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In this dissertation, I empirically examine stock market valuations, with a particular focus

on the risk-return relation and the respective roles of cash flow and discount rate news.

In Chapter 1, I empirically investigate the risk-return relation under the investors’ sub-

jective volatility expectations, which deviate from the rational expectations. I first derive

the objective risk premium under the slow-moving subjective volatility expectations based

on the theoretical model of Lochstoer and Muir (2022) and show that the slow-moving

volatility expectation generates a lead-lag specification in the objective risk-return rela-

tion. Then, I develop and estimate an empirical model by employing the log-linear present

value framework. The empirical results using U.S. monthly excess stock returns suggest that

the slow-moving feature of volatility expectations and the lead-lag structure in the objective

risk-return relation are both significantly identified from the data. The parameter estimates

suggest that while the objective risk-return relation can be negative, the subjective risk-

return relation remains strongly positive, aligning with the key prediction and assumption

in Lochstoer and Muir (2022). Moreover, I find that incorporating subjective expectations

that deviate from rational expectations helps explain the variation in the Sharpe ratio.

In Chapter 2, I examine the subjective risk-return relation from the observed stock

return data in the presence of information rigidity in investors’ volatility expectations.

Based on the present-value approach of Campbell and Shiller (1988), I develop an empirical

model for excess stock returns by introducing the sticky information model of Mankiw and



Reis (2002) into aggregate subjective volatility expectations, while using realized volatility

to capture time-varying risk. The estimation results based on U.S. monthly excess stock

returns and realized volatility suggest that a significant information rigidity component and

a positive and statistically significant subjective risk-return relation are identified from the

observed stock return data. Meanwhile, the restriction among parameters implied by the

present-value approach is rejected, indicating that other factors may influence stock return

variations. I suggest that investors’ overextrapolative belief may help explain the rejection

of the restriction. I also find a state-dependent information rigidity: it increases during a

period with lower macroeconomic volatility. Consistent with the findings of Coibion and

Gorodnichenko (2015), the estimation results indicate that the degree of information rigidity

increased during the Great Moderation period.

Chapter 3 explores the regime dependency and time variation of the relative importance

of cash flow news and discount rate news in explaining excess stock return variance. To

this end, I apply the variance decomposition method of Campbell and Ammer (1993) to the

threshold VAR (TVAR) and the time-varying parameter VAR with stochastic volatilities

(TVP-VAR-SV). To identify the regimes in the stock market, I use the Chicago Fed’s finan-

cial condition index and investor sentiment index constructed by Baker and Wurgler (2006).

The variance decomposition results using TVAR suggest that the contribution of discount

rate news increases during tight financial conditions or high investor sentiment regimes.

The result of TVP-SV-VAR indicates that cash flow news has become more important than

discount rate news after the 1990s. I propose possible explanations for the results. First,

the regime-dependent relative importance may be associated with the change in attention

allocations of investors and the asymmetric stock return predictability across the regimes.

Second, the reversal of the relative importance after the 1990s may be attributed to the

less volatile discount rate news caused by increased information rigidity and changes in the

return-earnings relationship after the onset of the Great Moderation.
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Chapter 1

EMPIRICAL INVESTIGATION OF RISK-RETURN RELATION:
WITH THE SLOW-MOVING SUBJECTIVE BELIEF ON

MARKOV-SWITCHING VOLATILITY

1.1 Introduction

The relationship between the expected return and ex-ante volatility (the risk-return rela-

tion) has been a fundamental topic in asset valuation research. Because asset prices reflect

investors’ expectations of future market outcomes, it is crucial to understand how investors

form their subjective expectations. The conventional approach assumes the rational expec-

tations of investors, and asset pricing models based on the rational expectations predict a

positive risk-return relation1. However, the existence of a positive risk-return relation has

not been invariably found in existing empirical literature. On the contrary, many empirical

studies have reported weak or even negative risk-return relations.

One stylized fact about stock return is that the empirical results for risk-return relation

are sensitive to model specifications. Because the expected return and the volatility are

latent variables that should be estimated, different approaches and specifications lead to

different results of estimated risk-return relation. For example, some studies find a positive

risk-return relation using a symmetric GARCH model (e.g., French et al. (1987), and Chou

(1988)), while the relation turns to negative when asymmetric volatility is taken into account

(e.g., Nelson (1991) and Glosten et al. (1993)). Guo and Whitelaw (2006) emphasize the

possibility of omitted variable bias in estimating the risk-return relation and argue that

omitting the hedge component in expected return can be attributable to the empirically

weak or negative risk-return relation. Additionally, the choice of conditioning variable used

to estimate expected return and volatility can impact the empirical result; Harvey (2001)

shows that the estimated risk-return relation is influenced by the choice of conditioning

1These models include ICAPM of Merton (1980), the habit model of Campbell and Cochrane (1999), the
long-run risk model of Bansal and Yaron (2004), and the time-varying disasters model of Wachter (2013).
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variables, and Ludvigson and Ng (2007) and Lettau and Ludvigson (2010) argue that the

relatively small amount of conditioning variables to model expected return and volatility is

a primary reason for the conflicting empirical findings.

Another stylized fact about stock return is that the Sharpe ratio estimated from data ex-

hibits large countercyclical variations. Since the Sharpe ratio reflects the price of risk, asset

pricing models with a constant price of risk (e.g., Sharpe (1964) and Lintner (1965)) cannot

explain the considerable variation of the Sharpe ratio. Leading rational expectations asset

pricing models explain this with countercyclical risk aversion (e.g., Campbell and Cochrane

(1999)) or the time-varying consumption volatility (e.g., Bansal and Yaron (2004))2. How-

ever, Lettau and Ludvigson (2010) document that the leading rational expectations asset

pricing models that allow variation in the price of the risk do not appropriately account for

the dynamics of the Sharpe ratio estimated from the data. Recently, Nagel and Xu (2022)

demonstrate that subjective belief dynamics deviating from the rational expectations can

generate a volatile Sharpe ratio by weakening the strong positive relationship between the

expected return and volatility.

A fundamental feature of the rational expectations is the alignment of objective ex-

pectations, which can be estimated by econometricians through ex-post data and a true

data-generating process, with the subjective expectations of economic agents. However,

there has been growing empirical evidence that casts doubt on this assumption. Starting

from Manski (2004), researchers have paid attention to survey data that are assumed to

represent the economic agent’s subjective belief. Several empirical studies using survey

data have reported rejections of the rational expectations hypothesis in forecasting macroe-

conomic variables (e.g., Coibion and Gorodnichenko (2015), Bordalo et al. (2020), and

Landier et al. (2020)) as well as financial variables (e.g., Bacchetta et al. (2009), Green-

wood and Shleifer (2014), and Adam et al. (2017)). In light of the empirical findings

from survey data, researchers have attempted to develop models that can account for asset

2In the of Campbell and Cochrane (1999), the effective risk-aversion increases as consumption approaches
the reference level, which generally happens in recessions, and this can generate the countercyclical vari-
ation of the Sharpe ratio. The model of Bansal and Yaron (2004) generates time-variations of the Sharpe
ratio because the risk premium varies as the consumption volatility fluctuates, and the risk premium rises
in periods of high economic uncertainty.
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pricing phenomena by incorporating agents with subjective beliefs that deviate from the

rational expectations (e.g., Barbris et al. (2015), Nagel and Xu (2022), and Lochstoer and

Muir (2022)).

In particular, Lochstoer and Muir (2022) emphasize the role of the market participants’

sticky and biased beliefs about volatility in explaining several stylized facts in the stock

market, including a weak or negative risk-return relation and a negative contemporaneous

correlation between realized returns and the shock to volatility (the discount rate effect

of volatility). They present an asset pricing model in which investors slowly update the

volatility expectations due to the information rigidity in expectations and their overesti-

mation of the persistence of volatility. According to their model, an increase in volatility

leads not only to a decrease in the current stock price but also to a further decline in stock

prices in the short term (i.e., a hump-shaped stock price response), and the recovery pro-

cess for the stock price takes longer than what is predicted under the rational expectations.

Due to these price movements, the relationship between the objective risk premium and

expected volatility (the objective risk-return relation) can be weak or negative even when

investors subjectively require a higher return for a higher volatility expectation (the posi-

tive subjective risk-return relation). The price movement in their model has an important

implication: the objective risk premium remains high even after the volatility shock sub-

sides, indicating a lead-lag relationship between the objective risk premium and expected

volatility. Lochstoer and Muir’s (2022) findings suggest that empirical models that do not

incorporate investors’ subjective beliefs that are inconsistent with the rational expectations

may be misspecified. Therefore, it is crucial to explore whether the slow-moving volatility

expectations can be detected from stock return data and to assess how these expectations

influence the estimation of the objective risk-return relation and the time variation of the

Sharpe ratio.

Meanwhile, the findings of Lochstoer and Muir (2022) rely on parameter calibration that

supports the assumption of a strongly positive subjective risk-return relation. However, em-

pirical investigations using survey data have produced mixed results on this relationship.

For instance, Nagel and Xu (2023) report a positive correlation between subjective return

variance expectations and subjective excess return expectations, while Giglio et al. (2021)
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find a negative relationship between subjective crash risks and subjective return expecta-

tions. Moreover, Jo et al. (2022) observe that the subjective risk-return relation varies

depending on the assets being compared. Given these mixed results, it is essential to ex-

amine whether there is empirical evidence supporting the critical assumptions made by

Lochstoer and Muir (2022).

This paper contributes to the existing literature by proposing an empirical model of

the objective risk-return relation that accounts for agents’ subjective volatility expectations

deviating from the rational expectations. Through the analysis of U.S. monthly excess stock

return data, I aim to examine whether the empirical results support the predictions and

assumptions made by Lochstoer and Muir (2022). Additionally, I explore how incorporating

the slow-moving volatility expectations influences the response of stock prices to volatility

innovation and the variation of the Sharpe ratio over time.

Building on Lochstoer and Muir’s (2022) theoretical model, I derive a specification for the

objective risk premium, which captures the relationship between the objective risk premium

and the objective expected volatility under investors’ slow-moving volatility expectation.

The model specifies that the objective risk premium is a function of its own lag as well

as the current and lagged objective expected volatility, aligning with previous studies that

emphasize the critical lead-lag interaction between the conditional mean and volatility of

stock returns (e.g., Whitelaw (1994), Brandt and Kang (2004), Ludvigson and Ng (2007),

and Lettau and Ludvigson (2010)). By incorporating the specification for the objective risk

premium into the log-linear present value framework of Campbell and Shiller (1988), I derive

an empirical model of the objective risk-return relation that also accounts for the discount

rate of volatility, as suggested by Campbell and Hentschel (1992) and Kim, Morley, and

Nelson (2004). To model the market volatility, I adopt a Markov-switching specification

following previous studies, including Schaller and van Norden (1997), Kim, Nelson, and

Startz (1998), Mayfield (2004), and Kim, Morley, and Nelson (2004), that successfully

employed a Markov-switching specification to model monthly stock return volatility.3

The main empirical results obtained from U.S. monthly excess stock returns data can

3Moreover, Hamilton and Susmel (1994) document that most of ARCH dynamics vanish at the monthly
return horizon and only the Markov-switching regime changes persist over a more prolonged period.
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be summarized as follows. First, I identify a significant slow-moving volatility expectation

component from the excess return data. Second, I find a significant lead-lag relationship

between the objective risk premium and expected volatility. I observe a negative contempo-

raneous effect of the objective expected volatility on the objective risk premium, supporting

the prediction of Lochstoer and Muir (2022). At the same time, I find that the lagged objec-

tive expected volatility has a significant positive impact on future objective risk premium,

indicating a positive subjective risk-return relation. This highlights the potential misspec-

ification issue in empirical models under the rational expectations assumption. Third, the

model’s parameter estimates support the main assumptions and predictions in Lochstoer

and Muir (2022). Specifically, an impulse-response analysis based on the parameter esti-

mates exhibits a hump-shaped price response to volatility innovation. Finally, incorporating

the slow-moving subjective volatility expectations in estimating the risk-return relation im-

proves the model’s explanatory power and helps explain the dynamic behavior of the U.S.

aggregate stock market Sharpe ratio. Compared to the model with the rational expecta-

tions, the log-likelihood value of the model with slow-moving volatility expectation increases

significantly, and the Sharpe ratio exhibits clear countercyclical patterns with sufficient time

variations.

The rest of this paper is organized as follows. In Section 1.2, I derive the objective

risk-return relation under the slow-moving subjective volatility expectations and present

the formal derivation of the empirical model used in this chapter. Section 1.3 reports the

empirical findings, and I conclude in Section 1.4.
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1.2 An Empirical Model of risk-return Relation in the Presence of Slow-moving
Subjective Volatility Expectations

1.2.1 The Objective Risk-return Relation under Investors’ Slow-moving Volatility Expec-

tations

Lochstoer and Muir (2022) construct a theoretical model that cam simultaneously explain

the weak or negative objective risk-return relation and the negative contemporaneous cor-

relation between realized excess returns and volatility shocks. A key ingredient in their

model is that investors have slow-moving subjective beliefs regarding the dynamics of stock

return volatility. The realized volatility and the objective and subjective expectations of

the volatility in their model are given as follows:

σ2
t+1 = v̄ + ρ(σ2

t − v̄) + vt+1, (1.1)

Et[σ
2
t+1] = v̄ + ρ(σ2

t − v̄), (1.2)

ES
t [σ

2
t+1] = v̄ + λ(1− ϕ)

∞∑
j=0

ϕj(σ2
t−j − v̄), (1.3)

where σ2
t+1 is a realized variance of dividend growth innovation, ρ is the persistence param-

eter of the variance, and superscript S on the expectations operator denotes the subjective

expectations. A vital component of the subjective volatility expectations is that it depends

not only on the most recent realization of variance but also farther lags of realized vari-

ance when ϕ is greater than zero. This feature reflects the slow-moving nature of investors’

volatility expectations, in contrast to the objective expectations expressed in equation (1.2).

Here, ϕ(∈ (0, 1)) measures the degree of the slow-moving expectations, and λ is a parameter

related to the agent’s subjective belief about the persistence of the realized variance. The

slow-moving expectation of their model comes from two sources: information rigidity and

the investors’ overestimation of the persistence of volatility process.4 ϕ is zero when there

is no information rigidity, and it increases as the degree of information rigidity and the

investors’ belief about the persistence of volatility increase. The subjective and objective

4Information rigidity represents the situation that only a fraction of the agents update expectation every
period, and the investors’ overestimation of the persistence of volatility means that the investors believe
that a persistence parameter of variance is larger relative to the true persistence parameter.
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volatility expectations become equivalent if ϕ = 0 and λ = ρ.5

The specifications for subjective and objective risk premiums in their model are:

ES
t [rt+1] = a0 + a1E

S
t [σ

2
t+1], (1.4)

Et[rt+1] = ES [rt+1] + b(ES
t [σ

2
t+1]− Et[σ

2
t+1]), (1.5)

where rt+1 is excess stock returns, a1 is an increasing function of the risk aversion coefficient,

and b is a function of the risk aversion coefficient, the elasticity of intertemporal substitution,

ϕ, and λ.

There is a positive subjective risk-return relation if a1 is positive, which means investors

require a higher return for a higher volatility expectation. In equation (1.5), there are two

channels through which volatility increase affects the objective risk premium. One channel

operates through the subjective risk premium, while the other stems from the difference be-

tween the subjective and objective volatility expectations (the expectation error). If a1 > 0

and b > 0 as the calibration in Lochstoer and Muir (2022), the two channels affect the ob-

jective risk premium in opposite directions.6 The increase in volatility positively affects the

objective risk premium as it raises the subjective volatility expectations (ES
t [σ

2
t+1]) and the

subjective risk premium (ES
t (rt+1)). Meanwhile, due to the slow-moving nature of subjective

volatility expectations (ϕ > 0), investors adjust their future volatility expectations less in

response to new information compared to the objective expectation (ES
t [σ

2
t+1] < Et[σ

2
t+1]).

This results in a negative term in parentheses in equation (1.5), which, in turn, negatively

impacts the objective risk premium. These opposing effects of volatility increases on the

objective risk premium contribute to the weak or negative objective risk-return relation in

their model.

To develop an empirical model based on the objective risk-return relation, I derive a

relation between the objective risk premium and the objective volatility expectation in

the presence of the investors’ slow-moving volatility expectation. Equations (1.2) and (1.3)

imply the following relationship between the subjective volatility expectations and objective

5Lochstoer and Muir (2022) set ρ = 0.71, ϕ = 0.5, and λ = 0.8 in the benchmark calibration

6The benchmark calibration for a1 and b in Lochstoer and Muir (2022) are 0.48 and 1.06 respectively.
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volatility expectations:

ES
t [σ

2
t+1] =

(
1− λ

ρ

)
v̄ + (1− ϕ)

λ

ρ

∞∑
j=0

ϕjEt−j [σ
2
t−j+1]. (1.6)

Then, by substituting equation (1.4) into equation (1.5) and replacing ES
t [σ

2
t+1] with equa-

tion (1.6), equation (1.5) can be rewritten to express the relationship between the objective

risk premium and the objective volatility expectation:7

Et[rt+1] =c0 + c1Et[σ
2
t+1] + c2

∞∑
j=1

ϕjEt−j [σ
2
t−j+1]

=c0 + c1Et[σ
2
t+1] + c2

ϕ

(1− ϕL)
Et−1[σ

2
t ], (1.7)

where c0 = a0 + (a1 + b)(1 − λ
ρ )v̄, c1 = (a1 + b)(1 − ϕ)λρ − b, c2 = (a1 + b)(1 − ϕ)λρ , and L

refers to the lag operator.

By multiplying both sides of equation (1.7) by (1−ϕL), the objective risk-return relation

in the presence of the slow-moving volatility expectation of investors can be expressed as

follows:

Et[rt+1] = β0 + ϕEt−1[rt] + β1Et[σ
2
t+1] + β2Et−1[σ

2
t ], (1.8)

where β1 = c1, and β2 = ϕb. This specification is similar to that of literature emphasizing a

lead-lag interaction between conditional mean and volatility of stock returns (e.g., Whitelaw

(1994), Brandt and Kang (2004), Ludvigson and Ng (2007), and Lettau and Ludvigson

(2010)). Equation (1.8) shows that the slow-moving subjective volatility expectations gives

rise to the lead-lag specification of the objective risk premium, while the motivation for

using the lead-lag specification in previous literature is primarily empirical.

The coefficient β1 seizes a contemporaneous effect of the objective volatility expectation

on the objective risk premium, and its sign depicts the objective risk-return relation. It can

be either positive or negative depending on the relative magnitude of the aforementioned

two effects of the volatility increase on the objective risk premium. When the volatility

at period t (σ2
t ) increases, assuming the positive subjective risk-return relation, investors

update the expectation on the future volatility and require a higher subjective risk premium.

7Refer to Appendix A.1 for a detailed derivation of equations (1.6) and (1.7).
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This leads to a drop in the current stock price (the discount rate effect of volatility) and

increases the objective risk premium at the period t. Meanwhile, there is a predictable

decline in the stock price in the next period due to the slow-moving volatility expectation.

Because the increase in volatility is partially reflected in investors’ expectation of future

volatility, they will perceive a positive discount rate shock in the next period (at period

t+1) as they realize that the volatility is higher than their expectation. The stock price is

predicted to drop further in the next period, which decreases the objective risk premium at

period t.

The coefficient β2 captures an effect of lagged objective volatility expectation on the

future objective risk premium, which can be interpreted as an effect of the delayed adjust-

ment of the subjective volatility expectations on the future objective risk premium. The

sign of β2 is related to the subjective risk-return relation. β2 is positive when there is a

positive subjective risk-return relation. When volatility at the period t-1 (σ2
t−1) increases

the objective volatility expectation (Et−1[σ
2
t ]) rises. In the presence of the slow-moving sub-

jective volatility expectations, there will be a delayed increase of the subjective volatility

expectations in the next period (ES
t [σ

2
t+1]). This delayed adjustment of volatility expecta-

tion leads to an increase in the subjective risk premium (ES
t [rt+1]) and the objective risk

premium (Et[rt+1]) in the next period under the positive subjective risk-return relation.

Thus, Et−1[σ
2
t ] is positively related to Et[rt+1], and β2 is expected to be positive.

Under the rational expectations assumption, where ϕ and β2 are zero, the objective

risk-return in equation (1.8) is reduced to:

Et[rt+1] = β0 + β1Et[σ
2
t+1], (1.9)

which is the specification that has been broadly used in the empirical literature testing

Merton’s ICAPM.

1.2.2 Derivation of an Empirical Model of the risk-return relation under the Slow-moving

Subjective Volatility Expectations

Following Campbell and Hentschel (1992) and Kim, Morley, and Nelson (2004) that account

for the discount rate effect of volatility (the volatility feedback effect) in estimating the risk-
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return relation, I incorporate the objective risk premium specification in equation (1.8) into

the log-linear present value framework.

I assume that the news about dividends is subject to two-state Markov-switching volatil-

ity reflecting previous studies (e.g., Schaller and van Norden (1997), Kim, Nelson, and Startz

(1998), Mayfield (2004), and Kim, Morley, and Nelson (2004)) that successfully employed

a Markov-switching specification to model monthly stock return volatility.

εt+1 ∼ N(0, σ2
St+1

),

σ2
St+1

= σ2
0 + (σ2

1 − σ2
0)St+1, σ2

0 < σ2
1,

P r[St+1 = 0|St = 0] = p00, P r[St+1 = 1|St = 1] = p11, (1.10)

where St+1 is a first-order Markov-switching state variable that has discrete values of 0 or 1

according to the predominant volatility regime, p00 and p11 are the transition probabilities

describing the evolution of St+1. St+1 is 0 for the low-volatility regime and 1 for the high-

volatility regime. The transition probabilities imply the following dynamics of St+1 and

σ2
St+1

:

St+1 = S̄ + ρSt + ηt+1,

σ2
St+1

= σ̄2 + ρσ2
St

+ vt+1, (1.11)

where S̄ = 1−p00, σ̄
2 = (1−p11)σ

2
0+(1−p00)σ

2
1 , ρ = p00+p11−1 represents the persistence

of St+1, ηt+1 denotes the innovation to St+1, and vt+1 = (σ2
1 − σ2

0)ηt+1 is the innovation to

volatility.

With the Markov-switching volatility, the objective risk premium in equation (1.8) can

be expressed as

µt = β0 + ϕµt−1 + β1Et[σ
2
St+1

] + β2Et−1[σ
2
St
], (1.12)

where µt=Et[rt+1], and Et[σ
2
St+1

] = σ2
0 + (σ2

1 − σ2
0)Pr[St+1 = 1|It].

As discussed in Kim, Morley, and Nelson (2004), the log-linear present value framework

of Campbell and Shiller (1988) allows us to decompose the realized excess stock return

into the objective risk premium, the discount rate effect of volatility, and the news about
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dividends:

rt+1 = µt + ft+1 + εt+1, (1.13)

where ft+1 is the term for discount rate effect of volatility:

ft+1 = −
∞∑
j=1

κj(Et+1 − Et)[rt+1+j ], (1.14)

and κ is a constant slightly less than 1 (0.997) that comes from the log-linearization.

The discount rate effect of volatility explains the contemporaneous correlation between

the realized excess return and the volatility in the data through the effect of unexpected

changes in volatility on the investors’ revisions on the future expected returns. Thus, it can

be expressed as

ft+1 = δvt+1, (1.15)

where δ captures a contemporaneous effect of the volatility innovation on the realized excess

return. The sign of δ provides indirect evidence for the subjective risk-return relation. For

example, in the presence of a positive subjective risk-return relation, a positive volatility

innovation leads to an increase in the investors’ expectations of future volatility and discount

rates. This increase in discount rates, in turn, drives down the current stock price and affects

the realized excess return negatively, which implies a negative sign of δ.

After multiplying both sides of equation (1.13) by (1 − ϕL) and substituting related

terms using equations (1.12) and (1.15), I obtain an equation for the excess stock return

that can be used to estimate objective risk-return relation under the slow-moving subjective

volatility expectations:

rt+1 =β0 + ϕrt + β1Et[σ
2
St+1

] + β2Et−1[σ
2
St
]

+ δvt+1 − ϕδvt + εt+1 − ϕεt, εt+1 ∼ N(0, σ2
St+1

).
(1.16)

In estimating the empirical model, I employ a restriction on the parameters of the

model that is implied by the log-linear present value model (equation (1.14)). Because

µt+j = Et+j [rt+1+j ], the law of iterated expectation implies Et+1[rt+1+j ] = Et+1[µt+j ].
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Then using equations (1.11) and (1.12), I obtain the term (Et+1 − Et)[rt+1+j ] in equation

(1.14) as

(Et+1 − Et)[rt+1+j ] =β1ρvt+1 for j = 1,

=ϕ(Et+1 − Et)[rt+j ] + β1ρ
jvt+1 + β2ρ

j−1vt+1 for j ≥ 2,

Then, substituting the above equation into equation (1.14) results in the following con-

straint among the parameters of the model:8

δ = − κρ

(1− κρ)(1− κϕ)
(β1 + κβ2). (1.17)

I utilize the Kalman filter and the maximum likelihood method in estimation. However,

vt, which depends on the Markov-switching state variables, prevents us from using the stan-

dard Kalman filter to evaluate the likelihood function. Thus, I employ the approximation

method proposed by Kim (1994) to evaluate the likelihood value by casting the model in

equation (1.16) to the following state-space model:

Measurement Equation

rt+1 =
[
1 0

]rt+1

εt+1

 . (1.18)

(rt+1 = Hξt+1)

Transition Equation

rt+1

εt+1

 =

β0 + β1Et[σ
2
St+1

] + β2Et−1[σ
2
St
] + δvt+1 − ϕδvt

0

+

ϕ −ϕ

0 0

rt
εt

+

1
1

 εt+1.

(1.19)

(ξt+1 = At+1 + Fξt + Cεt+1)

When investors have the rational expectations on future volatility, the objective risk

premium follows the specification in equation (1.9), where ϕ and β2 are imposed to zero

8Refer to Appendix A.2 for a detailed derivation.
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in equation (1.8). Thus an empirical model for the risk-return relation under the rational

expectations can be derived by imposing ϕ = β2 = 0 in equation (1.16):

rt+1 = β0 + β1Et[σ
2
St+1

] + δvt+1 + εt+1, εt+1 ∼ N(0, σ2
St+1

), (1.20)

and the constraint among the parameters can be also obtained by setting ϕ = β2 = 0 in

equation (1.17):

δ = − κρ

(1− κρ)
β1. (1.21)

It is worth noting that equations (1.20) and (1.21) align with the model and the con-

straint of Kim, Morley, and Nelson (2004). In their research, they assume the rational

expectations of investors and examine the risk-return relation of the U.S. aggregate stock

market by employing the log-linear present value model.

1.3 Empirical Findings

1.3.1 Data Description

I use monthly excess stock returns on the market portfolio. The excess stock return (rt+1)

is constructed using the log returns (including capital gains as well as dividend yields) for

a value-weighted portfolio of all NYSE listed stocks in excess of the log one-month U.S.

Treasury bill yields. The data are collected from the Center for Research in Securities

Prices (CRSP) and the Board of Governors of the Federal Reserve System. I choose the

start of the sample period as January 1956 in consideration of the extraordinary impact of

events such as World War II (1945), the Korean War (1953), and the pegging of Treasury-

bill interest rates preceding the Treasury-Fed Accord (1951), and set the end of the sample

period as December 2019 to ensure the estimation result free from the effect of the recent

pandemic.

1.3.2 Estimation Results

To evaluate how the slow-moving volatility expectations of investors affect the estimated

objective risk-return relation, I estimate the model with the rational expectations as well
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as the model with the slow-moving subjective volatility expectations. Moreover, I also

estimate two models without imposing the restrictions in equations (1.17) and (1.21) to test

the validity of the parameter restriction.

The model with Rational Expectations on Volatility

Table 1.1 summarizes the estimation results for the model when investors have the

rational expectations on future volatility. In general, the result with imposing the restriction

and the result without the restriction are qualitatively the same.

β1 is estimated to be positive for both estimations (with and without imposing the

restriction). A noteworthy aspect is that when the restriction δ = − κρ
(1−κρ)β1 is imposed,

the estimate becomes larger in magnitude and statistically significant. The estimate of β1

is 0.069 and is statistically significant at a 1% level when the restriction is imposed. In

contrast, it is 0.031 and is not statistically significant when the restriction is not imposed

and δ is treated as an additional parameter to be estimated. This result is consistent with

the finding of Kim, Morley, and Nelson (2004) that consideration of the discount rate effect

of volatility can provide a more effective way to capture the true sign of the risk-return

relation. Similar to the result in Table 1.1, they find that the parameter for risk-return

relation is estimated to be significantly positive when the restriction is imposed, while they

obtain a negative or a positive but insignificant estimate of the risk-return relation when

the restriction is not imposed.

The estimates of δ are negative for both estimations and statistically significant at 1%

level. These results confirm the stylized fact that excess returns and volatility innovations

have contemporaneously negative correlations and are consistent with the discount rate

effect of volatility, which can be interpreted as indirect evidence of a positive risk-return

relation.

The restriction implied by the log-linear present value model is not rejected as indicated

by the likelihood ratio test results reported in the last row of Table 1.1. The likelihood

ratio statistic is 2.364 with a p-value of 0.124. Thus, the result of the restricted model sup-

ports a positive relationship between the objective risk premium and the objective volatility
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expectation.

Table 1.1: Estimation Results under the Rational Expectations

Restricted Estimation Unrestricted Estimation

β0 -0.368 (0.320) 0.125 (0.442)

β1 0.069 (0.023) 0.031 (0.033)

δ -0.297 (0.071) -0.333 (0.077)

σ2
0 8.710 (1.082) 8.449 (0.960)

σ2
1 32.143 (5.083) 30.873 (4.544)

p00 0.956 (0.015) 0.950 (0.016)

p11 0.857 (0.048) 0.826 (0.053)

lnL -2127.187 -2126.005

LR statistic 2.364 (0.124)

i) The restriction of restricted estimation result is δ = − κρ
(1−κρ)β1.

ii) In the parentheses are the standard errors

iii) The standard error of δ in the restricted estimation is calculated using

the delta method.

iv) LR statistic refers to the likelihood ratio test statistic for the restriction

for δ. In the parentheses is the p-value.

The model with the Slow-moving Subjective Volatility Expectations

Table 1.2 summarizes the estimation results for the model when investors have slow-

moving volatility expectations. The estimates of newly introduced parameters due to the

slow-moving volatility expectation, ϕ and β2, are statistically significant, suggesting that it

is crucial to account for the subjective volatility expectations inconsistent with the rational

expectations in estimating risk-return relation. Similar to the results of the model with the

rational expectations, the results with the restriction and those without the restriction are

qualitatively the same. All parameter estimates have the same signs and similar statistical
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significance in both estimations. Also, as the large p-value for the likelihood ratio tests

indicates, the restriction δ = − κρ
(1−κρ)(1−κϕ)(β1 + κβ2) is not rejected. Thus, I provide

implications of the parameter estimates based on the restricted estimation result.

The estimate of ϕ, which measures the degree of slow-moving expectation, is 0.793 and is

statistically significant at all conventional levels.9 This result suggests that the slow-moving

subjective volatility expectations component is significantly identified from the market re-

turn data. Because ϕ should be zero when there is no information rigidity, the estimate of

ϕ provides evidence of information rigidity in the subjective volatility expectations.

The estimate of β1, whose sign denotes the objective risk-return relation, is -0.129 and is

statistically significant at 5% level. This result is consistent with the prediction of the model

in Lochostoer and Muir (2022) that the objective risk-return relation can be weak or even

negative in the presence of slow-moving volatility expectations. The significantly negative

estimate implies that the effect of an increase in volatility on the objective risk premium

through the expectation error outweighs that through the subjective risk premium.

The estimate of β2, which captures the effect of lagged volatility expectation on the

objective risk premium through investors’ delayed adjustment of the subjective volatility

expectations, is 0.171 and is statistically significant at 1% level. This result indicates that

there is a significant lead-lag relation between the objective risk premium and expected

volatility. Moreover, the positive estimate implies that the objective risk premium remains

high after the volatility shock subsides, which is not predicted under the rational expecta-

tions assumption. The statistically significant estimates of ϕ and β2 imply a possibility of

misspecification problem in the empirical model with the rational expectations. This is ev-

ident in the notable improvement in the log-likelihood value of the model that incorporates

slow-moving volatility expectations.

The estimate of δ, which measures the contemporaneous effect of the volatility innovation

on the realized excess return, is -0.388 and statistically significant at 1% level, suggesting

that a positive volatility innovation leads to an immediate decline in the current stock

price. Combined with the positive estimate of β2, the negative estimate δ provides evidence

9The estimate of ϕ is greater than the benchmark calibration, 0.5, of Lochstoer and Muir (2022). It is
close to their estimate of ϕ using the survey data, 0.85.
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in support of the positive subjective risk-return relation. I provide more discussion about

the subjective risk-return relation in Section 1.3.3.

Table 1.2: Estimation Results under the Slow-moving Expectation

Restricted Estimation Unrestricted Estimation

ϕ 0.793 (0.058) 0.808 (0.054)

β0 -0.399 (0.201) -0.486 (0.239)

β1 -0.129 (0.064) -0.106 (0.061)

β2 0.171 (0.075) 0.155 (0.069)

δ -0.388 (0.098) -0.370 (0.094)

σ2
0 8.576 (0.743) 8.671 (0.761)

σ2
1 31.206 (4.895) 31.706 (4.952)

p00 0.951 (0.012) 0.951 (0.012)

p11 0.713 (0.062) 0.705 (0.065)

lnL -2115.334 -2114.986

LR statistic 0.696 (0.404)

i) The restriction of restricted estimation result is δ = − κρ
(1−κρ)(1−κϕ) (β1 +

κβ2).

ii) In the parentheses are the standard errors

iii) The standard error of δ in the restricted estimation is calculated using

the delta method.

iv) LR statistic refers to the likelihood ratio test statistic for the restriction

for δ. In the parentheses is the p-value.

Combining the estimates of ϕ, β1, and β2, I examine the unconditional relationship be-

tween the objective risk premium and the objective expected volatility (the unconditional

objective risk-return relation). Equation (1.12) implies that an expression for the uncon-

ditional objective risk-return relationship is β1+β2

(1−ϕ) . The unconditional risk-return relation

implied by the estimates of ϕ, β1, and β2 is 0.203 with a standard error of 0.09, indicating
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an unconditionally positive objective risk-return relationship. This result is consistent with

the positive risk-return relation estimated from the model with the rational expectations.

Figure 1.1 presents the estimated objective risk premium (Et[rt+1]) and the conditional

probability of being in a high-volatility regime (Pr[St+1 = 1|It]) in which the NBER reces-

sion periods are also overlaid as shaded areas. First, the conditional probability of being

in a high-volatility regime seems to capture not only historical financial crises but also

economic contraction periods effectively.10 Generally, the conditional probability of being

in a high-volatility regime is high during recessions and low during economic expansions.

This countercyclical movement is consistent with the finding that the aggregate stock mar-

ket volatility is related to macroeconomic factors (e.g., Schwert(1989), Hamilton and Lin

(1996), Campbell and Diebold (2009), and Kim and Nelson (2014)). Second, the estimated

objective risk premium exhibits countercyclical movement, which has been noted by pre-

vious literature (e.g., Fama and French (1989) and Ferson and Harvey (1991)). Generally,

it rises during economic contractions, falls during economic expansions, and reaches the

highest point near business cycle troughs and its lowest point near peaks. Lastly, I con-

firm that the slow-moving volatility expectation generates the lead-lag interaction in the

objective risk-return relation. Compared to the rational expectations case, it is evident

that the volatility leads the objective risk premium. The conditional probability of being in

a high-volatility regime rises first, whereas the objective risk premium increases gradually

and reaches its peak later than the conditional probability.

10For instance, the 1987 stock market crash, the 1998 LTCM crisis and Russian default, and the European
debt crisis during the early 2010s.
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(a) Model under Rational Expectations

(b) Model under Slow-moving Expectation

Figure 1.1: Estimated Objective Risk Premium and the Conditional Probability of being

in a High-Volatility Regime
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1.3.3 Estimation Results and Key Assumptions and Predictions in Lochstoer and Muir

(2022)

The Positive Subjective Risk-return Relation

Lochstoer and Muir (2022) assume a strong positive subjective risk-return relation. How-

ever, studies examining the subjective risk-return relation using survey data report different

results. For example, Giglio et al. (2021) examine the relationship between the subjective

probabilities of a stock market crash and the subjective expected return and find a signif-

icant negative subjective risk-return relation. Jo et al. (2022) investigate the relationship

between respondents’ overall perception of relative risk and expected return across assets,

and find mixed evidence on the subjective risk-return relation; the subjective risk-return

relations are significantly negative for all pairs among risky assets, but the relationship be-

comes positive for a pair of a risky asset and a risk-free asset.11 On the other hand, Nagel

and Xu (2023) document that subjective perceptions of risk measured by subjective return

variance or crash risk are positively correlated with subjective excess return expectations.

The signs of β2 and δ are related to the subjective risk-return relation in the model of this

chapter. When there is a positive subjective risk-return relation, δ is expected to be negative,

and β2 is expected to be positive; an increase in volatility raises the subjective required

return, which causes a drop in the current stock price (δ < 0), and the delayed adjustment

of volatility expectation due to the slow-moving expectation raises the subjective and the

objective risk premium in the next period (β2 > 0). In contrast, under a negative subjective

risk-return relation, β2 and δ are expected to be negative and positive, respectively. This

is because investors react to an increase in volatility by requiring a lower return which

leads to a rise in the current stock price (δ > 0), and the delayed adjustment of volatility

expectation decreases the subjective required return and objective risk premium in the next

period (β2 < 0). Thus, the significantly positive estimate of β2 and the significantly negative

estimate of δ (for both restricted and unrestricted estimations) provide empirical support

11They consider savings and government bonds as risk-free assets, and real estate, gold, stocks, and
cryptocurrency as risky assets.
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the positive subjective risk-return relation assumption in Lochostoer and Muir (2022).

Impulse Response of Stock Price to Volatility Innovation

The primary mechanism in the model of Lochstoer and Muir (2022) that generates a

weak or negative risk-return relation is that an initial increase in volatility not only causes an

immediate decline in the current stock price but also leads to further declines in stock prices

in subsequent periods in the short term; the stock price has a hump-shaped response to the

innovation to volatility. I show that the model with the slow-moving volatility expectation

can generate an impulse response consistent with the main mechanism in their model.

Figure 1.2 illustrates the impulse responses of stock prices to the volatility innovation

(vt+1) from the restricted estimation results of the model with slow-moving volatility ex-

pectation and the model with the rational expectations.12. The impulse responses of the

models with the rational expectations (red line) and the model with the slow-moving expec-

tations (blue line) exhibit a clear difference. Under the rational expectations, when there

is a positive volatility innovation, the stock price declines at impulse due to the discount

rate effect, and it starts to rise from the subsequent periods. On the other hand, under the

slow-moving volatility expectations, the impulse response displays a hump-shaped pattern.

Similar to the model with the rational expectations, the stock price immediately declines in

response to a positive volatility innovation. However, the stock price continues to decline in

the short term and starts to rise after three periods of the impulse. It can also be observed

that, in the model with slow-moving expectations, it takes a longer period for the effect of

the initial volatility increase on the stock price to fully subside.

1.3.4 The Variation of Sharpe Ratio and the Slow-moving Volatility Expectation

The Sharpe ratio is the ratio of the conditional expected excess returns to the conditional

standard deviation of excess returns. Because the Sharpe ratio measures the expected excess

return per unit of risk, it can be interpreted as a price of the risk for an asset. Generally, the

12By assuming that the volatility innovation does not affect the risk-free rate and the dividend growth, I
consider the cumulative sum of the impulse response of excess return as the impulse response of the stock
price to volatility innovation.
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Figure 1.2: Responses of the Stock Price to a Positive Volatility Innovation

estimated Sharpe ratio of the U.S. aggregate stock market exhibits countercyclical movement

and substantial time variations (e.g., Ludvigson and Ng (2007), Lettau and Ludvigson

(2010), Tang and Whitelaw (2011)).

Because classical asset pricing models with a constant price of risk (e.g., Sharpe (1964)

and Lintner (1965)) cannot explain the sizeable countercyclical variation of the Sharpe

ratio, literature explains the time-variation of estimated Sharpe ratio with countercyclical

risk aversion (e.g., Campbell and Cochrane (1999)) or time-varying consumption volatility

(e.g., Bansal and Yaron (2004)). However, Lettau and Ludvigson (2010) show that leading

rational expectations asset pricing models in which the price of risk varies over time do not

appropriately account for the dynamics of empirically estimated Shape ratio. For example,

the Sharpe ratio implied by the model of Campbell and Cochrane (1999) is countercyclical

but shows an extremely moderate time-variation compared to the empirically estimated

Sharpe ratio, and the model of Bansal and Yaron (2004) produces a Sharpe ratio that is

volatile but negatively correlated with the empirically estimated one.13

13For a quarterly basis, the Sharpe ratio implied by Campbell and Cochrane (1999) model only varies from
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Recently, Nagel and Xu (2022) attribute the failure of leading rational expectations

asset pricing models to generate a volatile Sharpe ratio to the assumption of a strongly

positive risk-return relation. The strong co-movement of the conditional return and volatil-

ity dampens the variability of the Sharpe ratio, while uncorrelated or negatively correlated

conditional mean and volatility of stock return in data give rise to substantial time varia-

tion of the Sharpe ratio. They demonstrate that subjective belief dynamics deviating from

rational expectations can generate a volatile Sharpe ratio by weakening the strong positive

relationship between the objective expected return and volatility.

Figure 1.3 illustrates the estimated conditional Sharpe ratio from the model with slow-

moving volatility expectations (blue line) and that of the model with the rational expec-

tations (red line) in which NBER recession periods are highlighted as shaded areas. The

conditional Sharp ratio is higher during economic expansions and lower during recessions in

both models. However, the countercyclical pattern is more evident in the model with the

slow-moving expectations. In the model with slow-moving expectations, the Sharpe ratio

increases during recessions, whereas in the model with the rational expectations, it begins

to decrease before the troughs of the business cycle.

The two estimated Sharpe ratios are starkly different in terms of variability. The Sharpe

ratio of the model with the slow-moving expectations shows considerable countercyclical

variation compared to the model with the rational expectations. Consistent with the finding

of Lettau and Ludvigson (2010), the Sharpe ratio of the model with the rational expectations

only varies from 0.1 to 0.3. On the other hand, the model with the slow-moving expectation

generates the Sharpe ratio ranges from -0.3 to 0.81415. Additionally, the standard deviation

0 to 0.3. In contrast, the empirically estimated Sharpe ratio varies from -0.45 to 1.76 and its standard
deviation is approximately five times larger.

14The range of Sharpe ratio is similar to those of previous literature, which estimates Sharpe ratio by
conditioning returns and realized variances onto predetermined variables. For example, the monthly
Sharpe ratio of Tang and Whitelaw (2011) ranges from -0.2 to 0.9. Additionally, when I convert the
monthly Sharpe ratio to a quarterly basis through time aggregation, the range is -0.5 to 1.4, which is
comparable to the quarterly Sharpe ratio estimated in Lettau and Ludvigson (2010).

15The Sharpe ratio is estimated to be negative sometimes, and this can be attributable to the negative
estimates of risk premium. The negative risk premium is also reported in previous literature using the
predetermined variables to estimate the risk premium (e.g., Lettau and Ludvigson (2010) and Tang and
Whitelaw (2011)). Also, it is not necessarily inconsistent with the asset pricing models in which the
covariance of consumption growth and the stochastic discount factor changes over time (e.g., Whitelaw



24

Figure 1.3: Time Variation of Estimated Sharpe Ratio

of the Sharpe ratio in the model with slow-moving expectations (0.15) is approximately

three times larger than that in the model with rational expectations (0.05). Therefore, the

slow-moving volatility expectations can generate the Sharpe ratio with large countercyclical

variations by weakening the positive objective risk-return relation.

1.4 Conclusion

In this chapter, I revisit the risk-return relation by proposing an empirical model incorpo-

rating the slow-moving subjective volatility expectations in Lochostoer and Muir (2022).

First, I identify the significant slow-moving volatility expectations component from the

market return data. Second, I find a significant lead-lag relationship between the objec-

tive risk premium and expected volatility, and demonstrate that the objective risk-return

relation can be negative, even when the subjective risk-return relation is positive. Third,

the estimation results are consistent with the critical assumptions and predictions in the

Lochstoer and Muir (2022) model, including the positive subjective risk-return relation and

(2000)).
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the hump-shaped response of stock prices to volatility innovation. Finally, by comparing

the estimation results of the model with the slow-moving volatility expectation to the model

with the rational expectations, I find that incorporating the subjective volatility expecta-

tions departing from the rational expectations not only enhances the model’s explanatory

power but also helps explain the dynamic behavior of the Sharpe ratio.
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Chapter 2

AN EMPIRICAL MODEL OF STOCK RETURNS UNDER
INFORMATION RIGIDITY:

DOSE MARKET RETURN DATA CONTAIN INFORMATION
ABOUT INFORMATION RIGIDITY AND SUBJECTIVE

RISK-RETURN RELATION?

2.1 Introduction

Full-information rational expectations, which align objective expectations with investors’

subjective expectations, have been the bedrock of asset valuation research for the past few

decades. However, it has been documented that theoretical asset pricing models based

on the full-information rational expectations have limitations in explaining several asset

pricing phenomena in the data. One such phenomenon is the empirical risk-return relation

(the relationship between the risk premium and the investor’s risk perception). Earlier

asset pricing models based on the full-information rational expectations predict a positive

risk-return relation.1 However, empirical investigations of the risk-return relation have not

yielded consistent results.2

Because both expected return and volatility are latent variables for econometricians,

the empirical risk-return relation is sensitive to model specifications. One potential source

of misspecifications regarding the risk-return relation is the deviation of investors’ subjec-

tive expectations from the full-information rational expectations, which has been actively

discussed in the literature. In contrast to the prediction of the full information rational

expectation, a growing body of research using survey data has reported systematic pre-

1For example, ICAPM of Merton (1980), the habit model of Campbell and Cochrane (1999), the long-run
risk model of Bansal and Yaron (2004), and the time-varying disasters model of Wachter (2013).

2Some empirical studies find a positive risk-return relation (e.g., French, Schwert, and Stambaugh (1987),
Campbell and Hentschel (1992), Guo and Whitelaw (2006), Pastor et al. (2008), and Nyberg (2012)),
whereas many other studies find a weak or negative risk-return relation (e.g., Campbell (1987), Nel-
son(1991), Glosten, Jagannathan and Runkle (1993), and Brandt and Kang (2004))



27

dictability of forecast errors in both macroeconomic and financial variables.3 One finding in

the literature on the predictability of forecast errors is that consensus-level forecasts tend

to underreact to new information, while individual-level forecasts tend to exhibit overreac-

tion to new information (e.g., Coibion and Gorodnichenko (2015), Bouchaud et al. (2019),

Bordalo et al. (2020), and Kohlhas and Walther (2021)).

Alternative models for the formation of economic agents’ subjective expectations have

been proposed to explain the characteristics observed in survey data on subjective expec-

tations. The underreaction of average forecasts to new information has been explained

by models incorporating information rigidity, which deviate from the full-information as-

sumption (e.g., Mankiw and Reis (2002) and Woodford (2003)). For example, in the sticky

information model proposed by Mankiw and Reis (2002), agents update their informa-

tion sets infrequently due to information processing costs. The noisy information model of

Woodford (2003) assumes that agents continuously update their information sets but adjust

their expectations gradually due to the noisy signals. On the other hand, to account for

the overreaction of individual-level forecasts to new information, researchers have focused

on deviations from rationality stemming from behavioral biases. One such bias is agents’

overextrapolative belief. Under this bias, agents perceive the persistence of a stochastic

process to be higher than its true value, leading them to place excessive weight on recent

changes when forming future expectations (e.g., Fuster et al. (2010), Angeletos et al. (2021),

and Lochstoer and Muir (2022)).4

When investors’ expectations deviate from full-information rational expectations, a dis-

crepancy arises between the objective and subjective risk-return relation. This discrepancy

leads to a misspecification problem in earlier empirical models of the risk-return relation,

which were derived under the assumption of full-information rational expectations. Thus,

3For macroeconomic variables such as inflation and the unemployment rate, Coibion and Gorodnichenko
(2015), Bordalo et al. (2020), and Angeletos et al. (2021) report predictability of forecast errors. Bacchetta
et al. (2009), Greenwood and Shleifer (2014), Adam et al. (2017), Bouchaud et al. (2019), and Bordalo
et al. (2018) find the predictability of forecast errors in financial variables such as aggregate stock market
returns, credit spreads, and corporate earnings.

4Literature documents that overconfidence of economic agents also explains the overreaction of individ-
ual forecasts. Under overconfidence, economic agents overestimate the accuracy of the information they
acquire (e.g., Daniel et al. (1998) and Hirshleifer et al. (2011)).
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recent theoretical asset pricing models explicitly account for deviations from full-information

rational expectations to explain several asset pricing phenomena, including the empirically

weak or negative objective risk-return relation. For example, Lochstoer and Muir (2022)

demonstrate that the objective risk-return relation can be weak or negative even under a

positive subjective risk-return relation. In their model, investors have slow-moving subjec-

tive volatility expectations due to information rigidity and a misperception of the persistence

of volatility, leading to a partial adjustment of aggregate subjective volatility expectations

and stock prices to changes in volatility. As investors, on average, realize that the volatility

is higher (lower) than they had expected, there is an additional decrease (increase) in stock

prices in the short term, which induces a weak or negative objective risk-return relation.5

By distinguishing the subjective and objective risk-return relation, the theoretical models

successfully explain the empirically controversial risk-return relation, based on the positive

subjective risk-return relation assumption.

However, empirical studies using survey data have yielded inconclusive results on the

relationship between subjective return expectations and risk perceptions (the subjective

risk-return relation). For the intertemporal subjective risk-return relation, Nagel and Xu

(2023) use subjective stock return variance as a proxy for the subjective risk perception and

find a significantly positive subjective risk-return relation. In contrast, Giglio et al. (2021)

find that the subjective probability of market crash (the survey respondent’s subjective

probability that the one-year stock return is below -30 percent) is a better measure of the

subjective risk perception, and show that it is negatively related to the subjective return

expectation. For the cross-sectional subjective risk-return relation, Jensen (2023) finds that

investors’ subjective expected return is higher for stocks that they subjectively perceive as

more risky. Jo et al. (2022) compare subjective expected return and risk perception across

several asset classes and find evidence for a negative subjective risk-return relation.6

5Using a model in which a representative agent learns about the payout growth with gradually fading
memory, Nagel and Xu (2022) show that the decoupling of objective and subjective expectations leads to a
negative correlation between objective risk premium and conditional return variance, which helps explain
a large countercyclical variation of the Sharpe ratio estimated from data.

6Jo et al. (2022) consider savings and government bonds as risk-free assets, and real estate, gold, stocks,
and cryptocurrency as risky assets. They find that the subjective risk-return relation is significantly
negative for all pairs among risky assets, but the relationship becomes positive for a pair of a risky asset
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Meanwhile, this inconsistent evidence regarding the subjective risk-return relation may

be attributable to potential limitations of survey data. Because survey data are usually

collected from small samples and specific groups, such as CFOs and professional forecast-

ers, they may not represent the beliefs of all market participants. Moreover, due to survey

respondents’ confusion, carelessness, or dishonesty, survey data may contain measurement

error: the reported belief in surveys is a noisy measure of the survey respondent’s true

belief, which may cause attenuation bias in the coefficient estimate of empirical studies.7

In contrast, stock return data observed in the market not only reflects all market partici-

pants’ expectations but is also free from measurement errors. This motivates me to examine

the subjective risk-return relation and the predictions of theoretical models that incorpo-

rate subjective expectations deviating from full-information rational expectations using the

observed return data.

In this chapter, I develop an empirical model for excess stock returns that can directly

estimate the subjective risk-return relation and examine features of investors’ subjective

expectations from observed stock return data, particularly in cases where subjective expec-

tations deviate from full-information rational expectations. Our empirical model is inspired

by the volatility feedback models of Campbell and Hentschel (1992) and Kim, Morley, and

Nelson (2004), as it is derived from the present-value approach of Campbell and Shiller

(1988), with the risk premium modeled as a function of the volatility of cash flow news.

However, the approach in this chapter departs from the rational expectations assumption

by incorporating factors that capture key features of subjective expectations observed in

survey data. Specifically, to address the underreaction of average forecasts to new infor-

mation, I introduce information rigidity in the formation of investors’ subjective volatility

expectations. This is done by adopting the sticky information model of Mankiw and Reis

(2002), where only a fraction of investors update their information sets and expectations

about future volatility based on new information in each period.

and a risk-free asset.

7For example, Giglio et al. (2021) find that investors’ asset allocation is strongly related to subjective
expected return in survey data. However, the sensitivity of portfolio allocation to the subjective expected
return is significantly lower than the prediction of frictionless asset pricing models. They show that
measurement error in subjective return expectation can partly explain the low sensitivity.
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Another deviation I make from the previous literature is in the modeling of time-varying

risks. In contrast to the previous literature that extracts information about the time-varying

nature of risks from a single observation of squared returns, I utilize the realized volatility

measure to capture the time-varying risks. For example, Campbell and Hentschel (1992)

and Kim, Morley, and Nelson (2004) assume GARCH and Markov-switching volatility spec-

ifications, respectively. However, voluminous literature suggests that the realized volatility

measure, constructed from higher frequency data, provides more accurate information about

the current level of volatility than a single observation of squared returns. Moreover, in-

corporating this realized measure into volatility modeling significantly improves forecasting

performance. (e.g., Anderson et al. (2003), Dobrev and Szerszen (2010), Hansen et al.

(2012), and Christoffersen et al. (2014)). Given these findings, I use the monthly realized

volatility, constructed by summing the daily squared stock returns, to model time-varying

risk

The main empirical findings, based on U.S. monthly excess stock returns and realized

volatility, can be summarized as follows. First, I identify a significant information rigidity

component from the excess stock return data, which leads to a substantial enhancement in

the model’s explanatory power compared to the model under the full-information rational

expectations. The estimation result suggests that approximately 40% of investors do not

adjust their expectations on future volatility using the new information each month. Second,

accounting for the information rigidity in subjective volatility expectations, I find a positive

and statistically significant subjective risk-return relation. In contrast to the significantly

positive subjective risk-return relation, the parameter estimates indicate a weak objective

risk-return relation that is positive but statistically insignificant. The delayed adjustments

in volatility expectations and stock prices, driven by information rigidity, play a crucial

role in explaining this weak objective risk-return relation. These results align with the

theoretical predictions of Lochoster and Muir (2022), which suggest that the objective risk-

return relation can be weak or even negative, despite investors subjectively demanding

higher returns for higher risks. Third, I find that the initial response of excess stock return

to volatility innovation implied by data is larger than that implied by the present-value

approach, indicating the potential existence of other factors influencing excess returns that
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are not considered in the model. I propose that the overextrapolative belief, a behavioral bias

used to explain the overreaction of individual-level forecasts in survey data, may account

for the larger response observed in the data. Lastly, I find evidence for state-dependent

information rigidity. Consistent with the findings of Coibion and Gorodnichenko (2015),

the information rigidity in subjective volatility expectation becomes greater during the

Great Moderation, a period specified by a substantial decline in macroeconomic volatility

since the early or mid-1980s.

The rest of this paper is organized as follows. In Section 2.2, I present assumptions and

the formal derivation of an empirical model for excess return under information rigidity.

Section 2.3 reports the empirical findings, and I conclude in Section 2.4.

2.2 An Empirical Model of Stock Returns under Information Rigidity in Sub-
jective Expectation on Realized Volatility

To estimate the subjective risk-return relation directly from the observed stock return, it is

necessary to derive an analytical expression for the subjective risk premiums and volatility

expectations. To do this, I assume that investors use Campbell-Shiller’s (1988) present-value

framework with their subjective expectations to value stocks, following the approaches of

Katz et al. (2017) and Gomez-Cram (2022).

When the subjective expectation is applied to Campbell and Shiller’s (1988) present-

value decomposition, it can be shown that excess stock returns are decomposed into the

subjective risk premium, the subjective volatility feedback effect, and news about cash flow:

rt+1 = E∗
t (rt+1) + f∗

t+1 + εt+1, (2.1)

where rt+1 is excess stock returns, E∗
t (rt+1) is the subjective risk premium, and f∗

t+1 is the

subjective volatility feedback term that reflects revisions in future expected returns:

f∗
t+1 = −(E∗

t+1 − E∗
t )

∞∑
t=1

κjrt+1+j , (2.2)

where κ is a constant slightly less than 1 that comes from the log-linearization. εt+1 reflects

the news about cash flow.8

8As Campbell (1991) demonstrates, when Campbell and Shiller’s (1988) present-value decomposition is
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2.2.1 Assumptions of the Model

#1: Volatility of cash flow news and its relation with the realized volatility

Assuming that the aggregate risk in the stock market is captured by the conditional volatility

of the return on a market portfolio, I first model the time-varying volatility of the stock

return. Specifically, I abstract from the subjectiveness in the investors’ expectation of future

cash flow and treat news about cash flow εt+1 as an exogenous shock which has time-varying

volatility as in Campbell and Hentschel (1992) and Kim, Morley, and Nelson (2004).9 In

modeling the time-varying volatility of the cash flow news, I employ the realized measure

of volatility, which is known to be far more informative about the current level of volatility

than a single observation of squared return.10 I assume that the volatility of news about

cash flow is a linear function of the realized volatility of excess stock return:

εt+1 ∼ N(0, ht+1), (2.3)

ht+1 = α0 + α1xt+1, α0 > 0, α1 > 0, (2.4)

where ht+1 is the volatility of cash flow news and xt+1 realized volatility.

I assume that the log of realized volatility evolves according to an AR(1) process.

lnxt+j = ϕ0 + ϕ1lnxt+j−1 + vt+j , vt+j ∼ i.i.d.N(0, σ2
v), (2.5)

where ϕ1 lies between 0 and 1, and the innovation to the log of realized volatility vt+j is

assumed to be uncorrelated with εt+j , i.e., cov(εt+j , vt+j) = 0. To calculate the forecast of

applied to excess returns, εt+1 can be interpreted as news about dividends in addition to news about the
risk-free rate. Therefore, news about cash flow in this chapter refers to collective news about dividends
and risk-free rates.

9In other words, investors use subjective expectations in calculating discount rate news and use full-
information rational expectations in calculating cash flow news. I believe this assumption is plausible
because volatility is essentially latent, whereas cash flow itself is observable. Therefore, compared to the
cash flow, it is more challenging for investors to acquire and incorporate information about the volatility
of cash flow into their forecasts. In addition, Katz et al. (2017) document that it is reasonable to assume
that stickiness in discount rate expectations may be larger than that in cash flow expectations because
forecasting the discount rate involves macro-inflation forecasting, a factor not typically considered by
investors when predicting firm-level cash flow.

10Andersen et al. (2001) and Barndorff-Nielsen and Shephard (2002) show that, under suitable conditions,
realized volatility is an unbiased and efficient estimator of return volatility.
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realized volatility, I linearize xt+j = exp(lnxt+j) around the unconditional mean of lnxt+j ,

ϕ0

1−ϕ1
:

xt+j = x̄+ ϕ1(xt+j−1 − x̄) + x̄vt+j , (2.6)

where x̄ = exp( ϕ0

1−ϕ1
).

#2: Law of motion for the aggregate subjective volatility expectation

To derive a closed-form expression for the subjective risk premium, it is necessary to spec-

ify the form of the subjective expectations. I depart from the assumption of full-information

rational expectations by introducing information rigidity into the subjective expectations.

I incorporate information rigidity using the sticky information model proposed by Mankiw

and Reis (2002), where only a fraction of economic agents update their expectations about

the future in each period: a fraction λ of investors do not update their beliefs about future

volatility each period, while a fraction 1 − λ of investors update their beliefs about future

volatility using the rational expectations..11

In the presence of information rigidity, the law of motion for realized volatility in equation

(2.6) implies the following aggregate subjective expectation on the realized volatility:

E∗
t (xt+j) = x̄+ (1− λ)ϕj

1

1

1− λϕ1L
(xt − x̄), (2.7)

where λ, which lies between 0 and 1, represents the degree of information rigidity and L

is the lag operator. Then, using the relationship between the volatility of cash flow news

and the realized volatility in equation (2.4), the aggregate subjective expectation on the

volatility of cash flow news is obtained as follows:12

E∗
t (ht+j) = α0 + α1x̄+ (1− λ)α1ϕ

j
1

1

1− λϕ1L
(xt − x̄). (2.8)

When all investors update their beliefs to the new information each period (λ = 0), the

aggregate subjective expectation coincides with the full-information rational expectations.

11The sticky information model of Mankiw and Reis (2002) has been widely used in asset pricing literature
on the effect of subjective expectations deviating from the full-information rational expectations, including
Katz et al. (2017), Lochstoer and Muir (2022), and Gomez-Cram (2023).

12Refer to Appendix B.1 for a detailed derivation.
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#3: Subjective risk-return relation

Finally, I assume that the subjective risk premium for a given period t + j is a linear

function of the aggregate subjective expectation on the volatility of cash flow news:

E∗
t (rt+j) = γ0 + γ1E

∗
t (ht+j), for j = 1, 2, · · · , (2.9)

where the sign of γ1 indicates the subjective risk-return relation. I adopt the subjective

risk premium specification in equation (2.9) following previous literature on the risk-return

relation. For example, Campbell and Hentschel (1992) and Kim, Morley, and Nelson (2004)

also model the risk premium as a function of the expectation of volatility of cash flow

news to estimate the risk-return relation under the full-information rational expectations

framework.13 In addition, Lochstoer and Muir (2022) derive the subjective risk premium

as a linear function of the subjective expectation of the volatility of cash flow news in

their theoretical model, which incorporates Epstein-Zin preferences and sticky and biased

subjective expectations.

2.2.2 Deriving an Empirical Model

Given the assumptions presented in the preceding subsection, I develop an empirical model

for excess stock return with the volatility feedback effect by deriving analytical expressions

for the components in equation (2.1).

The Subjective Risk Premium as a function of Realized Volatilities

The linear relationship between the subjective risk premium and the aggregate subjective

volatility expectation in equation (2.9), combined with the law of motion for the aggregate

subjective volatility expectation in equation (2.8), yields the following expression for the

13Since there is no difference between the objective and the subjective expectation under the rational
expectations assumption, the specification in their models can be also considered as a subjective risk-
return relation.
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subjective risk premium:

E∗
t (rt+j) = γ0 + γ1(α0 + α1x̄) + γ1(1− λ)α1ϕ

j
1

1

1− λϕ1L
(xt − x̄), for j = 1, 2, · · · .

(2.10)

In equation (2.10), the subjective risk premium depends not only on the most recent re-

alized volatility but also on all past realized volatilities. This implies that the aggregate

subjective risk premium adjusts gradually to a change in realized volatility in the presence

of information rigidity (λ > 0). E∗
t (rt+1), the first component of equation (2.1), can be

obtained by setting j = 1 in equation (2.10).

The Subjective Volatility Feedback Effect as a function of Realized Volatilities

The subjective volatility feedback term f∗
t+1, the second term in the right-hand side of

equation (2.1), can be derived by combining equations (2.2) and (2.10):14

f∗
t+1 = δx̄vt+1 + δ

λϕ1

1− λϕ1L
x̄vt, (2.11)

where

δ = −γ1(1− λ)α1ϕ1
κ

1− κϕ1
. (2.12)

Two important points should be noted regarding equation (2.11). First, given that κ

is slightly less than 1 and both λ and ϕ1 are positive but less than 1, the sign of δ (the

volatility feedback effect) depends on the sign of γ1 (the subjective risk-return relation).

Thus, a positive (negative) subjective risk-return relation implies a negative (positive) co-

efficient δ. Second, in contrast to the volatility feedback term in the previous literature

assuming the full-information rational expectations, equation (2.11) includes an additional

term, δ λϕ1

1−λϕ1L
x̄vt. This additional term represents a delayed volatility feedback effect due to

information rigidity, indicating that the current excess return is influenced not only by the

unexpected changes in the current period’s volatility but also by past unexpected changes

in volatility.15

14Refer to Appendix B.2 for the detailed derivation of equations (2.11) and (2.12)

15Note that under the full-information rational expectations where λ = 0, the second term in the right-hand
side of equation (2.11) collapses to zero.
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Given a positive subjective risk-return relation (γ1 > 0), a positive volatility shock at

period t (vt > 0) results not only in a contemporaneous drop in the stock price but also in

further declines in the stock price in the near future. To elaborate further, an unexpected

increase in volatility during a given period drops the current stock price immediately as the

discount rate increases by the upward revision of the aggregate subjective expectation of

future volatility. When only a fraction of investors update their beliefs about future volatility

(λ > 0), however, the initial adjustment of aggregate subjective volatility expectation and

the stock price is partial. Then, there will be a positive update in the aggregate volatility

expectation in the next period even without additional volatility shocks, as investors, on

average, realize that the volatility is higher than they had expected. This delayed adjustment

of aggregate volatility expectation acts as a positive discount rate shock in the next period,

leading to further drops in the stock price. The subsequent decline in stock prices suggests

that the initial increase in volatility is associated with lower excess returns in the near

future. This delayed price adjustment, caused by the delayed volatility feedback effect, is a

key factor contributing to the weak or negative empirical objective risk-return relation.

Implied Objective Risk Premium

To examine how the deviation from the full-information rational expectations affects

the objective risk-return relation, I derive an expression for the objective risk premium

implied by the model. After substituting equations (2.10) and (2.11) into equation (2.1)

and rearranging terms, equation (2.1) can be rewritten as

rt+1 = µt + δx̄vt+1 + εt+1, (2.13)

where µt ≡ Et(rt+1) is the objective risk premium which has the following dynamics:

µt = β0 + λϕ1µt−1 + β1(xt − x̄) + λϕ1δx̄vt, (2.14)

where β0 = (1− λϕ1)[γ0 + γ1(α0 + α1x̄)] and β1 = γ1(1− λ)α1ϕ1.
16

16Refer to Appendix B.3 for a derivation of equations (2.13) and (2.14).
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The objective risk-return relation of the model is (β1 + λϕ1δ)
1

α1ϕ1
.17 Given that α1 > 0

and 0 < ϕ1 < 1, the objective risk-return relation has the same sign with β1 + λϕ1δ. The

direction of objective risk-return relation is determined by two parts: the subjective risk-

return relation and the delayed subjective volatility feedback effect. If there is a positive

subjective risk-return relation (γ1 > 0), an increase in realized volatility at time t has a

positive effect on the objective risk premium because it decreases the stock price at period

t through the discount rate effect, and β1 > 0 reflects this effect. Meanwhile, the delayed

volatility feedback due to information rigidity works in the opposite direction (λϕ1δ < 0),

as it causes a further decline in the stock price at period t+1, which has a negative effect on

the objective risk premium. Therefore, the delayed subjective volatility feedback effect may

mask the effect of positive subjective risk-return relation (β1 > 0), and the sign of objective

risk-return relation, β1 + λϕ1δ, can be either positive or negative.18

The Volatility Feedback Model of Stock Returns in the presence of Information Rigidity

Finally, by combining equations for excess return and the objective risk premium in

equations (2.13) and (2.14) with equations for volatility outlined in equations from (2.3) to

(2.5), I obtain

rt+1 = µt + δx̄vt+1 + εt+1, εt+1 ∼ N(0, ht+1)

µt = β0 + λϕ1µt−1 + β1(xt − x̄) + λϕ1δx̄vt

ht+1 = α0 + α1xt+1

lnxt+1 = ϕ0 + ϕ1lnxt + vt+1, vt+1 ∼ i.i.d.N(0, σ2
v), (2.15)

where β0 = (1−λϕ1)[γ0+γ1(α0+α1x̄)], β1 = γ1(1−λ)α1ϕ1, and δ = −γ1(1−λ)α1ϕ1
κ

1−κϕ1
.

Equation (2.15) represents an empirical model of stock return and realized volatility account-

ing for volatility feedback effect and information rigidity. Notably, the model in equation

17From equations (2.4), (2.6) and (2.14), we have
∂Et(rt+1)

∂xt
= β1 + λϕ1δ and

∂Et(ht+1)

∂xt
= α1ϕ1. Then, the

objective risk-return relation
∂Et(rt+1)

∂Et(ht+1)
=

∂Et(rt+1)

∂xt

∂xt
∂Et(ht+1)

= (β1 + λϕ1δ)
1

α1ϕ1
.

18The mechanism generating the weak or negative objective risk-return relation in the model of this
chapter is consistent with that of Lochstoer and Muir (2022). In their theoretical model, investors’ sticky
and biased volatility expectation leads to delayed adjustments of stock price which generates the weak or
negative objective risk-return relation.
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(2.15) reduces to the volatility feedback model under the full-information rational expecta-

tions model when λ is set to zero.

2.3 Empirical Findings

2.3.1 Data Description

I utilize monthly excess stock market returns (rt) and realized volatility (xt) data spanning

from January 1952 to December 2019. These monthly data are constructed from daily excess

stock market returns. The daily stock market return represents the value-weighted portfolio

return of all NYSE, AMEX, and NASDAQ listed stocks, including both capital gains and

dividend yields. The risk-free rate is a one-month U.S. Treasury bill rate. Because the daily

risk-free rates are not available, following Guo and Whitelaw (2006) and others, I assume

that the risk-free rate is constant within each month and compute the daily risk-free rate

by dividing monthly observations by the number of trading days in the respective month.

The daily excess stock market return is the daily stock market return in excess of the daily

risk-free rate.

The monthly excess stock market return is calculated as the sum of daily excess stock

returns, and the monthly realized volatility is defined as the sum of squared daily excess

stock market returns within a month:

xt =

τt∑
k=1

r2t,k, (2.16)

where rt,k is the excess stock return of day k in month t and τt is the number of trading days

in month t.19 Depending on the researcher, the realized volatility is often defined as the

sum of squared deviations from the within-month mean of daily excess returns. However,

I do not subtract the mean from each daily return because adjusting the realized volatility

for the within-month mean excess return does not significantly affect the results.

The sample period begins in January 1952, considering the extraordinary impact of

events such as World War II (which ended in 1945) and the pegging of Treasury bill interest

19Following Campbell et al. (2001) and Guo (2002), I replace the realized volatility of October 1987 with
the largest realized volatility observed in the preceding sample period to mitigate the potential distortion
caused by the one-time event of the market crash in October 1987.
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rates prior to the Treasury-Fed Accord in 1951. I conclude the sample period in December

2019 to avoid any potential influence from the recent pandemic on estimation results. The

data are collected from the Center for Research in Securities Prices (CRSP) and the Board

of Governors of the Federal Reserve System.

2.3.2 Estimation Results and Implications

For model estimation, I employ the Kalman filter and the maximum likelihood estimation

method by casting the model in equation (2.15) into the following state-space model:

Measurement Equation

 rt+1

lnxt+1

 =

1 0 0 δx̄

0 0 1 0




µt

εt+1

lnxt+1

vt+1

 . (2.17)

(ỹt+1 = Hηt+1)

Transition Equation


µt

εt+1

lnxt+1

vt+1

 =


β0 + β1(xt − x̄)

0

ϕ0

0

+


λϕ1 0 0 λϕ1δx̄

0 0 0 0

0 0 ϕ 0

0 0 0 0




µt−1

εt

lnxt

vt

+


0 0

1 0

0 1

0 1


εt+1

vt+1

 , (2.18)

(ηt+1 = At + Fηt + Cet+1, et+1 ∼ i.i.d.N(0,Ωt+1))

where Ωt+1 =

α0 + α1xt+1 0

0 σ2
v

.
Table 2.1 summarizes the estimation results for the model with information rigidity and

the model with full-information rational expectations, where λ is set to zero.
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First, I identify a statistically significant information rigidity component from excess

market return data. The estimate of λ, the parameter representing the degree of infor-

mation rigidity, is 0.41 and is statistically significant at the 1% level. This implies that

approximately 40% of investors do not update their expectations of future volatility each

month. Consistent with this result, accounting for information rigidity in subjective volatil-

ity expectations helps explain the variation in stock returns. The likelihood ratio statistic

for the null hypothesis of λ = 0 is 7.10 with a p-value less than 1%, suggesting that ignoring

information rigidity may induce a misspecification problem.

Table 2.1: Estimation Results of with and without Information Rigidity

Information Rigidity (λ > 0) Rational Expectations (λ = 0)

λ 0.41 (0.14)

γ0 0.00 (0.00) 0.00 (0.00)

γ1 9.04 (2.61) 4.82 (0.94)

α0 0.00 (0.00) 0.00 (0.00)

α1 1.00 (0.09) 1.00 (0.09)

ϕ0 -2.12 (0.18) -2.12 (0.17)

ϕ1 0.69 (0.03) 0.69 (0.03)

σv 0.67 (0.02) 0.67 (0.02)

δ -11.96 (1.55) -10.77 (1.49)

β1 + λϕ1δ 0.35 (1.30)

lnL 762.06 758.51

LR statistic 7.10 (<0.01)

i) In the parentheses are the standard errors

ii) δ = −γ1(1 − λ)α1ϕ1
κ

1−κϕ1
and β1 = γ1(1 − λ)α1ϕ1. The standard errors of δ and

β1 + λϕ1δ are calculated using the delta method.

iii) LR stat refers to the likelihood ratio test statistic for the null hypothesis λ = 0 with

the p-value in the parentheses.
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Second, in the model with information rigidity, the estimate of γ1 is 9.04 and is sta-

tistically significant at the 1% level. This significantly positive estimate of γ1 indicates a

positive subjective risk-return relation. In the model with full-information rational expec-

tations (λ = 0), the estimate is 4.82 and is also statistically significant at all conventional

levels, which is consistent with the findings of Kim, Morley, and Nelson (2004).20 The lower

magnitude of γ1 estimate under the full-information rational expectations may be attributed

to the omitted variable bias. The objective risk premium in equation (2.14) reveals that the

terms λϕ1µt−1 and λϕ1δx̄vt are omitted in the risk-return relation under full-information

rational expectations (λ = 0). The omitted variable bias depends on the correlation between

xt and the omitted variables, µt−1 and vt, as well as the coefficients of those variables. The

positive λ and negative δ estimates suggest a downward bias in the γ1 estimate in the model

under the full-information rational expectations.

Third, in both models, δ (= −γ1(1 − λ)α1ϕ1
κ

1−κϕ1
), which represents the volatility

feedback effect, are estimated to be significantly negative. It is -11.96 in the model with

information rigidity and -10.77 in the model with the full-information rational expectations.

These results confirm a stylized fact about the aggregate stock return: excess returns and

volatility innovations are negatively correlated.

Lastly, consistent with the theoretical prediction of Lochstoer and Muir (2022), the

parameter estimates indicate that the objective risk-return relation can be weak or negative

due to information rigidity, even when the subjective risk-return relation is significantly

positive. While positive γ1 implies the positive subjective risk-return relation, the objective

risk-return relation is weak in the models with information rigidity. The sign of objective

risk-return relation under information rigidity is consistent with β1 + λϕ1δ: β1 (= γ1(1 −

λ)α1ϕ1) reflects the effect of positive subjective risk-return relation, and λϕ1δ reflects the

delayed volatility feedback effect (delayed adjustment of stock price) on the objective risk-

return relation. The estimate of β1 + λϕ1δ implied by the parameter estimates is 0.35

with a standard error of 1.30, indicating a positive but statistically insignificant objective

risk-return relation.

20Kim, Morley, and Nelson (2004) show that considering the volatility feedback effect in estimating the
risk-return relation can provide a more effective way to capture the true sign of the risk-return relation.
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Figure 2.1: Impulse response of the excess return to a Positive innovation to Realized

Volatility

The influence of the delayed volatility feedback effect on stock prices can also be con-

firmed through an impulse response analysis. The impulse responses of excess return to

innovations in log realized volatility (
∂rr+1+j

∂vt+1
) for both models are illustrated in Figure 2.1.

Reflecting the positive subjective risk-return relation, the immediate effect of an increase

in the realized volatility on the excess returns (when j = 0) is negative for both models,

indicating that an increase in volatility during a given period decreases the current stock

price immediately. However, the impulse responses for j ≥ 1 reveal a distinct difference

between the two models. Under the full information rational expectations (illustrated by

the red line), the impulse response of excess returns turns significantly positive, suggesting

that stock price starts to rise significantly in the following period because all investors have

already updated their expectations. In contrast, under information rigidity (illustrated by

the blue line), the impulse response is nearly zero at j = 1, but becomes highly positive in

later periods, suggesting that stock prices do not increase much in the next period. In the

presence of information rigidity, investors who did not update their volatility expectations
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perceive a positive discount rate shock in the next period, which partly masks the increase

in stock price at j = 1.

The estimation results indicate the significant information rigidity in investors’ volatility

expectations and demonstrate that accounting for information rigidity helps identify the

positive subjective risk-return relation. I can also identify the wedge between the positive

subjective risk-return relation and the weak objective risk-return relation. However, because

these results are derived under the restriction on the feedback parameter δ, I cannot be

certain that the model fully captures the information embedded in market return data

regarding factors that influence stock price determination. Thus, to examine whether market

return data provide additional information about other factors influencing stock valuation,

I estimate the model without imposing the restriction (unrestricted estimation) in equation

(2.12). The unrestricted estimation can be done by adding an additional parameter to

equation (2.12):

δ = −γ1(1− λ)α1ϕ1
κ

1− κϕ1
+ δ2, (2.19)

where δ2 is the additional parameter to be estimated and indicates that stock return data

provide additional information about stock price determination when it is significantly dif-

ferent from zero.

Table 2.2 presents the unrestricted estimation results of both models. I generally find

qualitatively similar results to the restricted estimation. Information rigidity in volatil-

ity expectation (λ) is significantly identified from the data. I find a significantly positive

subjective risk-return relation (γ1) and a negative but statistically insignificant objective

risk-return relation (β1 + λϕ1δ).

However, the estimate of δ2 is -9.89 and is statistically significant at 1% level, and the

likelihood ratio statistic for the null hypothesis of δ2 = 0 is 13.45 with a P-value value

less than 1%. This result indicates that the restriction in our model is not fully supported

by data and thus suggests that market return data contain other information about stock

valuation. The estimate of δ (= −γ1(1 − λ)α1ϕ1
κ

1−κϕ1
+ δ2) is -15.99 and is larger in

magnitude than that of the restricted estimation -11.96. In other words, there would exist

other factors that could magnify the contemporaneous reaction of excess return (or stock
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price) to the volatility innovation (the volatility feedback effect).

One such factor not considered in the model is the investors’ overextrapolative belief

about the persistence of volatility: the perceived persistence of a stochastic process by

investors is higher than the actual persistence (e.g., Lochostoer and Muir (2022) and Afrouzi

et al. (2023)).21 Intuitively, when investors perceive the persistence of realized volatility to

be greater than the actual persistence (ϕ1), any unexpected change in volatility will have

a prolonged impact on their expectations. Consequently, investors anticipate that future

volatility will remain elevated for an extended period following a positive innovation in

volatility, leading to a greater increase in discount rates and a sharper decline in current

stock prices.

2.3.3 Sub-sample Analysis: Variation of the Degree of Information Rigidity

I investigate whether the degree of information rigidity in subjective volatility expectations

varies with prevailing economic conditions. By subsample analyses, I provide evidence of

state-dependent information rigidity, consistent with previous studies using survey data.

The literature on information rigidity points out that the degree of information rigidity

(λ) may vary in response to changes in economic conditions, as incentives for agents to

collect and incorporate additional information into their expectation change. Intuitively,

agents may be less attentive to new information during relatively tranquil times, when

macroeconomic volatility declines. Consequently, there should be a higher degree of infor-

mation rigidity in such periods. One such change in economic conditions documented in

the literature is the onset of the Great Moderation, a period characterized by a substantial

decline in macroeconomic volatility since the early or mid-1980s. Consistent with this an-

ticipation, Coibion and Gorodnichenko (2015) find that the degree of information rigidity

in inflation expectations, extracted from survey data, increased from the mid-1980s to the

21Empirical studies also find evidence for the overextrapolative belief in the economic agents’ perceived
persistence. For example, Lochostoer and Muir (2022) find that the persistence of stock return volatility
implied by CFO survey data (0.96) is much higher than that of realized variance (0.71). In an experimental
setting, Afrouzi et al. (2023) find that the bias becomes severe when the underlying process is less
persistent.
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Table 2.2: Estimation Results of the Model without imposing the Restriction on δ

Information Rigidity (λ > 0) Rational Expectations (λ = 0)

λ 0.41 (0.14)

γ0 0.00 (0.00) 0.01 (0.00)

γ1 5.13 (2.85) 0.78 (1.55)

α0 0.00 (0.00) 0.00 (0.00)

α1 0.91 (0.09) 0.92 (0.09)

ϕ0 -2.12 (0.17) -2.12 (0.17)

ϕ1 0.69 (0.03) 0.69 (0.03)

σv 0.67 (0.02) 0.67 (0.02)

δ2 -9.89 (3.14) -13.04 (3.89)

δ -15.99 (2.25) -14.63 (2.11)

β1 + λϕ1δ -2.65 (1.60)

lnL 768.78 765.54

LR statistic 13.45 (<0.01) 14.18 (<0.01)

i) In the parentheses are the standard errors

ii) δ = −γ1(1− λ)α1ϕ1
κ

1−κϕ1
+ δ2.

iii) The standard errors of δ and β1 + λϕ1δ are calculated using the delta method.

iv) LR stat refers to the likelihood ratio test statistic for the null hypothesis δ2 = 0 with

the p-value in the parentheses.

mid-2000s, but declined after 2008.22

I examine whether the decline in macroeconomic volatility during the Great Moderation

affects the degree of information rigidity in subjective volatility expectations in the stock

market. First, I use a dummy variable, Dt, which is assigned as 1 from January 1984 to

December 2007, and 0 for all other periods. Then the state-dependent degree of information

22Hur (2018) and Mertens and Nason (2020) also find similar time-varying patterns of information rigidity
in inflation expectation, corroborating findings in Coibion and Gorodnichenko (2015).



46

rigidity λDt is defined as

λDt = λ0 + θλDt,

where λ0 represents the degree of information rigidity outside the Great Moderation period,

and θλ captures the change in the degree of information rigidity during the Great Moderation

period.

Table 2.3: Estimation Results of the Model Employing a the Great Moderation Dummy

Restricted Estimation Unrestricted Estimation

λ0 0.34 (0.15) 0.33 (0.15)

θλ 0.19 (0.14) 0.24 (0.19)

γ0 0.00 (0.00) 0.01 (0.00)

γ1 8.77 (2.42) 4.90 (2.62)

α0 0.00 (0.00) 0.00 (0.00)

α1 1.00 (0.09) 0.91 (0.09)

ϕ0 -2.12 (0.18) -2.12 (0.17)

ϕ1 0.69 (0.03) 0.69 (0.03)

σv 0.67 (0.02) 0.67 (0.02)

δ2 -9.97 (3.05)

i) In the parentheses are the standard errors

Table 2.3 reports the restricted and unrestricted estimation results of the model with the

Great Moderation dummy variable Dt. Consistent with the findings of previous literature

about the macroeconomic variable forecast, I find that the degree of information rigidity

in subjective volatility expectations rises during the Great Moderation period. The degree

of information rigidity outside the Great Moderation period, λ0 is estimated to be 0.33 ∼

0.34, and it increases to 0.54 ∼ 0.57 during the Great Moderation period. The increase in

degree of information rigidity is marginally significant. Under H0 : θλ = 0 and H1 : θλ > 0,
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θλ estimates are statistically significant at 10% levels in both restricted and unrestricted

estimation.

I further explore the variation of λ through a rolling analysis and also find evidence

supporting the increase in information rigidity during the Great Moderation.23 Figure 2.2

displays the estimated λ over a fixed rolling window of 25 years with the horizontal axis

representing the end of the estimation sample. I obtain similar patterns of the degree of

information rigidity in both restricted and unrestricted estimations. The λ estimate is low

during the 1970s and begins to rise as the sample approaches the 1980s. It exhibits a

higher level from the mid-1980s through the 1990s, and starts to decline during the 2000s.

The decline in information rigidity in the early 2000s coincides with the burst of the dot-

com bubble, and the decline around the mid-2000s coincides with the onset of the Great

Recession, both of which are periods with increased macroeconomic volatility.

Figure 2.2: Time-variation of the Degree of Information Rigidity

23To focus on how λ estimate varies for different sample periods, I fix ϕ0, ϕ1, as σv as the full sample
estimates and estimate other parameters.
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2.4 Conclusion

This chapter proposes an empirical model that can directly estimate the subjective risk-

return relation from observed excess return data, accounting for deviations in investors’

subjective volatility expectations from full-information rational expectations. The model

incorporates the sticky information framework proposed by Mankiw and Reis (2002) with

the volatility feedback models developed by Campbell and Hentschel (1992), and Kim, Mor-

ley, and Nelson (2004), and utilizes realized volatility to capture the time-varying nature

of volatility. I empirically identify a positive subjective risk-return relation as well as infor-

mation rigidity from monthly excess stock return data. The empirical results suggest that

objective risk-return relation can be estimated to be weak or negative, even when subjective

risk-return relation is significantly positive. I also observe the potential presence of overex-

trapolative beliefs regarding the persistence of volatility and find evidence that the degree

of information rigidity increases during the Great Moderation.
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Chapter 3

STATE-DEPENDENT RELATIVE IMPORTANCE OF THE
DISCOUNT RATE NEWS AND THE CASH FLOW NEWS IN

EXPLAINING STOCK RETURN VARIATIONS

3.1 Introduction

Because asset price is equivalent to the discounted sum of cash flows, discount rates and cash

flows are the two fundamental components of asset valuation. Consequently, investigating

which of the two components is more influential in explaining asset price variation has

become crucial for understanding how the financial market operates and for theoretical asset

pricing modeling.1 Campbell and Shiller’s (1988) log-linearize approximation framework

sheds light on investigating the relative importance of cash flows and discount rates by

showing that unexpected stock returns can be decomposed into news about cash flows

(NCF) and news about discount rates (NDR).

Researchers have employed the framework of Campbell and Shiller (1988) to study the

influence of NDR and NCF on the stock return variation. One popular approach employed

in previous literature is the VAR-based decomposition method introduced by Campbell

(1991) and Campbell and Ammer (1993). In their approach, the expected return and NDR

are directly modeled via VAR, and NCF is extracted as the residual. Then, stock return

variance can be decomposed into the variances of each news and the relevant covariances.

Binsbergen and Koijen (2010), and Choi et al. (2017) propose a latent variable approach

in which expected returns and expected dividend growth are modeled as latent, based on

Campbell and Shiller’s (1988) framework.

In general, for the postwar periods, the literature emphasizes that the news about future

discount rates plays a more important role than the news about future cash flows in explain-

1For instance, Campbell and Cochrane (1999) put more attention on the discount rate side by modeling the
time-varying risk aversion, while Bansal and Yaron (2004) focus more on the cash flow side by introducing
the long-run risk.
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ing U.S. stock return variation. Meanwhile, the literature on stock return predictability has

provided evidence for parameter instability, suggesting that the parameters (and therefore

the stock return predictability) may vary over time. For example, Ang and Bakaert (2007)

show that coefficients of predictive regression for stock return change according to the choice

of the sample period. Pastor and Stambaugh (2001) and Kim et al. (2005) find evidence

for structural breaks in coefficients of predictive regression, and Dangl and Halling (2012)

show that models with time-varying coefficients dominate models with constant coefficients.

In addition, the literature highlights that the VAR-based variance decomposition approach

has a limitation: its results are sensitive to the choice of sample period and state variables

(e.g., Chen and Zhao (2009)). Because the variance decomposition result depends on the

parameter estimates of model, such as coefficients and variances, the previous empirical ev-

idence for the parameter instability implies that the relative importance of NDR and NCF

can vary within and across the sample period. Therefore, previous empirical results that do

not account for potential parameter variations may provide misleading conclusions about

the relative importance of NDR and NCF in explaining stock return variation.

In this chapter, I examine the variations in the relative importance of NCF and NDR

that may arise from changes in the economic and financial market environment. For this

purpose, I consider two VAR models in which coefficients and variances are allowed to vary.

The first model is the threshold VAR (TVAR) model proposed by Alessandri and Mumtaz

(2017), in which the coefficients and variances shift across stock market regimes identified by

a threshold variable representing market environments. I consider two threshold variables:

the Chicago Fed’s Financial Conditions Index to capture financial market tightness, and

the Investor Sentiment Index constructed by Baker and Wurgler (2006) to gauge overall

sentiment in the financial market. The second model is the time-varying parameter VAR

with stochastic volatilities (TVP-VAR-SV) proposed by Primiceri (2005), in which the co-

efficients and variances evolve according to random walk processes. Bayesian approach is

employed to estimate the posterior distribution of parameters of both models. Then, using

the posterior mean of parameters, the variance of unexpected stock returns in each regime

or in each period is decomposed into the variances of NCF and NDR, along with their

relevant covariances, following Campbell (1991) and Campbell and Ammer (1993). The
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relative importance of NCF and NDR is assessed by their variances relative to the variance

of unexpected return.

Following Campbell and Ammer (1993), the excess stock return, the real interest rate,

the dividend-price ratio, the relative bill rate, the change in bill rate, and the term spread

are used as state variables. The threshold variables are used as additional predictors for

the stock return in TVAR. The estimation results of both VAR models for the postwar

period indicate that the relative importance of NCF and NDR exhibits apparent regime

dependency and time variation. First, when I use the financial condition index as a threshold

variable of TVAR, the contribution of NDR in explaining the excess stock return variance is

greater than NCF in the tight financial condition regime, while NCF contributes similarly

or more to the variance of excess stock returns than NDR in the loose financial condition

regime. Second, when the investor sentiment index is employed as a threshold variable,

the contribution of NDR is higher than that of NCF in the high sentiment regime, while

this pattern reverses in the low sentiment regime. Lastly, the variance decomposition result

using TVP-VAR-SV indicates that NCF has become relatively more important than NDR

since the early 1990s. Before the 1990s, NDR generally explains most of the variations of

unexpected excess return. The share of the variance of NDR begins to decline, while that

of NCF starts to increase from the 1980s, leading to the reversal of the relative importance

of NCF and NDR in the early 1990s. Interestingly, this reversal occurred during the period

known as the Great Moderation, characterized by declining macroeconomic volatility since

the mid-1980s.

I propose potential explanations for the variance decomposition results. First, the change

in attention allocation of investors can explain the increase in the importance of NDR during

the tight financial condition regime. Investors are more likely to pay attention to information

about aggregate shocks rather than information about idiosyncratic shocks during bad times

such as recessions and financial crises. Because information about aggregate shocks is more

likely to affect the discount rates, NDR becomes relatively more important in the tight

financial condition regime. Second, the asymmetric stock return predictability across the low

and high sentiment regimes may explain the greater contribution of NDR in the high investor

sentiment regime. In the presence of unsophisticated investors, stock prices may deviate
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from those implied by fundamentals. Due to the increased participation and activeness

of unsophisticated investors during high sentiment periods, mispricing is more prevalent

during high sentiment periods. This more prevalent and substantial mispricing during the

high sentiment regime provides additional stock return predictability and contributes to

the increased relative importance of NDR. Lastly, the reversal in the relative importance of

NCF and NDR in the early 1990s may be related to increased information rigidity in the

expectations of economic agents following the onset of Great Moderation (e.g., Coibion and

Gorodnichenko (2015)). With the decreased macroeconomic volatility, investors tend to be

less attentive to new information and revise their expectations less frequently. This leads to

a less volatile NDR, which results in a relatively lower contribution of NDR to the variance

of unexpected excess stock returns.

The rest of the chapter is organized as follows. Section 3.2 presents how the unexpected

stock return is decomposed by using TVAR and TVP-VAR-SV models. Section 3.3 presents

the variance decomposition results and offers possible explanations for the findings. Section

3.4 concludes.

3.2 Stock Return Variance Decomposition using TVAR and TVP-VAR-SV

3.2.1 VAR Based Variance Decomposition in Campbell and Ammer (1993)

According to the present value model of Campbell and Shiller (1988), the unexpected excess

stock return can be expressed in terms of revision of the expected future dividend growth,

real interest rate, and future excess stock return.

et+1 − Et(et+1) = (Et+1 − Et)

 ∞∑
j=0

ρj∆dt+1+j −
∞∑
j=0

ρjrt+1+j −
∞∑
j=1

ρjet+1+j

 , (3.1)

where, et+1 is the excess stock return, ∆dt+1 is the dividend growth rate, and rt+1 is the

real interest rate. Et denotes the rational expectations conditional on all the information

up to period t. The decomposition in equation (3.1) can be rewritten as

ηt+1 = ηd,t+1 − ηr,t+1 − ηe,t+1, (3.2)
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where, ηt+1 ≡ e,t+1−Et(et+1) is the unexpected excess return, ηd,t+1 ≡ (Et+1−Et)
∑∞

j=0 ρ
j∆dt+1+j

depicts news about future dividend, ηr,t+1 ≡ (Et+1−Et)
∑∞

j=0 ρ
jrt+1+j depicts news about

future interest rate, and ηe,t+1 ≡ (Et+1−Et)
∑∞

j=1 ρ
jet+1+j represents news about discount

rate.

Equation (3.2) indicates that the variance of the unexpected excess stock return can be

decomposed into the sum of variances of three news and the relevant covariances.

V ar(ηt+1) =V ar(ηd,t+1) + V ar(ηr,t+1) + V ar(ηe,t+1)

− 2Cov(ηd,t+1, ηr,t+1)− 2Cov(ηd,t+1, ηe,t+1) + 2Cov(ηr,t+1, ηe,t+1).
(3.3)

To obtain each element of the right-hand side of equation (3.2), it is necessary to calculate

the discounted sum of the revisions in expectations. Campbell and Ammer (1993) propose

a method for deriving the revisions in expectations based on a reduced-form VAR model.

In particular, they assume a first-order VAR specification for a vector of state variables,

suppressing the constant term, as follows:

Zt+1 = ΓZt + ut+1, ut+1 ∼ N(0,Ω) (3.4)

where Zt+1 is an n×1 vector of state variables with the excess stock return and interest rate

as its first and second elements, respectively. Then, j-step ahead prediction of the excess

stock return and the interest rate at period t are

Etet+1+j = s′1Γ
j+1Zt, (3.5)

Etrt+1+j = s′2Γ
j+1Zt, (3.6)

where s1 is a selection vector whose first element is equal to one and zero otherwise, and

s2 is a vector with one at the second element and zero otherwise. Equations (3.5) and

(3.6) imply that the news about the discount rate and the news about the interest rate are

calculated as follows:

ηe,t+1 = s′1

∞∑
j=1

ρjΓjut+1

= s′1ρΓ(In − ρΓ)−1ut+1,

(3.7)



54

ηr,t+1 = s′2

∞∑
j=0

ρjΓjut+1

= s′2(In − ρΓ)−1ut+1.

(3.8)

Since the excess stock return is the first element of Zt+1, the unexpected excess stock

return ηt+1 is

ηt+1 = s′1ut+1, (3.9)

and the news on the future dividend can be extracted as residual using equations (3.7),

(3.8), and (3.9).

ηd,t+1 = ηt+1 + ηe,t+1 + ηr,t+1

= [s′1 + s′1ρΓ(In − ρΓ)−1 + s′2(In − ρΓ)−1]ut+1.
(3.10)

3.2.2 Models for investigating the Change in Relative Importance of NCF and NDR

To investigate changes in the relative importance of NCF and NDR, I employ models that

allow the parameters of the VAR model to vary across different market environments or over

time: the threshold VAR (TVAR) and the time-varying parameter VAR with stochastic

volatilities (TVP-VAR-SV).

Variance Decomposition based on TVAR

To analyze the regime-dependent relative importance of NCF and NDR, I employ the

TVAR of Alessandri and Mumtaz (2017). Then, equation (3.4) can be expressed within the

TVAR framework as follows:

Zt+1 =

(
c0 + Γ0Zt +Ω

1/2
0 εt+1

)
(1− St+1)

+

(
c1 + Γ1Zt +Ω

1/2
1 εt+1

)
St+1, εt+1 ∼ i.i.d. N(0, 1),

(3.11)

where St+1 is a variable representing the market regime that is determined by the level of

threshold variable relative to an unobserved threshold z∗. In particular, St+1 is 0 when the
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threshold variable is less than the threshold, and is 1 otherwise:

St+1 = 0 if zi,t+1−d ≤ z∗

St+1 = 1 if zi,t+1−d > z∗,
(3.12)

where zi,t+1−d is the threshold variable which is a lag of one of the state variables in Zt+1,

and d is the delay parameter which is set to 1.2 Note that, given z∗ and d, TVAR is

simplified to two VAR models defined over different samples depending on St+1 = 0 or

St+1 = 1.

Following Alessandri and Mumtaz (2017), I employ the Bayesian method, the Gibbs

sampling with the Metropolis-Hastings algorithm, to estimate the parameter of TVAR.

The coefficients and covariance matrices (c0, c1, Γ0, Γ1, Ω0, Ω1) can be drawn from their

posterior distribution via the Gibbs sampling, and threshold (z∗) can be drawn from its

posterior distribution via a random-walk Metropolis-Hastings algorithm. I employ a natural

conjugate prior (a Normal prior for the VAR coefficients and an inverse Wishart prior for

the covariance matrix) for the VAR parameters implemented via dummy observations. I

assume a Normal prior for the threshold.3

Let Xi and Yi be the matrices of the right-hand side and left-hand side variables of

VAR for each regime i = 0 or 1, respectively. Additionally, XD and YD denote the dummy

observations used to implement the natural conjugate prior. Then, the conditional posterior

distributions of the VAR coefficients Bi = [ci,Γi] and the covariance matrix Ωi for each

regime are defined as

vec(Bi)|Ωi, Yi ∼ N(vec(B̃i),Ωi ⊗ (X̃ ′
iX̃i)

−1)

Ωi|Bi, Yi ∼ IW (S̃i, T̃i),
(3.13)

where X̃ = [Xi;XD], Ỹ = [Yi;YD], B̃ = (X̃ ′
iX̃i)

−1X̃ ′
iỸi, S̃i = (Ỹi − X̃iB̃i)

′(Ỹi − X̃iB̃i), and

T̃i is the number of rows of matrix Ỹi.

After we draw the parameters of TVAR from their posterior distributions, we can ex-

amine whether the relative importance of NCF and NDR depends on regimes by using the

2Chen and Lee (1995) show that the delay parameter d has a Multinomial posterior distribution and can
be drawn from Gibbs samplar. However, I set d = 1 to align with the VAR(1) specification used in this
chapter and to simplify the estimation process.

3See Appendix C.1 for the details of priors employed for TVAR.
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posterior mean of parameters. The elements of unexpected excess stock return in equation

(3.2) for each regime can be derived as follows:

ηe,t+1 = s′1ρΓi(In − ρΓi)
−1ui,t+1,

ηr,t+1 = s′2(In − ρΓi)
−1ui,t+1,

ηd,t+1 = [s′1 + s′1ρΓi(In − ρΓi)
−1 + s′2(In − ρΓi)

−1]ui,t+1,

(3.14)

where ui,t+1 = Ω
1/2
i εt+1.

Variance Decomposition based on TVP-VAR-SV

The time-variation of the relative importance of NCF and NCR is examined by the

TVP-VAR-SV of Primiceri (2005):

Zt+1 = ct+1 + Γt+1Zt + ut+1, ut+1 ∼ N(0,Ωt+1). (3.15)

The reduced-form covariance matrix Ωt+1 has the following triangular reduction:

At+1Ωt+1A
′
t+1 = Σt+1Σ

′
t+1, (3.16)

where At+1 is the lower triangular matrix

At+1 =


1 0 · · · 0

α21,t+1 1
. . .

...
. . .

. . . 0

αn1,t+1 · · · αnn−1,t+1 1

 , (3.17)

and Σt+1 is the diagonal matrix

Σt+1 =


σ1,t+1 0 · · · 0

0 σ2,t+1
. . .

...
. . .

. . . 0

0 · · · 0 σn,t+1

 . (3.18)

The triangular reduction of Ωt+1 implies that the heteroscedastic shocks ut+1 can be

rewritten as

ut+1 = A−1
t+1Σt+1εt+1, εt+1 ∼ i.i.d.N(0, In), (3.19)
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which allows us to write equation (3.15) as follows:

Zt+1 = X ′
t+1Bt+1 +A−1

t+1Σt+1εt+1, εt+1 ∼ i.i.d.N(0, In), (3.20)

where, X ′
t+1 = In⊗ [1, Z ′

t] and Bt+1 = vec([ct+1, Γt+1]
′). Coefficients and volatilities of the

model are assumed to evolve as a random walk process as follows:

Bt+1 = Bt + νt+1, (3.21)

αt+1 = αt + ξt+1, (3.22)

lnσt+1 = lnσt + ωt+1, (3.23)

where αt+1 is vector obtained by stacking the non-zero off-diagonal elements of At+1 by rows

and σt+1 is the vector of the diagonal elements of Σt+1. In addition, all the innovations of

the model are jointly normally distributed as follows:
ϵt+1

νt+1

ξt+1

ωt+1

 ∼ N




0

0

0

0

 ,


In 0 0 0

0 Q 0 0

0 0 S 0

0 0 0 W



 , (3.24)

where Q, S, and W are positive definite matrices. Additionally, S is assumed to be block

diagonal as in Primiceri (2005).

I choose Normal priors for time-varying coefficient (Bt+1), simultaneous relations (At+1),

and volatilities (lnσt+1). Inverse-Wishart priors are used for the covariance matrices (Q,

S, W ). The means, variances, scales, and degrees of freedom for the Normal and inverse-

Wishart priors are set by using a training sample (60 pre-sample observations).4 Given the

priors, we can draw parameters of TVP-VAR-SV from their posterior distribution via Gibbs

sampling. Let BT , AT , and ΣT be the entire history of Bt+1, At+1, and Σt+1, respectively.

Then, due to the normality assumption of the innovations, we can draw BT (given AT and

ΣT ) and AT (given BT and ΣT ) by using the algorithm proposed by Carter and Kohn

(1994). Because of the non-linear and non-normal state-space form, I employ the method

4See Appendix C.2 for the details of priors employed for estimation of TVP-VAR-SV.
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of Kim et al. (1998) to draw ΣT . Lastly, the covariance matrices in equation (3.24) can be

drawn from the inverse-Wishart distribution.5.

We can examine the time-variation of the relative importance of NCF and NDR by

using the posterior mean of Bt+1, At+1, and Σt+1. The elements of unexpected excess stock

return in equation (3.2) at each period can be derived as follows:

ηe,t+1 = s′1ρΓt+1(In − ρΓt+1)
−1A−1

t+1Σt+1εt+1,

ηr,t+1 = s′2(In − ρΓt+1)
−1A−1

t+1Σt+1εt+1,

ηd,t+1 = [s′1 + s′1ρΓt+1(In − ρΓt+1)
−1 + s′2(In − ρΓt+1)

−1]A−1
t+1Σt+1εt+1.

(3.25)

3.3 Empirical Results on the Variance Decomposition of U.S. Excess Stock
Return

3.3.1 Data Description

I decompose the variance of U.S. monthly excess stock return. For both models (the TVAR

and the TVP-VAR-SV), I use the six variables employed by Campbell and Ammer (1993):

the excess stock return, the real interest rate, the dividend-price ratio, the relative bill rate,

the change in bill rate, and the term spreads.

The excess stock return is the CRSP value-weighted portfolio (all listed stocks in S&P

500) stock return in excess of the risk-free rate (the 1-month Treasury bill rate). The real

interest rate is calculated as the 1-month Treasury bill rate minus the inflation rate. To

circumvent a misleading result due to the strong seasonality of dividends, the dividend-price

ratio is smoothed as the ratio of the 12-month moving sum of dividends to the current stock

price. The relative bill rate is defined as the difference between the 3-month Treasury bill

rate and its 1-year lagged moving average, and the change in bill rate is the change in three-

month bill rate. Finally, the term spread is calculated as the difference between 10-year and

3-month Treasury bill rates.

For the estimation of TVAR, I also use two threshold variables that may identify changes

in the stock market conditions: the Chicago Fed’s National Financial Condition Index

(NFCI) and investor sentiment index (SBW ) constructed by Baker and Wurgler (2006).

5See Primiceri (2005) for the details of the estimation procedure.
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NFCI is chosen to measure the degree of financial distress and SBW is employed to repre-

sent the market-wide level of investor sentiment.67 Considering that NFCI and SBW may

contain the business cycle information, I also estimate TVAR with the adjusted National

Condition Index (ANFCI) and the orthogonalized investor sentiment index (Sor
BW ) that are

uncorrelated with real economic conditions.

The sample period for TVAR is dependent on the availability of threshold variable data.

It spans from January 1971 to December 2019 when the financial condition index is used, and

from July 1965 to December 2019 when the investor sentiment index is used as a threshold

variable. The sample period for TVP-VAR-SV runs from January 1953 to December 2019.

The data are collected from Amit Goyal’s website, Jeffery Wurgler’s website, and FRED.

3.3.2 Variance Decomposition Results using TVAR

Variance Decomposition using Financial Condition Index as a Threshold Variable

Table 3.1 summarizes the variance decomposition results using the first-order TVAR when

the financial condition index (NFCI or ANFCI) is used for a threshold variable. The state

variables are excess stock returns, real interest rates, log dividend price ratio, relative bill

rates, term spreads, change in bill rates, and the financial condition index. It reports

the variance share of each component in equation (3.3) relative to the unexpected excess

stock return within each regime, based on the posterior mean of the estimated parameters.

For comparison, I also present the variance decomposition using the VAR with constant

parameters (the constant parameter VAR).

Consistent with the previous literature on decomposing the postwar U.S. stock return,

the variance of NDR relative to the unexpected excess stock return is larger than that of

6Chicago Fed’s National Financial Condition Index (NFCI) is a weekly indicator of comprehensive fi-
nancial conditions in money markets, debt and equity markets, and the traditional and shadow banking
systems, and is constructed using dynamic factor analysis. The adjusted National Financial Condition
Index (ANFCI) isolates a component of financial conditions uncorrelated with economic conditions.

7Baker and Wurgler (2006) construct a composite index for investor sentiment by extracting the first
principal component of six individual sentiment proxies: the closed-end fund discount, the share turnover,
the number of IPOs, the first-day return of IPOs, the equity share in new issues, and the dividend premium.
The orthogonalized index removes business cycle information by regressing the six individual proxies on
macroeconomic variables.
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Table 3.1: Variance Decomposition of Excess Stock Return: TVAR, Financial Condition

Threshold VAR
Constant VAR

NFCI ≤ z∗ NFCI > z∗

V ar(NCF ) 0.53 0.10 0.33

V ar(NDR) 0.12 0.78 0.52

V ar(real rates) 0.03 0.03 0.03

−2cov(NCF,NDR) 0.31 0.03 0.02

−2cov(NCF, real rates) -0.03 -0.03 0.05

2cov(NDR, real rates) 0.04 0.09 0.05

Threshold VAR
Constant VAR

ANFCI ≤ z∗ ANFCI > z∗

V ar(NCF ) 0.26 0.10 0.31

V ar(NDR) 0.27 0.78 0.39

V ar(real rates) 0.03 0.03 0.03

−2cov(NCF,NDR) 0.32 -0.02 0.16

−2cov(NCF, real rates) 0.02 -0.03 0.06

2cov(NDR, real rates) 0.10 0.15 0.04

i) The ratios of the variances of cash flow news, discount rate news, real interest

rate news, and their covariances relative to the variance of unexpected excess

returns are reported.

ii) The sample runs from 1971M1 to 2019M12.

NCF when the variance of unexpected excess stock return is decomposed using the constant

parameter VAR. When NFCI is included as one of the state variables in the VAR model, the

variance of NCF accounts for 33% of the variance of excess stock return, while the variance

of NDR contributes 52%. When NFCI is replaced by ANFCI, the variance shares of NCF

and NDR are 31% and 39%, respectively. In both cases, the contribution of the real interest

rate is negligible.
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Meanwhile, the variance decomposition results using TVAR indicate that the relative

importance of NCF and NDR in explaining stock return variations changes based on the

prevailing financial conditions. With NFCI as the threshold variable, NCF appears more

important than NDR when the financial condition is relatively loose (NFCI is below the

threshold value): the variance share of NCF is 53%, while that of NDR is 12%. Conversely,

the relative importance reverses when the financial condition becomes tighter (NFCI is

above the threshold value): the variance share of NCF decreases to 10%, while that of NDR

increases to 78%. When ANFCI is used as the threshold variable, the contributions of NCF

and NDR are similar during periods of loose financial conditions. During periods of tight

financial conditions, I observe a similar pattern in the relative importance of NCF and NDR

as when NFCI is used as the threshold variable. In summary, the variance decomposition of

excess stock return using TVAR suggests that the importance of NDR increases as financial

conditions tighten.

Variance Decomposition using Investor Sentiment Index as a Threshold Variable

Table 3.2 summarizes the variance decomposition results using the TVAR with the

investor sentiment index (SBW or Sor
BW ) as the threshold variable. Similar to the results

using financial condition indices, the decomposition result of the constant parameter VAR

indicates a greater importance of NDR. Depending on which sentiment index is included in

the VAR, the variance share of NDR ranges from 38% to 41%, while that of NCF ranges

from 33% to 34%.

I find a specific pattern in the relative importance of NCF and NDR from the variance

decomposition results using TVAR. Employing SBW as the threshold variable, NCF appear

more important than NDR during the period of low sentiments (SBW is below the threshold

value): the variance share of NCF is 65% whereas that of NDR 19%. The contributions

of NCF and NDR reverse during the periods of high sentiment regimes (SBW is above the

threshold value): the variance share of NCF decreases to 12%, while that of NDR increases

to 89%. The decomposition using Sor
BW as the threshold variable yields similar results,

showing relatively higher contributions of NCF during low sentiment regimes and relatively
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higher contributions of NDR during high sentiment regimes.

Table 3.2: Variance Decomposition of Excess Stock Return: TVAR, Investor Sentiment

Threshold VAR
Constant VAR

SBW ≤ z∗ SBW > z∗

V ar(NCF ) 0.65 0.12 0.34

V ar(NDR) 0.19 0.89 0.41

V ar(real rates) 0.05 0.03 0.06

−2cov(NCF,NDR) 0.17 -0.21 0.16

−2cov(NCF, real rates) -0.07 0.01 0.11

2cov(NDR, real rates) 0.02 0.15 -0.09

Threshold VAR
Constant VAR

Sor
BW ≤ z∗ Sor

BW > z∗

V ar(NCF ) 0.73 0.34 0.33

V ar(NDR) 0.23 0.93 0.38

V ar(real rates) 0.03 0.03 0.06

−2cov(NCF,NDR) -0.03 -0.43 0.18

−2cov(NCF, real rates) 0.00 0.09 0.10

2cov(NDR, real rates) 0.04 0.04 -0.05

i) The ratios of the variances of cash flow news, discount rate news, real

interest rate news, and their covariances relative to the variance of unex-

pected excess returns are reported.

ii) The sample runs from 1965M7 to 2019M12.

One limitation of the VAR-based variance decomposition method is its sensitivity to

the choice of predictor variables. For example, Chen and Zhao (2009) find that, for the

postwar periods, the variance of NCF becomes larger than the variance of NDR when the

book-to-market ratio is used as a substitute for the dividend-price ratio or the equity-price

ratio.
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Table 3.3: Variance Decomposition of Excess Stock Return using the Book-to-Market Ratios

Financial Condition Index

NFCI ≤ z∗ NFCI > z∗ ANFCI ≤ z∗ ANFCI > z∗

V ar(NCF ) 0.63 0.42 0.58 0.43

V ar(NDR) 0.10 0.69 0.29 0.74

Investor Sentiment Index

SBW ≤ z∗ SBW > z∗ Sor
BW ≤ z∗ Sor

BW > z∗

V ar(NCF ) 1.02 1.06 1.11 0.81

V ar(NDR) 0.10 0.90 0.16 0.70

i) The ratios of the variances of cash flow news and discount rate news

relative to the variance of unexpected excess returns are reported.

ii) State variables of TVAR are the excess stock returns, the real interest

rates, the book-to-market ratios, the relative bill rates, the term spreads,

the change in bill rates, and the threshold variable.

Table 3.3 presents the shares of NCF and NDR variance in the unexpected excess return

variance when replacing the dividend-price ratio with the book-to-market ratio. When the

financial condition index is used as the threshold variable, replacing the dividend-price ratio

with the book-to-market ratio does not significantly affect the variance decomposition result.

For both financial condition indices (NFCI and ANFCI), the variance of NCF contributes

more than that of NDR in explaining stock return variation during loose financial regimes,

while this relationship is reversed during tight financial regimes. In contrast, when I use

the investor sentiment index as the threshold variable, I obtain a result aligning with the

findings of Chen and Zhao (2009). The variance share of NCF is greater than that of NDR

in both sentiment regimes. However, it is worth noting that in the high sentiment regime,

the variance share of NDR increases significantly, and the gap between the variance shares

of NDR and NCF narrows compared to the low sentiment regime. Thus, the importance

of NDR rises comparatively in the high sentiment regime, which aligns with the results
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obtained using the dividend-price ratio in some respects.8

3.3.3 Variance Decomposition Results using TVP-VAR-SV

I investigate the time-variation of the relative importance of NCF and NDR by employing

a first-order TVP-VAR-SV. One concern regarding the estimation of TVP-VAR-SV is that

computational challenges increase as the number of state variables increases. Considering

this, I exclude the threshold variables from the state variables in TVP-VAR-SV.

Panel (a) of Figure 3.1 presents the time-variation of the variance of NCF and NDR

relative to the unexpected stock return variance from 1953 to 2019. The relative variances

of NCF and NDR do not display stable patterns, which is consistent with the findings of

studies that address the dependency of the relative importance of NCF and NDR (or the

stock return and dividend growth predictability) on the selection of the sample period. For

example, Bernanke and Kuttner (2005) find that the relative importance of NCF increases

when the sample period begins after the 1990s. For the full sample (from 1973 to 2002),

NDR and NCF contribute 76% and 24.5% of the variance of unexpected excess returns,

respectively. However, when restricting the sample to the period from 1989 to 2002, the

contributions of NDR and NCF change to 38% and 31.9%, respectively, indicating a greater

role for NCF in explaining return variations in the later period. They argue that the increase

in the relative importance of NCF for the sample from 1989 to 2002 is attributable to the

decrease in the predictability of stock returns.9

One notable feature of the time variation in the relative importance of NCF and NDR, as

presented in panel (a) of Figure 3.1, is that NCF becomes more important than NDR after

the 1990s. From the 1950s to the 1980s, the variance share of NDR is generally larger than

8To examine whether including the threshold variable as one of the state variables of VAR affects the
relative importance of NCF and NDR, I also estimate TVAR where the threshold variable is not an element
of state variables but is only used for identifying financial market regimes and obtain qualitatively similar
results. See Appendix C.3 for the detailed variance decomposition results.

9Some studies document changes in stock return and dividend predictability as well as the relative impor-
tance of NCF and NDR during the postwar period. Chen (2009) finds that the unpredictable stock returns
during the prewar period become predictable in the postwar period, whereas the significant predictability
of dividend growth during the prewar period disappears in the postwar period. Chen and Zhao (2009) find
that the relative variance of NCF and NDR changes depending on whether prewar samples (from 1929 to
1951) are included.
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that of NCF, with more than half of the variance of unexpected excess returns assigned to

the variance of NDR during the 1970s. Then, the variance share of NDR begins to decline,

while that of NCF starts to increase from the early 1980s, leading to the reversal of the

relative importance of NCF and NDR in the early 1990s. The timing of the reversal coincides

with the period known as the Great Moderation, characterized by declining macroeconomic

volatility from the 1980s to the 2000s.

To examine the sensitivity of the results to the choice of predictor variables, I also

estimate the TVP-VAR-SV by replacing the dividend-price ratio with the book-to-market

ratio. Panel (b) of Figure 3.1 presents the variance decomposition result using the book-

to-market ratio as a predictor variable. Except for the first two decades, replacing the

dividend-price ratio with the book-to-market ratio does not significantly affect the pattern of

the relative importance of NCF and NDR.10 NDR is the main determinant of the variance of

excess stock return during the 1970s, and the reversal of the relative importance is observed

during the mid-1980s.

3.3.4 Possible Explanations for the Change in the Relative Importance of NCF and NDR

The results using TVAR indicate that NDR becomes relatively more important in explaining

the variance of unexpected excess stock return during the tight financial condition regimes

and the high sentiment regimes. From the result using TVP-VAR-SV, I find that NCF

becomes a main determinant of the variance of unexpected excess stock return after the

Great Moderation. In this section, I present possible explanations for these results.

Increasing Relative Importance of NDR in Tight Financial Condition Regime

What kind of information investors pay more attention to in different economic states

may help explain the relatively higher contribution of NDR in tight financial condition

regimes. In the presence of information processing constraints, economic agents need to

prioritize which information they pay more attention to. (e.g., Sims (2003) and Mackowiak

and Wiederholt (2009)).

10During the 1950s and 1960s, NCF contributes relatively more than NDR in explaining excess stock
return variation, which contrasts with the result using the dividend-price ratio.
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(a) Dividend-Price ratio as a predictor

(b) Book-to-Market ratio as a predictor

Figure 3.1: Time Variation of the Relative Variance of NCF and NDR

Recently, Kacperczyk et al. (2016) show that how investors allocate their attention to

different types of information depends on the business cycle. One of the main predictions
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from their work is that investors’ optimal attention allocation for a certain shock increases

in its volatility. Because aggregate shocks become more volatile during recessions compared

to expansions, this prediction implies that investors pay more attention to aggregate shocks

than to idiosyncratic shocks during recessions.11 Tsiakas et al. (2020) provide empirical

evidence that is consistent with the prediction of Kacpercyk et al. (2016). They show

that variables containing stock-specific information predict stock returns well in expansions

and financial recovery periods, while variables containing aggregate information have better

predictability in recessions and financial contraction periods.

Meanwhile, NDR is more closely related to information about aggregate shocks compared

to NCF, as investors need to predict macroeconomic variables, such as the inflation rate,

when setting discount rates (e.g., Katz et al. (2017)). Therefore, considering that informa-

tion about aggregate shocks may draw more attention from investors during tight financial

condition regimes, the larger contribution of NDR in such periods may be associated with

the investors’ increased attention to aggregate shocks.

Increasing Relative Importance of NDR in High Inversor Sentiment Regime

The asymmetric predictability of stock returns due to the mispricing in the stock market

may explain the larger contribution of NDR during high sentiment regimes. In the presence

of unsophisticated investors who are relatively naive and tend to be over-optimistic or over-

pessimistic about the market’s prospects than rational investors, the stock prices can deviate

from their intrinsic values (e.g., De Long et al. (1990), Daniel et al. (1998), and Brown and

Cliff (2005)).

Several studies document that unsophisticated investors are more likely to participate in

the stock market and trade more actively during high sentiment periods, which implies that

the influence of unsophisticated investors on stock price increases during those periods (e.g.,

Lemmon and Portniaguina (2006), and Yu and Yuan (2011)). Moreover, due to the short

sale impediments, the mispricing can be more substantial during high sentiment periods,

and overvaluation is expected to be more prevalent than undervaluation (e.g., Stambaugh

11To buttress this prediction, Kacpercyk et al. (2016) also provide empirical evidence for the significant
increase in the aggregate risk during recessions.
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et al. (2012)).

The mispricing is corrected as the economic fundamentals are revealed. Given that

stock prices tend to deviate more from the intrinsic value during high sentiment periods

compared to low sentiment periods, the correction of mispricing is more significant and

concentrated during high sentiment periods. This implies a more pronounced negative

relationship between investor sentiment and future stock return, leading to a stronger stock

return predictability in high sentiment regimes. Thus, these asymmetric mispricing and

stock return predictability lead to differences in the relative importance of NDR and NCF

across different sentiment regimes.

The stronger stock return predictability during high sentiment periods is also supported

by a theoretical asset pricing model. Barberis et al. (2015) explain several features of prices

and returns with a theoretical asset pricing model in which some investors irrationally form

beliefs about future stock prices by extrapolating past price changes. They show that the

stock return predictability of the dividend-price ratio stems from the overvaluation of stock

prices in the presence of irrational investors, and the predictive power becomes stronger

when there are more irrational investors in the market.

The Reversal of the Relative Importance after the 1990s

Firstly, as Bernanke and Kuttner (2005) documented, the decline in stock return pre-

dictability may explain the increase in the relative importance of NCF after the 1990s. Hsu

et al. (2023) also find that asset return predictability of macroeconomic volatility declines

during the Great Moderation.12 Because NCF is extracted as residuals in the VAR-based

decomposition approach, the decline in stock return predictability results in an increase in

the relative importance of NCF.

The increase in information rigidity during the Great Moderation may also explain the

reversal of the relative importance of NCF and NDR. Economic agents form their expec-

tations by collecting and processing new information. The degree of information rigidity

12Using calibration exercises of an equilibrium model, Hsu et al. (2023) find that an improved monetary
policy (more responsive to inflation and output), a structural change in the relation between output and
inflation (a larger slope in the Phillips Curve), and changes in dynamics of shocks account for the decline
in the predictability during the Great Moderation.
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varies as the incentives for investors to collect and process additional information change.

Intuitively, investors tend to pay less attention to new information during stable times when

macroeconomic volatility declines, leading to greater information rigidity in expectations.

Consistent with this intuition, Coibion and Gorodnichenko (2015) find empirical evidence

that the degree of information rigidity regarding inflation expectations during the Great

Moderation is higher than in other periods. Considering that the discount rate is closely re-

lated to macroeconomic expectations, the increase in information rigidity results in smaller

revisions in discount rates. This, in turn, leads to less volatile NDR and reduces the relative

importance of NDR during periods of low macroeconomic volatility.

Lastly, the shift in the return-earning relationship (i.e., the relationship between aggre-

gate stock returns and aggregate earnings) may be a reason for the increased contribution

of NCF after the 1990s. Recently, the literature provides evidence that the return-earning

relationship turns from negative to positive during the early 1990s (e.g., Kim et al. (2020)

and Curtis et al. (2024)).13 Curtis et al. (2024) show that the relative importance of NCF

in explaining stock return variation increases after the return-earnings relationship turns

positive. They argue that the primary driver of this shift is improved inventory manage-

ment, facilitated by advancements in information technology, which is considered one of the

causes of the Great Moderation.

3.4 Conclusion

In this chapter, I examine the state dependency and time variation in the relative importance

of cash flow news and discount rate news in explaining excess stock return variance. To do

this, I employ a threshold VAR (TVAR) and a time-varying parameter VAR with stochastic

volatilities (TVP-VAR-SV), both of which allow for variations in coefficients and variances.

I find evidence supporting the state-dependent and time-varying relative importance of

the cash flow news and the discount rate news. First, the stock return variance decom-

position results using TVAR suggest that the contribution of discount rate news increases

during periods of tight financial conditions or high investor sentiment regimes. I propose

13Kim et al. (2020) report the timing of shift as 1994, and Curtis et al. (2024) identify the timing of shift
as the fourth quarter of 1991.
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changes in investors’ attention allocations and asymmetric stock return predictability as

explanations for these results. Second, the results using the TVP-SV-VAR model indicate

that cash flow news has become more important than discount rate news in explaining stock

return variation since the 1990s. This reversal may be explained by the less volatile dis-

count rate news caused by increased information rigidity and changes in the return-earnings

relationship after the onset of the Great Moderation.
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Appendix A

EMPIRICAL INVESTIGATION OF RISK-RETURN RELATION:
WITH THE SLOW-MOVING SUBJECTIVE BELIEF ON

MARKOV-SWITCHING VOLATILITY

A.1 Derivation of Equations (1.6) and (1.7)

This section shows a detailed derivation of equations (1.6) and (1.7). Equation (1.2) implies

that

σ2
t−j − v̄ =

1

ρ
(Et−j [σ

2
t−j+1]− v̄]). (A.1)

By substituting σ2
t−j − v̄ in equation (1.3) using equation (A.1), we obtain

ES
t [σ

2
t+1] =v̄ + λ(1− ϕ)

∞∑
j=0

ϕj(σ2
t−j − v̄)

=v̄ + λ(1− ϕ)

∞∑
j=0

ϕj 1

ρ
(Et−j [σ

2
t−j+1]− v̄])

=v̄ − λ

ρ
(1− ϕ)

∞∑
j=0

ϕj v̄ +
λ

ρ
(1− ϕ)

∞∑
j=0

ϕjEt−j [σ
2
t−j+1]

=

(
1− λ

ρ

)
v̄ +

λ

ρ
(1− ϕ)

∞∑
j=0

ϕjEt−j [σ
2
t−j+1], (A.2)

where ES
t [σ

2
t+1] = Et[σ

2
t+1] when ϕ = 0 and λ = ρ.

Then, by substituting equations (1.4) and (A.2) into equation (1.5), we can derive equa-

tion (1.7) as follows:
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Et[rt+1] =ES [rt+1] + b(ES
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2
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=a0 + a1E
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2
t+1] + b(ES
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1− λ
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(a1 + b)(1− ϕ)
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=c0 + c1Et[σ
2
t+1] + c2
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j=1

ϕjEt−j [σ
2
t−j+1], (A.3)

where c0 = a0 + (a1 + b)(1− λ
ρ )v̄, c1 = (a1 + b)(1− ϕ)λρ − b, and c2 = (a1 + b)(1− ϕ)λρ .

A.2 Derivation of Equation (1.17)

To obtain a restriction on the parameters of the model implied by the log-linear present

value model, we first need to compute the term (Et+1 − Et)[rt+1+j ] in equation (1.14).

Because µt+j = Et+j [rt+1+j ], we can compute the this terms as (Et+1 − Et)[µt+j ] by the

law of iterated expectation(LIE).

Firstly, from equation (1.12), it can be shown that

Et+1[µt+j ] =µt+1 for j = 1,

=β0 + ϕµt+j−1 + β1Et+1[σ
2
St+j+1

] + β2Et+1[σ
2
St+j

] for j ≥ 2,

Et[µt+j ] =Et[µt+1] for j = 1,

=β0 + ϕEt[µt+j−1] + β1Et[σ
2
St+j+1

] + β2Et[σ
2
St+j

] for j ≥ 2. (A.4)
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Then, (Et+1 − Et)[µt+j ] is

(Et+1 − Et)[µt+j ] =β1(Et+1 − Et)[σ
2
St+2

] for j = 1,

=ϕ(Et+1 − Et)[µt+j−1]

+ β1(Et+1 − Et)[σ
2
St+j+1

] + β2(Et+1 − Et)[σ
2
St+j

] for j ≥ 2,(A.5)

which requires us to compute (Et+1 − Et)[σ
2
St+j+1

].

In calculating (Et+1 −Et)[σ
2
St+1+j

], I assume that Et+s[σ
2
t+s] is approximately the same

with σ2
St+s

for all s≥0. With this assumption and equation (1.10), we have

(Et+1 − Et)[σ
2
St+j+1

] =ρj(Et+1 − Et)[σ
2
St+1

]

=ρj(σ2
St+1

− σ̄2 − ρσ2
St
)

=ρjvt+1. (A.6)

By combining equations (A.5) and (A.6), we can derive the term κj(Et+1 − Et)[rt+1+j ]

in equation (1.14) as

κ(Et+1 − Et)[rt+2] = κρβ1vt+1,

κ2(Et+1 − Et)[rt+3] = κ2ϕ(Et+1 − Et)[rt+2] + κ2ρ2β1vt+1 + κ2ρβ2vt+1,

κ3(Et+1 − Et)[rt+4] = κ3ϕ(Et+1 − Et)[rt+3] + κ3ρ3β1vt+1 + κ3ρ2β2vt+1,

...

κs(Et+1 − Et)[rt+s+1] = κsϕ(Et+1 − Et)[rt+s] + κsρsβ1vt+1 + κsρs−1β2vt+1,

... (A.7)

Then, summing up all the equations for κj(Et+1 − Et)[rt+1+j ] yields

∞∑
j=1

κj(Et+1 − Et)[rt+1+j ]) = κϕ

∞∑
j=1

κj(Et+1 − Et)[rt+1+j ]) +
κρ

1− κρ
β1vt+1 +

κ2ρ

1− κρ
β2vt+1,

(A.8)

→
∞∑
j=1

κj(Et+1 − Et)[rt+1+j ]) =
κρ

(1− κρ)(1− κϕ)
(β1 + κβ2)vt+1,

→ ft+1 = − κρ

(1− κρ)(1− κϕ)
(β1 + κβ2)vt+1, (A.9)
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from which I obtain the constraint among the parameters the model:

δ = − κρ

(1− κρ)(1− κϕ)
(β1 + κβ2). (A.10)

Note that when ϕ = 0 and β2 = 0 (the rational expectations case), the constraint in

equation (A.10) becomes

δ = − κρ

(1− κρ)
β1. (A.11)
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Appendix B

AN EMPIRICAL MODEL OF STOCK RETURNS UNDER
INFORMATION RIGIDITY: IS THE SUBJECTIVE RISK-RETURN

RELATIONSHIP POSITIVE IN THE STOCK MARKET?

B.1 Derivation of the Aggregate Subjective Volatility Expectation

Under the assumption that a fraction of 1 − λ investors update their beliefs each period,

the aggregate subjective expectation for the volatility of cash flow news is

E∗
t (ht+j) = (1− λ)Ft(ht+j) + λE∗

t−1(ht+j), (B.1)

where E∗
t (ht+j) is the aggregate subjective expectation about ht+j at the end of period t,

Ft(ht+j) is the expectation about ht+j by investors who update their expectation at the end

of period t.

When we iterate the equation (B.1) backwardly, E∗
t (ht+j) can be represented as a func-

tion of all the past subjective expectations of investors:

E∗
t (ht+j) = (1− λ)

∞∑
k=0

λkFt−k(ht+j), for k = 0, 1, 2, · · · , (B.2)

which requires us to calculate the forecast of realized volatility xt+j by the investors who

update their beliefs at the end of period t− k.

We use equations (2.4) and (2.6) to calculate Ft−k(ht+j). Since equation (2.4) indi-

cates Ft−k(ht+j) = α0 + α1Ft−k(xt+j), and equation (2.6), under the assumption that

investors who update their belief follow the rational expectations, implies Ft−k(xt+j) =

x̄+ ϕk+j
1 (xt−k − x̄), we have the following expression for Ft−k(ht+j):

Ft−k(ht+j) = α0 + α1Ft−k(xt+j)

= α0 + α1x̄+ α1ϕ
k+j
1 (xt−k − x̄). (B.3)
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Then, by substituting equation (B.3) into equation (B.2), we obtain the aggregate subjec-

tive volatility expectation as a function of all the previous realized volatilities as in equation

(2.7):

E∗
t (ht+j) = (1− λ)

∞∑
k=0

λkFt−k(ht+j)

= α0 + α1x̄+ (1− λ)α1ϕ
j
1

1

1− λϕ1L
(xt − x̄), (B.4)

where L is the lag operator.

B.2 Derivation of the Subjective Volatility Feedback Effect

To derive an expression for the subjective volatility feedback effect and a restriction among

parameters implied by the present value model, we first need to compute the term (E∗
t+1 −

Et)(rt+1+j) in equation (2.2).

From equation (2.10), we obtain E∗
t+1(rt+1+j) and E∗

t (rt+1+j) as

E∗
t+1[rt+1+j ] =γ∗0 + γ1(1− λ)α1ϕ

j
1

1

1− λϕ1L
(xt+1 − x̄),

E∗
t [rt+1+j ] =γ∗0 + γ1(1− λ)α1ϕ

j+1
1

1

1− λϕ1L
(xt − x̄), (B.5)

from which we get the expression for (E∗
t+1 − Et)(rt+1+j) as

E∗
t+1[rt+1+j ]− E∗

t [rt+1+j ] =γ1(1− λ)α1ϕ
j
1

1

1− λϕ1L
[xt+1 − x̄− ϕ1(xt − x̄)]

=γ1(1− λ)α1ϕ
j
1

1

1− λϕ1L
x̄vt+1, (B.6)

where we use equation (2.6) to achieve the second equality.

By substituting equation (B.6) into equation (2.2), we have
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f∗
t+1 =− (E∗

t+1 − E∗
t )

∞∑
j=1

κjrt+1+j

=−
∞∑
j=1

κjγ1(1− λ)α1ϕ
j
1

1

1− λϕ1L
x̄vt+1

=− γ1(1− λ)α1

[ ∞∑
j=1

(κϕ1)
j

]
1

1− λϕ1L
x̄vt+1

=− γ1(1− λ)α1
κϕ1

1− κϕ1

1

1− λϕ1L
x̄vt+1. (B.7)

Then, by defining δ = −γ1(1 − λ)α1
κϕ1

1−κϕ1
, we obtain the expression for the subjective

volatility feedback effect as

f∗
t+1 = δ

1

1− λϕ1L
x̄vt+1

= δx̄vt+1 + δ
λϕ1

1− λϕ1L
x̄vt. (B.8)

B.3 Derivation of the Implied Objective Risk premium

After substituting the subjective risk premium in equation (2.10) and the subjective volatil-

ity feedback effect in equation (2.11) into equation (2.1), we obtain

rt+1 =γ∗0 + γ1(1− λ)α1ϕ1
1

λϕ1L
(xt − x̄) +

λϕ1

1− λϕ1L
δx̄vt + δx̄vt+1 + εt+1. (B.9)

Because the objective risk premium Et(rt+1) can be defined as a part of the excess stock

return that is known to econometricians at the end of period t, by defining µt ≡ Et(rt+1),

we can rewrite equation (B.9) as

rt+1 =µt + δx̄vt+1 + εt+1, (B.10)

where,

µt = γ∗0 + γ1(1− λ)α1ϕ1
1

λϕ1L
(xt − x̄) +

λϕ1

1− λϕ1L
δx̄vt. (B.11)
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Then, by multiplying (1−λϕ1L) on both sides of equation (B.11), we obtain the following

dynamics for the implied objective risk premium:

µt = β0 + λϕ1µt−1 + β1(xt − x̄) + λϕ1δx̄vt, (B.12)

where β0 = (1− λϕ1)[γ
∗
0 + γ1(α0 + α1x̄)], and β1 = γ1(1− λ)α1ϕ1.
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Appendix C

DOES THE RELATIVE IMPORTANCE OF THE DISCOUNT RATE
NEWS AND THE CASH FLOW NEWS CHANGE WITH MARKET

STATE AND TIME?

C.1 Priors for the TVAR

I employ a natural conjugate prior for the parameters of threshold VAR using artificial

dummy observations. Given the dummy observations, YD and XD, the priors for coefficient

and variance-covariance matrix are

p(B0|Ω0) ∼ N(vec(b0),Ω⊗ (X ′
DXD)

−1)

p(Ω0) ∼ IW (S0, TD −K),
(C.1)

where TD is the length of the dummy observations, K is the number of coefficients in each

equation of VAR, and b0 and S0 are OLS estimates of the coefficients and the sum of squared

residuals such that

b0 = (X ′
DXD)

−1(X ′
DYD)

S0 = (YD −XDB0)
′(YD −XDB0).

(C.2)

Following Banbura et al. (2007), for a VAR(P ) with N variables, YD and XD can be

generated as follows:

YD =



diag(γ1σ1···γNσN )
λ

0N(P−1)×N

diag(σ1 · · ·σN )

01×N

 , XD =


diag(1···P )⊗diag(σ1···σN )

λ 0NP×1

0N×NP 0N×1

01×NP δ

 , (C.3)

where γi and σi for i = 1, · · · , N are the OLS estimates for the coefficient of first lag and

standard error obtained by individual AR(1) regressions, λ is a hyperparameter controls the
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overall tightness of the prior, and δ controls the tightness of the prior on constants (intercept

terms) of VAR. Following Alessandri and Mumtaz (2017), I set λ = 0.1 and δ = 0.0001.

I assume a Normal prior for the threshold value z∗, z∗ ∼ N(z̄, v̄). The prior mean z̄ is

set as the sample mean of the threshold variable, 1
T

∑T
t=1 Zt. The prior variance v̄ is set as

10, following Alessandri and Mumtaz (2017).

C.2 Priors for the TVP-VAR-SV

Following Primiceri (2005), I assume Normal priors are employed for B, A, and logσ. To

calibrate the prior distributions, I used the first 60 observations (from January 1948 to

December 1952) as a training sample.

B0 ∼ N(B̂OLS , 4V (B̂OLS)),

A0 ∼ N(ÂOLS , 4V (ÂOLS)),

logσ0 ∼ N(logσ̂OLS , In),

(C.4)

where B̂OLS and V (B̂OLS) are the OLS estimates for coefficients and their variance, ÂOLS

and V (ÂOLS) are obtained by using OLS residuals, and logσ is the logarithm of the OLS

estimates of the standard errors in a constant parameter VAR using the training sample.

I employ inverse-Wishart distributions for the variance of innovations, Q, S, and W .

Q ∼ IW (k2Q · 60 · V (B̂OLS), 60),

W ∼ IW (k2W · In, 4),

S1 ∼ IW (k2S · 2 · V (Â1,OLS), 2),

S2 ∼ IW (k2S · 3 · V (Â2,OLS), 3),

S3 ∼ IW (k2S · 4 · V (Â3,OLS), 4),

S3 ∼ IW (k2S · 5 · V (Â4,OLS), 5),

S3 ∼ IW (k2S · 6 · V (Â5,OLS), 6),

(C.5)

where S1 to S5 denote the five blocks of S, and A1 to A5 are five corresponding blocks of

ÂOLS . Because 6 variables are included in the state vector of the TVP-VAR-SV, there are 5
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blocks in S and A. For the hyperparameters controlling the scale matrix of inverse-Wishart

distribution, I use values used in Primiceri (2005): kQ = 0.01, kW = 0.01, and kS = 0.1.

C.3 TVAR Variance Decomposition Result Excluding the Threshold variables
from the State Variables

Table C.1: Variance Decomposition Result using the Dividend-Price ratio

Financial Condition Regimes

NFCI ≤ z∗ NFCI > z∗ ANFCI ≤ z∗ ANFCI > z∗

V ar(NCF ) 0.31 0.09 0.30 0.10

V ar(NDR) 0.21 0.78 0.24 0.65

V ar(real rates) 0.03 0.04 0.03 0.03

−2cov(NCF,NDR) 0.35 -0.05 0.37 0.09

−2cov(NCF, real rates) 0.02 -0.04 0.00 -0.02

2cov(NDR, real rates) 0.08 0.18 0.06 0.14

Investor Sentiment Regimes

SBW ≤ z∗ SBW > z∗ Sor
BW ≤ z∗ Sor

BW > z∗

V ar(NCF ) 0.41 0.09 0.54 0.09

V ar(NDR) 0.19 0.58 0.10 0.51

V ar(real rates) 0.02 0.02 0.02 0.02

−2cov(NCF,NDR) 0.43 0.13 0.35 0.17

−2cov(NCF, real rates) -0.04 0.00 -0.02 0.01

2cov(NDR, real rates) -0.01 0.18 0.01 0.19

i)The ratios of the variances of cash flow news, discount rate news, real interest rate news,

and their covariances relative to the variance of unexpected excess returns are reported.

ii) The state variables are the excess stock return, the real interest rate, the dividend-price

ratio, the relative bill rate, the term spread, and the change in bill rate.
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Table C.2: Variance Decomposition Result using the Book-to-Market ratio

Financial Condition Regimes

NFCI ≤ z∗ NFCI > z∗ ANFCI ≤ z∗ ANFCI > z∗

V ar(NCF ) 0.87 0.37 0.87 0.38

V ar(NDR) 0.02 0.80 0.02 0.91

V ar(real rates) 0.02 0.04 0.02 0.03

−2cov(NCF,NDR) 0.08 -0.37 0.10 -0.46

−2cov(NCF, real rates) -0.04 -0.03 -0.04 -0.03

2cov(NDR, real rates) 0.04 0.19 0.03 0.17

Investor Sentiment Regimes

SBW ≤ z∗ SBW > z∗ Sor
BW ≤ z∗ Sor

BW > z∗

V ar(NCF ) 1.01 0.51 1.06 0.49

V ar(NDR) 0.03 0.35 0.04 0.35

V ar(real rates) 0.02 0.03 0.03 0.04

−2cov(NCF,NDR) 0.05 -0.04 -0.03 -0.04

−2cov(NCF, real rates) -0.10 -0.02 -0.09 -0.01

2cov(NDR, real rates) -0.01 0.17 -0.02 0.17

i)The ratios of the variances of cash flow news, discount rate news, real interest rate news,

and their covariances relative to the variance of unexpected excess returns are reported.

ii) The state variables are the excess stock return, the real interest rate, the book-to-

market ratio, the relative bill rate, the term spread, and the change in bill rate.


