and regularized quadratic
regression) into variations of BASSO implementations.
Chapter 6.2 Incorporate a machine learning model (quadratic regression) into SOSA to esti-

mate an objective function using noisy function evaluations.

* Prove convergence of the resulting algorithms and analyze finite-time performance properties
of the algorithms. This objective is addressed in:
Chapter 3.3 Derive probability bounds on the volume of incorrect pruning and incorrect
maintaining for variations of Multi-level PBnB algorithm.
Chapter 4.3 Provide finite-time analysis of BASSO and conditions for BASSO to achieve
scalability in high dimension.
Chapter 6.3 Provide convergence analysis of the function estimates with quadratic regression

accounting for the dependency of error term that is a martingale difference.

* Combine theoretical analysis and empirical numerical testing to create practical implemen-
tation guidelines. This objective is addressed in:
Chapter 3.4 Numerical experiments of Multilevel PBnB variations.
Chapter 4.4 Numerical experiments of BASSO variations.
Chapter 5.2 Numerical experiments of high-dimensional black-box optimization with parti-
tioning, clustering and decomposition.
Chapter 6.4 Numerical experiments of enhanced SOSA algorithm variations with quadratic

regression and optimistics sampling following the principle from the reinforcement learning.

The dissertation begins by presenting background and relevant literature in Chapter 2. The core



research then delves into specific methodologies, starting with Multi-level Probabilistic Branch and
Bound in Chapter 3, where its efficiency for level set approximation is enhanced through multi-
level frameworks, importance sampling, and Gaussian processes. This is followed by the introduc-
tion of the Branching Adaptive Surrogate Search Optimization (BASSO) framework in Chapter 4,
where a finite-time analysis provides conditions to achieve scalability in high dimensions. Chapter
5 is dedicated to numerical experiments of BASSO implementations, decomposition, and clus-
tering applied to high-dimensional black-box optimization, focusing on scalability. The research
then presents enhancements to the Single Observation Search Algorithm (SOSA) in Chapter 6,
integrating quadratic regression and optimistic sampling for improved performance. The final
chapter summarizes the contributions and outlines future work by discussing the emerging field of
Quantum Optimization Algorithms and the potential of Grover’s Adaptive Search and Quantum
Annealing. In conclusion, this dissertation research contributes to integrating optimization and

machine learning to improve algorithms for large-scale noisy black-box optimization.



Chapter 2

LITERATURE
2.1 Black-box Optimization

Black-box optimization is broadly applicable across many domains and has been studied in
multiple scholarly fields under names including Derivative-free Optimization, Global Optimiza-
tion, Bayesian Optimization, Sequential Experimental Design, and assorted variants of the multi-
armed bandit problem. Methods include variations of simulated annealing, genetic and evolution-
ary algorithms, partitioning methods, meta-modeling, particle swarm, and covariance matrix adap-
tation evolution strategy (CMA-ES) [45], to name a few. Review of derivative-free optimization
methods can be found in [85] and survey global optimization methods can be found in [65]. [10]
discusses black-box optimization methodologies and applications. Methods aimed at simulation-
optimization are discussed in [1, 36, 40, 92].

An optimization model can be formulated as

min f(x)

X

subjecttox € §

where the decision variables are denoted by a d-dimensional vector x. To be comprehensive, we
allow the decision variables to include integer- and real-values. The domain S has d dimensions,
with d; real-valued variables and d, integer-valued variables, where d = d| + d;. Assume S is
closed and bounded, and S C R% x Z% The objective function is typically denoted f(x), f: S — R.
The feasible region S can be determined by the intersection of constraints (e.g., hj(x) > 0 for
j=1,...,J) or by an oracle, that is, given a solution x, the model can return whether x is in S or

not. We also consider the objective function to be a black-box determined by an oracle, that is,



given a solution x, the oracle can return a value f(x).
Several black-box optimization algorithms have been developed to accommodate a mixed inte-
ger/real feasible region. A review of algorithms on optimization problems with mixed integer/real

variables is discussed in [78].
2.2 Challenge of Expensive Function Evaluation

The primary challenge for many high dimensional black-box problems is that evaluating the
black-box function is extremely expensive. This cost of black-box function evaluation is mea-
sured in time, money, or physical resources. A single function evaluation may involve running a
complex engineering model (like CFD or FEA) running a high-fidelity simulation model, such as
a computational fluid dynamics or finite element analysis model, which can take hours or days,
even on a high-performance computing cluster. In materials science or chemistry, an evaluation
could correspond to the physical synthesis and testing of a new compound, a process that is both
time-consuming and resource-intensive [100].

This high evaluation cost fundamentally changes the priorities of the optimization process.
When we optimize the cheap-to-evaluate functions, the computational burden lies within the opti-
mization algorithm itself, to be specific, the overhead times it takes to generate the next candidate
point. On the other hands, when function evaluations are expensive, this dynamic is reversed. The
computational cost is dominated by the time and resources it takes for the black-box oracle to
return a value. As a result, the priorities of expensive black-box optimization algorithm become
sample efficiency.

The goal of black-box optimization not only to find the optimum, but also to find a near-optimal
solution using a small number of function evaluations. This limited computational budget given
rise to surrogate-based or model-based optimization, that attempt to learn an approximation of the
expensive function. The idea is to build a surrogate model that is cheaper to evaluate from expen-
sive evaluations then use this surrogate model guide the search for the next point to evaluate. This
will balance the need to explore uncertain regions of the space with the desire to exploit regions that

already appear promising. Bayesian optimization is one of the well-known methods from the class



of machine-learning-based/surrogate-based optimization methods for expensive black-box func-
tions. Bayesian optimization models the objective function as a gaussian process then iteratively
updating its conditional mean and covariance based on the observed samples. Hence, bayesian
optimization provides uncertainty for the unexplored landscape, which acquisition function can be
used to balance the exploration and exploitation to determine the next sample point. A variety
of techniques are used to construct surrogate models, including Polynomial Regression, Artificial
Neural Networks (ANN), and Radial Basis Functions (RBF). Among these, Gaussian processes

are one of the most prominent and commonly used methods [120].

2.3 Curse of Dimensionality and Stochastic Adaptive Search

The curse of dimensionality is a term first introduced by Richard Bellman to describe the expo-
nential growth in the volume of a space as its number of dimensions increases. The consequence for
optimization is that, without structural information about the objective function (beyond smooth-
ness properties like Lipschitz continuity [38]), an optimizer requires exponential time in the worst
case to search all points and find the optimum. While expensive black-box evaluations already
limit the number of function calls an optimizer can make, the curse of dimensionality exacerbates
this problem. Moreover, in the case that the objective function high-dimensional, the larger surro-
gate model requires more samples to construct a model that is a good representation of objective
function.

Then, a crucial step in all of the algorithms for high-dimensional black-box optimization in
high-dimensional is to strategically select the next point to evaluate and how to allocate the com-
putational effort to balance exploration of the domain with exploitation of promising regions and
estimation of noisy function evaluations. To gain insight into the balancing act of exploration and
exploitation, we can analyze the impact of sampling distributions on computational effort.

The sampling distribution of Pure Adaptive Search (PAS), described in [110], is uniform on
the set of improving points from the previous point. The idea of having a set of improving points
may be interpreted as exploiting the objective function value of the best point sampled so far.

Uniform sampling on the set of improving points could be considered exploring, in contrast to
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seeking the optimum in the level set. The finite-time analysis of PAS shows that, if one could
sample uniformly from improving regions, then the expected number of such iterations to achieve
a solution arbitrarily close to the global optimum with high probability increases at most linearly

in dimension. We refer to this as the “linearity result.”

For any global optimization problem with continuous domain in n dimensions, with Lipschitz
constant at most L, and convex feasible region with diameter at most D, the expected number of

PAS points to get within € of the global optimum is:

E(N(y.+€)) < 14nin (%)

While PAS is not directly implementable, the introduction of Hesitant Adaptive Search (HAS) [19,
108] and Annealing Adaptive Search (AAS) [88, 96, 107] attempted to narrow the gap between
theory and implementation. Annealing adaptive search is an idealized version of simulated an-
nealing, where sampling from a sequence of Boltzmann distributions with decreasing temperature
focuses the sampling distribution on improving level sets. With an appropriate cooling schedule,
AAS can achieve the desired linearity result of PAS [96], although it is still impractical to sample
from a Boltzmann distribution. Many of the black-box optimization algorithms mentioned also use

partitioning and surrogate modeling as a means to search for a global minimum.

In Chapter 4 of this dissertation, we presents an adaptive stochastic search algorithm called
Branching Adaptive Surrogate Search Optimization (BASSO) that conceptualizes the use of branch-
ing and surrogate modeling, demonstrate how strategic partitioning can be used to steer the sam-
pling distribution towards the improving level set of points. A finite time analysis of BASSO shows
that the desired linearity result of PAS is achievable with specific assumptions and conditions. The
analyses provide insight into the exploration/exploitation trade-off. The sampling distribution must
exploit the threshold of the best function value observed but must fully explore the associated level

set of improving points.
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2.3.1 Machine Learning and Optimization

The interplay between optimization and machine learning has two directions, first, optimization
algorithms form the computational engine that builds machine learning models by learning their
parameters and tuning their parameters; second, machine learning techniques, such as surrogate
modeling, provide powerful tools to solve complex optimization problems by learning the behavior

of their objective functions.

In this dissertation, we focus on utilizing methods used in machine learning to assist large-scale
black-box optimization, specifically stochastic adaptive search. A stochastic adaptive search for
noisy black-box optimization adaptively samples points in the feasible region with a bias towards
a global optimal solution and uses the information from their corresponding sampled objective

functions to predict the global optimum.

On the other hand, a machine learning algorithm takes sampled pairs of feature vectors (design
points) and their corresponding responses (sampled objective functions), and uses them to produce
an inferred function to predict the responses of other unseen feature vectors. The two paradigms of
prediction share many similarities. Both take sampled pairs of design points and their responses,
and both use the information to predict a target response. Due to its wide range of applications,
machine learning has undergone a staggering development over the past decades. A large number
of useful tools have been developed. From this perspective, in chapter 6, this study proposes
the enhancement a stochastic search (SOSA) that leverages machine learning tools to enhance
its performance in global optimum prediction of a smooth continuous objective function in noisy

black-box optimization.

Given a noisy black-box optimization problem, a stochastic adaptive search sequentially pro-
duces sampled design points in the feasible region and observes their corresponding function val-
ues. The observed points and observed function values are used to steer the subsequent sampling
towards a global optimal solution. Algorithms that fall into this category include stochastic ap-
proximation [61, 86], Adaptive Search with Resampling [2], Gaussian process regression [99],

and the Single Observation Search Algorithm (SOSA) [57, 58]. Stochastic approximation is a
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gradient based algorithm that uses stochastic gradients to guide the search. Adaptive Search with
Resampling repeatedly observes function values at each sampled design point and averages the
replications to remove the noise. Gaussian process regression and SOSA generalize the informa-
tion of the preceding search sequence to infer the function values of the unseen design points. The
latter two algorithms employ a concept similar to that of the supervised learning methodology.
Supervised learning is a type of machine learning that aims to predict the output (function
value) of an input (feature vector or design point) based on an inferred function learned from a set of
known input-output pairs. Some of the most well-known supervised learning algorithms include k-
nearest neighbor [27], linear regression, polynomial regression, the support vector machine (SVM)
[14], the regression tree [16] and neural networks [39, 89]. These supervised learning methods are
very successful in real applications. Recent advances range from language processing [26, 33] to
healthcare and drug discovery [46, 53]. The list of applications keeps expanding. The abstraction of
these algorithms employs the concept of basis expansion to achieve more flexible representations of
the target functions. Common basis functions include piecewise linear basis functions, polynomial

basis functions, radial basis functions, etc.

Consider methods in machine learning to tackling high dimensional problem, regularization is
techniques used in machine learning and statistics to addresses this by adding a penalty term to the
model’s loss function. High-dimensional data, where the number of variables is very large relative
to the number of samples, a model can easily find spurious correlations in the training data and
overfit, especially when the number of training samples is limited. Regularization is a powerful tool
for managing these challenges. L.1 Regularization (Lasso Regression), L2 Regularization (Ridge
Regression) and Elastic Net Regularization [47] are techniques that adds a penalty equal to the
coefficients size. A key characteristic of L1 regularization is its ability to shrink some coefficients
to exactly zero. This acts as a form of automatic features/variables selection, removing irrelevant
or redundant features from the model. For high-dimensional problems where many features may
be noise, Lasso is an efficient method because it creates a sparse model that relies only on the most
important predictors. In Chapter 3, chapter 4 and chapter 5, we apply the L1 Regularization or

Lasso regression as the surrogate model for high-dimensional black-box optimization.
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2.3.2  Method for High Dimensional Black-box Optimization

Achieving scalability in large-scale black-box optimization is hindered by two interconnected
challenges. The first challenge arises from the heterogeneity of the objective function across the
domain. In black-box optimization, we lack knowledge of the objective function’s structure. Con-
sequently, behavior observed in one region of the feasible space provides little to no information
about other, unobserved regions, making it difficult to build a single, accurate model to guide the
optimization process. A potential strategy to alleviate this is to subdivide the problem space using
methods like partitioning and clustering to tackle smaller sub-problems. This issue is compounded
by the second challenge: the well-known curse of dimensionality. As the number of input dimen-
sions increases the number of samples needed to search for the global optimum grows exponen-
tially. This leads to major consequences, such as sampling inefficiency, where a greater number of
sample points is needed to achieve a “space-filling” design that adequately represents the domain.
Moreover, while surrogate models can approximate the objective function to guide the search ef-
ficiently, as input dimensions increases, the number of sample points required to train a surrogate
model also grows with the dimension, which can make the cost of building a surrogate model
more expensive and undermines its purpose of saving costly function evaluations. To address the
challenges that come with dimensionality and expensive function evaluations, researchers have de-
veloped numerous strategies to make high-dimensional black-box optimization manageable. This
section reviews the four common methods used to tackle high-dimensional black-box optimization:

partitioning, decomposition, clustering, and embedding.

Partitioning

To build a good surrogate model or to learn the surface of the objective function on the en-
tire domain require large number of samples. Partitioning is tackling high-dimensional black-box
optimization problem is to avoid building a single, complex model of the entire search space. It
dynamically divided the search domain into smaller, more regions or partitions. The optimization

effort is then strategically allocated to the most promising of these regions, creating a natural mech-
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anism to balance global exploration (deciding which region to investigate) with local exploitation
(intensively searching within a chosen region). These methods do not require additional assump-
tion about the function’s structure but use adaptive strategy to focus the search on the promising
partition instead.

The Nested Partitions Method [97] and the Adaptive Hyperbox Algorithm [109] are example
methods that partition the feasible region into subregions and mainly search within promising
subregions. Partitioning techniques are also used in the Stable Noisy Optimization by Branch and
Fit (SNOBFIT) algorithm [51] where the algorithm subdivides the domain and builds local models
of the function as in trust region. Another work use partitioning is the Non-linear Optimization with
Mesh Adaptive Direct (NOMAD) Search algorithm [63]. NOMAD uses partitioning and refines
the search by generating a series of grids with varying discretizations of the space of variables. The
adaptive mesh frame acts as a window that constrains the search to a specific region of the space,
partitioning within this space focuses the search to the promising area and allows an efficient
allocation of computational resources.

Another powerful approach, Latent Action Monte Carlo Tree Search (LA-MCTS) [103] in-
volves hierarchical tree-based partitioning. LA-MCTS methods builds a tree structure that recur-
sively subdivides the search space. At each node in its search tree, LA-MCTS uses the K-means
algorithm to cluster the already-evaluated points based on their objective values. It then trains a
classifier (a Support Vector Machine) to learn a non-linear decision boundary that separates the
“good” points from the “bad” ones, thereby partitioning the space. The algorithm uses Monte
Carlo Tree Search with an upper confidence bound selection strategy to decide which branch of
the tree or which partition/subregion to explore next. A very recent and innovative development in
this area is Hierarchical Optimization with Large Language Models (HOLLM) [91]. HOLLM also
uses a tree-based partition and uses a Large Language Model (LLM) as its local sampler. Promis-
ing subregions are selected using a scoring mechanism inspired by multi-armed bandit problem,
and the LLM is then prompted with information about that subregion to generate new candidate
points.

The strength of partitioning methods is less assumption about the function’s global structure,
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make it more flexible and perform better empirically. The local modeling approach also is more
scalable than attempting to fit a single global model. The main disadvantages are that their perfor-
mance can be sensitive to the hyperparameters that govern the partitioning logic, such as the initial
trust region size or the branching strategy in tree-based methods. While they are more sample-
efficient than global search, they may still require a significant number of function evaluations to
perform the enough initial exploration before they can effectively zoom in on the most promising
regions.

The key innovation of the recent partition methods is the partitioning strategy that acts as global
navigator to perform the high-level task of deciding where in the entire domain to focus on. Once a
promising region (or regions) is identified, the local surrogate model will search within the smaller
region. This modular design suggests the future development will be, not only in inventing new
partitioning schemes but also exploring possible pairing of partitioning frameworks and different
surrogate model choices. In this dissertation, we proposed multi-level Partitioning and Branch-
and-Bound (PBnB) algorithm for level-set approximation in Chapter 3 and Branching Adaptive

Surrogate Search Optimization (BASSO) framework in Chapter 4.

Decomposition

The key idea behind decomposition technique is to divide the original problem into a set of
smaller, low dimensional subproblems, which are easier to manage. Although this idea is intuitive
and simple, there are three difficult main features of the decomposition-based algorithm that are
needed to be addressed namely, how to decompose the problem, how to optimize each subproblem,
and how to combine these subproblems. One of the earlier methods in this category is cooperative
co-evolutionary algorithm[79]. Cooperative co-evolutionary algorithm decomposes the original
problem into a set of lower-dimensional and tractable subproblems, each of which can be solved
separately. The CCEAs methods is investigate in a recent survey paper [67]. For Bayesian opti-
mization, many works assume additive black-boxes model, decompose the problem based on initial
data, then maximize an acquisition function that is additive under the decomposition [44, 55, 87].

The primary advantage of decomposition methods is their ability to scale to extremely high dimen-
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sions by breaking the problem, these methods tackle a series of low-dimensional problems, which
can be parallelized to further speed up the process.

The main drawback, however, is that the performance of these methods depends on the cor-
rectness of the assumed decomposition. If a function with complex, non-additive interactions is
incorrectly modeled, the algorithm’s performance can be degraded. The process of identifying
the variable interactions or finding the right decomposition is also a challenging and expensive
subproblem. Recent works for Bayesian optimization attempt to resolve this analyzing distribu-
tion shifts [59] or utilize random tree-based decomposition and an additive acquisition function
(RDUCB) [121]. In Chapter 5, we extends the partitioning method to solve high-dimensional

black-box optimization with decomposition technique in the numerical experiments.

Clustering

Clustering-based methods represent another data-driven approach to manage the search space.
The application of clustering typically apply clustering algorithms to the set of points sampled to
identify promising region of the search space, then guide subsequent search. The classic use of
clustering is in multi-start methods. The GLOBAL algorithm [75] is an example of this approach.
It begins by drawing a number of points uniformly at random from the search space. Instead of
initiating an expensive local search from every one of these points, it first applies a clustering
algorithm to group them. The assumption is that points in same cluster likely lie within the same
neighborhood of a single local minimum. Therefore, a local search procedure is initiated from the
most promising points within cluster. More recent work has focused on integrating clustering more
tightly with modern surrogate-assisted optimization frameworks. The Clustering-based Surrogate-
assisted Evolutionary Algorithm (CSRSA) algorithm [9] provides a compelling example. CSRSA
first runs an evolutionary algorithm on a surrogate model of the expensive function. This generates
a large population of candidate solution. The algorithm then applies a clustering method to this
population. The centers of the resulting clusters are identified as high-potential candidate points,
which are then selected for evaluation with the true, expensive black-box function. This process

uses clustering as a filter to select the most promising candidates generated by a cheaper search
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process for expensive evaluation. The advantage of clustering-based methods is their effectiveness
on highly multi-modal objective functions, by identifying and exploring distinct promising region.
The main disadvantages are that their performance depends on the quality of the clustering itself.
The choice of clustering algorithm, its distance metric, and its hyperparameters (e.g., the number of
clusters) can have a profound impact on the outcome. Furthermore, the clustering step introduces

computational overhead, which must be weighed against the expensive function evaluations.

Embeddings

The principle behind embedding methods is the assumption that even though a problem is
defined in a high-dimensional space, the objective function is primarily governed by a lower-
dimensional space. If this assumption holds, the curse of dimensionality in optimization can be
avoided by performing the optimization search within this low-dimensional space, thereby con-
centrating the limited evaluation budget where it has the most impact. In this category is REMBO
(Random EMbedding Bayesian Optimization) [105] uses of random linear embeddings. It ran-
domly generates a low-dimensional subspace and projects it into the high-dimensional ambient
space using a fixed random matrix. The Bayesian optimization search is then conducted entirely
within this low-dimensional subspace. A framework for bayesian optimization in embedded sub-
spaces is proposed in [73],with the implementation called,the Hashing-enhanced Subspace BO
(HeSBO) method for high-dimensional problems. Subsequent research has focused on creating
more intelligent embeddings. The goal is to use the data gathered during the optimization process
to learn an embedding that is more relevant to the objective function. The primary advantage of
embedding methods is their potential for gains in sample efficiency, if the effective dimension as-
sumption holds and the embedding is well-chosen. The fundamental weakness of all embedding
methods is when the effective subspace is misidentified, the optimizer will be constrained to a
suboptimal region of the search space. Random embeddings offer no guarantee of capturing the
correct subspace. Learned embeddings, while more intelligent, can be computationally expensive

to train and incline to overfitting when the number of expensive function evaluations is small.
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2.3.3 Noisy Black-box Optimization

Dealing with the noisy observation in black-box optimization highlight the importance of how
to strike a balance between exploration of new points and estimation of observed good points effi-
cient algorithms. A simple question arises on how to estimate the true objective function with noisy
evaluation and what is the most efficient way to distribute the computation budget given noisy ob-
servation. The classic stochastic approximation algorithm have the early methods that proven to be
successful at optimizing noisy functions on continuous domains [20, 62, 86]. Stochastic approxi-
mation is widely used for continuous problems with many applications. It is a first-order method
with single or multiple observations per point that typically converges to a first-order stationary
point. Sample average approximation [60] has been used in both continuous and discrete stochas-
tic optimization. Sample average approximation (SAA) takes a collection of the random vector
from Monte Carlo samples or Latin hypercube designs and then solves an associated problem. Un-
der certain conditions, SAA asymtotically converges to the global optimum. In this dissertation,
we enhanced the estimation steps of single observation search algorithm (SOSA) in chapter 6.

To consider the impact of estimation on the trade-offs between exploration and exploitation,
Hesitant Adaptive Search with Estimation (HAS-E) [115] was introduced with a finite-time anal-
ysis of algorithm performance that combines estimation with a sampling distribution through the
use of confidence intervals on the estimated function evaluations.

An interpretation of HAS-E is that there is a tradeoff between sampling from a larger than
needed level set (with loose upper confidence bound and fewer replications) and sampling from
a more accurate estimate of the current level set (with tight upper confidence bound and more
replications). This suggests that algorithms should use few replications as long as the estimation
approaches the true function value as the algorithm approaches the global minimum.

While PAS, HAS, AAS, BASSO, and HAS-E are not directly implementable, the analyses
provide insights into efficient features of a black-box optimization algorithm. The final insight
is to not expend computation on regions with poor performance, and quickly focus the sampling

distribution on improving regions.
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Chapter 3

MULTI-LEVEL PROBABILISTIC BRANCH AND BOUND FOR LEVEL
SET APPROXIMATION

This chapter proposed a multi-level Partitioning and Branch-and-Bound (PBnB) algorithm for
level-set approximation, which enhances the original PBnB [113] method. The contributions of
this chapter to the three main goals of this dissertation are the proposed multi-level PBnB algo-
rithm, new finite-time performance analysis of this multi-level PBnB algorithm and numerical
experiments of multi-level PBnB variations. The proposed multi-level PBnB algorithm improves
upon the original by incorporating three key features, including a refined branching scheme, adap-
tive subregion probability, and the integration of a Gaussian process for guiding local sampling. In
contrast to the original PBnB, the multi-level PBnB selectively branches only the most promising
“best” and “worst” subregions, thereby increasing the chance of efficiently maintaining or pruning
with fewer total subregions and fewer function evaluations. Additionally, this enhanced multi-
level PBnB introduces an adaptive sampling probability to select subregions to strategically direct
more samples to promising regions as opposed to the original PBnB that samples uniformly on the
domain, by selecting subregions with a probability proportionate to their volume. The multi-level
PBnB algorithm is further enhanced by incorporating a machine learning model (Gaussian process)
as a surrogate model to guide local sampling within subregions into variations of multi-level PBnB
algorithm. The new analysis of this multi-level PBnB algorithm quantifies the quality of the level
set approximation by deriving probability bounds on the volume of incorrectly pruned or main-
tained regions, which accounts for the effects of importance sampling. This chapter also provides
numerical results that demonstrate a significant improvement in the efficiency of this multi-level

PBnB compared to the original method.
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3.1 Introduction and Background

Probabilistic Branch and Bound (PBnB) is a random search algorithm that uses sampling and
partitioning of the solution space [49, 114]. The algorithm is similar to the nested partition frame-
work. The algorithm iteratively updates its confidence interval on the value of the €-optimal level
set or O-target quantile, and seeks the target level set, that is, the set of solutions within the target

quantile.

We follow the notation of [114]. PBnB aims to approximate a level set with respect to a
performance function f(x) of a noisy black-box optimization model. The optimization problem is

min f(x),

xS

where f(x) : S — R, and S C R9™m_ The decision variable x is a vector in dim dimensions, and
the values may be integer or real-valued. We are interested in the 0 quantile associated with f(x),
denoted y(6),
y(8) = argmin {P(f(X) <y) >0}, for 0<d <1,
y

where X is a random variable uniformly distributed on the domain S.

We let L(5) be our desired set of best §-quantile solutions, where

L(8)={xeS: f(x) <y()}, for 0< 8 < 1.

Level set identification is an active field of research. The problem of estimating level sets of
black-box objective functions arises in a wide range of applications, including monitoring envi-
ronmental parameters [82] and aircraft configuration [80]. Sequential learning is one method to
solve this problem. Most sequential learning algorithms use a stochastic process model such as a
Gaussian process (GP) as a surrogate model, as in [93]. Other methods include the use of Bayesian
neural networks [43], linear bandits [68], and problem reduction [8]. Level set approximation via

Probabilistic Branch and Bound has been useful in designing a simulated water distribution net-
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work for a large city [102], and in optimizing screening and treatment decisions for hepatitis C
over a 40 year projected time horizon [50]. Similar approaches also include contour estimation,
which uses surrogate models like Gaussian Processes to efficiently find the boundary, or contour,
of a region where a function’s output is above or below a specific threshold [83].

Probabilistic Branch and Bound (PBnB) uses sampling, branching and classification of subre-
gions to provide a collection of subregions that form the level set approximation. PBnB classifies
subregions as maintained (contained in the target level set) and pruned (no intersection with the tar-
get level set) with statistical confidence, and updates its collection of current undecided subregions
that do not have statistical confidence to be maintained or pruned. A finite-time analysis of PBnB
provides probability bounds on incorrectly pruning and maintaining subregions on each iteration.
This result quantifies the quality of the solution and helps inform a decision maker when to stop
the algorithm with an acceptable quality of the solution.

As illustrated in Figure 3.1, the original PBnB (Algorithm A) has two primary components.
The first component is to sample uniformly over the current subregions, and to provide an in-
terval estimate of the objective function value for the target quantile, denoted y(8,S) where d is
the user-input for the target quantile . The second component focuses on classifying subregions
into maintained or pruned, and branching undecided subregions for more sampling to glean more
information.

The main computational challenge of Original PBnB stems from making too many function
evaluations and branching too many subregions. The branching scheme in Original PBnB branches
all of the current subregions. This scheme leads to a proliferation of smaller subregions that re-
quires a large number of samples to confirm maintaining and pruning. This motivates the concept
of Multilevel PBnB to branch only the promising best and worst subregions. The idea is that identi-
fying the best subregions increases the chance of maintaining, and identifying the worst subregions
increases the chance of pruning, with fewer subregions and fewer function evaluations.

In this study, we hypothesize that focusing more on the promising subregions will improve the
efficiency of the PBnB algorithm.

We also note that Original PBnB samples uniformly on the current subregions, which is a
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conservative sampling distribution that is useful in estimating y(9,S) with confidence intervals. We
consider a form of importance sampling where more samples are taken in promising subregions.
The interval estimation of y(&8,S) must be adapted to account for non-uniform sampling. We
hypothesize that sampling on a posterior distribution based (in contrast to uniform sampling) will
improve efficiency.

We define four variations to Original PBnB (Algorithm A), namely multi-level PBnB (Al-
gorithm B) that modifies the branching strategy, Incumbent-based Sampling (Algorithm C) that
additionally uses a posterior distribution derived from lowest sampled point in each subregion,
Uncertainty-based GP Sampling (Algorithm D) that uses a posterior distribution posterior dis-
tribution derived Gaussian process estimation of uncertainty and Uncertainty- and El-based GP
Sampling (Algorithm E) that uses a posterior distribution derived Gaussian process estimation of
uncertainty and then samples according to maximum expected improvement.

We present computational results to answer three research questions. First, we determine if
branching on only promising subregions will improve efficiency. Second, we examine the sen-
sitivity of the algorithms to two parameter values that impact branching. Third, we determine if
sampling on a posterior distribution will improve efficiency. To answer the questions above, we
conduct a computational experiment on Original PBnB (Algorithm A), Multilevel PBnB (Algo-
rithm B), Incumbent-based Sampling (Algorithm C), Uncertainty-based GP Sampling (Algorithm
D) and Uncertainty- and EI-based GP Sampling (Algorithm E) while varying algorithm parameters

over test functions in varying dimensions.
3.2 Multi-level PBnB for Level Set Approximation

The input parameters to PBnB defined by the user include: 8, a,€,B, and c. The parameter
0,0 < 6 < 1, is used to define a d-quantile for the target level set. For example, the user may be
interested in the set of solutions in the best 10%, in which case 6 = 0.1.

The following two parameters, & and €, are used to determine the quality of the level set
approximation. The approximation can be wrong in two ways: it could prune a portion of the level

set or it could maintain some area that is not in the level set. The parameter o, 0 < @ < 1, is used
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(Initialization)
2

P Step 1) Sample points in current subregions
Step 2) Build confidence ?nterval for §-quantile
Step 3) Find promising be‘st and worst subregions
Step 4) Classify subregion’s (maintain and prune)
Step 5) Branch and upda:e the current subregions

CTerminate)

Figure 3.1: Procedure of multi-level PBnB variations for level set approximation. The target
quantile & is a user-input, and the estimated objective function value is denoted y(9,S).

in the confidence level of the estimation of y(J,S) and in the probabilities of incorrectly pruning
or maintaining. The choice of a will influence the sample size. As the confidence level (1 — )
increases, a larger sample size is needed. The parameter € > 0 is the volume of solutions that can
be tolerated to be categorized incorrectly. We also expect that a high confidence level (low ) will
have fewer mistakes, since the probability of the incorrect volume exceeding € decreases.

The analytical results of the algorithm [49, 114] provide confidence intervals on the quantile
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estimation of y(9,S), and probability bounds on incorrectly pruning a volume of size €, and on
incorrectly maintaining a volume of size €, respectively. To paraphrase, on each iteration, the
probability that the volume of the incorrectly pruned region is no greater than € is bounded by
(1 —a)*. Similarly, the probability that the volume of the incorrectly maintained region is no
greater than € is bounded by (1 — &)*. Notice the number of function evaluations per iteration
depends on the observed sample points.

The branching scheme is defined by parameter B, B > 2, which is the number of evenly sized
subregions to create by subdividing the longest dimension of the subregion. The parameter c is the
incremental sample size for sampling on the current subregions in Step 1.

Let Z?;Ier, Zf; . and der be collections of subregions that are maintained, pruned, and currently
undecided (the set of subregions that are not pruned or maintained), respectively, on iteration iter.

In Step 1, Algorithms A and B sample points according to a uniform distribution on current
subregions, whereas Algorithm C uses a posterior distribution based on the lowest function value
observed in a subregion, then samples uniformly on selected subregion. Algorithm D and Algo-
rithm E uses uncertainty observed in a subregion and selects subregions according to posterior
distribution derived from Gaussian process estimation of uncertainty and then samples uniformly
on selected subregion. In Step 2, the expressions to estimate the target quantile y(5,.S) with confi-
dence intervals differ when points are sampled uniformly (Algorithm A and B) or using a posterior
distribution (Algorithm C, D and E) . Step 3 is the same for all variations, and uses the confidence
intervals from Step 2.

In Step 4, Algorithms A and B implement additional sampling in the best and worst subregions
to statistically confirm classification of subregions as maintained or pruned. Algorithm C, D and
E do not add more sample points in Step 4, but waits until enough points are accumulated through
the posterior distribution to classify subregions with the same level of confidence.

In Step 5, Algorithm A branches all current subregions resulting in subregions that are always
the same size, whereas Algorithms B and C with multi-level branching branch only the promising
best and worst subregions that results in subregions with different sizes. Algorithms D and E

branch the promising best and worst subregions and also the subregions with more uncertainty.
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PBnB for level set approximation proceeds until all subregions are either maintained, pruned, or
reach a user-defined minimum size that we term “unbranchable.” Upon termination, PBnB outputs
a confidence interval on the target quantile y(&,S) and the subregions that have been maintained as

an approximation of the target level set.

Multi-level Probabilistic Branch and Bound (PBnB) for Level Set Approximation
Step 0. Initialization: Input user-defined parameters, 0, &, €, B,and c. Also, initialize the maintain,
prune, and current subregion collections as 211” =0,xP =0, ZIC = {S}. Set §; = 8, cp = 0,and the

iteration counter iter = 1.

C

Step 1. Sample points in current subregions: For the current subregions in X7,

sample ¢ addi-
C

iter

o

tional points over all current subregions in X s ops SUCh

and update the total number of points in ¥
that citer < Citer—1 +¢.
1A and 1B: To obtain an additional sample point that is uniformly distributed, randomly choose

subregion o; from the subregions in der with probability

pi =v(03)/v(E5,,), 3.1)

where v(+) denotes the dim-dimensional volume of a set. Then, uniformly generate a sample point
within the chosen subregion ;. Update the number of points that have been sampled in o; as N'.

1C: To obtain an additional sample point using importance sampling, randomly choose subregion

¢

o; from the subregions in X .

with probability p;, where

v(o;)/v(Z§

iter)

((ﬁ*—f*+1>):j_1,...,|z.c | (1/f;_f*+1>)_1 if iter > 1,

iter

if iter =1
Di=

where fi* is the lowest sampled value in subregion o; and = min,_, Ix¢ H{ f#}. Then, uni-
s ol iter

formly generate a sample point within the chosen subregion ¢;. Update the number of points that

have been sampled in o; as N'.

1ID: To obtain an additional sample point using importance sampling, randomly choose subregion
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o; from the subregions in Zn . With probability p;, where

(G,)/V( zter) ifiter:l
(lter< )) /ZJ 1,...,)|x¢

(stmaa (Gl)) if iter > 1,

lter”

max
iter

where (s7%%(o;))? is the largest predicted model variance (s, (x))? from the Gaussian process
constructed on o; (resulting from a grid search on the subregion). Then, uniformly generate a
sample point within the chosen subregion ¢;. Update the Gaussian process predictor (g?ft o(x) and
model variance (§',,,(x))? for subregion o;. Update the number of points that have been sampled
in o; as N'.

1E: To obtain an additional sample point using importance sampling, randomly choose subregion

o; from the subregions in £ with probability j;, where

iter

(O',)/V( zter) lf iter: 1

(Zlg;fc( )) /ZJ 1|2 (zter (Gz)) if iter > 1,

lt€r||

where (s7%%(o;))? is the largest predicted model variance (5%, (x))? from the Gaussian process
constructed on o; (resulting from a grid search on the subregion). Then, generate a sample point in

the chosen subregion, x € o; that maximizes the acquisition function over o,

ACKf<x>:[ﬁ*—g§,er<x>]¢(f”g—"””>+szm<x>cb (fg—”) ,

Siter (x) iter (x)

where ¢ is the pdf and @ is cdf of the standard normal distribution. Update the Gaussian process
predictor g (x) and model variance (3',,,(x))? for subregion o;. Update the number of points that

have been sampled in o; as N'.

Step 2. Build confidence interval for y(5,S): Order all sampled points, z(j),..-,Z(c,,)> in all
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current subregions in X¢

i7or Dy their function values, so that

) < < fZenen)-

Calculate the lower and upper bounds of &;,, as

v(ZP e v(ZM Ve
8L = o — ——2"_ and 8, = Sjjer + ——LI__ 3.2
iter ite V(S)V(der) iter ite V(S)V(der) ( )
2A and 2B: Calculate the confidence interval with lower and upper confidence limits as
Cl = f(z;») and Cl, = f(z(),
where 7 and § are determined by
r—1 C; ) ) o
F=maxr: Y [ Y | (8k,) (1 — 8k, )i < 5" and (3.3)
i=0 i
s Citer ; ; Q;
s=mins: Y [ 7| (87 (1= 8 = 1 - =, (34)

i=0 ]

where 0., = 0t/B"". The estimate of y(§,S) is
¥(8,8) = (CL,+CI,) /2.
2C, 2D, 2E: Calculate the confidence interval of y(8,S) with lower and upper confidence limits as
Cl = f(zy) and Cl, = f(z(s1)),

where 7’ and §' are determined by,
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L1 P 7
Z , and (3.5)
i—o Citer pm ) Czter
(z()
S P §
§'=mins:y ——L >1- > (3.6)
i—o Citer pm(%)) Citer

where 7 and § are from (3.3) and (3.4), respectively. The importance sampling probability of the
subregion m, ) is pm accordlng to Step 1C, 1D, 1E, and 1F, where the subregion m, ) is the

subregion associated Wlth the ordered sample point z(;). The estimate of ¥(8,S) is

¥(8,8) = (CL,+C1,)/2.

Step 3 Find best and worst subregions:

3A, 3B, 3C, 3D, 3E: In each subregion o; in X¢ . order all sampled points, x; (1) X (Ni)s by

iter’

their function values, so that f(x; (1)) < -+ < f(x; (vi)). Construct the collections of best and worst

subregions &7, and &,, using the quantile confidence interval as

ga = {Gl|f< ) < CIUGI € ZSera j szterH}
‘@W = {Gllf( ) > Cluvo-l € derv ' Hz‘lterH}'

Step 4. Classify subregions (maintain and prune):
4A and 4B: For all subregions in &, and &,,, uniformly sample additional points such that the

total number of points is N,i where k is the level of subregion o;,

In ((x/Bk>
In(1—€/v(S))

Ni =

To provide a cap on N., let N <+— min{N}, 100%™y (o;)/v(S)}. In each subregion, reorder all of its
N,i sampled points, X; (1), ..., x; AL , by their function values so that f(x; 1)) <... < f ( ) Then

update the maintaining indicator functions M;,for o; € &, and the pruning 1nd1cat0r functlons
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P, for o; € &, as

1, if <cl 1 if > Cl,
M — fxi ) '\ nd P f(xi))

0, otherw1se 0, otherwise

P
Update the maintained set ZlmH — Z Uic 2,:m,=1 Oi» the pruned set therﬂ Xy Uiew,.p=1 0

and the current set ¢

irer+1 to no longer include maintained and pruned subregions.

4C, 4D, 4E: For all subregions in &, and &, if the current number of observed points in sub-
region o;, N, exceeds ’VIn (Oc /Bk> /In(1—¢/ v(S))—‘ where £ is the level of subregion o;, then

maintain the subregions in &7, and prune the subregions in &,,. Update the maintained set £, i1

pruned set P and current set £¢ accordingly.

iter+1° iter+1°

Step 5. Branch and update current subregions:

5A: Branch all remaining subregions in X§ .

5B: Branch all subregions in &7, and &,,. If &, and &, are empty, then branch all remaining

subregions in £§ .

5C: Branch all subregions in &, and &,,. If &%, and &, are empty, rank the subregions in ZU or
by their incumbent function value and branch the best 10% and worst 10%.

5D, 5E: Branch all subregions in &,, &,,, and &,, where &, is a collection of subregions with
high uncertainty. If iter > 1,

‘@M = {Gl’s?gf(cl) > §median7 fOI‘ Oi € derv ' szterH}7

where $eqian is the median of s7%%(o;) over all o; € £¢

o 7o~ Update the Gaussian process in each

subregion for Algorithms E.

Step 6. Decision:
6A, 6B, 6C, 6D, 6E: If all subregions o; € X¢

—0p are not branchable, go to Step 7 and terminate the
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algorithm. If there are still branchable subregions in der, set

5 S v )
iter+1 — 9
V(derJrl)

and increment the counter iter < iter + 1, and go to Step 1.

Step 7. Output results:
7A, 7B, 7C, 7D, 7E: Output $(8,S), [CI},C1,], and maintained subregions in £}/ on the last itera-

iter

tion.
3.3 Finite-time Performance Analysis

We analyze the performance of the multi-level PBnB variations A, B, C and D for level set
approximation by deriving confidence intervals on y(8,S) and bounds on the probabilities of in-
correctly pruning and maintaining subregions at every iteration iter. We assume the objective
function f(x) can be evaluated exactly. The performance analysis follows the sequence in [114],
and we highlight the differences due to the variations introduced in this paper.

First we prove that the lower and upper confidence limits in Step 2 provide an interval esti-
mation of the target quantile. The introduction of multi-level sampling does not alter the main
result in Theorem 1, however the analysis must be modified to account for importance sampling in
Algorithms C and D. Whereas Algorithms C and D use importance sampling to select a subregion,
they sample uniformly on the selected subregion. In contrast, Algorithm E uses EI-sampling on a
selected subregion, which does not fit into this finite time analysis.

Then we analyze the quality of the level set approximation by deriving probability bounds on
the volume of incorrect pruning and incorrect maintaining in Theorems 2 and 3, for an iteration
iter. The number of function evaluations on iteration iter is accounted for in cj,,. The analysis
must be modified from the original analysis in [114] to account for multi-level branching as well
as importance sampling.

Once we establish the probability bounds for each iteration in Theorems 2 and 3, the accumu-
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lation of error over all iterations follows the analysis in [114], and we summarize the final results
in Theorems 4 and 5.

We analyze the performance of the PBnB variations A, B, C and D for level set approximation
by deriving confidence intervals on y(8,S) and bounds on the probabilities of incorrectly pruning
and maintaining subregions at every iteration ifer. We assume the objective function f(x) can be
evaluated exactly. The performance analysis follows the sequence in [114], and we highlight the
differences due to the variations introduced in this paper.

Theorems 4 and 5 state that for any iteration, and associated cj,., function evaluations, the
volume of the incorrectly pruned region, and similarly, the volume of the incorrectly maintained
region, is at most € with a probability of at least (1 — o)*. In practice, the parameters o (the
significance level in the confidence level of the estimation of y(&,S) and in the probabilities of
incorrectly pruning and maintaining) and € (volume of solutions that can tolerated to be categorized
incorrectly) directly influence the number of samples required to statistically confirm whether a
subregion should be maintained or pruned. Therefore, the decision maker can use these parameters
to empirically manage the trade-off between the accuracy of the level-set approximation and the
computational cost. Choosing a smaller o (for higher confidence) or a smaller € (for a tighter
error bound) will increase the required sample size, thus demanding more function evaluations to

classify each subregion.

3.3.1 Confidence Interval on y(9,S)

In Theorem 1, we let € denote the volume of ¥4

rer irer that is incorrectly maintained, and let

P
iter

P

€;,,, denote the volume of X, .

that is incorrectly pruned at iteration iter. Since volume is always

Upper bounds on € and €7 are

non-negative, zero is a natural lower bound on eM and e or or

iter iter*

used in Theorem 1 to provide an interval estimation of the target quantile.

Theorem 1 For any iteration iter > 1, suppose 0 < &l < ev(ZF ) /v(S) and0 < e < ev(ZM ) /v(S).

iter — iter iter iter

Then the bounds of the target quantile are

Y(8hors Zier) <9(8,8) < y(85.r, Z5er) (3.7)
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Cc

where 8% and 6V Gor

ror ror Therefore an interval estimate of the

are from (3.2) for the current ¥

quantile is
P(f(z(;)) <y(8,8) < f(z(g))) > 1 — Qe for Algorithms A and B

and is

P(f(z(;/)) <y(8,8) < f(z(f/))) > 1 — Ojyer for Algorithms C and D

where Z(1)s- 1% are the cj., ordered samples by function values as in Step 2 from the current

Citer)

region XIf, at iteration iter, Qo = 0/(B)"’, and 7 and § are given in Step 2, Equations (3.3) and

(3.4), while 7 and §' are in Equations (3.5) and (3.6).

Proof: To capture the impact of incorrect pruning and maintaining on shifting the ;. quantities

c

~.» we provide lower and upper bounds on &, in (3.2) to

to correspond to the current set, ¥
incorporate the maximum volume error of incorrect maintaining and pruning at iteration iter. As in

[114][Theorem 1], an upper bound on y(§,S) is achieved when €/, =0 and e = ev(ZM ) /v(S),

iter iter
yielding
ev(Zin,)  c U vC
Y((saS) Sy (Siter+¢vzit r] =Y <5ite 7Zit ") (38)
v(Sm(ES,,) roie
and a lower bound is achieved when €Y =0and ef, = ev(X )/v(S), yielding
¥(8,8) >y | & +L§er)z¢ _y<5.L zC) (3.9)
’ = ier ySiter | T iter» “iter | * :
v(S)V(ZG,,)
Therefore,
¥(8er: Zirer) < ¥(8,8) < (e Tier)- (3.10)
Note that when there is no error in pruning and maintaining (i.e., eilt)er =0 and 81%r = 0), then

v(8,8) =y <5,~,e,,ZC ) Also notice that (3.10) does not depend on the sampling distribution, so

iter

is valid for all the PBnB variations.
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¢
iter’?

When we sample uniformly on 2>, , as in Step 1 of Algorithms A and B, the sampled function
values are independent and identically distributed, and each sample function value then acts like a

. . . L U . L U
Bernoulli trial and falls in a §;;,, or 0, level set with §;,, or 0,

probability, respectively. Using
properties of a binomial distribution, as in [23], we can build a 1 — o, quantile confidence interval
for y(6,S) making use of #and §as in (3.3) and (3.4). The values of f(z(; ) and f(z(5)) could be in-
terpreted as the 7/c;r., quantile and §/ ¢, quantile, written as y (? /Citer der> and y (5 /Citers der),
respectively. They provide bounds on y (61§er, der> and y (51-?”, der> , and coupled with the upper
bound in (3.8) and lower bound in (3.9) of y(9,S) at iteration iter, we can determine the 1 — e,

confidence interval such that,

P(f(zm) <3 (O Zher ) <3(8,8) <y (860 Ty ) < f(Z(s))> >l-tpe G

¢

when the sampling distribution is uniform on X7, .

However, in Algorithms C and D, each subregion is selected with a probability p; in the current

set X¢

i7er 10 Step 1. Therefore, the sampled function values are independent, but not identically

distributed. But, once a subregion is selected, the sampled function values in that subregion are
independent and identically distributed. To accommodate this importance sampling probability p,
we adjust 7 and § and project them to the importance sampling empirical cumulative distribution
function (cdf) [37] as 7" and §’. For the empirical cdf with uniformly distributed sampling (Algo-
rithms A and B), we give equal weight to each sample point to obtain the bounds in (3.11), however
now we need to weight the points according to the subregion they are in.

Given the ordered sample,

fzy) <o < f(2 )

of the cirer points in Step 2, the importance sampling probability of subregion m, . is denoted

(i)

p~m<z(_)) where the subregion m, ) is the subregion associated with the ordered sample point z(;).The

O))

sampling probability of subregion m, ) using uniform sampling (as in Algorithms A and B) is

(i)
denoted pm(z('v, asin (3.1).

The empirical cdf with importance sampling is adjusted to weight the subregions according to
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p in order to achieve a 1 — o, confidence interval, as given in (3.11). According to the empirical

cdf F(y) with importance sampling proposed in [37],

~ Citer 1 pm(z<l>>
Fy)=) ——=I(¥ <y)
i1 Citer pm(z<i)>

where I(Y <y) is the indicator function that a sampled function value is no greater than y. We
estimate the 7/c;., quantile and §/cjr., quantile from uniform sampling with F~1(7#/c;s.;) and

F~1(5/ciser) from importance sampling. This yields 7’ and §" where

1 Py F S Pmgg) - §

-
~/ .
Z , and § :mms:Z >

1 Citer pm( ) Citer i—] Citer ﬁm(z(i)) Citer

and 7 and § are from (3.3) and (3.4), respectively. Hence, we can determine the 1 — &, confidence

interval such that,

P(f(Z( )) <5£er7 lter) <y(8,8) <y (51$]ervzger) f( )) 1= Qler

for Algorithms C and D. [

3.3.2  Probability Bounds for an Iteration

We next analyze the quality of the level set approximation by deriving probability bounds on
the volume of incorrect pruning and incorrect maintaining in Theorems 2 and 3, for an iteration

iter.

We define several events to ensure the conditions of Theorem 1 are met, and the interval esti-

mate on y(§,S) is correct. Theorem 1 assumes that €/ is bounded by ev(Z¥ )/v(S) which we

iter

denote as event,
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Alter = {V(Em) —v(L(6,S) m(zﬁ‘@) < %}

v(S)
_ {V(L(S,S) mv(Zf‘fer)) > v(Ziter) = %}

and that €7,

is bounded by €XF /v(S) which we represent by the event

iter

A= {16500 ) < Bl |

The event that y(§8,S) is bounded correctly is denoted by

a5t~ { ta) 3 (0 E6ur) <5(6.8) <3 (8056 < i)}
for Algorithms A and B, and
> {f<z<~f/>> < v (8her Z6er ) <3(8,8) <y (86260, ) < f(Z(s/))}

for Algorithms C, and D.

All three events, denoted

Ailer = {A?t/ler ﬁAf'rt)er ﬂAgﬁr} ) (3 12)

ensure that y(8,S) is bounded correctly on iteration iter, i.e., f(z() <y (5~L ¢ ) <y(0,5) <

iter? iter
y 5,-%”25” < f(z(g)) holds for Algorithms A and B, and f(z(;/)) <y (5~L ¢ > <y(6,5) <

iter’ “iter
y Sger’ der

<f (z(f/)) holds for Algorithms C and D, and the volume of incorrect pruning and

maintaining is bounded.

Theorem 2 Consider an iteration iter of Algorithms A, B, C, D on problem (&) and suppose

6P

iter

~P
Giter,k

has been pruned on the iteration iter. Let 61.13

rerkm D€ @ subregion pruned at level k, and let

= 65 ork.m DE the set of subregions at level k that have been pruned on the iteration iter.
m vy

Also, 67

or = U 65 o 18 the set of all subregions that have been pruned on the iteration irer. Each
k )
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P

subregion G, iterkm

is selected with probability pier.km in Step 1.
Suppose the event A, in (3.12) is true. Then, the event that the volume of the incorrectly

pruned region, i.e., v( (6,5)N6; er) is less than or equal to ZD{; ok k> Where DZI-Z ori 1S the number
k b} bl

of subregions of level k pruned at iteration iter and & = €/BF, occurs with probability at least

[T(1 — oy), that is
k

P( ( (8, S)ﬂéfe,) < ZDﬁer’ksﬂAite,) >0 - ), (3.13)
k k

where oy = o /B,

The proof below uses the quantile definition to bound the probability that the pruned set does
not incorrectly contain the target set up to a maximum error, conditioned on the event Aj,,. The
probability statement from Theorem 1 coupled with order statistics for the best sample in the sub-
region is used to further bound the desired probability. The sample size used in Step 4 for level k is
determined to achieve the desired 1 — o probability bound. For Algorithms C and D it is important

to keep track of each pruned subregion m at level k, & whereas Algorithms A and B sample

zterk m’

uniformly so it is not necessary to keep track of the subregions.

Proof: At iteration iter, for the pruned subregion m at level k, we note that the event

terk m?

{ ( (6,5)N6 mkm) §ek}isequivalenttotheevent{ ({xe mkm:f(x) §y(3,S)}) Sek}

by the definition of L(§,S5), and therefore, the probability of that event, that is, that the volume of

P

the incorrectly pruned subregion G;,,,.; .,

is less than or equal to &, given the event Aj,, is true, can

be expressed as

P(o(£0.5106L i) < elier ) =3[ {3 € O 70 508,50} ) < ikt ). 14

Now, consider the probability expression of quantile and let 55 erdem

= &/v( lmk) We first

is continuous in &7 and that

iter,k,m’

assume that y(8,S) is continuous in 6 and y(SIferkm, l‘;rkm)
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iter,k,m?

({x € ér erim - S (%) = y}> =0,Vy. When X is a uniform sample in 67 we have

( ( ) (5]) P ) <{x €0, lterkm : f( ) (656},/(,”7 Alferkm)}>
P f iter,k,m’ Alterkm )

v(éifer,k,m)
— 8P
— Yiterk,m
_ &
v ( cAin;)er,k,m)

then multiplying v(6% on both sides, we have

zter k, m>

<{X €0, terk m) f( ) < y<5nerk maézltjerk m)}> = &-

Hence, we have

& = V<{X €0, terkm : f( ) < y(Sterk;w lIt)erk m)})
= V<{x €0 terkm : f( ) (65”]( m’ Azferk m>})
_V({x € 0, terkm : f( ) (Slterk m? 5erk m)}>

and in the special case that v({x €6 im) 1 LX) = V(8] pmo ll;rkm)}) =0,Vy, we have,
6= (1€ Glarin) £ 10) <50 O} ) (3.15)

We substitute the expression for € from (3.15) into the probability expression in (3.14), yielding,

P(({r€ SFi: £00 <339} ) < el )
P ((208,5) M08 ) < v (1€ 6Ti) 5 100 <38 O} ) it
(e )= =
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and from the properties of level sets if y(8,5) < y(87 6% . )then {x € Glterk o f(x) < y(5,S)} -

iter,k,m’ lterk m

: AP
{x < Gterk m* f( ) < y(élterk m’ Giter,k,m) }’ therefore,

( ( (8,5)0 km) < sk|Am) :p(y<5,5) <Y :’;,kmnAﬁer)

iter,k,m’ lterk m

and in the special case that v ({x €6, lterk i f(x) =y(8) 6r )}> = 0,Vy, we have that

( ( (5.5)0 km) < ek|Aner) :p<y<5,s> <Y :,erkmnAm)

and by the condition Aj;, and the pruned assumption, we have y(8,S) < y(8%,,,%5,.) < f(z(5) <

f (x( p)7(1)) where x(,,) (1) is the best sample out of NP independent sample in 67 There-

iter,k,m iter,k,m*

fore,

( ( (6 S) terkm> < €k|Aif€") 2P(f(x(p)( )) ((Suerkmv zterkm)lAlleV)

=1 —P(f(X( ),(1 )) >y(6tgrk m’ lterkm)|Alf€”>

and since each of N¥

iterkm SAMples in 6P

iterjem AT€ independent and uniformly distributed, we have

P
( ( (5 S) terkm) < gklAiter) > 1— (1 — alllfjerk )N””-rkv’".

We know N, > [m(a /BY)/In(1—¢ /V(S))] in Step 4, and 87, = &/v(6L,,.) = €/V(S).
Also,N?  >In(a/B*)/In(1-87 , )= In(1—8F

P
iter,k,m iter,k,m iter,k,m ) iter < Ot

) ””ﬂk <Ilhog= (1 — &7

iter,k,m

Multiplying -1 on both sides and adding one to both sides, the inequality becomes 1 — (1 —
4

iter,k, m) ”erkm > 1 — oy, hence,

( ({xe 6L f(2) Sy(&S)}) s8k|A,~ler) > 1-a (3.16)
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or we can write,

( ({xe L im (%) 9(5,5)}) > ek\Ai,e,) < oy (3.17)

Whereas (3.17) provides a probability bound for one subregion at level k, we are interested in a

probability bound on all subregions at level k. Let DY . be the number of pruned subregions at

iter,k

level k at iteration iter. We consider the union of all events at level k to bound the probability of

incorrect pruning at level k, written as

P(v({r€ 6 10 5(8.5)}) = Dhetlte
<r(U { (€ S 0 35,9} ) zsk!Aner}).

P
therk

Since the probability of each subregion incorrectly pruned is bounded we have that

P( U { ({xe Siertom f(x) Sy(5,S)}) 2£k|Aite,}>

DP

iter,k

1terk

<y P( (€ i 100 <3650 ) 2 et ).

And, since each subregion &, is selected with probability pierk . We have,

P
iter,k,m
( ({xe &0t fn ><y<6,s>}) ZDge,,keuAm)

1lcrk

e (1 (PEL SWYID ESLI E I

zterk ~
m=1 Zm 1 Piterk,m

lterk

terk,
< Z pler m - Jiterkm o — a.

zterk ~
m=1 Z —1 Piterk,m

Hence, at each level k,

P(o(r€ S 1) £3(5.9))) = Dl ) < ai

Then P( ({x €6 terk s f(x) < y(5,S)}> < D{:g,7k8k|Aiter> > 1 — oy. Since samples in Gmk at



40

each level k are sampled independently,

v( {xe b, f(x) <y(8,9)} ) <Y DiitilAiner | > [](1 - ).
k k

Now in the more general case, where y(8,S) and y(87

iterk, O lt erk, ,,) may have discontinuities,

the v ({x €0 t terkm - flx) = y}) may be positive for some y, however, the flow of the proof is the
same, where the possibility of discontinuities changes some equalities to inequalities. The details

are given in the proof of Theorem 2 in [114]. 0

Theorem 3 Consider an iteration iter of Algorithms A, B, C, D, or E on problem (%) and suppose

6M has been maintained on the iteration irer. Let 6M

er iterkm D @ subregion maintained at level k, and

let Gt iterk = U iterm be the set of subregions at level k that have been maintained on the iteration

iter. Also, G

or U iteri 15 the set of all subregions that have been maintained on the iteration

iter. Each subreglon is selected with probability pier.k m in Step 1.

tek

Suppose the event Aj,, in (3.12) is true. Then, the event that the volume of the correctly

. . . . A M M M .
maintained region is greater than or equal to v <Gim> — %Diter,kgk where Dy, is the number of

subregions of level k maintained at iteration iter and & = £/B¥ occurs with probability at least
[T(1 — o), or, in other words, the volume of the incorrectly maintained region is less than or equal
k

to Y DY & with probability T(1 — o),
k ’ k

P(v<6{gr> —v(L(5,5)> < ZDﬁer’kek]Ai,er) >0 - ), (3.18)
k k

where oy, = o /B,

Proof: The proof is similar to the proof of Theorem 2.

3.3.3 Accumulated Error

Now that the multi-level branching and importance sampling have been accounted for in The-

orems 1, 2 and 3, the accumulated error probability bounds follow directly, as in [114].
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Theorem 4 For any iteration iter > 1, the volume of the incorrectly pruned region is at most €

with probability at least (1 — a)*, that is
P(V(L(é,s)ﬂzﬁe,) < e) > (1-a). (3.19)

Proof: (cf. [114][Theorem 5])

Theorem S For any iteration iter > 1, the volume of the incorrectly maintained region is at most

¢ with probability at least (1 — o4, that is
P(vE\LGS) <€) = (1- 0" (3.20)

Proof: Proof is similar to the proof of Theorem 5.

Although this part of the dissertation assumes the objective function can be evaluated without

noise, the addition of noise in [114] can be readily applied to these PBnB variations.

3.4 Numerical Experiments

We ran computational experiments on five algorithms: Original PBnB (Algorithm A), multi-
level PBnB (Algorithm B) and multi-level PBnB with Incumbent-based Sampling (Algorithm C),
Uncertainty-based GP Sampling (Algorithm D) and Uncertainty- and El-based GP Sampling (Al-
gorithm E). All five algorithms were run on three different test functions, the Rosenbrock problem,
the centered sinusoidal problem, and the shifted sinusoidal problem, for dimensions 2, 5, 7, and
10. The test problems are defined in the appendix. For each test condition, 10 replications were
performed with common random number seeds and the results averaged. The average number of
function evaluations until the first subregion is maintained is the main metric of interest. For all
test conditions, we set the common PBnB parameter values, § = 0.2, a = 0.1, € = 0.025(vol(S)),
¢ = dim* 100, and the unbranchable size = 0.025(vol(S)). For all algorithms, the branching pa-

rameter B was tested with B = {2,4}.
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Figure 3.2: Approximating the 0.2-quantile level set (contour shown in red) on 5,000 function
evaluations, B =2, ¢ = 100 xdim, 6 = 0.2, ¢ = 0.1, € = 0.025(vol(S))

We first examine the performance of different variations of PBnB. Figure 3.2 illustrates all
algorithms approximating a 20% level set after 5,000 function evaluations on centered sinusoidal
functions in two dimensions. Notice that the subregions of Algorithm A are of the same size on
each iteration, whereas the subregions in Algorithm B, C, D, and E (multi-level) are of different
sizes. In these cases, improvement can be seen as algorithm B, C, D, and E are able to maintain
more regions in the desired level set (within the red line).

This suggests that variations of multi-level PBnB is able to prune and maintain faster by nar-
rowing in on promising subregions, whereas Original PBnB focuses on searching the entire space.
The ANOVA analysis result of five factors, including test function, algorithm, B, C, and dimension
are presented in Figure 3.3. Test of simple main-effects of Algorithms, B and c are significant. The

main effect plot also demonstrates the performance improvement upon variations of PBnB.

Figure 3.4 provides the average over 10 replications of the number of function evaluations until
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Df sum Sq Mean Sq F value Pr(>F)
Algorithm 4 3.035e+17 7.586e+16 87.852 < 2e-16 ***
B 1 8.836e+16 8.836e+16 102.320 < 2e-16 **%*
C 1 4.386e+14 4.386e+14 0.508 0.47611
Dimension 1 7.459e+17 7.459e+17 863.739 < 2e-16 ***
Function 4 6.087e+17 1.522e+17 176.221 < 2e-16 ***

‘ Algorithm B c
) Algorithm ’ : ’ B ’ ’ ¢
Algorithm Branches Sampling size

Interaction plot

Mean Function Evaluations
an

10¢
c

Interaction plot

Figure 3.3: ANOVA analysis result, main effect plot and interaction effect plot of the five
variation of PBnB

first maintaining a subregion with the best experiment design with B =2 and ¢ = 100 *dim . From
the t-test analysis, we can conclude that: (1) Multi-level PBnB improves upon Original PBnB
(with 75% confidence), (2) Incumbent-based Sampling PBnB improves upon Multi-level PBnB
(with 90% confidence), (3) Uncertainty-based GP Sampling PBnB improves upon Incumbent-
based Sampling PBnB (with 95% confidence), and (4) Uncertainty and El-based GP Sampling
PBnB improves upon Uncertainty-based GP Sampling PBnB (with 95% confidence).

3.5 Conclusion

This chapter proposes and compares five variations of multi-PBnB for level set approximation.

Original PBnB involves branching the problem space until subregions can be pruned or main-
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Original Multilevel Incumbent  Uncert. GP El GP

(Alg. A) (Alg. B) (Alg. C) (Alg. D) (Alg. E)

dim Mean Mean Mean Mean Mean
4 2 4,610 3,830 1,527 1,520 695
= 5 74,715 74,656 31,782 9,452 6,480
8 7 1,134,184 835,671 215,721 21,980 16,142
& 10 17,856,257 11,039,015 10,765,121 4,136,412 4,078,984
= 2 5,327 4,476 2,498 1,640 892
n 5 323,781 251,539 187,795 6,120 4,701
< 7 1,836,140 1,492,808 1,129,481 10,570 7,610
] 10 134,267,137 118,484,057 56,145,091 20,719,432 14,411,290
= 2 3,289 2,667 1,270 1,220 1,008
»| 5 2,988 2,187 1,490 1,275 1,290
w 7 3,696 3,782 1,629 1,140 1,328
5 10 96,176 71,156 29,965 24,465 18,642

Figure 3.4: Mean number of function evaluations until first maintained subregion over 10
replications where B =2 and ¢ = 100 x dim

tained with statistical confidence. The proliferation of subregions and the extensive number of
sample points required to classify subregions as maintained or pruned can be problematic, espe-
cially at high dimensions. Multi-level PBnB improves the algorithm by only branching on the most
promising subregions, while adding importance sampling improves the algorithm by focusing sam-
pling density on the subregions with better observed function values. Our numerical experiment
demonstrates that multi-level PBnB performs better than Original PBnB with statistical confidence
in terms of number of function evaluations required to first maintain a subregion, and by adding
Uncertainty-based Sampling where the algorithms select subregions according to posterior distri-
butions derived from Gaussian process estimation of uncertainty, the modified algorithms perform
even better. This chapter also provides a finite-time performance analysis on the quality of the level
set approximation by deriving probability bounds on the volume of incorrect pruning and incorrect
maintaining to be a guideline for a decision maker for trading off between accuracy of the level-set
approximation and computation cost. Throughout this chapter, the three mains of the dissertation

are satisfied.
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Chapter 4

BRANCHING ADAPTIVE SURROGATE SEARCH OPTIMIZATION
(BASSO)

This chapter proposes the Branching Adaptive Surrogate Search Optimization (BASSO) frame-
work to address the challenges of high dimensionality. The contributions of this chapter to the
three main goals of this dissertation are the BASSO framework that incorporates partitioning and
a machine learning model (Gaussian process and regularized quadratic regression) into variations
of BASSO implementations, the finite-time analysis of BASSO, and numerical experiments of
BASSO variations. The proposed BASSO framework is inspired by insights into the impact of high
dimensions on the sampling distribution from adaptive search methods, including Pure Adaptive
Search (PAS) [110, 116, 118] and Hesitant Adaptive Search (HAS) [19, 108, 115]. In this chapter,
BASSO conceptualizes framework that use of partitioning and surrogate modeling for black-box
optimization to mimic sampling from a Boltzmann distribution to increase the chance of sampling
in the improving region. The result of this section is to establish conditions under which the ex-
pected number of function evaluations required to reach an €-optimal solution is bounded by an
expression that is linear in dimension implies scalability to high dimension, under two conditions:
specifically, conditions on adaptive subregion probabilities and the probability of improvement
with a surrogate model. We explore several BASSO implementations and evaluate which varia-
tions most closely satisfy these conditions. Each variation of BASSO proposed in this research
differs in its local surrogate model, which guides local sampling within a subregion, and in its
adaptive subregion probabilities, which identify promising subregions. We investigate machine
learning surrogates by comparing a Gaussian process and regularized quadratic regression against
a uniform sampling baseline. Numerical results on test problems are presented to illustrate the gap

between theory and implementation.
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4.1 Introduction and Background

In order to develop scalable algorithms, it is important to gain insight into the impact of high
dimensions on the sampling distribution. The impact of high dimensions on computation has been
studied through finite-time analyses of several stochastic adaptive search methods, including, Pure
Adaptive Search (PAS) [110, 116, 118] and Hesitant Adaptive Search (HAS) [19, 108, 115]. In
particular, under certain conditions, the expected number of PAS (and HAS) function evaluations
required to sample below a specified objective function value increases only linearly in the dimen-
sion of the input when optimizing a function without noise. We refer to this as the “linearity result.”
While PAS and HAS are not directly implementable, the theoretical analyses contribute important

insights to global optimization.

The introduction of Annealing Adaptive Search (AAS) [94, 95, 107] was an attempt to narrow
the gap between theory and implementation. AAS was created as a conceptual form of simulated
annealing where points are sampled over the original domain according to the Boltzmann distribu-
tion parameterized by temperature. The desired linearity result can be achieved by the conceptual
AAS with a derived cooling schedule for the temperature parameter [95]. However, it is still im-

practical to sample exactly from a Boltzmann distribution, so an implementation is still illusive.

Another situation where theory was used to aid implementation was in [112]. Since cooling
the temperature in simulated annealing too quickly may result in premature convergence, the HAS
theory was adapted to model the behavior of simulated annealing and similar stochastic optimiza-
tion algorithms. The combination of theory and observations are used to determine a stopping
and restarting strategy that resulted in an implementable algorithm, Dynamic Multistart Sequential

Search (DMSS).

Many optimization algorithms have been developed for black-box optimization that search the
whole domain for the global optimum, as reviewed in [4, 5, 85]. Surrogate models of the function
to optimize, especially Gaussian processes, have been used widely to determine the next point in
the domain to evaluate [35, 41, 84]. Partition-based algorithms, as in [97, 113], create smaller

subregions in order to prioritize the exploration of promising areas as a way to dynamically update
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the sampling distribution. Partitioning combined with surrogate models, as in [51, 52, 66, 76, 77,
119], have been shown to be successful in many applications. The prior analyses of PAS, HAS, and
AAS are not immediately applicable to surrogate modeling and partition-based algorithms. The
question remains, is it possible for surrogate modeling and partition-based algorithms to achieve
the ideal linearity result? And if so, what is needed to make these algorithms scalable to high
dimensions?

To address this, we introduce Branching Adaptive Surrogate Search Optimization (BASSO),
which conceptualizes the use of branching and surrogate modeling. We present a new finite-time
analysis of BASSO and prove that the desired linearity result is achievable with two assumptions.
Specifically, we establish conditions under which the expected number of function evaluations
required to reach an €-optimal solution is bounded by an expression that is linear in dimension.
While these conditions are impractical to satisfy completely in practice, we explore them with
numerical implementations and discuss insights gained. The analysis is valid when the domain is
continuous and when the domain is finite, such as a bounded integer lattice.

The main objective of this section is to introduce of BASSO with a finite-time analysis of
performance, providing a framework with partitioning schemes and surrogate modeling within
subregions that are effective for black-box global optimization. A contribution of the BASSO
framework is that it provides conditions that would make an algorithm scalable to high dimensions.
The theoretical result allows researchers to make informed trade-offs between exploration and

exploitation in designing algorithms.
4.2 BASSO

The BASSO algorithm uses the information obtained on sampled points and their observed ob-
jective function values to partition the domain, construct surrogate models, and update a sampling
procedure that focuses computational effort on promising subregions.

The optimization problem we consider is

min f(x) (P)

xes
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where f(x):S — R, and § C R?. Assume S is compact. The feasible region S may be a continuous
space, or a finite space. The decision variable x is a vector in d dimensions. We assume a unique

minimum, and denote the minimum value and the optimal point in the domain, respectively, as:

vy« =min f(x) and x, =arg min f(x).
xS xes

Similarly, denote the maximum value as y* = max f(x).
xe
The adaptive sampling scheme in BASSO to generate a new sample point on the kth iteration

has three main components:

(i) Branch a collection of subregions.

(i) Evaluate the adaptive subregion probabilities p; for current subregions o; and select a promis-

ing subregion for sampling.

(iii)) Generate a point within the selected subregion according to the uniform distribution or a

surrogate model.

A motivation for BASSO’s adaptive sampling scheme is the effectiveness of a sequence of
Boltzmann distributions, as in AAS. Figure 4.1 illustrates the concept of AAS and BASSO on a
one-dimensional objective function (shown in the top panel) to be minimized. The adaptive sam-
pling procedure in AAS samples from a Boltzmann distribution where the temperature parameter
T is lowered when an improving point is found. The middle panel in Figure 4.1 illustrates how the
Boltzmann densities increasingly focus on the optimum as temperature decreases.

In BASSO, the adaptive subregion probability parameter p is a vector that captures the prob-
ability of selecting a subregion for further sampling. The bottom panel in Figure 4.1 illustrates
how adapting p can focus the sampling distribution on the promising subregions. In the example,
the domain is partitioned into three subregions, and initially p is roughly [1/3,1/3,1/3], repre-
senting a uniform distribution. When the adaptive subregion probability parameter is updated to
p=10.2,0.6,0.2], and then to p = [0.1,0.8,0.1], there is a higher probability of sampling from the

middle subregion with the global optimum. We draw an analogy to sampling from a Boltzmann
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Figure 4.1: Sampling from a Boltzmann distribution parameterized by temperature induces the
densities to focus more on the optimum as the temperature decreases. In BASSO, the adaptive
subregion probability parameter p impacts the sampling distribution.
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distribution parameterized by temperature, to sampling from subregions parameterized by p. As
BASSO progresses, p is adapted to focus on the subregion that contains the optimum. In the anal-
ysis of BASSO, Assumption 1 gives a condition on how p is updated that essentially ensures that
p 1s consistent with the contours of the objective function and does not focus on subregions that
do not contain the global optimum. In practice, this condition is difficult to always satisfy, as we

show in the numerical experiments.

4.2.1 BASSO Framework

The BASSO framework subdivides the feasible region into smaller subregions, using sequential
partitioning. Let Zg be the collection of subregions that are produced by branching on the kth
iteration, Zg = {01,...,0n, }, where my is the number of subregions on the kth iteration. We
assume that the branching strategy is such that the union of all subregions equals S, and that the
subregions are mutually exclusive. The subregions do not need to be of equal size. We define the
size of subregion o;, denoted vg;, as the d-dimensional volume of o; when S is real-valued, and a
count of points in 6; when S is finite. We slightly abuse notation when the domain is finite or has
mixed integer- and real-valued variables; technical details can be found in [118] and [108].

We let the adaptive subregion probability j;(y) be the probability that subregion o; is selected
given an objective function value y, y, <y < y*. BASSO keeps track of the best objective function
value observed in each subregion o;, denoted y;, and the overall best objective function value,
denoted ¥; on iteration k, which we call the incumbent value. BASSO uses this incumbent value
to parameterize the adaptive subregion probabilities, i.e., p;(¥;). In the analysis, we do not limit
the parameter y in p;(y) to be the incumbent value, because we want to analyze the impact of the
parameter on the adaptive subregion probability. It becomes important in establishing a condition
in Assumption 1 on the adaptive subregion probabilities to represent the promising subregions.

The steps of the framework follow.

Branching Adaptive Surrogate Search Optimization (BASSO).

Step 0: Initialize. Set o) = S, Zg = {01}, mp =1, and iteration counter k = 0. Sample a point
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X from the uniform distribution over S. Evaluate f(X) and set y] = f(X). Also, set j; = f(X) to
keep track of the incumbent function value observed. Set p(75) = 1.

Step 1: Sample a new point. Choose a subregion o; from Zg using the adaptive subregion
probabilities p;(y;) fori=1,...,m;. Generate a point X on the selected subregion either uniformly
or using surrogate modeling, and evaluate f(X). Update the best objective function value y; in the
selected subregion o;.

If the new objective function value f(X) is less than the incumbent value j7, update the incum-
bent function value ¥, ; = f(X) and proceed to Step 2. Otherwise, repeat Step 1 for a maximum
number of function evaluations before proceeding to Step 2.

Step 2: Branch subregions. Branch a collection of subregions in Zg according to a branching
strategy. Update the new number of subregions my 1, and update the collection of subregions,
2 ={01,.. ., Om, ).

Step 3: Update adaptive subregion probabilities. Update p; ()7; +1) fori=1,...,mgs.

Step 4: Evaluate stopping criterion. If a stopping criterion is met, stop. Otherwise increment

the iteration counter k <— k+ 1 and go to Step 1.

Figure 4.2 illustrates the impact of the adaptive sampling distribution on sampling points with
good objective function values. In Figure 4.2, the domain S is partitioned into three subregions, and
100 points are generated independently. For each point, a subregion is selected using the adaptive
subregion probabilities, and then a point is generated uniformly within the selected subregion. On
left side of Figure 4.2,the adaptive subregion probabilities are [1 /3,1/3,1/ 3] , whereas the adaptive
subregion probabilities on the right of Figure 4.2 are [0.1,0.8,0.1] for the three subregions.

The empirical density range distribution is the number of objective function values that fall in
an interval, as illustrated by the vertical histogram in Figure 4.2. This provides a way to visualize
the impact of the adaptive sampling distribution. The red dashed curve illustrates the empirical
cumulative range distribution, which is the probability the objective function value is below y
when a point is sampled according to a sampling distribution. Notice that the range distribution

in the right of Figure 4.2 puts more weight on the lower objective function values. The impact of
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Figure 4.2: Empirical density range distribution (gray histogram) and empirical cumulative range
distribution (dashed red line) for 100 points sampled independently, where the domain is
partitioned into three subregions (i.e., intervals). In (a), the adaptive subregion probability is

p =1[0.33,0.33,0.33], representing a uniform distribution. In (b), the adaptive subregion

probability p = [0.1,0.8,0.1]. Once a subregion is selected, a point is sampled uniformly on that
interval.

adaptive sampling on the range distribution is important for the finite-time analysis of BASSO.

4.2.2 BASSO Variations

To implement BASSO, it is important to specify: (i) the branching scheme, (ii) the adaptive
subregion probabilities p;(7;) for subregions o; in Zg, and (iii) the method for generating a point
within the selected subregion (surrogate modeling or the uniform distribution). The implementa-
tion variations demonstrate the interplay between branching strategy, the adaptive subregion prob-
abilities, and the surrogate model used to generate a point on the selected subregion.

(i) Branching strategy

Create a collection of subregions to branch. Add [0.1my | subregions (where my is the number of
subregions in Zg on the kth iteration) ranked by their best observed function values to the collection,
and add additional [0.1m; | of the remaining subregions ranked by the largest volume. We branch
two types of subregions, those with good observed objective function values and those with large

volumes, as an attempt to balance exploitation with exploration.
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We subdivide the subregions in the collection coordinate-wise by dividing the largest dimen-
sion in half. If any newly created subregion has fewer than two observations in it, sample one or

two points uniformly in the subregion so that each subregion has at least two observed points.

(ii) Adaptive subregion probabilities, 5 Four variations of adaptive subregion probabilities
are implemented. The first variation (a) is greedy in the sense that it exploits the subregions with
the best observed function value. The second variation (b) favors exploration as it uses an estimate
of the variance in the probability of selecting subregions. The third variation (c) attempts to balance
exploration and exploitation by constructing a one-dimensional Gaussian process to estimate the
cumulative range distribution (illustrated as dashed red line in Figure showing range distribution

on each subregion.

The fourth variation (d) relaxes the greedy variation by estimating confidence intervals around

the incumbent value and each subregion’s best observed function value.

a: Observed best function value. Choose subregion o; from the subregions in Zf on the kth

iteration with probability p;(J;), where

-1

1
D) = 0oF-m+1) ) (m) : (4.1)
j

J=1,....,my

b: Sample variance. Choose subregion o; from the subregions in Zg on the kth iteration with

probability p;, where

Vci/vzg ifk=1
pi= (4.2)
(5¢(00))" / Lt o (58(00))” i k> 1,



54

and (s;(0;))? is the sample variance in subregion o;, that is,

Ni

1 k _

(se(00))* = | g | L 0= (43)
k- j=1

and y; is the function value of the jth previously sampled point in subregion o;, and fi is the sample

mean of the N,i observed objective function values in subregion o;, i.e., f; = (1/N]i) Zj:lv--wN,i ¥j-

c: Gaussian process on the range distribution. For each of the subregions o; in Eg, i=
1,...,my, we construct a Gaussian process on the empirical cumulative range distribution using
the objective function values of the N,i points that have been sampled in 6; on the kth iteration.
Specifically, we use the N,i observed objective function values in subregion o;, y;, j = 1,... ,N,i
and the associated empirical cumulative function values F(y;), using Z = {y;,F(y J)}]]vi | as the
input space. The empirical cumulative function F (y;) is the count of observed function values less

than or equal to y;, divided by ,’C

The Gaussian process on the range distribution provides a predictor function on subregion o;
as an approximation of the cumulative range distribution on o;, where the mean of the Gaussian
process is denoted Flk(y) Note that the Gaussian process predictor is a one-dimensional function

(as illustrated in Figure 4.2), and is easily computed.

The adaptive subregion probability of selecting subregion i is,

Fi (55 +6)
Zﬁ{lﬂ,k(ﬁ + 5)

Pi(i+96) = (4.4)

where j; + § is the value of the fifth lowest observed objective function value.

d: Confidence bounds. Choose subregion o; from the subregions in Zg on the kth iteration

with probability p;(¥;), where
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0 if LB; > UB,
pi(F) = (4.5)
UBy — LB;/ Yiet..my UBy—LB; otherwise

and LB; =y} — s¢(0;), UBy = Vi +sk(6), 6 is the subregion containing a point with the incumbent

value j;, and sy (+) is the square root of the sample variance as in (4.3).

(iii) Generate a point on the selected subregion

Three variations of generating a point within a subregion are implemented. The first variation
(A) has no surrogate model and simply samples uniformly on the the selected subregion. The sec-
ond variation (B) uses a Gaussian process as a surrogate model on the selected subregion, and the

third variation (C) uses a regularized quadratic regression as the surrogate model.
A: Uniform. Generate a point X uniformly distributed on the selected subregion.

B: Maximize expected improvement for a Gaussian process on the domain. For each of
the subregions o; in Zg, i=1,...,m, we construct a Gaussian process on the domain using the
N,i points that have been sampled in o; on the kth iteration and their associated function values,
using 7 = {xj, f(x ])}]]vi , as the input space. §l.2’k(x), for x € 0;. The estimated mean function of
the Gaussian process that approximates the objective function value using the sample points in
subregion o; on iteration k is denoted g; x(x) and model variance is denoted §12 i (x), for x € o;.

The expected improvement function for subregion o; uses the best objective function value ob-
served in that subregion y; to capture a better point, and a standard Normal cumulative distribution

& to capture uncertainty,

EL(x) = ()’}k _g’i,k(x)) +§ia(x) @ (y;'k —§i,k(x)> . (4.6)

§ix(x) $ix(x)

Generate a point X in subregion o; that maximizes the expected improvement function over
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x € 0;. The maximization of E;(x) is implemented numerically by performing a grid search on the
subregion. This implementation of Variation B is computationally intensive for high dimensions.
In the numerical experiments, we executed Variation B on problems in dimensions 20 and 50, and

not on the higher dimensions.

C: Minimize a regularized quadratic regression on the domain. For each of the subregions
o; in Zg, i=1,...,m, we construct a regularized quadratic regression on the domain using the N,i
points that have been sampled in o; on the kth iteration and their associated function values, using
2 ={xj,f(x j)}ljvi , as the input space.

The regularized quadratic regression function for x € o; is

d d d

Gx)=Po+ Y Bexe+ Y Y Bumxexm 4.7
(=1 {=1m={

where the /th component (decision variable) of a point x is denoted x;. The coefficients of the

quadratic regression (30 is the intercept term, Bg are the coefficients of the linear terms, and Bgm

are the coefficients of the quadratic terms, ¢,m = 1,...,d) are determined by minimizing the loss

function given in (4.8).

The loss function uses the N,i sampled points x; € 0; and their objective function values y;, for

j=1,..., ,i,as
L1l N ) d  d d
Z(B) = 37 L @iclx)) =y)" + A | Y IPel+ 3 X 1Banl | (4.8)
k j=1 I=1 (=1m=(

where B is the vector of coefficients, including 30, Bg, and ﬁgm. The first term in the loss function is
the squared difference between the quadratic model and the observed value. The second term in the
loss function is a penalty term weighted by a hyperparameter A, that is a regularization parameter
controlling the amount of regularization applied. In the numerical experiments, we update A based
on observations. For subregions with more than 50 points, we determine the regularizer A by

performing a 5-fold cross-validation on that subregion and use the value of A that minimizes the
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cross-validation prediction error. For subregions with 50 or fewer points, we set A = 1.
Generate a point X in subregion o; that minimizes the regularized quadratic regression cj};(x)
over x € ;. In the numerical experiments, we use a trust region algorithm [22] to approximately

minimize g, (x) over o;.
4.3 Analysis

The BASSO analysis begins by assuming that sample points are generated according to a uni-
form distribution on selected subregions. We show in Theorem 6 that the objective function values
of BASSO with uniform sampling within a subregion stochastically dominate those of a special
case of HAS, HAS', under Assumption 1 on the adaptive subregion probabilities p; We then relax
the assumption of uniform sampling within the subregion and analyze the case of surrogate-driven
sampling. Theorem 7 shows that the objective function values of BASSO with surrogate sampling
stochastically dominate those of BASSO with uniform sampling on a subregion, under Assump-
tion 2 on the surrogate model.

Using prior analyses of PAS and HAS [19, 108, 116, 118], we then bound the expected number
of BASSO function evaluations needed to achieve an €-optimal solution. Corollary 8 provides the
desired linearity result for functions satisfying the Lipschitz condition, and Corollary 9 provides
the desired linearity result for functions on a finite domain, specifically a d-dimensional integer
lattice.

HAS' uses the uniform distribution as its underlying sampling distribution, hence, given a value
z, the bettering probability, i.e., the probability to sample a location with value below z, can be

specified as:

o= ¥ 290 (4.9)

Vo;

i=1,...,mg
where y, < z < y*, given subregions o; € Zg, my, and probabilities p;(z) fori=1,...,my with y, <
z <y*. As earlier, v, is the size of subregion o; and v, (z) is the size of the set {x € 0; : f(x) <z}
for y, < z <y* (i.e., size is d-dimensional volume when S is real-valued, or a count when S is

finite). The bettering probability b(z) depends on the adaptive subregion probability parameter
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pi(z) fori=1,...,m with y, < z <y*, which drives the the sampling distribution.

Let the random variable Y,f ASSOun be the incumbent function value ¥ on the kth iteration
when BASSO generates a point uniformly distributed within a selected subregion. Let Y,f'AS, be
the incumbent function value from HAS' on the kth iteration.

The parameter z in p;(z) is the incumbent function value in BASSO. However, in the analysis,
we do not limit the parameter y in j;(y) to be the incumbent value because we need to characterize
the conditional probability of improvement as the parameter y in p;(y) changes. This is important
in Assumption 1 where we need to account for the amount of improvement as the incumbent value
improves.

We note that the probability of generating a point with objective function value no greater than y
for BASSO, given the incumbent value z, adaptive subregion probabilities p;(z), when the uniform

distribution is used on the selected subregion, can be expressed as

BASSOuni BASSOuni pi(2)
P(Yk+1 unif S )’|Yk unif = Z) = . IZ ‘l/‘o-. Vo; (y)
i=1,...,my i

for y, <y <z <y* Anunderstanding of this expression is that each subregion has a probability
Pi(z) of being selected, and once selected, a point is sampled uniformly on the subregion with a
probability of achieving a function value less than or equal to y (i.e., v, () /vs,). Another interpre-
tation of this expression is viewing the sampling density as p;(z) /vg,-

The challenge in partitioning and using an adaptive subregion probability is focusing on appro-
priate subregions. We make the following assumptions regarding the adaptive subregion parame-

ters pi(z) fori=1,...,my with y, <z <y*
Assumption 1: Adaptive subregion probabilities pj;(z)

1. 0<pi(z) < lfori=1,...,my withy, <z<y*

2. Yic1,.m Piz) =1
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3. Given two values ¢, and ¢, such that y, <1, <t, <y*, the following holds,

Yict...m (Pi(t2)/vs,) va; () S Yict...m (Pi(t2)/ve) v, (y)
Zi:l,...,mk (ﬁi(tz)/vc,-) VGi(Z) N Zi:l,...,mk (ﬁi(tz’)/vﬁi) Vo, (Z)

(4.10)

fory, <y <z<y".

The first two parts of Assumption 1 ensure that the p;(z) form a proper probability. The third
part is that the ratio (in the left-hand-side of (4.10)) is non-increasing in z,. This ensures that j;(z)
focuses the sampling distribution on the regions with good objective function values. The ratio
with 7, = z can be interpreted as the conditional probability,

BASSOunif BASSOunif BASSOunif
P(Yi <y <Y =2)

Yt (i(2)/v) v ()
Zizl.,...,mk (ﬁi(z)/vdi) Vo, (Z)

for y, <y <z <y*, when uniform sampling is used on the selected subregion. The conditional
probability captures, not only the probability of improving, but the amount of improvement to a
function value y where y < z. Thus, the sampling distribution parameterized by p;(z) can improve
the conditional probability by increasing the chance of selecting “good” subregions. This is key to
a good branching algorithm, although, as illustrated in the numerical experiments, it is challenging

to devise a practical implementation of j;(z) that satisfies the third part of Assumption 1.

We now show that the objective function values of BASSO with uniform sampling within

subregions stochastically dominate those of HAS'.

Theorem 6 Given the optimization problem (P) over a continuous/finite domain S with Assump-
tion 1 holding, the function values of BASSO with uniform sampling within subregion stochasti-

cally dominate those of HAS', i.e.,

P(Y]fASSOMmf < y) > P(Y{IAS' < y)
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fork=0,1,...,and y, <y <y".

Proof: To prove that YkB ASSOunif

stochastically dominates YkHAS/, for k=0,1,2,..., we show that
the two sequences satisfy three conditions as stated in Lemma 30 in [94], and included in Ap-
pendix ?? for completeness. At iteration k, we are given the subregions o; in Zg fori=1,...,my,
the incumbent value Y, = 37, and the adaptive subregion probabilities p;(7;). Let z = j for ease of

notation.

To show Condition 1, we need to prove that

P(YfflSSOumf < y’Y]fASSOMmf _ Z) > P(YIZ_,AIS/ < y‘Y]g-IAS/ _ Z)

for any fixed k, k =0,1,2,..., and y, z values, for y. <y, z <y*. We are interested in the case
when y < z, because, when y > z, the conditional probabilities are both equal to 1, and so satisfy

the inequality.
For y < z, using conditional probabilities, we have,

P(Y,ﬁ‘fso"”if

v BASSOunif BASSOunif BASSOunif
=P(Y, <Y <zl =2)

BASSOunif BASSOunif
PV <z =2)

_ Zizl.,...,mkﬁi(Z)/VGiVGi(y) ) ﬁi(z)v (Z)
Yizt..m Pi(2)/veve(2) i=1,...m; YO *

S y|YkBASSOM}’llf — Z)

and by Equation (4.10) in Assumption 1 with z < y*,

Zizl,.n>mk p"l—(y*)/\)o'ivo'[(y> . ﬁi(z) Vcri(z)

>
= Yi=t,m PiV) Voo, (2) i=1,...m; YO
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and because p;(y*) represents a uniform distribution on S, i.e., p;(y*) = vg,/vs,

_vs(y) piz)
= VS(Z) v VG, o (Z)
vs(y)

b(z) = (;fﬁS<IHAS 2).

To show Condition 2, we need to prove that P(¥A550uif < y|Y,f ASSOunif

k+1 = z) is non-increasing in

z, that is, we need to prove

P(YBASSOMmj < ‘YBASSOMmf )>P(YBASSOumf < |YBASS0umf Z)

k+1 4.11)

for any fixed k, k =0,1,2,..., and any y and z values, y, <y <z < 7 <y*.

Ify >z, P(YBASSOMmf < y‘YkBASSOMnif

il = z) = 1, hence the inequality in (4.11) is satisfied. For

y < z, we have,

. (z
P(YffiiSOMnlf < y|Y]fASS0umf _ Z) _ Z pt( )Voi(y),

and noting that Y, ., pi(z)/ve,vs;(y*) = 1, and by Equation (4.10) in Assumption 1, since

z7< 7, we have,

S Yict,.m Pi(Z)/Vove; ()
" Yiet,m Pi(@) /veve, (V)

P<Yklizr4iS'SOumf < y’YkBASSOum'f _ Z)

and again noting that ¥, . pi(Z')/veve,(y*) = 1, we satisfy the condition in (4.11).

For k = 0, both BASSOunif and HAS' sample according to a uniform distribution over S,
hence the third condition of the Lemma 30 in [94] is satisfied, and we have P(YBASSO”"’f <y)>
P(YHAS <y). O

Let the random variable Y, kBASS Osurr he the incumbent function value $; from BASSO on the kth

iteration where we generate a point within a selected subregion with surrogate modeling. We make



62

some assumptions regarding efficacy of the surrogate.

Assumption 2: Sampling within a subregion

XBASSOsurr

1. Assume that generating a point on subregion o; with surrogate modeling stochas-

tically dominates uniform sampling, i.e.,

P<Yk BASSOsurr < y|YBASS0surr XBASSOsurr e Gi)

2 P(Yka]SSOWIIf < lekBASSOW’lif _ Z7XvBASS0Wlif c Gi) (4 12)

2. Assume that a lower incumbent function value improves the performance of the surrogate,

that is,

BASSOsurr BASSOsurr BASSOsurr

> P(Yk BASSOsurr < y’YBASSOSWr =7, XBASSOsurr c Gi) (413)

fory, <y<z<7Z <y"

Assumption 2.1 is that surrogate modeling does no worse than uniform sampling on a subre-
gion. Notice that the incumbent function value z impacts the adaptive selection probabilities p;(z)
but does not impact uniform sampling on a subregion. For BASSOunif, we have

p (YBASSOMmf <y Y}fASSOumf — 7, XBASSOunif G) = o »)

k+1 Vo,

L

for any z. It is assumed that surrogate modeling improves upon uniform sampling within a subre-

gion, so (4.12) implies that there exists a constant c¢;(y,z) > 0 such that

P(yBASSOmrr < |YBASS0Yurr XBASSOYurr e Gi) _ Vo; (y) +Ci(y, Z) (414)

Vo,
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Assumption 2.2 is that a lower incumbent function value improves (or does no worse) surrogate

performance than a higher incumbent function value. Combining (4.12) with (4.13), we have

P(Ykal.S'SO.vurr < y|YkBASSOsurr — ZI,XBASSOsurr c Gi) _ Vo, (y) +di(y, Z/) (415)

Vgi
where ¢;(y,z) > di(y,2') fory, <y <z <z <y*.

A challenge to implementation is for surrogate modeling to have sufficient coverage in a subre-
gion to improve over uniform sampling on a subregion. This may appear easy to satisfy, however,
if the sampling guided by the surrogate is too exploitative, the amount of improvement to a value
v, ¥« <y < zmay be worse than uniform sampling. This gives a condition on the balance between
exploration and exploitation. The second part of the assumption is that, having improved the in-
cumbent value, the surrogate model will increase its probability for improvement to a value y. Thus,
the accuracy of the surrogate model and the sampling distribution associated with it must satisfy

the assumption that includes both the probability of improvement and the amount of improvement.

We now show that the objective function values of BASSOsurr stochastically dominate those

of BASSOunif.

Theorem 7 Given the optimization problem (P) over a continuous/finite domain S with Assump-
tions 1 and 2 holding, the function values of BASSO with surrogate sampling model within subre-

gions stochastically dominate those of BASSO with uniform sampling within subregions, i.e.,
P(y/fASSOSMrr < y) > P(YkBASSOWif < y)

fork=0,1,...,and y, <y <y*.

B

yBASSOsurr gtochastically dominates Y, ASSOUT for k = 0,1,2,..., we again

Proof: To prove that

show that the two sequences satisfy the three conditions as stated in Lemma 30 in [94].

To show Condition 1, we need to prove that

BASSOuni BASSOuni
P(ka—"/_AAiSSOSLlVV < y|YkBASSOSLtrr _ Z) > P(Yk+1 unif < y|Yk unif — Z)
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for any fixed k, k =0,1,2,..., and any y and z values, for y, <y,z <y*. We have,

P(YklifiS'SOsurr < y|YIf?ASSOsurr — Z)
— Z p ( ) P(Yk BASSOsurr < y|YBASSOsurr =z, XBASSOsurr c Gi)
i=1 geeey M
and by Equation (4.12) in Assumption 2,

> Z ﬁi(z) P(ylffiS'SOumf < y’YIf?ASSOumf XBASSOumf c G)

i=1,...,my

_ P(YkB:XiS'SOMmf < y‘YkBASSOLmif _ Z)-

To show Condition 2, we need to prove that P(Y 4550sur < y|y BASSOsur — 7) js non-increasing

in z, that is, we need to prove

P(YkBASSOWrr < lyBASSOVurr ) > P(Yk BASSOsurr < ‘YBASSOVurr Z/) (416)

for any fixed k, k = 0,1,2,..., and any y and z values, for y, <y <z<7 <y* Ify>g,

P(Y,fflssosur " < y|yBASSOsurr — 7) = 1, hence the inequality in (4.16) is satisfied. For y <z, we

have,
P(Y BASSOsurr < yyyBASSOSMrr Z)
_ Z pz ASSOsurr < y|YBASSOsurr XBASSOsurr c Gi)
and by Assumption 2 and (4.14), = Z p,( + Z pi(z) ci(y,2).
l.:17...,mk O; 7 M

We note that ;. Pi(z)/Ve;vs;(y*) = 1. Therefore, we have,

P(Y BASSOsurr < y‘YBASSOsurr Z)

_ Lim1,.m, Pi(2) VeV, (¥) + Ximt,..m, Pi(2) €i(1:2)
Yizi,...m Di(2)/Veve, (v*)
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and by (4.10) in Assumption 1, and by (4.15) in Assumption 2, since z < 7', we have

BASSOsurr BASSOsurr __
PV <ylY; =7)

Yiot. m Pi(2)/vove,(y) + Xict,. m Pi(Z) di(y,2)
Yiot,..m Di(Z)/Veve, (V)

>

and again noting that ¥, . pi(Z')/ve,ve,(y*) = 1, we have

P(YEA]SSOWW < y’YIf?ASSOSurr _ Z)
0 < =
_p ( lggfigsosurr < y‘YkBASSOSLH’g _ Z/)~
For k = 0, both BASSOsurr and BASSOunif sample according to a uniform distribution over S,

hence the third condition of the Lemma 30 in [94] is satisfied, and we have P(YkBASSO”r T<y)>

P(YlfASSOMm'f < y) . u

The following corollaries provide an upper bound on the expected number of BASSO function
evaluations to get within € of the global optimum that is linear in dimension. The corollaries
assume a constant lower bound B on the bettering probability in (4.9). Corollary 8 states conditions

when the domain § is continuous, and Corollary 9 is stated for a d-dimensional integer lattice.

Corollary 8 Assume Assumptions 1 and 2 hold, and B is a positive lower bound on b(z) in (4.9)
for y, + € < z < y*. For a global optimization problem (P), when f(x) satisfies the Lipschitz
condition with Lipschitz constant at most L and S is a convex feasible region in d dimensions with
a maximum diameter of at most D, then the expected number of function evaluations for BASSO,

using uniformly distributed points or surrogate modeling, to reach a value y, + &€, € > 0, is bounded

by,

E[NBASS0(y, +€)] < 1+d- (}3) In (%) ) 4.17)

Proof of Corollary 1 By stochastic dominance in Theorem 6, the expected number of iterations
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to achieve a value within y, + € for BASSO is less than or equal to the number for HAS', i.e.,
EINAS0(y, +&)] < ENAS (v, + ¢)). (4.18)

Using (4.10) in Assumption 1, with #, = y and 7, = y*, we have

Yict. .m (Pi(V)/ve;) ve; () S Yict..m (Pi0*)/ve) ve,(y)
Yict,m, (Bi()/ve:) ve: () ~ Lict,m (BiV*)/ve:) Ve (vF)

Note that the numerator on the left-hand side is b(y) by definition in (4.9), and the denominator is

equal to 1, because vg, (y*) = vg,.

The right-hand side denominator is also equal to 1. For the right-hand side numerator, ;(¥})

represents a uniform sampling probability, where p;(3;) = ve,/vs. We then have

b(y) > (ﬁi) v ly) = 5
i=1,...,my i

Vs

for y, +& <y <y*. Since HAS' uses uniform sampling with a bettering probability bounded below
by B, from [19] we have

/ 1 Vs
EIN#AS (y,+e)| <1+ 1 (——————). 4.19
Combined with the bounds on vg/vs(y. + €) in [19], we have the desired bound in (4.17) that

is linear in dimension. O]

Corollary 9 Assume Assumptions 1 and 2 hold, and B is a positive lower bound on b(z) in (4.9)
for y. + & < z < y*. For a global optimization problem (P), when S in (P) is a d-dimensional lattice
{1,...,k}?, the expected number of function evaluations for BASSO, using uniformly distributed

points or surrogate modeling, to reach the value y, is bounded by,

E[NBASSO(y )] < 24d - In(k). (4.20)
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The proof for the finite case of Corollary 2 follows similarly, using [118].

4.4 Numerical Experiments

To assess the impact of dimension on BASSO performance, we implemented 12 variations of
BASSO (Aa, Ab, Ac, Ad, Ba, Bb, Bc, Bd, Ca, Cb, Cc, and Cd). These variations combine four
adaptive subregion probability methods (a: the best observed function value, b: sample variance,
c: Gaussian process on the range distribution, and d: confidence bound on the incumbent value),
with three surrogate models (A: uniform, B: Gaussian process, and C: quadratic regression. All
twelve BASSO variations use the same branching strategy that is described in Section 4.2.2. The
value for the maximum number of function evaluations without improving the incumbent value, in
Step 1 of BASSO, is set to 50.

We also implemented two publicly available global optimization algorithms, specifically, the
Stable Noisy Optimization by Branch and Fit (SNOBFIT) algorithm [51] and the Stochastic Opti-
mization with Adaptive Restart (SOAR) algorithm [69].

SNOBFIT combines global and local search by branching and fitting a surrogate model on
subregions. SNOBFIT builds local models of the function similar to trust region approaches. No
guarantees can be given that a global minimum is located.

SOAR utilizes Gaussian processes to adaptively restart a local search and select restart loca-
tions using current observations. SOAR is shown to asymptotically converge to a global optimum.
Numerical experiments with SOAR use the trust region method as the local search.

To gain insight into whether an implementation of BASSO can satisfy the assumptions needed
for the theoretical result, we tested the 12 BASSO implementations on both assumptions. In Sec-
tion 4.4.1, we evaluate whether the adaptive subregion probabilities p; (a, b, c, and d) satisfy As-
sumption 1. The numerical experiments illustrate the impact of exploitation versus exploration in
selecting subregions. In Section 4.4.2, we numerically illustrate Assumption 2 by investigating the
performance of surrogate modeling (B and C) compared to uniform sampling (A). In Section 4.4.3,
we numerically evaluate the impact of dimension on test problems.To relate the numerical exper-

iments to the theory, we plot the mean number of function evaluations to first reach a threshold
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within € of the global minimum, averaged over 10 replications of the algorithm. We include di-
mensions 10, 20, 30, 40, and 50 on five test problems. We present experiments with 8 BASSO
variations (Ba, Bb, B¢, Bd, Ca, Cb, Cc, Cd), SNOBFIT, and SOAR. We excluded the variations
with uniform sampling (A) because they performed poorly relative to the (B) and (C) variations.
Although none of these algorithms scale as well as the theoretical ideal, the numerical experiments
show the effect of dimension on computational performance. In Section 4.4.4, we compute data
profiles for the 8 BASSO variations, SNOBFIT, and SOAR. This provides some insight into how
the performance behaves as the number of function evaluations increases. In Section 4.4.6, we
apply three BASSO variations (Ba, Bc, and Cc) to a real-world application, the falsification of
cyberphysical systems [70]. We use regularized quadratic regression (C) coupled with variation
(c) for how to choose subregions because it was the best variation shown in Section 4.4.4. We also
use the Gaussian process surrogate (B) to compare to the regularized quadratic regression on a rel-
atively low-dimensional problem. The Gaussian process surrogate (B) is coupled with variations
(a) and (c) because these performed the best within the (B) variations. The performance of BASSO

variations (Ba, Bc, and Cc) compare favorably to the reported performance of SOAR in [70].

4.4.1 Test Assumption 1: Adaptive Subregion Probability Assumption

The four adaptive subregion probability variations (a, b, ¢, and d) form a proper probability
distribution (satisfy Assumptions 1.1 and 1.2) by construction. To evaluate whether the adaptive
subregion probabilities p; satisfy (4.10) in Assumption 1.3, we perform 250 function evaluations
of the twelve variations of BASSO on the shifted sinusoidal problem and the Rosenbrock problem
with dimensions d =2 and 5. During the execution of the algorithm at the kth function evaluation
when p is updated, we compute the conditional probability ratio on the left-hand side of (4.10)
with 7, as the incumbent function value, and the right-hand side with 7, as the 20% quantile of the
observed objective function value, f; < ;. The numerical values in Tables 4.1 - 4.4, where the
incumbent value is labeled y, y = ., and the 20% quantile is labeled z, 7.

Tables 4.1 - 4.4 illustrate the left-hand side (LHS) of the probability ratio in (4.10) and the
right-hand side (RHS) for adaptive subregion probabilities (a) - (d), respectively. When the LHS



69

is greater than the RHS, Assumption 1.3 is satisfied. The iterations where the estimated LHS is
less than the estimated RHS are highlighted in Tables 4.1 - 4.4, indicating a likely violation of
Assumption 1.3.

We observe in Table 4.3 that the adaptive subregion probability with a Gaussian process on the
range distribution (c) performs the best, with fewer violations to Assumption 1.3 than the other
three adaptive subregion probabilities. The experiment with adaptive subregion probability (c)
has only one event with a greater RHS on the shifted sinusoidal function and four events on the
Rosenbrock function. The predictor function of the cumulative range distribution from the Gaus-
sian process on the range appears to be effective in guiding the adaptive subregion probabilities
towards promising subregions.

As shown in Table 4.1, the adaptive subregion probability with observed best function value
(a) satisfies Assumption 1.3 more frequently on the Rosenbrock test function than on the shifted
sinusoidal test function. This may be due to the greedy nature of the adaptive subregion probability
(a). The shifted sinusoidal test function has more local minima than the Rosenbrock test function,
so intuitively, a greedy approach would work better on a test function with few local minima.

On the other hand, adaptive subregion probabilities (b) and (d) satisfy Assumption 1.3 more
frequently on the shifted sinusoidal test function than on the Rosenbrock test function (Tables 4.2
and 4.4). These two variations incorporate uncertainty, resulting in more exploration. Exploration
is needed on the shifted sinusoidal test function, where the local minima are widely distributed.

From these numerical experiments, we conclude that the variation with Gaussian process on
the range distribution (c) comes closest to roughly satisfying Assumption 1. Intuitively, variation

(c) does the best job of balancing exploration with exploitation.
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A Uniform
Shifted sinusoidal d =2 Shifted sinusoidal d =35 Rosenbrock d =2 Rosenbrock d =5
k LHS RHS y z k LHS RHS y z k LHS RHS y Z k LHS RHS y z
10 0.415 0.348 1.63 2.769 10 0.177 0.183 2.811 3411 10 0.867 0.867 185.542 232.845 10 0.721 0.721 642.486 840.008
18 0.173 0.174 0.998 2.229 15 0.544 0.517 2.67 2.961 110 0.012 0 1.256 29.326 114 0.154 0.157 198.088 791.735
26 0.233 0.251 0.998 1.993 32 0.165 0.148 2.594 3.347 212 0.019 0.129 1.256 41.415 214 0.071 0.068 139.612 763.788
35 0.268 0.293 0.998 1.772 38 0.21 0.185 2.594 3.287 312 0.059 0.042 1.256 37.179 319 0.004 0.004 33.084 718.587
45 0.267 0.29 0.998 1.772 47 0.212 0.182 2.594 3.284
55 0.32 0.344 0.998 1.63 57 0.209 0.181 2.594 3.287
65 0.461 0.47 0.998 1.332 67 0.08 0.068 1.92 3.284
85 0.054 0.053 0.095 1.233 120 0.1 0.11 1.92 3.181
129 0.004 0.004 0.008 1.165 142 0.032 0.033 1.505 3.06
141 0.004 0.004 0.008 1.162 159 0.005 0.004 1.168 2978
161 0.004 0.005 0.008 1.108 217 0.005 0.005 1.168 2.958
180 0.008 0.008 0.008 0.909 258 0.008 0.008 1.168 2.738
200 0.011 0.011 0.008 0.829
219 0.006 0.006 0.003 0.527
265 0.011 0.012 0.003 0.254
BG Process
Shifted sinusoidal 4 = 2 Shifted sinusoidal =5 | Rosenbrock d =2 Rosenbrock 4 = 5
k LHS RH y z k LHS RH y z k LHS RHS y Z k LHS RHS y z
10 0.415 0.348 1.63 2.769 10 0.466 0.474 3.286 35 10 0.867 0.867 185.542 232.845 10 0.721 0.721 642.486 840.008
64 0.145 0.148 1.002 2.769 20 0.066 0.075 2.531 3.489 111 0.705 0.361 158.721 645.963 114 0.104 0.148 358.04 2046.24
116 0.161 0.181 1.002 2.179 64 0.087 0.052 2.09 335 220 0.265 0.216 7.3 185.542 217 0.073 0.134 358.04 2404.12
170 0.165 0.165 1.002 2.251 67 0.091 0.037 2.09 3.358 327 0.061 0.063 0.542 122.652 321 0.055 0.102 358.04 2587.64
223 0.165 0.164 1.002 2.316 73 0.019 0.02 1.443 3.325
238 0.058 0.059 0.278 2.179 130 0.022 0.023 1.415 3.136
260 0.069 0.074 0.278 1.932 183 0.022 0.023 1.415 3.131
246 0.012 0.011 1.321 3.047
265 0.002 0.002 1.016 2.995
C Quadratic Regression
Shifted sinusoidal d =2 Shifted sinusoidal d =5 | Rosenbrock d =2 Rosenbrock d =5
k LHS y Z k LHS y z k LHS RHS y z k LHS RHS y Z
10 0.415 0.348 1.63 2.769 10 0.177 0.183 2.811 3411 10 0.867 0.867 185.542 232.845 10 0.721 0.721 642.486 840.008
18 0.173 0.174 0.998 2.229 15 0.544 0.517 2.67 2.961 110 0.038 0.001 1.067 5.379 114 0.66 0.66 16.327 20.32
26 0.233 0.251 0.998 1.993 32 0.165 0.148 2.594 3.347 213 1 1 1.019 1.044 215 0.114 0.115 16.327 43.128
35 0.268 0.293 0.998 1.772 38 0.21 0.185 2.594 3.287 316 0 0 0 1.052 320 0.025 0.025 3918 20.309
45 0.267 0.29 0.998 1.772 47 0.212 0.182 2.594 3.284
55 0.32 0.344 0.998 1.63 57 0.209 0.181 2.594 3.287
65 0.461 0.47 0.998 1.332 67 0.08 0.068 1.92 3.284
85 0.054 0.053 0.095 1.233 120 0.1 0.11 1.92 3.181
129 0.004 0.004 0.008 1.165 142 0.032 0.033 1.505 3.06
141 0.004 0.004 0.008 1.162 159 0.005 0.004 1.168 2.978
161 0.004 0.005 0.008 1.108 217 0.005 0.005 1.168 2.958
180 0.008 0.008 0.008 0.909 258 0.008 0.008 1.168 2.738
200 0.011 0.011 0.008 0.829
219 0.006 0.006 0.003 0.527
265 0.011 0.012 0.003 0.254

Table 4.1: Numerical values for testing Assumption 1.3 with adaptive subregion probabilities (a) observed best function
value. Highlighted cells violate Assumption 1.3.
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Shifted sinusoidal =2
R

Shifted sinusoidal = 5
RHS

Rosenbrock d =2

Rosenbrock =3

k LHS HS y Z k LHS y Z k LHS RHS y Z k LHS RHS y z
10 0.393 0.456 1.63 2.769 10 0.149 0.092 2.811 3411 10 0.491 0.489 8.298 35.649 10 0.07 0.07 157.848 1012.868
18 0.135 0 0.998 2.229 15 0.552 0.571 2.67 2.961 15 0.41 0.406 8.298 35.649 15 0.171 0.172 105.59 287.408
25 0.23 0.129 0.998 1.912 32 0.176 0.173 2.594 3.347 25 0.145 0.113 3.834 35.649 25 0.157 0.156 105.59 305.584
35 0.014 0 0.108 1.847 38 0.202 0.182 2.594 3.287 45 0.087 0.069 3.017 60.589 35 0.146 0.135 105.59 305.584
87 0.018 0 0.108 1.762 47 0.199 0.176 2.594 3.284 51 0.057 0.037 2.17 58.605 45 0.072 0.065 105.59 497.471
105 0.001 0 0.008 1.722 57 0.197 0.181 2.594 3.287 99 0.01 0.012 0.015 57.96 55 0.072 0.064 105.59 509.156
113 0.001 0 0.008 1.56 67 0.066 0.043 1.92 3.284 115 0.009 0.01 0.015 29.507 65 0.072 0.066 105.59 497.471
123 0.001 0 0.008 1.108 120 0.042 0.001 1.92 3.272 128 0.016 0.019 0.015 14.095 85 0.016 0.014 43.581 384.793
136 0.002 0 0.008 0.838 143 0.015 0 1.505 3.082 188 0.018 0.022 0.015 12.251 149 0.013 0.013 40.763 385.923
151 0 0 0.008 0.521 156 0.003 0 1.168 2.978 252 0.016 0.019 0.015 14.095 169 0.012 0.012 39.685 384.793
166 0 0 0.002 0.361 214 0.004 0 1.168 2.871 185 0.002 0.002 18.616 340.773
232 0 0 0.001 0.398 257 0.004 0 1.168 2.742 246 0.002 0.002 18.616 379.67
264 0 0 0.001 0.348 268 0.002 0.002 18.616 332.86
BG Process
Shifted sinusoidal d = 2 Shifted sinusoidal d =35 | Rosenbrock d =2 Rosenbrock d =3
k LHS RHS y Z k LHS RHS v z k LHS RHS v Z k LHS RHS y z
10 0.393 0.456 1.63 2.769 20 0.077 0.055 1.883 3.209 10 0.491 0.489 8.298 35.649 10 0.07 0.07 157.848 1012.868
64 0.094 0 1.002 2.636 74 0.04 0.015 1.883 3.517 15 0.41 0.406 8.298 35.649 60 0.032 0.03 157.848 2414.04
116 0.161 0.009 1.002 2.116 140 0.002 0.001 1.207 3.533 25 0.145 0.113 3.834 35.649 117 0.028 0.024 157.848 2207.16
174 0.158 0.101 1.002 2.116 202 0.002 0 1.207 3.637 53 0.073 0.055 3.62 72.723 175 0.009 0.005 82.823 2085.52
227 0.158 0.088 1.002 2.145 261 0.001 0 1.207 3.686 59 0.189 0.161 3.62 35.649 230 0.009 0.006 82.823 1988.828
259 0.182 0.13 1.002 2.116 68 0.067 0.061 0.416 15.787 256 0.009 0.005 82.823 2045.24
122 0.049 0.048 0.416 35.649
186 0.061 0.062 0.416 33.315
256 0.064 0.065 0.416 31.607
C Quadratic Regression
Shifted sinusoidal =2 Shifted sinusoidal d =5 Rosenbrock d =2 Rosenbrock d =5
k LHS RHS y z k LHS RHS y z k LHS RHS y z k LHS RHS y z
10 0.393 0.456 1.63 2.769 10 0.149 0.092 2.811 3411 10 0.491 0.489 8.298 35.649 10 0.07 0.07 157.848 1012.868
18 0.135 0 0.998 2.229 15 0.552 0.571 2.67 2.961 15 0.41 0.406 8.298 35.649 15 0.171 0.172 105.59 287.408
25 0.23 0.129 0.998 1.912 32 0.176 0.173 2.594 3.347 25 0.145 0.113 3.834 35.649 25 0.157 0.156 105.59 305.584
35 0.014 0 0.108 1.847 38 0.202 0.182 2.594 3.287 45 0.087 0.069 3.017 60.589 35 0.146 0.135 105.59 305.584
87 0.018 0 0.108 1.762 47 0.199 0.176 2.594 3.284 51 0.057 0.037 2.17 58.605 45 0.072 0.065 105.59 497.471
105 0.001 0 0.008 1.722 57 0.197 0.181 2.594 3.287 99 0.01 0.012 0.015 57.96 55 0.072 0.064 105.59 509.156
113 0.001 0 0.008 1.56 67 0.066 0.043 1.92 3.284 115 0.009 0.01 0.015 29.507 65 0.072 0.066 105.59 497.471
123 0.001 0 0.008 1.108 120 0.042 0.001 1.92 3.272 128 0.016 0.019 0.015 14.095 85 0.016 0.014 43.581 384.793
136 0.002 0 0.008 0.838 143 0.015 0 1.505 3.082 188 0.016 0.018 0.015 14.4 149 0.013 0.013 40.763 385.923
151 0 0 0.008 0.521 156 0.003 0 1.168 2.978 248 0.016 0.018 0.015 14.825 169 0.012 0.012 39.685 384.793
166 0 0 0.002 0.361 214 0.004 0 1.168 2.871 261 0.02 0.022 0.015 9.111 185 0.002 0.002 18.616 340.773
232 0 0 0.001 0.398 257 0.004 0 1.168 2.742 246 0.002 0.002 18.616 379.67
264 0 0 0.001 0.348 268 0.002 0.002 18.616 332.86

Table 4.2: Numerical values for testing Assumption 1.3 with with adaptive subregion probabilities (b) sample variance.
Highlighted cells violate Assumption 1.3.

IL



A Uniform J
Shifted sinusoidal 4 = 2 | Shifted sinusoidal = 5 | Rosenbrock d =2 | Rosenbrock d =35 \S)
k LHS RHS y Z k LHS RHS y Z k LHS RHS y Z k LHS RHS y Z
10 0.475 0 1.63 2.769 10 0.593 0.624 3.429 3.583 4 0.249 0.203 0.971 4.073 4 0.918 0918 1278.517 1398.628
15 0.351 0.33 1.259 2.442 22 0.126 0.042 2.068 3.443 104 0.025 0.013 0.167 27.401 106 0.024 0.027 68.333 648.264
25 0.113 0.089 0.63 2.15 32 0.035 0.03 1.513 3.331 204 0.029 0.018 0.167 41.594 206 0.007 0.003 30.144 636.586
48 0.099 0.043 0.229 1.685 42 0.049 0.006 1.513 3.246 304 0.030 0.021 0.167 46.290 308 0.010 0.007 30.144 623913
54 0.189 0.066 0.229 1.685 52 0.052 0.006 1.513 3.246
63 0.148 0.007 0.096 1.4 60 0.025 0.005 1.306 2972
78 0.092 0.078 0.053 0.788 110 0.013 0.012 1115 233
93 0.111 0.005 0.053 0.653 120 0.013 0.004 1115 2.395
110 0.023 0.001 0.006 0.512 137 0.014 0.006 1115 233
172 0.02 0 0.006 0.535 155 0.014 0.008 L.115 2.249
227 0.013 0.006 0.006 0.512 175 0.019 0.01 1.115 2.1
262 0.024 0 0.006 0.377 195 0.004 0.001 0.708 1.967
255 0.004 0.002 0.708 1.967
BG Process
Shifted sinusoidal =2 | Shifted sinusoidal 4 = 5 | Rosenbrock d =2 | Rosenbrock d =35
% LHS RHS y z 3 THS RES y z % LHS RES v z 13 THS RES v 3
10 0.515 0.515 1.209 1.778 10 0.402 0.125 2.727 3222 10 0.109 0.110 1.382 23.492 10 0.325 0.315 196.646 416.047
65 0.215 0 1.209 4.479 18 0.176 0.06 2.627 329 20 0.114 0.072 1.382 23.492 20 0.141 0.139 120.619 416.047
76 0.2 0.014 1.1 3229 28 0.386 0.053 2.627 3322 30 0.022 0.026 0.102 34.613 130 0.101 0.098 91.088 404.833
86 0.2 0.099 1.1 2.524 33 0.334 0.203 2.627 3.322 140 0.043 0.016 0.102 47.682 240 0.104 0.093 91.088 400.131
96 0.102 0.034 0.242 2.163 43 0.206 0.184 2.441 329 250 0.019 0.001 0.102 31.743 350 0.098 0.076 91.088 400.131
156 0.37 0 0.242 2.516 100 0.097 0.01 1.549 3.369 360 0.045 0.032 0.102 17.118
167 0.05 0 0.114 1.864 154 0.146 0.048 1.549 3.238
187 0.014 0.001 0.009 1.745 215 0.185 0.018 1.549 3.14
257 0.002 0.001 0.009 1.825 259 0.245 0.046 1.549 3.039
C Quadratic Regression
Shifted sinusoidal d =2 | Shifted sinusoidal 4 = 5 | Rosenbrock d =2 | Rosenbrock =35
k LHS RHS y z k LHS RHS y z k LHS RHS y z k LHS RHS y z
10 0.49 0 1.65 2.77 50 0.12T 0.088 2.077 3.246 10 0.375 0.262 1.006 5.158 10 0.967 0.967 1143.565 1180.265
15 0.02 0.02 0.15 1.65 76 0.023 0.015 1.574 3.246 115 0.308 0.000 0.453 3.366 110 0.305 0.193 14.028 25.120
30 0 0 0.03 1.19 126 0.028 0.023 1.574 3.26 215 0.000 0.000 0.000 1.046 215 0.166 0.167 12.824 27.317
40 0.01 0.01 0.03 1.26 176 0.037 0 1.437 3.265 315 0.000 0.000 0.000 1.009 315 0.022 0.022 3.992 20.138
50 0.01 0.01 0.03 1.23 227 0.044 0.019 1.423 3.158
60 0.01 0.01 0.03 1.19
66 0.01 0 0.01 0.9
127 0.01 0 0.01 0.81
182 0.01 0 0.01 0.77
237 0.02 0.01 0.01 0.74
257 0.01 0 0.01 0.62

Table 4.3: Numerical values for testing Assumption 1.3 with adaptive subregion probabilities (c) Gaussian process on the
range. Highlighted cells violate Assumption 1.3.



A Uniform

Shifted sinusoidal d =2

Shifted sinusoidal d =5

Rosenbrock d =2

Rosenbrock d =5

% LS RAS y z 13 LHS RAS y z 13 LHS RAS y z 13 LHS RAS Y z
10 0.445 0.41 1.63 2.769 10 0.155 0.169 2.811 3411 10 0.238 0.235 7.63 123.944 10 0.093 0.096 319.605 2467.76
15 0.351 0.32 1.259 2.442 15 0.556 0.551 2.67 2.961 55 0.242 0.241 6.874 104.011 18 0.067 0.067 143.092 854.155
25 0.08 0.075 0.63 2.15 32 0.204 0.176 2.594 3.347 56 0.171 0.186 6.874 104.011 25 0.061 0.061 143.092 943.599
48 0.086 0.066 0.229 1.319 38 0.275 0.225 2.594 3.287 62 0.212 0.221 6.44 100.838 35 0.069 0.069 143.092 854.155
56 0.084 0.064 0.229 1.319 47 0.254 0.22 2.594 3.284 68 0.231 0.225 4.275 57.553 45 0.063 0.063 143.092 937.713
66 0.073 0.061 0.172 1.259 57 0.24 0.213 2.594 3.287 84 0.022 0.02 0.196 62.788 55 0.027 0.027 88.036 854.155
77 0.045 0.034 0.053 1.028 67 0.157 0.077 1.92 3.284 91 0.027 0.023 0.196 57.553 106 0.025 0.027 88.036 830.225
96 0.009 0.007 0.008 0.829 110 0.086 0.041 1.51 3.038 111 0.051 0.047 0.196 18.663 158 0.029 0.028 88.036 873.822
156 0.021 0.02 0.008 0.353 121 0.106 0.039 1.51 3.078 123 0.059 0.053 0.07 16.368 201 0.008 0.008 45.281 827.083
188 0.017 0.026 0.008 0.267 139 0.112 0.048 1.51 298 187 0.022 0.02 0.07 15.322 209 0.009 0.009 45281 740.015
202 0.009 0.014 0.004 0.248 158 0.124 0.067 1.51 2.811 247 0.011 0.01 0.003 15.322 221 0.01 0.01 45.281 645.793
233 0 0.002 0.001 0.196 177 0.038 0.015 1.221 2.61 257 0.019 0.016 0.003 11.401 241 0.004 0.004 28.19 554.874
253 0 0.003 0.001 0.172 218 0.017 0.013 1.105 2171 265 0.006 0.006 28.19 411.649
235 0.017 0.003 0.673 2.053
261 0.037 0.003 0.673 1.958
BG Process
Shifted sinusoidal 4 = 2 Shifted sinusoidal = 5 | Rosenbrock & =2 Rosenbrock =35
k LHS RHS y z k LHS RHS y 3 k LHS RHS y Z k LHS RHS y z
10 0.445 0.41 1.63 2.769 10 0.155 0.169 2.811 3.411 10 0.502 0.503 8.298 35.649 10 0.399 0.4 427.597 863.028
64 0.17 0.14 1.002 2.636 15 0.548 0.534 2.489 2.811 15 0.416 0.426 8.298 35.649 62 0.23 0.234 427.597 1407.291
94 0.141 0.131 0.848 2.097 25 0.37 0.349 244 2.961 25 0.176 0.182 3.834 35.649 118 0.226 0.23 427.597 1407.291
102 0.18 0.157 0.848 1.933 78 0.101 0.06 2.068 3411 53 0.047 0.051 1.22 72.152 173 0.216 0.216 427.597 1533.6
109 0.217 0.183 0.848 1.9 133 0.124 0.056 2.068 3.442 59 0.098 0.098 1.22 33.315 225 0.199 0.199 427.597 1695.92
119 0.27 0.239 0.848 1.615 188 0.094 0.049 2.068 3.463 68 0.066 0.065 0.416 15.14 254 0.177 0.186 427.597 1761.241
130 0.355 0.286 0.572 1.331 239 0.091 0.041 2.068 3.506 123 0.068 0.064 0.416 29.507
191 0.167 0.113 0.262 1.456 273 0.153 0.051 2.068 3.463 184 0.079 0.075 0.416 21.804
259 0.125 0.058 0.105 1.361 250 0.081 0.077 0.416 20
266 0.053 0.052 0.243 11.429
C Quadratic Regression
Shifted sinusoidal =2 Shifted sinusoidal = 5 Rosenbrock =2 Rosenbrock d =3
k LHS RHS y Z k LHS RHS y z k LHS RHS y Z k LHS RHS y z
10 0.039 0.038 0.493 2228 10 0.155 0.169 2.811 3411 10 0.238 0.235 7.63 123.944 10 0.093 0.096 319.605 2467.76
60 0.235 0.235 0.493 0.913 15 0.556 0.551 2.67 2.961 39 0.104 0.113 4.086 100 18 0.067 0.067 143.092 854.155
110 0.301 0.3 0.493 0.904 32 0.204 0.176 2.594 3.347 40 0.065 0.071 2.563 72.526 25 0.061 0.061 143.092 943.599
162 0.399 0.372 0.493 0.913 38 0.275 0.225 2.594 3.287 67 0.114 0.116 1.653 29.617 35 0.069 0.069 143.092 854.155
171 0.094 0.078 0.077 0.912 47 0.254 0.22 2.594 3.284 75 0.062 0.065 0.83 28.374 45 0.063 0.063 143.092 937.713
226 0.104 0.072 0.077 0.898 57 0.24 0.213 2.594 3.287 128 0.065 0.067 0.83 27.782 55 0.027 0.027 88.036 854.155
251 0.075 0.068 0.077 0.895 67 0.157 0.077 1.92 3.284 173 0.036 0.044 0.643 16.368 106 0.025 0.027 88.036 830.225
125 0.181 0.139 1.92 2.982 182 0.041 0.047 0.48 10.173 158 0.03 0.029 88.036 830.225
135 0.073 0.036 1.452 2.981 244 0.004 0.005 0.028 13.268 207 0.013 0.012 49.609 618.208
152 0.079 0.036 1.452 2.961 266 0.005 0.006 0.028 9.159 216 0.01 0.01 41.59 567.647
170 0.087 0.048 1.452 2.792 262 0.013 0.013 41.59 449.238
184 0.083 0.052 1.423 2.67
221 0.032 0.015 1.192 2.496
261 0.034 0.022 1.192 2273

Table 4.4: Numerical values for testing Assumption 1.3 with adaptive subregion probabilities (d) confidence bound.

Highlighted cells violate Assumption 1.3.

€L
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4.4.2 Test Assumption 2: Surrogate Modeling Assumption

We perform another experiment to numerically test Assumption 2 using Gaussian processes
(B) and quadratic regression (C) as surrogate models and compared to uniform (A). In order to test
Assumption 2, we need to compute the probability of improvement at different objective function

values and with different methods.

To calculate the probability of improvements, we constructed a one-dimensional centered si-
nusoidal problem with two sets of sample points, where each subregion has four sample points.
Three of the sample points coincide, however the best function value in each subregion differs. We

call one set the base case sample set and the other the better-incumbent sample set. See Figure 4.3.

The probability of improvement using a uniform distribution is calculated by estimating v, () /v,

The probability of improvement using Gaussian processes is

—8Gir(x

PI(x) = & [ Y8k 421)
$i (%)

for x € o;, where g; 1 (x) and §; ¢ (x) are constructed from the Gaussian process for both the base case

sample set and the better-incumbent sample set in each subregion.The probability of improvement

is assessed at the point that maximizes the expected improvement function EZ;(x).

Figure 4.4 illustrates the expected improvement functions EI;(x), as in (4.6), with maximal
points for each subregion and for both sample sets, where Figure 4.4(a) is for the better-incumbent
sample set and Figure 4.4(b) is for the base case sample set. The new sample point for each
subregion is the point that maximizes the expected improvement function, illustrated by the vertical
dotted line. Notice that there is a different point selected between the base case sample set and the

better-incumbent sample set, due to the different best function values.

The probability of improvement using regularized quadratic regression is calculated using

() — . y—qix(x)
PI( )_P<T( ) < \/MSE,~+(SE,~(x))2>’ 4.22)
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Figure 4.3: Two different sets of sample points (blue circle base case sample set and black
triangle better-incumbent sample set) are used to build the Gaussian processes with 3 of the 4
sample points in each subregion coinciding. The black triangle sample set has better incumbent
points than the blue circle sample set.

for x € o;, where y is the 5th best function value of both sample sets. The random variable T (x)
represents the true objective function value at x, f(x), and follows a ¢ distribution with degrees of
freedom set to N — 3.

The mean squared error for subregion o; is

Ny

1 .
MSE; =+ ) (@ (x)) = £x)))%,
k =1

and the standard error at x € o; is

SEi(x) = \/MSE(QT(XTX)~10),

where Q is a vector of quadratic regression terms at point x. The size of Q is 3 for d = 1 and the

size is 1 4+ 2d +“C, for d > 1. For example,
* when x is 1-dimensional, Q = {l,xl,x%},

* when x is 2-dimensional, Q = {1,x1,x2,x%,x%,x1xz},
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(a) Gaussian process using the black triangle better incumbent sample set.
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(b) Gaussian process using the blue circle base case sample set.
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(c) Quadratic Regression using the black triangle better incumbent sample

set.
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(d) Quadratic regression using the blue circle base case sample set.

Figure 4.4: Testing Assumption 2.
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* and when x is 3-dimensional, Q = {1,x; ,xz,x3,x%,x%,x§,x1x2,xz)C3,x1x3},

where xy is the /th component (decision variable) of point x.

The design matrix X has a row for every point sampled in subregion o;, so the size of X is
Nix (142d+9Cy).

The probability of improvement is assessed at the point that minimizes the quadratic regression
function. Figures 4.4(c) and 4.4(d) illustrate the quadratic regression §(x), with minimal points, for
both sample sets. Notice the different locations between the quadratic regressions in Figures 4.4(c)
and 4.4(d)and those using Gaussian processes in Figures 4.4(a) and 4.4(b).

As shown in Table 4.5, the probabilities of improvement using uniform sampling are smaller
than those using the base case sample set for the Gaussian process and for quadratic regression.
This supports Assumption 2.1 in (4.12) that surrogate modeling with Gaussian processes and
quadratic regression can outperform uniform sampling. We also observe that the probabilities
of improvement using the better-incumbent sample set (with z) are higher than those using the base
case sample set (with 7). We calculate the probability of improvement within a subregion to be be-
low a value y, where y is the 5th best function value of both sample sets. This supports Assumption
2.2 in (4.13) that a better incumbent function value improves surrogate performance.

For this simplified numerical experiment, we see that both surrogate models (Gaussian pro-
cesses and quadratic regression) outperform uniform sampling, as anticipated. However, we do
not expect that Assumption 2 will hold for more challenging problems. We now turn to numerical

experiments to assess the expected performance as dimension increases.

4.4.3 Expected Performance by Dimension

The theoretical result in Corollary 8 states that, with the assumptions, the expected number of
function evaluations for BASSO to reach a value y, + €, € > 0, is bounded by a linear function
of dimension. To assess the impact of dimension on BASSO performance, we graph the average
number of function evaluations for BASSO with the two surrogate models and four ways to choose

subregions (Ba, Bb, Bc, Bd, Ca, Cb, Cc, Cd) to visualize whether the performance is linear in
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Estimate o1 lop) 03

P(YBASSOmT < |y BASSOUS — 7 xBASSOunf ¢ o) 0.252 0.833 0.252
P(YkaISSOSMrGP < y|YkBAS50surrGP — Z/’XBAS‘SO.mrrGP c Gi) 0276 1000 0284
P(Y/\iAfSO'm”GP < y‘ylf?ASSO.vurrGP — Z7XBASSOsurrGP c Gi) 041 1 1 000 0558
PYPASSOTC < |y PASSOSUTC — 51 X BASSOSUC ¢ ) 0.267 0.982 0.998
P(YgAPSOMTe < y|pAS0me — o xBASSOunC ¢ ) 0.674 0.986 0.998

Table 4.5: Result from numerical experiment to test Assumption 2. Observe that the probability
of improvement of BASSO with the surrogate modeling (Gaussian processes and quadratic
regression) can outperform uniform sampling. The probabilities of improvement using the
better-incumbent sample set (with z) are higher than those using the base case sample set (with 7).

dimension. We include SNOBFIT and SOAR in this experiment.

We perform the numerical experiments on five benchmark black-box optimization functions
namely Branin, Hartmann, shifted sinusoidal, centered sinusoidal and Ackley, for dimensions 10,
20, 30, 40, and 50. The number of function evaluations to reach y, + € objective function value are

averaged over 10 replications of each algorithm and illustrated in Figure 4.5.
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Branin Hartmann Shifted sinusoidal Center sinusoidal Ackley

Figure 4.5: Number of function evaluations, averaged over 10 replications, until first achieving a
near-optimal function value of y, + € for § BASSO variations (Ba, Bb, Bc, Bd, Ca, Cb, Cc, Cd),
SNOBFIT, and SOAR across dimensions 10, 20, 30, 40 and 50, and five test functions, (a) Branin
for y, +¢& =22, (b) Hartmann for y, + € = —1, (c) shifted sinusoidal for y, 4+ € = 3.3, (d)
centered sinusoidal for y, 4+ € = 3.3, and (e) Ackley function for y, + € = 16.5.

We observe that the desired linearity result does not hold across all algorithms and all test
functions. However, there are some hints that linearity in dimension is possible in some cases. The
shifted sinusoidal function is the hardest of the test functions. It is more challenging to find the
improving level set as dimension increases, especially when the level set is not contiguous (as in

the sinsoidal test functions). Since the BASSO variation with regularized quadratic regression (C),
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while not focusing on high frequency components of the objective, it still appears to capture an

overall trend within subregion, resulting in improved scalability.

Our intuition is that approximating the high frequency variations, as with a Gaussian proccess
as a surrogate model, does not guide the algorithm to sample within the entire improving level set.
Using a Gaussian proccess as a surrogate model may result in too much exploitation and not enough
exploration. The regularized quadratic regression is not as accurate in predicting the objective

function as a Gaussian process, however, it appears to balance exploration with exploitation.

We next turn to examine data profiles of the same algorithms to give more information on the

how performance is impacted by the number of function evaluations.

4.4.4  Data Profiles

To compare the performance of the different algorithms, we use data profiles, as in [71]. We
include 10 algorithms: 8 BASSO variations (Ba, Bb, Bc, Bd, Ca, Cb, Cc, Cd), SNOBFIT, and
SOAR. The set of problems has 25 problems; 5 test functions each at dimension 10, 20, 30, 40, 50.

We are interested in the fraction of problems p € P that can be solved within a given tolerance
T by solver s € S in « function evaluations. We replicate each algorithm 10 times and use common
random seeds for the replications. We average the objective function values over the 10 replications
for each algorithm. Let f(xo) be the average function value (of the 10 replications) of the starting
point, f;(x;) is the average incumbent function value (over 10 replications) reported by solver s on
the kth function evaluation, and f7 is the smallest average objective function value obtained by any
solver within the computational budget limit (i of 10,000 function evaluations.

For a given tolerance 0 < 7 < 1, a problem is considered ‘solved’ by a solver if its solution
improved the starting point by at least a fraction of (1 — ) of the largest possible reduction by any
solver in the set of interest within a given number of function evaluations, i.e., the convergence test

in (4.23) is satisfied in the given number of function evaluations. The convergence test is

f(x0) = fs(u) = (1= 1)(f (x0) = f1)- (4.23)



80

Given a computation budget of 1y = 10,000 function evaluations, we define t; 5 as,

number of function evaluations that first satisfy the convergence test by

solver s on problem p at tolerance 7
ps

o if the convergence test is not satisfied within iy function evaluations.
\

We define the data profile of solver s at threshold o with tolerance 7 as in [71],

T

| tp,s
dy(a) = —size{pe P: ——— < o},
|P| np+1
where n,, is the dimension of problem p.
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Figure 4.6: Data profiles for 10 algorithms on 25 benchmark problems (5 test problems in
dimensions 10, 20, 30, 40, and 50), with (a) T = 0.1, (b) T = 0.001, and (¢) T = 0.00001.

From the data profiles in Figure 4.6, we see that the BASSO variation (Cc) with the regularized
quadratic regression as a surrogate model (C) and the Gaussian process on the range distribution as
the adaptive subregion probability (c) outperforms the other BASSO variations. This is consistent
with the finding that BASSO subregion variation (c) came closest to satisfying Assumption 1, as
discussed in Section 4.4.1. As discussed in Section 4.4.3, the BASSO variations with a regular-
ized quadratic regression as a surrogate model (C) dominated those with a Gaussian process as a

surrogate model (B), possibly by achieving a balance between exploration and exploitation.
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It is interesting that SOAR performs very well overall. To contrast SOAR with BASSO (Cc),
SOAR uses a Gaussian process to obtain a restart location for a local search while BASSO (Cc) uses
partitioning and adaptive subregion probabilities to focus a subregion search. The Gaussian process
in SOAR is very effective for problems with dimensions 10 and 20, as illustrated in Figure 4.5, but

more samples are needed in higher dimensions, limiting the scalability.

4.4.5 Experiment with higer dimensions

We performed additional numerical experiments with 12 variations of BASSO numerically
evaluate the impact of dimension on test problems with higer dimensions. We included experiments
with three algorithms with available code (CMA-ES [45], SNOBFIT [51], and NOMAD[63]). We
chose these three algorithms because they ranked highly with good performance in [66]. The Co-
variance Matrix Adaptation Evolution Strategy (CMA-ES) [45] is a population-based evolutionary
algorithm that samples new points from a multivariate Gaussian distribution and evaluates their
objective function values. The points are sorted by function values and the distribution parame-
ters (i.e., the mean vector and the covariance matrix) are updated based on the ranking of function
values. The Stable Noisy Optimization by Branch and Fit algorithm (SNOBFIT) [51] combines
global and local search by branching and fitting a surrogate model on subregions. SNOBFIT builds
local models of the function similar to trust region approaches. No guarantees can be given that a
global minimum is located. The Non-linear Optimization with Mesh Adaptive Direct Search algo-
rithm (NOMAD) [63] has been used for simulation-based optimization. The Mesh Adaptive Direct
Search (MADS) algorithm [6] generates a series of grids with varying discretizations of the space
of variables. The adaptive mesh frame acts as a window that constrains the search to a specific
region of the space, and allows an efficient allocation of computational resources.Although none
of these algorithms scale as well as the theoretical ideal, the numerical experiments show the effect
of dimension on computational performance.

All twelve BASSO variations use the same branching strategy that is described in Section 4.2.2.
The value for the maximum number of function evaluations without improving the incumbent

value, in Step 1 of BASSO, is set to 50. The stopping criterion is a fixed number of function
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evaluations.

4.4.6 Application to Falsification of Cyberphysical Systems

To demonstrate the efficacy and relevance of the BASSO algorithm to engineering applica-
tions, we developed an add-on BASSO module to the open source Search Based Test Generation
(SBTG) Python package PSY-TALIRO[101]. PSY-TALIRO implements a similar architecture to
S-TALIRO [3] and Matlab tools [29]. Currently, the system requirements can be expressed in a
fragment of Timed Propositional Temporal Logic (TPTL) [28] which has polynomial time com-
plexity and is strictly more expressive than Signal or Metric Temporal Logic (STL/MTL) [12]. In
addition, the tool can use the Python packages RTAMT [74] and TLTk [24] that provide optimized
algorithms for STL robustness monitoring.

The Search Based Test Generation (SBTG) tool requires a formal specification (in TPTL or
STL), a blackbox model of the system under test (SUT), and a finite and bounded domain for the
search parameters. When a vector x in the domain is generated by BASSO (or any other opti-
mizer), the vector X is separated into a vector that represents static model parameters, e.g., initial
conditions and/or other system parameters, and a vector that parameterizes signals. In the latter
case, the (finite) vector that corresponds to the signals is interpolated by a user selected function
(e.g., splines, piecewise linear, etc.) to produce an input signal for the SUT. Then, the SBTG exe-
cutes the SUT using the provided parameters and signals, receives the SUT output trajectories, and
computes the specification robustness. At that point, the robustness value is returned to the BASSO
algorithm, and the process repeats until the BASSO algorithm has reached one of its terminating
conditions or the maximum allowed testing budget. Further details on requirements driven SBTG
can be found in [12, 32, 56].

In order to demonstrate BASSO variations on this application, we selected the F-16 benchmark
(version 88 ABW-2020-2188) [48] from the ARCH competition [31]. The F16 benchmark provides
both a Matlab/Simulink and a Python version of a simplified F16 Ground Control Avoidance Sys-
tem (GCAS). The GCAS system uses piece-wise non-linear differential equations to perform au-

tonomous maneuvers to avoid hitting the ground. The F16 benchmark instance defines three static
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Figure 4.8: Incumbent function value for 6 test problems in dimensions 100, 500 and 1000
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inputs ¢, 6 and y, which are the initial roll, pitch and yaw angles of the aircraft, and there are no
time-varying inputs. The three angles can range in the intervals [0.27,0.2833 7], [-0.57, —0.54 7],
and [0.257,0.3757], respectively. These angle ranges constitute the domain of decision variables
in this experiment. For this demonstration case study, we focus only on the altitude of the aircraft
over the time horizon [0, 15] after the GCAS has been activated. That is, the F-16 is initialized at an
altitude and in a pose where a collision with the ground is possible. Hence, GCAS is activated to
prevent the collision. The verification of a safety requirement simply states that the altitude should
always be above 0 during the first 15 seconds after GCAS has been activated. If a value less than 0
is discovered in the optimization algorithm, then the safety requirement is falsified. This indicates
that there may be a problem in the GCAS system in satisfying the safety requirement.

The F16 GCAS model is known to be falsifiable (i.e., the requirement is violated by at least
one input) at altitudes 2300 ft and it appears to be non-falsifiable at altitude 2400 ft.

BASSO was applied to the F16 GCAS model at altitude 2330 ft, and the experiments were run
on a AMD EPYC 9654 96-Core Processor 2.40 GHz. We ran BASSO on the F16 GCAS model for
50 replications, where each replication generated an initial point uniformly on the domain.

We selected BASSO variations Ba, Bc, and Cc to apply to this application because BASSO
variation Cc performed the best on the data profiles, as shown in Section 4.4, and BASSO variations
Ba and Bc performed well on low-dimensional problems.

Figure 4.9 shows the results of running BASSO Ba, Bc, and Cc on the F-16 benchmark where
Figure 4.9a presents the average incumbent function value over 50 replications, with the maximum
and minimum value. As illustrated, BASSO Cc outperforms Ba and Bc. We also note that the
maximum and minimum for BASSO Ba and Bc indicate more variability over the 50 replications
than for BASSO Cc. We speculate that the variability is due to the sensitivity of the Gaussian
process variations (Ba and Bc) to the observed points. Figure 4.9b presents the falsification rate,
that is, the number of replications out of 50 replications that the algorithm found a negative value.
The three BASSO variations discovered a negative value on all 50 replications before the budget
of 1500 function evaluations, however, BASSO Cc discovered a negative value much faster than

Ba or Bc.
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Figure 4.9: BASSO variations Ba, Bc, and Cc applied to the cyberphysical systems falsification
problem. (a) The average incumbent function value (over 50 replications), with the maximum and
minimum value. (b) Falsification rate (number out of 50 that found a negative value).

Table 4.6 tabulates the results of BASSO variations Ba, Bc, and Cc for comparison with SOAR
on the F-16 benchmark (from [31]).Table 4.6 presents the falsification rate (number of replications
out of 50 found a negative value), and the mean and median of the number of function evaluations

to first achieve a negative value (hitting time) over 50 replications.

The improved performance of BASSO compared to the state of the art SBTG approach (with
SOAR) can be attributed to the partitioning aspect of BASSO. Several systems exhibit switching
modes which result in high rates of variation of the output function. Approaches that automatically
restrict sampling to smaller subregions enjoy increased homogeneity of the function thus achieving

improved performance. The results seem to confirm this intuition.

These findings demonstrate BASSO’s efficiency with fewer function evaluations. Furthermore,
they underscore the benefit of using regularized quadratic regression as a surrogate model, espe-

cially given its good performance even when sample sizes are limited.
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Falsification Rate Hitting Time
Method (1500 FEs) Mean Median
BASSO Ba 50 83.40 74.0
BASSO Bc 50 170.69 81.0
BASSO Cc 50 20.36 19.0
SOAR 10 123.0 125.0

Table 4.6: Falsification rate is the number of replications out of 50 that found a negative value
within 1500 function evaluations. Hitting time is the number of function evaluations to first
discover a negative value, with mean and median over 50 replications.

4.5 Discussion of BASSO and Quantum Computing

Our numerical experiments reveal a gap between theory linearity results and its practical imple-
mentation, as we have not yet achieved the theoretical linearity. This gap stems from the difficulty
of satisfying the two assumptions in the implementation. A first reason for this gap is result of try-
ing to sample in thedisconnected improving level set. While BASSO’s sampling distribution, p, is
designed to help the sample jump between these disconnected promising regions, this mechanism
alone appears insufficient to bridge them efficiently in practice. To better address this, our future
work will explore clustering techniques to explicitly capture these separate regions. This also, can
be viewed as a multi-start strategy. In the next chapter, to overcome the stalling found in our nu-
merical experiment result, we integrate a stopping and restarting strategy known as the Hesitant
Adaptive Search with Power-Law Improvement Distribution (HASPLID) [112] in our experiment.

experiment to guide on when to restart the search.

An alternative explanation lies in the limitations of surrogate modeling. Models like Gaussian
processes require many sample points to achieve reliable prediction accuracy, especially in high-
dimensional spaces. For our goal, however, a perfect model is not necessary. We only require
a surrogate that provides information about the subregions to locate the improving level set and
performs at least as well as uniform sampling. This introduces a trade-off, that is a highly refined

model might offer local precision but fail at global exploration, whereas the goal is a model that is
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”good enough” to globally guide the search.

Whereas BASSO have been attempting to approximate the ideal performance of PAS that is
scalable in dimension, quantum computing provides opportunity that this goal may be achievable
in the future. Quantum computers inherently capture randomness, which is an important char-
acteristic of stochastic adaptive search. In contrast to conventional computing, where, given an
input x an output f(x) is returned, in a quantum computer, the output is a probability distribution
with mean f(x). Quantum computing appears to be able to provide a natural implementation of
sampling distributions that focus on improving level sets. [18] introduces Grover’s adaptive search
that provides a quantum implementation of PAS and HAS. The Quantum Annealing Algorithm
(QAA) uses quantum tunneling to implement a quantum version of simulated annealing. A brief

discussion of Grover’s Search and the Quantum Annealing Algorithm follow.

4.5.1 Grover’s Search

Grover’s [42] and Shor’s [98] algorithms are breakthroughs in quantum computing that have
demonstrated its potential. Grover’s algorithm, in particular, locates a single item in N items using
O(V/N) iterations of a Grover rotation, composed of a selective phase shift and a Grover oper-
ator. For finding m solutions out of N, the required number of Grover rotations is bounded by
[(m/4)y/N/m]. Grover’s search algorithm has been applied to a discrete optimization problem,
in particular, finding the minimum among an unsorted set of N different objects by [30]. Their
optimization implementation of Grover’s search uses exponential searching [15] by randomly se-
lecting a possible solution, using its functional evaluation as the threshold in the selective phase
shift operator, and applying a certain number of Grover rotations for each optimum search iteration.

Grover’s adaptive search (GAS) is a framework that combines PAS with Grover’s search al-
gorithm [18]. GAS uses an adaptive search strategy to dynamically change the number of Grover
rotations and demonstrates how GAS can be an implementation of PAS. It can also be viewed
as a quantum-computational implementation of HAS. Grover Adaptive Search finds the optimum
value of an objective function by using the best-known value from the previous run as a threshold.

Setting a threshold for a new iteration from an earlier iteration in GAS is analogous to finding an
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improving level set in PAS. The adaptive oracle used in GAS recognizes all values above or below
the current threshold (for maximize and minimize respectively), decreasing the size of the search
space every iteration the threshold is updated, until an optimum is found. GAS then performs an
amplitude amplification (inverting the amplitude of the current qubits state), which increases the
probability of landing in the improving level set. If a better solution is found, the threshold is
updated and a new iteration is started until the stopping criterion is met.

[11] refines GAS where the number of Grover rotations for each iteration is determined by max-
imizing the benefit-cost ratio of the expected gain to the number of rotations. [17] then addresses
the application of Grover’s algorithm with local search techniques where Grover’s algorithm is
used to locate the promising region that contains the global optimum solution, thereby combin-
ing the benefits of a multistart method with GAS. [64] provided a different strategy to determine
the benefit-cost ratio with Bayesian update. GAS has been extended to continuous optimization
problems by discretizing the space using fixed-point representation [81]. [72] recently proposes
Quantum Adaptive Distribution Search (QuADS), an extension of GAS using an adaptive multi-
variate normal distribution, mimicking CMA-ES for the initial state in quantum search. Numerical
experiments conducted on QuADS demonstrate promising outcomes, highlighting the potential of

quantum computing in tackling continuous optimization problems.

4.5.2  Quantum Annealing Algorithm

The quantum annealing algorithm (QAA) is an optimization algorithm that makes use of simu-
lated quantum (rather than thermal) fluctuations and tunneling, thus providing a quantum-inspired
version of simulated annealing. The property of quantum computing that allows the implemen-
tation of QAA is quantum tunneling. In sharp contrast to particles, quantum wave functions can
tunnel through high potential barriers with significant probability, and this is formally known as
quantum tunneling. The basic idea of QAA is to map the optimization problem to a physical sys-
tem, such as a network of coupled qubits, and then find the state of the system that corresponds to
the minimum energy by gradually evolving the system to its ground state, using a process similar

to the annealing process in macroscopic physics. Intuitively, this can be viewed as global evolu-
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Figure 4.10: Comparison of the working principle of simulated annealing and QAA, as in Wang
et al. (2024).

tion and superposition of quantum states, which is capable of acquiring global information of the
objective function. In contrast, for SA, if the objective function contains several high potential
barriers, it may fall into local optima, as the thermal transition depends on the height of the po-
tential barriers. To solve the problem, quantum tunneling is used to go through potential barriers.
Figure 4.10 illustrates quantum tunneling versus simulated annealing, as done in [104]. A com-
parison between QAA and SA [13, 25, 54, 90] suggests that QAA can be exponentially faster than
SA in some cases. To apply quantum computing to optimization, an efficient encoding of variable
and constraint spaces is necessary. This involves an intricate mapping of the optimization prob-
lem to the available number of qubits while preserving problem structure, which is challenging.
Moreover, a challenge to quantum computing is the limited coherence durations and the need to
maintain fragile quantum states for the duration of the execution. While quantum error correction
offers a theoretical pathway to mitigate decoherence effects, its practical implementation at scale
remains a substantial engineering and algorithmic hurdle. Consequently, the development of quan-
tum optimization algorithms that are both theoretically and practically sound within the operational

limitations of near-term quantum hardware constitutes a crucial area of ongoing development.
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4.6 Conclusion

This chapter proposes BASSO, a framework for adaptive random search that conceptualizes
partitioning and surrogate modeling to solve black-box optimization problems. The finite time
analysis of BASSO is provided as we derive an upper bound on the expected number of function
evaluations until a specified € above the global minimum value is reached. It is shown that under
certain conditions, the expected number of function evaluations is bounded by a linear function
of the domain dimension, achieving scalability to problems in high dimensions. This conceptual
framework balances exploration through an adaptive subregion probability to focus the search on
subregions with improving function values, and with exploitation through a surrogate model that
optimizes within a subregion. Several implementations of BASSO is applied on the test problems
and we numerically conclude that the best variation uses a regularized quadratic regression as a
surrogate, and a one-dimensional Gaussian process on the range distribution for the adaptive sub-
region probability. The combination of exploration through the adaptive subregion probability and
exploitation via the quadratic regression has potential for scalability.We demonstrate the practical
relevance of BASSO implementations by exploring their numerical performance on a real-world
application of falsification of cyberphysical systems. Throughout this chapter the main goals of
the dissertation is satisfied by incorporating a machine learning model (Gaussian process and reg-
ularized quadratic regression) into variations of BASSO implementations, providing finite-time
analysis of BASSO and conditions for BASSO to achieve scalability in high dimension then we
presents numerical experiments of BASSO variations for both synthetic optimization problems and

application to the real-world problems.



92

Chapter 5

APPROACHES FOR HIGH-DIMENSIONAL BLACK-BOX
OPTIMIZATION

Following the numerical results in Chapter 4 for Branching Adaptive Search Optimization
(BASSO) framework, the BASSO numerical result in high-dimensional problem provides insight
into the gap between BASSQO’s theoretical ideal performance and its practical performance when
combined with machine learning techniques. This chapter extends the numerical experiment on
the high-dimensional problem, combining the methods used in high-dimensional optimization in-

cluded, partitioning, decomposition, and clustering.

5.1 Introduction and Background

High-dimensional black-box optimization presents a significant challenge, as locating improv-
ing level sets becomes exponentially more difficult with increasing dimensions. Our previous
work introduced the BASSO framework, a conceptual approach that balances global exploration,
by adaptively focusing the search on promising subregions, with local exploitation, by using a
surrogate model to optimize within them. While numerical experiments in the previous chapter
showed that the desired linearity in performance scaling is not achieved in all BASSO variation,
they offer important insights. We observed that a BASSO variant using regularized quadratic re-
gression demonstrated superior scalability. Although this surrogate is less accurate at predicting
the objective function than a Gaussian process, it appears to be better at striking a balance between
exploration and exploitation, capturing trends within subregions. Building on these findings, this
chapter aims to close the gap between current implementation and ideal theoretical performance.
The experimental design in this chapter aims to test the methods currently used in high-dimensional

black-box optimization to guide the development of a practical algorithm capable of scalability into
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solve high-dimensional black-box optimization problems.

5.2 Methods for High-dimensional Black-box Optimization

Our primary objective in this chapter is to develop a algorithm that can effectively scale to solve
high-dimensional black-box optimization problems. Our approach is to incorporate methods used
in high-dimensional optimization, each chosen to address challenges inherent in high-dimensional
spaces. We use partitioning and clustering techniques to subdivide the problem domain into smaller
subregions. This strategy, inspired by successful algorithms such as NOMAD, SNOBFIT, and
CMA-ES [45, 51, 63], allows for more efficient sample management. The partitioning techniques
used in SNOBFIT and NOMAD are described in Chapter 2. The Covariance Matrix Adapta-
tion Evolution Strategy (CMA-ES) is a population-based evolutionary algorithm that samples new
points from a multivariate Gaussian distribution and evaluates their objective function values. The
points are sorted by function values and the distribution parameters (i.e., the mean vector and the
covariance matrix) are updated based on the ranking of function values. In CMA-ES, the mean and
covariance matrix of the top-performing points can be viewed as a statistical model of a promising
cluster. Instead of performing a traditional local search, CMA-ES generates new candidate points
by sampling from the multivariate normal distribution described by these parameters, effectively
focusing the search within this promising area. The empirical success of the CMA-ES algorithm
also inspires our use of clustering. In this chapter, we perform the BASSO algorithm on specific
clusters, which are defined by bounding boxes placed over promising regions identified through a
clustering technique.

As observed in our previous numerical studies, achieving a good prediction in the search space
is helpful, but it is more important to have a mechanism that reliably focuses the global search
on the set of improving levels. Partitioning and clustering addresses the challenge of function
heterogeneity by allowing us to specify the promising subregions, then we can utilize scalable
surrogate models, such as regularized quadratic regression for exploitation without the need to
construct a single, highly complex, and computationally expensive model of the entire domain.

A third approach to address scalability of when optimize high-dimensional function is the de-
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composition method that creates low-dimensional subproblems. This reduces the computational
burden of constructing surrogate models on high-dimensional spaces.

While the previous chapter identified a promising approach, the BASSO-Cc variant, which
combines an adaptive subregion probability from Gaussian process with a regularized quadratic
regression as local surrogate model, it also revealed its weakness. We observed that this method,
while is able to find “good enough” solutions in the early stages, frequently stalled as the opti-
mization progressed. The search becomes trapped around local minima, suggesting the algorithm
had fully exploited the information in a given region but struggled to transition back to a broader,
more exploratory search. This failure to escape local optima significantly lowers the probability of
discovering the true global optimum.

To overcome this stalling, we integrate a stopping and restarting strategy known as the Hesitant
Adaptive Search with Power-Law Improvement Distribution (HASPLID) [112] in our experiment.
This strategy provides a data-driven method for deciding when to terminate a current run and restart
the search or terminate the entire algorithm. By modeling the optimization algorithm’s progress
as a stochastic process, HASPLID manages the tradeoff between investing further computational
effort in the current search and the probability of achieving a better result by restarting. A key
advantage of HASPLID is that its model is tractable to analyze and captures both the probability
and magnitude of improvement in two easily estimated parameters. This strategy operates without
requiring any specific knowledge or assumptions about the characteristics of the objective function,
making HASPLID broadly applicable solution for black-box problems.

This chapter aims to improve high-dimensional optimization performance by combining three
methods with BASSO, including clustering, restart (with HASPLID), and decomposition. The ex-

periments evaluate the effectiveness of the eight algorithm variants, which are listed below.

Algorithms without clustering

1. Partitioning (BASSO Cc)

2. Partitioning with Restart (BASSO Cc-HASPLID)
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3. Partitioning-Decomposition (BASSO Cc-Decomp)

4. Partitioning-Decomposition-Restart (BASSO Cc-Decomp-HASPLID)
Algorithms with clustering

5. Partitioning with Clustering (Cluster-BASSO Cc)

6. Partitioning with Clustering and Restart (Cluster-BASSO Cc-HASPLID)

7. Partitioning-Clustering-Decomposition (Cluster-BASSO Cc-Decomp)

8. Partitioning-Clustering-Decomposition-Restart (Cluster-BASSO Cc-Decomp-HASPLID)

The implementation details of each algorithm are as follows.

5.2.1 Partitioning

This section describes two algorithms, BASSO Cc and Cluster-BASSO Cc, that use partitioning
to break down a problem into smaller, more manageable subproblems.

The first algorithm, BASSO Cc, is the variation detailed in Chapter 4, Section 4.2.2. The
second, Cluster-BASSO Cec, first divides the problem domain into smaller subregions, or “’clusters
subregion,” using a clustering algorithm. It then applies the BASSO Cc method to each subregion
individually. This approach is designed to focus the search on the most promising regions of the
problem space.

BASSO Cc

BASSO Cec, is the variation detailed in Chapter 4, Section 4.2.2 that uses adaptive subregion prob-
ability from the Gaussian process on the range distribution and generate a point on the selected
subregion by minimizing a regularized quadratic regression on the domain. The only difference in
this implementation is the initialization use ng = dim points. The branching strategy is also defined
in section 4.2.2. The stopping criteria is the number of function evaluation that is set it to 10,000

for all test problems.
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Cluster-BASSO Cc

Step 0: Initialize Set algorithm parameters d is the dimension of the space S, K(d) is the number
of clusters K(d) is set to 5 for numerical experiment. Initialize nop > K(d) points in S (uniformly,
or Latin hypercube) and evaluate their function values. Let x* and y* be incumbent points and its

corresponding incumbent function value. Initialize a cluster C; with ng points.

Step 1: Multivariate Normal Sampling and create cluster subregion
Step 1.1: Multivariate Normal Sampling For each cluster C,,, let x,,, be the n,, x d matrix of n,,
sample points that belongs to cluster C,,. We write X,, = (;;), that X,,, is a matrix whose i, j entry
is x;j, where j is the dimension of j coordinates of i sample point, for j=1,...,dandi=1,...,n,.
The d-vector, W, is the mean vector of cluster Cy,. Let w,, = (%1,...X%;),, wheere X j is the average
of column j of matrix x,,. Set the covariance matrix for each cluster C,, form=1,...,,K(d), to be
Sm, where S, is the d x d matrix with each entry,

I s

Sjk = Skj = %—_12i21(xij_fj)(xik—fk)a Jk=1,....d

For each cluster C,,, sample ncjyser—10 NeW points using a multivariate normal distribution with
mean vector U, and covariance matrix K,,. Add the new points to cluster C,,.

Step 1.2: Create cluster subregion For each cluster m, create a cluster subregion G, by finding
a lower bound and upper bound on each dimension over the points in that cluster. Then perform
optimization (BASSO Cc) with HASPLID within each subregion o,,. Also, set J,, to keep track of
the incumbent function value observed in that cluster subregion G,,.

Step 2: Branch and update adaptive subregion probabilities within each cluster subregion
Step 2.1: Branch cluster subregion: For each cluster subregion, branch the cluster subregion.
Branch a collection of subregions in £¢ according to a branching strategy. Update the new number
of subregions /.

Step 2.2: Update adaptive subregion probabilities For each cluster subregion, update adaptive

subregion probabilities p, p;(V;, ) fori=1,...,L.
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Step 3: Choose a subregion using p,, and sample a point

For each cluster subregion, choose a subregion o, from X using the adaptive subregion probabil-
ities pjm(¥y,) for i =1,...,1. Generate a point X on the selected subregion o, either uniformly
or using surrogate modeling, and evaluate f(X). Update the best objective function value y; in the
selected subregion o,. If the new objective function value f(X) is less than the incumbent value
within cluster subregion ¥, , update the incumbent function value. If not repeat this step until the
number of samples in this step reach n,,, = 50

Step 4: Select sample points and recluster

Select sample points and recluster. To select points for reclustering, we select sample points that
have their function value better than a 8 = 50% quantile of the function value observed over the
whole run. Then, for each dimension j = 1,...,d, we select the points that are separated by some
threshold. Then recluster those selected point into K (d) = 5 clusters.

Step 5: Check stopping criterion If the stopping criterion is met stop and report the incumbent

function value, otherwise go to step 1.

5.2.2 Multi-start

This section introduces two algorithms that integrate HASPLID to model the range behavior
of an optimization process. HASPLID provides criteria for stopping a single run and restarting it
to address stalling, which occurs when an algorithm gets stuck near a local optimum and struggles
to find an improving level set. The goal of this mechanism is to balance exploration of new areas
with the exploitation of regions that have already been explored. The two algorithms are BASSO
Cc-HASPLID and Cluster-BASSO Cc-HASPLID. In BASSO Cc-HASPLID, the restart process
involves discarding all previous subregions while retaining the top 50% of observed points, ranked
by their function values. Similarly, the Cluster-BASSO Cc-HASPLID applies this same restart

procedure to the instance of BASSO Cc running within each individual cluster.

BASSO Cc-HASPLID
BASSO Cc-HASPLID performs BASSO Cc variation as detailed in Section 4.2.2 The difference
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in this implementation is the step O: initialization where we set the three HASPLID parameters:
€ represents the target proportion of the domain;0 represents the failure tolerance parameter that
we want to reach the target with probability at least 1 — §; the improvement parameter «. Set
Prait = 1,R=0, { = 1. Set the HASPLID parameters as suggested in [112].

To initialize BASSO Cc with HASPLID, Increment R, set jg = 1,kg = 1, Byestarr = NLARGE
Step 0: Initialize. Set o) = S, EOC = {01}, mp = 1, and iteration counter k = 0. Sample a point
X from the uniform distribution over S. Evaluate f(X) and set y; = f(X). Also, set 3 = f(X)
to keep track of the incumbent function value observed. Set p1(3;) = 1. Set the three HASPLID
parameters: € = (0.0l)d represents the target proportion of the domain;é = 0.001 represents the
failure tolerance parameter that we want to reach the target with probability at least 1 — J; the
improvement parameter o = 1/d. Set pssy = 1,R =0, = 1. To initialize BASSO Cc with
HASPLID, Set jr = 1,kg = 1,nrestart = nrarce = 10,000
Step 1: Sample a new point. Choose a subregion o; from Zg using the adaptive subregion
probabilities p;(y;) fori=1,...,m;. Generate a point X on the selected subregion either uniformly
or using surrogate modeling, and evaluate f(X). Update the best objective function value y in the
selected subregion o;.

If the new objective function value f(X) is less than the incumbent value j7, update the incum-
bent function value J; = f(X). Update nyesar, increment kg and jg. Then, decide if we should
go to the next step or stop the run If n,.54r¢ (, kg g0 to step 2, otherwise go to Step 4.

Step 2: Branch subregions. Branch a collection of subregions in Zg according to a branching
strategy. Update the new number of subregions my 1, and update the collection of subregions,
ZgH ={01,...,0m, }-

Step 3: Update adaptive subregion probabilities. Update p;(¥; ;) fori=1,... m .

Step 4: Evaluate stopping criterion. Solve for the estimate of HASPLID parameter ratio { and
update pyqir. If prei < & increment R, reset jg = 1 and kg = 1, set 61 = S, EOC ={o1}, myp=1.
Order all samples by their observed function value, keep the best 50% the sample and restart the
BASSO run at step 1. Increment the iteration counter k <— k+ 1. If pr,y; > 6 , stop the BASSO
with HASPLID and output the y*.
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Cluster-BASSO Cc-HASPLID

The difference of Cluster-BASSO Cc-HASPLID to the Cluster-BASSO Cc is we define the HAS-
PLID run as Step 2 and 3 of the Cluster-BASSO Cc algorithm. The Cluster-BASSO Cc perform
step 2 and 3, for each subregion cluster, for a fixed number of function evaluations n,, = 50.
While Cluster-BASSO Cc-HASPLID use HASPLID to decide when to stop the run in step 2 and

3 and progress to step 4.

5.2.3 Decomposition

This section introduces two algorithms that integrate decomposition to BASSO with subspace
decomposition. One of the inherent limitations of many surrogate modelling methods is that com-
putational cost becomes intractable for problems in high dimensions. We decompose the high
dimensional problem into many low-dimensional problems to enable surrogate modelling within
practical limits. The combination of decomposition and partitioning addresses heterogeneity of the
black-box function, and aids in focusing the search on promising regions. The two algorithms are
BASSO Cc-Decomp and Cluster-BASSO Cc-Decomp. BASSO Cc-Decomp implementation. The
Cluster-BASSO Cc-Decomp algorithm implementation do BASSO CC-Decomp on each cluster

subregion.

BASSO Cc - Decomp
Step 0: Initialize Decomposition Set decomposition parameters; d is the dimension of the space
S, P is the number of sub-spaces, and d” (d” = 5,P = d/5) is the number of sub-space dimensions
p, p=1,...,P. Create the set of sub-space dimensions for sub-space p by sampling from the
index set {1,...,d} without replacement. Let X” be the sub-space for sub-space p, such that
S=Xx...xXP

Initialize ng points in S (uniformly, or Latin hypercube). Rank order the ng points by their
function evaluations, and create a set of points with their function values.

Let Q be the set of ng points and their function evaluations, {x;, f(x;)} for j=1,...,n9. Let
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So=minj—1 . f (x;) to keep track of the incumbent function value observed.

Set BASSObudget, for the number of function evaluations to perform for each sub-space in an
iteration.

Initialize BASSO for each sub-space p,p =1,...,P. Set ZS,O = {X?}, and o, = XP, and
mpo = 1 (mp is the number of subregions of sub-space p on iteration k). Set iteration counter
k=1.Set p,1(5) = 1.

Step 1: Perform BASSO for each subspace
Step 1.1: Sample N new points using belief vectors (adaptive probability p)

Forn=1,...,N, do:

Step 1.1.1: Choose N subregions using belief vectors (adaptive probability 5 For each sub-
space p = 1,...,P, choose a subregion from Z,(i,k, the set of subregions of sub-space p using
Pp.i(¥;_,), for subregions i of sub-space p. Call this subregion o), ;.

Step 1.1.2: Sample a point in the chosen subregion uniformly For each sub-space p =1,...,P,
sample a point uniformly distributed on the selected subregion G, ;. Construct a full dimensional
point by concatenating the points of each of the sub-spaces and evaluate its objective function
value. This yields N full dimensional points. Update the set Q; with the N points and their func-
tion evaluations {x;, f(x;)} for j=1,...,N.

Step 1.2: Construct surrogate models and generate a new point

For each sub-space p = 1,...,P, choose a subregion from Zg 1> the set of subregions of sub-
space p using p, x(¥;_,). Call this subregion o,,;.

Step 1.2.1: Construct a surrogate model in the chosen subregions Construct a surrogate model
in the chosen subregion o), ; using the points that have been sampled and their associated function
values (from Q).

Step 1.2.2: Generate a point using surrogate modeling Generate a sample point X;)i in the
chosen subregion o), ; that minimizes the regularized quadratic regression over G ;.

Construct a full dimensional point by concatenating the generated point of each of the sub-
spaces and evaluate its objective function value. Add this full dimensional point to Q;. Step

1.3: Branch and update current subregions for each sub-space p Step 1.4:Update adaptive
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subregion probability 5, ;

Step 2: Evaluate the stopping criterion

5.2.4 Partitioning Decomposition and Multi-start

This section introduces two algorithms that integrate HASPLID to model the range behav-
ior of optimization processes of BASSO Cc-Decomp and a modified version of Cluster-BASSO
Cc-Decomp. The two algorithms are BASSO Cc-Decomp-HASPLID and Cluster-BASSO Cc-
Decomp-HASPLID. For both algorithms, we calculate each HASPLID run will restart and ran-

domly reassign each dimension to a new sub-space.

5.3 Numerical Experiments

In this section, we perform the numerical experiments designed to explore and assess meth-
ods that can effectively address the challenges of high-dimensional black-box optimization. The
experiments were structured to test the impact of three primary features—Clustering, Decomposi-
tion, and HASPLID—when integrated into algorithms for black-box optimization problem. This
combination resulted in the following eight algorithms: We numerically tested these eight algo-
rithms on a six test problems, with the dimensions 20, 50, 100, 500, and 1000. We performed 10
independent replications for each problem instance, with each replication starting from a common
random seed. We also implemented three publicly available optimization algorithms Covariance
matrix adaptation evolution strategy (CMA-ES) [45], Stable Noisy Optimization by Branch and
FIT (SNOBFIT) [51], and The Non-linear Optimization with Mesh Adaptive Direct Search algo-
rithm (NOMAD) [63] . We chose the first three algorithms because they ranked highly with good

performance in [66].
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5.3.1 Result

This section analyzes the performance of the proposed algorithms, first by comparing them
against each other and then by benchmarking the top-performing method against established al-
gorithms. Comparison of Proposed Algorithms The incumbent function value found as perfor-
mance measure of the eight proposed algorithms as shown in Figures 5.1-5.5, the results show that
BASSO Cc-HASPLID perform the best in most problems, closely tracked by Cluster-BASSO Cc-
HASPLID. Algorithms integrated with the HASPLID restart mechanism consistently outperform
their counterparts without it. It is particularly evident when comparing the results of BASSO Cc
with BASSO Cc-HASPLID. While the HASPLID integration yields better overall results, it also
introduces greater variance in the observed function values during the search. Conversely, methods
that relied on decomposition generally exhibited poorer performance in most test cases.

Given its better performance, we compare BASSO Cc-HASPLID the other three optimization
algorithms: CMAES, SNOBFIT, and NOMAD. The results are presented in Figures 5.6-5.10.
Compared to the benchmark algorithms, BASSO Cc-HASPLID demonstrates a distinct advantage
in identifying good solutions early in the optimization process compare to other three algorithms.
The HASPLID mechanism provides noticeable improvement in later iterations by helping the al-
gorithm escape local optima. However, it is noted that this mechanism does not completely resolve

stalling behavior on all test functions.

5.4 Conclusion

In this chapter, we extend the numerical experiments from Chapter 4 to high-dimensional prob-
lems by integrating high-dimensional techniques including partitioning, clustering, restart and de-
composition. Motivated by insights from Chapter 4 on the gap between theoretical and practical
performance, we introduced the HASPLID mechanism to guide restart of BASSO, in order to pre-
vent search from over-exploitation of promising regions. The numerical experiments offer encour-
aging results. Algorithms incorporating HASPLID consistently outperformed their counterparts.

Furthermore, the strategy of partitioning the domain using clustering proved effective, with its per-
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Figure 5.5: Incumbent values for Shifted Sinusoidal function at dimension 20, 50, 100, 500 and

1000, averaged over 10 simulation rounds across 10,000 evaluations, with maximum and
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Incumbent function value

Figure 5.7: Incumbent values for Branin function from BASSO Cc - HASPLID, CMAES,
SNOBFIT, and NOMAD at dimension 20, 50, 100, 500 and 1000, averaged over 10 simulation
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formance closely tracking that of the best-performing algorithm, BASSO Cc-HASPLID. However,
a limitation was identified in the experimental design as the number of clusters was fixed at 5 clus-
ters throughout all experiments. This fixed number of clusters may be insufficient to capture the
complex, often disconnected improving level sets in higher-dimensional spaces. Therefore, future

work should focus a clustering strategy where the number of clusters is a function of dimensions.
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Chapter 6

SINGLE OBSERVATION ADAPTIVE SEARCH (SOSA) FOR
CONTINUOUS STOCHASTIC OPTIMIZATION WITH MACHINE
LEARNING

This part of the research proposes the use of machine learning in a stochastic adaptive search
algorithm for efficient noisy black-box optimization. This section propose novel variants of the
Single Observation Search Algorithm (SOSA) by integrating machine learning techniques. The
baseline SOSA estimates a sample point’s objective value via neighborhood averaging and employs
an adaptive stochastic search that gravitates toward the best current estimate. The contribution is
to enhance both components: the proposed method apply generalization principles to improve
value estimation and use reinforcement learning to guide the search algorithm more effectively.
Numerical experiments demonstrate that these machine learning enhancements yield significant
performance gains for the SOSA framework. In this chapter, the research question is whether the
proposed algorithms that adopt a quadratic regression in the objective function value estimation
step and reinforcement learning technique improve the performance of the algorithm, and maintain

convergence results.

While the previous chapter focuses on deterministic functions, this chapter proposes an en-
hancement to the stochastic adaptive search algorithm with the presence of noise, extending the
Single Observation Search Algorithm (SOSA) [57, 58] by incorporating insights from machine
learning. This chapter focuses on how to balance exploration, exploitation with estimation by uti-
lizing the technique and insight from machine learning. The neighborhood averaging technique
for estimation of SOSA is replaced with a quadratic regression, extending the concept of basis
expansion. This study contributes to the interplay of optimization and machine learning, providing

a convergence analysis for a function value estimate from quadratic regression, which accounts
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for dependent samples acquired from an adaptive search within a single-observation scheme. The
search strategy is also enhanced by incorporating optimistic sampling, a concept borrowed from

reinforcement learning, which yields encouraging numerical results and improved performance.

6.1 Introduction and Background

The single observation search algorithm (SOSA) is a class of stochastic adaptive search algo-
rithms for noisy black-box optimization that requires exactly one function evaluation (e.g., sim-
ulation) per sampled design point [57, 58]. The algorithm estimates the objective function of
a sampled design point by averaging the single observations of the function values at different
nearby design points. SOSA was initially proposed for continuous problems in [57], and extended
to problems with integer and/or real-valued decision variables in [58]. Under mild regularity con-
ditions, the optimal value estimate from the SOSA framework converges to the true optimal value
with probability one for both continuous and mixed integer problems. Numerical experiments in
[57, 58] compare the single observation framework of SOSA to a sample average framework with
repeated function evaluations using two samplers, Improving Hit-and-Run (IHR) [111] and AP
sampler [2]. Both IHR and AP samplers satisfy the mild regularity conditions for SOSA to ensure
convergence to the true optimal value. The numerical results provide support to the efficiency of
the single observation framework on noisy black-box optimization problems.

Independently created for noisy black-box optimization, the structure of SOSA inadvertently
resembles the k-nearest neighbor algorithm in machine learning, making SOSA a machine learning
algorithm for noisy black-box optimization. However, SOSA employs averaging as its prediction
function which is fairly primitive and can be improved.

In this study, we propose to extend SOSA with a basis expansion, using quadratic regression
to estimate the objective. The concept of basis expansion in this enhanced SOSA is to expand the
basis from sample averaging to the polynomial basis as an attempt to capture a non-linear relation-
ship of the decision variables and the objective function. Additionally, the numerical experiments
with BASSO variations also demonstrates that quadratic regression proves to be an efficient model

for capturing local behavior, empirically showing the benefit of the quadratic regression as local
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surrogate model.

6.2 SOSA with Machine Learning

We consider the stochastic optimization problem

min  f(x) 6.1)

xes

where the feasible region is S C R?. We assume the feasible region S is compact. We address
the case where the objective function f(x) cannot be evaluated directly. Instead, only a noisy
evaluation is available. The performance at a design point x € S is given by g : S x Q — R, where
U is a random element defined on a probability space (,.o7,[P). The true objective function is the

expected value of these noisy evaluations:

fx) =E[g(xU)]. (6.2)

We assume the expected value is finite for all x € S and U € Q. A minimum value f* is guaranteed
to exist on the compact set S. Let 2™ = Argmin,cg f(x) denote the set of optimal solutions. For
any point x € S, we define B(x,r) as a ball of radius r centered at x. The algorithm will use a
sequence of radii, {r,}j":l , that decreases and converges to zero.

The original SOSA algorithm sequentially samples design points, requiring exactly one func-
tion evaluation per point. Let (2;,%;) be the sets of paired sample points and their corresponding
function evaluations up to iteration ¢ obtained in the course of SOSA. For any point x € S, the
objective function estimate, ﬁ(x), is calculated as the sample average of evaluations y; for all his-
torical points x; that fall within the ball B(x,r;). The algorithm’s estimate of the optimal value is
then the minimum of these function estimates over all sampled points.

The original SOSA framework has two primary shortcomings that this paper aims to address.
First, its estimation method—sample averaging—does not leverage specific characteristics of the

objective function. We will make an approximation locally by a quadratic regression to improve
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the estimation of the noisy function. This allows for a more refined estimation technique using
quadratic regression. Second, the original sampling strategy using IHR makes use of the best point
found so far, which can cause the algorithm to become trapped in the neighborhood of a local

optimum. Therefore, a more robust exploration scheme is needed to mitigate this risk.

To address the first shortcoming, we introduce a quadratic estimation method. At iteration ¢,
we define the neighborhood points of x as the set of all previously sampled points that fall into the
ball B(x,r;). Let L;(x) be the number of these points, which we call the contribution to the estimate
at x. If this contribution L, (x) exceeds a predefined threshold [*, say [* = d?, then we estimate the

function value by solving the following least-squares problem:

Problem 2(x,¢)

2
min Z yi— (xiTAx,- +b X+ c) (6.3)
Abc {iz;€B(x,r;), i<t}
where (x;,v;), i =1,...,t, are the sample points and their function observations in the ball around

X up to iteration ¢, A is a d X d matrix, b is a d-vector, and c is a scalar. Solving this problem yields

the coefficients A*

Y.r» by, and ¢, of the local quadratic model. We propose an enhanced algorithm,

which we call SOSA with Quadratic Regression (SOSA-Q), that replaces the sample average used

in the original SOSA with a quadratic model to estimate the objective function value.

The sampling at each iteration uses Hit-and-Run that is initiated from the so-far best point in the
original SOSA and the SOSA-Q. We first identify the point with the best estimated objective func-
tion value. A random direction is then generated, and a new point is sampled from the line segment
that passes through this best point along that direction. From the multi-armed bandit perspective,
this greedy approach can cause the algorithm to get trapped at a local optimal point. To improve
the sampling strategy, we propose an optimistic approach that balances exploration and exploita-
tion, drawing an analogy to the acquisition functions used in Bayesian optimization [34, 106].
Instead of initiating Hit-and-Run from the point with the best-estimated objective value, we bias
Hit-and-Run towards the point with the best lower confidence bound, following the principle from
the reinforcement learning literature [7]. However, assessing this bound for every sampled point at

each iteration is computationally impractical. We therefore introduce a heuristic: we first identify
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a candidate set of the K best-performing points based on their estimated function values. Then, we
calculate the lower confidence bound for only these K points and select the one with the best bound
as a point for Hit-and-Run sampler. We called the variations with sampling with Hit-and Run that
biased toward the best lower confidence bound, SOSA with Optimistic Bias Sampling (SOSA-O)
and SOSA-Q-O SOSA with Quadratic Estimation and Optimistic Bias Sampling (SOSA-Q-O).

In this study, we focus on comparing the estimation method used in SOSA framework. The first
is the original SOSA, which serves as our baseline. The other three are variants that incorporate

the quadratic estimation and optimistic sampling enhancements.

* Original SOSA (SOSA): Use sample averaging to estimate the function value and uses Hit-

and-Run that is initiated from the so-far best point to sample the next point

* SOSA with Quadratic Estimation (SOSA-Q): Use the quadratic regression to estimate the
function value and uses Hit-and-Run that is initiated from the so-far best point to sample the

next point

* SOSA with Optimistic Sampling (SOSA-O): Use sample averaging to estimate the function
value and uses Hit-and-Run that is initiated from the point with the best lower confidence

bound to sample the next point

* SOSA with Quadratic Estimation and Optimistic Sampling (SOSA-Q-0O): Use the quadratic
regression to estimate the function value and uses Hit-and-Run that is initiated from the point

with the best lower confidence bound to sample the next point

Single Observation Search Algorithms with Variations

We are given:
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* A continuous initial sampling density for search on S, g;(x), and a family of continuous

adaptive search sampling distributions on S with density

ql('x‘xl‘—l)7 t:2,3,...7

e Radius schedule: r; >0, =1,2,...
» Slowing integer sequence: i; <t,t =1,2,...
* Top ranking integer: K

Step 0: Sample x; from g, observe y; = g(x1,u;), where u; is a sample value having the same
distribution as U and independent of x;. Set (27, %) = {(x1,y1)}. Also, set fi(x;) =
fl*(xl) =1, Ll(xl) =1and XT =x1. Sett =2.

Step 1: Given the exploration point X;_1, sample the next point, x;, from g;. Obtain a sample
value u; having the same distribution as U and independent of (xi,y1),...,(x—1,y,—1), and

evaluate the objective function value y, = g(x;,u;).

Step 2: Update (Z;,%;) = (Z:i—1U{x},%_1U{y}). Update the contribution at x; to each x €
21,

Li(x) = {k<t:x€B(x,r)}

_ Li—1(x) if x; ¢ B(x,1;) . (6.4)
Li1(x)+1 ifx, € B(x,ry)

Step 2a [SOSA]: Estimate the objective function using the average of the neighborhood points’
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function observations. For each x € .2;, estimate the objective value f;(x) as follows,

ﬁ(x) _ Z{kﬁl: X €B(x,r)} Yk _ Z{kgz: x€B(x,r)} Yk
H{k<t: xx€B(x,r)}] L (x)
f1(x , if x;, & B(x,r
_ ff 1(x) ) + & B(x, 1) . 6.5)
fro1 () + 1/Li(x) (v — fr—1(x)), ifx; € B(x,ry)
Estimate the optimal value as
£ = min fi(x) (6.6)
xeZi,
and estimate the optimal solution as
£ € argmin £, (x) (6.7)
xeZ;,

where .2, is the subset of Z; that only includes points 1 through ;.

Step 2b [SOSA-Q]: Estimate the objective function value at x using the quadratic regression if

there are sufficient points in the ball. For each x € .2}, estimate the objective value as follows.

. fix) if L (x) < I
fw=1 " - (6.8)
xTA;Jx + b;,; X+ C;J, if Li(x) > I*

where A, by, i, are from the solution to Problem 2(x,?) in (6.3). Estimate the optimal
value as
£ = min f(x) (6.9)
xeZi,
and estimate the optimal solution as
£ € argmin f;(x). (6.10)
x€Z,

Step 3: If a stopping criterion is met, stop. Otherwise, update t <— ¢ 4 1 and go to Step 1.
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6.3 Convergence Analysis of the Function Estimates

SOSA-Q generalize the martingale single observation approach, incorporating quadratic re-
gression to estimate the function value. The original SOSA analysis [57] implies the convergence
of the original SOSA’s function value estimate to the true function value. To establish the conver-
gence of SOSA-Q, we rely on proving the consistency of its quadratic regression estimate. Theo-
rem 10 shows that the objective function value estimate from quadratic regression in the case of
martingale difference errors converges to the true objective function value, under some regularity
conditions.

Let X; and Y; denote the sample point and its corresponding objective function evaluation at
iteration ¢, forr = 1,2,.... Then Y; = g(X;,U;), where {U,,t = 1,2,...} are random elements, i.i.d.
and have the same distribution as U. We can construct a filtration, starting with .7, = o(X), the
o-field generated by X, and forr = 1,2,...,.%, = o(X1,Y1,..., X, Y, Xs41). Observe that X; is
Z,_1 measurable. According to (6.8) in the algorithm, f;(x), for a fixed x € S, is an .%;-random
variable. The objective of the convergence analysis is to show that for any x € S, f;(x) converges
strongly to f(x).

At iteration ¢, let & denote the random error,

& =Y, —f(X)=g(X:,Ur) — f(Xi).

Observe that &, for each 7, is a martingale difference. The analysis requires the following assump-

tions.
Assumption 1 The random error & has bounded variance.

Assumption 2 The shrinking ball radius, r; — 0, as t — oo, and r; goes to zero at the rate bounded

above by 1/t*, a > 0.

Assumption 3 For all x € S, the contribution to the estimate at x, L, (x) — oo with probability 1.
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Before stating the final Assumption 4, some notations are required. Let Q(x) be the vector of

terms used in a quadratic expansion at point x, i.e.,

Okx) = [l,x%,...,xf,,2x1x2,2x1x3,...,xl,...,xd]T

- [Q()C)l,. "7Q<X)M]7

where Q(x); = 1,0(x)2 =x7,0(x)3 =x3,...,Q(x)y = x4, and M = 1 +2d +d(d — 1). The integer

M is the dimension of the quadratic expansion. Introduce the following matrices,

Yf:[Ylw"vYI]Ta Ql:[Q(Xl)w"vQ(Xl‘)]T’ Pt:QtTQl (611)

The matrices Q, and P; are of size t Xx M and M x M, respectively.

The least square estimator of B based on the 7 observations is then
p=P Q'Y (6.12)

which is the analytical solution to the least square problem. Let D; be the diagonal matrix contain-
ing diagonal of P, i.e.,

D; = diag(d?,...,d%,), (6.13)

where d2 = Yoo 0(Xx)? = (Py)iiyi = 1,...,M, with Q(X;); being the term i of the quadratic

expansion Q(X;). We state the final assumption.
Assumption 4 The matrices P, D, for t > 7 are bounded uniformly in 7 w.p. 1.

Theorem 10 If Assumptions 1-4 are satisfied, then, for all x € S, the objective function value
estimate using the quadratic regression (SOSA-Q), f;(x), converges to the true objective function

value f(x) as t goes to oo with probability one, i.e., for all x € S,

fi(x) = f(x) wp. L.
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Proof. Fix x € S. If the objective function f(x) is twice differentiable, i.e., f(x) can be represented

by a quadratic expansion in the form,
f@) = f&) + (=0 TAG=x)+b" (z—x)+ [z =]’ p(x, |z —x[*),
where, %1_1}1} p(x, ||z —x[|?) = 0. Let Q(x) be the quadratic expansion at point x, i.e.,
Qx) = [1,x%,...,x§,2x1x2,2x1x3,...,xl,...,xd]T.

The quadratic expansion becomes,

f@) = f@+E=xTA—x)+b"(z=x) + |z p(x, ]Iz )

= Q(2)B+llz—x[” p(x, |z xII*),

where 3 is a vector of the quadratic expansion coefficients. Since lim p (x, ||z — x||?) = 0,
—X

f(x) =1lim f(z) = Q(x)B. (6.14)

—X

For any x € S, let B(x, ;) be the ball centered at x with radius r,. We use quadratic function to
estimate f(x) of x within B(x,r;). Without loss of generality, we are interested in the probability
one event that the contribution to the estimate L;(x) is greater than critical sample size [*. We
estimate the objective function f(x) using the quadratic regression f;(x). Solving problem 2(x,¢)
in (6.3) using the L,(x) sample points in the ball around x at iteration ¢, results in the least square

estimator ﬁ,. The estimate of the function value at a sample point x can be expressed as,

fi(x) = O(x)B:. (6.15)

In proving the convergences of the estimate f(x) to the true objective function value f(x), observe
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that, by (6.14) and (6.15),

To proof of Theorem 10 is equivalent to prove that
B, — Bwp. last — oo.

Given matrices Y;, Q,, P; in (6.11) and D; in (6.13), introduce the following vectors,

El:(gla"'agt)Ta wl‘:(w17"'7a)l‘)T7
where, for each z,
o = |1 X —x|*p (x, |1 X —x]*)
The response Y, can be written in the form
Y[:Qtﬁ+£t+wt. (616)

Recall least square estimator of 3 based on the # observations is defined as
B -1T
Bt =P t Q; Yt-

Hence from (6.16), the estimation error becomes,

B—B=P 0/ (&+a,). 6.17)
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Recall D; in (6.13). Observe that Equation (6.17) can be written in the form,
B —B =P, 'Dyz+P 'Dyw,, (6.18)

where the i/ component of random vector z; and wy is given by,

13
zi=d;" Y O(X)ig, (6.19)
k=1
t
wi =d;; 2 Y. O(Xe)iex. (6.20)
k=1

Consider (6.19). We first show that, as ¢ — oo,
d% — oo wp. 1. (6.21)

From Assumption 2, let 7 be the time that r; small enough to make |Q(X;);| bounded away from 0,

for all i, when ¢t > 7. Therefore, c; < |Q(X;)i| < ¢, for some 0 < ¢; < ¢; when ¢ > 7. Consequently,

di=Y oXx)i+ Y o(X)7, (6.22)
k=1 k=f+1
and
(Li—L)i < Y O(Xe)f < (L —L)c3. (6.23)
k=f+1

By Assumption 3, L; — oo w.p. 1 implies Z;{:;H Q(Xk)l2 — oo w.p.1. Hence, dtzl. — oo w.p. 1.

Since & is martingale difference, by Lemma 1 in [21], Equation (6.21) implies z; — 0, w.p. 1, ast —
oo, We assume that o, — 0 as t — oo. The goal is to prove that w; — 0, w.p. 1, as ¢ — oo, i.e.,
1 t

d_2 Z Q(Xk>iwk —0 (6.24)
ti k=1



121

By Kronecker’s lemma, it is equivalent to show that

)iy | < (6.25)

Let 71,72,...,77, be the time that X; # 0 up to time 7. Without loss of generality, let 7| > 7.

Therefore, there exists 0 < ¢ < ¢ such that ¢; < |Q(X;);| < ¢z, and, hence,
/ 2o 2
=Y 0(X¢)i >cij.
k=1

Therefore,

Lol

L
|
Zd_zQ(Xk)iwk = Zdz O(Xz,) i,

k=1 % i=197;i

L
< ZdZ Q(XTJ)

J=1"77i

L
= ZT

c1J
2 2

< 3 Z—fo,—xl-u o, Xz, )|

1/

L1, 2

< Y o X )|

1 j=1J
< czﬁZ—rT w.p. 1, because p(x, ||ij—x]|2)—>Ow.p. 1,

C] j: ’

02_ 2
< —=p —r w.p. 1, because 7; > j = r, <r

ci =

&Ll
< 292 —5 W.p. 1, where o > 0 by Assumption 2,

] Jj= IJ

cy _
- 221+2a

1J1J
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Therefore,

. C2_ 1

6.4 Numerical Experiments

In this section, we evaluate the performance of the four SOSA variants using the Hit-and-
Run (HR) sampler [117]. The algorithms are applied to three well-known global optimization
test problems, each modified to include a noisy objective function and a convex feasible region.
The four algorithms under comparison were defined in Section 6.2 and are referred to as SOSA,

SOSA-Q, SOSA-O, and SOSA-Q-O.

6.4.1 The Sampler

The Hit-and-Run (HR) sampler is selected for this study because it has a positive probability
of sampling any point within the feasible space. As shown in [57], this property ensures that all
SOSA variants satisfy Assumption 3 when applied to a convex feasible region. This assumption is
critical to ensure that the quadratic estimator (Theorem 10) and the original mean estimator [57]
are both consistent estimators. Furthermore, HR provides the flexibility to bias the search toward a
chosen point, a property that allows for the straightforward integration of our optimistic sampling
strategy. The HR sampler is therefore integrated into the SOSA variants by replacing the generic
Step 1a for SOSA and SOSA-Q and Step 1b for SOSA-O and SOSA-Q-O with the following

specific procedure.

Step 1a: Given the point £, sample the next point x; by sampling a direction v from the uniform
distribution on the surface of a d-dimensional hypersphere, and sampling x; uniformly distributed
on the line segment A where

A={F  +Av:i L eRINS.

Sample u, with the same distribution with U and evaluate the objective function value y; = g(x;, u;).
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Step 1b: Order all sampled points x € 2, X(y), . ..,X(;), by their estimated function values fi(x),
so that for SOSA-O,

>
>

Jilxay) <o < filxy)- (6.27)

For SOSA-Q-O, order the estimated function value with the estimated objective function value
from quadratic regression f;(x). Collect a fixed number, K, of best performers by their estimated
function values, evaluating the lower confidence bounds of these points x(1),...,x(x) according to

[7] as follows. Forall T € {1,...,K},

A A 2In(z
tL(x(r)) = ft(x(r)) - L (X((T))) (6.28)
Assign the point with the lowest confidence bound as x*
xF € argmin fF (X(r))- (6.29)

te{l,.. K}

Given point x[L_l, sample the next point x; by sampling a direction v from the uniform distribution
on the surface of a d-dimensional hypersphere, and sampling x; uniformly distributed on the line

segment A where

A={xt  +Av: A eRINS.

Sample i, with the same distribution with U and evaluate the objective function value y; = g(x;, u;).

6.4.2 The Parameters

We adopt the parameter values for r; and i; as suggested in [57]. For the top-rank parameter K,
we selected a value that avoids significant computational overhead. The chosen parameters are as

follows:

) 0.1¢7909 " for Problem 1 and 2,
* Radius schedule: r, = ,

0.04 =999 " for Problem 3.
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» Slowing integer sequence: i; = LtogJ,

* Top ranking integer: K = 15.

6.4.3 Test Functions

The performance of the algorithms is evaluated on three benchmark problems, each in 5 di-
mensions: the shifted sinusoidal problem, the Rosenbrock problem, and the Rastrigin problem. To
simulate a noisy environment appropriate for stochastic optimization, the true objective function
value at each point is corrupted by additive uniform noise scaled to 10% of the function’s value.

The test problems are described in detail below.

Problem 1: Shifted Sinusoidal Problem

min  E [f(x)+ (1+]f(x)|)U] st. 0<x;<m, i=1,...,5

where f(x) <2 SHsm —1/6) —l—flsin(S(x,- — 71'/6))> +3.5
i=1

and x € R> (d = 5) and U ~ Uniform[—0.1,0.1]. The global minimum is at x* = (47/6,...,47/6)
and f(x*) =

Problem 2: Rosenbrock Problem

min E[f(x)+<1+|f(x)|)U] st. —2<x<2, i=1,...,5

where f(x) = (0.1) x Z ( 1—x;)? + 100(x; 1 _xiz)z)

and x € R° (d = 5) and U ~ Uniform[—0.1,0.1]. The global minimumis at (1,...,1) and f(x*) =
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Problem 3: Rastrigin problem

min E [f(x)+(1+[f0))U] st —512<x<512, i=1,...,5

d
where f(x) =10d+ Y (x] — 10cos(27x;))
i=1

and x € R> (d = 5) and U ~ Uniform[—0.1,0.1]. The global minimum is at (0, ...,0) and f(x*) =0.

6.4.4 Computational Results

For each test problem, we run each of the four SOSA variants for a total of 12,000 function
evaluations. The first 1,000 evaluations of each run constitute a warm-start period. During this
initial phase, all algorithms, including the enhanced variants, use the simple averaging method
(Step 2a) for function value estimation. This warm-start period ensures that a sufficient number of
neighborhood points are collected to allow for stable quadratic estimations later in the run. After
1,000 evaluations, the specialized procedures for the enhanced variants are activated: SOSA-Q
switches to Step 2b, SOSA-O to Step 2¢, and SOSA-Q-O to Step 2d for the remainder of the
search.

To ensure the robustness of our results, we perform 10 independent replications for each
algorithm-problem pair. The following four performance metrics are recorded at each function

evaluation ¢ (fort = 1,...,12000) and then averaged across the 10 replications:

* Estimated Optimal Value ( ﬁ*): The best objective value found by the algorithm’s estimation

method.

* True Objective at Best Point (f(£)): The true, noise-free objective function value of the

algorithm’s current best candidate solution, £

* Estimation Error (é;): The average noise of the optimal solution estimate.
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* Distance to Optimum (D;): The Euclidean distance from the algorithm’s best candidate

solution to the true global optimum.

The averaged trajectories of these four performance metrics for the Shifted sinusoidal, Rosen-
brock, and Rastrigin problems are presented in Figures 6.1, 6.2, and 6.3, respectively.

Figures 6.1 shows the four performance measurements of the four algorithms (SOSA,SOSA-
Q, SOSA-O, and SOSA-Q-O) applied to Shifted sinusoidal problem. The SOSA algorithms with
quadratic estimation, SOSA-Q and SOSA-Q-O, demonstrate superior performance compared to
SOSA and SOSA-O. As observed in panels (a) and (b) of Figures 6.1, both the optimal value
estimates and the objective function values of the optimal solution estimates for SOSA-Q and
SOSA-Q-O converge more quickly to the optimum (target) than those of SOSA and SOSA-O. As
in panel (c) of Figures 6.1, the average noise in the optimal value estimates stabilizes near zero as
the algorithm progresses. Consequently, panel (d) demonstrates that the best candidate solutions
identified by SOSA-Q and SOSA-Q-O achieve closer proximity to the true optimum than those
from SOSA and SOSA-O.

Figures 6.2 show the four performance measurements of the four algorithms applied to the
Rosenbrock problem. Again, SOSA-Q-O and SOSA-O demonstrate better performance than SOSA-
Q and SOSA. As observed in panels (a) and (b) of Figures 6.2, both the optimal value estimates
and the objective function values of the optimal solution estimates SOSA-Q-O and SOSA-O main-
tain consistently better performance across nearly the entire optimization trajectory. Panel (c) of
Figures 6.2 shows that the average noise in the optimal value estimates stabilizes near zero over
the course of the algorithm. Panel (d) in Figures 6.2 shows that the best candidate solutions from
SOSA-Q-O and SOSA-O approach the true optimum closer than the best candidate solutions from
SOSA and SOSA-Q.

Figures 6.3 show the four performance measurements of the four algorithms applied to the
Rastrigin problem. SOSA-O demonstrate the best performance. As observed in Panels (a) and
(b) of Figures 6.3, SOSA-O exhibited a slight improvement in performance over the other three

algorithms. Similar to other problems, Panel (c) of Figures 6.3 shows that the average noise in the
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Performance Diagnostics
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Figure 6.1: Performance Diagnostics for SOSA, SOSA-Q, SOSA-O and SOSA-Q-O applied to
the shifted sinusoidal problem.
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Figure 6.2: Performance Diagnostics for SOSA, SOSA-Q, SOSA-O and SOSA-Q-O applied to
the Rosenbrock problem.
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optimal value estimates stabilizes near zero over the course of the algorithm. Consequently, Panel
(d) in Figures 6.3 shows that the best candidate solution of SOSA-O approach the true optimum
slightly closer than the best candidate solution of the other three algorithms.

Observe that in Figures 6.1, 6.2 and 6.3, SOSA-Q and SOSA-Q-O consistently demonstrate a
more pronounced negative bias in the average noise of their optimal value estimates compared to
SOSA and SOSA-O, particularly in later stages. This is a common character of adaptive algorithms
that prioritize candidate points with minimum estimates, this character amplified in SOSA-Q and
SOSA-Q-O due to their incorporation of quadratic regression in the estimation process.

It is worth noting that the true objective function value of the algorithm’s current best candidate,
f(£F) presented in panel (b) of Figures 6.1, 6.2, and 6.3, serves as the primary performance mea-
surement. This is because the true objective function without noise, represents the ground truth of
our experiments. Across all optimization problems, we observe that at least one combination of our
proposed heuristics outperforms the original SOSA in panel (b). This finding provides evidences
that integrating machine learning and reinforcement learning methods into the SOSA framework

substantially improves its finite-time performance.

SOSA SOSA-Q SOSA-O SOSA-Q-O | Max

Improv.
Gl %[ G % fGR] % fGD] % %
Problem 1]0.0295/100%|0.0037| 12.5%|0.0193|65.5%|0.0074| 25.1%| 87.5%
Problem 2|0.2683[100%|0.2544| 94.8%0.1458|54.3%|0.1674| 62.4%| 45.7%
Problem 3| 4.63{100%| 4.91{106.2%| 4.08|88.2%| 4.76(102.8%| 11.8%

Table 6.1: Average function values of optimal solution estimates at termination iteration

Table 6.1 shows the average function values of the optimal solution estimated at the termination
iteration 7' = 12000 of the four algorithms at termination when applied to Problem 1, 2 and 3. The
machine learning enhancements provided a substantial performance advantage, with the proposed
variants outperforming the baseline SOSA by 12% to 87% on the final ’true objective at best
point” metric. Our observations suggest that optimistic sampling enhances performance during the
exploration stage by preventing the search from getting trapped in a local optimum, while quadratic

estimation enhances performance as the search approaches the solution.
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6.5 Conclusion

This section propose variants of the Single Observation Search Algorithm (SOSA) for con-
tinuous simulation optimization, through the integration of machine learning and reinforcement
learning techniques. Our approach enhances SOSA by applying generalization principles to refine
objective function value estimation and leveraging reinforcement learning to guide the search pro-
cess. We show that under some regularity conditions, the objective function value estimate from
quadratic regression in the case of proposed algorithm converges to the true objective function
value. Numerical experiments performed on benchmark global optimization problems yield sup-
porting evidence that our proposed heuristic enhances the performance of the SOSA framework.
Our observations suggest that optimistic sampling enhances performance during the exploration
stage by preventing the search from getting trapped in a local optimum, while quadratic estimation
enhances performance as the search approaches the solution. Throughout this chapter, the main
goal of this dissertation is satisfied with the proposed SOSA implementation with quadratic regres-
sion, convergence analysis of the objective function value estimate and numerical experiments on

benchmark global optimization problems.
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Chapter 7

CONCLUSION

This dissertation has explored the integration of machine learning methods with global optimiza-
tion algorithms to tackle the challenges of noisy, high-dimensional black-box optimization prob-
lems. With the lack of explicit function structure, the black-box optimization methodsdesign fo-
cuses on balancing between exploration, exploitation, and estimation. The central idea of this
dissertation is that by leveraging the predictive power of statistical and machine learning tools to

enhance adaptive search algorithms.

This dissertation presented fulfilled its three main goals. We demonstrates the integration of
machine learning models with adaptive search methods through the development of the Multi-
level PBnB algorithm, the Branching Adaptive Surrogate Search Optimization (BASSO) frame-
work, and the enhanced Single Observation Search Algorithm (SOSA). Theoretical contributions
were made by providing finite-time performance analyses and convergence proofs for these new
algorithms, including probability bounds for the Multi-level PBnB, finite-time analysis of BASSO,
and a convergence analysis for function estimates in SOSA that accounts for dependent samples.
Finally, extensive numerical experiments provided practical implementation guidelines and illus-

trated the performance of these integrated methodologies.

This research has shown that the two paradigms of global optimization and machine learning
can work together to create algorithms superior to their individual components. In the Multi-
level PBnB and BASSO frameworks, machine learning models, acting as local surrogates, specif-
ically Gaussian Processes and regularized quadratic regression, are proved to be effective tools to
guide the local search. Similarly, the enhancement of SOSA replaced neighborhood averaging with
quadratic regression, providing a more sophisticated function value estimate from noisy observa-

tions. This fusion allows algorithms to build and refine a global understanding of the search space
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with partitioning and adaptive probabilities while simultaneously using localized, data-driven mod-
els or the surrogates to make more intelligent sampling decisions, thereby increasing the probability
of sampling within an improving region.

Limitations and Future Research Directions

Furthermore, while the BASSO framework established theoretical conditions for scalability in
high-dimensional problems, a gap remains between this ideal performance and current implemen-
tations. Tackling high-dimensional black-box functions remains a challenge. The path forward
likely does not only lie in finding a single superior technique, but rather in determining the effec-
tive combination of partitioning, surrogate modeling, decomposition, and sampling strategies for
different problem classes.

Looking ahead, there is a possibility for implementations to move closer to their theoretical
ideals through the field of quantum computing. Conceptual algorithms like Annealing Adaptive
Search (AAS) are powerful in theory but impractical due to the difficulty of sampling from a per-
fect Boltzmann distribution. Quantum annealing and other quantum optimization algorithms, such
as Grover’s Adaptive Search, offer a potential pathway to physically realize these sampling dis-
tributions more efficiently. Exploring the integration of quantum computation could represent the
next frontier, potentially bridging the gap between the theory of adaptive search and its practical,

scalable implementation.
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